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ABSTRACT

This thesis is a partial investigation of instabilities in 

the interstellar gas which are driven by a coupling between the 

ambient radiationfield and the gas, and which do not arise when 

this coupling is missed out. The modes of couplings considered 

are, firstly, the attenuation of the radiation with the concommitant 

effects on the temperature, density and composition of the gas, in 

various combinations. Secondly, velocity dependent effects are 

examined in various circumstances and thirdly, radiation pressure, 

not included in the other two, is looked at in the simple case in 

which temperature and compositional changes are excluded.

The explanation of why these instabilities may be of interest, 

and an outline of the extent to which similar instabilities have 

been investigated, is given in Chapter 1. Chapter 2 gives details 

of the basic equations used in the case in which the absorption line 

shape is ignored.

Many of the equations are used in the other chapters. The 

equations are linearised in perturbations of the density, temperature, 

radiation field and composition, and the resulting dispersion 

relationship is found for a harmonic perturbation. Because of the 

attenuation term in the radiative transfer equation, the poly­ 

nomial has complex coefficients.

In Chapter 3 we investigate the properties of the roots of a 

complex polynomial by an extension of Routh's methods, and derive 

a set of criteria to determine the number of roots which have positive 

real part. These roots correspond to exponentially growing



2.

perturbations, or, in other words, they correspond to instabilities. 

Later in the chapter we apply these methods to Field's dispersion 

relationship for thermal instabilities and derive many of his 

conclusions in a fairly simple way. By a slight extension the 

method yields estimates of the growth times of the instabilities. 

Some related situations are also examined in a similar way.

After the detour of Chapter 3, Chapter 4 gives details of some 

models of the heating and cooling of the interstellar gas as well as 

of the reactions to be considered, namely the formation and 

destruction of H and of carbon ions. Some of the limitations of 

the models are also discussed and the roots of the dispersion relation 

are given for different values of the parameters. New instabilities 

do appear; for H their timescales of growth are rather too long to
k

be of interest; for carbon no short timescale instabilities are 

discovered. Chapter 5 gives similar details for a system of pure 

hydrogen gas which may be of interest in studies of the formation of 

the first generation of stars. In Chapter 6 there is a criticism 

of an earlier work by Schatzman on a similar subject, in which it is 

shown that his analysis was wrong.

Chapter 7 deals with a new possibility, namely that, as the gas 

moves, photons will be seen to be shifted in frequency and so the 

molecules will be exposed to a new set of destructive photons at 

frequencies which have not been selectively absorbed in the 

unperturbed gas. First the simplest case, that in which the 

temperature is unperturbed, is treated analytically. The attenuation 

of the radiation field is not considered. The effectiveness of 

this doppler-induced effect depends upon both the absorption profile
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and the radiation spectrum; these factors as well as temperature 

perturbations are included next. Both line absorption and 

continuum absorption are considered. The former is used to 

investigate the stability of the interstellar gas and of pure 

hydrogen gas, where hydrogen molecules are dissociated by line 

absorption; the latter is used in connection with HII regions and 

also the interstellar gas where the photodissociated species are 

hydrogen atoms and neutral carbon respectively.

Radiation pressure was not included in the previous chapters 

but in Chapter 8 a modified version of Field's theory of instabilities 

driven by radiation pressure is presented. The new feature is that 

the frequency dependence of the absorption coefficient is included 

in the equations and this, in the case of a flat radiation spectrum, 

leads to an exact cancellation of the dominant term in Field's
V

equation. Several restrictive features of Field's conclusions are 

thus modified and seem to make this instability rather more useful 

in the study of instabilities in the interstellar gas than it 

appeared in Field's work.
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CHAPTER 1# 

INTRODUCTION

Instabilities of various kinds in large gas clouds have been of 

interest to astrophysicists for some time. The explanation for this 

interest is in part the fact that the distribution of matter in the 

universe is not smooth but clumpy, clumpy on the scale of megaparsecs 

in the form of galaxies and on the scale of parsecs in the form of 

stars and discrete clouds in the galaxies. These clumps do not seem 

to be explicable by arguments about statistical fluctuations. 

Astrophysicists would like to explain these inhomogeneities in a way 

that is simple enough to understand and to calculate, and that is 

also not too 'ad hoc'. One'way to start is to assume everything is 

uniform and steady and then see what develops, introducing a few 

simplifying assumptions along the way. An alternative is to assume 

that initially there is chaos which is uniform in some sense. Both 

of these have the advantage that one can argue that the initial 

conditions chosen are not too 'ad hoc' in that steadiness and chaos 

are in some way objectively defined starting points and not ones 

chosen subjectively to explain the particular phenomenon being 

discussed. Also one would hope that the final state would to a large 

extent be independent of the initial state.

One method of investigating instabilities in a uniform, steady, 

unbounded., gas involves linearising the equations of motion, mass and 

energy with respect to small variations in some of the physical 

quantities superimposed upon the steady uniform initial state. 

These perturbations are then assumed to have harmonic space and time 

variations exp($t + % £) so that, because the equations are linearised,
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the condition for consistency usually becomes P(k, 3) - 0, where P is 

a polynomial in k and $ whose coefficients are functions of the initial 

conditions. Regarding k as a real parameter one might be able to 

solve the equation for 3 and find the conditions which allow Re(3) to 

be positive, corresponding to the exponential factor increasing in 

time, that is, corresponding to an instability. It is in fact not 

always necessary to solve for 3 explicitly because there are often 

easily stated criteria which give the number of roots with positive 

real part for a given polynomial. However, these latter methods 

do not, without further work, give one the size of Re(3), which is 

of considerable interest since the timescale for growth of the 

perturbation is l/Re(3). The timescale is critically important for 

if this is too long the existence of the instability may be 

insignificant; too long in this context means longer than the time- 

scales of those processes which had been neglected in the initial set 

of equations. Examples of the points mentioned above will be given 

in the following chapters.

