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Abstract

Today, better numerical approximations are required for multi-dimensional SDEs
to improve on the poor performance of the standard Monte Carlo integration. With
this aim in mind, the material in the thesis is divided into two main categories,
stochastic calculus and mathematical finance. In the former, we introduce a new
scheme or discrete time approximation based on an idea of Paul Malliavin where,
for some conditions, a better strong convergence order is obtained than the standard
Milstein scheme without the expensive simulation of the Lévy Area. We demonstrate
when the conditions of the 2—Dimensional problem permit this and give an exact
solution for the orthogonal transformation (f Scheme or Orthogonal Milstein Scheme).
Our applications are focused on continuous time diffusion models for the volatility and
variance with their discrete time approximations (ARV). Two theorems that measure
with confidence the order of strong and weak convergence of schemes without an exact
solution or expectation of the system are formally proved and tested with numerical
examples. In addition, some methods for simulating the double integrals or Lévy
Area in the Milstein approximation are introduced.

For mathematical finance, we review evidence of non-constant volatility and con-
sider the implications for option pricing using stochastic volatility models. A general
stochastic volatility model that represents most of the stochastic volatility models
that are outlined in the literature is proposed. This was necessary in order to both
study and understand the option price properties. The analytic closed-form solution
for a European/Digital option for both the Square Root Model and the 3/2 Model
are given. We present the Multilevel Monte Carlo path simulation method which is a
powerful tool for pricing exotic options. An improved /updated version of the ML-MC
algorithm using multi-schemes and a non-zero starting level is introduced. To link
the contents of the thesis, we present a wide variety of pricing exotic option examples
where considerable computational savings are demonstrated using the new ¢ Scheme
and the improved Multischeme Multilevel Monte Carlo method (MSL-MC). The com-
putational cost to achieve an accuracy of O(e) is reduced from O(e™?) to O(e™?) for

some applications.
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Chapter 1

Introduction

The Black-Scholes exponential Brownian motion model provides an approximate de-
scription of the behaviour of asset prices and a benchmark against which other models
can be compared. However, volatility does not behave in the way the Black-Scholes
equation assumes; it is not constant, it is not predictable, it is not even directly observ-
able. Plenty of evidence exists that returns on equities, currencies and commodities
are not normally distributed, they have higher peaks and fatter tails. Volatility has
a key role to play in the determination of risk and in the valuation of options and
other derivative securities.

As observed in empirical studies, stochastic volatility aims to reflect the apparent
randomness of the level of volatility. Stochastic volatility models (SVMs) change the
skewness and kurtosis of the return distribution, and option prices depend largely
on these effects. SVMs are useful because they explain in a self-consistent way, why
it is that options with different strikes and expirations have different Black-Scholes
implied volatilities (the volatility smile). More interestingly for us, the prices of exotic
options given by models based on Black-Scholes assumptions can be wildly wrong.

At the beginning of the thesis, we review evidence of non-constant volatility and
consider the implications for option pricing using stochastic volatility models. A
general stochastic volatility model that represents most of the stochastic volatility
models that are outlined in the literature is proposed. This was necessary in order
to both study and understand the option price properties. The analytic closed-form
solution for a European/Digital option for both the Square Root Model [14] and the
3/2 Model [25] are given.

Any financial instrument can be priced using the exact solution for its corre-
sponding stochastic differential equations (SDEs) and the payoff of the option. Since
a closed-form expression for the arbitrage price of a claim is not always available,

an important issue is the study of numerical methods which give approximations of



arbitrage prices and hedging strategies. One method uses the corresponding partial
differential equations (PDEs). This method is easy and efficient to implement when
one works in one or two dimensions. Unfortunately for higher dimensions, the im-
plementation becomes more difficult and computationally very expensive. The same
problem arises if one uses multinomial lattices (trees) to approximate continuous-
time models of security price. The most general and famous method in the literature
for pricing exotic options is the Monte Carlo method together with a discrete time
approximation of the SDE. It is easy to implement and can be applied for higher
dimensions without any problem.

In finance, the convergence properties of discretizations of stochastic differential
equations (SDEs) are very important for hedging and the valuation of exotic options.
The Milstein scheme gives first order strong convergence for all 1—dimensional sys-
tems (one Wiener process). However, for two or more Wiener processes, such as
correlated portfolios and stochastic volatility models, there is no exact solution for
the iterated integrals of second order (Lévy area) and the Milstein scheme neglecting
the Lévy area usually gives the same order of convergence as the Euler-Maruyama
scheme.

In the middle of the thesis, we introduce a new scheme or discrete time approx-
imation based on an idea of Paul Malliavin where, for some conditions, a better
strong convergence order is obtained than the standard Milstein scheme without the
expensive simulation of the Lévy Area. We demonstrate when the conditions of the
2—Dimensional problem permit this and give an exact solution for the orthogonal
transformation (6 Scheme or Orthogonal Milstein Scheme). Our applications are fo-
cused on continuous time diffusion models for the volatility and variance with their
discrete time approximations (ARV). Two theorems that measure with confidence
the order of strong and weak convergence of schemes without an exact solution or
expectation of the system are formally proved and tested with numerical examples.
In addition, some methods for simulating the double integrals or Lévy Area in the
Milstein approximation are introduced.

The convergence analysis in this thesis requires the SDE to satisfy global Lipschitz
conditions in the drift and diffusion coefficients. This is a standard requirement for
this type of analysis (e.g. as in Kloeden and Platen [22]). However, most of the SDE
models that are mentioned in the thesis, and used in the computational experiments,
do not satisfy such global Lipschitz conditions; problems arise at the origin and/or
at infinity. Numerical results in Chapters 4 and 5 give numerical evidence that the

conclusions regarding strong order remain true in circumstances where no theory



currently exists. Though there has been some work completed on convergence analysis
under non-global Lipschitz conditions [40], this topic has not been covered in the
thesis.

When analyzing the option pricing problem in depth, the accuracy or error ¢ be-
tween the price option and the estimated price depends mainly on the characteristics
or importance of the problem. The stochastic volatility model (SVM) and its pa-
rameters depend on the stock market data for the asset S. However, the scheme,
the number of time steps and how many Monte Carlo paths are used to estimate the
option price depends only on the method or algorithm applied. On the other hand,
the thesis proves (as is well known in practice) that a single optimal scheme does not
exist for general purposes. The selection of the scheme and the number of time steps
depends totally on both the required accuracy of the problem and the parameters of
the SVM. Therefore, the construction of an intelligent algorithm that can use different
time approximations for different inputs will be found to be helpful.

At the end of the thesis, we present the Multilevel Monte Carlo path simulation
method [10] which is a powerful tool for pricing exotic options. An improved /updated
version of the ML-MC algorithm using multi-schemes and a non-zero starting level
is introduced. To link the contents of the thesis, we present a wide variety of exotic
option examples where considerable computational savings are demonstrated using
the new 6 Scheme [30] and the improved Multischeme Multilevel Monte Carlo method
(MSL-MC). The computational cost to achieve an accuracy of O(e) is reduced from

O(e73) to O(e?) for some applications.

At the beginning of the thesis, in Chapter 2, we introduce implied, local and
stochastic volatility, to review evidence of non-constant volatility and to consider the
implications for option pricing of alternative random or stochastic volatility models.
In the middle of the chapter, the theoretical or analytic closed-form solution for a
European/Digital option for both the Heston and 3/2 Models are given. This solution
has inherent advantages for pricing exotic options. At the end of the chapter we
propose a general stochastic volatility model that represents most of the stochastic
volatility models that are outlined in the literature. We focus on continuous time
diffusion models for the volatility and variance but also briefly discuss some classes
of discrete time models, such as ARV or ARCH.

Chapter 3 demonstrates how one can obtain a discrete time approximation for

a 2—Dimensional SDE using strong Taylor approximations. Later on, definitions for



both Euler and Milstein schemes for a N—Dimensional SDE are presented. In addi-
tion to the subject, some methods for simulating the double integrals or Lévy Area
in the Milstein approximation are demonstrated. The main purpose of this chapter
is to show how to measure the strong and weak order of convergence, in cases where
there may, or may not, be an exact solution or expectation of our system.

The purpose of Chapter 4 is to show that if certain conditions are satisfied, one
can avoid the calculation of the Lévy area and obtain first convergence order by
applying an orthogonal transformation. We demonstrate when the conditions of the
2—Dimensional problem permit this and give an exact solution for the orthogonal
transformation (6 Scheme or Orthogonal Milstein Scheme).

Chapter 5 demonstrates how the use of stochastic volatility models and the 6
scheme can improve the convergence of the multi-level Monte Carlo method (ML-MC
[10]), so that the computational cost to achieve an accuracy of O(e) is reduced from
O(e73) to O(e7?) for a Lipschitz payoff. We present a modification to the ML-MC
algorithm that can be used to achieve better savings in some cases. To illustrate these,
various examples of pricing exotic options using a wide variety of payoffs and the new
Multischeme Multilevel Monte Carlo method (MSL-MC) are given. For standard
payoffs, both European and Digital options are presented. For complex payoffs, such
as combinations of European options, examples are also given (Butterfly Spread, Strip
and Strap options). Finally, for path dependent payoffs, both Asian and Swap options
are demonstrated.

In Chapter 6 we present conclusions and observations of the complete thesis.
In addition, recommendations and future research are indicated. The Appendix is
divided into three parts. The first section outlines the fundamental financial and
mathematical definitions required to understand the thesis. In the second section are
the theorems and mathematical operations required to understand both the Milstein
and 0 schemes. At the end of the Appendix, plots and definitions required to explain
the MSL-MC are presented.



Chapter 2

Implied, Local and Stochastic
Volatility

Volatility has a key role to play in the determination of risk and in the valuation
of options and other derivative securities. The widespread Black-Scholes model for
asset prices assumes constant volatility. The phenomenon of the implied volatility
smile shows that the Black-Scholes (1973) formula tends to systematically misprice
out-of-the-money' and in-the-money! options if the volatility implied from the at-the-
money' option is used. Stochastic volatility models are useful because they explain in
a self-consistent way, why it is that options with different strikes and expirations have
different Black-Scholes implied volatilities (the volatility smile). More interestingly for
us, the prices of exotic options given by models based on Black-Scholes assumptions
can be wildly wrong.

At the beginning of the chapter, we introduce implied, local and stochastic volatil-
ity, to review evidence of non-constant volatility and to consider the implications for
option pricing of alternative random or stochastic volatility models. In the middle of
the chapter, the theoretical or analytic closed-form solution for a European/Digital
option for both the Heston and 3/2 Models are given. This solution has inherent
advantages for pricing exotic options. At the end of the chapter we propose a general
stochastic volatility model that represents most of the stochastic volatility models
that are outlined in the literature. We focus on continuous time diffusion models
for the volatility and variance but also briefly discuss some classes of discrete time
models, such as ARV or ARCH.

'We can find a formal definition in the Appendix.



2.1 Black-Scholes World

This section reviews the Black and Scholes arbitrage argument from option valuation
under constant volatility. This allows us to introduce some frequently used notation
and provides a basis for the generalization to stochastic volatility.

We start by assuming that the stock price S satisfies the following stochastic
differential equation (SDE):

dS = S(u — D)dt + SodW | (2.1)

where 1 is the deterministic instantaneous drift or return of the stock price which
pays the owner a continuous dividend D, and ¢ is the volatility for the stock price S.
The SDE (2.1) has a solution:

o2
Sy = SO€<M—D—T)T+UWT _
Besides the stock, there are two assumptions:

e Assumption 1: There is a money market security (Bank) that pays at the

continuously compounded annual rate r.

e Assumption 2: Security markets are perfect. This means that you can trade

continuously with no transaction costs and there are no arbitrage? opportunities.

Let us construct a portfolio II consisting of one European option V' with arbitrary
payoff V(S,T) = ¥(S) and a number —¢ of an underlying asset. The value of the
portfolio at time ¢ is:

M=V —-9¢S,

where ¢ is constant and makes II instantaneously risk-free. Let us consider that the
dividend yield is defined as the proportion of the asset price paid out per unit time,
so then, at time dt, the underlying asset pays out a dividend D % S * dt. The jump in

the value of this portfolio in one infinitesimal time step is:
dll =dV — ¢dS — ¢DSdt .

Hence by the principle of no arbitrage, IT must instantaneously earn the risk-free bank
rate r:
dll = r1ldt .

2There are never any opportunities to make an instantaneous risk-free profit. "There’s no such
thing as free lunch" [38]. There is a formal definition in page 107.

6



The central idea of the Black-Scholes argument is to eliminate the stochastic compo-

nent of risk dWW by making the number of shares equal to:

1%
°=%5
Applying 1t6’s lemma to V' (.S, t) and with some substitutions, one gets:
av 1 0*V oV
— +-5%*——— +S(r—D)=—= =71V . 2.2
ar T30 g PO Digg = 22)

This is the Black-Scholes equation and is a linear parabolic partial differential
equation. In fact, almost all partial differential equations in finance are of a similar
form. One of the attractions of (2.2) is that the option price function is independent
of the expected return of the stock u (hard to estimate). The Black-Scholes equation
was first written down in 1969 but a few years passed, with Fisher Black and Myron
Scholes justifying the model, before it was published. The derivation of the equation
was finally published in 1973, although the call and put formula had been published
a year earlier.

The payoffs for European (vanilla) options with strike K are:

[ max(S — K,0) — For Call options
VIS, T) = { max(K — S,0) — For Put options } (2:3)
and they have an analytic or closed solution in the form:
Call = Se PT=ON (d)) — Ke "IN (dy) , (2.4)

Put = Ke "IN (—dy) — Se PTIN (—d;) ,
where:

p :1Og(%)+(T—D+%O’2)(T—t)
! o1 —t ’

dgzdl—O'\/T—t,

and N(d) is the standard normal cumulative distribution function (cdf):

d
1 2
N(d) Zﬁ/e_x Pdg .

On the other hand, if one knows the value of the options, one can calculate the
volatility for these instruments using the last explicit solution and a numerical method
that solves (2.4) to converge to the unique implied volatility for this option price

(e.g. use the Newton-Raphson Method). If one computes the implied volatility for

7
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Figure 2.1: Implied volatility from the European call options (table 2.1).

market data using the option prices from Table 2.1, one would expect the same
volatility for all strikes and maturities for options with the same underlying price.
However, it is well known that this is not what is observed (Figure 2.1). In practice,
either the term "volatility smile" or "volatility skew" may be used to refer to the

general phenomena of volatilities varying by strike.

ke 7, ] 2850 [ 2700 | 2750 [ 2800 | 2850 [ 2900 | 2950 | 3000
Feb. | 233 | 183 | 135 | 80 | 50 | 24 | 9 3
Mar. | 243 | 197 | 153 | 113 | 79 | 51 | 31 | 17
Apr. | 254 | 210 | 170 | 131 | 99 | 73 | 51 | 36
May | 266 | 226 | 186 | 151 | 121 | 93 | 72 | 52
June — 235 | - [164 | — [ 107 | — | 67
Dec. — | - [ = T2 - [ - [ 130

Table 2.1.- Example of European call option prices obtained from the newspaper [38].
FTSE—100 index (*2872), contracts 31,257 (Calls 21, 861, Puts 9,396), Feb. 3, 1993.

Black and Scholes in [3] give one of the most important results of hedging, the
replication argument. Using the three securities: the stock, the option and the money
market security, any two of them could be used to exactly replicate the third by
trading strategies. The replicating portfolio must be self-financing, which means you
neither consume from it or nor add money to it beyond an initial deposit. In their
original paper [3], they replicate the money market security by creating a portfolio
consisting of the stock and the financial claims. Nowadays, traders replicate the

option from the stock and money market account.



2.1.1 Local Volatility

Given the prices of call or put options across all strikes and maturities, one may
deduce the volatility which produces those prices via the full Black-Scholes equation
(Dupire, 1994 and Derman and Kani, 1994). This function has come to be known as
local volatility. Unlike the naive volatility produced by applying the Black-Scholes
formula to market prices, the local volatility is the volatility implied by the market
prices and the one factor Black-Scholes.

In 1994, Dupire [7] showed that if the spot price follows a risk-neutral random

walk of the form:
as _

S

and if no-arbitrage market prices for European vanilla options are available for all

(r — D)dt + (S, t)dW

strikes K and expiries T', then o (K,T) can be extracted analytically from these
option prices. If C(S,t, K,T) denotes the price of a European call with strike K and
expiry 7', Dupire’s famous equation is obtained:

K?92C oC

oc
(9—T - UL(K’T)78K2

Rearranging this equation, the direct expression to calculate the local volatility (Dupire

formula) is obtained:

9¢ —- DK% + D
cmﬁﬂ=¢w+“ JK g + DC (2.5)

K2 920
2 0K?

One potential problem of using the Dupire formula (2.5) is that, for some financial
instruments, the option prices of different strikes and maturities are not available or
are not enough to calculate the right local volatility. Another problem is for strikes far
in- or out-the-money, the numerator and denominator of this equation may become
very small, which could lead to numerical inaccuracies. In Figure 2.2 the Local
volatility is plotted using (2.5) and Table 2.1.

"Implied volatility is the wrong number to put into the wrong formula to obtain
the correct price. Local volatility on the other hand has the distinct advantage of
being logically consistent. It is a volatility function which produces, via the Black-
Scholes equation, prices which agree with those of the exchange traded options".

Rebonato 1999
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Figure 2.2: Local volatility smile using European options (table 2.1).

2.2 Stochastic Volatility

If the Black-Scholes assumptions are correct, then the implied volatilities of options
(those backed out of the Black-Scholes pricing formula given the other parameters)
should fall on a horizontal line when plotted against strike prices of the options used.
However, the conclusive patterns include smiles and skewed lines depending upon the
underlying asset and the time period. Fifteen years ago, smiles were typical when
you plotting the implied volatilities against strikes. Nowadays one is more likely to
get skews or smirks.

What is happening may be viewed in some different and related ways. Options
prices are determined by supply and demand, not by theoretical formula. The traders
who are determining the option prices are implicitly modifying the Black-Scholes
assumptions to account for volatility that changes both with time and with stock
price level. This is contrary to the Black and Scholes (1973) assumptions of constant
volatility irrespective of stock price or time to maturity. That is, traders assume
o =0 (S(t),t), whereas Black-Scholes assume o is just a constant.

If volatility is changing with both levels of the underlying and time to maturity,
then the distribution of future stock price is no longer Lognormal. Black-Scholes op-
tion pricing takes discounted expectation payoffs relative to a Lognormal distribution.
As volatility changes through time, you are likely to get periods of little activity and
periods of intense activity. These periods produce peakedness and fat tails respec-
tively (together called "leptokurtosis"), in stock return distributions. Fat tails are
likely to lead to some sort of smile effect, because they increase the chance of payoffs
away-from-the-money. The interaction of skewness and kurtosis of returns gives to

many different possible smile effects (Hull [20]).
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These irregularities have led to "stochastic volatility" models that account for
volatility changing as a function of both time and stock price level. The effect of
stochastic volatility on option values is similar to the effect of a jump component:
both increase the probability that out-of-the-money options will finish in-the-money
and vice versa (Wiggins [36]). Whether the smile is skewed left, skewed right, or
symmetrical in a stochastic volatility model depends upon the sign of the correlation
between changes in volatility and changes in stock price (Hull [20]).

In principle, if the continuous time model can be observed perfectly then it is
possible to read off the instantaneous value of the volatility from the asset price. In
practice however the volatility must be estimated from data. Suppose that the data
consists of a series of daily observations of the price of an asset (Sk),. . Our first
estimate of the volatility, @, is called the historic volatility. At time n, the historic
volatility based on the last J days can be calculated by the maximum likelihood
estimator obtained from (2.1) and the data, which is [18]:

365 J—l Sk 1 /-1 S \\°
n, - 1 .
J I \/ -1 k= (Sn—k:—1> J mZ:O N (Sn—m—l>)

The factor of 365 converts daily volatility into an annualized term. Typically J is
taken to be 90, 180 or 360 days. Figure 2.3 shows a plot of the Stock Exchange
index of the stock price of the 100 leading UK companies (FTSE—100), Germany
(Dax), Japan (Nikkei) and USA (Dow Jones) from December 1998 to November
2005. Figure 2.4 shows an estimate of the 360—day historic volatility based on the

above data. This limited evidence supports that stock volatility is not constant at
all and moreover that volatility shocks persist through time. This conclusion was
reached by many authors in the literature. Stochastic volatility models are needed
to describe and explain volatility patterns. Note that for the historic volatility of
the Stock Exchange indices (Figure 2.4) exists a high positive correlation, one of the
indices has to be the principal or dominant market that move the other ones. If we

calculate the empirical correlation, we obtain:

1 091 071 0.90 1 095 096 0.62
091 1 0.70 0.82 095 1 0.87 0.59
0.71 070 1 0.67 096 087 1 064 [’
090 082 0.67 1 0.62 059 0.64 1

corr [Sk] = , corr [oy] =

where k = 1,2, 3,4 are the FTSE—100, Dax, Dow Jones and Nikkei Stock Exchange

index respectively.

11
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Figure 2.3: Stock Exchange index (www.londonstockexchange.com)
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Figure 2.4: 360—day historic volatility of the Stock Exchange index
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In summary, the aim with a stochastic volatility model is to incorporate the empir-
ical observation that volatility appears not to be constant and indeed varies, at least
in part, randomly. The idea is to make the volatility itself a stochastic process. The
candidate models have generally been motivated by intuition, convenience and a de-
sire for tractability. In particular the following stochastic models with their respective

variance models (using It6 formula (A.1)) have all appeared in the literature:

dS = S(p— D)dt+ Sy/vdWy ,
v = o%, E [dWdWs] = pdt .

. Hull and White ([20], p = 0, 1987) and Wiggins ([36], p # 0, 1987):

do = o [wdt + EdWs|  or®  dv = v [wdt + £EdWs] . (2.6)

) Scott ([31], p # 0, 1987) using y = Inv:
dy = (ﬁ — Cy) dt + &AW,

do =0 (W—(lno)dt+EodWy or' dv=v(w— (Inv)dt + EvdW, .
(2.7)

3 Stein and Stein ([35], p = 0, 1991):

do = (W—Co)dt+EdWa o’ dv = (Vrw—(v)dt+&/vdW, . (2.8)
Variance models (v = ¢?) that have appeared the literature:
o The Square Root Model (Heston [14], p # 0, 1993):

dv = (w—(u)dt + &/wdW,  or®  do = (2 — (o) dt + EdWs . (2.9)

. The GARCH Diffusion Model (Lewis [25], p # 0, 2000):

dv = (w— Cv)dt + EvdWy  or’  do = (g — ZJ) dt + EodW, . (2.10)
3Using It6 formula and letting (w = 2w + ZQ; &= ZZ) .
4Using It6 formula and letting (w = % + §83; = %) or (w =w+ %i)
®Using It6 formula and letting (w = 2w + 5—;; =2 &= 22) .
6Using Ito formula and letting (w = % (w - %) (= %, = %) .
"Using It6 formula and letting (@ = 5 (= % + %; = %) .

—
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. The 3/2 Model (Heston [15], Lewis [25], p # 0, 1997):

dv = v(w — (v)dt + E32dW,  or®  do = o2 [(g — Za) dt + EdWQ} :
(2.11)

The first model (2.6) was introduced by Hull and White (1987) who used the
correlation p between the asset price and volatility equal to zero (p = 0). The second
case was presented by Wiggins (1987) who considered the general case (p # 0).
Here the volatility is an exponential Brownian motion, and it can grow indefinitely
(or equivalently the logarithm of the volatility is a drifting Brownian motion). Scott
(1987) considered the case (2.7) in which the logarithm of the volatility is an Ornstein
Uhlenbeck (OU) process or a Gauss-Markov process?. The models (2.6) and (2.7) have
the advantage that the volatility is strictly positive all the time. The third model (2.8)
was proposed by Scott (1987) and further investigated by Stein and Stein (1991).
These authors specialized in the case (p = 0). In this model, the volatility process
itself is an OU process with a mean reversion level w. However, the disadvantage of
this model is that the volatility o could easily become negative.

The next model (2.9) was proposed by Heston in 1993. The volatility is related
to a square root process and can be interpreted as the radial distance from the origin
of a multidimensional OU process [18]. For small dt, this model keeps the volatility
positive and is the most popular among them because of its two main features: it
has a semi-analytical pricing formula which is easy to implement and the solution is
typical (it displays the same qualitative properties that one expects in general time
homogenous cases). Furthermore, it can be used to understand how volatility models
that do not have analytical solutions behave in many respects.

(2.10) is described as the diffusion limit of a GARCH-type process, a GARCH
Diffusion, for short. From a practical point of view, the advantage of this model is
that you can estimate its parameters using well known algorithms that are available
as computer software, although no closed form solution is available for option pricing.

The 3/2 Model (2.11) is an important model in finance, not only because it has
a closed form solution for option pricing as simple as the square root model (Heston
Model), but it also displays a feature of many stochastic volatility models that you

do not see in the square root model. That is, even after a change of measure to the

. . — 2 _—
8Using It6 formula and letting (w =2 =5+ %; E= %) .
9A stochastic process {Xr : t = 0} is an Ornstein-Uhlenbeck (OU) process or a Gauss-Markov
process if it is stationary, Gaussian, Markovian, and continuous in probability. There is a formal
definition in the Appendix of the thesis.
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risk-adjusted process!'®, option prices (relative to the bond price) under the 3/2 model
are sometimes not martingales but merely local martingales [25]. When option prices
are not martingales, this means that they are not given by the standard expected
value formula, for example, e ™" E [max (Sp — K))| for a call option. The failure of
the usual martingale pricing relation can also occur in the GARCH Diffusion model!!.
So the 3/2 Model, with its closed form solution, is one of the simplest illustrations of
this important phenomenon for financial theory. It was first used by Cox, Ingersoll,
and Ross ([4], 1985) and further investigated by Heston ([15], 1997) and Lewis ([25],
2000).

Even though continuous time models provide the natural framework for an analysis
of option pricing, discrete time models are ideal for the statistical and descriptive
analysis of the patterns of daily price changes. There are two main classes of discrete
time models for stock prices with volatility. The first class, the autoregressive random
variance'? (ARV) or stochastic volatility models, are a discrete time approximation of
the continuous time diffusion models that are outlined in (2.6-2.11). The second class
is the autoregressive conditional heteroskedastic (ARCH) models introduced by Engle
(1982), and its descendents (GARCH, NARCH, etc.) can be defined in a variety of
contents. Generally speaking, one can say that they attempt to model persistence in
volatility shocks by assuming an autoregressive structure for the conditional variances
(time series). A large number of parameters are often needed to approximate the
behaviour of financial prices. Both the ARCH and ARV models give similar option
prices (when the model parameters are appropriately matched). As shown in [1], these
two models yield observational equivalents with respect to pricing options. They also
notice that numerical procedures for computing option prices are faster for ARV, but
estimation is simpler for ARCH. We concentrate our research on continuous time
diffusion models (2.6-2.11) and in the discrete time approximation of them (ARV).

