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ABSTRACT

This thesis is a partial investigation of instabilities in
the interstellar gas which are driven by a coupling between the
ambient radiationfield and the gas, and which do not arise when
this coupling is missed out. The modes of couplings considered
are, firstly, the attenuation of the radiation with the concommitant
effects on the temperature, density and composition of the gas, in
various combinations. Secondly, velocity dependent effects are
examined in various circumstances and thirdly, radiation pressure,
not included in the other two, is looked at in the simple case in

which temperature and compositional changes are excluded.

The explanation of why these instabilities may be of interest,
and an outline of the extent to which similar instabilities have
been investigated, is given in Chapter 1. Chapter 2 gives details
of the basic equations used in the case in which the absorption line

shape is ignored.

Many of the equations are used in the other chapters. The
equations are linearised in perturbations of the density, temperature,
radiation field and composition, and the resulting dispersion
relationship is found for a harmonic perturbation. Because of the
attenuation term in the radiative transfer equation, the poly-

nomial has complex coefficients.

In Chapter 3 we investigate the properties of the roots of a
complex polynomial by an extension of Routh's methods, and derive

a set of criteria to determine the number of roots which have positive

real part. These roots correspond to exponentially growing



perturbations, or, in other words, they correspond to instabilities.
Later in the chapter we apply these methods to Field's dispersion
relationship for thermal instabilities and derive many of his
conclusions in a fairly simple way. By a slight extension the
method yields estimates of the growth times of the instabilities.

Some related situations are also examined in a similar way.

After the detour of Chapter 3, Chapter 4 gives details of some
models of the heating and coolingof the interstellar gas as well as
of the reactions to be considered, namely the formation and
destruction of H2 and of carbon ions. Some of the limitations of
the models are also discussed and the roots of the dispersion relation
are given for different values of the parameters. New instabilities

do appear; for H, their timescales of growth are rather too long to

2
be of interest; for carbon 'no short timescale instabilities are
discovered. Chapter 5 gives similar details for avsystem of pure
hydrogen gas which may be of interest in studies of the formation of
the first generation of stars. In Chapter 6 there is a criticism

of an earlier work by Schatzman on a similar subject, in which it is

shown that his analysis was wrong.

Chapter 7 deals with a new possibility, namely that, as the gas
moves, photons will be seen to be shifted in frequency and so the
molecules will be exposed to a new set of destructive photons at
frequencies which have not been selectively absorbed in the
unperturbed gas. First the simplest case, that in which the
temperature is unperturbed, is treated analytically. The attenuation
of the radiation field is not considered. The effectiveness of

this doppler-induced effect depends upon both the absorption profile



and the radiation spectrum; _these factors as well as temperature
perturbations are included next. Both line absorption and
continuum absorption are considered. The former is used to
investigate the stability of the interstellar gas and of pure
hydrogén gas, where hydrogen molecules are dissociated by line
absorption; the latter is used in connection with HII regions and
‘also the interstellar gas where the photodissociated species are

hydrogen atoms and neutral carbon respectively.

Radiation pressure was not included in the previous chapters
but in Chapter 8 a modified version of Field's theory of instabilities
driven by radiation pressure is presented. The new feature is that
the frequency dependence of the absorption coefficient is included
in the equations and this, in the case of a flat radiation spectrum,
leads to an exact cancellation of the dominant term in Field's

!

equation. Several restrictive features of Field's conclusions are

thus modified and seem to make this instability rather more useful

in the study of instabilities in the interstellar gas than it

appeared in Field's work.
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CHAPTER 1
INTRODUCTION

Instabilities of various kinds in large gas clouds have been of
interest to astrophysicists for some time. The explanation for this
interest is in part the fact that the distribution of matter in the
universe is not smooth but clumpy, clumpy on the scale of megaparsecs
in the form of galaxies and on the scale of parsecé‘in the form of
stars and discrete clouds in the galaxies. These clumps do not seem
to be explicable by arguments about statistical fluctuations.
Astrophysicists would like to explain these inhomogeneities in a way
that is simple enough to understand and to calculate, and that is
also not too 'ad hoc'. One way to start is to assume everything is
uniform and steady and then see what develops, introduciné a few
simplifying assumptions along the way. An alternative is to assume
that initially there is chaos which is uniform in some sense.  Both
of these have the advantage that one can argue that the initial
conditions chosen are not too 'ad hoc' in that steadiness and chaos
are in some way objectively defined starting points and not ones
chosen subjectivély to explain the particular phenomenon being
discussed. Also one would hope that the final state would to a large

extent be independent of the initial state.

One method of investigating instabilities in a uniform, steady,

unbounded.. gas involves linearising the equations of motion, mass and
energy with respect to small variations in some of the physical
quantities superimpésed upon the steady uniform initial state.

These perturbations are then assumed to have harmonic space and time

variations exp(gt + ik.r) so that, because the equations are linearised,



the condition for consistency usually becomes P(k, B) = 0, where P is
a polynomial in k and B whose coefficients are functions of the initial
conditions. Regarding k as a real parameter one might be able to
solve the equation for B and find the conditions which allow Re(B) to
be positive, corresponding to the exponential factor increasing in
time, that is, corresponding to an instability. It is in fact not
always necessary to solve for B explicitly because there are often
easily stated criteria which give the number of roots with positive
real part for a given polynomial. However, these latter methods

do not, without further work, give one the size of Re(B), which is

of considerable interest since the timescale for growth of the
perturbation is 1/Re(B). The timescale is critically impdrtant for
if this is too long the existence of the instability may be
insignificant; too long in this context means longer than the time-
scales of those processes which had been neglected in the initial set
of equations. Examples of the points menticned above will be given

in the following chapters.

The treatment of non-uniform situations is rather different.
One method involves assuming that 8 and the various amplitudes are
dependent on the position in the gas in a continuous and slowly varying
manner. A second method involves finding an exact solution to the
full equations and boundary conditions, then linearising the equations
and solving them for the spatial dependence of the perturbation exactly,
against this initial exact solution of the exact equations. The time
constant is obtained fram the consistency condition that a non-zero

solution exist. An example of the latter method is given in Chapter 6.



When one is interested in perturbations that are not infinitesimal
then the equations must not be linearised but must be solved in some
other way. Numerical solutions have been found in some cases. These -
calculations are of importance in order to determine how far the
instabilities which develop in the infinitesimal regime extend into

observable consequences.

Jeans (1929) gave an approximate treatment for a self-
gravitating, uniform, stationary gas cloud, using the first method
outlined above. It was approximate in the sense that the initial
conditions did not satisfy the original equations, however, later
examinations of geometries which are soluble have given similar
results. The details are given in Spitzer (1968). Jeans obtained
a minimum wavelength XJ required for the instability to develop and
by taking this as the radius of a spherical region was led to the
conclusion that the minimum mass of gas which could collapse in this
fashion was 150(T3/n)%M@, where T is the gas temperature in Kelvin,

n the number of particles per cc, and M_ the solar mass. The time-
scale of collapse is of order 5.107/n%yrs for a gas of molecular
weight about unity, and this is independent of temperature, being just
the free-fall timescale. The Jeans instability does not, by itself,
appear to be able to explain the size or the rate of formation of
many of the objects seen. Other physical processes must be invoked

if this approach is to be continued.

Field (1965) considered instabilities of a different kind, based
on the thermal properties of a gas. In the steady state the gas has
a certain density, and the temperature is one which allows a balance

between the heating and cooling processes in the gas. This



stationary state is perturbed as outlined previously and conditions for
the existence of instabilities were given as were the timescales
obtained for particular models. He neglected the gravitational terms
in his equations because he was interested in those instabilities

which had shorter timescales than the gravitational cne. Kegel and
Traving (1976) have made the extension to cover both thermal and

gravitational effects and they show the way in which the two types

merge.

Other authors had previously suggested that thermal instabilities
were of importance in the formation of solar prominences, interstellar
clouds, condensations in planetary nebulae and also of galaxies.

Field lists these and investigates them more thoroughly. Infinitesimal

2 3 4 o

perturbations in the interstellar medium, n = 7.10 “ cm °, T = 10 "k,

have growth times of about 109 yrs.

More recently Field (1971) has considered the effect of radiation
pressure on a gas and general dust mixture, taking into account
relativistic effects which alter the angular distribution of the
radiation in the frame of a moving particle. Only the dust interacts
with the radiation but it also collides with the gas. The
consistency condition becomes an integral one leading to a rather
complex non-polynomial function. However, Field managed to obtain
some approximate roots of the equation. He found that instabilities
occur only when the radiation pressure exceeds the gas pressure and
on wavelengths longer than some critical value. In the solar

neighbourhood he finds this instability would have a timescale of about

8

%%e-yrs, and this timescale is greater than the free-fall timescale
7

10
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The timescale varies as pr~ where oL is the radiation energy
density so that in brighter regions the timescale decreases. Also
the critical mass of a region which would just collapse because of

radiation pressure varies as (pro) 2 where P, is the radiation
pressure. Near the Sun this mass is about 310 M@ ifn = 10 cm_3.

Gerola and Schwartz (1976) have performed a similar calculation
with more limited scope, but they include photodesorption from the
surface of interstellar grains which gives a jet like effect on the
grain and thus a greater momentum transfer. They find a critical
density of 10”6 cm_3 in the solar neighbourhood where € is the yield
per photon from a7fu11y covered surface. Belrwy this densi;y the

growth time is 1%—-years; above it the growth time 1is §%9_ e! years

where 1 is the opacity. The photoelectric effect can play a similar
role leading to a time of growth for optically thin clouds of

3105 - 3106 years depending upon the photoelectric yield taken in
the two cases as either 0.1 or 0.01. If e > 10'-,Jr the times are
less than the average cloud lifetime and so may lead to significant
segregation of dust from gas, moreover these times depend very little

on k, the wavenumber of the perturbation, so that the perturbations

grow equally at all length scales.

Instabilities in gases due to radiation pressure have also
been studied in relation to models of the atmosphere of quasars.
Mestel et al. (1976) found that if the force of the radiation per unit
mass was density dependent then instabilities could grow in a smooth
model of quasar winds. However, in the most interesting case of winds

of relativistic velocity this was not the case,
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In their work they did not consider the modulation of the
radiation field resulting from the waves in the gas. This followed
Hearn (1972) who applied similar methods to models of the €hromosphere
of a very hot star. He showed that under these conditions the
modulation of the radiation field resulting from re-radiation of the

5

energy obsorbed by the waves would be less than 1 in 10° with

reasonable assumptions, and because of its smallness he neglected

this effect.

The composition of the gas may also vary and Stein et al. (1972)
considered the growth of perturbations in a cooling hydrogen plasma
in which recombination was occurring. This was generalised by
Yoneyama (1973) who considered the linearised equations of change in
compositicn as well as of conservation of mass, momentum and energy.
He found a new type of instability which he termed thermal-reactive
and which may occur in systems stable according to the Fieid criteria.
On the other hand some systems which would be unstable according to
the Field criterion may be stabilized by chemical reactions. For
example, if a particular system is unstable without chemical reactions
then inclusion of reactions may cause the coolants to be sufficiently
depleted as the temperature falls, or to be increased in concentration
as the temperature rises, to force the system back to the initial
steady temperature, eliminating the instability. Yoneyama studied
four reactions in gases; the recombination of hydrogen in a pure
hydrogen plasma, which stabilises the system for sufficiently high
temperatures, recambination of oxygen in a high temperature gas,
the formation of hydrogen molecules at high gas temperatures and the

accretion of hydrogen molecules onto grains at low temperatures.
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He considered each situation separately starting with a steady initial
state and for some reactions he considered two destruction

mechanisms, namely collisional destruction and photodestruction but
treated each case separately. He investigated the timescale only
for the last reaction and found it to be E%QE-years both for the very
long and very short, but unspecified,wavelengths. This is just the
timescale for the reaction. Also he states that the third reaction,
that of grain catalysed formation of hydrogen moleéﬁles, only leads

to instabilities when H2 is the dominant coolant and the density and

temperature are high so collisional dissociation is the main destruction

mechanism.

Stein et al's calculation mentioned above was extended into the
non~-linear regime by numerical methods.  Starting with an initial
situation of n = 0.3 cmf3, fractional ionisation = 0.05, T = 8200%

the gas is allowed to cool uniformly and then the development of a

spherically symmetric perturbation « §%%E£, k =-% (pc)-1 1s followed
numerically. A very dense, cool core is formed (n = 1011, T = 110%)

which is similar to the initial conditions used by Larson (1969) in
calculations on protostar formation. One dimensional perturbations
in this same system lead only to a 100 fold increase in density in

10° yrs. In both cases the initial fractional perturbation in the

parameters is about 10%.

Glassgold and Langer (1976) have studied in great detail the
reactions of formation and destruction of Carbon Monoxide (CO) and
also of water (HQO) molecules and have used these in calculations of

thermochemical instabilities in the same way as Yoneyama. They
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found timescales for these instabilities of about 4 x 105 yrs for

k > |o|/c = 3 % T - 21072 ot corresponding to
o1 410~ 310" 310 5

A << 3107 'cm and timescales 910° - 710" yrs as k”1 varies from 0.1

to 1 pc, assuming densities 100 - 1000 cm—3 and temperatures about
20°K. At the end of their paper they mention briefly that there is
an instability associated with the attenuation of the radiation field
which they included in the following approximate manner. The
radiation field is attenuated going into the cloud.by the molecules

already present and this gives rise to additional terms in the density

derivatives. For example the photodestruction rate of CO is
-t __(CO) T -1 _(CO)
ae so 1ts density derivative is proportional to —%E (CO) x ae =~

For n = 100 cmf3 there is an unstable mode for 40 < T < 80% and for
1< AV € 3 with timescale = 2105yrs and lengthscale < 0.1 pc.  This
instability disappears both for large and for small optical depths.

Av 1s a measure of the total extinction of radiation at visible

wavelengths and is defined for example in Spitzer's book (Spitzer 1968).

A broader, if somewhat less detailed, theory was put forward by

Reddish (1975) who considered the formation of H, molecules on grains

2
associated with the gas. Laboratory experiments had shown that the

efficiency of conversion of atoms to molecules was increased by the

presence of layers of H, on the grain surface. Reddish wrote

2

,é_ﬁ“z = Ywa AP (R)
ot

where ng> Ny, Ny are the number densities of grains, hydrogen atoms
2
and hydrogen molecules respectively, Vi, is the thermal velocity of H

atoms, y is the usual efficiency factor - taken as approximately unity
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and ﬂa2 is the surface area of each grain. The extra factor Ny is
supposed to represent the effect just mentioned. However, this2
cannot be correct for nH2 > 1 since the maximum rate of molecule
formation is the rate of incidence of H atoms onto grains. In
fact this nH2 represents the gas density of H2 whereas the
experiment relates to the amount of molecules on the grains so that
a factor P(nHz) should be used where YP(HHQ) < 1, and P(0) = 1.
Reddish suggested that regions within 1 mag ofAextinction of
thermal radiation are related in grain temperature and so spheres of
this radius are the regions which will collapse if anything is
because of the great dependence of reaction efficiency on grain
temperature at least near a certain critical temperature.  Conversion
of atams to molecules leads to a reduction in number density and

hence of pressure and so the region will be compressed by the

surround%ng regions. The time for this collapse is given by (R) as

H
about 2 » which may be compared with the other timescales of
(dny; /dt)

interest a%d a %@nario of a self-regulating star formating system is

outlined by Reddish.

Earlier Reddish and Wickramasinghe (1969) had considered the
freezing of H2 onto grains which again leads to a reduction in
pressure and hence to compression by the surrounding gas.  Various
authors had later argued against this freezing process (Greenberg
1969). However, the form of (R) allows many of the details of
Reddish and Wickramasinghe's calculation to be carried over and in
fact many observed features of galaxy and star evolution are apparently

explained.
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When the more reasonable factor of P(nHz) is used the form of
the timescales are changed and the model can no longer explain star
formation as satisfactorily as before. A similar modification has
in fact been made by Reddish (1974). However, he did not take the
thermal properties of the medium into account.  Yoneyama concluded
that only in those situations in which H2 is the main coolant will
his thermal-reactive instability occur, and he consequently gave
details only of high temperature cases with T between 103 and 104k.
In the low temperature regime he considered only accretion onto

grains. As mentioned previously only in this last case did he give

any timescales.

A further variable of importance, which was hinted at by Glassgold
and Langer (1976),1s the radiation field; these authors,'however,
only consider its attenuation by the cloud as leading to an extra
term in the density derivative. Reddish mentioned a paper by
Schatzman (1958) which he said showed the importance of the coupling
between the hydrodynamics and the radiation field. In that paper
Schatzman performed a one-dimensional stability analysis on a finite
slab of hydrogen gas ionised by radiation incident on both sides of
the slab. He used the second method described at the beginning of
this chapter for this non-uniform situation. He assumed further
that the temperature was constant and also that the system could be
marginally stable, that is that both the real and the imaginary parts
of the time constant could be zero. It then remained to find an
optical depth of the plasma which made the equations consistent and
he claimed to have done this. However, as is shown in Chapter 6

there is a mistake in Schatzman's working - which was not given in
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detail - and his results are invalid®. This does not invalidate the
point that there may be a link between the radiation and the hydro-
dynamics, and more important, there may be important instabilities

linking these two to the thermal properties of the medium.

It is the purpose of this thesis to investigate these last
mentioned possible instabilities in a simple way. The method is,
however, no more simple than that of many other investigations into
the important subject of the nature and timescales of the growth of

instabilities in gas clouds.

Numerous applications and questions spring to mind.  Could
these instabilities aid Reddish's §énario by decreasing the time-
scale in the required way? Given this then his scheme would have a
firmer basis. Is the method useful for investigating thé stability
of H and H2 globules in HII regions (Dyson 1968)? On a larger scale
could similar instabilities be helpful in explaining galaxy formation,
applying to not only hydrogen ions, atoms and molecules but also to
other species? This raises a further point. What are the limits
to the approximations used especially in the treatment of the radiative
transport of the molecule destroying radiation and also of the
cooling radiation? This last point has been discussed by le Guet
(1973) in the case of a two level atom in L.T.E. The Eddington
approximation was used in the equations of radiative transfer. Her
investigation concerned the rate of decay of temperature fluctuations

in an initially uniform medium.

We are grateful to Professor Schatzman for confirming to us that

his results are, indeed, invalid.
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She used her results to suggest that the effective diffusion
time of cooling radiation through a medium was much increased over
that expected from simply scattering because the photons are not

only scattered but also trapped for some characteristic time before

re-emission.

As mentioned in connection with Yoneyama's work, perhaps inclusion
of other factors, such as chemical reactions and attenuation of the
radiation field, leads to the result that the thermal instabilities
Field considered and the instabilities discussed by Yoneyama may be

damped out.

In summary then, numerous unstable modes have been investigated;
slowly more and more processes are being included, especially when
the known instabilities are thought to be inadequate for some
particular purpose. Indeed it is necessary to extend our
considerations because it is incorrect to neglect known processes
when the various parameters are intimately and subtly linked.  The
gradual building up of the number of variables will, hopefully, give
one a feeling for the relative importance of the various possible
instabilities. Furthermore it is useful to have some general
algebraic methods for determining the conditions under which
instabilities grow faster than, say, the free fall timescale, other-
wise it is necessary to solve the dispersion relationships either
analytically, for very simple cases, or numerically in a hit or miss

fashion.

This thesis aims at both of these objectives, firstly by
looking at ways of including the radiation field and secondly by
developing Routh's algebraic methods. These latter methods are applied
in many situations but are a little cumbersome to use in some of the

other special applications.
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CHAPTER 2

THE EQUATIONS, INCLUDING A SIMPLE TREATMENT OF

THE RADIATIVE TRANSFER PROBLEM

2.1 Derivation of Egquations

Consider an extended, uniform, stationary gas cloud inside which
1s a uniform radiation field. Let n. be the total gaseous number

density of element 1, ng Xj the number density of species j and % 2

the number of atoms of element i in species j where element il
has been chosen arbitrarily as the reference for abundances. Let

the gas have kinetic temperature T and pressure P. It will be noted

n.
that n. = n, L a., x, and — is constant for all J.
1 % 12 L ny

The equation of number conservation for element i is-

Sy o+ M Ve =0 (.é.: 2 o+ Y (
T 2.1)
<t _
assuming a common velocity v for all species. The equation of
motion 1is

{Z”;m:}ég + VP =O (2.2)
m. is the mass of element i,

o= on ke T 4? ] (2.3)

Gravitational terms have been ignored since the instabilities of

interest will be those with timescales much less than the
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gravitational one. Field (1971) and Gerola and Schwartz (1976)
have considered the effect interactions with the radiation field
have directly on the gas dynamics. It 1s neglected here, but

discussed in Chapter 8.

For each species j, and considering 1i's such that aij 0

3 e . .
3¢ (ny Xj) +V.lvn, xj) = Formation rate of j per unit

volume minus destruction rate

per unit volume

j 1 Formation rate minus destruction?
= =X, = =
n (2.4)

1 rate per unit volume of ]

The energy equation 1s

X VT + gl - & (qp)r=0O 2.5
M, M =1 rﬁ"chﬂT' '
where

Moo= L ;EZ ™. ™y (2.6)
™ .
\



\
\vk = L . 'Xﬁ i \&Eﬂr."*’g(J}
Mo 33-\
= internal energy per (2.7)
unit mass of gas
Xj = ratio of specific heats for species j
Xj = that part of the heat of formation of species j,

per molecule, which is converted into thermal

energy of the gas

L = nrate of heat loss per unit mass of gas. The
system is assumed to be optically thin to the

cooling radiation

coefficient of thermal conductivity of the gas.

X

If’3(v, %, t) is the flux density of photons of frequency v,

position z at time t, the equation of radiative transfer is

————

22) 4 Zm:c D" = S (2.8)
< % 3

for a one dimensional system with monodirectional photon flux. Here
Oj(l)(V) is the frequency dependent extinction cross section of
species j, S(v, 2) is the source term which maintains the steady-state

field. Scattering has been ignored.

