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1. Introduction

In this paper, we will consider finitely presented groups that have a finite index sub-
group which admits a surjective homomorphism onto a non-abelian free group. Gromov
called these groudarge [4]. Large groups have particularly nice properties (for example,
super-exponential subgroup growth). They also play an important réle in low-dimensional
topology: it is a major conjecture that the fundamental group of any closed hyperbolic
3-manifold is large. Our main theorem is a characterisation of these groups in terms of
the existence of a normal series where successive quotients are finite abelian groups with
sufficiently large rank and order.

Theorem 1.1. Let G be a finitely presented group. Then the following are equivalent

(1) some finite index subgroup 6fadmits a surjective homomorphism onto a non-abelian
free group
(2) there exists a sequendg; > G, > --- of finite index subgroups a¥, each normal
in G1, such that
() G;i/G;y1is abelianforalli > 1;
(ii) Iim; 5o ((loglG; : Gi+1])/IG : G;]) = o0;
(iii) limsup;(d(G;/Gi+1)/IG : Gi]) > 0.

Here,d( ) denotes the rank of a group, which is its minimal number of generators.
Note that condition (i) does not requi@/G1 to be an abelian group. Indeed, it can-
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not, since there are finitely presented groups that are both perfect and large. In words,
condition (i) requires the order af; /G, 1 to grow super-exponentially as a function of
[G : G;]. Condition (iii) asserts that the rank of the quotieGtg G;+1 grows linearly in the
index[G : G;]. This is the fastest it could possibly grow, since the Reidermeister—Schreier
theorem implies that the rank ¢f; grows at most linearly ifiG : G;].

The main part of Theorem 1.1, the implication &) (1), is in fact a corollary of the
following stronger, but slightly less elegant, result.

Theorem 1.2. Let G be a finitely presented group, and suppose that, for each natural
numberi, there is a tripleH; > J; > K; of finite index normal subgroups 6f such that

(i) H;/J; is abelian for alli;
(ii) 1im; - oo((log[H; : J;)/IG : H;]) = o0;
(iii) limsup, (d(J;/K;)/[G : J;]) > 0.

ThenK; admits a surjective homomorphism onto a free non-abelian group, for infinitely
manyi.

This gives (2)= (1) of Theorem 1.1, via the following argument. We may replé&ce
by G1, and thereby assume that eaGhis normal inG. If we then setH; = G;, J; =
Gi+1 and K; = G412, Theorem 1.2 implies that infinitely many; admit a surjective
homomorphism onto a free non-abelian group.

In fact, the statements of Theorems 1.1 and 1.2 are not the strongest that can be made.
The existence of infinitely many subgrou@s (in Theorem 1.1) or infinitely many triples
H; > J; > K; (in Theorem 1.2) is more than one needs to deduceGhe large. This
conclusion still holds if one replaces hypotheses (ii) and (iii) of Theorem 1.2 by an explicit
inequality which relate$H; : J;1, [G : H;], d(J;/K;), for some fixedi, and data from a
fixed presentation of;. The precise statement of this result, which is rather unwieldy,
appears as Theorem 4.2 in Section 4.

What makes the results of this paper noteworthy is their method of proof. Despite the
fact that these theorems are purely group-theoretic, their proof uses very little algebra.
Instead, the geometry and topology of finite Cayley graphs play a central role. This is
the second in a pair of papers that exploit these type of arguments. The first [5] related
Property(z), the rank of finite index subgroups and their possible decomposition as a
graph of groups. Using this relationship, the proof of a weaker form of Theorem 1.1 was
sketched.

Large groups were studied by Baumslag and Pride [1] who showed that groups with a
presentation having (at least) two more generators than relations are of this form. This is
an easy consequence of Theorem 1.1.

Corollary 1.3. Let G be a group having a presentation with at least two more generators
than relations. Theit; has a finite index subgroup that admits a surjective homomorphism
onto a free non-abelian group.
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Baumslag and Pride [2] also conjectured that when a g@uas a presentation with
one more generator than relation, but one of the relations is a proper powel; thgen
large. This was proved independently by Gromov [4] using bounded cohomology and by
Stohr [10] using a direct algebraic argument. Again, this is a straightforward consequence
of Theorem 1.1.

