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Abstract

We consider the fundamental problem of fairly allocating a set of indivisible items among
agents having valuations that are represented by a multi-graph — here, agents appear as
vertices and items as edges between them and each vertex (agent) only values the set of its
incident edges (items). The goal is to find a fair, i.e., envy-free up to any item (EFX) al-
location. This model has recently been introduced by [22] where they show that EFX allo-
cations always exist on simple graphs for monotone valuations, i.e., where any two agents
can share at most one edge (item). A natural question arises as to what happens when
we go beyond simple graphs and study various classes of multi-graphs? We answer the
above question affirmatively for the valuation class of bipartite multi-graphs and multi-
cycles. The main contribution of this work is to establish the existence of EFX allocations
on bipartite multi-graphs for monotone valuations and on multi-cycles for MMS-feasible
valuations. We also present pseudo-polynomial time algorithms to compute EFX alloca-
tions for the above settings. Furthermore, we show that for bipartite multi-graphs with
cancelable valuations, EFX allocations can be computed in polynomial time. We thus
deepen the understanding of EFX allocations by expanding the spectrum of settings in
which they are guaranteed to exist for an arbitrary number of agents. Next, we study EFX
orientations (allocations where every item is assigned to one of its two endpoint agents)
and provide a complete characterization of their existence on bipartite multi-graphs in
terms of two key parameters—the number of edges shared between any two agents and
the diameter of the graph. Finally, we prove that it is NP-complete to determine whether
a given fair division instance on a bipartite multi-graph admits an EFX orientation, even
with a constant number of agents.
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1 Introduction

The theory of Fair Division formalizes the classic problem of dividing a collection of
resources to a set of participating players (referred to as agents) in a fair manner. This
problem forms a key concern in the design of many social institutions and arises naturally
in many real-world scenarios such as dividing business assets, assigning computational
resources in a cloud computing environment, air traffic management, course assignments,
divorce settlements, and so on [15, 26, 36, 38, 45]. The theory of fair division lies at the
crossroads of economics, social science, mathematics, and computer science, with its formal
exploration beginning in 1948 by Steinhaus, Banach, and Knaster. In recent years, this field
has experienced a flourishing flow of research; see [7, 12, 13, 40] for excellent expositions.

In this work, we study the discrete setting of fair division where we wish to divide a
set of m indivisible items to a set {1,2,...,n} of n agents with each item being allocated
wholly to some agent. The standard notion of fairness in this line of work is that of envy-
freeness, which entails a division (allocation) as fair if every agent values her bundle as
much as any other bundle in the allocation [28]. Since envy-free allocations may not always
exist for the case of indivisible items,' several variants of envy-freeness have been explored
in the literature. Among all, envy-freeness up to any item (EFX) is considered to be the
flag-bearer of fairness for the discrete setting (introduced by [16]). We say an allocation
X = (X1, Xo,...,X,) with bundle X; being allocated to agent i € [n] is EFX if for every
pair i, j € [n] of agents, agent i prefers her bundle X; over X \ {g} for every item g € X;.
EFX is considered to be the “closest analogue of envy-freeness” for the discrete setting [17].

It remains a major open problem to understand the existence of EFX allocations [39].
Despite significant efforts, it is not known whether EFX allocations exist for four or more
agents, even with additive valuations [20]. This naturally points towards the complexity of
this problem and motivates the study of its various kinds of relaxations. That is, one may
begin to understand the concept of EFX by finding approximate EFX allocations, by study-
ing special valuation classes, or by relaxing the notion of EFX via charity or its epistemic
form. We refer the readers to Section 1.2 for further discussion.

A question of interest is to understand for what settings or valuation classes, EFX alloca-
tions are guaranteed to exist. To this effect, in this work, we consider a recently introduced
model by [22] where agent valuations are represented via a graph (or a multi-graph). Here,
each item can have a positive value for at most two agents, and such an item is represented
by an edge connecting those two agents. Equivalently, items are valued at zero by all agents
who are not their endpoints. Thus, the vertices of the multi-graph correspond to agents, and the
multi-edges between any pair of agents represent the items valued exclusively by them. For
each agent ¢ € [n], we assume a valuation function v; such that an edge g has a positive mar-
ginal value (v;(S U g) — v;(S) > 0 for every subset S) if and only if g is incident to i. We call
this a fair division problem on multi-graphs with the goal of finding complete EFX allocations.

This model captures situations in which the number of agents interested in any given
item is limited—specifically, when an item is relevant or valuable to at most two agents. The
graph-based formulation is inspired by geographic contexts where agents care only about

! Consider an instance with two agents valuing a single item positively. Here, the agent who does not receive
the item will envy the other. In contrast, envy-free allocations always exist when the resource to be allocated
is divisible (see [43, 44]).
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nearby resources. For example, a trade corridor or a natural gas pipeline benefits only the
bordering countries involved, while others gain nothing.

Christodoulou et al. [22] proved that EFX allocations exist for all simple graphs, where
any pair of agents vertices share at most one edge item. This naturally raises the question
of what happens in more general classes of multi-graphs, where a pair of agents can have
multiple valuable items in common?

Christodoulou et al. [22] also introduced the notion of EFX orientations defined as EFX
allocations with the extra condition that every item can be only allocated to one of its corre-
sponding endpoints. They provided an example where EFX orientations do not exist in the sim-
ple graph setting. Christodoulou et al. [22] also proved that deciding whether a simple-graph
instance admits an EFX orientation is NP-complete. A natural open question raised in this
direction is that when do such orientations are guaranteed to exist for the multi-graph setting?

1.1 Our contribution and techniques

In this work, we answer the above question raised by [22] and study fair division instances
where agent valuations are represented via bipartite multi-graphs and provide a complete
picture of EFX allocations for such instances. Note that bipartite multi-graphs are a huge
class consisting of multi-trees, multi-cycles with even length, and planar multi-graphs with
faces of even length, to name a few.

We also study special types of (non-wasteful) allocations—EFX orientations—where
every item is allocated to one of the agent endpoints. Note that EFX orientations are desir-
able since every item is allocated to an agent who values it, and hence, is non-wasteful. Our
main results are as follows.

e The primary contribution of this work is to establish the existence of EFX allocations
for fair division instances on bipartite multi-graphs with general monotone valuations
(Theorem 4.11). Moreover, we can compute an EFX allocation in pseudo-polynomial
time for monotone valuations and in polynomial time for cancelable valuations (Theo-
rem 4.11). It is relevant to note that cancelable valuations are a strict superclass of addi-
tive valuations (see Section 2 for definitions).

Hence, we answer the open problem listed in [22] and deepen our understanding of the
existence of EFX allocations.

e While extending our techniques beyond bipartite multi-graphs, we also prove that EFX
allocations exist and can be computed in pseudo-polynomial time on multi-cycle graphs
with MMS-feasible valuations (Theorem 5.1). Note that MMS-feasible valuations are a
strict superclass of cancelable valuations.

We also show that for multi-cycles with at least four agents, EFX allocations always
exist and can be computed in pseudo-polynomial time for monotone valuations and in
polynomial time for cancelable valuations (Corollary 5.2).

o Next, we show that EFX orientations may not always exist for fair division instances
on bipartite multi-graphs; in particular, they may not exist even in very simple settings
of multi-trees. Nonetheless, we provide a complete characterization of the existence of
EFX orientations for monotone valuations depending on two key parameters: ¢, the
maximum number of edges shared between any two agents, and d(G), diameter of the
graph G (see Table 1).
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Table 1 A complete picture for EFX orientations on bipartite multi-graphs with additive valuations based on
q and d(G), where g represents the maximum number of items between a pair of agent and d(G) represents
the diameter of the input graph instance

Parameters EFX Orientation

acyclic,q = 2,d(G) <4 Exists (Theorem 3.3)
acyclic,q = 2,d(G) > 4 May not exist (Theorem 3.5)
acyclic,q > 2,d(G) <2 Exists (Proposition 4.3)
acyclic,q > 2,d(G) > 2 May not exist (Theorem 3.4)
cyclic,q > 2,d(G) > 2 May not exist (Theorem 3.2)

The fact that EFX orientations do not always exist can be seen as a proof to show that
inefficiency is inherent and hence approximations are necessary. We show that, for ad-
ditive valuations, there exist orientations on bipartite multi-graphs where at least [ % |
agents are EFX and the remaining agents are 1/2-EFX (Theorem 4.12).

e We also show that for monotone valuations, we can compute EFX orientations in poly-
nomial time when the diameter of the acyclic bipartite multi-graph is at most four and
any two adjacent vertices share at most two edge items (Theorem 3.3).

e [t is NP-complete to decide whether a given fair division instance on bipartite
multi-graphs admits an EFX orientation, even with a constant number of agents
(Theorem 3.6).

Two other papers independently and in parallel showed the existence of EFX allocations
involving multi-graphs. Sgouritsa and Sotiriou [41] independently show that the EFX allo-
cations always exist in bipartite multi-graphs for monotone valuations. This coincides with
our first result, but we further prove polynomial-time computability of EFX allocations (in
the above setting) for cancelable valuations and in pseudo-polynomial time for monotone
valuations. Moreover, Sgouritsa and Sotiriou [41] proves the existence of EFX allocations
for multi-graphs when each agent has at most [n/4] — 1 neighbors, where 7 is the total
number of agents, or when the shortest cycle with non-parallel edges has length at least 6.
Bhaskar and Pandit [11] independently showed the existence of EFX allocations in bipar-
tite multi-graphs for cancelable valuations and in multi-trees for general monotone valua-
tions. Our first result generalizes these two results. Moreover, they showed that multi-graphs
with chromatic number ¢ admit EFX allocations when the shortest cycle using non-parallel
edges is of length at least 2¢ — 1; this result holds when agents have cancelable valuations.
Note that the multi-graphs with chromatic number 2 are just the bipartite multi-graphs.

