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Abstract

Tree-level scattering amplitudes in massless theories not only exhibit a simplicity

entirely unexpected from Feynman diagrams, but also an underlying structure

remarkably reminiscent of worldsheet theory correlators, yet essentially alge-

braic. These features can be explained by ambitwistor strings - two-dimensional

chiral conformal field theories in an auxiliary target space, the complexified

phase space of null geodesics, known as ambitwistor space. The aim of this the-

sis is to explore the ambitwistor string approach to understand these structures

in amplitudes, and thereby provide a new angle on quantum field theories.

In the first part of this thesis, the wide-ranging impact of ambitwistor strings on

the study of tree-level amplitudes is highlighted in three developments: an exten-

sion of ambitwistor string worldsheet models to an extensive family of massless

theories, emphasising the universality of ambitwistor strings for massless theo-

ries; a beautiful proof of the duality between asymptotic symmetries and the low

energy behaviour of a theory, relying on the contact geometry of the ambitwistor

target space; and finally a twistorial representation of ambitwistor strings in four

dimensions, leading to remarkably simple formulae for scattering amplitudes in

Yang-Mills and gravity with any degree of supersymmetry.

The second part of this thesis focusses on proving a conjectured ambitwistor

string formula for loop amplitudes, and extending the formalism to more gen-

eral theories. Remarkably, residue theorems reduce the computationally chal-

lenging ambitwistor higher-genus expressions to simple formulae on nodal Rie-

mann spheres. This idea is developed into a widely applicable framework for

loop integrands, that is shown to be applicable to both supersymmetric and

non-supersymmetric theories. In the case of supergravity, this provides strong

evidence for the validity of the ambitwistor string at loop level, and explicit

proofs are given for non-supersymmetric theories. Notably, this leads to a pro-

posal for an all-loop integrand for gravity and Yang-Mills.





Contents

1 Introduction 1

2 Review 8

2.1 Scattering amplitudes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.1.1 Scattering equations . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.1.2 CHY formulae . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.1.3 Scattering amplitudes in massless theories . . . . . . . . . . . . . . . 17

2.2 The ambitwistor string . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.2.1 Ambitwistor space . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.2.2 Ambitwistor strings . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.2.3 Vertex operators and tree-level amplitudes . . . . . . . . . . . . . . . 28

3 Ambitwistor String Models for Massless Theories 33

3.1 Ambitwistor worldsheet models - general aspects . . . . . . . . . . . . . . . 36

3.2 Worldsheet matter models and their correlators . . . . . . . . . . . . . . . . 37

3.2.1 Free fermions Sρ and current algebras Sj . . . . . . . . . . . . . . . 38

3.2.2 Worldsheet supersymmetry SΨ . . . . . . . . . . . . . . . . . . . . . 38

3.2.3 Comb system SCS . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3.2.4 Other systems with comb structure SYM . . . . . . . . . . . . . . . 42

3.2.5 Central charges . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

3.3 Combined matter models . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

3.3.1 Sρ,Ψ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

3.3.2 SΨ1,Ψ2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

3.3.3 SYM,Ψ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

3.3.4 SCS,Ψ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

3.4 New ambitwistor string theories . . . . . . . . . . . . . . . . . . . . . . . . . 49

i



3.4.1 Einstein Yang-Mills and T ∗YM . . . . . . . . . . . . . . . . . . . . . 51

3.4.2 Bi-adjoint scalar . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

3.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

4 Ambitwistor Strings, Soft Theorems and the Geometry of Null Infinity 56

4.1 Review of asymptotic symmetries and soft limits . . . . . . . . . . . . . . . 58

4.2 Geometry and BMS symmetries . . . . . . . . . . . . . . . . . . . . . . . . . 61

4.2.1 Background geometry . . . . . . . . . . . . . . . . . . . . . . . . . . 62

4.2.2 BMS symmetries and their generalizations . . . . . . . . . . . . . . . 64

4.3 Ambitwistor strings at null infinity . . . . . . . . . . . . . . . . . . . . . . . 65

4.3.1 The string model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

4.3.2 Symmetries, vertex operators and diffeomorphisms . . . . . . . . . . 66

4.4 From soft limits to BMS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

4.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

5 Ambitwistor Strings in four dimensions 73

5.1 Ambitwistor strings in four dimensions . . . . . . . . . . . . . . . . . . . . . 75

5.1.1 Ambitwistor space in four dimensions . . . . . . . . . . . . . . . . . 75

5.1.2 Ambitwistor strings in twistorial representation . . . . . . . . . . . . 76

5.2 Yang-Mills . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

5.2.1 Yang-Mills amplitudes from the ambitwistor string . . . . . . . . . . 77

5.2.2 Comparison to Witten’s parity invariant formula for Yang-Mills . . . 81

5.2.3 Comparison to the RSVW formula . . . . . . . . . . . . . . . . . . . 83

5.3 Einstein gravity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

5.3.1 Einstein gravity in the ambitwistor string . . . . . . . . . . . . . . . 84

5.3.2 Comparison to the Cachazo-Skinner formula . . . . . . . . . . . . . 88

5.4 Four dimensional ambitwistor strings at null infinity . . . . . . . . . . . . . 93

5.4.1 Symmetries and Hamiltonians . . . . . . . . . . . . . . . . . . . . . . 94

5.4.2 The string model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

5.4.3 Soft limits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

5.4.4 Brief comparison to the model of Adamo et al. . . . . . . . . . . . . 100

5.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

ii



6 Loop Integrands from the Riemann Sphere 106

6.1 Review of the ambitwistor string at genus one . . . . . . . . . . . . . . . . . 109

6.1.1 Scattering equations at genus one . . . . . . . . . . . . . . . . . . . . 110

6.1.2 One-loop scattering amplitudes . . . . . . . . . . . . . . . . . . . . . 112

6.2 Loop integrands from the nodal Riemann sphere . . . . . . . . . . . . . . . 115

6.2.1 The scattering equations on a torus . . . . . . . . . . . . . . . . . . 116

6.2.2 From a torus to a Riemann sphere . . . . . . . . . . . . . . . . . . . 118

6.2.3 A first check: the n-gon conjecture, partial fractions and shifts . . . 122

6.3 Supersymmetric theories . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

6.3.1 Supergravity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

6.3.2 Super-Yang-Mills theory . . . . . . . . . . . . . . . . . . . . . . . . . 127

6.4 Non-supersymmetric theories . . . . . . . . . . . . . . . . . . . . . . . . . . 128

6.4.1 General form of the one-loop scattering equations . . . . . . . . . . . 129

6.4.2 General form of the one-loop integrand . . . . . . . . . . . . . . . . 130

6.4.3 Contributions of GSO sectors and the NS Pfaffian . . . . . . . . . . 131

6.4.4 Pure YM and gravity amplitudes . . . . . . . . . . . . . . . . . . . . 133

6.5 Proof for non-supersymmetric amplitudes at one-loop . . . . . . . . . . . . 136

6.5.1 Factorisation I - scattering equations and measure . . . . . . . . . . 141

6.5.2 Factorisation II - integrands . . . . . . . . . . . . . . . . . . . . . . . 144

6.5.3 UV behaviour of the one-loop amplitudes . . . . . . . . . . . . . . . 149

6.6 All-loop integrands . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

6.7 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157

7 Conclusion 161

A New Models 163

A.1 Correlators for SYM,Ψ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163

A.1.1 The reduced Pfaffian . . . . . . . . . . . . . . . . . . . . . . . . . . . 165

A.1.2 Adaption and restriction . . . . . . . . . . . . . . . . . . . . . . . . . 167

B Details of the correlators with soft limits 169

B.1 Yang-Mills soft limits in d-dimensional model . . . . . . . . . . . . . . . . . 169

B.2 Gravity soft limits in d-dimensional model . . . . . . . . . . . . . . . . . . . 172

B.3 Yang-Mills soft limits in the twistorial model . . . . . . . . . . . . . . . . . 173

iii



B.4 Gravity soft limits in the twistorial model . . . . . . . . . . . . . . . . . . . 175

C Review of scattering amplitudes in four dimensions 180

C.1 Spinor-helicity formalism and twistor space . . . . . . . . . . . . . . . . . . 180

C.2 Scattering amplitudes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 184

D Loops 187

D.1 Moduli space of Riemann surfaces . . . . . . . . . . . . . . . . . . . . . . . 187

D.2 Checks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189

D.2.1 Solutions to the four-point 1-loop scattering equations . . . . . . . . 189

D.2.2 Checks for supersymmetric theories . . . . . . . . . . . . . . . . . . 190

D.2.3 Checks on all-plus amplitudes . . . . . . . . . . . . . . . . . . . . . . 192

D.3 Motivation from ambitwistor heterotic models . . . . . . . . . . . . . . . . . 195

D.4 The NS part of the integrand . . . . . . . . . . . . . . . . . . . . . . . . . . 197

D.5 Dimensional reduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 199

References 201

iv



Chapter 1

Introduction

Quantum field theory (QFT) has proven to be one of most successful mathematical frame-

works in physics to date. Describing such diverse phenomena as particle physics, condensed

matter and astrophysics, it also links to many areas of mathematics, most notably to topol-

ogy and algebraic geometry. Its numerous successes have been both conceptual and relating

to applications in physics; giving insight into the underlying mathematical structure as well

as providing an indispensable method of probing fundamental physics. Among these ad-

vances, a few are particularly worth highlighting: Renormalisation not only provided a

systematic approach to the infinities arising in quantum field theory calculations, but also

revolutionised the understanding of quantum field theories via the concept of renormalisa-

tion group flow, explaining the omnipresence of renormalisable QFTs as low energy effective

field theories. Moreover, Yang-Mills theory and non-abelian gauge theories bridge the gap

from theory to experiment by tying into both mathematics and experimental physics via

the standard model for particle physics, tested in remarkable precision calculations. Other

remarkable feats include the theory of critical exponents in condensed matter physics, and

the many applications of topological field theories to mathematics.

Quantum field theory unites the principles of quantum mechanics and relativity, and

is traditionally described from a Lagrangian. In this approach, observables are calculated

perturbatively around a classical vacuum solution via Feynman rules derived from the path

integral. However, there are strong hints that this traditional approach to quantum field

theories is missing some fundamental underlying principles, and that another revolution in

our understanding of quantum field theories is about to take place.

A strong indication in this direction is coming from exactly solvable quantum field

theories: Relying on non-perturbative methods based on additional symmetries and basic
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properties of the theory, techniques such as the conformal bootstrap, the integrability pro-

gram and localisation in supersymmetric field theories provide insights not apparent from

the Feynman diagram route.

Another hint is coming from the multitude of dualities relating quantum field theories.

Stressing the aspect of a moduli space for quantum field theories, dualities demonstrate

that the semi-classical description of a QFT given by its Feynman diagram expansion is not

unique; and indeed two alternative ‘quantisations’ can give rise to the same quantum field

theory, as illustrated by the example of the Sine-Gordon model and the massive Thirring

model. Of particular interest in this context are the dualities relating strongly coupled

theories, inaccessible from Feynman diagrams, to a quantum field theory at weak coupling.

Approaching quantum field theories from the point of view of the QFT moduli space also

indicates that there are potentially parts of this moduli space inaccessible from a Lagrangian

description, as illustrated by the six dimensional superymmetric N = (0, 2) models.

However, possibly most remarkable in this context are the AdS/CFT dualities, relat-

ing d dimensional quantum field theories with conformal symmetry to quantum gravity on

asymptotically Anti-de Sitter space-times in d + 1 dimensions. This holographic relation,

between quantum gravity in the full ‘bulk’ of space-time and a quantum field theory on the

boundary, can be motivated by a discussion of the asymptotic symmetry group SO(2, d) of

Anti-de Sitter spaces, coinciding exactly with the conformal group in d dimensions.

None of the developments described here are obtainable from a Lagrangian point of view,

and they strongly indicate that a different understanding of quantum field theories is needed.

Another piece of evidence for some underlying, as yet undiscovered fundamental principle

missing in the Feynamn diagram approach is the striking simplicity and remarkably rich

structure of scattering amplitudes. In any quantum field theory, scattering amplitudes are

natural and fundamental observables. However, in particular for the physically interesting

case of elementary particles of spin s > 1, calculations using the Feynman diagram ap-

proach become intractable even for simple scattering processes, having been characterised1

as containing “more terms than there are cells in an average research student’s brain”. This

suggests that these most fundamental observables are highly complicated objects.

1A comment made by Zvi Bern on the complexity of scattering amplitudes in supergravity.
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In the same spirit as in the examples given above however, a different route can be taken

to understand scattering amplitudes from fundamental principles and symmetries instead

of Feynman diagram expansions. Recall in this context that all one-particle states in a

quantum field theory can be characterised by irreducible representations of the Lorentz

group [1]. In particular, they can be classified by their mass-eigenvalue m2 = kµkµ (Wigner

classification) and the representation of the little group, a subgroup of the little group

leaving the momentum kµ invariant. For massless particles, the little group is isomorphic

to ISO(2), the abelian group of Euclidean motions in two dimensions. Two of its generator

commute, and can thus be diagonalised simultaneously. Massless states of momentum kµ

are therefore characterised by their eigenvalues under the remaining generator, the angular

momentum J3 = J12, where Jµν denote the Lorentz generators. Representations are thus

classified by the helicity, which can only take integer and half-integer values due to the

topology of the Lorentz group. In particular, scalars are in the trivial representation, while

gluons and gravitons transform non-trivially. They are described locally (for gluons) by the

polarisation data εµ and εµν respectively, subject to

εµ ∼ εµ + αkµ , εµ k
µ = 0 , (1.1)

where α is an arbitrary constant. Importantly, the scattering amplitude transforms accord-

ing to its external particles under the Lorentz group, and gluon and graviton amplitudes

are thus linear in the polarisation of the scattered particles, and gauge (diffeomorphism)

invariant due to (1.1).

In four dimensions, the spinor helicity formalism provides a particularly elegant and

powerful tool to parametrise massless particles. This uses the isomorphism between the

restricted Lorentz group on complexified space-time and the special linear group, SO(4,C) ∼=

PSL(2,C), given by pµ = σαα̇µ pαα̇. For massless particles, this can always be decomposed

into the outer product of two complex two-dimensional Weyl spinors,

pαα̇ = λαλ̃α̇ . (1.2)

The little group acts one these spinors via (λ, λ̃) → (tλ, t−1λ̃), and scattering amplitudes

have to transform according to

Ah1,...,hn →
∏
i

t−2hi
i Ah1,...,hn , (1.3)
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where hi denotes the helicity of the ith particle. These considerations lead to surprisingly

simple formulae for tree-level MHV amplitudes2 [2],

AMHV(1, 2, . . . , n) =
δ4|8

(∑n
i=1 λiλ̃i

)
∏n
i=1〈i, i+ 1〉

, (1.4)

where 〈i, j〉 = εαβλi,αλj,β denotes the spinor product. Remarkably, the complicated ex-

pressions obtained from Feynman diagrams thus simplify to give beautifully compact for-

mulae. The MHV formula provided the basis for rapid progress in the study of scattering

amplitudes, fuelled particularly by the formulation of a new fundamental mathematical

description underpinning scattering amplitudes in N = 4 super Yang-Mills: the twistor

string [3,4], a string theory in twistor space, an auxiliary target space originally introduced

as an approach to quantise gravity and field theory [5–7]. Twistor string theories have

proven crucial to the understanding and discovery of the simplicity and structures underly-

ing scattering amplitudes in both N = 4 super Yang-Mills and N = 8 supergravity in four

dimensions. The simplifications in this framework are due to the non-locality introduced

by twistor space as the target space for the worldsheet models; heuristically, a point in

space-time corresponds to a line in twistor space, and a point in twistor space corresponds

to a null ray3 in space-time. The twistor strings for N = 4 super Yang-Mills [3, 4, 8, 9] and

N = 8 supergravity [10] manifest the simplicity of tree-level amplitudes [2,11–14], express-

ing them as integrals over the moduli space of degree d maps into twistor space. These

results sparked an entire new research area and led to a multitude of remarkable insights

into scattering amplitudes in d = 4, both computational and conceptual, see [15] for a recent

review. While twistor strings only describe maximally supersymmetric Yang-Mills theory

and gravity at tree-level, they provide a tantalising paradigm both for how twistor theory

could make contact with physics and how frameworks based on worldsheet methods can

provide, at least perturbatively, a better understanding of quantum field theories.

In a spectacular recent breakthrough, Cachazo, He and Yuan [16–18] extended these

results to scattering amplitudes in arbitrary space-time dimension d. Remarkably, the

full tree-level S-matrix for massless theories localises on a set of constraints, known as the

scattering equations. These equations underpin not only massless scattering in quantum field

2Where MHV abbreviates ‘maximally helicity violating’, implying two particles of negative helicity and
n− 2 of positive helicity

3or more accurately, an α plane in complexified Minkowski space.
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theories, but also tie in with the twistor string models described above. The expressions

for tree-level amplitudes are stunningly simple – realised as integrals over the moduli space

of marked Riemann surfaces localised on the algebraic scattering equations, and describe

a long list of massless theories [19, 20]. Moreover, they provide one of the most concise

representations of the ‘colour-kinemtaic duality’ and Kawai-Lewellen-Tye relations between

gauge theory and gravity amplitudes [21–23], see [16,24].

The only conceivable reason for the existence of these remarkable structures in scattering

amplitudes is an underlying mathematical framework similar to the worldsheet theories

giving rise to string theory amplitudes, but adapted to field theory in the same manner as the

twistor string. The ambitwistor string theories, proposed in [25] and further studied in [26],

provide this fundamental theory. These models are two-dimensional chiral conformal field

theories, with an an auxiliary target space, the complexified phase space of null geodesics,

known as ambitwistor space A. Strongly resembling complexified worldline formulations of

quantum field theory, their action encodes the contact geometry of the ambitwistor target

space. This provides a very intuitive insight into the reason for their wide-reaching impact

for massless scattering - the phase space of null geodesics gives a target space adapted

perfectly to the problem.

Beyond providing a primal derivation of the simple representations for the full tree-level

S-Matrix of Yang-Mills and gravity in arbitrary dimensions, ambitwistor strings have ac-

complished a number of impressive feats. Maybe most manifestly, as chiral analogues of

the RNS string they provide a new angle [26–31] on the connection to string theory while

containing only field theory degrees of freedom. Moreover, they encode the full non-linear

structure of supergravity [32], albeit perturbatively, and the ambitwistor string for type II

supergravity is anomaly free, and thus leads to representations of field theory loop ampli-

tudes, again as integrals over the moduli space of marked Riemann surfaces [33].

Ambitwistor strings and their applications in field theories are the main object of this

thesis, aiming to understand and exploit the simplicity and structure of scattering ampli-

tudes. Its goal is to provide a few small but significant steps towards extending the under-

lying theory, and to further thereby our understanding of quantum field theories. While

restricted to the subject of scattering amplitudes, this provides one piece of the puzzle of

the different structures unobtainable from Feynman diagrams, and a small contribution
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towards a modern understanding of quantum field theories.

Outline of this thesis. The main body of this thesis is divided into two parts. While

the first chapters demonstrate the powerful tools different representations of ambitwistor

strings provide for tree-level massless scattering, chapter 6 focuses on the extension beyond

the classical limit to loop amplitudes.

Chapter 2 serves as an introduction to the Cachazo-He-Yuan (CHY) representation of

tree-level scattering amplitudes in massless theories and the underlying ambitwistor strings

for Yang-Mills theory and gravity. The contents are intended as a review, laying the base

for the original work in the subsequent chapters.

In chapter 3, I extend the original ambitwistor string construction to a list of am-

bitwistor worldsheet models for an extensive family of massless physical theories, whose

correlators give rise to the corresponding CHY formulae [19, 20]. These models thus pro-

vide a fundamental derivation of these formulae, and effectively explain their existence from

an underlying theory. This proves the universality of ambitwistor strings, with the bosonic

part of the action providing the backbone for massless scattering amplitudes. The work pre-

sented here is based on [34], obtained in collaboration with Eduardo Casali, Lionel Mason,

Ricardo Monteiro and Kai Roehrig.

While almost algorithmically defined as the chiral complexification of a massless spinning

particle, the ambitwistor string action can be constructed geometrically from the pull-back

of the contact structure of its target space. Alternatively, the action can be understood as

a chiral degenerate high tension limit α′ → 0 of string theory, or a supersymmetric curved

βγ system. The following two chapters explore the former two perspectives in different

contexts.

In chapter 4, I discuss a representation of ambitwistor strings that ties naturally into the

structure of null infinity of an asymptotically flat space-time. This manifests the connections

between asymptotic symmetries, known as BMS symmetries, and infrared properties of the

amplitudes. More specifically, I show how Strominger’s realisation of the soft theorem as a

Ward identity on Ashtekar’s Fock space of radiative modes [35, 36] is implemented in the

worldsheet conformal field theory of the ambitwistor string. These results are joint work

with Arthur Lipstein and Lionel Mason, originally published in [37].

Chapter 5 on the other hand focuses on four-dimensional space-times. Using the spino-

rial representation of ambitwistor space, I developed new ambitwistor string models, giving
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rise to remarkably simple formulae for Yang-Mills and gravity. They provide a particularly

elegant framework realizing the relation between symmetries at null infinity and soft theo-

rems, and highlight the connection to the original twistor strings. However, they are more

flexible, allowing for any amount of supersymmetry, and contain fewer moduli integrals.

Moreover, they localise completely on a four-dimensional version of the scattering equa-

tions refined by MHV degree. The work presented in this chapter is partially based on [38]

and [37] in collaboration with Arthur Lipstein and Lionel Mason. Full proofs are included

here that were omitted in [38].

Chapter 6 constitutes the latter part of the thesis, and explores the ambitwistor string

at loop level. Its goal is two-fold, proving the conjectured ambitwistor string formula for

loop amplitudes, as well as deriving a framework applicable to more general theories. More

specifically, I will use a contour integral argument to reduce the computationally challenging

ambitwistor higher-genus expressions to simple formulae on nodal Riemann spheres. This

relies crucially on the support of the moduli integral on the one-loop scattering equations.

The general idea is then developed into a framework widely applicable to loop integrands

of massless scattering amplitudes, leading to simple expressions of similar complexity to

tree amplitudes for both supersymmetric and non-supersymmetric Yang-Mills theory and

gravity. These formulae are proven in the non-supersymmetric case from factorisation

arguments, and I give strong evidence for the validity of the supersymmetric integrands.

Perhaps most remarkably, this leads to a proposal for an all-loop integrand for gravity and

Yang-Mills. These results are joint work with Lionel Mason, Ricardo Monteiro and Piotr

Tourkine, published in [39,40].
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Chapter 2

Review

This chapter provides a review of the aspects of scattering amplitudes and ambitwistor

strings relevant for the remainder of this thesis. As indicated in chapter 1, ambitwistor

strings provide the underlying mathematical framework for an extremely simple represen-

tation of tree-level scattering amplitudes in d dimensions. Therefore, we begin in section 2.1

with a discussion of these Cachazo-He-Yuan (CHY) formulae for the full tree-level S-matrix

of a family of massless theories in d dimensions. The rest of the chapter focuses on am-

bitwistor strings, beginning with a brief introduction to ambitwistor theory in section 2.2.1.

However, it is not the purpose of this section to provide an in-depth review, but rather

a presentation geared towards applications in scattering amplitudes of massless particles

and worldsheet theories in particular. The interested reader is referred to the original pa-

pers [41–48] for a more detailed exposition and [25] for a modern review in the context of

ambitwistor strings. Finally, we conclude with a review of ambitwistor strings, including a

discussion of the correlator at genus zero.

The aim of this chapter is to review the background material for the thesis as a whole.

Thus, topics relevant only for certain chapters will pedagogically be reviewed when needed.

Particularly worth highlighting in this context are the introduction to BMS symmetries

and soft theorems in section 4.1, the review of ambitwistor space in four dimensions in

section 5.1.1, and the discussion of ambitwistor strings at genus one in section 6.1.

2.1 Scattering amplitudes

To motivate the following discussion, let us briefly review the general structure of scattering

amplitudes in field and string theory.

8



• Feynman diagrams: In field theory, scattering amplitudes are formulated as a com-

binatoric problem. The S-matrix derived perturbatively from the path integral is

given by an expansion in the loop order, A =
∑

gAg~g, where each Ag is computed

as a sum over Feynman diagrams with g loops,

Ag =
∑

graphs Γ

ωΓ(ki, εi)

ord(Aut(Γ))
. (2.1)

Here, ωΓ denotes the weight of the Feynman diagram determined by Feynman rules

derived from the path integral, and we divide this weight by the order of the symmetry

group of the diagram. ωΓ depends only on the momenta ki and the polarisation εi of

the external particles, and at g loops involves integrals over the g loop momenta `a.

The graph theoretical nature of the problem gives an intuitive understanding of field

theories describing point particles. However, the traditional strategy of calculating

amplitudes using Feynman diagrams becomes intractable even for simple scattering

processes - suggesting that scattering amplitudes are highly complicated objects.

• Worldsheet models: Worldsheet theories such as string theory beautifully refor-

mulate this into a geometric problem. Instead of an expansion in loop order, a term

proportional to the Euler characteristic in the action gives different weights to dif-

ferent worldsheet topologies, and thus allows for an expansion in the genus g of the

worldsheet.

A = + + + ...

This provides an excellent example of the wide-reaching impact of worldsheet theo-

ries: in contrast to the combinatoric problem posed by the expansion in Feynman

diagrams, the formulation on a Riemann surface ensures the conceptual simplicity of

a unique object at every order in perturbation theory, and rephrases the amplitude as

a geometrical problem - an integral over the moduli space of Riemann surfaces. How-

ever, the weight of each contribution is given by an integral over the moduli space

Mg,n of the Riemann surface, which is in general difficult to perform.

In contrast to field theory, string amplitudes depend explicitly on the string length
√
α′, with an infinite tower of states contributing (c.f. for example the renowned

Virasoro-Shaprio amplitude). Moreover, they are well-defined at high energies, whereas

9



quantum gravity is plagued by intractable UV divergences. The two approaches make

contact at the boundary of the moduli space, where the surfaces degenerate, and field

theory amplitudes emerge in the high tension limit α′ → 0.

• CHY formulae and ambitwistor strings: Considering the seeming complexity of

field theory amplitudes when represented as sums over Feynman diagrams, it is highly

remarkable and surprising that a simple, compact formulation exists for massless par-

ticles in arbitrary space-time dimensions: the CHY formulae [16–18]. These represent

field theory tree-level amplitudes as the sum over a rational function evaluated at

solutions σi ∈ CP1 to the so-called scattering equations described in section 2.1.1,

A(0)
n =

∑
solutions
ki·P (σi)=0

In(σi, ki, εi)

J(σi, ki)
. (2.2)

Here, In is a theory-dependent function of the momenta ki and the polarisation data

εi, while J is the theory-independent Jacobian obtained from solving the scattering

equations ki · P (σi).

In contrast to the graph combinatoric problem posed by the sum over Feynman diagrams

for field theory amplitudes, and the moduli theoretic problem in worldsheet theories, the

CHY formulae express tree-level scattering amplitudes in terms of solutions to an alge-

braic problem. From this point of view, the appeal and impact of the CHY formulae is

easy to understand; algebraic problems are comparatively easy to solve. Moreover, the

CHY representation for field theory amplitudes has the additional advantage of constitut-

ing structurally a middle point between field theory and string theory. To see this, note

that (2.2) can be re-cast as an integral over the moduli space of a Riemann sphere with

marked points σi associated to the external particles,

A(0)
n =

∫ ∏n
i=1 dσi
VolG

∏
i

δ̄ (ki · P (σi)) In(σi, ki, εi) . (2.3)

The moduli integral over the marked sphere localises completely on the support of the scat-

tering equations, enforced by holomorphic δ-functions, and thereby avoid both the combi-

natoric and geometrical difficulties of the Feynman diagram expansion and string theory

amplitudes. While only encoding the degrees of freedom of a field theory, the CHY formulae

thus inherit the simplicity and the benefits of worldsheet amplitudes, with a unique object
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at every order in perturbation theory.

The only conceivable reason for the existence of these remarkable structures in scattering

amplitudes is an underlying mathematical framework similar to the worldsheet theories

giving rise to string theory amplitudes, but encoding the localisation on the scattering

equations and thus describing field theories. This is indeed realised by the ambitwistor

string theories proposed in [25], which we will review in section 2.2. Leading to the CHY

formulae, representations of field theory very reminiscent of string theory, these models thus

have the potential to give a new understanding of quantum field theories. Several directions

will be explored in the main body of the thesis.

2.1.1 Scattering equations

Let us begin with a more detailed discussion of the constraints on which the moduli integrals

localise - the scattering equations [16–18]. Forming the backbone of the CHY formulae,

they are constructed from a meromorphic map P : CP1 → Cd from the Riemann sphere

into momentum space,

P (σ) =
n∑
i=1

ki
σ − σi

. (2.4)

The scattering equations then take the form

Ei ≡ ki · P (σi) =
∑
j 6=i

ki · kj
σi − σj

= 0 . (2.5)

Using momentum conservation,
∑

i k
µ
i = 0, they respect the SL(2,C) invariance of the

moduli space of Riemann spheres with n marked points.1 Therefore, there are only n − 3

linearly independent scattering equations, with (n− 3)! solutions.

To see this, write the scattering equations in their polynomial form [49],

Fj ≡
∑
i

σj+2
i Ei = 0 . (2.6)

The powers of σi in the sum are chosen such degFj = j. We then find F−2 = 0 as an

algebraic identity, and F−1 = F0 = 0 due to momentum conservation. Since the Jacobian

for the transformation from Fj to Ei is always non-zero for generic insertion points (so for

σij ≡ σi − σj 6= 0), the set of constraints {Ei} and {Fj} are equivalent and have the same

1See appendix D.1 for more details on the moduli space of Riemann surfaces. However, we will only need
that the dimension of the moduli space M0,n is given by n−3, due to the non-trivial group of automorphisms
Aut(CP1) = PGL(2,C), acting as Möbius transformations on the coordinates.
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solutions {σi}. Since the Fj are polynomials with deg(Fj) = j, there are (n− 3)! solutions

to (2.6), and hence to (2.5).

For a low number of marked points, explicit solutions are known, and numerical algo-

rithms have been developed for higher numbers of external particles directly from (2.2).

There has also been much recent progress on evaluating the scattering amplitudes without

explicitly solving (2.5), see [50–61].

In the following, we will take a more geometric approach to the scattering equations.

This point of view is very much motivated from the ambitwistor string reviewed in sec-

tion 2.2, and has proven extremely fruitful for extensions and generalisations of the scat-

tering equations, for example to higher loop order. In this context, we understand Pµ as

a meromorphic section of the canonical bundle KΣ of the worldsheet. Pµ ∈ Ω0(Σ,KΣ) is

required to associate the null momenta of the external particles ki to the marked points σi

on the Riemann surface via the residue ResσiP (σ) = ki, and thus satisfies the equation

∂̄P = 2πidσ
∑
i

ki δ̄(σ − σi) . (2.7)

This is solved by the 1-form equivalent of (2.4),

P (σ) =
n∑
i=1

ki
σ − σi

dσ . (2.8)

Geometrically, the scattering equations (2.5) then encode the vanishing of the quadratic

differential P 2.

To see this, first note that P 2 is a meromorphic quadratic differential, with vanishing

residues at the double poles for on-shell null momenta. Since meromorphic quadratic differ-

entials have at least four poles, setting P 2 = 0 is thus equivalent to requiring the residues

at n− 3 of its n simple poles to vanish. In particular, these residues are given by

ResσiP
2(σ) = ki · P (σi) =

∑
j 6=i

ki · kj
σi − σj

= 0 , (2.9)

which we identify exactly as the scattering equations Ei. We will see in section 2.2 how

this prescription arises from the ambitwistor string, and in chapter 6 how the construction

generalises to higher genus worldsheets.
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A crucial property of the scattering equations is that they manifest the factorisation

properties of scattering amplitudes [16, 24, 33, 62, 63]. Due to the unitarity of the S-matrix

and the locality of the interactions, the amplitudes develops a pole corresponding to a

propagator for a particle with momentum kI if a partial sum of the external momenta

kI =
∑

i∈I ki becomes null, where I ⊂ {1, . . . , n}. The residue is the product2 of two tree

amplitudes, depending on the particles in I and its complement Ī respectively, as well as

the propagating particle of momentum ±kI ,

Mn →
∑
εI

MnI+1(εI)
1

k2
I

MnĪ+1(εI) as k2
I → 0 . (2.10)

The scattering equations relate these factorisation channels to the boundary of the moduli

space of Riemann surfaces of genus g with n marked points, Mg,n. The Deligne-Mumford

compactification M g,n [64, 65] includes these boundary configurations. They correspond

to degenerations of the Riemann surface where marked points collide, or the surface de-

velops a long, thin neck; either separating the Riemann surface into two surfaces joint at

the node or shrinking a non-trivial a-cycle of a higher genus curve. In particular, in the

Deligne-Mumford compactification, marked points are always separate σij 6= 0, and these

configurations correspond to the degeneration of the original Riemann surface into two

Riemann surfaces joint at a node. As a subset I of marked points come together,

σi = σI + εxi +O(ε2) for i ∈ I , (2.11)

the scattering equations imply that ki · PI(xi) = O(ε), where PI is defined as above, but

restricted to the I component of the factorised Riemann surface. Therefore, the kinematic

invariant k2
I has to behave as

k2
I =

1

2

∑
i,j∈I

ki · kj =
∑
i,j∈I
i 6=j

xiki · kj
xi − xj

=
∑
i∈I

xiki · PI(xi) = O(ε) . (2.12)

This explicitly relates the boundary of the moduli space corresponding to collisions of

marked points to the factorisation channels of the amplitude. The scattering equations

factorise into two sets of constraints, corresponding to the components of the degenerate

Riemann sphere, with an additional marked point on each corresponding to the node, with

residue ±kI ensuring momentum conservation. We will see the power of this statement in

chapter 6, where we will use an extension of this argument to prove new, simple formulae

2Usually, the correct pole structure is referred to as locality, and the residue as unitarity.
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for one-loop amplitudes.

While the discussion given here has been targeted towards scattering equations in the

context of the CHY formulae and the ambitwistor string, it is highly remarkable that the

scattering equations already appeared much earlier in the study of dual models [66–68],

and, in the different context of the high energy limit of string scattering, in the work by

Gross and Mende [69, 70] (see also [71]). Interestingly, scattering equations thus make an

appearance in both the high energy and low energy limit of string theory, which can be

intuitively understood from the decoupling of massless modes in both limits. In a different

guise, the scattering equations also play a crucial role in the four-dimensional Berkovits-

Witten twistor string [3, 4, 72], which we will explore further in chapter 5.

2.1.2 CHY formulae

As motivated above, the scattering equations provide the backbone of the CHY represen-

tation for the full tree-level S-matrix of massless theories [16–18],

A(0)
n =

∑
solutions
ki·P (σi)=0

In(σi, ki, εi)

J(σi, ki)
. (2.13)

Remarkably, these simple and compact formulae are valid in any space-time dimension d,

and for a large class of massless theories that determine the form of the integrand In. The

Jacobian J of solving the scattering equations ki · P (σi) = 0 for σi emerges most naturally

when the expression is converted into an integral over the moduli space M0,n of an n-marked

sphere, localised on the scattering equations,

A(0)
n =

∫
(CP1)n

∏n
i=1 dσi
VolG

∏
i

δ̄ (ki · P (σi)) In(σi, ki, εi) . (2.14)

Here, the Möbius invariance of the marked Riemann sphere has been exploited to write

the measure and scattering equations in a manifestly permutation invariant way, which

introduces the quotient by the volume of the symmetry group G = SL(2,C)2. Fixing this

redundancy introduces the usual Faddeev-Popov Jacobian σabσbcσca
dσadσbdσc

for the measure and

σabσbcσca for the removed delta-functions imposing the scattering equations Ea, Eb and

Ec. As discussed in the previous section, there are n − 3 linearly independent scattering

equations, enforced in the CHY formula by holomorphic delta-functions that are to be

understood as

δ̄(f(z)) := ∂̄
1

2πif(z)
= δ(<f)δ(=f)df(z) . (2.15)

14



Thus the integrand is indeed a (top,top) form. Since the dimension of the moduli space of

an n-punctured Riemann sphere is given by dim(M0,n) = n− 3, the integral fully localises

on the support of the scattering equations (2.5). This establishes the equivalence of (2.14)

and (2.13).

While very simple expressions were known for scattering amplitudes in maximally su-

persymmetric theories in four dimensions [2–4, 8–14, 73, 74], the CHY formulae represent

the first compact expressions of the full tree-level S-matrix in arbitrary dimensions for non-

supersymmetric theories. In particular, these different theories are distinguished only by

the form of the integrand In, which is a rational function of the external momenta ki, the

polarisation data εi for non-trivial representations of the little group, and the marked points

σi associated to the external particles via the residues of the meromorphic one-form P . To

ensure SL(2,C) invariance of the integrand, In has to have homogeneity −4 in each marked

point. The scattering equations underpinning all these theories are universal for all massless

theories described below.

We will focus here on the integrands for the arguably physically most interesting theories;

Einstein gravity coupled to a B-field and a dilaton, and Yang-Mills theory. The amplitudes

of the bi-adjoint scalar, a massless coloured cubic scalar flavoured in U(N)×U(Ñ), naturally

tie into the discussion, as we will see below. More general theories will be discussed in

section 2.1.3.

While originally formulated for the theories mentioned above, the CHY formulae have

been extended to a sizeable list of massless theories [19,20] that share an intrinsic structure

of the integrand In: it is composed of two factors, In = IL IR, each of homogeneity −2 in

all marked points. We can thus characterise the theories in terms of these more fundamental

building blocks.

• Parke-Taylor colour factors. These are fundamental building blocks for the leading

trace contribution of any gauge theory with a gauge group U(N) or SU(N). The

integrand for the colour-ordered amplitude3, depending on the planar ordering α, is

given by

Cn(α) =
1

σα(i1)α(i2)σα(i2)α(i3) . . . σα(in)α(i1)
. (2.16)

3An extensive review of modern techniques and approaches in the study of quantum field theories and
scattering amplitudes can be found in [15].

15



The full amplitude can be recovered from these partial amplitudes as a sum over

all colour orderings of tree-level Yang-Mills theory, or one colour structure of the

bi-adjoint scalar theory respectively,

Cn =
∑

α∈Sn/Zn

Tr
(
tAα(i1)tAα(i2) . . . tAα(in)

)
Cn(α) , (2.17)

for t ∈ g for some Lie algebra g.

• Pfaffians. Integrands for particles transforming in non-trivial representations of the

little group with polarisation vectors εi are build from the reduced Pfaffian4 of a 2n×2n

antisymmetric matrix M , depending on the momenta and polarisation vectors,

M =

(
A −CT
C B

)
, (2.18)

with entries defined by

Aij =
ki · kj
σij

, Bij =
εi · εj
σij

, Cij =
εi · kj
σij

, (2.19a)

Aii = 0 , Bii = 0 , Cii = −
∑
j 6=i

Cij . (2.19b)

The matrix M has co-rank 2, its kernel being spanned by the vectors (1, . . . , 1, 0, . . . , 0)

and (σ1, . . . , σn, 0, . . . , 0), and thus Pf (M) = 0. However, an invariant quantity, the

reduced Pfaffian, can be defined by removing two rows i and j and the corresponding

columns,

Pf ′(M) =
(−1)i+j

σij
Pf (M ij

ij ) . (2.20)

This reduced Pfaffian is invariant under the choice of removed rows and columns

The scattering amplitudes for Einstein gravity, Yang-Mills and the bi-adjoint scalar theory

are then given by

Einstein gravity: In = Pf ′(M)Pf ′(M̃) ,

Yang-Mills (colour-ordered): In = C(i1, . . . , in) Pf ′(M) ,

Bi-adjoint scalar (colour-ordered): In = C(i1, . . . , in) C(j1, . . . , jn) ,

where M̃ is defined in analogy to M , but with polarisation vectors ε̃. Here, we have

parametrised the polarisation tensor of the graviton by εµν = εµε̃ν .

4Or modifications of the Pfaffian, see section 2.1.3.

16



From the mathematical structure (2.14) of the scattering amplitude as an integral over

the moduli space localised on the scattering equations, it is not immediately obvious that the

resulting expressions will always be rational, as required for tree-level scattering amplitudes.

This is however ensured by taking a global residue [57], since the scattering equations can

be re-cast in polynomial form (2.6), and the integrand is a rational function.

Several consistency checks, including factorisation, soft limits and sub-leading soft limits,

and relations among different partial amplitudes, were checked in the original papers [16–18]

and supplementary notes [62,75], and nicely summarised in [24]. A full proof of the formulae

using the BCFW recursion relation [76,77] was given in [63].

A further remarkable property of the CHY formulae is that they provide the most concise

formulation to date of the Kawai-Lewellen-Tye (KLT) relations [23], expressing gravity as

the ‘square’ of gauge theory [16, 24, 73]. Moreover, the representation of the integrand

is strongly reminiscent of colour-kinematics double copy relations between gauge theory

and gravity as well [22]; the colour factor Cn in the Yang-Mills integrand gets replaced by

another copy of the Pfaffian to obtain gravity. These amplitudes relations originating in

string theory [23, 78] are manifested nicely in the CHY and ambitwistorial framework, see

also [79].

2.1.3 Scattering amplitudes in massless theories

Beyond the Einstein gravity, Yang-Mills and the bi-adjoint scalar, the CHY formalism can

also be extended to an comprehensive family of massless theories [19,20], including theories

with complicated Lagrangian descriptions, like Einstein-Yang-Mills theory (with or without

additional scalars), Dirac-Born-Infeld or the non-linear sigma model.

As indicated in the last section, all these theories share the fundamental property that

their integrand In factorises into In = IL IR. Since we have exhausted all possible combina-

tions of the two fundamental building blocks above to construct Einstein gravity, Yang-Mills

theory and the bi-adjoint scalar theory, it is evident that new building blocks will be needed:

• Pfaffians of matrices A independent of the polarisation data,

Pf ′(A) , (2.21)

where A is defined in (2.19a). Note that these have to occur as building blocks

IL,R = (Pf ′(A))2 to ensure that the integrand has homogeneity −4 in each variable.
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• Pfaffians of matrices independent of both momentum and polarisation,

Pf (X ) , Pf (X) , (2.22)

encoding Maxwell fields. Here, X and X are given by

Xij =

{
δaiaj

σij
i 6= j

0 i = j
and Xij =

{
1
σij

i 6= j

0 i = j .
(2.23)

• Generalisations of the Pfaffians of M that can encode both gravity and gauge fields,

m∏
a=1

CtraPf ′(Π) . (2.24)

These factors will appear in general multi-trace mixed graviton-gluon amplitudes.

The Parke-Taylor factors Ctra are defined in analogy to (2.16) and encode the m

trace contributions arising from the gauge theory. For m traces and ng gravitons, Π is

therefore an 2(ng+m)×2(ng+m) matrix. For more details, see [19,20] and chapter 3.

The integrands for all massless theories that can be constructed from these building blocks

are summarised in the following table.

Theory Integrand IL Integrand IR

Einstein gravity Pf ′(M) Pf ′(M̃)

Yang-Mills Cn Pf ′(M)

Bi-adjoint scalar Cn Cn

Einstein-Maxwell Pf (X )γPf ′(M)γ̂ Pf ′(M̃)

Einstein-Yang-Mills
∏
a CtraPf ′(Π) Pf ′(M̃)

Yang-Mills-Scalar Cn Pf (X )sPf ′(M)ŝ

generalised Yang-Mills-Scalar Cn
∏
a CtraPf ′(Π)

Born-Infeld Pf ′(M) (Pf ′(A))2

Dirac-Born-Infeld Pf (X )sPf ′(M)ŝ (Pf ′(A))2

extended Dirac-Born-Infeld
∏
a CtraPf ′(Π) (Pf ′(A))2

non-linear σ-model Cn (Pf ′(A))2

special Galileon (Pf ′(A))2 (Pf ′(A))2
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In this table, lower case indices indicate that the building blocks only contain particles in a

certain representation of the little group (e.g. gluons denoted by γ), while a ‘hat’ denotes

that the particles were omitted (e.g. ŝ for scalars).

The Lagrangian descriptions for the more exotic theories are reviewed in section 3.4, for

details and extensive checks see [20]. All building blocks listed above can be obtained from

the original ones via certain operations including compactifications from higher dimensions,

see fig. 2.1. However, the physical interpretation of some of these operations still remains

unclear. One further comment at this stage concerns the KLT relations: similar to the

gauge-gravity relations described above, generalised KLT relations express for example the

special Galileon theory as the square of the non-linear σ-model [20].

The existence of CHY formulae for this vast family of massless theories is a compelling

evidence for the universality of the CHY formalism for massless scattering amplitudes.

Beyond Einstein gravity and Yang-Mills, these formulae capture tree-level scattering am-

plitudes for more generic field theories in arbitrary dimensions, in a compact and simple

form completely obscured by traditional approaches.

Gravity:

EM

EYM YM

YMS

gen.
YMS

BI

DBI

φ4
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compactify

generalize

compactify

generalize

“compactify”

“compactify”
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single trace

corollary

“compactify”

squeeze

squeeze

Figure 2.1: Theories studied by CHY and operations relating them.
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2.2 The ambitwistor string

The most striking property of the CHY formulae is unquestionably that such compact and

simple formulae for the full tree-level S-matrices of massless theories exist at all. This riddle

is only exacerbated by the similarities of the CHY formulae to string theory amplitudes.

Where are these simple formulae coming from? The only conceivable answer is that there

exists a mathematical framework underlying these field theory amplitudes, similar enough

in nature to conventional worldsheet theories to reproduce the similarities with string the-

ory amplitudes, but sufficiently different to restrict to only massless degrees of freedom.

This task is indeed realised by the ambitwistor string theories proposed in [25]. Am-

bitwistor strings are chiral worldsheet models with an auxiliary target space, the phase

space of complex null geodesics, known as (projective) ambitwistor space PA. This target

space gives an intuitive interpretation for the universality of the scattering equations for

massless theories: Geometrically, the scattering equations ensure that the worldsheet is

indeed mapped into ambitwistor space, as appropriate for propagating massless particles.

Correlators in the ambitwistor string reproduce, as claimed above, the CHY formulae,

and thus the ambitwistor string provides a fundamental derivation of the results reviewed in

the last section. Since it represents the mathematical theory underlying these amplitudes,

it not only resolves the question about the origin of the CHY formulae, but also instigated

progress in new directions. The different presentations of ambitwistor space, with different

properties and advantages, and the different representations of the string provide an excel-

lent example emphasising the flexibility of the ambitwistor string approach. Particularly

worth highlighting are the RNS representation [25, 26] discussed in section 2.2.2, the pure

spinor string [80–82] and the string in its four-dimensional twistorial representation [38], dis-

cussed in chapter 5. These different presentations are complemented by alternative points

of view on the twistor string: formulated in the language of two-dimensional conformal field

theories, its action can be understood alternatively from symplectic/contact geometry, as a

complexification of the worldline action of a massless spinning particle, as a curved βγ sys-

tem [83,84], or as a degenerate chiral limit of string theory [25,29]. We will see throughout

this thesis that these different aspects of the ambitwistor string lead to progress in widely

different areas.
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In the remainder of this chapter, we will give an introduction to the ambitwistor string in

the RNS representation [25,26]. This will first entail a brief review of ambitwistor space in

section 2.2.1, which provides the auxiliary target space the string is propagating in, followed

by a discussion of the chiral worldsheet theory, the vertex operators and correlators.

2.2.1 Ambitwistor space

In this section, we provide a brief review of ambitwistor space, targeted towards the later

applications in ambitwistor strings. As such, the interested reader is referred to the original

papers [41–48] for more details and [25] for a modern, more extensive review. The aspects

of ambitwistor space specific to four dimensions will be discussed in section 5.1.1. Moreover,

rather than defining both a bosonic and a supersymmetric version of ambitwistor space, we

will focus on the supersymmetric case; the bosonic analogue should always be clear from

the context.

Ambitwistor space, the space of complex null geodesics, derives its name from its twistor

representation in four-dimensional space-time, where it can be identified with a quadric in

the product of twistor and dual twistor space. The name has been kept in higher dimen-

sions, justified by the twistor-like correspondences relating it to space-time. First introduced

in [46–48] in the context of gauge fields, it was extended to gravity in arbitrary dimensions

in [41], where it extends Penrose’s non-linear graviton construction [85,86] to general grav-

itational fields. As we will discuss below in more detail, fields are encoded by deformations

of the complex structure of ambitwistor space [41–43, 46, 47], while preserving the contact

structure.

Ambitwistor space A is the phase space of scaled complex null geodesics, its projectivi-

sation, PA, the space of unscaled null geodesics. In d dimensions, consider the complexifi-

cation (M, g) of space-time, with a holomorphic metric g. Complex null directions are then

determined by cotangent vectors p ∈ T ∗xM with

H =
1

2
g−1(p, p) = 0 . (2.25)

The bundle of complex null directions is thus contained in the holomorphic cotangent

bundle, T ∗NM ⊂ T ∗M . For supersymmetric space-times, we consider instead5 T ∗SM =

5Π is the parity reversing functor defining the fibres to be anticommuting: for a bundle E, ΠΩ0(E)
denotes the space of fermion-valued sections of E.
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(T ∗ ⊕ΠT ⊕ΠT )M , and restrict additionally to the massless Dirac equation

Gr = −ψr · p = 0 , (2.26)

to obtain the bundle of supersymmetric null directions,

T ∗SNM =
{

(xµ, pµ, ψ
µ
r ) ∈ T ∗SM |g−1(p, p) = 0, p · ψr = 0

}
. (2.27)

The cotangent bundle T ∗SM is a holomorphic symplectic manifold, with symplectic potential

θ = pµdxµ +
1

2

2∑
r=1

gµνψ
µ
r dψνr , (2.28)

and symplectic form ω = dθ. The symplectic form associates to the Hamiltonians H and

Gr Hamiltonian vector fields6

D0 = pµ∇µ = pµ
(

∂

∂xµ
+ Γρµνpρ

∂

∂pν

)
, (2.29a)

Dr = ψµr
∂

∂xµ
+ pµ

∂

∂ψµr
. (2.29b)

The flow along D = {D0, Dr} generates super null geodesics on space-time, and thus points

connected by this flow should be identified in the space of null geodesics. Since LD0Dr = D0,

the algebra closes, providing an N = 2 supersymmetry algebra along super null geodesics.

Restricting to zero energy surfaces of the Hamiltonians and quotienting by the associated

Hamiltonian vector fields therefore lands us on ambitwistor space,

A =
{

(xµ, pµ, ψ
µ
r ) ∈ T ∗SM

∣∣ g−1(p, p) = 0, p · ψr = 0
}/
{D0, Dr} . (2.30)

This is equivalent to taking the symplectic quotient by the Hamiltonian vector fields, and

thus A is a holomorphic symplectic manifold7 of dimension 2d− 2|2d− 2.

To obtain projective ambitwistor space as the space of unscaled null geodesics, we

quotient by the rescaling generated by the Euler vector field Υ = 2pµ∂pµ +
∑

r ψ
µ
r

∂
∂ψµr

.

PA = A/Υ is thus of dimension 2d − 3|2d − 2. A can then be realised as the space of the

line bundle O(−1) → PA, where p takes values in O(2) and ψr in O(1). The symplectic

potential descends to PA, where θ ∈ Ω1(PA,O(2)), and thus it defines a contact structure

6via D0yω + d(H) = 0 and Dryω + d(Gr) = 0.
7Since the Lie derivative of ω along a null geodesics vanishes, LDω = 0, the symplectic form is invariant

along null geodesics, and we will, in a mild abuse of notation, refer to ω as the symplectic form on A. Similar
statements hold below, in particular, the Euler vector field Υ and the symplectic potential θ descends to A
as well, since LDΥ = Υ and LDθ + d(H) = 0.
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on projective ambitwistor space.

The correspondence between PA and space-time is expressed as a double fibration

PT ∗SNM
πPA

PA

πM

M

By construction, a point in PA corresponds to a complex null geodesic in M . Conversely,

a point in M corresponds to a quadric Qx ∈ PA, which can be given the interpretation

of the space of complex null rays through x. Similar to twistor theory, this non-locality is

responsible for the simplification occurring for ambitwistor strings.

LeBrun [41] developed this correspondence further: PA and its contact structure are

fully equivalent to the space-time M with its conformal structure. In particular, small de-

formations of complex structure8 of PA preserving θ are equivalent to small deformations

of the conformal structure on M .

In the context of ambitwistor strings on a flat background, we will only need the lin-

ear Penrose transform to generate amplitudes, see [25, 42]. Fluctuation in the space-time

metric are, by LeBrun [41], determined by perturbations δθ of the contact structure since

the complex structure is determined by the contact structure θ (see footnote 8). To obtain

non-trivial deformations, we have to choose elements [δθ] ∈ H0,1(PA,O(2)) of the Dol-

beault cohomology class, because antiholomorphic perturbations describe diffeomorphisms

along Hamiltonian vector fields. This is a specific example of the Penrose transform, re-

lating cohomology classes of PA and fields on space-time. Whilst we are mainly interested

in supersymmetric ambitwistor space, let us briefly develop the bosonic version here, the

supersymmetric case is more involved, and will only be motivated below.

Theorem 1 The Penrose transform relates cohomology classes on projective bosonic am-

bitwistor space and fields on space-time:

H0,1(PA,O(n)) =

{
0 n < −1

H0(PT ∗NM,O(n+ 1)) /D0(H0(PT ∗NM,O(n))) n > −1 .
(2.31)

8The contact structure actually fully determines the complex structure of PA via the top-form θ∧dθd−2:
a vector V is antiholomorphic if it obeys V y(θ ∧ dθd−2) = 0.
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Moreover, elements of H0(PT ∗NM,O(m)) are polynomials of weight m in p, and the quotient

ensures that we are considering fields modulo gauge transformations or diffeomorphisms. In

particular, the case n = 1 describes linearised trace-free metrics modulo diffeomorphisms.