Corollary 1.4. Let G be a group having a presentation with one more generator than
relation. Suppose that one of these relations is proper power. Théas a finite index
subgroup that admits a surjective homomorphism onto a free non-abelian group.

We will prove these corollaries in Section 5.
We will also show that conditions (i) and (ii) of Theorem 1.1 are, in fact, equivalent to
the existence of a finite index subgroup with infinite abelianisation.

Theorem 1.5. Let G be a finitely presented group. Then the following are equivalent

(1) some finite index subgroup 6f has infinite abelianisation

(2) there exists a sequeneg; > G > --- of finite index subgroups a¥, each normal
in G1, such that
(i) Gi/G;+1is abelian for alli > 1;
(i)) iMoo ((109[Gi : Gi41])/IG : G;]) = oo.

The proof of this result, which is topological and rather straightforward, is given in Sec-
tion 6.

2. Theforwardsimplication

In this section, we will prove (1} (2) of Theorem 1.1. LeG1 be the finite index
subgroup ofG that admits a surjective homomorphism onto a non-abelian free group
Define recursively the following finite index normal subgroupsFofSetL; = F, and,
fori > 1, letL;yq =[L;, L;1(L;)". In other words,L;,1 is the group generated by the
commutators and thi¢h powers ofL;. Thus,{L;} is a nested sequence of subgroup# of
Each is characteristic in the preceding one, and hence each is characteristiand is
therefore normal inF. EachL; is free with rankd(L;) = (d(F) — D[F : L;] + 1, and
L;/L; 1 is isomorphic to(Z/iZ)4 L),

SetG; to be the inverse image df; in G, which is a normal subgroup a¥1. Then
G1/G, is isomorphic toF /L;, andG;/G;41 is isomorphic toL; /L; 11, which is abelian,
verifying (i) of Theorem 1.1. To check (iii), note that

d(Gi/Git1) =d(Li/Liv1) =d(Lj) = (d(F) = 1)[F : Li]+ 1
= (d(F)—1)[G1: Gi]+ L
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Similarly, to establish (ii), we note that

l0g[G; : Gi41] = log(i?*) = d(L;)logi > [G1: G;]l0gi.

3. Thewidth and Cheeger constant of finite graphs

Many of the ideas behind this paper arise from the theory of ProgejtyThis is a
particularly useful group-theoretic concept, introduced by Lubotzky and Zimmer [8], that
can be defined using graph theory, representation theory or differential geometry [6]. We
concentrate on the former approach. Tleeeger constarndf a finite graphX, denoted
h(X), is defined to be

0A V(X
min{%: ACV(X)andO< |A| < | (2 ) }

Here,V (X) denotes the vertex set &f, and, for a subset of V(X), dA denotes the set of
edges with one endpoint it and one not ird. Informally, having small Cheeger constant
is equivalent to the existence of a ‘bottleneck’ in the graph. (See Fig. 1.)

Let G be a group with a finite generating setLet {G;} be a collection of finite index
normal subgroups. We denote the Cayley grapli 66; with respect tds by X (G/G;; S).
The groupG is said to haveProperty () with respect to{G;} if the Cheeger constants
h(X(G/G;; S)) are bounded away from zero. This property turns out not to depend on the
choice of finite generating sét

Whether or not a given group and a collection of finite index subgroups have Prop-
erty () is a subtle and often difficult question. The following theorem of Lubotzky and
Weiss [7] gives a necessary condition for a group to have Propertylhis is not, in fact,
how Lubotzky and Weiss stated their result (which appears as Theorem 3.6 of [7]), but this
formulation can readily be deduced from their argument.

Theorem 3.1. Suppose that a finitely generated gra@has Property(t) with respect to a
collectionC of finite index normal subgroups. Then there is a constamith the following

property. IfJ is a member of, andJ is contained in a normal subgroufd of G such that
H/J is abelian, thenH/J| < cl¢:H],

oA I‘l

Fig. 1.
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Thus, conditions (i) and (ii) of Theorem 1.2 imply th@tdoes not have Property)
with respect tqJ;}. We will actually need to establish a stronger version of Theorem 3.1.
Instead of relating to the Cheeger constanX o€/ J;; S) (for some finite generating s§j,
we need to consider a related geometric invariad @&/ J;; S), its width, which is defined
as follows.

