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The truncated bordism category Coby, is the symmetric monoidal category whose objects are
closed oriented (d — 1)-manifolds and whose morphisms are diffeomorphism classes of compact
oriented d-dimensional bordisms. In this thesis we study the classifying spaces of Cobj, Cobao,
and several related categories.

In the first part we show that the conditions in Steimle’s “additivity theorem for cobordism
categories” [Ste18bl] can be weakened to only require locally (co)Cartesian fibrations, making it
applicable to a larger class of functors. As an application, we construct a fiber sequence that
relates the classifying space of the (2, 1)-category Csp of cospans of finite sets to the classifying
space of its homotopy category Csp = h(Csp), where isomorphic cospans are identified.

In the second part we compute the classifying space of Cob; by exhibiting it as a circle bundle
over Q®°~2CP>,. As part of our proof we construct a quotient Cob; — Cob!*? where circles
are deleted and we show that its classifying space is Q°°~2CP>. Based on this we construct a
bordism model for the topological cyclic homology of simply connected spaces. We also explicitly
describe an infinite loop space map B(Cobi*®) — Q(Z2CPS°) and use it to derive combinatorial
formulas for rational cocycles on Cob!®? representing shifted Miller-Morita-Mumford classes &; €
H?*2(B(Coby); Q).

The third part concerns the classifying space of the surface category Cobs and its subcategory
Cob%‘SO C Coby, that contains all bordisms without disks or spheres. We show that, after passing
to a refinement Coby — Coba, the classifying space of the surface category is BCobg ~ S1 -
proving that a conjecture of Tillmann becomes true in this setting. We also compute the classifying
space of Cob%‘go and show that its rational homotopy groups contain the homology of the tropical
moduli spaces A , which is known to grow exponentially. The tools we develop can be applied
to a large class of symmetric monoidal categories, which we call labelled cospan categories. In
particular, we show that B(Csp) is contractible, whereas the classifying space of its homotopy

category is B(Csp) ~ 753Q(5?).
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Chapter 0

Introduction

Let us begin by motivating the concepts explored in this thesis. An overview of the content as well

as a reader’s guide can be found below.

0.1 Motivation
0.1.1 A brief history of bordism categories

The idea that d-dimensional bordisms can be assembled into a category goes back at least to Mil-
nor’s lecture notes on the h-cobordism theorem [Mil65]. He defines a category where objects are
closed (d — 1)-manifolds and morphisms are diffeomorphism classes of compact d-dimensional
bordisms. Throughout this thesis we shall usually assume that all manifolds are oriented and we
will denote the resulting category by Coby. For Milnor this category was useful as a book-keeping
tool for how compact oriented d-manifolds can be glued along their boundaries.

In the late 80s the bordism category Cob, found a new purpose. Atiyah’s definition of topo-
logical quantum field theories [[Ati88] can conveniently be packaged into the data of a symmetric
monoidal functor Z : Coby — Vect. Even though this is not Atiyah’s original formulation, it is the
perspective most often taken in modern treatments. (E.g. Freed’s survery [Fre13]].) In fact, Atiyah’s
definition was based on Segal’s definition of conformal field theories in dimension 2 [Seg04]], which
was explicitly phrased in terms of a conformal cobordism category. The functorial point of view
also allows for topological field theories with values in a general symmetric monoidal category
V) as symmetric monoidal functors Cob; — V. For low dimensions one can give generators and
relations for Cob, — for example for d = 2 symmetric monoidal functors Coby — V correspond
to commutative Frobenius algebra objects in V.

In the late 90s a new perspective on bordism categories emerged: based on the ideas of Se-
gal’s conformal bordism category [Seg04] a topological category C4 was constructed in [MTO01]
and [GMTWO09] whose Hom-spaces have the homotopy type of the moduli space of bordisms
]_[[W]: v—n BDiff 9(W). This recovers the original bordism category as its homotopy category, i.e.



by passing to connected components on Hom-spaces: Coby ~ h(Cy). These topological bordism
categories proved to be an extremely useful way of packaging all the moduli spaces of manifolds
of a given dimension into one algebraic object. Most notably they were used in [GMTW09] to
give an alternative proof of the Madsen-Weiss theorem, which describes the stable cohomology of
moduli spaces of complex curves.

From a modern perspective on topological field theories the topological category C4 can be
thought of as a specific model of the (oo, 1)-category Bord;. One may then define a topological
field theory with values in a symmetric monoidal (oo, 1)-category V as a symmetric monoidal
(00, 1)-functor Z : Bord; — V. In fact, one usually also “extends down” to obtain an (oo, d)-
category of bordisms Bord,. 4. This is the context in which Lurie’s proof sketch of the Baez-

Dolan cobordism hypothesis [Lur09b] applies, see there for more details.

0.1.2 The role of classifying spaces

To every group G one can assign a classifying space BG such that maps X — B classify princi-
ple G bundles on X. Cohomology classes of BG are characteristic classes for bundles with struc-
ture group G. The classifying space BG can be constructed as the geometric realisation | NG|
where the nerve N,G is defined as NV,,G := G". This construction generalises to any (topologi-
cal) category C by defining N,,C as the space of functors [n] = {0 < --- < n} — C and setting
BC := |N,C|. While it is generally difficult to say what exactly is classified by the classifying
space BC (see [Wei05]), the construction turns out to nevertheless be extremely useful because of
how it relates to the classifying spaces of certain groups.

For example, if = € C is any object and End¢(x) := Home(z, x) denotes its monoid of en-
domorphisms, then there is a natural map B End¢(z) — BC and also End¢(z) — QBC. In the
case of the topological bordism category Cy this induces a map BDiff?(W) — QBC,. There-
fore cohomology classes of 2BCy can be pulled back to cohomology classes on BDiff? (). One
can think of H*(2BC,) as the ring of universal characteristic classes for all smooth bundles of
compact d-manifolds.

The classifying space of C; was computed in the celebrated [GMTW09] as BCy ~ Q*°~!MT SOy
where MT SOy is a certain Thom-spectrum. This in particular allowed for a computation of
H*(QBCy; Q) as a free polynomial ring on so-called generalised k-classes. Work of [GRW14] has
since shown that for highly-connected manifolds W, 1 of dimension d = 2n > 6 the cohomology
of B Diffa(Wg’l) is (in a range) entirely given by generalised ~-classes.

The classifying spaces of bordism categories are also important from the perspective of topo-
logical field theories. The first cohomology group H!(BCobg; C*) classifies invertible d-dimensional
TFTs. For example, Tillmann in [Til96] showed that BCoby ~ S! x X for a simply connected in-

finite loop space X, and correspondingly invertible commutative Frobenius algebras in Vect are



classified by a single invertible number A € C* =2 H'(Coby; C*). It is worth noting that because
the canonical functor C; — Coby induces a 2-connected map BCy; — BCoby, the distinction
between C4 and Coby is irrelevant for the purpose of computing the first cohomology group. The
second cohomology group H?(BCoby,Z) also admits a field-theoretic interpretation as it clas-
sifies central extensions of the bordism category, which are used to define anomalous/projective
topological field theories. Concretely, a computation o H?(BCs;7Z) was used in [Sch17] to re-
solve a question about anomaly-cancellation for 3-dimensional TFTs.

Beyond the first two cohomology groups, it has proven useful to consider the entire infinite
loop space BCy when studying invertible TFTs in higher categories. Most notably, Freed and Hop-
kins in [FH20] classified reflection-positive invertible topological phases with various structure
groups by studying the classifying space B(Bord. q)) from the perspective of Co-equivariant
stable homotopy theory.

0.1.3 Cobordism categories and algebraic K-theory

In his seminal paper [Qui73|]] Quillen defines the higher algebraic K-theory of an exact category
& as the homotopy groups K, (&) := m.+1B(Q(E)) of the classifying space of a category Q(&).
In this paper Quillen pioneers the use of classifying spaces of categories and his Theorem A and
Theorem B are still some of the most important tools in computing classifying spaces. The category
Q(&) that Quillen constructs is a certain subcategory of the category Span (&), which has the same
objects as £ and where morphisms are spans A <— X — B that are composed by taking pullbacks.
This is resembles the cobordism category: we can think of Cob, as a subcategory of the cospan
category of manifolds Csp(Man), though one has to be careful to ensure that when composing by
taking a pushout the result is still a well-defined manifold.

This analogy between bordism categories and algebraic K -theory was given a concrete math-
ematical interpretation by Tillmann who in [Til99] constructed in map from QBC? * to Wald-
hausen’s A(x), which is the algebraic K-theory of the sphere spectrum S. From this point of view
the map sends a bordism W to the S-module ¥X5°W.

Bokstedt and Madsen in [BM14] improved this to a map QBCy"" — A(BO,). Moreover, this
map was interpreted as a map of cospan categories by Raptis and Steimle. In [RS19] they construct
a cobordism model Cob(W) for the algebraic K-theory of any Waldhausen category W such that
K(W) ~ QBCob(W) and they show that the map of Bokstedt and Madsen can be obtained from
a functor C; — Cob(W) where W is the category of retractive spaces over BOy. In fact, this
map is expected to lift to the Hermitian K-theory of S: [CDH™20] define a cobordism category of

!To be precise one should use the “spectrum cohomology” here, i.e. the group of homotopy classes of infinite loop
space maps BCobs — K (Z, 2). This is to ensure that the central extensions are themselves symmetric monoidal.



Poincare objects that models Hermitian K-theory, and sending W to ¥5°W should define a functor

from Cy to their category.

0.1.4 The classifying spaces of truncated bordism categories

Despite the complete computation of BC,; in [GMTWO09] very little is known about the classifying
spaces BCoby of the truncated bordism categories Coby. This might be surprising at first since
the discrete 1-category Coby is a much simpler object than the topological category C, or the oco-
category Bord,. However, the proofs of [GMTWO09] rely on a variant of the Thom-construction,
which cannot be applied to Cob, as morphisms are abstract diffeomorphism classes of bordisms
that cannot be canonically embedded into R¥.

On a similar note, the classifying space BCsp of the category of cospans of finite sets has not
been studied at all. From the perspective taken in this introduction this is surprising as Csp =
Span(Fin°P) is the most basic non-algebraic analogue of Quillen’s Q(&) that one could studyf]

The program pursued in this thesis aims to give a more complete understanding of the clas-
sifying spaces of truncated bordism categories and other categories whose morphisms resemble
cospans. We prove results about B(Csp), B(Coby), B(Coba), B(Cob%‘go), and provide a general
framework for studying the classifying spaces of labelled cospan categories. In doing so we will
show that there is a wealth of interesting structure in the seemingly simple combinatorics of how

low-dimensional bordisms compose.

0.1.5 Higher category theory

In higher category theory, bordism categories parametrise various types of algebraic structures.
For example, a symmetric monoidal functor Coby — D into a symmetric monoidal 1-category
D corresponds to a commutative Frobenius algebra object in D. Another example is the one-
dimensional cobordism hypothesis, which states that a symmetric monoidal co-functor Bord; —
C to a symmetric monoidal co-category C corresponds to a choice of a dualisable object in C.

In [Ste21bl] we use the universal property of Bord; to compute the moduli space of trace-
like transformations in terms of moduli spaces of labelled circles. As an application we give a
characterisation of the trace for endomorphisms of dualisable objects in any symmetric monoidal
oo-category. As this strays a bit far from the core of this thesis, it is not included here.

From the perspective of higher category theory, the classifying space of a 1-category or oo-
category is its universal co-groupoidification. The aforementioned computations of classifying
spaces therefore allow us to study, for example, symmetric monoidal co-functors A : Csp — C

from the (2, 1)-category Csp of cospans or finite sets to a symmetric monoidal (oo, 1)-category C.

*Note that Span(Fin) has () as an initial object and hence B(Span(Fin)) is automatically contractible. We will see
that the case of BCsp is not as straight-forward.



We show that if A(x) ~ 1¢, then A is canonically equivalent to the constant functor. This means
that every special commutative Frobenius algebra structure on the unit 1 € C is canonically
trivialisable. On the other hand, the computations also show that the categories Csp and Coby are
not as well-behaved as their refinements Csp and Cobsy: for example there are many non-trivial
symmetric monodial co-functors A : Csp — C with A(x) ~ 1¢, which all become trivial after

passing to Csp.

0.2 Overview

This thesis consists of three self-contained parts. Each of the parts begins with an introductory
chapter that motivates the approach taken and outlines how the part is structured. Here we provide

an overview of the thesis as a whole, explaining how the parts interlink.

Part I: Locally (co)Cartesian fibrations as realisation fibrations

This part has appeared as a preprint [Ste19] and is given here in slightly improved form.

In part I we prove the “local additivity theorem for bordism categories”, which is a tool for
studying classifying spaces through locally co/Cartesian functors that plays a crucial role in part
II. Chapter [2|is concerned with the proof of this theorem. We generalises a theorem of Steimle by
showing that his proof can be adapted to work with locally co/Cartesian functors. Just like the
original paper, we prove the theorem for quasi-categories in section and then translate it to
complete Segal spaces and weakly unital topological categories.

Chapter[3|applies this new tool to study the difference between the (2, 1)-category Csp where
2-morphisms are bijections between cospans and the 1-category Csp = h(Csp) where isomorphic
cospans are identified. This difference will play a key role in part IIl where we consider an analo-
gous refinement Cob,; — Cob,. We construct a homotopy fiber sequence 752Q(S') — BCsp —
BCsp, but the computation of BCsp is only completed in part III, where we show that BCsp =~ .
Moreover, we relate our computations for Csp to the cobordism model for algebraic K-theory of

[RS19].

Part II: The one-dimensional bordism category

This part has been published as [Ste21a]. We have reproduced it here without major modifications.

In this part we study the truncated one-dimensional bordism category Cob;. Chapter [5/com-
putes BCoby as a circle bundle over 2°~2M T SO, by comparing it to the topologically enriched
bordism category Cy, for which BC; ~ QS is known by [GMTW09]]. Based on the ideas of part I,
we show that there is a “reduction fiber sequence” that allows us to decompose Coby
and Cy into their closed and reduced components. What allows for the computation of BCob; is

that for d = 1 the moduli spaces of reduced bordisms are contractible because Diffa([O, 1]) ~ .



We also show that the reduced one-dimension bordism category C;*(X) may be thought of as a
cobordism model for the topological cyclic homology of a simply-connected space X.

Chapter EI is concerned with gaining a better understanding of how the 1-category Cob}?
provides a combinatorial model for the infinite loop space Q> 2MTSOy. We give an explicit
construction of the infinite loop space map BCob'*d — Q(X2BS0,) that continues the afore-
mentioned reduction fiber sequence. To do so we introduce the space of cuts Cut,, which will also
play a key role in part III. We are able to show that Cut, is in a sense freely generated by a copy
of Connes’ cyclic category A - in the language of part III, A is the factorisation category of Cob;.
This description of the map BCob{*® — Q(X2BA) allows us to pull back combinatorial formulas
for cocycles on Cob; that represent the polynomial generators %; € H?*2(BCoby;Q), which
may be thought of as shifted version of the Miller-Morita-Mumford classes on Cs.

Part III: The surface category and tropical curves

In this part we address the question of computing BCob, more generally. In particular we compute
BCoby, BCsp and relate a large subcategory of Cobs to the tropical moduli spaces A,.

Chapter (8] provides a general framework for studying the classifying spaces of symmetric
monoidal 1-categories that behave like truncated bordism categories. These so-called labelled
cospan categories are characterised as symmetric monodial functors (7 : C — Csp) satisfying
certain axioms. Examples include Cobg, which served as a motivation, and also Csp itself. We
prove a Decomposition Theorem based on the ideas of part II, though with an entirely new
proof, and a Surgery Theorem|[8.3.1]based on the ideas of [GRW14] and [GMTW(09].

Together these theorems allow us to describe the classifying space BC of many labelled cospan
categories in terms of their positive boundary subcategory C%+ C C and their factorisation cate-
gories F,4(C). In doing this it is important to replace C by a 2-categorical refinement Csp(C) — C
that is constructed in analogy with the functor Csp — Csp of chapter [3] We are able to show
that the factorisation categories are often contractible, which allows us to compute BCoby ~ S*
answering a question asked by Tillmann [Til96] (see [JT13| Conjecture 5.3]) and BCsp ~ x* fin-
ishing the computation of part I. The latter can be interpreted as a statement about commutative
Frobenius algebras in higher categories, as we explain in the introductory chapter

Chapter @ focuses on the subcategory Cob%<§O C Coby that contains all objects and those
morphisms that do not contain disks or spheres. This can be thought of as the free symmetric
monoidal category on a non-co/unital commutative Frobenius algebra. While the change from
Coba to Cob%CSO might seem minor, we show that it causes a vast difference in classifying spaces.
With the disks removed the argument for the contractibility of BF,(Cobs) cannot be transferred
to Cobggo, and in fact we show that BF4(Cobsy) ~ B.J, where J, is the category of N-weighted
graphs that is used in the study of tropical moduli spaces. Together with the tools of chapter



<0 .
bg-o in terms of free loop spaces on ¥?B.J,. Moreover, we show

this allows us to express BCo
that B.J, is rationally equivalent to the tropical moduli space A, - a fact that is probably know to
experts. This allows us to combine our computations with the work of [CGP18]] to show that the
rational homotopy groups 2B Colo%<§O are isomorphic to the homology of Kontsevich’s commu-

tative graph complex, plus an additional summand.

0.3 A reader’s guide

Throughout this thesis we will be using basic results about classifying spaces of (weakly-unital,
topological) categories and geometric realisations more generally. These tools are recalled in sec-
tion [5.1) and chapter 2| though the reader who is unfamiliar with them might want to consult
[ERW19a] for a more thorough treatment.

Each part of this thesis starts with an introductory chapter - these should provide a good idea
of how to best approach the respective parts. Chapter|[7)in particular provides a good overview, as
it was written with the most hindsight.

Beyond the introductory chapters, I would advise the reader to start with section which
establishes the concept of labelled cospan categories and states two structure theorems. (Even
though the results for d = 1 studied in part II are not formal consequences of this, they concep-
tually fit the same story.) The structure theorems are proved in chapter|[8] but it will be useful to
first read about the d = 1 case in chapters[5|and[6] which informed the general case.

The reader interested in learning about how tropical moduli spaces turn up in the surface

category can skip directly to chapter [9] though some definitions from section[8.1] will be needed.
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Chapter 1

Introduction

When trying to compute the homotopy type of the classifying space BC of some category C it
can be an effective strategy to first construct a functor /' : C — D to another category and to
then determine the homotopy fiber of the induced map on classifying spaces. Quillen’s [Qui73]
Theorem B] states that, under certain conditions, the homotopy fiber of BF' : BC — BD is
computed by the classifying space of the comma category (F' | d) of the functor F'. Here (F | d)
can be thought of as a categorical analogue of the path fiber in topology. However, there also is a

much simpler variant of the fiber of a functor:

Definition 1.0.1. The genuine fiber P, = {b} x5 & of a functor P : £ — B at an object b € B has
as objects those e € £ with P(e) = b and as morphisms those (f : e — €') € € with P(f) = id,.

We will study functors for which already the genuine fiber computes the homotopy fiber.

Definition 1.0.2 (Based on [Rez14]]). A functor P : £ — B is a realisation fibration if, for any
other functor F' : C — B, the following diagram is homotopy Cartesian:

B(C xg &) — BE

| |r

BC —BY , BB.

Intuitively this property states that BP behaves like a fibration: pullbacks along P become
homotopy pullbacks along B P. While this does not mean that BP is actually a fibration, it still
implies that for any b € B the genuine fiber BE|, is the homotopy fiber of BE — BB at b.

In [Stel8al] Steimle proves an “additivity theorem for bordism categories”, which provides us
with a supply of realisation fibrations by giving categorical criteria for a functor to be a realisation
fibration. We generalise this theorem by showing that the criteria can be weakened. In the special

case of discrete categories our main theorem is:

Theorem A. Ifa functor is locally Cartesian and locally coCartesian, then it is a realisation fibration.



Whether a functor P : £ — B is locally (co)Cartesian can be checked as follows:

Definition 1.0.3. A morphism f : x — vy is called locally P-Cartesian if for all x' € & with

P(2') = P(x) post-composition with f induces a bijection
(fo ) :&pw(a’sz) ={g:2" = x| Plg) =idpw)} — {h:a’ =y | P(h) = P(f)}.

The functor P is called locally Cartesian if for all morphisms (k : a — b) € B and all liftsy € £
with P(y) = b there is x € £ and a locally P-Cartesian morphism f : x — y with P(f) = k.
We say that P is locally coCartesian if PP : £°P — BP is locally Cartesian.

In fact, with applications in mind, we will prove our main theorem in the more general context

of weakly unital topological categories. It reads as follows:

Theorem B (See[2.4.8). Let P : £ — BB be a weakly unital functor of weakly unital topological cate-
gories such that B is fibrant, P is a local fibration, P is locally Cartesian, and P is locally coCartesian.

Then P is a realisation fibration.

This generalises [Ste18al Theorem 2.3], where P was required to be Cartesian and coCartesian.
Our proof will follow the same structure as in Steimle’s paper. In particular, we will also prove
intermediate versions of the main theorem in the context of quasicategories and semi Segal spaces
generalising [Ste18a, Theorem 2.11 and 2.14], respectively. These theorems are stated as[2.1.1]and
in the main text and might be of independent interest.

As an application of Theorem [B| we study the 2-category Csp of cospans of finite sets. The
objects of this category are finite sets and the morphisms from A to B are cospans, that is diagrams
of the shape (A — W <« B). The 2-morphisms « : (A - W + B) = (A - V « B) are
compatible bijections a« : W — V. As we recall in this defines a (2, 1)-category.
We write Csp = h(Csp) for the homotopy category, where two cospans are identified whenever
there is a bijection between them. Some of what we do here is a special case of the more general
discussion of labelled cospan categories in section[8.1]in part IIL

Theorem [B| does not directly apply to the quotient functor P : Csp — Csp. We therefore
construct a further quotient R : Csp — Csp™?. In this “reduced cospan” category Csp™? two
cospans [A — W; < B are identified if they become isomorphic after removing those points of
W; that do not lie in the image of A or B. We will see that a morphism [A — W < B]in Csp is
locally R-Cartesian if and only if it is reduced, i.e. if AIl B — W is surjective. This implies that
the two functors R and Ro P are locally (co)Cartesian, but not (co)Cartesian. Theorem B|therefore
applies to R and R o P (while the main theorem of [Ste18a] does not) and yields two homotopy

fiber sequences:
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Theorem C. There is a commutative diagram of homotopy fiber sequences:

Q(S') —— BCsp foP, B Cgpred

| Jr H

S' ——— BCsp — BCsp™

where Q(S') := colim,, o ST is the free infinite loop space on S'. As a consequence the

homotopy fiber of P : BCsp — B Csp is equivalent to the universal cover of Q(S*1).

This cospan category is related to the cobordism model for K-theory constructed in [RS19].
There the authors construct a “cobordism category” Cob®*™(C) for any unpointed Waldhausen
category C such that QBCob*™(C) is the algebraic K-theory of C. In the case where C is the
category Fin of finite sets, their cobordism category is equivalent to the subcategory Csp™ C Csp
of those cospans for which both legs are injections. By the same techniques as used for Theorem|C|

we obtain a new proof of their result in the case C = Fin:

Corollary D (Compare [RS19, Corollary 3.3]). There is a commutative diagram of homotopy fiber
sequences
(Sl) F B(Cspinj Q B Cspred,inj

Q
H J Jr
Q

(S') —— BCsp —feP g gpred

Moreover, B Csp™®®™ is contractible and therefore F' is an equivalence.

Structure of the paper

We begin by proving the main Theorem for quasicategories as in section This section
also contains the Key-Lemma which shows that the core idea of Steimle’s proof remains
true under our weaker assumptions. Section 2.2 provides a cubical version of the pasting lemma
for homotopy pullbacks. This is used in section [2.3| to prove the main theorem for semi-Segal
spaces from its version for quasicategories. In doing so, we repair a proof of [Stel8bl]. Finally,
section[2.4]uses the results of the previous sections to prove the main Theorem 2.4.8|[B|for weakly
unital topological categories.

The final section 3.1]applies these techniques to the category of cospans. We prove Theorem|C|
by first constructing an explicit topological model for Csp and then applying Theorem|[2.4.8] Then,

the same setup is used to prove Corollary [D]
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Chapter 2

The local additivity theorem for
bordism categories

2.1 Realisation fibrations for quasicategories

In proving the main theorem we will mostly follow Steimle’s strategy, but generalise all neces-
sary steps to the locally (co)Cartesian situation. The first, and maybe most surprising step is the

following generalisation of [Ste18al Theorem 2.14], which might be of independent interest:

Theorem 2.1.1 (Main Theorem for quasicategories). If a mapp : X — Y of simplicial sets is a
locally Cartesian and alocally coCartesian fibration, then it is a realisation fibration.
This means that for any simplicial map f : Z — Y the following diagram is a homotopy pullback

in the Quillen model structure on simplicial sets:

Zxy X — X

| l”

71 Ly

We recall the necessary definitions related to quasicategories from [Lur09al] below.

Definition 2.1.2. Recall that a mapp : X — Y of simplicial sets is called a weak homotopy
equivalence if its geometric realisation p : | X | — |Y'| is a weak equivalence of spaces. These are the

weak equivalences in the Quillen model structure on simplicial sets.

Definition 2.1.3. A mapp : X — Y of simplicial sets is called a realisation fibration if for any
simplicial map f : Z — Y the following is a homotopy pullback square of spaces:

|Z xy X| —— | X]|

| Jr

=)
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REMARK 2.1.4. A map of simplicial sets p is a realisation fibration if the map Z xy X — Z x
X from the pullback to the homotopy pullback in the Quillen model structure is a weak homotopy

equivalence. In particular every Kan-fibration is a realisation fibration.
We need some notation to denote fibers over simplices:

Definition 2.1.5. Forany mapp: X — Y and simplex o € Y,, we write
D * (X|U =X Xy An) — A"
to denote the pullback along o : A™ — Y.

Just like in [Ste18a] the following lemma is essential for our proof. It characterizes realisation

fibrations in terms of their fibers over simplices.

Lemma 2.1.6 ([Wal85, Lemma 1.4.B], see also [Stel8a] and [Rez14]). A map of simplicial sets
p: X — Y isarealisation fibration if and only if for any n-simplex o : A™ — 'Y with first and last

simplex 7(0),0(n) : AY = Y the following inclusions are weak homotopy equivalences:
Xlo©) = Xjo = Xjo(m)-

Proof. Waldhausen deduces this from Quillen’s [Qui73, Theorem B]. A direct proof can be found
in [Ste18al Lemma 3.4], or in the unpublished manuscript [Rez14], where a more general version

for simplicial spaces is proven. Note that the “only if” direction is trivial. O]

In order to prove theorem we will need to recall some machinery from Lurie’s “Higher
Topos Theory?”, in particular [Lur09al section 2.4]. We will not attempt to give an introduction to

the theory of quasicategories, but only establish the necessary notation.

Definition 2.1.7. A simplicial mapp : X — Y is called an inner fibration if it satisfies the horn-
lifting condition for all inner horns A}, 0 < k < n. The map p is a trivial Kan-fibration if it has the
right lifting property with respect to all inclusions 0A™ C A", n > 0. A quasicategory is a simplicial

set X such that X — x is an inner fibration.

Definition 2.1.8. For a simplicial set X and a simplex o € X,, the under-category X,/ of X ato

has as set of [-simplices
(Xo )i o= {f : A" S X | o =0}

The projection map Xa/ — X restricts f toln+1,...,n+1+1] C AL

14



REMARK 2.1.9. Of course the above does not quite define the simplicial set X, ,: we still have to
specify face and degeneracy maps. We refer the reader to [Lur09a, Proposition 1.2.9.2] for more details.

Consider the case when X = NC is the nerve of an ordinary category and o : [n| — C represents
some simplex ¢ € Xy,. Then the simplicial set X, is canonically isomorphic to the nerve of the

ordinary under category C(y,y; with objects (c € C,g : o(n) — c).

Definition 2.1.10. An edge (f : © — y) : A! — X is called p-coCartesian with respect to some
p: X — Y ifthe following map is a trivial Kan fibration:

Xy = Xay XYy, Yo(r)/-

An edge f : A' — X is called locally p-coCartesian if it is a coCartesian edge for i, : X|; — Al
wherec =po f: Al =Y.

We say thatp : X — Y is a (locally) coCartesian fibration, if it is an inner fibration and for
every edge clf : clv — cly inY and x € X with p(x) = clx there is a (locally) p-coCartesian
fix—yinY suchthat p(y) = cly and p(f) = clf.

REMARK 2.1.11. A simplicial mapp : X — Y is a locally coCartesian fibration if and only if it is

an inner fibration and for every o : A' — 'Y the pullbackp, : X|, — Al is a coCartesian fibration.

2.1.1 Proof of Theorem|[2.1.1

We will use Waldhausens’s criterion (lemma to prove theorem Unlike [Ste18al], we
will do not check the criteria directly, but rather use Quillen’s theorem A for quasicategories. Our
Key-Lemma shows that when applying Quillen A to the fibers over a simplex, we in fact
only use that the map in question is a locally (co)Cartesian fibration. This is the most essential

step of our generalisation.

Theorem 2.1.12 (Quillen’s theorem A for quasicategories, [Lur09al]). Ifp : X — Y satisfies that
X xy'Y,, is weakly contractible for anyy € Y andY is a quasicategory, then p is a weak homotopy

equivalence.

Remark on the reference. [Lur09a, Theorem 4.1.3.1] states that under the above assumptions p has
to be a cofinal map and [Lur09al Proposition 4.1.1.3.(3)] states that cofinal maps are weak equiva-

lences in the Quillen model structure. O

We now proceed to check that for coCartesian fibrations over A” the inclusion of the fiber of

the last vertex n € A" into the total space satisfies the conditions of Quillen’s Theorem A.

Lemma 2.1.13. Forany coCartesian fibrationp : X — A" andx € X the simplicial set X, X x X,/

is weakly contractible.
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Proof. Using remark note that (A");, = (A"),, = {n} holds for the unique morphism

f:p(x) — nin A" We use this to write
X|n =X X AR {n} =X X AR (An)f/
Therefore
Xx/ Xx X|n = Xx/ Xx (X X AR (An)f/) = Xx/ X AN (An)f/
Both of the maps X,; — A™and (A");, — A" factor through the inclusion (A");,, = {k,...,n} C
A™ for k = p(z), so we can further rewrite this as

Xy xx Xjn = Xy Xan (A") 5/ = Xoy X(any,, (A") gy

Let now clf : x — 2’ be a p-coCartesian lift of f : k — n. Then, by definition of coCartesian lifts,

the following map is a trivial Kan-fibration

Xag) — Xgy Xan - (A")pap) = Xey Xx X

p(clz)/

The left-hand-side is weakly contractible as it has the initial object clf. But trivial Kan-fibrations
are in particular weak homotopy equivalence, hence also the right-hand-side is weakly contractible.

O]

In fact, the previous lemma holds in the more general case of locally coCartesian fibrations, as

we shall now show. This is the key observation in generalising Steimle’s theorem.

Lemma 2.1.14 (Key-Lemma). For any locally coCartesian fibrationp : X — A™ and x € X the

simplicial set X, X x X, is weakly contractible.

Proof. We will prove this using lemmaWrite k := p(x) and o : Al — A" for the edge

{k,n} C A" Since p|, : X}, — Al is a coCartesian fibration, the previous lemma tells us that

(Xjo) %Xy (Xjo)(2,0)/

is weakly contractible, where (z,0) € X xan Al = X|,. We will argue that the map
(Xio)n Xx, (Xio) (@0, = Xjn xx Xoy

is an isomorphism. Clearly (X|5)|; & X,
More importantly, consider the simplicial map s : (X|5)(z,0)/ — (Xz/)|s- We check “by

hand” that it induces a bijection on [-simplices and hence is an isomorphism of simplicial sets:

(Xio) oy h = {a: A = X5 | a(0) = (2,0)}
>~ p: A X e A 5 AL (0) = 2,¢(0) =0,pob=0oc}
%{b:Al%Xx/,c:Al%Al |pob=ococ}=((Xz)o)-
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Using this we see that

(X %%, (Xjo)(@0)) = Xin Xx,, (Xe/)jo = Xjn Xx,, (Xjg Xx Xo/)
= X|n XX Xx/

which is the desired isomorphism. As mentioned in the beginning of the proof the left-hand-side

is contractible by lemma [2.1.13|and therefore so is the right-hand-side, proving the claim. O
From the above main theorem for quasicategories follows immediately.

Proof of theorem We need to verify the conditions of lemma In fact it suffices to check
the second equivalence, the first one then follows by applying the same argument to p°?. But this
is exactly the combination of the key lemma|2.1.14]and Quillen’s theorem A [2.1.12 O

2.1.2 A characterisation of locally Cartesian fibrations

We conclude this section by providing a characterisation of locally (co)Cartesian fibrations that is

needed in section[2.3] First recall the following characterisation of (co)Cartesian fibrations:

Lemma 2.1.15 ([Lur09al Remark 2.4.1.4]). Letp : X — Y be an inner fibration and f : A* — X
an edge, then f is p-Cartesian if (and only if) any diagram of simplicial sets

AT X

/7(
|7
A" /—> Y
withi([n — 1,n]) = f admits a lift as indicated.
Corollary 2.1.16 (Local version of. Letp: X — Y beinner fibration and f : A' — X an
edge, then f is locally p-Cartesian lﬂ any diagram of simplicial sets

AT X

.

Ar Iy
withi([n — 1,n]) = f and j([0,...,n — 1]) totally degenerate, admits a lift as indicated.
Proof. We need to check that (f, [0, 1]) is Cartesian in the restricted fibration X|, where o :=
po f: Al = Y. This can be done using lemmaby solving all lifting problems

A X, X

A
/// lphy _ p

Ar L L AL 9 Ly,

'Indeed, this condition is not only sufficient, but also necessary. We will shall not give a proof of the converse here
as it is irrelevant to our argument. This converse also remains true if we replace “degenerate” by the weaker condition
“invertible”.
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with i([n — 1,n]) = f and consequently j([0,...,n — 1]) = [0] and j([n — 1,n]) = [0,1]. By

definition of the restriction X\, as a pullback we can alternatively solve the lifting problem

AT Ly X

L7 p
~ ooj
AT —— Y.

But j sends A"~! € A" to A € Al, 50 5([0,...,n — 1]) is totally degenerate and we have the
desired lift by the assumption of this corollary. O

2.2 A cubical pasting lemma for homotopy Cartesian squares

In the two upcoming sections we will work with homotopy pullbacks and squares that are homo-
topy Cartesian at certain point, a notion we define below in In this section we establish a

technical tool for manipulating such squares. First, recall the pasting law for pullbacks:

Lemma 2.2.1 (The (homotopy) pullback pasting law). For any diagram of the shape

A—— B ——C

L]

D——F—F

where the right hand square is homotopy Cartesian the following are equivalent:

* the left hand square is homotopy Cartesian.

* the big rectangle is homotopy Cartesian.

Proof. The pasting law is well-known for strict pullbacks in any category. (One can also verify the
respective universal properties by hand.) To see that the lemma also holds for homotopy pullbacks

in any model category, simply replace all maps in the diagram by fibrations. O

While the definition of a Cartesian edge asks for a certain diagram to be homotopy Carte-
sian, it’s local counter-part only asks for two specific homotopy fibers to be equivalent. We for-

malise this notion:
Definition 2.2.2. We say that a commutative diagram of spaces

A"~ B
ol
c—25D
is homotopy Cartesian at a point ¢ € C, if the induced map on homotopy fibers

hofib,(p) =+ hofib;(,)(q)

is a weak equivalence.
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REMARK 2.2.3. If a square is homotopy Cartesian at x, and y € C' is in the same path component
as x, then the square is homotopy Cartesian aty. A square is homotopy Cartesian, if and only if it is
homotopy Cartesian at all points, if and only if it is homotopy Cartesian at at least one point in every

path component.
We will need the following variant of the pasting law, which we prove via a diagram chase.

Lemma 2.2.4. Consider a diagram of cubical shape:
C ———D
e e
A B
! e
W——X

where the top and the bottom square are homotopy Cartesian. If the back square is homotopy Cartesian

at f(w) € Y, then the front square is homotopy Cartesian atw € W.

Proof. In what follows we used the preimage notation to denote the homotopy fibers. For example
f~(y) denotes the homotopy fiber of f : W — Y aty € Y. This can be made precise by replacing
all maps by equivalent fibrations.

Consider the following diagram, where the elements y, z are chosen as y = f(w) and z =

m(y).
(soq)(2) B
oy
(tor)~(y) A — d
S ) / P
1 (y) C s

By assumption C' DY Z is homotopy Cartesian at y = f(w) and hence 3 is an equivalence. Also
by assumption ABC'D is homotopy Cartesian and an application of the pullback pasting lemma

shows that « also is an equivalence.
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Next consider the diagram

E=1(x) (lok)™L(2) B
T L /
g Hw) 4j—> (fog)(y) A k
J ) s 17(2) X
{w} () W !
!

The map « is the same as in the previous diagram, it goes between the fibers of the rectangle
ABY Z, in particular we have shown that it is an equivalence. By assumption W XY Z is homo-
topy Cartesian, so J is an equivalence. But this implies that 7y is an equivalence, and hence ABW X

is homotopy Cartesian at w as claimed. O

2.3 Realisation fibrations and semi-Segal spaces

Before can we prove the additivity theorem for weakly unital categories, we first need to establish
an intermediate version for semi-Segal spaces. Most importantly, we will introduce a notion of
locally Cartesian fibrations between semi-Segal spaces and check that it is compatible with the

notions we have for quasicategories and weakly unital topological categories.

Definition 2.3.1. The semi-simplicial category A™ C A has all objects, but only those maps that
are injective. We write sA™ for the semi-simplicial set represented by [n] € A" . It is a sub-semi-

simplicial set of A™ and contains precisely those simplices that are not degenerate.

Definition 2.3.2. For a semi-simplicial space X : (A™)°P — Top and a semi-simplicial set A we
define
X (A) = colimgan_4 X,

where the colimit is taken over alln > 0 and alln-simplices of A, ordered by inclusion. This definition
is such that X (sA™) = X,,.

Moreover, ifv € X}, we define X, /x to be the homotopy fiber, at the point x, of the map X}, — X,
induced by [k] = {n—k,...,n} —{0,...,n} = [n].

Definition 2.3.3. A map f : X — Y of semi-simplicial spaces is a Reedy-fibration, if for any

inclusion A C B of semi-simplicial sets the induced map
X(A) = X(B) xy ) Y(A).

is a trivial Kan-fibration.

20



Definition 2.3.4. A semi-simplicial space X is a semi-Segal space, if the natural map
Xn = Xa xh o xh X0
is a weak equivalence for alln > 2.

Definition 2.3.5. An edge e € X in a semi-Segal space X is an equivalence if the maps d; :
Xo/e — X1/dpe and e\ Xy — die\ X, are weak equivalences. Let X~ C X denote the sub semi-

simplicial space of those simplices where all edges are equivalences.

REMARK 2.3.6. By the semi-Segal property the map ds : Xo/e — X /dje is a weak equivalence

for all edges e € X. Up to inverting this weak equivalence we therefore have a map
X1/d16 (i X2/€ — Xl/doe.

Thinking of e : a — b as a morphism, this zig-zag X1/a --+ X1/b can be thought of as post-
composition with e. In this sense e is an equivalence if and only if post- and pre-composition with it
induce an equivalence.

Ife € X is an equivalence and ¢’ € X lies in the same path-component as e, then ¢’ also
is an equivalence. To see this note that as we move from e to €’ the spaces Xa/e, X1/dpe, e \ Xa,
and die \ X stay the same up to weak equvialence, as they are homotopy fibers. As a consequence
the simplicial subspace X~ C X is level-wise a union of connected components in every simplicial

degree.

Definition 2.3.7. A semi-Segal space X is weakly unital if the map dy : Xi° — Xy is surjective
on connected components. A map of semi-Segal spaces ' : X — Y is weakly unital if it sends

equivalences to equivalences.

Definition 2.3.8. An edge e € X isp-Cartesian forp : X — Y a map of semi-simplicial spaces, if

the following square is homotopy Cartesian:

XQ/@LXl/dO@

l\ \

Ya/p(e) =2 Y7 /dople)

We say that e is locally p-Cartesian if the square is homotopy Cartesian at all s € Y3 /p(e) for which
das is an equivalence.
Write Cf_(l)am C C; for the subset of those edges that are (locally) p-Cartesian. A mapp : C —

(Dycart

D of semi-Segal spaces is a (locally) Cartesian fibration, if the canonical map C}~ — Co X%O D

is surjective on connected components. The coCartesian notions are defined dually.
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To transfer the result about quasicategorical realisation fibrations to the setting of semi-Segal

spaces we use the following construction:

Definition 2.3.9. For any semi-simplicial space X we will X let denote the semi-simplicial set

obtained by forgetting the topology of X.

Lemma 2.3.10 ([Stel8al 3.11(i+iv)]). If P : C — D is a weakly unital Reedy-fibration of weakly
unital Reedy-fibrant semi-Segal spaces, then C® and D° admit simplicial structures such that they are

quasicategories and P? is an inner fibration of simplicial maps.
We now study how locally (co)Cartesian fibrations behave under the functor (_)°.

Lemma 2.3.11. Let P : C — D be as in lemma Ife € Cy is P-Cartesian in the sense of
semi-Segal spaces , thene € Cf is PO-Cartesian in the sense of quasicategories 4 .

This lemma is equivalent to [Ste18b, Lemma 3.6]. A correct proof idea was given there, but
the second diagram and the accompanying statement are stated incorrectly, making it difficult to
understand the proof. Below we give a repaired version of the proof, as our proof of Lemma|2.3.12

builds on it.

Proof. Recall that we defined C,,11 /e as a homotopy fiber. In the context of this lemma all relevant
maps are fibrations, so the homotopy fiber and strict fiber are equivalent. For the purpose of this
proof, we will let C,,1 1 /e denote the strict fiber as it is easier to work with.

For an edge e : 2/ — x to be P?-Cartesian in the sense of quasicategories it suffices, by lemma

2.1.15| to check that the following map is surjective:

I:Chyi/e— (C(AZﬁ)/e) Xpanth Dit1-

This map is the restriction of C,, 1 — C (Aﬁﬂ) X (At }),Dn+1, which is a fibration as P is assumed
n+

to be a Reedy-fibration. Therefore, if we can show that I is a weak equivalence, then it is an acyclic
fibration and in particular surjective, showing that e is P°-Cartesian.

We begin by using the Segal property C,, ~ C1 x¢, C,—1 to compute:
Cn/x ~ {x} xgo Cn ~ {x} xgo C1 Xléo Cn—1 =~ (C1/x) xgo Crn—1

Together with the pullback pasting lemma this implies that the following two squares are

homotopy Cartesian:

Cny1/e & Cn/x Cno1
T
Co/e Ci/x Co
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Using a similar argument for D we can now draw a commutative cube whose top and bottom

square are homotopy Cartesian:

C2/6 ut Cl /£
" .,
Cnt1/e lP Cn/x P
P Dy/P(e) —4 ‘P D1 /P(z)
/ d l /
Dit1/P(e) : Dy /P(x)

Since the edge e : ' — 1z is Cartesian in the sense of semi Segal spaces, the back of the cube is
homotopy Cartesian. Now corollary [2.2.4|applies to this cube and shows that its front square also
has to be homotopy Cartesian.

The rest of the proof is completely analogous to the one given in [Ste18b]. We factor the newly

obtained homotopy Cartesian square as:

Cos1fe —— C(AT)Je — By

Jr I I

Dpi1/e — DA /ple) —2 D,/

Our goal is to use the fact that the total rectangle is homotopy Cartesian to deduce that the left
square is homotopy Cartesian. We will show this by induction over n. For n = 0 the map d; : A} =
Al is an isomorphism and so the right horizontal maps in the above diagram are isomorphisms.
The claim follows.
For the induction step note that the inclusion A™ C Ag'H of the nth face can be obtained by
a sequence of pushouts that fill horns AE C A* (with k < n) where the last edge is (n,n + 1).
The right square in the above diagram hence factors as a sequence of squares each of which is a
homotopy pullback by the induction hypothesis.
Therefore the right square in the above diagram is homotopy Cartesian and then the pasting
lemma for pullbacks implies that the left square is a homotopy pullback. This concludes the proof.
O

Lemma 2.3.12. Let P : C — D beas in lemma Ife € Cy is locally P-Cartesian, then e € C{
is locally P°-Cartesian.

Proof. This is completely analogous to the proof of [2.3.11} except that we will use lemma [2.1.16
instead of 2.1.15| and that in every step we only show that the respective diagram is homotopy

Cartesian at certain points.
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Let D= C D denote the sub-simplicial space consisting of those simplices for which every
one-dimensional edge is an equivalence. This is a Segal space and in each simplicial degree it is a

union of connected components of D,,. We want to show that the following map is surjective:
I: (Cosr/e) xp, D = (C(ATT1)/€) Xpartt) Doyt X, Dy

Once we know that I is surjective lemma 2.1.16|applies since degenerate 1-simplices are in partic-
ular equivalences. The map is a fibration since C — D was assumed to be a Reedy-fibration, so, if
we can show that it is a weak equivalence, surjectivity follows.

Now the same proof as for applies: we only need to check that the respective squares
are homotopy Cartesian at those o € D,,41 for which d,, 110 € D,, lies in D;; C D,,. Note that in
particular the critical step where we apply corollary [2.2.4 works just as well for locally Cartesian
edges. O

We now recover [Ste18a 3.11(iii)] plus a version for locally (co)Cartesian fibrations:
Corollary 2.3.13. Let P : C — D be as in lemmal2.3.10,
e If P is (co)Cartesian, then P° : C° — D° is a (co)Cartesian fibration of quasicategories.
e If P is locally (co)Cartesian, then P? : C° — D? is a locally (co)Cartesian fibration of quasi-
categories.

Proof. We show the first point. By definition of a Cartesian fibration between semi-Segal spaces
we know that C{ ~“"* — C; x¢, D is mo-surjective. It also is a fibration and hence has to be
surjective, which remains true after applying (_)°. Seeing as P-Cartesian implies P?-Cartesian by
the first part of the proof this showes that for every edge f € D; and y € Cp with d;f = P(y)
there is a P?-Cartesian lift e € C; with P(e) = f and d;f = x. In other words, P is a Cartesian

fibration. o

We can now deduce the additivity theorem for semi-Segal spaces from the version for quasi-

categories:
Theorem 2.3.14 (Main Theorem for semi Segal spaces). Let
BLele
be a diagram of weakly unital semi-Segal spaces and weakly unital maps. If P is a level-wise fibration,
a locally Cartesian and alocally coCartesian fibration, then the (level-wise) pullback diagram

B xg€& —— &

Ll

B B

realises to a homotopy pullback diagram of spaces.
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Proof of[2.3.14 from[2.1.1 The notion of weakly unital functor and locally (co)Cartesian fibration
are invariant under level-wise equivalence: For weakly unital functors this is shown in [Ste18al
Lemma 3.9]. The case for locally (co)Cartesian fibrations is very similar, one just has to check
that definition only uses “equivalence invariant notions”. Therefore the hypothesis of the
theorem are invariant under weak equivalences and using [Ste18al Lemma 3.8] we may replace B
by a Reedy-fibrant semi-Segal space and F' and P by Reedy-fibrations.

Applying the (pullback preserving) functor (_)? to the diagram we obtain a square

(B') x ;35 €8 —— &°

)

B —r B

Using we can choose simplicial structures such that this is a diagram of quasicategories
in which all maps are inner fibrations. In lemma we showed that P° : £9 — B is locally
Cartesian and locally coCartesian, so the quasicategory version of the additivity theorem (theorem
applies and shows that the square realizes to a homotopy Cartesian square of spaces.

Now the natural transformation (_)° = Id induces a map from the above square to the square
in the statement of the proposition. By [Ste18a, Lemma 3.11] this map becomes a weak equivalence
in every entry after geometric realisation, and so it follows that the square in the statement of the

theorem realizes to a homotopy Cartesian square as claimed. O

2.4 Realisation fibrations and weakly unital topological categories

In this section we prove the main theorem for realisation fibrations between weakly unital topo-
logical categories, which is stated below as We recall the necessary definitions, but refer
the reader to [ERW19a]] and [Ste18a] for a detailed introduction to non-unital or weakly unital

topological categories.

Definition 2.4.1. A non-unital topological category C is a space of objects Cy and a space of
morphisms Cy together with source and target maps s,t : C; — Co and a composition map m :

C1 x¢, C1 — Cy such that for every composable triple (f, g, h) € C1 x¢, C1 X¢, C1 we have

s(m(f,g)) = s(g) t(m(f,g)) = t(g) m(f,m(g,h)) =m(m(f,g),h).

A non-unital functor ' : C — D is a pair of continuous maps Fy : Co — Do and F; : C; — Dy

commuting with s, t, and m.

Definition 2.4.2. The classifying space BC of C is the (fat) geometric realisation of its semi-simplicial
nerve NC.
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Definition 2.4.3. For two objects x,y € Cy we define the hom-space as the pullback

Clz,y) = {x} x¢o C1 Xy {v}-

We say that a morphism f € C(x,y) is an equivalence if both pre- and post-composition with f are

weak equivalences for all objects w, z € Cy:
fe : C(w,x) = C(w,y) and f*:C(y,z) = C(x, z2).

Definition 2.4.4. An endomorphism u : x — « is a weak unit if it is an equivalence and v o u is
homotopic to u in C(x,z). A weakly unital category is a non-unital topological category such that

all objects have weak units. A weakly unital functor is a functor that sends weak units to weak units.

Definition 2.4.5. A functor I' : C — D of weakly unital topological categories is a local fibration
if the continuous maps Fy : Co — Do and ((s,t), F1) : C1 — (Cp)? X (py)2 D1 are Serre fibration.
A non-unital topological category C is locally fibrant if the functor C — x is a local fibration.

Explicitly, this means that the “source-target map” (s,t) : C1 — (Co)? is a Serre fibration.
Definition 2.4.6. Let P : £ — B be a weakly unital functor:

e A morphism [ : e — ¢’ in & is P-Cartesian if the following diagram is a homotopy pullback
forallt € &:

E(t,e) foo E(t,e)

lp(t,e) lp(t,e/)

B(P(t), P(e) =, B(P(1), P("))

e A morphism f : e — €' islocally P-Cartesian, if there is an equivalence u : b — P(e) such
that for allt € &y with P(t) = b the above square is homotopy Cartesian atu € B(P(t), P(e)).
(In the sense of|2.2.3) Concretely, this requires that the induced map

(f o)+ hofiby(Pt.e)) — hofib rou(Pr.er)
on homotopy fibers is a weak equivalence.

e We say that P is (locally) Cartesian if fore € &€ and g : P(e) — U there is a (locally)
P-Cartesian f : e — €' with P(f) = g.

e We say that P is (locally) coCartesian if PP : £P — B°P is (locally) Cartesian.

REMARK 2.4.7. As we will see in lemma|[2.4.9 the definition of locally P-Cartesian edges does not
depend on the choice of b and u. Also note that if BB is unital we can choose b = P(e) and u = idy,

recovering definition[1.0.3
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We now have all the definitions at hand to state Theorem [Bl

Theorem 2.4.8 (Main Theorem for weakly unital topological categories). Let P : £ — B be
a weakly unital functor of weakly unital topological categories such that B is fibrant, P is a local
fibration, P islocally Cartesian, and P is locally coCartesian. Then P is a realisation fibration.

