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ABSTRACT

The seminal reward prediction error theory of dopamine function faces several key challenges. Most1

notable is the difficulty learning multiple rewards simultaneously, inefficient on-policy learning, and2

accounting for heterogeneous striatal responses in the tail of the striatum. We propose a normative3

framework, based on linear reinforcement learning, that redefines dopamine’s computational objective.4

We propose that dopamine optimises not just cumulative rewards, but a reward value function5

augmented by a penalty for deviating from a default behavioural policy, which effectively confers6

value on controllability. Our simulations show that this single modification enables optimal value7

composition, fast and robust adaptation to changing priorities, safer exploration in the context of8

threats, and stable learning amid uncertainty. Critically, this unifies disparate striatal observations,9

parsimoniously reconciling threat and action prediction error signals within the striatal tail. Our10

framework refines the core principle governing striatal dopamine, bridging theory with neural data11

and offering testable predictions.12

1 Introduction13

Almost three decades ago, Schultz et al. [1] proposed that midbrain dopamine (DA) neuron phasic activity encodes14

temporal difference errors (TDEs). This fundamental idea, leveraging the temporal difference (TD) learning algorithm15

[2], suggested the brain could assign credit in terms of expected future reward using temporally successive predictions.16

Numerous experiments have since substantiated this relationship within the TD reinforcement learning (TDRL)17

framework [3, 4, 5, 6, 7]. A core motivation was that engineered systems employ similar algorithms to optimise actions18

in complex environments, mirroring challenges faced by animals [1]. However, three key challenges currently impede19

TDRL research from fully realising this core motivation.20

The first challenge arises because typical experiments and computational models, utilising single-attribute rewards21

(e.g., juice) and monolithic value functions, inadequately capture the multi-objective nature of challenges animals face22

in real life. Animals must constantly satisfy distinct, often conflicting objectives under changing priorities, a kind23

of non-stationary reward landscape. This necessitates either multiple value functions [8, 9] or alternative efficient24

representations like the successor representation [10, 11, 12], as standard RL approaches struggle with instant revaluation25

under non-stationary rewards [8, 9, 13]. This need for fast adaptation to multiple objectives (often encoded by different26

rewarding attributes), under shifting priorities, is ubiquitous in homeostasis [14, 15, 16] and extends to human cognitive27

tasks [17]. Neural evidence further suggests dopaminergic circuits projecting to different targets may encode multiple28

value functions corresponding to various reward modalities (e.g., food, juice, water [18, 19, 20, 21, 22]), valence (e.g.,29

threats versus rewards [23]), substance type [24], or even abstract features and contexts [25, 26, 27], yet this multiplicity30

is not captured by standard TDRL.31

The second challenge concerns the TD-learning rule used by Schultz et al. [1], which learns values under the current32

behavioural policy (on-policy algorithms), rather than under an optimal policy (off-policy algorithms). The result is that33

the learned values estimate future returns assuming continued use of the current, often suboptimal, policy. While a core34
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motivation was to learn optimal actions [1], on-policy algorithms characteristically learn suboptimal values under an35

often-exploring, suboptimal policy. This compromise, well-noted in traditional single-objective RL [28] and usually36

dealt with by heuristically tuning exploratory noise, becomes particularly problematic in multi-objective RL, where the37

behavioural policy can change drastically with shifts in needs or non-stationarity [8].38

The third challenge stems from widespread dopamine heterogeneity, which calls into question the physiological basis of39

a single, broadcasted scalar reward prediction error (RPE). While a final scalar variable is computationally necessary40

to guide choice, the notion of a monolithic RPE signal is increasingly at odds with observations of diverse dopamine41

responses, both between and within striatal subregions. Furthermore, extending the classical model [1] to multiple42

objectives [9] only partially explains this diversity (e.g. between different DA targets), leaving more perplexing forms43

of heterogeneity unresolved.44

Nowhere is this challenge more apparent than in the tail of the striatum (TS), whose normative role is hotly debated.45

Evidence suggests TS-projecting neurons encode threat prediction errors (TPEs) to guide avoidance, even without46

explicit aversive reinforcement [29, 30, 31, 32], with direct and indirect pathway heterogeneity [32]. Others posit that47

TS-projecting neurons encode action prediction errors (APEs) [33], which have been linked to “value-free” habits [34]48

and are difficult to integrate into a standard value-based TDRL framework, as they are often modelled as a separate49

ad-hoc component [34, 35, 36]. Reconciling these conflicting views is a central problem; recent unifying accounts, for50

instance, often highlight the TS’s role in stimulus-associated salience predictions but tend to disregard APEs [37]. Thus,51

a parsimonious account that integrates the normative roles of both TPEs and APEs into the TDRL framework remains52

elusive.53

While distinct, the first two challenges - the need for multi-objective learning and the pitfalls of on-policy methods -54

converge on a single, fundamental question of optimal composition of multiple values. The brain clearly possesses55

mechanisms for learning multiple values, but how can they be reliably combined to produce a coherent and optimal56

policy? Ideally, this “recipe” for combining values should satisfy two key properties: optimality and compositionality.57

Optimality, the bedrock of modern reinforcement learning [38], simply means choosing the best possible action [39].58

Compositionality, conversely, is the formal principle of constructing solutions to complex problems from a set of59

modular components, for instance by allowing a multi-attribute task to be represented by a basis set of value functions60

tuned to individual reward dimensions. Crucially, this structure allows policies for novel priority landscapes to be61

constructed by flexibly recombining these components, obviating the need to learn each new configuration de novo.62

As noted previously [7], the choice of learning algorithm is not a mere technicality but a foundational choice dictating63

the system’s computational objectives. Recent proposals often overlook this, foregoing either optimality [9] or64

composability [8]. On-policy methods (e.g., SARSA), for instance, suffer from learning interference, especially under65

shifting contextual priorities. When the current context prioritises one reward, the agent’s policy becomes biased;66

because learning is tied to this policy, the valuation of alternative rewards is not learned in isolation but is corrupted67

by being evaluated through the lens of the current trajectory. In contrast, off-policy methods (e.g., Q-learning) fail68

because of the non-linearity of the Bellman optimality (max) operator, which is not additive. This creates an unrealistic69

assumption: the agent is treated as perfectly rational during valuation (identifying the single best future action) yet as70

boundedly rational during action selection (making stochastic choices). This inconsistency between an ideal valuation71

and a bounded action-selection corrupts the composition of different reward values, revealing the need for an internally72

consistent framework for decision making.73

To resolve this, we adopt a normative framework from control engineering [40, 41, 39, 42], broadly termed linear RL74

[43]. We propose that the dopamine system’s objective is not merely to optimise cumulative reward, but to optimise75

returns augmented by a penalty for deviating from a default policy. This single modification provides a principled76

solution to the optimal composition problem [44]. By enforcing a consistent assumption of bounded rationality77

throughout both valuation and action selection, it resolves the paradoxical logic of standard algorithms, allowing78

multiple values to be robustly combined.79

Remarkably, the same principle that ensures optimal composition also provides a unified normative account of dopamine80

heterogeneity. The framework’s parallel architecture for outcome-specific prediction errors explains between-target81

dopamine heterogeneity [9, 45] and supports efficient learning and adaptation across multiple rewards. Furthermore,82

composing values from different initialisations can explain within-target heterogeneity, threat prediction errors (TPEs)83

and how the flexible expression of such innate values can drive safe learning. Most strikingly, the penalty term itself84

manifests computationally as an action prediction error (APE), revealing its function in promoting stable learning by85

conferring a value on controllability. We substantiate these claims in our Results, which use a didactic example and86

simulations to demonstrate each of these respective normative advantages.87
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2 Results88

2.1 Theory sketch89

At Marr’s computational level [46], we formalise dopamine’s objective as maximising future returns augmented by a90

penalty for deviating from a default policy. The agent thus optimises a relative-entropy–regularised return,91

Gt =
∞∑
k=0

γk
[
rt+k+1 − τDKL

(
π(·|st)∥πd(·|st)

)]
,

where DKL is the KL divergence between the current behavioural policy π and a default policy πd. If πd is uniform,92

this encourages random exploration (maximum-entropy RL); if πd slowly tracks the learned policy π, it promotes93

choice perseveration or soft-habit formation by penalising deviations from recently taken actions [34, 43, 47, 48].94

At the algorithmic level, this objective is solved using soft Q-learning [49], an off-policy temporal difference (TD)95

method, adapted here for the general relative-entropy objective. Q-values are updated as per,96

Q(st, at)← Q(st, at) + αδt,

where α is the learning rate, and δt is the temporal-difference error at timestep t, defined as:97

δt = rt+1 + γVQ(st+1)−Q(st, at),

where the soft state-value is given by VQ(s) = τ logEa∼πd exp(Qπ(s, a)/τ)(see Methods, Eq. 9). VQ(s) replaces the98

biologically intractable maxa Q(s, a) of the standard Bellman optimality operator with a smoother, compositional form99

(see Methods). Notably, for this one-step algorithm, the KL-divergence from the objective does not appear in δt because100

the action at has already been taken [50, 49, 51]; however, it re-emerges in our derivations of multi-step extensions101

(Section 2.5). Actions are chosen using a Boltzmann policy that is optimal under this regularised objective(Methods,102

Eq. 8).103

Multiple soft Q-functions Qi(s, a) are learned in parallel for distinct reward attributes ri and then combined through a104

weighted softmax or summation operation105

rc(s, a) = f(r1, r2, . . . , rn;w),

where the weights w reflect current priorities, such as homeostatic needs [14, 9], inferred beliefs [25, 26], or survival106

imperatives. When f is weighted softmax, the compositionality of optimal control laws in linear MDPs [44] guarantees107

that composing these independently learned values using the same function f yields a policy that is optimal for the108

composite reward rc.109

At Marr’s implementation level, our model predicts parallel soft Q-learning mechanisms to account for heterogeneity110

in dopaminergic responses, both between and within distinct neural targets (Fig. 1). Separate value channels for111

distinct reward attributes (e.g., appetitive or aversive) support efficient multi-attribute learning while preventing positive112

outcomes from overriding threat or punishment values [52, 53, 54].. However, within a single dopaminergic target (e.g.113

the tail of the striatum), we propose that heterogeneity can also arise from multiple value functions sharing a common114

outcome signal but differing in their initialisations, potentially reflecting priors for different contexts, associated with115

different priorities. Such value initialisations can drive behaviour and explain dopaminergic responses even without116

explicit outcomes [55, 56, 31], a concept elaborated below in Section 2.4.117

We first illustrate the principles of optimal value composition with a didactic simulation, building on Todorov [44],118

while situating and comparing with contemporary biological multi-objective RL models, then proceed to more concrete119

experiments.120
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Figure 1: Neural architecture for optimally composable multi-objective reinforcement learning. (A) Conventional
temporal-difference (TD) model [1]: dopamine neurons compute a scalar reward-prediction error (RPE) that updates
a single state-value function in the striatum. Extensions with parallel outcome channels yield vectors of values and
RPEs [9]. (B) Proposed model: parallel soft Q-learning modules learn distinct state–action values within a linearly
solvable MDP framework [41]. Their outputs are optimally composed (f ) to guide behaviour that maximises a weighted
combination of rewards. This architecture supports parallel dopaminergic targets and within-target heterogeneity
through different value initialisations, requiring access to a default policy πd for computing soft state-values VQ.