There is a simple economic argument in the literature which justifies the mean
reversion of volatility. Consider the distribution of the volatility of IBM in 100 years

time as an example. If the volatility was not mean-reverting (if the distribution of

10Ty value an option, you do not use (2.18), but a closely related process which is often call
the risk-adjusted process P (2.19). For more information see Risk-Neutral Valuation for Stochastic
volatility models in the Appendix of the thesis.

1 The failure of the martingale formula for the stock price in the GARCH diffusion model was
first shown by Sin [34] in 1998. These failures are specific examples of the notion that the absence
of arbitrage implies that financial claim prices are, in general, only strictly local martingales, not
martingales [25].

12 An autoregressive model of a random variable is one where the random variable is assumed to
exhibit a tendency to revert back to a long run mean value or distribution.

15



volatility was not stable), the probability of the volatility of IBM being between 1%
and 100% would be rather low. Since we believe that this is overwhelmingly likely
and that the volatility of IBM would, in fact, lie in that range, one can deduce that

volatility must be mean-reverting.

2.2.1 Stochastic Volatility World

We begin by writing down the usual Geometric Brownian Motion SDE where the

volatility o is written as the square root of a variance v:
dS = S (u — D) dt + S\/vdW; | (2.12)

where g is the deterministic instantaneous drift or return of the stock price which
pays the owner a continuous dividend D. The variance v is constant in the original
Black-Scholes model (1973) however now it is assumed to follow its own SDE in the

form:

dv = f(v)dt + g(v)dW, (2.13)

where p is the correlation between dWl and de. We cannot hold or "short" volatility
as it is, but we can hold a position in a second option to do hedging. So let us consider
the valuation of the volatility dependent instrument V' (e.g. Volatility Swaps), as-
suming that one can take long or short positions in a second instrument U as well as
in the underlying S. Now our candidate for an instantaneously risk-neutral portfolio
IT is:

M=V —-¢,5—p,U .

The jump in the value of this portfolio in one time step is:
dll = dV — ¢1dS — ¢podU — ¢y DSdt ,

where D is the dividend or yield on the asset S. As is by now standard, one applies

It6’s Lemma to this portfolio to obtain:

dll = adS + bdv + cdt , (2.14)
where: oV oU
a=Ss— 01—
b= T

16



OV 1, BV PV 1 L0V
o= (G + 35 g oSV g + 990 Gz ) —eaDs

oU 1., U PU 1 L0
—¢2( +35 VwJF,OS\/_g( )888 + 9(”) W) :

Clearly we wish to eliminate the stochastic component of risk by setting a = b = 0,

so one can rearrange the hedge parameters in the form:

oV oU oV ou
¢1:%—¢2%7 %—(8)/(81/)’

to eliminate the dS term and the dv term in (2.14). The avoidance of the arbitrage,

once these choices of ¢;, ¢, are made, is the condition:
dIl = rlldt ,

dll = 7 (V — ¢,S — ¢,U) dt (2.15)

where we have used the fact that the return on a risk-free portfolio must be equal to
the risk-free bank rate r which we will assume to be deterministic for our purposes.
Combining equations (2.14) and (2.15), collecting all V' terms on the left hand side
and all U terms on the right hand side, one gets:

( w4 1gy, 852+p5\/_9( )asa >/8_V:
+29( )28V+S( ) —rV

v
U 4 1492, 22U 02U
< ot 258 757 +pS\/_g<aU)de >/8_U '
+3g () 5 +S(r—D)%—rU )" Ov
Now V, U are an arbitrary pair of derivative contracts. The only way that this can
occur is when both sides of the equation are equal to some function depending only

on S, v, t. So, if one writes both sides as F(s,v,t), in doing so, one arrives at the
General PDE for stochastic volatility:

ov. 1, 0*V o?V 1 5 0%V 1% o
E—{—_S Vﬁ+p5\/ﬂg(l/)asay+§g(u) W%—S(T—D)%%—F()ay (27‘\1/6)

This allows us to consider how to solve (2.16) without reference to a particular volatil-
ity.
If F(s,v,t) is written as:

F(S,V,t) = (W—C’/) _K7
then (2.13) becomes:
dv = ((w—C(v) —A)dt + g(V)d/Wg :
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This representation models mean-reversion in the volatility o or variance v. Conven-
tionally (w — (v) is called the real world drift, A(S,v,t) is the market price of
volatility risk, and it tells us how much of the expected return of V' is explained
by the risk (standard deviation) of v in the Capital Asset Pricing Model framework.
Various economic arguments can be made (see reference [25],[32] for examples) that
the market price of volatility risk A should be proportional to the variance v. Then
let A = Av for some constant or function A. Furthermore, if the real world drift is
changed to:
kv*(w —v) and g(v) = &2 |

one gets:
dv = v (k(w —v) — Av)dt + 2 dWy (2.17)

where £ is the mean-reverting speed, w is the long-run mean, A is the market price of
risk function, ¢ is the volatility of volatility, and dwl, d/V[72 are two Wiener processes
(Brownian motion) with correlation coefficient p. The seven parameters k, w, A, &,
A1, A2, and p are assumed to be constant. This mean reverting variance model is a
more general case compared to the traditional models because of the use of Ay and
it can be interpreted as the radial distance from the origin of a multidimensional
Ornstein Uhlenbeck process. For example, for (A\; = 0; Ay = 0) one obtains the Stein
and Stein model [35], if one uses Ay = % , the Heston model [14] is obtained, for
Ay = 1, the GARCH Diffusion Model, for (A\; = 1; Ay = 1.5) the 3/2 Model [25], and
so on. For our purpose, we will use the stochastic model (2.17) as our main model in
the rest of the thesis because it is a general representation for all stochastic models
that are outlined above (2.6-2.11).

2.2.2 Analytic Solution for European and Digital Options

Consider the following volatility model or probability measure P under which dW;

are Brownian motions:

p. dS = S(u— D)dt + S\/vdW; N ‘ (2.18)
dv = v™ (k(w — v)) dt + Ev72dWs

To value an option or financial security V', do not use (2.18), but a closely related
process which is often call the risk-adjusted process P (replace the expected return
i by the interest rate r, and use the risk-adjusted volatility drift ). This procedure
is carried out explicitly for a class of equilibrium models (see Risk-Neutral Valuation

for Stochastic volatility models in the Appendix). The risk-adjusted process P will
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be in the risk-neutral world or equivalent martingale measure and will produce the

theoretical fair price of the financial security V.

~ | dS = S(r— D)dt+ S\/vdW,
D U (2.19)
dv = v™ (k(w — v) — Av) dt + Ev*2dW,

where the parameters r, D, k, w, A, £, A1, A, and p are assumed to be constant. The
Heston Model ()\1 =0, = ) and the 3/2 Model ()\1 =1, A= ) have a theoretical

or analytic closed form solution for a European or Digital option in the form:

ic+00
1 ~ .
V(S,T) = ge’T(T’tO) / U(w,v,0)G(w,v,7)e” " dw , (2.20)

where for each model the fundamental transform G is equal to:

G(w,v,T)
Heston Model eAtBriio)
3/2 Model LB M (a, 8, — )
and U is equal to:
” Type of option ” Payoff ” U(w,v,0) H Conditions H

European Call | max(S — K, 0) I;()ljwu;) Im(w) > 1
European Put | max(K — S,0) I;(Ulj;u; Im(w) <0
Digital Call H(S - K,0) R Im(w) >0
Digital Put H(K - S,0) A Im(w) < 0

H(z) is the Heaviside function (H(z) = 1 if z > 0, else H(z) = 0), I'c (+) is the
Gamma function for complex numbers and M (-) is a confluent hypergeometric func-
tion!3. If one wants to differentiate V with respect to S to obtain the option sensi-

tivities or so-called Greeks, one merely multiplies the integral in (2.20) by:

For the Heston Model, the constants A, B are:

T=T—ty, x=1log(S)+ (r—D)(T —ty),

13The confluent hypergeometric function is a degenerate form of the hypergeometric function which
arises as a solution the confluent hypergeometric differential equation. It is also known as Kummer’s
function of the first kind. The confluent hypergeometric function of the first kind is implemented in
Mathematica as HypergeometriclF1[a, b, z] or in Matlab as KummerComples(a,b, z).
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Using the risk-aversion parameter v, the market price of risk function A is equal to:

A() = =k (1=7) pE + K2 =7 (1 =7) &,
with the restriction on the parameters:
y<landk? <~v(1—7)&.
For the 3/2 Model, the principal functions are equal to:

T:T—to, Oé:dg—dl, ﬁ:1+2d2,

1 2w N 2d3 2p(1—7+iw)
) W= —

&5
| |

—1,

6’11)7'_
1+ w2—zw
dlz( 1/ + - ds = \/ m+ —y(1—7)&.

Using the risk-aversion parameter 7, the market price of risk function A is equal to:

A(v)z—(ﬂ+§>+(1—v)p£+d3,

with the restriction on the parameters:

ey’
y<landy(1-7)& < <f<c+5> :

The Heston solution is the usual martingale-style or expected value formula. The
solution of the 3/2 Model is more general and sometimes includes an additional term
that relates to volatility explosions. When a European option price is not a martin-
gale, the solution of the 3/2 Model yields the desired arbitrage-free fair value. Both
solutions preserve useful properties of the Black-Scholes formula (2.4). In particular
it predicts that increasing the current level of variance is equivalent to increasing the
maturity of a European option. For further information or implementation, see [25],
[32] or [33]. The derivation of the Heston solution is explained in more detail in the

Appendix of the thesis.
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2.2.3 Implementation

Mainly, the implementation of stochastic volatility models is to match the smile of
the market and use this information to price exotic options. For example, one simple
way that traders price their options is: using real Call and/or Put European options
prices obtained from the market (newspapers, banks or Internet), then they estimate
the parameters k, @, A, & A, A2, p of (2.19) using the analytical solution (2.20)
and other tools. The selection on the non-trivial parameters can be time-consuming.
The use of an analytic expansion in terms of the volatility of volatility is discussed
by Lewis [25]. After they have estimated the parameters from (2.19) that match the
real market options prices, then they price their exotic options. If there is not just
a simple European or Digital payoff that does not have an analytic or closed form
solution then Monte Carlo simulation is called for. For example, options with path
dependent payoffs that can be found in the market do not have exact solutions, e.g.
Barriers Options, Arithmetic Asian options, Variance Swap Options, etc. Nowadays,
there exist hundreds of different financial derivatives in the US market.

Empirically, estimates for the long-run mean w are quite variable against stock
indices and can require data over a range from a few weeks to more than a year.
In [25] it states that for the GARCH Diffusion Model and the US stock indices, the
volatility of volatility ¢ is typically in the range of 1.0 to 2.5 on an annualized basis,
which represents volatility uncertainty of 100 to 250% over a year. The correlation
p captures the association between security price and volatility changes. Typically,
negative price shocks are associated with higher volatility. For the same indices,
p=—0.5to —0..8.

2.2.4 Steady-State Probability Distribution

Having so many stochastic volatility models outlined in the literature (2.6-2.11), it is
important to make a comparison between all of them. One way to do it is to integrate
the Fokker-Planck equation and obtain the steady-state distribution. The solution to
the SDE:

dy = f(y7 t)dt + g<y7t)th ) f(yto) =Yo

has a probability density function p(y,t) which satisfies the Fokker-Planck equation

(A.2) also known as the Kolmogorov forward equation:

op 0 P (1,
E+a—y(fp)—7<—gp)—0.
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Under certain conditions, this evolves towards a steady-state distribution (A.3) in
which dp/0t = 0 and hence:

d 1
d—y(fp) R (59210) =0.

Integrating once, with the boundary condition that p, 3—5 — 0 at infinity, gives:

d (1, 1 d, ., 2f
Ip dy(Qgp)— — (gp)—gz-

Integrating this gives:

and hence:

p(y) o g%(y)exp (/y 2{—8d8> :

If f(yo) =0, f'(v0) <0 and g(yo) is very small, then the asymptotic approximation:

0
7o) = 2 ). gt~ glon). (221
leads to: )
(y—y0)" 0 (o)
X ex . 2.22
p(y) p ( 20) oy (2.22)
The SVM (2.18) can be represented as:
% = Tdt + odWy, (2.23)
dy = k' (@)* —y)dt+ @-yhdﬁ/\zt ;
T o= y", J = case.

Using It6’s lemma:
do = fj (5) dt + g; (E) dWQ’t s

where:

A +Az—1 Aq A A (A —1 2 j42np-2
fj (E) — Alkj (El—Ale;\o _E&fﬁi> 4 w; ! >\12 ,
. _)\1+)\271
gj (J) = )\15]'0 M
To make a comparison between the steady-state distribution for different cases, one
can set the following equilibrium. For any choice of 7, using the asymptotic approxi-
mation (2.21) and taking the square root Model (Heston model, j = H) as the master

model, we have:

22



e Same reversion value:

f; (@) =0. (2.24)

e Same reversion rate:

of; ()  Ofu (%)
oz 05

e Same volatility:

9; (@) = gu (3) -

Doing some operations (Appendix (A.19)), one gets:

B = D <—kH ) 1 : (2.25)

20\ \ kpw? — 184
2X1+)3 )
k’H 201 9 O>\/6H
ki=| —" k -2 a 2.26
J (k:Hw%{—% %) (HWH 8 (220

AM—1)(As—=2X +1
Gy =2+ Qim0 =2+
1

We have taken the Heston model as the master model because it is the most well

known in the literature. Setting this equilibrium allow us to introduce a mathe-

matical relation between all stochastic volatility models SVMs outlined in (2.6-2.11).

For example, in Figure 2.5 we have plotted the approximation of the steady-state

distribution (2.22) using the following initial conditions from the Heston model:

k=1, wy =04, By =0.35 . (2.28)

For small vol-of-vol, B, = 0.04, all cases match (Figure 2.9). To obtain the SVMs
(2.6-2.11) one needs:

H Case [l M [ A [As[ & [ = [8]
Hull and White, Wiggins (2.6) | 1 1 1 1 |2.58|0.3873 | 0.25
Stein and Stein (2.8) 11 1] 0 | 0 |100]0.3873]0.10
Heston Model (2.9) 2 105(1/2] 0 | 1.00 | 0.4000 | 0.20
GARCH Diff. Model (2.10) 2 105 1 0 10.93|0.4009 | 0.51
3/2 Model (2.11) 2 | 1 [3/2] 1 |6.22[0.4009 | 1.33

(2.29)
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The constants k;,cw;, 3; from other cases are calculated using (2.25-2.27). On the
other hand, if one tries to match the expectation and variance for all cases using

Newton-Raphson iteration:
Elo] , E[0?}] , g(Elo]) . (2:30)

you obtain Figure 2.7'4. The distributions become more similar between them, nev-
ertheless they are not equal. To prove that the approximation of the steady-state
distribution (2.22) is good enough, we have simulated the discrete histogram in Fig-
ure 2.6. We have used the SVM (2.23) with a simple Euler scheme, Monte Carlo
integration, (2.28-2.29) and T' = 10; y (0) = 0.3%2. As one can see, Figure 2.6 con-
verges to its continuous approximation (Figure 2.5).

Figures 2.5-2.6 show some important results. The equilibrium (2.24) gives as
expected, the expectations and the distributions are different for all cases. All SVMs
are important and have different properties. It is important the incorporation of
a more general SVM that include all these features (2.18). The selection of the
parameters \; will depend on the properties of the real data one wants to match or

simulate.

2.3 Conclusions

The prices of exotic options given by models based on Black-Scholes assumptions
can be wildly inaccurate because they are frequently even more sensitive to levels
of volatility than standard European calls and puts. Therefore currently traders or
dealers of these financial instruments are motivated to find models to price options
which take the volatility smile and skew into account. To this extent, stochastic
volatility models are partially successful because they can capture, and potentially
explain, the smiles, skews and other structures which have been observed in market
prices for options. Indeed, they are widely used in the financial community as a
refinement of the Black-Scholes model.

A strong example of the existence of random correlated volatility is when the
historic volatility of the Stock Exchange index is plotted (Figure 2.4). This evidence
shows that stock volatility is not constant at all and moreover that volatility shocks

persistently through time. This conclusion was reached by many authors in the

M\fatlab code from M. Giles.
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Steady-State Distribution 1 for c: (BH= 0.35) O  Hull & White
6 ‘ ‘ ‘ ‘ % Stein & Stein
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Figure 2.5: Steady-State Probability Distribution using (2.24) and 5, = 0.35.

Histogram for o; = 10; N,,= (5000--5000 ) . - Hull & White
BO00 ' ' ' ' ; ;Stein 2 Stein
: tHestn:nn hodel
4000 b L . GARCH Diff. M
372 Model
2000 F
0
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Figure 2.6: Histogram of sigma using Monte Carlo and (2.28-2.29).

Steady-State Distribution 2 for G (BH= 0.35) O Hull & White
6 ‘ ‘ ‘ ‘ *  Stein & Stein
e O Heston Model
4F 2 GARCH Diff. M
3/2 Model

Figure 2.7: Steady-State Probability Distribution using (2.30) and 5, = 0.35.

25




o= 0.4; K= 1; BH= 0.35; Yo= 0.3; T=10 O  Hull & White
} 1 w *  Stein & Stein
0461 O Heston Model
0.44 - »  GARCH Diff. M
0.42 | 3/2 Model

Time (years)

Figure 2.8: Expectation of sigma (E[o]) using Monte Carlo and (2.28- 2.29).

Steady-State Distribution 1 for o: (BH= 0.035)

35

O Hull & White

*  Stein & Stein
O  Heston Model
% GARCH Diff. M ||

3/2 Model

Figure 2.9: Steady-State Probability Distribution using (2.24) and 35 = 0.035.
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literature; stochastic volatility models are needed to describe and explain volatility
patterns.

When one analyses the steady-state probability distribution of the stochastic
volatility models that are outlined in the literature, you can conclude that despite
some similarities, all SVMs are important and have different properties. The defini-
tion of a more general stochastic volatility model (2.18) that represents all of them
is necessary for the study and understanding of the option price properties. The se-
lection of the parameters in (2.18) will depend on the properties of the real data one

wants to match or simulate.
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Chapter 3

Convergence of Discrete Time
Approximations

Any financial instrument can be priced using the exact solution for its corresponding
stochastic differential equations (SDEs) and the payoff of the option. Since a closed-
form expression for the arbitrage price of a claim is not always available, an important
issue is the study of numerical methods which give approximations of arbitrage prices
and hedging strategies. One method uses the corresponding partial differential equa-
tions (PDEs). This method is easy and efficient to implement when one works in one
or two dimensions. Unfortunately for higher dimensions, the implementation becomes
more difficult and computationally very expensive. The same problem arises if one
uses multinomial lattices (trees) to approximate continuous-time models of security
price. The most general and famous method in the literature for pricing exotic op-
tions is the Monte Carlo method together with a discrete time approximation of the
SDE. It is easy to implement and can be applied for higher dimensions without any
problem.

At the beginning of the chapter we demonstrate how one can obtain a discrete
time approximation for a 2—Dimensional SDE using strong Taylor approximations.
Later on, definitions for both Euler and Milstein schemes for a N —Dimensional SDE
are presented. In addition to the subject, some methods for simulating the double
integrals or Lévy Area in the Milstein approximation are demonstrated. The main
purpose of this chapter is to show how to measure the strong and weak order of
convergence, in cases where there may, or may not, be an exact solution or expectation

of our system.
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3.1 Introduction

Following Einstein’s explanation of physically observed Brownian motion during the
first decade of the 1900s, the physicists Langevin, Smoluchowski, and others at-
tempted to model the dynamics of such motion in terms of differential equations.

Instead of a deterministic ordinary differential equation:

dXx
d_tt - G(Xt, t) )
they obtained a noisy differential equation of the form:
dX
d—tt = CL(Xt7 t) —+ b(Xt, t)Zt s (31)

with a deterministic or averaged drift term a(X;,t) perturbed by a noise intensity
term b(Xy,t)Z;, where b(X4,t) is the intensity factor and Z; are independent normal
distributed Gaussian random variables for each time ¢. The driving process Z;, which
is called Gaussian white noise, appears formally to be the path-wise derivative of
a mathematical Brownian motion or Wiener process W;. A Gaussian process with
W, = 0, continuous paths and N (0, t)—distributed for each W;:

EW]=0, E[W]=t,
which has independent increments for any ¢; < to < t3 < t4 € [to,T):
E KVVM - VVt?,) (Wtz - th)] =0.

However, the Gaussian white noise process is not a conventional process, having,
for example, covariance equal to a constant multiple of the Dirac delta function.
Moreover, it is now known that the sample paths of a Wiener process W; are nowhere
differentiable. This suggests that the stochastic differential equation (3.1), which

might be written symbolically in terms of differentials as:
dXt = a (Xt, t) dt + b (Xt, t) th y

should be interpreted in some sense as an integral equation:

t

t
Xt:XtOnL/ a(Xs,s)ds+/ b(Xs,s)dWs .
7

0 to
The first integral here is just path-wise an ordinary Riemann integral, while it might
seem that the second integral could be a Riemann-Stieltjes integral for each sample

path. This is not possible because the sample paths of a Wiener process are not
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just not differentiable, but also are not even of bounded variation on any bounded
time interval. In the 1940s, the Japanese mathematician K. It6 proposed a means
to overcome this difficulty with the definition of a new type of integral, a stochastic
integral, which is now called an Itd stochastic integral. Later, in the 1960s, the
Russian physicist R. L. Stratonovich proposed another kind of stochastic integral, now
called the Stratonovich stochastic integral, which is distinguished from the It6 integral

by a "o" before the differential dW;, e.g. written symbolically in the differential form:
dXt = (Z(Xt, t)dt + b(Xt, t) o) dVVt .

However it should be interpreted as an integral equation:
t

¢
Xt:XtO—i—/ a(Xs,s)ds+/ b(Xs,s)odWs .
¢

0 to
There are thus two types of stochastic calculus, the It6 stochastic calculus and the
Stratonovich stochastic calculus, depending on the type of stochastic integral used.
Both have their advantages as well as their disadvantages. Which one should be
used is more a modelling than mathematical issue, but once one has been chosen, a
corresponding equation of the other type with the same solutions can be determined.

Therefore, it is possible to switch between the two stochastic calculi.

3.2 Stochastic Taylor Series

In this section we shall use stochastic Taylor expansions to derive discrete time ap-
proximations with respect to the strong convergence criterion!, which we shall call
strong Taylor approximations. These expansions are derived through an iterated ap-
plication of the stochastic chain rule, known as the It6 formula. We shall see that the
desired order of strong convergence determines the truncation to be applied. Consider

the following 2—dimensional stochastic differential equation:
dX, = A(X,Y,t)dt + B(X,, Y, t)dWy, X, = Xo , (3.2)
dY, = C(X, Y, t)dt + D(X,,Y;,t)dWa, Yi = Yo,

where d/WLt and d/ngt are two correlated Wiener processes. The definition of a

correlation matrix for a 2D system is:

Q:[;';]. (3.3)

'When we talk about strong convergence, we are referring to how fast our discrete time approx-
imation converges to the exact solution as it is refined by At. We can find a formal definition in
page 44.
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Using a Cholesky factorization (2 = LLT with L lower triangular), dWW can be defined

in 2 ways. The standard and most common is:

AW, 10 AWy, .

L — e ! —J1— 2. 3.4

AWa [ﬂ p} [dwz,t] ’ P P (34)
’ Std

Using the standard definition of correlation (3.4), (3.2) can be transformed into two

equations with independent noise sources:

dXt - A(Zt)dt + B(Zt)dWLt ;
dY, = C(Zy)dt+ pD(Z)dW, + pD(Zy)dWs,
Zt — [Xt> Y;‘J t] ) <dW1,t7 dWQ,t> =0 )

which are the short hand for the integral equations:

t t
X, = X+ / A(Z)ds + / B(Z,)d W, | (3.5)

to to

t t t
Y, = Y, + / C(Z)ds + p / D(Z.)dWh . + / D(Z,)d W, .
to to to

The first integrals are deterministic Riemann integrals and the rest are It6 stochastic

integrals. More generally, if f is a differentiable function of Z, one obtains It6’s

lemma:
df (Z,) = (% + A(Z) % +C(Z) aJ;(YZt)) dt (3.6)
B*(Z,) 01* (%) of*(z)  D*(Z)0f*(Z)
+( 5 X7 + pB(Z,) D (Z;) oxoy T 2 EYE )dt
¥ (B (20 L8 4 op () @Q@) Wi+ 50 (2) L s,
One can write It0’s lemma (3.6) in its integrated form:
HZ) = $Z)+ [ (La)(Z)ds (37)

t

o f (Lo f) (Z,) dVWh. + JRCAT

to to

where Lge, Lw, , Lw, are deterministic operators. Applying the results (3.7) to f(Z;) =
A(Zt):

A(Z) = A(Zy,) + /t (LaeA) (Zu) du +sz; (/t: (Lw,A) (Z.) dVVi,u) :

to
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Doing the same to f(Z;) = B(Z;) and substituting into (3.5), X; can be represented
by:

t t
Xt = Xto -+ A(Zto)/ ds + B<Zt0)/ dWl,s (38)
to to

~ ~ ~ ~ t
+ [[(W,W) + Lia,wy + Lowar) + [(dt,dt)]t ,
0

where the [t6 integrals are defined by:

to

t
[T / / (LaeB) (Z) dudV, .
0
~ t s
[I(Wdt)]to = /t Z (/ (Lw, A) (Z'LJdWi,u) ds
0 =1

I (dt, dt / / Lde dUdS =0 (At2) . (312)

The traditional Euler approximation is essentially equivalent to ignoring all the last
double integrals. If At =1t — t, is a fixed stepsize, (3.8) leads to:

WWt /t ( / B)(Zumwl,u) Wi, =O0(At), (3.9

0(At%> . (3.10)

O(At%) . (3.11)

)/(\V,H,At — j?t + A (Z\t) At + B (Z\t) AWl,t .

If a better approximation is required, one needs to approximate one or more of the
double integrals (3.9,3.10,3.11 & 3.12). Because one is dealing with Brownian motion,

the next approximation can be used:

AL t+At S t+At t+At
L] = / / AW, AW, = / Wosd Wi — Wi / W, |
t t t t

using It6’s lemma?:

Loyt — 1 e AW2. —ds) — W, (W, W, 3.13
[(i,i)L = 5 ; ( Qs 8)— i,t( it+At 'L',t) ( )

1
= (I/I/Z t+At — U At) - 5 (szt - t) - VV%’,HAtWi,t + VI/ZQt

. 1
Y ((VVi,t—i—At - m7t)2 — At) =3 (A{/Vft _ At) .