Hence, for every weakly unital functor F' : C — B, the following is a homotopy pullback square:

B(C x5 &) — BE

| |

BC —Y . BB.

Before we prove this from Theorem |2.3.14] we first need to translate from weakly unital cate-

gories to semi-Segal spaces.

Lemma 2.4.9. Let P : £ — B be a weakly unital functor of weakly unital topological categories
and let f : e — € be a locally P-Cartesian edge in the sense of definition[2.4.6 More concretely,
there is an equivalence u : t — e such that the following square is homotopy Cartesian at P(u) €

B(P(t), P(e)):

E(t,e) fo- E(t,e)

lp(t,e) lpa,e’)

B(P(t), P(e) =, B(P(1), P(<")).

Then the square is also homotopy Cartesian at P(u') for any other choice of an equivalenceu’ : t' — e.

Proof. Given equivalences u : t — e and v’ : ' — e we can find an equivalence g : t — t’ such
that u ~ u’ o g. To see this, note that (u' o _) : £(t,t') — E£(t, e) is a weak equivalence, and so we
can pick a g € £(t,t') such that v o g is in the same path component as u. This g is then a weak
equivalence by the 2-out-of-3 property.

Composition with g and P(g) induces weak equivalences? on the mapping spaces and there-

fore the diagonal maps in the following commutative diagram are weak equivalences:

E(t,e) fo E(t.e)

P
JPu,e)

To_ E(t'e) P
P c) B(P(t), P(e)) J B(P(t), P(¢))

B(P(t'), P(e))

®Since P is weakly unital P(g) also is a weak equivalence.
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The back square is homotopy Cartesian at P(u), and hence also at P(u’) o P(g) = P(u/ 0 g) as it
is in the same path component as P(u). Since the front and back squares are weakly equivalent it

follows that the front square is homotopy Cartesian at P(u’) as claimed. O

Lemma 2.4.10. If a weakly unital functor P : £ — B of weakly unital, locally fibrant categories is
a locally Cartesian fibration and a local fibration, then the induced map on nerves NP : N — NB

is a locally Cartesian fibration of semi-Segal spaces.

Proof. By definition the hom-space £(t, ) is the pullback {t} x¢, &1 X g, {e}, which could also be
denoted as t\&; /e. Since & is locally fibrant this pullback is equivalent to the homotopy pullback.
For any edge f : e — ¢’ we have the following diagram, in which both squares are homotopy
Cartesian:

Et,e) Y2 gty —— (1)

! | !

Ea)f —2 &1/ &.
Using this we see that in the following diagram the top and the bottom square are homotopy
Cartesian:
&/ f a s E1/€
£t e) — | e £t ¢') — A

2

Ba/P(f) l = Bi/P(e')

B(P(t), P(e))

If f is P-Cartesian, then by lemma for any t € & and any equivalence u : ¢t — e the
back square is homotopy Cartesian at P(u) € B(t¢,e). By corollary this implies that the
front square is homotopy Cartesian at ¢(P(u)). This shows that f is N P-Cartesian because any
o € By/P(f) with d2o an equivalence is homotopic to i(P(d20)) and the previous argument

applies. O

Proof of theorem[2.4.8 Let P : £ — B be a weakly unital functor of weakly unital topological
categories such that B is fibrant, P is a fibration, P is locally Cartesian, and P is locally coCartesian.
Then we need to show that P is a realisation fibration. In other words, for every weakly unital

functor F' : C — B we need to show that the following diagram is a homotopy pullback square:

B(C xg&) — BE

| |

BC —Y _, BB.
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We do this by applying theorem|2.3.14} the version of the additivity theorem for semi-Segal spaces,

to the diagram of semi-Segal spaces
Ne s NB +7- NE.

This indeed is a diagram of weakly unital maps between semi-Segal spaces by [Stel8a, Remark
2.10] and NP is locally Cartesian and locally coCartesian by lemma The conclusion of
indeed proves our claim since the classifying space BC is exactly defined as the geometric
realisation of NC. O
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Chapter 3

The cospan category

3.1 An application: the cospan category

The classifying space of various cobordism categories have been computed via geometric methods,
most notably in [GMTW09]]. These cobordism categories are, in some sense, categories of cospans
of manifolds. In this section we apply Theorem [B|to study the category of cospans of finite sets,
which one might think of as a combinatorial bordism category. Note that this theorem can also be
proven using the methods of part III of this thesis, where we prove the more general proposition

824

3.1.1 The strict model for the cospan category

In order to study the classifying space of the cospan category Csp we need a strictly associative
model for the composition of cospans that still keeps track of non-trivial isomorphism the cospans
might have. We define this below in definition[3.1.7} but to do so we need to be extremely careful
about how we construct pushouts. We therefore establish some notation. An alternative approach

to this that also takes care of the I'-space structure is given in section|(8.1.2.1

NortaTioN 3.1.1. For any integern > 0 we let n denote the finite set
n:={1,...,n} CZ.

Given an equivalence relation R onn we write xRy to denote that x is equivalent to y under R. The

equivalence class of © € n will be denoted by
[ilr :={j € n|iRj}.
The quotient of n by R is the set of equivalence classes
n/R:={[i]r | i €n} CP(n),
which is technically a certain subset of the power-set of n.
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REMARK 3.1.2. Note that it is a property for a set X to be of the form n/R. Concretely, if for two
numbersn,m > 0 and two relations R and S the two setsn/R andm/S are equal, thenn = m and

R = S. Of course we can still haven/R = m/S forn # m.

Definition 3.1.3. For two finite sets A and B we let Csp(A, B) be the groupoid with objects cospans
(A — W « B) such that W = n/R for some n > 0 and some equivalence relation R onn. A

morphism in this groupoid is a bijection o making the following diagram commute:

Next, we choose an explicit representative of the pushout of two cospans:

Definition 3.1.4. For three finite sets A, B, C' we define the functor
w: Csp(B,C) x Csp(A, B) — Csp(A,C)

by sending (B — m/S < C) and (A — n/R < B) to the cospan (A — (n+m)/Q < C). Here

the equivalence relation () on n + m is generated by the following requirements:
Ve,y en: 2Ry = 2Qy Vz,wem:zSw = (z+n)Qw+n) Vbe B:jb)QLlb).

In other words, @ is the unique equivalence relation onn 4+ m such that the diamond in the following

diagram is well defined and a pushout square:

n+m/Q

_— ~"
- n/R m/S

e e

On morphisms (. is defined via the universal property of the pushout.

A C.

REMARK 3.1.5. It is straightforward to check that p is strictly associative. The composite of the two
cospans above with a third cospan (C' — 1/U < D) will be of the form (A — (n+m +1)/T < D)
for some equivalence relation I’ onn + m + . This equivalence relation is uniquely determined by a

universal property and does not depend on which order we composed the cospans in.

REMARK 3.1.6. Usually the category of cospans is defined as a bicategory biCsp, see for example

T

[Béné7]. The above defines a non-unital strict 2-category CspS™" with objects finite sets and hom-

str

categories the groupoids Csp(A, B). Every bicategory can be strictified and Csp®* is a specific choice

str

of a (non-unital) strictification of biCsp. Indeed the canonical map Csp®"* — biCsp is a biequiva-
lence, in the sense that it is essentially surjective and an equivalence on hom-categories. To see this,
observe that every finite set is in bijection with a set of the form n/R, and therefore every cospan

(A — W <« B) is isomorphic to a cospan of the form (A — n/R < B).
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Definition 3.1.7. The non-unital topologically enriched category Csp has as objects natural numbers
n > 0 and as hom—space
homcgp(a,b) := BCsp(a, b).

Composition is induced by the functor p.
We define Csp as the ordinary category that is obtained from Csp by taking mq of the morphism
spaces. We let P : Csp — Csp denote the quotient functor. This functor sends two cospans to the

same morphism, whenever there is an isomorphism between the cospans.

Lemma 3.1.8. The above defines a weakly unital topological category Csp. Moreover, the hom-spaces

in Csp decompose as

homcg, (A4, B) ~ H BY,
[A—>W <« B]eCsp(A,B)

where X, is the symmetric group of order k = |W \ Im(A1l B — W)].

Proof. Csp defines a non-unital topologically enriched category: we observed earlier that y is
strictly associative, so By is strictly associative, too. It has weak units of the form [A = A = A].

Fixing two finite sets A and B3, we would like to understand the space homcg, (A, B), or equiv-
alently, the groupoid Csp(A, B). It decomposes as a disjoint union of its isomorphism classes,
which by definition are the elements of Csp(A, B). All that remains to show that the group of
automorphisms of a cospan (A — W < B) is indeed Xy for k = |W \ Im(AIl B — W)|.

Let « be an automorphism of (A — W < B). Then o : W — W is a bijection, which has to
fix both the image of A — W and the image of B — W. So

Aut(A - W « B) Z Aut(W \ Im(AIIB - W)) & %
and the claim follows. O

3.1.2 Proof of theorem[C

According to lemma the difference between Csp and Csp lies in the fact that a cospan (A —
W < B) in Csp has non-trivial automorphisms defined by permuting points in W\ Im(AIl B —

W). We now consider “reduced cospans”, for which this set is trivial:

Definition 3.1.9. For a cospan (A — W < B) we define its reduced and its closed part as
r(W):=Im(AUB —- W) and c(W):=W\r(W).

Here we supress the dependence of (W) and ¢(W') on the maps A, B — W in the notation. We call
the cospan reduced if W = r(W) and closed if W = c¢(W).

'Here B is defined by taking the simplicial nerve and then the standard geometric realisation. In particular, B
commutes with Cartesian products. This would not be the case if we took the “fat geometric realisation”.
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Definition 3.1.10. The reduced cospan category Csp™! has as objects finite sets a as morphisms

isomorphism classes of reduced cospans. Composition is defined by
b—=V<+cola—W<«b:=la—r(WUgV) <+ (.
We let R denote the reduction functor
R : Csp — Csp™d, [a— W bl [a—r(W) <+ 1.
REMARK 3.1.11. Note that the composition of two reduced cospans is not always reduced:
152810011 =0-3/(1~2)¢1)= 028 1),

(Recall that the order of composition in the cospan category is counterintuitive.) This shows that it is
essential to define the compositon in Csp™ asr(W Up V'), since the pushout W Ug V might not be
reduced. It also shows that Csp™? is not a subcategory of Csp, but rather a quotient category:

The reduction functor is a bijection on objects and surjective on morphisms. We can hence define
Csp™®? as the quotient of Csp by the relation that identifies two cospans if their reduced parts are

isomorphic.

We now wish to compute the homotopy fiber of the quotient functor R : Csp — Csp™?. To
apply theorem to the functor R we need to check that it is locally Cartesian and coCartesian:

Lemma 3.1.12. The reduction functor
R: Csp — Csp™d
is locally Cartesian and locally coCartesian. However, it is neither Cartesian nor coCartesian.
Proof. Let us first look at the fiber of the map
R : Csp(A, B) — Csp™4(4, B)
at some reduced cospan [A — U <« B]. Every cospan in the fiber is of the form
[A—-W <« Bl =[A— U+ B|IL[0— c(W) «+ 0].

Hence the fiber is in bijection with N by counting the elements of ¢(W) = W\ Im(AII B — W).
Consider a cospan [A — W < B] € Csp; we will show that it is locally R-Cartesian precisely
if it is reduced. By definition[1.0.3|the cospan W is locally R-Cartesian precisely if the top map in

the following diagram is a bijection:

RY(A=A=A4) S (A 5+ (W) « B)])

|= |=

N (_AleM)I)
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This diagram commutes, and hence [A — W < B] is locally R-Cartesian precisely if |c¢(W)| = 0,
i.e. if it is reduced.

The proof that [A — W <« B] is locally R-coCartesian precisely if it is reduced, is completely
analogous. In fact, all variants of the cospans categories are isomorphic to their opposite via the
functor that sends (A — W <+ B) to (B — W <« A). Since R commutes with this involution,
the claim that a morphism is locally R-coCartesian if and only if it is reduced follows formally.

To see that R is indeed locally Cartesian and locally coCartesian, we observe that any mor-
phism in Csp™? has a reduced lift to Csp.

Finally, we show that R is neither a Cartesian nor a coCartesian fibration. Say R was Cartesian,
then by [Lur09al Proposition 2.4.2.8] the composite of two locally R-Cartesian morphisms ought
to be locally R-Cartesian. But as we saw in remark [3.1.11] the composite of two reduced cospans

is not always reduced, leading to a contradiction. O
Similarly, we have:

Lemma 3.1.13. The reduction functor
Ro P :Csp — Csp™d

is locally Cartesian and locally coCartesian.

Proof. Let Fin~ denote the groupoid of finite sets and bijections. The fiber of
Ro P:Csp(A, B) — Csp™(A, B)

at some cospan [A — W < B] is equivalent to BFin~. The equivalence is the restriction of the

functor
Csp(A,B) = Fin© (A=W« B)—c¢(W)=W\Im(AUB — W)

to the fiber. Just like in lemma [3.1.12| we see that for reduced cospans in Csp(A, B) the induced
maps on the fiber over weak units is the identity on Fin~. Therefore reduced cospans satisfy the
condition in point 2 of definition|2.4.6| which means that they are locally (R o P)-Cartesian in the

sense of weakly unital topological categories.

The rest of the proof follows like in lemma[3.1.12} O

With the two previous lemmas at hand we can now apply theorem [2.4.8}
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Proof of Theorem[(] Let x and N denote the unital categories with one object and endomorphisms

{id.} and N, respectively. There is a pullback diagram of categories

N — Csp

|

% Cspred

where the bottom functor sends * to the object {) € Csp™<. Theorem applies to this diagram:
all categories involved are unital and discrete, hence weakly unital and fibrant, and lemma [3.1.12

verifies the only non-trivial condition. This shows that the following is a homotopy fiber sequence:
S' ~ BN — BCsp 2 B Csprd.

Similarly, we obtain the fiber sequence for Csp: let F denote the full (topological) subcategory
of Csp on the object (). Then there is a pullback diagram of topologically enriched non-unital

categories:
F — Csp

l lRop
* — Cspd.

Theorem applies to this diagram: lemma checks that R o p is locally Cartesian and
locally coCartesian; moreover, R o p is trivially a local fibration since Csp™? and the space of
objects of Csp are discrete.

To obtain the desired homotopy fiber sequence recall from the proof of that F is the
monoidal groupoid Fin~ thought of as a bicategory with one object. Its classifying space is hence

the classifying space of the topological monoid

BFin~ ~ ]_[ BYL.
k>0

By the Barrat-Priddy-Quillen theorem we have that
QB(BFin~) ~ Q(S°)

and therefore BF ~ B(BFin~,11) ~ Q(S'). Under this identification the map B(BFin~,1I) —
BN is the infinite loop space map QS — S' which induces an isomorphism on 7. Its fiber is

the universal covering of QS" and this proves the final claim in Theorem O

REMARK 3.1.14. We will see in part IIl of this thesis that the diagram in Theorem|Qis a diagram of
infinite loop spaces. See proposition|[8.2.4
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3.1.3 Comparison to the cospan category of Raptis and Steimle

We now apply our techniques to the cobordism category Cob(C) defined in [RS19]. In the special

case where C is the category of finite sets with injections as cofibrations their result says:
QBCob(Fin) ~ K (Fin) ~ Q(S°).
In fact, this cobordism category of finite sets is equivalent to a certain subcategory of Csp:

Definition 3.1.15. We let Csp™ C Csp be the subcategory that contains all objects, but only those
morphisms (A — W < B) where the map A — W is injective. Let Csp™  Csp™ denote the
subcategory defined by the same condition.

We can now provide a new proof of the main result of [RS19] in the example C = Fin:

Proof of Corollary[Dl Consider the diagram of weakly unital topological categories:

(Cspinj Q Cspred,inj

I Jr

Csp _RoP Csp™d .

It is a pullback diagram because a cospan (4 — W < B) € Csp lies in the subcategory Csp™™,
precisely if the reduced cospan (A — (W) < B) € Csp™? lies in the subcategory Csp*®in,
Using Theorem [B| we showed in that R o P is a realisation fibration. Therefore the
above square becomes a homotopy pullback square after geometric realisation. The inclusion 7 —
Csp of the full subcategory on () factors through the subcategory Csp'™ and we hence have the

following commutative diagram:

BF —I BCspini —2 B Cgpreding

|l I

BF — BCsp —2L, B(Cspd

Both rows are fiber sequences and we have that BF ~ Q(S°) as in the proof of 'Iheorem

It remains to check that B Csp™®™ is contractible. First, note that Csp**®™ is equivalent
to an ordinary category: its hom-spaces have contractible components. In fact, it is equivalent
to the category of finite sets and partially defined maps. For our purposes it suffices to note that
the object () = 0 is terminal: any reduced and injective cospan (A — W < 0) is isomorphic to
(A = A « 0). This proves the final claim of the corollary as the classifying space of any category

with a terminal object is contractible. O
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Part 11

The one-dimensional bordism
category
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Chapter 4

Introduction

Bordism categories play an important role in organising geometry, mathematical physics, and
algebra. Their most prominent use is probably as the main ingredient to Atiyah and Segal’s defi-
nition of topological and conformal field theory. More recently, cobordism categories have been
a key tool in the study moduli spaces of manifolds, see for instance [GMTWO09] and [GRW14].
This approach uses a more sophisticated version of the cobordism category: namely, a topological
category Cq where for a diffeomorphism class [I¥] there is not just one, but “BDiff? (W)-many”
morphisms. In other words, one needs to consider the (oo, 1)-category of cobordisms Bord?crl_l’ dy>
for which C; is a specific model, rather than just its homotopy category Coby" ~ hC4. From the
perspective of topological field theories C; has also proven to be the more natural object of study.
For example, Lurie’s proof-sketch of the Baez-Dolan cobordism hypothesis [Lur09b], crucially re-
lies on the presence of higher structure.

In each of the above settings the classifying space BC,4 plays an important role. When studying
moduli spaces, BC; controls universal characteristic classes for manifolds ([IMWO07], [GRW17]),
and when studying field theories BC, classifies the invertible ones (e.g. [FH20]). Generally, the
classifying space construction also allows one to build categorical models for interesting homotopy
types. The homotopy type of BC; was completely determined by Galatius, Madsen, Tillmann, and
Weiss, who in [GMTW09] showed that it is the infinite loop space of a certain Thom-spectrum
MTSO,.

This raises the question for a similar computation of B(hC4). One might expect this to be
a simpler problem since the homotopy category hCy is only an ordinary, rather than a topolog-
ical category. However, very little is known about B(hCy). Except for the simple observation
B(hCp) ~ S x S, the only result in this direction is Tillmann’s splitting [Til96] of the surface
case: B(hCs) ~ S x X for some mysterious simply connected infinite loop space X.

Our main theorem is a complete computation of B(hC;), which is already far more complex
than B(C1) ~ QS". We also prove a similar result for the unoriented case (Theorem .
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Theorem E. There is an equivalence of infinite loop spaces
B(hCy) ~ Q72 (hofib(MT SOy — HZ))

where MTSOq — HZ is the map of spectra classifying the generator of H*(MTSO3) = 7. Con-
sequently, the rational cohomology of the identity component B(hCy)o C B(hCy) is given by

H*(B(hC1)o; Q) = Q[R1, R, R, - - .|
where the generators are of degree |R;| = 2i + 2 and we have moB(hC;) = Z.

The reduction fiber sequence

In order to prove[Theorem E|we construct a fiber sequence, which we believe to be of independent
interest. Just like Genauer’s sequence [Gen12] for bordisms with horizontal boundary, this fiber
sequence relates the classifying spaces of three bordism categories, which we now describe.
Every d-dimensional cobordism W : M — N decomposes canonically as a disjoint union
W = ¢(W) LI (W) where ¢(W) is a closed manifold and r(W) is reduced, i.e. it has no closed
components. We define two new topologically enriched bordism categories: the closed bordism
category is the full subcategory Cgl C Cq on the object (), and the reduced bordism category is
the quotient category Cq — C3*d where two bordisms W and V' are identified if (W) = (V).
Every morphism in Céed can be uniquely represented by a reduced bordism. We refer the reader

to definition for a complete definition, and to Figure [4.1|for an illustration of the case d = 1.

Theorem F. Foranyd > O there are two compatible homotopy fiber sequences of infinite loop spaces:

BCS BC; —— Bcied

! | |

B(hCS") —— B(hCq) —E— B(hCd).
Here R is induced by the functor Cq; — Cfled that deletes closed components.

In theorem we also prove in the presence of tangential structures. Most of the
technical work towards a proof of has been completed in our previous paper [Ste19]],

where we generalise Steimle’s additivity theorem for bordism categories [Ste18a] to a broader class
of functors.
The crucial observation needed to now deduceIheorem Elfrom[Theorem His that in dimension

d = 1 we have that C}*? ~ hC1°d because the diffeomorphism group of an interval is contractible.
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Topological cyclic homology of simply connected spaces

One of the more mysterious aspects of the cobordism category is its relation to Waldhausen K-
theory. Recall that the Waldhausen K-theory A(X) of a space X is the infinite loop space of the
algebraic K -theory of the ring spectrum S[Q2X] := ¥°°(2X ). An effective way of computing
algebraic K -theory is via the cyclotomic trace to topological cyclic homology (TC). In the relevant
case we have a map trc, : A(X) — Q> TC(S[Q2X]; p) for any prime p.

For X = x there is, up to p completion, an equivalence T'C(S;p) ~ S v XCP> by [BHM93].
Here CP2 is just another name for the spectrum M7T'SO2, whose infinite loop space is 2BCs.
In light of this apparent coincidence Ib Madsen concludes his 2006 ICM plenary address [Mad07.
407] with:

Finally, and maybe most important, there are reasons to believe that the moduli space of
Riemann surfaces is related to TC(S; p), possibly via field theories. The spectrum CP>

occurs in both theories. It is a challenge to understand why.

This curious coincidence has been known to experts for a while and, even though no concrete
explanations have been suggested, the idea itself has inspired some intriguing research such as
Bokstedt and Madsen’s map from Q2BC, to A-theory, see [BM14] and [RS14].

In order to understand Madsen’s question, it makes sense to think of 7'C'(S;p) and BCs
as the values of the functors TC(S[Q2X];p) and BCy(X) for X = *. Here Co(X) is a vari-
ant of the surface category where every object and bordism is equipped with a map to X. If
there is a fundamental relation between surfaces and 7'C', one could hope for a relation between
these functors. However, the analogy fails in this case: the main theorem of [GMTW09] im-
plies BC(X) ~ Q>*(MTSO2 A X4) and hence the functor BCy(X) is excisive in X, whereas
TC(S[Q2X]) is not.

We will try to argue that instead, topological cyclic homology is more naturally related to the
reduced 1-dimensional bordism category. As a consequence of we have that BC}*!
is equivalent to Q°~2MTSO,, a delooping of BCs. For a space X we define C:°d(X) to be the
category of reduced bordisms with maps to X. A generalisation of together with the
main theorem of [BCCT96] implies:

Theorem G. For any simply connected space X of finite type there is an equivalence of infinite loop
spaces

Q= TC(SI0X]:p) = (Q(X4) QBC{Gd(X));

One way of interpreting this theorem is to say that C:*d(X) is a bordism model for the topo-
logical cyclic homology of simply connected spaces. This is similar in spirit to Raptis and Steimle’s

cobordism model for Waldhausen K -theory. In [RS19]] they construct, for every space X, C*¥™ (X))
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D . D - D

2,3) —Y 5 (2,3) (2,3) —— (1,2) (2,3) YV, (1,92

Figure 4.1: Two morphisms in hC* and their composite.

such that QBCY™(X) ~ A(X). One could therefore try to understand the cyclotomic trace in
terms of these models. Already for X = x this is related to the difficult question of whether the

cyclotomic traces trc, : A(x) — (2°°7'CP> ), admit a common integral lift for all p.

Reduced bordisms as a combinatorial model for CP>, = MT S50,

As the previous section illustrates CP> is an interesting stable homotopy type arising in many
important situations, and it is helpful to have different models at hand. implies that
Q>°~2CP™ is, as an infinite loop space, equivalent to the classifying space of the symmetric
monoidal category hCi®d ~ Ci®d, By the Madsen-Weiss theorem Cz also is a cobordism model

for this infinite loop space, though there is a dimension shift:
Q2B(hCd) ~ Q°MTSO, ~ QBCs.

Even though hCi®d and Cy both are cobordism models for MT SO, they are of very different
flavours. The surface category Cs is of geometric nature as it is built from the diffeomorphism
groups of surfaces. The reduced one-dimensional bordism category hCi®d, on the other hand,
admits a completely combinatorial description. See figure |4.1|for an example of how morphisms
are composed in hC:*4.

While implies an equivalence B(hCi®?) ~ Q>®°~2MTSO,, it does not explicitly
construct a map. Chapter [6|aims to resolve this issue.

For this we construct an auxiliary simplicial space Cuty, which we believe may be of indepen-
dent interest. Cut, is a quotient of the nerve N (Ccrfd) and we show that the geometric realisation

|Cuty|| is the free infinite loop space on X2 BDiff ¥ (W) for all closed connected d-manifolds W .
We prove:

Theorem H. The quotient map N(C;ed) — Cuty continues the reduction fiber sequence o
in the sense that

B(Cq) — B(C*Y) — ||Cuty]|

is a homotopy fiber sequence of infinite loop space maps.
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In dimension 1 we have ||Cut|| ~ Q(X?(CP*),) and the quotient map BC*d — ||Cutq||
is a rational equivalence on the basepoint component, see corollary In the presence of a

background space X this map has an interpretation in terms of 7'C), see corollary

Application: cocycles for Miller-Morita-Mumford classes

The Miller-Morita-Mumford classes are characteristic classes for surface bundles, which, under the

equivalence BCy ~ Q"M TSOs, give rise to polynomial generators:

K; € H*(QSOMTSOQ7Q) = Q[K}l,/ig, .. ]

From the equivalence B(Ci®?) ~ Q*°~2MT SO, we can compute the rational cohomology of C1¢¢

as:
H*(B(C*)o; Q) = Q[Fo, &1, .- ].

Here &; is a double de-looping of #; and hence of degree 2i+2. Also note 7o B(C;*d) = 7o B(C;) =
Z.

Generalising the notion of group cocycles, one can represent every cohomology class on the
classifying space BD of some discrete category D by a cocycle o : N;D — Z on the nerve. While
this does not work for the topologically enriched category Ca, hCi®d is discrete and it is hence
possible to describe the deloopings &; of the x-classes in terms of cocycles on hCid.

To actually compute cocycles we crucially use that every %; can be obtained as a pullback
along the map BCi*d — ||Cuty || of We identify ||Cuty || with Q(X?(BA), ), where
A is Connes’ category of cyclic sets. Then we use Igusa’s description [Igu04] of cocycles on A

representing the powers of the first Chern class (c;)* € H?(BA; Q). Explicitly, we have:

Definition. For eachi > 0 we construct a (2i + 2)-cocycle ; on hCi®d and hCy in three steps.

(1) For a (2i + 1)-tuple of disjoint points ag, . . ., az; € S* the signsign(ag, . . ., az;) € {£1} is de-
fined to be equal to the sign of any permutation o of {0, . .., 2} such that the sequence (a, (), - - - » Ao (27))

is in cyclic order.

(2) For a (2i+1)-tuple of disjoint finite subsets Ay, . . . , Ag; C S* the reduced signsign,; (Ao, ..., As;) €
Q is defined by an averaging procedure. Say that (ao, . .., az;) € [[; A; contains no neighbours if
forallk < I there is a j such that the positively oriented arc [ay, a;] C ST from ay, to a; intersects A;

in more than one point. Now define:

e 1 i
signg; (Ao, ..., Ag) = T2 1AL Z sign(ao, - . ., a2;) € Q.
H]’ZO ‘ j‘ (ao,...,azi)GHj A

contains no neighbours
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3) For all© > 1 define a (2i + 2)-cochain on the simplicial set Y the formula
(3) lHe>14d 21+ 2 h h licial NhC{edbh l
(—1)%!
(2i)!

4% W —-— _
~i (Mo LM = Z signy; (¢ 1(M1+)’ ceeyt I(Mztﬂ))-

[1:81—=W]
Here we write W for the composition W1Upy, - - -Unpy, ,, Woit2 and M;" C M, for the set of positively

oriented points. The sum Z[usl%w] runs over isotopy classes of oriented embeddings 1 : S* — W
such that 1(S1) intersects M; forall 1 < j < 2i + 1.

Theorem L. Fori > 1 the cochain~y; on hCi® defined above is a (2i+2) cocycle and the cohomology

class [—;] corresponds to, possibly up to a sign (—1)*, the generator &; under the isomorphism
H*(B(hCi*)0; Q) = Q[Fo, R, Ra, - . . ).

The same formula describes a cocycle for £%; on hC;.

Outline

This part is divided into two chapters, chapter[5|is centered around establishing the reduction fiber
sequence. In section[5.1] we recall various standard facts and constructions for bordism categories
and topological categories in general. We also prove a generalisation of the base-change theorem
[ERW19a, Theorem 5.2], which allows one to change the space of objects of a topological category
without changing the homotopy type of its classifying space. Section [5.2|introduces the closed and
reduced bordisms categories and studies some of their basic properties. In section[5.3|we apply the
main theorem of [Ste19] to prove the reduction fiber sequence Specialising to d = 1,
in section [5.4| we observe that C}*d ~ hCi°d and use this to deduce [Theorem E|and [Theorem G|

Here we also consider the unoriented case B(hC1 unor)-

Chapter EI is focused on gaining a more concrete understanding of C1*d. We begin in section
where we, by elementary means, compute the 2-cocycle on hCCrled that classifies the central
extension hCqy — hCéed. Section introduces the simplicial space of cuts Cut, and proves
identifying the connecting homomorphism of the reduction fiber sequence. This is

then used in section to construct the cocycles for &-classes on hC;°d.
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Chapter 5

The classifying space of the
one-dimensional bordism category

5.1 Recollections on moduli spaces and cobordism categories

While our main object of interest is the homotopy category of the bordism category h(Cy, the
proof of crucially relies on comparing it to the topological category C; and some of its
variants. It is hence essential for us to have a good understanding of the embedded models for the
cobordism category. In this section we recall various definitions and facts.

Although we introduce all the necessary tools, we can only do so concisely. The interested
reader is referred to [[GR20] for a discussion of moduli spaces for manifolds, and to [ERW19al] for

an introduction to the world of non-unital topological categories and semisimplicial spaces.

REMARK 5.1.1. The specific model for the cobordism category C, that we are using is essentially that
of [GMTW09]. This is a concrete model for the (0o, 1)-category of bordisms, which is often denoted
Bord?crlflw. From it we will also derive the homotopy category hCq. This is the ordinary 1-category
of bordisms, which is often denoted by Coby'. (E.g. [Lur09b]).

5.1.1 Tangential structures

Most of the manifolds we consider will be oriented. Recall that one way of defining an orientation
on a manifold M is by giving an equivariant continuous map [ : Fr(T'M) — {—1,+1} from the
total space of the frame bundle of M to the two-element set. Here equivariance is with respect
to the group action of GL, on the left by base-change and on the right by multiplication with the

sign of the determinant. Tangential structures generalise this notion of orientation.

Definition 5.1.2. A d-dimensional tangential structure 0 is a space 0 with GLg-action. Given such
a 6 a O-structure on a d-dimensional manifold W is a GLg4-equivariant map | : Fr(TW) — 6 from
the frame bundle of W to 6. The space of 0-structures on M will be denoted by

Bun’(M) := Mapg,, (Fr(TW), ).
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In the case of the tangential structure for orientation 0" := {£1}, we are often interested
in the group of orientation preserving diffeomorphisms Diff *(1W). For more general tangential
structures 6 the group of diffeomorphism that fix a specific f-structure ‘on the nose’ is generally
not well-behaved. Instead, we define a moduli space that acts as the classifying space of this

hypothetical group.

Definition 5.1.3. For 0 and W as above we define BDiff’ (W) as the homotopy orbit space
BDIff’(W) := Bun®(W) / Diff (W) & (Bun®(W) x EDiff(W)) /Diff(W).

5.1.2 Spaces of manifolds and cobordisms

We recall the space of submanifolds of R"Y and how to use it to define a topological space of
(embedded) cobordisms.

Definition 5.1.4. ForU C RY open let U, 4(U) denote the set of pairs (M, 1) where M C U is ad-
dimensional submanifold of RN that is closed as a subset of RN andl : Fr(T M) — 0 is a 0-structure
on M. We let U,y denote the colimit of V4 ((—1,1)") as N — oc. For finite N we topologise this
according to [GRW10, Definition 2.1] and for N = oo as the colimit over all finite N.

One can think of W as a concrete topological model for the “moduli space of #-structured
closed d-dimensional manifolds”. In [GR20, Section 2.2] this space is denoted M?. The moduli

space decomposes as a disjoint union over diffeomorphism types:

Fact 5.1.5. There is a weak equivalence

g~ ]_[ BDiff’ (W)
W]
where W' runs over a set of representatives of diffeomorphism classes of closed d-dimensional mani-

folds.

Definition 5.1.6. We say that (W,l) € Wg4(R x U) is cylindrical over some interval (a,b) if
Wiap) = W N ((a,b) x U) is equal to the product (a,b) x M for some M € W4(U) and the
O-structure l(qp) : Fr(TW(ap)) — 0 can be factored as

Fr(TWi(ap) = Fr(T(a,b) x TM) = Fr(R & TM) = (GLq xFr(TM)) /L, , — 0
where the last map is induced by some GLg4_1-equivariant map l' : Fr(T' M) — 6.

Definition 5.1.7. For d and 6 as above and ¢ > 0 we define 5, C Wg (R x (—1,1)>) x R5q as
the space of those ((W,1),t) that are cylindrical over (—o0,¢) and (t — €,00). We let the space of

@-structured d-dimensional cobordisms ®, ¢ be the colimit ase — 0.
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0 t

Figure 5.1: A point in the space of two-dimensional cobordisms ® g.

We think of ¢ > 0 as the length of the cobordism (W, ). Indeed, the cylindricality condition
implies that the part of the bordisms that does not lie over [0, ¢] is superfluous. We still keep track
of the cylinders over (—o0,0) and (¢, 00) because it simplifies the definition of the topology. For

example, we can use them to define the map that sends a cobordism to its boundary:

Definition 5.1.8. We define a map
(00,01) : Pag — Va1 x Vg1

by sending (W, 1), t) to the unique tuple (Mo, ly), (Mi,11)) such that (—oo,0) x MoU(t, 00) x M

is a codimension 0 submanifold of W and ly and l; are the induced 0-structures.

5.1.3 The cobordism category

All cobordism categories we consider will be weakly unita topological categories. We refer the
reader to [ERW19a] for an excellent introduction to semisimplicial spaces, non-unital topological
categories, and fibrancy conditions. By convention all our categories D will be non-unital and BD
will denote the “fat geometric realisation” of the semisimplicial space ND, even if D happens to

have units.

Definition 5.1.9. A non-unital topological category D consists of the following data: a space of

objects O, a space of morphisms M, source and target maps s,t : M — O, and a composition map
c: M'>xpM ={(f,g) € M* | t(f) = s(g)} — M.
This data is subject to the axioms
s(c(f,9)) = s(f) t(c(f:9)) = tg) c(e(fs ), h)) = e(f, e(g, h))

for any three morphisms f,g,h € M witht(f) = s(g) and t(g) = s(h).

"We will be using the definition of weakly unital given in [Ste19] as it is the one relevant for the local additivity
theorem[5.3.3] Since the cobordism category is also fibrant this will imply that it is weakly left and right unital in the
sense of [ERW19al. (See [ERW19al Remark 3.12].)
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Definition 5.1.10. For any two objects x,y € O the space of morphism from x toy is defined as the
pullback

homp(z,y) := {2} xp M xo{y} = {f € M | s(f) = v and t(f) = y}.
We usually write f : © — y tosay f € homp(x,y), and we also write go f for the composite c(f, g).

For us the main example of a topological category is the cobordism category, which we now
define using the space of cobordisms W, ¢ constructed in the previous section as a space of mor-

phisms.

Definition 5.1.11. Fix a dimension d and a tangential structure 6. The non-unital topological cate-
goryCq g has W _1 g as space of objects and ® g ¢ as space of morphisms. The source and target maps
are the maps 0, 01 : Pg9 — Vg1, from definition[5.1.8 Composition is defined by

(W71),t7) o (W,0),8) := (W7, 1"),t + ¢
where
W’ = (W N (=00,1] x (=1L, 1)*) U (W' +t-e0) N ([t,00) x (—=1,1)))
andl” is induced byl andl’. Here (_+1t-eg) denotes translation byt in the direction of ey = (1,0) €
R x (—1,1).

REMARK 5.1.12. Note that C, g is well-behaved: it is fibrant in the sense of [ERW19a, Definition 3.5]
by [ERW19l, Proposition 3.2.4(ii)]. Moreover, the cylinder bordisms (M x R, 1) : M — M define

weak units in the sense of [Ste19].

In the case of the bordism category there is a geometric interpretation of the homotopy type

of this hom space.

Fact 5.1.13. For any two objects (M, 1) and (N,1') in Cq g there is a weak equivalence
home, ,((M,1),(N,1')) ~ [ BDiff*(W rel MIIN).
(W]

Here the coproduct runs over a set of representatives for compact d-manifolds W with boundary
M 11 N, under the equivalence relation defined by diffeomorphisms that fix the boundary. The space
BDift? (W rel MTIN) is defined as in deﬁnition with the modification that diffeomorphism are

trivial near the boundary that the tangential structure agrees with | and !’ near the boundary.
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5.1.4 Homotopy categories

The homotopy category hD of a topological category D is an ordinary category obtained from
D in two steps: first we need to pass to an enriched category 0D and then we apply 7 to the

hom-spaces.

Definition 5.1.14. For any non-unital topological category D we define its discretefication §(D) as
the non-unital topological category with object space Obj(d(D)) the set Obj(D), equipped with the

discrete topology, and morphism space the disjoint union

Mor(§(D)) := H homp(z,y).
z,yeD

The homotopy category h(D) is the ordinary category with object set Obj(6(D)) and hom-sets
homh('D) (ZL’, y) ‘= To hOmD(fL’, y)
There are canonical functors D <= §(D) = h(D) and they are natural in D.

REMARK 5.1.15. Recall that a (non-unital) topologically enriched category is the same datum as a
(non-unital) topological category D = (O, M, s,t, c) where the space of objects O is discrete.

In this sense (D) is always a topologically enriched category. The canonical functor ¢ : §(D) —
D is a continuous bijection on the object the morphism space, but it is not a homeomorphism unless
Obj(D) was already discrete. From the perspective of classifying spaces, however, §(D) is equivalent
to D as long as D is sufficiently well-behaved.

Lemma 5.1.16. IfD is a fibrant non-unital topological category with weak left (or right) units, then
¢ induces a weak equivalence B(0(D)) — B(D).

Proof. This is the basechange theorem [ERW19a, Theorem 5.2] in the case where X is the set
Obj(D) equipped with the discrete topology. We will give an independent proof of (a generalisa-
tion of) the basechange theorem in lemma5.1.30} O

We cannot generally expect the homotopy category hD to have a classifying space equivalent

to that of D. Nevertheless, the canonical map is always 2-connected:

Lemma 5.1.17. The map B(6D) — B(hD) is 2-connected for any non-unital topological category
D.

Proof. This is well-known and for example follows from [ERW19a, Lemma 2.4] together with the
observation that Mor(§(D)) — moMor(6(D)) = Mor(h(D)) is 1-connected. O
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Of course, our main category of interest is the cobordism category. The homotopy category of
the bordism category also admits a more conceptual description that does not rely on the embed-

dings. For simplicity, we only spell this out in the oriented case.
Fact 5.1.18. The homotopy category h(Cg gor) is equivalent to the following category:
e objects are closed oriented (d — 1)-dimensional manifolds,

e morphisms W : M — N are equivalence classes of compact oriented d-dimensional manifolds
with OW = M~ I N, where two such manifolds are equivalent if there is an orientation

preserving diffeomorphism between them that fixes the boundary, and

e composition is defined by gluing cobordisms.

5.1.5 Infinite loop space structures

All homotopy categories of cobordism categories have symmetric monoidal structures defined by
the disjoint union operation for manifolds. This induces an infinite loop space structure on their
classifying spaces. Many of our computations will rely on these infinite loops space structures and
their compatibility with certain constructions. We will be keeping track of the infinite loop space

structures using Segal’s I'-spaces [Seg74], which we recall here.

Definition 5.1.19. Segal’s category I'°? has as objects natural numbers n > 0 and as morphisms
fromn tom maps of sets X : {*,1,...,n} — {,1,...,m} satisfying \(x) = . Weletpi, :n — 1
denote the morphism with pi,(j) = * fori # j and p, (i) = 1.

AT -space is a functor X : I'P? — Top. We call X special if the Segal map

X (n) L2 ()

is a weak equivalence for alln > 0. A special I'-space is very special if the map

(p3:11)
7TOX(2) e 7TOX(1) X 7TOX(1)

is a bijection. Here ji : 2 — 1 is the morphism with u(1) = p(2) = 1.

REMARK 5.1.20. For any special I'-space X the set 79X (1) has an abelian monoid structure with

multiplication defined by
= X(p)
m: moX (1) X mpX (1) — mpX(2) — mpX(1).

This uses that the Segal map X (2) — X (1) x X (1) is a bijection on my. The special I'-space is very

special if and only if this abelian monoid happens to be an abelian group.
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Following [Ngul7] we use the tangential structure to define a I' structure on the cobordism

category.

Definition 5.1.21. For any dimension d and tangential structure 6 we define a I'-object in non-unital
categories by setting Cqg(n) := Cq o where n denotes {1,...,n} x 6. To a morphism A : n — m

in I'°P we associate the functor
M i Cano — Came  with (W,1),t) = (W', (X x idg) ol),1)
where W' C W isthe preimage of {1, ..., m} under themap (Aopryy 3 0l) : W — {,1,...,m}.
Lemma 5.1.22 ([Ngul7]]). TheI'-space BCy g is very special.
We also have infinite loop space structures on the classifying space of the homotopy categories.
Lemma 5.1.23. TheI'-space BhC, g is very special.

Proof. Since hC, ¢ is a symmetric monoidal category, it follows from Segal’s original paper [Seg74|
§2] that BhCy g is special. Being very special is a condition on the monoid 7o BhCq ¢ and follows
by the considerations in lemma 5.1.22} seeing as o BhCa,p = moBCqp. O

5.1.6 The Galatius-Madsen-Tillmann-Weiss theorem

In [GMTW09] the authors determined the infinite loop space B(Cq ) in terms of modified Thom
spectra. As our strategy is to compare B(hC;) with B(Cy), we briefly recall their result.

Definition 5.1.24. Let F(d,n) denote the space of linear embeddings of R? into R™, with the GL4-
action by precomposition, and let Gr(d,n) := E(d,n)/ GLg4 be the Grassmannian. The canonical
bundle v4 on Gr(d,n) is defined by

Yan = (E(d,n) x RY)/GLy — Gr(d,n).

This is a subbundle of the trivial bundle Gr(d,n) x R™ via the map (e, v) — ([e], e(v)). We let yj:n
denote the orthogonal complement of vq,, in Gr(d,n) x R™.

Definition 5.1.25. For anyd and 0 the 0-structured Madsen-Tillmann spectrum MT0 is the sequen-

tial spectrum with
(MTO),, := Th(a*vg,,)

fora: (0xE(d,n))/ GLg — Gr(d,n) the projection. The structure maps 3(MT80),, — (MT0),+1

are defined using the canonical bundle map 'yj:n &R — ’Ych:n+1'

The theorem by Galatius, Madsen, Tillmann, and Weiss uses Segal’s ‘scanning’ method to con-
struct an equivalence from BCg g to a loop space of MT'6. For our purposes it will be sufficient to

treat this as a black box and we refer the interested reader to the original paper.
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Theorem 5.1.26 (Main theorem of [GMTW09]). For any d and 0 the scanning map defines a weak

equivalence of infinite loop spaces
BCyp ~ Q" 'MTO = colim,, 00 Q"1 (MT),,.

This theorem has been used to great effect in the study of diffeomorphism groups. The essential
ingredient is a natural map from BDiff? (W) to Q1BC, ¢ for any closed d-manifold W. This map is
defined by interpreting W as a morphism W : ) — () in C,4, which then yields a based loop in the

classifying space.

Definition 5.1.27. The inclusion Vg9 — ®49 = N1Cq g induces a map ¥4 9 X Al — BCq g such
that U, 9 x |OA!| is sent to the base point. Hence, it defines a map o' : £(V44)+ — BCqg and by
adjunction a map

a: Vg — QBCqy.

Together with the equivalence from fact[5.1.5 this yields, for every closed d-manifold W, a map
aw : BDiff’ (W) — QBCg.

We conclude this section with the so-called ‘Genauer fiber sequence’. Recall that (X ) denotes
the free infinite loop space on a based space X defined as the colimit Q(X) := colim,, Q" (X" X).
It has the property that any map of spaces X — Y into an infinite loop space Y induces a map of
infinite loop spaces Q(X) — Y.

Lemma 5.1.28 ([Gal06]). There is a homotopy fiber sequence of infinite loop spaces
Q°IMTSOy — Q(X(BSOg);) — QX IMTSO,_;.

Moreover, the right-hand map can be described as the composite:

Q(EBi)
Sl

Q(X(BSOy)+) Q(EBDiff+(S71)) 224 Besr | = 0 MT SO,y

wherei : SOq — Diff *(S971) is the canonical inclusion and ccga—1 is the map from definition|5.1.27

References. This homotopy fiber sequence is well-known through the paper [GMTWO09], but al-
ready appeared in Galatius’ paper [Gal06]]. We refer the reader to [Ebel3| Proposition A.4] where
the fiber sequence is explained in notation very similar to ours. The second part of the lemma, the
identification of the infinite loop space map Q(X(BSOg)+) — Q®° 1 MTSO4_1, is harder to ex-
tract from the literature. It will suffice to understand the map of spaces BSOyg — Q*°MTSO4_1.
In [Ebel3, Proposition A.4] Ebert describes it as the Madsen-Tillmann-Weiss map for the sphere
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bundle BSO,4_1 — BSOy, and indeed Galatius in [Gal06, Lemma 2.1] constructs the relevant

map as a parametrised Pontrjagin-Thom construction. This map factors as:
BSO4 — BDiff7(8471) — Q®°MTSO,_,

where the left-hand map is the classifying map for the sphere bundle BSO;_1; — BSOy4 and the
right-hand map is the Pontrjagin-Thom construction for the universal oriented S¢~!-bundle. The
sphere bundle is classified by B(i) : BSOy — BDiff *(5971) and so the claim follows. O

5.1.7 A generalised change of base theorem

In this section we will prove a small generalisation of [ERW19a, Theorem 5.2] that will come in

handy later. First, recall the notion of base-change from [ERW19al section 5].

Definition 5.1.29. Let D be a topological category and let X be a space with a map f : X —
Obj(D). The base-change of D along f is the topological category, denoted by DY, with object space
X and morphism space X? X obj(p)2 Mor(D). Composition is induced by D.

Lemma 5.1.30. Let D be a weakly unital topological category and consider a zig-zag of maps g :
Y = Z < Obj(D) : p. Let f : Y xz Obj(D) — Obj(D) be the projection. Then the canonical
map

B(D') — BD

is a weak equivalence, if the following conditions hold:

e the map g : Y — Z is surjective on connected components,
n+1
« foralln > 0 the composite p : N,,D — Obj(D)" 1 L— Z"+1 is 4 fibration.
Note that in the case of Z = Obj(D) and p = idgyjp) the second condition is equivalent to
asking that D be fibrant; hence we recover [ERW19a| Theorem 5.2] as a special case.

Proof. For any space X we let T'(X) denote the trivial groupoid on X. Its space of object is X and
its space of morphisms is X x X. In other words, for every pair of objects (z, y) there is precisely
one morphism x — y. Composition is defined by (y, z) o (z,y) = (=, 2).

This is a fibrant topological category. For X non-empty we can pick a point y and define an
extra degeneracy on the simplicial space N (X) by s_1(zo,...,zn) = (Y, Zo, - . ., Ty). This shows
that B(T'(X)) is contractible for X non-empty.

Note that the basechange D/ of D along amap f : X — Obj(D) can be written as a pullback
DI = T(X) X7(0bj(p)) D where we use the canonical functor D — T'(Obj(D)), which is the

identity on objects.
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To prove the lemma, we first observe that we can replace the map g : Y — Z by a fibration.
. ’
To do this, factor g as a composite Y = Y} 9, Z where i is a level-wise weak equivalence and ¢’

is a level-wise fibration. Then the simplicial map
i: N(DY) 2 N(T(Y)) X n(r(z)) N(D) — N(T(Y0)) Xn(r(z)) N(D)

is the pullback of a level-wise weak equivalence along a level-wise fibration, and hence a level-
wise weak equivalence. In particular, it induces a weak equivalence on geometric realisations. It
now suffices to prove the lemma for ¢'.

Assume from now on that g was already a fibration. This implies that the pullback f : ¥ xz
Obj(D) — Obj(D) is a fibration, too. Since g is also surjective on connected components, this im-
plies that g and f are surjective. We now claim that the additivity theorem for bordism categories

(see [Ste18al] and [Ste19]) applies to the pullback square:

D/ —— T(Y xz Obj(D))

l |7

D — 5 T(Obj(D)).

Since f is a fibration, so is 7'(f). The trivial groupoids T'(X) are always fibrant and unital, and
the functors in the square are always unital. The only non-trivial condition to check is that 7'( f)
is indeed Cartesian and coCartesian. But this is easy to see since T'( f) is surjective on objects and
there is only one morphism between every two objects in 7'(X).

We may hence apply theorem 5.3.3/and obtain a homotopy pullback square

BD! —— B(T(Y xz Obj(D)))

h
l . lB(T(f))

BD —— B(T(Obj(D))).

As discussed in the beginning of the proof B(T(X)) is contractible for all X and so the right
vertical map is an equivalence. Because the square is a homotopy pullback this implies that

BD! — BD is an equivalence. O

5.2 Closed and reduced bordism categories

We now introduce the key idea of this paper: the decomposition of a cobordism into its closed and

its reduced part.

Definition 5.2.1. A bordism W : M — N is called closed if both M and N are empty and it
is called reduced if the inclusion M I N — W is surjective on connected components. We define
subspaces

(1)31’9 C q)d’g and (I)ffg C <I)d7,9
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of closed and reduced bordisms. Define retractionsc : ®49 — @319 andr : Pgg — @fieg by deleting

those connected components of W that violate the respective condition. This is illustrated in figure[5.2

DN Q (W)
e

r(W

} } [
T T >

0 t

Figure 5.2: An oriented 1-dimensional cobordism decomposed into its closed and reduced compo-
nents.

Every bordism W € ®, ¢ has a canonical decomposition as W = ¢(WW) ILr(W). A homotopi-
cally meaningful version of this statement is proved in lemma Our goal is to obtain a similar
decomposition on the level of bordism categories. The first step is to define categories of closed

and of reduced bordisms.

Definition 5.2.2. The closed bordism category Cgle is the full subcategory of Cq ¢ on the single object
0 e Cap. The reduced bordism category Cé’fg has the same objects as Cq g, but has as morphisms
only reduced bordisms. Composition is defined by composing in Cyq ¢ and then applying the retraction

7 ®gg — PG

Definition 5.2.3. The inclusion @;19 — ®g ¢ defines a functor denoted by

I: C;}g — Cdﬂ

and the retractionr : 49 — q);eg defines a functor denoted by

R: ch — C;fg.