One can write

RR, l « TG T R =S, (2.9)
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I, = [ 314 S [ S

—FKK = \ gfﬁ‘EZj DQJC{;ﬁ(M)fj Sy
T
A OTE (2.10)

crkm = 4 J 0\.\(')(”)3 du

LY,

Av, 1s the domain of frequencies within which Xy Oél)(v) is not
negligible compared to the other contributions to the extinction.
This definition is vague but will be taken to be precisely defined
in the models below, and furthermore the Avk are assumed not to
overlap for different K's. It will be noted that 0 and Ry depend
on the spectral distribution , and so will in general depend on z

and t.

2.2 The Linearised Equations

Initially the system is assumed to be in a uniform steady state.
v = 0 and all derivatives are zero. For simplicity let Rj be
proportional to ny for all j so neglecting changes in abundances of
other species but including the effects of changing the density, and
then vary Ij, T, nis Xj for all j. For example ny becomes ny + Gnl.

n.
El is constant. If these variations are sufficiently small one

1
need consider only first order terms so that for example L changes

from zero in the steady state to

L= 2 Lo oS Lasn, 1—2; S (2.11)
3 .
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where
Ly = (__Q__L__> efe.
bT 3.‘ le}. ..... n"I',jl'.’ PPy
n
Since = constant = g O s X it follows that
1 ]
o . éx. = 0. (2.12)
3j KJ J

Assuming all perturbations vary as exp{Bt + ikz} the linearized

equations become:

@ %ﬁ\ + LKH‘%V‘ = O (2.13)
(2.14)
N pPBdr + KPP =0
' (2.15)
_i‘—:'f- EI"\"_%_"}\-\—ZSJ(S :O
P T n,
(@* XJ)"‘}\)E);X'J. +%};~ X&axksm?\ + Xj,h\(an| (2.16)

\
, , N 1 =
-+ X'o,'r 2T + ZK.A XJ,IK S"K Q

(\—”\" é—?;) ony ¥ (LT+ "'\'Z Brexj+ Ko K \ST (2.17)
j

P A Al
-+ :-1 < L_:K +_}|:_( .Ei\:\ +XK)@)5‘E . + Z LIK%I'K.
-~

R 0! Q)
(@ +ikr mael R (5 RS
C \

(\) \ _— a
+ T—\Q—K I\\ %xk CD
K = plz,B.- ..
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(2.19)

The necéésary condition for the above linear equations to be
consistent, with non-zero 6n1, 8T etc., 1s that thé’determinant of
the coefficients is zeroc. This provides a relationship between k
and B in the form of a complex polynomial equation in B with parameter
kK. If only one set of X IQ is varied the equation is a quintic,

if r sets of X IQ are varied the equation is of degree (3 + 2r).

Specific models are described below and the values of those
(R,e(g))—1 > 0 are given for a range of values of k. The timescale
of growth, that is the time in which the perturbation grows in
amplitude by a factor e, is 1/Re(B). By a simple extension of
Routh's criteria one can discover whether the polynomial above has
any roots with Re(B) > 0, or in fact Re(B) > Bc where 1/8C is some

critical timescale, such as the free-fall timescale.

If only one reaction is considered, namely H +I{J§EE£§}5 the

equations are

((43 \_{__)gn + P ST KD 4 = O
-

T M

Ko S XST 4 (Xa@)Sx ¢ ST 2O

(L;'_P_é )Sn v (LS +BRE)IT+ (L BRTE)Sx + LiST = O
pet |
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bearing in mind that Xy = ﬂi;X) and the determinantal condition
2

can be written

&@1-» A

A L - i
P N T M
Xn X X+ E X,

1
O

L-PB Lo +RARB L *BRTp Ly

pr
T @) - B ane R §
% 5L B,
(2.20)
\ . .
T (1) +BH,_ ;o Ly ® Lv 3K
< M, T‘\/LA
Ny = 2N A T (_\:35 m, e,
R = gas constant.

and the various subscripts have been dropped. A, M and B can be

defined by comparison with the equations given above.

R= Kg L 0 = (2.21)
woHd

(2.22)
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2. =

] (2.23)
] J

The expansion may be written:

(F’) _ (3“" (%:2-(mcav+t&<)¥:)

(L]

C
r

=

&

:\%3

>

I -X0] ~oeTXF + (e K)o

4
)

¥%)

(‘{2 n (ARX,+ B X)) -m(mw \,wmﬂ
c M M v s
+ RusT I =+ (nnv+'\\‘\)§ f Lt =B |
2"‘7 e ,S j
P_\_{ F-nld +n 35} - Qo TXe § - gl fLy BT LRTY,
< T M =- T M
-&-(r\cv\-'ﬂ\'\iz +£},5R?\Xﬁ-’r2 XT} - __I;‘)_EBRT\A L+ P X }
i M it T e
1 (8 28) {1 )
2. T M ™M
+(r-\cv-r'\\‘\){ T "'e[‘_‘\,_@ -+ ﬂn\;‘i
T ™M
= Q

(2.24)

]




Z T BRI - L, - RARX,
© = RR + P
MV
Fos PR
”‘FJ
/ (2.25)
o= LoX. - L X,
T ’
o= LoXo- LoXe

We note again that we have assumed that there is a mono-

directional flux of photons.
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CHAPTER 3

CRTTERIA FOR DETERMINING THE NATURE OF THE

ROOTS OF COMPLEX POLYNOMIALS

3.1 Uses for such criteria

In the previous chapter it was shown that if a uniform system
in a steady state were to be perturbed infinitesimally and the
space and time dependence of the perturbations were assumed to be of
the form exp{ikz + Bt}, then a polynomial equation relating B to k
and various parameters (including derivatives of the thermodynamic functions)
of the system could be obtained. For the particular case studied
the polynomial was of fifth or higher degree and the coefficients
were complex. It would be of considerable use to have an analytic
criterion to tell whether or not the system were unstable; that is
whether or not there were roots for B which had positive real part.
Field (1965) for example provided a criterion for thermal instabilities
depending upon whether any of a set of three test functions were
negative. He derived these conditions by considering the explicit
expression for the roots of a cubic equation; the dispersion
relation he derived was a cubic equation with real coefficients.
Had the equation been complex such a method would have become much
more difficult because of the mixing of real and imaginary parts on
multiplication of complex numbers, and also the greater difficulty
in algebraically finding roots of complex numbers. For a quartic
equation, real or complex, an analytic solution is also available
but is of considerably greater complexity while for quintic and
higher equations no general analytic solution is possible. It is

therefore perhaps a little surprising that a criterion similar in
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form to Field's may be obtained for any polynomial, real or complex.

In fact Field's criterion can be quickly derived using more general

methods.

The method for obtaining these criteria, which give also the
nunber of roots with strictly positive (>0) real parts and the number
of roots with zero real part, is due to Routh (1892). Routh
derived a set of rules to find the information just mentioned for
polynomials with real coefficients which consisted of considering
the signs of various test functions of the coefficients of the
polynomial. Hurwitz (1895) used a different method, following work
of Hermite, and obtained equivalent criteria to Routh's but gave the
test functions, whose signs are of interest, in a convenient
determinantal form. Irazer and Duncan (1929) gave the same
determinantal expressions independent of Hurwitz.  They all

considered real polynomials.

This chapter contains an application of Routh's method to complex
polynomials and provides determinantal forms for the test functions.
A further extension to Routh's work contained here lies in the
possibility that one can determine whether there are any roots which
have real part greater than some selected value. The importance of
this is that often the equations one starts with are approximate in
the sense that known physical processes are ignored because they
are expected to produce effects on a timescale too long to be of
interest. For example Field derived his criterion for thermal

instability neglecting gravitational processes.

If, in a particular case, the timescales of the instabilities

were longer than the free-fall timescale (Tg) and if the system
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considered were graviationally bound, one would expect that
gravitational collapse would occur before the instabilities had

had time to grow appreciably. The gravitational effects would have
to be included in the equations properly to describe any such long
time-scale instabilities. Alternatively one may be specifically
interested in instabilities growing on timescales shorter than Tg.
The extension to Routh's work mentioned would allow the statement

of criteria for there to be instabilities growing oﬁ timescales
shorter than Tg, because the timescale of growth (1) corresponding

to a root B is given by

T = ‘Re(B) (3.1)
so demanding that

Re(B) > =~ implies
g

T<T.
g

Section 2 gives an outline of Routh's method and states the
expression for the test functions if none of them are zero. Details
of the proof are in Appendix 1 as are the methods for dealing with
the cases which have some test functions zero, some applications
are included. Also in Section 2 is the modification last mentioned
as well as a related one. In Section 3 the methods are applied to
Field's equation and also equations related to that derived in

Chapter 2.
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3.2 Derivation of the criteria

Consider the general polynomial of degree n

J f(z) = P(2) + 1Q(z)

-2
Z277 4

n . n-1 .
ajz + (a1 + 1b1)z + (a2 + 1b2)

+ (an + ibn) (3.2)

where z = x + iy, X and y are real; a bi are real for all i.

A theorem due to Cauchy states that if, as z travels around a closed
contour in the complex plane in a positive direction, the argument
of f(z) increases by 2mm, then there must be 'm' roots of the
equation f(z) = 0 lying within the contour, assuming no roots lie
on the contour. Applying this theorem to a contour enclosing the

entire right-half plane the problem of finding the number of roots

of
f(z) = 0 (3.3)

which have real part greater than zero is solved if the increase
in the argument of f(z) can be calculated; Routh provided a method

for evaluating this quantity.

The contour chosen is one consisting of the y axis from +R to
-R, closed by a semicircle in the right half plane, and R is made

infinite so that the entire half plane is included.

On the semicircle the leading term dominates when R is large

so that in polar coordinates
£f=P+iQ = a R'(cos(8n)+ i sin(6n))

so as 0 goes from -n/2 to +n/2 the argument of f increases by m.
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The decrease in phase of f(z) will be given by the number of
sign changes from minus to plus less the number of sign changes
from plus to minus of (-P/Q). This number can be obtained using

a theorem due to Sturm which is proved in Appendix 2.

Along the y axis, where z = iy

_ (_a\Dn/2 n n-1 _ n-2 _ n-3 -4
P = (-1) {aoy tbyy a, vy by y ta,y
_(_ayN/2 n-1 n-2 _ _ n-3 _ n-4 | n-5
Q =-(-1) {aly + by a,y b, ¥ agy +.o..}
(3.4)
if n is even, or if n is odd consider i.f(z), and replace (-—1)n/2
(n+1)
by (-1)" 2
£ = D2 py)
£,y = -0 o)
f2(y) = -Rem(fo/fl) = remainder after dividing fb by f1
f3(y) = —Rem(fl/fz)
until fr(y) = const
= 3.5
fr+1(y) 0 (3.5)
If this sequence of functions is evaluated at the end points
y = +R and y = -R the number required is the difference in the
number of sign changes going along the sequence at the two end
points.  Zeros are excluded in the counting.  Since R becomes
infinite only the leading terms need be considered. Calling the
leading coefficients a_, a5 Cy5 C4 €tc. at y = +R then when
y = -R the coefficients become 8> "84 Cps ~Chuen. for even n and
-a_, a;> ~Cps Cgeees for odd n, assuming none of the ci's are zero

so that r = n. The case r # n is treated later.
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If the first sequence has k changes of sign then the second
and third sequences have (n - k) changes in sign, as may easily be
proved by induction. The difference in the number of sign changes
at the two endpoints as R + « is then 2k - n. It follows then that
the increase in the argument of f(z) travelling around the contour
is m(2k - n + n) so that there are %%-x m(2k) = k roots with positive

real part, assuming that r = n, i.e. that none of the c.'s are zero

and that no roots lie on the axis. In this case determinantal

expression for the c. will be

a a O -
by b a, a O
e \
- & !) ‘b“‘ ‘\).3 0—:‘3 al ’\2 -C)'
(‘ (3.6)
(
Q{,-t q{)-'}. '1\3-7. i
The proof of this equality is given in Appendix 1.
The timescale (1) of growth of an instability is
T = 1 for root z..
Re(zi5 i
If one is interested in timescales less than some T,
_ 1 .
T = = A is real (3.7)
c A

then one can change the variable to 8 = z - A.  Re(R) > 0 corresponds

to Re(z) > A, so

1
Re(z) <

2] s
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The polynomial f becomes

=T (p+ R)n + (c: x ‘\ﬂ( (34,. 4\)’“‘ N (02+ ibzX@*‘*)n-z

= a (g™« A . AR 4 - :
(6™ nfTR + na0p )
*"(Q\-\-\bo( @'\-—\ +(\\"\-\)@"“";' A « (e )(‘!22.:}) (‘3 r=3 P\l“\" L )
> c:x-\w\:\(@ +(r\’l hYE " Q+Q\-pm,’n-3) (3"‘“'91—& . )
A 2 J
= - - - -

M

N (5""51(@& R+ 1\3,} +-

F“”‘i (ot (=)Ao~ nf\jL}P‘IQQ ¥ ;(bz"(”")gbf) X

M O e QLB
-+ ((\;3+(ﬁ—1)P\'b7_ + (-2 r;;\ ) ﬂz\;‘ - )

aQ, (—30“’ (c’;,* Lb:)@n.\* (czl'#- L\o)/_)(ﬁmz‘\’ - (3.8)

t 1
In simple cases onemay use the ays 345 bl’ etc. in the

determinants of the c. . These may be viewed in one of two ways.
Either A can be fixed and conditions may be found which make

Re(B) > 0 for roots of the polynomial, or one can regard the
sequence as a method for determining A because each c. becomes a
real polynomial in A, which changes sign as the real A passes
through real roots of that polynomial. Note that if one c; changes
sign there is no guarantee that some other Cj may not change sign

to compensate the number of sign changes in the sequence. Therefore
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the roots of the various polynomials for the cj's need not correspond
to real parts of actual roots zs of the original polynomial f£(z).
However, the roots obtained do provide starting guesses for these
parts of the roots Z: . Since one is looking for real roots of

real polynomials there may be some simplification in solving the
equations for A rather than solving for the complex roots of the

original complex polynomial.

A related point is that if z has positive real part then so

does 1/z = s and if z satisfies f(z) = 0 then s satisfies

5‘-\ + (q“‘\*‘\\Dh-J%’\.\* (C‘,\..{f ‘\Dn-'z_\)s"nq;*“ - 4 Bo = Q
(©nribn)  (Trib) b (3

The use of the techniques given later in this chapter and in

Appendix 1 on this polynomial may lead to some simplification, or

1 !

at least gives a different starting point so that with ags> 2>

'

C, One can see some of the effects of changing an a,_q bn and

bn—l without involving large determinants.

3.3 Application to Field's Instability

As an application of the methods suggested in section 2,
Field's equation may be treated. This equation may be derived as

done in Chapter 2, keeping 6x = 0 = 8I, and may be written

Dol B+ KPY B + K(Y-)TL-nL) = Q
é?*-(x lﬁ;T @ pn P (Y ( \ (3.10)

P = nk.T, the subscript has been dropped from Y.

B



34.

a =1
0]
_ (y-1)u
8y = Lp ===
B
Q, =@, © Lw;\;!. (5-1) \ O
c, = - ~b, b, o, = ®
Qq, Q. \, 5 @) S ;%B(\(“‘»)
KOmgenL,) REY O
el
- pR A " — ; S A
= Kl p (3 [(J-\ Tisn \w:\ s {0 L )T Lt v'-.‘;.,r:}
.
a a, O O O
~b, b a =, O
» ‘z- . ard
€3 =" |y 97, \32 b, o = \(1(3-\\@1) L \ \...r“‘h\..nj
_bl* -\,3 Q, o, -—\:2 )
Az 9, b b, i
(3.11)
If any of

Lps ((y=1) TLp +nL ), (TLy - nL)

are negative then roots corresponding to instabilities exist.

If one changes from B to z where

z = B-A

(3.12)
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and A = ;L3 T being some critical timescale, for example the free

T
C
fall timescale, or A may be treated as an investigatory tool, the

cubic equation becomes, upon substituting,

2w T el 28] 2 Py 200 (e R
_ b

B e, J
. . | | (3.13)
TR an e A B ) L o
pr 1 J |
Use of the methods detailed above shows that if any of
a, < - (K“\'};xﬂ 4+ 3R !
¥g
/ * — e , 7 *
o= X (E»\)Y (P Tl enl, |+ m[ KR 4 (- <'_y?3£7.) j
Mo g |
+ & %LT(X"\)}LT‘ N T
ke
ey = (I Tl al )+ BEPY & 8 Ll o
M Ko (3.14)

are negative then there are roots with real part greater than A.

3

passes through real roots of the original equation.

c, is just the original expression and so changes sign as A

With given positive A there may be an instability with growth

timescale less than T, if

= (K-\)’g__ -+ 2R <O

hﬁ
(3.15)

5. - LT > 3‘\\@3 (‘T("v\’\ q:
R
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Alternatively if A is to be determined, there may be a root with
positive real part given by
A= - Ly (y-1) Gf L, <0) (%)
hr kg Lr

The sign variation of the other terms must be examined as A passes

through the above value in order to determine whether there is such

a root.
!
Similarly, if A is given then c, may be examined. For example

. !

if ay > 0, c, < 0 then c, < 0 for k greater than kC2 where

2 2
Kc = - 21 (m\*-?_(\\

b § -~

(2REY) + (O[Tl )+ by 3180
)ur'\

It will be seen that kc is real only if
2

(=0T Ly + nL ) (g-0) + 1%’( <O

e 28pY ¢ - [@-0Teoenb, (3.17)
/un(rlg

1f —C, is less than the above value, there may not be an
instability of sufficiently short timescale, but again the sign of

the other test functions must be considered.

As before, if A is regarded as a variable then there may be a

root of (3.13) with positive real part given by

N = - KK-\){(K*\)TH*W\LQ_];%% (% #)
LS S 8

2
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!

3 < 0 one can see that c3

will be negative for k < Ko where ko is given by

For fixed A > 0, if LT >0 and c

A a2 (gh\ \
fea 7 " { )EYSLT*’H] (3.18)
{F\Pb’ . Qg»\\(~rL_T»r\Lh\,j
pr
kC will not be real unless
3
_ - APY
(TLyp = nL) > s (3.19)

If a, > 0, c, > 0, Cy < 0 then there is only one root with positive
real part and this real part can only have real part greater than

A if

~(TLy - nL ) > APy (3.20)

un(y-1)

and then only for k > kC .
3

Conversely A given by

= - - M)_ dedess
A = (TLT nLn) By |

will definitely be the value of the real part of the root.

Field (1965) derived approximate solutions to this equation

s o ts

which had real parts equivalent to *, #** and #**%*, The latter

equations may be tabulated



38.

No.o& —
a_ L\ 52_ bj; ngtabiitie s a
+ -+~ + + -
A +- X - ‘ = 3 H—Q (6—\)
?Y
4 + - + 2 = Yy pn (YD
2PY
+ -+ -— - | - b_3 ! (L("\\
vy
+ -~ + + )
. _ R ~ ..tB
+ - e 4 o
N _ - - A
where
b1 = LT
b2 = (‘Y- 1) TLT + nLn
b3 = TLT - nLn

and (Y-1) has been taken as positive. If LT> 0 then Field's
approximate expressions can be seen to be exact, with the restricticn
that k must be sufficiently large, so that whenever the coefficient
of k2 in the expression for c; or c; is negative then the whole
expression becomes negative.

On the other hand if one is interested in instabilities occuring
with a finite wavenumber then the above analysis gives sufficient
conditions on k and bl’ b2, b, in order that the timescale of the

3

instability is less than some chosen value,
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3.4 Applications to more general systems

It may help to understand what is going on to consider some
very similified conditions, allowing only two out of éx, 6n, 8T and
6I to be non-zero, the condition for the other two to be zero is
that their coefficients in certain of the equations are effectively

infinite. The first special case will make this clear.

The full set of linearised equations is

a) (m@l-«-gf)gn + KP ST o+ ¥ = 32D
n v i
b) X Sn + X ST+ (Bt X ST 2O (3.22)
) (—_E_@_ +Lh)°$«~\ + ‘\F\R B \.ﬂ%"‘i‘wm:\”@m_x)%z, § L ST (3.23)
A e
(3.24)

TOISn pISTH pIixt [Exihep)TT =0

where p is the opacity per unit volume
(1) 6x = 0 = &8I

If (B + Xx) is sufficiently large then no matter what the size
of the other terms, for 8x small with respect to én, 6T, &I

equation (b ) will be satisfied. Similarly, since from (d)

L= - \‘ Pel bt 13T+ p 1 S ) (3.25)
(é&y*& K+ p)
it follows that if pxI, pTI, pnl are all very small compared to

(B/c + p + ik); then &I will be very small compared to 8x, 6T

and 6n.
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When both these conditions hold one sees that

KPsT| » | sx
T ™M
and
,(”\ {'3?'*' L{?)%ﬂ | KPSx
m
M
so that (a) may be written
2 -
mEr EP)Sn KPST = © (3.26)
n T
to a very good approximation. The approximation becomes better

the larger is (B + XX). In the same way the 8x and 81 terms may
be missed out of (c), unless of course B is such as to make the
coefficients of én and 8T sufficiently small and all four terms
become of the same magnitude. This last possiblity will be

neglected below.

Having now set 6x and 8I effectively equal to zero (a) and (c)
reduce to Field's equations which have been considered at the
beginning of this section. The use of this limited set does imply
certain constraints on the sizes of the various terms. For example,

setting 61 = 0 for simplicity, (b) may be written

S = =.b_ [ X Sna X 81

[~ TR IO

(Xt B)

Substituting this into (a)

sm[m(:h QP - ¥P X, "} + ST gr-£2he 2 0
AR T T W)

(3.27)
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The constraints become

nE 4L | Ko |
! ke 0 JIRE
L » K
T Kt

Using the equation for 8I another set of constraints may be obtained
and in order to see whether or not it is valid to use Field's
equations one should test whether or not these constraints are
satisfied. An equivalent method, which is used here, is to solve

the full set of equations to see if any new features are shown.