Note that the essence of the method is to use the substitution repeatedly to obtain

constant integrands in higher order terms. For example, if one repeats this argument

2If we apply Itd’s lemma to f = W?2; we obtain al(W)2 = 2WdW + dt, then WdW =
(dW? — dt) .

1
2
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applying (3.7) to f(Z;) = (Lw, B) (Z:) and f(Z;) = (Lw,B) (Z:), and one uses (3.13),
the double It6 integrals (3.9) can be approximated by:

[T(W,W)]Z+At = 5 (Lw, B) (Z) (AWE, — At) + (Lw, B) (%) [1(2,1)}Z+At +0 (At%>
(3.14)

(3.14), usually called the Milstein correction, is a stochastic effect (a result of Itd’s

1
2

lemma' if you like). Unfortunately, there is not a solution or approximation for the

other double integral:

t+At s
[1(2,1)}:+At :/t /t AWo ,dWy s . (3.15)

By truncating X; at O(t), the 1.0 strong order of convergence, usually called the

Milstein scheme is:

Xt+At - j?t + A (Z\t> At + B (Z\t) AWl,t (316)
1
t3 (Lw, B) (Z;) (AW?, — At) + (Lw, B) (Z:) [, 1)]t+At ;
where:
Oe Oe
(Lw,®) (Ze) = Bos trDay (3.17)

Oe

(Lwsw) (Z) = pDys

It is well known in the literature the concept of the Lévy Area [24] which is defined

by:
Y HAt At t+At
1 2 / / AW ,dWs s / / dWo, dWy 5 . (3.18)

In addition, if one applies It6’s lemma?:

t+AL
o, 2)]t+m = / (Wi —Wiys)dWa (3.19)
tt+At
= Wi edWo s — Wi :Worine + Wi Way
: t+AL

= — W sdWh s + WipactWoirae — Wi Waiine

t
and for the other Ito6 integral:

t+At
A
[on] ™ = Wa,sdWi,s — WhpsnsWay + Wi Way . (3.20)

t

31f we apply Ito’s lemma to f = W;Wa; we obtain d (W1 W) = WadW; + WidW, .
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Adding both equations, (3.19) and (3.20), one obtains:

] t+AL

A
[19)], 157 = (Whear — Wiy) (Wayrar — Way) = AW AWy, . (3.21)

+ [

Using (3.18) and (3.21), (3.15) can be expressed as:

[fan)t™ = 5 [([oa] + [an)) = ([os] - [as]))i"™

1 t+AL
- 5 <AW17,5AW27,5 ~ Loy ) .
So, using the concept of Lévy Area (3.18), the Milstein scheme (3.16) leads to:

Nar= X+ A (Z) At + B (Z) AW, + % (Lw, B) (Z) (AWZ, — At)

+% (Lw, B) (Z) (AW1 AWy, — [T, 2)}”“) .

Doing the same argument above for Y (¢), the discrete time strong approximation of
order 1.0 (Milstein scheme) for Y'(¢) is

—~ ~ t+At
Viar =Y+ C(Z) At+D(2) AWy + [pla + 5 IY2]

Y

where the It6 integrals are:

[ ’fm}tjum _ %(LWID) (Z) (AWZ, — At) + (Lw, D) (Z) [1(2,1)}?& |
| ]},J}At _ % (Lw. D) (Z0) (AWE, = &) + (Lun D) () [T

If one applies back the Itd’s operators (3.17), the 1.0 strong order scheme (Milstein

scheme) for our original system (3.2) is:

0B 183

~ 1 A
Xt-l—At Xt ‘I— AAt ‘I— BAWl )t + QBa_X (AWl t At) 2 8Y [AW :|t+ t :
. oD / — 1_aD
Viear = Y + CAt + DAW,, + D 5 (Awgt At) B~ (AW
where:
[AWE] = p (AWR, = A1)+ (AWL AW, & [La )] ™)

Milstein integration includes all the O(At) terms neglecting O <At%> and higher
terms. As noted above, the Milstein correction is peculiar to SDEs (as opposed to
ODEs) and is a consequence of 1td’s lemma and/or the definition of an It6 integral.

It can be shown in a more rigorous proof (see Kloeden and Platen [22]) that the
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Euler vs. Milstein vs. Exact Solution

3F T T T &
Euler scheme
—+—— Milstein scheme
2 —o— Exact solution

Figure 3.1: One random simulation for an Exponential Brownian Motion process
(3.43) using Euler and Milstein scheme (Na; = 50).

Milstein scheme gives 1.0 strong order convergence, and in general, is a better scheme
than Euler approximation for integrating a SDE (Figure 3.1). An integration scheme
which is more accurate than the accuracy of the Milstein scheme requires the eval-
uation of the integrals (3.10,3.11 & 3.12). Unfortunately, these integrals and (3.15)
from Milstein scheme cannot be accurately expressed in terms of the under laying
random process AW, alone. Rather, accurate evaluation of these integrals requires

the generation of additional random numbers.

3.3 Discrete Time Approximations (d—Dimensional)

Appropriate stochastic Taylor expansions can give consistent numerical schemes of
an arbitrarily desired higher order. These expansions are derived through an iterated
application of the stochastic chain rule (It6 formula). In this section we shall define
Euler and Milstein schemes for a general case: a d—Dimensional It stochastic differ-
ential equation with a M —Dimensional Wiener process. Both schemes can be defined
in many different ways and all of them are necessary for different applications. The
most important two representations in the literature are using "It6 operators" and the
"Vector form". Both have their advantages as well as their disadvantages depending
on the dimension and where they are used. Both representations give exactly the

same solution.
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3.3.1 Euler and Milstein Scheme (It6 Operators)

All models can be described through the following d—Dimensional It6 stochastic

differential equation (SDE) with a M —Dimensional independent Wiener process:
dXy = p (X, t)dt + o (X, t) dW, Xy = Xo (3.22)
where:
X, eRL W, e RM t € [ty, T]
E[dW; dWi ) =0,  forj#k,

and u, o are sufficiently smooth functions of X and ¢, e.g. satisfy Lipschitz conditions

(Theorem 1, page 46):
(X, t) = [ a; Gy ... aq }T e R?,

bl,l bLQ bl,M
o (X, 1) = boa 2o .. bom cRIXM |
bax bas . bam
The 0.5 strong order Euler scheme for (3.22) with time step At ([22], page 340) is:

M
Xiprar = Xip + a; At + Z bij AWy .
j=1
The 1 strong order Milstein scheme for (3.22) with time step At using Itd operators
([22], page 345) is:

M
Xigrar = Xig + a; At + Z bi ;AW + Ry

j=1

where if one uses the double It6 integrals, R, is equal to:

M
Ry = Z (lebmé) [[(jl,jz)]iJrAt ’
J1,j2=1

t+At At et
[](jmé)}t :/t /t AW, i dWis 0,

or using Lévy Areas, Ry, is equal to:

M
1 ~
Ry = 3 Z Lj, bi g, <AWJ’1,tAWj27t - 5j1,j2At>
J1,j2=1
1M M — t+AL
—|—§ Z (Lj1bi,j2 - Lj2bi7j1> [L(jlajz)}t ?

J1=1 jg2=j1+1

36



t+AL t+AL t+AL t+AL
E(jldz)L == |Z(]éyjl)j|t = [[(j17j2):|t - [I(szl)]t .
The It operators are defined by:
d
0
L;:= b j=——
J kz:; k.j 0X,

and gijQ is the Kronecker symbol defined by gjhjz = 1if j; = jo and zero other-

wise. Both expressions for R); can be seen to be equivalent if one uses the following

properties:
1
[T5a] ™ = 5((AWj,t)2—At)7 (3.23)
1 A
[I(j17j2)}:+At = 5 (AVVJLI‘/AVVEJ—’_ E(]‘17j2)}z+ t> s
Uiy ™+ o)y ™ = AW, AW,

3.3.2 Euler and Milstein Scheme (Vector Form)

The stochastic process (3.22) can be represented in vector form by:

dX; = Ao (Xy, ) dt + > A; (X, t) AW X, = Xo , (3.24)
j=1
AO (Xt7 t) = (Xt7 t) ) Aj (Xt> t) = 0. (Xt> t) .

The 0.5 strong order Euler scheme for (3.24) with time step At using Vector Form
[27] is:
)?t—‘rAt - Xt + A()At + Z A]Am,t .
j=1
The 1 strong order Milstein scheme for (3.24) with time step At using Vector Form
[27] is:

)?t+At — 5515 + AOAt + Z AJAW]:t + RM y

j=1
where if one uses the double It6 integrals, R, is equal to:
M
t+At
Ry = Y (0a,45) U],
Ji,j2=1
or using Lévy Areas, R, is equal to:
1 & ~
Ry = 9 Z (aAngjl) (AVle,tAM/}%t - 5j17j2At>
Ji,j2=1
1 & A
t+At
+§ Z (8A12AJ1 - aAleJ'z) E(jmz)h
j1‘7j2:‘1
J1<J2
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Lévy Area & Double 1t6 Integrals

Levy Area
I

+1
12 21
AW1TAW2

0 0.2 0.4 0.6 0.8 1
One time step (N K:512)

-1.5

Figure 3.2: Simulation of the Lévy Area (3.26) and double Ito integrals (3.25).

The Jacobian matrix 0,4, is defined by:

Fibi; Fabiy; ... Fubiy
aAj _ Fiba; Fabaj ... Fuba 7
Fibaj Faba; ... Foabaj
_ 9
0Xy

The relationship between the Milstein scheme using Itd operators and Vector Form

Fr

is:

d d 81)17]2
Lj1bi,j2 = (aAjz Ajl)z' - Zbk’jl'bkbi’h - Zbk’jl 0X;
k=1 k=1

3.4 Approximations of the Double Integral

In this section, we present some methods for simulating the double integrals in

the Milstein approximation.
AL t+At  ps
[](172)},5 = / / dWl,udWZ,s ; (325)
t t

AL t+At s
[](2,1)L =/ / AWa,, dW 4 .
t t
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These double integrals, as one can see in Figure 3.2, start at zero, and then each one
follows its own random path. At the end of the time step At, the sum of both integrals
is AW1;AW, and the difference between both is what is called the Lévy Area. As

one has already seen, this is a very important concept in stochastic calculus:

t+At t+At
Laal, = oo —Ten], (3.26)
It is well known [24] that the double It6 integral has the following mean and variance:
AW AW
E[lup] = E [lon] = —5—=,
At 9
Var [](172)] = VCI,T' [1(271)] = E (At + R ) s

where:
R? = (AWA)? + (AWS)? |

and, for the Lévy Area:

E[Lyy] =E[Ta2 —len] =0, (3.27)
Var [Z(m)} = % (At + Rg) )

The numerical difficulty is how to calculate the double It6 integral I(; 5y or the Lévy

Area L

=(j1,J2
distribution for the Lévy Area conditional on AW;,;, AWs;,;. However there is no

)~ The technique of Gaines and Lyons [8] can be used to sample the

generalization of this to higher dimensions apart from the approximation of [37],
which has a significant computational cost.

In this section we shall present at the beginning the subdivision method proposed
by Kloeden [23] to simulate the double integral (3.25). We follow with the problems
of using this method and propose a solution. The big disadvantage with this method
is that it takes a long time (computationally expensive) if one wants to obtain a good
approximation. At the end of the section we present an explicit formula obtained by
inverting the Fourier transformation of the cumulative distribution function of the
Lévy Area (3.26). Unfortunately, this method is only valid for small values of At
[29].

3.4.1 Subdivision (Kloeden)

Kloeden in [23] says that the double integral (3.25) can be approximated by applying
the Euler scheme to the following 2—Dimensional It6 SDE:

Xm,tn = ngtndWLt 5 (328)
dXay, = dWay
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using the initial conditions:

Xig, =0, (3.29)
Xoy, = Way,

Over the discretization subinterval [t,t + At] with a suitable size:

A
ot =2
Ng
the stochastic Euler scheme for (3.28) is:
Yikt1 = Yie + Yo, Wik (3.30)

Yort1 = Yo, +0Wo i,
Yio=0, Yzo=Wsy,.
When k = N — 1, one obtains the approximation of the double integral (3.25):
YN, & [-7(2,1)]i:+1 )
}/2,NK - WQ,?’L .

The new Wiener processes 0Wi,,, and 0Ws,, , can be obtained using a Brownian
Bridge (B.1) and have to be equal to:

_ Mk
de,t =) p-1 5Wj,n,k .

Kloeden in [23] says that the strong order of convergence for the stochastic Euler

scheme (3.30) ensures that:

B

Therefore, [1(2’1)}:"“ can be approximated in the Milstein scheme by Y; y, with

Ying = [Ten] ™

) <CVaE .

6t = (At)* without affecting the overall order of convergence. Other higher order

multiple stochastic integrals can be simulated in a similar way.

3.4.2 Subdivision (IC = 0)

If one simulates the two integrals using the subdivision method from Kloeden de-
scribed above, Figure 3.3 shows that the expectation of the Lévy Area (3.27) is equal
to zero only in the first time step (n = 1) and changes as n tends to infinity. However,

changing the initial conditions (3.29) to zero, the expectation of the Lévy Area for all
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Figure 3.3: Comparison between the two subdivision methods (n = 5).

n time steps is equal to zero. Furthermore, simulating both methods with different

integration steps Ny, and if the error is:

tn tn

error = AW, AW, — <[I(172)]t"+1 + [1(271)]%“) , (3.31)

one has to see that this error tends to zero as N tends to infinity. This behavior is
not true when the initial conditions are not equal to zero (Figure 3.3). We conclude
that the double Ito integral (3.25) can be simulated using the subdivision method
given by Kloeden by changing the initial conditions (3.29) to zero. The accuracy
or error in the calculation of (3.28) depends directly on the value of Nk. For more

information, see [29].

3.4.3 Subdivision (Lévy Area)

Another way to simulate the double integral is by using the properties (3.23) and

simulating the Lévy Area:

dXiy, = dWip, dXsy, =dWa,, (3.32)
dX3,tn - X2,tndW1,t - XLtndWQ,t .

The stochastic Euler scheme for (3.32) is:
}/l,k‘Jrl = }/1,]6 + 5Wl,n,k ) }/2,k+1 = }/2,19 + 6W2,n,k‘ ’
Y31 = Yar + (Yo dWo g — Y1 66Wing)
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using the initial conditions:
Yir=0.
When k = N — 1, one obtains the approximation of the Lévy Area (3.26):

}/})’NK ~ E(172)] E+At

Therefore, z(m) can be approximated in the Milstein scheme by Ys v, with 6t = (At)?

without affecting the overall order of convergence.

3.4.4 Fourier Lévy formula

We start with the integrated form of the Lévy Area (3.26):
. At
Lan(80) = [ (M(OdWalt) - Wat)dWi (1))
0

The Fourier transformation of the density of Z(1’2)4 conditional on AW;, AWj is given
by:

Ly (w) = B [exp (1w o(t)) [Wi(t) = AWy, Wa(t) = AW

and is explicitly known by [9] (it is also given in Lévy’s original paper [24]) as:

~

Z(L?) (w) = fx(w)fy(w),
where, given R? = (AW})? + (AW,)*:

wAt
Sxw) = sinh(wAt)

2
fr(w) =exp {—% (wAt coth (wAt) — 1)1 .
The probability density function (pdf) for X can be obtained exactly by inverting the

Fourier transform fx(w):

T 5 [ TX

x) = —— sech (—) ,
@) = 7R 2N

and then the cumulative distribution function (cdf) is:

* 1

P(z) = / plr)dr=1— ———
e 1 + eﬂ*:p/At ’
4The Fourier transformation of the density of the Lévy Area L is:
P = [ empnydr . p0)=5- [ ) do.
v
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leading, via its inverse, to the sample rule:
1 At Q )
X=——=—h|——+|, Q~U(0,1).
P o« (1 -Q (0.1)
Note that the variance of X is:

Var [X] = — lim

w—0

Pfx] A
dw? | 3
So far as we know, the pdf for Y cannot be written down in exact form, but for small

At, we have:

2 R*w? At

fyr(w) = exp {—% (wAt coth (wAt) — 1)] = exp l— 5 +0 (AP)|
o)~ exp [T

which is the Fourier transform of another normal distribution with density:

Samples of Y can then be made in the usual way.
R2At

3
So the double integral (3.25) can be approximated using the formula:

—;X+Yy (3.33)

Y = Z, Z ~N(0,1) .

tn

1
[Ion)]" " = 5 (AW, AW,,)

So, although (3.33) is an approximation, one can see that we recover the exact total

variance required.
At
Var [Z(LQ)} =Var[X]|+Var[Y] = 3 (At+ R?) .

Because the pdf for Y cannot be written down in exact form this approximation is

only valid for small values of At. For more information, see [29].

3.5 Convergence

Convergence for numerical schemes can be defined in various ways. It is common to
distinguish between strong and weak convergence, depending on whether the realiza-
tions or only their probability distributions are required to be close, respectively. In
this section we shall define strong and weak convergence and how to measure it, even

if we do not have an exact solution.
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3.5.1 Strong Convergence

When we talk about strong convergence, we are referring to how fast our discrete
time approximation converges to the exact solution as it is refined.

Definition: We shall state that a discrete time approximation X (T') converges
strongly with order ~v > 0 at time T as At | 0 to the exact solution X (T") if there

exists a positive constant C, that does not depend on -, such that:
Estrong(At) = E [ ‘X(T) ~ X(T, At)‘ } <COA . (3.34)

Refer to the theorem in ([22], page 362), which proves that if (3.34) is true, it can be
implied that the order of strong convergence is not only in the last point 7', but also

uniformly over all time steps At within the whole time interval t,, € [to, T
E [ sup )X(tn) ~ X(t, At)) ] <AL
to<tn,<T

It should be noted that ~y is the largest such power for (3.34). Note that using the
method of least squares, one can calculate the constant C' and the order of convergence
7 for (3.34).

log (€strong (D)) = log(C) + v log(At) .

3.5.2 Weak Convergence

When we talk about weak convergence, we want to know how fast the expectation of
our discrete time approximation converges to the exact expectation of our system.

Definition: We shall state that a discrete time approximation X (T') converges
weakly with order § > 0 at time T as At | 0 to the exact solution X (7') if there exists
a positive constant K, that does not depend on [, such that:

eweas (AL, M) = ‘ Elg(X(T))] - E [g ()?(T, At))] ‘ < KA#P (3.35)

for any function g € Cz(ﬁ ) (]Rd,]R). It should be noted that [ is the largest such
power for (3.35). Even though a realization of X (T, At) is computable using a stochas-
tic scheme, the expectation £ [g ()A( (T, At))] is, in general, not. However, it can be
approximated by a sample average of M independent realizations, which is the basis

of Monte Carlo methods. The exact computational error, ey ..k, naturally separates
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into two parts:

EWeak;(At, M) =

+

EWeak:(At? M) S EWeak (At> + EStat(Ata M) .

The time step At determines the time discretization or weak error €y .., and the
number of paths or realizations M mainly determines the statistical error €g;,;. If a
scheme is strong to a certain order, it will be weak to at least that order, and possibly
more, but not vice versa. Aspects of the use of Euler and Milstein schemes for the
weak approximation of SDE’s have been addressed before and they have shown that

both schemes are 1.0 order of weak convergence:
Elg(X(D)] - E [¢ (X(T.20)]| =0 (20) .

A comprehensive review of the construction and the analysis of the strong and weak
convergence order for higher order methods can be found in the inspiring book by
Kloeden and Platen [22].

3.5.3 Convergence without an Exact Solution

If one applies any discrete approximation scheme to a stochastic process (3.36) and
wants to numerically evaluate the strong or weak convergence order of our approx-
imation X (T), an exact solution X(T) is normally required. However, at present,
there are no solutions available for many SDEs. Instead, the next theorems allow us
to determine the order of convergence for our discrete time approximation without
an exact solution. We have published these results in [29] and [30].

All models can be described through a SDE of the form:

dX; = p (X, t)dt + o (X, t) dWy X(ty) = Xo , (3.36)
where:

X, = Xt)eR!, W, eRM | tecty,..TIeR,
O—(Xtat) = U(bi,k (Xt>t)) € Rd M ) M(Xtat) = :U’(a'l (Xtat)) € Rd )
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E[dW;dWi =0, for g #k.

Theorem 1: Existence and Uniqueness of Strong Solutions
Suppose E [||X0||2} is finite and that there is a constant K for which for all
t € [to,T] and all x,y € R? the following condition is satisfied:

(2, t) — p(y, t)||+]|o (z,t) — o (y,t)]| < K ||z —y|| , (Global Lipschitz condition)®.
(3.37)
Then the SDE (3.36) admits a strong solution X and satisfies:

E[|1X|°] < .
This solution is unique in the sense that if X is also a solution, then:
P (Xt — )?ta Vt € [to,T]) - 1 .

Note that if the SDE (3.36) satisfies the global Lipschitz condition (3.37), then the

linear growth bounds is satisfied:
e G )+ o (] < K1+ [lef])

Proofs and additional explanation can be found in [12] and [22].
Theorem 2: Strong Convergence Order without an Exact Solution
A) If a discrete approximation X of (3.36) with time step At has strong conver-

gence order 7, i.e. there exist a constant C; such that:
E [ )X(T) ~ X(T, At)‘ } < OAP (3.38)
Then, there exists a positive constant, Cs, such that:

E HX(T, At)— X (T, %)' ] < Gyt | (3.39)

B) Conversely, if it is known that the discretization is strongly convergent and (3.39)

holds for some positive constant Cs, then the strong convergence order is 7.

Proof A):
If (3.38) is true for all At, then:
s (o A At
E HX(T) - X (T, 7) H <4 (7> . (3.40)
>where ||o|| is the Euclidean norm defined by: ||z := />, 22 .
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Using the triangle law (|A — B| < |A| + |B|) and adding (3.38) and (3.40), one gets:

E H)?(T, At)— X (T, %) H <y (1 + (%)7) A = CyAET

Proof B):
Using the triangle law:

E[ ‘X(T)—)A((T,At)‘ } <E

Due to strong convergence:

lim E

M—o0

Hence, using (3.39):

E HX(T) ~X(T, At)H < i C (%)mam
m=0
C
- 1_—(2%),YAt’y:ClAt’y |:|

Theorem 3: Weak Convergence Order without an Exact Solution
A) If a discrete approximation X of (3.36) with time step At has weak convergence

order [ for some positive constant K7, i.e.:
‘ Elg(X(T))] - E [g (X'(T, At))] ) < KA (3.41)

Then, there exists a positive constant, K, such that:

‘ E [g ()?(T, At))} —E [g ()? (T, %))1 ' < Ko A9 (3.42)

B) Conversely, if it is known that the discretization is weakly convergent and
(3.42) holds for some positive constant K5, then the weak convergence order is f.

Proof: The proof is very similar to Theorem 2. Additional explanation can be
found in [29].

47



3.6 Examples and Simulations.

In this section, we present two financial examples where we measure the strong and
weak convergence for Fuler and Milstein schemes. The first example is a Portfolio
with N assets that follows an exponential Brownian motion. To measure the order
of convergence we use both Theorems 2 and 3 (3.38, 3.41) presented in the last sec-
tion and the exact solutions of our system. We show numerically that both theorems
convergence to the right solution (order of convergence). The second example is a
European Option assuming that the asset price follows a mean reverting stochastic
volatility model (SVM). Because there is not an exact solution for this SVM, Theo-

rems 2 and 3 are used to obtain the order of convergence.

3.6.1 Example 1 (Portfolio with N assets)

If TI(¢) is the total value of a portfolio at time ¢ that contains Np assets S;(t) and
they follow an Exponential Brownian Motion process (EBM), then the portfolio IT is
described by:

asi(t) = 5:(t) ((r(t) = Di(t) dt + o,()dWi(1)) (3.43)

where r(t) and D;(t) are the interest rate and continuous dividend at time ¢ for the
asset .S; respectively, and /VIZ(t) and /I/V](t) are Np Wiener processes with correlation

coefficient p; ;. The exact expectation for our portfolio at time ¢ is:

ELI() | = gsi(to) exp ( /t: (r(s) = Di(s)) dS) : (3.44)

and for every realization or simulation, the exact solution is:

) (1) — iSi(tg) exp ( /t t (T(s) — Dy(s) — %0?(5)) ds + / t ai(s)dm(s)> |

to

(3.45)
If the time t € [ty, T is subdivided into equal time steps Nyeps:
(T —to)
At = )
Nsteps
the first strong Taylor approximation of order 0.5 (Euler scheme) is:
Siltn + A1) = Si(ta) (1+ (°(t) = Dilta)) At + 03(t) AW (1)) . (346)
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The second strong Taylor approximation of order 1.0 is usually called the already
introduced Milstein scheme. The same results are obtained if the definition of the
Milstein scheme is applied directly to each equation or if the scheme using the vector

form of (3.43) is applied with independent noise.

~

Siltn+ A1) = Si(ta) (1+ (r(ta) = Dilta)) At + 03(ta)AWi(t,))  (347)
1~ - 2
+3Sitn)aten) (AT e - a¢)
2
Consider the following parameters and initial conditions for our portfolio I (¢y):

N:4,Sz<t0):1,t0201,T:9, (348)

r(t)—D(t) = [0.02 0.04 006 008]"
o) = [01 02 03 04]",

and the correlation matrix for our Wiener process:

1 7 0 0

p:ﬁ11ﬁ20
py L D3 |7

0 0 7 1

Py =025, Py, =—05, Py =0.75 .

Using (3.48), the exact solution (3.45) of (3.43) and running enough simulations
(M = 10* paths) to calculate the order of the strong convergence (3.34), we obtain
as expected in Table 3.1 and Figure 3.4, magnitude 0.5 and 1.0 strong orders of
convergence with respect to At for Euler and Milstein schemes respectively. On the
other hand, if we use Theorem 2 (3.38), ignoring the existence of the exact solution
(3.45) for our system (3.43) and compute the same simulations (M = 10%), we obtain
as expected in Table 3.1 and Figure 3.5, the same strong order of convergence v as if
one uses the exact solution.

