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21 Introdu
tionIn a series of re
ent papers (see [9, 10, 11℄, for example), P. Guermond proposed the useof subgrid vis
osity methods in order to stabilise �nite element dis
retisations of a varietyof problems for whi
h the standard Galerkin approa
h usually fails. The basi
 underlyingidea is the following. We 
onsider a �nite element spa
e Vh that 
an be written as the dire
tsum of a 
oarse grid spa
e VC and a �ner (subgrid) spa
e VS . Assume that the standardGalerkin dis
retisation has the forma(uh; vh) = (f; vh) 8vh 2 Vh: (1.1)Then, roughly speaking, the subgrid vis
osity method would 
onsist of 
onsidering thestabilised form a(uh; vh) + Chd(uS ; vS) = (f; vh) 8vh 2 Vh; (1.2)where, uS and vS are the subgrid 
omponents of uh and vh, respe
tively, d(u; v) is a \di�u-sion" term, and Ch is a parameter to be 
hosen properly. This will, of 
ourse, be made morepre
ise for a spe
i�
 example in the next se
tion. In the original presentation of Guermond,not mu
h emphasis was given to the 
hoi
e of the parameter Ch. The 
hoi
e was usually ofthe type Ch = 
 h, and a priori error estimates were proven for a large range of possible val-ues of the 
onstant 
. In our opinion, the idea is quite appealing, sin
e it 
ould be extendedto a great variety of di�erent important problems in whi
h the implementation of otherstabilising pro
edures, as for instan
e the Streamline{Upwind/Petrov{Galerkin (SUPG)method (see, for example, [14, 12℄), might be
ome 
umbersome, in parti
ular 
omparedwith the striking simpli
ity of (1.2). On the other hand we believe that, disregarding for awhile the asymptoti
 error analysis, for 
ommonly used values of the 
oarse grid meshsize hthe 
hoi
e of the subgrid vis
osity parameter Ch 
an be
ome 
ru
ial, and that a bad 
hoi
efor it 
an result in quite a poor method. In parti
ular, as we are going to demonstratein the present paper, the use of subgrid vis
osity 
orresponds to using a residual{basedstabilisation very similar to SUPG (and often 
oin
iding with it), with an \intrinsi
 times
ale" � strongly dependent on the 
hoi
e of Ch. Hen
e, the 
hoi
e of the optimal valuefor Ch, or at least of a reasonably good one, appears to be of paramount importan
e.The problem of sele
ting an appropriate value for Ch is not simple. Ideally, we wouldlike to have an automati
 pro
edure for 
hoosing it, that is simple enough to be adaptedto di�erent physi
al appli
ations and, if possible, be reasonably 
heap. In this paper wepropose a simple and 
heap pro
edure that works reasonably well on the model problemof adve
tion{dominated di�usion 
ows. For this problem, several heuristi
 rules have beenproposed for the automati
 
hoi
e of the parameter � (see Brezzi & Russo [3℄, Fis
her etal. [4℄, Fran
a et al. [5, 6℄, F�uhrer & Ranna
her [8℄, Hansbo & Johnson [12℄ Hughes &Brooks [14℄ and Roos et al. [18℄, for example). The only derivation of a good value for� whi
h is based on the use of subgrid fun
tions vanishing at the interelement boundaryis, however, the one of [3℄ based on the residual free bubbles. The values of � generatedby our pro
edure are indeed in good agreement with the ones that 
ould be obtained withthe residual free bubble approa
h. We are fully aware that the linear adve
tion{di�usionmodel problem 
annot represent most of the diÆ
