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�e truncated bordism category Cobd is the symmetric monoidal category whose objects are
closed oriented (d − 1)-manifolds and whose morphisms are di�eomorphism classes of compact
oriented d-dimensional bordisms. In this thesis we study the classifying spaces of Cob1, Cob2,
and several related categories.

In the �rst part we show that the conditions in Steimle’s “additivity theorem for cobordism
categories” [Ste18b] can be weakened to only require locally (co)Cartesian �brations, making it
applicable to a larger class of functors. As an application, we construct a �ber sequence that
relates the classifying space of the (2, 1)-category Csp of cospans of �nite sets to the classifying
space of its homotopy category Csp = h(Csp), where isomorphic cospans are identi�ed.

In the second part we compute the classifying space of Cob1 by exhibiting it as a circle bundle
over Ω∞−2CP∞−1. As part of our proof we construct a quotient Cob1 → Cobred

1 where circles
are deleted and we show that its classifying space is Ω∞−2CP∞−1. Based on this we construct a
bordism model for the topological cyclic homology of simply connected spaces. We also explicitly
describe an in�nite loop space map B(Cobred

1 )→ Q(Σ2CP∞+ ) and use it to derive combinatorial
formulas for rational cocycles on Cobred

1 representing shi�ed Miller-Morita-Mumford classes κi ∈
H2i+2(B(Cob1);Q).

�e third part concerns the classifying space of the surface category Cob2 and its subcategory
Cobχ≤0

2 ⊂ Cob2 that contains all bordisms without disks or spheres. We show that, a�er passing
to a re�nement Cob2 → Cob2, the classifying space of the surface category is BCob2 ' S1 –
proving that a conjecture of Tillmann becomes true in this se�ing. We also compute the classifying
space of Cobχ≤0

2 and show that its rational homotopy groups contain the homology of the tropical
moduli spaces ∆g , which is known to grow exponentially. �e tools we develop can be applied
to a large class of symmetric monoidal categories, which we call labelled cospan categories. In
particular, we show that B(Csp) is contractible, whereas the classifying space of its homotopy
category is B(Csp) ' τ≥3Q(S2).
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Chapter 0

Introduction

Let us begin by motivating the concepts explored in this thesis. An overview of the content as well
as a reader’s guide can be found below.

0.1 Motivation

0.1.1 A brief history of bordism categories

�e idea that d-dimensional bordisms can be assembled into a category goes back at least to Mil-
nor’s lecture notes on the h-cobordism theorem [Mil65]. He de�nes a category where objects are
closed (d − 1)-manifolds and morphisms are di�eomorphism classes of compact d-dimensional
bordisms. �roughout this thesis we shall usually assume that all manifolds are oriented and we
will denote the resulting category by Cobd. For Milnor this category was useful as a book-keeping
tool for how compact oriented d-manifolds can be glued along their boundaries.

In the late 80s the bordism category Cobd found a new purpose. Atiyah’s de�nition of topo-
logical quantum �eld theories [Ati88] can conveniently be packaged into the data of a symmetric
monoidal functorZ : Cobd → Vect. Even though this is not Atiyah’s original formulation, it is the
perspective most o�en taken in modern treatments. (E.g. Freed’s survery [Fre13].) In fact, Atiyah’s
de�nition was based on Segal’s de�nition of conformal �eld theories in dimension 2 [Seg04], which
was explicitly phrased in terms of a conformal cobordism category. �e functorial point of view
also allows for topological �eld theories with values in a general symmetric monoidal category
V as symmetric monoidal functors Cobd → V . For low dimensions one can give generators and
relations for Cobd – for example for d = 2 symmetric monoidal functors Cobd → V correspond
to commutative Frobenius algebra objects in V .

In the late 90s a new perspective on bordism categories emerged: based on the ideas of Se-
gal’s conformal bordism category [Seg04] a topological category Cd was constructed in [MT01]
and [GMTW09] whose Hom-spaces have the homotopy type of the moduli space of bordisms∐

[W ]:M→N BDiff∂(W ). �is recovers the original bordism category as its homotopy category, i.e.
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by passing to connected components on Hom-spaces: Cobd ' h(Cd). �ese topological bordism
categories proved to be an extremely useful way of packaging all the moduli spaces of manifolds
of a given dimension into one algebraic object. Most notably they were used in [GMTW09] to
give an alternative proof of the Madsen-Weiss theorem, which describes the stable cohomology of
moduli spaces of complex curves.

From a modern perspective on topological �eld theories the topological category Cd can be
thought of as a speci�c model of the (∞, 1)-category Bordd. One may then de�ne a topological
�eld theory with values in a symmetric monoidal (∞, 1)-category V as a symmetric monoidal
(∞, 1)-functor Z : Bordd → V . In fact, one usually also “extends down” to obtain an (∞, d)-
category of bordisms Bord〈0...d〉. �is is the context in which Lurie’s proof sketch of the Baez-
Dolan cobordism hypothesis [Lur09b] applies, see there for more details.

0.1.2 �e role of classifying spaces

To every groupG one can assign a classifying spaceBG such that mapsX → BG classify princi-
ple G bundles on X . Cohomology classes of BG are characteristic classes for bundles with struc-
ture group G. �e classifying space BG can be constructed as the geometric realisation |N•G|
where the nerve N•G is de�ned as NnG := Gn. �is construction generalises to any (topologi-
cal) category C by de�ning NnC as the space of functors [n] = {0 ≤ · · · ≤ n} → C and se�ing
BC := |N•C|. While it is generally di�cult to say what exactly is classi�ed by the classifying
space BC (see [Wei05]), the construction turns out to nevertheless be extremely useful because of
how it relates to the classifying spaces of certain groups.

For example, if x ∈ C is any object and EndC(x) := HomC(x, x) denotes its monoid of en-
domorphisms, then there is a natural map B EndC(x) → BC and also EndC(x) → ΩBC. In the
case of the topological bordism category Cd this induces a map BDiff∂(W ) → ΩBCd. �ere-
fore cohomology classes of ΩBCd can be pulled back to cohomology classes on BDiff∂(W ). One
can think of H∗(ΩBCd) as the ring of universal characteristic classes for all smooth bundles of
compact d-manifolds.

�e classifying space of Cd was computed in the celebrated [GMTW09] asBCd ' Ω∞−1MTSOd

where MTSOd is a certain �om-spectrum. �is in particular allowed for a computation of
H∗(ΩBCd;Q) as a free polynomial ring on so-called generalised κ-classes. Work of [GRW14] has
since shown that for highly-connected manifolds Wg,1 of dimension d = 2n ≥ 6 the cohomology
of BDiff∂(Wg,1) is (in a range) entirely given by generalised κ-classes.

�e classifying spaces of bordism categories are also important from the perspective of topo-
logical �eld theories. �e �rst cohomology groupH1(BCobd;C×) classi�es invertible d-dimensional

TFTs. For example, Tillmann in [Til96] showed that BCob2 ' S1 ×X for a simply connected in-
�nite loop space X , and correspondingly invertible commutative Frobenius algebras in Vect are
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classi�ed by a single invertible number λ ∈ C× ∼= H1(Cob2;C×). It is worth noting that because
the canonical functor Cd → Cobd induces a 2-connected map BCd → BCobd, the distinction
between Cd and Cobd is irrelevant for the purpose of computing the �rst cohomology group. �e
second cohomology group H2(BCobd,Z) also admits a �eld-theoretic interpretation as it clas-
si�es central extensions of the bordism category, which are used to de�ne anomalous/projective
topological �eld theories. Concretely, a computation of1 H2(BC3;Z) was used in [Sch17] to re-
solve a question about anomaly-cancellation for 3-dimensional TFTs.

Beyond the �rst two cohomology groups, it has proven useful to consider the entire in�nite
loop spaceBCd when studying invertible TFTs in higher categories. Most notably, Freed and Hop-
kins in [FH20] classi�ed re�ection-positive invertible topological phases with various structure
groups by studying the classifying space B(Bord〈0...d〉) from the perspective of C2-equivariant
stable homotopy theory.

0.1.3 Cobordism categories and algebraic K-theory

In his seminal paper [�i73] �illen de�nes the higher algebraic K-theory of an exact category
E as the homotopy groups K∗(E) := π∗+1B(Q(E)) of the classifying space of a category Q(E).
In this paper �illen pioneers the use of classifying spaces of categories and his �eorem A and
�eorem B are still some of the most important tools in computing classifying spaces. �e category
Q(E) that �illen constructs is a certain subcategory of the category Span(E), which has the same
objects as E and where morphisms are spansA← X → B that are composed by taking pullbacks.
�is is resembles the cobordism category: we can think of Cobd as a subcategory of the cospan
category of manifolds Csp(Man), though one has to be careful to ensure that when composing by
taking a pushout the result is still a well-de�ned manifold.

�is analogy between bordism categories and algebraic K-theory was given a concrete math-
ematical interpretation by Tillmann who in [Til99] constructed in map from ΩBC∂+

2 to Wald-
hausen’s A(∗), which is the algebraic K-theory of the sphere spectrum S. From this point of view
the map sends a bordism W to the S-module Σ∞+ W .

Bökstedt and Madsen in [BM14] improved this to a map ΩBCunor
d → A(BOd). Moreover, this

map was interpreted as a map of cospan categories by Raptis and Steimle. In [RS19] they construct
a cobordism model Cob(W) for the algebraic K-theory of any Waldhausen categoryW such that
K(W) ' ΩBCob(W) and they show that the map of Bökstedt and Madsen can be obtained from
a functor Cd → Cob(W) where W is the category of retractive spaces over BOd. In fact, this
map is expected to li� to the Hermitian K-theory of S: [CDH+20] de�ne a cobordism category of

1To be precise one should use the “spectrum cohomology” here, i.e. the group of homotopy classes of in�nite loop
space maps BCob3 → K(Z, 2). �is is to ensure that the central extensions are themselves symmetric monoidal.
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Poincare objects that models Hermitian K-theory, and sendingW to Σ∞+ W should de�ne a functor
from Cd to their category.

0.1.4 �e classifying spaces of truncated bordism categories

Despite the complete computation ofBCd in [GMTW09] very li�le is known about the classifying
spaces BCobd of the truncated bordism categories Cobd. �is might be surprising at �rst since
the discrete 1-category Cobd is a much simpler object than the topological category Cd or the∞-
category Bordd. However, the proofs of [GMTW09] rely on a variant of the �om-construction,
which cannot be applied to Cobd as morphisms are abstract di�eomorphism classes of bordisms
that cannot be canonically embedded into RN .

On a similar note, the classifying space BCsp of the category of cospans of �nite sets has not
been studied at all. From the perspective taken in this introduction this is surprising as Csp =

Span(Finop) is the most basic non-algebraic analogue of �illen’s Q(E) that one could study.2

�e program pursued in this thesis aims to give a more complete understanding of the clas-
sifying spaces of truncated bordism categories and other categories whose morphisms resemble
cospans. We prove results about B(Csp), B(Cob1), B(Cob2), B(Cobχ≤0

2 ), and provide a general
framework for studying the classifying spaces of labelled cospan categories. In doing so we will
show that there is a wealth of interesting structure in the seemingly simple combinatorics of how
low-dimensional bordisms compose.

0.1.5 Higher category theory

In higher category theory, bordism categories parametrise various types of algebraic structures.
For example, a symmetric monoidal functor Cob2 → D into a symmetric monoidal 1-category
D corresponds to a commutative Frobenius algebra object in D. Another example is the one-
dimensional cobordism hypothesis, which states that a symmetric monoidal∞-functor Bord1 →
C to a symmetric monoidal∞-category C corresponds to a choice of a dualisable object in C.

In [Ste21b] we use the universal property of Bord1 to compute the moduli space of trace-

like transformations in terms of moduli spaces of labelled circles. As an application we give a
characterisation of the trace for endomorphisms of dualisable objects in any symmetric monoidal
∞-category. As this strays a bit far from the core of this thesis, it is not included here.

From the perspective of higher category theory, the classifying space of a 1-category or ∞-
category is its universal ∞-groupoidi�cation. �e aforementioned computations of classifying
spaces therefore allow us to study, for example, symmetric monoidal∞-functors A : Csp → C
from the (2, 1)-category Csp of cospans or �nite sets to a symmetric monoidal (∞, 1)-category C.

2Note that Span(Fin) has ∅ as an initial object and henceB(Span(Fin)) is automatically contractible. We will see
that the case of BCsp is not as straight-forward.
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We show that if A(∗) ' 1C , then A is canonically equivalent to the constant functor. �is means
that every special commutative Frobenius algebra structure on the unit 1C ∈ C is canonically
trivialisable. On the other hand, the computations also show that the categories Csp and Cob2 are
not as well-behaved as their re�nements Csp and Cob2: for example there are many non-trivial
symmetric monodial ∞-functors A : Csp → C with A(∗) ' 1C , which all become trivial a�er
passing to Csp.

0.2 Overview

�is thesis consists of three self-contained parts. Each of the parts begins with an introductory
chapter that motivates the approach taken and outlines how the part is structured. Here we provide
an overview of the thesis as a whole, explaining how the parts interlink.

Part I: Locally (co)Cartesian �brations as realisation �brations

�is part has appeared as a preprint [Ste19] and is given here in slightly improved form.
In part I we prove the “local additivity theorem for bordism categories”, which is a tool for

studying classifying spaces through locally co/Cartesian functors that plays a crucial role in part
II. Chapter 2 is concerned with the proof of this theorem. We generalises a theorem of Steimle by
showing that his proof can be adapted to work with locally co/Cartesian functors. Just like the
original paper, we prove the theorem for quasi-categories in section 2.1.1 and then translate it to
complete Segal spaces and weakly unital topological categories.

Chapter 3 applies this new tool to study the di�erence between the (2, 1)-category Csp where
2-morphisms are bijections between cospans and the 1-category Csp = h(Csp) where isomorphic
cospans are identi�ed. �is di�erence will play a key role in part III where we consider an analo-
gous re�nement Cobd → Cobd. We construct a homotopy �ber sequence τ≥2Q(S1)→ BCsp→
BCsp, but the computation ofBCsp is only completed in part III, where we show thatBCsp ' ∗.
Moreover, we relate our computations for Csp to the cobordism model for algebraic K-theory of
[RS19].

Part II: �e one-dimensional bordism category

�is part has been published as [Ste21a]. We have reproduced it here without major modi�cations.
In this part we study the truncated one-dimensional bordism category Cob1. Chapter 5 com-

putesBCob1 as a circle bundle over Ω∞−2MTSO2 by comparing it to the topologically enriched
bordism category C1, for whichBC1 ' QS0 is known by [GMTW09]. Based on the ideas of part I,
we show that there is a “reduction �ber sequence” (�eorem F) that allows us to decompose Cobd

and Cd into their closed and reduced components. What allows for the computation of BCob1 is
that for d = 1 the moduli spaces of reduced bordisms are contractible because Diff∂([0, 1]) ' ∗.
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We also show that the reduced one-dimension bordism category Cred
1 (X) may be thought of as a

cobordism model for the topological cyclic homology of a simply-connected space X .
Chapter 6 is concerned with gaining a be�er understanding of how the 1-category Cobred

1

provides a combinatorial model for the in�nite loop space Ω∞−2MTSO2. We give an explicit
construction of the in�nite loop space map BCobred

1 → Q(Σ2BSO2) that continues the afore-
mentioned reduction �ber sequence. To do so we introduce the space of cuts Cut•, which will also
play a key role in part III. We are able to show that Cut• is in a sense freely generated by a copy
of Connes’ cyclic category Λ - in the language of part III, Λ is the factorisation category of Cob1.
�is description of the map BCobred

1 → Q(Σ2BΛ) allows us to pull back combinatorial formulas
for cocycles on Cob1 that represent the polynomial generators κi ∈ H2i+2(BCob1;Q), which
may be thought of as shi�ed version of the Miller-Morita-Mumford classes on C2.

Part III: �e surface category and tropical curves

In this part we address the question of computingBCobd more generally. In particular we compute
BCob2, BCsp and relate a large subcategory of Cob2 to the tropical moduli spaces ∆g .

Chapter 8 provides a general framework for studying the classifying spaces of symmetric
monoidal 1-categories that behave like truncated bordism categories. �ese so-called labelled

cospan categories are characterised as symmetric monodial functors (π : C → Csp) satisfying
certain axioms. Examples include Cobd, which served as a motivation, and also Csp itself. We
prove a Decomposition �eorem 8.2.1 based on the ideas of part II, though with an entirely new
proof, and a Surgery �eorem 8.3.1 based on the ideas of [GRW14] and [GMTW09].

Together these theorems allow us to describe the classifying spaceBC of many labelled cospan
categories in terms of their positive boundary subcategory C∂+ ⊂ C and their factorisation cate-
gories Fg(C). In doing this it is important to replace C by a 2-categorical re�nement Csp(C)→ C
that is constructed in analogy with the functor Csp → Csp of chapter 3. We are able to show
that the factorisation categories are o�en contractible, which allows us to compute BCob2 ' S1

answering a question asked by Tillmann [Til96] (see [JT13, Conjecture 5.3]) and BCsp ' ∗ �n-
ishing the computation of part I. �e la�er can be interpreted as a statement about commutative
Frobenius algebras in higher categories, as we explain in the introductory chapter 7.

Chapter 9 focuses on the subcategory Cobχ≤0
2 ⊂ Cob2 that contains all objects and those

morphisms that do not contain disks or spheres. �is can be thought of as the free symmetric
monoidal category on a non-co/unital commutative Frobenius algebra. While the change from
Cob2 to Cobχ≤0

2 might seem minor, we show that it causes a vast di�erence in classifying spaces.
With the disks removed the argument for the contractibility of BFg(Cob2) cannot be transferred
to Cobχ≤0

2 , and in fact we show that BFg(Cob2) ' BJg where Jg is the category of N-weighted
graphs that is used in the study of tropical moduli spaces. Together with the tools of chapter 8
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this allows us to express BCobχ≤0
2 in terms of free loop spaces on Σ2BJg . Moreover, we show

that BJg is rationally equivalent to the tropical moduli space ∆g - a fact that is probably know to
experts. �is allows us to combine our computations with the work of [CGP18] to show that the
rational homotopy groups πQ∗ BCobχ≤0

2 are isomorphic to the homology of Kontsevich’s commu-
tative graph complex, plus an additional summand.

0.3 A reader’s guide

�roughout this thesis we will be using basic results about classifying spaces of (weakly-unital,
topological) categories and geometric realisations more generally. �ese tools are recalled in sec-
tion 5.1 and chapter 2, though the reader who is unfamiliar with them might want to consult
[ERW19a] for a more thorough treatment.

Each part of this thesis starts with an introductory chapter – these should provide a good idea
of how to best approach the respective parts. Chapter 7 in particular provides a good overview, as
it was wri�en with the most hindsight.

Beyond the introductory chapters, I would advise the reader to start with section 8.1, which
establishes the concept of labelled cospan categories and states two structure theorems. (Even
though the results for d = 1 studied in part II are not formal consequences of this, they concep-
tually �t the same story.) �e structure theorems are proved in chapter 8, but it will be useful to
�rst read about the d = 1 case in chapters 5 and 6, which informed the general case.

�e reader interested in learning about how tropical moduli spaces turn up in the surface
category can skip directly to chapter 9, though some de�nitions from section 8.1 will be needed.
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Part I

Locally (co)Cartesian �brations as

realisation �brations
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Chapter 1

Introduction

When trying to compute the homotopy type of the classifying space BC of some category C it
can be an e�ective strategy to �rst construct a functor F : C → D to another category and to
then determine the homotopy �ber of the induced map on classifying spaces. �illen’s [�i73,
�eorem B] states that, under certain conditions, the homotopy �ber of BF : BC → BD is
computed by the classifying space of the comma category (F ↓ d) of the functor F . Here (F ↓ d)

can be thought of as a categorical analogue of the path �ber in topology. However, there also is a
much simpler variant of the �ber of a functor:

De�nition 1.0.1. �e genuine �ber P|b = {b}×B E of a functor P : E → B at an object b ∈ B has

as objects those e ∈ E with P (e) = b and as morphisms those (f : e→ e′) ∈ E with P (f) = idb.

We will study functors for which already the genuine �ber computes the homotopy �ber.

De�nition 1.0.2 (Based on [Rez14]). A functor P : E → B is a realisation �bration if, for any

other functor F : C → B, the following diagram is homotopy Cartesian:

B(C ×B E) BE

BC BB.

BP

BF

Intuitively this property states that BP behaves like a �bration: pullbacks along P become
homotopy pullbacks along BP . While this does not mean that BP is actually a �bration, it still
implies that for any b ∈ B the genuine �ber BE|b is the homotopy �ber of BE → BB at b.

In [Ste18a] Steimle proves an “additivity theorem for bordism categories”, which provides us
with a supply of realisation �brations by giving categorical criteria for a functor to be a realisation
�bration. We generalise this theorem by showing that the criteria can be weakened. In the special
case of discrete categories our main theorem is:

�eoremA. If a functor is locally Cartesian and locally coCartesian, then it is a realisation �bration.

9



Whether a functor P : E → B is locally (co)Cartesian can be checked as follows:

De�nition 1.0.3. A morphism f : x → y is called locally P -Cartesian if for all x′ ∈ E with

P (x′) = P (x) post-composition with f induces a bijection

(f ◦ ) : E|P (y)(x
′, x) = {g : x′ → x | P (g) = idP (x)} −→ {h : x′ → y | P (h) = P (f)}.

�e functor P is called locally Cartesian if for all morphisms (k : a → b) ∈ B and all li�s y ∈ E
with P (y) = b there is x ∈ E and a locally P -Cartesian morphism f : x→ y with P (f) = k.

We say that P is locally coCartesian if P op : Eop → Bop is locally Cartesian.

In fact, with applications in mind, we will prove our main theorem in the more general context
of weakly unital topological categories. It reads as follows:

�eorem B (See 2.4.8). Let P : E → B be a weakly unital functor of weakly unital topological cate-

gories such that B is �brant, P is a local �bration, P is locally Cartesian, and P is locally coCartesian.

�en P is a realisation �bration.

�is generalises [Ste18a, �eorem 2.3], where P was required to be Cartesian and coCartesian.
Our proof will follow the same structure as in Steimle’s paper. In particular, we will also prove
intermediate versions of the main theorem in the context of quasicategories and semi Segal spaces
generalising [Ste18a, �eorem 2.11 and 2.14], respectively. �ese theorems are stated as 2.1.1 and
2.3.14 in the main text and might be of independent interest.

As an application of �eorem B we study the 2-category Csp of cospans of �nite sets. �e
objects of this category are �nite sets and the morphisms fromA toB are cospans, that is diagrams
of the shape (A → W ← B). �e 2-morphisms α : (A → W ← B) ⇒ (A → V ← B) are
compatible bijections α : W → V . As we recall in section 3.1 this de�nes a (2, 1)-category.
We write Csp = h(Csp) for the homotopy category, where two cospans are identi�ed whenever
there is a bijection between them. Some of what we do here is a special case of the more general
discussion of labelled cospan categories in section 8.1 in part III.

�eorem B does not directly apply to the quotient functor P : Csp → Csp. We therefore
construct a further quotient R : Csp → Cspred. In this “reduced cospan” category Cspred two
cospans [A → Wi ← B] are identi�ed if they become isomorphic a�er removing those points of
Wi that do not lie in the image of A or B. We will see that a morphism [A→ W ← B] in Csp is
locally R-Cartesian if and only if it is reduced, i.e. if A q B → W is surjective. �is implies that
the two functorsR andR◦P are locally (co)Cartesian, but not (co)Cartesian. �eorem B therefore
applies to R and R ◦ P (while the main theorem of [Ste18a] does not) and yields two homotopy
�ber sequences:

10



�eorem C. �ere is a commutative diagram of homotopy �ber sequences:

Q(S1) BCsp B Cspred

S1 B Csp B Cspred

P

R◦P

R

where Q(S1) := colimn→∞ΩnSn+1 is the free in�nite loop space on S1. As a consequence the

homotopy �ber of P : BCsp→ B Csp is equivalent to the universal cover of Q(S1).

�is cospan category is related to the cobordism model for K-theory constructed in [RS19].
�ere the authors construct a “cobordism category” Cobsym(C) for any unpointed Waldhausen
category C such that ΩBCobsym(C) is the algebraic K-theory of C. In the case where C is the
category Fin of �nite sets, their cobordism category is equivalent to the subcategoryCspinj ⊂ Csp

of those cospans for which both legs are injections. By the same techniques as used for �eorem C
we obtain a new proof of their result in the case C = Fin :

Corollary D (Compare [RS19, Corollary 3.3]). �ere is a commutative diagram of homotopy �ber

sequences

Q(S1) BCspinj B Cspred,inj

Q(S1) BCsp B Cspred

F

I

Q

I′

R◦P

Moreover, B Cspred,inj is contractible and therefore F is an equivalence.

Structure of the paper

We begin by proving the main �eorem for quasicategories as 2.1.1 in section 2.1. �is section
also contains the Key-Lemma 2.1.14, which shows that the core idea of Steimle’s proof remains
true under our weaker assumptions. Section 2.2 provides a cubical version of the pasting lemma
for homotopy pullbacks. �is is used in section 2.3 to prove the main theorem for semi-Segal
spaces from its version for quasicategories. In doing so, we repair a proof of [Ste18b]. Finally,
section 2.4 uses the results of the previous sections to prove the main �eorem 2.4.8/B for weakly
unital topological categories.

�e �nal section 3.1 applies these techniques to the category of cospans. We prove �eorem C
by �rst constructing an explicit topological model for Csp and then applying �eorem 2.4.8. �en,
the same setup is used to prove Corollary D.
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Chapter 2

�e local additivity theorem for

bordism categories

2.1 Realisation �brations for quasicategories

In proving the main theorem we will mostly follow Steimle’s strategy, but generalise all neces-
sary steps to the locally (co)Cartesian situation. �e �rst, and maybe most surprising step is the
following generalisation of [Ste18a, �eorem 2.14], which might be of independent interest:

�eorem 2.1.1 (Main �eorem for quasicategories). If a map p : X → Y of simplicial sets is a

locally Cartesian and a locally coCartesian �bration, then it is a realisation �bration.

�is means that for any simplicial map f : Z → Y the following diagram is a homotopy pullback

in the �illen model structure on simplicial sets:

Z ×Y X X

Z Y.

p

f

We recall the necessary de�nitions related to quasicategories from [Lur09a] below.

De�nition 2.1.2. Recall that a map p : X → Y of simplicial sets is called a weak homotopy
equivalence if its geometric realisation p : |X| → |Y | is a weak equivalence of spaces. �ese are the

weak equivalences in the �illen model structure on simplicial sets.

De�nition 2.1.3. A map p : X → Y of simplicial sets is called a realisation �bration if for any

simplicial map f : Z → Y the following is a homotopy pullback square of spaces:

|Z ×Y X| |X|

|Z| |Y |.

p

f
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Remark 2.1.4. A map of simplicial sets p is a realisation �bration if the map Z ×Y X → Z ×hY
X from the pullback to the homotopy pullback in the �illen model structure is a weak homotopy

equivalence. In particular every Kan-�bration is a realisation �bration.

We need some notation to denote �bers over simplices:

De�nition 2.1.5. For any map p : X → Y and simplex σ ∈ Yn we write

p|σ : (X|σ := X ×Y ∆n) −→ ∆n

to denote the pullback along σ : ∆n → Y .

Just like in [Ste18a] the following lemma is essential for our proof. It characterizes realisation
�brations in terms of their �bers over simplices.

Lemma 2.1.6 ([Wal85, Lemma 1.4.B], see also [Ste18a] and [Rez14]). A map of simplicial sets

p : X → Y is a realisation �bration if and only if for any n-simplex σ : ∆n → Y with �rst and last

simplex σ(0), σ(n) : ∆0 → Y the following inclusions are weak homotopy equivalences:

X|σ(0) −→ X|σ ←− X|σ(n).

Proof. Waldhausen deduces this from �illen’s [�i73, �eorem B]. A direct proof can be found
in [Ste18a, Lemma 3.4], or in the unpublished manuscript [Rez14], where a more general version
for simplicial spaces is proven. Note that the “only if” direction is trivial.

In order to prove theorem 2.1.1 we will need to recall some machinery from Lurie’s “Higher
Topos �eory”, in particular [Lur09a, section 2.4]. We will not a�empt to give an introduction to
the theory of quasicategories, but only establish the necessary notation.

De�nition 2.1.7. A simplicial map p : X → Y is called an inner �bration if it satis�es the horn-

li�ing condition for all inner horns Λnk , 0 < k < n. �e map p is a trivial Kan-�bration if it has the

right li�ing property with respect to all inclusions ∂∆n ⊂ ∆n, n ≥ 0. A quasicategory is a simplicial

set X such that X → ∗ is an inner �bration.

De�nition 2.1.8. For a simplicial set X and a simplex σ ∈ Xn the under-category Xσ/ of X at σ

has as set of l-simplices

(Xσ/)l := {f : ∆n+l+1 → X | f|[0,...,n] = σ}.

�e projection map Xσ/ → X restricts f to [n+ 1, . . . , n+ l + 1] ⊂ ∆n+l+1.
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Remark 2.1.9. Of course the above does not quite de�ne the simplicial set Xσ/: we still have to

specify face and degeneracy maps. We refer the reader to [Lur09a, Proposition 1.2.9.2] for more details.

Consider the case whenX = NC is the nerve of an ordinary category and σ : [n]→ C represents

some simplex σ ∈ Xn. �en the simplicial set Xσ/ is canonically isomorphic to the nerve of the

ordinary under category Cσ(n)/ with objects (c ∈ C, g : σ(n)→ c).

De�nition 2.1.10. An edge (f : x → y) : ∆1 → X is called p-coCartesian with respect to some

p : X → Y if the following map is a trivial Kan �bration:

Xf/ → Xx/ ×Yp(x)/
Yp(f)/.

An edge f : ∆1 → X is called locally p-coCartesian if it is a coCartesian edge for p|σ : X|σ → ∆1

where σ = p ◦ f : ∆1 → Y .

We say that p : X → Y is a (locally) coCartesian �bration, if it is an inner �bration and for

every edge clf : clx → cly in Y and x ∈ X with p(x) = clx there is a (locally) p-coCartesian

f : x→ y in Y such that p(y) = cly and p(f) = clf .

Remark 2.1.11. A simplicial map p : X → Y is a locally coCartesian �bration if and only if it is

an inner �bration and for every σ : ∆1 → Y the pullback p|σ : X|σ → ∆1 is a coCartesian �bration.

2.1.1 Proof of �eorem 2.1.1

We will use Waldhausens’s criterion (lemma 2.1.6) to prove theorem 2.1.1. Unlike [Ste18a], we
will do not check the criteria directly, but rather use �illen’s theorem A for quasicategories. Our
Key-Lemma 2.1.14 shows that when applying �illen A to the �bers over a simplex, we in fact
only use that the map in question is a locally (co)Cartesian �bration. �is is the most essential
step of our generalisation.

�eorem 2.1.12 (�illen’s theorem A for quasicategories, [Lur09a]). If p : X → Y satis�es that

X ×Y Yy/ is weakly contractible for any y ∈ Y and Y is a quasicategory, then p is a weak homotopy

equivalence.

Remark on the reference. [Lur09a, �eorem 4.1.3.1] states that under the above assumptions p has
to be a co�nal map and [Lur09a, Proposition 4.1.1.3.(3)] states that co�nal maps are weak equiva-
lences in the �illen model structure.

We now proceed to check that for coCartesian �brations over ∆n the inclusion of the �ber of
the last vertex n ∈ ∆n into the total space satis�es the conditions of �illen’s �eorem A.

Lemma2.1.13. For any coCartesian �bration p : X → ∆n and x ∈ X the simplicial setX|n×XXx/

is weakly contractible.
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Proof. Using remark 2.1.9 note that (∆n)f/ ∼= (∆n)n/ ∼= {n} holds for the unique morphism
f : p(x)→ n in ∆n. We use this to write

X|n = X ×∆n {n} ∼= X ×∆n (∆n)f/.

�erefore
Xx/ ×X X|n ∼= Xx/ ×X (X ×∆n (∆n)f/) ∼= Xx/ ×∆n (∆n)f/.

Both of the mapsXx/ → ∆n and (∆n)f/ → ∆n factor through the inclusion (∆n)k/ ∼= {k, . . . , n} ⊂
∆n for k = p(x), so we can further rewrite this as

Xx/ ×X X|n ∼= Xx/ ×∆n (∆n)f/ ∼= Xx/ ×(∆n)k/ (∆n)f/

Let now clf : x→ x′ be a p-coCartesian li� of f : k → n. �en, by de�nition of coCartesian li�s,
the following map is a trivial Kan-�bration

Xclf/ −→ Xx/ ×∆n
p(clx)/

(∆n)p(clf)/
∼= Xx/ ×X X|n.

�e le�-hand-side is weakly contractible as it has the initial object clf . But trivial Kan-�brations
are in particular weak homotopy equivalence, hence also the right-hand-side is weakly contractible.

In fact, the previous lemma holds in the more general case of locally coCartesian �brations, as
we shall now show. �is is the key observation in generalising Steimle’s theorem.

Lemma 2.1.14 (Key-Lemma). For any locally coCartesian �bration p : X → ∆n and x ∈ X the

simplicial set X|n ×X Xx/ is weakly contractible.

Proof. We will prove this using lemma 2.1.13 Write k := p(x) and σ : ∆1 → ∆n for the edge
{k, n} ⊂ ∆n. Since p|σ : X|σ → ∆1 is a coCartesian �bration, the previous lemma tells us that

(X|σ)|1 ×X|σ (X|σ)(x,0)/

is weakly contractible, where (x, 0) ∈ X ×∆n ∆1 = X|σ . We will argue that the map

(X|σ)|1 ×X|σ (X|σ)(x,0)/ → X|n ×X Xx/

is an isomorphism. Clearly (X|σ)|1 ∼= X|n.
More importantly, consider the simplicial map s : (X|σ)(x,0)/ −→ (Xx/)|σ . We check “by

hand” that it induces a bijection on l-simplices and hence is an isomorphism of simplicial sets:

((X|σ)(x,0)/)l = {a : ∆l+1 → X|σ | a(0) = (x, 0)}
∼= {b : ∆l+1 → X, c : ∆l+1 → ∆1 | b(0) = x, c(0) = 0, p ◦ b = σ ◦ c}
∼= {b : ∆l → Xx/, c : ∆l → ∆1 | p ◦ b = σ ◦ c} = ((Xx/)|σ)l.
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Using this we see that

(X|σ)|1 ×X|σ (X|σ)(x,0)/
∼= X|n ×X|σ (Xx/)|σ ∼= X|n ×X|σ (X|σ ×X Xx/)

∼= X|n ×X Xx/

which is the desired isomorphism. As mentioned in the beginning of the proof the le�-hand-side
is contractible by lemma 2.1.13 and therefore so is the right-hand-side, proving the claim.

From the above main theorem for quasicategories follows immediately.

Proof of theorem 2.1.1. We need to verify the conditions of lemma 2.1.6. In fact it su�ces to check
the second equivalence, the �rst one then follows by applying the same argument to pop. But this
is exactly the combination of the key lemma 2.1.14 and �illen’s theorem A 2.1.12.

2.1.2 A characterisation of locally Cartesian �brations

We conclude this section by providing a characterisation of locally (co)Cartesian �brations that is
needed in section 2.3. First recall the following characterisation of (co)Cartesian �brations:

Lemma 2.1.15 ([Lur09a, Remark 2.4.1.4]). Let p : X → Y be an inner �bration and f : ∆1 → X

an edge, then f is p-Cartesian if (and only if) any diagram of simplicial sets

Λnn X

∆n Y

i

p

with i([n− 1, n]) = f admits a li� as indicated.

Corollary 2.1.16 (Local version of 2.1.15). Let p : X → Y be inner �bration and f : ∆1 → X an

edge, then f is locally p-Cartesian if1 any diagram of simplicial sets

Λnn X

∆n Y

i

p

j

with i([n− 1, n]) = f and j([0, . . . , n− 1]) totally degenerate, admits a li� as indicated.

Proof. We need to check that (f, [0, 1]) is Cartesian in the restricted �bration X|σ where σ :=

p ◦ f : ∆1 → Y . �is can be done using lemma 2.1.15 by solving all li�ing problems

Λnn X|σ X

∆n ∆1 Y.

i

p|σ y p

j σ

1Indeed, this condition is not only su�cient, but also necessary. We will shall not give a proof of the converse here
as it is irrelevant to our argument. �is converse also remains true if we replace “degenerate” by the weaker condition
“invertible”.
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with i([n − 1, n]) = f and consequently j([0, . . . , n − 1]) = [0] and j([n − 1, n]) = [0, 1]. By
de�nition of the restriction X|σ as a pullback we can alternatively solve the li�ing problem

Λnn X

∆n Y.

i

p

σ◦j

But j sends ∆n−1 ⊂ ∆n to ∆0 ⊂ ∆1, so j([0, . . . , n − 1]) is totally degenerate and we have the
desired li� by the assumption of this corollary.

2.2 A cubical pasting lemma for homotopy Cartesian squares

In the two upcoming sections we will work with homotopy pullbacks and squares that are homo-
topy Cartesian at certain point, a notion we de�ne below in 2.2.2. In this section we establish a
technical tool for manipulating such squares. First, recall the pasting law for pullbacks:

Lemma 2.2.1 (�e (homotopy) pullback pasting law). For any diagram of the shape

A B C

D E F

where the right hand square is homotopy Cartesian the following are equivalent:

• the le� hand square is homotopy Cartesian.

• the big rectangle is homotopy Cartesian.

Proof. �e pasting law is well-known for strict pullbacks in any category. (One can also verify the
respective universal properties by hand.) To see that the lemma also holds for homotopy pullbacks
in any model category, simply replace all maps in the diagram by �brations.

While the de�nition of a Cartesian edge 2.4.6 asks for a certain diagram to be homotopy Carte-
sian, it’s local counter-part only asks for two speci�c homotopy �bers to be equivalent. We for-
malise this notion:

De�nition 2.2.2. We say that a commutative diagram of spaces

A B

C D

i

p q

j

is homotopy Cartesian at a point c ∈ C , if the induced map on homotopy �bers

hofibc(p)
i−→ hofibj(c)(q)

is a weak equivalence.
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Remark 2.2.3. If a square is homotopy Cartesian at x, and y ∈ C is in the same path component

as x, then the square is homotopy Cartesian at y. A square is homotopy Cartesian, if and only if it is

homotopy Cartesian at all points, if and only if it is homotopy Cartesian at at least one point in every

path component.

We will need the following variant of the pasting law, which we prove via a diagram chase.

Lemma 2.2.4. Consider a diagram of cubical shape:

C D

A B

Y Z

W X

f

where the top and the bo�om square are homotopy Cartesian. If the back square is homotopy Cartesian

at f(w) ∈ Y , then the front square is homotopy Cartesian at w ∈W .

Proof. In what follows we used the preimage notation to denote the homotopy �bers. For example
f−1(y) denotes the homotopy �ber of f : W → Y at y ∈ Y . �is can be made precise by replacing
all maps by equivalent �brations.

Consider the following diagram, where the elements y, z are chosen as y = f(w) and z =

m(y).
(s ◦ q)−1(z) B

(t ◦ r)−1(y) A

s−1(z) D

t−1(y) C

{z} Z

{y} Y

q

α

r

s

β

t

m

By assumption CDY Z is homotopy Cartesian at y = f(w) and hence β is an equivalence. Also
by assumption ABCD is homotopy Cartesian and an application of the pullback pasting lemma
shows that α also is an equivalence.
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Next consider the diagram

k−1(x) (l ◦ k)−1(z) B

g−1(w) (f ◦ g)−1(y) A

{x} l−1(z) X

{w} f−1(y) W

{z} Z

{y} Y

k

γ α

g

l

δ

f

n

m

�e map α is the same as in the previous diagram, it goes between the �bers of the rectangle
ABY Z , in particular we have shown that it is an equivalence. By assumption WXY Z is homo-
topy Cartesian, so δ is an equivalence. But this implies that γ is an equivalence, and henceABWX

is homotopy Cartesian at w as claimed.

2.3 Realisation �brations and semi-Segal spaces

Before can we prove the additivity theorem for weakly unital categories, we �rst need to establish
an intermediate version for semi-Segal spaces. Most importantly, we will introduce a notion of
locally Cartesian �brations between semi-Segal spaces and check that it is compatible with the
notions we have for quasicategories and weakly unital topological categories.

De�nition 2.3.1. �e semi-simplicial category ∆inj ⊂ ∆ has all objects, but only those maps that

are injective. We write s∆n for the semi-simplicial set represented by [n] ∈ ∆inj . It is a sub-semi-

simplicial set of ∆n and contains precisely those simplices that are not degenerate.

De�nition 2.3.2. For a semi-simplicial space X : (∆inj)op → Top and a semi-simplicial set A we

de�ne

X(A) = colims∆n→AXn

where the colimit is taken over all n ≥ 0 and all n-simplices ofA, ordered by inclusion. �is de�nition

is such that X(s∆n) ∼= Xn.

Moreover, ifx ∈ Xk we de�neXn/x to be the homotopy �ber, at the pointx, of the mapXk → Xn

induced by [k] ∼= {n− k, . . . , n} ↪→ {0, . . . , n} = [n].

De�nition 2.3.3. A map f : X → Y of semi-simplicial spaces is a Reedy-�bration, if for any

inclusion A ⊂ B of semi-simplicial sets the induced map

X(A)→ X(B)×Y (B) Y (A).

is a trivial Kan-�bration.
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De�nition 2.3.4. A semi-simplicial space X is a semi-Segal space, if the natural map

Xn → X1 ×hX0
· · · ×hX0

X1

is a weak equivalence for all n ≥ 2.

De�nition 2.3.5. An edge e ∈ X1 in a semi-Segal space X is an equivalence if the maps d1 :

X2/e → X1/d0e and e\X2 → d1e\X1 are weak equivalences. Let X' ⊂ X denote the sub semi-

simplicial space of those simplices where all edges are equivalences.

Remark 2.3.6. By the semi-Segal property the map d2 : X2/e → X1/d1e is a weak equivalence

for all edges e ∈ X1. Up to inverting this weak equivalence we therefore have a map

X1/d1e
'←− X2/e −→ X1/d0e.

�inking of e : a → b as a morphism, this zig-zag X1/a 99K X1/b can be thought of as post-

composition with e. In this sense e is an equivalence if and only if post- and pre-composition with it

induce an equivalence.

If e ∈ X1 is an equivalence and e′ ∈ X1 lies in the same path-component as e, then e′ also

is an equivalence. To see this note that as we move from e to e′ the spaces X2/e, X1/d0e, e \ X2,

and d1e \X1 stay the same up to weak equvialence, as they are homotopy �bers. As a consequence

the simplicial subspace X' ⊂ X is level-wise a union of connected components in every simplicial

degree.

De�nition 2.3.7. A semi-Segal space X is weakly unital if the map d0 : X'1 → X0 is surjective

on connected components. A map of semi-Segal spaces F : X → Y is weakly unital if it sends

equivalences to equivalences.

De�nition 2.3.8. An edge e ∈ X is p-Cartesian for p : X → Y a map of semi-simplicial spaces, if

the following square is homotopy Cartesian:

X2/e X1/d0e

Y2/p(e) Y1/d0p(e)

d1

p p

d1

We say that e is locally p-Cartesian if the square is homotopy Cartesian at all s ∈ Y2/p(e) for which

d2s is an equivalence.

Write Cp−(l)cart
1 ⊂ C1 for the subset of those edges that are (locally) p-Cartesian. A map p : C →

D of semi-Segal spaces is a (locally) Cartesian �bration, if the canonical map Cp−(l)cart
1 → C0×hD0

D1

is surjective on connected components. �e coCartesian notions are de�ned dually.
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To transfer the result about quasicategorical realisation �brations to the se�ing of semi-Segal
spaces we use the following construction:

De�nition 2.3.9. For any semi-simplicial space X we will Xδ let denote the semi-simplicial set

obtained by forge�ing the topology of X .

Lemma 2.3.10 ([Ste18a, 3.11(i+iv)]). If P : C → D is a weakly unital Reedy-�bration of weakly

unital Reedy-�brant semi-Segal spaces, then Cδ andDδ admit simplicial structures such that they are

quasicategories and P δ is an inner �bration of simplicial maps.

We now study how locally (co)Cartesian �brations behave under the functor ( )δ .

Lemma 2.3.11. Let P : C → D be as in lemma 2.3.10. If e ∈ C1 is P -Cartesian in the sense of

semi-Segal spaces (2.3.8), then e ∈ Cδ1 is P δ-Cartesian in the sense of quasicategories (2.1.10).

�is lemma is equivalent to [Ste18b, Lemma 3.6]. A correct proof idea was given there, but
the second diagram and the accompanying statement are stated incorrectly, making it di�cult to
understand the proof. Below we give a repaired version of the proof, as our proof of Lemma 2.3.12
builds on it.

Proof. Recall that we de�ned Cn+1/e as a homotopy �ber. In the context of this lemma all relevant
maps are �brations, so the homotopy �ber and strict �ber are equivalent. For the purpose of this
proof, we will let Cn+1/e denote the strict �ber as it is easier to work with.

For an edge e : x′ → x to be P δ-Cartesian in the sense of quasicategories it su�ces, by lemma
2.1.15, to check that the following map is surjective:

I : Cn+1/e→ (C(Λn+1
n+1)/e)×D(Λn+1

n+1) Dn+1.

�is map is the restriction of Cn+1 → C(Λn+1
n+1)×D(Λn+1

n+1)Dn+1, which is a �bration asP is assumed
to be a Reedy-�bration. �erefore, if we can show that I is a weak equivalence, then it is an acyclic
�bration and in particular surjective, showing that e is P δ-Cartesian.

We begin by using the Segal property Cn ' C1 ×C0 Cn−1 to compute:

Cn/x ' {x} ×hC0 Cn ' {x} ×
h
C0 C1 ×hC0 Cn−1 ' (C1/x)×hC0 Cn−1

Together with the pullback pasting lemma 2.2.1 this implies that the following two squares are
homotopy Cartesian:

Cn+1/e Cn/x Cn−1

C2/e C1/x C0

d1

(2.1)

22



Using a similar argument for D we can now draw a commutative cube whose top and bo�om
square are homotopy Cartesian:

C2/e C1/x

Cn+1/e Cn/x

D2/P (e) D1/P (x)

Dn+1/P (e) Dn/P (x)

d1

P
P

d1

P
Pd1

d1

Since the edge e : x′ → x is Cartesian in the sense of semi Segal spaces, the back of the cube is
homotopy Cartesian. Now corollary 2.2.4 applies to this cube and shows that its front square also
has to be homotopy Cartesian.

�e rest of the proof is completely analogous to the one given in [Ste18b]. We factor the newly
obtained homotopy Cartesian square as:

Cn+1/e C(Λn+1
0 )/e Cn/x

Dn+1/e D(Λn+1
0 )/p(e) Dn/x

P

d1

P P

d1

Our goal is to use the fact that the total rectangle is homotopy Cartesian to deduce that the le�
square is homotopy Cartesian. We will show this by induction overn. Forn = 0 the map d1 : Λ1

0
∼=

∆1 is an isomorphism and so the right horizontal maps in the above diagram are isomorphisms.
�e claim follows.

For the induction step note that the inclusion ∆n ⊂ Λn+1
0 of the nth face can be obtained by

a sequence of pushouts that �ll horns Λk0 ⊂ ∆k (with k ≤ n) where the last edge is (n, n + 1).
�e right square in the above diagram hence factors as a sequence of squares each of which is a
homotopy pullback by the induction hypothesis.

�erefore the right square in the above diagram is homotopy Cartesian and then the pasting
lemma for pullbacks implies that the le� square is a homotopy pullback. �is concludes the proof.

Lemma 2.3.12. Let P : C → D be as in lemma 2.3.10. If e ∈ C1 is locally P -Cartesian, then e ∈ Cδ1
is locally P δ-Cartesian.

Proof. �is is completely analogous to the proof of 2.3.11, except that we will use lemma 2.1.16
instead of 2.1.15 and that in every step we only show that the respective diagram is homotopy
Cartesian at certain points.
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Let D' ⊂ D denote the sub-simplicial space consisting of those simplices for which every
one-dimensional edge is an equivalence. �is is a Segal space and in each simplicial degree it is a
union of connected components of Dn. We want to show that the following map is surjective:

I : (Cn+1/e)×Dn D'n → (C(Λn+1
n+1)/e)×D(Λn+1

n+1) Dn+1 ×Dn D'n .

Once we know that I is surjective lemma 2.1.16 applies since degenerate 1-simplices are in partic-
ular equivalences. �e map is a �bration since C → D was assumed to be a Reedy-�bration, so, if
we can show that it is a weak equivalence, surjectivity follows.

Now the same proof as for 2.3.11 applies: we only need to check that the respective squares
are homotopy Cartesian at those σ ∈ Dn+1 for which dn+1σ ∈ Dn lies in D'n ⊂ Dn. Note that in
particular the critical step where we apply corollary 2.2.4 works just as well for locally Cartesian
edges.

We now recover [Ste18a, 3.11(iii)] plus a version for locally (co)Cartesian �brations:

Corollary 2.3.13. Let P : C → D be as in lemma 2.3.10.

• If P is (co)Cartesian, then P δ : Cδ → Dδ is a (co)Cartesian �bration of quasicategories.

• If P is locally (co)Cartesian, then P δ : Cδ → Dδ is a locally (co)Cartesian �bration of quasi-

categories.

Proof. We show the �rst point. By de�nition of a Cartesian �bration between semi-Segal spaces
we know that CP−cart1 → C1 ×C0 D1 is π0-surjective. It also is a �bration and hence has to be
surjective, which remains true a�er applying ( )δ . Seeing as P -Cartesian implies P δ-Cartesian by
the �rst part of the proof this showes that for every edge f ∈ D1 and y ∈ C0 with dif = P (y)

there is a P δ-Cartesian li� e ∈ C1 with P (e) = f and dif = x. In other words, P δ is a Cartesian
�bration.

We can now deduce the additivity theorem for semi-Segal spaces from the version for quasi-
categories:

�eorem 2.3.14 (Main �eorem for semi Segal spaces). Let

B′ F−→ B P←− E

be a diagram of weakly unital semi-Segal spaces and weakly unital maps. IfP is a level-wise �bration,

a locally Cartesian and a locally coCartesian �bration, then the (level-wise) pullback diagram

B′ ×B E E

B′ B

P

F

realises to a homotopy pullback diagram of spaces.
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Proof of 2.3.14 from 2.1.1. �e notion of weakly unital functor and locally (co)Cartesian �bration
are invariant under level-wise equivalence: For weakly unital functors this is shown in [Ste18a,
Lemma 3.9]. �e case for locally (co)Cartesian �brations is very similar, one just has to check
that de�nition 2.3.8 only uses “equivalence invariant notions”. �erefore the hypothesis of the
theorem are invariant under weak equivalences and using [Ste18a, Lemma 3.8] we may replace B
by a Reedy-�brant semi-Segal space and F and P by Reedy-�brations.

Applying the (pullback preserving) functor ( )δ to the diagram we obtain a square

(B′)δ ×Bδ Eδ Eδ

B′ B.

P δ

F δ

Using 2.3.10 we can choose simplicial structures such that this is a diagram of quasicategories
in which all maps are inner �brations. In lemma 2.3.12 we showed that P δ : Eδ → Bδ is locally
Cartesian and locally coCartesian, so the quasicategory version of the additivity theorem (theorem
2.1.1) applies and shows that the square realizes to a homotopy Cartesian square of spaces.

Now the natural transformation ( )δ ⇒ Id induces a map from the above square to the square
in the statement of the proposition. By [Ste18a, Lemma 3.11] this map becomes a weak equivalence
in every entry a�er geometric realisation, and so it follows that the square in the statement of the
theorem realizes to a homotopy Cartesian square as claimed.

2.4 Realisation�brations andweakly unital topological categories

In this section we prove the main theorem for realisation �brations between weakly unital topo-
logical categories, which is stated below as 2.4.8. We recall the necessary de�nitions, but refer
the reader to [ERW19a] and [Ste18a] for a detailed introduction to non-unital or weakly unital
topological categories.

De�nition 2.4.1. A non-unital topological category C is a space of objects C0 and a space of

morphisms C1 together with source and target maps s, t : C1 → C0 and a composition map m :

C1 ×C0 C1 → C1 such that for every composable triple (f, g, h) ∈ C1 ×C0 C1 ×C0 C1 we have

s(m(f, g)) = s(g) t(m(f, g)) = t(g) m(f,m(g, h)) = m(m(f, g), h).

A non-unital functor F : C → D is a pair of continuous maps F0 : C0 → D0 and F1 : C1 → D1

commuting with s, t, and m.

De�nition 2.4.2. �e classifying spaceBC of C is the (fat) geometric realisation of its semi-simplicial

nerve NC.
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De�nition 2.4.3. For two objects x, y ∈ C0 we de�ne the hom-space as the pullback

C(x, y) := {x} ×C0 C1 ×C0 {y}.

We say that a morphism f ∈ C(x, y) is an equivalence if both pre- and post-composition with f are

weak equivalences for all objects w, z ∈ C0:

f∗ : C(w, x)→ C(w, y) and f∗ : C(y, z)→ C(x, z).

De�nition 2.4.4. An endomorphism u : x → x is a weak unit if it is an equivalence and u ◦ u is

homotopic to u in C(x, x). A weakly unital category is a non-unital topological category such that

all objects have weak units. A weakly unital functor is a functor that sends weak units to weak units.

De�nition 2.4.5. A functor F : C → D of weakly unital topological categories is a local �bration
if the continuous maps F0 : C0 → D0 and ((s, t), F1) : C1 → (C0)2 ×(D0)2 D1 are Serre �bration.

A non-unital topological category C is locally �brant if the functor C → ∗ is a local �bration.

Explicitly, this means that the “source-target map” (s, t) : C1 → (C0)2 is a Serre �bration.

De�nition 2.4.6. Let P : E → B be a weakly unital functor:

• A morphism f : e → e′ in E is P -Cartesian if the following diagram is a homotopy pullback

for all t ∈ E0:

E(t, e) E(t, e′)

B(P (t), P (e)) B(P (t), P (e′))

f◦

P(t,e) P(t,e′)

P (f)◦

• A morphism f : e → e′ is locally P -Cartesian, if there is an equivalence u : b → P (e) such

that for all t ∈ E0 withP (t) = b the above square is homotopy Cartesian atu ∈ B(P (t), P (e)).

(In the sense of 2.2.2.) Concretely, this requires that the induced map

(f ◦ ) : hofibu(P(t,e))
'−−→ hofibf◦u(P(t,e′))

on homotopy �bers is a weak equivalence.

• We say that P is (locally) Cartesian if for e ∈ E and g : P (e) → b′ there is a (locally)

P -Cartesian f : e→ e′ with P (f) = g.

• We say that P is (locally) coCartesian if P op : Eop → Bop is (locally) Cartesian.

Remark 2.4.7. As we will see in lemma 2.4.9, the de�nition of locally P -Cartesian edges does not

depend on the choice of b and u. Also note that if B is unital we can choose b = P (e) and u = idb,

recovering de�nition 1.0.3.
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We now have all the de�nitions at hand to state �eorem B.

�eorem 2.4.8 (Main �eorem for weakly unital topological categories). Let P : E → B be

a weakly unital functor of weakly unital topological categories such that B is �brant, P is a local

�bration, P is locally Cartesian, and P is locally coCartesian. �en P is a realisation �bration.

Hence, for every weakly unital functor F : C → B, the following is a homotopy pullback square:

B(C ×B E) BE

BC BB.

P

F

Before we prove this from �eorem 2.3.14, we �rst need to translate from weakly unital cate-
gories to semi-Segal spaces.

Lemma 2.4.9. Let P : E → B be a weakly unital functor of weakly unital topological categories

and let f : e → e′ be a locally P -Cartesian edge in the sense of de�nition 2.4.6. More concretely,

there is an equivalence u : t → e such that the following square is homotopy Cartesian at P (u) ∈
B(P (t), P (e)):

E(t, e) E(t, e′)

B(P (t), P (e)) B(P (t), P (e′)).

f◦

P(t,e) P(t,e′)

P (f)◦

�en the square is also homotopy Cartesian atP (u′) for any other choice of an equivalence u′ : t′ → e.

Proof. Given equivalences u : t → e and u′ : t′ → e we can �nd an equivalence g : t → t′ such
that u ' u′ ◦ g. To see this, note that (u′ ◦ ) : E(t, t′)→ E(t, e) is a weak equivalence, and so we
can pick a g ∈ E(t, t′) such that u′ ◦ g is in the same path component as u. �is g is then a weak
equivalence by the 2-out-of-3 property.

Composition with g and P (g) induces weak equivalences2 on the mapping spaces and there-
fore the diagonal maps in the following commutative diagram are weak equivalences:

E(t, e) E(t, e′)

E(t′, e) E(t′, e′)

B(P (t), P (e)) B(P (t), P (e′))

B(P (t′), P (e)) B(P (t′), P (e′))

f◦

P(t,e)

P(t,e′)
f◦

P(t′,e)

◦g

P(t′,e′)

◦g

P (f)◦

P (f)◦

◦P (g) ◦P (g)

2Since P is weakly unital P (g) also is a weak equivalence.
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�e back square is homotopy Cartesian at P (u), and hence also at P (u′) ◦ P (g) = P (u′ ◦ g) as it
is in the same path component as P (u). Since the front and back squares are weakly equivalent it
follows that the front square is homotopy Cartesian at P (u′) as claimed.

Lemma 2.4.10. If a weakly unital functor P : E → B of weakly unital, locally �brant categories is

a locally Cartesian �bration and a local �bration, then the induced map on nerves NP : NE → NB
is a locally Cartesian �bration of semi-Segal spaces.