As one can see, the use of Theorem 2 gives a good estimate of the strong order
of convergence 7, for our system (3.49). The only difference between the results, the
exact solution (Figure 3.4) and Theorem 3 (Figure 3.5), are the value of the constants

C7 and (5. Nevertheless they are related as:

205

Ch=—F"F= .
L)
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[ Scheme | & [ & [ 7 [ 7 |
Fuler — S; ] 0.004]0.003 ] 0.49 | 0.48
Fuler — S, | 0.019] 0.015 | 0.48 | 0.48
Fuler — S; | 0.044 | 0.034 | 0.48 | 0.48
Euler — S5 | 0.080 | 0.063 | 0.48 | 048
Fuler —T1 | 0.116 | 0.092 | 0.48 | 0.48
Milstein — Sy | 0.001 | 0.000 | 0.99 | 0.98
Milstein — S, | 0.005 | 0.003 | 0.97 | 0.95
Milstein — S5 | 0.012 | 0.009 | 0.95 | 0.93
Milstein — Sy | 0.022 | 0.018 | 0.93 | 0.92
Milstein — 11 | 0.032 | 0.025 | 0.95 | 0.93

Table 3.1: Order of strong convergence test of (3.43) using the exact solution (C1,7v,)
and Theorem 2 (Cy,7,).

Using (3.48), the exact expectation (3.44) of (3.43) and running M = 10° Monte
Carlo paths to calculate the order of the weak convergence (3.35), we obtain as
expected in Table 3.2 and Figure 3.6, a 1.0 weak order of convergence for both the
Euler and Milstein schemes with respect to At. On the other hand, if we use Theorem
3, ignoring the existence of the exact expectation (3.44) for our system (3.43) and
compute enough simulations (M = 10%), we obtain as expected in Table 3.2 and
Figure 3.7, the same weak order of convergence f3 as if one uses the exact expectation.
Even though we have used 10 times more Monte Carlo paths to calculate the weak
convergence order without using Theorem 3, one can see in the results (Table 3.1 and

Figure 3.6) that there were not enough simulations.

[ Scheme [ Ki [ K> [ B [ 5, |
Euler — S, X% [.0001| X |0.99
Euler — S, X 0004 | X | 0.99
Euler —S; | .0013 | .0010 | 0.93 | 0.98
Euler — S, |.0030 | .0017 | 1.06 | 0.98
Euler — 11 .0049 | .0033 | 0.98 | 0.98

Milstein — Sy X 0001 | X | 0.99

Milstein — Sy X 0004 | X | 0.99

Milstein — S5 | .0013 | .0010 | 0.93 | 0.99

Milstein — S; | .0030 | .0018 | 1.06 | 0.99

Milstein — 11 | .0049 | .0033 | 0.98 | 0.99

Table 3.2: Order of weak convergence test for (3.43) using the exact solution (K3,5,)
and Theorem 3 (K3,3,).

6The simulation requires more Monte Carlo paths to correctly calculate the constant.
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Figure 3.4: Strong convergence test of (3.43) using the exact

E[ |AError| ]

Strong convergence test for S & I1 (Exact solution); M= 10 4

Strong convergence test for S & I1 (Theorem); M= 10 4
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Figure 3.5: Strong convergence test of (3.43) using Theorem 2 (3.38).
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Weak convergence test for S & I (Exact solution); M= 10 °
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Figure 3.6: Weak convergence test of ( 3.43) using the exact expectation (3.44).
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107 ¢ ‘ T ‘

10

E[ |AError| ]
IS

Figure 3.7: Weak convergence test of ( 3.43) using Theorem 3 (3.41).
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As one can see, the use of the Euler and Milstein schemes give almost the same
weak order of convergence . The reason for this is that one is calculating the ex-
pectation instead of the corresponding path or realization. When calculating the
expectation, the use of either the Euler or Milstein schemes has negligible difference
on the outcome. The only difference is, when one uses Theorem 3 (Figure 3.7), Mil-
stein scheme requires less paths in the Monte Carlo integration (M = 10° paths) than
Euler scheme (M = 10® paths) to calculate the expectation (3.42). This is because
of its lower variance (see Figure 3.13).

The use of Theorem 3 gives a good estimate of the weak order of convergence
for our system (3.43). The only difference between the results, the exact expectation
(Figure 3.6) and Theorem 3 (Figure 3.7), are the value of the constants K; and K.

However they are related as:
Ko

1-(3)
It should be noted that if one uses Theorem 3 to calculate the weak order of conver-

K

gence, then the subroutine takes much less time. This is because instead of calculating
the expectation of the solution of our system (3.44), one is computing the expecta-
tion of the difference between two solutions with different time steps. In consequence,
one needs less paths in the Monte Carlo integration. Also it should be noted that
the standard Monte Carlo method used to calculate the expectations is very slow
(computationally expensive). For this example alone, it took 495 hours for Figure
3.6 comparing with 49.5 hours for Figure 3.7 and 0.11 hours for Figure 3.13 (approx-
imately, 48% for Euler and 52% for Milstein scheme).

3.6.2 Example 2 (European Options using Stochastic Volatil-
ity Models)

We begin with the usual Exponential Brownian Motion where the volatility o is

written as the square root of a variance v and is assumed to follow a mean reverting
SDE:

s, = S, (utdt+ \/y_td/WLt) , E [dWM,d@t} —pdt,  (3.49)
dvy = v (k(w — vy) — Avy) dt + )2 dWs,

where 11 is the instantaneous drift or return of the stock price at time ¢ and the seven

parameters, k, w, A, &, A1, A9, p are constants and determine the evolution of the
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asset price S and variance v. They are defined as:

St, = initial price vy, = initial volatility

to = initial time T = maturity

(= drift w = long-run mean

k = mean-reverting speed ¢ = volatility of volatility

A = market price of risk p = correlation coefficient

A1 = random mean parameter | As = radial distance from OU

The value of a European Option at time T with strike K is equal to:

max(Sr — K,0) for call options } . (3.50)

V(T) = { max(K — Sp,0) for put options

Unfortunately, there is no exact solution and expectation in the literature for the
option value (3.50) using the SVM (3.49). However the expectation of S is:

T
E[Sr ]| =5 exp < / p(s)ds) : (3.51)
to
The first strong Taylor approximation of order 0.5, Euler scheme, is:

§t+At = §t (1 + ,LLtAt + \//VTtAWLt) s (352)
Vipar =V + /’/\Z\l (k(w —vp) — Avy) At + gﬁ?ZA/Wzt .

If one applies Milstein scheme to each equation of (3.49), ignoring stochastic variation

vy in Sy equation, one obtains (Milstein 1D):

A~ ~ = —_~ 1/\ —_

Snr =5 (1 + 1At + VP AWL + 5, (AWﬁt - At)) , (3.53)
—~ 1 —~

Drsae = Do+, (K(e = 00) = ADY) At + 0,2 Ao, + 50807 (ijt - At> .

If one applies Milstein scheme using both the vector form of (3.49) with independent
noise and the double It6 integrals (Milstein 2D — I):

~

~ — 1 o Ag—1
St+At = St (1 + ,utAt + \/V_tAWLt + §p€V;\ 2 |:I(271):|E+At> (354)

~ (1 1 -1 —~
+St (ﬁyt + prl/? 2) (AWIQ,t - At) s

~ ~ ~ ~ o AT 1\ com9nm-1 (AT
Dipns = 0 + 02 (k(ww — D) — ADy) At + D2 AW, + 5)\2521/?2 ! (AW22¢ - At) :

tn41 s1
A
[](2’1)]:+ t:[ /; dW2,82dW].,S]_ . (355)
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If one applies the concept of the Lévy Area (Milstein 2D — L), one only needs to
substitute (3.56) in (3.54) by:

1
[1(2,1)}z+m =3 (dWI,tdW2,t — E(l,g)}HAt) : (3.56)

t

One can note that when one applies the Milstein scheme to each equation or apply the
scheme with independent noise and the vector form of (3.49), one obtains different
equations. The double integral (3.55) and the Lévy Area (3.56) can be calculated
using the methods proposed in the section below (page 38). They are the key in
solving the Milstein scheme for the stochastic volatility model (3.49).

Consider the following parameters and initial conditions for our portfolio IT (¢y):
So =100, vo=0.2% t, =0.1, T=0.6, n=0.05, p= —0.5, (3.57)

k=15 w=015>, A=0, £=02, \y =0, Ay =0.7,
Kcan = Kpuyt = 105 .

Using Theorem 2 from page 46 (because there does not exist an exact solution for
the system (3.49)), the parameters and initial conditions (3.57) and running enough
simulations (M = 5000 paths) to calculate the order of strong convergence (3.34),
we obtain as expected in Table 3.3 and Figures 3.8 and 3.9, magnitude 0.5 and 1.0
strong orders of convergence with respect to At for Euler and Milstein schemes. As
one can see, the Milstein 1D scheme (3.53) has the same order of convergence 0.5
as the Euler scheme (3.52) without having to calculate the double integral (3.55).
The reason for this is that the scheme was applied without taking into account the
correlation between the two systems. To obtain a 1.0 order of convergence with the
Milstein scheme (3.54 or 3.56), one needs to apply the scheme to the vector form of
(3.49), use independent Wiener processes and compute correctly the double integral

or Lévy Area.

H Scheme [ G5 [ Co [ G Coll s [l va [l v | 76 |
Euler 3.46 | .006 | 1.85 | 2.06 | 051 | 0.58 | 051 | 051
Milstein 1D 344 | 011 | 2.08 | 1.84 | 050 | 1.07 | 0.50 | 0.49

Milstein 2D (I=0) | 3.10 | .011 | 1.77 | 1.73 | 0.50 | 1.07 | 0.50 | 0.50
Milstein 2D (L=0) | 2.52 | .011 | 1.43 | 1.40 | 0.53 | 1.07 | 0.52 | 0.52
Milstein 2D 5.16 | .011 | 3.00 | 2.87 | 0.99 | 1.07 | 0.99 | 0.98

Table 3.3: Order of strong convergence test for S (Cs,y5), for v (Cy,y,), for Call
option (Cs,v5) and for Put option (Cg,7s) using Theorem 2 (3.38) and (3.49).
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Strong convergence test for S and v (Theorem); M= 5000
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Figure 3.8: Strong convergence test for the SVM (3.49) using Theorem 2 (3.38).

Strong convergence test for call and put options (Theorem); M= 5000
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Figure 3.9: Strong convergence test for the option value (3.50) using Theorem 2.

56



To measure the weak convergence for the stochastic volatility model (3.49), one
only needs the expectation of S(¢) in order to compare it with the expectation of
our approximation S (t). Running simulations using a sufficient number of paths
(M = 7 x 10%) to approximate the expectation (3.51), we obtain as expected in
Figure 3.10, a 1.0 weak order of convergence for all schemes with respect to Aft.
Doing the same but now using Theorem 3, we obtain as expected in Figure 3.11,
the same order of weak convergence as if one uses the exact expectation. We have
excluded in the simulation the scheme that include the calculation of the Lévy Area
(3.56) because of the high computational cost required to approximate correctly the
expectation of S. Because we do not have an exact expectation of the option price

(3.50), we have used Theorem 3 to calculate the weak order of convergence (Figure
(3.12) and Table 3.4).

|| Scheme [ Ks | Ko [ K5 [ Kol Bs [ Ba | 55 || Bs |
Euler 07| 042 ] .006 | .72 | 1.15® | 0.99 | 1.08 | 1.08
Milstein 1D 07 | 042 | 006 | 70 | X' 0.9 | 1.08 | 108

Milstein 2D (I
Milstein 2D (L

0) | .07 | .042 ] .006 | .69 [ 1.15®) [ 0.99 | 1.08 | 1.08
0) | .07 |.041.006 | .69 | 1.14®) [ 0.99 | 1.08 | 1.08

Table 3.4: Weak convergence test of S (K3,35, exact solution), for S (Ky,3,, Theorem
3). for v (K3,0;5), for the Call option (Kg,5).

Again, when the expectation is calculated using the Euler or Milstein schemes
there is negligible difference in the outcomes. The Monte Carlo method used to
calculate the expectation was, again, very slow. For this example alone, it took
510 hours for Figures 3.10 and 3.11 ( 24% for Euler, 25% for Milstein 1D, 25% for
Milstein 2D — I and 26% Milstein 2D — L). Even though we have used the same Monte
Carlo paths to calculate the weak convergence, one can see in the results (Table 3.4
and Figure 3.10) that there were not enough simulations to calculate the convergence
order correctly when one does not use Theorem 3. Comparing with Example 1 (Figure
3.13), the Euler or Milstein schemes does not have any difference in the number of
paths required for Monte Carlo integration to calculate the expectation (3.51). This

is because of its stochastic variance (Figure 3.14).

"The simulation requires more Monte Carlo paths to correctly calculate the constant.
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Weak convergence test for S (Exact solution); M= 7x10 8

I /EE/5
—10 2| %M‘M«w 7
£ _— -
% 4’7M-1D
L 1 0'3 B ‘/5% i (I=O) 7
%/ ~——+— M-2D (L=0)

! ‘ ‘
2 | O

10 At ) |

Figure 3.10: Weak convergence test of ( 3.49) using the exact expectation (3.51).

Weak convergence test for S (Theorem); M=7x10 8
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Figure 3.11: Weak convergence test of ( 3.49) using Theorem 3 (3.41).

Weak convergence test for call and put options (Theorem); M= 10 7
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Figure 3.12: Weak convergence test for European options using Theorem 3 (3.41).
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Weak convergence test for S & I1 (Theorem); M= 10 5
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Figure 3.13: Weak convergence test of ( 3.43) using Theorem 3 (MC = 10°).

Weak convergence test for S (Theorem); M= 10 6
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Figure 3.14: Weak convergence test of ( 3.49) using Theorem 3 (MC = 10%).
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3.7 Conclusions

For the N—Dimensional Exponential Brownian Motion process (Portfolio with N
assets (3.43)) we obtain, as expected, a 0.5 and 1.0 strong order of convergence for
Euler (3.46) and Milstein (3.47) schemes respectively. However, for the stochastic
volatility model (3.49), we obtain a 0.5 strong order of convergence for both Euler
(3.52) and Milstein 1D (3.53) schemes. The reason for this is that the Milstein 1D
scheme was applied without taking into account the correlation between the two
systems. To obtain a 1.0 strong order of convergence with the Milstein scheme (3.54)
or (3.56), one has to apply the scheme to the vector form of (3.49), use independent
Wiener processes and compute correctly the double integral (3.55) or Lévy Area
(3.56).

Both the Exponential Brownian Motion (3.43) and the stochastic volatility model
(3.49), give a 1.0 weak order of convergence and almost the same constant C' for all
schemes with respect to At (the same expectation error). The application of either
the Euler or Milstein schemes to calculate an expectation in the standard way has
negligible difference at all in the outcome.

The use of Theorems 2 and 3 successfully determines the strong and weak orders of
convergence. Fach theorem was tested using exact solutions or expectations to verify
the results. Examples in the chapter demonstrate that the use of both theorems
require at least 100 times fewer Monte Carlo paths than the standard method to
correctly calculate the order of convergence. Because there are no exact solutions for
the stochastic volatility model (3.49), the use of the theorems was fundamental to

establish its convergence order.
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Chapter 4

¢ Scheme (Orthogonal Milstein
Scheme)

Strong convergence properties of discretizations of stochastic differential equations
(SDEs) are very important in stochastic calculus. The Milstein scheme gives first
order strong convergence for all 1—dimensional systems (one Wiener process). How-
ever, for two or more Wiener processes, such as correlated portfolios and stochastic
volatility models, there is no exact solution for the iterated integrals of second order
(Lévy area) and the Milstein scheme neglecting the Lévy area usually gives the same
order of convergence as the Euler-Maruyama scheme.

The purpose of the chapter is to show that if certain conditions are satisfied,
one can avoid the calculation of the Lévy area and obtain first convergence order by
applying an orthogonal transformation. We demonstrate when the conditions of the
2—Dimensional problem permit this and give an exact solution for the orthogonal

transformation (6 Scheme or Orthogonal Milstein Scheme).

4.1 Orthogonal Transformation 2D

We begin with a 2—Dimensional It6 stochastic differential equation (SDE) with a

2—Dimensional Wiener process:

( )(a:,y,t) dt + o(x,y,t) d/let , (4.1)

de = p'*
) (ZL’, Y, t) dt + 5(1', Y, t) dWQ,t ) E [dwl,h d/WZ,t] =p dt .

7]
dy = p

Alternatively, in vector form:

2
dZ(t) = Ay (t, Z) dt + 3 Ay (t, Z) Wiy | ZeR?.
k=1
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This is in fact, only a symbolic representation for the stochastic integral equation:

Z(t) = Z(to) + /tA()(S,Z) dS—f-Z/tAk(S,Z) de75 .

to k—1 Vo

The first integral is a deterministic Riemann integral and the second is a stochastic

integral. Using the standard definition of constant correlation:

d/Wl,t o 1 0 dWl,t ~ _ 2
EAREIE B
t

dWa, p P

one can represent the system (4.1) in vector form with independent noise as:

o)L o [ (2.

<dW1,t, dW27t> — 0 .
The 1 strong order Milstein scheme for (4.3) with time step At is (Appendix (B.7)):

(z¢) 0
LAt Ty ju o
= At AW ~ | AW 4.4
{%&At] {Z/tl—i_{ﬂ(yﬁ} +[P€1 M+lﬂf] 2t (44)

+% { oo, + p§oy, } (AWﬁt—At) Jr1 { 0 ] (AW22,t _At)

pot, + p*E€, 2 | P°¢,
1 /ﬁgo. 1 — t+At
V5 | ot < agpce, | (VRO + 5 il

where subscript x and y denote partial derivatives, Z(Lg) is the Lévy area defined by:

N t+AL S AL S
E(1,2):|t = / / dWl,UdWQ,S _/ / dWQ,UdWLS .
t t t t

[Ay, As] is the Lie bracket defined by (04, is the Jacobian matrix of A;):

[AbAQ] = (3A2A1 - 8,41142) = [ ﬁ—fg% ] : (4-5)

The numerical difficulty with the Milstein scheme is how to simulate efficiently the
Lévy area Z(LQ) (computationally very expensive). On the other hand, if one makes
an orthogonal transformation of the uncorrelated process (4.3), one does not change
the distribution (see Theorem 6 (B.23)) and gets:

Az = D@, g, t)dt + o (Z,5,1) dW1, (4.6)

p(z,
dj = pO G, 7,t)dt + £(F, 1) dW oy

62



where:

dWl,t |10 cosf) —sind AW, 4 (A7)
dﬁ}u p P sinf cosf dWay | - '

If one computes the coefficients of the Lévy area (Lie bracket) for the new orthogonal

process using independent Brownian paths W ;, W5 ;:

peay — 0%05 — poch;
A Ay = | Por— s —p y}'
[12]lp¢fw¢%—¥%

To avoid having to simulate the Lévy area z(1,2)’ one needs the Lie brackets to be

identically zero, i.e., you need to impose the following conditions:

—,/550'@—0'295—,0069@ = O,
+pols — pollzs — 05 = 0.

Simplifying one gets:

L 00 1 (Coy  p&
- %_1 0&s Poy
@__8§_ﬁ<5_%0>’

If one wants to find a solution for 6, one must first determine when the system is
consistent, or integrable. This requires that:
o 0% 0¥
oy 010y Ot

(4.9)

and the solution for 6 is:

0(7,7) = / o (®d7 + U dy) . (4.10)

However, if one applies 1td’s lemma (Appendix (B.6)), one also obtains the following
SDE for 6: . .
df = O dt + o®dW 1, + VAW, |
~ o 1,00 %0 1,00
© — @ Oy 4 Zg222 —g22 7
pE = e A S0 e 0ol e T 58 o

If one chooses to define 6 in this way our system becomes a 3—Dimensional Itd process

(4.11)

with two Wiener process inputs (f—scheme):

dz p® o — 0 —
dy | = p®@ |dt+1] 0 AW+ | & dWay . (4.12)
do e od v
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If one computes again the Lie brackets with independent noise, one obtains (see
Appendix (B.22)):
0

Ay, Ay] = X . (4.13)

St ov 09
o S~ T A<
P oxr Oy
Note that when condition (4.9) is satisfied this Lie bracket (4.13) is identically zero.

However, because not all SDEs satisfy condition (4.9) and the value of Lie brackets

(4.13) does not depend on the drift for 6, one can always put:
w9 =0.

In the remainder of the chapter we shall explain why using the drift for # equal to zero
is the best approach. We also shall investigate when particular applications satisfy
condition (4.9), in which case one can discretise either (4.6) or (4.12) and when they
do not, in which case one can only discretise (4.12) or the original untransformed SDE
(4.1). Our objective is to try to achieve higher order strong convergence without the
simulation of the Lévy areas.

When the Lie bracket is not equal to zero, the important question to be considered
is how precisely does # need to be calculated to obtain first strong order convergence
in ¥ and 7 For example, does neglecting the Lie bracket affect the accuracy of 6 but
not in = and y?

One approach of §—scheme results is given by Ana-Bela Cruzeiro, Paul Malliavin
and T. Thalmaier in [6]. Because dW and dW have the same distribution (see
Theorem 6 (B.23)), they ignore the calculation of . For example, the 1 strong order
Milstein scheme for (4.6) with time step At using (4.8) is (see Appendix (B.17)):

7 7 @) 0] AW 1
Ti4+At Tt 1Y o Lt
z I R Nt . Ll L ZRy . (4.14
l Yi+-At 1 [ Yt ] [ M(y) } l p& P& 1 AW2¢ 2 M ( )
where R), is equal to:
[ ooy + péoy 1 ~,
R = aea, (AW —At)
YL ot g, - ST AT
[ pto, — Dl 1, —
o T, | (AT - o)
| pEE, — pok, — = |
2p&o, ~
[ 2ot +2p(ge, + £20) | AMeAae
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and

AWM | cosf —sinf AWy,
AW% | sinf cos6 AWy | -

Replacing AW by AW one obtains the Malliavin scheme published in [6] and in book
[26]. Note that the advantage of this scheme is that one does not need to simulate
the Lévy Area or worry about the value of 6 every time step. For weak solutions the
Malliavin scheme is a good approach. However for strong solutions, it has the same or
worse strong convergence constant than both the scheme that includes the simulation
of 6 and the Milstein scheme that does not include the orthogonal transformation

(4.4). For illustration, see the example in the next section with simulation plots
(figures (4.1) to (4.4)).

4.2 Orthogonal Stochastic Volatility Models

In this section we consider four mean reverting stochastic volatility models. All four

have the following generic form:

de = p@dt + aﬂly’\ldﬁ/\u : (4.15)
dy = pDdt+ Bary™diWy, | E [dmt,d@t] — pdt .

If one applies an orthogonal transformation, (4.15) changes to:

de = p@dt + ozx”lykldwl,t : (4.16)
dy = pOdt+ B2y dWa,

where dﬁ/\m are the orthogonal correlated Wiener processes defined in (4.7). If one
would like to obtain an exact solution of 0 (4.10), the integrability condition (4.9)
becomes (see Appendix (B.18)):

00 MM Byt yoyaaieTt OW
9y  —pazrctl — pAyretl 9z’

(4.17)

Ye=71—"2—1, Ae=X—A—-1,

so then, for «, (3, 1,7, # 0, one can conclude that # is integrable if, and only if,

Ac = v¢ = 0, in which case the solution is:

A A
o — (M) log 1y (%O;_+15> log 1 | (4.18)
pB po
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Using the 6 scheme (4.12), the 3—Dimensional It6 process for (4.16) is:

di /,L(%) o l"YI y)\l — O —
dy | = p® |dt+1]0 AW+ | Bareyr AWy, (4.19)
d@ M(e) o x'YI y/\l(p 6 x’YZy)\Q\I]
where
w9 =0, (4.20)
oMb Y+ pyy axlo v PN By 4 ypo 70
o — Do xVet! ’ a B yretl

If one computes the Lie brackets:

Ay, Ag] = 0 | (4.21)
x272y2z\1 (7072(121.270 + )\C)\152y2>\c)

Even without the condition (4.17) being satisfied one can perhaps improve the con-
vergence using the §—scheme without the simulation of the Lévy areas. However this
depends on the parameters of our system. In other words, the accuracy is dependent
on the value of the Lie bracket of the scheme (4.21). It will give us the bias in the
calculation of the value of 6 and hence in = and y. Note that when condition (4.17)
is satisfied this Lie bracket (4.21) is identically zero.

4.2.1 The Quadratic Volatility Model (Case 1)

The first case we consider is the Quadratic Volatility Model:

dx = xﬁdt—l—xydwl,t , (4.22)
dy = k(@ —y)dt+ Py dWa, .

Because A\c = 0, one can use either equation (4.16) together with (4.18), or the
3—Dimensional 6 scheme (4.19). Because of the orthogonal transformation, neither
requires the calculation of the Lévy area. Figure 4.1 and Table 4.1 show that, as
expected, the Euler scheme and the Milstein scheme with zero Lévy areas (setting
Z(1,2) =0 in (4.4)) give strong convergence order 0.5. On the other hand, the Mil-
stein scheme (4.4) with a proper value for the distribution of the Lévy area (through
simulating the Lévy area using N subintervals within each time step) gives 1.0 order
strong convergence, as do the two orthogonal §—schemes. We have used the following
parameters: t, = 0; T'=1; p= —0.50; 7=0.1; k=1.4; w» =0.32; §=1.22 and initial

conditions x(t,)=1; y(t,) =ws.
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4.2.2 The 3/2 Model (Case 2)

The second case we consider is the following stochastic variance model, usually called
the 3/2 Model [25]:

dov = xpdt+a/ydWh, | (4.23)
dy = ky(wsp—y)dt+ 85, 93/2d/m72,t :

Because A\¢c = 0, we obtain almost the same results as Case 1 (Figure 4.2 and Table
4.1). The parameters and initial conditions are the same as in Case 1 except for w; /2 =
w; 3=2.44; y(t,) = oB; which are chosen so that z and y will have approximately

the same relative volatility.

4.2.3 The GARCH Diffusion Model (Case 3)

The third case we consider is the following stochastic variance model, usually called
GARCH Diffusion Model:

dv = zudt —l—x\/gdﬁ/\u , (4.24)
dy = k(wi—y)dt+p, ydWZt )

In this case Ac =0.5, and since the integrability condition is not satisfied it is not pos-
sible to use the 2D — 6 scheme. Figure 4.3 and Table 4.1 show that the only schemes
that achieved first order convergence are the Milstein and 6 schemes which simulate
the Lévy area. However, the simulation results also show there is a remarkable dif-
ference between the original and the orthogonal scheme without the simulation of
the Lévy area, not the improved order of convergence achieved in the first case but
a much improved constant of proportionality. The parameters and initial conditions
are the same as in Case 2 except for w; = w#; 3=0.78; this is again chosen so ensure
that x and y will have approximately the same relative volatility as in the first two

cases.