ulties that arise in real life problems.However, some generalisations of our idea to more 
ompli
ated 
ases seem to be pretty



3obvious, while others will require further attention. But, of 
ourse, even the `obvious' onesshould be tested in pra
ti
e before making 
laims. Despite these 
onsiderations, we stillbelieve that it is important to point out the problems, together with a starting point fortheir possible solution.For other attempts of an automati
 tune-up of vis
osity parameters we refer for instan
eto Brezzi et al. [1, 2℄, Fran
a [5℄, Fran
a & Russo [7℄, Hughes [13℄ and O~nate [16, 17℄.The outline of this paper is as follows. In Se
tion 2 we �rst outline the subgrid vis
ositymethod introdu
ed by Guermond for an adve
tion{di�usion model problem. In Se
tion3, we design a simple and 
heap algorithm for automati
ally determining the size of thesubgrid vis
osity CT . The pra
ti
al performan
e of this pro
edure is then demonstrated inSe
tion 4 for a simple adve
tion{di�usion test problem. Finally, in Se
tion 5 we summarisethe work presented in this paper and draw some 
on
lusions.2 Subgrid vis
osity and its e�e
ts on the 
oarse gridIn this se
tion we are going to re
all the basi
 idea of the subgrid vis
osity method proposedby Guermond, and to show the importan
e of the 
hoi
e of the subgrid vis
osity parameter.In order to simplify the exposition, we 
onsider a very simple model problem.Suppose that 
 is a bounded polyhedral domain in R2 (but the extension to Rn wouldbe straightforward), whose diameter has been s
aled to 1; let � be a 
onstant ve
tor �eldin 
, " a small parameter (
ompared with j�j) and f a fun
tion in L2(
) that we assumeto be pie
ewise 
onstant. We 
onsider the problem of �nding u 2 H10 (
) su
h that�"�u+ � � ru = f in 
: (2.1)Existen
e and uniqueness of the solution of (2.1) are well known. We assume now that weare given a triangulation of 
 into triangles T of diameter hT , and let VC be the spa
e of
ontinuous pie
ewise linear fun
tions vanishing on �
. On ea
h triangle T in the mesh, wede�ne VS to be the spa
e of 
ontinuous fun
tions whi
h vanish at the boundary of T . Forsimpli
ity, we assume that the spa
e VS has only one degree of freedom for every triangleT in the mesh. Parti
ular examples in
lude: given a triangle T , we 
an split T into threesubtriangles Tk (k = 1; 2; 3) by 
onne
ting the three verti
es with the bary
enter. Then,the spa
e VS � VS;L may be 
onstru
ted to 
onsist of fun
tions whi
h are 
ontinuous andpie
ewise linear on the new triangulation and vanish at all the verti
es of the old one, 
f.Figure 1(a). Alternatively, we may de�ne VS � VS;C to be the spa
e of 
ubi
 bubbles on T
entered at the bary
enter of the triangle, 
f. Figure 1(b).Before we pro
eed, it will be 
onvenient to introdu
e some notation: for every subdomainE � 
, we write aE(u; v) = "ZEru � rv dx+ ZE(� � ru) v dx;dE(u; v) = ZEru � rv dx;



4
(a) (b)Figure 1: (a) Pie
ewise linear bubble; (b) Cubi
 bubble.for u; v in H1(E), and (u; v)E = ZE u v dx;for u; v in L2(E).We 
onsider now the spa
e Vh := VC + VS , and in Vh we apply the following subgridstabilisation: �nd uh = uC + uS 2 Vh su
h thata
(uh; vh) +XT CT dT (uS; vS) = (f; vh)
 8vh = vC + vS 2 Vh: (2.2)In [11℄ it is proved that optimal asymptoti
 error bounds for (2.2) hold, provided CT hasthe form CT = 
ThT , where 
T is bounded from below and from above by �xed 
onstants,independent of T and hT .We want now to analyse the a
