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This paper studies a dynamic ordered logit model for panel data with fixed effects.
The main contribution of the paper is to construct a set of valid moment condi-
tions that are free of the fixed effects. The moment functions can be computed us-
ing four or more periods of data, and the paper presents sufficient conditions for
the moment conditions to identify the common parameters of the model, namely
the regression coefficients, the autoregressive parameters, and the threshold pa-
rameters. The availability of moment conditions suggests that these common pa-
rameters can be estimated using the generalized method of moments, and the
paper documents the performance of this estimator using Monte Carlo simula-
tions and an empirical illustration to self-reported health status using the British
Household Panel Survey.
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1. INTRODUCTION

Panel surveys routinely collect data on an ordinal scale. For example, many nationally
representative surveys ask respondents to rate their health or life satisfaction on an or-
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dinal scale.! Other examples include test results in longitudinal data sets gathered for
studying education.

We are interested in regression models for ordinal outcomes that allow for lagged de-
pendent variables as well as fixed effects. In the model that we propose, the ordered out-
come depends on a fixed effect, a lagged dependent variable, regressors, and a logistic
error term. We study identification and estimation of the finite-dimensional parameters
in this model when only a small number (> 4) of time periods is available.

For other types of outcome variables (continuous outcomes in linear models, binary
and multinomial outcomes), results for regression models with fixed effects and lagged
dependent variables are already available. Such results are of great importance for ap-
plied practice, as they allow researchers to distinguish unobserved heterogeneity from
state dependence, and to control for both when estimating the effect of regressors. The
demand for such methods is evidenced by the popularity of existing approaches for the
linear model, such as those proposed by Arellano and Bond (1991) and Blundell and
Bond (1998). In contrast, for ordinal outcomes, almost no results are available.

The challenge of accommodating unobserved heterogeneity in nonlinear models is
well understood, especially when the researcher also wants to allow for lagged depen-
dent variables. For example, while recent developments (Kitazawa (2022) and Honoré
and Weidner (2025)) relax these requirements, early work on the dynamic binary logit
model with fixed effects either assumed no regressors, or restricted their joint distribu-
tion (cf. Chamberlain (1985) and Honoré and Kyriazidou (2000)). The challenge of ac-
commodating unobserved heterogeneity in the ordered logit model seems even greater
than in the binary model. The reason is that even the static version of the model is not
in the exponential family (Hahn (1997)). As a result, one cannot directly appeal to a
sufficient statistic approach. An alternative approach in the static ordered logit model
is to reduce it to a set of binary choice models (cf. Das and van Soest (1999), John-
son (2004b), Baetschmann, Staub, and Winkelmann (2015), Muris (2017), and Botosaru,
Muris, and Pendakur (2023)). Unfortunately, the dynamic ordered logit model cannot be
similarly reduced to a dynamic binary choice model (see Muris, Raposo, and Vandoros
(2025)). Therefore, a new approach is needed. The contribution of this paper is to de-
velop such an approach. To do this, we follow the functional differencing approach in
Bonhomme (2012) to obtain moment conditions for the finite-dimensional parameters
in this model, namely the autoregressive parameters (one for each level of the lagged
dependent variable), the threshold parameters in the underlying latent variable formu-
lation, and the regression coefficients. Our approach is closely related to Honoré and
Weidner (2025), and can be seen as the extension of their method to the case of an or-
dered response variable.

This paper contributes to the literature on dynamic ordered logit models. We are
aware of only one paper that studies a fixed-T version of this model while allowing for

10ne example is the British Household Panel Survey in our empirical application. Others include the US
Health and Retirement Study and Medical Expenditure Panel Survey, the Canadian Longitudinal Study on
Ageing and the National Longitudinal Survey of Children and Youth, the Australian Longitudinal Study on
Women’s Health, the European Union Statistics on Income and Living Conditions, the Survey on Health,
Ageing, and Retirement in Europe, among many others.
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fixed effects. The approach in Muris, Raposo, and Vandoros (2025) builds on methods
for dynamic binary choice models in Honoré and Kyriazidou (2000) by restricting how
past values of the dependent variable enter the model. In particular, in Muris, Raposo,
and Vandoros (2025), the lagged dependent variable Y;;_; enters the model only via
1{Y; ;-1 > k} for some known k. We do not impose such a restriction, and allow the ef-
fect of Y; ;1 to vary freely with its level. Other existing work on dynamic panel models
for ordered outcomes uses a random effects approach (Contoyannis, Jones, and Rice
(2004), Albarran, Carrasco, and Carro (2019)) or requires a large number of time periods
for consistency (Carro and Traferri (2014), Ferndndez-Val, Savchenko, and Vella (2017)).
An earlier version of Aristodemou (2021) contained partial identification results for a
dynamic ordered choice model without logistic errors. Our approach places no restric-
tions on the dependence between fixed effects and regressors, requires only four periods
of data for consistency, and delivers point identification and estimates.

More broadly, this paper contributes to the literature on fixed-7 identification and
estimation in nonlinear panel models with fixed effects (see Honoré (2002), Arellano
(2003), and Arellano and Bonhomme (2011) for overviews). The literature contains re-
sults for several models adjacent to ours. For example, the static panel ordered logit
model with fixed effects was studied by Das and van Soest (1999), Johnson (2004b),
Baetschmann, Staub, and Winkelmann (2015), and Muris (2017); results for static and
dynamic binomial and multinomial choice models are in Chamberlain (1980), Honoré
and Kyriazidou (2000), Magnac (2000), Shi, Shum, and Song (2018), Aguirregabiria, Gu,
and Luo (2021), Aguirregabiria and Carro (2025), Pakes, Porter, Shepard, and Calder-
Wang (2021) and Khan, Ouyang, and Tamer (2021).

Our main contribution is to obtain novel moment conditions for the common pa-
rameters in the dynamic ordered logit model with fixed effects. Additionally, we obtain
conditions under which these moment conditions identify those parameters. Finally,
we discuss the implied generalized method of moments (GMM) estimator and demon-
strate its performance in both a Monte Carlo study and an empirical application to self-
reported health status in the British Household Panel Study.

The remainder of this paper is organized as follows. Section 2 introduces the model
and the moment conditions that are free of fixed effects. Section 3 presents identification
results for the common model parameters based on those moment conditions. Section 4
discusses how to use the moment conditions for estimation and inference. Section 5
explores the practical performance of the resulting estimation method through Monte
Carlo simulations, including comparison with a correlated random effects approach.
That section also provides an empirical illustration to health data. Section 6 concludes
the paper. The Appendix provides proofs and further computational details.

2. MODEL AND MOMENT CONDITIONS

In this section, we first describe the panel ordered logit model that is used throughout
the paper, and then present moment conditions for the model that can be used to es-
timate the common parameters of the model without imposing any knowledge of the
individual-specific effects.
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2.1 Model and notation

We consider panel data with cross-sectional units i = 1,...,n and time periods ¢t =
0, ..., T. For each pair (i, t), we observe the discrete outcome Yj; € {1, 2, ..., O}, which
can take Q € {2, 3, 4, ...} different values, and the strictly exogenous regressors X;; € RX.
We discuss unbalanced panels in Section 2.4, but for now, we assume a balanced panel
where outcomes are observed for all ¢+ > 0 and regressors for all # > 1. Thus, the total
number of time periods for which outcomes are observed is T + 1. For ¢ > 1, the ob-
served discrete outcomes depend on an unobserved latent variable Y} € R as follows:

1 if Ve (—oo, A1],

2 if Y;’; € (A1, A2],
Yii=1. (D

Q ifYje(Ag-1,00),

where A = (A1, ..., Ap-1) € RZ-1 is a vector of unknown parameterswith A\ < Ap <--- <
Ao-1. The latent variable is generated by the model

0
YiT:Xz{tB‘i‘Z'Yq]l{Yi,t—l =qt+ Ai+eir, (2)
q=1

with unknown parameters 8 € R€ and y = (v1, ..., Yo) € RZ. Here, A; € RU {£o0} is an
unobserved individual-specific effect whose distribution is not specified, and A4; is al-
lowed to be arbitrarily correlated with the regressors X;; and the initial conditions Yjy.
Let X;:= (X5, ..., XiT). Conditional on Y;o, X;, and A;, the idiosyncratic error term ¢;;
is assumed to be independent and identically distributed over ¢ with cumulative distri-
bution function A(e) :=[1 + exp(—e)]*l. Thus, ¢;; is a logistic error term. For the cross-
sectional sampling, we assume that (Yjo, Xi1, ..., Xit, 4;, €i1, ..., €ir) are independent
and identically distributed across i.

The model described by (1) and (2) is a dynamic ordered panel logit model, where
an arbitrary function yy,, , of the lagged dependent variable Y; ;; is allowed to enter
additively into the latent variable Y};. This model strikes a balance between a general
functional form and a parsimonious parameter structure. We discuss possible general-
izations of the model for Y} in Section 2.5, but otherwise impose (2) throughout the
paper.?

Our ultimate goal is to estimate the unknown parameters 6 = (3, y,A) € O :=
RK+20-1 without imposing any assumptions on the individual-specific effect 4;. This
requires two normalizations, because common additive shifts of all the parameters vy,

21f the observed Yj, is a discretized version of a continuous variable with a natural economic interpre-
tation, then it would be more natural to model the state dependence in (2) as Yi’:t—l’y' A numerical inves-
tigation suggests that it is not possible to develop moment conditions for such a model. This suggests that
the common parameters in this model are not point-identified, or are only point-identified under strong
support assumptions on the covariates, and hence not generally \/n estimable. We explore this alternative
model in Appendix D.
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or of all the parameters A, can be absorbed into A;. For example, we could impose the
normalizations y; = 0 and A; = 0, but in this section there is no need to specify such
normalizations.

It is convenient to define Ag := —oo, and Ag := oo, and

0
2(Yi1, X, 0):= X[B+ ) vql{Yi 1 =g} (3)
g=1

With this notation, the model assumptions imposed so far imply that the distribution of
Yi: conditional on the regressors X;, past outcomes Yf’l = (Yis-1, Yi—2,...), and fixed
effects A;, is given by

Pr(Y,-[ = q|Yl~[_1, X, Ai’ 0)
= A[Z(le',t_l, Xi[, 0) + Ai - )\q—l] - A[Z(Yi,t—l) Xi[) 0) + Ai - /\q] (4)

forallie{l,...,n},te{l,2,...,T},and g€ {1,2,...,0}. Let Y; = (Yi, ..., Yir), and let
the true model parameters be denoted by 6° = (8%, v%, A?). In the following, all proba-
bilistic statements are for the model distribution generated under 6°. For example, we
have Pr(Y; = y;|Yio = yio, Xi = xi, Ai = a;) = py,, (yi» xi, 0°, @;), where

Pyio (Yi» Xiy 0» ai)
T
= HA[z0i -1, xie, 0) + i = Ay, 1] = A[2(ii—1, Xies 0) + i — Ay, ]} (5)

t=1

Below, we drop the index i until we discuss estimation; instead of Yy, Y;, X;, A4;, we just
write Yy, Y, X, A for those random variables and random vectors.

2.2 Moment condition approach

In the next subsection, we present moment functions for the ordered logit model dis-
cussed above. These are functions m : {1,..., 0} x {1, ..., O}T x RT*K x ® — R such
that

E[my, (Y, X, 6°)|Yo=y0, X =x, A=a] =0 (6)

forall yp € {1, ..., Q}, x e RT*K and @ € R U {#-00}. We write the first argument y, of the
moment function as an index, but that is purely for notational convenience. Conditional
on Yy =yy, X =x, and 4 = q, the distributionof Y = (Y1, ..., Y7) €{l,..., o1 is given
by (5). The model assumptions in the last subsection are therefore sufficient to evaluate
the conditional expectation in (6).

If we can establish the conditional moment condition (6), then by the law of iterated
expectations, we also have the unconditional moment conditions

E[A(Yo, X, 6°)my, (Y, X, 6°)] =0 (7)
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for any function 2: {1, ..., Q} x RT*K x ® — R such that the expectation is well-defined.
Those unconditional moment conditions can then be used to estimate the model pa-
rameters 6° by the generalized method of moments (GMM). Such an estimation ap-
proach solves the incidental parameter problem (Neyman and Scott (1948)), because
the moment condition (7) does not feature the individual-specific effect 4 at all. No
assumptions are imposed on the distribution of those nuisance parameters, and they
need not be estimated. On the flip-side, this implies that we do not learn anything
about the distribution of A. Notice, however, that if one is interested in (functions
of) the individual-specific effects such as average partial effects, then the estimation
of the common parameters 6 will always be a key first step in any inference proce-
dure.

The moment condition approach just described eliminates the individual-specific
effect A from the estimation, because (6) is assumed to hold for all @ € R U {00}, but
the moment function my, (Y, X, 6°) does not depend on A at all. The existence of mo-
ment functions with this property is quite miraculous: for any given values of Yy = yp,
X = x, and 6°, the moment function my, (-, x, 6°) : {1, ..., 0}7 — R can be viewed as a
finite-dimensional vector (with QT real numbers), but (6) imposes an infinite number of
linear constraints—one for each @ € R U {£-00}. The logistic assumption on ¢;; is impor-
tant for finding solutions of this infinite-dimensional linear system in a finite number of
variables, and for most choices of error distributions (e.g., normally distributed error),
we do not expect such solutions to exist. It seems likely that for the error distributions in
Johnson (2004a) and Davezies, D’Haultfoeuille, and Mugnier (2023), and also for a mix-
ture of logistics (briefly discussed in Honoré and Weidner (2025)), one could also find
valid moment conditions, if a sufficient number of time periods are available, but we
focus purely on logistic errors in this paper.

In the following, we present moment functions my, (Y, X, 6°) that satisfy (6). We
derive those moment functions for the dynamic panel ordered logit model analogously
to the results for the dynamic panel binary choice logit model in Honoré and Weidner
(2025). Indeed, for the binary choice case (Q = 2), our moment functions below exactly
coincide with those in Honoré and Weidner (2025), and we refer to that paper for more
details on the derivation, which is closely related to the functional differencing method
in Bonhomme (2012). Once we have obtained expressions for the moment functions,
their derivation is no longer relevant and we can focus on showing that they are valid—
that is, that (6) holds—and on their implications for the identification and estimation
of 6.