4.2.4 The Square Root Model (Case 4)

The worst case for this example using the orthogonal transformation is Heston’s
Square Root Model [14]:

der = zpdt+ x\/gdWM , (4.25)
dy = k (wl/g — y) dt + 51/2\/§d/w\27t .
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Strong convergence test for "X" (Case 1)

—>— Euler scheme
—+— Milstein (L=0)
—*— Milstein sch.
—/— Malliavin sch.
3 2 —<— 2D 0 scheme
At 3D 6 sch (L=0)

mean( |error| )

Figure 4.1: Strong convergence test for x (Case 1).

In this case, \. = 1. Figure 4.4 and Table 4.1 show that neither of the Milstein
schemes in which the Lévy areas are set to zero performs very well. Both have order
0.5 strong convergence, and the constant of proportionality is not much better than
for the Euler scheme. When the Lévy areas are simulated correctly, the Milstein and
0 schemes do exhibit the expected first order strong convergence. This demonstrates
the importance of the Lévy areas in this case. The parameters and initial conditions

are the same as in Case 2 except for w; ), = w; 3=0.25.

H Scheme H Description H C-1 H C-2 H C-3 || C-4 ||
Euler scheme set At=dt, AW;=dW; in (4.3) | 0.49 | 0.50 | 0.51 | 0.50
Milstein (L=0) | Milstein (4.4), set Z(Lz):O 0.52 | 0.54 | 0.53 | 0.53

Milstein sch. Milstein (4.4), simulate Z(LZ) 094 | 095 | 0.96 | 0.96
Malliavin sch. Milstein (4.16), set AW;=dW; | 0.50 | 0.52 | 0.50 | 0.49
2D-6 scheme Milstein (4.16) with (4.18) 0.96 [ 0.95 | n/a! | n/a
3D-0 sch. (L=0) | Milstein (4.19), set L =0 0.96 | 0.95 | 0.78 | 0.63
3D-0 scheme Milstein (4.19), simulate L, 5, | 0.96 | 0.95 | 0.95 | 0.94

Table 4.1: Convergence orders «y for SVMs (all cases (4.22-4.25)).

4.2.5 Drift for 0§ Scheme

This section explains how the strong convergence order for x and y can change when
applying a different drift in the 6 equation in the 3D — 0 scheme (4.19). Lets start
by assuming that @ is a function of z and y, two stochastic processes. Applying It6’s
lemma, one obtains the following SDE (Appendix (B.6)):

A9 = O dt + ayMOAW 1, + By 2 WdW, |

In/a = not applicable.
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Strong convergence test for "X" (Case 2)

—>— Euler scheme
—+— Milstein (L=0)
—k— Milstein sch.

—/— Malliavin sch.

S107
o
= 4 .
§ 10_377 /ﬁ/
g /vﬁ/m
éﬁ/ﬁ 1
107 At 107

2D 0 scheme

3D 6 sch (L=0)

Figure 4.2: Strong convergence test for x (Case 2).

Strong convergence test for "X" (Case 3)

mean( |error| )

At

—>— Euler scheme
—+— Milstein (L=0)
—k— Milstein sch.
—/— Malliavin sch.
3D 6 sch (L=0)
= 3D 0 scheme

Figure 4.3: Strong convergence test for x (Case 3).

Strong convergence test for "X" (Case 4)

M

At

—>— Euler scheme
—+—— Milstein (L=0)
—k— Milstein sch.
—/— Malliavin sch.
3D 6 sch (L=0)
= 3D 6 scheme

Figure 4.4: Strong convergence test for x (Case 4).
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= 1 2 0P 020 1 2 O
0 _ (x)CI)—|— @)\I[ - A2 U )\1+>\2_+_ A2\¢ 2~ 4.26
' = p HOW o (zy™)" o=+ pBy R 5 (By™) 5 (4.26)
where: N
90 _ & _ —MByC [ 90 _ iy — pX
F=0=""5 |g=Y=5
0 _ 9% _ MByC | 920 _ 0¥ _ —ph
072 — 0z pa? 02— oy py?
The problem comes when calculating the cross derivatives:
920 _ 9% _ —AcMBy Tl 920 _ 9w _
Doy — oy — - 1ﬁxy ooz — oz — V|- (4.27)

Only when condition (4.17) is satisfy (Ac = 0 ), the cross derivatives are equal and
the correct drift (4.26) can be applied in the 3D — 6 scheme (4.19). To understand
how the drift of # changes the convergence in x and y, three examples are presented

using Case 2 and the same initials conditions:

H Case 2 ‘ w9 =0 H
Case 2a | @ =It6 (4.26)
Case 2b | p@ =7/2

In the first plot (Figure (4.5)) we calculate the strong order of convergence of 6 at
time 7" between the formula (4.18) and 3—Dimensional # scheme (4.19) using different
time steps At:

E[ 03p (T) —62p (1)] | = C AL .

In Figure (4.5) we obtain as predicted, one strong order convergence when using the
correct drift for 6 (4.26), and a constant error when using the other drifts. However,
when applying a strong convergence test to 6 and x, Figures 4.6 and 4.7 display some
differences. This is because the value # changes every time step depending on its
drift. The greater the value of 8, the poorer the strong convergence constant for 6
and therefore with z and y. In addition, because not all SDEs satisfy the conditions
(4.17) to calculate the cross derivatives (4.27) and the only goal when using the ¢
scheme is to obtain zero in the coefficients of the Lie Brackets (4.21) for = and y, we

conclude that the best approach for the 6 scheme is when using:

=0

4.3 2D Orthogonal Milstein Scheme (6 Scheme)

This section presents the definition of the 6 scheme that generalizes the application

of an orthogonal transformation to a 2—Dimensional SDE [30].
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Strong convergence test for EJ | GBD - 92D |1
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Figure 4.5: Expectation of the absolute error of § at time 7.
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Strong convergence test for " 6"
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Figure 4.6: Strong convergence test for 6 (Case 2).

Strong convergence test for "X" — % formula
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Figure 4.7: Strong convergence test for x (zoom Case 2).
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4.3.1 2D — 6 Scheme

Theorem 4: 2D — 6§ scheme (Exact solution)
If one has a 2—Dimensional It6 stochastic differential equation with two indepen-

dent Wiener process:
X1t ai bii big AWy
d Tl = dt + ’ ’ A I 4.28
l Xoy ] { az ] { ba1 bao dWay ( )
where a;,b; , are smooth functions of ¢, X; and Y, satisfying the global Lipschitz

conditions (3.37) and:
ov 09

where:

H (b%l + b%g) — Hy (biaba1 + b12ba2)
(brabaz — brabas)®

Hy (03, +035) — Hy (bibay + b1obos)
(bribao — b1gbas)?

and H; are the coefficients of the Lévy area (Lie bracket) of (4.28) and are defined

by:

o =

Y

U =

?

Hj_ — lej,2 — LijJ 5

a )
Lj = Zbk’ja_)(k .
k=1

If one applies an orthogonal transformation to (4.28) described by:

dWl,t | cosf —sind AWy 4
[ d/I/IV/Q,t ] B l sin cos0 ] l AW, ] ) (4.30)

where:

X1 X2
0, (X1, X,) = / BAX, + / WX, | (4.31)

then the new orthogonal process has 1 strong order convergence using the Milstein
scheme neglecting the simulation of the Lévy Area. Conversely, for H; # 0 (the
commutativity condition is not satisfied), the Milstein scheme of (4.28) with zero
Lévy Area has 0.5 strong order convergence.

Proof:

The 1 strong order Milstein scheme for (4.28) with time step At is (Appendix

B.7):
Xoitat Xoy g ba1 bap AWy, 2

+ l “ 1At+{b1’1 b“} lAW“ ] 2Ry
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2 +
Ry =Y. [ Ljby, ] (AW?, — At) + [ f]h 1 AW AW,
1

H t+AL
-+ [ H; ] E(l,?)}t )

where:
]{Ji - lej,Q :l: LijJ .

For H ji # 0, the Milstein scheme is 1 strong order convergent when one includes all
terms in the equation (see Theorem 10.3.5, page 350 from [22]), otherwise it becomes
0.5 strong order convergence. In general, if X is the solution of the SDE (4.28)
and X7 is the numerical approximation using the Milstein scheme, for H;  # 0 and

neglecting the simulation of the Lévy Area, one can say:
E [XT - )A(T} < Cy (A1)?

On the other hand, if one makes an orthogonal transformation (4.30) to (4.28), one

Xlt 3] bi1 b2 dwlt
d|l 2| = dt ’ : ~ . 4.32
[ Xoy ] { as ] + { ba1 bao ] [ AdWs 4 ] ( )

The system (4.32) with independent noise can be represented as:

d[ Xii ] _ { i }dtju by b ] { AWy, } , (4.33)
X27t a2

ba1 b2 dWa
51,1 31,2 | bia big cosf —sinf
52,1 52,2 | baa bog sinf cosf '

The 1 strong order Milstein scheme for (4.33) with time step At is (Appendix (B.12)):

obtains:

where:

X X by b | [ AW 1
Xiear | _ | A | l ] Ab 4 | D bio AWM ] Ry
Xotrat Xoy a2 oy Do 2.t 2
Ry = 22: E]”b]] (AW?, — At) + H _ AW AW
M 2| L, it _ 1AW,

o ] Laa),™

where:

]{Ji = Zlgj,Z :l: ZQ/ng 5
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If one computes the coefficients of the Lévy Area using independent Wiener processes
(Appendix (B.16)), one gets:

[ i ] A )~ R (430

ﬁ; - H{ — 88—)?2 (b%,l + b%,Q) — 66_)?1 (bl,le,l + 61,262’2)

To avoid having to simulate the Lévy Area, one needs (4.34) to be identically zero,

i.e., you need to impose the following conditions:
[ Hy Hy ] =0.
Simplifying one gets:

00  Hy (b3, +b35) — Hy (b1abay + bioboo)

8Xl (51,152,2 - 51725271)2 ’
T - 00 _ Hy (bil + big) — Hi (by1b21 + b12ba o)
0X> (51,152,2 - 171,252,1)2
To find a solution for ¢, one must first determine when the system is consistent, or
integrable; this requires condition (4.29) and the solution for ¢ is (4.31). O

4.3.2 3D — 6 Scheme

If one has a 2—Dimensional It6 process (4.28) and applies an orthogonal transforma-
tion (4.30) to it, where the rotation angle 6, is described using a third SDE:

):(1775 a 5171 51,2 dW
d X2,t = as | dt + bg,l b272 dWLt , (435)
Ht O ((I)bl’l + \I/bzl) ((I)bLQ + \I’ 6272) 2t

then, for sufficiently smooth functions b; ;, the Milstein scheme for the 3—Dimensional
SDE (4.35) can have better strong convergence than (4.28) using the Milstein scheme
neglecting the simulation of the Lévy Area. The accuracy of #; and hence in )~(z-7t
depends on the value of the Lie bracket (4.36) of the process (4.35):

0
Ry = 0 . (4.36)
(brabaa — biobay) (S - £2)
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The 1 strong order Milstein scheme for (4.35) with time step At is (Appendix (B.19)):

gl,HAt 2\:(1715 ai El,l §1,2 AWl . 1
Xowrar | — | Xay | a2 | AL+ | by bo lAW27t ] +§RM7
§t+At gt 0 bo,i Do ’
2 ngl,j ﬁf
Ru = D | Liby | (AW}, —At) + | Hf | AW, AWy,
=1 | L;jbs, Hy
Hy
+ EIE E(Lzﬂtﬂt >
Hy
where:

Hf = Libjo + Lb, .
If one computes the coefficients of the Lévy Area of the last equation (Appendix
(B.22)), one obtains:

Rf = [ 0 0 Hy ]T .
If the value of I:T:,,_ in the Lie bracket Rf is small enough, the accuracy of 6, is not
affected by neglecting this term in the equation and hence, the 3D It6 process (4.35)

will have better strong convergence than (4.28) using Milstein scheme neglecting the
simulation of the Lévy Area. Note that when condition (4.29) is satisfied the Lie

bracket (4.36) is identically zero (H; = 0).

4.3.3 Example of 6§ Scheme
Consider the following 2D SDEs:

dr = xp,dt+ 0527 /ygdWy, (4.37)
dy = xp, dt+05/ay dWo,, E [d/WM,dW%} — pdt

where:
f, = p, = 0.05, p=—02, (t,) =1, y(t,) = 0.3° .

If v = A = 1.5, then we have the integrability condition (4.29) or (4.17) and either
Theorem 4 (2D —6 scheme) or 3D —6 scheme can be applied. Figures 4.8 and 4.9 show
that the new orthogonal process of (4.37) has 1 strong order convergence in = and

y using the Milstein scheme neglecting the simulation of the Lévy Area. Conversely,
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Euler, Malliavin and the Milstein schemes with zero Lévy Area have 0.5 strong order
convergence in = and y.

If v = A = 1, then the integrability condition is not (4.29) or (4.17) and only the
3D — 6 scheme can be applied. Figure 4.10 shows that the only schemes that achieved
first order convergence are the Milstein and 6 schemes which simulate the Lévy area.
However, Figure 4.10 shows there is a remarkable difference between the original and
the orthogonal scheme without the simulation of the Lévy area, not the improved
order of convergence achieved in the first case (y = A = 1.5) but a much improved
constant of proportionality.

The numerical results do not simply confirm an outcome that has been rigorously
derived in Theorem 4 under global Lipschitz conditions, but are indicative that under
less restrictive assumptions such results are possible; this is however not within the

scope of the thesis.

4.4 0 Scheme (N-Dimension)

In this section we shall present a summary when one deals with an N —Dimensional
SDE and would like to apply an orthogonal transformation to avoid the calculation
of the Lévy Area. All models can be described through a SDE of the form:

dX, = p (X, t)dt + 0 (X t)dWy ,  X(to) = Xo , (4.38)
where:

X, = Xt)eR!, W, eRM | tecty,..TIeR,
O—(Xtat) = U(bi,k (Xt>t)) € Rd M ) M(Xtat) = :U’(a'l (Xtat)) € Rd )

FE [dVijﬂgdei] =0 N fOT 2 7£ k y

or in matrix form by:

Xl,t a1 (Xt; t) bl,l 51,2 bl,M dWl,t
d Xg,t _ a9 (Xt, t) dt + b271 b272 b27M dW2,t
Xy aq (Xe, t) bai baz ... bam AWt

If one replaces the Wiener process W, by an orthogonal transform Wt, the probability
distribution does not change and we obtain the set of all orthogonal transformations

of our system (4.38):
d)N(t = U ()Zt, t) dt + 0o ()A(/t, t) d/_V[\;t s (439)
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Strong convergence test for "X"

mean( |error| )
|

107 ‘

3 .
10 At 10

—>— Euler scheme
—+— Milstein (L=0)
—*— Milstein sch.
—/— Malliavin sch.
—6&— 2D 0 scheme
3D 6 sch (L=0)

Figure 4.8: Strong convergence test for x (2D & 3D — 0 scheme).

Strong convergence test for "Y"

mean( |error| )

—>— Euler scheme
—+—— Milstein (L=0)
—*— Milstein sch.
—/— Malliavin sch.
—6— 2D 0 scheme
3D 6 sch (L=0)

Figure 4.9: Strong convergence test for y (2D & 3D — 6 scheme).

Strong convergence test for "X"

mean( |error| )
-—
o

At

—+—— Milstein (L=0)
—k— Milstein sch.
—/— Malliavin sch.
3D 6 sch (L=0)
= 3D 6 scheme

Figure 4.10: Strong convergence test for x (3D — 6 scheme).
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where:
th =T (Qt) th and r (6’,5) =T <®Z,k ()Zg, t)) € RM x M .
Using independent Wiener process, (4.39) can be represented by:

dX, = ()?t,t) dt + o ()N(t,t) I (6,)dW, ,

or
dX, = ()N(t,t) dt + 5 ()?t,t : et) AW, | (4.40)
where:
bii b2 ... bim 11 B2 ... Oy
5(5@,#@): ba1 bap ... ban ©21 Oz ... Oy
bix baz - bare | | O Owma . Oura

Note that, if one replaces again the Wiener process dWW in (4.40) by:
AW, =TTdw, |

then, one recovers the original process (4.38):

dX; = ) (

) (X, t) T (8,) T (6,) " dW,
Xy, t)dt +5 (Xy,t - 0,) T (6,)" dW,

)dt + 5 (Xit 2 0,) V]
= dX!.

The 1 strong order Milstein scheme for (4.40) with time step At using Itd operators
is:
. 1
Ziprn, = Zig + 1At + ; bi AW, + §RM )

where
M

Big (X0t :00) = bisOss

S
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If one uses the Lévy Areas, R); is equal to:

M M
L. b L t+At
Z le bi,j2 <AM/}1¢AM/}2¢ 5j1 ]ZAt) Z (R(_jldé))i E(]sz)]t )
J1,52=1 J1<j2=1
T ~ o~ ~ o~
(R(_ﬁJZ))- - (lebivﬂé - Lj2bi7j1> : (441)

5

j1.j» 1 the Kronecker symbol ((SJ1 j» = Lif j1 = j» and zero otherwise) and the It6

operators are defined by:
d
~ ~ 0
L;:= Z b’“’ja_zk .
k=1
Using the definition of the variables and considering the vector fields to be independent

of time, the coefficients for the Lévy Area (4.41) are equal to:

8bi,sl
(@Sl,j2652 Jj1 T @Sl,jl 682,j2)

d M M
D % ; | (442
( (]17]2 ) Z_: Z::l 822::1 k,s2 ( +bi751 <@S27j1 8@51,32 . @ 8951,]1> > ( )

D7), 82,02 927,

Using orthogonal properties, (4.42) can be reduced to:

L d k+1 - 2 abz )82 abz 81
(Rsz))i:Z (=1) ;bi,sbk,S"‘gk Z (bkslﬁ—_bk@ 97 ) :

k=1 s1<s2=1

where 6, are the orthogonal functions defined by:
O = (1) <@k kg, Okr — O ks, O k+1> .

To avoid having to simulate the Lévy areas L( one needs to impose the following

J1,J2)7

L _
(R(j17j2)>i =0.

conditions:

4.5 Conclusions

Strong convergence properties of discretizations of stochastic differential equations
(SDEs) are very important in stochastic calculus. We have shown that under certain
conditions the use of the orthogonal # scheme can achieve the first order strong
convergence properties of the Milstein numerical discretization without the expensive
simulation of Lévy areas. Conversely, the Milstein scheme with zero Lévy Area has a
0.5 strong order convergence.

The bias or error in the computation of the rotation angle  that makes the Lie

bracket equal to zero in the orthogonal scheme is crucial to obtain a better convergence
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order. When the conditions for integrability are satisfied, one can use the formula for
f to obtain the value of the rotation angle and obtain first order strong convergence.
Otherwise, one has to use the 3—Dimensional transformation and check the magnitude
of the Lie brackets to decide if it is likely to give computational savings in the solution
of our system.

Standard convergence theory for numerical methods for SDEs (e.g. as in Kloeden
and Platen [22]) makes a global Lipschitz assumption on the coefficients. However,
most of the SDE models that are mentioned in the chapter, and used in the compu-
tational experiments, do not satisfy such global Lipschitz conditions (e.g. example
(4.37)). The numerical results are not simply confirming a theory that has been
proved; they are giving numerical evidence that the conclusions about strong order
remain true in circumstances where no theory currently exists.

The numerical results show a better strong order of convergence than the standard
Milstein scheme (4.4 without the simulation of the Lévy Area) when an orthogonal
transformation is applied to the quadratic volatility model (4.22), or the 3/2 Model
(4.23) or the GARCH diffusion Model (4.24). Unfortunately, similar results are not
achieved with the Heston model (4.25), and so the orthogonal transformation without

the simulation of the Lévy Area is not recommended in this case.
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Chapter 5

Pricing Exotic Options using
MSL-MC

In finance, the convergence properties of discretizations of stochastic differential equa-
tions (SDEs) are very important for hedging and the valuation of exotic options. The
last chapter shows that if certain conditions are satisfied, one can avoid the calcula-
tion of the Lévy area and obtain first order convergence by applying an orthogonal
transformation. We have demonstrated when the conditions of the 2—Dimensional
problem permit it and give an exact solution for the orthogonal transformation.
This chapter demonstrates how the use of stochastic volatility models and the 6
scheme can improve the convergence of the multi-level Monte Carlo method (ML-MC
[10]), so that the computational cost to achieve an accuracy of O(e) is reduced from
O(e73) to O(e7?) for a Lipschitz payoff. We present a modification to the ML-MC
algorithm that can be used to achieve better savings in some cases. To illustrate
these, various examples of exotic options using a wide variety of payoffs and the new
Multischeme Multilevel Monte Carlo method (MSL-MC) are given. For standard
payoffs, both European and Digital options are presented. For complex payoffs, such
as combinations of European options, examples are also given (Butterfly Spread, Strip
and Strap options). Finally, for path dependent payoffs, both Asian and Variance

Swap options are demonstrated.

5.1 Multilevel Monte Carlo Path Simulation Method
(ML-MC)

Usually, it is the weak convergence property of numerical discretizations which is most
important, because in financial applications one is mostly concerned with the accurate

estimation of expected payoffs. However, in the recently developed Multilevel Monte
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Carlo path simulation method (ML-MC [10]), the strong convergence property plays
a crucial role.

The key idea in the MIL-MC approach is the use of a multilevel algorithm with
different time steps At on each level. Suppose level L uses 2% time steps of size
Aty = 27T, and define P;, to be the numerical approximation to the payoff on this
level. Let Ly represent the finest level, with time steps so small that the bias due to
the numerical discretization is smaller than the accuracy € which is desired. Due to
the linearity of the expectation operator, the expectation on the finest grid can be

expressed as:
Lr

E[P,]=E[R]+> E[P,— Py ] . (5.1)

L=1
The quantity E [Py — Pr_;] represents the expected difference in the payoff approx-
imation on levels L and L — 1. This is estimated using a set of Brownian paths,
with the same Brownian paths being used on both levels. This is where the strong
convergence properties are crucial. The small difference between the terminal values
for the paths computed on levels L and L — 1 leads to a small value for the payoff

difference. Consequently, the variance:
Vi =VI[PL,— P,

decreases rapidly with level L. In particular, for a European option with a Lipschitz
payoff, the order with which the variance converges to zero is double the strong
order of convergence. Using My independent paths to estimate E [Py, — Pp_;], if one
defines the level 0 variance to be Vy = V|[P] then the variance of the combined
multilevel estimator is Zﬁi oMy V.. The computational cost is proportional to the
total number of time steps: Zfi o ML At Varying My, to minimize the variance for
a given computational cost gives a constrained optimization problem whose solution
is My, = Cy+/ViAtr. The value for the constant of proportionality, Cy, is chosen to
make the overall variance less than the €2, so that the r.m.s. error is less than e.

The analysis in [10] shows that in the case of an Euler discretization with a
Lipschitz payoff, the computational cost of the ML-MC algorithm is O(e~2 (log €)?),
which is significantly better than the O(e~?) cost of the standard Monte Carlo method.
Furthermore, the analysis shows that first order strong convergence should lead to
O(€e™?) cost for Lipschitz payoffs; this will be demonstrated in the results to come
which have been published in [30].
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5.1.1 Pricing European Options using ML-MC

Consider the following four stochastic volatility and variance models presented in the
first chapters:
as =9 (ﬁdt—i—adﬁ/\l,t) , o=

The Quadratic Volatility Model (Case 1)

do = k (@ —0) dt + By 2 dWs, . (5.2)

The 3/2 Model (Case 2, [25]);

dv = kv(wyjs—v) dt + By v*2dWoy, . (5.3)

The GARCH Diffusion Model (Case 3)

dv =k (wy—v)dt + By vdWa, . (5.4)

The Square Root Model (Case 4, [14])

dv =k (@i o — v) dt + B jp/vdWa, . (5.5)

The first set of numerical results are for a European option with strike K and

maturity 7', for which the payoff is given by:

_f max(S(T) — K,0) for call options } . (5.6)

n { max (K — S(7),0) for put options

Using the Case 2 volatility model (5.3) and a put option with strike K = 1.1, the ML-
MC results in Figure 5.1 are obtained. The top left plot shows the weak convergence
in the estimated value of the payoff as the finest grid level L is increased. All of
the methods tend asymptotically to the same value. The bottom left plot shows the
convergence of the quantity V;, = V[P, — Pr_1]. The 3D— 6 scheme, defined in
(4.35), exhibits second order convergence due to the first order strong convergence.
The Milstein approximation with the Lévy areas set equal to zero (setting Z(LQ) =0
in (4.4)) and the Euler discretization both give first order convergence, which is
consistent with their 0.5 order strong convergence properties. We have used the
following parameters: t, = 0; T=1; p= —0.50; 1=0.1; k=1.4; @ =0.322; 3= 2.44,

initial conditions: S(t,)=1; v(t,)=w3.
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Figure 5.1: European put option, Case 2. Top left: convergence in option value with
grid level. Bottom left: convergence in the ML-MC variance. Top right: number
of Monte Carlo paths N; required on each level, depending on the desired accuracy.
Bottom right: overall computational cost as a function of accuracy e.

The top right plot shows three sets of results for different values of the desired
r.m.s. accuracy €. The ML-MC algorithm uses the correction obtained at each level
of time step refinement to estimate the remaining bias due to the discretization, and
therefore determine the number of levels of refinement required [10]. The results
illustrate the aforementioned, with the smaller values for € leading to more levels
of refinement. To achieve the desired accuracy, it is also necessary to reduce the
variance in the combined estimator to the required level, so many more paths (roughly
proportional to €2) are required for smaller values of €. The final point to observe
in this plot is how many fewer paths are required on the fine grid levels compared
to the coarsest grid level for which there is just one time step covering the entire
time interval to maturity. This is a consequence of the variance convergence in the
previous plot, together with the optimal choice for M}, described earlier.

The final bottom right plot shows the overall computational cost as a function
of e. The cost C, is defined as the total number of time steps, summed over all
paths and all grid levels. It is expected that C. will be O(e~?) for the best ML-MC
methods and so the quantity which is plotted is €2C. versus e. The results show
that €2C, is almost perfectly independent of € for the 3D— 6 scheme and varies only
slightly with € for the Milstein scheme. The Euler ML-MC scheme shows a bit more

84



0.125
8 0'12 r ’4;‘:/%: A L
o —©&— Standard
é 0.115 | | o sn
§ omnl] | Mistein
7oy 3D e

log 5 (variance)

Figure 5.2: European put option, Case 3. Top left: convergence in option value.
Bottom left: convergence in MLL-MC variance. Top right: number of Monte Carlo
paths N; required on each level. Bottom right: overall computational cost.
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Figure 5.3: European put option, Case 4. Top left: convergence in option value
(red line is analytic value). Bottom left: convergence in ML-MC variance. Top right:
number of Monte Carlo paths N; required on each level. Bottom right: computational
cost.