The treatment of non-uniform situations is rather different. 

One method involves assuming that 3 and the various amplitudes are 

dependent on the position in the gas in a continuous and slowly varying 

manner. A second method involves finding an exact solution to the 

full equations and boundary conditions, then linearising the equations 

and solving them for the spatial dependence of the perturbation exactly, 

against this initial exact solution of the exact equations. The time 

constant is obtained from the consistency condition that a non-zero 

solution exist. An example of the latter method is given in Chapter 6.
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When one is interested in -perturbations that are not infinitesimal 

then the equations must not be linearised but must be solved in some 

other way. Numerical solutions have been found in some cases. These 

calculations are of importance in order to determine how far the 

instabilities which develop in the infinitesimal regime extend into 

observable consequences.

Jeans (1929) gave an approximate treatment for a self- 

gravitating, uniform, stationary gas cloud, using the first method 

outlined above. It was approximate in the sense that the initial 

conditions did not satisfy the original equations, however, later 

examinations of geometries which are soluble have given similar 

results. The details are given in Spitzer (1968). Jeans obtained 

a minimum wavelength X-, required for the instability to develop and 

by taking this as the radius of a spherical region was led to the

conclusion that the minimum mass of gas which could collapse in this
3 1

fashion was 15CKT /n) 2M , where T is the gas temperature in Kelvin,©

n the number of particles per cc, and M^ the solar mass. The time-
7   

scale of collapse is of order 5.10 /n 2yrs for a gas of molecular

weight about unity, and this is independent of temperature, being just 

the free-fall timescale. The Jeans instability does not, by itself, 

appear to be able to explain the size or the rate of formation of 

many of the objects seen. Other physical processes must be invoked 

if this approach is to be continued.

Field (1965) considered instabilities of a different kind, based 

on the thermal properties of a gas. In the steady state the gas has 

a certain density, and the temperature is one which allows a balance 

between the heating and cooling processes in the gas. This
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stationary state is perturbed as outlined previously and conditions for 

the existence of instabilities were given as were the timescales 

obtained for particular models. He neglected the gravitational terms 

in his equations because he was interested in those instabilities 

which had shorter timescales than the gravitational one. Kegel and 

Traving (1976) have made the extension to cover both thermal and 

gravitational effects and they show the way in which the two types 

merge.

Other authors had previously suggested that thermal instabilities 

were of importance in the formation of solar prominences, interstellar 

clouds, condensations in planetary nebulae and also of galaxies. 

Field lists these and investigates them more thoroughly. Infinitesimal

perturbations in the interstellar medium, n = 7.10 cm , T = 10 k,

9 have growth times of about 10 yrs.

More recently Field (1971) has considered the effect of radiation 

pressure on a gas and general dust mixture, taking into account 

relativistic effects which alter the angular distribution of the 

radiation in the frame of a moving particle. Only the dust .interacts 

with the radiation but it also collides with the gas. The 

consistency condition becomes an integral one leading to a rather 

complex non-polynomial function. However, Field managed to obtain 

some approximate roots of the equation. He found that instabilities 

occur only when the radiation pressure exceeds the gas pressure and 

on wavelengths longer than some critical value. In the solar

neighbourhood he finds this instability would have a timescale of about
10 8
-r~- yrs, and this timescale is greater than the free-fall timescale
VII r-j

( 5 n



9.

_ 
The timescale varies as p 2 where p is the radiation energy

density so that in brighter regions the timescale decreases. Also

the critical mass of a region which would just collapse because of

-3/2 radiation pressure varies as (p ̂  ) where p is the radiation
-3

pressure. Near the Sun this mass is about 310 M if n - 10 cm .©

Gerola and Schwartz (1976) have performed a similar calculation 

with more limited scope, but they include photodesorption from the 

surface of interstellar grains which gives a jet like effect on the

grain and thus a greater momentum transfer. They find a critical

4 -3 density of 10 e cm in the solar neighbourhood where e is the yield

per photon from a fully covered surface. BeVw this density the
7 ' 2 

growth time is    years; above it the growth time is    e years
 l » t*

where T is the opacity. The photoelectric effect can play a similar 

role leading to a time of growth for optically thin clouds of
r c

310 - 310 years depending upon the photoelectric yield taken in
-4 

the two cases as either 0.1 or 0.01. If e ^ 10 the times are

less than the average cloud lifetime and so may lead to significant 

segregation of dust from gas , moreover these times depend very little 

on k, the wavenumber of the perturbation, so that the perturbations 

grow equally at all length scales.

Instabilities in gases due to radiation pressure have also 

been studied in relation to models of the atmosphere of quasars. 

Mestel et al. (1976) found that if the force of the radiation per unit 

mass was density dependent then instabilities could grow in a smooth 

model of quasar winds. However, in the most interesting case of winds 

of relativistic velocity this was not the case^
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In their work they did not consider the modulation of the 

radiation field resulting from the waves in the gas. This followed 

Hearn (1972) who applied similar methods to models of the Chromosphere 

of a very hot star. He showed that under these conditions the 

modulation of the radiation field resulting from re-radiation of the 

energy obsorbed by the waves would be less than 1 in 10 with 

reasonable assumptions, and because of its smallness he neglected 

this effect.