Let X be a finite graph. Consider a linear ordering on its vertices. FonG< |V (X)),
let D, be the firstz vertices. Thewidth of the ordering is defined to be ma¥ D,,|. The
width of the graph is the minimal width of any of its orderings, and is denatexi).

This notion is inspired by a useful concept from the theory of knots and 3-manifolds,
known as thin position [9], which was first introduced by Gabai [3]. We now develop this
analogy (which is not essential for an understanding of the remainder of the paper). One
may imagine the grap embedded ifR3, with its vertices all at distinct heights, and with
its edges realised as straight lines. The height of the vertices specifies a linear ordering
on them. The width of this ordering can be interpreted geometrically, as follows. Imagine
a l-parameter family of horizontal planes, parametrised by their heights which increase
monotonically from—oo to co. The width of the ordering is equal to the maximal number
of intersections between the graph and any of these planes. (See Fig. 2 for an example.)
Thus, to determine the width of, one should aim to find the most efficient embedding
in R3: the one that minimises the width of the associated ordering. This is highly analogous
to thin position for knots ifR3, where one aims to isotope the knot until a similar notion
of width is minimised.

There is a relationship between the width of a graph and its Cheeger constant. In an
ordering onV (X) of minimal width, consideD, wheren = ||V (X)|/2]. By computing
|0D,|/|Dy|, we deduce that

w(X)

h(X) ———=.
0 LIV (X)1/2]

ordering
on vertices

planes X \
(seen side on)
_number of
intersections

Fig. 2.
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Hence, the following gives a stronger version of Theorem 3.1. It gives a condition guaran-
teeing that certain Cayley graphs have width which is asymptotically smaller than their
number of vertices.

Theorem 3.2. Let G be a group with a finite generating st Suppose that, for each
natural numbet, there is a pairH; > J; of finite index normal subgroups 6f, such that

(i) H;/J;is abelian for alli;
(i) lim; o ((log[H; : Ji]/[G : H;]) = oo.

Thenw(X (G/Ji; $)/IG : Ji1 — O.

Note that (i) and (ii) are precisely those in Theorem 1.2.

The proof we give of this result follows the argument of Lubotzky and Weiss in their
proof of Theorem 3.1. The following lemma allows us to estimate the wid¥@f/ J;; S)
in terms of the width of a Cayley graph & / J;. This will be useful, sincé?; / J; is abelian,
and, later, we will analyse the width of Cayley graphs of finite abelian groups.

Lemma 3.3. Let G be a group with a finite generating st and letH; > J; be finite
index normal subgroups af. Let X be a generating set fof; arising from S by the
Reidermeister—Schreier process. Then

w(X(G/J;: S)) <w(X(Hi/Ji: X)) +2IS|G : Hy].

Proof. We first recall the Reidermeister—Schreier process. Pick a presentatiGrvidh
generating sef, but possibly an infinite number of relations. (We are not assuming here
thatG is finitely presented.) Build the associated 2-complgdy starting with a bouquet

of | S| circles and attaching on a 2-cell for each relation. TheC) is isomorphic taG. Let

C’ — C be the covering corresponding to the subgraéijpso thatr1(C’) is isomorphic

to H;. Pick a maximal tred in the 1-skeleton of’. Collapsing this tree to a point gives a
new 2-complexC’. Its 1-cells give the required generating gefor H;.

Let C” — C’ andC” — C’ be the coverings corresponding fp The inverse image
of T in C” is a forestF. If one were to collapse each component of this forest to a single
vertex, we would obtait€”. The 1-skeletons of” andC” are, respectivelyX (G/J;; S)
andX (H;/J;; X). (See Fig. 3.)

Consider a minimal width ordering 6f (C”). From this, one can construct an ordering
of V(C”), as follows. The ordering of (C”) specifies an ordering on the components
of F. We therefore ordeV (C”) by ordering the vertices of its first tree in some way, then
the vertices of its second tree, and so on.

For any integer, with 0 < n < |V (C")|, let D, be the firstn vertices ofC”. Suppose
that thenth vertex ofC” lies in a component of F. Then, the edges ifD, consist of
edges joining trees other thah and edges with at least one endpoinfﬁnThere are at
mostw (X (H;/J;; X)) edges of the first type and at mo$8§4G : H;] edges of the second
type. Thus the width of” is at most the sum of these quantitiesa
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c” éu
X(G/J;:S) X(Hi/JE)

Collapse F
—_—
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l l

C’ M4
X(G/H:S c
(A Collapse T X(H;/H;;X)
T %
Fig. 3.

