A Quantum Inspired Approach to Exploit Turbulence Structures
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Understanding turbulence is the key to our comprehension of many natural and technological
flow processes. At the heart of this phenomenon lies its intricate multi-scale nature, describing
the coupling between different-sized eddies in space and time. Here we analyse the structure of
turbulent flows by quantifying correlations between different length scales using methods inspired
from quantum many-body physics. We present results for interscale correlations of two paradigmatic
flow examples, and use these insights along with tensor network theory to design a structure-resolving
algorithm for simulating turbulent flows. With this algorithm, we find that the incompressible
Navier-Stokes equations can be accurately solved even when reducing the number of parameters
required to represent the velocity field by more than one order of magnitude compared to direct
numerical simulation. Our quantum-inspired approach provides a pathway towards conducting

computational fluid dynamics on quantum computers.

Turbulence can phenomenologically be described by
mutually interacting eddies stretching across an ex-
tremely broad range of length and time scales [II, 2].
These spatial scales range from the largest size of the en-
ergy containing eddies (known as the integral scale, £), to
the smallest ones, known as the Kolmogorov microscale,
7. The separation between these scales is £/n ~ Re’/4
where Re is the Reynolds number. A salient feature of
turbulent flows is the scale-locality of the turbulent en-
ergy cascade [3H6], in the sense that eddies at a given
length scale predominantly interact with other eddies of
similar scale.

Since the pioneering work of Orszag and Patterson [7],
direct numerical simulation (DNS) of the Navier-Stokes
equations has been widely regarded as the computational
method with the highest fidelity in capturing the dynam-
ics of turbulent flows. Virtually all classical DNS meth-
ods such as spectral polynomial/Fourier, finite volume
and finite element are scale-resolving, where increasing
the number of variables (e.g. grid points M) resolves
finer and finer scales. However, the wide separation of
turbulent flow scales limits the range of Reynolds num-
bers that can be computationally considered. Straight-
forward estimates indicate that simulation of an incom-
pressible flow inside a three-dimensional volume ~ (10¢)3
with Re ~ 10° would require decades of CPU time on a
1 teraflop computer.

For mitigating this huge numerical complexity, the im-
portance of exploiting so-called coherent structures of
turbulence [8] has long been recognised. This eventually
led to the rise of structure-resolving methodologies (e.g.,
proper orthogonal decomposition) [9] that extract and
exploit correlated structures of the solution. They rep-
resent the flow field down to the Kolmogorov microscale

through a superposition of modes, but with their num-
ber being much smaller than the total number of grid
points in DNS. Up to now, the majority of the developed
techniques have been used for diagnostic purposes. Using
reduced order models for predictive purposes is hampered
by difficulties in identifying suitable modes and remains
an active area of research [10].

A similar challenge has been successfully tackled in
a completely different area of physics. Quantum many-
body systems are described by elements of a vector space
whose dimension grows exzponentially with the number of
particles [11} [12]. This makes direct simulations quickly
impossible with increasing system size. Tensor network
methods [I3, 4] made a revolutionary advance in simu-
lating quantum systems with local interactions by remov-
ing unrealised long-distance correlations, thus enabling
the simulation of physical systems that are otherwise in-
tractable [I5, [16]. The correlations of interest for quan-
tum systems are known as quantum entanglement [I7],
and weakly entangled systems or those where quantum
correlations are concentrated at the boundaries between
different parts of the system (i.e., they are structured to
follow a so-called area law [I8]) can be efficiently simu-
lated with tensor network methods.

Here we adapt these successful strategies for treat-
ing quantum many-body systems towards exploiting the
scale-locality of turbulence. This quantum inspired ap-
proach allows us to develop structure-resolving methods
for both diagnostic and predictive purposes. We first
introduce tools from tensor network theory to analyse
different length scales of flow in a manner different from
both the traditional wavenumber approach [I9H22] and
more recent investigations in real space [5]. Then, we ap-
ply these diagnostic tools to study DNS solutions of two



paradigmatic flow configurations: a 2-D temporally de-
veloping jet (TDJ) [23] and the 3-D Taylor-Green vortex
(TGV) [24]. Our study reveals that the scale-locality of
turbulence restricts the amount of correlation present be-
tween different length scales. This motivates us to encode
turbulence in a simple tensor network called matrix prod-
uct state (MPS). The connectivity of the MPS network
is well adapted to describing scale-local flows and hence
exploiting the structures of turbulence. We design an al-
gorithm for simulating the incompressible Navier-Stokes
equations (INSE) in the compressed MPS format. This
algorithm remains accurate even when reducing the num-
ber of variables parametrising the solution (NVPS) by
more than one order of magnitude. The conceptual sim-
ilarity between the tensor network algorithm presented
here and those used in quantum physics opens the pos-
sibility of conducting computational fluid dynamics on a
quantum computer.