tual behaviour of (2.2) for di�erent possible 
hoi
es ofCT . For this we remark �rst that, for every T , we 
an de�ne pT as the (unique) fun
tionin VS of height one, having support in T . Taking then vh = pT in (2.2) we obtain:aT (uC + uS; pT ) + CT dT (uS; pT ) = (f; pT )T 8T: (2.3)Setting now, in every T , uS = uTpT we then easily obtain from (2.3) thatuT (aT (pT ; pT ) + CTdT (pT ; pT )) = �aT (uC; pT ) + (f; pT )T 8T: (2.4)We remark now that, for every T , the adve
tive term has no e�e
t in aT (pT ; pT ), beingskew-symmetri
 in H10 (T ). Integrating by parts the �rst term in the right-hand side of (2.4)gives uT = � RT RT pT dx("+ CT ) RT jrpT j2 dx =: �RT
T ; (2.5)



5where RT := (�"�uC + � � ruC � f)jT is the residual (for the 
oarse grid solution) on thetriangle T and 
T , as de�ned in (2.5), depends only on the bubble pT (plus " and CT ). Wego ba
k to (2.2) where we take now vh = vC:a
(uC; vC) + a
(uS; vC) = (f; vC)
 8vC 2 VC ; (2.6)and we noti
e that (2.6) di�ers from the standard Galerkin �nite element method on the
oarse grid due to the presen
e of the stabilising term a
(uS; vC). Let us analyse it indetail. Using (2.5) and integration by parts in T we havea
(uS; vC) =XT aT (uTpT ; vC) = �XT RT
TLT �vC (pT ; 1)T ;where LT �vC is de�ned as �"�vC � � � rvC in every T . We obtain thereforea
(uS ; vC) = �XT �T (RT ; LT �vC)T ; (2.7)with the intrinsi
 time s
ale �T de�ned as�T = 1jT j (RT pT dx)2("+ CT ) RT jrpT j2 dx : (2.8)A simple 
omputation shows that when VS = VS;L, the value of �T given by (2.8) is a
tually�T � �T;L = 4jT j227(" + CT )Pj e2j ; (2.9)where the ej (j = 1; 2; 3) are the lengths of the edges of T . Alternatively, when VS = VS;C ,we have �T � �T;C = jT j210(" + CT )�; (2.10)where � = (x3 � x1) � (x1 � x2) + jx3 � x1j2 + jx2 � x1j2;and xi = (xi; yi), i = 1; : : : ; 3, denote the 
oordinates of the three verti
es of element T .To �x the ideas, on an equilateral triangle we would have�T;L = h2T108(" + CT ) ; �T;C = 3h2T400(" + CT ) ; (2.11)respe
tively. The e�e
t of the subgrid vis
osity be
omes now 
lear, as well as the role of theparameter CT . Indeed, �rst of all, we have from (2.6) and (2.7) that the 
oarse equation(after 
ondensation of the subgrid unknowns uS) be
omesa
(uC ; vC)�XT �T (RT ; LT �vC)T = (f; vC)
 8vC 2 VC ;



6and hen
e 
oin
ides with the SUPG method with a parti
ular 
hoi
e of the parameter �Tgiven by (2.8) and depending on the 
hoi
e of CT . On the other hand, assuming that thenatural vis
osity " is very small, and that CT is 
hosen (as indi
ated in [11℄) of the formCT = 
T hT , we would have, in (2.9), respe
tively, (2.10),�T;L � 1
T 4jT j227hT Pj e2j ; �T;C � 1
T jT j210hT� ; (2.12)or, in (2.11), �T;L � 1
T hT108 ; �T;C � 1
T 3hT400 ; (2.13)for equilateral triangles, respe
tively. Equations (2.12) and (2.13) show 
learly the followingfa
t, that would have been somehow 
ounter{intuitive in the �rst pla
e: the bigger one takes
T in the arti�
ial subgrid vis
osity, the smaller be
omes the stabilising e�e
t on the 
oarsegrid equation.In our opinion, this indi
ates also, in a very 
lear manner, that the 
hoi
e of a good valuefor 
T is extremely important for having satisfa
tory results on a�ordable grids. A
tually,it is known that the tune-up of the �T in SUPG is quite important for that, and (2.12)shows that this problem is not solved by the subgrid vis
osity approa
