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Abstract

We reformulate a general class of classical bead-spring-chain models for di-
lute polymeric fluids, with Hookean spring potentials, as McKean—Vlasov
diffusion. This results in a coupled system of partial differential equations
involving the unsteady incompressible linearized Navier—Stokes equations,
referred to as the Oseen system, for the velocity and the pressure of the
fluid, with a source term which is a nonlinear function of the probability
density function, and a second-order degenerate parabolic Fokker—Planck
equation, whose transport terms depend on the velocity field, for the
probability density function. We show that this coupled Oseen-Fokker—
Planck system has a large-data global weak solution. We then perform
a rigorous passage to the limit as the masses of the beads in the bead-
spring-chain converge to zero, which is shown in particular to result in
equilibration in momentum space. The limiting problem is then used to
perform a rigorous derivation of the Hookean bead-spring-chain model for
dilute polymeric fluids, which has the interesting feature that, if the flow
domain is bounded, then so is the associated configuration space domain
and the associated Kramers stress tensor is defined by integration over this
bounded configuration domain. We close by establishing the short-time
existence of strong solutions to the corresponding Navier—Stokes—Fokker—

Planck system.
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Chapter 1

Introduction

1.1 Evolution of polymeric fluid modelling: a lit-
erature review

Polymer liquid motion has fascinated many generations of scientists. Many years of
research have been devoted to the study of polymeric fluids, whose motion cannot be
described simply by the Navier—Stokes equations. One of the most popular polymer
models is the so called bead-spring dumbbell model: the high-molecular weight poly-
mer is described as J+ 1 beads connected by J massless harmonic springs. Each bead
may represent a subchain that contains several repeated units. The potential energy
of such a chain can be calculated from the positions of each bead in space, or from
the relative distance between the beads. There are two classical types of bead-spring
dumbbell model for dilute polymers: one models polymer molecules with beads con-
nected by elastic springs and the other with beads connected by rigid rods. A model
of the first type which has Hookean springs and neglects hydrodynamic interaction
between the beads is the Rouse model. In this case, a simple harmonic potential is
assumed, that is, the virtual springs follow Hooke’s law of elasticity, which implies
that they are infinitely extendable with a linear elastic response. A further example
of a model of the first type are models which have nonlinear springs that are finitely
extensible nonlinear and elastic, called FENE models. Several other of kinetic mod-
els both dumbbell-type and rigid-rod-type in the presence of inertial forces have been
derived in the literature, but we focus in this thesis on Hookean bead-spring-chain

models.



1.1.1 A historical survey

Many years of reseach effort gave rapid advances in this field. The advances in physics
and mathematics have resulted in a hierarchy of kinetic models. However, many
challenging problems in both theory and applications remain. In physics, Kramers
[38] developed in 1944 a kinetic theory for dilute polymeric fluids undergoing potential
flow. He assumed zero-shear viscosity and considered a freely rotating bead-rod chain
without preaveraged hydrodynamic interactions. Kramers’ work constituted the first
attempt at micromodelling polymers and paved the way for major contributions in the
field of dilute polymeric fluids from many physicists and mathematicians throughout
the 20" century. Other authors, such as Zimm [66] in 1956, have developed a model
of Hookean springs with preaveraged hydrodynamic interaction. Rouse proposed a
model in 1953 that was a key breakthrough in the field [56]. In the Rouse model,
the polymer molecules suspended in the solvent are represented by linear chains of
J + 1 identical, spherical massless “beads”, subjected to Brownian noise, connected
by J Hookean “springs”. The solvent is modelled as an incompressible, Newtonian
fluid, which is completely characterized by its viscosity. Since the Rouse model was
developed for dilute polymer solutions, no interactions between different chains are
considered. The “beads” do not represent individual monomers but rather chain
segments of twenty or more monomers: the beads need to be large compared to the
solvent molecules in order to justify the continuum description of the solvent in which
the beads are immersed. The Rouse model describes the conformational dynamics
of an ideal polymer chain. The model has been widely used by polymer chemists for
interpreting linear viscoelastic measurements, and it has had considerable impact on
the direction of experimental programs. The dumbbell version of the model (J = 2)
was previously investigated by J. J. Hermans [32] in 1943. El-Kareh and Leal [I]
proposed in 1989 a model that is an approximate macroscopic closure of a FENE-type
microscopic-macroscopic model with centre-of-mass diffusion. The abovementioned
polymeric fluid models that were developed in polymer physics, were followed by

several attempts to pursue a mathematical analysis of these models.

1.1.2 Mathematical analysis of polymeric fluid models

The role of mathematics in polymer kinetic theory for dilute polymeric fluids has
come a long way since the development of its models in physics. Several partial

differential equation analysis research papers contributed to the evolution of this



research subject. An early contribution to the existence and uniqueness of local-in-
time solutions to a family of dumbbell type polymeric flow models is due to Renardy
[55]. Renardy proved in 1991 a local existence and uniqueness theorem in the case
of both infinitely extensible and finitely extensible dumbbells in the absence of a
solvent. Technical assumptions were made about the spring force, which however
didn’t include the FENE model. Li, Zhang and Zhang [65] in 2004 extended the
work of Renardy [55] but excluded the case of a FENE spring. In their paper they
proved the well-posedness of coupled kinetic-hydrodynamic models for polymeric flu-
ids. These models differ from traditional hydrodynamic models by taking explicitly
into account the micromechanical structure of the polymers. E, Li and Zhang [22] in
2004 also proved local existence results for solutions of the nonlinear dumbbell equa-
tions. The dumbbell model they considered is a coupled hydrodynamic-kinetic model
for polymeric fluids where the configuration of the dumbbells is described by stochas-
tic differential equations. They proved well-posedness for general nonlinear spring
laws with smooth potential by directly deriving a priori estimates on the stochastic
equation satisfied by a Brownian configuration field. Zhang and Zhang [65] in 2006
also proved local existence results for solutions of the nonlinear dumbbell equations.
They coupled the momentum-continuity pair with a Fokker—Planck equation. The
main results were local existence, uniqueness and regularity theorems for the FENE
model in certain parameter range. All these works required high regularity of the
initial data. Moreover, Zhang and Zhang [(5] showed that, subject to the techni-
cal limitations highlighted in the paper, a preassigned boundary condition for the
FENE-type Fokker—Planck equation was unnecessary as a result of the singularity
on the boundary of the configuration domain. A similar conclusion was drawn by
Liu and Liu [15] in 2008 in the case of FENE models under a steady flow field when
the FENE exponent b > 2. It was shown that b = 2 is a critical value in the sense
that for b < 2 a boundary condition is necessary and when b > 2 specification of
the boundary distribution becomes redundant. Jourdain, Lelievre and Le Bris [37]
in 2003 studied the FENE dumbbell model in the case of a simple shear flow and b
sufficiently large. Existence of a unique solution to the FENE Langevin equation was
proved, and a local-in-time existence and uniqueness result for the system coupling
the stochastic differential equation and the linear momentum equation was deduced.
The long-time behavior of some micro-macro models for polymeric fluids was investi-
gated by Jourdain, Le Bris, Lelievre and Otto [31] in 2006, and entropy inequalities
were used to prove exponential convergence to equilibrium for FENE dumbbells and

a sufficiently smooth flow. Moreover, they have only obtained complete results in



the case of a homogeneous stationary flow. They were not able to obtain the same
result for Hookean dumbbells, nor in the case of a nonhomogeneous stationary flow.
Lions and Masmoudi [43] in 2007 had previously based their proof of global-in-time
weak solutions to the corotational Oldroyd—B model on propagation of compactness
and subsequently adopted a similar approach in order to prove global existence of
weak solutions for the corotational FENE dumbbell model. Their proof was based
on propagation of compactness, namely if one takes a sequence of weak solutions
which converges weakly and such that the initial data converges strongly then the
weak limit is also a solution. Use of the antisymmetric part of the velocity gradi-
ent enabled better estimates to be obtained for the probability density function p.
Global existence for smooth solutions for the coupled microscopic-macroscopic two-
dimensional corotational FENE model has also been established by Lin, Zhang and
Zhang [10] in 2008. Masmoudi [17] in 2008 proved local and global well-posedness
for the FENE dumbbell model for a very general class of potentials. Indeed, in prior
local or global well-posedness results, conditions on the strength of the singularity
(or on the parameter b) were made. He also proved global existence for the FENE
dumbbell model if the initial state was close to equilibrium and for the corotational
FENE dumbbell model in two dimensions.

In 2007, Barrett and Siili [0] derived a version of the model with centre-of-mass
diffusion in the case of J = 1. The article by Schieber [78] is concerned with gener-
alized dumbbell models with centre-of-mass diffusion, and the paper of Degond and
Liu [19] justified the presence of the centre-of-mass diffusion term through asymptotic
analysis. In the literature, standard derivations of bead-spring models tend to omit
the centre-of-mass diffusion term on the grounds that it is several orders of magnitude
smaller than the other terms in the equation, hence negligible.

Several works are concerned with analogous questions to the ones considered here
in the case of bead-spring chains with FENE-type potentials. The FENE model is
used to model long-chained polymers. It models long polymer molecules by connect-
ing a sequence of beads with nonlinear springs. The FENE model is typically used
for shear thinning fluids. In the work of Zhang and Zhang [65], the local existence
of regular solutions to FENE-type dumbbell models has been shown. In 2008, Mas-
moudi, Zhang and Zhang [1&] considered the corotational model, only in dimension
d = 2 and a degenerate parabolic Fokker—Planck equation. In 2010, Barrett and Stli
[7] considered a general Hookean-type model, in both dimensions two and three in-

volving a parabolic Fokker—Planck equation. In 2018, Barrett and Siili [10] considered



a general Hookean model, in dimension d = 2; and subsolutions with defect measure
for the dimension d = 3 and a parabolic Fokker—Planck equation.

Although almost all mathematical studies of the well-posedness of the micro-
macro equations for polymeric fluids are limited to homogeneous or locally homo-
geneous flows an exception is the study of Barrett and Siili [0] in 2007. Here, the
authors worked with the coupled macroscopic, nonhomogeneous Fokker—Planck equa-
tion system for the bead-spring model and established the existence of global-in-time
weak solutions for a general class of spring-force potentials including that for the
FENE spring. The directional Friedrichs mollifiers in the Kramers expression for the
stress were replaced, however, by their isotropic counterparts to simplify the analysis.
Earlier, Barrett, Schwab and Siili [5] in 2005 had proved the existence of global-in-
time weak solutions to the coupled locally homogeneous system, with an x-mollified
velocity gradient in the Fokker—Planck equation and an x-mollified probability den-
sity function o in the Kramers expression for the stress. In 2012, Barrett and Siili
[8] proved the existence of global-in-time weak solutions to a general class of cou-
pled bead—spring chain models that arise from the kinetic theory of dilute solutions
of nonhomogeneous polymeric fluids with variable density and viscosity and FENE
spring potentials. Barrett and Siili [9] in 2016 proved the existence of global-in-time
weak solutions to the FENE type model involving the unsteady, compressible, isen-
tropic, isothermal Navier-Stokes system in a bounded domain. More recently in 2018,
Barrett and Stli [10] explored the existence of global weak solutions to the Hookean
dumbbell model, a system of nonlinear partial differential equations that arises from
the kinetic theory of dilute polymers, involving the unsteady incompressible Navier—
Stokes equations in a bounded domain in two or three space dimensions, coupled to
a Fokker—Planck-type parabolic equation. They proved the existence of large-data
global weak solutions in the case of two space dimensions. In three space dimensions,
they proved the existence of large-data global weak subsolutions to the model, which
are weak solutions with a defect measure. The main obstacle in proving the existence
of global weak solutions to the Hookean bead-spring-chain model is due to the failure
of a compactness argument, used in passing to a limit on the extra-stress tensor in

the existence proof.

1.1.3 What have we learned from previous works?

There have been major contributions and breakthroughs in research of polymeric flu-

ids by physicists and mathematicians. The advances and certain apparent confusions



contained in previous works offered valuable insights that helped us to define the
direction that we have taken in our work.

There are two sources of apparent confusion in the literature. The first one is whether
the Fokker—Planck equation is parabolic or degenerate parabolic and the second one is
whether the configuration space is unbounded even when the flow domain is bounded.
In this work, the idea to overcome the failure of a compactness argument encountered
in earlier works, as for example in [10], is to revisit the derivation of the Hookean
bead-spring chain model from a mathematically rigorous perspective. An interesting
outcome of our work, reported here, is that, in fact, Kramer’s expression for the
polymeric extra stress tensor for the bead-spring-chain model involves integration over

a bounded domain instead of the whole space whenever the flow-domain is bounded.

1.2 Aim and outline

In this thesis, we perform the mathematical analysis of a set of partial differential
equations which arise in mathematical models of dilute polymeric fluids. More pre-
cisely, we study mathematically the Navier-Stokes—Fokker—Planck systems arising
in a class of bead-spring-chain models. We establish the existence of global-in-time
weak solutions to a large class of bead-spring chain models with Hookean-type spring
potentials, a system of nonlinear partial differential equations that arises from the
kinetic theory of dilute polymer solutions. The solvent is an incompressible Newto-
nian fluid confined to a bounded open Lipschitz domain © in R?, d € {2,3}, with
a C? boundary. The conservation of momentum and mass equations for the solvent
then have the form of the incompressible Navier—Stokes equations in which the elastic
extra-stress tensor K : Q x (0,7] — RZ%?  (the polymeric part of the Cauchy stress

tensor) appears as a source term:

du+ (b -Vu—pAu+Vr=V-K  for (z,t) € Q2 x(0,7T], (1.1a)
V-ou=0 for (z,t) € Q x (0,77, (1.1b)

u(z,t) =0 for (z,t) € 002 x (0,77, (1.1c)

u(z,0) = up(x) for z € Q, (1.1d)

In the equations (1.1), u : Q x [0,7] — R? denotes the velocity field, and 7 : € x
(0,7] — R is the pressure; b is a divergence-free vector field. In a bead-spring
chain model, consisting of J + 1 beads coupled with J elastic springs to represent
a polymer chain, the extra-stress tensor K is defined by the Kramers expression

as a weighted average of o, the probability density function of the conformation



vector ¢ = (qf,...,q¥)T € R/ of the chain, with ¢; representing the d-component
orientation vector of the i—th spring. The class of spring forces under consideration

here are of the form

F(q) =AU'(lq]) q, for ¢ € R7,

where A > 0 is a spring constant, characteristic of the stiffness of the spring, and U
is a given spring potential. The equation satisfied by v is the following second-order
parabolic equation, the Fokker—Planck equation, whose transport coefficients depend

on the velocity field wu:

J
Onp +u- Vb + Z 8y, - (Vu)g))

Y B
—~ 5;1 Oy - [R,sz q) 0, (Wﬂ — 5 Av =0, (1.2a)
¢<x’Q7 0) = QﬁO(‘fE7Q)7 (12b)
Vi(x,q,t) -n.(x) =0 for all (z,q,t) € 9Q x D’ x (0,7, (1.2¢)
7 ” -
Z {57% M(q) O, (W) - ((VU(O))ij):| -ng, =0, (1.2d)

for all (z,¢,t) € A x (D x---xdD x---xD)x(0,T],j=1,...,J, where ng, is the

unit outward normal vector to 0D for the j-th copy of the domain D of admissible

conformation vectors in the Cartesian product D/ = D x --- x D. The symmetric
positive definite block matrix R = (Ry;)/9_, of size Jd x Jd is referred to as the

Rouse matriz and

M(q) := (2n8) 2" exp (—|gI?/28),  where ¢ = (¢F,...,q})T € D’

is the the Maxwellian with § > 0. A notable feature of equation (1.2a) in our
model compared to classical Fokker—Planck equations for bead-spring models in the
literature is the presence of the z-dissipative centre-of-mass diffusion term - +1 LA
in the Fokker—Planck equation (1.2a). The omission of the centre-of-mass diffusion
term in the case of a heterogeneous solvent velocity is a mathematically counter-
productive model reduction. When the centre-of-mass diffusion term is absent, the
Fokker-Planck equation becomes a degenerate parabolic equation with a hyperbolic
behaviour with respect to (x,t). Since the study of weak solutions to the coupled
problem requires one to work with velocity fields v that have very limited Sobolev
regularity L>°(0,7T; L*(Q)) N L?(0,T; H}(2)), one is then forced into the technically

unpleasant framework of hyperbolically degenerate parabolic equations with rough
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transport coefficients. Here we show that the positive centre-of-mass diffusion coef-
ficient Jiﬂ is not a mathematical artifact but is in fact the outcome of the physical
derivation of the model.

Our goal is to show the existence of global-in-time large-data weak solutions to
these equations in the regime when polymer molecules are modelled as Hookean bead-
spring chains, which are suspended in a Newtonian fluid. We reformulate a general
class of classical bead-spring-chain models for dilute polymeric fluids, with Hookean
spring potentials, as McKean—Vlasov diffusion. This results in a coupled system of
partial differential equations involving the unsteady incompressible linearized Navier—
Stokes equations, referred to as the Oseen system, for the velocity and the pressure of
the fluid, with a source term which is a nonlinear function of the probability density
function, and a second-order degenerate parabolic Fokker—Planck equation, whose
transport terms depend on the velocity field, for the probability density function. We
prove that this coupled Oseen-Fokker-Planck system has a large-data global weak
solution. We then perform a rigorous passage to the limit as the masses of the beads
in the bead-spring-chain converge to zero, which we show in particular to result in
what is referred to in the polymer physics literature as equilibration in momentum
space. The limiting problem is then used to perform a rigorous derivation of the
Hookean bead-spring-chain model for dilute polymeric fluids, which has the interest-
ing feature that, if the low domain is bounded, then so is the associated configuration
space domain and the associated Kramers stress tensor is defined by integration over
this bounded configuration domain. This work represents the first mathematically
rigorous derivation of this polymer model, which was originally proposed in the early
1940’s by the prominent Dutch theoretical physicist Hans Kramers (1894-1952).

1.3 Modelling

We consider a set of partial differential equations arising in a class of bead-spring-
chain models for dilute polymeric fluids, where long polymer molecules immersed in
a viscous incompressible Newtonian fluid are idealized as linear chains of J + 1 beads
Bi,...,B .1, each with small mass €, which are considered to be points positioned
at r1,...,7s41, respectively, in the flow domain Q C R? d € {2,3}; B, and B;
are assumed to be connected with an elastic spring with spring force F' = F(g;),
where ¢; = rj41 — 15, J = 1,...,J. Models of this type involve the coupling of the

incompressible Navier—Stokes equations with a Fokker—Planck equation.



Figure 1.1: Noninteracting polymer chains, immersed into an incompressible Newto-
nian solvent with flow velocity u, are modelled by using dumbbells, each dumbbell
representing a polymer chain. A dumbbell is a pair of beads, with centers of mass
located, with respect to some fixed origin, connected with an elastic spring. The
dumbbell is characterized by the position r of its center of mass and its elongation
vector gq.

Here we pursue an alternative line of investigation, which has to the best of our
knowledge not, so far, been considered in connection with models of dilute polymeric
fluids: we shall recast the model in terms of McKean—Vlasov diffusion, in the sense
that the stochastic differential equation appearing in the model will have coefficients
that depend on the distribution of the solution itself. As our objective here is to
understand the impact of the McKean—Vlasov diffusion on the model rather than
dealing with the usual technical difficulties associated with the presence of the non-
linear convection term in the Navier—Stokes equation, we shall consider instead a
linearization of the Navier-Stokes equation about a bounded divergence-free velocity
field b, resulting in a linearized Navier—Stokes equation, usually referred to as the Os-
een equation, whose right-hand side contains the divergence of an elastic extra stress
tensor K, representing the contribution of the polymeric stress to the Cauchy stress.

More precisely, we shall consider the following unsteady Oseen system on the
space-time domain Q x [0,7], where Q is a bounded open convex domain in R?
d € {2,3}, with a C? boundary, and T' > 0:

Ou+ (b-Vu—plu+Vr=V-K  for (z,t) € Qx (0,77, (1.3a)
V-u=0 for (z,t) € Q x (0,7, (1.3b)

u(z,t) =0 for (z,t) € 002 x (0,71, (1.3¢)

u(z,0) = ug(x) for z € Q, (1.3d)



with
J
K(z,t) :=E° (Z F(gqj) ® Qj> for (z,t) € 2 x (0,7, J > 1, (1.4)

where F' is a spring force vector and E* denotes conditional expectation in a sense to
be made precise below. We shall assume without loss of generality that 0 € R? is the
centroid, ﬁ Jqzdz, of Q.

In the equations (1.3), u : Q x [0,7] — R? denotes the velocity field, and 7 :
Q2 x (0,7] — R is the pressure; b is a divergence-free (in the sense of distributions
on Q) vector field, b € L>(0,T; L>*(Q)9) (see, however, Remark 2.6.1 concerning
the weakening of this assumption): uy € Wy **(Q)?, with z = d + ¢ for some
¥ € (0,1), is a divergence-free (in the sense of distributions on 2) initial velocity
field; 11 > 0 is the viscosity coefficient; K : @ x (0,T] — R&:Y, is the elastic extra
stress tensor involving the conditional expectation E*, which we now define. To this

end we introduce the following notations:

T’:(TlT,...,TE_H)T, where r; € Qfor j=1,...,J+1,
U= (U1T7---aU§+1)T, where v; € R for j=1,...,J +1,
(]ZQ(T = <Q?7"'aQE)T7 where q; qu(r) =Ty — Ty fOI'j: 1,...,J.

We note here that
G €D =Q-Q={w —wy : wy,wy € N}, forj=1,...,J;

by definition, D is a bounded, balanced, convex neighbourhood of 0 € R¢, and D C
[—L, L]? for some L > 0; where here a balanced set is any set S such that a S C S

for all scalars a satisfying |a| < 1. Furthermore, we let

J+1

1
xri=— ri.
J+1 Z ’
Jj=1
Thanks to the assumed convexity of 2, x € Q for any ry,..., 7,01 € .

Let
o: (r,v,t) e Q71 x RUADA [0,T] — o(r,v,t) € Rxg

be the probability density function associated with the law of a diffusion process for
(r,v), which we shall define below; the law depends on p itself through the function

u and is therefore a McKean—Vlasov diffusion process.

10



Now, given F' € L>*(D;R?), we define E(Z}]:1 F(g;) ®q;) = (0,T] = R4 by

symm

(E@F@) so) )= [ (Sramean) e,

QI+l R(J+1d  I=L

t e (0,77,

and we perform a change of variables in this integral, replacing integration over r €
Q7*! by integration over (¢,z) € D’ x Q. To this end, we note that the mapping
r e Q! — (¢,x) € D7 x Q is one-to-one and onto. Denoting by B the linear
transformation from (g,z) € D7 x Q to r € Q/*! so that r = B(g, z), and letting

DB denote the Jacobian matrix of the transformation, we have that

(E@F@j) 24) )0
_ / (iF(qj) ® qj> o(B(q,7),v,t) |det DB| dgda dv,  t € (0,T).

D7 xQxR(J+1)d =1

Henceforth | - | will signify the absolute value of a real number, the Euclidean norm
of a vector, or the Frobenius norm of a square matrix, depending on the context.
We note that the Cartesian product of K > 1 bounded open convex sets in R?
is a bounded open convex set in RX? (cf. [33], p.23), and that by Corollary 1.2.2.3
in [29], a bounded open convex set in a Euclidean space has Lipschitz boundary, so

(J+1

Q7+ and D7 are (convex) Lipschitz domains in RZ+Y? and R”?, respectively.

The class of spring forces under consideration here are of the form
F(g;) =AU'(l¢jl)qj, forqeD, j=1,...,J,

where A > 0 is a spring constant, characteristic of the stiffness of the spring, and
U is a given spring potential, U € C%'([0,b];R), with b := sup,p, |p|. For example,
U(s) = s corresponds to a model with Hookean springs, which we shall hereafter
focus on in the rest of the thesis. Clearly, since €2 is bounded, the same is true of D
and therefore 0 < b < oo.

The conditional expectation [E*, which is the expectation under E conditional on

J+1
1

J+1

=1

ry =1,

11



is then defined as follows: for (x,t) € Q x (0,77,

(Ew (Z F(g) ® qj)) (z,1)

L fDJxR(J+1)d (Z;']:l F(gj) ® Qj) Q(B<Q7 x)vvvt) |det DB|dg dv
' fDJXR(J-H)d) 0 (B(% x)u v, t) |det DB| dgdv .

Since DB is independent of ¢ and v, the factor |det DB| cancels in the numerator,
which is a d x d symmetric positive semidefinite matrix function, and in the denomi-
nator, and the expression for the above conditional expectation is thereby simplified

to

o=\  Jorreend (X7 Fg) ® ¢;) o(B(g, @), v, ) dgdv
(IE (Z F(q;) ®q]>) (z,t) = o (Blaa), 0.0) dado :

J=1

(2,1) € Q x (0,T].

We note that if the denominator vanishes at a point (g, ty) € €2x (0,77, then, since g is
a nonnegative function, necessarily o (B(q7 xo), v, to) = 0fora.e. (q,v) € D/ xRU+d,
and therefore the numerator also vanishes at (xg,%y). We shall adopt the convention
that the ratio 0/0 is, by definition, equal to 0.

Hence, now with | - | signifying the Frobenius matrix norm on R%*¢,

J J
(Em (Z F(q;) ® Qj>> (z,t)| < ess.sup,eps Z |F(q;) ®gq;] Y (z,t) € Qx(0,T],
j=1 j=1
whereby, recalling (1.4),
7
K|z o=@ < Y 1F(45) @ gyllp=(psy < oo (1.5)
j=1

We note that, given o, we may write u(x,t) = (Ap)(x,t), where the nonlinear operator
A involves composition of the ratio of two integral operators (as in the definition of
the conditional expectation E* above), the divergence operator V-, and the solution
operator for the time-dependent Oseen problem. As the velocity field u = Ap appears
as a coefficient in the Fokker—Planck equation for the probability density function g,
it follows that it is, in fact, in the present context, a monlinear partial differential
equation for p.

We will show that this coupled Oseen-Fokker-Planck system has a large-data

global weak solution; having done so, we shall perform a rigorous analysis of the
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small-mass limit, ¢ — 0., corresponding to passage to the limit as the masses of the
beads ‘B4, ...,B ;1 in the bead-spring-chain converge to zero, leading to a rigorous
derivation of the Hookean bead-spring-chain model.

We proceed to define the McKean—Vlasov diffusion. Let

UGr,t:0) 1= (ulri )i, 0)7)
= ((A0)(r. 1)+ (A, 1))
with A as indicated above, and consider the SDE
i = Lr+ C(U(r,t;0) —7) + V2B W.

Here €2 > 0 signifies the mass of an individual bead in the chain, 8 = kT¢ > 0,
where k£ is the Boltzmann constant, T is the absolute temperature and ( is the drag
coefficient. Furthermore, £ is the following (J+1) % (J/+1) block-matrix (analogous to
a discrete Laplacian, corresponding to a homogeneous Neumann boundary condition)

with d x d matrices as its entries, associated with a Hookean bead-spring-chain:

-I I o ... O
I 21 I -0
\ O I -2 T O ’
o ... I =20 I
o ... O I -I

where A > 0 is a constant factor characteristic of the stiffness of the springs, the block
I € R%?is the d x d identity matrix, and the block @ € R%*? is the d x d zero matrix.
Thus, £ is a (J + 1)d x (J + 1)d matrix, in fact.

As the parameter A plays no role in the discussion that will follow, we set A = 1;

similarly, we set ( = 1. The SDE may then be rewritten as the first-order system
€& =,

. 1.6
€t = Lr +U(r,t;0) — e v+ /28W. (1.6)

Then, o(r,v,t) solves the Fokker—Planck equation, stated in the next section, asso-
ciated with this system. For (1.6) to be meaningful, it is clearly necessary that the
function (r,t) € Q x [0,T] +— u(r,t) € R? satisfies the Carathéodory condition: i.e., it
is continuous with respect to r for a.e. t € [0,T] and measurable with respect to t for
every r € (). This requirement is consistent with the underlying modelling assump-
tion that the background fluid (i.e. the solvent), in which the polymer molecules are

immersed, represents a ‘continuum’ relative to the scale of the polymer molecules.
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To define the Fokker—Planck equation we mimic the procedure in [54] and intro-
duce the following differential operators, noting that those with suffix 0 are indepen-
dent of u (which is considered to be fixed for the moment), whilst those with suffix 1

are not:

Lo jp = —vj-ﬁvj90+683jgo, j=1...,J+1,
‘alvj(u)gp =y 81“]'90 + ((ET)J + U(Tj,t)) ' anQO, J=1... J+ L
S’JQDZa'UJ(UJQO)‘i‘BagJQD, .]:177J+17

i]<u)§0 =y aTjgp - (<£T>J + U(Tj7t)) ' ava07 j = 17 R J + 17
J+1

*COSD = Z £07js07
=1

J+1

Li(u)p = Z L1 (u)(p)-

In these expressions d,; denotes the (d-component) gradient operator with respect to
v; € RY, 0,,- denotes the divergence operator with respect to v;, and 85], = 0y, * Oy,
is the Laplace operator with respect to v;. We further note that £y, has a one-
dimensional null-space spanned by the real-valued constant function that is identically
equal to 1 with respect to vj, denoted by I(v;), and its adjoint L ; has null-space

spanned by the function

g(vy) := (218) 72 exp(—|v;|*/28).

Observe also that, for g(s) = (278)"2 exp(—s2/28), s € R, and with / denoting

differentiation with respect to the variable s, we have that

(sg(s)) + Bg"(s) =0,

implying that

(sg'(s)) + B(g'(s))" = =4 (s). (1.7)
Finally, we note that L, has a one-dimensional null-space spanned by the constant
function with respect to v = (vf,...,v74)T, denoted by I(v) = H;];Lll I(v;), and its

adjoint £ has null-space spanned by the function

J+1

0 (v) = [T 9(vy). (1.8)

J=1
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1.4 Summary of the main theorems, results and
conclusions

In this section we will summarise the main theorems, results and conclusions of the
thesis.

The main theorems of this thesis are the following:

We define F € C(Rx¢;R>g), by

F(s):=s(logs—1)+1, seRy, with F(0):=
We shall assume that the initial datum g satisfies

00 € LY(Q/T x RUFDA R (), / oo(r,v)drdv =1,
QI+ R(J+1)d (1.9)
MF(@\U) e Ll(QJJrl % R(JJrl)d);

Theorem 1.4.1. The probability density function denoted by o = o(r,v,t) solves the

nonlinear partial differential equation

ﬂ J+1 1 J+1
00 — 2 (Z Dy, - (vj 0) + Bﬁig) + - (Z v; - Op0+ ((Lr); + u(ry,t)) - &,jg) =0,

j=1 j=1

1.10)
],

for all (r,v,t) € Q7+ x RUHDE » (0,

(
o(r,v,0) = go(r,v) for all (r,v) € Q7+ x RU+D4
(

1
111

Proof. The proof is a straightforward consequence of It6’s formula (see appendix

A). O

The equation (1.10) should be supplemented with a boundary condition; here,
for the sake of simplicity of the exposition, we shall consider a specular boundary
condition with respect to the independent variable r, which we shall state below.

Before formulating the specular boundary condition considered here, we require

some additional notation. We let
N = QX xQAxIAXxAx---xQ,  j=1,...,J+1,

with 02 appearing at the j-th position in this (J+1)-fold Cartesian product. Clearly,
Ujill 000 = 907+, Let, further,

v () = (07, .., 0", (v(r;))", 07, ..., 0T)T € RV+DE,



where, for r = (r1,...,7;741) € 9QU), the nonzero entry v(r;) € R? appearing at
the j-th position is the unit outward normal (column-)vector to J2 at r; € 0%, for
j=1,...,J+1, and 0 is a d-component zero (column-)vector. With this notation, we

then impose the following specular boundary condition for o on 0QW, j =1,... J+1:

o(r,v,t) = o(r,vP,t)  for all (r,v,t) € 90U x RU+DL » (0, T7, (1.12)

A

with v - vU)(r) < 0 and where
v = o) (1 0) = v —2(v - 19 (1) 9 (1), j=1...,J+1,

is the specular velocity; clearly, vV - v9(r) = —v - vU)(r). This boundary condition

on ¢ means that if the j-th bead in the chain (ry,...,r;41) hits the boundary with

velocity vector v; € R? it is reflected with velocity vector v; — 2(v; - v(r;)) v(r;) € R%

With respect to the independent variable v = (v{,...,v7 ;)T the domain of definition

of pis R+14 The behaviour of g as a function of v in the limit of |v| — oo is dictated

by the requirement that o(-,-,t) € L*(Q/! x RUFDE R, ), for each fixed ¢ € (0, T).
We also consider the Maxwellian M (v) := goo(v) (cf. (1.8)) and define

and g = L.

~

S

Further, we define F € C(R>o;R>

~—

, by
F(s) :=s(logs—1)+1, seRyy, with F(0):=1.

In order to formulate Theorem 1.4.2, we require some additional notation. The
imposition of the specular boundary condition on all functions that belong to a certain
function space will be indicated by the subscript , in our notation for the particular

function space. For example,

cx@" eV = {so e @ e @YY ¢ p(rv) = p(r, )

for all (r,v) € 9QW x RV with v - V) (r) <0,
j:l,...,J+1}.

We also define C,, ([0, T]; L*(Q7F! x RU+1D4)) as the linear space of weakly contin-

uous mappings from [0, 7] into L'(Q71 x RU+D9) and W, (RU+19) signifying the

Maxwellian-weighted Sobolev space on R(/*1d:

W]b?(R(JH)d) = {gp € Llloc(R(Jﬂ)d) : H90||%/V]1w,2(RUH)d)

-/ M(v)(w(vn?+§|avjso<v>|2)dv<oo},

R(J+1)d
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(with analogous notation for all other Maxwellian-weighted Lebesgue and Sobolev

spaces).
Theorem 1.4.2. Assume that the initial datum oo (cf. (A.2)) satisfies
00 € LT x RUFDER o), / oo(r,v)drdv = 1,

QJ+1xRI+1)d (113)
M»F(/Q\O) c Ll(QJ-‘rl > R(J—i—l)d);

and that the initial datum uo (cf. (1.3)) satisfies ug € Wy 2**(Q)?, with z = d + 9
for some 9 € (0,1), and is divergence-free. Then, there exist functions u = u. and

0 = 0., such that
uc € C([0,T); L7()) N L*(0, T; Wy (1) n WH2(0, T; W= ()4,
with 0 = min(6,2) > d, 6 :== 2+ 3% and z = d+ 9 for some ¥ € (0,1), is a weak
solution to the Oseen system (1.3), and p. with
F(0.) € L0, T; L, (7 x RVFDE R ),
Vo0 € L*(0,T; L3, Q7+ x RU+DY)),
V0. € L*(0,T; L} (Q T xRYFVY)) and M 9,0, € L*(0,T; (W*2(Q/H1 xRV,
> (J+1)d+1,
satisfies the following weak form of the Fokker—Planck equation: for allt € (0,T],

t
2 J+1
/<MaT§e<'a'aT ; >d7'+ Z/ / / (V) Oy, 0c - Oy, pdvdrdr
0 J=1 0 QJ+1 R(J+1)d

J+1

1
_Z Z// /M ) V;0c - Op,pdvdrdr

J=17y QJ+1 R(I+1)d

1 J+1
- / / / M (v )i +ue(r;, 7)) 0c - Opypdvdrdr | =0
I=L0 i gt
VQO c LQ(O,T, W:]%/I(QJJrl % R(J+1)d) N Wf,Z(QJJrl % R(J+1)d))’
> (J+1)d+1. (1.14)
Furthermore 9(-,-,0) = 2o(-,-) in the sense of Cy([0,T]; L, (27 x RUFDL: R.,)),

and

M o.(r,v,t)drdv = / M oo(r,v)drdv =1 Vte (0,7

QJ+1xR(J+1)d QI+ xR(J+1)d

(1.15)
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In addition, o, satisfies the following energy inequality:

J+1

M(v) F(3.(1)) dvdr+5_22// / Mo 2P

Qe

2
dvdrdr

QJ+1 R(J+1)d =10 i+l g+
SC’{l—i— / / M (v) F(0o) dvdr/,

QJ+1 R(J+1)d

(1.16)
where C = C(||u0||W1,%J(Q), 6] Lo (0,110 (), 0 = min(G,z) > d, 6 := 2 +§ and
z=d+ 19 for some ¥ € (0,1), in particular, C' is independent of € > 0.

Proof. We refer the reader to Chapter 2. O]

Next, we rigorously identify the small-mass limit of the system, corresponding to

passage to the limit € — 0.

Theorem 1.4.3. The small-mass limit of the coupled Oseen—Fokker—Planck system
under consideration satisfies the following coupled problem: the velocity-pressure pair

(u(0), T(0)) solves the Oseen system

Oy + (b - V)uy — plugy + Ve =V - K for (z,t) € Q x (0,T],
V-ug =0 for (z,t) € Q x (0,77,
uo)(z,t) =0 for (x,t) € 02 x (0,77,
u(o)(x,0) = uo(z) for z €,
(1.17)
with
Koy (,1) = Jpr 2251 (F(4;) ® ¢5) n(B(g, %), ) dg for (2.4) € Q x (0.7,

fDJ n(B(g,7),t) dg

(1.18)
and the nonnegative function n, with [, n(r,t)dr =1 for all t € [0,T], solves the
following parabolic initial-boundary-value problem:

J+1

am =3 (80—, (n((Lr); +u(rs))) M@ X (0.7) (119)
1(-,0) = 20 € L*(Q""; Rxo), (1.20)

subject to the weakly imposed boundary condition Jj - v(r;) = 0 on 9QY) x (0,T] for

7=1,....J+1, and the following zero-normal-fluxr boundary condition on n:

(ﬁ Or;m — 1 ((Lr); 4 ugy (), ))) v(r;) =0 on 0QY) x (0,T) for j=1,...,J +1.
(1.21)
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Proof. We refer the reader to Chapter 4. m

Then, we explore the connection between the small-mass-limit problem and the
classical Hookean bead-spring-chain model for dilute polymeric fluids. To this end,
we consider the symmetric positive definite block matrix R of size Jd x Jd referred

to as the Rouse matriz:

2 -I O ... O
- 2 -I . O
R - O -I 2 -I O ’
O ... I 21 -1
O O —-I 21

and let
M(q) = (278) 3 exp (—|g*/28),  where ¢ = (¢F,...,q})" € D’.

Hence,

J+1

=S - 0, (i) = 00, [R 90, (i) | - oo 2

Here, we do not need to restrict ourselves to the Oseen system and we consider the

Navier—Stokes system.

Theorem 1.4.4. The function uy satisfies the Navier-Stokes equation:

8,5U(0) + (U(o) . V)U(O) — ,UAU(()) +Vr=V- K(O) for (.l’, t) € ) x (O, T], (1.23&)

V- =0 for (z,t) € Q2 x (0,7], (1.23b)
uo)(z,t) =0 for (z,t) € 092 x (0,77,
(1.23c)
u(o)(z,0) = uo(x) for x € Q) (1.23d)
where
J
K = n/Z(F(qj) ® q;) ¥ (x, 1) dg, (1.24)
ps =1
with Ko : Q@ x (0,T] — REXL is the elastic extra stress tensor, which satisfies:
||K(O)||Loo(07T;Loo(Q)) < 0. (125)
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The function v satisfies the Fokker—Planck equation for the classical Hookean bead-

spring-chain model with centre-of-mass diffusion:

O + uy - Vb + Z 0y, (Vuy))g;0)

7j=1

(1.26)
—523 {Rsm q) d,, < L4 >]— b Arp =0,
= @ / M(q) J+1
together with the initial condition
w(x7qao) :wO('x7Q)7 (127>

where o(z,q) = 00(B(q,z)) € L2 (71 Rs), and the following zero-normal-flux
boundary conditions on 0Q x D7 x (0,T] and Q x 0D7 x (0,T):

Vip(x,q,t) - ng(x) =0  for all (x,q,t) € IQ x D7 x (0,T], (1.28)

where n, is the unit outward normal vector to 0S), and

J

> [#Ro 900, (105 ) = (Fuwlago)| -y, =0 (1.29)

i=1
forall (z,q,t) € Ax (Dx---xIDx---xD)x(0,T],j=1,...,J, where ny, is the
unit outward normal vector to 0D for the jth copy of the domain D in the Cartesian
product D7 = D x -+ x D.

Proof. We refer the reader to Chapter 5. n

We then show the existence of global weak solutions to the Hookean bead-spring-
chain model. Hence, we state our assumptions on the initial conditions. For the

initial velocity uy we assume that

U € LO aiv(€2). (1.30)
For @/)0 =~ where 1) is the initial value of the probability density function v, we
assume that
o >0 ae in Qx D7 dhylnty € L, (Q x D7), (1.31)
and in addition we require that
00 € L*=(€), where go(x /im wo z,q)d (1.32)
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Theorem 1.4.5. Let J € N be arbitrary. Assume that the initial data o, 1o satisfy
(1.30)~(1.32). Then, there exist (u(), K(), 1&) satisfying the weak formulations of the
system (1.23a) and (1.26) such that

u) € L(0,T; L3 4, (2)%) 1 L2(0, Ts WA (@) N W2(0, T5 W d2(Q)Y),  (1.33)

K € L*(0,T; L*()™7), (1.34)

and
€ L(Q x (0,T); Liny (D7) N L? (0, T; Wy (2 x D7)
> 0ae inQx D’ x(0,T),
M(q) > € WH(0,T; W11 x D)),
¢1og¢eL°°(o,T;Ll (Q x D”)).

)

(1.35)

Furthermore, the initial data are attained strongly in L?(2) x Léﬁ(q)(Q x D7), i.e
i o) (1 €) — wo() By + [96,8) = G0y ooy =0 (130

t—0+

Moreover, for all t € (0,T) the following energy inequality holds in a weak sense:

d 1
—( [ @) tog dtrdg + 5 g |rL2<Q)+|rw<o>H%2(m

dt
Qx D7
+4n(mt(q)v z&,v\/i) (1.37)
Qx DY
+4n(Rm(q)8qf,8qﬁ> )
QxDJ

The main results of this thesis are the following:

e Rigorous derivation of the Hookean bead-spring chain model;

e Existence of global weak solutions to the Oseen—Fokker—Planck system:;

e Rigorous passage to small-mass limit and equilibration in momentum space.
The conclusions of this work are the following;:

e If the flow domain €2 is bounded, then so is the high-dimensional configuration
space domain DV := D x --- x D, where D := € — Q).
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e Before passing to the small-mass limit, the Fokker—Planck equation is degener-
ate parabolic. After passing to the small mass limit, the Fokker—Planck equa-

tion, posed on © x DV x [0, T], is parabolic.

e We rigorously prove an assertion, deduced by Schieber and Ottinger (1988) using
formal asymptotics, that passage to the small-mass limit implies equilibration

in momentum space.