As a result of the above lemma, we concentrate on the Cayley graph of the abelian group
H;/J;. The following lemma provides a useful upper bound on its width.

Lemma 3.4. Let A be a finite abelian group with finite generating Set Then

w(X(A; X)) < __bIXAl )
T LAl = DY

Proof. We will construct an efficient ordering of the verticesX€A; X) by placing them
on the unit circle in a suitable way. Give the circle a group structure, by identifying it with
C*, the multiplicative group of complex numbers with modulus one. Any homomorphism
¢: A — C* determines a point igC*)!*!, given by the| X |-tuple (¢ (s): s € X). Define
c to be [(JA] — DYI*1], which is the denominator in the upper bound waX (A; X))
that we are trying to establish. We may assume ¢hsaia positive integer; otherwise, there
is nothing to prove. Divide the circl€* into ¢ equal arcs. This determines a decompo-
sition of (C*)!*! into ¢/*! < |A| boxes. There are preciselgt| distinct homomorphisms
A — C*, and hence two distinct homomorphisms are sent to the same box. Their quotient
is a non-trivial homomorphism: A — C*, such thatarg(¢ (s))| < 2r/c forall s € X.
Here, we are taking arguments to lie in the rage, 7].

Leto be the element of / Ker(¢), such thaty (o) has smallest positive argument. Then
o is a generator fod / Ker(¢). Let N be its order. Note that, for anye X' that does not
liein Ker(¢p), N > 2r/|arg(¢ (s))| > c. Since this is true for at least ones X', we deduce
thatN > c.
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Induced ordering
on vertices

/ Edges of X(A;X)
Vertices of X(A;X)
placed on circle

Fig. 4.

We place an order on the vertices4f as follows. First order the vertices in Kep in
some way, then order the cogetl(o), theng1(c2), and so on. (See Fig. 4.)

Note that any edge iX (A; X) joins vertices who images id/ Ker(¢) differ by o/,
whereli| is at mostV /c. Let D,, be a subset of the verticesB{A; X), as in the definition
of width. If we consider the initial vertex of an edged®,,, its image inA/Ker(¢) can
take at most @V /c) + 2 possible values. This is at most¥/c), sinceN/c > 1. Hence,
there are at most(®//c)| Ker(¢)| = 6]A|/c such vertices. Sincg¥| oriented edges em-
anate from any vertex, there are therefore at mps{6\|/c edges i D,,. This gives the
required upper bound on the width &f(A; ). O

Proof of Theorem 3.2. By Lemma 3.3,

w(X(G/Ji:8)) _ w(X(H;/Ji: X)) | 2IS|IG : H;]
G:01 (G : Ji] (G:Ji]

By assumption (ii)[ H; : J;] grows super-exponentially as a function[6f : H;]. In par-
ticular, [H; : J;] tends to infinity, and so the second term tends to zero. For the first term,
assumption (i) and Lemma 3.4 imply that

wX(H;/Ji; 2)) _ 6| 2|
[G: Ji] SG HL(H; < Ji1 - DYIET)

From the Reidermeister—Schreier procés4,grows linearly in[G : H;]. So,|X|/[G : H;]
is bounded above and, by assumption (if; : Ji] — 1)!¥! tends to infinity. O

4. Proof of the main theorem

Theorem 1.2 follows immediately from Theorem 3.2 and the following result.
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Theorem 4.1. Let G be a finitely presented group with a finite generating$ebuppose
that, for each natural numbaer, there is a pairJ; > K; of finite index normal subgroups
of G, such that

) wX(G/J;i; HH/IG: J;j1 = 0,
(1) limsup; (d(J;/K;)/[G : J;]) > O.

Then, for infinitely many, K; admits a surjective homomorphism onto a free non-abelian
group.

Note that in the above theorem, we no longer need the hypothesis that any quotient
groups are abelian.