h.3 Tune-up of the subgrid vis
osityWe have seen in the previous se
tion that the subgrid vis
osity method su�ers a majordrawba
k. The pre
ise amount of subgrid vis
osity to be used is not at all 
lear, but, in spiteof asymptoti
 results, the 
hoi
e is a
tually 
ru
ial for obtaining reasonable performan
eson a�ordable grids. On the other hand, as we pointed out in the introdu
tion, the methodstill remains appealing for its great simpli
ity, and in parti
ular for the possibility to applyit, possibly without proofs, on 
ompli
ated problems. For a very promising attempt in thisdire
tion, related to LES and turbulen
e, see Hughes et al. [15℄.In this se
tion we make an attempt to design a viable pro
edure that is able to produ
e,if not the optimal value to be used for 
T , at least a reasonable value. For the sake ofsimpli
ity, we present it on the simple model problem (2.1). However, the underlying ideais that, 
ontrary to what was done previously for the 
hoi
e of �T for the same modelproblem (see, for example, [1℄ and the referen
es therein), here we make an e�ort to notuse any a priori information on the nature of the underlying partial di�erential equation.More realisti
ally, let us say that we are trying to minimise the use of a priori informationon the problem.The basi
 idea whi
h is behind our strategy is the following. The subgrid 
omponent ofthe solution, uS, 
an be thought of as being obtained by multiplying, element by element,the s
alar 
onstant fa
tor RT (the residual of the 
oarse grid equation in element T ) timesthe solution wS of the s
aled subgrid equationaT (wS; vS) + 
ThT dT (wS; vS) = (1; vS): (3.1)



7If the tune-up of 
T is reasonably good, the solution should be a reasonable approximationof the solution of the 
orresponding 
ontinuous problemaT (wexS ; vS) = (1; vS) 8vS 2 H10 (T ); (3.2)where wexS is looked for in H10 (T ) as well. Being, as in our previous 
ase, a one-degree-of-freedom approximation of (3.2), we 
annot expe
t (3.1) to be too pre
ise. We wouldhowever at least be satis�ed if it produ
ed a reasonably good approximation of the averageof the solution over the triangle T . This seems parti
ularly relevant, as it 
an be seen inour model 
ase that the average of the solution plays a 
ru
ial role. Indeed, the solutionwS of (3.1) satis�es, in our model problem,wS = RT pT dx("+ CT ) RT jrpT j2 dx pT ; (3.3)and 
omparing (3.3) with (2.8) we immediately obtain�T = 1jT j ZT wS dx ;while, on the other hand, the residual{free bubble approa
h applied to the model problemwould a
tually indi
ate as optimal �T the average of wexS . Moreover, always if the tune-upof the subgrid vis
osity parameter 
T is reasonably good, any sub-subgrid approximationof the 
ontinuous equation (3.2), obtained making use of an arti�
ial vis
osity based on 
T ,should also produ
e a solution wSS su
h that1jT j ZT wSS dx � 1jT j ZT wS dx � 1jT j ZT wexS dx: (3.4)Equation (3.4) is the key point in our strategy. More pre
isely, the idea is to 
ompute thesolutions wS and wSS (on the subgrid and on the sub-subgrid, respe
tively) as fun
tions of
T , and then 
ompute the desired value of 
T by requiring that1jT j ZT wSS(
T ) dx � 1jT j ZT wS(
T ) dx :It is 
lear that, taking the sub-subgrid mesh very �ne, the fun
tion
T ! 1jT j ZT wSS(
T ) dxwill be
ome pra
ti
ally 
at: on a very �ne grid, every 
hoi
e of 
T would indeed give wSSpra
ti