Proof. By de�nition the hom-space E(t, e) is the pullback {t}×E0 E1×E0 {e}, which could also be
denoted as t\E1/e. Since E is locally �brant this pullback is equivalent to the homotopy pullback.
For any edge f : e → e′ we have the following diagram, in which both squares are homotopy
Cartesian:

E(t, e) E(t, e′) {t}

E2/f E1/e
′ E0.

(f◦ )

d1

Using this we see that in the following diagram the top and the bo�om square are homotopy
Cartesian:

E2/f E1/e
′

E(t, e) E(t, e′)

B2/P (f) B1/P (e′)

B(P (t), P (e)) B(P (t), P (e′))

d1

P2

P1

(f◦ )

d1

(P (f)◦ )

i

If f is P -Cartesian, then by lemma 2.4.9 for any t ∈ E0 and any equivalence u : t → e the
back square is homotopy Cartesian at P (u) ∈ B(t, e). By corollary 2.2.4 this implies that the
front square is homotopy Cartesian at i(P (u)). �is shows that f is NP -Cartesian because any
σ ∈ B2/P (f) with d2σ an equivalence is homotopic to i(P (d2σ)) and the previous argument
applies.

Proof of theorem 2.4.8. Let P : E → B be a weakly unital functor of weakly unital topological
categories such thatB is �brant,P is a �bration,P is locally Cartesian, andP is locally coCartesian.
�en we need to show that P is a realisation �bration. In other words, for every weakly unital
functor F : C → B we need to show that the following diagram is a homotopy pullback square:

B(C ×B E) BE

BC BB.

P

F
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We do this by applying theorem 2.3.14, the version of the additivity theorem for semi-Segal spaces,
to the diagram of semi-Segal spaces

NC F−−→ NB P←−− NE .

�is indeed is a diagram of weakly unital maps between semi-Segal spaces by [Ste18a, Remark
2.10] and NP is locally Cartesian and locally coCartesian by lemma 2.4.10. �e conclusion of
2.3.14 indeed proves our claim since the classifying space BC is exactly de�ned as the geometric
realisation of NC.

29



Chapter 3

�e cospan category

3.1 An application: the cospan category

�e classifying space of various cobordism categories have been computed via geometric methods,
most notably in [GMTW09]. �ese cobordism categories are, in some sense, categories of cospans
of manifolds. In this section we apply �eorem B to study the category of cospans of �nite sets,
which one might think of as a combinatorial bordism category. Note that this theorem can also be
proven using the methods of part III of this thesis, where we prove the more general proposition
8.2.4.

3.1.1 �e strict model for the cospan category

In order to study the classifying space of the cospan category Csp we need a strictly associative
model for the composition of cospans that still keeps track of non-trivial isomorphism the cospans
might have. We de�ne this below in de�nition 3.1.7, but to do so we need to be extremely careful
about how we construct pushouts. We therefore establish some notation. An alternative approach
to this that also takes care of the Γ-space structure is given in section 8.1.2.1.

Notation 3.1.1. For any integer n ≥ 0 we let n denote the �nite set

n := {1, . . . , n} ⊂ Z.

Given an equivalence relation R on n we write xRy to denote that x is equivalent to y under R. �e

equivalence class of i ∈ n will be denoted by

[i]R := {j ∈ n | iRj}.

�e quotient of n by R is the set of equivalence classes

n/R := {[i]R | i ∈ n} ⊂ P(n),

which is technically a certain subset of the power-set of n.
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Remark 3.1.2. Note that it is a property for a set X to be of the form n/R. Concretely, if for two

numbers n,m ≥ 0 and two relationsR and S the two sets n/R andm/S are equal, then n = m and

R = S. Of course we can still have n/R ∼= m/S for n 6= m.

De�nition 3.1.3. For two �nite setsA andB we let Csp(A,B) be the groupoid with objects cospans

(A → W ← B) such that W = n/R for some n ≥ 0 and some equivalence relation R on n. A

morphism in this groupoid is a bijection σ making the following diagram commute:

W

A B

W ′

σ

i

i′

j

j′

Next, we choose an explicit representative of the pushout of two cospans:

De�nition 3.1.4. For three �nite sets A,B,C we de�ne the functor

µ : Csp(B,C)× Csp(A,B) −→ Csp(A,C)

by sending (B → m/S ← C) and (A→ n/R← B) to the cospan (A→ (n+m)/Q← C). Here

the equivalence relation Q on n+m is generated by the following requirements:

∀x, y ∈ n : xRy ⇒ xQy ∀z, w ∈ m : zSw ⇒ (z + n)Q(w + n) ∀b ∈ B : j(b)Ql(b).

In other words,Q is the unique equivalence relation on n+m such that the diamond in the following

diagram is well de�ned and a pushout square:

n+m/Q

n/R m/S

A B C.

+n

i j k l

On morphisms µ is de�ned via the universal property of the pushout.

Remark 3.1.5. It is straightforward to check that µ is strictly associative. �e composite of the two

cospans above with a third cospan (C → l/U ← D) will be of the form (A→ (n+m+ l)/T ← D)

for some equivalence relation T on n+m+ l. �is equivalence relation is uniquely determined by a

universal property and does not depend on which order we composed the cospans in.

Remark 3.1.6. Usually the category of cospans is de�ned as a bicategory biCsp, see for example

[Bén67]. �e above de�nes a non-unital strict 2-category Cspstr with objects �nite sets and hom-

categories the groupoids Csp(A,B). Every bicategory can be stricti�ed and Cspstr is a speci�c choice

of a (non-unital) stricti�cation of biCsp. Indeed the canonical map Cspstr → biCsp is a biequiva-

lence, in the sense that it is essentially surjective and an equivalence on hom-categories. To see this,

observe that every �nite set is in bijection with a set of the form n/R, and therefore every cospan

(A→W ← B) is isomorphic to a cospan of the form (A→ n/R← B).
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De�nition 3.1.7. �e non-unital topologically enriched categoryCsp has as objects natural numbers

n ≥ 0 and as hom-spaces1

homCsp(a, b) := BCsp(a, b).

Composition is induced by the functor µ.

We de�ne Csp as the ordinary category that is obtained from Csp by taking π0 of the morphism

spaces. We let P : Csp → Csp denote the quotient functor. �is functor sends two cospans to the

same morphism, whenever there is an isomorphism between the cospans.

Lemma3.1.8. �e above de�nes a weakly unital topological categoryCsp. Moreover, the hom-spaces

in Csp decompose as

homCsp(A,B) '
∐

[A→W←B]∈Csp(A,B)

BΣk

where Σk is the symmetric group of order k = |W \ Im(AqB →W )|.

Proof. Csp de�nes a non-unital topologically enriched category: we observed earlier that µ is
strictly associative, so Bµ is strictly associative, too. It has weak units of the form [A = A = A].

Fixing two �nite setsA andB, we would like to understand the space homCsp(A,B), or equiv-
alently, the groupoid Csp(A,B). It decomposes as a disjoint union of its isomorphism classes,
which by de�nition are the elements of Csp(A,B). All that remains to show that the group of
automorphisms of a cospan (A→W ← B) is indeed Σk for k = |W \ Im(AqB →W )|.

Let α be an automorphism of (A→ W ← B). �en α : W → W is a bijection, which has to
�x both the image of A→W and the image of B →W . So

Aut(A→W ← B) ∼= Aut(W \ Im(AqB →W )) ∼= Σk

and the claim follows.

3.1.2 Proof of theorem C

According to lemma 3.1.8 the di�erence between Csp and Csp lies in the fact that a cospan (A→
W ← B) in Csp has non-trivial automorphisms de�ned by permuting points inW \ Im(AqB →
W ). We now consider “reduced cospans”, for which this set is trivial:

De�nition 3.1.9. For a cospan (A→W ← B) we de�ne its reduced and its closed part as

r(W ) := Im(AqB →W ) and c(W ) := W \ r(W ).

Here we supress the dependence of r(W ) and c(W ) on the maps A,B →W in the notation. We call

the cospan reduced if W = r(W ) and closed if W = c(W ).
1Here B is de�ned by taking the simplicial nerve and then the standard geometric realisation. In particular, B

commutes with Cartesian products. �is would not be the case if we took the “fat geometric realisation”.
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De�nition 3.1.10. �e reduced cospan category Cspred has as objects �nite sets a as morphisms

isomorphism classes of reduced cospans. Composition is de�ned by

[b→ V ← c] ◦ [a→W ← b] := [a→ r(W ∪B V )← c].

We let R denote the reduction functor

R : Csp→ Cspred, [a→W ← b] 7→ [a→ r(W )← b].

Remark 3.1.11. Note that the composition of two reduced cospans is not always reduced:

(1
1−→ 2

2←− 1) ◦ (0→ 1← 1) = (0→ 3/(1 ∼ 2)
3←− 1) ∼= (0→ 2

2←− 1).

(Recall that the order of composition in the cospan category is counterintuitive.) �is shows that it is

essential to de�ne the compositon in Cspred as r(W ∪B V ), since the pushout W ∪B V might not be

reduced. It also shows that Cspred is not a subcategory of Csp, but rather a quotient category:

�e reduction functor is a bijection on objects and surjective on morphisms. We can hence de�ne

Cspred as the quotient of Csp by the relation that identi�es two cospans if their reduced parts are

isomorphic.

We now wish to compute the homotopy �ber of the quotient functor R : Csp → Cspred. To
apply theorem 2.4.8 to the functorR we need to check that it is locally Cartesian and coCartesian:

Lemma 3.1.12. �e reduction functor

R : Csp→ Cspred

is locally Cartesian and locally coCartesian. However, it is neither Cartesian nor coCartesian.

Proof. Let us �rst look at the �ber of the map

R : Csp(A,B)→ Cspred(A,B)

at some reduced cospan [A→ U ← B]. Every cospan in the �ber is of the form

[A→W ← B] = [A→ U ← B]q [∅ → c(W )← ∅].

Hence the �ber is in bijection with N by counting the elements of c(W ) = W \ Im(AqB →W ).
Consider a cospan [A→W ← B] ∈ Csp; we will show that it is locallyR-Cartesian precisely

if it is reduced. By de�nition 1.0.3 the cospan W is locally R-Cartesian precisely if the top map in
the following diagram is a bijection:

R−1([A = A = A]) R−1([A→ r(W )← B])

N N

( ∪AW )

∼= ∼=
( +|c(W )|)
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�is diagram commutes, and hence [A→W ← B] is locallyR-Cartesian precisely if |c(W )| = 0,
i.e. if it is reduced.

�e proof that [A→W ← B] is locally R-coCartesian precisely if it is reduced, is completely
analogous. In fact, all variants of the cospans categories are isomorphic to their opposite via the
functor that sends (A → W ← B) to (B → W ← A). Since R commutes with this involution,
the claim that a morphism is locally R-coCartesian if and only if it is reduced follows formally.

To see that R is indeed locally Cartesian and locally coCartesian, we observe that any mor-
phism in Cspred has a reduced li� to Csp.

Finally, we show thatR is neither a Cartesian nor a coCartesian �bration. SayRwas Cartesian,
then by [Lur09a, Proposition 2.4.2.8] the composite of two locally R-Cartesian morphisms ought
to be locally R-Cartesian. But as we saw in remark 3.1.11 the composite of two reduced cospans
is not always reduced, leading to a contradiction.

Similarly, we have:

Lemma 3.1.13. �e reduction functor

R ◦ P : Csp→ Cspred

is locally Cartesian and locally coCartesian.

Proof. Let Fin' denote the groupoid of �nite sets and bijections. �e �ber of

R ◦ P : Csp(A,B)→ Cspred(A,B)

at some cospan [A → W ← B] is equivalent to BFin'. �e equivalence is the restriction of the
functor

Csp(A,B)→ Fin' (A→W ← B) 7→ c(W ) = W \ Im(AqB →W )

to the �ber. Just like in lemma 3.1.12 we see that for reduced cospans in Csp(A,B) the induced
maps on the �ber over weak units is the identity on Fin'. �erefore reduced cospans satisfy the
condition in point 2 of de�nition 2.4.6, which means that they are locally (R ◦P )-Cartesian in the
sense of weakly unital topological categories.

�e rest of the proof follows like in lemma 3.1.12.

With the two previous lemmas at hand we can now apply theorem 2.4.8:
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Proof of �eorem C. Let ∗ and N denote the unital categories with one object and endomorphisms
{id∗} and N, respectively. �ere is a pullback diagram of categories

N Csp

∗ Cspred

R

where the bo�om functor sends ∗ to the object ∅ ∈ Cspred. �eorem 2.4.8 applies to this diagram:
all categories involved are unital and discrete, hence weakly unital and �brant, and lemma 3.1.12
veri�es the only non-trivial condition. �is shows that the following is a homotopy �ber sequence:

S1 ' BN −→ B Csp
R−−→ B Cspred .

Similarly, we obtain the �ber sequence for Csp: letF denote the full (topological) subcategory
of Csp on the object ∅. �en there is a pullback diagram of topologically enriched non-unital
categories:

F Csp

∗ Cspred .

R◦p

�eorem 2.4.8 applies to this diagram: lemma 3.1.13 checks that R ◦ p is locally Cartesian and
locally coCartesian; moreover, R ◦ p is trivially a local �bration since Cspred and the space of
objects of Csp are discrete.

To obtain the desired homotopy �ber sequence recall from the proof of 3.1.13 that F is the
monoidal groupoid Fin' thought of as a bicategory with one object. Its classifying space is hence
the classifying space of the topological monoid

BFin' '
∐
k≥0

BΣk.

By the Barrat-Priddy-�illen theorem we have that

ΩB(BFin') ' Q(S0)

and thereforeBF ' B(BFin',q) ' Q(S1). Under this identi�cation the mapB(BFin',q)→
BN is the in�nite loop space map QS1 → S1 which induces an isomorphism on π1. Its �ber is
the universal covering of QS1 and this proves the �nal claim in �eorem C.

Remark 3.1.14. We will see in part III of this thesis that the diagram in �eorem C is a diagram of

in�nite loop spaces. See proposition 8.2.4.
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3.1.3 Comparison to the cospan category of Raptis and Steimle

We now apply our techniques to the cobordism category Cob(C) de�ned in [RS19]. In the special
case where C is the category of �nite sets with injections as co�brations their result says:

ΩBCob(Fin) ' K(Fin) ' Q(S0).

In fact, this cobordism category of �nite sets is equivalent to a certain subcategory of Csp:

De�nition 3.1.15. We let Cspinj ⊂ Csp be the subcategory that contains all objects, but only those

morphisms (A→W ← B) where the map A→W is injective. Let Cspred,inj ⊂ Cspred denote the

subcategory de�ned by the same condition.

We can now provide a new proof of the main result of [RS19] in the example C = Fin :

Proof of Corollary D. Consider the diagram of weakly unital topological categories:

Cspinj Cspred,inj

Csp Cspred .

I

Q

I′

R◦P

It is a pullback diagram because a cospan (A → W ← B) ∈ Csp lies in the subcategory Cspinj,
precisely if the reduced cospan (A→ r(W )← B) ∈ Cspred lies in the subcategory Cspred,inj.

Using �eorem B we showed in 3.1.13 that R ◦ P is a realisation �bration. �erefore the
above square becomes a homotopy pullback square a�er geometric realisation. �e inclusionF →
Csp of the full subcategory on ∅ factors through the subcategory Cspinj and we hence have the
following commutative diagram:

BF BCspinj B Cspred,inj

BF BCsp B Cspred

F

I

Q

I′

R◦P

Both rows are �ber sequences and we have that BF ' Q(S0) as in the proof of �eorem C.
It remains to check that B Cspred,inj is contractible. First, note that Cspred,inj is equivalent

to an ordinary category: its hom-spaces have contractible components. In fact, it is equivalent
to the category of �nite sets and partially de�ned maps. For our purposes it su�ces to note that
the object ∅ = 0 is terminal: any reduced and injective cospan (A → W ← 0) is isomorphic to
(A = A← 0). �is proves the �nal claim of the corollary as the classifying space of any category
with a terminal object is contractible.
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Part II

�e one-dimensional bordism

category
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Chapter 4

Introduction

Bordism categories play an important role in organising geometry, mathematical physics, and
algebra. �eir most prominent use is probably as the main ingredient to Atiyah and Segal’s de�-
nition of topological and conformal �eld theory. More recently, cobordism categories have been
a key tool in the study moduli spaces of manifolds, see for instance [GMTW09] and [GRW14].
�is approach uses a more sophisticated version of the cobordism category: namely, a topological
category Cd where for a di�eomorphism class [W ] there is not just one, but “BDiff∂(W )-many”
morphisms. In other words, one needs to consider the (∞, 1)-category of cobordisms Bordor

〈d−1,d〉,
for which Cd is a speci�c model, rather than just its homotopy category Cobor

d ' hCd. From the
perspective of topological �eld theories Cd has also proven to be the more natural object of study.
For example, Lurie’s proof-sketch of the Baez-Dolan cobordism hypothesis [Lur09b], crucially re-
lies on the presence of higher structure.

In each of the above se�ings the classifying spaceBCd plays an important role. When studying
moduli spaces, BCd controls universal characteristic classes for manifolds ([MW07], [GRW17]),
and when studying �eld theories BCd classi�es the invertible ones (e.g. [FH20]). Generally, the
classifying space construction also allows one to build categorical models for interesting homotopy
types. �e homotopy type ofBCd was completely determined by Galatius, Madsen, Tillmann, and
Weiss, who in [GMTW09] showed that it is the in�nite loop space of a certain �om-spectrum
MTSOd.

�is raises the question for a similar computation of B(hCd). One might expect this to be
a simpler problem since the homotopy category hCd is only an ordinary, rather than a topolog-
ical category. However, very li�le is known about B(hCd). Except for the simple observation
B(hC0) ' S1 × S1, the only result in this direction is Tillmann’s spli�ing [Til96] of the surface
case: B(hC2) ' S1 ×X for some mysterious simply connected in�nite loop space X .

Our main theorem is a complete computation of B(hC1), which is already far more complex
than B(C1) ' QS0. We also prove a similar result for the unoriented case (�eorem 5.4.13).
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�eorem E. �ere is an equivalence of in�nite loop spaces

B(hC1) ' Ω∞−2 (hofib(MTSO2 → HZ))

where MTSO2 → HZ is the map of spectra classifying the generator of H0(MTSO2) ∼= Z. Con-

sequently, the rational cohomology of the identity component B(hC1)0 ⊂ B(hC1) is given by

H∗(B(hC1)0;Q) ∼= Q[κ1, κ2, κ3, . . . ]

where the generators are of degree |κi| = 2i+ 2 and we have π0B(hC1) = Z.

�e reduction �ber sequence

In order to prove �eorem E we construct a �ber sequence, which we believe to be of independent
interest. Just like Genauer’s sequence [Gen12] for bordisms with horizontal boundary, this �ber
sequence relates the classifying spaces of three bordism categories, which we now describe.

Every d-dimensional cobordism W : M → N decomposes canonically as a disjoint union
W = c(W ) q r(W ) where c(W ) is a closed manifold and r(W ) is reduced, i.e. it has no closed
components. We de�ne two new topologically enriched bordism categories: the closed bordism
category is the full subcategory Ccl

d ⊂ Cd on the object ∅, and the reduced bordism category is
the quotient category Cd → Cred

d where two bordisms W and V are identi�ed if r(W ) = r(V ).
Every morphism in Cred

d can be uniquely represented by a reduced bordism. We refer the reader
to de�nition 5.2.2 for a complete de�nition, and to Figure 4.1 for an illustration of the case d = 1.

�eorem F. For any d ≥ 0 there are two compatible homotopy �ber sequences of in�nite loop spaces:

BCcl
d BCd BCred

d

B(hCcl
d ) B(hCd) B(hCred

d ).

R

R

Here R is induced by the functor Cd → Cred
d that deletes closed components.

In theorem 5.3.1 we also prove �eorem F in the presence of tangential structures. Most of the
technical work towards a proof of �eorem F has been completed in our previous paper [Ste19],
where we generalise Steimle’s additivity theorem for bordism categories [Ste18a] to a broader class
of functors.

�e crucial observation needed to now deduce �eorem E from �eorem F is that in dimension
d = 1 we have that Cred

1 ' hCred
1 because the di�eomorphism group of an interval is contractible.
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Topological cyclic homology of simply connected spaces

One of the more mysterious aspects of the cobordism category is its relation to Waldhausen K-
theory. Recall that the Waldhausen K-theory A(X) of a space X is the in�nite loop space of the
algebraic K-theory of the ring spectrum S[ΩX] := Σ∞(ΩX)+. An e�ective way of computing
algebraicK-theory is via the cyclotomic trace to topological cyclic homology (TC). In the relevant
case we have a map trcp : A(X)→ Ω∞TC (S[ΩX]; p) for any prime p.

For X = ∗ there is, up to p completion, an equivalence TC (S; p) ' S ∨ΣCP∞−1 by [BHM93].
Here CP∞−1 is just another name for the spectrum MTSO2, whose in�nite loop space is ΩBC2.
In light of this apparent coincidence Ib Madsen concludes his 2006 ICM plenary address [Mad07,
407] with:

Finally, and maybe most important, there are reasons to believe that the moduli space of

Riemann surfaces is related to TC (S; p), possibly via �eld theories. �e spectrum CP∞−1

occurs in both theories. It is a challenge to understand why.

�is curious coincidence has been known to experts for a while and, even though no concrete
explanations have been suggested, the idea itself has inspired some intriguing research such as
Bökstedt and Madsen’s map from ΩBCd to A-theory, see [BM14] and [RS14].

In order to understand Madsen’s question, it makes sense to think of TC (S; p) and BC2

as the values of the functors TC (S[ΩX]; p) and BC2(X) for X = ∗. Here C2(X) is a vari-
ant of the surface category where every object and bordism is equipped with a map to X . If
there is a fundamental relation between surfaces and TC , one could hope for a relation between
these functors. However, the analogy fails in this case: the main theorem of [GMTW09] im-
plies BC2(X) ' Ω∞(MTSO2 ∧ X+) and hence the functor BC2(X) is excisive in X , whereas
TC (S[ΩX]) is not.

We will try to argue that instead, topological cyclic homology is more naturally related to the
reduced 1-dimensional bordism category. As a consequence of �eorem F we have that BCred

1

is equivalent to Ω∞−2MTSO2, a delooping of BC2. For a space X we de�ne Cred
1 (X) to be the

category of reduced bordisms with maps to X . A generalisation of �eorem F together with the
main theorem of [BCC+96] implies:

�eorem G. For any simply connected space X of �nite type there is an equivalence of in�nite loop

spaces

Ω∞TC (S[ΩX]; p) '
(
Q(X+)× ΩBCred

1 (X)
)∧
p
.

One way of interpreting this theorem is to say that Cred
1 (X) is a bordism model for the topo-

logical cyclic homology of simply connected spaces. �is is similar in spirit to Raptis and Steimle’s
cobordism model for WaldhausenK-theory. In [RS19] they construct, for every spaceX , Csym(X)
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(2, 3) (2, 3) (2, 3) (1, 2) (2, 3) (1, 2)
W−−−−−→ V−−−−−→ W∪V−−−−−→

=◦

Figure 4.1: Two morphisms in hCred
1 and their composite.

such that ΩBCsym(X) ' A(X). One could therefore try to understand the cyclotomic trace in
terms of these models. Already for X = ∗ this is related to the di�cult question of whether the
cyclotomic traces trcp : A(∗)→ (Ω∞−1CP∞−1)∧p admit a common integral li� for all p.

Reduced bordisms as a combinatorial model for CP∞−1 = MTSO2

As the previous section illustrates CP∞−1 is an interesting stable homotopy type arising in many
important situations, and it is helpful to have di�erent models at hand. �eorem F implies that
Ω∞−2CP∞−1 is, as an in�nite loop space, equivalent to the classifying space of the symmetric
monoidal category hCred

1 ' Cred
1 . By the Madsen-Weiss theorem C2 also is a cobordism model

for this in�nite loop space, though there is a dimension shi�:

Ω2B(hCred
1 ) ' Ω∞MTSO2 ' ΩBC2.

Even though hCred
1 and C2 both are cobordism models for MTSO2, they are of very di�erent

�avours. �e surface category C2 is of geometric nature as it is built from the di�eomorphism
groups of surfaces. �e reduced one-dimensional bordism category hCred

1 , on the other hand,
admits a completely combinatorial description. See �gure 4.1 for an example of how morphisms
are composed in hCred

1 .
While �eorem F implies an equivalence B(hCred

1 ) ' Ω∞−2MTSO2, it does not explicitly
construct a map. Chapter 6 aims to resolve this issue.

For this we construct an auxiliary simplicial space Cutd, which we believe may be of indepen-
dent interest. Cutd is a quotient of the nerve N(Cred

d ) and we show that the geometric realisation
‖Cutd‖ is the free in�nite loop space on Σ2BDiff+(W )+ for all closed connected d-manifoldsW .
We prove:

�eoremH. �e quotient mapN(Cred
d )→ Cutd continues the reduction �ber sequence of �eorem F

in the sense that

B(Cd) −→ B(Cred
d ) −→ ‖Cutd‖

is a homotopy �ber sequence of in�nite loop space maps.
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In dimension 1 we have ‖Cut1‖ ' Q(Σ2(CP∞)+) and the quotient map BCred
1 → ‖Cut1‖

is a rational equivalence on the basepoint component, see corollary 6.2.5. In the presence of a
background space X this map has an interpretation in terms of TC , see corollary 6.2.6.

Application: cocycles for Miller-Morita-Mumford classes

�e Miller-Morita-Mumford classes are characteristic classes for surface bundles, which, under the
equivalence BC2 ' Ω∞−1MTSO2, give rise to polynomial generators:

κi ∈ H∗(Ω∞0 MTSO2;Q) ∼= Q[κ1, κ2, . . . ].

From the equivalenceB(Cred
1 ) ' Ω∞−2MTSO2 we can compute the rational cohomology of Cred

1

as:
H∗(B(Cred

1 )0;Q) ∼= Q[κ0, κ1, . . . ].

Here κi is a double de-looping of κi and hence of degree 2i+2. Also note π0B(Cred
1 ) ∼= π0B(C1) ∼=

Z.
Generalising the notion of group cocycles, one can represent every cohomology class on the

classifying space BD of some discrete categoryD by a cocycle α : NiD → Z on the nerve. While
this does not work for the topologically enriched category C2, hCred

1 is discrete and it is hence
possible to describe the deloopings κi of the κ-classes in terms of cocycles on hCred

1 .
To actually compute cocycles we crucially use that every κi can be obtained as a pullback

along the map BCred
1 → ‖Cut1‖ of �eorem H. We identify ‖Cut1‖ with Q(Σ2(BΛ)+), where

Λ is Connes’ category of cyclic sets. �en we use Igusa’s description [Igu04] of cocycles on Λ

representing the powers of the �rst Chern class (c1)i ∈ H2i(BΛ;Q). Explicitly, we have:

De�nition. For each i ≥ 0 we construct a (2i+ 2)-cocycle γi on hCred
1 and hC1 in three steps.

(1) For a (2i+ 1)-tuple of disjoint points a0, . . . , a2i ∈ S1 the sign sign(a0, . . . , a2i) ∈ {±1} is de-

�ned to be equal to the sign of any permutationσ of {0, . . . , 2i} such that the sequence (aσ(0), . . . , aσ(2i))

is in cyclic order.

(2) For a (2i+1)-tuple of disjoint �nite subsetsA0, . . . , A2i ⊂ S1 the reduced sign sign2i(A0, . . . , A2i) ∈
Q is de�ned by an averaging procedure. Say that (a0, . . . , a2i) ∈

∏
iAi contains no neighbours if

for all k < l there is a j such that the positively oriented arc [ak, al] ⊂ S1 from ak to al intersects Aj
in more than one point. Now de�ne:

sign2i(A0, . . . , A2i) :=
1∏2i

j=0 |Aj |

∑
(a0,...,a2i)∈

∏
j Aj

contains no neighbours

sign(a0, . . . , a2i) ∈ Q.
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(3) For all i ≥ 1 de�ne a (2i+ 2)-cochain on the simplicial set N(hCred
1 ) by the formula

γi(M0
W1−−→M1

W2−−→ . . .
W2i+2−−−−→M2i+2) :=

(−1)ii!

(2i)!

∑
[ι:S1↪→W ]

sign2i(ι
−1(M+

1 ), . . . , ι−1(M+
2i+1)).

Here we writeW for the compositionW1∪M1 · · ·∪M2i+1W2i+2 andM+
i ⊂Mi for the set of positively

oriented points. �e sum
∑

[ι:S1↪→W ] runs over isotopy classes of oriented embeddings ι : S1 ↪→ W

such that ι(S1) intersects Mj for all 1 ≤ j ≤ 2i+ 1.

�eorem I. For i ≥ 1 the cochain γi on hCred
1 de�ned above is a (2i+2) cocycle and the cohomology

class [−γi] corresponds to, possibly up to a sign (−1)i, the generator κi under the isomorphism

H∗(B(hCred
1 )0;Q) ∼= Q[κ0, κ1, κ2, . . . ].

�e same formula describes a cocycle for ±κi on hC1.

Outline

�is part is divided into two chapters, chapter 5 is centered around establishing the reduction �ber
sequence. In section 5.1 we recall various standard facts and constructions for bordism categories
and topological categories in general. We also prove a generalisation of the base-change theorem
[ERW19a, �eorem 5.2], which allows one to change the space of objects of a topological category
without changing the homotopy type of its classifying space. Section 5.2 introduces the closed and
reduced bordisms categories and studies some of their basic properties. In section 5.3 we apply the
main theorem of [Ste19] to prove the reduction �ber sequence �eorem F. Specialising to d = 1,
in section 5.4 we observe that Cred

1 ' hCred
1 and use this to deduce �eorem E and �eorem G.

Here we also consider the unoriented case B(hC1,unor).
Chapter 6 is focused on gaining a more concrete understanding of Cred

1 . We begin in section
6.1 where we, by elementary means, compute the 2-cocycle on hCred

d that classi�es the central
extension hCd → hCred

d . Section 6.2 introduces the simplicial space of cuts Cutd and proves
�eorem H, identifying the connecting homomorphism of the reduction �ber sequence. �is is
then used in section 6.3 to construct the cocycles for κ-classes on hCred

1 .
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Chapter 5

�e classifying space of the

one-dimensional bordism category

5.1 Recollections on moduli spaces and cobordism categories

While our main object of interest is the homotopy category of the bordism category hC1, the
proof of �eorem E crucially relies on comparing it to the topological category C1 and some of its
variants. It is hence essential for us to have a good understanding of the embedded models for the
cobordism category. In this section we recall various de�nitions and facts.

Although we introduce all the necessary tools, we can only do so concisely. �e interested
reader is referred to [GR20] for a discussion of moduli spaces for manifolds, and to [ERW19a] for
an introduction to the world of non-unital topological categories and semisimplicial spaces.

Remark 5.1.1. �e speci�c model for the cobordism category Cd that we are using is essentially that

of [GMTW09]. �is is a concrete model for the (∞, 1)-category of bordisms, which is o�en denoted

Bordor
〈d−1,d〉. From it we will also derive the homotopy category hCd. �is is the ordinary 1-category

of bordisms, which is o�en denoted by Cobor
d . (E.g. [Lur09b]).

5.1.1 Tangential structures

Most of the manifolds we consider will be oriented. Recall that one way of de�ning an orientation
on a manifold M is by giving an equivariant continuous map l : Fr(TM) → {−1,+1} from the
total space of the frame bundle of M to the two-element set. Here equivariance is with respect
to the group action of GLd on the le� by base-change and on the right by multiplication with the
sign of the determinant. Tangential structures generalise this notion of orientation.

De�nition 5.1.2. A d-dimensional tangential structure θ is a space θ with GLd-action. Given such

a θ a θ-structure on a d-dimensional manifold W is a GLd-equivariant map l : Fr(TW )→ θ from

the frame bundle of W to θ. �e space of θ-structures on M will be denoted by

Bunθ(M) := MapGLd
(Fr(TW ), θ).
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In the case of the tangential structure for orientation θor := {±1}, we are o�en interested
in the group of orientation preserving di�eomorphisms Diff+(W ). For more general tangential
structures θ the group of di�eomorphism that �x a speci�c θ-structure ‘on the nose’ is generally
not well-behaved. Instead, we de�ne a moduli space that acts as the classifying space of this
hypothetical group.

De�nition 5.1.3. For θ and W as above we de�ne BDiffθ(W ) as the homotopy orbit space

BDiffθ(W ) := Bunθ(W )//Diff(W )
def
= (Bunθ(W )× EDiff(W ))

/
Diff(W ).

5.1.2 Spaces of manifolds and cobordisms

We recall the space of submanifolds of RN and how to use it to de�ne a topological space of
(embedded) cobordisms.

De�nition 5.1.4. For U ⊂ RN open let Ψd,θ(U) denote the set of pairs (M, l) whereM ⊂ U is a d-

dimensional submanifold of RN that is closed as a subset of RN and l : Fr(TM)→ θ is a θ-structure

on M . We let Ψd,θ denote the colimit of Ψd,θ((−1, 1)N ) as N →∞. For �nite N we topologise this

according to [GRW10, De�nition 2.1] and for N =∞ as the colimit over all �nite N .

One can think of Ψd,θ as a concrete topological model for the “moduli space of θ-structured
closed d-dimensional manifolds”. In [GR20, Section 2.2] this space is denoted Mθ . �e moduli
space decomposes as a disjoint union over di�eomorphism types:

Fact 5.1.5. �ere is a weak equivalence

Ψd,θ '
∐
[W ]

BDiffθ(W )

where W runs over a set of representatives of di�eomorphism classes of closed d-dimensional mani-

folds.

De�nition 5.1.6. We say that (W, l) ∈ Ψd,θ(R × U) is cylindrical over some interval (a, b) if

W|(a,b) := W ∩ ((a, b)× U) is equal to the product (a, b) × M for some M ∈ Ψd(U) and the

θ-structure l|(a,b) : Fr(TW|(a,b))→ θ can be factored as

Fr(TW|(a,b)) ∼= Fr(T (a, b)× TM)
pr−→ Fr(R⊕ TM) ∼= (GLd×Fr(TM))/GLd−1

→ θ

where the last map is induced by some GLd−1-equivariant map l′ : Fr(TM)→ θ.

De�nition 5.1.7. For d and θ as above and ε > 0 we de�ne Φε
d,θ ⊂ Ψd,θ(R× (−1, 1)∞)×R>0 as

the space of those ((W, l), t) that are cylindrical over (−∞, ε) and (t − ε,∞). We let the space of
θ-structured d-dimensional cobordisms Φd,θ be the colimit as ε→ 0.
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0 t

Figure 5.1: A point in the space of two-dimensional cobordisms Φ2,θ .

We think of t > 0 as the length of the cobordism (W, l). Indeed, the cylindricality condition
implies that the part of the bordisms that does not lie over [0, t] is super�uous. We still keep track
of the cylinders over (−∞, 0) and (t,∞) because it simpli�es the de�nition of the topology. For
example, we can use them to de�ne the map that sends a cobordism to its boundary:

De�nition 5.1.8. We de�ne a map

(∂0, ∂1) : Φd,θ → Ψd−1,θ ×Ψd−1,θ

by sending ((W, l), t) to the unique tuple ((M0, l0), (M1, l1)) such that (−∞, 0)×M0∪(t,∞)×M1

is a codimension 0 submanifold of W and l0 and l1 are the induced θ-structures.

5.1.3 �e cobordism category

All cobordism categories we consider will be weakly unital1 topological categories. We refer the
reader to [ERW19a] for an excellent introduction to semisimplicial spaces, non-unital topological
categories, and �brancy conditions. By convention all our categoriesD will be non-unital andBD
will denote the “fat geometric realisation” of the semisimplicial space ND, even if D happens to
have units.

De�nition 5.1.9. A non-unital topological category D consists of the following data: a space of

objects O, a space of morphisms M , source and target maps s, t : M → O, and a composition map

c : M t×sOM = {(f, g) ∈M2 | t(f) = s(g)} −→M.

�is data is subject to the axioms

s(c(f, g)) = s(f) t(c(f, g)) = t(g) c(c(f, g), h)) = c(f, c(g, h))

for any three morphisms f, g, h ∈M with t(f) = s(g) and t(g) = s(h).
1We will be using the de�nition of weakly unital given in [Ste19] as it is the one relevant for the local additivity

theorem 5.3.3. Since the cobordism category is also �brant this will imply that it is weakly le� and right unital in the
sense of [ERW19a]. (See [ERW19a, Remark 3.12].)
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De�nition 5.1.10. For any two objects x, y ∈ O the space of morphism from x to y is de�ned as the

pullback

homD(x, y) := {x} ×sOM t×O{y} = {f ∈M | s(f) = x and t(f) = y}.

We usually write f : x→ y to say f ∈ homD(x, y), and we also write g ◦f for the composite c(f, g).

For us the main example of a topological category is the cobordism category, which we now
de�ne using the space of cobordisms Ψd,θ constructed in the previous section as a space of mor-
phisms.

De�nition 5.1.11. Fix a dimension d and a tangential structure θ. �e non-unital topological cate-

gory Cd,θ has Ψd−1,θ as space of objects and Φd,θ as space of morphisms. �e source and target maps

are the maps ∂0, ∂1 : Φd,θ → Ψd−1,θ from de�nition 5.1.8. Composition is de�ned by

((W ′, l′), t′) ◦ ((W, l), t) := ((W ′′, l′′), t+ t′)

where

W ′′ = (W ∩ (−∞, t]× (−1, 1)∞) ∪ ((W ′ + t · e0) ∩ ([t,∞)× (−1, 1)∞))

and l′′ is induced by l and l′. Here ( + t ·e0) denotes translation by t in the direction of e0 = (1, 0) ∈
R× (−1, 1)∞.

Remark 5.1.12. Note that Cd,θ is well-behaved: it is �brant in the sense of [ERW19a, De�nition 3.5]

by [ERW19b, Proposition 3.2.4(ii)]. Moreover, the cylinder bordisms (M × R, 1) : M → M de�ne

weak units in the sense of [Ste19].

In the case of the bordism category there is a geometric interpretation of the homotopy type
of this hom space.

Fact 5.1.13. For any two objects (M, l) and (N, l′) in Cd,θ there is a weak equivalence

homCd,θ((M, l), (N, l′)) '
∐

[W,ϕ]

BDiffθ(W rel M qN).

Here the coproduct runs over a set of representatives for compact d-manifolds W with boundary

M qN , under the equivalence relation de�ned by di�eomorphisms that �x the boundary. �e space

BDiffθ(W rel M qN) is de�ned as in de�nition 5.1.3 with the modi�cation that di�eomorphism are

trivial near the boundary that the tangential structure agrees with l and l′ near the boundary.
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5.1.4 Homotopy categories

�e homotopy category hD of a topological category D is an ordinary category obtained from
D in two steps: �rst we need to pass to an enriched category δD and then we apply π0 to the
hom-spaces.

De�nition 5.1.14. For any non-unital topological categoryD we de�ne its discrete�cation δ(D) as

the non-unital topological category with object space Obj(δ(D)) the set Obj(D), equipped with the

discrete topology, and morphism space the disjoint union

Mor(δ(D)) :=
∐
x,y∈D

homD(x, y).

�e homotopy category h(D) is the ordinary category with object set Obj(δ(D)) and hom-sets

homh(D)(x, y) := π0 homD(x, y).

�ere are canonical functors D ι←− δ(D)
π−→ h(D) and they are natural in D.

Remark 5.1.15. Recall that a (non-unital) topologically enriched category is the same datum as a

(non-unital) topological category D = (O,M, s, t, c) where the space of objects O is discrete.

In this sense δ(D) is always a topologically enriched category. �e canonical functor ι : δ(D)→
D is a continuous bijection on the object the morphism space, but it is not a homeomorphism unless

Obj(D) was already discrete. From the perspective of classifying spaces, however, δ(D) is equivalent

to D as long as D is su�ciently well-behaved.

Lemma 5.1.16. If D is a �brant non-unital topological category with weak le� (or right) units, then

ι induces a weak equivalence B(δ(D))→ B(D).

Proof. �is is the basechange theorem [ERW19a, �eorem 5.2] in the case where X is the set
Obj(D) equipped with the discrete topology. We will give an independent proof of (a generalisa-
tion of) the basechange theorem in lemma 5.1.30.

We cannot generally expect the homotopy category hD to have a classifying space equivalent
to that of D. Nevertheless, the canonical map is always 2-connected:

Lemma 5.1.17. �e map B(δD)→ B(hD) is 2-connected for any non-unital topological category

D.

Proof. �is is well-known and for example follows from [ERW19a, Lemma 2.4] together with the
observation that Mor(δ(D))→ π0Mor(δ(D)) = Mor(h(D)) is 1-connected.
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Of course, our main category of interest is the cobordism category. �e homotopy category of
the bordism category also admits a more conceptual description that does not rely on the embed-
dings. For simplicity, we only spell this out in the oriented case.

Fact 5.1.18. �e homotopy category h(Cd,θor) is equivalent to the following category:

• objects are closed oriented (d− 1)-dimensional manifolds,

• morphismsW : M → N are equivalence classes of compact oriented d-dimensional manifolds

with ∂W = M− q N , where two such manifolds are equivalent if there is an orientation

preserving di�eomorphism between them that �xes the boundary, and

• composition is de�ned by gluing cobordisms.

5.1.5 In�nite loop space structures

All homotopy categories of cobordism categories have symmetric monoidal structures de�ned by
the disjoint union operation for manifolds. �is induces an in�nite loop space structure on their
classifying spaces. Many of our computations will rely on these in�nite loops space structures and
their compatibility with certain constructions. We will be keeping track of the in�nite loop space
structures using Segal’s Γ-spaces [Seg74], which we recall here.

De�nition 5.1.19. Segal’s category Γop has as objects natural numbers n ≥ 0 and as morphisms

from n to m maps of sets λ : {∗, 1, . . . , n} → {∗, 1, . . . ,m} satisfying λ(∗) = ∗. We let ρin : n→ 1

denote the morphism with ρin(j) = ∗ for i 6= j and ρin(i) = 1.

A Γ-space is a functor X : Γop → Top. We call X special if the Segal map

X(n)
(ρ1
n,...,ρ

n
n)−−−−−−→ (X(1))n

is a weak equivalence for all n ≥ 0. A special Γ-space is very special if the map

π0X(2)
(ρ1

2,µ)
−−−−→ π0X(1)× π0X(1)

is a bijection. Here µ : 2→ 1 is the morphism with µ(1) = µ(2) = 1.

Remark 5.1.20. For any special Γ-space X the set π0X(1) has an abelian monoid structure with

multiplication de�ned by

m : π0X(1)× π0X(1)
∼=←− π0X(2)

X(µ)−−−→ π0X(1).

�is uses that the Segal map X(2)→ X(1)×X(1) is a bijection on π0. �e special Γ-space is very
special if and only if this abelian monoid happens to be an abelian group.
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Following [Ngu17] we use the tangential structure to de�ne a Γ structure on the cobordism
category.

De�nition 5.1.21. For any dimension d and tangential structure θ we de�ne a Γ-object in non-unital

categories by se�ing Cd,θ(n) := Cd,nθ where nθ denotes {1, . . . , n} × θ. To a morphism λ : n→ m

in Γop we associate the functor

λ∗ : Cd,nθ → Cd,mθ with ((W, l), t) 7→ ((W ′, (λ× idθ) ◦ l), t)

whereW ′ ⊂W is the preimage of {1, . . . ,m} under the map (λ◦pr{1,...,n} ◦l) : W → {∗, 1, . . . ,m}.

Lemma 5.1.22 ([Ngu17]). �e Γ-space BCd,θ is very special.

We also have in�nite loop space structures on the classifying space of the homotopy categories.

Lemma 5.1.23. �e Γ-space BhCd,θ is very special.

Proof. Since hCd,θ is a symmetric monoidal category, it follows from Segal’s original paper [Seg74,
§2] that BhCd,θ is special. Being very special is a condition on the monoid π0BhCd,θ and follows
by the considerations in lemma 5.1.22, seeing as π0BhCd,θ ∼= π0BCd,θ .

5.1.6 �e Galatius-Madsen-Tillmann-Weiss theorem

In [GMTW09] the authors determined the in�nite loop space B(Cd,θ) in terms of modi�ed �om
spectra. As our strategy is to compare B(hC1) with B(C1), we brie�y recall their result.

De�nition 5.1.24. Let E(d, n) denote the space of linear embeddings of Rd into Rn, with the GLd-

action by precomposition, and let Gr(d, n) := E(d, n)/GLd be the Grassmannian. �e canonical

bundle γd on Gr(d, n) is de�ned by

γd,n := (E(d, n)× Rd)/GLd −→ Gr(d, n).

�is is a subbundle of the trivial bundle Gr(d, n)×Rn via the map (e, v) 7→ ([e], e(v)). We let γ⊥d,n
denote the orthogonal complement of γd,n in Gr(d, n)× Rn.

De�nition 5.1.25. For any d and θ the θ-structured Madsen-Tillmann spectrumMTθ is the sequen-

tial spectrum with

(MTθ)n := Th(a∗γ⊥d,n)

for a : (θ×E(d, n))/GLd → Gr(d, n) the projection. �e structure maps Σ(MTθ)n → (MTθ)n+1

are de�ned using the canonical bundle map γ⊥d,n ⊕ R→ γ⊥d,n+1.

�e theorem by Galatius, Madsen, Tillmann, and Weiss uses Segal’s ‘scanning’ method to con-
struct an equivalence from BCd,θ to a loop space of MTθ. For our purposes it will be su�cient to
treat this as a black box and we refer the interested reader to the original paper.
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�eorem 5.1.26 (Main theorem of [GMTW09]). For any d and θ the scanning map de�nes a weak

equivalence of in�nite loop spaces

BCd,θ ' Ω∞−1MTθ = colimn→∞Ωn−1(MTθ)n.

�is theorem has been used to great e�ect in the study of di�eomorphism groups. �e essential
ingredient is a natural map from BDiffθ(W ) to ΩBCd,θ for any closed d-manifold W . �is map is
de�ned by interpreting W as a morphism W : ∅ → ∅ in Cd, which then yields a based loop in the
classifying space.

De�nition 5.1.27. �e inclusion Ψd,θ ↪→ Φd,θ = N1Cd,θ induces a map Ψd,θ×|∆1| → BCd,θ such

that Ψd,θ × |∂∆1| is sent to the base point. Hence, it de�nes a map α′ : Σ(Ψd,θ)+ −→ BCd,θ and by

adjunction a map

α : Ψd,θ → ΩBCd,θ.

Together with the equivalence from fact 5.1.5 this yields, for every closed d-manifold W , a map

αW : BDiffθ(W ) −→ ΩBCd,θ.

We conclude this section with the so-called ‘Genauer �ber sequence’. Recall thatQ(X) denotes
the free in�nite loop space on a based space X de�ned as the colimit Q(X) := colimn Ωn(ΣnX).
It has the property that any map of spaces X → Y into an in�nite loop space Y induces a map of
in�nite loop spaces Q(X)→ Y .

Lemma 5.1.28 ([Gal06]). �ere is a homotopy �ber sequence of in�nite loop spaces

Ω∞−1MTSOd −→ Q(Σ(BSOd)+) −→ Ω∞−1MTSOd−1.

Moreover, the right-hand map can be described as the composite:

Q(Σ(BSOd)+)
Q(ΣBi)−−−−−→ Q(ΣBDiff+(Sd−1))

α
Sd−1−−−−→ BCor

d−1
'−→ Ω∞−1MTSOd−1

where i : SOd → Diff+(Sd−1) is the canonical inclusion and αSd−1 is the map from de�nition 5.1.27.

References. �is homotopy �ber sequence is well-known through the paper [GMTW09], but al-
ready appeared in Galatius’ paper [Gal06]. We refer the reader to [Ebe13, Proposition A.4] where
the �ber sequence is explained in notation very similar to ours. �e second part of the lemma, the
identi�cation of the in�nite loop space mapQ(Σ(BSOd)+)→ Ω∞−1MTSOd−1, is harder to ex-
tract from the literature. It will su�ce to understand the map of spaces BSOd → Ω∞MTSOd−1.
In [Ebe13, Proposition A.4] Ebert describes it as the Madsen-Tillmann-Weiss map for the sphere
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bundle BSOd−1 → BSOd, and indeed Galatius in [Gal06, Lemma 2.1] constructs the relevant
map as a parametrised Pontrjagin-�om construction. �is map factors as:

BSOd → BDiff+(Sd−1)→ Ω∞MTSOd−1

where the le�-hand map is the classifying map for the sphere bundle BSOd−1 → BSOd and the
right-hand map is the Pontrjagin-�om construction for the universal oriented Sd−1-bundle. �e
sphere bundle is classi�ed by B(i) : BSOd → BDiff+(Sd−1) and so the claim follows.

5.1.7 A generalised change of base theorem

In this section we will prove a small generalisation of [ERW19a, �eorem 5.2] that will come in
handy later. First, recall the notion of base-change from [ERW19a, section 5].

De�nition 5.1.29. Let D be a topological category and let X be a space with a map f : X →
Obj(D). �e base-change of D along f is the topological category, denoted by Df , with object space

X and morphism space X2 ×Obj(D)2 Mor(D). Composition is induced by D.

Lemma 5.1.30. Let D be a weakly unital topological category and consider a zig-zag of maps g :

Y → Z ← Obj(D) : p. Let f : Y ×Z Obj(D) → Obj(D) be the projection. �en the canonical

map

B(Df ) −→ BD

is a weak equivalence, if the following conditions hold:

• the map g : Y → Z is surjective on connected components,

• for all n ≥ 0 the composite p : NnD → Obj(D)n+1 pn+1

−−−→ Zn+1 is a �bration.

Note that in the case of Z = Obj(D) and p = idObj(D) the second condition is equivalent to
asking that D be �brant; hence we recover [ERW19a, �eorem 5.2] as a special case.

Proof. For any spaceX we let T (X) denote the trivial groupoid onX . Its space of object isX and
its space of morphisms is X ×X . In other words, for every pair of objects (x, y) there is precisely
one morphism x→ y. Composition is de�ned by (y, z) ◦ (x, y) = (x, z).

�is is a �brant topological category. For X non-empty we can pick a point y and de�ne an
extra degeneracy on the simplicial spaceN(X) by s−1(x0, . . . , xn) = (y, x0, . . . , xn). �is shows
that B(T (X)) is contractible for X non-empty.

Note that the basechange Df of D along a map f : X → Obj(D) can be wri�en as a pullback
Df ∼= T (X) ×T (Obj(D)) D where we use the canonical functor D → T (Obj(D)), which is the
identity on objects.
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To prove the lemma, we �rst observe that we can replace the map g : Y → Z by a �bration.
To do this, factor g as a composite Y i−→ Y0

g′−→ Z where i is a level-wise weak equivalence and g′

is a level-wise �bration. �en the simplicial map

i : N(Df ) ∼= N(T (Y ))×N(T (Z)) N(D) −→ N(T (Y0))×N(T (Z)) N(D)

is the pullback of a level-wise weak equivalence along a level-wise �bration, and hence a level-
wise weak equivalence. In particular, it induces a weak equivalence on geometric realisations. It
now su�ces to prove the lemma for g′.

Assume from now on that g was already a �bration. �is implies that the pullback f : Y ×Z
Obj(D)→ Obj(D) is a �bration, too. Since g is also surjective on connected components, this im-
plies that g and f are surjective. We now claim that the additivity theorem for bordism categories
5.3.3 (see [Ste18a] and [Ste19]) applies to the pullback square:

Df T (Y ×Z Obj(D))

D T (Obj(D)).

T (f)

Since f is a �bration, so is T (f). �e trivial groupoids T (X) are always �brant and unital, and
the functors in the square are always unital. �e only non-trivial condition to check is that T (f)

is indeed Cartesian and coCartesian. But this is easy to see since T (f) is surjective on objects and
there is only one morphism between every two objects in T (X).

We may hence apply theorem 5.3.3 and obtain a homotopy pullback square

BDf B(T (Y ×Z Obj(D)))

BD B(T (Obj(D))).

yh
B(T (f))

As discussed in the beginning of the proof B(T (X)) is contractible for all X and so the right
vertical map is an equivalence. Because the square is a homotopy pullback this implies that
BDf → BD is an equivalence.

5.2 Closed and reduced bordism categories

We now introduce the key idea of this paper: the decomposition of a cobordism into its closed and
its reduced part.

De�nition 5.2.1. A bordism W : M → N is called closed if both M and N are empty and it

is called reduced if the inclusion M q N → W is surjective on connected components. We de�ne

subspaces

Φcl
d,θ ⊂ Φd,θ and Φred

d,θ ⊂ Φd,θ
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of closed and reduced bordisms. De�ne retractions c : Φd,θ → Φcl
d,θ and r : Φd,θ → Φred

d,θ by deleting

those connected components ofW that violate the respective condition. �is is illustrated in �gure 5.2.

0 t

c(W )

r(W )

Figure 5.2: An oriented 1-dimensional cobordism decomposed into its closed and reduced compo-
nents.

Every bordism W ∈ Φd,θ has a canonical decomposition as W = c(W )q r(W ). A homotopi-
cally meaningful version of this statement is proved in lemma 5.2.5. Our goal is to obtain a similar
decomposition on the level of bordism categories. �e �rst step is to de�ne categories of closed
and of reduced bordisms.

De�nition 5.2.2. �e closed bordism category Ccl
d,θ is the full subcategory of Cd,θ on the single object

∅ ∈ Cd,θ . �e reduced bordism category Cred
d,θ has the same objects as Cd,θ , but has as morphisms

only reduced bordisms. Composition is de�ned by composing in Cd,θ and then applying the retraction

r : Φd,θ → Φred
d,θ .

De�nition 5.2.3. �e inclusion Φcl
d,θ ↪→ Φd,θ de�nes a functor denoted by

I : Ccl
d,θ −→ Cd,θ

and the retraction r : Φd,θ → Φred
d,θ de�nes a functor denoted by

R : Cd,θ → Cred
d,θ .

Remark 5.2.4. �e functors I and R allow us to think of Ccl
d,θ as a subcategory and of Cred

d,θ as

a quotient category of Cd,θ . It is important to note that the opposite is not the case: the inclusion

Φred
d,θ ↪→ Φd,θ does not induce a functor Cred

d,θ → Cd,θ �e reason for this is that the composite of

two reduced bordisms W : M → N and V : N → L is not necessarily reduced. We could for

example set M = L = ∅, N = Sd−1, and let W and V both be the d-dimensional disc; once as

a bordism ∅ → Sd−1 and once as a bordism Sd−1 → ∅. �en both W and V are reduced, but

W ∪N V = Dd ∪Sd−1 Dd = Sd : ∅ → ∅ is not. See �gure 5.3 for another example showing that the

composite of two reduced bordisms need not be reduced.

Locally the bordism category Cd,θ decomposes as a product of Ccl
d,θ and Cred

d,θ :
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0 t 0 s

Figure 5.3: Two reduced bordisms whose composite is not reduced.

Lemma 5.2.5. For any two objects M,N ∈ Cd,θ the map

(c, r) : homCd,θ(M,N) −→ homCcl
d,θ

(∅, ∅)× homCred
d,θ

(M,N)

is a weak equivalence.

Proof. We will show that the map that decomposes a bordism into its closed and its reduced part

(c, r) : Φd,θ −→ Φcl
d,θ × Φred

d,θ (5.1)

is a weak equivalence.
Once this is established the lemma follows by observing that both sides of (5.1) are �bered

over Φd−1,θ × Φd−1,θ via the boundary map ∂ = (∂0, ∂1), which is a Serre �bration because Cd,θ
is �brant, see [ERW19b, Proposition 3.2.4(ii)]. �is implies the claim because a weak equivalence
between Serre �brations induces weak equivalences on the �bers.

We begin by observing that (c, r) is an open embedding. As a map of sets (c, r) is an injection
with image those tuples (W,V ) ∈ Φcl

d,θ×Φred
d,θ such thatW and V are disjoint. �at it is open and

continuous follows by a close examination of the topology de�ned in [GRW10, De�nition 2.1]. We
leave the details to the reader.

To show that (c, r) is a weak equivalence we construct two subspacesA,B ⊂ Φd,θ de�ned by:

• (W, l) ∈ A if for all x = (x0, x1, . . . ) ∈W we have x1 = 0.

• (W, l) ∈ B if for all x ∈ c(W ) we have x1 = 1
2 and for all x ∈ r(W ) we have x1 = −1

2 .

�ere is a map s : A → B that takes (W, l) and moves up c(W ) by 1
2 and moves down r(W ) by

1
2 in the �rst coordinate. �is map and the inclusions �t into a homotopy commutative diagram

A B

Φd,θ Φcl
d,θ × Φred

d,θ .

s

i k
j

(c,r)
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�e map k : B → Φcl
d,θ ×Φred

d,θ is de�ned by restricting (c, r), so the bo�om triangle commutes by
de�nition. To see that the top triangle commutes up to homotopy consider the map sλ : A→ Φd,θ

de�ned for λ ∈ [0, 1
2 ] by moving up c(W ) by λ and moving down r(W ) by λ. �is de�nes a

homotopy between i and j ◦ s.
Next, we observe that i and k are homotopy equivalences. In both cases this follows because

the inclusion R×{0}× (−1, 1)∞−1 → R× (−1, 1)∞ admits a deformation retraction via smooth
embeddings preserving the x0 coordinate. Given a homotopy commutative diagram of the shape
as above where i and k are weak equivalences, it follows from the 2-out-of-6 property that all
other maps are also weak equivalences. Concretely, we can apply the functor π∗ and observe that
because π∗(i) and π∗(k) are isomorphisms, π∗((c, r)) has to be an isomorphism, too.

Lemma 5.2.6. �e spaces B(Ccl
d,θ), B(Cred

d,θ ), B(hCcl
d,θ), and B(hCred

d,θ ) are very special Γ-spaces.

Proof. �is is proved just like lemma 5.1.22 and 5.1.23. To check that they are very special, note
that π0B(Ccl

d,θ) = π0B(hCcl
d,θ) = ∗ is trivial and that π0B(Cred

d,θ ) = π0B(hCred
d,θ ) = π0B(Cd,θ) is

the θ-structured bordism group.