1.5 Structure of the thesis

This work is the extended version of the paper [63], which is in preparation for sub-
mission for journal publication. The thesis is structured as follows: In Chapter 2
we show, for a fixed velocity field u, the existence of a global weak solution to the
Fokker—Planck equation, subject to a specular boundary condition. The argument
is based on a parabolic regularization of the (hypoelliptic) Fokker—Planck equation,
and passage to the limit with the parabolic regularization parameter. In Section 2.3
we then return to the original coupled Oseen—Fokker—Planck system and use an iter-
ative process between the Oseen equation and the Fokker—Planck equation to show
the existence of large-data global weak solutions to the coupled problem for any non-
negative L' initial datum with finite initial relative entropy for the Fokker-Planck
equation, and any (distributionally) divergence-free initial datum ug € I/VO1 2/ “2(Q),
with z = d 4+ ¢ for some 9 € (0, 1), for the Oseen equation. The latter regularity hy-
pothesis on ug will then ensure the continuity of the velocity field u with respect to its
spatial variable, alluded to in the last sentence of the previous paragraph, via maximal
regularity theory for the unsteady Stokes system. Indeed, the fact that in the case of
the Oseen system we are able to guarantee, through the above regularity hypothesis
on g, that the velocity field u belongs to the function space u € L2(0,T; L=(Q)4)
plays a crucial role in our proofs.

The proofs use a variety of compactness arguments for infinite sequences of approx-
imate solutions. Passage to the limit in the extra stress tensor K, whose divergence
appears on the right-hand side of the Oseen equation, is nontrivial as K depends
nonlinearly on the probability density function; to this end, we shall show the strong
convergence of the sequence of approximating probability density functions using
techniques developed by DiPerna & Lions for the Fokker—Planck—Boltzmann system
and related hypoelliptic PDEs (see, in particular, the Appendix in [20]). In Chapter

3 we show, by using the existence of a trace on the boundary of our domain, that the
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solution to the Fokker—Planck equation attains the weakly imposed specular bound-
ary condition in a strong sense. In Chapter 4 we then focus on the second objective of
the thesis: we rigorously identify the small-mass limit of the system, as ¢ — 0,. Once
again, passage to the limit in the extra stress tensor K, whose divergence appears on
the right-hand side of the Oseen equation, is the main source of technical difficulties,
as we require strong convergence of the approximating sequence of probability density
functions, as ¢ — 0,. Motivated by an argument in the work of Carrillo & Goudon
[15], which first appeared in the context of diffusion asymptotics for hyperbolic prob-
lems in the work of Marcati & Milani [16], and was then applied in the framework of
kinetic equations by Lions & Toscani [11] and Goudon & Poupaud [28], we shall use
a compensated compactness argument based on the Div-Curl lemma to prove weak
convergence, which we then strengthen to the desired strong convergence result, en-
abling us to identify the small-mass limit, as ¢ — 0,. We prove in particular that
passage to the small-mass limit results in equilibration in momentum space, in a sense
to be made precise. This enables us to make mathematically rigorous various formal
asymptotic calculations from the polymer physics literature asserting that passage to
the small-mass limit implies equilibration in momentum space. In Chapter 5 we re-
late the resulting small-mass-limit model to the classical Hookean bead-spring-chain
model for dilute solutions of polymeric fluids. In Chapter 6, we prove the existence
of global weak solutions to the Hookean—bead—spring—chain model. In Appendix B,

we consider the extension of the results to the Navier-Stokes-Fokker—Planck system.
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Chapter 2

Existence of solutions to the
Fokker—Planck equation

The probability density function associated with (1.6) is denoted by o = o(r,v,t);
formally it solves the nonlinear partial differential equation

B

1
oo = E—QEE‘SQ + Eﬁl(u)*Q- (2.1)

In case it is not apparent, we emphasize that the nonlinearity enters into the equation
through the dependence of the velocity field u on the probability density function p,
since u is the solution of the Oseen equation whose right-hand side depends on o
through the presence of the conditional expectation there. Substituting the defining
expressions for £§ and £ (u)* into (2.1) yields

5 J+1 1 J+1
0o — 3 (Z O, - (vj 0) + 633].9) + - (Z vj - 00+ ((Lr); + ulry, 1)) - &;J-Q) =0,
j=1

j=1

(2.2)
for all (r,v,t) € Q71 x RUFDL x (0, T,

o(r,v,0) = go(r,v) for all (r,v) € Q7+ x RUFDI,
(2.3)

The equation (2.2) should be supplemented with a boundary condition; here, for
the sake of simplicity of the exposition, we shall consider a specular boundary con-
dition with respect to the independent variable r, which we shall state below. More
complicated boundary conditions can of course be used to model the interaction
between the wall 02 and the beads in the bead-spring-chain; for example, a Maxwell-
type boundary condition (proposed by Maxwell [19] in 1879 as a phenomenological

law by splitting the reflection operator into a local reflection operator and a diffuse
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reflection operator) may be considered, as in [51]: it involves a boundary trace op-
erator that is a convex linear combination of a specular boundary trace operator,
describing local reflection by the wall, and a diffuse reflection operator.

Before formulating the specular boundary condition considered here, we require

some additional notation. We let
NV = QX xQAxIAXAx---xQ,  j=1,...,J+1,

with 02 appearing at the j-th position in this (J+1)-fold Cartesian product. Clearly,
U‘J];rll 000 = 907+, Let, further,

v (r) .= (0%,...,0%, ()0t ..., 00T e R+

where, for r = (ry,...,7;41) € 9QVY), the nonzero entry v(r;) € R¢ appearing at
the j-th position is the unit outward normal (column-)vector to 02 at r; € 012, for
j=1,...,J+1, and 0 is a d-component zero (column-)vector. With this notation, we

then impose the following specular boundary condition for o on 0QW, j =1,... J+1:

o(r,v,t) = o(r, vV, t)  for all (r,v,t) € QU x RUFDE % (0, 7], with v - v (r) < 0,
(2.4)
where
v = oW (1 0) = v —2(v - 19 (1) V9D (1), j=1,...,J4+1,

is the specular velocity; clearly, v - v (r) = —v - vU)(r). This boundary condition
on ¢ means that if the j-th bead in the chain (ry,...,r;41) hits the boundary with
velocity vector v; € R? it is reflected with velocity vector v; —2(v; - v(r;)) v(r;) € R%.
With respect to the independent variable v = (v, ..., v}, ;)" the domain of definition
of pis RZ+14 The behaviour of g as a function of v in the limit of |v| — oo is dictated
by the requirement that o(-,-,t) € L*(Q/1 x RUNE R, ), for each fixed ¢ € (0, T].

In order to state the weak formulation of this problem we consider the Maxwellian
M (v) := 00o(v) and define

0:= L2 and 00 = &
Further, we define 7 € C(R>o;R>g), by
F(s):=s(logs—1)+1, se€Rsy, with F(0):=1.

The function F is nonnegative, strictly convex, and has superlinear growth as s —

400, i.e.

lim 7 (s)

s§——+00 S
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We shall assume that the initial datum g, (cf. (2.3)) satisfies

00 € LY(Q/ x RUADA R (), / oo(r,v)drdv =1,
QJ+1xR(I+1)d (25)
M.F(@\g) c LI(QJJrl < ]R(JJrl)d);

in other words, the initial probability density function gy is assumed to have finite
relative entropy with respect to the Maxwellian M.

We shall also assume throughout this section that v € L(0, T; W, (Q)?) for some
o>d,and V-u =0 a.e. in Q x (0,7), and that u is given and held fized. We shall
show later on that, under the assumptions on ug (cf. the paragraph following eq.
(1.4)), the function u does indeed possess this regularity; in fact, we will see that
o = min(d, z), where ¢ := 2+§ > d for d = 2,3, and z = d + ¥ for some 9 € (0,1),
whereby o > d for d = 2,3, as is being assumed here. As a consequence of the
assumed regularity of u, by Sobolev embedding, u € L*(0,T; L>°(Q2)4).

We (formally) multiply the equation (2.2) by a function

p € WO, T;C=(@"T, C(RVT1));

Y

and, assuming for the moment that p is sufficiently smooth and satisfies the specular
boundary condition (2.4), we integrate the resulting equality over Q7+ x RUZ+1 x

[0,T], and then integrate by parts with respect to each of the independent variables:

T
M (v) 3(r, v, T) o(r,0,T) dvdr — / / / M(v) 50mpdvdr dr
0

QJ+1 R(J+1)d QJ+1 R(I+1)d

Bz J+1 T
+€7 Z / M(v) Oy;0 - Op;pdvdrdr
=10 Qi1 pI+1)d
[ T
- - Z / M(v)vjo- Or;pdvdrdr
€
I=10 Qi1 psrna
L[4 T
+ - Z / M(v) (vj - v(rj)) o dvds(r)dr
I=10 900) R+
[ T
e Z / M(v) ((Lr); +u(rj, 7)) 0 - Op, o dvdrdr
J=10 i+1 pI+1a
= [ [ M@aroseeo (26)

QJ+1 R(J+1)d
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for all p € Whi(0,T;¢° Q"""

on the left-hand side:

;CS°(RUHDY))) . We focus our attention on the fifth integral

[ [ M@ venaeadst) = [ [ a0 vlm) aedst) o

000U) R(J+1)d RJ+1)d 9O ()

- / / M(v) (v; - v(r;)) B ds(r) dv
R+ 9Q() v -v(r;)>0

+ / / M(v) (vj - v(rj)) 0 ds(r) dv.
RU+1)d 9Q () s v;v(r;)<0

Now, since |vf<j)|2 = |v|? and e U (r) = —v-vU)(r) = —v; - v(r;), and using the specular
boundary condition satisfied by g, we have for the second integral on the right-hand side of
the last equality that

M(U) (UJ : V(T])) E(Ta v, t) QD(’I“, v, t) dS(’I") dv
RUJ+1)d 9 5) :’U]"V(’I‘j)<0
= M) (v - v(r7)) 8,08, 1) o (r, v,1) ds(r) dv
R+ 9Q0) 1 v;v(r;)<0

= - M(v) (v - v(ry)) 8r, o, 1) (v, v, 8) ds(r) do
RU+1)d 9Q@) . —v;-v(rj)>0

= - / / M) (09 (1) 80 ) p(r, 0,1) ds(r) do.
RUFDE 50G) : D) 1) (7)>0

Assuming that the test function ¢ satisfies the specular boundary condition:

Y (r,v,t) € 0Q0) x RU+D 5 (0,77,
such that v-vW(r) <0, j=1,...,J+1,

o(r,v,t) = o(r, 0l 1)

we then have, for all j =1,...,J 4+ 1, that

M(U) (Uj : V(TJ)) 5(7“, v, t) 80(73 v, t) dS(T‘) dv
RUJ+DA 9Q () 2 v;-v(r;)<0

-/ [ MO 00 o et o 6 ds(r) do
RV 500) 0 03 (r)>0

—— [ [ MDD 3o 0) ol o) ds(r) o
RJ+1)d 5O (d)

= / / M@Y) @09 vD )4 olr, vD, 1) o(r, 09 1) dv ds(r).
00 0) R(J+1)d
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Since, for 7 € 9N fixed, the absolute value of the Jacobian D® of the (bijective) mapping
d:pecRUDD vg)(r, v) € R+1)d

is equal to 1, whereby, for r € QW fixed, dv@ = |D®|dv = dv, by treating v,gj) as a
dummy variable in the last integral and renaming it into v, and noting again that v-v/(7) (r) =
vj - v(rj), it follows that, for all j =1,...,J +1,

M (v) (v; - v(rj)) o(r,v,t) (r,v,t) ds(r) dv

RU+1D)d 9Q() s v;v(r;)<0

—— [ M@ vl 800 0.0 dods(r)
o0 (@) R(J+1)d

- _ / / M(v) (vj - v(rj))+ o(r,v, t) o(r,v,t)ds(r) dv
RJ+1)d 5Q(5)

. / / M) (05 - v(r;)) 3(r, v, £) o(r, v, £) ds(r) do.
R(UJ+D 90 () : v;-v(r;)>0

Hence, provided that the test function ¢ € Wl’l(O,T;COO(QJH;CSO(R(J“)CZ))) appearing

in (2.6) satisfies the specular boundary condition (2.7), the fifth integral in (2.6) will vanish.
We shall therefore assume that this is indeed the case and will work with such test functions
¢, whereby the absence of the fifth integral from (2.6) can be seen as a weak imposition
of the specular boundary condition (2.4) for ¢ (and, equivalently, for p). The imposition
of the specular boundary condition on all functions that belong to a certain function space
will be indicated by the subscript . in our notation for the particular function space. For
example,

00 —J+1 0o o J+1 00 1
CX@Q T co R = {w e cx@ e RUIIY) ¢ o(r,v) = p(r, o))
for all (r,v) € 00U x R(J“)d, with v - V(j)(r) <0,
jzl,...,J+1}.

Thus, by eliminating the fifth integral from (2.6), we are led to the following problem: for a
fixed divergence-free function u € L?(0,T}; W(}’O(Q)d) with o > d, we seek a function g > 0
such that

Mg € Cy([0,T); LY Q7+ x RUFDAY)

MF(3) € L=(0,T; LNQ+ x RUEDY) - /5e L2(0,T; L2(Q+ WA RVD))),

with Cy ([0, T]; LM (Q7+! x RU*+D)) being the linear space of weakly continuous mappings
from [0, 7] into L*(Q7+! x RU+TDY) and W,*(R+D?) signifying the Maxwellian-weighted
Sobolev space on R(/+1)d

WAERS D = L € LR : ol?

Wi
J+1

= [ M(lewP + X 10, p0 ) v < x|

R+ J=1
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(with analogous notation for all other Maxwellian-weighted Lebesgue and Sobolev spaces),
such that

M(’l}) @(T‘, v, T) 90(7,7 v, T) dvdr

QJ+1 R(I+1)d
T

—// / M (v) o(r,v,7) Orp(r,v,7) dvdrdr

0 QJ+1RUI+1)d

/82 J+1 T
—i-? Z / M (v) 0y, 0 - Oy, pdvdrdr
=10 i+ p+1d
AR A
- - Z/ / / M(v)vjo- Or;pdvdrdr
€ -
=10 i+l pI+1)d
1 J+1 1z
- = / M (v )i +u(r, 7)) 0 Op;pdvdrdr
€

Jj= 1 0 QJ+1R(J+1)d

:/ / M (v) go(r,v) ¢(r,v,0) dvdr
QJ+1L R(J+1)d

Vo e WHY(0,T; W27+ x RUFDY), (2.8)
where s > (J 4+ 1)d + 1. We note that for s > (J + 1)d + 1, by Sobolev embedding,
Wf’2(QJ+1 % R(J—l—l)d) N W*l,OO(QJ-f—l % ]R(J-‘rl)d).

We emphasize here again that the specular boundary condition is imposed weakly, through
the omission of the fifth integral from (2.6) (and, thereby, through the absence of the corre-
sponding term from (2.8)) and the choice of the test functions ¢ in W1(0, T; W2 (Q7+! x
R +1)d)). This helps us to circumvent at this point the question whether g is regular
enough to satisfy (2.4) in the (stronger) sense of a trace theorem on 0. The existence of
a trace in a stronger sense will be shown later, in Chapter 3.

2.1 Existence of solutions to a parabolic regular-
ization of (2.8)

We begin by considering a parabolic regularization of the weak formulation (2.8): for a
fixed divergence-free function u € L?(0,T; W&’J(Q)d) with 0 > d, and with a € (0,1] a
regularization parameter that will be eventually sent to 0, we shall seek a function

Oa € C([O, T]; L?V[(QJ-H X R(J—l—l)d)) N LZ(O’ T, W::]a(QJ—H % R(J_H)d))

such that
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M () 0o(r,v,T) p(r,v,T) dvdr
QI+ R(J+1)d
T
— / / M (v) 0a(r,v,7) Orp(r,v, 7)dvdrdr
0 QJ+1 R(J+1)d
62 J+1 T
+ — Z/ / / M (v) Oy, 00 + Oy, pdvdrdr
J=10 Qi+l gt

J+1 L
- - Z / M (v)vj0q - Or; o dvdrdr
=10 i+l gt
J+1 T
+a2/ / M (v) Oy, 0a - Or;p dv drdr
J=LD Qi+ gt

1 [ T
LY ] Me@n; st ypdvarar
I=L0 Qi+l g+1)d

- [ M@aew o0 ddr
QI+ R(I+1)d

Vo € W0, T; W, (7 x RUHDY)), (2.9)

where, in addition to our earlier assumption (2.5) on the initial datum, we shall temporarily
assume that
Z)\O c L?w(QJJrl % ]R(J+1)d).

This additional assumption will be required in order to enable passage to the limit « — 0.
In the final step of the existence proof, discussed in Section 2.3, this additional assumption
on g will be removed, and the final global existence result for the coupled Oseen—Fokker—
Planck system will be shown to hold assuming (2.5) only.

To show the existence of a solution to (2.9), note that W2 (Q/F1 x RUZ+D) the
normed linear space of all functions contained in the Maxwelliaﬁ—weighted Sobolev space
ij(QJ xRV +1)d) satisfying the specular boundary condition on 952 in the sense of the
trace theorem, is a separable Hilbert space, as it is a closed linear subspace of WJQ’Q(QJ 1 x
R(/+14) which is a separable Hilbert space (cf. Theorem 8.10.2 on p.418 in the monograph
of Kufner, John & Fucik [39]). Furthermore, since Wj/}z Q7+ x RUADE) is compactly
embedded into the space L3, (Q7F1 xRU+Dd) (cf. Appendix D in [7]), W:”J@(QJH xR(/+1)d)
is also compactly embedded into L2,(Q7*1 x RUZ+1D4) Thus, by a variant of the Hilbert—
Schmidt theorem (cf. Lemma 5.1 in [25]), there exists a complete orthogonal basis (9y)g>1
in I/V*l”]%/[(QJ+1 x RUHDD) “wwhich is complete and orthonormal in L2,(Q7F! x RUZ+1Dd); the
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function ¥y € T/V*1 ]%4(QJ 1 R le)d) solves the following eigenvalue problem:
1,2
(1/%, n)Wif(QJHxR(JH)d) = )\k(@bk, 77)[%{(5}]4—1 XR(J+1)d) Vne W (QJ+1 X ]R(JJrl) )7
k=1,2,...; ||"7Z}k||L?M(QJ+1><]R(J+1)d) = 1.

Let Xy := span{t1,...,¥n} and denote by Py the orthogonal projector in L3, (Q27F! x
R(+D4) onto Xy. Suppose further that w € W7, (741 x RUTDI) with

(o)
w = Z QEPg.
k=1

As (w— Pyw, wj)L%M(QJHXR(JH)d) =0forall j =1,..., N, thanks to the orthonormality of
the functions vy, k > 1, in L2,(Q7F!1 x RU+D) it follows that

N
PNw = Z Oékwk-

k=1

Thus, by the orthogonality of the 1y in I/V*1 ]%4(9‘] 5 RU+DD) | Parseval’s identity implies
that

2 2 2 2 2
HPNwHWIlV}?(QJ-FIXR(J+1)d) = ZO[k:”??z}ki||W11V}Q(QJ+1XR(J+1)d) < Zak:”wk||W§/}2(QJ+1XR(J+1)¢1)

k=1
1,2
= [lwl?, 12guiyguina VW E WEE Q7+ x RU+DY),
(2.10)
We shall seek a function
BN (r,,1) ZAkN ) te(r,v) (2.11)

such that

M(U) @a,N (T’, v, T) ¢€(T7 U) dvdr ¢(T)

JH1R(J+1)d

—/T/ / M (V) Oan (1, v, 7) Yy(r,v) Orp(7) dvdr dr

0 QJ+1 R(J+1)d

9 [ J+1 T
T 57 Z / / / M(’U) a’vj @\a,N : avj 7,[16(7‘, U) Qb(T) dvdrdr

J=179 QJ+1 R(J+1)d

[ T
- Z / / / M (v) Vj0a,N - 8rng(r, v) ¢(1)dvdrdr
=10 qi+1 g+
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J+1 T
+a Z / M (v) Or; 00,N * Or;te(r,v) ¢(7) dvdrdr
J=10 Qi+l gt

T
J+1
1 +

T Z/ / / M (v) ((Lr)j +u(rj, 7)) 0a,N - Op;Ye(r,v) ¢(7) dvdrdr
=10 qin RJ+1)d

_ / M (v) 0o(r,v) Ye(r,v) dvdr | ¢(0)
J+1 R(J+1)d

Vee{l,...,N}and V¢ € WL2(0,T). (2.12)

Substituing (2.11) into (2.12) yields

T
Ay n(T) $(T) — / Agn(r) Bp(r) dr
0

T N 9 J+1

+ / S A | 5 / / M (0) 8, i (r0) - B, tho(r,0) dv dr | p(r) dr
o k=1 I=l 041 p(I+1)d
T N A

—I—/ZA;“N(T) _EZ / / M (v) vjwk(rjv)-amd)g(r,v) dvdr | ¢(7)dr
o k=1 I=lG 41 p(I+1)d
T N J+1

+ / IGIEDD / / M() By, i (r, v) - By, v) dvdr | 6(7) dr
0 k=1 I=10i+1 peI+1)d
T N

+/2Ak,N(T)
5 k=1

J+1
X ! Z / / M () ((£r)j + u(rj, 7)) Yr(r,v) - By,1be(r,v) dvdr | ¢(7)dr

I=lg 041 p(I+1)d
— / / M(w) Go(r, v) e(r,v) dodr | $(0),
JH1 R(J+1)d

for all £ € {1,...,N} and for all ¢ € WH2(0,7).
Denoting the sum of the terms in the brackets in the second, third and fourth line by
G, and the term in the outer pair of brackets in the fifth line by Hy;(7), we have that
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T T N
AN (T) o(T) —/Ae,N(T) 9-¢(7) dT+/Z (Geg + Hepo(7)) Apon (1) (1) A7
0 0 k=

k=1

= / / M (v) 0o(r,v) PYe(r,v) dvdr ¢(0). (2.13)

QJ+1 R(J+1)d

As it will transpire from the discussion that follows, |Gy ;| < oo and |Hy(7)| < oo for
a.e. 7 € (0,T], and for all £,k =1,..., N.

The above is the weak form of the following initial-value problem for a system of linear
ODEs:

N
%AZ,N(t) + (G + Hop(t) Agn(t) =0, te(0,T),
=1 (2.14)
A (0) = / / M) Go(r, ) tu(r,v)dvdr, €=1,...,N.

QJ+1 R(J+1)d

As (G, k)é\szl is a constant matrix, the existence of a solution to this system of linear ODEs
will follow from Carathéodory’s theorem once we have shown that t € (0,7) — Hyx(t) € R
is measurable and a (matrix) norm of the matrix (Hyy (t))é\’[k:1 is dominated by h(t), where
h € L*(0,T). As a matter of fact, once this has been shown, the uniqueness of the solution
to this system of ODEs will also follow, by Gronwall’s lemma, thanks to the linearity of the
system.

To this end, it suffices to note that, since by hypothesis u € L%(0, T; Wol’g(Q)d) for some
o > d, Fubini’s theorem implies that all entries of the matrix (Hy (t))é\,[k;:l are measurable
functions of ¢t € (0,7]; furthermore, there exists a positive constant Cp = Cy(.J, N) such
that

/Tji:l/ / M (v) u(r;, 7) Yi(r,v) - Ou;he(r,v) dvdr| dr

0 |7=lgit gt

N|=

< / / M(0) |u(r;, 7) by, 0) 2 do dr

J=17y JH+1 R(J+1)d

X / / M (v) |Oy;e(r,v) ?dvdr | dr

JH1 R(J+1)d

J+1

< lullprorzmqay 3 max / /M@)\avjwe(r,v)ﬁdvdr
J

1<U<N
=1 JH+1 R(J+1)d

= Collullpr(0,r;00 ()

This then implies the existence of a measurable function h € L'(0,T) such that the
(matrix) norm of the matrix (Hy(t))?,_, is dominated by h(t), where h € L'(0,T); take,
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for example, h(t) == (1 + |w(t)|| Lo (), where C'is a sufficiently large constant. Hence,
Carathéodory’s theorem implies the existence of a solution A, € WH1(0,T) (which is,
consequently, absolutely continuous on [0,77]), £ = 1,..., N, to (2.13), and by Gronwall’s
lemma the solution to (2.13) is unique. In fact, since Hyy € L*>(0,T), ¢,k =1,..., N, it
follows that A,y € Wh*°(0,T), ¢ =1,...,N;cf. (2.14). Thus, by noting (2.11), we deduce
that the finite-dimensional problem (2.12) has a unique solution

B,y € W (0, T3 W, 00, (Q7F x RUTDI)),

Next, for any ¢ € (0,7) fixed, and h € (0,7 — t), consider the function

Xen(7) = min {1, <;(t 1 1>+} . reloT)

Clearly, 7 — x¢4(7) is a continuous piecewise linear function defined on [0,7], which is
identically 1 on [0,¢], identically 0 on [t 4+ h,T], and has slope —1/h on [t,t + h]. Taking
¢ = Xt Aoy € WH(0,T) in (2.12) with ¢ € (0,7) fixed and passing to the limit h — 0,
we have that

M(U) @\a,N (Tv v, t) ¢€(T7 ’U) AE,N (t) dvdr
QI+ R(I+1)d
t

_// / M (v) @a,n (7, v,7) Py(r,v) Or Ag N (7) dv dr dr

0 QJ+1 RUJ+1)d

BQ J+1 t
+ 67 Z / M(U) 81)]' b\a,N . 81)]- wé(n 'U) A&N (T) dvdrdr
I=10 Qi+ gt
1 [ ¢
T e Z / M (v) vj0a,N - Or;be(r,v) Agn(T)dvdrdr

=10 Qi pI+1)d

J+1 L
+OZZ/ / / M('U) 87"]-@\(1’]\7 -arjipg(’r"fu) AE,N(T) dvdr dr
I=10 Qi+ g+
1 J+1 t
i Z/ / / M (v) ((ﬁT)j +u(rj,7-)) §a,N . 8vj¢e(7“, v) Az,N(T) dodr dr

€ X
I=10 Qi+l gI+1d

= / / M (v) 0o(r,v) Ye(r,v) dvdr | Agn(0), (2.15)

J+1 R(J+1)d

forall £ € {1,...,N} and V¢ € W2(0,T).
Summing (2.15) through ¢ =1,..., N and recalling (2.11) then yields
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1
- / / M (v) §i7N(r,v,t) dvdr

QJ+1 R(J+1)d

/82 J+1 t

+5 Z// / M (v) |9y, 0, n|* dv dr dr

J=10 Qi+ pitd

[ L
— Z / M (v)vj0a,N * Or,;0a,n dvdrdr
=10 i+t p(I+1)d
J+1 ¢
ta)y / M (v) |0y, 0a,n|* dvdrdr

=19 i+ R(J+1)d

1 [ t
U [ @@ st da 0gax dvdras

=10 i1 pI+1)d

:% / /M(v)|§0(r,v)|2dvdr Vte (0,T). (2.16)

JH1R(J+1)d

Let us denote by T; and Tg the terms in the third and fifth line of (2.16), respectively;
our objective is to bound these by quantities that can be absorbed into the remaining terms
on the left-hand side. That will then result in uniform-in-/N bounds on various norms of
0a,N, which will allow us to pass to the limit N — oo in the Galerkin approximation.

We shall show below that M (v) 00N - Or,0a,n € L1(QIH x RUFDD % (0,T7)). Taking
this for granted for the moment, we have that

J+1 ¢
1 ~ ~
T, := _EZ / M (v) vj 0a,N - Or;0a,N dvdrdr
=19 qi+ R(J+1)d

t
J+1
1

- _Z Z/ / M('U) vj - 8Tj(|§a,N|2) dvdrdr

=10 Qi+l gt

t
J+1
1 +

—o 3 [ [ ME @) g st ar =0,

=10 500) R+

because Gon € Whe(0,T; W2 (Q741 x RU+DD)) . Tt therefore remains to show that
M (v) Vj0a,N-Or, 0a,N belongs to LY QxR+ (0, T')). Since the function /M (v) Or;0a,N €

L2(Q7F1 x RUAD 5 (0, 7)), it suffices to show that /M (v) vj Gan belongs to L?(Q7+! x
RUHD 5 (0,T)).
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To this end, we first recall the logarithmic Young’s inequality
ab <e*+b(logh—1) Va,b e Rso.
This follows from the following Fenchel-Young inequality:
ab < g(a) + g*(b) Va,be R,

involving the convex function g : a € R — g(a) € (—o0, +00| and its convex conjugate g*,
defined by g*(b) := sup,cgr(ab — g(a)), with g(a) = e* and

400 if b < 0;
g*(b) = 0 if b = 0;
b(logb—1) ifb>0,

with the resulting inequality then restricted to R>g. Consequently, recalling that F(s) =
s(logs — 1)+ 1 for s > 0 and F(0) := 0, we have that

ab <e*—1+ F(b) Va,b e Rxo. (2.17)

Hence, with a = ﬁ lvj|? and b = HEQ,NH%Q(QJHX( ) we have that

0,7

1 0, ~ 1 a2
48 ’UjP HQa,NH%%QJﬂx(O,T» <F (HQ%NH%Z(QJHX(QT))) +ealuil” _ 1,

and therefore, upon multiplication by M (v) and omitting the final, negative term from the
right-hand side, we deduce that
= M) oy a1
43 J a, NI L2(Q7+1%(0,T))
~ 2 _ (J+1)d _L‘U.|2 T _L|vk|2
< M(v)F (HQO(7N”L2(QJ+1X(O7T))) + (27B)” 2 e 'Y H e 28
k=1
k#j
= M(v) {”/Q\OZ,NH%Q(QJ-H><(07T))(log H@a,Nlliz(ng(o,T)) -1+ 1}
(J+1)d 1 2 Jil 1 2
+ @)~z e wll T ezl
k=1
k#j

< M(’U) HZ)\Q,N||%2(QJ+1><(O7T)) log ||§OI7NH%2(QJ+1><(O,T))

J+1
(J+1)d _ 1, _ 1
+ [M(v) + (27B8)~ 5 sl H e 23'”’“'1.
k=1
k#j
Integrating this over R(Z+14 and applying Gross’ logarithmic Sobolev inequality to the first

term on the right-hand side yields (c.f. [30], particularly (1.2) there multiplied by 2, and
(1.1) with n = (J 4 1)d) gives
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1 —~
Y M (0) [0 8o, 72041 0,7y

45
RU+1)d
~ 2 ~ 2
/ M (v) HQa,NHLz(QJHX(o,T)) log HQoz,NHp(QJHx(O,T)) dv
R(J+1)d
(J+1)d 71
* / [M< )+ @) E el He ”'m]
RJ+1)d k#]
J+1
<25 [ M0 I8N0yl do
I=1lgh1)a
~ 2 ~ 2
+ HQQ,NHL?M(R(JﬂLl)d;LQ(QJ+1><(07T))) log ||QO‘7N‘|L?\4(R(J+1)d;L2(QJ+1X(O,T)))
(J+1)d _L‘U.|2 I _L|v |2
+ / M)+ (2nB)" 2 e 48" He 25191 do
R(J+1)d ’];;é
J+1
§22 / M (v) / |8vj§a,N|2drdT dv
F=1RH 1 TH1%(0,T)

~ 2 ~ 2
+ HQa’N”LQ(O,T;L?M(QJH><R(J+1)d)) log HQa,N||L2(o,T;L§M(QJ+1 xR(J+1)d))

J+1
+ / [M() (2r8)~ 5 _415Uj|2He_2’1ﬂ|v’“|2] do. (2.18)
R(J+1)d k;j

The term in the Square brackets on the right-hand side is trivially in Ll(R(J ‘H)d). Further-
more, both /M (v) 8a,n and /M (v) 9y, 0a,n belong to L2(Q/F1 x RUFIL x (0, 7)) for all
j=1,...,J+1. Thus we have shown that M (v) [vj[?|0a.n|> € L Q7 x RUFDD (0, T));
hence, /M (v) v; Da.n belongs to L2(Q7+1 x RUFD x (0, T)), as required. This completes
the proof of the assertion that T; = 0.

Let us now turn our attention to the term

J+1 L
1 ~ ~
Ty :=—- Z/ / / M(w) ((Lr)j +u(rj, 7)) 0a,N * Op;0a,n dvdrdr
=10 i+ R(J+1)d

We have, by the Cauchy-Schwarz inequality, the triangle inequality, and noting that [(Lr),]
4+/d L, that

IN

J+1 ¢

EEDY / VAT (1(£0);] + [1(rg, 7)) ool 2o+t s

Jlo

X Hmavj /Q\%NHL2(QJH xR(+1a) AT.
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[NIE

J¥1 b
1 ~
To <2 | S0 [ VAT -+ u(rs, D By g ss iy 47
j=1 0
1
J4+1 L 2
< [ IVAT 0,8y s vy 07
J=1 0
1
1 (1 ¢ 2
< P Z / [V M [(Lr),] 5&,N‘|%2(QJ+1XR(J+1)d) dr
j:l 0
1
J+1 ¢t 2
X Z / H \ Mavj @a,NH%z(QJH XR(J+1)d) dr
j=1 0
1 (1t ¢ 2
+ B Z / VM Ju(rj, )| §a,NH%2(QJ+1XR(J+1)d) dr
Jj=1 0

N|=

J+1 b

<2 [ IVAT 0,8y s iy 07
j:l 0

2

t
1 77 A
< ;4 (J+ 1)dL /H MQOL,N”%Z(QJ+1X]R(J+1)¢1) dr
0

N

g1 ¢

< [ IVAT 0,8y s vy 07
jzl()
1 [ L 2
o [ 30 [ IVAT 1oy 0 B oy 07
jzlo
1
J+1 ¢t 2

S D A NETTN S ———r
j=1 0

We shall focus our attention on the second term in the square brackets on the right-hand
side:

t
J IV 075,71 B s s 0
0

t
= / / M(U) |U(’I“j,7')|2 /Q\(Q)[,N(T,’U,T) d?"d’UdT.
0

QJ+1xR(I+1)d
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Then,

t
/ v M ’U(rja'r)’ §Q,N“%2(QJ+1XR(J+1)d) dr
0

—/t/\u(rj,T)\Z / M(0) 82y (0. 7) dv | drdr

0 QJ+1 (J+1)d

t
< [t | [ ] M@ @A | arar
0

J+1 R(J+1)d

Thus, we have the following bound:

J+1 1t 2
Z/H\/MW(?%T” 5a,NH%2(gJ+1><R(J+1)d) dr
=17
1
! 2
<vJ+1 /|u('v7—)H%°°(Q)”\/M§a,N("'77—)"%2(QJ+IXR(J+1)‘1) dr | (2.19)
0
Consequently,

N|=

t
1 —~
T2 < 20 D) | [0 Tl ) IVH Gy B ss vy &7
0

J+1 1 2

o D A NETE S

Jj=1 0

Returning with this bound to (2.16), we have that

1 ~
5 || \/M QQ,N('v " t) "%2(9.]4»1 xR(J+1)d)

BQ J+1 1
+ ﬁ Z / ||\/M8UJ Z)\a,NH%Q(QJ+1XR(J+1)d) dr+ (2.20)
J=17y
J+1 L

o Z / VM arj Ea,N”iQ(QJ+1XR(J+1)d) dr
j:l 0

1=
< 5” MQOH%Q(QJ+1XR(J+1)d)
t

1 ~
+ 552 OL TP | [+ 1) ) IV B s ooy 7
0

Yt e (0,T). (2.21)
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Hence, by Gronwall’s lemma,

H VM Ea N(‘v ) t)”%z(QJ-HXR(JH)d)

2 J+1

+ 7 Z / 1Y 611] Qo NHLQ(QJJrIXR(JJrl)d) dr

J10
J+1 1

+ 2a Z / (v arj Oa NHLz (QI+1 xR+ dr

< ||m§0”iQ(QJ+1 xR(J+1)d) EXP <52 C(L, J)* (T + HUH%2(O,T;L°°(Q)))>
Vit e (0,T). (2.22)
Thus, for « € (0, 1] fixed, we deduce the following uniform bounds with respect to N:

100N || oo (0,122, (@7 + 1 xr+ 0y < C(L, I, T € ||ull 120,300 (0)) 20l 22, (@041 xmrer+0ay,
100; 00N | L2 (0,1;22, (7 +1 xrs+11ay) < C(Ly T T € [ull 20,5000 (2))) 1001 22, (@741 xm (74102,

Va0, 0an 20,1502, (@711 xrtnay < C(L, LT € ([ull 20,700 ())) 20/l 22, (741 xmer4ay,
(2.23)
for all j € {1,...,J + 1}. Furthermore, by (2.18),

lvil @a,N [l 20,712, (@741 xrs+ayy < C(L, LT € [ull 20,7500 ()5 1001 12, (041 xr(7+104))
(2.24)
for all j € {1,...,J +1}; as > 0 is considered to be fixed throughout, the dependence of
the constants on 5 has not been (and will not be) indicated.
Next, we shall exploit the bounds stated in (2.23) and (2.24) to derive a uniform-in-N
bound on ;0. in the function space L?(0,T; (Wi’f/l(QJH x RUFDE)) Let us first note
that

Hat@\a, ( )H 1 (QI LR +1)d)y
= sup (Mat@\a’N(t), w)

wEW (QI+1><]R(J+1)d) HwH (QJ+1><R(J+1>d)

= sup (Matﬁa,N(t)a PNU))7

1,2
weW, o (QIFIXRUADD) w12 0500 o (s1ya, <1
, Wi (@ xR(J+1)dy

where (-,-) denotes the inner product of L*(Q/*! x R(+14) By reversing the partial
integration with respect to 7 in (2.13), we deduce, for all ¢ € (0,77, that

t J+1
JO103n G Do ar+ 5 Z/Mavjm ), D, ) 6(7) dr
0 J=179
J1
23 M0 )00l ) B
Jj=1y
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J+1 t

+OéZ/(M8rj§a,N('a'77-)767"]4”('7')) d)(T) dr

Jj=1 0
Eas! A
- g Z /(M ((ET)J + U(’I“j,’i')) /Q\a,N('v 7T)7 avjwf('7 )) ¢(7—) dr =0
Jj=1 0
Vee{l,...,N}and V¢ € WH2(0,T). (2.25)

Hence, thanks to the density of W12(0,T) in LP(0,T) for all p € [1,00), and recalling the
fundamental lemma of the calculus of variations (du Bois-Reymond’s lemma), we have that

9 J+1
(M at@\a,N('y ) t)711[}£(.’ )) + % Z(M avj@\a,N(" '7t)> 8’!)]'1:[)[('7 ))
j=1
1 J+1 J+1
- E Z(Mvj@\a,]\f('v '7t)7a7"j¢€('7 )) + QZ(MaTj/Q\a,N('a '7t)787“j¢€('7 ))
j=1 7=l

1 J+1
- E Z(M ((£r>3 + u(rj? t)) @X,N<'7 ) t)? 8'ijﬁ('7 )) =0
j=1

Vee{l,...,N} and a.e. t € (0,T].

This then implies that

9 J+1
(M 8t§a,N(t)7 PNU}) — _67 (M 81}j Z)\Ol,N(t)7 8Uj PN’LU)
j=1
1 J+1 J+1
+= Z(M Vj0a,N (1), Or; PNw) — Z(M Or;0a,N (1), Or; Pnw)
j=1 =1

1 J+1
+ z Z(M ((ﬁr)j + U(T'j,t)) /Q\a,N(t)a 6ijNw)
j=1

=:S1(t) + Sa(t) + S3(t) + S4(t) Ve {l,...,N} and a.e. t € (0,T].

The terms Sq(t) and S3(t) are easy to bound: for a.e. t € (0,7],

N

9 [J+1
1S1(1)] < 2 § v Mavj@\a,N(t)”iz QI+ xR(J+1)d
€ — ( )

‘7:

[N

J+1
X (Z \/M@vJPNwiz(QJ+1XR(J+1)d))

Jj=1
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and

N|=

J+1
Ss(t)] < a | D IVM 8y, 80,8 (0)l17 20741 wmir1a)
j=1
1
J+1 2
X Z H VM 81’]-PN'U)”%2(QJ+1XR(J+1)d)
j=1

Thus, by (2.23), we have that,

D=

h J+1
/ |Sl(t)|2 dt<C Z || v ManPNw||iQ(QJ+1XR(J+I)d)
0 j=1

and, by (2.23),,

T

N

J+1
[ 18a0P at < ova | 3 IVIT0, Pywlurismoenn |
0 j=1

where C' is a positive constant, independent of N and a.
For the term Sy(t), we have, for a.e. t € (0,7, that

[NIES

J+1

S2(t)| < a Z VM [v;] Z)\CLN(t)Hi?(QJ-&-l XR(I+D)d)
j=1

N

J+1

X Z 1% M8TjPNw||%2(QJ+1X]R(J+1)d)
j=1

Now, (2.24) implies that

T

1

13 / / M (v) |vj|* |Oa.n|? dr dvdr < C, (2.26)
0

QI+ xR(J+1)d

where the constant C' is independent of N and «, and therefore
1
J+1 2

T
/ ‘82(t)|2 dt < Ca Z || \% M8rjPNw||%2(QJ+1><R(J+1)d) )
0 J=1

where C' is independent of N and a.
Finally, thanks to (2.19) and (2.23), we have that

h J+1 2
/ ‘84(t)|2 dt<C Z v MaijNw||%2(QJ+1XR(J+1)d) )
0 J=1
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where, again, C is independent of N and «.
By collecting the bounds on Sy, ..., Sy, noting (2.10), and recalling that « € (0, 1], we
deduce that

T
/ Hat/Q\a,N(t)‘|?W*1;]2M(QJ+1 xR(J+1)d))/ dt < C(L, J, T\, ”uHLQ(O,T;LOQ(Q)))'
0

Hence,
Hat/g\avNHLQ(O,T;(W*L]?/[(QJ+1 xR(J+1)d))r) < C(L7 J, T, e, HUHLQ(O,T;LW(Q)))7 (227)

as required.
The bounds (2.23), (2.24), (2.27) in conjunction with the compact embedding of W:’i/[(QJH X

R+D4) into the function space L2,(Q7+! x RU+1D) and the Aubin-Lions lemma (cf. [59])
imply the existence of a subsequence (not indicated) of (0,,n)n>1 and of an element
@\a c LOO(O,T, L?W(QJ-FI % R(J-l—l)d)) N L2(07T7 W*Lé(QJ-Fl % R(J-‘rl)d))

NWE(0,T; (W, (27 < RUHDD )
such that, as N — oo,

Oa,N — Oa weakly* in L>®(0,T; L2, (Q7+ x RU+Dd)),
Oa,N — Oa strongly in L2(0,T; L2, (Q7F! x R(+1Ddy)
Oa,N — Oa weakly in L2(0,T; I/V*lf/l(Qﬁrl X R(J+1)d))’ (2.28)
V5] Oa,n = |vj] 0a weakly in L2(0, T; L2,(Q7+1 x R(U+Dd)),
0¢0a,N — 010a weakly in L2(0,T; (W:”]%/[(Qj-i-l x RUH+DA))).

Thanks to the density of I/Vol’]%/l(QJJr1 x RUFDA) i 12 (Q7+1 x RUFD) (cf. Appendix A
in [7]) and noting that W5, (Q7F! x RUTDY) ¢ W2 Q7+ x RUFDY) it follows that
W (741 x RUHD) is dense in the space L3, (274! x RUFD). Thus, the Hilbert space

)

V.= W:]@(QJ H o RV +1)d) is continuously and densely embedded into the Hilbert space

H = L?\/[(QJJrl X R(J+1)d). Hence, according to the function space interpolation result
(2.41) in Lions & Magenes [41], [V, V'], = H, and therefore Theorem 3.1 in [11] yields the
continuous embedding

L2(O7 T; Wi’]%/[(QJJrl « R(J+l)d)) N W1’2(0, T; (Wi’]%/[(QJJrl % R(JJrl)d)/))
= C([0,T]; L3 (Q7H x RUFVE))
which then implies that
Oa € C([0, T); L3, (27F1 x RUVTDY)),
]\/h—{noo(@\a’N('? “y t) - @\a('v %y t)u n)L%/I(QJ+1 ><R(J+1)d) —0 (229)
Ve L3, Q7 x RUFDY) v e o, T].