ally equal to the exa
t solution. As the fun
tion
T ! 1jT j ZT wS(
T ) dxis monotoni
ally de
reasing, the equation1jT j ZT wSS(
T ) dx = 1jT j ZT wS(
T ) dx (3.5)



8will have a unique solution. Moreover, always in the ideal 
ase in whi
h the sub-subgridis very �ne, the solution of (3.5) will provide a 
T that, when used, will give a wS (andhen
e a uS) with the \ideal" value for the integral. In pra
ti
e, however, this would betremendously expensive, and we shall use (3.5) with a sub-subgrid that is just slightly �nerthan the original one.We end this se
tion by outlining the pra
ti
al implementation of the proposed algorithmfor determining the subgrid vis
osity CT on ea
h element T in the mesh. As previouslystated we assume that CT = 
ThT , where hT is a measure of the length s
ale of element T .To this end, we �rst re
all that for a general bubble fun
tion pT , we have that1jT j ZT wS dx = 1jT j �RT pT dx�2("+ 
ThT ) RT jrpT j2 dx: (3.6)Thereby, by exploiting equation (3.5), we get
ThT = �RT pT dx�2RT jrpT j2 dx RT wSS(
T ) dx � ": (3.7)Equation (3.7) may be used to determine the subgrid vis
osity 
oeÆ
ient 
T using thefollowing iteration: sele
t an initial guess 
T;0, then for j = 0; : : : ;bn, set
T;j+1 = 1hT  �RT pT dx�2RT jrpT j2 RT wSS(
T;j) dx � "! : (3.8)Here, bn is the smallest number of iterations required to ensure that the 
onvergen
e 
rite-rion: j
T;bn � 
T;bn�1j � TOLis satis�ed. For the pra
ti
al implementation of this algorithm we 
hoose TOL to be equalto "=10hT ; i.e. the subgrid vis
osity CT (= 
ThT ) is 
al
ulated to within an a

ura
y ofan order of magnitude less than the underlying physi
al di�usion. We remark that thistoleran
e level is suÆ
ient to 
ompute 
T a

urately with a small amount of 
omputationale�ort.4 Numeri
al ExampleIn this se
tion we present a numeri
al experiment in 2 spa
e dimensions to 
ompare theperforman
e of the subgrid stabilisation algorithm outlined in the previous se
tion, usingboth the pie
ewise linear bubble fun
tion and the 
ubi
 bubble, with the residual freebubble approa
h. We re
all, that the latter approa
h gives rise to the following SUPGstabilisation parameter �T � �T;R = 1jT j ZT wexS dx;
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(a) (b) (
)Figure 2: (a) Element T ; (b) Subgrid; (
) Sub-subgrid.where wexS is the analyti
al solution of the subgrid equation (3.2) on ea
h element T inthe mesh. To this end, we 
onsider the numeri
al example presented by Fis
her et al.[4℄; here, 
 = (0; 1)2, � is 
hosen so the 
ow is at angle of 22Æ to the horizontal (i.e.� = (�0:927; 0:375)) and f = 0 with boundary 
onditionu(x; y) =8>>>><>>>>: 0 for x = 0; 0 � y � 1;0 for 0 � x � 1; y = 1;0 for 0 � x < 1=2; y = 0;1 for 1=2 � x � 1; y = 0;1 for x = 1; 0 � y � 1: (4.1)We begin by �rst 
omparing the performan
e of the subgrid stabilisation method usingthe pie
ewise linear bubble with the residual free bubble approa
h. Given a triangle T inthe mesh, 
f. Figure 2(a), we re
all that the subgrid solution wS is 
omputed on a mesh withone interior node lo
ated at the 
entroid of T , 
f. Figure 2(b). For 
omputational eÆ
ien
y,the sub-subgrid solution wSS will be 
omputed on a mesh based on one uniform re�nementof the subgrid mesh; thereby, wSS is 
al
ulated on a mesh with four interior nodes, 
f.Figure 2(
). In Tables 1, 2 & 3, we present numeri
al results for " = 10�1, 2 � 10�3 &10�5, respe