RESULTS

Quantifying interscale correlations. Throughout
this work we follow the standard approach in computa-
tional fluid dynamics and discretise the computational
domain. Each spatial dimension is discretised by 2%V grid
points, where N is a positive integer. In this way, the
velocity field
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and its Cartesian components u; are discrete functions of
the grid points r,, where K is the spatial dimension and
é; are Cartesian unit vectors. We measure the interscale
correlations by using the Schmidt (singular value) decom-
position to systematically divide the computational grid
into sub-grids, as illustrated in Fig. for K = 2. We
decompose (for details, see the Schmidt decomposition
section in Methods) each component u; on this 2V x 2V
grid into functions R and f on a coarse and a fine subgrid,
respectively,
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Positions X, correspond to a quadratic grid with 2™ x 2™
points (coarse grid), and X; correspond to a fine sub-grid
with 2V~ x 2¥=" grid points. The functions R, and f.
obey the orthonormality condition
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where §,p5 is the Kronecker delta. The parameter n =
1,..., N —1 labels the possible bipartitions of the square
lattice in coarse and fine grids [see Fig. [lp for N = 10
and n = 2]. The Schmidt number d(n) denotes the num-
ber of retained terms in the summation in Eq. 7 and
each product R, f, is weighted by a Schmidt coefficient
Ao > 0. These coefficients appear in descending order
A1 > A2... > Ag(n), thus varying d(n) will only add or re-
move the least important of the orthonormal basis func-
tions. Here we take d(n) as a quantitative measure for
the interscale correlations of turbulent flows at a given
bipartition n of the lattice: d(n) = 1 corresponds to an
uncorrelated product state, and with increasing d(n) the
flow becomes more strongly correlated between the coarse
and the fine grid. Note that while the d(n) = 1 product
state exhibits no interscale correlations, it is still highly
correlated in space because the fine grid dependence is
repeated.

Truncating the Schmidt decomposition in Eq. ap-
proximates u; in an orthonormal time-dependent basis
that evolves with the fluid flow to optimally capture spa-
tially correlated structures. This is in contrast to classical
scientific computing techniques (implemented through
e.g. finite difference or spectral methods) where the bases
are structure-agnostic, i.e., they are chosen a priori and
disregard any structure in the solution.

We first apply the decomposition in Eq. to DNS
solutions of the INSE [see Eq. (7)] for the TDJ shown
in the top row of Fig. [2h. The TDJ comprises a cen-
tral jet flow along the z-direction, and Kelvin-Helmholtz
instabilities in the boundary layer of the jet eventually
cause it to collapse (see Egs. @[) through in Methods
for initial flow conditions). We decompose each velocity
component according to Eq. , which is an exact rep-
resentation if d(n) = I'>P(n) with (for details, see Sup-
plementary Sec. 2)

%P (n) = min(4", 4V ). (4)

Fig. (b shows the Schmidt numbers dgg(n,t) such that
Eq. represents the DNS solutions for the velocity
fields with 99% accuracy in the L2 norm (more details
on the Schmidt coefficients can be found in Supplemen-
tary Sec. 1). We find that dgg(n,t) are well below their
maximal values I'*P(n) for n > 1. More specifically,
we define x99 = maxdgg(n,t) as the maximal value of
dgg for all n and time steps. We obtain yg9 = 25,
and the interscale correlations captured by Eq. with
d(n) = min I'>P(n),25 are shown by the blue-shaded
area M in Fig. . dgg(n,t) is entirely contained within
this blue area. Note that the Schmidt numbers are shown
on a logarithmic scale in Fig. [Ib, and thus the area M is
much smaller than the area D corresponding to DNS.
We obtain qualitatively similar results for the DNS so-
lutions to the TGV in 3-D, where vortex stretching causes
a single, large, ordered fluctuation to collapse into a tur-
bulent flurry of small scale structures (see top row in



FIG. 1: Interscale correlations of turbulent uid ows
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deg(n; t) on a logarithmic scale such that the decomposition in Eq. [(2) results in a 99% accurate representation of
DNS solutions to the INSE at four di erent times [see Fig. [2]. The domain D indicated by the black dashed line
corresponds to DNS. The grey shaded are®V is for solutions on a 2 28 grid. The blue shaded areaM is for

d(n)

25 in Eq. @) (c) Same as in p) but for the 3-D simulations shown in Fig. 38| In (b) and (c), Ty is the

characteristic time scale on which the quickest particles in the initial ow elds can traverse the box (seeSet-up of
numerical experiments section in Methods). (d) Scaling of g9 = max dgg(n;t) with the Reynolds number for the
2-D and 3-D systems in ) and (c), respectively.