By passing to the limit N — oo in (2.22), using the weak convergence results (2.28) in
conjunction with the weak lower-semicontinuity of the norm function, we deduce that g,
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satisfies the following energy inequality:

” VM @\a('v ) t)”%2(QJ+1XR(J+1)d)

J+1 1 J+1 1
B2 AT~ —
+ 672 Z || M 8’[)_7 Qa”%2(g.}+1 XR(‘I+1)d) dT + 2a Z || M 871] QO‘||%2(QJ+1><R(J+1W) dT
Jj=1 0 Jj=1 0
S~ 1
<|vM QOHiQ(QJ-H xR(J+1)d) EXP <52 C(L, J)2 (T + HUH%?(O,T;LOO(Q))))
Vte (O,T]. (2.30)

Furthermore, by replacing o(r, v, 7) with ¢(r,v,7) x¢.,(7) in (2.9), for ¢t € (0,T] fixed, and
passing to the limit h — 04, we deduce that

M(v) 0a(r,v,t) p(r,v,t) dvdr

QJ+1 R(J+1)d
t

—// / M (v) 0a(r,v,7) Or(r,v, 7) dvdrdr

0 QJ+1R(J+1)d

J+1 1
+ = Z/ / M (v) Oy; 00 + Oy, pdvdrdr
I=L0 Qi+l gI+1d

AR ¢
- Z / / M (v)vj0q - Or; o dvdrdr
=10 i+l gt
J+1 L
+az / M(v) Oy, 0a - Or;p dvdrdr

=10 Qi1 pI+1)d

1 [+ t
US| @ suimageavarar
I=10 Qi+ ptnd

= / / M (v) go(r,v) o(r,v,0)dvdr
QJ+1 RUJ+1)d
Vo e WH2(0, T3 W7, (Q7F x RUFD)), (2.31)
By letting ¢t — 04 in the weak formulation (2.31), recalling that o, € C([0,7];
L3,(Q7+! x RUFD)) and noting that W12(0,T; W, (71 x RU+DL)) s ¢((0, T];
VV;@(QJ+1 x RU+14)) it follows that

lim / M(v) 0a(r,v,t) @(r,v,t) dvdr
t—04
QJ+1 R(J+1)d

:/ / M(v) Ba(r, v, 0) o(r, v, 0) do dr.

QJ+1 R(J+1)d
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Then,

lim / M(v) 0a(r,v,t) @(r,v,t) dvdr
t—04
QI+1 R(I+1)d

- / / M) Go(r, 0) o(r,v,0) dvdr
QI+1 R(J+1)d

Vi e WH2(0,T; W, 7, (71! x RUTD),
¥ *, M

As was noted in the paragraph preceding (2.29), W:’]%/I(QJ“ x R(ZH14) is continuously and
densely embedded into L3,(Q7+! x RU+1) 5o we deduce from the above, with (-, -,t) =
n(,-) € L3,(Q/+ x RUFDA) that

lim (9a(t) — 20,M) 12 (@r+1xrE+nay =0 V€ L3 (Q7F x RYHDE), (2.32)

t*>+

This weak attainment of the initial datum gy by the solution g, can be strengthened, in
fact. By letting ¢ — 04 in (2.30), it follows that

. ~ 2 -~ 112
tgr(i HQa(t)HL?VI(QJ+1XR(J+1)d) < HQOHL?M(QJ-HXR(JJAM)‘

Hence, and noting (2.32),

~

tl_%ﬂ+ H@\a(t) - @\OH%?M(QJ+1XR(J+I)d) = tl_l)r&(@\a(t) - 507 §a(t) - QO)L%/I(QJH xR(J+1)d)
= hI(I]l (/Q\Oé(t), Z)\a(t) - @\Q)LQ (QJ+1><R(J+1)d)
= £m+ [0a (t )||L2 (QI+H1xR(J+1)d) T 11%1 (0a(), §O)L§M(QJ+1 xR(J+1)d)

= 1—1>%1+ HQCM( )HLZ (QJ+1 XR(J-H)d) (QO) QO)L%\/I(QJ+1><R(J+1M) < 07

which, by the nonnegativity of the norm, then implies the following strong attainment of
the initial datum:

Jim (12 (t) = 2ol st cpionay = O (2.33)

Having thus shown that g, satisfies the given initial condition, we shall now pass to the
limit N — oo in the Galerkin approximation, in order to show that g, is in fact a weak

solution to the parabolic regularization (2.9) of (2.8).
Given any (fixed) ¢ € Wh2(0,T; W*l”]a(ﬂ‘]*l x RUH14)) e consider the function

on € WH2(0,T; Xy), defined by

N

on(r,t) ==Y Brn(t) Yi(r,v),

k=1

where B n € WH2(0,T) is defined by

ﬁij(t) ( ( ) ¢k:( ))Lz (QI+1xRU+1)dY 5 k=1,...,N; N >1.
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Hence,
A}i_f)noo lle — ‘PNHW1,2(07T;W§/}2(QJ+1 xR(T+Ddy) = 0. (2.34)

Next, for ¢ € Wh2(0,T; W12, (274! x RUTDY)) fixed and oy € WH2(0,T; Xy) as
defined above, we rewrite (2.12) in the following equivalent form:

M () 0a,n(r,v,T) p(r,v,T) dvdr

QJ+1 R(J+1)d
T

B M(’U) /Q\Oé,N(Ta v, T) aTSD(T, v, T) dvdrdr

0 QJ+1 R(J+1)d

+?2 Z/ / M (v) Oy, 00N * Op;p dvdrdr
=10 i+ pI+1)d

J+1 T
-z Z// / M(U)Ujﬁa,N-ﬁrjgodvdrdT
=10 Qit1 RUTA

J+1 T
+OZZ / M(U)arjz)\a,N'arj(dedeT
=10 Qit1 gt
T
1 J+1

U [ v s g e avaras
=10 Qi+1 g+

= / / M (v) 0o(r,v) @(r,v,0)dvdr
QJ+1 R(J+1)d
- / / M() Go(r, 0) (¢ — o) (r, 0,0) du dr
QJ+1 R(J+1)d
T / / M) an(r,0,T) (9 — o) (ry0, T) du dr

QIR +Dd
T

- / / / M (v) Ga,n (7, 0,7) Or(¢ — @) (0, 7) dv dr dr

0 QJ+IRI+1)d

BQ J+1 L

+67 Z / M(U) avj@\a,N'avj(@—SDN) dvdrdr
J=10 i+l pI+1)d
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QI+ R(J+1)d

17 T
- = // / M (v) vj0a,N - O, (¢ — on) dvdrdr
€ -
0

—{—az / / M(v) O, 0a,n * Or; (¢ — on)dvdrdr

J=17 QJ+1 R(J+1)d

J+1 T
X[ M@+ a7 a0 o) dvdrar

€ -
J=10 Qi+l gt

(2.35)

Now, using the convergence results (2.28), (2.29), the uniform bounds (2.19), (2.23), (2.26),
together with the strong convergence (2.34), passage to the limit N — oo in (2.35) yields
that the function

/Q\Oc S C([O; T], L?w(QJ+1 X R(J+1)d)) N L2(0,T, Wj77]%4(QJ+1 % R(J+1)d))

which satisfies (2.9). Indeed as N '='oo, aﬁfterms on the rig t and side of (2.35), except

the first, converge to zero, while each of the terms on the left-hand side converges to its
counterpart with gy o replaced by 0,. Thus we have shown that, for any a € (0,1], 0o
is a solution of (2.9), and the energy inequality (2.30) holds. It is important to note for
the purpose of the discussion in the next section that the right-hand side of the inequality
(2.30) is independent of «; therefore, (2.30) implies that

On  isbounded in L®(0,T; L%,(Q/F! x RU+1)) (2.36)

Dy, O is bounded in  L2(0,T; L3,(Q7F! x RUFDA))  for all j =1,...,J +1,
(2.37)

VaOr;0a is bounded in L2(0,T; L2,(Q/F! x RUFD))  forall j =1,...,J +1,
(2.38)

provided that gy € L2,(Q/*! x RUHDY) and w € L2(0,T;L®(Q)?%). Furthermore, weak
lower semicontinuity of the norm function, (2.24) and (2.28)4 imply that

lvj|0a  is bounded in L2(0,T; L3,(Q7F! x RUHDA))  forall j =1,...,J + 1.
(2.39)
Similarly, (2.27) implies that
0100 is bounded in L2(0,T; (W, 7, (Q/+1 x RU+Dd)y), (2.40)

We are now ready to pass to the limit o — 0.
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2.2 Passage to the limit with the parabolic regu-
larization parameter

The next step in our argument is passage to the limit o — 04 in (2.9). We begin by noting
that (2.36)—(2.39) imply that

) weak* in (0, T; L2,(Q/F! x RU+14)) (2.41a)

Ov;00 — 0u,;0  weakly in L2(0,T; L3, (/1 x RUFDD))  forall j =1,...,J +1,
(2.41b)

@ 0r; 00 — 0 strongly in L2(0,T; L3, (/4! x RUFDI)) for all j =1,...,J +1,
(2.41c)

vj| 0 — |v;| @ weakly in L2(0,T;L3,(Q7F! x RUFDA))  forall j=1,...,J +1,
(2.41d)

provided that gy € L?,(Q7! x RUHD) and u € L2(0,T; L>®(Q)%).
Next, we shall prove that g, > 0 a.e. on Q7! x RV x [0, T) for all a € (0,1], and
that

M (v) gu(r,v,t)drdv =1 vt e [0,T). (2.42)
QI+ R(J+1)d

The proof of the latter assertion is straightforward: for ¢ = 0 it follows from (2.5); for
€ (0,7 (fixed), we take ¢(r,v,7) = 1 in (2.9) and note (2.5) to deduce that

M (v) 9o (r,v,t) dodr = / / M(v) go(r,v)dvdr=1  Vte (0,T].

QJ+1 RJ+1)d QJ+1 R(J+1)d

Before embarking on the proof of the nonnegativity of g, we shall first extend the set
of test functions
Wl,Q(O’T; WL]@(QJ‘FI X R(J+1)d))

appearing in (2.31) to
L2(0,T; W3, (@7 x RUTDA))

by using a density argument. We begin by rewriting (2.31) as follows:

L o [J+1 ¢
/<Ma7-§a(',',7‘),(,0(',',7‘)>d7'—|-62 Z / / M (v) 0y, 00 - v, dvdrdr
0 =10 i+ pt1d
t
/ / / M (v)vjoq - Or;pdvdrdr
L0 Qi+1 gIF1)d

M (v) Oy, 0a - Or;p dvdrdr

J

_l’_
= <
itﬁ T M+

J=10 Qi+ gt
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J+1 1t
U [ M@, e e ageavarar | <o

€ |4
I=10 Qi+ g+

Vo e WH0, T; WhE (7T x RUFDD)) vt e (0,7,
(2.43)

where () denotes the duality pairing between (I/V*1 ]%/[ (Q/+
x RUFDAY) and Wi’é(ﬂ‘]“ x RUTDY) with respect to L3,(Q7F1 x RUTD)) as pivot
space, into which VV*1 ]%/[(QJ +1 % RUHD4) is continuously and densely embedded; hence
(n,¢) and (n,¢)p2 (r+1xpe+nay are identified when 7 € L2,(Q7+ x RUADD)) and ¢ €

Wﬁ’@(ﬁ"“ x RUHD4)  We note that for
Bu € C([0,T); L2,(27+! x RUFDY)) A L2(0, T W*17,]%4(QJ+1 « RUH1dY)

AWE2(0, 75 (W3 (@7 x RVFD )

fixed, each of the terms in (2.43) is a bounded linear functional of ¢ € L2(0,T;
W2 (Q7H1 x RUHDA)) - As the Hilbert space W12(0,T; W12 (@741 x RU+DD)) s con-

tinuously and densely embedded into the Hilbert space L?(0, T} Wjé(ﬂ‘] o RUHDAY)) e
deduce that

0o € C([0,T); L3 (71 x RUADD)) 0 L2(0, T3 W Q7+ x RUHD))

W20, T; (W, 5, (7 x RUFDA)y)

satisfies the following weak formulation:

¢ ¢
9 [ J+1
/<M87-§a(-,-,T),cp(-,-,T)>d7’+62 Z/ / / M (v) Oy, 00+ Op; pdvdrdr
0 =10 Qi+l I+

¢
1
- - / / / M (v) vj0q - Or; 0 dvdrdr
€ -
0

QJ+1 R(J+1)d

—I—aZ// / M (v) 8y, 80 - Oy, dvdr dr

J

U] meraens st e agevarar | <o

Vo€ LX0,T; Wiy (7 x RUEDA)) v e (0, 7).
(2.44)
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We prove the nonnegativity of g, by using Stampacchia’s truncation method. Let
[z]+ denote the nonnegative and nonpositive parts of z, ie., [z]+ := i(z £ |z[). Thus,
v = [2]4 + [z]- and z[z]- = ([2]-)*.

By taking ¢ = [0a]— in (2.44) (which belongs to the function space L?(0, T} W*lj/l,(Q‘]Jrl
x R(Z+14)) because 5, belongs to this space), we have that

t

/82 J+1 J+1
[ 55V @t dr + % /w ) Qa}—HQdHaZ/IW 0y, 5a] |17 dr
0 Jj=1 0 Jj=1 0
Eas! ¢
S (AR AR
Jj=1y
A ¢
+ EZ ((Lr); +u(rj, 7)) [a)— , Ou;[0a]-)dT Vi€ (0,T],
j=1 0
subject to the initial condition [0, (0)]— = [00]— = 0. Therefore, for all ¢ € (0,77,
1 9 J+1 J+1
SV @I+ 5 z/w 0, ga1_u2d7+a2/ VT8, (6] | dr
j=17y J=17y
A !
*E /MUonc—y r][Qa] )dr
J=1y
17+ £
+ o / j+u(rj, 7)) [0al -, Ou;[0a]-) dT. (2.45)
0

1

<.
I

Next we apply the Cauchy—Schwarz inequality to each of the two terms on the right-
hand side of (2.45). We then repeat the calculations that resulted in the bounds (2.18) and
(2.19), but now with g, n replaced by [04]- in those bounds, insert the resulting bounds
into the right-hand side of (2.45), absorb the terms containing norms of derivatives of [pq]—
into the left-hand side, and apply Gronwall’s lemma to deduce that ||[v/M [04(t)]—|> = 0
for all t € [0,7]. Consequently 5, > 0 a.e. on Q7+ x R(Z+14 5 [0, T, as has been asserted.
Finally we note that an identical procedure can be used to deduce that g, is the unique
weak solution of (2.44) satisfying the initial condition p,(0) = o.

The expression appearing on the right-hand side of (2.30) involves the L3,(Q7*! x
R +1)d) norm of gy, whereas, ultimately, we would like to make use of the weaker hy-
potheses, stated in (2.5), only. As a matter of fact, in the next section we will require
an analogous inequality whose right-hand side involves the L}, (Q/+! x R(ZFD4) norm of
F(00) rather than the L2, (Q7F! x RZFD4) norm of gy. Thus, before passing to the limit
a — 04 by using the weak convergence results stated in (2.41a)—(2.41d), we shall derive
additional bounds on g, which involve the L}, (Q7/+! x RU*1) norm of F(gp) rather than
the L2,(Q7+1 x RU+DY) norm of gy. The resulting bounds will also play an important
role in the next section, where we focus on the coupled Oseen—Fokker—Planck system. The
argument is based on the relative entropy method. Briefly, the procedure involves choosing
F'(0a + ) as test function in (2.44), with v > 0, and passing to the limit v — 0 ; ideally,
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we would like to choose F'(9,) as test function in (2.44), however since g, > 0 a.e. on
Q7+ x RUHDE 5 [0, T, and 5, is potentially equal to 0 on a subset of positive measure,
there is no guarantee that F'(9,) = log 0, is a.e. finite. Thus we shall, instead, test with
F' (00 +v) = 10g(0a + ), and once we have obtained the necessary bounds we shall pass
to the limit v — 04, which will then be followed by passage to the limit with o — 0.

We begin by noting that since g, € L?(0,T; Wi}@(QJH x RU+D4)) and g, > 0, also

F(8a +7) =1log(@a +7) € L*(0,T; W, 7, (7T x RUTDE)),

Hence, for all t € (0,77, (2.44) yields

/<M6‘F@1<" '77—)a~7:,<§a('7 T) +”y)>d7
0

52 J+1 t
+?2 Z/ / M (v) Oy, 0a - O, F' (0 (r,v,7) + ) dvdrdr
J=10 qia RUJ+1)d
L (74 ¢
- Z / M (v) 000 - O, F (0a(r,v,7) + ) dvdrdr
=10 qin RJ+1)d
J+1 L
> / M () 8y, 00 + 0y, F'(Ba(r,v,7) +7) dodrdr
=10 qi+1 g+
N EAR! ¢
=10 Qi+1 pIF1)d

=0.
Thus, we have that

<M]:(§oz(" '7t) + '7)7 1> - <M]:(§0(7 ) +’7)a 1>

9 J+1 t 9. 9
—i—% / M(v)A|LW| dvdrdr
€2 & 0a(r,v,7) +7
J=10 Qi+ p+1)d
Ly 01, 5a
+ « M (v AL dvdrdr
Z;/ / / ( )Qa(T‘,v,T)+7
I=L0 QI+ R(J+1)d
A t 5
=- M(v)vj=————— Oy, 0advdrd
EZ / (v)vjea(r,v,T)Jrv g Qo CUCTET
J=10 i+ pI+1)d
1+ L 3
- M Lr). , — 0. 0a(r,v,T) dvdrdr.
e [ [ ] M bty s 2 0Bl T) dudrar

I=L0 Qi+ gt
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Similarly to the term T; encountered earlier in the argument following (2.16), the first term
on the right-hand side is equal to zero. This can be seen by interchanging the order of the
integrals over Q7! and R4 observing that
0a . . .
————— 0. 00 = Or,[0a — Y10 +
Bl 0,7) + 7 r; Oa T [0a — 7v10g(0a + )]

and
— ylog(Ba +7) € L*(0,T; W, 3, (Q7F x RUTD)),

and performing integration by parts with respect to r;. The resulting equality can be
rewritten as follows:

(M F(0al-t) + +QZ/ / / M(v) =2 dvdrdr
I=10 Qi+l gI+1)d “
+a2/ / / M(v) =2 dvdrdr
I=L0 QI+ R+
TEAs! ¢ 5
o [ [ ] M@, vty 220, G dvdrdr <Ry £ R
=10 Qi+l g+ @
We begin by considering Ry. As
0. 0. Oy, 0. Oy, 0.
B L T R L
o 7 (0o +7)2 (0o +7)? (0o +7)2

it follows by the Cauchy—Schwarz inequality that

NI

J+1

Ry < 522// / M () [(£r); + u(rj, 7)|? Go dvdr dr

J=LD Qi+l pUtnd

t

8U-Aa2
// / M (v) |A”Q’ dvdrdr
19 Oa + 7Y

NI

X
| R
Il M+

QJ+1 R(J+1)d
Therefore,
5 g 3 00,30
<M'F(Qa('v'vt)+’7)71>+272 / / / M(’L))# dvdrdr
j=1 0 QJ+1 R(J+1)d Ca v
J+1 1 2
Or, 0a
+a2/ / / M(v)'AJi’ dv dr dr
J=10 Qi+ pi+1d Qo T
1 [ t
2 ~
<R;+ 25 Z/ / / M) |(Lr); +u(rj,7)|° 0o dodrdr | . (2.46)

I=10 Qi+ g+
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The second term on the right-hand side of (2.46) is, thanks to (2.42), bounded as follows:

Z / [ [ M@, + o 0P davarar

=10 i+ pI+1)d

J+1 T
< 2@2/ ess.sup,.cqr+1|(Lr); +u(ry, )\2 / / M(v) godvdr| dr

QJ+1 R(J+1)d

J+1 T

— 252 Z/ ess.sup,ecqJs+1|(Lr); +u(rj, )|2] dr

<C(J, T)(l + HUHLQ(O,T;LOO(Q)))’ (2.47)

where, again, the dependence of the constant C'(J,T") on 8 has been suppressed. Substitut-
ing (2.47) into (2.46) we deduce that

2 J+1 8 ."\ 2
(M F@ale, 1) +),1) + oy / [ ] ww |fﬂi‘”“ dvdr dr
J=10 Qi+l gt a7
J+1 t
Or; Oax
+a2// / M(v |]g| dv drdr
=10 QI+ gt
<Ri+ C(J,T)(1 + [[ulZ20 7,000 (0)- (2.48)

Let us now focus on the term R;. As

Ry — / / M(w) F(3o + ) dvdr
QJ+1 R(J+1)d

=[] M@ @og@ -+ - 1)+ yavar

QJ+1 R(I+1)d

T / / M(v) (log(@ + ) — 1) dv dr,

QI+ RI+1)d

the dominated convergence theorem implies that the second summand on the right-hand
side converges to 0 as v — 04, while the first summand, again by the dominated convergence
theorem, converges to

M(v) [po(log oo — 1) + 1] dvdr = / / M (v) F(oo) dvdr.

QI+ R(J+1)d QJ+1 R(J+1)d

Returning with this information to (2.46) we can now pass to the limit v — 04 there using,
in the first term on the left-hand side, Fatou’s lemma, and in the second and third term on
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the left-hand side the monotone convergence theorem. Hence,

7 - 90, 8o

Z ozl

M (v) F(0u(t))dvdr + 2622/ / / M (v) > dvdrdr

QJ+1 R(J+1)d =10 qi+ R(J+1)d
J+1 t -~ ’2

WL L] ol

dvdrdr

I=10 Qi1 pIt1)d

< / / M (v) F(o) dvdr + C(8, J,T) (1 + [[ull72(0 1.1 (q)))- (2.49)

QJ+1 R(J+1)d

and therefore (2.49) is the desired bound on g, that is uniform in «.
We shall also require a bound on the time derivative of g, that is uniform in «, which
we shall now derive, using (2.49). Thanks to (2.43), we have that

J+1 T
/(M@Tga(.,ﬁ, ) dr <:Z/ / / M(0) |9y, a] |00, ¢| dv dr dr
I=10 Qi1 pI+1)d
AR T
+ = Z / / M(v) |v}] Ba |0y, 0| dv dr dr
J LD Qi+1 pIF1)d

J+1 T
—i—ozz / M(v) |0y, 0al |0, | dvdrdr
=10 Qi+l gt
A T
S [ M@ (] + lutr 1) 010, 0l dv dr ar

J 10 Qi+l prtna
= Qi+ Q+Qs+ Qi VeeL*(0,T; W, 5 (@ x RUFIY) vie (0,T].

Next, we shall bound each of the terms Qg,...,Q4. Thanks to (2.42), (2.49) and Sobolev
embedding,

T
2,82 J+1

<32 [ [ [ M@ Vaa,Valio,eldvarar

€ -
J=10 Qi+l pUtnd

9 J+1

Z/HQaHL}U(QJHxR J+1)d)||av]\/9a||L2 (Q/HIxRU+D)

| /\

HaijDHLoo(QJH «R(+1)dy AT
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Then,

1
2

g1 T
Z/ |avJ V QaHLz QI+ XR(I+1)d) dr
i=1y

J+1 T 2

Z/Hav]‘PHLoo QJ+1xR(J+1)d) dr

Jj=1 0
< CHSOHL?(O,T;WS«?(QJH xR(J+1)dy)
Ve L20,T;W2(Q/F x RUFDY)) - s> (J+1)d+1,

where C' is a positive constant, independent of a € (0,1]. By an identical argument,

Qs < Cllell 20,2 (@71 xre+Day)
Vo e L0, T;WH2(Q/H x RUFDY) - s> (J+1)d + 1,

where C' is a positive constant, independent of « € (0,1]. Next,

J+1 T

1
Q< - Z/\HUJ\ Oallz1 (@r+1 xr@+0) 0@l Loo (1 xm(s+1)ay AT
=1}

Now, by Cauchy’s inequality and the inequality (2.17), we have

10l @all L1, (@7+1 xrO+1a) = M (v) [vj| 0o dr dv
QI+1 xR(J+1)d
1 ~
< 3 / M (v) (1 + |v}]?) 0o dr dv

QJ+1 xR(J+1)d

1 v |? -
< (J+1)d J
= +28 / M (v) 13 fadrdv
QJ+1xRII+1)d
1 .
< LU 125 / M(v) (e — 1) dr dv

QI+ R(J+1)d

+93 / M () F(Ga) dr do,

QI+ xR(J+Dd
and hence, by (2.49),
~ 1 2 ~
[[1vj1 Qoz||Lo<>(o,T;L}w(QJ+lxR<J+1>d)) < 5”(1 + [vj )Qa||L<><>(0,T;L}W(QJ+1xR<J+1>d)) <C,
where C is a positive constant, independent of a;, which then implies that
Q2 < CH‘PHLQ(O,T;W&?(QJ“ xR(J+1)d))

Ve L20,T; W2/ x RUFDA)Y s > (J + 1)d + 1,
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where C' is a positive constant, independent of « € (0, 1].
It remains to bound Qg; proceeding in the same way as in (2.47), we deduce that

J+1 T
1 ~
Qi< Y [ IR+ fulr 1) Ballug et D00l arss iy d
Jj=1 0
J+1 T 2
< (e, L, T)(1 + ||lull 20,1, (22))) Z/Hf?vj@!ioo(gvr+1xm]+1>d) dr
j:l 0

Thus we have shown that

Qs < CHSOHLQ(O’T;WS,Q(QJ-klXR(J—Q—l)d))
Ve LX0,T; Wo2(Q/ T x RUFDY)Y - s> (J+1)d + 1,

where C' is a positive constant, independent of « € (0, 1].
By collecting the bounds on Qg,...,Qq4, we have that
T
/ <M 8T/Q\a(-7 . 7—), Sp(-’ Y T)> dr < C”(pHLQ((LT;WS,Z(QJJrlXR(J+1)d))
0
Ve L20,T; WH2(Q/H x RUFDD)) - s> (J+1)d + 1,

where C' is a positive constant, independent of a € (0, 1], which then implies the following
uniform bound on the time derivative of g,:

||M8t§a|‘L2(O7T;(Wf’2(QJ+1 XR(JH)d))/) < Ca s> (J + 1)d + 1a (2-50)

where C'is a positive constant, independent of « € (0, 1].

For future reference, we collect here the various uniform bounds we have derived on g,
a € (0,1]:

F(0a) is bounded in L°(0,T; L}, (71! x RUFD4)), (2.51a)
J+1
Z |00,/ 0al® s bounded in L'(0, T; L}, (Q7+ x RUFDA)), (2.51Db)
j=1
J+1
« Z 0r,4/0a]* is bounded in L'(0,T; L}, (Q7+! x RU+D)), (2.51c)
j=1
M 8:5, is bounded in L2(0, T; (W2 (Q7+1 x RUFDAY)),
s> (J+1)d+1, (2.51d)
5220 and 13a(t)l1 @reingervn = (Bl 1 @rtgosnn, € 0,7,
(2.51e)
(14 |v[*) 8 is bounded in L>(0,T; L}, (/1 x RUFDA)) 5 =1 ... J 41,
(2.51f)
|(Lr); +u(rj,7)| 8o is bounded in L2(0,T; L}, (Q/F! x RUFDA)) - 5 =1 ... J+1.
(2.51g)
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By writing 9 = (1/2 )?, it then also follows from (2.51b), (2.51c) and (2.51e) that

V,0o is bounded in L2(0,T; L}, (Q7F! x RU+D)) (2.51h)
a2 V,9, is bounded in L2(0,T; L1, (Q/+! x RU+D)), (2.51i)
where V, := (8], ... 78vT;+1) and V, := (9}, ..., O;F]H) are (J + 1)d-component column

vectors.

We proceed by considering the Maxwellian-weighted Orlicz space L%(QJ H o RO+
with Young’s function ®(r) = F(1 + |r|) (cf. Kufner, John & Fuéik [39], Sec. 3.18.2). This
has a separable predual EY, (277! x RUFD9) with Young’s function ¥(r) = el"l —|r| —1; the
(Banach) space EY,(Q7F1 x R(/+1)4) ig defined as the closure, in the norm of the Orlicz space
LY, (971 x RUFD) of the set of all real-valued bounded measurable functions defined on
Q1 RUHDE - A there exists a constant K such that F(147) < K(14F(r)) for all + > 0,
it follows from (2.51a) that the sequence (F(1+ 04))a>0 is bounded in L>(0, T LY, (071 x
R(+D4)). Hence, g, is bounded in L0, T; LY (Q/H! x RUHD)) = £0(0, T; (B}, (Q7+! x
RV = [L1(0,T; BY(Q7+ x RUFD4))) By the Banach-Alaoglu theorem, there
exists a subsequence (not indicated) of the sequence (94)a>0 and a

o€ LOO(O,T; L(}M(QJ—H « R(J—H)d))
(whereby also F(9) € L=(0,T; L' (Q/F! x RU+Dd)) ) (2.52)
such that

0o — 0 weakly* in L°(0,T; LY, (Q27+! x RUFDA)) = 12000, T; (EY (71 x RUFTDE))),
(2.53)

As, by definition, L>(Q/+! x RUFDd) ¢ B¥ (Q+1 x RUFDD) it follows in particular that

0o — 0 weakly in LP(0,T; L}, (Q7+! x RUFDd))  vp e [1,00). (2.54)

The convergence results (2.41a)—(2.41d) and (2.51a)—(2.51i) now imply the existence of
0 L=(0.T: Ly, (" x RUFVE), g >0,

with
Vo0 € L*(0,T; L3, (T x RUTDY)) and M 9,5 € L*(0, T; (W*2(Q/ T x R4y,
> (J+1)d+1,
such that
Oa =0 weakly* in L°(0,T; L3,(Q/F1 x RUTDAY),
Voo = Voo weakly in L2(0,T; L3,(Q7+! x RU+D4)),
aV,a =0 strongly in L2(0,T; L3,(Q7+! x RUTD4Y)),
M 0100 — M 00 weakly in L2(0,T; (W2(Q7+1 x RU+Dd))),
> (J 4+ 1)d+1,
Vj 0o = v 0 weakly in L2(0,7; L}, (Q7/F1 x RUFD4)),

=1 1,
((Lr)j +u(ry, 7)) 0o = ((Lr); +u(r;, 7)) 0 weakly in L?(0,T; le\/[(Q‘]‘*'1 X R(‘]+1)d)),
G=1,. . J+1.

o8



Using these convergence results, passage to the limit @ — 04 in (2.44) implies the
existence of

0 € L™(0,T; L3, (" x RVFVY) - 5>,
with
Voo € L2(0,T; L,(Q7F1 x RUFVY)) and M 6,5 € L?(0,T; (W*2(Q/F! x RUFTDA)),

> (J+1)d+1,
f satisfying the following weak form of the Fokker—Planck equation: for all ¢ € (0,71,

¢ 62 J+1 ¢
/ Ma-,-Q y 5 T ('a'37)>d7+€7 Z / / M(v)@v].@&,jgpdvdrdT
0 I=10 Qi+ g+
[ t
— - Z / M(v)v;o- Or;pdvdrdr
c .

=10 Qi+l I+

T i/t/ / M(v) ((Lr); +u(rj, 7)) 0 Oy, pdvdrdr | =0

j=1

0 QJ+LR+1)d
e (0 T, W:7]%4<QJ+1 % R(J-‘rl)d) N0 W:,Z(QJ-‘Fl % R(J+1)d)),
> (J+1)d+1. (2.55)

It remains to discuss the attainment of the initial condition by 9. To this end, we require
the following lemma.

Lemma 2.2.1. Let X and Y be Banach spaces.
(a) If the space X is reflexive and is continuously embedded in the space Y, then
L7(0,T; X) NCw([0,T];Y) = Cu([0, T]; X).

(b) If X has separable predual E and Y has predual F such that F is continuously em-
bedded in E, then

L0, T; X) N Cyus([0,T);Y) = Cu([0, T]; X).

Part (a) is due to Strauss [62] (cf. Lions & Magenes [12], Lemma 8.1, Ch. 3, Sec. 8.4);
part (b) is proved analogously, via the sequential Banach—Alaoglu theorem.

We shall prove that g € Cy ([0, T]; L}, (Q7F! x RUFDI)). Tet us first recall that, thanks
o0 (2.52),

0 € L(0,T; LY (7T x RUTD))
(whereby also F(g) € L>(0,T; L} (Q7+! x RU+D)) ),
and, also,
0e Wh2(0,T; MY (W27 x RUFDIN) - 5 > (J +1)d + 1.

We then apply Lemma 2.2.1(b) by taking:
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o X = L% (/! x RUFDE) the Maxwellian weighted Orlicz space with Young’s func-
tion

O(r) = F(1+r])
(cf. Kufner, John & Fucik [39], Sec. 3.18.2) whose separable predual

E = By (7t x RUTDY)

has Young’s function
U(r) = elrl — Ir| — 1;

e and Y := MY (W2(Q/+! x RUHDA)Y whose predual with respect to the duality
pairing
(M-, ->Ws,2(QJ+1><R(J+1)d), s>(J+1)d+1,
is
F = W2(Q/F x RUFD) s > (T +1)d + 1,

and noting that Cyu([0; T]; LY (Q7+ x RUFDD)) < €,([0, T]; L}, (7 x RU+D)) This
last inclusion and that F' < FE are proved by adapting Def. 3.6.1. and Thm. 3.2.3 in
Kufner, John & Fuéik [39] to the measure M (v) dv dr to show that L=®(Q7+1 x RU+D) <y
L5, (74 x RUFD) for any Young’s function =, and then adapting Theorem 3.17.7 ibid.
to deduce that

F — L®(Q/H x RUIDY) oy BV Q7+ x RUADD) = B

The abstract framework in Temam [(4], Ch. 3, Sec. 4 then implies that p satisfies o(-,-,0) =
00(-,-) in the sense of Cy, ([0, T]; L}, (Q7F! x RUF1Y),

By taking ¢ =1 in (2.55), we have that
¢
(Mo(-,-,t), 1) = (M o(-,-,0), 1) :/<M6T§(-,~,T), 1)dr =0.
0
Hence,

and this then gives
M (v) o(r,v,t)drdv = / M (v) go(r,v)drdv =1 Vte (0,77,
QJ+1wR(I+1D)d QOJ+H1xR(I+1)d
which, together with g > 0, implies that
0=Mpe L¥0,T; LN x RUTD))

is a probability density function, as required.

Noting that the function F is nonnegative and convex, for each fixed v € (0, 1] the first
term on the left-hand side of (2.48) is weakly lower-semicontinuous in L}, (Q/+! x RU+1)d),
as @ — 0y (cf. Theorem 3.20 in [18]). Similarly, since ¢ € R ~ |¢|?, with y > 0, is
a nonnegative convex function, we have weak lower semicontinuity of the second term on
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the left-hand side of (2.48) (cf. Corollary 3.24 in [18]) for each v € (0,1]. By passing to
the limit @ — 04 in (2.48), and then passing to the limit v — 04 using the dominated
convergence theorem in the first term on the left-hand side and the monotone convergence
theorem in the second term on the left-hand side, we deduce that g satisfies the following
energy inequality:

‘a’U]'/Q\P
0

dvdrdr

s Faoaars 551 [ [

QJ+1 R(J+1)d J=1 0 QJ+1 R(J+1)d

16
</ /M()}'(go)dvdr—i—ﬁ(J+1)dL2T—|—ﬁ(J—|—1)||u||L20TLoo(Q)) (2.56)

QJ+1 R(J+1)d

It is important to note here that, although we had supposed that gy € L%, (Q7! x
R4 R+p), the upper bound in (2.56) only depends on the L}, (Q7%! x RUZFD4) norm
of F(o), the L?(0,T; L°°()?) norm of u, and the constants d, 3, J, L, T, all of which are
independent of e.

2.3 Existence of solutions to the coupled Oseen—
Fokker—Planck system

We now return to the full system stated in the Introduction, our objective being to prove
the existence of large-data global weak solutions to the coupled Oseen—Fokker—Planck sys-
tem. To this end, we formulate an iterative process, by defining the sequence of func-
tions (u®), "), for k = 1,2,..., as follows. We set u!) = 0. Given a divergence-free
uk) e L?(0,T; WS’U(Q)d), for some k > 1 and o > d, we define 3*) as the weak solution
(in a sense to be made precise below) of the Fokker—Planck equation:

9 [J+1
Mo -2 (3", - (110,5%)
j=1
J+1
ZMvJ 0%+ ((Lr); +u®) (), 1) - 9y, (MBH)) | =0, (2.57)

for all (r,v,t) € QI x RUHD (0,71,
o™ (r,v,0) =027 (r,v)  forall (r,v) € QI+ x RU+DI (2.58)

subject to a (weakly imposed) specular boundary condition with respect to the indepen-
dent variable r. The precise specification of the initial datum Z)gk) in terms of gy will be
detailed in the next subsection. Having determined 9*) from this problem, we shall find
the next velocity field iterate u*+1) by solving, with ¥ fixed, the Oseen system (cf. (2.65)
below). We shall prove that one can extract a subsequence from the sequence of iterates
((u®, 3])));.>1, which converges to a solution (u, 9) of the coupled Oseen-Fokker—Planck

system in the limit of k& — oc.
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2.4 Definition of the initial data

First, we define the sequence of initial data (Eék))kzl appearing in (2.58). Given gy as in
(2.5), and letting
s

Guls) = — >
k(#) 1+k1y/s

s € [0, 00),

we define .
oy = G(@), k=1,2,....

The purpose of this construction, which can be seen as a renormalization of the initial
datum gy, is to ensure that, under the original hypotheses, (2.5), on gy, the functions §gk)
thus defined possess the following properties:

ﬁ((]k) e LI (@7 x RUFDE R o), for each fixed k > 1, (2.59a)
MF@EP) e M@/ x RUADER ), for each fixed k > 1, (2.59b)
M(v) 3 drdv < 1, for each fixed k > 1, (2.59¢)

QJ+1 xR(J+1)d
o) e L2, x RVIDER () for each fixed k > 1, (2.59d)

and, possibly for a subsequence only (not indicated),

Z)(ok) — 00 strongly in L}, (Q7+ x RUFDY) as k — oo, (2.59)
}“@ék)) — F(00) strongly in L}, (7! x RUFD) as k — . (2.59f)

We shall now proceed to show that these properties do indeed hold; having done so, we
shall explain their relevance in the proof of our main result.

That Z)gk) > 0 for all £k > 1 is a direct consequence of its definition and the assumed
nonnegativity of go (cf. (2.5)). By (2.5), and noting that 0 < G(s) < s, (2.59a) and
(2.59¢) directly follow. The assertion (2.59b) is also immediate by noting that F (@(Ok)) =
F(Gr(00)) < max{1,F(00)}. We therefore proceed to prove the inclusion (2.59d).

We have, for each k£ > 1, that

||§€)k)||%?w(QJ+1><R(J+1)d) = HGk(@\O)H%?M(QJJAXR(H-IM) < k%‘|§0‘|L}\/I(QJ+1><R(J+1)d)' (2-60)

Thus we have verified (2.59d).

Next,
k)~ oy~
2" - ollz1 @71 xre+nay = [[Gr(20) — ol L1 (@r+1 xrI+14)
D
00k™3 /0o (2.61)
=~ 1 — .
1+k 24/00 L}, (Q7+1 xR(T+1d)
Clearly,
20 Q(i —0 a.e. on Q/F1 x R+,
k1 4 /00
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Also, trivially,
1
P N ~
0< B2 VE <G € L, (07 x RUFD),
1+ k7100
Hence, by the dominated convergence theorem,

~ 4,1 =
00 k™1 /00

By passing to the limit £ — oo in (2.61) we then deduce that

lim

k—o0

=0.

L}M(QJ+1 XR(J+1)d)

. k ~
Jm 1126 — Bolly, s+ ey = 0.

Thus we have shown (2.59).
To prove (2.59f), thanks to (2.59), it suffices to show that, as k — oo,

00 00 ~ ~ : 1 J+1 (J+1)d
log — 00 log 0o strongly in L;,(2/7" x R ).
1+k‘7i\/§0 (14‘](3411\/@\0) M

To this end we write

1=
00 log 0 __Oologoo % log (1 TRy QO)
1+k‘_%\/§0 1+/€_%\/@\0 l—i—k_%\/b\o 1+k_%\//g\0
We shall show below that the first fraction on the right-hand side of the equality (2.62)
converges to g log gp strongly in L}, (Q7F! x R(/+14) while the second fraction converges to
0 strongly in L}, (Q27+! x RU+1D) "and that will complete the proof of (2.59f). Indeed, that

the second fraction on the right-hand side of (2.62) converges to 0 strongly in L} (Q/F! x
R +1)d) follows directly from the dominated convergence theorem by noting that

log (1 Ty \/50) log (1 kT \/50)
1m
1+ k7120 S N

a.e. on Q7T x RU+A,

(2.62)

=0

and

1
< —
T e

Focusing now on the first fraction on the right-hand side of (2.62), we consider

~ ~ 1 =
D8 @) _ G 1og 30— ~gologar— YO

1+k71/20 1+k74/20
The term on the right-hand side of this equality converges to 0 strongly in L}W(QJ 1 x
R +1)d) as k — oo, thanks to the dominated convergence theorem. That completes the
proof of (2.59f).

The significance of (2.59a)—(2.59f) is that these are precisely the properties which we
used in the previous section to prove, for a fixed divergence-free velocity field u, contained
in L2(0,T; W&’U(Q)d), o > d, the existence of a solution p to the Fokker—Planck equation,
subject to such initial data for .
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2.5 Existence of a solution to the initial-value prob-
lem (2.57), (2.58)

Having verified all of (2.59a)—(2.59f), the arguments developed in Section 2 imply the ex-
istence of a weak solution §¥) to the problem (2.57) for a given divergence-free u®) €
L?(0,T; W&’U(Q)d) with ¢ > d. More precisely, there exists a

o™ € Cu([0,TT; L (71 x RVFVE R ),
with
Voo e L2(0,T; Ly, (71 x RUFVY)Y - ar9,5%) e L2(0, T; (W2(Q7/+! x RUFDA)Y),

> (J+1)d+1,
and satisfying
v; 0% € L2(0,T; L, (/T x RUFDD)) i =1, J+1,
((Lr); +u® (r;, 7)) 8™ e L20,T; LY, (T x RUFD)Y =1 . J+1,

such that, for all ¢ € (0,T7:

t t
2 J+1
/<M87'/Q\(k)('7'a7_)7§0('7'7T)>dT+2 Z / M(’U) 6vj/g\(k) '8vj(pd’l)d7“d7'
€
0 I=10 Qi pIt1)d
L[ t
- - / / / M (v) vj/g{k) <O, pdvdrdr
€
=10 i+l pI+1)d
1 J+1
= [ M@ @0+ a5, 8 -0 pavarar | <o
€

J=10 i+ pi+1)d
VQO c L2(O,T, W*lﬁ(QJ+1 > R(J+1)d) N Wf’2(QJ+1 % R(J+1)d)), $ > (J + 1)d+ 1.
(2.63)

Furthermore %) (-, -, 0) = @f)k)(, ) in the sense of C,,([0, T]; L}, (274 x RUADE R ), and

/ M) 2% (r,v,t)drdv = / M (v) §[()k)(r, v)drdv <1, te€(0,T].

