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Abstract

We establish interior Lipschitz regularity for continuous viscosity solutions
of fully nonlinear, conformally invariant, degenerate elliptic equations. As a
by-product of our method, we also prove a weak form of the strong comparison
principle, which we refer to as the principle of propagation of touching points,
for operators of the form V2 + L(x,1), Vi) which are non-decreasing in 1.
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1 Introduction

The main goal of this paper is to prove interior Lipschitz regularity for continu-
ous viscosity solutions of fully nonlinear, conformally invariant, degenerate elliptic
equations arising from conformal geometry.

Let R™ denote the Euclidean space of dimension n,

I' € R" be an open symmetric cone with vertex at the origin, (1)
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satisfying
o+, ={A+pu:xel,uel,}, (2)

where I'y = {u € R" : u; > 0,i = 1,--- ,n}. Let f € CHT)NC°T) be a symmetric
function satisfying
of . ‘
f=0on 0l and f >0, a>01nf‘forz:1,...,n. (3)
In the above, the symmetry of (f,I') is understood in the sense that if A € I, then
A €T and f(N\) = f(\) for any permutation A of A.
It should be noted that we do not assume that [' be convex.
For a function u defined on a Euclidean domain, let A* denote its conformal
Hessian matrix, i.e.
2 n+2 2n

_nT2 o9 _2n_ 2 _2n_ 9
u 2V + u 2 Vu® Vu — ————u »2|Vu|*I,

i — (n—2)? (n—2)?

where here and below I denotes the n x n identity matrix, and, for p,q € R",
p ® q denotes the n x n matrix with entries (p ® ¢);; = p; ¢;. Let A(A") denote the
eigenvalues of A“.

In recent years, there has been a growing literature on the following two equa-
tions:

FAAY) =1, u>0and MAY) €T, (4)

and
A(A*) e dll, and u>0. (5)

Note that, in view of (3), equation (5) is equivalent to
FMA") =0, u>0 and IA*) eT.

Equation (4) and (5) are second order fully nonlinear elliptic and degenerate elliptic
equations, respectively. Fully nonlinear elliptic equations involving f(A(V?u)) was
investigated in the classic paper [9].

The equations (4) and (5) arose from conformal geometry. On a Riemannian
manifold (M, g) of dimension n > 3, consider the Schouten tensor

1
A, = ——(Ric, —

- n_2 R.‘].Q)?

2(n—1)

where Ric, and R, denote, respectively, the Ricci tensor and the scalar curvature.
Let AM(Ay) = (A,---,\,) denote the eigenvalues of A, with respect to g. It is



well known that, in a conformal change of the metric, the “main contribution”
to the curvature tensor is captured in the change of the Schouten tensor. One is
thus naturally led to study, in the hope of finding some sort of “best metric” in a
conformal class of metrics, the problem (see e.g. [10, 45])

f (A(Auﬁg» =1, u>0, and MA ., )€l on M (6)
This problem is sometimes referred to in the literature as a fully nonlinear version
of the Yamabe problem. When M is a Euclidean domain and g = gga.¢ is the flat
metric, equation (6) is exactly equation (4). Furthermore, both equation (4) and
equation (5) appear naturally in the study of blow-up sequences of solutions of (6)
on manifolds. )

Important examples of (f,T") are (f,T') = (of,T%), 1 < k < n, where o3()\) :=

> Aiy -+ A, is the k-th elementary symmetric function, and I';, is the con-
1<i) <-<ig<n

nected component of {\ € R" : gx(\) > 0} containing the positive cone {\ € R" :
A >0,i=1,---,n}. When (f,I') = (01,I'1), (6) is the classical Yamabe problem
in the so-called positive case.

In this paper, we establish the following regularity result for continuous viscosity
solutions of (5). See [34, Definition 1.1] and Definition 1.3 below for the definition
of viscosity solutions.

Theorem 1.1 (Local Lipschitz regularity). For n > 3, let Q be an open subset of
R™, and T satisfy (1) and (2). Assume that u is a continuous positive viscosity
solution of (5) in Q. Then u € CpN(Q). Furthermore, for any w" € W' € Q, there
exists a constant C' depending only on n, W", w' and || Inu||cowy) such that

|| IHUHCO,I(W//) <C.

Remark 1.2. As a consequence of Theorem 1.1, several previously known results for
Lipschitz continuous solutions of (5) hold for continuous solutions. This includes
the Liouuville-type Theorem 1.4, the symmetry results Theorem 1.18 and Theorem
1.23 in [34]; the Bocher-type Theorems 1.2 and 1.3, the Harnack-type Theorem 1.5,
and the asymptotic behavior results Corollary 1.7 and Theorem 1.8 in [37].

Although there have been many works on a priori estimates for solutions to (4)
and (5) and closely related issues (see e.g. [10, 11, 15, 16, 17, 18, 19, 25, 26, 32, 33,
34, 37, 38, 40, 41, 44, 46, 47]), our theorem above appears to be the first regularity
result for viscosity solutions in this context.



The equation (5) is degenerate elliptic and is not necessarily of non-concave type.
We remark that, for general non-concave and uniformly elliptic equations, C%*
regularity (for some a > 0 depending only on the dimension and the ellipticity)
is known; see Cabré and Caffarelli [6, 7], Trudinger [43]. Furthermore, in [40],
Nadirashvili and Vladut showed that, for any € € (0, 1), there exists a solution to
a uniformly elliptic and conformally invariant equation in a ball B C R® which
belongs to CY¢(B) \ C"(B). (The ellipticity of these equations depends on ¢
and deteriorates as € — 0.) The question whether one can improve the Lipschitz
regularity in Theorem 1.1 to C! regularity remains for further study.

It is sometimes more convenient to write u = e~ "= % or u = w~"z-. An easy
computation gives A% = A, = e*¥ A[y)] where

1
Ay = wVw — §|Vw|21,
2 1 2
Alp] = VY + Vo @ Vi — §|v¢y I.

In addition to Theorem 1.1, we also study the Dirichlet boundary value problem
for a class of degenerate elliptic equations which includes the conformal operator
A[]. Consider operators of the form

Flp] =V +aVy @ Vi — BIVy[* T (7)
where « and [ are constant, and the equation
Fly) € oU,

where U is a non-empty open subset of S"*" satisfying a degenerate ellipticity
condition:

ifAeU BeS”" and B> 0, then A+ B e U. (8)

(Note that (8) implies that OU is Lipschitz.)

In the context of Theorem 1.1, U is the set of symmetric matrices whose eigen-
values belong to I', as equation (5) can be written equivalently as A* € 9U. We
note for future use that our results below apply also to the setting of fully nonlinear
Yamabe problem of “negative type” by considering the set U of symmetric matrices
whose eigenvalues belong to R™ \ (—TI'), where

—IT'={NeR": -XeTl}.

In both cases, (8) holds thanks to (1) and (2).



For any set S C R", we use USC(S) to denote the set of functions ¢ : S —
R U {—o00}, ¥ # —o0 in S, satisfying

limsupy(z) < ¢(z), Vzes.

T—T

Similarly, we use LSC(S) to denote the set of functions ¢ : S — RU{+o0}, 1 #Z +00
in S, satisfying
liminfy(z) > ¢(z), VresS.

T—T

We now give the definition of viscosity subsolutions, supersolutions and solutions
to the degenerate elliptic equation F[¢] € 0U.

Definition 1.3. Let Q C R", n > 2, be an open set, and U be a non-empty open
subset of S™*" satisfying (8). For a function v in USC(Q2) (LSC(QY)), we say that

FipleU (FW]e8™™\U) inQ in the viscosity sense
if for any xy € Q, o € C*(Q), (¥ — ¢)(xo) =0 and
=<0 (¥—9=0), nearx,

there holds B
Flel(zo) € U (Flpl(xo) € S\ U).