85



growth as € — 0, which is consistent with the analysis in [10], which predicts that
C. = O(e7%(log €)?). The final comparison line is the standard Monte Carlo method
using the Euler discretization, for which C, = O(e™3).

The use of fewer Monte Carlo paths M, is reflected directly in the computational
cost of the process. For the most accurate case, e = 1072, the Euler, the Milstein and
3D— 0 schemes using the ML-MC algorithm are respectively approximately 50, 150
and 300 times more efficient (5.8) than the standard Monte Carlo method using the
Euler discretization.

Lr

LM P
CML-MC _ Z (My2") |,  CStEuer _ g (V[EQL]) oL | (5.7)
L=0
' CStd Euler
Savings (€) = —CiML_MC . (5.8)

Figures 5.2 and 5.3 show the corresponding results for Cases 3 and 4, corresponding
to the GARCH Diffusion Model (5.4) and the Heston Model (5.5) respectively. For
Case 3 , the computational savings (5.8) from using the ML-MC method are similar
to Case 2 (the 3/2 Model), while for Case 4 the savings (5.8) from the Euler, Milstein
and 3D — 0 scheme versions of the ML-MC scheme are roughly 20, 40 and 40, in the
most accurate case. The parameters and initial conditions for Cases 3 and Case 4
are the same as in Case 2 except for §=0.78 and 5 =0.25; which are chosen so that
x and y will have approximately the same relative volatility (see the Steady-State

Probability Distribution section for more information (Chapter 2, Section 2.2.4)).

5.2 Multischeme Multilevel Monte Carlo Method
(MSL-MCQC)

Strong convergence properties play a crucial role in Multilevel Monte Carlo path
simulation method (ML-MC [10]). The better the strong convergence order v and
constant of proportionality Cx;, the more efficient the ML-MC:

E[ ’S(T) —9(T, At)’ ] < COAD . (5.9)

Chapters 3 and 4 demonstrate that using the SVMs (5.2-5.5), the Euler, the Malliavin'
and the Milstein schemes with zero Lévy areas (setting Z(LQ) =0 in (4.4)) give a
strong convergence order of 0.5. On the other hand, the use of #—scheme (orthogonal

Milstein scheme) with zero Lévy areas can give either 0.5 or 1.0 strong convergence

!Scheme defined in chapter 4 (4.14) or it has been published in [6] and [26].
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orders depending on the model parameters. When a proper value for the distribution
of the Lévy area is simulated (through simulating the Lévy area using N subintervals
within each time step) the Milstein scheme and the 3D — 6 scheme both give 1.0
order strong convergence. However, the constant of proportionality Cx; (5.9) changes
depending on the parameters of the system and for some cases the Euler or the
Malliavin scheme can give a better strong convergence error than the Milstein or 6
scheme. Everything depends on the parameters and initial conditions of the problem.
This is demonstrated more clearly in Figure (5.4) where the strong convergence tests
for a European Call option price with various parameters (5.10) and SVMs (5.2-5.5)

are presented.

[Example | 1 | 2 [ 3 | 4 [ 5 [ 6 [ 7 |
T=1 10 1 1 1 0.2 | 0.2 1
k=1 1 10 | 0.2 | 0.2 1 1 1

1

w=1032103%2]0.12]0.12]0.32 | 0.3%2 | 0.032 (5.10)
G=1021]02]02 3 1 3 0.2
Case =| 4 4 3 3 2 2 4

t, = 0, S(to) :1’ p= —050, ﬁ:005’ V(to):'wi,
Kean = 0'95S<t0)6ﬁ(T_t0)7 Kpys = 1-O5S(to)€ﬂ(T_to) .

In the top of Figure (5.4), example 1 (FX1) and example 2 (EX?2), are the strong
convergence tests using the Square Root Model (Case 4) and maturity 7" or the mean
reverting speed k equal to 10. The graphics show a "lump" for big At¢. Pricing a
European Call option using these parameters and an estimated error ¢ = 1072, the
Euler scheme is the optimal scheme to use. By contrast, for ¢ < 107, the 3D — 0
scheme gives the best results. Using case 3 (SVM (5.4)) and small mean reverting
speed k (FX3 & EX4in (5.4)), the optimal scheme depends on the value of 3. Using
case 2 (SVM (5.3)) and small maturity 7" (EX5 & EXG6), the 6 scheme is first in
computational time. For small mean @ (FX7), all schemes have poor behavior. For
¢ = 1072, the Euler scheme is the optimal scheme to use. However, for ¢ < 1073,
the Malliavin scheme gives the best results. In the Appendix of the thesis are the
corresponding strong convergence tests for the asset S (Figure C.1), the variance
v (Figure C.2), the rotation or angle # (Figure C.3) and the European Put option
price (Figure C.4) using (5.10). It is no surprise that all strong convergence plots are
almost the same, having the same order of convergence as the European Call option

plot (Figure 5.4) presented in this example.
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Figure 5.4: Strong convergence tests for a European Call option using (5.10)
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When analyzing the option pricing problem in depth, the accuracy or error € be-
tween the price option and the estimated price depends mainly on the characteristics
or importance of the problem. The stochastic volatility model (SVM) and its pa-
rameters depend on the stock market data for the asset S. However, the scheme,
the number of time steps and how many Monte Carlo paths are used to estimate the
option price depends only on the method or algorithm applied. On the other hand,
Figure (5.4) proves (as is well known in practice) that a single optimal scheme does
not exist for general purposes. The selection of the scheme and the number of time
steps depends totally on both the required accuracy of the problem and the parame-
ters of the SVM. Therefore, the construction of an intelligent algorithm that can use

different time approximations for different inputs will be found to be helpful.

5.2.1 Definition of the MSL-MC

Proposed algorithms when using different schemes:
A) Use the ML-MC method with an intelligent algorithm that, depending on the
parameters of the SVM, can select both the optimal starting level Lo and the optimal

scheme to calculate (5.1):

Lr
E[PL)=E[P)+ Y E[PL—P]. (5.11)
L=Lo+1
B) Use the ML-MC method with an intelligent algorithm that, depending on
the parameters of the SVM, can select both the optimal starting level Lo and the
optimal scheme it uses in each level L to calculate (5.1). Because of the use of different
schemes, (5.1) has to change to:

Lp

EP,]=E [PSLO} + S E[Ps, - Ps,] (5.12)

LZL0+1

where Pg, is the payoff value using the optimal scheme for level L. In the Appendix
of the thesis (page 134) a formal definition of the MSL-MC algorithm is presented.

5.2.2 Pricing European Options using MSL-MC

Consider the GARCH Diffusion Model (Case 3 (5.4)) and the proposed solution A
(5.11) using different starting levels Lo = 2,3,4,5 for the Milstein scheme and the
3D —6 scheme (setting the Lévy Area equal to zero). When simulating the strong con-
vergence test for the call option price (Figure (5.5)), the convergence in the ML-MC
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Figure 5.5: European option: Convergence in the MSL-MC mean and variance with
grid level.

mean (E[P, — Pr_4]) and the ML-MC variance (V[P — P_1]) with grid level does
not change if one uses a non-zero starting level Lo. Because the Lévy Area is not sim-
ulated, all schemes give 1 order of strong convergence (which is consistent with their
0.5 order strong convergence properties) with different constant of proportionality.

This example has the following parameters and initial conditions:

S(t,) = 1, v(t,)=0.2?2, @ =0.3% t, =0, p= —0.5, 1=0.05, (5.13)
T = 3, k=5, =03, Kca = 0.95¢7=t),

Calculating a call option using different accuracy or error e demonstrates in Figure
(5.6) that the number of Monte Carlo paths M}, changes when (5.11) has a non-zero
starting level Lp. The use of fewer Monte Carlo paths M, is reflected directly in the
computational cost of the process (simulation time). The computational cost of the
process C. is defined as the total number of time steps, summed over all paths and
all grid levels (5.7). For the most accurate case, ¢ = 107*, the Euler, the Milstein and
3D— 0 schemes (Lo = 0) are roughly 3.4, 3 and 3.6 times more efficient (5.8) than
the standard Monte Carlo method using the Euler discretization. On the other hand,
using a starting level (Lo = 3), the Milstein and 3D— 6 schemes are respectively
approximately 10.5 and 12.5 more efficient (5.8) in the most accurate case. It is
important to note that if you start on level 0, for € = 1072 and € = 1073, the ML-MC
gives you equal or poorer computational cost than the standard Euler method. This
is because of the strong convergence properties the example gives for big At (Figure
5.5). These results show the importance of starting at the right level in (5.11).

Another important result to mention for Figure 5.6 is the computational Euro-

pean option price for different accuracy or error e. For e < 1072, one can see that
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all schemes give different estimated prices, however they are inside the boundaries
or limits required (P =P+ e). As ¢ — 0, all schemes converge to the same com-
putational price. The MSL-MC algorithm? stops when the estimated option price is
inside the boundaries.

The computation time for each scheme to complete one subroutine is another
important factor to consider in the selection of the optimal scheme. Each scheme
takes different computational time to complete the simulation. This is because they
have extra terms or more equations to calculate in one subroutine. Table 5.1 shows
that when Lo = 3 the MSL-MC gives the best computation time for all € (2.7 times
faster than when Lo = 0). Because the 3D— 6 scheme takes roughly 1.9 times more
to complete one subroutine, the Milstein scheme is the optimal scheme to use for this
example. If one wants better accuracy for the option price, e.g. € = 1072, the 3D— 6

scheme will be the optimal scheme.

l Scheme | Lo [[e=102]e=10"]e=10"]
Euler (Standard) n/a 0.007 1.195 977.5
Milstein (Standard) n/a 0.007 1.216 987.6
3D— 0 scheme (Standard) | n/a 0.013 2.200 1788.7
Euler scheme Lo=0 0.011 1.036 126.0
Milstein scheme Lo=0 0.014 1.299 145.0
Milstein scheme Lo=2 0.007 0.808 87.3
Milstein scheme Lo=3| 0.006 0.379 46.4
Milstein scheme Lo=14 0.010 0.425 49.8
Milstein scheme Lo=5 0.020 0.751 82.6
3D— 0 scheme Lo=0 0.024 2.214 231.3
3D— 6 scheme Lo=2 0.013 1.342 142.6
3D— 6 scheme Lo=3| 0.011 0.703 771
3D— 6 scheme Lo=14 0.020 0.774 85.3
3D— 6 scheme Lo=5 0.039 1.417 146.0

Table 5.1: Computation time for a European option using the MSL-MC (minutes).
The computational time using the scheme S; and the standard Monte Carlo
method can be calculated roughly by:

, VIP ,
Time?td ~ ( 62[/;]) Tz’mei] ,

where Timeij is the simulation time for one Monte Carlo subroutine using the the
scheme S; and At = 27

2In the Appendix of the thesis (page 134) a formal definition of the MSL-MC algorithm is pre-
sented.
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5.2.3 Digital Option
The payoff for a digital option is given by:

p_ H(S(T)— K) for call options
| H(K —-S(T)) for put options [ ’

where H(x) is the Heaviside function (H(z) = 1if z > 0, else H(z) = 0). Figure
5.7 shows the results of pricing a Digital option using the 3/2 Model model (Case 2
(5.3)) and the MSL-MC. The parameters and initial conditions are the same as the
European example (5.13) except for T=0.2, K = 1 and §=3. Because this payoff is
not Lipschitz continuous, it shows the poorest benefits from the MSL-MC approach.
For the most accurate case, € = 1074, the Euler, the Milstein, 2D— 6 scheme and
3D— 0 scheme (Lévy area equal to zero) using the MSL-MC algorithm are respectively
approximately 2.5, 10, 18 and 25 times more efficient (5.8) than the standard Monte
Carlo method using the Euler discretization. The difference in savings in ¢ schemes
is because we are using (%) = 0 in the 3D— @ scheme. It would be as efficient if we
use (4.26).

Because these parameters give a linear variance reduction (Figure 5.7), applying
a non-zero starting level (Lo = 1) to calculate (5.11) does not provide any improve-
ment in the option price simulation and in some cases it can be less efficient. The
computational cost is reflected directly in the simulation time one requires to calcu-
late the option price with a certain accuracy e (Table 5.2). This example shows the
importance of the 2D — 6 scheme using the MSL-MC which is 6 or 2 times faster than

the Euler or Milstein schemes respectively.

| Scheme [e=107e=10"]
Euler (Standard simulation) 0.28 226.9
Euler scheme (Lo = 0) 0.29 174
Milstein scheme (Lo = 0) 0.15 53.5
2D— 0 scheme (Lo = 0) 0.08 29.1
3D— 6 scheme (Lo = 0) 0.10 47.2
2D— 0 scheme (Lo = 1) 0.13 35.5

Table 5.2: Computation time for a Digital option using the MSL-MC (minutes).

5.2.4 Multi-Options

Combinations of options are frequently used in the market. Using the appropriate

portfolio allows the buyer to fix a strategy depending on his expectation of the market.
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Figure 5.6: European option: Left: overall computational cost. Middle: number of
Monte Carlo paths NV, required on each level. Right: convergence in computational
option value for different e.
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Figure 5.7: Digital option. Top left: convergence in computational option value
for different e. Bottom left: overall computational cost. Top right: convergence in
MSL-MC variance. Bottom right: number of Monte Carlo paths N, required on each
level.
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The payoff for a multi-European option is given by:
P =4cPc(T,K)+ #pPp (T, K) ,

where P and Pp are Call and Put European options (5.6) with strike price K and
maturity T . #¢ and #p are the number of call and put options in the portfolio.
The most frequent and simple combination when Ko = Kp is called "Strips" or
"Straps". Strip derivatives use 1 call and 2 put options and the point of view of the
market is that the stock price at maturity will finish below or above the strike price,
below more likely. Strap derivatives use 1 put and 2 call options and the point of view
of the market is the same as a Strip option, however above the strike price is more
likely. When K¢ > Kp a "Strangle" can be obtained. Another famous combination
of Vanilla options is called a "Butterfly spread" which has a payoft equal to:

P=Po(T,K¢)+ Pp(T,Kp) — Po (T, Ka) — Pp (T, K,) ,

Kec + Kp
—
Figure 5.8 shows the option price for a Strip derivative using the MSL-MC algorithm,

where: Ky =

the Quadratic Volatility Model (Case 1 (5.4)) and the same parameters as the exam-
ples above (5.13), except for T=1, k = 10, 5=0.5 and Koo = Kpy. For the most
accurate case, € = 1074, the Euler scheme, the Milstein scheme, 2D— 6 scheme and
3D— 0 scheme are only roughly 3 times more efficient (5.8) than the standard method
using the Euler scheme. However, using a non-zero starting level (Lo = 3), the 2D—
0 scheme and 3D— 6 scheme are 19 and 21 times more efficient than the standard
method. This example shows again that the use of u®) = 0 instead of ¥ =(4.26) in
the 3D— 6 scheme is the optimal solution.

On the other hand, using the same parameters as before (5.13) except for k = 0.4
and Kp, = 1.1eA7~%) Figure 5.9 shows the option price for a Butterfly derivative.
For the most accurate case, € = 10~°, the Euler scheme, the Milstein scheme, 2D— 6
scheme and 3D — 6 scheme are 10, 46, 80, 112 times more efficient than the standard
method using the Euler scheme. However, using a non-zero starting level (Lo = 3),
the 2D— 0 scheme and 3D— 6 scheme are 48 and 52 times more efficient than the
standard method. In contrast to the Strip option price (Figure 5.8), this example does
not give any improvement through the use of a non-zero starting level. The simulation
times to calculate the option prices with a certain accuracy € are presented in Table

5.3. Both examples show the importance of analyzing the parameters of the model
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before simulation to make the right decision when selecting the scheme and starting
level in (5.11).

| Strip || Strip | Butterfly |

[ Scheme [e=107e=10"] e=10" |
Euler (Standard) 13.8 104.7 28.39
Euler scheme (Lo = 0) 0.56 64.1 13.23
Milstein scheme (Lo = 0) 0.75 79.3 3.36
2D— 6 scheme (Lo = 0) 1.31 135.1 2.85
3D— 6 scheme (Lo = 0) 1.20 122.6 2.28
2D— 0 scheme (Lo = 3) 0.18 20.2 4.98
3D— 0 scheme (Lo =3) | 0.20 21.6 5.12

Table 5.3: Computation time for Multi-options using the MSL-MC (minutes).

5.2.5 Asian Option

Asian options are another type of exotic option. They have a payoff that depends on
some average property of the asset price over life, or part of the life, of the option

and is given by:

p_ | max (?(T)_— K, 0) for call options
| max (K — S(T), 0) for put options |

Where S is either, the arithmetic average which can be approximated numerically as:

— 1 [T At ~
S(T) = 7 /0 St~ 25> (Su+ 8. (5.14)

n=1

or the geometric average which can be calculated numerically as:

Nae . 1/Na¢
) (5.15)

S(T) = (ﬂl S

The average is less volatile than the asset itself, so options may be cheaper and
less subject to manipulation. Asian options may be found embedded in structured
products. Using the GARCH Diffusion Model (Case 3 (5.4)) and the arithmetic
average of S (5.14), Figure 5.10 shows that for the most accurate case, ¢ = 107, the
Euler, the Milstein and 3D— 6 schemes using the ML-MC algorithm are respectively
approximately 67, 90 and 115 times more efficient (5.8) than the standard method
using the Euler scheme. On the other hand, taking the MSL-MC approach B (5.12)

with zero starting level (Lo = 0), the results are disappointing. Unfortunately, when
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Figure 5.8: Strip Option. Top left: convergence in computational option value for
different €. Bottom left: overall computational cost. Top right: convergence in MSL-
MC variance. Bottom right: number of Monte Carlo paths N; required on each level.
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MSL-MC variance. Bottom right: number of Monte Carlo paths N, required on each
level.
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one makes the change of scheme at level L in (5.12), the difference between the payoffs
using different schemes:
[Ps, — Ps, ] (5.16)

is bigger than if one uses the same scheme. As a result of this, the MSL-MC algorithm
require more Monte Carlo paths to calculate (5.16) and increase the simulation cost
in the option price (Figure 5.10 and Table 5.4). We have used the Milstein scheme if
0 < L <6 and the 3D— 6 scheme for the rest of the levels (L > 6). The parameters
and initial conditions for this example are the same as all examples presented above
(5.13), except for =1, k = 1, §=0.5 and Kp, = E[S(t,)]. The simulation times
to calculate the option price with a certain accuracy e are presented in Table 5.4.
Using the MSL-MC method (5.11), this example shows the importance of considering
the use of different schemes depending on the accuracy or error ¢ between the price
option and the estimated price. Unfortunately, these results also demonstrate that
the MSL-MC method (5.12) that uses different schemes at different level L converges

to the right price but does not help to improve the computation cost of the process.

5.2.6 Variance Swap Option

A variance swap on an interval [0, 7] is a derivative contract on an underlying asset
that has payoft given by:
P=N@T)— Kyar) »

where 7(T") is the average of the variance in the time interval [0, T, K, is a fair price
of variance of the underlying over the period [0, 7] and N is the notional amount or
nominal price of the swap. The definition of the realized variance is specified in the
contract but in general, it can be approximated numerically in the same way as S(T)
in the previous example (5.14-5.15).

Using the GARCH Diffusion Model (Case 3 (5.4)) and the arithmetic average of ©
(5.14), Figure 5.11 and Table 5.4 show that for the most accurate case, € = 107, the
Euler, the Milstein and 3D— 6 schemes using the ML-MC algorithm are respectively
approximately 7, 9 and 2 times more efficient (5.8) than the standard method using
the Euler scheme. As mention in examples above, to improve the computational
cost, one needs to use a non-zero starting level in (5.11). Using the Milstein scheme
and Lo = 4, the MSL-MC is 55 times more efficient than the standard method.
The simulation times to calculate the option price with a certain accuracy e are

presented in Table 5.4. The parameters and initial conditions are the same as the
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Asian example (5.13) except for T=10, 5=0.2, K, = @» and N = 1. As expected,
in this case the Milstein method gives first order strong convergence for v, whereas the
3—Dimensional # scheme gives similar accuracy initially but tails off towards order

0.5 strong convergence on the finest grids.

| Asian | Asian | Swaps || Swaps ||

[ Scheme [e=10"]e=10"e=103]e=10"]
Euler (Standard) 6.12 478 0.13 82.12
Euler scheme (Lo = 0) 0.52 64.16 0.10 12.41
Milstein scheme (Lo =0) | 0.44 51.36 0.12 10.52
3D— 6 scheme (Lo = 0) 0.67 41.23 0.45 75.32
Milstein scheme (Lo = 4) n/a n/a 0.03 2.10
Multi-scheme (Lo = 0) 0.90 95.93 n/a n/a

Table 5.4: Computation time for Asian and Variance Swap options using the MSL-MC

(minutes).

5.3 Conclusions

In finance, stochastic variance and volatility models are very important for the valua-
tion of exotic options. The Multilevel Monte Carlo path simulation method (ML-MC
[10]) works without any problems with all schemes and calculates the right price for
all exotic options presented in this chapter. It is a powerful tool, and in combination
with the new 6 scheme, can substantially reduce the computational cost in pricing
options, lowering the cost required to achieve an r.m.s. error of size € from O(¢~3) to
O(e7?)) for some cases. The Multischeme Multilevel Monte Carlo (MSL-MC) is an
improved /updated version of the ML-MC algorithm that, depending on the param-
eters of the stochastic volatility models (SVM) and accuracy or error € between the
price option and the estimated price, can select both the optimal starting level and
the optimal scheme. Unfortunately, the use of different schemes at different levels
does converge to the right price but does not help improve the computation cost of
the process. Pricing exotic option examples demonstrate considerable computational
savings when both the # scheme and the MSL-MC are applied to stochastic volatility
models in order to price exotic options.

When one reviews all the exotic option pricing examples presented in this chapter,
we can conclude that the ML-MC have to be improved to obtain even better savings in
the computation time. It is important to analyze the parameters of the model before

simulation to make the right decision in the selection of the scheme and starting
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level. Figures 5.6 and 5.8 show the importance of starting at the right level in (5.11).
Figures 5.7 and 5.9 demonstrate the importance of the # scheme using the MSL-
MC method (5.11) which is 6 or 2 times faster than the Euler or Milstein schemes
respectively. Figure 5.10 and 5.11 shows the importance of considering the use of
different schemes depending on the accuracy or error € between the price option and
the estimated price. In conclusion, the MSL-MC method provides better or equal
savings or computational cost that the ML-MC if you use the correct scheme and

starting level in the algorithm.
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Chapter 6

Outlook and Extensions

The prices of exotic options given by models based on Black-Scholes assumptions
can be wildly inaccurate because they are frequently even more sensitive to levels
of volatility than standard European calls and puts. Therefore currently traders or
dealers of these financial instruments are motivated to find models to price options
which take the volatility smile and skew into account. To this extent, stochastic
volatility models are partially successful because they can capture, and potentially
explain, the smiles, skews and other structures which have been observed in market
prices for options. Indeed, they are widely used in the financial community as a
refinement of the Black-Scholes model. A strong example of the existence of random
correlated volatility is when the historic volatility of the Stock Exchange index is
plotted (Figure 2.4). This evidence shows that stock volatility is not constant at all
and moreover that volatility shocks persist through time. This conclusion was reached
by many authors in the literature; stochastic volatility models are needed to describe
and explain volatility patterns.

When one analyses the steady-state probability distribution of the stochastic
volatility models that are outlined in the literature, you can conclude that despite
some similarities, all SVMs are important and have different properties. The defini-
tion of a more general stochastic volatility model (2.18) that represents all of them
is necessary for the study and understanding of the option price properties. The se-
lection of the parameters in (2.18) will depend on the properties of the real data one
wants to match or simulate.

Strong convergence properties of discretizations of stochastic differential equations
(SDEs) are very important in stochastic calculus. If one applies any discrete approx-
imation scheme to a stochastic process and wants to numerically evaluate the strong
or weak convergence order of our approximation X (7)), an exact solution X (T) is nor-

mally required. However, at present, there are no solutions available for many SDEs.
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The use of Theorems 2 and 3, "Strong and Weak Convergence Order without an
Exact Solution", successfully determines the strong and weak orders of convergence.
Each theorem was tested using exact solutions or expectations to verify the results.
Examples in Chapter 2 demonstrate that the use of both theorems require at least 100
times fewer Monte Carlo paths than the standard method to correctly calculate the
order of convergence. Because there are no exact solutions for the stochastic volatility
model (2.18), the use of the theorems was fundamental to establish its convergence
order.

Numerical examples in the thesis demonstrate, as expected, a 0.5 and 1.0 strong
order of convergence for Euler and Milstein schemes respectively. Conversely, a 1.0
weak order of convergence for all schemes is obtained (the same expectation error).
The application of either the Euler or Milstein schemes to calculate an expectation
in the standard way has negligible difference at all in the outcome. To obtain a 1.0
strong order of convergence with the Milstein scheme, one has to apply the scheme to
the vector form of the SDE, use independent Wiener processes and compute correctly
the double integral or Lévy Area.

We have shown that under certain conditions the use of the orthogonal 6 scheme
can achieve the first order strong convergence properties of the Milstein numerical
discretization without the expensive simulation of Lévy areas. Conversely, the Mil-
stein scheme with zero Lévy Area has a 0.5 strong order convergence. The bias or
error in the computation of the rotation angle 6 that makes the Lie bracket equal to
zero in the orthogonal scheme is crucial to obtain a better convergence order. When
the conditions for integrability are satisfied, one can use the formula for € to obtain
the value of the rotation angle and obtain first order strong convergence. Otherwise,
one has to use the 3—Dimensional transformation and check the magnitude of the Lie
brackets to decide if it is likely to give computational savings in the solution of our
system. The numerical results in chapter 4 and 5 demonstrate a better strong order of
convergence than the standard Milstein scheme when an orthogonal transformation
is applied.

In finance, stochastic variance and volatility models are very important for the
valuation of exotic options. The Multilevel Monte Carlo path simulation method
(ML-MC [10]) works without any problems with all schemes and calculates the right
price for all exotic options presented in this chapter. It is a powerful tool, and in
combination with the new # scheme, can substantially reduce the computational cost

in pricing options, lowering the cost required to achieve an r.m.s. error of size ¢ from
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O(e73) to O(e™?)) for some cases. The Multischeme Multilevel Monte Carlo (MSL-
MC) is an improved /updated version of the ML-MC algorithm that, depending on the
parameters of the stochastic volatility models (SVM) and accuracy or error € between
the price option and the estimated price, can select both the optimal starting level
and the optimal scheme. Unfortunately, the use of different schemes at different levels
does converge to the right price but does not help improve the computation cost of
the process. Pricing exotic option examples demonstrate considerable computational
savings when both the 6 scheme and the MSL-MC are applied to stochastic volatility
models in order to price exotic options. The MSL-MC method provides equal or
better computational cost than the ML-MC.