QJI+1LxR(J+1)d QI+1LxR(J+1)d
In addition, thanks to (2.56), %) satisfies the following energy inequality:

M(v)f(ﬁ(’“)())dvererH// /M ‘”f )| dvdrdr

QJ+1 R(J+1)d J=179 QI+ R(J+1)d

16
</ / M(v) F(3" >)dvdr+F(J+1)dL2T+5(J+1)Hu 122072050
QJ+1 R(J+1)d

(2.64)
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It is important to note here that the upper bound in (2.64) only involves the L}M(Q‘]Jr1 X
R+14) norm of ]-'(Z)ék)), which, thanks to (2.59f), converges to F(gp) strongly in L1, (Q7+1x
RHDD) “as k — oo; and the L2(0,T; L>°(Q)%) norm of u(®), which we shall now bound by
a constant, independent of k and of e. Once we have done so, (2.64) will yield a uniform-
in-k (and e-uniform) bound on the L>(0, T; L}, (Q7+ x RU+D)) norm of F(p*)) and the
L2(0,T; L3,(Q7F! x RUFDE)) norm of V, v/2®), which will, together with the strong con-
vergence of o%) to g in L'(0,T; L Q7+ x R(/+14)) “which we shall also prove, yield the
convergence results required to pass to the limit in the weak form of (2.57) as k — oo.

2.6 Existence of a solution to the Oseen system

Having shown the existence of a solution o) to (2.57), (2.58) for a given divergence-free

u®) e L2(0,T; Wy (Q)%) with o > d, we define (u®+1), 7)) with «*+1) € £(0,T; L2(2)%)N
L0, T; Wy 2 ()%, and 7+ € D/(0,T; L*(Q)/R) as the weak solution of the unsteady
Oseen system:

™) (b V)u* ) — pAEH) 4 v — ¢ KK for (x,t) € Q x (0,77,

vV -ukt) = o for (x,t) € Q x (0,77,
(2.65)

u ) (2,0) = ug(x) for z € Q,
where g € W01_2/Z’Z(Q)d, with z = d 4+ ¢ for some ¢ € (0,1), is divergence-free, and

K®*) (z,t) := fDJxR<J+1)d Z}‘]=1(F(‘Jj) ®q;) M o™ (B(qa T),v, t) dgdv
’ ‘ fDJXR(J+1)d M/Q\(k) (B(Q7$)7U’t) dq dU ’

(x,t) € Q@ x (0,77
Thanks to (1.5),
||K(k)”L°°(O,T;L°°(Q)) <, (2.66)

where C' is a positive constant, independent of k. Thus, there exist a K € L*(0,T;
L®(Q;REX4 ) (to be identified), and a subsequence, not indicated, such that

Symm

K® K weak* in L(0,T; L(Q; R4 1)) as k — oc. (2.67)

Symm

As Wol_2/z’z(Q)d s L2(Q)? for z = d + ¥ for some ¥ € (0,1), by standard arguments
from the analysis of the incompressible Navier—Stokes equations (cf., for example, [61],
Chpt. III) we deduce from (2.66) that there exists a unique weak solution (u(+1), 7(k+1))
to the Oseen system with u*+1) € L(0,T; L2(Q)%) N L2(0,T; Wy *(Q)?), and

”u(k+1)HLOO(07T;L2(Q))QB(O’T;WLQ(Q)) < C(1+ Jluollzz(y)
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where C' is independent of k. Hence, by interpolation,’

when d = 2,

when d = 3,

k1))
[ )||LU(QT)§O where {(}

M\S *’;

where Qr := Q x (0,7T). Therefore, also,

kD) - 06=4 whend=2,
b ® u Lo (@r) <€ where { =12 whend=3.

Remark 2.6.1. We note here in passing that the regularity hypothesis b € L*°(0,T;
L=(Q)9) that was used here to deduce the last inequality can be weakened to assuming
instead that b € L*(0,T; L*()?) for some s > 2d(d+2)/(2(d+2) —d?), d = 2,3. The latter
weaker assumption on b results in ||b ® u(kH)HL&(QT) < C for some & > d, which then still
suffices to draw the same conclusions to the ones below. Perhaps divergence—free parabolic
Lipschitz truncation could be used to relax this further.

Continuing with our stronger but simpler assumption that b € L*°(0,T; LOO(Q)d), we
have that
4  when d =2,

(k) _ (k+1) . 0=
K —b@u™" V|| po(qpy) < C where {;7 1 when d = 3.

Clearly, 6 =2+ 3, d=2,3.

We shall now show that the divergence-free function u*+1) possesses additional regu-
larity, in the sense that u(*+1) € L2(0, T; Wy? (Q)9), with o := min(§, z); we note that this
fixes the value of ¢, and it is clear that ¢ > d, as is required by the arguments contained
in the statement of the Fokker—-PLanck equation and in Section 2. To do so, we shall move
the convective term in the Oseen equation to the right-hand side of the equation, resulting
in an unsteady Stokes system with source term V- (K®*) —b @ u**+1)). This then enables us
to apply the regularity result for the unsteady Stokes system stated in [37] (cf. pp. 3067—
3069 therein, in particular), which guarantees the existence of a positive constant C' = Cy,
independent of k, such that

0y <€ (KW 0@ u D oy + ol

2(@r) wite "<Q>) ’

where o0 = min(6,2) > d, 6 :=2 + %, with z = d 4+ ¢ for some ¢ € (0,1), and
1
Wo(Qr) i= L7(0,T; Wy (Q)%) n W27 (0, T; 17(2)?).

1
As Wo'2 (Qr) — L2(0,T; W7 (Q)4), it follows that

k+1
W™D 20 7o)y < C(1 + Huoﬂwl_g,a(m), (2.68)
where ¢ = min(6,2) > d, 6:=2+ %, d=2,3, and z = d + 9 for some ¥ € (0,1).
!By the Gagliardo-Nirenberg inequality, |[v|1q) < C||U||2/22(Q)||’UH11/I£?,2(Q) for d = 2, and
lvllLrors oy < C||v||i/25mHv||%?2(Q for n = 3. Hence, by the application of Hoélder’s inequal-

ity, ||v||L4(OTL4(Q)) CHU”Lm(OTLz Q))HUHLz 0,T:W12(Q)) for d = 2 and HU||L10/3(0TL10/3(Q)) <

2/5
C””HL/OO(O,T;L2 )||U||L2 0. w2(qy for d=3.
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2.7 Passage to the limit & — oo
We deduce from (2.68) and (2.65) that

u® 5y weakly in L?(0,T; W&’U(Q)d) as k — oo, o >d,
u® 5 weakly in W12(0,7; W=17(Q)?) as k — oo, o>d, (2.69)
u® =y strongly in L2(0,T;C%(Q)%) as k — oo, 0<y<1— g, o>d,

where the last result follows, via the Aubin—Lions lemma, thanks to the compact embedding
of the Sobolev space W(}’U(Q)d into the Holder space C%7(Q)¢ for 0 < v < 1 — g, o> d.
Using (2.67) and (2.69) it is now straightforward to pass to the limit in (2.65).

All that remains to be done is to identify the weak* limit K of the sequence (K(*)) k>0
in terms of the limit p of the sequence (ﬁk))kzo. As K® has the form

(k)
W, k‘:O,l,...,

the limit K is anticipated to be of the form

a
%7
where
J
a0 = [ S (Pl © 4) M2 (Blg.o).0.t) dg,
DI xRI+Dd I=1
Bk = / M ®) (B(q,:z),v,t) dg dv,
DI xR(J+1)d
J
A= / Z(F(Qj)@)qj)ME(B(q, z),v,t) dgdv,
DJ xR(J+1)d Jj=1
B = / M@(B(q,x),v,t) dg dv.

DJ xR(J+1)d

The identification of the limit K proceeds as follows. First we need to prove strong
convergence of the sequence (§(k)) k>0- As we are now required to work under the original
hypotheses on the initial condition, stated in (2.5), rather than the stronger assumption
used for the parabolic regularization of the Fokker—Planck equation, we can no longer use
our earlier argument. In other words, the only piece of information we are allowed to use
at this point is the energy inequality (2.64), in conjunction with the bound on (u(k))kzo
supplied by (2.68).

We therefore argue as follows. Since we have by now already passed to the limit o — 0,
and have thereby removed the r-diffusion term from the Fokker—Planck equation, we can
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rewrite (2.57) as

32 J4+1 J+1
Mog® — =5 | D70y, (M, 2™) + = ZMUJ Oy, 0™
j=1
J+1
—= Z (((£r); +u®(r5,1)) - 0y, (™)),
in D'(Q7H! x RU+DE x (0,T)) (2.70)

(i.e., in the sense of distributions on Q7+ x R/+14 » (0, T)), and we can exploit the fact
that the differential operator appearing on the left-hand side of (2.70) is hypoelliptic. Thus
we can replicate the argument appearing in the Appendix of the work of DiPerna & Lions
[20], concerning strong L' compactness of a sequence of solutions to a hypoelliptic equation
driven by a sequence of source terms that is equibounded in L' and has uniform decay as
|v] — oo in a sense to be made precise below. Having done so, we will deduce the strong
convergence of the sequence (*));>¢ in the function space L(0,T; L}, (Q2/F! x RU+1D4));
ie.

0" 5 strongly in L'(0,T; L}, (Q7+1 x RUTDD))  as k — oo. (2.71)
To this end, we will first show that the expression appearing on the right-hand side of
(2.70) is bounded in the norm of L*(0,7; L' (Q7+ x RU+14)) uniformly with respect to
k. Clearly, for any j € {1,...,J 4+ 1}, and k > 1,

1((£r); +u®) - Oy, (Mg )HLl 0,T;L1 (Q7+1 xR(T+1)d))

<C [ (14 1B Dl ) 190, (MEP - D)l 1 a1 gersna dt
<C [ (1 100 ey ) 1M 103139, )| gt e dt

+C (1 + ”u(k)(,t)HLoo(Q)) ||M8vj§(k)(','7t)HL1(QJ+1><R<J+1)d) dt. (272)

St~

The first term on the right-hand side of (2.72) is bounded, using (2.17), (2.64), (2.59f), and
(2.68), as follows:

1M 1031 89, D)l g s sy < / / (M(w) (P! — 1) + M(v) F@ (1)) dvdr

QI+1 R(J+1)d
<cC 1+/ / M) F(@® (1)) dv dr

QJ+1 R(I+1)d

<G,
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where C'is a positive constant, independent of k; hence, noting (2.68),

(1 1 e ) 1M 5] 89, ) st ey At

O\ﬂ

T

<C [ (1416 me) <C @y
0

where C' is a positive constant, independent of k.
The second term on the right-hand side of (2.72) is bounded as follows. First, using the
Cauchy—Schwarz inequality with respect to  and v we have that

2
168, 8Dl snirmny = |13, (2910

< 2 HM /Q\(k)(-, ° t)||L1(QJ+1><R(J+1)d)

L1 (QJ+1 XR(JJrl)d)

Z)\(k:)(7 Jt)

v .
L2(QJ+1 XR(JJrl)d)

Hence, now using the Cauchy—Schwarz inequality with respect to ¢, we deduce that

T
/ 1 + Hu )HLOO(Q)) HMa'U]'/Q\(k)('7 '7t)”L1(QJ+1XR(J+1)d) dt
0

<2 ||M HLoo (0,71 (Q7+1 xR(J+1)d)) 1 + ||U )HLOO(Q))

o\ﬂ

dt

X Mav @\(k)(aat)
’ L2(QJ+1 XR(J+1)d)

< 2||M 8| o (0. 11 (@01 e+ vy 11+ [0 () 2o () 2200,)

X || M Dy;/ %)

L2(0,T;L2(Q7+1 xR(J+1)d))

Thus, by noting the uniform bounds (2.64), (2.59f), and (2.68), we have that

T
/ 1 + Hu(k )HLOO(Q)) HMaU]/Q\(k)(v '7t)HL1(QJ+1><]R(J+1)d) dt < C, (2'74)
0

where C' is a positive constant, independent of k.
Using (2.73) and (2.74) in (2.72), we then deduce that the expression on the right-hand
side of (2.70) is bounded in L'(0,T; L*(Q7/*! x RU+D4)) uniformly with respect to k.
Next, we show that the sequence of functions appearing on the right-hand side of (2.70)
has the following additional (‘equiboundedness’) property: for each j € {1,...,J + 1},

lim SUP HX|v|>R( ) ((£r); + u(k)) ‘ 8Uj(M/Q\(k))HLl(O,T;Ll(QJJfl xR(J+1)d)) = 0, (2.75)

R—00 >
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where x|,>p is the characteristic function of the set of all v € R+1d guch that |v| > R,
with | - | signifying the Euclidean norm on R(/*14, Similarly as in (2.72), we have that

”lelzR(') ((ﬁr)j + U(k)) : avj(MZ)\(k))HLl(O,T;Ll(QJ+1 xR(J+1)d))

T
< C/ <1 + Hu(k)('at)HLm(Q)> X013 R () Do, (MM (-, - )| L1 (41 s+ yay At
0
T
<0 [ (1 1) i) D651 8% ) s sy
0
T
+ C/ 1 + [ut® )HLOO(Q)> X0 R () M 80,89 (- )| 1 a1 wmersnyay dt.
0

(2.76)

The first term on the right-hand side of (2.76) is bounded as follows. We first note that,
for |v] > R > 0, by (2.17),

4
0< M(v) Juj] 8% < M(w) o] a® < X0y U0

lv|?
< 4]5 (M(v)(ew —1) + M(v)]-'@(k))> :
Therefore, using (2.64), (2.59f), and (2.68), we have that

IXjo= () M 0] 8% (- )l @+ w00y

v (M(v) (e% —1) 4+ M(v) F(3™ (t)) dvdr

|

QJ+1 R(J+1)d

< % 1+ / / M(v) F(@™(t)) dvdr
QJ+1 R(I+1)d
C
< B
- R
where C' is a positive constant, independent of k; hence, noting (2.68) again,

[ C
(1 10 D) M [ 89 ooy dt < 5 277
0

where C' is a positive constant, independent of k.
The second term on the right-hand side of (2.76) is bounded as follows. First, using the
Cauchy—Schwarz inequality with respect to r and v we have that

IXpoj>r () M 9y, 2™ (, -, Ol L1 @r+1 xR0y

= HX|U|2R(')M3vj< 5(]“)("'7’5))2

Il (QJ+1 XIR(J‘H)d)

‘Mavj @\(k)('a'at)

< 2| Xpozr() M 2™ (-, )| 1 o1 e+ vy -
L2(QJ+1 XR(JJrl)d)
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Hence, now using the Cauchy—Schwarz inequality with respect to ¢, we deduce that
T

/ (1 + ”u(k)('vt)HLoo(Q)) IXo|>r (") Mavj@\(k)('7 S L crernay dt
0

T
< 2u2n ) M 0¥ llwgorns @i caesenay [ (1 160l
0

dt

X Mavj Z)\(k)('a'7t)
L2(QI+1 xR(T+1)d)

< 2||Xp>r(") M/{k)”LOO (01501 (@7 +1 xr+1ay) |1+ [u® (-, )| Lo ol L2 (0.7

X || M Oy, \/ .
’ L2(0,T;L2(Q7+1 xR(J+1)d))

However, for |[v|] > R > 0, by (2.17),

v\2

’U2 i
< M) 5 2% < 1 (M 1) + aFE") )

and therefore, by noting the uniform bounds (2.64), (2.59f), and (2.68), we have that

0< M(v )A(k)

HXIUIER(') M/é(k)HLOO(O,T;Ll(QJH XxR(J+1)dY) < R2

where C is a positive constant, independent of k. Thus, by noting the uniform bound (2.68),
we have that
T

C
/ <1 + Hu(k)(ﬂt)HLm(Q)) HX\U\ER(') Mavj@\(k)(-, ‘7t)HL1(QJ+1><R(J+1>d) dit < ﬁv (278)
0

where C is a positive constant, independent of k. Hence, using (2.77) and (2.78) in (2.76),
we obtain

C
oz R () (£r); + ut®) - 0y, (ME®) | 110 11 (041 x4y < =
where C' is a positive constant, independent of k, and therefore (2.75) directly follows.

Furthermore, we note that, similarly to the argument preceding (2.77), for |v| > R > 0,

by (2.17), we have that

< 3By L g - 49 B (k)
Therefore, using (2.64), (2.59f), and (2.68), we have that

43 [o[?
IXef2 () M 88 L1 st o < R2/ /(M(v)(e‘*ﬁ—1)+M(v)F(%k))dvdr

QJ+1 R(J+1)d

1+/ / M) F(a?) dvdr

QI+ R(J+1)d

IN

<<
R
C
— 2.79
= (279)
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where C' is a positive constant, independent of k.

To summarize, we have shown that the sequence on the right-hand side of (2.70) is
bounded in the norm of L'(0,T; LY(Q/*! x RU+D4)) uniformly with respect to k. We
have also shown that (2.75) and (2.79) hold. Having done so, we have verified the condi-
tions stated under (A.4) and (A.5) in the Appendix of DiPerna & Lions [20]. The prop-
erties listed under (A.1)—(A.3) in [20] follow from properties of the fundamental solution
of the hypoelliptic operator on the left-hand side of (2.70), and can be verified by recall-
ing the explicit expression for the fundamental solution (see, for example, Section II.1 in
[12]). Having checked each of (A.1)-(A.5) in [20], an identical argument to the one in
the Appendix of [20] yields the strong convergence of (M@k))kzo to Mp in the norm of
LY0,T; L' (Q/H! x RUFTDL)) " as stated in (2.71), and hence, thanks to the boundedness
of this sequence in L>(0,T; L*(Q/+! x RUFD4)) (which follows from (2.64), (2.59f) and
(2.69)3), strong convergence of (Ma");>q to Mg in LP(0,T; L}(Q7+! x RU+D)) also fol-
lows, for all p € [1, 00); equivalently, (6*));>0 converges to gin LP(0, T; L}, (Q/+ xRU+1)dY)
for all p € [1,00).

We are now ready for the identification of the weak* limit K of the sequence (]K(k)) k>0
in terms of 9. The argument consists of the following six steps.

(i) The strong convergence (2.71) of the sequence (8*));>¢ in L'(0, T; L}, (Q7/ 1 xRU+1)dY)
implies a.e. convergence of (a subsequence, not indicated, of) A*) to 2 on Q x (0, T).
Let us show that this is indeed the case: since the Jacobian |det B| is constant
and F € L>®(D7;R%), it follows from (2.71) by performing the change of variables
r = B(q,z) that, for any j € {1,...,J}, also

/T/ / |F(qj) @ gj| 1% (B(q, z),v,t)
0

Q DJxR(I+1)d
—0(B(q,x),v,t)| M(v)dgdvdxdt — 0.

This then implies that there exists a subsequence, not indicated, such that
|F(q;) ® ;] 18" (B(g,2),v,t) — 8(B(g, x),v,t)| M(v) dgdv — 0
DJ xR(J+1)d
for a.e. (z,t) € Q x (0,T). Indeed, by defining, for each j € {1,...,J},
DI xR(J+1)d

Tonelli’s theorem yields that d; € L*(€Q2 x (0,T);R>o) for all k > 1. As,

T

1851121 0. //ak ¢, 1) dgdt — 0,
0

there exists a subsequence of (x;)x>1, not indicated, such that dz;(x,t) — 04 for a.e.
(z,t) € Q x (0,T), for each j € {1,...,J},

(ii) Analogously, B*) converges to B a.e. on Q x (0,7).
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(iif) Now (i) and (ii) imply that 2A*) /B*) converges to A/B a.e. on Q x (0,T).

(iv) Since |A®) /BF)| < C, where C is a positive constant, independent of k, the domi-
nated convergence theorem yields that [, A*) /B*) dz dt converges to [ p2A/Bdrdt
for every measurable set E C Q x (0,7).

(v) Next, (iv) together with the fact that (A*)/B*)),¢ is bounded in L>®(Q x (0,T)),
implies weak* convergence in L®(Qx (0, 7)) of 2A*) /B*) to /B thanks to Corollary
2.49 in [20].

(vi) However, (2.67) states that 2A®*) /B*) converges weakly* to K, in L>(Q x (0,T)).
Therefore, by uniqueness of the weak™ limit, K = /5.

Thus we have shown that

w2 Jorpoind S (Fe) © 45) M 2(B(g,2),v,t) dg dv
B fDJXR(J-H)dM/Q\(B(qa l’),U,t) de’U .

Finally, we can pass to the limit £ — oo in the sequence of Fokker—Planck equations
(2.63). As this part of the proof is very similar to the passage to the limit « — 04 expounded
in the previous section, we confine ourselves to summarizing the main points.

The strong convergence result (2.71) and the energy inequality (2.64) imply the existence
of

o€ L20,T; L1, (7 x RUFDE R ),
with
Vo8 € LA(0,T; L, (7 x RUHDY),
Voo € L0, T; Ly (/1 x RYTDY)) and M 8,5 € L*(0,T; (W*2(Q/ ! x R+,
s>((J+1d+1,

such that, as k — oo,

weakly* in L>(0, T; L}, (Q7F! x RUF4))

o™ - strongly in LP(0,T; L}, (Q7+! x RU+1Dd)) ,
for all p € [1,00),
Voo™ = V.o weakly in L2(0,T; L}, (Q7+1 x RU+DA))
M 0,0 — M 0,5 weakly in L2(0,T; (WS2(Q7+1 x RU+1d))),
s> (J+1)d+1,
v; o™ — ;5 weakly in L2(0,T; L}, (Q/F! x RU+D))
=1, J+1,

((Lr)j +u® (rj, 7)) 8% — ((Lr); +u(rj, 7)) 6 weakly in L2(0,T; L}, (Q/+! x RUFTDY)),
j=1,...,J+1.

Using these convergence results, passage to the limit k& — oo in (2.63) implies the

existence of
0€ L®(0,T; L (7 x RVTDER)),
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with
Vo0 € L2(0,T; L3,(Q7F! x RUFD)),
Voo € L0, T; Ly, (7 x RUFVY)) and M 8,6 € L*(0,T; (W2(Q/F! x RUFDA)),
> (J+1)d+1,
satisfying the following weak form of the Fokker—Planck equation:

t
9 [ J+1
/ MaTQ )y T 7 ('7’7T)>d7'+€72 Z/ / / M(’U)avj/g\'avaDdUdeT
0 J=10 Qi1 p(I+1)d

1 [ A
— Z / M (v)vjo- Or;pdvdrdr
€
=10 Qi+ pIt1)d
1 ¢
- Z / M) ((Lr)j +u(rj, 7)) 0 Oy, pdvdrdr | =0

=10 il gt
Vo € L2(0,T; W (7T x RUFDY) qps2(Q/Fh x RUTDD)),
> (J+1)d+1, Yte (0,T). (2.80)

Furthermore (-, -,0) = go(-,-) in the sense of C, ([0, T]; L}, (Q7+! x RUFDL R (), and

M o(r,v,t)drdv = / M go(r,v)drdv = 1.

QI+ R(J+1)d QI+ R(JJ+1)d

In addition, o satisfies the following energy inequality:

9 J+1 ... 0l2
M(v) F(3(t)) dvdr + 252 / M) 229 4y arar
QOJ+1 RJ+1)d J=1 0 QJ+1 R(J+1)d e

§0[1+ [ [ Mo r@ ),

QJ+1 R(J+1)d

where C' = C(HUOHW17§,U(Q)a 6] oo (0,520 (02)))> 0 = min(d,2) > d, with & := 2 + % and
z =d+ 9 for some 9 € (0,1). In particular, C' is independent of € > 0.

This then completes the proof of the existence of large-data global weak solutions to
the coupled Oseen—Fokker—Planck system under consideration, for all € > 0.

74



Chapter 3

Trace theorems for the solution of
the Fokker—Planck equation

In this section, by using similar arguments as in [50], we prove that the solution to the
Fokker—Planck equation has a unique trace on the boundary of our domain, which is defined
thanks to a Green’s formula. We then use this result to prove that the specular boundary
condition is attained in a strong sense by the solution. To this end, given the vector

1 2
E; = E;(r,v,t) == E((CT)J' +u(rj,t)) —

avi
and a weak solution ¢ = o(r, v,t) of the Fokker—Planck equation
J+1 J+1 g2 I+
Pp— . . . . —_— — 2
AE](Q) T atQ+ZE](T7U7t) ava—i_Z(av]’ EJ(T',U,t))Q 62 Zav7g
1+
+€z:1vj-arjg_o, (3.1)
J:

for all (r,v,t) € Q71 x RUTDL » (0, 77,
o(r,v,0) = go(r,v) for all (r,v) € Q/F! x R+, (3.2)
satisfying the specular boundary condition in a weak sense, we show that p has a trace o
on the boundary 90U x RU+DL 5 (0, T), j =1,...,.J + 1, and a trace v;0 = o(-,t) on the
section Q71 x RUHD4 5 ¢} for all t € [0,7T]. These trace functions will be shown to be
well-defined thanks to a Green’s formula, which we shall now discuss.

In the previous section we showed that ¢ € L®(0,T; L (Q7F! x RUFDVE R o)) is a
solution to (3.1) in the sense of distributions, i.e.,

T
oAg,(p)dvdrdr =0, (3.3)

0 QJ+1 R(J+1)d

for all test functions ¢ € D(D) := C(Q/ 1 x RUFD » [0, T), where we have set:

5



J+1 J+1 g2 It

AZ}-() 8t<P+ZE (ryv,t) v‘P‘f‘Zav]ETvt (‘0+7Z

J=1
J+1

+- Zv] ;P (3.4)

From the previous section we know that u € L2(0,T;W'7(Q)9), with ¢ > d. Since,
by Morrey’s inequality, W17 (Q) < L*(Q), we have in particular that v € L'(0,T;
L>*(Q)9). We thereby deduce that E; € L(0,T; LS (S I/Vli)coo(Rd))) and 0, - B €
L0, T; L2 (2 x RY) forall j =1,...,J + 1.

loc

We shall suppose henceforth that the initial datum gy for the Fokker—Planck equation
has the following factorized form: gg(r,v) = M (v) 0o(r), where gy is a nonnegative function
of r only, such that [q,.1 0o(r) dr = 1, and

@\0 c L2(QJ+1 % R(J+l)d;RZO)'
Under this hypothesis it directly follows that
o€ L=(0,T; L3,(Q7+ x RUFDE RS o)),

and
0 € L(0,T; L3, -1 (/T x RVFTDE R ),
and consequently, since M~ (v) > (Zwﬂ) (J+1) for all v € RUTDE that
o€ L®(0,T; (! x RUFDL R)).

Remark 3.0.1. To show that gy € L*(Q7t! x RUDER ) implies 0 € L=(0,T;
L2,(Q7+ x RUFDA R 0)), one has to follow a similar line of argument as in Section 2,
Subsection 2.2. Indeed, it suffices to test equation (2.44) with the function

0 € L2(0, T3 W, 5 (7T x RUTD)),
rather than
F'(Ba +7) =10g(Ba +7) € L*(0,T; W), (7T x RUFD),

where 0, > 0 and v > 0, and pass to the limit « — 0 in the equation satisfied by 0 using
the bounds resulting from the corresponding energy estimate.

3.1 Statement of the trace theorem

Theorem 3.1.1. Let o € L>®(0,T; L*(Q/H x RUHDLR-)) be a solution of equation (3.3).
Then, for every t € [0,T], there exists a y;0 € L'(Q/H x ]R(J‘H)d) and a yo defined on
90 x RUADL 5 (0, T) for j =1,...,J + 1, such that:

10 € C([0, T; Lo (Q7T x RUTDY)
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and
vo € Lo (90U x RV 5 [0, T, (v; - n(r;))? dvds(r) dr),

forj=1,...,J 41, and which satisfy the Green’s formula

// /QAE o) dvdrdr

to QJ+1 R(J+1)d
J+1
= [ / / o(-,7 gpdvdr} —1—2 / (vj-n(rj))yopdvds(r)dr
QJ+1 R(J+1)d j=1 to 9O R(J+1)d
(3.5)

for all to, t1 € [0, T] and for all test functions ¢ € Do(D), the space of functions p € D(D)

such that o =0 on X x (0,T), where ¥¢ := Ujill{( ryv) € 90U x RUFDE 4 n(r)) = 0}

and we have used the notation D(D) := C3°(Q7+L x RUFTDL » [0, TY).

Let us first introduce some additional notation. Since 9 is C2, €2 is locally on one side
of 09 and there exists a function d = dg € W**°(R?) such that for all z in an interior
neighbourhood of 92 one has

d(z) = —dist(z, 092).

We define in Q the gradient field

n(z) = V.,d(z),

which coincides with the unit outward normal vector to 2 at every point of 9€). Hence, the
unit outward normal (column-)vector to 92, at r; € 9Q;, for j =1,...,J +1, is

n(rj) = anjd(’l“j) = 8’7‘]‘d(7ﬂj)'

Here, the set €); still denotes €); by assigning it the index j, however, we wish to emphasize
by our notation that in the consideration of the distance to the boundary of €2, the distance
of the coordinate r; € €); is measured to the boundary 9€); of the set that contains it.
We consider
dp; = |n(rj) - v;|* dvds(r) dt, i=1,2,

which are measures defined on 90U x RUTD4 5 (0,T). For a given real R > 0, we define
the sets

Br={yeR': [y <R}, O=0 xRV D=/t RV (0,7),

Op := (2N Bg)’*! x B, Dg := Or x (0,T).

We shall also use the abbreviation LY ® for the function space L%(0,T; L*(Og)), and Llaog
for the function space L%(0, T Lf’oc((’)))

Proof of Theorem 3.1.1. The proof of the theorem will be performed in three steps. First,
we obtain two a priori estimates assuming that the solution of equation (3.1) is smooth.
Then, following the method proposed by DiPerna & Lions in [21], we approach the weak
solution g of equation (3.1) by a sequence of regular functions (ox)x>1, which are solutions
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of equation (3.1) with an error term 7 that vanishes at infinity; these regular functions
satisfy the two a priori estimates from the first step. Finally, we deduce the existence of a
trace by passing to the limit.

STEP 1: A PRIORI ESTIMATES. In this step, we derive two a priori estimates. We first
assume that

o€ M/li;cl (QJ+1 « R(JJrl)d « (O,T))
so that the following manipulations are admissible. We consider three functions that we
shall specify later: 1 € C'(R) nondecreasing with 1(0) = 0, ® = ®(r,v,t) € C° (]R(JH)d X
RUHD 5 [0, T7) and B € CY(R), and we fix tg,t; € [0,7]. Below, we shall write ¢ for
(v; - n(r;)). We use Green’s formula together with equation (3.1) to get

L/ [ Heveanar

JH1 R(J+1)d

g+

+Z// / (v - n(r;)) B(0) v D dvds(r) dr

to I=liy 906) R+

t1

— / / / AR, (B(Q(T,U,T)) ®(r,v,7) (v - n(r;))) dvdrdr

to QJ+1 R(J+1)d
t1

= / / / {q)dJAEj (B(Q(T,U,T))) + B(Q) P Ag, (¢(vj ) n(r])))
fo QI+1 R+
"‘B(Q)wAEj‘I)(T,U,T)} dvdrdr

t1

— / / / {@T/JB’(Q) AEth + B(Q) P w’(vj -n(r;)) AEj ('Uj . n(rj)) (3.6)

to QJ+1 R(I+1)d

+B(0) ¥ Ap, ®(r,v, 7')} dvdrdr

t1

I {m[wwn(m)

to QJ+1 R(J+1)d

J+1 J+1
( Zv D%dg vj + Z E;(r,v,1) 'n(rj)>

j=1
J+1
+ Z(@Uj - Ej(r,v,7))(vj - n(r)) | + B(o) d)AEjCI)} dvdrdr.
j=1

We now fix to € [0,T], a compact set K of O := Q71 x RUTDL 4(2) = 1 and 3 = f:
where 3 is a sequence of smooth even and nonnegative functions such that Bg(O) =0 and
Be(y) — |yl, for all y € R. We can then choose ® € C°(Q7+! x RZ+14) in such a way that
0<®<1in Q/t x RUFDE x (0,T), & =1 on K and we denote by R > 0 a real number
satisfying supp ® C Op. The identity (3.6) then implies that, for all ¢ € [0,T7,
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Be(o(+ 1)) B dvdr = / / Bo(ol-+ o)) ® dv dr
QJ+1 R(I+1)d QJ+1 R(I+1)d
t1

J+1
+/ / / Bz (o) Z(avj - Ej(r,v,7))dvdrdr
to QJ+1 R(J+1)d Jj=1

t1

+/ / / Be(0) A, ® dvdrdr
to QJ+1 R(J+1)d

Ty

< IBe(eCotoly + C [ 3= 100, Byl )l NBe(@) o)y, dr
0o J=1

T J+1
+ CReps || V| Lo /(1 + ) B '77)’L§’§> 1Be(e) (-, )l d7

0 j=1
T
+ Crepa 1881 [ 1B,y dr
0
Letting € tend to 0, we deduce our first a priori estimate:

LA AR

i loC, )y < lleC to)llzy, + CR/Z 18, - B G )llegg oG Tl y, dr
TE i
k] O ]—1

3.7
T J+1 3.7)
+Cnes [ <1+Z||Ej<-,~m>||Lg>|g<-n>||L}% dr.

0 j=1

Let us now fix a compact subset K of 9QU) x R(Z/+1)d, W(z) =z, tg =0, t; =T, with B
as before. We choose ® € C3°(Q/+1 x RUFD9) in such a way that 0 < ® < 1in O, & =1
on K, and we denote by R > 0 a real number satisfying supp ® C Br x Bpg.

We then deduce from the identity (3.6) a second a priori estimate:

J+1 L ~
Z/ / / (vj - n(rj))? Bz(0) @ dvds(r)dr
I=10 906) R+
T
T L/ / (vj - n(r;))Be(o) @ dv dr]
J+1 R(J+1)d .
T

B 1 J+1 J+1
+ / / / {Bg(g)@ - v;-f D?dgvj + Z Ej(r,v,7)-n(rj)
0 QI+ R(J+1)d J=1 Jj=1

J+1

+ ) (v n(ry)) (B, - Bj(r,v,7))
j=1

+ (v - n(r;)) Be(0) AEJ.CD} dvdrdr
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R (|-, T))llx + 1IBe(o(-, 0) 1 1)

T [ J+1 J+1

+ Be(o

{ Zv DdQUJ+ZE (ryv,7)-n(ry)
0 QJ+1 R(J+1)d
J+1

+ZU] n(r;)) (Ov, - Ej(r,v, 7))

+ (v; - n(r;))Bz(0) AEj(ID} dvdrdr

EA AR

+Cr / > 100 By a0l

T J+1 )
+Crapa | <1+Z\|Ej<-,~,f>||Lg)||ﬁg<@><~,7>||% dr.
=1

0
Letting € tend to 0, we then have that

HQHLl([O,T]xK, dpa)
Ty

R (llo( D)llzr +lleC 0)llz1) +CR/ZH8UJ Ej( )z lleC, Dllpy dr - (3.8)

T J+1
+CR,6,B,J/<1+Z||Ej(‘a'aT)HL3>§>HQ(',T)HL}{dT
=1

0

STEP 2: REGULARIZATION. In this step, we prove the following lemma, which states
that o can be approximated by a sequence g of regular functions, defined on O x [0, 77,
and we solve (3.1) with an error term 7, which tends to 0 as k — oo. Given the sequence
of mollifiers (wy)x>1 defined by

wr(z) = kdw(kz), keN, we COO(Rd;]RZO), suppw C By, /w(z) dz =1,
Rd
where N is the set of all positive integers, we introduce the sequence of regularized functions
Ok = 0 *r s Wk *y Wk,

where %, denotes the usual convolution; thus,

(s Hy) () = / w(n) Hiy(v — 1) dy

R(J+1)d
JH1
H C
RUJ+1)d
JH1
Z/"‘/U(U17--.,77J+1 H hi (vj —n5) dm -+ Ay,
R Rd
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for any function uw € LY(RUFDY) and a function Hi(v) := HJ+1 by (),
v o= (vlf,...,v};l)T e RUHDL where v; € R? for j = 1,...,J + 1, hy € LYRY),
supphr C B 1. We have that the convolution above is well-defined since Hy, € L' (R(J +1)“l).
Hence, by Young’s inequality for convolutions, u %, Hj, € L'(R(/+14) and

[u sy Hill 1 mervay < llull g gesnay [ Hill oy geroay-

Now, let u € LIOC(QJ“). We extend u by 0 to the complement of /%! and we denote by
%) the convolution-translation defined by:

(s H)) = [ <>Hk(r—,f,n<> ) dy

R(J+1)d
J+1
H hy, <7"J (rj) — yj) dy
R(J+1)d
J+1 9
— / ../u(yl,.. . ,yJ_H) H hk<7“j — %H(T‘j) _yj) dyl dyJ—f—l,
RE R J=1

where hy € L'(R?), supphy C B%, ro= (rlT,...,r;H)T e QL r; € Q; C R? for all
j=1,...,J4+1. The point of using a convolution—translation is to ensure that the variable
y stays in the interior of the domain Q’/7!, so that we do not create bad discontinuities
in the derivatives of u at the boundary of the domain. Indeed, since the mollifiers h; are
compactly supported in B%, we have that y; € B(r; — kn(rj), k) forall j=1,...,J+ 1.
Set 7 := rj — Zn(r;) and d(y;,0Q;) = inf{|y; — 2| : z € O} for all j = 1,...,J + 1.
Hence |y; — 7| <  and for z € 99
lyj — 2l = ly; — 75 + 75 — 2
> |ly; — 75| = 1z = 7).

Since |z — 7| = d(7j,09;) > 2, we obtain that |y; — 7| — [z — 7j| < £ — 2 = —1. Thus we
deduce that |y; — 2| > % > 0. This implies d(y;,0€;) > 0, for all j =1,...,J + 1. Hence,
y; is in the interior of ; for all j = 1,...,J + 1, which implies that y is in the interior of

QJ—H

Lemma 3.1.2. For each k € N there exists a function

o € C(Q7HT x RV 5 [0, T]) n W (0, T; WL (0)),

loc

such that the sequence oy satisfies:

o s bounded in L>=(0,T; L% (O)),
ok — 0 in L0, T; L (O0)) Vael,00)

and
Ag, 0 = 11, in D' (Q7F x RV (0, 7)), (3.10)

where rj, converges to 0 in Li (O x [0,T)).
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Proof. The proof of this lemma is inspired by the work [21] of DiPerna & Lions. By
considering g as a function of ¢, y and 7, i.e., o = o(y,n,t), we multiply equation (3.1) by
the test function

J+1 J+1
H Wy, (rl —n (r7) > H Wi (Vm — Nm) € COO(QJ+1 X R(J+1)d)

for fixed r € Q/+1 and v € RUTD4 and integrate over y and 1. We get

J+1 J+1
00K = — (Z Ej(r,v,t) - Oy, Q) *p k Wik W — (Z(avj - Ej(r,v, 75))9) *p k Wi %o W
=1

J=1

52 J+1 s
2,
E 03,0 | Hr e Wi *o Wi — E Vj + Or, 0 | %k Wi ¥ Wi

e LY(0, T; Wlif"w)),
(3.11)

and, in particular, g, € W0, T; W, (0)).

loc
Let us define g to be the continuous representative of g5 in the class of functions almost

everywhere equal to g;. Then gy solves (3.10) with

e = 14(0) + 17(0) + 73 (0) + (o),

where

J+1 J+1
Q) - Z Ej(r’ v, t) ’ 8”]' Ok — (Z Ej(T‘, v, t) : avj Q) *pr ke Wk *y Wk,
J=1 j=1

J+1 J+1
ri(0) = Y (0, - Bj(r,v, )0k — (Z(% 'Ej(r,v,t))g> *r o We *o Wy

j=1 j=1

2 J+1 32 J+1
v 5
Z e Whe ¥y Wk — Z o
J+1 J+1
Z vj - O 0k — Z Vj - Ory 0 | Hr e Wi oy Wi

We have to prove that 7,(0), 73 (0), r3(0) and 7} (o) all converge to 0 in L}

that if p is smooth then one has

ioc: Let us remark

2
Or; (0 *r e W) = (I — kD2d9> (Or; 0) *r.k Wi,
and therefore

2(0) = hsoo 0 in Lo (Q7F1 x RUFD (0, 7). (3.12)
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Indeed, we have that

J+1
2
Or; (0 *rk Wi) = O, < / o(y,v,t) T we <7“z = () = yl) dy)
=1

QJ+1
J+1 9
= / o(y,v,t) O, (H W (n = ) = yz)) dy
QJ+1 I=1
2 J+1
= / o(y,v,t) Orwy, <7“j — ) 11 wk(?“l - *n (re) — yl) dy
QJ+1 I=1,1#j
2 2
- <I — kDQdQ> / o(y,v,t) Vwg (rj - En(rj) - yj>
QJ+1
J+1
H W (rl — —n (r;) — yl> dy
I=1, 1#]
2 2
_<I — k‘D2dQ> / o(y,v,t) Oy, (wk (rj — En(Tj) — y]>>
QJ+1
J+1 0
x H Wi (rl - %n(rl) - Z/l) dy
I=1,1#£j
2 2
- (I — kD2d9> / Dy, 0(y, v,t) wi (rj — %n(rj) — yj>
QJ+1
J+1
H W (rl — fn (r;) — yl> dy
1=1,1#j
9 J+1 9
—(1-30%0) [ o000 TLen(n~ Fnm -~ m) ay
QJ+1 =1

2
= <I — szdQ> (&«j Q) *r,k Wi .

To deal with a general g € Lfs C’l we begin by proving an a priori estimate. One has

J+1 J+1 J+1

7“%(9):%2 / /{% r][ o(y,n, 1 Hwk(ﬁ—*nﬁ yl)Hwk ]

I=lp Ut i+t
J+1 J+1

— ;- Oy;0(y,m, t H%(TI—*H (r1) yz) Hwk }dydﬂ

By differentiation with respect to r; in the first integrand and integration by parts in the
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second integrand we obtain

J+1

1i(0) = %Z / / {Uj : [Q(yﬂ% £) (] - 2D2dQ>Vwk <7"j - %n(rj) - yj)

I=lp i+

J+1 9 J+1
X W (T[ — %n Tl ) H wk :|
I=1,l#7
2
— ;- Vwg Ty — En(r]) —Yj Q(yvna t)
J+1 9 J+1
X H wk<rl—Enrl ) Hwk }dydn
I=1,1#7
14 J+1 J+1
i3 [ [ awnd enton=m TT el rto )
I=R1d I+ l L
2
X {(’Uj —nj) - Vwg <7“j - E”(Tj) - yj>

2 2
LU (D%dg) Vwy, <T‘j — En(rj) — yj> } dydn.