Technical overview We will give a description of the main techniques developed in this
work to prove the existence of EFX allocations on bipartite multi-graphs with monotone
valuations. For simplicity, we will assume additive valuations here. For a given bipartite
multi-graph G = (SUT, E), let us consider two adjacent vertices ¢ € S and j € T. The
starting point in our technique is inspired by the cut-and-choose protocol that is used to
prove the existence of EFX allocations for two agents.> Based on this protocol, we will
define one specific configuration for the set of items, E(i, j), between i and j. In this configu-
ration, j € T will cut the set £(i, j) into two bundles C; and C5 such that she is EFX-happy

2For two agents, the first agent divides the set of items into two EFX-feasible bundles (for her), and the
second agent chooses her favorite bundle of the two, while the other bundle goes to the first agent.
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with both bundles. We call this the j-cut configuration between agents i and j. Note that such
a configuration can be computed in polynomial time for additive valuations.

The idea is to find a partial EFX orientation X that satisfies a set of six useful properties
(listed in Section 4.2). These properties pave a simple way for us to extend X to a complete
allocation while maintaining EFX guarantees. One of them ensures that forany i € S, j € T,
either (i) no item from E(7, j) is allocated, (ii) exactly one of C'y or C4 is allocated to either i or
J, or (iii) both C and C5 are allocated to i and j, such that one receives C and other C5 in X.

To create such a partial orientation, we start with a greedy algorithm that allocates a set
of items to each agent such that every agent in 7 is non-envied. This initial step ensures that
the set X; of items allocated to any agent ¢ € [n] is such that X; C E(i, j) for some j € [n]
. Moreover, this partial orientation is EFX wherein any vertex that has envy is certainly
non-envied. We then try to orient unallocated items incident to a non-envied vertex to her
while maintaining partial EFX until the only unallocated edges are between a non-envied
and an envied vertex.

Once we find a partial EFX orientation with certain useful properties, we can go two
ways (of our choice) to have a complete allocation. We can either compute, in polynomial
time, (i) an orientation where at least n/2 agents are EFX, and the remaining agents are
1/2-EFX (Theorem 4.12), or (ii) an exact EFX allocation (Theorem 4.11). For the latter,
we know that since EFX orientations do not necessarily exist for bipartite multi-graphs, we
have to allocate the remaining edges to a vertex other than their endpoints, which will create
a wasteful (albeit an EFX) allocation.

Before finding a complete allocation, we have ensured, by one of our properties, that both
non-envied and envied vertices are satisfied enough with what is allocated to them that they
will not envy if we give all the unallocated edges adjacent to them to a specific third vertex.
We, therefore, safely allocate the remaining items from the set E(i, j) to a specific agent
k # 1, j, and finally compute an EFX allocation.

1.2 Further related work

For the notion of EFX, Plaut and Roughgarden [37] proved its existence for two agents
with monotone valuations. For three agents, a series of works proved the existence of EFX
allocations when agents have additive valuations [20], nice-cancelable valuations [10], and
finally when two agents have monotone valuations and one has an MMS-feasible valuation
[4]. EFX allocations exist when agents have identical [37], binary [31], or bi-valued [6]
valuations. The study of several approximations [5, 19, 21, 27] and relaxations [3, 6, 9, 10,
17, 18, 32, 34] of EFX have become an important line of research in discrete fair division.
Another relaxation of envy-freeness proposed in discrete fair division literature is that
of envy-freeness up to some item (EF1), introduced by [14]. It requires that each agent
prefers her own bundle to the bundle of any other agent after removing some item from the
latter. EF'1 allocations always exist and can be computed efficiently [33]. Epistemic EFX
is another relaxation of EFX that was recently introduced by [18], where they showed its
existence and polynomial-time tractability for additive valuations. A recent work [2] then
established the existence of epistemic EFX allocations for monotone valuations.
Following the work of [22], recent works have started to focus on EFX and EF1 orien-
tations and allocations on graph settings. Zhou et al. [48] studies the mixed manna setting
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with both goods and chores and proves that determining the existence of EFX orientations
on simple graphs for agents with additive valuations is NP-complete and provides certain
special cases like trees, stars, and paths where it is tractable. Zeng and Mehta [46] relates the
existence of EFX orientations and the chromatic number of the graph. Recently, Deligkas
et al. [24] showed that EF1 orientations always exist for monotone valuations and can be
computed in pseudo-polynomial time. Moreover, Deligkas et al. [24] proved that comput-
ing EFX orientations remains intractable even under strong structural restrictions such as
bounded vertex cover or a constant number of vertices; nevertheless, a nearly optimal fixed-
parameter tractable algorithm is known by [24].

Proportionality [25, 42] and maximin fair share [ 14], aka MMS, are two other important
fairness notions; we refer the readers to an excellent recent survey by [7] (and references
within) for further discussion.

Research on fair division has also extended to the setting of indivisible chores, where
agents incur costs rather than receive utilities. In this setting, substantial progress has been
made toward understanding approximate EFX fairness. The early work of [47] achieved
an O(n?)-approximation for additive cost functions, and subsequent improvements by [30]
tightened this to a constant 4-EFX guarantee for any number of agents. Parallel develop-
ments by [23] and [1] established the existence of 2-EFX allocations for three agents, and
[29] later generalized this result to arbitrary numbers of agents. Despite these advances,
exact EFX allocations remain known only in highly restricted settings. In fact, Christofo-
ridis and Santorinaios [23] demonstrated that for monotone cost functions, some instances
admit no EFX allocation at all. Meanwhile, a long-standing open question on the compat-
ibility of fairness and efficiency—whether an allocation can be both EF1 and PO—was
recently answered in the affirmative by [35].

Roadmap We begin by introducing notation and definitions in Section 2. In Section 3, we
develop an exhaustive list of scenarios where EFX orientations exist depending on two
parameters related to multi-graphs for monotone valuations. In Section 4, we develop a
pseudo-polynomial-time algorithm to compute EFX allocations for bipartite multi-graphs
with monotone valuations. Finally, in Section 5, we extend our results and develop a
pseudo-polynomial-time algorithm to compute EFX allocations for multi-cycles with MMS
-feasible valuations.

2 Notation and definitions

For any positive integer k, we use [k] to denote the set {1,2, ..., k}. We consider a set [m]
of m goods (items) that needs to be allocated among a set [n] = {1,2,...,n} of n agents in
a fair manner. For ease of notation, we will use g instead of {g} for an item g € [m].

Definition 2.1 (Allocations). A partial allocation X = (X7, Xs,...,X,,) is an ordered
tuple of n disjoint subsets of [m], i.e., for every i, j € [n] we have X; N X; = 0. Here, X
denotes the bundle allocated to agent ¢ € [n] in X. We say an allocation X is complete if

U Xi=[m].

i€[n]
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Valuation functions and fairness notions Each agent i € [n] specifies her preferences using
a valuation function v; : 2™ — R, that assigns a non-negative value to every subset of

items. We denote a fair division instance as Z = <[n], [m], {vi}iem >

This work focuses on monotone, additive, cancelable, and MMS-feasible valuations that
can be represented via multi-graphs, defined below.

Definition 2.2 (Monotone, Additive, Cancelable, and MMS-feasible Valuations). We
say a valuation function v :2(™ — R* is monotone if for every S C S’ C [m], we
have v(S) < v(S’). We say v is additive if for every subset S C [m] of items, we have

() = > v(g).

geSs

Next, we say v is cancelable if for any S, T C [m] and any g € [m] \ (S UT), we have

v(SU{g}) >v(TU{g}) = v(S) > v(T).

That is, removing the same good from two bundles would not change the relative prefer-
ence between the two. Note that the class of cancelable valuations is a strict superclass of
additive valuations.

Finally, we say v is MMS-feasible if for any S C [m] and any partitions A = (A, As)
and B = (By, By) of S, we have max(v(B1),v(Bz2)) > min(v(A4;),v(Az)). Intuitively,
MMS-feasibility ensures that no partition of a set is “strictly better” in a balanced sense
than another partition. In every two-way split, the larger bundle in one partition is at least as
valuable as the smaller bundle in any other partition, preventing extreme imbalances across
partitions.

Note that the class of MMS-feasible valuations is a strict superclass of cancelable

valuations.
Recently, Christodoulou et al. [22] proposed a valuation class that can be represented by
graphs. Here, vertices correspond to agents and edges correspond to items that are valued
positively only by the two agents at their endpoints. Christodoulou et al. studied simple
graphs wherein there is at most one edge between every pair of adjacent vertices. In this
work, we focus on a natural extension of these instances to multi-graphs where we allow
multiple edges between agents.

Definition 2.3 (Multi-graph Instances). A fair division instance Z = <[n}7 [m], {Uz'}z‘e[n]>
on a multi-graph® is represented via a multi-graph G = (V, E)) where agents form the set
V = [n] of vertices and items form m edges in E with the following structure: for every
agent ¢ € [n] and every subset S C [m], v;(S) = v;(S N E(¢)), where E(i) denotes the set
of items incident to agent i, i.e., an item g € [m] has a positive marginal value for agent i if
and only if g is incident to i.

We denote the set of edges between agents i and j by E(i, j). Note that E (i, j) = E(j,1).
Also, we use the words ‘agent’ and ‘vertex’ interchangeably, similarly for ‘item’ and ‘edge’.