2.2 Optimal composition of multiple value functions for reliable optimisation121

A central challenge in multi-objective reinforcement learning (RL) is to reliably combine multiple value functions122

into a single, coherent policy. Recent proposals typically, linearly decomposes a composite reward rc into attributes123

(r1, r2, . . . ), learn independent value functions Qi(s, a) for separate reward components ri and combine them linearly to124

form a composite value Qcomp =
∑

i wiQi (using the same weights used in reward decomposition) [57, 8, 9]. However,125

depending on the specific value learning algorithm, this can lead to a critical trade-off: either the individual values Qi126

are optimal for their respective rewards ri but their composition Qcomp is not optimal for rc (i.e., Qcomp ̸= Q∗
c ), or the127

composition is well-defined but the individual values Qi themselves are sub-optimal (i.e., Qi ̸= Q∗
i ).128

To illustrate the first issue - individually optimal values that compose sub-optimally, we consider the off-policy, multi-129

objective Q-learning, devised by Russell and Zimdars [57] and utilised by Dulberg et al. [8]. This method learns130

optimal Qi for each ri using standard Q-learning (using equation 10) and then additively combines them (referred to as131

vanilla composition). In a two-step MDP with two reward functions r1, r2 (Fig. 2A), if we equally weight rewards132

(w1 = w2 = 0.5) to get rc, the (undiscounted) optimal Q-values for rc in the starting state S0 are Q∗
c(S0, a = L) = 3.5133

and Q∗
c(S0, a = R) = 4.5. However, the additively composed Q-values are Qcomp(S0, a = L) = Qcomp(S0, a =134

R) = 5. Consequently, an agent using Qcomp with a softmax policy chooses actions L and R with equal probability,135

irrespective of the temperature τ , deviating from the optimal behaviour for rc (Fig. 2B). This sub-optimality arises136

from the non-linearity of the max operator in the Bellman optimality equation (see Methods, Section 4.3).137

To make this concrete, one can view this as multi-attribute decision making problem with two juices of similar utility138

per millilitre consumption. The left path from S0 leads to maximum consumption of Juice 1 (r1) whereas the right path139

leads to maximum Juice 2 (r2). The abstract result above — where the flawed multi-objective Q-learning algorithm140

computes both left and right actions at S0 as equally valuable even when the path leading to rc = 4.5 is objectively141
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better — demonstrates how the inconsistent rationality assumption in standard Q-learning leads to suboptimal choices.142

Here rc is an internally constructed composite reward based on priorities w1 and w2 and external rewards r1 and r2.143

Figure 2: Demonstration of the reliable and optimal composition of values in linear MDP. (A) Two-step MDP with two
(diverging) reward functions, say Juice 1 (r1) and Juice 2 (r2). (B) Action selection probabilities under sub-optimal
additive composition of Q-values in MDPs (Qcomp) deviate from optimal behaviour mandated by Q∗

c optimising rc. (C)
Action selection probabilities under optimal softmax composition in Linear MDPs (Qcomp) match optimal behaviour
mandated by Q∗

c optimising rc. Weights set to w1 = w2 = 0.5 (equal priority for both rewards) and action probabilities
plotted for a range of τ . (D) Changing reward weight w1, denoting the change in priorities and w2 = 1 − w1. (E)
Action values of multi-objective (MO) SARSA show unstable and unreliable learning over episodes. (F) Action values
of MO Soft Q-learning show reliable and stable learning over episodes. Note that the focus is on value learning over
episodes is stable or has interference; action values from (E) and (F) cannot be compared as the objective functions are
different.

In contrast, our approach using soft Q-learning within the linear MDP framework allows for a reliable composition.144

Here, rewards rc,τ , a composite reward function composed from individual rewards r1 and r2, and Q-values Qcomp,τ145

are functions of τ , which controls the influence of a default policy πd (here, uniform, though its specific choice does not146

alter this result). As shown in Fig. 2C, the resulting composed policy reliably optimises the target reward composition,147

achieving Qcomp,τ = Q∗
c,τ (Theorem 1, Methods Section 4.3). This demonstrates optimal value composition [44].148

For completeness, we also simulated a viable alternative - the additive reward composition within this linear MDP149

(supplementary Fig. S1 and text), which also outperforms MO Q-learning additive composition in MDPs, along with150

theoretical guarantees [58].151
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On the other hand, works that employ on-policy algorithms, i.e. TD(0) [1], its multi-objective extension [9] and152

extensions to control (SARSA), are known to not reliably learn optimal policies, especially from sub-optimal trajectories153

(see supplementary Fig. S2).154

However, the limitations of on-policy learning become particularly acute in multi-objective scenarios with dynamically155

shifting priorities. This is because policies optimal to one value component are bound to be sub-optimal for other156

value components, but values for all components are learnt under a common behavioural policy. Here, we highlight157

a critical form of interference in multi-objective (MO) on-policy algorithms such as MO SARSA (or vanilla Reward158

Bases [9]): as priorities shift (Fig. 2D), the ensuing changes in the global behaviour policy directly impact the valuation159

of individual components (supplementary Fig. S1 illustrates different policies under different priorities). Because160

on-policy value updates (e.g., in MO SARSA) depend on the current policy π (i.e., Vi,π(s
′)), actions taken to optimise161

one reward modality can lead to unintended revaluation and even unlearning of values for other modalities (Fig. 2E). In162

our juice example, this models a task where the rules frequently switch, making only one juice the prioritised or most163

rewarding option at a time (Fig. 2D). This could also be implemented via changes in homeostatic needs, although these164

typically occur on a slower timescale. The unstable value estimates demonstrate how an on-policy agent struggles to165

adapt: its learned value for ‘Juice 1’ becomes corrupted while it pursues ‘Juice 2’, preventing a flexible switch when166

the rules change. In contrast, our off-policy multi-objective (MO) soft Q-learning framework effectively mitigates this167

interference, ensuring stable and accurate learning of all value components (Fig. 2F). These divergent learning dynamics168

i.e. instability in on-policy versus stability in off-policy approaches under shifting priorities, offer experimentally169

testable predictions.170

In summary, MO soft Q-learning achieves a reliable and optimal composition of multiple values. This contrasts with171

MO SARSA, which suffers from unstable value learning under shifting priorities, and standard MO Q-learning, which172

can yield sub-optimal compositions. It is important to note that several of the diverging predictions arise in MDPs173

with two or more steps sharing some common states, whereas several experiments [21] and subsequent modelling [9]174

are limited to one-step tasks where all learning rules reduce to the Rescorla-Wagner rule and do not yield diverging175

predictions. These diverging predictions can be used to tease apart strategies used in multi-attribute decision making.176

2.3 Efficient learning and off-policy fast adaptation177

Efficient adaptation to non-stationary rewards is a hallmark of intelligence. While full model-based RL offers a solution,178

it is computationally costly. Part model-free solutions rely on either (i) composing independent value functions for179

different (pre-defined) reward types, as discussed above [8, 9], or (ii) learning efficient representations such as the180

successor representation (SR) [10], which allow rapid revaluation of policies when reward functions change.181

Crucially, in the case of on-policy model-free algorithms, Millidge et al. [9] show that a combination of TD(0) learning182

rule for each of the reward types is akin to a compressed SR with rewards tuned only to relevant dimensions. An183

equivalent relationship in off-policy algorithms is lacking. The default representation (DR), an off-policy counterpart to184

the SR derived from linear MDPs [43, 41, 39], overcomes the on-policy limitations of the SR and offers such a path.185

We first establish a theoretical link between our multi-objective (MO) Soft Q-learning and the DR, and then proceed to186

empirically demonstrate its superior performance over on-policy alternatives.187

Theoretical result: Relationship to the default representation (DR). MO Soft Q-learning learns values equivalent to188

those learned by a compressed DR tuned to only relevant (predefined) reward dimensions (Methods, Section 4.5). It189

further provides two benefits: First, MO Soft Q-learning scales linearly with state space size (assuming a fixed, smaller190

number of reward dimensions), whereas the full DR scales quadratically. Second, unlike the SR, the DR lacks an191

efficient TD learning algorithm and typically requires matrix inversions for its computation, which are biologically192

implausible. MO Soft Q-learning provides a TD-based mechanism to learn DR-like values for the relevant pre-defined193

reward dimensions.194

Simulation result: MO Soft Q-learning enables superior adaptation to shifting priorities. We empirically tested195

these advantages in a four-room grid world where an agent pursued one of three goals, with priorities shifting every196

1000 episodes (Fig. 3A; see Methods for more details). This task, though standard, is more complex than some prior197

grid worlds [8, 9], by introducing walls.198

MO Soft Q-learning outperformed SR and other MO TD algorithms in total rewards accrued (Fig. 3B), demonstrating199

superior adaptation. The policy-dependence of SR was particularly detrimental during priority shifts requiring substantial200

re-planning [59]. For instance, when needing to switch back to a previously learned goal after extensive training201

on another, the SR agent took orders of magnitude more steps than MO Soft Q-learning or even MO SARSA (Fig.202

3C, episodes 3000, 4000, 5000). MO Soft Q-learning, by maintaining relatively stable, independent values for each203

reward, could immediately leverage the appropriate value function. The adaptation rates over episodes further illustrate204

these differences (Fig. 3D). These findings not only highlight SR’s limitations in dynamic environments but also205
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offer differentiating testable predictions against SR-based models of dopamine [12] and other MO TD approaches like206

Reward Bases [9], previously unidentified in Millidge et al. [9].207

Figure 3: Demonstration of efficient learning and fast adaption to changing priorities in a four-room environment. (A)
Four-room environment with changing priorities between three rewards every 1000 episodes, and the agent starts in
the same starting position (bottom-left corner, akin to a shelter). Rewards for goals: +5 points, step cost: -0.01. The
episode terminates only on reaching one of the rewarding goals. Meta-parameter τ = 0.5 to allow all algorithms to
converge to an efficient path to the goal. (B) Multi-objective (MO) Soft Q-learning algorithm performs the best amongst
comparisons in terms of total rewards accrued, highlighting its fast adaptation capabilities. (C) Steps to the goal on
episodes 3000, 4000 and 5000 are plotted for different algorithms to test replanning to a previously experienced reward.
SR performs the worst at replanning, requiring substantial policy re-evaluation, while MO Soft Q-learning performs the
best amongst comparisons. (D) Performance over episodes shows different rates of adaptation for different algorithms
upon a change of priorities. Do note, SR accrues many losses on episodes 3000, 4000 and 5000, but the plot is truncated
-10 average rewards for visualisation.