We conclude this section by a lemma indicating that the functor R is homotopically well-
behaved.

Lemma 5.2.7. �e retraction r : Φd,θ → Φred
d,θ is a Serre �bration and hence the functor R : Cd,θ →

Cred
d,θ induces a level-wise �bration on the nerves.

Proof. To simplify notation we will ignore the tangential structures in this proof, though they can
easily be added.

For every map W : [0, 1]k → Φred
d and any li� V : [0, 1]k−1 → Φd with r(V (s1, . . . , sk−1)) =

W (s1, . . . , sk−1, 0) we need to �nd an extension V ′ : [0, 1]k → Φd such that r(V ′(s1, . . . , sk)) =

W (s1, . . . , sk).
Recall that we de�ned Φd as a colimit over submanifolds of RN for N → ∞. Since [0, 1]k is

compact, the image of W and V is contained in a �nite stage of the colimit. We can therefore �nd
N such that W (s1, . . . , sk−1), V (s1, . . . , sk) ⊂ RN−1 for all si. Let now Tλ : R∞ → R∞ be the
di�eomorphism de�ned by applying xN 7→ λ+ xN to the N th coordinate. We use it to de�ne

V ′(s1, . . . , sk) := W (s1, . . . , sk) ∪ Tsk/2(c(V (s1, . . . , sk−1))).

�e union of W (. . . ) and Tsk/2(. . . ) is in fact a disjoint union: the �rst part has N th coordinate 0

and the second part has N th coordinate sk/2. For sk = 0 they are disjoint by assumption. Since
the union is disjoint V (s1, . . . , sk) is indeed a manifold and a well-de�ned point in Φ.

It remains to check that V is actually continuous. As remarked in the proof of lemma 5.2.5 the
topology on Φ is equal to the subspace topology induced by the injection (c, r) : Φ ↪→ Φcl×Φred.
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It hence su�ces to check that both c(V ) and r(V ) depend continuously on (s1, . . . , sk), but this
is obvious by construction.

5.3 �e reduction �ber sequence

Our main technical theorem is what we call the “reduction �ber sequence”. It establishes a decom-
position of the classifying space of the bordism category into its closed and reduced components.

�eorem5.3.1. For any dimension d and tangential structure θ the rows in the commutative diagram

of in�nite loop spaces

BCcl
d,θ BCd,θ BCred

d,θ

B(hCcl
d,θ) B(hCd,θ) B(hCred

d,θ )

R

R

are homotopy �ber sequences.

�is is similar to lemma 5.2.5 where we observed a spli�ing of the morphism spaces. Note,
however, that because c is not functorial there is no spli�ing as a product on the level of categories,
but only a homotopy �ber sequence.

Warning 5.3.2. �e vertical maps in the theorem are in fact zig-zags BCd,θ ← B(δCd,θ) →
B(hCd,θ) as described in de�nition 5.1.14. We will usually omit the le�-ward arrow as it depends

naturally on C and is a weak equivalence by lemma 5.1.16.

�e essential technical ingredient for the proof of theorem 5.3.1 is the Steimle’s “additivity
theorem for bordism categories” from [Ste18a]. As we will see in remark 5.3.7 the version proved
by Steimle is not su�cient for establishing the reduction �ber sequence and we will instead need
the following generalised “local” version, which we proved in [Ste19] to study the category of
cospans.

�eorem 5.3.3 (Local additivity theorem for bordism categories, [Ste19, �eorem 5.8]). Let P :

E → B be a weakly unital functor of weakly unital topological categories such that B is �brant, P is

a local �bration, P is locally Cartesian, and P is locally coCartesian.

�en, for every weakly unital functor F : C → B, the following is a homotopy pullback square:

B(C ×B E) BE

BC BB.

P

F

Remark 5.3.4. All non-unital categories in this paper have weak units in the form of cylinders and

all functors considered will preserve these. We will recall the other technical terms as needed.
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�e main step in verifying the conditions of the additivity theorem will be to check that the
functor R : Cd,θ → Cred

d,θ is indeed locally (co)Cartesian. �is is a consequence of lemma 5.2.5.

Lemma 5.3.5. A morphism W : M → N in Cd,θ is locally R-Cartesian in the sense of [Ste19,

De�nition 5.6], if and only if it is reduced.

Proof. According to [Ste19, De�nition 5.6] W is locally R-Cartesian if and only if for any (and by
[Ste19, Lemma 5.9] equivalently all) equivalences V : M ′ →M in Cred

d,θ the following diagram

homCd,θ(M
′,M) homCd,θ(M,N)

homCred
d,θ

(M ′,M) homCred
d,θ

(M,N)

( ∪MW )

R R

r( ∪Mr(W ))

induces a weak equivalence between the homotopy �ber of R at V and the homotopy �ber of
R at r(V ∪M W ) = r(V ∪M r(W )). �e choice of the equivalence V does not ma�er, but to
be concrete we can take M ′ = M and V : M → M to be the cylinder of length one. Using
lemma 5.2.5 we can identify the homotopy �bers with homCcl

d,θ
(∅, ∅). Note that in light of lemma

5.2.7 these homotopy �bers are equivalent to the genuine �bers. �e induced map between the
homotopy �bers is exactly composition with c(V ∪M W ) in Ccl

d,θ:

( ∪∅ c(V ∪M W )) : homCcl
d,θ

(∅, ∅) −→ homCcl
d,θ

(∅, ∅).

�is map is homotopic to the identity if c(V ∪M W ) = (∅, t) is the empty cobordism of some
length t > 0, and since V is a cylinder this is the case if and only if W is reduced. �erefore W is
R-Cartesian if it is reduced.

Conversely, ifW is not reduced, then c(V ∪MW ) is non-empty and the map ( ∪∅c(V ∪MW ))

cannot be an equivalence as it does not hit the connected component of (∅, t) ∈ homCcl
d,θ

(∅, ∅).

Lemma 5.3.6. A morphism [W ] : M → N in hCd,θ is locally (hR)-Cartesian in the sense of [Ste19,

De�nition 5.6], if and only if it is reduced.

Proof. �is is proved just like lemma 5.3.5, but using the bijection

homhCd,θ(M,N) ∼= homhCcl
d,θ

(∅, ∅)× homhCred
d,θ

(M,N).

It is important to note that, while the proofs are completely analogous, the statement of this lemma
is not a formal consequence of the statement of lemma 5.3.5. See warning 5.3.8.

Remark 5.3.7. As we will see in the proof of theorem 5.3.1, this lemma implies thatR : Cd,θ → Cred
d,θ

is locally Cartesian and, by reversing bordisms, also locally coCartesian. Note, however, that usually

R is neither Cartesian nor coCartesian. A morphismW : M → N in Cd,θ isR-Cartesian if the square
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in lemma 5.3.5 is a homotopy pullback for allM ′. In particular, the vertical homotopy �bers at V and

r(V ∪M r(W )) have to agree for all reduced V : M ′ →M and not just the equivalences. It follows

from the proof of lemma 5.3.5 that for this to be the case c(V ∪M W ) has to be empty. �erefore, if

W : M → N and V : M ′ → M are reduced morphisms such that V ∪M W is not reduced, then

there cannot be an R-Cartesian morphism W̃ : M → N with r(W̃ ) = W .

Note that reduced bordisms W , V with V ∪M W not reduced exist in all bordism categories with

d > 0 and θ 6= ∅.2 �is shows that Steimle’s original version of the additivity theorem for bordism

categories [Ste18a] would not be su�cient for our purposes.

Proof of �eorem 5.3.1. Let R+ denote the topological semigroup (R>0,+) thought of as a non-
unital topological category with one object. For all variants of the bordism category there is a
canonical functor C → R+ that records the length of a bordism. Picking any object M ∈ C we
also have a functor CylM : R+ → C that sends t to (t,R ×M), the cylinder of length t on M .
Using these functors we construct a commutative diagram

Ccl
d,θ Cd,θ

R+ Cred
d,θ .

R

Cyl∅

�is is trivially a pullback diagram on the spaces of objects. By the proof of lemma 5.2.5 it also is
a pullback diagram on the spaces of morphisms, and hence it is a pullback diagram of categories
internal to topological spaces.

We now wish to apply the local additivity theorem for bordism categories of [Ste19] to this,
which we recalled as theorem 5.3.3. �e �brancy condition on Cred

d,θ follows from the �brancy for
Cd,θ , see [ERW19b, Proposition 3.2.4(ii)] and the �brancy condition onR follows from lemma 5.2.7.
�e functorR is locally Cartesian since any morphismW : M → N in Cred

d,θ has a li� to Cd,θ given
by W itself. �is li� is reduced and hence by lemma 5.3.5 locally Cartesian. Turning around all
bordisms involved we see by the same argument thatR is locally coCartesian. Finally, we note that
the categories involved are weakly unital with the weak units given by the cylinders (t,R ×M)

described above. �e functors in the diagram preserve the cylinders and are hence weakly unital.
�is checks all conditions of theorem 5.3.3.

2It su�ces to construct a counterexample for θ = GLd and all d > 0, then the others can be produced using
functoriality of Cd,θ in the GLd-space θ. So, consider the bordism category of framed 1-manifolds C1,GL1 . Here a
counterexample is given by V = D1 : ∅ → {+,−} and W = D1 : {+,−} → ∅ with the obvious framing. �e
counterexample in Cd,GLd is now obtained by taking the product with (S1)d−1 with the Lie-group framing.
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As a result of the additivity theorem we see that

BCcl
d,θ BCd,θ

BR+ BCred
d,θ

B(R)

is a homotopy pullback diagram. �e non-unital topological categoryR+ is weakly equivalent to
the terminal unital category and hence BR+ is weakly contractible. �is shows that

BCcl
d,θ −→ BCd,θ −→ BCred

d,θ

is a homotopy �ber sequence.
It remains to discuss the homotopy �ber sequence for the homotopy categories hCd,θ . Basically

all arguments can be copied from the topological case, (using lemma 5.3.6 instead of lemma 5.3.5)
with the additional simpli�cation that all morphism spaces are discrete and hence all �brancy
conditions are trivially satis�ed. In particular this shows that the second sequence in the theorem
is a homotopy �ber sequence.

�e vertical maps in the theorem are induced by the canonical zig-zag of functorsD ← δD →
hD that we have for any topologically category and it is clear that the diagram commutes. We
know from lemma 5.1.22, 5.1.23, and 5.2.6 that all six spaces are in�nite loop spaces and that the
maps respect this structure. Hence the diagram is a diagram of in�nite loop spaces and in particular
the two �ber sequences are �ber sequences of in�nite loop spaces.

Warning 5.3.8. �ere are topologically enriched functors F : E → B satisfying the conditions of

the (local) additivity theorem for bordism categories such that hF : hE → hB does not satisfy the

conditions of the theorem. �e reason for this is that the property of being of (locally) (co)Cartesian is

not preserved under taking homotopy categories. �is for example fails when considering Genauer’s

sequence: Steimle’s proof of the Genauer �ber sequence [Ste18a, �eorem 1.1] does not imply that there

is an analogous homotopy �ber sequence

B(hCd) −→ B(hC∂d )
∂−−→ B(hCd−1)

for the classifying spaces of the homotopy categories. In fact, the author believes that this cannot be a

homotopy �ber sequence for any d ≥ 1.

5.4 Computations for d = 1

5.4.1 �e classifying space of the closed bordism category

�e closed bordism category is a topological monoid and we think of it as the coherently commu-
tative monoid freely generated by the connected closed manifolds. In lemma 5.4.1 we describe its
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classifying space as the free in�nite loop space generated by BDiffθ(W ) for all connected closed
di�eomorphism types W . In dimension one, the only connected closed manifold is the circle and
we can describe BCcl

1,θ more explicitly in terms of the homotopy orbits of the space of free loops,
see corollary 5.4.4.

Lemma 5.4.1. �e maps αW : ΣBDiffθ(W )→ BCcl
d,θ from de�nition 5.1.27 induce a weak equiv-

alence of in�nite loop spaces:

Q

Σ

 ∐
[W ] connected closed

BDiffθ(W )


+

 '−−→ BCcl
d,θ.

Proof. Let us �rst consider the case d = 0 with θ = X some space. �en a morphism in Ccl
0,X

is a �nite subset of (0, t) × (−1, 1)∞, equipped with a map to X . In other words, the space of
morphisms of Ccl

0,X is theX-labelled con�guration space Conf((−1, 1)∞;X) with the usual com-
position de�ned by pu�ing con�gurations side by side. Segal’s improved Barrat-Priddy-�illen
theorem [Seg74, Proposition 3.6] states that the group-completion of the special (but not very
special) Γ-space Conf((−1, 1)∞;X) is

ΩB(Conf((−1, 1)∞;X)) ' Q(X+).

�e inverse map comes from the mapX → Conf((−1, 1)∞;X) that sends x to the point 0 labelled
by x. Since Ccl

0,X is this monoid, thought of as a category with one object, we conclude that BCcl
0,X

is the delooping Ω−1Q(X+) ' Q(ΣX+). Seeing asX ∼= Bunθ(∗) ∼= BDiffθ(∗) we therefore have
an equivalence Q(ΣX+) ' BConf((−1, 1)∞;X) ' BCcl

0,X . Restricted to ΣX ⊂ Q(ΣX+) this
equivalence agrees with the map αW=∗ : ΣBDiffθ(∗)→ BCcl

0,X and therefore the equivalence we
constructed agrees with the one in the claim. �e lemma follows in the case d = 0.

To reduce the case d > 0 to the case d = 0 we de�ne X as the space of closed connected θ-
structured submanifolds of (−1, 1)∞ so that X '

∐
[W ] con. BDiffθ(W ). If we can show that Ccl

d,θ

and Ccl
0,X are weakly equivalent as non-unital topological Γ-categories, then the claim for d > 0

follows from the �rst part of the proof:

Q

Σ

 ∐
[W ] connected

BDiffθ(W )


+

 ' Q(ΣX+) ' BCcl
0,X

?' BCcl
d,θ.

To obtain the weak equivalence Ccl
d,θ ' Ccl

0,X we �rst convince ourselves that the morphism
spaces are abstractly equivalent. To see this take any closed d-dimensional manifold W and de-
compose it as W = qni=1 q

mi
j=1 Wi,j where each Wi,j is connected and Wi,j

∼= Wi′,j′ i� i = i′.
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�en

BDiffθ(W ) = Bunθ(W )//Diff(W ) ∼=

(
n∏
i=1

(Bunθ(Wi,1))mi

)
//

(
n∏
i=1

Diff(Wi,1) o Σmi

)

'
n∏
i=1

(
(Diffθ(Wi,1))mi)// Σmi

)
'

n∏
i=1

(
Confmi((−1, 1)∞; Diffθ(Wi,1)

)
.

�is shows that the respective connected components of Mor(Ccl
d,θ) and Mor(Ccl

0,X) are abstractly
equivalent.

To obtain the desired equivalence of in�nite loop spaces BCcl
d,θ ' BCcl

0,X we will construct a
zigzag Ccl

d,θ ← D → Ccl
0,X of Γ-categories inducing the equivalence on the morphisms spaces. �e

new Γ-category D also has one object. A morphism in D is a tuple (W, i, j, l, t) where t > 0 is
the length, W is a closed d-dimensional manifold, i : W ↪→ (−1, 1)∞ × (0, t) and j : (π0W ) ↪→
(−1, 1)∞ × (0, t) are embeddings, and l ∈ Bunθ(W ) is a θ-structure on W . Such a tuple is
identi�ed with another tuple (W ′, i′, j′, l′, t′) if t = t′ and there is a di�eomorphism ϕ : W ∼= W ′

such that i = i′ ◦ ϕ, j = j′ ◦ (π0ϕ), and l = ϕ∗l′. �e Γ-structures are de�ned just like for Ccl
d,θ .

�ere is a projection map p : D → Ccl
d,θ that forgets i. �ere also is a projection map q : D →

Ccl
0,X that sends [W, i, j, l] to the con�guration j(π0W ) ⊂ (−1, 1)∞, where each point j([V ]) is

labelled by the connected component V ⊂ W with tangential structure l|V ∈ Bunθ(V ). Both
maps p and q are functors of Γ-categories by construction. It is not hard to see that they induce
the abstract equivalence described above.

De�nition 5.4.2. We will letT denote the Lie group SO(2). �e free loop spaceLX := Map(S1, X)

admits an action of T by precomposition. We will denote the homotopy orbits of this action by

(LX)hT := LX// T = (ET× LX)/T.

Lemma 5.4.3. Consider the tangential structure θ = X × θor where θor = {−1, 1} with the non-

trivial action of GL1. �e moduli space of connected closed 1-manifolds with θ-structure is

BDiffθ(S1) ' (LX)hT.

Proof. We compute

BDiffθ(S1) = Bunθ(S
1)//Diff(S1) ' MapGL1

(S1 × {±1}, X × {±1})//Diff(S1)

'
(
Map(S1, X)×Map(S1, {±1})

)
//Diff(S1).

Inclusion of the subgroup Z/2 n T ∼= O(2) ⊂ Diff(S1) is a weak equivalence and we may hence
compute the homotopy orbits by �rst taking ( )hT and then taking ( )hZ/2. As ( )hT commutes
with coproducts this results in

BDiffθ(S1) ' ((LX)hT × {±1})hZ/2 ' (LX)hT

as claimed.
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Combining lemma 5.4.1 and 5.4.3 we recover a computation of BCcl
1,X×θor that was stated in

[Gia19, Proposition 5.1] without proof:

Corollary 5.4.4. For all spaces X there is a weak equivalence of in�nite loop spaces

Q(Σ+(LX)hT) ' BCcl
1,X×θor .

5.4.2 �e homotopy category of the 1-dimensional bordism category

We now have all the tools ready to prove �eorem E. We will �rst compute the classifying space
of the reduced bordism category Cred

1 , then compare it to hCred
1 , and �nally compute B(hC1).

�eorem 5.4.5. �ere is an equivalence of in�nite loop spaces

BCred
1 ' Ω∞−2MTSO2.

Proof. We will use the reduction �ber sequence of theorem 5.3.1 for C1:

BCcl
1 BC1 BCred

1 .R

Since R is surjective on connected components (in fact R : π0BC1 → π0BCred
1 is a bijection) this

remains a homotopy �ber sequence a�er we deloop each of the in�nite loop spaces once:3

B(BCcl
1 ) −→ B(BC1) −→ B(BCred

1 ).

We can therefore write BCred
1 ' Ω(B(BCred

1 )) as the homotopy �ber of the le�-hand map. We
have a homotopy commutative diagram of in�nite loop spaces as follows:

BCred
1 B(BCcl

1 ) B(BC1)

Ω∞−2MTSO2 Q(Σ2(BSO2)+) Ω∞−2MTSO1

' 5.1.26'5.4.1
αS1

Here lemma 5.4.1 is our computation ofBCcl
1 and theorem 5.1.26 is the main theorem of [GMTW09].

�e bo�om row is the Genauer �ber sequence from lemma 5.1.28. Since the top sequence is also a
homotopy �ber sequence, we obtain a zig-zag of equivalences of in�nite loop spaces:

BCred
1 ← hofib

(
Q(Σ2(BSO2)+)

αS1−−→ B(BC1)
)
→ Ω∞−2MTSO2.

To obtain the desired computation of BhC1 we �rst need to show that in dimension 1 the
reduced bordism category is equivalent to its homotopy category.

3To see that this is indeed a homotopy �ber sequence, consider the canonical map B(BCcl
1 ) → hofib(B(BC1) →

B(BCred
1 ). We know that it becomes an equivalence a�er applying Ω and we know that the le�-hand space is connected.

So all that is le� to show is that the right-hand space is also connected, but this is a consequence of π0R being surjective.
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Lemma 5.4.6. �e natural functors Cred
1 ← δ(Cred

1 ) → h(Cred
1 ) induce equivalences on classifying

spaces.

Proof. For the le�-ward pointing functor this is a consequence of lemma 5.1.16 and the �brancy
of Cred

d,θ , which in turn is a consequence of [ERW19a, Proposition 3.2.4(ii)].
�e right-ward pointing functor δ(Cred

1 ) −→ hCred
1 is the identity on the (discrete) space of

objects. So to show that it is an equivalence, we will only have to show that for any two objects
M,N ∈ Cred

1 the projection

homCred
1

(M,N) −→ π0 homCred
1

(M,N) = homhCred
1

(M,N)

is a weak equivalence. To see this, recall from fact 5.1.13 that the le�-hand-side can be wri�en as

homCred
1

(M,N) '
∐
[W ]

BDiff+(W rel ∂W )

where [W ] runs over di�eomorphism classes of reduced bordisms fromM toN . By the classi�ca-
tion of 1-manifolds, every such reduced bordism is the disjoint union of intervals: W ∼= qk[0, 1].
A di�eomorphism of W relative to its boundary cannot permute the intervals and therefore the
di�eomorphism group decomposes as a product. Since the di�eomorphism group of the interval
relative to its boundary is contractible we have that

BDiff+(W rel ∂W ) ∼=
k∏
i=1

BDiff+([0, 1] rel {0, 1}) ' ∗.

�erefore the connected components of the hom spaces of δCred
1 are contractible, and the category

is equivalent to its homotopy category.

�eorem 5.4.7. �ere is a homotopy �ber sequence of in�nite loop spaces

S1 −→ B(hC1) −→ Ω∞−2MTSO2.

�e in�nite loop space map Ω∞−2MTSO2 → K(Z, 2) that continues this �ber sequence corresponds

to the generator Σ2κ0 ∈ H2(Σ2MTSO2) ∼= Z.

Proof. Consider the two compatible reduction �ber sequences of �eorem 5.3.1:

BCcl
1 BC1 BCred

1

B(hCcl
1 ) B(hC1) B(hCred

1 )

R

R

By lemma 5.4.6 the right vertical map is an equivalence and hence theorem 5.4.5 implies

B(hCred
1 ) ' BCred

1 ' Ω∞−2MTSO2.
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�e category hCcl
1 has one object, the endomorphisms of which are the natural numbers. �erefore

its classifying space is B(hCcl
1 ) = BN ' S1. �erefore the bo�om �ber sequence of the diagram

now reads as
S1 −→ B(hC1) −→ Ω∞−2MTSO2,

which proves the �rst claim of the theorem.
Continuing the �ber sequences once to the right we have

BC1 BCred
1 Q(Σ2(BSO2)+)

B(hC1) B(hCred
1 ) K(Z, 2).

R

p1

f

p2

R g

�e map f is an isomorphism for spectrum cohomology in positive degree, because its �ber QS0

has spectrum cohomology concentrated in degree 0. �e class κ0 ∈ H0(MTSO2) is de�ned as
the pullback of the basepoint class in H0(Σ∞(BSO2)+). �e map p2 is 3-connected because it is
the delooping of a 2-connected map, and as noted above p1 is an equivalence. �erefore g pulls
back the canonical class in H2(Σ2HZ) to κ0.

As a consequence of the computation ofB(hC1) we can compute its rational cohomology using
the following standard fact:

Fact 5.4.8. Let Y be a spectrum such that the spectrum cohomology H i(Y ;Q) is �nite dimensional

for all i ≥ 0. �en the rational cohomology of its in�nite loop space is

H∗(Ω∞Y ;Q) ∼=
∏
π0Y

S[H∗>0(Y ;Q)]

where S[V ] denotes the free symmetric algebra on a graded vector space V . �e Hopf-algebra struc-

ture on the cohomology of the identity component H∗(Ω∞0 Y ;Q) ∼= S[H∗>0(Y ;Q)] is such that

H∗>0(Y ;Q) consists of primitive elements.

Proof. �is is well-known, but we provide a short sketch of proof. First, we have equivalences of
spaces Ω∞Y ' π0Y × Ω∞0 Y '

∐
π0Y

Ω∞0 Y and so it will su�ce to show that H∗(Ω∞0 Y ;Q) ∼=
S[H∗>0(Y ;Q)]. Because it has degree-wise �nite dimensional homology τ≥1Y is rationally equiv-
alent to a direct sum of Eilenberg-Mac Lane spectra ΣnHQ, n > 0. We may hence assume
Y = ΣnHQ, in which case we have Ω∞−nHQ = K(Q;n) and H∗(K(Q;n);Q) = Q[β] where
|β| = n.

Corollary 5.4.9. �e rational cohomology rings of hC1 and hCred
1 are

H∗(B(hC1)0;Q) ∼= Q[κ1, κ2, . . . ] and H∗(B(hCred
1 )0;Q) ∼= Q[κ0, κ1, κ2, . . . ]

where |κi| = 2i+ 2. Moreover, the κi are primitive with respect to the Hopf-algebra structure.
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Proof. �e spectrum cohomology of Σ2MTSO2 is

H∗(Σ2MTSO2;Q) ∼= Q〈κ−1, κ0, κ1, κ2, . . .〉

where |κi| = 2i+ 2. By fact 5.4.8 we have

H∗(Ω∞0 Σ2MTSO2;Q) ∼= S[Q〈κ0, κ1, κ2, . . .〉].

�is implies the second claim seeing as B(hCred
1 ) ' Ω∞−2MTSO2 by theorem 5.4.5.

�eorem 5.4.7 states that B(hC1) is a circle bundle over BCred
1 , so we can compute its coho-

mology using the Gysin sequence. �e Euler class of the circle bundle is κ0 ∈ H2(B(hCred
1 )), so

by the rational Gysin sequence

H∗(B(hC1)0;Q) ∼= H∗(B(hCred
1 )0;Q)/〈κ0〉 ∼= Q[κ1, κ2, . . . ].

Alternatively we could have computed H∗(hofib(Σ2MTSO2 → Σ2HZ);Q) ∼= Q〈α, κ1, κ2, . . .〉
and applied fact 5.4.8 again.

5.4.3 �e reduced 1-dimensional bordism category and topological cyclic ho-

mology of a simply connected spaces

We will now compute the homotopy type of Cred
1,θ for more general tangential structures in terms

of the so-called circle transfer map. For any space Y with T-action the circle transfer is an in�nite
loop space map

trfT : Q(Σ(YhT)+) −→ Q(Y+)

natural with respect to T-equivariant maps.
We will treat the circle transfer as a black box and refer the reader to [Gia19] for a more detailed

discussion and pointers to the literature. �e circle transfer for the free loop space Y = LX turns
up naturally as a map between classifying spaces of 1-dimensional bordism categories:

�eorem 5.4.10 ([Gia19, Proposition 6.1]). Let θ = X × θor be the tangential structure as before,

then the following diagram of in�nite loop spaces commutes up to homotopy: 4

BCcl
1,θ BC1,θ

Q(Σ+(LX)hT) Q(LX+) Q(X+).

'

trfT

'
Q(ev)

Corollary 5.4.11. For the tangential structure θ = X × θor there is a homotopy �ber sequence of

in�nite loop spaces:

Q(Σ(LX)hT)
Q(ev)◦trfT−−−−−−−→ Q(X) −→ BCred

1,θ

4Note that there is a small misprint in [Gia19, Proposition 6.1]: �e diagram should say ev ◦ trf , not trf ◦ ev, as is
evident from the proof.
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Proof. �eorem 5.3.1 gives us the reduction �ber sequence

BCcl
1,θ −→ BC1,θ −→ BCred

1,θ .

By corollary 5.4.4 BCcl
1,θ ' Q(Σ+(LX)hT) and the main theorem of [GMTW09] implies BC1,θ '

Q(X+). Inserting these into the reduction �ber sequence we obtain a homotopy �ber sequence
with the desired terms, and theorem 5.4.10 identi�es the relevant map.

Corollary 5.4.12. For any simply connected space X there is an equivalence

TC (S[ΩX]; p) ' Q(X+)∧p ×
(

ΩBCred
1,X×θor

)∧
p
.

�e le�-hand-side denotes the topological cyclic homology of the ring spectrumS[ΩX] := Σ∞(ΩX)+.

Proof. According to [BCC+96, Proposition 3.9] there is a spli�ing

TC (S[ΩX]; p) ' Q(X+)∧p × hofib
(
Q(Σ(LX)hT)

ev◦trfT−−−−−→ Q(X)
)∧
p
.

Using corollary 5.4.11 we can rewrite the second term as

Ω hofib

(
Q(Σ2(LX)hT)

ev◦Ω−1trfT−−−−−−−−→ Q(ΣX)

)
' ΩBCred

d,X×θor

and the claim follows.

5.4.4 �e unoriented bordism category

In this section we consider the trivial tangential structure unor := {∗}. We have results similar to
the oriented case:

�eorem 5.4.13. �ere is an equivalence of in�nite loop spacesBCred
1,unor ' Ω∞−2MTO2 and there

is a homotopy �ber sequence of in�nite loop spaces

S1 −→ B(hC1,unor) −→ Ω∞−2MTO2.

�e rational cohomology ring of hC1,unor is:

H∗(B(hC1,unor)0;Q) ∼= Q[κ2, κ4, . . . ]

where |κi| = 2i+ 2, and π0B(hC1,unor) ∼= Z/2.

Proof. �e �rst part is proved just like theorem 5.4.5 and theorem 5.4.7. We only need to observe
that the equivalence of lemma 5.1.28 still holds in the unoriented case.

To compute the rational cohomology, we need to understand the map f : Ω∞−2MTO2 →
K(Z, 2) that continues the �ber sequence. Since π1B(hC1,unor) = 0 the map is necessarily sur-
jective on π2. So, by the same arguments as in corollary 5.4.9 we compute the cohomology. Here
we use that

H∗(MTO2;Q) = Q〈κ0, κ2, κ4, . . .〉.

To determine π0B(hC1,unor) recall that the unoriented 0-dimensional bordism group is Z/2.
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Chapter 6

Reduced bordisms and cocycles

In the previous chapter we computed the homotopy types of B(hC1) and B(hCred
1 ) and as a

result showed that their rational cohomology rings are polynomial algebras on the generators
κi ∈ H2i+2(B(hC1);Q). �is computation, however, was achieved abstractly and is perhaps un-
satisfying in that it does not give us a concrete understanding of what the classes κi actually are.
�e purpose of this chapter is to gain a more concrete understanding ofB(hC1) andB(hCred

1 ), and
in particular the κ-classes on them. All the κi can be obtained as a pullback along the connecting
homomorphism of the reduction �ber sequence:

B(hCred
1 )

'←− BCred
1

f−−→ Q(Σ2(BSO2)+).

In section 6.1 give a hands-on construction of the 2-cocycle representing the classκ0 ∈ H2(B(hCred
1 ))

coming from H2(f). In subsection 6.2.1 we construct a simplicial space of “cuts” Cut and show
that the canonical quotient mapNCred

1 → Cut is a geometric model for f . �is is then used in the
�nal section to give the cocycle formulas.

6.1 �e 2-cocycle on the reduced bordism category

We can think of hCd,θ as a central extension of hCred
d,θ by the abelian monoid hCcl

d,θ . In this section
we construct the 2-cocycle α on hCred

d,θ corresponding to the central extension. �is is the �rst step
in understanding the cocycles representing the cohomology classes on hC1.

De�nition 6.1.1. Let Ad,θ denote the abelian group π1BCcl
d,θ .

Remark 6.1.2. As a consequence of lemma 5.4.1 Ad,θ is the free abelian group on the set of di�eo-

morphism classes of closed connected θ-structured d-manifolds. Recall that π0(Φd,θ) is the commu-

tative monoid of di�eomorphism classes of closed θ-structured d-manifolds under disjoint union. �is

monoid injects intoAd,θ , andAd,θ is the group completionπ0(Φd,θ). When d = 1 and θ = {±1} is the

tangential structure for orientation, thenA1,or
∼= Z with generator [S1]. Similarly,A2,or

∼=
⊕

g≥0 Z
where there is one summand for every genus g ≥ 0.
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De�nition 6.1.3. We de�ne a 2-chain α : N2(hCred
d,θ )→ Ad,θ by

α : (M0
W0−−→M1

W1−−→M2) 7→ [c(W0 ∪M1 W1)] ∈ π0Φd,θ ⊂ Ad,θ.

7→α : =̂ 1 ∈ Z

Figure 6.1: �e 2-cochain α evaluated on a 2-simplex in Cutd,θ for d = 1 and θ = {±1}.

Le�ing d = 1 and θ = {±1} the 2-chain is Z-valued and assigns to two reduced one-bordisms
W : M → N and V : N → L the number of circles in the glued bordism W ∪N V . See �gure 6.1
for an illustration of this case. �is measures the failure of the canonical section hCred

1 → hC1 to
be functorial. In this sense it is reminiscent of the group 2-cocycle one usually assigns to a central
extension of groups. We make this precise:

Lemma 6.1.4. �e cochain α is a 2-cocycle and the cohomology class [−α] ∈ H2(B(hCred
d,θ );Ad,θ)

corresponds to the map

a : B(hCred
d,θ ) −→ K(Ad,θ, 2)

that continues the �ber sequence for homotopy categories of theorem 5.3.1. For d = 1 and θ = or we

have [−α] = κ0.

Proof. We �rst verify that α is indeed a cocycle. Consider a 3-simplex in the nerve of hCred
d,θ :

x = (M0
W1−−→M1

W2−−→M2
W3−−→M3). Evaluating α on ∂x =

∑
i(−1)idix gives

[c(W2∪M2 W3)]− [c(r(W1∪M1 W2)∪M2 W3)] + [c(W1∪M1 r(W2∪M2 W3))]− [c(W1∪M1 W2)].

To understand this, �rst consider c(W1 ∪M1 W2 ∪M2 W3). �is is the submanifold of W1 ∪M1

W2∪M2W3 given by those components that do not intersectM0 orM3. We can further decompose
it as

c(W1 ∪M1 W2 ∪M2 W3) = c(r(W1 ∪M1 W2) ∪M2 W3)q c(W1 ∪M1 W2)

into those components that do, or do not, intersect M2. Similarly we have a decomposition

c(W1 ∪M1 W2 ∪M2 W3) = c(W1 ∪M1 r(W2 ∪M2 W3))q c(W2 ∪M2 W3).

�is shows that the two terms in α(∂x) with a minus sign cancel the two terms with a plus sign.
Hence α indeed is a cocycle.
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For the second claim consider the map of homotopy �ber sequences

B(hCcl
d,θ) B(hCd,θ) B(hCred

d,θ )

K(Ad,θ, 1) ∗ K(Ad,θ, 2).

' a

where the top row is the reduction �ber sequence from �eorem 5.3.1. �e category hCcl
d,θ has

one object and the morphisms form the monoid of di�eomorphism classes of closed manifolds
under disjoint union. �ere is a canonical 1-cocycle β ∈ H1(hCcl

d,θ;Ad,θ), which sends a mor-
phism [W : ∅ → ∅] to [W ] ∈ Ad,θ . �is cocycle corresponds to the le� vertical map in the
above diagram. In the Serre spectral sequence for the bo�om �ber sequence the canonical element
β ∈ H1(K(Ad,θ, 1);Ad,θ) transgresses to the canonical element β′ ∈ H2(K(Ad,θ, 2);Ad,θ). By
naturality of the Serre spectral sequence this implies that d2[β] = a∗d2[β] = a∗β′. We will prove
the lemma by showing that the d2-di�erential in the cohomological Serre spectral sequence

d2 : H1(hCcl
d,θ;Ad,θ) −→ H2(hCred

d,θ ;Ad,θ)

sends [β] to −[α].
Recall that the transgression d2[β] of [β] can be uniquely characterised by requiring that in

the following diagram we have R∗(d2[β]) = δ([β]).

H2(hCred
d,θ , [∅];Ad,θ) H2(hCred

d,θ ;Ad,θ)

H1(hCcl
d,θ;Ad,θ) H2(hCd,θ, hCcl

d,θ;Ad,θ)

∼=

R∗

δ

�e coboundary operator δ is de�ned on β by choosing any extension β̂ : N1(hCd,θ) → Ad,θ
and se�ing δ(β) = β̂ ◦ ∂. It will be convenient to choose β̂(W ) := [c(W )]. �e 2-cocycle
δ(β) : N2(hCd,θ)→ Ad,θ is then

δ(β)(M0
W1−−→M1

W2−−→M2) = β̂(∂(M0
W1−−→M1

W2−−→M2)) = [c(W2)]−[c(W1∪M1W2)]+[c(W1)].

We can now compute δ(β) +R∗α on some 2-simplex x = (M0
W1−−→M1

W2−−→M2):

(δ(β) +R∗α)(x) = β̂(∂x) + α(R(x))

= β([W2]− [W1 ∪M W2] + [W1]) + α(M0
r(W1)−−−−→M1

r(W2)−−−−→M2)

= [c(W2)]− [c(W1 ∪M W2)] + [c(W1)] + [c(r(W1) ∪M1 r(W2))].

To see that this vanishes observe that the closed components of (W1∪M1 W2) can be decomposed
as

c(W1 ∪M1 W2) = c(r(W1) ∪M1 r(W2))q c(W1)q c(W2).

�is shows that δ(β) = −R∗α and hence d2[β] = −α. As we argued previously, this implies the
second claim.
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6.2 �e continued reduction sequence and the space of cuts

6.2.1 �e continued �ber sequence

In the case of homotopy categories the reduction �ber sequence can be thought of as a central
extension that is classi�ed by the 2-cocycle α constructed in the previous section. Similarly, the
topologically enriched version of the reduction �ber sequence leads to a “central extension of in-
�nite loop spaces” classi�ed an in�nite loop space map BCred

d,θ → Q(Σ2(
∐

[W ] con. BDiffθ(W ))+).
In the remainder of this section we will explicitly describe this map, so that we can later use it to
understand the higher cocycles on hC1.

It will be convenient to consider the following subspace, which in some sense freely generates
Ψd,θ:

De�nition 6.2.1. Let Ψcon
d,θ ⊂ Ψd,θ be the subspace of those (W, l) where W ⊂ (−1, 1)∞ is con-

nected or empty. We let W = ∅ be the base-point of this space. By fact 5.1.5 there is an equivalence:

Ψcon
d,θ ' {∅} q

∐
[W ] connected

BDiffθ(W ).

To construct the map BCred
d,θ → Q(Σ2Ψcon

d,θ ) we will need a new semi-simplicial space:

De�nition 6.2.2. For any n ≥ 0 we de�ne a subspace

(Cutd,θ)n ⊂ NnCd,θ = {(M0
W1−−→M1 → · · · →Mn−1

Wn−−→Mn) in Cd,θ}

to contain those n-tuples where M0 = ∅, Mn = ∅, and all the Wi are reduced.

�ere is a retraction Sn : NnCd,θ → (Cutd,θ)n for this inclusion, de�ned by deleting all connected

components of (W1 ◦ · · · ◦Wn) that intersect M0 qMn, or lie in c(Wi) for some i. We de�ne face

operators for Cutd,θ by dCut
i := Sn ◦ dNCi .

Remark 6.2.3. One needs to check that the di in fact satisfy all the simplicial relations. �is follows

immediately once one checks Sn ◦ dNCi = Sn ◦ dNCi ◦ Sn and Sn ◦ sNCi = sNCi ◦ Sn. See lemma

6.2.13 for more details. Conceptually, dCut
i acts by taking the face map as usual in the nerve and then

deleting all connected components V that violate the condition V ∩M0 qMn = ∅ or the condition

V 6⊂
∐
i c(Wi). See �gure 6.2 for an illustration.

Note that it follows from the de�nition that S• : NCd,θ → Cutd,θ is a map of semi-simplicial

spaces and that it identi�es Cutd,θ as a quotient semi-simplicial space of NCd,θ .

�eorem 6.2.4. �e natural quotient map NCred
d,θ → Cutd,θ induces, a�er geometric realisation, a

continuation of the reduction �ber sequence from �eorem 5.3.1. More precisely, there is a map of
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x =

d0x = d1x =

Figure 6.2: A 4-simplex in Cutd,θ for d = 1 and θ = {±1} and two of its simplicial faces.

homotopy �ber sequences of in�nite loop spaces:

BCcl
d,θ BCd,θ BCred

d,θ

BCcl
d,θ ∗ ‖Cutd,θ‖.

R

S

In particular, there is an equivalence of in�nite loop spaces:

‖Cutd,θ‖ ' B(BCcl
d,θ) ' Q(Σ2Ψcon

d,θ ).

In dimension d = 1 with θ = {±1} we see that ‖Cut1,or‖ ' Q(Σ2(CP∞)+) and the map S
comes from the co�ber sequence of spectra

S −→ Σ2CP∞−1
s−→ Σ∞+2(CP∞)+.

In particular, it is a rational equivalence on connective covers. �is will be particularly useful in
section 6.3 where we want to write the κi-classes as pullbacks along S. We record:

Corollary 6.2.5. For d = 1 and θ = {±1} the map S induces a rational equivalence

BCred
1

(π0,S)−−−−→ Z× ‖Cut1‖.

If we introduce a background space X , then it follows from lemma 5.4.1 that Ψcon
1,{±1}×X '

((LX)hT)+. Let us denote Cut1,{±1}×X by Cut1(X). By theorem 6.2.4 we have ‖Cut1(X)‖ '
Q(Σ2(LXhT)+). Recall that Σ∞+ LX is also the topological Hochschild homology (THH) of the
spherical group ring S[ΩX]. Indeed, we will see in section 6.3.1 that Cut1 is closely related to
Connes’ category Λ and in the presence of a background space Cut1(X) should be thought of as
a variant of the cyclic bar construction. �is identi�cation of Cut with THH is compatible with
the relation between Cred

1 and TC:
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Corollary 6.2.6. �ere is a homotopy commutative diagram of p-complete in�nite loop spaces:

Ω∞TC (S[ΩX]; p) Q(Σ+(LX)hT)∧p

ΩBCred
1 (X)∧p Ω‖Cut1(X)‖∧p

b

α

'

ΩS

where map α is the top map in [BHM93, Diagram (0.3)], see also [NS18, �eorem IV.3.6], and the map

b is obtained by composing the equivalence from corollary 5.4.12 with the projection to the second

factor.

Proof. As a consequence of the identi�cations made in corollary 5.4.11 and the continued �ber
sequence in theorem 6.2.4 we have a homotopy commutative square:

hofib
(
Q(Σ+(LX)hT)

ev◦trfT−−−−−→ Q(X)
)

Q (Σ+(LX)hT)

ΩBCred
1 (X) Ω‖Cut1(X)‖.

' '

ΩS

Now we can, just like in corollary 5.4.12, use [BCC+96, Proposition 3.9] to obtain an equivalence

TC (S[ΩX]; p) ' Q(X+)∧p × hofib
(
Q(Σ(LX)hT)

ev◦trfT−−−−−→ Q(X)
)∧
p
.

�e square in the claim is now obtained by p-completing the above square and composing with
the projection of TC onto the second factor.

�e remainder of this section will be concerned with proving theorem 6.2.4.

6.2.2 �e category of factorizations

Before we can prove theorem 6.2.4 we need a good understanding of how the space Ψcon
d,θ relates

to ‖Cutd,θ‖ and B(Ccl
d,θ). �is will make use of the following poset:

De�nition 6.2.7. �e topological poset Fd,θ consists of tuples ((W, l), t) where (W, l) ∈ Ψcon
d,θ is

a closed d-dimensional submanifold of (−1, 1)∞ with W empty or connected and t ∈ (−1, 1) is

a regular value of pr1 : W → (−1, 1) with t ∈ prR(W ) or W empty. �e relation is such that

((W, l), t) ≤ ((W ′, l′), s) i� (W, l) = (W ′, l′) and t ≤ s.

One should think of Fd,θ as the category of possible factorizations of connected manifolds in
Cd,θ . An object is a tuple of bordisms W0 : ∅ → M and W1 : M → ∅ such that W0 ∪M W1

is connected and a morphism (M,W0,W1) → (N,V0, V1) is a bordism X : M → N such that
V0 = W0 ∪M X and W1 = X ∪N V1. In this sense Fd,θ is a full subcategory of the “over-and-
under-category”; we will explore this perspective in section 6.3.1.

�ere is an augmentation map Fd,θ → Ψcon
d,θ de�ned by forge�ing the regular value t.
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Proposition 6.2.8. �e augmentation induces an equivalence B(Fd,θ) ' Ψcon
d,θ .

We will prove this using the following technical lemma about classifying space of certain
posets.

Lemma 6.2.9 ([GRW14]). LetX be a space and P ⊂ X×R an open subset such that prX : P → X

is surjective. We equip P with the poset structure de�ned by

(x, t) ≤ (x′, s)⇔ (x = x′ and t ≤ s).

�en the canonical augmentation NkP → X induces a weak equivalence

B(P,≤) ' X.

Proof. �is is easily seen to be a special case of [GRW14, �eorem 6.2].

Proof of proposition 6.2.8. We want to apply the proceeding lemma 6.2.9 to the poset Fd,θ . �e
subset Fd,θ ⊂ Ψcon

d,θ × R is open because for t to be a regular value for pr1 : W → R is an open
condition that continuously depends on W . �e problem is that we also require t ∈ pr1(W ); this
leads to the projection map Fd,θ → Ψcon

d,θ not being surjective. Lemma 6.2.9 therefore only shows
that BFd,θ is equivalent to the subspace X ⊂ Ψcon

d,θ of those manifolds (W, l) ∈ Ψcon
d,θ such that

there is a t ∈ pr1(W ) that is a regular value for pr1 : W → R.
SinceW is connected and the regular values of pr1 are dense in R, the only way for (W, l) not

to lie in X is if pr1(W ) = {t} is a single point. To prove the proposition we have to show that the
inclusion X ⊂ Ψcon

d,θ is a weak equivalence. We can write this inclusion as:

X ∼=
∐

[W ] con.

(
Emb(W, (−1, 1)∞)′ × Bunθ(W )

)
/Diff(W ) ↪→

∐
[W ] con.

(
Emb(W, (−1, 1)∞)× Bunθ(W )

)
/Diff(W ) ∼= Ψcond,θ

Here Emb(W, (−1, 1)∞)′ is the subspace of those embeddings ι : W ↪→ (−1, 1)∞ where the �rst
coordinate ι0 : W → (−1, 1) is not a constant map. Since each Emb(W, (−1, 1)∞) × Bunθ(W )

is a Diff(W )-principal bundle over the respective connected component of Ψd,θ it will su�ce to
check that each of the inclusions

Emb(W, (−1, 1)∞)′ × Bunθ(W ) ↪→ Emb(W, (−1, 1)∞)× Bunθ(W )

is a weak equivalence. We will do so by showing that Emb(W, (−1, 1)∞)′ is contractible.
Let C∞(W, (−1, 1)) be the space of smooth functions with the Whitney C∞-topology and

write C∞(W, (−1, 1))′ for the subspace of non-constant smooth functions. Evaluating the �rst
coordinate yields a map

E : Emb(W, (−1, 1)∞)′ −→ C∞(W, (−1, 1))′.

Pick a preferred embedding j : W ↪→ (−1, 1)∞ and de�ne an right-inverse J to E by se�ing
J(f)(w) = (f(w), j1(w), j2(w), . . . ). It is clear that E ◦J is the identity on C∞(W, (−1, 1))′ and
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J◦E is homotopic to the identity by the same standard argument that shows that Emb(W, (−1, 1)∞)

is homotopy equivalent to C∞(W, (−1, 1))′.
We still need to check that C∞(W, (−1, 1))′ weakly contractible. Since (−1, 1) is di�eomor-

phic to R, the space C∞(W, (−1, 1)) is homeomorphic to the vector space of smooth functions
C∞(W,R). C∞(W,R) is a separable in�nite dimensional Fréchet space and subspace of constant
functions R ⊂ C∞(W,R) is the union of countably many compacts. It therefore follows from
[BP75, �eorem VI.5.2, Corollary V.6.2, and �eorem V.6.3] that C∞(W, (−1, 1))′ ∼= C∞(W,R)\R
is homeomorphic to C∞(W,R) and in particular contractible.

6.2.3 Poset models

When working with bordism categories it is o�en convenient to replace the topological category
Cd by a topological poset PCd with an equivalent classifying space. We learnt this trick from the
work of Galatius–Randal-Williams (see e.g. [GRW10]). We recallPCd and introduce four simplicial
spaces, related to Ccl, Cred, Cut, and a new simplicial space D. Note that these will in fact be
simplicial and not just semi-simplicial spaces since the poset PCd (unlike Ccl

d , Cd, Cred
d ) does have

identity morphisms. In what follows we will o�en suppress the data (d, θ) from the notation to
make space for simplicial indices.

De�nition 6.2.10. �e topological poset PCd,θ has underlying space the space of tuples ((W, l), t)

where (W, l) ∈ Ψd,θ(R × (−1, 1)∞) is a submanifold of the “tube” R × (−1, 1)∞ and t ∈ R is a

regular value of the projection W → R. �e poset structure is de�ned via

((W, l), t) ≤ ((W ′, l′), s)⇔ (W, l) = (W ′, l′) and t ≤ s.

Remark6.2.11. To compare this with Cd,θ one de�nes another (non-unital) topological posetPcylCd,θ
where for every object ((W, l), t) there is an ε > 0 such that (W, l) is cylindrical over (t− ε, t+ ε).

�en there are functors

Cd,θ ← PcylCd,θ → PCd,θ

and by [GRW10, �eorem 3.9] they both induce equivalences on the classifying spaces. All of these

constructions are compatible with the Γ-space structures we described in section 5.1.5.

Let C denote the nerve of the poset PCd,θ . An n-simplex in C is a tuple ((W, l), t0 ≤ · · · ≤
tn) where (W, l) ∈ Ψd,θ(R × (−1, 1)∞) is a d-dimensional θ-structured manifold in the tube
R× (−1, 1)∞ and the ti ∈ R are regular values of prR : W → R.
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De�nition 6.2.12. For all n we de�ne subspaces Ccl
n , C

red
n ,Cut′n, Dn ⊂ Cn to contain those n-

simplices w = ((W, l), t0 ≤ · · · ≤ tn) ∈ Cn satisfying certain conditions:

w ∈ Ccl
n ⇔ ∀V ⊂W : prR(V ) ∩ {t0, . . . , tn} = ∅,

w ∈ Cred
n ⇔ ∀V ⊂W : prR(V ) ∩ {t0, . . . , tn} 6= ∅,

w ∈ Cut′n ⇔ ∀V ⊂W : prR(V ) ⊂ (t0, tn) and prR(V ) ∩ {t1, . . . , tn−1} 6= ∅,

w ∈ Dn ⇔ ∀V ⊂W : prR(V ) ⊂ (t0, tn).

Here the ∀ quanti�er runs over all connected components V ⊂ W . When n = 0 or, more generally,

when t0 = tn, the third and the fourth condition are interpreted as W = ∅.
Each of the subspaces Ccl

n , C
red
n ,Cut′n, Dn ⊂ Cn is a union of connected components. �e inclu-

sion Dn ⊂ Cn admits a canonical retraction r : Cn → Dn de�ned by sending w = ((W, l), t0 ≤
· · · ≤ tn) to ((W ′, l|W ′), t0 ≤ · · · ≤ tn) where W ′ ⊂ W is the union of those connected compo-

nents V ⊂ W satisfying prR ⊂ (t0, tn). Similarly, de�ne r : Cn → Ccl
n , r : Cn → Cred

n , and

r : Cn → Cut′n by deleting the connected components that violate the relevant condition.

De�ne face operators di onCcl
• ,Cred

• , Cut′•, andD• by including toC•, applying the face operator

of C•, and then applying the retraction. Degeneracy operators are de�ned similarly.

See �gure 6.2 for an illustration of how face maps work in Cut′• and �gure 6.3 for an example
of a 4-simplex in D•.

Figure 6.3: A 4-simplex in D for d = 1 and θ = {±1}.

Note that while the inclusion Cred
• ⊂ C• is not a simplicial map, the retraction C• → Cred

• is:

Lemma 6.2.13. With the above de�nition the inclusion makes Ccl
• ⊂ C• a simplicial subspace and

the retractions make Cred
• , Cut′•, and D• into simplicial quotient spaces of C•. In each of the four

cases the ith degeneracy operator simply repeats ti.

Proof. Note that for any retraction (i : A → B, r : B → A) of topological spaces the space
A carries the subspace topology with respect to i and the quotient topology with respect to r.
�erefore each of Cred

n , Cutn, and Dn is indeed a quotient space of Cn.
To check the �rst claim, we need to show that Ccl

• ⊂ C• is closed under face maps. But this is
clear because prR(V ) ∩ {t0, . . . , tn} = ∅ implies prR(V ) ∩ {t0, . . . t̂i . . . , tn} = ∅ for any i.
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For the second claim we need to check that r ◦ di = r ◦ di ◦ r holds for r : C• → Cred
•

the retraction and di a face operator on C•. Once this is shown, it follows that the induced face
operators dred

i := r ◦ di satisfy the simplicial identities and that r : C• → Cred
• is a simplicial

quotient map. �e cases of Cut′• and D• are then shown similarly.
By de�nition the retraction deletes all connected componentsV ⊂W such thatV ∩{t0, . . . , tn} =

∅. We need to make sure that if a component is deleted by r, then it is also deleted by r ◦ di. But if
V ∩{t0, . . . , tn} = ∅, then V ∩{t0, . . . , t̂i, . . . , tn} = ∅, so the claim follows. As similar argument
works in the other two cases because for each of them the conditions on V ⊂ W get stricter as
the set {t0, . . . , tn} gets smaller.

Corollary 6.2.14. �ere are zig-zags of level-wise weak equivalences of semi-simplicial spaces:

N(Ccl
d,θ) ' Ccl, N(Cd,θ) ' C, N(Cred

d,θ ) ' Cred, and Cutd,θ ' Cut′.

�ese are compatible with the canonical maps Ccl ↪→ C � Cred � Cut′.

Proof. �is is proved exactly as in [GRW10, �eorem 3.9]. Recall from remark 6.2.11 that we can
de�ne a (non-unital) topological poset PcylC that �ts in a zig-zag

C ← PcylC → PC.

In [GRW10, �eorem 3.9] the authors show that both functors induce level-wise weak equivalences
on the nerves. �is is exactly the second case. �e other three cases follow from this case because
level-wise each of Ccl, Cred, and Cutn is a union of connected components of Cn and the weak
equivalence restricts to a weak equivalence between these connected components.

6.2.4 Proof of theorem 6.2.4

Each of the simplicial spaces C ′• has a Γ-structure de�ned using the tangential structure just like
we did for Cd,θ in section 5.1.5. We will continue to suppress d and θ from the notation and we will
write • as a placeholder for simplicial indices. By construction there is a commutative diagram of
simplicial Γ-spaces

Ccl
• C• Cred

•

Ccl
• D• Cut′•

where the composition of the two horizontal arrows in each row is canonically null-homotopic. By
corollary 6.2.14 this diagram yields, a�er geometric realisation, a diagram of in�nite loop spaces
where the top row is the reduction �ber sequence of theorem 5.3.1. To prove theorem 6.2.4 it
will therefore su�ce to show that the bo�om row is a homotopy �ber sequence a�er geometric
realisation and that ‖D•‖ is contractible.
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We begin by simplifying the problem from understanding a homotopy �ber sequence of in�nite
loop spaces to understanding a homotopy co�ber sequence of spaces. To do so, we show that each
of the three simplicial Γ-spaces Ccl

• ,D•, and Cut′• is freely generated by its subspace of connected
manifolds, which we now de�ne.

De�nition 6.2.15. For X = Ccl
• , D•, or Cut′•, let Xcon

• ⊂ X• denote the sub-simplicial space of

those tuples ((W, l), t0 ≤ · · · ≤ tn) where W is either connected or empty.

Observe that Xcon
• de�nes a subsimplicial space because face operators can only delete, but

not create connected components. However, Xcon
• is not a special Γ-space anymore. �is makes

sense as the Γ-space structure is supposed to capture the operation de�ned by disjoint union of
manifolds. �e subspace Xcon

• ⊂ X• should be thought of as the space of “indecomposables” for
this operation and we will see that X• is in fact freely generated by them. �is is a generalisation
of lemma 5.4.1.

Lemma 6.2.16. For X any of the three spaces as above the inclusion ‖Xcon
• ‖ → ‖X•‖ induces an

equivalence of in�nite loop spaces Q(‖Xcon
• ‖) ' ‖X•‖. �ese equivalences are compatible in the

sense that there is a homotopy commutative diagram of in�nite loop spaces

Q(‖(Ccl
• )con‖) Q(‖Dcon‖) Q(‖(Cut′•)

con‖)

‖Ccl
• ‖ ‖D‖ ‖Cut′•‖.

' ' '

Proof. For Y• a pointed simplicial space, let Conf∗((−1, 1)∞;Y•) be the simplicial space whose
n-th level is the space of unordered con�gurations in (−1, 1)∞ with labels in Yn, modulo the
equivalence relation that deletes con�guration points labelled by the basepoint. �is is a simpli-
cial Γ-space with the Γ-structure de�ned as usual for con�guration spaces. �ere is a canonical
simplicial inclusion Y• → Conf∗((−1, 1)∞;Y•) de�ned by sending y ∈ Yn to the con�guration
{0} ⊂ (−1, 1)∞ labelled by y.

We construct for each X a zig-zag of equivalences of simplicial Γ-spaces:

X• ←− Z• −→ Conf∗((−1, 1)∞, Xcon
• ).

�en the technical lemma 6.2.17 implies that Q(‖Xcon
• ‖) ' ‖X•‖ seeing as ‖Xcon

• ‖ is always
connected. If we construct the zig-zags compatibly with the maps Ccl

• → D• → Cut′•, then it also
follows that the diagram of in�nite loop spaces in the lemma is homotopy commutative.

In the case of X = Ccl the relevant zig-zag was already constructed in lemma 5.4.1, though
under a di�erent name. We now recall the construction to see that it works in all three cases. A
point inZn is represented by a tuple (W, i, j, l, t) whereW is a d-manifold with l ∈ Bunθ(W ) a θ-
structure, t = (t0 ≤ · · · ≤ tn), i : W ↪→ R×(−1, 1)∞ is an embedding and j : π0W ↪→ (−1, 1)∞

78



is a con�guration. Moreover, we require that (i(W ), i∗l, t0 ≤ · · · ≤ tn) is a well-de�ned point in
Xn. (In particular, i has to be cylindrical in the appropriate places.) Zn is the space of equivalence
classes, where we identify (W, i, j, l, t) ∼ (W ′, i ◦ ϕ, j ◦ (π0ϕ), ϕ∗(l), t) for any di�eomorphism
ϕ : W ′ ∼= W . �e Γ-space is, as always, de�ned via the tangential structure θ.