3 A multi-graph can have multiple edges between two vertices.
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Definition 2.4 (Symmetric Instances) We say a multi-graph instance is symmetric if the
valuations are additive and for any item ¢ € E(i, j) with i, j € [n] is identically valued by
both i and j, i.e., v;(g) = v;(g).

Let us now define the concept of non-wasteful allocations known as orientations.

Definition 2.5 (Partial Orientation). A partial orientation is a partial allocation where an
item g (if allocated) is given to an agent i such that g is incident to i in the given multi-graph.
This can be represented by directing the (allocated) edges in the graph towards the vertex
receiving the edge.

We use the popular notion of envy-freeness up to any good (EFX) as a standard fairness
notion in our work. Let us first define the concept of strong envy and some useful constructs
related to envy.

Definition 2.6 (Envy and Strong Envy). Given an allocation X = (X3, Xs,...,X,,), we
say i envies j if v;(X;) > v;(X;), and we say i strongly envies j if there exists an item
g € X such that v;(X;) < v;(X; \ 9).

Definition 2.7 (Envy-Freeness Up to Any Good (EFX)). We say an allocation is EFX if
there is no strong envy between any pair of agents. Moreover, we say an allocation X is «
-EFX foran o € (0,1] if v;(X;) > o - v;(X; \ g) forevery 4,5 € [n] and g € X;.

Definition 2.8 (EFX-Feasibility). Given a partition X = (X, X5,...,X,,) of
items into n bundles, we say bundle X is EFX-feasible for agent i if we have

(Xp) > (X5 \ 9).
vi(Xy) 2 max max v;(X; \ 9)

We say a bundle containing one item as a “singleton”. Note that no agent strongly envies an
agent owning a singleton. Also, since, in an orientation on a given multi-graph G, a vertex
i € [n] receives edges that are incident to her, it implies that the set of i’s neighbors in G are
the only agents that can possibly strongly envy her. This leads to the following observation,
which we will use frequently in future sections.

Observation 2.9 A4 partial orientation is EFX on a multi-graph if and only if no agent
strongly envies her neighbor.

Next, we demonstrate a property of EFX orientations on multi-graphs via the following
lemma.

Lemma 2.10 For a multi-graph instance, consider a partial EFX orientation X. If a vertex i
is envied by one of its neighbors j, then it must hold that X; C E(4, j). In particular, in any
EFX orientation, each vertex can be envied by at most one neighbor.

Proof For contradiction, let us assume that there exists an agent i, who is envied by her

neighbor agent j such that there exists an e € X;, where e € E(i, k) for some k # j. Note
that v;(X;) < v;(X;) = v;(X; \ e), contradicting the fact that X is EFX. O

@ Springer



Autonomous Agents and Multi-Agent Systems... Page90of33 32

2.1 Graph theory definitions

Our work characterizes the existence of EFX orientations based on the parameter g (the maxi-
mum number of edges between any of agents in G) and the diameter of the multi-graph. For
every multi-graph instance, We begin by defining some useful notions related to a multi-graph.

Definition 2.11 (Skeleton of a Multi-graph). For a multi-graph G = (V, E), we define its
skeleton as a graph G’ = (V, E’) where G’ has the same set of vertices, and there is a single

edge between two vertices if they share at least one edge in G, i.e., i is connected to j in G’
ifE(i,7) #0in G.

Definition 2.12 (d(G) and g of a Multi-graph G). We define d(G) as the diameter of G,
which is the length of the longest shortest path in the skeleton of G. And, we denote
q = max; jc[n) |E (i, )| to be the maximum number of edges between any pair of agents in G.

Definition 2.13 (Center of a Multi-graph). For a multi-graph G, center ¢ € V' is a member
of the set argmin,, oy, max,cy d(x, v), where d(x, v) is the distance between x and vin G. In
this paper, we choose one arbitrarily if we have multiple centers.

In this work, we focus on bipartite multi-graphs, that we define next.

Definition 2.14 (Bipartite Multi-graph). A bipartite multi-graph G = (V, E)) has a skeleton
that is a bipartite graph. We denote V' = S U T where S and T are two partitions with only
edges occurring between vertices in S and vertices in T’

Definition 2.15 (Multi-star, Multi-P,,, Multi-cycle, and Multi-tree). A multi-H has a skel-
eton that is an H graph, where H can be a star, a path P,, of length n — 1, a cycle, or a tree.

Note that bipartite multi-graphs are an important class consisting of multi-trees, multi-
cycles of even length, and planar multi-graphs with faces of even length, to name a few.

3 EFX orientations on bipartite multi-graphs

Christodoulou et al. shows that EFX orientations may not always exist, even on simple
graphs. Therefore, it is not surprising when we show the same on bipartite multi-graphs. In
particular, we examine multi-cycles (a special kind of bipartite multi-graphs) and show that
even for ¢ = 2, EFX orientations may not always exist for four agents; see Fig. 1. Nonethe-
less, we identify the correct parameters to characterize the scenarios where EFX orienta-
tions are guaranteed to exist for monotone valuations; see Table 1.

To do so, we proceed step by step, carefully considering all possible cases. Initially, we
focus on bipartite multi-graphs with diameters, d(G), of small numbers. For d(G) = 1, bipar-
tite multi-graphs become multi-P», for which an EFX orientation can easily be achieved
using the cut-and-choose protocol. As a warm-up, we show the existence of EFX orientations
for multi-trees with d(G) = 2, i.e., for multi-stars. Here, we do so for ¢ = 2, but the same
approach can be generalized to any ¢, which we discuss in the next section (in Proposition 4.3).
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Fig. 1 Counter-example for Theorem 3.2 % a
&4—%
2

In this section, we present counter-examples for various cases, via figures, where we
have symmetric instances, and the number on each edge depicts the value of that edge for
both endpoints.

Proposition 3.1 EFX orientations exist on multi-stars for ¢ = 2.

Proof Let r be the center of the given multi-star instance. Every leaf i chooses the edge she
prefers the most from the two edges in E(i, r), and we allocate the remaining edges to agent
r, hence creating an orientation. By Observation 2.9, note that to prove that the allocation
is EFX, we only need to check if the EFX condition is satisfied between agent » and her
neighbors. Agent r does not strongly envy any leaf because every leaf has a singleton edge
in her bundle. Moreover, every leaf receives her preferred item from E(i, ), so she will not
envy agent ». This completes our proof. O

However, an EFX orientation might not always exist on bipartite multi-graphs with
d(G) > 2. We prove it by providing an example in the following theorem; see Fig. 1.

Theorem 3.2 EFX orientations on cyclic bipartite multi-graphs with d(G) > 2 and any
q > 2 may not exist (even on symmetric instances).

Proof We use Fig. 1 to represent our counter-example (on multi-cycles with four agents)
where the numbers (with 1 > € > § ~ 0) on each edge show the value of that edge for
both endpoints. We will try to construct an EFX orientation and show that it is not possible.

Without loss of generality, we assume the edge with value 10 + %e between agents a and
b is allocated to agent a. First, let us suppose that the other edge in E(a, b) is also allocated
to a. For agent b to not strongly envy a, the bundle E(b, ¢) must be fully allocated to b. This
leaves us no way to allocate items to ¢ so that she does not strongly envy b, reaching a con-
tradiction. Therefore, the other edge in E(a, b) must be allocated to b.
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Now, consider the edge with value 10 in E(b, ¢). If we allocate it to b, then ¢ will strongly
envy her. Therefore, this edge must be allocated to c¢. Observe that no other edge can be
allocated to c; otherwise, b will strongly envy c. The same argument goes for a, and hence,
it can only have one item of value 10 + %e. Therefore, d must receive all her incident edges,
making a strongly envy d. Therefore, no EFX-orientation exists for this instance.

It is easy to observe that the above counter-example can be extended by adding more edges
with value ¢ between ¢ and d or adding more vertices to the graph with edges of value §’ ~ 0
to achieve a counter-example for bipartite multi-cyclic graphs with ¢ > 2, and d(G) > 2. O

Since EFX orientations do not exist even on bipartite multi-cyclic graphs with small
diameters, we examine the existence of EFX orientation on multi-trees as an important sub-
set of bipartite multi-graphs. We show EFX orientations exist on multi-trees with d(G) < 4
and ¢ = 2.

Theorem 3.3 EFX orientations exist for monotone valuations and can be computed in poly-
nomial time on multi-trees with d(G) < 4 and q = 2.

Proof Let us denote the center of G as ¢ and let it be rooted at c. We proceed via strong
induction on the number of agents at depth 2 in G. We begin by making the induction
statement stronger and prove that EFX orientations exist on multi-trees with d(G) < 4 and
q = 2 while satisfying the following two properties:

1. For any envied agent 7 at depth one, the set E£(c, i) is completely allocated to either i or c.
2. For every envied agent i at depth one, i does not envy c.

We consider multi-stars for the base case of the induction where there are zero agents at
depth 2. Let ¢ pick her most valuable item. Then, we allocate all the remaining items inci-
dent to ¢ to their other endpoint. In this orientation, properties (1) and (2) are satisfied. Also,
the orientation is EFX because ¢ owns a single item, so no one strongly envies her, and ¢
does not strongly envy anyone because she receives her most preferred item.