Fig. B for visualisation, and (16) in Methods for initial
ow conditions). In three spatial dimensions, the repre-
sentation in Eq. @) is exact if d(n) equals (for details,
see Supplementary Sec. 2)

$D(n)=min@@";8N M): (5)

The Schmidt numbers dgg(n;t) resulting in a 99% accu-
rate representation of the DNS solutions are shown in
Fig. lc. We nd g9 = 207 such that all values of dgg
in Fig. ik are contained within the blue-shaded areav
corresponding tod(n) = min 3P (n); 207 in Eq. (2).
Since g9 is much smaller than the upper vertex of the
areaD at 3P (4) = 212, the interscale correlations of
DNS solutions are far from being saturated (more details
on the Schmidt coe cients can be found in Supplemen-
tary Sec. 1).

Next we investigate how the maximal Schmidt num-
ber 49 scales with the Reynolds number Re, and the
results are shown in Fig. 1d. We nd that o9 Ssaturates
in the 2-D case for Re& 200. This suggests that in-
terscale correlations of 2-D ows are bounded in anal-
ogy to quantum correlations in gapped 1-D quantum
systems with local interactions [18]. In the 3-D case,

99 increases according to a power law. The NVPS for
d(n)=min  3P(n); o9 scalesas 3,logM (see Sup-
plementary Sec. 2). Kolmogorov's theory [3] states that
the number of grid points M = 8N must scale with the
Reynolds number likeM (= )3 Re*™ to resolve
all spatial scales. This implies that the NVPS of M
only scales as Re'*?logRe, which is a substantially
slower increase with Re compared to the NVPS of DNS,

M  Re™.



Tensor network algorithm. The previous results
demonstrate that it is benecial to nd a representa-
tion of ow elds where limiting the amount of inter-
scale correlations directly translates into a reduction of
the NVPS. This can be achieved by expressing each ve-
locity component in a compressed tensor network for-
mat known as matrix product state (MPS) or tensor
train decomposition [13, 14, 25, 26]. Our MPS encod-
ing of function values is chosen such that it is consistent
with the decomposition in Eq. (2) (see Supplementary
Sec. 2). It comprises products ofN matrices A' » with
dimensiond(n 1) d(n), where 2N is the number of

d(0) = d(N) =1 [27, 28]. The matrix A'" is associated
with a length scale Lo, =2", and its dimensiond(n) con-
trols the maximum amount of correlations allowed be-
tween neighbouring scales. The nearest neighbour cor-
relations are mediated directly by each matrix product,
while correlations between further distant length scales
can only be captured indirectly by traversing several ma-
trix products. These properties make MPS well suited
for the description of scale-local turbulent ows where
correlations between vastly di erent length scales are ex-
pected to be small.

Here we consider MPSs of bond dimension where
we setd(n) = min  ?P(n); in 2-D and d(n) =
min 3P (n); in 3-D. The bond dimension controls
the level of compression in the MPS format. For exam-
ple, the interscale correlations captured by an MPS with
bond dimension = 25 ( = 207) are represented by
the blue-shaded area in Fig. 1b (Fig. 1c). If is kept
constant as N increases, the number of MPS parame-
ters scales logarithmically with the total number of grid
points, resulting in an exponential reduction of the NVPS
compared to DNS. However, we emphasise that this re-
duction does not truncate the range of length scales cov-
ered by the MPS ansatz, it only limits the amount of
interscale correlations.

In order to fully utilise this dimensionality reduction
for numerical simulations on large grids, we devise an
algorithm for solving the INSE without leaving the com-
pressed MPS manifoldM (see theMatrix product state
algorithm section in Methods). We use a second-order
Runge-Kutta time-stepping scheme and discretise spa-
tial derivatives in the same way as the DNS solver, which
utilises an 8th-order nite di erence stencil.