Lemma 3.1.3. There exists a constant C, which only depends on R and dg, such that the
following bound holds:

Ira(@) e (o) < Cllollpi(ppss)-
Proof. The proof proceeds as follows. We note that

T

It@len=[ [ /\Ji/ [ etwnn ﬁwk

0 (QNBg)’+! BJ+1 J= 1R(J+1)d QJ+1

J+1

< ] ws (7'1 - *n (r) — yz) {(Uj —1j) - Vwk (Tj - %”(Tj) - yj)

1=1,1#j

2 2
— LU (D?dg)Vwy (rj % n(r;) — yj> } dy dn ‘ dvdrdt

1 Jir:l T J+1
< - , wi (v
¢ J=1 O/(QHB[JH BIH RU+1 QJ[1 ‘ o Hl :
J4+1 9
X H Wi <rl — fn (r;) — yl> X {(vj —n;) - Vwy <7‘j — En(rj) — yj>

I=1,1#)

2 2
Vi (D?dq)Vwy (rj % n(r;) — yj> H dydndvdrdt
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AR T J41
< —

€ / / / / / ' o(y,m,t) H wi (v

=10 (QNBR)/+1 BJ+1 R(J+1)d QJ+1

J+1
Wk (rl (re) — yl>
I=1,1#j7
2
x ¢ (vj = nj) - Vwy <7"g kn(T‘j) - yj> }‘ dy dndvdrdt

J+1

+1J O/T / / / ‘2Q(y,n,t) nglwk(v

! (QNBR)J/+1 BJ+1 R(J+1)d QJ+1

.
Il

J+1 5
" z=g¢j - <TZ - %nm) a yl)
X {Uj - (D*dq)Vwy, <7'j — %n(rj) — yj> }' dy dndov dr dt
< I + I,

where we set

J+1

SO e

I=10 (@nBR) T+ BJFIRU+DA QI

J+1 9
X w1 — En(rl) — yl)
I=1,1#j
2

x {(vj — ;) - Vg <rj —n(rj) - yj> }‘ dy dn dv dr dt

and
1 z J+1
L :—GZ/ / ‘ o(y,n,t) J] wrv
J=179 (QNBR)/+1 BJ+1 RJ+1)d QI+1 m=1

J+1
< 11 oJk(”‘*n(?“l) yz)

I=1,1#j

2
X {Uj - (D?dq)Vwy (Tj - %N(T’j) — yj> H dy dn dv drdt.
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We have the following upper bound on I;:

A T T4l
I < 62/ / / / / Q(y7777t) H 'wk(Um_nm)
=10 (QNBR)J+1 B{;l R(J+1)d QJ+1 m=1,m#j
J+1 9
X H ‘wk (rl — %n(rl) — yl>
1=1,1#j

X

2
‘Vwk (Tj = () = yj)

wi(v; — n5)(vj —ny5) dy dn dv dr dt.

Now, using the Fubini—Tonelli theorem, we obtain:

Iﬁi%j/// /9(2/#7%)( ﬁ ./wk(vm—nm)dvm>

=10 QNBg Br R(J+1)d QI+1 m=Lm#jg,
J+1
2
X < H / Wi <7"l — En(n) — yl) dTl)
lzl,l;éijBR

2
Vwy <rj - %n(rj) - yj> ‘ dy dn dv; dr; dt.

(3.14)

wi(v; — 15)(vj — 1)

X

First, using the change of variable z = v, — 1, which implies that dz = dwv,,, we obtain
the following upper bound:

J+1 J+1

H /wk<vm - nm) duy, = H /wk(z) dz
m:l,m;éjBR m:l,m;ﬁde
J+1
= ]I / k%w(kz) dz
mzl,m#de (315)
J+1
= H /w(z) dz
m=1,m#jpq
= 1.
Remark 3.1.4. Let us also remark that since |vy, — | < % forallm=1,...,J+1 and

k>1, e, % < 1, which imply that |nm,| < o] +% <R+1, forallm=1,...,J+1, we

have that n € Béfl.

Next, we perform the change of variable s; = r; — %n(rl) — 1;, which implies that
ds; = (I — 2Vyn(r))dry, ie., drp = (I — 2Vyn(r))~tds for all { = 1,...,J + 1. For
l€{1,...,J +1} fixed (and therefore not explicitly indicated), we set A := 2V, n(r;). We
have that
2Vl oo (e

Al <
4] < =
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Hence |A| < 1 for all k > 2[|Vn|| o (gay =: b. In that case,
> A"
n=0
=24
Z<2 [Vl poo Rd))

1
2 ||VnHLoo<Rd)
k

(1= 4)7| =

1—
k
k =2V poomay

We have that the function g : x — where x > b, is strictly monotonic decreasing.

=
Indeed, ¢'(z) = ﬁ < 0 for all z > b. Hence, taking x > 2b, the maximum of g is
achieved at x = 2b, where g(z) = 2.

Therefore, by choosing k > 2b, we get

(=A<
thus, the change of variable gives
J+1 9 J+1
H / Wi (rl - En(rl) yl> dr < H /wk s1) ds;
=L1#£i08 B, I=L1#] Ra
J+1
H 2 ]{78[) dSl
=114 g (3.16)
J+1 /
I=1,1#j Rd
<27/,
Remark 3.1.5. Let us also remark that since [r;—2n(r)—y| < 1, forallm=1,...,J+1,

and for k > 3, i.e., % < 1, which imply that |y| < |r] —|—% < R+ 1, we have that
y € (2N Bry1)’t.

Hence, using estimates (3.15) and (3.16) together with Remarks 3.1.4 and 3.1.5 in (3.14),
we get for all & > max(2b,3) that

IR

Jj=1 0 QNBg Br BJ+1 (QNBpgy1)’+1

wi(v; — nj)(vj — n;)

2
X | Vwg (rj - En(rj) - yj> ‘ dydndv;dr;dt
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97 J+1
< / / / o(y,m, )</ wi(vj — ;) (v; = 15) d”j)
T 1
X < / Vwy, (r] — kn(rj) yj> ’ dm) dy dn dt
QNBRr

Again, by performing the same change of variable as in (3.16), we obtain, for a constant
C1 > 0, independent of k, the following bound:

[ (o )

QNBg

dry <2 [ |Vun()] a¢
Rd

—2/kd+1|w<k§)\dg 1)
g 3.18

= 2k/|Vw(z)‘ dz
Rd
<2kC4.
Finally, noting that wy € C§° (RY), we obtain, for a constant Cy > 0, independent of k, that

/ wi (v — 1) (v; — ny)| dv; < / wr(©)lE] de

Br R4

— [ Humelelag
R4 (3.19)

_ ;/w(z)|z|dz

We use (3.18) and (3.19) in (3.17), for a constant C' > 0, independent of k, we get the
following bound on the term [:
dvj)

Il<2JJ+1/ / / (y,n,t)(/

Jj=17 BJ+1 (QNBgyq)7+? Br

2
X < / Vwy <rj - %n(rj) - yj) ’ drj> dydndt
Q

NBgr

wr(v; — n5)(vj —nj5)

(3.20)

2J+1 Cl 02 J4+1 T
SZ/ / / o(y,n,t) dydndt

€
J=109 Li+1 J+1
BR+1 (QﬂBR+1)

S CHQ|’L1('DR+1)
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Now, using the same technique as for the bound on Iy, we get the following bound on the
term Is:

J+1 T J+1

pePBASTf [ [ pasfotnn (}13{ r(tm = 1) dor )

=10 QNBR R(J+1d QI+1

J+1
2 2
X < H W (7“1 - %n(m) - yl) drl> ’Vwk (rj - %n(rj) - yj> ‘ dydndr;dt

I=1,1#j

T
2742 | Bp| | D?daql| oo (ra)

t

e .E_ / / / o(y,n,t)

X < / 'Vwk <7”j - Zn(rj) - yj)
QN

€

drj) dy dndt

o(y,n,t)dydndt

< Cllellpy g,y
(3.21)

In conclusion, using (3.20) and (3.21) in (3.13), we get, with a constant C' that only depends
on R and d(r), the following bound:

k(@)1 (D) < 1+ I2

(3.22)
S CHQHLl('DR+1)

That completes the proof of the lemma. O

Next, for o € L=(0,T; L' (Q7+! x RV R-)) we argue by density; in other words,
we consider a sequence (g¢)e>o of smooth functions such that o — ¢ in LL (D), and we
note the following obvious decomposition of the function r{(o):

(o) = ri(0e) + a0 — oc),

which obviously converges to 0 in L. (D) as k — oo and € — 0, thanks to (3.12) and (3.22).

The convergence of the sequence ré(g) to 0, as £ — oo, has been proved, in a simpler

case, in the article of DiPerna & Lions [21], Lemma II.1. By following a similar line of
argument as in [21], we proceed as follows. If ¢ and E; are sufficiently smooth, we have
that

J+1 J+1
T]};(Q) = ZEj(T,’U,t) . angk - (Z E]’(T,’U,t) . ang> *p k W ko Wi

j=1 j=1
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J+1

= Z / / {Ej(r,v,t) - Oy [Q(y,n, t) Jﬁlwk <7“l — %n(rl) - yl>

F=1g (1 I+

=1
J+1 J+1 9
X H Wk('l)m - Um)} - Ej(y7 m, t) . 877]' Q(y7 7, t) H Wi (7’[ - %Tl(rl) - yl>
m=1 =1
J+1

X H Wk(vm - nm)} dy dn.
m=1

By performing integration by parts in the second integrand, we get

J+1

J41
ri(e) =) / / {Ej(r,v,t) - Vwg(vj — 1) 11;11 W <7"l - %n(n) - yz)

I=lp v e

J+1

<o,mt) [ wr(vm—mm)+ 0y, - [Ej(y,mt) wi(vj — nj)]
J+1 J+1 5
<o(y,mt) ] @k (Vm = 7hm) 1T wx (Tz = ) = yz) } dy dn
m=1, m#j =1
J+1 J+1 9
=3 / {Ej<r,v,t> Ve (v =) [T we(ri = n(r) = u)
I=lp Tt g I=1
J+1
<o(y.nt) [ wr(vm—mm)+ 0y, - [Ei(y.n.0)] oy n,t)
J+1 J+1 5
< | we(om = 1) T wr <7‘z = ) = yz> — Ej(y,n,t) - Vwi(v; — n;)
m=1 =1
J+1 5 J+1
x o(y,m.t) [ we (rz = ) = yz) 11 ‘wk(vm - nm)} dy dn
=1 m=1,m#j
J+1 J+1 9 J+1
=) / / o(y,n,t) T we (Tl = () = yz) I welwm —nm)
I=lRprd Qi+ =1 m=1, m#j
X {[Ej(m,t) = Ej(y,n,1)] - Ve (v; - nj)} dy d
J+1
+ (Z o(r,v,t) (Oy, - Ej(r,v, t))) *p o Wh *y W«
j=1
The second term on the right-hand side converges to
J+1

o(r, v, t)(avj - Ej (r,v,t))
1

<.
I

in Llloc, as k tends to oo, by standard results for convolutions.
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For the first integral, on the one hand, we have that

J+1 J+1 9 J+1
Z / / oly,m,t) T wr (m = ) = yz) 11 'wk(vm = M)
=gt 1)a @i+ =1 m=1, m#j
X Ej(T‘,’U,t) V(Uk( ] )dydﬁ
J+1 J+1

2—2/ / o(y,n,t Hwk<7'z—n7’l) yl)

jle(JJrl)d QJ+1

J+1
X H Wi (Vm — 1) B (r,v,t) - 9y, (wi(vj — ;) dy dn
m=1,m#j
J+1 J+1

=3 [ ] etwnd Bt =) [ (n = fno )

I=lp i na @it

J+1
X H Wk(vm - 77m) dy d77
m=1,m#j
J+1 J41 5
=Y [ [ twetwnd) B Hwk(m—knm)—w)
I=lpra Qi+ =1
J+1
X H wi(Vm — 1im) dy d,

which converges to
J+1

Z&U] (r,v,t) - Ej(r,v,t)

in LllOC as k tends to co. On the other hand,

J+1 J+1 J+1
- Z / / o(y,n,t) H W (Tl —n (1) — yl> H Wk (Vm — M)
I=lp ity i+ m=1,m#j
x Ej(y,n,t) - Vwi(v; — n;) dy dn
J+1 J+1 5 J+1
= Z / / oy, mt) T wn <7“z = () = yl> 11 k(vm = 1hm)
jle(J+1)d QJ+1 =1 m=1,m#j
X E](ya 7, t) : aﬁj (wk}(vj - TI])) dy dT/
J+1 J+1 5
Y [ [ oy letwn 0 Bwno] et - ) Ten(r - Fnlm - n)
j:1R<J+1)d QJ+1 =1
J+1
X H W (Vm — Nm) dy dn
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J+1 J+1 9
== / / Oy, - [o(y,m.t) Bi(y,m )] ] we <rz = o) - Z/z>
I=lp (5 1ya Qi+t =1

J4+1
X H Wi (Vm — nm) dy dn

S JZH / / O, 0(y,m.t) - Ej(y, n,t) Jﬁl“’f (” B %n(m - yl)

F=1p ) Qi+ =1

J+1
X H Wi (U — 1) dy Ay
J+1 J+1 2
= / / o(y,n:t) O, - Ej(y,m,t) [ we <7"z - %n(rz) - yz)
=1

J=1R(T 1 I+
J+1
X H Wi (Vm — 1im) dy ),

which converges to

+

J+1 J+1
— 28”7 (r,v,t) - Ej(r,v,t) — o(r,v,t) (BU]. -Ej(r,v,t))

1

<.
Il

in L] . as k tends to co. Hence r,}/, converges in LllOC to 0 as k tends to oo. The general case
follows by means of a density argument, using the inequality stated in the next lemma.

Lemma 3.1.6. There exists a constant C, which only depends on R and dg, such that the

following bound holds:
76D L1gy < Clloll2(g,)-

Proof. We begin by noting that

J+1 J+1 J+1
ri(e) = Z / / o(y,n,t H Wk <7“z " (1) — yl> H W (Vm — Mm)

jle(J-H)d QJ+1
X {[Ej(ﬁ v,t) = Ej(y,n,1)] - V(v — m)} dydn

J+1
+Z/ /%’Ej(ym,t)
=l i+t

J+1

J+1
XH%(W—TL r1) yl) Hwk ) e(y,n,t) dy dn

=: I + I,
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where we set

J+1 J+1 J+1
I = Z / / y,n, H Wi <7“l - *TL 7“[) yl> H wk(vm - 77m>

I=lps1a it m=1, m#j
X { [Ej(r,v.t) = Ej(y,n,t)] - Vewg(v; — nj)} dydn,

and

J+1 J+1 2
Iy := Z / / Oy, - Ej(y,m, t) H Wk (Tl - E”(Tl) - yl)
=1

jle(J+1)d QJ+1
J+1
X H wi (v ) oy, m, t) dy dn.

Let us recall that
E; = Ej(r,v,t) := %((»C’l”)j +u(rj,t) — =
Hence,
2

Ej(r,v,t) — Ej(y,n,t) = %((ﬁr)j — (Ly);) + %(U(mt) —u(yj,t)) — %(’vj — 1)

Using (3.25) in (3.23), we get

I = JZH / / o(y;n,1) Jﬂwk (Tz - %n(ﬂ) - Z/l) Jf[l wi(Vm = 1m)

=1 m=1,m#j
2

{20 = eny) + L utrst) = ut3.0) = G0y = )]

jle(J+1)d QJ+1

- Vwg(vj — Wj)} dydn
= I+ +13,
where we set

J+1 J+1 J+1
Ii:=>Y / / o(y,n,t H W (7‘1 = nln) = yl> I wewm—nm)

=gt i+ m=1,m#j

X L((Lr); — (Ly)s) - Veor(oy —ny) dydn,

J+1 J+1 J+1
;=Y / / o(y,m:t) H W (Tl = i) = yl> I wewm—nm)

I=lprya @i+t m=1,m#j

1
X = (u(rj, t) — u(y;,t)) - Vwr(v; —n;) dy dn,
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and

J+1

J+1 J+1
== / / o(y,m,t H W (m = () = yz) T wxwn—mm)
I=lprtyd @i+t

,82

= (vj = n5) - V(v —n;) dy dn.
On the one hand, we have that
A J+1 J+1 5
o= [ [ [ [ dwno Teaa(n-fntm -n)
0 (QNBR)/+1 I+t I=lp (4 1y @i+t =1
J+1 52
X H W (vm—nm)g(vj —1;) - Vwg(v; —nj)dydn‘dvdrdt
m=1,m#j
J+1 T J+1 5
< Z/ ' (yﬂ]’t) H Wk (7’[ - %n(rl) - yl)
7=10 (@nBR)I+1 BIH RGN QIH1 =1
J+1 52
X H wi (v, — nm)e—z (vj = 14) - Vwi(vj — ;)| dy dnpdvdrdt.
m=1,m#j

Noting that |v; — ;| < £ g forall j=1,.

g 1z J+1
11| L1 (pyy < kZ/ /
=179

!! B J+1 J+1 + d!!J+1

,J + 1, we then deduce that

J+1
X H Wk (U, — Nm) Vwg (v — n;)| dy dndv drdt
m=1,m#j
g2 T J+1
<k:2/ / / / /’ o(y,n,t Hwk<7”z—n7“l) yl>
=179 (QNBR)’+! B RU+D QI+
J+1
< JI  wrlvm = nm) Ver(v; = n;)| dydndo drdt
m=1,m#j
g T J+1 5
< kZ/ / / o(y,n,1t) (H / W (7“5 = () —yl> dn)
I=10 RA1)a QI+ =lonBg
J+1
< H /wk — Nm dvm)
m=1,m#j,
X </|Vwk(vj — Uj)‘ dvj> dy dndt
Br
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9J+1 g2 {1 7
L e2 Z/ / o(y,m,t) (/‘Vwk(vj _nj)‘d’l)j> dy dndt

<
=1 0 B‘]+1 QQBR+1 J+1 Br
T
2J+1 52 J+1
<=3 Z/ / o(y.1,1) (/\Vwk(g)\dg) dy dn dt
Jj=1y BJ+1 (QNBpy1)/+! R
2J+1 52 J+1 7 .
T ke Z/ / o(y;n,1) (/k * ‘Vw(kf)‘d§> dydndt
Jj=1y BJ+1 (QNBpyq)/+1 Rd
2J+1 ) J+1
_1 0 BJ+1 QﬁBR#—l J+1 R4
PR J+ 1)p2C
= / / / o(y,m,t) dydndt
0 B (N
< Cllellpr gy

where C > 0 is a constant independent of k. On the other hand, we have that

h J+1 J+1 9
Hwwo=[ [ [IX [ [ swnola(nfneo-un)
0 (QNBg)’+1 gJt1 J=lp ity @i+t =1

J+1

< JI  wrlvm —nm)((£r); — (Ly);)

m=1,m#j

- Vwyg(vj — ;) dydn ’ dvdrdt

0/ / / / / ‘ (y,n,1) ﬁwk (7“1 — %n(rl) — yl>

(QNBg)7+ gl RU D QT+ =1

J+1

1
<
T €

=1

<.

J+1

< I wnlom —ma) ((€r); — (£3)))

m=1, m#j

- Vwg(v; — n;)|dy dndodrdt,
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and noting that |(Lr); — (Ly);| < |rj —y;| < 2 forall j=1,...,J + 1, we get

J+1

1122 (g < % /T / / / / o(y,n,t) ﬁwkz <7"l - %n(rl) - yz>
0 =1

=1 (QNBR)7+1 BJ+1 R(J+1)d QJ+1

AN
<.

J+1
X H wk(vm—nm)’Vwk(vj—nj)‘dydndvdrdt
m=1,m#j

T
21T+ 1)C
S(e)// / o(y,n,t)dydndt

0 Bt @B+
S CHQHLl(DR+1)7

where C' > 0 is a constant independent of k.

In order to show that, for a constant C' > 0 independent of k, we have |I1]|p1(p,) <
Clloll2(py,,), it remains to prove that || 17|11 (p,) < Cllollr2(py,,)- Using the fundamental
theorem of calculus we have, for any sufficiently smooth real-valued function u, that

u(rj, t) —u(y;,t) = /VU<yj +h(rj — yj)) (rj — y;) dh.
0

Now, for v € L2(0,T; W17 (Q)%), with o > d, a solution to the Oseen system (1.3), we

define
i) = { G0 g \Q.
Let us first study the smoothed functions
(-, 1) == T %y ws (-, 1) for § > 0,
where ws(z) 1= 55 L w(%) denotes the usual mollifier.
Lemma 3.1.7. We have that
u’ — @ in LA(R? x (0,T)) as & — 0.

Proof. To prove this, we first note that if @ is smooth, then, for z € R,

(@, 1) — i, t) = ;d / (T2E 1) — e, 1) dz

B(z,9)
- /'w@NMx+5%w—am¢ndy
B(0,1)
1
[ [ At nin e
W dh 33 Y, Yy
B(0,1) 0

1

=4 w( / w(x+hdy,t) - ydhdy.
B(0,1) 0
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Hence,
1
(@, ) — i, 1] < 5/ / Vii(z + hoy, 1) dydh,
0 B(0,1)

and using the change of variable z = x + hdy,

1
\ué(x,t)_a(x,t)\gaf (hg)d / Vi(z, 1) dzdh
0

B(z, hd)
< C[B|d M|yq(z, 1),

where M ¢(z) := sup,~ fB(x " |f(y)| dy is the Hardy-Littlewood maximal function.
Thus

/]u(s(x,t) — a(z,t)*dz < C8? / \M|v@|(x,t)|2d:n
R4 R4

(3.27)
§C52/|V&(x,t)|2dx,
R4

where we have used a classical strong (p, p)-bound on the maximal function, which asserts
that the maximal operator is bounded in LP(R?) for 1 < p < o0, i.e.,

||Mf||p <c|fllp

where ¢ = ¢(d, p) > 0 is a constant. Now, for the smooth functions
(-, t) = A xgpwr(,t)  with A >0

and .
U0, 1) i= 0 %y ws (-, 1) with § > 0,

from estimate (3.27), we still have

/\u‘s(x,t) —a(z,t))? dz < €52 / \Va(z,t)|? da.
R4 R

Thus,

/ (@ %3 w)) #5 ws) (T, ) — T kg wi (2, )] do < CF° / V(@ #g wy)(z,t)|* da
R Rd

(3.28)
< 052/|Vﬂ(x,t)|2dx.
R4

Also, since for a.e. t € (0,T)
a(-,t) € L7(RY),
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there exists a subsequence (Mg, )¢>0 such that
Uz Wy, (+58) a0+ U5 1) a.e. in RY.
Hence, on the one hand,
(U *g ws) *g wxy, (5 ) =25, 0+ Uka ws(-, 1) a.e. in RY,
on the other hand, since
(T %y W) *g Ws = (U *g Ws) *z Wy,
using Fatou’s lemma in (3.28), we get
/ lim inf [ (@ %5 wy) *g ws) (2, 1) — %5 wr(, t)? da

)\kt —0+
R4

< liminf %y W) *g ws) (T, 1) — @ %5 wi(, t)|? dz
< imint (0 ne ) 0 5) (0.) = 22 05 (0.0
Rd

§C’52/Vﬂ(x,t)|2da:,
Rd

that is,

/\(ﬁ e ws)(x,t) — w(x, )| de < C6* / \Va(z, )| dx
R4 R4
< CO*(1+ [luol|2(q)-

However, since
C* (1 + ||UO||%2(Q)) —5-0+ 0,
which implies that

/ (@ g w5) (2, 1) — iz, )2 dz 5500 0
Rd

uniformly in ¢ € [0, 7], by Lebesgue’s dominated convergence theorem we then have that

T
[ [ @)@~ w0 dedt 550 0

0 Rd

that is,
uw’ — @ in L2(R? % (0,T)) as § — 0,

as was asserted above.

Hence, we deduce that there exists a subsequence (d,),>0 such that

(@ *y ws,)(@,1) — @ —5,50+ 0 for ae. (z,t) € R? x (0,T).
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Set upy(z,t) := (U *; ws,)(x,t). Since

J+1 J+1 J+1
I12 = Z / / o(y,n,t H Wk (Tl - —n (r) — yl> H Wi (Vm — Mm)

I=lp i+ m=1, m#j
1
X < (u(rj, t) — u(y;,t)) - Vwg(v; — n;) dy dn,

this implies, by Fatou’s lemma, that

J+1 J+1 J+1
’1—12\ SZ / / o(y,n,t Hwk(rl—n ) — yz) H Wi (Vm — M)

I=lgrnd i+ m=1, m#j

1
X = lu(rj, t) — u(y;, t)| |Vwr(v; —n;)| dydny

J+1 J+1 J+1
< liminf / / o(y;n,t) Hwk <n = pnln) = yz) T wr(om—nm)

op—0

jZIR(J+1)d QJ+1 m=1,m#j

1
X = Jup(rj, ) = up(y, )] - Veor(v; = ;) dy

= liminf I
op—0
(3.29)
Moreover,

g It J+1 5 J+1
7p <7 Z / / Q(ya 7, t) H Wk (rl - En(rl) - yl) H Wk(’l)m - nm)

7 lp(r+1)a gJi+1 =1 m=1, m#j

1
X </ VUp(’yj +h(rj— yj)) dh> ‘ | Vewr(vj —15)| dy .
0

By noting that (Vw)(z) = k? Vw(kz), which implies that k(Vw)i(2) = Vwi(z), we get

J+1 J+1 9 J+1
TP <3 / / oy, mt) || wk (7“1 = ) = yl) T wr(om —nm)

j:lR(JJrl)d QJ+1 =1 m=1, m#j

1
X —
€

(/ Vuy, (yj —vj) dh)‘ ! (Vw)i ‘dy dn.
0
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Hence we have that

117 1 op) < a QJi/T / / (Z/ﬂ%t)( / [%(Tj—in(rj)—yj)
=1y,

J+1 J+1
i1 (QQBR_;,_l) QNBRr

X /‘Vup (yj +h(rj— yj)) ) dh] drj>
0
X (B/R‘(Vw)k(vj - 77j)| dvj> dy dn dt.

(3.30)

On the one hand,

/|(Vw) vj — 1 ‘dv] /| (Vw)i |d§
Br

= /kd}Vw(kg)}df

R
= /|Vw(z)‘ dz
Rd

<,

(3.31)

where C' is a positive constant, independent of k. Furthermore, we have that

/ Wk <Tj - %n(ﬁ') - yj) [O/l‘vup@j +h(r;— yj)) ‘ dh] dr;

QNBR
1
2
— / / Wy, (rl — %n(rl) — yl> ‘Vup (yj +h(r; — yj)) ‘ drj dh.
0

QNBr

Thus, by using the change of variable z; = r; — y;, which implies that dz; = drj, where r;
and y; € Bgy1, we get that

/ Wk <7“j - %n(?“j) — yj) [O/IVU;: (yj +h(rj— yj)) ‘ dh} dr;

QNBRr
1
2

< %n(zj + ;) ‘Vup (yj + th) ‘ dz; dh
0 Byry1)
1

_/ / ke w <kz]— 2n(zj + yj5) )}Vu,,(y]—i-hzj)’dz]dh
0 By(rt1)
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Now, by the change of variable §; = kz;, which implies that d§; = ke dz; and || <
1+ 2[[n| oo (ray := R’ since |§; — 2n<% + yj)\ < 1, we obtain

méR Wi (Tj - %n(m‘) - yj) [j‘Vup <yj +h(rj— yj)> ‘ dh] dr,;
S/l / w(éj—Qn(él;j‘f'yj))‘vup<yj+ij>’d§jdh

0 Bit2nll oo gay

1
< [ []7u(w+ 4 6)]dgan

0 Bps

Next, by performing the change of variable s = y; 4 % §j, which implies that ds = (%)d d¢;
and s € B(yj, % R), we get

/ Wi (Tj - %n(w) - yj) U‘Vup (yj +h(rj— yj)) ‘ dh] dr;

QNBRr 0

Consider again the Hardy-Littlewood maximal function M¢(z) := sup,~ fB(x ) |f(y)| dy.
We then have that

1

/ Wy, (rj — %n(rj) — yj) [/‘Vup (yj +h(r; — yj)) ‘ dh] drj < CpMvy,|(yj, 1)
QNBg 0 532)

Hence, by noting inequalities (3.31) and (3.32) in (3.30), we obtain

T
3.2 Cp O T2
L(op) < RZ/ / / o(y,n, t) Mg, (5, t) dy dn dt.

27
727 6
j:1 0 B}éill (QQBR+1)J+1

Using the Cauchy—Schwarz inequality and the boundedness of the maximal operator in
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L?*(R%), we get

J+1 L
2, 3- 2J CR’ C
113 pHLl(DR) < I Z lo(-, -,t)|’L2((QmBRH)J+1xBﬁll) ||M|Vup\(yj>t)||L2(Rd) dt
j=1 0

T
3:-27Cp C(J+1
< ( ) /HQ(""t)HLQ((QﬂBRﬁ-l)J"'IXB}{tﬁ) ||Vup(.,t)||L2(Rd) dt
0

€

- 3-27Cr C(J+1)

=~ c ”QHLz((QOBRH)JﬂXB}JQEX(QT)) ||vup”L2(0,T;L2(Rd))
3-27Cp C(J+1)
< c ”Q||L2((QQBR+1)J+1 X B % (0,1)) IVul| £z 0, 7,12(ra))

<C (||u0”L2(Rd) + 1) HQHLQ((QQBRJA)JHXBI‘;-illx(OaT))

< Cllellz2onBga)r+1x Bt < 01)

= C||Q||L2(DR+1)-
(3.33)

Now, since from (3.29) we have that
|I?| < liminf Ilz’p,
6p—0

we deduce that

T
112l L1 (o) :/ / / | 17| dvdr dt

0 (QNBR)7+! pI+1

T
< / / / liminf 177 dv dr dt
6p—0
0 (QNBg)/+! BI+1

T
< lim inf / / / IFP dv dr dt

0p—0
J+1 pJ+1
0 (QNBg)’*! B},

= liminf || 2P .
16r;11r01 I N 21 (o)
Finally, from (3.33), we get

11212 o) < Cllellz2p, 1)
as has been asserted.

Remark 3.1.8. We note in passing that in bounding ”112”L1(DR) we could have used a more
direct argument. Indeed, by a standard property of the mazximal function (cf., for example,
Corollary 4.3 in [2]), we have that if u € WHP(R?), with 1 < p < oo then there is a set E
of measure zero such that the following inequality holds

u(z) — u(y)| < clz — y|(Mvu(@) + Mvu(y)), (3.34)
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for all z,y € R4\ E. Since

J+1 J+1 J+1
I} = Z o(y,n,t H W (Tl — " (1) — yz> H Wk (Vm — M)
I=lp e i+ m=1, m#j
1
X < (u(rj,t) — u(y;,t)) - Vowr(vj — n;) dy dn,

we have that

T J+1

1250m = | /ﬁj

0 (QnBR)/+ gl T lpF1)d i+t

J+1
< 1

m=1,m#j

X % (u(rj,t) — u(yj,t)) - Vwg(

8]

(QNBp)/+! BéJrl R(J+1)d QJ+1

wk(vm - 77m)

J+1

< 11

X % (u(rj,t) —

wk(vm - nm)

u(yj,t)) - Vwg(

J+1 L
- / / ‘ o(y,n,t)
=10 (QNBg)’+! B RU+D QI+
J+1
< JI wlom —nm)
m=1,m#j
1
X |u(rj, t) — u(y;, t)| [ Vwr (v

From inequality (3.34) it then directly follows that

J+1

nmmw<2/ /

(QNBR)7+1 gl RUFDE QI+

J4+1
X H wk(vm - nm)
m=1,m#j
C
X E|Tj - yj’ ‘MVU(T], t) + Mvu( Yj,t ’ ’vwk
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vj —n;)dydn

J+1 )
t) || wk <7"l — %n(ﬁ) - yz)
-1

vj = 1nj)

/ o(y,m:t) ﬁwkz (7"1 - %n(rl)

J+1
o(wn.0) [T eon(m = )~ )

=1

dvdrdt

dydndvdrdt

J+1

H W (Tl = () = yz)

nj)‘ dy dndv drdt.

)

=1

- 77]')} dy dndv drdt



([ bo- )

QNBRr

X (./\/lvu(rj,t) + Mvu(yj,t))} dr; (/‘(Vw)k(vj — Uj)‘ dvj> dy dndt

)
Wfi/ / Q(ynt)< {‘»%(7"_2”(7")_:9’)
s 1y ' J k J J

€
J=1y Li+1 J41
BR+1 (QQBR_;,_l)

X (Mvu(rj,t) + MVU(yj,t))} drj> dy dndt

- Z/ [ ([ (e -n)
7=t Byt (QNBRry) ! QNBgr
X MVU(Tj,t)} de) dydndt
J+1 T ,
S]] sl [ e u)a)
=10 Byt1 (QNBRry) ! QNBgr
X My (yj,t) dydn dt]
T
3 . 2JCC J+1 2
ST [ aunal [ o)

=0 Byt (QNBrya) ! QNBr

X Mvu(rj,t)} drj> dy dndt

J+1 T
+2 Z/ / / o(y, n, ) Mwu(y;, 1) dydndt.]

2
70 Bl @B

Then, using changes of variable, we get

112l 21 (o)
3.97 . [1H T )
ST Z/ / / @@7”’”( / [w(zj—kn(zjwj))
=to Bléill (@NBRy1) 7+ Ba(r+1)

X Myu(z; + ij)} d2j> dydndt + 2C |Q||L2(DR+1)]
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T
3.27cC [
I Z/ / / (y7777t)< / [kdw<k:2j—2n(zj+yj)>
=19 g }J{ill (QNBpyp)’+1 Ba(ri1)

X Myu(zj + yj,t)} dzj> dydndt + 2C ]Q||L2(DR+1)]

J+1

Z// ot ([ (& - 20 4)

J=10 BIH (0NBry1)TH! Bpy

32JC

X MVu(Efj + Z/jﬂf)] dfj) dydndt + 2C|ollr2(pp,.)

J+1

Z/ / o(y,m,t) (/ [Mw(; §j+yj,t)] dgj) dy dn dt

J=10 BIHL (NBRy1) T+ Bp

32Jc

Finally, we have

3.27¢C

||Il2||L1(DR) < .

/T/ [ ewno
0

B @B

ds
< Jt )dydndtwoummww
ITd

T
/ / / 0y, m,t) Mg, (yj,1) dydndt
0

BLE @nBa)

+ 2C ’Q”LQ(DRH)]

32J

J+1 T
Z/ |Q ot Lz((QﬂBR+1)J+1 BJ+1) HMMvu(yja )HL2 (R%) dt
=17

+ 2C ’QHLQ(DRH)]
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3%

J+1 T
DY ITCEuI— LY
J=179

+ 2C HQ”LQ(DRH)]

S C ||QHL2(DR+1)

Therefore, we have that
1l o) < Cllell2(pg.q)s

Now, we shall show that | la]|r1(p,) < Cllellzipy,,,)- Indeed,

|2/l () = /T / / ’Ji / / On; - Ej(y,m,t) ﬁwk <7“z - %n(ﬁ) - yl)

0 (QNBgr)/+! Br'+1 J=lprtyd @i+t =1
J+1
X H Wk (Um — M) 0(y, 1, t) dy dn‘ dvdrdt
m=1
J+1 T I ,
: / / / / / 00, Ei (.. O] T (7’1 = ) = yz)
=10 (QNBR)7+1 Br/+1 R(UJ+1d QJ+1 =1
J+1
X H wi (v )o(y,n,t)dydndvdrdt
J+1 T

< C2J+1 Z/ / / (yan’t> ’87]]' : Ej(ya"%t)‘ dy d77 dt

BJ+1 QQBR+1 J+1
S C ”Q||L1(DR+1)

In conclusion, we have that

i@l ) < Clloll 2,
as has been asserted. That completes the proof of the lemma. ]

Then, for o € L>(0,T; L*(Q7/! x RUHDE R+ () we argue again by density: we consider

a sequence (0¢)e>o of smooth functions, such that o — ¢ in L2 (D), and we write:

ri(0) = ri(ec) + ri(e — 00,

which obviously converges to 0 in L{ (D) as k — oo and € — 0.
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Next, we consider the term rk( ). We begin by observing that the following equalities
hold:

3 52 S~ o2, B
Z Ou;0 | *rk Wi v Wk — 3 ) Oy 0n

j=1
32 J+1 J+1 J+1

S8 [ ] {raonn ato- o0 ) T

I=lp Ut na it
J41 J41

_83[ o(y,m,t) HWk(Y’l—*n (r7) yl) Hwk }}dydn,

and hence, by using an integration by parts on the first integrand, we obtain

ri(o) = fz 3 / / {Q(yﬂlyt) ay ﬁwk (7"1 " (re) — yz)

J=lprtyd Qi+t

J+1
X H Wk(’Um - nm) - (y>777 )a [Wk( - 77])]
m=1,m#j
J+1 9 J+1
X Wi (rl - %n(m) - yl> H wi(Vm — nm)} dy dn,
=1 m=1,m#j

= fz 5 / / {Q(ym,t) (Aw)k(v; —nj) Ewk (7'1 - %n(m) - yl)

I=lpryd Qi+t

J+1
X H Wk(vm - nm) - Q(y» m, t) (Aw)k(vj - 77]')
m=1,m#j
J+1 5 J+1
< I wr (7“1 = () = yl) I welom - nm)} dy dn

=1 m=1,m#j

=0.

Having dealt with the terms rk(g), r3(0) and ri(p), we are now left with the task of
considering the remaining term, r7(p). We begin by noting that

J+1 J+1
re() = > (Dy, - Ej(r,v,1))op — (Z(avj -Ej(r,v,t))g> Sy Wh o Wh

j=1 j=1

:Ji:l / /{(&,J.-Ej(r,vt o(y,m,t) ﬁwk<7“l—n7“l) yz>

jle(J-H)d QJ+1
J+1
X H wi(v — Oy, - Bj(y,m,t) oy, m,t)

J+1 J+1
wak<rl—n ) > Hwk }dydn,
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which, as long as ¢ and E; are sufficiently smooth, converges to 0 in L10 . as k tends to oo by
standard results on convolutlons The general case then follows by using a density argument
using the inequality which we shall next prove. For a constant C' > 0, independent of &k, we
have that

J+1

2@l = /T [ X[ [{e seen

0 (QnBr)/+1 BRI+t IR QI +1

J+1 9

k
=1
J4+1
X H wk(vm—nm)}dydn dvdrdt
m=1
17+ )
G811 ][ s
=10 (onBg)

R)J+1 B}éJrl R(J+1Dd QJ+1

J+1
_ anj . Ej(ya 777 y n,t H Wi <'f‘l — —n rl) yl>

J+1

X Hwk }dydn

T
<Cc2/*! Jf/ / (D0, - Ej(r,v,1))

2
LA G

— 8y, - Ej(y,n,t)] oy, n,t) dy dn dt

dydndvdrdt

J+1
S C Z ”avj ’ E]”Loo (O,T;Loo ((QQBR+1)XBR+1))

=1
/ / / o(y,n,t) dydndt

0 BJ+1 QQBRJrl J+1
S C ||QHL1(DR+1)

Then, for o € L>(0,T; L*(Q/+! x RU+D4, ;R>0)) we argue again by density: we consider a

sequence (o). of smooth functions, such that g — ¢ in L (D), and we write:

ri(e) = ii(ee) + il — 0o,
which obviously converges to 0 in L{. (D) as k — oo and € — 0. That completes Step 2. [

STEP 3: PASSING TO THE LIMIT. Thanks to (3.9) we have that gg(-,t) converges to
o(-,t) in LL _(O) for almost all ¢ € [0,T] and we denote by to such a time. For all k,l € N
the difference 5, — g belongs to WL1(0,T; W (0)) and solves

loc

Ag,(ok — ) =mp—m in D/(Q7T x RVTDY (0, T)).
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The estimate (3.7) applied to gr — ¢ and Lemma 3.1.2 imply that, for all compact sets
K C O, one has
sup |[(ex — 2) (s T) || 22 (x) k=00 O- (3.35)
7€[0,T]
We then deduce from (3.35) that there exists for all t € [0,7] a function 70 such that
0k(+, ) converges to v;0 in C([0,T]; LL (O)), and in particular from (3.9), by uniqueness of
the limit we get

o(r,v,t) = ~yo(r,v) for almost every (r,v,t) in Q7+ x RU+Dd x (0, 7). (3.36)

Moreover, for all ¢ € [0,7] and R > 0 we have from (3.9) and (3.36), by lower semi-
continuity and thanks to Lebesgue’s dominated convergence theorem, since g is bounded
in L>(0,T; L (0)), that

loc

el < klggtggé%] lor (s )llzy, = llell oot

We have that o4 (-, t) = (7:0) *rk Wk *o wy a.e. in O for all k € N and t € [0,7], and since
the two functions (-, t) and (V:0) %,k Wk *y Wi are continuous, this holds everywhere in O
and thus o (-, t) — v0 in L (O) for all t € [0,T]. We note that v0 = o(-,t). From (3.35),
we deduce that o € C([0,T]; Li,.(O)).

The estimate (3.8) applied to gr — g;, Lemma 3.1.2 and the convergence (3.9) imply
that for all compact subsets K C 90 x R+ gpe has

T

// Ivor — vou| dpa(r, v, t) =k 100 0. (3.37)
0 K

We deduce from (3.37) the existence of a function yo € L (9Q0) x RUFTDE x [0, T, dus),
which is the limit of (yog).

Finally, for a fixed ¢ € Cg°(Q/+1 x RU+Dd 5 [0, T]) there exists a constant C' > 0 such
that (7, v,t)| < Cln(r;) - v;| on AW x RUHDE x (0, T), to ensure that the integral

J+1 U

Z// /(vj'n(rj))wwdvdS(?“)dT,

=1y 900) R+

appearing on the right-hand side of (3.5), is finite (since yo € L (900 x RU+ND x
[0, 7], dus), where dus = |n(r;) - v;|> dvds(r) d7). Therefore, the Green’s formula (3.5) is
established by writing it first for g and then passing to the limit & — oco. Uniqueness of
the trace follows from Green’s formula. That completes the proof. O

3.2 Fokker—Planck equation with specular reflec-
tion on the boundary

We show in this section that the specular boundary condition is attained in a strong
sense by the solution of equation (3.1). In the previous section we showed that o €
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L0, T; LN Q7+ x RUFDER.)) is a solution to the problem (3.1), (3.2) in the sense
of distributions, i.e.,

oAg,(p)dvdrdr =0, (3.38)
0 QI+l R(I+1)d
for all test functions ¢ € Wy (0, T; W (/1 x RUTDY)) with s > (J 4 1)d + 1. Now,

we want to prove that the solution o satisfies the following specular boundary condition on
N, j=1,... J+1:

o(r,v,t) = o(r, vij),t) for all (r,v,t) € 9QU) x R+ x (0,77, with v - vU)(r) < 0,
(3.39)

where ' ' ' 4
v,(f) = fu(])(r,v) =v—2(v- V(])<T)) 1/(7)(7“), j=1,...,J+1.
To do so, let introduce some notational conventions. We define the field II,; of projection
operators on the hyperplane, which is orthogonal to v(r;), in such a way that
vj = (w(rj) - vj) v(rj) + 05,
and
v(ry) -1l ,v; =0, for all v; € R%.