Note that gravitons encoded by the Penrose transform are off-shell, the field equations

arise in the context of ambitwistor strings from the quantum consistency of the worldsheet

model. Similar results hold for the ‘heterotic’ model with just one supersymmetry, used

in the ambitwistor string context to describe gauge fields9 (n = 0). Details can be found

in [25, 42], here we just give a short outline of the proof. Using the short exact sequence

induced by D0,

0→ OPA(n)
D0→ OPT ∗NM (n)

δ→ OPT ∗NM (n+ 1)→ 0 , (2.32)

we can deduce the corresponding long exact sequence in cohomology. However, this long

exact sequence is sparse, since the cohomology for the projective light-cone is only non-trivial

for H0
N , Hd−2

N . The Penrose transform then follows from the first isomorphism theorem.10

In [25], an explicit construction was presented for gravity in super ambitwistor space.

Using this, we can deduce that a variation in contact structure δθ corresponds to a two-

tensor Hµν(x) modulo diffeomorphisms, δHµν = ∂(µvν). In particular, metric fluctuations

given by momentum eigenstates Hµν = εµ1 ε
ν
2e
ik·x correspond to the deformation of the

contact structure

δθ = δ̄(k · p)
2∏
r=1

(εr · p+ k · ψrεr · ψr) eik·x . (2.33)

2.2.2 Ambitwistor strings

Action. Using this as a starting point, let us now construct a worldsheet action with

the above described ambitwistor space as a target space. As a motivation, consider first a

chiral holomorphic analogue of the worldline action for a massless spinning particle. This

is indeed closely related to the integral over the pull-back of the contact structure θ of

ambitwistor space (2.28) to the worldsheet, and thus provides an ideal starting point for a

theory describing maps into the space of complex null geodesics. This leads to the action

9However, this model contains unphysical gravity degrees of freedom, highlighted on ambitwistor space
by the emergence of a two-tensor and a 3-form.

10In the supersymmetric case, more care is needed due to the additional two Hamiltonian vector fields Dr.
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of the ambitwistor string [25] in conformal gauge11, whose geometry was studied in [26],

S =
1

2π

∫
Σ
Pµ∂̄X

µ +
1

2

2∑
r=1

Ψrµ∂̄Ψµ
r −

1

2
ẽP 2 −

2∑
r=1

χrΨ
µ
rPµ . (2.34)

Before we discuss this action in more detail let us make a few preliminary observations. The

main feature we notice is the strong similarity to the RNS string action, which not only

suggests that indeed correlation functions will bear a close resemblance to string ampli-

tudes, but also allows us to adapt many known string techniques to the ambitwistor string.

However, and perhaps most importantly, in contrast to the RNS string (2.34) is a genuine

first order action, describing after gauge fixing a free CFT, which considerably simplifies

calculations. We will see below that correlation functions indeed reproduce the CHY for-

mulae, and thus the ambitwistor string provides the underlying mathematical theory and

describes gravity perturbatively around Minkowski space.

Let us now take a closer look at the structure of the action (2.34). As indicated above,

the action is geometrically constructed as the chiral pull-back of the contact structure θ to

the worldsheet Σ, with fields

Xµ ∈ Ω0(Σ) , (2.35a)

Pµ ∈ Ω0(Σ,KΣ) , (2.35b)

Ψµ
r ∈ ΠΩ0(Σ,K

1/2
Σ ) . (2.35c)

As usual, we will refer to fields taking values in the line bundle Kh ⊗ K̄ h̄ as having confor-

mal weight (h, h̄), where K and K̄ denote the canonical and anti-canonical bundle of the

worldsheet Σ. The field Xµ hence has zero conformal weight, and provides target space

coordinates for the map of the worldsheet. Its conjugate, Pµ, with conformal weight (1, 0),

is a meromorphic 1-form on the worldsheet, and thus ties in directly to the discussion of the

scattering equation in section 2.1.1. The Majorana fermions Ψµ
r are of the same chirality

and weight (1/2, 0), and therefore the action is chiral, with all fields left-moving.12

11In a general gauge, the action is written in terms of the operator ∂̄e = ∂̄+e∂ (instead of ∂̄), parametrising
the usual worldsheet diffeomorphism freedom.

12In particular, the kinetic operator is ∂̄ instead of the full exterior derivative of the first order string
action,

Sbosonic
string =

1

2π

∫
Σ

PµdXµ − 1

2
Pµ ∧ ∗Pµ , (2.36)

and is thus chiral as well. Note that this action is equivalent to the bosonic part of the Polyakov string
action, with Pµ ∈ Ω1 ∼= Ω0(Σ,KΣ ⊕ K̄Σ).
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We can thus read off that ẽ ∈ Ω0,1(Σ, TΣ) and χr ∈ ΠΩ0,1(Σ, T
1/2
Σ ). The field ẽ, with

conformal weight (−1, 1), acts as a Lagrange multiplier for the Hamiltonian constraint

H = −1
2P

2 = 0. Its weight implies in particular that it behaves like a Beltrami differential.

Similarly, the fermionic fields χr enforce the massless Dirac equation Gr = −Ψr · P = 0.

This gives a first indication that the fields Xµ, Pµ and Ψµ
r can be given an interpretation as

a parametrisation of ambitwistor space, with the symplectic quotient implemented in the

CFT via the gauge fields ẽ and χr.

Note moreover that in contrast to the RNS superstring, the ambitwistor string action

contains no dimensionful parameters, so there is no analogue of the α′ expansion. This is

consistent with the first order action implying a vanishing XX OPE. The model therefore

contains only the massless degrees of freedom, as appropriate for a (massless) field theory.13

Gauge symmetry. The action (2.34) is invariant under the gauge transformations

δXµ = αPµ +
∑
r

ηrΨr ,

δPµ = 0 , δẽ = ∂̄α , (2.37)

δΨµ
r = ηrP

µ , δχr = ∂̄ηr ,

where the gauge parameter α ∈ Ω0(Σ, TΣ) is bosonic and ηr ∈ Ω0(Σ, T
1/2
Σ ) are fermionic.

This gauge symmetry has the geometric interpretation of generating translations along null

geodesics on T ∗SM , the complexified cotangent bundle of Minkowski space.14 Then the

constraints H and Gr, imposed by the gauge fields, restrict the target space to the null

cotangent bundle, and gauge invariance quotients by translations along null geodesics. In

other words, the vanishing ofH forces P to be null, and the associated gauge freedom tells us

to identify field configurations differing by a translation along a null geodesic. Therefore, the

fields Xµ, Pµ and Ψµ
r can be interpreted as a parametrisation of ambitwistor space, in direct

analogy to the discussion in section 2.2.1, where the symplectic quotient is implemented in

the CFT via the gauge fields ẽ and χr and the gauge transformations given above. This

13In particular, the bosonic action can be derived from a first-order string theory action by taking a
chiral α′ → 0 limit, yielding the interpretation of the ambitwistor string as the chiral infinite tension limit,
where T = 1

2πα′ . The emergence of the ambitwistor model from string theory has recently been investigated
further [29]; there, a degenerate (HSZ) gauge choice in conjunction with a change of boundary conditions
and the zero tension limit (α′ →∞) gives rise to the ambitwistor string.

14Here, we have taken the alternative point of view of (X,P,Ψr) as holomorphic coordinates on T ∗SM .
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justifies the claim stated above that (2.34) describes a chiral two-dimensional CFT whose

target space is ambitwistor space A.

Quantisation. Gauge fixing worldsheet gravity and the gravitinos via the standard BRST

procedure introduces the reparametrisation (b, c) ghost system, the superconformal (β, γ)

ghosts and a (b̃, c̃) ghost system associated to the α gauge symmetry,

b, b̃ ∈ ΠΩ0(Σ,K2
Σ) , βr ∈ Ω0(Σ,K

3/2
Σ ) , (2.38a)

c, c̃ ∈ ΠΩ0(Σ, TΣ) , γr ∈ Ω0(Σ, T
1/2
Σ ) . (2.38b)

Note in particular that in contrast to the RNS string, both sets of ghost fields are left-

moving, in line with chirality of the model. The BRST operator is then given by

Q =

∮
c

(
Tm +

1

2
Tgh

)
+ c̃

(
Hm +

1

2
Hgh

)
+
∑
r

γr

(
Gm,r +

1

2
Ggh,r

)
, (2.39)

where the matter currents associated to the gauge freedom (2.37) are readily obtained from

the action (2.34),

Tm = −Pµ∂Xµ − 1

2

∑
r

Ψr · ∂Ψr ,

Hm = −1

2
P 2 , (2.40)

Gm,r = −Ψr · P .

and15

Tgh = c∂b− 2b∂c+ c̃∂b̃− 2b̃∂c̃−
∑
r

(
3

2
βr∂γr +

1

2
γr∂βr

)
,

Hgh = c∂b̃− 2b̃∂c , (2.41)

Ggh,r = c∂βr +
3

2
βr∂c− 2b̃γr .

The central charge counting16 proceeds exactly as for the RNS string, c = 3(d − 10), and

therefore the ambitwistor string is critical and Q nilpotent for d = 10.

15The conventions chosen here preserve the standard action of the BRST operator on the antighost fields,
e.g. Q · b = T = Tm + Tgh [32]. In practical calculations, the ghost currents can be ignored when using
vertex operators of canonical ghost and picture number, since the current algebra remains unchanged:

Gr(z)Gr(w) ∼ −2H

z − w , G1(z)G2(w) ∼ 0 .

16Recall that the fields contribute to the central charge as follows: cXP = 2d from (X,P ) system, cΨr =
2× d

2
from the Ψr fields, cgh1

= 2× 11 from the superconformal ghosts and cgh2
= −2× 26 from the bc and

b̃c̃ ghost systems.
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When gauge fixing the gauge symmetry associated to the parameter α, an additional

subtlety comes into play for correlation functions including vertex operators [33]: since the

gauge parameter is required to vanish at marked points of the Riemann surface, there exists

a potential obstruction to setting ẽ = 0, which we would like to do in order to obtain a free

action. In fixing the gauge redundancy, we add a gauge fixing term to Lagrangian,

{Q,F (ẽ)} , (2.42)

where F is a gauge fixing functional. While, as pointed out above, we aim to choose F

such that ẽ = 0, the gauge freedom only varies ẽ within a fixed Dolbeault cohomology class.

Hence for genus g Riemann surface, F (ẽ) can only be chosen as

F (ẽ) = ẽ−
3g−3+n∑
r=1

srµr , (2.43)

where µr ∈ H0,1(Σ, TΣ(−σ1 · · · − σn)) is a basis17 of Beltrami differentials, with coefficients

sr. Integrating out the parameters introduced by the action of Q on the gauge fixing term

introduces a term [33]
3g−3+n∏
r=1

δ̄

(∫
Σ
µrP

2

) ∫
Σ
b̃ µr , (2.44)

in the path integral. Most importantly though, the gauge fixed action is chiral and free,

Sgauge-fixed =
1

2π

∫
Σ
Pµ∂̄X

µ +
1

2

∑
r

Ψrµ∂̄Ψµ
r + b∂̄c+ b̃∂̄c̃+

∑
r

βr∂̄γr . (2.45)

2.2.3 Vertex operators and tree-level amplitudes

Physical states in the worldsheet conformal field theory are in one-to-one correspondence

with cohomology classes of the BRST operator Q. Vertex operators give infinitesimal de-

formations of the worldsheet action, and thus describe infinitesimal fluctuations of the

background geometry. In particular, the constraints imposed by {Q,V } ∼ 0 determine the

linearised target space field equations.

The unique18 NS-NS fixed vertex operator is given by

U = cc̃
∏
r

δ(γr) εr ·Ψr e
ik·X . (2.46)

17Recall that the dimension of the moduli space of an n-punctured Riemann surface is 3g − 3 + n, see
section 6.1.

18The most general fixed vertex operator is given by U = cc̃ δ(γ1)δ(γ2)u. Imposing a Z2×Z2 symmetry on
the fermions Ψr, motivated by the involutions on supersymmetric ambitwistor space and the standard GSO
projection in string theory, uniquely determines u. Note that, while this breaks the O(2)×O(2) symmetry
of the action, it does impose a further symmetry to be respected by the vertex operators.
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As above, εµr are polarisation tensors, and kµ denotes external momentum of the parti-

cle. Requiring the vertex operators to be in the cohomology of Q requires εr · k = 0 and

k2 = 0, and thus the field equations arise from the quantum consistency of the descent to

ambitwistor space.19

The vertex operator U clearly encodes a non-trivial representation of the little group,

representing the graviton, B-field, dilaton in its symmetric, antisymmetric and traceless

part respectively. From the uniqueness of the vertex operator, it is evident that these are

indeed the only states in this sector.

Via the standard descent procedure (see e.g. [65,87,88]), we obtain the vertex operator

cc̃ V = cc̃
∏
r

(εr · P + k ·Ψr εr ·Ψr) e
ik·X . (2.47)

The integrated vertex operator can be derived by pairing cc̃V with the moduli insertion

(2.44) in the path integral, obtained from the gauge fixing procedure. This yields

Vi = δ̄

(∫
Σ
µiP

2

) ∫
Σ
b̃ µr

∫
Σ
b µi cc̃V . (2.48)

It is particularly convenient at this stage to choose a basis for the Beltrami differentials

µi that extract the residues at the marked points. Then the antighost insertions bi and b̃i

remove the ghost prefactor of (2.47), and similarly the delta-function forces the residue of

quadratic differential P 2 to vanish. The integrated vertex operator then takes the form

Vi =

∫
Σ
δ̄
(
ResiP

2
)
V . (2.49)

To calculate the residue of P 2 at the marked points, note that the fields X only occur

in correlation functions in the exponents eiki·X of the vertex operators. For a correlator

including n operators, there is therefore an elegant trick to avoid the complicated OPEs

with the exponentials: formulate an effective action by including the factors eik·X , and then

integrate out the field X. The path integral over the zero modes then yields an overall

momentum conserving delta function, while the non-zero modes enforce the equation

∂̄P = 2πi
∑
i

ki δ̄(σ − σi)dσ , (2.50)

19Compare this to string theory: as in the ambitwistor string, the field equations in string theory arise
from requiring that the vertex operators are in the Q-cohomology. However, the XX OPE is non-trivial
in string theory, and hence the exponential carries conformal weight, allowing for massive states. This
observation corroborates the claim made above that the triviality of the XX OPE precludes massive states
in the ambitwistor string.
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on which the DP path integral localises. This equation however is already familiar from

our motivation for the scattering equations in section 2.1.1; it is the defining equation for

Pµ, used to construct the scattering equations (2.7). On the Riemann sphere this is solved

by (2.8),

P (σ) =
n∑
i=1

ki
σ − σi

dσ . (2.51)

Therefore, Pµ is indeed a meromorphic section of the canonical bundle KΣ, and holomorphic

everywhere except at insertion points. We can calculate the residue explicitly to identify

the argument of the delta-functions as the scattering equations (2.5), and the integrated

vertex operators become

Vi =

∫
Σ
δ̄ (ki · P (σi)) V . (2.52)

Since at genus zero a quadratic meromorphic differential has at least four poles, the mod-

uli integral localised on the scattering equations now forces P 2 to vanish everywhere; and

thus the scattering equations ensure that the worldsheet is indeed mapped into ambitwistor

space. Recall in this context that the localisation on the scattering equations is due to the

gauge fixing of the α gauge redundancy. This is consistent with the argument above that

the quotient by the Hamiltonian vector fields is associated to the gauge fields ẽ and χr.

The integrated vertex operators should moreover look familiar from the review of am-

bitwistor space section 2.2.1: they describe deformations of complex structure preserving

the contact structure [41, 42]. We have encountered them explicitly in (2.33) as deforma-

tions arising from deformations of the space-time metric by momentum eigenstates. The

integrated vertex operators are hence supersymmetric extension of the Penrose ambitwistor

representative of space-time plane waves, corresponding to deformations δηµν = εµ1 ε
ν
2e
ik·X .

This geometric correspondence ties in beautifully with the conformal field theory perspec-

tive of vertex operators as infinitesimal deformations of the action and thus the background

geometry of the target space.

To prove that the ambitwistor string underpins the CHY formulae (2.14), as claimed

above, we are interested in computing n-point correlation functions,

M(0)
n =

〈
U1U2c3c̃3V3

n∏
i=4

Vi

〉
. (2.53)
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Note that BRST invariance of the vertex operators ensures that the amplitude is indepen-

dent of the choice of fixed vertex operators. Moreover, we have included two fixed vertex

operators and one descended vertex operator to absorb the zero modes of the ghosts, all

other contributions vanish at genus zero. To see this, recall that for a chiral βγ system,

with γ a holomorphic section of a vector bundle E, the Riemann-Roch theorem implies that

the number of zero modes nγ and nβ is given by

nγ − nβ = h0(Σ, E)− h1(Σ, E) = deg(E) + 1− g . (2.54)

Then for g > 2, nγ = 0, nβ 6= 0, since for a generic choice of moduli the number of zero

modes is minimised. By the same reasoning, we have nγ 6= 0 and nβ = 0 at genus zero.

However, for genus one, we have nβ = nγ = 1. In particular, the Riemann-Roch theorem

(2.54) implies20 for the bc and b̃c̃ systems nc = nc̃ = 3, and for the βrγr systems nγr = 2.

Using the elegant trick of including the exponentials into an effective action, we can

now compute the correlator (2.53). The two fermion system Ψr give rise to the Pfaffians,

with the removed rows and columns determined by the choice of fixed vertex operators.

The worldsheet perspective thus manifests that the amplitude is invariant under the choice

of removed rows and columns, since this corresponds directly to a different choice of basis

for the Beltrami differentials µr. The term εr · P in the descended and integrated vertex

operators (2.47) and (2.52) contributes the diagonal entries in the C minors of the matrix

M . The correlator (2.53) thus reproduces the CHY formulae for the full tree-level S-matrix

of Einstein gravity (2.14), and therefore not only provides a worldsheet model underpinning

these expressions, but also a satisfying explanation for their seemingly miraculous existence.

It is worth pointing out that, while the discussion here focused on NS-NS vertex opera-

tors, Ramond sector vertex operators are also known [33], however, no closed-form expres-

sions are known for Ramond scattering amplitudes, see [33,90]. Moreover, the ambitwistor

string has been shown to contain the full non-linear structure of classical supergravity [32],

and to extend to loop amplitudes [33,82,91]. We review the ambitwistor string at genus one

in section 6.1, and the remainder of chapter 6 gives compelling evidence that the one-loop

amplitudes derived from the ambitwistor string indeed correspond to type II supergravity.

20Recall in this context that the bundle KΣ is defined as the dual of the tangent bundle T with deg(TΣ) =
2− 2g, and therefore deg(KΣ) = 2g − 2, see e.g. [89].
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Instead of starting with the ambitwistor action (2.34) corresponding to the type II

RNS string, we could have constructed a bosonic or heterotic model. However, the bosonic

model is not invariant under space-time diffeomorphisms for non-trivial backgrounds, which

is reflected by gravitational degrees of freedom not corresponding to Einstein gravity. The

fermions introduced in the RNS superstring cancel this anomaly, and render the model

well-defined on a curved background [32]. The heterotic ambitwistor string can be obtained

by replacing one set of fermions Ψ2 by a worldsheet current algebra ja ∈ Ω0(Σ,KΣ⊗g), see

also section 3.2.1 for more details. This model is critical for a current algebra central charge

cj = 41 − 5
2d. Correlation functions in the heterotic model indeed reproduce all leading-

trace Yang-Mills amplitudes in the CHY representation, but the model contains unphysical

gravity states that corrupt multiple trace and loop amplitudes. Replacing the second set

of fermions with another current algebra yields a model for the bi-adjoint scalar theory.

This is critical if the central charges of the current algebras c1,2 relate to the space-time

dimension d as c1 + c2 = 2(26− d). We will explore ambitwistor string models for the full

family of massless theories discussed in section 2.1.3 in the following chapter.
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Chapter 3

Ambitwistor String Models for Massless Theories

The ambitwistor string clearly resolves the riddle posed by the existence of the CHY for-

mulae for Einstein gravity, Yang-Mills theory and the bi-adjoint scalar discussed in sec-

tion 2.1.2, giving a new perspective on scattering amplitudes in these theories. However,

for the remaining massless theories like Born-Infeld and Einstein-Yang-Mills reviewed in

section 2.1.3, we are still essentially in the same place as before the ambitwistor string:

the origin of these formulae still remains puzzling, and the remarkable insights of the CHY

formulae for a wider family of massless theories still pose the same questions regarding

an underlying theory. Moreover, in the light of the ambitwistor string, the existence of

these formulae would be even more miraculous if they were not based on a mathematical

framework similar to the ambitwistor string.

The aim of this chapter is to provide an answer to this question by constructing am-

bitwistor worldsheet models giving rise to the extensive family of CHY formulae.1 In partic-

ular, while modifying the field content of the theory, these models will preserve the (bosonic)

structure of ambitwistor space. While the quantum consistency of these models is in some

cases not as well understood as for the type II ambitwistor string, they represent compelling

evidence that both the CHY formulae and the ambitwistor strings are universal for massless

scattering amplitudes.

Motivation. Recall from section 2.1.3 that the tree-level amplitudes of an extensive family

of massless theories can be expressed in the CHY representation as an integral over the

moduli space of an n-marked Riemann sphere, localised on the scattering equations (2.14),

M(1, . . . , n) = δd

(∑
i

ki

)∫
(CP1)n

∏n
i=1 dσi
VolG

∏
i

δ̄ (ki · P (σi)) IL(σ, k, ε) IR(σ, k, ε) , (3.1)

1Indeed, Ohmori had in parallel work already provided a partial answer by constructing ambitwistor
strings for Born-Infeld theory and the Galileon [26].
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where the integrands were specified in section 2.1.3. Notably, the integrand naturally de-

composes into factors IL and IR that depend on the null momenta ki, their associated

marked points σi, and the polarization and/or colour data of the particles scattered. These

factors are the only elements of (2.14) specifying the theory, and can be chosen from five

different choices, see chapter 2 for a full list.

In the discussion above, we have placed the emphasis on the common structure of the

CHY formulae, given by the integration over the moduli space and the localisation on the

scattering equation, versus the integrand I = IL IR, which specifies the theory in question.

The ambitwistor string mirrors this distinction exactly; both the type II, the heterotic model

and the one describing the bi-adjoint scalar theory are built out of a bosonic model with

action SB, to which worldsheet matter of the form SL+SR is added. This bosonic model is

responsible for the common structures observed in the CHY amplitudes; giving rise both to

the integration over the moduli space and the localisation on the scattering equations in the

vertex operators. However, the matter content SL + SR of the action determines the form

of the vertex operators, and thereby the form of the integrands. The factorisation of the

integrand is moreover mirrored in a factorisation of the vertex operators into two currents

vl and vr.

Having re-framed the ambitwistor string in this format, the task is clear: to obtain the

ambitwistor models underlying the remaining CHY formulae, we have to find new matter

content SL,R to add to the action. There will be five choices of matter corresponding to the

five choices for IL,R as integrands in the CHY formulae, see table 3.1. The main body of this

chapter will be dedicated to constructing these models and investigating their scattering

amplitudes.

Outline of the chapter. We will start by constructing all basic ingredients in sec-

tion 3.2. As reviewed in section 2.2.2, just two ingredients were used to construct IL

and IR in the original models of [25] - a worldsheet supersymmetry SΨ, and a current alge-

bra Sj . Einstein, Yang-Mills and bi-adjoint scalar theories were obtained from the choices

(SL, SR) = (SΨ, SΨ), (SΨ, Sj) and (Sj , Sj) respectively. The current algebra Sj however

has the defect that it also leads to multi-trace terms in its correlators that were ignored by

hand.
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SL

SR

SΨ SΨ1,Ψ2
S

(m̃)
ρ,Ψ S

(Ñ)
YM,Ψ S

(Ñ)
YM

SΨ E

SΨ1,Ψ2 BI Galileon

S
(m)
ρ,Ψ EM

U(1)m
DBI EMS

U(1)m×U(1)m̃

S
(N)
YM,Ψ EYM ext. DBI EYMS

SU(N)×U(1)m̃
EYMS

SU(N)×SU(Ñ)

S
(N)
YM YM Nonlinear σ EYMS

SU(N)×U(1)m̃
gen YMS

SU(N)×SU(Ñ)

Biadjoint Scalar
SU(N)×SU(Ñ)

Table 3.1: Theories arising from the different choices of matter models.

In this chapter, we will introduce a different worldsheet CFT in section 3.2.3, the comb

system2, SCS . This gives a new way to obtain colour factors and their associated Parke-

Taylor factors without multi-trace terms. Furthermore, the colour factors are presented not

as cyclic single trace terms, but as strings of structure constants arranged in a ‘comb’, hence

the name. However, the number of gauge particles in this system is doubled. To remedy this

issue, a reduced system SYM with the correct number of gauge particles is constructed in

section 3.2.4, but this system is always anomalous. Nevertheless, it is sufficient to produce

the correct tree amplitudes and so we use this system instead of the current algebra in the

table 3.1. It can be replaced by SCS if we are seeking an anomaly-free theory, but then we

must accept the doubling of gauge particles.

The remaining ambitwistor models underpinning the CHY formulae for combined mod-

els are constructed from combinations of these basic ingredient in section 3.3. This leads

to a total of five different choices of worldsheet matter SL,R, which are in a one-to-one

correspondence to the choices for the integrands IL,R of the CHY formulae discussed in

section 3.4, see table 3.1. The ambitwistor string models discussed in this chapter there-

fore represent the underlying worldsheet theories for the CHY formulae, and provide an

explanation for their existence.

Potentially the most interesting of these models is that for Einstein-Yang-Mills, which

we obtain again in two forms, using SYM and SCS . Again, as in the pure case, the former

2This was originally introduced [92] in the context of twistor-strings, but never published.
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reproduces the correct tree-level amplitudes, but is anomalous, while the latter is anomaly

free, but contains too many gluons, see section 3.3.3 and section 3.3.4 respectively. In

particular, the gauge theory part of the space-time action corresponding to the comb system

is given by

ST ∗YM =

∫
dDx tr(aµDνF

µν) , (3.2)

and we refer to it as T ∗YM as it describes a linearised Yang-Mills field a propagating on a

full Yang-Mills background for the field A with curvature F .

Of particular interest are the models that are consistent at the quantum level, and

hence critical and anomaly free, since in these cases, the ambitwistor string could be used

to calculate loop amplitudes along the lines of [33]. We will explore this and other directions

briefly in section 3.5.

3.1 Ambitwistor worldsheet models - general aspects

As motivated above, the general idea is remarkably simple: in analogy to the CHY formulae,

the bosonic part of the ambitwistor string action forms the backbone in common to all

models, giving rise to both the integration over the moduli space of n-marked Riemann

spheres and the delta-functions responsible for the localisation on the scattering equations.

The bosonic part of the action thus ensures that we preserve the geometry of bosonic

ambitwistor space. Moreover, the integrands IL,R are in one-to-one correspondence with

matter theories SL and SR on Σ. We thus want to consider actions of the form

SB + SL + SR , (3.3)

where the bosonic action is given by

SB = SB[X,P ] =
1

2π

∫
Σ
P · ∂̄X + ẽP · P , (3.4)

see section 2.2 for details. The worldsheet matter SL and SR determines the form of the

vertex operators V ∈ Ω0(Σ,K2
Σ). More specifically, the vertex operators all contain a factor

of eik·X , with the remainder V factorizing into two independent currents,

V = vlvr , vl, vr ∈ Ω0(Σ,KΣ) .

The vl, vr will be constructed from the matter models SL and SR respectively, and are

constrained by quantum consistency, BRST invariance, and possibly further discrete sym-

metries. Invariance under QB for example implies k2 = 0 because the P 2 term in the
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BRST operator brings down k2 in its double contraction with eik·X , and thus we recover

the on-shellness condition for our external fields. We will also use the notation ul, ur for

such currents when they are fixed with respect to fermionic symmetries, see below.

Essentially the only candidate for vl and vr in the purely bosonic model is ε · P for

some polarization vector εµ defined up to multiples of kµ under QB equivalence, leading to

unphysical formulae for gravity amplitudes (see also section 2.2 and [25]). In order to obtain

more interesting models, we introduce different worldsheet matter models SL and SR that

generate the currents vl and vr in the vertex operators. In general, we will take the models

SL and SR to be distinct matter theories so that the correlator factorizes into a product of

correlators for the left and right currents, and we will be able to calculate them separately.

In order to ensure that the only allowed vertex operators do indeed factorize in this way,

we impose discrete symmetries that are analogues of the GSO symmetries of conventional

string theories, and in a slight abuse of notation, we refer to them as GSO symmetries as

well.

3.2 Worldsheet matter models and their correlators

In [25], two matter models were considered: (1) Sρ, a current algebra which we will take

to be generated by free fermions, and (2) SΨ, which introduces a degenerate worldsheet

supersymmetry. These led to three models with (SL, SR) given by (SΨl , SΨr) for type II

supergravity, (SΨ, Sρ) for Yang-Mills amplitudes and (Sρl , Sρr) for amplitudes of a bi-adjoint

scalar theory. In this section we will consider a third type of matter that we call the ‘comb

system’ SCS [92] - a worldsheet conformal field theory that will be important for Yang-Mills

amplitudes. As the name suggests, correlators in this model give colour invariants in the

form of comb structures built out of structure constants rather than colour traces. In the

rest of this section, we describe these matter systems, and the natural currents to which

they give rise as candidates for vl and vr and their correlation functions. In the next section

we see how these are altered when these systems are combined.
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3.2.1 Free fermions Sρ and current algebras Sj

The standard action for ‘real’ free fermions ρa ∈ Ω0(Σ,K
1/2
Σ ), a = 1, . . .m, is

Sρ =

∫
ρa∂̄ρa , (3.5)

(the summation convention is assumed). The term ‘real’ is used to distinguish them from

the complex fermion system given by

Sρ,ρ̃ =
1

2πi

∫
ρ̃a∂̄ρ

a . (3.6)

The simplest currents in the real case are jab = ρaρb that form an elementary example of

a current algebra for SO(m) (in the complex case jab = ρ̃bρ
a generate a current algebra for

SU(m)).

More generally, we can consider an arbitrary current algebra j ∈ Ω0(Σ,KΣ ⊗ g) of level

k, where g is some Lie algebra, satisfying the usual current algebra OPE,

ja(σ)jb(0) ∼ kδab

σ2
+
ifabcjc(σ)

σ
+ . . . , (3.7)

where fabc are the structure coefficients, [ta, tb] = fabctc, δab is the Killing form (a =

1, . . . ,dim g). This could be constructed from free fermions, Wess-Zumino-Witten models

or some other construction and we will generally represent such matter by Sj .

Given choices of t ∈ g, the current algebra can contribute

v = t · j , (3.8)

to one or both factors vl and vr of the vertex operators V . The current correlators 〈t1 ·

j(σ1) . . . tn · j(σn)〉 lead to Parke-Taylor factors:

Cn =
Tr(t1 . . . tn)

σ12σ23 . . . σn1
, (3.9)

where σij = σi − σj . However, the correlators also give rise to multi-trace terms that are

ultimately problematic and unwanted.

3.2.2 Worldsheet supersymmetry SΨ

While discussed in chapter 2, we review this matter model here to fix the notation. World-

sheet supersymmetry is introduced by adding fermionic worldsheet spinor fields Ψ ∈ Ω0(Σ,K
1/2
Σ ⊗

Cd), and a gauge field χ ∈ Ω(0,1)(Σ, T
1/2
Σ ) for the supersymmetry. Their action is

SΨ =
1

2πi

∫
Ψ · ∂̄Ψ + χP ·Ψ . (3.10)

38



The constraint leads to worldsheet gauge transformations

δχ = ∂̄η , δXµ = ηΨµ , δΨµ = ηPµ , δPµ = 0 , (3.11)

where η ∈ ΠΩ0(Σ, T
1/2
Σ ) is a fermionic parameter. Gauge fixing leads to bosonic ghosts γ ∈

Ω0(Σ, T
1/2
Σ ) and corresponding antighosts β ∈ Ω0(Σ,K

3/2
Σ ). The BRST operator acquires

an extra term

QΨ =

∮
γGΨ , GΨ := P ·Ψ . (3.12)

On CP1, the ghosts γ have two zero modes by the Riemann-Roch theorem. Thus, as far

as the fermionic symmetry is concerned, we need two fixed vertex operators to fix the

ghost zero modes, constructed from δ(γ) multiplied by a factor with values in K
1/2
Σ . The

‘integrated’ vertex operators (in the fermionic sense) arise from these via the usual descent

procedure. The relevant currents are then given by

u = δ(γ) ε ·Ψ , v = ε · P + k ·Ψε ·Ψ . (3.13)

These operators are invariant under the discrete symmetry that changes the sign of Ψ,

χ and the ghosts. Imposing invariance under this symmetry will exclude mixing between

the ingredients of these operators thought of as parts of SL and others that might be part

of SR. We will refer to this as GSO symmetry.

As discussed in chapter 2, the correlators of these currents lead to the reduced Pfaffians

of the CHY amplitudes,

〈u1u2v3 . . . vn〉 = Pf ′(M) =
1

σ1 − σ2
Pf(M12) , (3.14)

where M is the skew 2n× 2n matrix with n× n block decomposition

M =

A −CT

C B

 , Aij =
ki · kj
σij

, Bij =
εi · εj
σij

, (3.15)

and

Cij =
εi · kj
σij

, i 6= j, Cii = −εi · P (σi) , (3.16)

and M12 is M with the first two rows and columns removed.
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3.2.3 Comb system SCS

The comb system [92] was introduced as a way of obtaining colour factors as sequences of

contractions of structure constants rather than as colour ordered traces. In general, such

contractions can be generated from trivalent diagrams with the structure constants fabc of

some Lie algebra at the vertices and contractions δab along internal edges. It is well known

that the colour factors are linearly dependent as a consequence of the Kleiss-Kuijf relations

with a basis being given by ‘combs’, with n− 2 vertices lined up in a row [93, 94] and end

points given by 1 and n:

→ fa1a2b1f b1a3b2 · · · f bn−3an−1an .

The comb system [92] has the remarkable property that, in conjunction with worldsheet

supersymmetry, only these combs arise from correlators, without the multitrace terms oc-

curring for ordinary current algebras. This system arises from an action for matter fields

ρ, ρ̃ ∈ ΠΩ0(Σ,K
1/2
Σ ⊗ g) and q, y ∈ Ω0(Σ,K

1/2
Σ ⊗ g), i.e. worldsheet spinors taking values in

the Lie algebra g of some gauge group. The worldsheet action is

SCS =

∫
ρ̃ · ∂̄ρ+ q · ∂̄y + χρ ·

(
1

2
[ρ, ρ̃] + [q, y]

)
, (3.17)

with ρ, ρ̃ fermionic and q, y bosonic and the · notation is used here to denote the Killing

form on the Lie algebra. As before, χ ∈ ΠΩ0,1(Σ, T
1/2
Σ ) is a gauge field on the worldsheet

and we are gauging the current3 ρ ·
(

1
2 [ρ, ρ̃] + [q, y]

)
, which is a section of K

3/2
Σ . The gauging

introduces transformations now for fermionic α ∈ ΠΩ0(Σ, T
1/2
Σ ),

δ(ρ, ρ̃, q, y) = α

(
1

2
[ρ, ρ] , [ρ, ρ̃] , [ρ, q] , [ρ, y]

)
, δχ = ∂̄α . (3.18)

As in the case of worldsheet supersymmetry, gauge fixing gives bosonic ghosts γ ∈ Ω0(Σ, T
1/2
Σ )

and antighosts β that contribute to the BRST operator as

QCS =

∮
γGCS , GCS := ρ ·

(
1

2
[ρ, ρ̃] + [q, y]

)
. (3.19)

As for SΨ, at genus zero the ghosts develop two zero-modes, and so the correlator

contains two fermionically fixed operators with the rest integrated. The currents that

3With different assignment of worldsheet spins this current would be a normal BRST current. If we were
to take ρ, y, scalars and ρ̃, q sections of KΣ, then ρ and ρ̃ could be taken to be the ghosts associated to gauge
fixing a worldsheet gauge field a ∈ Ω0,1(Σ, g) with action

∫
Σ
q · ∂̄y + q · [a, y].
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contribute to the vertex operators in this system now depend on a Lie algebra element

t ∈ g, with two types of fixed and integrated vertex operators respectively

u = δ(γ)t · ρ , ũ = δ(γ)t · ρ̃ , v =
1

2
t · [ρ, ρ] , ṽ = t · ([ρ, ρ̃] + [q, y]) . (3.20)

Here v = {QCS , t · ρ} and ṽ = {QCS , t̃ · ρ̃}, and we need two fixed vertex operators in any

correlator, with the remaining vertex operators unfixed.4 Notice that ṽ = t · j, where ja is

a level zero current algebra, and that

ṽ(σ) t′ · ρ̃(0) ∼ − [t, t′] · ρ̃(0)

σ
+ . . . , ṽ(σ) t′ · ρ(0) ∼ − [t, t′] · ρ(0)

σ
+ . . . . (3.22)

The following proposal then determines the form of the correlators:

Proposition 3.2.1 (Casali-Skinner) Correlators of the currents u, v, ũ, ṽ are only non-

vanishing when there is just one untilded current and give

〈u1ṽ2 . . . ṽn−1ũn〉 = 〈ũ1v2ṽ3 . . . ṽn−1ũn〉 = C(1, . . . , n) , (3.23)

where

Cn = C(1, . . . , n) :=
tr(t1[t2, [. . . , [tn−1, tn] . . .]])

σ12σ23 . . . σn1
+ Perm(2, . . . , n− 1) . (3.24)

Instead of the colour traces arising from Sj , we obtain ‘combs’, i.e. strings of structure

constants tr(t1[t2, [. . . , [tn−1, tn] . . .]]) as described in [94,95].

The argument is as follows. The correlator contains exactly two fixed vertex operators

u, ũ due to the standard counting of γ ghost zero modes by the Riemann-Roch theorem.

Consider the ρ, ρ̃ contractions: correlators are only non-trivial for an equal number of

ρ and ρ̃ fields, since neither develops zero modes at genus zero. From the form of the

vertex operators (3.20), it is easily seen that this restricts to the correlators (3.23). The

integrated vertex operators v and ṽ connect along a ‘comb’, whereas the fixed ones u and ũ

form the ends, giving rise to the ‘colour combs’ defined above. However, we can also have

contributions from a subset of ṽ vertex operators contracting in a loop. This is where the

4 A more symmetric way to understand this is to say that we choose all unintegrated vertex operators,
but then we must insert n− 2 ‘picture-changing operators’

Υ = δ(β)ρ ·
(

1

2
[ρ, ρ̃] + [q, y]

)
. (3.21)

These could be inserted anywhere in general. If inserted at one of the u, ũ insertion points, it will convert
it into a corresponding v, ṽ. A similar approach can be taken for correlators associated with the SΨ matter
system.
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(q, y) system comes into play. These fields can only contract in loops, but, being bosonic,

their loop contractions cancel the analogous loop contractions from the (ρ, ρ̃) system. This

can also be seen from the form of the current algebra generated by the ṽ’s: by construction,

this has level zero and thus cannot generate a non-trivial trace after a sequence of OPE’s.

3.2.4 Other systems with comb structure SYM

A problem with the CS system above is that there are clearly two types of gluons, corre-

sponding to the vertex operators (ũ, ṽ) and (u, v) respectively. We will see that this is not

appropriate for pure Yang-Mills although it does give a theory that is sufficient to generate

Einstein-Yang-Mills tree amplitudes correctly on certain trace sectors, the ones selected by

the choice of untilded operators.5 The system we introduce here will give the complete Ein-

stein Yang-Mills amplitude from a single correlator, but will be anomalous and ill-defined

due to Q2 6= 0.

A worldsheet CFT that will generate Yang-Mills following the ideas above requires the

following ingredients. We need a fermionic worldsheet spinor ρa ∈ g for the fixed vertex

operator, transforming in the adjoint representation of a current algebra va ∈ g at level

zero for the integrated vertex operators; the level zero allows us to avoid multi-trace terms

and loops. Finally we need a spin 3/2 current GYM with the following OPE to give the

appropriate group compatibilities and descent:

ρa(σ)ρb(0) ∼ δab

σ
, va(σ)ρb(0) ∼ fabcρc(0)

σ
, G(σ)ρa(0) ∼ va(0)

σ
, G(σ)G(0) ∼ 0 . (3.25)

It is easy to see that this can be partially realized with ρa a ‘real’ free fermion with action

1
2

∫
ρa∂̄ρa, and with

va = −1

2
fabcρbρc + ja , ja(σ)ρb(0) ∼ 0 , (3.26)

we will obtain the first two of the equations above. 1
2f

abcρbρc is a current algebra with level

−C where fabcf ãbc = Cδaã, so in order for va to be a current algebra with level zero, we

must take ja to be a current algebra with level k = C. There are many ways to do this, so

let us leave this to one side for a moment. We then need to construct G. In order for G to

generate va from ρa, we require

G = −1

6
fabcρaρbρc + ρaja + . . . , (3.27)

5One may try to symmetrise the correlator in tilded versus untilded gluonic operators, for instance by
using ut+ ũt and vt+ ṽt, but then there will be an over-counting of contributions, so that the relative factors
of different terms are not correct.
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where the . . . has non-singular OPE with ρa and ja. At this point, however, we see that an

anomaly arises preventing {G,G} = 0. To be specific,

G(σ)G(0) ∼ C dim(G)

σ3
+

: jaja(0) :

σ
, (3.28)

where we recall that the energy-momentum tensor of the current algebra j is given by

T (σ) =: jaja(σ) : /2k. Therefore, we are able to satisfy the first three equations of (3.25),

while the last equation is anomalous, and thus the BRST quantisation is inconsistent.

3.2.5 Central charges

We remark that the theories SB, Sρ, SΨ and SCS above respectively have central charges

cB = 2d− 52, cρ = m/2 , cΨ = d/2 + 11, cCS = 11 , (3.29)

the latter being just that of the (β, γ) system as the (ρ, ρ̃) and (q, y) contributions cancel via

supersymmetry. (This can be different if the (q, y) are not taken to be spin 1/2.) Notably,

the type II supergravity model is critical in 10 dimensions as then cB + 2cΨ = 0. These

considerations are less interesting for SYM as that theory is intrinsically anomalous, and in

any case its central charge will depend on the choice of current algebra ja.

3.3 Combined matter models

On their own, the new worldsheet matter theories SCS and SYM of the previous section do

little more than give an alternative to the current algebras in the original models of [25]

that avoids the multitrace terms that were neglected by hand. To obtain new theories, we

will consider the contributions to SL or SR of combinations of the above matter systems.

Even without SCS and SYM , we will obtain a number of interesting new models. Here we

will discuss the allowable vertex operators and the correlators of the various combinations

that we can form. These are summarized in the table 3.2.

3.3.1 Sρ,Ψ

Consider the action

SL = Sρ,Ψ := Sρ + SΨ . (3.30)

The free fermion system Sρ seems to naturally lead to the SO(m) current algebra jab =

j[ab] = ρaρb, and could therefore superficially be thought to result in the same current alge-

bra. In the presence of worldsheet supersymmetry however, the currents jab as constituents
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Fermionic current G Matter Vertex operators Correlator

SΨ P ·Ψ Ψ uΨ = δ(γ) ε ·Ψ Pf′(M)

SΨ1,Ψ2

P ·Ψ1

Ψ1, Ψ2

uΨ1 = δ(γ2) k ·Ψ1 (
Pf′(A)

)2
P ·Ψ2 uΨ2 = δ(γ1) k ·Ψ2

Sρ,Ψ P ·Ψ Ψ, ρa a = 1, . . . ,m
uΨ = δ(γ) ε ·Ψ

Pf(χ) Pf′(M |red)

uρa = δ(γ) ρa

SCS,Ψ P ·Ψ+tr
(
ρ( 1

2
[ρ̃, ρ] + [q, y])

)
Ψ, (ρ̃, ρ), (q, y)

uΨ = δ(γ) ε ·Ψ

C(1) . . . C(m)Pf′(Π)ũCS = δ(γ) tr(tρ̃)

uCS = δ(γ) tr(tρ)

SCS tr
(
ρ( 1

2
[ρ̃, ρ] + [q, y])

)
(ρ̃, ρ), (q, y)

ũCS = δ(γ) tr(tρ̃)
Cn

uCS = δ(γ) tr(tρ)

Table 3.2: Table of matter models, their combinations and worldsheet correlators.

of the vertex operators are not BRST invariant, since

{QΨ, j
abeik·X} = ik ·Ψjabeik·X 6= 0 . (3.31)

On the other hand, allowable fixed and integrated currents are respectively given by

ua = δ(γ)ρa , va = k ·Ψρa , a = 1, . . . ,m . (3.32)

We also have the standard BRST invariant currents from SΨ, which in this context we will

denote uε = δ(γ)ε ·Ψ and vε = ε · P + k ·Ψε ·Ψ.

In general we will be concerned with a correlator 〈u1u2v3 . . . vn〉 where, if (γ, h) is a

partition of 1, . . . , n, for i ∈ γ the current will be one of the new photon currents, and for

i ∈ h it will be a SΨ current depending on a polarization vector εi,µ. The correlator will

factorize into one for the constituent ρ’s and one for the Ψ’s. We compute these as Pfaffians

of the associated matrices of possible contractions in the correlator. The simplest is the ρ

system. If we restrict it to take values in an algebra with vanishing structure constants, e.g.

⊕mu(1), the OPEs lead to the |γ| × |γ| CHY matrix

Xij =
δaiaj

σij
, i, j ∈ γ, i 6= j, otherwise Xij = 0 . (3.33)

The Kronecker delta fro tr(taitaj ) in the numerator ensures only photons of the same flavour

interact.
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Much as before, the Ψ system leads to the matrix of possible Ψ contractions

MRed =


Aγγ Aγh (−Chγ)T

Ahγ Ahh (−Chh)T

Chγ Chh B

 , (3.34)

where the matrix is expressed in a bock decomposition under n = |γ|+ |h| and

Aij =
ki · kj
σij

, i 6= j, Aii = 0 , Bij =
εi · εj
σij

, i, j ∈ h, i 6= j , (3.35)

and

Cij =
εi · kj
σij

, i ∈ h, i 6= j . (3.36)

Finally, the additional ε · P term in the SΨ vertex operator is incorporated by setting

Cii = −εi ·P (σi) as before. We thus obtain a reduced Pfaffian associated with the two fixed

vertex operators as before. Our final correlator expression is therefore

〈u1u2v3 . . . vn〉 = Pf(X ) Pf ′(MRed) . (3.37)

In comparison with chapter 2, we note that Pf ′(MRed) = Pf ′(Mγ̂) or Pf ′(MRed) = Pf ′(Mŝ),

depending on the theory.

For the GSO symmetry we require all fields, ρ,Ψ and the ghosts to change sign simul-

taneously.

3.3.2 SΨ1,Ψ2

Here we consider two worldsheet supersymmetries

SL = SΨ1 + SΨ2 . (3.38)

There are two contributions to the BRST operator, QΨ1 + QΨ2 . The currents from SΨ1

and SΨ2 derived in section 3.2.2 no longer form allowed vertex operators since they are not

BRST closed,

{QΨ2 , δ(γ1)ε ·Ψ1eik·X} = δ(γ1) γ2 k ·Ψ2ε ·Ψ1eik·X 6= 0 . (3.39)

However, non-trivial BRST invariant currents are simply given by descendants of δ(γ1)δ(γ2),

u = δ(γ1)δ(γ2) , v = k ·Ψ1k ·Ψ2 , (3.40)
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as in [26]. (Equivalently, we could have included the partial descendants δ(γ1)k · Ψ2 and

δ(γ2)k · Ψ1.) Again, the correlator of n such vertex operators factorizes into a product

of reduced Pfaffians Pf ′(A), originating from all possible Ψ1 and Ψ2 Wick contractions.

As before, A is defined by its off-diagonal entries ki · kj/σij and has co-rank two, and the

reduced Pfaffian corresponds to the choice of fixed versus integrated vertex operators. We

therefore obtain

〈u1u2v3v4 . . . vn〉 = ( Pf ′(A))2 . (3.41)

One might ask whether one can carry on to combine three or more SΨ systems into SL,

but this is not possible since there are no non-trivial BRST invariant currents.

Again for the GSO symmetry we require all fields, Ψr and the ghosts, to change sign

simultaneously.

3.3.3 SYM,Ψ

In Sections 3.2.3 and 3.2.4, we introduced SCS and SYM whose correlators provide the colour

comb-structure together with Parke-Taylor factors. For the remainder of this section, we

will combine each of these two systems with SΨ. The goal is to obtain the building block

of Einstein-Yang-Mills amplitudes that gives the appropriate interactions between gluons

and gravitons. We start by discussing the combined theory SYM,Ψ, which is slightly simpler

than SCS,Ψ and possesses the main important features. Despite SYM not being quantum-

mechanically consistent - and this problem extends to SYM,Ψ - we are able to obtain Yang-

Mills tree amplitudes. The theory SCS,Ψ can be made consistent, but has two types of gluons

and the corresponding amplitudes arise from an action that is not Yang-Mills (although it

contains its classical solutions).

Since both worldsheet matter theories SΨ and SYM involve the gauging of spin 3/2

currents GΨ = P ·Ψ and GYM = ρ ·
(
−1

6 [ρ, ρ] + j
)
, we have the option of gauging both these

currents together or separately. If we gauge them separately, we find that the resulting

system is too restrictive to lead to interesting results. Thus we gauge the sum

G = P ·Ψ + ρ ·
(
−1

6
[ρ, ρ] + j

)
, . (3.42)

Gauge fixing introduces a single set of ghosts (β, γ), and the currents

ut = δ(γ)ρ · t , uε = δ(γ)ε ·Ψ , (3.43)
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still represent allowed fixed vertex operators. BRST descent6 then leads to the integrated

vertex operators

vt = k ·Ψρ · t+ v0
t , vε = ε · P + ε ·Ψk ·Ψ , (3.44)

where v0
t denotes the original SYM integrated vertex operator, satisfying the OPE relations

(3.25) except the last. Although the failure of the last relation means that the BRST

quantisation is inconsistent, the correlator of these vertex operators does nevertheless give

the correct amplitudes.

In the previous section, we saw that the system SYM on its own gives the correct

colour-dressed Parke-Taylor factors, in terms of a comb structure. The combination with

SΨ leads to additional insertions of ρ · t from the fixed vertex operators (3.44), and these

will start additional combs. In this way we obtain multiple colour combs/traces and get

the right interactions with gravity states. On the other hand, the system SΨ on its own

leads to a reduced Pfaffian. The combination with SYM will lead to a different but closely

related Pfaffian that incorporates the multi-comb structure. We now describe the complete

correlator.

Theorem 2 As in [20], let the sets g index the gluons with vertex operators ut, vt, and h

the gravitons with vertex operators uε, vε. To be non-zero, a correlator must contain two

fixed vertex operators u’s, with the remaining ones being v’s. The correlator is then a sum

over all partitions of the gluons into sets T1, T2, . . . , Tm, where ∪mi=1Ti = g and |Ti| ≥ 2.

Each partition gives rise to the term

∑
c1<d1∈T1
···

cm<dm∈Tm

K(c1, d1|T1) · · · K(cn, dn|Tn) Pf ′



Aab Aacj Aadj (−CT )ab

Acib Acicj Acidj (−CT )cib

Adib Adicj Adidj (−CT )dib

Cab Cacj Cadj Bab


. (3.45)

Here, a and b label gravitons and ci, di label gluons in Ti, so that Aab is an |h| × |h| matrix,

Acib is an m× |h| matrix, and Acicj is an m×m matrix. Moreover, we define

K(i, j|T ) = σji C(T ) , (3.46)

where C(T ) is Cn restricted to g ∈ T . The reduced Pfaffian Pf ′ is defined in (A.11).

6We highlight at this point again that the quantisation is inconsistent, and thus does not lead to a BRST
cohomology. However, the operator Q was defined such that the descent procedure is still valid.
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The proof is given in appendix A.1. This correlator reproduces the main building block

of the CHY formula for Einstein-Yang-Mills amplitudes in [20]. Although not quite in the

same form, the equivalence can easily be seen from equations (3.16) and (3.17) of [20] and

this form is more natural from its derivation as a correlator.

3.3.4 SCS,Ψ

While SYM,Ψ gives the correct amplitude, its BRST quantisation is inconsistent. We can

obtain the same structure from SCS,Ψ by combining the worldsheet theories SΨ and SCS ,

which has the advantage of being anomaly free but the disadvantage of containing two types

of gluons.

As for SYM,Ψ we gauge the sum of spin 3/2 currents GΨ = P · Ψ and GCS = ρ ·(
1
2 [ρ, ρ̃] + [q, y]

)
, leading to the action

SCSΨ
=

∫
Ψ · ∂̄Ψ + ρ̃ · ∂̄ρ+ q · ∂̄y + χ

(
P ·Ψ + ρ ·

(
1

2
[ρ, ρ̃] + [q, y]

))
. (3.47)

Now the Lie-algebra valued fermion ρ is complex (i.e. not equal to ρ̃), unlike the previous

case of SYM,Ψ. This will change the physical content of the model.

The gauge fixing of χ introduces just one set of ghosts (β, γ), and we find the standard

fixed currents for SCS and SΨ,

ut = δ(γ)ρ · t , ũt = δ(γ)ρ̃ · t , uε = δ(γ)ε ·Ψ . (3.48)

The BRST descent then leads to the following currents

vt = k ·Ψρ · t+ v0
t , ṽt = k ·Ψρ̃ · t+ ṽ0

t , vε = ε · P + ε ·Ψk ·Ψ, (3.49)

where v0
t and ṽ0

t denote the original SCS integrated vertex operators. Let us highlight again

that both vt and ṽt acquire a new term in Ψ.

To impose GSO symmetry, we require invariance under flipping the sign of the fields

ρ, ρ̃, q, y,Ψ, χ and the corresponding ghosts.