Validation of the tensor network algorithm. We
now investigate how well the dynamics of turbulent ow
are captured inside the MPS manifoldM by comparing
our algorithm against DNS for di erent compressions.
Reducing the bond dimension reduces the NVPS. The
analogue of reducing the bond dimension in traditional
DNS is to perform underresolved DNS (URDNS) where
the simulation is carried out on a coarse grid not cover-
ing all relevant length scales. URDNS can be considered
as the most basic form of large eddy simulations [29{
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31], where no explicit models are employed to account
for the disregarded subgrid scales (see thBirect numer-
ical simulation algorithm section in Methods). For a fair
comparison between MPS and URDNS, we choose for ev-
ery bond dimension a corresponding URDNS grid such
that the NVPS is approximately equal for both methods.

The results for the TDJ and for the di erent solvers are
shown in Fig. 2. The top row in Fig. 2a corresponds to
DNS and illustrates how the background perturbations in
the shear-layer are ampli ed (=T, = 0:25) until the layer
rolls up into vortices which in turn pair-up and merge
into progressively larger vortices (=To = 0:75; 1:25) un-
til t=To = 1:75, when pairing is terminated. The stress
exerted upon the mean ow by turbulent uctuations is
given by the Reynolds stress tensor, one of whose com-
ponents is plotted in Fig. 2b. These results are in accord
with the Boussinesq approximation which indicates the
Reynolds stresses are of the opposite sign of the mean
streamwise velocity gradients along the cross-stream di-
rection. The exception is when the vortex pairing is ter-
minated, and the growth of the shear-layer is temporar-
ily paused. Correctly resolving 1, is important for the
physical validity of the simulation.

We now evaluate the accuracy of the MPS and URDNS
simulations. Rows 2-4 in Fig. 2 show MPS results for

=33;74 and 118, corresponding to compression ratios
of approximately 1 : 64, 1 : 16 and 1 : 8 compared to
DNS, respectively. These results show that the large-
scale dynamics of the jet are correctly captured by all
the MPS simulations, with = 74 and 118 practically
indistinguishable from DNS. The bottom three rows in
Fig. 2 show the URDNS results for di erent grid sizes.
We nd that the 362 2 grid (corresponding to = 118) is
only accurate until t=To  1:2 while the lower-resolution
URDNS already fails at t=T;  0:75. This is observed
in both the instantaneous vorticity dynamics results and
the Reynolds-stresses. The MPS algorithm achieves a
much higher accuracy than URDNS for the same NVPS
(see Table 1 for quantitative results). This result can
also be understood in terms of the interscale correlations
shown in Fig. 1b, where the domain corresponding to
URDNS on the 256 grid is shown by the grey-shaded
areaW. A signi cant amount of correlations present in
the DNS solutions are outside ofW, which is consistent
with our nding that URDNS cannot accurately repre-
sent the DNS solutions.

Next we discuss the corresponding results for the dy-
namics of the TGV. The top row in Fig. 3a corre-
sponds to DNS and illustrates how the original vortex
collapses =Ty = 0:2) into turbulent worm-like struc-
tures (t=Tp = 0:8) which become progressively more tur-
bulent (t=T¢ = 1:4) until viscosity eventually dissipates
these vortical structures (t=Tp = 2). Rows 2-4 and 5-7 in
Fig. 3a correspond to the results of our MPS algorithm
and to URDNS, respectively. The bond dimension and
grid sizes have been chosen such that the compression



FIG. 2: 2-D Temporally developing jet.

Dynamical simulation of the INSE in 2-D for a planar jet streaming

along x with Re = 1000, as de ned in the Set-up of numerical experimentssection in Methods (a) shows snapshots
of the vorticity and velocity elds taken at t=Ty = 0:25;0:75; 1:25; 1:75 (left to right). Red corresponds to positive
vorticity (counter-clockwise ow) and blue to negative (clockwise). Top row corresponds to DNS results on a

quadratic 210

20 grid (cf. Fig. 1a). Rows 2-4 are MPS results with di erent maximal bond dimensions . Bottom

three rows are for URDNS on quadratic grids as indicated. ) Reynolds stress 1, [see Eq. (14)] between the
streamwise and cross-stream directions as a function of time ang coordinate. Red (blue) corresponds to positive
(negative) stress.

ratios compared to DNS are approximately 1 : 25 (rows
2 and 5), 1:49 (rows 3 and 6) and 1 : 78 (rows 4 and 7).
While MPS produces a solution comparable to DNS for a
compression ratio of 1 : 49 ( = 128), the corresponding
URDNS results clearly deviate from DNS. Discrepancies
between URDNS and DNS are even visible for the largest
URDNS grid (compression 1 : 25).