Lastly, we observe that off-policy algorithms continue to propagate optimal Q-values for all components, while208

collecting data under different policies (priorities), unlike on-policy algorithms (supplementary Fig. S4). However, MO209

Q-learning requires commensurate (heuristic-based) temperature annealing to get the most benefits, as also seen in210

Dulberg et al. [8], whereas MO soft Q-learning manages this trade-off without such explicit annealing.211

In summary, dopaminergic circuits may cache outcome-specific value functions that can be flexibly combined according212

to changing physiological or contextual priorities. These functions can be mapped to different DA targets, responsible213

for different reward bases (for example, see Millidge et al. [9]). Next, we show how the same compositional logic can214

be extended to model and explain certain heterogeneities within DA targets.215

2.4 Safe learning and explaining novelty responses in TS216

Beyond efficient adaptation to changing rewards, relying on an aversive value initialisation that can be flexibly expressed217

can be useful in generating safe behaviours, such as avoiding potential threats. Recent experiments [23, 30, 31, 32]218

propose that the tail of the striatum (TS) encodes initial threat predictions for novel stimuli, contributing to avoidance,219

and are updated by dopamine-mediated threat prediction errors (TPEs). We revisit an idiosyncrasy in the observed220

data, propose a model qualitatively explaining some of the findings and discuss implications for pathway-dependent221

heterogeneity in the TS.222
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Figure 4: A summary of experimental findings of the role of TS in threat prediction. (A) Illustration of the novel object
task and the approach-retreat behaviour. (B) Approach-retreat behaviour observed in the distance to the novel object
and the TS responses observed on retreat start. (C) Complete Serial Compound model of TS responses modelled using
a value initialisation, which is equivalent to a potential-based reward shaping. All figures are retrieved and minimally
adapted from Menegas et al. [30] with permission from Springer Nature and from Akiti et al. [31] under CC-BY-NC-ND
4.0 license with permission from Elsevier.

Simulation result: Threat belief-gated value composition reproduces approach-retreat dynamics and TS223

dopamine signals. Studies in mice reveal that interactions with a novel object involve approach-retreat bouts,224

importantly, accompanied by TS dopamine activity during retreat but not during approach [30, 31] (Figs. 4A, B).225

These studies model TS dopamine with aversive prediction errors and model this phenomenon using a complete serial226

compound (CSC) model [31], which incorporates value initialisation, which is equivalent to potential-based reward227

shaping bonus [60] (Fig. 4C). The CSC-based model, albeit tremendously helpful in describing the TS responses, relies228

on arbitrary thresholds for engage-avoid decisions. Further, it cannot produce approach-retreat bout behaviour in space,229

and therefore, it is unclear if reward shaping-based modelling of TS responses extends directly to 2D state-action spaces230

(e.g. Ng et al. [61]). Further, a shaping bonus is a non-distorting bonus [55, 61], which would mandate that the net231

effect of any cycle of states (such as an approach-retreat bout) is zero, a condition not adequately tested in CSC, which232

is unidirectional in space and time with no cycles.233

To address these limitations, we simulate a grid world environment without explicit rewards or punishments (Fig.234

5A). The agent receives threatening observations ot from a Bernoulli process: if the agent is in the vicinity of the235

novel object (demarcated by the grey area), p(ot = 1|threatened) = 0.9, otherwise outside the grey area, p(ot =236

1|not-threatened) = 0.1. Using these observations, the agent infers a threat belief state bt via a Bayesian Beta237

posterior. Two value functions with different initialisations drive behaviour: Vnot−threatened (neutral initialisation)238

and Vthreatened (aversive initialisation at the novel object) (Fig. 5B). Both values share the common outcome signal239

for learning, here zero since there is no external outcome. These values are dynamically combined into a composed240

value Vcomp using softmax composition, weighted by the belief state: Vthreatened and (1− bt) weights Vnot−threatened.241

However, all of the results would also hold true for additive composition, and with TD-learning or SARSA with two242

different initialisations, we simply use soft maximum for consistency throughout the paper.243

We find that the proposed model produces approach-retreat bout behaviour and reproduces TS dopaminergic responses244

during retreat, where the threat prediction (TP = −Vcomp) aligns with experimental observations [30] (Fig. 5C&D).245

Importantly, using only Vthreatened (analogous to PBRS in 2D space) fails to reproduce these responses in a grid world246

setting, as it generates high TP during both approach and retreat (Fig. 5F&G). This discrepancy arises because the CSC247

modelling approach conflates spatial and temporal information, which our grid-world model decouples. Our results248

make a testable prediction that gating aversive value based on a threat belief state (Fig. 5E), akin to a context-dependent249

switch, is a normative mechanism for adaptive safe behaviour. Similar asymmetric TP responses can also be generated250

by alternative non-Bayesian, switch-like dynamics in weights modulating the two values (supplementary Fig. S5) which251

also shows that the threat prediction response need not necessarily mimic the belief state response over time. We did252
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Figure 5: Threat belief-gated value composition reproduces approach-retreat dynamics and TS dopamine signals. (A)
Grid-world environment analagous to Akiti et al. [31]. (B) Two value initialisations used to produce the observed
results, gated by the threat belief state bt. (C) Distance to novel object shows approach-retreat bout behaviour (D) Threat
Prediction (TP = −Vcomp) is analogous to the TS dopamine activity during retreat but not during approach. The
relative magnitude of the composite Threat Prediction response depends on the nature of composition (soft maximum or
additive) and the sign of the initialisation. Here we choose to use soft maximum with a negative Vthreatened initialisation
for consistency in the paper, however other choices also lead to the same qualitative result. (E) The threat belief state bt
over time that gates the contribution of the two values. (F) When using only the Vthreatened, the approach-retreat bout
behaviour is also observed in distance to novel object (albeit we observe fewer bouts) (G) Threat Prediction (TP) is
observed during approach and retreat phases unlike the TS dopamine activity and (H) Using only Vthreatened is akin to
setting the bt = 1.
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not include explicit curiosity-based exploration rewards for simplicity of modelling TS responses, but their inclusion in253

the behavioural model could increase agent tendencies to approach the novel object. Such a dynamic composition of254

multiple value initialisation also provides one way of unifying the distorting novelty bonuses and non-distorting shaping255

bonuses [55], i.e. under fixed weights, it acts like a shaping bonus and under varying weights it produces novelty-like256

bonuses.257

The belief-gated, dual-value architecture further offers a potential neural implementation for TS function, where258

Vthreatened and Vnot−threatened could potentially map onto direct (D1) and indirect (D2) TS pathways, respectively259

(supplementary Fig. S6). This generates several testable predictions: First, in a task involving threat-reward conflicts,260

this predicts opposing effects on avoidance behaviour, with D1 promoting avoidance and D2 suppressing it. Second,261

ablating D1 TS neurons in the same task is predicted to reduce avoidance, while D2 TS ablation should increase it. Third,262

suppose the inferred threat belief bt covaries with observable threat cues like object size or whether it is moving. In that263

case, the composite TS dopamine responses should scale accordingly with those features of the potentially threatening264

novel object. Fourth, it predicts distinct learning dynamics: with repeated exposure to the novel object, the D1-associated265

Vthreatened should diminish, reducing avoidance, while the D2-associated Vnot−threatened might remain stable. Fifth,266

in a one-step task, a punishing outcome with a magnitude falling between the initial Vthreatened and Vnot−threatened267

values should elicit negative threat prediction errors (TPEs) in D1-projecting SNL neurons and positive TPEs in D2-268

projecting SNL neurons [30]; such asymmetric TPEs could potentially encode outcome uncertainty [62]. Recent work269

by Tsutsui-Kimura et al. [32] in a threat-reward conflict task provides evidence supporting the first three predictions:270

opposing roles, ablation effects, and modulation by threat salience. Their findings on learning dynamics were mixed271

(non-significant D1 decrease, significant D2 increase), and the prediction of asymmetric TPEs remains to be directly272

tested, to our knowledge. Our model thus offers a novel explanation for within-target dopaminergic heterogeneity based273

on differentially initialised, composable values sharing a common outcome; distinct from feature-specific heterogeneity274

accounts [45].275

2.5 Stable learning and reconciling conflicting views on TS function276

While multiple value initialisations can account for threat prediction in the tail of striatum (TS), recent findings also277

implicate TS dopamine in encoding action prediction errors (APEs) [33] that support perseverative behaviours or habits278

[34, 36, 47]. This raises the question of how these seemingly distinct TPE and APE signals can be reconciled within a279

unified normative framework and what computational purpose such APE-like signals serve.280

The linear MDP framework offers a parsimonious explanation. The default policy πd, so far assumed uniform, can281

be slowly updated to track the agent’s learned policy π, thereby encouraging perseveration [43]. This is similar to282

action-dependent computation of APEs [34, 33]. However, noting how both state-dependent and action-dependent283

RPEs exist (for V (s) and Q(s, a) respectively), we propose a state-dependent analogue for APEs. The KL divergence284

term, DKL(π(·|st)∥πd(·|st)), within the regularised objective itself normatively accounts for a state-dependent APE,285

capturing the divergence in entire policies across all actions. Although this KL term is implicit in one-step soft286