2.3 Moment conditions for T =3

We first introduce our moment functions for 7 = 3. In our convention, this means that
outcomes Y; are observed for the four time periods ¢ = 0, 1, 2, 3 (including the initial
conditions Yj). We have verified numerically that no moment functions satisfying (6)
for general parameter and regressor values exist for 7 < 3, and for the binary choice
case (Q = 2) a proof of this nonexistence is given in Honoré and Weidner (2025). Thus,
T = 3 is the smallest number of time periods that we can consider.
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We use lower case letters for generic arguments (as opposed to random variables) of
the moment function my, (y, x, 6), where yp € {1, ..., 0}, y e {1, ..., O}, x e RT*K ‘and
0 = (B, v, A) € 0. The #'th row of x is denoted by x} € RX, and we define x;; := x; — x;,
Ygr :="Yq — ¥Yrand gy := Ay — Ay,

We find multiple moment functions my,,g,,4,,45 (¥, X, 6), which are distinguished by
the additional indices g1 € {1, ..., Q0 —1},g2€{1,...,0}, g3 €{1, ..., Q — 1}. For the mo-
ment function labeled by ¢, g2, g3, the dependence on y is only through the coarser
outcome Vg, 4,,4; () € {0, 1} x {1, 2, 3} x {0, 1}, which is a vector with three components
Vi,q1,92,q5(¥), t € {1, 2, 3}, given by

1 ify, <qo,
Y2,q1,q2,9:(Y) i =12 ifyo =qo, Yt,q1,q2,95 (V) :=1{yr > qr}, forte{l,3}.
3 ify,>qo,

The moment functions presented below have the property that

My q1,2,q5 (V> ¥ 0) = Mo a1,q2,05 g1, q2,95 (V) X 9)‘ (8)

Thus, for given g1, g2, g3, it would be sufficient to observe the outcome Y = V1,492,935 (Y)
to implement this moment function. Notice that y;, 4,,4,,4; (), for time periods ¢ = 1 and
t = 3 is just a binarization, as in Muris (2017) and Muris, Raposo, and Vandoros (2025),
but for r = 2 we crucially deviate from those existing papers, because for g € {2, ..., O —
1} the coarser outcome 2 4, 4,45 (¥) is a trinarization of the second period outcome, not
a binarization. It turns out that this is a crucial extension to obtain all the valid moment
conditions in our model.

The moment functions presented below were obtained using Mathematica by fol-
lowing the methods described in Section 2 of Honoré and Weidner (2025), which builds
on ideas in Bonhomme (2012). Once derived, we can prove by hand that the moment
functions are valid (proof of Theorem 1 in the Appendix), but we do not have any use-
ful explanation or intuition for the detailed functional form of these moment func-
tions. However, the binarized/trinarized outcome ¥ and equation (8) help to appreci-
ate some aspects of the structure of the moment functions (see also Lemma 1 in the
Appendix). Furthermore, while the functional form of the moment functions is mys-
terious, one can show the existence of valid moment functions much more easily; see
Appendix C.

Forgi,qse{l,...,Q—1}land g2 € {2,..., O — 1}, we define

My, q1,q42,q3 (Vs X, 0)
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exp(x328 + Vg1 + Agags) — 1
exp(Agy,qo—1) — 1

exp(X138 + ¥yo,q2 + Ags,q1)

ify1 <q1,y2=q2, 3 < g3,
1- exp(x’23/3 + Vyqo T ’\61376]2)
1 —exp(Agy,—1,q,)

eXp(x/lsﬁ + V.2 T )‘q3:611)

ity <qi,y2=q2 3> g3,
exp(X138 + Yyo,q2 + Ags,q1)
o ify1 <q1, )2 > q2, o)
=1 ify1>q1,y2<q2,
1= exp(¥328 + Ygz, 1 + Ago—1,45)
1 —exp(Ag,-1,4)
if y1 > g1, y2 = g2, y3 < g3,
_exp(x’zgﬁ + Yy + Ags,go-1) — 1
exp(Agy,go—-1) — 1
ity1 > q1,y2=q2, 3 > gs,
0  otherwise.

Any valid moment function satisfying (6) can be multiplied by an arbitrary constant and
remain a valid moment function. In (9), we used that rescaling freedom to normalize the
entry for the case (y1 > q1, y2 < g2) to be equal to —1. If, alternatively, we normalize the
entry for (y1 < g1, y2 > ¢2) to be equal to —1, then we obtain the equally valid moment
function

Myo,q1,q2,q3 (V> X, 0)
exp(X138 + Yyo,q2 + Agz,q1)

My, q1,q0,93 (V) X, 0) = —

This rescaling is interesting, because if we reverse the order of the outcome labels (i.e.,
Y~ Q+1-Y,), the model remains unchanged except for the parameter transforma-
tions B+ —B, y4 = —Yo+1-¢» and Ay = —Ag_,. Under this transformation, the mo-
ment function my, ¢,,4,,4; (v, ¥, 0) becomes 5, 7, 7,3, (¥, X, ) with o = Q + 1 — yp and
(91,92, q3) = (Q — q1, O+ 1 — g2, O — ¢3). This transformation therefore does not deliver
any new moment functions, which are not already (up to rescaling) given by (9).

Equation (9) does not define my 4, ¢,,4;(», ¥, 8) for g2 =1 and ¢g» = Q. If we plug
those values of g into (9), then various undefined terms appear since Ag = —oo and
Ao = oo. However, if for g» = 1 we properly evaluate the limit of 77y, 4, 4,45 (V, X, 6) as
Ao — —oo, then we obtain

My, q1,1,q3 (V> X, 6)

exp(¥p3B+ ¥y, 1+ Ags1) =1 ify1<q1,02=1,y3> g3,

-1 ify1 <q1,y2>1,

=1 exp(x531 B+ Y1, + Agi,gs) ify1 > q1,y2=1,y3 <¢gs, (10)
exp(X51 8+ Yy1,y0 + Agi1) ify1>q1,y2=1, y3> g3,

0 otherwise.
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Similarly, if for g» = Q we properly evaluate the limit of my, 4,,¢,,4; (¥, X, 6) as Ag — o0,
then we obtain

Myy,q1,0,q3 (Vs X, 0)

exp(x128 + Yy + 201,41 ify1 <q1,2=0,y3 <gs3,
exp(*138 + ¥y0,0 + Ags,q1) ify1 <q1,y2=0,y3> g3,
=11 ifYI>‘11»YZ<Q, (11)
exp(¥5B + Y0, +A0-1,45) =1 ify1>q1,2=0,y3 < g3,
0 otherwise.

Notice that the moment functions for g2 = 1 and g2 = Q also satisfy (8), but here
Ya1,42,q3 (¥) corresponds to a binarization of the outcome in all time periods, because
Yi,q1,92,45 (¥) also only takes two values for those values of g>. Those moment functions
are therefore conceptually much closer to Muris (2017) and Muris, Raposo, and Van-
doros (2025), and they also incorporate the moment functions for the dynamic binary
choice model in Honoré and Weidner (2025) as special cases.

Together, the formulas (9), (10), and (11) provide one moment function for every
value of (yo, g1, 92,q3) €{1,..., Ot x{1,...,0—1} x{1,..., 0} x{1,..., Q—1}, and these
constitute all our moment functions for the dynamic ordered logit model with T = 3.3
The following theorem states that these are indeed valid moment functions for the dy-
namic panel ordered logit model, independent of the value of the fixed effect A4.

THEOREM 1. Ifthe outcomes Y = (Y1, Yo, Y3) are generated from model (4) with Q > 2,
T =3, and true parameters 6° = (8°, ¥°, A°), then we have forall yo € {1, ..., O}, q1, q3 €
(1,...,0-1}, g2 e{l,..., 0}, x e REX3 and o e RU {00} that

E[myy,q1,q0,95 (Y, X, 6°)[Yo = yo, X =x, A=a] =0.

The proof of the theorem is given in the Appendix. For any fixed value of Q, one
could, in principle, show by direct calculation that

Z Py (9 %, 6%, @)y, q1,g2.q5 (7, %, 6°) =0
ye(l,2,..., 0P

for the model probabilities py,(y, x, 6°, a) given by (5), but our proof in the Appendix
does not rely on such a brute force calculation and is valid for any Q > 2.

For each initial condition yp, we thus have ¢ = Q(Q — 1)? available moment con-
ditions. For example, for Q = 2, 3, 4, 5 there are respectively ¢ = 2, 12, 36, 80 available
moment conditions for each initial condition. For those values of Q, we have verified
numerically that our £-moment conditions are linearly independent, and that they con-
stitute all the valid moment conditions that are available for the dynamic panel ordered
logit model with T = 3, for generic values of y.*

3By the limiting arguments (Ag — —oco and Ay — o0) described above, all of those moment functions are
already implicitly defined via (9) alone.

4If some of the parameters v, are equal to each other, then additional moment conditions become avail-
able.
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We believe that this is true for all Q > 2, but a proof of this completeness result is
beyond the scope of this paper. For the special case of dynamic binary choice (Q = 2),
the moment conditions here are identical to those in Kitazawa (2022) and Honoré and
Weidner (2025), and the completeness of those binary choice moment conditions is dis-
cussed in Kruiniger (2020) and Dobronyi, Gu, and Kim (2021).

2.4 Moment conditions for T > 3

We now consider the case where the econometrician has data for more than three time
periods (in addition to the period that gives the initial condition). Obviously, all the
moment conditions above for T = 3 are still valid when applied to three consecutive
periods, but additional moment conditions become available for T > 3. We first con-
sider moment conditions that are based on the outcome in three periods, where the
last two are consecutive. Let z; := z(y;—1, X, 0), with z(-, -, -) defined in (3), and de-
fine z;y : =z, — z;. For yp € {1,...,0}, q1,93 € {1,...,0 — 1}, g2 € {2,..., 0 — 1}, and
t,seil,2,..., T — 1} with t < s we define

exp(Zs41,s + Agpq5) — 1
exp()\qz,qz,l) -1

ify, <q1,ys=92, ys+1 < g3,
1 —exp(zs,54+1 + Ags,q0)

1-— exp()\qz,lqu)
ity <q1, ys=q2, ys+1 > g3,
exp(zs,s+1 + Yy g2 + Ags,aq)

J if y, < g1, ’
M) gy (0, X, 6) 1= _yf =41 Ys > g2 )
» 41,92, —1 lfy[>q1,ys<q2’

3 I —exp(zs+1,5 + Ago—1,q3)
1 —exp(Ag,—1,q5)

if y > q1, ys = q2, ys+1 < g3,
_eXp(ZS,S-‘rl + /\qg,qz—l) -1

exp(Agy,qo—1) — 1
if yi > q1, ys = q2, ys41 > q3,
0 otherwise.

CXP(Zt,s+1 + /\q3,q1 )

exp(zs,s+1 + /\qg,ql )

For T =3, t=1, and s = 2, it is straightforward to verify that m%sqft]lz) ¢s (¥, x, 6) in equa-

tion (12) equals the moment function in equation (9). For larger values of 7', the moment
function in (12) can be implemented as long as outcomes are observed for the time pe-
riods {t — 1,¢,s — 1, 5, s + 1} and covariates are observed for time periods {t, s, s + 1}.
Since A9 = —oo and Ap = oo, equation (12) can not be used to define a moment
function when ¢, equals 1 or Q. We next define moment functions for these cases. For
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well,...,0hqi,q3€fl,...,0—1},t,5,re{l,2,..., T}, and t < s < r, we define

exp(zsr +Ag5,1) =1 iy <q1,ys=1,y > g3,
-1 ity <qi,y>1,

mn) a0 % 0) 1= exp(zy + Agy,q5) ify >q1,ys=1,y <gs,
exp(zsr + Agy,1) ify:>q1,ys=1y > qs,
0 otherwise,

(13)
exp(zis +Ao-1,41) ify,<qi, =0,y < g3,
exp(zir + Ags,q1) ify:<q1, 5=0, 3> gs,

m;ff,sr}lr,)Q,qs(y’ x,0):=1-1 ify,>q1,y: <0,
exp(zrs + Ag-1,45) =1 ifyi>q1,y5=0, y» < g3,
0 otherwise.

When T equals 3 and (¢, s,7) = (1, 2, 3), these moment functions agree with the ones
in equations (10) and (11), where all the arguments were made explicit. For r = s + 1,
analogous to (10) and (11) for T = 3, the two moment conditions in (13) for 7 > 3 can be
obtained from (12) by setting g2 = 1 and carefully evaluating the limit A — —oco (after
normalizing the value for y; < q1, ys > 1 to be —1), or setting ¢g» = Q and taking the limit
Ag — oo. Itis therefore appropriate to think of (12) as our master equation, which sum-
marizes all the moment conditions provided in this paper. In (13), we can choose more
general r > s + 1, but otherwise the structure of (13) can be derived from (12).

It turns out that the moment functions with » > s+ 1 are not actually needed to span
all possible valid moment functions of the dynamic ordered choice logit model (see our
discussion of independence and completeness below). However, since implementation
of these moment functions requires only that we observe three pairs (yr—1, y¢), (¥s—1, ¥s)»
(yr—1, y) of consecutive outcomes, they may be empirically relevant for the case where
observations for some time periods are (exogenously) missing.’> We also include r > s +
1 in our discussion here to ensure that our results in this paper contain those for the
dynamic binary choice logit model studied in Honoré and Weidner (2025) as a special
case—notice that for Q = 2 we always have ¢, = 1 or g2 = Q, that s, for the binary choice
case all available moment functions are stated in (13).

The following theorem establishes that the moment functions in (12) and (13) do
indeed deliver valid moment conditions.

THEOREM 2. If the outcomes Y = (Y1, ..., Y1) are generated from model (4) with Q >
2, T > 3 and true parameters 6° = (8°, y°, %), then we have for all t,s,r € {1,2, ..., T}
witht <s<r,yei{l,...,0L q1,qg3€{l,...,0—1}, x e REXT o e RU {£o0}, andw:
{1,...,0V 1 > R that

E[w(Y1,..., Y)m{G35tD (Y, X, 0°)|Yo=yo, X =x, A=a] =0,

5For example, an estimator that allows for selection to be correlated with (Yjp, X;, 4;) can be constructed
using the results on GMM estimation with incomplete data in Muris (2020).
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forq2€{2,...,Q—1},
E[w(Y1,..., Yie)m{sD (Y, X, 0)|Yo=y0, X =x, A=a] =0,

Y0,91,92,93
forgz € {1, O}.