�e projection maps in the zig-zag are de�ned by

Xn 3 (i(W ), i∗, t0 ≤ · · · ≤ tn)←− [ [W, i, j, l, t] 7−→ (j(π0W ), q) ∈ Conf∗((−1, 1)∞;Xcon
n )

where the labelling q : j(π0W )→ Xcon
n labels the con�guration point j([V ]) by (i(V ), i∗(l|V ), t0 ≤

· · · ≤ tn) for any connected component V ⊂W .
It is not hard to see thatZ is a simplicial Γ-space and that the two maps are compatible with this

structure. �e same arguments as in lemma 6.2.17 now show that they both are equivalences.

Lemma 6.2.17. For Y• a pointed simplicial space, let Conf∗((−1, 1)∞;Y•) be the simplicial Γ-space

from the proof of lemma 6.2.16. If ‖Y ‖ is connected, then there is an equivalence of in�nite loop spaces

Q(‖Y ‖) '−−→ ‖Conf∗((−1, 1)∞;Y•)‖

compatible with the inclusion of ‖Y ‖ on both sides.

Proof. Consider the operadO on the category of spaces where the space of n-ary operations is the
set of n-tuples (i1, . . . , in) of embeddings ij : (−1, 1)∞ → (−1, 1)∞ with disjoint images, such
that there are rj ∈ (0, 1) and aj ∈ (−1, 1)∞ with ij(x) = rj(x + aj) for all x ∈ (−1, 1)∞. �is
is the li�le ∞-cubes operad, and as all of the spaces O(n) are contractible, it is an E∞-operad.
�e associated monad TO on the category of based spaces has a canonical map to the labelled
con�guration space:

TO(X) =
∨
n≥1

(Xn×O(n))/Σn → Conf∗((−1, 1)∞;X), [(x1, . . . , xn), (i1, . . . , in)] 7→ (qjij(0), l)

where the labelling l is l(ij(0)) = xj . �is map is clearly an equivalence for all based spaces X ,
as it only forgets the information of the rj ∈ (0, 1).

By [May72, �eorem 12.2] any monad associated to an operad commutes with geometric re-
alisation up to homeomorphism, and so we have an equivalence

TO(‖Y•‖) ∼= ‖TO(Y•)‖
'−→ Conf∗((−1, 1)∞; ‖Y•‖).

ButO is anE∞-operad and ‖Y•‖ is connected, so by [May72, Corollary 6.3]TO(‖Y•‖) is equivalent
to Q(‖Y•‖) and the claim follows.
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In light of the previous lemma we can prove theorem 6.2.4 by showing that

‖(Ccl
• )con‖ −→ ‖Dcon

• ‖ −→ ‖(Cut′•)
con‖

is a homotopy co�ber sequence and that ‖Dcon‖ is contractible. To see that this is a homotopy
co�ber sequence1 is not di�cult: for each n we actually have Dcon

n ' (Ccl
n )con ∨ (Cut′n)con. �e

crucial step, however, is to check that ‖Dcon‖ is contractible, indeed we will show the following
identi�cation of homotopy co�ber sequences:

Lemma 6.2.18. Let Fd,θ → Ψcon
d,θ be the augmented topological poset from de�nition 6.2.7. �en

there is an equivalence of homotopy co�ber sequences:

‖(Ccl
• )con‖ ‖Dcon

• ‖ ‖(Cut′•)
con‖

Σ(Ψcon
d,θ ) Σ(C(BFd,θ → Ψcon

d,θ )) Σ2(BFd,θ)

' ' '

where C(BFd,θ → Ψcon
d,θ ) denotes the cone of the augmentation map BFd,θ → Ψcon

d,θ . In particular,

since this map is a weak equivalence by proposition 6.2.8, the space ‖Dcon‖ is contractible.

�e rest of this section will be concerned with proving this lemma.

Part 1 of the proof of lemma 6.2.18. �e crucial observation for the proof of the lemma is that each
of the simplicial spaces (Ccl

• )con,Dcon
• , and (Cut′•)

con decomposes level-wise as a wedge of simpler
spaces. For example in the �rst case we have a canonical equivalence:

(Ccl
• )conn '

n∨
k=1

Ψcon
d,θ × {k}

de�ned by sending an n-simplex ((W, l), t0 ≤ · · · ≤ tn) to the tuple ((W, l), k) where k ∈
{1, . . . , n} is the unique number such that pr1(W ) ⊂ (tk−1, tk). �is makes sense since W is
assumed to be connected and pr1(W ) cannot contain any of the ti. IfW = ∅we send ((∅, ∅), t0 ≤
· · · ≤ tn) to the basepoint. �is map is a �ber bundle with �ber the convex subset of Rn+1 con-
taining the possible choices of ti such that t0 ≤ · · · ≤ tk−1 ≤ min(pr1(W )) and max(pr1(W )) ≤
tk ≤ · · · ≤ tn.

�ere are similar decompositions for Dcon
n and (Cut′n)con, with the additional complication

that we need to keep track of a tuple (a ≤ b) such that pr1(W ) ⊂ (ta−1, tb). Indeed, using the
nerve of the augmented topological poset2 Fd,θ → Ψcon

d,θ we can write

Dcon
n '

∨
1≤a≤b≤n

Na−b−1Fd,θ and (Cutcond,θ )n '
∨

1≤a<b≤n
Na−b−1Fd,θ

1For this to be a homotopy co�ber sequence we need to specify a nullhomotopy of the composite. �e simplicial map
(Ccl
• )con → (Cut′•)

con sends ((W, l), t0 ≤ · · · ≤ tn) to ((∅, ∅), t0 ≤ · · · ≤ tn), so there is a canonical nullhomotopy
given by contracting the ti to 0.

2An augmented topological poset is a topological poset (P,≤) together with a map a : P → X satisfying a(x) =
a(y) for all x, y ∈ P with x ≤ y. Its nerve is the augmented simplicial space NP with NnP = {p ∈ Pn+1 | p0 ≤
· · · ≤ pn} for n ≥ 0 and N−1P = X . �e map a is used as the face operator f0 : N0P = P → X = N−1P .
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where N−1Fd,θ = Ψcon
d,θ . We complete this proof below.

To complete the proof we need to properly understand how these wedges of space �t together
to form a simplicial space. For this we introduce the notion of a simplicial (relative) cone:

De�nition 6.2.19. Let (X•, X−1, x0) be a pointed augmented simplicial space. �en the relative
cone and the opposite relative cone are the pointed augmented simplicial spaces C(X,X−1) and

Cop(X,X−1) de�ned as follows. In both case the space of n-simplices is

C(X,X−1)n :=
n∨

k=−1

(Xk × {k}) =: Cop(X,X−1)n

�e face and degeneracy operators are de�ned for the cone as:

di(x, k) =

{
(dix, k − 1) if i ≤ k
(x, k) if i > k

and si(x, k) =

{
(six, k + 1) if i ≤ k
(x, k) if i > k

and for the opposite cone as:

dopi (x, k) =

{
(di−(n−k)x, k − 1) if i ≥ n− k
(x, k) if i < n− k

and

sopi (x, k) =

{
(si−(n−k)x, k + 1) if i ≥ n− k
(x, k) if i < n− k.

�ese de�nitions are chosen such that Cop(X,X−1) = (C(Xop, X−1))op.

We de�ne the reduced cone C(op)
red (X,X−1) as the quotient of C(op)(X,X−1) by X , included in

the obvious way. Moreover, we write Σ(op)X := C
(op)
red (X, ∗) when X has the trivial augmentation.

Lemma 6.2.20. For any augmented pointed simplicial space (X,X−1, x0) there is a co�ber sequence

of simplicial spaces

const(X−1) −→ Cred(X,X−1) −→ Cred(X, ∗)

that realises to the co�ber sequence

X−1 −→ Cone(‖X‖ → X−1) −→ Σ‖X‖.

Proof. We begin by showing that the augmented simplicial space Cop(X,X−1) admits an ex-
tra degeneracy s−1 : Cop(X,X−1)n → Cop(X,X−1)n+1 by s−1(x, k) = (x, k). �is satis�es
d0s−1(x, k) = (x, k) because s−1(x, k) = (x, k) ∈ Cop(X,X−1)n+1 falls under the second case
of the de�nition of d0. (Since 0 < (n + 1) − k.) We also observe that di+1s−1 = s−1di and
sj+1s−1 = s−1sj hold by construction. Hence s−1 is indeed an extra degeneracy and so the aug-
mentation map Cop(X,X−1)→ X−1 induces a homotopy equivalence: ‖Cop(X,X−1)‖ ' X−1.
Taking opposites appropriately, we obtain the same result for C(X,X−1). �is also implies that
‖C(X, ∗)‖ is contractible.
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Next, we observe that the canonical inclusionX → C(X,X−1) de�ned by (x ∈ Xn) 7→ (x, n)

is a level-wise co�bration and hence induces a co�bration ‖X‖ → ‖C(X,X−1)‖. Here we writeX
for the non-augmented simplicial space. By the �rst part of the proof ‖C(X,X−1)‖ is equivalent to
X−1 via the augmentation map and hence ‖C(X,X−1)/X‖ is cone for the augmentation map. �e
inclusion const(X−1) → C(X,X−1)/X is in each level the inclusion of a wedge summand and
hence a co�bration. �e quotient of this map is C(X,X−1)/(X ∨ const(X−1)) = C(X, ∗)/X =

ΣX .

Part 2 of the proof of lemma 6.2.18. We will useNF as a short-hand for the simplicial nerveN(Fd,θ)

and we let ψ• denote the constant simplicial space ψn := Ψcon
d,θ . We will construct simplicial maps

(Ccl
• )con Dcon

• (Cut′•)
con

Σ(ψ•) Σ(Cred(NF,ψ)) Σ(Cred(NF, ∗))

f g h

such that each of f , g, and h is a level-wise equivalence. �e �rst map f : (NCcl
d,θ)

con → Σ(ψ•) is
de�ned by

f : ((W, l), t0 ≤ · · · ≤ tn) 7→ ((W, l), k) ∈ (ψ × {k}) ⊂ (Σψ•)n

where k ∈ {0, . . . , n− 1} is the unique number such that pr1(W ) ⊂ (tk, tk+1).
Before we de�ne the second map g : Dcon → Σ(Cop(NF,ψ)/NF ), recall that an n-simplex

in Σ(Copred(NF,ψ)) can be wri�en as (x, l, k) where k ∈ {0, . . . , n− 1}, l ∈ {−1, . . . , k− 1}, and
x ∈ NFl. We can hence de�ne the map as

g : ((W, l), t0 ≤ · · · ≤ tn) 7→ (((W, l), tk−l ≤ · · · ≤ tk), l, k) ∈ (NFl × {l} × {k})

where (k, l) are the smallest numbers such that pr1(W ) ⊂ (tk−l−1, tk+1). �e face maps for
Σ(Copred(NF,ψ)) can be derived from the formulas in de�nition 6.2.19 as3

di(x, l, k) =


(x, l, k) for i > k

(x, l, k − 1) for i < k − l
(di−(k−l)x, l − 1, k − 1) for k − l ≤ i ≤ k.

Here we implicitly identify an n-simplex (x, l, k) with the base-point ∗ if l = k or k = n. Using
these formulas it it not hard to check that g is indeed simplicial. �e map h is de�ned by the same
formula as g, which makes sense because (Cut′•)

con is a quotient of Dcon
• . In other words h is

induced by the fact that both rows in the diagram are level-wise co�ber sequences.
�is concludes the construction of the diagram. �e maps f , g, and h are level-wise homotopy

equivalences by the observations in the �rst part of the proof.
3�ere is a typo here in the published version [Ste21a].
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6.3 Identifying cocycles

By our main theorem the rational cohomology of hC1 is a polynomial algebra on a generator α in
degree 0 and generators κi in degree (2i + 2). We wish to give combinatorial formulas for these
cocycles representing κi.

Our strategy is as follows: �e computations of section 5.4 imply that all the κi are pulled
back from the space of cuts ‖Cut1‖ and in the previous section we gave an equivalence ‖Cut1‖ '
Q(Σ2BF1). We will now show that the topological poset F1 of ‘factorizations of circles’ has an
equivalent classifying space to Connes’ category Λ of cyclicly ordered sets. It is well-known that
BΛ ' CP∞ and Igusa has constructed cocycles γk ∈ C2k(Λ;Q) on Λ that represent ck ∈ Q[c] =

H∗(CP∞;Q). Once the necessary identi�cations are made it is only a ma�er of correctly pulling
and pushing the cocycles through our equivalences in order to obtain the desired formulas for κk.

6.3.1 �e category of factorizations and Connes’ category Λ

In this section we compare the category of factorizations F1,{±1} in dimension d = 1 with tan-
gential structure θor = {±1} to Connes’ category Λ of cyclic sets. Concretely, we will construct a
zig-zag of topological functors

F1
J←− F δ1

D−→ F1
H←− Λ

such that J is (almost) a continuous bijection that induces an equivalence on classifying spaces,
D is a level-wise equivalence on nerves, and H is an equivalence of ordinary categories. One can
show that a�er taking nerves each of these functor induces a weak equivalence in the complete
Segal space model structure, so that F1 and Λ represent equivalent (∞, 1)-categories. However,
we will only show that they all induce equivalences on classifying spaces, as that is all we need.

De�nition 6.3.1. Connes’ category Λ has as objects natural numbers n ≥ 1. A morphism [f ] : n→
m is represented by a weakly monotone map [f ] : Z → Z satisfying f(x + n) = f(x) + m for all

x ∈ Z. Two such maps f, f ′ : Z → Z represent the same morphism if and only if there is a k ∈ Z
such that f(x) = f ′(x) + km for all x ∈ Z.

Remark 6.3.2. �ere also a non-skeletal version Λbig of Λ such that Λ ↪→ Λbig is an equivalence of

categorie. A cyclic ordering on a �nite setA is an equivalence class of bijections γ : A ∼= {1, . . . , |A|},
where two such bijections are identi�ed whenever they di�er by a cyclic permutation of {1, . . . , |A|}.
However, a cyclic morphism (A, [γ])→ (B, [δ]) has slightly more data than just cyclic order preserv-

ing maps f : A→ B. Namely, when |f(A)| = 1 one also has to keep track of a “minimal preimage”

af ∈ A. We will not go into detail here, but the reader may check themselves that the forgetful functor

Λ→ Sets is indeed not faithful.
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�e poset Fd,θ is di�cult to work with because it is not �brant. �ere is, however, a map
Fd,θ → Ψd−1,θ de�ned by sending ((W, l), t) to the preimage pr−1

1 (t) ∩ W equipped with the
induced tangential structure. We can use this map to de�ne a version of Fd,θ that is be�er behaved:

De�nition 6.3.3. �e topological poset F δd,θ has as underlying space Fd,θ ×Ψd−1,θ
δ(Ψd−1,θ) where

the la�er denotes Ψd−1,θ with the discrete topology. �e partial ordering on F δd,θ is the same as on

Fd,θ , except that we remove the identity morphisms.

De�nition 6.3.4. For W ∈ Ψd,θ and s < t ∈ R regular values we write:

W|t := W ∩ ({t} × (−1, 1)∞) and W|[s,t] := W ∩ ([s, t]× (−1, 1)∞).

Lemma 6.3.5. �e canonical map J : F δd,θ → Fd,θ induces a weak equivalence on classifying spaces.

Proof. Let F ′d,θ denote the non-unital subcategory of Fd,θ containing those objects (W, t) where
W is cylindrical over (t− ε, t+ ε) for some ε > 0 and those morphisms (W, t ≤ s) where t < s.
Similarly, let F δ′d,θ ⊂ F δd,θ be the non-unital subcategory de�ned by the same conditions.

It follows from standard rescaling arguments (e.g. [GRW10, Proof of 3.9]) that the two inclu-
sions F ′d,θ ↪→ Fd,θ and F δ′d,θ ↪→ F δd,θ induce level-wise weak equivalences on nerves and hence
weak equivalences on geometric realisations.

�e functor F δ′d,θ → F ′d,θ is a base-change in the sense of lemma 5.1.30. �e relevant map

N(F ′d,θ)n −→ (Ψd,θ)
n, (W, t0 < · · · < tn) 7→ (W|t0 , . . . ,W|tn)

is a �bration by the same arguments as in the proof of [ERW19b, Proposition 3.2.4(ii)]. �erefore,
by the base-change lemma 5.1.30, F δ′d,θ → F ′d,θ is a weak equivalence on classifying spaces. By
2-out-of-3 this implies that F δd,θ → Fd,θ is also a weak equivalence on classifying spaces.

Specializing to dimension 1 we now introduce an ordinary category F1 that will interpolate
between F δ1 and Connes’ Λ.

De�nition 6.3.6. �e category F1 has as objects triples (M,W0,W1) where (W0 : ∅ → M,W1 :

M → ∅) ∈ N2(hC1) is a composable tuple of morphisms in hC1 such that M is non-empty and

the composite W0 ∪M W1 is a circle. A morphism (M,W0,W1) → (N,V0, V1) is a morphism

X : M → N in hC1 such that W0 ∪M X = V0 and W1 = X ∪N V1.

De�nition 6.3.7. De�ne a functor P : F δ1 → F1 by sending ((W, l), t) ∈ F δ1 to

([W|t0 , l], [W|[−1,t0], l], [W|[t0,1], l]),

and on morphisms by sending ((W, l), t0 < t1) to [W[t0,t1], l].

Lemma 6.3.8. �e canonical functor F δ1 → F1 induces a level-wise equivalence on nerves.
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Proof. For every k there is a (non-simplicial) map

Nk(F1) −→ Nk+2(Cred
1 ),

((W, l), t0 < · · · < tn) 7→ (∅
W|[−1,t0]−−−−−→W|t0

W|[t0,t1]−−−−−→W|t1 → · · · →W|tn
W|[tn,1]−−−−−→ ∅).

which is an equivalence onto the connected components it hits. �is also de�nes a map for F δ1 :

Nk(F
δ
1 ) −→ Nk+2(δCred

1 ),

which again is an equivalence onto the connected components it hits.
To prove the comparison withF1 note that the nerve ofF1 embeds level-wise a subsetNk(F1) ↪→

Nk+2(hCred
1 ) in the same way that Nk(F

δ
1 ) embeds into Nk+2(δCred

1 ). Both maps in fact hit the
same connected components; namely those ((W, l), t0 ≤ · · · ≤ tk+2) whereW ∼= S1 andW|ti = ∅
i� i ∈ {0, k + 2}. But we already observed in lemma 5.4.6 that in dimension 1 with tangential
structure θ = {±1} the simplicial space N(δCred

1 ) is level-wise equivalent to the simplicial set
N(hCred

1 ). �is shows that Nk(F
δ
1 ) is indeed equivalent to the discrete space Nk(F1).

De�nition 6.3.9. For every oriented 0-manifold (M, l : M → {±1}) let M± := {p ∈M | l(p) =

±1} denote the set of positively or negatively oriented points, respectively.

Remark 6.3.10. In the following lemma we will construct an equivalence of categoriesH : F1 → Λ.

If we allow ourselves to use the non-skeletal Λbig ⊃ Λ from remark 6.3.2, the inverse equivalence

H̃ : F1 → Λbig admits a conceptually easier description: it sends an object (M,W0,W1) ∈ F1 to the

�nite set π0(W0), equipped with the cyclic ordering coming from the fact that W0 is a disjoint union

of intervals in an oriented circle W0 ⊂ W0 ∪M W1
∼= S1. To a morphism X : (M,W0,W1) →

(N,V0, V1) the functor H̃ assigns the cyclic morphism π0(W0) → π0(W0 ∪M X) ∼= π0(V0). �e

problem with this description is that, as pointed out in remark 6.3.2, cyclic morphism have a subtle

bit of extra data, which makes it hard to verify functoriality. Instead, we will explicitly construct an

equivalence between the skeleta.

Lemma 6.3.11. �ere is an equivalence of ordinary categories H : Λ→ F1.

Proof. We begin by �xing some notation for this proof. For all n ≥ 1 and [k] ∈ Z/nwe choose two
points in (−1, 1)∞, denoted by [k]+n and [k]−n such that all of these points are disjoint. Using these
we de�ne oriented 0-manifolds for all n ≥ 1 byM(n) := {[1]+n , [1]−n , . . . , [n]+n , [n]−n } ⊂ (−1, 1)∞

with orientation l([i]±n ) := ±1. Next, de�ne di�eomorphism classes of bordisms W (n) : ∅ →
M(n) and V (n) : M(n)→ ∅ in hC1 by requiring thatW (n) is a disjoint union of n intervals with
boundary {[i]+n , [i+1]−n } and V (n) is a disjoint union of n intervals with boundary {[i]−n , [i]+n }. By
construction the glued manifold W (n)∪M(n) V (n) is a circle and therefore (M(n),W (n), V (n))

de�nes an object of F1. In fact, these objects de�ne a skeleton for F1.
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Before we begin with the actual proof, we need to understand morphisms in the category
hCred

1 . For any n,m ≥ 0 there is a canonical bijection

σ : HomhCred
1

(M(n),M(m)) ∼= HomFinbij (M(n)+ qM(m)−,M(n)− qM(m)+).

�is map sends a bordism X : M(n) → M(m) to the bijection σX : M(n)+ q M(m)− →
M(n)− q M(m)+ with σX(a) = b whenever there is an edge in X connecting a and b. It is
possible to implicitly describe σY ∪M(n)X in terms of σX and σY , but we leave this to the reader.

We want to de�ne a functorH : Λ→ F1 that sends the objectn to the object (M(n),W (n), V (n)) ∈
F1. To do so, we need to give for every [f ] : n→ m in Λ a bordismX : M(n)→M(m) such that
W (n) ∪M(n) X = W (m) and V (n) = X ∪M(m) V (m). Equivalently, we need to give a bijection
σ : M(n)+ qM(m)− ∼= M(n)− qM(m)+ satisfying certain conditions.

Fix a representative f : Z→ Z. We de�ne X via σX as

σX([i]+n ) =

{
[i]−n if f(i) = f(i+ 1)

[f(i)]+m if f(i) 6= f(i+ 1)

σX([j]−m) =

{
[j + 1]+m if j + 1 6∈ f(Z)

[k]+n if k + 1 = min(f−1(j + 1)).

Since f(x + n) = f(x) + m this is well de�ned on [i] ∈ Z/n and [j] ∈ Z/m. Moreover, σX
does not change if we replace f by f +m and therefore X only depends on the equivalence class
[f ] ∈ HomΛ(m,n). �is construction is illustrated in �gure 6.4. One checks by hand that X
de�nes a morphism in F1 and that the construction is functorial.

As noted before, every object of F1 is isomorphic to one of the form (M(n),W (n), V (n)),
and hence the functor H is essentially surjective.

[1]+3

[2]+3

[3]+3

[1]−3

[2]−3

[3]−3

[1]+3

[2]+3

[3]+3

[1]+3

[2]+3

[3]+3

[1]+3

[2]+3

[3]+3

[1]+3

[2]+3

[1]+3

[2]+3

[3]+3

Figure 6.4: �ree morphisms Xi : (M(ni),W (ni), V (ni)) → (M(mi),W (mi), V (mi)) in F1

and their associated morphisms fi : ni → mi in Λ. �e bordisms W (ni), Xi, V (mi) are drawn in
black, the bordisms V (ni) and W (mi) are indicated in grey, and the maps fi : Z/mi → Z/ni are
shown in blue.

We still need to show that H is fully faithful. To do so, we will construct from a given X :

(M(n),W (n), V (n)) → (M(m),W (m), V (m)) a morphism [f ] : n → m and show that this
construction is inverse to the de�nition of H .
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Let A ⊂ {1, . . . , n} ∼= M(n)+ be the (non-empty!) subset of those points where the relevant
edge ofX ends inM(n)+. For the minimal element amin ofAwe pick any value f(amin) = j ∈ Z
such that σX [amin]+n = [j]+m. �e set of such j is of the form j+mZ. For all other a ∈ A+nZ we
set f(a) = ja for the unique ja ∈ Z with σX([a]+n ) = [ja]

+
m and f(amin) < ja < f(amin) + m.

�en, for all i ∈ Z \ (A+ nZ) we de�ne f(i) := f(i+ 1), which makes sense recursively.
�e map f : Z→ Z we constructed satis�es f(x+ n) = f(x) +m by construction. �at f is

weakly monotone is enforced by the condition that the manifold W (n)∪M(n) X ∪M(m) W (m) is
a circle. (See �gure 6.4.) We have therefore constructed mutually inverse bijections between the
relevant morphisms in F and Λ.

6.3.2 Cocycles on the cyclic category

In this section we recall the description of Igusa’s rational 2k-cocycles βk on NΛ that represent
the powers of the �rst Chern class c1 ∈ H∗(BΛ;Q) ∼= Q[c1]. It will be useful to �rst de�ne the
cocylces on a certain simplicial set U , which admits compatible maps

N(F1) N(F δ1 ) N(F1) NΛ

U .

J D

s

H

By the previous section the realisations of the top row are all equivalent to CP∞ and the hori-
zontal maps are equivalences. We think of U as a rational model for CP∞ similar to Kontsevich’s
combinatorial BU(1)comb, see [Kon92, section 2.2]. However, we will not actually show U is ra-
tionally equivalent to CP∞. Instead we will only show that the maps BΛ → ‖U‖ are rationally
surjective. Concretely, we de�ne cocycles sign2k on U and show that their pullback to the top
row is a certain multiple of (c1)k. �e advantage of working with U is that it is much easier to
construct the diagram as described above than it is to li� Igusa’s cocycle against the maps H and
J , see remark 6.3.14.

De�nition 6.3.12. �e n-simplices in U are represented by n-tuples (A0, . . . , An) of �nite non-

empty disjoint subsets Ai ⊂ S1. We identify two such n-tuples (A0, . . . , An) and (B0, . . . , Bn) if

there is an orientation preserving di�eomorphismϕ : S1 ∼= S1 withϕ(Ai) = Bi for all i. �e ith face

map forgets Ai and the ith degeneracy map sends [A0, . . . , An] to [A0, . . . , Ai, A
ε
i , . . . , An] where

Aεi is obtained from Ai by rotating by a su�ciently small angle ε > 0.

De�nition 6.3.13. We de�ne a simplicial map s : NF1 → U as follows. A k-simplex of NF1

can be represented by a (k + 2)-simplex (M0
[W1]−−−→ M1 → · · · → Mk+2) ∈ Nk+2hC1 where

W1 ∪M1 · · · ∪Mk+1
Wk+2 is di�eomorphic to S1. (In particular M0 = ∅ = Mk+2.) To de�ne s, pick

an orientation preserving di�eomorphism ϕ : W1 ∪M1 · · · ∪Mk+1
Wk+2

∼= S1 and set

s(M0
[W1]−−−→M1 → · · · →Mk+2) := [ϕ(M+

1 ), . . . , ϕ(M+
k+1)]

87



where M+
i ⊂Mi denotes the subset of positively oriented points. �e resulting k-simplex in Uk does

not depend on the choice of ϕ nor on the choice of representatives for morphisms Wi : Mi−1 →Mi.

Remark 6.3.14. Note that given s : N(F1)→ U there is a unique map s′ : N(F1)→ U such that

the diagram above commutes. Uniqueness holds since J is surjective except for identity morphisms,

and to check existence we just observe that the same formula

s′(M0
W1−−→M1 → · · · →Mk+2) := [ϕ(M+

1 ), . . . , ϕ(M+
k+1)]

for some orientation preserving di�eomorphism ϕ : W1 ∪M1 · · · ∪Mk+1
Wk+1 is still well-de�ned

and independent of ϕ. In fact, one can check that π0Nn(F1)→ Un is a bijection for all n, and so all

discrete cocylces on N(F1) have to come from U . �is is the crucial advantage of using U : it is much

easier to construct a simplicial map to U , then a simplicial mapN(F1)→ NΛ. In fact, any such map

has to factor through U because NΛ is level-wise discrete and there seem to be no interesting maps

U → NΛ.

We now de�ne the cocycles on U .

De�nition 6.3.15. �e sign of a (2k+ 1)-tuple of disjoint points a0, . . . , a2k ∈ S1 is de�ned as the

sign of any permutation σ of {0, . . . , 2k} such that the sequence (aσ(0), . . . , aσ(2k)) is in cyclic order.

�is is well-de�ned because cyclic permutations on an set with (2k + 1) elements have sign +1.

We extend this de�nition to disjoint �nite subsets A0, . . . , A2k ⊂ S1 by averaging:

sign2k(A0, . . . , A2k) :=
1∏2k

i=0 |Ai|

∑
a0∈A0

· · ·
∑

a2k∈A2k

sign(a0, . . . , a2k) ∈ Q.

We will also need a reduced version of the averaged sign, where some summands are omi�ed:

De�nition 6.3.16. Given (A0, . . . , Al) as above and ai ∈ Ai and aj ∈ Aj , let I ⊂ S1 be the

positively oriented arc that starts at amin{i,j} and ends at amax{i,j}. We say ai and aj are neighbours

if Ak ∩ I has at most one element for all k.

We say an (l + 1)-tuple (a0, . . . , al) contains neighbours if there are i 6= j such that ai and aj
are neighbours. Using this the reduced sign is de�ned as:

sign2k(A0, . . . , A2k) :=
1∏2k

i=0 |Ai|

∑
(a0,...,a2k)∈

∏
i Ai

contains no neighbours

sign(a0, . . . , a2k) ∈ Q.

Remark 6.3.17. Note that, given (A0, . . . , An) as above the notion of being neighbours induces an

equivalence relation on the disjoint union
∐n
i=0Ai.

Lemma 6.3.18. For all k ≥ 1 the maps

sign2k : U2k → Q and sign2k : U2k → Q

are well-de�ned 2k-cocycles.
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Proof. Observe that sign2k(A0, . . . , A2k) and sign2k(A0, . . . , A2k) do not change if we act on
(A0, . . . , A2k) by an orientation preserving di�eomorphism, as they only depend on the relative
cyclic ordering of the elements of

∐2k
i=0Ai. �erefore sign2k and sign2k are well-de�ned cochains

on U .
�e rest of the proof will be concerned with proving that they satisfy the cocycle condition.

First we will show that for any (2k + 2)-tuple (a0, . . . , a2k+1) of disjoint points in S1 we have:

2k+1∑
i=0

(−1)i sign(a0, . . . âi . . . , a2k+1) = 0.

Indeed, if we exchange two consecutive aj on the le�-hand side, then this changes the sign of the
overall sum. We therefore have, for any permutation σ ∈ Σ2k+2:

2k+1∑
i=0

(−1)i sign(a0, . . . âi . . . , a2k+1) = sign(σ)

2k+1∑
i=0

(−1)i sign(aσ(0), . . . âσ(i) . . . , aσ(2k+1)).

We can choose σ such that the resulting tuple (aσ(0), . . . , aσ(2k+1)) is in cyclic order, in which case
it follows that

sign(σ)

2k+1∑
i=0

(−1)i sign(aσ(0), . . . âσ(i) . . . , aσ(2k+1)) = sign(σ)

2k+1∑
i=0

(−1)i1 = 0.

Let nowA = (A0, . . . , A2k+1) represent a (2k+1)-simplex inU . We need to show that sign2k(∂A) =

0. Spelling out the de�nition we have

sign2k(∂A) =
2k+1∑
i=0

(−1)i sign2k(A0, . . . Âi . . . , A2k+1)

=
2k+1∑
i=0

(−1)i
1∏2k+1

j=0,j 6=i |Aj |

∑
a0∈A0

. . .
∑̂
ai∈Ai

· · ·
∑

a2k∈A2k

sign(a0, . . . , a2k)

=

2k+1∑
i=0

(−1)i
1∏2k+1

j=0 |Aj |

∑
a0∈A0

· · ·
∑

a2k+1∈A2k+1

sign(a0, . . . âi . . . , a2k+1).

In the last step we introduced a sum
∑

ai∈Ai even though the variable ai is not used in the sum-
mand. �is amounts to multiplication by |Ai|, cancelling the 1

|Ai| that was introduced before the
sum. We can now rearrange the sum to

sign2k(∂A) =
1∏2k+1

j=0 |Aj |

∑
a0∈A0

· · ·
∑

a2k+1∈A2k+1

2k+1∑
i=0

(−1)i sign(a0, . . . âi . . . a2k+1).

By the �rst part of the proof the innermost sum is 0 and hence sign2k(∂A) = 0 as claimed.
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It remains to check that the reduced sign sign2k is a cocycle, too. We can a�empt to run the
same argument, leading us to the expression

sign2k(∂A) =
2k+1∑
i=0

(−1)i
1∏2k+1

j=0 |Aj |

∑
(a0,...,a2k+1)∈

∏
j Aj

no neighbours except for ai

sign(a0, . . . âi . . . , a2k+1).

�e problem with this is that we are also summing over the (2k+2)-tuples (a0, . . . , a2k+1) where
ai is a neighbour of one of the other aj . By the argument for sign2k all other terms sum up to 0

and so we are le� with:

sign2k(∂A) =
1∏2k+1

j=0 |Aj |

2k+1∑
i=0

(−1)i
∑
j 6=i

∑
(a0,...,a2k+1)∈

∏
j Aj

ai and aj neighbours

sign(a0, . . . âi . . . , a2k+1). (6.1)

Note that the aj is uniquely determined since the tuple (a0, . . . âi . . . , a2k+1) is not allowed to
contain neighbours and being neighboured is an equivalence relation.

�e lemma will now follow from the observation that whenever (ai, aj) is the unique tuple of
neighbours in (a0, . . . , a2k+1) then

sign(a0, . . . âi . . . , a2k+1) = (−1)j−i−1 sign(a0, . . . âj . . . , a2k+1). (6.2)

Indeed, once we establish this, one can see that every term in equation 6.1 appears exactly twice,
with opposite sign. We only have to check equation 6.2 in the case i < j. Both expressions only
depend on the cyclic ordering of the set {a0, . . . , a2k+1} ⊂ S1. If we, in the le�-hand side of the
equation, move the entry aj to the le� by (j − i − 1), then this cancels the sign (−1)j−i−1 on
the right-hand side. Since we assumed that ai and aj are neighbours and that they are the only
neighbours, there cannot be any al between ai and aj on S1. �erefore we have

sign(a0, . . . , ai−1, aj , ai+1, . . . âj . . . a2k+1) = sign(a0, . . . , ai−1, ai, ai+1, . . . âj . . . a2k+1).

�is proves equation 6.2 and hence completes the proof.

Proposition 6.3.19. For all k ≥ 1 the cocycle

βk :=
(−1)kk!

(2k)!
· s∗sign2k

represents, possibly up to a factor of (−1)k, the cohomology class of (c1)k ∈ H∗(BF1;Q) ∼= Q[c1].

Proof. Consider the subcategory Λinj ⊂ Λ where we only allow morphisms represented by maps
Z → Z that are injective. In [Igu04] Igusa provides combinatorial formulas for rational cocycles
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ckZ that represent the powers of the �rst Chern class on B(Λinj) ' CP∞. He denotes Λinj by Z .
We will consider the composite

q : N(Λinj) ↪→ NΛ
N(H)−−−−→ NF1

s−→ U

and we will show that the pullback cocycles

(H∗βk)|Λinj =
(−1)kk!

(2k)!
· q∗sign2k

agree with the cocycle ckZ of in [Igu04, (1) on page 478]. �en the claim will follow if we can
show that the composite Λinj → Λ → F1 induces an equivalence on classifying spaces. �is
works because every self-equivalence of CP∞ induces either the identity or (c1)k 7→ (−c1)k on
cohomology.

We saw in lemma 6.3.11 that Λ → F1 is an equivalence of categories and so we only need to
show that Λinj ↪→ Λ is an equivalence on classifying spaces. For this, let Λ∞ be the paracyclic
category, which is de�ned just like Λ except that we do not quotient by the equivalence relation on
hom sets. �ere is a free action of the simplicial abelian groupNZ onNΛ∞ with quotientNΛ. In
[NS18, �eorem B.3] the authors show that Λ∞ has a contractible classifying space and conclude
that BΛ ' CP∞. �e same proof applies to show that Λinj∞ has a contractible classifying space
and that hence BΛinj ' CP∞. Moreover, since the map BΛinj∞ → BΛ∞ is BZ-equivariant, we
see that BΛinj → BΛ is indeed an equivalence.

Note that the category Λinj is easier to work with than Λ because the functor F : Λinj → Set

that sends n to Z/n and [f ] : n → m to the induced map [f ] : Z/n → Z/m is faithful. In other
words, for an injective map between two cyclic sets being cyclic is a property, whereas in general
it is a structure.4

�e remainder of the proof is concerned with showing that the pullback cocycle (H∗βk)|Λinj

agrees with Igusa’s cocycle ckZ . Using our de�nition of the sign cocycle (de�nition 6.3.15) we can
rewrite ckZ as

ckZ(n0
f1−→ n1 → . . .

f2k−−→ n2k) :=
(−1)kk!

(2k)!
· 1∏2k

i=0 |Ai|

∑
(a0,...,a2k)∈

∏2k
i=0 Ai

ai 6=aj for all i 6=j

sign2k(a0, . . . , a2k)

where Al is the image of the composite map (fn ◦ · · · ◦ fl) : Z/nl → Z/n2k. Here we think of
Z/n2k as a subset S1 in the usual way.

4�e reason that a general morphism in Λ has more structure than just a map f : Z/n→ Z/m is because it comes
with total orderings of the �bers f−1([i]) for all [i] ∈ Z/m. �ese total orderings can be recovered from the cyclic
ordering if f(Z/n) ⊂ Z/m has more then one element. If, on the other hand, we �x some f : Z/n → Z/m with
f([x]) = [0] for all x, then there are n di�erent cyclic maps f(i) : n→ m that induce f .
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We would like to show that this is equal to (a multiple of) the pullback cocycle q∗sign2k. Indeed,
spelling out the de�nition of the map q = s ◦N(H) : NΛinj → U , we see that in the notation of
lemma 6.3.11

q∗sign2k(n0
f1−→ n1 → . . .

f2k−−→ n2k) =
1∏2k
i=0 ni

sign2k(ϕ
−1(M(n0)+), . . . , ϕ−1(M(n2k)

+))

Here the M(ni)
+ are subsets of the 1-manifold

X := W (n0) ∪M(n0) X1 ∪M(n1) · · · ∪M(n2k) X2k ∪M(n2k) V (n2k)
ϕ∼= S1

where Xi : M(ni−1) → M(ni) is the image of the morphism fi : ni−1 → ni under H . �e
map from M(ni)

+ ∼= Z/ni to M(n2k)
+ ∼= Z/n2k sends a point x ∈ M(ni)

+ to the unique
y ∈ M(n2k)

+ such that there is a positively oriented arc ι : [0, 1] ↪→ X with ι(0) = x, ι(1) = y,
and ι−1(M(n2k)

+) = {y}. Since the maps fl : nl−1 → nl are all injective, this arc automatically
satis�es ι−1(M(ni)

+) = {x} as well. (Every element of ι−1(M(ni)
+) would be mapped to y by

the map [f2k ◦ · · · ◦ fi+1] : Z/ni → Z/n2k, but by injectivity x is the only such element.)
Let x′ ∈ M(nj)

+ with i < j then x and x′ are neighboured in the sense of de�nition 6.3.16
with respect to the tuple (ϕ−1(M(n0)+), . . . , ϕ−1(M(n2k)

+)), if and only if x′ lies on the arc
ι : [0, 1] ↪→ X that we considered above. In other words, x and x′ are neighboured if and only if
their images in M(n2k)

+ agree. In formulas this means∑
(a0,...,a2k)∈

∏2k
i=0 Ai

ai 6=aj for all i 6=j

sign2k(a0, . . . , a2k) =
∑

(a0,...,a2k)∈
∏2k
i=0 ϕ

−1(M(ni)
+)

no neighbours

sign2k(a0, . . . , a2k)

where we let Ai denote the image of the map M(ni)
+ →M(n2k)

+ ↪→ S1 described above.
A�er multiplying with the correct coe�cient this is implies

ckZ(n0
f1−→ . . .

f2k−−→ n2k) = q∗sign2k(n0
f1−→ n1 → . . .

f2k−−→ n2k)

just claimed.

Remark 6.3.20. �e proposition proves that βk in fact represents the integral cohomology class

(c1)k ∈ H2k(BF1;Z), at least up to a sign. �is implies that there is an integral cocycle that is

rationally cohomologous to βk. �e reason we prefer to work with the rational cocycle βk instead is

that it has the useful property of being conjugation invariant: it satis�es for all i and isomorphisms

σ : ni ∼= ni that

β(n0
f1−→ . . .

f2k−−→ n2k) = β(n0
f1−→ . . . ni−1

σ◦fi−−−→ ni
fi◦σ−1

−−−−→ ni+1 . . .
f2k−−→ n2k).

�is property is extremely convenient when extending β along the zig-zag N(F1) ← N(F δ1 ) →
N(F1), and one should not expect to be able �nd an integral cocycle with this property. Indeed,

as noted in remark 6.3.14 any cocycle on N(F1) has to be come from a cocycle on U and hence is

necessarily conjugation invariant.
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Remark 6.3.21. It seems likely that the two cocycles sign2k and sign2k are in fact cohomologous for

all k ≥ 1. If this were true we could use sign2k in what follows, yielding a description of the cocycles

representing κk on hC1 without having to introduce the notion of a neighbour. It is however hard to

‘by hand’ guess a (2k+ 1)-cochain on U whose boundary is sign2k−sign2k. Alternatively, one could

try to �nd a 2k-cycle on Λ on which both sign2k and sign2k evaluate to the same non-zero number.

6.3.3 Cocycles on the cobordism category

De�nition 6.3.22. For all k ≥ 0 de�ne a (2k + 2)-cochain on the simplicial space Cut1 by the

formula

γk(M0
W1−−→M1

W2−−→ . . .
W2k+2−−−−→M2k+2) :=

(−1)kk!

(2k)!

∑
[ι:S1↪→W ]

sign2k(ι
−1(M+

1 ), . . . , ι−1(M+
2k+2)).

Here we write W for the composition W1 ∪M1 · · · ∪M2k+1
W2k+2, and the sum runs over isotopy

classes of oriented embeddings ι : S1 ↪→W such that5 ι(S1) intersects Mi for all 1 ≤ i ≤ 2k + 1.

�e map γk : (Cut1)k → Q is continuous and hence also well-de�ned on π0(Cut1)k. We may

therefore pull it back along the compatible maps

N(hC1) N(hCred
1 ) N(δCred

1 ) N(Cred
1 ) Cut1

π0Cut1

to obtain cocycles on Cred
1 , hCred

1 , and hC1, which we will also denote by γk.

a1 a2 a3

ι−1(a1)

ι−1(a3)

ι−1(a2)

ι

Figure 6.5: One of the summands in the de�nition of the 4-cocycle γ1. �e �gure depicts a choice
of oriented embedding ι : S1 ↪→ W = W1 ∪ W2 ∪ W3 ∪ W4 and positively oriented points
ai ∈ M+

i ∩ ι(S1). In the case shown sign(ι−1(a1), ι−1(a2), ι−1(a2)) = −1, because the three
points are not in cyclic order on S1. In fact, the triple (a1, a2, a3) depicted is the only one with
no neighbours, and hence sign2(ι−1(M+

1 ), ι−1(M+
2 ), ι−1(M+

3 )) = −1
4 . Moreover, the embedding

shown is the only one that is allowed, and hence γ1 evaluates on this 4-simplex as (−1)11!
2!

−1
4 = 1

4 .
5In principle we could also omit the condition that ι(S1) ∩ Mi 6= ∅, and just use the convention that

sign2k(A1, . . . , A2k+1) = 0 whenever any of the Ai is empty.
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When k = 0 the reduced sign sign0(ι−1(M+
1 )) is always equal to 1 and therefore κ0 simply

counts the number of isotopy classes of oriented embeddings ι : S1 ↪→ W0 ∪M1 W1. Hence γ0 is
equal, as a cocycle on hCred

1 , to the 2-cocycle α that we constructed in section 6.1.
We will now prove our second main theorem, which states that the cocycles γk indeed repre-

sent the κ-classes on B(hC1).

�eorem 6.3.23. For k ≥ 0 the (2k + 2)-cochains γk de�ned above are in fact cocycles and, the

cohomology class [−γk] is, possibly up to a sign (−1)k, the generator κk in

H∗(‖Cut1‖;Q) ∼= Q[κ0, κ1, κ2, . . . ].

As a consequence the same formula also yields well de�ned cocycles on B(hCred
1 ) and B(hC1) where

they still represent the classes κk in:

H∗(B(hCred
1 )0;Q) ∼= Q[κ0, κ1, κ2, . . . ], and H∗(B(hC1)0;Q) ∼= Q[κ1, κ2, . . . ].

Before we prove this theorem, we �rst recall a simple lemma about primitive cocycles on H-
spaces.

Lemma 6.3.24. Let X be a simplicial set and µ : X × X → X a simplicial map that induces an

associative H-space structure on ‖X‖. �en every cocycle β ∈ Cn(X) satisifying β(six) = 0 and

β(µ(x, y)) = β(x) + β(y) for all x, y ∈ Xn and i = 0, . . . , n represents a primitive element of

H∗(‖X‖).

Proof. �is is a direct consequence of the de�nition of the coproduct as the composite of the diag-
onal ∆∗ : C∗(X) → C∗(X ×X) with the dual of the Eilenberg-Zilber map C∗(X) ⊗ C∗(X) →
C∗(X ×X).

Proof of theorem 6.3.23. In lemma 6.3.18 we saw that sign2k is a cocycle on U and using this one
can check the cochains γk are cocycles on Cut1.

We begin by showing that [γk] is a rational multiple of κk. To do so it will su�ce to show
that it is primitive with respect to Hopf algebra structure. By construction the cocycles γk are
additive under disjoint union and hence satisfy the conditions of lemma 6.3.24 with respect to the
multiplication q : Cut1 × Cut1 → Cut1. �erefore the classes [γk] ∈ H2k+2(Cut1) are indeed
primitive. By lemma 6.2.16 the in�nite loop space ‖Cut1‖ is freely generated by ‖Cutcon1 ‖ and
therefore the pullback along the inclusion induces an isomorphism

Prim(H∗(‖Cut1‖;Q)) ∼= H∗(‖Cutcon1 ‖;Q) = Q〈κ1, κ2, . . .〉

In order to prove the theorem it will hence su�ce to show that the restriction of [γk] to Cutcon1 ⊂
Cut1 represents the class −κk.
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In lemma 6.2.18 and section 6.3.1 we established weak equivalences

‖Cutcon1 ‖ ' Σ2B(F1) and B(F1) ' B(F δ1 ) ' B(F1) ' B(Λ) ' CP∞.

Each of the spaces on the right admits a map to the simplicial set U from de�nition 6.3.12 and by
proposition 6.3.19 the Chern class (c1)k is represented by the pullback of the cocycle (±1)kk!

(2k)! sign2k.
In fact, using the simplicial double suspension of de�nition 6.2.19, we have a simplicial map

q : Cutcon1 → Σ2U , (M0
W1−−→M1

W2−−→ . . .
Wn−−→Mn) 7→

(
(ϕ−1(M+

b−a), . . . , ϕ
−1(M+

b )), a, b
)

where ϕ : S1 ∼= W0 ∪M1 · · · ∪M2k+1
W2k is any orientation preserving di�eomorphism and

0 ≤ a ≤ b ≤ n are maximal such that ϕ(S1) intersectsMb−a andMa non-trivially. �e geometric
realisation of q is the double suspension of the map B(F1)→ ‖U‖.

�e pullback of (the double suspension of) (±1)kk!
(2k)! sign2k from Σ2U to Cutcon1 is exactly (γk)|Cutcon1

.
�erefore γk indeed represents the kappa class κk ∈ H2k+2(Cut1), possibly up to a sign.

We can’t really hope to keep track of all the signs that were introduced by the equivalences
we used. Instead, we observe that the relative sign of the κk is always the same (up to the (−1)k

ambiguity from proposition 6.3.19). It therefore su�ces to check the sign for one of the κk. In
lemma 6.1.4 we showed −[α] = κ0, and since the 2-cocycles α and γ0 are equal on hCred

1 this
implies −[γ0] = κ0. In summary, we have −[γk] = (±1)kκ for a global choice of ±1.
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Part III

�e surface category and tropical

curves
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Chapter 7

Introduction

In the previous part we computed the classifying spaceB(Cob1) of the truncated bordism category
in dimension d = 1. We showed that it is closely related to MTSO2 and that its cohomology ring
is polynomial on shi�ed kappa classes. �is motivates the question:

�estion 7.0.1. What is the homotopy type of B(Cobd) for other values of d?

In dimensions d ≥ 2 our strategy to work by comparison with [GMTW09] can no longer be
employed. In dimension 1 we used that the functor Cred

1 → Cobred
1 is an equivalence because

Diff(W rel ∂W ) is contractible for any connected 1-manifold with non-empty boundary. �is is
of course no longer true for surfaces as they have non-trivial mapping class groups.

�e surface category

In the case of the surface category Cob2 Tillmann [Til96] computed the 1-type of B(Cob2) and
showed that it can be split o� from the rest of the homotopy type:

�eorem ([Til96]). �ere is an equivalence of in�nite loop spaces B(Cob2) ' S1 ×X where X is

some simply connected in�nite loop space.

�e factor S1 ' BZ in this theorem can be thought of as accounting for the genus of the
surfaces. Seeing as connected surface bordisms between two �xed objects are uniquely determined
by their genus, it is plausible to suspect that this is all there is and that X is contractible. It was
hence conjectured [JT13, Conjecture 5.3] that the classifying spaces of Cob2 and several related
categories should be 1-types. One of our main theorems will be that this is almost true:

�eorem J. �ere is an equivalence of in�nite loop spaces B(Cob2) ' S1.

Here Cob2 is a (2, 1)-category that we will think of as a re�nement of the truncated bordism
category in which closed components are counted “properly”. In general it is de�ned as follows:
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De�nition 7.0.2. For all d ≥ 0 the 2-category Cobd has as objects closed oriented (d−1)-manifolds

and morphismsW : M → N are compact oriented bordisms fromM toN . A 2-morphism α : W ⇒
W ′ is a bijection α : π0(W ) ∼= π0(W ′) such that there exists a di�eomorphism ϕ : W ∼= W ′ that is

the identity on the boundary and satis�es π0(ϕ) = α.

It is important to note that the di�eomorphism ϕ is not part of the data of the 2-morphism
α : W ⇒W ′. An alternative construction of Cobd de�nes it as the quotient of the (2, 1)-category
h2(Bordd), in which 2-morphisms are isotopy classes of di�eomorphisms [ϕ], by the equivalence
relation that identi�es two 2-morphisms [ϕ] ∼ [ϕ′] whenever they induce the same map on con-
nected components: π0(ϕ) = π0(ϕ′). Hence this category �ts into the following sequence of
quotients of the (∞, 1)-category of bordisms:

Bordd −→ h2(Bordd) −→ Cobd −→ Cobd = h(Bordd).

Note that for any given 1-morphism W : M → N in Cobd the group of 2-automorphisms
α : W → W is a product of symmetric groups, corresponding to the permutations of closed
components, and in particular it is always �nite. We will see that the functor Cobd → Cobd

is always a rational equivalence on classifying spaces and for d = 2 we show that there is an
equivalence of in�nite loop spaces:

B(Cob2) ' B(Cob2)× τ≥3Q
(∨

g≥0
S2
)
.

Here τ≥3Q(
∨
g≥0 S

2) denotes the 2-connected cover of the free in�nite loop space on
∨
g≥0 S

2.
In particular, the mysterious in�nite loop space X in Tillmann’s theorem can be described as
the homotopy �ber of the map Q(

∨
g≥0 S

2) → K(
⊕

g≥0 Z, 2). It is rationally trivial and can
be thought as an “error-term” coming from the fact that in Cob2 we are not counting the closed
components “properly”.

Tropical moduli spaces and the surface category without disks

�e above result seems to suggest that – as long as we look at the slightly more sophisticated
Cob2 – the homotopy type of surface category is far less interesting than what we discovered in
the one-dimensional case.

In what follows we will see that the homotopical tranquility of B(Cob2) ' S1 is easily dis-
turbed by rather minor changes to the surface category. A crucial step in the proof of theorem J
uses the fact that for any surface bordism W : M → N and point p ∈ W one may decompose
W = W ′∪S1D2 whereW ′ is obtained fromW by removing a ball around p. To be�er understand
the inner workings of Cob2 we will consider a large subcategory where such a decomposition is
not allowed.
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De�nition 7.0.3. �e subcategory Cobχ≤0
2 ⊂ Cob2 is de�ned to contain all objects, but only those

morphisms W : M → N where every component V ⊂ W has non-positive Euler characteristic

χ(V ) ≤ 0.

�e de�nition is formulated in terms of the Euler characteristic as this makes it easy to check
that Cobχ≤0

2 is closed under both composition and disjoint union. It is worth noting, however,
that the only morphisms of Cob2 that do not lie in Cobχ≤0

2 are those that contain disks or spheres
as components.1 By passing to this subcategory we uncover the rich homotopical structure that
was lurking behind the seemingly simple statement of theorem J:

�eorem K. �ere is an equivalence of in�nite loop spaces

B(Cobχ≤0
2 ) ' S1 ×Q(Σ2BO2)×Q

(∨
g≥2

Σ2(BJg)
)
.

�e categories Jg appear in the work of [CGP16] on tropical moduli spaces.2 In fact, the
tropical moduli space ∆g can be de�ned as the colimit of a certain functor ∆E( ) : Jop

g → Top.
�is description indicates that BJg agrees with ∆g “up to �nite graph automorphisms”. We make
this precise by proving the following theorem, which we believe to be of independent interest.

�eorem L. For any g ≥ 2 the space BJg is simply connected and rationally equivalent to ∆g .

�e rational homology of ∆g was computed in [CGP18] in terms of Kontsevich’s commutative
graph complex. Following their paper we will use the grading convention where a graph has
grading v − (g + 1) for v the number of vertices. (In this grading H∗(G(g)) is concentrated in
∗ ≥ 0.) Combining their results with ours we obtain:

Corollary M. �e rational homotopy groups of B(Cobχ≤0
2 ), or equivalently of B(Cobχ≤0

2 ), are

given by:

πQ∗ B(Cobχ≤0
2 ) ∼= Q〈α〉 ⊕Q〈ρ1, ρ2, . . .〉 ⊕

⊕
g≥2

Σ2g+1H∗(G(g))

where |α| = 1, |ρi| = 4i+ 2, and G(g) is the commutative graph complex.

Labelled cospan categories

�e techniques used to prove the main theorems stated so far apply in much greater generality
than just to Cob2 and its subcategories. In fact, the main property of Cob2 that we are using is

1Note that one might also consider another, even larger subcategory Cobχ≤0
2 ⊂ Cobno disks

2 ⊂ Cob2 where spheres
are allowed. �is turns out not to be more interesting as one can split of the number of spheres as a separate factor
Cobno disks

2 ' Cobχ≤0
2 × N and so BCobno disks

2 ' B(Cobχ≤0
2 )× S1.

2In the de�nition used by [CGP16] the category contains a terminal object, which we remove. See remark 9.1.11 for
a comparison.
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that we can talk about connected components of objects and morphisms. One way of formalising
this is to say that π0 de�nes a symmetric monoidal functor:

π0 : Cob2 → Csp, M 7→ π0(M), ([W ] : M → N) 7→ [π0(M)→ π0(W )← π0(N)]

from Cob2 to the category Csp of cospans in �nite sets. �is category Csp has as objects �nite
sets A and as morphisms A → B it has isomorphism classes of cospans [A → X ← B]. Two
cospans are isomorphic if there is a bijection σ : X ∼= X ′ compatible with the maps from A and
B.

Since connected surfaces are uniquely determined by their genus and number of boundary
components, the functor π0 : Cob2 → Csp remembers a lot of information. To give a morphism
M → N in Cob2 amounts to the same data as giving a cospan [π0(M) → X ← π0(N)] and a
labeling g : X → N that encodes the genus of each component. It will be a very useful perspective
to think of Cob2 as a category of cospans labelled by natural numbers3 as indicated in �gure 7.1.

2

1

M
W−−−−−−−−−→ N π0(M) −−→ π0(W )←−− π0(N)

Figure 7.1: A morphism in Cob2 can be thought of as a cospan of �nite sets labelled in N.

Formalising this leads to the de�nition of labelled cospan categories. �e reader is referred to
section 8.1, which serves as an introduction to this chapter from the perspective of labelled cospan
categories.

De�nition 7.0.4. A labelled cospan category is a symmetric monoidal category C together with a

symmetric monoidal functor π : C → Csp satisfying four axioms, which ensure that every object and

morphism in C uniquely decomposes as the disjoint union of its connected components. (See de�nition

8.1.4 for details.)

In the study of topologically enriched bordism categories a key theorem is that the inclusion
of the positive boundary subcategory C∂+

d ⊂ Cd induces an equivalence on classifying spaces. (See
[GMTW09, �eorem 6.1] and [GRW14, �eorem 3.1].) Here the positive boundary subcategory
contains all objects and all those bordismsW : M → N where each component V ⊂W intersects

3It is worth pointing out that describing the composition of morphisms from this perspective is a li�le more com-
plicated than just adding the natural numbers, as gluing along multiple circles at once can increase the total genus. See
de�nition 8.1.13 and lemma 8.1.14.
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N non-trivially, i.e. has positive boundary. We can de�ne a positive boundary subcategory C∂+ ⊂
C for any labelled cospan category (C → Csp) by allowing those morphisms f : x→ y where the
right-hand arrow in the cospan [π(x)→ π(f)← π(y)] is surjective.