The proof we give of Theorem 4.1 resembles some of the arguments in [5]. Suppose that
(I) and (1) of the theorem hold. Lef be a finite 2-complex having fundamental graGip
arising from a finite presentation ¢f with generating se§. Thus,C has a single vertex,
and an oriented edge for each element dfet L be the sum of the lengths of the relations
in this presentation, which we may assume is at least one.

Let C; — C be the covering corresponding t§, and letX; = X(G/J;; S) be the
1-skeleton ofC;. Set¢ to be

Iimsupw,
i [G:Ji]

which by (Il) is positive. For infinitely many,

d(Ji/K;) - % (1)
G : Ji] 4

By (), w(X;)/[G : J;1— 0. Hence, provided is sufficiently large,

wX;)) ¢
(G:Ji] 8L @
Also, for all largei,
2
[G:J]> w (3)

We now fix some so that the inequalities (1), (2) and (3) hold.

We will show that there is a surjective homomorphism fr&monto a free non-abelian
group. The details of this argument are a little complicated, but the main idea is fairly
simple. We use a minimal width ordering on the verticeXpfo divide C; into two pieces
A and B that are, roughly, equally ‘big.” More precisely, the images of their fundamental
groups inJ; /K; both have large rank. (In fac and B might not be connected, and so it
might not make sense to refer to their fundamental group, but we will ignore this point for
the moment.) Since the width df; is small, the fundamental group dfN B has small
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rank, as therefore does its imageJisy K;. So, when the decomposition 6f into A and
B is lifted to the covering space correspondingktg the lifted decomposition is modelled
on a graph with negative Euler characteristic. The desired conclusiork tlsatrjects onto
a non-abelian free group, follows immediately.

We now give this argument in detail. Pick a minimal width ordering on the vertices
of X;. We will use this to define a height functigh: C; — R. On the vertices, simply let
f agree with the ordering function. Extend linearly over the 1-cell§;0fThen we extend
f continuously over the interior of each 2-cell, so that it is a Morse function there, with the
following properties. (There is one exceptional case: when all the vertices in the boundary
of a 2-cell are in fact the same 0-cell@h and hence have the same height, then we define
f to be constant on that 2-cell.) We can ensure thditas no maxima or minima in the
interior of any 2-cell, and that its critical values avaid- 1/2, for each integet. We can
also ensure that, whenever a 2-cell does not contains the vertex of héigité boundary,
then that 2-cell contains no critical points with values betweenl/2 andn + 1/2.

Letn be some integer between 0 e X;)|. We will focus on a single value af later.
We can now use and f to decompose€; into two subsetst, = f ~1(—o0, n 4+ 1/2] and
B, = fYn+1/2,00). Let D, be the vertices of’; that lie in A, ; these are precisely the
firstn vertices of the ordering.

Note thatA, N B, is a 1-complex, with precisely one 0-cell in the interior of each
edge ofaD,, and no other O-cells. Hence, there are exafil®, | 0-cells of A, N B,,.
This therefore is an upper bound on the number of components, of B,, and hence
on the number of components gf, and on the number of components Bf (provided
n#0,|V(X;)]). Note thatla D, | < w(X;) < %Z[G : Ji1, by inequality (2).

The 1-cells ofA,, N B, are arcs properly embedded in the 2-cell€pf We claim that
A, N B, has at mosta D, |L/2 1-cells. Note that the total number of times the 2-cells of
C; run over any 1-cell of’; is at mostL. This is an upper bound for the valence of each
0-cell of A,, N B,,. There are preciselyp D,,| 0-cells ofA,, N B,,, and hence we obtain the
required bound on the number of 1-cells4f N B,,. Note that this boun¢b D, |L/2 is at
mostw(X;)L/2, which is less tha%Z[G : Ji1, by inequality (2).

We construct a grapl,, as follows. Each vertex corresponds to a componert,of
or B,, and is labelled4,, or B, as appropriate. Each edge corresponds to a component of
A, N B,. Incidence in the graph is defined by topological incidence. (See Fig. 5.) Since
A, N B, has a small regular neighbourhood that is homeomorphidon B,) x I, we
may define a collapsing magy — Y, that sends each component@f— ((A,, N B,) x I)
to the corresponding vertex df,, and that sends each component af, N B,)) x I to
the relevant edge of,, via projection onto the second factor of the product. However,
Y,, need not be very interesting: it may only be a single edge, for example. But a similar
construction in the covering space@f corresponding to the subgroufy will induce the
required surjective homomorphism frokiy onto a free non-abelian group.

