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Abstract
The regions close to black holes (BHs) have the most extreme gravitational fields;
therefore we are able to probe Einstein’s theory of gravity by studying how
matter accretes onto these objects. The best data we have of black hole accretion
comes from X-ray binaries (XRBs) within the Milky Way, which shine brightly
in X-rays. The accretion discs are very small and therefore are unresolved in
observations, so we have to study the properties of the X-ray point source in
great detail to understand the structure of, and processes within, the accretion
system. A key observational feature we observe is the reflection of high energy
X-ray photons incident onto the accretion disc, which imprint characteristic
features onto the observed X-ray spectrum such as the Fe Kα line. Relativistic
distortions to the energies and arrival times of the reflected photons enable the
mapping of the accretion region.

In this thesis I employ advanced techniques to model the reflection spectrum
in observations of two BH XRBs, GRS 1915+105 and H1743-322. First, I study
quasi-periodic oscillations (QPOs) in the observed X-ray flux from these systems.
There are many theories to the origin of these signals, and these theories make
different predictions of how the energy spectrum of the source is modulated over
the course of a QPO cycle. I use novel Fourier domain timing techniques in
order to phase-resolve the energy spectrum of the source over a QPO cycle, to
look for these telltale modulation. I constrain modulations in the illumination
of the accretion disc by the high energy X-ray photons, adding growing body
of evidence that the QPOs have a geometrical origin.

I also present pioneering work testing a model able to constrain the mass-
distance ratio of a BH, using the spectral shape and observed flux of the reflected
X-rays to constrain the size and ionization state of the accretion disc. I performed
a proof-of-principle test using observations of H1743-322, which I combined with
a prior distance measurement to constrain the mass of the BH in this system
for the first time. This demonstration shows how X-ray spectroscopy can be
used to make mass measurements of the many BHs within the Milky Way which
are too obscured for current optical techniques.
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Abstract

The regions close to black holes (BHs) have the most extreme gravitational fields;
therefore we are able to probe Einstein’s theory of gravity by studying how matter
accretes onto these objects. The best data we have of black hole accretion comes
from X-ray binaries (XRBs) within the Milky Way, which shine brightly in X-rays.
The accretion discs are very small and therefore are unresolved in observations, so we
have to study the properties of the X-ray point source in great detail to understand
the structure of, and processes within, the accretion system. A key observational
feature we observe is the reflection of high energy X-ray photons incident onto
the accretion disc, which imprint characteristic features onto the observed X-ray
spectrum such as the Fe Kα line. Relativistic distortions to the energies and arrival
times of the reflected photons enable the mapping of the accretion region.

In this thesis I employ advanced techniques to model the reflection spectrum
in observations of two BH XRBs, GRS 1915+105 and H1743-322. First, I study
quasi-periodic oscillations (QPOs) in the observed X-ray flux from these systems.
There are many theories to the origin of these signals, and these theories make
different predictions of how the energy spectrum of the source is modulated over
the course of a QPO cycle. I use novel Fourier domain timing techniques in order
to phase-resolve the energy spectrum of the source over a QPO cycle, to look
for these telltale modulation. I constrain modulations in the illumination of the
accretion disc by the high energy X-ray photons, adding growing body of evidence
that the QPOs have a geometrical origin.

I also present pioneering work testing a model able to constrain the mass-distance
ratio of a BH, using the spectral shape and observed flux of the reflected X-rays
to constrain the size and ionization state of the accretion disc. I performed a
proof-of-principle test using observations of H1743-322, which I combined with a
prior distance measurement to constrain the mass of the BH in this system for
the first time. This demonstration shows how X-ray spectroscopy can be used
to make mass measurements of the many BHs within the Milky Way which are
too obscured for current optical techniques.
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There is a theory which states that if ever anyone
discovers exactly what the Universe is for and why it
is here, it will instantly disappear and be replaced by
something even more bizarre and inexplicable.

There is another theory which states that this
has already happened.

— Douglas Adams, The Hitchhiker’s Guide to the
Galaxy
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2 1.1. Black Holes

1.1 Black Holes

A key prediction of general relativity is that objects of sufficient density collapse,

forming a Black Hole (BH) . While much theoretical work had occurred over

the 20thcentury, most famously but not exclusively by Schwarzschild (1916) and

Kerr (1963), it wasn’t until Webster & Murdin (1972) when the first observational

evidence of a potential (now confirmed) BH was reported in Cygnus X-1. As the

defining feature of a BH is the event horizon, the boundary at which the Newtonian

escape velocity is the speed of light, we can only infer the presence of the BH

from its effect on its surroundings.

The first metric introduced for BHs was the Schwarzchild metric, which is

spherically symmetric, treating BHs as a singular point mass (Schwarzschild 1916),

with massM . In this metric, the event horizon is a sphere with radius RH = 2GM/c2,

or twice the graviational radius Rg = GM/c2. A further critical radius is the

innermost stable circular orbit (ISCO), the smallest radius that a test-mass can

circularly orbit the BH in a stable manner. While circular orbits are possible

at smaller radii, they are unstable and any small deviation would destroy the

orbit, likely sending it towards the event horizon. For a Schwarzschild BH, the

ISCO lies at RISCO = 6Rg.

Kerr (1963) relaxed the spherical symmetry of the Schwarzchild metric, asserting

only azimuthal symmetry. This lead to the Kerr metric which accounts for a

BH with angular momentum JBH, with spin parameter a = JBH/(cM). The spin

parameter is often given in a dimensionless form a∗ = cJBH/(GM2). In this metric,

the event horizon within the equatorial plane is at RH = (1 +
√

1 − a2
∗)Rg. When

considering the ISCO, it is necessary to account for whether the orbit is in the

same direction as the BH spin (prograde orbits), or in the opposite direction to

the spin (retrograde orbits). Again, staying within the equatorial plane of the BH,
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the spin parameter is defined as 0 < a < 1 for prograde orbits, but −1 < a < 0

for retrograde. The ISCO then lies at (Bardeen et al. 1972)

RISCO =
(

3 + Z2 − a∗

|a∗|

√
(3 − Z1)(3 + Z1 + 2Z2)

)
Rg , where

Z1 = 1 + 3
√

1 − a2
∗

(
3
√

1 + a∗ + 3
√

1 − a∗
)
, and

Z2 =
√

3a2
∗ + Z2

1 .

(1.1)

For simple cases, this gives

RISCO =


1 Rg, a = 1 (maximal prograde spin);
6 Rg, a = 0 (Schwarzchild);
9 Rg, a = −1 (maximal retrograde spin).

(1.2)

While the Kerr metric has been expanded upon to include BHs with non-zero

electrical charge (Newman et al. 1965), it is not expected that astrophysical BHs

would have a significant charge as it would attract neutralising material1.

As the mass and spin are enough to describe any astrophysical BH, the question

follows: what distribution of BH mass and spins exist in the Universe? BHs have

been observed which fall into two categories of mass ranges: super-massive BHs

which are expected to exist at the centre of every galaxy, with masses in the range

∼ 105 − 1011 M⊙ (e.g. Peterson et al. 2004); and stellar-mass BHs, the remnants

left behind after the death of the most massive stars (possibly after some merger

processes), with masses ∼ 3 − 100 M⊙ (Corral-Santana et al. 2016; Wang et al.

2021). Populations of BHs with mass in other ranges have been theorised, such

as primordial BHs (≪ 1M⊙ Villanueva-Domingo et al. 2021)) and intermediate

BHs ( ∼ 102 − 105 M⊙ Greene et al. 2020), however as yet there is no significant

evidence of their existence. Conversely, the spin distribution of BHs is still an

active area research, and is an important indicator of their formation and history

(Middleton 2016; Reynolds 2021).

Both super-massive BHs and stellar mass BHs have been seen to accrete. The

former are seen in galaxies across the Universe as active galactic nuclei (AGN), and
1While, in theory, a BH could exist with a non-zero charge away from neutralising material,

we would not be able to observe it as we rely on the material around a BH to infer its presence.
Besides, this thesis is about accreting BHs!
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accrete gas and dust from their immediate surroundings. The latter are seen in

X-ray binary systems (XRBs), which are the focus of this thesis.

1.2 X-ray binaries

BH XRBs are systems with a BH in a binary orbit with a companion star, which

supplies the gas that the BH accretes. The accreting material is heated to such

high temperatures close to the BH that it glows brightly in X-rays, giving rise

to their name. XRBs also exist where the accretor is instead a neutron star

(NS), an extremely dense stellar remnant held up against gravitational collapse by

degenerate neutron pressure. These systems are complicated by the solid surface

and magnetic field of the NS. In this thesis I only focus on BH XRBs, in order

to study simple accretion and general relativity. Moreover, I focus on BH XRBs

within the Milky Way, which provide the highest quality data necessary for the

advanced techniques I will be applying. XRBs are also observed in other galaxies,

most notably ultraluminous X-ray sources (ULXs Middleton et al. 2012), some

of which potentially contain a BH, with others having been shown to be powered

by a NS accretor (Bachetti et al. 2014).

The effective ‘Roche’ potential of a binary system, which accounts for both

gravitational attraction and angular momentum, is shown in Fig. 1.1. The ‘figure-

of-eight’ equipotential depicted by the bold line divides the potential into two Roche

lobes. Within each Roche lobe, the potential is dominated by the gravitational

field of one of the bodies. At the L1 Lagrangian point where the two Roche-Lobes

meet, the gravitational force from the two bodies cancel. If the companion star

becomes large enough (e.g., after undergoing expansion towards the end of its

life) for it to fill its own Roche-Lobe, matter can ‘spill over’ through the L1 point

into the Roche-Lobe of the BH, a process known as Roche lobe overflow. Some

systems with a high-mass companion star can have a powerful enough stellar wind

to allow significant mass transfer without overflow; however the systems studied

within this thesis are powered by Roche lobe overflow.
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Figure 1.1: The Roche potential of a binary system, shown in terms of both lines of
equipotential, and a 3D representation of the potential. Three Lagrange points (L1, L2,
and L3) are labelled, which are Saddle points in the potential. The system shown has
a 2:1 mass ratio, with the larger mass located between L1 and L3. Image from van der
Sluys (2006).

Despite falling into the gravitational well of the BH, the gas is unable to directly

accrete due to the orbital angular momentum it carries. Therefore it forms an

accretion disc around the BH, in which the majority of the material slowly spirals

inwards, converting the free energy of shear to radiation with high efficiency. The

gravitational potential energy liberated by this slow inward spiral, and thus the

luminosity available to radiate away, is proportional to the mass accretion rate ṁ. If

the disc is very dense, and therefore very optically thick, it will be in local thermal

equilibrium such that the blackbody temperature at a given disc radius is T ∝ ṁ1/4.

There are currently 68 known transients in the Milky Way thought to be

BH XRBs, 19 of which have a dynamical mass measurement consistent with the

existence of the BH (Corral-Santana 2021; Corral-Santana et al. 2016), with the

rest being BH candidates. Fig. 1.2 is a cumulative histogram showing the number
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Figure 1.2: A cumulative histogram showing the number of discovered BH transients
(with those which have been dynamically confirmed in blue). This figure is taken from
Corral-Santana (2021), which is an updated version of the work presented in Corral-
Santana et al. (2016). The horizontal black bars indicate the years of operation of the
X-ray missions which have been responsible for their discovery.

of discovered BH transients over time, including the years of operation of the X-ray

missions responsible for their discovery.

1.3 Outbursts

Most XRBs are transient sources, which spend most of their time in quiescence

during which they are either not or barely detectable. However, they occasionally

undergo outbursts, during which their accretion rate, and thus X-ray luminosity,

increases by at least an order of magnitude for a period of a few weeks to years.

Fig. 1.3 shows the X-ray light curve from RXTE (the Rossi X-ray Timing Explorer)

monitoring of the BH XRB GX 339-4 as it goes through three outbursts between

2002 and 2008. The dramatic increase in accretion rate that gives rise to an outburst
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Figure 1.3: RXTE monitoring of the BH XRB GX 339-4 which shows three outbursts
in 2002, 2004, and 2007 (in red, green, and blue respectively). Taken from Fig. 1 of Plant
et al. (2014).

is thought to result from the hydrogen ionisation instability.

When the mass accretion rate ṁ through the disc is low during quiescence, the

disc’s temperature T ∝ ṁ1/4 is low and thus hydrogen within the disc is almost

entirely unionised (Cannizzo & Reiff 1992). However, a small fluctuation in the

mass accretion rate can push a small fraction of the photons in the Wien tail of

the Planck function to energies over 13.6 eV: the hydrogen ionisation energy. As

these photons are absorbed within the disc, this increases the energy within and

therefore temperature of the local disc annulus. The increase in T causes even more

photons to have enough energy to be able to ionise the hydrogen, and therefore

be absorbed themselves, causing further heating. This instability causes the ṁ

of the original annulus to be greater than the input mass accretion (of either the

next annulus out, or from the companion). As the mass flowing out of one annulus

propagates through the disc into the next inner annulus, this slightly inner annulus

also begins to heat and triggers the instability there. This causes a heating wave

to flow through the disc, as the instability is triggered in subsequently inner radii

(Frank et al. 2002; Kato 1998; Cannizzo 1993; Lasota 2001).

Eventually, the balance of the incoming and outgoing mass accretion rates cause

the original annulus to be drained of matter. Thus the density of the gas within the

annulus decreases, and so is the gas pressure since P ∝ T . As the temperature of

the gas at the annulus decreases, fewer photons are able to ionise the hydrogen. In

turn this leads to runaway cooling as the hydrogen recombines, and lowers the mass
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flow rate. In the converse way as above, this recombination causes a cooling wave

to propagate down the disc, bringing the outburst to an end (Cannizzo 1993) with a

mass flow rate below that of the input level. This allows the density to build up again

until the cycle is able to repeat (King & Ritter 1998; Cannizzo 1993; Lasota 2001).

1.4 X-ray Spectrum

1.4.1 Thermal disc emission

The most straightforward form of structured accretion is through an accretion disc,

of which the simplest model is a geometrically thin, optically thick disc, where the

orbital motion of the accreting material is much greater than the slower inwards

drift towards the BH (Shakura & Sunyaev 1973; Novikov & Thorne 1973).

Consider a small of material of mass m, orbiting a BH of mass M , at a radius

R. The energy associated with this material is

E − JΩ , (1.3)

where E = Ekinetic + Egrav is the sum of the kinetic and gravitational potential

energies, and Ω and J = mr2Ω are the orbital velocity and angular momentum of

the material. Here, term JΩ results from the work done on the material through

shear forces within the disc. Within Newtonian gravity, the gravitational binding

energy of the material which has originated from a far distance is straightforwardly

Egrav = −GMm

R
. (1.4)

As material in a Keplarian orbit has the orbital velocity

Ω =
√

GM
r3 , (1.5)

therefore the material has the kinetic energy

Ekinetic = GMm

2R . (1.6)



1. Introduction 9

Figure 1.4: A schematic diagram of an accretion disc getting hotter at smaller radii. This
sketches how many blackbody spectra with a black body spectrum with peak temperature
T ∝ r−4/3 can combine to give an overall ‘disc’ spectra.

Thus, it follows that by the time the material has reached the radius R the

material has total energy

E = Ekinetic + Egrav −mr2Ω2 = −3GMm

2R , (1.7)

with matter losing energy as it moves a small radius dR

dE = 3GMm

2R2 dR . (1.8)

Consequently, the total energy lost by the material accreting from very far way

down to a disc inner radius Rin is

Elost = 3Rg

2Rin
c2 . (1.9)

Assuming that this energy loss by the matter is radiated away, for an accretion

rate ṁ the luminosity of a disc extending down to the BH ISCO is

L = Elost = ηṁc2 , (1.10)

where the efficiency η = Rg
2Rin

is η = 1
12 for a Schwartzchild BH, and up to η = 1

2

for a maximally spinning BH with a prograde disc.

As we are considering an optically thick disc, on average the emitted photons

would undergo many scatterings within the disc, therefore producing a thermal,
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blackbody spectrum. However, as more energy is liberated from the disc at smaller

radii, the disc is hotter closer to the BH. Thinking back again to mass accreting

as it moves over a small dR, the energy released is radiated with a blackbody

distribution and luminosity dL(R) = σSBT
4(R)dA, where dA = 4πRdR is the area

of the annulus from which it is radiating2, and σSB is the Stefan-Boltzmann constant.

Again, on the assumption that all the released energy goes into the thermal heating

of the disc dL = dE, this can be combined with Eq. 1.8

3GMm

2R2 dR = σSBT
4(R)4πRdR (1.11)

and rearranged, showing that the temperature structure of the disc is

σSBT
4(R) = 3GMṁ

8πR3 . (1.12)

The overall observed spectrum from the disc is therefore a ‘multi-coloured’ blackbody

spectrum. This is illustrated in Fig. 1.4, with a sketch of a disc getting hotter

at inner radii on the left, and with an example sum of a number of increasingly

hotter blackbody distributions on the right, to illustrate the approximate shape

of a thermal disc spectrum. BH XRBs are sometimes observed to have an X-ray

spectrum dominated by such a multi-coloured blackbody disc component, with

some examples shown in the left subfigure of Fig. 1.5.

Eq. 1.12 is slightly modified when considering the conservation of angular

momentum, alongside the presence of an inner radius Rin of the disc within which

there is no viscosity: the stress free inner boundary condition. This makes the

disc temperature profile (e.g. Frank et al. 2002)

T 4(R) = 3GMṁ

8πR3

1 −
√
Rin

R

 . (1.13)

While this was derived in the Newtonian regime, the relativistic corrections are

relatively small (Novikov & Thorne 1973). Equations 1.12 and 1.13 come from

the two extreme assumptions about the stress at the inner boundary of the disc.
2This is twice the traditional area of an annulus, since the disc radiates from both the top and

the bottom sides.
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Figure 1.5: Left: An example of a number of disc dominated spectra of the BH XRB
GRO 1655-40, using RXTE PCA and HEXTE data. From Fig. 15 of Done et al. (2007)
Right: Hard state spectrum of the BH XRB GX 339-4 using RXTE PCA and HEXTE
data. Adapted from Fig. 8 of Plant et al. (2014).

As expected, intermediate assumptions of the inner boundary condition provide

intermediate distributions (Mummery & Balbus 2019a,b).

The disc spectrum is dependent on the exact position of the inner radius. At

times, when the disc is thought to extend all the way down to RISCO, the disc

spectrum can therefore be used to constrain the spin of the BH, provided the

black hole mass M and the mass accretion rate ṁ are known. While ṁ can be

inferred from the total disc flux, this also depends on knowing the inclination

angle from which we view the disc and the distance to the system from Earth

(for an example, see Steiner et al. 2012).

1.4.2 Compton scattering

Even the hottest disc spectra observed from XRBs peak at energies ≲ 1 keV.

However, often an accompanying spectral component of much higher energy photons

is observed alongside the disc component, often dominating over it (examples of

which are shown on the right in Fig. 1.5). This component is thought to result

from Compton scattering of comparatively cool photons, perhaps originally from

the disc, with a population of hot electrons (Sunyaev & Truemper 1979) in a region

commonly referred to as the corona. Provided the corona is reasonably optically thin

(with optical depth τ ∼ 1 − 3), on average photons will scatter several times before
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escaping, but not enough times to reach thermal equilibrium with the electrons.

Since the electrons have greater energy than the photons, this process (Compton

up-scattering) transfers energy to the photons, producing high energy photons

while simultaneously slightly cooling the corona.

When photons of frequency ν (and energy ϵ) scatter off elections of velocity βc

(and Lorentz factor γ = (1 − β2)−1/2), the average fractional energy transfer when

averaged over all scattering angles is (Longair 2011; Rybicki & Lightman 1979)
〈

∆ϵ
ϵ

〉
= 4

3β
2γ2 − hν

mec2 . (1.14)

The first term in this equation is classical Thomson scattering, and the second

term is quantum recoil.

In the optically thin corona, if the electrons are in thermal equilibrium with

a temperature Te they have a random velocity from thermal motion given by a

Maxwellian distribution with and average velocity of v2 ∼ 3kBTe/me. By defining

the dimensionless constant Θ = kBTe
mec2 , we get a typical β2 = 3Θ. Inserting this

into Eq. 1.14 (for temperatures where the electrons are non-relativistic, therefore

γ ≈ 1), we get
〈

∆ϵ
ϵ

〉
≈ 4Θ − hν

mec2 . (1.15)

Therefore, any scattering where 4kBT ≫ hν on average imparts a fractional energy

gain of 4Θ. The probability of a photon scattering is 1 − e−τ , for a corona with an

optical depth τ . While corona have a typical optical depth τ ∼ 1 − 3, as a simpler

illustration we can consider an an extremely optically thin corona with τ ≪ 1, which

reduces the scattering probability to ∼ τ . Starting off with a seed population of soft

X-ray photons with energy ϵin, a fraction τ of them will undergo this scattering

to an energy (1 + 4Θ) ϵin. However, some (∼ τ) of these up-scattered photons

will scatter again, and this can continue until the photons have reached energies

hν ∼ 4kBT and then can no longer gain energy. As, before the photon energy

reaches this maximum, each subsequent scattering affects the same proportion
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of photons, and also gives the same fractional energy increase, the resulting flux

spectrum is a power law F (ϵ) ∝ ϵ−α with the index (e.g. Done 2010)

α ≈ log τ
log (1 + 4Θ) , (1.16)

thus the differential photon spectrum isN(ϵ) = ϵ−1F (ϵ) ∝ ϵ−Γ, where Γ = α+1 is the

photon index. This spectrum has a low-energy cut-off at the seed photon energy ∼ ϵin,

and a high-energy cut-off related to the electron temperature at ∼ 3Θ where the

recoil effect becomes important for these photons which have had many scatterings.

1.4.3 Reflection

Most of the hard X-ray photons upscattered by the corona will escape the system,

potentially making it to an observer. However, some of these photons will be

incident back onto the accretion disc. These photons undergo reprocessing within

the optically thick disc, before leaving (potentially having been scattered back

into the observer’s line of sight). These photons form what is known as the

reflection spectrum (Guilbert & Rees 1988; Lightman & White 1988; Ross & Fabian

2005; García & Kallman 2010).

Photons incident on the disc interact with electrons within the disc, either

scattering off free electrons or being absorbed by bound electrons. The relative

probability of scattering or absorption depends on the relative abundance of the

two populations, and the interaction cross-sections of the two processes.

1.4.3.1 Neutral Reflection

The simplest assumption we can make is that all of the bound atoms that photons

interact with are neutral atoms, which is a good assumption for when the incident

photon flux is low enough such that the produced ions always have time to recombine

before the next photo-ionisation event. The cross-section for photoelectric absorption

in this case is shown by the black line in Fig. 1.6 (left). We see that it decreases

with photon energy as ∼ E−3, with edges at the ionisation potentials of each bound

level of each element. In contrast, the cross-section for scattering off free electrons
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Figure 1.6: Left: The photoelectric absorption cross-section of neutral material with
solar abundance, along with the electron scattering cross-section. Right: The reflection
spectrum seen from this same material. It shows how the reflection decreases with
the increasing photoelectric absorption, including the absorption edges, along with the
fluorescence lines. At the higher energies, the Compton hump dominates the reflection
spectrum. Taken from Fig. 1.20 of Done (2010).

(grey line) is approximately constant for E ≲ 100 keV before slowly dropping off

for higher energies due to relativistic effects. This means that for photon energies

E ≲ 10 keV the photoelectric absorption dominates, so the resulting reflection

spectrum increases with energy and includes absorption edges (blue line in Fig. 1.6,

right). At higher energies photons are instead more likely to be scattered. However,

as this scattering is not elastic, hard X-ray photons are down-scattered to produce

a Compton hump peaking at ∼ 20 − 50 keV (Fig. 1.6, right).

The photoelectric absorption of low-energy photons leads to emission lines being

present in the ‘reflection’ spectrum, which can also be seen in Fig 1.6(right). Photons

(with the required energy) are most likely to be absorbed by the most tightly bound

electrons in an atom (say element X), those in the K (n=1) shell (Hussein 2007),

liberating the electron and in the process leaving behind an excited X+ ion. The

vacancy left can then be filled by an electron in a higher orbital; for a vacancy

in the K shell, an electron is most likely to come from the next shell (L, n=2) if

it is occupied. When this higher energy electron de-excites to the lower energy

K shell it does so by either emitting a photon, or another electron via the Auger

effect. The photons emitted through this process form fluorescence lines, often
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Figure 1.7: Left: The photoelectric absorption cross-section of ionised material with
solar abundance, with increasing values of the ionisation parameter ξ (0 in black; 0.1
in pink; 1 in cyan; 10 in red; 100 in green; and 1000 in blue), along with the electron
scattering cross-section. Right: The reflection spectra seen from this same material, for
the same ionisations (in the same colours). It shows how the reflection decreases with
the increasing photoelectric absorption, including the absorption edges, although the
fluorescence lines are not included. At the higher energies, the Compton hump dominates
the reflection spectrum, and is not affected by the ionisation state of the disc. Taken from
Fig. 1.21 of Done (2010).

labelled in Siegbahn notation (where Kα represents the n=2 to n=1 transition, Kβ

the n=3 to n=1 transition, and so on). As atoms with a lower atomic number

are more likely to de-excite via the Auger effect (suppressing the fluorescence line

emission), and as the energy of the Iron Kα line at ∼ 6.4 keV is in a region with

a high reflection probability, this leads to this line being the dominant line in the

observed reflection spectrum. As the accreting material in an XRB has a stellar

origin, elements heavier than iron have very low abundance and therefore have an

almost negligible effect on the observed reflection spectrum.

1.4.3.2 Ionised Reflection

In BH XRB systems, the inner regions of the disc receive high levels of irradiating

flux. This means that not only is the observed reflection spectrum dominated by

these regions, but also many ions will not have time to recombine before the next

photo-ionization event. It is therefore necessary to account for the disc medium

consisting of a superposition of different ionic species. The ionisation state of the
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disc is often parameterised by the ionisation parameter (Tarter et al. 1969; Ross

& Fabian 1993; Kallman & Bautista 2001; García et al. 2013a)

ξ = 4πFx

ne
, (1.17)

where ne is the electron density within the disc, and Fx is the illuminating X-ray

flux. A common choice energy band for the flux is the 1 Ry to 1000 Ry (≈ 13.6 eV to

13.6 keV) band (e.g. Kallman & Bautista 2001), with the lower bound corresponding

to the hydrogen ionisation energy and the upper bound being a convenient choice

where the photoelectric absorption cross-section is greatly diminished.

As the ionisation of the disc material increases, the relative proportion of ions

to neutral atoms within the disc increases. As ions have a smaller absorption cross-

section this in turn decreases the overall absorption cross-section of the material

(and therefore increases the amount of reflection), particularly at lower energies.

The higher ionisation also causes the resulting absorption edges to increase in energy,

as it requires more energy to liberate an electron from a negative ion than it does a

neutral atom. Fig. 1.7 (left) shows how the photoelectric absorption cross-section

changes for 0 ≤ ξ ≤ 1000. The resulting reflection spectrum for the same values of

ξ, calculated using a simple model that only considers absorption and scattering

(the pexriv model in xspec) is shown in Fig. 1.7 (right).

Beyond the changes in the photoelectric cross-section, the ionization state of the

disc also influences the fluorescence lines, which increase in energy for higher ionic

species. The fluorescence lines are also become broader, as the irradiation primarily

effects the outer layer of the disc, causing these outer levels to be more ionised. As

the more ionised material has a smaller absorption cross-section, more photons are

able to penetrate this layer towards the less ionised material inside the disc, and it

is these layers that produce the fluorescence photons which we see. However, in

order to be observed these fluorescence photons have to pass through the outer layer

and escape. This upper layer, being highly ionised, contains many free electrons

so that the photons are subjected to Compton scattering, causing broadening of

the fluorescence lines (Young et al. 2001). When the disc is entirely ionised, the
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Figure 1.8: Three example spectra computed with xillver for (from bottom to top)
log ξ = 0 in blue, 2.0 in black, and 3.6 in red. The other model parameters used to
calculate these were spectral index Γ = 2.0, coronal electron temperature kTe = 300 keV,
solar iron abundance, and a 30◦ observing inclination. Each spectrum was offset by a
factor of 10 to separate it clearly from the one below.

reflection spectrum has almost no features, becoming close to the illuminating

spectrum, up to the energy of the Compton hump.

The resulting reflection spectrum calculated taking all of the discussed effects into

account is shown in Fig. 1.8, for ionisation parameters log ξ = 0, 2.0, 3.6 to cover a

range from completely unionised to very highly ionised. This uses the most advanced

reflection model available at the moment, xillver (García & Kallman 2010; García

et al. 2013a), which self-consistently calculates the temperature and ionisation state

in the disc atmosphere then solves the radiative transfer equation for a slab of

constant density. The overarching spectral shape changes as before, however in the

xillver models the broadening and weakening of the spectral lines becomes obvious.
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Figure 1.9: The effects on the light emitted from the disc from two narrow radii. The
upper panel has no relativistic effects, and only considers Newtonian Doppler shifts. The
second panel adds in special relativistic effects: transverse Doppler shifting, and relativistic
beaming. The third panel shows the gravitational redshift from general relativity. The
final, lowest panel shows the final broadened and shifted line profile from the emission as
integrated over the disc. Image adapted from Fig. 3 of Fabian et al. (2000).

1.4.3.3 Relativistic smearing

The discussion of the reflection spectrum thus far has only considered the spectrum

in the local restframe of the disc. From our, observers, point of view, we see

the disc in a highly relativistic regime (Fabian et al. 1989), particularly the areas

of the disc closest to the BH where it is expected the disc illumination (and
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therefore reflection) will be the strongest. A number of effects are at play, and

these are demonstrated in the upper three panels of Fig. 1.9 given a δ-function

spectral line, considering two separate disc radii. The fourth panel shows the

overall smearing observed from the disc.

1. The first effect is the ‘Newtonian’ Doppler shifting. We see the light from

a patch of disc approaching us blue-shifted to higher energies, whereas light

from a patch of disc receding from us is red-shifted to lower energies. Annuli

of the disc closer to the BH have faster orbital velocities, and therefore the

most significant broadening.

2. The next consideration is special relativistic effects due to the highly relativistic

motion close to the BH, which come in two forms. There is an additional

red-shift from transverse Doppler shifts, due to the time dilation of rapidly

moving material. There is also beaming of the light from the approaching

material, causing the the blue-wing of the line profile to be boosted, and

anti-beaming of the receding material causing suppression of the red-wing.

Again, this is strongest for the fastest material, closest to the BH.

3. Finally, the material close to the black hole is in a strong gravitational field, so

we see the light from that region of the disc undergoing gravitational redshift

as described by general relativity – an effect strongest for the material closest

to the BH, producing a stronger redshift for the innermost annuli.