Since we have untilded vertex operators ut, vt, and tilded ones ũt, ṽt, the correlator will

depend not only on the number of gluonic vertex operators versus gravity ones uε, vε, but

also on the choice of whether the gluonic operators are of untilded or tilded type. Recall from

the previous section that, for the theory SCS on its own, the only non-vanishing correlators

were those with a single untilded operator and this led to a single comb colour structure

that is equivalent to a single trace term. This followed because of the need to have the
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same number of ρ’s and ρ̃’s in a non-trivial correlator and a single ρ̃ could only arise in one

or both of the two fixed vertex operator. Now single ρ̃’s appear in ṽt and this essentially

represents the coupling to gravity. Thus the coupling to gravity introduces multiple trace

terms, with the interaction between each single trace structure being mediated by gravity.

It is easy to see that with the SCS,Ψ system we can now have as many untilded vertex

operators as we like with their number corresponding precisely to the number of traces.

Theorem 3 Let the set g index the gluons and h the gravitons. To be non-vanishing, a

SCS,Ψ correlator must have two fixed vertex operators, with the remaining ones integrated.

The correlator of such a collection of vertex operators is a sum over all partitions of the

gluons into sets T1, T2, . . . , Tm, where m is the number of untilded gluonic vertex operators,

and such that there is only one such vertex operator per Ti, ∪mi=1Ti = g, |Ti| ≥ 2. Each

allowed partition gives a contribution equal to (3.45).

Thus the correlator is the same as for SYM,Ψ, except that there is a restriction on the

allowed partitions of the gluons into traces.

3.4 New ambitwistor string theories

We can now assemble the full table of theories by combining the various possible choices of

matter models on the left and right. These can be identified with their corresponding space-

time theories by comparing the correlators to the formulae of CHY [20], and this results in

table 3.3. Hopefully the acronyms for the models are self-explanatory except perhaps that

BS denotes the bi-adjoint scalar φaa
′
, where a and a′ are respectively indices for the Lie

algebras of SU(N) and SU(N ′), with action

SBS =

∫
dDx

(
−1

2
∂µφ

aa′ ∂µφaa
′
+

1

6
φaa

′
φbb
′
φcc
′
fabcfa

′b′c′
)
,

where fabc and fa
′b′c′ are the structure constants of SU(N) and SU(N ′) respectively.
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SL

SR

SΨ SΨ1,Ψ2
S

(m′)
ρ,Ψ S

(N ′)
YM,Ψ S

(N ′)
YM

SΨ E

SΨ1,Ψ2 BI Galileon

S
(m)
ρ,Ψ EM

∣∣
U(1)m

DBI EMS
∣∣
U(1)m⊗U(1)m

S
(N)
YM,Ψ EYM extended DBI EYMS

∣∣
SU(N)⊗U(1)m′

EYMS
∣∣
SU(N)⊗SU(N ′)

S
(N)
YM YM NLSM YMS

∣∣
SU(N)⊗U(1)m′

gen. YMS
∣∣
SU(N)⊗SU(N ′)

BS

Table 3.3: Theories arising from the different choices of matter models.

For convenience, we list here the actions of the more exotic theories:

SGalileon =

∫
dDx

(
−1

2
∂µφ∂

µφ+
∞∑
m=3

gmφdet{∂µi∂νjφ}m−1
i,j=1

)
, (3.50a)

SBI =

∫
dDx

1

`2

(√
−det(ηµν − `2Fµν)− 1

)
, (3.50b)

SDBI =

∫
dDx

1

`2

(√
−det (ηµν − `2∂µφa∂νφa − `Fµν)− 1

)
, (3.50c)

SNLSM =

∫
dDx

(
−1

2
tr
(
(1− λ2Φ)−1∂µΦ(1− λ2Φ)−1∂µΦ

))
. (3.50d)

For the non-linear σ-model, Φ = φata, and in the Galileon action, gm denote freely prescrib-

able parameters. However, the CHY-amplitudes only contain one parameter. The theory

that is singled out by the ambitwistor model and the CHY formulae is the one described

in [20,96,97], which has smoother soft behaviour than the generic ones.

Table 3.3, showing how the theories are determined in terms of a pair of worldsheet

systems, is a remarkable manifestation of the notion of double copy. This notion has been

explored mostly in the context of gravity amplitudes, which are obtained as the double copy

of gauge theory ones [21, 23]. In the formalism of the scattering equations, this is the dou-

ble copy of Pfaffian factors, and in ambitwistor string theory, this is the double copy of the

worldsheet system SΨ, as in table 3.1. The amplitude formulae of ref. [20] and our results

extend this notion to a range of other theories. Regarding the relation to previous work,

we should mention that a double copy construction for Einstein-Yang-Mills amplitudes was

first presented in [98] for the single trace contribution, and in [99] for the complete ampli-
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tude, with results extending to loop level. These double copy constructions are based on

the colour-kinematics duality [21, 22], whose relation to the scattering equations has been

explored in [18,79,100].

In the table 3.3, we have only used SYM . Although this is sufficient to produce the

correct tree-level amplitudes, it is an anomalous matter system and so has no hope to be

extended beyond tree-level, and indeed its meaning as a string theory is unclear even at tree

level. We can obtain the same tree-amplitudes up to combinatorial factors by use of the

comb system SCS , which is not anomalous. However, this does lead to a doubling of the

gauge degrees of freedom as described below in detail for the Einstein Yang-Mills system

and bi-adjoint scalar.

In table 3.4 we list the vertex operators in each model and the central charges. It can

be seen that many models have a critical dimension, in which the central charge vanishes

and for which there is some reasonable hope that loop integrands can be described via these

theories, provided their one-loop correlation functions are modular invariant.7

3.4.1 Einstein Yang-Mills and T ∗YM

The worldsheet model that we discussed in the context of Einstein Yang-Mills theory, SCS,Ψ,

has a consistent quantisation. On the other hand, it does not correspond strictly to the

building block of Einstein-Yang-Mills amplitudes, because only trace/comb structures con-

sistent with the choice of untilded vertex operators are allowed. Attempts to find a theory

that reproduces this correlator seem to lead back to the anomalous SYM,Ψ system.

Since the theory SCS,Ψ presents no problems, and has correlators which match part of

the Einstein-Yang-Mills building block, it is natural to ask whether it is related to a known

theory. This theory must contain two types of gluons, associated to tilded and untilded

vertex operators, and the untilded type must give the number of allowed multiple trace

terms in an amplitude. These conditions are satisfied by the following space-time action for

the gauge field

ST ∗YM =

∫
dDx tr(aµDνF

µν) . (3.51)

The field aµ is a Lagrange multiplier enforcing the Yang-Mills equations DνF
µν = 0, and

the action can be seen as a linearisation of the Yang-Mills action, Aµ → Aµ + aµ. The field

7The last requirement of modular invariance might not be necessary, see chapter 6.
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Aµ corresponds to the tilded degrees of freedom, and the field aµ corresponds to the untilded

ones. Since the propagator of this action connects aµ to Aµ and the vertices contain a single

aµ, the Feynman rules and a straightforward graph-theoretic argument show that there is

one and only one aµ external field per trace, also when the system is minimally coupled

to gravity. This model therefore describes a linearised Yang-Mills field a propagating on

a full Yang-Mills background for the field A with curvature F , and we thus refer8 to it as

T ∗YM. Whilst this should give correct Yang-Mills amplitudes at one loop, it has no higher

loop amplitudes in the pure gauge sector. In its critical dimension d = 10, we would thus

expect the ambitwistor string model to give a valid expression for the one-loop integrand

for Yang-Mills.

3.4.2 Bi-adjoint scalar

The use of the worldsheet system SCS , with its two types of coloured currents, ṽ and v, is the

reason for the Lagrange multiplier-type action (3.51). An even simpler example is the bi-

adjoint scalar theory, BS in table 3.3. In this case, we can easily apply the procedure of [32]

and obtain explicitly the equations of motion. As in that paper, which was concerned with

supergravity, the space-time background fields modify the worldsheet theory only via the

constraints. The deformation of the constraints in the bi-adjoint scalar theory is particularly

simple: the deformed ambitwistor constraint becomes

H = P 2 → H(φ,Φ) = P 2 + Φaa′ ṽaṽ′a
′
+ φaa

′
vav′a

′
, (3.52)

where we introduced currents for each of the two independent groups SU(N) and SU(N ′).

The equations of motion are obtained as anomalies obstructing the vanishing of the con-

straint at the quantum level,

H(φ,Φ)(σ)H(φ,Φ)(0) ∼ 1

σ2

(
(2 ∂µ∂µΦaa′ + fabcfa

′b′c′Φbb′Φcc′) ṽaṽ′a
′

+ (2 ∂µ∂µφ
aa′ + 2 fabcfa

′b′c′Φbb′φcc
′
) vav′a

′
)

(0) (3.53)

+ simple pole .

If the equations of motion hold, there is no double pole and in fact the OPE is finite,

since there can be no simple pole in the self-OPE of a bosonic operator in the absence

8Here a is canonically conjugate to F hence the name T ∗YM as opposed to TYM.
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of higher poles. The space-time action associated to these equations of motion takes the

Lagrange-multiplier form

SBS =

∫
dDx φaa

′
(
∂µ∂µΦaa′ +

1

2
fabcfa

′b′c′Φbb′Φcc′
)
. (3.54)

It should be seen as the analogue of the gauge theory action (3.51).

Theories Integrated vertex operators Central charge c

E Vh = (ε · P + k ·Ψε ·Ψ)
(
ε̃ · P + k · Ψ̃ε̃ · Ψ̃

)
3(d− 10)

EM
Vh, Vγ

3(d− 10 + m
6 )

Vγ = (k ·Ψ t · ρ)
(
ε̃ · P + k · Ψ̃ε̃ · Ψ̃

)
EMS

Vh, Vγ , Vγ̃ , VS
3(d− 10 + m+m̃

6 )

VS = (k ·Ψ t · ρ)
(
k · Ψ̃t · ρ̃

)
BI VBI = (k ·Ψ1k ·Ψ2)

(
ε̃ · P + k · Ψ̃ε̃ · Ψ̃

)
1
2 (7d− 38)

Galileon VG = (k ·Ψ1k ·Ψ2)
(
k · Ψ̃1k · Ψ̃2

)
4d− 8

DBI
VBI , VSBI 1

2 (7d+m− 38)

VSBI
= (k ·Ψ1k ·Ψ2)

(
k · Ψ̃ t · ρ̃

)
T ∗YM

Vg =
(

1
2 t · [ρ, ρ]

) (
ε̃ · P + k · Ψ̃ε̃ · Ψ̃

)
5
2 (d− 12)

Vg̃ = (t · ([ρ, ρ̃] + [q, y]))
(
ε̃ · P + k · Ψ̃ε̃ · Ψ̃

)

ET ∗YM

Vh, Vg, Vg̃

3(d− 10)Vg =
(
k ·Ψ t · ρ+ 1

2 t · [ρ, ρ]
) (
ε̃ · P + k · Ψ̃ε̃ · Ψ̃

)
Vg̃ = (k ·Ψ t · ρ̃+ t · ([ρ, ρ̃] + [q, y]))

(
ε̃ · P + k · Ψ̃ε̃ · Ψ̃

)
NLSM

V =
(

1
2 t · [ρ, ρ]

) (
k · Ψ̃1k · Ψ̃2

)
3d− 19

Ṽ = (t · ([ρ, ρ̃] + [q, y]))
(
k · Ψ̃1k · Ψ̃2

)
Table 3.4: Table of the different theories and their integrated vertex operators.

3.5 Discussion

We have seen compelling evidence in this chapter for the universality of ambitwistor strings

for scattering amplitudes in massless theories. In particular, we have extended the am-

bitwistor string to theories beyond the theories arising from string theory. This highlights
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the field theory nature of the ambitwistor string from a very different perspective, and

strongly indicates that there exist, at least perturbatively, better ways of understanding

massless field theories.

The work presented in this chapter opens up many possible directions for future explo-

ration, and we will briefly mention a few of them in this discussion.

A very interesting question, concerning these models, is if they allow for an extension

to loop amplitudes by taking the correlation functions on higher genus Riemann surfaces

as described in [33]. In particular, this requires necessarily that the models are anomaly

free and have a critical dimension where the central charge vanishes. We have included

the central charges for various models that are not anomalous in table 3.4, and it can be

seen that indeed many models have a critical dimension. Criticality can often be achieved

by adding Maxwell fields for low enough dimension. This suggests that a number of these

models might give rise to plausible string expressions for corresponding loop integrands

such as given in [33] for the type II theory in 10 dimensions. However, an independent

criterion is that the loop integrand so obtained should be modular invariant and this may

well exclude many of the critical models as it does in conventional string theory. A possible

way to circumvent this requirement is opened up by a different, ambitwistor string inspired

approach to loop amplitudes that we will explore in chapter 6. We will see that loop ampli-

tudes for gravity, Yang-Mills theory and the bi-adjoint scalar can be obtained alternatively

from nodal Riemann spheres, and thus it would be interesting to extend this approach to

the full list of (anomaly-free) massless theories.

A related question concerns the existence of further vertex operators, and therefore fur-

ther sectors of these theories. In 10 dimensions, following [33], one can introduce a spin

field Θα associated to each Ψ field and use these to introduce further vertex operators that

will correspond to space-time fields with spinor indices. For the type II Einstein theory

these give rise to the Ramond sector vertex operators [33] and it can be seen that the same

procedure can be applied more generally to some of the models here, particularly to the

Einstein T ∗YM models. Following the same procedure one then extends the Einstein NS

sector to include the Ramond sectors of type II gravity theories. However, we can see that

the T ∗YM vertex operators can only be extended in this way on the one side corresponding

to the spin operator constructed from the Ψ in the Yang-Mills vertex operator. Thus one
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supersymmetry acts trivially on the Yang-Mills and hence is degenerate (it does not square

to provide the Hamiltonian on the Yang-Mills fields).

By extending the worldsheet matter fields we have generated new possible couplings to

space-time fields. It would be interesting to explore whether these couplings can be made

consistent in the fully nonlinear regime as described in [32,101].

There remain other formulae based on the scattering equations, for which an underlying

ambitwistor string theory has not yet been found. It would for example be interesting to find

ambitwistor strings that give rise to the class of formulae with massive legs [63, 102–104],

and that for ABJM theory [105,106], in particular in the light of the four-dimensional am-

bitwistor string [38,107] discussed in chapter 5 and the ABJM twistor string [108].

Perhaps the most irritating issue is that we have not been able to find an Einstein-

Yang-Mills model that is anomaly-free without unwanted linearised modes. Conventional

string theory produces such amplitudes in open string theory and in closed string heterotic

models. However, the ambitwistor heterotic string has unphysical gravity amplitudes and

so far there has been no ambitwistor analogue of open strings. Nevertheless the T ∗YM

model is likely to make sense and provide the correct amplitudes at one loop if modular,

although the pure gauge sector does not have loop amplitudes beyond one loop.
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Chapter 4

Ambitwistor Strings, Soft Theorems and the

Geometry of Null Infinity

Up to this point, the discussion of this thesis has focussed mainly on ambitwistor strings as

the mathematical framework underlying scattering amplitudes. As briefly indicated above,

a spectacular recent development indicates their importance ina much wider context by

formulating ambitwistor strings on a curved background [32]. This provides an important

proof that ambitwistor strings can be used to obtain non-linear information, like the fully

non-linear Einstein equations, and can provide insights beyond scattering amplitudes.

In this chapter, we will expand on another extension, relating the asymptotic symmetries

of a space-time to scattering amplitudes as natural observables in the ‘bulk’. To motivate

this, recall that diffeomorphism invariance of general relativity (and quantum gravity) im-

plies that there are no local observables. In other words, every physical observable has to

be global, and therefore be specified in terms of a theory on the boundary of space-time in

some suitable sense. This is the fundamental idea behind the holographic principle, which is

best known in its application to the AdS/CFT correspondence: quantum gravity in the full

space-time is equivalent to a theory on the boundary. In particular, in the case of Anti-de

Sitter spaces in d + 1 dimensions, the asymptotic symmetry group SO(2, d) is exactly the

conformal group of the Conformal Field Theory on the boundary in d dimensions. This

highlights the importance of the study of asymptotic symmetries, and provides an excellent

example for their relation to ’bulk’ observables.

In what follows, we will apply this general idea to the case of asymptotically flat space-

times, and focus on the relation between observables of massless bulk theories1 and the

symmetries of null infinity I .

1The most natural diffeomorphism invariant observables in a quantum field theory, both from a theo-
retical and an experimental point of view, are scattering amplitudes. Note that they are also intrinsically
holographic, being defined with respect to asymptotic states.
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Ambitwistor strings are a natural candidate theory for explaining and probing this du-

ality due to their underlying geometric structure. In general formulated over any Cauchy

hypersurface, there exists a particularly suitable representation for the study of asymptotic

symmetries that identifies ambitwistor space with the cotangent bundle at null infinity.

Ambitwistor strings can therefore be formulated entirely with respect to the boundary I ,

making them ideal candidates for the boundary theory dual to the bulk quantum gravity

in a regime where classical supergravity is a valid approximation.2

The purpose of this chapter is to explore the duality between the asymptotic symme-

tries of an asymptotically flat space-time and the low-energy behaviour of a theory in the

context of ambitwistor strings, rather than Ashtekar’s Fock space of radiative modes used

in [109–112] . It also expands on the relationship between asymptotic symmetries of an

asymptotically flat space-time and the vertex operators in the theory, and how a soft mo-

mentum eigenstate becomes an extended BMS generator at leading and subleading order.

Moreover, we will see that these ideas are realised straightforwardly in the more twistorial

four dimensional ambitwistor strings in section 5.4.

This chapter is structured as follows: After a brief review of the asymptotic symmetries,

soft limits and the Ward identities linking them in section 4.1, we give a description of the

geometry of ambitwistor space at null infinity in section 4.2, and describe the Hamiltonian

lift of asymptotic symmetries of I to ambitwistor space. This geometric picture is naturally

encoded in the ambitwistor string since its action is based on the symplectic potential. The

singular components of the OPEs in the ambitwistor worldsheet theory thus correspond

directly to the Poisson structure on the cotangent bundle. Therefore, the Hamiltonian

generating diffeomorphisms of I induces directly the action of the symplectic diffeomor-

phism in the ambitwistor string model, see section 4.3. We will then implement the Ward

identity relating soft theorems and asymptotic symmetries in the ambitwistor worldsheet

CFT in section 4.4 by expanding vertex operators in a low-energy limit and identifying

the leading and subleading contribution3 as the generators of symmetries at I . This pro-

2At this point it is worth emphasising that ambitwistor strings should not be understood as the full
holographic dual of quantum gravity in an asymptotically flat space-time, but rather, as highlighted above,
as a suitable effective theory in a limit where classical supergravity is a valid effective field theory in the
bulk.

3Recall that general vertex operators arise from Hamiltonians generating diffeomorphisms of ambitwistor
space that determine the scattering from past to future null infinity.
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vides a beautifully geometric interpretation of the relation of asymptotic symmetries to the

infrared behaviour of the bulk theory, and more generally gives an explicit perturbative

correspondence between the scattering of null geodesics and that of the gravitational field

via ambitwistor string theory.

4.1 Review of asymptotic symmetries and soft limits

It has long been understood that infrared behaviour in gravity is related to supertranslation

ambiguities in the choices of coordinates at null infinity [35, 36]. In a recent series of

papers [109–112], Strominger and coworkers have proposed a new way of understanding

the Weinberg soft limit theorems as a Ward identity associated to the BMS group at null

infinity and used the approach to suggest new theorems for the subleading terms in the soft

limit.

In an intriguing recent paper [113], Adamo, Casali and Skinner proposed a string model

at null infinity for four dimensions to provide an explanation for these ideas. They also

suggested a link with ambitwistor strings that extends their ideas to arbitrary dimension,

particularly in view of the recent proof of the subleading soft limit results in [114] using the

CHY formulae [16–18] as these formulae arise from ambitwistor string theory in arbitrary

dimensions [25].

In this section, we will provide a general review of the background material, including

a discussion of soft limits, the BMS group and their relation as proven by Strominger et al.

Soft limits. Several decades ago, Weinberg showed that photon and graviton amplitudes

behave in a universal way when one of the external particles with momentum s becomes

soft [115]:

An+1 →
n∑
a=1

εa · ka
s · ka

An, Mn+1 →
n∑
a=1

εµνk
µ
akνa

s · ka
Mn , as s→ 0 . (4.1)

Recently, Cachazo and Strominger analysed subleading and sub-subleading terms in the

soft limit of tree-level graviton amplitudes in four dimensions [112], finding that

Mn+1 =
(
S(0) + S(1) + S(2)

)
Mn +O(s2) , (4.2)

where

S(0) =

n∑
a=1

(ε · ka)2

s · ka
, S(1) =

εµνk
µ
asλJ

λν
a

s · ka
, S(2) =

εµν(sλJ
λµ
a )(sρJ

ρν
a )

s · ka
.
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A similar subleading factor was found by Casali for tree-level Yang-Mills amplitudes in four

dimensions [116]:

An+1 =
(
S(0) + S(1)

)
An +O(s) , (4.3)

where S(0) denotes the Weinberg soft limit, and S(1) is the subleading contribution,

S(0) =
∑

a adj. s

ε · ka
s · ka

, S(1) =
∑

a adj. s

εµsνJ
µν
a

s · ka
.

Subleading soft limits of gauge and gravity amplitudes were previously studied in [117–119]

and [120–122], respectively. Schwab and Volovich subsequently proved these subleading

soft limit formulae for tree-level Yang-Mills and gravity amplitudes in any spacetime di-

mension using the CHY formulae [114]. Loop corrections to the subleading soft limits were

subsequently studied using dimensional regularisation in [123–125].

Strominger and collaborators have shown that these soft limits are a consequence of

the asymptotic symmetry group of Minkowski space [109–111], known as the BMS group

(Bondi-van der Burg-Metzner-Sachs) [126,127], see also [128–131] in higher dimensions.

BMS symmetries. In an asymptotically flat and simple space-time, the conformal bound-

ary I is a null hypersurface and decomposes into two disjoint sets I = I − ∪ I +, cor-

responding to past and future null infinity. Moreover, they have the topology of a d-

dimensional light-cone, I ± ∼= R × Sd−2. An asymptotic flat metric can be written in a

neighbourhood of I in Bondi gauge as

ds2 = −du2 − 2dudr + r2γABdθAdθB +O(r−1) , (4.4)

where u and θ are null coordinates on R and Sd−2 respectively, and r denotes a radial

coordinate. The symmetry group of I ± in an asymptotically flat space-time is the BMS

group [126,127,131], generated by diffeomorphisms of null infinity I ± that preserve its weak

and strong4 conformal structure [132]. More specifically, it is the group of diffeomorphisms

preserving the universal structure, i.e. the boundary conditions defined by asymptotic

flatness and the fall-off of the subleading terms in (4.4), modulo diffeomorphisms acting

trivially at I ±. The vector fields generating this group only involve the conformal Killing

vectors Y A(θ) of Sd−2 and a generating function T (θ). The BMS group therefore consists

of the global conformal transformations of Sd−2 and the so-called supertranslations ST,

BMSd = ST n SO(d− 1, 1) . (4.5)

4preserving the null angle between two tangent directions at I±.
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In particular, the supertranslations ST are angle-dependent translations along I ± that

form an infinite dimensional5 Abelian group. They are not isometries of space-time, but

rather relate different asymptotically flat solutions.

Strominger et al. argue that the soft limit theorem of Weinberg arises from the Ward

identity following from supertranslation invariance [110], but taking only a diagonal sub-

group BMS0 ⊂ BMS+ × BMS− of the product of the groups obtained at past null infinity

I − with that at I + for Christodoulou-Klainerman spaces [134, 135]. In four dimensions,

this diagonal subgroup is obtained by requiring the real part of the second derivative of

the shear from I − to be equal at space-like infinity to that from I +. Furthermore, the

BMS group can be extended by so-called superrotations, which correspond to extending the

global conformal symmetry of the 2-sphere in d = 4 to a local conformal symmetry [136–138]

in 4-dimensions (and more general diffeomorphisms6 in higher dimensions).

Soft theorems and BMS symmetries. In [109–111], Strominger et al. have shown

that the soft theorems (4.1) are equivalent to Ward identities in Ashtekar’s Fock space of

radiative modes [35,36]. These Ward identities are associated with the diagonal subgroup of

BMS0 ⊂ BMS+×BMS−, when it is proposed as a symmetry of the gravitational S-matrix.

Moreover, the subleading soft theorem (4.2) implies a Ward identity associated with the

extended BMS superrotation symmetry [140].

In particular, they proposed that this diagonal BMS generator is a spontaneously bro-

ken7 symmetry of the S-matrix. In showing that Weinberg’s soft theorem follows from this

Ward identity, a key step in the argument of Strominger et al. is that acting with a super-

translation generator on null infinity leads to the insertion of a soft graviton. Specialising

5In d > 4, this symmetry enhancement from the Poincaré group has been historically ruled out: the
fall-off conditions on the subleading terms in (4.4) restrict T to the ordinary translations of the Poincaré
group. However, the validity of the soft theorems in arbitrary dimension strongly suggests an extension.
This was proposed in [131], using less stringent boundary conditions at null infinity. See also [133] for a
discussion of these aspects.

6The conformal group of the sphere is only enhanced in four dimensions for S2, obstructing a straight-
forward generalisation to higher dimensions. However, it was shown in [139] that in four dimensions, su-
pertranslations can be enhanced to Diff(S2), dropping the requirement that the vector fields are conformal
Killing vectors. This can be generalised to higher dimensions, giving B= ST n Diff(Sd−2).

7Since the supertranslations in BMS0 are not isometries of flat space-time, but rather connect different
asymptotically flat solutions, the symmetry has to be broken spontaneously.

60



to the case of four dimensions, they showed that

T− |in〉 = F− |in〉+
∑
k∈in

Ekf (zk, z̄k) |in〉 , (4.6a)

〈out|T+ = 〈out|F+ +
∑
j∈out

Ejf (zj , z̄j) 〈out| , (4.6b)

where T± are supertranslations acting at I ±, F± are outgoing/incoming soft graviton

operators, and f(z, z̄) is an arbitrary function on the conformal 2-sphere of null infinity

(note that soft graviton insertions at I ± are related by crossing symmetry). This is a

specific example of the general phenomenon that spontaneously broken symmetries modify

the Ward identities, see [133]. The BMS symmetry generator B = Bsoft +Bhard decomposes

into a term Bsoft acting non-trivially only on the vacuum, and a term Bhard annihilating

the vacuum. In particular, the action of Bsoft on the vacuum is proportional to a Goldstone

boson insertion, which corresponds here to a soft graviton. For the case of supertranslations

described above, we then have

Bhard = Thard =
∑
j∈out

Ejf (zj , z̄j)−
∑
k∈in

Ekf (zk, z̄k) (4.7)

Bsoft = Tsoft = F , (4.8)

where F denotes a soft graviton insertion. The global Ward identity in the presence of a

spontaneously broken symmetry then takes the form

〈out|F+S − SF− |in〉 =

∑
k∈in

Ekf (zk, z̄k)−
∑
j∈out

Ejf (zj , z̄j)

 〈out| S |in〉 . (4.9)

This equation is equivalent to Weinberg’s soft theorem (4.2). Using similar considerations,

Strominger et al. showed that the subleading term in the soft graviton limit implies an

analogous Ward identity for superrotations.

4.2 Geometry and BMS symmetries

Ambitwistor strings are a natural candidate theory for explaining the duality between BMS

symmetries and soft limits due to both their ability to reproduce the most compact known

expressions for amplitudes, the CHY formulae, and the underlying geometric structure of

their target space. The aim of this section is to relate asymptotic symmetries at I to

Hamiltonians on ambitwistor space. This is achieved by identifying ambitwistor space with

the cotangent bundle of null infinity in such a way that the extended BMS generators and

their generalizations, indeed arbitrary symplectic diffeomorphisms of T ∗I , act canonically.
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4.2.1 Background geometry

Recall that ambitwistor space A is the complexification of the phase space of complex null

geodesics with scale in a space-time, see section 2.2.1. As such, A can be represented by

the directions of the complex null geodesics and their intersection with any Cauchy surface.

The symplectic potential Θ and symplectic form dΘ on A arise from identifying A with the

cotangent bundle of the complexification of that Cauchy hypersurface. In an asymptotically

simple space-time, they can therefore be represented with respect to the complexification

of null infinity, which we will denote I , and so A = T ∗I ; and at this point I can be the

complexification of either future or past null infinity, I + or I −.

Null infinity can be represented as a light cone, although it is normal to invert the

parameter up the generators to give a parameter u for which the vertex is at u = ∞. In

order to make the symmetries manifest, we use homogeneous coordinates pµ with p2 = 0

for the complexified sphere of generators of I , and a coordinate u of weight one also, so

that (u, pµ) ∼ (αu, αpµ) for α 6= 0. As depicted in Figure 4.1, a null geodesic through a

point xµ with null cotangent vector Pµ reaches I at the point with coordinates

(u, pµ) = w(xνPν , Pµ) , (4.10)

where w encodes the scale of P . The notation is intended to be suggestive of the fact that

u is canonically conjugate to the frequency here denoted by w.

Since A = T ∗I , it can be described using homogeneous coordinates (u, pµ, w, q
µ) with

(w, qµ) of weight zero and (u, pµ) weight one to yield the 1-form

Θ = w du− qµ dpµ , (4.11)

and this defines the symplectic potential on A. As Θ must be orthogonal to the Euler vector

field Υ = u∂u + pµ∂pµ we have the constraint

wu− q · p = 0 , (4.12)

which is the Hamiltonian for Υ.

To relate this to the original model [25] reviewed in chapter 2, recall that the coordinate

description of A was given as the symplectic quotient of the cotangent bundle of space-time,

i.e. as (xµ, Pµ) with P 2 = 0, quotiented by P · ∂x. Including the scale, A is a symplectic

manifold with symplectic form dΘ where Θ = P · dx. The null geodesic through xµ with
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Figure 4.1: Diagram of null infinity I .

null cotangent vector Pµ has coordinates at I determined by u = p · x = wP · x and the

symplectic potential is given by

Θ = Pµ dxµ = w du− qµ dpµ , (4.13)

such that we obtain the relations

qµ = wxµ modulo pµ and pµ = wPµ . (4.14)

On reducing by the constraint (4.12), we can identify the scalings of p with those of the

momentum by scaling w to 1. For scaled null geodesics, we can therefore simply incorporate

the scale of p.

In summary, we can express A as the symplectic quotient of (u, p, w, q) space by the

constraints p2 = 0 and uw − q · p = 0. Although (u,w) can be eliminated by using the

constraint (4.12) and making the gauge choice w = 1, they serve to manifest A as the

cotangent bundle T ∗I at null infinity.

For the RNS ambitwistor string models, we augment the coordinates above to include

either d or 2d fermionic coordinates respectively in the heterotic case and the type II case.

These are given by coordinates Ψµ
r , r = 1, 2 in the type II case (and r = 1 in the heterotic

case), subject to the constraint(s) w p ·Ψr = 0. The symplectic potential is then augmented

to

Θ = w du− q · dp+
1

2

∑
r

Ψ · dΨ . (4.15)
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4.2.2 BMS symmetries and their generalizations

All diffeomorphisms of a manifold have a Hamiltonian lift to the cotangent bundle with

Hamiltonian given by the contraction of the generating vector field with the symplectic

potential Θ.

Poincaré motions in particular act as diffeomorphisms of I . Translations act by δxµ =

aµ give δp = 0, δu = a · p and δqµ = waµ and have Hamiltonian

Ha = wa · p . (4.16)

The more interesting supertranslations generalise these to δu = f(p) where f is now an

arbitrary function of weight 1 in p (i.e. a section of O(1)) but no longer necessarily linear

(and generally with singularities in the complex). These motions are all symplectic with

Hamiltonian

Hf = wf(p) . (4.17)

Lorentz transformations act by δpµ = rµ
νpν , δqµ = −rνµqν ( similarly for xµ and Ψµ

r )

with rµν = r[µν]. This action has a natural lift to the total space of the line bundle O(1)

of homogeneity degree 1 functions in which u takes its values. The Hamiltonian for this

action is

Hr = (q[µpν] + w
∑
r

Ψµ
rΨν

r )rµν . (4.18)

We can define the angular momentum to be

Jµν = (q[µpν] + w
∑
r

Ψµ
rΨν

r ) . (4.19)

It is the sum of an orbital part and an intrinsic spin part and commutes with the constraints

p2 = 0 and wp ·Ψr = 0.

Superrotations will be defined here by generalising rµν to functions that have non-trivial

dependence on p (but still of weight zero),

Hr = Jµνrµν(p) . (4.20)

They also preserve the constraints p2 = p · Ψ = 0 on the constraint surface. In general di-

mension, conformal motions are finite dimensional even locally. In four dimensions however,

if not constrained to be global on the Riemann sphere, they become infinite dimensional

and provide a non-trivial restriction on the general diffeomorphisms we have allowed above.
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4.3 Ambitwistor strings at null infinity

In the last section, we have constructed ambitwistor space over the Cauchy hypersurface I

by identifying it with the cotangent bundle of null infinity in such a way that arbitrary sym-

plectic diffeomorphisms of I act canonically, and thus lift to Hamiltonians on ambitwistor

space. In this section, we will describe an ambitwistor string at null infinity whose action

is constructed from the contact structure of ambitwistor space. This geometric interpreta-

tion of the action can be utilized to define operators from the Hamiltonians inducing the

action of the symmetries in the ambitwistor string worldsheet model. While general vertex

operators corresponding to graviton insertions implement diffeomorphisms of ambitwistor

space, the leading and subleading terms in a soft expansion can be identified with (lifts

of) BMS generators on null infinity. The analogous story for Yang-Mills is that vertex

operators at null infinity correspond to certain gauge transformations at T ∗I . Their soft

expansions yield gauge transformations analogous to supertranslations at leading order and

superrotations for the subleading terms.

4.3.1 The string model

As in the original ambitwistor string, the action is determined by the symplectic potential

Θ. This gives the worldsheet action on a Riemann surface Σ in the new coordinates as

S =
1

2π

∫
Σ
w∂̄u−qµ∂̄pµ+

1

2

∑
r

Ψr · ∂̄Ψr+eT +
1

2
ẽp2 +

∑
r

χrwp ·Ψr+a(uw−q ·p) . (4.21)

Here, as in chapter 2, the fields take values in the following bundles:

u, pµ ∈ Ω0(Σ,KΣ) , a ∈ Ω0,1(Σ) , (4.22a)

w, qµ ∈ Ω0(Σ) , ẽ ∈ Ω0,1(Σ, TΣ) , (4.22b)

Ψµ
r ∈ ΠΩ0(Σ,K

1/2
Σ ) , χr ∈ ΠΩ0,1(Σ, T

1/2
Σ ) . (4.22c)

In particular, ẽ, χr and a are gauge fields imposing and gauging the various constraints.

The term eT with T = (w∂u − qµ∂pµ + 1
2

∑
r Ψr · ∂Ψr) allows for an arbitrary choice of

complex structure parametrised by e.

These gaugings are fixed by setting e = ẽ = χr = a = 0 but lead to respective ghost

systems (b, c) and (b̃, c̃) fermionic, (βr, γr) bosonic and (r, s) fermionic. We are left with the

BRST operator

QBRST =
1

2πi

∮
cT + c̃

p2

2
+
∑
r

γrwΨr · p+ s(uw − q · p) . (4.23)
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This is sufficiently close to the original ambitwistor string that we can simply adapt

the Yang-Mills vertex operators in the heterotic model (with r = 1 only) and the gravita-

tional vertex operators in the type II case with r = 1, 2. With momentum vector kµ and

polarisation vectors εrµ, this gives

U = eik·q/w
2∏
r=1

δ(γr)Ψr · εr , (4.24a)

V =

∫
Σ
δ̄(k · p)w eik·q/w

2∏
r=1

εrµ(pµ + iΨµ
rΨr · k) , (4.24b)

for gravity. For Yang-Mills we have

Uym = eik·q/wδ(γ)Ψ · εj · t , (4.25a)

Vym =

∫
Σ
δ̄(k · p)weik·q/wεµ(pµ + iΨµΨ · k)j · t , (4.25b)

where j is a current algebra on the worldsheet associated to the gauge group and t a Lie

algebra element. As described in section 2.2, V are the integrated vertex operators, and

U are unintegrated with respect to both the zero modes of γr and c̃. At genus zero, we

need two insertions of cc̃U to fix the two pairs of γr zero-modes and a third insertion of cc̃

multiplied by an unintegrated vertex operator to fix the third of the c and c̃ zero-modes.

The new feature here is the gauge field a whose ghost s has a zero mode that must also

be fixed. This can be associated also with a 1/Vol GL(1) factor from the scalings and we

will treat this as the requirement that the scale of w be fixed to be 1. This can be done

before correlators are taken because the vertex operators do not depend on u. At this point

it is easily seen that the amplitude computations directly reduce to the original ones of [25]

reviewed in section 2.2 to yield the CHY formulae. A key feature of this derivation is that,

in the evaluation of the correlation functions, the exponentials in the vertex operators are

taken into the off-shell action leading to the following expression for p:

p(σ) =
∑
i

ki
σ − σi

. (4.26)

4.3.2 Symmetries, vertex operators and diffeomorphisms

Because the action of the worldsheet model is based on the symplectic potential, the singular

parts of OPE of operators in the ambitwistor string theory precisely arise from the Poisson

structure, so that for example

pµ(σ′)qν(σ) ∼
δνµ dσ

σ − σ′
+ . . . , Ψµ(z)Ψν(w) =

δµν
z − w

+ ... , (4.27)
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where the ellipses denote finite terms. The Hamiltonians must all have weight one in p (or

weight two in Ψr) since they preserve the symplectic potential and so on the worldsheet

they take values in Ω1,0
Σ . We can therefore directly use the Hamiltonian h that generates a

symplectic diffeomorphism of A to define an operator

Qh =
1

2πi

∮
h , (4.28)

that induces the action of the symplectic diffeomorphism in the ambitwistor string model,

i.e. for translations we have

Qpµq
ν =

1

2πi

∮
δνµ

σ − σ′
+ . . . = δνµ . (4.29)

Clearly the same logic will apply to more general BMS transformations and indeed more

general diffeomorphisms of I as these all have a symplectic lift8 to A = T ∗I .

In fact all vertex operators can be related to such motions. This is most easily stated

for gravity where we can rewrite the integrated vertex operator as

V =

∫
Σ
δ̄(k · p)w eik·q/w

2∏
r=1

εrµ(pµ + iΨµ
rΨr · k)

=
1

2πi

∮
eik·q/w

k · p
w

2∏
r=1

εrµ(pµ + iΨµ
rΨr · k) , (4.30)

where we have used the relation

δ̄(k · p) =
1

2πi
∂̄

1

k · p
,

to reduce the integral over Σ to a contour integral around the pole at p · k = 0. Thus we

see that the vertex operator is the generator of the diffeomorphism of A with Hamiltonian

given by the integrand of (4.30). This is to be expected in the ambitwistor construction

as the data of the space-time metric is encoded in deformations of the complex structure

of ambitwistor space, see section 2.2.1 and the original work [41]. Such deformations can

in turn be encoded in a Dolbeault fashion as a global variation of the ∂̄-operator as in the

first line of (4.30) or as a Čech deformation of the patching functions for the manifold as

determined by the Hamiltonian in the second line.

8Note that the converse is not true, not every diffeomorphism of ambitwistor space descends to a diffeo-
morphism of I .
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The story for Yang-Mills is very similar except that now we are talking about variations

of the ∂̄-operator on a bundle in the Dolbeault description, or a non-global gauge transfor-

mation in the Čech description. In particular, we can rewrite the integrated vertex operator

as

Vym =
1

2πi

∮
eik·q/w

k · p
w εµ(pµ + iΨµΨ · k) j , (4.31)

where j is the worldsheet current algebra.

4.4 From soft limits to BMS

In this section, we will expand the gravitational vertex operator in (4.30) in the soft limit,

which corresponds to the momentum of the graviton going to zero, and show that the leading

and subleading terms in the expansion correspond to generators of supertranslations and

superrotations, respectively.

Denoting the soft momentum as s, we can expand the vertex operator as follows:

Vs =
1

2πi

∮
w eis·q/w

s · p

2∏
r=1

εrµ(pµ + iΨµ
rΨr · s)

= V0
s + V1

s + V2
s + V3

s + . . . . (4.32)

Simplifying to the situation where ε1 = ε2 (which is sufficient for ordinary gravity), the first

two terms in the expansion are given by

V0
s =

1

2πi

∮
w

(ε · p)2

s · p
(4.33a)

V1
s =

1

2πi

∮
ε · p
s · p

(
iε · p s · q + iw

2∑
r=1

ε ·Ψrs ·Ψr

)

=
1

2π

∮
ε · p
s · p

εµsν

(
p[µ qν] + w

2∑
r=1

ΨrµΨrν

)

=
1

2π

∮
ε · p
s · p

εµsνJµν , (4.33b)

where we have used the angular momentum operator defined in (4.19)

Jµν = p[µqν] + w

2∑
r=1

ΨrµΨrν , (4.34)

which corresponds to a sum of orbital angular momentum and intrinsic spin. To get to the

second line of (4.33), we note that the extra s · p term in the numerator cancels that in the

denominator and so there is no singularity and the contour integral gives zero.
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The integrands in (4.33) correspond precisely to the generators of the Hamiltonian lift

of the supertranslations and superrotations of null infinity discussed in section 4.3.2. In

particular, V0
s generates the supertranslation δu = (ε·p)2

s·p , and V1
s generates the superrotation

rµν = iε[µsν]
ε·p
s·p on I . The OPE of two Jµν ’s is

Jµν(z)Jρλ(w) =
2 (ηµρηνλ − ρ↔ λ)

(z − w)2
+

(ηµρJνλ − ρ↔ λ)− µ↔ ν

z − w
+ ... ,

where ellipsis correspond finite terms. Thus J[µν] generate a Kac-Moody algebra:

JA(z)JB(w) =
kδAB

2(z − w)2
+
ifABCJ

C(w)

z − w
+ ... , (4.35)

for the Lorentz group, where k = 4 is the level and fABC are the structure constants. From

this, we see that the superrotation generators in d dimensions correspond to a Kac-Moody

algebra associated to SO(d−1, 1), which is also the conformal group associated with the d−2

sphere of generators of I parametrised by p. However, the superrotation generator rµνJ
µν

with rµν = iε[µsν]
ε·p
s·p has additional dependence on p (although it will always be linear in

q and quadratic in Ψ). These all respect the constraint p2 = 0 and have the appropriate

weight in p, so the algebra generated by the superrotations is the diffeomorphism group of

the sphere of generators of null infinity.

By a similar calculation to that for V1
s , one finds that

V2
s =

1

2πi

∮
(ε · p)2(s · q)2 + 2wε · ps · q

∑
r ε ·Ψs ·Ψ + w2

∏
r ε ·Ψrs ·Ψr

2w s · p

=
1

2πi

∮
(εµsνJµν)2

2w s · p
. (4.36)

V2
s therefore gives a ‘superrotation squared’ on ambitwistor space. Note that V2

s does not

generate a symmetry of null infinity, since the square of a symmetry generator does not in

general correspond to another symmetry generator. Hence, beyond subleading order, terms

in the expansion of a soft graviton vertex operator generate diffeomorphisms of ambitwistor

space A = T ∗I , but not diffeomorphisms of I itself.

Correlators of V0
s and V1

s give rise to the leading and subleading terms (4.2) in the soft

limit of graviton amplitudes:

〈
V1...VnV0

s

〉
=

(
n∑
a=1

(ε · ka)2

s · ka

)
〈V1...Vn〉 , (4.37a)

〈
V1...VnV1

s

〉
=

n∑
a=1

εµνk
µ
asλJ

λν
a

s · ka
〈V1...Vn〉 , (4.37b)
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where εµν = εµεν and Jµνa = k
[µ
a

∂
∂ka,ν]

+ ε
[µ
a k

ν]
a , and we refer to appendix B.2 for details of

the calculation. These results give an alternative expression of the claims of [110–112] that

the soft theorems are equivalent to Ward identities associated with the diagonal subgroup

of BMS+ ×BMS−, when it is proposed as a symmetry of the gravitational S-matrix. Here,

however, the Ward identity is expressed in the context of the worldsheet quantum field

theory of the ambitwistor string rather than the Fock space of the radiative modes of Yang-

Mills or gravity.

Equations (4.37) contain all the information encoded in the Ward identities for super-

translations and superrotations. The correlation functions with insertions of V0
s and V1

s ,

yielding the leading and subleading contributions for graviton amplitudes, imply the gen-

eral Ward identities for arbitrary supertranslations and superrotations with Hamiltonians

Hf and Hr.

There is a similar story for Yang-Mills theory. If we expand the gluon vertex operator

in (4.31) in powers of the soft momentum s, we obtain the series

Vyms =
1

2πi

∮
eis·q/w

s · p
εµ(pµ + iΨµΨ · s) j

= Vym,0s + Vym,1s + Vym,2s + Vym,3s + . . . , (4.38)

where the terms in the expansion are given by

Vym,0s =
1

2πi

∮
ε · p
s · p

j , (4.39a)

Vym,1s =
1

2π

∮
εµsν

s · p
Jµν j . (4.39b)

Hence, the leading and subleading terms in the expansion of the gluon vertex operator

generate an analogue of supertranslations and superrotations for Yang-Mills theory being

respectively generators of gauge transformations that depend only on p or are linear in Jµν .

Unlike gravity, Vym,2s is no longer the square of J .

Correlators of Vym,0s and Vym,1s give rise to the leading and subleading terms (4.3) in the

soft limit of gluon amplitudes (see appendix B.1):

〈
V1...VnVym,0s

〉
=

(
ε · k1

s · k1
− ε · kn
s · kn

)
〈V1...Vn〉 , (4.40a)

〈
V1 . . .VnVym,1s

〉
=

(
εµsνJ

µν
1

s · k1
− εµsνJ

µν
n

s · kn

)
〈V1...Vn〉 . (4.40b)
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Hence, we find that the leading and subleading terms in the soft limit of gluon amplitudes

arise from the action of gauge transformations that are gauge analogues of supertranslations

and superrotations.

In summary, the soft limits of tree-level graviton and gluon scattering amplitudes emerge

as Ward identities for supertranslations and superrotations on I . The natural Hamiltonian

lift h of diffeomorphisms of I to the cotangent bundle T ∗I ∼= A allows us to define

symmetry operators Qh inducing the action of the diffeomorphism on I in the ambitwistor

string. This in turn facilitates the identification of the leading and subleading terms in

the soft limit of the integrated vertex operators with the generators of supertranslations

and superrotations on I , whose insertion into correlators gives the well-known soft terms

emerging from the corresponding Ward identities.

4.5 Discussion

We have seen in this chapter that ambitwistor space can be identified with the cotangent

bundle of any Cauchy surface, and thus in particular in an asymptotically simple space-time

with the cotangent bundle of null infinity, T ∗I ±. The asymptotic symmetry group at I ,

the (extended) BMS group, acts canonically on ambitwistor space. An ambitwistor string

constructed in this representation has been used to explain the results by Strominger et

al. relating the diagonal subgroup of BMSo ⊂ BMS+ × BMS− to Weinberg’s soft graviton

theorem, and the extended BMS superrotations to subleading terms in the soft graviton

expansion. In particular, if one expands the vertex operator of a soft graviton in powers of

the soft momentum, the leading and subleading terms correspond to supertranslation and

superrotation generators, thus confirming the the conjectures of Cachazo and Strominger.

Furthermore, we find that higher order terms in the expansion correspond to an infinite

series of new soft terms which are associated with more general diffeomorphisms of am-

bitwistor space, although no longer lifted from diffeomorphisms of null infinity. This realises

Strominger’s derivation of soft theorems as Ward identities associated to BMS symmetries,

formulated on the Fock space of radiative modes, in the framework of the ambitwistor

worldsheet conformal field theory.

A remarkable feature is that gravitational vertex operators in ambitwistor string theory

always arise as generators of rather more general symplectic diffeomorphisms of A. That
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such diffeomorphisms should encode the gravitational field follows from the original am-

bitwistor constructions of LeBrun [41] in which the gravitational field is encoded in the

deformed complex structure of ambitwistor space, see section 2.2.1.

What is therefore suggested by this picture is that we can give a description of the full

nonlinear ambitwistor space in a globally hyperbolic space-time as follows. We glue together

the flat space one constructed from the complexification T ∗I −C to another constructed from

the complexification T ∗I +
C using the gluing map obtained from the diffeomorphism from

the real T ∗I −R → T ∗I +
R determined by the flow along the real null geodesics. This then

specifies enough of the complex structure on ambitwistor space to determine the full grav-

itational field and its scattering. The scattering of null geodesics is already a complicated

object and to identify those that correspond to solutions to Einstein’s equations seems

rather daunting in a fully nonlinear regime. However, within ambitwistor string theory, this

is somehow achieved perturbatively, but nevertheless to all orders, as the scattering of null

geodesics determined by each Fourier mode in the vertex operator determines the scattering

of the gravitational field by explicit ambitwistor-string calculation. The correlator achieves

the required nonlinear superposition of the effects of each linearised Fourier mode to the

required order in perturbation theory. It would be intriguing to find a nonperturbative for-

mulation of this correspondence. In the ambitwistor string theory this might be expressed

in the form of the structure of a curved beta-gamma system along the lines of [83,84] with

gluing determined by diffeomorphism from I − to I + arising from the scattering of null

geodesics but pieced together from manageable ingredients as it is in the perturbative cal-

culations.

The analogous story for Yang-Mills is that vertex operators at null infinity correspond

to certain gauge transformations at T ∗I . The scattering here now corresponds to parallel

propagation along each real null geodesic, regarding all null geodesics essentially as Wilson

lines. In its soft expansion, we obtain gauge transformations analogous to supertranslations

at leading order and superrotations for the subleading terms. This gives a realization in

perturbative string theoretic terms of the ambitwistor constructions of [46–48] in which

Yang-Mills fields are encoded in the complex structure of a holomorphic vector bundle over

ambitwistor space with the gauge transformations playing the role of patching functions.
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Chapter 5

Ambitwistor Strings in four dimensions

The previous chapter gave a powerful demonstration of the potential of different represen-

tations for the ambitwistor string: by choosing a representation of ambitwistor space as

the cotangent bundle of null infinity, ambitwistor strings tie naturally into the structure of

I , and are thus ideally suited to understand the interplay between asymptotic symmetries

and soft theorems. We will explore this theme of choosing a representation adapted to a

particular problem further in this chapter. While the focus of [25] reviewed in chapter 2

was the RNS model in arbitrary dimension1 d, we will focus here on the special case of four

space-time dimensions.

In four dimensions, some of the most remarkable insights and advances originated from

the twistor string theories for N = 4 super Yang-Mills [3, 4, 8, 9, 11] and N = 8 supergrav-

ity [10]. Correlators in both theories led to the first discovery of strikingly compact formu-

lae whose simplicity was obscured by a Feynman diagram approach [2, 11–14, 73, 74, 141].

Moreover, they also sparked a ‘twistor revolution’, providing a tantalising paradigm for

how twistor theory might eventually make contact with physics. Twistor strings led to a

wide variety of results, ranging from efficient techniques for calculating scattering ampli-

tudes (such as the MHV formalism [142,143] and the Britto-Cachazo-Feng-Witten (BCFW)

recursion relation [76, 77, 144–146]), to the study of conformal and dual conformal symme-

try2 [147], the Grassmannian formalism for scattering amplitudes [148, 149], and twistor

actions [143,150–154]. However, this paradigm is still a long way from being fully realized,

both due to the reliance on maximal supersymmetry and the lack of a clear route to an

extension to a critical model allowing for loop calculations.

1Recall though that this model is critical in 10 dimensions.
2leading to the discovery of the Yangian, an infinite dimensional symmetry algebra of scattering ampli-

tudes in planar N = 4 SYM.
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It is thus natural to ask whether we can choose a representation of ambitwistor strings

adapted to four dimensions that makes these simplifications and advances manifest. Recall

in this context that ambitwistor strings can be defined almost algorithmically by complex-

ifying the action for a spinning massless particle, or geometrically from a chiral pull-back

of the contact structure of ambitwistor space. So given either a twistorial representation

of the action of a massless particle, or a twistorial representation of ambitwistor space, an

ambitwistor string can be constructed.

Ambitwistor space has indeed an alternative spinorial representation in four dimensions,

in which the constraints P 2 = 0 are explicitly solved. The resulting ambitwistor string

models arise equivalently as the complexifications of the four-dimensional Ferber superpar-

ticle [155]. Interestingly, the original twistor-string was similarly interpreted in [156, 157]

and the similarity with the ambitwistor approach was also remarked upon in [25,158]. The

spinorial representation of the ambitwistor string leads to simple fomulae for any amount

of supersymmetry, and the few moduli integrals are fully localised on a refined version of

the scattering equations.

This chapter is structured as follows. After a brief review of ambitwistor space in

section 5.1.1, we construct ambitwistor string models for Yang-Mills theory and gravity in

four dimensions with any amount of supersymmetry, using the spinorial representation of the

target space. These models yield remarkably simple new formulae for tree-level scattering

amplitudes which are parity invariant, supported on the scattering equations, and dependent

on very few moduli. Moreover, they are supported on a refined version of the scattering

equations, adapted to the MHV degree of the amplitude. For maximal supersymmetry and

N = 0 Yang-Mills, we prove that these are equivalent to the Roiban-Spradlin-Volovich-

Witten (RSVW) and Cachazo-Skinner (CS) formulae obtained from twistor strings. This

recasts the ambitwistor string as the natural generalisation of twistor strings, allowing for

arbitrary dimensions and any amount of supersymmetry in four dimensional space-time.

This point of view is further corroborated by the generalisation of other features of twistor

strings, including the double fibration, ambitwistor correspondence and Penrose transform

expressing space-time fields in terms of geometrical data relating the auxiliary target space

and space-time.
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In section 5.4, we revisit the Ward identities relating extended BMS symmetries and

soft theorems in the context of the spinorial representation of the ambitwistor string.

5.1 Ambitwistor strings in four dimensions

As motivated above, the spinorial representation can be exploited to construct ambitwistor

string theories adapted to the simplifications occurring in four dimensions. To this end,

we briefly review ambitwistor space in four dimensional space-time, and then proceed to

construct ambitwistor string theories from its contact structure, see also appendix C for a

review of twistor space and scattering amplitudes in four dimensions.