Define theweightwt () of a vertex or edge, corresponding to a comporienf A, B,
or A, N By, to bed(i,mE/i,mE N K;), wherei,: m1E — m1C; is the homomorphism
induced by inclusion. (Note that the choice of basepointsafof does not affect this
guantity.) Define theveightwz () of A,, B, or A, N B, to be the sum of the weights of
its components. Note thatz (A, N B,) is at most the number of 1-cells df, N B,,, which
we have already established is less t%ﬁ[G 2 Jil
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Fig. 5.

Claim. There is somea such thatws(A,) andwz(B,,) are each at Ieas%E[G AR
Define
0 = {n: wt(A,) < 3G : Ji1},
R={n: wt(B,) < 3G : Ji]}.

The aim is to show tha@ and R do not cover the interval from 0 tf/ (X;)|. Since J;
is generated by the elementsigf1 E, whereE runs over the components df, and B,,,
together with at most one generator for each compone#y, of B,,, we have the inequality

d(Ji/Ki) < wt(Ay) +wt (By) + |Ay N Byl
and so, by the above bound p#y, N B, | and inequality (1),
wi (Ay) +wi(By) > d(J;/Ki) — 5E1G : i1 > LG : Ji].

Hence, whem € Q, wt(B,) > 3¢[G : J;] and, whem € R, wt(A,) > 3¢[G : J;]. Thus,
Q and R are disjoint. Note that @ Q and |V (X;)| € R. Hence, the only way) and R
could cover the interval from 0 tpV (X;)| is if n € Q andn + 1 € R for somen. This
implies that

wt(An) < HUG: T, wi(An1) > 3G T

However, we shall now show thaitr (A,,) andwr (A,41) differ by at most 25| + L2. Since

2|S| + L? < %E[G : Ji1, by inequality (3), this will provide a contradiction. It is clear that
A,1+1 containsA,,. Only one vertex ofC; lies in A, 11 but notA,; this is the(n + 1)-st
vertex of the ordering, called, say. In the 1-cells and 2-cells 6f that are disjoint fronx,

A, and A, differ only by a small collar. Hence, we need only focus on the 1-cells and
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2-cells that are adjacent 1o There are at most &| of these 1-cells, and at mokt2-cells.

In each 2-cell adjacent to, we can obtaind,4+1 from A, by adding on a collection of
discs that intersect,, and the boundary of the 2-cell in a total of at masarcs. Hence, it
is clear that the weights of,, 11 andA,, differ by at most 25| + L2. This proves the claim.

We now fixn as in the claim, and abbreviatg,, B,,, A, N B, andY, to A, B, ANB
andY. For any vertexu of Y, let g(u) denote its weight minus the total weight of the
edges to which it is incident. Then the sumgi:), over all vertices: of Y labelledA,
is wt (A) — wt (A N B), which is more thar%Z[G : J;1, and this is more than the number
of vertices labelledd. Hence, there is some vertexabelledA, with g(u) > 1. Similarly,
there is some vertex labelled B with g(v) > 1. Let P be an embedded path Ihfrom u
tow.

Let p: C; — C; bethe covering corresponding to the subgrélypThe decomposition
of C; into A and B pulls back to form a similar decomposition ©f. We obtain a similar
graphY. The covering map : C; — C; induces a map of graphé— Y. (See Fig. 6.) Let
P be the inverse image df in Y.

The valence of each vertex & is at least that of its image iR. When this image is
not an endpoint of, the valence is therefore at least two. We shall show that each inverse
image ofu andv has at least three edgestemanating from it. Let be the edge of
incident tou. Let U and E be the components of andA N B corresponding ta ande.

~ collapse
C,' —

lr l

collapse
Ci —_— Y

Fig. 6.