The reflection spectrum that we observe originates from all parts of the disc,

and the strength of each of these effects depends on the radii in units of Rg of

the patch of the disc that the X-rays are coming from. Therefore pure reflection

spectroscopy is independent of the BH mass, however it does depend on the disc

inner radius (again, in units of Rg), the inclination angle we observe the disc from;

and the emissitivy profile which weights the reflection spectrum to different radii.
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Figure 1.10: An example hardness intensity diagram (HID; upper) and hardness RMS
diagram (HRD; lower), sketching out a typical outburst which proceeds from the point
marked ‘A’, moving around the ‘q’ shape anti-clockwise. The corresponding points are
also labelled on the HRD. Imagine from Fig. 1 of Kylafis & Belloni (2015).

1.5 Spectral-timing states

During an outburst an XRB exhibits a number of different spectral and timing

behaviours, which are classified into different states. These states are typically

classified by the source’s location on the hardness-intensity diagram (HID) and

hardness-RMS diagram (HRD) (Belloni 2010; Fender & Muñoz-Darias 2016; Ingram

& Motta 2019; Belloni & Motta 2016), where RMS means root-mean-squared

variability amplitude. Fig. 1.10 shows a schematic of the HID (upper) and HRD

(lower). Hardness is not a uniquely defined property, but all ways of measurement

ensure it is a comparison of the amount of hard, high energy X-ray flux (≳ 10 keV) to

soft, low-energy X-ray flux (≲ 5 keV). Intensity is simply the overall flux observed3,

and RMS is the total variability present in the source light curve.

When an XRB comes out of quiescence, it begins to rise up the right-hand side
3Therefore, care must be taken when comparing sources at different distances.
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of the HID. The X-ray spectrum is dominated by a strong coronal power law with

a hard photon index of 1.6 − 1.7, such as on the right subfigure of Fig. 1.5. In this

low hard state (LHS) the light curve typically shows a large amount of intrinsic

variability (often with ≳ 10% RMS). In this state the total RMS within the light

curve is seen to decrease as the flux increases, and a compact radio jet is often seen

with radio luminosity that correlates with the X-ray luminosity (Gallo et al. 2003).

Eventually the system reaches its maximal brightness, however it still has a hard

spectrum (sitting around the top-right part of the ‘q’ of the HID). It then begins

to transition through the intermediate state, with the source softening despite

maintaining its brightness. Here, the disc spectrum becomes hotter and brighter,

while the power law spectral index increases.

As the source moves through the intermediate state, the continuous jet emission

stops, and is instead characterised by discrete ejecta. The discrete jet ejection

appears to occur only for a very narrow range in X-ray hardness, which is referred

to as the ‘jet line’ (Fender et al. 2004). Occasionally, a source never leaves the hard

state (or only briefly enters the intermediate state) before returning to quiescence,

in what is known as a failed outburst (Alabarta et al. 2021).

After the intermediate state, the source ends up in the high soft state (HSS)

located to the left part of the HID, with the spectrum dominated by a strong, hot

disc spectrum in the soft X-rays, although the power law does not vanish completely

(see the black spectrum on the left subfigure of Fig. 1.5). The HSS is also seen to

have low X-ray variability, which is consistent with most of the variability having

come from the power law. In this state, jets are quenched.

After spending some time in the HSS, the source fades in brightness, before

transitioning back through the intermediate state to the LHS, eventually returning

to quiescence typically a few weeks or months after the outburst began.

1.6 QPO phenomenology

Quasi-periodic oscillations (QPOs) are often seen in the X-ray flux from XRBs.

When studied in the power spectrum (see 1.10.1) they appear as narrow peaks,
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Figure 1.11: Examples of the three types of low frequency QPOs seen in the power
spectra from BH XRBs. The top panel shows a type-A QPO seen from XTE J1859+226,
while the middle and lower panels show respectively a type-B and type-C QPO seen from
GX 339-4. Figure adapted from Fig. 1 of Ingram & Motta (2019).

with a width ≲ 1/2 of the centroid frequency. In BH XRB systems, QPOs are

classified as either being low frequency with a centroid frequency ≲ 30 Hz, or

high frequency with a centroid frequency ≳ 60 Hz (Belloni 2010; Ingram & Motta

2019). Low frequency QPOs are then sub-divided into three categories: type-A,

-B, and -C; Fig. 1.11 shows an example of each type.

QPOs are typically modelled in the power spectrum for frequency ν with the

Lorentzian function (van Straaten et al. 2002)

L(ν) = a2
0∆[

π
2 + arctan

(
ν0
∆

)] [
∆2 + (ν − ν0)2

] , (1.18)

where ν0 is the QPO centroid frequency, and ∆ is the half width at half maximum
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(HWHM), such that the quality factor is Q = ν0
2∆ . L(ν) is defined such that the

overall RMS power of the QPO is a0 (therefore
∫∞

0 L(ν)dν = a2
0).

Beginning at the end of the LHS and persisting a little way into the intermediate

state, type-C low frequency QPOs are often observed. They are very strong (with

up to ∼ 20% RMS) and narrow (Q ≳ 8), and can range from a centroid frequency

of ∼ 0.1 − 20 Hz. These QPOs are seen accompanied by broadband noise (i.e.

strong RMS on a wide range of timescales, characterised in the power spectrum

high power between two break frequencies). As a source makes itself way through

the LHS into the intermediate state type-C QPOs are seen to increase in frequency,

and properties such as the disc flux and the photon index are seen to correlate with

the QPO frequency (Vignarca et al. 2003). As type-C QPOs are very strong, they

are commonly observed with a 2nd harmonic with a frequency twice that of the

fundamental, (and sometimes even higher harmonics are detectable).

During the intermediate state, sometimes a type-B QPO is observed, defined

as a QPO with very low asociated broad band noise. The presence of a type-B

QPO is used to split the intermediate state into the soft intermediate state (when

a type-B QPO is present), and the hard intermediate state (without a type-B

QPO) (Belloni & Motta 2016). These QPOs are known to be associated with jet

launching (Fender et al. 2004; Fender et al. 2009), with a switch from a type-C

to a type-B QPO having been seen to correspond to the launching of apparent

superluminal ejecta in recent outbursts of the BH XRBs MAXI J1535-571 (Russell

et al. 2019) and MAXI J1820+070 (Homan et al. 2020). Type-B QPOs are typically

less strong (≲ 5% RMS) and less sharply peaked (Q ≳ 6) than type-C and they

have typical frequencies in the narrow range of ∼ 5 − 6 Hz Often, a weak second

harmonic accompanies the fundamental.

The least common type of low frequency QPO observed in BH XRBs is type-A,

which are seen shortly after the XRB has entered the soft state. They show as a

broad (Q ≲ 3) peak with a centroid frequency of 6-8 Hz; they are also quite weak

with RMS around only a few percent, and occur alongside very weak red noise.
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Figure 1.12: Four examples of Coronal geometries around a black hole, where the
optically thick accretion disc is sketched in grey, and the population of hot electrons (the
corona) is in yellow. The top left sketches the lamppost model (although it is assumed
the structure also has a symmetric component below the disc too). The top right sketch
shows the sandwich corona geometry. The lower two sketches are possible configurations
of the truncated disc model, with the corona within a disc truncation radius. Figure
taken from Fig. 8.1 of Bambi (2017).

As type-C QPOs are both the most commonly observed form of low fre-

quency QPO, and are also show strongest variability, I will focus on studying

these in this thesis.

1.7 Models for the corona

While the corona has long been known to be a population of hot electrons close

to the BH, the exact nature and geometry of the corona is still a matter of hot

academic debate despite decades of study. There are a number of geometries to

describe the corona which are used in the literature; I will present a summary

of the key models here.

XRBs are not resolved in observations and so only appear as point sources.

Therefore, to understand the accretion geometry we have to use spectral and

variability information, which encode the key processes and interactions of the

disc and corona. The exact geometry of the corona has implications for the seed



1. Introduction 25

photons from the disc which are up-scattered. Different geometries predict different

fractions of the disc photons being intercepted and up-scattered by the corona, and

likewise the illumination pattern on the disc by these photons. This illumination

of the disc by the corona changes the overall reflection spectrum we see, and so

is encapsulated by the emissivity profile ϵ(r). This emissivity profile is defined

by the ‘reflected’ emission coming from the disc (Laor 1991); however, because

the disc is optically thick, the reflection happens locally and so the emissivity

profile should match the illumination profile.

1.7.1 Sandwich

The sandwich, or slab, coronal geometry has the disc embedded within the hot

electrons (see upper-right of Fig. 1.12), which are themselves held close to the

accretion disc via magnetic fields (Haardt & Maraschi 1991, 1993; Field & Rogers

1993; Stern et al. 1995). In this geometry, it is difficult to explain the hard spectrum

observed from the Comptonised component, since a sandwich corona as described

will intercept a large luminosity of disc photons, keeping the electron temperature

low and the power-law index of the emitted spectrum above ∼ 2 (Dove et al. 1997;

Poutanen & Coppi 1998; Malzac et al. 2005).

The sandwich geometry can be modified to try to rectify this issue. For instance

perhaps the corona is patchy rather than homogeneous (Haardt et al. 1994), possibly

being comprised of individual magnetic flares. As the disc isn’t entirely covered,

fewer photons enter the corona, so there is a smaller cooling effect, allowing the

harder spectra that we observe. Likewise, the electrons in the corona could have a

bulk velocity flow away from the disc, reducing the disc flux intercepted by the corona

in its rest frame due to Doppler de-boosting. However, both of these effects this

would also reduce the contribution of reflection to the observed spectrum to an extent

that is difficult to reconcile with the observational data (Done & Nayakshin 2007).
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1.7.2 Lamppost

The lamppost geometry (Matt et al. 1991; Martocchia & Matt 1996) considers the

coronal emission coming from a spot at a height h directly above the BH with

respect to the plane of the disc (with an assumed symmetrical counterpart below

the disc too), as illustrated in the top-left of Fig. 1.12. This model is not entirely

physical, as it is implausible that the emitting corona is localised to one small

spot, however it is mathematically convenient, as the the radial emissivity profile

can then be calculated through ray-tracing.

Lamppost models have usually allowed a ‘reflection fraction’ to vary to allow

the proportion of reflected light compared to the directly observed coronal light to

be a model parameter while otherwise maintaining isotropic emission. However,

recent versions of lamppost models (such as in Ingram et al. (2022), which I use

in chapter 3) include terms that allow the emission to be non-isotropic.

While this model is just a convenient approximation, it does possibly represent

an over-density at the base of an outflowing jet (Miyamoto & Kitamoto 1991;

Fender et al. 1999; Markoff et al. 2005; Kara et al. 2019), it is simply the first

approximation of a compact corona that sits above the disc. Recent work has

considered a ‘double lamppost’ model to represent a vertically extended corona

(e.g. Chainakun & Young 2017), which is used to explain a common feature where

timing methods imply a higher lamppost reflecting off larger disc radii, whereas

spectral methods indicate strong reflection from very small radii.

1.7.3 Truncated disc

The truncated disc model (Eardley et al. 1975; Ichimaru 1977; Done et al. 2007)

describes a situation where (in the hard and intermediate states) the disc does

not extend all the way down to the ISCO of the BH, but is instead truncated

at some larger radius (such as the lower two sketches of Fig. 1.12). Within this

truncation radius the disc density is very low due to the rapid inflow velocity of

the accreting matter, despite the same mass accretion rate. This means the disc

has low opacity and also a low electron-proton collision rate. As the protons are
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much more massive than the electrons, they gain most energy through accretion.

However, it is the electrons that are dominant in Compton scattering as they have

a much higher scattering cross section. Therefore the electron temperature is set

by the balance of the weak coupling with the hotter protons and the radiative

cooling, with the thermal energy of the protons advecting into the BH. Such an

accretion flow is known as an advection dominated accretion flow (ADAF; Ichimaru

1977; Rees et al. 1982; Narayan & Yi 1995).

As the XRB enters the soft state, the accretion rate increases and the disc

moves further inwards. The resulting greater covering fraction of the disc by

the corona means more seed photons are up-scattered, which in turn cools the

electrons in the corona.

1.8 QPO models

There are many models in the literature that try to explain the origin of low

frequency QPOs, particularly type-C QPOs. Here, I will attempt to summarise key

models that are favoured to explain the observed properties (see section 1.9).

Most models relate the QPO to three key frequencies of motion within the the

disc. The first is the orbital frequency of the disc νϕ(r); the second is the vertical

epicyclic frequency νθ(r) ; and the third is the radial epicyclic frequency νr(r) (see

e.g. Kato 1998; Nowak & Lehr 1998). While in Newtonian gravity these three

frequencies are the same, within general relativity this is not true and they can differ

significantly in extreme-gravity (for example, when close to a BH). It follows that an

element on an elliptical orbit would have its semi-major axis precess at the periastron

frequency νper = νϕ − νr. Within the Kerr metric, an orbit tilted out of the plane

of a spinning mass would undergo nodal precession with frequency νnod = νϕ − νθ,

also known as Lense-Thirring precession νLT = νnod (Lense & Thirring 1918).

1.8.1 The relativistic precession model

The relativistic precession model (RPM; Stella & Vietri 1998; Stella et al. 1999)

suggests that type-C low frequencies QPOs are caused by Lense-Thirring precession
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at some characteristic radius. This radius is plausibly the disc truncation radius rtr

if the disc does not extend down to the ISCO. If there are hot-spots (but see Psaltis

& Norman (2000) for an alternative modulation mechanism) at this characteristic

radius 4 on orbits which are inclined with respect to the spin of the BH, these orbits

would precess at the Lense-Thirring frequency. The origin of the inclination of the

disc with respect to the BH spin axis could likely be a result of the misalignment

of the plane of the binary orbit. Such a misalignment could initially result from

an asymmetric supernova at the birth of the BH (Fragos et al. 2010). Although

dissipative processes will eventually align the system, this will only be after the

BH accretes ≳ 10% of its initial mass (King & Nixon 2016), meaning that a natal

misalignment could be preserved in most BH XRBs.

The RPM was also designed to explain the presence of two high frequency QPOs,

with frequencies at νper and νϕ respectively. In the rare occurrences that all three

QPOs are observed in the same observation (assuming they originate at the same

radius, which is not necessarily the disc inner radius) then it is possible to use

these three frequencies to solve for the radius of origin, along with the mass and

spin of the BH (Motta et al. 2014a; Ingram & Motta 2014). Likewise, it is possible

to combine the frequencies of two QPOs with prior knowledge of the BH mass to

find the spin and radius, (Motta et al. 2014b; Ingram & Motta 2014). Schnittman

et al. (2006) considered the effect of Lense-Thirring precession on a ring of material

orbiting the BH, rather than simply a hot-spot.

1.8.2 The precessing inner flow model

Ingram et al. (2009) presented a model where the QPO is also caused by Lense-

Thirring precession, however here it is a hot inner flow that is precessing within a

truncated disc. If the truncated disc is misaligned with the spin axis of the BH,

with a misalignment angle β between the BH spin axis and the normal vector to the

disc, it would feed the inner flow such that it could undergo the nodal precession.

The model assumes that the inner flow precesses as a solid body which has an outer
4These hot-spots could be generated by turbulence if the radius is the truncation radius.
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radius set at the disc truncation radius, and either propagates down to the ISCO,

or a radius where the density drops substantially (which could be greater for BHs

with higher spin). The precession is such that it keeps the misalignment angle β

between the inner flow and the BH spin axis constant, however this means that the

misalignment between the inner flow and the truncated disc varies from 0 to 2β

over the course of a precession cycle. A moderate misalignment of β ∼ 10 − 15◦

would lead to QPOs of the typical observed RMS (see e.g. Veledina et al. 2013;

Ingram & van der Klis 2015; Ingram et al. 2017). Recent high-resolution general

relativistic magnetohydrodynamic simulations have seen thick inner flows, and

even the associated jet, precessing due to the Lense-Thirring effect (Fragile et al.

2007; Liska et al. 2018, 2019).

The effect of the precession of a hot inner flow depends on the exact observational

angle to the system. When the inner flow is seen most edge-on the Doppler boosting

from it is maximal (with the Doppler blue shifts being dominant over the red shifts).

Conversely, when the inner flow is most face-on, while the Doppler boosting is

minimal the projected area is maximal (Veledina et al. 2013; Ingram & van der

Klis 2015). Also, as the inner flow is not spherically symmetric, the Comptonised

emission is not isotropic, and the observed intensity and temperature of the inner

flow could change as the viewing angle changes (Ingram et al. 2017; You et al. 2020).

A key prediction of this model is changes in the reflection spectrum over the

course of the QPO cycle. As the inner flow precesses, it changes the emissivity profile

on the disc. At any given time different parts of the disc would be preferentially

illuminated. As we observe different parts of the disc to have different red-shifts, this

modulated illumination pattern also modulates the shape of the observed reflection

spectrum, causing a rocking of the iron Kα line between higher and lower energies

as blue- and red- shifted parts of the disc are illuminated (Ingram & Done 2012).

1.8.3 Corrugation modes

Corrugation modes (c-modes) are discoseismic, transverse standing waves trapped in

a region close to the inner radius of the disc (Kato & Fukue 1980; Tsang & Lai 2009),
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as visualised in Fig 2. of Tsang & Butsky (2013). The standing wave is set up from a

white noise of initial perturbations via reflection off the disc inner radius rin and the

inner vertical resonance rIVR > rin. The resonant frequency of the standing wave is

νc = mνϕ (rIVR) − j1/2νθ (rIVR) , (1.19)

where m and j are integers corresponding to different modes. This means that

the fundamental mode m = j = 1 is the Lense-Thirring precision frequency of

the IVR νc = νϕ (rIVR) − νθ (rIVR) ≡ νLT (rIVR). This model also predicts a QPO

phase-dependent rocking of the iron line, but the effect is much more subtle than

for the precession model (Tsang & Butsky 2013).

1.8.4 Accretion ejection instability

The Accretion Ejection Instability (AEI; Tagger & Pellat 1999; Varnière & Tagger

2002; Tagger et al. 2004; Tagger 2007) also describes normal modes of standing

waves in the inner accretion disc. It can occur when a thin accretion disc is threaded

by a strong vertical magnetic field, strong enough that the magnetic and gas pressure

within the disc are comparable. Perturbations in the strength of the magnetic field

trigger spiral density waves that travel outwards. Outward travelling waves with

frequency ν reflect back at the inner Lindblad resonance rilr > rin, which is the

smaller of the two radii that satisfy the condition (ν −mνϕ)2 − ν2
r = 0, where the

integer m is the mode number. The resulting inward travelling wave is in turn

reflected at rin until a standing wave is set up that rotates about the disc surface at

some resonant eigenfrequency νi. The mth mode corresponds to a spiral structure

with m turns between the disc inner radius and the inner Lindblad resonance. The

frequency of the spiral wave depends on the BH mass and spin, along with disc

parameters such sound speed, and the strength of the vertical magnetic field.

1.8.5 Propagating oscillatory shock

The Propagating Oscillatory Shock (POS) model assumes a two component accretion

flow (TCAF) which has a Keplerian disc, sandwiched by a sub-Keplerian corona
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(Chakrabarti 1997). The POS model predicts that a shock forms at some radius

rshk where the centrifugal pressure in the Keplerian disc slows the accretion flow.

At smaller radii, the flow is in the form of a sub-Keplerian halo referred to as a

centrifugal pressure supported boundary layer (CENBOL), in which the protons and

electrons may have different temperatures due to inefficient coupling between them.

The POS model suggests that QPOs are a result of the shock radius oscillating

about its mean radius, which can occur when the cooling timescale of the halo is

comparable with the infalling timescale of the accreting material.

1.8.6 Pressure/accretion rate modes

A class of QPO models consider oscillations which have a dynamical origin in some

resonance of an intrinsic property of the accretion flow, such as pressure, density or

accretion rate. For example, Cabanac et al. (2010) suggested a model of a pressure

wave with a resonant frequency that is trapped within the corona, when assuming

a truncated disc / hot inner flow geometry. O’Neill et al. (2011) notes QPOs in the

acretion rate of a magnetohydrodynamic (MHD) simulation that they attributed to

dynamo cycles in the azimuthal disc magnetic field. However, the QPO frequency

in their simulation depended on radius, such that it is not clear how these accretion

rate oscillations could give rise to a coherent QPO in the X-ray flux. Other results

from MHD simulations include Wang et al. (2012), who explored toroidal Alfvén

wave oscillations and Machida & Matsumoto (2008), who found an inner torus

that deforms itself quasi-periodically between being circular and being in crescent

shaped, which modulated the mass accretion and outflow rates.

An oscillation of an intrinsic accretion flow property can modulate the X-ray

flux in several ways, since the corona radiates via Compton scattering. Karpouzas

et al. (2021) explored a model initially considered for kHz QPOs in NSs (Kumar

& Misra 2014; Karpouzas et al. 2020), which perturbs the Kompaneets equation

by introducing a sinusoidal oscillation into the external heating rate (i.e. the mass

accretion rate, which is the mechanism that provides the external heating). This

leads to the electron temperature to oscillate, and feedback onto the source of seed
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photons additionally leads to a modulation of the seed photon temperature with a

time lag resulting from the time it takes photons to undergo many scatterings in the

corona. The oscillations in these two temperatures in turn introduce oscillations into

the power-law index. The predicted spectral variability can then be tested against

spectral-timing properties of the QPOs observed in XRBs. Such a process occurring

in a fixed geometry predicts that there should be no systematic dependence of QPO

properties on the angle from which we view the source.

1.9 Observational tests of QPO models

As is usual when there are multiple theories to explain a phenomenon, we need

to examine the various observational properties of low frequency QPOs to begin

to understand the mechanism behind them.

The models for type-C QPOs, both those described above and others in the

literature, can be broadly classified into geomertical models, where the observed

change in the flux is attributed to part of the system physically varying in size or

shape quasi-periodically; or intrinsic models, where a property such as the pressure

or accretion rate is modulated while the geometry remains otherwise stable. I will

outline a number of tests used to study QPOs in the literature, which will build

into work I have done on QPOs which will be presented in chapters 2 and 4.

1.9.1 Inclination Dependence

Any geometrical origin of a QPO is likely to result in a inclination dependence of the

QPO properties, whereas an intrinsic origin of the QPO would not. For example,

a precessing torus would appear more variable when viewed at high inclinations

(i.e. edge-on) as it tilts towards or away from us; a precessing jet however would

be more variable if viewed at low inclinations (face-on) as the Doppler boosting

is much stronger for smaller inclination angles5.
5Except, of course, for the case of a precessing jet viewed directly down the precession axis, for

which no variability at all would be seen.
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Figure 1.13: Fig. 3 of van den Eijnden et al. (2017), which shows the measured phase
lag ϕ for type-C QPOs of different frequencies seen in difference sources. The sources
were broadly classified into high inclination and low inclination, and the results were
binned logrithmically in frequency space to produce the blue and red points respectively
to encapsulate the differing high and low inclination trends.

Motta et al. (2015) used a sample of RXTE observations containing QPOs to

show that the type-C QPOs are indeed stronger in higher inclination sources, however

the trend is reversed for type-B QPOs, which are stronger in lower inclination sources.

This is strong evidence that low frequency QPOs have a geometric origin, and also

highlights that type-B and type-C QPOs likely have different mechanisms.

van den Eijnden et al. (2017) looked at the inclination dependence of the QPO

phase-lags, that is whether the QPO within a soft energy band either lags or leads

the QPO measured in a hard band. They considered the phase lags between hard

(∼ 7 − 13 keV) and soft (∼ 2 − 7 keV) photons for different frequency QPOs, with

sources split into ‘low’ and ‘high’ inclination. The main result (Fig. 3 of their

paper) is reproduced in Fig. 1.13 here. It illustrates that for νQPO ≲ 2 Hz all the

sources they considered showed a small hard lag (where modulations in the hard

X-ray flux lag behind those in soft X-ray flux). However, for type-C QPOs with
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νQPO ≳ 2 Hz, low inclination sources showed much larger hard lags, whereas high

inclination sources showed large soft lags (where modulations in the soft X-ray flux

lag behind those in hard X-ray flux). van den Eijnden et al. (2017) also looked at

type-B QPOs which too showed soft lags for higher inclination, however there were

only a small number of sources so the results weren’t statistically significant.

1.9.2 Frequency-resolved spectroscopy

Frequency-resolved spectroscopy involves finding the energy spectrum of the power

in different Fourier frequencies. In particular, it can be used to see the strength of

the QPO harmonics in given energy bands. This involves finding light curves in

narrow energy bands, computing the power spectrum of each of these light curves,

and then extracting the power at the frequencies of interest. A detailed discussion

of an application of this method can be found in section 2.3.3 of this thesis.

Sobolewska & Życki (2006) used frequency-resolved spectroscopy to study the

fundamental harmonic of type-C QPOs, with frequencies ranging between 1−10 Hz,

in a number of BH XRBs as observed with RXTE. By using the absolute RMS

normalisation for the power of the QPO (see section 1.10.1), it is possible to model

the RMS spectra of the QPO with the same models as the phase-averaged6 energy

spectrum. They found, when using a model including both the quasi-thermal disc

emission and Comptonised emission, that the phase-averaged spectrum required

both the disc and Comptonised components, however the RMS spectrum of the

QPO fundamental did not include the disc emission. They also found some evidence

of reflection features in the QPO spectrum. This key result highlights that the

QPO fundamental is tied to the coronal emission, not the intrinsic disc emission.

However, they also noticed that the QPO spectrum doesn’t always match the exact

Comptonised spectrum, with the QPO tending to have a harder RMS spectrum when
6In the literature, this is sometimes also referred to as the ‘time-averaged’ spectrum. However,

as work of this type ends up averaging over the course of an observation (or at least over a period
of an observation much longer than the time period associated with the frequencies concerned), I
prefer to use the term ‘phase-averaged spectrum’ as it represents the spectrum averaged over the
entire phase of all the oscillation frequencies.
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the phase-averaged spectrum is harder, and conversely the QPO RMS spectrum

is softer when the phase-averaged spectrum is softer.

Axelsson et al. (2014) studied the RMS spectrum of a type-C QPO, but went

further by studying the RMS spectrum of not only fundamental but also second

harmonic of the QPO. While they found similar results as Sobolewska & Życki

(2006) for the fundamental harmonic, they found spectrum of the second harmonic

was much softer than the phase-averaged spectrum. They interpreted this result

within the context of the model of a truncated disc with a hot inner flow model

undergoing Lense-Thirring: if the hot inner-flow is hotter or viewed with a smaller

optical depth for smaller radii, it would produce a softer power law closer to the

disc truncation radius, but a harder power law closer to the BH. The viewing angle

dependence of the emission from a Comptonising slab has harmonics which are

weighted depending on optical depth; higher harmonics are stronger from regions

with lower optical depths, which also give a softer power law spectra. Similar results

were also found in another source (Axelsson & Done 2016).

These observations of the QPO modulating the corona rather than the disc

disfavour theorised QPO mechanisms in which the oscillation comes from within the

disc (such as c-modes). Such models are not, however ruled out. For example an

oscillation may originate in the inner part of the disc that is blocked from direct view

by the corona, meaning that we only see the constant outer disc component in the

phase-averaged spectrum whereas the variable seed photon luminosity seen by the

corona gives rise to a modulation of the Comptonised flux (Ingram & Motta 2019).

1.9.3 QPO Phase-resolved spectroscopy

Frequency-resolved spectroscopy considers how the amplitude of the QPO harmonics

depend on photon energy. As it has been repeatedly shown that the QPO RMS

spectra is not flat, and that phase-lags between hard and soft bands are non-zero,

it becomes obvious that the energy spectrum must be varying with QPO phase.

Phase-resolved spectroscopy is a technique to unpick how the energy spectrum

varies with QPO phase. This can also be considered as trying to find the waveform
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Figure 1.14: Figs. 7 and 3 from Ingram et al. (2016), which show their key result of
detecting the modulation of the iron line centroid energy with QPO phase. The left
subfigure shows how the centroid energy of a Guassian iron line varies over the course of
a QPO cycle, with each panel considering a separate observation. The blue line shows
the centroid energy of the line which was included in spectral fits of spectra which have
were reconstructed at 16 different phases of the QPO cycle. An illustrative MCMC was
also run, which is shown as the background heat map as a visual guide to the significance
of the modulation. The right subfigure shows two of these reconstructed spectra (at
7/16 cycles marked with red triangles, and 11/16 cycles marked with blue circles), for
XMM-Newton, and NuSTAR in the inset. This demonstrates the differences at these two
phases in both the iron line (∼ 6 − 7 keV), and also the Compton hump (∼ 20 − 50 keV).

of the QPO within different energy bands. In this thesis (in chapters 2 and 4)

will be using the QPO phase-resolving method which was originally introduced

by Ingram & van der Klis (2015).

Ingram et al. (2016) used the waveform reconstruction method of performing

phase-resolved spectroscopy to analyse a type-C QPO seen in the BH XRB H1743-

332. They fit first with a very simple model of an absorbed power law plus a

Gaussian to fit the iron line. They allowed the power-law index, the centroid energy

and width of the iron line, and the normalisations of the two components to be
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independently modulated with QPO phase, assuming a two harmonic sinusoidal

oscillation for each. Fig. 1.14 (left, Fig. 7 from their paper) shows how centroid

energy of the Gaussian is modulated with QPO phase in each of the five observations

they considered, found by fitting spectra corresponding to 16 QPO phases, along

with the statistical significance of this modulation. When all observations were

combined, their work showed that the iron line is modulated with QPO phase with

3.7σ significance overall. This is strong evidence of a geometric QPO mechanism,

as a only a geometrical mechanism could change the shifting and broadening of the

iron line that we see, and was an effect previously predicted for the Lense-Thirring

precession model (Ingram & Done 2012). That said, this could be interpreted as

a intrinsic QPO model with a modulated ionisation state, however the observed

shift in energy would require a large change in illuminating flux which is not

observed in the iron line normalisation. The large change is also disfavoured by

the Compton hump which is strongest when the iron-line is blue-shifted as can

be seen in Fig. 1.14 (right, Fig. 3 from their paper), which is opposite to the

effect of varying the ionization parameter.

Ingram et al. (2017) went further, and fit the data with a full tomographic

reflection model. They considered a model which could preferentially illuminate

different patches of the disc at different QPO phase γ, such that the specific intensity

(disc at disc radius r, azimuthal angle ϕ) of the reflected X-rays is

I(E; r, ϕ, γ) ∝ r−q
{

1 + A1 cos
(1

2 [γ − ϕ+ ϕ1]
)

+ A2 cos (γ − ϕ+ ϕ2)
}
I(E),

(1.20)

where I(E) is the rest-frame emitted spectrum for photon energy E. In this model,

the radial dependence is simply a power law, whereas there is an azimuthal depen-

dence based upon the amplitude parameters A{1,2} and azimuth phase parameters

ϕ{1,2}. When A1 = A2 = 0, there is simply axisymmetric, phase-invariant reflection.