Now, we move to the induction step. For every vertex ¢ at depth one in G, let f; be

her most valued item in the set U E(t, 7). For the induction step, consider
j is a child of t in G

an arbitrary vertex i at depth one and remove all her children from G. According to the

induction hypothesis, an EFX orientation X exists for the remaining multi-tree that satisfies

properties (1) and (2). Now, we add the removed vertices back and show how we extend

X to an EFX orientation for G (by allocating the items in U E(i, 7). We
j is a child of i in G

distinguish between three possible cases:

e jis non-envied in X: Here, we let every child j of i choose her preferred item in E(Z, j)
and allocate the other edge to agent i. Agent i does not strongly envy her children because
they own singletons. This gives an EFX orientation for G. Note that agent i remains non-
envied, and using the induction hypothesis, we satisfy properties (1) and (2) here as well.

e i is envied in X and v;(E(c,i)) > v;(fi): Here, i is envied by ¢ and by property (1),
bundle E(c, i) is allocated to 7 in X. For every child j of 7, allocate the bundle E(i, j) to
agent j. Agent i does not strongly envy her children because she receives E(c, i), which
values at least as much as f;. This gives an EFX orientation for G. Agent i is envied,
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but we didn’t reorient the edges in X; therefore, properties (1) and (2) are still satisfied
using the induction hypothesis.

e iis envied in X and v;(E(c,7)) < v;(fi): Here, i is envied by ¢ and by property (1),
bundle E(c, i) is allocated to i in X. Assume f; € E(i, jo), where jo is a child of i in G.
Allocate f; to i and give the other item in E(3, jo) to jo. For every other child j # jo of
i, allocate the bundle £(i, j) to j. Reorient the edges in E(c, i) and allocate all of them to c.
Now, if agent ¢ was non-envied in X, our resulting orientation will be EFX too. Also,
one can observe that both properties are satisfied as well. Thus, we only consider the case
where ¢ was envied in X. By property (2), she can only be envied by a non-envied vertex
at depth one. Let / be the vertex that was envying c in X. Reverse the orientation of edges
between ¢ and /. Now, i does not envy c. Also, ¢ does not envy % because she received
a more valuable bundle than her previous one. Therefore, /4 is still non-envied. One can
observe that the resulting orientation is again EFX, and both properties are satisfied.

Overall, we can obtain an EFX orientation in G. Note that since our inductive step can be
performed in polynomial time, we can compute an EFX orientation for G in polynomial
time as well. ]

Unfortunately, EFX orientations may not exist on multi-trees with a greater diameter or
higher ¢, as shown in the following theorems.

Theorem 3.4 For multi-trees with d(G) > 3, EFX orientations may not exist for ¢ > 3
(even on symmetric instances).

Proof We divide the counter-examples into two cases and show the non-existence of
EFX orientations even for four agents with different ¢ values (they are, in fact, multi-P,
instances). We use Fig. 2 to represent our counter-examples.

Case 1. ¢ = 3: Consider the instance in Fig. 2(a) and assume, for contradiction, that it
admits an EFX orientation. Without loss of generality, let us suppose that agent b receives
the edge (b, ¢). Agent a cannot receive the set E(a, b) completely; otherwise, b will strongly
envy a. Therefore, agent b receives at least one edge other than (b, ¢). Let us call this edge
as e. The most valuable bundle that ¢ can receive such that d does not strongly envy her is
valued 2 + € to her. Therefore, we have,

ve(Xp\e) = ve(E(b,c)) =2+ ge > 24 € > v.(Xe),

which is a contradiction.

Case 2. ¢ > 4: Consider the instance in Fig. 2(b) where there are g-many edges with
value 1 for both endpoints between agents a and b and agents ¢ and d. We assume, for con-
tradiction, that this instance admits an EFX orientation. Again, without loss of generality, let
agent b receive the edge (b, ¢). Agent a cannot receive the set £(a, b) completely; otherwise,
b will strongly envy a. Therefore, agent b receives at least one edge other than (b, ¢). Let us
call this edge as e. The most valuable bundle that ¢ can receive such that d does not strongly
envy her is valued [ ] to her. Therefore, we have,
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(3] +e

(b)

Fig.2 Counter-example for Theorem 3.4
_ _r9 q
ve(Xp\e) = ve(E(b,c)) = [51+e> [T 2 velXo),

which is a contradiction.
One can extend these counter-examples by adding nodes to the graph with edges with
value 0 =~ 0 to achieve a counter-example for any ¢ > 3 and d(G) > 3. O

Theorem 3.5 For multi-trees with d(G) > 5, EFX orientations may not exist even for
q = 2 (even on symmetric instances).

Proof We present a multi-Ps instance with ¢ = 2 that does not admit any EFX orientation.
We use Figs. 3 and 4 to represent our counter-example.

We first construct a special multi-P; instance where a specific node in any of its EFX
orientations is envied. Consider the multi- Ps instance in Fig. 3(a). One can easily show that
it admits exactly two EFX orientations, and agent 3 is envied in both; see Fig. 3(b) and (c),

Now we build the multi-FP; instance in Fig. 4 that is made by two copies of the above-
mentioned special multi- P instance. We connect them with an edge of value § < € using the
two vertices (vertex 3 and vertex 4) that are always envied in EFX orientations of the multi-
Ps parts. Without loss of generality, let agent 3 receive the edge (3, 4) with value §. Now,
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o@iso@ o

(a)

| 10 6?( .:
10+ Le¢ € 10+ Le¢

(b) (c)

Fig. 3 We depict a multi- P53 instance whose every EFX orientation leaves agent 3 envied. We use this
instance as a building block to give a multi- P instance that does not admit any EF X orientation. Orien-
tations (b) and (¢) are the only EFX orientations in this instance

10+7c

Fig. 4 A multi- P4 instance that does not admit any EFX orientation

since in any EFX orientation of the special multi-P5 instance, agent 3 was always envied, the
addition of edge with value ¢ to agent 3’s bundle will therefore create strong envy against her.

One can extend the above counter-example by adding nodes to the graph with edges hav-
ing value 0’ = 0 to achieve a counter-example for any d(G) > 5. O

3.1 Hardness of deciding the existence of EFX orientations

In this section, we consider the computational problem of deciding whether a given
instance on a bipartite multi-graph (even a multi-tree with a constant number of agents)
admits an EFX orientation. We reduce the NP-complete Partition Problem to our problem.

Partition problem Consider a multi-set* P = {p1,p2,...,pr} of k non-negative integers.
The problem is to decide whether P can be partitioned into two multi-sets ; and P, such

that ZpGPl p= ZpePQ p
We prove a stronger claim and prove hardness for multi-tree instances.
Theorem 3.6 The problem of deciding whether a fair division instance on a multi-tree (with

additive valuations) admits an EFX orientation is NP-complete. It holds true even for sym-
metric instances with a constant number of agents.

4 A multi-set allows multiple instances for each of its elements.
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P1
P2

)v7 c
e 10 5 PRt 5 10 e
10 + 1e € € 10 + 1€

Fig.5 The construction used in proof of Theorem 3.6. Here, § < € < 1
Proof Given an orientation, it is easy to verify if it is EFX. Hence, the problem belongs in NP.

Let us now consider an instance P = {p1, p2, . .., px} of the Partition problem. We will
construct a fair division instance on a multi-tree with eight vertices, as depicted in Fig. 5.
Note that we have used the multi-P; instance that appears in the proof of Theorem 3.5
here as well. Following the similar lines, we can argue that in any EFX orientation of this
instance, agent 2 envies agent 3, and agent 7 envies agent 6. Thus, the two edges (3, 4) and
(5, 6) are allocated to agents 4 and 5, respectively.

Next, we claim that this instance admits an EFX orientation if and only if we can partition
the items in £(4, 5) such that agents 4 and 5 do not envy each other. Note that if agents 4 and
5 do not envy each other, then we can construct a complete EFX orientation as follows: take
any EFX orientation for the multi-Ps subgraphs containing only agents 1, 2, 3 and 4, 5, 6.
Allocated the edge (3, 4) to agent 4 and (5, 6) to agent 5. Then, use the partition of £(4, 5) such
that agents 4, 5 do not envy each other. Now, we prove the other direction via contradiction.
Assume that there exists a complete EFX orientation such that at least one of the agents 4 or
5 envies the other. Without loss of generality, assume agent 5 envies agent 4. Note that since
we have X4 N F(4,5) # 0, the allocation cannot be an EFX orientation by Lemma 2.10.

Now, let P; LI P, = P be apartition of items in E(4, 5). Note that if ZpePl p# Zp€P2 P
, we can choose a ¢ > 0 such that § < | ZpePl p— ZpePg p|. This will ensure that allocat-
ing P and P, to agents 4 and 5 will cause envy only in one direction. Therefore, £(4, 5) can
be partitioned in a way that agents 4 and 5 do not envy each other if and only if there exists a
partition of P into two multi-sets P; and P, such that > pep, D= > e p, P- This completes

the proof. 0

Theorem 3.6 immediately implies the following, which is independently proved by [24]:

Corollary 3.7 Deciding whether an EFX orientation exists on a multi-graph with additive
valuations is NP-complete, even for symmetric instances with a constant number of agents.

4 Existence of EFX allocations on bipartite multi-graphs for
monotone valuations

In this section, we prove our main result showing that any fair division instance on a bipar-
tite multi-graph with monotone valuations always admits an EFX allocation. Furthermore,
such allocations can be computed in pseudo-polynomial time for monotone valuations and
in polynomial time for cancelable valuations, a strict superclass of additive valuations (The-
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orem 4.11). Recall that (as discussed in Section 3), EFX orientations may not exist for these
instances, and hence, we know that an EFX allocation would allocate some items to an
agent who may not value them.