The proof is provided in the Appendix. Notice that for ¢, € {1, Q} we can choose the
time indices ¢ < s < r freely. By contrast, for g2 € {2, ..., O — 1} we can only choose ¢ < s
freely, but the third time index that appears in the definition of the moment function
needs to be equal to s+ 1, otherwise we do not obtain a valid moment function for those
values of ¢».

This distinction between ¢» € {1, O} and ¢2 € {2, ..., Q — 1} is also reflected in the
proof of Theorem 2. The moment functions in (13) for g2 € {1, O} only depend onYi, Yo,
Y3 through the binarized variables Y1 =1{Y1 > q1}, Yo = 1{Y2 = @2}, Y3 = 1{Y3 > g3},
and the proof relies on Lemma 2 in the Appendix, which provides a general set of valid
moment functions for such binary variables, very closely related to the dynamic binary
choice results in Honoré and Weidner (2025). By contrast, the moment functions in (12)
for g2 € {2,..., QO — 1} cannot be expressed through binarized variables only, because
there the dependence on Y, requires distinguishing three cases (Y; < g2, Ys = g2, Y5 >
q2). The proof, in this case, relies on Lemma 1 in the Appendix, which is completely
novel to the current paper. However, that proof strategy for g € {2, ..., Q — 1} does not
work for s > r 4+ 1, and we have also numerically verified that our moment conditions for
g2 €12, ..., 0 — 1} indeed do not generalize to s > r + 1.

Conjecture on the completeness of the moment conditions Theorem 2 states that the
moment functions in (12) and (13) are valid, but it is natural to ask whether they are
also linearly independent, and whether they constitute all possible valid moment func-
tions of the dynamic panel ordered logit model. We do not aim to formally prove such
a linear independence and completeness result in this paper, and the following state-
ment should accordingly be understood as a conjecture, which we have numerically
confirmed for various combinations of Q and T and for many different numerical values
of the regressors and model parameters:

Let the outcomes Y = (Y1, ..., Yr) be generated from model (4) with 9 >2, T >
3, and let the true parameters 00 (8% 7%, A%) be such that y) # ), for all g1 # go.
For given yp € {1, ..., 0} and x € RK*T let my, (y, x, 6°) e R be a moment function that

satisfies (6) for all « € RU {+00}. Our calculations suggest that there exist unique weights
Wy (91, 42, 3, $, Y1, ---» -1, X, 0°) e Rsuch that forall y € {1, ..., O} we have

0-1 Q0 0-1T7T-2 T-1

mYO Vi X, 6 Z Z Z Z Z Wyy 611,612,43»f S Y -0 V-1 X, 90)

q1=1qg2=1q3=1 t=1 s=t+1

(t,8,5+1) 0
x my o) s (9 %, 60), (14)

where m%’j}fj}gqg (y, x, 6°) are the moment functions defined in (12) and (13). In other

words, we conjecture that every valid moment condition in this model is a unique linear
combination of the moment conditions in Theorem 2 with r = s + 1. Notice that the
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uniqueness of the linear combination implies that the moment functions involved in
this linear combination are linearly independent.

In equation (14), the function m;f)"i;fz?qs (y, x, 6% is multiplied with an arbitrary
function of yi, ..., y,_1. Those functions of yi, ..., y,_1 constitute a Q'~! dimensional

space. Thus, (14) suggests that the total number of available moment conditions for each
value of the covariates x and initial conditions yy is equal to

o7l Q0 Q-1T-2T- T-2
Z—ZZZZZ Tl=(@-1DOE-1 Y (T-1-1)Q"!
q1=1qx=1g3=1 t=1 s=t+1 -1
As explained in Section 2.2, the function m, (., x, 6% :{1,..., Q}T —> R is a vector in a

QT -dimensional space. The condition (6), for all «, then imposes Q7 — ¢ = (T —1)Q? +
(T — 2)Q linear restrictions on this vector, leaving an ¢-dimensional linear subspace of
valid moment functions, a basis representation of which is given by (14). For fixed values
of yo, x, 69, T, O, one can numerically verify the dimension of the solution space of the
system of linear equations (6), and thereby check (15) numerically. In Appendix C, we
furthermore show that the total number of linearly independent conditional moment
conditions for our model is at least the number obtained in C, but that argument in the
Appendix still allows for the possibility that there could be more, although we do not
believe that there are.

The condition 721 # y22 for all g1 # g2 is important for this result. For example, if all
the y) are the same, then the parameter y° can be absorbed into the fixed effects, and
we are left with a static ordered logit model as in Muris (2017), for which one finds an
additional (T — 1)(Q — 1) moment conditions to be available, bringing the total num-
ber of linearly independent valid moment conditions (for each value of covariates and
parameters) in the static model to ¢ = Q7 — T(Q —1) — 1.

We reiterate that the discussion of linear independence and completeness of the
moment functions presented above are conjectures, which we do not aim to prove in
this paper. A proof for the special case Q = 2 (dynamic binary choice logit models) is
provided in Kruiniger (2020) and Dobronyi, Gu, and Kim (2021). We also note that the
counting of moment conditions as above does not consider whether the resulting mo-
ment conditions actually contain information about (all) the parameters 6. Some of the
valid moment functions may not depend on (all of) those model parameters. Identifica-
tion of the model parameters through the moment conditions is discussed in Section 3.

2.5 More general regressors

The model probabilities in (5) and the moment functionsin (12) and (13) only depend on
the regressors and the parameters 8 and y through the single index z, = z(y,_1, x;, 6).°

6As written, the moment condition in (12) depends explicitly on the model parameter v for the case that
¥ < q1 and ys; > g2. However, that is a notational artefact, because in that line of the moment condition
we could have written exp[z(yr—1, X1, 0) — z(q2, X541, 0) + Ags,q, ] instead of exp(z;,s+1 + Vy,,qo + Ags, ¢ ); that
is, the explicit dependence on vy can be fully absorbed into the single index, but one needs to evaluate
zs+1 = z(¥s, X541, 0) at g2 instead of y;.
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So far, we have only explicitly discussed the linear specification in (3) for this single in-
dex, but Theorem 2 is valid independently of the functional form of z(y;_1, x;, 8).” In
other words, if we replace the latent variable specification in (2) by

Y, =2(Y -1, Xit, 0) + A; + &

for an arbitrary function z(, -, -), then the moment functions (9), (10), (11), and Theo-
rem 2 remain fully valid.

We believe that the linear specification in (2) is the most relevant in practice, but
one could certainly consider other specifications as well. In particular, it is possible to
include regressors that are interactions between the observed regressors and the lagged
dependent variable:

Q
2(Yi i1, Xir, 0) = X[, B+ Z Ye[14Yi -1 = ¢} + 1{Yi -1 = ¢} X[, 8], (16)
q=1

where 8, € RX are the additional unknown parameters to be included in 6. This specifi-
cation allows the effect of the regressors X;; on the outcome Y}, to be arbitrarily depen-
dent on the current state Y; ;1. While a GMM estimator based on moment functions
developed in this paper could be employed in applications with the more general state
dependence as in (16), we do not consider these more general models further.

3. IDENTIFICATION

This section presents identification results for the parameters 6 = (B, v, A) based on the
moment conditions for 7 = 3 in Theorem 1. All results in this section impose the follow-
ing model assumption.

AssumpTION ID. The outcomes Y = (Y1, Yo, Y3) are generated from model (4) with
z(-, -, -) defined in (3), Q > 2, T = 3, and true parameters 6° = (8°, y°, A\°). Furthermore,
forallyy e {1, ..., Q}, there exists a nonempty set Xyrfg c RE*3 sych that for all x € Xyrfg,
the conditional probability Pr(A € {£oo}|Yo = yo, X = x) is well-defined and smaller

than one.

We impose the assumption Pr(A4 € {+o00}|Yy = yo, X = x) < 1 for some x in order to
ensure that the model probabilities in (5) are strictly positive for all possible outcomes.
If Pr(A € {£o0}|Yo = yo, X = x) =1 for all x, then only the outcomes Y; =1and Y; = Q

"The parameters A can also be absorbed into the single index. One just needs to define Z,(y;—1, x;, 0) :=
z(yi-1, X1, 0) — A4 and rewrite (5) as
T
Py x, 0, 0) = [{A[Z 11, %0, 0) + @] = A[Z, (31, %1, 0) + ]}
=1
The moment functions in (12) and (13) then remain valid for arbitrary functional forms of Z, (y;—1, x;, 6). We
just need to replace z; — Ay, zg — Ag,, and z, — Ay, (With r =54 1in (12)) by Zy, (yi—1, X1, ), Zg, (Ys5—1, Xs, 6),
and Zg, (-1, X, 0), respectively. The proof of Theorem 2 remains valid under that replacement.
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would be generated by the model. A violation of this assumption on the fixed effects
A would therefore be readily observable from the data. All the propositions below also
impose that X e Xyr(f & occurs with nonzero probability.

The aim is to identify the parameter vector ° from the distribution of Y conditional
on Yy and X under Assumption ID. The model for that conditional distribution is semi-
parametric: The distribution of Y conditional on Yy, X, and A is specified parametri-
cally, but only weak regularity conditions are imposed on the unknown distribution of
A conditional on Yy and X. The main challenge in the identification problem is how to
deal with the unspecified conditional distribution of A, which is an infinite-dimensional
component of the parameter space of the model. Fortunately, the moment conditions
in Theorem 1 already partly solve this challenge, because they give us implications of
the model that do not depend on A. The remaining question is whether 6° is point-
identified from those moment conditions.

Identification of y In order to identify the parameters y = (v, ..., yp) up to normaliza-
tion, we condition on the event X; = X» = X3. Forx = (x1, x;, x1) and g1 = g2 =¢g3 =1,
the moment function in (10) reads

My, (¥, v) = €xp(yy ) Myg,1,1,1 () X, 6)

—exp(yy,) ify1=1,y2>1,
e if 1, y2,=1,y3=1,

_ xp(y1) ‘ n=>1Lyy y3 17)
exp(vy,) ify1>1,m»=1,y3>1,

0 otherwise.

Theorem 1 implies that E[my, (Y, %) Yo = yo, X = (x1, x1,x1)] = 0. The following
lemma states that these moment conditions are sufficient to uniquely identify y up to a
normalization.

ProrosiTION 1. Let Assumption ID hold, and let x1 € R be such that
Pr(Yo = yo&X € Xy 8&| X — (x1, x1,x1)| <€) >0 forallype{l,...,Q} ande > 0.
Then, if y € RC satisfies®
E[my, (Y, y)|Yo =yo, X = (x1, x1,x1)] =0 forallyye{l,..., 0}, (18)

formy,(y, y) as defined in (17), we have y = y° + ¢ for some ¢ € R. Thus, if we normalize
v9 =0, then y° is uniquely identified from the data.

The proofis given in the Appendix. This identification result requires observed data
for every initial condition yp € {1, ..., O}. If this is not available, but we observe T = 4
time periods of data after the initial condition, then we can instead apply Proposition 1
to the data shifted by one time period.

8Here, we implicitly assume that E[m,, (Y, v)|Yo = yo, X = (x1, x1, x1)] is uniquely defined. This can be
guaranteed, for example, by demanding that this conditional expectation is continuous in x;.
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In addition to Assumption ID, the proposition demands that covariate values X €
Xyrf in any e-ball around (x1, x1, x1) occur with positive probability. This condition, in
particular, guarantees that the conditional expectation in (18) is well-defined, and that
conditional on X = (x1, x1, x1) the event A € {+-00} occurs with probability less than one
for every value of the initial condition Yj.

Identification of B Taking the identification result for y as given, we now turn to the
problem of identifying 8. We again consider the moment function in (10) with g1 = g2 =
g3 = 1, but now for general regressor values

my(),l,l,l(y» X, B; 7) = myo,l,l,l(y’ X, 0)

exp(x’zgﬁ) -1 ifyr=1,y,=1,y3> 1,

-1 ifylzl,y2>1,
=1exp(x5,8+v1—vp) n>Lyp=1y;3=1, (19)

exp(xh B+ Yy — ¥y) iy >1y2=1y3>1,

0 otherwise.

Fork {1, ..., K}, we define

. reg
Xy, 1= {X € Xy i Xp 1 S X3 < Xg,2 OF Xf 1 < Xj 3= xk,z},

. reg .
Xy, — = {x € Xyy" 1 X1 = Xk,3 > Xg,2 OF Xp 1 > Xj,3 = xkyg}.

Here, the set X . is the set of possible regressor values x € RE>3 such that X1 <Xk3 <
xk,2 with at least one of the inequalities being strict. For the set X} _ those inequalities
are reversed. Therefore, if x € &) 1, then my, 1,1,1(y, x, B, ) is strictly increasing in Sy,
andif x € X _, then my 1,1,1(y, x, B, v) is strictly decreasing in Sy.

For any vector s € {—, +}X, we furthermore define the set X; = Mkeq, ... k) Xeose- I
x € X,, then for all k£ € {1, ..., K} we have that By is strictly increasing (or strictly de-
creasing) in my, 1,1,1(y, x, B, v) if sy =+ (or s = —). These monotonicity properties al-
low us to uniquely identify 8 from the moment conditions E[n,,1,1,1(Y, X, B°, y°)|Yo =
yo, X € Xs] = 0, which are valid moment conditions according to Theorem 1. The follow-
ing proposition formalizes this.

ProprosITION 2. Let Assumption ID hold and let yy € {1, ..., Q} be such that
Pr(Yo=y0&X € X;) >0 forallse{—, +K with sk = +.
Then, if B € RX satisfies

E[myy,1,1,1(Y, X, B, ¥°)[Yo=y0, X € X] =0

foralls € {—, +}X with sx =+, (20)

we have B = B°. Thus, sincey° is already identified from Proposition 1, we find that 8° is
also uniquely identified from the data.
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The proof is given in the Appendix. Again, in addition to Assumption ID, the addi-
tional condition in Proposition 2 simply guarantees that the conditional expectation in
(20) is well-defined.