For truncated bordism categories the positive boundary category is o�en much easier to com-
pute. For example we have B(Cob

∂+

1 ) ' QS0 by [Rap14, Corollary 4.3.2], B(Cob
∂+

2 ) ' S1 by
[Til96], and B(Cob

χ≤0,∂+

2 ) ' S1 and B(Csp∂+) ' ∗ by proposition 8.3.27. However, we cannot
generally expect the inclusion of the positive boundary category to be an equivalence. A�er all
B(Cob1) is more complicated than QS0 by theorem E and B(Cobχ≤0

2 ) is more complicated than
S1 by theorem K.

�e key theorem about the classifying spaces of labelled cospan categories will describe the
failure of B(C∂+)→ B(C) to be an equivalence. For this theorem to be stated in its most natural
form we replace C by a (2, 1)-category Csp(C), in analogy with how we replaced Cob2 by Cob2.
�is recovers the previous construction as Cob2 ' Csp(Cob2) and just like before it does not
change the classifying space up to rational equivalence: B(Csp(C)) 'Q B(C).

�eorem N (Decomposition and Surgery �eorem). Let (C → Csp) be a labelled cospan category

that admits surgery (de�nition 8.1.42) and assume that B(C) is group-complete. �en there is a �ber

sequence of in�nite loop spaces:

B(C∂+) −→ B(Csp(C)) −→ Q
(∨

g
ΣS(BFg(C))

)
.

Here the wedge runs over all connected morphisms g : 1C → 1C , Fg(C) denotes the category of non-

trivial factorisations (g : 1C → x→ 1C) as de�ned in de�nition 8.1.34, and S denotes the unreduced

suspension.

�is theorem applies to all truncated cobordism categories Cobd as well as to Csp and various
labelled cospan categories that one can construct by labelling cospans in an abelian monoid. �e
proof of this theorem takes up the majority of this part (section 8.2 and 8.3).

Once theorem N is established most other computations amount to determining the homotopy
types of the factorisation categories Fg(C). In the case of C = Csp we show that BF∗(Csp) is
contractible and a similar argument applies to BF[W ](Cobd) for any closed d-manifold W . We
therefore have:

�eorem O. �e classifying space of the (2, 1)-category of cospans Csp is contractible and the clas-

sifying space of its homotopy category is B(Csp) ' τ≥3Q(S2).

�eorem P. For any dimension d ≥ 2 the classifying space of Cobd is equivalent to the classifying

space of its positive boundary subcategory: B(Cob
∂+

d ) ' B(Cobd).
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�e classifying spaces of factorisation categories are not always trivial, though. Our work in
section 6.3 implies that FS1(Cob1) is equivalent to Connes’ cyclic category Λ. Even though Cob1

does not admit surgery in the sense of de�nition 8.1.42, the conclusion of �eorem N still seems
to apply and the map BCsp(Cob1)→ Q(ΣS(BFS1(Cob1))) corresponds to the continuation of
the reduction �ber sequence that we constructed in section 6.2.

�e subcategory Cobχ≤0
2 ⊂ Cob2 is another example where the arguments for the con-

tractibility of Fg(Cob2) fail as we cannot use the disk morphism D2 : ∅ → S1. In chapter 9
we prove theorem K by showing that there is a zig-zag of functors inducing an equivalence of
classifying spaces B(Fg(Cobχ≤0

2 )) ' B(Jg) for all g ≥ 2. �is in particular implies that the
classifying space of Fg(Cobχ≤0

2 ) is rationally equivalent to the tropical moduli space ∆g .

Application: special commutative Frobenius algebras

We now present an interpretation of the aforementioned results from the perspective of higher
category theory. �is section will be self-contained and is not discussed further in the main text.

A classical theorem for topological �eld theories states that a symmetric monoidal functor
Cob2 → C amounts to the same data as a commutative Frobenius algebra object in C: i.e. an object
A = F (S1) together with a multiplication µ : A ⊗ A → A, comultiplication ∆ : A → A ⊗ A,
unit ν : 1C → A, and counit ε : A → 1C satisfying certain axioms. From this it also follows
that a symmetric monoidal functor Csp → C amounts to the same data as a special commutative
Frobenius algebra object in C, where one requires that µ ◦∆ = idA. �is is summarised by saying
that Cob2 is the free symmetric monoidal category on a commutative Frobenius algebra and Csp

is the free symmetric monoidal category on a special commutative Frobenius algebra.
Motivated by this, one could de�ne (special) commutative Frobenius algebras in a symmetric

monoidal∞-category C as symmetric monoidal∞-functors Cob2 → C and Csp → C. However,
we will argue below that such a de�nition would require too much higher coherence data, as it is
usually di�cult to map from a 1-category into an∞-category. �e computation of the classifying
spaces gives us a lower bound for the amount of coherence data, as we shall explain below. Based
on how the classifying spaces of the re�nements Cob2 → Cob2 and Csp → Csp are be�er
behaved, we suggest the following de�nition:

De�nition 7.0.5. Let C be a symmetric monoidal∞-category. A commutative Frobenius algebra
in C is a symmetric monoidal∞-functor Cob2 → C. A special commutative Frobenius algebra in C
is a symmetric monoidal∞-functor Csp→ C.

Our computations of the classifying spaces allow us to classify (special) commutative Frobenius
algebras with invertible structure maps:
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Corollary Q. All special Frobenius algebra structures on the unit object 1C of a symmetric monoidal

∞-category are canonically equivalent. In other words, every symmetric monoidal ∞-functor F :

Csp→ C such that F (∗) is equivalent to 1C is canonically isomorphic to the constant functor at 1C .

Proof. We �rst show that the functor h(F ) : h(Csp)→ h(C) inverts all morphisms. h(F ) induces
both a commutative algebra structure and a cocommutative coalgebra structure on h(F )(∗) ∈
hC. Any (co)algebra structure on the unit of a symmetric monoidal 1-category has an invertible
(co)unit and (co)multiplication morphism. All other morphisms of h(Csp) can be generated from
these morphisms by composing and taking disjoint unions. Hence h(F ) sends all morphisms to
isomorphisms in h(C) and therefore F lands in the maximal subgroupoid C'.

Since C' is a symmetric monoidal groupoid, all maps from Csp into it factor through the
classifying space Csp[Csp−1] ' B(Csp). We showed in theorem O that this symmetric monoidal
∞-groupoid is contractible and since F factors through B(Csp) it is necessarily trivial.

In a similar vein one can show that commutative Frobenius structures on 1C are given byE∞-
maps S1 → C, or equivalently by E∞-maps N→ AutC(1C). �is generalises the theorem [Til96,
�eorem 12] that invertible commutative Frobenius algebras in a 1-category D are classi�ed by
single invertible scalar λ : 1D → 1D . However, it is worth noting that to give an E∞-map
N→ AutC(1C) one has to specify an element AutC(1C) plus additional coherence data because N
is not the free E∞ algebra on one generator. �is suggests that a be�er de�nition of commutative
Frobenius algebra could be given by using the graph cobordism category of [Gal11], the homotopy
category of which agrees with Cob2. (Note that we are not considering functors F : Bord2 → C
here as F (S1) is only a E2-algebra and not an E∞-algebra.)

To see why we choose Csp over Csp in de�nition 7.0.5, note that corollary Q fails for Csp:
one can construct many non-trivial symmetric monoidal∞-functors Csp→ C that become trivial
when precomposed with Csp→ Csp. One can in fact make precise the idea that giving a symmet-
ric monoidal∞-functor out of Csp orCob2 requires an in�nite amount of coherence data. If a sym-
metric monoidal∞-category C is �nitely presented4 then it in particular has to be a compact object
in the∞-category Cat⊗∞ of symmetric monoidal∞-categories, i.e. HomCat⊗∞

(C, ) : Cat⊗∞ → S
commutes with �ltered colimits. Using the fact that S1 is not a compact object in the∞-category
of in�nite loop spaces, one can show that none of the categories Csp, Cob2, Cobχ≤0

2 , Cob2, or
Cobχ≤0

2 is a compact object in the∞-category of symmetric monoidal∞-categories.
4Let us call a symmetric monoidal∞-category �nitely presented if it is the colimit of a diagram D : I → Cat⊗∞

where I is a �nite∞-category and each D(i) is freely generated by a �nite∞-category.
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Outline

�is part of the thesis is split into two chapters. Chapter 8 concerns the general theory of labelled
cospan categories, and chapter 9 focuses on the case of Cobχ≤0

2 and relates it to tropical moduli
spaces.

We begin in section 8.1 by de�ning labelled cospan categories, giving several general con-
structions, and stating the decomposition theorem and the surgery theorem (which together form
theorem N). �is section serves as an overview of chapter 8. Section 8.2 proves the decomposition
theorem. First we establish a general �ber sequence criterion and a base-change theorem that will
be useful throughout, these are then applied to various spaces of cuts similar to section 6.2. In
the end of the section we also show that factorisation categories are o�en contractible. Section
8.3 proves the surgery theorem by applying ideas of [Gal11] and [GRW14] to labelled cospan cat-
egories. We also compute the positive boundary category of any weighted cospan category by
generalising [Til96]. At this point theorems J, O, and P follow.

Chapter 9 is divided into two sections. Section 9.1 relates the factorisation categoryFg(Cobχ≤0
2 )

to the category of graphs Jg by constructing a category of �ltered graphs
∫
J Sub′ that admits func-

tors to both. We then show that both functors induce equivalences by showing that the space of
�ltrationsBSub′(X,w) on any given graph (X,w) is contractible. Together with the surgery and
decomposition theorem this implies theorem K. Section 9.2 shows that BJg is rationally equiva-
lent to the tropical moduli space ∆g (theorem L) by constructing a rational homology isomorphism
BJg ' BT → ∆g and then verifying that π1(BJg) = ∗ by direct computation.
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Chapter 8

Classifying spaces of labelled cospan

categories

8.1 Categories of labelled cospans

In this section we introduce the framework of labelled cospan categories, give several basic con-
structions that will be needed later, and state the two key theorems about classifying spaces of
labelled cospan categories: the decomposition theorem 8.2.1 and the surgery theorem 8.3.1.

8.1.1 Labelled cospans

8.1.1.1 De�nition

De�nition 8.1.1. �e cospan category Csp has as objects �nite sets A and as morphisms A → B

isomorphism classes [A→ X ← B] of cospans of �nite sets. Here two cospans f : A→ X ← B : g

and f ′ : A → X ′ ← B : g′ are called isomorphic if there is a bijection ϕ : X ∼= X ′ such that

f ′ = ϕ ◦ f and g′ = ϕ ◦ g′. �e composite of two morphisms [A→ X ← B] and [B → Y ← C] is

de�ned by taking the pushout [A → X ∪B Y ← C]. �is is a symmetric monoidal category under

disjoint union.

Example 8.1.2. �e key to the following de�nitions is that any bordismW : M → N yields a cospan

of �nite sets π0(M)→ π0(W )← π0(N) in such a way that composition of bordisms corresponds to

compositon of cospans. In other words, taking connected components de�nes a symmetric monoidal

functor π0 : Cobd → Csp.

De�nition 8.1.3. Consider a symmetric monoidal category (C,⊗, 1C) together with a symmetric

monoidal functor π : C → Csp. We say that an objectM ∈ C is connected with respect to π if π(M)

is a set with one element. Similarly, we say that a morphism W : M → N ∈ C is connected with

respect toπ if the setπ(W ) in the cospan [π(M)→ π(W )← π(N)] has a single element. We say that

W is reduced if the cospan [π(M)→ π(W )← π(N)] has the property that π(M)qπ(N)→ π(W )
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is surjective. Let Homcon
C (M,N) ⊂ HomC(M,N) and Homred

C (M,N) ⊂ HomC(M,N) denote the

subset of connected and reduced morphisms, respectively.

�e following de�nition encodes the idea that in Cobd any object and bordism canonically
decomposes into its set of connected components.

De�nition 8.1.4. A labelled cospan category is a symmetric monoidal category (C,⊗, 1C) together

with a symmetric monoidal functor π : C → Csp satisfying the following axioms:

(i) For any objectM ∈ C such thatπ(M) hasn elements we can �nd connected objectsM1, . . . ,Mn ∈
C such that M ∼= M1 ⊗ . . .⊗Mn. If n = 0, we require M ∼= 1C .

(ii) �e abelian monoid HomC(1C , 1C) is freely generated by the subset of connected morphisms.

(iii) For any two objects M,N ∈ C the following map is a bijection

⊗ : Homred
C (M,N)×HomC(1C , 1C)→ HomC(M,N).

(iv) For any four objects M1,M2, N1, N2 ∈ C the following diagram is a pullback square:

Homred
C (M1, N1)×Homred

C (M2, N2) Homred
C (M1 ⊗M2, N1 ⊗N2)

Homred
Csp(π(M1), π(N1))×Homred

Csp(π(M2), π(N2)) Homred
Csp(π(M1)q π(M2), π(N1)q π(N2))

⊗

π π

q

A functor of labelled cospan categories F : (πC : C → Csp) → (πD : D → Csp) is a symmetric

monoidal functorF : C → D together with a symmetric monoidal natural isomorphism α : πD◦F ∼=
πC .

Remark 8.1.5. We will show in lemma 8.1.28 that any labelled cospan category (C → Csp) is

equivalent to another category hCsp(C) where morphisms are indeed cospans of �nite sets labelled

by connected morphisms in C. �is justi�es the name, but the list of axioms might still seem a li�le

arbitrary. In de�nition 8.1.30 we provide a much simpler de�nition in the world of∞-categories, which

conjecturally generalises the above and only imposes a single axiom. For now we shall motivate the

de�nition by giving examples.

Example 8.1.6. For any dimension d and tangential structure θ the truncated θ-structured d-dimensional

bordism category Cobd,θ = h(Cd,θ) is a labelled cospan category when equipped with the symmetric

monodial functor π0 : Cobd,θ → Csp that sends a closed (d−1)-manifoldM to the �nite set π0(M)

and a d-dimensional bordism W : M → N to the cospan [π0(M)→ π0(W )← π0(N)].

Example 8.1.7. Let (C → Csp) be some labelled cospan category and let D ⊂ C be a symmetric

monodial subcategory such that:
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(a) If M ⊗N ∈ D for some M,N ∈ C, then M,N ∈ D.

(b) If f ⊗ g ∈ D for some (f : M → N), (g : M ′ → N ′) ∈ C, then f, g ∈ D.

�en (D → Csp) is a labelled cospan category. To see this we check the four properties:

(i) �is follows because we had such a decomposition in C and the connected objects appearing in

the decomposition of an object of D also need to lie in D by (a).

(ii) �is follows because if a submonoid HomD(1C , 1C) of a free monoid HomC(1C , 1C) satis�es

the cancellation property (b), then it is necessarily freely generated on a subset of the generators

of the original monoid.

(iii) �e map is injective because it is the restriction of an injection and it is surjective by (b).

(iv) �e map from the top-le� corner to the pullback is injective because it is the restriction of an

injection and it is surjective by (b).

Combining this with the previous example we see that (π0 : Cobχ≤0
2 → Csp) is a labelled cospan

category.

8.1.1.2 Decomposing labelled cospans

�e following lemma explains how we can think of any morphism W : M → N as the cospan
π(M) → π(W ) ← π(N) together with a labelling of the components of π(W ) by connected
morphisms in C.

Lemma 8.1.8. Consider two objects M,N ∈ C and decompose them into connected objects M =

M1 ⊗ . . .⊗Mm and N = N1 ⊗ . . .⊗Nn. �e the set of morphisms M → N can be described as:

HomC(M,N) ∼= Hom(1C , 1C)×
∐

[X]:π(M)→π(N)

∏
x∈X

Homcon
C

 ⊗
i∈f−1(x)

Mi,
⊗

j∈g−1(x)

Nj


where the coproduct runs over all isomorphism classes of reduced cospans f : π(M)→ X ← π(N) :

g. �is decomposition is natural with respect to functors of labelled cospan categories.

Proof. We have the decompositon HomC(M,N) ∼= HomC(1C , 1C) × Homred
C (M,N) by condi-

tion (iii). �e set of reduced morphisms maps to the set of reduced cospans, so we get a disjoint
decomposition

Homred
C (M,N) ∼=

∐
[X]:π(M)→π(N)

Hom
[X]
C (M,N)
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where Hom
[X]
C (M,N) = {W : M → N | π(W ) = [X]} is the set of morphisms with underlying

cospan X . To understand this set of morphisms we decompose M and N according to the cospan
X :

M ∼=
⊗
x∈X

Mx, Mx :=
⊗

i∈f−1(x)

Mi and N ∼=
⊗
x∈X

Nx, Nx :=
⊗

j∈g−1(x)

Nj

Here we identi�ed π(M) with {1, . . . ,m} according to the decomposition M = M1 ⊗ . . .⊗Mm

and similarly forN . We can now apply condition (iv) multiple times and glue the pullback squares
to obtain the following pullback square:∏

x∈X Homred
C (Mx, Nx) Homred

C (⊗x∈XMx,⊗x∈XNx)

∏
x∈X Homred

Csp(π(Mx), π(Nx)) Homred
Csp(qx∈Xπ(Mx),qx∈Xπ(Nx)).

⊗

π π

q

By de�nition of Mx and Nx the cospan [π(M)→ X ← π(N)] corresponds to the element of the
product

∏
x∈X Homred

Csp(π(Mx), π(Nx)) that is given by the unique connected cospan [π(Mx)→
{x} ← π(Nx)] in each entry. We can now compare the �bers of the vertical maps at the points
corresponding to [X]. Since the diagram is a pullback square the �bers are isomorphic:∏
x∈X
{W ∈ Homred

C (Mx, Nx) | π(W ) = {x}} ∼= {W ∈ Homred
C (⊗x∈XMx,⊗x∈XNx) | π(W ) = [X]}.

�e le�-hand side is the product over Homcon
C (Mx, Nx) and the right-hand side is Hom

[X]
C (M,N).

Together with the �rst part this concludes the proof.

Corollary 8.1.9. A functor F : (πC : C → Csp)→ (πD : D → Csp) of labelled cospan categories

is an equivalence of categories if and only if it satis�es the following two conditions:

• For any connected objectMD ∈ D there is a connected objectMC ∈ C such thatF (MC) ∼= MD .

• For any two objects M,N ∈ C the functor F induces a bijection

F : Homcon
C (M,N) ∼= Homcon

D (F (M), F (N)).

Proof. �e �rst condition implies that F : C → D is essentially surjective because by condition
(i) every object in D is the product of connected objects. �e second condition applied to M =

1C = N implies, together with condition (ii), that HomC(1C , 1C)→ HomD(1D, 1D) is a bijection.
�en we can use the decomposition from lemma 8.1.8 to see that being a bijection on connected
morphisms and endomorphisms of 1C implies that F is a bijection on all homs.

For any labelled cospan category we can de�ne a reduced category in which all closed com-
ponents are deleted.
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De�nition 8.1.10. �e reduced category Cred has the same objects as C and the morphisms are equiv-

alence classes of morphisms in C under the action of the abelian monoid HomC(1C , 1C). �is indeed

de�nes a category as for any W : 1C → 1C the action (W q ) : HomC(M,N) → HomC(M,N).

commutes with pre- and post-composition with any morphism.

Note that it follows from the axioms for labelled cospan categories that every morphism [W ] :

M → N in Cred has a unique representative W ∈ HomC(M → N) that is reduced. In other
words, the composite

Homred
C (M,N) ↪→ HomC(M,N)→ HomCred(M,N)

is a bijection. We could therefore equivalently de�ne the category Cred to have the same objects
as C and to have as morphisms the reduced morphisms in C. Composition would then be de�ned
by W ◦Cred V = U where U is the unique reduced morphism such that there is Q : 1C → 1C with
W ◦C V = U qQ.

Example 8.1.11. �ere is a canonical bijection between the set of equivalence relations on A q B
and Homred

Csp(A,B) de�ned by sending an equivalence relation R ⊂ (A q B)2 to the cospan [A →
(A q B)/R ← B]. �is can be used to give an alternative description of Cspred where morphisms

A → B are equivalence relations on A q B. In this category morphisms R ⊂ (A q B)2 and

S ⊂ (B qC)2 are composed by restricting the equivalence relation on AqB qC that is generated

by R and S to the subset Aq C .

8.1.1.3 Weighted cospans

Another class of examples can be constructed by labeling cospans with elements of an abelian
monoid. �is includes Csp, Cob2, and Cobχ≤0

2 , and will provide a useful point of view in section
9.1. In principle it should be possible to label cospans with operations of any modular operad, or
even a coloured properad (see conjecture 8.1.31). For the purpose of this thesis it will su�ce to
consider the case where the operations in the modular operad are elements or an abelian monoid
A and pairing two inputs is given by addition with a �xed element α. We also allow to specify a
subset A1 ⊂ A, which can be thought of as a stability condition.

De�nition 8.1.12. A weighting monoid is a triple (A,A1, α) whereA is an abelian monoid, which

we will denote additively, A1 ⊂ A is a subset satisfying A1 +A ⊂ A1, and α ∈ A1 is some element.

�e most important weighting monoid is (N,N≥1, 1), and we will usually think about this
case.
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De�nition 8.1.13. For a monoid (A,+) with a preferred element α ∈ A we de�ne the (A,α)-

weighted cospan category Csp(A,α) as follows. Objects are �nite sets. Morphisms are equivalence

classes of labelled cospans [i : M → X ← N : j, l : X → A]. Two morphisms are equivalent if

there is a bijection ϕ : X ∼= X ′ satisfying l′ ◦ ϕ = l, ϕ ◦ i = i′, and ϕ ◦ j = j′. �e composition of

two morphisms (i : M → X ← N : j, l) and (i′ : N → Y ← L : j′, l′) is de�ned by composing the

cospans as usual and equipping the pushout with the labeling:

(l ∗ l′)([u] ∈ X qN Y ) =
∑

x∈X,x∈[u]

l(x) +
∑

y∈Y,y∈[u]

l′(y) + αb1([u];X,Y ).

Here b1([u];X,Y ) ∈ N is what one could call the �rst Be�i number of the equivalence class [u] ⊂
X q Y . Concretely, we de�ne it as:

b1([u];X,Y ) := |(N → X qN Y )−1([u])| − |(X q Y → X qN Y )−1([u])|+ 1.

Lemma 8.1.14. De�nition 8.1.13 yields a well-de�ned category Csp(A,α) and disjoint union de�nes

a symmetric monoidal structure on this category. Moreover, the forgetful functor Csp(A,α)→ Csp

is symmetric monoidal and makes Csp(A,α) into a labelled cospan category.

Proof. To see that Csp(A,α) we need to check that composition is associative. Since we already
know that the composition of cospans is associative up to canonical isomorphism, all that is le�
check is that this canonical isomorphism respects the labeling. Consider three composable mor-
phisms (i : M → X ← N : j, l), (i′ : N → Y ← L : j′, l′), and (i′′ : L → Z ← O : j′′, l′′). To
see that (l ∗ l′) ∗ l′′ ≡ l ∗ (l′ ∗ l′′) it su�ces to check the following identity on Be�i numbers for
every point [u] ∈ X qN Y qL Z :

b1([u];X qN Y, Z) +
∑

[v]∈XqNY,[v]⊂[u]

b1([v];X,Y )

?
= b1([u];X,Y qL Z) +

∑
[w]∈YqLZ,[w]⊂[u]

b1([w];Y, Z)

(�e point is represented by an equivalence class [u] ⊂ X q Y qZ .) Indeed one checks that both
sides of the equation are equal to

|(N q L→ (X qN Y qL Z))−1([u])| − |(X q Y q Z → (X qN Y qL Z))−1([u])|+ 1.

Hence the composition in Csp(A,α) is indeed associative.
�e composition of (A,α)-labelled cospans is de�ned component-wise and hence disjoint

union q : Csp(A,α)× Csp(A,α)→ Csp(A,α) is a functor. �is de�nes a symmetric monoidal
structure with the same structure isomorphisms as for Csp (now labelled by 0). By construction
the forgetful functor Csp(A,α) → Csp is symmetric monoidal. Moreover, one checks that this
functor satis�es the conditions of de�nition 8.1.4 and hence de�nes a labelled cospan category.
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De�nition 8.1.15. For (A,α) as above and a subsetA1 ⊂ A satisfyingα ∈ A1 andA1+A ⊂ A1 we

de�ne Csp(A,A1, α) ⊂ Csp(A,α) as the subcategory that contains all objects and those morphisms

(i : M → X ← N : j, l) where for each x ∈ X with |i−1(x)q j−1(x)| ≤ 1 we require l(x) ∈ A1.

One checks that Csp(A,A1, α) ⊂ Csp(A,α) is indeed closed under composition by using
α ∈ A1 andA1 +A ⊂ A1. It is also closed under disjoint union and further satis�es the condition
of example 8.1.7. Hence Csp(A,A1, α) is a labelled cospan category.

Lemma 8.1.16. �ere are equivalences of labelled cospan categories:

Csp(0, 0) ' Csp, Csp(N, 1) ' Cob2, Csp(N,N≥1, 1) ' Cobχ≤0
2 .

Proof. �e �rst equivalence is clear since a cospan labelled in the trivial monoid 0 is the same data
as just a monoid, so the forgetful map Csp(0, 0)→ Csp is an isomorphism of categories.

For the second equivalence we de�ne a functor F : Cob2 → Csp(N, 1) as the li� of the
functor π0 : Cob2 → Csp by labelling the cospan [π0(M) → π0(W ) ← π0(N)] obtained from
a morphism W : M → N with the function g : π0(W ) → N that sends a component to its
genus. We need to check that F is in fact functorial. �is means that we have to verify for any
two bordisms W : M → N and V : N → L that the genus of some component U ⊂ W ∪N V is
given by:∑

U0∈π0(U∩W )

g(U0) +
∑

U1∈π0(U∩V )

g(U1) +
(
|π0(U ∩N)|+ 1− |π0(U ∩W )q π0(U ∩ V )|

)
.

Without loss of generality we may assume that W ∪N V is connected and hence that U = W ∪N
V . �e Euler characteristic is additive under the composition of surface-bordisms and so we can
compute:

χ(W ∪N V ) = χ(W ) + χ(V ) =
∑
U0⊂W

(2− 2g(U0)− |π0(∂U0)|) +
∑
U1⊂V

(2− 2g(U1)− |π0(∂U1)|)

= −2

 ∑
U0⊂W

g(U0) +
∑
U1⊂V

g(U1)

+ 2|π0(W )q π0(V )| − 2|π0(N)| − |π0(M)| − |π0(L)|

Combining this with χ(W ∪N V ) = 2 − 2g(W ∪N V ) − |π0(M)| − |π0(L)| yields the desired
formula.

�e functor F is by construction symmetric monoidal and compatible with the projection to
Csp. We may hence use corollary 8.1.9 to check that it is an equivalence of labelled cospan cate-
gories. Indeed, F is surjective on connected objects (it hits the one-point set) and F is fully faithful
on connected morphisms since a connected surface with �xed boundary is uniquely determined
by its genus.
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�e third equivalence is obtained by restricting the previous equivalence. �e subcategory
Cobχ≤0

2 ⊂ Cob2 corresponds exactly to CspN≥1(N, 1) since every connected bordism W : M →
N satis�es:

χ(W ) ≤ 0⇔ (|π0(M)q π0(N)| ≤ 1⇒ g(W ) ∈ N≥1).

Example 8.1.17. For any γ ∈ N one can de�ne a category Cobg<γ2 as the quotient of Cob2 by the

equivalence relation ∼γ on morphisms that is generated as follows: whenever W : M → N is a

bordism and V ⊂ W is a component of genus at least g, then we set W ∼γ W#(S1 × S1) where

the connected sum is taken at V . Under this equivalence relation two morphisms W,W ′ : M → N

are identi�ed if they become di�eomorphic a�er arbitarily increasing the genus of every component

that has genus at least g.

�is category is equivalent to the weighted cospan category Csp(N/γ, 1) whereN/γ is the abelian

monoid de�ned as N/(N + γ). For γ = 0 we have that Cobg<0
2 ' Csp.

One can also de�ne a subcategory Cobχ≤0,g<γ
2 ⊂ Cobg<γ2 . (�is will be the entire category if

γ = 0.) �is category is equivalent to CspN≥1/γ(N/γ, 1).

Example 8.1.18. For any d ≥ 2 consider the full subcategory CobS
d−1

d ⊂ Cobd of the d-dimensional

oriented bordism category on all the objects of the form
∐k
i=1 S

d−1.1 Let Md be the monoid of

di�eomorphism classes of connected closed oriented d-manifolds with addition given by connected

sum. For d = 2 we haveM2
∼= N and for d = 3 Milnor [Mil62] showed that the monoidM3 is freely

generated by the set of di�eomorphism classes of prime 3-manifolds. We de�ne a functor

F : CobS
d−1

d → Csp(Md, [S
1 × Sd−1])

equipping the cospan (π0(M)→ π0(W )← π0(N)) with the labeling l : π0(W )→Md that sends

a connected component (W ′ : M ′ → N ′) ⊂ (W : M → N) to the closed manifold

Ŵ ′ := (qki=1D
d) ∪qSd−1 W ′ ∪qSd−1 (qlj=1D

d).

Here we use standard identi�cations M ′ ∼= qki=1S
d−1 and N ′ ∼= qlj=1S

d−1, which are canonical up

to permutation of components.

We need to show that F is functorial. Let W : M → N and V : N → L two morphisms in

CobS
d−1

d such that W ∪N V is connected. �en we need to check:

Ŵ ∪N V ∼= (#iŴi) # (#j V̂j) # (S1 × Sd−1)#b1

1Equivalently we could consider the full subcategory of Cobd on all objects that are di�eomorphic to a disjoint
union of spheres. However, without choosing identi�cations with Sd−1 it is more di�cult to de�ne the functor F .

112



where Wi ⊂ W , Vi ⊂ V denote the connected components and b1 ∈ N is de�ned as |π0(N)| −
|π0(W q V )|+ 1. Indeed, Ŵ ∪N V can be obtained from

∐
i Ŵi q

∐
j V̂j by a�aching a 1-handle

for every component of N . Let us a�ach these 1-handles one a�er another. Whenever the 1-handle is

a�ached at two disks that are not yet path-connected, a�aching this handle is equivalent to taking a

connected sum at these disks. �is will happen |π0(W q V )| − 1 times. For each of the remaining 1-

handles we a�ach the both endpoints to the same component. �is is equivalent to taking the connected

sum with (S1 × Sd−1) and will happen |π0(N)| − (|π0(W q V )| − 1) = b1 times. Hence the above

formula holds andF is indeed a functor. It follows from the construction thatF is symmetric monoidal

and de�nes a functor of labelled cospan categories.

We would like to apply corollary 8.1.9 to show that F is an equivalence of labelled cospan cat-

egories. Since F is certainly essentially surjective we only need to check that for all k, l ≥ 0 the

map

Homcon
Cobd

(qki=1S
d−1,qli=1S

d−1) −→Md, [W ] 7→ [Ŵ ]

is a bijection. To construct an inverse map choose for every connected closed oriented d-manifold V

an orientation preserving embedding ι : (qki=1D
d) q (qlj=1D

d) ↪→ V . �en V ∼= Ŵι for Wι =

V \ Im(ι)◦. For any other choice of orientation preserving embedding ι′ there is a di�eomorphism

ψ : V ∼= V with ι′ ∼= ψ ◦ ι (by [Hir94, Chapter 8, �eorem 3.2]). �is restricts to a di�eomorphism

ψ|Wι
: Wι

∼= Wι′ that is compatible with the boundary identi�cations. So the construction [V ] 7→
[Wι] is independent of ι and hence a well-de�ned mapMd → Homcon

Cobd
(qki=1S

d−1,qli=1S
d−1) that

is inverse to [W ] 7→ [Ŵ ].

Note that the above example fails in the non-oriented case. �e cylinder with �ipped bound-
ary identi�cation de�nes a non-identity morphism C : S1 → S1 in the unoriented surface cat-
egory Cobunor

2 such that Ĉ = D2 ∪S1 C ∪S1 D2 ∼= S2. �erefore the functor F : Cobunor
2 →

Csp(Aunor
2 , [S1 × S1]) is not faithful.

8.1.2 �e enhanced cospan category

Given a labelled cospan category (C → Csp) we now want to build a re�nement Csp(C) that
keeps track of permutations of closed components. We begin by de�ning the groupoid-enriched
category Csp: the 2-category of �nite sets, cospans of �nite sets, and isomorphisms of cospans.
To ensure that everything is a set let Ω denote some in�nite “background set”.

�is subsection might be skipped at a �rst read. By theorem 8.2.4 the canonical functor
Csp(C)→ C induces a rational equivalence on classifying spaces.
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8.1.2.1 �e unlabelled case

De�nition 8.1.19. A presented set is a triple (l,X,R) where l ∈ {0, 1, . . . }, X ⊂ {1, . . . , l},
and R ⊂ X × X , such that R is an equivalence relation on X . We let X := X/R denote the set

of equivalence classes of X under R, and we will o�en write X when we mean the entire datum

(l,X,R).

Two presented sets (l,X,R) and (k, Y, S) are called disjoint if l = k and X ∩ Y = ∅. In

this case we write (l,X,R)⊥(k, Y, S) and we de�ne their disjoint union as (l,X,R)q (k, Y, S) :=

(l,X ∪ Y,R ∪ S).

For any two presented sets (l,X,R) and (k, Y, S) and maps i : A → X/R and j : A → Y/S

from some set A we de�ne the glueing as

(l,X,R) ∪A (k, Y, S) := (l + k,X ∪ (Y + l), R ∪A (S + l))

where Y + l := {y+ l | y ∈ Y } andR∪A (S+ l) is the equivalence relation generated byR, (S+ l),

and i(a) ∼ j(a) for all a ∈ A.

Note that the disjoint union of disjoint presented sets is strictly associative and commutative
whenever it is de�ned. Moreover, the gluing operation (X ← A → Y ) → X ∪A Y is strictly
associative, which allows us to make the following de�nition:

De�nition 8.1.20. �e (2, 1)-category Csp is de�ned as follows. Objects are �nite subsets A ⊂ Ω.

Non-identity morphisms A→ B are cospans (fX : A→ X ← B : gX) where X is a presented set.

We also have identity morphisms, which we denote as (A = A = A). �e composition of morphisms

is de�ned as:

(fY : B → Y ← C : gY ) ◦ (fX : A→ X ← B : gX) := (fX : A→ X ∪B Y ← C : gY ).

2-morphisms ϕ : (fX : A → X ← B : gX) ⇒ (f ′X → X ′ ← B : g′X) are bijections ϕ : X ∼= Y

such that ϕ ◦ fX = f ′X and ϕ ◦ gX = g′X . (Note that ϕ is not an isomorphism of presented sets, but

just a bijection between the resulting quotient sets.) �ese are composed in the obvious way.

Remark 8.1.21. �e addition of identity morphisms in the above de�nition is a li�le ad-hoc. Let

us brie�y explain how they interact with the other morphisms. �e horizontal composition is de�ned

such that they act as identities: (A = A = A)∪A (A→ X ← B) := (A→ X ← B), and similarly

when composing on the other side. �e 2-morphisms are de�ned by treating the middleA as if it were

a presented set X : a 2-morphism ϕ : (A = A = A) ⇒ (f : A → X ← A : g) is a bijection

ϕ : A → X such that ϕ ◦ idA = fX and ϕ ◦ idA = gX . �is means that such a 2-morphism exists

if and only if f = g is a bijection and the 2-morphisms is unique if it exists.
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To describe the operation of disjoint union on Csp we will use the notion of partial commu-
tative monoidal structures that we introduce in de�nition 8.2.5 and 8.2.11. See section 8.2.1 for an
introduction to how we deal with symmetric monoidal structures.

De�nition 8.1.22. �e partial commutative monoidal structure on the (2, 1)-category Csp is de�ned

by the relation⊥ and the operationq. On objects we setA⊥B wheneverA∩B = ∅ and on morphisms

we set (X, i, i′)⊥(Y , j, j′) whenever X⊥Y in the sense of 8.1.19. �e operation q is given by taking

disjoint unions.

Lemma 8.1.23. �e canonical functor Csp → Csp that sends a cospan (A → X ← B) to its

isomorphism class induces an equivalence of categories h(Csp) ' Csp.

Proof. �e 1-category h(Csp) is de�ned by identifying all 1-morphisms in Csp that are connected
by a 2-morphism. �e functor h(Csp) → Csp is hence faithful by de�nition: on both sides iso-
morphic cospans are identi�ed. It is also full because every cospan A → Z ← B is isomorphic
to a cospan A → X ← B seeing as any �nite set Z is in bijection with some presented set X .
�e functor is also essentially surjective as any �nite set A can be embedded ι : A ↪→ Ω and the
cospan (A ∼= ι(A) = ι(A)) is an isomorphism in Csp.

8.1.2.2 �e general case

We now de�ne a version of Csp where the �nite sets and cospans are labelled by connected objects
and morphisms in C. In lemma 8.1.27 we check that this is indeed well-de�ned and that the 2-
functors described below are indeed functorial.

De�nition 8.1.24. For any labelled cospan category (C → Csp) we de�ne the enhanced cospan
category Csp(C) of C to be the following (2, 1)-category.

• An objects is a tuple (A, cA) whereA ⊂ Ω is a �nite set and cA : A→ Objcon(C) is a labelling

by connected objects of C.

• A non-identity 1-morphism (A, cA) → (B, cB) is a tuple of a non-identity morphisms (f :

A → X ← B : g) in Csp and a labelling o : X → Morcon(C) such that for each x ∈ X the

label o(x) is a connected morphism⊗
a∈f−1(x)

cA(a)→
⊗

b∈g−1(x)

cB(b).

We also allow for identity morphisms id(A,cA), which we think of as a cospan (A = A = A)

where the labelling o : A→ Morcon(C) is given by o(a) := idcA(a).

• A 2-morphism (f : A → X ← B : g, o) ⇒ (f ′ : A → Y ← B : g′, o′) is a bijection

ϕ : X ∼= Y such that f ′ = ϕ ◦ f , g′ = ϕ ◦ g, and o′ ◦ ϕ = o.
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�e composition of two morphisms (fX : A→ X ← B : gX , oX) and (fY : B → Y ← C : gY , oY )

is de�ned as the glued cospan (fZ : A→ X ∪B Y ← C : gZ , oX ∗ oY ) where the induced labeling

oX ∗oY is de�ned as follows. For each z ∈ X∪BY we letXz ⊂ X and Y z ⊂ Y denote the preimages

of z under X q Y → X ∪B Y .

⊗
a∈f−1

Z (z)

cA(a)
⊗

c∈g−1
Z (z)

cC(s)

⊗
x∈Xz

⊗
a∈f−1

X (x)

cA(a)
⊗
x∈Xz

⊗
b∈g−1

X (x)

cB(b) ∼=
⊗
y∈Yz

⊗
b∈f−1

Y (y)

cB(b)
⊗
y∈Yz

⊗
c∈g−1

Y (y)

cC(c).

(oX∗oY )(z)

∼= ∼=
⊗xoX(x) ⊗yoY (y)

De�nition 8.1.25. �ere is a functor⊗C : Csp(C)→ C de�ned by sending (A, cA) to
⊗

a∈A cA(a)

and sending morphisms (fX : A→ X ← B : gX , o) to⊗
a∈A

cA(a) ∼=
⊗
x∈X

⊗
a∈f−1

X (x)

cA(a)
⊗[x]o([x])
−−−−−−→

⊗
x∈X

⊗
b∈g−1

X (x)

cB(a) ∼=
⊗
b∈B

cB(b).

De�nition 8.1.26. We de�ne a partial commutative monodial structure (see de�nition 8.2.5) on

Csp(C) by saying that two objects or morphisms are disjoint i� they are disjoint as objects or mor-

phisms in Csp a�er forge�ing labelings. �e union of disjoint objects or morphisms is de�ned by

taking the union in Csp and equipping it with the evident labeling.

Lemma 8.1.27. Horizontal composition of 1-morphisms in Csp(C) is associative and hence Csp(C)
is a well-de�ned 2-category. Moreover, the following three constructions are 2-functors:

forget : Csp(C)→ Csp, q : Csp(C)2⊥ → Csp(C), and ⊗C : Csp(C)→ C.

Proof. We will show that associativity holds when composing three composable labelled cospans:
(A→ X ← B, oX), (B → Y ← C, oY ), (C → Z ← D, oZ). �e functoriality of “forget”, q, and
⊗C will follow from the proof. �e underlying cospan isX ∪B Y ∪C Z and it does not ma�er how
we parenthesise this expression as composition in Csp is strictly associative. We need to check
that the two induced labellings on this composed cospan agree.

Before we show this, let us consider the case of a single composition (X, oX)∪B (Y , oY ). For
p ∈ X ∪B Y we let Xp ⊂ X , Y p ⊂ Y , and Bp ⊂ B denote the subsets that are sent to p under
the quotient map. �e label (oX ∗ oY )(p) of p in the composite cospan is exactly the morphism
⊗C(Xp ∪Bp Y p, oX ∗ oY ) in C. (If (W, oW ) is a labelled cospan where W = {p} is a single point,
then ⊗C(W, oW ) = oW (p).) By inspecting the de�nition it follows that this composite label is
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exactly ⊗C(Y p, oY ) ◦ ⊗C(Xp, oX) as illustrated in the following diagram:

⊗
a∈A

cA(a)
⊗
c∈C

cC(s)

⊗
x∈Xp

⊗
a∈f−1

X (x)

cA(a)
⊗
b∈Bp

cB(b)
⊗
y∈Yp

⊗
c∈g−1

Y (y)

cC(c)

⊗
x∈Xp

⊗
b∈g−1

X (x)

cB(b)
⊗
y∈Yp

⊗
b∈f−1

Y (y)

cB(b) .

(oX∗oY )(p)=⊗C(Xp∪BpY p,oX∗oY )

∼=
⊗C(Xp,oX)

∼=

⊗xoX(x) ∼=

⊗C(Y p,oY )

∼=

∼= ⊗yoY (y)

�is already implies that ⊗C : Csp(C) → C will be a 2-functor once we show that Csp(C) is a
2-category.

Returning to the case of a triple composition we can now see that a point q ∈ X ∪B Y ∪C Z
is labelled by:

((oX ∗ oY ) ∗ oZ)(q) = ⊗C(Xq ∪Bq Y q, oX ∗ oY ) ◦ ⊗C(Zq, oZ)

=

 ⊗
p∈Xq∪BqY q

⊗C(Xp ∪Bp Y p, oX ∗ oY )

 ◦ ⊗C(Zq, oZ)

=

 ⊗
p∈Xq∪BqY q

⊗C(Xp, oX) ◦ ⊗C(Y p, oY )

 ◦ ⊗C(Zq, oZ)

= (⊗C(Xq, oX) ◦ ⊗C(Y q, oY )) ◦ ⊗C(Zq, oZ)

Since composition in C is associative it follows that this agrees with (oX ∗ (oY ∗oZ))(q) and hence
horizontal composition in Csp(C) is indeed associative.

Lemma 8.1.28. �e enhanced cospan category �ts into a diagram:

Csp(C) hCsp(C) C

Csp hCsp Csp

π0

'

π0 π

'

Moreover, for any two objects (A, cA) and (B, cB) there is a canonical equivalence of groupoids

HomCsp(C)((A, cA), (B, cB)) −→ HomCsp(C)(∅, ∅)×Homred
C (⊗(A, cA),⊗(B, cB)).

and HomCsp(C)(∅, ∅) is the free symmetric monoidal groupoid on the set Homcon
C (1C , 1C).

Proof. �e existence of the commutative diagram is clear by construction. We need to check that
⊗C : h(Csp(C))→ C is an equivalence of categories. Note that π0 : h(Csp(C))→ h(Csp) ' Csp
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is a labelled cospan category by construction, so we can use corollary 8.1.9 to check that ⊗C is an
equivalence. Indeed, it is clear that ⊗C is surjective on connected objects, and one also easily sees
that ⊗C is fully faithful on connected morphisms.

For the second claim we begin by de�ning a functor:

(c, r) : HomCsp(C)((A, cA), (B, cB)) −→ HomCsp(C)(∅, ∅)×Homred
Csp(C)((A, cA), (B, cB)).

Here c(X, o) = (Y , o|Y ) where Y ⊂ X is the subset containing those equivalence classes that are
not in the image of f q g : A q B → X . Similarly we let r(X, o) = (Z, o|Z) where Z ⊂ X is
the image of f q g. One now checks that (c, r) is indeed a functor and that it is an isomorphism
between Csp((A, cA), (B, cB)) and the subspace of the product on those ((Y , o), (Z, o′)) such
that Y and Z are disjoint. Hence (c, r) is fully faithful, and it is essentially surjective because any
tuple is isomorphic to one that satis�es the disjointness. It remains to check that the functor ⊗
induces an equivalence of groupoids:

Homred
Csp(C)((A, cA), (B, cB)) −→ Homred

C (⊗(A, cA),⊗(B, cB)).

By lemma 8.1.8 this functor induces a bijection between the isomorphism classes of objects on the
le� and the elements on the right. Moreover, any object in Homred

Csp(C)((A, cA), (B, cB)) only has
the identity automorphism as ϕ : X → X is uniquely determined by the requirement that it has to
be compatible with the surjection AqB → X . �e right-hand side has only identity morphisms
by de�nition and hence the two groupoids are equivalent.

Note also that HomCsp(C)(∅, ∅) is equivalent to the groupoid of �nite sets labelled in Homcon
C (1C , 1C),

which is indeed the free symmetric monoidal groupoid on this set.

8.1.2.3 Higher labelled cospan categories

While the list of conditions used to characterise labelled cospan categories in de�nition 8.1.4 is
rather long and might seem a bit arbitrary, the enhanced version Csp(C) satis�es a much simpler
condition:

Lemma 8.1.29. For any labelled cospan category (π : C → Csp) the following diagram is a pullback

square of 2-categories:

Csp(C)2⊥ Csp(C)

Csp2⊥ Csp.

q

(π0)2 π0

q

Proof. On objects we have that

{A,B ⊂ Ω, l : A,B → Objcon(C) | A ∩B = ∅}
∼={A,B ⊂ Ω | A ∩B = ∅} ×{C⊂Ω} {C ⊂ Ω, l : C → Objcon(C)}
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and a similar statement is true for 1-morphisms and 2-morphisms.

�is motivates the following de�nition, which we will give in the language of∞-categories.

De�nition 8.1.30. A labelled∞-category of cospans is a symmetric monoidal∞-category C together

with a symmetric monoidal functor π : C → Csp. �is functor is subject to the condition that

C × C C

Csp× Csp Csp.

⊗

π×π π

q

is a pullback square of∞-categories.

We will not explore this de�nition in much more detail - it mainly serves as an aesthetically
more pleasing analogue of de�nition 8.1.4. However, let us brie�y note that one can show that
for any ∞-category of labelled cospans (C → Csp) its homotopy category is a labelled cospan
category (hC → hCsp ' Csp) in the sense of de�nition 8.1.4. Together with lemma 8.1.29 this
almost proves that labelled cospan categories form a full re�ective subcategory of the∞-category
of labelled∞-categories of cospans.

Further, we suggest the following conjecture that relates the notions of labelled cospan cate-
gory and labelled∞-category of cospans to previously established notions.

Conjecture 8.1.31. �ere is a biequivalence between the 2-category of labelled cospan categories

and the 2-category of coloured properads as described in [HRY15, Chapter 3].

Let Cat⊗∞ be the∞-category of symmetric monoidal∞-categories and let P ⊂ (Cat⊗∞)/Csp be

the full subcategory of the comma category on those (C → Csp) that satisfy the condition of de�nition

8.1.30. �en P is equivalent to the∞-category of∞-properads described in [HRY15, Chapter 7].

8.1.3 �e decomposition theorem for cospan categories

For the purpose of this section we �x a cospan category (C → Csp) and we assume that BC is
group-like. In lemma 8.1.40 we explain this assumption is o�en satis�ed, and we note that in this
caseBC is equivalent to an in�nite loop space. Moreover, we letG := Homcon

C (1C , 1C) denote the
set of connected endomorphisms of the unit in C.

We prove the following comparison result for Csp(C), C, and Cred, which is a generalisation
of theorem C from part I of this thesis.

Proposition 8.1.32 (See 8.2.4). �ere are homotopy �ber sequences of in�nite loop spaces:

Q
(∨

G S
1
)

B(Csp(C)) B(Cred)

B (
⊕

GN) B(C) B(Cred).
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In particular, the map B(Csp(C))→ B(C) is a rational equivalence.

�e next theorem will decompose the category C into parts with no closed components and
factorisations of closed components. We �rst make the necessary de�nitions:

De�nition 8.1.33. �e simplicial setNnc
• C is the simplicial subset of the nerveN•C containing only

those n-simplices W : [n]→ C where W (0→ n) is a reduced morphism.

De�nition 8.1.34. For any connected endomorphism of the unit s : 1C → 1C we de�ne the factori-

sation category Fs(C), or Fs for short, as follows. An object is a triple (M,W,V ) where M 6∼= 1C is

a non-trivial object and W : 1C →M and V : M → 1C are morphisms such that W ∪M V = s. A

morphism (M,W,V )→ (M ′,W ′, V ′) is a morphismX : M →M ′ in C such thatW ∪M X = W ′

and V = X ∪M ′ V ′.

�eorem 8.1.35 (Decomposition �eorem, see 8.2.1). For any labelled cospan category C such that

BC is group-like, there is a homotopy �ber sequence of in�nite loop spaces:

|Nnc
• C| −→ B(Csp(C)) −→ Q

∨
g∈G

ΣS(BFg)

 .

Here the wedge runs over the set of connected morphisms g : 1C → 1C .

Remark 8.1.36. Note that as long as each Fg is non-empty the unreduced suspension S(BFg) is

equivalent to the reduced suspension Σ(BFg) for any choice of base-point.

Remark 8.1.37. If BC is not group-like, then the above is still a homotopy co�ber sequence of E∞-

algebras. However, this case will not be as useful for computations. One of the particular advantages

of the group-like case is that any homotopy co�ber sequence of in�nite loop spaces is also a homotopy

�ber sequence, and moreover induces a homotopy �ber sequence of underlying spaces. In the general

case we still have a homotopy �ber sequence a�er passing to group-completions.

Example 8.1.38. In section 8.2.9 we will show that for C = Csp and C = Cobd with d ≥ 2 all

the factorisation categories Fg(C) have a contractible classifying space. In these cases it follows that

|Nnc
• C| ' B(Csp(C)).

Since Nnc
• C is not the nerve of a category it is not a priori clear that its homotopy type is

invariant under equivalences in C.

Lemma 8.1.39. Let (π : C → Csp) and (π′ : D → Csp) be two labelled cospan categories and let

F : C → D be an equivalence of symmetric monoidal categories together with a symmetric monoidal

natural isomorphism F ◦ π ∼= π′. �en F induces an equivalence:

N•F : Nnc
• C

'−−→ Nnc
• D.

120



Proof. Pick a homotopy-inverse functor G : D → C and natural isomorphisms α : F ◦ G ∼= IdD

and β : G◦F ∼= IdC . �en we have mapsBF : BC ←→ BD : BG and α and β yield homotopies
that witness that BF and BG are homotopy inverse. �is homotopy equivalence restricts to a
homotopy equivalence |Nnc

• C| ' |Nnc
• D|. To see this, note that if a : [n] → C represents an

n-simplex a ∈ NnC that lies in Nnc
n C and a′ : [n]→ C is naturally isomorphic to a, then a′ lies in

the no-closed components part as well: a′ ∈ Nnc
n C.

We brie�y discuss some su�cient conditions for BC to be group-like.

Lemma 8.1.40. Let (C → Csp) be a labelled cospan category satisfying that for all connectedM ∈ C
there is some object N ∈ C for which there exists a morphism W : M ⊗ N → 1C or a morphism

V : 1C →M ⊗N . �en π0BC is group-like and hence BC is equivalent to an in�nite loop space.

Proof. �e connected components of the classifying space π0B(C) can be computed as the com-
mutative monoid of isomorphism classes of objects of C modulo the relation A ∼ B whenever
there is a morphism from A to B. By axiom (i) of de�nition 8.1.4 every object of C can be wri�en
as a⊗-product of connected objects. So the connected objects generate π0B(C). �e conditions of
this lemma imply that for each connected objectM there is some objectN with [M ]⊗ [N ] = [1C ]

in π0B(C). �is implies that all the connected objects have inverses and as these generate the
monoid we can conclude that π0B(C) is indeed a group under⊗. It now follows from the methods
of [Seg74], which we recall in section 8.2.5, that BC is equivalent to an in�nite loop space.

8.1.4 �e surgery theorem for cospan categories

In this section we try to understand the realisation of the simplicial set Nnc
• C, which is one of

the two main components in the decomposition theorem. We will show that under favorable
circumstances it is equivalent to the classifying space of the positive boundary subcategory C∂+ ⊂
C, which will o�en be computable.

De�nition 8.1.41. For a labelled cospan category (C → Csp) we de�ne the positive boundary
category C∂+ as the subcategory of C that contains all objects, but only those morphismsW : M → N

for which π(N)→ π(W ) is surjective.

De�nition 8.1.42. We say that a labelled cospan category (C → Csp) admits surgery if one can

pick the following data:

• A connected object O ∈ C and a connected morphism T : 1C → O.

• For any connected object A ∈ C a connected morphism PA : A→ O ⊗A.
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subject to the condition that for any two connected objects A,B ∈ C and any two arbitrary objects

M,N ∈ C the following diagrams commute for all connected morphisms U : A ⊗M → B ⊗ N ,

V : A⊗B ⊗M → N , and W : M → A⊗B ⊗N :

A⊗M O ⊗A⊗M

B ⊗N O ⊗B ⊗N
U

PA⊗idM

idO ⊗U
PB⊗idN

A⊗B ⊗M O ⊗A⊗B ⊗M

O ⊗A⊗B ⊗M O ⊗N

(βO,A⊗idB⊗M )◦(idA⊗PB⊗idM )

PA⊗idB⊗M

idO ⊗V
idO ⊗V

M A⊗B ⊗N

A⊗B ⊗N O ⊗A⊗B ⊗N.

W

W

(βA,O⊗idB⊗N )◦(idA⊗PB⊗idN )

PA⊗idB⊗N

See �gure 8.1.4 for an illustration of these three equations.

Remark 8.1.43. Note that the morphism T is not required to satisfy any equation. (In fact, we do

not even need it to be connected.) Nevertheless, it is crucial that there exists a morphism from 1C to

O as we use it to introduce new connected components during the surgery. �is would for example be

impossible in the negative boundary category Cob
∂−
d = (Cob

∂+

d )op. �is category cannot satisfy the

conclusion of the surgery theorem as

π0B((Cob
∂−
d )∂+) −→ π0|Nnc

• (Cob
∂+

d )| = π0B(Cob
∂+

d ) ∼= Ωor
d−1

is not injective because in (Cob
∂−
d )∂+ there are no morphisms to or from the empty set.

�eorem 8.1.44 (Surgery �eorem, see 8.3.1). If the labelled cospan category (C → Csp) admits

surgery, then the inclusion of simplicial sets N•C∂+ ⊂ Nnc
• C induces an equivalence:

B(C∂+) ' |Nnc
• C|.

Combining this with the decomposition theorem we have the following immediate conse-
quence:

Corollary 8.1.45 (�eorem N). If the labelled cospan category (C → Csp) admits surgery andB(C)
is group-like, then there is a homotopy �ber sequence of in�nite loop spaces.

B(C∂+) −→ B(Csp(C)) −→ Q
(∨

g∈G
ΣS(BFg)

)
.

�e condition of admi�ing surgery might seem unreasonably strong if one thinks about a
general labelled cospan category (C → Csp). We are essentially requiring that PA : A→ O ⊗ A
commutes with all other operations. However, it turns out to satis�ed in the cases we are interested
in.
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Figure 8.1: �e three conditions that the morphismPA : A→ O⊗A has to satisfy for all connected
objects B, arbitrary objects M , N , and connected morphisms U , V , W .

Example 8.1.46. We will now show that many geometric examples admit surgery. Let, for example,

C = Cobd be the d-dimensional bordism category for d ≥ 2. �e we can let O := Sd−1 be the sphere

and T := Dd : ∅ → Sd−1 the disk. For the morphism PM : M → Sd−1 qM we can choose the

connected sum of the bordisms Dd : ∅ → Sd−1 and M × [0, 1] : M → M . Since both bordisms

are oriented and connected it does not ma�er at which point we take the connected sum. We need to

make sure that this makes the relevant diagrams commute. For example, for all connected morphisms

W : A qM → B qN one checks that both ways of going around the diagram can be described as

the connected sum of W with the bordism Dd−1 : ∅ → Sd−1. Since W is connected any two such

connected sums are di�eomorphic.

We can also replace the morphism T : ∅ → Sd−1 by any other connected manifold with boundary

Sd−1. In particular for d = 2 we can choose a genus g ≥ 1 surface with one boundary component,

which implies that Cobχ≤0
2 ⊂ Cob2 also admits surgery.

Example 8.1.47. As similar argument as above also applies to the weighted cospan categories Csp(A,A1, α)

from de�nition 8.1.13. One can chooseO := ∗ to be the singleton, T : ∅ → ∗ the cospan (∅ → ∗ = ∗)
weighted by any element of A1 (for example α), and P : ∗ → ∗ q ∗ the cospan (∗ → ∗ ← ∗ q ∗)
weighted by the unit 0 ∈ A. �is makes all the relevant diagrams commute as the weighting monoid

A is commutative.

By lemma 8.1.14, example 8.1.17, and example 8.1.18 this means that all of the following labelled
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cospan categories admit surgery:

Csp, Cobχ≤0
2 , CobS

d−1

d , Cobg<γ2 , and Cobχ≤0,g<γ
2 .

Example 8.1.48. If a labelled cospan category C admits surgery, has a group-complete classifying

spaceBC, and satis�es thatFg(C) is contractible for all g : 1C → 1C , then the inclusion of the positive

boundary subcategory induces an equivalence:

B(C∂+) ' B(Csp(C)).