REMARK 5.2.4. The functors I and R allow us to think ofcgle as a subcategory and ofc;eg‘ as

a quotient category of Cqg. It is important to note that the opposite is not the case: the inclusion
q)zfg — ®y ¢ does not induce a functor C(fg — Cq,9 The reason for this is that the composite of
two reduced bordisms W : M — N andV : N — L is not necessarily reduced. We could for
example set M = L = (), N = S4=1 and let W and V both be the d-dimensional disc; once as
a bordism ) — S ! and once as a bordism S*' — (). Then both W and V are reduced, but
WUNV = D4Ugas D= S%: () — () is not. Seeﬁgurefor another example showing that the

composite of two reduced bordisms need not be reduced.

Locally the bordism category C4 9 decomposes as a product of ijﬂe and Ccrleg:
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() t O s

Figure 5.3: Two reduced bordisms whose composite is not reduced.

Lemma 5.2.5. For any two objects M, N € Cq ¢ the map
(¢,r) : home, o (M, N) — homccci{g (@,0) x homcé?g(M,N)
is a weak equivalence.

Proof. We will show that the map that decomposes a bordism into its closed and its reduced part
(c,7r) i Bgp — DYy x DT (5.1)

is a weak equivalence.

Once this is established the lemma follows by observing that both sides of are fibered
over ®5_1 9 x ®g_1 ¢ via the boundary map 0 = (dp, 01), which is a Serre fibration because Cq g
is fibrant, see [ERW19b| Proposition 3.2.4(ii)]. This implies the claim because a weak equivalence
between Serre fibrations induces weak equivalences on the fibers.

We begin by observing that (¢, r) is an open embedding. As a map of sets (¢, r) is an injection
with image those tuples (W, V') € (1331’9 X @ng such that I and V' are disjoint. That it is open and
continuous follows by a close examination of the topology defined in [GRW10| Definition 2.1]. We
leave the details to the reader.

To show that (¢, 7) is a weak equivalence we construct two subspaces A, B C ®g4 ¢ defined by:
« (W,1) € Aifforall z = (xg,x1,...) € W we have 1 = 0.

- (W,1) € Bifforall z € ¢(W) we have 21 = 1 and for all z € 7(W) we have z; = —1.

There is a map s : A — B that takes (W, ) and moves up ¢(W) by 3 and moves down r(W) by

% in the first coordinate. This map and the inclusions fit into a homotopy commutative diagram

A——— B

Byp 7y el x dred.
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Themap k: B — @Z{(, X @Z‘fg is defined by restricting (¢, r), so the bottom triangle commutes by
definition. To see that the top triangle commutes up to homotopy consider themap s) : A — ®49
defined for A € [0, ] by moving up ¢(W) by A and moving down r(W) by A. This defines a
homotopy between ¢ and j o s.

Next, we observe that ¢ and k are homotopy equivalences. In both cases this follows because
the inclusion R x {0} x (—1,1)>®~! — R x (—1,1)> admits a deformation retraction via smooth
embeddings preserving the x( coordinate. Given a homotopy commutative diagram of the shape
as above where ¢ and k£ are weak equivalences, it follows from the 2-out-of-6 property that all

other maps are also weak equivalences. Concretely, we can apply the functor 7, and observe that

because 7, (i) and 7, (k) are isomorphisms, 7, ((c, 7)) has to be an isomorphism, too. O

Lemma 5.2.6. The spaces B (C;}g), B(Cé‘fg), B (hcg}e), and B (hCCrfg) are very special I'-spaces.

Proof. This is proved just like lemma [5.1.22] and [5.1.23] To check that they are very special, note
that moB(CSy) = WoB(hC;}e) =  is trivial and that moB(C5%) = moB(hCYS) = moB(Cayp) is
the 6-structured bordism group. O

We conclude this section by a lemma indicating that the functor R is homotopically well-

behaved.

Lemma 5.2.7. The retractionr : @59 — @Eleg is a Serre fibration and hence the functor R : Cq9 —

Céeg induces a level-wise fibration on the nerves.

Proof. To simplify notation we will ignore the tangential structures in this proof, though they can
easily be added.

For every map W : [0, 1]¥ — ®%d and any lift V : [0, 1]*"! — &, with 7(V (s1,...,85-1)) =
W (s1,...,8k 1,0) we need to find an extension V' : [0, 1]¥ — @, such that 7(V'(s1, ..., s1))
W(s1,...,8k)-

Recall that we defined ®4 as a colimit over submanifolds of R™ for N — oo. Since [0, 1]* is

compact, the image of W and V' is contained in a finite stage of the colimit. We can therefore find
N such that W (s1,...,561), V(s1,...,s,) C RV~ forall s;. Let now T : R® — R> be the

diffeomorphism defined by applying  — A + = to the Nth coordinate. We use it to define
V'(s1,...,88) = W(s1,...,8:) U Ty, 2(c(V(s1,. .., 86-1)))-

The union of W{(...) and T, /o(. .. ) is in fact a disjoint union: the first part has Nth coordinate 0
and the second part has Nth coordinate s /2. For s = 0 they are disjoint by assumption. Since
the union is disjoint V' (s1, ..., sx) is indeed a manifold and a well-defined point in ®.

It remains to check that V is actually continuous. As remarked in the proof of lemmal5.2.5|the
topology on @ is equal to the subspace topology induced by the injection (c,7) : ® < &<l x pred,
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It hence suffices to check that both ¢(V') and r(V') depend continuously on (s1, ..., sg), but this

is obvious by construction. O

5.3 The reduction fiber sequence

Our main technical theorem is what we call the “reduction fiber sequence”. It establishes a decom-

position of the classifying space of the bordism category into its closed and reduced components.

Theorem 5.3.1. For any dimension d and tangential structure 0 the rows in the commutative diagram

of infinite loop spaces

BC, —— BCy9 —E— BCe

| | |

B(hCly) — B(hCap) — B(hCIy)
are homotopy fiber sequences.

This is similar to lemma where we observed a splitting of the morphism spaces. Note,
however, that because c is not functorial there is no splitting as a product on the level of categories,

but only a homotopy fiber sequence.

Warning 5.3.2. The vertical maps in the theorem are in fact zig-zags BCqg < B(6Cap) —
B(hCqyp) as described in definition We will usually omit the left-ward arrow as it depends
naturally on C and is a weak equivalence by lemmal[5.1.14

The essential technical ingredient for the proof of theorem is the Steimle’s “additivity
theorem for bordism categories” from [Ste18a]]. As we will see in remark 5.3.7] the version proved
by Steimle is not sufficient for establishing the reduction fiber sequence and we will instead need
the following generalised “local” version, which we proved in [Ste19] to study the category of

cospans.

Theorem 5.3.3 (Local additivity theorem for bordism categories, [Ste19, Theorem 5.8]). Let P :
& — B be a weakly unital functor of weakly unital topological categories such that B is fibrant, P is
a local fibration, P is locally Cartesian, and P is locally coCartesian.

Then, for every weakly unital functor F' : C — B, the following is a homotopy pullback square:

B(C xg€&) —— BE

| Jr

BC —Y . BB.

REMARK 5.3.4. All non-unital categories in this paper have weak units in the form of cylinders and

all functors considered will preserve these. We will recall the other technical terms as needed.
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The main step in verifying the conditions of the additivity theorem will be to check that the
functor R : Cg9 — Czleg is indeed locally (co)Cartesian. This is a consequence of lemma

Lemma 5.3.5. A morphism W : M — N in Cqp is locally R-Cartesian in the sense of [Stel9,
Definition 5.6], if and only if it is reduced.

Proof. According to [Ste19] Definition 5.6] W is locally R-Cartesian if and only if for any (and by

[Ste19 Lemma 5.9] equivalently all) equivalences V : M’ — M in Céeg the following diagram

home, , (M’, M) —=2"), home, , (M, N)

J» J»

homesea (M7, M) "= home,ea (M, N)

induces a weak equivalence between the homotopy fiber of R at V and the homotopy fiber of
Ratr(V Uy W) = r(V Uy r(W)). The choice of the equivalence V' does not matter, but to
be concrete we can take M’ = M and V : M — M to be the cylinder of length one. Using
lemma we can identify the homotopy fibers with homcge (0,0). Note that in light of lemma
these homotopy fibers are equivalent to the genuine fibers. The induced map between the
homotopy fibers is exactly composition with ¢(V Ups W) in Cfl}e:

(7 Up C(V Unm W)) : homcglg (@, @) — hOInC(cil(9 (@, @)

This map is homotopic to the identity if ¢(V Uy W) = (0,¢) is the empty cobordism of some
length £ > 0, and since V' is a cylinder this is the case if and only if W is reduced. Therefore W is
R-Cartesian if it is reduced.

Conversely, if W is not reduced, then ¢(V Ups W) is non-empty and the map (_Upc(V Uy W))

cannot be an equivalence as it does not hit the connected component of (), t) € homC§19 0,0). O

Lemma 5.3.6. A morphism [W]: M — N in hCqg is locally (hR)-Cartesian in the sense of [Ste19,
Definition 5.6], if and only if it is reduced.

Proof. This is proved just like lemma|5.3.5 but using the bijection
homhcd,g (M, N) = homhcglo (@, @) X homhcéegl (M, N)

It is important to note that, while the proofs are completely analogous, the statement of this lemma

is not a formal consequence of the statement of lemma See warning O]

REMARK 5.3.7. As we will see in theproofoftheorem this lemma implies that R : Cq 9 — Cé?g
is locally Cartesian and, by reversing bordisms, also locally coCartesian. Note, however, that usually

R is neither Cartesian nor coCartesian. A morphism W : M — N inCy g is R-Cartesian if the square
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in lemma is a homotopy pullback for all M'. In particular, the vertical homotopy fibers at V and
r(V Upr r(W)) have to agree for all reduced V : M’ — M and not just the equivalences. It follows
from the proof of lemmal5.3.5] that for this to be the case c(V Ups W) has to be empty. Therefore, if
W :M — NandV : M' — M are reduced morphisms such that V Up; W is not reduced, then
there cannot be an R-Cartesian morphism W : M — N withr(W) = W.

Note that reduced bordisms W,V with V Uy W not reduced exist in all bordism categories with
d > 0andf # @EI This shows that Steimle’s original version of the additivity theorem for bordism

categories [Stel8a] would not be sufficient for our purposes.

Proof of Theorem[5.3.1, Let R denote the topological semigroup (R-¢,+) thought of as a non-
unital topological category with one object. For all variants of the bordism category there is a
canonical functor C — R that records the length of a bordism. Picking any object M € C we
also have a functor Cyl,,; : R+ — C that sends ¢ to (¢,R x M), the cylinder of length ¢ on M.

Using these functors we construct a commutative diagram

Cqly — Cayp

[,k

Cyly red
Ry -~ cred.

This is trivially a pullback diagram on the spaces of objects. By the proof of lemma it also is
a pullback diagram on the spaces of morphisms, and hence it is a pullback diagram of categories
internal to topological spaces.

We now wish to apply the local additivity theorem for bordism categories of [Ste19] to this,
which we recalled as theorem The fibrancy condition on Cfﬁg follows from the fibrancy for
Cq,6, see [ERW19b\| Proposition 3.2.4(ii)] and the fibrancy condition on R follows from lemma
The functor R is locally Cartesian since any morphism W : M — N in C;‘fg has alift to C4 ¢ given
by W itself. This lift is reduced and hence by lemma locally Cartesian. Turning around all
bordisms involved we see by the same argument that R is locally coCartesian. Finally, we note that
the categories involved are weakly unital with the weak units given by the cylinders (¢, R x M)

described above. The functors in the diagram preserve the cylinders and are hence weakly unital.

This checks all conditions of theorem [5.3.3]

1t suffices to construct a counterexample for # = GLg4 and all d > 0, then the others can be produced using
functoriality of Cq,¢ in the GLg4-space 6. So, consider the bordism category of framed 1-manifolds C1,gr,. Here a
counterexample is given by V. = D' : ) — {4+, ~}and W = D' : {+,~} — 0 with the obvious framing. The
counterexample in Cg, 1, is now obtained by taking the product with (S*)?~* with the Lie-group framing.
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As a result of the additivity theorem we see that

BC;}H EE— Bcdﬁ

l lB(R)

BR,; — BCyy

is a homotopy pullback diagram. The non-unital topological category R4 is weakly equivalent to

the terminal unital category and hence BR is weakly contractible. This shows that
BCGly — BCqp — BC§

is a homotopy fiber sequence.

It remains to discuss the homotopy fiber sequence for the homotopy categories hCy . Basically
all arguments can be copied from the topological case, (using lemma5.3.6]instead of lemma 5.3.5)
with the additional simplification that all morphism spaces are discrete and hence all fibrancy
conditions are trivially satisfied. In particular this shows that the second sequence in the theorem
is a homotopy fiber sequence.

The vertical maps in the theorem are induced by the canonical zig-zag of functors D < 6D —

h'D that we have for any topologically category and it is clear that the diagram commutes. We

know from lemma [5.1.22} |5.1.23] and 5.2.6| that all six spaces are infinite loop spaces and that the

maps respect this structure. Hence the diagram is a diagram of infinite loop spaces and in particular

the two fiber sequences are fiber sequences of infinite loop spaces. O

Warning 5.3.8. There are topologically enriched functors F' : £ — B satisfying the conditions of
the (local) additivity theorem for bordism categories such that hE' : h€ — hB3 does not satisfy the
conditions of the theorem. The reason for this is that the property of being of (locally) (co)Cartesian is
not preserved under taking homotopy categories. This for example fails when considering Genauer’s
sequence: Steimle’s proof of the Genauer fiber sequence [Ste18a, Theorem 1.1] does not imply that there

is an analogous homotopy fiber sequence
B(hCy) — B(hC3) 25 B(hCy_1)
for the classifying spaces of the homotopy categories. In fact, the author believes that this cannot be a
homotopy fiber sequence for any d > 1.
5.4 Computations ford =1
5.4.1 The classifying space of the closed bordism category

The closed bordism category is a topological monoid and we think of it as the coherently commu-

tative monoid freely generated by the connected closed manifolds. In lemma we describe its
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classifying space as the free infinite loop space generated by BDiffe(W) for all connected closed
diffeomorphism types I¥/. In dimension one, the only connected closed manifold is the circle and

we can describe BC%I(9 more explicitly in terms of the homotopy orbits of the space of free loops,

see corollary

Lemma 5.4.1. The maps oy : LBDiff®(W) — BC;IQ from deﬁnition induce a weak equiv-

alence of infinite loop spaces:

Q= 11 BDiff’ (W) — BCY,.

[W] connected closed +

Proof. Let us first consider the case d = 0 with § = X some space. Then a morphism in CS}X
is a finite subset of (0,¢) x (—1,1)°°, equipped with a map to X. In other words, the space of
morphisms of Cg}  is the X -labelled configuration space Conf((—1,1)°°; X) with the usual com-
position defined by putting configurations side by side. Segal’s improved Barrat-Priddy-Quillen
theorem [Seg74, Proposition 3.6] states that the group-completion of the special (but not very
special) I'-space Conf((—1,1)>; X) is

QB(Conf((—1,1)%; X)) =~ Q(X,).

The inverse map comes from the map X — Conf((—1,1)*°; X) that sends x to the point 0 labelled
by z. Since CS} y is this monoid, thought of as a category with one object, we conclude that BCS} ¥
is the delooping Q1Q(X,) ~ Q(XX ). Seeing as X = Bun?(x) = BDiff’ (x) we therefore have
an equivalence Q(XX ;) ~ BConf((—1,1)*; X) ~ BCS}X. Restricted to XX C Q(XX ) this
equivalence agrees with the map ayy—, : S BDiff? (%) — BCS}  and therefore the equivalence we
constructed agrees with the one in the claim. The lemma follows in the case d = 0.

To reduce the case d > 0 to the case d = 0 we define X as the space of closed connected 6-
structured submanifolds of (—1,1)* so that X ~ [ BDift? (W). If we can show that C;}g

and C(C)1 y are weakly equivalent as non-unital topological I'-categories, then the claim for d > 0

con.

follows from the first part of the proof:

o= I sBoit?on)| |=amx,) =5l L B,

[W] connected n

To obtain the weak equivalence CS, ~ C§'y we first convince ourselves that the morphism
spaces are abstractly equivalent. To see this take any closed d-dimensional manifold W and de-

compose it as W = 117", H;n:il W; ; where each W; ; is connected and W; ; = Wy v iff 1 = 7.
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Then

BDift? (W) = Bun? (W) J/ Diff (W) = (H(Bune(WM))m) / (H Diff (Wi 1) zmi>
=1

=1

.:13

ﬁ(DlﬁG ”)ml)//zml)f (confmi((—L1)00;Diff9(ml)).

=1

This shows that the respective connected components of Mor(ng) and Mor(CS} ) are abstractly
equivalent.

To obtain the desired equivalence of infinite loop spaces BCS! 2.0~ BCCl x we will construct a
zigzag Cg@ +~D— CS}  of I'-categories inducing the equivalence on the morphisms spaces. The
new [-category D also has one object. A morphism in D is a tuple (W, 4, j,[,t) where ¢t > 0 is
the length, W is a closed d-dimensional manifold, i : W — (—1,1)*° x (0,¢) and j : (moW) —
(=1,1)® x (0,t) are embeddings, and I € Bun’(W) is a #-structure on W. Such a tuple is
identified with another tuple (W’ 4’, j/,1’, ') if t = t’ and there is a diffeomorphism ¢ : W = W’
such thati = ¢/ 0 ¢, j = j' o (mop), and | = p*I". The T'-structures are defined just like for Cg}e

There is a projection map p : D — Cfl}@ that forgets 7. There also is a projection map ¢ : D —
CS}X that sends [W, 4, j,!] to the configuration j(moW) C (—1,1)*°, where each point j([V]) is
labelled by the connected component V' C W with tangential structure Iy, € Bun’(V). Both
maps p and g are functors of I'-categories by construction. It is not hard to see that they induce

the abstract equivalence described above. O

Definition 5.4.2. We will let T denote the Lie group SO(2). The free loop space LX := Map(S!, X)
admits an action of T by precomposition. We will denote the homotopy orbits of this action by

(LX)pr:=LX T = (ET x LX)/T.

Lemma 5.4.3. Consider the tangential structure 0 = X x 0°" where 0°" = {—1,1} with the non-

trivial action of GL1. The moduli space of connected closed 1-manifolds with 0-structure is
BDiff? (S1) ~ (LX)t
Proof. We compute
BDiff?(S') = Buny(S") J Diff (S) ~ Mapgy,, (S* x {£1}, X x {£1})/ Diff(S*)
~ (Map(Sl,X) x Map(S?, {+1})/ Diff(S1).

Inclusion of the subgroup Z/2 x T = O(2) C Diff(S?) is a weak equivalence and we may hence
compute the homotopy orbits by first taking (_)xr and then taking (_);z/2. As (_)nT commutes

with coproducts this results in
BDift?(S') ~ ((LX)nr X {£1}) /5 > (LX)nt

as claimed. O
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Combining lemma and we recover a computation of BC;jl yxpor that was stated in
[Gial9l Proposition 5.1] without proof:

Corollary 5.4.4. For all spaces X there is a weak equivalence of infinite loop spaces
QX4 (LX)nt) = BCfly s gor.

5.4.2 'The homotopy category of the 1-dimensional bordism category

We now have all the tools ready to prove We will first compute the classifying space
of the reduced bordism category C®¢, then compare it to hC}*Y, and finally compute B(hC;).

Theorem 5.4.5. There is an equivalence of infinite loop spaces
BC* ~ Q®°2MTSO,.
Proof. We will use the reduction fiber sequence of theorem|5.3.1]for C;:

BC§! BC, —E— Bered,

Since R is surjective on connected components (in fact R : 7o BC; — moBCi! is a bijection) this

remains a homotopy fiber sequence after we deloop each of the infinite loop spaces once
B(BC{') — B(BCy) — B(BC*Y).

We can therefore write BC}*d ~ Q(B(BCi®%)) as the homotopy fiber of the left-hand map. We

have a homotopy commutative diagram of infinite loop spaces as follows:

BC* —— B(BC)) ———— B(BG)
Qg1

mTz :l

Q®°2MTSO; —— Q(X3(BSO03)y) —— Q®2MTSO,

Here lemma is our computation of BC§! and theorem|5.1.26|is the main theorem of [GMTW09].
The bottom row is the Genauer fiber sequence from lemma|5.1.28] Since the top sequence is also a

homotopy fiber sequence, we obtain a zig-zag of equivalences of infinite loop spaces:
BC « hofib (Q(z2(3502)+) SCN B(BCl)) — Q®°2MTSOs.
O

To obtain the desired computation of BhC; we first need to show that in dimension 1 the

reduced bordism category is equivalent to its homotopy category.

3To see that this is indeed a homotopy fiber sequence, consider the canonical map B(BCS') — hofib(B(BC1) —
B(BC;*Y). We know that it becomes an equivalence after applying 2 and we know that the left-hand space is connected.
So all that is left to show is that the right-hand space is also connected, but this is a consequence of 7o R being surjective.
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Lemma 5.4.6. The natural functors C1°d < §(C*Y) — h(Ci°?) induce equivalences on classifying

spaces.

Proof. For the left-ward pointing functor this is a consequence of lemma and the fibrancy
of Cffg, which in turn is a consequence of [ERW19a| Proposition 3.2.4(ii)].

The right-ward pointing functor §(C{*?) — hC}! is the identity on the (discrete) space of
objects. So to show that it is an equivalence, we will only have to show that for any two objects

M, N € Ci*d the projection
homCied (M, N) — 70 homC{ed (M, N) = homhc{ed (M, N)
is a weak equivalence. To see this, recall from fact that the left-hand-side can be written as
homeea (M, N) = [ | BDift* (W rel 9W)
W]

where [W] runs over diffeomorphism classes of reduced bordisms from M to N. By the classifica-
tion of 1-manifolds, every such reduced bordism is the disjoint union of intervals: W = 11¥]0, 1].
A diffeomorphism of W relative to its boundary cannot permute the intervals and therefore the
diffeomorphism group decomposes as a product. Since the diffeomorphism group of the interval

relative to its boundary is contractible we have that

k
BDiff* (W rel oW) = [ | BDift ([0, 1] rel {0,1}) ~ .
i=1

Therefore the connected components of the hom spaces of 6C;°? are contractible, and the category

is equivalent to its homotopy category. O
Theorem 5.4.7. There is a homotopy fiber sequence of infinite loop spaces
St — B(hC1) — Q°2MTSO,.

The infinite loop space map Q>°~2MT SOy — K (7Z,2) that continues this fiber sequence corresponds
to the generator X2ko € H*(X2MTSOs) = 7.

Proof. Consider the two compatible reduction fiber sequences of Theorem 5.3.1}

BCS! BC, —2 5 Bered

! | I

B(hC§") —— B(hC;) —E— B(hCied)
By lemma5.4.6| the right vertical map is an equivalence and hence theorem [5.4.5/implies
B(hCi*d) ~ BCrd ~ Q2 MTSO,.
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The category hC§! has one object, the endomorphisms of which are the natural numbers. Therefore
its classifying space is B(hC§!') = BN =~ S'. Therefore the bottom fiber sequence of the diagram
now reads as

St — B(hC) — Q°2MTSOs,

which proves the first claim of the theorem.

Continuing the fiber sequences once to the right we have

BC, — B pered L Q(32(BSO,).)

| I J»

B(hCy) —2— B(hci*d) — 22— K(Z,2).

The map f is an isomorphism for spectrum cohomology in positive degree, because its fiber Q.S"
has spectrum cohomology concentrated in degree 0. The class ko € H°(MTSOs) is defined as
the pullback of the basepoint class in H?(X°°(BSO3), ). The map ps is 3-connected because it is
the delooping of a 2-connected map, and as noted above p; is an equivalence. Therefore g pulls
back the canonical class in H?(X2HZ) to k. O

As a consequence of the computation of B(hC;) we can compute its rational cohomology using

the following standard fact:

Fact 5.4.8. LetY be a spectrum such that the spectrum cohomology H'(Y'; Q) is finite dimensional
foralli > 0. Then the rational cohomology of its infinite loop space is

H*(Q*Y;Q) = [ SIE™°(Y; Q)]
oY

where S[V'| denotes the free symmetric algebra on a graded vector space V. The Hopf-algebra struc-
ture on the cohomology of the identity component H*(Q3°Y;Q) = S[H*>%(Y;Q)] is such that

H*>%(Y; Q) consists of primitive elements.

Proof. This is well-known, but we provide a short sketch of proof. First, we have equivalences of
spaces QY ~ 1Y x QF°Y ~ [y QF°Y and so it will suffice to show that H*(Q5°Y;Q) =
S[H*>°(Y'; Q)]. Because it has degree-wise finite dimensional homology 7>1Y  is rationally equiv-
alent to a direct sum of Eilenberg-Mac Lane spectra X" H(Q, n > 0. We may hence assume
Y = ¥"HQ, in which case we have Q" "HQ = K(Q;n) and H*(K(Q;n); Q) = Q[S] where
18] = n. O

Corollary 5.4.9. The rational cohomology rings of hC; and hCi*? are
H*(B(hcl)o; Q) = Q[El,ﬁg, .. ] and H*(B(hC{ed)(); Q) = @[ﬁo,ﬁl,ﬁg, .. ]

where |R;| = 2i + 2. Moreover, the K; are primitive with respect to the Hopf-algebra structure.
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Proof. The spectrum cohomology of X2 M T SO is
H*(X2MTS09;Q) = Q(R_1,Ro, B1, K2, - - .)
where |;| = 2i + 2. By fact[5.4.8/ we have
H*(QPY2MTS0,; Q) = S|Q(Ro, Ry, Fa, - - -)].

This implies the second claim seeing as B(hCi¢d) ~ Q=2 MTSO; by theoremm
Theorem states that B(hCy) is a circle bundle over BC;*Y, so we can compute its coho-
mology using the Gysin sequence. The Euler class of the circle bundle is &y € H?(B(hCi*d)), so

by the rational Gysin sequence
H*(B(hC1)o; Q) = H*(B(hCi*")o; Q)/ (Fo) = Q[F1, Rz, ... ].

Alternatively we could have computed H* (hofib(X2MT SOy — ¥2HZ); Q) = Q(a, K1, Ra, - - .)
and applied fact again. O

5.4.3 The reduced 1-dimensional bordism category and topological cyclic ho-
mology of a simply connected spaces

We will now compute the homotopy type of Cfg for more general tangential structures in terms

of the so-called circle transfer map. For any space Y with T-action the circle transfer is an infinite
loop space map

trfr : Q(X(Yar)+) — Q(Y5)

natural with respect to T-equivariant maps.
We will treat the circle transfer as a black box and refer the reader to [Gial9] for a more detailed
discussion and pointers to the literature. The circle transfer for the free loop space Y = LX turns

up naturally as a map between classifying spaces of 1-dimensional bordism categories:

Theorem 5.4.10 ([Gial9, Proposition 6.1]). Let § = X x 6°7 be the tangential structure as before,
then the following diagram of infinite loop spaces commutes up to homotopy:lz_f]

BC%}Q BCip

=] l:

QS (LX)nr) 5 QLxy) L% Qrxy).

Corollary 5.4.11. For the tangential structure § = X x 0°" there is a homotopy fiber sequence of

infinite loop spaces:
Q(ev)otrfr d
QXE(LX)pr) ——— Q(X) — BC%
*Note that there is a small misprint in [Gia19, Proposition 6.1]: The diagram should say ev o trf, not trf o ev, as is
evident from the proof.
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Proof. Theorem gives us the reduction fiber sequence
BCYYy — BCyy — BCI%.

By corollaryBCf}e ~ Q(X4(LX)pr) and the main theorem of [GMTW09] implies BC; g ~
Q(X4). Inserting these into the reduction fiber sequence we obtain a homotopy fiber sequence
with the desired terms, and theorem 5.4.10|identifies the relevant map. O

Corollary 5.4.12. For any simply connected space X there is an equivalence
A
TC(S[QX]ip) = QXL ) x (2B cgor)
The left-hand-side denotes the topological cyclic homology of the ring spectrum S[QX ] := X (QX) .

Proof. According to [BCC™96, Proposition 3.9] there is a splitting

TO(SIRX]:p) = QUX);  hofib (Q(S(LX)) 5 QL))

Using corollary|5.4.11| we can rewrite the second term as

Q(EX)) ~ QBCF  gor

evoQ~ ltrfy

Qhofib <Q(22(LX)hT)

and the claim follows. O

5.4.4 The unoriented bordism category

In this section we consider the trivial tangential structure unor := {*}. We have results similar to

the oriented case:

Theorem 5.4.13. There is an equivalence of infinite loop spaces BC:°Y  ~ Q®~2MTQO, and there

1,unor

is a homotopy fiber sequence of infinite loop spaces
S — B(hC1 unor) — Q" 2MTO,.
The rational cohomology ring of hC1 unor is:

H*(B(hcl,unor)(); Q) = @[E%Eéla .. ]

where |R;| = 2i + 2, and moB(hCi unor) = Z/2.
Proof. The first part is proved just like theorem and theorem We only need to observe
that the equivalence of lemma ([5.1.28|still holds in the unoriented case.

To compute the rational cohomology, we need to understand the map f : Q®°2MTO; —
K (Z,?2) that continues the fiber sequence. Since 71 B(hC1 unor) = 0 the map is necessarily sur-
jective on ma. So, by the same arguments as in corollary we compute the cohomology. Here
we use that

H*(MTOQ, Q) = Q(I-io, K2, K4, .. >

To determine 7o B(hCy unor) recall that the unoriented 0-dimensional bordism group is Z/2. [
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Chapter 6

Reduced bordisms and cocycles

In the previous chapter we computed the homotopy types of B(hC;) and B(hCi*?) and as a

result showed that their rational cohomology rings are polynomial algebras on the generators
R; € H**2(B(hC1); Q). This computation, however, was achieved abstractly and is perhaps un-
satisfying in that it does not give us a concrete understanding of what the classes %; actually are.
The purpose of this chapter is to gain a more concrete understanding of B(hC;) and B(hC}¢?), and
in particular the k-classes on them. All the %; can be obtained as a pullback along the connecting

homomorphism of the reduction fiber sequence:
B(hered) & Bered Ly (22(BSOs) ).

In sectiongive ahands-on construction of the 2-cocycle representing the class &g € H?(B(hCi¢?))
coming from H?(f). In subsection we construct a simplicial space of “cuts” Cut and show
that the canonical quotient map NC:*d — Cut is a geometric model for f. This is then used in the

final section to give the cocycle formulas.

6.1 The 2-cocycle on the reduced bordism category

We can think of hCy ¢ as a central extension of hcgeg by the abelian monoid hC;le. In this section

we construct the 2-cocycle o on hCCrféi corresponding to the central extension. This is the first step

in understanding the cocycles representing the cohomology classes on hCy.
Definition 6.1.1. Let A; g denote the abelian group 7T1BC§}9.

REMARK 6.1.2. As a consequence of lemmal[5.4.1 Ay is the free abelian group on the set of diffeo-
morphism classes of closed connected 0-structured d-manifolds. Recall that wo(®g4¢) is the commu-
tative monoid of diffeomorphism classes of closed 6-structured d-manifolds under disjoint union. This
monoid injects into Aq g, and A g is the group completiono(Pq9). Whend = 1 and6 = {£1} isthe
tangential structure for orientation, then A o = 7 with generator [S]. Similarly, A o = D,>0Z

where there is one summand for every genus g > 0.
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Definition 6.1.3. We define a 2-chain « : Ng(thfg) — Ag g by

Wi 4%
o (Mo BALN My BTN Mg) — [C(WO Unr, W1)] S Wo@dﬁ C .Ad,g.

o — =1leZ

Figure 6.1: The 2-cochain « evaluated on a 2-simplex in Cutgg for d = 1 and § = {+1}.

Letting d = 1 and § = {+1} the 2-chain is Z-valued and assigns to two reduced one-bordisms
W :M — NandV : N — L the number of circles in the glued bordism W Uy V. See figure[6.1]
for an illustration of this case. This measures the failure of the canonical section hC}*? — hC; to
be functorial. In this sense it is reminiscent of the group 2-cocycle one usually assigns to a central

extension of groups. We make this precise:

Lemma 6.1.4. The cochain « is a 2-cocycle and the cohomology class [—a] € HQ(B(hCng); Aap)

corresponds to the map

a: B(hCiy) — K(Agp,2)
that continues the fiber sequence for homotopy categories of theorem[5.3.1, For d = 1 and 6 = or we
have [—a] = Fy.

Proof. We first verify that « is indeed a cocycle. Consider a 3-simplex in the nerve of hCéeg:

x = (M LNy VARLERY VANIEN Ms3). Evaluating awon 0x = )

J(—=1)d;z gives
[c(W2Unr, W3)| = [e(r(W1 Unr, Wa) Ung, W3)] + [e(Wi Ungy (W2 Ung, W3))] — [e(Wh Ung, W2

To understand this, first consider ¢(W7 Uy, Wa Upg, W3). This is the submanifold of Wy Uy,
WaUps, W3 given by those components that do not intersect My or M3. We can further decompose
it as

C(W1 Uar, Wy U, Wg) = C(T(Wl Uar, WQ) Unr, Wg) 1T C(W1 Uar, Wg)

into those components that do, or do not, intersect M5. Similarly we have a decomposition
C(W1 Uar, Wy U, Wg) = C(W1 Uar, T(WQ Unr, Wg)) 11 C(W2 Unr, Wg).

This shows that the two terms in «(0x) with a minus sign cancel the two terms with a plus sign.

Hence « indeed is a cocycle.
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For the second claim consider the map of homotopy fiber sequences

B(hC§y) — B(hCap) — B(hCYy)

I+ | L

K(.Adﬁ, 1) * K(.Ad,@, 2).

where the top row is the reduction fiber sequence from Theorem The category thl}a has
one object and the morphisms form the monoid of diffeomorphism classes of closed manifolds
under disjoint union. There is a canonical 1-cocycle § € H 1(hC§}9; Aqp), which sends a mor-
phism [W : 0 — 0] to [W] € Agp. This cocycle corresponds to the left vertical map in the
above diagram. In the Serre spectral sequence for the bottom fiber sequence the canonical element
B € HY(K(Aup,1); Agp) transgresses to the canonical element 3’ € H%(K (Agyg,2); Agp). By
naturality of the Serre spectral sequence this implies that da[3] = a*da[3] = a*3'. We will prove
the lemma by showing that the ds-differential in the cohomological Serre spectral sequence

dy : H'(hCSg; Aap) — H*(hCES; Aayp)

sends [(] to —[a].
Recall that the transgression da[f3] of [5] can be uniquely characterised by requiring that in
the following diagram we have R*(d2[3]) = 6([3]).

H2(hCig [0]; Agg) —— H(hCIS; Agp)

b

H'(hCSly; Aqg) —2— H?(hCap, hCS: Adyp)

The coboundary operator § is defined on S by choosing any extension B : Ni(hCqp) — Aap
and setting §(5) = B o 8. Tt will be convenient to choose B(W) = [¢(W)]. The 2-cocycle
d(B) : Na(hCqp) — Aqp is then
5(8) (Mo 225 My 2 M) = BO(Mo 5 My 25 M) = [e(Wa)] —[e(WiUn, Wa) ]+ [e(W1)).
We can now compute §(/3) + R*« on some 2-simplex x = (M) LUy VARIEN My):

(0(8) + R*a)(z) = B(9x) + a(R(x))

B([Wa] — [Wh Ups Wa] + [Wh]) + a( My M)

[e(W2)] = [e(Wr Uy Wa)] + [e(Wh)] + [e(r(Wh) Ungy 7(W2))]-

(W) r(Wa)

M,y

To see that this vanishes observe that the closed components of (W Uz, W5) can be decomposed
as

C(W1 U, WQ) = C(T(Wl) Uar, T’(Wg)) II C(Wl) II C(Wg).

This shows that §(/5) = —R*« and hence d2[3] = —a. As we argued previously, this implies the

second claim. O
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6.2 The continued reduction sequence and the space of cuts
6.2.1 The continued fiber sequence

In the case of homotopy categories the reduction fiber sequence can be thought of as a central
extension that is classified by the 2-cocycle a constructed in the previous section. Similarly, the
topologically enriched version of the reduction fiber sequence leads to a “central extension of in-
finite loop spaces” classified an infinite loop space map BCffg — Q(ZQ(H[W] won. BDIfF? (W) 1).
In the remainder of this section we will explicitly describe this map, so that we can later use it to
understand the higher cocycles on hCy.

It will be convenient to consider the following subspace, which in some sense freely generates

\I/d,g:

Definition 6.2.1. Let U5 C Wy g be the subspace of those (W, 1) where W C (—1,1)> is con-
nected or empty. We let W = () be the base-point of this space. By fact[5.1.5 there is an equivalence:

vip ~ {0y [ BDiEY(W).
[W] connected

To construct the map BCYS — Q(X2W%7) we will need a new semi-simplicial space:

Definition 6.2.2. For anyn > 0 we define a subspace
Wi Whn .
(Cutd’g)n C Nncd’g = {(MO — My == M1 — Mn) in Cd’g}

to contain those n-tuples where My = (), M,, = 0, and all the W; are reduced.
There is a retraction Sy, : NpCa 9 — (Cutgg)y for this inclusion, defined by deleting all connected
components of (W7 o - - - o W,,) that intersect My 11 M, or lie in c(W;) for some i. We define face

operators for Cutg g by dSt .= S, 0 aNC.

REMARK 6.2.3. One needs to check that the d; in fact satisfy all the simplicial relations. This follows
NC

%

for more details. Conceptually, dl-Cut acts by taking the face map as usual in the nerve and then

immediately once one checks Sy, o dfvc =5,0 d{VC 0S5, and S, 05" = sf-vc 0 .S,. See lemma

deleting all connected components V' that violate the condition V N My 11 M,, = () or the condition

V ¢ 11, c(W;). See figure[6.2 for an illustration.

Note that it follows from the definition that S¢ : NCq9 — Cutgg is a map of semi-simplicial

spaces and that it identifies Cutg g as a quotient semi-simplicial space of NCq .

Theorem 6.2.4. The natural quotient map NCCrleed — Cutg g induces, after geometric realisation, a

continuation of the reduction fiber sequence from Theorem More precisely, there is a map of
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Figure 6.2: A 4-simplex in Cutgg for d = 1 and # = {£1} and two of its simplicial faces.

homotopy fiber sequences of infinite loop spaces:

BCYy — BCqp —— BCiY

H | Js

BC;}Q > % |Cutqa]l-

In particular, there is an equivalence of infinite loop spaces:
ICutaell ~ B(BCy) ~ Q(Z*TE).

In dimension d = 1 with § = {£1} we see that ||Cuty ;|| =~ Q(X?(CP>), ) and the map S

comes from the cofiber sequence of spectra
S — X2CP>, 25 R0 (CP™),.

In particular, it is a rational equivalence on connective covers. This will be particularly useful in

section [6.3 where we want to write the %;-classes as pullbacks along S. We record:

Corollary 6.2.5. Ford =1 and 0 = {£1} the map S induces a rational equivalence
S
Beied T 7| Cuty .

If we introduce a background space X, then it follows from lemma that \Ili")fﬂ}x P
((LX)nt)+- Let us denote Cuty (113, x by Cut1(X). By theoremwe have ||Cuty(X)|| ~
Q(X%(LXpr)+). Recall that X°LX is also the topological Hochschild homology (THH) of the
spherical group ring S[Q2X]. Indeed, we will see in section that Cut; is closely related to
Connes’ category A and in the presence of a background space Cuty (X)) should be thought of as
a variant of the cyclic bar construction. This identification of Cut with THH is compatible with

the relation between C*® and TC:
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Corollary 6.2.6. There is a homotopy commutative diagram of p-complete infinite loop spaces:

Q> TCS[QX];p) —— Q(X4+(LX)nr))

b -

QBCEd (X)) —25 s Q| Cuty (X))

where map « is the top map in [BHM93, Diagram (0.3)], see also [NS18, Theorem IV.3.6], and the map
b is obtained by composing the equivalence from corollary[5.4.13 with the projection to the second
factor.

Proof. As a consequence of the identifications made in corollary [5.4.11| and the continued fiber

sequence in theorem we have a homotopy commutative square:

evotrfr

hofib (Q(S (LX) QX)) —— Q (4 (LX)ur)

I L

QBCred(X) 025 Q[|Cuty (X)]|.

Now we can, just like in corollary use [BCCT96, Proposition 3.9] to obtain an equivalence
o A
TC(S[0X]:p) = QX)) x hofib (QE(LX)r) 25 Q(x)) .
P
The square in the claim is now obtained by p-completing the above square and composing with

the projection of T'C' onto the second factor. O

The remainder of this section will be concerned with proving theorem|[6.2.4]

6.2.2 The category of factorizations

Before we can prove theorem we need a good understanding of how the space W57' relates
to ||Cutgg|| and B(CSy). This will make use of the following poset:

Definition 6.2.7. The topological poset Iy g consists of tuples (W, 1),t) where (W,1) € W is
a closed d-dimensional submanifold of (—1,1)* with W empty or connected andt € (—1,1) is
a regular value of pry : W — (—1,1) witht € prg(W) or W empty. The relation is such that
((W,0),6) < (W', ), 8) iff (W,1) = (W', ) andt < s

One should think of F}; g as the category of possible factorizations of connected manifolds in
Cag. An object is a tuple of bordisms Wy : § — M and Wy : M — ) such that Wy Uy W,
is connected and a morphism (M, Wy, W1) — (N, Vp, V1) is a bordism X : M — N such that
Vo = Wo Uy X and Wi = X Uy V1. In this sense Fy g is a full subcategory of the “over-and-
under-category”; we will explore this perspective in section[6.3.1}

There is an augmentation map Fy g — W% defined by forgetting the regular value ¢.
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Proposition 6.2.8. The augmentation induces an equivalence B(Fqg) ~ (e

We will prove this using the following technical lemma about classifying space of certain

posets.

Lemma 6.2.9 ([GRW14]). Let X be a space and P C X X R an open subset such thatpry : P — X
is surjective. We equip P with the poset structure defined by

(z,t) < (2/,5) & (x = 2" andt < s).
Then the canonical augmentation N, P — X induces a weak equivalence
B(P,<) ~ X.
Proof. This is easily seen to be a special case of [GRW14, Theorem 6.2]. O

Proof of proposition[6.2.8, We want to apply the proceeding lemma to the poset Fjg. The
subset Iy g C W% x R is open because for ¢ to be a regular value for pr; : W — R is an open
condition that continuously depends on W. The problem is that we also require ¢ € pr;(W); this
leads to the projection map Fyy 9 — W5y’ not being surjective. Lemma therefore only shows
that BF ¢ is equivalent to the subspace X C W' of those manifolds (W,1) € W% such that

there is a ¢ € pry (W) that is a regular value for pr; : W — R.

Since W is connected and the regular values of pr; are dense in R, the only way for (W, ) not
to lie in X is if pry (W) = {t} is a single point. To prove the proposition we have to show that the
inclusion X' C W% is a weak equivalence. We can write this inclusion as:

x= ] (Emb(w(q,nw)’xBun‘?(W)) /(W) = ] (Emb(VV,(fl,l)oo)xBune(W)) /Diff(W) 2 w5
[W] con. [W] con.

Here Emb(W, (—1,1)°°)’ is the subspace of those embeddings ¢ : W < (—1, 1) where the first
coordinate ¢g : W — (—1,1) is not a constant map. Since each Emb(W, (—1,1)>) x Bun’(W)
is a Diff (IW)-principal bundle over the respective connected component of ¥ ¢ it will suffice to

check that each of the inclusions
Emb(W, (—1,1)*°)" x Bun’(W) < Emb(W, (—1,1)*°) x Bun’(W)

is a weak equivalence. We will do so by showing that Emb(W, (—1, 1))’ is contractible.
Let C*°(W, (—1,1)) be the space of smooth functions with the Whitney C*°-topology and
write C*°(W, (—1, 1))’ for the subspace of non-constant smooth functions. Evaluating the first

coordinate yields a map
E : Emb(W, (—1,1)®) — C>®(W, (—1,1))".

Pick a preferred embedding j : W < (—1,1)* and define an right-inverse J to E by setting
J(f)(w) = (f(w), ji(w), ja(w),...). Itis clear that E o J is the identity on C*>*(W, (—1,1))" and
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JoFE is homotopic to the identity by the same standard argument that shows that Emb (W, (—1, 1))
is homotopy equivalent to C*>°(W, (—1,1))’.

We still need to check that C*°(W, (—1,1))" weakly contractible. Since (—1, 1) is diffeomor-
phic to R, the space C*°(W, (—1,1)) is homeomorphic to the vector space of smooth functions
C®(W,R). C>°(W,R) is a separable infinite dimensional Fréchet space and subspace of constant
functions R C C*°(W,R) is the union of countably many compacts. It therefore follows from
[BP75, Theorem VI1.5.2, Corollary V.6.2, and Theorem V.6.3] that C>°* (W, (—1,1)) = C>*(W,R)\R

is homeomorphic to C*° (W, R) and in particular contractible. O

6.2.3 Poset models

When working with bordism categories it is often convenient to replace the topological category
Cq by a topological poset PCy with an equivalent classifying space. We learnt this trick from the
work of Galatius-Randal-Williams (see e.g. [GRW10]). We recall PC, and introduce four simplicial
spaces, related to ¢l ¢red) Cut, and a new simplicial space D. Note that these will in fact be
simplicial and not just semi-simplicial spaces since the poset PCy (unlike Cgl, Cq, Céed) does have
identity morphisms. In what follows we will often suppress the data (d, §) from the notation to

make space for simplicial indices.

Definition 6.2.10. The topological poset PC4 ¢ has underlying space the space of tuples ((W,1),t)
where (W, 1) € ¥g9(R x (—1,1)°) is a submanifold of the “tube”R x (—1,1)*° andt € R isa
regular value of the projection W — R. The poset structure is defined via

(W,0),8) < (W', 1), 8) & (W,1) = (W', I') andt < s.

REMARK 6.2.11. To compare this withCg ¢ one defines another (non-unital) topological poset Py 1Cq
where for every object ((W,1),t) there is an € > 0 such that (W, 1) is cylindrical over (t — e,t + €).
Then there are functors

Cap < PeyiCap — PCyp

and by [GRW10, Theorem 3.9] they both induce equivalences on the classifying spaces. All of these
constructions are compatible with the I'-space structures we described in section[5.1.5

Let C denote the nerve of the poset PCg4. An n-simplex in C'is a tuple ((W,1),tp < --- <
tn) where (W,l) € ¥g9(R x (—1,1)*) is a d-dimensional §-structured manifold in the tube
R x (—1,1)* and the ¢; € R are regular values of prp : W — R.
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Definition 6.2.12. For all n we define subspaces C<!, C**4, Cut!,, D,, C C,, to contain those n-
simplicesw = (W, 1),tg < --- < t,,) € C,, satisfying certain conditions:

weCd o YVCW:prg(V)N{te,...,tn} =0,

weC™ o VYWcW:prg(V)N{to,... ta} #0,

weCut, & VYV CW:prg(V)C (to,tn) and prg(V) N {t1,... tn1} # 0,
weD, & YVCW:prg(V)C (to,tn).

Here the ¥ quantifier runs over all connected components V- C W. When n = 0 or, more generally,
when tg = t,,, the third and the fourth condition are interpreted as W = ().

Each of the subspaces CS', C™*4, Cut!,, D,, C C,, is a union of connected components. The inclu-
sion Dy, C C,, admits a canonical retraction r : C,, — D,, defined by sending w = (W, 1),ty <
o Zty) to (W o), to < -+ < t,) where W' C W is the union of those connected compo-
nents V. C W satisfying prg C (to,t,). Similarly, definer : C, — C%, r : C, — C*4, and
r: Cy, — Cut], by deleting the connected components that violate the relevant condition.

Define face operators d; on CS!, Ct°9, Cut,, and D, by including to C,, applying the face operator
of C,, and then applying the retraction. Degeneracy operators are defined similarly.

See figure for an illustration of how face maps work in Cut,, and figure|6.3|for an example

of a 4-simplex in D,.

™~ S
)

Figure 6.3: A 4-simplex in D ford = 1 and § = {£1}.

Note that while the inclusion C1¢d C C, is not a simplicial map, the retraction Cy — C1¢d is:

Lemma 6.2.13. With the above definition the inclusion makes CS! C Cy a simplicial subspace and
the retractions make C1%, Cut,, and D, into simplicial quotient spaces of Cs. In each of the four

cases the ith degeneracy operator simply repeats t;.

Proof. Note that for any retraction (i : A — B,r : B — A) of topological spaces the space
A carries the subspace topology with respect to ¢ and the quotient topology with respect to .
Therefore each of Cffd, Cuty, and D, is indeed a quotient space of C),.

To check the first claim, we need to show that C’fl C C, is closed under face maps. But this is

clear because prg (V) N {to, . .., t,} = 0 implies prg(V) N {to,...t;...,t,} = 0 for any i.
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For the second claim we need to check that » o d; = r o d; o r holds for r : Coe — C’fed
the retraction and d; a face operator on C,. Once this is shown, it follows that the induced face
operators died := 1 o d; satisfy the simplicial identities and that r : Cy — C1°d is a simplicial
quotient map. The cases of Cut, and D, are then shown similarly.

By definition the retraction deletes all connected components V' C W such that VN{to, ..., t,}
(). We need to make sure that if a component is deleted by r, then it is also deleted by r o d;. But if
VN {to,... tn} =0,then VN {to,..., L, ..., tn} = 0, so the claim follows. As similar argument
works in the other two cases because for each of them the conditions on V' C W get stricter as

the set {to, ..., t,} gets smaller. O

Corollary 6.2.14. There are zig-zags of level-wise weak equivalences of semi-simplicial spaces:
N(C§lg) = CY, N(Cap) ~C, N(CY§)~C"™, and Cutgp~ Cut’.

These are compatible with the canonical maps C%' < C — C™4 — Cut/.

Proof. This is proved exactly as in [GRW10, Theorem 3.9]. Recall from remark [6.2.11] that we can
define a (non-unital) topological poset F,iC that fits in a zig-zag

C + P, C — PC.

In [GRW10|, Theorem 3.9] the authors show that both functors induce level-wise weak equivalences
on the nerves. This is exactly the second case. The other three cases follow from this case because
level-wise each of C°, C™®4, and Cut,, is a union of connected components of C), and the weak

equivalence restricts to a weak equivalence between these connected components. O

6.2.4 Proof of theorem[6.2.4]

Each of the simplicial spaces C}, has a I'-structure defined using the tangential structure just like
we did for Cy ¢ in section We will continue to suppress d and 6 from the notation and we will
write e as a placeholder for simplicial indices. By construction there is a commutative diagram of

simplicial I"-spaces

Cfl C. C:ed
N
ce D, Cut/,

where the composition of the two horizontal arrows in each row is canonically null-homotopic. By
corollary this diagram yields, after geometric realisation, a diagram of infinite loop spaces
where the top row is the reduction fiber sequence of theorem To prove theorem it
will therefore suffice to show that the bottom row is a homotopy fiber sequence after geometric

realisation and that || D, || is contractible.
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We begin by simplifying the problem from understanding a homotopy fiber sequence of infinite
loop spaces to understanding a homotopy cofiber sequence of spaces. To do so, we show that each
of the three simplicial I'-spaces C¢!, D,, and Cut), is freely generated by its subspace of connected

manifolds, which we now define.