5.1.1 Ambitwistor space in four dimensions

As discussed in section 2.2.1, projective ambitwistor space PA is a supersymmetric extension

of the space of complex null geodesics. In four dimensions, it allows for a representation as

a quadric Z ·W = 0 inside the product of twistor space and dual twistor space PT× PT∗.

Here we work with N supersymmetries so that

Z = (λα, µ
α̇, χr) ∈ T = C4|N , (5.1a)

W = (µ̃, λ̃, χ̃) ∈ T∗ , (5.1b)

where χ, χ̃ are fermionic, and we denote the chiral spinor indices by α = 0, 1, α̇ = 0̇, 1̇

and the R-symmetry indices by r = 1, . . .N . Ambitwistor space is then represented as the

quadric

PA =
{

(Z,W ) ∈ T× T∗|Z ·W = 0
}/
{Z · ∂Z −W · ∂W } , (5.2)

where Z ·W := λαµ̃
α + µα̇λ̃α̇ + χrχ̃r, and we also quotient by the relative scaling Υ − Υ̃,

where Υ = Z ·∂/∂Z and Υ̃ = W ·∂/∂W are the twistor and dual twistor Euler vector fields.

The symplectic potential in this representation takes the form

Θ =
i

2
(Z · dW −W · dZ) . (5.3)

Ambitwistor space inherits the twistor incidence relations

µα̇ = i(xαα̇ + iθrαθ̃α̇r )λα , χr = θrαλα , (5.4a)

µ̃α = −i(xαα̇ − iθrαθ̃α̇r )λ̃α̇ , χ̃r = θ̃α̇r λ̃α̇ , (5.4b)
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which realize a point (x, θ, θ̃) in (non-chiral) super Minkowski space as a quadric, CP1×CP1

parametrized by (λ, λ̃). It is easily seen that these lie inside the set Z ·W = 0 and indeed,

these are the only quadrics in PA of that degree. To make contact with null geodesics

in vectorial representation, the momenta can be defined to be pαα̇ = λαλ̃α̇, which now

automatically satisfy the constraint p2 = 0. This yields the ambitwistor correspondence

in its spinorial framing; by construction a point in PA now corresponds to complex null

geodesic in M , since we have explicitly solved the constraint p2 = 0, and the restriction

to the quadric Z ·W = 0 identifies points along a null geodesic. Conversely, a point in M

corresponds by the discussion above to a quadric Qx ∼= CP1 × CP1 ⊂ PA.

5.1.2 Ambitwistor strings in twistorial representation

Defining the ambitwistor string action via the chiral pull-back of the contact structure Θ

(5.3), the ambitwistor string contains the worldsheet spinors (Z,W ), and a GL(1,C) gauge

field a acting as a Lagrange multiplier for the constraint Z ·W = 0, encoding the reduction

to ambitwistor space;

Z ∈ Ω0(Σ,K
1/2
Σ ⊗ T) , (5.5a)

W ∈ Ω0(Σ,K
1/2
Σ ⊗ T∗) , (5.5b)

a ∈ Ω0,1(Σ) . (5.5c)

In conformal gauge, the action is therefore given by

S =
1

2π

∫
Σ
W · ∂̄Z − Z · ∂̄W + aZ ·W + Sj , (5.6)

where Sj is the action for a worldsheet current algebra ja ∈ Ω0(Σ,KΣ ⊗ g) for some Lie

algebra g. The action is invariant under a gauge symmetry,

ZI → eγZI , WI → e−γWI , a→ a− 2∂̄γ , (5.7)

that quotients the target space by Υ−Υ̃. As in general dimensions (see chapter 2), the quo-

tient to ambitwistor space is thus implemented in the worldsheet CFT via the gauge field

a and the associated gauge redundancy. While very reminiscent of the original Berkovits-

Witten twistor string [3, 4, 9], the fields (Z,W ) are fixed to be worldsheet spinors in the

ambitwistor string, see also section 5.5 for a discussion of this issue.
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Gauge fixing worldsheet gravity3 and the gauge redundancy via the BRST procedure

introduces the standard Virasoro (b, c) ghost system, as well as a GL(1) ghost system (u, v)

with

c ∈ ΠΩ0(Σ, TΣ) , v ∈ ΠΩ0(Σ) , (5.8a)

b ∈ ΠΩ0(Σ,K2
Σ) , u ∈ ΠΩ0(Σ,KΣ) . (5.8b)

The full worldsheet action is then given by

S =
1

2π

∫
Σ
W · ∂̄Z − Z · ∂̄W + b∂̄c+ u∂̄v + Sj , (5.9)

and the BRST operator takes the form

Q =

∮
cT + vZ ·W +Qgh . (5.10)

where T = W · ∂Z − Z · ∂W + Tj is the world-sheet stress tensor. In general, this will be

anomalous,4 although there should be choices of matter that give an anomaly free theory, see

also section 5.5. Despite the anomaly, and hence Q2 6= 0, vertex operators for this theory

are still given by BRST-closed combinations of fields. Moreover, despite constituting a

serious obstruction to defining loop amplitudes, this anomaly won’t affect the tree-level

calculations.5 Amplitudes will be obtained as correlation functions of vertex operators. In

the following we will explicitly give integrated vertex operators, that simply differ by a

factor of c from their unintegrated counterpart. The ghost system will serve to give the

GL(2,C) quotients that are needed in the tree-level formulae, and we will divide by the

volume of GL(2,C) in the final formula, understood in the usual Faddeev-Popov sense.

5.2 Yang-Mills

5.2.1 Yang-Mills amplitudes from the ambitwistor string

Physical vertex operators in a worldsheet theory arise from infinitesimal deformations of

the worldsheet action in the BRST cohomology. Whilst the model is anomalous, vertex

operators in the ambitwistor string will still be BRST closed. We can construct such vertex

3In a general gauge, the ∂̄ operator in (5.6) is replaced by ∂̄ẽ = ∂̄ + ẽ∂, parametrising the worldsheet
diffeomorphism freedom.

4With central charge c = 2(4−N )ZW−26bc−2uv+cj = 20−2N+cj and a GL(1) anomaly aGL(1) = 4−N .
5The non-vanishing central charge leads to an insertion of a factor in the path integral. In general, this is

a section of a determinant line bundle over the moduli spaceMg that is not a volume-form and thus cannot
be invariantly integrated. At genus zero however, the moduli space reduces to a point, and thus the central
charge anomaly only leads to an overall numerical ambiguity.
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operators that couple to the current algebra and correspond to the Yang-Mills degrees of

freedom. From the ambitwistor space perspective, Yang-Mills vertex operators arise from

general wave functions a ∈ H1(PA,O) multiplied by the currents j ·ta of the current-algebra

j, to give Va =
∫

Σ a j · ta. In general, such an a corresponds to an off-shell Maxwell field

on space-time, but if it extends off PA into PT × PT∗ to 3rd order or beyond, it must be

on-shell (see for example [42]), and only when on-shell is it manifestly Q-closed. On shell,

such wave functions are a sum of wave functions pulled back from either twistor space or

dual twistor space, thus leading to two different types of vertex operators. For momentum

eigenstates,

V ′a =

∫
dsa
sa

δ̄2(λa − saλ)eisa([µ λ̃a]+χr η̃ar)j · ta , (5.11)

Ṽa =

∫
dsa
sa

δ̄2(λ̃a − saλ̃)eisa(〈µ̃ λa〉+χ̃rηra)j · ta . (5.12)

These vertex operator obey {Q,Va} = {Q, Ṽa} = 0, and are thus Q-closed. However, having

the supersymmetry in this form will be inconvenient in what follows. A more suitable

representation is obtained by a Fourier transform of the η̃’s into η’s in (5.11),

Va =

∫
dsa
sa

δ̄2|N (λa − saλ|ηa − saχ)eisa[µ λ̃a]j · ta , (5.13)

where for a fermionic variable χ, δ(χ) = χ. These vertex operators encode the full N = 4

super Yang-Mills degrees of freedom for N = 3 (with r = 1, . . . ,N = 4 we would have

doubled the spectrum).

Similar to the original twistor string, this model also contains vertex operators asso-

ciated to non-minimal conformal gravity degrees of freedom, f ∈ Ω0,1(Σ,KΣ ⊗ T) and

f̃ ∈ Ω0,1(Σ,KΣ ⊗ T∗), giving rise to vertex operators

Vf =

∫
Σ
WIf

I(Z) , V f̃ =

∫
Σ
ZI f̃I(W ) . (5.14)

From the perspective of ambitwistor space, these are the variations in the symplectic po-

tential obtained from wave functions6 in H1(PA,O(1, 1)), corresponding to general off-

shell variations in the conformal structure. Built from f I ∈ H1(PT, TPT) and f̃I ∈

H1(PT∗, TPT∗), they correspond to deformations of twistor space and dual twistor space

respectively and hence self-dual and anti-self-dual deformations of the conformal structure.

f ∈ H1(PT, TPT) can be derived from a worldsheet point of view from {Q,Vf} = 0, im-

plying ∂If
I = 0. As in the twistor string, the presence of these states implies that loop

6where O(p, q) is the line bundle of functions of weight p in Z and q in W .
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amplitudes will be corrupted by N = 4 conformal gravity.

In this section, we will focus on the case where all external particles are gluons. Nk−2MHV

amplitudes will then be obtained as correlation functions of the above vertex operators V

and Ṽ, taking k from dual twistor space and n− k from twistor space:

A =
〈
Ṽ1 . . . ṼkVk+1 . . .Vn

〉
. (5.15)

The current algebra correlator straightforwardly gives the Parke-Taylor denominator (to-

gether with some multitrace contributions that we will ignore for the purposes of this chap-

ter). As in general dimension [25], rather than attempt to compute the infinite number of

contractions required by the exponentials, we instead take the exponentials into the action

(5.9) to provide sources∫
Σ

k∑
i=1

isi(〈µ̃λi〉+ χ̃ · ηi)δ̄(σ − σi) +
n∑

p=k+1

isp[µ λ̃p]δ̄(σ − σp) .

The new equations of motion for Z and W from this effective action are then

∂̄σZ = ∂̄ (λ, µ, χ) =
k∑
i=1

si (λi, 0, ηi) δ̄ (σ − σi) , (5.16a)

∂̄σW = ∂̄
(
µ̃, λ̃, χ̃

)
=

n∑
p=k+1

sp

(
0, λ̃p, 0

)
δ̄(σ − σp) , (5.16b)

and ∂̄µ = ∂̄µ̃ = 0. Since (Z,W ) are worldsheet spinors (i.e. of weight (−1, 0)), the solutions

are uniquely given by

Z(σ) = (λ, µ, χ) =
k∑
i=1

si (λi, 0, ηi)

σ − σi
, (5.17a)

W (σ) =
(
µ̃, λ̃, χ̃

)
=

n∑
p=k+1

sp

(
0, λ̃p, 0

)
σ − σp

. (5.17b)

By the Riemann-Roch theorem (2.54), the ghosts c and u develop nc = 3 and nu = 1 zero

modes respectively, thus leading to the quotient by GL(2,C) as claimed above. With this,

the path integrals over the (Z,W ) system can be performed trivially, localising them on the

solutions (5.17), and the current correlator contributes the usual Parke-Taylor factor. The
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correlator (5.15) then becomes

A =

∫
1

Vol GL(2,C)

n∏
a=1

dsa dσa
sa(σa − σa+1)

k∏
i=1

δ̄2(λ̃i − siλ̃)

n∏
p=k+1

δ̄2|N (λp − spλ(σp), ηp − spχ(σp)) .

(5.18)

We can write this in terms of homogeneous coordinates on the Riemann sphere σα = 1
s (1, σ)

using the notation7 (i j) = σiασ
α
j as follows

Z(σ) =

k∑
i=1

(λi, 0, ηi)

(σ σi)
, W (σ) =

n∑
p=k+1

(0, λ̃p, 0)

(σ σp)
, (5.19)

where we have rescaled W and Z by a factor of 1/s. The final formula for the amplitude

then takes the form

A =

∫
1

Vol GL(2,C)

n∏
a=1

d2σa
(a a+ 1)

k∏
i=1

δ̄2(λ̃i − λ̃(σi))

n∏
p=k+1

δ̄2|N (λp − λ(σp), ηp − χ(σp)) .

(5.20)

For notational simplicity we have taken the colour order to be (1, . . . , n); of course any other

choice will just lead to the obvious re-ordering of the Parke-Taylor denominator.

Since we did not specify N in this derivation, the expression (5.20) for Yang-Mills

amplitudes holds for any amount of supersymmetry. Moreover, the delta-functions localise

the moduli integral completely: there are 2n bosonic delta functions and 2n − 4 moduli

integrals, the minus four coming from the Vol(GL(2,C)) quotient. The remaining delta

functions encode momentum conservation, which can be seen explicitly from

n∑
p=k+1

λpλ̃p =
n∑

p=k+1

λ̃p

k∑
j=1

λj
(p j)

= −
k∑
j=1

λj λ̃j . (5.21)

Here, we used the first (second) set of delta functions in (5.20) to get the first (second)

equality. Similarly
∑n

a=1 λ̃aηa = 0.

Defining Pαα̇(σ) = λα(σ)λ̃α̇(σ), the scattering equations

ka · P (σa) = λαa λ̃
α̇
aPαα̇(σa) = 0 , (5.22)

7With indices raised and lowered by the usual skew symmetric εαβ .
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follow on the support of the delta functions. The amplitude therefore localises, as in general

dimensions, on the scattering equations. However, the scattering equations are here refined

to give just those appropriate to the NkMHV degree of the amplitude,

[λ̃i λ̃(σi)] = 0 , i = 1 . . . k , (5.23a)

〈λp λ(σp)〉 = 0, p = k + 1 . . . n . (5.23b)

At NkMHV, these equations have
〈
n−3
k−2

〉
solutions, where we denote by

〈
p
q

〉
the (p, q) Eu-

lerian8 number. In particular, these obey
∑

k

〈
n−3
k−2

〉
= (n − 3)!, and thus we recover the

expected number of solutions to the scattering equation in vectorial representation when

summing over all MHV degrees. Yang-Mills amplitudes obtained from the spinorial repre-

sentation of ambitwistor strings are therefore valid for any amount of supersymmetry, and

localise on the refined scattering equations (5.23).

The formula (5.20) can be verified at N = 0 by comparison with Witten’s parity in-

variant representation of Yang-Mills amplitudes [72] (or analogous formulae in [16]), as

discussed in section 5.2.2, and extended to arbitrary N by superconformal invariance. In

particular, at N = 3, it is equivalent to the RSVW formula (C.17), [11], as we will prove in

section 5.2.3.

5.2.2 Comparison to Witten’s parity invariant formula for Yang-Mills

We now verify that (5.20) agrees with the parity invariant representation of the amplitude

at N = 0 due to Witten [72]. Using uα as the homogeneous coordinates on the Riemann

sphere, the ambidextrous expression takes the form

M =

∫
d2kPα d2(n−k)Tα̇

∫ n∏
a=1

d2ua
(ua ua+1)

∏
b6=a

1

(ub ua)2

∏
l∈L

δ2

(
λl −

P (ul)∏
p 6=l(upul)

)∏
r∈R

δ2 (λr − P (ur))

∏
r∈R

δ2

(
λ̃r −

T (ur)

Πt6=r(utur)

)∏
l∈L

δ2
(
λ̃l − T (ul)

)
. (5.24)

For convenience we have chosen L = {1, . . . , k} and R = {k+ 1, . . . , n} (although in general

there no correlation is implied between the colour ordering in the Park-Taylor denominator

and the choice of L and R).

8The Eulerian number A(p, q) is the number of permutations of 1 to p where q elements are larger than
their preceding element. They are defined recursively by A(p, q) = (p− q)A(p− 1, q− 1) + (q+ 1)A(p− 1, q).
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In order to compare with (5.20), we need to integrate out the moduli for the P ’s and T ’s

against the delta functions for λl, l ∈ L, and λ̃r for r ∈ R. This can be done most simply by

choosing a basis of the homogeneity degree k−1 functions that form P and degree n−k−1

functions that form T respectively

Cl(u) =
∏

j∈L,j 6=l

(uj u)

(uj ul)
, C̃r(u) =

∏
q∈R,q 6=r

(uq u)

(uq ur)
. (5.25)

These functions satisfy Cl(uj) = δlj for l, j ∈ L, and so integrating the moduli against the

first set of delta functions in the second and third lines of (5.24) gives

P (u) =
∑
l∈L

λlCl(u)
∏
i 6=l

(ui ul) =
∑
l∈L

λl
(uul)

(∏
r∈R

(ur ul)

)∏
j∈L

(uj u) . (5.26)

If we now consider the remaining delta functions, they involve P (ur) for r ∈ R, that is

P (ur) =
∑
l∈L

λl
(ur ul)

(∏
r′∈R

(u′r ul)

)∏
j∈L

(uj ur) .

Thus, if for l ∈ L, r ∈ R we make the substitutions

σl =
ul∏

r∈R(ur ul)
, σr =

ur∏
l∈L(ul ur)

, (5.27)

we find

P (ur) =
∑
l∈L

λr
(σl σr)

= λ(σr) ,

as required for agreement with the ambitwistor string formula. Since the substitution (5.27)

is left-right symmetric, we will similarly have, following the analagous procedure for T (u),

T (u) =
∑
r∈R

λ̃rC̃r(u)
∏
a6=r

(ua ur) =
∑
r∈R

λ̃r
(uur)

(∏
l∈L

(ul ur)

)∏
q∈R

(uq u) , (5.28)

and so similarly

T (ul) =
∑
r∈R

λ̃r
(σl σr)

= λ̃(σl) .

To see that we now obtain (5.20) with N = 0 we must check the determinants following

the various changes of variables. Firstly we observe that

n∏
a=1

d2ua
(ua ua+1)

=
n∏
a=1

d2σa
(σa σa+1)

.

Furthermore, when we integrate the moduli against the first set of delta functions in the sec-

ond and third lines of (5.24), this gives the Jacobians Πl∈L,p 6=l (upul)
2 and Πr∈R,t 6=r (utur)

2,

respectively. These Jacobians cancel the factor of Πb6=a
1

(ubua)2 in (5.24), yielding (5.20) for

N = 0.
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5.2.3 Comparison to the RSVW formula

Let us also briefly discuss the equivalence of (5.20) for N = 3 to the formula (C.17) for

N = 4 super Yang-Mills amplitudes [3,4,11] derived from the twistor string. This compari-

son is facilitated by the similarity of the underlying worldsheet theories, as we will see below.

Recall that for maximal supersymmetry, the twistor string [3, 4] leads to the RSVW

formula [11],

A =

∫ ∏d
r=0 d

4|4Zr
Vol GL(2,C)

n∏
a=1

dσa
(a a+ 1)

n∏
a=1

Aa(Z) . (5.29)

To make contact with the scattering amplitudes derived from the ambitwistor string, we

will need to intergrate out the map moduli Zr(σ) = (λ, µ, χ). On the support of momentum

eigenstates,

Aa(Z) =

∫
dta
ta
δ̄2|4 (λa − taλ(σa)|ηa − taχ(σa)) e

ita[µ(σa),λ̃a] ,

with the map moduli

(λ, µ, χ) (σ) =
d∑
r=0

(ρr, µr, χr)Cr(σ) ,

the integration over the moduli µr is straightforward, and we obtain the delta-functions

d∏
r=0

δ2

(
n∑
a=1

taλ̃aCr(σa)

)
.

The remaining moduli (ρr, χr) can be integrated from the k of the delta-functions associated

with the momentum eigenstates by choosing a convenient basis for Cr(σ), where Ci−1(σj) =

δij for i, j ∈ {1, . . . , k}, similar to the strategy in section 5.2.2;

Ci−1(σ) =
k∏

l 6=i,l=1

(σ σl)

(i l)
, for i = 1, . . . , k . (5.30)

This trivially determines ρr=i−1 = λi/ti and χr=i−1 = ηi/ti, and integrating out the moduli

leaves us with

A =

∫ ∏n
a=1 dσa

Vol GL(2,C)

n∏
a=1

dta
ta

1

(a a+ 1)

k∏
i=1

δ2

λ̃i +
1

ti

n∑
p=k+1

tpλ̃p

k∏
l=1,l 6=i

(p l)

(i l)


n∏

p=k+1

δ2|4

λp − tp k∑
i=1

λi
ti

k∏
l 6=i,l=1

(p l)

(i l)

 .
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As a final step, we can now perform a change of variables;

si =
1∏k

l=1,l 6=i(i l) ti
i = 1, . . . k ,

sp =

k∏
l=1

(p l) tp p = k + 1, . . . , n ,

which maps the RSVW representation of super Yang-Mills amplitudes to

A =

∫
1

Vol GL(2,C)

n∏
a=1

d2σa
(a a+ 1)

k∏
i=1

δ̄2(λ̃i − λ̃(σi))

n|4∏
p=k+1

δ̄2 (λp − λ(σp)|ηp − χ(σp)) ,

(5.31)

where the fields λ(σ), λ̃(σ) and χ̃(σ) are given by

(λ(σ), χ(σ)) =

k∑
i=1

(λi, ηi)

(σ σi)
, λ̃(σ) =

n∑
p=k+1

λ̃p
(σ σp)

. (5.32)

To make contact with the N = 3 representation of the ambitwistor string, note that

the on-shell superfield of N = 4 super Yang-Mills can be encoded in two N = 3 on-shell

superfields [159]. In particular, the N = 3 superfields can be obtained by either integrating

out η4 or setting η4 = 0 in the N = 4 superfield, and both descriptions encode the same

field content. Hence, N = 4 SYM amplitudes are equivalent to N = 3 super Yang-Mills

amplitudes at tree-level, and we can obtain an N = 3 representation of the Nk-2MHV

amplitude (5.32) by integrating out ηi for i = 1, ..., k and setting ηj = 0 for j = k+ 1, ..., n.

We are then left the amplitude in the ambitwistor string representation (5.20) for N = 3,

which concludes the proof for N = 4 Yang-Mills amplitudes.

5.3 Einstein gravity

5.3.1 Einstein gravity in the ambitwistor string

While the action of the ambitwistor string was straightforwardly constructed from the

pull-back of the contact structure, the worldsheet model for Einstein gravity needs addi-

tional structures. We thus construct it as an ambitwistor analogue of the N = 8 twistor

string [10] for flat space-times. Note however that it can be constructed more generically

for non-vanishing cosmological constant Λ, and has beautiful derivation from a split (1|2)

worldsheet supermanifold, see [10,160].
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The basic ingredients of the model are again the worldsheet spinor fields (Z,W ), encod-

ing the map into T⊗ T∗. In addition, we introduce (dual) twistor- and dual twistor-valued

fermionic worlsheet spinors (ρ, ρ̃), and thus the field content of the theory is given by

Z ∈ Ω0(Σ,K
1/2
Σ ⊗ T) , ρ ∈ ΠΩ0(Σ,K1/2 ⊗ T) , (5.33a)

W ∈ Ω0(Σ,K
1/2
Σ ⊗ T∗) , ρ̃ ∈ ΠΩ0(Σ,K1/2 ⊗ T∗) , (5.33b)

a ∈ Ω0,1(Σ) . (5.33c)

In order to describe gravity, we introduce infinity twistors IIJ and IIJ satisfying IIJIJK =

ΛδIK . These break conformal invariance by determining a metric on space-time, see ap-

pendix C.1 for details. In general the infinity twistor can encode a cosmological constant Λ

and a gauging of R-symmetry [161], but they are rank 2 tensors in the simplest zero cosmo-

logical constant ungauged case that we will work with here, setting IIJZ
I
1Z

J
2 = 〈λ1 λ2〉 =:

〈Z1, Z2〉 and IIJW1IW2J = [λ̃1 λ̃2] =: [W1,W2]. In the ambitwistor string for gravity,

conformal invariance is broken by the infinity twistors in the following gauged currents:

Ka = (Z ·W,ρ · ρ̃,W · ρ, [W, ρ̃], Z · ρ̃, 〈Z, ρ〉, 〈ρ, ρ〉, [ρ̃, ρ̃]) . (5.34)

Note in particular that, as in the Yang-Mills model, the constraint Z · W = 0 and the

associated gauge symmetry ensure that the worldsheet is mapped into ambitwistor space.

Gauging these currents and gauge fixing all the gauge fields to zero leads to the introduction

of the corresponding ghost systems (βa, γ
a), together with the by now familiar fermionic

(b, c) worldsheet reparametrisation ghosts9 [160]. The BRST Q-operator for this theory is

then given by

Q =

∫
cT + γaKa −

i

2
βaγ

bγcCabc , (5.35)

where Cabc are the structure constants of the current algebra Ka, and the ghosts take values

in

c ∈ ΠΩ0(Σ, TΣ) , γr ∈ ΠΩ0(Σ) , γs ∈ Ω0(Σ) , (5.36a)

b ∈ ΠΩ0(Σ,K2
Σ) , βr ∈ ΠΩ0(Σ,KΣ) , βs ∈ Ω0(Σ,KΣ) , (5.36b)

9The original model [10] was introduced without a (b, c) ghost system. In its absence, there exists no
natural set of coordinates for the worldsheet moduli, and the automorphism group has to be fixed ‘by hand’.
We follow the route proposed in [160] by simply adding the (b, c) system here.
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for r = 1, 2, 7, 8, s = 3, 4, 5, 6. While Q is again anomalous, vertex operators will still be

BRST-closed. The gauge fixed ambitwistor string action then becomes

S =
1

2π

∫
Σ
W · ∂̄Z − Z · ∂̄W + ρ̃∂̄ρ− ρ∂̄ρ̃+ b ∂̄c+

∑
a

βa∂̄γ
a . (5.37)

In contrast to the Yang-Mills ambitwistor string, vertex operators in this model must

also account for the zero-modes10 of the ghosts γa. The model therefore contains fixed and

integrated11 vertex operators, with respect to both ν = (γ3, γ4) and ν̃ = (γ5, γ6),

Ṽ =

∫
Σ
δ2(ν̃) h̃(W ) , Ṽ =

∫
Σ

〈
Z,

∂h̃

∂W

〉
+

〈
ρ,

∂

∂W

〉
ρ̃ · ∂h̃

∂W
, (5.38a)

V =

∫
Σ
δ2(ν)h(Z) , V =

∫
Σ

[
W,

∂h

∂Z

]
+

[
ρ̃,

∂

∂Z

]
ρ · ∂h

∂Z
. (5.38b)

Q-invariance {Q,V } = {Q, Ṽ } = 0 implies that the vertex operators are built from ∂̄-

closed (0, 1)-forms h (h̃) of weight two on (dual) twistor space, h ∈ H1(PT,O(2)) and

h̃ ∈ H1(PT∗,O(2)), in accordance with the Penrose transform for gravitons.

The integrated picture is obtained from fixed vertex operators via the usual supercon-

formal descent procedure (cf. [65, 87]). In the worldsheet correlation function, this can be

accomplished by the insertion of picture changing operators (PCOs) for the corresponding

ghost systems. Following [162], a picture changing operator for a generic bosonic βγ-system

takes the form

Υβ = {Q,Θ(β)} = δ(β) {Q, β} .

This implies in the ambitwistor string

Υ = δ2(µ)W · ρ [W, ρ̃] , Υ̃ = δ2(µ̃) 〈ρ, Z〉 ρ̃ · Z , (5.39)

where, µ = (β3, β4), and µ̃ = (β5, β6). The integrated vertex operators are then obtained

from the OPE of the picture changing operator Υ and the fixed vertex operator.

To make contact with the twistor string calculations, a convenient choice for the wave

functions will be momentum eigenstates, with h and h̃ are given by

ha =

∫
dsa
s3
a

δ̄2|N (λa − saλ|ηa − saχ)eisa[µ λ̃a] , (5.40a)

h̃a =

∫
dsa
s3
a

δ̄2(λ̃a − saλ̃)eisa(〈µ̃ λa〉+χ̃rηra) . (5.40b)

10In the original set-up on a split (1|2) worldsheet supermanifold, these correspond to fermionic automor-
phisms, see [10].

11where integration is with respect to the ghost zero modes.
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To describe full N = 8 supergravity we can again use the above vertex operators for N = 7.

This suggests an interesting connection with Hodges’ N = 7 formalism, [163].

To obtain tree-level amplitudes, we are interested in calculating worldsheet correlation

functions on Σ ∼= P1 for degenerate infinity twistors (i.e. Λ = 0). According to the Riemann-

Roch theorem, the ghosts ν = (γ3, γ4), ν̃ = (γ5, γ6) each develop one zero mode, that is

fixed by the insertion of one each of the unintegrated vertex operators V and Ṽ . Amplitudes

are therefore given by the worldsheet correlation function saturating all zero-modes,

M =

〈
Ṽh̃1

k∏
i=2

Ṽh̃i
n−1∏
p=k+1

VhpVhn

〉
. (5.41)

For vanishing cosmological constant, the number of Wick contractions contributing to

this correlator is greatly reduced. Using standard matrix-tree theorem arguments for the

fermionic (ρ, ρ̃) system [10,164], the gravity amplitude is then given by

M =

∫ ∏n
a=1 d2σa

Vol GL(2,C)
det′(H)

k∏
i=1

δ̄2(λ̃i − λ̃(σi))

n∏
p=k+1

δ̄2|N (λp − λ(σp) ηp − χ(σp)) . (5.42)

Let us expand on this in a bit more detail. The matrix H is built from the correlation

function of the (ρ, ρ̃) system. Since it is a free CFT, its two-point function is given by

〈ρα(σi)ρ̃
β(σj)〉 = δβα

(σi dσi)
1/2(σj dσj)

1/2

(i j)
, (5.43a)

〈ρα̇(σi)ρ̃β̇(σj)〉 = δα̇
β̇

(σi dσi)
1/2(σj dσj)

1/2

(i j)
. (5.43b)

This leads to

H =

H 0

0 H̃

 , (5.44)

where, for i, j ∈ {1, ..., k} and p, q ∈ {k + 1, ..., n}, with i 6= j and p 6= q,

Hij =
〈i j〉
(i j)

, Hii = −
k∑

j=1,j 6=i
Hij (5.45a)

H̃pq =
[p q]

(p q)
, H̃pp = −

n∑
q=k+1,q 6=p

H̃pq. (5.45b)

The off-diagonal element Hij corresponds to the contraction of the ρ-term in the ith ver-

tex operator with the ρ̃-term in the jth, and the diagonal elements of H come from the

remaining terms in the integrated vertex operators (see [10]). Since the system (ρ, ρ̃) does
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not develop zero modes, all ρ and ρ̃ insertions must be absorbed by Wick contractions.

However, due to the degenerate infinity tensor, V only contains α̇ components of ρ̃α̇, while

V only involves ρα. Therefore, there are no contractions between the two types of vertex

operators, and the matrix H becomes block-diagonal. Moreover, the fixed vertex operators

imply that instead of obtaining the full determinant, the correlator is given by det′H, where

we omitting a row and column from each of H̃ and H associated to the unintegrated vertex

operators for 1 and n. The amplitude is independent of this choice because each matrix has

co-rank one, with the kernel spanned by the vector (1, . . . , 1). As in the Yang-Mills case,

the path integral over the (Z,W ) system enforces the equations of motion (5.16a), and thus

the amplitude is given by (5.42).

In analogy to the Yang-Mills case, the graviton scattering amplitude localises on the

scattering equations refined by MHV degree, and is valid for any amount of supersymmetry.

The equivalence to the Cachazo-Skinner formula (C.20) [13], proven in section 5.3.2, is

seen by following the Yang-Mills strategy to integrate out the moduli and making judicious

identifications of reference spinors with the given σa.

5.3.2 Comparison to the Cachazo-Skinner formula

In order to prove the new gravitational formula (5.42), we will make contact with the

Cachazo-Skinner formula for maximal supergravity [13,14]; note that the similarities in the

construction for the theories will facilitate this comparison. Recall the Cachazo-Skinner

formula

MCS =

∫ ∏d
r=0 d4|8Zr

Vol GL(2,C)

n∏
a=1

(σa dσa)|Φ|′|Φ̃|′
n∏
a=1

ha(Z), (5.46)

where, for momentum eigenstates, the matrices Φ and Φ̃ are defined by

Φ̃ab =
[a b]

(a b)
tatb Φ̃aa = −

∑
b 6=a

[a b]

(a b)
tatb

d∏
r=0

(bwr)

(awr)
, (5.47a)

Φab =
〈a b〉
(a b)

1

tatb
Φaa = −

∑
b 6=a

〈a b〉
(a b)

1

tatb

d̃∏
r=0

(b ur)

(a ur)

∏
c6=a,b

(a c)

(b c)
. (5.47b)

The reduced determinant |Φ|′ and |Φ̃|′ are obtained by removing d+ 2 rows and columns of

the matrix Φ̃ and n− d rows and columns of Φ respectively, and including the appropriate
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Vandermonde factors, see [13,14] and appendix C for more details.

The Cachazo-Skinner formula (5.46) can be mapped onto the newly derived formula

(5.42) for gravity scattering amplitudes by integrating out the moduli Zr = (ρr, µr, χr) and

a convenient choice of reference spinors ur, wr. As a general outline for the proof of the

equivalence of these formulae, we will proceed as follows:

i. Eliminate convenient rows and columns from the matrices Φ and Φ̃,

ii. integrate out the moduli Zr, using the delta-functions appearing in the first k momen-

tum eigenstates,

iii. change variables from ta to si, sp, where i = 1, . . . , k, p = k + 1, . . . , n,

iv. simplify the new matrices Φ′ and Φ̃′ by extracting common factors occuring in all rows

and columns, and lastly

v. make a convenient choice for the reference spinors ur, wr.

In what follows, we will discuss these steps in more detail.

As already manifest in the structure of the matrices Φ and Φ̃, these will correspond to H

and H̃ respectively. To make this correspondence more explicit, we can choose to remove the

k = d+1 rows and columns associates to the particles i = 1, . . . , k from Φ̃, and equivalently

the n−k = n−d−1 rows and columns p = k+1, . . . , n from Φ. Note that with this choice,

both reduced matrices Φ(k×k) and Φ̃(n−k×n−k) have now co-rank 1, and we obtain

|Φ̃|′ = det(Φ̃red)∏k
i,j=1
i<j

(i j)2
∏k
j=1(j qrem)2

(5.48a)

|Φ|′ =
det(Φred)

∏k
l=1,l 6=jrem

(l jrem)2∏k
i<j,i,j=1(i j)2

, (5.48b)

where we have denoted the particles removed in addition to those chosen above by jrem and

qrem for Φ and Φ̃ respectively.

With the choice of momentum eigenstates (5.40a), it is straightforward to explicitly

integrate out the map moduli µr and χr from the Cachazo-Skinner formula following the
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same procedure as in Yang-Mills, leading to the delta-functions

d∏
r=0

δ̄2|8
( n∑
a=1

taλ̃aCr(σa)
)
.

Recall that, in addition, momentum eigenstates supply 2n delta-functions which localize

λ(σa) on λa;
n∏
a=1

δ̄2 (λa − taλ(σa)) =
n∏
a=1

δ̄2
(
λa − ta

d∑
r=0

ρrCr(σa)
)
.

d + 1 = k of these delta-functions determine the map coefficients ρr, and thus localize the

integral over the bosonic moduli. In this context, we can use the same convenient choice of

basis for Cr(σ) as for Yang-Mills, where Ci−1(σj) = δij for i, j ∈ {1, . . . , k};

Ci−1(σ) =
k∏

l=1,l 6=i

(σ σl)

(i l)
. (5.49)

To compare the resulting formula directly to the gravitational formula derived from the

ambitwistor string model, we will perform a change of variables;

si =
1∏k

j=1,j 6=i(ij) ti
i ∈ {1, . . . , k} (5.50a)

sp =

k∏
j=1

(pj) tp p ∈ {k + 1, . . . , n}. (5.50b)

The delta-functions now take the form

k∏
i=1

δ2|8
(
λ̃i − si

n∑
p=k+1

spλ̃p
(i p)

) n∏
p=k+1

δ2
(
λp − sp

k∑
i=1

siλi
(p i)

)
,

where the remaining factors of (i p) in the denominator stem from the different range of

the indices in the products of (5.50a) and (5.50b). After the change of variables, the

entries of the matrices Φ̃ and Φ can be simplified immensely by extracting the com-

mon factors (
∏k
l=1(p l)

∏k
l=1(q l))−1 occuring in the pth row and qth column of Φ̃′ (and∏k

l=1,l 6=i(i l)
∏k
l=1,l 6=j(j l) from the ith row and jth column of Φ′). Denoting the matrices

obtained this way by ΦH and Φ̃H , we find

Φ̃H
pq =

[p q]

(p q)
spsq = H̃pq ,

Φ̃H
pp = −

∑
q=k+1,q 6=p

[p q]

(p q)
spsq

∏k
l=1(p l)∏k
l=1(q l)

d∏
r=0

(q wr)

(pwr)

−
k∑
j=1

[p j]

(p j)

sp
sj

∏k
l=1(p l)∏k

l=1,l 6=j(j l)

d∏
r=0

(j wr)

(pwr)
,
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and

ΦH
ij =

〈i j〉
(i j)

sisj = Hij ,

ΦH
ii = −

k∑
j=1,j 6=i

〈i j〉
(i j)

sisj

∏n
r=k+1(i r)∏n
r=k+1(j r)

d̃∏
r=0

(j ur)

(i ur)

−
n∑

q=k+1

〈i q〉
(i q)

si
sq

∏n
r=k+1(i r)∏n

r=k+1,r 6=q(q r)

d̃∏
r=0

(q ur)

(i ur)
.

In writing down the full amplitude, we also have to include Jacobians from the measure after

the change of variables, the choice of basis for Cr(σ), the Vandermonde factors associated

to the generalized determinants |Φ|′ and |Φ̃|′ (5.48a), and the rescaling the matrices Φ′ and

Φ̃′ to ΦH and Φ̃H discussed in the previous step. Combining these contributions leaves us

with

M =

∫ ∏n
a=1(σa dσa)

Vol GL(2,C)

n∏
a=1

dsa
s3
a

|ΦH |jrem

jrem
|Φ̃H |qrem

qrem

k∏
i=1

δ2|8(λ̃i − siλ̃(σi)
) n∏
p=k+1

δ2
(
λp − spλ(σp)

)
,

(5.51)

where we have used the definitions of λ(σ) and λ̃(σ) familiar from above,

λ(σ) =

k∑
i=1

siλi
(σ σi)

, λ̃(σ) =

n∑
p=k+1

spλ̃p
(σ σp)

. (5.52)

As a last step, we will make a convenient choice for the reference spinors: Let {σwr |r =

0, . . . d} = {σl|l = 1, . . . , k}, and furthermore {σur |r = 0, . . . d̃} = {σq|q = k + 1, . . . , n}.

Note in particular that, with this choice of reference spinors, we do not encounter any

singularities, as wr = l 6= p for all r (and ur = q 6= i). The diagonal entries of the matrices

thus become

H̃pp ≡ Φ̃H
pp = −

∑
q=k+1,q 6=p

[p q]

(p q)
spsq ,

Hii ≡ ΦH
ii = −

k∑
j=1,j 6=i

〈i j〉
(i j)

sisj .

With these choices for the reference spinors, the matrices ΦH and Φ̃H coincide with H

and H̃. Again, let us remark briefly on the representation of the N = 8 supersymme-

try. Whereas the representation chosen here makes the full N = 8 supersymmetry of the
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amplitude manifest, the scattering amplitude derived from the ambitwistor string model

exhibits only manifest N = 7 supersymmetry. Note however that the two formulations are

equivalent; as in Yang-Mills, the N = 8 supermultiplet field content can be encoded in two

N = 7 superfields obtained by either integrating out or setting to zero η8
a. In particular, to

obtain the Nk-2MHV amplitude, we will integrate out η̃8
i and set η̃8

p = 0 for i ∈ {1, . . . , k},

p ∈ {k + 1, . . . , n}.

This concludes the proof of (5.42) for gravitational scattering amplitudes; we have shown

explicitly that for N = 8, the amplitude derived as the worldsheet correlation function of

an ambitwistor string yields the same result as the Cachazo-Skinner formula. However,

(5.42) constitutes a greatly simplified form, where the moduli have been integrated out.

Moreover, the formula is manifestly permutation invariant and localizes manifestly on the

support of the scattering equations, thereby highlighting the connection between the earlier

Cachazo-Skinner formula and the recently proposed CHY formulae.

Grassmannian and link representations. Before concluding the discussion of grav-

ity amplitudes from the ambitwistor string, let us briefly comment on the relation of the

representation for gravity amplitudes obtained here to the Grassmannian or link represen-

tations [14, 165]. These express the graviton Nk−2MHV amplitude as a multidimensional

contour integral over the Grassmannian G(k, n) in terms of link variables [166], reminiscent

of the connected prescription for N = 4 super Yang-Mills [167–174].

In the ambitwistor string, the Grassmannian and link representations are obtained from

choosing the external vertex operators to be constructed from elemental states. These are

pull-backs of twistor or dual twistor eigenstates, supported at points in twistor space and

are cohomology valued, f ∈ H1(PT,O(2h − 2)) and f̃ ∈ H1(PT∗,O(2h − 2)), and thus

correspond via the Penrose transform to fields on space-time. The prototypes for such wave

functions on twistor space are

fZi(Z) =

∫
ds

s2h−1
δ4|N (Zi − sZ) , fWi(Z) =

∫
ds

s2h−1
exp(sWi · Z) , (5.53a)

f̃Wi(W ) =

∫
ds

s2h−1
δ4|N (Wi − sW ) , f̃Zi(W ) =

∫
ds

s2h−1
exp(sZi ·W ) . (5.53b)

In particular, this gives rise directly12 to the Grassmannian-like representation (5.9) of [14]

when all external wave functions are obtained from twistors, with k vertex operators using

12With the same definition of the link variables as in [14].

92



fZi(Z), and n−k obtained from fWi(Z). Similarly, we obtain the link representation of [165]

from choosing all wave functions as exponential elemental states. These representations thus

emerge naturally from the ambitwistor string.

5.4 Four dimensional ambitwistor strings at null infinity

An interesting question to ask in the context of chapter 4 is whether there exists as well a

spinorial representation of ambitwistor strings in four dimensions tying into the asymptotic

structure of space-time. Since the twistorial representation of ambitwistor strings action is

constructed as the pull-back of the contact structure to the worldsheet, we can use the same

idea of identifying the cotangent bundle at null infinity with projective ambitwistor space,

and thus formulate the model with target space T ∗I . As in chapter 5, the ambitwistor

string gives a particularly beautiful and transparent geometric proof of the relation between

extended BMS symmetries and soft limits of the amplitudes from a worldsheet CFT per-

spective.

In four dimensions, adapting ambitwistor strings of section 5.1 and section 5.3 to null

infinity is perhaps more elegant, requiring no new coordinates. This model uses again the

twistorial representation of ambitwistor space. As above, we use the coordinates

Z = (µα̇, λα, χ
a) ∈ T and W = (λ̃α̇, µ̃

α, χ̃a) ∈ T∗ ,

where α = 0, 1 and α̇ = 0̇, 1̇ and a = 1 . . .N to represent ambitwistor space spinorially as

PA =
{

(Z,W ) ∈ T× T∗|Z ·W = 0
}/
{Z · ∂Z −W · ∂W } . (5.54)

With homogeneous coordinates (u, Pαα̇) on I as in chapter 4 (using the spinorial de-

composition of the vector index on P ) we have that the projection from this representation

of ambitwistor space to null infinity follows by setting [175]

u = −i〈λ µ̃〉 , ũ = i[λ̃ µ] , wpαα̇ = Pαα̇ = λαλ̃α̇ , (5.55)

where we have introduced the usual spinor helicity bracket notation to denote spinor con-

tractions, 〈λ µ̃〉 := λαµ̃
α and [λ̃ µ] := λ̃α̇µ

α̇. The spinorial representation here explicitly

solves the constraint P 2 = 0, and, working without supersymmetry, we see that on am-

bitwistor space u = ũ due to Z ·W = 0.
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5.4.1 Symmetries and Hamiltonians

Poincaré generators and supertranslations can easily be adapted to act on this representa-

tion of ambitwistor space. The Hamiltonian for the supertranslations δu = f(λ, λ̃) with f

of weight (1, 1) in this model is simply f itself as it induces the transformation

δµ̃α = i
∂f

∂λα
, so δu = λα

∂f

∂λα
= f ,

with the latter equality following by homogeneity. Superrotations can similarly be taken

to be those transformations generated by Hamiltonians Hr of weight (1, 1) that are linear

in (µ, χ) and in (µ̃, χ̃) but have more complicated dependence in (λ, λ̃), which will then of

necessity include poles. These Poisson commute with Z ·W on Z ·W = 0 as they have

weight (1, 1). Thus we obtain

Hr = [µ, r̃] + 〈µ̃, r〉 , (5.56)

for rα and r̃α̇ respectively weight (1, 0) and (0, 1) functions of (λ, λ̃). These are linear

functions respectively of λ̃ or λ for ordinary rotations or dilations but for superrotations

will be allowed to have poles and more general functional dependence on (λ, λ̃). Below we

will make the further requirement that

∂rα
∂λα

+
∂r̃α̇

∂λ̃α̇
=

∂2Hr

∂ZI∂WI
= 0 ,

which will ensure that we are working with SL(4) rather than GL(4).

In order to incorporate Einstein gravity in the worldsheet model, we introduce further

coordinates (ρ, ρ̃) ∈ T × T∗ of opposite statistics to (Z,W ) as in section 5.3 and perform

the symplectic quotient by the following further constraints

Z · ρ̃ = W · ρ = ρ · ρ̃ = 〈Z ρ〉 = [W ρ̃] = 0 , (5.57)

where 〈Z1Z2〉 = 〈λ1λ2〉 and [W1W2] = [λ̃1 λ̃2]. In this model, the symplectic potential is

Θ =
i

2
(Z · dW −W · dZ + ρ · dρ̃− ρ̃ dρ) .

In order to extend the supertranslations and superrotations to this space, we need to

extend the above Hamiltonians to commute with these further constraints on the constraint

submanifold. It can be checked that this can be done automatically by taking the Hamilto-

nians above and acting on them with 1 + ρ · ∂Z ρ̃ · ∂W . Thus for supertranslations we obtain

the extensions

(1 + ρ · ∂Z ρ̃ · ∂W )Hf = f + ρI ρ̃J
∂2f

∂ZI∂WJ
,
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and for superrotations we get

(1 + ρ · ∂Z ρ̃ · ∂W )Hr = [µ, r] + 〈µ̃, r̃〉+ ρI ρ̃J
∂2([µ, r] + 〈µ̃, r̃〉)

∂ZI∂WJ
.

5.4.2 The string model

As before we base the action on the symplectic potential so that the Poisson brackets will be

reflected in the conformal field theory OPEs. Since no additional coordinates were required

in four dimensions, the action is identical to the original ambitwistor string (5.6),

S =
1

2π

∫
Σ
W · ∂̄Z − Z · ∂̄W + aZ ·W + Sj , (5.58)

with Z ∈ Ω0(Σ,K
1/2
Σ ⊗ T), W ∈ Ω0(Σ,K

1/2
Σ ⊗ T∗) and the gauge field a enforcing the

constraint Z ·W = 0. Gauge fixing the action proceeds as discussed above, and in particular

the vertex operators are given by (5.11). The gravity sector of this model, as discussed in

section 5.2.1 is the Berkovits-Witten non-minimal version of conformal supergravity [8].

For Einstein gravity we also incorporate the (ρ, ρ̃) system described above to give the

gauge-fixed action (5.37),

S =
1

2π

∫
Σ
W · ∂̄Z − Z · ∂̄W + ρ̃∂̄ρ− ρ∂̄ρ̃+ b ∂̄c+

∑
a

βa∂̄γ
a . (5.59)

Recall in particular that here, we gauged all the currents (5.34)

Ka = (Z ·W,ρ · ρ̃, Z · ρ̃,W · ρ, 〈Zρ〉, [W ρ̃], 〈ρ ρ〉, [ρ̃ ρ̃]) ,

and gauge fixed all the gauge fields to zero, leading to the BRST operator

QBRST =

∫
cT + γaKa −

i

2
βaγ

bγcCabc .

The pull-back from twistor space and dual twistor space leads to vertex operators for self-

dual and anti self-dual fields (5.38). For future convenience, we will re-cast the integrated

vertex operators as

Vp =

∫
Σ

(1 + ρ · ∂Z ρ̃ · ∂W )
dtp
t3p
δ̄2(λp − tpλ(σp)) [λ̃(σp) λ̃p] eitp[µ(σp)λ̃p] , (5.60a)

Ṽi =

∫
Σ

(1 + ρ · ∂Z ρ̃ · ∂W )
dti
t3i
δ̄2(λ̃i − tiλ̃(σi)) 〈λ(σi)λi〉 eiti〈µ̃(σi)λi〉 , (5.60b)

which is easily seen to agree with the original definition in section 5.3.

95



The amplitude calculations for both Yang-Mills and gravity then reduce trivially to

those of the original four-dimensional ambitwistor string [38], thus yielding the expected

scattering amplitudes. Following the same strategy as in higher dimensions, the correlation

function will be evaluated by incorporating the exponentials of the vertex operators into

the off-shell action. For k insertions of Ṽ and n− k insertions of V, the equations of motion

determine λ(σ) and λ̃(σ) to be

λ(σ) =
k∑
i=1

tiλi
σ − σi

, λ̃(σ) =
n∑

p=k+1

tpλp
σ − σp

. (5.61)

As in the higher dimensional case covered in chapter 4, the ambitwistor string theory

naturally incorporates the geometry encoded in the Poisson structure via the singular part

of the OPE, due to the construction based on the symplectic potential. The discussion of

section 4.3.2 is therefore directly applicable in the four-dimensional case; any Hamiltonian h

generating a symplectic diffeomorphism on A preserves the symplectic potential. Therefore,

it has the correct weights in the fields to define a corresponding symmetry operator Qh.

In particular, the Hamiltonians for the extended BMS transformations discussed above will

lead to operators inducing the action of the diffeomorphism of I in the ambitwistor string.

5.4.3 Soft limits

BMS symmetries and soft limits were discussed in more detail in section 4.1. At this point,

we therefore just review briefly the spinorial representation of soft limits (4.2) and (4.3) in

four dimensional space-time.

As discovered in [112], the leading and subleading terms in the soft limit of tree-level

gravity amplitudes take the form

Mn+1 =
(
S(0) + S(1) + S(2)

)
Mn +O(s2) , (5.62)

where S(0) denotes the Weinberg soft limit, and S(1), S(2) are the subleading contributions,

S(0) =

n∑
a=1

[as]〈ξ a〉2

〈a s〉〈ξ s〉2
, (5.63a)

S(1) =
n∑
a=1

[a s]〈ξ a〉
〈a s〉〈ξ s〉

λ̃s ·
∂

∂λ̃a
, (5.63b)

S(2) =
1

2

n∑
a=1

[a s]

〈a s〉
λ̃α̇s λ̃

β̇
s

∂2

∂λ̃α̇a∂λ̃
β̇
a

. (5.63c)
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Moreover, the analogous expansion for tree-level Yang-Mills amplitudes is given by [116]

An+1 =
(
S(0) + S(1)

)
An +O(s) , (5.64)

where again S(0) denotes the Weinberg soft limit, and S(1) is the subleading contribution,

S(0) =
〈1n〉
〈s 1〉〈s n〉

, (5.65a)

S(1) =

(
1

〈s1〉
λ̃s ·

∂

∂λ̃1

+
1

〈ns〉
λ̃s ·

∂

∂λ̃n

)
. (5.65b)

Without loss of generality, we have chosen particles 1 and n to be adjacent to the soft

particle s.

In the following section, we will see how these soft theorems emerge from the ambitwistor

string, and tie into the asymptotic symmetries at null infinity.

Yang-Mills in 4d

Following the same strategy as in higher dimensions, we will again expand the integrated

vertex operators (5.11) in the soft gluon limit to show that the leading and subleading terms

correspond to generators of supertranslations and superrotations.

The scaling integral for the soft momentum occurring in the Yang-Mills vertex operators

can be performed explicitly against one of the delta functions with a choice of reference

spinors ξα or ξ̃α̇ to give ss = 〈ξ λs〉/〈ξ λ(σs)〉 (or its tilded version respectively). For V this

leads to

Vyms =

∫
Σ

〈ξ λ(σs)〉
〈ξ λs〉

δ̄(〈λs λ(σs)〉) exp

(
i
〈ξ λs〉[µ(σs)λ̃i]s

〈ξ λ(σs)〉

)
j · ts

=

∮
〈ξ λ(σ)〉

〈ξ λs〉〈λs λ(σs)〉
exp

(
i
〈ξ λs〉[µ(σs)λ̃s]

〈ξ λ(σs)〉

)
j · ts

= Vym,0s + Vym,1s + Vym,2s + . . . , (5.66)

where, as before, in the second line we have used the definition of δ̄,

δ̄(〈λs λ(σs)〉) = ∂̄
1

2πi〈λs λ(σs)〉
, (5.67)

to reduce the integral to a contour integral around 〈λs λ(σs)〉 = 0. In the last line we are
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expanding the exponential in the soft gluon limit λsλ̃s → 0. We obtain

Vym,0s =

∮
dσs

〈ξ λ(σs)〉
〈ξ λs〉〈λs λ(σs)〉

j · ts , (5.68a)

V ym,1
s =

∮
i[µ(σs)λ̃s]

〈λs λ(σ)〉
j · ts , (5.68b)

V ym,2
s =

∮
−〈ξ λs〉[µ(σs)λ̃s]

2

〈ξ λ(σs)〉〈λs λ(σs)〉
j · ts . (5.68c)

These can be thought of as singular gauge transformations, the gauge analogues of the

supertranslations and superrotations in the gravitational case below.