We say that a function 1 € C°(Q) satisfies
Fy] € OU in the viscosity sense (9)

in 0 if F[y] belongs to both U and 8™\ U in §) in the viscosity sense.
When Fl) € U (F[] € ™"\ U) in Q in the viscosity sense, we also say
interchangeably that v is a viscosity subsolution (supersolution) to (9) in Q.

Our next result is a uniqueness statement for (9) when U satisfies
AeUandc>0=cAcU. (10)

Theorem 1.4 (Uniqueness for the Dirichlet Problem). Let Q@ C R™ (n > 2) be a
non-empty bounded open set, and U be a non-empty open subset of S"*™ satisfying
(8) and (10). Assume that F is of the form (7). Then, for any ¢ € C°(0Q), there
exists at most one solution 1 € C°(Q) of (9) satisfying ¢ = ¢ on OS).

We also prove the following existence theorem using Perron’s method (see [22]).



Theorem 1.5 (Existence by sub- and supersolution method). Let 2 and (F,U) be
as in Theorem 1.4. Let w € LSC()) and v € USC(2) be respectively supersolution
and subsolution of (9) in Q such that w > v in Q and w = v on 0. Then there

exists a viscosity solution u € C°(Q) of (9) in Q satisfying

v<u<w inﬁ,

U=w="uv on Of).

One main ingredient of the proofs of Theorems 1.1, 1.4 and 1.5 is a comparison
principle. In recent years, comparison principles (for viscosity solutions) have been
very successfully applied to derive estimates and symmetry properties for solutions
to (both degenerate and non-degenerate elliptic) equations in conformal geometry;
see [34] and the references therein. Our paper can be viewed as a continuation in
this line of work.

In fact, we will establish a variant of the comparison principle for more general
operators of the form

Fly] = V2 +a(-, ) Vi @ Vi = B(-,9)[ VY[ T (11)

where o, 5 : 2 x R — R and {2 is an open subset of R”. Throughout the paper, we
will assume that

the function L(x,s,p) := a(z, s)p ® p — B(z, s)|p|*I is non-decreasing in s. (12)

Note that this condition is consistent with both A[y)] and %Aw defined above.
In the sequel, we say that the principle of propagation of touching points holds

for (F,U) if for any supersolution w € LSC(£2) and subsolution v € USC(f2) of (9)
in €2 one has

w > vin Q and w > v on OS2 = w > v in €.

(In other words, if w > v in Q then every non-empty connected component of the
set {z € Q:w(x) = v(z)} contains a point of J.) This principle can be viewed as
a weak version of the strong comparison principle.

We say that the comparison principle holds for (F,U) if for any supersolution

w € LSC(§2) and subsolution v € USC(2) of (9) in © one has
w > v on 0f) = w > v in €.

It should be noted that, for general degenerate elliptic equations, w > v in 2 does
not imply the dichotomy that w > v or w = v in Q. (This is in contrast with the
uniformly elliptic case.)



Remark 1.6. If L(x, s, p) is independent of s, then the principle of propagation of
touching points is equivalent to the comparison principle.

We prove that the principle of propagation of touching points holds when (£, U)
satisfies, in addition to (8), (10) and (12), the following structural conditions:

either |B(x,s)| > By > 0 for some constant [,

or both o and 3 are constant. (13)

Theorem 1.7 (Principle of propagation of touching points). Let F' be of the form
(11) where o, B € C2HQ x R) satisfy (12) and (13). Let Q C R™ (n > 2) be a
non-empty bounded open set, and U be a non-empty open subset of S™™ satisfy-

ing (8) and (10). Assume that w € LSC(S) and v € USC(Q2) are respectively a
supersolution and a subsolution of (9) in Q.

(a) If w>v in Q and w > v on L), then w > v in €.

(b) In case o and [ are constant, if w > v on 0S), then w > v in €.

Remark 1.8. When F|-] satisfies F[)] = F[¢ + ¢| for any constant ¢, one can
assume without loss of generality in proving Theorem 1.7 that w and v are locally
Lipschitz. Indeed, if w and v are not locally Lipschitz, one replaces them by their
e-lower and e-upper envelops w,. and v, respectively (see Section 2), which are locally
Lipschitz and satisfy the hypotheses of Theorem 1.7 for small € > 0. In particular,
if FlY] = A[], then Theorem 1.7 is a consequence of an earlier result of the first
named author [34].

The proof of Theorem 1.7 yields the propagation principle for an even larger class
of operators; see Theorem 3.2 (where the assumption on the quadratic dependence
of F[i] on V1) is somewhat relaxed to a super-linear dependence). One ingredient
of the proof is a first variation result which, roughly speaking, allows one to perturb
a given function 1 to another function ¢ such that F[¢)] are either “more inside”
or “more outside” the set U than F[¢)] in a detailed controlled fashion. There are
two delicate points of this process. On the one hand, one needs to ensure that
the gain obtained is strong enough to counter-balance the error accrued in either
regularization or handling the difficulties created by degenerate ellipticity. On the
other hand, the whole process is carried out in such a way that it depends only on
an upper bound and a lower bound of v, and not on Vi or V2%. It is in this first
variation argument that the assumptions that 5 does not change sign and that L is
non-decreasing are crucially used. See subsection 3.5 for examples which hint that
these assumptions cannot simply be dropped.



Our study of comparison principle for operators more general than A[y] are
motivated by the desire to have a version on Riemannian manifold. Theorem 1.7 as
well as Theorem 3.2 falls just short of this goal. They do not apply directly to the
analogues of (4) and (5) on Riemannian manifolds. Such an application involves
operators of the form

Fy[e] = AR (Vi +AL ) Vib+a(, ) Vi Vo —B(-, ) B () Vi Vit 6,5+ Cij ().

There is a delicate point in handling z-dependence, and in particular the term
Afj(-)vk@b, as suggested by counterexamples; see subsection 3.5. We note however
that, in a forthcoming work [35], the first and second named authors apply the
method developed in the present paper together with a necessary and sufficient
global geometric structure to prove, for convex I' and on a given compact manifold
(M™, g), the existence and uniqueness of a (continuous) conformal metric unz g
with finitely many prescribed singularities such that away from the singularities
the Schouten tensor A s of the deformed metric belongs to dI' and near the

singularities the metric opergll up to an asymptotically flat end. C'*! regularity of the
solution is also established. To some extent, the solution to the above problem can be
considered as a generalized Green function in this fully nonlinear (and conformally
invariant) context and is expected to play an important role in the study of (6).

Comparison principles for different classes of (degenerate) elliptic operators are
available in the literature. See [1, 2, 3, 4, 5, 12, 13, 14, 20, 21, 22, 23, 24, 27, 28,
29, 30, 31, 42] and the references therein. Most of these works assumed a kind of
“properness/non-degeneracy” of the operator with respect to the unknown ¢ (e.g. L
is decreasing with respect to s) which is not applicable to our setting (see condition
(12)). In the present paper, we exploit instead some non-degeneracy with respect
to the derivatives Vi of the unknown.

It is natural to ask if the method we follow here can be tweaked together with
the more familiar treatment for proper operators to treat a broader class of op-
erators, but this goes beyond the scope of the present paper. We however note
that (non-strict) properness of the operator is far from ensuring the validity of a
comparison/propagation principle; see Proposition 3.11.

Using results on removable singularities in [8], we obtain the following comparison
principle on domains with singularities when U satisfies in addition the condition

UcC{MeS":tr(M) > 0}, (14)

where tr(M) denotes the trace of M. For the proof, see Section 3.



Corollary 1.9. Let Q C R" (n > 2) be a bounded non-empty open set, E C Q be
a closed set with zero Newtonian capacity, and (F, U) be as in Theorem 1.7 with
constant o« and B. If w € LSC(Q) and v € USC(Q\ E) satisfy

w is a supersolution to (9) in €,
v is a subsolution to (9) in Q\ E,

w>vinQ\ E and w > v on 09, and if

either supv < +00, (15)
O\E
ora—nf <0, (16)

then info\ p(w —v) > 0.