Definition 6.2.15. For X = C¢, D,, or Cut), let X{°" C X, denote the sub-simplicial space of
those tuples (W, 1),to < --- <'t,,) where W is either connected or empty.

Observe that X{°" defines a subsimplicial space because face operators can only delete, but
not create connected components. However, X" is not a special I'-space anymore. This makes
sense as the I'-space structure is supposed to capture the operation defined by disjoint union of
manifolds. The subspace X C X, should be thought of as the space of “indecomposables” for
this operation and we will see that X, is in fact freely generated by them. This is a generalisation

of lemma

Lemma 6.2.16. For X any of the three spaces as above the inclusion || X"|| — || Xe|| induces an
equivalence of infinite loop spaces Q(|| X"||) =~ || Xe||. These equivalences are compatible in the

sense that there is a homotopy commutative diagram of infinite loop spaces

QU —— QD) —— Q(lI(Cutg)™"|)

E L ;

ICN ————— DIl ———— [[Cut,].

Proof. For Y, a pointed simplicial space, let Conf,((—1,1)°;Y,) be the simplicial space whose
n-th level is the space of unordered configurations in (—1,1)°° with labels in Y;,, modulo the
equivalence relation that deletes configuration points labelled by the basepoint. This is a simpli-
cial I'-space with the I'-structure defined as usual for configuration spaces. There is a canonical
simplicial inclusion Yy — Conf,((—1,1)*°;Y,) defined by sending y € Y, to the configuration
{0} C (—1,1)* labelled by y.

We construct for each X a zig-zag of equivalences of simplicial I'-spaces:
Xe «— Zo — Conf,((—1,1)%, X").

Then the technical lemma implies that Q(||X$"||) ~ || X.|| seeing as || X "] is always
connected. If we construct the zig-zags compatibly with the maps C&! — D, — Cut), then it also
follows that the diagram of infinite loop spaces in the lemma is homotopy commutative.

In the case of X = C the relevant zig-zag was already constructed in lemma though
under a different name. We now recall the construction to see that it works in all three cases. A
point in Z,, is represented by a tuple (W, , j, 1, t) where W is a d-manifold with | € Bun? (W) a 6-
structure, t = (fp < --- <t,),i: W < Rx (—1,1)*isan embedding and j : m¢W — (—1,1)>®
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is a configuration. Moreover, we require that (i(W),i.l,tg < --- < t,,) is a well-defined point in
X,,. (In particular, 7 has to be cylindrical in the appropriate places.) Z,, is the space of equivalence
classes, where we identify (W, 4, j,1,t) ~ (W', i0p,j o (mp),¢*(1),t) for any diffeomorphism
@ : W' =2 W. The I'-space is, as always, defined via the tangential structure 6.

The projection maps in the zig-zag are defined by

X 3 (i(W), s, to < -+ < t) i [Wii, 4,1, 4] — (j(moW), q) € Conf,((—1,1)%; X"

where the labelling q : j(moW') — X" labels the configuration point j([V]) by (i(V), ix(ljy), to <
-+ < t,) for any connected component V' C W.
Itis not hard to see that Z is a simplicial I'-space and that the two maps are compatible with this

structure. The same arguments as in lemma|6.2.17|now show that they both are equivalences. [

Lemma 6.2.17. ForY, a pointed simplicial space, let Conf, ((—1,1)°°;Ys) be the simplicial T'-space
from the proof of lemmal6.2.16 If |Y | is connected, then there is an equivalence of infinite loop spaces

QUIYI) = [[Conf.((~1,1)%; Ya)]|
compatible with the inclusion of ||Y|| on both sides.

Proof. Consider the operad O on the category of spaces where the space of n-ary operations is the
set of n-tuples (i1,...,i,) of embeddings i; : (—1,1)*° — (—1,1)* with disjoint images, such
that there are ; € (0,1) and a; € (—1,1)*> with i;(z) = rj(x + a;) forall z € (—1,1)>. This
is the little co-cubes operad, and as all of the spaces O(n) are contractible, it is an E,-operad.
The associated monad T» on the category of based spaces has a canonical map to the labelled

configuration space:

To(X) = \/ (X"xO(n)) /s, = Confu((—1,1)% X),  [(z1,.... @), (i1, -, in)] = (LLi;(0),1)

n>1

where the labelling [ is [(i;(0)) = z;. This map is clearly an equivalence for all based spaces X,
as it only forgets the information of the r; € (0, 1).
By [May72| Theorem 12.2] any monad associated to an operad commutes with geometric re-

alisation up to homeomorphism, and so we have an equivalence
To(||Ys])) & [|ITo(Ys)[| = Confi((—1,1)>; [|Ya]]).

But O is an Fo,-operad and || Y, || is connected, so by [May72| Corollary 6.3] T (||Ys]|) is equivalent
to Q(||Ys]|) and the claim follows. O
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In light of the previous lemma we can prove theorem[6.2.4| by showing that
(e || — 1D | — [[(Cutg)*|

is a homotopy cofiber sequence and that || D" || is contractible. To see that this is a homotopy
cofiber sequenc is not difficult: for each n we actually have D" ~ (C<)on v/ (Cut!,)°". The
crucial step, however, is to check that || D"|| is contractible, indeed we will show the following

identification of homotopy cofiber sequences:

Lemma 6.2.18. Let Fyg — W5 be the augmented topological poset from definition Then

there is an equivalence of homotopy cofiber sequences:

I(CH | —————— D] ———— [I(Cuty)"|

! : ;

S(V§y) —— B(C(BFag — Vgy)) — T*(BFyyp)

where C(BF g9 — V') denotes the cone of the augmentation map BFy 9 — V. In particular,

since this map is a weak equivalence by proposition[6.2.8, the space || D*™|| is contractible.

The rest of this section will be concerned with proving this lemma.

Part 1 of the proof of lemmal[6.2.18 The crucial observation for the proof of the lemma is that each
of the simplicial spaces (C¢)°°", DS, and (Cut/, )™ decomposes level-wise as a wedge of simpler

spaces. For example in the first case we have a canonical equivalence:

n
(O =\ g < {k}
k=1

defined by sending an n-simplex ((W,[),tp < --- < t,) to the tuple ((W,[), k) where k €
{1,...,n} is the unique number such that pr;(W) C (tx_1,tx). This makes sense since W is
assumed to be connected and pr; (W) cannot contain any of the ¢;. If W = () we send ((0, ), tg <
--- < ty) to the basepoint. This map is a fiber bundle with fiber the convex subset of R"*! con-
taining the possible choices of ¢; such thattg < --- < t;_1 < min(pr(W)) and max(pry (W)) <
e <<t

There are similar decompositions for D" and (Cut],)®", with the additional complication
that we need to keep track of a tuple (a < b) such that pr{ (W) C (t4—1,%). Indeed, using the

nerve of the augmented topological posetﬂ Fy9 — V& we can write

D;;on ~ \/ Na—b—le,9 and (Cutg?g)n ~ \/ Na—b—le,O
1<a<b<n 1<a<b<n

l

!For this to be a homotopy cofiber sequence we need to specify a nullhomotopy of the composite. The simplicial map
(CsHee™ — (Cutl, )™ sends (W, 1),t0 < -+ < tn) to ((B,0),t9 < --- < ty), so there is a canonical nullhomotopy
given by contracting the ¢; to 0.

2 An augmented topological poset is a topological poset (P, <) together with a map a : P — X satisfying a(z) =
a(y) for all ¢,y € P with z < y. Its nerve is the augmented simplicial space NP with N,P = {p € P"™* | po <
-+ < pp}forn >0and N_1 P = X. The map a is used as the face operator fo : NoP =P — X = N_; P.
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where N_1 Fy g = V%' We complete this proof below. O

To complete the proof we need to properly understand how these wedges of space fit together

to form a simplicial space. For this we introduce the notion of a simplicial (relative) cone:

Definition 6.2.19. Let (Xo, X_1,x0) be a pointed augmented simplicial space. Then the relative
cone and the opposite relative cone are the pointed augmented simplicial spaces C(X, X _1) and
C°P(X, X _1) defined as follows. In both case the space of n-simplices is

CX, X 1)n =\ (Xp x {k}) =: CP(X,X 1),
k=-—1

The face and degeneracy operators are defined for the cone as:

di(z, k) = (diz,k—1) ifi<k and si(z, k) = (siz,k+1) ifi<k
U k) ifi >k ST (2, k) ifi > k

and for the opposite cone as:

0 (k) = (dicn-myz, k—=1) ifi>n—k and
(x,k) ifi<n—k
S (2, k) {(sz k)T, k+1) ifi>n—k
(x,k) ifi <n—k.

These definitions are chosen such that C°P(X, X_1) = (C(XP, X _1))P
We define the reduced cone cl )(X, X_1) as the quotient of C°P)(X, X 1) by X, included in

red

the obvious way. Moreover, we write ¥.(°P) X := C;:Z) (X, %) when X has the trivial augmentation.

Lemma 6.2.20. For any augmented pointed simplicial space (X, X_1, xo) there is a cofiber sequence
of simplicial spaces
const(X_1) — Crea(X, X_1) — Creq(X, )

that realises to the cofiber sequence
X_1 — Cone(|| X|| = X_1) — Z|IX||-

Proof. We begin by showing that the augmented simplicial space C°P(X, X_;) admits an ex-
tra degeneracy s_1 : CP(X,X_1), — CP(X,X_1)pt1 by s_1(x, k) = (z,k). This satisfies
dos—1(x, k) = (z, k) because s_i(x, k) = (x,k) € CP(X, X_1)p+1 falls under the second case
of the definition of dy. (Since 0 < (n + 1) — k.) We also observe that d;y;5_1 = s_1d; and
$j4+15-1 = 5_15; hold by construction. Hence s_; is indeed an extra degeneracy and so the aug-
mentation map C°P(X, X_1) — X_; induces a homotopy equivalence: ||CP(X, X_1)|| ~ X_;.
Taking opposites appropriately, we obtain the same result for C(X, X_;). This also implies that
||C'(X,*)|| is contractible.
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Next, we observe that the canonical inclusion X — C'(X, X_1) defined by (z € X,,) — (z,n)
is alevel-wise cofibration and hence induces a cofibration || X || — ||C(X, X_1)||. Here we write X
for the non-augmented simplicial space. By the first part of the proof || C'(X, X_1)|| is equivalent to
X_1 via the augmentation map and hence ||C (X, X_1)/X|| is cone for the augmentation map. The
inclusion const(X_1) — C(X, X_1)/X is in each level the inclusion of a wedge summand and
hence a cofibration. The quotient of this map is C'(X, X_1)/(X V const(X_;)) = C(X,*)/X =
rX. O

Part 2 of the proof of lemma We will use NV F' as a short-hand for the simplicial nerve N (Fy g)

and we let 1) denote the constant simplicial space 1, := ¥5%'. We will construct simplicial maps

(Csl)con Dfon (Cut/.)con

I J J»

E(¢o) — E(Cred(NFvw)) — E(Cred(NFv *))

such that each of f, g, and h is a level-wise equivalence. The first map f : (N Cfl}e)“’” — X(tbe) is
defined by

fo(WD),to < -+ < tn) = (W), k) € (¥ x {k}) C (Z¢e)n

where k € {0,...,n — 1} is the unique number such that pr; (W) C (tg, tg11)-

Before we define the second map ¢ : D" — X(CP(NF,)/NF), recall that an n-simplex
in¥(C? (NF,4)) can be written as (z,l, k) where k € {0,...,n—1},l € {—1,...,k—1},and
x € NF;. We can hence define the map as

g (Wil to <o < t) o> (WD)t < - < ti) LK) € (NFx {1} x {k})

where (k,1) are the smallest numbers such that pri(W) C (tx—;—1,tx+1). The face maps for

S(CP(NF, 1)) can be derived from the formulas in definition [6.2.19]af
(x,1, k) fori >k
di(z,lk) = (2,1, k — 1) fori < k—1

(di—g—pyr, 1 =1,k —=1) fork—1<i<k.

Here we implicitly identify an n-simplex (z, [, k) with the base-point * if [ = k or k = n. Using
these formulas it it not hard to check that g is indeed simplicial. The map h is defined by the same
formula as g, which makes sense because (Cut],)®" is a quotient of D°". In other words h is
induced by the fact that both rows in the diagram are level-wise cofiber sequences.

This concludes the construction of the diagram. The maps f, g, and h are level-wise homotopy

equivalences by the observations in the first part of the proof. O

*There is a typo here in the published version [Ste21al.
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6.3 Identifying cocycles

By our main theorem the rational cohomology of h(C; is a polynomial algebra on a generator « in
degree 0 and generators &; in degree (2i 4+ 2). We wish to give combinatorial formulas for these
cocycles representing ;.

Our strategy is as follows: The computations of section [5.4] imply that all the %; are pulled
back from the space of cuts ||Cut; || and in the previous section we gave an equivalence ||Cut; || >~
Q(X2BF}). We will now show that the topological poset F} of ‘factorizations of circles’ has an
equivalent classifying space to Connes’ category A of cyclicly ordered sets. It is well-known that
BA ~ CP* and Igusa has constructed cocycles v, € C?*(A; Q) on A that represent ¢* € Q[c] =
H*(CP*>; Q). Once the necessary identifications are made it is only a matter of correctly pulling

and pushing the cocycles through our equivalences in order to obtain the desired formulas for K.

6.3.1 The category of factorizations and Connes’ category A

In this section we compare the category of factorizations F; (1} in dimension d = 1 with tan-
gential structure #°" = {41} to Connes’ category A of cyclic sets. Concretely, we will construct a
zig-zag of topological functors
J QYRR 2 REEN ALY

such that J is (almost) a continuous bijection that induces an equivalence on classifying spaces,
D is a level-wise equivalence on nerves, and H is an equivalence of ordinary categories. One can
show that after taking nerves each of these functor induces a weak equivalence in the complete
Segal space model structure, so that ] and A represent equivalent (oo, 1)-categories. However,

we will only show that they all induce equivalences on classifying spaces, as that is all we need.

Definition 6.3.1. Connes’ category A has as objects natural numbersn > 1. A morphism [f] : n —
m is represented by a weakly monotone map [f] : Z — 7 satisfying f(z +n) = f(z) + m for all
x € Z. Two such maps f, f' : Z — Z represent the same morphism if and only if there isa k € Z
such that f(x) = f'(z) + km forall x € Z.

REMARK 6.3.2. There also a non-skeletal version A¥9 of A such that A — A"9 is an equivalence of

2

where two such bijections are identified whenever they differ by a cyclic permutation of {1, ...,|A|}.

categorie. A cyclic ordering on a finite set A is an equivalence class of bijectionsy : A = {1,...,]|A

However, a cyclic morphism (A, [y]) — (B, [0]) has slightly more data than just cyclic order preserv-
ing maps f : A — B. Namely, when |f(A)| = 1 one also has to keep track of a “minimal preimage”
ay € A. Wewill not go into detail here, but the reader may check themselves that the forgetful functor
A — Sets is indeed not faithful.
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The poset Fy g is difficult to work with because it is not fibrant. There is, however, a map
Fi9 — V4 14 defined by sending ((W,1),t) to the preimage pr; *(t) N W equipped with the

induced tangential structure. We can use this map to define a version of F}; ¢ that is better behaved:

Definition 6.3.3. The topological poset Fgﬂ has as underlying space Fyg Xw,_, , 6(Vq_1,) where
the latter denotes W ;_1 ¢ with the discrete topology. The partial ordering on Fge is the same as on

F¢, except that we remove the identity morphisms.

Definition 6.3.4. For W € Vg and s < t € R regular values we write:
Wi =W ({t} x (=1,1)7) and W :=WnN([s,t] x (=1,1)).
Lemma 6.3.5. The canonical map J : F gﬂ — Fy ¢ induces a weak equivalence on classifying spaces.

Proof. Let F 6/1,9 denote the non-unital subcategory of F; g containing those objects (1, t) where
W is cylindrical over (¢t — ¢,t + ¢) for some £ > 0 and those morphisms (W, ¢ < s) where t < s.
Similarly, let F' i’e CcF C‘Ze be the non-unital subcategory defined by the same conditions.

It follows from standard rescaling arguments (e.g. [GRW10| Proof of 3.9]) that the two inclu-
sions F’ C/l70 — Fyp and F i’@ — F C‘Ze induce level-wise weak equivalences on nerves and hence
weak equivalences on geometric realisations.

The functor F C‘z’g — F (Q,@ is a base-change in the sense of lemma The relevant map

N(Fgp)n — (Wag)", (Wito <-- <tn) = (Wi, -, Wie,,)

is a fibration by the same arguments as in the proof of [ERW19b, Proposition 3.2.4(ii)]. Therefore,
by the base-change lemma , F 3’9 — F , is a weak equivalence on classifying spaces. By

2-out-of-3 this implies that F d6 ¢ — 4 is also a weak equivalence on classifying spaces. O

Specializing to dimension 1 we now introduce an ordinary category J; that will interpolate

between F} and Connes’ A.

Definition 6.3.6. The category F has as objects triples (M, Wy, W1) where (Wy : 0 — M, W :
M — 0) € Na(hCy) is a composable tuple of morphisms in hCy such that M is non-empty and
the composite Wy Upr W1y is a circle. A morphism (M, Wy, W1) — (N, Vp, Vi) is a morphism
X : M — N in hCy such that Wy Uy X = Vygand W7 = X Uy V4.

Definition 6.3.7. Define a functor P : [ — Fi by sending (W, 1),t) € F{ to
([VV|t07 l]7 [VVH—Lto}’ ”a [I/V\[to,lb ”)7
and on morphisms by sending (W,1),to < t1) to [Wiy 1,1, 1]

Lemma 6.3.8. The canonical functor Ff — JF1 induces a level-wise equivalence on nerves.
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Proof. For every k there is a (non-simplicial) map

Np(F1) — Njpo(Cr9),

Wy

Wii_ W,
(WD), tg < -+ < tp) = (B — =20 Wi o], Wiy, = -+ — Wy, —!

—lln0,y ),
which is an equivalence onto the connected components it hits. This also defines a map for F{:
Ni(FY) — Njy2(3C59),

which again is an equivalence onto the connected components it hits.

To prove the comparison with 77 note that the nerve of ; embeds level-wise a subset Ny (F7) —
Niy2(hCied) in the same way that Ny, (FY) embeds into Ny 2(3Cid). Both maps in fact hit the
same connected components; namely those (W, 1), tg < - -+ < ty42) where W = ST and W), = 0
iff i € {0,k + 2}. But we already observed in lemma that in dimension 1 with tangential
structure § = {+1} the simplicial space N (5Ci®%) is level-wise equivalent to the simplicial set

N (hCied). This shows that Nj,(F?) is indeed equivalent to the discrete space Ny (F7). O

Definition 6.3.9. For every oriented 0-manifold (M,1 : M — {+1}) let M* := {p € M | I(p) =
+1} denote the set of positively or negatively oriented points, respectively.

REMARK 6.3.10. In the following lemma we will construct an equivalence of categories H : F; — A.
If we allow ourselves to use the non-skeletal A*9 > A from remark the inverse equivalence
H : Fi — AY9 admits a conceptually easier description: it sends an object (M, Wy, W1) € F to the
finite set 1o (W), equipped with the cyclic ordering coming from the fact that Wy is a disjoint union
of intervals in an oriented circle Wy C Wy Upr Wy = Sl Toa morphism X : (M, Wy, W1) —
(N, Vo, V1) the functor H assigns the cyclic morphism mo(Wo) — mo(Wo Uns X) = w0 (Vo). The
problem with this description is that, as pointed out in remark[6.3.2 cyclic morphism have a subtle
bit of extra data, which makes it hard to verify functoriality. Instead, we will explicitly construct an

equivalence between the skeleta.
Lemma 6.3.11. There is an equivalence of ordinary categories H : A — Fj.

Proof. We begin by fixing some notation for this proof. For alln > 1 and [k] € Z/n we choose two
points in (—1,1)°°, denoted by [k],} and [k];, such that all of these points are disjoint. Using these
we define oriented 0-manifolds for alln > 1 by M (n) := {[1];},[1],,,.--, 7]}, [n], } € (—1,1)>
with orientation I([i]) := 41. Next, define diffeomorphism classes of bordisms W (n) : (§ —
M(n)and V(n) : M(n) — () in hC; by requiring that W (n) is a disjoint union of n intervals with
boundary {[i];", [i+1],, } and V'(n) is a disjoint union of n intervals with boundary {[4];, [i];" }. By
construction the glued manifold W (n) Uys(,,) V (n) is a circle and therefore (M (n), W(n), V(n))

defines an object of . In fact, these objects define a skeleton for ;.
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Before we begin with the actual proof, we need to understand morphisms in the category

hCied. For any n, m > 0 there is a canonical bijection
o : Homyerea (M(n), M(m)) = Homp, vi; (M (n)" ILM(m)~, M(n)” ILM(m)").

This map sends a bordism X : M(n) — M(m) to the bijection ox : M(n)* I M(m)~ —
M (n)~ I M(m)* with ox(a) = b whenever there is an edge in X connecting a and b. It is
possible to implicitly describe oy, m X in terms of o x and oy, but we leave this to the reader.
We want to define a functor H : A — F; that sends the object n to the object (M (n), W(n),V(n)) €
F1. To do so, we need to give for every [f] : » — min A abordism X : M(n) — M (m) such that
W(n) Ups(ny X = W(m) and V(n) = X Ups() V(m). Equivalently, we need to give a bijection
o:M(n)TIIM(m)~ = M(n)~ Il M(m)™" satisfying certain conditions.
Fix a representative f : Z — Z. We define X via ox as
o =16+
F@ly A f(@) # fi+1)
jH+15 i+ 1€ f(2)
k] ifk+1=min(f1(j +1)).

ox([il;y) {

[
[
ox(]7) {{
Since f(z + n) = f(z) + m this is well defined on [i] € Z/n and [j] € Z/m. Moreover, ox
does not change if we replace f by f + m and therefore X only depends on the equivalence class
[f] € Homa(m,n). This construction is illustrated in figure One checks by hand that X
defines a morphism in F] and that the construction is functorial.

As noted before, every object of F is isomorphic to one of the form (M (n), W(n),V(n)),

and hence the functor H is essentially surjective.

Blg

Figure 6.4: Three morphisms X; : (M(n;), W(n;),V(n;)) — (M(m;), W(m;),V(m;)) in Fy
and their associated morphisms f; : n; — m; in A. The bordisms W (n;), X;, V(m;) are drawn in
black, the bordisms V'(n;) and W (m;) are indicated in grey, and the maps f; : Z/m; — Z/n; are
shown in blue.

We still need to show that H is fully faithful. To do so, we will construct from a given X :
(M(n),W(n),V(n)) - (M(m), W(m),V(m)) a morphism [f] : n — m and show that this

construction is inverse to the definition of H.
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Let A C {1,...,n} = M(n)" be the (non-empty!) subset of those points where the relevant
edge of X ends in M (n)*. For the minimal element a,y;, of A we pick any value f(amin) = j € Z
such that o x [amin];” = [4];,. The set of such j is of the form j +mZ. For all other a € A+ nZ we
set f(a) = j, for the unique j, € Z with ox([a]}) = [ja)}, and f(amin) < jo < f(@min) + m.
Then, for all i € Z \ (A 4+ nZ) we define f(i) := f(i + 1), which makes sense recursively.

The map f : Z — 7 we constructed satisfies f(x +n) = f(x) + m by construction. That f is
weakly monotone is enforced by the condition that the manifold W (n) Ups(n) X Upz(m) W(m) is
a circle. (See figure[6.4]) We have therefore constructed mutually inverse bijections between the

relevant morphisms in F and A. O

6.3.2 Cocycles on the cyclic category

In this section we recall the description of Igusa’s rational 2k-cocycles 8 on N A that represent
the powers of the first Chern class ¢; € H*(BA; Q) = Q[eq]. It will be useful to first define the

cocylces on a certain simplicial set I/, which admits compatible maps

N(F) «+L— N(F)) -2 N(F) «+2— NA

ls

u.
By the previous section the realisations of the top row are all equivalent to CP>° and the hori-
zontal maps are equivalences. We think of I/ as a rational model for CIP*° similar to Kontsevich’s
combinatorial BU (l)comb, see [Kon92, section 2.2]. However, we will not actually show I/ is ra-
tionally equivalent to CP*°. Instead we will only show that the maps BA — ||[{{|| are rationally
surjective. Concretely, we define cocycles sign,; on &/ and show that their pullback to the top
row is a certain multiple of (c;)¥. The advantage of working with ¢/ is that it is much easier to

construct the diagram as described above than it is to lift Igusa’s cocycle against the maps H and

J, see remark[6.3.14

Definition 6.3.12. The n-simplices in U are represented by n-tuples (Ao, ..., A,) of finite non-
empty disjoint subsets A; C S. We identify two such n-tuples (Ao, ..., A,) and (B, ..., By) if
there is an orientation preserving diffeomorphism ¢ : S' = S with (A;) = B; for alli. Theith face
map forgets A; and the ith degeneracy map sends [Ao, ..., Ay to [Ao, ..., Ai, A5, ..., Ay] where
A: is obtained from A; by rotating by a sufficiently small angle e > 0.

Definition 6.3.13. We define a simplicial map s : NF; — U as follows. A k-simplex of N JF;
can be represented by a (k + 2)-simplex (M 1, M, — -+ — Myio) € NiiohCi where
W1 Uy - Ungyy, Wiaa is diffeomorphic to SL. (In particular My = ) = My, 5.) To define s, pick
an orientation preserving diffeomorphism ¢ : Wy Upy, - -+ Ung, Wigo & St and set
(W]
s(Mo — My = My y2) = [go(Mf), . -7<P(Mlj+1)]
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where Mf C M; denotes the subset of positively oriented points. The resulting k-simplex in U, does

not depend on the choice of ¢ nor on the choice of representatives for morphisms W; : M;_1 — M.

REMARK 6.3.14. Note that given s : N(F1) — U there is a unique map s’ : N(F1) — U such that
the diagram above commutes. Uniqueness holds since J is surjective except for identity morphisms,

and to check existence we just observe that the same formula
W
s'(My — My — -+ — M) := [o(M{"), ..., o(M )]

for some orientation preserving diffeomorphism ¢ : Wy Upyy -+ Ung, ., Wiy is still well-defined
and independent of ¢. In fact, one can check that 7o N,,(Fy) — U, is a bijection for all n, and so all
discrete cocylces on N (F) have to come fromU. This is the crucial advantage of using U: it is much
easier to construct a simplicial map tolU, then a simplicial map N (Fy) — NA. In fact, any such map

has to factor through U because N A is level-wise discrete and there seem to be no interesting maps
U — NA.

We now define the cocycles on U.

Definition 6.3.15. The sign of a (2k + 1)-tuple of disjoint points ay, . . . , ag € S* is defined as the
sign of any permutation o of {0, ..., 2k} such that the sequence (aq (), - - - , Ay (2x)) is in cyclic order.
This is well-defined because cyclic permutations on an set with (2k + 1) elements have sign +1.
We extend this definition to disjoint finite subsets Ag, ..., Ay, C S' by averaging:
signgg (Ao, ..., Agg) := % Z Z sign(ag, . ..,a) € Q.
Hz‘:o | A ap€Ag asp€Asy

We will also need a reduced version of the averaged sign, where some summands are omitted:

Definition 6.3.16. Given (Ao, ..., A;) as above and a; € A; and aj € Aj, let I C St be the
positively oriented arc that starts at ayin(; jy and ends at ayayy; ;3. We say a; and a; are neighbours
if Ai, N I has at most one element for all k.

We say an (I + 1)-tuple (ao, . .., a;) contains neighbours if there are i # j such that a; and a;
are neighbours. Using this the reduced sign is defined as:

. 1 .
signgg (Ao, - - -, Agk) == —5p—— Z sign(ao, - .., az) € Q.
Hi:O Ail (ao,...,a2k) €l ]; As

contains no neighbours

REMARK 6.3.17. Note that, given (Ao, ..., A,) as above the notion of being neighbours induces an

equivalence relation on the disjoint union [ [}"_; A;.

Lemma 6.3.18. Forallk > 1 the maps
signg, : U — Q  and  signgy, : Usy, — Q

are well-defined 2k-cocycles.
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Proof. Observe that signy, (Ao, ..., Ag) and signy, (Ao, ..., Asx) do not change if we act on
(Ao, ..., Agx) by an orientation preserving diffeomorphism, as they only depend on the relative
cyclic ordering of the elements of H?io A;. Therefore sign,, and sign,,, are well-defined cochains
onl.

The rest of the proof will be concerned with proving that they satisfy the cocycle condition.

First we will show that for any (2k + 2)-tuple (ag, . . ., ask1 1) of disjoint points in S we have:
2k+1 4
Z (—=1)*sign(ag,...a;...,a9k+1) = 0.
1=0

Indeed, if we exchange two consecutive a; on the left-hand side, then this changes the sign of the

overall sum. We therefore have, for any permutation o € Yoy o:

2k+1 A 2k+1 ‘
S (<1 sign(ag, ... @ azps1) = sign(0) 3 (~1) Sign(ap(o)s - - Goh) > Go2ks1))-
=0 1=0

We can choose o such that the resulting tuple (a, (), - - - , @5(2k+1)) is in cyclic order, in which case

it follows that

2%+1 ' 2%k+1 '
sign(o) Z (—=1)"sign(ag (o), - - - Ao (i) - - -  Ao(2k+1)) = sign(o) Z (-1)'1=0.
=0 i=0

Letnow A = (Ao, ..., Agky1) represent a (2k+1)-simplex inl{. We need to show that signo; (90A) =
0. Spelling out the definition we have

2k+1

signy, (0A) = Z (—1)*signgs (Ao, ... Ai. .., Asgt1)
1=0
2k+1

= Z(_l)in%ﬂ A, Z Z Z sign(ag, . . ., az)

Jj=0,j#i aOEAo a;€A; agk €Ay

; 1 . .
= Z(—l)ZW Z Z Slgn(ao,...ai...,a2k+1).
] a

i=0 0€Ao a2k4+1€A2K41

In the last step we introduced a sum ), . 4. even though the variable a; is not used in the sum-

| T that was introduced before the

sum. We can now rearrange the sum to

2k+1

. 1 .
signy;, (0A) = W Z Z Z )i sign(ao, ... @; . . . aops1)-

ap€Ap a2k+1€A2k+1 =0

By the first part of the proof the innermost sum is 0 and hence sign,;,(0A) = 0 as claimed.
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It remains to check that the reduced sign signs,, is a cocycle, too. We can attempt to run the

same argument, leading us to the expression

2k+1

. 1 . _
signg, (0A) = Z (_1)ZT1A Z sign(ag, ... ;... ,a2%41).
=0 Hj:() ‘ J‘ (ao,...,a2k+1)€]_[j Aj
no neighbours except for a;
The problem with this is that we are also summing over the (2k + 2)-tuples (ao, . . . , agx11) where

a; is a neighbour of one of the other a;. By the argument for signy, all other terms sum up to 0

and so we are left with:

2k+1
. 1 A . _
signg, (0A) = T Z (—-1) Z Z sign(ag, ...a;...,a241). (6.1
Hj:O | J| =0 J7#t (a0, azk+1)€[]; Aj
a; and a; neighbours
Note that the a; is uniquely determined since the tuple (ag,...a; ..., ag,+1) is not allowed to

contain neighbours and being neighboured is an equivalence relation.
The lemma will now follow from the observation that whenever (a;, a;) is the unique tuple of

neighbours in (ag, . .., asx+1) then

j—i—1

sign(ag, ... a;...,as,4+1) = (—1) sign(ag,...aj ..., a2%4+1)- (6.2)

Indeed, once we establish this, one can see that every term in equation |6.1| appears exactly twice,
with opposite sign. We only have to check equation[6.2]in the case i < j. Both expressions only
depend on the cyclic ordering of the set {ag, ..., a1} C S’ If we, in the left-hand side of the
equation, move the entry a; to the left by (j — i — 1), then this cancels the sign (—1)/~"! on
the right-hand side. Since we assumed that a; and a; are neighbours and that they are the only

neighbours, there cannot be any a; between a; and a; on S*. Therefore we have

Sign(ao, BRIRIPN ¢ 7 ¢ 7 P TS PR 7 I a2k+1) = sign(ao, cey A1, Gy Q41 - - Qg e a2k+1).
This proves equation [6.2|and hence completes the proof. O

Proposition 6.3.19. For all k > 1 the cocycle

L7 E—
B = <(2]i)' - §7signyy,

represents, possibly up to a factor of (—1)¥, the cohomology class of (¢1)* € H*(BFi; Q) = Q[c1].

Proof. Consider the subcategory A" C A where we only allow morphisms represented by maps

Z — 7 that are injective. In [Igu04] Igusa provides combinatorial formulas for rational cocycles
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c% that represent the powers of the first Chern class on B(A"/) ~ CP*. He denotes A" by Z.

We will consider the composite

¢: Ny 5 NA X NE oy

and we will show that the pullback cocycles

. o L0 E—
(H Bk)mmj = ((2]3:)' - ¢ signy;.

agree with the cocycle &, of in [[gu04, (1) on page 478]. Then the claim will follow if we can
show that the composite A™ — A — F induces an equivalence on classifying spaces. This
works because every self-equivalence of CP* induces either the identity or (c1)* + (—c1)* on
cohomology.

We saw in lemma [6.3.11] that A — F; is an equivalence of categories and so we only need to
show that A" < A is an equivalence on classifying spaces. For this, let Ao, be the paracyclic
category, which is defined just like A except that we do not quotient by the equivalence relation on
hom sets. There is a free action of the simplicial abelian group NZ on N A, with quotient VA. In
[NS18| Theorem B.3] the authors show that A, has a contractible classifying space and conclude
that BA ~ CP°°. The same proof applies to show that AZY has a contractible classifying space
and that hence BA"™ ~ CP*>. Moreover, since the map BAéZj — BA is BZ-equivariant, we
see that BA™ — BA is indeed an equivalence.

Note that the category A" is easier to work with than A because the functor F' : A" — Set
that sends n to Z/n and [f] : n — m to the induced map [f] : Z/n — Z/m is faithful. In other
words, for an injective map between two cyclic sets being cyclic is a property, whereas in general
it is a structure]

The remainder of the proof is concerned with showing that the pullback cocycle (H*8y)|pin
agrees with Igusa’s cocycle cl%. Using our definition of the sign cocycle (deﬁnition we can

rewrite c’% as

k f1 2%k o (_1)kk! 1 :
cz(ng —np — ... = ng) = el TP 4 Z signyy (ao, . . . , agk)
el g, e, a,
a;#a; for all iy
where A; is the image of the composite map (f,, o --- o f;) : Z/n; — Z/nok. Here we think of

Z/ngy as a subset S L in the usual way.

*The reason that a general morphism in A has more structure than just a map f : Z/n — Z/m is because it comes
with total orderings of the fibers f~*([i]) for all [i] € Z/m. These total orderings can be recovered from the cyclic
ordering if f(Z/n) C Z/m has more then one element. If, on the other hand, we fix some f : Z/n — Z/m with
f([=]) = [0] for all z, then there are n different cyclic maps f(;) : n — m that induce f.
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We would like to show that this is equal to (a multiple of) the pullback cocycle ¢*sign,;.. Indeed,
spelling out the definition of the map ¢ = s o N(H) : NA"™ — U, we see that in the notation of
lemma[6.3.11]

*x 1 - — —

q*signy (ng EiN ny—... fQ—k> Nok) = —op——signy, (¢ M (no)),...,o {(M(ng)™))
i=0 T
Here the M (n;)™" are subsets of the 1-manifold

%)
X 1= W(ny) U (o) X1 UM (ny) = YU (nag) Xog UM (nar) Vi(nar) = s!

where X; : M(n;—1) — M(n;) is the image of the morphism f; : n;_1 — n; under H. The
map from M (n;)" = Z/n; to M(nog)™ = Z/noi sends a point x € M (n;)" to the unique
y € M(ngg)™ such that there is a positively oriented arc ¢ : [0,1] < X with ¢(0) = =, (1) = v,
and : 71 (M (nax)") = {y}. Since the maps f; : n;_; — n; are all injective, this arc automatically
satisfies t =1 (M (n;)T) = {z} as well. (Every element of :~* (M (n;)") would be mapped to y by
the map [for, 0 - -+ 0 fiy1] : Z/n; — Z/noy, but by injectivity x is the only such element.)

Let 2’ € M(n;)* with i < j then x and 2’ are neighboured in the sense of deﬁnition
with respect to the tuple (o~ *(M(no)"), ..., 1 (M(nox)™)), if and only if 2’ lies on the arc
¢ :[0,1] < X that we considered above. In other words, x and 2’ are neighboured if and only if

their images in M (ng)™ agree. In formulas this means

Z signyy (ag, ..., ag) = Z signyy (ag, - . . , agk)

(a0,---a2k) €T [7E As (@0,-sa2k) €[22 ™ (M (ni)+)
a;#a; for all i#£j no neighbours

where we let A; denote the image of the map M (n;)* — M (ng;)* — S! described above.
After multiplying with the correct coefficient this is implies

k f1 fok : fi fok
cZ(ng = ... = ngk) = ¢"signy,(ng ~— ny — ... = nag)

just claimed. O

REMARK 6.3.20. The proposition proves that [3i; in fact represents the integral cohomology class
(e1)¥ € H?*(BFy;7Z), at least up to a sign. This implies that there is an integral cocycle that is
rationally cohomologous to (). The reason we prefer to work with the rational cocycle By, instead is
that it has the useful property of being conjugation invariant: it satisfies for all i and isomorphisms
o :n; = n; that

) o001
,3(710f—1>...b—k>n2k)26(nof—l>...ni_1 %ni&nwl...b—%ngk).

This property is extremely convenient when extending (3 along the zig-zag N(Fy) <+ N(F?) —
N (F1), and one should not expect to be able find an integral cocycle with this property. Indeed,
as noted in remark[6.3.14 any cocycle on N (F}) has to be come from a cocycle on U and hence is

necessarily conjugation invariant.
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REMARK 6.3.21. It seems likely that the two cocycles sign,, and sign,, are in fact cohomologous for
all k > 1. If this were true we could use sign,,. in what follows, yielding a description of the cocycles
representing Ky, on hC1 without having to introduce the notion of a neighbour. It is however hard to
‘by hand’ guess a (2k + 1)-cochain onU whose boundary is sigh,,, —sign,,,. Alternatively, one could

try to find a 2k-cycle on A on which both sign,,. and sign,, evaluate to the same non-zero number.

6.3.3 Cocycles on the cobordism category

Definition 6.3.22. For all k > 0 define a (2k + 2)-cochain on the simplicial space Cut; by the

formula

(—1)FE!
(2k)!

Wagi2

4% W -— -
Ye(My — M; —= ... Mojt2) = Z signoy (¢ 1(M1+), ceept 1(M2J?¢+2))-

[t:S1 W)

Here we write W for the composition Wy Upy, -+ Ungy, ., Wogt2, and the sum runs over isotopy

classes of oriented embeddings 1 : S — W such thaﬁ L(SY) intersects M; forall1 < i < 2k + 1.
The map i, : (Cuty)r — Q is continuous and hence also well-defined on 7y(Cuty ). We may

therefore pull it back along the compatible maps

N(hCy) —— N(hCi*d) «—— N(5Crd) —— N(Ci*d) — Cuty

. |

Focutl

to obtain cocycles on C{ed, hC{ed, and hCy, which we will also denote by .

Ha
oL
v (a3)

Figure 6.5: One of the summands in the definition of the 4-cocycle ~y;. The figure depicts a choice
of oriented embedding + : S < W = W; U Wy U W3 U W, and positively oriented points
a; € M;" N ¢(SY). In the case shown sign(: 7 (a1),: 7 (a2), 17 (az2)) = —1, because the three
points are not in cyclic order on S*. In fact, the triple (a;, as, a3) depicted is the only one with
no neighbours, and hence signy (¢~ (M), .71 (MF), .71 (M;7)) = . Moreover, the embedding

Ry
shown is the only one that is allowed, and hence ~; evaluates on this 4-simplex as ( 12), L _Tl = i.

*In principle we could also omit the condition that ¢(S') N M; # 0, and just use the convention that
signg; (A1, ..., Aaky1) = 0 whenever any of the A; is empty.
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When k = 0 the reduced sign sign(:~*(M;")) is always equal to 1 and therefore %o simply
counts the number of isotopy classes of oriented embeddings ¢ : S* < Wy Uz, Wi. Hence 7 is
equal, as a cocycle on hCi®Y, to the 2-cocycle o that we constructed in section

We will now prove our second main theorem, which states that the cocycles vj, indeed repre-

sent the R-classes on B(hCy).

Theorem 6.3.23. For k > 0 the (2k + 2)-cochains 7y, defined above are in fact cocycles and, the
cohomology class [—y] is, possibly up to a sign (—1)¥, the generator Ry, in

H*(||Cutsl; Q) = QlFo, 71, R, - - -]

As a consequence the same formula also yields well defined cocycles on B(hCi%) and B(hCy) where

they still represent the classes Ky, in:
H*(B(hC:*Y)o; Q) = Q[Fo, R1, o, ...], and H*(B(hC1)o;Q) = Q[F1,Ra,...].

Before we prove this theorem, we first recall a simple lemma about primitive cocycles on H-

spaces.

Lemma 6.3.24. Let X be a simplicial set and ;1 : X x X — X a simplicial map that induces an
associative H-space structure on || X ||. Then every cocycle 5§ € C"(X) satisifying B(s;x) = 0 and
Blu(z,y)) = B(x) + By) forall z,y € X,, andi = 0,...,n represents a primitive element of
H(IX]).

Proof. This is a direct consequence of the definition of the coproduct as the composite of the diag-
onal A* : C*(X) — C*(X x X) with the dual of the Eilenberg-Zilber map C(X) ® Cy(X) —
Ci(X x X). O

Proof of theorem[6.3.23, In lemma we saw that sign,, is a cocycle on U and using this one
can check the cochains ~y;, are cocycles on Cut.

We begin by showing that [y;] is a rational multiple of 7. To do so it will suffice to show
that it is primitive with respect to Hopf algebra structure. By construction the cocycles 7y are
additive under disjoint union and hence satisfy the conditions of lemma|[6.3.24 with respect to the
multiplication IT : Cuty x Cut; — Cuty. Therefore the classes [y;] € H?*+2(Cut;) are indeed
primitive. By lemma the infinite loop space ||Cut;|| is freely generated by ||Cut{°"|| and

therefore the pullback along the inclusion induces an isomorphism
Prim(H"(||Cut[[; Q)) = H*([|Cuti™[; Q) = Q(%1, Rz, - )

In order to prove the theorem it will hence suffice to show that the restriction of [y] to Cut{*" C

Cut; represents the class —Kg.
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In lemma [6.2.18]and section[6.3.1] we established weak equivalences
|Cut{?|| ~ ©2B(F) and B(F,) ~ B(F)~ B(F1) ~ B(A) ~ CP>.

Each of the spaces on the right admits a map to the simplicial set ¢/ from definition and by

proposition|6.3.19|the Chern class (c; )* is represented by the pullback of the cocycle (i(;illl;!k!signQ k-

In fact, using the simplicial double suspension of definition[6.2.19, we have a simplicial map

Whn

g:Cutf — 32U, (Mo 2% My 25 2o a) s (0N (ME ), 0T (M), a,b)

where ¢ : S1 2 Wy Upy -+ Uny, +1 Wag is any orientation preserving diffeomorphism and
0 < a < b < n are maximal such that ¢(S?) intersects M;_, and M, non-trivially. The geometric
realisation of ¢ is the double suspension of the map B(Fy) — ||U||.

The pullback of (the double suspension of) &(217]1];]&@2 i from X220 to Cut§" is exactly (1) Cutgen-
Therefore -y, indeed represents the kappa class &3, € H2*+2(Cut;), possibly up to a sign.

We can’t really hope to keep track of all the signs that were introduced by the equivalences
we used. Instead, we observe that the relative sign of the 7}, is always the same (up to the (—1)*
ambiguity from proposition [6.3.19). It therefore suffices to check the sign for one of the %j. In
lemmawe showed —[a] = R, and since the 2-cocycles o and 7 are equal on hC}*? this

implies —[vo] = . In summary, we have —[y;] = (41)*% for a global choice of +1. O
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Part 111

The surface category and tropical
curves
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Chapter 7

Introduction

In the previous part we computed the classifying space B(Coby ) of the truncated bordism category
in dimension d = 1. We showed that it is closely related to MT"'SO5 and that its cohomology ring

is polynomial on shifted kappa classes. This motivates the question:
Question 7.0.1. What is the homotopy type of B(Coby) for other values of d?

In dimensions d > 2 our strategy to work by comparison with [GMTWO09] can no longer be
employed. In dimension 1 we used that the functor Ci*d — Cob!¢ is an equivalence because
Diff (W rel OW) is contractible for any connected 1-manifold with non-empty boundary. This is

of course no longer true for surfaces as they have non-trivial mapping class groups.

The surface category

In the case of the surface category Coby Tillmann [Til96] computed the 1-type of B(Cobs) and
showed that it can be split off from the rest of the homotopy type:

Theorem ([Til9%6]]). There is an equivalence of infinite loop spaces B(Cobg) ~ S' x X where X is

some simply connected infinite loop space.

The factor S' ~ BZ in this theorem can be thought of as accounting for the genus of the
surfaces. Seeing as connected surface bordisms between two fixed objects are uniquely determined
by their genus, it is plausible to suspect that this is all there is and that X is contractible. It was
hence conjectured [JT13, Conjecture 5.3] that the classifying spaces of Cobgy and several related

categories should be 1-types. One of our main theorems will be that this is almost true:
Theorem J. There is an equivalence of infinite loop spaces B(Coby) ~ S

Here Cobs is a (2, 1)-category that we will think of as a refinement of the truncated bordism

category in which closed components are counted “properly”. In general it is defined as follows:
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Definition 7.0.2. Foralld > 0 the 2-category Cobg has as objects closed oriented (d — 1)-manifolds
and morphisms W : M — N are compact oriented bordisms from M to N. A2-morphisma : W =
W' is a bijection o : wo(W') = mo(W') such that there exists a diffeomorphism ¢ : W = W’ that is
the identity on the boundary and satisfies mo(p) = .

It is important to note that the diffeomorphism ¢ is not part of the data of the 2-morphism
a : W = W'. An alternative construction of Cob, defines it as the quotient of the (2, 1)-category
ho(Bord,), in which 2-morphisms are isotopy classes of diffeomorphisms [¢], by the equivalence
relation that identifies two 2-morphisms [¢] ~ [¢’] whenever they induce the same map on con-
nected components: 7y(¢) = mo(¢’). Hence this category fits into the following sequence of

quotients of the (0o, 1)-category of bordisms:
Bord; — hQ(BOrdd) — Coby — Coby = h(BOrdd).

Note that for any given 1-morphism W : M — N in Cob, the group of 2-automorphisms
a : W — W is a product of symmetric groups, corresponding to the permutations of closed
components, and in particular it is always finite. We will see that the functor Cob; — Coby,
is always a rational equivalence on classifying spaces and for d = 2 we show that there is an

equivalence of infinite loop spaces:

B(Cobg) ~ B(Cobg) x T>3Q <\/gzo 52> .

Here 7>3Q(V > S2) denotes the 2-connected cover of the free infinite loop space on V>0 S2,

In particular, the mysterious infinite loop space X in Tillmann’s theorem can be described as
the homotopy fiber of the map Q(V S%) — K(P 4>0Z,2). 1t is rationally trivial and can
be thought as an “error-term” coming from the fact that in Cobs we are not counting the closed

components “properly”.

Tropical moduli spaces and the surface category without disks

The above result seems to suggest that — as long as we look at the slightly more sophisticated
Cobsy - the homotopy type of surface category is far less interesting than what we discovered in
the one-dimensional case.

In what follows we will see that the homotopical tranquility of B(Cobsy) ~ S! is easily dis-
turbed by rather minor changes to the surface category. A crucial step in the proof of theorem [
uses the fact that for any surface bordism W : M — N and point p € W one may decompose
W = W'Ug1 D? where W’ is obtained from W by removing a ball around p. To better understand
the inner workings of Coby we will consider a large subcategory where such a decomposition is

not allowed.
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Definition 7.0.3. The subcategory Cob;‘SO C Coby, is defined to contain all objects, but only those
morphisms W : M — N where every component V. C W has non-positive Euler characteristic
x(V) <0.

The definition is formulated in terms of the Euler characteristic as this makes it easy to check
that Cob%<§0 is closed under both composition and disjoint union. It is worth noting, however,
that the only morphisms of Cobs that do not lie in Cob%CSO are those that contain disks or spheres
as components By passing to this subcategory we uncover the rich homotopical structure that

was lurking behind the seemingly simple statement of theorem [J

Theorem K. There is an equivalence of infinite loop spaces

B(Cob)¥=") ~ §! x Q(X2B0s) x Q (\/ EQ(BJQ)) .

g>2

The categories J, appear in the work of [CGP16] on tropical moduli spacesEI In fact, the
tropical moduli space A, can be defined as the colimit of a certain functor AP : JoP — Top.
This description indicates that B.J, agrees with A, “up to finite graph automorphisms”. We make

this precise by proving the following theorem, which we believe to be of independent interest.
Theorem L. For any g > 2 the space B.J, is simply connected and rationally equivalent to /.

The rational homology of A, was computed in [CGP18] in terms of Kontsevich’s commutative
graph complex. Following their paper we will use the grading convention where a graph has
grading v — (g + 1) for v the number of vertices. (In this grading H.(G,)) is concentrated in

* > (.) Combining their results with ours we obtain:

Corollary M. The rational homotopy groups ofB(Cobééo), or equivalently ofB(Cob%CSO), are
given by:

72 B(Coby=") = Q(a) & Qlp1, pa, . ..) & P T H.(Gy))
922

where |a| =1, |p;| = 4i + 2, and G(g) is the commutative graph complex.

Labelled cospan categories

The techniques used to prove the main theorems stated so far apply in much greater generality

than just to Coby and its subcategories. In fact, the main property of Cobs that we are using is

'Note that one might also consider another, even larger subcategory Cob%<S0 C Cobj° 4isks  Coby, where spheres

are allowed. This turns out not to be more interesting as one can split of the number of spheres as a separate factor
Cobj® 45k ~ CobX¥=" x N and so BCob3° 45k ~ B(Cob)=") x S*.

’In the definition used by [CGP16] the category contains a terminal object, which we remove. See remark for
a comparison.
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that we can talk about connected components of objects and morphisms. One way of formalising

this is to say that 7y defines a symmetric monoidal functor:
7o : Cobg — Csp, M — mo(M), ([W]: M — N) > [mo(M) — mo(W) < mo(N)]

from Coby to the category Csp of cospans in finite sets. This category Csp has as objects finite
sets A and as morphisms A — B it has isomorphism classes of cospans [A — X < B]. Two
cospans are isomorphic if there is a bijection o : X = X’ compatible with the maps from A and
B.

Since connected surfaces are uniquely determined by their genus and number of boundary
components, the functor 7wy : Cobs — Csp remembers a lot of information. To give a morphism
M — N in Cobg amounts to the same data as giving a cospan [mo(M) — X < my(N)] and a
labeling g : X — N that encodes the genus of each component. It will be a very useful perspective

to think of Cobs as a category of cospans labelled by natural number as indicated in figure

>

M——— N WQ(M)*—)W()(W)(—&’]T()(N)

.—>.2

Figure 7.1: A morphism in Cobg can be thought of as a cospan of finite sets labelled in N.