As we show in appendix B.3, a single insertion of the charges generating those singular

gauge transformations directly give the leading and subleading terms of the soft gluon limit:

〈
Ṽ1...ṼkVk+1...VnVym,0s

〉
=

〈1n〉
〈s1〉 〈sn〉

〈
Ṽ1...ṼkVk+1...Vn

〉
, (5.69a)〈

Ṽ1...ṼkVk+1...VnVym,1s

〉
=

(
1

〈s1〉
λ̃s ·

∂

∂λ̃1

+
1

〈ns〉
λ̃s ·

∂

∂λ̃n

)
×

×
〈
Ṽ1...ṼkVk+1...Vn

〉
. (5.69b)

Einstein gravity in 4d

In analogy to the discussion in Yang-Mills, we can identify the leading and subleading

terms in the soft expansion of the integrated gravity vertex operators as generators of

supertranslations and superrotations on I , with the corresponding Ward identities yielding

the soft graviton contributions found by Cachazo and Strominger [112].

Following through the same steps as before, we get

Vs =

∫
Σ

(1 + ρ · ∂Z ρ̃ · ∂W )
dt

t3
δ̄2(λs − tλ(σs)) [λ̃(σs) λ̃s] eit[µ(σs)λ̃s]

=

∫
Σ

(1 + ρ · ∂Z ρ̃ · ∂W ) δ̄(〈λs λ(σs)〉)
〈ξ λ(σ)〉2[λ̃(σ) λ̃s]

〈ξ λs〉2
e

(
i
〈ξ λs〉[µ(σ)λ̃s]
〈ξ λ(σs)〉

)

=

∮
(1 + ρ · ∂Z ρ̃ · ∂W )

〈ξ λ(σs)〉2[λ̃(σs) λ̃s]

〈ξ λs〉2〈λs λ(σs)〉
e

(
i
〈ξ λs〉[µ(σs)λ̃s]
〈ξ λ(σs)〉

)

= V0
s + V1

s + V2
s + . . . , (5.70)

where, as above, to get to the second line we have performed the s-integrals against one of

the delta functions with a choice of reference spinor ξα to find s = 〈ξ λs〉/〈ξ λ(σs)〉. To get

to the third line we have again used δ̄(〈λs λ(σs)〉) = ∂̄(1/〈λs λ(σs)〉). In the last line we are
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simply expanding out the exponential as before to find

V0
s =

∮
(1 + ρ · ∂Z ρ̃ · ∂W )

〈ξ λ(σs)〉2[λ̃(σs) λ̃s]

〈ξ λs〉2〈λs λ(σs)〉
, (5.71a)

V1
s =

∮
(1 + ρ · ∂Z ρ̃ · ∂W )

i〈ξ λ(σs)〉[λ̃(σs) λ̃s][µ(σs)λ̃s]

〈ξ λs〉〈λs λ(σs)〉
, (5.71b)

V2
s =

∮
(1 + ρ · ∂Z ρ̃ · ∂W )

[λ̃(σs) λ̃s][µ(σs)λ̃s]
2

〈λs λ(σs)〉
. (5.71c)

From the discussion in section 5.4.1, we can identify V0
s as a supertranslation generator,

and of V1
s as a superrotation. V2

s corresponds, as in higher dimensions, to the ‘square’

of a superrotation. As terms in the soft expansion of the vertex operators, all of these

contributions generate diffeomorphisms of A, but only V0
s and V1

s can be seen to arise from

Hamiltonian lifts of diffeomorphisms of I .

In the four-dimensional case, the transformations generated by superrotations are ac-

tually singular in the worldsheet coordinates. To see this, recall that in four dimensions, a

general superrotation corresponds to the Hamiltonian

Hr = [µ, r̃] + 〈µ̃, r〉 ,

for rα and r̃α̇ respectively weight (1, 0) and (0, 1) functions of (λ, λ̃). Comparing to the

generators in (5.71), we see that

[µ, r̃] =
〈ξλ〉
〈ξs〉 〈sλ〉

[
λ̃s
]

[µs] , 〈µ̃, r〉 =

[
ξλ̃
]

[ξs]
[
sλ̃
] 〈λs〉 〈µ̃s〉 .

Hence, rα and r̃α̇ have poles, which arise from the poles of (λ, λ̃), and this will continue to be

true for general functions which are weight (1, 0) and (0, 1) functions of (λ, λ̃), respectively.

Furthermore, the superrotation generators have the following OPE:

[µ, r̃](z) 〈µ̃, r〉 (w) =
1

(z − w)2 +
〈µ̃(w)s〉 〈ξλ(w)〉 / 〈ξs〉+ [µ(w)s]

[
ξλ̃(w)

]
/ [ξs]

z − w
+ ... .

As in general dimensions, this has the form of a Kac-Moody algebra, where the analogue

of the structure constants in (4.35) are now functions of the worldsheet coordinates.

With the vertex operators defined above for momentum eigenstates, an insertion of a

soft graviton leads to the following Ward identities or the generators of supertranslations
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and superrotations respectively,〈
Ṽ1...ṼkVk+1...Vn V0

s

〉
=

n∑
a=1

[as]〈ξ a〉2

〈a s〉〈ξ s〉2
〈
Ṽ1...ṼkVk+1...Vn

〉
, (5.72a)

〈
Ṽ1...ṼkVk+1...Vn V1

s

〉
=

n∑
a=1

[a s]〈ξ a〉
〈a s〉〈ξ s〉

λ̃s ·
∂

∂λ̃a

〈
Ṽ1...ṼkVk+1...Vn

〉
, (5.72b)

and we refer to appendix B.4 for more details on the calculation. These Ward identities

can immediately be seen to be equivalent to the leading and subleading terms in the soft

graviton limit.

In the sub-subleading case, V2
s generates a diffeomorphism of ambitwistor space cor-

responding to the ‘square’ of a rotation, but does not descend to I itself. Inserting it

into correlators yields at tree-level the sub-subleading soft graviton contribution found by

Cachazo and Strominger,〈
Ṽ1...ṼkVk+1...Vn V2

s

〉
=

1

2

n∑
a=1

[a s]

〈a s〉
λ̃α̇s λ̃

β̇
s

∂2

∂λ̃α̇a∂λ̃
β̇
a

〈
Ṽ1...ṼkVk+1...Vn

〉
. (5.73)

5.4.4 Brief comparison to the model of Adamo et al.

This four dimensional twistorial ambitwistor model is closely connected to the 2d CFT

recently proposed by Adamo, Casali, and Skinner [113], and extended to gauge theory

in [176]. Indeed, ambitwistor strings provide a very flexible framework and one can take

different coordinate realizations of the space of null geodesics, adding further variables and

corresponding constraints to bring out different structures or features. This can lead to quite

different realizations with different properties (as witnessed by the distinction between the

4d RNS model versus the twistoral one which manifests both the underlying conformal

invariance and its breaking). The general strategy of identifying the worldsheet action as

the chiral pull-back of a symplectic potential guarantees that Hamiltonians will give rise to

operators that can be realized in the worldsheet theory.

Their model also lives on a supersymmetric extension of the cotangent bundle of the

complexification of null infinity. This model uses a different presentation of the supersym-

metry, but the main coordinates can be identified from the symplectic potential Θ on T ∗I .

Thus we see for example that in their coordinates the symplectic potential is

Θ = w du+ χdξ + νA dλA + ν̃Ȧ dλ̃Ȧ + ψ̄A dψA +
¯̃
ψȦ dψ̃Ȧ , A = (α, a) ,
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and here a = 1, . . . , 4 is an R-symmetry index corresponding to a representation of N = 8

supersymmetry. We can clearly identify

Z = (λA, iν̃
Ȧ) , W = (−iνȦ, λ̃Ȧ) , ρ = (ψA,

¯̃
ψȦ) , ρ̃ = (ψ̄A, ψ̃Ȧ) ,

because the bosonic parts of λ and λ̃ are geometrically identical to that of the original

twistorial ambitwistor model, although the representation of supersymmetry is somewhat

different to the usual one on twistor space. There are additional variables (w, u) playing an

identical role to the (w, u) in the d-dimensional ambitwistor string model at I . These are

again associated with an additional constraint that can be used to eliminate them. They also

introduce a further pair of fields (χ, ξ). One can readily identify Z ·W = 〈Zρ〉 = [Wρ̃] = 0

constraints of the 4d ambitwistor string model amongst the gaugings in the ACS model.

There are nevertheless important distinctions. Firstly, the vertex operators are quite

distinct from ours, and secondly their formulae work with the worldsheet fields taking values

in line bundles of more general degree (ours are taken to be spinors on the worldsheet)

leading to a larger integral over moduli in the evaluation of scattering amplitudes. The

distinction between the vertex operators seems to be quite substantial and would appear

to correspond to a realization of linearized fields in H2 rather than in H1 as in the models

presented in this chapter.

Conceptually, the ACS model [113] is formulated in terms of radiative data at I , in-

cluding the asymptotic shear σ0 manifestly in its field content, whereas the model presented

here is more targeted towards scattering amplitudes, manifesting the interpretation of soft

gravitons giving rise to the Ward identities.

5.5 Discussion

Ambitwistor strings provide a chiral infinite tension limit of conventional strings. Here we

have formulated them in four space-time dimensions in terms of twistors and dual twistors,

leading to remarkably simple new formulae for tree amplitudes for (super) Yang-Mills and

(super) gravity. These are nontrivially related to previous twistor string formulae, as we

have seen in section 5.2.3 and section 5.3.2. Our gravitational formula is similar to the link

representation of [165], and so one can regard ambitwistor strings as providing the theory

underlying such representations. Moreover, the twistorial representation of ambitwistor

strings gives a particularly elegant framework for implementing the Ward identity relating
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asymptotic symmetries of an asymptotically flat four-dimensional space-time to low energy

theorems.

Comparison to the RNS model. There are many directions for future exploration. One

important question regards the representation of loop amplitudes. Although our model is

sufficient for computing tree-level amplitudes, in general it is noncritical and anomalous (the

gauge anomalies require N = 4 for the first model and N = 8 for the Einstein gravity model,

which suggest a doubling of the spectrum in our context). On the other hand, it is likely

that a critical, anomaly-free theory can be obtained by coupling to appropriate matter as

for example obtained by reduction from an anomaly-free theory in 10 dimensions [25,33,80].

Note in this context that the bosonic part of the action in spinorial representation emerges

naturally from the RNS ambitwistor string via Pαα̇ = λαλ̃α̇ and the incidence relations,

S ⊃ 1

2π

∫
Σ
P · ∂̄X =

1

2π

∫
Σ
λαλ̃α̇ ∂̄X

αα̇

=
1

2π

∫
Σ
λ̃α̇ ∂̄(Xαα̇λα)− λ̃α̇Xαα̇ ∂̄λα

=
1

2π

∫
Σ
λ̃α̇ ∂̄µ

α̇ − µ̃α ∂̄λα ≡
1

2π

∫
Σ
W · ∂̄Z .

(5.74)

Treating Z and W on an equal footing then gives rise to the bosonic part of the spinorial

ambitwistor action. However, completing the rest of the correspondence is still an open

problem. Nevertheless, the relation to the RNS ambitwistor string might make it possible

to represent loop amplitudes as integrals over higher genus moduli spaces.

Degree of the line bundle. An issue raised by the gauging associated with the gauge

field a is the validity of imposing a choice of degree for the line bundles on Σ in which the

worldsheet spinor fields (Z,W ) take their values.

The obvious alternative is to not gauge the current Z ·W , and instead restrict to am-

bitwistor space globally. This of course changes the interpretation of the model, which is

now a string theory with target space PT × PT∗. The final factor of GL(1,C) in the am-

plitude does not arise from a local gauge redundancy in this case, but rather from a global

symmetry. While we have chosen to gauge this current in the discussion above to make the

derivation of the factor of GL(2,C) transparent, this is a valid approach to take. However,

note that in the gravitational case, more care is needed since the current algebra only closes

after imposing that Z ·W = 0 globally.
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If we choose to gauge the current Z ·W on the other hand, we also have to sum over

the degree of line bundle L associated to the worldsheet gauge field a, with

Z ∈ Ω0(Σ, L⊗ T) , (5.75a)

W ∈ Ω0(Σ, L̃⊗ T∗) , (5.75b)

a ∈ Ω0,1(Σ) , (5.75c)

and where

L⊗ L̃ ∼= KΣ . (5.76)

This ties into the relation to RNS string mentioned above: since Pαα̇ ∈ Ω0(Σ,KΣ) is a

section of the worldsheet canonical bundle, there is no obvious split for λα and λ̃α̇, and thus

we take λα ∈ Ω0(Σ, L) and λ̃α̇ ∈ Ω0(Σ, L̃). Pαα̇ = λαλ̃α̇ ∈ Ω0(Σ,KΣ) then implies (5.76).

Let us thus consider the case where L is a line bundle of degree d. In this case, Z is of

degree d, and W of degree −d − 2. This affects the solutions to the equations of motion

from the effective action (5.16a) and (5.16b). In particular,

∂̄λ̃α̇ =
k∑
i=1

λ̃i,α̇ δ̄(−d−2,d)((σ σi)) , (5.77)

cannot be solved generically.13 However, integrating out the zero modes associated to the

field µ leads to additional delta function insertions in the path integral,

d∏
m=0

δ̄2

(
k∑
i=1

λ̃iCm(σi)

)
, (5.79)

where Cm(σ) are a basis of d + 1 linearly independent degree d polynomials. This implies

that the obstruction for solving for λ̃ vanishes.14 Moreover, these delta-functions restrict

the degree to d+ 1 6 k, since for d+ 1 > k, the amplitude has distributional support.

This strongly restricts the degrees of the line bundle L giving a non-trivial contribution,

since the terms with d + 1 > k vanish for generic momenta. A full investigation of the

13Here, we have introduced a generalised delta-function [72] of arbitrary homogeneity by

δ̄(m−1,−m−1)((σ σi)) =

(
σ

σi

)m
δ̄(−1,−1)((σ σi)) . (5.78)

This definition is well-defined since on the support of the delta-function σ is a non-zero multiple of σi.
14Note that the obstruction is given by the argument of the delta-functions due to

0 =

∫
∂̄
(
λ̃ Cm(σ)

)
=

∫ k∑
i=1

λ̃i δ̄(−d−2,d)((σ σi))Cm(σ) =

k∑
i=1

λ̃iCm(σi) .
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remaining degrees d 6 k − 1 however is still needed. Since the final expressions obtained

from correlators of the ambitwistor string as discussed above have been confirmed against

known formulae, this leaves two possibilities: one is that the contributions from all degrees

contribute equally, leading to an overall numerical factor. However, this seems unsatisfac-

tory, and one would like to argue that only one degree of the line bundle is contributing.

This could be fixed by the choice of external states, with the twistor string emerging from

taking all external states as twistor representatives, and the ambitwistor string from an

ambidextrous choice. Further research in this area would not only shed some light on these

issues, but could also further clarify the relation between the twistor and ambitwistor string

at the level of conformal field theories.

Non-zero cosmological constant and extension to other massless theories. An-

other direction is the generalization of our formulae to nonzero cosmological constant. The

choice of infinity twistor in our model already allows for this, leading to modifications in

the computation of the correlator. This could provide an efficient method for computing

tree-level correlation functions in AdS4 and dS4 that can be compared to the formulae

of [141,153,177] and may in turn have applications to the AdS4/CFT3 correspondence and

cosmology.

Moreover, it would be interesting to extend the twistorial representations in four dimen-

sions to a wider family of massless theories similar to chapter 3. An especially prominent

candidate theory is minimal conformal supergravity, since it can be used to derive graviton

scattering amplitudes on asymptotically de Sitter spaces [178]. An ambitwistor model for

minimal conformal gravity would thus allow us to access space-times with non-zero cosmo-

logical constant from a different direction. This also ties in with recent results [141] pro-

viding new twistorial representations for gravity scattering amplitudes in space-times with

non-zero cosmological constant. Moreover, twistorial representations of Einstein-Yang-Mills

tree amplitudes have been discovered recently [74]. It would be highly interesting to derive

these new formulae from ambitwistor string models.

Ambitwistor strings at null infinity. In the context of the representation of am-

bitwistor strings at null infinity, a natural direction to explore further is the relation
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to [113, 176]. Both models manifest different properties, and a more direct mapping be-

tween the two would give insights into how these properties arise in the opposite models.

Furthermore, recent progress has been made on understanding the algebra of soft limits de-

rived here from braiding of the soft vertex operators [179], and in obtaining 1-loop correction

to the subleading soft graviton theorem due to infrared divergences. This is of particular

interest in the context of recent developments in the study of loop amplitudes, developed

in chapter 6.

Moreover, the spinorial representation of the ambitwistor string in four dimensions pro-

vides the easiest setting in which the a full non-linear ambitwistor string could be explored,

obtained from gluing the ambitwistor space T ∗I −C to T ∗I +
C via the flow along real null

geodesics, see section 4.5.
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Chapter 6

Loop Integrands from the Riemann Sphere

The wide-ranging impact of ambitwistor strings on the study of amplitudes at tree-level

discussed in chapters 3 to 5 naturally raises the question whether, and how far, this progress

can be extended to loop amplitudes. Adamo, Casali and Skinner (ACS) [33] explored this

further, extending the powerful framework of the scattering equations to loop level using

the ambitwistor string, and leading to a conjecture for the one-loop integrand of type II

supergravity from genus one ambitwistor string correlators. But while the mathematical

framework describing ambitwistor strings on higher genus Riemann surfaces [33, 82, 91]

exhibits a conceptual simplicity and provides important evidence for the validity of the

resulting formulae, it is computationally challenging and obscures the relative simplicity of

the expected amplitudes.

Recall in this context the role the ambitwistorial representation of scattering amplitudes

play in relation to traditional approaches: they act as a third alternative to the combinato-

rial approach using Feynman diagrams, and the geometric problem posed by the integration

over the moduli space of marked Riemann surfaces in worldsheet models. In particular, the

localisation of the moduli space integrals on the scattering equations reduced the calcula-

tion of scattering amplitudes to a purely algebraic problem. This demonstrates very clearly

the origin of the complexity of the higher genus amplitudes: on higher genus worldsheets,

the algebraic scattering equations involve Jacobi theta functions that obscure the purely

rational representation of loop integrands. Despite the ACS one-loop proposal [33], the

description of loop amplitudes thus effectively remained a burning open question.

In this chapter, we will take a different approach, inspired by the localisation of the

amplitudes on the scattering equations, as well as the Feynman tree theorem [180] at one

loop: starting from the ambitwistor correlators on higher genus Riemann surfaces, the loop
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integrands can be reduced to expressions on nodal Riemann spheres, that exhibit a similar

complexity to tree-level amplitudes involving two particles for every loop momentum. This

is achieved by a multidimensional residue theorem relying crucially on the localisation of the

amplitude on the scattering equations. This residue theorem effectively moves the support

off ambitwistor space to allow for off-shell loop momenta.

We develop this idea into a widely applicable framework for loop integrands in quantum

field theories that localises the expressions on new off-shell scattering equations. Moreover,

we demonstrate that this framework not only gives the correct supergravity amplitudes,

thereby providing strong evidence for the ACS conjecture, but also extend it to include

super Yang-Mills integrands at leading trace, as well as non-supersymmetric theories. For

these non-supersymmetric one-loop formulae, we provide a systematic proof relying on the

factorisation properties of the nodal worldsheet underlying these formulae. These ideas

have a natural extension to higher genus, and we conclude on a proposal for an all-loop

integrand that would realise the primary motivation behind the Feynman tree-theorem -

expressing a higher loop amplitude as an object of a complexity comparable to a tree-level

amplitude.

Summary. More specifically, we will start with a brief review of the progress in formulat-

ing the ambitwistor string on the elliptic curve [33, 82, 91] in section 6.1. Building on this,

section 6.2 will develop the new mathematical framework for integrands from the nodal

Riemann sphere. To allow for the identification of a well-defined loop-integrand, we will

briefly review the scattering equations on the elliptic curve with a different representation

of the solution to the differential equation for the meromorphic differential P . The localisa-

tion of the formulae on the scattering equations then facilitates the application of a contour

integral argument for the complex structure τ of the elliptic curve, leading to new formulae

on a nodal Riemann sphere. In particular, these are supported on new off-shell scattering

equations determining both the marked points associated to insertions of external momenta

and the location of the nodes of the Riemann sphere that correspond to insertions of the

off-shell loop momentum. In this representation, the one-loop integrands of the scattering

amplitudes are manifestly rational functions of the external momenta, and achieve the goal

of having a similar complexity to tree-amplitudes.
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We demonstrate both the computational simplicity and the mathematical beauty of

this framework on nodal Riemann spheres in section 6.3 and section 6.4 by exploring these

amplitudes in more detail for both supersymmetric and non-supersymmetric theories. This

provides very strong evidence for the validity of the ACS one-loop fomula. For supersym-

metric theories in section 6.3, we derive supergravity amplitudes from the ACS one-loop

conjecture, with an integrand constructed from one-loop extensions of the CHY Pfaffians.

If one of the one-loop Pfaffians is replaced by a one-loop extension of the Parke-Taylor fac-

tor, super-Yang-Mills amplitudes are obtained. If both one-loop Pfaffians are replaced by

one-loop Parke-Taylor factors, it was shown by [181] (see also [182]) that certain subtleties

arise as additional degenerate solutions of the scattering equations contribute, and diagrams

with bubbles on the external legs need to be considered.

Non-supersymmetric theories are presented in section 6.4, where we provide a detailed

study of the individual contributions of the Neveu-Schwarz and Ramond sectors to the one-

loop amplitudes. We express the NS contribution as a reduced Pfaffian of CHY type for a

larger (n+ 2)× (n+ 2) matrix of co-rank two. The resulting formulae have been subjected

to various checks at low low particle number, and are proved systematically in section 6.5.

A subtlety that arises here follows from an analysis of [181] in which it is argued that

a degenerate class of solutions to the scattering equations might contribute non-trivially

for non-supersymmetric theories, and that of [182] who point out that on these degenerate

solutions there is a risk of divergence, and some regularization might be required. For our

proposed integrands we show (in the subsequent section) that no regularization is required

at the divergent solutions. Nevertheless, we propose that these degenerate solutions should

not be included as we see in our proof in the subsequent section that they do not contribute

to the Q-cuts [183], and so are not needed in the final formula. It seems most likely that they

correspond to degenerate contributions that will vanish under dimensional regularization

and are discarded in the Q-cut formalism.

In section 6.5, we provide a full proof at one loop for the n-gon conjecture, and for the

non-supersymmetric gauge, gravity and bi-adjoint scalar amplitudes. The basic strategy

is to study factorisation of the Riemann sphere. The one-loop scattering equations link

factorisation channels of the integrands, apart from the explicit1 1/`2, to degenerations of

the Riemann sphere. We can use this to identify all the poles involving the loop momentum

1where ` is the loop momentum
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and the corresponding residues. Moreover, similar factorisation ideas allow us to identify

the fall-off as `→∞. This immediately gives the poles and residues in the case of the n-gon

conjecture. For gauge and gravity amplitudes, we also need to study the the Parke-Taylor

factors and Pfaffians that arise. The poles and residues that we find give perfect agreement

with the Q-cut representation of the loop amplitude, as obtained recently in [183]. This

completes a proof of our formulae; the Q-cut procedure applied to our formula will yield

the correct Q-cut representation. We are restricted to a proof for the non-supersymmetric

theories since there are no closed-form formulae for tree amplitudes with two Ramond sector

particles.

To conclude, we give a brief discussion of the extension of these ideas to an all-loop

conjecture for the one-loop amplitudes of type-II supergravity and super Yang-Mills theory

in section 6.6. In particular, at g loops, these integrands have the same complexity as

n + 2g-particle tree-amplitudes. This realises and extends the primary motivation behind

the Feynman tree theorem [180], and initiates a program with the potential to resolve

long-standing questions regarding the UV behaviour of maximal supergravity.

6.1 Review of the ambitwistor string at genus one

In this section, we will review the ambitwistor string at genus one [33], including in particular

the proposals for loop amplitude expressions following strategies developed in string theory.

While at tree-level the gain might not yet be immediately obvious, the loop extension

beautifully highlights the benefit of an underlying mathematical structure and the strength

of worldsheet theory, leading to new insights and formulae. We will focus here on the

RNS ambitwistor string [33, 91], however, progress has also been made in the pure spinor

formalism [82].

Adamo, Casali and Skinner (ACS) [33] used the ambitwistor string to extended the

CHY formulae for type II supergravity in 10 dimensions to one-loop in terms of scattering

equations on an elliptic curve (and, in principle, to g-loops on curves of genus g). While

supergravity loop amplitudes are divergent without a suitable renormalisation scheme, the

origin of these divergences is well-understood and can be factored out, leaving finite inte-

grands obtained from the anomaly free ambitwistor worldsheet conformal field theory. We

will review the ACS one-loop proposal in this section, focussing on the one-loop scattering
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equations in section 6.1.1 and on the full integrands, localised again on the scattering equa-

tions, in section 6.1.2 (see also appendix D.1 for a general review of moduli space of curves,

especially focussing on genus one, and [65,162,184,185] for reviews of multiloop amplitudes

in string theory).

6.1.1 Scattering equations at genus one

To study the ambitwistor string at genus one, consider an elliptic curve Σq = C/{Z⊕ Zτ}

with complex coordinate z and modulus τ , where we have introduced for future convenience

the variable q = e2πiτ . We will discuss first the form of the scattering equations at genus one,

derived again from solutions to the defining equation (2.7) for the meromorphic one-form

Pµ ∈ Ω0(Σ,KΣ).

Recall from the discussion in section 2.2.2 that gauge fixing the α gauge symmetry leads

to insertions (2.44) in path integral. The gauge fixing functional vanishes at the insertion

points zi, giving an obstruction to setting e = 0 parametrised by

h0,1(Σ,TΣ(−σ1···−σn))∑
r=1

srµr , (6.1)

where µr is a basis of Beltrami differentials. In the case of genus one, the dimension of

the moduli space is h0,1(Σ, TΣ(−σ1 · · · − σn)) = n, and for the unmarked elliptic curve

h0,1(Σ, TΣ) = 1. We can thus choose n − 1 of the Beltrami differentials in the basis to

extract residues at marked points, similar to the choice at tree level. The remaining Beltrami

differential µ is then associated to (variations in) the complex structure parameter τ of the

elliptic curve:

δ̄

(∫
Σ
µP 2

) ∫
Σ
b̃µ = b̃0 δ̄

(
P 2(τ, z0)

)
, (6.2)

where z0 is an arbitrarily chosen reference point. By the Riemann-Roch theorem (2.54) at

genus one, the antighost b̃ has exactly one zero mode, which is absorbed2 by the insertion

of b̃. The delta-function in (6.2) is understood to be part of the scattering equations

at genus one, and fixes the integral over the modulus τ . Geometrically, the scattering

equations encode the same content as at genus zero, ensuring that the target space of the

ambitwistor string is indeed the space of complex null geodesics PA. To see this, note

that the meromorphic quadratic differential P 2 has again at most simple poles, since the

2The c and c̃ zero modes at genus one are absorbed by the insertion of one fixed vertex operator in the
correlator.

110



coefficients of the double poles vanish on-shell. The first n−1 scattering equations obtained

from the Beltrami differentials µi imply that the residues of P 2 at these simple poles vanish,

and thus P 2 must be globally holomorphic on Σ. On the elliptic curve, there exists a unique

holomorphic quadratic differential u dz, which is constant. The final scattering equation

P 2(τ, z0) is thus independent of the insertion point z0 and ensures that the constant u

vanishes. The scattering equations therefore encode the geometric information that P 2 = 0

everywhere, and the localisation on the support of the scattering equations ensures that the

target space of the chiral worldsheet model remains ambitwistor space at higher genus;

ResiP
2 = 0 i = 2, . . . , n and P 2(z0) = 0 . (6.3)

Indeed, this was to be expected, since it emerges as a direct consequence of the gauge fields

ẽ and χr implementing the quotient by the Hamiltonian vector fields D (and since the gauge

redundancy is not anomalous).

To find the explicit form of these scattering equations, we can again perform the (X,P )

path integral for a correlator with n vertex operator insertions. As at genus zero, the

integral over the zero modes of X yields an overall momentum conserving delta function

δ10(
∑

i ki), while the non-zero modes impose the constraint (2.7),

∂̄P = 2πidz
∑
i

ki δ̄(z − zi) . (6.4)

On the elliptic curve, this equation has the homogeneous solution `µdz where dz is the

unique holomorphic Abelian differential on the torus Σq = C/{Z ⊕ Zτ}. The general

solution to (2.7) is therefore given by the sum over the zero modes and inhomogeneous

solutions,

Pµ(z) = 2πi`µdz +
n∑
i=1

ki,µ S̃1(z, zi|τ) . (6.5)

Here, we have chosen a representation where S̃1 is the PX propagator on the genus one

Riemann surface, [33],

S̃1(z, zi|τ) =

(
θ′1(z − zi; τ)

θ1(z − zi; τ)
+ 4π

Im(z − zi)
Im(τ)

)
dz , (6.6)

where θ1(z; τ) are the Jacobi theta functions associated with the spin structure ααα = 1, see

(6.16). Note that S̃ is indeed meromorphic in z since the term proportional to Im(z) vanishes

by momentum conservation, and is invariant under modular transformations S̃1(z, zi|τ) =

S̃1(z, zi|τ + 1) = S̃1(1
z ,

1
zi
| − 1

τ ) (see appendix D.1 for a brief review of the modular group).
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An alternative proposal [91] uses instead the purely holomorphic Szegő kernel for the spin

structure ααα = 1,

S̃1(z, zi|τ) = S1(z, zi|τ) =
θ′1(z − zi; τ)

θ1(z − zi; τ)
dz . (6.7)

As argued in [91], this choice is necessary to reproduce the correct pole structure of the field

theory integrand. Moreover, [91] clarifies the relation of (6.3) to the scattering equations to

the genus one scattering equations found by Gross and Mende.

The scattering equations completely localise the integral over the n-dimensional moduli

space M1,n. Therefore, the introduction of `µ as zero modes of P is of crucial importance,

since they are explicitly integrated over after the correlator is calculated, and will acquire

the interpretation of a loop momentum. This provides an important distinction from usual

string theory, which is UV finite.3 Since the moduli integral in the ambitwistor string

includes these zero modes, it is non-compact, and can thus potentially give rise to the UV

divergences of field theory.

6.1.2 One-loop scattering amplitudes

Before discussing the one-loop correlation function, recall that on the elliptic curve, we get

two contributions from different spin structures for the fermions.4 In particular, there are

22 = 4 spin structure, three even ones with ααα = 2, 3, 4 and one odd one, ααα = 1, that we will

treat separately.

The odd spin structure, characterised by the fermions being periodic around each non-

trivial cycle, only contributes for n > 5 due to the zero modes of the fermion fields Ψr,

and won’t be relevant for the remainder of this thesis. We therefore refer to the original

work [33] for a complete discussion.

For the even spin structures, the fermionic fields do not acquire zero modes, but both

the ghosts and antighosts of the (b, c) and (b̃, c̃) systems develop a constant zero mode.

3The Deligne Mumford compactification of moduli space of marked curves includes the singularities on
boundary, but these correspond to IR divergences, see appendix D.1 for a very brief review and e.g. [65] for
more details. (Also, [186] provides a nice heuristic point of view.)

4A general manifold has to fulfil a topological condition to allow for spinors. In particular, the transition
functions of the tangent frame bundle must have a lift from SO(d) to its double cover Spin(d). If this holds,
the set of transition functions is known as the spin structure. Riemann surfaces are spin, and in general
admit more than one spin structure. We can classify the spin structures in terms of periodic and antiperiodic
boundary conditions for the fermions around the generators of the Riemann surface. This corresponds to
22g choices at genus g, and thus there are 22g spin structures. Note that both periodic (Ramond) and
antiperiodic (NS) boundary conditions transform irreducibly under modular transformations.
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As discussed above, these are absorbed for the ghosts by the insertion of one fixed vertex

operator in the correlation function, while the insertion in path integral originating from

the gauge fixing absorb the antighost zero modes. The correlator is therefore given by

M(1),even
n =

〈
b0b̃0 δ̄(P

2(z0)) cc̃V1(z1)
n∏
i=2

Vi

〉
. (6.8)

Due to the absence of fixed vertex operators, the correlators of the fields Ψr give rise to full

Pfaffians, whilst the non-trivial partition function at genus one contributes Zααα;βββ. Imposing

the standard type IIB GSO projection,5 the amplitude, stripped off the overall momentum

conserving delta function, becomes

M(1),even
n =

∫
d10` ∧ dτ δ̄(P 2(z0))

n∏
i=2

δ̄ (ki · P (zi)) Iq , (6.10)

where the integrand is given by

Iq =
∑

ααα,βββ=2,3,4

(−1)ααα+βββZααα;βββ(τ)Pf (Mααα)Pf (M̃βββ) . (6.11)

The integrand, obtained from the CFT correlator of the vertex operators, is thus given as a

sum over products of Pfaffians for even spin structures, weighted by partition functions of

the same spin structure. It depends, just as at tree level, only on the kinematics, polarisation

and insertion points of the external particles. Let us highlight again that due to the trivial

XX OPE, the theory does not contain massive states, hence there are only massless states

propagating in the loop. As discussed above, the scattering equation completely localise

the integral over the n-dimensional moduli space M1,n, hence the only integration to be

performed is the one over the zero modes `µ of Pµ.

The Pfaffians in the integrand Iq are given by

Mααα =

A −CT

C B

 , (6.12)

5Hence, in absence of vertex operators, the partition function takes the form

ZIIB =

(
Z1 +

∑
ααα=2,3,4

(−1)α
ααZααα

)Z̃1 +
∑

βββ=2,3,4

(−1)β
ββZ̃βββ

 . (6.9)

Therefore, the one loop zero-point correlation function vanishes due to the Jacobi vanishing identity, and
thus there is no one-loop contribution to the space-time cosmological constant.
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with entries, for i 6= j,

Aij = ki · kjSααα(zij |τ) , Bij = εi · εjSααα(zij |τ) , Cij = εi · kjSααα(zij |τ) , (6.13)

Aii = 0 , Bii = 0 , Cii = εi · `dzi +
∑
j 6=i

εi · kjS̃1(zij |τ) .

Here, the Szegő kernels Sααα are the torus free fermion propagators for the respective spin

structures, interchanged under modular transformations.

Sααα(zij |τ) =
θ′1(0; τ)

θ1(zij ; τ)

θααα(zij ; τ)

θααα(0; τ)

√
dzidzj . (6.14)

The tilded matrix M̃ααα is defined as Mααα, but with different polarisation vectors ε̃, such that

the polarisation tensors εµνi = εµi ε̃
ν
i correspond to the NS-NS states of supergravity, gravi-

ton, the dilaton and the B-field. In terms of εµν , the dilaton corresponds to the trace part,

the B-field to the skew part, and the graviton to the traceless symmetric part.

The partition function for the ααα;βββ spin structure receives a contribution of 1/η(τ)16

from the (P,X) system, and θααα(0|τ)4/η(τ)4 from each of the Ψr fermion systems, where

the powers of the Dedekind eta function are given by twice and one-half the transverse

directions of 10 dimensional Minkowski space. The full Zααα;βββ then take the form

Zααα;βββ(τ) =
1

η(τ)16

θααα(0|τ)4

η(τ)4

θβββ(0|τ)4

η(τ)4
, (6.15)

where, for q = e2iπτ , the Dedekind eta function and the Jacobi theta functions are given by

θααα(z|τ) =
∑
n∈Z

q
1
2

(n−a/2)2
e2iπ(z−b/2)(n−a/2) , (6.16)

η(τ) = q1/24
∞∏
n=1

(1− qn) . (6.17)

Here, ααα = 3, 4, 2 := (a, b) = (0, 0), (0, 1), (1, 0) denote the even spin structures and ααα = 1 :=

(1, 1) is the odd characteristic, corresponding to periodic (1) and antiperiodic (0) boundary

conditions around the non-trivial cycles of the elliptic curve.

An important characteristic of the amplitude (6.10) is its modular invariance: if under

transformations T : (z|τ) → (z|τ + 1) and S : (z|τ) → ( zτ | −
1
τ ), we require `µ → τ`µ such

that the zero modes `µdz of the meromorphic one-form Pµ do not transform,6 the ampli-

tude is modular invariant. Therefore, the integration region for the modular parameter τ

6Note however that care is needed with the definition of the integration cycle for the loop momentum.
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of the elliptic curve is given by the fundamental domain F , see fig. D.1. Note that the only

boundary of F is at =(τ) =∞, or q = 0, corresponding to the non-separating degeneration

pinching a generating cycle of the elliptic curve.

Strong evidence for the validity of this formula was given in [33] by studying its fac-

torisation properties. Moreover, in [91], it was shown that for n = 4, as in conventional

string theory, the integrand Iq is independent of zi and q, and factors out of the integral.

Moreover, the formulae were shown to reproduce the known integrands of four-points su-

pergravity amplitudes at a triple cut. The non-trivial remaining integral for four particles

is the n = 4 version of the more general integral

M(1)
n−gon =

∫
dd` dτ δ̄(P 2(z′0))

n∏
i=2

δ̄(ki · P (zi))dz
2
i , (6.18)

where the integral can be checked to be modular invariant in the dimension d = 2n + 2.

In [91], this was conjectured to be equivalent to a sum over permutations of n-gons and, if

true at n = 4, this would confirm the 4-particle supergravity conjecture at one loop.

This chapter not only provides the missing proof that the ambitwistor string at genus one

(6.10) reproduces supergravity amplitudes, but also develops a completely new approach to

loop scattering amplitudes in massless theories, reformulating them not as arising from a

higher genus worldsheet, but rather from nodal Riemann spheres. This result relies crucially

on the localisation on the scattering equations, and significantly reduces the (manifest)

complexity of loop amplitudes.

6.2 Loop integrands from the nodal Riemann sphere

As discussed above, the scattering equation completely localise the integral over the n-

dimensional moduli space M1,n and thus restrict the integral to a sum over a discrete set of

solutions. While Galois theory guaranteed a rational result at genus zero, this is obscured at

one loop: how do rational integrands emerge from sum over solution to scattering equations,

that contain Jacobi theta functions? We will see that the answer takes a surprising form:

on the support of the scattering equations, we can use a residue theorem to localise the

amplitude on the boundary of the moduli space F for the modulus τ , corresponding to a
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non-separating degeneration to a nodal Riemann sphere. Loop amplitudes thus have the

same complexity as tree-amplitudes, albeit with effectively more external particles.

To develop this new framework, we first need to reformulate the scattering equations in a

manifestly doubly periodic and holomorphic form in section 6.2.1. The localisation on these

holomorphic doubly periodic scattering equations provides the basis for the application

of the residue theorem that reformulates the amplitude on a nodal Riemann sphere, see

section 6.2.2. As a first, non-trivial check, we will use this to prove the n-gon conjecture

(6.18) of [91].

6.2.1 The scattering equations on a torus

In this section, we define holomorphic and single-valued scattering equations on a torus.

These are motivated by the definitions (6.6) and (6.7) given in [33, 91], but the definition

has been changed to ensure that they are holomorphic and single-valued on the torus with

a well defined loop momentum.

On the elliptic curve Σq = C/{Z⊕Zτ} with q = e2πiτ , we obtain the scattering equations

by solving (2.7) for the meromorphic one-form P (z, zi|q) on Σq,

∂̄P = 2πi
∑
i

ki δ̄(z − zi)dz , (6.19)

where the delta function is defined as in (2.15). Again parametrising the zero modes of P

by ` ∈ R1,d−1, we can use momentum conservation to express the solution in a manifestly

holomorphic and doubly-periodic manner,

Pµ(z, zi) = 2πi `µdz +
n∑
i=1

ki,µ S̃1(z, zi|τ) , (6.20)

where

S̃1(z, zi|τ) =

(
θ′1(z − zi)
θ1(z − zi)

+
θ′1(zi − z0)

θ1(zi − z0)
+
θ′1(z0 − z)
θ1(z0 − z)

)
dz . (6.21)

Here the prime denotes ∂/∂z, z0 is a choice of reference point, and the Jacobi theta functions

θααα were defined in (6.16). Since θ1(z) ∼
z→0

z, the meromorphic one-form Pµ has poles at

z = zi for i = 1, . . . , n. However, momentum conservation implies that the coefficient of

θ′1(z0 − z)/θ1(z0 − z) is in fact zero, so P is holomorphic at z0. We include the last term to

make the double periodicity manifest. Theta functions are trivially periodic under z → z+1,

but under z → z + τ we have

θ′(z + τ)

θ(z + τ)
=
θ′(z)

θ(z)
− 2πi . (6.22)
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It is easy to see that our expression for P is doubly periodic in z as a consequence of

momentum conservation, but it is also doubly periodic in the zi as a consequence of the

extra last term involving the reference point in (6.20).

Using this, we define the scattering equations to be

ResziP
2(z) = 2ki · P (zi) = 0 , i = 2, . . . , n (6.23a)

P 2(z′0) = 0 . (6.23b)

where z′0 is another choice of reference point. Because the sum of residues of P 2 vanishes, the

first scattering equation Resz1P
2 = 0 follows from (6.23a). Translation invariance moreover

implies that we can fix the location of z1 arbitrarily. Next note that on the support of

the other scattering equations (6.23a), P 2(z′0) is global and holomorphic in z′0 and hence

independent of the choice of reference point. Therefore, the last scattering equation (6.23b)

serves to determine the complex structure τ of the torus.

Some remarks are in order here. Since our P is meromorphic and doubly periodic both

in z and the zi, so are the scattering equations.7 It differs from the previous versions (6.6)

and (6.7) in the choice of an additive ‘constant’ term in ` that depends on the zi and ki.

The ACS version (6.6) is not holomorphic in the zi; this leads to non-holomorphic scattering

equations and it was argued in [91] that they do not give the correct 1/`2 pole structure. A

holomorphic version (6.7) was proposed there for which factorisation was checked, which is

also the version used in [26]. However, that version is not doubly periodic so the scattering

equations are not well defined on the elliptic curve for fixed constant loop momentum `;

there are different numbers of solutions on the different fundamental domains of the lattice

as well as those related by SL(2,Z) as observed numerically in [91].8

With this version of the scattering equations, the ACS proposal for the one-loop in-

tegrand of type-II supergravity amplitudes (6.10) is not only modular invariant, but also

doubly periodic in the marked points zi.

7An earlier version presented in [39] is holomorphic and doubly periodic, but concerns were raised about
factorisation by Adamo, Casali & Skinner. We would like to thank them for suggesting this approach.

8This fact leads to a well-known apparent ambiguity in the definition of the loop momentum in all first
quantized theories (worldline, strings [184]). This ambiguity drops out of the physical observables after
integration of the loop momentum and does not alter the modular properties of the string amplitudes.
However, the case of the first quantized ambitwistor string is undoubtedly more subtle because of the
presence of the scattering equations and the fact that we must integrate only over a real contour in the loop
momentum variable. Therefore we must proceed by making two assumptions. Firstly, we must cure the
ambiguity in the loop momentum in the integrand by defining P by (6.20). Secondly, we want to define
the integration cycle of the theory (in the sense of [26, 65]) as including only the solutions to the scattering
equations in the fundamental domain, as described below.
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6.2.2 From a torus to a Riemann sphere

Here we use a residue theorem (or integration by parts in our notation) to reduce the formula

(6.8) on the elliptic curve to one on the nodal Riemann sphere at q = 0. The argument

relies on the intuitive fact that the scattering equation imposed by δ̄(P 2(z0)) has a separate

status from the others, serving to fix τ , and can be analysed on the τ−plane alone. We

can use a residue theorem to convert it into an equation enforcing q = 0. Such ‘global

residue theorems’ have already been applied to tree-level CHY formulae by [63] to relate

the scalar CHY formulae to their Feynman diagrams. We apply the same strategy here, and

we reduce the ACS conjecture (6.8) to a formula for the one-loop integrand based on off-

shell scattering equations on a nodal Riemann sphere.9 These one-loop off-shell scattering

equations strongly resemble the tree-level ones, but explicitly depend on off-shell momenta

associated to `.

1
2-1

2

τ
↔

Figure 6.1: Residue theorem in the fundamental domain.

In order to obtain a formula for the amplitude on the Riemann sphere, we need the

integrand Iq := I(. . . |q) to be holomorphic as a function of q on the fundamental domain

Fτ = {|τ | ≥ 1,<(τ) ∈ [−1/2, 1/2]} for the modular group. In the case of the n-gon

conjecture investigated below, Iq = 1, and holomorphicity is obvious. For supergravity,

however, Iq is a product of two one-loop analogues of CHY Pfaffians that in particular have

9In fact, they are a forward limit of those of [102].
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many contributions of the form 1/θ1(zi − zj), which provide potential poles when zi → zj ,

and it is conceivable that as q varies, these might lead to poles in q. However, such poles

are suppressed by the scattering equations for generic choices of the momenta. As zi → zj

for i, j ∈ I and I some subset of 1, . . . , n, Pµ is well approximated by its counterpart on the

Riemann sphere near the concentration point, and it is easily seen that such factorisation

of the zi can only occur if the corresponding partial sum of the momenta for i ∈ I becomes

null. See section 6.5 for a detailed discussion of the argument. Thus, for generic momenta

ki, we cannot have zi → zj on the support of ki · P (zi) = 0, and so the integrand Iq has no

poles.

It was shown in [33] that the holomorphicity of the supergravity integrand at q = 0

is a consequence of the GSO projection. For other values of q, the possible poles in the

integrand can only occur when zi → zj . However, the standard factorisation argument [63]

implies that this can only happen when the momenta are factorising, and hence non-generic.

The main argument is then the following global residue theorem in q:

M(1)
SG =

∫
Iq dd`

dq

q
∂̄

(
1

2πiP 2(z′0)

) n∏
i=2

δ̄(ki · P (zi))dzi

= −
∫
Iq dd` ∂̄

(
dq

2πiq

)
1

P 2(z′0)

n∏
i=2

δ̄(ki · P (zi))dzi

= −
∫
I0 d

d`
1

P 2(z′0)

n∏
i=2

δ̄(ki · P (zi))dzi

∣∣∣
q=0

. (6.24)

In the first line, we put dτ = dq/(2πiq) and inserted the definition of δ̄(P 2(z′0)). In the

second line, we integrated by parts in the fundamental domain F , yielding a delta function

supported at q = 0 that is then integrated out. The boundary terms cancel because of the

modular invariance. This is equivalent to a contour integral argument in the fundamental

domain F , as in figure fig. 6.1. The sum of the residues at the poles of 1/P 2(z′0|q) simply

gives the contribution from the residue at the top, q = 0, since the contributions from the

sides and the unit circle cancel by modular invariance.

→

Figure 6.2: The residue theorem maps from an elliptic curve to a nodal Riemann sphere.
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The fundamental domain for z maps,

σ = e2πi(z−τ/2) , (6.25)

to {e−π=τ ≤ |σ| ≤ eπ=τ}, with the identification σ ∼ qσ. As q → 0, we obtain σ ∈ CP1

with σ = 0,∞ identified, giving a double point corresponding to the pinching of Σq at a

non-separating degeneration as illustrated in figure 6.1 and fig. 6.2. We have dz = dσ
2πiσ and,

at q = 0,
θ′1(z − zi)
θ1(z − zi)

dz =
π

tanπ(z − zi)
dz = − dσ

2σ
+

dσ

σ − σi
. (6.26)

Using momentum conservation we obtain

P (z) = P (σ) = `
dσ

σ
+

n∑
i=1

ki dσ

σ − σi
, (6.27)

where here we have translated ` by10
∑

i ki cotπzi0.

If we now consider the meromorphic quadratic differential P 2(σ), we find that it has

double poles at 0, ∞ (along with the usual simple poles at σi). Defining

S = P 2 − `2 dσ2

σ2
, (6.28)

S now has only simple poles. The vanishing of the residues of S gives the off-shell scattering

equations

0 = ResσiS = ki · P (σi) =
ki · `
σi

+
∑
j 6=i

ki · kj
σi − σj

. (6.29)

Again, the sum of the residues of
∑
σασβS must vanish with σα = (1, σ) in affine coordi-

nates, and thus the equations for i = 2, . . . , n imply the vanishing of the residues of S at

σ1, 0 and ∞. Therefore, any n − 1 of the scattering equations imply all n + 2. Since S is

holomorphic and of negative weight, it vanishes, and hence P 2 = `2 dσ2/σ2. Geometrically,

the contour integral argument thus takes the correlator off ambitwistor space. This is re-

flected in the interpretation of the residues of the new poles in P as off-shell loop momenta.

In particular, Pµ strongly resembles the tree-level solution, though with two off-shell legs

with equal/opposite momentum associated to the node of the Riemann sphere.

With these off-shell scattering equations, the one-loop formula (6.24) becomes

M(1)
SG = −

∫
I0 d

d`
1

`2

n∏
i=2

δ̄(ki · P (σi))
dσi
σ2
i

, (6.30)

10This was the extra term included in ` to make P doubly periodic at constant `. In this limit on the
Riemann sphere, it no longer plays a useful role and corresponds to taking σ0 = e2iπz′0 →∞.
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where we have used the identity δ̄(λf) = λ−1δ̄(f) to give δ̄(ki·P (zi))dzi = δ̄(ki·P (σi))dσi/σ
2
i .

The formula (6.30) is our new proposal for the supergravity loop integrand, with I0 the

q = 0 limit of the ACS correlator.

The simpler ‘n-gon’ conjecture presented in [91] is given by I0 = 1. For both this and

supergravity, modular invariance is no longer an issue on the Riemann sphere, and the new

formulae make sense in any dimension. However, the link to a formula on the elliptic curve

will only be valid in the critical dimension.

Since, at this stage, the formula does not require modular invariance any more, it is

strongly suggestive of a framework widely applicable in massless scattering. Similar to

tree-level, the one-loop off-shell scattering equations and the measure form the universal

backbone, while the integrand I0 specifies the theory. Moreover, note that (6.30) has man-

ifestly the same complexity as a tree-level amplitude with n + 2 external particles! This

signifies a huge simplification in comparison to (6.8) that allows us to check the conjecture

directly. Below, we will discuss several different theories, starting from the simplest n-gons

and then proceeding with supersymmetric and non-supersymmetric gravity and Yang-Mills

theory amplitudes.

Let us include a few more comments at this point clarifying the relation to string theory.

The integration by parts localises the amplitude on q = 0. This is also the regime in full

string theory where one extracts the field theory or α′ → 0 limit of the amplitudes. The

difference here is that this limit is obtained by application of the residue theorem, so we

are not discarding any terms, whereas in string theory we would be projecting out the

contribution of massive states running in the loop by doing so. At the moment it is unclear

if the similarity between the method we use here and string theory is just a consequence of

the fact that both strings are physical and hence factorise properly at the boundary of the

moduli space, or if this goes deeper. In any case, the similarity between the α′ → 0 limit

and our integration by parts will allow us to reuse some standard technology from string

theory.11

11Several restrictions apply; there is no fully fledged well defined heterotic ambitwistor string (see ap-
pendix D.3), there are no winding modes which can become massless at self-dual radii in compactifications
to enhance abelian to non-abelian gauge groups, see appendix D.5, and it is yet unknown how to include
the contribution of non-perturbative states of supergravity.
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6.2.3 A first check: the n-gon conjecture, partial fractions and shifts

The question arises as to how the ` appearing in (6.30) relates to the loop momentum flowing

in any given propagator. We will see that the answer requires a new way of expressing one-

loop amplitudes. The expression (6.30) is a representation of the one-loop contribution

to the scattering amplitude of a theory specified by I0. In this subsection, we consider

the integrand I0 = 1, which was conjectured in [91] to give rise to a permutation sum of

polygons. When n = 4, the n-gon conjecture implies the supergravity conjecture [91].

For n = 4, the off-shell scattering equations can be solved exactly with two solutions12

given explicitly in appendix D.2.1. After substituting into (6.30), this yields

M̂(1)
4 =

1

`2

∑
ρ∈S4

1

2` · kρ(1)(2` · (kρ(1) + kρ(2)) + 2kρ(1) · kρ(2))(−2` · kρ(4))
, (6.31)

where we defined the loop integrand as M̂(1),

M(1) =

∫
dD` M̂(1). (6.32)

This result is not obviously equivalent to the permutation sum of the boxes

I1234 =
1

`2(`+ k1)2(`+ k1 + k2)2(`− k4)2
, (6.33)

as the only manifest propagator inM(1)
4 is the pre-factor 1/`2, and all the other denominator

factors are linear in `. However, the partial fraction identity13

1∏n
i=1Di

=

n∑
i=1

1

Di
∏
j 6=i(Dj −Di)

, (6.35)

can be applied to a contribution such as (6.33). The right-hand-side of this identity is a

sum of terms with a single factor of the type Di = (` + K)2, and several factors of the

type Dj −Di = 2` ·K +O(`0), where K denotes a partial sum of the momenta. We then

perform a shift in the loop momentum for each term such that the respective Di is simply

`2. Applying this procedure to the permutation sum, we precisely obtain M̂(1)
4 .

12This problem is identical to that arising in factorisation as studied in [91] except that now ` is off-shell.
It was conjectured there to have (n− 1)!− 2(n− 2)! solutions giving 2 at n = 4.

13This identity is easily proven by induction. Equivalently, it can also be derived from a residue theorem
argument in the following integral [183]:

1

2πi

∮
|z|=ε

1

z
∏n
i=1(Di − z)

. (6.34)
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We are now in a position to address the n-gon conjecture of [91]. It states that I=1

corresponds to a permutation-symmetric sum of n-gons, which can be written as

M̂(1)
n-gon =

1

`2

∑
ρ∈Sn

1∏n−1
i=1

(
2` ·

∑i
j=1 kρi +

(∑i
j=1 kρi

)2
) . (6.36)

This can be verified analytically at four points, using the explicit solutions to the scattering

equations in appendix D.2.1, and numerically at five points. We will see later in (6.94) that

this equality can be proved directly by factorisation arguments.

The n = 2 and 3 examples are also instructive. The bubble (2-gon) example gives14

1

`2(`+K)2
=

1

`2(2` ·K +K2)
+

1

(`+K)2(−2` ·K −K2)

shift−→ 1

`2

(
1

2` ·K +K2
+

1

−2` ·K +K2

)
, (6.37)

where a shift `→ `−K was applied to the second term. If K is null, the bubble vanishes,

which is also the result of dimensional regularisation. The triangle (3-gon) with massless

corners, k2
1 = k2

2 = k2
3 = 0, also vanishes:

1

`2(`+ k1)2(`− k3)2

shift−→ − ` · (k1 + k2 + k3)

4 `2(` · k1)(` · k2)(` · k3)
= 0. (6.38)

In general, the loop momentum dependence of typical integrands is not restricted to

propagator factors in the denominator, and numerators of theories like gauge theory or

gravity depend on `. The loop momentum in the numerators should thus also be shifted.