Given three functions ¢ € CSO(R(JH)CI x (0,T)), ¥ € C5°([0,00)) with ¢(0) = 0, and

U € C°(RIL), we set

p(r,0,t) = o(r, 1) Y((v(r;) - v;)?) V(I v5), (3.40)

and we define, following [50], the class RS (standing for réflezion spéculaire) as the space

of functions ¢ which can be expressed in the form (3.40). We now show that ¢ satisfies the
specular boundary condition. By replacing v in (3.40) with vfkj ), we have

p(r, 0 1) = o(r, 1) (v (ry) - v9)2) B (L, o). (3.41)
Since

W9 = v = 2w (r;) - v;)u(r;)

= Iy jvj = (w(ry) - vj)v(r)),

we have that Hrjvij) = II;v; and (v(ry) - v(j))2 = (v(rj) - vj)*lv(r))|?> = (v(rj) - vj)% In
particular, we get ‘
o(r, v 1) = o(r,v;,1).

Therefore, thanks to (3.38) and the Green’s formula (3.5), the trace vo is well-defined and
satisfies

J+1 L
Z/ / / (vj - v(ry))vo(r,v,7) p(r,v,7)dvds(r)dr =0 V¢ € RS. (3.42)
=10 500) R+
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Hence, for almost every (r,t) € 902 x (0,T), for all ¢ odd, such that |1)(z)| < C 22, for all
¥, by summing twice the same integral we have that

J+1

Z / {’YQ(T, v 0" v(r;), T) +vo(r, v + " v(r;), T)| U() (v dvj dv” = 0.

—
IT W e, (RY) o €Rxg

(3.43)
Hence, by performing a change of variable in the second integral (v becomes —v" and we
use the fact that ¢ is an odd function), we get

J+1

D | et " wm),m) = el = (), m)] 00 (0" d e =,
jzlv’emj (R) v €R>

(3.44)
which is equivalent to yo(r,v,t) = yo(r, U,E]), t) for almost every (r,v,t) € 9N « RUADE
(0,7, i.e., o satisfies the specular reflection boundary condition (3.39).
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Chapter 4

The small-mass limit and
equilibration in momentum space

In the previous Chapter we showed the existence of functions v = u, and 9 = 9., such that
ue € C([0,T]; L7()%) N L*(0, T; Wy () n W20, T; W= 1o (2)F),

with ¢ = min(6,2) > d, 6 := 2+ 3 and z = d + ¥ for some ¥ € (0,1), is a weak solution to
the Oseen system (1.3), and g, with

F(2e) € L2(0,T; Ly (27 x RVHDE Rp)),
Vo 0e € L2(0,T; L3, (Q7F x RUFDY),
Vooe € L2(0,T; Ly, (977 x RVFVY)) and M 8,5, € L?(0, T; (W*2(Q7+1 x RUFTDA)),
s> (J+1)d+1,
satisfies the following weak form of the Fokker—Planck equation: for all ¢ € (0,77,

t ¢
2 J+1
/<M87'§e('a'77)7@<'a'77_)>d7_+62 Z / M(’U)avj/g\e'aijOdvdrdT
0 J=10 Qi+ gt
L[ ¢
- = Z / M(v) vj0c - Op;pdvdrdr
€
=10 Qi+l Ut
1 [ t
I / M(w) (L), + ue(rjs 7)) 8. - 00, pdudrdr | =0

I=L0 QI+ gt
V€ L2(0,T; W (7T x RUTDY) q e 1« RUTDT)),
s>(J+1)d+1. (4.1)

Furthermore (-, -,0) = o(-,-) in the sense of Cy, ([0, T]; L}, (Q7F! x RUFDE R (), and

/ M oc(r,v,t)drdv = / M op(r,v)drdv =1 Vte (0,T]. (4.2)

QI+ xR(J+1)d QI+ xR(J+1)d
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In addition, p. satisfies the following energy inequality:

9 J+1 o n 2
M(v) F(@ ())dvdr+ﬂ / [ [ me ) 10uod® 4 gy ar
QJ+1 R(J+1)d 0 QJ+1 R(J+1)d Qe

SC[H—/ / M) F(@o)dvdr|,  (4.3)

QJI+1 R(J+1)d

where C' = C(HU()”W177 (@) bl oo (0,75000(2)) ), 0 = min(6, 2) > d, 6 1= 242 and z = d+9
for some ¥ € (0,1), as in the previous section; in particular, C' is independent of € > 0.
Motivated by the ideas in [51], the aim of this section is to rigorously identify the small-mass
limit of the system, corresponding to passage to the limit ¢ — 0.

We begin by noting that (F(g))e=o0 is bounded in L>(0,T; L}, (Q7+ x RU+D4)) and
the sequence (V,4/3¢)c is bounded in L2(0, T; L3,(Q7+! x RUZ+1)) Hence from equation
(4.1) we have that the sequence (M 0;0:)eso is bounded in L?(0,T;
(Ws2(Q/+1 x RV for s > (J 4 1)d + 1.

We now proceed analogously as in the paragraph following (2.511). We consider the
Maxwellian-weighted Orlicz space L, (2771 x RU+DY) with Young’s function ®(r) = F(1+
Ir]) (cf. Kufner, John & Fuéik [39], Sec. 3.18.2). This has a separable predual Ey, (Q77! x
RUHDD)  with Young’s function ¥(r) = el"l — |r| — 1; the space E},(Q/+! x RU+D) g
defined as the closure of all bounded measurable functions in the norm of the Orlicz space
LY, Q7+ x RUADD) - Ag there exists a constant K such that F(1 4+ 7) < K(1 + F(r))
for all » > 0, it follows from (2.51a) that the sequence (F(1 + 9¢))e>0 is bounded in
L>°(0,T; L}, (71! x RUFDD)) Hence, g, is bounded in L>(0, T; L, (Q7F! x RUFTD)) =
L0, T; (EY(Q71 x RUAD))) - By the Banach-Alaoglu theorem, there exists a subse-
quence (not indicated) of the sequence (9c)e~0 and a

O(0) € L=(0, 5 L (! x RUFVE R ))
(whereby also F(00)) € L>(0,T; L}, (271! x RUTDE R ()))

(not to be confused with the initial datum gp) such that, as e — 0,

0c — Do) = 0 weakly* in L(0,T; L, (/! x RUHD)) = 1200, T (EY; (7! x RUFD))),

(4.4)
As, by definition, L>°(Q/+! x RU+Dd) ¢ BY (1 x RU+D) it follows in particular that
0c — 0(0) weakly in LP(0,T; L1, (Q/F! x RUHDA)  vp e [1,00),
M 90, = M 9,09y weakly in L2(0,T; (W2(Q/HL x RUFD)) - s> (J 4+ 1)d + 1.

(4.5)
Vj 0e — Vj 0(0) weakly in L2(0,T; LY, (Q7F1 x RUHDAYY 5 =1, T+ 1,

After multiplying (2.48) by €2, taking ¢t = T, omitting the first and third term from the
left-hand side, passing to the limit @« — 04 for a fixed v € (0, 1] using the weak lower-
semicontinuity of the second term on the left-hand side, and then passing to the limit
e — 04, noting, as in (2.68), that

el L2 0,710 (@) w20, mw -1 )y < C(1+ ||u0||W1_g,a(Q))a (4.6)
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with o > d, whereby

el 220,100 () < C(1 + ||U0HW173,U(Q)),

where C' is a positive constant independent of ¢, we have that

J+1 T

v, 0(0) |2
Z / M (v) ’A]ﬂ dvdrdr <0. (4.7)
= 00) +7

0 QJ+1R(J+1)d

Hence, 9y;0(0) = 0 a.e. in Q7 RUHDE 5 (0,7 for all j € {1,...,J +1}. As 0(0) has
vanishing weak derivatives with respect to all coordinates of v; for all j € {1,...,J + 1}
it follows that p(g) is constant with respect to all vj, j € {1,...,J + 1}. In other words,
0(0)(r,v,t) = n(r,t) for a function n € L>(0, T} LY(Q7*1)), to be determined.

An identical argument to the one following Lemma 2.2.1 implies that

00 € Co([0,T]; Ly (7T x RUFDE R ).

It then follows from (4.2) that

doy(rv,t)ydrdv=1  Vte (0,T]. (4.8)

QJ+1xRI+1)d
We deduce from (4.6) that

Ue — () weakly in L2(0, T’ W&’U(Q)d) ase— 04, o>d,

Ue — U () weakly in W20, T; W57 (Q)?%) as € — 0, o>d, (4.9)

Ue = U () strongly in L?(0,T;C%7(Q)%) as € — 04, 0<y<1— g, o>d,
where the last result follows, via the Aubin—Lions lemma, thanks to the compact embedding

of the Sobolev space W (Q)¢ into the Holder space C%Y(Q)? for 0 < v < 1 — g, o >d.
Hence also

((Lr)j + ue(ry, 7)) e — ((Lr); +ugy(r,7)) By weakly in L2(0,T; Li (9771 x RU+TDD)),
(4.10)

foreach j =1,...,J+ 1. Using (4.4), (4.5), (4.9) and (4.10) we can now pass to the limit
e — 04 in (4.1) to deduce that, for all ¢ € (0,71,

J+1 ¢
Z/ / / M (v) Ov; 0(0) - Ov;pdvdrdr =0
J=10 i+ p+d
Vo€ LX0,T; Wi (7T x RUFD) A e F x RUFDA)) - 5 > (J+1)d + 1.

(4.11)
Thus,
J+1
> 0y (M(0)00;00) =0 in D/(QIH x RUTDE x (0, T)). (4.12)
j=1
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By defining
0(0) = M 010y = M, (4.13)

with n € L>=(0,T; L' (Q7+1)), to be determined, it directly follows from (4.12) that
Loy =0  inD/(Q/F x RV (0,T)).

Using (4.11), (4.1) can now be rewritten in the following equivalent form: for all ¢ €
(0,77,

/ M 0-0c(:, -, )790(‘7‘77—)>d7— (4.14)
0

J+1 L ~
Qe — 0(0
+ ﬂQZ/ / / M (v) Oy, <€()> Oy, pdvdrdr
=10 i1 p(I+1)d
J+1 ¢
- Z / M (v)vj0c - Op,pdvdrdr
=10 QI+ g+

- i/t/ / M(v) ((L7)j + ue(rj, 7)) 0 - Oy pdvdrdr | =0
=10

QJ+1 R(J+1)d
Vo € L2(0,T; W, 5 (7T x RUFDD) A w2/ 5 RUFDD)) - s > (J +1)d + 1.
(4.15)

We now continue by performing some formal calculations, where the word ‘formal’
refers to the fact that all manipulations with limits with respect to ¢ — 04 that we shall
encounter will be assumed to be meaningful, without rigorous justification. The purpose
of these formal calculations is to illuminate why the partial differential equation satisfied
by 7 is indeed the one that our subsequent rigorous, but less enlightening, argument will
ultimately deliver.

First we let € — 04 in (4.14) and note (4.5) and (4.10) to deduce that, for all ¢ € (0,71,

J+1 ¢t

lim |52 / /M(v)aq,j (W>-avj<pdvdrd7
. ; .

e—04 —
J=L0 QI+ RUI+d

1t

<
+

M (v)vjo() - Or;pdvdrdr

.
Il

t

M) ((£7)j + uo)(rj, 7)) 0(0) - Ov;pdvdrdr | =0

|I M+

1 0 QJ+1RJI+1)d
10

QJ+1 R(J+1)d
Ve L2( Wl ,2 (QJ—l—l R(J—i—l)d) W:’2(QJ+1 % R(J—f—l)d))’ s> (J + 1)d+ 1,
(4.16)
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and hence, also, for all test functions ¢ € C3°(Q/+1 x RUDE x (0, T)).
We define g(;) € D/(Q7+! x RUFDL x (0,T)) by

—~ . 0e— 00
01 = lim g 20 ),

e—04 €
with the limit understood in the sense of D’(Q7+! x RU+D4 x (0,T)), and let
o(1) == M o).
By taking ¢t = T in (4.16) passage to the limit e — 0 yields
Lioay = —L1(u()) 0(0) in D'(Q/F1 x RUHDE » (0, T)).

Expanding the right-hand side of this equality we have that

J+1
ESQ(l) = Z M’Uj '6rj77+ ((ﬁ?”)j +U(0) (’I"j, t)) . (8UjM) n in 'D/(Q‘]Jrl X R(‘]+1)d X (0, T))
j=1
(4.17)
As v;iM = —[0,; M, we therefore have that
J4+1
Choy =~ (B0nn—n((Lr); +ue(ry, 1)) -9, M  in D@ x RIDT < (0,T)).
j=1
(4.18)

By (1.7), £§ j(0v; M) = —(9y; M), and upon taking the inner product of this d-component
equality with the d-component vector field 8 0,,m7 —n ((Lr); + u(o)(rj,t)), which is, clearly,

independent of vj, and then summing through j = 1,...,J 41, we deduce that one solution
of (4.18) is
J+1
Z (6 8rjn -n ((ET)J + U(0) (Tj7 t))) : a’Uj M. (4.19)
j=1

Therefore the general solution of (4.18) is

J+1
o) = Z(ﬁ Orm —n((Lr); + “(0)(""3‘775))) # O, M Ay (r,1) M
j=1
1 J+1
=32 M (1((£n); + oy (r5s1) = Brm) - v +my(r. ) M,
7=1

where 7y € D'(Q/+! x (0,T)) is arbitrary, because L£(n1yM) = n)LE(M) = 0 thanks to
LE(M) = 0. As it will transpire from the calculations that follow, the choice of 1) does not
affect n, and ;) will be therefore, ultimately, set to 0. Since M and 0,, M, j =1,...,J+1,
belong to the topological vector space S of rapidly decreasing functions defined on R(/+1d
(the test space for the Schwarz space S’ of tempered distributions), the structure of o(1)
implies that g1y € D'(Q7%! x (0,T)) ® S, where the latter is the linear space of all finite
linear combinations of products of the form a(r,t)b(v) with a € D'(Q/+! x (0,T)) and
beS.
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We now define g(g) € D'(Q7/H1 x RV x (0,T)) by

.. 0e—0(0) — €0()
Q(Q) T 61~1>%l+ 62 ’

with the limit understood to be in D/(Q7*! x RU+DL » (0,T)), and let

0(2) == M 0(z).

Next, we subtract the equality (4.16) from (4.14), divide the difference by €, and use
test functions ¢ € CE(Q/F! x RUFDL » (0, 7)), so as to rewrite the resulting equality as
one in D' (Q/+1 x R+ x (0, 7)), and then pass to the limit € — 0., noting the definitions
of @(0), 5(1), /Q\(Q), ’U,(O), and deﬁning

— lim =" x0T
u = lim ——= " in (2 x (0,7)).
Hence,
J+1 J+1 J+1
Mooy — Y O, - (My,0(2)) + Y Muj -0y, 00) + > _(Lr); - O, (M(1))
= = =
J+1

+ 3 gy (g, ) - 0o, (M) + 1oy (1, ) - Doy (MB(1y) = 0.
=1

Recalling that, by definition, o(;y = M), i = 0, 1,2, we then have that
J+1 J+1 J+1
o) — Lo + Y v Oryey+ Y (L) D00y + D uay(ri) - O, 00)
J=1 J=1 J=1
+u o) (Tj, ) - 81,]. 0(1) = 0.
Equivalently,

J+1 J+1
Looe) = o) + Z vj - Or;001) + Z((ﬁ’f’)j + (o) (75, ) - Ov; 001)
Jj=1 Jj=1

J+1
+ Z u(l) (Tj’ ) ' 8Uj Q(O) . (420)

J=1

Since both g(g) and g1y belong to D'(Q/+ x (0,T)) ® S, the same is true of the right-hand
side of (4.20). It is therefore meaningful to test both sides of (4.20) with I(v) (considered
as an element of §’); upon noting that

s{I(v), Lo02))s = s{Lo(I(v)), 02))s = 5(0;02))s =0

because Lo j(I(v;)) =0 for all j =1,...,J 4+ 1, we arrive at
J+1 J+1 J+1
0= <H(U)v Bro)+ Y v 00+ Y ((Lr)j+uy(rj,)-0u,00)+ > try(ry, )0y, Q(o)> ;
S j=1 j=1 j=1 S
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as an equality in D'(Q7F! x (0,T)), where &(-,-)g denotes the duality pairing between &'
and S. Hence,

o:(@p)&<H@LA1>S+:9<Mv%§§1U'&ymn>8

J+1 J+1
+x9<ﬂ00,§:(uhﬁj+4um(mad)-aweu)>8 < E:l%n Tj:+) w@«n>57

Jj=1

as an equality in D’(Q7/F! x (0,7)). Thanks to the definition of partial derivative of a
tempered distribution the last two terms on the right-hand side vanish, while g (I(v), M)g =
Jr+a M(v) dv = 1, resulting in

J+1
o + <]I(v), Zvj “ Or; g(1)> =0.
S’ j=1 S
In order to simplify the second term on the left-hand side, we consider
J+1
vj - Or; 0(1) = Vj - O, (Z (5 1 — 0 ((Lr) + o) (re, '))) : 5ka> + vj - Op; (nay M).
k=1

As vj - Or;(ny M) = =B 0y, (M (0r;1(1))), we have that ¢(I(v),v; - Or;(n1y M))s = 0 for all
J=1,...,J + 1. Consequently, the precise choice of 7 is immaterial, to the extent that

J+1 J+1
om + @@Lzygﬁm(ZXﬂ&m—n«&%+U@@mﬁ>ﬁ%M>> =0, (4.21)
S’ S

j=1 k=1

J+1)d considered

regardless of the specific choice of 7(;). Now (with the integral over R(
below understood as a Gel’fand—Pettis integral of a function with values in a topological

vector space, which is in our case D'(Q7*! x (0,7))), we have that

J+1 J+1
<H(v), > w0y, (Z (5 O — 0 ((Lr)k + uo) 7k '))) '3ka> >
NG S

j=1 k=1
J+1 J+1
Z ( <Bark’l7 T} [ﬂ")k +U(0)(Tk,'))) 8ka> dv
R(J+1)d =1 k=1
J+1

=D / vj - O, ((58%77 —n ((Lr)k +u(0)(?"k,'))> '&,kM) dv

Jk=lp (5 1)d
J+1 J+1 J+1

:—EIL/ (gWJMM:_X:/‘HMmMMZ_EDM&ﬂ

Jk=1p (s31)a I=lp+1)a j=1
where

Agic = Ory (BOnn =0 (L) + uo) () € (D@7 (0,7,
gk=1,...,J+1.
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Thus, (4.21) yields the following partial differential equation satisfied by #:

J+1
o= (5 05n — O, - (77 ((£r); + u(o) (5, ')))) =0, inD(QFx(0,T)). (422
j=1

This is the nonlinear Fokker—Planck equation associated with the McKean—Vlasov diffusion

where u gy is the limit (cf. (4.9)) of the sequence (uc)co defined above. We emphasize here
that we are yet to show that u(g) is a solution of the Oseen equation, whose right-hand side
is to be identified.

This concludes our formal calculations. The rest of the section is devoted to making
the above formal passage to the small-mass limit ¢ — 04 rigorous, including the rigorous
identification of the equation (4.22) satisfied by 7.

We shall suppose henceforth that the initial datum gy for the Fokker—Planck equation
has the following factorized form: gg(r,v) = M (v) go(r), where gy is a nonnegative function
of r only, such that [;,,.1 0o(r) dr = 1, and

@\0 c LQ(QJ+1;RZQ).
Under this hypothesis it directly follows that
0. € L>(0,T; L3, (27T x RV R o)) 0 L2(0, T; L2(Q Y W 2 (RVY D))

and
Bide € L*(0,T; (W, (Q7F! x RUTD) Yy,

Consequently, by a density argument, (4.1) implies that

t t
o [ J+1
/<M8T/Q\€('7'7T>7§0('7'7T>>d7+62 Z/ / / M(v)avj/g\e-é?yjapdvdrdT
0 J=10 Qi+ p+1)d
L[ £
- Z/ / / M(v) vj0c - Op,pdvdrdr
=10 it R(J+1)d

L[ ¢
= / M) (Lr); + uelr;, 7)) Be - 0 o dvdrdr | =0
J=10 Qi+l g+
Ve L0, T; Wl (7 x RV v e (0,7, (4.24)

Further, g.(-,-,0) = do(-,-) in the sense of C,, ([0, T]; L3,(27+! x RUFDL RS ().

The next step in our rigorous passage to the limit e — 04 in (4.24) is motivated by the
proof of Lemma 2 on p.1374 in the work of Carrillo and Goudon [15]. First, we formulate
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the ‘macroscopic’ equations satisfied by the moments of g.. By taking ¢(r,v,t) = ¢(r,t)
with ¢ € L2(0,T; W12(Q7+1)) in (4.24) and defining
p(ryt) = / M(v) 3.(r, 0, ) do
R(J+1)d
and
1 ~ .
Tej(r t) == - / M(v)vjoc(r,v,t)dv, j=1,...,J+1,
R(J+1)d
we have that
¢ J+1 L
[stnotmnar =3 [ [ 2,-0,0drdr o
0 =10 it
Vo e L0, T; Wh(Q/*1), vt e (0,T), (4.25)
subject to the initial condition pe(-,0) = po(-) := [psr1ya M (v) 0e(r,v,0) dv.
Next, let v; s, £ = 1,...,d, denote the components of the vector v; € R?, and consider
the test functions ¢(r,v,t) = ¢(r,t)v;e in (4.1), fori =1,...,J+1and £ =1,...,d, and
let Je ¢, for £ = 1,...,d, denote the components of the d-component vector-function 7 ;

fori=1,...,J +1. Hence, we are led, fori=1,...,J+1land £ =1,...,d, to

t
2/ajﬂe, dT+B2/ / Toseddrdr
0

0 QJ+1

J+1 1

—Z// / M (v)vjvigoedv | - (Or;¢)drdr
=10 i+ \p+1)a
t

- / / Pe (Lr)ig+uce(ri, 7)) ¢ drdr =0 V¢ e L2(0,T;C0(Q7F)),

0 QJ+1
Vte (0,7T],
where (Lr);, £ = 1,...,d, are the components of the vector-function (Lr);, and wue,
£=1,....d, are the components of the vector-function ..
We note that
J+1 J+1J+1

Zvjvzf arJQS szjkvﬁé ar k¢ [('U®U)ar¢]i,£a i=1,...,J+1,

=1 k=1
(=1,...

where v and 7 are (J + 1)d-component vectors, whose components are denoted by v;,

j=1..,J+Lk=1,....d(orvye,i=1,....J+1,0=1,...,d),and rj, j=1,...

7']+17

k=1,...,d, respectively. Thus, by defining the RZTDd x RU+1d_yalued function P, by

Pe(r,t)]ie ik = / M (v) v; g vj i 0(r, v, t) dv,

R(J+1)d
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fori,j=1,....,J+1and £,k =1,...,d, we have that

t t
2/8JM, dT+52/ / Joveddrdr
0

QJ+1

0
t
/ / [P, 8r¢l€d7‘d7'
0

QJ+1

- / / Pe (Lr)ie + uee(riim)) ¢ drdr =0
0 QJ+1

V¢ e L2(0,T;C3 (7)), vt € (0,7, (4.26)
where [Pe 0r¢)i 0 : ZJH S [Pelivg e Or; 1 -
Lemma 4.0.1. Let 0 < T < 00 and 0 < € < 1; then, the following properties hold:

(i) The sequence (uc)eso is bounded in L?(0,T;C*Y(Q)%), with 0 < v < 1 — ;, o>d,
d = 2,3, and therefore also in L*(0,T; L>(Q)%);

(i) (8)es0 and (Lrd.)eso are bounded in L°°(0,T;L*(Q'*1) and L*>(0,T;
L2(Q/HN D) respectively;

(iii) Consider the (J + 1)d-component vector-function peu., whose components are
Pe(riy .o g1,t) ue(riy t), fori=1,...,J+1.
Then, (0 uc)eso s bounded in L?(0,T; LQ(Q(J‘*‘I)CI)(JH)d);

(iv) The sequences of dissipation terms

1 Yj 1 :
T\ st M € '7'+av-e ::7‘D6' B :1,...,J+1,
(T (o Vo g vone) = o)

are bounded in L?(Q7+1 x RUTDA x (0, T))%
(v) The sequences (Jej)es0, j = 1,...,J + 1, are bounded in L?(Q7+ x (0,7))%;

(vi) P. can be expressed as P. = Bo. 1+ /eR., with (R)eso bounded in L*(Q7+! x
(0, T)VFVIXIFVE  and T, 4 4 o= 6ij O fori,j=1,...,J+1 and L,k =1,....,d.

Proof. (i) In the previous section we showed that
ue € C([0,T]; L7 ()% N L2(0, T; Wy ' (0)9),  with o > d,

and (ue)e>o is a bounded sequence in the norms of the function spaces appearing on the
right-hand side of this inclusion. Hence, using Morrey’s inequality, we readily deduce (i).

(ii) The Cauchy—Schwarz inequality implies the following bound:

pnb<| [ Mo | latwop M,

(J+1)d (J+1)d
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which then implies (ii), since g = g./M is bounded in the function space
LOO(O,T; L?\/[(QJ—H « R(J-{—l)d)) N LQ(O,T; LQ(QJ-H; Wj\14}2(R(J+1)d)))>

and |Lr| < C for all r € Q/*+1, where C is a positive constant, independent of e.
(iii) Finally, we have that

// Bouel? drdt</\@€ g e DI

0 QJ+1
T
< e sz [ el
0
which proves (iii) by using (i) and (ii).

(iv) Now, let us show that the sequence (D, j)eso is bounded in L2(Q7F!1 x RUF4
(0,7))¢ for each j =1,...,.J + 1. On the one hand, we know that (.)es0 is a bounded se-
quence in the function space L°(0,T;L*(Q7*F1 L2 (RUFVI))) N L2(0,T; L2(Q/F;
W]%/}Z(R(J“)d))); in particular,

T

0 OJ+1 R(J+l

M (v)dvdrdt

52 2
== ‘ij Qe‘ M(v)dvdrdt < C, (4.27)

0 QJ+1R(J+1)d

where C' is a positive constant, independent of e.
On the other hand, we write

/ / / UJQE ;]\Uj(&) Veue(rs,-) 2JW(U) dvdrdt
0 QJ+1 R(H1)d
= 2/ / / UJQE ;]\ljj(gﬁ) 2ﬂﬂv)dvdrdt

0 QJ+1 R(J+1)d

+2// / |Veue(r;, ¢)]*M(v) dv dr dt

0 QJ+1 R(J+1)d
T
< 062+2|Q]J€//|ue(rj,t)erjdt.
0 Q

Thus, using (i) and (4.27) it follows that, for each j =1,...,J + 1,

T
|D;|* dvdrdt < Ce,

0 QJ+1 R(J+1)d
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where C' is a positive constant, independent of ¢, which completes the proof of (iv).

(v) Next, we have that, since,
M(v)vjdv =0, j=1,...,J+1,
R(J+1)d
also
/ 0c(r,t) M(v)vjdv = o.(r,t) / Mw)vjdv = ij=1...,J+1.
R(J+1)d R(J+1)d

Therefore, by the Cauchy—Schwarz inequality and a Poincaré-Sobolev inequality with a
Gaussian weight function,’ we have that

2 2
(o 1
0P = | [ Podrona] = 5| [ et - 200 M) o
(J+1)d (J+1)d
—92 2
0:(rt) / 207 / _oc(ryv,t)
< j —1| M(v)d
- €2 s M 0.(r,t) M(v) (v) dv
(J+1)d (J+1)d
—9 2
0:(r,t) / 2 0/ 0c(r, v, 1) )
< v M(v)dv
<% il M (a3t | 2
(J+1)d (I+1)d
1 2 Qe(r v t) ?
== |vj| M (v)dv Vo (]\4()) Mv)dv |,
€ v
(J41)d <J+1>d
7=1...,J+1
Hence,
C . .
0P < [ MaGuOPl, =L
€
RJ+1)d

where C is a positive constant, independent of €. Therefore,

T T
//|$,j(r,t)|2drdtgc;// / M |V0c(r,v,t) > dvdrdt < C,
€

0 QJ+1 0 QJ+1 R(J+1)d
j=1,...,J+1,

where C' is a positive constant, independent of e. That completes the proof of (v).

(vi) We recall from part (iv) the definition of D, ;, j = 1,...,J + 1, and denote its k-th
component by D, ;, k=1,...,d. Analogously, let u.; denote the k-th component of u.,

1See p.941 in Nash [52], p.533 in Chernoff [16], and p.397 in Beckner [11].
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k=1,...,d. We then have that

Pe(r,t)]ie ik = / Vi 0 Vj i Oe dv

RJ+1)d
De i k\T, U, t
— Bve / (w M{(v) J()) dv
Ve
RJ+1)d
+ By/e / (Vi e g (15,t)) M(v)dv — B / Vi Oy, 1, 0e AV
R(J+1)d R(J+1)d
Focusing on the first two integrals, we define
De AU t
R Ohesni=8 [ (s M@ qoss [ a0 M
RJ+1)d R+1)d

The last of the three integrals in the expression for P, is equal to d;;d, % 0. by partial
integration. Hence,

[PE (T’ t)]i,f,j,k = B 51'7]' 5€7k Ot \/E [RG (T7 t):li1£7j>k.

To complete the proof of (vi) it therefore remains to establish a uniform (with respect to €)
bound on [R]; ¢ j in the norm of L2(Q7+1x(0,T)), fori,j =1,...,J+1land {,k = 1,...,d.
We have that

_ /T / / (W M(U)Deﬁj”“\(/gv’t» aw

2
drdt

0 QJ+1 R(J+1)d

+ / (Vi uek(rj, t)) M(v)dv

R(J+1)d

T
Deji(r,v,t) 2
<2 Sy Pein(rv,t)
B / / l / (UM () NG ) dv| drdt
0 Q/+1 R(J+1)d
2
+2/ / ‘ / (Uz‘,é Ue7k(7‘j,t)) M (v)dv| drdt

0 QJ+1 RI+1)d

cof [ ([ wmoa)( [ [P0 o

0 QJ+1  RI+1)d R(J+1)d
9 T
+2( / |v,,g|M(v)dv> </ / |u57k(rj,t)\2drdt>
R(J+l)d OQJ+1
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T
c. t
// / ‘ J,k\(/gv )‘ dvdrdt+C|Q\J//|Ue,k(7“j,t)|2d7’jdtv
0 Q

0 OJ+1 R(J+1)d

where C is a positive constant, since moments of any order of M are finite. Thus, the
statement in part (vi) of the lemma follows from the assertions in parts (iv) and (i). O

Using the equations (4.25), (4.26) together with the splitting of P introduced in part
(vi) of Lemma 4.0.1, we arrive at the following system of moment equations:

{ 010, + div, J. = 0, (4.28)

B0y0. = Ve(— /€8T — diviR.) + 0. uc — BT + Lr ..
To proceed, we require the following Div-Curl Lemma.

Lemma 4.0.2. Div-Curl Lemma. Let S be a bounded open Lipschitz domain in RN, and
let
uly, e uly — Uy, uN weakly in L*(S),

v, Uy UL, UN weakly in L*(S).

If div(u™) is bounded in L*(S) and if curl(v™) is bounded in W—12(S)N* then

N N
E ul vy — g u; v; in the sense of distributions.

Lemma 4.0.3. The sequence (g,)c converges to o = 1 weakly in the space L?(Q771 x (0,T))
and strongly in LP(Q7+1 x (0,T)) for all p € [1,2). Furthermore, we have that

T
lim// / |oc — oM (v)|dvdrdt = 0.

E—>0+
0 QJ+1 R(UJ+1)d

Proof. We begin by focusing on the first equation in the system (4.28). We observe that
the sequence (div(, () (Je, 0))e>0 (Where div(,+)(Je, @) is the divergence with respect to the
(r,t) variables of the vector field (J¢, @), defined as (divy, d;)- (T, 0.),) is, thanks to (4.28)1,
the zero-sequence (0)¢o, and it is therefore, trivially, precompact in W=12(Q7+1 x (0,7)).
Next, we focus on the second equation in the system (4.28), which we restate here for

clarity:
B0,0. = Ve(—ev/e T, — divi R) + p.ue — BT + Lr D, (4.29)

Thanks to parts (iii), (v) and (ii) of Lemma 4.0.1 the sequence (g.uc(rj,-) — B JTe; +
(L7); 8. )e>0 is bounded in the function space L?(Q/*1x (0,7))%, and therefore, thanks to the
compact embedding of the space L2(Q7+! x (0,T)) into W—12(Q7*1 x (0, T)), the sequence
(@cuc(rj,-) — BTej+ (Lr);8c)e0 is a precompact set in the space W~12(Q7F x (0,7)),
foreach j=1,...,J+ 1.

Furthermore, by parts (v) and (vi) of Lemma 4.0.1 we also have that the sequences
(J)eso and (Re)eso are bounded in the function spaces L2(Q7+! x (0,7))/+Dd
and W=12(Q7+1 x (0, 7))+ (I+Dd yegpectively; therefore, the sequence (—ey/€d;J. —
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div; Re)eso is bounded in W—12(Q7*1 x (0,7))/+14, whereby, upon multiplication by
V€, we have that the sequence (y/e(—ey/€dJe — divy R¢))es0 is precompact in the space
W=12(Q7*1 % (0,7))+D4; more precisely, it converges to 0 in W—12(Q7*1 x (0,7))/+Dd,
as € — 04. Thus, since § > 0, we deduce from (4.29) that the sequence (0,0)e>0 is
precompact in W~12(Q7*1 x (0,7))+D4, Hence, the sequence (curl(y(0,2.))e>0 (Where
curl(,.y(0,2,) is the curl with respect to the (r,t) variables, defined as J,.;) — O(TT’ " of the
((J+1)d+ 1)-component vector field (0, g, ), where 0 is a (J + 1)d-component zero-vector),
is a precompact set in W—12(Q7+1 x (0, T))(J+HDd+)x (J+1)d+1)

Hence, with S = Q7% x (0, T), a direct application of the Div-Curl Lemma (cf. Lemma
4.0.2) yields that the weak limit of the scalar product of the sequences ((Je,2.))e>0 and
((0,2,))e>0 is equal to the scalar product of their weak limits; i.e.,

(Je2) - (0,2) =07 = (J,0)- (0,2) =2° in D'(Q7F x (0,7)).

Combining this with the weak convergence result g, — @ in L2(Q77! x (0, 7)), we have that

/ 2. — aPdrdt

Q7+1%(0,T)

= / [6.]% ¢ drdt + / 02 pdrdt — 2 / 2. 0¢drdt
QJ+1%(0,T) QJ+1%(0,T) QJ+1%(0,T)
= ([o)*, ¢) + ([0, ¢) —2 (2., 00) >0  ase— 0, for all ¢ € C(Q/T! x (0,7)).

This proves the strong convergence of g, to g in L2 (271 x (0,T)). Thus, for any compact
subset © of Q/*! x (0,T), we can extract a subsequence from the sequence (g,)c>o that
converges to p a.e. on ®. Hence, by considering a countable nested family of compact sets
D; C QI % (0,T) with Uj>1D; = Q7T x (0,T), by successive extraction of subsequences,
there exists a subsequence of (3,)eso (not indicated), which converges to @ a.e. on Q7/F! x
(0, 7).

By combining the weak convergence g, — 9 in L?(Q2/*! x (0,T)) (which implies the
weak convergence g, — ¢ in L'(Q7*! x (0,T)), and thereby, thanks to the Dunford-Pettis
theorem (cf. Theorem 2.54 in [26]), equiintegrability of (g, )e=o on Q71 x (0, 7)) and the a.e.
convergence of g, to g, Vitali’s convergence theorem (cf. Theorem 2.24 in [20]) yields the
strong convergence of g, to g in L'(Q7+1 x(0,T)), and therefore, thanks to the boundedness
of the sequence g, in LP(Q7*! x (0,T)), 1 < p < 2, we have strong convergence g, — 0 in
LP(Q7*1 x (0,T)) for all p € [1,2).

Next, by the triangle inequality and noting that [ps41ya M (v) dv = 1, we have that

/T/ / |QE—M(v)g|dvdrdt§/T/ / |0e — M (v)o|dvdrdt
0

QJ+1 R(J+1)d 0 QJ+1 R(JI+1)d
T
+/ / [o — o] drdt.
0 QJ+1

We have already shown that the second integral on the right-hand side of this inequality
tends to 0 as € tends to 0. For the first integral, using the Cauchy—Schwarz inequality and
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a Poincaré—Sobolev inequality with a Gaussian weight function (cf. the proof of item (v)
in Lemma 4.0.1), we obtain

1
1 2
oo—mglvs ([l b o)

M(v)
R(J+1)d R(J+1)d
0 ? :
<70, / —— — 1| M(v dv)
([l v
RJ+1)d
0 2 %
< v < M(v)dv ) .
<( [ |7y o)
R+1)d
Since
2 3

(] ]G

0 QJ+1R(J+1)d

7)

we deduce by the Cauchy—Schwarz inequality that

M (v)dvdr dt) < Ck,

/ / / 0e — M(v)o.|dvdrdt < Ce,

0 QJ+1 R(J+1)d

and therefore,

lim / / |oe — M (v)p|dvdrdt = 0.
E—>0+
0 QJ+LRI+1)d

That completes the proof of the lemma. O

Remark 4.0.4. The strong convergence 9. — M(v)g = M(v)n = p(y in L'(Q7F x
RHDE 5 (0,T)) in the small-mass limit € — 0., which we have rigorously proved above, is
referred to in the chemical physics literature as equilibration in momentum space (cf. p.71
in [17]), in the sense that the limiting probability density function p( ) has the factorized
form M (v)n, where n = n(r,t) is completely independent of v, and satisfies a Fokker—Planck
equation, which we shall carefully identify below; furthermore, by noting part (vi) of Lemma
4.0.1 and Lemma /.0.53, we deduce that

lim Vi1 Vjk e dv = 86; 5 0p k1, where = kTC,

6—>0+
R(J+1)d

strongly in LP(Q7F1 x (0,T)) for all p € [1,2) and weakly in L?(Q71 x (0,T)), which is yet
another manifestation of equilibration in momentum space, as a consequence of the small
mass limit € — 0. For further details in this direction, we point the reader to the paper of
Schieber and Ottinger [57], and references therein.

Having shown the strong convergence oo — M(v)o = M(v)n = p(y in LY Q7+ x
RU+Dd (0,7)), we are now ready to pass to the limit € — 04 in the Oseen equation. All
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that remains to be done in this respect is to identify the weak™ limit K of the sequence
(Ke)e>o in terms of the limit n of the sequence (9¢)e>0, where

€ >0,

with
J
/ > (F(gj) ® q;) M 3c(B(q, z),v,t) dg do,

DI xR+ I=1

| MaB@o.d

DJ xR(J+1)d

The limit K is anticipated to be of the form

o)
Do)
where
J
DI xR+ I 1
J
= [ S (P @ 0 n(Bla.).0) da
DJ j:l
Boi= [ Ma(Bla))dedo = [ n(Bla.o).t)ds
DJ xR(J+1)d DJ

The proof of this is identical to the proof, presented in Section 2.7, that the weak* limit K
of the sequence (K(k))kzo, where K*) = g((];)), k=0,1,..., considered in terms of the limit
o0 of the sequence (E(k)) k>0, is of the form %, the key ingredient in the argument being the
strong convergence o — M (v) 2 = M (v)n = p() in L*(Q/H xRU+DEx (0, T)), guaranteed
by Lemma 4.0.3. We do not repeat the proof, therefore.

We now return to (4.25), and perform partial integration in the first term on the left-

hand side, yielding

J+1

/pg(rt rtdr—//pErT Tgi)errdT—Z//Jwad)drdT
QJ+1 0 QJ+1 =10 i+
= / po(r) d(r,0)dr V¢ € L*(0,T; WH(Q7H)) n Wh2(0,T; L*(27F))
QJ+1
vVt e (0,717, (4.30)
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since pe(-,0) = po(-) := [p+1a M (v) 0e(r,v,0) dv. Passage to the limit € — 04 then gives

¢ J+1
n(r,t) o(r,t) dr—/ /n T(b(rT)drdT—Z/ / Jj - O, ¢drdr
QJ+1 0 QJ+1 =1y qin
= / po(r) d(r,0)dr V¢ € L*(0,T; WH(Q7T)) nWwh2(0, T; L*(271))
QJ+1
vt e (0,7, (4.31)

where Jj := —80r,m+ 1 ((Lr); +u(rj,-)) for j =1,...,J + 1. To see that this is indeed
the case, we recall from the proof of Lemma 4.0.3 that the sequence

(\[( 6\[ O Je — div, e))5>0

converges to 0 in W=12(Q7*! x (0,7))? as e — 04. It then follows from (4.29) that, for
each j=1,...,J+1,

lim (=3 8,,0. +0.((Lr); + uc(rj,-)) = J; in W=12(Q7+ x (0,7))4. (4.32)

6—>0+

Thanks to (4.9)3 and since g, — @ = 1 weakly* in L>°(0, T; L?(27*1)), it follows that, for
each j=1,...,J+1,

0c((Lr)j +ue(rj, ) = n((Lr)j +ulry,-))  weakly in L*(0,T; L2(Q7+1)7).
Also, 80,0, — 8 0r,n weakly™ in L>°(0, T’ W=12(Q7+1)4), Hence,
‘7.7: _587"]77'*'77((57")]"‘“(0)(7’]7))a .]:17)J+17

as an equality in W~12(Q7F! x (0,7))4.
Now, since J; € L*(Q7+1 % (0,T))* and 1 ((Lr);+u)(rj,-)) € L*(Q7 % (0,T))? for all
J=1,...,J+1, it follows that 0,7 € L2(Q7+1 % (0,T))? for all j = 1,...,J+1. Therefore,

t7j = _587']'77 + n ((ﬁr)J + u(O)(Tja ))7 ] = 17 ceey J + 1’ (433)

as an equality in L2(Q7*! x (0,7))%

To summarize the main result of this section, we have shown that the small-mass limit of
the coupled Oseen—Fokker—Planck system under consideration satisfies the following coupled
problem: the velocity-pressure pair (U(o)ﬂT(o)) solves the Oseen system

atU(o) +(b- V)u(o) — ,U,AU(O) + Vﬂ'(o) =V K(O) for (z,t) € Q x (0,71,
V. =0 f ,t) € Q x (0,71,
() or (,1) (0,T] (4.34)
u(o)(z,t) =0 for (z,t) € 0Q x (0,77,
u(0)(7,0) = up(x) for z € Q,
with
& B(q,x),t)d
Ko (1) = Ips 3 (Pla) ) n(Blg,2), ) dg (2,0) € x (0,T],  (4.35)

fDJ U(B( 71")775) dgq
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and the nonnegative function n, with [, n(r,t) dr = 1for all t € [0, 77, solves the following
parabolic initial-boundary-value problem:

J+1

om =3 (8020 =0, (n((Lr); +ug)(rs,))) QL (0,7],  (436)
j=1

n(-,0) = 2o € L* (711 Rxy), (4.37)

subject to the weakly imposed boundary condition J; - v(r;) = 0 on 9QU) x (0,T] for
j=1,...,J+1 (implied by the third term on the left-hand side of the equation (4.31)); i.e
by recalling the identity (4.33), we have the following zero-normal-flux boundary condition
on 7:

(B0rn—n((Lr); +u@y(ry,-)) - v(r;) =0 on 9N x (0,T] for j=1,...,J+1.
(4.38)

We note that the partial differential equation (4.36) is of the form div()(J,n) = 0,
where div, ) is the space-time divergence of the ((J + 1)d + 1)-component vector-function
(J,n) defined on Q7+ % (0,T), with (J,71) € L>(Q7F1 x (0, T))+Ddx L2(QU+Dd % (0, T)).
Consequently, by a standard trace theorem for the function space H(div,®), with ® =
Q7/*1 x (0,T), the vector-function (J,7) has a well-defined normal trace on the boundary
A(Q+1 % (0,T)) of the domain Q7+ x (0, T), contained in W~2:2(9(Q7*1 x (0, T))); see, for
example, Theorem 18 7 in [3]. Thus, the boundary condltlon (4 38) for (4.36) is meaningful,
as an equality in W™ 2 2(00) x (0, T)) (the dual space of Wozo’ (89(” x(0,7)),7=1,...,J+
1; cf., for example, Theorem 18.9 in [3]).