In summary, this thesis proposes a better numerical approximation to calculate
solutions for multi dimensional SDE’s than the standard Monte Carlo integration. We
introduce a new scheme or discrete time approximation where, for some conditions,
a better strong convergence order is obtained than that using the standard Milstein
scheme without the simulation of the expensive Lévy Area. We demonstrate when
the conditions of the 2—Dimensional problem permit this and give an exact solution
for the orthogonal transformation (6 Scheme or Orthogonal Milstein Scheme).

Standard convergence theory for numerical methods for SDEs (e.g. as in Kloeden
and Platen [22]) makes a global Lipschitz assumption on the coefficients. However,
most of the SDE models that are mentioned in the thesis, and used in the compu-
tational experiments, do not satisfy such global Lipschitz conditions. The numerical
results presented in Chapter 4 and 5 are not simply confirming a theory that has been
proved, they are giving numerical evidence that the conclusions about strong order
remain true in circumstances where no theory currently exists.

Using a wide variety of pricing exotic option examples we demonstrate that con-
siderable computational savings can be made by using the new ¢ Scheme [30] and
the improved Multischeme Multilevel Monte Carlo method (MSL-MC). The compu-
tational cost to achieve an accuracy of O(e) is reduced from O(e3) to O(e~?) for
some parameters or Lipschitz conditions. A general stochastic volatility model that
represents most of the stochastic volatility models that are outlined in the literature
is proposed. Because it does not have a closed-form solution for option prices (as
usual), we have demonstrated and tested with numerical examples two theorems that
measure with confidence the order of strong and weak convergence of schemes with-

out an exact solution or expectation of the system. We have focused our research on
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continuous time diffusion models for the volatility and variance with their discrete

time approximations (ARV).

For future work, we recommend that for multi dimensional SDE’s such as port-
folios with a large variety of exotic options, the investigation and test of the multi
dimensional 6 scheme would be very interesting. For some parameters, it will be ob-
vious that the new orthogonal scheme will provide considerable computational time
savings when calculating the strong and weak solutions and therefore find use in the
calculation of the expectation price of the portfolio.

The future work in the pricing of exotic options could take many paths. Primarily,
a further study should be undertaken into the improved MSL-MC algorithm using
different schemes to improve the computational cost. The use of quasi-Monte Carlo
methods will definitely help improve the computational cost in the MSL-MC. For
non Lipschitz payoffs or payoffs dependent on the asset price or volatility of the
process, the use of advanced tools for their calculation, as suggested by Giles [11] or

Glasserman [12], is highly recommended.
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Appendix A

Stochastic Volatility

A.1 Mathematical Definitions

A.1.1 Ornstein-Uhlenbeck or Gauss-Markov Process

By definition, a stochastic process {Yr : t = 0} is:

e stationary if, for all t; < 3 < ... < t, and h > 0, the random n—vectors
(Y, Yiy, oo, Y2, ) and (Y;me Yipins oo Y;Hh) are identically distributed. That is,

changes in time do not modify the probability or distribution.

e Gaussian if, for all t; < ty < ... < t,, the n vector (Y3,,Y%,, ..., Ys,) is multi-

variate normally distributed.

e Markovian if, for all t; < t5 < ... < t,, the P(Y;, < y|Yy,, Y, -, Ve, ) =
P(Y,, <yl|Y;, ,). That is, the future is determined only by the present and not
the past.

Also, a process {Yr : t = 0} is said to have independent increments if, for
all tp < t; < t2 < ... < t,, the random variables Y;, — Y, Yo, — Y4, .., Yo, — Y4, |
are independent. This condition implies that {Y7 : ¢ > 0} is Markovian, but not
conversely. Furthermore, the increments are said to be stationary if, for any ¢ > s and
h > 0, the distribution of (Y;,, — Ys15) is the same as the distribution of (Y; — Y5).
This additional provision is needed for the following definition.

A stochastic process {Wr : t = 0} is a Wiener-Lévy process or Brownian
motion if it has stationary independent increments, if Wr is normally distributed,
the E(W;) = 0 for each t > 0, and if W, = 0. It then follows that {Wy : ¢ = 0} is

Gaussian and that Cov(W,;, W) = o min {t, s}, where the variance parameter o2 is a
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positive constant. Almost all paths of Brownian motion are continuous but nowhere
differentiable.
One technical stipulation is required for the following. A stochastic process {Y7 :

t = 0} is continuous in probability if, for all u € R" and € > 0,
P(lY, =Y, >¢e)—0asv—u.

This holds true if Cov(Y;, Y;) is continuous over £ x RT. Note that this is a statement
about distributions, not sample paths.

Using these definitions, we can now define our intended topic. A stochastic process
{X7 :t = 0} is an Ornstein-Uhlenbeck Process or a Gauss-Markov process

if it is stationary, Gaussian, Markovian, and continuous in probability.

A.1.2 1It6’s Lemma (1D)

[t6’s lemma is the most important result about the manipulation of random variables
that one requires. It is to functions of random variables what Taylor’s theorem is
to functions of deterministic variables. It relates the small change in a function of
a random variable to the small change in the random variable itself. The lemma
is, of course, more general than this and can be applied to functions of any random
variable. If X satisfy the following SDE:

dX = A(X,t)dt + B(X,t)dW ,

where A usually called drift term, B noise intensity term or volatility function and

W is a Wiener-Lévy process or Brownian motion'. Thus given f(X,t), It6’s lemma

af = B2 aw ¢ (g AL B an> dt . (A1)

says that:

0X ot 0X = 2 0X?

A.1.3 Fokker-Planck Equation

The Fokker-Planck equation (named after Adrian Fokker and Max Planck; also known
as the Kolmogorov forward equation) describes the time evolution of the probabil-

ity density function p(X,t) of the position and velocity of a particle, but it can be

LA stochastic process {Wr : t = 0} is a Wiener-Lévy process or Brownian motion if it has
stationary independent increments, Wy = 0 and W; is normally distributed (F [W;] = 0).
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generalized to any other observable, too. The general form of the N—dimensional

Fokker-Planck equation is then:

ap ! Yooy
where A;(X,t) is the drift vector and B, ;(X,t) the diffusion tensor, which results
from the presence of the stochastic force. The Fokker-Planck equation can be used
for computing the probability densities of stochastic differential equations. Consider

the It6 stochastic differential equation:
dXt = f(Xtat)dt + g(Xtat)th ) f(Xto) - XO 9

where X; € R" is the sate variable, W, € RM<¥ ig a standard M —dimensional Wiener
process. The probability density p(X,t) of X; is given by the Fokker-Planck equation

with the drift and diffusion terms equal to:

N
1
Ai = fz (Xtat) 5 Bl,] = E E gi,k (Xtat) gk,j (Xtat) .
k=1

Under certain conditions, this evolves towards a steady-state distribution in which
Op/0t = 0 and hence:

2 aii (p4i) = - (pByj) - (A.3)

A.2 Financial Definitions

A.2.1 Arbitrage Possibility

An arbitrage possibility? on a financial market is a self-financed portfolio h such

that its value V' has the following behaviour during a period of time:

Vhi0) = C>0, (A.4)

PV"T)>0C) = 1,

PV"(T)>C) > 0.
We say that the market is arbitrage free if there are no arbitrage possibilities. An
arbitrage possibility is thus equivalent to the possibility of making a positive amount

of money out of nothing with probability 1 or a.s. (almost sure). It is thus a riskless

money making machine or, if you will, a free lunch on the financial market.

2Definition by T. Bjork [2].
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A.2.2 In-Out-At the Money

Out of the money®: An option with no intrinsic value. A call option when the asset
price is below the strike, a put option when the asset price is above the strike.

In the money: An option with positive intrinsic value. A call option when the
asset price is above the strike, a put option when the asset price is below the strike.

At the money: A call or put with a strike that is close to the current asset level.

A.2.3 Risk-Neutral Valuation (1D)
A.2.3.1 Market Price of Risk

The term "traded security" is mainly described as a traded asset that is held solely
for investment by a significant number of individuals. Stocks, bonds, gold and silver
are all traded securities. However, interest rates, inflation rates, volatility and most

of the commodities are not. Consider the following stochastic process:

d?? = adt + BdW (A.5)
where o and [ are the expected growth rate and the volatility of 6, respectively and
they are only functions of time ¢ and . dW is a Wiener processes. We do not assume
that 6 is the price of a trade security. It could be something as far removed from
financial markets as the temperature in the center of Mexico.

Suppose that F; and F; are two derivative securities dependent only on 6 and
t. These could be options or other securities that are defined so that they provide

a payoff equal to some function of 6. Using It6, one can show that these contracts
follow a SDE in the form:

dF; = Fy (pdt + 0;,dW)  for j =1,2,

where ji;, ; are only functions of 6 and ¢, and dWW is the same Wiener process as in

equation (A.5). If one constructs a portfolio II as:
II= ¢ F1+ ¢y F3
then one can make II an instantaneously riskless portfolio if:

¢51 = 09f% ¢2 = —o.1F7 .

3Definition by P. Wilmott [39].
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Since II is instantaneously riskless, it must earn the risk-free rate. Hence
dll = rlldt .

Doing some substitutions:
Py —T o Mo — T — )\

01 02

The parameter A, as the value of each side, is in general depended only on both 6
and ¢, however it is not dependent on the nature of the derivative security Fj. It is
known as the "market price of risk*" and it is a measure of the level of the market’s
risk aversion. The higher it is, the more compensation (measured in terms of excess
expected rate of return) the market requires for taking the risk (measured in terms
of standard deviation of return). In general, for assets like stocks, the market price

of risk A is defined as follows:

a=E—0 (A.6)

where p is the expected return of a financial security F', r is the risk-less interest
rate and o is the volatility of F'. The market price of risk is more difficult to define
in cases of fixed income securities since it depends on assumptions made about the
interest rates term structure. In the Cox-Ingersoll-Ross (CIR) model, [4] and [5]

that is based on the following stochastic differential equation:
dry = k. (w, — ) dt + o\/rdW; .

W; is a standard Brownian motion, x, is the speed of adjustment and w, is the

long-term average rate.

A.2.3.2 Risk-Neutral Valuation

Suppose that a derivative security F' which depended on 6 (A.5) provides a payoff at
time T'. This security F' can always be valued as if the world were risk neutral. To
make this true one needs to make the "Risk adjustment®" and it is necessary to set
the expected growth rate of each underlying variable 6 equal to (o — AS) rather than
a. The volatility # remains the same. A is the market price of risk of the underlying
variable 6. For convenience, we will refer to a world where expected growth rates are

changed to a "risk-neutral world" if:

F(t)=e TEy[F (0, T)] .

4Definition by J. Hull [21].
®Definition by J. Hull [21].
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Where E denotes the expected value in a risk-neutral world (Risk adjustment), then
F' is the correct value of the financial security. The probability measure in the risk-
neutral world is thus called an "equivalent martingale measure". This result was first
developed by Cox, Ingersoll and Ross [4] and represents an important extension to
the Risk-neutral valuation argument.

Example [21]: The current price of 6, say copper, is 0.8 pounds. The risk-free
interest rate r is 5% per annum. The expected growth rate of copper « is 20% per
annum and its volatility S is 20% per annum. The market price of risk A associated
with copper is 0.5. A contract is traded which allows the holder to receive 1000
pounds of copper at no cost in 6 months time. The expected growth rate of the price

of copper in a risk-neutral world is:
a— A3 =-0.08,

or —8% per annum. The discounting expected payoff from the contract in a risk-

neutral world is therefore:
Eq [F (0x,T)] = 800e~ 29805 = 768.63 .
So then, we estimate the current value of the contract F'(t) as:

F(t)=e T Eg [F (0, T)] = 749.65 .

A.2.4 Risk-Neutral Valuation (Stochastic Volatility Models)

Generally speaking, stochastic volatility models are not complete, hence typical con-
tingent claims (such as European options) cannot be priced by arbitrage. Still, it
is possible to derive, under additional hypothesis, the partial differential equation
satisfied by the value of a contingent claim. To derive this PDE - which generalizes
the Black-Scholes PDE - one needs first to specify the so called market price for risk,
which reflects the expected excess return per unit risk over the risk-free rate. In-
tuitively, the market price for risk represents the return-to-risk trade-off demanded
by investors for bearing the volatility risk of the stock. For some specifications of
the dynamics of stochastic volatility and the market price of risk, a few closed form
expressions are available, otherwise, numerical procedures need to be employed.

In this section we consider the option pricing implications of diffusion models for
stochastic volatility. In particular it is no longer true that there are unique preference
independent option prices. Instead the model is incomplete and economic considera-

tions (such as risk aversion) must be introduced to obtain pricing formula. If volatility
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were a traded asset then it would be possible to invest in volatility and the stock to
form a riskless hedge portfolio for the option. However this is not the case so there
is no riskless hedge and the price of options will depend on the risk preferences of
investors. These preferences may be expressed via a utility function (see reference
[25],[18] for example), or via a local-risk minimization criterion (see Hofmann, Platen
and Schweizer [19]).

Consider the following volatility model or probability measure P under which dW;

are Brownian motions:

b, { dS = S(ju— D)dt + Sy/wdV, } | A7)
dv = f(v)dt + g(v)dWy

To value an option or financial security F', do not use (A.7), but a closely related
process which is often call the risk-adjusted process P (replace the expected return
by the interest rate r, and use the risk-adjusted volatility drift ). This procedure is
carried out explicitly for a class of equilibrium models. The risk-adjusted process P
will be in the risk-neutral world or equivalent martingale measure and will produce

the theoretical fair price of the financial security F'.

5. ] dS=S(r— Dydt+ SywdWy
" { dv = (f(v) — o (v)) dt + g(v)dTV, } - (A3)

Where ¢ (v) can be defined as [18]:
p(v)=g(v) (Ap —Ay1- p2> :

)\ is the market price of asset risk (A.6) associated with di¥/; and A is the market
price of volatility risk associated with dIW,. The latter shows how much of the
expected return of V' is explained by the risk (standard deviation) of v in the Capital
Asset Pricing Model framework. The option pricing equation has an analogue in
expressions given by Wiggins [36], Scott [31] and Stein and Stein [35].

A. Lewis [25] explains how to obtain the volatility drift adjustment ¢ (v) as a func-
tion of the risk-aversion parameter v also called constant proportional risk aversion
(CPRA), which means:

7T (4) — e—Rt@ o _ e—RT(VVT)7
U(t) = o B(T) —

where v is the CPRA parameter and R > 0 is an impatience parameter, both con-

stants. Assuming that the representative agent is either risk neutral (y = 1) or risk
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averse (v < 1). For any ~, U (t) is an increasing function of the rate of consumption
utility C; at time ¢. With (y < 1), U has a negative second derivative (Ucc < 0)
and means the agent is risk-averse. Clearly, B has the same properties where Wy is
the society’s wealth. The CPRA parameter is related to Pratt [28] in 1964 with the
following identity:
—o°U (9U\
VZW<%) =(1-7) .

To obtain the volatility drift adjustment ¢ (v, t) one needs to solve the risk premium
coefficient A(v,t) which satisfies the non-linear PDE®:

04 _
ot

— 0A 2024
—(1=) a0 ARy - PEED )2 SRS (g

where the boundary conditions A(v,T) = 1. Then, compute :

W, 1) = 8A8(Z ) 4wty | (A.10)
to obtain:
¢ (v,t) = (1 —7) pVrgv) — g(w)*¥(v,t) . (A.11)

If T — oo (infinite horizon problems like pension funds), then the risk coefficient
becomes independent of time [A(v,t) = A(v)] and the PDE (A.9) changes to:

v(l— 0A V)2 0?A
(1—7) A0 = 4 lR — oy — %1 - J0)5 - %W . (A12)

If T < oo (pure investment problem, any option prices), then the PDE (A.9) yields

the form: 54 a ) 94 () %A
s _ IO L Gt O oA gy oA
T A [R 7y 5 } f(v) 5 5 o (A.13)

If v = 0 (Log-utility), regardless of the horizon (time to maturity), A(v,t) is inde-
pendent of v, and so ¥» = 0. Then the martingale pricing process for any option is
(A.8) with:

o (v.t) = pVrg(v) .
If v = 1 (Risk-neutrality) is a degenerate one and technically (A.9) is ill-defined,
especially if R # r. With R =r, A(v,t) sticks at its boundary value A(v,t) = 1, and

there is no adjustment to volatility drift:

o (v,t)=0.

Definition by A. Lewis [25].
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Fortunately for our purpose, when it is only considering a pure investment problem
(A.13), [25] gives some exact solutions for the risk-adjusted volatility drift ¢ (v, ) in

function of the risk-aversion parameter «. For the square root model (2.9):

b, dS = S(pu — D)dt + S\/vdWy
| dv = (k(w —v) — Av)dt + ESvdWy |

where:

A=—r+ (1) pE+ \//f?—v(l—v)f?,

with the restriction on the parameters:
y<landk?<~vy(1—7)€.
For the the 3/2 Model (2.11):

b dS = S(ju — D)dt + S\/vdW,
| dv=v(k(w —v) — Av)dt + 3 2dW, |

where:

AZ—(WF%Q)+(1—7)p€+\/(/H%Q)Q—v(l—v)?,

with the restriction on the parameters:

ey’
y<land~y(l—7)&< <n+5> :

A.3 Formula derivation for Heston Volatility

Starting with the general stochastic volatility model (2.18):

dS = S(ju — D)dt + S\/vdW; |,
dv = v™ (k(w — v)) dt + Ev*2dW, |

or the second equation can be represented in the form:
dv = f(v)dt + g(v)dW, .

In doing so, one arrives at the General PDE for stochastic volatility (2.16):

ov 0*V 0*V

2
—— + %S%— + pSVvg(v) === + 20V v oV

g (V) W—FS(T—D)%—FJC(V)E =rV.
(A.14)

1
ot 052 0Sov ' 2

"Information referenced from W. Shaw [32].
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The last PDE (A.14) and the original Black-Scholes PDE (2.2) have a lot of similar-

ities. Applying a similar set of transformations and using 7" equal to the maturity of
the contract:

T=T-—1,

x =log(S)+ (r— D)(T —1),
V =U(x,v, T)e_T(T_t) )

After some routine calculus using the chain rule, leads to a PDE for U in the form of:

1 (09U 00U 0*U 1 2 U ou oU
2" (% - %) VW) gt 39 W G W g = 5
Now, we introduce the Fourier transform in the form:
R I
Ulx,v,7) = o / e U (w, v, T)dw , (A.15)
s
Uw,v,7) = / e U (z, v, 7)dw .
At maturity, where 7 =T — t = 0, you have:
ﬁ(w,l/,O) = /eiwa(ZC,V,O)dl': /eiwa(ac,V, 0)dz ,

—00

which is the Fourier Transform of the payoff expressed in terms of the logarithm of
the asset price. So the differentiation w.r.t.® x is equal to the multiplication by (—iw)
in the transform:

1, 02U

39 (V)W + (f (v) — iwp/vg(v)) (z—g - %1/ (w? — iw) U= ou :

Q

(A.16)

\]

e The Vanilla Call

The payoff of a call European option is max[S — K, 0] in terms of our original
variables. In terms of logarithmic variables:

8

V(z,v,0) = max [¢® — K,0] ,

w.r.t. is a mathematical abbreviation of "with respect to".
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so the Fourier transform of the payoff is:

Uml(w, v,0) = / eV (x,v,0)dr = / e™* max [¢” — K, 0] dx
_ / eiwx (ex . K) dr = / (e(l-i-iw)x _ Keiwz) dr 7
log[K] log[K]

so for Im(w) > 1:

o e(1+iw)a: elwr T=00 K(1+iw)
T — w2’
z=In K w w

Uy—can(w,v,0) = (1+iw) K iw
one needs to check when this integral actually converges and bear in mind that w can
be any complex number. The exponential needs to decay as x becomes large, so that
the integral converges. This ONLY happens if Im(w) > 1 and, when this is true, one
can evaluate the integral with some simplifications:

— K (+iw)
Uy _can(w,v,0) = P
subject to: Im(w) > 1.

e The Vanilla Put

Here conditions remain the same, except that this time the integral converges only

if Im(w) < 0. When this is true, one obtains an identical transform:

o K(1+iw)

Uy_pu(w,v,0) = ——

Vpu(w,,0) = ——
subject to: Im(w) < 0.

The difference in this approach between the Call and the Put option is where the

transform is defined, and hence where the inversion contour lies.
e Digital Calls and Puts

For a digital call, the transformed payoff is:

S _Kiw
Up—cai(w,v,0) = — ;
iw

subject to: Im(w) > 0 .

For a digital put:

UDfPut (w, v, 0) - iw

subject to: Im(w) < 0 .
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The fundamental solution

Suppose we find the solution of the PDE, say G(w, v, 7), with the property that
at t = T, G(w,v,0) = 1. Then the solution to the transformed PDE (A.16) with
payoff condition U (w,v,0) (which does not depend on v) is just the product of this
with G' and the solution to our original PDE is the discounted value of this with our

various coordinate changes unwound:

ic4-00
1 PN
V= 2—€_T(T_t0) / e U (w,v,0)G(w, v, T)dw , (A.17)
7r

where x =1og(S)+ (r—D)(T —t), 7=T—1 .

Lewis [25] discusses how to solve (A.17) for the general case, here we will solve only
for the Heston model (y = ).

e Greeks for free

Before figuring out G, we should point out that (A.17) is a remarkably useful
representation. If one wants to differentiate V' with respect to S to obtain A, one
merely multiplies the integral by: .

1w
—5
and for I', the integral is multiplied by:

’U)2

-5z -

This representation also makes obvious the link between p and A.

Finding the fundamental solution for the Heston Model

For the Heston Model, ()\1 =0, Ay = %) , the PDE (A.16) yield the form:

oG 1, 9°G : oG 1 , 5
5 = 55 vy + ((k(w —v) — Av) — iwpkr) b (w? —iw) G .  (A.18)

What Heston did in [14] was to try to find a solution in the form:

G = eA[T,w]—I—VB[T,w}

)

with:
Al0,w] =0= BI[0,w] ,
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in order to satisfy the condition that G[0,w] = 1 (at maturity). Substituting this
assumption for the form of G into the PDE (A.18), one obtains the following condition:

1 1
A+ Bv = §§2VB2 + B ((k(w — v) — Av) —iwpér) — i (w® —iw) .

The A’ and B’ denote the 7— derivative. This must be true for all v so we separately
equate the terms that are independent of v and linear in v to obtain the pair of

ordinary differential equations:
A = kwB
1 1
B = 55232—3(/6—|—A—|—iwp§) —5( 2 —iw) .

Solving this, one gets:

A:k—?<(5+A+iwp§+cl)7—210g<ﬂ)> ,
f 1—02
B— (k + A+ iwpé + ¢1) ( 1—ear )
&2 1 — coecr™
where
k4 A+ iwpé + ¢

_ : 2 ; 2 —
cl—\/(w2—zw)§ + (K + A +iwpé)” C2_l-€—|—A+iwp§—cl'

It is however, better to do direct numerical integration of the ODE for A as you avoid
the branch cut difficulties arising from the choice of the branch of the complex log
(see [32]).
In conclusion, the exact solution of the option price using Heston volatility is:
icto0
V(S,T) = %eT(TtO) / ﬁ(w, v,0) (eA+”B) e T dw |

ic—00

r=1log(S)+(r—D)T —1t), 7=T—ty,

using:
” Type of option ” Payoff ” U(w,v,0) H Conditions H
European Call | max(S — K, 0) I;()ljw? Im(w) > 1
European Put | max(K — S,0) [fl(vlj;) Im(w) <0
Digital Call H(S - K,0) £ Im(w) > 0
Digital Put H(K —5,0) A Im(w) <0

If one wants to differentiate V' with respect to S to obtain A and/or T', one merely

multiplies the integral by:

_ IV 1 _ww
e

_ 0%V
F_aﬁ _2_2

For further information or more details, see [32

—

, or [25].
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A.4 Equilibrium between all SVMs

The SVM (2.18) can be represented as:

d —
- pdt + max (7,0) dWi |
x
dy = k™ (w?o —y) dt + ﬁjy*de% :
o = y)‘l ) j = case.
Using [t0’s lemma:
do = fj (6) dt + g; (E) dWQ,t s
where:
A +Ag—1 A+ M (A —1 2 422
f;i@) = Mk (54%@;0—6‘;"?1) M =D B 12 ) O i ,
M +Ag—1

gj (5) = Alﬁjﬁ M

To make a comparison between the steady-state distribution for different cases, one
needs to set the following equilibrium. For any choice of 7, using the asymptotic
approximation (2.21) and taking the square root Model (Heston model, j = H) as

the master model, we have:

A) fi@ = fu@) . (A.19)
B @) = ().
o) R - o
where:
8%0) _ ((A1+A3—1)ﬁi—lw;0—(A1+A3)a%?)

2
+()\1 — 1) ()\1 —2|— 2X9 — 2) 5j52AA2;2 '

Taking the square root Model (Heston model) as the master model:

Mo | M| A | A
2 (051720 |




8fH (E) 1 —/fH _ 62
Solving (A.19), one gets:

BH _2-2a-2x

ﬁH_;)\X_)‘Z 2 by
6] 2A10‘ 1 then 6] )\20- 1 )
—2M\1 -3 k Cl'ﬁ2
kj=o (f(wgml“r1>+52<1_A3>)— e
1

(b =)~ % (%572))

w?o —an |1 +
b (@3 (20 4+ As — 1) 452 (1 — \g)) — 2kt (lecg;)

201 (A2 — A3) + (A3 — 2Xe + 1)
%
Using the asymptotic approximation (2.21), fy (7;) = 0:

2
o= (=5 2.