tively. In ea
h 
ase, we 
ompute the mesh Pe
l�et number Pe (= j�jh="), thesubgrid vis
osity CT , the stabilisation parameter using the pie
ewise linear bubble, �T;L,the stabilisation parameter arising from the residual free bubble approa
h, �T;R, and theratio �T;L=�T;R, on a sequen
e of uniform triangular meshes. We note that, in ea
h 
ase themesh is 
onstru
ted from a uniform N �N mesh by 
onne
ting the bottom{left 
orner ofea
h mesh square with its top{right 
orner. Furthermore, the stabilisation parameter �T;Ris 
al
ulated by numeri
ally approximating the subgrid equation (3.2) using the standardGalerkin �nite element method on a �ne mesh partition of ea
h triangle T .From Table 1, we observe that when the mesh Pe
l�et number is small (Pe < 2), thesubgrid vis
osity CT is O(1) as the mesh is re�ned. In fa
t, here CT is a
tually negative,though by 
onstru
tion, the total e�e
tive vis
osity, namely " + CT , is guaranteed to bestri
tly positive, 
f. (3.7). Furthermore, the stabilisation parameters arising from thepie
ewise linear bubble and the residual free bubble, �T;L and �T;R, respe
tively, are bothO(h2) as h tends to 0, with �T;R being slightly larger than �T;L by a 
onsistent fa
tor. In



10 Mesh Pe CT �T;L �T;R �T;L=�T;R17� 17 0:63 �1:640 � 10�2 4:342 � 10�4 5:090 � 10�4 0:8533� 33 0:31 �1:674 � 10�2 1:086 � 10�4 1:273 � 10�4 0:8565� 65 0:16 �1:675 � 10�2 2:715 � 10�5 3:184 � 10�5 0:85129 � 129 0:08 �1:665 � 10�2 6:780 � 10�6 7:961 � 10�6 0:85257 � 257 0:04 �1:639 � 10�2 1:690 � 10�6 1:990 � 10�6 0:85Table 1: Stabilisation parameters �T;L and �T;R for " = 10�1.Mesh Pe CT �T;L �T;R �T;L=�T;R17� 17 31:3 1:348 � 10�3 1:080 � 10�2 1:165 � 10�2 0:9333� 33 15:6 2:054 � 10�4 4:100 � 10�3 4:423 � 10�3 0:9365� 65 7:81 �1:861 � 10�4 1:246 � 10�3 1:403 � 10�3 0:89129 � 129 3:91 �2:968 � 10�4 3:318 � 10�4 3:842 � 10�4 0:86257 � 257 1:95 �3:233 � 10�4 8:426 � 10�5 9:861 � 10�5 0:85Table 2: Stabilisation parameters �T;L and �T;R for " = 2� 10�3.
ontrast, when the mesh Pe
l�et number is very large, Table 3 indi
ates that CT , �T;L and�T;R are allO(h) as the mesh is re�ned; here, �T;L is now roughly of the same size as �T;R. InTable 2, we 
learly see the transition between these two regimes as the mesh Pe
l�et numberde
reases. This asymptoti
 behaviour of the stabilisation parameters �T;L and �T;R as themesh is re�ned is 
onsistent with the usual 
hoi
e of �T for the SUPG s
heme, predi
tedby standard a priori error analysis, 
f. [18℄, for example.Let us now investigate the behaviour of the subgrid stabilisation method using the 
ubi
bubble. For 
omputational simpli
ity, here the sub-subgrid solution wSS is again approxi-mated on a mesh 
onsisting of four interior nodes with pie
ewise linear basis fun
tions, 
f.Figure 2(
). In Tables 4, 5 & 6, we present a 
omparison of �T;C and �T;R for " = 10�1,2 � 10�3 & 10�5, respe
tively. Here, we observe that �T;C is 
onsistently smaller than thestabilisation parameter predi
ted by the residual free bubble approa
h. Furthermore, byMesh Pe CT �T;L �T;R �T;L=�T;R17� 17 6250 2:151 � 10�3 1:674 � 10�2 1:600 � 10�2 1:0533� 33 3125 1:086 � 10�3 8:251 � 10�3 7:972 � 10�3 1:0365� 65 1562:5 5:520 � 10�4 4:022 � 10�3 3:972 � 10�3 1:01129 � 129 781:3 2:823 � 10�4 1:933 � 10�3 1:972 � 10�3 0:98257 � 257 390:6 1:449 � 10�4 9:122 � 10�4 9:721 � 10�4 0:94Table 3: Stabilisation parameters �T;L and �T;R for " = 10�5.