Q-learning TD errors (as action at is already chosen), it becomes explicit in multi-step formulations, which motivates287

our theoretical results.288

Theoretical result: Multi-step soft Q-learning reveals an explicit APE-like term. We derive novel, multi-step289

extensions: N-step soft Q-learning and soft Q(λ) with eligibility traces (Methods Section 4.4; derivations in Sup-290

plementary Methods 3, 4). For these, the TD error for Q(st, at) can be expressed in relation to state-value changes291

as: δt = [rt+1 + γVQ(st+1)− VQ(st)] − τKLt, where KLt = DKL(π(·|st)∥πd(·|st)) is the action policy diver-292

gence term. Interpreting this KLt term as a normative, scalar APE signal, the Q-value update effectively becomes293

δt = RPEt− τAPEt. Given that TS-projecting neurons in SNL encode magnitude of aversive prediction errors (−δt) in294

our framework [30, 31], and do not respond to positive rewards [23, 33], their activity in tasks without explicit aversive295

stimuli could be primarily driven by this APE-like KL term (or APEt).296

Simulation result: KL-divergence dynamics in multi-step Soft Q-learning mimic APEs and support unified TS297

function. To test this, we simulated a multi-step two-choice task inspired by Greenstreet et al. [33], where rewards298

depended probabilistically on an observable context (Fig. 6A, B). Here, the agent starts in the state S0 and takes a series299

of primitive actions aL or aR to get closer to either of the terminal states SL or SR. This setup makes the two-choice300

bandit tasks more granular by dividing them into simpler actions. Consistent with their finding that TS dopamine301

decreased over trials in an APE-like manner (Fig. 6C), the KLt term in our soft Q(λ) model’s TD errors also decreased302

across episodes (Fig. 6D). This decrease reflects the default policy πd gradually aligning with the learned contextual303

policies π, effectively encoding soft habits (Fig. 6E). This result offers a unifying perspective: TS dopamine could304

reflect a composite signal where TPEs dominate in threat-relevant contexts, while APEs (the KLt term) dominate when305

behaviour stabilises around a default/habitual policy.306
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Figure 6: KL-divergence dynamics in multi-step Soft Q-learning mimic APEs and support unified TS function. (A)
Two-choice multi-step task with probabilistic rewards based on the context (two possible contexts, treated as fully
observable states). (B) Choice-Outcome Contingencies are dependent on the context, leading to different correct choices
based on the context. (C) Evidence for APEs, figures adapted from Greenstreet et al. [33] under CC-BY 4.0 license.
(Figures were cropped and combined) (D) KL divergence term in soft Q(λ) TD-errors qualitatively recapitulates the
APE-like TS responses. Showing the KL divergence term for the middle starting state (S0), using λ = 0.5. (E) The
evolution of the default policy shows acquisitions of soft habits.

Figure 7: Perseverative bias confers a value on stability against uncontrollability. (A) Spurious contingency degradation
to test the role of perseverative bias (B) Evolution of behavioural policy shows stickiness in actions (C) Evolution of the
default policy. Both B & C are plotted for the soft Q-learning model with τ = 0.3. (D) Soft Q-learning and Soft Q(λ)
outperform Q-learning for a range of τ .
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Simulation result: Perseverative bias confers a value on stability against uncontrollability. What is the normative307

benefit of such APE-driven perseveration or stickiness in choices? We hypothesised that the bias towards πd (soft habits)308

promotes learning stability during periods of environmental uncontrollability. We tested this by introducing sporadic309

episodes where choice-outcome contingencies were degraded (Fig. 7A). During these uncontrollable periods, agents310

using soft Q-learning or soft Q(λ) exhibited perseveration of prior choices and limited unlearning of the behavioural311

policy, due to the influence of the slowly updated default policy (Fig. 7B, C). This resulted in better overall reward312

accrual compared to standard Q-learning (which lacks this perseverative bias) across a range of τ values (Fig. 7D).313

Thus, the APE-like KL term in our framework not only arises normatively, in a way that would scale to any action314

space (unlike other models which explicitly include an APE term [34, 36, 35]), but also confers a functional advantage315

of stable learning by promoting conservative policy updates. Unlike [33], it is not included as an additional ad-hoc316

controller, but normatively shapes the policy through the objective function, reconciling with the TDRL view of317

dopamine. Distinct from Miller et al. [34], these "soft habits" are not entirely value-free but rather accounted for in the318

value itself, through the augmented RL objective and confer a value on controllability.319

3 Discussion320

In this work, we address the fundamental challenge of reliably optimising multiple objectives in reinforcement learning321

and propose a model that outperforms existing multi-objective methods. It invites a reconsideration of the dopaminergic322

system’s computational goals: shifting from the classical view of cumulative discounted reward maximisation [1]323

towards optimising returns augmented by a KL-penalty in policies deviating from a default policy. This reframing324

not only yields distinct functional advantages but also generates novel testable predictions in efficient, safe and stable325

learning. In doing so, we resolve a major outstanding puzzle about how to reconcile conflicting views of the role of326

TS-projecting dopamine in threat prediction errors (TPEs) and action prediction errors APEs).327

This approach was designed to directly address several limitations of the standard model, specifically the challenge of328

flexibly pursuing multiple, often conflicting, rewards without the learning process becoming unstable or inefficient—a329

known issue for classic on-policy methods. Our model’s core innovation is to augment the classic reward prediction330

error with a regularisation term that imposes a ‘cost’ for deviating from a default policy. This single conceptual shift331

yields several powerful benefits; for instance, it confers a ‘value on controllability,’ which promotes stable learning.332

The framework further allows innate priors (e.g., for threat avoidance) to be flexibly expressed for safe behaviour.333

Crucially, this framework provides a clear normative function for the APE-like signals in the TS, uniting them with334

TPEs and RPEs under a single, coherent objective and thereby distinguishing our model from other multi-objective RL335

approaches.336

At an algorithmic level, this work addresses how to ensure (often individually optimal) value functions cooperate337

effectively to drive reliable behaviour, despite competing for control. This contrasts with "delegation" approaches338

[63, 64, 65], where only one value function controls actions at any timestep, thus avoiding this problem. Regarding339

our optimal composition results, previous multi-objective TD(0) or SARSA approaches that scale on-policy prediction340

errors with weights (e.g. state-dependent RPE modulation [9, 66] or feature-specific weight updates [26, 45]) may341

slightly ameliorate unreliable learning or policy interference, but do not resolve it (supplementary Fig. S3). This342

excludes trivial conditions where only one value component is active, preventing interference. A better alternative343

might be to use importance sampling, which also ensures off-policy learning. However, it incurs higher update variance344

and cannot explain action prediction errors. Hence, we primarily utilise the Tree-Backup approach in our derivations345

for novel multi-step extensions of soft Q-learning (Supplementary Methods 3 and 4).346

Off-policy learning is a prominent theme in this work, as it demonstrably improves performance over on-policy347

multi-objective RL algorithms and the successor representation, while also relating directly to its off-policy counterpart348

[43]. The brain may implement off-policy learning for several reasons: First, it prevents interference and unlearning349

between multiple values amidst changing priorities. Second, it facilitates learning amidst motor noise and competition350

from distributed control systems, like the motor cortex and cerebellum [35, 67]. Third, on-policy algorithms, such as351

the successor representation, exhibit strong policy dependence where goal information contaminates the state map,352

hindering flexible transfer [59, 68], a problem solved by off-policy alternatives [43]. Fourth, the ability of episodic353

memories to utilise cached values [69, 70] or stale behavioural data for performance improvements points towards an354

underlying off-policy mechanism, akin to its necessity in deep Q-learning’s episodic replay buffers [71]. However,355

finding strong neural and behavioural evidence for interference and unintended unlearning between two or more value356

systems (for different rewards) under changing priorities in a two-step task similar to Fig. 2D-F, would falsify our357

hypothesis of phasic dopamine performing off-policy multi-objective RL and find evidence for on-policy multi-objective358

RL (e.g. [9]). Rapid change in priorities could be potentially implemented as a task rule that needs to be inferred.359
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Our framework synthesises several threads of the evolving dopamine story, which has progressively expanded from a360

simple scalar reward signal [1] to a multifaceted control signal. The model naturally accommodates aversive and threat361

prediction errors [72, 23, 30, 31], aligning with multi-threaded and outcome-specific prediction error views [27, 9], and362

highlights their role in safe learning. This approach complements the feature-specific vector RPE model [45] while363

remaining compatible with it. Further, we propose an alternative account of within-target dopaminergic heterogeneity364

based on differentially initialised, composable values sharing a common outcome, distinct from that of Lee et al. [45].365

Further, we find that such value compositions with different initialisations unify (reward-distorting) novelty bonuses366

and (non-distorting) shaping bonuses in TDRL [55], previously used to explain early observations of novelty responses367

in phasic dopamine [73, 74]. Our results (Fig. 3C) also highlight the behavioural inefficiencies of the SR model in368

replanning after overtraining [59]. Indeed, SR models of dopamine often need to treat reward as a feature to explain369

RPEs as a form of state prediction error [12], as Lee et al. [45] shows they otherwise fail to consistently respond to370

rewards. This highlights the benefit of outcome-specific models such as ours [and that of 9], which efficiently achieve371

values comparable to an SR/DR model [10, 43] when tuned to a subset of reward types.372

This work is the first, to our knowledge, to mathematically unify the conflicting views about the tail of the striatum’s373

(TS) phasic dopamine. However, previous work has attempted to unify the general role of dopamine in learning and374

action inference [36]. Our proposal goes beyond the (non-mathematical but very helpful) unifying hypothesis that TS375

shifts attention to orient or avoid [37] by acknowledging the action prediction errors and their normative implications376

for stable learning. Biologically, one possibility is that threat and movement-related activity are encoded by separate377

dopaminergic subpopulations. In support of this, it has recently been reported that threat and acceleration-related378

dopamine responses are encoded in separate genetic subpopulations that both project to the TS, expressing Slc17a6379