We will show that this is the case for Csp and Cobd with d ≥ 2 in section 8.2.9. �is implies �eorem

P and together with the computations BCsp∂+ ' ∗ and BCob
∂+

2 ' S1 made in proposition 8.3.27 it

implies �eorem O and �eorem J.

8.2 �e decomposition theorem

In this section we decompose the classifying space of a labelled cospan category (C → Csp) into
various smaller parts that are usually easier to compute. We will also show that the two variants
Csp(C) and Cred are closely related to C. Concretely we prove the following theorem:

�eorem 8.2.1 (Decomposition theorem). Let (C → Csp) be a labelled cospan category such that

BC is group-like and let G = Homcon
C (1C , 1C) be the set of connected endomorphisms of the unit.

�en there is a homotopy �ber-sequence of in�nite loop spaces:

|Nnc
• (C)| B(Csp(C)) Q

(∨
g∈G ΣS(BFg)

)
Remark 8.2.2. Recall that we in 8.1.33 de�ned Nnc

• C ⊂ N•C as the simplicial subset on those

n-simplices W : [n]→ C such that W (0→ n) has no closed components.

Recall that SX denotes the unreduced suspension of an unpointed space. (See 8.2.37.) If we assume

that eachFg is non-empty, then we may choose any basepoint to form the reduced suspension and the

result will be equivalent to the unreduced suspension: ΣS(BFg) ' Σ2BFg . However, it can happen

that a connected endomorphism g : 1C → 1C does not admit a factorisation. (For example if one adds

spheres to Cobχ≤0
2 .) In this case BFg = ∅ and by convention S(∅) = S0, so ΣS(BFg) = S1.

Remark 8.2.3. One might think of the term Q(
∨
g∈G ΣS(BFg)) as an “error-term” that obstructs

BCsp(C) from being equivalent to the subspace with no closed components. In the analogy where C
is a topologically enriched bordism category this term always vanishes: it is a theorem by [GRW10,

De�nition 4.3 and lemma 4.7] that in these cases BC is equivalent to the subspace with no closed

components. Note however, that this is only an analogy as our se�ing of labelled cospan categories does

not actually accommodate for topologically enriched bordism categories, and moreover the de�nition

of Dnc
• is di�erent in the topological case.

124



We also prove the following comparison result for Csp(C), C, and Cred:

Proposition 8.2.4. �ere are homotopy �ber sequences of in�nite loop spaces:

Q
(∨

G S
1
)

B(Csp(C)) B(Cred)

B (
⊕

GN) B(C) B(Cred).

In particular the map B(Csp(C))→ B(C) is a rational equivalence.

8.2.1 Partial commutative monoidal categories

�roughout this paper we will work with in�nite loop spaces that arise as the classifying space of a
symmetric monoidal categories. �e symmetric monodial categories that we consider will o�en be
like embedded bordism categories in the sense that we can make sense of a notion of disjointness
M ∩N = ∅ for objects M,N and that for disjoint objects taking their union (M,N) 7→ M ∪N
is a strictly associative and commutative operation. To extract a symmetric monoidal structure
from this we need to �x a functorial replacement (M,N) 7→ (M ′, N ′) such that M ′ ∩ N ′ = ∅.
�is choice is always somewhat arbitrary, which would make it di�cult to construct the simplicial
objects in symmetric monoidal categories that we need later. Instead of making a choice of a
replacement we will work with the notion of a partial commutative monoidal category, which
formalises the idea of having a notion of disjointness and disjoint union.

De�nition 8.2.5. A partial commutative monoidal structure on a category C is a choice of a relation

⊥ on the set of objects of C, an object ∅ ∈ C, and a functor q : C2⊥ → C where C2⊥ ⊂ C2 is the full

subcategory on those (x, y) where x⊥y. �is data is subject to the following axioms:

(i) For all x ∈ C we have ∅⊥x and the functor C → C de�ned by x 7→ ∅ q x is the identity.

(ii) Let C3⊥ ⊂ C3 denote the full subcategory on triples (x, y, z) satisfying x⊥y, x⊥z, and y⊥z.

�en for each such triple we have x⊥(y q z) and (x q y)⊥z, and the two functors C3⊥ → C
de�ned by (x, y, z) 7→ (xq y)q z and (x, y, z) 7→ xq (y q z) are equal.

(iii) �e relation ⊥ is symmetric and the two functors C2⊥ → C de�ned by (x, y) 7→ x q y and

(x, y) 7→ y q x are equal.

(iv) For any n-tuple (x1, . . . , xn) ∈ Cn one can �nd (x′1, . . . , x
′
n) ∈ Cn such that xi ∼= x′i for all i

and x′i⊥x′j for all i 6= j.

Given two such partial commutative monoidal categories - or PCM categories for short - (C,⊥C , ∅C ,qC)
and (D,⊥D, ∅D,qD), we say that a strictly symmetric monoidal functor between them is a functor

F : C → D satisfying the properties: F (∅C) = ∅D , x⊥y ⇒ F (x)⊥F (y), andqD ◦(F, F ) = F ◦qC
as functors C2⊥ → D.
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Remark 8.2.6. One can think of a given PCM category as a category internal to the category of

partial commutative monoids. Conversely, a category C internal to partial commutative monoids

represents a PCM category if it satis�es the following conditions:

• For any two morphisms f : x→ y and g : x′ → y′ we have that f⊥g if and only if x⊥x′ and

y⊥y′.

• For any n-tuples of objects (x1, . . . , xn) one can �nd (x′1, . . . , x
′
n) ∈ Cn such that xi ∼= x′i for

all i and x′i⊥x′j for all i 6= j.

Remark 8.2.7. �e key advantage of this de�nition is that it is a property for a functor F to be

commutatively monoidal. �is will make it much easier to construct simplicial objects in PCMC

than it would be to construct them in the category of symmetric monoidal categories.

To obtain in�nite loop spaces from PCM categories we will use Segal’s concept of Γ-spaces,
which we now recall.

De�nition 8.2.8. Let Γop denote the full subcategory of the category of �nite pointed sets Fin∗

on the objects 〈n〉 = {∗, 1, . . . , n}. Concretely, the morphisms 〈n〉 → 〈m〉 in Γop are maps f :

{∗, 1, . . . , n} → {∗, 1, . . . ,m} satisfying f(∗) = ∗. We let ρin : 〈n〉 → 〈1〉 denote the unique

morphism with (ρin)−1(1) = {i}.
A Γ-space is a functor X : Γop → Top and we denote the value on 〈n〉 by X〈n〉. We say that X

is a special Γ-space if for each n the following map is a weak equivalence:

(ρ1
n, . . . , ρ

n
n) : X〈n〉 → X〈1〉 × · · · ×X〈1〉.

Our main source of special Γ-spaces will be of the form BC〈•〉 for C〈•〉 is a special Γ-category.

De�nition 8.2.9. A Γ-category is a functor C〈•〉 : Γop → Cat. We say that C〈•〉 is a special if for

each n the map (ρ1
n, . . . , ρ

n
n) : C〈n〉 → C〈1〉 × · · · × C〈1〉 is an equivalence of categories.

Lemma 8.2.10. For any partial commutative monoidal category (C,⊥, ∅,q) we can de�ne a spe-

cial Γ-category be le�ing C〈n〉 := Cn⊥ be the full subcategory of Cn on those tuples (x1, . . . , xn)

satisfying xi⊥xj for all i 6= j.

Proof. It follows from axioms (i-iii) that for any �nite family of objects (xi ∈ C)i∈I that are disjoint
in the sense that i 6= j ⇒ xi⊥xj we can de�ne:∐

i∈I
xi := (. . . ((xi1 q xi2)q xi3) · · · q xin)
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and that this is independent of the enumeration (i1, . . . , in) one chooses of I . Here we set
∐
i∈∅ xi :=

∅C . We may therefore de�ne for each λ : 〈n〉 → 〈m〉 a functor

λ∗ : Cn⊥ → Cm⊥, (x1, . . . , xn) 7→ (y1, . . . , ym), where yj =
∐

i∈λ−1(j)

xi.

�is makes 〈n〉 7→ Cn⊥ into a Γ-category. It remains to check that this is special, i.e. that the
inclusion Cn⊥ → (C1⊥)n = Cn is an equivalence of categories. �is inclusion is fully faithful by
de�nition and it is essentially surjective by axiom (iv).

We also brie�y describe how to generalise this to the se�ing of 2-categories.

De�nition 8.2.11. For a 2-category C let Mor(C) be the 1-category where objects are 1-morphisms

f : x → y in C and morphisms f → g are 2-morphisms α : f ⇒ g. In particular there are no

morphisms between f and g unless the have the same source and the same target.

A partial commutative monoidal structure on a 2-category C is a partial commutative monoid

structure (id∅,⊥,q) on Mor(C) – except that instead of condition (iv) we require:

(iv’) For any n-tuple (x1, . . . , xn) ∈ Cn one can �nd an n-tuple (x′1, . . . , x
′
n) ∈ Cn such that xi is

equivalent to x′i for all i and idx′i ⊥ idx′j for all i 6= j.

(iv”) For any n-tuple (f1 : x1 → y1, . . . , fn : xn → yn) ∈ Mor(C)n satisfying xi⊥xj and yi⊥yj
for all i 6= j one can �nd an n-tuple (f ′1 : x1 → y1, . . . , f

′
n : xn → yn) ∈ Mor(C)n such that

fi ∼= f ′i for all i and fi⊥fj for all i 6= j.

(v) Composition de�nes a PCM functor ◦ : Mor(C)×Obj(C) Mor(C)→ Mor(C).

We will also write x⊥y for two objects x, y ∈ C to mean idx⊥ idy .

Corollary 8.2.12. For any PCM 2-category C the classifying space BC naturally has the structure

of a special Γ-space.

Proof. We would like to mimic the proof of lemma 8.2.10. For all n let C⊥n ⊂ Cn be the following
sub 2-category. It contains an object (x1, . . . , xn) if idxi ⊥ idxj holds for all i 6= j, and it contains
a 1-morphism (f1, . . . , fn) between two such objects if fi⊥fj holds for all i 6= j. It contains all
2-morphism between any 1-morphism it contains. By condition (v) this is indeed a sub 2-category.
In the same way as in lemma 8.2.10 these 2-categories assemble into a Γ-object in 2-categories,
and therefore 〈n〉 7→ BC⊥n de�nes a Γ-space.

We need to show that the Segal mapBC⊥n → BCn is a weak equivalence. �e functor C⊥n →
Cn is surjective up to equivalence condition (iv’) and by condition (iv”) it is an equivalence on Hom-
categories. Now recall that the classifying space of a 2-category is de�ned by �rst taking the nerve
of Hom-categories to obtain a simplicially enriched category and then taking the usual classifying
space. By the above, the simplicially enriched functor obtained from the 2-functor C⊥n → Cn is a
Dwyer-Kan equivalence, and hence it induces an equivalence on classifying spaces.
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8.2.2 A general �ber sequence

We now introduce the abstract technique that we will use to show that certain sequences of sim-
plicial symmetric monoidal groupoids yield �ber sequences of in�nite loop spaces.

�eorem 8.2.13. Consider three simplicial special Γ-spaces A•, B•, C• : ∆op × Γop → Top with

two simplicial Γ-maps:

A•
f−−→ B•

g−→ C•

and a homotopy of simplicial Γ-maps α : g ◦ f ' 1C to the unit in C•. Assume further that for every

n there is a Γ-map sn : Bn → An such that the induced maps

(sn, gn) : B〈1〉n → A〈1〉n × C〈1〉n and sn ◦ fn : A〈1〉n → A〈1〉n

are weak equivalences of spaces. �en the following is a homotopy co�ber sequence of special Γ-

spaces:

‖A•‖
f−−→ ‖B•‖

g−→ ‖C•‖

If moreover each of these spaces is group-like, then this is a homotopy �ber sequence.

Proof. We will base this proof on the framework of [GGN15]. Let S denote the ∞-category of
spaces, which receives a functor Top→ S . �e category MonE∞(S) ⊂ Fun(Γop,S) is de�ned as
the full subcategory on those functors that satisfy a Segal-condition. �e homotopy category of
special Γ-spaces is pre-additive, i.e. it has a 0-object ∗ and the canonical map xq y → x× y from
the coproduct to the product is an isomorphism for all x and y. �is allows us to apply lemma
8.2.14 and conclude from the existence of sn that for each n the sequence:

An −→ Bn −→ Cn

is a homotopy co�ber sequence of special Γ-spaces. Since homotopy colimits commute, taking the
homotopy colimit over ∆op yields the following co�ber sequence in MonE∞(S):

hocolim∆opA• −→ hocolim∆opB• −→ hocolim∆opC•.

To compute this homotopy colimit note that the functor MonE∞(S)→ S that sends a special Γ-
spaceA to the underlying spaceA〈1〉 is conservative and commutes with si�ed colimits. �erefore
(hocolim∆opA•)

〈1〉 ' hocolim∆opA
〈1〉
• where the la�er is computed as a homotopy colimit in S .

Given a simplicial topological space X• : ∆op → Top the homotopy colimit of X• : ∆op →
Top → S is modelled by the fat geometric realisation ‖X•‖. Similarly, for a simplicial special
Γ-space A〈•〉• : ∆op × Γop → Top we can construct a Γ-space 〈n〉 7→ |A〈n〉• | by taking the level-
wise realisation. Note that this Γ-space is still special since ‖ ‖ commutes with products up to
weak equivalence (see [Seg74, Proposition A.1(iii)] or [ERW19a, �eorem 7.2]). It follows by our
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previous comments that ‖A•‖ is in fact a model for the homotopy colimit in special Γ-spaces. �is
shows that

‖A•‖
f−−→ ‖B•‖

g−→ ‖C•‖

is a homotopy co�ber sequence in MonE∞(S).
Finally we would like to show that ‖A•‖ → ‖B•‖ → ‖C•‖ is homotopy �ber sequence in S

if we assume that each of the spaces is group-like. Indeed, for any co�ber sequence X → Y → Z

in MonE∞(S), the group completion Xgp → Y gp → Zgp is a �ber sequence. If we assume that
each of ‖|A•‖, ‖B•‖, and ‖C•‖ is already group-like, then it follows that ‖A•‖ → ‖B•‖ → ‖C•‖
is a homotopy �ber sequence.

�e following lemma holds in any pre-additive∞-category C, i.e. in every∞-category C such
that the homotopy category hC has a 0-object and such that coproducts and products agree via
the canonical map. �e same argument applies in any model category whose homotopy category
is pre-additive.

Lemma 8.2.14. Let f : A→ B and g : B → C be two morphisms in a pre-additive∞-category C
such that g ◦ f is null-homotopic. Assume further that there is a map s : B → A such that the maps

(s, g) : B → A × C and s ◦ f : A → A are equivalences. �en any choice of a null-homotopy for

g ◦ f makes A→ B → C into a co�ber sequence in C.

Proof. Pick a morphism r : C → B such that s◦r = 0 : C → A and g ◦r = idC . �is can be done
by li�ing (0, idC) : C → A × C against the equivalence (s, g) : B → A × C . We claim that the
maps f and r exhibit B as a coproduct of A and C . So we need to check that f q r : AqC → B

is an equivalence. Since (s, g) is an equivalence it will su�ce to check that (s, g) ◦ (f q r) is an
equivalence. Using that hC is pre-additive we can represent this morphism by a 2× 2 matrix with
entries s ◦ f , s ◦ r, g ◦ f , and g ◦ r. By construction s ◦ r and g ◦ f are 0-maps and s ◦ f and g ◦ r
are equivalences. Hence (s, g) ◦ (f q r) is the direct sum of two equivalences and therefore itself
an equivalence.

Consider the following diagram in the homotopy category hC:

∗ A ∗

C B C

f

r g

�is diagram can be li�ed to a diagram ∆2 ×∆1 → C in the∞-category by choosing any null-
homotopy of g ◦ f in the right square and the trivial homotopy in the le� square. �e le�-hand
square is a pushout square because we checked that f and r exhibitB as the coproduct ofA andC .
�e entire rectangle is a pushout square (independent of which homotopies we chose!) because the
top horizontal arrow ∗ → ∗ and the bo�om horizontal arrow g◦r : C → C both are equivalences.
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It therefore follows from the pushout pasting lemma [Lur09a, Lemma 4.4.2.1.] that the right-hand
square is a pushout square, which is exactly what we claimed.

8.2.3 A base-change theorem for simplicial spaces

We prove a theorem that allows us to change the space of 0-simplices X0 of a simplicial space
X• without a�ecting the homotopy type of ‖X•‖. �is is motivated by the basic idea in category
theory that one can change the number of objects of each isomorphism type without changing
the category, up to equivalence. In this sense, the following de�nition can be thought of as a
generalisation of the notion of a fully faithful functor:

De�nition 8.2.15. For any semi-simplicial object X• let let ∂Xn : Xn → (X0)n+1 denote the map

that sends an n-simplex to its vertices. We call a map of semi-simplicial spaces f : X• → Y• a

homotopy base-change if the map

(∂Xn , fn) : Xn −→ (X0)n+1 ×h(Y0)n+1 Yn

is an equivalence for all n ≥ 1.

�e following theorem generalises lemma 5.1.30 and [ERW19a, �eorem 5.2] to arbitrary sim-
plicial spaces that are not necessarily the nerve of a topological category. Note, however, that
[ERW19a, �eorem 5.2] has the advantage of applying to weakly unital categories C, whereas we
would need C to have strict units in order to apply the theorem to NC.

�eorem 8.2.16 (Base-change). Let f : X• → Y• be a map of simplicial spaces that is a homotopy

base-change in the above sense and satis�es that π0(f0) : π0(X0) → π0(Y0) is surjective. �en

‖f‖ : ‖X•‖ → ‖Y•‖ is a weak equivalence.

Proof. For any spaceA let T (A)• be the simplicial space de�ned by T (A)n := An+1 with face and
degeneracy operators given by forge�ing and repeating. A simplicial map Z• → T (B)• amounts
to the same data as a map Z0 → B. We can factor the map X• → Y• in the theorem as:

X• −→ T (X0)• ×hT (Y0)•
Y• −→ Y•

�e �rst map is a level-wise equivalence because X• → Y• is a base-change, and in particular it
induces an equivalence on geometric realisations. To prove the theorem we need to show that the
second map also induces and equivalence on geometric realisations.

For the purpose of this proof let us interpret “space” to mean an object of the category of
simplicial sets S := sSetQ, which we equip with the �illen model structure. A simplicial space
is hence a bisimplicial set and we equip S∆op

:= Fun(∆op, sSetQ) with the projective model
structure. �is proof could also be translated into any other model, or it could be given in the
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∞-category of simplicial spaces.2 Since the statement of the theorem is invariant under level-wise
weak equivalences we may assume that X0 → Y0 is a �bration, and in this case we may replace
the homotopy pullback by the strict pullback.

In fact, we will show: for any surjective �bration of spaces (i.e. Kan-�bration of simplicial sets)
f : A→ B and for any simplicial space Z• with map p : Z0 → B the natural map

α(Z•,p) : ‖T (A)• ×T (B)• Z•‖ −→ ‖Z•‖

is an equivalence. �is map de�nes a natural transformation of functors S∆op

/T (B) → S . We will
prove the theorem by showing:

(i) �e map α(Z•,p) is an equivalence if Z• is the discrete simplicial space ∆n for some n.

(ii) �e category S∆op

/T (B) is generated under homotopy colimits and weak equivalences by ob-
jects of the form (∆n, p).

(iii) �e source and target functor of α both commute with homotopy colimits.

Claim (i): For Z• = ∆n the map p : Z• → T (B)• picks out (n + 1) points p(0), . . . , p(n) ∈ B.
Since f : A → B is surjective we can �nd a ∈ A with f(a) = p(0), which we can use to de�ne
an extra degeneracy:

s−1 : Ak+1 ×Bk+1 (∆n)k −→ Ak+2 ×Bk+2 (∆n)k+1

((a0, . . . , an), (l0, . . . , ln)) 7−→ ((a, a0, . . . , an), (0, l0, . . . , ln))

Hence ‖T (A)•×T (B)•∆
n‖ is contractible and since ‖∆n‖ is also contractible it follows thatα(∆n,p)

is an equvialence.
Claim (ii): Let (p : Z• → T (B)•) ∈ S∆op

/T (B) be any object in the over category. �e category S∆op

is generated by the representables ∆n under homotopy colimits. Concretely, [Dug01, Proposition
2.9] shows that we can �nd a diagram F : I → S∆op such that each F (i) is level-wise equiv-
alent to some ∆ni , the colimit is colimi∈I F (i) ∼= Z•, and the map from the homotopy colimit
hocolimi∈I F (i)→ Z• is a weak equivalence.

Using the map p : Z• → T (B)• we can li� F to a diagram F : I → S∆op

/T (B). �e homotopy
colimit of this diagram is hocolimi∈I(F (i) → T (B)•) ' (Z• → T (B)•) since the forgetful
functor S∆op

/T (B) → S
∆op commutes with colimits and preserves weak equivalences.

Claim (iii): �e geometric realisation functor ‖ ‖ : S∆op → S commutes with homotopy colimits
and so does the forgetful functor S∆op

/T (B) → S
∆op . We need to show that the functor

S∆op

/T (B) → S
∆op

, (Z• → T (B)•) 7→ (T (A)• ×T (B)• Z•)

2Let us brie�y comment on how to this proof would go in ∞-land. Claim (i) is proven in the same way. Claim
(ii) uses the fact that the presheaf category (of ∆) is generated by representables under small colimits, see [Lur09a,
Corollary 5.1.5.8]. Claim (iii) follows because in S colimits are stable under pullback: [Lur09a, Lemma 6.1.3.14].
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commutes with homotopy colimits. �is functor preserves level-wise weak equivalences (because
we assumed that A → B is a �bration) so it will su�ce to show that it commutes with strict
colimits. Strict colimits of bisimplicial sets (over T (B)•) can be computed point-wise, so the claim
follows from the fact that in the category of sets the functor (U ×V ) : Set/V → Set commutes
with colimits. (�is functor has a right-adjoint given by W 7→

∐
v∈V Map(U ×V {v},W ).)

Remark 8.2.17. Note it is crucial for theorem 8.2.16 and corollary 8.2.20 that X• and Y• are simpli-

cial spaces. �e analogous statements for semi-simplicial spaces are generally not true. Consider for

example the semi-simplicial space Y• with Y0 = ∗ and Yi = ∅ for i > 0. �e semi-simplicial map

Y•qY• → Y• is a base-change and it is surjective on Y0, but on geometric realisations it is ∗q∗ → ∗.
To see how this is used in the proof note that in the above counter-example Y• = ∆0

s is the

semisimplicial 0-simplex, i.e. the representable object on [0] ∈ ∆op
inj in S∆op

inj . �is means that already

the analogue of claim (i), where we show the theorem for the case that Z• is representable, fails. Of

course one could still prove claim (i) for ∆n thought of as a semisimplicial space, but the ∆n do not

generate S∆op
inj under homotopy-colimits.

Remark 8.2.18. �e theorem also holds with the fat geometric realisations ‖X•‖ replaced by the

standard one |X•|, as long as both simplicial spaces X• and Y• have the property that the quotient

maps ‖X•‖ → |X•| and ‖Y•‖ → |Y•| are weak equivalences. �is is the case if X• and Y• are good
[Seg74, Proposition A.1.(iv)], which is the case if they are the level-wise realisation of a bi-simplicial

set. As we will basically only be encountering simplicial spaces de�ned as the level-wise classifying

space of a simplicial groupoid, this will always be the case.

We now state a special case of the theorem where X• and Y• are both obtained as level-wise
classifying spaces of simplicial groupoids. To do so we quickly recall the following de�nition:

De�nition 8.2.19. A functor P : E → B is an iso-�bration if for any object e ∈ E and isomorphism

f : P (e) ∼= b there is an isomorphism g : e→ b in E such that P (b) = b and P (g) = f .

Corollary 8.2.20. Let F• : X• → Y• be a functor between two simplicial groupoids such that

• F0 : X0 → Y0 is essentially surjective,

• (∂Xn , Fn) : Xn → (X0)n+1 ×(Y0)n+1 Yn is an equivalence of categories, and

• For all n at least one of the functors ∂Yn : Yn → (Y0)n+1 and Fn : Xn → Yn is an iso-�bration.

�en |BF | : |BX•| → |BY•| is an equivalence.
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Proof. �e �rst condition implies the surjectivity of π0(BF0) : BX0 → BY0. �e second condi-
tion implies that BF• is a homotopy base-change, if we can show that the map

B
(
(X0)n+1 ×(Y0)n+1 Yn

)
−→ (BX0)n+1 ×h(BY0)n+1 BYn

is an equivalence. By the third condition at least one of the functors involved in the pullback is an
iso-�bration. Taking the pullback of classifying spaces along an iso-�bration of groupoids always
yields the homotopy pullback - this can be shown by elementary means or by noting that iso-
�brations of groupoids are both Cartesian and coCartesian, so that theorem B may be applied.

To illustrate the use of the base-change theorem we quickly prove that the realisation of Rezk’s
relative nerve is always equivalent to the classifying space of the category. �is will be useful later.
First recall:

De�nition 8.2.21. For any category C its relative nerve3 is the simplicial groupoid N rel
• C de�ned

for each n as the groupoid of functors [n] → C with morphisms being natural isomorphisms. �is

contains the usual nerve as a simplicial subgroupoid N•C ⊂ N rel
• C with only identity morphisms.

Lemma 8.2.22. �e inclusion N•C ⊂ N rel
• C always induces an equivalence:

BC ' ‖N•C‖ ' ‖B(N rel
• C)‖.

Proof. We need to verify the conditions of the base-change theorem for simplicial groupoids 8.2.20.
�e functorN0C → N rel

0 C is a bijection on objects and in particular essentially surjective. For any
n the functor

NnC → (N0C)n+1 ×(Nrel
0 C)n+1 N rel

n C

is an isomorphism of groupoids, as both sides can be identi�ed with the subcategory of N rel
n C

containing only identity morphisms. Finally, we claim that ∂n : N rel
n C → (N rel

0 C)n+1 is an iso-
�bration for all n. Indeed, given a functor X : [n] → C and isomorphisms αi : X(i) ∼= X ′(i)

there is a (unique) functor X ′ : [n] → C extending the X ′(i) such that α : X ∼= X ′ is a natural
isomorphism. (�is functor X ′ is given by X ′(i ≤ j) = αj ◦X(i ≤ j) ◦ α−1

i .)

8.2.4 �e simplicial groupoid D(C)

Now that all the tools are in place we de�ne the simplicial groupoid D•(C) that serves as a more
convenient replacement for NCsp(C).4 One can think of D•(C) as Rezk’s relative nerve construc-
tion applied to the (2, 1)-category Csp(C). We will see that the realisation of D•(C) is equivalent
to the classifying space of Csp(C). �e advantage of D•(C) is that for each n the groupoid Dn(C)

3�is is what Rezk calls the classifying diagram of the category, see [Rez01, Section 3.5].
4�e name D is based on the topological poset DCθ from [GRW14, De�nition 2.13] that is used as a convenient

replacement of the topological bordism category Cd in their work.
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inherits a PCM structure from C (which would not be the case for N•Csp(C)) and so we can think
of BD•(C) as a simplicial Γ-space.

De�nition 8.2.23. �e simplicial groupoid D•(C) is de�ned as follows. An object of Dn consists of

n composable morphisms in Csp(C), i.e. a datum ((A•, c•), (X•, o•)) where A0, . . . , An ⊂ Ω are

�nite sets with labellings by connected objects ci : Ai → Objcon(C) and cospans (fi : Ai−1 → Xi ←
Ai : gi) with labellings by connected morphisms oi : Xi → Morcon(C). A morphism of n-simplices

((A•, c•), (X•, o•))→ ((A′•, c
′
•), (X

′
•, o
′
•)) is a family of bijections αi : Ai ∼= A′i and ϕi : Xi

∼= X ′i

satisfying:

ci ◦ αi = c′i, oi ◦ ϕi = o′i, ϕi ◦ fi = f ′i ◦ αi−1 and ϕi ◦ gi = g′i ◦ αi.

�e face operator di is de�ned by composing the ith and (i+ 1)st morphism according to the compo-

sition in Csp(C). �e degeneracy operator si is de�ned by inserting identity morphisms.

Remark 8.2.24. In what follows we will o�en simply write D• for D•(C) when the labelled cospan

category (C → Csp) is clear from the context. In a similar vein we o�en denote objects of Dn(C) as

tuples (A•, X•) where the labelings ci and oj are le� implicit. For 0 ≤ k < l ≤ n we also use the

notation

Xk→l := Xk+1 ∪Ak · · · ∪Al−1
X l

for the composite cospan and we write ok→l : Xk→l → Morcon(C) for the labeling induced by

composition. Note that in this notation Xk = Xk−1→k.

Remark 8.2.25. Note that there is an inclusion of simplicial groupoids:

N•Csp(C) −→ D•

which in level n identi�es NnCsp(C) with the subcategory of Dn that contains all objects and all

those morphisms (α•, ϕ•) where αi = idAi holds for all i.

We can also de�ne a variant with no closed components:

De�nition 8.2.26. Let Dnc
• ⊂ D• be the simplicial subgroupoid de�ned in each level n as the full

subgroupoid Dnc
n ⊂ Dn on those (A•, X•) such that the composite cospan (A0 → X0→n ← An) is

reduced.

Lemma 8.2.27. �e inclusion of simplicial groupoids N•Csp(C)→ D•(C) induces equivalences:

|BNnc
• Csp(C)| |BDnc

• (C)|

|BN•Csp(C)| |BD•(C)|

'

'
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Proof. Both equivalences can be checked by applying the base-change theorem for simplicial groupoids
8.2.20. We will verify the conditions for the bo�om equivalence, the top map is similar. Both are
entirely analogous to lemma 8.2.22.

To begin, note thatNnCsp(C)→ Dn is an inclusion of groupoids that is a bijection on objects.
So N0Csp(C)→ D0 is certainly essentially surjective. Moreover, for all n both sides of

NnCsp(C) −→ (N0Csp(C))n+1 ×(D0)n+1 Dn

can be thought of the subcategory ofDn that contains all objects and all those morphisms (α•, ϕ•)

where αi = idAi for all i. So this functor is an isomorphism. It remains to check that ∂nD : Dn →
(D0)n+1 is an iso�bration. �is means that given some n-simplex (A•, X•, c•, o•), an (n + 1)

tuple (B•, c
′
•), and (n + 1) bijections αi : Ai ∼= Bi such that c′i ◦ αi = ci, we need to �nd an

n-simplex (B•, X
′
•, c
′
•, o
′
•) that is isomorphic to the original n-simplex via some isomorphism of

the form (α•, ϕ•). �is can be achieved by simply se�ing X ′i := Xi and then using the αi to
de�ne the structure maps of the cospans as Bi−1

∼= Ai−1 → Xi ← Ai ∼= Bi. �e labeling o•
stays the same.

In the case of the no closed component space we can also compare this to the much simpler
simplicial set Nnc

• C ⊂ N•C.

Lemma 8.2.28. �e canonical projection Nnc
• Csp(C)→ Nnc

• C is an equivalence on realisations.

Proof. �e functor⊗C : Csp(C)→ C is essentially surjective, but not necessarily surjective on the
nose. Let C′ ⊂ C be the full subcategory on those objects that are in the image, i.e. those that are
⊗-products of connected objects. �e inclusion Nnc

• C′ ⊂ Nnc
• C is an equivalence on realisations

by lemma 8.1.39.
We will show that Nnc

• Csp(C) → Nnc
• C′ satis�es the condition of corollary 8.2.20. By con-

struction Nnc
0 Csp(C)→ Nnc

0 C′ is surjective. �e boundary map ∂′C : Nnc
n C′ → (Nnc

0 C′)n+1 is an
iso�bration because it is a map between groupoids that only have identity morphisms. It remains
to check that for all n the map

Nnc
n Csp(C) −→ (Nnc

0 Csp(C))n+1 ×Nnc
0 C′ NnC′

is an equivalence of groupoids. �is follows from the equivalence

Homred
Csp((A, cA), (B, cB)) ' Homred

C (⊗C(A, cA),⊗C(B, cB))

shown in lemma 8.1.28 since every morphism involved in Nnc
n Csp(C) is necessarily reduced.
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8.2.5 �e groupoid of cuts

We now proceed to construct a simplicial groupoid Cut• that represents the complement of Dnc
•

in D•. �is is an immediate generalisation of the ideas of chapter 6, with the key di�erence being
that the morphisms involved in Cut• are allowed to have closed components whereas the space
of cuts in section 6.2.1 only used reduced morphisms.

De�nition 8.2.29. �e simplicial groupoid Cut• is de�ned in each level as the full subgroupoid

Cutn ⊂ Dn on those objects (A•, X•, c•, o•) where A0 and An are both empty.

�ere is a projection functor Rn : Dn → Cutn that discards all elements of Ai and Xi that

correspond to an element of X0→n that lies in the image of the map A0 qAn → X0→n.

We de�ne the semi-simplicial structure on Cutn by le�ing λ : [n]→ [m] act as

λ∗Cut : Cutm ⊂ Dm
λ∗−−→ Dn

Rn−−−→ Cutn.

We equip each Cutn with the PCM structure restricted from Dn.

Lemma 8.2.30. �e above de�nition yields a well-de�ned simplicial PCM groupoid Cut• such that

the functors Rn induce a morphism of simplicial PCM groupoids: R• : D• → Cut•.

Proof. We need to check that the operations λ∗Cut : Cutm → Cutn assemble into a simplicial
object. Since we already know that D• is a simplicial object it will su�ce to show that Rn ◦ λ∗ ◦
Rm = Rn ◦ λ∗, which will also imply that R• : D• → Cut• is a simplicial functor.

It will su�ce to consider λ = δi : [n]→ [n+ 1], the unique injective morphism that does not
hit i. (�e degeneracy operators preserve the subgroupoid Cutn ⊂ Dn.) �en λ∗ = di is the i-th
face map, which composes the two adjacent morphisms if 0 < i < n, forgets the �rst morphism
if i = 0 and the last morphism if i = n. In the case 0 < i < n the total composite X0→n stays
the same before and a�er applying di. �erefore deleting anything that corresponds to an element
of the image of A0 q An → X0→n does the same whether we do it before or a�er applying di.
In formulas this means λ∗ ◦ Rn−1 = Rn ◦ λ∗. Since Rn is idempotent when thought of as an
endofunctor of Dn, this in particular implies Rn−1 ◦ λ∗ ◦ Rn = Rn−1 ◦ λ∗, which is what we
claimed.

We now check the case i = 0, the other remaining case i = n is similar. When applying
Rn−1 ◦ d0 ◦Rn to an n-simplex we �rst delete anything in the image of A0 qAn → X0→n, then
we forget the �rst cospan, and then we delete anything in the image of A1 q An → X1→n. It
follows from inspection that anything we delete in the �rst step because it lies in the image of A0

will either be in the �rst cospan or lie in the image of A1 later, so it will be deleted anyway. �is
implies that the �rst Rn was redundant and so we have Rn−1 ◦ d0 ◦Rn = Rn−1 ◦ d0.

Since ∆op
inj is generated by the δi it follows that Cut• is a well-de�ned simplicial object in

the category of groupoids and that R• : D• → Cut• is simplicial. For the partial commutative
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monoidal structure we simply note that Cutn ⊂ Dn is closed under disjoint union and isomor-
phism, so the structure can be restricted. Since we de�nedRn in terms of components it commutes
with disjoint unions. (As pointed out in remark 8.2.7 it is a property, and not a structure, for a func-
tor between two partial commutative monoidal categories to preserve the structure.) It follows that
R• is a morphism of simplicial PCM groupoids.

We have constructed Cut is such a way that every object W ∈ Dn canonically decomposes
as a disjoint union W = W nc qWCut where W nc ∈ Dnc

n and WCut ∈ Cutn. �is means that we
can apply the �ber sequence criterion 8.2.13 to show:

Lemma 8.2.31. Assume that BC is group-like. �en the inclusion I : Dnc
• ⊂ D• and the simplicial

functor R• yield a �ber sequence of in�nite loop spaces:

|BDnc
• | −→ |BD•|

R−−→ |BCut•|.

Proof. To check the criteria of theorem 8.2.13 we need to �nd for each n a PCM-functor Sn :

Dn → Dnc
n such that the functors Sn ◦ I : Dnc

n → Dnc
n and (Sn, Rn) : Dn → Dnc

n × Cutn are
equivalences of groupoids.

In analogy to the de�nition of Rn we let Sn(W ) be de�ned by deleting all components of Ai
or Xi that do not lie in the image of A0qAn → X0→n. Note that this functor does not satisfy the
conditions we checked in lemma 8.2.30 and soS• does not de�ne a semi-simplicial mapD• → Dnc

• .
�is is not a problem since theorem 8.2.13 does not require the sections Sn to be related in any
way. �e de�nition of Sn plays well with disjoint unions and hence de�nes a PCM-functor.

�e composition Sn◦I is in fact the identity functor IdDnc
n

by construction, so we only need to
check that (Sn, Rn) is an equivalence. We begin with essential surjectivity. �e image of (Sn, Rn)

in Dnc
n × Cutn consists precisely of those tuples (X•, Y •) such that Xi⊥Y i for all i. By stan-

dard arguments this disjointness may always be achieved, up to isomorphism, and so (Sn, Rn)

is essentially surjective. We also need to check fully faithfulness. Let (A•, X•), (C•, Z•) ∈ Dn

be any two objects. (We suppress the data of the labelings cAi and oXi
.) �en we need to show

that isomorphism (α•, ϕ•) : (A•, X•)
∼= (C•, Z•) is exactly given by a tuple of isomorphisms

Sn(A•, X•)
∼= Sn(C•, Z•) and Rn(A•, X•)

∼= Rn(C•, Z•). But note that any such isomorphism
induces compatible isomorphisms:

A0 qAn X0→n = X1 ∪A1 · · · ∪An−1 Xn

C0 q Cn Z0→n = Z1 ∪C1 · · · ∪Cn−1 Zn.

∼=α0qαn ∼=

So the isomorphism (α•, ϕ•) preserves the subsets picked out by Sn and Rn, respectively, and it
necessarily restricts to an isomorphism on both of those subsets. �is shows that (Sn, Rn) is an
equivalence of categories and so we may apply the �ber sequence criterion 8.2.13.
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All that remains to complete the proof is to check that all three spaces are group-like. �e
groupoid Cut0 is trivial be de�nition and hence |BCut•| is connected and in particular group-
like. For the middle space we observe that D0 ' N rel

0 C and D1 → N rel
1 C is essentially surjective.

Hence π0|BD•| ∼= π0BC, which we assumed to be group-like. In the case of Dnc
• it is still true

that Dnc
0 ' N rel

0 C and even though Dnc
1 → N rel

1 C is no longer essentially surjective, it is still true
that for any morphism W : M → N in C the 1-cell S(W ) ∈ Dnc

1 connects M and N . Hence
π0|BDnc

• | ∼= π0|BC| is group-like.

8.2.6 Decomposing the space of cuts

So far we have seen that |BD•| �ts into a �ber sequence between |BDnc
• | and |BCut•|. �e

purpose of this section is to show that |BCut•| is a free in�nite loop space. We will do so by �rst
showing that each of the Cutn is a free symmetric monoidal groupoid on the connected cuts.

De�nition 8.2.32. Let Cutcon
• ⊂ Cut• denote the simplicial subgroupoid de�ned in each level as

the full subgroupoid on those (A•,W•, c•, o•) ∈ Cutn where X0→n is connected or empty.

We need to allow X0→n to be empty in order for Cutcon
• to be closed under those face maps

that delete closed components. We take ∅ ∈ Cutcon
0 as the base-point.

Lemma 8.2.33. �e inclusion Cutcon
• ⊂ Cut• induces an equivalence of Γ-spaces Q(|BCutcon

• |) '
|BCut•|.

We recall an explicit construction of the free Γ-category based on Segal’s work [Seg74].

De�nition 8.2.34. Let C be a category. �en the category Σ
〈n〉
C has as objects triples (T, α, x) where

T is a �nite set, α : T → {1, . . . , n} a map, and x : T → Obj(C) an assignment of objects

that we denote by t 7→ xt. Morphisms (T, α, x) → (S, β, y) are pairs of a bijection ϕ : T ∼= S

satisfying β ◦ ϕ = α together with a collection of morphisms ft : xt → yϕ(t) indexed by t ∈ T . �e

composition of morphisms is given by (ψ, g) ◦ (ϕ, f) = (ψ ◦ ϕ, h) where ht = gϕ(t) ◦ ft. For a map

λ : 〈n〉 → 〈m〉 in Γop we de�ne a functor λ∗ : Σ
〈n〉
C → Σ

〈m〉
C by sending (T, α, x) to (T ′, λ◦α, x|T ′)

where T ′ = {t ∈ T | λ(α(t)) 6= ∗}.

Lemma 8.2.35. LetA• be a simplicial category such thatA0 = ∗ is the trivial category and such that

for all n the degeneracy operator (s0)n : A0 → An induces a disjoint decompositionAn = (sn0A0)q
A′n. De�ne a semi-simplicial Γ-category D by se�ing D〈m〉n = Σ

〈m〉
A′n

with the aforementioned Γ-

structure and face-maps de�ned by di(T, α, x) := (T ′, α|T ′ , y) where T ′ = {t ∈ T | dixt ∈ A′n}
and yt := dixt ∈ A′n.

�en the inclusion B(An)→ B(D〈1〉n ) induces an equivalence of Γ-spaces:

Q(|BA•|) ' |B(D•)|.
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Proof. �e proof of this is almost entirely formal. We begin by noting that for any categoryA the
Γ-space 〈n〉 7→ B(Σ

〈n〉
A ) is isomorphic to the Γ-space that is denoted by ΣX forX = BA in [Seg74,

p. 299]. Let us denote by ( )gp denote the construction that sends a special Γ-space to its group
completion, which we assume to come with the data of an in�nite loop space. In particular, there is
a canonical in�nite loop space map from the free in�nite loop spaceQ(Y 〈1〉) = colim ΩNΣNY 〈1〉

to the group completion Y gp for any special Γ-space Y 〈•〉.
Segal shows that the spectrum associated to ΣX is the suspension spectrum ofX+ = Xq{∗}.

It follows that the inclusion X ⊂ Σ
〈1〉
X induces an equivalence:

Q(X+)→ Q(Σ
〈1〉
X )→ (ΣX)gp

Le�ing X := BA′n we conclude that Q((BA′n)+) ' (BΣA′n)gp = (BDn)gp for all n. Note
that we assumed that An is obtained by taking the disjoint union of A′n with the trivial category
sn0A0. Hence (BA′n)+ = BAn and since all face maps preserve the basepoint sn0A0 ⊂ An the
aforementioned equivalence is in fact an equivalence of simplicial in�nite loop spaces:

Q(BA•) ' (BD•)gp.

To proceed, recall that both Q( ) and ( )gp commute with fat geometric realisations up to weak
equvialence. �is follows from [May72, Proposition 12.1 and �eorem 12.3], see also [BBP+17] for
a more detailed account for the case of the group-completion functor. So we have:

Q(|BA•|) ' (|BD•|)gp.

�e lemma now follows from the observation that |BD•| → (|BD•|)gp is an equivalence: we
assumed thatA0 = ∗, which impliesD0 = ∗ and so |BD•| is connected and in particular grouplike.

Now that we have this general se�ing we can prove lemma 8.2.33 by comparing Cutn to the
free Γ-category on Cutcon

n .

Proof of lemma 8.2.33. �e category of connected cuts decomposes as Cutcon
n = {∅} q Cutcon,6=∅

n

and the face operators all preserve ∅. We can therefore construct a semi-simplicial Γ-category
D〈•〉• as before by D〈m〉n = Σ

〈m〉
Cutcon,6=∅

n

. To prove the lemma it will su�ce to construct a zig-zag of
semi-simplicial Γ-functors D• ← E• → Cut• that induce equivalences

Q(|Cutcon
• |)

8.2.35' |BD•| ' |BE•| ' |BCut•|.

For �xed n andmwe let E〈m〉n ⊂ D〈m〉n be the full subcategory on those (T, α, (At•, X
t
•)t∈T ) where

theXt
i ∈ Cutcon, 6=∅

n are pairwise disjoint as t ∈ T varies. One checks that this is closed under face
operators, and also under functoriality in 〈m〉 ∈ Γ. As usual this hits all isomorphism classes and
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hence the inclusion E• → D• is a level-wise equivalence of simplicial Γ-categories. In particular
it realises to an equivalence |BE•| ' |BD•|.

�e advantage of this subcategory is that the disjointness condition allows us to de�ne a func-
tor q : E〈m〉n → Cut

〈m〉
n by (T, α, (At•, X

t
•)t∈T ) 7→ ((

∐
t∈T A

t
•,
∐
t∈T X

t
•), X0→n → T

α−→ 〈m〉).
�is is well-de�ned because Cutn is a partial commutative monoidal category, and moreover it
is natural in n and 〈m〉. To complete the proof we need to check that q : E〈1〉n → Cut

〈1〉
n is an

equivalence of categories. To show essential surjectivity let (A•, X•) ∈ Cutn be some object. Set
T := X0→n and let Bt

i ⊂ Ai and Y t
i ⊂ Xi be the subsets that map to t ∈ X0→n. �en

q(T, α, (Bt
•, Y

t
•)t∈T ) =

∐
t∈X0→n

(Bt
•, Y

t
•) = (A•, X•),

soq is surjective. Next, we check fully faithfulness. For two objects (T, α, (A•, X•)) and (S, β, (B•, Y •))

a morphism between them is a bijection ϕ : T ∼= S together with isomorphisms (βt•, ϕ
t
•) :

(At•, X
t
•)
∼= (B

ϕ(t)
• , Y

ϕ(t)
• ) for all t ∈ T . For any t the set Xt

0→n has a single element, so any iso-
morphism (β•, ψ•) : qt∈T (At•, X

t
•)
∼= qs∈S(Bs

•, Y
s
•) can uniquely be wri�en as (ϕ, (γt•, χ

t
•)t∈T )

where
ϕ := ψ1→n : T = X0→n → Y 0→n = S

and (γt•, χ
t
•) is de�ned as the restriction (β•, ψ•)|(At•,Xt

•)
.

8.2.7 From cuts to factorisations

In this section we compute the realisation of the space of connected cuts in terms of the category
of factorisations. We will denote the set of connected endomorphism of 1C by:

G := Homcon
C (1C , 1C).

De�nition 8.2.36. De�ne a simplicial groupoid CutF• as follows. For each n let CutFn be the full

subgroupoid of Cutcon
n+2 on those (A•, X•) ∈ Dn+2 such that A1 and An+1 are non-empty. (Recall

that A0 and An+2 are already required to be empty and X0→n+1 is required to be connected or

empty.) �e ith face map on CutFn is de�ned as the restriction of the (i + 1)st face map on Cutn.

�ere is an augmentation CutF• → G+ de�ned by sending any non-empty (A•, X•, c•, o•) to the

label o1→n+1(x) ∈ Morcon(C) of {x} = X0→n+1. We send the unique ∅ ∈ CutFn to the additional

basepoint of G+ = Gq {∗}.

Remark 8.2.37. �e augmentation yields a disjoint decomposition:

CutFn
∼=
∐
g∈G+

CutF,(g)n
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where we let Cut
F,(g)
n be the �ber of CutFn → G+ at g. In particular Cut

F,(∗)
n = {∅} is the trivial cat-

egory for ∗ ∈ G+ the additional base-point. �e disjoint decomposition described above is compatible

with face maps and hence induces a decomposition:

|BCutF• | ∼= {∅} q
∐
g∈G
|BCutF,(g)n |.

With this in mind the reduced cone of the based map |BCutF• | → G+ that will appear in the following

lemma may be rewri�en as:

cone(|BCutF• | → G+) =
∨
g∈G+

S|BCut
F,(g)
• | '

∨
g∈G

S|BCut
F,(g)
• |.

Here SX = ∗ qX×{0} (X × [0, 1]) qX×{1} ∗ denotes the unreduced suspension of an un-pointed

space X . �is can also be wri�en as the reduced cone SX ∼= cone(X+ → S0). Recall that for any

choice of a basepoint in x the canonical map SX → ΣX is an equivalence, but if X is empty then

S(∅) = {0, 1} whereas Σ(∅) is of course not de�ned.

Lemma 8.2.38. �e simplicial space BCutcon
• is isomorphic to the simplicial suspension of the sim-

plicial cone of the map BCutF• → G+. As a consequence there is a homotopy equivalence:

|BCutcon
• | ' Σ

(
cone(|BCutF• | → G+)

)
'
∨
g∈G

ΣS|BCut
F,(g)
• |.

Proof. We take the formulas for the simplicial suspension and the simplicial cone from 6.2.19. For
any pointed augmented simplicial space (d−1 : X• → X−1) we construct a simplicial space Y as
follows:

Yn =
∨

−1≤l<k<n
Xl × {l} × {k}.

�e face-maps and degeneracy maps are de�ned as follows:

di(x, l, k) =


(x, l, k − 1) for i < k − l
(di−(k−l)x, l − 1, k − 1) for k − l ≤ i ≤ k
(x, l, k) for i > k.

and

si(x, l, k) =


(x, l, k + 1) if i < k − l
(si−(k−l)x, l + 1, k + 1) if k − l ≤ i ≤ k
(x, l, k) if i > k

It was shown in 6.2.20 and second part of proof of Lemma 6.2.18 that the geometric realisation of
Y• is equivalent to the reduced suspension of the reduced mapping cone of the augmentation map
|X•| → X−1:

|Y•| ' Σ (cone(|X•| → X−1)) .
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�erefore all we need to show is that if we start out with X• = BCutF• pointed at ∅ and X−1 =

G+, then the resulting Y• is equivalent to BCutcon
• . Indeed, for each n we have a functor:

Hn : Cutcon
n −→ {∅} q

∐
−1≤l<k<n

CutFl .

De�ned by sending (A•, X•) ∈ Dn to ((B•, Y •), l, k) where

k = max{i ∈ {0, . . . , n− 1} | Ai 6= ∅}, l = max{j ∈ {−1, . . . , k − 1} | Ak−j 6= ∅},

Bi := Ai+k−l, and Y j := Xj+k−l. It follows by inspection thatHn is an equivalence of categories
and that the H• are compatible with the face and degeneracy maps we described above. �is
concludes the proof of the �rst equivalence and the second equivalence follows form remark 8.2.37.

Now we show that |BCutF• | is in fact the classifying space of the category of factorisations.

De�nition 8.2.39. An object in the category F is a triple (M,W,W ′) where M ∈ C is a non-

empty object and W : 1C → M and W ′ : M → 1C are two morphisms such that W ∪M W ′ is a

connected morphism. A morphism (M,W,W ′)→ (N,V, V ′) is a morphismX : M → N such that

W ∪M X = W ′ and V = X ∪M ′ V ′.

Remark 8.2.40. In de�nition 8.1.34 we had de�ned factorisation categories Fg for speci�c endo-

morphisms g : 1C → 1C . Composing the two morphisms of a factorisation yields a functor F → G

where the la�er is thought of as a category with only identity morphisms. We therefore have a disjoint

decomposition:

F ∼=
∐
g∈G
Fg

compatible with the decomposition of CutF• into Cut
F,(g)
• .

Lemma 8.2.41. Let N rel
• F be Rezk’s relative nerve as in de�nition 8.2.21. �en the canonical maps:

CutF• −→ (N rel
• F)+ ←− (N•F)+

induce equivalences ‖BCutF• ‖ ' ‖BN rel
• ‖+ ' (BF)+.

Proof. Let us begin by considering the double-comma categoryK = C1C/
/1C

where objects are tuples
of morphisms (W : 1C → M,W ′ : M → 1C) and a morphism (M,W,W ′) → (N,V, V ′) is
a morphism X : M → N such that W ∪M X = W ′ and V = X ∪M ′ V ′. By de�nition F is
a full subcategory of K on those objects (M,W,W ′) where M is non-empty and W ∪M W ′ is
connected. �e nerve of K can be described as follows:

NnK ∼= {W : [n+ 2]→ C |W (0) = 1C = W (n+ 2)} ⊂ Nn+2C
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where the face and degeneracy operators are given by dKi := dCi+1 and sKi := sCi+1. Note that
because the isomorphisms in K are isomorphisms C that make the relevant diagrams commute,
we also have an equivalence

N rel
n K ' {(1C , 1C)} ×(Nrel

0 (C))2 N rel
n+2(C)

where the functor N rel
n+2(C)→ (N rel

0 (C))2 is the one that picks out the �rst and last object.
Just like ⊗C : Csp(C) → C induces a simplicial map N•Csp(C) → N•C it also induces

a simplicial map D•(C) → N rel
• C. In de�ning this on morphisms we use that any bijection

α : (A, cA) ∼= (A′, cA′) with cA′ ◦ α = cA induces an isomorphism ⊗C(A, cA) ∼= ⊗C(A′, c′A).
Restricting this map we obtain a map of simplicial groupoids CutF• → N rel

• K, and it is straightfor-
ward to check that it in fact lands in the relative nerve of the full subcategoryF+ = Fq{∅} ⊂ K.
We hence have the following zig-zag of simplicial groupoids:

CutF• −→ N rel
• F+ ←− N•F+.

By lemma 8.2.22 the second map induces an equivalence on geometric realisations. So to �nish the
proof we will check that the �rst map satis�es the condition of the base-change corollary 8.2.20.
We have already checked in lemma 8.2.22 that in the relative nerve of any category the boundary
map ∂n : N rel

n F → (N rel
0 F)n+1 is an iso-�bration, which veri�es the third condition.

�e �rst condition states that CutF0 → N rel
0 F+ = (F+)iso is essentially surjective. Indeed,

any factorisation (W : 1C → M,W ′ : M → 1C) is isomorphic to one where M is the product of
connected objects. In that case we can write M = ⊗C(A, cA) for (A, cA) ∈ Csp(C). Since ⊗C :

hCsp(C) → C is an equivalence of categories by lemma 8.1.28, we can �nd (X, o) : ∅ → (A, cA)

and (X ′, o′) : (A, cA)→ ∅ that are mapped toW andW ′, respectively. �e tuple ((X, o), (X ′, o′))

de�nes a 2-simplex in D• that is an object in CutF0 and it is mapped to (M,W,W ′) ∈ F .
�e second condition is the base-change condition. We would like to show that

(∂n,⊗C) : CutFn −→ (CutF0 )n+1 ×(Nrel
0 F+)n+1 N rel

n F+

is an equivalence of groupoids. By lemma 8.1.28 then the following functor is essentially surjective
and fully faithful when restricted to reduced morphisms:

(∂n,⊗C) : Dn+2 −→ (D0)n+3 ×(Nrel
0 C)n+3 N rel

n+2C

By �xing the �rst and last object to be ∅ ∈ D0 and 1C ∈ N rel
0 C, respectively, we obtain:

{∅, ∅} ×(D0)2 Dn+2 −→ (D0)n+1 ×(Nrel
0 C)n+1 N rel

n K

Restricting to full subcategories we obtain the following equivalence:

CutFn −→ (D0)n+1 ×(Nrel
0 C)n+1 N rel

n F+
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Using the simplicial object T (X)n := Xn+1 from the proof of theorem 8.2.16 we can write this
as a level-wise equivalence of simplicial groupoids: CutF• ' T (D0) ×T (Nrel

0 C)
N rel
• F+. We may

rewrite this further as:

CutF• ' T (D0)×T (Nrel
0 C)

N rel
• F+

∼= T (D0 ×Nrel
0 C

N rel
0 F+)×T (Nrel

0 F+) N
rel
• F+

' T (CutF0 )×T (Nrel
0 F+) N

rel
• F+.

�is is the desired equivalence that veri�es the remaining condition in corollary 8.2.20.

To summarise the previous sections we record:

Corollary 8.2.42. �ere are equivalences of Γ-spaces:

|BCut•| ' Q(|BCutcon
• |) ' Q(Σ cone(|BCutF• | → G+))

' Q(Σ cone(BF+ → G+)) ' Q

∨
g∈G

ΣS(BFg)

 .

Proof. Combine lemma 8.2.33, lemma 8.2.38, and lemma 8.2.41.

8.2.8 �e reduced category

We now prove the comparison result proposition 8.2.4 between Csp(C), C and Cred.

De�nition 8.2.43. Let Csp(C)cl ⊂ Csp(C) denote the full subcategory on the object ∅ and let

Ccl ⊂ C denote the full subcategory on the object 1C .

Lemma 8.2.44. �ere are canonical equivalences of in�nite loop spaces:

B(Ccl) ' B

(⊕
G

N

)
and B(Csp(C)cl) ' Q

(∨
G

S1

)
.

Proof. By de�nition Ccl is a category with a single object 1C and the endomorphisms of this object
are HomC(1C , 1C) ∼=

⊕
GN by axiom (ii) of de�nition 8.1.4. �is implies the �rst equivalence.

�e second equivalence can easily be proven from the perspective of [Seg74], but for the read-
ers convenience we will prove it as an application of lemma 8.2.35. (Note, however, that this lemma
is also based on [Seg74].) Indeed, the groupoid HomCsp(C)cl(∅, ∅) is freely generated by its con-
nected objects in the sense of the lemma. Let K• be the level-wise full simplicial subgroupoid of
the nerve N•Csp(C) containing all those objects X : [n] → Csp(C) where X0→n : ∅ → ∅ is
connected or empty. �en lemma 8.2.35 applies to the tuple (K• ⊂ N•Csp(C)) and hence we
have:

B(Csp(C)cl) ' Q(‖BK•‖).
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We will show that BK• is level-wise equvialent to Y• := (∆1 × G)/(∂∆1 × G), the geometric
realisation of which is a wedge of circles, one for each element ofG. �e n-simplices of ∆1×G can
be thought of as tuples (i, g) ∈ {0, . . . , n+ 1} ×G where i represents the unique map [n]→ [1]

with i 7→ 0 and (i + 1) 7→ 1. �e simplicial set Y• is obtained by identifying all tuples (i, g)

with i ∈ {0, n + 1}. Indeed, there is a level-wise equivalence of simplicial groupoids K• ' Y•

de�ned by sending (X : [n] → Csp(C)) ∈ Kn to the basepoint if X0→n is empty and otherwise
to (i, [X0→n]) where i ∈ {1, . . . , n} is the unique i such that Xi−1→i is non-empty. From this it
follows that

‖BK•‖ ' ‖(∆1 ×G)/(∂∆1 ×G)‖ '
∨
g∈G

S1.