We will denote a fair division instance on a bipartite multi-graph by G = (SU T, E)
, where S and T represent the two bi-partition parts of its skeleton. We begin by discussing
the main idea of our technique (in Section 4.1) and then define some concepts and proper-
ties (in Section 4.2) useful for our proof (in Sections 4.3, 4.4, 4.5, 4.6, and 4.7). For the ease
of understanding, we have further presented an example of executing our algorithm step by
step on a bipartite multi-graph with additive valuations (see Appendix A).

4.1 Mainidea

We introduce the concept of a configuration to decide how to allocate the edges between any
two adjacent vertices (in G) to their endpoints. It has a flavor that is similar to the cut-and-
choose protocol (used for finding EFX allocations between two agents). In our proof, we will
use this configuration to partially orient the edges between two agents. We define it as follows:

Definition 4.1 T-cut Configurations: For any pair of agents i € S and j € T, we let agent
j to partition the set E(i, j) into two bundles C; and C5 such that both are EFX-feasible for
j (for the items E(i, j)). We call the partition (C1,C2) as the j-cut configuration between
agents 7 and j.

We now briefly discuss the running time of computing such partitions in the following
remark, which will later be used to derive the overall running time of our algorithm.

Remark 4.2 1t is well known that the algorithm referred to as the PR algorithm (using the
terminology as [4]), first introduced by [37], can compute our cut configurations in pseudo-
polynomial time for monotone valuations (see the proof of Theorem 3.49 in [8]). Moreover,
[8] proved that with minor modifications, this algorithm can compute our desired cut con-
figurations in polynomial time for cancelable valuations (see Lemma 4.7 in [8]).

As a warm-up, we will use 7-cut configurations to prove the existence of EFX orienta-
tions for multi-stars with any ¢. Previously, (in Proposition 3.1), we proved the existence of
EFX orientations for multi-stars with ¢ = 2.

Proposition 4.3 EFX orientations exist and can be computed in pseudo-polynomial time for
multi-stars with any q. Moreover, we can compute such allocations in polynomial time for
cancelable valuations.

Proof Assume c is the center of the given multi-star, and assume that T = {c} in G. For
every vertex i incident to ¢, consider the c-cut configuration (C1, C3) between them. Then,
we allocate the bundle which i prefers between C; and C5 to her and allocate the other
bundle to c. Therefore, for every such vertex i, she will not envy agent c. Moreover, since we
are using the c-cut configurations, agent ¢ will not strongly envy any of her neighbors. Using
Remark 4.2, it is clear that the final orientation can be computed in pseudo-polynomial time
for monotone valuations and in polynomial time for cancelable valuations. O
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Table 2 Definition ofA; ; (X )andA; ;(X)

Aij(X) Aji(X)
E(i,5) N X}, = 0 for all k € [n] argmax {v;(C1),v;(C2)} argmax {v;(C1),v;(C2)}
C1,Co C1,C2
XiNE®,j) =0,X; 0 E®,j5) #0 E@,5)\ X;
XiNE®,j)#0,X;NE®j)=0 0 E@,7)\ X;
Any other case Not defined Not defined

4.2 Some useful notions and properties
For a partial allocation X = (X1, Xo, ..., X,,), we define the following new notions:

e For any two adjacent agents i € S and j € T, we define A; ;(X) as the set of available
edges in E(i, j) for i and A; ;(X) as the set of available edges in E(i, j) for j. Formally,
we define these sets as specified below in Table 2. Let us assume the j-cut configuration
OfE(l,]) is (CH7 CQ)

e For i€ [n], we define A;(X) to be her available set of edges, ie.,
AiX)= U Ai,;X).

j#i,j€ln]

e For i€ [n], U;(X) is the set of all unallocated edges incident to i. Note that
Ai(X) CUi(X).

e For iec(n], B;(X) is the set of all available bundles for i, ie.
Bi(X) ={Ai;(X):j #1,j € [n]}.

e For any envied agent i € [n], we define S;(X) C [n] to be her safe set, as follows,

Si(X) ={k € [n] : k is non-envied in X and v;(X;) > v;(X U A;(X))}.

That is, i will not envy k even if we allocate her whole available set A;(X) to .

To achieve a complete EFX allocation, we will use an approach that is structurally similar
to [22]. We will first find a partial orientation with some nice properties and then allocate
the remaining edges to some agent who is not incident to them. Identifying these key nice
properties is a non-trivial challenge that we address next.

Key properties We search for a partial allocation X = (X7, Xo, ..., X,,) with the follow-
ing properties:

1. Xis an EFX orientation.

2. For any two adjacent agents ¢ € S and j € T, items in E(i, /) must be allocated based
on the j-cut configuration (C1, C2) to either one of their endpoints. By this property, we
mean that one of the following cases must happen for X (following the Definition 4.1):

Either C C X;,C> C Xj or(Cy C X;,C1 C Xj.
One of the bundles® C; or Cs is allocated to agent i, and the other bundle is unal-
located in X.

e One of the bundles C or Cj is allocated to agent j, and the other bundle is unal-
located in X.

3 X can also have other items.
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e No item in the set E(i, j) is allocated in X.

3. For any agent ¢ € [n] and a set B € B;(X), we have v;(X;) > v;(B).
4. For any non-envied agent i € [n], we have 4,(X) = 0.

5. For any non-envied agent i € [n], we have v;(X;) > v;(U;(X)).

6. For any envied agent i € [n], letj envies i. Then, we have j € S;(X).

We are now finally equipped to present our algorithm. We will give a step-by-step procedure to
satisfy each key property in the above order. These key properties ensure that there is an easy
way to then convert a partial EFX orientation to a complete EFX allocation (see Section 4.7).
As mentioned earlier, for the ease of understanding, we present an example of executing our
algorithm step by step on a bipartite multi-graph with additive valuations (see Appendix A).

4.3 Satisfying properties (1)-(3)

We present a greedy algorithm that assigns a set of items to each agent and satisfies the first
three properties. It works in the following manner.

Let S = {i1,i2,...,%g/} and T = {j1, j2, ..., jjr|} be the two bi-partitions in the given
multi-graph G. We fix a picking sequence o = [i1,...,i|s|,j1,---,j|7|] that decides the
order in which an agent comes and selects her most valuable available bundle. Since the def-
inition of A; ;(X) is dynamic, the set of available bundles for some agents may change after
another agent picks her favorite bundle in the picking sequence. Algorithm 1 illustrates this
procedure. The properties of this algorithm are further formalized in Lemmas 4.4 and 4.5.

Algorithm 1 Greedy orientation: properties (1)-(3).

Input: A fair division instance on a bipartite multi-graph G = (SuU T, E)
Output: A partial EFX orientation satisfying properties (1)-(3)

1 for (( < 1;1<|S];/+=1)do

2 k < argmax v;, (4; £(X))
kelnl\{is}

Xij < Aij k(X))

4 for (| < 1,1 <|T|;I+=1)do

5 k < argmax vj, (4, k(X))
kelnI\{j1}

le <« Aj[,k(X)

7 return X = (X1, -, Xp)

Lemma 4.4 For a fair division instance on a bipartite multi-graph, the output allocation of
Algorithm 1 satisfies properties (1)-(3). Moreover, the algorithm runs in polynomial time if
the cut configurations are given as input.

Proof Let us denote X as the output allocation of Algorithm 1. First, note that X is an ori-
entation since every agent picks items adjacent to them. Next, since every agent selects a
bundle greedily, properties (2) and (3) are trivially satisfied. Therefore, what is remaining is
to argue that X'is EFX. By Observation 2.9, we only need to check the strong envy between
adjacent nodes.
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Consider an arbitrary agent ¢ € S and some agent j € T adjacent to i. Note that since
i precedes j in the picking sequence, i does not envy j. If agent i does not pick edges from
the set E(i, j), then j clearly does not envy i. Now, consider the case where agent i picks
the bundle she prefers from the j-cut configuration (Ci,C3) of E(i, j). Let us assume
v;(C1) > v;(C2) and hence i picks C; (the other case is symmetric). Therefore, C5 is avail-
able for j on her turn to pick a bundle in Algorithm 1. Hence, j receives a bundle such that
v;(X;) > v;(Cy). By construction of C; and Cy, we know that for every item g € X; = C;
, we have v;(C2) > v;(C1 \ g). Since, v;(X;) > v;(Cs), j does not strongly envy i. Over-
all, we have shown that X is a partial EFX orientation, which completes our proof.

Note that computing each A; ;(X) for every pair of agents i and j can be done in poly-
nomial time if the cut configurations are given as input. Therefore, since we compute such
sets at most n times, the overall running time of the algorithm would be polynomial if the
cut configurations are given as input. O

Lemma 4.5 In the output allocation X of Algorithm 1, every envied vertex belongs to the
set S.

Proof We show that agents in 7 are non-envied in X. Note that any agent in S appears before
any agent in T in the picking sequence; therefore, they do not envy agents in 7. Furthermore,
agents in T do not envy each other and value each other’s bundle at zero since they are not
connected in the graph skeleton, and our allocation is an orientation. Therefore, any envied
vertex (if any) in X must belong to the set S. O

As we proceed, Lemma 4.5 will continue to hold while we obtain our desired orientation.
As demonstrated in the following sections, we will not produce new envied vertices when
we modify our allocation X to satisfy properties (1)-(6).