The composition of the gas may also vary and Stein et al. (1972) 

considered the growth of perturbations in a cooling hydrogen plasma 

in which recombination was occurring. This was generalised by 

Yoneyama (1973) who considered the linearised equations of change in 

composition as well as of conservation of mass, momentum and energy. 

He found a new type of instability which he termed thermal-reactive 

and which may occur in systems stable according to the Field criteria. 

On the other hand some systems which would be unstable according to 

the Field criterion may be stabilized by chemical reactions. For 

example, if a particular system is unstable without chemical reactions 

then inclusion of reactions may cause the coolants to be sufficiently 

depleted as the temperature falls, or to be increased in concentration 

as the temperature rises, to force the system back to the initial 

steady temperature, eliminating the instability. Yoneyama studied 

four reactions in gases; the recombination of hydrogen in a pure 

hydrogen plasma, which stabilises the system for sufficiently high 

temperatures3 recombination of oxygen in a high temperature gas, 

the formation of hydrogen molecules at high gas temperatures and the 

accretion of hydrogen molecules onto grains at low temperatures.
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He considered each situation separately starting with a steady initial 

state and for some reactions he considered "two destruction 

mechanisms, namely collisional destruction and photodestruction but 

treated each case separately. He investigated the timescale only
o

for the last reaction and found it to be     years both for the very 

long and very short, but unspecified, wave lengths. This is just the 

timescale for the reaction. Also he states that the third reaction, 

that of grain catalysed formation of hydrogen molecules, only leads 

to instabilities when H^ is the dominant coolant and the density and 

temperature are high so collisional dissociation is the main destruction 

mechanism.

Stein et al's calculation mentioned above was extended into the 

non-linear regime by numerical methods. Starting with an initial
Q

situation of n - 0.3 cm , fractional ionisation = 0.05, T = 8200°k 

the gas is allowed to cool uniformly and then the development of a 

spherically symmetric perturbation a —•—-, k = -^ (pc) is followed
"1 A ^,^

numerically. A very dense, cool core is formed (n = 10 , T = 110 k) 

which is similar to the initial conditions used by Larson (1969) in 

calculations on protostar formation. One dimensional perturbations 

in this same system lead only to a 100 fold increase in density in
c

10 yrs. In both cases the initial fractional perturbation in the 

parameters is about 10%.

Glassgold and Langer (1976) have studied in great detail the 

reactions of formation and destruction of Carbon Monoxide (CO) and 

also of water (^0) molecules and have used these in calculations of 

thermochemical instabilities in the same way as Yoneyama. They



12.

found timescales for these instabilities of about 4 x 10 yrs for
1   9U   1 

k » |a|/c =    r     =     TTT = 210 cm corresponding to
410b 310 310 1U , 1 

A « 310 cm and timescales 910 - 710 yrs as k varies from 0.1
_3 

to 1 pc, assuming densities 100 - 1000 cm and temperatures about

20 K. At the end of their paper they mention briefly that there is 

an instability associated with the attenuation of the radiation field 

which they included in the following approximate manner. The 

radiation field is attenuated going into the cloud by the molecules 

already present and this gives rise to additional terms in the density

derivatives. For example the photodestruction rate of CO is
-T (CO) T -T (CO) 

ae so its density derivative is proportional to -^ (CO) x ae ^
^ \

For n - 100 cm there is an unstable mode for 40 < T < 80 k and for 

1 < A * 3 with timescale * 210 5yrs and lengthscale < 0.1 pc. This 

instability disappears both for large and for small optical depths.

A is a measure of the total extinction of radiation at visible v

wavelengths and is defined for example in Spitzer's book (Spitzer 1968).

A broader, if somewhat less detailed, theory was put forward by 

Reddish (1975) who considered the formation of H« molecules on grains 

associated with the gas. Laboratory experiments had shown that the 

efficiency of conversion of atoms to molecules was increased by the 

presence of layers of H~ on the grain surface. Reddish wrote

where n , rv., TL. are the number densities of grains, hydrogen atoms g n n.2

and hydrogen molecules respectively, \r is the thermal velocity of H 

atoms , y is the usual efficiency factor - taken as approximately unity
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2and ira is the surface area of each grain. The extra factor rv, is H2

supposed to represent the effect just mentioned. However, this

cannot be correct for TL. > 1 since the maximum rate of molecule
2 

formation is the rate of incidence of H atoms onto grains. In

fact this n represents the gas density of H whereas the 

experiment relates to the amount of molecules on the grains so that 

a factor P(nH ) should be used where yPCrL ) £ 1, and P(0) = 1.

Reddish suggested that regions within 1 mag of extinction of 

thermal radiation are related in grain temperature and so spheres of 

this radius are the regions which will collapse if anything is 

because of the great dependence of reaction efficiency on grain 

temperature at least near a certain critical temperature. Conversion 

of atoms to molecules leads to a reduction in number density and 

hence of pressure and so the region will be compressed by the 

surrounding regions. The time for this collapse is given by (R) as

about -7-5    THfT ' w^-cn n^y b6 compared with the other timescales of
H2 c 

interest and a s^nario of a self -regulating star formating system is

outlined by Reddish.