Identification of A Having identified y and 8, we now turn to the problem of iden-
tifying A up to a normalization. The moment function in (10) with g» = g3 =1 and
q1 €1{2,..., 0 — 1} can be written as

My, q1,1,1(Y, X, B, ¥, A)

exp(x3B +yy,1) — 1 ify1<qi,y2=1,y3>1,

-1 ify1 <q1,y2>1,
=1exp(x5; B+ Y1,y A — A1) ifyi>qi,m=1y3=1, (21

exp(x51 B+ Yyp +Ag — A1) ify1>qi,y2=1,y3>1,

0 otherwise.

The expected value of this moment function only depends on A through A, — A;, and is
strictly increasing in A, — A1. This implies that this moment function identifies A4, — A;
uniquely. By applying this argument to all ¢; € {2, ..., QO — 1}, we can therefore identify
A up to an additive constant. This is summarized in the following proposition.

ProprosiTIiON 3. Let AssumptionID hold. Letyy € {1, ..., O} be such thatPr(Yy = yo&X €
Xyrf 8) > 0. Then, if A satisfies

E[myyq1,1,1(Y, X, B% v°, A)|[Yo=y] =0 forallg1€{2,...,0—1},

we have A = A° + ¢ for some c € R. Thus, if we normalize A} = 0, and since y° and p° are
already identified from Propositions 1 and 2, we find that A° is also uniquely identified
from the data.

The proofis given in the Appendix.

Combining Propositions 1, 2, and 3, we find that 69 is uniquely identified from
the data. Under the regularity conditions of those propositions, we can recover §° =
(8%, v°, %) uniquely from the distribution of Y conditional on Y; and X.

Our identification arguments in this section are constructive. However, they condi-
tion on special values of the regressors. In particular, Proposition 1 conditions on the
event X; = X» = X3, which is a zero-probability event if X is continuously distributed
(and may happen rarely even for discrete X). An estimator based on the identification
strategy in this section would therefore in general be quite inefficient. Hence, in our
Monte Carlo simulations and empirical application, we construct more general GMM
estimators based on our moment conditions.

4. IMPLICATION FOR ESTIMATION AND SPECIFICATION TESTING

The moment conditions in Section 2 are conditional on the initial condition Y;y and the
strictly exogenous explanatory variables X;. It is tempting to try to mimic the identifi-
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cation argument in Section 3 in order to turn these moment conditions into an estima-
tor. The problem with such an approach is that the conditioning set in Proposition 1
will often have probability 0. Alternatively, one can form a set of unconditional moment
functions by constructing

M(Yi, Yi, Xi, B, v, A) = g(Yio, Xi) @ my,, (Yi, Xi, B, v, A),

where the vector-valued function, my,;, is composed of linear combinations of the mo-
ment functions in (9), (10), and (11), and g is a vector-valued function of the initial con-
dition Yj and the strictly exogenous X;. Let 8 = (8/, v/, A’)’. A generalized method of
moments (GMM) estimator can then be defined by9

n /
0= = argmin (ZM(Yio, Yi, Xis By v, /\))

BERK ) 'yERQ’l ,AeRQ—2 i=1

>)) W)

n
x Wy (ZM(Y,-O, Yi, Xi, B, Y, /\)>,

i=1

where the weighting matrix W, converges to a positive definite matrix, Wy. Assuming
that E[M (Y;o, Y, X;, 0)] = 0 is uniquely satisfied at § = 6°, and that mild regularity con-
ditions (see Hansen (1982)) are satisfied, 9 will be consistent and asymptotically nor-
mally distributed.

One limitation of the GMM approach is that it is often difficult to know whether
the moment condition E[M (Yo, Y;, X;, 8)] = 0 is uniquely satisfied at the true parame-
ter value. When the strictly exogenous explanatory variables, X;, are discrete, sufficient
conditions for this can be obtained from the identification results in Section 3 by defin-
ing g(Yjo, X;) to be a vector of indicator functions for values in the support of (Yjy, X;).
If X; is not discrete, it may be possible to define a root-» consistent estimator by com-
bining nonparametrically estimated conditional moment conditions with the uncon-
ditional moment conditions. See, for example, Honoré and Hu (2004) for such an ap-
proach. Whether or not E[M (Yo, Y;, X;, #)] = 0 is uniquely satisfied at the true param-
eter value, one can calculate valid confidence sets for 6y based on moment conditions
like E[M (Yo, Yi, Xi, 0)] = 0. See, for example, Chen, Christensen, and Tamer (2018).

A second limitation of the GMM approach is that even if one ignores the issue of
identification, there are many ways to form a finite set of unconditional moment con-
ditions from the expressions in (9), (10), and (11). Moreover, the most natural ad hoc
ways to do this, such as considering all interactions between the conditional moment
and the explanatory variables and the initial condition, can lead to a very large number
of moment conditions, which in turn can result in poor small sample performance. It
is in principle known how to most efficiently turn a set of conditional moment condi-
tions into a set of moment conditions of the same dimensionality as the parameter to

9As mentioned in Section 2, it is necessary to normalize one of the Q elements of y and one of the Q — 1
elements of A.
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be estimated. See, for example, the discussion in Newey and McFadden (1994). Specifi-
cally, with a conditional moment condition E[my, (Y, X, 6)|X, Yo] = 0 when 6 takes its
true value, 6y, the optimal unconditional moment function is A(X, Yy)my,(Y, X, 0),
where A(X, Yy) = E[Vemy, (Y, X, 69)|X, YQ]/V[mYO(Y, X, 60)|X, Y()]_l. Unfortunately,
the construction of estimators of these efficient moments depends heavily on the dis-
tribution of Y given (X, Yp). On the other hand, the moment conditions are still valid if
A(X, Yp) is misspecified. One approach therefore is to estimate a flexible reduced form
model for the distribution of Y given (X, Yp), and then use this reduced form for the
distribution of Y given X to construct an estimate of 4(X, Yp). In the simulations and
the empirical illustration below, we take this approach using a correlated random effects
approach to obtain the reduced form for the distribution of Y given (X, Yy). The dimen-
sionality of the moment function A(X, Yy)my,(Y, X, 0) is the same as that of the pa-
rameter vector, and the asymptotic distribution of the estimator therefore follows from
the theory of nonlinear method of moments estimators.

The moment conditions derived in this paper can also be used for specifica-
tion testing. Suppose that a researcher has estimated the parameters of interest,
0o = (Bo, Y0, Ao), by an estimator, 9, that solves a moment condition of the type
% Y w(Yi, X, ) = 0. For example, she might have estimated a model without
individual-specific heterogeneity or a model in which the heterogeneity is captured
parametrically by a random effects approach, and she might be interested in test-
ing her parametric assumptions against the less parametric fixed effects model. Let
M = %Z?:l M(Y;, X;, 5) where M is defined as above. M is then a standard two-step
estimator, and it is straightforward to test whether M is statistically different from 0.

5. PRACTICAL PERFORMANCE OF A METHOD OF MOMENTS ESTIMATOR

In the next subsection, we first present the results from a small Monte Carlo experiment
designed to illustrate the performance of the method of moments estimator based on
the discussion in Section 4. We then compare this estimator’s performance with that of
a correlated random effects estimator. Subsequently, we illustrate the application of the
method of moments estimator through an empirical example.

In Appendix E, we investigate the potential usefulness of the moment conditions
further. Specifically, we compare the asymptotic distribution of various GMM estimators
based on the moment conditions to the asymptotic distribution of a correlated random
effects estimator. The advantage of this exercise is that it allows one to abstract from the
particular implementation of the GMM estimators.

5.1 Monte Carlo illustration

We illustrate the performance of the GMM estimator described above through a Monte
Carlo study that considers three data generating processes, two with a fixed effect and
one without a fixed effect. The two data generating processes that include a fixed effect
are chosen such that one satisfies the assumptions underpinning the correlated random
effects estimator proposed by Wooldridge (2005), while the other does not. We consider
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sample sizes of N =500, 1000, and 2000 with five time periods for each individual. This
includes the initial observations, so 7' = 4 using the notation above. There are k = 3 ex-
planatory variables and the dependent variable can take Q = 4 values. The true parame-
ters are 8 = (1,0,0),y=(-1,0,0,1),and A = (-2, 0, 2)’ and we normalize y, = A, = 0.

The explanatory variables are drawn as follows. First, let A; be a discrete random
variable with E[A;] = 0 and V[A4;] = 3. The exact distribution of A4; differs across
specifications. Second, let Z;;; (j=1,...,k, t=0,...,4) be independent normal ran-
dom variables with mean 0 and variance 3, and let the first explanatory variable be
Xt = (Ziis + A /+/2. The second through k’th explanatory variables are given by
Xijr = (Zije + Xi1r) /~/2. This implies that all the explanatory variables and X;,8 have
mean 0 and variance 3. This is comparable to the magnitude of the logistic distribution,
which has mean 0 and variance 72 /3.

For the two data generating processes with a fixed effect, one (Design B) has A; nor-
mally distributed while the other (Design C) has P(A; = v/6) = % and P(A; = —/6/2) =
%. For both of these specifications, the fixed effect, 4;, equals A4;. The data generating
process without fixed effects (Design A) has the same distribution of A; as Design C, but
here A4; = 0. For Design C, the initial dependent variable, Yjg is generated from the or-
dered logit model where the only explanatory variable is A4;. For Designs A and B, Yjg
is generated from the ordered logit model without explanatory variables. From a fixed
effects perspective, this makes Design B a little special, but it makes it fit the assump-
tions for the correlated random effects approach. Design A is without fixed effects, so
it also satisfies the assumptions for the correlated random effects approach, but in this
case the true parameter value of one of the parameters (the variance of the error in the
specification of the fixed effect) is at the boundary of the parameter space, which could
render standard inference problematic.

We perform 400 Monte Carlo replications. The results are presented in Tables 1, 2,
and 3. For comparison, we also include the results for the correlated random effects
estimator (cf. Wooldridge (2005)) that specifies the distribution of the unobserved het-
erogeneity as 4 = Z;l:() X;0(t)+ 23:1 1{Yo =q}6(q) + o Z, where Z ~ N (0, 1). Design C
violates the implicit assumption behind the correlated random effects approach. Most
importantly, the distribution of A; is discrete. On the other hand, the relationship be-
tween the explanatory variables and A; is linear, so the violation is not extreme.

For each design and for each sample size, Tables 1, 2, and 3 report the true values
of the parameters, the median bias of the method of moments estimator and the corre-
lated random effects estimator, the interquartile range of the estimators, and the median
absolute errors of the estimators. For each parameter, we also report the ratio of the me-
dian absolute error of the correlated random effects estimator relative to the method of
moment estimator. Values of this ratio greater than one suggest that the method of mo-
ments estimator is more precise than the correlated random effects estimator. In De-
signs A and B, the correlated random effects estimator is the correctly specified maxi-
mum likelihood estimator. It is therefore not surprising that the median absolute error
ratio is less than one for all parameters and all sample sized in this case. On the other
hand, the ratio is above 0.65 in all cases, suggesting that the loss of efficiency from the
method of moments estimator is not too large for this design. For these designs, both
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TaBLE 1. Design A.
B1 B2 B3 7 Y2 Y3 V4 M A2 A3
Correlated random effects. Sample size: 500 (400 replications).
True 1.000 0.000 0.000 —1.000 0.000 0.000 1.000 —2.000 0.000 2.000
Bias 0.008 0.004 0.001 0.014 0.000 -0.036 —0.027 —0.027 0.000 0.024
IQR 0.096 0.057 0.055 0.181  0.000 0.174 0.201 0.097 0.000 0.108
MAE 0.046 0.028 0.028 0.097  0.000 0.092 0.104 0.051 0.000 0.060
Method of moments. Sample size: 500 (400 replications).
True 1.000 0.000 0.000 —1.000 0.000 0.000 1.000 —-2.000 0.000 2.000
Bias —0.001 0.004 —0.002 0.019 0.000 -0.018 -0.010 -0.003 0.000 0.009
IQR 0.112 0.068 0.066 0.249  0.000 0.232 0.252 0.135 0.000 0.144
MAE 0.056 0.034 0.033 0.124  0.000 0.117 0.123 0.067 0.000 0.072
MAE ratio 0.832 0.833 0.830 0.780 — 0.787 0.845 0.760 — 0.835
Correlated random effects. Sample Ssize: 1000 (400 replications).
True 1.000 0.000 0.000 -—1.000 0.000 0.000 1.000 —-2.000 0.000 2.000
Bias 0.006 0.000 0.002 0.010 0.000 -0.014 -0.023 -0.013 0.000 0.013
IQR 0.066 0.038 0.039 0.118  0.000 0.112 0.139 0.082 0.000 0.082
MAE 0.032 0.019 0.020 0.057  0.000 0.060 0.072 0.038 0.000 0.041
Method of moments. Sample size: 1000 (400 replications).
True 1.000 0.000 0.000 —1.000 0.000 0.000 1.000 —2.000 0.000 2.000
Bias —0.001 -0.001 0.002 0.005 0.000 —-0.009 -—0.005 0.008 0.000 0.005
IQR 0.076 0.046 0.049 0.155  0.000 0.159 0.195 0.107 0.000 0.107
MAE 0.037 0.023 0.023 0.077  0.000 0.081 0.097 0.055 0.000 0.053
MAE ratio 0.876 0.814 0.859 0.737 — 0.736 0.741 0.701 — 0.775
Correlated random effects. Sample size: 2000 (400 replications).
True 1.000 0.000 0.000 —1.000 0.000 0.000 1.000 —2.000 0.000 2.000
Bias 0.002 —0.000 —0.001 0.013 0.000 -0.010 -0.011 -0.010 0.000 0.012
IQR 0.046 0.032 0.025 0.100  0.000 0.084 0.098 0.049 0.000 0.059
MAE 0.022 0.016 0.013 0.052  0.000 0.041 0.051 0.025 0.000 0.032
Method of moments. Sample size: 2000 (400 replications).
True 1.000 0.000 0.000 -—1.000 0.000 0.000 1.000 -—2.000 0.000 2.000
Bias —0.001 0.001 —0.002 0.005 0.000 —-0.001 0.008 —0.004 0.000 0.001
IQR 0.046 0.033 0.030 0.123  0.000 0.101 0.129 0.067 0.000 0.072
MAE 0.023 0.016 0.015 0.061  0.000 0.050 0.066 0.033 0.000 0.036
MAE ratio 0.955 0.979 0.842 0.839 — 0.810 0.775 0.768 — 0.898

Note: MAE is the median absolute error, IQR is the interquartile range. y and A, are normalized.

estimators appear to be close to median unbiased, and the relative performance of the
estimators is driven by the difference in their variability. For Design C with nonnormal
heterogeneity, the relative performance of the two estimators is different for the differ-
ent parameters. The correlated random effects estimator is always less variable in terms
of interquartile range, but the biases in the estimates of the y’s and é’s are large enough
that the method of moments estimator tends to be more precise when the sample size is
large. For the coefficients on the explanatory variables, B, the correlated random effects
estimator is almost unbiased in Design C despite the misspecification of the model for
the fixed effect. This makes sense, because the specified model for the unobserved het-
erogeneity will tend to control for any linear dependence between explanatory variables
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TaBLE 2. Design B.