There are other alternatives within this special case. It
may be that for example LI and p, are very large compared to the
other coefficients in which case (c¢) and (d) are satisfied with &x
and 61 very small compared to &n and 8T and, assuming the implied

constraints are satisfied (a) and (b) reduce to

(mErg)sn « BPST =0

N T
Xn St - XT ST = (3 (3.28)

The dispersion relation is

2 2
g r -h-f-%-)ﬁ'f"ln} = O (3.29)
- N T
U 1< R SR
and there will be a growing instability 1f’-—-(?T-- TFJ is negative

My

which will occur if either XT <0 or
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9X

(—a',f) <0 (3.30)

pP.X

corresponding to the isochoric and isobaric instabilities of

Field.

(11) 8T = 0 = 8x

2
k5.

(a) immediately implies that either én = 0 or B = ii/(nm

If any two of (b), (¢) and (d) had been chosen so that the
coefficient of 8x and that of 8Twere sufficiently large that these
two equations were automatically satisfied, the third equation
would then show that if én equals 0, 8I must also be zero, or else

g%-must be determined.

Although formally possible to assume that either k2P/T or
kzP/M were effectively infinite, so allowing a different dispersion
relation to be found for B, it seems an unreascnable thing to do
because neither M nor T should be zero and the factor k2P is common

to all the terms.

(iii) én = 0 = &T

Unless (a) is chosen as one of the two equations which are
satisfied for very small 6n or 8T, it follows that 6x is zero. If
B is sufficiently large, however, it does seem reasonable to say
that the coefficient of &n is effectively infinite.  Assuming also
that (c¢) is satisfied because (ARB + LT) is also sufficiently large,
(b) and (d) remain as

(X +B)6x+XI SI
X (3.31)

p, L 8x + (B/c + p +1ik) I = 0



43.

The dispersion relation

has test functions

1
c. = =
o C
Xx
c, = = +p (3.33)
2 Xx 2
c, = k™ p Xx + (7;-+ p) [pXX - IXI pX]

<, shows that if pXx - IXI Py 1s negative there is an instability

if k is sufficiently small when Xx is positive.

pr - IX P, May be written

(),

since if x 1s constant XI §I + Xx §x = 0.

I

(iv) 8T = 6T = O

If (c¢) and (d) are assumed to be the ones with large coefficients

of 6T and 81 respectively, (a) and (b) reduce to

(m g %F)Sn + %P S% = O

(3.34)
Xm 3n -+ (X'x,"i' (3) 7O
m(33 + m A, §1+ g,—‘? e l:ig (Mx"_ﬁy\“)z © (3.35)



Ly,

N
H

]

><

€2 { mX m O & “Xx“.fgx’xx*r’!ﬁ\:\{n]

3 J

M nM
(3.36)
If any of the conditions
(1) X <0
X
(i1) Xn <0 (3.37)
‘e n
(iii) X, "} Xn <0

there will be at least one root corresponding to an instability.

(v) 6n = 0 = &8I

Taking (c) and (d) as the ones with large coefficients of én

and 8I the remaining equations read

8T dx  _
T w7
(3.38)

XT 8T + (XX + B) 6x = O
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T -
B+ (X -~ X =0 (3.39)

X
w5 <0

and B >0 1if X -
X
ie. () < 0.
P,n
Alternatively one may assume that Xn is very large so that the

equations to be used are

W 4 2 =0
T M
(3.40)
(ARE+ L )ST + (BRYB+ L., )Sx = O
(3.41)
B-Rh \R = Ly - L =
L Y ("r 5) °©
>0 | —l 3 Lx - .\:.'\‘} (O G
AN LT ™ '
R(B “M\\
When B - A/M > 0 the condition is
oL
(%) 0
5T p 4
(iv)éx = 0
( m@ \if)%n + KP ¢T = O
™ T
=PB 4 lnSm + (PRBILST + ST <O
= ( (3.43)

CNT. Sn -+ ((i “ r"!t\';v “- :\'“\) %1 = O
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which lead to

’ - Ly 4 AR
LRRQ%Q] (B b (ﬁm<2~r o+ mcvm?\, + L\(r\mﬂ\?\] (%

—

e nENy

T8 ez ) s o
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¥ &F{WRTLT" h\"'n}"\" naTly + k] Ty «n\.,\}] = 0

(3.44)

The corresponding test functions are

_ ARnm
) =
o C
c, = nm(—E— + ngAr)

e # [t 0T 2o YL P )] 0

| S

—+ | nm (L' -vmyi\?« “ rime, by

If LT is positive it follows that if (LT + ARn L

L ) is
n

sufficiently negative that the coefficient of k2 in C, is also

negative then for sufficiently large k, c, will be negative. A

2

necessary condition for c, to be negative is that

2

ARan

(LT+

Ln) < 0. (3.46)
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CHAPTER 4

MODELS FOR THE INTERSTELLAR GAS

4.1 Description of Heating and Cooling Mechanisms in L

This Chapter contains detailed models of the thermal properties
of a gas composed of hydrogen, carbon ions, electrons and grains as
elements. The species included are hydrogen atoms and molecules,
carbon ions and atoms; electrons and grains; the éarameters are
labelled by Hl’ H2’ C, C+, e, and g respectively. Simple reactions
are also included and the self-shielding thermo-reactive instabilities

mentioned in Chapter 1 are investigated in the situations considered.

The heat input in these models may come from cosmic ray destruction
and photodestruction of hydrogen atoms and molecules, photodissociation
of carbon atoms, hydrogen molecule formation and the photoelectric
effect on the grains. The gas is cooled by infra-red radiation from
collisionally excited ions, atoms and molecules, and this radiation is
assumed to escape freely from the gas. Unless otherwise stated the

details below are taken from the paper by Dalgarnc and McCray (1972).
Cosmic rays dissociate and destroy hydrogen atoms and molecules

giving an average heat input to the gas of 6.6 eV and 19 eV

respectively per interaction (Glassgold and Langer 1973a).

o= nI[= el + = bS] evson™

R (4.21)
where [.p is the heat input per unit volume per second from cosmic rays.
5’ is the primary ionisation rate for hydrogen atoms (H)

n is the number density of hydrogen nucleii.
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Hydrogen molecules (HQ) are assumed to have a cross section 1.65

times as great.

Photodissociation of H2 and carbon . atoms (C) contribute 0.5 eV

(Milgrom et al. 1973) and 2 eV (Spitzer 1968) respectively, providing

a heating rate of rph per unit volume

N \"\‘.c’(z)bc 1 %05+ :)cc'wl *D.] eV g en>
P\_\ “Z “A‘ [y [4

P 3 (4.2)

(2)

where oj is the pﬁFodestruction cross section for species j, defined

similarly to 0;1) in (2.10).

Watson (1973) and Jura (1976) have suggested that the photo-
electric effect on grains can provide a significant heating source
for the interstellar gas. Jura estimates a heating rate Fpe for

photoemission from a population of very small grains, radius about
o
50 A, for which the photoelectric yield is high, as is the energy

of the photoelectrons.

-3 -T -4 ~Td -
T, = o nC[e_. d[l——\pc T e eVem (4. 3)
be - .

e

where n, is the number density of electrons,
@

f the fraction of the extinction at 1000 A that is produced
o
by the small (50 A) grains. Jura suggests f may be as high

as 0.5
0

T 1is the optical depth at 1000 A assuming that where T4 =0

the incident U-V flux 1s the observed ambient field.
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Spitzer and Cochran (1973) had suggested that the H, molecules
formed on grains were ejected from those grains with a kinetic
energy of about 3 eV per molecule; they suggested this in order to
explain certain observed line profiles of ultra-violet H2 absorption.
However, more recently Spitzer and Jenkins (1975) state that higher
resolution observations show that the previous observations can be
explained by the overlap of two sets of absorption profiles.
Not-with-standing this latter paper Barlow and Silk (1976) have
estimated the average kinetic energy with which a newly formed H

2

leaves a graphite grain's surface as 2.3 eV, which would provide

a heating rate PHr of

"

Re

23 !"\I_DEH DCS Y U :‘3’3r eV 'l
< '(U.U)

where Vy is the average thermal velocity of H atoms, Ogr the average
grain cross section and vy is an efficiency factor of about unity

(Hollenbach et al. 1971).

. . + _ . . .
Excitation of C by collisions with electrons gives a cooling

mﬂeAf—
-20 o BT AY ~w3fT -SSM.ﬂ
/\, = “1-]\0 ML+ -+ \O e + 2 Le /
P g ' 7
_uqz\f-r /
| .*3.“_(,1 le.S)
~e\/57&:m§3

using the collisional factors given by Kaplan and Pikelher (1968).

Collisions between C' and H or H2 gives a cooling rate A2

given by
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= - e . -\\ . -1 -3
Al B N IC* [ IH+ z\\zke’ .}.—E \O eV’ e TN
b |

(4.6)

where, as suggested by Dalgarno and McCray, H2 is taken to be 0.25

times as efficient as H for collisional excitation. Collisional
rather than radiative de-excitation predominates for n 2 2 x 10L+ cme
for C* whereas neutral carbon (C), which is also excitated by
collisions, collisional de-excitation becomes impoftant for

n > 100 c:m“3 so that one must consider the details of the changes

in populations of the fine structure energy levels for carbon atoms,
as has been done by Penston (1970). Penston included only collisions
with hydrogen atoms, neglecting hydrogen molecules and electrons.

The rate constant for collisional de-excitation by H atoms is about

10 _3

2 x 100 7" am s-l, that for electrons one may estimate as 10-9 cm3 s—1

by analogy with oxygen and nitrogen atom de-excitation (Kaplan and
Pikelher 1968) so that their relative importance in determining
the level populations is

-9
mM>e 1) B =~

-\D
mxy L0 x,

which is always much less than unity in the models considered.
Therfore Penston's results will be used except that we shall include
collisions with hydrogen molecules, assuming them again to be § as

efficient as hydrogen atoms in collisions, which means that

1

ni = D(XH+ n)(Hz)

will be used instead of N«
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One may state Penston's results in the form of the following cooling

rates A, and A :
3 Yy

/\3 = D To N ‘-. eVs' o’

(4.7)

- ' o\e = -3
A,= 2w [, eVsem (4.8)

where fl’ f2 are the number densities of carbon atoms in the levels
2p2 2P1 and 2p2 3P2 respectively. By considering the various
processes by which the level populations change, both collisional

and radiative, one may write

Hh
t

(FC - HD) / (AP - ED)

1
f2 = (HA - CE) / (AF - ED)
-5 [ -
A = o83+ 530 + 3¢ L as YT
- i
no\
D = - ¥ —-21loco o 2 5{3_’"13/""
n,“ry:’
— -23
C = 20 . /Th.:(:.Q
_ - L2/T - 39/7
E = Le - Be (4.9)
_ - /T
F o= 2'b + 27000 4 L e /
T‘/:b
h

—&2
Kk = m>x, € /T



A5 represents the cooling by H2 and HD. The long lifetimes of

the excited states of HD and H2 mean that the populations of the

levels are approximately those given by the Boltzmann distribution

- -5\ T
A = m=x, X Y S\, \'S\D\OQ A
5 __~_____H2 1L
. S} 3
'5\O | RrTrys (4.10)
*_'Efﬁt;> 'L 10 &
o tr“l

—— was taken as 10-6 in all cases below unless otherwise stated.

2
The function L is made up of contribution of some or all of

the above A's and T's. If all are included then

L}

L= (A A Agr Ay he = - - TR D) eve'q
M (4.11)

The factor 1/pn is included because L is the net cooling rate per

unit mass.

4,2 ILimitations on L

The gas is assumed to be optically thin to the infra-red

cocling radiation. The condition for this is that the total

colum density of hydrogen is less than 2.5 1020 (Av) cm—2 for C'

radiation, (Av) is the line width in km s for the cooling lines.
Cosmic ray attenuation is ignored above. The range of 2 MeV
protons in the gas corresponds to a colum density of 2‘1021 c:m-2
of hydrogen. Attenuation of the ultraviolet radiation becomes
21

. . + - .
appreciable for a colum density of 210 cm 2, assuming that

grains provide the major contribution to the extinction and
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o X = 510‘22 cmz. However if
g g
T, v X (4.12)
S,

then H2 molecules will themselves be the main attenuating agent.
Taking oy as about 10" cm? one Sees that if

2

XH > 5.10-7

2

then the self shielding of Hydrogen molecules must be taken to

govern the attenuation of the radiation.

In a situation where sources of radiation are not smoothly
distributed throughout the gas but the radiation is incident on one
side of a slab of gas from sources outside the gas one may expect

that the condition of the gas is fairly constant over lengths of

1022 300 .
. dn = —= pcC. and so they will be constant over about one

about
wavelength of a perturbation if the wavevector k is greater than

610 “™n cm—l. If, however, Xy is greater than about 510-7 then
2

the 1imiting k will be OH2 n tz.

It has been assumed that the energy given to the gas which is
destined to be thermalised is in fact immediately thermalised. This

is a good approximation since the thermalising time is of order the
10

time between collisions of atoms, sec. and we deal with timescales

much longer than this.

Dalgarno and McCray (1972) mention many coolants which are not
used here, the reason is that for temperatures of 100 k or less o
cooling is the most important, unless carbon is depleted by a factor

100 more than are Silicon and Iron. Therefore for many situations
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in interstellar space the model above may be a good approximation.
However, the other species may affect the ionisation balance which
may in turm affect, for example, LT' A more detailed model is

certainly desirable, including for example the conversion of ¢t to

CO which certainly occurs at the higher densities considered in these

models.

4.3 Formation and Destruction Mechanisms

The H2 molecules in these models are formed on grain surfaces
and destroyed by ultra-violet and cosmic radiation (Hollenbach et
al. 1971, Soloman et al. 1971). Carbon atoms are photolonised

to produce carbon ions (c*) and reformed by gas phase radiative

recombination of C+ and electrons (Werner 1970). Thesewmechanisms
give
= ' ) — () = ] -
Xh,_ L nx, xg@%%‘) AXy Ty, Ly, | =
n 2 (4.13)
A - V%Sfﬂjmlf |

where Og is the gecmetric cross section of the grains, Vy the
thermal velocity of hydrogen atoms and Y is an efficiency factor of
about unity. The product X0 g VHY is taken here as 210 °° YT, with
the temperature dependence coming from the temperature dependence of
Ve ‘f is the cosmic ray destruction rate constant for hydrogen
atoms; the factor 1.65 in the last term arises because the cross
section for interaction between H, and cosmic rays is 1.65 greater

than that between hydrogen atoms and cosmic rays (Solomon et al. 1971)
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X = L LV‘\%‘ (M) ez =, o'T 1 s
2 ' ¢ e &
™ -
(4.14)
where )
< (__\_) _ \O_.\\ L\l' b — 2\ \cc:BH:T} t:,\-\.\gsw\
(4.15)

a(T) is the radiative recombination rate coefficieﬁf (Werner 1971).

R

RH and Rc are taken to be the same, the contribution to the
2

opacity of the dust. As mentioned in Chapter 2 Rk will be taken

to be proportional to n, and indeed for dust opacity
Ry = R =R =0 x n. (4.16)

In other words the shielding of C by H? and visa versa will be ignored.
Detailed calculations by Viala and Walmsley (1976) confirm that this

is justified in some cases at least.

Limitations of X

H2 is dissociated via line absorption.  Bulk velocities could
therefore greatly alter the situation because of the doppler effect
on the frequencies which are absorbed. This effect is ignored here

but is treated in a simple-minded way in Chapter 7.
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4.4 Values of the parameters

Y5

At low temperature the internal degrees of freedom of hydrogen
molecules are inactive so that Yy will be taken as that of an ideal

2
monatomic gas, as will Y for all the other species, that is

Yj = 5/3 for all j. (4.17)

Xi and B

X x 1s that part of the heat of the reaction which forms

species k which is converted into thermal energy of the gas and which
is not otherwise included in L. In this model, however, both
formation and destruction are accompanied by a heating of the gas
rather than the two processes being reciprocal with the energy released

of one being balanced by an energy absorption by the other in the

steady-state.

The real part of each of the equation in Chapter 2 is the
physically interesting part, but the corresponding imaginary part has
been added so that the exponential notation may be used. This

déx

reminder is given here for the following reason. When o is

positive the details given in the discussion of the function L will

. . . + d .
assign to a certain value since ) (;? corresponds to the heating

obtained when H, is dissociated and x is increasing.  When (g? is
negative a similar analysis will show that B has a different value
ddx dsx

because even though-zﬁ? is now negative, part of the term BRT =0

namely x— %%? still corresponds to a heating process, and so x—

. . + .
must have the opposite sign to X , and may also have different
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magnitude. This point is discussed again in Chapter 7. The

equations have been solved for two values of B corresponding to
+ - . . :

X and x and any differences are pointed out in the results.

1) ) -1
CT\'. ’G\: ’*\‘ ’Aviafo D_.C,DS’-

In these models we take the following values for the above parameters:-

LD (@
C C

17

0.5 = 1.1 107 @ ? as suggested by Werner (1970)

and assuming about half the absorptions lead to dissociation.

I, =13 105 photons cm-'2 s ~ in some models. IC is reduced
by factors of 5%3 T%ﬁ’ etc. in others. This values gives

022) IC = 1.4 10-12 s—1 which agrees with the estimates of the

photo dissociation rate of carbon in unshielded space (Wermer 1970).

o] (2), and IH

H
2 2 -
approximately equal strength ¢ each of width A, the Doppler width of

are rather tricky to define. If there are £ lines of

a single line, then the dissociation rate of H2 in unshielded space
will be 3 x 10-8 20A since the photon flux is 310_8 photons cm.-2 s"1

Hz_1 (Hollenbach et al. 1971). This rate has been calculated as

about 10710 g1
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Taking a geometrical cross section for o, ¢ = 10 cm

3
_ 3107 _ . -
L= i 300 1f T = 100 k

1 . . . .
and 2A = 310 2 which 1s a rather large fraction of the frequencies

of the photons. Making 0 smaller would require making % and 24
uncomfortably large, and would imply that a large fraction of the
spectrum corresponded to lines of photodissociation of H2 and even

more would correspond to other H2 lines. We do not want to make

o greater than the geometrical cross section and so we set

OH (2) -G = 10-15 cm—2.
2
IH was taken to be 310“ and fractions of this, corresponding
2
to a maximum dissociation rate of 310-"11 S 1.
(1) _ (2) ] .
OH = 2.5 GH because Hollenbach et al. estimated that
2 2
about 40% of the absorptions lead to dissociation.
-16 -1 ) .
\f was taken as 310 S and the attenuation of the cosmic

rays was ignored.

n
—— was taken to be 410 + § where § is the depletion factor,
H
taken in these models to be 0.1.
%, was taken to be that of the neutral gas, namely = éiiggg
T
where Op = 8.94 10 & cm.
n -1
x = — was set to (1) X4 (2) x , + 410 " and
e ni cC C
(3) x _ + 10-3 in different models.
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4.5 Photon Mean free path

With the reaction scheme suggested the dependence of the mean
free path (m.f.p.) of the molecule destroying photons may be

derived

1) H2 destroying photons

- : (2
ﬂ\"F:. %Ov R, = [!ﬂ‘:cﬁzc};?—¥‘*\3( [FY ) \'3(“)
P\'\ o\k.‘;\‘\ S
) ) -1 -2
= in;x + 10 = 1 L.r__\__\D A so] (4.18)
™
Iy ™ I;l
o

SinCaq :(.“z‘

cand f K o MI Wy in TRese medals

If IH2 - 10° photons CmeS-l, m.f.p. = ('“ +1)
. i 21 -1
corresponding to k = bnj== 10 + 11 10 cm
n 30 300 3000 30,000 am S
k_ 610720 510718 6107 g1 ot
If 1. = 103 photons cm._2 s—1
H,
n 30 300 3000 30,000 cm
k, 61018 10716 g1 10712 4t

In order to apply the linear perturbation method detailed in
Chapter 2 a necessary condition is that k the wave number of the

perturbation is restricted by

L

kc << k for the conditions used.

-m)-\
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Carbon photoionising photons

'“%FD = [,r\:‘aol -+ r\cr Dc-}
- -\
- [ n?“:}gxt* G 2\ (4.19)
IG—
o -
<% WO x . =L 107D
S = 0 T = 10 PFwﬂ%ﬂws om rg!
o\ Pk T N
= — | "D+ O = \c> %ggj. nst)
[ N
!
= [®)] = 2
n [ 185 ‘ k.
n 30 300 3000 30,000 an’
k. 210719 210718 210717 910716 2
while of I, = 105 photons cme s ~ one obtains
n 30 300 3000 30,000 am S
k_ 210719 210718 210717 710718 7t

As before one requires that

k <<k
C

for any perturbation considered.
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4.6. Method of Solution

The dispersion relation was solved numerically for a large
range of k, the wavenumber of the perturbation, and n, the number
density of hydrogen. The various derivatives, LT’ etc. were
calculated numerically and the subroutine C@2ABF of the Nottingham
Algorithm Group, made available by the Oxford Computing Centre, was
used. CP2ABF uses a version of Newton's method to find the roots
of complex polynomials, it however suffered from the defect of
occasionally producing numbers which were not roots of the equation
presumably because of overflow or underflow when multiplying very
large or very small numbers. It was therefore necessary to check
the roots of substitution into the equation and the algebraic sum of
the terms was compared to the magnitude of the largest terms.
Furthermore it was necessary to check against error intréduced by
the fact that numbers smaller than a certain non-zero value do not
register in the computer, so that multiplication of two non-zero
numnbers together can give zero in the machine. The check consisted

of using the calculated value of B in all but one of the original
6n 8T 61
§x°> &x° ox ©

into the last equation. Again the algebraic sum was compared to

equations to obtain - tc. and these values were substituted
the magnitude of the largest terms, the ratio of these two quantities
should much less than unity if the value of B is a good approximation

to a root of the equation. The ratio was 10“7 or less in most cases.
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4.7 Results and Conclusions

Tables 1 and 2 give the values of T, LT, etc. for various
combinations of n and I, and J = IC for two models. The first is

heated by cosmic rays, H, dissociation and carbon photoionisation,

2
the second by these and also the heating mechanism associated with
the formation of H, on grains. None of the situations considered

was unstable in the Field sense.

Tables 3 and 4 gives the value of 1/Re(B), whenever it is
positive, for a variety of wavevectors k, density n and radiziion

flux I, in the two models in which we lock at perturbations in the

A%

2 £

hydrogen molecule fraction x, = J is taken to be constant

H

throughout these tables.