11Mesh Pe CT �T;C �T;R �T;C=�T;R17 � 17 0:63 2:742 � 10�2 3:832 � 10�4 5:090 � 10�4 0:7533 � 33 0:31 2:737 � 10�2 9:584 � 10�5 1:273 � 10�4 0:7565 � 65 0:16 2:736 � 10�2 2:396 � 10�5 3:184 � 10�5 0:75129 � 129 0:08 2:752 � 10�2 5:983 � 10�6 7:961 � 10�6 0:75257 � 257 0:04 2:796 � 10�2 1:491 � 10�6 1:990 � 10�6 0:75Table 4: Stabilisation parameters �T;C and �T;R for " = 10�1.Mesh Pe CT �T;C �T;R �T;C=�T;R17 � 17 31:3 2:826 � 10�3 1:012 � 10�2 1:165 � 10�2 0:8733 � 33 15:6 1:276 � 10�3 3:726 � 10�3 4:423 � 10�3 0:8465 � 65 7:81 7:477 � 10�4 1:111 � 10�3 1:403 � 10�3 0:79129 � 129 3:91 5:989 � 10�4 2:936 � 10�4 3:842 � 10�4 0:76257 � 257 1:95 5:678 � 10�4 7:428 � 10�5 9:861 � 10�5 0:75Table 5: Stabilisation parameters �T;C and �T;R for " = 2� 10�3.
omparing �T;C with the size of �T;L, we see that the stabilisation parameter using the 
ubi
bubble is also smaller than the 
orresponding value using the pie
ewise linear bubble.Finally, in Figure 3 we present the numeri
al solution to (2.1) for " = 10�2, using ea
h ofthe stabilisation methods dis
ussed in this paper. In ea
h 
ase, the solution is 
omputed onthe unstru
tured triangular mesh shown in Figure 3(a). Here, we observe that ea
h of thestabilisation s
hemes perform very well; over{shoots are observable in the boundary layers,but these may only be eradi
ated when the mesh Pe
l�et number is large by the introdu
tionof an isotropi
 arti�
ial{di�usion model in addition to the streamline{di�usion stabilisation
onsidered here, 
f. [12℄.Mesh Pe CT �T;C �T;R �T;C=�T;R17 � 17 6250 3:635 � 10�3 1:340 � 10�2 1:600 � 10�2 0:8433 � 33 3125 1:818 � 10�3 6:679 � 10�3 7:972 � 10�3 0:8465 � 65 1562:5 9:087 � 10�4 3:322 � 10�3 3:972 � 10�3 0:84129 � 129 781:3 4:543 � 10�4 1:643 � 10�3 1:972 � 10�3 0:83257 � 257 390:6 2:267 � 10�4 8:060 � 10�4 9:721 � 10�4 0:83Table 6: Stabilisation parameters �T;C and �T;R for " = 10�5.
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(
) (d)Figure 3: (a) Unstru
tured triangular mesh with 2046 elements and 1084 nodes. Numeri
alapproximation using: (b) Residual free bubble stabilisation; (
) Pie
ewise linear bubblesubgrid stabilisation; (d) Cubi
 bubble subgrid stabilisation.5 Con
luding remarksIn this paper we have analysed the e�e
t of the subgrid vis
osity method proposed byP. Guermond for stabilising the standard Galerkin �nite element method for adve
tion{dominated di�usion problems. In parti
ular, we have shown that by in
reasing the amountof subgrid vis
osity added into the s
heme a
tually leads to a de
rease in the overall sta-bilising e�e
t on the 
oarse grid solution. Thereby, determining the amount of subgridvis
osity is extremely important for 
omputing a good numeri
al approximation on pra
-ti
al meshes. Here, we have designed and implemented a simple and 
heap algorithm forautomati
ally determining the amount of subgrid vis
osity. Moreover, our algorithm givesrise to a stabilisation parameter whi
h is in good agreement with the one obtained from theresidual free bubble approa
h. Extensions to more general problems, and in parti
ular, tononlinear problems are possible. However, this subje
t is beyond the s
ope of the 
urrentpaper and will be presented elsewhere.