(also known as Vglut2) and Anxa1, respectively [75, 76, 77, 78, 33].380

Our work introduces the concept of an inferred threat belief state (potentially cortical), demonstrating how it can titrate381

the balance between multiple values to guide flexible avoidance. This aligns with a performance effect, rather than382

a learning effect, in models of striatal direct (D1) and indirect (D2) pathway balance [79]. Our hypothesis, mapping383

different value initialisations to TS D1 and D2 pathways, yields testable predictions [32]. Furthermore, the flexible384

expression of innate values can reconcile associative and non-associative fear conditioning accounts [80], promoting385

more adaptable safe behaviour than previous models based on outcome uncertainty [53]. Crucially, we show that the386

same computations for efficient multi-reward acquisition can, with minor modifications, form a modular instrumental387

system for avoidance, unlike Pavlovian misbehaviour [53]. Lastly, our approach extends beyond existing models [31]388

by demonstrating approach-retreat bouts with associated TPEs, complementing risk-sensitive model-based RL efforts389

in modelling cautious behaviours [81].390

In terms of limitations; first, though broadly applicable to decision-making under changing priorities, when applied to391

homeostatic priorities, it cannot explain physiological state-dependent modulation of prediction errors [82]. This is a392

limitation common to all multi-objective RL approaches (e.g. those by Dulberg et al. [8], Millidge et al. [9] and ours),393

which learn equally from all reward types, at all times. Second, despite its advantages, soft maximum composition394

optimises an objective different from a simple weighted sum of utilities. While this is not necessarily an issue for395

modelling homeostasis, where value representation is debated [15, 56, 8], and may even account for inhibitory effects of396

irrelevant drives [15, 83], we find it can fit poorly to human behaviour when participants explicitly maximise weighted397

sums of utilities or show generalisation in task structure rather than in values [17] (see supplementary Fig. S7). Third,398

while there are compelling reasons for the brain to implement off-policy learning [35, 67, 33], some early work [84, 85]399

suggested phasic dopamine implements on-policy algorithms like SARSA. However, those experiments involved400

overtrained monkeys where no learning occurred, making observed TD error signals potentially epiphenomenal. Our401

framework could partly explain these differences in action values as the KL divergence from the overtrained default402

policy (APEs). Furthermore, the observed use of cached values in computing TDEs [69, 70] better aligns with off-policy403

rather than on-policy TD learning.404

In offering a novel normative framework for multi-objective reinforcement learning, this paper re-conceptualises the405

computational role of striatal dopamine. Our findings demonstrate how the brain might achieve efficient, safe, and406

stable learning, simultaneously reconciling disparate experimental observations and generating testable predictions for407

future neuroscientific inquiry.408

4 Methods409

4.1 Reinforcement learning in MDPs410

Let the environment be a Markov Decision Process, where at time t = 0, 1, 2, ..., the agent is in state st ∈ S and takes411

action at ∈ A and receives the next state st+1 ∈ S and the reward rt+1 = r(st, at) ∈ R giving rise to trajectories412
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s0, a0, r1, s1, a1, r2, .... The dynamics of MDP are given by the conditional probability p(s′, r|s, a) .
= Pr(st = s′, rt =413

r|st−1 = s, at−1 = a).414

The discounted return at time t is given by Gt = rt+1 + γrt+2 + γ2rt+3 + ... =
∑∞

k=0 γ
krt+k+1, where γ ∈ [0, 1].415

Policy π(a|s) is a mapping from states to the probabilities of choosing each possible action. The value function of a416

state s under the policy π is is the expected return when starting in s and following π thereafter, which is formalized417

as Vπ
.
= Eπ[Gt|st = s], ∀s ∈ S. Similarly, the value of taking action a in state s and following policy π thereafter is418

given by the Q-value or the action-value function, Qπ(s, a)
.
= Eπ[Gt|st = s, at = a].419

The Bellman equation of a value function vπ is a fundamental property in reinforcement learning expressing the420

recursive relationship between a value of state and the value of its possible successor states.421

Vπ(s)
.
= Ea∼π(·|s)E(s′,r)∼p(s′,r|s,a)[r + γVπ(s

′)], ∀s ∈ S (1)

Since value functions define a partial ordering over policies, there exists at least one optimal policy π∗ that is better422

than all policies, where a policy π ≥ π′ if and only if Vπ(s) ≥ Vπ′(s), ∀s ∈ S. The optimal state-value function423

is V ∗(s)
.
= maxπ Vπ(s), ∀s ∈ S. Similarly, the optimal action-value function is Q∗(s, a)

.
= maxπ Qπ(s, a) =424

E[rt+1 + V ∗(st+1)|st = s, at = a]. Once we have the optimal action-values, one can simply perform actions greedily425

to get the optimal policy π∗ = [GQ∗](s) = argmaxa Q
∗(s, a).426

The recursive Bellman equations can also be written for the value function under the optimal policy, referred to as the427

Bellman optimality equations:428

V ∗(s) = max
a

E(s′,r)∼p(s′,r|s,a)[r + γV ∗(s′)] (2)

4.2 Entropy-regularised reinforcement learning in Linear MDPs429

Entropy-regularised RL [41, 39, 86] augments the reward function with a term that penalises deviating from some default430

policy πd, essentially making “soft” assumptions about the future policy (in the form of a stochastic action distribution).431

When πd is an uniform policy, this reduces to max entropy reinforcement learning [50, 49]. The expected reward on432

taking action at in state st is given by Eat∼π[r(st, at) − τDKL(π(·|st)∥πd(·|st))], which can be further compactly433

written as Eat∼π[rt+1 − τKL(st)]. Here, τ is the scalar temperature parameter, and KL(st) is the Kullback-Leibler434

divergence between the current policy π and a default policy πd in state st. Thus, the entropy-augmented return is435

Gt =
∑∞

k=0 γ
k(rt+k+1 − τKL(st+k)).436

The value function definitions under a policy π at any timestep t based on the entropy-augmented returns are as follows,437

Vπ(s)
.
= Eπ[Gt|st = s] = Eπ

[ ∞∑
k=0

γk(rt+k+1 − τKL(st+k))

∣∣∣∣st = s

]
(3)

Qπ(s, a)
.
= Eπ[Gt|st = s, at = a] = Eπ

[
rt+1 +

∞∑
k=1

γk(rt+k+1 − τKL(st+k))

∣∣∣∣st = s, at = a

]
(4)

Note that this Q-function does not include the first KL penalty term (KL(st)), as it does not depend on action action at438

which has already been chosen [50, 49, 51]. This gives the following relationship which holds for all policies π.439

Vπ(s) = Ea∼π[Qπ(s, a)]− τKL(s) (5)

The Bellman equation and the Bellman optimality equation are as follows:440

Vπ(s)
.
= Ea∼π(·|s)E(s′,r)∼p(s′,r|s,a)[r − τKL(s) + γVπ(s

′)] (6)

V ∗(s) = max
a

E(s′,r)∼p(s′,r|s,a)[r − τKL(s) + γV ∗(s′)] (7)

Note, unlike the greedy (deterministic) policy [GQ](s) = argmaxa Q(s, a) in standard RL, the greedy (stochastic)441

policy in entropy-regularised RL is the Boltzmann policy (πB
Q).442
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πB
Q(·|s) = [GQ](s) =

πd(a|s) exp(Q(s, a)/τ)∑
A exp(Qπ(s, a′)/τ)πd(a′|s)

(8)

Prior work [41, 39, 49, 86] shows that this Boltzmann policy holds the two properties: (1) it is the optimal policy443

(π∗ = πB
Q∗ ) i.e. it uniquely solves the Bellman optimality equations and (2) under the Boltzmann policy, the Bellman444

equation is equivalent to the "soft" Bellman equation, thus the value function VπB
Q
(s) = VQ(s), essentially performing445

a soft maximum operation over Q-values. These known results can be verified easily and for completeness purposes,446

we provide an intuitive explanation in Supplementary Methods 1.447

VQ(s) = τ logEa∼πd exp(Qπ(s, a)/τ)

= τ log
∑
A

exp(Qπ(s, a)/τ)π
d(a|s) (9)

Note, this log-sum-exp performs a soft maximum because, max{x1, ..., xn} ≤ softmax(x1, ..., xn) ≤448

max{x1, ..., xn}+ log(n).449

4.3 Multi-objective reinforcement learning and optimal composition in Linear MDPs450

Having discussed reinforcement learning (RL) in MDPs and Linear MDPs with single-attribute rewards, we now focus451

on multi-objective RL, which concerns multiple rewarding attributes r = [r1, r2, . . . , rn]. Note, taking an action at452

timestep t results in rewards ri,t+1, for the i-th reward dimension, but we will omit the time subscript from here for453

convenience. The objective is to maximise a cumulative discounted return of a reward function composed of these454

attributes:455

rc(s, a) = f(r1, r2, . . . , rn;w),

where w is a set of non-negative parameters that weight each attribute, satisfying
∑

wi = 1. We address the problem456

of optimal compositions: determining how the reward function should be composed of multiple attributes to motivate457

meaningful behaviour and how to compose value functions to ensure the resulting policy acts optimally with respect to458

the composed reward function.459

As shown in Results section 2.2, a simple linear composition of Q-values, such as w1Q
∗
1(s, a) + w2Q

∗
2(s, a) + · · ·+460

wnQ
∗
n(s, a), may not maximise the composed reward function461

rc(s, a) = w1r1(s, a) + w2r2(s, a) + · · ·+ wnrn(s, a)

due to the non-linearity introduced by the max operation in the Bellman optimality equation in MDPs:462

Q∗(s, a) = E(s′,r)∼p(s′,r|s,a)[r + γV ∗(s′)]

= E(s′,r)∼p(s′,r|s,a)[r + γmax
a′

Q∗(s′, a′)].
(10)

However, in linear MDPs [40, 41, 44, 39], which replace the max operation over Q-values by a soft-maximum VQ with463

respect to the default policy (see equation 9), optimal (softmax) and near-optimal (additive) compositions are possible.464

The Bellman optimality equation for Q-values in linear MDPs is as follows:465

Q∗(s, a) = E(s′,r)∼p(s′,r|s,a)[r + γV ∗(s′)]

= E(s′,r)∼p(s′,r|s,a)[r + γEa∼πB
Q
[Q(s′, a′)]− τDKL[π

B
Q∥πd](s′)]

= E(s′,r)∼p(s′,r|s,a)[r + γVQ(s
′)].