For more general amplitudes, this can be achieved with a shift in the loop momentum

together with a contour integral argument, and this has been explored and considerably

generalised in [183] and reviewed in section 6.5.

6.3 Supersymmetric theories

Supergravity and Yang-Mills one-loop amplitudes can be expressed on the Riemann sphere

using different choices for I0 in (6.30). While the former are readily derived from the type

II RNS ambitwistor string, the Yang-Mills one cannot be derived from a full ambitwistor

string calculation due to the corrupted gravity in the heterotic model (see some motiva-

tional comments in appendix D.3). We show that these integrands pass several non-trivial

consistency checks, and demonstrate that they factorise on the correct poles in section 6.5.

14Henceforth, we use a capital symbol K to distinguish a possibly massive momentum.
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6.3.1 Supergravity

Let us start by recalling the form of genus-one graviton amplitudes in ambitwistor string,

as derived by ACS in [33] and reviewed in section 6.1. As in the usual RNS string, the

worldsheet correlator incorporates a GSO projection to remove the unwanted states. The

integrand Iq, derived from the worldsheet correlator of the vertex operators, is a sum over

spin structures on the torus. The odd-odd spin structure gives a fermionic 10-dimensional

zero-mode integral that leads to a 10-dimensional Levi-Civita ε symbol. This will vanish if

all the polarisation data and external kinematics are restricted to 7 dimensions or less.15 For

simplicity we will assume this in the following16 and focus only on the even spin structures

labelled by ααα = 2, 3, 4. With this, the ACS proposal for the amplitude explicitly reads as

(6.10) with

Iq :=
1

4

∑
ααα;βββ=2,3,4

(−1)ααα+βββZααα;βββ(τ) Pf(Mααα) Pf(M̃βββ) , (6.39)

where the numerical factor of 1/4 comes from the two GSO projections. The vertex opera-

tors are naturally a product of two factors, and since these two parts essentially decouple,

the full correlator decomposes also as a product as follows:

Iq = ILq IRq , with ILq =
1

2
(Z2 Pf (M2)− Z3 Pf (M3) + Z4 Pf (M4)) . (6.40)

with an analogous definition for IR. The matrices Mααα and M̃ααα are generalisations of the

CHY matrix, and arise from a straightforward application of Wick’s theorem to the one

factor of the vertex operators in the spin structure ααα. In particular, they depend on the

kinematic data, the insertion points zi and the polarisation vectors (see also section 6.1.2),

and thus the amplitude encodes the NS-NS states of supergravity via the polarisation ten-

sors εµνi = εµi ε̃
ν
i , with the dilaton corresponding to the trace, the B-field to the skew and

the graviton to the traceless symmetric part. Explicit expressions for the matrices and the

partition functions were given in section 6.1.2, we will use these for the expansions detailed

below.

Applying our contour integral argument to go from the torus to the nodal Riemann

sphere localises the amplitude on the limit q → 0. The partition functions possess 1/
√
q

15In string theory, the ε10ε10 term is actually an ε8ε8 one, see for instance [187]. It is not clear how this
situation transposes to the ambitwistor string.

16In doing this, we miss the term that leads to the Green-Schwarz anomaly [188].
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poles which extract higher order terms in the Szegő kernels. Hence we need the following

q-expansions:

Z2(τ) = 16 +O(q2), Z3(τ) =
1
√
q

+ 8 +O(q), Z4(τ) =
1
√
q
− 8 +O(q). (6.41)

and

S1(zij |τ)→ 1

2

1

σi − σj

(√
σi
σj

+

√
σj
σi

)√
dσi
√
dσj ,

S2(zij |τ)→ 1

2

1

σi − σj

(√
σi
σj

+

√
σj
σi

)√
dσi
√
dσj ,

S3(zij |τ)→
(

1

σi − σj
+
√
q
σi − σj
σiσj

)√
dσi
√
dσj ,

S4(zij |τ)→
(

1

σi − σj
−√q σi − σj

σiσj

)√
dσi
√
dσj .

(6.42)

in terms of the coordinates σ = e2πi(z−τ/2). The limit of P (zi) required for the components

Cii was already given in (6.27). The q = 0 residue of (6.40) is then given by

IL =
1

2
√
q

(
Pf (M3)

∣∣
q0 − Pf (M4)

∣∣
q0

)
+

1

2

(
Pf (M3)

∣∣√
q

+ Pf (M4)
∣∣√
q

)
+

4
(

Pf (M3)
∣∣
q0 + Pf (M4)

∣∣
q0 − 2Pf (M2)

∣∣
q0

)
+O(

√
q) ,

(6.43)

where the symbol (· · · )|qr with r = 0, 1/2 denotes the coefficient of qr in the Taylor expansion

around q = 0.17

Some simplifications occur at this stage. Firstly, it is easy to see from (6.42) that

Pf (M3)
∣∣
q0 = Pf (M4)

∣∣
q0 , (6.44)

which reflects the projection of the ambitwistor string “NS–tachyon” (we come back on this

later). Furthermore, we also have that

Pf (M3)
∣∣√
q

= −Pf (M4)
∣∣√
q
. (6.45)

Using the two previous identities finally leads to the following expression for the full one-loop

supergravity integrand for any number of external particles:

IL0 = Pf (M3)
∣∣√
q

+ 8
(

Pf (M3)
∣∣
q0 − Pf (M2)

∣∣
q0

)
. (6.46)

Let us comment briefly on the complexity of this object. As observed above, due to

the simplicity of the scattering equations on the nodal sphere, the amplitude has a similar

17In the original ACS paper, the O(
√
q) were not included in the analysis of the factorisation channel.
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complexity to an n = 2 point tree-level amplitude. Moreover, while the structure of I0 may

initially appear to be quite complicated compared to the extreme simplicity of one-loop

maximal supergravity integrands, it simplifies considerably due to standard stringy theta

function identities [91], see also [189, 190] for a discussion in string theory. The simplest

identities involve products of up to three Szegő kernels,

∑
α=2,3,4

(−1)αZα

m∏
r=1

Sα(w(r)|τ) = 0, for m = 0, 1, 2, 3, (6.47)

where the w(r) can be arbitrary. At n = 0, this is the well known Jacobi’s identity θ2(0, τ)4−

θ3(0, τ)4 + θ4(0, τ)4 = 0. For m > 3, the analogous identities are valid only for

w(1) + . . .+ w(m) = 0. (6.48)

Let us consider the case m = 4. In our application, the condition (6.48) on the w(r) is

naturally achieved by the set (zij , zjk, zkl, zli), and the corresponding identity is

∑
α=2,3,4

(−1)αZα

4∏
r=1

Sα(w(r)|τ) = (2π)4 , (6.49)

where we have omitted the global form degree dzidzjdzkdzl. Applied to (6.40), these iden-

tities tell us that IL is a constant for four-point scattering [91]. This follows from the

structure of the Pfaffians, or equivalently from the structure of the vertex operators: as

in string theory, only the terms with 8 ψ’s or more contribute. At n points, each term

in Pf(Mα) is a product of m Szegő kernels of type α and m − n factors Cii. The Szegő

kernels of type α appear with arguments which precisely satisfy the condition (6.48). At

four points, the sum over spin structures ensures that no Cii contributes, as m < 4 for those

terms, whereas the m = 4 identity implies that IL is a constant. For n > 4, the sum over

spin structures ensures that there are no terms with more than n − 4 factors of the type

Cii. See [189] for identities up to n = 7. Since the loop momentum enters explicitly in IL

only through Cii, this means that IL is a polynomial of order n− 4 in the loop momentum,

which is always contracted with a polarisation vector. This discussion holds for any value

of τ . In the limit q → 0 (τ → i∞) of interest here, the Riemann identities become algebraic

identities, and can be easily checked at low multiplicity.

With few external particles, the following consistency checks have been performed on

(6.30) with (6.46): for n = 4, I is a constant for any q, giving the expected t8t8R
4 kinematic
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tensor [91], and the n-gon results above suffice to give the correct answer. For n = 5, the

integrand I0 depends on the σi and the loop momentum. The amplitude can be written in

terms of pentagon and box integrals, and we can apply the shift procedure above to connect

to our results, yielding

M̂(1)
5 =

1

32 `2

∑
σ∈S5

1∏4
i=1

(
` ·
∑i

j=1 kσi + 1
2(
∑i

j=1 kσi)
2
)

×

(
N5
σ,` +

1

2

4∑
i=1

Nbox
σiσi+1

` ·
∑i

j=1 kσi + 1
2(
∑i

j=1 kσi)
2

kσi · kσi+1

)
.

The supergravity numerators N5 and Nbox are the square of the gauge theory numerators

given in [191] or [192], which satisfy the colour-kinematics duality [21, 22]. This formula

precisely matches that from the off-shell scattering equations at 5 points numerically, see

appendix D.2.2 for details.

6.3.2 Super-Yang-Mills theory

The supergravity amplitude was derived in section 6.3.1 from the genus-one ambitwistor

string expression of [33]. However, a Yang-Mills analogue of the latter on the torus is not

known, despite the progress in formulating an ambitwistor string version of gauge theory

at tree level [25, 34, 38, 74], see chapter 3. Nevertheless, a proposal for super Yang-Mills

amplitudes can be given, using the tree-level integrand as a motivation and relying on the

relation between gauge theory and gravity.

At tree level, CHY [17] found that the expression for the gauge theory amplitude is

obtained from the supergravity one by substituting one Pfaffian by a Parke-Taylor factor.

The fact that gauge theory has only one Pfaffian, depending on a set of polarisation vectors

(εµi ), while gravity has two Pfaffians, each depending on a different set of polarisation vectors

(εµi and ε̃µi ), is a clear manifestation of gravity as a ‘square’ of gauge theory, in agreement

with the Kawai-Lewellen-Tye relations [23] and with the Bern-Carrasco-Johansson (BCJ)

double copy [21, 22]. At loop-level, the BCJ double copy is known to hold at one-loop in a

variety of cases, including certain classes of amplitudes at any multiplicity [188, 192–195],

so it is natural to propose that one-loop formulae based on the scattering equations will

also exhibit this property. We therefore propose that the full one-loop super Yang-Mills
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integrand is given by18

ISYM = IL0 IPT , (6.50)

where IL0 is defined in (6.46). The one-loop analogue of the Parke-Taylor factor is conjec-

tured to be

IPT =

n∑
i=1

σ`+ `−

σ`+ iσi i+1σi+1 i+2 . . . σi+n `−
, (6.51)

where σ`+ and σ`− represent the pair of insertion points of the loop momentum, and where

we identify the labels i ∼ i + n. In our choice of coordinates used above, we have fixed

σ`+ = 0 and σ`− =∞, so that

IPT = −
n∑
i=1

1

σiσi i+1σi+1 i+2 . . . σi+n−1 i+n
. (6.52)

At four points, IL0 is constant as mentioned above and factors out of the moduli integral.

Moreover, this proposal (6.50) has been checked numerically at both four and five points,

see appendix D.2.2 for details.

In appendix D.3, we present a motivation for our conjecture based on the heterotic

ambitwistor models.

6.4 Non-supersymmetric theories

In this section, we describe new formulae for Yang-Mills theory and gravity amplitudes in

the absence of supersymmetry. The main tool in arriving at these formulae is the detailed

analysis of the sum over spin structures (or GSO sum), which was part of the formulae for

supergravity and super Yang-Mills theory presented in section 6.3.

On the torus, these GSO sectors correspond to the various states propagating in the loop.

Once taken down to the sphere, we will see how they provide amplitudes with n external

on-shell gravitons (or gluons) and additional NS-NS, R-NS, NS-R or R-R additional off-shell

states (resp. NS or R), running in the loop. In particular, we are able to see that the M2

contribution in (6.46) corresponds to the Ramond sector. Furthermore the M3 contributions

naturally combine as a reduced Pfaffian of an (n+ 2)× (n+ 2) matrix in which the number

of NS states running in the loop can be chosen at will.

18This gives the planar (single-trace) contribution to the amplitude. At one loop, the non-planar (double-
trace) contribution is determined by the planar part for any gauge theory involving only particles in the
adjoint representation of SU(Nc) [196].
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Taken individually, these one-loop amplitudes are non-supersymmetric. Using these

building blocks, one can engineer various types of amplitudes. For gravity, we discuss both

NS-NS gravity (graviton, dilaton, B-field) and pure Einstein gravity (graviton only). We

later show that our formulae match the known 4-point one-loop amplitudes in Yang-Mills

theory and gravity, in a certain helicity sector.

A subtlety that arises however is that a class of degenerate solutions to the scattering

equation becomes non-trivial (and in fact potentially divergent) for these non-supersymmetric

amplitudes, as described by [181,182] for the bi-adjoint scalar theories. So we first rephrase

the scattering equations in a more SL(2,C) invariant manner to give a less degenerate for-

mulation of these solutions. In the next section, we will see that the contribution of these

degenerate solutions is finite for our proposed formulae, and can furthermore be discarded

without changing the integrated amplitude.

In section 6.5, we present a full systematic proof for the non-supersymmetric one-loop

amplitudes proposed in this section, relying on the recently proposed Q-cut formalism [183].

6.4.1 General form of the one-loop scattering equations

Before proceeding, we rewrite our previous expressions in order to use their different building

blocks for non-supersymmetric theories. The reason for this, as pointed out in [181], is that

the one-loop scattering equations on the sphere possess, in their general form, more solutions

than manifest from (6.29). We used part of the SL(2,C) freedom on the Riemann sphere to

fix the positions of the loop-momentum insertions at σ`+ = 0 and σ`− =∞ as was natural

from the degeneration of the torus into a nodal Riemann sphere. However there are extra

solutions to the scattering equations for which σ`+ = σ`− with the remaining σi satisfying

the tree-level scattering equations. These solutions do arise in the previous gauge fixing with

σ1 = 1 as all the marked points collide, σi → σ1, but this gauge is much less convenient

for these solutions. We will see in section 6.5 that these extra solutions do not contribute

to the formulae for maximal supergravity and super Yang-Mills theory given in section 6.3

and reviewed above, but do contribute for generic theories, e.g. the bi-adjoint scalar theory.

As discussed in [181], the total number of solutions contributing is (n − 1)! − (n − 2)!, of

which (n− 1)!− 2(n− 2)! are the ‘regular’ solutions considered in (6.29), and (n− 2)! are

the ‘singular’ solutions for which σ`+ = σ`− .
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Hereafter, we will write the one-loop formulae based on the general scattering equations

as

M(1) = −
∫
dd`

1

`2

∫
dσ`+dσ`−d

nσ

volG
Î δ̄(Resσ`+S)δ̄(Resσ`−S)

∏
i

δ̄(ResσiS) , (6.53)

where we should not fix the positions of both σ`+ and σ`− in choosing the G = SL(2,C)2

gauge, to avoid losing the ‘singular’ solutions. Since

P =

(
`

σ − σ`+
− `

σ − σ`−
+

n∑
i=1

ki
σ − σi

)
dσ , (6.54)

and

S = P 2 −
(

`

σ − σ`+
− `

σ − σ`−

)2

dσ2, (6.55)

the scattering equations take the form

ResσiS = ki · P (σi) =
ki · `

σi − σ`+
− ki · `
σi − σ`−

+
∑
j 6=i

ki · kj
σi − σj

= 0 , (6.56a)

Resσ`−S = −
∑
i

` · kj
σ`− − σi

= 0 , (6.56b)

Resσ`+S =
∑
i

` · kj
σ`+ − σi

= 0 . (6.56c)

In the formula (6.53), the quotient by the volume of SL(2,C) denotes that only n − 3 of

these equations should be enforced (with those at σ`± now on an equal footing with the

external particle insertions σi). The three remaining scattering equations hold by the same

reasoning as in section 6.2.2.

6.4.2 General form of the one-loop integrand

The interesting part of formula (6.53) is the quantity I specifying the theory. We introduced

Î =
1

(σ`+ `−)4
I , (6.57)

so that Î has the same SL(2,C) homogeneity in {σ`+ , σ`− , σi}, as required by the integration,

whereas I has zero weight in {σ`+ , σ`−}. The n-gon formula now corresponds to

In−gon =
n∏
i=1

(
σ`+ `−

σi `+ σi `−

)2

. (6.58)

The relation to the n-gon representation in [181] follows from the identity

∑
α∈Sn

σ`+ `−

σ`+ α(1) σα(1)α(2) . . . σα(n−1)α(n) σα(n) `−
=

n∏
i=1

σ`+ `−

σ`+ i σi `−
, (6.59)
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derived by induction and partial fractions.

For supergravity and for super Yang-Mills theory, we have

ISG = IL0 IR0 and ISYM = IL0 IPT , (6.60)

where IPT was defined in (6.51). The quantities IL0 and IR0 are defined as in (6.46), but

the Szegő kernels in the matrices Mα are now expressed as

S2(zij |τ)→ 1

2

1

σi j

(√
σi `+ σj `−

σj `+ σi `−
+

√
σj `+ σi `−

σi `+ σj `−

)√
dσi
√
dσj ,

S3(zij |τ)→ 1

σi j

(
1 +
√
q

(σi j σ`+ `−)2

σi `+ σi `− σj `+ σj `−

)√
dσi
√
dσj ,

(6.61)

in the limit q → 0.

Regarding the ‘singular’ solutions to the scattering equations, it is clear that they do not

contribute in the n-gon case, since În−gon → 0 for σ`+ → σ`− . However, they do contribute

in the case of the non-supersymmetric Yang-Mills and gravity formulae to be presented

below, and some care is needed in their evaluation, due to the factor (σ`+ `−)−4 in (6.57).

It is easy to see that IPT ∼ O
(
(σ`+ `−)2

)
. We will show in section 6.5.3 that

Pf (M2)|q0 , Pf (M3)|q0 ∼ O
(
(σ`+ `−)2

)
,

(Pf (M2)− Pf (M3)) |q0 , Pf (M3)|√q ∼ O
(
(σ`+ `−)3

)
. (6.62)

This is irrespective of the context there of taking the limit of large `, or of considering the

‘singular’ solutions. The contributions from these solutions to our formulae are therefore

finite, as expected, and they vanish in the case of ÎSG and ÎSYM . Furthermore, we will see

that the degenerate solutions do not contribute to the integrated amplitudes, and can thus

be discarded. It would, however, be useful to have an explicit formula for the limit.

6.4.3 Contributions of GSO sectors and the NS Pfaffian

We now turn to the individual contributions of each GSO sector to the supergravity ampli-

tudes. This analysis is based on standard string theory, the reader is referred to standard

string textbooks such as that by Polchinski, or [33] for further details.

We work in dimension d for d ≤ 10 by dimensional reduction from d = 10. Since there

are no winding modes, taking the radii of compactification to zero is enough to decouple the

Kaluza-Klein modes, see appendix D.5 for further comments. We consider first the “left”
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and “right” sectors independently.19 These consists of N = 1 super Yang-Mills multiplets

in d = 10, and their dimensional reduction is well known [197]. The 10 dimensional vector

A
(10)
µ splits into a d-dimensional vector and (10−d) scalars – the fermionic case is discussed

below.

The important point for the present analysis is that the partition functions Za,b as

defined in (6.15) arise from the respective sectors of the theory. More specifically, a = 0

and a = 1 correspond to the NS and R sectors, while b = 0, 1 correspond to the periodicity

of the boundary conditions. Thus

Z3, Z4 ←→ NS sector,

Z1, Z2 ←→ R sector.

As noted above, we will ignore the odd spin structure Z1 here as it only contributes when

the kinematics are in d > 8. In analogy to the partition functions, the sum over spin

structures in the correlators corresponds to particular sectors of the theory. So we define

INS = Pf (M3)
∣∣√
q

+ 8 Pf (M3)
∣∣
q0 , (6.63)

IR = 8Pf (M2)
∣∣
q0 . (6.64)

In 10 dimensions, these correspond to chiral integrands for one vector and one Majorana-

Weyl fermion. When we reduce to d < 10 dimensions, the problem that one faces is how

to decide which parts of the integrand (6.63) correspond to the 10 − d scalars and which

part corresponds to the vector. Following in particular the string theory analysis of [198],

it is easy to identify first the scalar contribution by reading off the (vanishing) coefficient

1
2(Pf (M3)

∣∣
q0 − Pf (M4)

∣∣
q0) of the 1/

√
q pole in (6.43). Ignoring the minus sign of the GSO

projection, it corresponds to the (vanishing) propagation of the unphysical scalar state

δ(γ1)δ(γ2)cc̃ exp(ik ·X). With this we identify the scalar integrand as Pf (M3)
∣∣
q0 (recalling

(6.44)) and we can deduce

ILscal = Pf (M3)
∣∣
q0 (6.65a)

ILvect = Pf (M3)
∣∣√
q

+ (d− 2) Pf (M3)
∣∣
q0 (6.65b)

ILferm = −cd Pf (M2)
∣∣
q0 . (6.65c)

19In string theory, this is justified by the chiral splitting of the worldsheet correlator whose dramatic
consequences include the KLT relations [23, 78]. In the ambitwistor string this follows from KLT orthogo-
nality [16].
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The fermion integrand (6.65c) comes with a constant cd that follows from dimensional

reduction of the 10d Majorana-Weyl spinor, which produces an 8d Weyl spinor, four 6d

symplectic-Weyl spinors, and four 4d Majorana spinors. From (6.43) we read off c10 = 8,

therefore we have c8 = 8, c6 = 2, c4 = 2.

We can therefore obtain the reduced gravitational states in the loop by taking the tensor

product of the two sectors

INS−NS−grav = (Pf (M3)
∣∣√
q

+ (d− 2) Pf (M3)
∣∣
q0)2 , (6.66a)

Iscalar = (Pf (M3)
∣∣
q0)2 , (6.66b)

Ivector = (Pf (M3)
∣∣
q0)(Pf (M3)

∣∣√
q

+ (d− 2) Pf (M3)
∣∣
q0) , (6.66c)

from the NS-NS sector. Here, by NS-NS gravity in (6.66a) we mean Einstein gravity coupled

to a B-field and a dilaton. By convention, the squares are to be understood as incorporating

a replacement of the ε’s by ε̃’s in the second factor.

In the R-NS and NS-R sectors, we have

Ifermion = −cd Pf (M2)
∣∣
q0Pf (M3)

∣∣
q0 , (6.67a)

Igravitino = −cd Pf (M2)
∣∣
q0

(
Pf (M3)

∣∣√
q

+ (d− 2) Pf (M3)
∣∣
q0

)
. (6.67b)

The R–R states in d = 10 simply involve the square(
cdPf (M2)

∣∣
q0

)2
= IRR , (6.68)

and it would be interesting to investigate this sector further.

With these interpretations of how different fields in the loops correspond to different

ingredients of the one-loop correlator, we can make the following proposals.

6.4.4 Pure YM and gravity amplitudes

Firstly, by adjusting the building blocks in (6.66) in an appropriate way, we conjecture that

a four-dimensional one-loop pure gravity amplitude can be written as follows;

I(d=4)
pure−grav = (Pf (M3)

∣∣√
q

+ 2 Pf (M3)
∣∣
q0)2 − 2 (Pf (M3)

∣∣
q0)2 , (6.69)

where the subtraction removes the two scalar degrees of freedom of the dilaton and B-field.20

This subtraction is analogous to the prescription of [199], where scalars with fermionic

20The single degree of freedom of the B-field in four dimensions is the axion.

133



statistics were introduced to implement the BCJ double copy in loop-level amplitudes of

pure gravity theories.

Using the prescription reviewed in section 6.3.2, we can also build four-dimensional pure

YM amplitudes, by simply multiplying the vector integrand of (6.65b) with the Parke-Taylor

factor (6.51),

I(d=4)
pure−YM = (Pf (M3)

∣∣√
q

+ 2 Pf (M3)
∣∣
q0) IcPT . (6.70)

These formulae (6.69) and (6.70) generalise straightforwardly to d dimensions, and explicit

formulae for pure Yang-Mills and gravity integrands in arbitrary dimensions are given by

Ipure−YM = (Pf (M3)
∣∣√
q

+ (d− 2) Pf (M3)
∣∣
q0) IcPT , (6.71)

Ipure−grav = (Pf (M3)
∣∣√
q

+ (d− 2) Pf (M3)
∣∣
q0)2 − α (Pf (M3)

∣∣
q0)2 , (6.72)

where α = 1
2(d− 2)(d− 3) + 1 counts the degrees of freedom of the B-field and the dilaton,

see also section 6.5.2.3.

We will perform checks on these amplitudes in appendix D.2.3 and give a general proof in

the next section. Note that although the standard string ideas discussed here are suggestive

of the above proposals, they do not constitute a proof, so it is important to produce an

independent proof21 in section 6.5.

Pfaffian structure of the new amplitudes. A feature of the previous formulae is that

they provide information on the structure of tree-level amplitudes. The finite residue that

we extract at q = 0 coincides with the residue at the factorisation channel q ' `2 → 0.

The only difference between our expression and a “single cut” is the presence of 1/`2 and

the full d-dimensional integral
∫
dd`. Therefore, we have a variety of tree-level amplitudes

with n + 2 (on-shell) particles, in a forward limit configuration where kn+1 = −kn+2 = `

are off-shell, but traced over their polarization states.

One may therefore expect that the integrands of the pure gravity and Yang-Mills am-

plitudes (6.69) and (6.70) can be reformulated to look more like CHY Pfaffians.

For Yang-Mills, this can be done as follows: the full supergravity integrands ÎL,R0 =

1
σ`+ `−

IL,R0 can be expressed more compactly in terms of a single NS sector matrix MNS ,

21Amongst other issues, a point that is missing is that the abelian gauge groups do not get enhanced at
self-dual radii of compactification as there are no winding modes that could become massless.
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defined explicitly below, as

ÎL,R0 =
∑
r

Pf ′(M r
NS)− cd

σ2
`+ `−

Pf (M2) , (6.73)

where Pf ′(M r
NS) ≡ −1

σ`+ `−
Pf (M r

NS(`+ `−)), and the brackets (`+ `−) indicate that the rows

and columns associated to `+ and `− have been removed. In particular, this implies that

∑
r

Pf ′(MNS) = Pf (M3)
∣∣√
q

+ (d− 2)Pf (M3)
∣∣
q0 . (6.74)

The matrix M r
NS is defined by

M r
NS =

A −CT

C B

 , (6.75)

and more specifically

M r
NS =



0 0 `·ki
σ`+i

`·kj
σ`+j

−εr · P (σ`+) `·εr
σ`+`−

`·εi
σ`+i

`·εj
σ`+j

0 − `·ki
σ`−i

− `·kj
σ`−j

− `·εr
σ`−`+

−εr · P (σ`−) − `·εi
σ`−i

− `·εj
σ`−j

0
ki·kj
σij

ki·εr
σ`+i

ki·εr
σ`−i

−εi · P (σi)
ki·εj
σij

0
εr·kj
σ`+j

kj ·εr
σ`−j

kj ·εi
σji

−εj · P (σj)

0 d−2
σ`+`−

εr·εi
σ`+i

εr·εj
σ`+j

0 − εr·εi
σ`−i

εr·εj
σ`−j

0
εi·εj
σij

0



.

(6.76)

The sum runs over a basis of polarisation vectors εr, and d denotes the space-time di-

mension. Note in particular that the reduced Pfaffian is well-defined since this matrix has

indeed co-rank two: similar to the structure at tree-level, the vectors (1, . . . , 1, 0, . . . , 0)

and (σ`+ , σ`− , σ1, . . . , σn, 0, . . . , 0) span the kernel of M r
NS on the support of the scattering

equations.

The matrix depends explicitly on the number of NS polarisation states running in the

loop and we can adjust this to give different theories in different dimensions (we comment

on dimensional reduction in appendix D.5).

The proof of (6.74), relies on standard properties of Pfaffians, and the interested reader

is referred to appendix D.4. In this form, the NS contribution to the integrand is very
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suggestive of a worldsheet CFT correlator, and indeed it is not hard to see that this Pfaffian

arises from an off-shell correlator on the Riemann sphere, with two marked points associated

to the loop momentum. The corresponding polarizations should be replaced by a photon

propagator in a physical gauge.

The gravity case uses also MNS , and is treated in more details later in section 6.5.2.3,

when we discuss the factorisation properties of these pure Yang-Mills and gravity ampli-

tudes. Basically, we simply decompose the difference of squares in (6.69) as a product.

To conclude this discussion, we note that the fermion integrand of (6.67a) for a two-

fermion-n-graviton integrand seems to arise naturally as a factorised product of Pfaffians.

Although amplitudes with fermions have been computed in [33], no closed form for higher-

points amplitude is known, partly because of the non-polynomial nature of the spin-field

OPE’s in the RNS framework. While these difficulties can be circumvented and there exist

tree-level expressions with external fermions in the literature obtained from the pure spinor

formalism [81,200],22 these do not lead to closed-form formulae, and the connection to the

Pfaffians found here is highly non-trivial. It is possible that (6.67a) is different from the

generic – i.e. non-forward – amplitude due to terms vanishing with `2. Nevertheless, this

hints at some unexpected simplicity.

6.5 Proof for non-supersymmetric amplitudes at one-loop

We now give a full proof of the formulae for one-loop amplitudes derived above for non-

supersymmetric theories, i.e. the n-gons, bi-adjoint scalar theory, Yang-Mills and gravity.23

There are two main ingredients in our proof. The first is to identify the poles in our formulae

arising from factorisation or bubbling of the Riemann sphere, which allows us to determine

the location of the poles and their residues. Since the 1/`2 is already apparent, this analysis

of factorisation will lead to the identification of the residue at two poles. The second is

the theory of ‘Q-cuts’ introduced in [183] that expresses a general one-loop amplitude in

terms of tree amplitudes that is perfectly adapted to the factorisation of our formulae (this

is perhaps not completely surprising as their construction was motivated by our formulae).

22See also [201] for new efficient methods to integrate out the variables of the pure spinor superspace.
23In particular, the proof holds for both the NS sector (including the B-field and the dilaton for gravity)

and the pure theories.
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As reviewed briefly in section 2.1.1, an amplitude must factorise in the sense that if a

partial sum of the external momenta kI =
∑

i∈I ki, where I ⊂ {1, . . . , n}, becomes null,

then there will be a pole corresponding to a propagator with momentum kI flowing through

it. Furthermore, the residue is the product of two tree amplitudes for the theory in question

with external legs consisting of ±kI and the elements of I or its complement Ī. We have

seen that the scattering equations [17] relate the factorisation channels of the momenta

precisely to factorisation channels of the Riemann surface, i.e. when a subset of the marked

points collide. This concentration point can then be blown up to give a bubbled-off Riemann

sphere connected to the original at the concentration point, see below (or [63]).

Our scattering equations at one-loop will give worldsheet factorisation channels that

lead to poles associated to loop momenta, but these are not immediately recognizable as

loop propagators; they instead correspond to poles of the form of those in the sum of (6.36).

These however can be understood as naturally arising in the ‘Q-cuts’ of [183]. These are

a systematic extension of the contour integral argument that leads to the partial fractions

expansion of (6.35) applicable to any one-loop integrand. They follow from a two-step

process. The first follows the contour integral argument of (6.34). Consider a one-loop

integrand

M(`, ki, εi) =
N(`, . . .)

DI1 . . . DIm

, (6.77)

for the theory under consideration, where N is a polynomial numerator, and DI = (`+kI)
2

a propagator. We shift the loop momentum `→ `+ η where η is in some higher dimension

than the physical momenta and polarization vectors, so that the only shift that occurs in

the invariants is `2 → `2 + z, with all other inner products remaining unchanged. One then

runs the contour integral argument that expresses the amplitude as the residue at z = 0 of

M(`+η, ki, εi)/z in terms of the sum of the other residues of this expression. Such residues

arise at shifted propagators 1/(DI + z) with poles at z = −DI . One then shifts `→ `− kI
in each of these new residues so that z becomes `2. This gives a representation of a one-loop

amplitude as a sum of terms of the form

1

`2

[
Ñ(`)

(2` · kI1 + k2
I1

) . . . (2` · kIm + k2
Im

)

]
, (6.78)

giving a generalization of the partial fraction formulae of (6.35).
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In order to interpret constituents of this expression as tree amplitudes, [183] considers

a further contour integral argument with integrand

M(α`)

α− 1
, (6.79)

where M(`) is now the expression with shifted `s obtained above. The residue at α = 1

returns the originalM(`). The residues at zero and infinity can be discarded as they vanish

in dimensional regularization. It can then be argued [183] that the finite residues finally

yield the ‘Q-cut’ decomposition

M
∣∣∣
Q-cut

≡
∑
I

M(0)
I (. . . , ˜̀

I , ˜̀
I + kI)

1

`2 (2` · kI + k2
I )
M(0)

Ī
(−˜̀

I ,−˜̀
I − kI , . . . ) , (6.80)

where ˜̀
I = α(`+ η), with α = −k2

I/2` · kI , η2 = −`2, η · ` = η · ki = 0, andM0
I andM0

Ī
are

now tree amplitudes.

M(1)
∣∣∣
Q-cut

=
∑
I

`

`+KI

I I =
∑
I

M(0)
I M

(0)

Ī

`2(2` ·KI +K2
I )

Figure 6.3: Representation of the amplitude as a sum over Q-cuts.

We will see in this section that factorisation of the worldsheet in our formulae gives

precisely these poles and residues for α = 1 and therefore precisely yield this decomposition,

including the contributions from the residues at α = 0,∞.24 Moreover, similar factorisation

arguments allow us to determine the UV behaviour of the amplitudes. These two results

combine to prove our formulae by a multidimensional analogue of Liouville’s theorem.

Theorem 4 Consider a subset I ⊂ {1, . . . , n, `+, `−} with one fixed point in I and two in

its complement Ī. Suppose furthermore that we have solutions to the scattering equations

behaving as σi = σI + εxi + O(ε2) for i ∈ I and ε → 0, with xi = O(1), σij = O(1) for

j ∈ Ī. Then we must also have s̃I = O(ε) where

s̃I =

{
k2
I σ`+ , σ`− ∈ Ī ,

2` · kI + k2
I σ`+ ∈ I, σ`− ∈ Ī .

(6.81)

24While this decomposition should strictly speaking be referred to as a ‘pre-Q-cut decomposition’, we will
for simplicity denote them as Q-cuts as well in the discussion below. Moreover, following the work presented
here, the relation of the formulae to Q-cuts for the bi-adjoint scalar and gauge theory was explored further
in [202], which also gives a derivation of the formulae presented here from higher-dimensional tree-amplitudes.
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In this factorisation channel, our one-loop formulae M(1) on the Riemann sphere for n-

gons, bi-adjoint scalar theory, Yang-Mills and gravity have poles at s̃I = 0. For σ`+ , σ`− ∈ Ī

(case I of figure 6.4), the residue of this pole is given by the separating degeneration of the

nodal Riemann sphere

M(1)(. . . ,−`, `) =M(0)
I (. . . )

1

sI
M(1)

Ī
(. . . ,−`, `) , (6.82)

and for σ`+ ∈ I, σ`− ∈ Ī (case II of figure 6.4) by the Q-cut degeneration

M(1)(. . . ,−`, `) =M(0)
I (. . . , `I , `I + kI)

1

`2
1

s̃I
M(0)

Ī
(−`I ,−`I − kI , . . . ) , (6.83)

where `I = `+ η, with η2 = −`2, η · ` = η · ki = 0.

Proof: Here, we outline the idea of the proof, all details will be developed in section 6.5.1

and section 6.5.2. The central observation is that poles in (6.30) occur only if a subset I

of the marked points approach the same marked point σI ; so that σi → σI + εxi + O(ε2)

for i ∈ I. This is conformally equivalent to a degeneration of the Riemann sphere into

two components, connected by a node. All such poles receive contributions from both the

measure and scattering equations. In particular, the question whether a pole occurs for a

given integrand reduces to a simple scaling argument in the degeneration parameter ε, and

we can straightforwardly identify the residues.

To be more explicit, for some m ∈ I fix σm = ε so that xm = 1 is the new fixed point on

the I component of the degenerate Riemann surface, then the measure and the scattering

equations factorise as

dµ ≡
n∏
i=2

δ̄(ki · P (σi))dσi = ε2(|I|−1)dε

ε
δ̄(sI + εF) dµI dµĪ . (6.84)

Moreover, section 6.5.2 provides details on how the integrands for n-gons, Yang-Mills theory

and gravity factorise as well,

I(1) = ε−2(|I|−1)I(0)
I I

(0)

Ī
, (6.85)

where I(0)

I,Ī
depend only on on-shell momenta ki and the loop momentum in the on-shell

combination `I = `+ η, η2 = −`2. The full amplitude therefore factorises on the expected

poles, and the residue gives the Q-cut factorisation described above;

M(1) =

∫
I(1)dµ =

∫
dε

ε
δ̄(s̃I + εF) I(0)

I IĪ dµ
(0)
I dµĪ =M(0)

I

1

s̃I
M(0)

Ī
. (6.86)
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Theorem 5 The amplitudes M(1) scale as `−N for `→∞, where

theory scaling `−N

n-gon N = 2n

supergravity N = 8

super Yang-Mills N = 6

pure gravity N = 4

pure Yang-Mills N = 4

bi-adjoint scalar N = 4

Proof: This follows from the fact that as ` → ∞, the insertions of σ`+ and σ`− must

approach each other. This is conformally equivalent to a degeneration of the worldsheet into

a nodal Riemann sphere with no further insertions and another Riemann sphere carrying all

the external particles, see case III in figure 6.4. Moreover, this is also the configuration that

corresponds to the singular/degenerate solutions described in the previous sections and so

our analysis of fall-off in ` will also give information about the finiteness of the contributions

from these degenerate solutions. We give the full details in section 6.5.3.

Theorem 4 and theorem 5 will now allow us to prove that the representation of one-

loop amplitudes from the nodal Riemann sphere is equivalent to the Q-cut representation

reviewed above.

Theorem 6 M(1)
BS, M(1)

YM and M(1)
gravity with the degenerate solutions omitted are represen-

tations of the one-loop amplitudes for the bi-adjoint scalar theory, Yang-Mills and gravity

respectively.

Proof: We use the fact that our formula must be rational in the external data and `, and

that the only poles in our formulae arise at the boundary of the moduli space when the σi

come together. This theorem is then an immediate consequence of the correct factorisation

on Q-cuts and the scaling behaviour in `:

∆ =M(1) −M
∣∣∣
Q-cut

, (6.87)

cannot have any further poles in ` by theorem 4, so by a multidimensional analogue of

Liouville’s theorem, ∆ has to be a constant. However, the non-trivial fall-off of M(1) and
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M
∣∣∣
Q-cut

in ` implies that this constant has to vanish, and thus

M(1) =M
∣∣∣
Q-cut

. (6.88)

In particular, the degenerate solutions to the scattering equations do not contribute to the

singularities that give rise to the Q-cuts, since these all arise from case II of figure 6.4,

whereas the degenerate solutions are all case III of figure 6.4.

6.5.1 Factorisation I - scattering equations and measure

As discussed above,25 poles ofM(1) only occur when a subset of the marked points (possibly

including σ`+ or σ`−) approach the same point, giving rise to a degeneration of the Riemann

sphere into a pair of Riemann spheres connected at a double point. The scattering equations

then imply that this pole is associated with a partial sum of the momenta becoming null.

This is an extension of the discussion at tree-level in section 2.1.1, relating the boundary of

the moduli space of marked Riemann surfaces to factorisation channels of the amplitude.

Let I be a subset of {`+, `−, 1, . . . , n} that contains just one of the fixed points that

we shall denote σI . Moreover, let kI =
∑

i∈I ki, kĪ =
∑

i∈Ī ki with k0 = `I , kn+1 = −`I .

Consider now a solution to the scattering equations implying a degeneration of the Riemann

surface26 so that for i ∈ I

σi → σI + εxi +O(ε2) , (6.89)

for some small parameter ε, with xI = 0, xm = 1 for some m ∈ I and xi = O(1) for all

other i ∈ I.

We first wish to see that with these assumptions, the scattering equations imply that

s̃I = O(ε). Firstly we have

P (σ) =
1

ε
PI(x) + P̃Ī(σI) +O(ε) σ = σI + εx+O(ε2) , (6.90a)

P (σ) = PĪ(σ) +O(ε) σ 6= σI + εx+O(ε2) , (6.90b)

where

PI(x) =
∑
i∈I

ki
x− xi

, P̃Ī(σ) =
∑
i∈Ī

ki
σ − σi

, PĪ(σ) =
∑
p∈Ī

kp
σ − σp

− kI
σ − σI

. (6.91)

25See also the tree-level discussion in section 2.1.1.
26Two of the three original fixed points must be in Ī and just one in I to obtain a stable degeneration as we

cannot make two of the fixed points approach each other but Ī cannot contain three as, after factorisation,
it will also have the fixed point σI which would be too many.
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Thus the scattering equations give27

0 = ki · P (σi) =
1

ε
ki · PI(xi) + ki · P̃Ī(σI) +O(ε) , i ∈ I , (6.92a)

0 = kp · P (σp) = kp · PĪ(σp) , p ∈ Ī . (6.92b)

In particular, for i ∈ I, this implies ki · PI(xi) = O(ε) as ε→ 0 since

ki · PI(xi) = −εki · P̃Ī(σI) +O(ε2) . (6.93)

By summing we obtain as an algebraic identity

s̃I :=
1

2

∑
i 6=j∈I

ki · kj =
∑
i,j∈I

xiki · kj
xi − xj

=
∑
i∈I

xiki · PI(xi) = O(ε) , (6.94)

so s̃I vanishes to order ε, and any (potential) pole is associated with the vanishing of s̃I

where

s̃I =

{
k2
I σ`+ , σ`− ∈ Ī ,

2` · kI + k2
I σ`+ ∈ I, σ`− ∈ Ī .

.

We now focus on the measure of the amplitude expression with a generic integrand

M =

∫
I

n∏
i=2

δ̄(ki · P (σi))dσi . (6.95)

First, let us determine the weight of the measure in ε as ε → 0 (the integrand I will have

some weight also which we discuss later). For each i ∈ I, the scattering equations contribute

δ̄(ki · P (σi)) dσi = ε2 δ̄(ki · PI(xi)) dxi i ∈ I , (6.96a)

δ̄(kp · P (σp)) dσp = δ̄(kp · PĪ(σp)) dσp p ∈ Ī . (6.96b)

Thus we obtain scattering equations on the factorised Riemann surface, multiplied by

a factor of ε2 for each i ∈ I. Note however that there is a subtlety; we expect three fixed

marked points on each Riemann surface. On the Riemann surface ΣĪ , this is trivially true

since there are two fixed points and the degeneration point σI . On ΣI , the fixed points are

given by the degeneration point xĪ =∞ and xI = 0, and our choice of parametrisation for

the degeneration xm = 1. This gives the required independent nI − 3 scattering equations,

27Setting k0 = `I , kn+1 = −`I , the scattering equations for the marked points σ`± are

0 = Resσ
`±

= ±
∑
i

`I · ki
σ`±i

= ±`I · P (σ`±) ,

so the conclusions hold for σ`± also.
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but we still have to consider the integration over σm = σI + ε and its associated delta

function imposing its scattering equation associated to σm. Using

sI =
∑

i 6=m∈I
xiki · PI(xi) + km · PI(xm) , (6.97)

and the support of the remaining scattering equations (6.92), we find

km · P (σm) =
1

ε

km · PI(xm) + ε
∑
p∈Ī

km · P̃Ī(σI) +O(ε2)


=

1

ε

s̃I + ε
∑

i∈I, p∈Ī

xiki · P̃Ī(σI) +O(ε2)


≡ 1

ε

(
s̃I + εF +O(ε2)

)
. (6.98)

Thus the last equation becomes

δ̄(km · P (σm)) dσm = ε δ̄(s̃I + εF) dε , (6.99)

and the measure factorises as

dµ ≡
n∏
i=2

δ̄(ki · P (σi))dσi = ε2(|I|−1) dε

ε
δ̄(s̃I + εF) dµI dµĪ . (6.100)

We now distinguish three cases according to whether σ`± are in I as in fig. 6.4.

Case I If σ`+ and σ`− are not in I, and I is a strict subset of 1, . . . , n, this is the standard

factorisation channel with sI = k2
I → 0. The relevant boundary of the moduli

space describes a Riemann sphere connected to a nodal sphere, corresponding to

a tree-level amplitude factorising from a one-loop amplitude. The measure is

dµ(1) = ε2(|I|−1) dε

ε
δ̄(sI + εF) dµ

(0)
I dµ

(1)

Ī
. (6.101)

Case II If without loss of generality σ`+ ∈ I but σ`− /∈ I the scattering equations imply

s̃I = kI · `+
1

2
k2
I = O(ε) . (6.102)

as ε → 0. This non-separating degeneration describes two Riemann spheres,

connected at two double points, see fig. 6.4. The corresponding measure is given

by

dµ(1) = ε2(|I|−1) dε

ε
δ̄(s̃I + εF) dµ

(0)
I dµ

(0)

Ī
, (6.103)

leading to the expected poles from the Q-cut factorisation channels.
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Case III The case I = {σ`+ , σ`−} is of particular interest since this configuration arises

for large `, ` = O(λ−1) (see (6.29)), and for the singular solutions in non-

supersymmetric theories. It is discussed in theorem 5 and section 6.5.3, and

determines the UV behaviour of our one-loop amplitudes.

→Case I:

→Case III:

→Case II:

Figure 6.4: Different possible worldsheet degenerations.

6.5.2 Factorisation II - integrands

Whether we actually have a pole or not in the factorisation limit depends on the weight of

the integrand I in ε as ε → 0. In this section, we consider the integrands for the n-gons,

Yang-Mills, gravity and the bi-adjoint scalar in more detail. In particular, we will find that

all these integrands behave as

I(1) = ε−2(|I|−1)I(0)
I I

(1)

Ī
, (6.104)

in case I and

I(1) =
1

`2
ε−2(|I|−1)I(0)

I I
(0)

Ī
, (6.105)

in case II, where II (IĪ) depends only on the on-shell momenta kI (kĪ) and `I = ` + η,

η2 = −`2. With the measure contributing a factor of ε2(|I|−1) δ̄(s̃I + εF) dε
ε , the overall

amplitude scales as ε−1, and we can perform the integral against the δ-function explicitly,

leading to a pole in s̃I . Therefore, the full amplitude factorises on the expected poles, with

residues given by the corresponding subamplitudes. Moreover, as evident from above, for
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case II this factorisation channel corresponds to a Q-cut;

M(1) =

∫
I(1)dµ =

1

`2

∫
dε

ε
δ̄(s̃I + εF) I(0)

I I
(0)

Ī
dµI dµĪ

=M(0)
I (. . . , `I , `I + kI)

1

`2
1

s̃I
M(0)

Ī
(−`I ,−`I − kI , . . . ) .

(6.106)

The analysis of the integrand can be further simplified by focussing on the ‘left’ and ‘right’

contributions IL,R to the integrand individually, where I = ILIR. From the discussion of

the preceding sections, we identify IL = IR =
∑

r Pf (M r
NS) for pure gravity in d dimensions,

IL =
∑

r Pf (M r
NS) and IR = IcPT for pure Yang-Mills, and IL = IR = IcPT for the bi-

adjoint scalar theory. Therefore, it is sufficient to prove that these building blocks have

weight −(|I| − 1) in ε,

I(1)L,R = ε−(|I|−1)I(0)L,R

I I(0)L,R

Ī . (6.107)

6.5.2.1 The n-gon integrand

Let us first consider the n-gon integrand

În−gon =
1

σ4
`+ `−

n∏
i=1

(
σ`+ `−

σi `+σi `−

)2

. (6.108)

It is straightforward to see that case I cannot contribute since the integrand scales as ε0,

and thus the amplitude behaves as ε2|I|−3 = O(ε). Therefore only case II contributes; and

the integrand factorises as

În−gon = ε−2(|I|−1) 1

σ4
I `−

∏
i∈I

1

x2
i

∏
p∈Ī

(
σI `−

σp Iσp `−

)2

= ε−2(|I|−1) In−gonI In−gon
Ī

. (6.109)

Note that we have used explicitly the chosen gauge fixing xĪ =∞ for the second equality. In

particular, since In−gon
I,Ī

do not depend on `, this gives the correct residues for the respective

Q-cuts of the n-gon.

6.5.2.2 The Parke-Taylor factor

Consider next the Parke-Taylor-like integrands

IcPT (σ`+ , ρ, σ`−) =
∑
ρ∈Sn

IPT (σ`+ , ρ, σ`−) =
∑
ρ∈Sn

σ`+ `−

σ`+ ρ(1)σρ(1) ρ(2) . . . σρ(n) `−
. (6.110)

If the set I is not consecutive in any of the orderings of the Parke-Taylor factors in the

cyclic sum above, the amplitude scales as O(ε) and thus vanishes. Therefore the only non-

vanishing contributions come from terms where all σi, i ∈ I are consecutive with respect to
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the ordering defined by the Parke-Taylor factors.

In case II, with σ`+ ∈ I, the only term contributing is IPT (σ`+ , I, Ī, σ`−), and we find

the correct scaling behaviour to reproduce the pole,

IcPT (σ`+ , ρ, σ`−) = ε−(|I|−1) IPTI (x`+ , I, xĪ) IPTĪ (σI , Ī, σ`−) . (6.111)

In particular, the integrands are again independent of the loop momentum `, and are

straightforwardly identified as the tree-level Parke-Taylor factors, IPT = IPT,(0). Note fur-

thermore that the reduction of the integrands from a sum over cyclic Parke-Taylor factors

to single terms can be understood directly in terms of diagrams, as only a single diagram

will contribute to a given pole. However, another nice interpretation can be given for the

bi-adjoint scalar theory discussed in [181]: Here, the cyclic sum is understood as a tool to

remove unwanted tadpole contributions to the amplitude. The factorising Riemann surface

however separates the insertions of the loop momenta, and thereby automatically removes

these tadpole diagrams.

In case I, the same argument as above can be used to deduce that the only terms con-

tributing on the factorised Riemann sphere are those where all i ∈ I appear in a consecutive

ordering, and we find

IcPT (σ`+ , ρ, σ`−) = ε−(|I|−1)IPTI (I ∪ {xĪ}) IcPTĪ (σ`+ , ρ(Ī ∪ {σI}), σ`−) , (6.112)

which again leads to the expected poles and residues, with IcPT
Ī

= I(1)

Ī
.

6.5.2.3 Non-supersymmetric theories

In both the case of the n-gon and the Parke-Taylor factors, the integrand was independent

of `, and thus Q-cuts were easily identified. For non-supersymmetric theories, with Pfaffians

in the integrands, this identification becomes more involved. We will focus first on the NS

sector,28

ÎNS =
1

σ`+`−

∑
r

Pf ′(M r
NS) , (6.113)

where Pf ′(MNS) ≡ 1
σ`+ `−

Pf (MNS(`+,`−)), and the matrix MNS was defined in (6.76). As

above, we have used the subscript (ij) to denote that both the rows and the columns i and

28In the case of Yang-Mills, this is identical to the pure case, see (6.70).
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j have been removed from the matrix. Consider first again the case II where the Riemann

sphere degenerates as σi → σI + εxi +O(ε2) with σ`+ ∈ I. Then the entries in MNS behave

to leading order in ε as

1

σij
=


ε−1 1

xij
i, j ∈ I

1
σIj

i ∈ I, j ∈ Ī
1
σij

i, j ∈ Ī
, Pµ(σi) =

{
ε−1PµI (xi) i ∈ I
Pµ
Ī

(σi) i ∈ Ī
. (6.114)

Using antisymmetry of the Pfaffian, we can rearrange the rows and columns such that M r
NS

takes the following form:

M r
NS =

ε−1M
(0)
I (Ī Ī′) N

−NT M
(0)

Ī (II′)

 , (6.115)

where M
(0)
I is the tree-level matrix, depending only on higher-dimensional on-shell defor-

mations of the loop momentum `I = `+ η with polarisation εr, and the momenta ki, i ∈ I.

In particular, the diagonal entries Cii = εi · P (σi) respect this decomposition due to the

one-form Pµ factorising appropriately. The matrices N are defined (to leading order in ε)

by Nij = µi · νi, with

µ = (`I , ki, ε
r, εi) , ν =

(
−`I
σI`−

,
kj
σIj

,
εr

σI`−
,
εj
σIj

)
,

for i ∈ I, j ∈ Ī, where `I = `+ η, with η2 = −`2. Note in particular that this ensures that

N`+`− = 0. To identify the scaling of the integrand INS, we have to consider the Pfaffian of

the reduced matrix M r
NS(`+`−);

M r
NS(`+`−) =

ε−1M
(0)
I (`+Ī Ī′) N[`+`−]

−NT
[`+`−] M

(0)

Ī (`−II′)

 , (6.116)

where in N only the row (column) associated to `+ (`−) has been removed. Note in partic-

ular that the matrices M
(0)
I (`+Ī Ī′) and M

(0)

Ī (`−II′)
have odd dimensions, so the scaling in ε

is non-trivial. To identify the leading behaviour of the bosonic integrand in ε, we will use

the following lemma:

Lemma 6.5.1 (Factorisation Lemma [63]) Let MI and MĪ be antisymmetric matrices

of dimensions mI×mI and mĪ×mĪ respectively; and N = µiνj, with d-dimensional vectors

µi = µµi , νj = νµj for i ∈ I, j ∈ Ī. Then the leading behaviour of the Pfaffian of

M =

ε−1MI N

−NT MĪ

 , (6.117)

147



as ε→ 0 is given by

• mI +mĪ is odd: Pf (M) = 0.