Remark 1.10. [t is interesting to identify the set Sy of («, 8) for which one cannot
drop the assumption that v is bounded from above when U is the set of symmetric
matrices whose eigenvalues belong to 'y with 2 < k < n. Note that by the above
result, S, C {a—nfB > 0}. Fork =1, equation (9) becomes A+ (a—nB)|Vi|? = 0,
from which one can see that S C {a—np > 0}. In fact, Sy = {a—np > 0}. To see
this, note that the functions 1, (x) = oc—ln,B In(|z[*™™ + u) with p > 0 are solutions of
(9) in B1(0)\ {0}. In particular, w = 1 is a supersolution of (9) in B1(0), v =1y
is a subsolution of (9) in B1(0)\ {0}, w > v in B1(0)\ {0}, and w > v on 9B;(0),
but iIlfBl(o)\{o} (w - ’U) =0.

When F[¢] is the conformal operator Af], Corollary 1.9 was proved by the first
named author in [34] under the assumption that £ C € containing at most finitely
many points, U = {M € §™" : \(M) € T}, w € C%(Q) and v € C¥1(Q\ E).

A related issue of interest is whether the strong maximum principle and the Hopf
lemma holds. It turns out that, in this degenerate elliptic setting, both fail for a
large class of operators. See [8, 39] for further discussion.

Last but not least, the proof of Theorem 1.1 uses not only the comparison princi-
ple (Theorem 1.7) but also conformal invariance properties of A[¢] (i.e. of A*). We
remark that, for general F’ and U, the comparison principle itself is far from ensuring
(Lipschitz) regularity of viscosity solutions. See Section 5 for further discussion.

The rest of the paper is structured as follows. We start in Section 2 with some
preliminaries about regularizations of semi-continuous functions by lower and upper
envelops. In Section 3, we prove a generalization of Theorem 1.7 for more general
operators and give counterexamples to highlight the importance of the conditions in
the theorem. In Section 4, we prove the uniqueness Theorem 1.4 and the existence
result Theorem 1.5. Finally, in Section 5, we prove the regularity result Theorem
1.1 together with some generalization.
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2 Preliminaries

We briefly recall a well-known regularization of semi-continuous functions which will
be used later in the paper.
Assume n > 1 and let Q be an open bounded set in R”. For a function v €

USC(£2) and € > 0, we define the e-upper envelop of v by

ve(z) ;= max {v(y) - %|y - x|2}, Vr € Q. (17)

yeN

Likewise, for a function w € LSC(RQ), its e-lower envelop is defined by

— 3 1 2 ®
we(x) := rynelél {w(y) + E|y x| }, Vo € Q. (18)

Although our definition of upper and lower envelops is slightly different from
the definition in Cabré and Caffarelli [7], all relevant properties established in [7,
Lemma 5.2] remain valid with minor modification. We collect below some useful
properties.

(i) v¢, w, belong to C (), are monotonic in e and

Ve = v, W — w pointwise as € — 0. (19)

(ii) v and w, are punctually second order differentiable (see e.g. [7] for a definition)
almost everywhere in 2 and

[\]

2
Vit > -Z1, V?w,<ZI, ae. in (. (20)
€

€
(iii) For any x € €, there exists 2* = 2*(z) € Q such that
1
ve(x) = v(z*) — —|z* — z|? and |z* — 2| < e(maxv — v(x)).
€ Q

Likewise, for any = € €, there exists x, = z.(x) € Q such that

1
we(r) = w(r,) + ~|7, — 2* and |z, — z|* < e(w(x) — minw).
€ Q
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(iv) If it holds for some non-empty open subset w of € that inf,v > —oo and
sup,, w < 400, then

2 1 2 1
Vo] < T[m@xv — infv} 2 and |[Vw,| < —l[supw - mjﬂw]z (21)
€2 Q w €2 w Q

almost everywhere in w.

(v) The bounds for |z* — x| and |z, — x| in (iii) can be improved when v and w
are more regular. In fact, if |[v(z) — v(y)|] < m(Jz —y|) for all z,y € Q and
for some non-negative continuous non-decreasing function m : [0, 00) — [0, c0)
satisfying m(0) = 0, then

2 — | < [em((2e sup Jo]) /)],

Q

Analogously, if |w(z) — w(y)| < m(|x — y|) for all 2,y € Q, then
|z, — 2| < [em((2€ sup |w|)1/2)}1/2.
Q

Nevertheless, the bounds for |z* — z| and |z, — 2| in (iii) are generally sharp
for semi-continuous functions.

Properties (i)-(iii) can be found in [7]. To see Property (iv), we let zo € w be a
point of differentiablity of v¢, and estimate, for x; € €,

vlan) 2 0((2)") = 2 @1)* = ol

> v((r1) )—E|(551) —$1’2—E|(~’U1) —$1’|561—l‘0|—E|$1—5’?0|2

\)

1
=0 (1) — =|(x1)" — 21||x1 — 20| — E|{L’1 — x0|?, for all 2, z; € Q,

€

which implies, in view of Property (iii), that

vi(xr1) — vi(x 1
(1) (o) < —|maxv —v(x1)] + —[z1 — 20].
|931—$o| IR €

Sending x; — x¢ and recalling Property (ii), we obtain the assertion. Property (v)
follows from (iii) and the estimate

%\x* —z? = v(z*) — v (x) < v(x*) —v(z) < m(|lz* — 2)).
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The sharpness of the estimates for |z* — z| and |z, — x| in (iii) is demonstrated
by the following example. Consider 2 = (—1,1). For x € [-1, 1], define

1 if 272F2) < || < 27k for some k > 0,
w(x) = ¢ 2— 2%+ g if 27CFD < |z| < 272F for some k > 0,
0 it v =0.

Then w € LSC([—L 1])(7[/00(—1, 1), For k > 1, let ¢, = 2—2(2k+1) and Ty = 9—(2k+3)
We have

1 1
We, (2x) < w(0) + ;|$k|2 R
On the other hand, for [y — x| < 27*) = L, /e we have w(y) > 3 and
1 1
w(y) + =y —z* > 3.
€L 2

It follows that |(zx)s — x| > §/ek-
We conclude the section with a simple lemma about the stability of envelops
with respect to semi-continuity.

Lemma 2.1. Assume that v € USC(Q) and infgv > —oo. Then for all sequences
€ — 0 and x; — x € ), there holds

lim sup v (z;) < v(z).
j—o0

Likewise, if w € LSC(Q) and supgw < 400, then

lijrgglf we; (75) > w(w).

Proof. We will only show the first assertion. Assume by contradiction that there
exist some sequences €; — 0, ; — = € {2 such that
v (z;) > v(z) + 20 for some 6 > 0.
By the semi-continuity of v, there exists # > 0 such that
v(y) <v(x) 44 forall |y — x| < 6.
By property (iii), there exists Z; such that
v (x5) = v(i;) — ém — " and |a; — @;]* < Ej(SléPU —v(z;)) =0,

where we have used infg v > —o0. It then follows that |2; —z| < 6 for all sufficiently
large j and so
v (x5) < (E;) <o(r) +9,

which amounts to a contradiction. O]
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3 The principle of propagation of touching points

In this section, we prove Theorem 1.7. We will establish the propagation principle
for more general operators of the form

Fly] = V¥ + L(-, 4, V), (22)

where L : 2 X R x R" — 8™ under some structural assumptions on L and U
which we will detail below. (Clearly, Definition 1.3 extends to this general setting.)

It is natural to require that L be locally Lipschitz continuous. When L is only
Holder continuous, the propagation principle fails in a manner similar to the non-
uniqueness of first order ODE with non-Lipschitz right hand side. The following
example is well-known: Consider the equation Ay = |V with v € (0,1), i.e.
FlY] = V* — |VYPT and U = {M € 8™ : tr(M) > 0}. This equation admits
Y(z) = 0 and ¢(z) = mkd’\“ as classical solutions, where A = ﬁ As
2[1 > 1 on R™ and equality holds only at x = 0, the propagation principle fails.