However, when one or both of A{1,2} is non-zero, then this represents one or two

bright “patches” which move around the disc with QPO phase. Through ray-tracing

this specific intensity from over the disc they were able to calculate an observed

reflection spectrum at any QPO phase, taking into account all relativistic effects
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Figure 1.15: Fig. 2 from Ingram et al. (2017), showing their best fitting disc emissivity
profile at two QPO phases, along with the iron line profile within the spectrum model at
these two phases (0.2 cycles in blue, 0.4 cycles in red.

that broaden and smear the observed spectrum. This model was designed with the

precessing inner-flow model in mind (with the bright spots caused by illumination

from above/below the oblate flow), although it is also able to represent other

geometries, such as a precessing jet, or indeed axisymmetric models which have

A1 = A2 = 0. It is this technique, attempting to rule out the symmetrical case of

A1 = A2 = 0, that I will employ in chapters 2 and 4 of this thesis.

Ingram et al. (2017) found that that an axi-asymmetric profile (A1, A2 ≠ 0) was

required at a 2.4σ confidence level. Fig. 1.15 (Fig. 2 from their paper) shows the

best fitting axi-asymmetric illumination profile at two different QPO phases (0.2 and

0.4 cycles), along with the model spectrum at these phases. The change in structure

and centeroid energy of the line is very dramatic, particularly the prominent blue-

wing at 0.2 cycles. Along with the illumination profile, they also found that the

reflection fraction was modulated with QPO phase at 3.5σ significance (here, they

defined this as the ratio of number of photons intercepted by the disc to the number

of photons radiated by the corona, equivalent to the covering fraction of the corona7).

This was a key result which proves that the QPO is caused by a geometric effect

with high significance. They also examined whether the model was able to explain
7It should be noted that I used a slightly different definition of the reflection fraction in the

work covered by this thesis: the observer’s reflection fraction, as discussed in section 2.4.2.1.
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the data if forced to be axisymmetric. They instead tried to use QPO phase

modulations in the ionisation parameter, disc inner radius, and the radial emissivity

index q to explain the spectral modulations. They found that all of these attempts

produced worse fits than the axi-asymmetric model fit with > 3.5σ significance.

Stevens & Uttley (2016) used a slightly different cross-correlation function

method to phase resolve a type-B QPO in the BH XRB GX 339-4 observed by

RXTE. Their best-fitting model included a typical multi-temperature black body

which was constant with QPO phase, a single temperature black body component

with a QPO-phase variable temperature that represents the inner-disc, a variable

power-law, and a Gaussian iron line profile. While the signal-to-noise didn’t allow

them to constrain variability of the iron line, they did find significant variability of

both the inner black body component and the power law. The variability of the

black body flux came directly from variation in its temperature, which could result

from accretion rate fluctuations, which the authors rule out due to the relativity

small variability of the black body in comparison to the power law. They also

considered if the black body variability could result from variable irradiation (from

the variable power law), but they ruled this out due to the long 0.3 cycle phase

lag between the black body variations and the power law variation. They also

suggested that this result could instead be caused by changing observed Doppler

shifts, again through preferential illumination, but concluded that this only makes

sense for emission from a large scale height, such as from a jet (such emission

has been associated with the SIMS and type-B QPOs; Fender et al. 2004), due

to the small temperature variations.

Together, this work showed that phase-resolved spectroscopy is a very powerful

technique for understanding QPOs, which is becoming even more useful as we

move to the next generation of X-ray telescopes with large collecting areas, high

timing precision, and fine energy resolution.
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1.10 Fourier methods

The Fourier transform is a method which decomposes a signal into a series of

sine waves. For a continuous series x(t), the Fourier transform and its inverse

are defined as

X(ν) = F [x(t)] (ν) =
∫ ∞

−∞
x(t)e2πiνtdt

x(t) = F−1 [X(ν)] (t) =
∫ ∞

−∞
X(ν)e−2πiνtdν ,

(1.21)

where ν is the Fourier frequency. This holds for an ‘infinite’ series −∞ < t < ∞,

which covers an infinite range of Fourier frequencies −∞ < ν < ∞, and where x(t)

and X(ν) can be in general complex. The Fourier transform can be split up into

a frequency dependent amplitude and phase X(ν) = a(ν)eiϕ(ν).

Alas, the Fourier transform as presented in Eq. 1.21 is not helpful when analysing

X-ray data. To begin, observations are unfortunately not infinite, and have both a

start and an end. Next, the arrival of X-ray photons at a detector is a Poisson process.

We therefore bin photons based upon their arrival time into discrete time bins each

with a duration δt and labeled k, such that tk = kδt and 0 ≤ k < N , where the total

time of the observation is T = Nδt. This then gives us a discrete light curve xk(tk),

measured as the count rate, however corresponding to what can only be an integer

number of photons in each bin. We can then use the discrete Fourier transform

Xn(νn) =
∑

k

xk(tk)e2πi kn
N

xk(tk) = 1
N

∑
n

Xn(νn)e−2πi kn
N ,

(1.22)

which runs for 1 − N
2 ≤ n ≤ N

2 , and has frequency bins νn = n
Nδt

(where νn is the

observed Fourier frequency). Here the ν0 = 0 bin is just the mean count rate µs,

and νN/2 = 1
2δt

is the Nyquist frequency, the highest frequency that can be probed.

While the negative frequency bins (n < 0) are difficult to conceptualise (they

result from the Fourier transform’s relation to the complex plane), when x(tk) is

a mathematically real signal (as is the case for a light curve) then the Fourier

transform has the property X(−ν) = X∗(ν), and these negative frequencies don’t

contain any additional information.
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1.10.1 Power spectrum

The power spectrum is a representation of the variability in any frequency, defined as

P (ν) = |X(ν)|2 = a2(ν) . (1.23)

For the discrete case, we use the periodogram

Pn(νn) = 2T
µ2

s
|Xn(νn)|2 = 2T

µ2
s

|an|2 . (1.24)

The normalisation chosen here is the fractional RMS normalisation (Lewin et al.

1988; Belloni & Hasinger 1990), such that the integral of the power spectrum gives

the total squared factional RMS. In the discrete case, such an integral becomes

the summation of the product of periodogram bins and the frequency bin width,

which is related to the variance of the light curve through

N/2∑
n=1

Pn δν = 1
T

N/2∑
n=1

Pn = var[x(t)]
µ2

s
. (1.25)

The factor of 2 in the normalisation allows this statement to be true when only

considering the power calculated in the positive frequencies (as otherwise half the

power would lie in the negative frequencies).

As with any mathematical tool, it is important to understand the statistics of

the power spectrum before using it, as discussed in van der Klis (1989). Consider

breaking Xn up into its constituent real and imaginary parts, Xn = XR,n + iXI,n.

Each of XR,n and XI,n are a sum of many random variables, and it therefore follows

(through the central limit theorem) that they each follow a Gaussian distribution.

The power spectrum XnX
∗
n = (XR,n + iXI,n)(XR,n − iXI,n) = X2

R,n + iX2
I,n. By

definition, Pn then follows a scaled χ2 distribution with two degrees of freedom.

This however does bring a problem, as the standard deviation of such a distribution

is the same as the mean! This can be fixed through averaging, and provided enough

realisations are averaged together then the central limit theorem is again valid,

meaning ⟨Pn⟩ follows a Gaussian distribution. There are two ways in which to

average the power spectrum. We can either use ensemble averaging: slice the light

curve into multiple (let’s say M) segments, calculate a power spectrum for each,
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and then find the average for each frequency. The second way involves simply

averaging over consecutive (let’s say W ) frequency bins. Both methods reduce the

frequency resolution, and can be combined if needed to produce an average over

MW realisations. Provided MW ≳ 25, then the bin has been averaged over enough

realisations such that the central limit theorem holds.

As mentioned, the light curve xk(tk) is not only discrete, but each bin contains

an integer number of photons following a Poisson distribution. The light curve xk

can then be considered a superposition of the source signal sk and of a noise term nk,

with the simple relation xk = sk + nk, as this photon counting noise is independent

of the source signal. The linearity of the Fourier transform means we trivially also

have Xn = Sn + Nn. When considering the power spectrum of this, we find

|Xn|2 = |Sn +Nn|2 = |Sn|2 + |Nn|2 + SnN
∗
n + S∗

nNn . (1.26)

As the noise and source terms are independent, the cross terms cancel under

averaging, and hence ⟨Ptotal⟩ = Psignal + Pnoise, where Psignal and Pnoise are the

underlying powers within the source signal and of the noise on top. Pure Poisson

noise has a white noise spectrum with constant power Pnoise = 2
µs

for fractional

RMS normalisation (van der Klis 1989). If there are photons within the light curve

which are instead attributed to background8, the total count rate is simply the sum

of the source and background µt = µs + µb. As the Poisson noise is dependent on

µt, but the normalisation depends on µs, the Poisson noise becomes Pnoise = 2µt
µ2

s

(van der Klis 1989). However, every real X-ray detector experiences dead time,

a short period of time after a detection event during which the detector cannot

detect another photon if it arrives9. This not only suppresses the count rate of the

detector, but also changes both the expected value and also frequency response of

the Poisson noise in the detected light curve (van der Klis 1989; Bult 2017).
8This only applies for photons which cannot be individually distinguished within the light

curve as either source or background, and the background can only be seen in aggregate. Any
events that can be classified as non-source can be removed during data reduction and do not effect
the simple Poisson noise.

9This dead time may be a constant, or may depend on the exact nature of the event or other
instrument effects
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1.10.2 Cross spectrum

The cross spectrum is similar to the power spectrum, however it is computed for

two light curves (van der Klis et al. 1987). It contains information on correlated

variability between the two. If, as before, we consider two light curves x(t) and y(t),

with Fourier transforms X(ν) = aX(ν)eiϕX(ν) and Y (ν) = aY (ν)eiϕY (ν). The cross

spectrum between them is then, much like the power spectrum in Eq. 1.23, defined as

G(ν) = X(ν)Y ∗(ν) = aX(ν)aY (ν)ei(ϕX(ν)−ϕY (ν)) . (1.27)

Each frequency then has an amplitude, encapsulating the power of the correlated

variability at that frequency, and the phase lag of that frequency of y compared

to x such that arg[G(ν)] = ϕX(ν) − ϕY (ν) > 0 corresponds to the signal in x

lagging that in y.

When considering the cross spectrum between two signals, we can consider the

case where they contain correlated signals An and Bn, and uncorrelated components

Tn and Un. The Fourier-domain signals are hence Xn = An+Tn, and Yn = γnBn+Un,

where γn is the coherence between the signals. The cross spectrum of these signals is

Gn = XnY
∗

n = γnAnB
∗
n + AnU

∗
n + γnTnB

∗
n + TnU

∗
n . (1.28)

As the last three terms are each effectively the cross spectrum of uncorrelated

signals, upon averaging they vanish, such that ⟨Gn⟩ = γn⟨AnB
∗
n⟩. Provided the

averaging is sufficient, both the real and imaginary components of ⟨Gn⟩ follow

Gaussian distributions.

1.10.2.1 Co-spectrum

NuSTAR has a long dead time, the time period after detecting a photon during

which it cannot detect another. The effect of dead time is further complicated

by different events on the detector causing different dead time properties. This

induces a complicated photon counting noise within the light curves and their

associated power spectra, which (especially at high frequencies) cannot be easily

modelled, except for fitting an empirical function (Bult 2017). However, NuSTAR
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has two separate Focal Plane Modules (A and B; FMPA, FMPB) which observe

simultaneously yet independently. They each therefore see the same source signal

but different noise terms. Bachetti et al. (2015) suggested that the issue of the

long dead time issue could be solved by finding the co-spectrum between the light

curves of FMPA and FMPB.

The co-spectrum is the real part of the cross spectrum. We can demonstrate

how using the co-spectrum between the FPMA and FPMB eliminates photon

counting noise by representing the Fourier transforms of the FPMA and FPMB

light curves as An = Sn +NA,n and Bn = Sn +NB,n respectively. After averaging,

ℜ [⟨Gn⟩] = ⟨SnS
∗
n⟩, which is simply an estimate of the power spectrum in the

absence of photon counting noise. The imaginary component of the cross spectrum

is only noise from the random realisations.

The full co-spectrum is simply the real part of the cross spectrum, i.e. the

real part of Eq. 1.28. While under sufficient averaging, the cross terms tend to

0, this is not the not the case for a single realisation and these cross terms make

understanding the statistical distribution of a single realisation of the co-spectrum

practically impossible and as such it remains unknown. Huppenkothen & Bachetti

(2018) showed that the distribution of the unaveraged co-spectrum between two

completely uncorrelated signals (consider the real part of Eq. 1.28 with γn = 0)

is the Laplace distribution. While useful for statistically detecting a correlated

signal above noise, this is not helpful for the work in this thesis. I considered

the distribution of a single realisation of co-spectrum in a simplified case which

pertains to NuSTAR. In the fictitious case where the FPMA light curve contains

only pure signal, such that its Fourier transform is An = Sn, however FPMB has

separately detected the signal but with an additional noise term such that its Fourier

transform can be written Bn = Sn + Nn. The co-spectrum between FPMA and

FPMB is then ℜ [AnB
∗
n] = ℜ [Sn(Sn +Nn)∗]. For simplicity, it is possible to factor

out the power of the signals, such that Sn =
√
PS,nS̃n and Nn =

√
PN,nÑn; the new

variables have unity power such that ⟨S̃nS̃
∗
n⟩ = ⟨R̃nR̃

∗
n⟩ = 1. With this notation,

the Fourier transoms of the FPMA and FPMB light curves become An =
√
PS,nS̃n
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and Bn =
√
PS,n

(
S̃n + √

ηnR̃n

)
respectively, where ηn = PN,n

PS,n
is the ratio of the

source and noise powers. A realisation of the co-spectrum can then be written

ℜ [AnB
∗
n] =

√
PS,nS̃n

√
PS,n

(
S̃n + √

ηnR̃n

)∗
= PS,nZ , (1.29)

where Z = S̃n

(
S̃n + √

ηnR̃n

)∗
is a random variable following a distribution with

the probability density function

P (Z = z) = e[2η−1
n (z−|z|

√
1+ηn)]

√
1 + ηn

. (1.30)

The consideration of the FMPA light curve being noiseless is obviously wrong. If

the noise term Nn is instead considered as the overall difference between FMPA

and FMPB then the functional form of Eq. 1.30 is potentially reasonable. Indeed,

through experimentation this distribution seems to work for the more general

ℜ [AnB
∗
n] ℜ [(Sn +Mn)(Sn +Nn)∗], however the relation of ηn to the noise powers

is still unclear.

1.10.3 Bi-spectrum

While the power spectrum is a second order analysis method, the bi-spectrum is

a third order analysis method, which describes coupling between two frequencies.

For the signal X(ν) it is defined for a pair of frequencies ν1 and ν2

B(ν1, ν2) = X(ν1)X(ν2)X∗(ν1 + ν2) . (1.31)

The phase and modulus of the averaged bi-spectrum, ⟨B(ν1, ν2)⟩, are respectively

known as the bi-phase (Maccarone 2013) and bi-coherence (Kim & Powers 1979).

The bi-coherence is a measure of how well the phases of Fourier components at the

two frequencies correlate with one another, and the bi-phase informs on the phase

difference between those two components. The bi-spectrum has therefore been

used to explore how QPO harmonics couple to each other and to broadband noise

frequencies (see e.g.; Arur & Maccarone 2019; Arur & Maccarone 2022). In this

thesis I briefly explore using the bi-spectrum to find the phase between two QPO

harmonics for the purposes of phase-resolved spectroscopy. However, beyond this
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the bi-phase can be used to describe the ‘peakiness’ of a light curve, as discussed by

Maccarone (2013), where a bi-phase of 0 produces a peaky ‘pulsar-like’ light cuve,

but a bi-phase of π produces an ‘eclipser-like’ light curve (see his Fig. 1). One of the

most well-known examples of a non-zero bi-coherence is the linear RMS-flux relation.

1.10.3.1 Linear-RMS Flux relation

Uttley & McHardy (2001) showed that the RMS observed in the broadband noise in

X-ray light curves from accreting objects is intrinsically non-stationary, as the total

RMS within the light curve varies linearly with the overall flux, the linear RMS-flux

relation. They showed that this effect occurs across all time scales, and therefore the

fluctuations with any Fourier frequency will change the RMS at other frequencies.

This leads to the non-zero bi-coherence in the light curve. Heil et al. (2011) showed

this effect also occurs for type-C QPOs, with a correlation between the QPO RMS

amplitude and mean source flux. Heil et al. (2012) studied the relation for a number

of BH XRBs across a number of states, finding it to be an ubiquitous process

suggesting that it is tied to core accretion processes. The effect is evidence for the

propogating fluctuations model (Lyubarskii 1997; Arévalo & Uttley 2006; Ingram &

van der Klis 2013), by which variability propagates down through the disc, carrying

any variability with it; the largest radii of the disc impart lower frequency variability,

on top of which higher frequency can be imprinted by the inner regions of the disc.
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2.1 Introduction

Type-C low frequency quasi-periodic oscillations (QPOs) are often observed in the

X-ray light curves from black hole (BH) X-ray binaries (XRBs) (Ingram & Motta

2019). By investigating the behaviour of the QPO, it is possible to learn about

the accretion processes which occur close to the BH. One powerful technique to

study QPOs is phase resolved spectroscopy (Ingram et al. 2016, 2017), which aims

to uncover how the energy spectrum changes over the course of a QPO cycle. By

resolving the spectrum at different QPO phases, it is possible to see how the QPO is

present in the quasi-thermal disc spectrum; the power law corona spectrum; and the

reflection spectrum of coronal photons which have been reprocessed within the disc.

The theorised mechanisms causing QPOs can broadly be classified into intrinsic

models, in which the intrinsic luminosity of the accretion flow oscillates; or geometric

in which the observed QPO is caused by a variation of the geometrical structure

of the accretion flow. It has been known for a while that the coronal power law

spectrum varies with greater RMS than the disc component (Sobolewska & Życki

2006), and recent work by Motta et al. (2015), Heil et al. (2015), and van den

Eijnden et al. (2017) showed there was strong evidence of an inclination dependence

on the observed properties of the QPOs. This evidence supports a geometrical origin

of the QPO. Ingram et al. (2016, 2017) pioneered using phase resolved spectroscopy

to reconstruct the waveform of the QPO in narrow energy channels, and used the

results to search for a ‘rocking’ Fe Kα line as signal of an asymmetric illumination

profile shining on the disc and varying with QPO phase such as predicted by
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precession-based QPO models. In doing so, they found moderately significant

results in favour of this asymmetric profile.

In this chapter, which is adapted from Nathan et al. (2022), I examine ob-

servations of the BH XRB GRS 1915+105 as detailed in Section 2.2, with the

goal of isolating the asymmetric profile to high statistical significance. I present

improvements to the methodology of performing the phase resolved spectroscopy

in Section 2.3; and also detail the model which I have used, which is an updated

version of the Ingram et al. (2017) model, in Section 2.4. The final results are

presented and discussed in Sections 2.5 and 2.6 respectively.

2.2 Observations

The Neutron star Interior Composition ExploreR (NICER; Gendreau et al. 2016)

and the Nuclear Spectroscopic Telescope ARray (NuSTAR; Harrison et al. 2013)

observed GRS 1915+105 quasi-simultaneously on 8th − 9th June 20181. The details

of the observations are summarised in Table 2.1. In this section, we detail our data

reduction procedure and present the basic spectral and timing properties of the

data. When analysing the data we make use of HEASARC (2014), and custom

code written in Python3 (Van Rossum & Drake 2009).

2.2.1 NuSTAR Data Reduction

We used the NuSTAR analysis software, NuSTARDAS v1.8.0 with heasoft v6.22.

We generated a cleaned event list with associated list of good time intervals (GTIs)

for both focal plane modules (FPMs) – FPMA and FPMB – using nupipeline.

From this we used nuproducts to extract source and background spectra from

49.2 arcsec circular regions and generate spectral response files. We find that the

source contributes > 99.9 per cent of the total counts measured by NuSTAR. We

did not perform a background subtraction when extracting light curves we use

for the timing analysis, as the background is not expected to be variable on the

QPO period. We use our own custom code to extract FPMA and FPMB source
1MJD 58277-58278
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Figure 2.1: Ratio of the NICER 0.24 − 10 keV, and the NuSTAR FPMA and FMPB
3 − 75 keV spectra in black, red, and blue respectively, to an absorbed power law model
with photon index 2.01, and absorption with hydrogen column density 6.2 × 1022 cm−2.

region light curves from the cleaned event list in 11 broad energy channels in

the energy range 3 − 78 keV. We used the ftool rbnrmf to re-bin the spectral

response files into these 11 energy bands.

2.2.2 NICER Data Reduction

We used the NICER analysis software, NICERDAS v2018-04-13_V004 with

heasoft v6.24. We extracted the MPU-merged, uncleaned event lists with the

ftool NICER l2 for each of the two NICER observations, which we then merged

together using nimpumerge and cleaned with NICER clean. We used filter and

GTI files which were combined from those of the separate obs IDS using ftools

ftmerge and nimaketime. This results in a single cleaned event list for the two

obs IDs combined.
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We extracted a flux-energy spectrum from the resulting merged event list using

xselect, and estimated the instrumental background with the NICER gof.bkg

version 0.5 python script (Remillard et al. 2021). We find that the source con-

tributes 98.6 per cent of the total counts measured by NICER. Again, we did

not perform a background subtraction when extracting light curves we use for

the timing analysis, as the background is not expected to be variable on the

QPO period. We used the spectral response files ‘nixtiref20170601v002.rmf’ and

‘nixtiaveonaxis20170601v004.arf’ from caldb. We extracted light curves from the

merged event list in 40 broad energy channels in the energy range 0.3 − 10 keV

using our own custom code. We used the ftool rbnrmf to re-bin the spectral

response files into these 40 energy bands.

2.2.3 Energy spectrum

Fig. 2.1 shows the NICER (black) and NuSTAR (red: FPMA; blue: FPMB)

background subtracted flux-energy spectrum plotted as a ratio to a folded absorbed

power-law model. We set the hydrogen column density to NH = 6.2 × 1022 cm−2

(the absorption model is tbabs with the abundances of Wilms et al. 2000) and

the power-law index to Γ = 2.01 for all three spectra, but allow the three spectra

to each have their own normalisation. We see strong reflection features including

an iron line at ∼ 6.4 keV and a broad Compton hump peaking at ∼ 30 keV. We

also see that the cross-calibration between NICER and NuSTAR is excellent in the

∼ 3 − 10 keV energy range in which their band passes overlap. At energies below

∼ 2.7 keV, the NICER spectrum includes features that are likely due to calibration

uncertainties, and the ‘shelf’ of the response from higher energy photons (NASA

2021) which is dominant below ∼ 1 keV due to the astrophysical absorption leaving

very few source photons at low energies. We therefore only consider energy channels

> 2.7 keV in our spectral analysis. We note there is a cross-calibration discrepancy

between NuSTAR FMPA & FMPB in the energy range ∼ 3 − 3.5 keV due to a

tear in the Multi Layer Insulation around NuSTAR’s FMPA (Madsen et al. 2020),

so we also ignore the FMA energy channels < 3.48 keV.
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Figure 2.2: The 3-10 keV power spectra of the NICER (blue) and NuSTAR (orange)
observations. The NICER spectrum is Poisson-noise subtracted, while the NuSTAR
spectrum is estimated from the co-spectrum between FPMA and FMPB. The power
spectra have been ensemble-averaged and geometrically re-binned to reduce the number
of bins by a factor of 25.

2.2.4 Power spectrum

Fig. 2.2 shows the 3-10 keV power spectrum calculated for the merged NICER

observation (blue) and the NuSTAR observation (orange). For both observatories,

we extract light curves with time step δt from the cleaned event list. For the purposes

of ensemble averaging (e.g. van der Klis 1989), we split the light curves into M

segments labelled 1 ≤ m ≤ M , each having N time bins and therefore a length

T = Nδt. Except for when otherwise stated we use N = 8192 and δt = 1/128 s

throughout this paper, so our segments are T = 64 s long. The NICER power

spectrum is calculated in the standard way (the magnitude-squared of the fast Fourier

transform (FFT) of the lightcurve), with a constant Poisson noise level subtracted

(van der Klis 1989; Uttley et al. 2014). For NuSTAR we instead calculate the

co-spectrum between the FPMA and FPMB (Bachetti et al. 2015) in order to avoid

instrumental features caused by the fairly large NuSTAR dead time of tD ≈ 2.5 ms.

We also correct for the suppression of variability caused by the NuSTAR dead time

using the simple formula (RMSdet/RMSintr) ≈ 1/(1 + tDrintr) = (rdet/rintr), where

RMSdet and RMSintr are respectively the detected and intrinsic RMS variability

amplitudes and rdet and rintr are the detected and intrinsic count rates (Bachetti

et al. 2015). For this observation, the ratio of detected to intrinsic variability is
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RMSdet/RMSintr = 0.754 (recorded in the NuSTAR spectral files as the keyword

‘DEADC’). We see that the NuSTAR co-spectrum is very similar to the NICER

power spectrum. In both, we see a strong low-frequency QPO with a fundamental

frequency of ∼ 2.2 Hz and a 2nd harmonic at twice that frequency. We can classify

this low-frequency QPO as ‘type-C’ based upon its frequency, RMS≳ 15%, and

the presence of the ‘flat-top’ broadband noise (see e.g. Ingram & Motta 2019 for a

summary of the characteristic features of type-A, B, and C low frequency QPOs).

2.2.5 Spectral Timing State

Belloni et al. (2000) identified 15 different classes from spectral and variability

patterns that GRS 1915+105 transitions between (also see Huppenkothen et al.

2017), most of which have only to date been observed in one other XRB (Altamirano

et al. 2011). From the flux-energy spectrum and power spectrum, it is clear that

GRS 1915+105 was in the designated χ−class during this observation. In the

χ−class, GRS 1915+105 has similar spectral and timing properties as seen in other

BH XRBs in the canonical hard state. The state was defined by observations with

RXTE , however it is typically bright and has a hardness ratio corresponding to the

presence of a hard power law. The χ−class can either be radio loud or quiet; during

our X-ray observations the source was radio quiet (Motta et al. 2021). This happens

to be the dimmest χ−class ever observed, preceding the transition of the source

into its current heavily obscured state (Motta et al. 2021). The QPO frequency

of ∼ 2.2 Hz is also somewhat special, since it is at around this QPO frequency

when the QPO phase lags transition from positive (hard photons lag soft photons)

to negative (soft photons lag hard photons): the phase lag reduces approximately

linearly with the log of QPO frequency, passing through zero at νqpo ∼ 2 Hz (Reig

et al. 2000; Qu et al. 2010; van den Eijnden et al. 2017; Zhang et al. 2020).

2.3 Phase Resolved Spectroscopy

The aim of phase resolved spectroscopy is to investigate how the energy spectrum

of the source varies with QPO phase, a task complicated by the ‘quasi-’ nature of
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Table 2.1: Details of the simultaneous observations from NICER and NuSTAR on
the 8th − 9th June 2018 (MJD 58277-58278). The NICER observation was split into
two, however these are merged for our analysis. The net count-rate is reported for the
background-subtracted spectra used for the flux-energy fits: 3.5 − 75, 3 − 75 keV for
NuSTAR; 2.7 − 10 keV for NICER.

Mission NuSTAR NICERFPM A FPM B
ObsID 80401312002 1103010157 1103010158
Start time 12:01:09 11:42:40 23:49:26
End time 05:31:09 22:55:20 05:05:40
Net count rate / s−1 60.2 59.6 196.8
Exposure time / s 26166 26512 15386 5033

the oscillation which prevents more direct approaches such as phase-folding. We

therefore employ the techniques pioneered by Ingram & van der Klis (2015) to

consider the QPO waveform in different energy bands, considering its phase-average

and first two harmonics. To do this, we extract three key pieces of information:

• The amplitude (RMS) of each harmonic in each energy band σj(E). We find

this by fitting an estimate of the power spectrum with a multi-Lorentzian

model, as described in Section 2.3.3.

• The phase lag of each harmonic in each energy band ∆j(E), relative to the

phase of the corresponding harmonic in a reference band. This comes from

using the cross spectrum between the lightcurve of the subject energy band,

and the reference band, as described in Section 2.3.2.

• The phase difference ψ between the first two harmonics measured within

the reference band. Using the FFT of the reference lightcurve, this is the

difference between the phases in frequency bins containing the two harmonics.

We use the bi-spectrum to calculate this, which is described in Section 2.3.4.

Following Ingram & van der Klis (2015) and Ingram et al. (2016), we consider that

the count rate w(E, γ) in each energy bin denoted by E varies with QPO phase γ as

w(E, γ) = µ(E)
1 +

J∑
j=1

σj(E) cos (jγ − Φj(E))
 , (2.1)
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where µ(E) is the average count rate in the energy band, σj(E) is the average RMS

of the jth QPO harmonic2, and Φj(E) is the phase offset of the jth QPO harmonic.

The phase-offset is split into an energy-dependent phase-lag ∆j(E), which is the

phase lag of a harmonic compared to the same harmonic in the reference band

light curve, and the phase difference ψ between the two harmonics in the same

reference band light curve. These are combined so that

Φ1(E) = Φ1 + ∆1(E)

Φ2(E) = 2(Φ1 + ψ) + ∆2(E),
(2.2)

where, following Ingram & van der Klis (2015), we choose to set the arbitrary

phase of the first harmonic to Φ1 = π/2.

Putting this together, for j ≥ 1 we get the Fourier transformed (FT) spectra

(Ingram et al. 2016)

Wj(E) = µ(E)σj(E)eiΦj(E), (2.3)

plus the phase-average W0(E) = µ(E), which is trivially the flux-energy spectrum.

We fit the theoretical model described in the following section simultaneously to

the real and imaginary parts of the j = 1 and j = 2 FT spectra, and the flux-

energy spectrum (j = 0). We use the full spectral resolution of the instrument for

the flux-energy spectrum (grouped to have ≥ 30 counts in each energy channel)

and subtract background. For the j ≥ 1 QPO harmonics, we instead use the

broader energy bands defined in Sections 2.2.1 and 2.2.2 and do not perform a

background subtraction. This treatment of the background is appropriate because

the background is not expected to be variable on the QPO period.

The following subsections which describe these parts of the analysis are each fur-

ther split into two sub-subsections, with the first describing the method used, and the

second presenting the results obtained from the observations analysed in this paper.
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Figure 2.3: The estimated value of the QPO frequency νmax measured in each 64 s long
segment of the two light curves, with the error bars denoting the estimated FWHM. The
grey dashed line show the dynamic bounds for the QPO tracking algorithm. The red line
is a 15 deg polynomial simultaneously fit to the estimated QPO frequencies, which we
then use to get the QPO frequency at arbitrary time.

2.3.1 QPO frequency tracking

During the observations, the frequency of the QPO drifts over time by ∼ ±5%.

To account for this, we identify the frequency of the QPO during each of the M

segments so that we can later average Fourier products over the frequency range

containing the instantaneous QPO frequency.