(11)

Theorem 1 (Optimal Softmax Composition) [44, 86]466

Let Q∗
i,τ (s, a) be the optimal entropy-regularized Q-functions for individual rewards ri(s, a).467
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Then the reward function for the composed task is given by the log-sum-exp (soft maximum) of the individual reward468

functions:469

rc(s, a) = τ log

(
n∑

i=1

wi exp

(
ri(s, a)

τ

))
, (12)

where τ is a temperature parameter.470

The optimal Q-function Q∗
c,τ (s, a) for the composed task is equal to the composition of Q-values Qcomp,τ (s, a) given471

by:472

Q∗
c,τ (s, a) = Qcomp,τ (s, a) = τ log

(
n∑

i=1

wi exp

(
Q∗

i,τ (s, a)

τ

))
, (13)

where Q∗
i,τ are the optimal Q-functions for the individual tasks.473

The theorem for additive composition in Linear MDPs is provided in the Supplementary Methods 2.474

4.4 Off-policy model-free learning algorithms in Linear MDPs475

Model-free algorithms do not assume a probabilistic model about state transitions and rewards but instead learn value476

functions through reward prediction errors, which can be implemented by phasic dopamine signals in the striatum. We477

focus on online algorithms, such as soft Q-learning [49], which update values continuously during episodes rather than478

waiting until the end, unlike offline algorithms like Z-learning [41], a Monte Carlo control algorithm. We further also479

prefer off-policy algorithms like Soft Q-learning and our subsequent extensions.480

Soft Q-learning (One-Step)481

We adopt soft Q-learning and extend it from the maximum entropy formulation to a relative entropy formulation. The482

Q-value update equation is given by:483

Q(st, at)← Q(st, at) + αδt, (14)

where α is the learning rate, and δt is the reward prediction error at timestep t, defined as:484

δt = rt+1 + γVQ(st+1)−Q(st, at), (15)

where VQ is given by equation 9. Deep RL implementations inspired by Mnih et al. [71] may use a separate target485

network (e.g., Q, resulting in VQ) to construct the loss function, which we exclude here for simplicity.486

Multi-step Soft Q-learning487

This section presents novel update rules for multi-step extensions of soft Q-learning, where the agent learns from488

multiple steps rather than the most immediate step. Under the assumption that the state action values are approximately489

unchanging [28], we can write the update rule for the N-step soft Q learning and its extension with eligibility traces,490

soft Q(λ) using TD-errors.491

When following the Boltzmann policy, the N-step soft Q-learning is simply,492

Qt+n(st, at)← Qt+n−1(st, at) + α

min(T−1,t+n−1)∑
k=t

γkδk

 . (16)

Where T is the time step at which the episode terminated, Qt+n denotes Q-value accessed or updated at timestep t+ n493

and the TD-errors are defined as follows. For k = t, the TD-error is given by equation 15. For k > t, it includes the KL494

divergence term and is given by,495

δk = rk+1 − τKLk + γVQ(sk+1)− VQ(sk) (17)
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However, if one is following a behavioural policy that is not Boltzmann, we need a truly off-policy update rule. If496

the agent has access to the behavioural policy, then it can use importance sampling (detailed derivation provided497

in Supplementary Methods 3). However, this can lead to higher variance in the updates and requires access to the498

behavioural policy. Therefore we derive an alternative method using Tree Backup which does not require knowing the499

behavioural policy. The update rule is as follows,500

Qt+n(st, at)← Qt+n−1(st, at) + α

min(T−1,t+n−1)∑
k=t

δk

k∏
i=t+1

γπB
Q(ai|si)

 . (18)

We next extend these methods to incorporate eligibility traces. Under Boltzmann policy, the Q-value update rule is,501

Qt+1(s, a)← Qt(s, a) + αδtet(s, a) ∀s, a (19)

and eligibility traces are updated as follows (in the tabular setting),502

et(s, a) =

{
γλet−1(s, a) + 1, if (s, a) = (st, at),

γλet−1(s, a), otherwise,
(20)

The TD-error (δt) is the same as equation 17 (except substitute k with t). Note, this algorithm is entirely online.503

For a full off-policy Soft Q(λ), we build upon the Tree Backup approach. The Q-value update rule and the TD-errors504

remain the same, but the eligibility trace updates are adjusted to include the target policy πB
Q,505

et(s, a) =

{
γλπB

Q(at|st)et−1(s, a) + 1, if (s, a) = (st, at),

γλπB
Q(at|st)et−1(s, a), otherwise,

(21)

All detailed derivations for N-step soft Q-learning and Soft Q(λ) are provided in Supplementary methods 3 and 4,506

respectively.507

4.5 Relationship to the default representation (DR)508

The optimal values V ∗(s) are calculated using the default representation as follows [43, 41, 39] (in a model-based509

fashion):510

exp(V∗/τ) = MP exp(r/τ) (22)

where, V∗ is the vector of optimal values at nonterminal states, r is the vector of rewards at terminal states, P is511

the one-step transition probabilities TNT from non-terminal states to terminal states under the default policy πd512

and M is the DR matrix defined as M = (diag(exp(−rN )/τ) − TNN )−1, where rN is vector of rewards at non-513

terminal states and TNN is the one-step transition probabilities between non-terminal states under the default policy πd.514

Further, [43] extend and define a more general version of the DR matrix D over all states (not just terminal states), as515

D = (diag(exp(−rA)/τ)−T)−1, where rA is vector of rewards over all states and T are transition probabilities over516

all states under the default policy πd. Here, M is a sub-block of D and TNT and TNN are sub-blocks of matrix T. We517

observe that in both cases, it requires storing and/or learning the one-step transitions T under the default policy over all518

states, resulting in a S × S memory cost, where S is the size of the state space. Therefore, the memory cost of the DR519

scales quadratically with the size of the state space.520

We propose our model (composition of multiple soft Q-learning rules) is intuitively akin to a compressed DR tuned to521

only relevant reward dimensions and converges to the same. To show this, we decompose the reward vector at terminal522

states, by assuming it to be composed using the optimal softmax composition [44], r = τ log
(∑n

i=1 wi exp
(
ri
τ

))
.523

Therefore, the vector of optimal values using the DR will be:524
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exp(V∗/τ) = MP

(
N∑
i=1

wi exp
(ri
τ

))

=
N∑
i=1

wi

(
MP exp

(ri
τ

))
=

N∑
i=1

wiexp(V∗
i /τ)

(23)

Here, the vector of optimal values for each reward decomposition can be computed using soft Q-learning and consumes525

memory cost of S (state-space size). Therefore, for N reward decompositions, our method consumes a memory cost of526

S ×N . We believe the necessary reward decompositions would often be much lesser than the total number of states,527

N << S. Therefore, our method scales linearly with the size of the state space, whilst achieving the same optimal528

values as the DR for a predefined reward basis.529

4.6 Simulation parameters530

Simulations in Fig. 2D,E and supplementary Fig. S2, S3 use learning rate α = 0.1, discount rate γ = 1, temperature531

τ = 1 (unless explicitly varied) and are averaged over 100 runs. Simulations on efficient learning (Fig. 3) and safe532

learning (Fig. 5) use α = 0.1, γ = 0.99, τ = 0.5 for all algorithms. Fig. 3 results were averaged over 30 runs. For533

Fig. 5, we ran the simulations for 105 steps and then averaged over the time points that the agent was closest to the534

novel object and inside the grey zone to capture retreat start. In the safe learning experiment, we used a Bayesian535

approach to infer the belief state bt, representing the probability of a "threatened" context ct (ct = 1 for "threatened"536

and ct = 0 for "not threatened"). The belief state dynamically adjusted the weights wthreatened = bt for Qthreatened and537

wnot-threatened = 1− bt for Qnot-threatened.538

Observations ot were modelled as samples from a Bernoulli distribution, with likelihoods:539

p(ot = 1|ct = 1) = 0.9, p(ot = 0|ct = 1) = 0.1, (24)
540

p(ot = 1|ct = 0) = 0.1, p(ot = 0|ct = 0) = 0.9. (25)

We assume the true context ct depends on the agent’s position. If the agent was in the vicinity of the novel object541

(demarcated as the grey states), the true context was ct = 1 ("threatened"); otherwise, ct = 0 ("not threatened"). Using542

these observations, the posterior distribution over ct was modelled using a Beta distribution with parameters αt and βt.543

These parameters were updated iteratively with a decay term ζ = 0.1 as follows:544

αt = (1− ζ)αt−1 + ot, βt = (1− ζ)βt−1 + (1− ot). (26)

Finally, the belief state bt was computed as the mean of the Beta posterior distribution:545

bt =
αt

αt + βt
. (27)

The stable learning simulations slowly update the default policy, given by a delta rule [43, 34] upon taking action a546

in state s: π̂d(a|s) ← πd(a|s) + αd(1− πd(a|s)) followed by normalising π̂d(·|s) to get the updated default policy547

πd(·|s). Fig. 6, 7 use γ = 0.99, α = 0.1 and αd = 0.001 (τ and λ mentioned in Figure captions, wherever applicable)548

and results are averaged over 10 runs.549
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Supplementary Methods760

SM 1: How does the Boltzmann policy achieve the stochastic Bellman optimal policy in Linear MDPs?761

We here aim to provide an intuitive explanation for known results. Consider the KL divergence between any policy π762

and the Boltzmann policy πB
Q under some Q-values.763

DKL(π(·|s)∥πB
Q(·|s)) = Ea∼π[log π(a|s)− log πB

Q(a|s)]
= Ea∼π[log π(a|s)− log πd(a|s)−Q(s, a)/τ + logEa∼πd [Q(s, a)/τ ]]

= DKL[π∥πd](s)− Ea∼π[Q(s, a)/τ ] + logEa∼πd [Q(s, a)/τ ]

(28)

We can rearrange this equation and multiply by τ to get Vπ (as per equation 5) on the left-hand side.764

Ea∼π[Q(s, a)]− τDKL[π∥πd](s) = τ logEa∼πd [Q(s, a)/τ ]− τDKL[π∥πB
Q](s) (29)

Here, we can see that the left-hand side of the equation (i.e. Vπ(s))) is maximised with respect to π, during generalised765

policy iteration (GPI), when the KL term on the right-hand side is minimized (as the other term does not depend766

on π), and DKL[π∥πB
Q](s) is minimized at π = πB

Q. After each GPI, as DKL[π∥πB
Q](s) approaches zero at π = πB

Q,767

we observe that left-hand side of the equation is the "soft" Bellman value function VQ(s). This shows that for fixed768

Q-values, the Boltzmann policy is the stochastic greedy policy that maximises value. Under optimal Q-values, this769

greedy policy can lead to the Bellman optimal policy in linear MDPs.770

During the generalised policy evaluation (GPE), these optimal Q-values can be learnt using any reinforcement learning771

algorithm with convergence guarantees. Repeating these generalised policy updates (GPE+GPI) will lead to the optimal772

policy π∗ will be given by the Boltzmann policy πB
Q∗ . This concludes our intuitive explanation.773

SM 2: Theorem for additive composition in Linear MDPs774

Theorem 2 (Additive Composition) [58, 86]775

Let Q∗
1,τ (s, a) and Q∗

2,τ (s, a) be the optimal entropy-regularized Q-functions for two tasks with rewards r1(s, a) and776

r2(s, a).777

Then the reward function for the composed task aimed to ensure both objectives are given by the average of the778

individual reward functions:779

rc(s, a) =
r1(s, a) + r2(s, a)

2
.