The only point to come out of these results is that, although
there do seem to be instabilities under certain conditions, these
instabilities occur on timescales greater than the free-fall time-
scale. It will be remembered that the parameters used are rather
optimistic in that they tend to overestimate the effect of radiative
transfer.

The calculaticns were repeated using neutral carbon as the
photodissociated species, with values of I, between 13 and 1.3 10
photons c:m"2 5—1 in multiples of 100, and § equal to 0.1 and 1.0,

in model 1. Very few instabilities were found and none had timescales

less than the free-fall time.
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CHAPTER 5

A MODEL FOR PURE HYDROGEN GAS

5.1 The Heating and Cooling mechanisms

Instabilities in pure hydrogen gas are of interest when the
formation of the first generation of stars is discussed. Saslaw
(1967) gives an approximate expression for the rate of cooling by

collisional excitation of the rotaticnal levels of H, followed by

2
radiation of the energy. This may be written
AH = 1.5 10—7 TQ’u n2/3 p'e (1;X) ergs gm“1 8"1 (5.1)
2
and this is valid for
500 < T < 5000
(5.2)

and 10 <n < 10%.

We assume the heating here is some unspecified density dependent
effect giving the heating required to maintain T at 1000°%, after
including that part of rHr which comes from H, dissociation.

Yy was taken to be 7/5 for H, and 5/3 for the atoms.

2

5.2 TFormation and Destruction mechanisms

Even if there are no grains present, H, can still form via the

reactions

H+e>H + photon (5.3)

H +H-~ H, + e (5.4)
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where the rate coefficient for (5.3) is 6.06 10_19 T cm3 s-1

(Peebles 1969) and the rate of (5.4) is much larger than that of
(5.3).  Peebles suggests an initial fractional ionisation of 310~
and so we get an effective value of g (see the previous chapter)
20 20

of 1.8 10~ In this calculation we use g = 10

From Yoneyama's paper we can take the rate of collisional

dissociation to be

N/ -
XHJ ,catlhisional = M O - OC) ~3 \O QX‘) (‘S'l \DW/T )
‘ | (5.5)

With our usual expression of X_ =o(221 - x) I, we find

photo

— “
— S
S(1-)L 7 <

x“z cotl 2 (\=x) oc \6b (5.6)

5 S/
ST 5 fFe

Aale o

= ST E)‘é?a %vr T= 10 K
™S

= X = o fer T= o0tk
Yo

For the values of I and n taken here, photodissociatiocn is easily

the dominant process if T = 103 k, therefore since we fix the

temperature at 103 k we take only this process of destruction.

5
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Yoneyama states that in this case the system 1s stable. We
now investigate the effects of the radiative transfer. Table S
gives the values of the various derivatives for different I and n.

Table & shows the resulting timescales of the instabilities.
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5.3 Conclusions

There is quite a variety of conditions which give rise to
instabilities, although long wavelengths and high densities seem
most favoured. Table 5 gives the values of LX etc. The
timescales shown in Table 6 are quite short, especially in regions
with large values of I. However, none satisf& the condition that
k should be much greater than no(1-x) and so we conclude that, unless
there are exceptional circumstances giving rise to uniformity over
longer scale lengths, these instabilities will not bé very helpful

in fragmenting gas clouds of pure hydrogen. Calculations for the

three dimensional problem may change this conclusion.
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CHAPTER 6

CRITICISM OF SCHATZMAN'S PAPER

6.1 Description of Schatzman's model

This chapter is devoted to a model studied by Schatzman (1958)
of a slab of hydrogen gas ionised and heated by a flux of photons
coming from both sides. Schatzman reasoned that motion of the gas
would change the density of the gas and so affect the radiation
field. Changes in the radiation field alter the ionisation
structure producing a change in the number density of particles in

the gas which in turn affects the motion of the gas.

Schatzman's notation is used in the outline of his paper in

this section. We give next the equations used.
Tonisation
an
H _ 0 o«
rrali q nenp B S nH (6.1)
where Ny = number density of hydrogen atoms
n, = n, = number of ionised hydrogen atoms
q = recombination coefficient
S = mean total intensity of ionising radiation
o = cross section for photoionisation at the Lyman limit

h, = photon energy at Lyman limit.

Radiation field

cos® [%.§£-+ g%] = -T + I + wFe "‘cosht (6.2)
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S =T+ Fe ! cosht (£.3)
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2'r1 = optical thickness of slab at Lyman limit

F/2 is the radiation flux incident on either side of normal

to the surface

w = no. of re-emissions in the Lyman continuum

total no. of re-emissions

T = optical depth from centre to point.

Equations of motion

Pressure =~ P = (2N - ny) kg T (6.4)
where N = total no. of hydrogen nucleii
T = gas kinetic temperature
sz Boltzmann's constant.

Small disturbances propagate according to the equation

2 2 kpl
o8- 2 2 - ny) (6.5)
ot 90X

m_ = mass of proton.
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Schatzman next argued that the timescale for thermal

M
relaxation in an HII region at T = 5000k is 1i%—ig—-year*s (for

1%
example see Spitzer 1968) and furthermore T varies very little with
density so that the temperature could be supposed to be constant.
The timescale for ionisational relaxation is also very short,

8

about 1 yr. in cases where n, << N, taking ¢ = 6 10_1 cm2 and a

H
radiation temperature 2 10u K with dilution factor 10-1u, therefore
he assumed i1onisation equilibrium.  Since perturbations in the
radiation field propagate with about the speed of light and taking
typical dimensions of interstellar gas clouds as 1 pc then the
timescale for radiative relaxation will be about 1 yr. so Schatzman
assumed radiative equilbrium. These considerations together meant
that he could neglect the time derivatives in (6.1) and (6.2) and
also regard T as constant in all considerations of pertﬁrbations.

The steady state equations are from (6.1) and (6.2) with

J - .
P 0, together with

P = constant

for hydrostatic equilibrium, assuming the gas is somehow contained
within the slab, for example by external gas pressure. These
steady state equations are soluble, exactly if w = 0 and
approximately if w # 0, and S, n, and N may be given in terms of
T. Given this steady, but non-uniform solution the equations may

be linearised around them.

(6.1) gives

N +n N - n :
&N = — H on, + __H 8S (6.6)
QHH H 2 *-S—
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where 6N, GnH, 8S are the infinitesimal perturbations to

N, Ny and S respectively.

Assuming that all perturbations vary in time as eXt (6.5) becomes

x25N=£?—27(25N-6) (6.7)
m_ 0x it )

If 8S can be found using (6.2) in terms of &N and SnH then
(6.6) may be used to find énH and 6S in terms of 6N so that finally
(6.7) is an eigenvalue equation for X if appropriate boundary
conditions are imposed on 6N. Having found an eigenvalue the

function 6N may be calculated.

Schatzman assumed that A = 0 was an eigenvalue and tried to
find the values of Ty and L. to which this corresponded with
boundary conditions 6N = 0 at x = #%. He claimed that: the

appropriate values for the case w = 0 were

o= 1 1n(-§—>

0]

1

_ 1
2c ~ 20n
o

where ng is the number density of hydrogen atoms in a radiation
field of dilution W

n_ _ N2 w—l 1618.4'4

He argued that if the slab were larger, that is £ > QC, then it

would collapse.

For W = 10-1&} QC = %%§-pc, a sphere of this radius would
: 8.3 10"
contain a mass —y5 - -

For w # 0 Schatzman found that £, increased so for example

if w = O.39,£C = 1320 pc. After this spontaneous collapse
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Schatzman speculated that the gas would recombine almost entirely

and form a cool HI cloud.

Examination of the equations for w = 0 shows that his analysis

is wrong.

6.2 Analysis of the equations for w = 0, A = 0

(6.7) with A = 0 is

X :
—— (28N - 6n.,) = O. (6.8)
. Ny

Now T=0 f: n(x') dx' (6.9)

so (6.8) may be written, dropping the subscript H

P 0 _ .

—a? (I'XO -é—T— (25N - (Sl’l)) = 0 (6.10)

0 _ A

'5"-_[_- (2(SN - 61’1) = n T) (6.11)
T A ,

26N-8n=/) —F=<dt' + B (6.12)
o n(t")

A, B constant

SN=0at 1= tr, are the assumed boundary conditions.

With w = 0 (6.2) can be solved exactly

S = F e "lcoshT. (6.13)

If 8n is an even function of T then 6S and SN are also even

functions of T. At T = + Tl

T A : .
~6H(T1) = fO B—z—:[—,—)' dt +

at T = - Tl
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- - 1
- 8n( 11)-fo ~CD) dt' + B
+T)
- A \
- fo n(t') dr’ + B

since n is an even function of T by the synmetry of the situation

combined with the fact that n > 0. The symmetry fequir*es n(t)=-n(-1)

or n(t) = n(-1t). As n > 0 one sees immediately that the first is

not possible.

Gn(Tl) = Gn(—"rl) gives

T1 Ty
A - - A
fo de+B- fo n(T)dT+B
A=0 (6.14)

Since there 1s no restriction on the sign of &n as long as

n £ 0, én(1t) may be an odd function. This is considered below,

S+ SS = }i{exFi{‘j}"(“" S“‘)“"’} % -‘irrf.g»% - j::cr (\"\-\'Sr\)dx}

L

using equation (6.13) and (6.9) with (n + &n) instead of n.

s o~ g & -
r j d 2 - G a 1
B ¥ g ST i ory A% .
Q.')(\D Je \ l

-Q

-ew»i -c‘ifr\dx ’E enp g‘ = L“;’;n c\ﬂE J

SURSISEE -g‘_'

{ “e o)

c,!'\c‘l)‘ - O"Jxr\ av. Qf%\“& - Cr '(ogr\cix - S’P%\‘\A){%T
E %?i‘ﬁfe . ) )3 | \
z + exp i-c-j?:\d,(; 053:\:\%} ""f“fiy:\- o fgﬁméi % L*‘fnw%mc\‘u(}

f

(Y Yo

J
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o)

T, = O fQ ndx = o f 2
o -

1 n dx

writing w =0 fg dn dx

and remembering that 6n is an infinitesimal quantity so that the

exponential containing it may be expanded and only the terms up to

first order in én need be retained.

-, - _ - _
s = £ €0 st - w)

et () - wlr=T)  wl®)

F .e:’fg e:'r _ .e"'T ( UQ(T\) A uj(’\j))
D - 5y N N \ e~
e -€ (W(T\) =W (T),} —-e €

- [ — o~ “ -AE.‘.
_ Fe ‘&-w(r.)[e"‘.\re"j cwm[e-dt

S - w)Manh(r) - wiE)
S

(6.15)

Using this in equation (6.6)

(6.15) 2 6N - on g sn + (N = n) [tanh(t) w(t,) = w(t)]

B from (6.12) with A = 0
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In the steady state

_ Pm _

2N - n = k—BT = constant = D (6.16)
. _ Din _ - D=
. N = —""‘2 s N n = -—2—

(6.15) may then be written

Din dw + D-n

- 3t 5 (w tanh(t) - wl) = B (6.17)

where wy = w(Tl)

dw , (tamh D = 2B 4+, D)

at D+ P t Y O (6.18)

This equation has an integrating factor exg;}i }‘T DD vada (h}
o DN

<

D2 Yarr(vdr) =
9 e}*?{ S D+
T
G"\‘j(ze’_’_* e Q,r\‘i\‘h”td'fr‘\’f
D+ D+\‘-\ D-H'\

(6.19)

Sincew:cfzﬁndxthenw(T:O)=O

G =0 (6.20)

Consider now the boundary conditions 8N(t = iTl) =0

. _D+#3n dw . D-n
(6.15) gives 26N = -3 t (w tanh(T) wl)
soat 1 = T1
dw _ D- Dn

T=T1
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Now using the second part of (6.15) B must be given by

= -—&D"‘ﬂoxr)”“ h"\ . {
wy L ranlr =1 ) + D-ng ditanir, =) =
Z (D+35n,) ronbim-t) 2ot wiianive -1 = B

ol

nN & ™ (";r.i"’t‘\

[ 4]

o, (=M (Femrb b= 4
<D+~ 2,)

(6.21)

il

n
Note that B < 0 since tanh 7, < 1 and |A| << D if () << 1.

1
An explicit formula for n in terms of T may be found using
(6.1), neglecting the time derivative, and using (6.13) for S

2 TYToe
q(N - n)" = ——FKT~—-coshT n (6.22)
-T1
. 2 _ ,4Fo e
ie (D -n)" = (—535_—"—) cosht n (6.23)
using (6.16).
Let oRp = Ho9e (6.24)

hvg

n? - 20D [1 + R cosht] + D° = O

4

n =D [(1 + R cosht) -,j(l + R cosh'r)2 - 11 (6.25)

where the negative sign for the square root has been taken

because n £ N.

let cosh® = 1 + R cosht (6.26)
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n = D [coshd - sinhe] = D e ° (6.27)
-6 6/2 -8/2
D-n _ 1-e e - e
=1e - ——~ = tanh (8/2) (6.28)
D+n 1+e 0 e@/? ' e 6/2
~ &
=N Femahr <Y = snh®  R=tB  ab
[ DO+ (14 cmnin &) B oo \)
B 2]
= [ rni_ aw = f 8 = YT
\éo c"'ré |‘J\‘ 8"\ 8
(6.29)
(6.19) then is
g & h S
© 2R w, 4 W, Femin Q‘/) e A6 A4
we = ) " =)
L \D (e \ ALy
g - e ()
Neglecting the term ————A—_—é———- at first, since A << D if n_ << D
D(e™"+1) °
we require that at T = T
© & 0 B AL
w‘e\ = W, e *‘cm\m(az) (\ ' )<,-\ )
9, y
for consistency
®
\ o \
e o [ ek («g) e =By
JEed @-1) = R (6.30)
° N
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Now let 2z = e (6.31)

2,

_ 1J’ a2
%, ‘/\ — L R#F

(g_\)“\' (6.32)

To summarise, the above equation must be solved for Z4 in

order to find T,, the critical optical depth to the centre of a

1)
slab which is marginally stable against perturbations to N, n and

S. If no Z4 can be found this means that the choice of A = 0

in (6.7) is not correct. However, this does not rule out the
possibility that for some optice depths T, the situation is
unstable against such perturbations; the A's, however, may be

complex so that 3m(}) # 0 when Re(A) = 0.

Schatzman's result was Ty S 1 ln(g—)
o
so that g— N (6.33)
o

(6.23) and (6.24), with D >> ng give

D = 2Rn_ cosht (6.34)
) 1

at T = 1
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r\f ‘
= R o=\ AR X ﬂ?&f}

2

£t
sl V4

AN A

7
"
M
(U;?
\/

(6.35)

0
o

c:osh—1 (1 +R) >0

Oo
SO z = e

>> 1 (6.36)
O 1

(6.32) may then be approximately written as

since z is always >> 1

2

j‘ 2 A2
= = =
2 «/'ZL”L\.R

2

= YJ;’"—- L & ]2

<]

Y4 '
E*T—U"}lz “[2:"\“'%] (6.37)

Now the RHS must be less than z1 therefore no 21 can be found to

satisfy (6.32), so that one cannot use Schatzman's value for Ty
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The integral involving ————éfé—-is negative so that its inclusion
D(1+e )
makes the inequality worse.

The assumption that R >> 1 forces the conclusion that (6.32)
has no solution. It remains to be seen whether a solution is
possible if R << 1, in this case Z is approximately unity so that

one cannot neglect 1 with respect to z hrou out the range.
Numerical integrations with R = §,1,1074, 107° show no so ution.

The above calculations assumed that dn(t) was an even

function of 1. If én were an odd function of T, then using

similar methods

i? tanh(t) [w(r) - w(rl)] (6.38)

(6.12) evaluated at T = T4 gives

t1op gt

6n(T1) = fO ~ES)

+ B since 6N(T1) =
evaluated at T = -Tl

T A
Gn(—rl) = —Gn(Ti) = fo E?_TdT + B

combining these two,

B=20 (6.3%)
%
2 8N-=- %5n = J‘ R o
m (V)
N () ey (em)
"M

. D0 QW -+ D-0 banh ) (W= W)
“ + 2 (6.40)

which one can write
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g—-(w -w,) + (D-Q) tanh(t) (w - w,) = fT A dr!
T 1 Dn 1 o n(t")
(1)
_ (D+3ny dw D-n ‘ , o ‘
286N = ( 5 ) rr + (~§—J tanh(¢) (w w]) (6.41)
ewﬂmnhgc&'rle
= 7 - = Pj_:_)@_o g.(g ol
0 = 26N(t = Tl) = 5 ) Il (6.42)
T=T
1
dw _ | -
T5 o = 0 (6.43)
=N
Evaluating (#) at'T = T,
T
dr
0 =
- A fo n(T)
and since n > 0
A = 0
26N - 6n = 0
26N = én (6.44)
Also
o T ! \f'\ = O
a [ (0w expl [ R0 pen &) | =
av NS E A o

v ) _\ ¢ _ C = CC’M&CAVW‘
D-N yarhn@)AT )=
Q")_\DO Q_ﬁ‘\\)% 5 LM

at 1 = Tys then ¢ = O (6.45)

W= W, for all T (6.45)

0 sinceatt =0, w=20
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. . dw _ 6n

« S1ince — - —

dat n
therefore 8n = 0 for all "~ (6.146)
and SN = o0. (6.47)

If &n is assumed to be an odd function of T then the only

solution possible is én = 0 for all T.

6.3 Linear Analysis of the Homogeneous case

It is interesting to analyse the uniform analogue of the above
model, that is the situation of a uniformly ionised slab of
hydrogen, using the methods of Chapters 2 and 3. Making the same
assumption about neglecting the time derivative in the equation of
radiative transfer but retaining the time derivative in the

ionisation equation and taking T constant, the basic equations

become

on _ B 12
=== M- - An I (6.48)
) S (6.49)
oX
2 2 kT
.?_2N= L. [(ﬁ) (N - 1. (6.50)
ot oX

Initially N, n and I are constant; changing n to n + dn etc.

the linearised equations are
,3 Sn = B(Nm\(%‘*“%“)‘ An 91 -RTSN (6.51)
i e. Qoth B(D-n)+ R‘L}—‘SN ‘?’(D"ﬁ\)-r hnSlL = O (6.52)

a > 2R X ]-:o
_%nK%\T + gNKF‘“’D‘ -;Y%\-T (6.53)
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Smel + Urexiklin = o (6.54)

where all perturbations are assumed to have time dependence eBt.

The condition for consistency is

B+ B(o-m)+ Al ~ B(D-n) Ay
= ()
—\CRT B QRT . -
s L O ﬂc*lk
(6.55)
K
MEH3R=—E

B+ Bl ®o-mxar- 2208 (ma -0+ 2wTR

Ne 4+ I

+ RIC [ B(D-r)«20T | = 2T R0 G ik) =

R AR o

(3~ B 1 B(D-rm) + XAL =« (nolfk 7]

- SRTK e

il

A RT \«TB(D W+ 2O § 20ehd \ﬂ]

5-\-‘& -*.\.,.

(6.56)

-
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Using the notation of Chapter 3

St
QU A% O B(D-n)e N AT
C:_ = - —bl —b‘ <1, - r\‘:.c'z,* e
Ql Q;_ \31.
O
-ny 4
w7 R 2P
2WAT
e

= | B(D- T‘\)-’« Y
P\‘O‘L-t *\1 hid}&“ \\’"

|

B(o>-n)+ KAL

\J{m B (D- nﬂ

Nee o

a, 4 o 0 O
-b2 -b1 a, & 0
Cy = - a; a4, b2 b1 a, =
—bu --b3 ay &, —b2
ag a, bl+ b3 a,

{2 RT R oo-m+ K0T - 2T [5(0-my 24

(6.57)

B(0-n)+
el
- ’“A.,M'L
=

(6.58)




B (D-n)+KAT

”R'T\Z'F(D-n)-r}

“1‘"1/.@

= r'RTKzB(D-ﬁﬂI :@ (B (O~r)+ E_E}I_)( nc'IPxY\)

L

whereAznzcr + k
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A O &
- 0GR B(O-n)+ KA 1
D A
2. RT . O ‘.Z‘.:l.}eﬁ_\‘ﬁ

A

2
A h

A

O KT Prg AL V\TQ\B(D-M.] 2R

2 K‘Q:;/A

- O

e .

Pa A

+ RY \«‘(B(D-m + zﬁdr_\;;;_)

2

2%T \:)nc AT RTY:‘[B(D—n\*Jj

2KAY

(6.59)

(6.60)

Since D - n > 0, B > 0 etc. it may be seen that ags @95 CpeBg3

all have the same sign therefore there are no roots with positive

real part, which is to say there are no instabilities of the form

considered, wrless <3 1S negatwe , That

v <

u:—-\\ess

EHINS?- [ e®o-m~ KhAT) BEns)

R 1A (0-n) 2X-PL)

PaN
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CHAPTER 7

INSTABILITIES INVOLVING VELOCITY DEPENDENT EFFECTS

7.1 The effects of the Doppler shift for line absorption

In Chapter 4 it was mentioned that the Doppler effect may
introduce some new features when considering macroscopic motions in
a gas. This section investigates the general formulae connected
with the effect, section 7.2 deals with an application of line
absorptions with the temperature constant, section 7.3 includes
variations in temperature and section 7.4 deals with continuum

absorptions.

Suppose that species k has many absorption lines which lead to
photodissociation of the molecule. Let Oki(v) be the cross section
for dissociation via absorption in line i.  The total contribution

to Xk from photodissociation is

X‘hk = O:“Ei"/ O;(Q(v)'ll(ﬂév

>

(7.1)

I'(v) is the photon flux received by the molecule, which will
depend on the velocity v of the gas. If the gas moves with bulk
velocity v, much less than c the velocity of light, each photon is
seen to be shifted in frequency by a factor (1 - %?) where u 1is
the cosine of the angle between the photon's and the gas's respective
paths. The number of photons incident per second per unit area will

be changed by the same factor

Consider the case of a rectangular cross section



(7-2)

where the subscript k has been dropped.

In a uniform initial state it seems reasonable to assume that

I(v) has been selectively reduced in the region v, >V > v, by

molecular absorptions. The situation may be represented as follows

L T
~
|
|
%
X
'a
1 o
lﬁ L ()
’))\ 'vz ) I
V ———

A moving molecule sees the radiation changed in the manner described

and this situation may be shown as

e e

S(H-:!)