• mI +mĪ is even, mI and mĪ are even: Pf (M) ∼ ε−
mI
2 Pf (MI)Pf (MĪ)

• mI +mĪ is even, mI and mĪ are odd:

Pf (M) ∼ ε−
mI−1

2

∑
s

Pf (M̃ s
I ) Pf (M̃ s

Ī ) , (6.118)

where s runs over a basis εs, and

M̃ s
I =

 MI (µ · εs)T

−µ · εs 0

 , M̃ s
Ī =

 0 ν · εs

−(ν · εs)T MĪ

 . (6.119)

The interested reader is referred to [63] for the proof of this lemma relying on basic properties

of the Pfaffian. Applying lemma 6.5.1 to the integrand INS, we can identify M̃
(0)
I (`+Ī Ī′) with

M
(0)
I

rs

(`+Ī) by identifying29 the additional ‘s’ row and column with the ones associated to the

interchanged particle Ī ′. To leading order in ε, the integrand therefore becomes

ÎNS = ε−(|I|−1) 1

σI`−

∑
r,s

Pf
(
M

(0)
I

rs

(`+Ī)

)
Pf
(
M

(0)

Ī

rs

(`−I)

)
. (6.120)

Recalling furthermore the gauge fixing choice xĪ =∞ in degenerating the worldsheet, this

can be identified with a product of reduced Pfaffians,

ÎNS = ε−(|I|−1)
∑
r,s

Pf ′
(
M

(0)
I

rs)
Pf ′
(
M

(0)

Ī

rs)
. (6.121)

As seen from the discussion above, this provides both the correct weight in the degeneration

parameter ε and the correct residues for the Q-cut factorisation.

The discussion for case I proceeds along similar lines: For convenience, we choose to

remove rows and columns associated to one particle on each side of the degeneration from

MNS. Following through the same steps as for case II, the integrand then factorises as

ÎNS = ε−(|I|−1)
∑
r,s

Pf ′
(
M

(0)
I

s)
Pf ′
(
M

(1)

Ī

rs)
. (6.122)

This correctly reproduces the poles and residues for the bubbling of a Riemann sphere: as

a partial sum of the external momenta goes null, the residue is a product of a one-loop

amplitude and a tree-level amplitude.

29and similarly for M̃
(0)

Ī (`−II′) and M
(0)

Ī

rs

(`−I)
.
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Factorisation for Pure Yang Mills and gravity amplitudes. At this point it is easy

to see how this analysis extends to pure Yang-Mills and gravity. Note first of all that for

Yang-Mills, the NS and the pure sector are identical, see (6.71),

Ipure−YM = (Pf (M3)
∣∣√
q

+ (d− 2) Pf (M3)
∣∣
q0) IcPT . (6.123)

For pure gravity, (6.72), we have

Ipure−grav = (Pf (M3)
∣∣√
q

+ (d− 2) Pf (M3)
∣∣
q0)2 − α (Pf (M3)

∣∣
q0)2 , (6.124)

where α = 1
2(d − 2)(d − 3) + 1 is given by the degrees of freedom of the B-field and the

dilaton. This factorises,

Ipure−grav = IL IR , with IL = Pf (M3)
∣∣√
q

+ αd Pf (M3)
∣∣
q0 ,

IR = Pf (M3)
∣∣√
q

+ α̃d Pf (M3)
∣∣
q0 ,

(6.125)

where αd = d − 2 +
√
α and α̃d = d − 2 −

√
α. An analogous calculation to the one in

appendix D.4 then straightforwardly leads to

ÎL =
∑
r

Pf ′(M r
αd

) , ÎR =
∑
r

Pf ′(M r
α̃d

) , (6.126)

whereM r
αd

andM r
α̃d

have been defined asM r
NS, but with the elementBNS

`+`− = d−2
σ`+`−

replaced

by Bαd
`+`− = αd

σ`+`−
and Bα̃d

`+`− = α̃d
σ`+`−

respectively. Then the discussion given above for the

NS sector generalises straightforwardly, and the factorisation lemma, in conjunction with

the same identification of the matrices, yields again

Îpure = ε−(|I|−1)
∑
r,s

Pf ′
(
M

(0)
I

rs)
Pf ′
(
M

(0)

Ī

rs)
. (6.127)

Note in particular that since only the matrix N is affected by the change d − 2 → αd,

the residues are unchanged, and thus still correspond to the expected tree-level amplitudes

for pure Yang-Mills and gravity. Again, case I proceeds in close analogy to the NS sector

discussion above.

6.5.3 UV behaviour of the one-loop amplitudes

Consider now the UV behaviour of the one-loop amplitudes; ` → λ−1`, with λ → 0. In

this set-up, the scattering equations only yield solutions if the two insertion points of the

loop momentum coincide, σ`− → σ`+ . The factorisation of the scattering equations and

the measure will be closely related to section 6.5.1, so we will restrict the discussion here
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to highlight only the differences due to the factor of λ−1. As above, we will blow up the

concentration point into a bubbled-off Riemann sphere,

σ`− = σ`+ + ε+ ε2y` +O(ε3) , (6.128)

where we have used the Möbius invariance on the sphere to fix x`− = 1. We thus find the

scattering equations

0 = Res`+P
2 = λ−1

∑
i

` · ki
σ`+i

, (6.129a)

0 = Res`−P
2 = −λ−1

∑
i

` · ki
σ`+i

+ ελ−1
∑
i

` · ki
σ2
`+i

+O(ε2) , (6.129b)

0 = ki · P (σi) = −ελ−1 ` · ki
σ2
`+i

+
∑
j

ki · kj
σij

+O(ε2) . (6.129c)

On the support of the scattering equations at σ`+ and σi for i 6= i1, i2, i3, (6.129b) simplifies

to

0 = Res`−P
2 = ελ−1

∑
i=i1,i2,i3

` · ki
σ2
`+i

+
∑
i,j

i 6=i1,i2,i3

ki · kj
σij

+O(ε2) ≡ ελ−1F1 −F2 , (6.130)

where the explicit form of F1,2 will be irrelevant for the following discussion. Including the

factor of `−2, the measure therefore factorises (to leading order) as

dµ ≡ λ2

`2
δ̄(Res`+P

2)δ̄(Res`−P
2)

∏
i 6=i1,i2,i3

δ̄(ki · P (σi))dσidσ`+dσ`−

= λ4 δ̄

(
ε− λF2

F1

)
dε dµ̃ ,

(6.131)

where dµ̃ is independent of λ and ε. The remaining delta-function thus fixes the worldsheet

degeneration ε to be proportional to the UV scaling λ of the loop momentum `.

Again, this factorisation behaviour of the measure is universal for all theories, and only

the specific form of the integrand will dictate the UV scaling of the theory. Denoting the

weight of IL,R in ε by NL,R, the scattering equation fixing ε implies that the one-loop

amplitudes scale as

M→ λ4+NL+NRM . (6.132)

Let us now consider the different supersymmetric and non-supersymmetric theories dis-

cussed above.
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6.5.3.1 The n-gon

The integrand of the n-gon,

În−gon =
1

σ4
`+`−

n∏
i=1

(
σ`+`−

σi`+σi`−

)2

, (6.133)

manifestly has weight ε2n−4 under the worldsheet degeneration 6.128. The leading be-

haviour of the amplitudes is thus given by λ4+N = λ4 for λ→ 0, and therefore the n-gons

scale as `−2n in the UV limit.

6.5.3.2 The Parke-Taylor factor

The Parke-Taylor integrand (6.51) contributing in Yang-Mills and the bi-adjoint scalar

theory is given by30

ÎPT =
1

σ`+`−

n∑
i=1

1

σ`+ iσi+1 iσi+2 i+1 . . . σi+n `−
. (6.134)

While naively this has weight −1 in ε, the leading order cancels due to the photon decoupling

identity — a special case of the KK relations —

0 =
n∑
i=1

1

σ` iσi+1 iσi+2 i+1 . . . σi+n `
, (6.135)

and the integrand thus scales as ε0 = 1. In particular, this allows us to identify immediately

the UV behaviour of the bi-adjoint scalar theory as `−4. This result can be given an intuitive

interpretation in terms of Feynman diagrams; the UV behaviour of the theory is determined

by the diagrams involving bubbles, which scale as `−4.

6.5.3.3 Supersymmetric theories

For supersymmetric theories, the UV behaviour is governed by the scaling of the integrand

(6.46)

ÎL,R0 =
1

σ2
`+`−
IL,R0 , IL,R0 = Pf (M3)

∣∣√
q

+ 8
(

Pf (M3)
∣∣
q0 − Pf (M2)

∣∣
q0

)
, (6.136)

30Note that we have chosen to include a factor of σ`+`− symmetrically in each integrand IL,R.
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under the worldsheet degeneration described above. Note first that the Szegő kernels become

(see (6.61))

S2(σij) =
1

2σi j

(√
σi `+ σj `−

σj `+ σi `−
+

√
σj `+ σi `−

σi `+ σj `−

)√
dσi
√
dσj →

∞∑
m=0

εmS
(m)
2

√
dσi
√
dσj

S3(σij) =
1

σi j

(
1 +
√
q

(σi j σ`+ `−)2

σi `+ σi `− σj `+ σj `−

)√
dσi
√
dσj →

∞∑
m=0

εmS
(m)
3

√
dσi
√
dσj ,

where

S
(0)
2 =

1

σij
S

(0)
3 =

1

σij
(6.137a)

S
(1)
2 = 0 S

(1)
3 = 0 (6.137b)

S
(2)
2 =

1

8

σij
σ2
i`+
σ2
j`+

S
(2)
3 =

σij
σ2
i`+
σ2
j`+

(6.137c)

S
(3)
2 =

1

8

(
σij(σi`+ + σj`+)

σ3
i`+
σ3
j`+

+
2 y` σij
σ2
i`+
σ2
j`+

)
S

(3)
3 =

σij(σi`+ + σj`+)

σ3
i`+
σ3
j`+

+
2 y` σij
σ2
i`+
σ2
j`+

. (6.137d)

Expanding the integrand IL,R0 in powers of ε, Pf (M3)
∣∣
q0 and Pf (M2)

∣∣
q0 potentially con-

tribute at order ε0, whereas Pf (M3)
∣∣√
q

can only contribute to ε2. However, the leading

contribution cancels among Pf (M3)
∣∣
q0 and Pf (M2)

∣∣
q0 , as well as all higher order contri-

bution (starting at order ε1) coming from the diagonal entries of C. The weight in ε is

thus governed by the higher order behaviour of the Szegő kernels. Moreover, due to the

factor of 1/8 between S
(2,3)
2 and S

(2,3)
3 , the terms of order O(ε2) and O(ε3) originating from

Pf (M2)
∣∣
q0 cancel31 against the contributions from Pf (M3)

∣∣√
q
.

A short investigation confirms that there are no further cancellations, and thus ÎL,R0

has weight 2 in ε. In particular, using N = 4 + NL + NR, this implies that our one-loop

supergravity amplitudes scale as `−8 in the UV limit, and super Yang-Mills as `−6 (using

NR = 0 for the Parke-Taylor integrand derived above). Naively, this seems to be a lower

UV behaviour for super Yang-Mills than expected from the Feynman diagram expansion,

for which the UV limit is given by the contribution from the boxes. However, a more

detailed investigation of the Q-cut representation of the integrand demonstrates that this is

indeed the expected scaling, and that only the (higher) symmetry properties of the gravity

31A bit more care is needed at O(ε3): While there are no contributions to O(ε2) from products of terms
of order ε, these have to be taken into account at order O(ε3). However, the same reasoning as above
guarantees their cancellation: The only possible origin for terms of order ε are the diagonal entries of C,
which coincide for M2 and M3. The cancellations to second order thus carry forwards to ensure that there
will be no contributions from products of lower order terms up to O(ε3).
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integrand guarantee the same scaling for both the conventional Feynman diagram expression

and the sum over Q-cuts.

6.5.3.4 Non-supersymmetric theories

In the supersymmetric case discussed above, cancellations between the NS and the R sector

ensured the correct scaling of the integrand. However, these cancellations are absent in the

purely bosonic case,

ÎNS =
1

σ`+`−

∑
r

Pf (M r
NS(`+`−)) , (6.138)

so naively the integrand seems to scale as ε−2. However, the leading contribution is given

by the Pfaffian of the full tree-level matrix M
(0)
NS = M (0), which vanishes on the support of

the scattering equations. More explicitly, let us expand the reduced matrix M r
NS(`+`−) in ε;

Pf (MNS(`+`−)) = Pf (M (0)) + εPf (M
(1)
NS ) +O(ε) . (6.139)

The vanishing of the leading term can then be seen from the existence of two vecors,

v0 = (σ1, . . . , σn, 0 . . . , 0) and ṽ0 = (1, . . . , 1, 0 . . . , 0) , (6.140)

in the kernel of M
(0)
NS = M (0). This argument can in fact be extended to subleading order:

expanding both the matrix MNS and a potential vecor in the kernel to subleading order,

MNS(`+`−) = M (0) + εM
(1)
NS , v = v0 + ε v1 , (6.141)

we note that the condition for INS to scale as O(ε0) is that MNS(`+`−) has co-rank two to

order ε, and thus two vectors spanning its kernel. Finding one of these is enough, as it

guarantees the existence of the second. But this on the other hand is equivalent to(
M (0) + εM

(1)
NS

)
(v0 + ε v1) = O(ε2) , (6.142)

vanishing to order O(ε2). Expanding this out, we obtain the conditions

M (0)v0 = 0 , M (0) v1 = −M (1)
NS v0 . (6.143)

As commented above, the first condition is satisfied with v0 given in (6.140). Note further-

more that the second condition cannot be straightforwardly inverted, since det(M (0)) = 0.

The constraint for a solution to exist is thus the vanishing of both sides of the equation
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under a contraction with a vector in the kernel of the matrix. Since the only contribution

to M
(1)
NS to order O(ε) comes from the diagonal entries Cii, we get

M
(1)
NS v0 = (0, . . . , 0, λ−1 εi · `

σi`+
, . . . ) . (6.144)

This vanishes trivially when contracted with v0 and ṽ0, and thus there exists a solution v1

to (6.143). The contributions of order O(ε−1) to INS therefore vanish, and the integrand

is of order one. In particular, this implies that both pure Yang-Mills and pure gravity one-

loop amplitudes scale as `−4 in the UV limit, which is the expected behaviour from both

the Q-cut and the Feynman diagram expansion. Moreover, the analysis above is equally

applicable to the NS and the pure theories, similarly to the discussion given in section 6.5.2.

To conclude the proof of theorem 5, let us summarise these results for the UV scaling

of our one-loop amplitudes:

theory scaling λN ∼ `−N

n-gon N = 2n

supergravity N = 8

super Yang-Mills N = 6

pure gravity N = 4

pure Yang-Mills N = 4

bi-adjoint scalar N = 4

Note that the scaling of the non-supersymmetric theories (pure gravity and Yang-Mills, as

well as the bi-adjoint scalar) corresponds to Feynman diagrams involving bubbles, whereas

the higher scaling of the supersymmetric theories ensures that only boxes contribute. As

observed above, Yang-Mills exhibits a lower scaling than expected from the Feynman di-

agram expansion, but which coincides with the expected scaling in the Q-cut representation.

Let us comment briefly on the closely related discussions regarding the contribution of

the singular solutions σ`− = σ`+ + ε + O(ε2). The same arguments as above, without the

rescaled loop momenta, ensure that the measure scales to leading order as

dµ = δ̄

(
ε− F2

F1

)
dε dµ̃ , (6.145)
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where the measure dµ̃ is again independent of ε. Then the same powercounting argument

in the degeneration parameter ε gives the following scaling for the different theories:

theory weight N in ε

n-gon N = 2n− 4

supergravity N = 4

super Yang-Mills N = 2

pure gravity N = 0

pure Yang-Mills N = 0

bi-adjoint scalar N = 0

The contribution from the singular solutions σ`− = σ`+ + ε + O(ε2) to the n-gon and the

supersymmetric theories thus vanishes, whereas they can clearly be seen to contribute for

the bi-adjoint scalar theory and Yang-Mills and gravity in the absence of supersymmetry.

Moreover, since the integrands scale as ε0, the contributions from the singular solutions are

clearly finite. However, they evidently do not contribute to the Q-cuts [183], and thus do

not contribute to the integrated amplitudes and can be discarded. This complements the

discussion given in section 6.4.1.

6.6 All-loop integrands

The ACS proposals have natural extensions to Riemann surfaces Σg of arbitrary genus g for

g-loop amplitudes [26,33,82]. We can again attempt to use residue theorems to localise on

a preferred boundary component of the moduli space. Here we choose a basis of g a-cycles

to contract in g non-separating degenerations, to obtain Riemann spheres Σg
0 with g nodes,

i.e pairs of double points (σr, σr′), r = 1, . . . , g. (We still expect separating degenerations

to be suppressed by the remaining scattering equations for generic momenta.) This fixes

g of the moduli, and the remaining 2g − 3 moduli are now associated with the 2g new

marked points modulo Möbius transformations. On nodal curves, 1-forms are allowed to

have simple poles at the nodes so that the nodal Riemann sphere Σg
0 is endowed with a

basis of g global holomorphic 1-forms

ωr =
(σr − σr′)dσ

(σ − σr)(σ − σr′)
. (6.146)
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For P with poles at n further marked points σi and residues ki, we have

P =

g∑
r=1

`rωr +
∑
i

ki
dσ

σ − σi
, (6.147)

where `r ∈ Rd are the zero modes in P representing the loop momenta. Setting

S(σ) := P 2 −
g∑
r=1

`2rω
2
r +

g∑
r,s

ars(`
2
r + `2s)ωrωs , (6.148)

a quadratic differential with simple poles at all the marked points including σr, σr′ , the

multiloop off-shell scattering equations are

ResσiS = 0 , i = 1, . . . , n+ 2g , (6.149)

where i now ranges over all the marked points. The coefficients ars in the definition of

S(σ) are fixed uniquely by requiring the amplitude to factorise correctly. We have as before

three relations between the scattering equations arising from the vanishing of the sum of

the residues of
∑
σασβS = 0. Thus if we impose n + 2g − 3 of them, the remaining ones

must also be satisfied, so that S is holomorphic and, being of negative weight, vanishes.

→

Figure 6.5: Residue theorem at higher genus.

This leads to the following proposal for the all-loop supergravity integrand

M̂(g)
SG =

∫
(CP1)n+2g

IL0 IR0
VolG

g∏
r=1

1

`2r

n+2g∏
i=1

δ̄(ResσiS(σi)) , (6.150)

where G = SL(2,C)2 is the residual gauge symmetry of the ambitwistor string. It is fixed

in standard Faddeev-Popov fashion by fixing three points to (0, 1,∞) and removing their

corresponding delta functions. In this formula, the integrand factors IR and IL depend

on the marked points, momenta and polarisation data, and take values in 1-forms in each

integration variable. They are most simply defined to be the sum over spin structures of

the worldsheet correlator [33, 82] of n type-II supergravity vertex operators on a genus g

Riemann surface Σg, then taken to the g-fold nodal limit Σg
0. There is of course much work
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to be done to make such correlators explicit, but they strongly resemble those that arise in

conventional string theory, which have been the object of intensive research. This is done

in our context at four points and two loops in [82].

Similar conjectures can be made for planar super Yang-Mills and for the analogue of

bi-adjoint scalar amplitudes at all loops. We should respectively replace one or both of

the IR and IL by the sum of all Parke-Taylor factors that are compatible with some given

ordering of the external particles, but which also run through all the loops, generalizing the

one-loop case. Indeed, one can conceive of conjectures based on the ingredients of [20, 34]

for the theories described there.

6.7 Discussion

Summary. In giving the theory that underlies the CHY formulae for tree amplitudes,

ambitwistor strings gave a route to conjectures for the extension of those formulae to loop

amplitudes. Being chiral string theories, ambitwistor strings potentially have more anoma-

lies than conventional strings, but nevertheless the version appropriate to type II super-

gravity led to consistent proposals for amplitude formulae at one and two loops [33,82,91].

However, the other main ambitwistor string models would seem to have problems on the

torus, either due to anomalies, or because the full ambitwistor string theories have un-

physical modes associated with their gravity sectors that would propagate in the loops and

corrupt for example a pure Yang-Mills loop amplitude. Furthermore, once on the torus, it

is a moot point as to how much can be done with the formulae, requiring as they do, the

full machinery of theta functions. Issues such as the Schottky problem will make higher

genus formulae difficult to write down explicitly.

In this chapter, we have seen that the conjectures of [33,91], with the adjustment to the

scattering equations as described in section 6.2, are equivalent to much simpler conjectures

on the Riemann sphere. These formulae are now of the same complexity as the CHY tree-

level scattering formulae on the Riemann sphere with the addition of two marked points,

corresponding to loop momenta insertions. It is therefore possible to apply methods that

have been developed at tree-level on the Riemann sphere here also at one-loop to both

extend and prove the conjectures.

In particular, we were able to give strong evidence for 1-loop integrands in super Yang-

Mills theory and supergravity, and prove the conjectures for integrands in non-supersymmetric
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Yang-Mills, gravity and bi-adjoint scalar theory. All these amplitudes share as a fundamen-

tal building block the off-shell scattering equations, and can be written in manifestly SL(2,C)

invariant form (c.f. (6.53)),

M(1) = −
∫
dd`

1

`2

∫
dσ`+dσ`−d

nσ

volG
Î δ̄(Resσ`+S)δ̄(Resσ`−S)

∏
i

δ̄(ResσiS) , (6.151)

In table 6.1, we have listed the integrands for the most relevant theories described here.

Theory Integrand IL Integrand IR

supergravity Î0 Î0

super Yang-Mills ÎcPT Î0

NS-NS gravity ÎNS
d ÎNS

d

Einstein gravity ÎNS
αd

ÎNS
α̃d

Yang-Mills ÎcPT ÎNS
d

Bi-adjoint scalar ÎcPT ÎcPT

Table 6.1: Integrands for theories at one loop.

Here, IcPT denotes a Parke-Taylor factor running through the loop, and the NS integrand

and its supersymmetric counterpart are given by

Î0 = ÎNS
d −

cd
σ2
`+`−

Pf (M2) , (6.152a)

ÎNS
d =

1

σ`+`−

∑
r

Pf ′(M r
d ) , (6.152b)

ÎcPT =
∑
ρ∈Sn

Cn+2(σ`+ , ρ, σ`−) . (6.152c)

Discussion and Outlook. Fixing the marked points associated to the loop momenta,

σ`± , gives rise to (n− 1)!− 2(n− 2)! solutions to the scattering equations for an n particle

amplitude at one-loop. This counting was more clearly understood in [181]: the (n− 1)! is

the number of solutions that one obtains for n+ 2 points on the sphere with arbitrary null

momenta at n points, and off-shell momenta at the remaining two points (all summing to

zero). If one takes the forward limit in which the two off-shell momenta become equal and

opposite, one finds that there are two classes of (n−2)! degenerate solutions, in which the two
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loop insertion points come together (or alternatively all the other points come together); the

two classes are distinguished by the rate at which the points come together as the forward

limit is taken. In the forward limit which corresponds to the one-loop amplitude, the most

degenerate class no longer applies but, in general, we should consider the other, leaving

(n − 1) − (n − 2)! solutions. For amplitudes in supersymmetric Yang-Mills and gravity,

these degenerate solutions give a vanishing contribution to the loop integrand. However,

they do contribute in the case of the bi-adjoint scalar theory, as shown in [181], and they

also contribute in the cases of non-supersymmetric Yang-Mills and gravity presented in this

chapter.

As seen in section 6.5, the degenerate solutions do not contribute to the Q-cuts. So,

to arrive at a loop integrand that computes the correct amplitude under dimensional regu-

larisation, we simply discard them in our proposed formulae also. Having discarded these

terms, our formulae will not necessarily give the integrand itself as a sum of Feynman dia-

grams. In the bi-adjoint scalar theory for example, there will be terms that look like tree

amplitudes with bubbles on each external leg that vanish under dimensional regularisa-

tion. These terms are correctly computed if the degenerate solutions are included as shown

by [181]. It would be interesting to see if this persists for all our formulae as we have seen

that they make sense on the degenerate solutions.

It should also be possible to prove our one-loop formulae for supersymmetric theories

via factorisation. The gap in our argument is that we do not have a good closed-form

formula for the Ramond sector contributions at tree level, as would be required to prove

factorisation. Our representation of the Ramond sector in the loop as the Pfaffian of M2

should provide some hint as to how to do this, and further insights could possibly come

from the pure spinor formalism.

Ideally, there should be no need to solve the scattering equations explicitly. The main

result of this chapter, which relies on the use of a residue theorem to localise the mod-

ular parameter, was inspired by [63], where the tree-level CHY integrals were computed

by successive applications of residue theorems, rather than by solving the scattering equa-

tions. The way forward is to use the map between integrals over the moduli space of the

Riemann sphere and rational functions of the kinematic invariants, which is implicit in the

scattering equations. Recently, there has been intense work on making this map more prac-

tical [50–61,182]. We expect that this will make the use of our formulae much more efficient.
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It was argued in section 6.6 that the scheme explored in detail at one-loop has a natural

extension to all loops. Similarly, the Q-cut formalism of [183] also has a natural extension

to all loops. It will be interesting to see whether the factorisation strategy presented in this

chapter can be extended to give a correspondence with the Q-cut formalism at higher loop

order. Obtaining better control of higher loop Pfaffians will be crucial for using these ideas

to understand gauge theories and gravity. A formulation as correlators on the Riemann

sphere, as suggested by our introduction of MNS, may play a key role.

Proving this all-loop proposal would be of utmost interest, since it would effectively

solve the theories in question, albeit perturbatively, by reformulating an n particle g loop

amplitude as an object of the same complexity as an n+2g particle tree amplitude. However,

new features emerge already at two loops, and an extension to three loops becomes highly

non-trivial. In particular, the two-loop scattering equations are manifestly off-shell, with

coefficients ars = 1. A resolution to these difficulties would be of high impact, with the

potential to resolve the long-standing pressing question regarding the UV-behaviour of

maximal supergravity.
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Chapter 7

Conclusion

I have demonstrated in this thesis both the wide-ranging impact of ambitwistor strings on

the study of tree-level amplitudes and its new insights at loop-level. With the scattering

equations as the backbone, there exists now a wide variety of formulae for scattering ampli-

tudes derived from underlying ambitwistor string theories. The great number of formulae

is due to the flexibility of the ambitwistor string approach, allowing both for different rep-

resentations (see chapters 4 and 5 and [37, 38, 80–82, 113, 176]) and a variety of different

theories (see chapter 3 and [19,20,26]). In four dimensions, the ambitwistor string not only

leads to the simplest known expression of amplitudes for any degree of supersymmetry, but

also makes contact with twistor strings for Yang-Mills and gravity, framing the ambitwistor

string in arbitrary dimensions as the natural generalisation of the twistorial ideas of d = 4.

Moreover, I have demonstrated the strength of the target space geometric structure in

studying the asymptotic symmetries of the S-matrix and their relation to the low-energy

behaviour of the theory, both in arbitrary dimensions and the twistorial representation in

four-dimensional space-time.

At loop level, I have demonstrated that further simplifications occur due to the lo-

calisation on the scattering equations. In particular, a contour integration argument in

the fundamental domain reduces the computationally challenging ambitwistor higher-genus

expressions to simpler formulae on nodal Riemann spheres. These inherit both the flexi-

bility and simplicity of tree-level amplitudes. I have shown this explicitly by constructing

integrands for supersymmetric and non-supersymmetric Einstein gravity and Yang-Mills

theory, the former giving compelling evidence for the validity of the ambitwistor string on

the elliptic curve, while the latter was proven systematically using factorisation properties.

The proposal of the all-loop integrand concluding this chapter gives a small insight into

where this research might be headed - if proven, it would extend this widely applicable
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framework to reduce higher-loop integrals to formulae on nodal Riemann spheres, of a com-

plexity comparable to tree-amplitudes with two more particles for each loop.

This thesis represents a small step towards a new understanding of quantum field the-

ories. In this last paragraph, I will aim to set this into a wider context by giving a short

overview over some recent spectacular advances originating in ambitwistor string theory,

with a focus on long-term goals of research in this field.

One of the most intriguing features of the ambitwistor worldsheet models is their rela-

tion to string theory. Despite the similarity in structure, string theories depend - via the

string length
√
α′ - on an additional parameter, and the ambitwistor worldsheet models

are more readily understood as holomorphic complexification of worldline formulations. In

particular, they describe perturbative general relativity, and thus fail to make sense at high

energies, whereas string theory as a theory of quantum gravity is well-defined. Another

piece of this puzzle are the scattering equations - originally discovered in string theory, they

feature most prominently in the ambitwistor models. Many recent insights into the math-

ematical structure of both string theory and ambitwistor strings provide an angle on this

puzzle. Most noteworthy in this context is the work on the contours used to localize on the

scattering equations [26,203], and recent progress on the twistorial origin of the pure spinor

string [30, 31]. Moreover, ambitwistor strings have been shown [32] to encode the full non-

linear geometry of supergravity in the ambitwistor string current algebra, providing a key

step towards understanding non-perturbative aspects from an ambitwistor string approach.

Research on the relation between ambitwistor models and string theory, as well as non-

perturbative aspects, has the scope to not only transform our understanding of quantum

field theories, but could also provide new insights into the geometric properties of string

theory and its relation to physics.

Ambitwistor strings are therefore a very active area of research, and I am looking forward

to the insights, surprises and discoveries of the coming years.
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Appendix A

New Models

A.1 Correlators for SYM,Ψ

In this appendix, we provide the proof of theorem 2. While several versions for Einstein-

Yang-Mills theory are realised in chapter 3, we will demonstrate and prove the mechanism

in the simplest setting containing all necessary ingredients, and comment on adaptations

and restrictions afterwards. Concretely we use the action SYM,Ψdescribing a single free

fermion ρa and a generic level zero current ja. The fields have the same OPEs as above,

that is ja form a current algebra and ρa are in the adjoint presentation of the j-algebra, i.e.

ρa(σ)ρb(0) ∼ 1

σ
δab , ja(σ)jb(0) ∼ 1

σ
fabcjc , ja(σ)ρb(0) ∼ 1

σ
fabcρc . (A.1)

The strategy for proving the theorem is as follows: both the tree-level CHY amplitude

MCHY(g, h) and the world-sheet correlator M(g, h) derived from the ambitwistor string

are sums of simple terms. The sum in MCHY(g, h) is over trace sectors as well as a choice

of gluon labels, while the sum in M(g, h) is simply the Wick expansion of the expectation

value, schematically expressed by

A =
∑
x∈X
A(x) and A =

∑
y∈Y

A(y) . (A.2)

Demonstrating that x ∈ X ⇒ x ∈ Y and y ∈ Y ⇒ y ∈ X, as well as uniqueness of

each element leads to X = Y . Along the way we will see that M(x) = MCHY(x), hence

establishing M =MCHY.

To clarify the structure of the discussion we firstly only insert integrated vertex operators

on the world-sheet – which corresponds to considering the full Pfaffian in the CHY formula

– keeping in mind that to get a non-vanishing result we need to go over to the reduced

Pfaffian. That step will be taken at the end.
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Let us examine the correlation function of two types of operators,

Ogl = k ·Ψ t · ρ+ t · j and Ogr = k ·Ψ ε ·Ψ + ε · P , (A.3)

for (one half of) the gluon and graviton integrated vertex operators respectively. The claim

is that the ambitwistor string string worldsheet correlator

M(g, h) :=

〈 ∏
a∈g
Ogla

∏
b∈h
Ogrb

〉
(A.4)

where g and h are the sets containing the gluon and graviton labels respectively, is equal

to (one part of the CHY representation of) the tree-level amplitude

MCHY =
∑

trace sectors

C1 · · · Cm Pf Π , (A.5)

where the sum ranges over all possible trace sectors, including a sum over the number of

traces m = 1, · · · , [|g|/2]. The matrix Π, defined in [20], of course depends on this trace

sector.

The main step in going between the representations (A.4) and (A.5) is the identity

(3.46), which we repeat here for the readers convenience

σab C(T ) = K(b, a|T ) , (A.6)

where the ‘comb structure’ K was defined in the main text. Using the anti-symmetry and

multi-linearity of the Pfaffian, (A.5) can be recast as

MCHY =
∑
trace

sectors

∑
a1<b1∈T1
···

am<bm∈Tm

K(a1, b1|T1) · · · K(am, bm|Tm) PfM(h, {ai}, {bi}|h) . (A.7)

This is the representation of the amplitude which the world-sheet correlator (A.4) will land

us on.

Let us now evaluate the correlator M(g, h). We will see that it gives rise to a multiple

sum over terms, which turn out to be the same that (A.7) sums over. The first step is to

expand the product of all vertex operators Ogla into a sum over 2|g| terms corresponding to

factors of kΨρ or a j for each gluon. Labelling the set of gluons with kΨρ insertions by e,

the path integral over the Ψ field can be performed for each term individually, leading to

PfM(h, e|h). Since Ψ is fermionic, the path integral vanishes unless |e| = 2m is even. The
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correlator M is now a sum over ways of partitioning g into e and g − e, with the condition

that |e| be even, and each term is given by1〈 ∏
a∈e

ρa
∏
a∈g−e

ja

〉
PfM(h, e|h) . (A.8)

The remaining worldsheet correlator evidently gives rise to the product of Ks and the

remaining sum over partitions. Care is needed due to the fermionic nature of the ρ insertions,

the resulting factors of (−1) are absorbed into a reordering of the rows and columns of M :∑
K(a1, b1|T1) · · · K(am, bm|Tm) PfM(h, {a1, b1, · · · , am, bm}|h) , (A.9)

which is precisely the summand appearing in the full space-time amplitude. We repeat

that Wick expansion ensures both that every possible configuration is summed over exactly

once.

We have shown that the expressions M and MCHY are sums over the same simple

terms, involving Ks and the corresponding PfM . To clarify the differences, the sum in the

correlator M ranges over different ways of choosing m pairs from g and different ways of

forming m unordered sets Ti from the labels left over, as well as the sum over m - indicated

above by the set X. On the other hand, the sum inMCHY ranges over ways of splitting the

labels g into m unordered subsets Ti and picking a pair from each subset, as well as the sum

over m - corresponding above to Y . The set of these choices is Y . Indeed, these sums are

actually identical: each term in M has a counterpart in MCHY and vice versa. Moreover,

Wick’s theorem and the construction of terms in the CHY representation guarantees that

each element is unique, and thus

M =MCHY . (A.10)

A.1.1 The reduced Pfaffian

The Pfaffian we discussed so far actually vanishes for physical systems, i.e. when momentum

conservation, gauge invariance and the scattering equations hold. Hence it is replaced by

the reduced Pfaffian Pf′Π defined in either of the following equivalent ways

Pf′Π := Pf Πi,j′ =
(−)a

σa
Pf Πa,i = −(−)a

σa
Pf Πa,j′ =

(−)a+b

σab
Pf Πa,b (A.11)

where a, b label gravitons, with the restriction to not remove any row/column of the matrix

B, and the i, j′ label traces. In the ambitwistor string, this corresponds to the observation

1From now onwards we omit the colour structure and abbreviate ta · ρ(σa) = ρa and ta · j(σa) = ja.
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that BRST invariance ensures invariance of the amplitude under the choice of fixed vertex

operators. Hence, if there are at least two gravitons and arbitrarily many gluons, the

amplitude must be equal to the CHY formula. The validity of (A.11) can also be shown

explicitly in the case of fixed vertex operators for two gluons or one gluon and one graviton.

Two gluons fixed. Denote the labels of the fixed gluon operators as c, d. With the

reduced Pfaffian defined as

Pf′Π = Pf Πi,j′ (A.12)

there are two cases, j′ = i or j′ 6= i. In the first case the trace Ti is totally removed from

the Pfaffian and we can write

· · · Ci · · · Pf Πi,i′ =
1

(d c)
· · · K(c, d|Ti) Pf Πi,i′ , (A.13)

with the gluons c, d being members of the trace Ti. The factor 1
(d c) fits into the interpretation

of [25] as ghost field correlator. Note that there is no sum over choices of pairs in Ti, instead

the comb K appears with fixed start/end points, corresponding to the insertion of fixed

vertex operators for the gluons c, d.

In the second case (j′ 6= i), name the traces such that c ∈ T1 and d ∈ T2. Now each term

in the expansion of the worldsheet correlator will look like (omitting all irrelevant factors)

1

σcd

∑
a∈T1
b∈T2

K(c, a|T1)K(d, b|T2) Pf (a, b, · · · ) = C(T1) C(T2)
∑
a∈T1
b∈T2

σacσbd
σcd

Pf (a, b, · · · )

= C(T1) C(T2)
∑
a∈T1

σac
σcd

Pf (a,
∑
b∈T2

σbd b, · · · )

= C(T1) C(T2)
∑
a∈T1

σac
σcd

Pf (a,−
∑
b∈T1

σbd b, · · · )

= C(T1) C(T2)
∑

a<b∈T1

σba Pf (a, b, · · · ) ≡ C(T1) C(T2) Pf Π2,2′ .

(A.14)

Note that we had to use the scattering equations and the antisymmetry of the Pfaffian to

arrive at the final result.

One gluon, one graviton fixed The computation for fixing one gluon and one graviton

vertex operator is largely analogous to the previous one. Moreover, BRST invariance guar-

antees that the final result will be as desired. Let us nevertheless demonstrate the necessary
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manipulations. Denote the fixed gluon by c, with c ∈ T1, and the fixed graviton by m

1

σmc

∑
a∈T1

K(a, c|T1) Pf (a, · · · , m̌, · · · ) = C(T1)
∑
a∈T1

σca
σmc

Pf (a, · · · , m̌, · · · )

= C(T1)
1

σmc
Pf (

∑
a∈T1

σca a, · · · , m̌, · · · )

= C(T1)
1

σmc
Pf (−σcmm, · · · , m̌, · · · )

= C(T1) Pf (m, · · · , m̌, · · · ) ≡ C(T1) Pf Π1,1′ .

(A.15)

Again we had to make use of the scattering equations.

A.1.2 Adaption and restriction

As mentioned in the text, it seems not to be possible to find a level zero current via descent

from ρ in a consistent way. Hence, the main text contains an adaption of the system

discussed above, using two fermions ρa, ρ̃a, conjugate to each other. Via the descent, ρa

gives rise to ja while ρ̃a gives rise to j̃a. The OPEs between the currents and the fields are

ρa(z)jb(0) ∼ 1

z
fabcρc , ρ̃a(z)jb(0) ∼ 1

z
fabcρ̃c ,

ρa(z)j̃b(0) ∼ 1

z
fabcρ̃c , ρ̃a(z)j̃c(0) ∼ 0 .

(A.16)

We shall now examine the correlators of this system.

First, note that by taking the fixed vertex operators to be (ρ+ ρ̃), the discussion above

would carry over verbatim. There is a crucial difference however: the current appearing in

the associated integrated vertex operator does not lead to K(a, b|T ), but instead gives〈
(ρa + ρ̃a) (ρb + ρ̃b)

∏
c∈T

(jc + j̃c)

〉
= |T | K(a, b|T ) . (A.17)

So each contribution from a different trace sector will come with a different prefactor∏m
i |Ti|, spoiling the relative coefficient between partial amplitudes. As the prefactor de-

pends on the given partition of particles into traces, it cannot be removed by a field rescaling.

The origin of this factor can be understood by simply counting the ways in which a full

comb can be generated. Observe that each contraction must have exactly one insertion of

j̃ or ρ̃ independent of the length n of the chain, while there are n − 1 insertions of j or ρ.

Summing over the possible positions of the tilded operator in the chain gives rise to the

over-counting by |T |. Note that each contraction contributes exactly the same analytical

and colour structure.

167



Having understood the (non–trivial) origin of the factor |T |, the remainder of the discus-

sion, showing how to remove it, follows trivially. Denote v the vertex operator containing

ρ and j and ṽ the one containing ρ̃ and f̃ , either integrated or fixed. It is now clear that

choosing to insert ṽ at m of the gluon punctures and v at the others will give rise (following

the general discussion above) to the complete color ordered partial amplitude with m traces

C(T1) · · · C(Tm) Pf′Π , (A.18)

which concludes the discussion.
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Appendix B

Details of the correlators with soft limits

Integrated graviton vertex operators implement symplectic diffeomorphisms of T ∗I in the

worldsheet ambitwistor string theory. We have seen explicitly how these vertex operators

can be expanded in powers of the soft momentum, and have identified the leading and

subleading terms as generators of supertranslations and superrotations on I . Analogous

results hold for Yang-Mills theory. In this appendix, we deduce the associated Ward iden-

tities, both in the d dimensional model and the four dimensional twistorial model, from

the worldsheet CFT of the ambitwistor string. In particular, we compute correlators with

insertions of supertranslation/superrotation generators and obtain the leading/subleading

terms in the soft theorems for Yang-Mills and gravity.

B.1 Yang-Mills soft limits in d-dimensional model

Leading terms

Let ε and s be the polarization and momentum of a soft gluon. If we expand the vertex

operator in s, the leading term corresponds to the generator of a singular gauge transfor-

mation that only depends on p. This is the gauge analogue of a supertranslation and we

denote it by Vym,0s :

Vym,0s =
1

2πi

∮
dσs

ε · p(σs)
s · p (σs)

j(σs) ,

where j(σs) is the worldsheet current algebra contracted with an element of the corre-

sponding Lie algebra. Since we are dealing with color-stripped amplitudes, we will leave

out generators of the Lie algebra and simply take the single trace term when we take the

correlation function.

Consider the correlator of a soft gluon with n other gluons. This is given by

〈
V1...VnVym,0s

〉
=

1

2πi

n∑
j=1

〈
V1...Vn

∮
|σs−σj |<ε

dσs
(σn − σ1)

(σs − σ1) (σn − σs)
ε · p(σs)
s · p (σs)

〉
,
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where ε → 0. We have used (4.26) and the single trace term in the current correlator to

obtain a Parke-Taylor denominator from which we have extracted the soft term. As the

soft gluon vertex operator approaches one of the other vertex operators, we have

lim
σs→σj

ε · p(σs)
s · p (σs)

=
ε · kj
s · kj

. (B.1)

Plugging this into equation (B.1) and performing the contour integral finally gives the

leading order contribution to the soft limit (4.40a),

〈
V1...VnVym,0s

〉
=

(
ε · k1

s · k1
− ε · kn
s · kn

)
〈V1...Vn〉 . (B.2)

Subleading terms

Expanding the vertex operator further in s, the gauge analogue of the superrotation gener-

ator corresponds the terms linear in s

Vym,1s = QorbitR +QspinR

where

QorbitR =
1

2πi

∮
dσs

iq(σs) · s ε · p(σs)
s · p(σs)

j(σs) , (B.3a)

QspinR =
1

2πi

∮
dσs

ε ·Ψ(σs)s ·Ψ(σs)

s · p(σs)
j(σs) . (B.3b)

Let’s compute the correlator of Vym,1s with n other vertex operators. If we focus only on the

delta functions in the other vertex operators, we can neglect QspinR , since the delta functions

do not depend on fermionic fields. Hence, we only need the following OPE:

is · v(σs)δ̄ (kj · P (σj)) =
kj · s
σs − σj

δ̄(1) (kj · P (σj)) + ... (B.4)

where δ̄(n)(x) =
(
∂
∂x

)n (
x−1

)
, which follows from (4.27). Focusing on the delta functions of

the vertex operators and using the above OPE, one easily finds that〈
V1...VnQorbitR

〉
=

1

2πi

∫
d2nσ

∮
dσs

ε · P (σs)

s · P (σs)

σn1

σs1σns

n∑
j=1

s · kj
σsj

δ̄
(1)
j Πn

a=1,a6=j δ̄aIn ,

where σij = σi − σj , δ̄j = δ̄ (kj · P (σj)), and In indicates that the remainder of the inte-

grand does not depend on σs. Note that this integral is precisely equation (19) of [114].

Following the calculations of that paper, we can easily see that this will indeed correspond

to the subleading soft limit terms S(1), with the derivatives taken to act exclusively on the
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scattering equations obtained from the momentum eigenstates in the vertex operators.

To obtain the full subleading soft factors, we will have to include the contributions from

the correlation function
〈
V1...VnQorbitR

〉
, as well as additional contributions from QspinR . In

particular, we find that〈
V1...VnQorbitR

〉
=

1

2πi

∫
dnσ

Vol SL(2,C)

∮
dσs

ε · P (σs)

s · P (σs)

σn1

σs1σns n∑
j=1

s · kj
σsj

δ̄
(1)
j Πn

a=1,a6=j δ̄a
Pf(M (n))∏
b σb,b+1

+
n∑
a=1

s · εa
σsa

Π′bδ̄b
Pf(M (n)a,a+n

a,a+n)∏
b σb,b+1

 ,

where we denote the CHY matrix obtained from n vertex operator insertions by M (n).

Note especially that this does not contain any data of the soft gluon. As mentioned above,

additional contributions to the orbital part of the subleading soft limit (in addition to the

spin contribution) will originate from the correlation function involving QspinR ;〈
V1...VnQspinR

〉
=

1

2πi

∫
dnσ

Vol SL(2,C)

1∏
b σb,b+1

∮
dσs

1

s · P (σs)

σn1

σs1σns∑
a,b

(−1)a+b

(
ε · ka
σsa

s · εb
σsb

Pf(M (n)a,b+n

a,b+n)− s · ka
σsa

ε · εb
σsb

Pf(M (n)a,b+n

a,b+n)

+
ε · ka
σsa

s · kb
σsb

Pf(M (n)a,b

a,b)−
ε · εa
σsa

s · εb
σsb

Pf(M (n)a+n,b+n

a+n,b+n)

)
.

A closer look at the structure and origin of these terms already indicates how to match them

to the contributions to the subleading soft limits found in [114]. Recall from the original

ambitwistor string [25] that in the correlation functions, the fermionic fields Ψ give rise

to the Pfaffians, with the diagonal terms Caa coming from the contributions ε · P (σ). An

insertion of QorbitR will therefore contribute the subleading soft limits, where the derivative is

taken to act on the scattering equations, as well as an additional term due to the appearance

of the soft gluon in the diagonal terms of the matrix C. The charge QspinR , on the other

hand, will give the remaining contributions of the soft particle in the Pfaffian, as well as the

spin contribution Jµνspin,a = ε
[µ
a k

ν]
a , stemming from the double contractions where both soft

gluon Ψs fields are contracted to the fields Ψa of one external gluon a. Combining these

terms and following the manipulations described in [114], one then finds the subleading soft
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limit (4.40b), 〈
V1 . . .VnVym,1s

〉
=

(
εµsνJ

µν
1

s · k1
− εµsνJ

µν
n

s · kn

)
〈V1...Vn〉 , (B.5)

where Jµνa = Jµνorb,a + Jµνspin,a, with Jµνorb,a = k
[µ
a

∂
∂ka,ν]

and Jµνspin,a = ε
[µ
a k

ν]
a .

B.2 Gravity soft limits in d-dimensional model

Leading terms

For a soft graviton s, we are interested in computing the Ward identitiy associated to the

leading order term V0
s in the soft expansion of the vertex operator. As we have seen above,

this corresponds to a supertranslation on I . With one insertion of V0
s , the correlator

becomes 〈
V1...VnV0

s

〉
=

1

2πi

n∑
j=1

〈
V1...Vn

∮
|σs−σj |<ε

dσs
(ε · p(σs))2

s · p (σs)

〉
,

where ε → 0 and p(σ) is given in equation (4.26). When the soft graviton vertex operator

approaches one of the other vertex operators, from (4.26) we have

lim
σs→σj

(ε · p(σs))2

s · p (σs)
=

(ε · kj)2

s · kj (σs − σj)
.

Plugging this into equation (B.2) and performing the contour integral yields the Weinberg

soft graviton theorem,

〈
V1...VnV0

s

〉
=

 n∑
j=1

(ε · kj)2

s · kj

 〈V1...Vn〉 . (B.6)

Subleading terms

Expanding the soft graviton vertex operator further in s, we obtain a term V1
s linear in s

which corresponds to the generator of a supertranslation on I . Note that V1
s is made out

of rµνJ
µν which breaks up into an orbital part q[µpν] and spin part Ψµ

rΨν
r :

V1
s = QorbitR +QspinR ,

where the orbital and spin contributions are given by

QorbitR =
1

2πi

∮
dσs

iε · p(σs)[µεν]q(σs)µp(σs)ν
s · p(σs)

, (B.7a)

QspinR =
1

2πi

∮
dσs

ε · p(σs)s ·Ψ1(σs)ε ·Ψ1(σs) + (1↔ 2)

s · p(σs)
. (B.7b)
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The correlation functions involving these vertex operators are computed using the OPE

(4.27). Related calculations have been performed in detail in [114] to compute subleading

soft limits. There, the authors focus on the soft limits of the delta functions in the CHY

formulae, which contributes to the orbital part of the subleading soft limit. The remainder of

the orbital part and the spin part of the subleading soft limit then comes from analysing the

soft limits of the Pfaffians. Similarly, when we compute the correlation functions of V1
s with

other vertex operators, we will first focus on the contractions involving the delta functions

of the other vertex operators. This will allow us to make contact with the calculations

in [114] to demonstrate that QorbitR indeed generates the correct contributions to the orbital

part of the subleading soft limit. One can then show that QspinR generates the spin part

of the subleading soft limit, as well as the missing contributions to the orbital part. V1
s =

QorbitR +QspinR will therefore generate the full subleading soft gluon or graviton contribution

as discussed in [112].

To compute the correlator of QR with n other vertex operators, we will focus first only

on the delta functions in the other vertex operators, and neglect QspinR . Furthermore, using

equation B.4, one finds that〈
V1...VnQorbitR

〉
=

1

2πi

∫
d2nσ

∮
dσs

ε1 · P (σs)ε2 · P (σs)

s · P (σs)

n∑
j=1

s · kj
σsj

δ̄
(1)
j Πn

a=1,a6=j δ̄aIn ,

where we use the notation defined in the previous subsection. Note that this integral is

precisely equation 23 of [114]. Again, the remaining correlation function,〈
V1...VnQspinR

〉
,

can be calculated along similar lines as in Yang-Mills, described in appendix B.1. Following

the manipulations outlined in [114], we find indeed the subleading soft graviton limit derived

in [112] 〈
V1...VnV1

s

〉
=

n∑
a=1

εµνk
µ
asλJ

λν
a

s · ka
〈V1...Vn〉 , (B.8)

where εµν = ε
(µ
1 ε

ν)
2 and Jµνa was defined in appendix B.1.

B.3 Yang-Mills soft limits in the twistorial model

Leading terms

The action of the worldsheet model for the ambitwistor string is based on the symplectic

potential of A, and the singular parts of the OPE of operators in the ambitwistor string
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is thus given by the Poisson structure on A = T ∗I . In calculating the soft limits in the

twistorial model, the following OPE’s of fields in the ambitwistor string will be useful:

λα(z)µ̃β(w) =
δβα

z − w
+ ..., λ̃α̇(z)µβ̇(w) =

δβ̇α̇
z − w

+ ... (B.9)

Expanding an integrated gluon vertex operator in the soft momentum, the leading term

is given by

Vym,0s =
1

2πi

∮
dσs

〈ξλ (σs)〉
〈ξ s〉 〈s λ (σs)〉

j (σs) ,

where l = λsλ̃s is the soft momentum, ξα is a reference spinor, and

λ(σ) =
k∑
i=1

siλi
σ − σi

. (B.10)

Let us compute the correlator of Vym,0s with k negative helicity vertex operator Ṽ and n−k

positive helicity vertex operators V:〈
Ṽ1...ṼkVk+1...VnVym,0s

〉
=

1

2πi

1

〈ξ s〉

〈
Ṽ1...ṼkVk+1...Vn

∮
dσs

σn1

σnsσs1

〈ξ λ (σs)〉
〈s λ (σs)〉

〉
. (B.11)

Note from equation B.10 that

lim
σs→σ1

〈ξ λ (σs)〉
〈s λ (σs)〉

=
〈ξ 1〉
〈s 1〉

.

Furthermore, on the support of the delta functions in Vn, we have

lim
σs→σn

〈ξ λ (σs)〉
〈s λ (σs)〉

=
〈ξ n〉
〈s n〉

.

Hence, when we evaluate the contour integral in (B.11), the residues at σs = σ1 and σs = σn

give the soft graviton contribution to leading order〈
Ṽ1...ṼkVk+1...VnVym,0s

〉
=

〈1n〉
〈s 1〉 〈s n〉

〈
Ṽ1...ṼkVk+1...Vn

〉
,

where we have used the Schouten identity.

Subleading terms

Expanding the gluon vertex operator further to first order in the soft momentum gives

Vym,1s =
1

2πi

∮
dσs

[µ (σs) s]

〈s λ(σs)〉
J (σs) .
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Note that there is subtlety in defining this operator, since the equations of motion for the

λ̃ field imply that µ = 0. On the other hand, µ will have non-zero contractions with the λ̃

fields which appear in the delta functions of other vertex operators, so correlation functions

of Vym,1s will be non-vanishing. In particular, from (B.9), we see that

[µ (σs) s] δ̄
2
(
λ̃i − tiλ̃ (σi)

)
=

1

σs − σi
λ̃s ·

∂

∂λ̃ (σi)
δ̄2
(
λ̃i − tiλ̃ (σi)

)
+ ...

where we omitted non-singular terms. The subleading contribution to the soft gluon will

arise from the correlator of Vym,1s with k negative helicity vertex operator Ṽ and n − k

positive helicity vertex operators V:

〈
Ṽ1...ṼkVk+1...VnVym,1s

〉
=

1

2πi

∫
d2nσ

∮
dσs

1

〈s λ(σs)〉
σn1

σnsσs1

k∑
i=1

1

σsi
λ̃s ·

∂

∂λ̃ (σi)
In ,

where In indicates that the rest of the integrand does not depend on σs. Noting that

lim
σs→σ1

1

〈s λ(σs)〉
=

σs1
s1 〈s 1〉

,

the residue at σs = σ1 gives to

1

〈s 1〉
λ̃s ·

∂

∂λ̃1

〈
Ṽ1...ṼkVk+1...Vn

〉
.

Furthermore, the residue at σs = σn corresponds to∫
d2nσ

1

〈λ(σn) s〉

k∑
i=1

1

σni
λ̃s ·

∂

∂λ̃ (σi)
In =

1

〈n s〉
λ̃s ·

∂

∂λ̃n

〈
Ṽ1...ṼkVk+1...Vn

〉
,

where we noted that on the suppport of the delta functions in Vn, we have 〈λ(σn)s〉 =

〈n s〉 /sn. Hence, we find that the correlator in equation B.3 reduces to the subleading soft

gluon contribution from [116]〈
Ṽ1...ṼkVk+1...VnVym,1s

〉
=

(
1

〈s 1〉
λ̃s ·

∂

∂λ̃1

+
1

〈n s〉
λ̃s ·

∂

∂λ̃n

)〈
Ṽ1...ṼkVk+1...Vn

〉
.