=
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Claim. For any vertex in? that maps tar, the number of edges & to which it is incident
is

[ixm1U :ixm U N K]

lixmiE i,mENK;]

Sincep:C; — C; is a regular cover, it has a group of covering transformations. This
descends to a group action @nwhich acts transitively on the vertices that map:tand
acts transitively on the edges that mapetaHence, we need only show that, iy the
number ofe-labelled edges and the numbenefabelled vertices are in the ratio given by
the above formula. In fact, we will show that the number of these edges and vertices are,
respectively,

[Ji: K] [Ji : K]
[ixmE i,mENK;] [ixmU :i,mU NK;]

which will prove the claim. Consider one such edge. It corresponds to a compBrent
p~L(E). Now, p|z:Z — E is a covering map. It corresponds to the subgroup af)
consisting of based Ioops mthatlift to loops inC;. This subgroup is*—lK,-, and hence the
degree ofp|z is [m1E : i *K;] = [ixm1E : ixm1E N 1 K;]. But the degree op is [J; : K],
and so the number of covermg translateszoin C;, which is the number oé-labelled
edges, is given by the required formula. The same argument appliesitdabelled ver-
tices, proving the claim.

Now,

d(i,mU/i,mUNK;)—d(i,mE/i,mENK;)=wt(u) —wt(e) > gu) > 1.

Hencei,m E/i,m1E N K; has index more than two ih71U/i.mU N K;. Thus, the va-
lence of anyu-labelled vertex inP is more than two. The same argument applies.to
Hence, every edge aP has valence at least two, and at least two vertices have valence
at least three. ThereforQ(P) <0, and sz(Y) < 0. Thus,71(Y) is a free non- -abelian
group. But the collapsing maﬁ, — Y induces a surjective homomorphiskiy — m ().

This proves Theorem 4.1 and hence Theorem 1(2.

Theorem 1.2 can be strengthened to give the following, rather technical result. Unlike
Theorem 1.2, this makes a hypothesis about just one thple J > K of finite index
normal subgroups of.

Theorem 4.2. Let G be a group with finite presentatiofs|R). Let L be the sum of the
lengths of the relation®, which we assume is at least one. Suppose@hiaas finite index
normal subgroupg{ > J > K such thatH/J is abelian and

48L|S 16L|S
il 5 + | |,16|S|+8L2.
L([H : J] = DIGHITHSI | [H 2 J]

d(J/K) > max{

ThenK admits a surjective homomorphism onto a non-abelian free group.
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Proof. All that one needed to make the proof of Theorem 4.1 work was the existence
of a positive real numbet such that inequalities (1), (2) and (3) all hold. If we get

to bed(J/K)/[G : J], then (1) automatically is satisfied, and so we have reduced this
to two inequalities. Inequality (3) becomé$J/K) > 16|S| + 8L2, which is part of our
hypothesis. To guarantee that inequality (2) holds, we use the inequalities in the proof of
Theorem 3.2 (wherer is as defined in Lemma 3.3):

wX(G/J;8) wX(H/J; X)) 2S8|[G: H]

X

[G: ] (G:J] (G:J]
6| X 2|S|
S G HIH 1= DIFIT | T [H ]
6IS|[G : H] 28|
X [G: H]L(H:J] _:I_)[G:H]*l|g|—1J (H:J]
d(J/K)
< 9
8L

by our hypothesis. Hence, the proof of Theorem 4.1 gives a surjective homomorphism from
K onto a free non-abelian groupO

5. Groupswith more generatorsthan relations
In this section, we prove Corollaries 1.3 and 1.4.

Proof of Corollary 1.3. Let (X|R) be a presentation faF with | X| — |R| > 1. We define

a nested sequence of finite index normal subgr@upsG1 > G > - - - recursively, by set-

ting G,1 = [G;, G;1(G;)'. Note that each is a characteristic subgroup of its predecessor,
and so they are all normal ii.

The Reidermeister—Schreier process provides a presentatio@; fovith a total of
(IX]1—=1[G : G;]+ 1 generators anR|[G : G;] relations. Hence, the abelianisation®f
containsZ¢ as a summand, where= (|X| — 1— |R|)[G : G;]+ 1. ThereforeG;/G;t1
is an abelian group witliZ/iZ)“ as a summand. So, (i) of Theorem 1.1 holds. We now
verify (ii) and (iii):

d(Gi/Git1) = ci=(IX|=1—|R|)[G: Gi]+1,
which gives (iii), and
log[G; : Gi4+1] >1og(i) = ((I1X| — 1— |R|)[G : Gi] + 1) logi,
which implies (ii). So, Theorem 1.1 now gives the corollaryz