B1 B2 B3 71 V2 V3 V4 A A2 A3

Correlated random effects. Sample size: 500 (400 replications).

True 1.000 0.000 0.000 —1.000 0.000 0.000 1.000 —2.000 0.000 2.000
Bias 0.003 -0.003 -0.003 -0.007 0.000 —0.010 0.007 —0.007 0.000 0.009
IQR 0.102 0.057 0.064 0.224  0.000 0.203 0.262 0.144  0.000 0.131
MAE 0.051 0.028 0.032 0.112  0.000 0.100 0.130 0.073  0.000 0.062
Method of moments. Sample size: 500 (400 replications).
True 1.000 0.000 0.000 —-1.000 0.000 0.000 1.000 —-2.000 0.000 2.000
Bias —0.001 —-0.003 —0.004 0.010 0.000 -—-0.007 —0.006 —0.000 0.000 0.002
IQR 0.118 0.078 0.084 0.323  0.000 0.300 0.323 0.187  0.000 0.172
MAE 0.059 0.039 0.043 0.163  0.000 0.154 0.162 0.096  0.000 0.087
MAE ratio 0.867 0.718 0.742 0.688 — 0.650 0.802 0.754 — 0.715
Correlated random effects. Sample size: 1000 (400 replications).
True 1.000 0.000 0.000 —-1.000 0.000 0.000 1.000 —2.000 0.000 2.000
Bias —0.001 -0.000 —0.000 —0.008 0.000 0.006 0.006 —0.005 0.000 0.000
IQR 0.073 0.047 0.048 0.173  0.000 0.141 0.183 0.106  0.000 0.098
MAE 0.037 0.023 0.023 0.086  0.000 0.070 0.089 0.054  0.000 0.049
Method of moments. Sample size: 1000 (400 replications).
True 1.000 0.000 0.000 —1.000 0.000 0.000 1.000 —2.000 0.000 2.000
Bias 0.001 —0.002 0.001 0.004 0.000 —-0.007 0.006 —0.002 0.000 0.004
IQR 0.086 0.060 0.055 0.205 0.000 0.196 0.231 0.126  0.000 0.128
MAE 0.043 0.030 0.028 0.104 0.000 0.098 0.119 0.062  0.000 0.063
MAE ratio 0.867 0.782 0.852 0.829 — 0.720 0.751 0.883 — 0.775
Correlated random effects. Sample size: 2000 (400 replications).
True 1.000 0.000 0.000 —1.000 0.000 0.000 1.000 —2.000 0.000 2.000
Bias 0.004 —0.000 0.000 0.010 0.000 0.011 0.005 —0.004 0.000 -—0.001
IQR 0.049 0.034 0.032 0.121  0.000 0.096 0.119 0.066  0.000 0.065
MAE 0.024 0.017 0.016 0.059 0.000 0.049 0.062 0.034 0.000 0.033
Method of moments. Sample size: 2000 (400 replications).
True 1.000 0.000 0.000 —1.000 0.000 0.000 1.000 —2.000 0.000 2.000
Bias 0.003 —0.002 0.001 0.016  0.000 0.008 0.004 —-0.002 0.000 0.001
IQR 0.058 0.040 0.042 0.145 0.000 0.122 0.156 0.084 0.000 0.077
MAE 0.029 0.020 0.021 0.073  0.000 0.061 0.078 0.042  0.000 0.039
MAE ratio 0.853 0.847 0.753 0.807 — 0.799 0.793 0.802 — 0.854

Note: MAE is the median absolute error, IQR is the interquartile range. y and A, are normalized.

and the level of the fixed effect. The specific results for each of the y’s and for each of the
A’s should be considered with some care since the calculations are done under the spe-
cific normalization that y, = 0 and A, = 0. With different normalizations, the pattern of
the results would have been different. However, it is clear from Table 3 that in the design
with heterogeneity, the misspecification embedded in the correlated random effects ap-
proach generally speaking leads to biased estimates of the y’s and the A, and that these
biases will make the method of moments estimator more precise for large sample sizes.

Tables 4-6 illustrate that the smaller bias of the method of moments estimator can
make it more reliable for inference than the correlated random effects estimator when
the assumptions underpinning the correlated random effects estimator are violated.
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TaBLE 3. Design C.

B1 B2 B3 Y1 V2 V3 V4 Al A2 A3

Correlated random effects. Sample size: 500 (400 replications).

True 1.000 0.000 0.000 —1.000 0.000 0.000 1.000 —2.000 0.000 2.000
Bias 0.006 0.007 0.003 0.168 0.000 0.127 0.674 —-0.049 0.000 —0.308
IQR 0.108 0.073 0.070 0.216  0.000 0.260  0.365 0.156  0.000 0.173
MAE 0.054 0.037 0.037 0.170  0.000 0.156 0.674 0.081  0.000 0.308
Method of moments. Sample size: 500 (400 replications).
True 1.000 0.000 0.000 —1.000 0.000 0.000 1.000 —2.000 0.000 2.000
Bias —0.018 0.005 0.009 0.074  0.000 0.007 0.303 0.026  0.000 —0.146
IQR 0.185 0.112 0.106 0.327 0.000 0.479 0.702 0.271  0.000 0.376
MAE 0.097 0.058 0.054 0.173  0.000 0.232  0.445 0.139  0.000 0.227
MAE ratio 0.556 0.638 0.677 0.983 — 0.671 1.515 0.586 — 1.355
Correlated random effects. Sample size: 1000 (400 replications).
True 1.000 0.000 0.000 —1.000 0.000 0.000 1.000 —2.000 0.000 2.000
Bias 0.004 —-0.004 —-0.000 0.189 0.000 0.137 0.691 —-0.045 0.000 —0.308
IQR 0.081 0.052 0.055 0.151 0.000 0.192 0.272 0.098  0.000 0.110
MAE 0.040 0.026 0.028 0.189 0.000 0.156 0.691 0.058  0.000 0.308
Method of moments. Sample size: 1000 (400 replications).
True 1.000 0.000 0.000 —1.000 0.000 0.000 1.000 —2.000 0.000 2.000
Bias —-0.013 —-0.006 —0.000 0.017 0.000 0.035 0.202 0.025 0.000 -0.075
IQR 0.144 0.084 0.092 0.290 0.000 0.457 0.638 0.176  0.000 0.322
MAE 0.070 0.044 0.045 0.148 0.000 0.227 0.354 0.098 0.000 0.169
MAE ratio 0.574 0.594 0.626 1.277 — 0.687 1.950 0.597 — 1.822
Correlated random effects. Sample size: 2000 (400 replications).
True 1.000 0.000 0.000 —1.000 0.000 0.000 1.000 —2.000 0.000 2.000
Bias 0.007 —-0.003 —0.002 0.179 0.000 0.133 0.712 —-0.043 0.000 -0.315
IQR 0.052 0.037 0.034 0.099 0.000 0.125 0.171 0.080  0.000 0.079
MAE 0.025 0.019 0.017 0.179 0.000 0.133 0.712 0.051 0.000 0.315
Method of moments. Sample size: 2000 (400 replications).
True 1.000 0.000 0.000 —1.000 0.000 0.000 1.000 —2.000 0.000 2.000
Bias —0.003 —-0.003 —0.008 0.006  0.000 0.026  0.090 0.024 0.000 —0.028
IQR 0.107 0.066 0.058 0.200 0.000 0.336  0.559 0.143  0.000 0.226
MAE 0.052 0.033 0.030 0.101 0.000 0.163 0.276 0.075  0.000 0.122
MAE ratio 0.483 0.561 0.560 1.781 — 0.819  2.577 0.686 — 2.589

Note: MAE is the median absolute error, IQR is the interquartile range. y» and A, are normalized.

Specifically, the table presents the fraction of times that 80, 90, and 95% confidence in-
tervals based on the correlated random effects estimator and on the method of moments
estimator cover the true unknown parameter. As one would expect from the results in
Table 3, the bias in the correlated random effects estimator combined with its low vari-
ability can make it unlikely that a confidence interval covers the true parameter value.
Tables 4 and 5 show the same results for Design A and Design B. In these case, the con-
fidence intervals based on the correlated random effects estimator do very well. For De-
sign B, this is not surprising as this is a correctly specified maximum likelihood setting.
It is interesting that the correlated random effects estimator also does well in Design A.
Although it is the maximum likelihood estimator of a correctly specified model, the es-
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TABLE 4. Design A.

B1 B2 B3 Y1 V2 Y3 V4 Al A2 A3

Correlated random effects. Sample size: 500.

80% CI 0.797 0.812 0.807 0.790 — 0.770 0.780 0.807 — 0.787

90% CI 0.912 0.897 0.902 0.892 — 0.892 0.875 0.912 — 0.900

95% CI 0.948 0.953 0.950 0.938 — 0.940 0.938 0.960 — 0.968
Method of moments. Sample size: 500.

80% CI 0.870 0.850 0.850 0.902 — 0.870 0.875 0.930 — 0.953

90% CI 0.935 0.932 0.950 0.950 — 0.945 0.930 0.973 — 0.988

95% CI 0.965 0.975 0.983 0.970 — 0.978 0.968 0.995 — 0.995

Correlated random effects. Sample size: 1000.

80% CI 0.785 0.815 0.800 0.818 — 0.775 0.795 0.772 — 0.782

90% CI 0.912 0.915 0.887 0.895 — 0.883 0.875 0.873 — 0.900

95% CI 0.953 0.950 0.940 0.938 — 0.935 0.932 0.935 — 0.950
Method of moments. Sample size: 1000.

80% CI 0.890 0.897 0.883 0.900 — 0.885 0.905 0.910 — 0.940

90% CI 0.958 0.953 0.955 0.960 — 0.960 0.963 0.988 — 0.978

95% CI 0.980 0.973 0.978 0.978 — 0.975 0.990 0.998 — 0.988

Correlated random effects. Sample size: 2000.

80% CI 0.765 0.772 0.850 0.777 — 0.815 0.805 0.782 — 0.807

90% CI 0.863 0.892 0.917 0.890 — 0.927 0.897 0.883 — 0.895

95% CI 0.927 0.940 0.945 0.940 — 0.963 0.927 0.932 — 0.953
Method of moments. Sample size: 2000.

80% CI 0.863 0.865 0.892 0.892 — 0.920 0.885 0.905 — 0.890

90% CI 0.915 0.935 0.958 0.950 — 0.973 0.955 0.965 — 0.958

95% CI 0.958 0.968 0.985 0.980 — 0.990 0.985 0.975 — 0.988

Note: Based on 1000 bootstrap replications. y» and Ay are normalized.

timation is made nonstandard by the fact that the true value of one of the parameters
(the variance of the error in the specification for the random effect) is on the bound-
ary of the parameter space and asymptotic normality would therefore not follow from
textbook asymptotic theory. As a general statement, Tables 4, 5 and 6, also illustrate that
the confidence interval based on the method of moments estimator can be somewhat
erratic even with relatively large sample sizes.'?

5.2 Empirical illustration

In this section, we illustrate the value of the moment conditions derived in this paper
in an empirical illustration inspired by Contoyannis, Jones, and Rice (2004). The depen-
dent variable is self-reported health status. We use data from the first five waves of the

190n the other hand, in simulations not reported here, we have found that the natural estimator of the
variance of the method of moments estimator can perform poorly. The results reported here therefore use
bootstrap standard errors based on the interquartile range of 1000 bootstrap replications. The standard
errors reported for the correlated random effects are based on the “robust” expression for the asymptotic
variance of extremum estimators.
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TaBLE 5. Design B.

B1 B2 B3 Y1 Y2 Y3 V4 A A2 A3

Correlated random effects. Sample size: 500.

80% CI 0.828 0.843 0.815 0.777 — 0.792 0.795 0.785 — 0.820

90% CI 0.900 0.925 0.915 0.900 — 0.892 0.895 0.880 — 0.925

95% CI 0.943 0.955 0.955 0.945 — 0.938 0.945 0.935 — 0.968
Method of moments. Sample size: 500.

80% CI 0.887 0.880 0.860 0.875 — 0.870 0.873 0.883 — 0.943

90% CI 0.958 0.945 0.943 0.935 — 0.938 0.943 0.940 — 0.983

95% CI 0.985 0.965 0.983 0.965 — 0.965 0.970 0.973 — 0.995

Correlated random effects. Sample size: 1000.

80% CI 0.785 0.780 0.800 0.792 — 0.795 0.782 0.772 — 0.795

90% CI 0.907 0.897 0.895 0.885 — 0.905 0.897 0.902 — 0.885

95% CI 0.953 0.948 0.955 0.943 — 0.955 0.935 0.965 — 0.943
Method of moments. Sample size: 1000.

80% CI 0.892 0.890 0.895 0.900 — 0.875 0.897 0.943 — 0.920

90% CI 0.965 0.950 0.955 0.948 — 0.968 0.968 0.973 — 0.960

95% CI 0.985 0.960 0.983 0.975 — 0.983 0.985 0.990 — 0.985

Correlated random effects. Sample size: 2000.

80% CI 0.800 0.810 0.802 0.805 — 0.820 0.785 0.787 — 0.802

90% CI 0.880 0.897 0.905 0.920 — 0.922 0.887 0.887 — 0.907

95% CI 0.945 0.948 0.950 0.973 — 0.960 0.935 0.932 — 0.943
Method of moments. Sample size: 2000.

80% CI 0.860 0.902 0.880 0.895 — 0.883 0.883 0.910 — 0.932

90% CI 0.948 0.965 0.960 0.950 — 0.953 0.948 0.963 — 0.983

95% CI 0.968 0.988 0.978 0.978 — 0.983 0.985 0.988 — 0.995

Note: Based on 1000 bootstrap replications. y» and Ay are normalized.