Earlier Reddish and Wickramasinghe (1969) had considered the 

freezing of H~ onto grains which again leads to a reduction in 

pressure and hence to compression by the surrounding gas. Various 

authors had later argued against this freezing process (Greenberg 

1969). However, the form of (R) allows many of the details of 

Reddish and Wickramasinghe ' s calculation to be carried over and in 

fact many observed features of galaxy and star evolution are apparently 

explained.



When the more reasonable factor of P(n., ) is used the form of 

the timescales are changed and the model can no longer explain star 

formation as satisfactorily as before. A similar modification has 

in fact been made by Reddish (1974). However, he did not take the 

thermal properties of the medium into account. Yoneyama concluded 

that only in those situations in which H^ is the main coolant will

his thermal-reactive instability occur, and he consequently gave

3 4 details only of high temperature cases with T between 10 and 10 k.

In the low temperature regime he considered only accretion onto 

grains. As mentioned previously only in this last case did he give 

any timescales.

A further variable of importance, which was hinted at by Glassgold 

and Langer (1976),is the radiation field; these authors, however, 

only consider its attenuation by the cloud as leading to an extra 

term in the density derivative. Reddish mentioned a paper by 

Schatzman (1958) which he said showed the importance of the coupling 

between the hydrodynamics and the radiation field. In that paper 

Schatzman performed a one-dimensional stability analysis on a finite 

slab of hydrogen gas ionised by radiation incident on both sides of 

the slab. He used the second method described at the beginning of 

this chapter for this non-uniform situation. He assumed further 

that the temperature was constant and also that the system could be 

marginally stable, that is that both the real and the imaginary parts 

of the time constant could be zero. It then remained to find an 

optical depth of the plasma which made the equations consistent and 

he claimed to have done this. However, as is shown in Chapter 6 

there is a mistake in Schatzman T s working - which was not given in
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detail - and his results are invalid-. This does not invalidate the 

point that there may be a link between the radiation and the hydro­ 

dynamics, and more important, there may be important instabilities 

linking these two to the thermal properties of the medium.

It is the purpose of this thesis to investigate these last 

mentioned possible instabilities in a simple way. The method is, 

however, no more simple than that of many other investigations into 

the important subject of the nature and timescales of the growth of 

instabilities in gas clouds.

Numerous applications and questions spring to mind. Could 

these instabilities aid Reddish's genario by decreasing the time- 

scale in the required way? Given this then his scheme would have a 

firmer basis. Is the method useful for investigating the stability 

of H and H~ globules in HII regions (Dyson 1968)? On a larger scale 

could similar instabilities be helpful in explaining galaxy formation, 

applying to not only hydrogen ions, atoms and molecules but also to 

other species? This raises a further point. What are the limits 

to the approximations used especially in the treatment of the radiative 

transport of the molecule destroying radiation and also of the 

cooling radiation? This last point has been discussed by Le Guet 

(1973) in the case of a two level atom in L.T.E. The Eddington 

approximation was used in the equations of radiative transfer. Her 

investigation concerned the rate of decay of temperature fluctuations 

in an initially uniform medium.

* We are grateful to Professor Schatzman for confirming to us that 

his results are, indeed, invalid.
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She used her results to suggest that the effective diffusion 

time of cooling radiation through a medium was much increased over 

that expected from simply scattering because the photons are not 

only scattered but also trapped for some characteristic time before 

re-emission.

As mentioned in connection with Yoneyama's work, perhaps inclusion 

of other factors, such as chemical reactions and attenuation of the 

radiation field, leads to the result that the thermal instabilities 

Field considered and the instabilities discussed by Yoneyama may be 

damped out.

In summary then, numerous unstable modes have been investigated; 

slowly more and more processes are being included, especially when 

the known instabilities are thought to be inadequate for some 

particular purpose. Indeed it is necessary to extend our 

considerations because it is incorrect to neglect known processes 

when the various parameters are intimately and subtly linked. The 

gradual building up of the number of variables will, hopefully, give 

one a feeling for the relative importance of the various possible 

instabilities. Furthermore it is useful to have some general 

algebraic methods for determining the conditions under which 

instabilities grow faster than, say, the free fall timescale, other­ 

wise it is necessary to solve the dispersion relationships either 

analytically, for very simple cases, or numerically in a hit or miss 

fashion.

This thesis aims at both of these objectives, firstly by 

looking at ways of including the radiation field and secondly by 

developing Routh's algebraic methods. These latter methods are applied 

in many situations but are a little cumbersome to use in some of the 

other special applications.
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CHAPTER 2

THE EQUATIONS, INCLUDING A SIMPLE TREATMENT OF 

THE RADIATIVE TRANSFER PROBLEM

2.1 Derivation of Equations

Consider an extended, uniform, stationary gas cloud inside which 

is a uniform radiation field. Let n. be the total gaseous number 

density of element i, n,, x. the number density of species j and a. .
J -J

the number of atoms of element i in species j where element J. 

has been chosen arbitrarily as the reference for abundances. Let

the gas have kinetic temperature T and pressure P. It will be noted
n.

that n. = n, Z a^ 0 x 0 and ^- is constant for all j. 
3 -J- o ^

The equation of number conservation for element i is*

=0

assuming a common velocity v for all species. The equation of 

motion is

=  Q (2.2)
at

m. is the mass of element i,

n, V; BT 4, (2>3)

Gravitational terms have been ignored since the instabilities of 

interest will be those with timescales much less than the
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gravitational one. Field (1971) and Gerola and Schwartz (1976) 

have considered the effect interactions with the radiation field 

have directly on the gas dynamics. It is neglected here, but 

discussed in Chapter 8.