Formalising this leads to the definition of labelled cospan categories. The reader is referred to
section[8.1] which serves as an introduction to this chapter from the perspective of labelled cospan

categories.

Definition 7.0.4. A labelled cospan category is a symmetric monoidal category C together with a
symmetric monoidal functor w : C — Csp satisfying four axioms, which ensure that every object and

morphism in C uniquely decomposes as the disjoint union of its connected components. (See definition

[8.1.4 for details.)

In the study of topologically enriched bordism categories a key theorem is that the inclusion
of the positive boundary subcategory Cg* C C4 induces an equivalence on classifying spaces. (See
[GMTWO09, Theorem 6.1] and [GRW14] Theorem 3.1].) Here the positive boundary subcategory

contains all objects and all those bordisms W : M — N where each component V' C W intersects

*It is worth pointing out that describing the composition of morphisms from this perspective is a little more com-
plicated than just adding the natural numbers, as gluing along multiple circles at once can increase the total genus. See

definition and lemma
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N non-trivially, i.e. has positive boundary. We can define a positive boundary subcategory C%+ C
C for any labelled cospan category (C — Csp) by allowing those morphisms f : z — y where the
right-hand arrow in the cospan [r(x) — 7(f) < 7(y)] is surjective.

For truncated bordism categories the positive boundary category is often much easier to com-
pute. For example we have B(Cob?*) ~ QS° by [Rap14, Corollary 4.3.2], B(Cob?*) ~ Sl by
[Til96], and B (Cob§§0’8+) ~ S' and B(Csp?) ~ x by proposition However, we cannot
generally expect the inclusion of the positive boundary category to be an equivalence. After all
B(Coby) is more complicated than Q.S° by theorem@and B (Cob%éo) is more complicated than
S1 by theorem

The key theorem about the classifying spaces of labelled cospan categories will describe the
failure of B(C%+) — B(C) to be an equivalence. For this theorem to be stated in its most natural
form we replace C by a (2, 1)-category Csp(C), in analogy with how we replaced Coby by Cobs.
This recovers the previous construction as Coby ~ Csp(Cobg) and just like before it does not

change the classifying space up to rational equivalence: B(Csp(C)) ~q B(C).

Theorem N (Decomposition and Surgery Theorem). Let (C — Csp) be a labelled cospan category
that admits surgery (definition[8.1.43) and assume that B(C) is group-complete. Then there is a fiber

sequence of infinite loop spaces:
B(C?") — B(Csp(©) — Q (\/ DS(BF, ().

Here the wedge runs over all connected morphisms g : 1¢ — 1¢, F4(C) denotes the category of non-
trivial factorisations (g : 1¢ — x — 1¢) as defined in definition|8.1.34, and S denotes the unreduced

suspension.

This theorem applies to all truncated cobordism categories Cob, as well as to Csp and various
labelled cospan categories that one can construct by labelling cospans in an abelian monoid. The
proof of this theorem takes up the majority of this part (section[8.2] and [8.3).

Once theorem[NJis established most other computations amount to determining the homotopy
types of the factorisation categories F4(C). In the case of C = Csp we show that BF,(Csp) is
contractible and a similar argument applies to BFy)(Coby) for any closed d-manifold W. We

therefore have:

Theorem O. The classifying space of the (2, 1)-category of cospans Csp is contractible and the clas-
sifying space of its homotopy category is B(Csp) =~ 7>3Q(S5?).

Theorem P. For any dimension d > 2 the classifying space of Coby is equivalent to the classifying
space of its positive boundary subcategory: B(Cobi*) ~ B(Coby).
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The classifying spaces of factorisation categories are not always trivial, though. Our work in
section[6.3|implies that g1 (Coby ) is equivalent to Connes’ cyclic category A. Even though Cob;
does not admit surgery in the sense of definition the conclusion of Theorem [N] still seems
to apply and the map BCsp(Coby) — Q(XS(BFg1(Coby))) corresponds to the continuation of
the reduction fiber sequence that we constructed in section[6.2}

The subcategory Cob;<§0 C Coby is another example where the arguments for the con-
tractibility of F,;(Cobs) fail as we cannot use the disk morphism D? : () — S'. In chapter EI
we prove theorem [K] by showing that there is a zig-zag of functors inducing an equivalence of
classifying spaces B (fg(Cob%(SO)) ~ B(Jy) for all ¢ > 2. This in particular implies that the

classifying space of ]:g(Cob%éO) is rationally equivalent to the tropical moduli space A,.

Application: special commutative Frobenius algebras

We now present an interpretation of the aforementioned results from the perspective of higher
category theory. This section will be self-contained and is not discussed further in the main text.

A classical theorem for topological field theories states that a symmetric monoidal functor
Cobg — C amounts to the same data as a commutative Frobenius algebra object in C: i.e. an object
A = F(S') together with a multiplication y : A ® A — A, comultiplication A : 4 — A ® A,
unit v : 1¢ — A, and counit € : A — 1¢ satisfying certain axioms. From this it also follows
that a symmetric monoidal functor Csp — C amounts to the same data as a special commutative
Frobenius algebra object in C, where one requires that 10 A = id 4. This is summarised by saying
that Cobs, is the free symmetric monoidal category on a commutative Frobenius algebra and Csp
is the free symmetric monoidal category on a special commutative Frobenius algebra.

Motivated by this, one could define (special) commutative Frobenius algebras in a symmetric
monoidal co-category C as symmetric monoidal co-functors Coby — C and Csp — C. However,
we will argue below that such a definition would require too much higher coherence data, as it is
usually difficult to map from a 1-category into an co-category. The computation of the classifying
spaces gives us a lower bound for the amount of coherence data, as we shall explain below. Based
on how the classifying spaces of the refinements Coby — Coby and Csp — Csp are better

behaved, we suggest the following definition:

Definition 7.0.5. Let C be a symmetric monoidal co-category. A commutative Frobenius algebra
in C is a symmetric monoidal co-functor Coby — C. A special commutative Frobenius algebra in C

is a symmetric monoidal co-functor Csp — C.

Our computations of the classifying spaces allow us to classify (special) commutative Frobenius

algebras with invertible structure maps:
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Corollary Q. All special Frobenius algebra structures on the unit object 1¢ of a symmetric monoidal
oo-category are canonically equivalent. In other words, every symmetric monoidal co-functor F' :

Csp — C such that F'(x) is equivalent to 1¢ is canonically isomorphic to the constant functor at 1¢.

Proof. We first show that the functor h(F') : h(Csp) — h(C) inverts all morphisms. h(F") induces
both a commutative algebra structure and a cocommutative coalgebra structure on h(F)(x) €
hC. Any (co)algebra structure on the unit of a symmetric monoidal 1-category has an invertible
(co)unit and (co)multiplication morphism. All other morphisms of 7(Csp) can be generated from
these morphisms by composing and taking disjoint unions. Hence h(F') sends all morphisms to
isomorphisms in 4(C) and therefore F' lands in the maximal subgroupoid C~.

Since C~ is a symmetric monoidal groupoid, all maps from Csp into it factor through the
classifying space Csp[Csp~!] ~ B(Csp). We showed in theorem@that this symmetric monoidal

oo-groupoid is contractible and since F' factors through B(Csp) it is necessarily trivial. O

In a similar vein one can show that commutative Frobenius structures on 1¢ are given by Fo.-
maps S* — C, or equivalently by E,.-maps N — Autc(1¢). This generalises the theorem [Til96]
Theorem 12] that invertible commutative Frobenius algebras in a 1-category D are classified by
single invertible scalar A : 1p — 1p. However, it is worth noting that to give an E,-map
N — Aut¢(1¢) one has to specify an element Aute(1¢) plus additional coherence data because N
is not the free F, algebra on one generator. This suggests that a better definition of commutative
Frobenius algebra could be given by using the graph cobordism category of [Gal11l], the homotopy
category of which agrees with Cobs. (Note that we are not considering functors I : Bordy — C
here as F'(S') is only a Fs-algebra and not an E-algebra.)

To see why we choose Csp over Csp in definition note that corollary [Q] fails for Csp:
one can construct many non-trivial symmetric monoidal co-functors Csp — C that become trivial
when precomposed with Csp — Csp. One can in fact make precise the idea that giving a symmet-
ric monoidal co-functor out of Csp or Cobg requires an infinite amount of coherence data. If a sym-
metric monoidal co-category C is finitely presentethen it in particular has to be a compact object
in the co-category Cat% of symmetric monoidal co-categories, i.e. Hom g0 C,): Cat? — S
commutes with filtered colimits. Using the fact that S' is not a compact object in the co-category
of infinite loop spaces, one can show that none of the categories Csp, Coba, Cobggo, Cobg, or

Cob%<§0 is a compact object in the co-category of symmetric monoidal co-categories.

*Let us call a symmetric monoidal co-category finitely presented if it is the colimit of a diagram D : I — Cat%,
where [ is a finite co-category and each D(i) is freely generated by a finite co-category.
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Outline

This part of the thesis is split into two chapters. Chapter [8]concerns the general theory of labelled
cospan categories, and chapter @ focuses on the case of Cob%CSO and relates it to tropical moduli
spaces.

We begin in section by defining labelled cospan categories, giving several general con-
structions, and stating the decomposition theorem and the surgery theorem (which together form
theorem|N). This section serves as an overview of chapter|[8] Section[8.2|proves the decomposition
theorem. First we establish a general fiber sequence criterion and a base-change theorem that will
be useful throughout, these are then applied to various spaces of cuts similar to section In
the end of the section we also show that factorisation categories are often contractible. Section
[8.3| proves the surgery theorem by applying ideas of [Gal11] and [GRW14] to labelled cospan cat-
egories. We also compute the positive boundary category of any weighted cospan category by
generalising [[Til96]. At this point theorems|J} [O] and [P|follow.

Chapter@is divided into two sections. Sectionrelates the factorisation category F, (Cob%‘go)
to the category of graphs .J; by constructing a category of filtered graphs [ g Sub’ that admits func-
tors to both. We then show that both functors induce equivalences by showing that the space of
filtrations BSub’(X, w) on any given graph (X, w) is contractible. Together with the surgery and
decomposition theorem this implies theorem@ Section [9.2[ shows that B.J, is rationally equiva-
lent to the tropical moduli space A, (theorem|[)) by constructing a rational homology isomorphism

BJ, ~ BT — A and then verifying that 71 (BJ,) = * by direct computation.
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Chapter 8

Classifying spaces of labelled cospan
categories

8.1 Categories of labelled cospans

In this section we introduce the framework of labelled cospan categories, give several basic con-
structions that will be needed later, and state the two key theorems about classifying spaces of

labelled cospan categories: the decomposition theorem and the surgery theorem|[8.3.1}

8.1.1 Labelled cospans

8.1.1.1 Definition

Definition 8.1.1. The cospan category Csp has as objects finite sets A and as morphisms A — B
isomorphism classes [A — X < B] of cospans of finite sets. Here two cospans f : A— X < B:g
and f' + A — X' + B : ¢ are called isomorphic if there is a bijection ¢ : X = X' such that
f'=¢o fandg = pog'. The composite of two morphisms [A — X <~ Bl and [B — Y < C] is
defined by taking the pushout [A — X Up Y <« C|. This is a symmetric monoidal category under

disjoint union.

Example 8.1.2. The key to the following definitions is that any bordism W : M — N yields a cospan
of finite sets mo(M ) — mo(W) <= mo(IN) in such a way that composition of bordisms corresponds to
compositon of cospans. In other words, taking connected components defines a symmetric monoidal

functor my : Cobyg — Csp.

Definition 8.1.3. Consider a symmetric monoidal category (C,®, 1¢) together with a symmetric
monoidal functor 7w : C — Csp. We say that an object M € C is connected with respect to 7 if (M)
is a set with one element. Similarly, we say that a morphism W : M — N € C is connected with
respect to if the set m(W) in the cospan [ (M) — w(W') <= w(N)] has a single element. We say that
W isreduced if the cospan [w (M) — w(W) <= 7(N)] has the property that w(M )7 (N) — (W)
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is surjective. Let Hom&" (M, N) C Home (M, N) and Homs4 (M, N) € Home (M, N) denote the

subset of connected and reduced morphisms, respectively.

The following definition encodes the idea that in Cobg any object and bordism canonically

decomposes into its set of connected components.

Definition 8.1.4. A labelled cospan category is a symmetric monoidal category (C, ®, 1¢) together

with a symmetric monoidal functor m : C — Csp satisfying the following axioms:

(i) Foranyobject M € C suchthatm (M) hasn elements we can find connected objects My, . .., M, €
Csuchthat M = M ®...® M,. Ifn =0, we require M = 1¢.

(ii) The abelian monoid Home (1¢, 1¢) is freely generated by the subset of connected morphisms.
(iii) For any two objects M, N € C the following map is a bijection

® : HomFPd(M, N) x Home(1¢, 1¢) — Home (M, N).

(iv) For any four objects My, My, N1, Ny € C the following diagram is a pullback square:

Hom(M;, N1) x Homid(Ms, Ny) & Hom¥(M; @ My, N1 @ N)

iy [

Homge;‘p(w(Ml),w(Nl)) X Homgegp(w(Mg),w(Ng)) N Homgegp(ﬂ(Ml) I 7(Ms), n(Ny) I 7(N3))

A functor of labelled cospan categories F' : (m¢ : C — Csp) — (mp : D — Csp) is a symmetric
monoidal functor F' : C — D together with a symmetric monoidal natural isomorphism o : mpo F' =

me.

REMARK 8.1.5. We will show in lemma that any labelled cospan category (C — Csp) is
equivalent to another category hCsp(C) where morphisms are indeed cospans of finite sets labelled
by connected morphisms in C. This justifies the name, but the list of axioms might still seem a little
arbitrary. In definition[8.1.30 we provide a much simpler definition in the world of co-categories, which
conjecturally generalises the above and only imposes a single axiom. For now we shall motivate the

definition by giving examples.

Example 8.1.6. Forany dimension d and tangential structure 6 the truncated 0-structured d-dimensional
bordism category Cobg g = h(Cq ) is a labelled cospan category when equipped with the symmetric
monodial functor my : Cobg g — Csp that sends a closed (d — 1)-manifold M to the finite set mo(M)
and a d-dimensional bordism W : M — N to the cospan [mo(M) — mo(W') < mo(N)].

Example 8.1.7. Let (C — Csp) be some labelled cospan category and let D C C be a symmetric

monodial subcategory such that:
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(@) If M @ N € D for some M,N € C, then M, N € D.
(b) If f @ g € D for some (f : M — N),(g: M' — N') €C, then f,g € D.
Then (D — Csp) is a labelled cospan category. To see this we check the four properties:

(i) This follows because we had such a decomposition in C and the connected objects appearing in

the decomposition of an object of D also need to lie in D by (a).

(ii) This follows because if a submonoid Homp(1¢, 1¢) of a free monoid Home(1¢, 1¢) satisfies
the cancellation property (b), then it is necessarily freely generated on a subset of the generators

of the original monoid.
(iii) The map is injective because it is the restriction of an injection and it is surjective by (b).

(iv) The map from the top-left corner to the pullback is injective because it is the restriction of an

injection and it is surjective by (b).

Combining this with the previous example we see that (o : Cob%CSO — Csp) is a labelled cospan

category.

8.1.1.2 Decomposing labelled cospans

The following lemma explains how we can think of any morphism W : M — N as the cospan
w(M) — w(W) < 7(N) together with a labelling of the components of 7 (W) by connected

morphisms in C.

Lemma 8.1.8. Consider two objects M, N € C and decompose them into connected objects M =
Mi®...9 My, and N = N1 ® ... ® Ny. The the set of morphisms M — N can be described as:

Home (M, N) = Hom(1¢, 1¢) % 11 ] Homg™ ® MZ, ® N;
[X):m(M)—m(N) z€X ief~1(z) g~ 1(z)
where the coproduct runs over all isomorphism classes of reduced cospans f : m(M) — X < 7(N) :

g. This decomposition is natural with respect to functors of labelled cospan categories.

Proof. We have the decompositon Home (M, N) = Home(1¢, 1¢) x Hom¥4(M, N) by condi-
tion (iii). The set of reduced morphisms maps to the set of reduced cospans, so we get a disjoint

decomposition

Hom# (M, N) =[] Hom{(M,N)
[X]:w(M)—m(N)
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where Hom[c }(M N)={W :M — N | (W) = [X]} is the set of morphisms with underlying

cospan X. To understand this set of morphisms we decompose M and N according to the cospan

X:
M= Q) M, M, = ® M; and N=@QN,, N, ® N;

reX ’L€f ) reX JEg )
Here we identified 7(M) with {1,..., m} according to the decomposition M = M; ® ... ® M,,
and similarly for /N. We can now apply condition (iv) multiple times and glue the pullback squares

to obtain the following pullback square:

[Lcx Hom¥d(M,, N,) ——2—— Hom¥(®pex My, @pex Ni)

I+ iy

[Liex Homrcegp(W(Mx)aW(Nz)) — Homrcegp(HxEXW(Mr)vHmeXW(Nm))-

By definition of M, and N, the cospan [7(M) — X < w(IV)] corresponds to the element of the

red

product [ [, x Homg'g, (7

(m(M,), m(N;)) that is given by the unique connected cospan [r(M,) —
{z} + 7(N,)] in each entry. We can now compare the fibers of the vertical maps at the points

corresponding to [X]. Since the diagram is a pullback square the fibers are isomorphic:

[[{W € Homgd (M., N.) | 7#(W) = {2}} 22 {W € Homg! (@zex Ma, ®aex Na) | 7(W) = [X]},
zeX

The left-hand side is the product over Homg™" (M, N,;) and the right-hand side is Hom[c } (M, N).
Together with the first part this concludes the proof. O

Corollary 8.1.9. A functor F' : (n¢ : C — Csp) — (7p : D — Csp) of labelled cospan categories

is an equivalence of categories if and only if it satisfies the following two conditions:
e For any connected object Mp € D there is a connected object M¢ € C such that F(M¢) = Mp.

e For any two objects M, N € C the functor F' induces a bijection

F :Hom¢g™ (M, N) = Hom%" (F(M), F(N)).

Proof. The first condition implies that /' : C — D is essentially surjective because by condition
(i) every object in D is the product of connected objects. The second condition applied to M =
1¢ = N implies, together with condition (ii), that Hom¢ (1¢, 1¢) — Homp(1p, 1p) is a bijection.
Then we can use the decomposition from lemma to see that being a bijection on connected

morphisms and endomorphisms of 1¢ implies that F is a bijection on all homs. O

For any labelled cospan category we can define a reduced category in which all closed com-

ponents are deleted.
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Definition 8.1.10. The reduced category C**? has the same objects asC and the morphisms are equiv-
alence classes of morphisms in C under the action of the abelian monoid Hom¢(1¢, 1¢). This indeed
defines a category as for any W : 1¢ — 1¢ the action (W 11 _) : Hom¢ (M, N) — Home (M, N).

commutes with pre- and post-composition with any morphism.

Note that it follows from the axioms for labelled cospan categories that every morphism [W] :
M — N in C**? has a unique representative W € Home(M — N) that is reduced. In other

words, the composite
Hom{4 (M, N) < Home (M, N) — Homgrea (M, N)

is a bijection. We could therefore equivalently define the category C*? to have the same objects
as C and to have as morphisms the reduced morphisms in C. Composition would then be defined
by W ogrea V' = U where U is the unique reduced morphism such that there is @) : 1¢ — 1¢ with
WoeV=ULAQ.

Example 8.1.11. There is a canonical bijection between the set of equivalence relations on A1l B

red
Csp

(A1 B)/R < B]. This can be used to give an alternative description of Csp™? where morphisms

and Hom$4 (A, B) defined by sending an equivalence relation R C (A 1l B)? to the cospan [A —
A — B are equivalence relations on A 11 B. In this category morphisms R C (A 1l B)? and
S C (B C)? are composed by restricting the equivalence relation on A1 B 11 C that is generated
by R and S to the subset A11 C.

8.1.1.3 Weighted cospans

Another class of examples can be constructed by labeling cospans with elements of an abelian
monoid. This includes Csp, Cobs, and Cob%éo, and will provide a useful point of view in section
In principle it should be possible to label cospans with operations of any modular operad, or
even a coloured properad (see conjecture [8.1.31). For the purpose of this thesis it will suffice to
consider the case where the operations in the modular operad are elements or an abelian monoid
A and pairing two inputs is given by addition with a fixed element . We also allow to specify a

subset A; C A, which can be thought of as a stability condition.

Definition 8.1.12. A weighting monoid is a triple (A, A1, «) where A is an abelian monoid, which
we will denote additively, A1 C A is a subset satisfying A1 + A C Ay, and o € Ay is some element.

The most important weighting monoid is (N,N>;, 1), and we will usually think about this

case.
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Definition 8.1.13. For a monoid (A,+) with a preferred element a« € A we define the (A, a)-
weighted cospan category Csp(A, «) as follows. Objects are finite sets. Morphisms are equivalence
classes of labelled cospans [i : M — X < N : j,l : X — A]. Two morphisms are equivalent if
there is a bijection ¢ : X = X' satisfyingl' o p =1, poi =14, and ¢ o j = j'. The composition of
two morphisms (i : M — X <~ N : j, 1) and (i’ : N =Y < L: j',l') is defined by composing the
cospans as usual and equipping the pushout with the labeling:

()W e XTINY) = > U@+ > Iy)+aEE50),
z€X,z€u] yeY,y€elu]
Here by ([u]; X,Y) € N is what one could call the first Betti number of the equivalence class [u] C
X IT'Y. Concretely, we define it as:

bi([u; X,Y) :=|(N - Xy YY) ([u])] = [(XTIY — X Iy V)" Y([u])] + 1.

Lemma 8.1.14. Definition[8.1.13 yields a well-defined category Csp(A, ) and disjoint union defines
a symmetric monoidal structure on this category. Moreover, the forgetful functor Csp(A, a) — Csp

is symmetric monoidal and makes Csp(A, «) into a labelled cospan category.

Proof. To see that Csp(A, o) we need to check that composition is associative. Since we already
know that the composition of cospans is associative up to canonical isomorphism, all that is left
check is that this canonical isomorphism respects the labeling. Consider three composable mor-
phisms (i : M - X < N:jl),i' : N—=>Y « L:jl');and (/" : L - Z + O : j",1"). To
see that (I 1") x 1" = [« (I' % 1") it suffices to check the following identity on Betti numbers for
every point [u] € X Iy Y I, Z:

bi([u; X Iy Y, Z) + > bi([v]; X,Y)
)€ XTIN Y, [v]Clu]

?
= by ([u]; X, Y 11, Z) + > by ([w]; Y, Z)
[w]eY Tl Z,[w]C[u]
(The point is represented by an equivalence class [u] C X IIY IT Z.) Indeed one checks that both

sides of the equation are equal to
(NOL— (XUyY I, Z2) Yu])] - (XOYTZ = (X Uy Y Iy 2) " ([u])| + 1.

Hence the composition in Csp(A4, «) is indeed associative.

The composition of (A, «)-labelled cospans is defined component-wise and hence disjoint
union IT : Csp(A, ) x Csp(A, a) — Csp(A, ) is a functor. This defines a symmetric monoidal
structure with the same structure isomorphisms as for Csp (now labelled by 0). By construction
the forgetful functor Csp(A, @) — Csp is symmetric monoidal. Moreover, one checks that this

functor satisfies the conditions of definition and hence defines a labelled cospan category. [
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Definition 8.1.15. For (A, «) as above and a subset A1 C A satisfyinga € Ay and Ay +A C A we
define Csp(A, A1, ) C Csp(A, «) as the subcategory that contains all objects and those morphisms
(i: M — X « N :j,1) where for eachz € X with |i~1(z) 11 j~1(x)| < 1 we require(z) € A.

One checks that Csp(A4, A1,a) C Csp(A4, «) is indeed closed under composition by using
a € Ajand A + A C Aj. Ttis also closed under disjoint union and further satisfies the condition

of example Hence Csp(A, A1, «) is a labelled cospan category.

Lemma 8.1.16. There are equivalences of labelled cospan categories:
Csp(0,0) ~ Csp, Csp(N, 1) ~ Coby, Csp(N,Nx1,1) ~ Coby=’,

Proof. The first equivalence is clear since a cospan labelled in the trivial monoid 0 is the same data
as just a monoid, so the forgetful map Csp(0,0) — Csp is an isomorphism of categories.

For the second equivalence we define a functor F' : Cobs — Csp(N, 1) as the lift of the
functor m : Cobs — Csp by labelling the cospan [mo(M) — mo(W) < (V)] obtained from
a morphism W : M — N with the function ¢ : mo(W) — N that sends a component to its
genus. We need to check that F' is in fact functorial. This means that we have to verify for any
two bordisms W : M — N and V : N — L that the genus of some component U C W Uy V' is
given by:

Yoo g+ Y. g+ (ImUNN)[+1—|m(UNW) (U NV)]).
Uoemo(UNW) Uiemo(UNV)
Without loss of generality we may assume that W Uy V' is connected and hence that U = W Uy
V. The Euler characteristic is additive under the composition of surface-bordisms and so we can

compute:

X(WUN V) =x(W)+x(V) = D (2= 29(Up) — [m0(dV0)]) + > (2= 29(U1) — |70 (V1))
UpCW U,cv

==2{ > g0+ > g(Uh) | +2/mo(W) Wro(V)| = 2|mo(N)| = |mo(M)[ — |mo(L)]
UpCW U,cVv

Combining this with x(W Uy V) = 2 — 2g(W Un V') — |mo(M)| — |mo(L)| yields the desired
formula.

The functor F' is by construction symmetric monoidal and compatible with the projection to
Csp. We may hence use corollary [8.1.9|to check that it is an equivalence of labelled cospan cate-
gories. Indeed, F' is surjective on connected objects (it hits the one-point set) and F is fully faithful
on connected morphisms since a connected surface with fixed boundary is uniquely determined

by its genus.
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The third equivalence is obtained by restricting the previous equivalence. The subcategory
Cob%CSO C Coby corresponds exactly to Csp™>1 (N, 1) since every connected bordism W : M —
N satisfies:

X(W) <0< (|mo(M) I mo(N)| <1= g(W) e Nsp).
O

Example 8.1.17. For any~y € N one can define a category Cob“27<7 as the quotient of Coby by the
equivalence relation ~. on morphisms that is generated as follows: whenever W : M — N is a
bordism and V. C W is a component of genus at least g, then we set W ~., W#(S1 x S') where
the connected sum is taken at V. Under this equivalence relation two morphisms W, W' : M — N
are identified if they become diffeomorphic after arbitarily increasing the genus of every component
that has genus at least g.

This category is equivalent to the weighted cospan category Csp(N/~, 1) where N/~ is the abelian
monoid defined as N/(N + ~y). Fory = 0 we have that Cobg<0 ~ Csp.

One can also define a subcategory Cob%go’goy - Cobg<7. (This will be the entire category if

~y = 0.) This category is equivalent to Csp"=1/7(N/~, 1).

Example 8.1.18. Foranyd > 2 consider the full subcategoryCobdsdf1 C Coby of the d-dimensional
oriented bordism category on all the objects of the form ]_[le Sd_1 Let Mg be the monoid of
diffeomorphism classes of connected closed oriented d-manifolds with addition given by connected
sum. Ford = 2 we have My = N and for d = 3 Milnor [Mil62)] showed that the monoid M3 is freely
generated by the set of diffeomorphism classes of prime 3-manifolds. We define a functor

F:CobS" ™ = Csp(Myg, [S* x S971])

equipping the cospan (mo(M) — mo(W) < mo(IN)) with the labeling | : mo(W) — My that sends
a connected component (W' : M" — N') C (W : M — N) to the closed manifold

W = (IE_ DY) Upyga s W' Upggar (L5, DY),

Here we use standard identifications M’ = 11¥_, S9~1 and N’ = HézlSd_l, which are canonical up
to permutation of components.

We need to show that F' is functorial. Let W : M — N andV : N — L two morphisms in
Cobgdi1 such that W Un V is connected. Then we need to check:

W UN V22 (W) # (#,;V;) # (81 x §o1y#b

'Equivalently we could consider the full subcategory of Cob, on all objects that are diffeomorphic to a disjoint
union of spheres. However, without choosing identifications with S*~* it is more difficult to define the functor F.
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where W; C W, V; C V denote the connected components and by € N is defined as |mo(N)| —
|mo(W L1 V)| + 1. Indeed, W Uy V can be obtained from [, w; 11 I, f/\] by attaching a 1-handle
for every component of N. Let us attach these 1-handles one after another. Whenever the 1-handle is
attached at two disks that are not yet path-connected, attaching this handle is equivalent to taking a
connected sum at these disks. This will happen |mo(W 11 V)| — 1 times. For each of the remaining 1-
handles we attach the both endpoints to the same component. This is equivalent to taking the connected
sum with (S x S9=1) and will happen |7q(N)| — (|mo(W L1 V)| — 1) = by times. Hence the above
formula holds and F is indeed a functor. It follows from the construction that I is symmetric monoidal
and defines a functor of labelled cospan categories.

We would like to apply corollary[8.1.9 to show that F is an equivalence of labelled cospan cat-
egories. Since F' is certainly essentially surjective we only need to check that for all k,l > 0 the
map

—

Hom@y,, (I, ST Iy S971) — Ma, W] W]

is a bijection. To construct an inverse map choose for every connected closed oriented d-manifold V
an orientation preserving embedding ¢ : (1I¥_, D) 11 (Hé-:lDd) < V. ThenV = W, for W, =
V' \ Im(¢)°. For any other choice of orientation preserving embedding ." there is a diffeomorphism
YV 2V witht = o (by [Hir94 Chapter 8, Theorem 3.2]). This restricts to a diffeomorphism
Yy, + W, = Wy that is compatible with the boundary identifications. So the construction [V'] v
[W.] is independent of . and hence a well-defined map My — Homgy (IIF_ 571 1IL_, S%1) that
is inverse to [W] — [W].

Note that the above example fails in the non-oriented case. The cylinder with flipped bound-
ary identification defines a non-identity morphism C' : S* — S in the unoriented surface cat-
egory Coby™" such that C = DU g1 C'Ug1 D? =2 §2, Therefore the functor F' : Coby™" —
Csp(Aymer, [St x S1) is not faithful.

8.1.2 The enhanced cospan category

Given a labelled cospan category (C — Csp) we now want to build a refinement Csp(C) that
keeps track of permutations of closed components. We begin by defining the groupoid-enriched
category Csp: the 2-category of finite sets, cospans of finite sets, and isomorphisms of cospans.
To ensure that everything is a set let {2 denote some infinite “background set”.

This subsection might be skipped at a first read. By theorem the canonical functor

Csp(C) — C induces a rational equivalence on classifying spaces.
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8.1.2.1 The unlabelled case

Definition 8.1.19. A presented set is a triple (I, X, R) wherel € {0,1,...}, X C {1,...,1},
and R C X x X, such that R is an equivalence relation on X. We let X := X /R denote the set
of equivalence classes of X under R, and we will often write X when we mean the entire datum
(I, X,R).

Two presented sets (I, X, R) and (k,Y,S) are called disjoint if | = kand X NY = (. In
this case we write (I, X, R) L (k,Y,S) and we define their disjoint union as (I, X, R) I1 (k,Y, 5) :=
((,LXUY,RUS).

For any two presented sets (I, X, R) and (k,Y,S) and mapsi : A — X/Randj: A —Y/S

from some set A we define the glueing as
(LX,R)Uy (k,Y,S) =1+ k, XU +1),RUx (S+1))

whereY +1:={y+1|y €Y} and RUa (S+I) is the equivalence relation generated by R, (S +1),
andi(a) ~ j(a) foralla € A.

Note that the disjoint union of disjoint presented sets is strictly associative and commutative
whenever it is defined. Moreover, the gluing operation (X < A — Y) — X Uy Y is strictly

associative, which allows us to make the following definition:

Definition 8.1.20. The (2, 1)-category Csp is defined as follows. Objects are finite subsets A C Q.
Non-identity morphisms A — B are cospans (fx : A — X < B : gx) where X is a presented set.

We also have identity morphisms, which we denote as (A = A = A). The composition of morphisms
is defined as:

(fy:B=Y <+ C:gy)o(fx:A—> X<+ B:gx):=(fx : A= XUgY < C:gy).

2-morphisms ¢ : (fx : A = X + B:gx) = (fsx = X' < B : ¢Y) are bijectionsp : X 2 Y
such that o o fx = f% and p o gx = g’x. (Note that p is not an isomorphism of presented sets, but

just a bijection between the resulting quotient sets.) These are composed in the obvious way.

REMARK 8.1.21. The addition of identity morphisms in the above definition is a little ad-hoc. Let
us briefly explain how they interact with the other morphisms. The horizontal composition is defined
such that they act as identities: (A = A = A)Us (A — X < B) := (A — X < B), and similarly
when composing on the other side. The 2-morphisms are defined by treating the middle A as if it were
a presented set X: a 2-morphism ¢ : (A = A = A) = (f: A — X < A : g) is a bijection
w: A — X such that p oidy = fx and p oid4 = gx. This means that such a 2-morphism exists
if and only if f = g is a bijection and the 2-morphisms is unique if it exists.
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To describe the operation of disjoint union on Csp we will use the notion of partial commu-
tative monoidal structures that we introduce in definition and See section for an

introduction to how we deal with symmetric monoidal structures.

Definition 8.1.22. The partial commutative monoidal structure on the (2, 1)-category Csp is defined
by the relation | and the operationI1. On objects we set A1 B whenever ANB = () and on morphisms
we set (X,4,7") L(Y,7,7") whenever X LY in the sense o The operation 11 is given by taking

disjoint unions.

Lemma 8.1.23. The canonical functor Csp — Csp that sends a cospan (A — X <« B) to its

isomorphism class induces an equivalence of categories h(Csp) ~ Csp.

Proof. The 1-category h(Csp) is defined by identifying all 1-morphisms in Csp that are connected
by a 2-morphism. The functor h(Csp) — Csp is hence faithful by definition: on both sides iso-
morphic cospans are identified. It is also full because every cospan A — Z < B is isomorphic
to a cospan A — X < B seeing as any finite set Z is in bijection with some presented set X.
The functor is also essentially surjective as any finite set A can be embedded ¢ : A — 2 and the

cospan (A = 1(A) = 1(A)) is an isomorphism in Csp. O
8.1.2.2 The general case

We now define a version of Csp where the finite sets and cospans are labelled by connected objects
and morphisms in C. In lemma we check that this is indeed well-defined and that the 2-

functors described below are indeed functorial.

Definition 8.1.24. For any labelled cospan category (C — Csp) we define the enhanced cospan
category Csp(C) of C to be the following (2, 1)-category.

e Anobjects is a tuple (A, ca) where A C Q is a finite set and c4 : A — Obj*°*(C) is a labelling
by connected objects of C.

e A non-identity 1-morphism (A,ca) — (B, cp) is a tuple of a non-identity morphisms (f :
A — X < B :g) inCsp and a labelling o : X — Mor®"(C) such that for each x € X the
label o(x) is a connected morphism

QR cal@) = Q) crbd).
acf~(x) beg—!(x)
We also allow for identity morphismsid 4 . ,), which we think of as a cospan (A = A = A)
where the labelling o : A — Mor®"(C) is given by o(a) := id

cal(a)-

e A2-morphism (f : A - X < B :g,0) = (f/: A=Y «+ B : ¢,0) is a bijection
po: X =Y suchthat f' =po f,¢d =pog,ando op =o.
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The composition of two morphisms (fx : A — X < B :gx,ox)and(fy : B—Y < C : gy,oy)
is defined as the glued cospan (f; : A — X UpY <« C : gz,0x * oy) where the induced labeling
ox *oy is defined as follows. Foreachz € XUpY welet X, C X andY , C Y denote the preimages
ofzunder XI1Y — X UpY.

Q cala) xrov)(e) ® cols)

acf; () cegy ' (2)

I I

®cox (z —~ ®yoy (y)
® ® cal) 22 Q@ Q@ wh=z® Q wbh 2 Q ® colo)
z€X, agf)—(l(m) zeX, beg)—{l(;p) yeY, bgf;l(y) yeY, ceg;l(y)
Definition 8.1.25. There is a functor ®¢ : Csp(C) — C defined by sending (A, ca) to @) ,c 4 cala)
and sending morphisms (fx : A — X < B : gx,0) to

Rers@=2® & cal@) M QD QR enla) =@ esb).

acA reX acft(x) X pegt(z) beB
Definition 8.1.26. We define a partial commutative monodial structure (see definition on
Csp(C) by saying that two objects or morphisms are disjoint iff they are disjoint as objects or mor-
phisms in Csp after forgetting labelings. The union of disjoint objects or morphisms is defined by
taking the union in Csp and equipping it with the evident labeling.

Lemma 8.1.27. Horizontal composition of 1-morphisms in Csp(C) is associative and hence Csp(C)

is a well-defined 2-category. Moreover, the following three constructions are 2-functors:
forget : Csp(C) — Csp, I1: Csp(C)*+ — Csp(C), and &c: Csp(C) — C.

Proof. We will show that associativity holds when composing three composable labelled cospans:
(A= X« B,ox),(B—=Y « C,oy), (C = Z < D, oz). The functoriality of “forget”, L1, and
®c will follow from the proof. The underlying cospan is X Up Y Uc Z and it does not matter how
we parenthesise this expression as composition in Csp is strictly associative. We need to check
that the two induced labellings on this composed cospan agree.

Before we show this, let us consider the case of a single composition (X, 0x) Up (Y, 0oy ). For
pe€ XUBY welet X » C X, Xp C Y, and B, C B denote the subsets that are sent to p under
the quotient map. The label (ox * oy)(p) of p in the composite cospan is exactly the morphism
®c(X,Up, Y, 0x *oy) inC. (If (W, o) is a labelled cospan where W = {p} is a single point,
then ®¢(W,ow) = ow(p).) By inspecting the definition it follows that this composite label is
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exactly ®@c (Y, 0y) o ®c(X,,, 0x) as illustrated in the following diagram:

(ox 0y )(p)=®c(X,UB,Y,,.0x*0y)

EA
“ ®C(XP7OX ®C(XP7OY)

IGXP aef bGBp yEYP CEg;l(y)

X B

cp(b) = Q & crld)

2€Xp begy ! (z) YEYp befy t (y)

This already implies that ®¢ : Csp(C) — C will be a 2-functor once we show that Csp(C) is a
2-category.
Returning to the case of a triple composition we can now see that a pointg € X Up Y U Z

is labelled by:
((ox xoy) x0z)(q) = ®c(X,Up, Y, 0x *0y) 0o ®c(Z,,0z)

= Q) ®c(X,Us, Y, 0x xoy) | 0®c(Z,,0z)

peX U, Y,

= ® ®c(X,,0x) 0o @c(Y,,0v) | o®c(Z,,0z)

peX Up, Y,

= (®C(lq’ OX) © ®C(Zq7 OY)) © ®C(quoZ)

Since composition in C is associative it follows that this agrees with (ox * (0y *0z))(q) and hence
horizontal composition in Csp(C) is indeed associative.

O
Lemma 8.1.28. The enhanced cospan category fits into a diagram:

Csp(C) —— hCsp(C) —— C

|

Csp —— hCsp ——— Csp
Moreover, for any two objects (A, c4) and (B, cp) there is a canonical equivalence of groupoids
Homggp ey ((4; ca), (B, cB)) — Hom(csp(c)((l),(b) X Homred( ®(A,cq),®(B,cp)).
and Homgg,c) (0, 0) is the free symmetric monoidal groupoid on the set Homg™ (1¢, 1¢).

Proof. The existence of the commutative diagram is clear by construction. We need to check that

®c : h(Csp(C)) — C is an equivalence of categories. Note that 7 : h(Csp(C)) — h(Csp) ~ Csp
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is a labelled cospan category by construction, so we can use corollary to check that ®¢ is an
equivalence. Indeed, it is clear that ®¢ is surjective on connected objects, and one also easily sees
that ®¢ is fully faithful on connected morphisms.

For the second claim we begin by defining a functor:
(¢, 7) : Homggp(c) (A, ca), (B, cp)) — Homggyey (0, ) x Hom ) (4, ca), (B, cB)).

Here c¢(X, 0) = (Y, 0y ) where Y C X is the subset containing those equivalence classes that are
not in the image of f Il g : AIl B — X. Similarly we let 7(X, 0) = (Z,0)z) where Z C X is
the image of f II g. One now checks that (¢, r) is indeed a functor and that it is an isomorphism
between Csp((A,ca), (B,cp)) and the subspace of the product on those ((Y,0),(Z,0')) such
that Y and Z are disjoint. Hence (c, r) is fully faithful, and it is essentially surjective because any
tuple is isomorphic to one that satisfies the disjointness. It remains to check that the functor ®

induces an equivalence of groupoids:
Hom{<, ) (4, ca), (B, cp)) — Homg(®(A, ca), ©(B, cp)).

By lemma |[8.1.8|this functor induces a bijection between the isomorphism classes of objects on the
left and the elements on the right. Moreover, any object in Homfcei(c) ((A,ca),(B,cp)) only has
the identity automorphism as ¢ : X — X is uniquely determined by the requirement that it has to
be compatible with the surjection A Il B — X. The right-hand side has only identity morphisms
by definition and hence the two groupoids are equivalent.
Note also that Homggp,(c) (0, 0) is equivalent to the groupoid of finite sets labelled in Homg™ (1¢, 1¢),

which is indeed the free symmetric monoidal groupoid on this set. O

8.1.2.3 Higher labelled cospan categories

While the list of conditions used to characterise labelled cospan categories in definition is
rather long and might seem a bit arbitrary, the enhanced version Csp(C) satisfies a much simpler

condition:

Lemma 8.1.29. For any labelled cospan category (7 : C — Csp) the following diagram is a pullback
square of 2-categories:
Csp(C)* — Csp(C)

[ fro

Csp?+ S SN Csp.

Proof. On objects we have that

{A,BCQ,1:A B— Obj*(C) | AN B = (}
(A, BCQ|ANB =0} xccqy {C CQ,1: C = Obj®(C)}
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and a similar statement is true for 1-morphisms and 2-morphisms. O

This motivates the following definition, which we will give in the language of co-categories.

Definition 8.1.30. A labelled co-category of cospans is a symmetric monoidal co-categoryC together

with a symmetric monoidal functor m : C — Csp. This functor is subject to the condition that

cxc—%2 ¢

Jmxn lﬂ

Csp x Csp SR CEN Csp.
is a pullback square of co-categories.

We will not explore this definition in much more detail - it mainly serves as an aesthetically
more pleasing analogue of definition However, let us briefly note that one can show that
for any oco-category of labelled cospans (C — Csp) its homotopy category is a labelled cospan
category (hC — hCsp ~ Csp) in the sense of definition Together with lemma [8.1.29 this
almost proves that labelled cospan categories form a full reflective subcategory of the co-category
of labelled co-categories of cospans.

Further, we suggest the following conjecture that relates the notions of labelled cospan cate-

gory and labelled co-category of cospans to previously established notions.

Conjecture 8.1.31. There is a biequivalence between the 2-category of labelled cospan categories
and the 2-category of coloured properads as described in [HRY15, Chapter 3].

Let Cat%, be the co-category of symmetric monoidal co-categories and let P C (C’atg%)/@sp be
the full subcategory of the comma category on those (C — Csp) that satisfy the condition of definition
Then P is equivalent to the co-category of co-properads described in [HRY15, Chapter 7].

8.1.3 The decomposition theorem for cospan categories

For the purpose of this section we fix a cospan category (C — Csp) and we assume that BC is
group-like. In lemma [8.1.40] we explain this assumption is often satisfied, and we note that in this
case BC is equivalent to an infinite loop space. Moreover, we let G := Homg"" (1¢, 1¢) denote the
set of connected endomorphisms of the unit in C.

We prove the following comparison result for Csp(C), C, and C*4, which is a generalisation

of theorem [C|from part I of this thesis.
Proposition 8.1.32 (See[8.2.4). There are homotopy fiber sequences of infinite loop spaces:

Q (Vg S') —— B(Csp(C)) —— B(C™Y)

| | |

B(@®gN) B(C) B(C™).
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In particular, the map B(Csp(C)) — B(C) is a rational equivalence.

The next theorem will decompose the category C into parts with no closed components and

factorisations of closed components. We first make the necessary definitions:

Definition 8.1.33. The simplicial set N°C is the simplicial subset of the nerve NoC containing only

those n-simplices W : [n] — C where W (0 — n) is a reduced morphism.

Definition 8.1.34. For any connected endomorphism of the unit s : 1c — 1¢ we define the factori-
sation category Fs(C), or Fs for short, as follows. An object is a triple (M, W, V') where M % 1¢ is
a non-trivial object and W : 1¢ — M andV : M — 1¢ are morphisms such that W Uy V = s. A
morphism (M, W, V) — (M', W', V") is a morphism X : M — M’ inC such that WUy X = W'
andV = X Uy V.

Theorem 8.1.35 (Decomposition Theorem, see[8.2.1). For any labelled cospan category C such that
BC is group-like, there is a homotopy fiber sequence of infinite loop spaces:

INgC| — B(Csp(C)) — Q [ \/ =S(BF,)
geG

Here the wedge runs over the set of connected morphisms g : 1¢ — 1¢.

REMARK 8.1.36. Note that as long as each F is non-empty the unreduced suspension S(BFy) is
equivalent to the reduced suspension X(BFg) for any choice of base-point.

REMARK 8.1.37. If BC is not group-like, then the above is still a homotopy cofiber sequence of E-
algebras. However, this case will not be as useful for computations. One of the particular advantages
of the group-like case is that any homotopy cofiber sequence of infinite loop spaces is also a homotopy
fiber sequence, and moreover induces a homotopy fiber sequence of underlying spaces. In the general

case we still have a homotopy fiber sequence after passing to group-completions.

Example 8.1.38. In section [8.2.9 we will show that for C = Csp and C = Cobg withd > 2 all
the factorisation categories F4(C) have a contractible classifying space. In these cases it follows that
[Ne“C| ~ B(Csp(C)).

Since N,'°C is not the nerve of a category it is not a priori clear that its homotopy type is

invariant under equivalences in C.

Lemma 8.1.39. Let (m : C — Csp) and (1’ : D — Csp) be two labelled cospan categories and let
F : C — D be an equivalence of symmetric monoidal categories together with a symmetric monoidal

natural isomorphism F o w = «’. Then F induces an equivalence:
N,F : NiC = NI°D.
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Proof. Pick a homotopy-inverse functor G : D — C and natural isomorphisms « : F o G = Idp
and 8 : Go F = Id¢. Then we have maps BF' : BC «— BD : BG and a and f yield homotopies
that witness that BF' and BG are homotopy inverse. This homotopy equivalence restricts to a
homotopy equivalence |[NJ°C| ~ |NJ}“D|. To see this, note that if a : [n] — C represents an
n-simplex a € N,,C that lies in N2°C and @’ : [n] — C is naturally isomorphic to a, then @’ lies in

the no-closed components part as well: a’ € N}C. t
We briefly discuss some sufficient conditions for BC to be group-like.

Lemma 8.1.40. Let (C — Csp) be a labelled cospan category satisfying that for all connected M € C
there is some object N € C for which there exists a morphism W : M ® N — 1¢ or a morphism
V:ile = M ® N. Then moBC is group-like and hence BC is equivalent to an infinite loop space.

Proof. The connected components of the classifying space moB(C) can be computed as the com-
mutative monoid of isomorphism classes of objects of C modulo the relation A ~ B whenever
there is a morphism from A to B. By axiom (i) of definition[8.1.4]every object of C can be written
as a ®-product of connected objects. So the connected objects generate o B(C). The conditions of
this lemma imply that for each connected object M there is some object N with [M]|® [N] = [1¢]
in moB(C). This implies that all the connected objects have inverses and as these generate the
monoid we can conclude that 7o B(C) is indeed a group under ®. It now follows from the methods

of [Seg74]], which we recall in section [8.2.5] that BC is equivalent to an infinite loop space. O

8.1.4 The surgery theorem for cospan categories

In this section we try to understand the realisation of the simplicial set NJ'°C, which is one of
the two main components in the decomposition theorem. We will show that under favorable
circumstances it is equivalent to the classifying space of the positive boundary subcategory C%+ C

C, which will often be computable.

Definition 8.1.41. For a labelled cospan category (C — Csp) we define the positive boundary
category C%+ as the subcategory of C that contains all objects, but only those morphisms W : M — N
for which m(N) — w(W) is surjective.

Definition 8.1.42. We say that a labelled cospan category (C — Csp) admits surgery if one can
pick the following data:

* A connected object O € C and a connected morphismT : 1¢ — O.

e For any connected object A € C a connected morphism P4 : A — O ® A.
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subject to the condition that for any two connected objects A, B € C and any two arbitrary objects
M, N € C the following diagrams commute for all connected morphisms U : AQ M — B ® N,
Vi AQRBRM — N,andW : M - AR B®Q N:

i id
Ag M P90 60 A M A9 Bo M —A%95eM o Ao Be M
lU lido QU l(BO,A(@idB@M)O(idA ®PpRidyr) lido QV
Pp®id N idpo ®V
BN —=0®RB®QN ORARBRRIM O®R N
M—WY s A®B®N
lW l(ﬁA,O@idB@)N)O(idA ®Pp®idy)
A@Be N 22956 0 A9 Ba N,

See figure[8.1.4 for an illustration of these three equations.

REMARK 8.1.43. Note that the morphism T is not required to satisfy any equation. (In fact, we do
not even need it to be connected.) Nevertheless, it is crucial that there exists a morphism from 1¢ to
O as we use it to introduce new connected components during the surgery. This would for example be
impossible in the negative boundary category Cobg’ = (Cobﬁ*)Op . This category cannot satisfy the

conclusion of the surgery theorem as
d-\d, nc Oty _ 0+ ~ (yor
moB((Cob,; ™ )7*) — mo|NJ°(Cob,")| = meB(Cob, ") = Q5" ;

is not injective because in (Cobgf )%+ there are no morphisms to or from the empty set.

Theorem 8.1.44 (Surgery Theorem, see [8.3.1). If the labelled cospan category (C — Csp) admits

surgery, then the inclusion of simplicial sets NoC%+ C N2°C induces an equivalence:
B(C%) ~ |NX<C|.

Combining this with the decomposition theorem we have the following immediate conse-

quence:

Corollary 8.1.45 (Theorem|N). Ifthe labelled cospan category (C — Csp) admits surgery and B(C)
is group-like, then there is a homotopy fiber sequence of infinite loop spaces.

B(c™) — B(Csp(€) — Q (\/_,SS(BF,)).

geG

The condition of admitting surgery might seem unreasonably strong if one thinks about a
general labelled cospan category (C — Csp). We are essentially requiring that P4 : A - O ® A
commutes with all other operations. However, it turns out to satisfied in the cases we are interested

in.
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A B A B
Py _ Pp
M N M N
A A /BO,A
B La N = B . N
174 Pp v
Z Bo.a Z
Py
M B = M B
Py
N N

Figure 8.1: The three conditions that the morphism P4 : A — O® A has to satisfy for all connected
objects B, arbitrary objects M, N, and connected morphisms U, V', W.