Let the composition of Q-values Qcomp,τ (s, a) be:780

Qcomp,τ (s, a) =
Q∗

1,τ (s, a) +Q∗
2,τ (s, a)

2
.

The optimal Q-function Q∗
c,τ (s, a) for the composed task is bounded by:781

Qcomp,τ (s, a) ≥ Q∗
c,τ (s, a) ≥ Qcomp,τ (s, a)− C∗

τ (s, a),

where C∗
τ is a fixed point of782

C∗
τ = τEs′∼ρ(s,a)

[
D 1

2
(π∗

1(s)∥π∗
2(s)) + max

a′
C(s′, a′)

]
,

where π∗
i (s) is the optimal Boltzmann policy for task i, and D 1

2
(·∥·) is the Rényi divergence of order 1

2 .783
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SM 3: Novel derivations extending Soft Q-learning to N-step soft Q-learning784

In this section, we provide a detailed derivation of how soft Q-learning can be extended to N-step soft Q-learning. We785

will first begin with the on-policy setting, under the special case of Boltzmann policy (the stochastic optimal policy)786

and then extend it to a fully off-policy algorithm.787

N-step Soft Q-learning (on-policy with Boltzmann policy)788

N-step soft Q-learning incorporates multiple future rewards and KL penalties for deviating from the default policy,789

starting from the second time step onward.790

The N-step return at time t, after taking an action at in state st is defined as:791

Gt:t+n
.
= rt+1 + γ(rt+2 − τKLt+1) + γ2(rt+3 − τKLt+2) + . . .+ γn−1(rt+n − τKLt+n−1) + γnVQ(st+n), (30)

Note that the KL penalty terms appear only from the second timestep onward, as the cost of deviating from the default792

policy affects subsequent actions. If the episode terminates at timestep T , which can be less than t+ n, then we will793

see next that the summation of TD-errors is appropriately truncated to min(T − 1, t+ n− 1).794

We can rewrite Gt:t+n in terms of the temporal difference (TD) error δ, by adding and subtracting γVQ(st+1),795

γ2VQ(st+2), γ3VQ(st+3) and so on:796

Gt:t+n = (rt+1 + γVQ(st+1)) + γ(rt+2 − τKLt+1 + γVQ(st+2)− VQ(st+1))

+ . . .+ γn−1(rt+n − τKLt+n−1 + γVQ(st+n)− VQ(st+n−1)).
(31)

Simplifying, we obtain:797

Gt:t+n = (rt+1 + γVQ(st+1)) +

min(T−1,t+n−1)∑
k=t+1

γkδk

= Qt−1(st, at) + (rt+1 + γVQ(st+1)− (Qt−1(st, at)) +

min(T−1,t+n−1)∑
k=t+1

γkδk

= Qt−1(st, at) +

min(T−1,t+n−1)∑
k=t

γkδk

(32)

where the TD error δk at each timestep is given as follows.798

If k = t, the same as soft Q-learning:799

δt = rt+1 + γVQ(st+1)−Q(st, at) (33)

For k ≥ t,800

δk = rk+1 − τKLk + γVQ(sk+1)− VQ(sk) (34)

The first TD error term, δt = rt+1 + γVQ(st+1)−Q(st, at), does not include the KL penalty since it doesn’t depend801

on the action at which has already been chosen [50, 49, 51].802

Thus, the N-step soft Q-learning update rule is defined as:803

Qt+n(st, at)← Qt+n−1(st, at) + α (Gt:t+n −Qt+n−1(st, at)) , (35)

where α is the learning rate. The subscripts denote the timestep in the episode when the Q-value was used or updated.804

Note that n-step returns for n > 1 involve future rewards and states that are not available at the time of transition from t805

to t+ 1. Thus, the first Q-update of state st is performed at timestep t+ n and not t.806

If the approximate action-values are unchanging, i.e. Qt−1(st, at) ≃ Qt+n−1(st, at) (similar to Exercise 7.11 in Sutton807

and Barto [28]), then we can substitute the expression for Gt:t+n to get:808
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Qt+n(st, at)← Qt+n−1(st, at) + α

min(T−1,t+n−1)∑
k=t

γkδk

 . (36)

If the approximate action values are changing, then we will have an additional term of Qt−1(st, at)−Qt+n−1(st, at)809

in the update.810

N-step Soft Q-learning (off-policy with importance sampling)811

We can now extend this to an off-policy algorithm that learns the Boltzmann policy (πB
Q) as the target policy while812

collecting data under any behavioural policy b. Considering that soft Q-learning is akin to expected SARSA for813

relative-entropy regularised objective, this derivation is similar to the N-step expected SARSA derivation [28].814

We define the importance sampling ratio as follows (T is the last time step of the episode),815

ρt:h =

min(h,T−1)∏
k=t

πB
Q(ak|sk)
b(ak|sk)

(37)

Now the update from the previous subsection can be replaced with its off-policy form,816

Qt+n(st, at)← Qt+n−1(st, at) + αρt+1:t+n−1 (Gt:t+n −Qt+n−1(st, at)) , (38)

Qt+n(st, at)← Qt+n−1(st, at) + αρt+1:t+n−1

(
t+n−1∑
k=t

γkδk

)
. (39)

where, δt+k is defined as per equations 33 and 34. Note, we use ρt+1:t+n−1 and not ρt+1:t+n as in any N-step expected817

SARSA such as this one, all possible actions are taken into account in the last state; the one actually taken has no818

effect and does not have to be corrected for [28, Page 150]. One can further write this recursively using per-decision819

importance sampling [28, 87], but it is not essential to our derivations.820

N-step Soft Q-learning (off-policy with Tree Backup)821

We next present N-step Soft Q-learning using the Tree Backup algorithm. N-step soft Q-learning with importance822

sampling only uses the expectation over actions in the last time step. Tree Backup instead uses it at every step. This823

provides the following advantages: (1) reduces the variance due to the importance sampling ratio, (2) an importance824

sampling ratio does not need to be computed, thus the behavioural policy b does not need to be stationary, Markov, or825

even known [88, 87].826

We begin by writing the N-step return under the Boltzmann policy after taking action at in state st in the Tree Backup827

format. Note, this is the soft-Bellman optimal return regardless of the behavioural policy which chooses actions828

at, at+1, at+2, ... leading to states st+1, st+2, st+3, ... respectively.829

Gt:t+n
.
= rt+1 + γVπB

Q
(st+1) (40)

Using equation 5, we get,830

Gt:t+n
.
= rt+1 + γ

(∑
a

πB
Q(a|st+1)Qt(st+1, a)− τKLt+1

)
(41)

We can now write it in Tree-Backup format,831
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Gt:t+n
.
= rt+1 + γ

∑
a̸=at+1

πB
Q(a|st+1)Qt(st+1, a)− γτKLt+1

+ γπB
Q(at+1|st+1)

rt+2 − τKLt+1 + γ
∑

a̸=at+2

πB
Q(a|st+2)Qt+1(st+2, a)− γτKLt+2


+ γ2πB

Q(at+2|st+2)π
B
Q(at+1|st+1)

rt+3 − τKLt+2 + γ
∑

a̸=at+3

πB
Q(a|st+3)Qt+2(st+3, a)− γτKLt+3


+ ...

+ γn−1

min(t+n−1,T−1)∏
i=t+1

πB
Q(ai|si)

(
rt+n − KLt+n−1 + γ

∑
a

πB
Q(a|st+n)Qt+n−1(st+n, a)− γτKLt+n

)
(42)

This is visualised as follows: The update is from the estimated action values of the leaf nodes of the tree. The action832

nodes in the interior, corresponding to the actual actions taken, do not participate. Each leaf node contributes to the833

target with a weight proportional to its probability of occurring under the target policy.834

This can now be written recursively as,835

Gt:t+n
.
= rt+1 + γ

∑
a̸=at+1

πB
Q(a|st+1)Qt(st+1, a) + γπB

Q(at+1|st+1)(Gt+1:t+n − τKLt+1) (43)

Alternatively, it can also be compactly written in terms of temporal difference errors, by using the following relation836

from equations 9 and 29:837

∑
a̸=ak

πB
Q(a|sk)Qk−1(sk, a) =

∑
a

πB
Q(a|sk)Qk−1(sk, a)− πB

Q(ak|sk)Qk−1(sk, ak))

= VQ(sk) + τKLk − πB
Q(ak|sk)Qk−1(sk, ak))

(44)

By substituting this relation in equations 42, the τKLk terms cancel out and we can write the Tree-Backup return in838

terms of TD-errors as follows:839

Gt:t+n
.
= rt+1 + γ

(
VQ(st+1)− πB

Q(at+1|st+1)Qt(st+1, at+1)
)

+ γπB
Q(at+1|st+1)

(
rt+2 − τKLt+1 + γVQ(st+2)− γπB

Q(at+2|st+2)Qt+1(st+2, at+2)
)

+ γ2πB
Q(at+2|st+2)π

B
Q(at+1|st+1)

(
rt+3 − τKLt+2 + γVQ(st+3)− γπB

Q(at+3|st+3)Qt+2(st+3, at+3)
)

+ ...