For each species j, and considering i's such that a.. i- 0

r> 
-TTT (n 1 x.) +V.(vn1 x.) = Formation rate of j per unit
d~L 1 ] ~ -L 3

volume minus destruction rate 

per unit volume

7-

dx.
3 - -y -  ._  _   /^,  

dt j
Formation rate minus destructioni 

rate per unit volume of j
(2.14)

The energy equation is

L. = O (2.5)

where

n
(2.6)
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   - »*.

U = _L

= internal energy per (2.7) 

unit mass of gas

. = ratio of specific heats for species j

. = that part of the heat of formation of species j, 

per molecule, which is converted into thermal 

energy of the gas

L = rate of heat loss per unit mass of gas. The 

system is assumed to be optically thin to the 

cooling radiation

= coefficient of thermal conductivity of the gas.

If j(v, a, t) is the flux density of photons of frequency v, 

position z at time t, the equation of radiative transfer is

(2 - 8 >

por a one dimensional system with monodirectional photon flux. Here

(1)a. (v) is the frequency dependent extinction cross section of

species j, S(v, z) is the source term which maintains the steady-state 

field. Scattering has been ignored.

One can write

J- t- +n<+ - (2>9) 
c

where



20.

-L-1-

J_
^

(1 )is the domain of frequencies within which x^ o£ (v) is not 

negligible conpared to the other contributions to the extinction. 

This definition is vague but will be taken to be precisely defined 

in the models below, and furthermore the Av^ are assumed not to 

overlap for different k ! s. It will be noted that a^ and R^ depend 

on the spectral distribution , and so will in general depend on z 

and t.

2.2 The Linearised Equations

Initially the system is assumed to be in a uniform steady state, 

v = 0 and all derivatives are zero. For simplicity let R. be 

proportional to n1 for all j so neglecting changes in abundances of 

other species but including the effects of changing the density, and

then vary I., T, n. , x. for all j. For example n. becomes n. +
n.
 1 is constant. If these variations are sufficiently small one

need consider only first order terms so that for example L changes 

from zero in the steady state to

L _ "S "* t Snr' "i" I_
AMMM^ Lw» ̂ ^ ^^ I | 'It' "-*-4 1 * %

j ^4 J J J J (2.11)
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where

n
Since — 

nl = constant = Z a 
-;

x. it follows that 
D

Z a . 6x. = 0.KJ nJ J
(2.12)

Assuming all perturbations vary as exp{(3t + ikz} the linearized 

equations become:

" O (2.13)

IK SP - O
(2.14)

T
] = O (2.15)

(2.16)

(2.17)

|+\
n.

(>)'

(2.18)
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= O

-(2.19)

The necessary condition for the above linear equations to be 

consistent, with non-zero 6n,, 6T etc., is that the determinant of 

the coefficients is zero. This provides a relationship between k 

and 3 in the form of a complex polynomial equation in 3 with parameter 

k. If only one set of x , I is varied the equation is a quintic, 

if r sets of x , I are varied the equation is of degree (3 + 2r).

Specific models are described below and the values of those
-\ 

(Re(g)) > 0 are given for a range of values of k. The timescale

of growth, that is the time in which the perturbation grows in 

amplitude by a factor e, is I/Re(3). By a simple extension of 

Routh's criteria one can discover whether the polynomial above has 

any roots with Re(3) > 0, or in fact Re(3) > 3 where 1/3 is some
k— ^-r

critical timescale, such as the free-fall time scale.

If only one reaction is considered, namely H + H-^ > H9 the 

equations are

«&•*. - O 
n I I" M

XT VT •+ (X x-*p)Sx -i-XjSl =0

-V- (\_'T -*• ^,)VT f (L^~BKT?x -v L x Si =
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n ( f + ncV * lv;> VI = °

(l-x) bearing in mind that x = -—~ and the determinantal condition

can be written

n

n

•yT

-LT"

O

JL O

O

(2.20)

n, > LA

n ~ n,

R = gas constant.

and the various subscripts have been dropped. A, M and B can be 

defined by comparison with the equations given above.

R= K (2.21)l-\

1 2 (2.22)
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(2.23)

The expansion may be written:

X t F

ncy -v I h LA if - K*" 61

- n
\T

n L2 x r S - CL

- nBKT x.

ncl (UL
a. V

-

IS

- o

(2.24)
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p
(2.25)

A T - L T

We note again that we have assumed that there is. a mono- 

directional flux of photons.
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CHAPTER 3

CRITERIA FOR DETERMINING THE NATURE OF THE 

ROOTS OF COMPLEX POLYNOMIALS

3.1 Uses for such criteria

In the previous chapter it was shown that if a uniform system 

in a steady state were to be perturbed infinitesimally and the 

space and time dependence of the perturbations were assumed to be of 

the form exp{ikz + $t}, then a polynomial equation relating 3 to k 

and various parameters (including derivatives of the thermodynamic functions) 

of the system could be obtained. For the particular case studied 

the polynomial was of fifth or higher degree and the coefficients 

were complex. It would be of considerable use to have an analytic 

criterion to tell whether or not the system were unstable, that is 

whether or not there were roots for 3 which had positive real part. 

Field (1965) for example provided a criterion for thermal instabilities 

depending upon whether any of a set of three test functions were 

negative. He derived these conditions by considering the explicit 

expression for the roots of a cubic equation; the dispersion 

relation he derived was a cubic equation with real coefficients. 