We note that the degenerate ellipticity condition (8) and local Lipschitz regular-
ity of L are far from enough to ensure the correctness of the propagation principle
(even for rotationally symmetric and proper operators); see subsection 3.5 for coun-
terexamples.

The following structural conditions on (F,U) are directly motivated by the con-
formal operator Aft)]. First, we assume that U satisfies

AeUce(0,1)=cAel. (23)

Second, we assume that, for every R > 0 and A > 0, there exist m > 0, § > 0 and
C > 0 such that, for z € (2 and p € R",

[VoL(z,s,p)| < Clp[™  V[s| <R, (24)
0< L(z,s',p)— L(z,s,p) <C(s —s)|[p|"I V —R<s<s <R, (25)

p- vpL<x7 57]9) - L(S,x,p)
1 _
+OAV,L(z,s,p)| ] -0 <Cp®p— c lp|™I VY 60e€][0,0],|s| <R. (26)
Note that, (25) and (26) should be understood as inequalities between real symmetric

matrices: M < N if and only if N — M is non-negative definite. Also, (25) implies
that L is non-decreasing in s.
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Example 3.1. For allm > 2 and o, B € C’loo’;(]R) such that B(s) > o > 0 for some
constant By, « is non-decreasing and [ is non-increasing, the operator

Fly] = V2 +a(¥) Vi @ Vi — B(¢) [V I
satisfies conditions (24)-(26).

We now state our principle of propagation of touching points for operators of the
form (22).

Theorem 3.2. Let Q C R" (n > 2) be a non-empty bounded open set, L : Q0 x R x
R™ — 8™*™ be locally Lipschitz continuous and satisfy (24), (25) and (26) for some
m > 1, F be given by (22) and U be a non-empty open subset of S™*" satisfying (8)

and (23). If w € LSC(Q) and v € USC(SY) are respectively a supersolution and a
subsolution of (9) in Q, and if w > v in Q and w > v on I, then w > v in Q.

Interchanging the role of ¢ and —¢ and of U and 8™\ (=U) (where —U =
{—M : M € U}), we see that an analogous result holds if one replaces (23) by

AeUrce (l,00)=cAeU, (27)

and (26) by: for every R > 0 and A > 0, there exist positive constants 6,C >0
such that, for 0 <0 <0, z € Q, |s| < R and p € R",

p-V,L(z,s,p) — L(z,s,p)
1
— 0NV, L(x,s,p)| I +01 > —Cp®p+5]p|m[. (28)

We then obtain an equivalent statement of Theorem 3.2:

Theorem 3.3. Let Q C R" (n > 2) be a non-empty bounded open set, L : 2 x R x
R"™ — S§™™ be locally Lipschitz continuous and satisfy (24), (25) and (28) for some
m > 1, F be given by (22) and U be a non-empty open subset of S™*™" satisfying (8)

and (27). If w € LSC(Q2) and v € USC(QQ) are respectively a supersolution and a
subsolution of (9) in Q and if w > v in Q and w > v on 0N, then w > v in §.

Assuming the correctness of the above theorem for the moment, we proceed with
the

Proof of Theorem 1.7. If B > [y > 0, the result is covered by Theorem 3.2. If
B < —pBy < 0, the result is covered by Theorem 3.3. It remains to consider the case
£ =0 and « is constant. The operator F' then takes the form

F[Y] = VX +a VY @ V.
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When «a # 0, we note that the functions w = @—‘ea“’ and v = |g—‘ea“ satisfy w €

LSC(Q), v € USC(Q) and, in view of (10),
V20 = |a| |@] Flw] € 8™\ U and V*¥ = |a| |3|F[v] € U.
Therefore, we can assume without loss of generality that o = 0, i.e.
Fly] = V2.
In this case, note that
Fly + plzf’] = Fly] +2p 1. (29)

An easy adaption of the proof of Theorem 3.2 below (but using (29) instead of
Lemma 3.5) yields the result. O

We turn now to the proof of Theorem 3.2.

3.1 Error in regularizations

The following result is a direct adaption of [7, Theorem 5.1] which estimates the
error to (9) when making regularizations by lower and upper envelops.

Proposition 3.4. Assumen > 2. Let Q C R" be a bounded open set, U be an open
subset of S"*™ satisfying (8), L : QxXRXR™ — S™*™ be a locally Lipschitz continuous
function satisfying (24) and the second inequality in (25) for some m > 0, and F
be given by (22). For any M > 0, there exists a > 0 such that if w € LSC(Q) is
a supersolution of (9) in Q and if we is punctually second order differentiable at a
point x € Q and |we(x)| + |w(z)| < M (where x, is as defined in Section 2), then

1
F[U}E](I) - a|x* — $|(1 + gll‘* — :L"|) |Vw€(x>|m] e S \ U

Analogously, if v € USC(Q) is a subsolution of (9) in Q, and if v¢ is punctually
second order differentiable at a point x € Q and |v¢(z)| + |v(a*)| < M, then

1
Flvf](z) + alz™ — x| (1 + Z|x* —z|) Vo (z)|" I € U.

Proof. We only give the proof of the first assertion. The second assertion can be
proved in a similar way.
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We have
1
we(x + 2) > we(z) + Vwe(x) - 2 + §ZTV2U)E(I‘)Z +o(|z[*), asz—0. (30)
By the definition of w,, we have
1 2
we(r + 2) <w(xy + 2) + —|ze — 2|7,
€
and therefore, in view of (30),
1 2
w(ze + 2) > we(r + 2) — —|z, — 7|
€
> P.(x.+2) +o(|z]*), asz—0,

where P. is a quadratic polynomial with

Pu(e) = wele) = 1o — o = w(z.),

VP.(z,) = Vw(z),
V2P.(z,) = Viw().

Since w is a supersolution of (9), we thus have

On the other hand, in view of (24), (25) and w(z,) = w.(z) — 1|z, — z]* < w(x),
1

L(z,we(z), Vwe(z)) — L(zy, w(x,), Vw(z)) < C(|x — x| + E|x — 2.3 |Vw(x)|™ 1.

The conclusion is readily seen thanks to (8). O

3.2 First variation of F[¢]

As mentioned in the introduction, we would like to perturb a given function 1 to
another function ¢ in such a way that F[¢] is bounded from above/below by a mul-
tiple of F'[¢)] and with a favorable excess term. This will be important in controlling
error accrued in other parts of the proof of Theorem 3.2 (e.g. in regularizations).
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Lemma 3.5. Let Q) be an open bounded subset of R*, n > 2, L : Q xR xR" — §™*"
be a locally Lipschitz continuous function satisfying (25) and (26) for some m > 1,
F be given by (22), and ¢ : Q — R U {£oo}. For any M > 0, there exist positive
constants g, o, 8,0, Ky > 0, depending only on an upper bound of M, L and S,
such that

Y

N —

110 3 supe ¥ <
Q

and, for any 0 < p < pg, T € R, the function 1;#,7 =1U+u (ea|z‘2 +e ¥ — 1) satisfies
Fl] 2 (1= pfe ) FlY] + p Kol (1+ [VY[") T + VY @ V]
in the set

QMo .— {x € Q : Y is punctually second order differentiable at x,
W(z)| < M, and e®*F 4 e=PY@ _ - > —5}. (31)

Proof. In the proof, C' will denote some large positive constant which may become
larger as one moves from lines to lines but depends only on an upper bound for M,
L and ). Eventually, we will choose large f = B(C) > 0, small a = o(, M,C) > 0,
and finally small py = po(e, 5, M, C) > 0.

We set p(z) = eolel? f(¥) = —e P¥ and abbreviate ?ﬁu = éu,f =+ p(p—
f(@) — 7). Note that f'(¢)) > 0.