4.4 Satisfying property (4)

e Let us now focus on satisfying property (4) that requires A;(X) = () for any non-en-
vied agent i € [n]. Let us assume that the output allocation X of Algorithm 1 violates
property (4). Consider a non-envied agent ¢ € [n] with A;(X) # 0. Therefore, an agent
J € [n] exists such that A; ;(X) # (. We will now allocate all of A, ;(X) either to i or
Jj, depending on the following three possible cases.’Case 1. A set of items in (i, /) is
allocated to j: Since A; ; # 0, by its definition and property (2), no edge in E(, j) is al-
located to i. In this case, we can allocate A; ;(X'), which is exactly the set E(7,j) \ X
to i. Since X; N E(i, j) # 0, j chose the better bundle from the configuration of E(i, /)
during Algorithm 1. Also, the set A; j(X) has value only to agents i and j; therefore,
since agent i was non-envied before, the modified allocation remains EFX. One can
observe that properties (1)-(3) remain satisfied. Observe that, in this case, E(i, j) will be
fully allocated.

e (Case 2. No item in £(i, j) is allocated, and j is non-envied: Without loss of generality,
we can assume ¢ € S and j € T. Let the partition (C7, C3) be the j-cut configuration of
the set E£(i, j). Let us assume v; (C7) > v;(C3) (the other case is symmetric). Observe that

6 A; ;(X) will be allocated either to i or .
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by property (3) v;(X;) > max{v;(C1),v;(C2)} and v;(X;) > max{v;(C1),v;(C2)}.
Since the X is an orientation, we have that v;(X;) = v;(X;) = 0. We now allocate C;
to agent i and C to agent j to obtain,

0i(X; U Cs) = vi(C2) < vi(X;), and v;(X; U Cy) = v;(C1) < v;(X;)

Thus, the allocation remains EFX, and all the first three properties are still satisfied. Notice
that E(i, j) will be fully allocated in this case as well.

o Case 3. No item in E(i, j) is allocated and j is envied: In this case, Lemma 4.5 entails
that j € S and 7 € T. Let the partition (C,C5) be the i-cut configuration of items
E(i, j). By property (3) of X, we have v;(X;) > max{v;(C1),v;(C2)}. Assuming
v;(C1) > v;(C2) (the other case is symmetric), we allocate C to agent i. Note that
agentj will not envy i and agent i remains non-envied in the modified allocation. Hence,
the allocation remains EFX, and the properties (1)-(3) are still satisfied.

Formalized protocol (Algorithm 2) to satisfy property (4) along with properties (1)-(3) We
repeat the following process as long as there is a non-envied agent ¢ € [n] who violates prop-
erty (4). We pick such a violator agent i. Then, for every agent j # i such that A; ;(X) # 0
, we allocate A; ;j(X) according to the cases above. Note that we allocate at least one edge
incident to 7 at each step. Therefore, for each agent i, this step takes at most O(m) iterations.
Then, we repeat. At the end, for any non-envied agent 7 € [n], we ensure that A;(X) =0
, thereby satisfying property (4). Moreover, as discussed above, properties (1)-(3) remain
satisfied as well. We abuse the notation and call the partial orientation we have built so far
(that satisfies properties (1)-(4)) by X.

Algorithm 2 Allocating to non-envied vertices: properties (1)-(3) + property (4).

Input: A partial orientation X that is an output of Algorithm 1 on a bipartite multi-graph G,
satisfying properties (1)-(3)
Output: A partial orientation X satisfying properties (1)-(4)
while there exists a non-envied agent i € [n] such that 4; (X) # ¢ do
while there exists an agent j € [n] such that 4; ;(X) # ( do
if X; NE@,j)#? then
|_ Xi (—Xl' UA,'J'(X)

1
2
3
4
5 else if j is non-envied then
6
7
8

Without loss of generality, leti € Sand j € T.
(C1, Cp) <« the j-cut configuration of E(i, j).
Cyp < argmax {v; (C1), v; (C2)}.
C1.C
9 Xi < Xi U C@
10 _Xj(—XjUC3_(
1 else
12 (Cq, Cp) < the i-cut configuration of E(i, j).
13 Cyp <« argmax {v; (Cy), v; (C2)}.
C1.C
14 X[ <~ X,‘ U C[

15 return X = (Xq,..., Xn)
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Claim 4.6 Afier satisfying properties (1)-(4), if there exists a pair of agents k,i € [n]
such that Ay ;(X) # 0, then k is an envied vertex, but i is non-envied. Furthermore,
E(k, i)\ Ag,i(X) is allocated to i.

Proof Note that both £ and i both cannot be envied by Lemma 4.5. Also, since Ay, ;(X) # 0,
property (4) implies that agent k cannot be non-envied. Thus, agent k is envied, while agent
i is non-envied. By property (4), the set E(k, i) \ Ay ;(X) must be allocated to agent i, oth-
erwise A; (X) # 0, which is a contradiction. O

Lemma 4.7 Algorithm 2 terminates in polynomial time if the cut configurations are given
as input.

Proof For every non-envied agent 7 € [n] violating property (4), the outer while loop of
Algorithm 2 is executed, and it is clear that if the cut configurations are given as input, then
A; j(X) can be computed in polynomial time for every i and j. Therefore, for every agent
i violating property (4), the outer while loop runs in polynomial time. Since there are at
most n agents violating property (4) and each execution of the outer while loop will fix one
of them, the algorithm terminates in polynomial time with the cut configurations given as
input. |

4.5 Satisfying property (5)

We now prove that our desired allocation satisfies property (5). Assume that after satisfy-
ing properties (1)-(4) there exists a non-envied agent ¢ € [n] who violates property (5), i.e.,
v;(Us (X)) > vs(X;). For every envied agent j € S adjacent to i such that A; ;(X) # 0, we
allocate this set to agent i and remove the items from E(i, ) that were previously allocated
to i. Algorithm 3 and Lemma 4.8 formalize this step.

Algorithm 3 Increase non-envied vertices valuation: properties (1)-(4) + property (5).

Input: A partial orientation X that is an output of Algorithm 2 on a bipartite multi-graph G,
satisfying properties (1)-(4)
Output: A partial orientation X satisfying properties (1)-(5)
1 while there exists a non-envied vertex i € [n] such that v; (U; (X)) > v; (X;) do
2 for every envied vertex j € S adjacent to i such that A; ;(X) # ¢ do
3 Let D be the the set of items currently in 4; ; (X)
4 X, < Xi\EG,))
5 X i < X i ubD
6 if property (4) is violated then
7 | Run Algorithm 2

8 return X = (Xq,..., Xy)

Lemma 4.8 Algorithm 3 terminates and its output allocation satisfies properties (1)-(5).
Moreover, it runs in polynomial time if the cut configurations are given as input.
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Fig.6 A demonstration of a
non-envied agent i violating
property (5) after satisfying the
first four properties. Agents j and
k are envied vertices adjacent to
i such that A; ;(X) # 0 and
A i(X) # (. Dashed edges

correspond to unallocated items

- .y

- = -

Proof Let X and X' denote the input and output orientations of Algorithm 3 respectively.
Consider a non-envied agent i violating property (5) in X, i.e., v;(U;(X)) > v;(X;).
By Claim 4.6, every unallocated edge incident to i belongs to A;;(X) for some envied
vertex j such that A; ;(X) # 0 and E(i, j) \ A;,(X) is allocated to i. Therefore, Algorithm
3 allocates the set U, (X) to agent i. Figure 6 demonstrates the unallocated edges incident to
agent i. Observe that agent / will not strongly envy any agent in X’. Let; be an envied agent
incident to i with A; ;(X) # 0. Now, j will not envy i since we have,

v (X}) = v;(A;4(X)) < v(X5),

where the last inequality follows from property (3) of X. Hence, X’ remains EFX. More-
over, X’ is an orientation, and hence property (1) remains satisfied. Since agent i was non-
envied in X and remains non-envied in X', property (3) is also clearly satisfied. One can
easily observe that property (2) continues to be satisfied, by construction. Therefore, after
allocating the set U; (X)) to agent i using the for-loop in Algorithm 3, the only property that
might be violated is property (4), as it might be the case that agent i previously envied some
agent k € [n] in X, but since she has been better off, she no longer envies agent &, and thus,
agent k has now become non-envied while Ay (X) # (). Therefore, we run Algorithm 2 in
these cases to ensure property (4) also remains satisfied.

Since, in every iteration of the while loop of Algorithm 3, the number of vertices vio-
lating property (5) decreases by one, the algorithm must eventually terminate. Hence, the
output allocation X’ satisfies all the first five properties. Moreover, it is clear that for each
non-envied agent violating property (5), the inner for-loop takes polynomial time. There-
fore, since Algorithm 2 runs in polynomial time, we have that Algorithm 3 terminates in
polynomial time given the cut configurations as input.

Note that Claim 4.6 still holds since properties (1)-(4) are satisfied.

4.6 Satisfying property (6)

We now finally focus on satisfying property (6), where for any envied agent ¢ € [n] who is
envied by j, it must be that j € S;(X).

Algorithm 4 begins by identifying a pair of agents (i, j) in X where i is envied by j and
j ¢ S;(X) and swapping the bundles they possess from the j-cut configuration of the set
E(i, j). Then, it allocates the set A;(X) to agent i as well. We will show (in Lemma 4.9) that
the above procedure satisfies property (6) while maintaining our five previous properties.
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Algorithm 4 Safe set: properties (1)-(5)+property (6).

Input: Allocation X satisfying properties (1)-(5)
Output: Allocation X satisfying properties (1)-(6)

while there exists an i € [n] who is envied by j ¢ S;(X) do
Let the partition (Cy, C3) be the j-cut configuration of the set E(i, j).
Swap the bundles C and C; between agents i and ;.
X, i < X, i U Ai (X )
if property (4) is violated then
| Run Algorithm 2

if property (5) is violated then
| Run Algorithm 3

@ AN AW N -

9 return X = (Xq,..., Xn)

Lemma 4.9 Algorithm 4 terminates and outputs a partial allocation that satisfies properties
(1)-(6). Moreover, it runs in polynomial time if the cut configurations are given as input.