We complete this section by proving the existence of a unique solution to the parabolic

initial-boundary-value problem satisfied by 7. To this end, we introduce the real-valued
function 7 defined on Q7/F! x [0, T] by

n(r,t) == n(r,t) — |§12| / n(r,t)dr

QJ+1
1
=n(rt) — i

Hence, we have that the function 7, with [, 7(r,t)dr = 0 for all t € [0,T], solves the
following parabolic initial-boundary-value problem:

J+1

o= Y (8027 - 0, ((1+ ) (L + () @ x.7], (459)
=1

flo == 7(+,0) = 2o — ‘(12’ € L*(Q7Rx>o), / fo(r)dr =0, (4.40)
QJ+1
(B 0,11 — ( |51)‘) ((£r)j + u(o )(Wr))) -v(rj) =0 on 90 x (0,T],

j=1,...,J+1. (4.41)

Let us introduce the Hilbert space

HY{(QI) = {cp e HY(Q/TY) / o(r)dr = 0}
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equipped with the norm of H'(Q/*1), with an analogous definition of L2(27*!) equipped
with the norm of L?(Q/*+1).
By (4.31), the weak formulation of the problem (4.39)—(4.41) therefore amounts to
seeking a function
i € (0, T); LAQ71)) N L2(0, T; HL(Q7*1))

with
Ot € L*(0,T; HL(QT1Y),

such that 7(+,0) = 7o(+), and

J+1
(O, O) i u+ry oy + Y [ (B0 — i ((Lr); + ugy(rs, )] - O dr
jleJ+l
J41 )
=3 [ @t opdr Vee TR
7=lain

We consider the bilinear form a(-,-) defined on H} (/1) x H}(Q7*!) by

J+1

a(th, ) == / [B0r,9 = ((Lr); + uy(rj, )] - Orypdr, b, € HI(QTH,
J=lain
and set
J+1
6(90) = Z @ ((,CT)] + U(O)(ij )) ’ 8Tj(apdrv Y e Hi(QJJrl)'
jleJJrl

Because u(y € L?(0,T; L>(Q)%), we have that ¢ € L*(0,T; H}(Q7F1)). The bilinear
form a(-,-) is obviously well-defined for every 1, ¢ in H}(Q/*1). Moreover, by the Cauchy—
Schwarz inequality, a(-,-) is bounded (and therefore continuous); i.e.,

!a(lﬁ,w)l <C ||1/)||H1(QJ+1)H(p”Hl(QJ+1) Vi, p € Hi(QJ+1)7

for some positive constant C, independent of ¢t € [0,7]. Furthermore, a(-,-) satisfies a
Garding inequality; indeed, we have that

J+1 J+1

o) =83 [ 10,0 =3 [ wier);+ugr ) dvdr
j:19J+1 j:19]+1
3 J+1 A
253 [ el -3 [ 1+ o P R ar
=l I=lg i
3 1 J+1
= 9 W‘%{l(mﬂ) Y (GSS-SupreQHl Z |(£7)j + u) (5, ')!2) W”imyﬂ)
j=1
J+1
B B 1
= 9 Hq/’”?ﬂ((ﬂ“) - (2 + % (eSS-SUPreQJ+1 ]; |(£T)j + U(p) (Tja )|2) ||w||%2(QJ+1)
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for all ¢ € H}(Q7+1), which leads to

a(ih, ) > o ‘WH%{l(QJﬂ) -C HwHi2(QJ+1) Vi € Hy ('),

where

J+1
1
+ % (ess.suprEQJﬂ Z |(Lr); + U(o)(rjv )’2)

Jj=1

a:= (/2 and C:=

N | ™

are positive constants.

A classical abstract result due to J.-L. Lions (cf. [13], Theorem 10.9) then implies that,
for any initial datum 7y € L2(Q7/*!) (and u(o) € L2(0,T; Who ()4, with o > d, fixed),
there exists a unique function 7} satisfying:

i€ C([0,T); LEQ7TH) N L2(0, T5 HY (), dij € L2(0, T HY (),

(O, oY i1y r+1y + a(l, ©) = Lp)  forae. t€(0,T), Ve H(Q™),

and
7(+0) = 7o(-)-

That concludes the proof of the existence of a unique weak solution to the parabolic initial-
boundary-value problem (4.39)—(4.41) satisfied by 7, which therefore also establishes the
existence of a unique weak solution to the parabolic initial-boundary-value problem satisfied
by n =i+ 1/19Q], for ugy € L*(0,T; W7 (Q)%), with ¢ > d, fixed. Similarly, the Oseen
system has, for a given fixed 7, a unique weak solution pair (u(), 7(p)) (with 7y understood
to be unique up to an additive constant). The uniqueness of a solution triple (U(O),ﬂ'(o), n)
satisfying the coupled problem we have arrived at in the small-mass limit is of course
not guaranteed, since K(g) is a nonlinear function of n and wg) enters into the evolution
equation for 7, so the coupled system for the small-mass limit (uq), 7(0),7) is still very much
nonlinear.
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Chapter 5

The small mass limit problem and
the classical Hookean
bead-spring-chain model

Our aim in this chapter is to explore the connection between the small-mass-limit problem
(4.34)—(4.38) and the classical Hookean bead-spring-chain model for dilute polymeric fluids.
We begin by recalling that

T = J+1(7"1+---+7’J+1) and ¢ =rjy1—r; forj=1,...,J,
and perform a change of variables in order to transform the partial derivatives in (4.36)
with respect to the variables r;, j = 1,...,J + 1, into partial derivatives with respect to x
and ¢gj, 7 =1,...,J. To this end, note that
1
a,,l = _aCIl + max,
1 .

arj+1:a‘Ij_8Qj+1+J7_i_1a’Ea .]:17"'a']_17

a7’J+1 =0q, + mal"
Thus,

1
67?1 +e Tt 63J+1 = (*a(h)2 + (ath - aQQ)2 +oet (8QJ—1 - an)2 + (an)Q + Ji_‘_lag

Consider the matrix B € RUZ+D4xJd called the incidence matriz, which is a (J + 1) x J
block matrix with d x d blocks, defined by

-I O O O
I -1 o . O
Bi— O I -I O O
o ... 0 I -I
O O 0 1
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The d x d block at position (i,j) in B is equal —I if the jth spring starts at bead ¢, it is
equal to I if the jth spring ends at bead 4, and it is equal to @ otherwise, fori =1,...,J41
and j =1,...,J. Note that

o -I O ... O
T 2 -I . O
n . 55— Q -1 2 -I O
O ... -I 21 -I
O ... 0 -I 2I

The symmetric positive definite block matrix R := BTB of size Jd x Jd is referred to as
the Rouse matriz. In terms of the Rouse matrix we have

2 2 T ;2T L o T 2
Oy, +--+0;,,, =0,B By + m@ =0, RO, + (91, (5.1)
where 0, := (9],,...,07,)7T.
Next, note that
a1“1 : (77(57“)1) = (3r177) : (ﬁr)l + 7787“1 : (‘Cr)l = (3r177) ~q1 — dn.
We define, with r = B(q, x), where ¢ = (qf,...,¢%)T € D7 and z € Q,
U(x,q,t) :==n(B(g x),t) = n(rt).
Hence,
aﬁ ’ (77(57")1) = < qlw + xw) — dy.
Similarly,
87'j+1 : (77(57”%—1—1) = (aqﬂ/f aqﬁ.lw + .Tw) (q]+1 ) - dev .] = 17 veey J — 17
and
Orrr - 1(£r)100) = (040 + T1000) - () - s
Thus we have that
J+1
> 0, - (n(Lr);) = —[Bogtp - Bq + 24Ty = —[(949)) "B By + 2d.J )]
= —[(049)"B"Bq + (9, (B Ba))y] = =0, (¥ R q). (5-2)
By combining (5.1) and (5.2) we deduce that
J+1 ,B
=D (802 n—0r, - (n(Lr);) = =[O ROy + 07 (Ra )] — 50w
j=1
=50, |R aw+1¢ P gy (5.3)
I w1 J+17° '
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Let
1
M(q) := (278)" 2" exp (~[al*/28).  where g = (qf ,...,q])" € D’.
Hence, (5.3) yields

Y B
=D (B3 =0 (n(Lr);) = =50, - [R M(q) Oy (zm(q)ﬂ - ()
Next, observe that
Or; - (nu(oy(rj,t)) = u(o)(r5,t) - Or;n
qﬂ/}"‘J 63:10,1 ]_1
:U(O)(’I“J,t) ‘ZJ 1,¢} qu+ L]_,_laxwa j:2,...,J,

1¢+J 0z, j=J+1

Thus we have that

J+1 J+1
D Oy - (o) (rjs 1) = J+1Zu (g 1) | - I¢+Z u(o) (rj+1,t)
j=1

j=1

—u()(15,1)) * Og; .

By performing the approximations

and
(u(o)(rj41,t) — u(o) (5, 1)) = (Vuy(z,1))(rjr1 — r5) = (Vu))(z,t)g;,

we obtain

J+1 J
Z arj : (77U(0) (rjv t)) ~ U(0) (l’, t) < Optp + Z(VU(O))('%" t)Qj : 8qu
=1 j—l

(5.5)
= - Opt) + Z aqj V’U,(O) x t)qu)

where the last equality is a consequence of the fact that
8%. . ((Vu(o))q]) = tI‘(VU(O)) =V- U(g) = 0.

By substituting (5.4) and (5.5) into (4.36) and writing V instead of 9, and A instead
of 92, we have that

J
00 + 10 T+ 30, (Tuhagt) - 50, [R M0, ()| - 2 au 0,
j=1
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which can also be written as

J
O + gy VU + Y 0y, - (Vugy)as) — B Z By, [R”sm q) 0, (mﬂ(}q)ﬂ
j=1 i,j=1
p
~Ae R0 (56)

Upon replacing the approximate equality in (5.6) by equality we arrive at the Fokker—Planck
equation for the classical Hookean bead-spring-chain model with centre-of-mass diffusion:

J
O +uy - Vo + Y 8y, - (Vuge))g50) /;’Zaq] [szm 7) 9, (ﬁbﬂ
j=1

] M(q)
p
— A = 0. 5.7
J+1 v (5:7)
The equation (5.7) is supplemented by the initial condition
¢(33,q, O) = lbo(l’,(]), (58)

where o(x, q) := 00(B(q,z)) (cf. (4.37)).

Since (5.7) is now posed on the domain € x D7 x (0, 7] rather than on Q/+! x (0,77,
it is natural to replace the zero-normal-flux boundary condition (4.38) on 9Q+1) x (0, T]
by zero-normal-flux boundary conditions on 92 x D7 x (0,7T] and Q x dD” x (0,T]; i.e

Vi(x,q,t) - ny(z) =0 for all (z,q,t) € 9Q x D7 x (0,T], (5.9)

where n, is the unit outward normal vector to OS2, and

J

> [5Ru 2@ 00 (5 ) ~ (Fuwt)] g, =0 (5.10)

i=1

for all (x,q,t) € @ x (D x -+ x 9D x --- x D) x (0,T], j =1,...,J, where n,; is the unit
outward normal vector to 0D for the jth copy of the domain D in the Cartesian product
D’ =D x---xD.

By integrating the Fokker—Planck equation (5.7) over D’ and using the boundary condi-
tion (5.10), and then integrating both the boundary condition (5.9) and the initial condition
(5.8) over D’, we obtain

(D/zbdq + u(o (D/wdq JilA(ﬂ/wdq =0 inQx (0,7,

/¢dq ‘ny =0 ondQx(0,7], (5.11)

[oa o= [wtoa) no

138



If the initial datum g is such that, for some constant n > 0,

/wo(x, q)dg=n"" for a.e. = € (),
DJ

then, by uniqueness of the solution to the initial-boundary-value problem (5.11), it follows
that

/w(x, ¢,t)dg=n"" for a.e. (x,t) € Q@ x [0,T7;
DJ
that is

/ n(B(q,2).t)dg = / W tydg=n""  forac. (v,t) € Qx [0,T],
DJ DI

whereby the expression for the tensor K stated in (4.35) simplifies to

J
K= [ S(Fa) 947 6. 0.1)da (5.12)
p’ J=1

In this form, K is referred to as Kramers’ expression for the polymeric extra stress
tensor for the bead-spring-chain model with J springs. We highlight one small but relevant
difference between the classical Kramers expression and (5.12): in the classical Kramers
expression the integral in ¢ is taken over the whole of R’?, whereas in our case the integral
in ¢ is over D/ C R7?, where D := Q — Q. In this respect the formula (5.12) is more
consistent with the definition of the configuration vectors ¢; :=rj41 —7rj, 5 =1,...,J, than
its classical counterpart; it also avoids the nonphysical feature of the classical Hookean
model that springs in a linear bead-spring-chain are allowed to stretch out to infinity even
though their endpoints are confined to a bounded flow domain ). In our case, in contrast, if
Q is bounded, then so is D”. Of course, if Q happens to be the whole of R? then D’ = R/,
so (5.12) and its classical counterpart will then coincide.

The main obstacle in proving the existence of global weak solutions to the Hookean bead-
spring-chain model (cf. [7], for example,) where integration in the Kramers expression is over
R’ is lack of weak compactness of the sequence of approximating solutions to the Fokker—
Planck equation in the |g¢|>-weighted L' space Lﬂq‘Q(RJd) (even though the sequence of

approximating solutions is strongly convergent in L{ (R7?)), which then obstructs passage
to the limit in the classical Kramers expression precisely because integration with respect
to the configuration spatial variable ¢ there is over the whole of R’? rather than a bounded
subset of R’/?. This difficulty was ultimately overcome in [10] in the case of d = 2 through
a rigorous proof of the fact that the macroscopic closure of the Hookean dumbbell model
(J = 1) is the Oldroyd-B model, for which a global existence result is available (cf. [1]).
The existence of global weak solutions to the Hookean dumbbell model in the case of d = 3,
with the Kramers expression in its classical form (i.e. with integration over ¢ € R’9)
however remains an open problem. With the Kramers expression defined by (5.12) now,
the situation is radically different: the technical difficulties caused by loss of compactness
disappear, enabling completion of the proof of existence of global weak solutions to the
Hookean bead-spring-chain model in both two and three space dimensions by replicating
the proof contained in [7]. We shall address this task in the next chapter.
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Chapter 6

Existence of global weak solutions
to the Hookean bead-spring-chain
model

6.1 Introduction

We show the existence of global weak solutions to the Hookean bead-spring-chain model
in both two and three space dimensions by following the proof contained in [7]. For this
purpose we need to prove existence of global weak solutions to the system of equations
(5.7)-(5.10) together with the system (1.17), where the expression for the tensor is given
in equation (5.12) and where the Oseen equation is now replaced by the Navier—Stokes
equation. We thus consider the following system:

J
Ot + ug) - VY + Y By, (Vo)) g;4)
j=1

J
Y B _
_ 5”221 Dy; - [Rij M(q) Iy, <im(q)>} - Ji_HAw =0, (6.1a)
1#(56,(], 0) :¢0($7Q) = QO(B((LJJ)), (61b)
Vip(z,q,t) - ng(x) =0 for all (z,q,t) € 90 x D’ x (0,T], (6.1c)
! v
Z |:ﬁ Rij im(q) 8%. <9ﬁ(q)> — ((VU(O))QJT/J)] “Ng; = 0, (6.1(1)

i=1

for all (x,q,t) € @ x (D x--- x9dD x --- x D) x (0,T], j =1,...,J, where n,; is the unit
outward normal vector to 9D for the jth copy of the domain D in the Cartesian product
D’ =D x --- x D, coupled with the system

Opu(o) + (uy - V)uy — plugy + Vi =V - K for (z,t) € Q x (0,71, (6.2a)
V- Uy = 0 for (z,t) € Q x (0,71, (6.2b)

u(y(z,t) =0 for (z,t) € 902 x (0,71, (6.2c)

u(0)(z,0) = uo(x) for x € Q, (6.2d)
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where
J

Ky =n / S (Fla) © 45) (0, 1) da, (6.3)

p7 J=1

with Ko : Q x (0,7] — R‘Siyxn‘fm is the elastic extra stress tensor, which satisfies:

1K)l Lo (0,752 (02)) < 0 (6.4)

In this chapter we consider the Hookean model and therefore F'(q) = ¢, with g € D’. In
what follows we use a Galerkin method to construct a sequence of spatially semi-discrete
approximations to the initial-boundary-value problem.

The chapter is structured as follows. First, we shall introduce the necessary function
spaces together with our assumptions on the data. Then, we shall state the main result of
this chapter, concerning the existence of global weak solutions to the class of kinetic models
under consideration. The rest of the chapter is then devoted to the proof of the theorem.

6.1.1 Function spaces and assumptions on the data

Proceeding as in [7], we define the following function spaces:

7 H'”Wl,Z(Q)
wl2 ::{UECOO(Q):U-TL:O onE?Q,diVV:OinQ} ,

n,div

o H'”W1,2(Q>
Wi = {v €CP(R?) :divv=0 in Q} ,

T” . || L2(Q)
n,div )

2
LO,diV T
-1,2 1,2 \x -1,2 1,2 \x
WO,div T (WO,div) ’ Wn,div T (Wn,div) :

We now state our assumptions on the initial conditions. For the initial velocity ug we
assume that

up € L§ gy - (6.5)

For 1&0 = 9)11/)((;) , where 1) is the initial value of the probability density function v, we assume
that

o >0 ae. in Qx D7, glni € Ly;(Q x DY), (6.6)

and in addition we require that

o0 € L%(Q),  where go(z) := / M(q) (. q) da. (6.7)
DJ

Remark 6.1.1. We note that, as K is defined in (6.3), withn := n(z,t) = m =
D b= 5

¢, where ¢ is a positive constant, then ¥(x,q,0) must be independent of x, and therefore
Yoz, q) in (6.7) is also independent of x, and therefore gy is a positive constant. Hence,
instead of pp being constant, we are studying a more general problem here, with oo € L ().
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6.2 The main result

In this section, we show the existence of global weak solutions to the system in the case of a
sufficiently large viscosity coefficient in the Navier—Stokes equation. In the next section, we
will explore the possibility of removing the additional largeness assumption on the viscosity
coefficient by considering boundary corrections of the polymeric extra stress tensor, to
ensure the validity of a formal energy inequality for the coupled system. Before stating the
main result, as in [7], using the boundary condition (6.2c), we give the weak formulation
of the Navier—Stokes equation (6.2a). Assuming that the test function w is smooth and
that w(-,7) = 0 and integrate by parts with respect to ¢, we obtain the following weak
formulation for the Navier—Stokes equation

T
- /U(O) (2,0) - w(x,0)dx + // [—U(O) - Opw + [(U(O) . V)U(O)} “w
0 O

Q

T
+/LVU(O) :Vw|dedt = _/K(O) : Vwdz dt,
0

for all w € C(0,T; Wy e ().

In addition, using the boundary conditions (6.2¢); (6.1¢); (6.1d) and assuming that the
test function ¢ is smooth and that ¢(-,-,7) = 0 and integrate by parts with respect to ¢,
we obtain the following weak formulation for the Fokker—Planck equation (6.1a)

T

/ / M(q) [—1& e + [Jil Vi) — u(g) w] V| dgdzdt

A J
+5/ / M(q) Z Rijaqg“&‘aqg‘@dqudt

0 QxD7 =1
T J
—/ / M(q) Y Vi) qj ¥ - g, dgdadt = 0,
0 QxDY j=1

for all p € C1(0,T; W, ™ (Q x D7)).
As in [7], the main result is the following

Theorem 6.2.1. Let J € N be arbitrary. Assume that the initial data ug, 1ﬂ0 satisfy (6.5)—
(6.7). Then, there exist (u(y, Ky, 1) satisfying the weak formulations (6.8) and (6.9) such
that

uy € L0, T; L 45, () N L2(0, T; Wy ()T n W20, T Wy 22 (), (6.10)

K € L*(0,T; L* ()%, (6.11)
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and
€ L(Q X (0,T); Ly (D7) N L7 (0, T3 Wy (@ x D)),
Y >0ae inQx D’ x(0,T),
M(q) v € WhH(0, T, W™ “QxDJ),
wlogweLOO(o,T;Ll (Q x D7)

(6.12)

Furthermore, the initial data are attained strongly in L*(2) x Lg, Mg )(Q x D7), i

t%wu<w—wm@@+meﬂMw%Mmmfﬂ (6.13)

Moreover, for allt € (0,T') the following energy inequality holds in a weak sense:

d
S ] noad1og dasdat gl e ) + 190
Qx DY

+4n<9ﬁ(q)v &,v\/:/?) (6.14)

QxDJ

+4n<R9ﬁ(q)8q\/i,8q\/i> <0.

QxDJ

The purpose of the remaining sections is to provide a proof of this theorem, following a
similar line of arguments as in [14], by constructing a sequence of approximating sequences
for u(p) ans ¢ and passing to the respective limits of these.

6.2.1 Approximate problem

We introduce in this section an approximate problem for which the analysis of existence
of solutions is relatively easy and can be performed by using the Galerkin method and
suitable a priori entropy estimates. In what follows we mainly follow the paper [14]. In
order to handle the momentum equation we truncate the convective term and K. More
precisely, we introduce a smooth nonnegative function I' € D(—2,2), such that I'(s) = 1 for
all s € [~1,1] and for an arbitrary | € N we define I'y(s) := I'($). The primitive function
to I'; is denoted by

s

Ti(s) := /Fl(r) dr. (6.15)

0

Next, the [-th approximation of K is defined by

J
Kio)(@,1) /Z ¥(,q,1)) g; ® g; dg. (6.16)
=1

We then define the [-approximation of (6.2a) as follows

Orufg) + V- (Fl(lul(o)|2)“l(o) ® “l(0)> —nhuj) + V' =V Kfg)  inQx(0,7], (6.17)
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with boundary and initial data given by (6.2¢)—(6.2d) with g replaced by ul(o) on the left-
hand sides of the equalities (6.2¢)—(6.2d). In order to preserve the energy identity under

this truncation process, we shall also modify (6.1a). We define the [-th approximation of
(6.1a) as

J
O + ufgy - Vo' + > 0y, - ((Vufg))gje!)
j=1

J y (6.18)
8 0y [R M@ 0,0 - - a0 =0
ij—1
in Q@ x D7 x (0,7,

supplemented by the Neumann boundary conditions corresponding to (6.1¢)—(6.1d). We
also truncate the initial condition for ¢ as follows

(2, q,0) = Ti(Yo(z, q))- (6.19)

For such an approximation, we are in the same setting as in the paper [I4] and the main
theorem in their subsection Approximate Problem still holds here. First, we set

A(s) == sTy(s), (6.20)

then we have
Theorem 6.2.2. Let the initial data (uo, o) satisfy (6.5)~(6.7). Then, for any | € N,
there exists (ul(o),Kl(O),wl) such that

ufgy € L(0,T; L 41, (%) 1 L2(0, Ts WH(Q)1) 0 WH2(0, T3 Wy 7).

Koy € L0, T; L>(2)™),

B! € L(Q x (0,T); Lingg) (D7) N L2(0,T; Wy (2 x D)), (6.21)

' >0 ae inQx D7 x(0,7T),

Myt e W, 7; w=HH(Q x D)),

satisfying the following system of equations

- /uéo)(:v 0) - w(z,0)dx

T
—i—//[ - Opw — [Fl(|u | Ju l(o)®ul(0)] -Vw+uVul(0) :Vw| dzdt
0 Q
T
/KO Vwdzxdt, (6.22)
0

for all w € L*(0,T; Wy 3, ().

J
Kig)(z,t) = n / > M(q) T (2, q,t)) g @ g5 dg. (6.23)
pJs I=1

J
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T

/ M(q [ Voo + [JHvW—ul(o)z[;l] V| dgdzdt
0 QxDJ
/ QZJl(,,O)dquI
Qx DY
(6.24)
+5/ / M(q anaq]w g, dg dz dt
0 QxD’ Bj=1
T J
—/ / M(q ZVU qul ) - O0g;pdgdzdt =0,
0 QxD7 7=1

for all ¢ € CH(0,T; WH(Q x D7), attaining the initial conditions in the following sense

Jim {Jugo) (- 8) = uollFz () + [14(8) = Tu(@o(DllLy, , @xps) =0; (6.25)

satisfying, for allt € (0,T), the energy inequality

/fm t)drdg + = /u t)|* dz

QxDJ
t
+4CR/
0

t
1
< [ (@) 6@ drdg+ 5 [ lunl)P s,
0

Q

t
~ |12
sm(q)’vz,q\/@z)l‘ dxdth+u//|Vul(0)|2dxdt (6.26)
0 Q

Qx DY

where, as in [1/], G is defined as
G(s):=slogs+et,

and in particular the following uniform a priori estimate holds:

sup (Il (- )32y + 194 1) Tog 04l oy + 10 8) )

te(0,T) M(a)
T
- 6.27
[ (o Bosacay + I3z gy + Kl + 19 ey ) (6.27)
0

< C(n,Q, D', T, R, M(q), uo, Vo),

where

dmw:/m@Wmmmq (6.28)
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The rest of this section is devoted to the proof of Theorem 6.2.2. In order to simplify
the presentation we shall take without loss of generality the constant n in the Kramers
expression (6.16) to be 1, and we shall write u(o) and ¢ instead of ul(o) and ¢!, and similarly

for all other analogous quantities; the omitted superscript ! will be reinstated later on in
the paper when we consider the question of passing to the limit [ — oc.

6.2.2 Galerkin approximation

Proceeding as in [11], we introduce a Galerkin approximation of (6.22)—(6.24). We need the
following abstract lemma from [25], which state standard results (essentially, the Hilbert—Schmidt
theorem and some of its corollaries).

Lemma 6.2.3. Let H and V be separable infinite-dimensional Hilbert spaces, with V. C H
and V = H in the norm of H. Let a:V xV — R be a nonzero, symmetric, bounded and
elliptic bilinear form. Then, there exist sequences of real numbers (A, : n € N) and unit
H-norm members of V' (e, : n € N), which solve the following problem: Find A € R and
e € H\ {0} such that

ale,v) = Xe,v) g YveV.

The A, which can be assumed to be in increasing order with respect to n, are positive,

bounded from below away from 0, and lim, oo Ay, = 00. Additionally, the en form an

H-orthonormal system whose H-closed span is H and the rescaling \/e;— gives rise to an

a-orthonormal system whose a-closed span is 'V .

The Hilbert space Wolﬁiv(Q)dﬂWdHQ(Q)d, equipped with the inner product of W4+12(Q)d
is compactly and densely embedded in the Hilbert space LadiV(Q)d. Therefore, using the
Hilbert-Schmidt theorem with V = W3 ()4 0 W)Y and H = L3 4, ()¢ and
a(-,-) taken to be the inner product of W4th2(Q)4, there exists a countable set {w; }ien of
eigenfunctions in Wolﬁiv(Q)d NWaHL2(Q)? whose linear span is dense in Lg,div(Q)d’ s.t. the
w;, i = 1,2,... are orthogonal in the inner product We+12(Q)¢ and orthonormal in the
inner product of L?(Q)%.

Similarly, for each m € N we find a countable set {¢"};cn of eigenfunctions in W12(Q x

D7) that are orthogonal in W;J%?q)(ﬂ x D7) and orthonormal in ngm(q)(ﬂ x DY).

Finally, we fix m,n € N and look for (um’”, 1[17””) given by

m

u™ () =Y M () wilz), (6.29)
=1

P, q,t) = di () o] (2, ), (6.30)
=1

that solve
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T
// [&gum’" cwi — Ty(Ju™ ") u™" @ u™™ - w; + p Vu™" : Vw; | dadt
0 Q

T
=— /K?SS" : Vw; dz dt, (6.31)
0

for alli=1,...,m and a.e. t € (0,T), where

J
K(mosn = /Zﬁﬁ(q)ﬂ(¢m’”) ¢; ® q; dg, a.e. inQ x (0,7), (6.32)
pr =1
T
INED [%m ouim 4| S i ] T g
0 QxD’
T J
+ ﬁ/ / M(q) Z Rij 8%.1&7"’" - Og; 07" dgda dt (6.33)
0 QxDY b=l

A J

- / / M(q) Z Vu™" g; Al(zﬁm’”) - 0g; 0" dgda dt = 0,
0 QxD’J Jj=1

foralli=1,...,n and a.e. t € (0,T), with initial data given by

m

u™"(x,0) = Z(uo,wi) wi(z),

i=1

n

P, q,0) = 05" (@, q) ==Y (Ti(o), 97 )axps 97 (2, ).

i=1

The local in time existence of the functions u™" and ¢"™" for fixed m,n follows from
Carathéodory’s theorem (see Theorem 5.1. in [31]). Moreover, using the estimates estab-
lished below we can extend the solution onto the whole time interval (0, 7).

6.2.3 n—Independent a priori estimates

Our objective, as in [14], is to derive estimates that do not depend on n. We have the
following result.

148



Proposition 6.2.4. We have that v™"™ and zﬁm” satisfy the following energy inequality

dt{ /]um"|2dx+ / M(q wm”)dqu}

QxDJ

/qu’””12+46 / M(q)| Voo |? dg da (6.34)

Qx DY

+4Cr / 2W(q)Z:IVq\/1/3"“1|2dqdas] <0.
i=1

QxD

Proof. We first note that, since 9(q) is bounded and because of the presence of the cut-off
function 7; in (6.32), we have that

K| < Cl. (6.35)

Next, we multiply the i—th equation in (6.8) by ¢; ""(¢) and sum with respect to i = 1,...,m,
to deduce that

d]1
dt{2/um’”]2dx}+u/|Vu 2
Q Q

Remark 6.2.5. Note that the convective term vanishes since V - u™™ = 0.

- /KZ’SS" : Vu™" da. (6.36)
Q

We obtain the following estimates (see [11])

Q) dt < C(1,9M(q), uop), (6.37)

te(0,7)

T
sup (4™ 250 + / o™
0

and

dcm n
[0

2

‘ < C(m, 1, ug, M(q)). (6.38)

Similarly, multiplying the i—th equation in (6.9) by d;""(¢) and summing with respect to
i=1,---,n, we find that

m,n 6 Tm,n Tm,n Tm,n
) dt”ﬂ) ||L2 (QXDJ)+J7_|_1HV11} ' ||ign(q)(g><pJ)+6<W(Q)Raq¢ ’ ﬁqw ’ >Q><DJ

<9ﬁ )AL ( %bmn)(vumnq’ q¢mn)>QxDJ'
(6.39)

Next, noting the definitions of A; and thanks to the boundedness of M(q) together with the
Young and Hélder inequalities we get that

. 1 .
(M) (V") 0,0,6™ ), o < 5 € [ (@) 10,977 dvdg
Qx DY (6.40)
+ C() [[Vu™

me nHLm( |(@x D7)
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Further, using the smoothness of the basis (note that W9+12 < W) and the estimate
(6.38), we get that

VU™ oo () < C(m,1). (6.41)

Therefore, as in [11], inserting (6.40) into (6.39), we deduce that

[Fa, x0T / M(q) [Va ™" * dwdg < CULm) (6™ 7 0oy
Qx DY

d Tm,n
a”l/f

(6.42)

Thus, the application of Gronwall’s lemma, the fact that M(q) is bounded and the
definition of ¢y"" imply that

T
tS(léPT) ™™ 2% pry + / 1™ ™ S22 oy dE < C (L m). (6.43)
<0,

0

In addition, since M(q) is Lipschitz continuous, it is easy to deduce from (6.43) that

T
1@ 5 0y < ) (6.44)
0

Finally, it follows from (6.38), (6.43) and (6.33) that

T
1810 7 By -1yt < C ) (6.45)
0

6.2.4 The limit n — oo

Here, proceeding as in [11], we let n — oo in (6.31)—(6.33), (6.43). Thus, from the n—
independent estimates (6.38), (6.43), (6.44), (6.45) and by using the Aubin-Lions Lemma
we see that there exist subsequences, which we do not relabel, such that

"t =l weak* in W1(0,T), (6.46)
"=t strongly in C[0, T7, (6.47)
u™" = e strongly in C(0, T’ Wol”;iv(Q)d NWIL2Z(Q)D), (6.48)
P ™ weakly in L2(0,T; W12(Q x D7)), (6.49)
DM (g) Gm M) — O(M(q) $™)  weakly in I2(0,T; W( x D)), (6.50)
P s g™ strongly in L2(0,T; L*(Q x D7), (6.51)
K7 a* K weak® in L(0, T; L® (). (6.52)

(0) (0)
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In the light of these convergence results, as in [11], it is now standard to pass to the limit
n — oo in (6.31) and (6.33) to deduce that

T T

// [atum - I‘l(|um|2)um Qu™ w; + pVu™ : Vw; | dedt = — /KE’S) : Vw; dz dt,
0 Q 0
(6.53)
foralli =1,...,m and a.e. t € (0,7),
T
/ / M(q) [4,0 o™ + Lil Vi — u™ W] V| dgdz dt
0 QxDJ
z J
+ 5/ / M(q) Z Rij 0g, 0™ - 8y, dgda dt (6.54)
0 QxD/ bi=1

T J
[ [ m@) Y vum g a0 pdadear = o
=1

0 QxDJ

for all ¢ € WH2(Q x D’) and a.e. t € (0,T). Moreover, it is obvious that u™(z,0) = uJ*(x)
and it is completely standard to show that

lim [ (-, ¢) = Ti(W§" ()l 2(@xpry = 0. (6.55)

t—04

Then, using (6.51) and the Lebesgue Dominated Convergence Theorem, we can take
the limit in (6.32) and deduce that

J

Koy == /me(q)Tz(W)qj ®q; dg,  a.e inQx(0,7), (6.56)

p7 J=1

6.2.5 Uniform m—independent estimates

This subsection is devoted to deriving a priori estimates that are independent of m. As a
matter of fact, most of the estimates will also be independent of [, and this will be clearly
highlighted in the text. Since we are in the same setting as in the paper [14], we deduce,
using the same procedure, the following estimates.

First, using a minimum principle for @m’”, the nonnegativity of zﬁm"

Y™ >0 ae in Qx D7 x (0,7T). (6.57)
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Then, we set ¢ =1 in (6.54) to deduce that

[ @l asdg = [ mia) medy ) dedg (6.59)
QxDJ Qx DY
< [ w1 dsdg (6.59)
QxDJ
= [ m@lolasdg (6.60)
Qx DY
<c (6.61)
Next, as in [11], setting o(z,q,t) := @ in (6.54) and defining
0" (wt)i= [ D) (. 0,1) do, (6.62)
DJ
we see that
(O™, @) — (u™ 0™, V@) + J—Bf—1<vgm’ V@) =0 (6.63)
for all € W12(Q) and a.e; t € (0,7), (6.64)

supplemented by the initial condition ¢™(-,0) = gf’, where

0< of'(a) = / M(qg) Ty(E (z, q)) dg < / M(q) dho(z, q) dg = ao(z). (6.65)
DJ DJ

Consequently, since V- 4™ = 0 we can use the maximum principle and (6.7) to deduce that
0™ | (@x(0,7)) < lleollLe() < C,
T
o 1 ) (6.66)
IVe™ [z20x(0,ry) At < 5lleollz2 () < C-
0

Finally, to obtain m-independent estimates for the velocity field v™ and for the z— and
g—gradients of Y™, we set ¢ := log(¢"™ + §) + 1 in (6.54), where § > 0 is arbitrary. Note
that such a choice is legitimate. Hence, by defining

Gs(s) := (s +6) log(s +0) +e !, G(s):=slogs+e
- / A() / thy(t)
Ts.(s) '_/t—l—édt_/ P dt,
0 0

(note that G5 > 0, and T5; —5-0+ 17 in C([0,00))), we obtain from equation (6.54) with
¢ :=log(y™ + &) + 1 the following identity

% / M(q) Gs (™) da dg — (im(q)um, VGJ(W”))

Qx DY
QxDJ
L M m m m(q) m m (667)
J+1 (y}m +6 VoL VY )QXDJ +ﬁ<¢m +6 R O™, 00y )QXDJ
= (im(q) Vu™q, 8qT5’l(’([Jm)) oDl
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We begin by observing as in [14] that the second term on the left-hand side vanishes thanks
to the divergence—free constraint on u". Next, integrating (6.67) with respect to time over
(0,t) and using the assumed properties of the Rouse matrix R, we get that

/ M(q) Cs (™ (-, 1)) da dg + C
QOx DY

M(q) 12

/ - |V q™|* dedgdr
s

D7 (6.68)

(W(Q) Vu'™ q, 8qT6,l(7ZJm)> ox iy dr.

C’\H‘ o\w

< / M(g) (T (4)) dar dg +
QOx DY

Now we let 6 — 0+ in (6.68). It is easy to identify the limit in the first term on the left-hand
side and the first term on the right-hand side. Moreover, using the Monotone Convergence
Theorem, we also easily identify the limit in the second term on the left-hand side. We thus
obtain

t
[ m@eurenaragrace [ [ mq)|Vap/in| dwdgar
0

QxDJ QxDJ

. (6.69)

< [ MQGEER) dedg+ timsup [ (M) V™ 0.0,T5,0"))

5—0+ QxD7

Qx DY

Finally, we focus on the last term on the right-hand side. Using integration by parts,
we find, on noting the property V -« = 0, that

QxDJ

[ (@) Ve a.0,35,6m), o
0

—

(04 (M@ (Vam) ). Toal@™) 7

QxDJ

+
M- .

/ M(g)(Vu™) - n(g;) g; Ty (™) da ds(q) dr

10 axep

<.
I
o

dr

Mk

t
/(Vum,Té,lwm)anim(q) ®qj)ﬂ><DJ
0

~

/ M(g) (V™) - n(ay) g Toa(f™) da ds(q) dr
Qx0D

+
M= .

o . )

=1

<
Il

Il
B
—

(Vum7 T2 (™) M(q) g5 © %)QX[)J dr

<.
Il
—

+
M~
O“-\\W o

/ M(q) (V™) - nlg;) g; Tsa (&™) da ds(g) dr.
Qx0D

<.
Il
—
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Thus, since T5; converges to T; in C([0,00)), we can easily pass to the limit, as in [14],
in the last integral of (6.69) to obtain

/m(q)G(uSm(.,t))dxdq+4cR/ / M(q ‘vmq\/@fm‘ de dgdr
0

Qx DY

< / M(q) G(T (V) dxdq+zJ:0/(Vum T (¢™) M(q )(Jj®q9'> dr  (6.70)

QxDJ
Qx D7 j=1
gt
+ Z/ / M(q)(Vu™) - n(g;) g4 Ty(™) da: ds(q) dr.
=10 axap

Finally, we multiply the i-th equation in (6.53) by ¢]*(t) to deduce the following energy
identity (note that the convective term vanishes)

1d
2 dt

Using V - ™ = 0 and the definition of K?é)

™22 + BV Bz ) = — (K, Va™). (6.71)

(cf. (6.56)) we deduce that

Mk‘

(K, Vu™) = > (Va" M@ T 4 9 0;) - (6.72)

QxDJ
Jj=1

Hence, as in [14], using this in (6.71), integrating over (0, ¢) and adding the result to (6.70),
we get

/mt() GO (1)) do + /|u 12 dz dg

QxDJ
t ) t
+4CR/ / mt(q)(vx7q\/¢>m‘ d:Edda-{—,u/HvumHQLZ(Q)dT
0 D’ 0 (6.73)
< [ " G@mEg) ded+ 5 [ 1 ()P ds
Qx DY

Then, using Young’s inequality together with the trace theorem, we get
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/ M(q) G (1)) da + / (- D)2 dz dg

2
Qx DY Q
t ) t
+10r [ [ 9@) |[Vaq/in| dodadr+ [ 190y dr
0 QxD/ 0
N 1
< [ m@emEp)dedo+; [ luyp )P
QxDJ Q
t . !
+ /(/Wum\zdx> (/meﬂil(ap) df”) dr
=19 0 Q
o 1 9
< m - m.
< [ m@em@p)sdo+; [ lup o) 671)
QxDJ Q
J t 1 J t
+eZ//\vum\2dxdT+462//meuil(amdxm
=19 =19 @

2

< [ m@em@p)sdo+; [ lup P

Qx D7 Q

J ¢t Jg ¢t
H m|2 g AmZ
+5) //|Vu Pdrdr+ 5 ///zm(q)]vq\/w ] dgdzdr
=19 @ =19 a b
o 2
to ///S)ﬁ(q)‘\/i}m’ dgdzdr.
=19 O D

Thus, assuming that p > % and using Gronwall’s inequality, we arrive at the following
estimate that is uniform with respect to m:

sup_ (19(q) G ()l + 07 (1) 20y )
te(0,T)

¢ t
+/H\/va,q\/¢>mu2df+u/Ilum||124/172(9) dr (6.75)
0 0

< € (IIM(@) GAEGEN Ir @ + 66 () e
< o).

Standard interpolation inequalities and (6.75) then yield the estimate

! 2(d+2)
/ f|lu™ ] zl(id+2> dr < C(l). (6.76)
) LT (@)
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It is evident from the definition (6.56) of K{5) and from the boundedness of M(q) that

Kl < CL (6.77)
Consequently, as in [14], thanks to the presence of I'; in the convective term, it directly

follows from (6.75), (6.77) and (6.53) that
t
/ |2, dr < CQ). (6.78)
0,div
0

6.2.6 The limit m — oo

In this subsection, proceeding as in [14], we let m — oo to establish the existence of a weak
solution stated in Theorem 6.2.2. First, using (6.75)—(6.78) and the Aubin-Lions Lemma
we deduce the existence of a subsequence that we do not relabel, and (u,K)), such that

u™ =" weak* in L>(0,T; L 43, (6.79)
u™ = weakly in L*(0,T; Wy'7., ), (6.80)
O™ — Opu weakly in L2(0,T; W(;C}i’g), (6.81)
u™ —u weakly in L (0,7 L@(Q)d)’ (6.82)
u™ —u strongly in L(0,T; L*(Q)9), (6.83)
Ky =" Ko weak* in L>(0, T; L>(Q)4*9). (6.84)

With these convergence results it is then standard to let m — oo in (6.53) to deduce (6.22).
Also, as in [14], one can show the attainment of the initial condition for the velocity (6.25).