We assume in the sequel that a < 1, 6 < 1 and

1 1

[o Slép[l + ()] < c<3 (32)

The following computation is done at a point in Q9. We have
Fl) = (1= p f'@)F[) = n ["(0)Ve © VY + 2pap
+ L(l’, ¢M7 ku) - (1 — U f/(¢))L($7 wu v¢)
Noting that ¢ — f(1)) — 7 > —d in QM2 we deduce from (25) and (32) that
L(,4,, Vib,) > L(x,9, Vib,) — C pd (V™ + g™ a™ ™) 1.
Therefore,

Fli) > (1= p f W) F] = o f' @)V @ VY
+2ua (1 — Cou™a™ 1™ N I — C pud|V|™ I

+ Lz, %, Vi) — (1 — p f' () L(z, ¥, V). (33)
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We proceed to estimate L(x, ), Vab,) — (1 — p f'()) Lz, b, Vap). For 0 <t < p,

let ( ~ )
. L x7¢7v¢t
e
We have
d f'@) A ;
Eg(t) > m [L(l“a Y, th> — Vi - VpL(%@D, th)
Cago

Thus, in view of (26) and (32), if a, B and ¢ satisfy

1 1
Fw o e

in (26),

asup gl

then, with A = 8C and 0 = (w

d , . S 1
() > f <w>{—cw®w+ SV | = Sael

dt
, L m
> f(w)[—CVw®vw+51w| 1] —apl.
This implies

L(x, 4, Vib) = (1= p f' () L(w, ¢, Vi)
= (1= p f'(¥)lg(p) — 9(0)]
> 1 f W) - CVeO Ve + SV T —papl.  (3)
Combining (33) and (35) and using (34), we obtain
Fli] > (1= p f/ () FY] + pa (1 —2C5uma™ o™ ) oI
+Zn (W) - COIvUI I
+u =) = Cf )] Vi @ V. (36)

We now fix C' and proceed with the choice of «, 3,6 and pg. First, choosing
£ > 2C and recalling the definition of f, we have

1) ~ OF () = B(8 — O)e ™ > 25 F'().
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Next, choose a such that (34) is satisfied and choose d§ such that 1-2Cou™a™ 1pm=1 >
% and f'(¢)—C6 > 5 f'(¥). Finally, choose j such that (32) holds. We hence obtain
from (36) that

FIZ > (1= p f{@O)FI) + guow T + 2 n P@IVET T+ 281 f ()6 © Vo

This completes the proof. n

Lemma 3.6. Let Q) be an open bounded subset of R", n > 2, L : Q x R x R" —
S™" be a locally Lipschitz continuous function satisfying (25) and (26) for some
m > 1, F be given by (22), and ¢ : Q@ — R U {£o0}. There exist positive constants
o, @, 3,0, Ko > 0, depending only on an upper bound of supg ||, L and Q, such
that, for any 0 < p < po, 7 € R, the function LZM,T =Y—pu (ea‘xl2—|—e’5w—7) satisfies

Fldu) < (L4 ufe ™) FY] — u Kol (1 + [V9"™) T+ VY © Vo)
in the set QM2 defined by (31).

Proof. The proof is similar to that of Lemma 3.5 and is omitted. [

3.3 Proof of Theorem 3.2

Arguing by contradiction, we suppose that there exists v > 0 such that

max(v —w) =0 and (v—w)(z) <—y, Vre\Q,
Q
where €, = {z € Q0 : dist(x,0Q) > ~}.
For € > 0, let v and w, be the e-upper and e-lower envelops of v and w respec-
tively (see Section 2). We note that

v§v6gmng<+ooandw2w€2ménw>—oo.

In the sequel, we use C to denote some positive constant which depends on
maxg v, ming w, L and €2 but is always independent of e.

By Lemma 3.5, we can find g > 0, 6 > 0 and a smooth positive function
f:R" xR — (0,00), depending only on maxg v, ming w, L and €2, such that f is
decreasing with respect to the s-variable, fisupg |0sf(-, v¢)| < % and, for p € (0, 1),
7 € R and 9, = v+ p(f(-,v°) — 7), there holds

Floer] 2 (1= alouf (o) NF] + 5 (1+ [V ™) T (37)
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in the set

Q= {x € €2,/2 : v° is punctually second order differentiable at x,
v(z) > minw — 1 and f(z,v(z)) — 7 > —5}.
Q
Note that i and § are independent of e. Furthermore, in view of (19), there exists

7 > 0 independent of € such that, for all small € and n € (0,7), one can (uniquely)
find 7 = 7(€,n) such that the function &, := 0., — w, satisfies

max§., =n and &, < —% in Q\ Q,.
)

Let e+ denote the concave envelope of £, := max{{,, 0} on Q. Then by (20),
we have

4
V3¢, > _EI a.e. in .

By [7, Lemma 3.5], we have

/ det(—V°Tg: ) > 0,
{fe,nzrgin}

which implies that the Lebesgue measure of {&., = an} is positive. Then there
exists ., € {&, = ngn} N €2, such that both of v* and w, are punctually second
order differentiable at z,,

0 <&plmey) <, (38)
Véen(@en)| = [VOer(tey) — Vwe(zey)| < Cn, (39)
and
V% n(2ey) = Vi (7)) — Vi (z,,) < 0. (40)
From (38) and the definition of 7., we have
Fp (eg)) =7 > 2 lain) = 0 () (a1)

Note that, as w > v in €2, Lemma 2.1 implies that

Gli_%{%g%[weuem) — v(Zey)] = 0.
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f(@em, v(2ey)) — T > =0, V(L) > m%nw —1, and we(z.,) < mng + 1.

We deduce that z., € 5726,5 and thus obtain from (37) that
L

F[EE,T](-TEW) > (1- /L|asf(x6ﬂ77Ue(xem)”)F[ve](xE,n) + S (L + Vo (zey)|™) 1.

C
Next, the proof of (21) implies that, for any unit vector e,

aev€($e,7]> > _2 and aewe(l‘e,n) =

Ve Ve

This together with (39) implies that, for all sufficiently small 7,

|V66,T(9§6,n)| + |Vwe($e,77)‘ <

S0

Thus, by the local Lipschitz regularity of L,
L(@em, we(@en), V(tey)) = L(Tem, Ver(Ten), VO(2ey)) 2 =Cle)n 1.
This together with (40) implies that
Flud(zey,) 2 Floe [(ze,) — Cle)n 1.
Recalling (42), we can find 1 = 7(e) such that, for 0 < n < n(e), there holds

Flud(xey) = (1= plds f (e, v(@en)) ) F0(2ey) + %(1 + Vo (ze)|™) 1.

We next claim that

o]
gg&%gfo . |(l’eﬂ7>* - xe,n|2 + ’(xe,n)* - xem|2 < CN2~

(42)

(45)

Assuming this claim for now, we use Proposition 3.4 to find a > 0 independent of €

and 7 such that one has, in 2,

1 m nXxXn
Flud(ey) = al(zen)e = 2eql (L + —[(@en)s = ven]) [Vwe(zeq)|™ I € S\ U, (46)

* 1 * € m T7
Flo(wen) + al(@en)” = Tenl(L+ —|(2en)” = zenl) VU (en)" T € U,

(47)
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where z, and z* are as in Section 2. The relations (44), (46) and (47) amount to a
contradiction for sufficiently small p thanks to (8) and (23). Therefore, to conclude
the proof it suffices to prove the claim (45).

Pick some 7(€) < 7(€) such that n(e) — 0 as ¢ — 0. Pick a sequence €, — 0 such
that, for Z,, := Z¢,, (e, the sequence = [|(2m)* = Zm|?* + [(Tm)s — Tm|?] converges
to a limit which we will show to be no larger than Cu?. We will abbreviate 7, :=
T(€m,N(€m)), V™ = v, Wy, = w,,,. Without loss of generality, we may also assume
that x,, — zo € Q, f(Tm,v™(Tm)) = fo and 7, — 7o.