T+ )

" (1Y) Y () Y=
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in the case where the gas is moving in the opposite direction to the

photons, which themselves are all moving in a single direction.

The integral for X_

oh may be seen to be

Kploe0) = O (%) 7.3
X.?h(\ﬂ = :xo"Io(\»r%)G)z—v\(HgD +

O(XO*SX\-\-{T)[V‘(\-M{)—VT) i (7.4)

s ldiu(vl—v.)* % {Dﬁc’.‘iokv;v,) + X Sv\_) (7.5)
= X‘\"‘N:O) * %{_X;h (v=0) + fx;d%v.n] (7.6)

to first order in (v/c).

When v is reversed the picture becomes

LA RIREN (S oY (o2 (hra (7.7)

= acho(uL-v‘)+_:fl:ccf\o(v,:%)*'x O'“LS:) (7.8)
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-

= X;h(u':o) -\-‘ E E X'?k(u-: o\) + DLCS“'ZJLS]
(7.9)

to first order in (v/c).

X;h,k(V) is not therefore a simple linear function of v, it is,

rather, linear in the mutually exclusive regimes of v in the same

and in the opposite direction of the photons, with different slopes

in the two regimes. It will be noted that the photons have been
assumed to be all moving in the same direction, as may be a reasonable
approximation to the situation at the edge of a large gas cloude, where

all but those photons incident normally to the near surface have

been absorbed in gas.

Since v, is very close to v

1 > for line absorption we can write

X;}\(\ﬂ = x;m(\"”)"" l&‘f_\y_x-‘»\\(\fm“’.)*’lcrvlgj (7.10)

When there are many lines, the effects simply add if the lines
are not too close together. One can see that this non-linear
behaviour is true for a more general line shape, at least when v is
sufficiently large, by considering a molecule with such a profile in
an undirectional radiation field, which has a deep absorption dip
corresponding to the profile. Macroscopic motion in elther
direction exposes the gas to destructive photons and the number of
such photons will be proportional to the magnitude of the frequency

shift, which is to say proportional to the magnitude of the velocity.
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When we have several rectangular absorption lines with different
values for ¢ an interesting effect occurs, as shown by the case with

two such lines

Gl vlz. > < ~7Vn
s v) = (7.11)
O V< Yo ¥ 7 Y
OL Kl > )') > v)—\
S,V = (7.12)
- W Yy, Yy,

There will be correspondingly I I, and 61, 62 and bearing in mind

the model of a slab of gas illuminated normally on one side we would

expect
—No1 —N02
I,=0e -, I,=Je (7.13)
N = colum density of the molecular species.  (7.14)
If 0y >> 0y there will come a point where 0, Iz(v = Vo ):8>01 Il(\)12 - vll)
and line 2 will dominate the photodissociation rate.  However,

51 =Jd -1, 62 =J - I2 in the simplest case (7.15)

and so in the expression for X;h(V)

X-?k(“') = u’g O'\T| (V\z'v\\\ Al czjz.(‘)n"'vz\\

(7.16)
* \.\é\ (5\1\(7\1"”.\\"’ O'lz.(vn u)

+ Gns\vn + ooy 9 Va,
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the term x oy 61 vy, can completely dominate the coefficient of v,

even though line 2 dominates the static photodestruction rate.

A final point to note is that o(v) above is that obtained after
averaging over thermal velocities of the individual molecules. The

non-linearity is dealt with next.

In an analysis of the stability of the system one would like to

expand X in first order in the various perturbations and write

oy + AaBn v Xz ST+ Z X1,

(7.17)
+ Zs XJ'xKBxK *+ Yh" s = Q
. (7.18)
Yo = (2 XJ)
v ”TT;IK J K oo se

§ will also change as the moving gas absorbs the photons at frequencies
around the absorption lines but this will be a second order effect and

so is not included in the linearised equation.

The term describing the doppler shift in absorption lines is not

linear in the velocity for rectangular profiles because as seen from

X, Sv whem  Svr VO
Kse| =
=X, Sv when 8¢ <O (7.19)
the coefficient of 6v is not independent of §v. It may therefore
seem that a linear stability analysis cannot be made, since one of
the terms is essentially non-linear. However, in the case that §v
is positive, its coefficient is constant the equations can be

1inearised and as long as 8v remains positive these equations must
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describe the motion of the system. The dispersion relation may be
found and for a given k, the roots for B may be calculated. For
each B the corresponding values of dn/éx, %g-etc. may be calculated.
Given any initial values of &n, 6T, 6x, etc., the linear time
development may be followed up to the point where v changes sign.
When 8v is negative a different set of equations must be used in that
XV is changed to X, from the first set, and then all the previous
procedure may be followed. In particular the valﬁés of &n, 8T, &x,
etc. obtained from the previous analysis may be used as initial
conditions, and as before these values may be analysed into the
modes corresponding to different B's. If there are growing modes in
one or both regimes of §v the only way that the system could remain
stable is that if, given any initial conditions, the valugs of én
etc when 8v changes sign are such that an analysis of these values
into modes of the other regime of 8v yields zero contribution from
any growing modes of this other regime. This situation corresponds
to one in which the decaying modes in one regime cancel the effects

of the growing modes in the other.

In the examples considered here, that is, without including the
equation of radiative transfer, the complex coefficients in the
dispersion relation depend upon XV so that changing from XV to -Xv
is just the same as taking the complex conjugate of each coefficient.
Therefore the roots of the two equations with X, and —XV are complex
conjugates of one another, so that if there are roots with positive
real parts for one case there will be roots with the same positive

real parts in the other case and so the difficulty mentioned above

will probably not arise.
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7.2 Applications with T constant

Case T

The simplest case to investigate which includes the velocity
dependent term in the reaction rate is that with constant
temperature and radiation field. The linearised equations are, if

we use the notation of Chapter 2,

gSn + kR ¢ =O

(7.20)

N (3% WP(S.D + .%,x) = QO (7.21)
N
| 7.22)
X8 + X, % =+ (B+%)8x =0 (
-l ..
Xe= () <« M- ._\._{;z.\,,) (7.93)
DA -,V Y Voo Jn

(5 \a Q
KPP M @ WP =O (7.24)
M M

X, X, Br¥y

1 A 2 . (7.25)
He @3+ BX, + B KP Ll-.t_,?(v]
nr,
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In order to determine whether any of the roots of this equation
has positive real part the methods of Chapter 3 may be used. The

sequence of test functions is:

CO = 1 (7.26)
C1 = Xx (7.27)
. \ @)
c, = T )
_\S_.E.?Ssr O ’Xx_,
Am M

= XP [mn’“!"\xx\&\_ _?Xl'] (7.28)

2.
s =Pl V][R ]

apart from some essentially positive factors.

There will therefore be an instability in the system if any of

the following conditions hold:

(1) X, <O (7.301)
i3 2 * (7.3011)
G Moy X < X,

‘P
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. s . z o s o
(1i1) (a) -,-,m x < X\r (7.30111)

SR
(b) (7.301v)
ez <o )

If both (iii)(a) and (iii)(b) are satisfied simultaneously Cq is

positive but (ii) is automatically satisfied.

The stability of a stationary system of hydrogen atoms and
molecules can now be investigated, assuming that the temperature and
radiation field can be treated as unperturbed. As noted in Chapter
4 the H2 molecules are dissociated by line absorptions in interstellar
space so that the methods in Section 1 can be used. Later on in this
section the effect of the true line shape is investigatea and is
found to alter Xv’ but the change can easily be included by
multiplying 6 by a correcting factor in many cases. Therefore before
going on in detail we stop here and investigate in a general way

the possible occurrence of the instability.

Using the notation of Chapter k4

K., = 9%

>
"

ng + SN

\Xu-\ = E“J)\S(_\_-_z_z_c) &

~ 2T A
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since x is of order 1 in most circumstances. Condition (i) then

may be written

(i) ng + el < O
‘which is never true.

(11) requires

%?r (na-&o?&n:ﬂ < %5‘“%;(%5-(%)

and 1f ng ~ oI, that is the fraction of hydrogen in molecular form

is near unity we arrive at
2
<)
o F\al\g,

Y

12
(

GRS <6

where T is the optical depth from the surface.
T

If the lines are thermally broadened (%)::b/-—§§)
me

. we need |

8b2 < et where b is a constant depending

ie. 3b < ot upon the averaging over the lines.
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In fact the assumption that (1 - x) z 1 is a stronger restraint
on T because in unshielded space OIOA >> ng.  Assuming now that

ng << OIOA we arrive at

R =>4 w64
KBT ?cIA 4 o

l.e. )
Yela b < € T
™3
-T
1, = J e
S0 2 3%
T AT b < e
"~
g =17 -1 .
Using g = 10 , OAJ = 310 we require
2 =
=\ \S‘__&i { =
=
. . * ~
i.e. approximately 200 <_E3 y@* e
M
L (1-x) . . :
Now T =0 fo n—~—2—dz for a uniform gas of density n where L is

the path length to the surface

. ) -
So 5 + J\n(/wy < 5’“{1:2&)&“%-
o <.

o

‘_Sq M 3’5‘"‘“’%)] oem S‘Lg(\—xX&t =
2

k=3
1T o

colum density of H2 to the surface.
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Condition (iii) reads

which i1s never true

or W)
2

5:;)@' < [i (5“)(%%:)]
i.e.’

e 2 .‘L 2

== < (2)1E)

i.e. '??&:' ¢ Eig;t
SRIO% 2y < €£t

These considerations show that one would expect that these

doppler instablities may occur at colum densities of H, of order

1010

timescales of the instability.

O

-2 . .
G7T0-15) M into a cloud. In the next section we calculate the
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It remains to find the timescales of the instabilities. If
R D_Xn\ and (7.31)
M
| > \_)3,,. \ | (7.32)
KM

the dispersion relation may be written as

@ ¥ g+ LY = o

(7.33)
to a good approximation.
The roots are
B, = - X B :ri(v?‘?\/l .
' x > 723 — (7.34)

To find the roots of the full equation write the change in Bi to
be 'Ai' » which will be taken to be negligible in second and higher

order. ° The equation for 'A' is

39»B3+19u6txx— \gs -\f-—P .)S.‘.f + Rug—P‘b\—\_Xv

~ KM
K " ) (7.35)
— EE _Yl_xm = O
M
[ ‘31.._.[ + hX P (7.36)
N
3 Ff*l(%; AL~ (B PR, L EP
LALL A "\M aUR
R -[ WX Xw+"‘x ﬁf x "Ql{/\+\f§£ 3 (7.37)
[ KM M k ™

if X is large and positive the real part of Bi + Ai will be negative.



[-1 2 lkxx<,\§.\?)'yz_1} (7.38)

.Re (Ruz) = \* u"” \?P 4 1{)\\&

[‘++ [+ 2%, (¥ ﬂ)]

which shows that if

2 3“’\ X L
Xn n‘:_;“' < v

(7.39)

there will be a root with positive real part; in agreement with a

previous result. When
Y
Xx(l‘_x_f_) * oL (7.140)
Nre
Re(hz) = x e (ERYE o 4F)
Yo kM L re M\ (7.41)
When
Xx(@i)% « i
N
(7.42)

[ —

5 M (7.43)
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Using the previously suggested values for n, I, g, o and s,

15 -1
am - o
“«nd 'f Xn nom < X v

-1
-/
,p

if k << 107

| Re (P, \ = s\t & Swtix,l

(7.44)
while if k << 10-15 cm—1
\Re' A = 2\ X
Pl | (7.45)
\XU-\ = ov%(=x) = 34 (ﬁ)(i |-x)
a2c c PNANNY ol (7.46)
¢ 22>l
DA W
J=10"%ph an? ! str? Hz'! (Hollenbach et al. 1971).

If the width of a single line is A
11

_ 410 _ %he
1= 107 aHz (a = TT—Jg%sland

-13
20 JA = 310" 310

, it follows that of = cm2 and therefore,

summing the effects of 2 lines

-
2
%
=
i
5
S,

(7.47)

and the fastest timescale T associated with these instabilities will

be, if a = 1,
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| by
Y = \O g ¥ 1o \yaahs

2\ X\ @(J)(\ -x)

(7.u8)

If C—) (1-x) =~ ——-the timescale will be 515;years while if

50 .
.
( ) (1-x) = Tﬁ it is 10° years. TFor lengthscales
k 2

_ nm . c .o

k <<k, = XX/ 3 the timescales are T(T;) . The auxiliary
., s 2 2 .
condition XV > ‘?r' n implies that
T < Zéé 1022 sec. (4.49)

In the regime k > kC,T varies as vn if P is constant, and if

k < kc, T n3/2. (7.47) and (7.48) assume a value of oJA of

310_11 s—i, the average interstellar value. It seems reasonable to
suppose that clouds nearer to hot stars than the average'will
experience a greater radiation field and T will vary inversely as the
flux density, because it is argued below that §(1-x) can be of order
J. For example Spitzer (1976) has suggested a flux ten times the

one used here in order to explain observations of two particular

clouds. The timescale for these instabilities will then be 105 years.

The quantity &8(1-x) will change as one proceeds into the slab of
gas. At each point the following equations determine (1-x) and
the changes in this and § with distance into the gas.
§ =1, -1 (7.50)
ngx = OA(IO) (1-x) = oA(I = 6) (1-x)

. _ ngx 6
. 5(1")() = —O—A—(—I_l—:g) (7.51)
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If the initial spectrum at the surface was constant and given by J

therm
I,(z) = J e 52 (7.52)
— =S z
S = JQn [\‘ eXpi - | ne(i-x)3= ‘)
Pi l: - } (7.53)

where ns is the opacity per unit volume due to the dust, and the

number density is taken to be constant.

_n —(Tasi-3)dp
3(1=x) = mex Je = -l E ]
Va

~NSZ B2 N
Teh - J Tno(i-x)d 2
e =

f%c&ﬁkhk ;}

= x| e° < (7.54)
o A
In the steady state
ngx = OAIO(l - X)
Gooome(ex) = ‘*%EQJL
< 247X,
The equation of radiative transfer may be written
dI, . rnsi, = —rolx)T,
e 2> (7.55)

A

= “D_i%:—g’-
24
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—SR
S 1 = - r-\-'“%x ..+.<:5+ T‘\lgac e
) (7.56)
2ANS 2ANS
"Y M s Ccm:;\':nﬁ\',
2
N ng=
A = 2
2 AX -
° 3“51(3'4- ngx )-— e
24MS 2405
2 (7.57)
= ™S &
[,2\'“\‘54'3'+ | - e_“s’*-)
r%fju;
* =z N
R Jhcf\-x)c\% = f _..%---—h °C
° = o 24T,

= In 2&%3L —\ (7.58)

2435 41 - ens‘a- ]

t———

N
This last integral is approximate in that x has been taken as
a constant. This is a good approximation if x is very close to
unity. Small changes much less than one will leave x still close
to unity but can alter (1-x) by a large factor. For x = 1 one

requires that

n
Z\%_o << 1 (7.59)
o)
%(\":X.) = r-\Ex 24T s -—\

o n13=(,§.1d35 +\_e“52}

ngx (7.60)
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It can be seen that |

/_,u\
Q fip
~——”
—

a o
L2
N ¥
T

{

o |
.t

(7.61)

and so (1 - x) will become an appreciable fraction of 1 when

nsSe

<

4

l+ 2JsA4
"3

with the values above and §(1-x) can be,independent of o,about J

at z = ﬁ%-ln?. The formulae above fail as this region is

(7.62)

approached but they are sufficient to show that the radiation flux

Nnsz 1

outside the line is only attenuated by a factor of e = 3 when
within the line the flux is reduced to about (%%), that is,cIA is

or order ng. In this region C%) (1-x) can be about f% or more.

Glassgold and Langer (1973c) have calculated the values of
n, T, x, etc. as functions of colum density of hydrogen from the
surface of a stationary cloud, n is about 10, T about 50 - 100 k.

At a column density of 1021 c:m_2 the fraction of hydrogen in

molecular form is f%3 so (1-x) = {% and the radiation field outside
the line will have been reduced by a factor e—2 since they take a
21 A

. . - 2 S .
grain opacity 210 cm~ per H atom. j~(1-x) will be about--kD and

the instabilities grow on a timescale 510° years.
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In summary, bearing in mind the approximations made about
uniformity, unperturbed temperature and the form of X, this
section has shown that a stationary cloud of hydrogen atoms and
molecules is subject to an instability which grows on a timescale
of about 10° years. The instability is driven by doppler shifts
in the absorption lines when there are bulk motions of the gas,
andywhen exposed to the radiation field outside the self shielding
line,molecules are dissociated producing a pressufé imbalance which
in turn leads to bulk motions of the gas. This work implies that
model calculations of H2 in interstellar clouds, for example, by
Glassgold and Langer, and Hollenbach et al., are unstable on
timescales of interest and so there should perhaps be a revision of
ideas about the evolution of interstellar clouds. Hollenbach et al.
do discuss the effect of turbulence in broadening the self sheilding
lines but do not include the dynamical effects and so they conclude,
incorrectly in the light of the above analysis, that its effect is
not great. The globules of neutral hydrogen atoms and molecules
within H II regions described by Stasinska (1973) may also be subject

to this instability.

A final point to note is that as the instability grows one

may expect the line width to increase and ¢ to decrease proportionately.

Sz

Inspection of eq. (7.62) shows that as A increases so does e , for

the region in which (1-x) tends to unity. ¢ will fall approximately

as e 52 55 that the maximum value of 8(1-x) may decrease with

increasing A, although of course these equations are approximate;
a full analysis may show a larger, certainly not smaller, value for
the maximum of 6(1-x).  Equation (7.u48) shows then that the most rapid
2JsA
)

timescale may be increased in proportion to (1 + TEX not more rapidly
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It follows that a large increase in A, a factor 10 or more in order
to make 1 greater than 3106 years, is allowable before 1T becomes
much longer than the other timescales of interest. This corresponds

to a large increase in the motion of the gas.

In the previous part of this section the frequency dependence of
o(v) was assumed to consist of a set of rectangles with equal sizes.
This is unrealistic. A major fact that must be taken into account
is that o(v) for each line is more smoothly varying than the
rectangle we have assumed, so that there is a more gradual exposure
to the unshielded radiation than previously found, tending to reduce

X .
\Y

For a single line with frequency dependence o(v) which is
everywhere a smoothly varying function of v the expression for

(v) is proportional to

@>;

N\
~ L - ¥ =
(\-F\")f\(c(v +W)ch) Q-&Qg?f \QG(JY;\_(V(\ L) ) V

(\+ Q{BJ; G(VB[T(V)‘ v 3 jél” (7.63)

=J|« () I(¥)dy + U ZJK s T(v)dv —Jme)Dl. a7 (7.64)
o ¢ v o %

to first order in (%). k is the probability that absorption leads

to dissociation.I(v) will be assumed to be given by

100 = Slﬂpg_'\wm} (7.65)
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J! = e—nSLJ, the radiation field after dust attenuation which is

the spectrum expected at a colum density N of molecules from the

surface of a slab of gas illuminated on one side by a flux J.

If o(v) is symmetrical about a frequency v, then

S

/ Q-(v)}_f[ <"\_"," = (7.66)
Y= o
because of cancellation on either side of Vo The lower limit of

the integral has been replaced by —~ to make the formulae symmetrical;
this does not affect the value of the integral if o(v) - 0 as v -~ 0.
If on the other hand I(v) is not so symmetrical there is not this
cancellation and so the second integral may be replaced by, as a

rough approximation

VD
& —~MNa6d
= NIy fowmdee 4
.y (7.67)
JJO
© Ne ’ ~Neg
= - N\_B/)) J o < AT = __3),3\- e <\+M©’D>}

O-o

I(v) is ‘assumed slightly smaller on the side Vo >V and NO(\)O) is
assumed to be large so that the major contribution to the integral
comes from around v = V_ + A where A is the line width, o > 0 fairly

rapidly for |v - \)Ol > few x A.

-No B
For e ° to be about 10 6, NGE) is about 1u.
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s

J‘ DL 4 | T SETY
Vs> oL @Y F ¥ = N 2N
) S0 2 x i (7.68)

so that X is reduced by about an order of magnitude from that given
by a rectangular o(v). The amount of asymmetry required is very
small, for example if I(\)O + W) is larger than I(\)O - #) by a factor
(1 + n) then on either side of Vg the contributions to the integrand
from Vo, * Hand v - u will differ in magnitude by a factor (1 + n).
The main contribution to the integral is from v 2 few x A so that if
the dissymmetry is (1 + n), an extra factor n appears in front of
JVO/N.' Such dissymmetry may arise from shielding by another cloud
of similar velocity or else by bulk subsonic motions within the

cloud itself. It seems strange that the integral is independent of
0., the explanation is that the main contribution to that integral
comes from small values of the variable 0. The cross-sections with
large O eventually come down to these small values of o, those which
have small 0y reach these values of ¢ more quickly. The value of

the integral is seen to be independent of the shape of o(v), as long as OoNfl

When we have a very symmetric line the following analysis may be

made:

(e V]

fCY\_?S_:_S-AL) = O
o 2V (7.69)

01’

02 ‘
Yool dv = f(v—vo)cré;‘;- =t
3

[ &3

w w . m -
= [&vwo)'b:ﬂ - J ¢TI i =N(p-»)T 2w /v
R Y R e
(7.70)
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The last integral is, in the case of a Maxwellian distribution,

2.

a(» = T eXp i'- Q%i?%):§ ,

/ S0 "2 —-2(25_-)}0? - (3 ¥ >
=3 (2 (v No < <Ap L= Ne e (5 2 <y
P A ° © )
Soo J
V-V
setting z = A this integral becomes
o0 o S
/ - -2 . Neoe
- 23 Nq*Ale e A
) < (7.71)
—Nooe
The factor e in the integrand tends rapidly to unity so that

the integral will be of order

J 2 ¢ " d2 = iy
-l 2‘

therefore the whole expression is of order

—2ING 4 = —2 () (eTa)

Because A will in general be much less than Vg the integral in the
symmetrical case will be much less than that in the non-symmetrical

case.