2.3.1.1 Method

We determine the QPO frequency for each segment by fitting a model to the power

spectrum of each segment of the NICER and NuSTAR (we sum the FPMA and

FPMB counts) light curves. Our model comprises of four Lorentzian functions (van

Straaten et al. 2002), two of which are harmonically locked to represent the two

QPO harmonics, and a Poisson noise component. The Poisson noise component
2The average RMS is often reported as ⟨σj(E)⟩, with an additional multiple of

√
2 included in

Eq. 2.1. This is to make explicit that the average RMS of a sine-wave is 1/
√

2. For simplicity we
neglect this, keeping in mind our model is normalised to expect the average RMS.
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is very simple for NICER, taking a constant value of 2/µ where µ is the mean

count rate (van der Klis 1989). The Poisson noise is much more complicated for

NuSTAR, due to the large detector dead time, tD. Dead time is known to change

the shape of the Poisson noise within the power spectrum from a constant value

to the general form(Zhang et al. 1995)

f (ν|A,B, tD) = A− 2BtD sinc (2πνtD) . (2.4)

Since there is currently no accurate dead time model for NuSTAR, we follow (Bult

2017) and model the Poisson noise with this sinc function, and determine the

parameters A, B and tD by fitting to the power spectrum averaged over the entire

observation. We only consider ν > 20 Hz since this frequency range is Poisson

noise dominated. This fit yields A = (1.783 ± 0.006) × 10−2, B = 0.15 ± 0.01

and tD = 3.3 ± 0.2 ms. We then freeze A, B and tD to these best fitting values

for the remainder of the analysis.

As each frequency bin of a single power spectrum (without any ensemble or

frequency averaging) follows a χ2 probability distribution with two degrees of

freedom3 (van der Klis 1989), we are unable to use χ2 minimisation for the model

fit as this depends on each frequency bin following a Gaussian distribution. We

therefore use the maximum likelihood estimation method described in Barret &

Vaughan (2012). This method does not require the probability distribution to

be Gaussian, it only requires it to be known analytically. We find best fitting

model parameters, including the frequency of the QPO fundamental, by maximising

the likelihood function calculated assuming a χ2 probability distribution with

two degrees of freedom.

It is important to note that the probability distribution underlying each frequency

bin of a un-averaged co-spectrum is not known analytically (Huppenkothen &

Bachetti 2018). We are therefore unable to use the maximum likelihood method on

the co-spectrum between FPMA and FPMB, which is why we resort to modelling

the Poisson noise of the power spectrum, which does have well-understood statistics.
3Apart from the bin at the Nyquist frequency which is a χ2 distribution with only a single

degree of freedom, but this bin was ignored in our calculations for simplicity
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2.3.1.2 Results

Fig. 2.3 shows the resulting measurements of QPO frequency (black crosses) as a

function of time for NuSTAR (top) and NICER (bottom). Rather than uncertainties,

the error bars shown are the measured full width at half maximum (FWHM) of the

Lorentzian function representing the QPO fundamental. In our fits, we restricted

the QPO frequency to a range given by the running average of the QPO frequencies

of the previous 5 segments ± 3/2 times the running average FWHM of the previous

5 segments, starting with the QPO frequency and FWHM from the average power

spectrum. This range is represented by the grey dashed lines. To smooth out

the results of our tracking algorithm4 we use a degree-15 polynomial to model

QPO frequency with time, that we fit simultaneously to the NICER and NuSTAR

data (the solid red line in Fig. 2.3). It is encouraging that the instantaneous QPO

frequencies we measure here are very similar to those inferred by Huppenkothen

& Bachetti (2021) using a more sophisticated method (see their fig. 23).

2.3.2 Phase lag spectrum
2.3.2.1 Method

In order to calculate the energy-dependent phase lag of the jth harmonic ∆j(E),

we first calculate the cross-spectrum between the light curve of the energy band

centred on energy E (the subject band) and the light curve summed over all energy

channels (the reference band) for each of the M segments. For the mth segment,

the cross-spectrum as a function of frequency is

Gm(ν, E) ∝ Sm(ν, E)R∗
m(ν) (2.5)

where Rm(ν) and Sm(ν, E) are the Fourier transforms5 of the mth segment of

the reference and subject band light curves respectively, and the constant of

proportionality is a normalisation into fractional RMS. For NICER, the photons in
4The difference in the scatter of QPO frequencies between the lower count rate NuSTAR and

higher count rate NICER data suggests that this is noise in the measurement rather than intrinsic
short timescale changes.

5As we are using the FFT, we actually use discrete frequency bins νk = k/T .
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the subject band light curve are also in the reference band light curve (since the

reference band consists of all the photons detected by NICER). This contributes

Poisson noise, which we subtract off following Ingram (2019).

For NuSTAR, we instead extract the subject band light curves from the FPMB

and the reference band light curve from the FPMA to ensure that the subject and

reference band signals are statistically independent of one another, and therefore

the cross-spectrum contains no contribution from dead time affected Poisson noise.

We consider the ‘shifted-and-added’ cross-spectrum of the jth QPO harmonic

by first averaging over the QPO harmonic in each time segment based upon the

tracked QPO frequency. For the mth segment we average over the frequency range

ν = jνqpo(m)[1 ± 1/(2Q)], where we assume Q = 8 for the quality factor (a typical

value for a type-C QPO; Ingram & Motta 2019), using the smoothed estimate from

our QPO tracking algorithm for νqpo(m). We then average over the time segments

to find the overall average value for cross-spectrum for each of the QPO harmonics.

The phase lag for the jth harmonic, ∆j(E), is the argument of the averaged cross-

spectrum of the corresponding harmonic, of which we estimate the uncertainties

using the formula from Ingram (2019, eq 19).

2.3.2.2 Results

We display the measured phase lag spectrum in Fig. 2.4 (bottom) for NICER (blue)

and NuSTAR (orange). We see that the phase lag of the QPO fundamental is almost

constant with energy, which is consistent with previous RXTE observations showing

that the phase lag monotonically reduces from hard lags (a positive lag vs energy

gradient) to soft lags (a negative lag vs energy gradient) as the QPO frequency

increases, with the cross over occurring for νqpo ∼ 2 Hz (e.g. van den Eijnden et al.

2017). Note that a slight offset between NICER and NuSTAR lags results from a

phase lag between the NICER and NuSTAR reference bands. Although the offset is

very small for this observation because the energy dependence of the lag is subtle,

we account for it in our modelling with a floating phase offset.
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2.3.3 Fractional RMS Spectrum
2.3.3.1 Method

To calculate the fractional RMS of the QPO harmonics in each energy band, instead

of the power spectrum in that energy band, we boost signal to noise by using the

shift-and-added cross-spectrum G(ν, E) = 1
M

∑M
m Gm(ν + δνm, E), where δνm is

the difference between the QPO frequency in that segment (from our smoothed

tracking) and the average QPO frequency.

Since the QPO harmonics are well correlated between energy bands, we assume

unity coherence between the subject bands and the reference band, in which case the

shifted-and-added power spectrum of the subject band can be written as (Wilkinson

& Uttley 2009; Ingram et al. 2016)

Ps(ν, E) = |G(ν, E)|2 − b̂2(ν, E)
Pr(ν) , (2.6)

where b̂2(ν, E) results from a positive-bias in the calculation of |G(ν, E)|2 (see

Ingram 2019 for details, where b is used instead of b̂) and Pr(ν) is the Poisson noise

subtracted shift-and-added power spectrum of the reference band for NICER and

the shift-and-added co-spectrum between the FPMA and FPMB for NuSTAR.

We fit a multi-Lorentzian model to the resulting power spectral estimate for

each energy band. We use three Lorentzian functions: one with Q = 0 to represent

the broad band noise; and the other two with centroid frequencies and Q tied

(such that the centroid frequencies are harmonically related) in order to represent

the two QPO harmonics. We normalise our power spectral estimate (Belloni &

Hasinger 1990) and Lorentzian functions (van Straaten et al. 2002) such that the

best-fitting normalisation of the two Lorentzian components representing the QPO

harmonics gives their fractional RMS. We calculate 1σ uncertainties on the RMS

by searching parameter space for a marginalised ∆χ2 = 1.

2.3.3.2 Results

We display the measured RMS spectrum in Fig. 2.4 (top). Error bars without a lower

cap correspond to points consistent with zero within 1σ. We see that, as is typically
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Figure 2.4: Top: The fractional RMS of the first and second harmonics of the QPO in
both the NICER and NuSTAR observations in different energy bands, found by fitting
lorenztian functions to the power-spectrum of each energy band, which was estimated
from a cross-spectrum between a broad reference energy band and a specific energy band,
as described in the text. As the fractional RMS must be positive points that have ∆χ2 < 1
at zero are shown without an errorbar cap. The fractional RMS is slightly diluted by
background photons in the very highest NICER energy bands. Bottom: The phase lag
of the first and second harmonics of the QPO, measured against a reference band. For
NICER this reference band is the full energy lightcurve, while for NuSTAR it is the full
energy lightcurve of FMPB.

the case for type-C QPOs, the fractional RMS increases with energy for E ≲ 10

keV before levelling off. We note good agreement between NICER and NuSTAR.

2.3.4 Phase difference between harmonics
2.3.4.1 Method

As we have the phase lag of each QPO harmonic in the energy bands compared

to their counterpart in the reference band, we now need to find the phase lag

between the harmonics in the reference band ψ. For this, we use the bispectrum6 as
6We note this method can find the phase-difference between any doublet harmonics, e.g. also

between the 2nd and 4th harmonics. In much the same way, higher order polyspectra could be
used to find the phase difference between other harmonics, e.g. the trispectrum could be used to
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Figure 2.5: The random walk of the auto-bispectrum B(νk) for frequency bins νk

which cover the frequency range νk < 10 Hz. Between 6-10 Hz the frequency bins are
geometrically re-binned to reduce the number of bins by a factor of 4 . The upper panels
show traces of of Bm(νk) in three colours: grey, orange, and magenta. Each grey trace
corresponds to a frequency, and is made up of M short segments, each corresponding to
a segment in the light curve. Starting from the origin, the calculated values of Bm(νk)
are consecutively appended in the complex plane (such that Bm+1(νk) begins at the
end of Bm(νk)). For each trace, each segment corresponds to a particular time in the
observation, and therefore the frequency of the QPO can be identified. The segments
which correspond to a time where the frequency bin contains the QPO Bm ([νQPO,m]k)
are highlighted in orange. Finally, these QPO segments are chained together, as if they
were a single frequency bin, which is displayed in magenta. On the lower panel, the
auto-bicoherence b2(νk) of each chain is given for each frequency. The grey uncertainties,
and also the vertical 1σ uncertainty of the tracked QPO auto-bicoherence, are calculated
from percentiles of a bootstrapped population.
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suggested by Arur & Maccarone (2019). This yields similar results to the method

of Ingram & van der Klis (2015) used in Ingram et al. (2016), Ingram et al. (2017)

and de Ruiter et al. (2019), but is more statistically robust. In particular there is

no Poisson noise correction in the Ingram & van der Klis (2015) method, whereas

the effect of Poisson noise on the bispectrum is well covered in the literature (e.g.

Wirnitzer 1985; van der Klis 1989; Kovach et al. 2018). The bispectrum method

should therefore be more robust to low count rate observations. The bispectrum

is defined as a function of two frequencies, ν1 and ν2, such that the bispectrum of

the reference band light curve in the absence of Poisson noise is

B(ν1, ν2) = 1
M

M∑
m=1

Rm(ν1)Rm(ν2)R∗
m(ν1 + ν1). (2.7)

The phase-difference between harmonics can be retrieved from the ‘auto-bispectrum’,

B(ν) = B(ν1 = ν, ν2 = ν), which is

B(ν) = 1
M

M∑
m=1

Bm(ν) = 1
M

M∑
m=1

Rm(ν)Rm(ν)R∗
m(2ν). (2.8)

Since Rm(ν) = |Rm(ν)|eiΦm(ν), we see that

B(ν) = 1
M

M∑
m=1

|Rm(ν)|2 |Rm(2ν)| ei[2Φm(ν)−Φm(2ν)]. (2.9)

Therefore the bi-phase ≡ arg[B(ν)] = 2Φ(ν) − Φ(2ν) = −2ψ(ν), where we take the

phase difference between frequency ν and frequency 2ν to be ψ(ν) = 1
2Φ(2ν) − Φ(ν)

following Ingram & van der Klis (2015). The phase difference between the two

QPO harmonics is therefore ψ = −1
2arg[B(νqpo)].

In order to calculate B(νqpo), we adopt the same shift-and-add technique for the

auto-bispectrum as described in the previous section for the cross-spectrum, again

employing our smoothed estimate for the instantaneous QPO frequency from Fig. 2.3.

The QPO is only coherent on timescales of ∼ Q cycles (e.g. van den Eijnden et al.

2016)], and so it is reasonable to use segments of duration T ∼ Q/νqpo (Ingram &

van der Klis 2015). As the QPO frequency in our observations is ∼ 2.2 Hz, and with

an assumed quality factor Q = 8, we use 4 s long segments. Using δt = 1/128 s, this

find the phase difference between the 1st and 3rd harmonics.
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gives segments with N = 512 time bins. We correct the NICER auto-bispectrum

for Poisson noise as described in Appendix A.1.1. For NuSTAR, we avoid dead

time effects by using FPMA data for R(ν) and FPMB data for R(2ν).

2.3.4.2 Results

Using the bi-spectrum method described above, we measure ψ/π = 0.20 ± 0.02 for

NuSTAR and ψ/π = 0.125 ± 0.006 for NICER. The slight difference in ψ between

observatories is statistically significant, and indicates that the QPO waveform

depends on photon energy.

We compare the results using this method to the method used in the literature

(e.g. Ingram et al. 2016) where Φ(ν) and Φ(2ν) are taken directly from the FFT,

and a minimisation is used to find ψ. For NuSTAR this gives ψ/π = 0.21 ± 0.04,

and for NICER this gives ψ/π = 0.12 ± 0.01, which are consistent with the values

from our updated method. Here, we again avoid the dead time affected NuSTAR

Poisson noise by taking Φ(ν) from the FFT of the FMPA light curve, but Φ(2ν)

from the FFT of the FMPB light curve.

As discussed in Ingram & van der Klis (2015), it only makes sense to measure

the phase difference between harmonics if the phases of those two harmonics are

correlated. In such a case, the QPO has some well-defined underlying waveform,

and it makes sense to do phase-resolved spectroscopy. Otherwise, the spectrum

does not vary in shape in a systematic way with QPO phase, and a QPO phase-

resolved analysis would thus be meaningless. It is therefore important to measure

how well correlated the two dominant QPO harmonics are before continuing. We

explore this in the following sub-section.

2.3.4.3 Phase correlation between QPO harmonics

The auto-bispectrum can also be used to measure the extent to which the phases of

the two harmonics are correlated. Specifically, the auto-bicoherence is the modulus

of the auto-bispectrum, re-normalised in some useful way. We use the Kim &

Powers (1979) normalisation for which the auto-bicoherence, b2(ν), is unity if the

phases of the ν and 2ν components are perfectly correlated. In the opposite case of
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a completely uncorrelated signal, b2(ν) → 0 as the number of light curve segments

used to calculate b2 tends to M → ∞, and it becomes meaningless to measure

the phase difference between the harmonics at ν and 2ν.

In the absence of Poisson noise the auto-bicoherence is given by (Kim & Powers

1979)

b2(ν) =

∣∣∣∑M
m=1 Bm(ν)

∣∣∣2∑M
m=1 |Rm(ν)Rm(ν)|2 ∑M

m=1 |Rm(2ν)|2
. (2.10)

We describe how we account for Poisson noise and dead time effects in the denomi-

nator of the above equation in Appendix A.1.1, and also describe a bootstrapping

technique (following Stevens & Uttley 2016) we use to calculate the errors on

the auto-bicoherence in Appendix A.1.2.

The auto-bicoherence as a function of frequency is shown in Fig. 2.5 (bottom)

for NuSTAR (left) and NICER (right). The black stepped lines show the measured

values and the shaded regions represent the 1 and 3 σ confidence regions (calculated

using a bootstrapping method). We see that the auto-bicoherence is consistent

with zero for all frequencies except for around the QPO fundamental frequency.

This indicates that the phase of the first harmonic is well correlated with that of

the second harmonic, and that there is therefore an underlying QPO waveform

(Ingram & van der Klis 2015; de Ruiter et al. 2019). In contrast, all other pairs

of frequencies are uncorrelated.

The width of the feature around the QPO frequency in these plots of the

bispectrum could be because the QPO frequency drifts during the observation,

and therefore the frequency bin that contains the QPO frequency may not be the

same for each segment. We therefore calculate b2(νqpo) using the same shift-and-

add techniques as described in the previous sub-sections. The result is marked in

magenta. The vertical error bar is 1σ and again calculated by bootstrapping (as

discussed in Appendix A.1.2), and the horizontal error bar shows the frequency

range covered by the QPO fundamental during the observation. We see that

this new shifted-and-added bicoherence is consistent with the black stepped line,

and therefore the shift-and-add does not enhance the coherence of the QPO for

this particular observation. While the coherence between the QPO harmonics is
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statistically non-zero, it is still not unity. This can be partly explained by the

presence of uncorrelated broad band noise at the QPO frequency. However, the

QPO dominates over the broad band noise in the power spectrum for ν ≈ νqpo. It is

therefore likely that ψ is not constant in time – as would be the case for a perfectly

periodic oscillation – but instead varies around a well-defined mean value.

We visualise the auto-bispectrum in Fig. 2.5 with ‘jellyfish plots’ (top panels).

Here, for each Fourier frequency, we plot B(ν) as a vector sum on the complex

plane. The vector sum for each frequency is plotted as a grey line (and there are

a total of 29 frequencies after geometric re-binning above 6 Hz). We see that this

forms a random walk on the complex plane. For most frequencies, this random

walk forms a blob that never gets far from the origin, indicating that the phase

at ν is poorly correlated with that at 2ν. For a narrow range of frequencies, the

random walk instead forms a much straighter path that extends far from the origin,

indicating good correlation between ν and 2ν. The auto-bicoherence is a measure

of how far from the origin the vector sum ends up, and the biphase is a measure

of the orientation on the complex plane of the summed vector. The jellyfish plots

therefore demonstrate that b2(ν) is large for ν ≈ νqpo because each segment has a

similar bi-phase, and so the segments all line up well on the complex plane.

We also demonstrate how the drifting of the QPO frequency during the observa-

tion leads to the frequency bin that contains the QPO changing from one segment

to another. To do this, we mark segments on the jellyfish plots that contain the

instantaneous QPO frequency by colouring them orange. We see that the QPO

frequency does indeed jump from one frequency bin to another. This is particularly

noticeable in the NICER jellyfish plot. The magenta line instead shows the vector

sum of B(νqpo) that we use to calculate b2(νqpo); i.e. we take only the segments

that contain the instantaneous QPO frequency and add them on the complex

plane. Consistent with the bicoherence plots, we see that the magenta line reaches a

comparable distance from the origin to the two grey lines around the QPO frequency.
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2.3.5 Reconstructed Fourier Transformed Spectra

The above analysis extracted key information about the two QPO harmonics in

different energy bands. In order to examine how the energy spectrum is modulated

with QPO phase, we use Eqs. 2.2 and 2.3 to combine the three quantities we have

extracted from the energy resolved light curves: the phase lag spectra ∆j(E), the

fractional RMS spectra ωj(E), and the phase difference between the harmonics ϕ.

This produces the Fourier transformed spectra Wj(E) for the first two harmonics

(j = 1, 20). As Wj(E) are complex quantities, we separate these into real and

imaginary parts ℜ [Wj(E)] and ℑ [Wj(E)]. Therefore, for both of our NuSTAR

and NICER observations we have calculated 4 spectra

1. ℜ [W1(E)], the real part of the FT spectrum of first QPO harmonic,

2. ℑ [W1(E)], the imaginary part of the FT spectrum of first QPO harmonic,

3. ℜ [W2(E)], the real part of the FT spectrum of second QPO harmonic,

4. ℑ [W2(E)], the imaginary part of the FT spectrum of second QPO harmonic,

giving a total of 8 FT spectra. We also have the phase-average flux-energy spectra

‘W0(E)’ for each of NuSTAR’s FMPA and FMPB, plus NICER, bringing our

total to 11 spectra which we will simultaneously fit with the model described

in the following section.

These 11 spectra are shown in Fig 2.6. The left panel shows the phase-averaged

flux-energy spectrum, W0(E), observed by NICER (black), FPMA (red) and FPMB

(blue). The derived FT spectra are plotted on the right hand side as grey and black

points. The first and second harmonic (i.e. j = 1 and j = 2, or in other words the

fundamental and the first overtone) are plotted respectively in the first and second

panels from the top (as labelled), and grey and black points correspond to the real

(ℜ[Wj(E)]) and imaginary (ℑ[Wj(E)]) parts respectively. Open circles correspond

to NuSTAR and the points with no marker to NICER. Note that each part of each

harmonic has only one NuSTAR FT spectrum, and not one for the FPMA and

another for the FPMB. This is because the NuSTAR FT spectra are derived by
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extracting the subject bands of the cross-spectrum from the FPMB and the reference

band from the FPMA. Both FPMs are therefore used for this single measurement.

2.4 Theoretical Model

Our model for the QPO FT calculates the X-ray spectrum as a function of QPO

phase, γ, before Fourier transforming to output the real and imaginary parts of

the QPO FT for the zeroth, first and second harmonics. The model is similar

to the one described in Ingram et al. (2017), but with some extra features. As

in Ingram et al. (2017), we assume that the accretion flow has two components:

a thin accretion disc and a corona. We assume that the disc is stationary with

inner and outer radii rin and rout. We make no assumptions about the shape of

the corona, but we assume that its intrinsic bolometric luminosity is constant in

time, and variation in the observed flux is caused by us viewing the corona from

different directions at different QPO phases.

The spectrum from the corona is described in Section 2.4.1. Section 2.4.2

describes the spectrum from the disc, which we split into a thermal component

(Section 2.4.2.2) and a non-thermal component (Section 2.4.2.3).

2.4.1 Corona

We represent the corona spectrum with the model nthcomp (Zdziarski et al. 1996),

which is a power-law (index Γ – such that the photons emitted per unit energy is

∝ E−Γ) between low and high energy cut-offs that are respectively governed by the

seed photon temperature Tbb and the electron temperature Te. We parameterise

the QPO phase-dependent bolometric flux observed from the corona as

Nc(γ) = N0 + A1N sin[γ − ϕ1N ] + A2N sin[2(γ − ϕ2N)], (2.11)

where N0, A1N , A2N , ϕ1N and ϕ2N are left as free parameters. We parameterise

the photon index Γ(γ) and electron temperature Te(γ) in a similar way (see e.g.

Eq. 5 of Ingram et al. 2017). We tie Tbb to the peak disc temperature, which

we discuss at the end of Section 2.4.2.2.
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2.4.2 Disc

The corona irradiates the disc, and since the disc is very optically thick, all of the

irradiating flux is reprocessed in the disc atmosphere and re-emitted. The disc is also

heated by viscous dissipation of gravitational potential energy, generating intrinsic

disc flux. The total radiated flux is the sum of intrinsic and reprocessed flux. We

assume that all of the intrinsic flux plus some fraction of the reprocessed flux is

in thermal equilibrium with the disc, thus contributing a blackbody component

to the emitted spectrum. The total restframe specific intensity emergent from

the disc coordinate (r, ϕ) at QPO phase γ is therefore the sum of this blackbody

component, and a non-thermal component which includes well-known ‘reflection’

features such as the iron line and Compton hump

I(Ed, r, ϕ, γ) = Ibb(Ed, r, ϕ, γ) + Int(Ed, r, ϕ, γ), (2.12)

where Ed is photon energy in the restframe of disc coordinate (r, ϕ). From this,

we calculate the observed specific disc flux by tracing rays from the disc to the

observer following null-geodesics in the Kerr metric (using the code ynogk, which

is based on geokerr: Yang & Wang 2013; Dexter & Agol 2009). A summary

of the ray tracing procedure can be found in Appendix A.2.1 (or see e.g. Ingram

et al. 2019 for a more detailed description.)

2.4.2.1 Illumination of the disc

A precessing corona will preferentially illuminate different disc azimuths at different

phases of its precession cycle. Instead of making assumptions about the shape

of the corona, we follow Ingram et al. (2017) by parameterising the QPO phase-

dependent illuminating flux as a function of disc radius and azimuth with the

emissivity function, ϵ(r, ϕ, γ), such that

Int(Ed, r, ϕ, γ)
D2 = fR(γ)Nc(γ)ϵ(r, ϕ, γ)R(Ed), (2.13)

where D is the distance from the observer to the BH. Here, we normalise ϵ(r, ϕ, γ)

and R(Ed) (Eqs. A.8 and A.7 in Appendix A.2.2) such that fR(γ) is the observer’s
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reflection fraction. This is defined by Ingram et al. (2019) as the observed bolometric

reflected flux divided by the directly observed bolometric coronal flux in the

simplified case in which the disc re-emits the incident radiation isotropically. In

this case, since Nc(γ) is defined as the directly observed bolometric coronal flux,

the observed bolometric reflected flux is simply fR(γ)Nc(γ). In reality, the reflected

flux is not emitted isotropically. The function R(Ed), which we discuss below,

includes this subtlety.

We employ the following form for the emissivity function

ϵ(r, ϕ, γ) = Nϵϵ(r)
{

1 + A1 cos2
[1
2(γ − ϕ+ ϕ1)

]

+A2 cos2[γ − ϕ+ ϕ2]
}
,

(2.14)

where the radial dependence is given by a twice broken power-law (Wilkins &

Fabian 2011, 2012)

ϵ(r) =


(r/rbr,1)−q1 if r ≤ rbr,1

(r/rbr,1)−q2 if rbr,1 < r ≤ rbr,2

(rbr,2/rbr,1)−q2(r/rbr,2)−3 if r > rbr,2.

(2.15)

This way, if A1 = A2 = 0, the reflection spectrum will not depend at all on QPO

phase, since the illumination pattern on the disc becomes axi-symmetric. When

the asymmetric illumination (‘asymmetry’) parameters A1 and A2 are non-zero,

there are instead bright patches on the disc that rotate around the disc rotation

axis once per QPO cycle, with the location on the disc of the peak brightness set by

the phase parameters ϕ1 and ϕ2. Specifically, A1 > 0 and A2 = 0 will lead to one

bright patch rotating about the disc surface normal, and A1 = 0 and A2 > 0 will

lead to two identical bright patches (see Ingram et al. 2017 for more details). The

normalisation constant, Nϵ, is set by Eq. A.8. We also parameterise the reflection

fraction as a sum of sinusoids in the form of Eq. 2.11.

2.4.2.2 Thermal flux

We assume that the blackbody component of the disc specific intensity is given by

Ibb(Ed, r, ϕ, γ)
D2 = Nd B(Ed, T (r, ϕ, γ)), (2.16)
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where Nd is a constant model parameter, B(E, T ) is the Planck function, and

T (r, ϕ, γ) =
[
T 4

visc(r) + T 4
irr(r, ϕ, γ)

]1/4

. (2.17)

Here, Tvisc(r) is the ‘intrinsic’ disc temperature; i.e. the temperature in the absence

of irradiation. Tirr(r, ϕ, γ) is the ‘irradiation’ disc temperature; i.e. the temperature

in the absence of viscous dissipation. This parameterisation of the temperature stems

from the Stephen-Boltzmann law, as if the thermal disc flux is from thermalised gas

being heated by both the viscous heating (with flux σSBTvisc), and coronal photons

thermalising in the disc atmosphere(with flux σSBTirr).

We set the intrinsic disc temperature as

Tvisc(r) ∝ Tvisc,max

(r2dA/dr)1/4 , (2.18)

where the constant of proportionality is set to ensure that the maximum temperature

is Tvisc,max and the relativistic expression for dA/dr is given by e.g. Equation A1

in Ingram et al. (2019). In Newtonian gravity, dA/dr = 2πr, and so the familiar

Tvisc ∝ r−3/4 emissivity of a simple disc model is recovered7. Note that any

colour-temperature correction factor accounting for the spectrum not being strictly

blackbody is simply swallowed up into the definition of Tvisc,max.

The irradiation temperature is related to the thermalised portion of the illu-

minating flux via the Stefan-Boltzmann law. We parameterise it as

T 4
irr(r, ϕ, γ) ∝ fR(γ − ∆γ)Nc(γ − ∆γ)ϵ(r, ϕ, γ − ∆γ) , (2.19)

as through our construction the product of these three terms is the illuminating

flux on the disc, although only a small fraction of this flux will thermalise. Defining

Tirr,max(γ) as the maximum value of Tirr(r, ϕ, γ) for a given QPO phase, we set

the constant of proportionality in the above equation to ensure that the QPO

phase-averaged value of Tirr,max(γ) is proportional to the model parameter kTi.

With this parameterisation, kTi effectively sets the fraction of the illuminating

flux that thermalises in the disc atmosphere. The model parameter ∆γ accounts
7Note that we do not employ a stress free inner boundary condition, which is appropriate if

the corona is located inside of the disc, providing a torque.
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for the thermalisation timescale, which is the time it takes for the irradiating flux

to thermalise in the disc. This timescale is currently poorly understood, but it

should lead to the thermal component responding to changes in the illuminating

flux with a delay compared to the non-thermal component (e.g. emission lines:

García et al. 2013b). Here we parameterise this thermalisation timescale such

that the current disc temperature depends on what the irradiating flux was some

time ∆γ/(2πνqpo) ago. This is an extremely simplified formalism. In reality, we

may expect Tirr(γ) to be smeared as well as delayed, and we may also expect the

delay itself to depend on e.g. disc radius.

Finally, we set the seed photon temperature in nthcomp to

Tbb(γ) =
[
T 4

visc,max + T 4
irr,max(γ)

]1/4
. (2.20)

2.4.2.3 Non-thermal flux

We use the model xillverCp to calculate the non-thermal component of the

restframe emergent disc spectrum, R(Ed). xillverCp calculates the emergent

spectrum from a passive (Tvisc = 0), constant density slab (electron number density

ne = 1015 cm−3) being irradiated by an nthcomp spectrum8. The output spectrum

includes emission lines (most prominently the iron Kα line), absorption edges

(most prominently the iron K edge) and the Compton hump. It also includes

a quasi-thermal component caused by some fraction of the irradiating photons

thermalising in the disc, which we must ignore because we have already accounted

for the thermalised illuminating flux in our blackbody component (see previous

section). For xillverCp, this component peaks in the UV and is entirely below

our bandpass, and so is simple to ignore.