As maxgq &, =1, we have in view of (19) that

v(wo) — w(zo) + p(f (2o, v(20)) — 70)
= lim {v™(20) — wim(zo) + p(f (w0, v™(x0)) — T) } < 0. (48)

m—o0

On the other hand, by (38) and the fact that f is decreasing in s, we have

f(zo, limsupv™(x,,)) < fo= lim f(z,,v"(x,))

m—00 m—00

< imsup f(@m, win () = p(f (2m, 0" (@m)) = Tm))
< f(o, lmiorgf W (Tm) — 1 fo — 70)),
which implies, in view of Lemma 2.1 and the fact that w > v, that
f(@o, w(wp)) < f(wo,v(w0)) < fo < f(xo, w(wo) — p(fo — 7)),
which further implies that
0 < fo — f(wo, v(x0)) < C.
Together with (48), this implies that
v(wo) = w(zo) + p(fo — 70) < Cp’.

We are now ready to wrap up the argument. As (z.)*—z. — 0 and (z¢),—z. — 0
as € — 0, we have (z,,). — xo and (z,,)* — o. As v is upper semi-continuous and
w is lower semi-continuous, we have

limsup v((zp,)") < v(zg) and liminf w((z,,).) > w(zo).
m—00 m=00
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Thus, by the left half of (38),

2 + |('I€'m)* - Iem

1
O S llm Sup - [| (‘/B57n)* - x€7n
m—0o0 Em

< limsup {v((ze,)*) = w((2e,)s) + p(f (Tep, v (Te,,)) = T(€m, 1em))]}

m—0o0
< v(xg) — w(zo) + p(fo — 70) < Cp®.
We have proved (45), and thus concluded the proof. O

3.4 Proof of Corollary 1.9

We will use a result from [8].

Theorem 3.7 ([8]). Let n > 1, Q@ C R™ be a non-empty open set, and let a,b €
C%Q x R x R") satisfy

a(z,z,p) >0 forallz € Q,2 € R,p e R",
and U C 8™™ be a non-empty open set satisfying (8). If u € LSC(Q) satisfies
Au < C in Q in the viscosity sense,
and, for some subset E of Q) of zero Lebesque measure,
a(x,u, Du)V*u + b(z,u, Vu) € S\ U in Q\ E in the viscosity sense,
then
a(x,u, Du)V*u + b(z,u, Vu) € S\ U in Q in the viscosity sense.

Remark 3.8. This result was not stated as above in [8]. However, the proof of [8,
Theorem 1.2] in effect yields the above result.

Proof of Corollary 1.9. Note that constant functions are solutions of (9) and the
max of two subsolutions is a subsolution. It thus suffices to consider the case when

infv > —o0.
Q

By (14),

Av+ (a —nB)|Vu> > 0in Q\ E in the viscosity sense.
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Note that when (16) holds, then the function @ = e” w1 satisfies
At <0in Q\ E in the viscosity sense.

Asu > 0in Q\ F and E has zero capacity, the maximum principle then implies
that u > % > 0in Q\ E, and hence supg\p v < +00. Thus we can assume without
loss of generality that (15) holds.

In view of the comparison principle Theorem 1.7(b), it suffices to show that

F[v] € U in § in the viscosity sense, (49)
where we define, for x € F,

v(z) = limsup v(y) < +oo.
y—z,yeQ\F

Indeed, we note that, for C' > |a — ng|, the function u = —e“ € LSC(Q) satisfies
infqu > —o0, supgu < 0 and

Au = Cu(Av + C|Vv|?) <0 in Q\ E in the viscosity sense.
Since u > 0in Q \ E and E has zero capacity, it follows that
Au < 0in €2 in the viscosity sense.

An application of Theorem 3.7 (to the set U = 8™\ (=U)) then implies that

1 V2u 1 1 _
Fv] = EVUU_GVUSB; Vu—i—L(x, ol In(—u), %) € U in Q in the viscosity sense,
which proves (49), and hence the assertion. O

3.5 Counterexamples to the propagation principle

It this section, we give examples to illustrate that (8), i.e. degenerate ellipticity,
the properness and regularity of L is insufficient to ensure the correctness of the
propagation principle. These examples will also illustrate the importance of various
technical assumptions in Theorems 1.7 and 3.2.

Let a,b € C} ([0,00)) and consider for now a rotationally invariant operator F'
of the form

Fly) = V2 + a(|[V¢) VY @ Vi + b(| VY. (50)



25

In other words, we have

L(p) = a(lpl)p @ p + b(|p|) I.

Note that although a,b are locally differentiable, L is in general only locally Lips-
chitz. L is locally differentiable if and only if &'(0) = 0.

The following example suggests that some delicate attention should be paid if
one allows m = 1 in condition (26) (in the context of Theorem 3.2).

Proposition 3.9. Let a,b € C'(]0,00)) and F be of the form (50). If
b(0) = 0 and b'(0) # 0,

then the propagation principle does not hold for F', namely there exist a bounded
domain §) € R", a non-empty open set U C §"*" satisfying (8), and a supersolution
w € C*(Q) and a subsolution v € C*(Q) of (9) in Q such that w > v on 0N, but

ming(w —v) = 0.

Proof. Considering F[—1] and 8" \ U instead of F[¢)] and U if necessary, we can
assume without loss of generality that

b'(0) < 0. (51)

Let U be the set of positive definite symmetric n x n matrices. Note that v = 0 is
a solution of (9) on R™. Since L is independent of v, it suffices to exhibit a bounded
domain €2, and a supersolution w € C%(Q) of (9) in Q such that w > 0 on 9, but
ming w = 0.

In view of (51) and the fact that b(0) = 0, there exists some 79 > 0 and § > 0
such that 5

b(s) <0 and ry > &) for all s € (0,0). (52)

Let Q = {ro— 1< |z| < ro+ 1} and w(z) = w(|x|) for some w € C*([ro — 1,70+ 1])
satisfying w(rg) = w'(ry) = 0 and

w'(r) € (=6,0) for r € [rg — 1,79), (53)
w'(r) € (0,9) for r € (rg, 70 + 1]. (54)

Then w > 0 on 92 and ming w = 0.
To conclude the proof, we check that F[w] is not positive definite. Indeed, the
eigenvalues of F[w] are given by

1
MFw]) = (p,v,...,v) where = w” + a(jw'|)|w'|* + b(Jw'|) and v = ;w' + b(Jw')).
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Now, for r < rg, we have w’ < 0 (thanks to (53)) and b(Jw’|) < 0 and so v < 0. For
r > 19, we have, in view of (52) and (54),

1 b(w' 1 1
V:w'<——| (Uj)|> <w’(———) < 0.
r w rooT

Also, v = 0 when r = (. It thus follows that v < 0in (rg — 1,79 + 1), i.e. Flw] is
not positive definite. The proof is complete. n

The previous result show that the propagation principle does not hold for general
operators of the form (22). However, it is easy to see that the function L in Proposi-
tion 3.9 is Lipschitz but not C'. We will next construct some counterexamples with
smooth L.

For a € R, consider the rotationally invariant operator

Fly] =V = (7 [VY[ + a g [V + |V, (55)
le.
L(s,p) = —=(s°lp|"* + as|pl® + [p )1,
which is an analytic function of s and p. Note that neither condition (26) nor
condition (28) is satisfied for this function L. Note also that the leading part of

L(s, p) changes sign as s varies — this should be compared the assumption that §(w)
is of one sign in Theorem 1.7.

Proposition 3.10. Let n > 2, U be the set of positive definite symmetric n X n

matrices, and F be of the form (55) for some a < —g. Then the propagation

principle does not hold: there exists a bounded domain ), a supersolution w and a
subsolution v of (9) in Q such that w > v on 0Q but ming(w — v) = 0.