B.4 Gravity soft limits in the twistorial model

As we have seen above, the terms in the soft limit expansion of the integrated vertex

operators for gravity correspond to generators for the symmetries of I . In particular we

find generators of translations V0
s at leading order, and generators of superrotations V1

s at

subleading order. By imposing the constraints (5.57), the equations for the generators (5.71)

can be simplified drastically. Moreover, in contraction with the vertex operators introduced
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above, the pieces ρα
∂
∂λα

+ ρA
∂

∂χA
can be ignored, as there remains always at least one ρ̃ in

one of the vertex operators, which causes the path integral to vanish. Keeping this in mind,

the symmetry generators due to a soft graviton are given by

V0
s =

1

2πi

∮
〈ξ λ(σs)〉2[λ̃(σs) λ̃s]

〈ξ λs〉2〈λs λ(σs)〉
, (B.12a)

V1
s =

1

2π

∮ (
〈ξ λ(σs)〉[λ̃(σs) λ̃s][µ(σs)λ̃s]

〈ξ λs〉〈λs λ(σs)〉
+
〈ξ λ(σs)〉[ρ λ̃s][ρ̃ λ̃s]
〈ξ λs〉〈λs λ(σs)〉

)
, (B.12b)

V2
s =

1

2πi

∮ (
1

2

[λ̃(σs) λ̃s][µ(σs)λ̃s]
2

〈λs λ(σs)〉
+

[ρ λ̃s][ρ̃ λ̃s][µ(σs) λ̃s]

〈λs λ(σs)〉

)
. (B.12c)

Leading terms

In particular, we can investigate the Ward identity of the first order contribution of an

integrated vertex operator in the soft limit, which we have identified with a charge associated

to superrotations. For a soft graviton s, the superrotation generator is then given by

V0
s =

1

2πi

∮
dσs
〈ξ λ(σs)〉2[s λ̃(σs)]

〈ξ s〉2〈s λ(σs)〉
. (B.13)

We are interested in the Ward identity of〈
V1 . . .VnV0

s

〉
,

for momentum eigenstates, where the equations of motion determine λ(σ) and λ̃(σ) to be

λ(σ) =

k∑
i=1

siλi
σ − σi

, λ̃(σ) =

n∑
p=k+1

spλ̃p
σ − σp

.

Recall that, from the form of λ(σs) and on the support of the delta-functions, which will

eventually be interpreted as the scattering equations, the limit

lim
σs→σa

〈ξ λ(σs)〉
〈s λ(σs)〉

=
〈ξ a〉
〈s a〉

, a ∈ {1, . . . , n} .

Using the residue theorem and the support of the remaining scattering equations, the soft

graviton Ward identity then takes the form

〈
V1 . . .VnV0

s

〉
=

n∑
a=1

[as]〈ξ a〉2

〈a s〉〈ξ s〉2
〈V1 . . .Vn〉 , (B.14)

which can be identified straightforwardly as the soft graviton contribution. The soft graviton

term thus arises from a specific charge generating supertranslation, which can be manifestly

identified with the leading order expansion of an insertion of a soft graviton.

176



Subleading terms

Expanding the integrated graviton vertex operator to first order in the soft momentum s

defines a superrotation,

V1
s =

1

2π

∮ (
〈ξ λ(σs)〉[λ̃(σs) λ̃s][µ(σs)λ̃s]

〈ξ λs〉〈λs λ(σs)〉
+
〈ξ λ(σs)〉[ρ λ̃s][ρ̃ λ̃s]
〈ξ λs〉〈λs λ(σs)〉

)
. (B.15)

Again, we can investigate the ‘Ward identity’ associated to this superrotation, where we

insert V1
s in a correlation function of graviton vertex operators,〈

Ṽ1...ṼkVk+1...VnV1
s

〉
. (B.16)

Using

[µ (σs) s] δ̄
2
(
λ̃i − siλ̃ (σi)

)
=

1

σs − σi
λ̃s ·

∂

∂λ̃ (σi)
δ̄2
(
λ̃i − siλ̃ (σi)

)
+ ...

we can calculate the correlation functions easily,〈
Ṽ1...ṼkVk+1...VnV1

s

〉
=

1

2π

〈∮
dσs

k∑
i=1

〈ξ λ(σs)〉[λ̃(σs) s]

〈ξ s〉〈λ(σs) s〉
1

σs − σi
λ̃s ·

∂

∂λ̃(σi)
Ṽ1...ṼkVk+1...Vn

〉

+
1

2π

〈∮
dσs

n∑
p=k+1

〈ξ λ(σs)〉
〈ξ s〉〈λ(σs) s〉

IR Ṽ1...ṼkVk+1...V̂p...Vn

〉
,

where the notation V̂p indicates that the integrand of the corresponding vertex operator is

omitted from the correlation function, still leaving the integration over the variable dsp/s
3
p

and the scattering equation δ̄2(λp − spλ(σp)), and where

IR = [λ̃(σs) s]
[s p]

σs − σp
+ (−1)p ([ρ̃(σp) p][ρ(σs) s] + [ρ̃(σs) s][ρ(σp) p])

[s p]

σs − σp
.

Trivially, the derivative λ̃s · ∂
∂λ̃(σi)

can be taken to act on all vertex operators, as the only

occurence of λ̃(σi) is in the scattering equations. Note furthermore that the terms in IR

can be obtained alternatively by acting with [s p]
σs−σp λ̃s ·

∂
∂λ̃p

on the vertex operators in the

correlation function, with the first term arising from the diagonal elements of Hpp, and

the remaining terms from the off-diagonal contributions Hpq. We can thus rewrite the
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correlation function as〈
Ṽ1...ṼkVk+1...VnV1

s

〉
=

1

2π

〈∮
dσs

k∑
i=1

〈ξ λ(σs)〉[λ̃(σs) s]

〈ξ s〉〈λ(σs) s〉
1

σs − σi
λ̃s ·

∂

∂λ̃(σi)
Ṽ1...ṼkVk+1...Vn

〉

+
1

2π

〈∮
dσs

n∑
p=k+1

〈ξ λ(σs)〉
〈ξ s〉〈λ(σs) s〉

[s p]

σs − σp
λ̃s ·

∂

∂λ̃p
Ṽ1...ṼkVk+1...V̂p...Vn

〉
.

Now the integral can be calculated straightforwardly, using the explicit expressions for λ(σ)

and λ̃(σ), as well as the support of the delta-functions of the vertex operators. Thus the

Ward identity for the superrotation charge obtained from the soft expansion of the graviton

vertex operator gives the subleading terms of the soft limit,〈
Ṽ1...ṼkVk+1...VnV1

s

〉
=

n∑
a=1

[a s]〈ξ a〉
〈a s〉〈ξ s〉

λ̃s ·
∂

∂λ̃a

〈
Ṽ1...ṼkVk+1...Vn

〉
. (B.17)

Sub-subleading terms

Although there is no symmetry principle to protect the subsubleading terms in the soft

expansion of the graviton vertex operators, we can still calculate the corresponding tree-

level soft limits. In particular, the Ward identity for the diffeomorphism on ambitwistor

space induced by the soft vertex operator to subsubleading order is given by〈
Ṽ1...ṼkVk+1...VnV2

s

〉
=

1

2πi

〈∮
dσs

[ρ s][ρ̃ s]

〈s λ(σs)〉
I1 Ṽ1...ṼkVk+1...Vn

〉
+

1

2πi

〈∮
dσs

1

2

[λ̃(σs) s]

〈s λ(σs)〉
I2 Ṽ1...ṼkVk+1...Vn

〉
,

where we have chosen to abbreviate the integrands by

I1 =
k∑
i=1

1

σsi
λ̃s ·

∂

∂λ̃(σi)
+

n∑
p=k+1

[s p]

σs − σp
V̂p ,

I2 =

k∑
i,j=1

1

σsi
λ̃s ·

∂

∂λ̃(σi)

1

σsj
λ̃s ·

∂

∂λ̃(σj)
+

n∑
p,q=k+1;p 6=q

[s p]

σsp

[s q]

σsq
V̂pV̂q

+

n∑
p=k+1

k∑
i=1

[s p]

σsp

1

σsi
λ̃s ·

∂

∂λ̃(σi)
V̂p .

Again, we have indicated by V̂p that the corresponding integrand of the vertex opertor is

omitted from the correlation function. Calculating the residues and comparing the results

178



to the derivatives obtained by acting with λ̃s · ∂
∂λ̃p

for p ∈ {k + 1, . . . , n}, all unwanted

residues cancel and the only contributions are coming from〈
Ṽ1...ṼkVk+1...VnV2

s

〉
=

1

2

n∑
a=1

[a s]

〈a s〉
λ̃s ·

∂

∂λ̃a
λ̃s ·

∂

∂λ̃a

〈
Ṽ1...ṼkVk+1...Vn

〉
,

(B.18)

which is the subsubleading soft graviton contribution discovered in [112].
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Appendix C

Review of scattering amplitudes in four dimensions

In this appendix, we will discuss briefly twistor theory and its impact on scattering ampli-

tudes in N = 4 super Yang-Mills and N = 8 supergravity in four dimensions, see [15] for a

review and references below for more details.

C.1 Spinor-helicity formalism and twistor space

The spinor-helicity formalism. In four dimensions, the spinor-helicity formalism was

used very successfully in the study of scattering amplitudes in N = 4 super Yang-Mills

and N = 8 supergravity. It relies on the isomorphism between the restricted Lorentz

group SO(4,C) on complexified space-time and special linear group PSL(2,C), established

by pαα̇ = σµαα̇pµ, where σµ denote the Pauli matrices. For massless particles, det(pαα̇) =

pµpµ = 0, and thus the isomorphism relates null vectors on space-time to hermitian matrices

of rank one, which may always be decomposed into an outer product of two complex two-

dimensional Weyl spinors,

pαα̇ = λαλ̃α̇ . (C.1)

The isomorphism therefore extends to the double cover of the Lorentz group (SL(2,C) ×

SL(2C))/Z2. The tangent bundle of complexified Minkowski space TM ∼= S⊗S̃ can therefore

be seen as a tensor product1 of the (self-dual and anti self-dual) spin bundles S and S̃, with

the two copies of SL(2,C) acting independently on the spin bundles. Since the complexified

Lorentz group is locally isomorphic to SL(2,C)× SL(2C), all finite-dimensional irreducible

representations of the spinor algebra can be classified by a pair of integers or half-integers

(p, q). Spinors transforming in (1/2, 0) ((0, 1/2)) are referred to as ‘negative (positive)

chirality’ spinors.2 Moreover, the spin spaces S and S̃ are equipped with symplectic forms

1with the isomorphism constructed from the map ∂µ
σ←→ ∂αα̇

2Note that vectors on space-time lie within the (1/2, 1/2) representation, hence they are indeed associated
with a pair of spinor indices pαα̇, consistent with the decomposition for a null vector given above.
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εαβ and εα̇β̇, which can be used to raise and lower the spinor indices of λα ∈ S and λ̃α̇ ∈ S̃.

These can be used to construct the SL(2,C)-invariant inner products between spinors of

each chirality,

〈1, 2〉 ≡ 〈λ1, λ2〉 = εαβλ1,αλ2,β and [1, 2] ≡ [λ̃1, λ̃2] = εα̇β̇λ̃1,α̇λ̃2,β̇ . (C.2)

Twistor space. The spinor formalism introduced above provides the fundamental lan-

guage in which twistor theory is formulated. Twistors space is a complex manifold PT

endowed with holomorphic and algebraic structures encoding space-time points and fields.

Physical data on Minkowski space M is represented by complex geometry in twistor space;

a correspondence established via the Penrose transform, the Ward correspondence and the

non-linear graviton. We will only be able to give a very brief introduction here, for more

detail see [6, 7] and [204] for lecture notes highlighting the implications for scattering am-

plitudes.

Recall from the previous section that the tangent bundle of complexified Minkowski

space is isomorphic to the tensor product of two complex spin bundles, TM ∼= S ⊗ S̃.

Consider now the ‘correspondence space’ give by the projective dual spin bundle, P S̃ ∼=

CP1×C4 with coordinates (λα, x
αα̇). Twistor space is constructed from P S̃ as the quotient

space of the foliation induced by the vector fields Vα̇ = λα∂αα̇. By construction, the PT,

P S̃ and M satisfy the double fibration

PT
πPT←− P S̃

πM−→M , (C.3)

where πM is the trivial projection and πPT is defined by

πPT :(λα, x
αα̇) 7→ (λα, µ

α̇) = (λα, x
αα̇λα) (C.4)

πM :(λα, x
αα̇) 7→ xαα̇. (C.5)

The correspondence space is therefore the space linking Minkowski space M with twistor

space PT. The relation

µα̇ = ixαα̇λα, (C.6)

defining the projection πPT from P S̃ to twistor space is known as the incidence relation, and

connects the space-time variables xαα̇ to twistor space and allows us to identift PT ∼= CP3.
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The double fibration (C.3) establishes a geometric correspondence between twistor space

and space-time: by considering the pullback and subsequent push-forward, a point in space-

time x ∈M corresponds geometrically to a line in twistor space. Conversely, a point Z ∈ PT

is dual to a line in spacetime3 via the incidence relation (C.6). This two-way correspondence

highlights the fact that two points in space-time are null separated if and only if the dual

lines in twistor space intersect. Twistor space is therefore by construction the complexifica-

tion of the space of null rays. Specifying the light cones on spacetime, which determines the

conformal structure, is therefore equivalent to specifying the complex structure on twistor

space. Moreover, it can be seen4 that the conformal group SO(4,C) ∼= SL(4C) acts linearly

on the homogeneous coordinates of twistor space, and thus twistors transform in the fun-

damental representation of the conformal group.

There is a natural extension of the twistor space introduced above to a supersymmetric

manifold, PT ∼= CP3|N , with homogeneous coordinated given by

Z = ZI = (λα, µ
α̇, ηA) ∈ T = C2 × C2 × C0|N Z ∼ tZ, t ∈ C∗ (C.7)

The conformal algebra on twistor space becomes enhanced to a superconformal algebra

sl(4,N ), and the incidence relation, incorporating supersymmetry, gets extended to

µα̇ = ixαα̇λα ηA = θAαλα. (C.8)

The Penrose transform. The correspondence between physical data on spacetime and

complex geometry on twistor space is founded on three theorems: the Penrose trans-

form [205], relating zero rest-mass fields on M to cohomology classes in twistor space, the

Ward correspondence [206] between Yang-Mills instantons on spacetime and holomorphic

vector bundles on PT, and the non-linear graviton construction [86,207], realising self-dual

4-manifolds as integrable complex structures on twistor space. In the context of this thesis,

we will only review the Penrose transform.

Zero-rest mass fields of helicity ±h on spacetime are spinor fields φα1...αn , φα̇1...α̇n , Φ,

with n = 2|h| symmetric spinor indices, satisfying the partial differential equations

∂α1α̇φα1...αn(x) = 0 , ∂αα̇1φα̇1...α̇n(x) = 0 , 2Φ = ∂αα̇∂αα̇Φ = 0 . (C.9)

3or more accurately, an α plane, defined as a self-dual null 2-plane.
4by an extension of the argument given above for the Lorentz group in the spinor formalism
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The Penrose transform relates these massless fields to the first cohomology class on twistor

space:

Theorem 7 (Penrose transform [205]) Let PT′ be an open subset of PT, and denote

by M′ the corresponding open subset of M, M′ = πM ◦ π−1
PT(PT′). Then the first cohomology

group H1(PT′,O(2h− 2)) is isomorphic to the set of massless fields on M′;

H1(PT′,O(2h− 2)) ∼= {On-shell zero rest mass fields on M′ of helicity h}. (C.10)

Here, O(k) denotes the sheaf of holomorphic functions homogeneous of degree k. There-

fore, gluon wave functions are represented on PT by holomorphic functions of homogeneity

0 and −4, while gravitons correspond to functions of homogeneity 2 and −6.

Gravity on twistor space. As mentioned above, twistors transform in the fundamental

representation of the space-time superconformal group SL(4|N ), and thus the symmetries

of N = 4 super Yang-Mills are perfectly encoded in the twistor space geometry. General

relativity however is not conformally invariant, so we need to introduce a structure on

twistor space to break superconformal invariance. This is achieved by the skew-symmetric

infinity twistor IIJ [10, 13, 208], determining a metric on spacetime [85].5 Likewise, the

fermionic components of the infinity twistor define a metric on the R-symmetry group,

which corresponds to a gauge choice of the R-symmetry [161]. Choosing I to be block-

diagonal in its bosonic and fermionic entries, the bosonic part is required to satisfy

Iab =
1

2
εabcdI

ab, IabI
bc = Λδca . (C.12)

In terms of the spinor decomposition of a twistor Z = (λα, µ
α̇, ηA), we have IAB =

√
ΛδAB,

and the bosonic components are given by

Iab =

Λεαβ 0

0 εα̇β̇

 , Iab = εabcdI
ab

εαβ 0

0 Λεα̇β̇

 . (C.13)

5To be a bit more specific, a simple skew-symmetric bi-twistor Xab = Z
[a
1 Z

b]
2 parametrizes a line in twistor

space PT. As a consequence of the incidence relation, this corresponds to a point x in asymptotically flat
space-time (Λ = 0). The metric determined by the infinity twistor is then given by

ds2 =
εabcddX

abdXcd

(IefXef )2
, (C.11)

and infinity I is determined by the surface IabXab = 0. The name ‘infinity twistor’ is derived from
the relation IabI

ab = 0 in flat space-time, which defines itself a point corresponding to ι0 in conformally
compactified space-time.
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Note that with this choice, the infinity twistor I becomes degenerate of rank two in flat

space-time (Λ = 0), whereas it has rank four otherwise. Geometrically, the infinity twistor

IIJ and its inverse IIJ define a holomorphic Poisson structure and { , } and a contact

structure τ on twistor space by

{h1, h2} = IIJ
∂h1

∂ZI1

∂h2

∂ZJ2
τ = IIJZ

IdZJ . (C.14)

In a flat Minkowski space-time, the degenerate infinity twistor for Λ = 0 simplifies to

Iab
∂

∂Za1

∂

∂Zb2
=

[
∂

∂µ1
,
∂

∂µ2

]
, IabZ

a
1Z

b
2 = 〈1 , 2〉 . (C.15)

C.2 Scattering amplitudes

The ideas developed above were immensely successful in the study of scattering amplitudes

in N = 4 super Yang-Mills and N = 8 supergravity. Some key concepts are briefly reviewed

here.

N = 4 super Yang-Mills. The first step towards a new approach to scattering ampli-

tudes in N = 4 super Yang-Mills theory was the impressive calculation of Parke and Tay-

lor6 [2] demonstrating that the Feynman diagram expression for tree-level colour-ordered

scattering of two gluons of negative helicity and n−2 of positive helicity exhibits a remark-

able simplicity;

AMHV(1, 2, . . . , n) =
δ4|8

(∑n
i=1 λiλ̃i

)
∏n
i=1〈i i+ 1〉

. (C.16)

This provided the base for rapid progress in a multitude of directions, both computational

and conceptual. Most importantly, it inspired Witten’s twistor string [3], leading to a

representation of the n particle Nd−1MHV amplitude7 as an integral over the space of

rational curves of degree d in twistor space [3, 11]

An,d =

∫ ∏d
a=0 Za

vol(GL(2; C))

1

(12)(23) . . . (n1)

n∏
i=1

ai(Z(σi))(σidσi) . (C.17)

Here, the integral is taken over the moduli space of holomorphic maps Z : Σ→ PT of degree

d from the Riemann sphere Σ to supertwistor space, with ZI(σ) =
∑d

a=0 Z
I
a(σ1)a(σ2)d−a for

homogeneous coordinates σα = (σ1, σ2) on the Riemann sphere. Moreover, ai are twistor

representatives of gluon wave functions, see theorem 7.

6proven in [209], see also [210] for the first twistor string-like expression inspiring [3].
7where we denote the amplitude involving exactly k particles of negative helicity by Nk − 2MHV.
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N = 8 supergravity. Hodges proved in [12, 163] that MHV tree amplitudes in N = 8

supergravity are given by the strikingly simple and elegant generalized determinant formula

MMHV =
1

(〈i j〉〈j k〉〈k i〉)2

∣∣φ̃∣∣ijk
ijk

δ4|16

(
n∑
i=1

λiλ̃i

)
≡ det′(φ̃) δ4|16

(
n∑
i=1

λiλ̃i

)
. (C.18)

where the ‘Hodges’ matrix Φ is determined by its entries (with i 6= j)

φ̃ij =
[ij]

〈ij〉
, φ̃ii = −

∑
j 6=i

φi
〈j ξ1〉〈j ξ2〉
〈i ξ1〉〈i ξ2〉

. (C.19)

Momentum conservation
∑

i λiλ̃i = 0 ensures that the φ̃ii are well-defined and hence in-

dependent of the reference spinors ξ1,2. Furthermore, the n × n symmetric matrix φ̃ has

co-rank three due to
∑

j φijλj,αλj,β = 0, and thus det′(φ̃) is independent of the rows and

columns removed. This relation further ensures that the gravitational MHV amplitude is

fully permutations symmetric.

Shortly after Hodges’ acclaimed representation of gravity MHV amplitudes, Cachazo

and Skinner [13,14] suggested a related formula describing all classical amplitudes of N = 8

supergravity. In analogy to Witten’s representation for tree amplitudes in N = 4 super

Yang-Mills, the n particle Nd−1MHV gravity amplitude is written as an integral over the

space of rational maps Z : Σ→ PT to supertwistor space;

Mn,d =

∫ ∏d
a=0D

4|8Za
vol(GL(2; C))

det′(Φ̃)det′(Φ)
n∏
i=1

hi(Z(σi))(σidσi). (C.20)

The integrand, involving two generalized determinants, is reminiscent of Hodges’ formula

for MHV amplitudes (C.18) and the Cachazo-Skinner (CS) formula makes both the N = 8

supersymmetry and permutation invariance of gravity amplitudes manifest. Furthermore,

the matrices Φ̃ and Φ explicitly depend on the infinity twistor, and thereby break the con-

formal symmetry. Moreover, the hi are Penrose representatives of graviton wave functions,

see theorem 7. In [10], Skinner demonstrated that this representation of the scattering

amplitude is reproduced by a twistor string theory, constructed in analogy to [3], but on a

split worldsheet supermanifold.

Let us examine more carefully the ingredients entering in the gravity amplitudes (C.20):

the n× n matrix Φ̃ is defined in close analogy to Hodges’ matrix φ̃;

Φ̃ij =
1

(ij)

[
∂

∂µi
,
∂

∂µj

]
, Φ̃ii = −

∑
j 6=i

Φ̃ij

d∏
r=0

(wrj)

(wri)
. (C.21)
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Note however that Φ̃ has co-rank d + 2, therefore the generalized determinant det′(Φ̃) is

defined to be any (n−d−2)×(n−d−2) minor of Φ̃ divided by the Vandermonde determinant

of the worldsheet coordinates corresponding to the removed rows and columns,

det′(Φ̃) =
|Φ̃(n−d−2)|

r1...rd+2
c1...cd+2

|σr1 . . . σrd+2
| |σc1 . . . σcd+2

|
. (C.22)

The other crucial ingredient of (C.20) is the dual n × n matrix Φ of rank d, which

balances the counting of angular and square bracket factors exactly to what is required for

gravity amplitudes from the BCFW recursion relation [10, 13, 14]. Φ is defined to be an

n× n matrix of rank d with entries

Φij =
〈λ(σi), λ(σj)〉

(ij)
, Φii = −

∑
j 6=i

Φij

n−d−2∏
r=0

(urj)

(uri)

∏
k 6=i,j

(ki)

(kj)
. (C.23)

Again, det′(Φ) denotes any d × d minor of Φ, divided by the corresponding Vandermonde

determinants for the rows and columns remaining in the minor

det′(Φ) =
|Φ(d)|r1...rdc1...cd

|σr1 . . . σrd | |σc1 . . . σcd |
. (C.24)

The full formula was proven to satisfy the BCFW recursion relation [14]. As it further-

more reproduces the 3-point seed amplitudes and exhibits the correct behaviour at infinity,

this is the correct formulation for all tree-level scattering amplitudes in N = 8 supergravity.

In [10], it has been shown to arise from a twistor string theory, which is closely related to

the one discussed in section 5.3.
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Appendix D

Loops

D.1 Moduli space of Riemann surfaces

Since it will feature frequently, let us briefly discuss the moduli space Mg,n of Riemann

surfaces.1 In general, there are three complementary ways of describing Riemann surfaces:

• As complex curves, hence as topological surfaces with a complex structure2 J , or

equivalently a ∂̄ operator.

• As algebraic curves, and thus as solutions to homogeneous polynomial equations

f(x, y, z) = 0 in CP2.

• As surfaces with (a conformal class of) Riemann metrics. This directly makes contact

with the first approach since a metric relates to the complex structure via Jba =
√
gεacg

cb, where g is the determinant of the metric. Since the complex structure J is

invariant under Weyl rescalings gab → ρ(x)gab, the complex structure is equivalent to

the conformal class of the metric.

The moduli space of a Riemann surface is defined as the parameter space of all Riemann

surfaces, and has dimension

dimCMg =


0 g = 0 ,

1 g = 1 ,

3g − 3 g > 2 .

(D.1)

In worldsheet models, we will generally be interested in the moduli space of a Riemann

surface with marked points. For n points the moduli space has the dimension

dimCMg,n =


n− 3 g = 0 ,

n g = 1 ,

n+ 3g − 3 g > 2 .

(D.2)

1For a review in the context of superstring theory, see for example [65,211]
2A linear map satisfying J2 = −1 and the integrability condition ∇J = 0; and that thus splits the

complexified tangent space in holomorphic and antiholomorphic vectors.
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Note that, at genus zero, the moduli space is not given by (CP1)n without diagonal elements

(σij 6= 0), as one could guessed naively, since CP1 has a non-trivial group of automorphisms

Aut(CP1) = PGL(2,C). These act as Möbius transformations on the coordinates, and the

quotient can be eliminated explicitly by fixing three points - as seen in discussion of scat-

tering amplitudes at genus zero in chapter 2.

The moduli space Mg,n described above is not compact, since it does not contain points

on boundary corresponding to degenerations of the Riemann surface. However it allows for

the so-called Deligne-Mumford compactification M g,n [64,65] that adjoins singular Riemann

surfaces at the boundary of the moduli space. To be more specific, this compactification

adds singular surfaces where a non-trivial homology cycle is pinched, corresponding to a

surface of one genus less and two more marked points, as well as contributions from pinching

dividing cycles, separating the Riemann surface into two components with one additional

node each. In addition to these non-separating and separating degenerations, the Deligne-

Mumford compactification is constructed such that marked points never collide, σij 6= 0.

The configuration σi − σj = ε is instead understood, more in the spirit of conformal field

theory, as a separating degeneration, with one component containing the marked points σi

and σj at a finite separation.3

Since the focus of chapter 6 is on the elliptic curve, we will describe briefly the genus

one case in more detail. Using language of complex curves, we can represent the elliptic

curve as Στ = C/Λτ , where we quotient by the lattice

Λτ = Z⊕ τZ , (D.3)

and thus identify z ∼ z + 1 ∼ z + τ for Im(τ) > 0.4 Moreover, SL(2,Z) transformations

relate different choices of basis generating the same elliptic curve, so we have to further

identify by the action of PSL(2,Z). This is acting on the the modulus τ as

τ → aτ + b

cτ + d
, for

a b

c d

 ∈ PSL(2,Z) . (D.4)

3The two descriptions are, of course, equivalent up to coordinate transformations σ → σ/ε, causing the
surface to develop a long, thin neck of length log ε, which in turn is equivalent to the factorisation described
in the main text, see e.g. [212].

4We have chosen to set one generator of the torus to one since the only invariant is the quotient of the
two generators.

188



PSL(2,Z) is generated by T : τ → τ+1 and S : τ → − 1
τ . The moduli space is thus obtianed

as a quotient of the upper half plane by the modular group, which yields the fundamental

domain F = {τ | |τ | > 1 and |<(τ)| 6 1
2}, see fig. D.1.

F

1
2-1

2

τ

Figure D.1: The fundamental domain.

D.2 Checks

D.2.1 Solutions to the four-point 1-loop scattering equations

In this appendix, we briefly discuss the solutions to the one-loop scattering equations for

n = 4. There are two solutions to (6.29), in agreement with the counting (n−1)!−2(n−2)!.

Fixing σ1 = 1, along with the choices σ`+ = 0 and σ`− =∞ understood in (6.29), these two

solutions are given by

σ2 =
` · k2 (W + 1)(k2 · k3 + ` · k4W )

W (` · k4(W (`+ k1) · k2 + ` · k2) + k2 · k3 ` · k2)

σ3 = − (W + 1)(` · k4W − ` · k2)(Wk1 · k2 + ` · k2)(k2 · k3 + ` · k4W )

W (W (k1 · k2 − ` · k4)− k2 · k3 + ` · k2)(` · k4(W (`+ k1) · k2 + ` · k2) + k2 · k3 ` · k2)

σ4 =
` · k4 (W + 1)(Wk1 · k2 + ` · k2)

` · k4(W (`+ k1) · k2 + ` · k2) + k2 · k3 ` · k2
(D.5)

where W can take the two values

W (±) =
k1 · k2 ` · k2 − k2 · k4 ` · k3 + k2 · k3 ` · k4 − 2` · k2 ` · k4 ±

√
4
∏4
i=1 ` · ki + detU

2` · k4(k1 · k2 + ` · (k1 + k2))
,

(D.6)

U =

ki · kj ` · ki

` · kj 0

 i, j = 1, 2, 3. (D.7)
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The expressions for σi solve f2 = f4 = 0 for any W . The expression for W is then determined

by solving f3 = 0, which takes a quadratic form.

In the case of more general theories, as discussed in section 6.4.1, there are two additional

solutions contributing at four points, in agreement with (n− 2)!, so that the total number

of solutions is (n− 1)!− (n− 2)!. The ‘regular’ solutions are the ones described above, but

we should now express them in a different SL(2,C) gauge, where we don’t fix both σ`+ and

σ`− . Let us use coordinates σ′ such that (σ′1, σ
′
2, σ
′
3) = (0, 1,∞). Then we obtain the two

‘regular’ solutions from the expressions above by the change of coordinates

σ′ =
σ23

σ21

σ − σ1

σ − σ3
.

For the ‘singular’ solutions, we have σ′`+ = σ′`− . The remaining σ′i must satisfy the tree-level

scattering equations, so that in our choice σ′4 = −k1 · k4/k1 · k2. The two solutions for σ′`

are then determined by

` · k3 σ
′
`
2

+
(
` · (k1 + k4) + σ′4 ` · (k1 + k2)

)
σ′` − σ′4 ` · k1 = 0.

D.2.2 Checks for supersymmetric theories

The conjectures for supersymmetric theories can be verified explicitly at low multiplicity.

In section 6.5, we will provide further evidence for these conjectures at any multiplicity,

based on the factorisation properties of the formulae. In this section, however, we will

simply provide details of the numerical checks. These were performed in four dimensions,

where there exist simple known expressions for N = 4 super Yang-Mills theory and N = 8

supergravity. These expressions should match our D = 10 formulae when we restrict the

external data to four dimensions, as we argue in appendix D.5. We make use of the spinor-

helicity formalism; see appendix C.1 and e.g. [15] for a review. The polarisation vectors for

positive and negative helicities are represented as

ε
(+)
i =

|ξ〉[i|
〈iξ〉

, ε
(−)
i =

|i〉[ξ|
[iξ]

, (D.8)

where ξ = |ξ〉[ξ| is a reference vector. The four-point checks were performed analytically,

using the solutions to the scattering equations presented in appendix D.2.1, whereas the

five-point checks were performed numerically.

For the theories at hand, due to supersymmetry, the only external helicity configurations

which lead to a non-vanishing amplitude have at least two particles of each helicity. We
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verified that our formulae for both super Yang-Mills theory and supergravity vanish if that

condition is not satisfied.

For n = 4, non-vanishing amplitudes must have two particles of each helicity type. Let

us label the negative-helicity particles as r and s. The loop integrands for these super

Yang-Mills and supergravity amplitudes are well known [213,214]. After the application of

our shift procedure, they are given by

M̂(1)
4, SYM =

1

`2

∑
ρ∈cyc(1234)

N4∏3
i=1

(
2` ·

∑i
j=1 kρ(i) +

(∑i
j=1 kρ(i)

)2
) (D.9)

and

M̂(1)
4, SG =

1

`2

∑
ρ∈S4

N2
4∏3

i=1

(
2` ·

∑i
j=1 kρ(i) +

(∑i
j=1 kρ(i)

)2
) , (D.10)

where we sum over cyclic permutations for gauge theory and over all permutations for

gravity. The numerator

N4 = 〈rs〉4 [12][34]

〈12〉〈34〉
(D.11)

is given by a permutation-invariant kinematic function, times the factor 〈rs〉4 involving the

negative-helicity particles. The fact that this numerator appears squared in gravity with

respect to gauge theory is the simplest one-loop example of the BCJ double copy.5 We

verified that these expressions match our formulae. The amplitude for supergravity follows

from the n-gon conjecture (6.36). This is due to the fact that, at four points, the quantities

IL and IR are constant [91], as discussed above, each coinciding with the numerator N4.

For n = 5, we will consider the case of two negative-helicity particles (for two positive

helicities, we should simply exchange the chirality of the spinors in the formulae). The

complete integrands involve both pentagon and box integrals. In their shifted form, they

are given by

M̂(1)
5, SYM =

1

`2

∑
ρ∈cyc(12345)

Nρ(1)ρ(2)ρ(3)ρ(4)ρ(5)∏4
i=1

(
2` ·

∑i
j=1 kρ(i) + (

∑i
j=1 kρ(i))2

) , (D.12)

and

M̂(1)
5, SG =

1

`2

∑
ρ∈S5

Nρ(1)ρ(2)ρ(3)ρ(4)ρ(5)∏4
i=1

(
2` ·

∑i
j=1 kρ(i) + (

∑i
j=1 kρ(i))2

) , (D.13)

5In the supergravity case, we could have distinguished the choice of r, s in εµi and r̃, s̃ in ε̃µi , with the
obvious outcome of substituting 〈rs〉8 by 〈rs〉4〈r̃s̃〉4 in the final result.
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where

N = Npent
ρ(1)ρ(2)ρ(3)ρ(4)ρ(5) +

1

2

4∑
i=1

Nbox
[ρ(i),ρ(i+1)]

2` ·
∑i

j=1 kρ(i) + (
∑i

j=1 kρ(i))
2

kρ(i) · kρ(i+1)
. (D.14)

A valid choice for the pentagon and box numerators was presented in [191],

Npent
12345 = 〈rs〉4 [12][23][34][45][51]

[12]〈23〉[34]〈41〉 − 〈12〉[23]〈34〉[41]
, (D.15)

and

Nbox
[1,2] = Nbox

[1,2]345 = Npent
12345 −N

pent
21345 . (D.16)

The numerator Nbox
[1,2] corresponds to a box with one massive corner, K = k1 + k2, and

is independent of the ordering of 3,4,5. We verified that our expressions match these in-

tegrands. There are other choices of numerators leading to the same integrands, such as

the choice in [195], which extends to MHV amplitudes of any multiplicity, and arises as

the dimensional reduction of the superstring-derived numerators of [192]. In that case, the

pentagon numerators depend on the loop momentum, but (D.12) and (D.13) take the same

form, because the relevant shifts are of the type

Npent
12345(`− k1) = Npent

23451(`). (D.17)

Here, we define the loop momentum as flowing between the first and last leg of the numer-

ator, and this behaviour with respect to shifts follows from cyclic symmetry. It is therefore

trivial to translate between the shifted representation of the integrand and the standard

one.

D.2.3 Checks on all-plus amplitudes

In section 6.4, we have presented proposals for the integrands of four-dimensional n-particle

amplitudes in non-supersymmetric gauge theory and gravity. In the gravity case, we distin-

guished between the cases of pure gravity and the NS-NS sector of supergravity, containing

a graviton, a dilaton and a B-field. While we focussed on four dimensions for the sake of

being explicit, it is clear that analogous constructions can be made of theories with different

matter couplings in various dimensions, including different degrees of supersymmetry if we

also introduce fermions.

We checked our conjectures against known expressions for the simplest class of non-

supersymmetric four-dimensional amplitudes. These are the amplitudes for which all ex-

ternal legs have the same helicity, which we will choose to be positive. The supersymmetric
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Ward identities [215] lead to the following relations for these non-supersymmetric ampli-

tudes:

M(1)
pure-YM(all-plus) = 2M(1, scalar)

pure-YM (all-plus) (D.18a)

M(1)
NS-NS-grav(all-plus) = 2M(1)

pure-grav(all-plus) = 4M(1, scalar)
pure-grav(all-plus) . (D.18b)

The superscript on the right-hand side indicates an amplitude where only one real minimally-

coupled scalar is running in the loop. For gauge theory and for pure gravity, the two helicity

states running in the loop are effectively equivalent to two real scalars, hence the factor of

two, whereas for NS-NS gravity there are two extra states (dilaton and axion), leading to

four real scalars. We checked at four and five points that

Pf (M3)
∣∣√
q
(all-plus) = 0 . (D.19)

From this simple fact, it is easy to see that our conjectured expressions satisfy the relations

(D.18). We believe this to hold for any multiplicity. These statements also apply to ampli-

tudes with one helicity distinct from all others (say one minus, rest plus), which also satisfy

the relations (D.18).

We have explicitly checked that our conjectures for pure gauge theory and gravity match

the (shifted) integrands for all-plus amplitudes in the case of n = 4. For concreteness, we

will write down the integrands explicitly. The Feynman rules for the all-plus amplitudes

take a particularly simple form in light-cone gauge, because such amplitudes correspond to

the self-dual sector of the theory [216, 217]. The rules for the vertices and external factors

in all-plus amplitudes in gauge theory can be taken to be [193]

(i+, j+, k−) = Xi,j f
aiajak , e

(+)
i =

1

〈ξi〉2
, (D.20)

whereas in gravity they are

(i++, j++, k−−) = X2
i,j , e

(++)
i =

1

〈ξi〉4
. (D.21)

We are again making use of the spinor helicity formalism, and taking ξ = |ξ〉[ξ| to be

a reference vector. Gauge invariance implies that the amplitudes are independent of the

choice of ξ. The object Xi,j is defined with respect to the spinors |̂i] = Ki|ξ〉, which can be

defined for any (generically off-shell) momentum Ki using the reference spinor |ξ〉,

Xi,j = −[̂iĵ] = −Xj,i . (D.22)
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The direct “square” relation between the rules in gauge theory and in gravity makes the

BCJ double copy manifest for these amplitudes [218].

Using the diagrammatic rules above, we can write the (shifted) integrand for the single-

trace contribution to gluon scattering as

M̂(1, scalar)
pure-YM (1+2+3+4+) =

1

`2
∏n
i=1〈ξi〉2

∑
ρ∈cyc(1234)

Iρ(1)ρ(2)ρ(3)ρ(4) , (D.23)

with

IYM
ρ(1)ρ(2)ρ(3)ρ(4) = Ibox-YM

ρ(1)ρ(2)ρ(3)ρ(4) + Itri-YM
[ρ(1),ρ(2)]ρ(3)ρ(4) +

1

2
Ibub-YM

[ρ(1),ρ(2)][ρ(3),ρ(4)] , (D.24)

and

Ibox-YM
1234 =

X`,1X`+1,2X`−4,3X`,4

(2` · k1)(2` · (k1 + k2) + 2k1 · k2)(−2` · k4)
,

Itri-YM
[1,2]34 =

X1,2

2k1 · k2

(
X`,1+2X`,3X`+3,4

(2` · k3)(2` · (k3 + k4) + 2k3 · k4)

+
X`,1+2X`−4,3X`,4

(−2` · (k3 + k4) + 2k3 · k4)(−2` · k4)
+
X`+4,1+2X`,3X`,4

(−2` · k3)(2` · k4)

)
,

Ibub-YM
[1,2][3,4] =

X1,2X3,4X`,1+2X`,3+4

(2k1 · k2)2

(
1

2` · (k1 + k2) + 2k1 · k2
+

1

−2` · (k1 + k2) + 2k1 · k2

)
.

Notice that there is no contribution from bubbles in the external legs. As discussed in [181]

in the context of the bi-adjoint scalar theory, such contribution must be proportional to

the tree-level amplitude, which vanishes for the all-plus helicity sector. We should mention

that the ‘singular’ solutions of the scattering equations, for which σ`+ = σ`− , give a directly

vanishing contribution to the all-plus loop integrand.

For the scattering of gravitons, we have

M̂(1, scalar)
pure-grav(1+2+3+4+) =

1

`2
∏n
i=1〈ξi〉4

∑
ρ∈S4

Igrav
ρ(1)ρ(2)ρ(3)ρ(4) , (D.25)

where

Igrav
ρ(1)ρ(2)ρ(3)ρ(4) = Ibox-grav

ρ(1)ρ(2)ρ(3)ρ(4) +
1

2
Itri-grav

[ρ(1),ρ(2)]ρ(3)ρ(4) +
1

4
Ibub-grav

[ρ(1),ρ(2)][ρ(3),ρ(4)] , (D.26)

and Ibox-grav, Itri-grav and Ibub-grav are respectively obtained from Ibox-YM, Itri-YM and

Ibub-YM via the substitution X.,. → (X.,.)
2 in the numerators.
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D.3 Motivation from ambitwistor heterotic models

The single trace sector of the heterotic ambitwistor model was used to derive the CHY for-

mulae for gluon amplitudes in [25], see also chapter 2. It was however noted that generically

these amplitudes contain unphysical gravitational degrees of freedom, leading in particu-

lar to multi-trace interactions, absent from Yang-Mills theories. At one loop, the presence

of these would-be gravitational interactions leads to a double pole at the boundary of the

moduli space dq/q2, coming from the bosonic sector of the theory. In string theory, the level

matching prevents these tachyonic modes from propagating, and heterotic models were used

to write down a set of rules to compute gluon amplitudes in the 90’s [219]. Here this double

pole simply renders the theory ill-defined.

One could hope that a subsector of the theory may be well defined at one-loop, just

like at tree-level, but this is not the case. Even by restricting to the single-trace sector,

these additional states do not automatically decouple, so we have to be more careful when

attempting to extract a portion of the heterotic amplitude. Let us start by writing it out;

Mn−gluon (!)
1−loop =

∫
dq

q

∏
i

dzi
1

2

∑
ααα

ZHet
ααα Pf(M col

βββ )× 1

2

∑
βββ

ZβββPf(Mβββ) , (D.27)

where the symbol (!) emphasizes that this is not a well defined amplitude in a well defined

theory. Nevertheless, we shall try to extract physically menaingful parts of it below. The

matrix M is the “kinematical” one of (6.12), while the partition functions Zααα were defined

in (6.15) The new ingredient here is the colour part which contains a partition function

for the 32 Majorana-Weyl fermions that realise the current algebra and the colour Pfaffian

coming from Wick contractions between them. The partition functions are given by

ZHet
ααα =

θα(0|τ)16

η16(τ)

1

η(τ)8
, (D.28)

The “colour” Pfaffian is built by applying Wick’s theorem to the gauge currents

Ja = T aijψ
iψj , i, j = 1, . . . , 16 , (D.29)

using the fermion propagator

〈ψi(z)ψj(0)〉ααα = Sααα(z|τ) , (D.30)

in the spin structure ααα. In all, we obtain the Pfaffian of a matrix with elements T aij Sααα(zi)−

zj |τ). However, contrary to the case of kinematics where the compact Pfaffian structure
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is useful despite obscuring the supersymmetry of the amplitude, the colour structure is

most conveniently expressed by the colour ordering decomposition. To mnaifest this and

decouple as many gravity states as possible, we shall from now on restrict our attention to

one particular single trace term in this Pfaffian, Tr(T 1T 2T 3T 4), such that

Pfα →
4∏
i=1

Sα(zi − zi+1|τ)Tr(T 1T 2T 3T 4) , z5 ≡ z1 . (D.31)

To apply the integration by parts procedure and obtain the integrands on the nodal

Riemann sphere, we need the following q-expansions;

θ2(0|τ)16

η24(τ)
= 216q +O(q2),

θ3(0|τ)16

η24(τ)
=

1

q
+

32
√
q

+ 504 +O(q),

θ4(0|τ)16

η24(τ)
=

1

q
− 32
√
q

+ 504 +O(q),

(D.32)

Since the Pfaffians constructed from Szegő kernels are holomorphic in q, the spin structure

ααα = 2 does not contribute to the colour decomposition after applying the residue theorem.

Using the q-expansions of the Szegő kernels given in (6.61) in their torus parametrization,

S3 =
π

sin(πz)
+ 4π (−√q + q) sin(πz) , (D.33a)

S4 =
π

sin(πz)
+ 4π (

√
q + q) sin(πz) , (D.33b)

we have ZHet
3 Pf(M col)3

∣∣
q−1/2 = −ZHet

4 Pf(M col)4

∣∣
q−1/2 .

Thus, the integrand of (D.27) has a double pole in q with coefficient 2Pf3

∣∣
q0 correspond-

ing to the unphysical gravity degrees of freedom, and a single pole in q, given by the leading

order contribution.

The terms contributing at leading order are

32
√
q
→ 32

sin(πz12)

sin(πz23) sin(πz34) sin(πz41)
+ cyclic , (D.34a)

1

q
→ sin(πz12)

sin(πz23) sin(πz34) sin(πz41)
+

sin2

sin2 + perms , (D.34b)

504→ 504

sin(πz12) sin(πz23) sin(πz34) sin(πz41)
, (D.34c)

where sin2

sin2 indicate terms of the form sin(πz12) sin(πz34)
sin(πz13) sin(πz24) . After the usual change of variables,

the ” sin / sin3 ” terms give rise to the Parke-Taylor part of the Yang-Mills integrands given

in (6.51) (including the reversed ones);

1

σ1σ2σ3σ4

sin(πz12)

sin(πz23) sin(πz34) sin(πz41)
=

σ41

σ1σ12σ23σ34σ4
, (D.35)
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where an additional factor of (σ1σ2σ3σ4)−1 has been included from the measure
∏
dσi/σ

2
i .

Note also that the counting for these terms produces a numerical factor of (32 − 1) = 31,

which, after suitable counting of the powers of 2, builds up

496 = 24 × 31 (D.36)

which is the dimension of the adjoint6 of SO(32). The fact that loops in gauge theories

come with a factor of N at leading order is well-known.

However, we find additional terms. We haven’t been able to determine their origin with

precision, but we suspect that they could originate from bi-adjoint scalars running in the

loop, if they are not simple artefacts of the inconsistency of the model.

D.4 The NS part of the integrand

This appendix provides the proof for the equivalence of the two expressions for the NS

sector of the integrand;

INS ≡ (d− 2)Pf (M3)
∣∣
q0 + Pf (M3)

∣∣√
q

=
∑
r

Pf ′(M r
NS) , (D.37)

with Pf ′(MNS) = 1
σ`+ `−

Pf (MNS(`+,`−)) and d denoting the dimension of the space-time.

Recall the definition of the matrix MNS given in section 6.4.3;

M r
NS =

A −CT

C B

 (D.38)

where the elements of M r
NS were defined by

A`+`+ = A`−`− = 0 A`+`− = 0 A`+i =
` · ki
σ`+i

A`−i = −` · ki
σ`−i

Aij =
ki · kj
σij

Aii = 0

B`+`+ = B`−`− = 0 B`+`− =
d− 2

σ`+`−
B`+i =

εr · εi
σ`+i

B`−i =
εr · εi
σ`−i

Bij =
εi · εj
σij

Bii = 0

C`+`+ = −εr · P (σ`+) C`+`− = − εr · `
σ`+`−

C`+i =
εr · ki
σ`+i

Ci`+ =
εi · `
σi`+

C`−`− = −εr · P (σ`−) C`−`+ =
εr · `
σ`−`+

C`−i = −ε
r · ki
σ`−i

Ci`− = −εi · `
σi`−

Cij =
εi · kj
σij

Cii = −εi · P (σi) .

6Note that the gluons are in the adjoint representation of the gauge group in these models.
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Using the recursive definition of the Pfaffian,

Pf (M) =
∑
j 6=i

(−1)i+j+1+θ(i−j)mij Pf (M(ij)) , (D.39)

we can expand the reduced7 Pfaffian Pf ′(M r
NS) = 1

σ`+ `−
Pf (M r

NS(`+,`−)), in the remaining

rows associated to `+ and `−.

Pf ′(M r
NS) =

1

σ`+`−
B`+`− Pf (M(`+`−`+′`−′))

+
1

σ`+`−

∑
i,j 6=`+′,`−′

(−1)1+i+j+θ(n+1−i)+θ(n+2−j)+θ(i−j)m`+′im`−′j Pf (M(`+`−`+′`−′ij)) .

To briefly comment on the notation used for MNS, rows and columns in {1, . . . , n + 2}

are denoted by indices i, whereas we use the conventional i′ = n + 2 + i for rows in

{n + 3, . . . , 2(n + 2)}. Now note that after summing over r, the entries and prefactors

simplify,

(−1)1+i+j+θ(n+1−i)+θ(n+2−j)+θ(i−j) =


(−1)1+i+j+θ(i−j) i, j ∈ I ,
(−1)1+i+j+θ(i−j) i, j ∈ I ′ ,
(−1)i+j i ∈ I ′, j ∈ I ,

∑
r

m`+′im`−′j =


ki·kj

σ`+iσ`−j
i, j ∈ I ,

εi·εj
σ`+iσ`−j

i, j ∈ I ′ ,
εi·kj

σ`+iσ`−j
i ∈ I ′, j ∈ I ,

where I = {1, . . . , n}, I ′ = {1′, . . . , n′}. Moreover, using M(`+`−`+′`−′) = M3 and choosing

for simplicity σ`+ = 0, σ`− =∞, the result further simplifies to∑
r

Pf ′(M r
NS) = (d− 2) Pf (M3) +

∑
i,j∈I

(−1)1+i+j+θ(i−j)ki · kj
σi

Pf (M3
ij
ij)

+
∑
i,j∈I′

(−1)1+i+j+θ(i−j) εi · εj
σi

Pf (M3
i′j′

i′j′)

+
∑

i∈I′,j∈I
(−1)i+j

(
εi · kj
σi
− εi · kj

σj

)
Pf (M3

i′j
i′j) .

(D.40)

To see that, as claimed above,∑
r

Pf ′(M r
NS) = (d− 2) Pf (M3)

∣∣
q0 + Pf (M3)

∣∣√
q
, (D.41)

expand the Pfaffian on the RHS to order
√
q, using

Pf (M) =
∑
α∈Π

sgn(α)mi1j1 . . .minjn =
1

2

∑
ik,jk

(−1)1+ik+jk+θ(ik−jk)mikjkPf (M ikjk
ikjk

) . (D.42)

7For convenience, we have chosen to remove the rows and columns associated to `+ and `− in the reduced
matrix.
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This leads to

Pf (M3)
∣∣
q1/2 =

1

2

∑
ik,jk

(−1)1+ik+jk+θ(ik−jk)mikjk

∣∣√
q

Pf (M3
ikjk
ikjk

)
∣∣
q0

=
∑
i,j∈I

(−1)1+i+j+θ(i−j)ki · kj
σi

Pf (M3
ij
ij)

+
∑
i,j∈I′

(−1)1+i+j+θ(i−j) εi · εj
σi

Pf (M3
i′j′

i′j′)

+
∑

i∈I′,j∈I
(−1)i+j

(
εi · kj
σi
− εi · kj

σj

)
Pf (M3

i′j
i′j) .

The diagonal terms Cii = εi ·P (σi) do not contribute since P (σ) exclusively contains terms

of the form kiS̃1 ∼ ki
θ′1
θ1

, which only contribute at higher order in q. This concludes the

proof of (6.74).

D.5 Dimensional reduction

In this section we discuss considerations that are general and somewhat out of the scope

of the main article. The point is to discuss how one can dimensionally reduce the am-

bitwistor string to d dimensions. At the core of these considerations is the work of ACS [32]

where the ambitwistor string was be formulated in generic (on-shell) curved spaces; toroidal

compactifications are just a subcategory of the latter spaces.

In the usual string compactified on a circle of radius R, wrapping modes or worldsheet

instantons are solutions that obey the periodicity conditions X = X+2πmR. Their classical

values are given by Xclass = 2πR(nξ1 +mξ2) where ξ1,2 are the worldsheet coordinates, such

that z = ξ1− iξ2. This cannot be made holomorphic, except if n = m = 0, therefore none of

these can contribute in the ambitwistor string, which is quintessentially holomorphic. This

may not exclude the possibility of having other type of more exotic instantons, as mentioned

in the final section of [32], but we shall proceed here under the assumption that none of these

are generated. In total, the Kaluza-Klein reduction of the amplitude above (6.39) is simply

obtained by replacing the 10-dimensional loop momentum integral by a d-dimensional one

and a (10− d)-dimensional discrete sum∫
d10`→ 1

R10−d

∑
nnn∈Z10−d

∫
dd`(d) (D.43)

where nnn is an integer valued (10 − d)-dim vector. A 10 − d torus with 10 − d different

radii R1, . . . , R10−d is dealt with at the cost of minor obvious modifications of the previous

expression.
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The loop momentum square is then given by

`2 = `2(d) +
nnn2

R2
(D.44)

In this way, the transformation rule ` → τ` of the loop momentum after a modular

transformation is generalized to the compact dimensions by demanding R → R/τ and the

integral is still modular invariant, in the sense of [33].

Ultimately, we take the radius R of the torus to zero in order to decouple the KK states.

In this limit, ` simply becomes `d wherever it appears, therefore this process is achieved by,

loosely speaking, restricting the loop momentum integral by hand.

In conclusion, standard compactification techniques of string theory on tori and orbifolds

thereof apply straightforwardly.
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