Example 8.1.46. We will now show that many geometric examples admit surgery. Let, for example,
C = Coby be the d-dimensional bordism category for d > 2. The we can let O := S%~! be the sphere
and T := D% : () — S the disk. For the morphism Py; : M — S?~1 11 M we can choose the
connected sum of the bordisms D¢ : () — S9=' and M x [0,1] : M — M. Since both bordisms
are oriented and connected it does not matter at which point we take the connected sum. We need to
make sure that this makes the relevant diagrams commute. For example, for all connected morphisms
W : ALl M — BII N one checks that both ways of going around the diagram can be described as
the connected sum of W with the bordism D4=' : () — S9=1. Since W is connected any two such
connected sums are diffeomorphic.

We can also replace the morphism T : () — S?~1 by any other connected manifold with boundary
S9=1 In particular for d = 2 we can choose a genus g > 1 surface with one boundary component,

which implies that Cob%<§0 C Coby also admits surgery.

Example 8.1.47. Assimilar argument as above also applies to the weighted cospan categories Csp(A, A1, a)
from deﬁnition One can choose O := x to be the singleton, T : () — * the cospan () — * = x)
weighted by any element of Ay (for example ), and P : * — x 11 x the cospan (x — * <— x I x)
weighted by the unit O € A. This makes all the relevant diagrams commute as the weighting monoid

A is commutative.

By lemmal[8.1.14, example[8.1.17, and example[8.1.18 this means that all of the following labelled
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cospan categories admit surgery:
d—1
Csp, CobX=’, Cobj", Cobd~", and Coby="9<7

Example 8.1.48. If a labelled cospan category C admits surgery, has a group-complete classifying
space BC, and satisfies that F4(C) is contractible forall g : 1¢ — 1¢, then the inclusion of the positive

boundary subcategory induces an equivalence:
B(C%) ~ B(Csp(C)).

We will show that this is the case for Csp and Cobg with d > 2 in section[8.2.9 This implies Theorem
Eand together with the computations BCsp®+ ~  and BCongr ~ S made in proposition it
implies Theorem[C] and Theorem/}

8.2 The decomposition theorem

In this section we decompose the classifying space of a labelled cospan category (C — Csp) into
various smaller parts that are usually easier to compute. We will also show that the two variants

Csp(C) and C™ are closely related to C. Concretely we prove the following theorem:

Theorem 8.2.1 (Decomposition theorem). Let (C — Csp) be a labelled cospan category such that

con

BC is group-like and let G = Homg™ (1¢, 1¢) be the set of connected endomorphisms of the unit.

Then there is a homotopy fiber-sequence of infinite loop spaces:
INZ(O)] —— B(Csp(C) —— Q (Ve BS(BF,))

REMARK 8.2.2. Recall that we in defined NJ°C C NoC as the simplicial subset on those
n-simplices W : [n] — C such that W (0 — n) has no closed components.

Recall that SX denotes the unreduced suspension of an unpointed space. (See[8.2.37) If we assume
that each F is non-empty, then we may choose any basepoint to form the reduced suspension and the
result will be equivalent to the unreduced suspension: ©.5(BF,) ~ Y2 BF,. However, it can happen
that a connected endomorphism g : 1 — 1¢ does not admit a factorisation. (For example if one adds
spheres to CobX=".) In this case BF, = 0 and by convention S(0) = S°, so ©S(BF,) = S'.

REMARK 8.2.3. One might think of the term Q(\/ ;e ©.5(BFg)) as an “error-term” that obstructs
BCsp(C) from being equivalent to the subspace with no closed components. In the analogy where C
is a topologically enriched bordism category this term always vanishes: it is a theorem by [GRW10,
Definition 4.3 and lemma 4.7] that in these cases BC is equivalent to the subspace with no closed
components. Note however, that this is only an analogy as our setting of labelled cospan categories does
not actually accommodate for topologically enriched bordism categories, and moreover the definition

of DJ¢ is different in the topological case.
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We also prove the following comparison result for Csp(C), C, and C**:
Proposition 8.2.4. There are homotopy fiber sequences of infinite loop spaces:

Q (\/G Sl) —— B(Csp(C)) —— B(C™Y)

| l |

B(@cN) B(C) B(C™9).

In particular the map B(Csp(C)) — B(C) is a rational equivalence.

8.2.1 Partial commutative monoidal categories

Throughout this paper we will work with infinite loop spaces that arise as the classifying space of a
symmetric monoidal categories. The symmetric monodial categories that we consider will often be
like embedded bordism categories in the sense that we can make sense of a notion of disjointness
M N N = () for objects M, N and that for disjoint objects taking their union (M, N) — M U N
is a strictly associative and commutative operation. To extract a symmetric monoidal structure
from this we need to fix a functorial replacement (M, N) — (M’, N') such that M’ N N’ = (.
This choice is always somewhat arbitrary, which would make it difficult to construct the simplicial
objects in symmetric monoidal categories that we need later. Instead of making a choice of a
replacement we will work with the notion of a partial commutative monoidal category, which

formalises the idea of having a notion of disjointness and disjoint union.

Definition 8.2.5. A partial commutative monoidal structure on a categoryC is a choice of a relation
L on the set of objects of C, an object ) € C, and a functor 11 : C?>+ — C where C*+ C C? is the full

subcategory on those (x,y) where x_Ly. This data is subject to the following axioms:

(i) Forallz € C we have ) Lz and the functor C — C defined by x — 0 11 x is the identity.

(ii) Let C3+ C C? denote the full subcategory on triples (x,, z) satisfying v Ly, v 1z, and y1 2.
Then for each such triple we have x| (y 11 z) and (z 11 y) Lz, and the two functors C>+ — C
defined by (z,y,z) — (x L y) I z and (z,y, z) — = 1 (y I 2) are equal.

(iii) The relation L is symmetric and the two functors C>- — C defined by (x,y) — x 11y and
(z,y) — y Il x are equal.

(iv) For any n-tuple (x1,...,x,) € C" one can find (2, ..., x],) € C" such that x; = z, for all i
and z; La’; for alli # j.

Given two such partial commutative monoidal categories - or PCM categories for short - (C, L¢, O, I¢)
and (D, Lp,0p,1p), we say that a strictly symmetric monoidal functor between them is a functor
F : C — D satisfying the properties: F(0¢) = 0p, x Ly = F(x)LF(y), andllpo(F,F) = Folle

as functors C*+ — D.
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REMARK 8.2.6. One can think of a given PCM category as a category internal to the category of
partial commutative monoids. Conversely, a category C internal to partial commutative monoids
represents a PCM category if it satisfies the following conditions:

e For any two morphisms f : © — y and g : ' — y' we have that f 1 g if and only if x L 2" and

/

yLly'

e For any n-tuples of objects (x1, ..., x,) one can find (¢!, ..., x]) € C" such that x; = x/, for

alli and i Lz, for alli # j.

REMARK 8.2.7. The key advantage of this definition is that it is a property for a functor F' to be
commutatively monoidal. This will make it much easier to construct simplicial objects in PCMC

than it would be to construct them in the category of symmetric monoidal categories.

To obtain infinite loop spaces from PCM categories we will use Segal’s concept of I'-spaces,

which we now recall.

Definition 8.2.8. Let I'°P denote the full subcategory of the category of finite pointed sets Fin,
on the objects (n) = {x,1,...,n}. Concretely, the morphisms (n) — (m) in I'°® are maps f :
{x,1,...,n} — {*,1,...,m} satisfying f(x) = . Welet p!, : (n) — (1) denote the unique
morphism with (p)~1(1) = {i}.

AT -space is a functor X : I'°P — Top and we denote the value on (n) by X We say that X

is a special I'-space if for each n the following map is a weak equivalence:
(ph, .. p0) s X o XD x D,
Our main source of special I'-spaces will be of the form BC® for C{® is a special I'-category.

Definition 8.2.9. A I'-category is a functor C* : TP — Cat. We say that C'* is a special if for

eachn the map (p,...,p") : C{" — €1 x ... x ) is an equivalence of categories.

Lemma 8.2.10. For any partial commutative monoidal category (C, L, (), 11) we can define a spe-
cial T-category be letting C\™ := C"™ be the full subcategory of C" on those tuples (z1,...,xy)
satisfying x; Lx; foralli # j.

Proof. 1t follows from axioms (i-iii) that for any finite family of objects (z; € C);cs that are disjoint

in the sense that i # j = x; Lx; we can define:

Hm = (o (24, Magy) Mag,) - May,)
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and that this is independent of the enumeration (i1, . . ., i,,) one chooses of I. Here we set [ [, z; :=
(c. We may therefore define for each A : (n) — (m) a functor
AoCt =™t (zy,..,20) = (Y1s -+, Ym), Where yj = H Z;.
i€EATL())
This makes (n) ~— C" into a ['-category. It remains to check that this is special, i.e. that the
inclusion C"*+ — (C'1)™ = C™ is an equivalence of categories. This inclusion is fully faithful by

definition and it is essentially surjective by axiom (iv). O

We also briefly describe how to generalise this to the setting of 2-categories.

Definition 8.2.11. For a 2-category C let Mor(C) be the 1-category where objects are 1-morphisms
f +x — yinC and morphisms f — g are 2-morphisms o : f = g. In particular there are no
morphisms between f and g unless the have the same source and the same target.

A partial commutative monoidal structure on a 2-category C is a partial commutative monoid

structure (idg, L, IT) on Mor(C) — except that instead of condition (iv) we require:

(iv’) For any n-tuple (z1,...,2,) € C™ one can find an n-tuple (2, ..., z),) € C™ such that x; is

equivalent to x; for all i and id,s L id$3 foralli # j.

(iv”) For any n-tuple (f1 : x1 = y1,..., fn : Tn — Yn) € Mor(C)" satisfying z; Lx; and y; Ly;
foralli # j one can find an n-tuple (f{ : x1 = y1,.-., f1, : Tn, — Yn) € Mor(C)™ such that
fi = f! foralli and f; L f; foralli # j.
(v) Composition defines a PCM functor o : Mor(C) X gpj(c) Mor(C) — Mor(C).
We will also write x Ly for two objects x,y € C to mean id,, L id,.

Corollary 8.2.12. For any PCM 2-category C the classifying space BC naturally has the structure
of a special I'-space.
Proof. We would like to mimic the proof of lemma For all n let C1™ C C™ be the following
sub 2-category. It contains an object (21, ..., ) if id;, L id,; holds for all i # j, and it contains
a 1-morphism (fi, ..., fn) between two such objects if f; L f; holds for all i # j. It contains all
2-morphism between any 1-morphism it contains. By condition (v) this is indeed a sub 2-category.
In the same way as in lemma [8.2.10| these 2-categories assemble into a I'-object in 2-categories,
and therefore (n) — BC*" defines a I'-space.

We need to show that the Segal map BC™ — BC" is a weak equivalence. The functor C1" —
C" is surjective up to equivalence condition (iv’) and by condition (iv”) it is an equivalence on Hom-
categories. Now recall that the classifying space of a 2-category is defined by first taking the nerve
of Hom-categories to obtain a simplicially enriched category and then taking the usual classifying
space. By the above, the simplicially enriched functor obtained from the 2-functor C*" — C" is a

Dwyer-Kan equivalence, and hence it induces an equivalence on classifying spaces. O
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8.2.2 A general fiber sequence

We now introduce the abstract technique that we will use to show that certain sequences of sim-

plicial symmetric monoidal groupoids yield fiber sequences of infinite loop spaces.

Theorem 8.2.13. Consider three simplicial special I'-spaces Aq, Be, Co : AP x I'P — Top with
two simplicial I"-maps:

A, L B, % 0,

and a homotopy of simplicial '-maps o : go f =~ 1¢ to the unit in Co. Assume further that for every

n there is aI'-map s, : By, — A,, such that the induced maps

(1) — A<1>

n n

(Sns Gn) : B7<11> — A%U X C’,gl) and spo fn: A

are weak equivalences of spaces. Then the following is a homotopy cofiber sequence of special I'-
spaces:

f g
[Aell = [ Be]| = [ICell
If moreover each of these spaces is group-like, then this is a homotopy fiber sequence.

Proof. We will base this proof on the framework of [GGN15]]. Let S denote the co-category of
spaces, which receives a functor Top — S. The category Mong__(S) C Fun(I'°P, S) is defined as
the full subcategory on those functors that satisfy a Segal-condition. The homotopy category of
special I'-spaces is pre-additive, i.e. it has a 0-object * and the canonical map z Il y — x x y from
the coproduct to the product is an isomorphism for all  and y. This allows us to apply lemma

8.2.14]and conclude from the existence of s,, that for each n the sequence:
A, — B, — C)

is a homotopy cofiber sequence of special I'-spaces. Since homotopy colimits commute, taking the

homotopy colimit over A°P yields the following cofiber sequence in Mong,__(S):
hocolimpaor Ae — hocolimaor Be — hocolimaop Cl.

To compute this homotopy colimit note that the functor Mong__ (S) — S that sends a special I'-
space A to the underlying space A is conservative and commutes with sifted colimits. Therefore

(hocolimpaop A,) (1) ~ hocolimaep A£1>

where the latter is computed as a homotopy colimit in S.
Given a simplicial topological space X, : A°? — Top the homotopy colimit of X, : A% —

Top — S is modelled by the fat geometric realisation || X,||. Similarly, for a simplicial special

I-space A AP 5 ToP Top we can construct a I'-space (n) — |A£n>| by taking the level-
wise realisation. Note that this I'-space is still special since ||_|| commutes with products up to

weak equivalence (see [Seg74 Proposition A.1(iii)] or [ERW19a, Theorem 7.2]). It follows by our
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previous comments that || A, || is in fact a model for the homotopy colimit in special I'-spaces. This
shows that
f 9
[Aell = [|Boll = [ICs]]

is a homotopy cofiber sequence in Mong__(S).

Finally we would like to show that || Ae|| — ||Be|| — ||Ce|| is homotopy fiber sequence in S
if we assume that each of the spaces is group-like. Indeed, for any cofiber sequence X —Y — Z
in Mong__(S), the group completion X9 — Y9 — Z9P is a fiber sequence. If we assume that
each of ||| As

is a homotopy fiber sequence. O

, || Be||, and ||Cl|| is already group-like, then it follows that || Ae|| — || Be|| — ||Ce||

The following lemma holds in any pre-additive co-category C, i.e. in every co-category C such
that the homotopy category hC has a 0-object and such that coproducts and products agree via
the canonical map. The same argument applies in any model category whose homotopy category

is pre-additive.

Lemma 8.2.14. Let f : A — B and g : B — C be two morphisms in a pre-additive co-category C
such that g o f is null-homotopic. Assume further that there is a map s : B — A such that the maps
(s,9) : B— AxCandso f: A — A areequivalences. Then any choice of a null-homotopy for

go f makes A — B — C into a cofiber sequence in C.

Proof. Pick amorphismr : C'— B suchthatsor =0:C — Aand gor = id¢. This can be done
by lifting (0,id¢) : C' — A x C against the equivalence (s,g) : B — A x C. We claim that the
maps f and r exhibit B as a coproduct of A and C. So we need to check that fIIr: AIIC — B
is an equivalence. Since (s, g) is an equivalence it will suffice to check that (s,g) o (f Il 7) is an
equivalence. Using that h(C is pre-additive we can represent this morphism by a 2 x 2 matrix with
entries so f,sor,go f,and g o r. By construction sor and g o f are O-mapsand so fandgor
are equivalences. Hence (s, g) o (f IT ) is the direct sum of two equivalences and therefore itself
an equivalence.

Consider the following diagram in the homotopy category hC:

* *

A
Ll
C - B-—=C

This diagram can be lifted to a diagram A? x A! — C in the co-category by choosing any null-
homotopy of g o f in the right square and the trivial homotopy in the left square. The left-hand
square is a pushout square because we checked that f and r exhibit B as the coproduct of A and C.
The entire rectangle is a pushout square (independent of which homotopies we chose!) because the

top horizontal arrow * — * and the bottom horizontal arrow gor : C — C both are equivalences.
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It therefore follows from the pushout pasting lemma [Lur09a, Lemma 4.4.2.1.] that the right-hand

square is a pushout square, which is exactly what we claimed. t

8.2.3 A base-change theorem for simplicial spaces

We prove a theorem that allows us to change the space of 0-simplices X of a simplicial space
X, without affecting the homotopy type of || X,||. This is motivated by the basic idea in category
theory that one can change the number of objects of each isomorphism type without changing
the category, up to equivalence. In this sense, the following definition can be thought of as a

generalisation of the notion of a fully faithful functor:

Definition 8.2.15. For any semi-simplicial object X, let let 9\ : X,, — (Xo)"*! denote the map
that sends an n-simplex to its vertices. We call a map of semi-simplicial spaces f : X¢ — Yo a

homotopy base-change if the map
(ai(afn) Xy — (XO)n+1 X?Yb)’rr‘rl Y,
is an equivalence for alln > 1.

The following theorem generalises lemma|5.1.30/and [ERW19a, Theorem 5.2] to arbitrary sim-
plicial spaces that are not necessarily the nerve of a topological category. Note, however, that
[ERW19a| Theorem 5.2] has the advantage of applying to weakly unital categories C, whereas we

would need C to have strict units in order to apply the theorem to NC.

Theorem 8.2.16 (Base-change). Let f : Xo — Yo be a map of simplicial spaces that is a homotopy
base-change in the above sense and satisfies that mo(fo) : m0(Xo) — mo(Yo) is surjective. Then

£l = I X el = ||Yell is a weak equivalence.

Proof. For any space A let T'(A), be the simplicial space defined by T'(A),, := A™*! with face and
degeneracy operators given by forgetting and repeating. A simplicial map Z, — T'(B)e amounts

to the same data as a map Zy — B. We can factor the map X, — Y, in the theorem as:
Xo — T(X0)e Xfyyy, Yo — Yo

The first map is a level-wise equivalence because X, — Y, is a base-change, and in particular it
induces an equivalence on geometric realisations. To prove the theorem we need to show that the
second map also induces and equivalence on geometric realisations.

For the purpose of this proof let us interpret “space” to mean an object of the category of
simplicial sets S := sSetq, which we equip with the Quillen model structure. A simplicial space
is hence a bisimplicial set and we equip S2”" := Fun(A°P, sSet() with the projective model

structure. This proof could also be translated into any other model, or it could be given in the
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oo-category of simplicial spacesﬂ Since the statement of the theorem is invariant under level-wise
weak equivalences we may assume that Xg — Yj is a fibration, and in this case we may replace
the homotopy pullback by the strict pullback.

In fact, we will show: for any surjective fibration of spaces (i.e. Kan-fibration of simplicial sets)

f + A — B and for any simplicial space Z, with map p : Zy — B the natural map
A(zap) : | T(A)e X1(B), Zoll — [ Z6ll

is an equivalence. This map defines a natural transformation of functors S/A;(p B S. We will

prove the theorem by showing:
(1) The map g, ;) is an equivalence if Z, is the discrete simplicial space A™ for some n.

(ii) The category Sf‘;%p B) 1S generated under homotopy colimits and weak equivalences by ob-

jects of the form (A", p).

(iii) The source and target functor of & both commute with homotopy colimits.

Claim (i): For Z, = A™ the map p : Z, — T(B), picks out (n + 1) points p(0),...,p(n) € B.
Since f : A — B is surjective we can find a € A with f(a) = p(0), which we can use to define

an extra degeneracy:
S_1: A]H_l X Bk+1 (An)k — Ak+2 X Bk+2 (An)k+1

((ag,...,an), (o, .., 1n)) — ((a,a0,...,an), (0,0, ..., 1))

Hence || T(A)e X 7(p), A"|| is contractible and since || A" || is also contractible it follows that c an ;)
is an equvialence.

Claim (ii): Let (p : Ze — T'(B)a) € Sf;(pB) be any object in the over category. The category S*™
is generated by the representables A™ under homotopy colimits. Concretely, [Dug01, Proposition
2.9] shows that we can find a diagram F : I — S such that each F(i) is level-wise equiv-
alent to some A™, the colimit is colim;e; F'(1) = Z,, and the map from the homotopy colimit
hocolim;er F'(i) — Z,o is a weak equivalence.

Using the map p : Zo — T'(B)e we can lift F to a diagram F : [ — Sﬁf’fB). The homotopy
colimit of this diagram is hocolim;c;(F (i) — T(B)e) =~ (Ze¢ — T(B)s) since the forgetful
functor S f‘;g’ B) SA™ commutes with colimits and preserves weak equivalences.

Claim (iii): The geometric realisation functor ||_|| : SA” — S commutes with homotopy colimits

and so does the forgetful functor S /A;(p B) — S2” . We need to show that the functor

Sirsy) = 827", (Ze = T(B)) = (T(A)e X1(5), Z)

®Let us briefly comment on how to this proof would go in co-land. Claim (i) is proven in the same way. Claim
(ii) uses the fact that the presheaf category (of A) is generated by representables under small colimits, see [Lur09al
Corollary 5.1.5.8]. Claim (iii) follows because in S colimits are stable under pullback: [Lur09al Lemma 6.1.3.14].
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commutes with homotopy colimits. This functor preserves level-wise weak equivalences (because
we assumed that A — B is a fibration) so it will suffice to show that it commutes with strict
colimits. Strict colimits of bisimplicial sets (over T'(B)s) can be computed point-wise, so the claim
follows from the fact that in the category of sets the functor (U xy _) : Set/;; — Set commutes
with colimits. (This functor has a right-adjoint given by W [[ i, Map(U xy {v},W)) O

REMARK 8.2.17. Note it is crucial for theorem[8.2.16 and corollary[8.2.20 that X, and Y, are simpli-
cial spaces. The analogous statements for semi-simplicial spaces are generally not true. Consider for
example the semi-simplicial space Yo with Yy = * andY; = () fori > 0. The semi-simplicial map
Y 1Y, — Y, is a base-change and it is surjective on Yy, but on geometric realisations it is x I1x — x.

To see how this is used in the proof note that in the above counter-example Yo = A9 is the

op

semisimplicial 0-simplex, i.e. the representable object on [0] € ALY in SAini. This means that already

inj
the analogue of claim (i), where we show the theorem for the case that Z, is representable, fails. Of
course one could still prove claim (i) for A™ thought of as a semisimplicial space, but the A™ do not

op
generate S2ni under homotopy-colimits.

REMARK 8.2.18. The theorem also holds with the fat geometric realisations || X,|| replaced by the
standard one | X,|, as long as both simplicial spaces Xo and Y, have the property that the quotient
maps || Xe|| — | Xe| and ||Ye|| — |Ys| are weak equivalences. This is the case if Xo and Y, are good
[Seg74, Proposition A.1.(iv)], which is the case if they are the level-wise realisation of a bi-simplicial
set. As we will basically only be encountering simplicial spaces defined as the level-wise classifying

space of a simplicial groupoid, this will always be the case.

We now state a special case of the theorem where X, and Y, are both obtained as level-wise

classifying spaces of simplicial groupoids. To do so we quickly recall the following definition:

Definition 8.2.19. A functor P : £ — B is aniso-fibration if for any object e € £ and isomorphism
f: P(e) = b there is an isomorphism g : e — b in € such that P(b) = b and P(g) = f.

Corollary 8.2.20. Let Fy : Xo — Yo be a functor between two simplicial groupoids such that
o Fy: Xo — Yo is essentially surjective,
e (OX,F,) : X, — (Ap)H! X (ypyn+1 Y is an equivalence of categories, and
e Foralln at least one of the functors 8%) 2 V0 — (yo)"+1 and F,, : X, — Y, is an iso-fibration.

Then |BF| : |BX,| — |BY.| is an equivalence.
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Proof. The first condition implies the surjectivity of mo(BFy) : BXy — B)). The second condi-

tion implies that B F, is a homotopy base-change, if we can show that the map
B ((X0)"" X (ygyne1 V) — (BX0)™ ' X{yyni1 BYn

is an equivalence. By the third condition at least one of the functors involved in the pullback is an
iso-fibration. Taking the pullback of classifying spaces along an iso-fibration of groupoids always
yields the homotopy pullback - this can be shown by elementary means or by noting that iso-

fibrations of groupoids are both Cartesian and coCartesian, so that theoremB/may be applied. [

To illustrate the use of the base-change theorem we quickly prove that the realisation of Rezk’s
relative nerve is always equivalent to the classifying space of the category. This will be useful later.

First recall:

Definition 8.2.21. For any category C its relative nerv is the simplicial groupoid NI°'C defined
for each n as the groupoid of functors [n] — C with morphisms being natural isomorphisms. This

contains the usual nerve as a simplicial subgroupoid NyC C NI®'C with only identity morphisms.

Lemma 8.2.22. The inclusion NoC C N:'C always induces an equivalence:
BC ~ |NC|| ~ | BN.C)].

Proof. We need to verify the conditions of the base-change theorem for simplicial groupoids(8.2.20
The functor NoC — Ngelc is a bijection on objects and in particular essentially surjective. For any

n the functor
NnC — (N(]C)n+1 X(NSEIC)"’+1 N:;elc

is an isomorphism of groupoids, as both sides can be identified with the subcategory of N°'C
containing only identity morphisms. Finally, we claim that 9,, : N*'C — (NéelC)"Jrl is an iso-
fibration for all n. Indeed, given a functor X : [n] — C and isomorphisms «; : X (i) = X'(i)
there is a (unique) functor X’ : [n] — C extending the X’(4) such that o : X = X’ is a natural

isomorphism. (This functor X is given by X'(i < j) = aj 0 X (i < j) o a; ') O

8.2.4 The simplicial groupoid D(C)

Now that all the tools are in place we define the simplicial groupoid D4 (C) that serves as a more
convenient replacement for NCsp(C)[f| One can think of D,(C) as Rezk’s relative nerve construc-
tion applied to the (2, 1)-category Csp(C). We will see that the realisation of D (C) is equivalent
to the classifying space of Csp(C). The advantage of D (C) is that for each n the groupoid D,,(C)

*This is what Rezk calls the classifying diagram of the category, see [Rez01] Section 3.5].
“The name D is based on the topological poset D§ from [GRW14| Definition 2.13] that is used as a convenient
replacement of the topological bordism category Cgq in their work.
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inherits a PCM structure from C (which would not be the case for NoCsp(C)) and so we can think
of BD,(C) as a simplicial I'-space.

Definition 8.2.23. The simplicial groupoid D (C) is defined as follows. An object of D,, consists of
n composable morphisms in Csp(C), i.e. a datum ((Ae,Ce), (X4, 0e)) Where Ao, ..., An, C Q are
finite sets with labellings by connected objects c; : A; — Obj*°*(C) and cospans (f; : Ai—1 — X; <
A; @ g;) with labellings by connected morphisms o; : X; — Mor®"(C). A morphism of n-simplices
(Ao, o), (X, 00)) = ((Ab, b)), (X4, 0,)) is a family of bijections v : A; = Al and p; : X; =2 X,
satisfying:

/ / / /
coa;=c¢;, 0;0p;=0; @iofi=fioa_1 and ¢;og;=g;oaq;.

The face operator d; is defined by composing the ith and (i + 1)st morphism according to the compo-
sition in Csp(C). The degeneracy operator s; is defined by inserting identity morphisms.

REMARK 8.2.24. In what follows we will often simply write Dy for De(C) when the labelled cospan
category (C — Csp) is clear from the context. In a similar vein we often denote objects of D,,(C) as
tuples (Ao, X,) where the labelings c; and o; are left implicit. For0 < k < [ < n we also use the
notation

Xpyy = Xk—&—l Uay, -+~ Ua, X

for the composite cospan and we write oy : X;_,; — Mor®"(C) for the labeling induced by

composition. Note that in this notation X;, = X;._1_,;.

REMARK 8.2.25. Note that there is an inclusion of simplicial groupoids:
NoCsp(C) — D,

which in level n identifies N,,Csp(C) with the subcategory of D,, that contains all objects and all

those morphisms (e, e ) Where a; = id 4, holds for all i.
We can also define a variant with no closed components:

Definition 8.2.26. Let D} C D, be the simplicial subgroupoid defined in each level n as the full
subgroupoid D) C D,, on those (Ae, X,) such that the composite cospan (Ay — Xo_,,, < An) is

reduced.
Lemma 8.2.27. The inclusion of simplicial groupoids NeCsp(C) — D4 (C) induces equivalences:

|BNJCsp(C)| —— |BD(C)

| |

|BN,Csp(C)| —=— |BD.(C)|
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Proof. Both equivalences can be checked by applying the base-change theorem for simplicial groupoids
We will verify the conditions for the bottom equivalence, the top map is similar. Both are
entirely analogous to lemma[8.2.22]

To begin, note that IV,,Csp(C) — D,, is an inclusion of groupoids that is a bijection on objects.

So NoCsp(C) — Dy is certainly essentially surjective. Moreover, for all n both sides of
N,Csp(C) — (NoCsp(C))"*! X (pgyn+1 D

can be thought of the subcategory of D,, that contains all objects and all those morphisms (e, e )
where «; = id 4, for all ¢. So this functor is an isomorphism. It remains to check that 07, : D,, —
(Do)™"! is an isofibration. This means that given some n-simplex (Aq, X, Ce, 0s), an (n + 1)
tuple (B,, ¢, ), and (n + 1) bijections «; : A; = B; such that ¢} o a; = ¢;, we need to find an
n-simplex (B,, X, ¢,, 0,) that is isomorphic to the original n-simplex via some isomorphism of
the form (v, e ). This can be achieved by simply setting X := X, and then using the a; to
define the structure maps of the cospans as B;_1 = A;_; — X, < A; = B;. The labeling o,

stays the same. O

In the case of the no closed component space we can also compare this to the much simpler
simplicial set NJ°C C NoC.

Lemma 8.2.28. The canonical projection Ny°Csp(C) — Ng°C is an equivalence on realisations.

Proof. The functor ®¢ : Csp(C) — C is essentially surjective, but not necessarily surjective on the
nose. Let C' C C be the full subcategory on those objects that are in the image, i.e. those that are

®-products of connected objects. The inclusion NMC" C N2C is an equivalence on realisations

by lemma8.1.39]
We will show that N2*Csp(C) — NJC’ satisfies the condition of corollary By con-

struction NJ°Csp(C) — NJC’ is surjective. The boundary map 9}, : N2C' — (N§°C')"*! is an
isofibration because it is a map between groupoids that only have identity morphisms. It remains

to check that for all n the map
N2Csp(C) — (NECp(C))™1 x gecr NuC’
is an equivalence of groupoids. This follows from the equivalence
Hom{S, (A4, ca), (B, cp)) =~ HomF(c(A, ca), @c(B, cp))

shown in lemma [8.1.28|since every morphism involved in N}°Csp(C) is necessarily reduced. [
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8.2.5 The groupoid of cuts

We now proceed to construct a simplicial groupoid Cut, that represents the complement of D}¢
in D,. This is an immediate generalisation of the ideas of chapter[6] with the key difference being
that the morphisms involved in Cut, are allowed to have closed components whereas the space

of cuts in section only used reduced morphisms.

Definition 8.2.29. The simplicial groupoid Cut, is defined in each level as the full subgroupoid
Cuty, C D, on those objects (Ao, X, Ce,0s) Where Ag and A,, are both empty.

There is a projection functor Ry, : D,, — Cut,, that discards all elements of A; and X, that
correspond to an element of X,_,,, that lies in the image of the map Ao I A,, = X_,,,-

We define the semi-simplicial structure on Cut,, by letting A : [n] — [m] act as
* )\* Rn
At : Cuty, C Dy, — D, —— Cut,,.
We equip each Cut,, with the PCM structure restricted from D,,.

Lemma 8.2.30. The above definition yields a well-defined simplicial PCM groupoid Cute such that
the functors R,, induce a morphism of simplicial PCM groupoids: Re : De — Cut,.

Proof. We need to check that the operations \¢,, : Cut, — Cut,, assemble into a simplicial
object. Since we already know that D, is a simplicial object it will suffice to show that R,, o A" o
R,, = R, o \*, which will also imply that R, : Ds — Cut, is a simplicial functor.

It will suffice to consider A = §° : [n] — [n + 1], the unique injective morphism that does not
hit ¢. (The degeneracy operators preserve the subgroupoid Cut,, C D,,.) Then \* = d; is the i-th
face map, which composes the two adjacent morphisms if 0 < ¢ < n, forgets the first morphism
if i = 0 and the last morphism if i = n. In the case 0 < ¢ < n the total composite X _,,, stays
the same before and after applying d;. Therefore deleting anything that corresponds to an element
of the image of A9 II A,, — X _,,, does the same whether we do it before or after applying d;.
In formulas this means A\* o R,_1 = R, o A*. Since R, is idempotent when thought of as an
endofunctor of D,,, this in particular implies R,,_; o A* o R, = R,,—1 o \*, which is what we
claimed.

We now check the case ¢ = 0, the other remaining case ¢ = n is similar. When applying
R,,—1 ody o R, to an n-simplex we first delete anything in the image of Ay IT 4,, — X,_,,,, then
we forget the first cospan, and then we delete anything in the image of A; IT 4, — X, .. It
follows from inspection that anything we delete in the first step because it lies in the image of Ag
will either be in the first cospan or lie in the image of A; later, so it will be deleted anyway. This
implies that the first R,, was redundant and so we have R,,_1 o dy o R, = R,_1 o dp.

Since A?r]; is generated by the &° it follows that Cut, is a well-defined simplicial object in

the category of groupoids and that R, : Ds — Cut, is simplicial. For the partial commutative

136



monoidal structure we simply note that Cut,, C D, is closed under disjoint union and isomor-
phism, so the structure can be restricted. Since we defined R,, in terms of components it commutes
with disjoint unions. (As pointed out in remark|8.2.7]it is a property, and not a structure, for a func-
tor between two partial commutative monoidal categories to preserve the structure.) It follows that

R, is a morphism of simplicial PCM groupoids. O]

We have constructed Cut is such a way that every object W € D,, canonically decomposes
as a disjoint union W = W1 IT W where W"¢ € D¢ and W € Cut,,. This means that we
can apply the fiber sequence criterion|8.2.13|to show:

Lemma 8.2.31. Assume that BC is group-like. Then the inclusion I : D¢ C D, and the simplicial
functor R, yield a fiber sequence of infinite loop spaces:

|BD| — |BD.| -2 | BCut|.

Proof. To check the criteria of theorem we need to find for each n a PCM-functor S,, :
D,, — D}*° such that the functors S, o I : D;¢ — D} and (S, R,) : Dy, — D;¢ x Cut,, are
equivalences of groupoids.

In analogy to the definition of R,, we let S,,(1/) be defined by deleting all components of A;
or X; that do not lie in the image of AgII A, — X,_,,,. Note that this functor does not satisfy the
conditions we checked in lemma[8.2.30]and so .S, does not define a semi-simplicial map Dy — D}°.
This is not a problem since theorem does not require the sections .S, to be related in any
way. The definition of .S,, plays well with disjoint unions and hence defines a PCM-functor.

The composition S, o I is in fact the identity functor Id pne by construction, so we only need to
check that (S, R,,) is an equivalence. We begin with essential surjectivity. The image of (S, Ry,)
in D}¢ x Cut,, consists precisely of those tuples (X,,Y,) such that X, 1Y, for all i. By stan-
dard arguments this disjointness may always be achieved, up to isomorphism, and so (S,,, R;)
is essentially surjective. We also need to check fully faithfulness. Let (Ao, X,), (Ce,Z,) € Dy
be any two objects. (We suppress the data of the labelings c4; and ox_.) Then we need to show
that isomorphism (ae, ) : (Ae, Xo) = (Cs, Z,) is exactly given by a tuple of isomorphisms
Sn(Ae, X,) = Sn(C,, Z,) and Ry, (Ae, X,) = R, (Ce, Z,). But note that any such isomorphism

induces compatible isomorphisms:

aoHanl% J{%

couuc, — ZO—)n = Zl Ucy -+~ Uc,_y Zn

n

So the isomorphism (v, @e) preserves the subsets picked out by S, and R,,, respectively, and it
necessarily restricts to an isomorphism on both of those subsets. This shows that (S, Ry,) is an

equivalence of categories and so we may apply the fiber sequence criterion|8.2.13
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All that remains to complete the proof is to check that all three spaces are group-like. The
groupoid Cuty is trivial be definition and hence |BCut,| is connected and in particular group-
like. For the middle space we observe that Dy ~ NéeIC and D1 — N}°IC is essentially surjective.
Hence m|BD,| = 7y BC, which we assumed to be group-like. In the case of D€ it is still true
that D¢ ~ N°!C and even though D} — NIIC is no longer essentially surjective, it is still true
that for any morphism W : M — N in C the 1-cell S(W) € D¢ connects M and N. Hence
70| BDY¢| = mo| BC| is group-like. O

8.2.6 Decomposing the space of cuts

So far we have seen that |BD,| fits into a fiber sequence between |BD}| and |BCut,.|. The
purpose of this section is to show that | BCut,| is a free infinite loop space. We will do so by first

showing that each of the Cut,, is a free symmetric monoidal groupoid on the connected cuts.

Definition 8.2.32. Let Cut® C Cut, denote the simplicial subgroupoid defined in each level as
the full subgroupoid on those (A, W, o, 0s) € Cut,, where X _,,, is connected or empty.

We need to allow X_,,, to be empty in order for Cutg”" to be closed under those face maps

that delete closed components. We take () € Cut{™ as the base-point.

Lemma 8.2.33. The inclusion Cutg”" C Cut, induces an equivalence of I'-spaces Q (| BCutg™"|) =~
| BCuts|.

We recall an explicit construction of the free I'-category based on Segal’s work [Seg74].

Definition 8.2.34. Let C be a category. Then the category Eém has as objects triples (T, o, ) where

T is a finite set, « : T — {1,...,n} a map, and v : T — ODbj(C) an assignment of objects
that we denote by t +— x;. Morphisms (T, c,x) — (S, 3,y) are pairs of a bijection p : T = §
satisfying 8 o p = « together with a collection of morphisms fi : x1 — y, ;) indexed byt € T'. The
composition of morphisms is given by (¢, g) o (¢, f) = (¢ 0 p, h) where hy = g, © fi. For a map
A (n) — (m) inT°P we define a functor \, : Zén> — Eém> by sending (T, v, ) to (T', Ao v, 2 pv)
where T = {t € T | M(«a(t)) # *}.

Lemma 8.2.35. Let A, be a simplicial category such that Ay = x is the trivial category and such that
for alln the degeneracy operator (so)" : A9 — A, induces a disjoint decomposition A, = (s{.Ao) 1
Al . Define a semi-simplicial T'-category D by setting Dflm> = EfXZ with the aforementioned I'-
structure and face-maps defined by d;(T, o, x) := (T", v, y) where T' = {t € T | djx; € Ay}
andy; := d;xy € Al

Then the inclusion B(A,,) — B(D7<11>) induces an equivalence of I'-spaces:

Q(|BA.|) = [B(D,).
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Proof. The proof of this is almost entirely formal. We begin by noting that for any category A the

(n

I'-space (n) — B(X, >) is isomorphic to the I'-space that is denoted by ¥ x for X = B.A in [Seg74]
p- 299]. Let us denote by (_)8P denote the construction that sends a special I'-space to its group
completion, which we assume to come with the data of an infinite loop space. In particular, there is
a canonical infinite loop space map from the free infinite loop space Q(Y 1) = colim QN ENy (1)
to the group completion Y& for any special I'-space Y (*.

Segal shows that the spectrum associated to X x is the suspension spectrum of X = X IT{x}.

It follows that the inclusion X C Z&) induces an equivalence:
QX1) =+ QEY) = (Sx)®

Letting X := BA;j, we conclude that Q((BA},);) ~ (BX 4, )8 = (BD,)® for all n. Note
that we assumed that 4,, is obtained by taking the disjoint union of A/, with the trivial category
s¢Ao. Hence (BA)4+ = B.A,, and since all face maps preserve the basepoint sj. Ay C A, the

aforementioned equivalence is in fact an equivalence of simplicial infinite loop spaces:
Q(BA,) ~ (BD,)®".

To proceed, recall that both Q(_) and (_)®P commute with fat geometric realisations up to weak
equvialence. This follows from [May72} Proposition 12.1 and Theorem 12.3], see also [BBP™17] for

a more detailed account for the case of the group-completion functor. So we have:
Q(IBA.|) = (|BDs|)".

The lemma now follows from the observation that |BDs| — (|BD,|)8P is an equivalence: we
assumed that 4y = *, which implies Dy = * and so | BD,| is connected and in particular grouplike.
O

Now that we have this general setting we can prove lemma [8.2.33| by comparing Cut,, to the

free I'-category on Cut;".

Proof of lemma The category of connected cuts decomposes as Cut®®” = {§} IT Cutc™#/
and the face operators all preserve (). We can therefore construct a semi-simplicial I'-category
Dﬁ’> as before by Dflm> = Zgzz;"“’ 4o To prove the lemma it will suffice to construct a zig-zag of
semi-simplicial I'-functors De <— £ — Cut, that induce equivalences

Q(|Cute) BE | Bp,| ~ |BE.| ~ |BCuta|.

For fixed n and m we let ™ © D™ be the full subcategory on those (T, v, (AL, X% )ier) where

the X! € Cut%onﬁé@ are pairwise disjoint as ¢ € 1" varies. One checks that this is closed under face

operators, and also under functoriality in (m) € I". As usual this hits all isomorphism classes and
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hence the inclusion & — D, is a level-wise equivalence of simplicial I'-categories. In particular
it realises to an equivalence |BE,| ~ | BD,|.

The advantage of this subcategory is that the disjointness condition allows us to define a func-
tor IT: £ — Cutd™ by (T, o, (AL, X0)ier) — ((ILer AL, Iler X5, Xon = T 25 (m)).
This is well-defined because Cut,, is a partial commutative monoidal category, and moreover it
is natural in n and (m). To complete the proof we need to check that I : 5,<L1> — Cut7<11> is an
equivalence of categories. To show essential surjectivity let (4., X,) € Cut,, be some object. Set

T := X,_,, and let B! C A; and Y! C X, be the subsets that map to ¢ € X, ,,,. Then

(T, e, (BL, Yo)er) = [] (BLYL) = (Ae, X),
teXo
so ITis surjective. Next, we check fully faithfulness. For two objects (T, «, (A, X, )) and (S, 3, (B, Y,))
a morphism between them is a bijection ¢ : T =2 S together with isomorphisms (3%, L) :
(AL X)) = (BS ® ) Xf(t)) for all ¢ € T. For any ¢ the set X}, ,,, has a single element, so any iso-
morphism (B, V) : e (AL, XL) = [,cq(BS,YS) can uniquely be written as (¢, (v, x4)ier)
where

p=ton: T=Xg,, > Yy, =5

and (7%, x}) is defined as the restriction (S, Ve )|(at,x1)- O

8.2.7 From cuts to factorisations

In this section we compute the realisation of the space of connected cuts in terms of the category

of factorisations. We will denote the set of connected endomorphism of 1¢ by:
G := Homg™"(1¢, 1¢).

Definition 8.2.36. Define a simplicial groupoid Cut!™ as follows. For each n let CutZ be the full
subgroupoid of Cut; 'y on those (Ae, X,) € Dy such that Ay and A, 1 are non-empty. (Recall
that Ag and A, o are already required to be empty and X ., , | is required to be connected or
empty.) The ith face map on Cutl is defined as the restriction of the (i 4 1)st face map on Cut,,.
There is an augmentation Cut! — G defined by sending any non-empty (Aq, X,, Ce, 0s) to the
label 01_sp41(z) € Mor®(C) of {x} = X_,,,1- We send the unique () € Cut’ to the additional

basepoint of G = G II {x}.
REMARK 8.2.37. The augmentation yields a disjoint decomposition:

Cut? = [ Cuth®
9€Gy
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where we let Cuth" 9 pe the fiber of Cut!’ — G atg. In particular Cuth ™ = {0} is the trivial cat-
egory forx € G the additional base-point. The disjoint decomposition described above is compatible

with face maps and hence induces a decomposition:

|BCut!| = {0} 11 H | BCutF(9)].
geG
With this in mind the reduced cone of the based map | BCutL’| — G that will appear in the following

lemma may be rewritten as:

cone(|BCutl'| = G4) = \/ S|BCutF’(g)\ o~ \/ S|BCutF’(g)\.
geG4 geqG
Here SX = * U x40y (X x [0,1]) Iy (1} * denotes the unreduced suspension of an un-pointed
space X. This can also be written as the reduced cone SX = cone(X, — S°). Recall that for any

choice of a basepoint in x the canonical map SX — XX is an equivalence, but if X is empty then
S(0) = {0,1} whereas X(0) is of course not defined.

Lemma 8.2.38. The simplicial space BCuty™" is isomorphic to the simplicial suspension of the sim-

plicial cone of the map BCutl — G... As a consequence there is a homotopy equivalence:

| BCuts™| = X (cone(| BCut! | —+ G1)) =~ \/ £5|BCuts?|.
geG
Proof. We take the formulas for the simplicial suspension and the simplicial cone from[6.2.19] For
any pointed augmented simplicial space (d_; : Xo — X_1) we construct a simplicial space Y as

follows:

Vo= \/  Xix{}x{k}.

—1<I<k<n

The face-maps and degeneracy maps are defined as follows:

(x,l,k—1) fori < k—1
di(z,l,k) = (di—g—yz,l =1,k —=1) fork—1<i<k and
(x,1, k) fori > k.
(x,l,k+1) ifi<k-—1
Si(x,l,k) = (Si—(k—l)l‘al +1,k+ 1) ifk—1<i<k
(x,1,k) ifi >k

It was shown in|[6.2.20]and second part of proof of Lemma [6.2.18| that the geometric realisation of
Y, is equivalent to the reduced suspension of the reduced mapping cone of the augmentation map
| Xe| = X_1:

|Ye| >~ X (cone(|Xe| = X_1)).
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Therefore all we need to show is that if we start out with X, = B CutﬁF pointed at ) and X _; =
G, then the resulting Y, is equivalent to BCuty*". Indeed, for each n we have a functor:

H, : Cuty™ — {0} 11 H Cut!.
—1<I<k<n

Defined by sending (As, X,) € Dy, to ((B.,Y,), [, k) where
k=max{t € {0,...,n—1} | A; #0}, l=max{je{-1,...,k—1}| Ap_; # 0},

B;i:=Ajgr,and Y := X, ;. It follows by inspection that H,, is an equivalence of categories
and that the H, are compatible with the face and degeneracy maps we described above. This
concludes the proof of the first equivalence and the second equivalence follows form remark|8.2.37]

O]

Now we show that | BCut!'| is in fact the classifying space of the category of factorisations.

Definition 8.2.39. An object in the category F is a triple (M, W, W') where M € C is a non-
empty object and W : 1¢c — M and W' : M — 1¢ are two morphisms such that W Up; W' is a
connected morphism. A morphism (M, W, W') — (N, V, V') is a morphism X : M — N such that
WUy X =WhandV = X Uy V7.

REMARK 8.2.40. In definition we had defined factorisation categories JF for specific endo-
morphisms g : 1¢ — 1¢. Composing the two morphisms of a factorisation yields a functor F — G

where the latter is thought of as a category with only identity morphisms. We therefore have a disjoint

FeIl 7

geG

decomposition:

compatible with the decomposition of Cut? into Cutf’(g).

Lemma 8.2.41. Let NI°'F be Rezk’s relative nerve as in definition Then the canonical maps:
Cutl’ — (NIF), «— (NJF)4

induce equivalences || BCut! | ~ | BN®|| ;. ~ (BF).

Proof. Let us begin by considering the double-comma category K = C/lfc/

of morphisms (W : 1c — M, W’ : M — 1¢) and a morphism (M, W, W') — (N,V,V') is
a morphism X : M — N such that W Uy X = W/ and V = X Uy V', By definition F is
a full subcategory of K on those objects (M, W, W') where M is non-empty and W Uy W is

where objects are tuples

connected. The nerve of IC can be described as follows:
NKEZ{W i [n+2] = C|W(0)=1c =W(n+2)} C NpioC
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where the face and degeneracy operators are given by d~ := d%_l and s& = sfﬂ. Note that
because the isomorphisms in K are isomorphisms C that make the relevant diagrams commute,

we also have an equivalence

N = {(Le, 1e)} X (gereyyz Nita(C)

where the functor N2, (C) — (NE°(C))? is the one that picks out the first and last object.

Just like ®¢ : Csp(C) — C induces a simplicial map NoCsp(C) — N,C it also induces
a simplicial map Do(C) — NZ°C. In defining this on morphisms we use that any bijection
a: (A ca) = (A cq) with cgr 0 @ = ¢4 induces an isomorphism ®c(A,ca) = ®c(A', ).
Restricting this map we obtain a map of simplicial groupoids Cut’” — NI®/C, and it is straightfor-
ward to check that it in fact lands in the relative nerve of the full subcategory 7, = FII{0} C K.

We hence have the following zig-zag of simplicial groupoids:
Cutl’ — NIUF, «— N, F..

By lemma|8.2.22]the second map induces an equivalence on geometric realisations. So to finish the
proof we will check that the first map satisfies the condition of the base-change corollary
We have already checked in lemma [8.2.22) that in the relative nerve of any category the boundary
map O, : NILF — (NgeLF)"*1 is an iso-fibration, which verifies the third condition.

The first condition states that Cut(})7 — NEUF, = (F1)® is essentially surjective. Indeed,
any factorisation (W : 1c — M, W' : M — 1¢) is isomorphic to one where M is the product of
connected objects. In that case we can write M = ®¢(A,c4) for (A,c4) € Csp(C). Since K¢ :
hCsp(C) — C is an equivalence of categories by lemma|[8.1.28] we can find (X,0) : @ — (A4, ca)
and (X',0') : (A, ca) — 0 that are mapped to W and W', respectively. The tuple ((X, o), (X', 0"))
defines a 2-simplex in D, that is an object in Cut}" and it is mapped to (M, W, W’) € F.

The second condition is the base-change condition. We would like to show that

is an equivalence of groupoids. By lemma the n the following functor is essentially surjective

and fully faithful when restricted to reduced morphisms:
(8n, ®C) . Dn+2 — (Do)n+3 X(N[I)‘elc)n+3 N,,I;il_gc
By fixing the first and last object to be ) € Dy and 1¢ € N°!C, respectively, we obtain:
{@,@} X (Dg)2 Dn+2 — (Dg)nJrl X(Néclc)n—O—l Né‘ﬂK
Restricting to full subcategories we obtain the following equivalence:
Cutg —> (Do)n+1 X(Né‘elc)n+1 Nflelf+
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Using the simplicial object T'(X ), := X" from the proof of theorem we can write this
as a level-wise equivalence of simplicial groupoids: Cut!’ ~ T'(Dy) Xp(Neelc) NIUF,. We may
rewrite this further as:
rel ~ rel rel
Cutf ~ T(DO) XT(NOrelc) N.e ./_"+ = T(DO XNéeIC Noe f+) XT(NSel]:Jr) N.e ./T"+
~ T(Cut(};) XT(N6e1f+) N:61f+

This is the desired equivalence that verifies the remaining condition in corollary|[8.2.20 O
To summarise the previous sections we record:

Corollary 8.2.42. There are equivalences of I'-spaces:
|BCut,| ~ Q(|BCut®™|) ~ Q(X cone(|BCutl'| — G))

~ Q(X cone(BFy — G4)) ~Q \/ YS(BFy)
geG

Proof. Combine lemma (8.2.33] lemma [8.2.38 and lemma O]

8.2.8 The reduced category

We now prove the comparison result proposition between Csp(C), C and C™*4.

Definition 8.2.43. Let Csp(C)® C Csp(C) denote the full subcategory on the object ) and let
C°! C C denote the full subcategory on the object 1¢.