Case A

od /
X = x K ljcr(v)l(v) dv- Jaox | *;\

™ < |
° (7.72)

for the non-symmetrical line
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Case B

- . [ ‘\_ )‘" ‘,);T\t ~ /;) Tl ‘\ ")(‘) M‘_‘_"‘ o ::\‘ \’;; e L
X oo S 2[ SRR S SR ) [ e dy
)

-

i
V] )

T EAN LTS

= xX gz SHLMIY + 2 (eI, 3}
C o

(7.73)

for the symmetrical line.

If OON 1s greater than unity the integral term in each expression
will usually be much less than the other term, that is Sfo(v) I(v) dv
must be much less than AOOJ' because of the fact that I(v) has a deep
minimum where v = Vg and will hence also be less than J'oovo by

several orders of magnitude.

The other point mentioned above was that different lines have
different values of O, We assume here that the effect of the
individual lines may be simply summed, although this may not be
true for lines whose central frequencies are close together compared
to the line width. Ixamination of the expression for X;h,v for a
single line in case A shows that the dominant term is independent of

o - as long as this is not too small.X_,. _ in this case is
o ph,v

- / G
XF*""" - "‘"““». Z 3 j % = ..:,C...,!j& mj v"Z‘ K
e N

all Lines
‘Cndms ta .

dAisscaaliem

if J' and v, are about the same for all the lines.
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ot \Q ‘_I_“l "\ ’\‘
<N (7.74)

for Hz,using the tabulated values of k, given by Hollenbach et al.
(1971) and dividing by 2 to approximately take into account the

fact that different lines occur for orthc and para H This sum

’-
is for the Lyman-band lines only, so that the sum should perhaps
by increased by a factor 2 or 3 to take into account the Werner

band lines.

Yor case B

-

X

v

]

A
|
Z
&
Al
A
>

(7.75)
if J' is constant for all lines.
The values of o, are small so that only that line with the largest

value of 9, will effectively contribute, unless A varies dramatically

fram one line to another. Taking this o to be 10710 cm2, A to be
1019 Hz, X to be 1/3
- 7/ ] o / -3z
Y. = 2 Ng Ih0o \oTr a, NTAE
PV Do s 27 (7.76)
X se ) 25"
hs (cose = © 1 (7.77)
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N it will be remembered is the column density of H2 to the
surface of the cloud,n is a measure of the assymmetry of the
absorption line at the point considered, andiIH is the ratio of the

number density of H2 to the total number density of hydrogen.

7.3 Applications with T perturbed

The next step is to include the energy balance equation in the
linearised set. A term.LV appears which reflects the fact that,
when the absorption lines are doppler shifted out of the dip in the
radiation spectrum, more molecules are dissociated and there may be
a contribution to the heating of the gas. L will be proportional
to XV and to the energy given to the gas per dissociation. The

linearised set to be considered are:
@»Sr\ -+ lkdﬂ‘gtj = O

AmB Ss & (KP) D+ ST 2] = O

. (7.78)
X %+ X ST =+ X, 8¢ + (X +B)Sx = O

(\—; 13 ym + (L RRB)ST + L, So + (L 4+ BRTE)Soec = O
N

The corresponding dispersion relation is

AR B+ B rmLARK, + Lo - BRT X, |

. @[nm( L) \«P(AM “_)nw}\a\&-&vw- v}]

L
=

+(5”\«‘Pj (o (AR 2 )=y [BRT42 Yo oRX, (b0 ».LT-_%Lﬂ}

AT et
L+k\&\’5(‘\_.1__1 -%)X \_ Z(\: - M)X

(L Xy LX)*«J\ (L Xgm Lg% )}

(7.79)

O

y \kl?iw (erx'Li‘fxT) - —'?»
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cC, = &, = ’ P\Rr\ﬁ‘\
| (7.80)
<, =9 = nem ARK, + Lo BRT A, (7.81)
L= = e (ARG - ALILAYN O
- KPL@,.’%\)&XV_ %\:} O hm(M\X;LT*B?\TXT)

oo (PR 2 ) (BT 2 ) [ (LX) KF{ R[4 o
+ kP (ﬁ?x+_'\_’_ ) L

AN T

FmRK (B8 (b 2k
| |

= 2 (WRX o+ Ly BRT K.Y (LyX,m Lot )

- mn

A (RRY, 1~ BRT,) B R(Z&-+nf\KXﬂ> |

nm

P

- (B Ly +ARn L)

rr
2 2
P R[ B-B\RY,- L
T ARL (PR = (7.82)
Cq and ¢, are very complicated expressions which will not be given.

The form of c, shows that if (LTXX - LXXT) is negative then c, must
certainly become negative as k tends to zero, and if (XV) is
sufficiently large to make the term in large brackets pocsitive c,
must become negative as k tends to infinity.  The X, term again

therefore tends to destabalise the system.
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Tables 7 to 10 give the results, tabulated as before; of the effect of
including various values of XV in the equations without radiative
transfer. The values for XV taken are the maximum value derived above,
namely 510777 (1-x) (%), also this value reduced by a factor T%ﬁ-and
finally zero. The models used are numbers 1 and 2 for the interstellar

gas and also the model of pure hydrogen.

It will be noted that there is not very much difference between

the results for models 1 and 2. The high value of XV produces many
more instabilities than do the low values. In fact for low X, the
timescales are longer than the free-fall timescale. Those for the

high X, are rather short but fail to satisfy the condition that k
should be much greater than no(1-x), although a few lie on the
border-line of kzno(1-x). We conclude that, although we have not
shown the usefulness of these instabilities conclusively, they may be
significant in the evolution of clouds of interstellar and pure
hydrogen gas, in cases in which the absorption lines corresponding
to the frequencies of photodissociation are ‘- asymmetrical.  The
timescales of growth tend to decrease as the hydrogen becomes more
self-shielded, but are about 310" years on lengthscales of 3107 to
310"2 parsecs. The masses of spheres of these radii are small

fractions of the solar mass.

The corresponding results for pure H2 gas are shown in Table 11.
The timescales are rather longer and occur at longer wavelengths.
As in the previous case we note that the instabilities occur forvalues

of wavelength greater than the scale of uniformity expected.
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7.4 Continuum absorption

The methods develéped in the earlier sections can be applied not
only to line absorption but also to continuum absorption, as occurs
in the photoionisation of carbon atoms, and also in the photodestruction
of many molecular species. Hydrogen molecules are exceptional in
interstellar space because they are dissociated by line absorption at
o

wavelengths greater than 912 A.  Hydrogen atoms are also photoionised

in space, in HII regions around hot stars and perhaps more widely in

interstellar space.

Suppose that the frequency dependent cross section per molecule

for photodissociation for the species k of interest is

A (7.83)
B consTomY |
r = 3 1n many cases.

With the same assumptions as before the steady-state radiation field

I(v) will be given by

. —=NS3P 2.
Je ex?§ *Yp_f_;f oc.‘,fm} VYV,
X(yv=) = °
( ) (7.84)
- ASE
3 < Y,

where ns is the grey opacity from dust per unit length.  Scattering

has been ignored.
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The photodestruction rate for one stationary molecule will be

wo( z) where

W@ = [ T(nz) o) dv
= Jw v:z) B dv (7.85)
v Rl

If the molecule is moving at a speed v(v << c¢) in the same direction
as the photons, it will see each photon's frequency changed by a factor
(1 - v/c) and the photon flux changed by the same factor so that the

photodestruction rate of this molecule will be

W, (&) = O-—y)f (v 2) cr( ))Au

/d"‘-()

g)f T(vz) B dy
> (1)

’"

A
= -(\-‘{)f‘ T2). B Iy 4 \-v/) I(V?:) B Sy
y, »r(\_\{)r ( \;/) ))

= (B TR sl o)
| ) 0%

- <\+ T'}_I)l)g_ BT (n=z2) + (\* (l"\)%) W, (2)

(7.86)
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) ) v
to first order in (E)

W, = W (v) & 3(“"‘5‘*3&.‘1)* ‘.5_;"_(‘%.7)} (7.87)

"\"-\

(9]

For a molecule moving in the opposite direction to the photons the
frequency shift is by a factor (1 + v/c) the flux is changed by this

factor also, and the dissociation rate is

o0

“SU () = (\* {)j( -X(vlz) 0”(2.*(\-\- _\C_r\) av

o

¥, 0a
= ‘*C‘j T (v,%)-.:%w dv o+ (1 \2‘)) T(va) B ré’»'
' . n AR .
B 1’?(”{) y L (H%)
v -
OGE
S \ Y - L 23& LSS S W (2)
- © T £y S ‘
(Y L ] w1
-nSE
= v B TJe + ( | ~ (_“:_;'\L” ) W, (=)
C Ul c
.“ o g )
Wo(2) = Wwi(z) + wi B Je -(-hwE)
r-)
2/'0
(7.88)

If w (z) dominates both the other terms in the two brackets the
o)

formulae may be combined as

wlz) = w(z) - g(1)w.m) (7.89)
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where now v is the speed, measured positive if in the same direction
as the photons. If on the other hand wo(z) is not sufficiently

large then w;(z) and mi(z) will have different forms.

The contribution to X from photodissociation X will be

X :kao

when the bulk velocity is zero (1)

>
il

D(K w T :‘;\,\\CL %(i‘-\)mo - B 1(%3?}

when the motion is along that of the photons  (2)

< e

-NSE h
Ry W, T Dckug,fa_ Je - {i-\)mo}
Y

when the motion is antiparallel to the photon

motion (3)

(7.90)

and
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7.5 Instabilities in HII regions

For the reasons outlined in Chapter 6 Schatzmann has argued

that perturbations in temperature can be ignored in HII regions, and

so the conditions (7.3) should be examined to see if the system is

unstable.

We take hydrogen atoms as the molecular species k, which

1s dissoclated to protons and electrons, and the latter radiatively

recombine to reform the atoms.

n
Let x = fractional ionisation = ?§
n=n6+nH
where n, = no density of electrons
np = no density of protons
Ny = No density of atoms
X=X -X
2
X" = na(T) (0
o =

n
= P
n

recombination coefficient excluding direct

recombination to ground level

11 -1 -3

210 s 1 om

T

2

‘

apart from factors of order unity.

X

(Spitzer 1968)

= (\"1>f 1 (VIQ)O'(";:) A



>
2
]
X
>
Rr'

Y
%

X S - _L 2 X - F}f\_ﬂc‘) ~‘I..(}J ‘2,) in case L
\r C. ~ 2. ! -
l)o
— =52
) Je "~ case 3

2

-2%, + B
pY

(7.92)

In the steady state X = 0 so

- o
K,oo= X, = O"‘oc)f'l(v,'i)cr(v) dy = e ()

M N
=

and if (1 - x) << 1

-1 -
Xx T (1-x) (Xo)

Furthermore one expects that I(vo, z) will be much less than Je °%

because the former must include the effects of photon absorptions by

hydrogen.  Therefore if

X, > B Je

then \Xr\ = _,é:, Xo

and (7.30) can be examined.
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X, YO
and
Y- ke DO , Melax
M
so that (7.30)(1) and (iv) do not hold.  (7.30) (ii) may be
written
5 - - o
MK X ¢ kX))
M M < \-x
L7
P=MXKI, Tz 10”K in HII regions
8
LWS, = 2m YR 2\0

KT

and so (7.30) (ii) cannot hold since 1-x is less than unity.

(7.30) (ii) becomes

P 00V ¢ w0
P n™ ™
\e Elﬂlf? << \
L
2

but the Egc is greater than unity and so (7.30) (ii) cannot hold

either.Case 2 or Case 3 in (7.92).

The possibility remains that X; is not the dominant term in

either op both of the two cases

(7.30) (ii) requires that
€.
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.. we require

- -b >h -
'S~ O < Q‘x) Je (7.93).
(7.30) (iii) requires
- b SR ™S ml‘f‘s&?,
AR Q(U) < _Bo(-x) d e
v <y,
2 W, ML e
e o(lr\l. < -%‘ ,1: (\“3653 :S? . ~



123.

"y / R A
\e, AN jm MC < (=T e
VKT By
~\3 \ T -5 S ’ — NSt
2\0 n vsac et O YT e
. k
lw)

(7.94)

To calculate J one can, as a first approximation, take the
star to radiate as a black body of radius r, and temperature T,.

The photon flux per unit frequency interval per unit area of the

2. \ e
star surface will be 2 <(:a\(p( b.‘-’ ) - ) B AR (W
r, 2 cs N TV KRT,

«

A factor ( +Z) will take into account the dilution of the radiation

with distance since (r, + Z) is the distance to the centre of the

star.
2%

by, = 1Sleco , (uys 210"

KT, ", "
<+  La.l210 [T 52'
(Q\“ﬁ”:}gn 3 %) T'*-*r? (7.95)

T, = 56000 K for the 05 star

and
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T, = 21000 K for a BO star

and

7 (, ‘ ) - Yo a7 \&ﬁ:\

(1-x) varies through the HII region but it will have its minimum
value at the surface of the star where the radiatidn 1s unattenuated.

The equation for ionisation steady-state is

o0

2 .
x r_'L x = ™ (\-‘ > )f o) (v}) AN (;)) A ;)
%
. A
); I dv = 3el
© L¥W r*'l
for an 05 star r, = 7 x solar radius
y o
= 4 1O
Loy

5.3 x solar radius for a BO star

bR
B

(Spitzer 1968)

24 Cm-?

510 s~ for 05

51022 cme s—1 for BO

no. of ionising photons radiated per cm2

per second

(7.96)
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Replacing 0(V) by its peak value 710.18 em™?
-t -2
I -o¢ = 3\ A ~ 1t \0 \
TSt gt
for an 05
.\ -
= :Sr\ e 4 o —m {0 "1
=o' 5ot
for a BO,since X =1
J(1-x) = un 10" % for 05
= un 1012 for BO

(7.97)

On the other hand at the edge of the Stromgren sphere (1-x)
rapidly increases with increasing radius, tending to unity outside
the sphere, at the same time J has been reduced by a factor*(r‘*/rs)2
where r is the Stromgren radius

20 -2/3
n

= 310 for 05

19 -2/3
n

3.3 10 for BO

J(r=r) = &)O (1\0”-'7)" N
3\010

10 W
= 2770 n /3 for 05

-
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. we require
-6 o Wy
~ \ 9.’\-.‘ ’
3 \C ‘fa 510
for a BO star at r = ry when 1 - x ~ 1
i.e.
3 Vi
o £ N7
q
VO '\< ™
At intermediate values of r,
.2
3 t
| =5 X 3 Y, (\/;.35 \‘- |~ «\

(see Field 1974)

and so if s = 0, J(1-x) is

3 2

33(rn) ¥ N

\ |
"B - (-;:3):”}

which remains approximately constant until r is very close to L

(7.98)
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We can reconsider Schatzman's model, which has been examined in
Chapter 6 but in that chapter the doppler effect was not taken into
account.  Schatzman gives an expression for the neutral concentration
in a radiation field corresponding to a radiation temperature 210uK

diluted by a factor W which may be written

Ty

W (7.99)

W is about 10_1u in unshielded space. If the radiation field is

further reduced by a factor e ' in the ionising radiation

T ~\T* Ly
-x = n¢ VO
W

o |
If s = 0, J for wavelength just greater than 912 A will be given by

T o= W_O2000 L TG W

i)
- |

Therefore

-\

= T =\ 4y
T (-x) = BwWnoe &My ned
W

In order to satisfy (7.30) (iii) we need

-\ ~ -1\
3n |0 <, ™€ \O

(7.100)

e 3\05<’t

This in turn implies



L5 AU 0

e

\-5¢ = N ®) j7 i N\Q}

and so,since 1-x is less than unity,

v < Q_\N_ A

<)o (7.101)

within Schatzman's approximations. Therefore in regions of

sufficiently low density which are sufficiently well shielded, the

instabilities discussed may arise.
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7.6 Instabilities due to photoionisation of carbon in the interstellar

medium

Using the maximum allowable value for XV for carbon ionisation
in the interstellar medium the roots of the dispersion relation were
found in a similar way to those for H, photodissociation in Section 3.
A few instablities were found but they had timescales very much longer
than the free-fall time and on lengthscales very much longer than the
scale of uniformity. We conclude that these instaﬁilities are not

of importance in realistic calculations about the interstellar clouds.
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CHAPTER 8

A MODIFTED VERSION OF FIELD'S DISCUSSION OF

INSTABILITIES DRIVEN BY RADIATION PRESSURE

8.1 Instabilities driven by Radiation pressure

In this chapter the influence of radiation directly on the
momentum of the gas is discussed; the effect was ignored in previous
chapters and correspondingly in this chapter thermal and reactive
effects will be ignored. Following Field (1971), we divide the
material components of the system into two parts, namely the dust
grains which can interact directly with the radiation and the gas
which cannot, but which collides with, and hence exerts a viscous
drag upon the dust. Two different forms of interaction have been
considered by various authors. Field and several others, for
example see Spitzer (1968), had used the transfer of momentum from
an incident photon to the grain, the momentum per photon being
%¥~Where v is the photen's frequency. On the other hand Gerola
and Schwartz (1976) considered the effect of photoejection of gas
atoms which had struck and then stuck onto the grains. This idea
had been put forward originally by Reddish (1971), the point being
that the momentum transfer to the grains is about vithv, where m is
the mass of a gas atom, and this is much larger than the original
photon's momentum.  The ejected gas atom takes up an equal and
opposite amount of momentum if that of the photon is neglected.
Provided that the grain had not rotated appreciably between the
absorption of the photon and the ejection of the atom, the grain will

be given on average a push in the direction in which the photon had

been travelling. Although the mechanism can be more efficient in
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pushing the grains than is radiation pressure it is limited by the
necessity of there being atoms sufficiently loosely bound to the
surface to be photoejected by those photons available in inter-
stellar space. In diffuse clouds this means that the rate of
momentum transfer to a grain is limited by the atomic flux onto the
surface and is independent of the magnitude of the radiation flux,

at least so long as thermal evaporation from the grain is ignored.
The disadvantage of the process, from the point ofFQiew of wanting
to form clumps in the gas, is that according to Gerola and Schwartz
the net momentum transfer to the gas is zero. This is because the
photoejected particle and the grain have equal and opposite momenta,
and these momenta are both absorbed into the gas by collisions.

Since ordinary dust grains are believed to constitute only about
~one percent by mass of the interstellar medium it follows‘that, unless
some other effects come into play in the non-linear regime, the
mechanism, affecting as it does only the grains, cannot produce
appreciable mass density variations in the gas. They point out that
despite this, the associated instability can lead to significant
segregation of gas and dust during the lifetime of a cloud. We note
here that this segregation can affect the rate of molecule formation
and destruction because the formation rate depends to some extent
upon the surface area of grains per unit volume and the destruction
rate depends upon grain shielding from the destructive ultra-violet
radiation which is absorbed whether or not there is an associated
jet effect. The molecules may then help drive an instability of
the sort described in the earlier chapters. However, in the linear
regime, ignoring thermal and reactive effects Gerola and Schwartz's

mechanism does not appear to be very useful for the purpose of



132.

forming clumps. Field's mechanism, however, may be more useful and

is investigated further in this chapter.

In his paper Field derived equations for the separate motion
of the gas and dust, coupled by the viscous drag of the gas on the
dust. He then stated that those modes in which the gas and dust
move relative to one another contained little essentially different
from the solutions he gave in detail. These latter solutions
corresponded to the case of close coupling between gas and dust,
that is, no relative motion of gas and dust. In this chapter we
ignore the possibility of relative motion between gas and dust but

we have not investigated these modes.

Field also includedthe possibility that a photon, once absorbed,
could be re-emitted isotropically in the rest frame of the gas. The
probability for re-emission was taken as frequency independent and
about equal to 0.5 for interstellar grains. Setting this probability
equal to zero does not alter Field's final results appreciably in
this case. In this chapter we neglect this elastic scattering. A
connected point is that the energy of the absorbed photon is re-
radiated by the grain at frequencies such that there is no further
interaction with the grains. This assumption 1s made here also.

A fuller treatment of the problem should certainly include
frequency dependent elastic and inelastic scattering and the
possibility of radiation trapping, even if we keep the restrictions

of constant temperature and composition.

The extension we make to Field's treatment here is to include
the possibility that the absorption cross-section of the grains is
frequency dependent, rather than frequency independent as Fiela

assumed. This can produce some interesting changes as shown in

the next section.
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8.2 The Inclusion of Freguency Dependence

The model consists of a uniform gas immersed in a uniform

isotropic radiation field of specific intensity I(V)ergs cm—2 s—1

Hz~ ster—l; the system is initially stationary. We assume that
the interaction between the radiation and the gas is through certain
absorbers, tightly coupied to the rest of the gas, and the average
absorption cross section per unit volume is no(v) where n is the

total particle number density of the gas. Thermal effects are

neglected here, the temperature is assumed constant throughout.

The equation of motion, continuity and radiative transfer are

respectively

& |
nmdy 422 o 2r [ [ pneep T p)dpdy
dt D7 <.
o oy (8.1)
dn oV
'a_E + n -éz 0 (8.2)
-%-%% + u-%% + n oglv,u) ICv,u) = v, (8.3)
P = n kBT the pressure (8.4)
kB = the Boltzmann's constant
= nA (A=k.T-= constant) (8.5)

B

v is the macroscopic motion of the gas which is along the direction

of the wavevector k, itself directed along the z axis.

1 is the cosine of the angle between k and the direction of the
beam I(v,u). The angular dependence has been included in 0 and I

because relativistic effects introduce anisotropy in the rest frame



134.

even though the cross-section is isotropic in the frame of reference
moving with the gas. The velocity time and space dependences are

not explicitly indicated.

J(v,u) comes from the uniformly distributed sources which

maintain the initial uniform radiation field.

As seen in the initial rest frame the cross section of gas

moving at speed v along the positive z direction will be given by

olu,v) = (1 - P—CY) alv (1 - %)) (8.6)

(see Pomraning 1972) and to first order in v/c

o(v,m) = (1 - 5D {o(v) -y ¥ 05(v)

S 3y (8.7)

Oo is the isotropic cross section in the rest frame of the gas.