A more quantitative analysis of the performance of
MPS vs. URDNS is shown in Fig. 3b. In the non-DNS
simulations, a portion of the energy is erroneously lost
to numerical di usion. The amount of numerical di u-
sion can be measured by comparing the physical global
dissipation (enstrophy) to the global kinetic energy dissi-
pation [see Egs. (17) and (18)]. The MPS predictions at

128 are consistent with both the DNS results here

and in previous work [24]. We nd that the MPS simu-
lations with =128 and 192 dissipate the energy more
accurately than any of the URDNS results, especially for
t=Tg 1.4, see Table 1. As in the 2-D case, this outcome
is in line with the interscale correlations shown in Fig. 1c,
where the domain corresponding to URDNS on the 62
grid is shown by the grey-shaded areaVN. The bipar-
titions at n = 5;6;7 are associated with comparatively
large Schmidt numbers fort=T,  0:8, and hence these
interscale correlations cannot be captured by URDNS.



FIG. 3: 3-D Taylor-Green vortex. Dynamical
simulation of the INSE in 3-D for the Taylor-Green
vortex and Re = 800, as de ned in the Set-up of
numerical experiments section in Methods (a) Vortical
structures rendered using the standard , method [51]
are shown at timest=Ty = 0:2; 0:8; 1:4; 2 (left to right).
Top row is for DNSona 2 28 28 grid. Rows 2-4 are
for MPS simulations with dierent , and bottom three
rows are for URDNS on cubic grids as indicated. If)
shows the enstrophy (t) (asterisks/crosses/circles) and
the energy dissipation (t) (lines) as a function of time,
with Eq being the total energy att = 0.

DISCUSSION

The structure-resolving properties of MPSs can lead to
a reduced computational cost. The computational com-
plexity of our MPS algorithm is 4logM, as explained
in Supplementary Sec. 4. Resolving down to the Kol-
mogorov microscale requiresM (= )¢ Re¥4
grid points. Assuming Re , the overall scaling of
the MPS algorithm becomes Re* logRe. Compar-
ing this to the scaling of DNS, which is M logM
Re***log Re (see theDirect numerical simulation algo-
rithm section in Methods), we see that the MPS algo-
rithm outperforms DNS when < 3K=16. For our 2-D
example, Fig. 1d suggests 0 which leads to an ex-
ponential speedup of the MPS algorithm over DNS for
su ciently large Re. It would be interesting to investi-
gate whether this saturation of the Schmidt number with
Re is a unique case for just the TDJ ow, or if it is a more
general property of 2-D turbulence. If this is indeed gen-
eral, it would have signi cant practical consequences for
e.g. the simulation of atmospheric ows. For the TGV
ow 0:71, which is larger than X=16. However,
we note that numerical methods for manipulating high-
dimensional tensors are an active eld of research [32],
potentially enabling an improved scaling of MPS algo-
rithms with  in the future. We also remark that MPS
can be exponentially faster than DNS at simulating shock
waves, as illustrated in Supplementary Sec. 3 through an-
alytical studies of the 1-D Burgers' equation.

Our initial choice of MPS networks was motivated
by the scale-locality of turbulent ows. However, MPS
might be numerically ine cient when correlations be-
tween distant scales are relevant. One then needs a
very large bond dimension to maintain an accurate
description of the ow. Other tensor network geome-
tries like Tree Tensor Networks (TTNs) or multi-scale
entanglement renormalisation ansatz (MERA) and its
derivatives [33, 34] might then be worthwhile considering.
These network geometries (see Supplementary Sec. 6)
have direct bonds between further distant length scales
and might require smaller bond dimensions. However,
TTNs maintain numerical e ciency by abandoning di-
rect bonds between neighbouring length scales which are
important for exploiting scale-locality. MERA is numer-
ically challenging because of loops in the network.

The utility of tensor networks in uid dynamics goes
beyond the INSE. Future avenues of investigation for
MPS include compressible ows, in which the Mach
number is an important parameter, and transport of
scalar quantities under both passive and chemically reac-
tive conditions where the e ects of Prandtl, Peclet and
Damkohler numbers [35] must be taken into account. It
would be interesting to examine how these parameters
a ect the delity of low MPS simulations. Further-
more, as tensor network methods are naturally suited
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