Solving equations (A.20-A.22) using (A.23), one finally obtains:

O)\lel—

)\1+)\271
8. = B_H k—H o
J 2)\1 kHw%, - iﬁ% ’

2A1+A3

k’H 2 L w2 . C)\jﬁ?{
kpw? — 6% A= 8 ’

o > Bu 2 B (M =1 By 5
e ((wH 4kH) <1 2 (Skpw?, — CAJﬂ?{)>)

M\ — 1) (Ag — 20 + 1)

k;

O)\jZQ—‘r

At
Forg =y (\ =1):
Case | Xo | A1 | A2 | A3 | — dy =
j=la| 1 | 1] 1|0 |-|dy=kia(wia—y)dt+ B,ydWa,
J=2a| 1|1 [2]|0|—]|dy=ke(mwa—y)dt+ Leyy*dWa,
J=3a| 1| 1|2 1|—|dy=ksa(ymwss —y?) dt + Bs,y*dWa,
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Solving equations (A.24-A.26):

82 ku B3
k1o = kH Wia = w%{ ﬁ Bla - \/4kH;I%IHr3§{
_ 2 _ BH _ kB
ko, = k]—[ Woq = \/’LTJH 4]5{ 6211 - Q(kHW%I—Hiﬁ%{)
_ 2’“?1/2 _ \/ 2 BH _ kup
k3a m W3q = Wi 4]51 630, - Q(kHW%{—HiB%{)
For 7 = y*° (\; = 0.5):
Case | Ao | M Ag | — dy =
j=1b] 2 |05 1/2| 0 | — | dy = kup (@2, — y) dt + By,y°°dWoa,
jJ=2b| 2 |05 0 | —|dy=ky (w%b y) dt + BoydWa
j=3b| 2 105(3/2| 0 | |dy=ks (% —y)dt+ Byy>?dWa,
j=4b| 2 | 05(3/2| 1 |- | dy = kg (y@2, — v?) dt + Byuy>/2dWs,
Solving equations (A.24-A.26):
ki = ky Wib = WH 511) - BH
_ . kup2 _ 2 B3 _ kB2
koy = ku —4kHw%1}i5%1 wWap = \/wH + 4kH(4kH;{%_26%1> Bop = \/—’wa?IEf%
_ . ku B3 _ 2 B% _ kB
Fop = b = 2q ot | P = \/ “n QkH(4kHzg§I—362H) B = Tt 17
_ 8]‘3%1(%Hw%1_5%{> _ 2 B —16kywy; _ kaBr
kg, = (4kHW§;—6?q)2 Wy = 4 | TH + T Cre——— Bu = kw155
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Appendix B

Discrete Time Approximations

B.1 Brownian Bridge

Conditioning a Brownian motion on its endpoints produces a Brownian bridge.
For example, if one has a Wiener process AW, one can construct a Brownian bridge
AW that gives intermediate points between the time interval [t — At, At]

AWP = [Am{f%Am{f%..Amﬁ;] .

If Z, ; are independent normal distributed random numbers, and using :

1
AW = 2 (AW +VAIZ,) | (B.1)
1
AW = 3 (Am . \/Atzm) ,
one can obtain the first two intermediate points and then progressively obtain 4, 8, 16, ..
points. The number of points or divisions Ng in the Wiener path depends directly on
the number of times Ng,;, is repeated the subroutine (B.1) and it can be calculated
by:
Ng = QNS“’b_l .
The main point here is to maintain the original properties:

Nk
> AW =AW, ,

=1
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Wiener path values of AWt and AWi3
‘ 1

1.5

—a— W,

4 wB 0.8}
t

0.6

047

0.2}

Figure B.1: Brownian bridge with dt = 1/6 and Np = 8

B - B[sw®] o
Var AW, = At, Var [AVVt(?)} = At .
) Np

B.2 1Itd’s Lemma (2D):

It6’s lemma is the most important result about the manipulation of random variables
that one requires. It relates the small change in a function of a random variable to
the small change in the random variable itself.

A) If X and Y satisfy the following SDEs:

dX = A(X,Y,t)dt + B(X,Y,t)dW; ,

dY = C(X,Y,t)dt + D(X,Y,t)dWs ,
FE [dWldWQ] = pdt s

where A and C' are functions of X,Y and ¢, usually called drift terms, B and C
are the noise intensity terms or volatility functions and /V[71, /VI72 are two Wiener-Lévy
processes or Brownian motions with correlation p. Thus given f(X,Y,?), Itd’s lemma

says that:

Of = Of =
df = BodWh + Do divy (B.2)
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of af | of *f >’ f 2 0% f
+( ox tCay Tar T2 BaX2 PED Xy T3 Daw dt -
B) If X and Y satisfy the following SDEs:

dX = A(X,Y,t)dt + By(X,Y,t)dW; + Bo(X, Y, t)dW, ,
dY = C(X,Y,t)dt + Dy (X, Y, )dW, + Do( X, Y, t)dWs
E[dW,dW,] =0,

and thus given f(X,Y,t), Itd’s lemma says that:

of af of
0X 0X Y

f [, of
(A8X+Oa_y+§)dt

of

if =bBigy Y

AW, + By——dWs + Dy —=dW; + Dy——dWy (B.3)

0% f 0 f 1 0% f
2 2 12 2
(2 (B} +B)8X2 (B1Dy + ByDs) ——— XY 2(D +D)8Y2> dt .
Example:
T p® =
d g = M(g) dt ‘I’ dWl t dW27t y (B4)
where:

d/WLt 110 cosf) —sind AW 4
dW% p P sinf cosf dWsy | 7

and the correlation for d/let is:
E [dWl,tqu] = pdt .

Using independent Wiener processes, (B.4) can be represented as:

(@) 0
_ | M 0 COS
d{ 1 a { p 1dt+ l £ (pcos + psinb) ]dWLt (B.5)

+ [ —osinf ] AWy .
If one applies Itd’s lemma (B.2) to (B.4) or Itd’s lemma (B.3) to (B.5), then one

£ (—psin® + pcosh)
obtains the same expression for df:

<N

6 = gfdwlt+§89dwgt (B.6)
(@, @ 1P 5829 A
u g ay 27 a:2 T P70 2 R
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B.3 Orthogonal Milstein Scheme (Operations)

B.3.1 Milstein Scheme (Ité6 Operators)

We start the following 2D 1t6 SDE with a 2D independent Wiener process:
Xt ai bii big dWh s
d T = dt + ’ ’ N I B.7
l Xo ] { as ] { ba1 b22 dWa, (B7)
where we suppose a;,b; 5, are sufficiently smooth functions of X;; in [ty...7]. The 1

strong order Milstein scheme for (B.7) with time step At using Itd operators is:

Xl t+At )A(l t a1 bi1 big AWy, 1
S =| 3" At o "1+ R
[ Xo 1At ] [ Xoy * [ a2 } * { ba1 bao } [ AWo, + 9 M

where using Lévy Areas, R); is equal to:
Ry — [ Lybya } (AWE, — At) + l ézlglz ] (AW, — At) (B.8)

Liby o + Laby 4 (leQ,Q — Laby 4
The Itd operators are defined by:

Liby o+ Lob Lyby o — Lab A
+l 1012 2011 ]AWUAWM—{— { (Libio 2 1,13 ] E(m)]? t

2
Lbi, Hi
R = S| g | awz-ag+ | ] awam,

where:

Hji - lej,Q :l: LijJ .
Doing some computations, (B.8) is equal to:

C C
Ry = [ Cif 1 (AW?, — At) + [ Ozj ] (AW3, — At)

C'3,X + C'4,X 037)( — 047)( t+AL
+ [ vt Con 1AW1¢AW2¢+ l Coy — Chy Laol,
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where:

Cix = b1,1b1,1x] + 52,151,1X2

Ciy = 51,152,1)(1 + b2,152,1x2

Cox = 171,2(71,2)(1 + [?2,2[?1,2)(2

Coy = 51,252,2X1 + 1327252,2)(2

Csx = 51,151,2X1 + 52,151,2X2

)
Csy = bl,lb?le + 52715272;(2

Cix = b1,2b1,1x] + 52,251,1;(2

Coy = 51,252,1)(1 + 1?2,252,1)(2

and the Lie bracket is equal to:

a ]

Having example (4.3), you get:

bi1bray, + 021012, — bi2biay — b22biiy,
51,152,2X1 + 52,152,2X2 — 51,252,1X1 — 52,252,1X2

o(z,y) = l o }
’ pE p& |7
then:
Cix = 00, + p€oy | Cry = po, + p*E¢,
Cox =0 Cayy = P,
C3x =0 Csy = po&, + pp&€, |
C4,X = ﬁﬁay C4,Y = P/P\ffy

and the Lie bracket is equal to:

| |

Ed
pot, |-

B.3.2 Orthogonal Milstein Scheme

If one makes an orthogonal transformation to (B.7), one gets:

Xt ai bii big dWl t
d| = = dt ’ ’ ~ B.9
Y, l ) } * l ba1 b22 ] [ AWy ] ’ (B.9)
where: .
dWis | | cos Fsinf AW 4
[ qu ] N { sinf dcosft dWay | - (B.10)
One can represent the system (B.9) with independent noise as:
Xt a1 51 1 51 2 AWy, ]
d| 2t | = dt+ | 2t b ol B.11
Y; |: as :| 6271 5272 ] [ dW27t ] ( )
where: o
bl,l bLg . 6171 bLQ cos 0 :FsinQ |
5271 5272 | baa oo sinf  dcosf |
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The 1 strong order Milstein scheme for (B.11) with time step At using It6 operators

is:
);(Hm _ gt n [ } At + 511 b172 l ﬁ%l,t } n lRM 7
Yt+At Yt )] b2 1 b272 2,t 2
where using Lévy Areas, R); is equal to:
w= | Dl amz, - an ¢ | L2 | amz, A (B.12)
Lqbsy ’ 2b2 2 ’
Liby o + Lob Libyy — E231,1 A
L1012 + L1y AW, AWa, + o e L(LQ)}Z* L
Liby o + Loba Liby o — Laba s

The It operators are defined by:
b,
Z 33 T

(B.12) can be simplified by:

9 ~~ 7+
Ry = S| 229 | a0z, - an + | 20 [ Aw,AmL,  (B3)
j=1 Ljba ’ | |
H- t+AL
+ ﬁ:_ ] E(LZ)L ’

where:
H = Libjs + Labj, .

Doing some computation, (B.13) is equal to:

51’)( cos 0 + 52’)( sin? 6 + (53,)( + (74,)() sin 0 cos 0 (AW2 At)
1,6

Ry=1 - - - -
Crycos?0+ Cyy sin? 0 + (C’g,y + 047y> sin 6 cos 6
(B.14)

Cy.x cos? 0 + Cy x sin® 0 — <O3,X + C’4,X) sin @ cos 0
+1 < ~ - - (AWS, — At)
Cay cos?§ + C}y sin® 0 — (C&Y + 047}/) sin @ cos ’
Csx + C'47X) (COS2 0 — sin® 0) + 2 <C’27X — C’LX) sin 6 cos 0
~ ~ ~ ~ AWl,tAWQ,t
Csy + 047}/) (cos2 0 — sin? 9) + 2 <Cg7y — C’Ly> sin 6 cos 6

Cz:s,x - §4,X E ]t+At
Csy —Cuy =214 ’
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where:

C1.x=C1 x+0x,011b124+0x,b1 2021 | C1y=C1y+0x,011b2240x,b21b22
Oy, x=C% x-0x,b1,1b1,2-0x,b1 1022 Coy=Coy — O0x,b21b12 — O0x,b21b2 2
O3 x=C3 x — Ox, bil —Ox,011021 | Csy=C3y — 0x,01,1021 — 0x,3

Cyx=Cyx +0x, big +0x,012029 | Cay=Cay + 0x,b12b22 + Ox, b%,g

Using the definition of the orthogonal Wiener process (B.10), one can deduce the

following expressions:

AWZ, = cos®0 AWE, F 2sinf cos§ AW, AWy, +sin?0 AWZ,
AWit — sin?6 AWEt + 2sinfcos 0 AW, AWy, + cos? 0 AW22¢ ,
AWUA/W/QJ = sinfcosf (AWEt - AWit) + (cos2 0 — sin® 0) AW AWay .

Using the last equations, (B.14) can be simplified by:

51 X 32 52 X 1172
Ry=1| =~ AW:, — At - AWs, — At B.15
w | G (@ a) s | S | (o a) e
Cox+Cix | v = +(Csx — 54,X> AL
| X TR AW, AW, + R I :
C&Y + 04’Y 1t 2t + 037Y N 047y> r(1,2)i|t

and the Lie bracket is equal to:

+ (037)( — 047)( — 9}(1 (bil + b%,Q) — 9)(2 (b1’1b2,1 —+ b172b2,2>) :|

R pr—
L { + (03,)/ — Cuy — 0x, (b11bay + by 2beo) — Ox, (bal + b%g))

(B.16)

To make zero (B.16), one needs:

(C3x —Cux) = bOx (bil + biz) + 0x, (b11b21 + b12bas) |
(Csy —Cyy) = 0Ox, (b11ba1 + b12bao) +0x, (b§,1 + bg,z) ,

so then, for O, :

(Cs.x —Cyx) (5371 + b%,g) — (C3y — Cyy) (b1abay + b12bs2)

eXl = )
(03, +035) (D31 +035) — (biabay + biobos)?
and for Ox,:
9 (Cs,x — Cuax) (bi,1bay + biabao) — (Csy — Cuy) (b3, +b2,)
Xo — .

(briba, + brabao)? — (b3, +3,) (631 + b3,)

If:
(by.1b22 — 51,2b2,1)2 = (bil + biz) (b;l + bg,Z) — (b1 1bo 1 + 51,252,2)2 )

127



-]

_ Hy (05, +1035)

Csx — Cyx
Csy — Cyuy

— Hy (b11ba 1 + b1.2b22)

_ Hy (01, +1075)

)

(b1,1b22 — biabos)”
— Hi (by1b21 + b12ba o)

Hy
Hy
then:
00
d = —
0X,
00
U= —
0X5

Having example (4.6), you get:

o(r,y) = l pa£

then:

(by.1bss — byobyq)?

I |

0
[

—sinf
cosf

cosf
sin 6

Cix =00, + poy

CI,Y - ,00'596 + p2§§y + ‘9X1//50-£ + 9X2p//5§2

CZ7X — _eXz/p\O_g

Coy = /,0\2551, - szpﬁfz

Cg,X = _‘9X102 - (9X2p0'§

Csy = po&, + ppe€, — Ox, poé — Ox, p*E?

047)( = 755%

Cuy = pp&€, + Ox,p*

and if one uses:

o= _ oy +po’e, _ -1 8oy | Py
0X4 —po?§ P o? § 7
2 2
T 00 JSIA-I—pr oy Al(afzx +&> 7
09X pog P\ ¢ o
then:
. 232520./!!

le,y = pof, + p*EE,

a

_ p2£zo'y

Coy = —po, +D°EE,

~ _ . — — o (B.17)
Csx = péo, Cay = ot + (€€, + )
Cix =Csx Ciy = C3y
Having example (4.16), you get:
5 (2,y) = aziyM 0 cosf) —sinf
Y= pBx2yr B a2t sinf cosf ’
then:
Hy | _ [ =phafantigletit
Ay | = | praapareigins |
and
_ _MByrc Py _ e @¥C | pAr
¢ = ,’ﬁax’yclﬂr; ;’ )\_ch ) v = ﬁﬁzykc+1 j_07ﬁly )
By = QetDMIVC B | Wy = oneto (B.18)
AchiB yro~! Ao+l e, A
@Y = Sﬁ;ﬁx’zj@il J \IJY = ( Cfﬁ;}’;;\lcf + f’ﬁZz .
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B.3.3 0 Scheme
We start with the following 3—Dimensional [t6 SDE with a 2—Dimensional Wiener

process:

jgl,t a1 51,1 51,2 dW
d| Xoy | = | a2 [ dt+ | ba1 bop dWM , (B.19)
0, ag bo1 be2 2t
where:
g = (I)al + \IICLQ )
[ Doy bpo | = [ ®bry+ Ubyy Pbio+Vhyy | |
. Hy (03, +35) — Hy (bi,1bay + b1aba)
(b11b22 — b1 aby1)” ’
T Hy (bil + big) — Hy (b11b21 + b1 2boo)
(b11b22 — by aby1)”
The 1 strong order Milstein scheme for (B.19) with time step A; is:
Xlt-}—At jzlt a1 311 512
2 =7 ~ AWy, 1
2(27t+At - 2(2,15 t| a2 | AT+ by by { AWy, } + ERM .+ (B20)
Or 0 a0 box Doz
> | Libi
Ra=Y | Liby; | (AW}, — A1)
7= Ljbs,
Hf Hy
~ ~" — t+AL
+ I:;[Q AWLtAWZt + -§2 [L(l,Q)}t )
Hy Hy
where:
]{Ji - lej,Q :l: LijJ .
Doing some computation, (B.20) is equal to:
le,x N §2,X .
Ry=| Ciy (AWﬁt - At) +| Coy (AWg{t - At) (B.21)
01,0 02,0
C}”X + §4’X =~ =~ . €3’X B €4’X — t+At
+ g:g,y + 94,1/ AW AWy + | £ (Cay — Cyuy [L(1,2)L )
Cs0 + Cao + <6'3,0 - (74,9)
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where:

Cix =Cix + ®by 1012 + Vb 2b2

Ciy = Ciy + ®by1bas + Wby 1ba 9

Cox = Oy x — ®by 1b1 2 — Wby 1029

Coy = Cyy — Pba1b1 2 — Wby 1b2 9

Cax = C3x — @b} — Wby by

Csy = Csy — Pbyibyy — Vb3,

Cix = Cux + P35+ Uby obo s

Cuy = Cyy + Dby obao + Vb3,

Cip = 51,150,15{1 + 52,159,15{2 + bg, 1002
Cap =bigbpa, +ba2bpa, — byiboo
1 2
— 12
Csp = 51,150,25{1 + 52,159,25{2 b 1

Cup = 51,259,15{1 + 52,259,15{2 + 03,

Doing some operations, the Lie bracket is equal to:

Hy 0
i, | = 0
Hy + (brabag — biobas) (Vg — Pg,)

Knowing that:
[ Doy Do | = [ ®bry+ Ubyy Pbio+Vhyy | |

then:

(B.22)

01’9 - q) (CLX + (I)bl’lbl’g) + \I/ (CI,Y + \Ijbzl b2’2> + (I)\Ij (bl,l b272 + b172b271)

—|—(I))~(1bi1 + \I')?Qb%,l + (‘I))}Q + ‘I’fgl) b1.1b21

Cop =P (Cyx — Pby1b12) + V (Coy — Wba i bao) — PW (by1bao + biobay)

+P5 b%,z + \I')?Qb%g + (‘I))}Q + ‘I’fg]) b1.2b2 2

0379 - CI) (Cg’x - q)b%,l) —|— \Il (0373/ - \I’bg’l) - 2(13\116171[)271

+q)551 b171b172 + (I))?le’gbz,l + @551 b171b272 + \I])}Q bg,lbz,g

Cro=® (Cox +Pb3,) + U (Coy + Wb3,) +20Wby b

+P5 by 1b1 2 + Ue b1 2ba 1 + ‘D)}zbl,lbz,z + ‘1’2252,1172,2

Having example (4.12), you get:

o 0 .
(2, y) = ¢ B¢ cosf) —sinf
I\ Y) = gcb 2)\1/ sinf cosf ’
then:
0179 - _ﬁ (20-1/590 + go_zy + § (—0‘ny +p (nyy + Sayy)))
02,9 = /p\ (203/5:]0 + ngy + %p (O_yfy + gayy) - %€z€y>

03,6 =p (20y€x + ngy + 50';59 + § (_UCEO-?J tp (Uy€U + fO'yy))) )

£ (060 + &0 (00— 0,)) + 5= + =
— £+
Cio=1p (201/53: + %,0 (O'ygy + fdyy)) + £Uzy + 2—25“2” — § (iny N fo'yy)
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and H; from the Lie bracket (B.22) is equal to:

]’—‘73_ = p <O-§zy + go-ﬂ/ - §0I09> + % (O-é.mc + g:c (UI - Pfy))

§ vy, Z20°8 ¢

+— ot

(Jyfy + fayy) .

B.4 Orthogonal Transformation Theorems

In this section, we shall present two theorems where we prove that if an orthogonal
transformation is applied to a Wiener process dWW, then the new orthogonal Wiener
process dW is independent and have the same distribution as the original process

aw.
Theorem 6: Distribution of an orthogonal Wiener processes
If dW, 4, dWs, are two independent Wiener process and you apply an orthogonal

transformation to them:

dWl,t | cosb sin 6, AW,
[dW% ] B l Fsin#; =+ cosb, ] l dWay ] ) (B.23)

then:
e A) the new orthogonal Wiener processes, dWLt and dWQ,t are independent.

e B) dW,;; and dﬁéyt have the same distribution.

Proof:
A) If dW;,; and dWs, are independent, then:

E[dW; . dWs, =0 .
Doing the same for the orthogonal Wiener process:

. : 2 2
> [dW17tdW2,t:| _r l Fsin6 cosf (dWE, — dW3,) ] _ 0.

+dWy ,dWay (cos? 0 — sin® 0)

B) The probability density function (PDF) of an N—dimensional multivariate normal
is [13]:

) = for, ) = ————exp (g e =" =)



where jt = [piy, fig, ..., piyy]” is the mean and Z is the covariance matrix (positive-

definite real N o N matrix). If one calculates them for dWW;:
paw, = [E[dWi] E[dWay]] =0,

_ V [dW1 4] o/ VAW ]/ VdWa,] | [dt 0
Zth N [ p\/V [dWLt] \/V [dWa 4] \% [dWQ,t] 1 - [ 0 dt ] )

If dW, and th have the same distribution, then they have the same mean and

covariance matrix.

wa, = [ [a0] B [a0]] 0= paw,

dt 0
Zth - { 0 dt 1 - Zth =
Theorem 7: General representation for an orthogonal matrix

If I (©,) is an orthogonal matrix:

| ©11 O
N { o @] |

01,1022 — 0120, = £l =1,

then:

e A) I'(©;) can have only two families of representations:

@11 @12 @11::|:@22
re)=| o o 7 2 L
(©1) [ FO12 £61, ] ’ { O21 = FO1 2 }

e B)IfI'(©;) and = (¢,) are independent orthogonal matrices, the multiplication

of both still has the same two representation as point A).

Proof:

A) Using the definition of an orthogonal matrix:
r-t=r"

then:
[T '=IT"=¢ and I 'T'=0I"T=q,
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computing operations:

rr’ — [ 01, + 67, 01,1021 + 01202 } _ [

01,1021 + 0126025 03, + 63,

01,4+ 63, 01,1012+ 02102, } _ [

rr = 2 2
011012+ 021025 @1,2 + @2,2

then:

011021 +0120202 = 0,
@171@172 + @271@2’2 =0 then @172 = :t@g,l .

Computing for the two solutions:

if ©12 = —0O3; then ©;;=0,,,
Zf @172 == +@271 then @1’1:—@272.

B): Using point A):

_ | ©11 O N | P11 Pia
F(@t) T l :F@1,2 :I:@Ll } ) ‘*((bt) T { :F¢1,2 i¢51,1 .

Doing the multiplication of both matrices:

solution 1 : F(@t)E(gbt):{ ©11  Ous } { P14 ¢1,2}

FO12 61, —¢1,2 ¢1,1

_ l O1,1011 — O12015 O1,1¢15 + 12014 ]
T (0110124 O120,,1) £ (01101 — O120,,)

_ O Do
FPio £P1q |7

©11  O12 P11 P1o
FO12 £61, ¢1,2 _¢1,1
_ l O1,1011 + O1201 5 11015 — O1201 }
+ (011019 — ©12011) T (O11011 + O1201)
ZI\)/}’l (/13/172
TP, FPq,

solution 2 ['(©)E(p,) = [
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Appendix C
MSL-MC

C.1 MSL-MC Algorithm

This section defines the algorithm one has to use to estimate an exotic option price
using the Multischeme Multilevel Montecarlo method (MSL-MC). The MSL-MC is
an updated algorithm of the ML-MC [10].

The expectation of a payoff P with maturity 7" is calculated by:

E|P.,]| = E[P.) + ZF: E[P,— P, . (C.1)

L=Lop+1
Or using multi-schemes in the simulation:

Lp
ElP,]=E [PSLO} + S E[Ps, - Ps, ],
L=Lo+1
where L is the level of the algorithm that simulates the scheme or time approximation
with different time steps At:
T —ty

At =—

for m =2,4,6...

Lo is the optimal starting level and Pg, is the payoft value using the optimal scheme

for level L. For a given e:
e = | exact solution — approximation | ,

the algorithm has to simulate a repeated cycle for each level L, where one calculates

the option price using M|, paths:

L
ML = {26_2\/ VLAtL Z A / AL;
=1
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When L = Lo, use M, = 1000. For L > Lo, simulate extra samples at each level as

needed for new M. The algorithm will stop when it converges:

|PL71‘ €
P < — —-1) .
max{ - | Pr \/i(m )

Compared with the standard method and setting the Lévy Area equal to zero, the

mean square error M SFE,
MSE ~ c1dt + cpdt? = O (¢7)

is reduced in some cases to:

H scheme H Standard Method || ML-MC H
Euler or Milstein scheme (L = 0) O (e73) O (e2(loge)?)
0 scheme (L = 0) O (e73) O (%)

[10] and results in Chapter 5 demonstrate that m = 2 is the optimal to use for all

schemes. Only for specific examples, m = 4 is used.

C.2 Strong Convergence Plots

This section presents the corresponding strong convergence tests for the asset S (Fig-
ure C.1), the variance v (Figure C.2), the rotation or angle 6 (Figure C.3) and a
European Put option price (Figure C.4). It is no surprise that all strong convergence
plots are almost the same, having the same order of convergence as the European
Call option plot (Figure 5.4) presented in Chapter 5. We have used the parameters
and initial conditions (5.10) with the stochastic volatility models (5.2-5.5).
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mean( |error| )

mean( |error| )

mean( |error| )

mean( |error| )

EX1; C4 ,T=10 EX2;C4, «x=10

10" 10> 10" 10°
EX4;C3, k=0.2, p=3

10" 10° 10" 10°
EX5;C2,T=0.2, p=1 EX6;C2,T=02, p=3

EX7: C4, ©=0.03 2

. Asset "S"
—

—>—— Euler scheme
—+—— Milstein (L=0)
—*—— Milstein sch.
—— Malliavin sch.
—©— 2D 0 scheme
3D 6 sch (L=0)

10 N 10 —%=— 3D 0 scheme
Steps

Figure C.1: Strong convergence tests for S using (5.10).
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mean( |error| ) mean( |error| ) mean( |error| )

mean( |error| )

EX1;C4.,T=10 EX2;C4, «x=10

10" 10°

EX3;C3, k=0.2, p=0.2 EX4: C3, k=02, p=3

10" 10° 10" 10°

EX5;C2,T=0.2, p=1 EX6;C2,T=0.2, B=3

Variance "v"

—>—— Euler scheme
—+—— Milstein (L=0)
—k—— Milstein sch.
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Figure C.2: Strong convergence tests for the variance v using (5.10).
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