Writing
o(v,u) = oo(v) + ol(v,u) (8.8)
g lvo) = - ‘g—v {o  + 3—5—39"} (8.9)

Indicating initial values by zero subscripts and perturbations by
'1' subscripts, the equations describing these perturbations are,
to first order in these perturbations and assuming a space and

time dependence exp{ft + ikzl} for all the quantities

Bn1 + iknov1 = 0 (8.10)

I (“,,“){ g+ iy .S ¥ no @) Te) + N T e mp

+ oo ) b (e '3 = O
°oe T (8.11)
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° ™! o 2y (8.12)

1
since initially S u OO(\)) IO(\)) dy = 0. (8.13)
-1

These equations may be rewritten

~ikmo (8.11)

<. ¢ |

—_— - N
._\\i % + ‘K/M + M, CJ] .,hﬁj"*‘ r'\u‘_los Lﬁé‘-’:; -ﬁ-/t\, (Q—c+ 1\59‘4 ) y‘f .oy

‘ TR "\ 1
R T . - MG+ 2 5t Y WSS
I AP | ( % @)
e . LA
£+ Moo ik (8.15)
Substituting these values for n,, I and o, into (8.12) we arrive
as
[ %) t
N (m@rKAYu = g e 2 [T | P s ¥ L euay
{3 T C ," Y
® 2
o 7 \ .
- 2. STy g oo \ye W eoe pl
oAU ) ?‘ V% ;’;)"’ 5'--:5’)/1]’
< , ,,; — ! €5 ) (8.16)

The u integrals may be performed resulting in the dispersion

relation, after cancelling vy
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= (e gﬁ) S ) T, () (c:w vV oo ) du

by )

(8.17)

Several simplifying assumptions can be made. If the term

(B/c) in the radiative transfer equation is ignored, that is if
|B| << ¢|n_ o + ik| | (8.18)
o o
and since ¢+ 0 as v » », we require
o

|B] << clk], (8.19)

the equation becomes, after dividing by ng

\‘1“\{3 + KA + W | T, (c-+ )JP___G;) A
@ S ) v
-w |
- 2____:\0 aiio }“o"'og%‘*’ v?o c,cra} - N, r"\ T&E&’;EE
ke B B M8~ LK

(8.20)
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Purthermore, if k >> n_ oo(v) for all v the equation reduces to

3

f*h @ %+ @ +- H——“-.— ‘:\:C (CS’O+ 11?(:( ; l‘U
5 e ,

LJ 71 /

- L L \ < .
Lane ) o Lg Mo (30 V00 Yy Ke %5” (8.21)
K™ o (3

°

33 v e EEE

o mET BN (T (el - b [, o »z.o:,wv}

n) [\59\ - th_ﬂoJMchor%u] -0
B =

° (8.22)

We may specialise even further and assume I(v) is ihdependent
of frequency, at least over those frequencies where o(v) is non-zero.

The various integrals now may be considered

)

it

= " 4 ) ‘m‘l
2 (vedy = | ves
e : B

)

o5
f (c;; +v 08, 1 du
S S/

[+

= 0 if co(v) tends to zero as

v » o faster than v_l.

(8.23)
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2
=
The dispersion relation is then

2 Mﬂn2 Y
mg° - B % ];ofo d\)+[kA——1T—rlI.,fo dvl = 0 (8.25)

k c ¢! o

o, is always positive and so the coefficient of B is negative
showing that there must be a root with positive real part. Hence
for sufficiently large k there must be an instability in the system
independent of the value of I, as long as I is not zero. This may
be contrasted with Field's work in which he found that a necessary
condition for instability was that the radiation pressure exceed the
gas pressure. The difference can be traced to the fact that
included in the coefficient of B the v g%-integral cancels exactly
with the ¢ integral. But for this cancellation the first integral
would completely dominate the second, negative, contribution in the

coefficient of B because k is assumed to be very much greater than
no_.
o
If

-
)

L,'n'n 1 Jo— dv (- Lm K“F'\-w__mlj o, | <O (8.26)

kﬁcx < °
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as will be the case if I is sufficiently small or k sufficiently

large, then the timescale of the instability will be

2 2
't = s - - - K M\C v, /
- '2‘ ).3
Re(B) Wy T-«j“% oA (8.27)
(+]
. 2 .
T increases as k  but decreases as I increases. If OO 1S

approximately constant, equal to g, over a frequency range A and then
falls off rapidly to zero the integral in the denominator is

approximately q3A and

et me’ ok (8.28)
brIA  (ng)?® ~ 4m(qIA) 'ng
With the values
-21 -2 : .
q = 10 an ~, corresponding to the cross section of

grains of radius 310_5cm.and with number abundance 10—12

that of hydrogen.

m = mass of hydrogen, since most of the mass of the gas

is in the form of hydrogen.

0
A = 101u Hz, corresponding to a width of 100 A around

0
wavelengths 1000 A.

I= 310_8 photons cm—2 s—1 Hz-1 as before
2 2 2 2
_k 52  _ ,K 2 52 _ /K 10 ~ Kk 3
T = ;7 410°° s = (nq) q” 4107 s = (Ea) 4107 s = (ﬁi) 10 yrs

and by assumption (%%) > 1 (8.29)
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With the above numerical values (8.26) is satisfied but in
other situations even when (8.26) is not satisfied there must be an

instability with a shorter timescale than that given in eqn. (8.27).

The assumption khat K > nq made through most of this section is
in fact quite interesting for the following reason. In a more
realistic non-uniform model, a JWKB treatment may well show the
growth rates for k values much greater than nq are approximately

as given; é% being the length scale for uniformity.

It will be remembered that these results depend upon the

auxiliary assumptions that I-g + noo(v) | << k for all v, and also
that I(v) was constant. If on the other hand I(v) is not constant

but instead goes to zero before the v%%-is significant, or

alternatively that %%-z 0 we arrive at the equation

s < e 2
m@ A (3 WWo, [ T dv = Lurte® [ To)det
R Sl i 1

Y 375,
k¢ ) §

o0
+ A - brne [(Tady = O
c J (8.30)

Q9

Here we have again assumed l-% + no | << |k|. TField's equations
come to this same equation in the same short wavelength approximation.
As mentioned previously it follows from his equations that a necessary
condition for instability is that the radiation pressure-% f: I(v) dv

exceeds the gas pressure. This same fact may be seen from (8.30),

which is a rather cruder approximation than is Field's treatment:

The coefficient of B is positive because %g < 1 and this is

independent of f: I(v) dv.
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The coefficient independent of B is negative only if

00 X ! )
= )ﬂ:"‘o‘a’ ) L 1 onR o= &..L \\ L previuve
=4 me, b SR TG

(8.31)

and by assumption X 1.

no
Therefore the radiation pressure must exceed the géé pressure for an
instability, at least in this short wavelength approximation.

Taking the values no = 710—21 cmfl,-% S I(v) dv = 10-13 erg cm._3 and
n = 10 cm—3, he derived a timescale of growth of about 10/ years.

This timescale is a little longer than that for graviational collapse

S o

, as does T and so 1t remains
grav

longer than Tgrav for all densities. The instability discussed in

(T ) and varies withn as n
grav

this section varies as n-2 and hence decreases faster than does
Tgnav as n increases. It is therefore possible that if, with a
given set of values for q, I, A, etc., the timescale T is greater
than Tgrav for a certain n, it can rapidly fall below Tgrav as n
increases. Furthermore in Field’%'application he found that,
just as in the case of the gravitational instability, there was a
critical wavelength below which there was no instability. This
limiting wavelength suggests that there is a corresponding minimum
mass, namely that mass contained in a sphere of radius the critical
wavelength, which will collapse. Tield found a minimum mass of
about 106 M@ using the above numerical values, which he found was
too large for his purposes. On the other hand the instability

discussed here shows no minimum wavelength and may therefore be

more useful in the discussion of the formation of clumps of small masses.
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Presumably a realistic evaluation of the integrals leads to
some situation intermediate between the two extremes mentioned above.
Neither o(v) nor I(v) will be constant over sufficiently wide ranges
for either extreme to hold. One might also expect some selective

absorption of photons, by gas near the sources of radiation, at

frequencies near those for which o(v) is maximum.
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CHAPTER 9

CONCLUSIONS

It seems appropriate now to summarise and discuss the implications
of the results obtained in the previous chapters. One result rather
separate from the rest of the thesis is a method of finding the
number roots of a complex polynomial which have positive real part,

and may also give estimates of the values of the real parts. This

method has been used in this thesis but clearly has other applications.

In Chapter 6 we saw that, despite Schatzman's conclusions, a
slab of HII is not marginally unstable, ggg a study of the linearised
. nhea hg—— q? Yer
equations suggests that it éséssf unstable =% all. However, at the
beginning of this work it was hoped that a self shielding instability

might operate in clouds containing H, molecules, similar-'to the one

2
imagined to occur in HII regions by Schatzman. Such instabilities
would have been of great use in the study of framentation of inter-
stellar clouds, and in particular it would have aided Reddish's
scenario of galactic evolution; without some additional physical
effects it seems that this fragmentation mechanism cannot produce
fragments of greater than stellar mass and may not be able to form

any fragments without extra compression. The hoped for instabilities

were not found, as detailed in Chapter 4 and also Chapter 5.

Examination of Reddish's ideas show that there are two rather
separate parts. The first part involves the idea that the property
which defines a fragment is that its radius should correspond to
unit grain opacity, taking an approximately geometric cross-section for
the grains. With this definition of a fragment he then goes on to
show that, when applied to fragments forming within a gaseous, polytropic

sphere, the resulting mass spectrum 1s very similar to the deduced initial
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mass spectrum of stars. It is worth noting that the different
fragments have different densities and hence different free~fall
times therefore one might perhaps think that a very close matching
of the two spectra is not desirable; one might instead expect the
stellar mass function to be proportional to the cloud mass function
multiplied by tﬁ;fgi:e fall time of the initial fragment. Reddish
himself has made this point in another connection (Reddish 1977).
On the other hand one should not forget the effects of magnetic
fields and rotation as a fragment collapses, either of which may
hold up the final collapse for a time independent of density and
hence allowing all the fragments to form stars of essentially the
same time. Thus a matching of the cloud fragment and the stellar

mass spectra is not a sufficient condition, and may not even be a

necessary condition, for a satisfactory theory of star formation.

The second part of.Reddish's thesis is that molecule formation
on grains is the actual mechanism causing the fragmentation.
Molecules form most rapidly when the grains are at a certain temperature,
and grains within about unit optical depth are at about the same
temperature. Now in order for the fragments to maintain their
identity one requires that the timescale of molecule formation should
be less than the free-fall time. This latter condition gives
essentially a lower limit to the density required and hence an upper
limit to the mass of the fragment. The Jeans criterion, assuming
a temperature of about 5K, gives a lower limit to the mass spectrum.
Only the numerical value of the upper limit to the mass is dependent
upon the actual fragmentation mechanism, although the mechanism itself
must be linked to the unit grain optical depth. The strong point of

Reddish's theory is that the first part provides one of the most
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plausible, and least ad hoc, explanations for the initial mass

function.

The relevance of the above considerations to this thesis is that
there are many processes going on inside clouds and one related to the
previous investigation is the possibility that Carbon ions, the
main coolants in such clouds, are subject to a self-shielding

instablity. But once again no such instabilities were found.

Now these investigations have concerned only a one dimensional
model, have neglected scattering, and concern only infinitesimal
perturbations. The lack of self-shielding instabilities has not
therefore been proved, but it is rather discouraging not to have
found any, despite having used values of the parameters, such as the
photo-dissociation cross-section, which one would think would have

emphasised the importance of the radiative transfer.

Having started upon the track of possible instabilities in
stationary interstellar clouds, we next looked at the idea that self
shielding plays a vital role in allowing the build-up of H, in the
clouds. Chapter 7 contains the investigation. In that chapter we
found that assuming the self absorption line is not exactly
symmetrical, a fairly reasonable assumption in interstellar space,
then the clouds are subject to an instability which tends to break
them up. For densities in the range 30 - 300 c:m_3 the timescales
were about 105 years, or sometimes less, in interstellar space,
and decreased as the unshielded flux increased. The instabilities
did not seem to develop quickly unless the fractional abundance (f)

of H2 was about 10_u or more.
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Bearing in mind the limitations of the model and the method of
analysis, this instability may well go some way to explain the
apparently significant lack of clouds with f in the range 210" to
51072 (Spitzer and Jenkins 1975). Those clouds with f less than
about 10" are not unstable on rapid timescales; those with f
greater than a certain value may be stable because the approximation
that the wavelength of the rapidly growing perturbations is less
than the scale of uniformity fails badly. The latter point remains
to be confirmed by more detailed calculations. In the case of
large clouds it may be that the instability tends to fragment the
outer layers off in stages, but it is difficult to draw firm
conclusions with this level of calculation. This instability will
affect the model calculaticns of interstellar clouds, and perhaps

of globules of neutral gas in HII regions.

Applying similar considerations to carbon ionisation we find no
instability, despite the most favourable values of the parameters.
In HII regions on the other hand this instability may affect the gas

but not in the way Schatzman imagined.

Carrying on the investigation into the effect of line-shape on
the gas we next re—examined Field's work on radiation pressure driven
instabilities. In Chapter 9 the analysis was restricted to showing
that at least in one limiting case there are rapidly growing
instabilities. While the particular limiting case may not itself
be of immediate importance at least it has been shown that further,
more detailed, investigations may be of interest in more realistic

studies of the fragmentation of interstellar clouds.
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APPENDIX 1

Al.1 Derivation of the test functions (a)

In Chapter 3 it was shown that in order to find the number of

roots with positive real part of the equation
f(z) = aozn + (a

-1
+ 1ib. )z T ...... +(a +ib) =20
n n

one method involved evaluation of the leading coefficients of fo, fl’

f2, ..... f where
_ n n-1 _ n-2
fo(y) = {ao y +b;y a, y .... D
__ n-1 n-2 _ n-3
fl(y) = {a1 y + b,y a; y ... 1D
where D = (_1)n/2 if n is even
= (_1>(n+1)/2 if n is odd
fz(y) = -Remainder of (fo/fl)

f3(y) -Remainder of (fl/fZ) etc.

fz(y) can be calculated explicitly by dividing fo by f1 as follows:
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fz(y) has been written with the sequence of signs in front of the
coefficients as ++ -- ++ -- etc. which is the sequence of signs in
fo(y) and fi(y). Because of this similarity to obtain fg(y) one

negd only replace a, by a, etc. in fo and ay by

a a
-1 1 o
— -b -b a = ¢, etc
2 2 1 1 2 :
al a -a b
3 2 2

in fl’ in all the manipulations above and fS(y) 1s given by following
this substitution in fz(y). Similarly if one has the expression for

f3(y) then fu(y) may be obtained by replacing a, by a, etc. and a,

by ¢, etc. in f3.

2

The leading coefficients of ft 1s, apart from a positive factor

a a 0 0 - N o ® e
1 o)
t(t;l) -b2 -b1 ay a, . o © .
S (-1 a, a, b2 b1 a, . s 4
—bu —b3 a3 a, -b -b1 a1 ao -
Bt-1 -2 Porp Pz e o L, .
Colum 1 consists of the sequence Ay —b2, Ay —bu ..... a2t_1, and

each row consists of a continuation in pairs of aj bj’ with all bj
terms having a negative sign in even rows. To show that the above
formula is true one first notes that it is true for r = 0, 1, 2.

If one now replaces a, by ay and ay by c, etc. one ends up with

SPE and it remains to show that this expression can be written in

determinantal form
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| & v s s - 0
(t+1)t ‘ - - .
c.. = 2| - - - .
t+1
a e v oa .
2t+1 ot DPorg

Making the substitutions in W

(a,a.-a.a )
e R M a, 0 0
+b2(a1b1—b2ao)
t(t-1) _ _
1) 5 al(alb3 b,a) N al(ala2 a3ao) . ]
c, ., = _ 2 _ 1
tHl ait +aglapb,-bya ) +b,(a,b;-b,a )
al(alau—asao) . al(albs—buao) .
3 - -
+bu(a1b1—b2ao) a3(a1b1 bzao)
a1(a13y78) 1413
At-1 . .
+b2t(a1b1—b2ao)
t

. +1 i .
Adding, form = 1, 2, 3, 4, etc., (-1) (aib1 - deo) times colum

2m to column 2m + 1 one obtains
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a,(a,a.-a.a )
1
1230 a, (ajb-ba) 0 0
+ -
b2(a1b1 bzao)
-al(a1b3_buao)
-b2 (alaz-agao) a, -(albl—b2
+a3(a1b1—b2ao)
. a, (a1b3—buao) b2 (alaz—a3
this is equivalent to
a1 aO 0 0 -
a,(a,a.,-a.a )
b b 1,71,2 73 0{ a, O .
2 1 +b2(a1b1 b2ao) 1
az &, . —b2 a, —(a1§1-b2ao)
bl+ b3 . a, b2 (a1a2—a3ao)
bZt b?t"l 4 14 &

a
o

a
o)

Next subtracting colum 1 * (aib1 - b2ao) from colum 3 and taking

out a factor a:

W
0" o
Cﬁk

a; A _(albl—bZao) 0 .

b2 b1 (aiaz—a3ao) a, 0

a, &, (a1b3~bqao) —b2 ay _(albl—ano)
bow bopq  (Bpay -8, 43)
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Moving colum 3 to the left hand side we can obtain the equivalent

form
a1 ao d O 0 L4 ® o o v
-b2 -b1 a; 2 0
& -
=\ A as a, by by a, 0
) = b b b ( )
q\“ 4 3 33 b, a,; -(a;by-bya ) 0
Y v ™ . ‘(a1a2_a3ao) a1 +(a1b1"b2ao.
. ' -(a1b3-buao)
S2e41 P2t P2t DPopoq ' ’ ¢ o
Expanding at colum 7 we obtain
C(\\7 t‘o‘%
0 0 C O 0 0 a, a 0 0 0
1 o)
b= a, a 00 O 0O O 0 © 0 0
2 1 o)
(_\) S'\' 0 0 0 0 0
a:mb —b2 -—b1 a1 ao 0 0
po— e
a3 a2 b2 b1 : a1 0 0 0 0 0 0
—bu -b3 a3 a2 :-b2 a1 —b2 -b2 0 O
az bu b3 : ay b2 a, a, & (albl-Dan) .
.. | ,

Now move colum 8 two places to the left then add row 1 to row 4

and expand about row 1; the cofactor of a, 1s zero, having two colums

equal:
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a1 aO 0
~-b2 —b1 a1
a3 a2 b2
--bu —b3 a3
e . .

[ 3 L] hd
Bots1 Pt Dos

2t-1

0 0 © . .
0 0 O .
a 0 O

-b1 ay 0
. b2 ay (albl—b2ao)'

We can now expand about column 9 and proceed as with colum 7

previously.

this process leads to

3 Fe
5

a1 aO 0
-b2 --b,1 a1
a3

el Bt Dot
a1 ao 0
~b, by &y
a3

a2t+1 a2t

This introduces another factor

(-al). Repetition of

L} e
[ [ 4
- L J
L °
[ P
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as expected, and it may be seen that the positive factor previously

missed is [a; ¢y ¢ ¢ v Ct—1]—2 for ¢ . It will be noted that it has

been assumed that none of the ci's are zero.

The cases in which some of the C; are zero or r is not equal to

n are treated next.

Al1.2 If fo and f, have a common polynomial factor:

It may happen that fO and f1 have a common polynomial factor;
real roots of the common factor correspond to entirely imaginary roots
of £(z) = 0 but complex  roots may occur. In these cases fr+1(y) = 0
but fr(y) is not a constant, but is in fact a multiple of the common

factor since in the sequence fo’ fl’ f2‘ o fr’ 0, if fo and f

1
f g
are q g,> 4 84 where q i1s the common factor then -Rem(?i) = -Rem(éf) = f2

and ga - fo =Pg a- f2 SO f2 = q(pg1 - go) where p is some
polynomial. f2 and f1 have common factor q and so f3 has also. The
sequence will terminate at fr = constant +q because then

fr—l/fr = gp/q const = p/const so that Rem(fr—l/fr) = 0.

If fr can be found explicitly one must then try to find the number
of its roots with real positive part. Routh, using another theorem of
Sturm proved,.in Appendix 2,suggests that fr+1 be replaced by %§ fr(y)
and the sequence continued. Repeated imaginary roots of f will lead
to another occurrence of f_ # const, f_ 4 = 0,s # n although this may
occur for other reasons. Repeated imaginary roots are of significance
in that they correspond to solutions growing not exponentially but
linearl§ so that if the type of zeros just mentioned appears twice

then the roots of q must be checked explicitly,
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Al.3 Zeros in the sequence of test functions

It may happen that one or several of the c.'s in the middle of
the sequence are zero,(§2) above is a special case of this as c, = 0
fori=r+ 1 ton. If it is the existence of any roots with
positive real part that is of interest then the following procedure
may be adopted. The simplest case has some of the non-zero c.'s
negative; there must be instabilities. The other possibility is
that none of the cj's are negative. The coefficients a; bi can be
varied by €55 Ny to remove the zeros, and E.» N, may be chosen
sufficiently small so that the non-zero cj's are unchanged to first
order but the zero terms may be written keeping only the lowest order
terms. The €; and n, can be varied in sign and magnitude to see if

any negative terms may be produced.

Making all the €;»> N; NON-zero makes a very complicated problem
but one can make selected ei's, ni's non-zero, selected after
inspection of the zero determinants. A less random procedure is

suggested in (§4) below.

If it is possible to find the maximum number of sign changes

(Amax) and the mlnlmum.(Aﬁdn) then

Amax =N, + Ny
where n_ = no. of roots with real part = 0
n, = no. of roots with real part > 0,
and Amin = ng

because the roots on the axis have been shifted all to the right half

plane and all to the left half plane respectively
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n = A - A .
a max min
n = A . .

O min

An example of this is given in Section 5.