Proof Consider a single iteration of the while loop of Algorithm 4. Let i € [n] be the agent
violating property (6) and j be the agent who envies i. Let X and X' be the allocations before
and after this iteration, respectively. We have,

vi(X]) = vi(X; U Ay(X)) > vi(X3),

where the last inequality comes from the fact that agent / was an agent violating property (6)
previously. Note that, agent i is now better off and does not envy any other agent. During the
execution of Lines 2-4 (in Algorithm 4), we swap the bundles C; and C'; between agents i and
J, where (C1, C3) is the j-cut configuration of the set £(i, j) and add A;(X) to X;. Therefore,
agents i and j are better off and are both non-envied, and the allocation remains EFX. Using
a similar argument as in the proof of Lemma 4.8, we have that X" satisfies properties (1)-(3).

Since agent j is now better off, it might be the case that agent j previously envied some
agent k € [n] in X, but since she has been better off, she no longer envies agent £, and thus,
agent k has now become non-envied while Ay (X) # 0. Therefore, we run Algorithm 2 in
these cases to ensure property (4) also remains satisfied. Moreover, it might be the case that
agent k violates property (5) after executing line 6. Therefore, the second if statement runs
Algorithm 3 to ensure property (5) is also satisfied. Note that executing Algorithm 3 main-
tains the first five properties.

Now, since each iteration of the algorithm decreases the number of envied vertices
strictly, we know that Algorithm 4 terminates in at most » iterations. Moreover, given the
cut configurations as input, since Algorithms 2 and 3 both terminate in polynomial time,
Algorithm 4 also terminates in polynomial time. O

Notice that Claim 4.6 still holds since properties (1)-(4) are satisfied.

4.7 Allocating the remaining items
For a given bipartite multi-graph, we execute Algorithms 1, 2, 3, and 4 (in that order) and

reach a desired partial EFX orientation X that satisfies properties (1)-(6). What is remain-
ing is to now make X complete by assigning the unallocated items while maintaining EFX
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guarantees. We will show that the six properties of X make it easy to do so. By Claim 4.6, we
know that the only unallocated edges in X are the set A;(X) for some envied vertex i € [n]
. Let j € [n] be the agent who envies i. We will allocate 4;(X) to agent j. The procedure
is formalized in Algorithm 5. We will prove that this algorithm outputs an EFX allocation.

Algorithm 5 Finalize allocation.

Input: Allocation X satisfying properties (1)-(6)

Output: An EFX allocation
1 while there exists an envied agent i € [n] such that A; (X) # ¢ do
2 Let j be the agent who envies i.
3 L X j = X j U 4;(X)

4 return X = (Xq,...,Xy)

Lemma 4.10 Algorithm 5 terminates and outputs a complete EFX allocation. Moreover, it
runs in polynomial time if the cut configurations are given as input.

Proof To begin with, note that Algorithm 5 terminates in polynomial time if the cut con-
figurations are given as input, since in each iteration at least one edge will be allocated.
Moreover, by Claim 4.6, it is clear Algorithm 5 outputs a complete allocation X. Hence, we
only need to prove that X is EFX.

Consider an agent j € [n] who envies agents i1, - - , ;. After the execution of Algo-
rithm 5, this agent has received the set X; U A;, (X) U--- U A4, (X). It suffices to show
that no agent envies agent j. Observe that i1,--- ,4; € .S and j € T, and also each set
A;,(X) is only valuable to agent i, € S and some other agent, called j, € T'. Now, con-
sider an arbitrary agent k. If for every p € [l], k # j, and k # i, then we have that the
set A;,(X)U---UA,; (X) is not valuable for agent k. Since agent j was previously non-
envied, we have v, (X; U A; (X)U---UA; (X)) = ve(X;) < vp(Xk), meaning that k
does not envy j. Now assume k = j, for some p € [I]. Observe that

ok (A (X) U - U A, (X)) = v (4, (X)) < or(Ur(X)),
where the last inequality comes from the fact that A; (X) C Up(X). Moreover, note that

k € T and since the allocation prior to the execution of Algorithm 5 was an orientation, j has
not received any item valuable to agent k. Thus,

v (X5 U A, (X) U= U A (X)) = oA, (X)) < vp(Un(X)) < op(Xg),

where the last inequality comes from property (5). Now assume k = i,, for some p € [I]. We have

Op(X; U A (X) U U A (X)) = o(X; U A, (X)) < op(Xg),

where the last inequality comes from property (6). Therefore, in either case, agent k will not
envy agent j and the allocation remains EFX. O
Now, we are ready to prove our main result.
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Theorem 4.11 For any fair division instance on a bipartite multi-graph with monotone valu-
ations, EFX allocations always exist and can be computed in pseudo-polynomial time. More-
over, if the valuations are cancelable, such allocations can be computed in polynomial time.

Proof We run Algorithms 1, 2, 3, 4, and 5 in the mentioned order to obtain our EFX alloca-
tion. Regarding the running time, by Lemmas 4.4, 4.7, 4.8, 4.9, and 4.10, we can compute
our allocation in polynomial time if the configurations are given as input. Note that, using
Remark 4.2, we can compute the cut configurations in polynomial time for cancelable valu-
ations and in pseudo-polynomial time for monotone valuations, which completes our proof.

O

Now, as a corollary, we obtain the following theorem that says that we can compute ori-
entations that are 1/2-EFX in polynomial time for additive valuations.

Theorem 4.12 For any fair division instance on a bipartite multi-graph with additive valua-
tions, there always exists an orientation where at least [ | of agents are EFX and the remain-
ing agents are %—EFX. Furthermore, such an orientation can be computed in polynomial time.

Proof For a given instance, let S = {i1,i2,...,4g/} and T = {j1,72,...,77|} be two
parts of the given bipartite multi-graph. Without loss of generality, we assume assume
|S] < |T|. Let X be the partial orientation obtained after executing Algorithms 1 and 2 (in
that order). Note that the allocation X satisfies properties (1)-(4).

Using Claim 4.6, we know that the only unallocated bundles in X are between an envied
agent i and a non-envied agent j, and the set E(7,7) \ A; ;(X) is allocated to j. So, let us
consider such a pair of agents (i, j) with an unallocated set C adjacent to them. Note that
after satisfying property (3), we have v;(C) < v;(X;). Since i does not envy j we also have
v;(X;) < v;(X;). Combining the last inequalities, we have

We now allocate C to j, and by above inequality, agent i is at least %—EFX with j’s new bundle.
We do this for every such envied and non-envied pair of agents and obtain a full orienta-
tion (say, Y) for the given multi-graph. Therefore, every agent in T is EFX-satisfied in Y
while, agents in S are %-EFX satisfied in Y. Since |\S| < |T'|, the stated claim stands proven.
Finally, using Remark 4.2, the cut configurations can be computed in polynomial time for
additive valuations, and hence polynomial-time computability of such orientations follow.
O

5 Further improvements and limitations
Theorem 4.11 motivates the question of what happens if the graph skeleton contains cycles

of odd length. In this section, we extend our techniques to prove that any multi-cycle instance
with MMS-feasible valuations admits an EFX allocation (Theorem 5.1). This demonstrates
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the power of our technique while providing insight and strong hope for potentially proving
the existence of EFX on general multi-graphs.

Theorem 5.1 For any fair division instance on multi-cycles with MMS-feasible valuations,
EFX allocations always exist and can be computed in pseudo-polynomial time.

Proof To begin with, note that multi-cycles with even length are bipartite graphs, for which
Theorem 4.11 proves the existence of EFX allocations. Therefore, we only consider odd-
length multi-cycles with at least five vertices.” To prove the stated theorem, we distinguish
between two main cases, which are further divided into different sub-cases. Here, for every
pair of adjacent agents i and j, we define both the i-cut and j-cut configurations of the set
E(i, j) in the same manner as before (see Definition 4.1).

e C(Case 1. There exists a pair of adjacent agents i, j € [n] such that they prefer dif-
ferent bundles in one of the configurations of E(i, j). Without loss of generality,
we assume (C1, Cs) is the i-cut configuration of E(i, j) where v;(C1) > v;(C2) and
v;(C2) > v;(C1). In this case, we remove the items of E(i, j) from the graph, which
makes the remaining graph a multi-P,. That is, it becomes a bipartite multi-graph. Since
the length of this path is even, we can define the sets S and T of the vertices in the bi-
partite graph so that both i and j belong to the set 7. Let X be the EFX allocation of this
multi-bipartite graph using the sets S and 7T as described. Therefore, using Lemma 4.5,
we know that agents i and j are both non-envied agents in X. Now, we add the edges
E(i, j) and allocate C to i and C, to j. First, note that agents i and j do not envy each
other based on the assumption of our case. Furthermore, they remain non-envied, and
the resulting allocation is EFX.

e (Case 2. For every pair of adjacent agents ¢, j € [n], they prefer the same bundle in
both configurations of the set E(i, j). Let us assume j’, j,%,7’ to be four consecutive
agents in the cycle. We remove the agents i and j and their incident edges from the graph.
Then, the remaining graph is a multi-P,_o with even length. Therefore, following the
same argument as in the previous case, allocation X exists in the remaining graph that is
EFX, and both agents j’ and i’ are non-envied. Let (Cy, C2), (D1, D2), and (E1, E2) be
the j’-cut, i-cut, and i'-cut for the sets E(j, 7), E(j, i), and E(, ') respectively. Without
loss of generality, by the case definition, we assume the following:

v/ (C1) > v (C2), and v;(C1) > v;(Cy)
v;(D1) > v;(D2), and v;(D1) > v;(D2)
vi(E1) > vi(E2), and vy (E1) > vir(E2)

‘We now consider the following cases. (In each case, we allocate the sets C1, Ca, D1, Ds, Ey, E»
to agents j', 7,1, 4. Note that for each case, one can easily check that agents j', 7,4, 4" do not
strongly envy each other. Furthermore, agents j’ and ' remain non-envied.)