Proposition 8.2.45. �ere are homotopy �ber sequences of in�nite loop spaces:

Q
(∨

G S
1
)

B(Csp(C)) B(Cred)

B (
⊕

GN) B(C) B(Cred).

In particular, the map B(Csp(C))→ B(C) is a rational equivalence.

Proof. For the purpose of the proof we will assume that C has a PCM structure, rather than a sym-
metric monoidal structure, and that the functorCsp(C)→ C is a PCM functor. Since hCsp(C)→ C
is an equivalence and Csp(C) → hCsp(C) is a PCM functor, this can always be achieved by re-
placing C with hCsp(C). Consider the following diagram of simplicial PCM groupoids:

Dcl
• D• Dred

•

N•Ccl N rel
• C N rel

• Cred.

Here Dcl
• ⊂ D• is the level-wise full subgroupoid on those (X•, A•) with Ai = ∅ for all i. Dred

• is
de�ned level-wise as the full subgroupoidDred

n ⊂ Dn on those n-simplices that represent n-tuples
of composable reduced cospans. Similar to the de�nition of Cut• we de�ne the face maps in Dred

•

by taking the face map in D• and then forge�ing closed components. In the bo�om row N•Ccl is
simply the simplicial commutative monoid where each NnCcl is isomorphic to (N〈G〉)n.

It follows from lemma 8.2.44 and our previous results that the realisation of this diagram is
a commutative diagram of Γ-spaces that is equivalent to the diagram stated in the claim of this
proposition. Moreover, each of the terms is group-like, and so we have a diagram of in�nite loop
spaces.
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To prove the proposition we apply the general �ber sequence criterion theorem 8.2.13 to the
two sequences of simplicial PCM groupoids. For the �rst one, consider the PCM functor:

Sn : Dn → Dcl
n , (A•, X•, c•, o•) 7→ (∅, Y •, ∅, (o•)|Y •)

where each Y i ⊂ Xi is de�ned as the complement of the image of Ai−1 q Ai → Xi. �is map
is a section to the inclusion Dcl

n → Dn, so to apply the �ber sequence theorem we need to check
that (Sn, Rn) : Dn → Dcl

n ×Dred
n is an equivalence. �is functor is given by

(A•, X•, c•, o•) 7→
(
(∅, Y •, ∅, (o•)|Y •), (A•, Z•, c•, (o•)|Z•)

)
where Y i is as above and Zi ⊂ Xi is the image of Ai−1 q Ai, i.e. the complement of Y i. Just as
in the proof of 8.2.31 we see that this functor is an isomorphism onto the subcategory of disjoint
tuples and that hence it is an equivalence.

To conclude that the �rst row is a homotopy �ber sequence we note that π0|BDcl
• | ∼= ∗,

π0|BD•| ∼= π0BC, and π0|BDred
• | ∼= π0BCred are all group-like.

For the second row the proof is similar. �e section is given by

Sn : N rel
n C → NnCcl, (W : [n]→ C) 7→ (V1, . . . , Vn) ∈ (HomC(1C , 1C))

n = NnCcl

where Vi ⊂W (i−1→ i) is the union of the closed components. �is is a PCM functor where the
commutative monoid NnCcl is thought of as a PCM category with only identity morphisms and
where all objects are disjoint. Since this is indeed a section to the inclusion NnCcl → N rel

n C we
again need to check that the functor (Sn, Rn) : N rel

n C → NnCcl ×NnCred is an equivalence. �is
follows from axiom (iii) of de�nition 8.1.4. �is completes the proof that both rows are homotopy
�ber sequences.

Finally, we want to check that B(Csp(C)) → B(C) is a rational equivalence. By comparing
the homotopy �bers of the �rst two vertical maps between the two homotopy �ber sequence we
obtain the following homotopy �ber sequence:

τ≥2Q(
∨
g∈G

S1) −→ B(Csp(C)) −→ B(C).

�e homotopy groups of the le�-hand space are πkτ≥2Q(
∨
g∈G S

1) =
⊕

g∈G π
st
k−1(S0) for k ≥

2. �is is rationally trivial because the stable homotopy groups of spheres πst
∗ (S0) are �nite for

∗ ≥ 1. Hence the map B(Csp(C)) → B(C) is an isomorphism on rational homotopy groups, as
claimed.
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8.2.9 Contracting the factorisation category

In this section we show that the factorisation categories for Cobd have contractible classifying
spaces for all d ≤ 2. �e argument is based on an argument showing BF(Csp) ' ∗ and crucially
uses the existence of the disk morphismDd : ∅ → Sd−1. In particular, it will not apply to Cobχ≤0

2 .

De�nition 8.2.46. For a non-empty set X let Fin 6=∅,inj
/X denote the category where objects are tuples

(A, a) of a non-empty �nite set A together with a map a : A→ X , and morphisms (A, a)→ (B, b)

are injections i : A→ B such that a = b ◦ i.

Lemma 8.2.47. For every non-empty set X the classifying space BFin 6=∅,inj
/X is contractible.

Proof. Pick any x0 ∈ X and consider the functor

F : Fin 6=∅,inj
/X → Fin 6=∅,inj

/X (A, a) 7→ (Aq {x0}, aq id{x0})

that adds a new point toA and labels it by x0. �ere is a natural transformationα : Id
Fin 6=∅,inj

/X

⇒ F

coming from the canonical inclusion αA : A ↪→ Aq {x0}. �ere also is a natural transformation
β : G⇒ F from the constant functor G(A, a) := ({x0}, id{x0}) coming from the other inclusion
βA : {x0} ↪→ A q {x0}. Both α and β induce homotopies a�er taking classifying spaces and
together they imply that the identity on BFin 6=∅,inj

/X is homotopic to BG, which is constant.

Lemma 8.2.48. �e factorisation category F(Csp) has a contractible classifying space.

Proof. Consider the functor ∂0 : F(Csp)→ Fin that sends the factorisation (W : 1C →M,W ′ :

M → 1C) to the underlying set π(W ) of the �rst morphism. To a morphism X : M → N from
(M,W,W ′) to (N,V, V ′) this assigns the composite π(W ) → π(W ) ∪π(M) π(X) ∼= π(V ). A
short explanation is due to argue why we can talk about π(W ) as a well-de�ned set. A priori
the morphism W only yields an isomorphism class of cospans [∅ → π(W ) ← π(M)], but not a
well-de�ned set π(W ). But because this is part of a factorisation we know that π(M) → π(W )

is surjective. In particular we can de�ne ∂0(M,W,W ′) as the quotient of π(M) by the relation
induced by π(M)→ π(W ).

We de�ne a new category F ′ as the Grothendieck construction of the functor F → Cat that
sends (M,W,W ′) to Fin 6=∅,inj,op

/∂0(M,W,W ′). Spelling out the construction we see that an object in F ′

is a tuple ((M,W,W ′), (A, a)) where (M,W,W ′) ∈ F(Csp), A is a non-empty �nite set and
a : A → ∂0(M,W,W ′). A morphism ((M,W,W ′), (A, a)) → ((N,V, V ′), (B, b)) is a tuple of a
morphism X : M → N in F and an injection i : A → B such that ∂0(X) ◦ a = b ◦ i. Consider
the forgetful functor F : F ′ → F(Csp) that sends ((M,W,W ′), (A, a)) to (M,W,W ′).

It is a consequence of �illen’s theorem A that, given any functor Φ : C → Cat where each
B(Φ(c)) is contractible, the forgetful functor

∫
C Φ → C is an equivalence on classifying spaces.
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(One can also think of this as an instance of �omason’s homotopy colimit theorem [�o79].)
In lemma 8.2.47 we showed that each Fin 6=∅,inj,op

/∂0(M,W,W ′) has a contractible classifying space, hence
F : F ′ → F(Csp) is a homotopy equivalence. We will prove the lemma by showing that the
homotopy equivalence BF ′ → BF(Csp) is null-homotopic.

De�ne a functor:

G : F ′ → F , ((M, [∅ →W ←M ], [M → V ← ∅]), (a : A→W )) 7→ (A, [∅ → A
=←− A], [A→ ∗ ← ∅])

to a morphism (X, i) : ((M,W,W ′), (A, a))→ ((N,V, V ′), (B, b)) this assigns the morphism

[A
i−→ B

=←− B].

�is functor by de�nition factors through F ′ → Fin 6=∅,inj. Since the classifying space BFin 6=∅,inj

is contractible (setX = ∗ in lemma 8.2.47), we can conclude thatBG : F ′ → F is null-homotopic.
We construct a natural transformation α : G⇒ F by assigning to each ((M,W,W ′), (A, a))

the morphism

α((M,W,V ),(A,a)) := [A
a−→W ←M ] : (A, [∅ → A

=←− A], [A→ ∗ ← ∅])→ (M,W,V ).

To see that this is a well-de�ned morphism in the factorisation category we check

[A→W ←M ] ∪M [M →W ′ ← ∅] = [A→ ∗ ← ∅]

[∅ → A← A] ∪A [A→W ←M ] = [∅ →W ←M ].

Here the �rst equation used that W ∪M W ′ = ∗ holds for all objects (M,W,W ′) ∈ F(Csp). We
also need to check thatα is natural. To see this consider a morphism (X, i) : ((M,W,W ′), (A, a))→
((N,V, V ′), (B, b)) where X = [M → X ← N ] : (M,W,W )→ (N,V, V ′) and i : A ↪→ B. For
any such morphism we have that:

[A
i−→ B

=←− B] ∪B [B
b−→ V ← N ] = [A

a−→W ←M ] ∪M [M → X ← N ].

since V = W ∪M X and b ◦ i = ∂0(X) ◦ a.
In summary, we have shown that the forgetful functor induces a homotopy equivalence BF :

BF ′ → BF(Csp), that the map BG : BF ′ → BF(Csp) factors through the contractible space
BFin 6=∅,inj, and that α induces a homotopy between BF and BG. �is implies that BF(Csp) is
contractible as claimed.

�e same argument applies to BFa(Csp(A,A1, α)) ' ∗ for all a ∈ A as long as 0 ∈ A1, i.e.
as long as A1 = A.

Lemma8.2.49. For all d ≥ 2 and all di�eomorphism types [Q] of closed d-manifolds the factorisation

category F[Q](Cobd) has a contractible classifying space.
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a : A→ π0(W )

∅ W−−→M
W ′−−−→ ∅ ∅ A×D2

−−−−→ A× S1 QA−−→ ∅∅ A×D2

−−−−→ A× S1 WA−−−→M
W ′−−−→ ∅

Figure 8.2: Le�: an object ((M,W,W ′), (A, a)) ∈ F ′g=3(Cob2). Middle: the value of the natural
transformation α : G⇒ Id at this object. Right: the value the functor G on this object.

Proof. An object of F[Q](Cobd) is a triple (M, [W ], [W ′]) where M is a closed oriented (d − 1)-
manifold and [W ] and [W ′] are di�eomorphism classes of d-dimensional bordisms W : ∅ → M

and W ′ : M → ∅ such that their composite W ∪M W ′ is di�eomorphic to Q. A morphism
(M, [W ], [W ′]) → (N, [V ], [V ′]) is a di�eomorphism class of bordisms [X] : M → N satisfying
W ∪M X ∼= V and W ′ ∼= X ∪N V ′.

We will choose explicit representatives for [W ] and [W ′] throughout. �is does not change
the category F , as long as we still de�ne morphisms as above.

As in the proof of lemma 8.2.48 we construct a category F ′ as follows. Objects are tuples
((M,W,W ′), (a : A→ π0(W ))) where (M,W,W ′) is an object as above,A is a �nite non-empty
set, and a : A → π0(W ) a map. By the same argument as in lemma 8.2.48 the forgetful functor
F : F ′ → F[Q](Cobd) is an equivalence.

�e following constructions are illustrated in �gure 8.2. Consider the functorG : Fin 6=∅,inj →
F[Q](Cobd) that sends a �nite set A to the factorisation

G(A) = (A× Sd−1, A×Dd : ∅ → A× Sd−1, QA : A× Sd−1 → ∅)

where the bordism QA : A × Sd−1 → ∅ is obtained by picking an injection A → Q, removing a
neighbourhood of its image, and identifying its boundary with A × Sd−1 in the canonical orien-
tation preserving way. Since Q is connected and of dimension d ≥ 2 any choice of injection leads
to the same di�eomorphism class of bordism. To injections i : A → B the functor G assigns the
bordism:

G(i : A→ B) := [(A× Sd−1 × [0, 1])q ((B \ i(A))×Dd)] : A× Sd−1 → B × Sd−1.

�is bordism connects the sphere {a}×Sd−1 with {i(a)}×Sd−1 via a cylinder and caps o� each
of the spheres {b}× Sd−1 with b 6∈ i(A) with a disk. �is de�nes a morphism in the factorisation
category because closing o� the (B \ i(A))-spheres ofQA yields a manifold di�eomorphic toQB :

G(i : A→ B) ∪B×Sd−1 QB ∼= QA and (A×Dd) ∪A×Sd−1 G(i : A→ B) ∼= (B ×Dd).
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Let us denote the composite of G with the forgetful functor F ′ → Fin 6=∅,inj also by G.
To conclude the proof in the same manner as for lemma 8.2.48 we would like to construct

a natural transformation α : G ⇒ F of functors F ′ → F . For an object ((M,W,W ′), (a :

A → π0(W ))) ∈ F ′ we let WA : A × Sd−1 → M be the bordism obtained by li�ing the map
a : A → π0(W ) to an embedding a : A ↪→ W and then removing a small neighbourhood of its
image. We de�ne the components of α as:

α((M,W,W ′),(a:A→π0(W ))) := WA : (A× Sd−1, A×Dd, QA)→ (M,W,W ′).

To check that this is a well-de�ned morphism in the factorisation category we note:

(A×Dd) ∪A×Sd−1 WA
∼= W and WA ∪M V ∼= QA.

To check naturality let ([X], i) : ((M,W,W ′), (A, a)) → ((N,V, V ′), (B, b)) be a morphism in
F ′, i.e. X : M → N a bordism and i : A → B and injection, both satisfying certain conditions.
�en we have:

G(i : A→ B) ∪B×Sd−1 VB ∼= VA ∼= WA ∪M X.

Here the �rst di�eomorphism comes from the fact that both sides are obtained from V : ∅ → N

by removing disks according to (∂0(X)◦a : A→ π0(W )→ π0(V )) = (b◦ i : A→ B → π0(V )),
and the second di�eomorphism comes from the fact that we can arrange for the di�eomorphism
V ∼= W ∪M X to �x the disks corresponding to A.

�is shows that BG,BF : BF ′ → BF[Q](Cobd) are homotopic. Since BF is a homotopy
equivalence and BG is null-homotopic, this implies that BF[Q](Cobd) is contractible, as claimed.

Corollary 8.2.50. For d ≥ 2 there are equivalences:

BCsp ' |Nnc
• Csp| and BCobd ' |Nnc

• Cobd|.

Proof. Combine the decomposition theorem 8.2.1 with lemma 8.2.49 and lemma 8.2.48.

8.3 �e surgery theorem

�e purpose of this section is to prove the surgery theorem that relates space of “no compact
components” with the positive boundary subcategory.

�eorem 8.3.1 (Surgery theorem). For any labelled cospan category C that admits surgery the in-

clusion NC∂+ → Nnc
• C of simplicial sets induces an equivalence

B(C∂+) ' |Nnc
• C|.
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�e proof of this theorem will be given by implementing a surgery similar to the one described
in [Gal11, section 4.2, �gure 3] using language similar to that of [GRW14, section 3 and 6]. For
each W ∈ Cnc

n and point p ∈ W (i ≤ i + 1) there is either a path connecting it to W (0) or to
W (n). We will use this path to do a surgery that connects p to W (0) or W (n). One of the key
problems will be that there is not always a unique or canonical surgery, but rather a contractible
space of choices. We will have make sure that any combination of surgeries commutes.

De�nition 8.3.2. For the rest of this section, we �x a labelled cospan category (π : C → Csp)

together with the following data:

• a connected object O ∈ C and a connected morphism T : 1C → O and

• for any connected object A ∈ C a connected morphism PA : A→ O ⊗A,

subject to the conditions in 8.1.42. (See also �gure 8.1.4.)

To construct the homotopies that are crucial to the proof of theorem 8.3.1 it will be extremely
useful to work with a variant of C where objects are simply subsets of some big background set Ω.

De�nition 8.3.3. Fix a set Ω and a mapF : Ω→ Objcon(C) such that every connected objectM ∈ C
has in�nitely many preimages in Ω. For any �nite subset A ⊂ Ω we let5 F (A) :=

⊗
a∈A F (a).

�e category CΩ has as objects �nite subset of Ω and a morphism W : A → B is de�ned as a

morphism W : F (A)→ F (B) in C.

In what follows we will o�en use n-simplices in the nerve of CΩ so it will be useful to �x
some notation. An element of NnCΩ is a functor W : [n] → CΩ sending any 0 ≤ i ≤ n to
an object W (i) ∈ CΩ, i.e. a �nite subset W (i) ⊂ Ω, and any 0 ≤ i ≤ j ≤ n to a morphism
W (i ≤ j) : W (i) → W (j). We will denote the underlying cospan of W (i ≤ j) by W (i) →
Wπ(i ≤ j)←W (j).

De�nition 8.3.4. We let Cnc
• ⊂ N•CΩ be the simplicial subset containing those n-simplices W :

[n] → CΩ where W (0 ≤ n) has no closed components, i.e. those W for which W (0) qW (n) →
Wπ(0 ≤ n) is surjective.

Moreover, we let C∂+
• ⊂ N•CΩ be the simplicial subset containing those W : [n] → CΩ where

W (k ≤ k + 1) is positive boundary for all k, i.e. where W (k + 1) → Wπ(k ≤ k + 1) is surjective

for all k.
5To be precise we pick a total ordering on Ω and de�ne F (A) = (. . . (a1 ⊗ a2) ⊗ a2) ⊗ . . . ) ⊗ an) for A =

{a1 < · · · < an}. By the coherence theorem for symmetric monoidal categories there is a preferred isomorphism
F (A) ∼= F (A1) ⊗ F (A2) built from associators and braidings whenever A = A1 ∪ A2 with A1 ∩ A2. We will be
suppressing these coherence isomorphisms unless they become relevant.
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Lemma 8.3.5. With the usual notion of disjointnes and disjoint union CΩ is a partial commutative

monoidal category and the functor F : CΩ → C is an equivalence of categories. Moreover, F induces

equivalences:

|C∂+
• | ' BC∂+ and |Cnc

• | ' |Nnc
• C|.

Proof. Since the objects of CΩ are simply �nite subsets of Ω it is clear that the notion of dis-
jointnes and disjoint union behave as expected. For CΩ to satisfy de�nition 8.2.5 we need to check
that for any �nite sequence of objects A1, . . . , An ⊂ Ω one can �nd isomorphic replacements
A′1, . . . , A

′
n ⊂ Ω that are pairwise disjoint. We required F : Ω → Objcon(C) to have in�nite

preimages for this exact purpose. Starting with A2 we can �nd for each a ∈ Ai an element a′ ∈ Ω

with F (a) = F (a′) and a′ disjoint to all previous elements. �en a and a′ are isomorphic via the
morphism idF (a) : a→ a′. Moreover, they are all disjoint by construction.

�e functor F is fully faithful by construction and it is essentially surjective because every
object in the labelled cospan category C can be wri�en as a product of connected objects. �erefore
F is an equivalence of categories and it also restricts to an equivalence between (CΩ)∂+ and C∂+ .
Since C∂+

• ∼= (CΩ)∂+ we see that |C∂+
• | ' BC∂+ . �e equivalence |Cnc

• | ' |Nnc
• C| follows from

lemma 8.1.39.

Remark 8.3.6. We have so far treated Wπ(k ≤ l) as if it were a well-de�ned set, but one has to be

careful with this. In general, for a morphismW (k ≤ l) we only have an isomorphism class of cospans

[W (k) → Wπ(k ≤ l) ← W (l)]. It does therefore not really make sense to talk about elements of

Wπ(k ≤ l). However, if the n-simplex W : [n] → CΩ lies in Cnc
• ⊂ N•CΩ, then for each k ≤ l the

map W (k)qW (l)→Wπ(k ≤ l) is surjective and we may de�ne the set Wπ(k ≤ l) as the quotient

of W (k) qW (l) by the relation induced by the cospan. As this is the only case that features in this

section we will con�dently speak about elements of Wπ(k ≤ l).

8.3.1 Surgery data

Given some n-simplex W ∈ Cnc
n that is not yet in C∂+

n there must be parts of W that are not
positive boundary. Concretely, we can �nd an element u ∈Wπ(i ≤ i+ 1) that is not in the image
of W (i+ 1)→Wπ(i ≤ i+ 1). We would like to �nd a homotopy that homotops this to a simplex
in C∂+

n . To do so we �rst choose a “path” from u to W (0) or W (n) along which we can introduce
a morphism that connects U to a positive boundary. �is is the datum of a surgery path. To make
sense of the idea of a path we introduce the following notion of representing space:

De�nition 8.3.7. For an n-simplex W ∈ Cnc
n we de�ne the representing space |W | as

|W | = ({(t, k, ω) ∈ [0, 1]× {0, . . . , n} × Ω | ω ∈W (k)} q {⊥,>}) / ∼
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�e equivalence relation ∼ is de�ned as follows: for k ∈ {0, . . . , n} it identi�es two elements of

{(t, k, ω) ∈ |W | | t+k = m} ∼= W (k−1)qW (k) whenever they are mapped to the same element

under W (k − 1) qW (k)→ Wπ(k − 1 ≤ k). Moreover, we set (0, 0, ω0) ∼ ⊥ and (1, n, ωn) ∼ >
for all ω0 ∈Wπ(0) and ωn ∈Wπ(n).

�is space naturally comes with a continuous projection pr : |W | → [0, n + 1] sending [t, k, ω]

to t+ k, ⊥ to 0, and > to n+ 1. We let |W |0 ⊂ |W | be the �nite subset pr−1({1, . . . , n}).

Remark 8.3.8. We can also think of |W | as a long sequence of pushouts:

W (0)× [0, 1] W (1)× [1, 2] W (n)× [0, n+ 1]

∗ Wπ(0 ≤ 1)× {1} . . . ∗

W (0)× {0} W (0)× {1} W (1)× {1} . . . W (n)× {n+ 1}

�e �nite subset |W |0 ⊂ |W | is exactly the image of the sets Wπ(i− 1 ≤ i)×{i} for 1 ≤ i ≤ n. We

can therefore de�ne a map g : |W |0 → Morcon(C) that sends each (i, k, ω) with k+ i ∈ {1, . . . , n}
to the connected morphism in C that represents the relevant component of Wπ(k + i − 1 ≤ k + i).

�is is exactly the labeling of the cospan in the enhanced Csp(C)-model. �e datum of W together

with g in fact uniquely encodes the n-simplex W ∈ Cnc
n . Motivated by this we will o�en be drawing

pictures of (|W |, g : |W |0 → Morcon(C)) as in �gure 8.3.

De�nition 8.3.9. For W ∈ Cnc
n a surgery path is a continuous path p : [0, 1] → |W | such that

the composite pR : [0, 1] → |W | → [0, n + 1] is piece-wise linear, pR(0) ∈ {0, n + 1}, and

pR(1) ∈ {0, 1, . . . , n+ 1}.
If the integer i := pR(1) is in {1, . . . , n} then the end-point of the path corresponds to some

element pend ∈ Wπ(i − 1 ≤ i). We also denote by pΩ(1) ∈ Ω the last well-de�ned value of

(prΩ ◦p)(r) as r → 1, this is an element of either W (i − 1) or W (i) that is sent to pend in the

cospan W (i− 1)→Wπ(i− 1 ≤ i)←W (i).

Of course one surgery path by itself is not su�cient to make some W be positive boundary.
We need several surgery paths at once, which we collect in a surgery datum:

De�nition 8.3.10. A surgery datum for W ∈ Cnc
n is a �nite subset A ⊂ ΩO := F−1(O). disjoint

to ∪ni=0W (k) ⊂ Ω together with the choice of a surgery path pα : [0, 1] → |W | for all α ∈ A such

that they satisfy the following connectivity condition:

For any i ∈ {1, . . . , n} and u ∈Wπ(i−1 ≤ i) either u is in the image ofW (i)→Wπ(i−1 ≤
i), or there is an α ∈ A such that the path pα ends at u = pαend.
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Figure 8.3: On top: a 3-simplex W ∈ Cnc
3 for the labelled cospan category C = Cob2. Below: �e

representing space |W | with labels in N recording the genus and a possible surgery path.

For a surgery datum (pα)α∈A we let Ain := {α ∈ A | pαR(0) = 0} ⊂ A denote the subset of those α

where the surgery path starts at the incoming boundary.

Note that the empty collection is a surgery datum for W if and only if W already lies in C∂+
n .

In that case we do not need to do any surgery. We now describe how the surgery data behaves
with respect to the simplicial structure:

De�nition 8.3.11. For any injective morphism λ : [n]→ [m] in ∆ we de�ne a map

λ∗ : {0, . . . ,m+ 1} → {0, . . . , n+ 1} k 7→ min{j | λ(j) ≥ k}

where we set λ∗(0) = 0 and λ∗(m+ 1) = n+ 1 by convention. Extending a�ne linearly we obtain

the piece-wise linear map λ• : [0,m+ 1]→ [0, n+ 1]. �is de�nes a functor ∆op
inj → Top.

For an n-simplex W ∈ Cnc
n we let λW : |W | → |λ∗W | denote the unique continuous map that

satis�es λW ([t, λ(k), ω]) = [t, k, ω] for all [t, k, ω] ∈ |λ∗W |, λW (⊥) = ⊥, λW (>) = >, and makes
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the following diagram commute:

|W | |λ∗W |

[0, n+ 1] [0,m+ 1]

λW

pr pr

λ•

De�nition 8.3.12. �e semisimplicial set Cσ• has as n-simplices pairs of an n-simplex W ∈ Cnc
n

with a surgery datum (pα)α∈A on W . �e semisimplicial structure is de�ned by

λ∗(W, (pα)α∈A) := (λ∗W, (λW ◦ pα)α∈A).

Lemma 8.3.13. If (pα)α∈A is a surgery datum for W then (λW ◦ pα)α∈A is a surgery datum for

λ∗W . �erefore Cσ• is a well-de�ned semi-simplicial set.

Proof. Since λW : |W | → |λ∗W | is continuous the new path λW ◦ p : [0, 1] → |W | → |λ∗W |
is also continuous. Moreover, λ• : [0, n + 1] → [0,m + 1] is a piece-wise linear map and hence
(λW ◦ p)R = λ• ◦ pR is piece-wise linear, too. �e condition pR(0) ⊂ {0, n + 1} is preserved
because λ• : [0, n + 1] → [0,m + 1] preserves the minimal and the maximal element. �e
condition pR(1) ∈ {0, . . . , n+ 1} implies (λ• ◦ pR)(1) ∈ {0, . . . ,m+ 1} since λ• sends integers
to integers. �erefore λW ◦ p is indeed still a surgery path.

Next we need to check that (λW ◦ pα)α∈A is a surgery datum for λ∗W . It is clear that A is
disjoint to λ∗W as we can only forget elements of Ω when passing from W to λ∗W . To check
the connectivity condition let us assume that λ is the unique morphism δi : [n]→ [n+ 1] whose
image does not contain i. Write diW := (δi)∗W . �e general case follows as the category ∆inj is
generated by the δi. Consider some u ∈ (diW )π(j−1 ≤ j) that is not in the image of (diW )π(j).
If j 6= i it is clear from the connectivitiy condition for W that there is an α ∈ A such that pα

ends in pαend = u. We may therefore assume that j = i, in which case (diW )(i − 1 ≤ i) is the
composite of W (i − 1 ≤ i) and W (i ≤ i + 1) and the set (diW )π(i − 1 ≤ i) is the pushout
Wπ(i− 1 ≤ i)qW (i) Wπ(i ≤ i+ 1).

�ere are two cases: either u ∈ (diW )π(i− 1 ≤ i) is not hit by an element of Wπ(i ≤ i+ 1)

or it is. In the former case u is represented by an element v ∈ Wπ(i − 1 ≤ i) that is not in the
image of W (i). �e connectivity condition for (pα)α∈A implies that there is α ∈ A such that the
surgery path pα ends at pαend = v. Consequently δiW ◦ pα ends at (δiW ◦ pα)end = δiW (pαend) = u

and we are done. In the other case we can represent u by an element v′ ⊂ Wπ(i ≤ i + 1). �is
v′ cannot lie in the image of W (i + 1) → Wπ(i ≤ i + 1), as otherwise u would be in the image
of (diW )(i)→ (diW )π(i− 1 ≤ i), which we assumed not to be the case. �is means that v does
not have positive boundary as part of W and so we can �nd α ∈ A such that pα ends in pαend = v,
and then (δiW ◦ pα)end = δiW (pαend) = u.
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�is shows that (λW ◦ pα)α∈A is a surgery datum for λ∗W and hence the face operators λ∗

yield well-de�ned elements of Cσm. Since the λ 7→ λ• construction is functorial it follows that this
assembles into a well-de�ned functor Cσ• : ∆op

inj → Set.

8.3.2 �e basic surgery

We now want to describe how to do the surgery given a surgery datum. �e problem of choosing
this surgery datum will be dealt with in the next subsection. In formulas this means that we want
to construct a homotopy from the forgetful map |Cσ• | → |Cnc

• | to another map that lands in the
subspace |C∂+

• | ⊂ |Cnc
• |. Moreover, we would like this homotopy to be constant in the case of an

empty surgery datum. �is is summarized in the following diagram:

|C∂+
• | |Cσ• |

|C∂+
• | |Cnc

• |

S0

S1

Here S : |Cσ• | × [0, 1]→ |Cnc
• | is a homotopy, which we think of as a continuous family of maps

Sr indexed by r ∈ [0, 1] such that S0 is the forgetful map and S1 is a retraction onto the subspace
|C∂+
• |.

�e homotopy S will be obtained by concatenating two homotopies ρ and K . With ρ we
introduce a disjoint copy of idα for all α ∈ Ain as pictured in �gure 8.3.2. �is is based on the idea
of how the morphism T : 1C → O yields a natural transformation IdC ⇒ O ⊗ IdC , which in turn
induces a homotopy of mapsBC → BC. �e second homotopyK will be more complicated as we
have to follow a surgery path to move a copy of the morphism PM : M → O⊗M from W (0) or
W (n) to morphism at the end-point of the surgery path, in order to make that morphism positive
boundary; see �gure 8.6.

De�nition 8.3.14. We let ΩO := F−1(O) ⊂ Ω. For any α ∈ ΩO and ω ∈ Ω with ω 6= α we de�ne

morphisms Tα : ∅ → {α} and Pω,α : {ω} → {ω, α} in CΩ by:

Tα := (F (∅) = 1C
T−→ O = F (α)) and Pω,α := (F (ω)

PF (ω)−−−→ O ⊗ F (ω) ∼= F ({α, ω}))

�e basic surgery will not be a semi-simplicial map, rather it is only de�ned on geometric
realisations. Recall that the space |Cnc

• | is a quotient of the disjoint union∐
n≥0

Cnc
n × |∆n| −→ |Cnc

• |.

We will parametrise the space |∆n| as {t = (t0, . . . , tn+1) ∈ [0, 1]n+2 | 0 = t0 ≤ t1 . . . tn ≤
tn+1 = 1}. A point in |Cnc

• | can be represented by (W, t) where W : [n]→ CΩ and t is as above.
We begin by de�ning a homotopy from the forgetful map |Cσ• | → |Cnc

• | to a map that sends
(W, t) to (W q idA, t) for A some �nite subset of ΩO disjoint to W .
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Figure 8.4: A slide show of the homotopy ρsα(W, t) for a 2-simplex W as s moves from 1 to 0.

De�nition 8.3.15. Given a point (W, t) ∈ |Cnc
• |, α ∈ ΩO disjoint to W and s ∈ [ti, ti+1] we de�ne

ρsα(W, t) := (W ′, t′)

where t′ is (t0, . . . , ti, s, ti+1, . . . , tn) and the (n+ 1)-simplex W ′ is de�ned as

W ′(j) =

{
W (j) for j ≤ i
W (j − 1)q {α} for j ≥ i+ 1

and

W ′(j ≤ j + 1) =


W (j ≤ j + 1) for j ≤ i
idW (j+1)q Tα for j = i+ 1

W (j − 1 ≤ j)q idα for j ≥ i+ 2.
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Given a �nite set A = {α1, . . . , αN} ⊂ Ω that is disjoint to W we de�ne:

ρrA(W, t) = (ρrα1
◦ · · · ◦ ρrαN )(W, t).

Lemma 8.3.16. �e construction in de�nition 8.3.15 yields a continuous map

ρ : |Cσ• | × [0, 1] −→ |Cnc
• |, ((W, (pα)α∈A, t), r) 7→ ρrAin(W, t)

and restricted to r = 1 this map is the standard projection |Cσ• | → |Cnc
• |. Here as before Ain ⊂ A

denotes the subset corresponding to those paths that start at 0.

Proof. �e map clearly only depends on the �nite subsetAin ⊂ Ω and not on the rest of the surgery
path (pα)α∈A, which we will only use later for the second part of the homotopy. For simplicity we
will consider the case of a single element Ain = {α}, the general case follows as the operations
ρrα and ρrα′ commute when α 6= α′.

De�nition 8.3.15 is ambiguous when r = ti as we can think of it as both r ∈ [ti, ti+1] and
r ∈ [ti−1, ti]. In either case the tuple (W ′, t′) that is speci�ed in the de�nition represents the
same point as (W ′′, t) in the geometric realisation |Cnc

• | where:

W ′′(j) =

{
W (j) for j ≤ i
W (j)q {α} for j > i

and

W ′′(j ≤ j + 1) =


W (j ≤ j + 1) for j ≤ i− 1

W (i ≤ i+ 1)q Tα for j = i

W (j ≤ j + 1)q idα for j ≥ i+ 1.

�is shows that the de�nition of ρ on the closed subsetsUi = {(t, r) ∈ |∆n|×[0, 1] | r ∈ [ti, ti+1]}
�ts together on the overlaps. Since ρ is continuous on each of the Ui we get for every n-simplex
W ∈ Cσn a well-de�ned continuous map:

ρ•Ain(W, ) : |∆n| × [0, 1]→ |Cnc
• |, (t, r) 7→ ρrAin(W, t).

To obtain a well-de�ned map |Cσ• |×[0, 1]→ |Cnc
• | it remains to check that these maps are com-

patible with taking face maps in the sense that ρr
Ain(diW, t) = ρr

Ain(W, δit). Here δi : |∆n−1| →
|∆n| is de�ned by repeating the ith entry. �e equality ρr

Ain(diW, t) = ρr
Ain(W, δit) is clear when

r 6= ti and in the case that r = ti it holds because of

W (i ≤ i+ 2)q Tα = (W (i ≤ i+ 1)q Tα) ∪ (W (i+ 1 ≤ i+ 2)q idα).

�erefore ρ descends to a well-de�ned and continuous map |Cσ• | × [0, 1]→ |Cnc
• | as claimed.

Now that we have the homotopy that introduces the cylinder idα we proceed to describe a
similar, but more complicated homotopy that homotops this cylinder along a surgery path to make
a certain part of W positive boundary.
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De�nition 8.3.17. Given a point (W, t) ∈ |Cnc
• |, ω ∈ Wi for some i, α ∈ ΩO disjoint to W and

s ∈ [ti, ti+1] we de�ne

σsω,α(W, t) := (W ′, t′)

where t′ is (t0, . . . , ti, s, ti+1, . . . , tn) and the (n+ 1)-simplex W ′ is de�ned as

W ′(j) =

{
W (j) for j ≤ i
W (j − 1)q {α} for j ≥ i+ 1

and

W ′(j ≤ j + 1) =


W (j ≤ j + 1) for j ≤ i+ 1

idW (i+1)\{ω}qPω,α for j = i+ 1

W (j − 1 ≤ j)q idα for j ≥ i+ 2.

Lemma 8.3.18. If σsω,α and σrω′,α′ are both de�ned on (W, t) and α 6= α′, then the operations

commute:

σsω,α(σrω′,α′(W, t)) = σrω′,α′(σ
s
ω,α(W, t)).

Proof. A�er applying both operations we obtain a point (W ′′, t′′) where t′′ = (t0, . . . , ti, s, r, ti+1, . . . , tn),
if s ≤ r. If s 6= r, then it is a straight-forward check that the order does not ma�er. In the case
s = r there is a repetition in t′′ and we may use the simplicial relation to delete one of them by
composing the relevant morphisms. To see that the operations commute we hence need to check
that:

(idW (i)∪{α}\{ω′}qPω′,α′)◦(idW (i)\{ω}qPω,α) = (idW (i)∪{α′}\{ω}qPω,α)◦(idW (i)\{ω′}qPω′,α′).

For ω 6= ω′ this follows from the general fact that morphisms with disjoint support commute. In
the more interesting case ω = ω′ we need to show that

(idαqPω,α′) ◦ Pω,α = (idα′ qPω,α) ◦ Pω,α′ : {ω} → {ω, α, α′}.

Le�ing A := F (ω) both of these morphisms correspond to (idO ⊗PA) ◦ PA : A → O ⊗ O ⊗ A
with the only di�erence being in how we identify F ({α, α′}) with O ⊗ O. To prove the lemma
we need to show that the morphism is symmetric in the two Os in the sense that:

(idO ⊗PA) ◦ PA = (βO,O ⊗ idA) ◦ (idO ⊗PA) ◦ PA.

As illustrated in �gure 8.3.2 this follows from the �rst and third naturality condition we imposed
on the morphisms PA : A→ O ⊗A in C.

De�nition 8.3.19. Consider a point (W, t) ∈ |Cnc
• |, a surgery path p for W , an element α ∈ ΩO

disjoint to W , and a parameter r ∈ [0, 1]. �en we de�ne the basic surgery of (W, t) along the path

p to be

Kr
(p,α)(W, t) = σ

pR(r)
pΩ(r),α(W, t).
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Figure 8.5: When applying PA twice the order does not ma�er.

Whenever pΩ(r) is not de�ned because pR(r) ∈ {0, . . . , n + 1} we choose either the most recent

well-de�ned value p−Ω(r) or the next possible well-de�ned value p+
Ω(r). In lemma 8.3.21 we show that

this choice does not ma�er. For a surgery datum (pα)α∈A on W we de�ne

Kr
A(W, t) = (Kr

(pα1 ,α1) ◦ · · · ◦K
r
(pαa ,αa))(W, t)

where we choose any enumeration of A = {α1, . . . , αa}.

Remark 8.3.20. Figure 8.6 illustrates the homotopy Ks
l,p,α(W, t) in the case α ∈ Ain. �e mor-

phisms in the simplex W are f : ω2 ⊗ ω3 → ω3, g : 1C → ω1, and h : ω1 ⊗ ω3 → ω2. �roughout

the homotopy we see other morphisms f ′ = Pω3,α ◦ f = (idα⊗f) ◦ (Pα,ω2 ⊗ idω3), g′ = Pω1,α ◦ g,

and h′ = (idα⊗h) ◦ (idω1 ⊗Pα,ω3) = (idα⊗h) ◦ (Pα,ω1 ⊗ idω3). �e key step of lemma 8.3.21 is to

show that the two di�erent expressions we have for f ′ and for h′ yield the same morphisms.

See also �gure 8.7, for an illustration of the case α 6∈ Ain, where the surgery path starts at

pR(0) = 1. Note that in this case we do not need to start out with a disjoint copy of idα on top

of the diagram. �is di�erence will play a role when gluing the homotopies in proposition 8.3.23.

Lemma 8.3.21. De�nition 8.3.19 de�nes a continuous map

K : |Cσ• | × [0, 1]→ |Cnc
• |, ((W, (pα)α∈A, t), r) 7→ Kr

A(W, t).

Proof. We will proceed similarly to lemma 8.3.16. If we �x an n-simplex W ∈ Cnc
• and a single

surgery path (p, α) for W , then de�nition 8.3.17 gives us continuous maps:

Ui := {(t, r) ∈ |∆n| × [0, 1] | pR(r) ∈ [ti, ti+1]} → |Cnc
• |, (t, r) 7→ σ

pR(r)
pΩ(r),α(W, t).

�e sets U0, . . . , Un are �nite polyhedra that cover |∆n| × [0, 1] and the key step of the proof will
be to show that the map is consistent on overlaps. Let us consider those points where pR(r) = ti,
i.e. Vi = Ui−1 ∩ Ui. For such an (t, r) ∈ Vi the value of Kr

(l,p,α)(W, t) is ambiguous as we can
either use σpR(r)

p+
Ω(r),α

or σpR(r)

p−Ω (r),α
.

For either choice the resulting tuple (W ′, t′) has a repeated value in t′ and we may use the
relation (W ′, δit) ∼ (diW, t) to rewrite this point of the geometric realisation |Cnc

• |. �e result
is:

W ′′(j) =

{
W (j) for j ≤ i
W (j)q {α} for j ≥ i

and W ′′(j ≤ j+1) =


W (j ≤ j + 1) for j ≤ i− 1

X± for j = i

W (j ≤ j + 1)q idα for j ≥ i+ 1.
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Figure 8.6: A slide-show depiction of the homotopyKs
p,α(W, t) along the surgery path p indicated

in the �rst picture, as s goes from 0 to 1. See remark 8.3.20.
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Here the bordism X± depends on whether we use p+
Ω(r) or p−Ω(r) and we need to show that

X+ = X−. �ere are four possible cases one needs to check, depending on whether the values
p±Ω(r) correspond to incoming or outgoing boundary components of the cospan [W (i − 1) →
Wπ(i− 1 ≤ i)←W (i)].

Each of the cases follows from the conditions on the morphisms PA : A→ O⊗A as stated in
de�nition 8.1.42. Let us for example consider the case where p+

Ω(r) ∈W (i+1) and p−Ω(r) ∈W (i).
�en

X+ = W (i ≤ i+1)∪W (i+1)(idW (i+1)qPp+
Ω(r),α) X− = (idW (i)qPp−Ω (r),α)∪W (i)(W (i ≤ i+1)qidα).

To check that X− = X+ we only need to consider the connected component of the morphism
W (i ≤ i + 1) : W (i) → W (i + 1) corresponding to p(1). Without loss of generality we may
therefore assume that W (i ≤ i + 1) is connected. Write M := F (W (i) \ {p−Ω(r)}), N :=

F (W (i + 1) \ {p+
Ω(r)}), A± := F (p±Ω(r)), and U := W (i ≤ i + 1) : A− ⊗M → A+ ⊗ N . By

de�nition 8.1.42 we have a commutative diagram:

A− ⊗M O ⊗A− ⊗M

A+ ⊗N O ⊗A+ ⊗N

U

PA−⊗idM

idO ⊗U
PA+⊗idN

In this diagram the two ways of going from the top le� to the bo�om right are exactly the mor-
phisms F (W (i)) = A− ⊗M → O ⊗ A+ ⊗ N = F (W (i + 1) q {α}) that represent X− and
X+. Hence it indeed follows from de�nition 8.1.42 that X− = X+. Similar arguments apply in
the other three cases. (Two of the cases agree a�er swapping p+

Ω(r) and p−Ω(r).)
We have now shown that the continuous maps on the Ui �t together on the overlaps and yield

a continuous map:
|∆n| × [0, 1]→ |Cnc

• |, (t, r) 7→ σ
pR(r)
pΩ(r),α(W, t).

Similar to lemma 8.3.16 we see that this is compatible with face maps. Hence it yields a well-
de�ned map |Cs• | × [0, 1] → |Cnc

• | for Cs• the semisimplicial set where each W comes equipped
with a single surgery path.

Given a collection of surgery paths (pα)α∈A it follows from lemma 8.3.18 that the operations
σ
pαR (r)

pαΩ(r),α( ) commute for varying α. �erefore we can pick any order on A and compute K :

|Cσ• | × [0, 1]→ |Cnc
• | by applying the map |Cs• | × [0, 1]→ |Cnc

• |multiple times. It follows that K
is well-de�ned and continuous.

We can now concatenate the two homotopies to obtain the basic surgery.

De�nition 8.3.22. �e homotopy S is de�ned as follows:

S : |Cσ• |×[0, 1]→ |Cnc
• |, ((W, (pα)α∈A, t), r) 7→ SrA(W, t) :=

{
ρ1−2r
Ain (W, t) for 0 ≤ r ≤ 1

2 ,

K2r−1
A (W, t) for 1

2 ≤ r ≤ 1.
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To conclude this section we record the fact that the homotopy S we constructed has all the
desired properties.

Proposition 8.3.23. �e above de�nes a continuous family of maps Sr : |Cσ• | → |Cnc
• | satisfying:

(i) S0 : |Cσ• | → |Cnc
• | is the realisation of the map Cσ• → Cnc

• that forgets the surgery data.

(ii) S1 : |Cσ• | → |Cnc
• | factors through the subspace |C∂+

• | ⊂ |Cnc
• |.

(iii) Precomposed with the inclusion |C∂+
• | → |Cσ• | that equips the empty surgery data, the family

Sr is the standard inclusion |C∂+
• | → |Cnc

• | for all r.

Proof. We have seen in lemma 8.3.16 and 8.3.21 that the two homotopies ρsA and Ks′
A are well-

de�ned and continuous. So to check that S is well-de�ned and continuous we only need to verify
that ρ0

Ain(W, t) = K0
A(W, t) holds for all A and (W, t). Indeed both sides can be described as

(W q idAin , t). To see this note that property (ii) for surgery paths says that pαR(0) = 0 or n+ 1.
For those α where pαR(1) = n + 1 the operation σpR(1)

pαΩ(1),α does not do anything and in the case

pαΩ(1) = 0 we have σpΩ(1)
pαΩ(1),α(W, t) = (W q idα, t).

In claim (i) the map S0 is by de�nition ρ1
Ain , which can easily be seen to map (W, t) to (W, t).

So all it does is forge�ing the surgery data. Claim (iii) is similarly straightforward: if the surgery
data is empty then neither ρ∅ nor K∅ change anything about (W, t).

Claim (ii) is the most interesting one. Before reading the proof it is useful to look at �gure
8.6 and think about why the �nal picture is a simplex in the nerve of the positive boundary cat-
egory. �e following proof is just a formalisation of that visual veri�cation. We need to show
that (W ′, t′) = K1

A(W, t) is positive boundary for any n simplex W and surgery datum A. Since
pαR(1) is some integer iα for any surgery path pα we have that t′ = t and the simplexW ′ a�er the
surgery can be described as:

W ′(j) = W (j)q{α ∈ A | iα ≤ j} and W ′(j−1 ≤ j) = P jA∪W (j−1 ≤ j)q{idα | iα < j}

Here P jA is the morphism W (j − 1)q {α | iα ≤ j − 1} →W (j − 1)q {α | iα ≤ j} obtained by
suitably gluing all those Ppαend,α

: {pαend} → {pαend, α} where iα = j − 1. (Note that the order of
glueing does not ma�er by lemma 8.3.18.)

For W ′ to be positive boundary we need to check that for any j and u ∈ W ′π(j − 1 → j)

there is some x ∈ W ′(j) that maps to u. Any such component u is either an identity idα that we
added, or a component of P jA ∪W (j − 1 → j). In the �rst case it is clearly positive boundary.
In the second case consider the corresponding u′ ∈ Wπ(j − 1 ≤ j). If this was already in the
image of W (j), then so is u and we are done. If u′ is not positive boundary, then the connectivity
condition that we imposed on surgery data implies that there is an β ∈ A for which pβ−end = u′

ends at u′. In the glued morphism P jA ∪W (j − 1 ≤ j) the element u′ is equivalent to β coming
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from P
pβend,β

, since the morphism P
pβend,β

is connected. So u′ ∈ W ′π(j − 1 ≤ j) is the image of
β ∈ W ′(j) = W (j) q {α ∈ A | iα ≤ j}. So W ′(j − 1 ≤ j) is indeed positive boundary. �is
proves claim (ii).

8.3.3 Contractible surgery data

One problem we have not addressed yet is how to choose the surgery data (pα)α∈A for a given
point (W, t) in |Cnc

• |. Concretely, the problem is that the forgetful map Cσ• → Cnc
• will not induce

an equivalence on realisations. To resolve this we need to interpolate between di�erent choices of
surgery data. �is is not really a problem as the operators Kλ

A and Kλ′
A′ commute.

�e following de�nition allows for multiple pieces of surgery data.

De�nition 8.3.24. �e bi-semi-simplicial setCσ•,• has as (n,m)-simplices tuples (W, ((pα0 )α∈A0 , . . . , (p
α
m)α∈Am))

where W ∈ Cnc
n and each (pαi )α∈Ai is a surgery datum for W , such that Ai and Aj are disjoint for

i 6= j. �e i-th face operators in the second direction is de�ned by forge�ing (pαi )α∈Ai .

We can always �nd surgery data that is disjoint to all previous surgery, which makes it very
easy to show contractibility.

Lemma 8.3.25. For any n the augmentation of Cσn,• induces an equivalence |Cσn,•| ' Cnc
n .

Proof. We will derive this from [GRW14, �eorem 6.2] though it should be remarked that the
statement we are proving here is much simpler than the full generality to which their theorem
applies. �e augmented semi-simplicial set Cσn,• → Cnc

n is essentially by de�nition an aug-
mented topological �ag complex in the sense of [GRW14, De�nition 6.1]. Since it is discrete, the
�rst condition of the theorem is trivially satis�ed. �e the third condition is also easy to see: if
(pα0 )α∈A0 , . . . , (p

α
m)α∈Am is a sequence of surgery data we can de�ne a new surgery datum that

is disjoint to all these by simply copying the �rst one. Concretely, we choose a subset A′ ⊂ Ω that
is disjoint to W and all of the Ai and pick a bijection ϕ : A′ ∼= A0. �en pαn+1 := p

ϕ(α)
0 de�nes a

surgery datum indexed by α ∈ A′ and is disjoint to all the others by construction.
Finally, the second condition simply states that every n-simplex W ∈ Cnc

n admits at least
one surgery datum. We will show this by constructing one. Let A ⊂ ΩO be a subset disjoint to
W and big enough so that we may choose a surjection f : A �

∐n
i=1Wπ(i − 1 ≤ i) ⊂ |W |.

Since W ∈ Cnc
• every connected component of |W | is connected to either ⊥ ∼ [W (0) × {0}] or

> ∼ [W (n) × {n + 1}]. We can therefore �nd piece-wise linear paths pα : [0, 1] → |W | such
that pα(0) ∈ {⊥,>} and pα(1) = f(α). �is trivially satis�es the connectivity condition because
it hits all components of morphisms, in particular those that are not positive boundary. �erefore
(pα)α∈A is the desired surgery datum for W .
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We now need to construct the surgery homotopy Sλ dependent on a weighted collection of
surgery data. To do so let ‖Cσ•,•‖ denote the geometric realisation of the semisimplicial space
[n] 7→ |Cσn,•|.

De�nition 8.3.26. We de�ne a continuous map

S : ‖Cσ•,•‖ × [0, 1] −→ |Cnc
• |.

A point on the le� is represented by a tuple ((W, t), ((A0, . . . , Am), (s0, . . . , sm)), r) where the si ∈
[0, 1] are such that

∑
i si = 1. We normalise them as si := si/max(s0, . . . , sm) and de�ne:

Sr((W, t), (A0, . . . , Am), (s0, . . . , sm)) := (Sr·s0A0
◦ · · · ◦ Sr·smAm

)(W, t).

Proof of theorem 8.3.1. We begin by noting that the map S de�ned above is indeed well-de�ned.
�is was mostly covered in the previous section (see proposition 8.3.23, lemma 8.3.16, and lemma
8.3.21), but we also need to check that it is well-de�ned with respect to face maps in the new semi-
simplicial direction. Concretely this means that for si = 0 we need to be able to forgetAi without
changing the value of S . Indeed this is the case as S0 acts as the identity by part (i) of proposition
8.3.23.

Now that we know that Sr is a continuous family of continuous maps ‖Cσ•,•‖ → |Cnc
• | we can

�t it into the following diagram:

|C∂+
• | ‖Cσ•,•‖

|C∂+
• | |Cnc

• |

I

S0
S1

�e map I is de�ned by equipping (W, t) with the empty surgery A0 = {∅}. �is is possible
because (W, t) is already positive boundary in this case. By part (ii) of 8.3.23 S1 indeed lands in
the subspace |C∂+

• | ⊂ |Cnc
• |, so the dashed map exists. For the empty surgery the map S1 does

not do anything by part (iii) of 8.3.23 and so the top-le� triangle commutes. By construction Sλ

is a homotopy for the bo�om-right triangle in the diagram. Moreover, part (i) of 8.3.23 tells us
that the map S0 simply forgets the surgery data and we saw in lemma 8.3.25 that this map is an
equivalence.

In summary the above diagram is homotopy commutative and the right-hand vertical map is
a homotopy equivalence. From this it follows formally from the 2-out-of-6 property that all other
maps in the diagram are weak equivalences. We can check this by hand: Pick any base-points and
apply πk to the diagram. Considering the top-le� triangle we see that the diagonal map πk(S1)

has to be surjective because the identity on πk|C∂+
• | factors through it. Similarly, the homotopy

commutativity of the bo�om-right triangle and the fact that πk(S0) is an isomorphism implies that
πk(S1) is injective. Hence we have shown that πk(S1) is an isomorphism and it follows quickly
that all the other maps are, too.
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8.3.4 �e positive boundary subcategory

In this section we compute the classifying space of the positive boundary subcategory C∂+ ⊂ C for
all weighted cospan categories. �is includes the three cases Csp, Cob2, and Cobχ≤0

2 that appear
in our main theorems.

Proposition 8.3.27. For any weighting monoid (A,A1, α) the classifying space of the positive

boundary subcategory Csp(A,A1, α)∂+ ⊂ Csp(A,A1, α) is

B(Csp(A,A1, α)∂+) ' BA

and the inclusionBA ' B(Csp(A,A1, α)∂+)→ B(Csp(A,A1, α)) admits a spli�ing as an in�nite

loop space map.

Proof. In the case of Cob2 the equivalenceBCob
∂+

2 ' S1 was shown in [Til96, Proposition 6] and
the spli�ing constructed in [Til96, �eorem 10]. We begin by recalling the constructions made
there so we can modify them for our purposes.

�ere is a functor Φ : Cob
∂+

2 → Cob
∂+

2 that sends any object to S1 and that sends a bordism
W : M → N to the unique bordism Φ(W ) : S1 → S1 that is connected and has genus:

g(Φ(W )) = 1
2(|π0(N)| − |π0(M)|+ χ(W )) = g(W ) + |π0(N)| − |π0(W )|.

�is is always a non-negative integer as π0(N) → π0(W ) is always a surjection for W in the
positive boundary subcategory. Using that the Euler characteristic is additive under glueing of
even-dimensional manifolds one checks that this is functorial. �ere is a natural transformation
ρ : Id

Cob
∂+
2

⇒ Φ de�ned by le�ing ρM : M → S1 be the unique connected genus 0 bordism.

Now we can consider the full subcategory C1 ⊂ Cob
∂+

2 on the object S1. By recording the
genus as a natural number C1 is isomorphic to N as a category with one object and hence BC1 '
S1. �e functor Φ lands in C1 and de�nes a retractionBΦ : BCob

∂+

2 → BC1 to the inclusion. �e
natural transformation ρ gives a homotopy between the identity and BΦ : BCob

∂+

2 → BC1 ⊂
BCob

∂+

2 and hence the inclusion and BΦ form a homotopy equivalence.
We will now generalise this argument to the weighted cospan category C := Csp(A,A1, α).

Let C1 ⊂ C∂+ denote the full subcategory on the object ∗. �is category has a single object and
morphisms A, so BC1 = BA. �e functor Φ : C∂+ → C1 again sends all objects to the single
object ∗, and on morphisms it is de�ned by sending (M → W ← N, a : W → A) to the cospan
(∗ → ∗ ← ∗) weighted by:

Φ(W ) =
∑
x∈W

a(W ) + α · (|N | − |W |).
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�e number |N | − |W | is again non-negative as N → W is surjective in the positive boundary
category. One checks that this is functorial by using the de�nition of the composite weighting in
de�nition 8.1.13.

To de�ne the natural transformation ρ : Id⇒ Φ we let ρM : (M → ∗ ← ∗, a : ∗ → A) where
the labeling is a(∗) = α. (We cannot set the labelling to be 0 like we did for the surface category
case, as this might not be an allowed cospan for M = ∅.) Naturality is checked by inserting
the de�nitions. By the same argument as above it now follows that BA = BC1 → BC∂+ is a
homotopy equivalence.

To construct the spli�ing of BC∂+ → BC let Agp be the group completion of A. De�ne a
functor Φ′ : C → Agp by sending a morphism W : M → N to

Φ′(W ) =
∑
x∈W

a(W ) + α · (|N | − |W |).

�e number |N | − |W | can now be negative, but this is �ne because we have a formal inverse−α
for α in Agp. Φ′ clearly extends Φ and it is functorial for the same reason that Φ was. �is yields
the desired spli�ing: the composite BA = BC1 → BC∂+ → BC Φ′−→ B(Agp) is the standard map
BA→ B(Agp), which is an equivalence.

Corollary 8.3.28. �e classifying space of a weighted cospan category is:

B(Csp(A,A1, α)) ' BA×Q
(∨

a∈A
ΣSB(Fa(Csp(A,A1, α)))

)
.