13Referen
es[1℄ F. Brezzi, L. Fran
a, T.J.R. Hughes and A. Russo, b = R g. Comput. MethodsAppl. Me
h. Engrg. 145:329{339, 1997.[2℄ F. Brezzi, L.D. Marini and A. Russo, Appli
ation of pseudo residual{free bubblesto the stabilization of 
onve
tion-di�usion problems. Comput. Methods Appl. Me
h.Engrg. 166:51{63, 1998.[3℄ F. Brezzi and A. Russo, Choosing bubbles for adve
tion-di�usion problems. Math.Mod. and Meth. in Appl. S
i. 4:571{587, 1994.[4℄ B. Fis
her, A. Ramage, D.J. Silvester and A.J. Wathen,On parameter 
hoi
eand iterative 
onvergen
e for stabilised dis
retisations of adve
tion{di�usion problems.Comput. Methods Appl. Me
h. Engrg. (to appear).[5℄ L.P. Fran
a (Editor). Spe
ial issue on Advan
es in Stabilized Methods in Computa-tional Me
hani
s. Comput. Methods Appl. Me
h. Engrg. 166, 1998.[6℄ L.P. Fran
a, S.L. Frey and T.J.R. Hughes, Stabilised �nite element methods:I. Appli
ation to the adve
tion{di�usion model. Comput. Methods Appl. Me
h. Engrg.95:253-276, 1992.[7℄ L.P. Fran
a and A. Russo, Deriving upwinding, mass lumping and sele
tive re-du
ed integration by residual-free bubbles. Appl. Math. Letters 9:83{88, 1996.[8℄ C. F�uhrer and R. Ranna
her, An adaptive streamline{di�usion �nite elementmethod for hyperboli
 
onservation laws. East{West J. Numer. Math. 5:145{162, 1997.[9℄ J.-L. Guermond, Stabilization of Galerkin approximations of transport equations bysubgrid modeling. Submitted to Math. Mod. Num. Anal., 1998.[10℄ J.-L. Guermond, Stabilisation par vis
osit�e de sous{maille pour l'approximation deGalerkin des op�erateurs monotones. C.R. A
ad. S
i. Paris, S�eroe I, 328:617{622, 1999.[11℄ J.-L. Guermond, Subgrid stabilization of Galerkin approximations of linear mono-tone operators. IMA J. Numer. Anal. (to appear).[12℄ P. Hansbo and C. Johnson, Streamline di�usion �nite element methods for 
uid
ow. von Karman Institute Le
tures, 1995.[13℄ T.J.R. Hughes, Multis
ale phenomena: Green's fun
tions, the Diri
hlet{to{Neu-mann formulation, subgrid s
ale models, bubbles and the origin of stabilized methods.Comput. Methods Appl. Me
h. Engrg. 127:387{401, 1995.[14℄ T.J.R. Hughes and A. Brooks, A theoreti
al framework for Petrov{Galerkin meth-ods with dis
ontinuous weighting fun
tions: appli
ation to the streamline{upwind pro-
edure. In R. H. Gallagher, D.H. Norrie, J.T. Oden, and O.C. Zienkiewi
z, editors,Finite Elements in Fluids, Volume 4, pages 47{65. John Wiley & Sons, 1982.



14[15℄ T.J.R. Hughes, L. Mazzei and K.E. Jansen, Large Eddy simulation and thevariational multis
ale method (submitted to Computing and Visualization in S
ien
e).[16℄ E. O~nate,Derivation of stabilized equations for adve
tive{di�usive transport and 
uid
ow problems. Comput. Methods Appl. Me
h. Eng., 151:233-267, 1998.[17℄ E. O~nate, J. Gar
��a and S. Idelsohn, Computation of the stabilization parameterfor the �nite element solution of adve
tive-di�usive problems. Int. J. Numer. MethodsFluids, 25:1385-1407, 1997.[18℄ H.-G. Roos, M. Stynes and L. Tobiska, Numeri
al Methods for Singularly Per-turbed Di�erential Equations. Conve
tion{Di�usion and Flow Problems. Springer Se-ries in Computational Mathemati
s, Volume 24, Springer{Verlag, 1996.