Proof. Fix some rq > 0. For t € R, let
() = (r) = t3 Ir — 7"0|§7 where r = |z|. (56)
The eigenvalues of F[i] are (A4, Aoy, ..., Aat) where
Mo =97 = Pl — aqpe|y]® — [
2 3 (8Py(t) + 6561)

TU50049 |r s

1
Aot = ;?/)2 — Pl — adyfiy]® — [

2 t3(8Py(t) — 196837="0)
59049 Ir—7o|3 ’
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and where Py(t) = 64t* + 324 at* + 729t.
Note that P4(0) =0, and, as o < —2,

Py(—2) = —434 + 1296 o < —3674,

9 6561 6561
P4<Z_l) = —4 (2"‘@) < ——8

It follows that the equation 8P4(t) + 6561 = 0 has four roots ti, ..., satisfying
h <2<t <0<i3< % < t4. In particular, we have Ay (r) = 0 for r # ro,
¢t =1,...,4. Also, from the expression of \y;, we can find some small § > 0 such
that

ti Ao, (1) > 0 for r # ro, |r — ro| < 0.

In addition, there exists tq < t; such that
Ato(r) > 0 and Aoy (1) > 0 for r # ro, |1 — 1] < 0.
We define,

B U, (r) forrg <r <rg+9,
w(z) = w(r) = { Py, (1) forrg— 6 <r < r,

2
for ro <r <wry+9,

77Z1t3(r)
v(@) =v(r) = { Py (1) forrg—6 <r <.

It is readily seen that w and v are respectively a supersolution and a subsolution of
(9)in Q= {|lr—ro| <d}, w>vin Q and {w = v} = {r = ro}. This finishes the
proof. ]

The previous example can be modified to give a counterexample to the propa-
gation principle with L being non-increasing in s.

Proposition 3.11. Let n > 2 and U be the set of positive definite symmetric n X n
matrices. There exists a smooth function L : R x R™ — S8™*" such that L is non-
increasing in s but the propagation principle does not hold for F of the form (22):
there ezists a bounded domain ), a supersolution w and a subsolution v of (9) in Q
such that w > v on 09 but ming(w — v) = 0.

Proof. For a € R to be fixed, consider

i — _(B3|p[10 6
(s,p) (s”[p]™ + as|p]” + 10Olpl ).
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We first show that the propagation principle does not hold for F = V2+ L as in the
proof of Proposition 3.10.
Fix some 7o > 0. For ¢t € R, define ¢, by (56). The eigenvalues of F[¢] are
()\1715, )\Q,t’ e )\Q’t) Where
M=o — YT = il - o
B 2 13(2P(t) + 164025)
T 1476225 Ir — ro|5 ’

_ 1 / 31././110 /16 1 /14
Aot = T@Z)t Py |¢t| a¢t|¢t| 100|77Z)t|
B 2 t5(2Py(t) — 4920757"0)

1476225 [E ’

LA

and where Py(t) = 6400 * + 32400 avt> + 729¢.

We next fix o = —32. Then Py(—2) = —85682, ﬁ4(—§) = 1260668 P4(§) =
— 1008248 Py(2) = —82766 and so the equation 2P,(t) 4+ 164025 = 0 has four roots
th, ..., 1ty satisfying t; < =2 <ty < —% < % < t3 < 2 < t4. Note that Az (r) =0 for

r#ro,t=1,...,4. Also, we can find some small 6 > 0 such that
i Mo, (r) >0 for r # ro, [r —ro| < 9,4 € {2,3,4}.
As Py(—3) = 96309 > 0, we can also assume for £y = —3 that
Az, (1) > 0and Ay z (1) > 0 for r # ro, [r — 10| < 0.

We define,

mmszZ{w&” forro < <70+ 0

(
Yy, (r)  forrg—48 <r <,

- by, (r) forrg < <o+,
v(z) =v(r) = { Yz, (1) forrg —6 <7 <.

It is readily seen that w and v are respectively a supersolution and a subsolution of
(9) for the operator F[i)] = V) 4+ L(1, Vi) in Q = {|r — ro| < 6}, w > v in Q and
{w =v} ={r=ro}. ) 3

Now we proceed to modify L to our desired L as L is not non-decreasing in s.
We note that, as || > £ and |{3] > £, (w(z), Vw(z)) and (v(z), Vu(z)) belong to
the set

32 32
N = {(S’p)GRXR”‘“MZGR\(_E’E)} for all z € Q\ {r =ro}.
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As 0,L(s,p) = —|p®(3s2[p|* + )T = —|p|®(3s|p|* — 28)I, we see that L is non-
increasing in s for (s,p) € N.
Next, note that, for a fixed p # 0,

245821
364500

238531
364500

= 32 =32

L(—=|p|*,p) = i T =L(=p|%p).
(=511 P) I’ <0< Pl (3P P)

Therefore, there exists a smooth function L : RxR™ — §"*" which is non-increasing

in s such that L = L in N (e.g. by smoothly interpolating in s the values of L on

the boundary of N). Then w and v are also a supersolution and a subsolution of

(9) for the operator F[¢] = V) + L(v, V1) in Q. This completes the proof. ]

4 Perron’s method

We begin with the
Proof of Theorem 1.4. The conclusion a direct consequence of Theorem 1.7(b). [

In the rest of this section, we prove Theorem 1.5. We introduce some notations.
For O C R", £: 0 — [—00, 00, let

¢(x) := lim sup{€(y) |y € O,y —a| <7},

& (2) = lim inf{{(y) |y € O, |y —af <7}

It is easy to see that, if £*(x) < +oo for all x € O, then £* € USC(O). Likewise, if
&(x) > —oo for all x € O, then &, € LSC(O).

&* is called the upper semicontinuous envelope of &, it is the smallest upper
semicontinuous function satisfying & < &* in O. Similarly, &, is called the lower
semicontinuous envelope of &, it is the largest lower semicontinuous function satis-
fying £ > &, in O.

Note that, for any constant ¢, F[c] = 0 € OU. Thus, replacing v by max(v, c)
with some ¢ < infygg w and w by min(w, ¢) with some ¢ > supyq, v if necessary, we
can assume that

—oo < infv < supw < 400.
Q Q
Here we have used the fact that the maximum of two subsolutions is a subsolution
and the minimum of two supersolutions is a supersolution.



30

Note that by hypotheses, w > v in 2. Define

u(z) = inf{&(z) |v<E<win Q¢ =v=mwon 0N,

¢ € LSC(Q), & is a supersolution of (9) in Q}.  (57)

Clearly

infu > infv > —o0.
Q Q

We will prove that the above defined u satisfies the requirement of Theorem 1.5.

Lemma 4.1. Let O C R™ be an open set, L : O x R x R" — §™™ be continuous,
F be given by (22), and let F be a family of supersolutions of (9) in O. Let

n(x) :=inf{{(z) | £ € F}, z€O.
Assume that n.(z) > —oo V & € O. Then 1, is a supersolution of (9) in O.

Proof. Suppose for some x € O that there exists a polynomial P of the form

P(y) =+ (y—2)+ 5y —2) My — o),

with a € R, p € R", M € §™*", such that, for some € > 0,
P(x) = nu(x) and P(y) < m.(y) ¥ |y — 2| < (58)
We will show that
F[P](x) € S™™\ U. (59)

It is standard that this implies that 7, is a supersolution of (9) in the sense of
Definition 1.3.
By the definition of 7., there exists r; — 0%, |2; — 2| < r; such that

1 1
5%ﬁ_n@)_£bn+l_n®Hvann®) ()
Moreover, there exists & € F, such that & > n > n, and

0 < &(xi) —n(x) < %

We see from the above that

&>n>n>P in B(x),
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and
§i(wi) = n.(x) = P(x).
For every 0 < 20 < min{e, dist(x,00)}, consider
Py(y) := P(y) = oly — =]
Then
&> Ps in B(z), & > Ps+6° in B(z)\ Bs(z), and &(x;) — Ps(z;) — 0.
It follows that there exists 3; = o(1) > 0 and x} € Bs(x) such that
§i(y) = Bs(y) + i, in Be(x),  &(a7) = Ps(a7) + i (60)
As &, is also a supersolution of (9) in O. Thus,
FIPs + Bi)(x7) € S\ U. (61)

Claim. z] — =.