An important input parameter of xillverCp is the ionisation parameter ξ =

4πFx/ne, where Fx is the illuminating X-ray flux. We set the ionisation parameter

8Note that xillverCp is calculated for an irradiating spectrum given by nthcomp with the
seed photon temperature hardwired to kTbb = 0.05 keV, whereas we allow our continuum spectrum
to have a seed photon temperature that is free to vary with QPO phase.
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from our existing parameterisation of the illuminating flux such that9

ξ(r, ϕ, γ) ∝ fR(γ)Nc(γ)ϵ(r, ϕ, γ)/ne(r). (2.21)

Defining ξmax(γ) as the maximum value of ξ(r, ϕ, γ) for a given QPO phase, we

set the constant of proportionality in the above equation to ensure that the QPO

phase-averaged value of ξmax(γ) is equal to the model parameter ξ0. For ne(r) we

adopt the form corresponding to Zone A of the Shakura & Sunyaev (1973) disc

model, following e.g. Ingram et al. (2019); Mastroserio et al. (2019); Shreeram &

Ingram (2020): ne(r) ∝ r3/2[1 −
√
rin/r]−2. This Zone A is the solution of the disc

density profile in a region where the pressure within the disc is radiation dominated,

and the opacity is dominated by electron scattering

2.4.2.4 Approximations

Our treatment of the restframe spectrum emergent from a given disc patch is

very approximate. First of all, the xillverCp model that we use has ne =

1015cm−3 hardwired, whereas we would theoretically expect the density of the disc

in GRS 1915+105 to be closer to ne ∼ 1020cm−3 (Shakura & Sunyaev 1973). Second,

the emergent spectrum is not strictly the sum of a thermal and a non-thermal

component. In reality, the disc atmosphere is being irradiated from below by the

intrinsic disc emission and from above by the corona, and the true emergent spectrum

would need to be calculated by solving the radiative transfer equation with these

boundary conditions (Reis et al. 2008). However, although high density xillver

models are now available (García et al. 2016; Mastroserio et al. 2021), they only

consider irradiation by the corona and ignore the intrinsic disc emission. Moreover,

the xillver solutions are calculated in steady-state, and so there is no thermalisation

timescale. Our treatment is therefore the best time-dependent approximation of a

high density irradiated disc with strong intrinsic emission currently available.
9Computing the ionisation in this way does mean the restframe reflection spectrum is non-

uniform across the disc, thus is formally R(Ed, r, ϕ, γ).
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2.4.3 The complete model

The total observed QPO phase-dependent specific flux, F (E, γ), is the sum of

the disc and coronal contributions. Our model calculates F (E, γ) for 16 QPO

phases and Fourier transforms to get the QPO FT for the zeroth (phase-average),

first, and second harmonics.

Additionally, on top of the phase-dependent model described above, we include

an extra xillverCp component to account for distant reflection. This component

is fixed to be constant with QPO phase, as variations on the timescale of the QPO

period should be strongly washed out by light-crossing delays for a distant reflector.

Finally, we account for line-of-sight absorption with the model tbabs. The hydrogen

absorption column NH is a free parameter, and we adopt the abundances of all

other elements relative to hydrogen of Wilms et al. (2000).

2.5 Model Fits

2.5.1 Fitting procedure

We fit our model simultaneously to 11 spectra overall. As described in Section 2.3.5,

these are: the flux-energy NICER, FPMA and FPMB NuSTAR spectra, plus the

first and second harmonics of the real and imaginary parts of the QPO FT measured

separately by NICER and NuSTAR. Using xspec version 12.10.1f, we applied the

same NICER response matrix to all 5 NICER spectra, we used the FPMA response

for the flux-energy FPMA spectrum, and the FPMB response for both the FPMB

flux-energy spectrum and the NuSTAR QPO FT. This is because the NuSTAR

QPO FT was calculated using FPMB channels as the subject bands, and the full

band FPMA light curve as the reference band. We see from Fig. 2.1 that the

cross-calibration between NICER and the NuSTAR modules is good, except for the

normalisation. We account for this by multiplying our model by a floating constant,

which is fixed to unity for NICER and left free for the NuSTAR FPMA and FPMB.

As we used different reference bands for the calculation of the NICER and

NuSTAR QPO FTs (the full band NICER and NuSTAR FPMB light curves
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respectively), there is a phase difference between them caused by the phase lag

between the two reference bands (see Section 2.3.2). We account for this by setting

a phase offset ϕc for the first harmonic (the phase offset for the second harmonic is

exactly 2ϕc
10). Similarly to floating calibration constants employed for flux-energy

spectra, we set ϕc = 0 for NICER and leave ϕc as a free parameter for NuSTAR.

In our fits, we leave the truncation radius rin as a free parameter and fix the spin

to a = 0.998. While we do not necessarily expect that this choice reflects the true

value of the spin (see e.g. Mills et al. 2021), this value enables the widest possible

range of the rin parameter to be explored without it becoming smaller than the

ISCO. Although the spin does affect the geodesics, this only has a very subtle effect

on the spectrum compared with the location of the disc inner radius.

The full list of the free parameters in our model is included in Table 2.2, with

those modulated with QPO phase γ in the manner of Eq. 2.11 grouped together,

and are labeled in the manner of ‘Nc(γ)’. We begin by finding a global best fit

through minimising the χ2 fit statistic, before running a long Markov Chain Monte

Carlo (MCMC) simulation around the best fit to explore the parameter space and

understand the significance of the best fitting parameter values.

2.5.2 Results

Our global best fit, which is shown in Fig. 2.6, has χ2 = 3374.6 for 3179 degrees

of freedom (DoF). The phase-average flux-energy spectrum in the upper-left of

the figure shows the good fit, especially to the Fe Kα line. The right-hand side of

the figure shows the real and imaginary parts of the FT spectra of the first two

harmonics. The features of these spectra are markedly less intuitive, and so we

rely on analysis of the parameter space to understand the model fit. As the distant

reflector is constant on the QPO timescale, the FT spectra do not include this

component. However, as they are normalised to the observed flux (see Eq. 2.3),

the absorption column does matter and therefore is included.
10This follows as the phase of each harmonic in every energy band is measured in reference

to the phase of the first harmonic in the reference band. ϕc is the phase offset between the first
harmonics in the reference band between the two instruments, and the same offset is 2ϕc when
instead measured at frequency of the second harmonic. See Appendix A.3 for the derivation.
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Parameter Unit Chain mean Description
NH 1022 6.8 ± 0.3 tbabs col. density

Γ(γ)

A1Γ 0.04 ± 0.01

Photon index
A2Γ 0.05 ± 0.02
ϕ1Γ cyc 0.42 ± 0.04
ϕ2Γ cyc 0.13 ± 0.03
Γ 1.93 ± 0.01

kTe(γ)

A1e keV 38.± 13.

Electron temp.
A2e keV 19.+8.

−9.

ϕ1e cyc 0.44 ± 0.04
ϕ2e cyc 0.97 ± 0.03
kTe keV 57.+9.

−10.

log ξ† 2.5 ± 0.2 Ionisation of dist. refl.
norm† 10−3 0.7 ± 0.2 Normalisation of dist. refl.
AFe AFe⊙ 7.± 1. Accreting Fe abundance
Incl. deg 75.1+0.5

−0.3 Inclination of source
rin rg 1.43+0.01

−0.02 Inner truncation radius
q1 13.6+0.8

−0.7 Inner emissivity index
rbr,1 rin 2.4 ± 0.5 1st break radius
q2 4.+5.

−4. Outer emissivity index
rbr,2 rbr,1 14.+11.

−10. 2nd break radius

Asym.

A1 0.5 ± 0.3

Asymmetric illuminationA2 1.3 ± 0.7
Φ1 cyc 0.9 ± 0.1
Φ2 cyc 0.99+0.06

−0.05

fR(γ)

A1f 0.3 ± 0.1

Reflection fraction
A2f 0.3 ± 0.1
ϕ1f cyc 0.45 ± 0.05
ϕ2f cyc 0.94 ± 0.05
fR 0.96+0.08

−0.09
log ξmax 4.26+0.08

−0.09 Max radial ionisation
∆γ cyc 0.17 ± 0.07 Thermalisation phase lag
kTv,max keV 0.24 ± 0.05 Max radial viscous heating
kTi keV 0.64 ± 0.04 Heating from irradiation
Nd 25.± 11. Disc normalisation

Nc(γ)

A1N 1.2 ± 0.2

Coronal Normalisation
A2N 0.8 ± 0.3
ϕ1N cyc 0.96 ± 0.03
ϕ2N cyc 0.70 ± 0.03
Nc 5.8 ± 0.2
FMPA 0.944 ± 0.001 NuSTAR FMPA norm.
FMPB 0.951 ± 0.001 NuSTAR FMPB norm.
ϕc cyc 0.018 ± 0.004 NuSTAR phase offset

Table 2.2: The mean and ±1σ credible interval of the posterior distributions of each
parameter, calculated with a MCMC. The two parameters marked with † are those
solely relating to the phase-constant reflected component assumed to come from a distant
reflector. The ‘Asym.’ parameters are those that govern the asymmetric illumination
profile. The FPMA and FPMB norm parameters are floating calibration constants.



2. Phase-resolved spectroscopy of a QPO in GRS 1915+105 77

1

2

k
e
V

2
 (

P
h
o
to

n
s
 c

m
−

2
 s

−
1
 k

e
V

−
1
)

Time Averaged Spectrum

105 20 50

−10

−5

0

5

s
ig

n
(d

a
ta

−
m

o
d
e
l)
 ×

 ∆
 χ

2

Energy (keV)

0

0.2

Fourier Transformed Spectra

1st Har.

Real

Imaginary

−3

0

3

−0.2

0

2nd Har.

Real

Imaginary

105 20 50
−3

0

3

Energy (keV)

Figure 2.6: The unfolded best fit model, and the ratio of the data to the model, for the
flux-energy spectra (left) and the harmonics of the QPO (right). The flux-energy spectra
from NICER is in black, NuSTAR FPMA is in red, and NuSTAR FPMB is in blue,
which have been rebinned for plotting purposes. The spectra of the real and imaginary
components of the 1st QPO harmonic are in purple and orange respectively. Likewise, the
2nd QPO harmonic components are shown in magenta and light blue. Both harmonics
have the NuSTAR data points with circles and a dotted line, with the circle-less points
and solid lines corresponding to NICER. The markers in grey show the real component of
the FT spectra, whereas those in black show the imaginary component. The axis labels
apply to both the left and right hand sides of the figure, including the units; this follows
from the Fourier transformed spectra being the RMS multiplied by a unitless phase term.

We explored parameter space by running a long MCMC simulation with 120

walkers which each run for 250,000 steps from an initial distribution based on

the covariance matrix of the best fit. Every parameter had a uniform prior with

bounds considerably far from the range required, except where parameters must

be non-negative11. We burn the first 50,000 steps of each walker, enough to ensure

that the Geweke convergence diagnostic (Geweke 1992) is within ±0.3 for every
11The amplitude ‘A’ parameters of phase-modulated quantities are such examples, including

the asymmetry parameters A1 and A2.
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parameter and we therefore only consider steps where the MCMC has converged.

Finally, we thin the MCMC down, only taking every 100th step from each walker.

We show the posterior means and 1σ credible intervals from the MCMC in Table 2.2.

In Fig. 2.7, we visualise our results by reconstructing parameter modulations from

the thinned chain. For each step in the chain (there are 240, 000 steps altogether),

we use the parameter values corresponding to that step in order to calculate each

of the 7 quantities plotted in Fig. 2.7 as a function of QPO phase. From these

240, 000 functions of QPO phase, we create a 2D histogram, which we plot as a

probability map (black represents the largest probability).

Panels 2-5 in Fig. 2.7 show the parameters that are allowed to vary with QPO

phase via a sum of sinusoids (e.g. Eq. 2.11); from top to bottom: fR(γ), Γ(γ),

kTe(γ) and Nc(γ). We consider the posterior distributions in Fig. A.2, and we see

that all the parameter modulations are significant to at least 3σ, with Nc(γ) likely

at a much higher significance. The bottom two panels in the figure are log ξmax(γ)

and kTirr(γ). The modulations in these parameters are not free to vary in our

fit, they are instead calculated from Nc(γ) and fR(γ) (see Eqs. 2.19, and 2.21).

These are remarkably constant with QPO phase, as they are both ∝ Nc(γ)fR(γ)

(neglecting the phase shift ∆γ), whose modulations are approximately out of phase.

The top panel is iron line centroid energy. In order to determine this, we

first calculate the observed QPO phase-dependent reflection spectrum (Eq. A.6)

assuming a δ−function iron line in the disc restframe (i.e. I(Ed) = δ(Ed − 6.4keV))

and then calculate the centroid energy of the resulting QPO phase-dependent line

profile (using Equation 7 from Ingram et al. 2017). Any modulations of this function

with QPO phase are caused entirely by QPO phase dependence of the emissivity

function ϵ(r, ϕ, γ), which in turn is driven exclusively by the asymmetry parameters

A1 and A2. We see that the line centroid energy is strongly modulated with QPO

phase, implying that the emissivity function is required by the fit to vary with

QPO phase. We show the posterior distribution of the asymmetry parameters

from the MCMC in Fig. 2.8. The point A1 = A2 = 0 lies outside of the 2σ
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contour (in red), therefore we are able to reject the axi-symmetric null-hypothesis

of A1 = A2 = 0 at the 2σ significance level.

We show the QPO phase-dependent spectrum of the best-fitting model in Fig. 2.9,

without the line-of-sight absorption and distant reflector. We see large changes

in spectral shape over the course of the 8 QPO phases pictured, most obviously

the change in continuum normalisation Nc(γ) following the same trend as shown

in Fig. 2.7. As the normalisation of the reflection spectrum is broadly constant

with phase, its key features of the Fe Kα and Compton hump are less pronounced

when Nc(γ) is larger. The temperature of the Compton hump itself does change,

most noticeably at its lowest value of γ ≈ 1/4 cycles.

When we consider the covariance between the modulated variables (see Fig. A.1),

we see the strongest correlation is between the reflection fraction fR and continuum

normalisation Nc. Interestingly, the phase-averaged values are negatively correlated,

however the size and phases of the modulations are positively correlated. We can see

in Fig. 2.7 that these modulations are also in anti-phase, and so their modulations

work against each other to keep the incident flux onto the disc approximately

constant, as can be seen in the waveforms of log ξmax(γ) and kTirr(γ).

We find that the posterior mean of the phase lag ∆γ, intended to represent

the time it takes photons to thermalise in the disc atmosphere, is ∆γ ≈ 0.17 QPO

cycles. Fig. 2.10 shows the posterior distribution of ∆γ from the MCMC, including

a conversion from QPO cycles to time lag for a QPO frequency of νQPO = 2.2 Hz.

This phase lag can be seen in the bottom two panels of Fig. 2.7, since the dip

in kTirr(γ) occurs ∼ 0.17 QPO cycles after the dip in log ξmax(γ). It can also be

seen in Fig. 2.9: e.g. the orange line for QPO phase = 0.125 cycles corresponds

to a peak in iron line centroid energy but not to a peak in disc peak temperature.

Converting ∆γ to a time lag gives ∼ 75 ms, which is rather large. This large value

is possibly due to model systematics, since if the thermalisation timescale really

were this long, then we would see much longer thermal reverberation lags than

have been observed (e.g. Uttley et al. 2011; Kara et al. 2019).
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Figure 2.7: Each panel shows a parameter which is modulated with QPO phase in
our best fit. The heatmap is constructed from the MCMC to visualise the confidence
of the modulation. For each step in the MCMC, the modulation curve of each quantity
was reconstructed, and is over-plotted to produce the heatmap.The top panel shows the
iron-line centroid energy Ec which was calculated from the varying illumination profile,
assuming a rest-frame δ−function profile (see text for details). The reflection fraction, Γ,
kTe, and Nc are the modulations straight from their parameters in the model, whereas
log ξmax and kTirr are calculated from the irradiating flux, as described in the text.
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Figure 2.8: A1 and A2 contour based around the MCMC. The 1, 2, and 3 σ credible
intervals are shown as contours (purple, orange, red), with the blue lines highlighting
the values at the best-fit. Within the 1σ contour the density is shown as a gray-scale
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Figure 2.9: The QPO phase dependent component of our best-fitting model; without line-
of-sight absorption or the distant reflector component. This is comprised of the nthcomp
cut-off powerlaw; a ray-traced xillverCp reprocessed spectrum with relativistically
smeared atomic features ( 5 − 8 keV) and Compton hump (≳ 20 keV); plus a blackbody
thermal spectrum at ≲ 2 keV. This shows the model at 8 phases, although 16 phases are
used for the calculation of the Fourier transformed components.
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Figure 2.10: Histogram of ∆γ from the MCMC, with the corresponding time-lag for a
frequency of 2.2 Hz. The ±1σ credible interval is outlined with purple dashed lines.

2.6 Discussion

We have conducted a phase-resolved spectral analysis of a ∼ 2.2 Hz QPO from

GRS 1915+105 observed simultaneously by NICER and NuSTAR. We found that

the continuum normalisation Nc(γ), photon index Γ(γ), reflection fraction fR(γ),

and electron temperature kTe(γ) are all required to be modulated with QPO phase

to > 3σ confidence, plus we rule out that the asymmetric illumination parameters

A1 = A2 = 0 at the 2σ confidence level. Alongside this, we found a small inner

truncation radius rin, and a large thermalisation phase lag ∆γ. We now discuss

the implications of these results.

2.6.1 Comparison with H1743-322

We compare our results with the previous similar study of a ∼ 0.25 Hz type-C

QPO in H 1713-322 by Ingram et al. (2017) (hereafter I17). The first thing to note

is the strikingly similar profiles of the continuum normalisation, Nc(γ) (compare

our Fig. 2.7 with the Fig. 5 in I17), which is a proxy for the X-ray flux. Whereas

the fractional amplitude of the Nc(γ) modulation is larger here, the profiles – and

therefore the QPO waveforms – are similar for the two observations, despite the
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QPO frequencies being very different. This similarity is confirmed by the measured

phase difference between harmonics, ψ, which defines the QPO waveform (Ingram

& van der Klis 2015). Here we measure ψ/π ≈ 0.2 for the NuSTAR observation,

whereas the NuSTAR measurement for H1743-332 was ψ/π ≈ 0.3 (Ingram et al.

2016). This indicates that the Nc(γ) modulation for H1743-322 should be similar

to what we measure here for GRS 1915+105 but with the peak slightly delayed,

which can indeed be seen in the Nc(γ) profiles. It is perhaps surprising that the

QPO waveform of the two observations is so similar given that Ingram & van der

Klis (2015) observed it to change dramatically between two RXTE observations of

GRS 1915+105 with QPO frequencies of ∼ 0.5 Hz and ∼ 2.25 Hz. Fig. 5 (right

panel) in de Ruiter et al. (2019) reveals that this is because ψ reduces more steeply

with QPO frequency in GRS 1915+105 than it does in H1743-322, such that its

value for GRS 1915+105 at νqpo ∼ 2 Hz is close to the corresponding value for

H1743-322 at νqpo ∼ 0.2 Hz. The measurement of ψ presented here is therefore

consistent with the trends found by de Ruiter et al. (2019). Beyond the overall

shape, we also see a much wider spread in our Nc(γ) histogram than that presented

by I17. This is because we are now using a much more flexible model than in

previous work, including modulations in kTe, and so it is better able to compensate

when Nc(γ) deviates from its best fitting functional form.

As for the modulation in iron line centroid energy, Ec(γ), we see a strong second

harmonic (evidenced by there being two maxima per QPO phase as opposed to

one) both in our observation and in the I17 analysis of H1743-322. This property

was also previously observed for GRS 1915+105 by (Ingram & van der Klis 2015),

albeit with a low statistical significance. We however see that the phase of the

Ec(γ) modulation is shifted here with respect to the H1743-322 observation: here

the maxima in Ec occur at QPO phase γ ∼ 0 and 0.5 cycles, whereas for H1743-322

they occur at γ ∼ 0.2 and ∼ 0.7 cycles. A similar evolution in the Ec(γ) waveform

is seen between the two GRS 1915+105 observations presented in Ingram & van

der Klis (2015): their Ec(γ) waveforms for νqpo ∼ 0.5 Hz and νqpo ∼ 2.25 Hz QPOs

are respectively similar to the ∼ 0.2 Hz QPO in H1743-322 and the ∼ 2.2 Hz QPO
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in GRS 1915+105 presented here. This gives a potential hint that the phase of

the line centroid energy modulation evolves systematically with QPO frequency,

as is the case for the flux modulation (de Ruiter et al. 2019). We additionally see

that the Ec(γ) modulation presented here has a lower mean and a higher amplitude

than that presented by I17. This is consistent with the disc inner radius reducing

as the QPO frequency increases: the mean is reduced by increased gravitational

redshift and the amplitude is increased by faster orbital motion closer to the BH.

I17 found modulations of the reflection fraction, fR, and power law index,

Γ, to have 3.52σ and 0.95σ significance respectively, whereas here we find both

modulations to have > 3σ significance. As the reflected spectrum is spectrally

harder than the directly observed spectrum, an increase in spectral hardness can

be caused either by a reduction in Γ or an increase in fR. Whereas the Γ(γ) and

fR(γ) modulations presented by I17 are broadly in phase, suggesting they somewhat

compensate for each other. Here we find they are broadly in anti-phase suggesting

they are both contributing to the modulation of the spectral hardness.

2.6.2 Asymmetric illumination profile

Our model requires an asymmetric illumination profile with A1 = 0.5 ± 0.3 and

A2 = 1.3 ± 0.7 which is consistent with two, nonidentical bright patches rotating

around the disc with QPO phase. The QPO phase dependence of the iron line profile

could, to some extent, be reproduced by changes in the ionisation state of the disc

atmosphere, which would cause changes in the shape and centroid energy of the iron

line in the restframe reflection spectrum (since e.g. Compton broadening of the line

increases with the number of free electrons and more ionised species are more tightly

bound and therefore produce higher energy fluorescence lines). The parameters

that affect the shape of the restframe reflection spectrum and are modulated with

QPO phase in our model are Γ, kTe, and log ξ. All three affect the ionisation state

of the disc, with larger kTe, larger log ξ, and smaller Γ increasing the number of

irradiating photons with a high enough energy to ionize neutral iron (E > 7.1 keV).

In the model employed by I17, only Γ was allowed to vary with QPO phase, whereas
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here we also allow kTe and log ξ to vary, with log ξ tied to the illuminating flux. We

also note that here we employ a radial log ξ profile, whereas only a single ionisation

parameter was used for the entire disc in I17. Given the flexibility of our model and

the conservative nature of our analysis, we find that the asymmetric illumination

parameters A1 and A2 are only required to be non-zero at > 2σ confidence level.

Such an asymmetric, QPO phase-dependent illumination pattern is naturally

expected if the corona illuminating the disc is precessing (Ingram & Done 2012).

Alternatively, precession of the disc itself (i.e. precession of the reflector and not the

illuminator) could potentially explain our data (Schnittman et al. 2006). However,

disc precession is not expected theoretically (Bardeen & Petterson 1975; Liska et al.

2019) unless the frame dragging effect is strong enough to tear the disc into a number

of discrete, independently precessing rings (Nixon & King 2012; Liska et al. 2021).

Such a configuration could in principle cause QPOs if the number of independent

rings is small enough to produce a coherent oscillation. However, disc tearing

requires a large misalignment between the binary and BH rotation axes, which is

expected to be rare since the biggest natal kicks, which would produce the largest

misalignments, are also the most likely to completely disrupt the binary system

(Fragos et al. 2010). This is in contrast to the near-ubiquity of type-C QPOs. Line

profile modulations could also result from c-mode disco-seismic waves (e.g. Kato &

Fukue 1980; Kato 2001). However, this would not explain the QPO being much

stronger in the Comptonised spectrum than in the disc spectrum, and the line profile

variations produced by c-modes are quite subtle compared with what we observe

(see e.g. Fig 5 in Tsang & Butsky 2013), due to the c-mode oscillation only occuring

in a narrow range of disc radii. The spiral waves of the AEI model are also consistent

with the asymmetric illumination profile we measure here (Varnière & Tagger 2002).

However, the AEI model is not consistent with a reflection fraction modulation,

which we measure with > 3σ significance, whereas the precessing corona model is.

A new QPO diagnostic will soon be available in the form of X-ray polarization.

Whereas the precession model predicts the polarization degree and angle to be

modulated on the QPO period (Ingram et al. 2015), alternative models such as the
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AEI do not. After its launch later this year, the Imaging X-ray Polarimetry Explorer

(IXPE) should be capable of detecting QPOs in the X-ray polarization properties in

a long exposure observation of a bright X-ray binary, as long as high inclination X-ray

binaries turn out to be moderately polarized (≳ 4%; Ingram & Maccarone 2017).

2.6.3 Inner Radius

Our best-fitting model also requires a small disc inner radius of rin ≃ 1.43+0.01
−0.02 Rg,

where Rg = GM/c2 and the uncertainty (from the MCMC posterior distribution*)

only reflects the statistical error around the best fit within our model. While this

small value of rin is compatible with previous reflection spectroscopy results (Miller

et al. 2013; Zhang et al. 2019; Shreeram & Ingram 2020), it does not leave much

room for a corona to precess within this truncation radius in order to give rise to the

best fitting asymmetric illumination profile. Moreover, it is very much incompatible

with the precession being specifically at the Lense-Thirring precession frequency,

which requires rin ≈ 41 Rg to reproduce a QPO frequency of ≈ 2.2 Hz12.

We therefore first consider if our analysis has returned an artificially small disc

inner radius due to the use of an inadequate continuum model. Including a second,

softer power law component can yield a larger truncation radius in fits to the flux-

energy spectrum, since the new component takes the place of the broad red wing

characteristic of small rin (Yamada et al. 2013; Mahmoud & Done 2018; Mahmoud

et al. 2019; Zdziarski et al. 2021b; Zdziarski et al. 2021a). Such a treatment could

therefore yield a larger truncation radius in our analysis if our measured disc inner

radius is driven primarily by the time-averaged iron line profile. However, our

analysis is also sensitive to the QPO phase-dependence of the iron line profile. For

a large truncation radius, the red wing can dominate over the blue wing when the

receding disc material is illuminated, whereas for a small truncation radius the

variability is entirely in the blue wing because the red wing is always suppressed

by gravitational redshift (Ingram & Done 2012; You et al. 2020).
12Using Eq. 2 of Ingram et al. (2009) with ζ = 0, as seen in numerical simulations (Fragile et al.

2007), rin = risco(a), a = 0.998, and M = 10.1 M⊙ (Steeghs et al. 2013).
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By excluding the iron line from the flux-energy spectrum, but leaving in those

bands for the Fourier transformed spectra, we are able to investigate whether this

small rin is required by only the phase-average spectrum or also by the QPO phase

dependence of the spectrum. We therefore run a new phase-resolved fit in which we

ignore the 5 − 8 keV data from the flux-energy spectrum but leave in those bands

for the Fourier transformed spectra. For this new fit, the measured rin value will

not be driven by the time-averaged shape of the iron line, but by how its shape

changes throughout the course of each QPO cycle. This new fit also returns a small

disc inner radius of rin = 1.49+0.03
−0.04 Rg. It is still possible that including a more

complex continuum could allow for a slightly larger rin, but this would add many

more degrees of freedom to our already extremely flexible model.

Our fits therefore indicate (although not definitively) asymmetric illumination

of a disc extending to a very small inner radius. It could be that the corona

is not radially extended but instead a vertically extended structure, such as a

precessing jet (Kalamkar et al. 2015; Stevens & Uttley 2016; Kylafis et al. 2020)

(if the jet base is sufficiently X-ray bright; Fender et al. 1999; Markoff et al. 2005).

GRMHD simulations show that jet precession can be induced by the frame dragging

effect (Liska et al. 2018), but only so far in the presence of a thick disc. Indeed,

our best fitting model includes a very strongly peaked emissivity function, with

q1 = 13.6+0.8
−0.7 for disc radii r < 3.3 ± 0.6 Rg. This emissivity profile is roughly

compatible with one created by a vertically extended corona raised slightly above

the thin accretion disc (Wilkins & Fabian 2012).

It is, however, unclear exactly how the frame dragging effect could drive such

slow precession for such a small disc inner radius. Perhaps the corona is vertically

extended with the density increasing with distance from the BH. This weighting of

the density to larger distances from the BH will slow down precession compared with

a precessing ring at the same rin. The torque exerted on the corona by the outer

disc, which is not currently considered in calculations of the precession frequency,

will also slow down precession. It is not, however, clear whether or not these two

effects are sufficient to solve the discrepancy we find here. Even if they are, and
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Lense-Thirring precession really is the true type-C QPO mechanism, their presence

will make it much more difficult to infer BH mass and spin from the QPO frequency

than previously hoped. A clear counter-argument to this point is provided by the

QPO triplet in GRO J1655-40, the frequencies of which can be explained very well

by the relativistic precession model, returning a precise mass prediction that agrees

with the dynamical value (Motta et al. 2014b; Fragile et al. 2016). This result

instead argues that our very small disc inner radius is instead the result of modelling

systematics such as employing an overly simplified continuum, as discussed above.

It is important to note that all well-studied QPO models in the literature assume

that the QPO frequency increases during the state transition primarily due to the

disc inner radius moving inwards (Ingram & Motta 2019). There is therefore no

published QPO model that can reproduce our observed QPO frequency for our

measured disc inner radius without significant modification.

2.6.4 Misalignment

Our best fitting disc inclination angle is i = 75.1+0.5
−0.3 degrees, whereas the jet

inclination angle, inferred from radio observations of superluminal ejections (Fender

et al. 1999), is θ ≈ 60◦ (using the radio parallax distance of D ≈ 8.6 kpc; Reid

et al. 2014). We therefore infer a misaligned system, consistent with QPO models

that invoke Lense-Thirring precession (Stella & Vietri 1998; Ingram et al. 2009).

Following I17, we can estimate the misalignment angle β between the disc and

BH spin axes by taking the large-scale jet as a proxy for the BH spin axis13. This

is not necessarily simply given by β = i − θ, since the azimuthal disc viewing

angle, Φ, is unknown. Rather, it can be found by solving the geometry (Veledina

et al. 2013; Ingram et al. 2017)

cos θ = sin i sin β cos Φ + cos i cos β , (2.22)

which gives the possible values for the misalignment angle β, given the observed

inclinations of the disc i and the BH spin axis θ (assuming the jets are ejected
13This of course might not be correct, as jets have been observed to precess as in e,g, Miller-Jones

et al. (2019).
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along this axis), and any possible but unknown azimuthal disc viewing angle Φ.

Fig. 2.11 shows all of the solutions for β for the full range of Φ and θ values (colour

scale), and assuming i = 75◦. The red line represents the solutions corresponding

to θ = 60◦, which cover the range 15.1◦ < β < 135.1◦ for |Φ| < 63.7◦ (i.e. for

some values of Φ there is no solution). The minimum misalignment compatible

with our results is therefore β ≈ 15◦, which is a large enough misalignment to

produce the observed ∼ 15% RMS QPO amplitude with a corona precessing around

the BH spin axis (Ingram et al. 2017).

This misalignment will greatly influence the BH spin inferred from disc continuum

fitting in the soft state. In the most recent such analysis of GRS 1915+105, Mills

et al. (2021) report a best fit of a ≈ 0.86 (risco(a) = rin ≈ 2.57 Rg), with the very

high spin required by reflection spectroscopy measurements (including our own)

also within uncertainties. However, they assume a completely aligned system, with

the binary inclination δ equal to the disc inclination i equal to the jet inclination θ.