Lemma 8.2.44. There are canonical equivalences of infinite loop spaces:

B(C) ~ (@ N) and B(Csp(C (\/s )

Proof. By definition C! is a category with a single object 1¢ and the endomorphisms of this object
are Home (1¢, 1¢) = @ N by axiom (ii) of definition This implies the first equivalence.
The second equivalence can easily be proven from the perspective of [Seg74], but for the read-
ers convenience we will prove it as an application of lemmal(8.2.35] (Note, however, that this lemma
is also based on [Seg74].) Indeed, the groupoid Hom(csp(c)cl(@, () is freely generated by its con-
nected objects in the sense of the lemma. Let K, be the level-wise full simplicial subgroupoid of
the nerve NoCsp(C) containing all those objects X : [n] — Csp(C) where X, ,,, : 0 — 0 is
connected or empty. Then lemma [8.2.35] applies to the tuple (Ko, C No,Csp(C)) and hence we

have:

B(Csp(C)?) =~ Q(| BK.|)).
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We will show that BK, is level-wise equvialent to Y, := (Al x G)/(0A! x G), the geometric
realisation of which is a wedge of circles, one for each element of G. The n-simplices of Al x G can
be thought of as tuples (i,g) € {0,...,n + 1} x G where i represents the unique map [n] — [1]
with ¢ — 0 and (i + 1) — 1. The simplicial set Y, is obtained by identifying all tuples (i, g)
with ¢ € {0,n + 1}. Indeed, there is a level-wise equivalence of simplicial groupoids K, ~ Y,
defined by sending (X : [n] — Csp(C)) € K, to the basepoint if X,_,,, is empty and otherwise
to (4, [Xg_,]) where i € {1,...,n} is the unique ¢ such that X, ;_,; is non-empty. From this it
follows that
IBE.| ~ (A1 x G)/(9A! x G)|| ~ \/ 8%

geG

Proposition 8.2.45. There are homotopy fiber sequences of infinite loop spaces:

Q (Vg SY) —— B(Csp(C)) —— B(cred)

| | |

B(®N) B(C) B(Crd).

In particular, the map B(Csp(C)) — B(C) is a rational equivalence.

Proof. For the purpose of the proof we will assume that C has a PCM structure, rather than a sym-
metric monoidal structure, and that the functor Csp(C) — C is a PCM functor. Since hCsp(C) — C
is an equivalence and Csp(C) — hCsp(C) is a PCM functor, this can always be achieved by re-
placing C with hCsp(C). Consider the following diagram of simplicial PCM groupoids:

Dy D, Died

| ! |

N.Ccl Nfelc N:elcred .

Here DS! C D, is the level-wise full subgroupoid on those (X, A,) with A; = () for all 4. D9 is
defined level-wise as the full subgroupoid D' C D,, on those n-simplices that represent n-tuples
of composable reduced cospans. Similar to the definition of Cut, we define the face maps in D%¢
by taking the face map in D, and then forgetting closed components. In the bottom row N,C! is
simply the simplicial commutative monoid where each N,,C is isomorphic to (N(G))™.

It follows from lemma and our previous results that the realisation of this diagram is
a commutative diagram of I'-spaces that is equivalent to the diagram stated in the claim of this
proposition. Moreover, each of the terms is group-like, and so we have a diagram of infinite loop

spaces.
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To prove the proposition we apply the general fiber sequence criterion theorem8.2.13|to the

two sequences of simplicial PCM groupoids. For the first one, consider the PCM functor:
Sn :Dn _>D7(;,l7 (A07X0700700) — <@7X07®7 (00)|X.)

where each Y, C X is defined as the complement of the image of A;,_; II A; — X;. This map
is a section to the inclusion DS — D, so to apply the fiber sequence theorem we need to check

that (S,,, R,,) : D, — DS x Dr*4 is an equivalence. This functor is given by
(Ahiu Co, 00) = ((®7 X.? (Z)v (00)\2.)7 (A07 Zu Ce, (O‘)|Z.))

where Y, is as above and Z; C X is the image of A;_; IT A;, i.e. the complement of ;. Just as
in the proof of we see that this functor is an isomorphism onto the subcategory of disjoint
tuples and that hence it is an equivalence.

To conclude that the first row is a homotopy fiber sequence we note that mo|BDS!| = x,
70| BDs| = 79 BC, and 7g| BD*Y| = 119 BC™? are all group-like.

For the second row the proof is similar. The section is given by
S, : N*lc — N,c, (W :[n] = C) = (Vi,...,Vy) € (Home(le, 1¢))" = N,C¢

where V; C W (i —1 — i) is the union of the closed components. This is a PCM functor where the
commutative monoid N,,C% is thought of as a PCM category with only identity morphisms and
where all objects are disjoint. Since this is indeed a section to the inclusion N,,C®' — NIC we
again need to check that the functor (S, R,,) : N:'C — N,C x N,,C"? is an equivalence. This
follows from axiom (iii) of definition[8.1.4] This completes the proof that both rows are homotopy
fiber sequences.

Finally, we want to check that B(Csp(C)) — B(C) is a rational equivalence. By comparing
the homotopy fibers of the first two vertical maps between the two homotopy fiber sequence we

obtain the following homotopy fiber sequence:

722Q(\/ §') — B(Csp(C)) — B(C).
geG
The homotopy groups of the left-hand space are m;7>2Q(V g Sty = D, cc w5t (S°) for k >
2. This is rationally trivial because the stable homotopy groups of spheres 7S'(S°) are finite for
* > 1. Hence the map B(Csp(C)) — B(C) is an isomorphism on rational homotopy groups, as
claimed. O
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8.2.9 Contracting the factorisation category

In this section we show that the factorisation categories for Coby have contractible classifying
spaces for all d < 2. The argument is based on an argument showing BF (Csp) =~ * and crucially

uses the existence of the disk morphism D? : () — S9~1. In particular, it will not apply to Cob%‘go.

#0(,inj
/X

(A, a) of a non-empty finite set A together with a map a : A — X, and morphisms (A, a) — (B, b)

Definition 8.2.46. For a non-empty set X let Fiin denote the category where objects are tuples

are injectionsi : A — B such thata = boi.

#0,inj

% is contractible.

Lemma 8.2.47. For every non-empty set X the classifying space B Fin

Proof. Pick any xg € X and consider the functor

F: Fz'n;é)(?’inj — Finf)?’inj (A,a) = (ATl {zo},a Mid,,,)

that adds a new point to A and labels it by xg. There is a natural transformation « : Id Fi”;é}q?inj = F
coming from the canonical inclusion auyg : A < A1l {x(}. There also is a natural transformation
B : G = I from the constant functor G(A, a) := ({x0},1d(4,}) coming from the other inclusion
Ba : {xzo} — A {zo}. Both a and § induce homotopies after taking classifying spaces and
#)?,inj

together they imply that the identity on BF'in / is homotopic to BG, which is constant. [

Lemma 8.2.48. The factorisation category F(Csp) has a contractible classifying space.

Proof. Consider the functor 9y : F(Csp) — Fin that sends the factorisation (W : 1o — M, W' :
M — 1¢) to the underlying set (W) of the first morphism. To a morphism X : M — N from
(M, W, W') to (N, V, V') this assigns the composite 7(W) — 7(W) Urapy 7(X) = 7(V). A
short explanation is due to argue why we can talk about 7(W) as a well-defined set. A priori
the morphism W only yields an isomorphism class of cospans [} — 7(W) <+ 7(M)], but not a
well-defined set (). But because this is part of a factorisation we know that 7(M) — w(W)
is surjective. In particular we can define dy(M, W, W') as the quotient of w (M) by the relation
induced by w(M) — 7(W).

We define a new category F' as the Grothendieck construction of the functor 7 — Cat that
sends (M, W, W') to F mfa@&i(?\iftﬁ)/w')' Spelling out the construction we see that an object in F’
is a tuple ((M, W, W'), (A, a)) where (M, W,W') € F(Csp), A is a non-empty finite set and
a:A— (M, W,W'). Amorphism (M, W,W'),(A,a)) — ((N,V,V’),(B,b)) is a tuple of a
morphism X : M — N in F and an injection i : A — B such that 9y(X) o a = b o 4. Consider
the forgetful functor F' : 7/ — F(Csp) that sends (M, W, W’), (A, a)) to (M, W, W’).

It is a consequence of Quillen’s theorem A that, given any functor ® : C — Cat where each

B(®(c)) is contractible, the forgetful functor [, ® — C is an equivalence on classifying spaces.
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(One can also think of this as an instance of Thomason’s homotopy colimit theorem [Tho79].)

;é@,inj,op
/80 (M7W7W/

F : F' — F(Csp) is a homotopy equivalence. We will prove the lemma by showing that the

In lemma [8.2.47| we showed that each Fin

) has a contractible classifying space, hence

homotopy equivalence BF' — BJF(Csp) is null-homotopic.

Define a functor:
G:F —=F, (M0—=W+M,M—=V<+0),(a:A=W))— (A [0— A AL [A— %+ 0))
to a morphism (X, ) : (M, W, W'),(A,a)) — ((N,V,V’),(B,b)) this assigns the morphism
A% B < Bl
This functor by definition factors through 7' — F in#P1_ Since the classifying space B Fin#0ini
is contractible (set X = x in lemma|8.2.47), we can conclude that BG : 7/ — F is null-homotopic.

We construct a natural transformation « : G = F' by assigning to each ((M, W, W’), (4, a))

the morphism
QUM W,V),(A)) = [A 1> W « M] : (A, [@ — A (i A], [A — ok @]) — (M,I/V,V)
To see that this is a well-defined morphism in the factorisation category we check

[A— W« MUy [M — W 0] =[A — % <+ 0]
0= A+ AlUg[A= W+ M]=[0 =W + M].

Here the first equation used that W Uy, W’ = x holds for all objects (M, W, W') € F(Csp). We
also need to check that «v is natural. To see this consider amorphism (X, i) : (M, W, W), (A,a)) —
((N,V,V"),(B,b)) where X = [M — X + N|: (M,W,W) — (N,V,V')and i : A — B. For

any such morphism we have that:
AL BEBU[BAV« N =[ASW « MUy [M — X « NJ.

since V=W Uy Xandboi = 9y(X) oa.

In summary, we have shown that the forgetful functor induces a homotopy equivalence BF' :
BF" — BF(Csp), that the map BG : BF' — BJF(Csp) factors through the contractible space
BFin#?i and that « induces a homotopy between BF and BG. This implies that BF(Csp) is

contractible as claimed. O

The same argument applies to BF,(Csp(A, Aj,«)) ~ xforalla € Aaslongas0 € Ay, ie.
as longas A1 = A.

Lemma 8.2.49. Foralld > 2 and all diffeomorphism types Q)] of closed d-manifolds the factorisation
category Fq(Coby) has a contractible classifying space.
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a:A— m(W) Q

LN YL (Z)AX—D>A Wa oy W 0 AXD5 4w 5t Qo

Figure 8.2: Left: an object ((M, W, W’), (4,a)) € F;_3(Cobz). Middle: the value of the natural
transformation « : G = Id at this object. Right: the Value the functor GG on this object.

Proof. An object of Fg)(Coby) is a triple (M, [W], [W’]) where M is a closed oriented (d — 1)-
manifold and [W] and [IW'] are diffeomorphism classes of d-dimensional bordisms W : (§ — M
and W' : M — () such that their composite W Uy, W’ is diffeomorphic to ). A morphism
(M, [W],[W']) = (N,[V],[V']) is a diffeomorphism class of bordisms [X] : M — N satisfying
WUy X =2Vand W =2 X Uy V.

We will choose explicit representatives for [W] and [W'] throughout. This does not change
the category F, as long as we still define morphisms as above.

As in the proof of lemma we construct a category F' as follows. Objects are tuples
(M, W, W"),(a: A— mo(W))) where (M, W, W) is an object as above, A is a finite non-empty
set,and a : A — mo(W) a map. By the same argument as in lemma the forgetful functor
F: F' — Fig)(Coby) is an equivalence.

The following constructions are illustrated in figure Consider the functor G : Fin?% —
Fiq](Cobyg) that sends a finite set A to the factorisation

GA) = (Ax 8L Ax D : 0 - Ax 891 Qa: Ax ST =)

where the bordism Q4 : A x S9! — () is obtained by picking an injection A — @, removing a
neighbourhood of its image, and identifying its boundary with A x S?~! in the canonical orien-
tation preserving way. Since () is connected and of dimension d > 2 any choice of injection leads
to the same diffeomorphism class of bordism. To injections ¢ : A — B the functor G assigns the

bordism:
Gli:A— B):=[(Ax 841 x[0,1]) I ((B\i(A)) x DY) : Ax §¥ 1 = B x §9°1,

This bordism connects the sphere {a} x S?~! with {i(a)} x S?~! via a cylinder and caps off each
of the spheres {b} x S?! with b ¢ i(A) with a disk. This defines a morphism in the factorisation
category because closing off the (B \ i(A))-spheres of () 4 yields a manifold diffeomorphic to @ p:

G(i:A— B)Ugyga-1 Q= Q4 and (A x DY U,y ga-1 G(i: A— B) = (B x D?).
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Let us denote the composite of G with the forgetful functor 7' — F 0 also by G.

To conclude the proof in the same manner as for lemma we would like to construct
a natural transformation o : G = F of functors 7/ — F. For an object (M, W, W’), (a :
A — mo(W))) € F' welet Wy : A x S9! — M be the bordism obtained by lifting the map
a: A — mo(W) to an embedding a : A — W and then removing a small neighbourhood of its

image. We define the components of « as:
QMW (@ Asmo(W)) = Wa i (Ax ST Ax DY Qi) — (M, W, W').
To check that this is a well-defined morphism in the factorisation category we note:
(AXx DY) Uyygas Wa =W and WaUpy V= Qa.

To check naturality let ([X],4) : (M, W,W’),(A,a)) — ((N,V,V’'),(B,b)) be a morphism in
F',ie. X : M — N abordism and i : A — B and injection, both satisfying certain conditions.
Then we have:

G(Z : A—>B) Upxgd—1 V2V =2 Wy Uy X.

Here the first diffeomorphism comes from the fact that both sides are obtained from V' : ) — N
by removing disks according to (9p(X)oa : A — mo(W) — mo(V)) = (boi: A — B — m(V)),
and the second diffeomorphism comes from the fact that we can arrange for the diffeomorphism
V =2 W Uy X to fix the disks corresponding to A.

This shows that BG, BF' : BF' — BJFqg(Coby) are homotopic. Since BF' is a homotopy
equivalence and B is null-homotopic, this implies that BFq)(Coby) is contractible, as claimed.

O
Corollary 8.2.50. Ford > 2 there are equivalences:
BCsp ~ |NJCsp| and BCoby ~ | N, Coby].
Proof. Combine the decomposition theorem 8.2.1] with lemma8.2.49 and lemma O

8.3 The surgery theorem

The purpose of this section is to prove the surgery theorem that relates space of “no compact

components” with the positive boundary subcategory.

Theorem 8.3.1 (Surgery theorem). For any labelled cospan category C that admits surgery the in-

clusion NC%+ — N2°C of simplicial sets induces an equivalence

B(C%*) ~ |NX<C|.
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The proof of this theorem will be given by implementing a surgery similar to the one described
in [Gallll section 4.2, figure 3] using language similar to that of [GRW14, section 3 and 6]. For
each W € C!° and point p € W (i < i + 1) there is either a path connecting it to W (0) or to
W (n). We will use this path to do a surgery that connects p to W (0) or W (n). One of the key
problems will be that there is not always a unique or canonical surgery, but rather a contractible

space of choices. We will have make sure that any combination of surgeries commutes.

Definition 8.3.2. For the rest of this section, we fix a labelled cospan category (m : C — Csp)
together with the following data:

¢ a connected object O € C and a connected morphismT" : 1¢ — O and

e for any connected object A € C a connected morphism Py : A — O ® A,

subject to the conditions in (See also figure[8.1.4)

To construct the homotopies that are crucial to the proof of theorem it will be extremely

useful to work with a variant of C where objects are simply subsets of some big background set €.

Definition 8.3.3. FixasetQ andamap F : Q@ — Obj°"(C) such that every connected object M € C
has infinitely many preimages in ). For any finite subset A C {2 we leﬂ F(A) = Quca Fla).

The category C** has as objects finite subset of Q0 and a morphism W : A — B is defined as a
morphism W : F(A) — F(B) inC.

In what follows we will often use n-simplices in the nerve of C% so it will be useful to fix
some notation. An element of N,,C*! is a functor W : [n] — C% sending any 0 < i < n to
an object W (i) € C%, i.. a finite subset W (i) C Q, and any 0 < i < j < n to a morphism
Wi < j): W(i) = W(j). We will denote the underlying cospan of W (i < j) by W(i) —

Definition 8.3.4. We let C2¢ C N,C be the simplicial subset containing those n-simplices W :
[n] — C** where W(0 < n) has no closed components, i.e. those W for which W (0) I1 W (n) —
W(0 < n) is surjective.

Moreover, we let C’?+ C NoC% be the simplicial subset containing those W : [n] — CS where
W(k < k + 1) is positive boundary for all k, i.e. where W (k + 1) — Wr(k < k + 1) is surjective

forall k.
>To be precise we pick a total ordering on 2 and define F/(A) = (...(a1 ® a2) ® a2) ® ...) @ a,) for A =
{a1 < .-+ < an}. By the coherence theorem for symmetric monoidal categories there is a preferred isomorphism

F(A) 2 F(A1) ® F(Az2) built from associators and braidings whenever A = A; U Ay with A; N A;. We will be

suppressing these coherence isomorphisms unless they become relevant.
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Lemma 8.3.5. With the usual notion of disjointnes and disjoint union C** is a partial commutative
monoidal category and the functor F' : C* — C is an equivalence of categories. Moreover, F induces

equivalences:

|Cd*| ~ BC?  and |CP¢| ~ |NP<C|.

Proof. Since the objects of C*! are simply finite subsets of € it is clear that the notion of dis-
jointnes and disjoint union behave as expected. For C*? to satisfy deﬁnitionwe need to check
that for any finite sequence of objects A;,..., A4, C € one can find isomorphic replacements
Al AL C Q) that are pairwise disjoint. We required F' : 2 — Obj®"(C) to have infinite
preimages for this exact purpose. Starting with As we can find for each a € A; an element a’ €
with F(a) = F(a') and o’ disjoint to all previous elements. Then a and a’ are isomorphic via the
morphism idp(q) : @ — a’. Moreover, they are all disjoint by construction.

The functor F' is fully faithful by construction and it is essentially surjective because every
object in the labelled cospan category C can be written as a product of connected objects. Therefore
F is an equivalence of categories and it also restricts to an equivalence between (C**)%+ and C%+.
Since CJ* = (C)9+ we see that |C.8+] ~ BC%. The equivalence |C2¢| ~ |N2°C| follows from
lemma[8.1.39 O

REMARK 8.3.6. We have so far treated W (k < 1) as if it were a well-defined set, but one has to be
careful with this. In general, for a morphism W (k < 1) we only have an isomorphism class of cospans
(W (k) — Wx(k <) < W(l)]. It does therefore not really make sense to talk about elements of
Wi (k < 1). However, if the n-simplex W : [n] — C* lies in C2¢ C NoC*, then for each k < [ the
map W (k) IW (1) — Wr(k <) is surjective and we may define the set W (k < 1) as the quotient
of W (k) 1 W (1) by the relation induced by the cospan. As this is the only case that features in this
section we will confidently speak about elements of W (k < 1).

8.3.1 Surgery data

Given some n-simplex W € C}° that is not yet in C2* there must be parts of W that are not
positive boundary. Concretely, we can find an element v € Wi (i < i+ 1) that is not in the image
of W(i+1) — Wr(i <i+1). We would like to find a homotopy that homotops this to a simplex
in C2*. To do so we first choose a “path” from u to W (0) or W (n) along which we can introduce
a morphism that connects U to a positive boundary. This is the datum of a surgery path. To make

sense of the idea of a path we introduce the following notion of representing space:

Definition 8.3.7. For an n-simplex W € C)° we define the representing space |W| as

[W| = ({(t,k,w) €[0,1] x{0,...,n} xQ|we W(k)}LL{L,T})/~
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The equivalence relation ~ is defined as follows: for k € {0,...,n} it identifies two elements of
{(t,k,w) € |W||t+k=m}=W(k—1) L1 W (k) whenever they are mapped to the same element
under W(k — 1) LW (k) — Wr(k — 1 < k). Moreover, we set (0,0,wo) ~ L and (1,n,wy) ~ T
forallwy € Wr(0) and wy, € Wr(n).

This space naturally comes with a continuous projection pr : |W| — [0, n + 1] sending [t, k, w]

tot+k, L to0,and T ton + 1. We let |W |y C |W| be the finite subset pr—1({1,...,n}).

REMARK 8.3.8. We can also think of |W| as a long sequence of pushouts:

AV VAVAN.

0
x {0} W(0) x {1} x {1}

The finite subset |W |o C |W| is exactly the image of the sets W (i —1 < i) x {i} for1 < i <mn. We
can therefore define a map g : |W|y — Mor®"(C) that sends each (i, k,w) withk +1i € {1,...,n}

><{n+1}

to the connected morphism in C that represents the relevant component of Wo(k +1 — 1 < k +1).
This is exactly the labeling of the cospan in the enhanced Csp(C)-model. The datum of W together
with g in fact uniquely encodes the n-simplex W € C}¢. Motivated by this we will often be drawing
pictures of (|W|, g : [W|o — Mor®(C)) as in figure[8.3

Definition 8.3.9. For W & C}° a surgery path is a continuous path p : [0,1] — |W| such that
the composite pr : [0,1] — |W| — [0,n + 1] is piece-wise linear, pr(0) € {0,n + 1}, and
pr(1) € {0,1,...,n+1}.

If the integer i := pgr(1) is in {1,...,n} then the end-point of the path corresponds to some
element penqg € Wr(i — 1 < ). We also denote by pa(1l) € € the last well-defined value of
(prgop)(r) asr — 1, this is an element of either W (i — 1) or W (i) that is sent to penq in the
cospan W (i — 1) — Wr(i — 1 < i) < W(3).

Of course one surgery path by itself is not sufficient to make some W be positive boundary.

We need several surgery paths at once, which we collect in a surgery datum:

Definition 8.3.10. A surgery datum for W € C®° is a finite subset A C Q¢ = F~1(0). disjoint
to Ul oW (k) C 2 together with the choice of a surgery path p* : [0,1] — |W| for all « € A such
that they satisfy the following connectivity condition:

Foranyi € {1,...,n}andu € Wr(i—1 < i) eitheru is in the image of W (i) — Wr(i—1 <
i), or there is an o € A such that the path p* ends at u = p< ;.
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Figure 8.3: On top: a 3-simplex W € C3° for the labelled cospan category C = Cobs. Below: The
representing space |W| with labels in N recording the genus and a possible surgery path.

For a surgery datum (p®)aca we let A := {a € A | p&(0) = 0} C A denote the subset of those «

where the surgery path starts at the incoming boundary.

Note that the empty collection is a surgery datum for W if and only if W already lies in cor.
In that case we do not need to do any surgery. We now describe how the surgery data behaves

with respect to the simplicial structure:

Definition 8.3.11. For any injective morphism A : [n] — [m] in A we define a map
A {0,...,m+1} - {0,...,n+ 1} k+— min{j| \(j) > k}

where we set \*(0) = 0 and \*(m + 1) = n + 1 by convention. Extending affine linearly we obtain
the piece-wise linear map \* : [0, m + 1] — [0, n + 1]. This defines a functor Afrll)j — Top.

For an n-simplex W € C}¢ we let \yy : |W| — |\*W/| denote the unique continuous map that
satisfies Ay ([t, \(k),w]) = [t, k,w] forall[t, k,w] € INW |, \w (L) = L, \w(T) = T, and makes
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the following diagram commute:

W] —2 s AT

lpr lpr

0,74 1] =2 [0,m + 1]

Definition 8.3.12. The semisimplicial set C has as n-simplices pairs of an n-simplex W € C;¢

with a surgery datum (p®)aca on W. The semisimplicial structure is defined by
N (W, (p%)aea) == X W, (Aw 0 p¥)aca)-

Lemma 8.3.13. If (p®)aca is a surgery datum for W then (Aw o p®)aca is a surgery datum for
AN*W. Therefore C¢ is a well-defined semi-simplicial set.

Proof. Since Ay : |[W| — |\*W]| is continuous the new path Ay o p : [0,1] — |[W| — [X*W]|
is also continuous. Moreover, A® : [0,n + 1] — [0, m + 1] is a piece-wise linear map and hence
(Aw o p)r = A°® o pg is piece-wise linear, too. The condition pr(0) C {0,n + 1} is preserved
because A\* : [0,n + 1] — [0,m + 1] preserves the minimal and the maximal element. The
condition pr(1) € {0,...,n + 1} implies (A® o pr)(1) € {0,...,m + 1} since \* sends integers
to integers. Therefore Ay o p is indeed still a surgery path.

Next we need to check that (A o p®)aeca is a surgery datum for \*W. It is clear that A is
disjoint to A*W as we can only forget elements of {2 when passing from W to A*W. To check
the connectivity condition let us assume that ) is the unique morphism §° : [n] — [n + 1] whose
image does not contain i. Write d;W := (§)*W. The general case follows as the category Ajy; is
generated by the §°. Consider some u € (d;W),(j — 1 < j) that is not in the image of (d; W) (j).
If j # i it is clear from the connectivitiy condition for W that there is an @ € A such that p®
ends in pg ; = u. We may therefore assume that j = ¢, in which case (d;I¥)(i — 1 < i) is the
composite of W (i — 1 < i) and W(i < i + 1) and the set (d;W)(: — 1 < i) is the pushout
Wi —1 <) Oy Wa(i <+ 1).

There are two cases: either u € (d;W)r(i — 1 < 7) is not hit by an element of W (i < i+ 1)
or it is. In the former case u is represented by an element v € W (i — 1 < ) that is not in the
image of W (7). The connectivity condition for (p®),c 4 implies that there is a« € A such that the
surgery path p® ends at p% ; = v. Consequently 8}, o p® ends at (0}, © p*)end = Ojy (P%q) = U
and we are done. In the other case we can represent u by an element v C Wy (i < i + 1). This
v’ cannot lie in the image of W (i + 1) — Wy (i < i+ 1), as otherwise u would be in the image
of (d;W)(i) = (d;W)x(i — 1 <), which we assumed not to be the case. This means that v does

not have positive boundary as part of W and so we can find o € A such that p ends in p{, ; = v,

and then (5%/1/ © pa)end = 5%/1/ (pgnd) = U
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This shows that (Ay © p%)aeca is a surgery datum for A*W and hence the face operators \*
yield well-defined elements of C7},. Since the A — A*® construction is functorial it follows that this

assembles into a well-defined functor C¢ : A?I% — Set. U

8.3.2 The basic surgery

We now want to describe how to do the surgery given a surgery datum. The problem of choosing
this surgery datum will be dealt with in the next subsection. In formulas this means that we want
to construct a homotopy from the forgetful map |C| — |C,| to another map that lands in the
subspace |C'i9 T C |Cy€|. Moreover, we would like this homotopy to be constant in the case of an

empty surgery datum. This is summarized in the following diagram:

c | ——— |y

Here S : |CY| x [0,1] — |Cy€| is a homotopy, which we think of as a continuous family of maps
S, indexed by r € [0, 1] such that Sy is the forgetful map and S is a retraction onto the subspace
1cdr].

The homotopy S will be obtained by concatenating two homotopies p and K. With p we
introduce a disjoint copy of id,, for all @ € A™ as pictured in figure This is based on the idea
of how the morphism 7" : 1¢ — O vyields a natural transformation Id¢ = O ® Id¢, which in turn
induces a homotopy of maps BC — BC. The second homotopy K will be more complicated as we
have to follow a surgery path to move a copy of the morphism Py, : M — O @ M from W (0) or

W (n) to morphism at the end-point of the surgery path, in order to make that morphism positive
boundary; see figure

Definition 8.3.14. Welet Qo := F~1(0O) C Q. Forany o € Qp andw € Q withw # « we define
morphisms Ty, : ) — {a} and P, o : {w} — {w,a} inC by:

T, = (F(0) =1¢ Lo= F(a)) and P, o= (F(w) M O®F(w) = F({a,w}))

The basic surgery will not be a semi-simplicial map, rather it is only defined on geometric
realisations. Recall that the space |C}¢| is a quotient of the disjoint union
I Crex 1am — |cyel.
n>0
We will parametrise the space |A"| as {t = (to,...,tnt1) € [0,1]"T2 | 0 = tg < t1...t, <
tne1 = 1}. A point in |C2¢| can be represented by (W, t) where W : [n] — C® and t is as above.
We begin by defining a homotopy from the forgetful map |CJ| — |C2°| to a map that sends
(W,t) to (W Iid4, t) for A some finite subset of Q¢ disjoint to W.
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Figure 8.4: A slide show of the homotopy pZ (W, t) for a 2-simplex W as s moves from 1 to 0.

Definition 8.3.15. Given a point (W, t) € |C}¢

,a € Qo disjoint to W and s € [t;, t;+1] we define
o5, (W, ) := (W, t)

wheret' is (to, ..., t;, S, tis1, ..., tn) and the (n + 1)-simplex W' is defined as

. oy
Wi = {0 Jori =t and
W@ -1 I{a} forj>i+1
Wi <i+1) forj <i

W(—1<j)ide  forj >i+2.
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Given a finite set A = {a1,...,an} C Q that is disjoint to W we define:
PAW,t) = (P, © -+ 0 poy ) (Wi t).
Lemma 8.3.16. The construction in definition[8.3.15 yields a continuous map
p OO > [0,1] — |3, (W, (p)aeas t),7) = plim (W) 1)

and restricted to v = 1 this map is the standard projection |CJ| — |C5¢|. Here as before A™ C A

denotes the subset corresponding to those paths that start at 0.

Proof. The map clearly only depends on the finite subset A™ C 2 and not on the rest of the surgery
path (p®)aeca, which we will only use later for the second part of the homotopy. For simplicity we
will consider the case of a single element A™ = {a}, the general case follows as the operations
P, and pl, commute when o # .

Definition is ambiguous when r = ¢; as we can think of it as both r € [t;,¢;4+1] and
r € [ti—1,t;]. In either case the tuple (W', t") that is specified in the definition represents the

same point as (W, t) in the geometric realisation |C}°| where:

W”(j) = W) forj < i and
W) {a} forj>i
WG <j+1) forj <i—1
W'(j<j+1)=SW(E<i+1)I T, forj=i
W <j+1)id, forj>i+1.

This shows that the definition of p on the closed subsets U; = {(t,r) € |A"|x[0,1] | r € [t;, ti+1]}
fits together on the overlaps. Since p is continuous on each of the U; we get for every n-simplex

W € (7 a well-defined continuous map:
Poin (W, 2) = |AT] [0, 1] = [C3°], - (8,7) = plyin (W ).

To obtain a well-defined map |CJ| % [0, 1] — |Cy°| it remains to check that these maps are com-
patible with taking face maps in the sense that p';, (d;W, t) = p",;, (W, 6't). Here 6" : [A" 1| —
|A™| is defined by repeating the ith entry. The equality p,;, (d;W, t) = p";, (W, §°t) is clear when
r # t; and in the case that r = t; it holds because of

Wi <it2)UTh=W3E<it)IT)UW(+1<i+2)lida).
Therefore p descends to a well-defined and continuous map |CJ| x [0, 1] — |Cy€| as claimed. [J

Now that we have the homotopy that introduces the cylinder id, we proceed to describe a
similar, but more complicated homotopy that homotops this cylinder along a surgery path to make

a certain part of W positive boundary.
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Definition 8.3.17. Given a point (W, t) € |CJ¢
s € [ti, tiv1] we define

,w € W; for some i, o € Qo disjoint to W and

Uf),a(W7 t) = (W/7 t/)

wheret is (to,...,ti, S, tis1,...,t,) and the (n + 1)-simplex W' is defined as

W'(j) = {W(j) forj: = z and
WiE-1)I{a} forj>i+1
WiE<ji+1) forj <i+1

W/(j <j+ 1) = idW(iJrl)\{w} HP%OC forj=14+1
W(—1<j)lidy forj>i+2.
Lemma 8.3.18. If o] , and 0],

W,

, are both defined on (W,t) and o # </, then the operations

,Q

commute:

Ta,a(00r 0t (Wit) = 00 01 (05,0 (W 1))

w,

Proof. After applying both operations we obtain a point (W, t") wheret” = (to,...,t;, s, 7 tit1,. .-

if s < r. If s # r, then it is a straight-forward check that the order does not matter. In the case
s = r there is a repetition in t” and we may use the simplicial relation to delete one of them by
composing the relevant morphisms. To see that the operations commute we hence need to check

that:

(idw (syufapfwy LB or) o (dw i)\ {w} DPu,a) = (idw (i)ufarh o} LPw.a) o (idw i) oy TP ar)-

For w # w' this follows from the general fact that morphisms with disjoint support commute. In

the more interesting case w = w’ we need to show that
(ido OP, o) 0 Py o = (ide IIP, ) 0 Py o = {w} = {w, a, '}

Letting A := F(w) both of these morphisms correspond to (idp ®P4) o Py : A - 00 ® A
with the only difference being in how we identify F'({«, ¢'}) with O ® O. To prove the lemma

we need to show that the morphism is symmetric in the two Os in the sense that:
(ido ®Pa) 0 Pa = (Bo,0 ®ida) o (ido ®Pa) o Py.

As illustrated in figure this follows from the first and third naturality condition we imposed
on the morphisms P4y : A - O ® AinC. O

Definition 8.3.19. Consider a point (W, t) € |CJ¢

, a surgery path p for W, an element o € Qo
disjoint to W, and a parameterr € [0, 1]. Then we define the basic surgery of (W, t) along the path
p to be
T _ _pr()
K(p,a) (VVa t) - O-pH:;( )7a(‘/va t)'

T
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O O 3 @)
(0] P. 0] O-’O 0]
A g @ A = A 7Y 0 A = A P PS A
PA PA P A P A P A
Figure 8.5: When applying P4 twice the order does not matter.
Whenever po(r) is not defined because pr(r) € {0,...,n + 1} we choose either the most recent

well-defined value p, (1) or the next possible well-defined value p¢, (r). In lemma we show that

this choice does not matter. For a surgery datum (p®)aca on W we define

K5 (W,t) = (Kl ) 0 0 Ko o)) (Wit)

(p™1,01

where we choose any enumeration of A = {aq, ..., }

REMARK 8.3.20. Figure illustrates the homotopy Kls’pa(VV, t) in the case a € A™. The mor-
phisms in the simplex W are f : wo @ ws = w3, g : 1l¢ = wy, and h : w1 ® ws — wa. Throughout
the homotopy we see other morphisms f' = P, o 0 f = (idq @f) © (Paw, @1dw,), ¢ = P00 g,
and h/ = (idy ®h) 0 (dy, ®Paw;) = (ida ®h) 0 (Paw, @ idw,). The key step of lemmal8.3.21)is to
show that the two different expressions we have for f' and for h' yield the same morphisms.

See also figure for an illustration of the case o ¢ A™, where the surgery path starts at
pr(0) = 1. Note that in this case we do not need to start out with a disjoint copy of id, on top
of the diagram. This difference will play a role when gluing the homotopies in proposition[8.3.23

Lemma 8.3.21. Definition|[8.3.19 defines a continuous map
K| < [0,1] = [C°], (W, (p%)aca, t),m) = KL (W, t).

Proof. We will proceed similarly to lemma If we fix an n-simplex W € CJ° and a single
surgery path (p, @) for W, then definition gives us continuous maps:

Us o= {(t,7) € [A"] < [0,1] | pr(r) € [ti,tia]} = [C3°], (t,7) > oB20) (W0).

The sets Uy, . . ., Uy, are finite polyhedra that cover |A™| x [0, 1] and the key step of the proof will
be to show that the map is consistent on overlaps. Let us consider those points where pr(r) = t;,

ie. V; = Uiy NU;. For such an (t,r) € V; the value of K, a)(W,t) is ambiguous as we can

either use 6”27 or P2
pg(T%a pQ (T),CM

For either choice the resulting tuple (W', t') has a repeated value in t' and we may use the
relation (W', §%t) ~ (d;W,t) to rewrite this point of the geometric realisation |CZ¢|. The result

1S:

W for j < i
() T and WG < j41) = Xa for j = i

. WG <j+1) forj <i—1
W”(j) = _ g
W(j) M {a}  forj > o : .
WG <j+1)1Iid, forj>i+1.
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Figure 8.6: A slide-show depiction of the homotopy K, , (W, t) along the surgery path p indicated
in the first picture, as s goes from 0 to 1. See remark
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Figure 8.7: A slide-show depiction of the homotopy K, (W, t) along a surgery path p that starts
at 1.
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Here the bordism X depends on whether we use py(r) or p(r) and we need to show that
X1 = X_. There are four possible cases one needs to check, depending on whether the values
p&(r) correspond to incoming or outgoing boundary components of the cospan [W (i — 1) —
Wr(i—1 <)« W(i)).

Each of the cases follows from the conditions on the morphisms P4 : A — O ® A as stated in
deﬁnition Let us for example consider the case where p, (r) € W (i+1) and pg, (r) € W (i).
Then

Xy = Wi <itDUw sy (dwrny TP,e o) X- = (dwe IB, - 4

Wiy (W (i < i+1)Iidy).
To check that X_ = X, we only need to consider the connected component of the morphism

W(E <i+1): W(i) - W(i+ 1) corresponding to p(1). Without loss of generality we may
therefore assume that W (i < i + 1) is connected. Write M := F(W (i) \ {pg(r)}), N =

FW (i + 1)\ {p(r)}), AT := F(p5(r)),and U := W(i <i+1): A~ ®@ M — At @ N. By
definition we have a commutative diagram:

P,_®id
Ao M 22N o0 A~ oM

J/U lido U
AteN 20N o ateN
In this diagram the two ways of going from the top left to the bottom right are exactly the mor-
phisms F(W(i)) = A~ @M — O® At @ N = F(W(i + 1) I {a}) that represent X_ and
X . Hence it indeed follows from definition that X_ = X, . Similar arguments apply in
the other three cases. (Two of the cases agree after swapping p, () and pq (7).)
We have now shown that the continuous maps on the U, fit together on the overlaps and yield

a continuous map:

A" % [0,1] = [C29], (t,7) = 220 (W),

(r)ex
Similar to lemma we see that this is compatible with face maps. Hence it yields a well-
defined map |C§| x [0,1] — |Cy¢| for Cf the semisimplicial set where each W comes equipped
with a single surgery path.

Given a collection of surgery paths (p®)qaec4 it follows from lemma [8.3.18| that the operations
Pi(r)
po(r).a

|Cg| x [0,1] — |C2°| by applying the map |C%| x [0, 1] — |C2¢| multiple times. It follows that K

(_) commute for varying a. Therefore we can pick any order on A and compute K :

is well-defined and continuous. O

We can now concatenate the two homotopies to obtain the basic surgery.

Definition 8.3.22. The homotopy S is defined as follows:

1-2r 1

P (Wit)  for0<r <3,

S:|07x[0,1] = [C2¢|, (W, (pM)aeca,t),r) — SH(W,t) :=<"A 2
CZIX[0,1] = [C3L - (W, (P)acar t)7) = Sa(W,t) {Kff‘l(W,t) forl<r<t
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To conclude this section we record the fact that the homotopy S we constructed has all the

desired properties.

Proposition 8.3.23. The above defines a continuous family of maps 8™ : |C¢| — |CJ¢| satisfying:
(i) SY:|CZ| — |Ce| is the realisation of the map CJ — CI€ that forgets the surgery data.
(i) S' 1 |CF| — |C2¢| factors through the subspace |C2F| C |Ch¢|.

(iii) Precomposed with the inclusion |C’?+| — |CJ| that equips the empty surgery data, the family

8" is the standard inclusion |C’?+\ — |C€| forall r.

Proof. We have seen in lemma |8.3.16| and |8.3.21| that the two homotopies p% and K j‘, are well-

defined and continuous. So to check that S is well-defined and continuous we only need to verify
that p%;, (W,t) = K9(W,t) holds for all A and (W,t). Indeed both sides can be described as
(W IT'id gin, t). To see this note that property (ii) for surgery paths says that pf(0) = 0 or n + 1.

For those a where pi(1) = n + 1 the operation af; §((P) ., does not do anything and in the case
Q ’

p& (1) = 0 we have Ugggga(ﬂf, t) = (W Ilidg, t).

In claim (i) the map SY is by definition piin, which can easily be seen to map (W, t) to (W, t).
So all it does is forgetting the surgery data. Claim (iii) is similarly straightforward: if the surgery
data is empty then neither py nor K change anything about (W, t).

Claim (ii) is the most interesting one. Before reading the proof it is useful to look at figure
and think about why the final picture is a simplex in the nerve of the positive boundary cat-
egory. The following proof is just a formalisation of that visual verification. We need to show
that (W', t') = K (W, t) is positive boundary for any n simplex W and surgery datum A. Since
p (1) is some integer i, for any surgery path p* we have that t’ = t and the simplex W after the

surgery can be described as:
W) = W) TH{a € Alia <j} and W(i—1<j)= PAUW(—1< j)I{ida | in < j}

Here Pﬁx is the morphism W (j — 1) Il {a | in <j—1} - W(j — 1) I {a | iq < j} obtained by
suitably gluing all those Ppe o : {pg g} — {P5.q; @} where i, = j — 1. (Note that the order of
glueing does not matter by lemma|8.3.18])

For W’ to be positive boundary we need to check that for any j and u € W.(j — 1 — j)
there is some x € W/(j) that maps to u. Any such component u is either an identity id,, that we
added, or a component of Pi; UW(j — 1 — 7). In the first case it is clearly positive boundary.
In the second case consider the corresponding v’ € W (j — 1 < j). If this was already in the
image of (), then so is v and we are done. If v/ is not positive boundary, then the connectivity
condition that we imposed on surgery data implies that there is an 8 € A for which pf g =

ends at u’. In the glued morphism le UW(j — 1 < j) the element «' is equivalent to 5 coming
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from Ps ;. since the morphism P s is connected. So w € W.(j —1 < j) is the image of
end’ end’

BeW (j)=W(H) U{a e A iy <j} SoW'(j —1 < j)isindeed positive boundary. This

proves claim (ii). O

8.3.3 Contractible surgery data

One problem we have not addressed yet is how to choose the surgery data (p®),c4 for a given
point (W, t) in |C}°|. Concretely, the problem is that the forgetful map CJ — C}° will not induce
an equivalence on realisations. To resolve this we need to interpolate between different choices of
surgery data. This is not really a problem as the operators K ;\1 and K ;\1/, commute.

The following definition allows for multiple pieces of surgery data.

Definition 8.3.24. The bi-semi-simplicial set C7 , has as (n, m)-simplices tuples (W, ((p§)acaos - - - » (Py)acAa,,))
where W € C1¢ and each (p$')aca, is a surgery datum for W, such that A; and A; are disjoint for
i # j. The i-th face operators in the second direction is defined by forgetting (p$*)ac ;-

We can always find surgery data that is disjoint to all previous surgery, which makes it very

easy to show contractibility.
Lemma 8.3.25. For any n the augmentation of C7, , induces an equivalence |Cy ,| ~ C},°.

Proof. We will derive this from [GRW14, Theorem 6.2] though it should be remarked that the
statement we are proving here is much simpler than the full generality to which their theorem
applies. The augmented semi-simplicial set C;, — C}° is essentially by definition an aug-
mented topological flag complex in the sense of [GRW14, Definition 6.1]. Since it is discrete, the
first condition of the theorem is trivially satisfied. The the third condition is also easy to see: if
(P§)acAgs - - - » (P)acA,, is a sequence of surgery data we can define a new surgery datum that
is disjoint to all these by simply copying the first one. Concretely, we choose a subset A’ C () that
is disjoint to T and all of the A; and pick a bijection ¢ : A" = Ag. Then p3 | := pg(a) defines a
surgery datum indexed by & € A’ and is disjoint to all the others by construction.

Finally, the second condition simply states that every n-simplex W € C}° admits at least
one surgery datum. We will show this by constructing one. Let A C Q¢ be a subset disjoint to
W and big enough so that we may choose a surjection f : A — [[I", Wr(i — 1 < i) C |W]|.
Since W € C} every connected component of || is connected to either L ~ [W(0) x {0}] or
T ~ [W(n) x {n + 1}]. We can therefore find piece-wise linear paths p® : [0,1] — |W| such
that p*(0) € {L, T} and p®(1) = f(«). This trivially satisfies the connectivity condition because
it hits all components of morphisms, in particular those that are not positive boundary. Therefore

(p“)aca is the desired surgery datum for W. O
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We now need to construct the surgery homotopy Sy dependent on a weighted collection of
surgery data. To do so let ||CY,|| denote the geometric realisation of the semisimplicial space
[n] = 1Cq.

Definition 8.3.26. We define a continuous map
S |Gl x [0, 1] — |CJ°.

A point on the left is represented by a tuple (W, t), ((Ao, .., Am), (S0, --,5m)),r) where the s; €

[0, 1] are such that ), s; = 1. We normalise them as’s; := s;/ max(so, ..., Sy ) and define:
S"(W,t), (Ao, ..., Am), (S0y- -+ 5m)) == (ngo 0.0 SZZ*”)(W/, t).

Proof of theorem[8.3.1 We begin by noting that the map S defined above is indeed well-defined.
This was mostly covered in the previous section (see proposition 8.3.23] lemma8.3.16] and lemma
[8.3.21), but we also need to check that it is well-defined with respect to face maps in the new semi-
simplicial direction. Concretely this means that for s; = 0 we need to be able to forget A; without
changing the value of S. Indeed this is the case as S acts as the identity by part (i) of proposition
18.3.23]

Now that we know that S” is a continuous family of continuous maps [|C¢ || — |C{¢| we can
fit it into the following diagram:

) I
Ce™| ——— [ICLL]

1 7
S JSD
K

O] ———— |C]

The map [ is defined by equipping (W, ¢) with the empty surgery Ag = {0}. This is possible
because (W, t) is already positive boundary in this case. By part (ii) of S! indeed lands in
the subspace |CJT| C |Che

not do anything by part (iii) of|8.3.23|and so the top-left triangle commutes. By construction S

, so the dashed map exists. For the empty surgery the map S does

is a homotopy for the bottom-right triangle in the diagram. Moreover, part (i) of tells us
that the map S° simply forgets the surgery data and we saw in lemma that this map is an
equivalence.

In summary the above diagram is homotopy commutative and the right-hand vertical map is
a homotopy equivalence. From this it follows formally from the 2-out-of-6 property that all other
maps in the diagram are weak equivalences. We can check this by hand: Pick any base-points and
apply 7y, to the diagram. Considering the top-left triangle we see that the diagonal map 74 (S!)
has to be surjective because the identity on Trk]C'.a | factors through it. Similarly, the homotopy
commutativity of the bottom-right triangle and the fact that 71, (S°) is an isomorphism implies that
7,(S1) is injective. Hence we have shown that 7 (S') is an isomorphism and it follows quickly

that all the other maps are, too. O
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8.3.4 The positive boundary subcategory

In this section we compute the classifying space of the positive boundary subcategory C%+  C for
all weighted cospan categories. This includes the three cases Csp, Cobs, and Cob%CSO that appear

in our main theorems.

Proposition 8.3.27. For any weighting monoid (A, A1, «) the classifying space of the positive
boundary subcategory Csp(A, A1, a)? € Csp(A4, A1, a) is

B(Csp(A, Ay, a)%) ~ BA

and the inclusion BA ~ B(Csp(A, A1, a)%+) — B(Csp(A, Ay, «)) admits a splitting as an infinite

loop space map.

Proof. In the case of Cobs the equivalence BCongr ~ S! was shown in [Til96, Proposition 6] and
the splitting constructed in [Til96, Theorem 10]. We begin by recalling the constructions made
there so we can modify them for our purposes.

There is a functor ® : Cobg+ — Cobg+ that sends any object to S' and that sends a bordism
W : M — N to the unique bordism ®(W) : S* — S! that is connected and has genus:

g(@(W)) = 5(Imo(N)| = |mo (M)| + x(W)) = g(W) + [mo(N)| — [mo(W)].

This is always a non-negative integer as mo(N) — mo(W) is always a surjection for W in the
positive boundary subcategory. Using that the Euler characteristic is additive under glueing of
even-dimensional manifolds one checks that this is functorial. There is a natural transformation

p:1d conlt = ® defined by letting pys : M — S! be the unique connected genus 0 bordism.
2

Now we can consider the full subcategory C; C Congr on the object S1. By recording the
genus as a natural number C; is isomorphic to N as a category with one object and hence BC; ~
S1. The functor ® lands in C; and defines a retraction B® : B Congr — BCj to the inclusion. The
natural transformation p gives a homotopy between the identity and B : BCongr — BC; C
B Cobg+ and hence the inclusion and B® form a homotopy equivalence.

We will now generalise this argument to the weighted cospan category C := Csp(A4, A1, «).
Let C; C C% denote the full subcategory on the object *. This category has a single object and
morphisms A, so BC; = BA. The functor ® : C% — (C; again sends all objects to the single
object *, and on morphisms it is defined by sending (M — W < N,a : W — A) to the cospan
(* — * < x) weighted by:

W)=Y a(W)+a-(IN|-W|).
zeW
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The number |N| — || is again non-negative as N — W is surjective in the positive boundary
category. One checks that this is functorial by using the definition of the composite weighting in
definition[8.1.13

To define the natural transformation p : Id = ® we let pps : (M — * < %,a : * — A) where
the labeling is a(%) = a. (We cannot set the labelling to be 0 like we did for the surface category
case, as this might not be an allowed cospan for M = {).) Naturality is checked by inserting
the definitions. By the same argument as above it now follows that BA = BC; — BC% is a
homotopy equivalence.

To construct the splitting of BCP+ — BC let A8 be the group completion of A. Define a
functor &’ : C — AP by sending a morphism W : M — N to

(W)= a(W)+a-(N|—|W]).
zeW

The number | N| — |W| can now be negative, but this is fine because we have a formal inverse —«
for a in A8P. @’ clearly extends ® and it is functorial for the same reason that ® was. This yields
the desired splitting: the composite BA = BC; — BC% — BC . B (A®P) is the standard map
BA — B(AS#P), which is an equivalence. O

Corollary 8.3.28. The classifying space of a weighted cospan category is:
B(Csp(A, A1, a)) ~ BAx Q (\/aeA S B(Fa(Csp(A, Ay, a)))) .

Proof. The surgery theorem applies and by proposition the left-hand map in theorem [N|
(corollary [8.1.45) admits a splitting as infinite loop space map. Therefore the middle term decom-
poses as a product of B(Csp(A, A, &)%) and the free infinite loop spaces on the ©*S(BF,). [
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Chapter 9

Computations for the (x < 0) surface
category

Our work in the previous chapter shows that computing the classifying space BCob%<SO of the
(x < 0)-surface category essentially reduces to understanding its factorisation categories, which
we will denote by ]_-gggo = Fyx, (Cob%‘go). In sectionwe show that on classifying spaces ]_—gxgo
is equivalent to a certain finite category J, of weighted graphs of genus g, which was introduced
in [CGP16]E] and plays an important role in studying the moduli spaces A, of tropical curves. In

section[9.2) we will show that BB.J, is rationally equivalent to A,.