British Household Panel Survey,'! and we restrict the sample to individuals who are be-
tween 26 and 70 years old in the first wave. This yields a data set with 5093 individuals
observed in 5 time periods, including the initial observation (so 7' = 4). In the original
data set, the dependent variable can take five values. We aggregate these into “Poor or
Very Poor” (8.1% of the observations), “Fair” (18.6%), “Good” (47.6%), and “Excellent”
(25.7%). We also consider specifications where the first two are merged into one out-
come.

We use two sets of explanatory variables. In the first, we use age and age-squared
(measured as Age/10 and (Age — 45)? /100, respectively, where Age is measured in years).
In the second, we also include log-income.

The results are presented in Table 7, which also presents the estimates from a cor-
related random effects specification. We have normalized the y-coefficient associated
with “Good Health” and the threshold (A) just below “Good Health” to be zero.

The most consistent result presented in Table 7 is that the coefficient on age is neg-
ative across all specifications and that the coefficient on age-squared is insignificantly

Hyniversity of Essex, Institute for Social and Economic Research (2021).
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TaBLE 6. Design C.

B1 B2 B3 Y1 V2 Y3 V4 Al A2 A3

Correlated random effects. Sample size: 500.

80% CI 0.780 0.825 0.787 0.593 — 0.728 0.103 0.742 — 0.113

90% CI 0.892 0.922 0.897 0.695 — 0.835 0.200 0.850 — 0.218

95% CI 0.960 0.963 0.953 0.787 — 0.900 0.328 0.940 — 0.295
Method of moments. Sample size: 500.

80% CI 0.792 0.820 0.792 0.797 — 0.762 0.682 0.828 — 0.730

90% CI 0.915 0.935 0.915 0.895 — 0.867 0.792 0.922 — 0.830

95% CI 0.955 0.958 0.958 0.940 — 0.915 0.883 0.963 — 0.877

Correlated random effects. Sample size: 1000.

80% CI 0.792 0.802 0.775 0.345 — 0.560 0.005 0.720 — 0.007

90% CI 0.910 0.895 0.887 0.478 — 0.718 0.015 0.863 — 0.030

95% CI 0.963 0.963 0.943 0.590 — 0.823 0.045 0.925 — 0.060
Method of moments. Sample size: 1000.

80% CI 0.845 0.815 0.792 0.810 — 0.785 0.720 0.833 — 0.758

90% CI 0.915 0.920 0.877 0.907 — 0.873 0.833 0.917 — 0.833

95% CI 0.950 0.950 0.932 0.950 — 0.900 0.900 0.963 — 0.917

Correlated random effects. Sample size: 2000.

80% CI 0.780 0.802 0.795 0.135 — 0.480 0.000 0.645 — 0.000

90% CI 0.883 0.885 0.900 0.230 — 0.637 0.000 0.765 — 0.000

95% CI 0.940 0.948 0.945 0.353 — 0.735 0.000 0.875 — 0.002
Method of moments. Sample size: 2000.

80% CI 0.805 0.807 0.843 0.843 — 0.815 0.745 0.860 — 0.762

90% CI 0.915 0.927 0.945 0.930 — 0.920 0.830 0.932 — 0.885

95% CI 0.965 0.973 0.965 0.958 — 0.960 0.877 0.960 — 0.922

Note: Based on 1000 bootstrap replications. y» and Ay are normalized.

different from 0 in all specifications. The point estimates for the effect of income on self-
reported health are positive and statistically significant for all the specifications. The
most puzzling aspect of Table 7 is that the standard error of the correlated random ef-
fects estimator of the coefficient on age gets much more precise when log-income is
included. The method of moments estimator does not display this pattern. A compari-
son of the other standard errors reveals that the correlated random effects estimator is
less variable than the method of moments estimator. This is in line with the interquartile
ranges reported in Tables 1, 2, and 3.

6. CONCLUSIONS

This paper has extended the analysis in Honoré and Weidner (2025) to provide condi-
tional moment conditions for panel data fixed effects versions of the dynamic ordered
logit models like the one considered in Muris, Raposo, and Vandoros (2025). The mo-
ment conditions are interesting in their own right, and the paper also illustrates the
potential for systematically deriving moment conditions for nonlinear panel models.
The moment conditions presented here can be used for estimation as well as for test-
ing more parametric specifications of the individual-specific effects in dynamic ordered
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TaBLE 7. Empirical results: application to self-reported health status.

Three Outcomes Four Outcomes

MoM CRE MoM CREs MoM CRE MoM CRE

Age/10 —1.070 —1.110 -1.271 -0.179 —1.136 -0.961 —1.078 -0.147
(0.272) (0.145) (0.410) (0.035) (0.208) (0.137) (0.335) (0.032)

(Age — 45)%/100 0.396 —0.251 0.804 0.109 0.278 —0.226 —0.293 0.025
(0.920) (0.548) (2.031) (0.544) (0.740) (0.503) (1.131) (0.499)

log-income 0.054 0.283 0.130 0.217
(0.196) (0.048) (0.088) (0.045)

V1 —1.477 —1.594 —1.427 —1.674
(0.174) (0.109) (0.239) (0.111)

Y2 0.269 -0.810 —0.753 -0.824 —0.759 —0.618 —0.691 —0.657
(0.135) (0.067) (0.335) (0.068) (0.099) (0.063) (0.122) (0.064)

Y3 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
(0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)

Y4 0.147 0.484 0.559 0.590 0.395 0.557 0.635 0.619
(0.119) (0.063) (0.502) (0.064) (0.102) (0.064) (0.244) (0.065)

A1 —2.464 —2.560 -2.510 —2.555
(0.056) (0.050) (0.080) (0.050)

A 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
(0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)

A3 3.707 3.818 3.304 3.780 3.374 3.758 3.340 3.728

(0.076) (0.054) (0.173) (0.054) (0.057) (0.053) (0.082) (0.054)

Note: The dependent variable is self-reported health status and the data is a balanced panel from the first five waves of the
British Household Panel Survey. We restrict the sample to individuals who are between 26 and 70 years old in the first wave.
In columns 1-4, the dependent variable takes the values “Poor, Very Poor, or Fair,” “Good,” and “Excellent.” The dependent
variable in columns 5-8 takes values “Poor or Very Poor,” “Fair,” “Good” and “Excellent.” MoM refers to the method of moments
estimator and CRE is the correlated random effects estimator.

logits. For point-identification, it is important to investigate whether the moment condi-
tions are uniquely satisfied at the true parameter values. The paper presents conditions
under which this is the case. The paper also proposes a practical strategy for turning
the derived conditional moment conditions into unconditional moment conditions that
can be used for GMM estimation, and it illustrates the use of the resulting estimator in a
small Monte Carlo study as well as in an empirical application.

More broadly, this paper contributes to the literature on panel data estimation of
nonlinear models with fixed effects. In this context, the main contribution is to illustrate
the potential for applying the functional differencing insights of Bonhomme (2012) to
logit-type models.

APPENDIX A: PROOF OF THEOREMS 1 AND 2

We first want to establish Lemma 1 below, which is key to proving the main text the-
orems. In order to state the lemma, we require some additional notation. Recall that
0 € {2,3,...} is the number of values that the observed outcomes Y;; can take. Let
)71, }~’3 € {0, 1}, 172 €{1,2,3}, and W € {1, 2,..., O} be random variables, and let Y =
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(}71, )72, 173). For the joint distribution of Y and W, we write
p(J, w) = Pr(Y = YW = w)

and we assume that

Py, w) = p3(33 Y2, w) p2 (32 [w) f (w[y1) p1(31), (22)
where y = (31, ¥2, y3), and

PO :=Pr(V1 =),  fw[f):=Pr(W =w|¥1 =),
p2(lw) :=Pr(Yo =3 |W = w), P332, w) :=Pr(Ys = 35|Y2 = F2, W = w).

We do not impose any assumptions on the transition probabilities f(w|y1), ps(J3|1, w),
and p3(¥3|3, w). All the other transition probabilities are assumed to follow an (ordered)
logit model:

G =11 —A(m) ify1 =0,
PV A itm=1,
1- A[Wz,l(w)] ify, =1,
p2(2w) = { A[m2,1(w)] — A[m22(w)] if52 =2, (23)
A[m2,2(w)] ify, =3,
- 1—A(ms) if5=0,
2, w) =
p3(¥32, w) Afma) 5 o1

where A(€) :=[1 4 exp(—&)]~! is the cumulative distribution function of the logistic dis-
tribution, m, 73 € R are constants, and m,1, 72,2 : {1, 2, ..., O} — R are functions such
that mp,1 (w) > m,2(w) forall w e {1, 2, ..., Q}. Notice that p3(y3]2, w) does not depend
on w. Finally, we define m : {0, 1} x {1, 2,3} x {0, 1} x {1, 2, ..., O} - R by

m(y, w)

eXp[Ws — 772,2(10)] -1

exp[m, 1 (w) — m2,2(w)] — 1
1 — exp|m2,2(w) — m3]

exp(m — m3)

exp(m — m3) 1— exp[ﬂ'z,z(w) - wz,l(w)]

exp(m — m3) ify1=0,% =3,
=1{-1 ifyp=1 1
1= exp[m3 — m2,1(w)] o ~
1 — exp[m2,2(w) — 2,1 (w)]
B exp[m2,1(w) — m3] — 1
exp[ 2,1 (w) — m2,2(w)] — 1
0 otherwise.

(24)
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LEMMA 1. Let m,m3 € R, and m,1,m2 : {1,2,...,0} — R be such that m,1(w) >
2 (w), forallw e {1, 2, ..., Q}. Let the random variables Y e {0, 1} x {1, 2,3} x {0, 1}
and W € {1,2, ..., Q} be such that their distributions satisfy (22) and (23), and let m :
{0,1} x {1,2,3} x {0, 1} x {1, 2, ..., O} — R be defined by (24). Then we have

E[m(Y, W)]=0.
Proor. Define
g, w) ==E[m(Y, W)|Y1 =%, W = w]

= Y Y mGwpsFwpaGelw),
y2€11,2,3} y3€{0,1}

where y = (1, Y2, ¥3). Using the expressions for p2(y2|w), p3(¥3|y2, w), and m(y, w) in
(23) and (24) one finds that for y; = 1 we have

gL, w) =—{1—=A[m1(w)]} — {A[72,1(w)] = A[m2,2(w)]} x
5 <[1 — A(m3)]{1 — exp[m3 — 2,1 (w)]} N A(m3){exp[ 2,1 (w) — 3] — 1})

1 — exp[m2,2(w) — 72,1 (w)] exp[m2,1(w) — m2,2(w)] — 1

_ A[ﬂzyl(w}]—/\(ﬂg)
T Al 1 (w)]-Almp 2 (w)]

= —[1- A(m)], 25)
and analogously one calculates for y; = 0 that
8(0, w) = exp(m — m3)A(m3). (26)

Notice that g(y;, w) therefore does not depend on w, so we can simply write g(y) :=
g(31, w) in the following. Using (25), (26), and the expression for p;(y;) in (23) we obtain
that

Y gGipi(h) =0.
1 €f0,1}

Together with ) o1 fw[y) =1, this gives

wedl,..

Elm(Y, W)]= > > > > mGwpFw

y1€{0,1} well,..., 0} %2€{1,2,3} y3€{0, 1}

= Z Z g1 f(w[y1) p1(51)

F1€0,1} well, ..., 0}
= g(?l)[ > f(wlil):|p1(71)
y1€{0,1} we{l, ..., 0}
-1

= > gGnpG =0,
M €{0,1}

which is what we wanted to show. O
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The following lemma is similar to Lemma 1 above, but the random variables
Y1, Y2, Y3 and their distributional assumptions are now different, and the lemma should
be understood independently from any notation established above.

LEMMA 2. Let }71, 172, 173 €{0,1}and W,V €{1, ..., O} be random variables such that the
joint distribution of Y = (Y1, Y2, Y3), W, and V satisfies

Pr(Y = J&W = w&V =v) = p3(33|v)g(v[F2, w) p2(Fo|w) f (w[31) p1(51),

where ¥ = (31, Y2, ¥3), and the functions ps, g, p2, and [ are appropriate conditional
probabilities, while p1(y1) is the marginal distribution of Y1. For p1(y1), p2(Y2|w), and
p3(Y3|v) we assume logistic binary choice models:

p1(1) =A[(251 — D), p2(F2|w) = A[(2V2 — 1)m2(w)],
p3(3|v) = A[(2)5 — Dm3(v)],
where m € R is a constant, and m, w3 : {1,..., O} — R are functions. The only as-
sumption that we impose on f(w|y1) and g(v|y», w) is that g(v|1, w) = g(v|1); that is,

conditional on Y, = 1 the distribution of V is independent of W. Furthermore, let m :
0,133 x {1, ..., Q}*> — R be given by

exp[m — m2(w)] ify=1(0,1,0),

exp[m — m3(v)] ify=1(0,1,1),
my, w,v):=1{-1 if (1, y2) =(1,0),

exp[m3(v) — m(w)] -1 ify=(1,1,0),

0 otherwise.

We then have
E[m(Y, W,V)]=0.

Proor. This lemma is a restatement of Lemma 6 in the 2021 arXiv version of Honoré
and Weidner (2025), and the proof can be found there. O

Using Lemmas 1 and 2, we are now ready to prove the two main text theorems.
ProOOF oF THEOREM 1. We consider the three cases g2 € {2,...,Q—1}, g2 =0, and g2 =

1 separately.
Caseqz € {2, ..., Q — 1}: In this case, we define

1 isz <{q2,
W =Y, Y1:=1{Y1 > q1}, Y3:=1{Y3 > g3}, Y, =12 if Yo = qo,
3 ifYy > qo.
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Our ordered logit model in (4) then implies that the joint distribution of Y =(Y1, Y, Ys)
and W conditional on 4 =, Yy = yo, X = (x1, X2, x3), and 6 = #° satisfies (22) and (23),
as long as we choose
fnD)=Pr(Y1=nY1>q1, Yo=y, X =x, A=a),
fOr0)=Pr(Y1=n|Y1<q1,Yo=y0, X =x, A=0),

- Pr(Yz<g3|Yo<gz2, Yi=y1,Yo=y0, X=x,A=«a) ify3=0,
p303|1, ) = ..