Ignoring relativistic corrections, the disc inner radius inferred from disc fitting is

rin ∝ D/(M
√

cos i) Rg, and so adopting i = 75◦ in place of i = θ = 60◦ (but still

assuming δ = θ and D = 8.6 kpc) would instead give rin ≈ 3.63 Rg. The inferred

inner radius is pushed even further out if we set δ = i as is assumed in the precession

model (Ingram et al. 2009; Ingram et al. 2015), since the BH mass is related to

the binary mass function f(M) as M ∝ f(M)/ sin3 δ. For δ = i = 75◦ and still

assuming D = 8.6 kpc, the inner radius becomes rin ≈ 5 Rg, which is incompatible

with our measured value of rin ≈ 1.4 Rg. If we instead assume that δ is unknown,

we find that for i = 75◦ and D = 8.6 kpc the disc continuum fitting inner radius is

equal to our value if δ ≈ 39◦, implying a BH mass of M ≈ 32 M⊙ which is much

greater than the dynamical measurement of 10.1 ± 0.6 M⊙ (Steeghs et al. 2013).

We note, however, that a thin misaligned disc is expected to form a so-called

Bardeen-Petterson configuration (Bardeen & Petterson 1975), whereby the outer

and inner regions align respectively with the binary and BH spin axes. GRMHD

simulations show that the transition from misaligned to aligned can be close to the

BH (r ∼ 6 Rg; Liska et al. 2019), but still further out than our very small inner
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Figure 2.11: The BH spin axes inclination θ, for different values of misalignment between
it and the disc, for the different values of disc azimuthal angle Φ of the misalignment.
The red line highlights θ = 60◦, the observed inclination large-scale jet, which could be
assumed to be aligned with the BH spin-axis.

radius of rin ∼ 1.4 Rg. In contrast, our simplified model only considers a planar

disc. It could be that failing to account for a more realistic warped disc geometry

has introduced a bias into our measurement of i, or even of rin.

2.6.5 Biases in the phase-averaged spectrum

The shape of our best fitting phase-resolved spectrum changes dramatically with

QPO phase (Fig. 2.9). These non-linear variations over each QPO cycle may cause

biases in analyses that only fit a steady-state model to the time-averaged flux-

energy spectrum. Following I17, we investigate these potential biases in Fig. 2.12

by plotting the phase-averaged spectrum of our best fitting phase-resolved model

(black) alongside the spectrum calculated by setting all modulated parameters to

their phase-averaged values (red), as well as the percentage difference with respect

to the phase-averaged model (bottom panel). We see that the difference between

the two spectra is only ∼ 1% in the ∼ 5 − 20 keV region, but is much larger at lower

and higher energies, indicating that ignoring spectral variability does indeed cause

a bias. We investigate further by fitting the observed flux-energy spectrum with a

steady-state model (blue lines), which reproduces the phase-averaged model very

well (except for a narrow feature at ∼ 6.7 keV, which NICER and NuSTAR cannot

resolve, but future missions such as ATHENA will be able to). The parameters
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Figure 2.12: Top: The best fitting flux-energy specturm (black); the same however
with all the modulations turned off so each parameter is set to its phase-average value
(red); the best-fitting model when there is no phase-dependant parameter modulations or
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The grey inset panels show a 6-8 keV zoomed-in version of their respective lines, with the
corresponding areas of the main graph also highlighted in grey.

of the new fit are consistent with those of the phase-resolved model except kTirr,

kTvisc and kTe are all cooler and the disc normalisation is larger. We therefore

conclude that these parameters are biased by spectral variability, but not other

key parameters such as i and rin.

2.6.6 Thermalisation lags

In our model we include a phase lag, ∆γ, between variations in the illuminating

flux and corresponding variations in disc heating. This is to allow for the finite time

it takes for incident radiation to thermalise in the disc atmosphere. This timescale

is poorly understood theoretically, but is surely longer than the corresponding

timescales for other processes such as fluorescence and scattering, which are almost
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instantaneous (García et al. 2013b). Leaving ∆γ as a free parameter in principle

enables us to empirically measure this thermalisation timescale. Our best fitting

value of ∆γ = 0.15+0.06
−0.05 cycles corresponds to a time lag of ∼ 70+26

−25 ms given

that the QPO frequency is 2.2 Hz, which is much larger than expected. This

very long thermalisation time delay is incompatible with observations of ≲ 1 ms

soft lags in e.g. MAXI J 1820+070 (Kara et al. 2019) and GX 339-4 (Uttley

et al. 2011), and so it is very likely that the ∆γ parameter is accounting for some

other over-simplification in our model. This is perhaps not surprising, since our

prescription is so simple. For instance, we assume a single thermalisation delay,

whereas in reality it is likely dependent on disc radius (Frank et al. 2002) and

on ionisation parameter (which varies with both disc radius and azimuth in our

model). Moreover, in reality there will be some smearing such that e.g. very fast

fluctuations in the irradiating flux will not be efficiently transferred into fluctuations

in disc temperature, which we currently completely ignore.

In the context of the precessing corona model, there are a number of effects that

we do not account for here which would lead to modulations of the observed disc

temperature. For instance shadowing: the precessing corona and/or jet obscuring

different disc azimuths at different precession phases leading to a variation in the

shape of the overall observed disc spectrum. We also note that in the precessing

corona model, the misalignment between the disc and BH spin axes, β, remains

constant but as the corona precesses around the BH spin axis its misalignment with

the disc axis varies between 0 and 2β (e.g. Ingram et al. 2015). This would lead to the

illumination profile being axisymmetric once per QPO cycle, which is not accounted

for by the illumination profile employed here. There are also potential sources of

systematic error in our spectral model. For instance in the xillverCp grids that

we use, the seed photon temperature is hardwired to kTbb = 0.05 keV, whereas the

seed photon temperature of the nthcomp component in our model varies with

QPO phase. Finally, we ignore light crossing delays in our parameterisation of the

disc illumination profile, which can be the order of milliseconds for reflection from
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r ∼ 10s of Rg. This is ≲ 1% of the ∼ 0.45s QPO period, but will become increasingly

important for the study of QPOs with increasingly higher centroid frequency.

2.7 Conclusions

We have conducted a phase-resolved spectral analysis of a type-C QPO in a

simultaneous NICER and NuSTAR observation of GRS 1915+105. We used a

QPO phase-resolving technique, following Ingram et al. (2016) but significantly

improved on their work, by including a QPO frequency tracking algorithm that

makes it possible to analyse long observations over which the QPO frequency may

change, and using the bispectrum to constrain the phase difference between QPO

harmonics which has the advantage of enabling a proper Poisson noise correction.

We have also used a significantly more advanced version of the Ingram et al.

(2017) tomographic model with which to fit the phase-resolved spectra in the

Fourier domain. Our new model allows more parameters to be simultaneously

modulated and includes self-consistent modulations to the ionisation parameter

and disc heating due to irradiation.

Our fit requires the asymmetric illumination parameters A1 and A2 to be > 0

with > 2σ confidence. Similar to the results of I17 for H1743-322, this is consistent

with that expected for precession of the illuminator, but our measurement has only

moderate statistical significance. We also detect a > 3σ significant modulation of the

reflection fraction, indicating that the geometry of the inner accretion disc changes

systematically with QPO phase. We inferred a high disc inclination (i ≈ 75◦),

which implies that the disc is misaligned with the previously observed jet ejections

(θ ≈ 60◦). This is consistent with the precessing corona model for the QPO

(Ingram et al. 2009). However, our fit also favoured a small disc inner radius,

which requires the corona to be vertically rather than radially extended and is

inconsistent with the precession frequency being set purely by the frame dragging

effect. We discussed some possible effects that could slow down Lense-Thirring

precession compared with the simplest prediction. We note that no QPO model

currently in the published literature can reproduce the observed QPO frequency
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for our measured disc inner radius (Ingram & Motta 2019). Therefore, either our

measured radius is affected by modelling systematics – such as the continuum in

reality being more complex than we assume – or new or modified theories must

be developed to model the QPO frequencies.

We also recovered a large thermalisation delay, which implies that irradiating

photons take ∼ 70 ms to thermalise in the disc atmosphere. We argued that this

is infeasibly large and discussed potential sources of systematic error that could

be contributing to the measurement.

We compared this analysis and the work of Ingram et al. (2016, 2017) on

H1743-332, and in particular note they both show a strong second harmonic in the

modulation of the iron line centroid energy Ec(γ). We found hints that the Ec(γ)

modulation evolves systematically with QPO frequency, as would be expected for

example if the disc inner radius reduces as the QPO frequency increases. Further

work is required to test this hypothesis.
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3.1 Introduction

Black holes (BHs) in X-ray binaries (XRBs) typically have their mass measured

when the system is in quiescence. In this state, the luminosity of the accretion

system is very low, and the BH mass can be measured dynamically by tracking the

orbital phase-dependent Doppler shifts of absorption lines in the optical spectrum

of the companion star (e.g. Casares & Jonker 2014), as has been done for ∼ 20

of the ∼ 70 BHs in XRBs (Corral-Santana et al. 2016). However, these optical

techniques can be inhibited by extinction, which is a significant effect for sources

within the Galactic plane and bulge. One example of a system without a dynamical

mass measurement is the BH XRB H1743-322. Steiner et al. (2012) was able

to measure the source distance D = 8.5 ± 0.8 kpc by measuring the observed

time delay between approaching and receding super-luminal jet ejecta using radio

observations. Using multiple flares to track the evolution and motion of the jet,

they were able to associate a physical distance to the projected separation observed,

and therefore calculate a distance to the source. This distance is consistent with the

likely scenario of the source lying in the Galactic bulge, and indeed it experiences

too much extinction for the optical measurement.

Jonker et al. (2021) hypothesised that this inability to measure the masses of

systems lying in the Galactic disc and bulge could cause a bias to the measured BH

mass population: assuming XRBs are likely to form in the Galactic plane or bulge,

lower mass systems are more likely to receive a large enough ‘kick’ during the BH

formation to push the system away from these regions with higher extinction (Fryer

& Kalogera 2001), therefore suggesting that we are likely more able to measure

the BH mass in lower mass systems. They suggest that this could be a reason

why the population of BHs detected through gravitational waves (during mergers)

is more massive than those detected in XRBs (Farr et al. 2011; Corral-Santana

et al. 2016; Abbott et al. 2021).

Ingram et al. (2022, hereafter I22) proposed a model that is able to use the

X-ray reflection spectrum to constrain the ratio of BH mass M to its distance from

us D. In this chapter I present my work considering a set of observations of the BH
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XRB H1743-322, which are described in Section 3.2. In Section 3.3 I summarise

the details of how the I22 model works, and how I fit the model to the data. I

discuss the mass measurement I obtain from my fits and the existing distance

measurement, along with the relevance of this proof-of-principle demonstration

of the technique in Section 3.4.

3.2 Observations and Data Reduction

3.2.1 Observation Log

We use observations of three outbursts of the BH XRB H1743-322 , in 2014, 2016,

and 2018. The observations are a combination of five with the Nuclear Spectroscopic

Telescope ARray (NuSTAR; Harrison et al. 2013) and five with X-ray Multi-Mirror

Mission (XMM-Newton; Jansen et al. 2001). We consider these as five epochs,

which we label 14, 16a, 16b, 18a, and 18b, based upon the NuSTAR observation.

The details of the ten different observations used are listed in Table 3.1. The data

used in epoch 14 was included in Ingram et al. (2016, 2017) (the NuSTAR data

and the "XMM2a" and "XMM2b" data within those papers).

3.2.2 NuSTAR Data Reduction

We used the NuSTAR data reduction software NuSTARDS v2.0.0, with CALDB

v20200726. We first used the FTOOL nupipline to produce cleaned event lists,

before extracting source and background products with the FTOOL nuproducts.

For each observation, we used 60” circular source extraction region, and a 90”

circular background extraction region, chosen from an area of the detector without

source counts. For each observation the source regions were chosen per detector,

but with a mutual background region. Finally, we we used the grppha to bin the

energy spectra so that they contain a minimum of 25 counts per channel.

3.2.3 XMM-Newton Data Reduction

The XMM-Newton observations all used the RGS (Reflection Grating Spectrometers)

and EPIC-pn (European Photon Imaging Camera) in timing mode, however with
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Table 3.2: The difference in the power law index needed to cross-calibrate simultaneous
NuSTAR and XMM-Newton observations, when a simple absorbed power law model is fit
to the overlapping 3 − 10 keV band. The representative parameter uncertainty is 3 × 10−3.

Epoch NuSTAR XMM-Newton ∆Γ

14 80001044004 0724401901 0.106
0740980201 0.111

16a 80202012002 0783540201 0.088
16b 80202012004 0783540301 0.094
18b 80202012006 0783540401 0.085

no EPIC-mos data recorded. We used the XMM-Newton Science Analysis Software

(SAS) version 20.0.0 for this data reduction.

3.2.3.1 EPIC-PN Timing Mode

We used the SAS task epproc to extract the cleaned events list, before extracting

source products from a region defined with 31 ≤ RAWX ≤ 45, using only single

and double events (PATTERN ≤ 4), and ignoring bad pixels (FLAG = 0).

We rebinned the spectra to have a minimum of 25 counts per channel using

specgroup. We generated the response using rmfgen using the new calibration

published in CCF XRT3_XAREAEF_0014.CCF available with the setting

applyabsfluxcorr=yes, and we generated the ancillary file with arfgen.

3.2.3.2 RGS

We used the SAS task rgsproc to produce the source and background spectra, along

with the response, for the first spectral order of each RGS1 and RGS2. The RGS

spectra were also rebinned using specgroup to a minimum of 25 counts for channel.

3.2.4 Cross-Calibration

The observations we consider come from five separate instruments, and from each

we make use of a different energy range:

• NuSTAR’s FPMA and FPMB (3-78 keV),

• XMM-Newton’s EPIC-pn in timing mode (2.5-10 keV),
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Figure 3.1: The 3 − 20 keV flux-energy spectra from NuSTAR’s FMPA (black) and
FMPB (red) detectors, along with XMM-Newton’s EPIC-pn (blue) which was in timing
mode, from the 16a epoch. These were simultaneously fit to an absorbed power-law, each
with a free normalisation, and with the power law index tied between the FMPA and
FMPB, however with the EPIC-pn index otherwise free. The top panel shows the data
and model unfolded about the response matrix, while the lower panel shows the ratio of
the data to the model.

• XMM-Newton’s RGS1 and RGS2 (0.9-2.1 keV).

As the energy-range of XMM-Newton’s EPIC-pn camera and NuSTAR’s FPMs

overlap, it is important that we check the cross-calibration between them. To do

this, we fit the spectra from the three instruments with a simple absorbed power-law

model, considering only the overlapping energy range (3 − 10 keV). For line-of-sight

absorption, we use tbabs with the abundances of Wilms et al. (2000), and we tie

the hydrogen column density NH to be the same for all three spectra. The power law

normalisation is left as a free parameter for each instrument to account for known

discrepancies in absolute flux calibration. We tie the power law index between the
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NuSTAR FPMA and FPMB, however allow it to be different for the EPIC-pn.

The top panel of Fig. 3.1 shows the three spectra from the 16a epoch unfolded

around the best-fitting absorbed power-law model, and the bottom panel shows the

data to (folded) model ratio. The EPIC-pn spectrum is slightly harder than the

simultaneous NuSTAR spectrum. This is seen across the observations, with the

difference between the fitting power-law indices listed in Table 3.2. We also see a

discrepancy in the residuals at ∼ 6 keV corresponding to the Fe Kα line, with the line

feature peaking at higher energies in EPIC-pn consistently across all of the epochs.

This discrepancy is most likely due to calibration issues with EPIC-pn timing mode.

The EPIC-pn timing mode has previously been found to measure harder spectra than

other observatories in addition to NuSTAR. For example, an observation of GX 339-4

with a simultaneous RXTE exposure (Kolehmainen et al. 2014), and an observation

of the Rapid Burster in which Swift XRT and NuSTAR were in agreement, but

both disagreed strongly with the EPIC-pn (van den Eijnden et al. 2017).

Here, we have used the most up to date (as of August 2022) EPIC-pn calibration

files. Although they are an improvement on the old files, for example reducing the

discrepancy in power-law indices between the EPIC-pn and the NuSTAR FPMs,

problems do remain. We therefore discard the EPIC-pn observations in this analysis.

3.2.5 Timing Analysis

All the observations are from when H1743-322 was in the hard spectral state. We

briefly consider the timing properties by presenting the Poisson noise-subtracted

power-spectra1 of the 3-10 keV light curves of each observation in Fig. 3.2, using

δt = 1/32 s time binning, and ensemble averaging over 128 s segments. In each epoch,

the estimate of the power-spectrum from the NuSTAR observation is show in blue,

with the XMM-Newton observations shown in orange and green. Slight differences in

the shapes can be put down to the observations not being completely simultaneous

and, to a lesser extent, the different effective area curves of EPIC-pn and the
1For the NuSTAR observations, the power spectrum is estimated from the co-spectrum between

the FMPA and FMPB light curves to circumvent dead time effects (Bachetti et al. 2015), as
described in Section 2.2.4 of this thesis.
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Figure 3.2: The power spectra of each epoch estimated for the NuSTAR (blue) and
XMM-Newton (orange and green) observations. In each, on top of the broadband noise a
strong type-C QPO is seen, spanning frequencies 0.2 Hz ≲ νQPO ≲ 1.2 Hz, with a second
harmonic at twice the frequency.

NuSTAR FPMs. Each epoch shows a strong type-C low-frequency quasi-periodic

oscillation (QPO) on top of the broad-band noise, with often a second harmonic

showing. The QPO frequency ranges from ∼ 0.2 Hz to ∼ 1 Hz. The asymmetric

shape of some of the QPOs (for example, 16b) also hint at the frequency evolution of

the QPO during the course of the observation. Similarly, discrepancies between the

QPOs seen with different telescopes are also a result of this evolution, as can be seen

in epochs 14 and 16b. These QPOs will be studied in greater detail in a chapter 4.
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3.3 Spectral Fits

3.3.1 The model
3.3.1.1 rtdist

Here we use the version of reltrans which was presented in I22, called rtdist. In

this section we summarise the key concepts of the model, but the interested reader

should refer to I22 for the full details. The direct continuum is represented by the

model nthComp (Zdziarski et al. 1996), which considers Compton up-scattering of

a thermal population of seed photons by a thermal population of electrons. The

spectrum is a power law with photon index Γ between low and high frequency breaks

that are set respectively by the seed photon and electron temperature kTbb and kTe.

The restframe reflection spectrum is represented by xillverDCp (García et al.

2013a, 2016), which is computed assuming an nthComp illuminating spectrum.

The photon index and electron temperature are free parameters, whereas the seed

photon temperature is hardwired to kTbb = 0.05 keV. rtdist accounts for general

relativistic effects by tracing rays in the Kerr metric using the code ynogk (Yang

& Wang 2013). The corona is assumed to be a point-like source located on the

BH spin axis a distance h Rg from the BH (i.e. the lamppost model). The angular

emissivity of the corona is set by the parameters b1, b2 and the so-called boost

parameter boost = 1/B. If b1 = b2 = 0 and boost=1, the corona emits isotropically.

For boost> 1, emission is beamed towards the BH and for boost< 1 it is beamed

away from the BH. The parameters b1 and b2 influence the angular emissivity in

a more subtle way (see I22 for details). The disc extends from an inner radius

rin to an outer radius rout and has a constant scale height hd/r. We freeze rout to

1000 Rg and leave rin as a free parameter. We also freeze the BH spin in our fits to

a∗ = 0.998 to enable the disc truncation radius rin to vary across the widest possible

range without necessarily being fixed at the innermost stable circular orbit (ISCO)

of the BH, and also never being smaller than the ISCO. The disc is assumed to be

in the BH equatorial plane, and we view it from an inclination angle i.
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The shape of the restframe reflection spectrum depends on the shape and

normalisation of the illuminating spectrum, plus the electron number density of

the disc, ne. xillverDCp takes as input parameters Γ, kTe, the iron abundance

relative to solar AFe, ne and the ionisation parameter

ξ = 4πFx

ne
, (3.1)

where Fx is the illuminating X-ray flux. It has long been recognised that ξ is a key

parameter for determining ionisation balance in the disc (e.g. Ross & Fabian 2005),

but ne was always frozen to ne = 1015 cm−3 in older reflection models. García et al.

(2016) showed that ne is also an important parameter in itself, and both ξ and ne

have since been simultaneously constrained with reflection spectroscopy for both

AGN and XRBs (see e.g. Tomsick et al. 2018; Jiang et al. 2019a,b; García et al.

2019). As is theoretically expected (Shakura & Sunyaev 1973), ne is found to be

larger for XRBs than for AGNs. It is the simultaneous constraint of ξ and ne that

ultimately means that Fx can be constrained, thus making the spectrum sensitive to

the ratio M/D. rtdist assumes a radial density profile2 ne(r) ∝ r3/2(1 −
√
rin/r)−2

(Shakura & Sunyaev 1973) and takes as input parameters the normalisation of

this relation, hereafter referred to as ne, and the distance D as input parameters.

The ionisation parameter as a function of radius ξ(r) is then calculated from input

parameters including D, M and ne (see equation 10 of I22). The parameter ne

is defined as ne(r) at the radius at which ξ(r) reaches its peak value. We use a

grid of 50 radial bins for this calculation.

3.3.1.2 Complete model

The complete model within XSPEC we use is

const × TBabs × (diskbb + rtdist + xillverCp) . (3.2)

In order, these components are used as follows:
2The code also provides the option to assume that ne is constant with radius, but here we use

a radial density profile.
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• const: We use a scalar value (which is constant with the spectral energy)

to ensure an accurate absolute flux calibration. For NuSTAR, this constant

has been calibrated to within a ∼ 4% systematic uncertainty via observations

of the Crab nebula in ‘stray light’ (Madsen et al. 2017), which is light that

bypasses the mirror assembly. Following the analysis of Madsen et al. (2017),

we use const = 0.86 for NuSTAR’s FPMA, and we consider an uncertainty

on this of 4% when it comes to exploring parameter uncertainties. We leave

this spectral constant as a free parameter for NuSTAR’s FPMB and the

XMM-Newton’s RGS.

• TBabs: The effects of a line of sight absorption column, using the abundances

of Wilms et al. (2000).

• diskbb: This is used to model the intrinsic thermal disc spectrum.

• rtdist: The bulk of our model, described in the preceding sub-sub-section.

• xillverCp: A non-relativistic distant reflector, with a spectrum unmodified

by relativistic effects.

3.3.2 Model fitting procedure

Our strategy for model fitting considers individual fits, in which we fit the model to

each of our five epochs individually, and then a joint fit when we fit the five epochs

simultaneously, tying some key parameters to be the same for each epoch. For each

of these, we first find a best fitting model using χ2 minimisation, before using a

Markov chain Monte Carlo (MCMC) simulation to explore parameter space. We

use XSPEC v. 12.12.0 throughout, for both χ2 minimisation and for running the

MCMC. For all fits, we consider data from the XMM-Newton RGS1 and RGS2

and the NuSTAR FPMA and FPMB.
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3.3.2.1 Individual fits

In order to find an initial fit, we freeze D = 8.5 kpc (Steiner et al. 2012). This

is a sensible choice since the spectral model is only dependent on M/D, with a

complete degeneracy between M and D because we are not considering timing

properties in this study. Therefore, we are effectively simplifying the model to

have one model parameter M8.5 = M 8.5 kpc
D

in place of the two parameters M and

D. We also freeze const = 0.86 for the FPMA but leave it as a free parameter

for FPMB, RGS1 and RGS2. With the exception of const, the rest of the

model parameters are tied to be the same for all instruments. Epoch 14 includes

two separate XMM-Newton observations. We tie the parameters for these two

observations to be the same as one another.

Early analysis found that the model didn’t require the quadratic angular

emissivity b1, b2 parameters, or the disc-scale height hd/r to be non-zero at anything

other than very low significance, hence we freeze these to zero for our model fitting.

This corresponds to considering an emissivity profile modified from isotropic only

by the ‘boost’ parameter, and considering only a flat disc.

We initialise the MCMC simulation from the best fitting model found via χ2

minimisation. We use an isotropic prior on the inclination, and a Jeffreys (∝ 1/p)

prior on the normalisations of the model components and M8.5 in order to ensure

that the parameter space is equally considered. At the end of the analysis we provide

a distance to each step of the MCMC by sampling randomly from the marginalised

MCMC posterior of Steiner et al. (2012), and calculate the mass value associated

with the value of M8.5 for that step3. Along with considering the distance, we also

wrap the uncertainty on the FMPA calibration in a similar way, by assigning a new

random value ∼ N (µ = 0.86, σ = 4%) for the FMPA normalisation, and scaling

the model normalisations to calculate a new mass value. As M2 scales with the

observed flux, this propagates a 2% error into M . Our final posterior distribution
3The value of 8.5 kpc comes from the mode of the distance distribution. Here we present

parameters using the mean, so due to the skew of distance posterior this is closer to 8.1 kpc.
However, for completeness the full posterior for the mass will be presented.
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on mass therefore includes uncertainty on the distance, as well as uncertainty on

the absolute flux calibration of the instruments used.

3.3.2.2 Joint fit

We initialise our joint fit from the results of the individual fits. We then tie M8.5,

inclination i and iron abundance AFe to be the same for all 5 epochs and find a new

best fit by minimising χ2. All other previously free parameters remain free. As with

the individual fits, we then move to an MCMC. Again, we allow the instrument

normalisations to be free, with the same priors as before.

3.3.3 Results
3.3.3.1 Individual fits

The spectra of the best fitting models to each epoch are shown on the left-hand

side of Fig. 3.3, and so is the ratio of the data to the best fitting model.

For each individual fit we ran a MCMC until convergence, and then running 500

walkers each for 7500 steps. We trimmed the MCMC by taking every 100th step

from each walker, to produce a final sample with 37500 parameter combinations.

From this, we show the posterior distributions of some key parameters, in the upper

panels of the subplots in Figs. 3.4 and 3.5, and the posterior mean and 1σ credible

interval for each parameter is listed in Table 3.3.

3.3.3.2 Joint fit

The spectra of the best fitting joint model, with M8.5, inclination and iron abundance

tied across all five epochs, are shown on the right side of Fig. 3.3. For this joint fit

we ran an MCMC until convergence, and then running 200 walkers each for 52500

steps. We trimmed the MCMC by taking every 100th step from each walker, to

produce a final sample with 105000 parameter combinations. The lower panels of the

subplots in Figs. 3.4 and 3.5 show the posterior distributions of key parameters for

the joint chain, including parameters which are tied between epochs, and those that

are still free in each epoch. Table 3.4 lists the posterior mean of each parameter,

along with the the 1σ credible interval.
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Figure 3.3: The observations and best fitting models unfolded around the telescope
response matrices, plus the ratio of the data to the best fitting models. The flux is given
in units of keV2 photons/s/cm2/keV. On the left is the best fitting model to each epoch
individually, while on the right is each epoch compared to the model found in the fit
with the mass, inclination, and iron fraction tied. For comparison, the axes all have the
same scale. The NuSTAR data are shown in black (FPMA) and red (FPMB), while
XMM-Newton data are shown in green, cyan (RGS1), and blue, magenta (RGS2). The
insets show a zoom-in of the 3 − 75 keV region to show the NuSTAR data closely.
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Figure 3.4: Histograms showing the MCMC posterior densities (in units of %) for the
four parameters: inclination, lamppost height, disc inner radius, and disc electron density.
Each subfigure is split into an upper and lower panel. The upper shows the results for the
MCMCs run on the individual spectral fits, whereas the lower shows the result for same
parameters in the MCMC run on the joint spectral fit. The five epochs are colour-coded
as labelled. As the inclination was tied between the epochs in the joint spectral fit, this is
show in black. The legends list the posterior means along with the 1σ credible interval.
It should be noted that the model was capped with logNe ≤ 20.

3.4 Discussion

We have modelled the spectra of H1743-322 across 5 long-look observations with

a reflection model that is sensitive to the ratio of BH mass to distance. From

inputting a previous distance measurement as a Bayesian prior, we obtain a mass

measurement of M = 12 ± 2 M⊙. This is the first mass measurement of H1743-

322, since extinction has prevented the detection of absorption lines in the optical
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Figure 3.5: The MCMC posterior density of the model parameter M8.5, and then with
this converted to the BH mass. The histograms are stylistically the same as those in
Fig. 3.4. M8.5 was the raw model parameter, from which the BH mass was calculated from
M8.5 by assigning each step within the MCMC a random distance and FPMA efficiency
as described in the text.

spectrum of the companion star and thus it has not been possible to constrain a

radial velocity curve. Here we discuss the implications of our results, along with

caveats and suggested improvements to the model.

3.4.1 Proof-of-Principle

This study is among the first to measure BH mass from the X-ray spectrum alone.

The first to our knowledge was Parker et al. (2016), who estimated the BH mass

of and distance to GX 339-4 by simultaneously fitting the disc and reflection

components with the disc inner radius tied between the two. Mastroserio et al.

(2019) used an earlier version of reltrans to measure the mass of Cygnus X-1

by simultaneously modelling the X-ray spectrum and timing properties. This X-

ray reverberation mass measurement was slightly higher than the existing optical

measurement (Orosz et al. 2011), but Miller-Jones et al. (2021) have since revised

the optical measurement (based on a revised distance estimate) to agree remarkably

well with Mastroserio et al. (2019).

Here, we have used a newer version of reltrans (rtdist: Ingram et al. 2022)

to measure BH mass from the X-ray spectrum alone, without considering timing

properties. The new model is sensitive to the ratio M/D because the ionisation

parameter used to calculate the restframe reflection spectrum is calculated self-

consistently as a function of disc radius from the observed reflected flux, the disc
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density, the BH mass and the distance (see equation 10 of Ingram et al. 2022). We

constrain the mass by inputting a previous measurement of the distance (Steiner

et al. 2012). This study represents the first test of the model. It is encouraging

that we obtain a reasonable mass measurement of M = 12 ± 2 M⊙. It is by no

means trivial that this analysis should have yielded a BH mass in the expected

range – the model is free to predict any BH mass. We see our result as a proof-

of-principle of the basic validity of our assumptions. Similar proof-of-principle

tests were conducted by Shreeram & Ingram (2020), Zdziarski et al. (1996), and

Connors et al. (2021) who modelled spectra of XRBs by fitting for the ionisation

parameter, but then checked that their result was consistent with the ionisation

parameter theoretically expected given the observed reflected flux, the measured

disc density and the estimated BH mass and distance.

There are a number of simplifying assumptions in the model that could, in

principle, have prevented it from returning a reasonable mass estimate. First, the

xillverDCp model used to calculate the restframe reflection spectrum ignores

the effect of intrinsic disc emission on the ionisation balance, instead assuming

that the disc atmosphere is exclusively heated from above by the corona. This

assumption is better for lower disc temperatures, such as those associated with

the hard state observations we analyse here. Second, the xillverDCp tables

hardwire the seed photon temperature to kTbb = 0.05 keV, which is lower than

the expected seed photon temperature for these observations, if they are provided

by the disc as is commonly assumed. The broadband shape of the illuminating

spectrum influences the ionisation balance in the disc atmosphere, and thus the

assumed value of kTbb could well influence the BH mass inferred from our method.