Further, in order to identify all limits in (6.54) we focus on the convergence properties
of &m First, we define ¢™ := M(q) z,@m; using the definition of G we then deduce from
(6.75) and the boundedness of M(q) that

sup [ 47 (,0.8) (14 07 2,.0) dedg < €0, (6.85)
te(0,T)
QxD

Since (6.85) implies the uniform equiintegrability of the sequence ¥™, it directly follows from
the characterization of weakly compact sets in L! that there exists a 1 € L*(Qx D7 x (0,T))
and a subsequence that we do not relabel such that

LY weakly in L'(Q x D’ x (0,T)). (6.86)
Next, as in [14], we show that there is a subsequence (again not relabelled) such that
Y™ — 1) a.e. in Q x D7 x (0,T). (6.87)

Hence, let Oy C Oy C O := Q x D’ be an arbitrary Lipschitz domain. It then follows from
(6.75) and from the properties of M(q) that

s [/, 0)

te(0,T

T

2 —

L2(0Op) + / ||\/¢>||W1’2(00) dt < C(Oy). (6.88)
0
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Using standard interpolation inequalities we then deduce from (6.88) that

T
(J+1)d+2 2 ((J41)d+2)
//wmam>mwa //wmdmn<mwmga%y (6.89)

0 Op 0 Og

One can further interpolate using (6.88)—(6.89) and the Holder inequality to obtain, for any
p € [1,2), that

T T
[ [ oesirpazagat=c [ [ fime/imr asdgar

0 O 0 Op

<ol [ [ oeafimrasaaar)? ([ [1/imi# anagai) * < cion,

OOO OOO

(6.90)

provided that
2p < 2(K +1)d+2)

2—p~  d(K+1)
Thus, by selecting the ’optimal’ value p : % that maximizes the power p on the

left—hand side of the last inequality, we finally obtain

2((K+1)d+2)
//@ﬂm I 4z dgdt < O(Oy). (6.91)
0 Op

The final improvement, the integrability of ©™, will follow from the estimate on ¢™. Indeed,
as in [14], it obviously follows from (6.62) and (6.66) that

19" | oo (x (0,151 (D7) < C- (6.92)

Thus interpolating between this and (6.89) and using the boundedness of 9t(q), we see that
for any ¢; € (1,00) there exists a ga > 1 such that

1™ (| Lax (20 x (0,7);£92 (D7) < C(Oo), (6.93)

where we have used the notation Op := Qy x Dy. Consequently, using (6.76) and Holder’s
inequality, there exists a § > 0 such that

[w™ ™| L1450 x (0,1))2 < C(Oo)- (6.94)

Next, we use all of the above auxiliary estimates over Qg to deduce pointwise convergence
of )™ by means of the Div-Curl Lemma. To this end, for some o € (0, 3) that will be
specified later, we define two (1 4+ d 4+ Jd)—component vector fields (now vector means
vector in all variables x, ¢, t) as follows:

H™ = (M(q) 07, M) §™ ™ + 3 (g) 9™ M(g) Au($™) ™ g + —5— M(q) ™),

J+1
Q" = ((1+¢™)% Opata).
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Consequently, using (6.76), (6.91) and (6.94), we deduce the existence of a subsequence (not
relabelled) such that

H™ — H weakly in L1+5((90 X (0,T))1+d+Jd,
Qm — @ weakly in Lé((’)o % (O’T))l—&-d—l-Jal7

where (we use strong convergence of u™)

H = (M(g) , M(q) u+ B M(q) Vi, M(q) Mi($) wg + - M(9)9,0),
Q=1+ /lZJ)a,(O)]Rd-FJd).

It remains to check the assumptions of the Div—Curl Lemma. First, it follows from (6.54)
that

Vt@?q -H™ =01n OO X (O,T)

Moreover, as in [11], we get by using (6.88) and the fact that a € (0, 3) that

/ |Vt I;qu - (vt,x,qu)T|2 dz dq dt

O()X OT

<C / Vg1 4+ 9™ dzdgdt (6.95)
Opx(0,T)

<C / Vg™ 2 da dg dt < C(Op).
Opx(0,T)

Hence, the divergence of H™ is precompact in W~12(Oy x (0,T)) and the curl of Q™ is
precompact in W~12(0qg x (0,T)). Consequently, by choosing a < I + 175, we deduce that all
the assumptions of the Div—Curl Lemma are satisfied, and therefore

H™. Q™ — H-Q weakly in L'(Og x (0,7)). (6.96)

In particular, we have that

M(g) ™ (1 + ™)™ = M(q) ¥ (1 + )
This then implies that

(14 ™) = (144) (1 + )

Thanks to the convexity of the function s € [0, 00) > s*T! € [0, 00) it follows that

1+ )T < X +9) (1+9),

and therefore,



On the other hand, the function s € [0,00) — s* € [0,00) is concave, and therefore we
immediately have that

(1+4)" = (1+ ),

hence, we have identified the limit, and consequently, since s € [0,00) +— s* € [0,00) is
strictly concave, thanks to Theorem 11.27 in [24] there exists a subsequence (not relabelled)
such that

Y™ — 4 ace. in Oy x (0,T). (6.97)
Hence,
Y™ =P ae. in Oy x (0,7). (6.98)

Finally, as in [141], we select a nondecreasing sequence of nested sets {Of}ren such that
U, OF = O and for each k we deduce pointwise convergence on Of. Thus using a
diagonal procedure, we finally find a subsequence (not relabelled) such that (6.87) holds.
Hence, by combining the uniform—-integrability of the sequence ¢ and (6.87) and recalling
Vitali’s Convergence Theorem we obtain that

Y™ — 1 strongly in L'(0,T; LY(0)). (6.99)

We now focus on passing to the limit m — oo in (6.54). First, by interpolating between
(6.66) and (6.99) we get that

Y™ — ¢ strongly in LI(Q x (0,T); L*(D7)), for allq € [1,00). (6.100)

Next, for any measurable U C (2 x (0,T) x D’) we use Holder’s inequality to deduce that

/ M(q)| Ve q0™| da dgdt = 2 / M(q)|Vag\/ ™| \/ o™ dz dgdt

U U
<2 (/9ﬁ<q)yvgc,q\/1[742dmdth>é (/@mdxdthf (6.101)
U U

1
<Ces,

by using (6.75) and the equiintegrability of the sequence Y™, provided that |U| < 6. This
then implies that we can extract a subsequence such that

M(q) Ve gth™ — M(q) Vi gtb weakly in LH(Q x DT x (0, T))WI+D)] (6.102)
where for the identification of the weak limit we used the fact that V%qz[)m converges weakly

locally in L', which follows from (6.91). In addition, by noting (6.100) it also follows from
(6.75) that

V() V g\ O™ — \/zm(q)vx,q\/i weakly in L2(Q x (0,T) x D/)¥+D_ (6.103)

159



By using the same procedure as in (6.101) we also see that

/ ( / M(q)| V™| dq)2 da dt

Qx(0,T) DY
(6.104)
<C [ IVIR@Vaa\ 7 o 167 sy vt <
Qx(0,T)
by using (6.66) and (6.75) and we can then strengthen (6.102) as follows
M(q) Vg™ — M(q)V g0 weakly in L2(Q x (0,T); L} (D7)4+D)), (6.105)
Finally, as in [14], using (6.80), (6.82), (6.83) and (6.100) we deduce that, for all ¢ €
[1, ’I”(d;»Q))’
M(q) P u™ — v u strongly in LI(Q x (0,T); L*(D7)4I+Dy), (6.106)
Ay (™) Vu™ — Ay(1) Vu weakly in L2(Q x D7 x (0, )44 (6.107)

Consequently, using (6.54), and the convergence results (6.105)—(6.107) it follows that
B, (M(q) ™) — dytp weakly in L' (Q x (0, T); W= HH(D7)4+1), (6.108)

Thus, using the properties of the Rouse matrix, it is easy to let m — oo in (6.54) to deduce
(6.24). Moreover, one can also show (6.25)2 by using standard arguments. Finally, to derive
(6.26) and (6.27) we let m — oo in (6.66), (6.74) and (6.75). To pass to the limit in all
terms on the left-hand side, we use either weak lower semi-continuity of norms or Fatous’s
Lemma, and for the critical term on the right-hand side of (6.75) we have, by using (6.6),
that

Hm(Q)G(Tl(%ﬁL))HLl(O) —mee Hm(Q)G(Tl(lﬁo)HLl(O) <C.

Thus, the proof of Theorem 6.2.2 is complete.

6.3 Existence of global weak solutions for any vis-
cosity

In the previous subsection, we showed the existence of global weak solutions to the system
in the case of a sufficiently large viscosity coefficient in the Navier—Stokes equation, in this
section, we are now exploring the possibility of removing the additional largeness assumption
on the viscosity coefficient by considering boundary corrections of the polymeric extra stress
tensor, to ensure the validity of a formal energy inequality for the coupled system. Therefore,
we consider the following approximation of the polymeric extra stress tensor

J
o)—n/fm Z (¢j) ® ;) T5 () dg
"~ (6.109)
+Z/Em qJ)CIJTél(T;)ds(q).

I=lgp

We use the same procedure as in the previous section.
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6.3.1 Galerkin approximation for any viscosity

As in [11], we introduce a Galerkin approximation of (6.22)—(6.24).

The Hilbert space VVO1 2 ()N WHL2(Q)4, equipped with the inner product of W12(Q)?
is compactly and densely embedded in the Hilbert space Lo le(Q)d. Therefore, using the
Hilbert-Schmidt theorem with V = Wol,jiv(Q) N WHL2(Q) and H = L(%,div(Q)d and
a(-,-) taken to be the inner product of W9t12(Q)4, there exists a countable set {w; }ien of
eigenfunctions in Wolﬁiv(Q)d NW4tL2(Q)4 whose linear span is dense in L2 dw(Q)d, s.t. the

wi, i = 1,2,... are orthogonal in the inner product W+l 2(Q) and orthonormal in the
inner product of L?(Q)<.
Similarly, for each m € N We find a countable set {7 };cn of eigenfunctions in W1H2(Q x
D7) that are orthogonal in W (g )(Q x D7) and orthonormal in Lzm(q)(Q x D7).

Finally, we fix m,n € N and look for (um’”, 1[17”") given by

w™t () =Y et () wilx), (6.110)
=1
P (@, g, t Zd’z"” .q), (6.111)

that solve
T
// [@um’” Cw; — Fl(|um’"\2)um’” R u"™" - w; + pVu™" : Vw; | de dt
0 Q

/K(o) Vw; dz dt, (6.112)

foralli =1,...,m and a.e. t € (0,T), where

J
Ko i=n [ > M) Tu($™") g5 @ q; dg
=1
; e (6.113)
£ [ ) nlg) T s a0 < 0.7
=D
T
/ / M(q) [ﬁﬂ;n Bp™" + [Jf—l Vipmm — gy @mn] Vel | dgdz dt
0 QxDJ
T
+5/ / M(q ZRU g, V™™ - By o dg da dt (6.114)
0 QxDJ =1

/ / M(q ZVum”q Al ") - Og; " dgdr dt = 0,

0 QxDJ
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foralli=1,...,n and a.e. t € (0,T), with initial data given by

m

u™"(z,0) = Z(uo,wi) wi(x),

i=1

n

&mm('xvqa 0) = I;Sn’n(qu) = Z(T‘l(&(])?wz’m)QXDJ @T('rvq)

=1

The local in time existence of ©"™" and 1&’”” for fixed m,n follows from Carathéodory’s
theorem. Moreover, using the estimates established below we can extend the solution onto
the whole time interval (0, 7).

6.3.2 The limit n — oo for any viscosity

Here, proceeding as in [14], we let n — oo in (6.31)—(6.33), (6.43). Thus, from the n—
independent estimates (6.38), (6.43), (6.44), (6.45) and by using the Aubin-Lions Lemma
we see that there exist subsequences, which we do not relabel, such that

"t —=r weak* in W1°°(0,T), (6.115)
"=t strongly in C[0, T7, (6.116)
u™" — strongly in C(0, T} Woljiv(Q)d AWL2)d), (6.117)
P s ™ weakly in L2(0,T; W'2(Q x D”)), (6.118)
A, (M(q) Y™™) — 9,(M(q) ¥™) weakly in L2(0,T; W~2(Q x D7), (6.119)
P ™ strongly in L2(0,T; L*( x D7)), (6.120)
K" —* K weak* in L>°(0,T; L>(Q)). (6.121)

(0) (0)

In the light of these convergence results it is now standard to pass to the limit n — oo in
(6.31) and (6.33) to deduce that

T
dxdt = —n/K%) : Vw; dz dt,
0

T
//[&tum‘wfi —T(Ju™)u™ @ u™ - w; + p Vu™ : Vw;
0 Q

(6.122)
foralli =1,...,m and a.e. t € (0,7),
T
/ / M(q) [w O™ + [Ji : VT —um wm] V| dgdz dt
0 QxD’J
z J
+ 5/ / M(q) Z Rij aqu&m - Og;pdgda dt (6.123)
0 QxDJ =1

T J
/ / M(q) Z V™ g; Ay (™) - 0q; dgdz dt = 0,
j=1

0 QxDJ
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for all p € Wh2(Q x D7) and a.e. t € (0,T), Moreover, it is obvious that u™(z,0) = uJ*(x)
and it is completely standard to show that

S 157, = TR Oy =0 (6.124)
Then, as in [11], using (6.51) for the first term and (6.49) together with compactness

of the trace operator (see Theorem 6.2 page 103 of [53]) and the Lebesgue Dominated
Convergence Theorem for the second term, we can take the limit in (6.109) and deduce
that

K ‘_n/Zam ) Ti($™) g5 © ¢; dg
pJ I=1

; (6.125)

+3 / M) - n(q) g Ti(H™) ds(q),  ae. inx (0,7T),
I=6D

6.4 Uniform m—independent estimates for any vis-

cosity

Here, the energy identity (6.71), becomes

1d m m||2 m m

3y V0 ) = (B T, (6.126)
where

J
( 2( (w )QJ®QJ)Q><DJ
’ (6.127)

_l’_

M&

//vumzm n(g;) q; Ti(y™) ds(q) da.
Qo

1

J

Hence the inequality (6.73) becomes

1
/ M(q ))dx+2/| (., t)[2dz dg
Qx DY Q
t
+4CR/ / M(q ’qu\/wm’ dxdda—l—,u/HVumHLg o dr (6.128)
0 QxDJ

1
< [ momp)dedg+ [P
Qx D7 Q

Thus, without assuming anything on the viscosity other than its positivity, we arrive at
the following energy inequaltiy that is uniform with respect to m:

sup_([190(g) GE™ (,O)lzr @y + 47, 1)) )
te(0,T)

< ().

(6.129)
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6.4.1 The limit m — oo

Then, using the same argument as in the previous section, by passing to the limit m — oo,
we establish the existence of a weak solution stated in Theorem 6.2.2 where

J
Kloy(z.)=n [ D) T 0:0) 5.
; e (6.130)
+3° [ 9@) 00 0 T (0. 0.1) ds(a).
i=1gp

6.5 Proof of the main theorem

The final section is devoted to the proof of Theorem 6.2.1. As in [I1], we use the sequence
of approximate solutions (uéo), Kl(o), Y") constructed in Theorem 6.2.2 and let [ — oo.

6.5.1 Weak/strong convergence results for ul(o)

First, we recall the uniform estimate (6.27) (where C is a generic positive constant that is
independent of 1)

sup. (k) (5Ol + 191+ ) log )y, oy + 1) Lz

te(0,T)
T
! 7 l ! 6.131
J (o By + Wz ey + Ky + 192 ey e 6130
0
<C,
where
Jat)i= [ M0 9 (w.0.1) do, (6.132)
DJ
Next, as in [11], using function space interpolation one can deduce from (6.131) that
T
. 2(d+2)
/ Jufol oy d7 < C. (6.133)
0
Hence, using (6.131), (6.133) and (6.22)
T
/ Hat“lm)”iv()jg dr < C. (6.134)
0
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Consequently, using the uniform estimates above in conjunction with the Aubin—Lions
Lemma we deduce the existence of subsequences, which we do not relabel, and an asso-
ciated couple (u(o), K(0)) such that

ufe) = u(o) weak® in L>(0, T L§ 4, ), (6.135)

ul(o) — U(p) weakly in L2(0, T, Wol,ﬁiv)’ (6.136)

O ul(o) A0 weakly in LQ(O, T, W&i{f), (6.137)

! B 1C.5.2) 2d+2)

Uy — U(0) weakly inL~ @ (0,7;L a (Q)%), (6.138)

ufgy = (o) strongly in L*(0, T; L*(Q)7), (6.139)

Koy — Ko weakly in L2(0, T; L*(Q)?*9). (6.140)

As, unlike the model considered in [11], where the solvent is supposed to be a non-Newtonian

fluid with a nonlinear stress-strain relationship, in our case the situation is simpler, in that
the solvent is supposed to be a Newtonian fluid. Therefore in our case only the passage
to the limit [ — oo that we have obtained above is needed, in contrast with the more
complicated limiting procedure considered in [14]. Using the above convergence results, it
is now standard to let | — oo in (6.22) to deduce (6.8) and (6.9).

165



166



Conclusions

In this work, we have reformulated a general class of classical bead-spring-chain models
for dilute polymeric fluids, with Hookean spring potentials, as McKean—Vlasov diffusion.
This resulted in a coupled system of partial differential equations involving the unsteady
incompressible linearized Navier—Stokes equations, referred to as the Oseen system, for the
velocity and the pressure of the fluid, with a source term which is a nonlinear function of
the probability density function, and a second-order degenerate parabolic Fokker—Planck
equation, whose transport terms depend on the velocity field, for the probability density
function. We showed that the coupled Oseen—Fokker—Planck system has a large-data global
weak solution. We have then performed a rigorous passage to the limit as the masses of the
beads in the bead-spring-chain converge to zero, which was shown in particular to result in
equilibration in momentum space. The limiting problem was then used to perform a rigorous
derivation of the Hookean bead—spring—chain model for dilute polymeric fluids. We then
extended the results obtained to the coupling of the incompressible Navier—Stokes equations
with a Fokker—Planck equation, and dealt with the usual technical difficulties associated
with the presence of the nonlinear convection term in the Navier—Stokes equation, and we
showed the existence of global weak solutions to the Hookean bead—spring—chain model
in both two and three space dimensions. The conclusion is that now it is clear that the
configuration space domain is bounded and that before passing to the small-mass limit, the
Fokker—Planck equation is degenerate parabolic and after passing to the small mass limit,
the Fokker—Planck equation is parabolic. As for further direction of research, one could also
consider more complex models with interacting polymer chains and with a more complex
boundary condition than the reflection boundary condition. Another interesting question
one could consider is letting the number of beads J tend to infinity.
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Appendix A

Proof of Theorem 1.4.1

Theorem 1.4.1. The probability density function denoted by o = o(r,v,t) solves the non-
linear partial differential equation

5 J+1 AR
8tg—€—2 Zavj~(ng)+583jg Jrz Zvj-(‘?rjgnL((Er)jnLu(rj,t))-6ng =0,

j=1 j=1

(A.1)
for all (r,v,t) € Q71 x RUFD (0, 77,

o(r,v,0) = go(r,v) for all (r,v) € Q7+ x RU+DA,
(A.2)

Proof. of Theorem 1.4.1. The proof is a straightforward consequence of 1t6’s formula, which
says that, if ¢ : Q71 x R+ 5 [0, 7] — R is smooth with compact support, then
T T
(P('FT7 uT, T) = SD(TOa Vo, 0) + /8T(P(T77 Ur, T) dr + /67"80 - dry
0 0
f f ) (o)
1 2 . rT)r rv)r
+/8U<p~ dvT+2/VMgo. d( (W, (0,0} )
0 0
T

T
87'90(7'7'77)7'77—) d7_+/ar90' dr;
0

T 1 T
0 O
. — 2 .
+/8”*0 dvr + 2/%4’90‘ d( 0 22871 >
0 0

T T
= (1o, vo,0) + /87@(TT,UT,T) dT—i—/argo- dr,
0 0

- SO(T()a Vo, 0) +

o

T T
+/8U<,0- dv, +6_2B/83’Ug0d7.
0 0
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Where in the above, (r,v), denotes the cross-variation of the process (r,v) (see [

nitions 5.3 and 5.5 on page 31). Replacing v; and ry, we obtain

T T
o(rr,vr, T) = p(ro, vo,0) + /8T<p(7"7,v7,7) dr + ¢! /&gp cvrdr
0 0
T
+e! /8v<p (Lr+U(rt;0) — e toy)dr
0

T T
—|—6_1\/2ﬁ/0@cp' dWT—l—e_ZB/(?gyvgodT.
0 0

Taking the expectation on both sides, we get

o(r,v,T) odrdv = / / o(r,v,0) oo dr dv

R(J+1)d QJ+1 R(J+1)d QJ+1
T

_|_/ / / O-p(rr,vr,7) odrdvdr

0 R(J+1)d QJ+1
T

+e ! Orp - vr pdrdudr
0 R(J+1)d QJ+1

T

|, Defi-

—l—e_l/ / / Opp - (Lr +U(r,t; 0) — ! vr) odrdvdr

0 R(J+1)d QJ+1

T
—|—e_2ﬁ/ / / ﬁgwgpgdrdvdﬂ

0 RUJ+1)d QJ+1

which was the stated result.
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Appendix B

Extension of strong solutions for a
coupled Navier—Stokes—Fokker—
Planck system

B.1 Introduction

In this appendix, our aim is to extend the results obtained in the previous chapters to the
coupling of the incompressible Navier—Stokes equations with a Fokker—Planck equation, and
to deal with the usual technical difficulties associated with the presence of the nonlinear
convection term in the Navier—Stokes equation. More precisely, we shall consider the fol-
lowing unsteady Navier—Stokes system, with a source term which is a nonlinear function,
on the space-time domain © x [0,7], where 2 is a bounded open convex domain in R?,
d € {2,3}, with a C>! boundary, and T > 0:

Ou+ (u-Vyu—plAu+Vr=V-K for (z,t) € Q x (0,77, (B.1a)
V-u=0 for (z,t) € Q x (0,77, (B.1b)
u(z,t) =0 for (z,t) € 9 x (0,77, (B.1c)
u(z,0) = up(x) for z € Q, (B.1d)
where K : Q x (0,7] — Rg;rgm is the elastic extra stress tensor which satisfies:
K| oo (0,710 (2)) < 0©- (B.2)

We shall assume, without loss of generality, that € is contained in [0, L]d for a certain L > 0.

In the equations (B.1), u : Qx [0, 7] — R? denotes the velocity field, and 7 : Qx (0, 7] —
R is the pressure; ug € L?(2)? is a divergence-free (in the sense of distributions on ) initial
velocity field; p > 0 is the viscosity coeflicient.

B.1.1 Preliminary results

In what follows we consider d = 3. The exposition follows the arguments and notational
conventions of the paper by [27].
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B.1.2 The Stokes operator A
Let 2 C R? be a bounded domain with boundary 9 of class C*!. Let [0,7), 0 < T < oo,

be a time interval and let 1 < ¢ < oo.
Following [27], we use the space
Lg(ﬂ)3 — WH’”LQ(Q),
where
C’{f’a(Q)3 = {v e CP(N)? : divy = 0}.

Then we denote by P, : L9(Q)3 — LZ(Q) the Helmholtz projection, and we define the
Stokes operator:
Ag:=—P;A: D(Ay) — LL(Q)%,

with domain D(4,) = W2(Q)*> N W;%(Q)3 N LL(Q)? and range R(A4,) = LL(2)3. In what
follows, we will use the notation P := P, and A := As if ¢ = 2. We now introduce fractional
powers of the Stokes operator:

A D(AS) - LE(Q)P,  D(A2) € LL(Q)P,
with —1 < a < 1, and the semigroup operator:
St):=e 4, t>0.

The following embedding properties play a key role in what follows:

2 3 3
lWliza@) < el ATvllr@,  veD(A]),  1<y<q¢  —+ phabot
0<a<l, (B.3)
and we also have the following estimate
HA?I‘ e tAay ‘LQ(Q) <ct e 0t vl £a(e), v e LI(Q)3, 0<a<l1l, t>0, (B4)

where ¢ = ¢(Q,q) >0, § = §(Q2,q) > 0.
We have that D(Aéﬂ) = W,%(Q)? N LL(Q)? and that the following two norms are
equivalent

1
|av2o| S 190l v e DAY, (B.5)

La(Q)

in particular, for ¢ = 2,

[NIE

HAV%‘ ~ [|Vol| 2y, v € D(A?). (B.6)

L2(Q)
Set g = divG where G = (Gij)ijzl € L9(Q)3. Then, an approximation argument shows
that A~2 P,div G € L&(€)3 is well-defined by the identity

NI

_1 — /
(4,7 PydivG.p) = (G.VA,g), o eLi (),
+ 1= 1, and that
_1
|4 pavel] | <elCli, (B.7)
with ¢ = ¢(€,q) > 0.
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B.1.3 The nonstationary Stokes equation

Let 2 C R3 be a bounded domain with boundary 992 of class C*!, and let 0 < T' < co. Then
we consider in [0,T") x Q the Stokes and the Navier-Stokes equations. We are interested in
the notions of weak and strong solution defined as follows.

Definition B.1.1 Let ug € L2(2)? be the initial value and let f = divF with F =
(Fij)} =1 € L*(0,T; L*(Q)**®) be the external force. A vector field

€ L%(0,T;5 L2(Q) N L0, T; Wy *(Q)°) (B.8)
is a weak solution in the sense of Leray—Hopf of the Navier—Stokes system

uy — Au+u-Vu+ Vr = f,
divu = 0,
ulgn = 0,
u(0) = uo,

(B.9)

with data g, f, if for every test function w € C§°([0,T); Cgf’a(Q)3), we have the relation
—(u,wy) + (Vu, Vw) — (u ® u, Vw) = (ug, w(0)) — (F, Vw), (B.10)

and if the followig energy inequality is satisfied for 0 <t < T

t

t
1 1
5”“@)”%2(9) +/”VUH%Z(Q) dr < 5”“0“%2({2) - /<F, Vu) dr. (B.11)
0 0

A weak solution u of the system (B.9) is called a strong solution in the sense of Serrin if
there are exponents 2 < s < 00, 3 < q < 0o with % + % < 1 such that additionally Serrin’s
condition

u € L5(0,T; LY(Q)3), (B.12)

is satisfied.
A wvector field u satisfying (B.8) is a weak solution of the (linear) Stokes system

u — Au+Vr = f,

divu = 0, (B.13)
ulpo =0, '
u(0) = uyp,

with data ug, f, if for every test function w € C§°([0,T); C5%(Q2)*), we have the relation
—(u, wy) + (Vu, Vw) = (ug, w(0)) — (F, Vw), (B.14)

and if the followig energy equality is satisfied for 0 <t <T':

t

t
1 1
SOy + [ IVl dr = Slluolay ~ [ (F.Va)r (B.15)
0 0
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We may assume in the following, without loss of generality, that every weak solution
u:[0,T) — L2(Q) is weakly continuous. Therefore u(0) = ug is well-defined.

Let 1 < ¢ < 0o, 1 < s < oo. Then, for a given f € L*(0,T; LL(2)3), there exists a
unique solution v € C°([0, T); L&(Q)3) of the nonstationary Stokes equation

v+ Agv = f, v(0) =0, (B.16)

satisfying vy € L*(0,T;LE(Q)?), A € L5(0,T; LE(Q)?), and the maximal regularity
estimate

lvell s 0,02 @)) + 1Ag 0l Lo 0,02 @) < W fllLs 0,08 ) (B.17)

with ¢ = ¢(€, ¢, s) > 0. The representation of this solution is
t
= / A f()dr,  0<t<T. (B.18)
0
Using estimate (B.4), we get, for 0 < a < 1,
t
45 0Ol < [ (=D IO leydr,  0<t<T. (B.19)
0

with ¢ = ¢(€,¢) > 0. Then, the Hardy—Littlewood estimate implies

1AZ vllzs 0,020 < ¢ lfllovo.rize @) (B.20)

where 1 < vy < s < 00, 1—a+%:%andc:c(9,a,q,s) > 0 is independent of T

Next we consider f = divF with F' € L7(0,T; L*(2)>*3), 1 < r < co. We have that
BE(t) = e g + /A% e (A 4= PdivFdr, 0<t<T, (B.21)

is well-defined with ug € L2(Q)3, we have that
E € Lioe([0, T); Wy 5 (2)°), (B.22)
and u = F satisfies the relation (B.14). Inequality (B.7) gives
A2 PdivF € L*(0, T; L3(Q)3). (B.23)
If » = 2 we obtain that

E defined by (B.21) with r = 2 satisfies the energy equality (B.15)
and the condition (B.8). (B.24)

Therefore, E defined in (B.24) is a weak solution of the Stokes system (B.13) in the sense
of Definition B.1.1. In particular, setting Eo(t) = et 4ug, ug € L2(Q)3, (B.21) with F = 0
and (B.24) gives

1 1
SIEOBa@y + [ VB dr < SlunlBay,  0<t<T.  (B25)
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If up € L2(Q)? and F € L*(0,T; L*(9)3%3), E in (B.24) satisfies
SIEO) oy + / IV Bl 20y 7 < (ol 320 / IFlaqdr).  0<t<T, (B26)

with some constant ¢ > 0 independent of ¢.
Set

t
= /A%e(tﬂf‘ A"z PdivFdr, 0<t<T. (B.27)
0
Using (B.21) with F € L*(0,T; L2(2)**3) N L3 (0,T; L3 (2)**3), 2 + 3 =1 we get
t
A"2 Ey(t) = /e_(t_T)A A"z PdivFdr, 0<t<T. (B.28)
0

We note that (B.28) can be estimated in the same way as (B.16) with v = A"z By, so we
obtain with (B.17) and (B.7) that

1 1
AT E ) ’ ‘A* E <c|F 2o, B.2
H( 2 2oz T Pl 2020 < elFlzo @) (B-29)
and
1 1
A“E) . ‘A’E’ . <clFl|s 4 . B.30
H( s, L?(O,T;L%(Q))+ i L3(0,1;L% () <cf HL?(O,T;Lg(Q)) ( )
where ¢ = ¢(€,q) > 0.
Using estimate (B.3) for (B.27) with 2« + 2 /2, ie, a = 2%, then (B.19) with
a:14+2q,1e l—a+1i= /2,andﬁnally (B20) we get
1B Ls0,/mLa0)) < Il 5 (B.31)

L3(0,T;L3 ()

with ¢ = ¢(€,q) > 0. Also, using (B.16) and (B.18), we obtain the equality
t
A5 E() = / e A (A3 E), + ASE ) dr. (B.32)
0
which implies that
t
_ L (t—1)A ([ g—2 1
Ei(t)= [ Ase ((A 3B, + A2E1> dr. (B.33)
0

In the same way as for (B.31) there exists a constant ¢ = ¢(£2,¢) > 0 such that

),

N
S

_ 1
| E1llLs0,1:00(0) < C(H (A% + HAg E1‘ (B.34)

L2 (0,1;L% (02)) L3003 (Q))) '
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B.1.4 Solvability and estimates for the Stokes system
We assume that f = div F in (B.13).

Lemma B.1.2 [27] Let Q € C>*,0 < X\ < 1, for the problem (B.13), 1 < p,q < oo and
F € L0, T, LP(2)3*3). Then, there exists a unique weak solution to (B.13) with f = div F
and u(0) = ug and it satisfies

|Vull ao,r,20(0)) < ClIF | Lago,1,00(02))- (B.35)
The constant C does not depend on T.

Proof. To prove the result stated we use the following Corollary 4.2.a in [27]:

Corollary B.1.3 Suppose 2 is as above, ug = 0 and 0 < T < 00, 1 < 1,9 < co. Let
1
f=>"_0,F, where F, € X = L"((0,T); LEL(Q)*>*®), v = 1,2,3. Then A;?f € X, f €
1 1

~

L"((0,T); D(AZ2)). There exists a unique weak solution u € L"(0,T; D(AZ)) to (B.13) sat-
isfying the following inequality

T T T

d 3 T 3 T ’ T
J1(5) liade+ [MAdul@de <0 Y (1B d.  ®30
0 0 v=17

with C' = C (R, q,r) independent of f and T'.

In particular, since
1
[Vull L) < CllAG ull Laq),

we conclude from Corollary B.1.3 that

T n T
[ 19l e <0 Y [ 1A at. (B.37)
0 v=179

Now we write

3
f=divF=>"0,F,

v=1
= 01 F1 + 02F + 033
Fiq Fio Fi3
=01 | Fo1 | +02 | Foo | +03 | Fos
F3q F39 F33
Fiig Fioo Fiss
= | Fo11 | + | Foo2 | + | F233 |
F314 F399 Fs33
where
Fy
F=1|F
F3



Using the Helmholtz decomposition, we get

3
f=divF=> 0,F,

v=1
3 3
=> 0,F) Y VO,F,
v=1 v=1
where F}', Fj, Fi are three-component vector functions such that

V-F!=0, and F! n|so =0,

and F, Fy, F} are scalar—valued functions. Then, we rewrite the system (B.13) as follows

3 3
Up — AU+V(7T+Z&/F3) = ZauFl}a
v=1 v=1

div u =0, (B.38)
ulon =0,
u(0) = wo,

where
V-F!'=0, and F! n|pq=0.

Setting 7' = 7 4+ S.°_, 8, F2, we finally get

Ut—AU+V7lezaqu/17

v=1
div u =0,
ulpq =0,
u(0) = wo,

where
V-E!'=0, and F! n|sq=0.

Therefore, we are in the setting of Corollary B.1.3 and we obtain

T n T
/||vuugdtgc Z/HFI}H;dt. (B.39)
0 v=1ljp

Hence, also

T n T
/”vuugdt <C Z/ |F||7 dt, (B.40)
0 v=1jp

by properties of the Helmholtz decomposition of F. O
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Now for the case ug # 0, on the one hand we consider the following problem

ou—Au+Vr=0 for (z,t) € Q x (0,71,
V-u=0 for (z,t) € Q x (0,71, (B.41)
u(z,t) =0 for (z,t) € 0 x (0,77,
u(z,0) = up(z) for z € Q.

2

22
From Theorem 1.1 in the paper [61], we have that if uy € By 4 ()3, thenu € LI(0, T; WHP()).
On the other hand, we consider the problem

Ou—Au+Vr=V-K for (z,t) € Q x (0,77,
Vou=0 for (z,t) € Q x (0,7, (B.42)
u(z,t) =0 for (z,t) € 9Q x (0,T],
u(z,0) =0 for x € Q.

1
Since K € LP(0,T; L9(2)3*3), that implies from Lemma B.1.2 that u € W;’CIQ (Qr)3. Here
we have used the following notion

W2 1( = {v e L0, T; WHP(Q)*), (%)5 v e LU0,T; LP(R)*)}.

Hence, we superpose the two solutions of the problems (B.41) and (B.42), since these are
linear problems with unique solutions. That implies that the solution w to our problem

belongs to LI(0, T; W1P(Q)3).

B.2 Existence of a solution to the Navier—Stokes
system

We define (u#+1D) 7+ with uE+1D) e L20(0, T; L2(Q)*)NL2(0, T; Wy *(2)?), and 7++1) ¢
D'(0,T; L*(R2)/R) as the weak solution of the unsteady Navier—Stokes system:

ApuF ) 4 (w7 D) — A gD — g R for (z,t) € Q x (0,77,

v .k — for (z,t) € Q x (0,77,
(B.43)
uF D (2, 1) =0 for (z,t) € 002 x (0,17,
u ) (2, 0) = ug(w) for x € Q,

9_2
where ug € L*(Q)3 N By, * ()3, 1 < p,q < oo is divergence-free, and thanks to (B.2),
IK®) | oo (0.7 100 ()3x3) < C, (B.44)

where C' is a positive constant, independent of k. Thus, there exists a K € L>(0,T’;
L®(Q)3%3 1)) (to be identified), and a subsequence, not indicated, such that

symm

K® K weak* in L(0,T; L=(Q)3%3 ) as k — co. (B.45)

symm
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As ug € L*(Q)3, by standard arguments from the analysis of the incompressible Navier—
Stokes equations (cf., for example, [64], Chpt. III) we deduce from (B.44) that there exists
a unique weak solution (u**t1) 7(+1)) to the system with uw(*t1) e L°(0,T; L?(Q)%) N
L2(0,T; W,()%), and

[u* | Lo 0,152 nn2 0,2 () < C(L + ol r2(0),

where C is independent of k. We want to show the existence of a time 7™ > 0 such that
the weak solution u*T1) satisfies Serrin’s condition:

uF ) e L2(0, 7% L°(Q)?).

Since K € L>®(0,T; L>=(2)3*3), in particular K € Lz (0,T; L2 (€2)3*3) where 2 < s < 00,
3 < q < o0, % + % = 1, are the so-called Serrin’s exponents. Therefore, we are in the same
setting as in the paper [23]. We now state the main result in [23], Theorem 1.1,

Theorem B.2.1 Let Q C R? be a bounded domain with boundary 02 of class C*', let
0<T <o00,2<s<00,3<q< o0 with 2+ % =1, and let K € L*(0,T; L*(Q)373,))) N
L%(O,T;L%(Q);)’;H?;m))). Then there exists a constant € = €*(Q,q) > 0 and a time T > 0

with the following property:

If
T 1 T 2
( [l dt)s + ( J dt)s <
L9(Q) L@
0 0

then the Navier-Stokes system (B.1) has a unique strong solution u € L*(0,T; L1(Q)3) with
data ug, K.

Following a similar line of argument as in [23], Theorem 1.1, we have the following
theorem:

Theorem B.2.2 Let 0 < T < 00, 2 < 5 < 00, 3 < g < with%+% =1, and let
K € L>(0,T; LOO(Q)S’},Xn?m) Then there exists a constant € = €*(,q) > 0 and a time

T* > 0 with the following property:
If

T 1
—tA 5 s * 2 *
([l ]} g at) "+ Iy 7% < e
0
then the Navier-Stokes system (B.1) has a unique strong solution u € L*(0,T*; L4(Q)3)

with data ug, K.

Proof. The proof is the same as in [23], Theorem 1.1. The assumption in that theorem is
the following

T* 1 T s
</Hem“°H d’f)s + </ K2, dt)s < .
La(Q) L2(Q)
0 0

In our case, since K € L*(0,T; L°°(9)323.))), we therefore have that

symm

T*
s *2
([ 151,50y t) " < Il 772
0
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Hence, we want to require that
2
||K||Loo([lT;Loo(Q)) T s < 6*,

i.e.

N|w

6*
T < . B.46
(||K||LW<O,T;L00(Q»> (B.46)
]

In particular, from the previous theorem, we have that the Navier—Stokes system (B.1)
has a unique strong solution v € L8(0,T*; L*(©2)3). We first move the convective term in
the Navier—Stokes equation to the right-hand side of the equation, resulting in the following
unsteady Stokes system with source term V - (K —u ® u):

Ou—pAu+Vr =V (K—-u®u). (B.47)
Hence,

u®@u e LY0,T* L2 ()33 ),

symm
which implies
K—u®ue L0, T L2 (Q)3%3 ),

symm
then by standard arguments from the analysis of the Stokes equations, we get, from equation
(B.47), that:
u € L0, T WhH2(Q)3).

We therefore have by Sobolev embedding
u € L0, 7% L5(Q)3).
Again by the same arguments we get

K—u®ue L*0,T* L3(Q)2X3 ),

symm

which implies that
we 20,7 W (Q)P),

and therefore,
ue L*(0,T* LY(Q)*),

for all 1 < g < 0.

Theorem B.2.3 The Navier—Stokes system (B.1) has a unique strong solution u contained
in L?(0,T%; L°°(Q)3) with data ug, K and T* as in (B.46).

Proof. Our strategy to show that u € L?(0,T*; L4()3) will be the following:
1. First, we show by interpolation that there exist € > 0 and § > 3 such that

= L2+6(0,T*;L3+6(Q)3)7

so that 9y 346
u@ue L2 (0,7 L2 ()33,
then
we L 0,7 Wh*5 (Q)). (B.48)
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2. Then, we prove that the following interpolation inequality holds: for p > d and
u € WOI’I’(Q), there is a constant C' := C(d, p) such that

d 1_d

lulle (@) < CO0.) [l gy Il iy (B.49)

3. Finally, since by (B.48), we have that u € L%(O,T*;COVQ(Q):&), 0 <a<1,and
since u € L%(0,T%; L*(Q)?), by interpolation, using the inequality (B.49), we show
that u € L%(0,T*; L>(Q)3).

We start by proving the statements in Step 1 above.
1. We have that u € L*(0,7%; L5(Q)?) and u € L?(0,T*; L4(Q)?), for all 1 < ¢ < oo.
Therefore by interpolation, we get

lull r (@) < Cllullgsq) Il zag

where % =5+ PTQ and 0 < a < 1; then choosing @ = i, we get

el @) < € llull ey lul oy,
which implies that
ulys @y < € llull i lul 1 e,
with { = % > 2. Indeed,
Julls g € L°(0,7),

and .
3 8
lull 0y € L5(0.7).

Hence

We also have that:

P @) = g =
2144-43 4q + 72’
and
g = 20T
V= g+m22 " "

which implies that r is a strictly increasing function and we have that

lim r(q) = 24.

q— 0

Therefore, choosing r = 22, we finally get:
we L7 (0,T% L2(Q)%),
that was the result stated. Hence
w@u e L1 (0, T L1 (Q)33),
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we L1 (0, T W ()3,
by Sobolev embedding, we get

u e LT (0,7 CO%(Q)?),
where 0 < o < 1.

2. Now, we want to prove the inequality (B.49). We compute for z¢g € Q and R > 0 the
following quantity:

u(e0) = [alea,| = [ute0) = 5 [ ut)dy]

~ |Bg
B(zo,R)
<1 / fu(zo) — u(y)|d
r— ulx —Uu
_!BR! 0 Y Yy
B(zo,R)
<1 / oy 2o — y]* d
r— Ul M0, o —
< Bnl coe(@) |To — Y|~ dy
B(zo,R)

This implies that

|U(.Z'(])| < HU]B(CCO,R)‘ + R* [U]Co,a(Q)

1
< — uldy + R [u] o
B(wo,R)
1
<< ! / de)”ﬂza[]
—_ u U0,
’BR’ Yy COa(Q)
B(zo,R)

< —g llullpr@) + B [u]coa(q),
Rr

for a constant C > 0 and for all R > 0. Set
¢ o
f(R) = =2 [ull e (o) + R [u]co.a(q)
P

Hence,

_3_1
f’(R) = ?’CRi

Jull o) + @R [U] co.a (),

where o = 1 —% by Morrey’s inequality. We want to find where the function f reaches
its maximum, i.e. we want to find Ry such that:

f'(Ro) =0,

which is equivalent to

3
(1- ;%) [u] o) _ C? ||ull e ()

3 3
341 3
P P
R} R}

Y
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and we obtain for a positive constant C' := C(3,p) that

C2 ullpr

Ro=—2_.
-2 [ulcoa(g)

Hence,

1-3 3
< CHUHLp(pQ) [U]go,a(g),

for all xg € €. Then,
3 3
lull oy < Cllull ooy [0 gy

that is the conclusion stated.

3. Using the previous step, we interpolate between the two spaces where the solut1on U
belongs i.e. we interpolate between LT (0,75 L**(©2)3) and Li 0,7
C%(Q)3) where 0 < a < 1. We have indeed that

1-3 3
ey < Cllll ity Bl ey,

that implies
31

lull ey < Clul e gy (12

with I = 922 ~ 2.01 > 2. Indeed,

lull 2y € L7 (0,7) = LT 0,7),

and
[u]Z iy € L3 X150, T) = L (0, 7).

Hence

1_133+ 21 175
[ 352 176 352’
we finally get:

u € L*(0,T%; L= (Q)%),
that was the result stated.

Note that the uniqueness of u is a consequence of the Serrin condition, see, e. g., [60], V.
Theorem 1.5.1. O

We have therefore showed in this appendix that the results obtained in the previous chapters
still hold when coupling the incompressible Navier—Stokes equations with a Fokker—Planck
equation.
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