Pr(Y3>g3|Yo<qg2, Yi=y1,Yo=y,X=x,4A=0a) ify3=1,

- Pr(Yz3<g3|Yo>q2, Yi=y,Yo=y0, X=x,A=a) ify3=0,
p3(313, y1) = o

Pr(Yz>q3|Yo>q2, Yi=y1,Yo=y0, X =x, A=a) ify3=1,

and

m=a+z yo,x1,00 /\qlza+x/1[30+‘ygo—/\ql,

m2(y) = etz Mgz =+ 5B+ 9, = Ay,

( ) -
m1 () =a+z(y, X2, 0°) = Agy1 = a+ 358° + 9y, — Agy-1,
(1, x2,6°) =

(

’773:C¥+Zqz,)€3, )—/\qsza—f-xéﬁo_i_,ygz—)\qg,

where w = y1, and z(y;—1, x¢, 6) is defined in (3). Plugging those expressions for =,
m2,1(w), m2,2(w), and 3 into the moment function m(y, w) in (24), we find that this
moment function exactly coincides with my, 44,45 (¥, X, 69 in equation (9) of the main
text. Thus, by applying Lemma 1 to the distribution of Y conditional on 4 = «, Yy = yy,
and X = x (the lemma does not feature those conditioning variables, which is why we
are applying the lemma to the conditional distribution), we obtain

E[myo,q1,q0,95 (Y, X, 6°)[Yo = yo, X =x, A=a] =0,

which concludes the proof for the case g» € {2, ..., O — 1}.
Case g2 = Q: In this case, we choose

W:=Y1, V=Y, Y:=1{Y1>q}, Y2:=1{Yo=0}, Y3:=1{Y3> g3}

Our ordered logit model in (4) then implies that the joint distribution of Y =(Y1, Y, Y3),
W, and V conditional on 4 = &, Yy = yo, X = (x1, x2, x3), and 6 = ¢° satisfies the as-
sumptions of Lemma 2, as long as we choose
S =Pr(Y1=n|Y1>q1, Yo=y0, X =x, A=a),
fO1l0) =Pr(Y1=n|Y1<q1, Yo=y0, X =x, A=a),
g2|1) =1{y2 =0},
g(y2|0yy1) :Pr(YZ :y2|Y2 < Q’ Yl :yerZ-xy A :a),
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and

T =a+z(y0, X1, 00) —Ag :oz-l—x/lﬁo + 720 —Agys
ma (1) =a+z(y1, x2, 0°) — Ag_1 =a+x5,8° + 731 —Ag-1,

m3(y2) = @+ z(y2, x3, 0°) — Agy =+ x58° + 732 — Ags»

where w = y; and v = y», and z(y;_1, x4, 0) is defined in (3). Plugging those expressions
for 71, m2(y1), and w3(y2) into the moment function m(y, w, v) in Lemma 2, we find that
this moment function exactly coincides with my, 4, 0,45, X, 6°) in equation (11) of the
main text. Thus, by applying Lemma 2 to the distribution of Y conditional on 4 = «,
Yo = yo, and X = x (the lemma does not feature those conditioning variables, which is
why we are applying the lemma to the conditional distribution), we obtain

E[myO'QIrquS (Y’ X’ 60)|Y0 = yO’ X =X, A = Ol] = 0»

which concludes the proof for the case g2 = Q.

Case g = 1: The result for this case follows from the result for g, = Q by applying
the transformation Y; > Q +1—Y;, Ay > —Ag_g, B —B, Y¢ = —Yo+1-v,» Ai> —A;.
This transformation leaves the model probabilities in (5) unchanged but transforms the
moment function in (11) into the one in (10), implying that this is also a valid moment
function. O

Proor oF THEOREM 2. Aswas the case in the proof of Theorem 1, we consider the three
cases gz €1{2,...,0—1}, g2 = O, and g2 = 1 separately.

Case g2 € {2, ..., Q — 1}: In this case, we define
1 if YS <{2,
W:=Y, 1, Yi:=1{Y: > q1}, Ys:=1{Ys11 > g3}, Yo:i=12 ifY,= q2,
3 ifY;>qo.

Let Y71 = (Y,_1, Yi_o, .. Yo) Our ordered logit model in (4) then implies that the
joint distribution of ¥ = (Yl, Y, ¥3) and W conditional on A =, Y"1 = y=1, X =
(x1, x2, x3), and 0 = #° satisfies (22) and (23), as long as we choose

fori) =Pr(Yi=n|Yi>q, Y 1=y, X=x, A=),

fOr0) =Pr(Yi=n|Yi<q, Y ' =y, X=x, A=),

Pr(Yo1 <qs|Ys<q2, Yior=y1, Y =)y, X =x, A=a)
ify3=0,

Pr(YS+1 > q3|YS <42, Ys—l = Ys—1, Yt_l Zy[_ly XZX» A= a)
ifys =1,

P31, ys—1) =
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Pr(YS+1 = q?)lYS > (g2, Ys—l =DYs—1, Yl_l =yt_1, X =x, A Za)

(3513, ¥5-1) i35 =0
p3(313, ys—1) = _ _
Pr(Yss1 > q3|Ys > g2, Yoo1 = ys—1, Y’ Tyl X =x,4 = a)
if55 =1,

and

m o =a+z(yi—1, X, 0 )\ql—a+x/z:30+7(y),,l—’\q1»
min)=a+z

Ys—1, Xs, 0) )\qg 1—a+xsﬁ +7ys /\42—1’
m22(1) = a + z(ys—1, x5, 0°) —

= a—}—xsﬁo + ’y}’s—l = Agy»

(
(
(
(

mTI=a+z qs,xs+1, )—/\q3=a+x’s+1’[30+y22—/\q3,
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where w = y;_1, and z(y;—1, x¢, 0) is defined in (3). Plugging those expressions for 7,
mp,1(w), m2,2(w), and a3 into the moment function m(y, w) in (24) we find that this

(t,s,s+1)

moment function exactly coincides with %5, 0 (v, x, 6°) in equation (12) of the
main text. Thus, by applying Lemma 1 to the distribution of Y conditional on 4 = «,
yi-1 = ¥ ~1 and X = x (the lemma does not feature those conditioning variables, which

is why we are applying the lemma to the conditional distribution), we obtain

E[m{yi ) (Y, X, 00) Y™ =y'"L X =x, A=a] =0.

Applying the law of iterated expectations, we thus also find that

E[lw(Y1,..., Y )m{G5tD (Y, X, 6°)|Yo =yo, X =x, A=a] =0,

which concludes the proof for the case g2 € {2, ..., O — 1}.
Case g2 = Q: In this case, we choose
Wi=Ye_1, V=Y, Yo=UYi>q}, Yo=1{Y2=0}
)7, =1{Y3 > g3}.

Our ordered logit model in (4) then implies that the joint distribution of Y =(Y1, Y, Y3),
W, and V conditional on 4 = «, Y"1 = y'~1, X = (x1, x2, x3), and 6 = 0° satisfies the

assumptions of Lemma 2, as long as we choose
fsm1) =Pr(Yor=ys1lYe > q1, Y =y, X =x, A=),
fs-110) =Pr(Yor =y |Ye=q1, Y ' =y, X =x, A=a),
gyr—1[1) =1{y,-1 =0},
gr-110, ys-1) =Pr(Y,o1 =y |Ys < O, Ys1 =y 1, X =x, A=a),

and

T = a—i—z(yt_l, Xty 00) —Ag =a+x;BO + y(y)H — Agi»
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T2 (Ys—1) = @ + z(Ys—1, Xy, 90) ~Ag_1=a+x,B0+ 73571 —Ao-1,
7T3()’r—1) =a+ Z(}’r—l» Xr) 00) - )\q3 =a+ X;BO + 737_1 - )\qg,

where w = y;_1 and v = y,_1, and z(y;_1, x;, 0) is defined in (3). Plugging those expres-
sions for 71, m2(ys—1), and m3(y,—1) into the moment function m(y, w, v) in Lemma 2 we
find that this moment function exactly coincides with ny, 4,,0,4;(», x, 6°) in equation
(13) of the main text. Thus, by applying Lemma 2 to the distribution of Y conditional on
A=a, Y"1 = y —1 and X = x (thelemma does not feature those conditioning variables,
which is why we are applying the lemma to the conditional distribution) we obtain

B3 o (V2 X, )|V =y, X =3, A= a] =0,

Applying the law of iterated expectations, we thus also find that

(t,s,r) 0 _ _ _ _
E[w(Yl, ceey Y’_l)myo,Sq:,Q,%(Y’ X, 0 )lYo =y, X=x,A= a] =0,

which concludes the proof for the case g2 = Q.

Case g2 = 1: The result for this case again follows from the result for g = Q by ap-
plying the transformation Y, > Q +1 - Y}, Ag = —Ao_g, B> =B, Y¢ = —Y0+1-Y;»
A,‘ = —A[. O

APPENDIX B: PROOF OF PROPOSITIONS 1, 2, AND 3

The following lemma is useful for the proof of Proposition 1.

LEMMA 3. LetQ > 2. Let B be a Q x Q matrix for which all nondiagonal elements are pos-
itive (i.e., By, > 0 forq#7r). Let g°, g € (0, 00)€ be two vectors with only positive entries.
Assume that Bg® = 0 and Bg = 0. Then there exists k > 0 such that g = kg°.

Prookr. This is a proof by contradiction. Let all assumptions of the lemma be satisfied,
and assume that there does not exist a k > 0 such that g = kg°. Define the vector & €
[0, 0c0)€ and the two sets Q, Qy {1, ..., O} by

0
8
h:= 0—( min —q), Q. :=1{g:h, >0}, Qo:=1{g:h,=0}.
8 gellin0) gq g + {q:hy } 0:=1{q:hy }

All elements of / are nonnegative by construction, and we have % # 0, because otherwise
we would have g = kg° for some « > 0. Therefore, neither Q, nor Q, are empty sets.
Furthermore, since # is a linear combination of g and g, and we have Bg® = Bg = 0, we
also have Bh = 0. This can equivalently be written as

Z By rhy =0, forallge{l,..., 0},

r€Q+

where we dropped the indices r from the sum for which we have 4, = 0.
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Now, let g € Qp. We then have g ¢ O, and, therefore, B;,, > 0forallr € Q, according
to our assumption on B. We have argued that Q. is nonempty, and by construction we
have 4, > 0 for g € Q. We therefore have

> Byrhy>0.

reQy
The last two displays are the contradiction that we wanted to derive here. O
PrROOF OF PrOPOSITION 1. Let x(1) = (x1, x1, x1). For yo, g € {1, ..., O}, we define

Pr(y; > 1&y» =1&y3 =1|Yo = yo, X = x(1)) ifyo#qgandg=1,
Pr(y1 = q&y, = 1&y3 > 1{Yo = yo, X =x(1)) ifyo#gandg>1,
By ie Pr(y1 > 1&y, = 1&y3 = 1|Yo = yo, X = x(1)) ‘

—Pr(y1 = 1&y» > 1|Yy = yo, X = x(1)) ifyy=gandg=1,

Pr(y; = q&y» = 1&y3 > 1|Yp = yo, X = x(1))

—Pr(y1 = 1&y2 > 1|Yo = yo, X = x(1)) ifyp=gand g > 1.

Let B be the Q x Q matrix with entries By, ;. Our assumptions guarantee that all the
conditional probabilities that enter into the definition of By, , are non-negative, and we
therefore have

Byy,q >0, forall yy #gq. 27
Applying Theorem 1, we find that the moment function in (17) satisfies
E[my()(y» 70)|Y0=YO»X=(Xl,xl,xl)]=0, fOfaHyoe‘{l,---»Q}» (28)

where y° is the true parameter that generates the data. In the proposition, we assume
that y € R? is an alternative parameter that satisfies the same moment conditions. Let
g" and g be the Q-vectors with entries gJ := exp(y]) > 0 and g, := exp(y,). Using the
definition of the matrix B, we can rewrite the two systems of Q equations in (28) and
(18) as

Bg®=0, Bg=0. (29)

Since we have (27) and (29), we can apply Lemma 3 to find that there exists x > 0 such
that g = kg°. Taking logarithms, we thus have y = y° + ¢, where ¢ = log(«). This is what
we wanted to show. O

The following lemma is useful for the proof of Proposition 2.

Lemma 4. Let K € N. For every s = (s1, ..., Sk-1, +) € {—, +3K, let g; : RK — R be a con-
tinuous function such that for all B € RX, we have:

(i) gs(B) is strictly increasing in Bg.
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(i) Forallme{l,...,K —1}: If sy, = +, then gg(B) is strictly increasing in B,,.
(iii) Forallme{l,...,K —1}: If s, = —, then gs(B) is strictly decreasing in Bp,.
Then the system of 25~ equations in K variables
gs(B)=0 forallse{—, +X with sk = +,

has at most one solution.

Proor. This is the same as Lemma 2 in Honoré and Weidner (2025), only presented

using slightly different notation here. d
PROOF OF PROPOSITION 2. Fors= (s1,...,5k_1, +) € {—, +}X, we define
gs(B) =E[my,1,1,1(Y, X, B, v0)|Yo = yo, X € X, (30)

where my; 1,1,1(y, x, B, v) is the moment function in (19). Our assumptions guarantee
that the conditioning sets in (30) have positive probability, which, together with the
definition of my, 1,1,1(y, X, B, y0) and X, guarantee that the functions g;(3) satisfy the
monotonicity requirements (i), (ii), and (iii) of Lemma 4. Theorem 1 guarantees that

gs(,BO) =0, forallse{—,+}X withsg =+,

where B° is the true parameter value that generates the data. Equation (20) in the propo-
sition can equivalently be written as

gs(B)=0, forallse {—, +}X with sx = +.