9.1 Factorisation categories and filtered graphs

In this section we prove:

Theorem 9.1.1. Forg > 2 there is an equivalence B.T-';‘SO ~ BJ, and for g = 1 we have B}"féo ~
BO(2).

In the case g = 1 we expect that ]_-{50 is equivalent to Fig1(Cobi"*"). Just like we showed
that Fjg11(Cob1) =~ A is Connes’ cyclic category A in section it should be possible to show
that Fjg1(Cobj"?) is the dihedral version of Connes’ cyclic category. This dihedral category is
known to have classifying space BO(2), see [Lod87, Proposition 3.11].

However, the approach we take to prove the theorem will be to treat the g = 1 and g > 2
computation of B]-";CSO in the same framework by considering a category of topological graphs 7,
such that 7, ~ J, for g > 2and J; ~ O(2). In fact we prove the following more general theorem,
which describes the factorisation category of the weighted cospan category Csp(A, A1, @) in the

sense of[8.1.13| This recovers theorem because Cob%<§0 ~ Csp(N,N>q,1).

'Note that as discussed in remark [9.1.11| our version J, differs from their version in that we remove the terminal
object o.
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Theorem 9.1.2. For any weighting monoid (A, A1, ) and a € A there is an equivalence:
BF.(Csp(4, A, a)) ~ BFAA0e),

Note that this will only be interesting for 0 ¢ A; as otherwise an argument similar to lemma

[8.2.48| shows that BF,(Csp(A, 4, @) =~ x.

9.1.1 Categories of graphs
9.1.1.1 Topological graphs

We begin by defining a category of weighted topological graphs. Throughout this section we fix
a weighting monoid (A, A1, «). Recall that this means that A is an abelian monoid, A; C Aisa
subset closed under A; + A C Aj, and o € A is an element. The most relevant case is that of

(A, A1, ) = (N,N>q, 1) and will suffice to think of this case.

Definition 9.1.3. An (A, Ay, «)-weighted topological graph is a tuple (X, w) of a topological space

X and a (non-continuous) map w : X — A such that

e X is homeomorphic to a connected 1-dimensional CW complex with finitely many cells and is

not a point.
e Theset X,y == {x € X | w(x) # 0} is finite.
e Foranyx € X withv(z) = 1 we havew(z) € A;.

Here we define the valence v(x) € N to bev(z) := |mo(U \ z)| where U C X is a small contractible
neighbourhood of x.

The singular set Xqn, C X is defined as the set of points of valence v(z) # 2.

The genus of (X, w) is defined as:

g(X,w) ==Y w(z)+b(X) acA
rEXy
Asubgraph of (X, w) isa tuple (Y, w'") such thatY C X isa closed subset withY C XUXging

andw' = wyy.

Definition 9.1.4. The topologically enriched category J (441:%)

has as objects (A, Ay, )-weighted
topological graphs and as morphisms (X, w) — (Y, w') continuous maps f : X — Y such that
forally €Y the preimage f~'(y) is either a single point of the same weight as y or a connected
subgraph of (X, w) with genus g(f " (y), wp-1(,)) = w'(y). We topologise the space of morphisms

with the compact-open topology.
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Example 9.1.5. The only (A, A1, o)-weighted topological graph (X, w) with X,, = 0 = Xging is
the circle (S*,0). Since this cannot have any subgraphs the fibers of morphisms f : (S',0) — (S*,0)
have to be single points. It follows that f is in fact a homeomorphism. So Hom 7((S*,0), (S*,0)) =
Homeo(S') ~ O(2). We will see that this case is the exception and that in general the spaces
Hom 7 ((X,w), (Y,w')) have contractible components.

Lemma 9.1.6. For any two topological graphs (X, w) and (Y, w") with (Y,w') % (S',0) the space
of morphisms Hom 7 ((X,w), (Y,w')) has contractible components. If (Y,w') = (S*,0), then the

components are equivalent to S*.

Proof. Since eachmap f : (X, w) — (Y, w) is a surjective map between compact Hausdorff spaces,
it is also a quotient map. We can therefore factor itas X — (X/~y) = Y where ~ is the equiva-
lence relation defined by (z ~¢ 2’) < (f(x) = f(2’)) and the second map is a homeomorphism.
Let us call an equivalence relation ~C X? admissible if each of its equivalence classes is either a
single point or a subgraph of (X, w), and let Eq(X, w) denote the set of admissible equivalence
relations. For such an equivalence relation, let w.. : X/ ~— A be the function that sends and
equivalence class [z] to the genus g([x]) of the subgraph.

We will show that sending a map f to the equivalence relation ~; and the isomorphism [f] :

(X/~,w.) = (Y,w') induces a homeomorphism:

Homy ((X,w),(Y,w) =[] HomZ((X/~ w.), (Y,w')).
~€Eq(X,w)

We begin by noting that the set of admissible equivalence relations is finite because the set of
subgraphs of (X, w) is finite. One can check, using the definition of the compact-open topology,
that the assignment f >~ is continuous with respect to the discrete topology on Eq(X, w).
Similarly, one checks that for each ~€ Eq(X, w) the assignment f +— [f] is continuous. Since
there is a continuous inverse given by (~, [f]) — (X — X/ ~— Y) it follows that the map is
indeed a homeomorphism.

To determine the homotopy type of the connected components it therefore suffices to study
the group of automorphisms Hom?((Y7 w'), (Y,w’)). This the subgroup of the homeomorphism
group Homeo(Y') containing precisely those homeomorphism f : Y & Y with w’ o f = w'. If
(Y,w') = (S,0), then this is exactly the group of self-homeomorphism of the circle, which is
homotopy equivalent to O(2). In the case where (Y, w') % (S1,0), we can find some y € Y with
either w(y) # 0 or v(y) # 2. Consider the group Homeo(Y,Y,, U Ying) of homeomorphisms of
Y that send the subset Y, U Y, to itself, possibly permuting it. This contains the automorphism
group we are interested in as a union of connected components. Since Y, U Ysing is non-empty,
the components of Homeo(Y,Y,, U Yiing) are all homeomorphic to [ [, Homeo([0,1] rel {0,1}),

which is contractible. O
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9.1.1.2 Combinatorial graphs

We now give a combinatorial version of the notion of an (A, A, «)-weighted graph. This is based

on the notation of [CGP16| section 2.2] and recovers their definitions in the case of (N, Ny, 1).

Definition 9.1.7. A graph G is a finite set X together with mapss: X — X andr : X — X such
that sos = idx, ror = r, and satisfying that for allz € X we have s(z) = x ifand only ifr(x) = x.
The set X decomposes as the disjoint union of the set of vertices Vi := {x € X | r(x) = x} and the
set of half-edges Ho = {x € X | r(x) # x}. The map r sends a half-edge to its root and the map s
sends a half-edge to its partner half-edge; both send vertices to themselves. We define the set of edges
as Eq = {{h,s(h)} | h € Hg}.

A graph G is connected if the equivalence relation on X generated by x ~ s(z) and x ~ r(x)
has a single equivalence class. We define the valence of a vertex v in a graph to be the number of
incident half-edges: val(v) := [r~1(v) \ {v}|.

Example 9.1.8. The graph with one vertex and one loop Q can be defined in the above context as
X ={v,h, '} withs(h) = b/, s(h') = h, r(h) = r(h') = v, s(v) = r(v) = v. This has one vertex
v, two half-edges h and h/, and a single edge {h, h'}.

We can also consider combinatorial graphs weighted by some (A, A;, «). The most important

weighting monoid is (N, N>, 1), and we will usually think about this case.

Definition 9.1.9. An (A, Ay, o)-weighted graph is a graph G together with a functionw : Vg — A
such that for any vertex v € Vg of valence 1 we have w(v) € Ay and for any vertex v’ € Vg of

valence 2 we have w(v') # 0. We define the genus of a connected weighted graph (G, w) to be

9(G.w) = (1Bal = [Val +1)-a+ Y w(v) € A,

veVg

We define the relevant notion of morphisms between weighted graphs:

Definition 9.1.10. Let (G, w) = ((X, s,7),w) and (G',w') = ((X', ', 1), w) be two (A, A1, a)-
weighted graphs. A morphism of (A, A1, «)-weighted graphs q : (G,w) — (G',w') is a map
q: X — X' satisfying qo s = s’ o qand q or = r' o q, such that for each half-edge h € H¢y the
preimage ¢~ (h) consists of a single half-edge of G and for each vertexv € Vi the preimage ¢~ (v)
is a connected subgraph of G with genus g(q~' (v), w)-1) = w'(v).

We let J(A41:%) denote the category of those (A, A1, o)-weighted graphs that are connected and
have at least one edge, with morphisms defined as above. For any g € A and we let JéA’Al’a) C

JAALQ) denote the full subcategory on the graphs of genus g. We will often suppress the weighting

monoid from the notation.
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REMARK 9.1.11. In [CGP16, section 2.2] the authors define a category called J,, on which our def-

) is based. Let us denote their category by JgGP for the purpose of

inition of the category JggA’Al’a
comparing it to ours. One key difference is that JgCGP contains the graph e, with one vertex and no
edges. This is a terminal object, which makes the classifying space BJgCGP ~ x contractible. If we

N,Nx0,1)

remove this terminal object then JEGP \{ey} is equivalent to our Jé . We will argue in remark

that our version of J, still leads to the same tropical moduli space A as theirs.

A7A17Oé)

REMARK 9.1.12. The isomorphisms in this category J( are exactly those ¢ : (G,w) —

(G',w") where the map q : X — X' is a bijection. Moreover, if two graphs have different genus, then

A,Aq,

there are no morphisms between them and so we can split J @) as a disjoint union of categories

AAL) A AL«
JAALY) H Jg( 1,0)
geA

REMARK 9.1.13. Note that for general weighting monoids (A, Ay, o) the category J(A41:%) is not
as well-behaved as we would like. For example in the case of (Z,Z,1)-weighted graphs we cannot
collapse an edge between two valence two vertices v,v' € Vi if they are labelled by w(v) = k
and w(v') = —k as the resulting vertex would be a valence 2 vertex with label 0. Similarly, we
cannot collapse an edge between two vertices u,u’ € Vi where u has valence 1, u' has valence 3
and w(u) = 0 = w(u'). The latter example also works in the case of (0,0, 0)-weighted graphs, that
is relevant for Csp = Csp(0,0,0). This is why we have to impose the conditions in the following

lemma.

Lemma9.1.14. Let (A, Ay, ) be a weighting monoid where the only invertible element of A is 0 and
0 & A;. Let g € A be some element that is neither O nor «. Then there is a functor of topologically

AvAlva) (A7A17a)

enriched categories: j( — J, which is essentially surjective and an equivalence on
8 g g y surj q

Hom-spaces.

Proof. For a topological graph (X, w) we define its set of vertices as V| x ) := Xw U Xsing and, by
abuse of notation, let w : V(x ,,) — A denote the restriction of w. Unless the topological graph is
(X, w) = (S, 0) this set of vertices is non-empty. Note that the case (S*,0) will not come up in
what follows as it has total genus g(S*,0) = a, which we excluded. The set of half-edges H (X,w)
is defined as the set of maps / : [0,1] — X such that hy( 1) is an embedding and h™*(V{x,,)) =
{0, 1}, up to isotopies respecting these conditions. The involution s : H x . — H(x ) is given
by [h] = [h'] where h/(t) = h(1 —t) and the root map 7 : H(x 4,y — V(x ) is [2] = R(0).

We define the functor F' : jg(A’Al’a) — JéA’Al’a) on objects by sending (X, w) to the combi-
natorial graph (H x ) 1TV x ), 8,7, w). To amorphism f : (X, w) — (Y, w') we assign the map
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F(f) s Hixw) U Vixw) = Hiywy U Vv

F(f)(v € Vixuw) = f(v) € Viyu), and
FU(h - [0.1] = X]) = {[f oh] € Hyu 1f(f o h)|(0,1) injective
f(R(0)) € Viyury if f o h constant.
For this to be well-defined we need to check for each z € Vixw) = Xw U Xsing the image f(x)
lies in Viviw) = Yw U Ysing.

Write i := f(z) and consider the preimage f~!(y) C X. If it consists of single point then f
is a homeomorphism near x and so x and y agree in valence and weight, which already implies
Yy € Yy U Ysing. We may therefore assume that £~ is a subgraph of (X, w) that contains at least
one edge. If there is any 2/ € f~!(y) with w(z’) # 0, then w'(y) = w(a2’) + ... is non-zero
because we assumed that A does not have any invertible elements but 0. Similarly, if f~1(y) is
not contractible, then by (f~1(y)) > 0 and w'(y) = b1(f~*(y)) - « + ... is non-zero because « is
not invertible. So it suffices to consider the case where the subgraph f~!(y) C (X, w) has trivial
weight and is contractible. This means that the subgraph is a finite tree with at least one edge,
so it contains at least two leaves [,1’ € 9f~!(y) whose valence within f~!(y) is 1. But we have
already established that w(l) = 0 = w(l’), so [ and !’ cannot be valence 1 or 2 in (X, w) as we
assumed 0 ¢ A;. Hence there are at least four edges of (X, w) that do not lie in f~!(y), but end
in [ and {". This implies that y € (Y, w’) has valence at least 4 and hence lies in Yip,.

To see that the functor F is essentially surjective we build, given a combinatorial graph (G =

(X, s,7),w), its geometric realisation as:
|G| := (X x[0,1]) / ~, where (z,1—1t)~ (s(z),t) and (z,0)~ (r(x),t).

The set of vertices includes into this as v + [v, 0] = [v, t] for any ¢, and we can define w : |G| — A
by extending it to 0 on edges. The space |G| is a one-dimensional CW complex by construction and
it is finite and connected because G is. Moreover, since vertices retain their valence and weight, all
valence 1 vertices are still labelled in A; and hence (|G|, w) is an (A, A1, «)-weighted topological

graph. In fact, this construction defines a functor:
. g(AAL A Ay,
|| s J{AAe) — g{AALe)

and it follows by inspection that F' o |_| is naturally isomorphic to the identity functor.

While the composite functor |_| o F' is not on-the-nose isomorphic to the identity functor, it
is still isotopic to it in some sense. Concretely, we can pick isomorphisms vy ) @ (X, w) =
(|F(X,w)|,w). If we require them to be the identity on vertices and to preserve edges, then the
only choice we have is how to identify the edges relative to their boundary. There is no canonical

choice because the edges of (X, w) are not identified with [0, 1], whereas the edges of |F'(X, w)|
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are (modulo reflection). However, any two choices are isotopic because Homeo([0, 1] rel {0, 1})
is contractible. From this one can show that, no matter which choice we make, o defines a natural
transformation from the identity to |_| o F' as functors to the homotopy category hjg(A’Al’a).
Therefore, J_(EA’AI’Q) is equivalent to the homotopy category h.Jy (4,41,0)

To conclude the proof we show that Jg(A’Al’a) — hjg(A ALa) is an equivalence on Hom-
spaces. As noted before, our assumption that g # « implies that none of the graphs involved are
isomorphic to (S',0). Hence it follows from lemma 6/that the components of the Hom-spaces

in Jg(A’Al’a) are contractible, which is what we claimed. O

9.1.2 From factorisations to graphs

The purpose of this section is to prove theorem i.e. to show that there is an equivalence
on classifying spaces between the category of factorisation F(Csp(A, A1, «)) and the category of
graphs 7 (441:%) We fix the weighting monoid (A, A1, ) throughout and suppress it in notation.
The equivalence we will construct does not come from a functor in either direction. Rather, we
define a third category [ 7 Sub’ where objects are topological graphs (X, w) together with an

“admissible” subset U C X and an ordering on OU. There are two functors:
T — / Sub’ 25 F
J

The one to the left simply forgets the subset U, and the one to the right takes (X, w, U) and thinks
of it as a factorisation X = U Upy (X \ U°). We will show that both functors induce equivalences

on classifying spaces.

Definition 9.1.15. A subset U C X of a weighted topological graph (X, w) is called admissible if
e U is closed and has finitely many components,
e U is neither empty nor all of X,
e ifr € UN (Xyw U Xging) then U is a neighbourhood of x.

A boundary ordering forU is an injectionc : {1, ..., u} — X forsomeu € Nsuchthata({1,...,u}) =
ou.

We let Sub(X, w) be the poset where objects are admissible subset U C X and morphisms are
U <V ifU C V. Similarly, we let Sub’(X,w) be the poset where objects are tuples (U, ) of an
admissible subset with boundary ordering o and morphisms are (U, ) < (V,B8) ifU C V.

We topologise Sub’ (X, w) with the subspace topology under the inclusion

Sub/(X, w) = [ Map™({1,...,u}, X \ (X U Xging)) x Map(Xyy U Xing, {L, T})

u>2
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that sends (U,«) to (o, x) where (x(z) = T) < (x € U). This inclusion in fact identifies
Sub’ (X, w) with a union of certain connected components of the space on the right. We topologise
Sub(X,w) with the quotient topology under the map Sub’(X,w) — Sub(X,w) that forgets the
boundary ordering.

Both Sub and Sub’ define functors Sub, Sub’ : J°P — TopCat

Sub(f)(U) = f~(U) and Sub'(f)(U,a) := (f7(U),f " 0a)
to the category of topological categories.

REMARK 9.1.16. Let us briefly recall the Grothendieck construction, in the example of Sub’. An
object offj Sub’ is a tuple of an object (X,w) € J and an object (U, ) € Sub'(X,w). It is
important to keep in mind that the space of objects of [ 7 Sub’ is no longer discrete, even though it
was for J. A morphism ((X,w), (U,«)) — ((Y,w'),(V,B)) is a morphism [ : (X, w) — (Y,w’)
together with a morphism (U, a) — Sub’(f)(V, B). Since Sub’ is a poset we can can simply say that
a morphism (X, w), (U,«)) — (Y,w'),(V,5)) is a morphism [ : (X,w) — (Y,w') such that
U C f~Y(V), or equivalently such that f(U) C V. See the left-hand side of figurel9.1 for an example

of such a morphism.

Definition 9.1.17. We define a functor S : fj Sub’ — F by sending (X, w, U, «) to the factorisa-

tion
S((X,w), (U, ) = (0 = [mo(U), wo] & {1,....,u} 2 (X \ U°),wxyy]  0)

Here the weightswy : mo(U) — A andwx\y : mo(X\U®) — A are defined by sending a component
to its total genus.

To a morphism f : (X, w) — (Y, w') with f(U) C V we assign the cospan

S(f) = ({1, ) S o ()N U] € ,v})

where wy 7 sends each component of V'\ f(U)° to its total genus. Seeﬁgurefor an illustration of

how this functor is applied to two objects and a morphism.

Lemma 9.1.18. The construction described above indeed describes a continuous functor S : [ 7 Sub’ —

F.

Proof. We begin by noting that S is continuous on objects and morphisms. Indeed, the object
S((X,w), (U,a)) € F does not change as we continuously vary the admissible subset U C X.
(This is the reason why we need the boundary ordering o and cannot take OU instead of {1, ..., u}:

it would not be continuous.) Similarly, if we continuously vary a morphisms f : (X, w) — (Y, u)
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2'&
QO ;
U € Sub’(X) 10—/

7T0(U) +~— oU — 7T0(X\UO)

Q 5 >:<

Ucf4(V)

P D

V e Sub/(Y) mo(V) = OV — mo(Y \ V°)

Figure 9.1: The functor S evaluated on a morphism f : (X,U) — (Y, V). The identifications
oU = {1,2,3,4} and 0V = {1,2, 3,4} are left implicit.

and an admissible subset (U, o) € Sub’(Y, u), the space V' \ f~1(U°) does not change up to label-
preserving homotopy equivalence and hence the resulting cospan S( f) remains the same. (If we
moreover required that V' is a neighbourhood of f(U), then V' \ f(U)° would even remain the
same up to homeomorphism. We do not do this as it would remove the identity morphisms from
Sub’ (X, w).)

It remains to check that S is functorial. Consider two morphisms f : (X,w) — (Y,w'),
h : (Y,w') — (Z,w") and admissible opens (U, ) € Sub’(X,w), (V,3) € Sub/(Y,w’), and
(W,~) € Sub’(Z,w") such that U C f~1(V)and V C h=!(W). We would like to show that the
weighted cospan S(h o f) agrees with the composite S(f) Uy, ..., S(h). On underlying sets one

can describe this pushout as:

mo(fTHVINU®) Ugn, oy mo(h ™ (W) \ V) 2 mo(f7H(V) \U®) Uav mo((ho f)~H (W) \ hH(V)
mo((ho )~ (W)\U®)

12

To conclude S(f)Uyy,.. 0y S(h) = S(ho f) we need to check that both sides are weighted in A in
the same way. To show this let C C (ho f)~1(W) \ U° some component. As a point in S(h o f)
this is labelled by its total genus. We have a decomposition of C' into Cy = C N (f~H(V) \ U°)
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and C1 = C' N ((ho £)~1(W)\ f~1(V)°). The total genus of each component of C agrees with
that of the relevant component in f(C7), which is a union of components of A=1 (W) \ V°. One

can express the total genus of C in terms of the genus of the components of Cjy and C'; as follows:

9(C) = " w@) +a-b(C)= > wx)+ > wly)+a-b(C)

zeC z€Cy yeCq

The first Betti number of C' can be written as:

b(C)= > bu(lz)+ Y bi([y) + (1CoN Cil+ 1 — |mo(Co) T mo(Ch))).
[z]€mo(Co) [yl€mo(Ch)

(This follows from x(C) = x(Co) + x(C1) — x(Co N C1).) From this it follows that:

9@ = > gllah+ D> g(lyh)+ 0V NCl+ 1~ |mo(Co) Lmo(Ch)l-
[z]emo(Co) [y]emo(C1)
This is the same formula as in definition where we defined the weighting for composite
cospans. Hence S(g o f) indeed agrees with S(f) Ugy, .} S(g) as a weighted cospan. O

Proposition 9.1.19. Let 7' C F be the full subcategory on all those (M, [) — W « M|,[M —
W' < 0]) where M = {1,...,u} for someu € N. For all n the map

B / N, Sub’ =y N, F' c N, F
J

is a homotopy equivalence.

Proof. Let C,, == [ 7 N, Sub’ be the topological category defined as the Grothendieck construc-

tion. An object in this category is a topological graph (X, w) together with a filtration (Uy C

- C U, C X) by admissible subsets and bijections o; : OU; = {1,...,u;}. A morphism

(X, w,Us, ate) — (Y,w', Vs, Be) is a morphism f : (X, w) — (Y,w') in J with f~1(V;) = U; for
all 7 and such that a; o fioy, = Bi.

Let us call a filtration (Us, ae) on (X, w) maximal if every edge of (X, w) intersects [ [\, OU;.

Let M,, C C,, be the full subcategory on these objects. Note the objects of M,, are a union of

connected components in the space of objects of C,,.

Claim 1: The inclusion BM,, — BC,, is a homotopy equivalence.

Consider the topological functor @ : C, — C, that sends (X, w,U,, as) to the quotient
(X/~sw', (Us) /s te) where we collapse all edges that do not intersect [ [;*_, OU;. Since each of the
collapsed edges was either contained entirely in U; or its complement, the quotient (U;) . C X .
is still an admissible subset. By construction the functor () lands in the subcategory M,, C C,.
Since we constructed () by collapsing edges there is a natural transformation 1 : Id¢, = @ de-

fined by the projections (X, w) — (X, w’). This natural transformation continuous, in fact the
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morphism does not change as we continuously vary the filtration. On classifying spaces @ is a
map BQ : BC, — BM,, and 7 is a homotopy between idp¢, and B() postcomposed with the
inclusion BI. Moreover, 7 restricts to an isomorphism between Idq,, and Q) ,,,, which yields a
homotopy between BI o B() and idp,,. This shows that BC,, and BM,, are homotopy equiva-

lent.

Claim 2: M,, is a topological groupoid.

By lemma(9.1.6lany morphism f : (X, w) — (Y,w') in J canbe factored as (X, w) = (X/~y
,wr) = (Y, w') where the first map collapses some edges and the second map is an isomorphism.
If f collapses some edge e : [0, 1] — X and (Vs, B.) some filtration on (Y, w’), then e([0, 1]) never
intersects 3 f ~!(V;), and hence f~1(V4) is not maximal. Therefore any morphism between objects

in M,, is necessarily invertible.

Claim 3: The components of BM,, are contractible.

We begin by showing that M,, is a fibrant topological category in the sense that the source
and target map (s,t) : Mor(M,,) — Obj(M,,)? is a Serre fibration. The space of morphisms is by
definition the space of morphisms f : (X, w) — (Y, w’) together with a filtration (V4, 8,) on Y.
The target map projects this to (Y, w’, Vi, B, ) and the source map to (X, w, f~1(Us), (f 0 3)).
We can fix (X, w) and (Y,w’) as J has a discrete space of objects. So we need to show that
sending (f, (Ve, Be)) to ((f1(Va), f~1 0 Bs), (Vs, Bs)) is a Serre fibration. Moreover, since V; is,
up to passing to complements, uniquely determined by 3; : {1,...,v;} — Y\ (Vi U Y4ing), it will
suffice to show that (f, Bs) ++ (f ™1 0 Bs, Bs) is a Serre fibration. This follows from the fact that
inverting and evaluating a homeomorphism f on a finite subset A C Y \ (Y3, U Yqing) induces a
Serre fibration Homeo(Y rel (Yy, U Yaing)) = Emb(A, Y \ (Yiy U Yiing)).

Since M,, is fibrant the base-change theorem [ERW19al Theorem 5.1] (or equivalently theorem
implies that the inclusion of a skeleton M$X C M,, induces an equivalence on classifying
spaces. Therefore, the components of BM,, are equivalent to B Aut g, (X, w, Us, @e). Such an
automorphism is a homeomorphism f : X = X that respects the weight, the U; and satisfies
f oa; = ;. The latter means that it has to fix all elements in the image of the «;. Since the
filtration is maximal each edge contains such an element and hence f has to preserve each edge
as a set. In fact, it also has to preserve the orientation of the edge as either it contains two points
of some OU; or one end lies in U; and the other does not. This implies that f has to fix all points in
Xw U Xging. In summary, this group is exactly the group of homeomorphism that fix all vertices
and all elements of OU;. Therefore, the group is equivalent to a product [ [, Homeo?(]0, 1]), which

is contractible.

Claim 4: S, induces a bijection between the isomorphism classes of M,, and the n-simplices of

N.F'.
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Given an n-simplex in N, F’ we will construct a preimage under S,,. Such an n-simplex can
be thought of as an (n + 2)-simplex in N,Csp(A, A1, «). Using the notation from section [8.3| we
write this as W : [n + 2] — Csp(A4, A1, o) where:

OB=W(0) > Wr(0<1)«W(1) = -+ W(n+l) = Wr(n+1l < n+2) « W(n+2) =0).

Moreover, we have that W (i) = {1,...,u;_1} foralli =1,...,n+1. Eachof the W (i <i+1):
W (i) — W (i + 1) is a cospan of finite sets W (i) — Wr(i <i+ 1) <~ W (i + 1) together with a
labeling o; : W,(i <i+1) — A.

As discussed in definition we can construct a representing space |W| with a map pr :
|W| — [0,n + 3] and a labeling 0 : [W |y = pr='({1,...,n +1}) — A coming from the o;. Since
for the simplex at hand W (0) = () = W (n + 2) are both empty the space |W| will come with two
discrete points L, T € |W/|. Let us remove these and denote the result by |[W/|" := |[W|\ {L, T}.
By construction |W|’ is a 1-dimensional CW complex and since W (0 < n + 2) is a connected
morphism |WW| is a connected space. Hence (|W|',0) is a well-defined object of J. Moreover,
we have a filtration on |[W|’ defined by U; := pr=((0,i + 1)) and a bijection c; : {1,...,u;} =
W (i + 1) = 9U;. The tuple ((|W/|',0), (Us, cve)) hence defines an object in M,,.

One can now verify that for W = S,,((X, w), (Va, e)) the resulting ((|W|',0), (U, w)) is
isomorphic to ((X, w), (Ve, Be)), and conversely, S, ((|W/|', 0), (Us, e ) ) always recovers W. This
shows that S, indeed induces a bijection between the isomorphism classes of M,, and the elements
of N, F.

Conclusion:

By claim 2 M,, is a groupoid and since isotopic objects are isomorphic in this topological
groupoid, mgBM,, is the set of isomorphism classes of objects in M,,. By claim 4 the functor S,
hence induces a bijection mo BM,, = N,, F'. By claim 1 and 3 the maps 7o BM,, < BM,, — BC,

are homotopy equivalences, and hence BS,, : BC,, — N, F' is indeed an equivalence. O]

Assuming the contractibility of BSub’(X, w), which we prove in the next section, we can now

show that both functors 7 « [ 7 Sub’ — F are equivalence on classifying spaces.

Proof of theorem[9.1.24 Thomason showed that the classifying space of a Grothedieck construc-
tion [, F is equivalent to the homotopy colimit of the classifying space BF(i), see [Tho79].
While Thomason only considered discrete categories, the analogous statement is true for topo-
logically enriched categories, see [Rap14, Proposition 2.1.1]. By corollary the classifying
space BSub/(G, w) is contractible for all (G, w) € J. Therefore if we replace Sub’(G, w) by the
trivial category x*, then this induces an equivalence on the homotopy colimits:

B/ Sub’ ~ hocolim BSub'(G,w) — hocolim * ~ B/ * =~ BJ.
7 (Gw)eger (Gw)egep J
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This shows that the left-wards functor 7 < [ 7 Sub’ is an equivalence on classifying spaces.
For the other functor we note that, because geometric realisation commutes with homotopy

colimits, we may also compute the classifying space of the Grothendieck construction as:

’B/ N,Sub’
J

We have shown in proposition [9.1.19] that for all n the map

~

hocolim N.Sub'(X,w)’ ~ hocolim BSub/(X,w) ~ B </ Sub’)
(X.w)eTop (Xw)eTop 7

Sp: B </ NnSub’> — N F'
J

is an equivalence. Hence, after passing to geometric realisations, we see that BS : B | 7 Sub’ —
BF' is an equivalence. Moreover BF’ ~ BF since F' is a full subcategory that contains at least

one object per isomorphism class. O

9.1.3 Height functions for graphs

In this section show that, in some sense, the choice of a filtration on a graph is a contractible
choice. Concretely, we will show in proposition [9.1.22 that B(Sub(X, w)) is contractible for any
topological graph (X, w). To prove this we first introduce height functions /4 : X — R and then
we obtain filtrations as preimages of (oo, t] for regular values t.

For the purpose of this section we will assume that all topological graphs (X, w) come with a

metric d. In particular this induces the structure of a Riemannian 1-manifold on X \ Xgip,.

Definition 9.1.20. A height function for a graph (X, w, d) is continuous map h : X — R such
that hyx\x,, is smooth. Let C>(X) denote the vector space of height functions on a graph G. We
topologise this as a subvector space of C*°(X \ Xging, R) equipped with the Whitney C*°-topology.
Given a graph (X, w, d) with height-function h : X — R we say thatt € R is a regular value
for hif for any vertexv € (XU Xsing) we have that h(v) # t and ift is a regular value of b x\ x,

sing *
In order to use the height-function to cut G non-trivially we need to require the height-function

to not be constant. Homotopically, this is not a problem because of the following fact:

Fact 9.1.21 ([BP75, Theorem VL5.2, Corollary V.6.2, and Theorem V.6.3]). If V is an infinite-
dimensional Frechét space and U C V is a finite-dimensional subspace, then the complement V' \ U

is contractible.

Proposition 9.1.22. For any (X, w) € J the classifying space of the topological poset Sub(X, w)

is contractible.
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U, 1

Uy

Figure 9.2: A filtration induced by a height function 4 : G — R and regular values ¢y < ¢;.

Proof. Fix (X, w) and pick some metric d. Consider the topological poset P where an object is a
tuple (h,t) € C*°(X) x R such that ¢ is a regular value for h and ¢ € h(X). We define the relation
of P to be (h,t) < (h',t') whenever h = h/ and ¢t < t. The nerve N,P admits an augmentation
where we let N_1P C C*°(X) be the subspace of functions h such that there exists a regular value
t € Rwitht € h(X).

The augmented (semi-)simplicial space N,P is a topological flag complex in the sense of
[GRW14, Definition 6.1]. Moreover, P C C*(X) X R is open, and therefore [GRW14, Theo-
rem 6.2] tells us that the augmentation map BP — N_;P is a weak equivalence. (See lemma
for a formulation of the special case we are using.)

By definition N_1P C C*°(X) is the space of those height functions h that admit a regular
value ¢ that lies in the image of h. By Sard’s theorem the set of regular values of agiven h : X — R
is open and dense in R. Therefore we can always find such a regular value, unless the function
h is constant. This means that N_;P is the complement C*°(X) \ R of the one-dimensional
subspace of constant functions. By fact this space is contractible and so we conclude that
BP ~ N_{P ~ % is contractible.

To complete the proof we will construct a level-wise equivalence between N, P and N,Sub(X, w).
Consider the map P : P — Sub(X, w) defined by sending (5, t) to the preimage U := h~!(—o0, t]
as illustrated in figure This subset is always admissible because ¢ is regular. It follows from
inspection that this map is continuous and it preserves the relation as h = (—o0,t] C h™(—o0, ']
when ¢ < /. We therefore get a well-defined map of simplicial spaces Py : NgP — NoSub(X, w).

Fix some n. We would like to show that P, is an equivalence. Consider the subspace N,,Sub(X, w)< C
N,,Sub(X,w) that only contains those filtrations Uy C - - - C U,, where 0Uj is disjoint from U;_;
for all i. Similarly let N, < C N, P be the subspace of those tuples (h, ts) where t;_1 < t; for
all 4. In both cases the inclusion of this subspace is a homotopy equivalence. We will construct a

map ¢q : N,,Sub(X, w)< — N, P< that is homotopy inverse to the restriction of P, to N,,P<.
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Fix some smooth function ¢ : R — R satisfying o(z) = 0 forz < 0, 0(z) = 1 for x > 1, and
o'(z) > 0 for x € (0,1). Given some length (n + 1)-filtration Uy C --- C U,, C X we define a
height function Ay, : X — R as follows:

—o(d(x,0Uy)) ifx € Uy

. z,0U; . o
hu,(z) = < i+ U(d(x,anil)dex,an)) ife € U \ Uj

n+ o(d(z,0U,)) ifrx e |G|\ U

One checks that & is indeed a smooth function with image in [—1,n + 1] and that h depends
smoothly on the filtration U, € N,Sub(X,w)<. Any i = 0,...,n is a regular value of h and we
have that h{]’l(—oo, i] = U; by construction. We define ¢ : N,,Sub(X,w)< — N,,P< by sending
U, to (hy,,te) with t; := i. By construction P, o ¢ is the identity on N,,Sub(X,w)<, so ¢ is a
section of (P,)|n,p<. To construct a homotopy between g o (P,)|x, p< and the identity note that
given (h,t,) and (R, t,) € N, P that induce the same filtration the function (1 — \)h + A/ is a
height function with regular values (1 — \)te + A, a for any A € [0, 1]. We can therefore simply
write down an affine linear homotopy between ¢ o P, and idy, p.

This completes the proof that P : NgP — N¢Sub(X,w) is a level-wise weak equivalence.

After taking geometric realisations have weak equivalences
BSub(X,w) >~ BP >~ N_1P =~ .
O

Corollary 9.1.23. For any topological graph (X, w) the classifying space BSub’(X,w) is con-

tractible.

Proof. This will from the above together with the base-change theorem|8.2.16]if we can show that
NoSub’(X,w) — NoSub(X,w) is a base-change. This map is clearly surjective on 0-simplices so

we need to check that the following diagram is a homotopy pullback square:

N, Sub’ (X, w) —— (NoSub'(X,w))"+!

! |

N, Sub(X,w) — (NoSub(X,w))"+!.

The map Sub’(X,w) — Sub(X,w) is a covering and the fiber at some U € Sub(X,w) is the
discrete set of bijections {1,...,u} = OU. (This covering is actually trivial unless (X,w) =
(81,0).) Hence (Sub’(X,w))""! — (Sub(X,w))"*! is a covering and the fiber is the set of
(n + 1)-tuples of bijections ov; : {1,...,u;} = OU;. Similar to the above N, Sub’(X,w) —
N, Sub(X,w) is a covering with fiber the set of (n + 1)-tuples of bijection «;. Since both vertical
maps are coverings and their fibers agree it follows that the square is indeed a homotopy pullback

square. O
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9.2 Comparison to A,

. . N,N>q,1 . . .
In this section we relate the category J, = Jé =11 hose classifying space is equivalent to

BF, (Cob%‘so) to the tropical moduli space A,. We will argue that B.J,; should be thought of as the
homotopy type of the moduli stack of tropical curves — a version of A, that “keeps track of finite
automorphisms”. Indeed, there is a zig-zag B.J, <— BT — A, such that the left-hand map is an
equivalence and such that the fiber of the right-hand map at some tropical curve [I', w,d] € Agisa
K(m,1) form = Aut(T', w, d) the (finite) isometry group of (I', w, d). Together with a computation
showing 71 (BJy) = * this will imply the following theorem:

Theorem 9.2.1. For g > 2 BJ, is simply connected and there is a rational equivalence BJ, — A,.
We begin by recalling the definition of A, as a colimit indexed by .J, following [CGP16]

Definition 9.2.2. Consider the functor A¥ : J°P — Top that sends (G, w) to the space

APG ={d:Eg—[0,1]] > d(e) =1}.
ecEq
We define A as the colimit colim g ) e jor AP(G,w). Welet A, C A be the connected component
defined by taking the colimit only over J, C J.

REMARK 9.2.3. In [CGP16] the authors first define a moduli space M;mp as the colimit over the
functor o : JgCGP — Top defined by sending G to o(G) = Rgg" = {l: Eg — R>o}. This colimit
has a natural map to R>( defined by taking the sum of all edge-lengths: this is the volume of the

rop

tropical curve. The moduli space A is then defined subspace ofM; containing the tropical curves

of volume 1. This is canonically homeomorphic to our definition via:

A, IeCEd {1} Xrs, (colimGejgcp Rgg) = colimge jear ({1} XRsq Rgg’)

: E, : E
= colimge joar A™G = colimgej, A™C.

Here the last homeomorphism uses that J; ~ JgCGP \ {og} (see remark and AP (e;) = 0.

Definition 9.2.4. Let T be the topological category obtained as the Grothendieck construction fj AF,

This comes with canonical functors:
_ E : Eq
J—T= / A" — colim(g y)es AC.
J

Note that because each AP is contractible the leftwards functor 7 — .J is a level-wise equiv-

alence on nerves and hence BT ~ B.J via this map. Since the Grothendieck-construction is a
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model for the homotopy colimit the rightwards functor can be understood as the comparison map
between homotopy colimit and ordinary colimit:
BT = hocolim Afe — colim g e s AFe H Ay
(Gyw)ed
g>2
The rest of the section will be concerned with showing that this map is a rational equvialence.

The key-idea is that the automorphism group of any object in J is finite. To do so we will use the

following consequence of the Vietoris-Begle theorem:

Lemma 9.2.5. Let (r : Xo — X_1) be an augmented simplicial space such that each X, is a finite
CW complex. Assume further that for each x € X _1 the fiber Yy := r~'(z) has trivial rational
homology H.(||Ys||; Q) = 0. Then the augmentation || Xo|| — X_1 is an isomorphism in rational
homology.

Proof. For some N > 0 consider the N-skeleton X, SN) C X,. Then | X ol )\ is a compact Hausdorff
space and | X (V)| — | X| is N-connected. The fiber of the augmentation | X V)| — X _; at some z
is the N-skeleton [Y (V) L([YM)|;Q) for + < N. We may
therefore apply the Vietoris-Begle theorem to the restricted map r : | XV )| — X _1 and conclude

that it is an isomorphism on rational homology in degrees * < N. This implies 7 : | Xo| — X_1 is

a rational homology isomorphism in this range. Since /N was arbitrary the claim follows. O]
Lemma 9.2.6. The canonical map BT — Hg22 Ay is an isomorphism in rational homology.

Proof. For the purpose of this proof let us assume that have replaced the category J by a skeleton
so that each of the J, is finite. This implies that the space IV,,7, is a finite CW-complex for all n
and g. We may therefore apply our variant of the Vietoris-Begle theorem[9.2.5/to the augmented
simplicial space (NoTy — Ay).

An element in the colimit A, is represented by a triple (G, w,d) where (G,w) € J; and
d € AFG is a metric on (G, w). By collapsing those edges with d. = 0 we can always find a
representative where every edge has non-zero length. To apply the Vietoris-Begle theorem we
need to consider the fibers r~1([G,w,d]) of r : BT, — A, at one of these points. This fiber
can be written as the classifying space of the full subcategory C C 7 = [ J AF on those objects
(G',w',d') such that (G’,w’, d’) is isomorphic to (G, w, d) as a metric weighted graph. Let Cy C C
denote the full subcategory on those (G’, w', d’) where we also require that all edges e € E¢ has
non-zero length d, > 0. The inclusion of this subcategory has a left-adjoint C — Cy given by
sending a graph to the quotient where we collapse all the edges of length 0. After taking classifying
spaces an adjunction becomes a homotopy equivalence and so BCy ~ BC. Now note that Cy

is in fact a connected groupoid, and so B(j is equivalent to B Autc(G’,w’,d’) for any object
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(G',w',d"). The automorphism group Autc(G’, w’, d') is always finite and so its classifying space

has trivial rational homology. In summary we have shown that:
H,(r 1[G, w,d)); Q) = H,(BC;Q) = H,(B Aute(G',w',d'); Q) = 0.
The claim now follows from lemma[9.2.5 O

Now that we know that the map B7, — A, is an isomorphism in rational homology we only
need to understand the fundamental group on both sides in order to show that it is a rational
equivalence. In fact, we can already conclude that the suspended map SB7, — S/, is a rational
equivalence, which would be sufficent for proving theorem|[K] However, we still include a compar-
ison of fundamental groups as it might be of independent interest. For the more complicated case

of the tropical moduli space this was computed in [ACP19].
Theorem 9.2.7 ([ACP19, Theorem 1.1]). For any g > 2 the space A\, is simply connected.

We are now left with showing the analogous result for J,, which is elementary but tedious.
Proposition 9.2.8. For any g > 2 the space B.J, is simply connected.

Proof. We will show that the groupoid G, obtained from .J; by formally inverting all morphisms
is contractible. Let F' : J; — G, be the canonical quotient map. It is a bijection on objects and
has the property that every morphisms in G, can be written as the composite of morphisms of the
form F(f) and F(g)~ %

Claim 1: Any two parallel morphisms f, g : (G,w) — (G, w’) where |G’| # * are identified by
F.

We begin by showing that several morphisms in .J,; are identified by F'. Let QO € J,; denote
the weighted graph with one vertex vy of weight ¢ — 1 and two half-edges ho and hy,. For any
(G,w) € Jy and non-separating half-edge h € H there is a unique morphism g¢ p, : (G, w) — O
that sends h to hg. If p : (G, w) — (G’,w’) is any other morphism in J; and i’ € H¢y is a half-
edge with preimage h € Hg, then g 1y 0 p = qg,p.

Next, we let 0O € J,; be the weighted graph that has one vertex vy of weight g — 2 and four
half-edges {h1, h}, ha, hb} such that s(h;) = k.. This has an automorphism o : G0 — GO that
flips the first loop, i.e. it fixes hy and R/, and swaps h; with h’l. We let 0 : Q — Q denote the
analogous automorphism that flips the loop in Q. It follows that

4oo,he © 01 = Gooh, AN Goohy © 01 = doph, = 0 © 4o,k -

After mapping to the groupoid G, with F' it follows from the first equation that F'(01) = id g
and from the second equation that F'(o) = id F(Q)- For any other (G,w) € J, and half-edge

h € Hg we have 0 0 g, = qa s(n) 50 in G this means F'(qa,n) = F(qa,n)-
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Next, consider the graph & € J, that has two vertices vy and v1 where vy has weight g — 2
and v; has weight 0. This has three edges {h;, h}}3_, where we set r(h;) = vg and r(h}) = v;.
The symmetric group on three elements acts on this by permuting the three edges. Write p(; o) :

& — © for the automorphism that swaps h; and ho. Then we have:

4,0 © P(1,2) = 4Ok and gk © P(1,2) = 4 ks

The first equation implies F'(p(12)) = idp(g) and the second equation implies F'(¢g,5,) =
F(go,h,)- There also is a quotient map p : © — OO that collapses {h3, k3 } and satisfies p(h;) = h;
for i = 1,2. We can write g5, = qoon; © p for i = 1,2 and so we can conclude that
F(g00,n) = F(900,h,)- In summary we have shown that all morphisms 00 — Q become identi-
fied by F': J;, — G,.

Let now (G, w) € J, be any object with more than one edge. Then for any two half-edges
hi,h2 € (G,w) that belong to different edges and such that |G| \ {h1, ho} is connected, there
is a morphism ¢ p, p, : (G,w) — 0O such that g, = goo,h; © TG by he- Together with our
previous observation that F'(goo n,) = F(goo h,) this implies that F'(gg n,) = F(qa,h,)- If the
graph (G, w) has the property that |G| has at least two loops, then this implies that all morphisms
(G, w) — Q are identified by F'. To see this, note that for any two non-separating edges h; and ho
either the tuple (hq, ho) is non-separating, or we can pick another non-separating edge hs such
that both tuples (h1, h3) and (h3, he) are non-separating and we have F(qgn,) = F(qg,h;) =
F(q6 ns)-

We have so far shown claim 1 for the case that b1 (|G|) > 2 and (G',w') = Q. Let us now
consider the general case of two morphisms f, g : (G,w) — (G’,w’) as in claim 1. Since |G| is
not contractible we may pick a morphism ¢q : (G’, w’) — Q. Further, we can also find a morphism
p: (G",w") = (G,w) where b1 (|G"[) > 2. Namely, if b1 (|G|) > 2 we can take p = id ¢ .,), and
otherwise there is at least one vertex vy of weight > 1, as we have genus g > 2. In the latter case
weletp: (G”,w") — (G, w) be the morphism where the preimage of v is v with one less weight
and a loop {h, h'} at v. The graph G” has one more loop than G, which already has to have one
loop. So claim 1 applies to the morphisms go fop,gogop: (G",w") = Q:

F(q)o F(f)oF(q)=F(qo fop)=F(gogop)=F(q)oF(g)oF(q)

Since G, is a groupoid we can cancel F'(p) and F'(¢) on both sides to conclude F'(f) = F(g) as

claimed.

Claim 2: Any morphism F(Q) — F(Q) in G, can be written as F'(g,,) o F(f,) to---0 F(g1) o
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F(f1)~! where the f; and g; are morphisms:

Fl,Ul

2N N /F”’””\

Q = (Go, wp) (G1,wr) Gn-1,Wn—1) (Gnywy) =0Q

Moreover, these graphs can be chosen such that each G; has exactly one edge and each I'; has at
most two edges.

It follows from the definition of G, that every morphism in it can be written in the form F'(g,,)o
F(fn) to--0F(g1) o F(f1)"! for some morphisms f; and g;. We need to show that this
presentation can be simplified so that the G; and I'; are of the required form.

For each (G; that has more than one edge we can pick some edge e € GG; and collapse all other
edges. This defines a quotient map ¢ : (G;,w;) — (G’,w’) to a graph G’ with only one edge. This
graph G’ now has to either be Q where the vertex is labelled by g — 1 or it is 4*—4—, for some
1 < a < g — 1. We may now replace (G;,w;) by (G',w’) in the zig-zag and set ¢} := g o g; and

fl’ L1:=¢qo fi+1. This still represents the same morphism since

F(fi1) o F(g;) = F(fiy1) o F(q) " o F(q) o F(gi) = F(fix1) ™" 0 F(gs).

A similar strategy can be used to bring the I'; in the desired form. Since we may now assume
that both (G;_1,w;—1) and (G}, w;) only have one edge, there are now at most two edges in I';
that are not collapsed by both f; and g;. Let ¢ : (I';,u;) — (I”, ¢’) be the quotient that collapses
all edges that are collapsed by both f; and g;. We have factorisation f; = f/ o g and f; = g} o g,
which we may use to replace the zig-zag by one where the ith graph in the upper line is (I, ¢'),

which has at most two edges. This proves claim 2.

Claim 3: In the presentation from claim 2 we may assume that each of the (G;, w;) is Q.
Consider some (G, w;) that is not Q. Since it has only one edge it has to be g~—4_, for some
1 <a < g — 1. Let us assume for now that a > 2. If g > 3 then is always possible by swapping
a and g — a, and we will deal with the case g = 2 separately. If we let v € ,~—=;_, denote the
first vertex, then there is a vertex v € T'; with g;(v') = v and w;(v’) > 1. This is true because
the preimage g, 1(v) contains at most one edge and has total genus a > 2: so it is either Q,_1,
p—c or o4, all of which have a vertex of non-zero weight. Similarly we can find v” € T';;1 with
fit1(v") = vand u;q1(v"”) > 1. Letus now define ¢’ : (I';, u}) — (I';, u;) as ablow-up at v/, i.e. as
the unique weighted graph such that ¢ is an isomorphism away from ¢’ and (¢/) ™ (v') = Qu, (v)-1
So I' is obtained by adding a single loop at v" and reducing u;(v") by one. Similarly we define
q" : (I 1 ujq) — (Diy1,ui41) by addingaloop at v”, and q : (G}, w;) = o~ 10—g—a — (Gi, w;)
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by adding a loop at v. All of these graphs fit into a diagram:

( 29 ; Fz—i—l? z+1)
i l \ / l g;+1
7,+1
sz uz z+1agz+1)
J/ gi+1
(Gz 1, Wi— 1 G’u wz (Gi+17 wi+1)

We may therefore replace the original zig-zag with the primed one. In some sense we have made
things worse: (j = O— has two edges and I'; and I'} | have up to three edges. Hoewever, G;
admits a morphism 0— — O and following the proof of claim 2 we may first replace (G, w}) by
Q and then replace (I';, ;) and (I'j, ;, u;, ) by graphs with at most two edges. In doing so we
have managed to replace (G, w;) by Q without changing any of the other (G, w;). Applying this
iteratively to all of the graphs in the bottom row proves claim 3.

We still have to deal with the case ¢ = 2 and (G;, w;) = 11, which we ignored earlier. For
g = 2 the only graph with two edges that admits a morphism to j+—; is 1. The only possible
morphisms are the projection ¢ : @—; — 1=—<j or g o q for ¢ : 1~—; — 1+—1 the flip. If g; = fi11
we can simply cancel them, so the only case we have to consider is when g; = g and f;11 = 0 ogq,

or the other way around. However, in this case we can make the following simplification:

p
Lo < wa 201 s
(Gi—1,wi-1) 11 (Giy1, w;)
Here p : 3O — O— is the morphism that collapses the second loop and ¢’ : -0 — OO is the

automorphism that swaps the two loops.

Conclusion: By claim 3 the endomorphism Endg, (F(Q)) are generated by morphisms of the
form F(g)o F(f)~! for morphisms f, g : (G,w) — Qin J,. But claim 1 shows that F'(g) = F(f),
so we can conclude that the only endomorphism of F/(Q) € G, is the identity. From what we have
shown it also follows that G, is a connected groupoid and therefore it is equivalent to the trivial

category. O

Proof of theorem[9.2.1, By lemma [9.2.6|the map BT — A, is an isomorphism on rational homol-
ogy, by [ACP19| Theorem 1.1] the right-hand-side is simply connected, and by proposition [9.2.8|
the left-hand-side is simply connected. O
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