Al.y An algorithm for dealing with zeros

An alternative perhaps more convenient algorithm is one which

follows Routh's method rather closely. As shown in (§1) f3 can be

written
Q =7, O o, a o
__ ne% ~n-3 ©
%3 (‘j) ) ) b, -b o, * j -b, -b, o,
-G, =, b, -bL+ ~bg Oy
S <, ) Q, Q, ()
- Nk S
3 “by -b o - 3 b, =b, o, +ore
9y -Qg—bw 'be‘bs Sg

If a, =0 1t may be replaced by €5 and the determinants above
may be calculated explicitly. If the leading coefficient is zero it
can be replaced by €, and the coefficients of fu(y) can be calculated.
f,(y) may be differentiated to provide fr+1(y) if fr(y) =0but r#n
or alternatively some new parameter may be introduced for the leading
term. When all the fi's‘,i=0,h""r‘ have been calculated the €5
€, etc. are allowed to tend to zero and only the lowest order terms
in these quantities need be retained. The signs and sizes of the small
quantities €,> can be varied and Aoy and A . found, usually with

considerably more ease than using §2. A convenient format for setting

out calculations of the type described in §3 is suggested below.
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simple applications of the method

Consider

f(z)

= 1zu + 23{0—2i} + zz{-2+Oi} + z{0+21} + 1

a = 1
o
a1=0
c, = -
CJ-'-’-"'

= O

= i
<y

G\ qo O Q
- Ll - &)‘ (:‘-\ - - O
ay «a; by -

a o, © o )]

- b). - \). R
9 9 by b o |=

" b\.*. B \3:5 Sy 9 'bz

05 QH L“ ‘>3 Ol
q‘ Qa S O O O O
- bz —\,| a T, O & O
Sa S by b, @, O

’h~ ‘\33 QB C‘Z"bz "L‘Ql

oy 9, by by 9y 9 b,

“b, -by g 9 -y -by 9y
S % b, by 95 2, by

= (z-1) (z+1) (z-i)2 = (22-1) (zQ—Qiz - 1)

L 3 . 2 . . .
az +z {a1+b11} + z {a2+b21} + z{a3+b31} + {au+bu1}

O

ol = O

<

o\, © O

o 2 O \ O

o -2 O =L O

QO =2 QO ~L O

O 10 2 0
= O
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It will be noted that putting a4, = € and letting € < 0 there must be
a change in sign in the sequence so there is indeed at least one

root with positive real part.
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The sequence a a C C 1
q o #12 Cp» C3> G 1S

3 PR

I X < CF - Ny
e>0 t+ + - - - A= |
e<0o + - - + - A=3

Amo"’ 3 J Ammf: '1'

sO the number of roots on the axis is A - A . $'3 -1=2
max min

number of roots with real part > 0 is A s 1. In fact the roots

are -1, +1, i, i, i.e. 2 on the axis and one with real part > 0.

1 or rather the values of a. bi; the

upper part of line (ii) is just f

Line (i) contains fo and f

1 repeated but moved along the under-

lined columns a,, by, a etc. The lower part of (ii) is calculated

n e
using the determinants given above, it is in fact f3. fq is then
moved into the underlined columns in line (iii). For fq, the lower

line of (ii) can be easily calculated since the necessary numbers are
under the appropriate column names to use in the general determinant

form.
Another alternative way to treat the equation

(z -1) (z+1) (z -1)2%=0

df.
is to calculate —= if fi+ = 0, but 1 # n. Because fi has been

dy 1
explicitly calculated it is easy to differentiate, noting that the
highest power of y decreases by unity going from one pair to the next

pair below, and decreases by unity going along each line to the right.

yu - 2y3 + 2y2 -2y +1

f =
o
f1 = 0 so that f1 is replaced by
2
f, = 4y3 - 6y2 + U4y - 2 = 4y3 + (-6) y= = (-4) y = (42).
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Similarly at (iv) below,

f

3 -y + 1

£y

0

so f, is replaced by -1.

Qg Q, }?, S - T N
0 \ -2 -2 2. }
O O - | O r:p\cc.ea \')j
\ b -y | 2
-b "L+ 2 dunde
WA 3 2
w5 -3 -2 \
- , 3
(m) - L* >
- o) e
- |
W) @) \Qp\tic‘.“d bj

The sequency of leading coefficients is
1, 2, -1, -1, -1.

The number of changes in sign is A = 1. Moreover since two
differentiations have been performed there must be either a repeated
root of f{z) on the axis, or fo(y) and fl(y) have some common factor
of the form

(y —a-ib)?, b#0

The last replacement involved f3(y) = -y + 13 this must be the

square root of the common factor, and since
fa(y) =0

has a real root y = 1 the original equation f(z) = 0 must have a

double root z = iy = 1i.
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APPENDIX 2

Proof of a theorem due to Sturm.

The following theorem due to Sturm has been used in Chapter 3:-

. _ n -1 n-2 _
Given fo(x) =C X+ T4 CrX L., to = 0
(c. # 0)
n
_ m-1 m-2 -
fl(X) = do X+ d1 X + d2 X + qm = 0
(m € n)
fz(x) = =Rem (fo/fl)
f3(x) = —Rem.(fl/fQ)
%Jx)= 4@m(fp0/%?1)
fr+1(X) = 0.

When x increases in the interval A < x < B the number of real root
of £ (x) = 0 for which f and f, change from unlike to like signs,
minus the number of real roots of fo(x) = 0 for which fo and f1 change
from like to unlike signs, is eqﬁal to the number of variations of

sign in the sequence

fO(A), fl(A) y - - fr(A) (A2.1)

minus the number of variations of sign in the sequence
fO(B), fl(B)’ N fr(B) (A2.2)
Multiple roots are counted only once and any zero terms are omitted

from (A2.1) and (A2.2). If, however, all of the terms in (A2.1) or

(A2.2) are zero then A or B must be changed by a small amount.
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Proof
fi-l(X) = qi(x) fi(x) - fi+1(X)
i=1,2, eee. v (A2.3)
fr+1(X) =0
where qi(x) is a polynomial. The degree of fi decreases as i
increases.
(1) If fr(X) = constant (# 0) h (A2.4)
As X increases fo(x), fl(X)’ ..... fr(X) can change in the number

of variations in sign only when one or more of the fi(x) change in
sign. Now no two neighbouring members can become zero simultaneously
because otherwise the next in the sequence will also be zero, from
(A2.3), and all the members will be zero contradicting (A2.4). Also
when fi(X) = 0 it follows that fi+1(X) and fi-l(X) have 5pposite sign.
Therefore the passage of an internal term.fi(x) through zero does not
change the number of variations in sign of the sequences. It follows
that the number of sign changes (A(x)) only alters when the end terms
change sign, and since fr(X) is constant only changes in sign of

fo(x) contribute. If as fo(x) passes through zero fo(x) and fl(X)
change from like to unlike sign then A(x) increases by unity; if

they change from unlike to like sign then A decreases by unity.
(i1) fr(X) # const.
This implies
fr-l(X) = qr(x) fr(X)

where qr(x) is some polynomial. fr-l(X) and fr(X) therefore have

a common factor and
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fr~2(X) = qr—l(X) fr-l(X) - fr(X)
= g (g0 - 1 £ ()
so that £ _,(x) and f ,(x) have common factor f. (). In a similar
way one can show that all the fi(x), i=0,1..... r have f (x) as a

common factor.

Defining
fi(x)
hi(X):_f_;_f(T l:O, 1,....P

the hi(X) will be polynomials and hr(X) is constant so that (i)
above may be applied. One can then multiply the sequence by
fr(x); A(X) cannot be changed by this operation so that the theorem

is true in this case also.

One can investigate the properties of fr(X) further by defining

fo’(x) = fr(X)
dfr
f1 (x) * I (x)

As fo‘(x) passes through zero fo'(x) and f,'(x) must change from
unlike to like signs so that applying the procedure in (i) to
fo'(x), fi'(x) one obtains the number of real roots of fr(X) =0
which have A < x < B, multiple roots being counted once and zeros
are omitted from the evaluation of A. Note that i1f there are any
repeated roots 1in fr(X) = 0 then fo'(x) and fi'(x) will also have

a common factor.

To see the application of Sturm's theorem to Routh's work,

detailed in Chapter 3, one needs to remember that
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Ara (§(2)) = Am (P@+i Q@) = \'qr(\f;%)
= P\@&‘ % Q;Q)

o (1)

if z = 1y,

and consider the variation of tanf as 6 increases. Passing through
a zero of fo(y), if arg(f(z)) is increasing then fl(y) and fz(y)
change from like to unlike signs, but if arg(f(z)) is decreasing
then they change from unlike to like signs. Arg(f(z)) increases

by m going between two zeros of fo(z), if fl(Z) changes sign once

in between. Therefore the number A(A) - A(B) given by application
of Sturm's theorem is minus the increase in % Arg(f(iy)) going from
y =Atoy =B. As A tend to +° and B to = the leading term in
each polynomial fi(y) dominates the numerical value of the expression

so that in Routh's method one need only consider the initial terms.
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Table

Table
Table

Table
Table
Table
Table

Table
Table
Table
Table
Table
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INDEX OF TABLES

1 values of I(photons cm—ls-l), n(cm_B), T(K)
and the derivatives of I and X.

Units of I, ergs s-lgm_l
Units of X s 1
I, =J = 1.3(7)photons em~ L™l
Model 1 of interstellar gas.

2 as Table 1, but for model 2.

3 values of 1/Re( ) (s) for model 1, in cases
where this is positive. is a root of equation
2.24, in which the effects of radiative transfer
are included.

4 as Table 3, but for model 2.

5 as Table 1,but for pure Hydrogen gas.

o as Table 3,but for pure Hydrogen gés.

7 as Table 3,but for roots of equation 7.79
describing the Doppler induced instabilities.
X, = (1=-x)( /3).5(-17) cn™t

8a as Table 7, but X, = (1-x)( /J)5(-17) cn ™t

8b as Table 7, but Xv =0

9
10
11

as Table 7, but for model 2.
as Table 8a, but for model 2.

as Table 7, but for pure Hydrogen gas.

Throughout these tables the notation ( ) denotes power

of ten,

-2
so that for example 5.7(-2)=5.7 10 ~.

Most numbers are given to only two significant figures.
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(91-)6°6-
(91-)6°8~
(91=)9°h-
(Li=)6°L~

(91-)0°G-
(Li=)L° 6~
(gL-)6°6~
(81=)0" L=

(Li=)o* L=~
(gL=)0° I~
(61=)0° -
(02=)0"* I~

(€1=)0°¢
(ti=)e°¢
(51-)5°9
(G1=)8°¢

(€+=)0°9
(€r=)e ¢
(gL=)o°¢
(¢€1=)0°¢

(Li=)o°¢
(Li=)o°¢
(Li=)0°¢
(Lti=)o°¢

(Li=)i°1
(81=)0°1L
(8L=)t°¢
(gL-)c"*6

(81=)0"G
(8+=)1°6
(Li=)o°*!
(Li=)o°t

(L1=)0"1
(Li=)0" 1
(Li=)0°}
(Li1=-)0°}

CII I
(L1-)6°9

(Liv)Le2

(81-)9°2

(GL=)L*¢
(91=)6°9
(L1=)0°9
(gL=)o°¢

(GL=)1°L
(91=)2°L
(Li1=)0°9

(g1=)o°¢

(t=)8° t-
(f=)g -
(t-)z°2-
(6=)8°¢~

(h-Yh*z-
(G=)h*h-
(9-)8 "t~
(L-)g " h-

(9-)L°*h=
(L-)8°h-
(8-)8°h-
(6-)8°t=

} ¥THVL

(z-)e ¢
(2=)¢°2
fe-(¢°6
(€-)8°6

(1=)9°c
(L=)9°1
(b=)S°1
(b=)G°1

(L)s*t
(V)1
(LV)f*
(LT

X

(L=)8°t
(9=)8° ¢t
(G=)C° 4
(6=)¢°L

(9=)a°2
(9=)1°4
(G=)1°t
(6-)8°9

(9-)8°1
(9=)11°G
"
(6-)8°9

(¢=)L°2
(=)8°6
(h=)6°¢
(g=)h°L

(2=)9°
(¢-)2°¢
(t=)o°s
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(2=)o°¢
(g=)m°¢
(t=)o°s
(6-)6°L

Ly

L°GL
g°z2e
6°62
0°¢S

f1°02
6°02
0°42
0°6Mh

0°l¢c
6°02
6°12
6°8h

0000¢
000¢
00¢
0¢

0000¢
000%
00¢
019

0000¢
000%¢
00%&
0¢

(0)o¢

(2)o°¢

(t1)o°¢
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(GL=)O°* |-
(9mg°6-
(91=)5°8~
(94-)9°¢-

(€L=)o°¢
(=Yg
(G1=)G°¢
(91-)e°8

(oc=)L*1L
(61=)L°*}
(81-)5° 1
(8t=)t*9

(Li=)L"t
(L=)1°)
(g1=)5°G
(8i=)t1"t

(psnutquod) | FIIVL

(t-)g° h-
(=)Lt~
(h=)1°H=

.A:'vm.vs

(2=)5°2
(z=)g°z2
(2-)G" 1
(¢-)o*t

(L=)T° L
(9-)&"1

(G-)h* 1

(6-)L"L

(g=)L°t
(h=)g L
(t=)2°e
(=) 11

LG
heee
6° 11
0°99

0000¢
000¢
00¢%
0¢ (2-)o°¢
u I
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(9L-)6°6-
(91=)0° 6~
(9+=)9° -
(L1=-)6"1-

(94+-)0°G~-
(L= °6-
(81=)6°6-
(Li=)0" |-

(Li=)0° |-
(gt=)o" 1~
(61=)0° |-

(02-)0° |-
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(gt=)2°6

(81=)0°G
(8L=)1°6
(Li=)0° L
(Li=)0°1

(L1-)0°}
(L1=)0°1
(L1=)o"t
(Li=)o°t

(Li=)h*6
(L1=)G*G
(Lv=)1°2
(gL=)¢°¢e

(gL-)¢r2
(9b=) 1
(L1=)2°h
(81-)9°2

(G=)et
(91=)s*h
(Li=)e°*h
(81=)9°2

(h-)8°t~
(=)¢ h~
A::vm.mr
(6-)8°¢-

(f=)t*e-
(=)t
(9-)8°h-
(L=)g t=-

(9-)8° 1~
(L=)8 t~
(8=)8 "~
(6-)8° 1

¢ dTEYL

(+=)0°9-
(2=)6° 1=
(€=)L°L
(¢€=)1°6

(2-)56°8
(L=)G° 1
(+=)6°1
(+=)5°t

(Lt
(f
(V)f°t
M’

(L=)8°t
(9-)8° 1
(6-)¢*
(6=)2°L

(9-)s°2
(9=)1°6
(G=)1°L
(6=)8°9

(9-)8°h
(9-)t1°g
(G&=)1°t
(6=)8°9

(€-)5°¢
(€=
(h=)9°t
(6=)L*L

(2-)6°¢
(£=)1°9
(h=)s°L
(6-)6*L

(2=)€°9
(£-)6°9
(=)L
(6=)L°L

g1
¢*°ge
g
1*19

)9° ¢
1°¢¢
G*s¢
9°.G

Lo Te
Yeeee
¢°Gt
9°LS

0000¢
000¢
00¢
o¢ (o0)o°¢

0000%
000¢
00¢
o¢ (e2)o°¢

0000¢
000¢
00%
o¢ (h)o°¢



172.

(G1-)o* 1=

(9L=)g° 6~
(91=)G°g-
(9t-)9°¢-

(€1-)0°¢
(M=) 1°¢
(GL=)G°¢
(91-)¢°8

(02=)L"1
(61=)L°}
(81-)G°}
(81=)11"9

(L=)L"1
(Li1=)0"1
(8k=)8°1
(gE=)t"t

(r=)8°t-
(=)L h-
(=) °h-
(h=)L°i-

(penutquod) g FIAVL

(b=)t"9-
(2-)9°¢-
(2-)2° 1
(¢-)8°2

(L)1
(9-)s° 1
(5=
(6=)8°9

(¢=)o°z
(h=)i°8
(t=)e°2
(t=)C* 1

L°Gl
6°tie
9t
69

0000%
000¢
00¢

o¢ (2=)o°¢



3(4)

3(2)

3(-2)

3(4)

3(2)

20
500
3000
20000

500

200
2000
30000

200
2000
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k(cm—l)

T 1(-13) 1(-15) 1(-17)
48.9
4.5
20.9
21.0 8.0(13) 8.0(13)
49,0
53.0
41.9

TABLE 3

T 1(-13) 1(-15) 1(-17)
57.6
35.4
33.2
4.2 6.3(13) ©6.3(13)
57.6
35.5
33%.1 1.5(16) 1.5(16)

TABLE 4

1(-19)

3.8(16)

1.2(15)

5.6(15)
3.8(15)

5.6(15)
5.6(15)

9.0(15)
9.0(15)

1(-19)

2.1(16)

6.3(13)

1.5(16)

1(-21)

5.9(20)
3.8(19)

1.1(17)

9.0(17)
7.7(17)

9.0(17)
9.0(17)

4.0(19)
4.0(19)

1(-21)

1.8(21)
2.2(19)

7.1(17)
4.8(19)

3.6(17)
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3(4)

3(2)
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k (cm—l)
n T 1€13) 1615)

%0 1000
200 1000
5000 1000
50000 1000

30 1000
3200 1000
3000 1000 4.8(13)
30000 1000 3.8(12)

30 1000
300 1000
3000 1000 4.5(14)
30000 1000 7.1(14) 6.3(14)

TABLE 6

1(-17)

5.1(11)

5.0(12)
4.0(12)

4.5(14)
4.5(14)
6.3(14)

1(-19)

n

O & F£ 0

.1(13%)
.0(13)

4(13)
.8(13)
.8(1%)

.0(14)
.5(14)
.5(14)
.3(14)

1

(A I A G R 6 BN 0 ¢

N PP Do

Vi W W W

(-21)

«3(15)
.0(15)
.0(15)
.0(15)

«7(14)

.0(15)
.0(15)
.0(15)

.6(15)

.6(15)
.7(15)
. 3(15)



3(2)

3(-2)

5000
50000

20
200

2000

30000

200
%000

50000
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k (cm-l)

T 1(~13) 1(-15)

20.9

20. 4

53%.0 3.0(12)
29.9 9.0(10)
22.5 4.3%(10)
15.7 2.8(10) 5.0(10)
66.4 1.9(11)
41.9 4.8(10)
23 .4 3.8(10)
15.1 2.6(10) 4.3%(10)

TABLE 7/

1(-17)

HO0OOW N0

\n

HoH = F

-5(15)

4(12)

.0(11)
<1(14)

- 7(12)
- 3(14)
- 7(13)

«3(11)

«2(11)

-9(12)
<4(14)

-7(13)

1(-19)

M

e

.1(19)
.2(18)

-6(14)
-3(16)

.7(15)

«6(17)

.0(14)
.0(15)

.1(13)
.5(17)

.1(16)

1(-21)

3.1(23)
3.1(22)

1.0(16)
3.2(20)

6.3(19)

2.6(20)

2.4(15)

9.0(14)
1.5(21)

2.0(20)



I n
3 30
%00
3(-2) 30
300
3000
30000
I n
3 30
3(-2) 300
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k (cm-l)

T 1(-13) 1(-15) 1(-17)
53.0

29.9

41.9
23 .4
15.1 7.1(14)

TABLE 8a

T 1(-13) 1(-15) 1(-17)

23.0

41.9

TABLE 8b

1(-19)

7.7(15)
2.6(17)

7.7(15)
1.1(15)
2.2(17)
3.6(18)

1(-19)

5.0(16)
5.0(16)

1.0(1e6)
1.0(1o6)

1(-21)

2.2(19)
1.6(21)

9.0(17)
2.0(18)
2.2(21)
3.6(22)

1(-21)

9.0(19)
9.0(19)

4.5(19)
4,5(19)



3(2)

3(-2)
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k (cm-l)

n T 1(-13) 1(-15)
%0 57.6
300 35.5 4.8(12)
3000 3%3.1 2.8(11)
30000 32.6 5.0(10) 1.0(12)

500 28.

3000 28.

30000 18.

30  69.

200 46.

5000 24.

20000 15

5

4

9

7

1.9(11)
2.3(10)
1.4(10) 1.5(10)

2:3(9) 1.7(10)
3.4(12)

3.7(10)
1.5(10)
1.0(10) 1.3(10)

4.8(9)  1.4(10)
2.3(12)

TABLE 9

1(-17)

(e AV I S N

W W \n

W DNV N\

+3(13)
«3(13)

.0(11)
.0(15)

.6(11)
.8(14)

.6(11)
.2(13)

. 7(12)

.2(11)
.9(14)
.7(14)
.5(11)
.8(11)
.7(13)

.0(13%)
.6(12)

1(-19)

1.9(17)
L.4(17)
2.3(17)

2.2(13)
1.2(16)

5.9(14)
6.7(13)

2.8(14)

.0(12)
«5(14)

.7(17)
.8(13)

-0(13)

(2 B A SR ¢ (RN

9.0(13)

1(-21)

1.7(21)
l.4(21)
2.3(21)

9.0(19)

1.0(16)

6.7(16)

2.6(18)

1.0(15)

1.7(21)

1.6(16)

7.3(17)



N

3(-2)

3(2)

3(~2)

20
200
3000

200

3000
20000

%0
%00
5000
50000

30
300
3000
30000

50
5000

T

1000
1000

1000

1000
1000
1000
1000

1000
1000
1000
1000

1000
1000
1000
1000

1000
1000
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k (cm'l)

1(-13) 1(-15)

TABLE 10

1(-13)  1(-15)

TABLE 11l

1(-17)

1.9(14)

1.9(14)

6.3(13)

1(-17)

1.9(12)

1.6(12)
1.5(12)

2.2(12)

1(-19)

1.1(16)
8.3(15)
8.3(17)

1.8(15)
2.6(15)
9.0(15)
2.9(17)

l(-l9).

1.4(15)
2.3(13)
4.8(13)
5.3(13)

1.1(13)
7.7(12)
7.7(12)
8.3(12)

8.3(12)
7.7(12)

1(-21)

2.8(19)
4,9(18)
8.3(21)

1.1(17)
9.1(18)
9.0(19)
2.9(21)

1(-21)

4.3(15)
4.2(16)
3.4(17)
4.2(17)

9.1(13)
9.0(13)
9.0(13)
1.0(14)

7.7(13)
7.7(13)