Had the equation been complex such a method, would have become much 

more difficult because of the mixing of real and imaginary parts on 

multiplication of complex numbers, and also the greater difficulty 

in algebraically finding roots of complex numbers. For a quartic 

equation, real or complex, an analytic solution is also available 

but is of considerably greater complexity while for quintic and 

higher equations no general analytic solution is possible. It is 

therefore perhaps a little surprising that a criterion similar in
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form to Field's may be obtained for any polynomial, real or complex. 

In fact Field's criterion can be quickly derived using more general 

methods.

The method for obtaining these criteria, which give also the 

number of roots with strictly positive (>0) real parts and the number 

of roots with zero real part, is due to Routh (1892), Routh 

derived a set of rules to find the information just mentioned for 

polynomials with real coefficients which consisted of considering 

the signs of various test functions of the coefficients of the 

polynomial. Hurwitz (1895) used a different method, following work 

of Hermite, and obtained equivalent criteria to Routh's but gave the 

test functions, whose signs are of interest, in a convenient 

determinantal form. Frazer and Duncan (1929) gave the same 

determinantal expressions independent of Hurwitz. They all 

considered real polynomials.

This chapter contains an application of Routh's method to complex 

polynomials and provides determinantal forms for the test functions. 

A further extension to Routh's work contained here lies in the 

possibility that one can determine whether there are any roots which 

have real part greater than some selected value. The importance of 

this is that often the equations one starts with are approximate in 

the sense that known physical processes are ignored because they 

are expected to produce effects on a timescale too long to be of 

interest. For example Field derived his criterion for thermal 

instability neglecting gravitational processes.

If, in a particular case, the timescales of the instabilities 

were longer than the free-fall timescale (T ) and if the system
o
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considered were graviationally bound , one would expect that 

gravitational collapse would occur before the instabilities had 

had time to grow appreciably. The gravitational effects would have 

to be included in the equations properly to describe any such long 

time-scale instabilities. Alternatively one may be specifically 

interested in instabilities growing on timescales shorter than T .
o

The extension to Routh's work mentioned would allow the statement 

of criteria for there to be instabilities growing on tirnescales 

shorter than T , because the timescale of growth (T) corresponding
o

to a root 3 is given by

T r ReB l 

so demanding that

Re(6) > — implies Tg

T < T .g
Section 2 gives an outline of Routh's method and states the 

expression for the test functions if none of them are zero. Details 

of the proof are in Appendix 1 as are the methods for dealing with 

the cases which have some test functions zero, some applications 

are included. Also in Section 2 is the modification last mentioned 

as well as a related one. In Section 3 the methods are applied to 

Field's equation and also equations related to that derived in 

Chapter 2.



29.

3.2 Derivation of the criteria

Consider the general polynomial of degree n

f(z) = P(z) + iQ(z)

= aQ zn + ( ai + ib1 )zn"1 + (a2 .....

+ (a + ib ) (3.2)

where z = x + iy, x and y are real; a. , b. are real for all i.11
A theorem due to Cauchy states that if, as z travels around a closed 

contour in the complex plane in a positive direction, the argument 

of f(z) increases by 2iTm, then there must be 'm 1 roots of the 

equation f(z) = 0 lying within the contour, assuming no roots lie 

on the contour. Applying this theorem to a contour enclosing the 

entire right -half plane the problem of finding the number of roots 

of

f(z) = 0 (3.3)

which have real part greater than zero is solved if the increase 

in the argument of f(z) can be calculated; Routh provided a method 

for evaluating this quantity.

The contour chosen is one consisting of the y axis from +R to 

-R, closed by a semicircle in the right half plane, and R is made 

infinite so that the entire half plane is included.

On the semicircle the leading term dominates when R is large 

so that in polar coordinates

f = P + iQ = a Rn(cos(9ri) + i : sin(8n)) 

so as 0 goes from -IT/ 2 to +ir/2 the argument of f increases by mi.
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The decrease in phase of f(z) will be given by the number of 

sign changes from minus to plus less the number of sign changes 

from plus to minus of (-P/Q). This number can be obtained using 

a theorem due to Sturm which is proved in Appendix 2.

Along the y axis, where z = iy

0 / -01/2,. n , n-1 n-2 , n-3 -4 -, P = (-1) {aQy + ba y - a? y - b 3 y + a^ y .... }

n t -x r n-1 , n-2 n-3 , n-U n-5 -, Q =-(-1) la + by - ay - b y + a y + ...}

(3.4)

if n is even, or if n is odd consider i.f(z)> and replace (-l)n 
,n+l)

= (-«n/2 P(y) 

Q(y)
JL

f (y) = -Rem(f /f . ) = remainder after dividing f by f

f3 (y) = -Rem(f3 /f2 )

until f (y) = const

fr+1 (y) = 0 (3.5)

If this sequence of functions is evaluated at the end points 

y = +R and y = -R the number required is the difference in the 

number of sign changes going along the sequence at the two end 

points. Zeros are excluded in the counting. Since R becomes 

infinite only the leading terms need be considered. Calling the 

leading coefficients a , a , c», c etc. at y = +R then when
O _L L. G

y = -R the coefficients become a , -a., c , -c .... for even n and
C-) _L £, o

-a , a , -c0 , c q .... for odd n, assuming none of the c- 's are zero o 1 ^ -3 i

so that r = n. The case r 1 n is treated later.
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If the first sequence has k changes of sign then the second

and third sequences have (n - k) changes in sign, as may easily be

proved by induction. The difference in the number of sign changes

at the two endpoints as R -»• » is then 2k - n. It follows then that

the increase in the argument of f(z) travelling around the contour

1 is ir(2k - n + n) so that there are «— x 7r(2k) = k roots with positive

real part, assuming that r = n, i.e. that none of the c.' s are zero 

and that no roots lie on the axis. In this case determinantal 

expression for the c. will be

«, \ o-w A
al Qi

Q

o.