Ideally, future versions of the model will have kTbb as a free parameter, but it is at

least encouraging that freezing it to a low value does not appear to return a wildly

incorrect result. Finally, the radial disc emissivity profile in reltrans is calculated

in the lamppost geometry, which is presumably a highly simplified representation

of the true, extended corona. Again, it is very encouraging that this assumption

does not appear to prevent us from obtaining a reasonable result.
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In future, we will conduct further, more stringent tests of the model by

additionally considering X-ray timing properties. These tests will be particularly

useful if we consider XRBs with existing mass and distance measurements, which can

be compared with the values of these properties yielded by a full X-ray reverberation

mapping analysis. Successful tests of the model are positive for the prospects of

using the same model to constrain the Hubble constant by measuring the distance

to a sample of AGNs (Ingram et al. 2022).

3.4.2 Mass Measurement

Özel et al. (2010, but also see Farr et al. 2011) used known mass measurements

of 16 XRBs to fit an exponentially decaying mass function (which was motivated

by theoretical expectations), and estimated the mass function

P (M) =


1
1.57M⊙

exp
[

6.30M⊙−M
1.57M⊙

]
, M > 6.3M⊙,

0, M ≤ 6.3M⊙.
(3.3)

Our measured mass of M = 12 ± 2 M⊙ is towards the high end of this distribution.

With the caveat that this work is primarily a proof-of-principle test of a new method,

we do note that it is perhaps theoretically expected for a high-extinction source such

as H1743-322 to have a larger BH mass than the low-extinction sources for which

optical mass measurements have been possible (Jonker et al. 2021). This follows

because XRB progenitor stars likely formed in the dense regions of the Galaxy, with

some being ejected to their current high Galactic latitudes by a supernova kick

(Blaauw 1961; Verbunt et al. 2017). The prediction that the largest BHs formed via

direct collapse with no associated kick (Fryer & Kalogera 2001; Fryer et al. 2012)

therefore implies that the XRBs that remained in dense regions after BH formation

are systematically more massive than those that were ejected.

3.4.3 Higher Spin

Putting concerns aside, we consider the implications of this mass measurement

on the spin of the BH in H1743-322. Steiner et al. (2012) considered soft-state

X-ray observations of H1743-322 (in which it can be assumed that rin = rISCO) to
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estimate the BH spin a∗. For this estimate, they used the distance measurement

that we also use here, as well as inputting the BH mass distribution from eqn 3.3

as a mass prior, in the absence of a mass measurement for this source. Since their

soft-state spectral modelling combined with their distance measurement constrains

the disc inner radius in km, a larger assumed mass decreases the inferred rin in

units of Rg and thus increases the inferred spin. From their Figure 3, we can see

that our mass measurement implies a spin of a∗ ∼ 0.5 − 0.6.

3.4.4 Inner radius and QPOs

Fig. 3.2 demonstrates the type-C QPO seen in each of the observational epochs,

spanning the frequency range 0.2 Hz ≲ νQPO ≲ 1.1 Hz. In Fig. 3.6 we compare

the QPO frequency in each epoch with our measured disc inner radius, rin (from

the joint fit). We see that the inner radius is consistent with reducing as the QPO

frequency increases, as is predicted for a large array of QPO models (Ingram &

Motta 2019). We additionally plot this predicted relationship for the precessing

inner flow model of Ingram et al. (2009). In this model, the entire corona precesses

due to the frame dragging effect. The precession frequency depends on the BH mass

and spin, the inner radius of the corona, the outer radius of the corona (assumed

to be the inner radius of the disc) and the power law index ζ characterising the

surface density profile within the corona, Σ(r) ∝ r−ζ . We calculate the precession

frequency for a range of disc inner radii by fixing M to our best fitting value, the

spin to a = 0.5 as implied by our new mass estimate, and each line represents

a different assumption about the corona inner radius and ζ. We consider three

values for ζ: ζ = 0.5 (solid lines) from classical advection dominated accretion

flows; ζ = 0.0 (dashed lines) as approximately seen in numerical simulations; and

ζ = −0.45 (dotted lines) close to a thin disc. The corona inner radius was either

taken to be the ISCO of the BH (black lines) or the bending wave radius for a disc

scale height hd/r = 0.15 (grey lines; Lubow et al. 2002; Ingram et al. 2009).

We see that the models all reproduce the reduction in disc inner radius with

QPO frequency, as expected, but our measured rin values for high QPO frequency
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are smaller than the model predictions – as is common for reflection modelling of

bright hard state and intermediate state observations (e.g. García et al. 2015; Fürst

et al. 2016). This could of course be due to the precession model being incorrect or

incomplete, or could instead be due to systematic errors associated with reflection

modelling. For example, here we represent the corona as a single temperature

region, whereas an extended, stratified corona would be better represented by a sum

of Comptonised spectra each with different power-law indices and high energy cut

offs. The resulting curvature of the continuum spectrum typically leaves a weaker

red wing in the iron line residuals, thus indicating a larger disc inner radius (e.g.

Basak et al. 2017; Zdziarski et al. 2022). Alternatively the discrepancy could be

because the formula we have used for the precession frequency ignores the torque

that the precessing corona presumably in reality feels from the outer disc. Since

this torque acts to slow down precession, accounting for it would decrease the disc

inner radius inferred from the precession model.

3.4.5 Density and inclination

We find that a high disc density is required in our fits, particularly in the joint fit

(Figure 3.4). This is theoretically expected for an XRB (ne ∝ 1/M for a radiation

pressure dominated disc; Shakura & Sunyaev 1973). However, we see that we are

unable to sample the high density end of the ne posterior due to the xillverDCp

grid having a maximum density of ne = 1020 cm−3. This is due to numerical issues

associated with larger densities. In the model, M ∝ 1/ne and so our inability

to sample the highest densities means that we very likely under predict the low

mass region of the mass posterior. This model systematic could potentially be very

important, and our result has to be considered in the context of the particular

reflection models we have used, including all the relevant assumptions these models

include. We cannot investigate the high density until reliable models are available,

however the statistical uncertainty of our result demonstrates how this method

could be used when using future versions of reflection models.
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Figure 3.6: The disc inner radius (mean and 1σ credible interval) of each epoch from
the MCMC of the joint fit, as compared to the QPO frequency measured in the 3 − 10 keV
band (see Fig. 3.2). The lines are examples of the QPO frequency vs disc inner radius
from Eq. 2 of Ingram et al. (2009), using our best fit mass of 12 M⊙ and an assumed
higher spin a = 0.5. The black lines have the precessing flow’s inner radius set by the
bending radius with h/r = 0.15, whereas the grey lines show the flow down to the ISCO.
Three different surface density power laws were used: ζ = 0.5 (solid line); ζ = 0.0 (dashed
line); and ζ = −0.45 (dotted line).

From the joint fit, we find a disc inclination of [73.3 ± 1.4]◦, which is consistent

with jet inclination of [75 ± 3]◦ found by Steiner et al. (2012), and also with a

∼ 15◦ misalignment (given the unknown projection of the disc rotation axis on

the sky) as found for Ingram et al. (2017).

3.5 Conclusions

Here we present the first mass-measurement of the BH in the XRB H1743-322,

among the first to use the X-ray spectrum alone. By using the X-ray reflection

spectrum shape to infer the X-ray flux incident onto (and therefore reflected from)

the disc, and comparing that to the flux we observe, we are able to constrain the

BH mass-distance ratio M/D. Past measurements of the source distance using

the radio jets by Steiner et al. (2012) gave a distance of D = 8.5 ± 0.8 kpc. We

use our model to measure M8.5, the BH mass if it were at 8.5 kpc, before folding
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in the measurement uncertainty using an MCMC analysis to obtain a posterior

mass distribution with mean M = 12 ± 2 M⊙. Since our posterior implies a higher

mass than the Galactic XRB mass distribution that was previously used by Steiner

et al. (2012) to measure the BH spin, it also implies a higher spin of a ∼ 0.5 − 0.6

than that inferred by Steiner et al. (2012). This larger value is more in line with

the spins previously inferred from reflection spectroscopy.
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4.1 Introduction

The observations of the black hole (BH) X-ray Binary (XRB) H1743-322 which

I analysed in Chapter 3 all showed a strong type-C low frequency quasi-periodic

oscillation (QPO) in their power spectrum. While, during that work, I briefly

considered these QPOs I did not analyse them in detail. Some of the data, that of the

2014 outburst, had been previously analysed by Ingram et al. (2016) and Ingram et al.

(2017), who not only found strong evidence (3.7σ) of the iron line energy varying

119
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with QPO phase, but also detected the variation of the reflection fraction with QPO

phase (3.5σ), and were able to rule out the null hypothesis of the axi-symmetric,

QPO phase independent emissivity profile at a moderate significance (2.4σ).

I therefore used the machinery I had built during my work from chapter 2 to

phase-resolve the QPO in the H1743-322 observations I have, and fit them with

the updated QPO spectral model also from that chapter.

4.2 Data Analysis

4.2.1 Data selection and reduction

We consider the same data used in chapter 3, as each observation shows a strong

type-C QPO (see Fig. 3.2). We see that the XMM-Newton EPIC-pn data provide

higher quality timing information than the NuSTAR focal plane modules (FPMs).

We therefore include the EPIC-pn data in our analysis despite the cross-calibration

difficulties that this incurs, and ignore the lower signal to noise RGS data. This

consideration also leads us to analyse only epochs with simultaneous XMM-Newton

and NuSTAR exposures: epochs 14, 16a, 16b, and 18b (i.e. we do not consider epoch

18a, for which there is only a NuSTAR observation). Note that the XMM-Newton

observation in epoch 14 is split into two observations for programmatic reasons

(obs IDs 0724401901 and 0740980201), which we treat separately in our analysis.

XMM-Newton also observed H1743-322 during the orbit prior to our epoch 14

observations (obs ID 0724400501). Ingram et al. (2016) included this earlier data in

their analysis to increase signal to noise, whereas here we include only the latter

orbit to ensure simultaneous coverage by NuSTAR.

The data reduction for both the XMM-Newton and NuSTAR was the same as

described in Sections 3.2.3.1 and 3.2.2. We address cross-calibration discrepancies

(Section 3.2.4 and Fig. 3.1) by including a 0.5% systematic error on the EPIC-pn

phase-averaged spectra using the ftool grppha.
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4.2.2 Phase-resolving method

We apply the same phase-resolving method as in chapter 2 (based upon the method

of Ingram et al. 2016), which is described in detail in Section 2.3. As a summary,

we consider the light curve in every energy channel to vary with QPO phase γ,

with a two-harmonic waveform given by

w(E, γ) = µ(E)
1 +

2∑
j=1

σj(E) cos (jγ − Φj(E))
 . (4.1)

Such a waveform is described by five parameters: the average count rate of that

energy channel µ(E); the fractional variability amplitude (i.e., the RMS) of each of

the two harmonics σj(E); and the phase offset of each of the harmonics Φj(E). We

measure every phase as relative to the first harmonic in a reference band taken as

the light curve covering the entire energy range of the instrument, and we follow

Ingram et al. (2016) by defining this as Φ1 = π/2. To find the phases Φj(E) in

each energy band, we measure the phase lag of each of harmonic relative to the

same harmonic in the reference band ∆j(E) = Φj(E) − Φj. We also find the phase

difference between the harmonics within the reference band ψ = 1
2Φ2 − Φ1 (where

the half is to the harmonic relation of the frequencies each phase is measured at).

The phase offsets of the two harmonics are then

Φ1(E) = Φ1 + ∆1(E)

Φ2(E) = 2(Φ1 + ψ) + ∆2(E) .
(4.2)

The RMS and phase lag spectra of the two harmonics are calculated the same

way as in Sections 2.3.2 and 2.3.3, through the use of the cross-spectrum between

the subject and reference band G(ν, E) = ⟨S(ν, E)R∗(ν)⟩. The phase lag associated

with each harmonic is calculated by averaging the cross-spectrum over the full

width at half maximum (FWHM) of that harmonic and then taking the argument.

This assumes that the QPO dominates strongly over the broad band noise. In

a small improvement to the method upon that described in Section 2.3, we now

calculate the FWHM of each harmonic from a simple three Lorentzian fit to the

reference band power spectrum whereas before we had simply assumed a quality

factor Q = 8 typical of type-C QPOs.
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Ton find the RMS of each QPO harmonic, we estimate the power spectrum of

the subject band through (Wilkinson & Uttley 2009; Ingram et al. 2016)

Ps(ν, E) = |G(ν, E)|2 − b̂2(ν, E)
Pr(ν) , (4.3)

where b̂2(ν, E) is a bias term relating to the squaring of the cross-spectrum (see

e.g. Ingram 2019). For subject bands highly correlated with the reference band,

as is the case here, the above expression is equal to the Poisson noise subtracted

power spectrum of the subject band light curve, except with far smaller statistical

uncertainties. By fitting a three Lorenztian model to these power spectra we then

find the amplitude of both QPO harmonics as a function of energy. As before, for

the NuSTAR data we use FMPA as the subject band and FMPB as the reference

band to eliminate Poisson noise and dead time effects, whereas for XMM-Newton

we rely on the very short dead time to allow us to simply subtract the Poisson noise.

Similarly, the phase difference between the harmonics in the reference band

is calculated using the same method as before (Section 2.3.4). We use the ‘auto-

bispectrum’, B(ν), which is equal to the bi-spectrum B(ν1, ν2) (e.g. Maccarone et al.

2011) in the limit of the two frequencies ν1 and ν2 being equal to one another,

B(ν) = B(ν, ν) = ⟨R2(ν)R∗(2ν)⟩ . (4.4)

We then calculate the phase difference ψ from the auto bi-spectrum by first correcting

for Poisson noise, then taking the argument, then dividing by −2.

The frequency of the QPO is known to drift over the course of an observation.

To account for this, we track the QPO frequency throughout the observation and

average the power, cross and bi- spectra over the instantaneous QPO frequency

corresponding to each data segment, to create ‘shift-and-added’ versions of these

spectra (e.g. Méndez et al. 1998; de Avellar et al. 2013). To track the QPO frequency

with time, we use the same technique as is described in Section 2.3.1. This involves

first calculating the power spectrum of the reference band light curve for segments of

duration 256 s, and then fitting each one with a model comprised of four Lorentzians

plus Poisson noise. For XMM-Newton, the Poisson noise model is simply constant
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with frequency, whereas for NuSTAR we use a sinc function due to dead time

effects (Bult 2017). We fit using maximum likelihood estimation to account for

the non-Gaussian (χ2 with two degrees of freedom) uncertainties associated with

these single-epoch power spectra (Barret & Vaughan 2012). The necessary use of

the maximum likelihood method is also why we consider the power spectrum of

the combined FPMA and FPMB light curve instead of the co-spectrum between

the two FPMs: the statistical probability distribution of the co-spectrum is still

unknown (Huppenkothen & Bachetti 2021). We obtain an initial estimate of the

instantaneous QPO frequency from the centroid of the corresponding Lorentzian

function in our model, which we finally smooth out by simultaneously fitting a

cubic spline to the XMM-Newton and NuSTAR νqpo estimates. The use of a

spline is an improvement on the previous analysis, in which we used a degree-15

polynomial, as there are fewer design decisions.

4.2.3 Results

Fig. 4.1 shows the results of the QPO tracking, with each epoch in its own subfigure,

and each observation within its own panel. We see that it is common for the QPO

frequency to vary by at least ∼ 10% over the course of an observation, with the most

dramatic change seen in epoch 16b. The change in QPO frequency combined with

the slightly different observing times between the instruments is likely responsible

for the mismatch in the exact QPO shape seen in Fig. 3.2, although the difference

in instrument response over the 3 − 10 keV energy band also may contribute if the

QPO doesn’t necessarily have constant frequency with energy.

The RMS and lag spectra are shown for the fundamental and second harmonics

in Fig. 4.2, with each observation in its own column. In each case, the NuSTAR

data are shown in blue, with the XMM-Newton EPIC-pn data in orange (and

also green for epoch 14, which includes two XMM-Newton obs IDs). In all four

epochs, the RMS spectrum of the first harmonic (top row) rises with energy before

leveling off at E ∼ 3 − 4 keV, as is typical for type-C QPOs, (e.g. Yan et al. 2013;

Huang et al. 2018). The phase lags of the fundamental (third row) generally rise



124 4.2. Data Analysis

0.20

0.25

0.30

0.20

0.25

0.30

20 40 60 80 100 120
Observation time / ks

0.225

0.250

0.275

E
st

.ν
m

ax
/H

z

Epoch 14

0.75

1.00

1.25

20 40 60 80 100 120 140
Observation time / ks

0.75

1.00

1.25

E
st

.ν
m

ax
/H

z

Epoch 16a

1.0

1.5

20 40 60 80 100 120 140
Observation time / ks

0.75

1.00

1.25

E
st

.ν
m

ax
/H

z

Epoch 16b

0.2

0.3

20 40 60 80 100 120
Observation time / ks

0.2

0.3

E
st

.ν
m

ax
/H

z

Epoch 18b

Figure 4.1: How the QPO frequency was tracked in each epoch. For each observation,
the QPO frequency was estimated in short time segments, and then a cubic spline was
jointly fit to the observations in each epoch. In each subfigure, the uppermost panel shows
the NuSTAR data, whereas the remaining panels show the XMM-Newton data. The grey
dashed lines show the running bounds for the QPO frequency. The x-axis is scaled from
the start of the first of the simultaneous observations.
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Figure 4.2: The RMS and phase lag spectra of the two harmonics, for each epoch 14,
16a, 16b, and 18b. The NuSTAR observation in each epoch is shown as blue markers,
whereas the XMM-Newton observations are shown in orange (and green for the second
XMM-Newton obsID in epoch 14). For some of the second harmonics, only an upper
bound can be given for the RMS, which is shown as a traiangle rather than a cross. We
show these spectra for the 0.3 − 78 keV energy range, despite our futher analysis only
considering 2.5 − 78 keV.
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Figure 4.3: The bi-coherence b2 measured within each observation, split into the XMM-
Newton and NuSTAR observations in each epoch. The red line in epoch 14 corresponds
to obsID 0740980201, with the black line corresponding to 0724401901. The solid line
shows the calculated b2(ν), while the dark and light shaded regions correspond to the 1σ
and 3σ confidence regions based on a bootstrapping algorithm. The purple cross shows
the bi-coherence for the QPO frequency after being tracked over the the observation, with
error bars showing the 1σ confidence interval on b2(νQPO, and also the frequency range
which has been considered.

steeply with energy for E ≲ 2 keV but rise much more gradually with energy for

E ≳ 2 keV, a trend common in all the epochs but most noticeable for the 16a and

16b. Note that this corresponds to a small hard lag between bands typically used

for RXTE data, meaning that our results are consistent with RXTE population

studies of QPO phase lags (van den Eijnden et al. 2017), given that the QPO

frequency is νqpo < 2 Hz for all epochs considered here. While the second harmonic

doesn’t show prominent structure above the noise level in the RMS spectra, a trend

of hard phase lags can be seen in all the observations (again consistent with the

population study of van den Eijnden et al. 2017).

We calculate the phase difference between the two harmonics in the reference
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Epoch XMM-Newton NuSTAR

14 0.315 ± 0.004(a)
0.355 ± 0.0060.311 ± 0.004(b)

16a 0.248 ± 0.005 0.2881 ± 0.02
16b 0.251 ± 0.007 0.2842 ± 0.02
18b 0.249 ± 0.008 0.2991 ± 0.02

Table 4.1: Phase difference between QPO harmonics in the reference band in units of
π radians, ψ/π. For epoch 14, the result labeled a and b are obs IDs 0724401901 and
0740980201 respectively. Differences between the XMM-Newton and NuSTAR values are
expected if the phase difference is not constant with energy.

band ψ using the auto-bispectrum method. Fig. 4.3 shows the auto-bicoherence

(the modulus of the bi-coherence is normalised to take values between 0 and 1,

and encapsulates the strength of the coupling of the variability at two Fourier

frequencies – in this case between the two QPO harmonics; see Section 2.3.4) for

each epoch. The black and red stepped lines have been calculated by averaging the

bi-spectrum over light curve segments without accounting for variations in the QPO

frequency. The peaks in these lines at the QPO frequency indicate that the phase

of the first two QPO harmonics are correlated with one another. For epoch 14, we

see this correlation (which was already demonstrated by Ingram et al. 2016 using a

different method) very clearly for both XMM-Newton and NuSTAR. For epochs

16a and 16b, it is very clear only in XMM-Newton and the data are much more

noisy in epoch 18b. The purple crosses instead represent the bi-coherence of the

QPO calculated by accounting for time-evolution of the QPO frequency using our

frequency tracking algorithm. We see that this bi-coherence is large for all epochs

except for 18b, with the improvement being particularly striking for NuSTAR data

in epochs 16a and 16b. This indicates that the bi-coherence of the QPO itself is

large, but the variation of the QPO frequency over time leads to the bi-coherence

calculated for a given frequency being washed out by contamination from the broad

band noise. Note that, although the QPO bi-coherence is not especially high for

epoch 18b, it is non-zero at least at the 1σ level.

Since the phases of the first two QPO harmonics are correlated with one another,

it makes sense to calculate the mean phase difference between the harmonics
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ψ, which we present in Table 4.1 for each observation. As the phase difference

between the harmonics is energy dependent, the different energy band-pass of

each instrument means that light curves from NuSTAR and XMM-Newton are not

expected to necessarily show the same phase difference, and we indeed see that

NuSTAR measures a slightly higher phase difference in every epoch. We note that

Ingram et al. (2016) previously measured ψ for the epoch 14 data using a slightly

different method. Our results are very similar to theirs (ψ/π = 0.336 ± 0.004,

0.347 ± 0.006 and 0.347 ± 0.005 for their XMM-Newton epochs 1a & 1b, their

XMM-Newton 2a & 2b, and NuSTAR respectively, where our epoch 14 does not

include their 1a & 1b), although not formally consistent within statistical errors.

The main differences are that the new method, unlike the old one, accounts for

Poisson noise; for time variability of the QPO frequency; and also weights light

curve segments by variability amplitude. We therefore see the new method as more

accurate, but it is encouraging that the measurement appears to be reasonably

robust to these assumptions. The statistical errors quoted for both methods are

smaller than the systematic errors associated with algorithm design decisions, but

we do not use these error estimates for any later part of our analysis.

To demonstrate the bi-spectrum method, we show ‘jellyfish’ plots for epoch 16a

as a representative example in Fig. 4.4 (we present the same plots for the other

epochs in Appendix B.1). Here, we sum the bi-spectrum for each light curve segment

on the complex plane. Each grey line is this vector sum for a different Fourier

frequency. Segments coloured orange are ones that are identified with the QPO

frequency by our frequency tracking algorithm, and the purple line is the vector

sum of all of these segments that contain the QPO fundamental frequency (i.e. if

the QPO frequency were constant, each purple segment would lie directly on top of

an orange segment, which in turn would lie on top of a grey segment). The length of

each grey line relates to the bi-coherence as a function of frequency, and the length of

the purple line relates to the QPO bi-coherence represented by the purple crosses in

Fig. 4.3. We see that the QPO segments line up on the complex plane much better

than those associated with broad band noise frequencies (which is equivalent to the
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Figure 4.4: The auto-bispectrum B(νk), calculated for the XMM-Newton (left) and
NuSTAR (right) observations of Epoch 16a. Each grey trace in the upper panels
corresponds to a frequency νk < 10 Hz (between 6 − 10 Hz the frequency bins from
the fast Fourier transform are geometrically rebinned). As the light curve is broken into
short segments during the analysis (labeled m), the auto-bispectrum Bm(νk) is calculated
for each segment. Each grey trace is composed of small lines of the relevant frequency bin
of auto-bispectrum within the complex plane, each calculated from the consecutive light
curve segments. As the frequency bin containing the QPO can be tracked throughout the
observations, the segments of each grey frequency track are highlighted in orange at times
when that frequency corresponds to the QPO. Finally, the magenta lines correspond to a
‘shifted-and-added’ bi-spectrum, comprised of the frequency bin of the QPO from each
successive light curve segment. The lower panels show the auto-bicoherence b2, effectively
the length of grey each frequency track, normalised to the power at the two relevant
frequencies (νk and 2νk). The grey shaded regions shows the 1σ and 3σ uncertainties,
estimated from bootstrapping. The magenta cross represents b2 (and 1σ uncertainty) of
the tracked QPO, along with the frequency range it has been tracked over.

peaks in the bi-coherence seen in Fig. 4.3). The phase difference ψ is simply related

to the orientation of the purple line on the complex plane. For the case of NuSTAR,

we see that accounting for QPO frequency variations is very important, since QPO

segments line up well with one another, but they are spread across multiple Fourier

frequencies. The result is that the QPO bi-coherence is large (purple cross in the

right hand, second from top panel) even though the bi-coherence for each individual

frequency has a large uncertainty due to the large Poisson noise level.

With the results thus far, we are able to see that the data quality of epoch

18b is not suitable for the fitting a phase-resolved model, with the strength of
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the 2nd harmonic hard to detect above the broad-band noise (although we can

see its presence in the power spectra), and only a poor energy resolution can

be achieved for the fundamental harmonic RMS spectrum. As the methodology

depends on the QPO harmonics being dominant over the broadband noise in order

to extract the phase information, we elect not to proceed further with this epoch,

and instead focus on epochs 14, 16a, and 16b.

4.3 Phase-resolved fits

4.3.1 Fitting procedure

We use the same QPO phase dependent model as we did in chapter 2, which is

described in detail in Section 2.4. This model is comprised of nthcomp (Zdziarski

et al. 1996) to represent the observed coronal continuum flux; the disc flux is locally

computed at different patches of the disc with a black body plus a xillverCp

‘reflected’ component (García et al. 2013a), with the emission from the entire disc

ray-traced to the observer’s frame. The model has two features that allow it model

the QPO spectra. Firstly, it allows certain key parameters to be modulated with

QPO phase as a two-harmonic variation, such as the continuum normalisation

which is modulated as

Nc(γ) = N0 + A1N sin [γ − ϕ1N ] + A2N sin [2 (γ − ϕ2N)] (4.5)

with N0, A1N , A2N , ϕ1N , and ϕ2N being free parameters of the model. The

model also allows for other parameters to be modulated with QPO phase in the

same way: the coronal photon index Γ(γ); the reflection fraction fR(γ); and the

coronal electron temperature Te.

The other key element of the model is that the emissivity profile of the coronal

flux onto the disc is allowed to be axi-asymmetric and QPO modulated. It is

parameterised such that the emissivity at disc coordinate (r, ϕ) at QPO phase γ is

ϵ(r, ϕ, γ) = ϵ(r)
{

1 + A1 cos2
[1
2(γ − ϕ+ ϕ1)

]
+ A2 cos2 [γ − ϕ+ ϕ2]

}
(4.6)
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where the radial dependence is a simple twice broken power-law (e.g. Wilkins &

Fabian 2011, 2012). When A1 = A2 = 0, the emissivity profile axi-symmetric and

is independent of the QPO phase. However, when either of these parameters are

non-zero then the emissivity profile has either one or two bright patches which move

around the disc with QPO phase, which will cause changes in the shape of the

relativistic reflection spectrum we see. The model goes further, and also calculates

the modulations in the local profiles of both the disc ionisation parameter and the

disc blackbody temperature based upon the relative change in the received coronal

flux. The model calculates the local blackbody temperature from two components:

the intrinsic disc ‘viscous’ temperature Tvisc(r) that is independent of QPO phase and

the temperature from irradiation Tirr(r, ϕ, γ), such that the local disc temperature is

T 4(r, ϕ, γ) = T 4
visc(r) + T 4

irr(r, ϕ, γ) . (4.7)

The relative amplitude of the blackbody temperature variations is set by the

emissivity, but the QPO phase-averaged value of T 4
irr(r, ϕ, γ) is set by the model

parameter Ti. It is therefore possible to artificially switch off temperature variations

in the model by fixing Ti = 0. The temperature modulations are also subject to

a phase delay ∆γ as in theory there may be a thermalisation timescale which is

non-negligible on the QPO frequency.

The complete model we fit includes a multiplicative power law for cross-

calibration; a TBabs column absorption component using the abundances of

Wilms et al. (2000); and a xillverCp component representing a distant reflector.

We fit this model simultaneously to the phase-averaged spectrum and the real and

imaginary parts of the QPO first and second harmonic Fourier transform spectra, as

described in chapter 2. We treat each epoch completely separately. We tie physical

parameters between the two XMM-Newton obs IDs in epoch 14, only allowing

the cross-calibration parameters to be free (although, as expected, we find them

to be consistent with each other). Our procedure for finding a preferred set of

phase-resolved spectral parameters is as follows:
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Figure 4.5: The unfolded data and best fitting model for epoch 16a, along with the χ2

residuals. On the left is the phase-averaged spectrum, with NuSTAR FMPA and FMPB
in red and black, and XMM-Newton EPIC-pn in blue. On the right are the Fourier
transformed spectra, split into the first and second harmonics on the upper and lower
panels. The real and imaginary components of the first harmonic of the model are in
purple and orange respectively, whereas they are in pink and teal for the second harmonic.
The lines are solid for the model of the XMM-Newton data, but dotted for the NuSTAR
data. The markers are light grey for the real spectra, and black for the imaginary, with
those of NuSTAR also having a circle.

• Begin by finding the global best fit spectra to the phase-averaged and QPO

spectra, using the model such that all the parameters are allowed to be

modulated with QPO phase: Nc(γ), fR(γ), Γ(γ), Te(γ), along with the

asymmetry parameters A1 and A2, and disc temperature modulation.

• Individually we switch the modulations in these parameters off for both

harmonics, and find a new fit. Through the use of the statistical F-test we

identify any modulations which are not required to the 1σ significance level.

The F-test is required as by setting the amplitude of the modulations to 0, we
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also remove the sensitivity of the model to the associated phase parameters.

• Of the parameters found to be < 1σ significant, we turn off the least significant

parameter modulation. We then repeat this until the remaining parameter

modulations are all required to at least the 1σ significance level.

4.3.1.1 Results

After following the procedure described above, we find that the epochs require

the following parameters to be modulated:

• Epoch 14: fR(γ) at 3.0σ significance; Nc(γ) at ≫ 5σ significance; with χ2 fit

statistic 3351 / 3449 d.o.f.

• Epoch 16a: Asymmetry parameters at 1.1σ significance; fR(γ) at 4.2σ

significance; Ti at 2.8σ significance; Nc(γ) at ≫ 5σ significance; with χ2

fit statistic 3261 / 3144 d.o.f.

• Epoch 16b: Γ(γ) at 1.2σ significance; Nc(γ) at ≫ 5σ significance; with χ2 fit

statistic 3176 / 3112 d.o.f.