— Case 2.1.1. Vj (CQ @] DQ) Z mam(vj(Cl), ’Uj(Dl)) and T}i(Dl U Eg) > Ui(El)Z
We allocate C1 to j', Co U Da to j, D1 U Es to i, and E; to 4.

"Existence of EFX allocation on odd-length multi-cycles with three vertices is known [4] for MMS-fea-
sible valuations.

@ Springer



Autonomous Agents and Multi-Agent Systems... Page 27 of 33 32

— Case 2.1.2. Vj (CQ @] DQ) > mam(vj(Cl), Vj (Dl)) and v; (Dl U Eg) < Ui(El)Z
We allocate C1 to j', Co U Da to j, By to i,and Dy U Es to 4.

— Case 2.2.1. Vj (Cl) > ma.r(vj (CQ U DQ), Vj (Dl)) and V; (Dl U Eg) > Ui(El)Z
We allocate Co U D to 5/, Cy toj, D1 U Es to i, and E; to .

— Case 2.2.2. Vj (Cl) > max(vj (CQ U DQ), Vj (Dl)) and v; (Dl U Eg) < Ui(El)Z
We allocate Co U D to 5/, Cy toj, By toi,and Dy U Es to 4.

— Case 2.3.1.v;(D1) > max(v;(Ca U D3),v;(C1)) and v;(Da U Eo) > v;(Eq):
We allocate C1 to j', Dy toj, Do U Es toi,and Co U E; to 4.

— Case 2.3.2.v;(D1) > max(v;(Ca U D), v;(C1)) and v; (D2 U Eo) < v;(Eq):
We allocate C1 to j', Dy toj, By toi,and Co U Dy U Es to 4.

Therefore, we can find an EFX allocation in multi-cycles of odd length, thereby completing
our proof. The running time of this procedure can be concluded from the running time of our
algorithm for bipartite multi-graphs (Theorem 4.11). ]

Note that our proof works for monotone valuations if the length of the multi-cycle is at
least four. Moreover, it is clear to see that it terminates in polynomial time for cancelable
valuations. Therefore, we can conclude the following:

Corollary 5.2 For any fair division instance on multi-cycles with at least four agents and
monotone valuations, EFX allocations always exist and can be computed in pseudo-poly-
nomial time. Moreover, if the valuations are cancelable, such allocations can be computed
in polynomial time.

Why do our techniques fail for general multi-graphs? Theorems 4.11 and 5.1 make it hopeful
that one can adapt/modify our techniques to prove the existence of EFX allocations in gen-
eral multi-graphs. In our proof, we never had to deal with the case (after Algorithm 1) where
there were two envied vertices 7 and j in the graph such that no edge from E(%, j) was allocated.
This turns out to be the most complicated case for the general multi-graph structure. As a
solution concept, one can aim to achieve a partial orientation with |S;(X) N .S;(X)| > 2 for
any adjacent envied vertices i, j. If this happens, we can let (C1, C2) be the i-cut configuration
of items £(7, /) and then allocate C; and Cs to two different vertices in S;(X) N S;(X). Also,
we believe that we have to use both configurations i-cut and j-cut for every pair of adjacent
vertices i, j for extending our result to general multi-graphs.

Conjecture: Any fair division instance on a multi-graph admits an EFX allocation.

6 Conclusion

In this work, we study a model that captures the setting where every item is relevant to at most
two agents and any two agents can have multiple relevant items in common (represented by
multi-graphs). We prove the existence of EFX allocations for fair division instances on
bipartite multi-graphs with monotone valuations and multi-cycles with MMS feasible valu-
ations, and that they can be computed in pseudo-polynomial time. Moreover, for bipartite
multi-graphs and multi-cycles with length at least four, they can be computed in polynomial
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time for cancelable valuation functions. An immediate question for future research work is
to understand EFX allocations on general multi-graphs, as discussed in Section 5.

The non-existence of EFX orientations on bipartite multi-graphs implies that some degree
of wastefulness is inherent in EFX allocations for such instances. In this work, we prove the
existence of orientations that are EFX for half the agents and 1/2-EFX for the remaining
agents for instances represented via a bipartite multi-graph with additive valuations. Another
immediate question is, therefore, to improve this factor. Finally, it would be interesting to see
what one can say about approximating social welfare or Nash social welfare of EFX alloca-
tions to understanding the trade-offs with fairness and efficiencies in multi-graph instances.

Ultimately, we hope that the insights gained from exploring EFX allocations in the
multi-graph setting will contribute to advancements in the broader challenge of understand-
ing EFX allocations, in general.

Appendix A: Finding EFX allocation on bipartite multi-graph with
additive valuations: an example of the algorithm in Section 4

In this section, we depict the execution of our algorithm for computing an EFX alloca-
tion on bipartite multi-graphs on an input instance with additive valuations. We present an
example with additive valuations for the ease of understanding.

Figure 7 depicts our input instance. Note that the instance is symmetric, and the num-
bers on edges specifies the value of that item for both endpoint agents. Note that, in this
instance, ¢ = 2 and the cut configurations are partitions into two bundles where the size of
each bundle is at most one. As we run our algorithm, if we direct an edge towards one of
the endpoint agents, it means that the edge is being allocated to that agent. Also, the set of
envied vertices are colored blue.

Fig.7 An instance of a bipartite multi-graph with bi-partitions s = {1,2,3,4} and T = {5,6,7}.
We will depict the three main steps of our algorithm for finding an EFX allocation using this
example. The numbers on the edges depict the value of that edge for both endpoints

We begin by executing Algorithm 1 on our input instance to satisfy properties (1)-(3).
The resulting allocation is depicted in Fig. 8. Next, we run Algorithm 2 to satisfy property
(4). The resulting allocation is depicted in Fig. 9. It is easy to verify that the said properties
are indeed satisfied.
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Fig.8 Partial EFX orientation obtained after executing Algorithm 1 satisfies Properties (1)-
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Fig.9 Partial EFX orientation obtained after executing Algorithm 2 satisfies properties (1)-
(4). Note that, Case (1) is executed for the pair (4, 5) of vertices, Case (2) for the pair (7, 4)
of vertices, and Case (3) for the pairs (6, 2), (6, 1), (7, 2), (7, 1), and (7, 3) of vertices. The
vertices in blue are envied. It is easy to check the correctness of Claim A.1 for non-envied
vertices

Observe that, property (5) is automatically satisfied in the output (partial) orientation of
Algorithm 2 , and hence, we do not need to run Algorithm 3. In fact, for any input instance
with additive valuations, if properties (1)-(4) are satisfied, then property (5) is also satisfied.
Note that this does not necessarily hold when the valuations are monotone. We formalize
this claim as follows:

Claim A.1 For any fair division instance on a bipartite multi-graph with additive valuations,
after satisfying properties (1)-(4) (using Algorithms 1 and 2, executed in that order), we have
vi(Us(X)) < v(X;) for every non-envied vertex i € n], i.e., property (5) is also satisfied.

Proof Consider a non-envied vertex i € [n] in the output (partial) orientation X (obtained
after running Algorithms 1 and 2). By property (4), 4; ;(X) = 0 for all j # i. We define the
set R ={k € [n] : A ;(X) # 0}. Observe that by Claim 4.6, any k € R must be envied and

U,(X) = kUR A (X). Weassume R # ; otherwise, the claim holds trivially for i. We now
€
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consider an arbitrary agent k € R. Again, Claim 4.6 implies that the set E(k, 1) \ Ag;(X) is
allocated to i. Note that agent i has received this set either in Algorithm 1 or in the third case
of Algorithm 2. Since, in both cases agent i had the possibility of choosing between Ay, ; (X)
and E(k, 1) \ Agi(X), wehave v;(E(k,1) \ Aki(X)) > v;(Ag,;(X)). Thus, we can write,

v; (Ui (X)) = v; (UrerAr,i(X))

< U (E(k,3) \ A (X))
kER
< vi(Xy),

where the last inequality holds due the fact that E(k, 1) \ A :(X) C X, forall k € R and
these sets do not intersect with each other. O

Since property (5) is automatically satisfied for additive valuations, we skip Algorithm 3
and directly run Algorithm 4, which satisfies property (6) while maintaining the first five
properties. Figure 10 depicts the output allocation at this point.

Fig. 10 Partial EFX orientation X obtained after executing Algorithm 4 satisfies properties
(1)-(6). Agent 5 envies agent 2 in X and 5 ¢ S2(X). Hence, agent 2 gives the item of value
ten to agent 5 and receives the item with value nine from agent 5, and then receives Uz (X)
. Agent 5 envies agent 1 in X and 5 € S;(X). In the figure, the only unallocated edges are
between agents 6 and 1, and 7 and 1. In the last step, since agent 5 envies agent 1, we can
allocate both the unallocated edges to agent 5, achieving a complete EFX allocation

Note that, in the output partial EFX orientation X of Algorithm 4, it is only agent 5 who
envies agent 1. Therefore, we allocate all the remaining edges to agent 5, yielding a com-
plete EFX allocation.
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