According to Lemma 4, the system of equations in the last two displays can have at most
one solution, and we therefore must have g = 3. O

ProOF oF PrOPOSITION 3. The definition of my, 4,,1,1(y, x, B, ¥, A) in (21) together with
the assumptions of the proposition guarantee that g(A) := E[my, 4,,1,1(Y, X, B°, 7Y, A)|
Yo = yo] is strictly increasing in A4, — A; forall g; € {2, ..., Q — 1}. Theorem 1 guarantees
that g(A%) = 0 for the true parameter A that generates the data. For any A € R2~! that
satisfies g(A) = 0, we therefore must have Ay, — A1 = A9 — A9, which implies A = A% + ¢
forc= A — A% O

ApPPENDIX C: LOWER BOUND ON THE NUMBER OF MOMENT CONDITIONS

Dobronyi, Gu, and Kim (2021) point out that it is sometimes possible to easily derive a
lower bound on the number of linearly independent valid moment conditions in a given
panel data model. The key insight (to be verified below) is that one can write the model
probabilities defined in equation (5) as

K
Py X, 0, 0) =k(a) Y a* e (y), (31)
k=1
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for some constant K € {1, 2, ...}, some positive function « of a = exp(«) that does not
depend on y, and some functions ¢ of y that do not depend on a. Here, the functions «
and ¢, also depend on yy, x, 6, but those arguments are dropped to focus more clearly
on the dependence on « and y. In other words, yy, x, 6 are simply assumed fixed here.
The dependence of all functions and constants on 7 is also not made explicit (here or
anywhere else in the paper).

Once we have shown (31), then a a valid moment function must satisfy

K
Zm(y)Zak_lck(y)zo, forall a € (0, c0), (32)
yey k=1

which is equivalent to

Z m(y)ex(y) =0, forallke{l,...,K}.
yey

These are K linear conditions in Q7 unknown parameters m(y). We therefore have at
least Q7 — K linearly independent solutions m(y). In other words, the model must have
atleast Q7 — K linearly independent conditional moment conditions.

What is left to do now is to show that (31) indeed holds for our the dynamic or-
der choice model, for some K < Q7. For that purpose, remember that A(e) = [1 +
exp(—e)]7!, and also define w;,, = X;B — Ay, and

a=exp(a), wq = exp(wy,q), 8q =¢exp(vq)-
Also remember that A\g = —oo and Ao = oo, which implies that
wy = 00, wo =0.

According to (5), the probability of observing Y = y, conditional on Yo = yp, X =x, A =
a, 0 = 0y, is then given by

T

Py, %, 0, a) = H{A[“’t,(yz—l) + Yy ol = Aoy, + vy, + a]}
t=1

T
_ { Wy, (y,—1)8y14 _ Wi,y 8yi—14 }
=1 1+ Wy, (y—1)8y-14 1+ Wi,y 8y,—1 4

=«k(a)p(y, a),

where
0-1 1 T 0

=]
g=1 T wiq8nd |5,

1
14wy g8ra’



936 Honoré, Muris, and Weidner Quantitative Economics 16 (2025)

and

Py, a)= {1{)’1 # Lhwy, (y-1)8y0 @ l—[ (1+w1,48y,a)
qefl,..., O—-1N\{n -1}

—1{y1 = O} — L{y1 # Qlwy,y, &y, 1_[ (1+w1,qu0a)}
qE{lv,Q—l}\{}’l}

T
X H{ﬂ{)ﬁ # Lwy, (y-1) 81 @ l_[ (1 +wr,q8ra)
=2 (g,r)efl, ..., 0-1}x{1,..., ON{(yr—1, 11}
— 1y = O} — Uy # Qlwy,y,8y,_,a l—[ 1+ w;,qura)}.

(q,r)efl,...,0—=1}x{1,..., ON\{(yr, ye—1}

Here, k(a) does not depend on y, and p(y, a) is a polynomial in a of order
K-1=Q-1)+((T-1QQ-1).

This implies that a lower bound on the number of linearly independent valid moment
conditions in this model is given by

OT —Kk=0"-Q0—(T-1HQQ-1)
=0T —(T-1Q*+ (T -2)Q,

which is exactly the number of linearly independent valid moment conditions we found
in the main text.

APPENDIX D: AN ALTERNATIVE SPECIFICATION

The model analyzed in this paper specifies that the latent variable evolves according to

0
Yi=XB+ Z YeliYii-1 =g} + Ai + €ir;
qg=1

see (2). An alternative specification would have the dynamics in the lagged latent vari-
able, for example,

Yi=XB+yY! 1+ Ai+sis, (33)

In many cases, one is interested in the dynamics in the actual discrete outcome as
in our specification (2). For example, the outcome of a soccer game is clearly ordered
(win, draw, defeat) and there may be strategic or physiological effects of past results
on actual outcomes. In such a case, the dynamics are likely to be through the actual
outcome rather than some underlying index.

A second example is the empirical application in Muris, Raposo, and Vandoros
(2025) on self-reported health status: “While there are multiple levels of self-reported
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health, being above or below a threshold at which medical care is demanded in period
t — 1 is essential in determining health status in period ¢. Galama and Kapteyn (2011)
formalized this important issue by building on the seminal work by Grossman (1972).” A
third example comes from the analysis of government bonds (see also the discussion in
Muris, Raposo, and Vandoros (2025). Government bonds are ordered ratings (20 tiers),
which can be grouped into two categories: Investment Grade (IG) and Noninvestment
Grade (NIG). IG Governments can easily raise credit, whereas NIG Governments can-
not. This has implication for next period’s credit rating for these governments. Thus, the
actual lagged value of the ordered variable—not the latent index—affects a country’s
current credit rating; cf. Rigobon (2002). Additional examples may include the analysis
of demand for ordered goods. For example, goods could be available in discrete quan-
tities (8 oz, 12 oz, or 16 0z). In that case, it is more reasonable to model today’s choice
in terms of the actual discrete choice last period. Goods can also be ordered in terms of
quality. In that case, one might model this period’s choice (low, medium, high quality
variety of a product) in terms of the actual choice in the previous periods. In conclusion,
there are many settings of applied interest where interest is in the relationship between
the current and lagged actual value of the discrete variable.

However, in some applications, (33) may be a more natural specification. With that
in mind, we performed a numerical experiment to explore what happens when the tech-
niques in our paper are applied to data from a DGP with dynamics that are linear in the
lagged latent variable Y*, ;.

Specifically, we consider the case of binary choice, which would be the worst case
in terms of approximation error. Specifically, we consider the dynamic binary choice
model with fixed effects, with Q = 2 and T = 3, with (X7, X, X3, Yg) € {0, 1}* with equal
probabilities, and set 81,0 = 1. We let the autoregressive parameter range over

vo € {—0.9, -0.75, ..., 0.6, 0.75, 0.9},

and let the fixed effects takes on the values 4 € {-2, -1, 0, 1, 21.

We generate data from a DGP1 that is consistent with our model (2), and from a
DGP2 with outcome equation (33). For DGP2, we draw Y ~ N (0, 1).

We construct optimal instruments under DGP1 evaluated at the true value of the
parameters,

Z*(yo, x1, X2, x3; B10, Y0) = D' (o, x1, x2, x3, B10, Y0)Q (Y0, X1, X2, X3; B10, Y0)
and form the unconditional moments,
h(b, ¢) = E[Z* (Yo, X1, X2, X3; B1o, Yo)m(Yo, X1, X2, X3; b, ¢)].

To explore the sensitivity of our results to DGP2, we approximate E(4(b, ¢)) using
500,000 draws for each value of the conditioning variables. We determine the values of
(b, c) that set the moments equal to zero under both DGP1 and DGP2.

Figure 1 reports the results for the regression coefficient. Each panel corresponds to
a value of A. The autoregressive parameter vy, varies along the horizontal axis. Results
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Solid: DGP1. Dashed: DGP2. A changes across panels.
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FiGURE 1. Results sensitivity analysis, 3.

for DGP1 are covered by the horizontal line at 819 = 1, as expected. Results for DGP2 are
given by the dashed line. Even for large values of 1y, the pseudo-true values of b are close
to B1o = 1, deviating by at most 0.25. Thus, the moment conditions seem to be robust
against severe misspecification.

We also report results for vy, in Figure 2. Some care is required in interpreting these
results, because the interpretation of y differs across the two DGPs. When the true y
(horizontal axis) is 0, the (pseudo-)true values of y are 0 for both DGPs. Results for DGP1
(solid line) are on the 45-degree line, as expected. Results for DGP2 always have the right
sign, and are typically close to the true 7.

APPENDIX E: THE USEFULNESS OF THE MOMENT CONDITIONS

The Monte Carlo results in Section 5 suggest that GMM estimators based on the mo-
ment conditions in this paper can exhibit fairly large biases even when the sample size
is moderately large. In this subsection, we attempt to disentangle the potential value of
the moment condition proposed in this paper from the finite sample performance of a
particular implementation of a GMM estimator. We do this by calculating the asymp-
totic variance of four GMM estimators for three generating processes. We then compare
the mean squared error implied by the (first-order) asymptotic distribution for the four
estimators to each other and to that of a simple correlated random effects estimator de-
scribed below.

The correlated random effects estimator will typically have some bias when the
claimed model for the individual heterogeneity is misspecified. We calculate this bias
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Solid: DGP1. Dashed: DGP2. Pseudo—-true value of gamma on vertical axis.
"A’ changes across panels.
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F1Gure 3. RMSEs Implied by the Asymptotic Distribution for Design 1. Note: The figure shows
the root mean squared error as a function of sample size predicted by asymptotic theory for
five estimators: The correlated random effects estimator (blue), the estimator that efficiently ex-
ploits all the conditional moment conditions (red), efficient GMM based on many unconditional
moments (green), efficient GMM based on few unconditional moments (yellow), and inefficient
GMM based on few unconditional moments (purple).
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Ficure 4. RMSEs implied by the asymptotic distribution for Design 2. Note: The figure shows
the root mean squared error as a function of sample size predicted by asymptotic theory for
five estimators: The correlated random effects estimator (blue), the estimator that efficiently ex-
ploits all the conditional moment conditions (red), efficient GMM based on many unconditional
moments (green), efficient GMM based on few unconditional moments (yellow), and inefficient
GMM based on few unconditional moments (purple).

by maximizing the expected value of the objective function for the estimator. In order
to make this computationally feasible, we consider very simple designs in which the
explanatory variables are discrete. We set T = 3, Q = 4, and the number of explana-
tory variables to three. The joint distribution of the explanatory variables and the initial
condition can take 100 different value with equal probability. These 100 values are con-
structed as follows: The initial condition, yy, is drawn are random from {1, 2, 3, 4}, and
12 random variables, &, ¢;, (j=1,...,3,t=0, ..., 3) are drawn from a standard normal
distribution. These are all independent. The explanatory variables and the specification
for the heterogeneity are then defined in two steps. For t =0, ..., 3, the first explana-
tory variable is first defined as x1;, = &1, + éo+ 1{t=1,y0 =2} + 1{r=1, yo = 3} — 0.4,
the second explanatory variable is first defined as xz; = 1{&2; + &0 > 0}, and the third
explanatory variable is first defined as x3; = (&3, + &p)?. This is not meant to be a re-
alistic distribution, but it captures the idea that there is likely to be some correlation
between the explanatory variables and that some of them are likely to be correlated with
the initial condition. For each of the 100 points of support for the initial condition and
the explanatory variables, we then initially define one of the following for each of the
100 points of support for the initial condition and explanatory variables: i = 0, o2 = 2
(Design 1), u =0, 0% = exp(£11) (Design 2), or w=exp(: 32 &11), 02 = exp(3 Y0 £10)
(Design 3). In the second step of the definition of the explanatory variables and the spec-
ification for the heterogeneity, we normalize each of the three explanatory variables to
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F1Gcure 5. RMSEs implied by the asymptotic distribution for Design 3. Note: The figure shows
the root mean squared error as a function of sample size predicted by asymptotic theory for
five estimators: The correlated random effects estimator (blue), the estimator that efficiently ex-
ploits all the conditional moment conditions (red), efficient GMM based on many unconditional
moments (green), efficient GMM based on few unconditional moments (yellow), and inefficient
GMM based on few unconditional moments (purple).

have mean 0 and variance 3. For Design 3, we also normalize p to have mean 0 and vari-
ance 1, and for Designs 2 and 3, we normalize o> to have mean equal to 2. For each of the
100 points of support for the initial condition and explanatory variables, the unobserved
heterogeneity is normally distributed with mean x and variance o. The coefficients on
the three explanatory variables, 3, are all 0.5, the coefficients on the lagged dependent
variables, vy, are 0, 1, 1 and 2, and the thresholds, A are 1, 1 and 3.

The specifications above allow us to calculate the probability of each sequence of
outcomes for each of the 100 points. With this, we calculate the asymptotic variance of
GMM estimators as well as probability limits and asymptotic variances of correlated ran-
dom effects estimators. Assuming that the moment conditions identify the parameters
of interest, we can then calculate the root mean squared error implied by the asymptotic
distribution of the estimators. In these calculations, we assume that y has been normal-
ized to 0. In Figures 3-5, we plot the log of this root mean squared error against the log
of the sample size for the parameters 8 and vy. The five estimators are (1, in blue) a cor-
related random effects estimator that specifies the distribution of the unobserved het-
erogeneity as 4 = Z?:O X035 + 2322 1{yo = q}604 + o Z, where Z ~ N(0, 1), (2, in green)
the efficient GMM estimator based on the unconditional moments that result from in-
teraction all the moments in (9)—(11) with (x> — x1), (x3 — x2) and with each value of the
initial condition, (3, in yellow) the efficient GMM estimator that is based on all the mo-
ments in (9)-(11) first aggregated over all values of ¢; and g3 and then interacted with
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(x2 — x1), (x3 — x2), and each value of the initial condition, (4, in purple) the inefficient
GMM estimator that uses the same moment conditions as (3) but uses the inverse of the
diagonal of the variance of the moments as weighting matrix, and (5, in red) the GMM
estimator that efficiently combines the conditional moment conditions in (9)—(11).

The first three GMM estimators are deliberately somewhat arbitrary. A comparison
between them and the fifth estimator is meant to illustrate the value of efficiently com-
bining the conditional moment conditions.

Design 1 is a pure random effects specification. Since this is a special case of the cor-
related random effects estimator, it is not surprising that the correlated random effects
estimator is superior to all the GMM estimators in that case. Perhaps surprisingly, the
GMM estimator that efficiently combines the conditional moment conditions in (9)-(11)
is almost as efficient as the maximum likelihood estimator in this case. Designs 2 and 3
demonstrate that the correlated random effects estimator will generally be misspecified
and that this will lead to biased estimates. In these designs, the bias is low enough to
make the estimator better than the inefficient GMM estimators for moderate sample
sizes. Overall, we conclude that the moment conditions proposed in this paper can in
principle be very informative about the common parameters in a panel data ordered
logit model.
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