» "« O

:, 2 -O,

Q. «.

(3.6)

The proof of this equality is given in Appendix 1, 

The timescale (T) of growth of an instability is

Re(z.) for root z..

If one is interested in timescales less than some T

1 
A A is real (3.7)

then one can change the variable to 3 = z - A. Re($)>0 corresponds 

to Re(z) > A, so

ReTzT A*
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The polynomial f becomes

r> \-2

i

'

-v)n^^ \

(3 - 8)

In simple cases onemay use the a , a,, b., etc. in the 

determinants of the c. . These may be viewed in one of two ways. 

Either A can be fixed and conditions may be found which make 

Re(3) > 0 for roots of the polynomial, or one can regard the 

sequence as a method for determining A because each c. becomes a 

real polynomial in A, which changes sign as the real A passes 

through real roots of that polynomial. Note that if one c. changes 

sign there is no guarantee that some other c. may not change sign 

to compensate the number of sign changes in the sequence. Therefore
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the roots of the various polynomials for the c . ' s need not correspond 

to real parts of actual roots z. of the original polynomial f(z). 

However, the roots obtained do provide starting guesses for these 

parts of the roots z . . Since one is looking for real roots of 

real polynomials there may be some simplification in solving the 

equations for A rather than solving for the complex roots of the 

original complex polynomial.

A related point is that if z has positive real part then so 

does 1/z = s and if z satisfies f(z) = 0 then s satisfies

- O

(3.9)

The use of the techniques given later in this chapter and in

Appendix 1 on this polynomial may lead to some simplification, or
» t 

at least gives a different starting point so that with a , a. ,
T

c9 one can see some of the effects of changing an a , , b and 

b _1 without involving large determinants.

3.3 Application to Field's Instability

As an application of the methods suggested in section 2, 

Field's equation may be treated. This equation may be derived as 

done in Chapter 2, keeping 6x = 0 = 61, and may be written

- o

p = nkDT, the subscript has been dropped from y. 
B
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a = 1 o

al = V(y-l)y

Q, Q 0 0

O O

0

o

o o o
o. o. O

If any of

nLn ),

(3.11)

are negative then roots corresponding to instabilities exist,

If one changes from 3 to z where

z = 3-A (3.12)
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and A = —, T being some critical timescale, for example the free 

fall timescale, or A may be treated as an investigatory tool, the 

cubic equation becomes, upon substituting,

K f V -*- J2i"M
i r — * U—— Q """ *""1 v. • ^— - y

(3.13) 

O

Use of the methods detailed above shows that if any of

,<

ft*

(3.

are negative then there are roots with real part greater than A.

»
c,, is just the original expression and so changes sign as A

passes through real roots of the original equation.

With given positive A there may be an instability with growth 

timescale less than T if
V^r

(3.15)
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Alternatively if A is to be determined, there may be a root with 

positive real part given by

A r - r, -H_ ( Y-i) (if T < 0 ) (ft) 
1 dkB ~T

The sign variation of the other terms must be examined as A passes 

through the above value in order to determine whether there is such 

a root.

Similarly, if A is given then c? may be examined. For example
t

if a. > 0, c < 0 then c < 0 for k greater than k where

2.
?

ci
(3.16)~5 \ -HJ"MU i-n-U-V1" nv-n I 

r

It will be seen that k is real only ifC2

QAJin

If -c9 is less than the above value, there may not be an 

instability of sufficiently short timescale, but again the sign of 

the other test functions must be considered.

As before, if A is regarded as a variable then there may be a 

root of (3.13) with positive real part given by

r\ ~ — (y \ u / y v'NT i ~L.r^\ S 11 r\ ^K-•)f•^

OVL.
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i

For fixed A > 0, if !+„ > 0 and c < 0 one can see that c
J. o o

will be negative for k < k where k is given by
^*- **—

(3.18)

k will not be real unless C3

- "V

If a. > 0, c~ > 0, c,, < 0 then there is only one root with positive 

real part and this real part can only have real part greater than 

A if

(3 ' 20)

and then only for k > kC 3

Conversely A given by

A = -(TU - nL)n

will definitely be the value of the real part of the root.

Field (1965) derived approximate solutions to this equation 

which had real parts equivalent to *, ** and ***. The latter 

equations may be tabulated



38,

4-

.2 V-unMf-O•-- .? f~ -V" —

i

where

= (Y-l)

and (Y-l) has been taken as positive. If Un> 0 then Field's 

approximate expressions can be seen to be exact, with the restriction

that k must be sufficiently large, so that whenever the coefficient
2 ' ' 

of k in the expression for c^ or c 3 is negative then the whole

expression becomes negative.

On the other hand if one is interested in instabilities occuring 

with a finite wavenumber then the above analysis gives sufficient 

conditions on k and b. , b? , b^ in order that the timescale of the 

instability is less than some chosen value .
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3.4 Applications to more general systems

It may help to understand what is going on to consider some 

very similified conditions, allowing only two out of 6x, 6n, 6T and 

61 to be non-zero, the condition for the other two to be zero is 

that their coefficients in certain of the equations are effectively 

infinite. The first special case will make this clear.