Indeed, after passing to a subsequence, z¥ — Z, for some Z satisfying |z —z| < 0.
By (60) and the definition of n and 7.,

ne(x7) — Bi < &) — B = Ps(}).

Sending ¢ to infinity in the above, and using the lower-semicontinuity property of
1., we have n,(z) < Ps(z) = P(Z) — 6|z — x|*. On the other hand, P(z) < n.(z)
according to (58). Thus z = x, and the claim is proved.

With the convergence of x} to x and of §; to 0, sending ¢ to 0 and i to oo in (61)
yields (59). Lemma 4.1 is established. O

Proof of Theorem 1.5. We know that
max (v, u,) < u < min(u*, w), in ), (62)

where u is defined by (57). Clearly,
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By Lemma 4.1, u, is a supersolution of (9) in 2. By the comparison principle
Theorem 1.7(ii), u, > v. Hence, by the definition of u, u < u, in Q. Thus v = u, in
Q, and u is a supersolution of (9) in Q.

Note that

supu® < supw < +00.
Q Q

Claim. u* is a subsolution of (9) in 2.

To prove this claim, we follow Ishii’s argument ([22]). Indeed, if the claim does
not hold, there exist x € 2 and some quadratic polynomial

1
Ply)=a+p-(y—a)+5(y—2)' My —2),
with a € R, p € R", M € §™*", such that for some € > 0
P(y) > u'(y) fory € B(x),  P(x) = u'(a). (64)

but
F[P)(z) € S™"\ U. (65)

Since ™"\ U is open, there exists 0 < 26 < min{é? 1} such that for all
0 < § < ¢, the function

Ps(y) := P(y) + d0ly — «|> — 6

satisfies
Ps(z) = P(z) — 6 < u*(z), (66)
and B
F[Ps|(y) e S""\ U, Viy—z| < 519, (67)
Clearly,
Ps(y) > P(y), ¥ l|y—a|>d"" (68)
Define

U

(y) = min{u(y), Ps(y)}, if |y — x| < &'/,
P uly), if [y — o > 6/,

By (67), Ps is a supersolution of (9) in {y : |y — x| < 6'/°}. By (68), and using
P > u* > u, we have

i(y) = u(y) = min{u(y), Bs(y)},  6Y° <l|y—a| <55
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It follows that u, being the minimum of two supersolutions, is a supersolution of (9)
in 2, and, because of the definition of wu,

u< in Q. (69)

On the other hand we see from (66), the definition of & and (69) that there exists
e € (0,0'°) such that

uly) <aly) < Bs(y) <u'(z) —e,  V]y—al<e

Thus
u*(z) = lim sup{u(y) | [y — 2| <r} <u'(z) —¢
r—0+

a contradition. The claim is proved, i.e. u* is a subsolution of (9) in €.

Now we have proved that u, = u and u* are respectively supersolution and
subsolution of (9) in Q, and u, = u* on 9. By the comparison principle Theorem
1.7(ii), v* < w in ©Q and so u = u, = u* is a solution of (9). O

To conclude the section, let us remark that:

Remark 4.2. The conclusion of Theorem 1.5 is still valid for more general (F,U) as
in Theorem 1.7, or Theorem 3.2 or Theorem 3.3 provided that the function L(x, s, p)
is independent of s and

—oo < infv < supw < 4o00.
Q Q

5 Lipschitz regularity of viscosity solutions

In this section we prove Theorem 1.1, as an application of the comparison princi-
ple Theorem 1.7. We also consider some mild generalization regarding Lipschitz
regularity of viscosity solutions for operator of the form (22).

Proof of Theorem 1.1. Without loss of generality, we may assume that Q2 = B(0,1)

and we only need to prove that u is Lipschitz continuous on B(0, 3).
=]

(note that R is positive as u

sup u
For any 2 € B(0,3), 0 < A< R:=1 [B(.O’g)

is continuous and positive), we define u, ), the Kelvin transform of u, as

)\an )\Z(y —l‘)
ur + ———5-
( ly — xf?

s (y) ) vyeBm,Z)\B(x,A). (70)

Ty
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For any y € 0B(0, 2), we have

up A (y) < (4R)"% sup u= inf u < u(y).
B(0,2) B(0,3)

Also, we know that
3
A(A%>) € 9T, in B(0, Z) \ B(z,\), in the viscosity sense.

Since u, y = u on dB(z, \), by applying the comparison principle Theorem 1.7(b)

with Q = B(0,3) \ B(z,\), U = {M € ™" : \(M) € I'}, Fl¢] = AY], w =

2 - __2
——=Inu, ) and v = — =5 Inu, we have

). (71)

By [36, Lemma 2], (71) implies that u is Lipschitz continuous on B(0, 3). This
concludes the proof. O]

uzx < uin B(0, Z) \ B(z,\) for any 0 < A < R,z € B(0,

N —

As pointed out in the introduction, the above proof of Theorem 1.1 uses not
only comparison principles but also conformal invariance property of the conformal
Hessian. For general operators of the form (22), one does not expect a purely local
regularity as in Theorem 1.1, as illustrated by the following example.

Example 5.1. Let U be the set of symmetric n x n matrices M with My, > 0, and
L =0. The equation F[y] € OU becomes

2.0 =0.

Then, the comparison principle holds (by considering the restriction of 1 to each line
parallel to the xi-axis). Nevertheless, for any continuous function f : R"™™1 — R,
(w1, T, 1) = f(T2,...,2,) is a viscosity solution of F[y] € OU, and clearly,
the reqularity of v (with respect to the xs, ..., x, variables) is not better than that
of f.

Despite the above negative example, by a variant of the proof of Theorem 1.1
which uses translational invariance rather than conformal invariance, we have the
following partial generalization:

Corollary 5.2. Assume n > 2. Let Q@ C R"™ be a bounded open set, (F,U) be
as in Theorem 1.7 with constant o and . Assume that ¢ € C°(Q) is a viscosity
solution to (9) in Q. If¢p € COY(N N Q) for some open neighborhood N of OS2, then
Y € C%YQ) and

sup [V < sup [Vi).

Q NNQ
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Before giving a proof, we remark that, in general, the Lipschitz regularity of ¢
on 02 does not ensure that the solution ¢ is Lipschitz continuous in (2.

Example 5.3. Consider the equation
Fly] =V — |Vy|™ I € 0U (72)

where m > 2 and U 1is the set of symmetric n X n matrices with at least one positive
eigenvalue. (This equation can be written equivalently as

det(F[¢]) =0 and Fy] <0.)

m—2
1

Then ip(z) = —(m—1)m=1(m—2)"" (Jz| - 1)% is a solution to (72) on Q, = {1 <
lz| < a} for any a > 1. Clearly ¢ is constant on each component of the boundary
0y, but p ¢ CH1(Q,).

Proof of Corollary 5.2. Shrinking (2 and N if necessary, we may assume that ¢ €
CYY(N).
We note that for any vector e € R™ and any constant ¢ € R, the function

Ye(z) :=Y(x + €)

satisfies F[1). + ¢] € OU in Q. := {z : © + e € Q} in the viscosity sense. Thus, by
the comparison principle Theorem 1.7(b),

< — ) in QN Q..
¢_¢e+a(rggge)(¢ Ye) in QN Q.

In particular, there is some 6 > 0 such that for |e| < §, we have d(QNQ.) C N and

b < e +sup |[Vile] in QN Q..
N

This implies the assertion. [
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