Proof. �e surgery theorem applies and by proposition 8.3.27 the le�-hand map in theorem N
(corollary 8.1.45) admits a spli�ing as in�nite loop space map. �erefore the middle term decom-
poses as a product of B(Csp(A,A1, α)∂+) and the free in�nite loop spaces on the ΣS(BFa).
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Chapter 9

Computations for the (χ ≤ 0) surface
category

Our work in the previous chapter shows that computing the classifying space BCobχ≤0
2 of the

(χ ≤ 0)-surface category essentially reduces to understanding its factorisation categories, which
we will denote byFχ≤0

g := FΣg(Cobχ≤0
2 ). In section 9.1 we show that on classifying spacesFχ≤0

g

is equivalent to a certain �nite category Jg of weighted graphs of genus g, which was introduced
in [CGP16]1 and plays an important role in studying the moduli spaces ∆g of tropical curves. In
section 9.2 we will show that BJg is rationally equivalent to ∆g .

9.1 Factorisation categories and �ltered graphs

In this section we prove:

�eorem 9.1.1. For g ≥ 2 there is an equivalenceBFχ≤0
g ' BJg and for g = 1 we haveBFχ≤0

1 '
BO(2).

In the case g = 1 we expect that Fχ≤0
1 is equivalent to F[S1](Cobunor

1 ). Just like we showed
that F[S1](Cob1) ' Λ is Connes’ cyclic category Λ in section 6.3, it should be possible to show
that F[S1](Cobunor

1 ) is the dihedral version of Connes’ cyclic category. �is dihedral category is
known to have classifying space BO(2), see [Lod87, Proposition 3.11].

However, the approach we take to prove the theorem will be to treat the g = 1 and g ≥ 2

computation ofBFχ≤0
g in the same framework by considering a category of topological graphsJg

such thatJg ' Jg for g ≥ 2 andJ1 ' O(2). In fact we prove the following more general theorem,
which describes the factorisation category of the weighted cospan category Csp(A,A1, α) in the
sense of 8.1.13. �is recovers theorem 9.1.1 because Cobχ≤0

2 ' Csp(N,N≥1, 1).
1Note that as discussed in remark 9.1.11 our version Jg di�ers from their version in that we remove the terminal

object •g .
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�eorem 9.1.2. For any weighting monoid (A,A1, α) and a ∈ A there is an equivalence:

BFa(Csp(A,A1, α)) ' BJ (A,A1,α)
a .

Note that this will only be interesting for 0 6∈ A1 as otherwise an argument similar to lemma
8.2.48 shows that BFa(Csp(A,A, α)) ' ∗.

9.1.1 Categories of graphs

9.1.1.1 Topological graphs

We begin by de�ning a category of weighted topological graphs. �roughout this section we �x
a weighting monoid (A,A1, α). Recall that this means that A is an abelian monoid, A1 ⊂ A is a
subset closed under A1 + A ⊂ A1, and α ∈ A is an element. �e most relevant case is that of
(A,A1, α) = (N,N≥1, 1) and will su�ce to think of this case.

De�nition 9.1.3. An (A,A1, α)-weighted topological graph is a tuple (X,w) of a topological space

X and a (non-continuous) map w : X → A such that

• X is homeomorphic to a connected 1-dimensional CW complex with �nitely many cells and is

not a point.

• �e set Xw := {x ∈ X | w(x) 6= 0} is �nite.

• For any x ∈ X with ν(x) = 1 we have w(x) ∈ A1.

Here we de�ne the valence ν(x) ∈ N to be ν(x) := |π0(U \x)| where U ⊂ X is a small contractible

neighbourhood of x.

�e singular set Xsing ⊂ X is de�ned as the set of points of valence ν(x) 6= 2.

�e genus of (X,w) is de�ned as:

g(X,w) :=
∑
x∈Xw

w(x) + b1(X) · α ∈ A.

A subgraph of (X,w) is a tuple (Y,w′) such that Y ⊂ X is a closed subset with ∂Y ⊂ Xw∪Xsing

and w′ = w|Y .

De�nition 9.1.4. �e topologically enriched category J (A,A1,α) has as objects (A,A1, α)-weighted

topological graphs and as morphisms (X,w) → (Y,w′) continuous maps f : X → Y such that

for all y ∈ Y the preimage f−1(y) is either a single point of the same weight as y or a connected

subgraph of (X,w) with genus g(f−1(y), w|f−1(y)) = w′(y). We topologise the space of morphisms

with the compact-open topology.
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Example 9.1.5. �e only (A,A1, α)-weighted topological graph (X,w) with Xw = ∅ = Xsing is

the circle (S1, 0). Since this cannot have any subgraphs the �bers of morphisms f : (S1, 0)→ (S1, 0)

have to be single points. It follows that f is in fact a homeomorphism. So HomJ ((S1, 0), (S1, 0)) =

Homeo(S1) ' O(2). We will see that this case is the exception and that in general the spaces

HomJ ((X,w), (Y,w′)) have contractible components.

Lemma 9.1.6. For any two topological graphs (X,w) and (Y,w′) with (Y,w′) 6∼= (S1, 0) the space

of morphisms HomJ ((X,w), (Y,w′)) has contractible components. If (Y,w′) ∼= (S1, 0), then the

components are equivalent to S1.

Proof. Since each map f : (X,w)→ (Y,w) is a surjective map between compact Hausdor� spaces,
it is also a quotient map. We can therefore factor it asX → (X/∼f ) ∼= Y where∼f is the equiva-
lence relation de�ned by (x ∼f x′)⇔ (f(x) = f(x′)) and the second map is a homeomorphism.
Let us call an equivalence relation ∼⊂ X2 admissible if each of its equivalence classes is either a
single point or a subgraph of (X,w), and let Eq(X,w) denote the set of admissible equivalence
relations. For such an equivalence relation, let w∼ : X/ ∼→ A be the function that sends and
equivalence class [x] to the genus g([x]) of the subgraph.

We will show that sending a map f to the equivalence relation ∼f and the isomorphism [f ] :

(X/∼, w∼) ∼= (Y,w′) induces a homeomorphism:

HomJ ((X,w), (Y,w′)) ∼=
∐

∼∈Eq(X,w)

Hom
∼=
J ((X/ ∼, w∼), (Y,w′)).

We begin by noting that the set of admissible equivalence relations is �nite because the set of
subgraphs of (X,w) is �nite. One can check, using the de�nition of the compact-open topology,
that the assignment f 7→∼f is continuous with respect to the discrete topology on Eq(X,w).
Similarly, one checks that for each ∼∈ Eq(X,w) the assignment f 7→ [f ] is continuous. Since
there is a continuous inverse given by (∼, [f ]) 7→ (X → X/ ∼→ Y ) it follows that the map is
indeed a homeomorphism.

To determine the homotopy type of the connected components it therefore su�ces to study
the group of automorphisms Hom

∼=
J ((Y,w′), (Y,w′)). �is the subgroup of the homeomorphism

group Homeo(Y ) containing precisely those homeomorphism f : Y ∼= Y with w′ ◦ f = w′. If
(Y,w′) = (S1, 0), then this is exactly the group of self-homeomorphism of the circle, which is
homotopy equivalent to O(2). In the case where (Y,w′) 6∼= (S1, 0), we can �nd some y ∈ Y with
either w(y) 6= 0 or ν(y) 6= 2. Consider the group Homeo(Y, Yw ∪ Ysing) of homeomorphisms of
Y that send the subset Yw ∪Ysing to itself, possibly permuting it. �is contains the automorphism
group we are interested in as a union of connected components. Since Yw ∪ Ysing is non-empty,
the components of Homeo(Y, Yw ∪ Ysing) are all homeomorphic to

∏
i Homeo([0, 1] rel {0, 1}),

which is contractible.

171



9.1.1.2 Combinatorial graphs

We now give a combinatorial version of the notion of an (A,A1, α)-weighted graph. �is is based
on the notation of [CGP16, section 2.2] and recovers their de�nitions in the case of (N,N1, 1).

De�nition 9.1.7. A graph G is a �nite set X together with maps s : X → X and r : X → X such

that s◦s = idX , r◦r = r, and satisfying that for all x ∈ X we have s(x) = x if and only if r(x) = x.

�e set X decomposes as the disjoint union of the set of vertices VG := {x ∈ X | r(x) = x} and the

set of half-edges HG = {x ∈ X | r(x) 6= x}. �e map r sends a half-edge to its root and the map s

sends a half-edge to its partner half-edge; both send vertices to themselves. We de�ne the set of edges

as EG = {{h, s(h)} | h ∈ HG}.
A graph G is connected if the equivalence relation on X generated by x ∼ s(x) and x ∼ r(x)

has a single equivalence class. We de�ne the valence of a vertex v in a graph to be the number of

incident half-edges: val(v) := |r−1(v) \ {v}|.

Example 9.1.8. �e graph with one vertex and one loop can be de�ned in the above context as

X = {v, h, h′} with s(h) = h′, s(h′) = h, r(h) = r(h′) = v, s(v) = r(v) = v. �is has one vertex

v, two half-edges h and h′, and a single edge {h, h′}.

We can also consider combinatorial graphs weighted by some (A,A1, α). �e most important
weighting monoid is (N,N≥1, 1), and we will usually think about this case.

De�nition 9.1.9. An (A,A1, α)-weighted graph is a graphG together with a functionw : VG → A

such that for any vertex v ∈ VG of valence 1 we have w(v) ∈ A1 and for any vertex v′ ∈ VG of

valence 2 we have w(v′) 6= 0. We de�ne the genus of a connected weighted graph (G,w) to be

g(G,w) = (|EG| − |VG|+ 1) · α+
∑
v∈VG

w(v) ∈ A.

We de�ne the relevant notion of morphisms between weighted graphs:

De�nition 9.1.10. Let (G,w) = ((X, s, r), w) and (G′, w′) = ((X ′, s′, r′), w) be two (A,A1, α)-

weighted graphs. A morphism of (A,A1, α)-weighted graphs q : (G,w) → (G′, w′) is a map

q : X → X ′ satisfying q ◦ s = s′ ◦ q and q ◦ r = r′ ◦ q, such that for each half-edge h ∈ HG′ the

preimage q−1(h) consists of a single half-edge ofG and for each vertex v ∈ VG′ the preimage q−1(v)

is a connected subgraph of G with genus g(q−1(v), w|q−1) = w′(v).

We let J (A,A1,α) denote the category of those (A,A1, α)-weighted graphs that are connected and

have at least one edge, with morphisms de�ned as above. For any g ∈ A and we let J (A,A1,α)
g ⊂

J (A,A1,α) denote the full subcategory on the graphs of genus g. We will o�en suppress the weighting

monoid from the notation.
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Remark 9.1.11. In [CGP16, section 2.2] the authors de�ne a category called Jg , on which our def-

inition of the category J (A,A1,α)
g is based. Let us denote their category by JCGP

g for the purpose of

comparing it to ours. One key di�erence is that JCGP
g contains the graph •g with one vertex and no

edges. �is is a terminal object, which makes the classifying space BJCGP
g ' ∗ contractible. If we

remove this terminal object then JCGP
g \{•g} is equivalent to our J (N,N>0,1)

g . We will argue in remark

9.2.3 that our version of Jg still leads to the same tropical moduli space ∆g as theirs.

Remark 9.1.12. �e isomorphisms in this category J (A,A1,α) are exactly those q : (G,w) →
(G′, w′) where the map q : X → X ′ is a bijection. Moreover, if two graphs have di�erent genus, then

there are no morphisms between them and so we can split J (A,A1,α) as a disjoint union of categories

J (A,A1,α) =
∐
g∈A

J (A,A1,α)
g .

Remark 9.1.13. Note that for general weighting monoids (A,A1, α) the category J (A,A1,α) is not

as well-behaved as we would like. For example in the case of (Z,Z, 1)-weighted graphs we cannot

collapse an edge between two valence two vertices v, v′ ∈ VG if they are labelled by w(v) = k

and w(v′) = −k as the resulting vertex would be a valence 2 vertex with label 0. Similarly, we

cannot collapse an edge between two vertices u, u′ ∈ VG where u has valence 1, u′ has valence 3

and w(u) = 0 = w(u′). �e la�er example also works in the case of (0, 0, 0)-weighted graphs, that

is relevant for Csp = Csp(0, 0, 0). �is is why we have to impose the conditions in the following

lemma.

Lemma 9.1.14. Let (A,A1, α) be a weighting monoid where the only invertible element ofA is 0 and

0 6∈ A1. Let g ∈ A be some element that is neither 0 nor α. �en there is a functor of topologically

enriched categories: J (A,A1,α)
g → J

(A,A1,α)
g which is essentially surjective and an equivalence on

Hom-spaces.

Proof. For a topological graph (X,w) we de�ne its set of vertices as V(X,w) := Xw∪Xsing and, by
abuse of notation, let w : V(X,w) → A denote the restriction of w. Unless the topological graph is
(X,w) ∼= (S1, 0) this set of vertices is non-empty. Note that the case (S1, 0) will not come up in
what follows as it has total genus g(S1, 0) = α, which we excluded. �e set of half-edges H(X,w)

is de�ned as the set of maps h : [0, 1] → X such that h|(0,1) is an embedding and h−1(V(X,w)) =

{0, 1}, up to isotopies respecting these conditions. �e involution s : H(X,w) → H(X,w) is given
by [h] 7→ [h′] where h′(t) = h(1− t) and the root map r : H(X,w) → V(X,w) is [h] 7→ h(0).

We de�ne the functor F : J (A,A1,α)
g → J

(A,A1,α)
g on objects by sending (X,w) to the combi-

natorial graph (H(X,w)qV(X,w), s, r, w). To a morphism f : (X,w)→ (Y,w′) we assign the map
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F (f) : H(X,w) q V(X,w) → H(Y,w′) q V(Y,w′)

F (f)(v ∈ V(X,w)) = f(v) ∈ V(Y,w′), and

F (f)([h : [0, 1]→ X]) =

{
[f ◦ h] ∈ H(Y,w′) if (f ◦ h)|(0,1) injective
f(h(0)) ∈ V(Y,w′) if f ◦ h constant.

For this to be well-de�ned we need to check for each x ∈ V(X,w) = Xw ∪Xsing the image f(x)

lies in V(Y,w) = Yw ∪ Ysing.
Write y := f(x) and consider the preimage f−1(y) ⊂ X . If it consists of single point then f

is a homeomorphism near x and so x and y agree in valence and weight, which already implies
y ∈ Yw ∪ Ysing. We may therefore assume that f−1 is a subgraph of (X,w) that contains at least
one edge. If there is any x′ ∈ f−1(y) with w(x′) 6= 0, then w′(y) = w(x′) + . . . is non-zero
because we assumed that A does not have any invertible elements but 0. Similarly, if f−1(y) is
not contractible, then b1(f−1(y)) > 0 and w′(y) = b1(f−1(y)) · α+ . . . is non-zero because α is
not invertible. So it su�ces to consider the case where the subgraph f−1(y) ⊂ (X,w) has trivial
weight and is contractible. �is means that the subgraph is a �nite tree with at least one edge,
so it contains at least two leaves l, l′ ∈ ∂f−1(y) whose valence within f−1(y) is 1. But we have
already established that w(l) = 0 = w(l′), so l and l′ cannot be valence 1 or 2 in (X,w) as we
assumed 0 6∈ A1. Hence there are at least four edges of (X,w) that do not lie in f−1(y), but end
in l and l′. �is implies that y ∈ (Y,w′) has valence at least 4 and hence lies in Ysing.

To see that the functor F is essentially surjective we build, given a combinatorial graph (G =

(X, s, r), w), its geometric realisation as:

|G| := (X × [0, 1]) / ∼, where (x, 1− t) ∼ (s(x), t) and (x, 0) ∼ (r(x), t).

�e set of vertices includes into this as v 7→ [v, 0] = [v, t] for any t, and we can de�new : |G| → A

by extending it to 0 on edges. �e space |G| is a one-dimensional CW complex by construction and
it is �nite and connected becauseG is. Moreover, since vertices retain their valence and weight, all
valence 1 vertices are still labelled in A1 and hence (|G|, w) is an (A,A1, α)-weighted topological
graph. In fact, this construction de�nes a functor:

| | : J (A,A1,α)
g −→ J (A,A1,α)

g

and it follows by inspection that F ◦ | | is naturally isomorphic to the identity functor.
While the composite functor | | ◦ F is not on-the-nose isomorphic to the identity functor, it

is still isotopic to it in some sense. Concretely, we can pick isomorphisms α(X,w) : (X,w) ∼=
(|F (X,w)|, w). If we require them to be the identity on vertices and to preserve edges, then the
only choice we have is how to identify the edges relative to their boundary. �ere is no canonical
choice because the edges of (X,w) are not identi�ed with [0, 1], whereas the edges of |F (X,w)|
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are (modulo re�ection). However, any two choices are isotopic because Homeo([0, 1] rel {0, 1})
is contractible. From this one can show that, no ma�er which choice we make, α de�nes a natural
transformation from the identity to | | ◦ F as functors to the homotopy category hJ (A,A1,α)

g .
�erefore, J (A,A1,α)

g is equivalent to the homotopy category hJ (A,A1,α)
g .

To conclude the proof we show that J (A,A1,α)
g → hJ (A,A1,α)

g is an equivalence on Hom-
spaces. As noted before, our assumption that g 6= α implies that none of the graphs involved are
isomorphic to (S1, 0). Hence it follows from lemma 9.1.6 that the components of the Hom-spaces
in J (A,A1,α)

g are contractible, which is what we claimed.

9.1.2 From factorisations to graphs

�e purpose of this section is to prove theorem 9.1.2, i.e. to show that there is an equivalence
on classifying spaces between the category of factorisation F(Csp(A,A1, α)) and the category of
graphsJ (A,A1,α). We �x the weighting monoid (A,A1, α) throughout and suppress it in notation.
�e equivalence we will construct does not come from a functor in either direction. Rather, we
de�ne a third category

∫
J Sub′ where objects are topological graphs (X,w) together with an

“admissible” subset U ⊂ X and an ordering on ∂U . �ere are two functors:

J ←−
∫
J

Sub′
S−−→ F

�e one to the le� simply forgets the subset U , and the one to the right takes (X,w,U) and thinks
of it as a factorisationX = U ∪∂U (X \U◦). We will show that both functors induce equivalences
on classifying spaces.

De�nition 9.1.15. A subset U ⊂ X of a weighted topological graph (X,w) is called admissible if

• U is closed and has �nitely many components,

• U is neither empty nor all of X ,

• if x ∈ U ∩ (Xw ∪Xsing) then U is a neighbourhood of x.

A boundary ordering forU is an injectionα : {1, . . . , u} → X for someu ∈ N such thatα({1, . . . , u}) =

∂U .

We let Sub(X,w) be the poset where objects are admissible subset U ⊂ X and morphisms are

U ≤ V if U ⊂ V . Similarly, we let Sub′(X,w) be the poset where objects are tuples (U,α) of an

admissible subset with boundary ordering α and morphisms are (U,α) ≤ (V, β) if U ⊂ V .

We topologise Sub′(X,w) with the subspace topology under the inclusion

Sub′(X,w) ↪→
∐
u≥2

Mapinj({1, . . . , u}, X \ (Xw ∪Xsing))×Map(Xw ∪Xsing, {⊥,>})
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that sends (U,α) to (α, χ) where (χ(x) = >) ⇔ (x ∈ U). �is inclusion in fact identi�es

Sub′(X,w) with a union of certain connected components of the space on the right. We topologise

Sub(X,w) with the quotient topology under the map Sub′(X,w) → Sub(X,w) that forgets the

boundary ordering.

Both Sub and Sub′ de�ne functors Sub, Sub′ : J op → TopCat

Sub(f)(U) := f−1(U) and Sub′(f)(U,α) := (f−1(U), f−1 ◦ α)

to the category of topological categories.

Remark 9.1.16. Let us brie�y recall the Grothendieck construction, in the example of Sub′. An

object of
∫
J Sub′ is a tuple of an object (X,w) ∈ J and an object (U,α) ∈ Sub′(X,w). It is

important to keep in mind that the space of objects of
∫
J Sub′ is no longer discrete, even though it

was for J . A morphism ((X,w), (U,α)) → ((Y,w′), (V, β)) is a morphism f : (X,w) → (Y,w′)

together with a morphism (U,α)→ Sub′(f)(V, β). Since Sub′ is a poset we can can simply say that

a morphism ((X,w), (U,α)) → ((Y,w′), (V, β)) is a morphism f : (X,w) → (Y,w′) such that

U ⊂ f−1(V ), or equivalently such that f(U) ⊂ V . See the le�-hand side of �gure 9.1 for an example

of such a morphism.

De�nition 9.1.17. We de�ne a functor S :
∫
J Sub′ → F by sending (X,w,U, α) to the factorisa-

tion

S((X,w), (U,α)) :=
(
∅ → [π0(U), wU ]

α←− {1, . . . , u} α−→ [π0(X \ U◦), wX\U ]← ∅
)

Here the weightswU : π0(U)→ A andwX\U : π0(X\U◦)→ A are de�ned by sending a component

to its total genus.

To a morphism f : (X,w)→ (Y,w′) with f(U) ⊂ V we assign the cospan

S(f) =

(
{1, . . . , u} α−→ [π0(f−1(V ) \ U◦), wV,U ]

f−1◦β←−−−− {1, . . . , v}
)

where wV,U sends each component of V \ f(U)◦ to its total genus. See �gure 9.1 for an illustration of

how this functor is applied to two objects and a morphism.

Lemma9.1.18. �e construction described above indeed describes a continuous functorS :
∫
J Sub′ →

F .

Proof. We begin by noting that S is continuous on objects and morphisms. Indeed, the object
S((X,w), (U,α)) ∈ F does not change as we continuously vary the admissible subset U ⊂ X .
(�is is the reason why we need the boundary orderingα and cannot take ∂U instead of {1, . . . , u}:
it would not be continuous.) Similarly, if we continuously vary a morphisms f : (X,w)→ (Y, u)
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1

U ∈ Sub′(X)

V ∈ Sub′(Y )

U ⊂ f−1(V )

π0(U)← ∂U → π0(X \ U◦)

π0(V )← ∂V → π0(Y \ V ◦)

∂U → π0(f−1(V ) \ U◦)← ∂V

Figure 9.1: �e functor S evaluated on a morphism f : (X,U) → (Y, V ). �e identi�cations
∂U ∼= {1, 2, 3, 4} and ∂V ∼= {1, 2, 3, 4} are le� implicit.

and an admissible subset (U,α) ∈ Sub′(Y, u), the space V \f−1(U◦) does not change up to label-
preserving homotopy equivalence and hence the resulting cospan S(f) remains the same. (If we
moreover required that V is a neighbourhood of f(U), then V \ f(U)◦ would even remain the
same up to homeomorphism. We do not do this as it would remove the identity morphisms from
Sub′(X,w).)

It remains to check that S is functorial. Consider two morphisms f : (X,w) → (Y,w′),
h : (Y,w′) → (Z,w′′) and admissible opens (U,α) ∈ Sub′(X,w), (V, β) ∈ Sub′(Y,w′), and
(W,γ) ∈ Sub′(Z,w′′) such that U ⊂ f−1(V ) and V ⊂ h−1(W ). We would like to show that the
weighted cospan S(h ◦ f) agrees with the composite S(f)∪{1,...,v} S(h). On underlying sets one
can describe this pushout as:

π0(f−1(V ) \ U◦) ∪{1,...,v} π0(h−1(W ) \ V ◦) ∼= π0(f−1(V ) \ U◦) ∪∂V π0((h ◦ f)−1(W ) \ h−1(V ◦))

∼= π0((h ◦ f)−1(W ) \ U◦)

To conclude S(f)∪{1,...,v} S(h) = S(h ◦ f) we need to check that both sides are weighted in A in
the same way. To show this let C ⊂ (h ◦ f)−1(W ) \ U◦ some component. As a point in S(h ◦ f)

this is labelled by its total genus. We have a decomposition of C into C0 = C ∩ (f−1(V ) \ U◦)
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and C1 = C ∩ ((h ◦ f)−1(W ) \ f−1(V )◦). �e total genus of each component of C1 agrees with
that of the relevant component in f(C1), which is a union of components of h−1(W ) \ V ◦. One
can express the total genus of C in terms of the genus of the components of C0 and C1 as follows:

g(C) =
∑
x∈C

w(x) + α · b1(C) =
∑
x∈C0

w(x) +
∑
y∈C1

w(y) + α · b1(C)

�e �rst Be�i number of C can be wri�en as:

b1(C) =
∑

[x]∈π0(C0)

b1([x]) +
∑

[y]∈π0(C1)

b1([y]) + (|C0 ∩ C1|+ 1− |π0(C0)q π0(C1)|).

(�is follows from χ(C) = χ(C0) + χ(C1)− χ(C0 ∩ C1).) From this it follows that:

g(C) =
∑

[x]∈π0(C0)

g([x]) +
∑

[y]∈π0(C1)

g([y]) + (|∂V ∩ C|+ 1− |π0(C0)q π0(C1)|.

�is is the same formula as in de�nition 8.1.13 where we de�ned the weighting for composite
cospans. Hence S(g ◦ f) indeed agrees with S(f) ∪{1,...,v} S(g) as a weighted cospan.

Proposition 9.1.19. Let F ′ ⊂ F be the full subcategory on all those (M, [∅ → W ← M ], [M →
W ′ ← ∅]) where M = {1, . . . , u} for some u ∈ N. For all n the map

B

∫
J
NnSub′

Sn−−→ NnF ′ ⊂ NnF

is a homotopy equivalence.

Proof. Let Cn :=
∫
J NnSub′ be the topological category de�ned as the Grothendieck construc-

tion. An object in this category is a topological graph (X,w) together with a �ltration (U0 ⊂
· · · ⊂ Un ⊂ X) by admissible subsets and bijections αi : ∂Ui ∼= {1, . . . , ui}. A morphism
(X,w,U•, α•)→ (Y,w′, V•, β•) is a morphism f : (X,w)→ (Y,w′) in J with f−1(Vi) = Ui for
all i and such that αi ◦ f|∂Ui = βi.

Let us call a �ltration (U•, α•) on (X,w) maximal if every edge of (X,w) intersects
∐n
i=0 ∂Ui.

Let Mn ⊂ Cn be the full subcategory on these objects. Note the objects of Mn are a union of
connected components in the space of objects of Cn.

Claim 1: �e inclusion BMn → BCn is a homotopy equivalence.
Consider the topological functor Q : Cn → Cn that sends (X,w,U•, α•) to the quotient

(X/∼, w
′, (U•)/∼, α•) where we collapse all edges that do not intersect

∐n
i=0 ∂Ui. Since each of the

collapsed edges was either contained entirely in Ui or its complement, the quotient (Ui)/∼ ⊂ X/∼

is still an admissible subset. By construction the functor Q lands in the subcategoryMn ⊂ Cn.
Since we constructed Q by collapsing edges there is a natural transformation η : IdCn ⇒ Q de-
�ned by the projections (X,w)→ (X/∼, w

′). �is natural transformation continuous, in fact the
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morphism does not change as we continuously vary the �ltration. On classifying spaces Q is a
map BQ : BCn → BMn and η is a homotopy between idBCn and BQ postcomposed with the
inclusion BI . Moreover, η restricts to an isomorphism between IdMn and Q|Mn

, which yields a
homotopy between BI ◦BQ and idBMn . �is shows that BCn and BMn are homotopy equiva-
lent.

Claim 2:Mn is a topological groupoid.
By lemma 9.1.6 any morphism f : (X,w)→ (Y,w′) inJ can be factored as (X,w)→ (X/∼f

, wf )→ (Y,w′) where the �rst map collapses some edges and the second map is an isomorphism.
If f collapses some edge e : [0, 1]→ X and (V•, β•) some �ltration on (Y,w′), then e([0, 1]) never
intersects ∂f−1(Vi), and hence f−1(V•) is not maximal. �erefore any morphism between objects
inMn is necessarily invertible.

Claim 3: �e components of BMn are contractible.
We begin by showing thatMn is a �brant topological category in the sense that the source

and target map (s, t) : Mor(Mn)→ Obj(Mn)2 is a Serre �bration. �e space of morphisms is by
de�nition the space of morphisms f : (X,w) → (Y,w′) together with a �ltration (V•, β•) on Y .
�e target map projects this to (Y,w′, V•, β•) and the source map to (X,w, f−1(U•), (f

−1 ◦ β•)).
We can �x (X,w) and (Y,w′) as J has a discrete space of objects. So we need to show that
sending (f, (V•, β•)) to ((f−1(V•), f

−1 ◦ β•), (V•, β•)) is a Serre �bration. Moreover, since Vi is,
up to passing to complements, uniquely determined by βi : {1, . . . , vi} ↪→ Y \ (Yw ∪Ysing), it will
su�ce to show that (f, β•) 7→ (f−1 ◦ β•, β•) is a Serre �bration. �is follows from the fact that
inverting and evaluating a homeomorphism f on a �nite subset A ⊂ Y \ (Yw ∪ Ysing) induces a
Serre �bration Homeo(Y rel (Yw ∪ Ysing))→ Emb(A, Y \ (Yw ∪ Ysing)).

SinceMn is �brant the base-change theorem [ERW19a, �eorem 5.1] (or equivalently theorem
8.2.16) implies that the inclusion of a skeletonMsk

n ⊂Mn induces an equivalence on classifying
spaces. �erefore, the components of BMn are equivalent to BAutMn(X,w,U•, α•). Such an
automorphism is a homeomorphism f : X ∼= X that respects the weight, the Ui and satis�es
f ◦ αi = αi. �e la�er means that it has to �x all elements in the image of the αi. Since the
�ltration is maximal each edge contains such an element and hence f has to preserve each edge
as a set. In fact, it also has to preserve the orientation of the edge as either it contains two points
of some ∂Ui or one end lies in Ui and the other does not. �is implies that f has to �x all points in
Xw ∪Xsing. In summary, this group is exactly the group of homeomorphism that �x all vertices
and all elements of ∂Ui. �erefore, the group is equivalent to a product

∏
j Homeo∂([0, 1]), which

is contractible.

Claim 4: Sn induces a bijection between the isomorphism classes ofMn and the n-simplices of
N•F ′.
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Given an n-simplex in N•F ′ we will construct a preimage under Sn. Such an n-simplex can
be thought of as an (n+ 2)-simplex in N•Csp(A,A1, α). Using the notation from section 8.3 we
write this as W : [n+ 2]→ Csp(A,A1, α) where:

(∅ = W (0)→Wπ(0 ≤ 1)←W (1)→ · · · ←W (n+1)→Wπ(n+1 ≤ n+2)←W (n+2) = ∅).

Moreover, we have thatW (i) = {1, . . . , ui−1} for all i = 1, . . . , n+ 1. Each of theW (i ≤ i+ 1) :

W (i)→W (i+ 1) is a cospan of �nite sets W (i)→Wπ(i ≤ i+ 1)←W (i+ 1) together with a
labeling oi : Wπ(i ≤ i+ 1)→ A.

As discussed in de�nition 8.3.7 we can construct a representing space |W | with a map pr :

|W | → [0, n+ 3] and a labeling o : |W |0 = pr−1({1, . . . , n+ 1})→ A coming from the oi. Since
for the simplex at hand W (0) = ∅ = W (n+ 2) are both empty the space |W | will come with two
discrete points ⊥,> ∈ |W |. Let us remove these and denote the result by |W |′ := |W | \ {⊥,>}.
By construction |W |′ is a 1-dimensional CW complex and since W (0 ≤ n + 2) is a connected
morphism |W |′ is a connected space. Hence (|W |′, o) is a well-de�ned object of J . Moreover,
we have a �ltration on |W |′ de�ned by Ui := pr−1((0, i + 1)) and a bijection αi : {1, . . . , ui} ∼=
W (i+ 1) ∼= ∂Ui. �e tuple ((|W |′, o), (U•, α•)) hence de�nes an object inMn.

One can now verify that for W = Sn((X,w), (V•, β•)) the resulting ((|W |′, o), (U•, α•)) is
isomorphic to ((X,w), (V•, β•)), and conversely, Sn((|W |′, o), (U•, α•)) always recoversW . �is
shows thatSn indeed induces a bijection between the isomorphism classes ofMn and the elements
of NnF .

Conclusion:

By claim 2 Mn is a groupoid and since isotopic objects are isomorphic in this topological
groupoid, π0BMn is the set of isomorphism classes of objects inMn. By claim 4 the functor Sn
hence induces a bijection π0BMn

∼= NnF ′. By claim 1 and 3 the maps π0BMn ← BMn → BCn
are homotopy equivalences, and hence BSn : BCn → NnF ′ is indeed an equivalence.

Assuming the contractibility ofBSub′(X,w), which we prove in the next section, we can now
show that both functors J ←

∫
J Sub′ → F are equivalence on classifying spaces.

Proof of theorem 9.1.2. �omason showed that the classifying space of a Grothedieck construc-
tion

∫
I F is equivalent to the homotopy colimit of the classifying space BF (i), see [�o79].

While �omason only considered discrete categories, the analogous statement is true for topo-
logically enriched categories, see [Rap14, Proposition 2.1.1]. By corollary 9.1.23 the classifying
space BSub′(G,w) is contractible for all (G,w) ∈ J . �erefore if we replace Sub′(G,w) by the
trivial category ∗, then this induces an equivalence on the homotopy colimits:

B

∫
J

Sub′ ' hocolim
(G,w)∈J op

BSub′(G,w)
'−−→ hocolim

(G,w)∈J op
∗ ' B

∫
J
∗ ∼= BJ .
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�is shows that the le�-wards functor J ←
∫
J Sub′ is an equivalence on classifying spaces.

For the other functor we note that, because geometric realisation commutes with homotopy
colimits, we may also compute the classifying space of the Grothendieck construction as:∣∣∣∣B ∫

J
N•Sub′

∣∣∣∣ ' ∣∣∣∣ hocolim
(X,w)∈J op

N•Sub′(X,w)

∣∣∣∣ ' hocolim
(X,w)∈J op

BSub′(X,w) ' B
(∫
J

Sub′
)

We have shown in proposition 9.1.19 that for all n the map

Sn : B

(∫
J
NnSub′

)
−→ NnF ′

is an equivalence. Hence, a�er passing to geometric realisations, we see that BS : B
∫
J Sub′ →

BF ′ is an equivalence. Moreover BF ′ ' BF since F ′ is a full subcategory that contains at least
one object per isomorphism class.

9.1.3 Height functions for graphs

In this section show that, in some sense, the choice of a �ltration on a graph is a contractible
choice. Concretely, we will show in proposition 9.1.22 that B(Sub(X,w)) is contractible for any
topological graph (X,w). To prove this we �rst introduce height functions h : X → R and then
we obtain �ltrations as preimages of (∞, t] for regular values t.

For the purpose of this section we will assume that all topological graphs (X,w) come with a
metric d. In particular this induces the structure of a Riemannian 1-manifold on X \Xsing.

De�nition 9.1.20. A height function for a graph (X,w, d) is continuous map h : X → R such

that h|X\Xsing
is smooth. Let C∞(X) denote the vector space of height functions on a graph G. We

topologise this as a subvector space of C∞(X \Xsing,R) equipped with the Whitney C∞-topology.

Given a graph (X,w, d) with height-function h : X → R we say that t ∈ R is a regular value
for h if for any vertex v ∈ (Xw∪Xsing) we have that h(v) 6= t and if t is a regular value of h|X\Xsing

.

In order to use the height-function to cutG non-trivially we need to require the height-function
to not be constant. Homotopically, this is not a problem because of the following fact:

Fact 9.1.21 ([BP75, �eorem VI.5.2, Corollary V.6.2, and �eorem V.6.3]). If V is an in�nite-

dimensional Frechét space and U ⊂ V is a �nite-dimensional subspace, then the complement V \ U
is contractible.

Proposition 9.1.22. For any (X,w) ∈ J the classifying space of the topological poset Sub(X,w)

is contractible.
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Figure 9.2: A �ltration induced by a height function h : G→ R and regular values t0 ≤ t1.

Proof. Fix (X,w) and pick some metric d. Consider the topological poset P where an object is a
tuple (h, t) ∈ C∞(X)×R such that t is a regular value for h and t ∈ h(X). We de�ne the relation
of P to be (h, t) ≤ (h′, t′) whenever h = h′ and t ≤ t′. �e nerve N•P admits an augmentation
where we letN−1P ⊂ C∞(X) be the subspace of functions h such that there exists a regular value
t ∈ R with t ∈ h(X).

�e augmented (semi-)simplicial space N•P is a topological �ag complex in the sense of
[GRW14, De�nition 6.1]. Moreover, P ⊂ C∞(X) × R is open, and therefore [GRW14, �eo-
rem 6.2] tells us that the augmentation map BP → N−1P is a weak equivalence. (See lemma
6.2.9 for a formulation of the special case we are using.)

By de�nition N−1P ⊂ C∞(X) is the space of those height functions h that admit a regular
value t that lies in the image of h. By Sard’s theorem the set of regular values of a given h : X → R
is open and dense in R. �erefore we can always �nd such a regular value, unless the function
h is constant. �is means that N−1P is the complement C∞(X) \ R of the one-dimensional
subspace of constant functions. By fact 9.1.21 this space is contractible and so we conclude that
BP ' N−1P ' ∗ is contractible.

To complete the proof we will construct a level-wise equivalence betweenN•P andN•Sub(X,w).
Consider the mapP : P → Sub(X,w) de�ned by sending (h, t) to the preimageU := h−1(−∞, t]
as illustrated in �gure 9.2. �is subset is always admissible because t is regular. It follows from
inspection that this map is continuous and it preserves the relation as h−1(−∞, t] ⊂ h−1(−∞, t′]
when t ≤ t′. We therefore get a well-de�ned map of simplicial spaces P• : N•P → N•Sub(X,w).

Fix somen. We would like to show thatPn is an equivalence. Consider the subspaceNnSub(X,w)< ⊂
NnSub(X,w) that only contains those �ltrations U0 ⊂ · · · ⊂ Un where ∂Ui is disjoint from Ui−1

for all i. Similarly let NnP< ⊂ NnP be the subspace of those tuples (h, t•) where ti−1 < ti for
all i. In both cases the inclusion of this subspace is a homotopy equivalence. We will construct a
map q : NnSub(X,w)< → NnP< that is homotopy inverse to the restriction of Pn to NnP<.
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Fix some smooth function σ : R→ R satisfying σ(x) = 0 for x ≤ 0, σ(x) = 1 for x ≥ 1, and
σ′(x) > 0 for x ∈ (0, 1). Given some length (n + 1)-�ltration U0 ⊂ · · · ⊂ Un ⊂ X we de�ne a
height function hU• : X → R as follows:

hU•(x) =


−σ(d(x, ∂U0)) if x ∈ U0

i+ σ( d(x,∂Ui)
d(x,∂Ui+1)+d(x,∂Ui)

) if x ∈ Ui+1 \ U◦i
n+ σ(d(x, ∂Un)) if x ∈ |G| \ U◦n

One checks that h is indeed a smooth function with image in [−1, n + 1] and that h depends
smoothly on the �ltration U• ∈ NnSub(X,w)<. Any i = 0, . . . , n is a regular value of h and we
have that h−1

U•
(−∞, i] = Ui by construction. We de�ne q : NnSub(X,w)< → NnP< by sending

U• to (hU• , t•) with ti := i. By construction Pn ◦ q is the identity on NnSub(X,w)<, so q is a
section of (Pn)|NnP< . To construct a homotopy between q ◦ (Pn)|NnP< and the identity note that
given (h, t•) and (h′, t′•) ∈ NnP that induce the same �ltration the function (1 − λ)h + λh′ is a
height function with regular values (1− λ)t• + λt′• a for any λ ∈ [0, 1]. We can therefore simply
write down an a�ne linear homotopy between q ◦ Pn and idNnP .

�is completes the proof that P : N•P → N•Sub(X,w) is a level-wise weak equivalence.
A�er taking geometric realisations have weak equivalences

BSub(X,w) ' BP ' N−1P ' ∗.

Corollary 9.1.23. For any topological graph (X,w) the classifying space BSub′(X,w) is con-

tractible.

Proof. �is will from the above together with the base-change theorem 8.2.16 if we can show that
N•Sub′(X,w)→ N•Sub(X,w) is a base-change. �is map is clearly surjective on 0-simplices so
we need to check that the following diagram is a homotopy pullback square:

NnSub′(X,w) (N0Sub′(X,w))n+1

NnSub(X,w) (N0Sub(X,w))n+1.

�e map Sub′(X,w) → Sub(X,w) is a covering and the �ber at some U ∈ Sub(X,w) is the
discrete set of bijections {1, . . . , u} ∼= ∂U . (�is covering is actually trivial unless (X,w) =

(S1, 0).) Hence (Sub′(X,w))n+1 → (Sub(X,w))n+1 is a covering and the �ber is the set of
(n + 1)-tuples of bijections αi : {1, . . . , ui} ∼= ∂Ui. Similar to the above NnSub′(X,w) →
NnSub(X,w) is a covering with �ber the set of (n+ 1)-tuples of bijection αi. Since both vertical
maps are coverings and their �bers agree it follows that the square is indeed a homotopy pullback
square.
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9.2 Comparison to ∆g

In this section we relate the category Jg = J
(N,N≥1,1)
g whose classifying space is equivalent to

BFg(Cobχ≤0
2 ) to the tropical moduli space ∆g . We will argue thatBJg should be thought of as the

homotopy type of the moduli stack of tropical curves – a version of ∆g that “keeps track of �nite
automorphisms”. Indeed, there is a zig-zag BJg ← BT → ∆g such that the le�-hand map is an
equivalence and such that the �ber of the right-hand map at some tropical curve [Γ, w, d] ∈ ∆g is a
K(π, 1) for π = Aut(Γ, w, d) the (�nite) isometry group of (Γ, w, d). Together with a computation
showing π1(BJg) ∼= ∗ this will imply the following theorem:

�eorem 9.2.1. For g ≥ 2 BJg is simply connected and there is a rational equivalence BJg → ∆g .

We begin by recalling the de�nition of ∆g as a colimit indexed by Jg following [CGP16]

De�nition 9.2.2. Consider the functor ∆E : Jop → Top that sends (G,w) to the space

∆EG = {d : EG → [0, 1] |
∑
e∈EG

d(e) = 1}.

We de�ne ∆ as the colimit colim(G,w)∈Jop ∆E(G,w). We let ∆g ⊂ ∆ be the connected component

de�ned by taking the colimit only over Jg ⊂ J .

Remark 9.2.3. In [CGP16] the authors �rst de�ne a moduli space M trop
g as the colimit over the

functor σ : JCGP
g → Top de�ned by sending G to σ(G) = REG≥0 = {l : EG → R≥0}. �is colimit

has a natural map to R≥0 de�ned by taking the sum of all edge-lengths: this is the volume of the

tropical curve. �e moduli space ∆g is then de�ned subspace of M trop
g containing the tropical curves

of volume 1. �is is canonically homeomorphic to our de�nition via:

∆g
[CGP16]

= {1} ×R≥0

(
colimG∈JCGP

g
REG≥0

)
∼= colimG∈JCGP

g

(
{1} ×R≥0

REG≥0

)
∼= colimG∈JCGP

g
∆EG ∼= colimG∈Jg ∆EG .

Here the last homeomorphism uses that Jg ' JCGP
g \ {•g} (see remark 9.1.11) and ∆E(•g) = ∅.

De�nition 9.2.4. Let T be the topological category obtained as the Grothendieck construction
∫
J ∆E .

�is comes with canonical functors:

J ← T =

∫
J

∆E −→ colim(G,w)∈J ∆EG .

Note that because each ∆EG is contractible the le�wards functor T → J is a level-wise equiv-
alence on nerves and hence BT ' BJ via this map. Since the Grothendieck-construction is a
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model for the homotopy colimit the rightwards functor can be understood as the comparison map
between homotopy colimit and ordinary colimit:

BT = hocolim
(G,w)∈J

∆EG −→ colim(G,w)∈J ∆EG =
∐
g≥2

∆g

�e rest of the section will be concerned with showing that this map is a rational equvialence.
�e key-idea is that the automorphism group of any object in J is �nite. To do so we will use the
following consequence of the Vietoris-Begle theorem:

Lemma 9.2.5. Let (r : X• → X−1) be an augmented simplicial space such that each Xn is a �nite

CW complex. Assume further that for each x ∈ X−1 the �ber Y• := r−1(x) has trivial rational

homology H∗(‖Y•‖;Q) = 0. �en the augmentation ‖X•‖ → X−1 is an isomorphism in rational

homology.

Proof. For someN � 0 consider theN -skeletonX(N)
• ⊂ X•. �en |X(N)| is a compact Hausdor�

space and |X(N)| → |X| isN -connected. �e �ber of the augmentation |X(N)| → X−1 at some x
is the N -skeleton |Y (N)|, which has trivial rational homology H∗(|Y (N)|;Q) for ∗ < N . We may
therefore apply the Vietoris-Begle theorem to the restricted map r : |X(N)| → X−1 and conclude
that it is an isomorphism on rational homology in degrees ∗ < N . �is implies r : |X•| → X−1 is
a rational homology isomorphism in this range. Since N was arbitrary the claim follows.

Lemma 9.2.6. �e canonical map BT →
∐
g≥2 ∆g is an isomorphism in rational homology.

Proof. For the purpose of this proof let us assume that have replaced the category J by a skeleton
so that each of the Jg is �nite. �is implies that the space NnTg is a �nite CW-complex for all n
and g. We may therefore apply our variant of the Vietoris-Begle theorem 9.2.5 to the augmented
simplicial space (N•Tg → ∆g).

An element in the colimit ∆g is represented by a triple (G,w, d) where (G,w) ∈ Jg and
d ∈ ∆EG is a metric on (G,w). By collapsing those edges with de = 0 we can always �nd a
representative where every edge has non-zero length. To apply the Vietoris-Begle theorem we
need to consider the �bers r−1([G,w, d]) of r : BTg → ∆g at one of these points. �is �ber
can be wri�en as the classifying space of the full subcategory C ⊂ T =

∫
J ∆E on those objects

(G′, w′, d′) such that (G′, w′, d′) is isomorphic to (G,w, d) as a metric weighted graph. Let C0 ⊂ C
denote the full subcategory on those (G′, w′, d′) where we also require that all edges e ∈ EG′ has
non-zero length d′e > 0. �e inclusion of this subcategory has a le�-adjoint C → C0 given by
sending a graph to the quotient where we collapse all the edges of length 0. A�er taking classifying
spaces an adjunction becomes a homotopy equivalence and so BC0 ' BC. Now note that C0

is in fact a connected groupoid, and so BC0 is equivalent to BAutC(G
′, w′, d′) for any object

185



(G′, w′, d′). �e automorphism group AutC(G
′, w′, d′) is always �nite and so its classifying space

has trivial rational homology. In summary we have shown that:

H∗(r
−1([G,w, d]);Q) ∼= H∗(BC;Q) ∼= H∗(BAutC(G

′, w′, d′);Q) ∼= 0.

�e claim now follows from lemma 9.2.5.

Now that we know that the map BTg → ∆g is an isomorphism in rational homology we only
need to understand the fundamental group on both sides in order to show that it is a rational
equivalence. In fact, we can already conclude that the suspended map SBTg → S∆g is a rational
equivalence, which would be su�cent for proving theorem K. However, we still include a compar-
ison of fundamental groups as it might be of independent interest. For the more complicated case
of the tropical moduli space this was computed in [ACP19].

�eorem 9.2.7 ([ACP19, �eorem 1.1]). For any g ≥ 2 the space ∆g is simply connected.

We are now le� with showing the analogous result for Jg , which is elementary but tedious.

Proposition 9.2.8. For any g ≥ 2 the space BJg is simply connected.

Proof. We will show that the groupoid Gg obtained from Jg by formally inverting all morphisms
is contractible. Let F : Jg → Gg be the canonical quotient map. It is a bijection on objects and
has the property that every morphisms in Gg can be wri�en as the composite of morphisms of the
form F (f) and F (g)−1.

Claim 1: Any two parallel morphisms f, g : (G,w) → (G′, w′) where |G′| 6' ∗ are identi�ed by
F .

We begin by showing that several morphisms in Jg are identi�ed by F . Let ∈ Jg denote
the weighted graph with one vertex v0 of weight g − 1 and two half-edges h0 and h′0. For any
(G,w) ∈ Jg and non-separating half-edge h ∈ HG there is a unique morphism qG,h : (G,w)→
that sends h to h0. If p : (G,w) → (G′, w′) is any other morphism in Jg and h′ ∈ HG′ is a half-
edge with preimage h ∈ HG, then qG′,h′ ◦ p = qG,h.

Next, we let ∈ Jg be the weighted graph that has one vertex v0 of weight g − 2 and four
half-edges {h1, h

′
1, h2, h

′
2} such that s(hi) = h′i. �is has an automorphism σ1 : → that

�ips the �rst loop, i.e. it �xes h2 and h′2 and swaps h1 with h′1. We let σ : → denote the
analogous automorphism that �ips the loop in . It follows that

q ,h2 ◦ σ1 = q ,h2 and q ,h1 ◦ σ1 = q ,h′1
= σ ◦ q ,h1 .

A�er mapping to the groupoid Gg with F it follows from the �rst equation that F (σ1) = idF ( )

and from the second equation that F (σ) = idF ( ). For any other (G,w) ∈ Jg and half-edge
h ∈ HG we have σ ◦ qG,h = qG,s(h) so in Gg this means F (qG,h) = F (qG,h′).
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Next, consider the graph ∈ Jg that has two vertices v0 and v1 where v0 has weight g − 2

and v1 has weight 0. �is has three edges {hi, h′i}3i=1 where we set r(hi) = v0 and r(h′i) = v1.
�e symmetric group on three elements acts on this by permuting the three edges. Write ρ(1,2) :

→ for the automorphism that swaps h1 and h2. �en we have:

q ,h3
◦ ρ(1,2) = q ,h3

and q ,h1
◦ ρ(1,2) = q ,h2

�e �rst equation implies F (ρ(1,2)) = idF ( ) and the second equation implies F (q ,h1
) =

F (q ,h2
). �ere also is a quotient map p : → that collapses {h3, h

′
3} and satis�es p(hi) = hi

for i = 1, 2. We can write q ,hi = q ,hi ◦ p for i = 1, 2 and so we can conclude that
F (q ,h1) = F (q ,h2). In summary we have shown that all morphisms → become identi-
�ed by F : Jg → Gg .

Let now (G,w) ∈ Jg be any object with more than one edge. �en for any two half-edges
h1, h2 ∈ (G,w) that belong to di�erent edges and such that |G| \ {h1, h2} is connected, there
is a morphism rG,h1,h2 : (G,w) → such that qG,hi = q ,hi ◦ rG,h1,h2 . Together with our
previous observation that F (q ,h1) = F (q ,h2) this implies that F (qG,h1) = F (qG,h2). If the
graph (G,w) has the property that |G| has at least two loops, then this implies that all morphisms
(G,w)→ are identi�ed by F . To see this, note that for any two non-separating edges h1 and h2

either the tuple (h1, h2) is non-separating, or we can pick another non-separating edge h3 such
that both tuples (h1, h3) and (h3, h2) are non-separating and we have F (qG,h1) = F (qG,h3) =

F (qG,h2).
We have so far shown claim 1 for the case that b1(|G|) ≥ 2 and (G′, w′) = . Let us now

consider the general case of two morphisms f, g : (G,w) → (G′, w′) as in claim 1. Since |G′| is
not contractible we may pick a morphism q : (G′, w′)→ . Further, we can also �nd a morphism
p : (G′′, w′′)→ (G,w) where b1(|G′′|) ≥ 2. Namely, if b1(|G|) ≥ 2 we can take p = id(G,w), and
otherwise there is at least one vertex v0 of weight ≥ 1, as we have genus g ≥ 2. In the la�er case
we let p : (G′′, w′′)→ (G,w) be the morphism where the preimage of v0 is v with one less weight
and a loop {h, h′} at v. �e graph G′′ has one more loop than G, which already has to have one
loop. So claim 1 applies to the morphisms q ◦ f ◦ p, q ◦ g ◦ p : (G′′, w′′)→ :

F (q) ◦ F (f) ◦ F (q) = F (q ◦ f ◦ p) = F (q ◦ g ◦ p) = F (q) ◦ F (g) ◦ F (q)

Since Gg is a groupoid we can cancel F (p) and F (q) on both sides to conclude F (f) = F (g) as
claimed.

Claim 2: Any morphism F ( )→ F ( ) in Gg can be wri�en as F (gn) ◦ F (fn)−1 ◦ · · · ◦ F (g1) ◦
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F (f1)−1 where the fi and gi are morphisms:

(Γ1, u1) . . . (Γn, un)

= (G0, w0) (G1, w1) . . . (Gn−1, wn−1) (Gn, wn) =

f1 g1 fn gn

Moreover, these graphs can be chosen such that each Gi has exactly one edge and each Γi has at
most two edges.

It follows from the de�nition of Gg that every morphism in it can be wri�en in the formF (gn)◦
F (fn)−1 ◦ · · · ◦ F (g1) ◦ F (f1)−1 for some morphisms fi and gi. We need to show that this
presentation can be simpli�ed so that the Gi and Γj are of the required form.

For each Gi that has more than one edge we can pick some edge e ∈ Gi and collapse all other
edges. �is de�nes a quotient map q : (Gi, wi)→ (G′, w′) to a graph G′ with only one edge. �is
graph G′ now has to either be where the vertex is labelled by g − 1 or it is a g−a for some
1 ≤ a ≤ g − 1. We may now replace (Gi, wi) by (G′, w′) in the zig-zag and set g′i := q ◦ gi and
f ′i+1 := q ◦ fi+1. �is still represents the same morphism since

F (f ′i+1)−1 ◦ F (g′i) = F (fi+1)−1 ◦ F (q)−1 ◦ F (q) ◦ F (gi) = F (fi+1)−1 ◦ F (gi).

A similar strategy can be used to bring the Γi in the desired form. Since we may now assume
that both (Gi−1, wi−1) and (Gi, wi) only have one edge, there are now at most two edges in Γi

that are not collapsed by both fi and gi. Let q : (Γi, ui) → (Γ′, g′) be the quotient that collapses
all edges that are collapsed by both fi and gi. We have factorisation fi = f ′i ◦ q and fi = g′i ◦ q,
which we may use to replace the zig-zag by one where the ith graph in the upper line is (Γ′, g′),
which has at most two edges. �is proves claim 2.

Claim 3: In the presentation from claim 2 we may assume that each of the (Gi, wi) is .
Consider some (Gi, wi) that is not . Since it has only one edge it has to be a g−a for some

1 ≤ a ≤ g − 1. Let us assume for now that a ≥ 2. If g ≥ 3 then is always possible by swapping
a and g − a, and we will deal with the case g = 2 separately. If we let v ∈ a g−a denote the
�rst vertex, then there is a vertex v′ ∈ Γi with gi(v′) = v and ui(v′) ≥ 1. �is is true because
the preimage g−1

i (v) contains at most one edge and has total genus a ≥ 2: so it is either a−1,

b c or •d, all of which have a vertex of non-zero weight. Similarly we can �nd v′′ ∈ Γi+1 with
fi+1(v′′) = v and ui+1(v′′) ≥ 1. Let us now de�ne q′ : (Γ′i, u

′
i)→ (Γi, ui) as a blow-up at v′, i.e. as

the unique weighted graph such that q is an isomorphism away from v′ and (q′)−1(v′) = ui(v′)−1.
So Γ′i is obtained by adding a single loop at v′ and reducing ui(v′) by one. Similarly we de�ne
q′′ : (Γ′i+1, u

′
i+1)→ (Γi+1, ui+1) by adding a loop at v′′, and q : (G′i, w

′
i) = a−1 g−a → (Gi, wi)
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by adding a loop at v. All of these graphs �t into a diagram:

(Γ′i, u
′
i) (Γ′i+1, u

′
i+1)

(Γi, ui) (G′i, w
′
i) (Γi+1, gi+1)

(Gi−1, wi−1) (Gi, wi) (Gi+1, wi+1)

q′
g′i

f ′i q′′
f ′i+1

g′i+1

fi
gi

q
gi+1

fi+1

We may therefore replace the original zig-zag with the primed one. In some sense we have made
things worse: G′i = has two edges and Γ′i and Γ′i+1 have up to three edges. Hoewever, G′i
admits a morphism → and following the proof of claim 2 we may �rst replace (G′i, w

′
i) by

and then replace (Γ′i, u
′
i) and (Γ′i+1, u

′
i+1) by graphs with at most two edges. In doing so we

have managed to replace (Gi, wi) by without changing any of the other (Gj , wj). Applying this
iteratively to all of the graphs in the bo�om row proves claim 3.

We still have to deal with the case g = 2 and (Gi, wi) = 1 1, which we ignored earlier. For
g = 2 the only graph with two edges that admits a morphism to 1 1 is 1. �e only possible
morphisms are the projection q : 1 → 1 1 or σ ◦ q for σ : 1 1 → 1 1 the �ip. If gi = fi+1

we can simply cancel them, so the only case we have to consider is when gi = q and fi+1 = σ ◦ q,
or the other way around. However, in this case we can make the following simpli�cation:

1 1

(Gi−1, wi−1) 1 1 (Gi+1, wi)

p◦σ′ p

fi q σ◦q gi+1

Here p : → 1 is the morphism that collapses the second loop and σ′ : → is the
automorphism that swaps the two loops.

Conclusion: By claim 3 the endomorphism EndGg(F ( )) are generated by morphisms of the
form F (g)◦F (f)−1 for morphisms f, g : (G,w)→ in Jg . But claim 1 shows that F (g) = F (f),
so we can conclude that the only endomorphism of F ( ) ∈ Gg is the identity. From what we have
shown it also follows that Gg is a connected groupoid and therefore it is equivalent to the trivial
category.

Proof of theorem 9.2.1. By lemma 9.2.6 the map BT → ∆g is an isomorphism on rational homol-
ogy, by [ACP19, �eorem 1.1] the right-hand-side is simply connected, and by proposition 9.2.8
the le�-hand-side is simply connected.
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