Fig 4.5 demonstrates our fits by presenting the unfolded phase-averaged spectrum

(left) and QPO harmonic spectra (right) for the example of epoch 16a. The

best fitting parameters for all three epochs are presented in Table 4.2. Fig. 4.6

demonstrates the best-fitting parameter modulations with QPO phase for each

epoch. They are presented as probability maps to provide an illustrative view of the

statistical errors, although note that the errors from different modulation parameters

were combined using a simplified prescription (see figure caption for details). When

a parameter is held constant with QPO phase in the final fit, we simply plot the

best fitting tied value of that parameter with associated uncertainty. We see that

the continuum normalisation (bottom) is modulated for all three epochs, which

is a trivial result given the very strong QPO present in each. The photon index

(top) is modulated only for epoch 16b, but for a low significance. The reflection

fraction (middle) is modulated in 14 and 16a with respectively 3.0σ and 4.0σ
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significance. Ingram et al. (2017) also found the reflection fraction to be modulated

(3.5σ significance) in a data set that included our epoch 14. The modulation we

constrain here is compatible with that seen by Ingram et al. (2017), with a minimum

at ∼ 0.2 cycles and maxima at ∼ 0.5 and ∼ 1 QPO cycles. The mean value is

different because here we employ a slightly different definition of reflection fraction

(the observer’s reflection fraction here and the system reflection fraction in the

earlier study; see Ingram et al. 2019). We further explore the reflection fraction

modulation by presenting 2D contour plots of the A1f , A2f plane for epochs 14

and 16a in Fig. 4.7 (left and right respectively).

The asymmetry parameters A1 and A2 are non-zero in our final fits only for epoch

16a, with our f-test procedure (described in the previous sub-section) preferring to

freeze A1 = A2 = 0 in the final fits for epochs 14 and 16b. In contrast, Ingram et al.

(2017) were able to rule out A1 = A2 = 0 with 2.4σ confidence for a larger data

set that included our epoch 14. The difference here is that Ingram et al. (2017)

considered more data than we do here (stacking the data from our epoch 14 with

another XMM-Newton observation), plus they also employed a more restrictive

model such that our more advanced model has more freedom to reproduce the data

when the asymmetry parameters are held to zero. Even though our constraints are

slightly worse, our results are compatible with those of Ingram et al. (2017). We

test this by freeing up A1, A2, ϕ1 and ϕ2 in our best fitting epoch 14 model, finding

a new fit and then calculating 1σ error bounds on the four newly free parameters.

The new best fit, as expected, has a lower χ2 of 3747, but for 4 extra degrees of

freedom this is a < 1σ improvement on our preferred fit. This procedure gives

a 1σ confidence interval of A1 > 1 (however the upper bound is unconstrained)

and ϕ1 = 0.56+0.11
−0.07 cycles. This A1 value is compatible with the measurement from

Ingram et al. (2017) of A1 = 0.93+1.3
−0.6, whereas our ϕ1 range lies slightly above their

1σ range of ϕ1 = 0.26+0.12
−0.13. We find that A2, and therefore ϕ2, are unconstrained so

are therefore compatible with the previous A2 = 3.5+5.2
−2.2 of Ingram et al. (2017).
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Variable Epoch 14 Epoch 16a Epoch 16b
FPMB / FMPA 1.044 ± 0.001 1.021 ± 0.001 1.0216 ± 0.001
XMM1 / FMPA 0.761 ± 0.002 0.785 ± 0.003 0.777 ± 0.004
XMM1 ∆Γ 0.100+0.002

−0.001 0.081+0.001
−0.002 0.087+0.002

−0.003
XMM1 ϕc / cyc 0.000 ± 0.002 −0.001 ± 0.001 0.001 ± 0.002
XMM2 / FMPA 0.763+0.003

−0.001 — —
XMM2 ∆Γ 0.105 ± 0.002 — —
XMM2 ϕc / cyc −0.001 ± 0.002 — —
NH / 1022 3.7+0.1

−0.2 2.9+0.3
−0.1 3.2+0.2

−0.4
Incl. / deg 79.7+0.2

−0.4 69 ± 2 81.6+1.1
−0.3

rin / Rg 8+3
−2 27+4

−2 17 ± 2
q1 2+4

−2 > 12.6 6 ± 1
q2 0.2+1.6

−0.2 −1.3+0.8
−0.7 0 ± 2

rbr,1 / rin 2.4∗ 2.4 ± 0.2 3.5+0.6
−0.3

rbr,2 / rbr,1 1.92∗ < 14.5 > 3
kTe / keV 60+2

−5 37+2
−1 39+3

−5

Γ(γ)

A1Γ — — < 0.005
A2Γ — — 0.02 ± 0.01
ϕ1Γ / cyc — — 0∗

ϕ2Γ / cyc — — 0.23+0.01
−0.06

Γ 1.689+0.004
−0.012 1.750+0.006

−0.002 1.729+0.006
−0.002

fR(γ)

A1f 0.08 ± 0.05 0.17+0.17
−0.04 —

A2f 0.20 ± 0.06 0.22+0.13
−0.07 —

ϕ1f / cyc 0.43+0.05
−0.10 0.96 ± 0.02 —

ϕ2f / cyc 0.94+0.02
−0.03 0.97 ± 0.02 —

fR 1.16+0.07
−0.09 0.30+0.03

−0.05 0.8+0.3
−0.1

Asym.

A1 — > 0.42 —
A2 — > 0.85 —
Φ1 / cyc — 0.53 ± 0.08 —
Φ2 / cyc — 0.14+0.03

−0.04 —
log ξ 3.4+0.8

−1.7 2.8 ± 0.2 4.2+0.3
−0.5

AFe < 0.54 0.75+0.05
−0.11 2.3 ± 0.4

kTv,max / keV 0.484+0.032
−0.006 0.54+0.04

−0.03 0.61 ± 0.04
kTi / keV — 0.57+0.05

−0.07 —
∆γ / cyc — −0.01+0.01

−0.02 —
Nd / 10−3 13 ± 5 0.6+0.4

−0.2 3+3
−1

N(γ)

A1N 0.84 ± 0.1 0.75+0.02
−0.04 0.76 ± 0.02

A2N 0.326 ± 0.012 0.32+0.06
−0.01 0.11 ± 0.06

ϕ1N / cyc 0.001+0.001
−0.002 0.012+0.005

−0.002 −0.002 ± 0.002
ϕ2N / cyc 0.280 ± 0.002 0.244+0.004

−0.003 0.28+0.03
−0.02

Nc 3.65+0.07
−0.09 3.17+0.06

−0.02 2.49+0.08
−0.22

log ξ† 2.80+0.05
−0.07 3.32+0.02

−0.03 4.33+0.05
−0.07

norm† / 10−3 1.3+0.1
−0.2 1.4+0.2

−0.1 6.8+2.0
−0.5

Table 4.2: The best fitting and 1σ errors of the free parameters in the model. The
first 7 rows show the cross-calibration parameters (with the normalisation of the different
instruments given in reference to the normalisation of FMPA. The parameters with no
entry were not applicable in the final fit. Some parameters only had one bound, which is
shown as an equality for that bound. Others were unconstrained as indicated by the best
fit with a ∗. The ionisation and normalistaion of the distant reflection are indicated by †.
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Figure 4.6: Probability heat maps which demonstrate the QPO phase dependence on the
photon index Γ(γ), the reflection fraction fR(γ), and the coronal power law normalisation
Nc(γ); for the three epochs which we fit to the phase resolved model. These were created
by producing a sample of each of the five parameters for each waveform (e.g. Nc, A1N ,
P1N , A2N , P2N ), randomly selecting from a normal distribution based upon the parameter
best fitting value, and the estimated error. From each these sample parameters a waveform
was produced, to allow the heat map made. This is only for visualisation, and doesn’t take
into account for the actual posterior distributions being non-Gaussian, or any covariance
between the parameters, which is actually likely. The model does not allow for fR(γ) < 0,
so the waveforms are cut-off there. Finally, for the parameters which are considered to be
non-significantly modulated (Γ for epochs 14 and 16a, fR for epoch 16b), the heatmap is
produced for reference, representing the uncertainty on the time-averaged parameter only.
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Figure 4.7: A contour plot from χ2 space exploration of the reflection fraction modulation
amplitudes A1f and A2f for epochs 14 (left) and 16a (right). The contours are shown
corresponding to 1 − 5σ and 1 − 6σ confidence levels, for a χ2 distribution with 2 degrees
of freedom.

4.4 Discussion and Conclusions

We have analysed the type-C QPOs in long look XMM-Newton and NuSTAR

observations of the BH XRB H1743-322 taken across four observational epochs

during three outbursts. The range in QPO frequency (∼ 0.2 − 1) Hz provides the

opportunity to study how the accretion flow parameters in this object evolve with

QPO frequency. We find that the data are of high enough quality to conduct QPO

phase-resolved spectroscopy for three of the four epochs. We use the phase-resolving

method and apply the phase-resolved spectral model that are both described

in chapter 2 of this thesis.

We find a statistically significant modulation of the reflection fraction in epochs

14 (3.0σ) and 16a (4.2σ). The former is in agreement with the results of Ingram

et al. (2017), who analysed a larger data set containing our epoch 14, and the latter

adds another detection of this effect to the original Ingram et al. (2017) detection

and the modulation in GRS 1915+105 presented in chapter 2 of this thesis. These

formative studies therefore imply that the reflection fraction is commonly modulated

with QPO phase. This adds further to the mounting body of evidence that type-C

QPOs are a geometric effect, particularly when considered in the context of the

inclination dependence of QPO properties (Motta et al. 2015; van den Eijnden
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et al. 2017). While we do not see a significant reflection fraction modulation in

epoch 16b, we do see a modulation in the photon index Γ(γ), albeit with low

significance. When the distinctive features of the reflection spectrum are hard to

detect in the QPO Fourier transformed spectra, a modulation in the photon index

is able to produce a similar effect to the reflection fraction varying: the reflection

spectrum is harder than the continuum, and so a varying power-law index produces

similar spectral variability to a varying reflection fraction if the signal to noise is

poor enough for variations in the iron line feature to be undetectable. Indeed, the

modulations of Γ(γ) in epoch 16b, as visualised in Fig. 4.6, are closely in anti-phase

with the modulations in fR(γ) seen in the other epochs; suggesting that hardness

variations with QPO phase in the epoch 16b data that may in reality be due to

an increasing reflection fraction are instead modelled as a decreasing photon index.

By considering the uncertainty in the phase-averaged reflection fraction of epoch

16b it is clear that fR(γ) modulations with a similar amplitude to those in the

other epochs would be undetectable. We also note the same anti-phase between

the reflection fraction fR(γ) and coronal normalisation Nc(γ) in epochs 14 and 16a,

as is seen for GRS 1915+105 in chapter 2 of this thesis.

Our model includes heating of the disc via irradiation with a phase lag parameter,

∆γ, introduced to account for the time delay resulting from the time it takes

irradiating photons to reach thermal equilibrium in the disc. For GRS 1915+105,

the best-fitting value of this parameter implied an uncomfortably high thermalisation

time of ∼ 75 ms. Here, we are able to constrain such temperature variations with

high statistical significance for epoch 16a only. The 1σ confidence range of the

thermalisation phase lag is ∆γ = −0.033 to 0.002 cycles, which corresponds to a

time lag of −33 to 2 ms. A negative lag is incompatible with the interpretation

of ∆γ as a thermalisation lag, but the 1σ upper bound of 2 ms is very reasonable

in comparison to theory (Garcia et al in prep).

We are unable to rule out the null hypothesis of axisymmetric disc illumination

(A1 = A2 = 0) with high statistical confidence for any of the epochs studied. The

significance we find here for epoch 14 is lower than that found for a similar epoch
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by Ingram et al. (2017). This is at least partly because Ingram et al. (2017) stacked

more data together, and thus achieved a higher signal to noise, than we do here.

Here we are also using a more complex and therefore more flexible model. We find

that our weak constraints on the asymmetry parameters are compatible with the

previous result within 1σ confidence. Since we are currently limited by data quality,

in future we will consider epochs 16a and 16b (which correspond to consecutive

XMM-Newton orbits around Earth) simultaneously to boost signal to noise as

Ingram et al. (2017) did for the 2014 outburst.

The values we find for the disc inner radius rin and the inclination are generally

inconsistent with those found during Chapter 3, and are inconsistent with the

general finding that rin decreases as the QPO frequency increases (e.g. García

et al. 2015). We also find that the best-fitting inclination angle is inconsistent

with remaining constant across the epochs as would be expected. While these

inconsistencies are seemingly worrying, there are potential modelling reasons which

could cause this result. It may be that the inner radius and inclination are anti-

correlated in our fits, and that either tying the inclination across all epochs or

imposing a prior on it could yield more believable rin values. Any correlations

between inner radius and inclination can also be explored in future work using a

Markov Chain Monte Carlo simulation, which would provide a deeper search of the

parameter space and potentially a more accurate, and larger, statistical uncertainty.

Conversely, these issues could be due to systemics from comparing similar yet

different models. For example, the discrepancy in the rin values measured here and

in the previous chapter could be due to non-linear biases introduced by parameter

modulations being averaged over the full QPO cycle. Such biases are accounted for

in these phase-resolved spectral fits, but not in fits to the time-averaged spectrum

only as were presented in chapter 3.

When these observations were taken, the intention was to probe how QPO

properties varied for different QPO frequencies within the same source. However, this

work shows that the signal requirements for advanced phase-resolved spectroscopy

require stacking significant amounts of data, especially when using XMM-Newton
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which cannot look at the brightest sources in the sky without experiencing issues

due to pile-up. In future, we plan to apply our QPO phase-resolving technique to

very high count rate observations taken by NICER, which is not constrained by

pile-up. A highly luminous source such as MAXI J1820+070 (Thomas et al. 2022)

or MAXI J1535-571 (Zhang et al. 2022) could finally provide the signal to noise

necessary for a firm detection of asymmetric disc illumination.



I’ve searched around the universe
Been down some black holes
There’s nothing but space, man

— Sam Ryder

5
Conclusions

In this thesis I have presented the work which I undertook over the last four

years, focusing on spectral modelling of accreting black holes in X-ray binary

systems, and in particular looking at the reflection signal. All of the work within

this thesis used models built upon the state-of-the art xillver reflection model

of García & Kallman (2010).

In Chapter 3 I used the model introduced by Ingram et al. (2022) to make one

of the first mass measurements of a black hole using only the X-ray spectrum. By

using the shape of the observed reflection spectrum to infer the X-ray flux incident

on (and therefore reflected by) the disc and comparing this to the observed flux,

this technique is able to constrain mass-distance ratio of the BH. Therefore this

method enables the measurement of black hole masses in systems where current

mass measurement techniques cannot be applied (provided separate methods can

provide a distance). This technique is able to probe the mass population of black

holes in our Galaxy more fully, and therefore may resolve current observational

biases towards lower black hole masses (Jonker et al. 2021). The work I presented

was a proof-of-principle test of the method, and I found a mass consistent with mass

ranges expected for black holes in X-ray binaries. However, I only considered a

system which currently has no mass estimate, so any mass value could be reasonable,

provided it is within an appropriate range. The truest test of this technique will be

141
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to consider a system where the mass has already been dynamically measured! This

will be the focus of future work, on X-ray binaries such as, for example, Cygnus

X-1. Including information of the short timescale variability within the observation

in the analysis will also provide a more stringent test of the model, since the timing

properties can also be used to infer a mass that may or may not be compatible

with the value I inferred from the spectrum.

A large part of this thesis involved not just studying the reflection spectrum

from accreting black holes, but also probing how the reflection spectrum varies

over the course of each cycle of quasi-periodic oscillations (QPOs) seen in the

light curves, which is presented in Chapters 2 and 4. This work built upon the

tomographic reflection model and the advanced timing techniques introduced by

Ingram et al. (2016) and Ingram et al. (2017). I introduced a new QPO frequency

tracking algorithm, based upon fitting the power spectra of short light curves using

maximum likelihood estimation. I also introduced the bispectrum to contain the

phase difference between QPO harmonics, which improves upon previous methods

as it enables a proper Poisson noise correction. Together these innovations make the

method more robust, and enable it to be applied to a greater number of observations.

By understanding QPOs we can shed light on the innermost accretion flow in these

strong gravity conditions, and the interplay between the disc and the corona. In

Chapter 2 I analysed an observation of GRS 1915+105, and I was able to find strong

evidence of the presence of a QPO phase dependent illumination cycle, along with

a phase modulated reflection fraction, which adds to the growing body of evidence

supporting geometrical models for QPOs. However, in Chapter 4 I had more

limited success when studying observations of H1743-332, although I did again find

good evidence of the reflection fraction phase modulation. My work highlights the

need for high signal/noise observations for these techniques to be successful: while

Ingram et al. (2017) had been able to constrain the phase dependent illumination

profile, when using only a subset of the same data I was not able to constrain

the illumination profile in the same way. This shows that while stacking the data

can provide constraining results, it also restricts the ability to consider changes
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in the QPO properties over this timescale (or the techniques could fail as it has

to be assumed that the properties we’re looking for are constant). One of the

original goals of the observation campaign was to analyse how the QPO differed at

different frequencies for the same source, so it is unfortunate that the data were

not quite good enough to be used in this manner.

Reflection modelling of these highly relativistic systems is tricky to do, especially

when working with the most advanced models. These models make assumptions

about the nature of the reflection, such as the ionisation structure of the disc, or the

illumination profile. While much work goes into understanding these choices to select

the most appropriate option, these choices are always going to impart systematic

effects on the parameters which are determined from the modelling. Further to this,

the reflection model parameters often are at least partially degenerate, which makes

exploring the parameter space tricky, and filled with many local minima. When

close to the global best fit, Markov Chain Monte Carlo (MCMC) is a very good

way to fully understand the parameter space and the statistical uncertainties. I

used MCMC for the work in Chapters 2 and 3, however these algorithms take a

long time to run. The sheer number of parameters in the reflection models means

that many samples being required for the MCMC to converge. Since the advanced

disc reflection models I have used are relatively computationally expensive, some

of the MCMC analysis I have performed has taken months to complete. However,

this could be improved in the future by moving away from more general routines

(such as the MCMC functionality within XSPEC) to more specialised routines

that account for the behaviour of the parameters in a manner that enables them

to converge with fewer model evaluations.

During the production of this thesis, almost all the data I analysed came

from simultaneous observations of NuSTAR alongside either XMM-Newton or

NICER. These are instruments which compliment each other well, with NuSTAR

providing coverage at high energy, while XMM-Newton and NICER cover the

lower energies. However, despite having a very similar bandpass to XMM-Newton,

NICER is able to look at brighter sources without being affected by pileup effects,
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helping provide the signal requirements especially for timing analysis. I hope

that as the catalogue of NICER observations grow, there will be increasingly

more observations of QPOs suitable for phase resolving, therefore the dream of

understanding their underlying mechanism will be soon realised. However, the

future of X-ray astronomy is even brighter than just NICER. While the last year of

my DPhil coincided with the curtailment of the upcoming ATHENA mission, and

the interruption of eROSITA due to international politics, there are many missions

being designed which will revolutionise the field of X-ray timing and spectroscopy,

with many rich discoveries surely waiting.

One such mission has recently been launched, the Imaging X-ray Polarimetry

Explorer (IXPE ; Weisskopf et al. 2016), the first X-ray polarimeter to be launched

in decades. As of the submission of this thesis, IXPE is already making very

exciting discoveries, such as the higher than expected polarisation of Cygnus X-1

which gives insights into the geometry of the accretion flow(Krawczynski et al.

2022). With further, even more powerful X-ray polarimetry missions already on

the horizon it is clear that the models and techniques I have used in this thesis

will be able to be applied to X-ray polarisation (e.g. Ingram & Maccarone 2017),

particularly in the case of joint observations between polarimeters and upcoming

(and existing) pure spectrometry missions. Now my DPhil has concluded, I will be

going forward to join the NuSTAR team at CalTech, where I will be working to

expand the xillver reflection models to include polarisation, which I hope will

be used in the analysis of future observations, and help push our understanding

of black hole accretion into a new age.
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There was always a logical explanation for everything,
even if you had to make it up.

— Terry Pratchett, Soul Music

A
Appendix of Chapter 2
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A.1 Phase difference from Bispectrum

A.1.1 Treatment of Poisson noise in the Bispectrum

The ‘jellyfish plots’ in Fig. 2.5 are corrected for Poisson noise and deadtime effects.

Failing to correct for these effects introduces an instrumental component into

the real part of the bispectrum, which presents itself as a general ‘drift’ of the

random walks along the positive real axis. In turn, this reduces the measured

bi-phase from the true value.

There exists a Poisson-noise free estimate of the bispectrum, as discussed in

147
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Wirnitzer (1985), which we use in the form

Bm(ν) = Rm(ν)Rm(ν)R∗
m(2ν)

− 2|Rm(ν)|2 − |Rm(2ν)|2

+ 2N ,

(A.1)

where Rm(ν) are the Fourier transforms of segments of the lightcurve, and N =

⟨Rm(0)⟩ is the average number of photons per light curve segment1. Likewise, we

want to use a Poisson-free estimate for the normalisation of b2(ν). Considering the

expectation of random variables X representing the Fourier transform of a series

containing a signal with power Ps, but also noise Pn

E
[
|XX|2

]
= 2(Ps + Pn)2 , (A.2)

and clearly in the noiseless case it is 2P 2
s . While we could use a rearrangement of

Eq. A.2, we instead opt to to simply use a noise-subtracted estimate of Ps from the

powerspecturm. Therefore, we also replace the denominator of Eq. 2.10 with

2
(
⟨|Rm(ν)|2⟩ −N

)2 (
⟨|Rm(2ν)|2⟩ −N

)
. (A.3)

However, the deadtime effects of NuSTAR are still more complex than the

base Poisson noise. Therefore we take inspiration from Bachetti et al. (2015)

and use the co-bispectrum between light curve segments from FPMA and FPMB

(RA,m(ν) and RB,m(ν) respectively)

Bm(ν) = RA,m(ν)XA,m(ν)R∗
B,m(2ν) , (A.4)

and also normalise b2 using the denominator

R [⟨RA,m(ν)RB,m(ν)⟩]2 R [⟨RA,m(2ν)RB,m(2ν)⟩] ⟨RA,m(0)⟩
⟨RB,m(0)⟩ . (A.5)

1As here for normalisation consistency, we consider light curve segments measured in photon
counts, as opposed to the count-rate.
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A.1.2 Jellyfish Bootstrapping

We use a bootstrapping method to calculate the uncertainties in the bispectrum for

our determination of the phase-difference between the QPO harmonics.

Each observation has already been split up into M segments, so we draw from this

(with replacement) a sample of M segments, 1000 times2. Therefore, each of these

1000 random draws is the same ‘length’ as the original observation. We then calculate

the bispectrum for each of these samples. When performing the QPO tracking, we

ensure to use the QPO frequency corresponding to the segment’s true time.

As b2 is restricted to be positive3, we show the range corresponding to the

±1σ and ±3σ quantiles in Fig. 2.5.

To ensure we don’t fall foul of any issues relating to the cyclic nature of the

biphase, to calculate the error on the QPO phase-difference we take the measurement

from each 1000-segment sample. For these values, we phase-wrap them so each

lies within π rad of the true measurement and then report the standard deviation

on these values as our uncertainty.

A.2 Model Details

A.2.1 Ray tracing

A disc patch at coordinate (r, ϕ) with radial and azimuthal extent dr and dϕ will

subtend a solid angle dΩ = dαdβ/D2 on the image plane, and will be centered at

horizontal and vertical coordinates on the image plane α and β. Here, D is the

distance from observer to source, and α and β are the impact parameters at infinity,

where the singularity occupies the position α = β = 0 on the image plane. The total

QPO phase-dependent specific flux observed from the disc is (e.g. Ingram et al. 2019)

Fd(E, γ) =
∫ 2π

0

∫ rout

rin
g3(r, ϕ)I(E/g, r, ϕ, γ)

D2 dαdβ, (A.6)

2As an example, if M = 5, with segments labelled ‘A’,‘B’,‘C’,‘D’, and ‘E’ we would use 1000
random draws such as ‘ABAAD’, ‘EECDC’, and so on.

3However in the region of low signal/noise, the Poisson correction we make can push an estimate
below 0, see Appendix A.1.2 for details.
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where g = E/Ed is the energy shift experienced by a photon travelling from disc

coordinate (r, ϕ) to the observer (given by Equation 4 in Ingram et al. 2017) and

E is photon energy in the observer restframe.

A.2.2 Model Normalisation

We normalise the xillverCp spectrum, R(E), such that the incident spectrum

that goes into the calculation has an integral over all energies of unity. Due to the

internal xillverCp normalisation (see Eq. 16 of Ingram et al. 2019), this gives

∫ 2π

0

∫ 1

0

∫ ∞

0
µeR(E)dEdµedϕ = 1, (A.7)

where µe is the cosine of the emission angle. We normalise the emissivity func-

tion such that

∫
α,β

g4(r, ϕ)ϵ(r, ϕ, γ)dαdβ = 1. (A.8)

These two conditions together ensure that the observed bolometric reflected flux

(in the case of Nd = 0) would be fR(γ)Nc(γ) if the function R(E) was independent

of emission angle.

A.3 Phase offsets with different reference bands

Recalling Eq. 2.3, the FT of the jth QPO harmonic is

Wj(E) = µ(E)σj(E)eiΦj(E), (A.9)

where (recalling Eq. 2.2)

Φ1(E) = Φ1 + ∆1(E)

Φ2(E) = 2(Φ1 + ψ) + ∆2(E).
(A.10)

Here, denoting the subject band as Sj and reference band as Rj, the phase

lags are (taking the argument of Eq. 2.5)

∆j(E) = arg
[
Sj(E)R∗

j

]
. (A.11)
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When we measure the same QPO FT but with a different instrument, and

therefore with a different reference band, we consider a different reference band

T , where Tj lags behind Rj by a phase difference δj. The QPO FT we measure

from our new instrument is therefore

QT
j (E) = µT (E)σj(E)eΦT

j (E), (A.12)

where ΦT
j (E) is

ΦT
1 (E) = Φ1 + ∆1(E) − δ1

ΦT
2 (E) = 2(Φ1 + ψT ) + ∆2(E) − δ2,

(A.13)

and where ψT is the phase difference between harmonics in the T band, which in

principle can be different from ψ as the reference bands come from instruments with

different energy bands, and even have different responses within overlapping bands.

Combining Eqs. A.10 and A.13, we find that

ΦT
1 (E) = Φ1(E) − δ1

ΦT
2 (E) = Φ2(E) + 2(ψT − ψ) − δ2 ,

(A.14)

Considering the phase difference between the harmonics in any energy band

(Ingram et al. 2016)

ψ(E) = ψ − ∆1(E) + 1
2∆2(E). (A.15)

we can similarly construct that

ψT = ψ − δ1 + 1
2δ2 , (A.16)

and therefore

ΦT
1 (E) = Φ1(E) − δ1

ΦT
2 (E) = Φ2(E) − 2δ1.

(A.17)

Putting this together, the relation between the QPO FT when measured with

the different reference bands is

QT
j (E) = Qj(E) exp(−ijδ1), (A.18)
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and so the phase offset of the jth harmonic is

ϕc, j = −jδ1, (A.19)

so finally we have

ϕc,1 ≡ ϕc

ϕc,2 = 2ϕc.
(A.20)

A.4 MCMC corner plots of modulated param-
eters

This appendix contains corner plots of some of the parameters from the MCMC.

Fig. A.1 shows the phase average, and the 1st harmonic and 2nd harmonic amplitudes

of the modulated parameters compared with each other. Fig. A.2 shows the 1st and

2nd harmonic amplitudes for each of the modulated parameters, from which we can

see how significantly away from (0, 0) the parameter is, which would correspond

to that parameter not being modulated.

For the majority of the parameters, the posterior is mostly symmetric and

approximately Gaussian. However, this is not true for some of the radial emissivity

parameters q1, q2, rin, rbr,1, and rbr,2 likely due to their interdependence (see

Eq. 2.15). For completeness they are shown as a corner plot in Fig. A.3; all

parameters whose posterior distributions are not otherwise shown in this paper are

included as histograms in Fig. A.4 with symbols matching those in Table 2.2.
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Figure A.1: Corner plots from the MCMC of the modulated parameters within the
model. The purple, orange, and red lines show the 1, 2, 3σ credible intervals respectively.
The phase-average, and also the amplitudes of the first and second harmonics are shown
separately.
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Figure A.2: Corner plots from the MCMC of the amplitudes of the modulations
within the model. The purple, orange, and red lines show the 1, 2, 3σ credible intervals
respectively. In all cases, the (0, 0) lies outside of the 3σ contour showing that all four
parameters are consistent with being modulated.
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Figure A.3: Corner plots from the MCMC of the radial emissivity parameters. The
purple, orange, and red lines show the 1, 2, 3σ credible intervals respectively. It is important
to note that the two break radii rbr,1 and rbr,2 have units of the disc truncation radius rin
and rbr,1 respectively. As q1 and q2 are the power law indices within there relevant break
radii, the model becomes insensitive to them when rbr,1 and rbr,2 approach 1 respectively.
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Figure A.4: The posteriors of all the parameters not otherwise shown in this paper, with
the ±1σ credible interval shown by the dashed purple vertical lines. For visual simplicity
the parameter values are not shown here, as the shape of the distribution is the key
feature. The parameters marked with † relate solely to the distant reflector component of
the model.



You can use logic to justify almost anything. That’s
its power and its flaw.

— Captain Janeway, Star Trek: Voyager
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B.1 Auto-bispectrum for epochs 14, 16b, and 18b

This appendix contains the ‘jellyfish’ plots for epochs 14 in Fig. B.1, 16b in

Fig. B.2, and 18b in Fig. B.3. Those for epoch 16a were left in the main body as

indicative example (Fig. 4.4). The bi-coherence corresponding to each of these is

contained within Fig. 4.3, while the phase difference between the harmonics that

these represent are all listed in Table 4.1. See section 4.2.3 for details explaining

how they were calculated.
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Figure B.1: The auto-bispectrum for epoch 14, with the XMM-Newton observations on
the top, and the NuSTAR observation below. The grey lines show B(νk) for frequencies
νk < 10 Hz, with orange segments showing the frequency bins containing the QPO at any
time, which are summed into the purple line (covering the orange segments).
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Figure B.2: The auto-bispectrum for epoch 16b, with the XMM-Newton observation
on the left, and the NuSTAR observation on the right. The grey lines show B(νk) for
frequencies νk < 10 Hz, with orange segments showing the frequency bins containing the
QPO at any time, which are summed into the purple line.
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Figure B.3: The auto-bispectrum for epoch 18b, with the XMM-Newton observation
on the left, and the NuSTAR observation on the right. The grey lines show B(νk) for
frequencies νk < 10 Hz, with orange segments showing the frequency bins containing the
QPO at any time, which are summed into the purple line.
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The relevant equation is: Knowledge = power =
energy = matter = mass; a good bookshop is just a
genteel Black Hole that knows how to read.

— Terry Pratchett, Guards! Guards!
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