+ γn−1

min(t+n−1,T−1)∏
i=t+1

πB
Q(ai|si)

(rt+n − KLt+n−1 + γVQ(st+n)− γπB
Q(at+n|st+n)Qt+n−1(st+n, at+n)

)
(45)

If we combine rk+1 − τKLk + VQ(sk+1) with the last term of the (previous) k-th term, and add and subtract Q(st, at)840

for the first term, then we have the following.841

Gt:t+n = Qt−1(st, at)+

min(T−1,t+n−1)∑
k=t

[
δk

k∏
i=t+1

γπB
Q(ai|si)

]
−γnQt+n−1(st+n, at+n)

min(T−1,t+n−1)∏
i=t+1

πB
Q(ai|si)

(46)
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If the t+ n− 1 > T − 1, that is, the last state is terminal, then we can set the last Q-term to zero, and this expression842

simplifies to,843

Gt:t+n = Qt−1(st, at) +
T−1∑
k=t

[
δk

k∏
i=t+1

γπB
Q(ai|si)

]
(47)

Again, if we assume the approximate Q-values are unchanging (similar to Exercise 7.11 in Sutton and Barto [28]), then844

this gives us our Q-update equation as follows,845

Qt+n(st, at)← Qt+n−1(st, at) + α

min(T−1,t+n−1)∑
k=t

δk

k∏
i=t+1

γπB
Q(ai|si)

 . (48)

where δk are defined as per equations 33 and 34. These updates lead to the estimation of off-policy multi-step returns846

under any behavioural policy, without knowing the behavioural policy.847

Note, that if one starts the Tree Backup derivation with VQ(st + 1) instead of VπB
Q
(st+1), then this leads to an alternate848

equivalent derivation in terms of the default policy instead of the Boltzmann policy (which requires calculating TD-errors849

under the default policy as well). We think this alternate derivation is less relevant as the agent is the target policy for850

the agent is the soft-Bellman optimal Boltzmann policy; therefore, we focus on the derivation in terms of the Boltzmann851

policy.852

This concludes our novel derivations of off-policy N-step extensions of Soft Q-learning, using either importance853

sampling or Tree-Backup. One may further aspire to unify these two multi-step off-policy methods, as done in the854

standard RL setting by De Asis et al. [88], but it is not essential to the current work and is left as future work.855

SM 4: Novel derivations extending N-step soft Q-learning to an elegant algorithm with eligibility traces856

Soft Q(λ) (on-policy with Boltzmann policy)857

Here, we build upon the N-step Soft Q-learning results to develop Soft Q(λ), a solution using eligibility traces.858

We define a λ-return, which is the weighted summation of n-step returns [28].859

Gλ
t = (1− λ)

∞∑
n=1

λn−1Gt:t+n (49)

To simplify the derivation, we define the Boltzmann backup operator following Schulman et al. [51],860

[TπB
Q
Q](s, a) = E(s′,r)∼p(s′,r|s,a) [r + γτ logEa′∼πd [exp(Q(s′, a′)/τ)]]

= E(s′,r)∼p(s′,r|s,a) [r + γVQ(s
′)]]

(50)

We can now define the SARSA(λ) version of this backup operator under the Boltzmann policy, [TπB
Q,λQ](s, a), as861

follows.862

Gλ
t = [TπB

Q,λQ] = (1− λ)(1 + λTπB
Q
+ (λTπB

Q
)2 + ...)TπB

Q
Q (51)

Based on n-step methods, we can derive it to be,863

Gλ
t = [TπB

Q,λQ](s, a) = Q(s, a) + E

[ ∞∑
k=t

(γλ)kδk

]
(52)

where,864

δk = rk+1 − τKLk + γVQ(sk+1)− VQ(sk) (53)
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The update rule using Gλ
t , with a forward-view but offline algorithm is,865

Qt+1(s, a)← Qt(s, a) + α(Gλ
t −Qt(s, a)) (54)

This can be approximated using a backwards view (SARSA(λ)-like) online algorithm under the Boltzmann policy, with866

eligibility traces (et) and the TD-errors as mentioned above in equation 53 (δt).867

Qt+1(s, a)← Qt(s, a) + αδtet(s, a) ∀s, a (55)

and eligibility traces are updated as follows (in the tabular setting),868

et(s, a) =

{
γλet−1(s, a) + 1, if (s, a) = (st, at),

γλet−1(s, a), otherwise,
(56)

Soft Q(λ) (off-policy with Tree Backup)869

We next extend the algorithm to a full off-policy algorithm, developing upon the n-step method using the Tree Backup870

algorithm.871

Gλ
t ≈ Q(s, a) +

[ ∞∑
k=t

δk

k∑
i=t+1

γiλiπ
B
Q(ai|si)

]
(57)

Which gives us an online off-policy soft Q(λ) algorithm, similar to the previous one, but the eligibility trace update is872

adjusted with the target policy πB
Q,873

Qt+1(s, a)← Qt(s, a) + αδtet(s, a) ∀s, a (58)

where,874

δt = rt+1 − τKLt + γVQ(st+1)− VQ(st) (59)

and,875

et(s, a) =

{
γλπB

Q(at|st)et−1(s, a) + 1, if (s, a) = (st, at),

γλπB
Q(at|st)et−1(s, a), otherwise,

(60)

This concludes our derivation of a basic online off-policy Soft Q(λ) algorithm. Such algorithms can be extended to (1)876

function approximation, (2) a more "true" online algorithm and (3) more stable algorithms following Chapter 12 in877

Sutton and Barto [28].878
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Supplementary Results and Figures879

Figure S1: MO Q-learning comparison: (A) Two-step MDP with two (diverging) reward functions from the main text.
(B) Action selection probabilities under additive composition in Linear MDPs, which perform better than additive
composition in MDPs (standard RL) for τ > 0. (C) Multi-objective (MO) soft Q-learning leads to better performance
than MO Q-learning in this task. MO SARSA comparison: (D) Reward weight w1, denoting change in priorities and
w2 = 1 − w1. (E) Distinct behavioural policies under different priorities, which then affect the valuation of future
states. Bold blue lines indicate the preferred action, and rc in this figure is calculated under vanilla/additive composition
of rewards.

Additional info accompanying Fig. S1: Haarnoja et al. [58] shows that simple additive composition of Q-functions880

(Qcomp) never overestimates Q∗
c by more than the divergence of the constituent policies. Here, constant C∗ is the “value”881

of an adversarial policy that seeks to maximise this divergence (Theorem 2, Supplementary Methods 2). For τ = 0, the882

behaviour of such additive composition resembles standard Q-learning (Fig. 2B), but, for τ > 0, there is a weak bias883

towards the optimal action a = R, even with adversarially chosen rewards r1, r2 designed for maximal divergence.884

To our knowledge, equivalent performance guarantees are unavailable for standard multi-objective Q-learning. While885

mathematically distinct from a simple weighted sum, the weighted soft maximum approach empirically often yields a886

higher average weighted sum of rewards than alternatives in our simulations (supplementary Fig. S1). This advantage is887

not always guaranteed in all kinds of tasks and depends on τ and MDP utilities. However, these differences could be888
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quantified behaviourally by examining aggregate choices/consumption (adjusted for subjective utilities, [21]), especially889

under stable reward priorities.890

Figure S2: Demonstration of the off-policy learning of optimal values in linear MDP under sub-optimal trajectories (A
& B) and under optimal control at different τ (C & D). (A) TD(0) learns the value of the policy used for data collection
but fails to learn the optimal policy from the collected data; (B) Soft Q-learning learns the optimal value under any policy.
We use random policies with static probabilities, π(a = R) ∈ {0.1, 0.3, 0.5, 0.7, 0.9} and π(a = L) = 1− π(a = R).
Other metaparameters are τ = 1, learning rate = 0.1 and πd as a uniform distribution, but the results are not affected by
changing any of these. (C) SARSA (aka TD-control) learns the value of the exploring policy used for data collection,
but fails to learn the optimal policy from the collected data. (D) Soft Q-learning learns the optimal value under any
policy. Note, the plot has different values at episode 0, because the V ∗

Q(S0) is dependent on τ . All plots were averaged
over 30 runs, values were initialised to 0, and the learning rate was set to 0.1.
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Figure S3: MO SARSA with state-dependent TD-errors, uses δ̃i = wiδi, same as the second model from Millidge
et al. [9]. Thus the update is ∆Qi = αwiδ̃i = αw2

i δi instead of simply ∆Qi = αδi. We find this does increase
stability/reliability, but may not converge to the optimal values. MO SARSA with state-dependent updates, simply
include it as ∆Qi = αwiδi, similar to how it shows up in feature-based accounts. We find that this does not quite
improve the stability. Neither can completely avoid the interference and unintended unlearning effect caused by the
on-policy nature of MO SARSA.

Figure S4: Differences in value propagation between multi-objective (MO) off-policy and on-policy algorithms, while
exploring under different policies. Off-policy algorithms propagate optimal values throughout the environment, whereas
on-policy algorithms do not. This further explains the efficiency of off-policy MO algorithms in re-planning to a
previously experienced reward function.
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Figure S5: An additional experiment showing that gating the aversive initialisation with a belief state produces the
desired temporal asymmetry in TP responses. (A) Belief state that acts like a switch turned on in the vicinity of the
novel object and turned off randomly 10-20 steps after avoiding the object (B). Resultant distance to novel object
showing the approach-retreat bout, and (C) The Threat-Prediction response on the retreat start, which decays along with
the gradient of the value initialisation.

Figure S6: A simplified model to best explain results from Akiti et al. [31] and Tsutsui-Kimura et al. [32].
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Figure S7: Soft maximum composition may not match human behaviour when they are explicitly asked to optimise
the weighted sum of rewards across different modalities [17]. There are two possible explanations. First, like all
multi-objective (MO) model-free RL, our model generalises in values, not task structure, whereas human behaviour
in these experiments shows generalisation in task structure. Second, the policy under weighted softmax composition
can deviate significantly from the policy optimising the weighted summation of rewards. The left side of the figure
shows the two-stage MDP by Tomov et al. [17], where the participants were playing a medieval trading game. Different
terminal states lead to different quantities of 3 resources (denoted by ϕ), and at the start of each episode, they get to
know the price/cost of each resource, setting the reward weights, requiring them to maximise the weighted sum of
these multiple rewards. First 100 episodes had different weights: wtrain = {[1,−1, 0], [−1, 1, 0], [1,−2, 0], [−2, 1, 0]}
and then tested their responses on 101st episode on a novel weight combination wtest = [1, 1, 1]. They refined the
experiment 3 times, and here we show the final iteration, which gathers support for the SF&GPI strategy, which predicts
the final state 12 to be chosen on the 101st episode. However, it is important to note that only 60% of the participants
managed to learn their tasks and produce average rewards greater than 0, and the rest were excluded. We find that the
soft maximum composition of soft Q-learning results in favouring the final state 9 (same as UVFA, which generalises
in values), and partly also 7 (same as MB) for τ < 1 across all of their experiment iterations (here showing for the
final one). Since weights cannot be negative in MO Soft Q-learning, the loss was included in the resource quantities
(ϕ), composed with the absolute value of the weights for composition. Figures adapted from Tomov et al. [17] with
permission from Springer Nature.
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