Proof of Corollary 1.4. This is similar to the above proof. Again, 1€X|R) be the fi-
nite presentation of;, with | X| — |R| = 1. Let w? be the relation inR that is a proper
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power. We may assume thatis prime. Define a nested sequence of finite index normal
subgroupsG = G1 > G2 > --- recursively, by settings; 11 = [G;, G;1(G;)?i, where p;
is theith prime bigger thary. Again, the Reidermeister—Schreier process gives a presen-
tation for G; with (|X| — 1[G : G;] + 1 generators anfR|[G : G;] relations. This has
one more generator that relation. A presentationdpf[G;, G;] is obtained by taking the
(JX|—=1I[G : G;1+ 1 generators, then abelianising, and then quotienting b\RH€& : G;]
relations. LetH; be the abelian group obtained by the above procedure, but without quoti-
enting by the relations that are lifts @ . This hasz[¢:¢i1+1 as a summand.

We claim thatw € G; for eachi. We will show this by induction. It clearly holds for
i = 1. Suppose therefore thate G;. Now, the image ofw in H; lies in the subgroup of
H; generated byw? andw?”i, sinceq is coprime top;. So,w € G;41, proving the claim.

Suppose now that, for somiew has infinite order inH;. Let n be the largest integer
(possibly zero) such that e ¢" H;. SetK to be[G;, G;1(G)?""". ThenG/K is a finite
homomorphic image off in which w is non-trivial. A lemma of Baumslag and Pride in [2]
then asserts tha, and hencds, is large. (Alternatively, one can avoid using this lemma
of Baumslag and Pride, by showing directly ththas a presentation with at least two
more generators than relations, and then using Corollary 1.3.)

Hence, we may assume thatas finite order irff; for eachi. So, when we quotiert;
by the relations that are lifts af?, a Z[¢:9/1+1 summand remains. Therefor@,/G;,1
contains(Z/ p; Z)!%:6i1+1 as a summand. So,

d(Gi/Giy1) 2 [G:Gi]+1,
l0g[G; : Gi11] = log(p:' 9 91*) = (IG : Gi1+ 1) log pi.

Applying Theorem 1.1 then gives the corollarya

6. Groupswith positivevirtual first Betti number

In this final section, we establish Theorem 1.5. The implication1(R) is straightfor-
ward. For, if some finite index normal subgroGp of G has infinite abelianisation, we may
then find finite index subgroups; > G, > - - -, each normal irG1, so thafG : G;] grows
as fast as we like. In particular, we may ensure fliat: G;;1] grows super-exponentially
as a function of G : G;].

The implication (2)= (1) is a consequence of the following proposition.

Proposition 6.1. Let G be a finitely presented group. Then, there is a constanith the
following property. IfH is a finite index subgroup @, then either its abelianisatioi / H'
is infinite or |[H/H'| < kG:H]1,

Proof. Pick some finite presentation féf. Let ¢ denote the maximal length of any of its
relations, and set to be the number of its generators. iebe the 2-complex arising from
this presentation. Lk — K be the cover corresponding to a finite index subgraiug-or
j=0,1,2, letC; be the chain group generated by theells of K, and letd,: C; — C1
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andd; : C1 — Co be the boundary maps. Théty H' equals Kefd1)/Im(d2). Pick a max-

imal tree in the 1-skeleton of. From this, one can construct a basis of gy, where
each element corresponds to an edge not in the tree, and is a loop formed by the edge and
the path in the tree joining its endpoints. Thus, (dgy is a productofG : H](d — 1) + 1
copies ofZ. Now, Im(32) is spanned by the images of the 2-cells. Each runs over at most
¢ 1-cells inK, and so maps to a vector @ with length at most. We may suppose that
|H/H’| is finite, and hence that the image®fis a finite index subgroup of Ké&i). Pick

a minimal collectionC of 2-cells such thad,((C)) has finite index in Keid1). Then, the
images of these 2-cells span a parallelepiped in(d&gr Denote its volume by, which
equals|Ker(d1)/92({C))|. But |H/H’| is a quotient of Kefd1)/32({C)), and so|H/H'| is

at mostV. Since each 2-cell i@ maps to a vector in K&b;) with length at most, we de-

duce that the volum¥ is at mostl9:H1d—D+1  (dIG:H] Thys, the proposition is proved

by settingk toc?. O
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