The full set of linearised equations is

a)
n

b)

tfm -.. O

- O

where p is the opacity per unit volume 

(i) Sx ^ 0 = 61

If (3 +X ) is sufficiently large then no matter what the size
J\.

of the other terms, for 6x small with respect to 6n, 6T, 61 

equation ( t> ) will be satisfied. Similarly, since from (d)

pnTSnl (3.25)

P) 

it follows that if pxl, pTI, pnl are all very small compared to

(3/c + p + ik); then 61 will be very small compared to 6x, 6T 

and 6n.
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When both these conditions hold one sees that

T
and

\ n /A

so that (a) may be written

On (3.26)

to a very good approximation. The approximation becomes better 

the larger is ( 3 + X ) . In the same way the 6x and 61 terms may
.A.

be missed out of (c), unless of course 3 is such as to make the 

coefficients of 6n and 6T sufficiently small and all four terms 

become of the same magnitude. This last possiblity will be 

neglected below.

Having now set 6x and 61 effectively equal to zero (a) and (c) 

reduce to Field's equations which have been considered at the 

beginning of this section. The use of this limited set does imply 

certain constraints on the sizes of the various terms. For example, 

setting 51 = 0 for simplicity, (b) may be written

Sx *

Substituting this into (a)

L T
1
J
»o

(3.27)
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•J

%»nii.t •.,

1. 
T

Using the equation for 61 another set of constraints may be obtained 

and in order to see whether or not it is valid to use Field's 

equations one should test whether or not these constraints are 

satisfied. An equivalent method, which is used here, is to solve 

the full set of equations to see if any new features are shown.

There are other alternatives within this special case. It 

may be that for example L^ and p are very large compared to the
-L X •

other coefficients in which case (c) and (d) are satisfied with 6x 

and 61 very small compared to 6n and 6T and, assuming the implied 

constraints are satisfied (a) and (b) reduce to

n

XT

o
(3.28)

The dispersion relation is

= O

and there will be a growing instability if 

which will occur if either X < 0 or

(3.29)

X

n
\ • .L.' sr) is negative
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< 0 (3.30) 
p,x

corresponding to the isochoric and isobaric instabilities of 

Field.

(ii) 6T = 0 = 6x
2p

(a) immediately implies that either 6n = 0 or $ = ±i/(-—) -J nm

If any two of (b), (c) and (d) had been chosen so that the 

coefficient of <5x and that of 6T were sufficiently large that these 

two equations were automatically satisfied, the third equation

would then show that if 6n equals 0, 61 must also be zero, or else 

61
6n must be determined.

2 
Although formally possible to assume that either k P/T or

2k P/M were effectively infinite, so allowing a different dispersion

relation to be found for $, it seems an unreasonable thing to do
2 

because neither M nor T should be zero and the factor k P is common

to all the terms.

(iii) 6n = 0 = 6T

Unless (a) is chosen as one of the two equations which are 

satisfied for very small 6n or 6T, it follows that 6x is zero. If 

3 is sufficiently large, however, it does seem reasonable to say 

that the coefficient of 6n is effectively infinite. Assuming also 

that (c) is satisfied because (AR$ + Up) is also sufficiently large, 

(b) and (d) remain as

(X. + 3)& x + X 61
X L

p I 6x + (3/c + p + ik) 61 = 0

.
X (3.31)
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The dispersion relation

- o
(3.32)

has test functions

1c = — 
o c

X 
ca = -^ + p (3.33)

9 X 2 
°2 = k p Xx + ("F + P) [pXx " IXI Px ]

c shows that if pX - DC. p is negative there is an instability
/- Jv -L X.

if k is sufficiently small when X is positive.

pX - IX... p may be written ^ x I x J

since if x is constant XT 61 + X 6x = 0,I x

(iv) 6T = 61 = 0

If (c) and (d) are assumed to be the ones with large coefficients 

of 6T and 61 respectively, (a) and (b) reduce to

* £? )^ n + ^~P ^x " ('^ 
n / K

(3.34)

k

V c -wx n an -t-

= O
(3.35)



rr\

m X.

O

n\

O

O

X

If any of the conditions 

(i) Xx < 0

(ii) Xn < 0

n ,,

(3.36)

(3.37)

there will be at least one root corresponding to an instability,

(v) 6n = 0 = 61

Taking (c) and (d) as the ones with large coefficients of 6n 

and 61 the remaining equations read

*T + ** - 0 
T M " U

6T + (Xx + 3) 6x = 0
(3.38)
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3 + (Xx " V r

TXT
and 3 > 0 if Xx - -—- < 0 

i.e. (~) < 0.
oX T-.P,n

Alternatively one may assume that X is very large so that the 

equations to be used are

s O

(3.40)

\ \ ^ (3 ' 41)
Lx - LT 1 - O

When B - A/M > 0 the condition is

<fb31 P,n

(iv)6x = 0

* ft r

t
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which lead to

\ IP" I 1 -f nm i'tr

I C

He,
±_ \
nrcTt )

nT

n no,

XL

-f

\
nmT

- 0

(3.44)

The corresponding test functions are

o
ARnm

= nmC nqAr)

c**

•4

(3.45)

If I is positive it follows that if

LT
+ - L ) is n
2 sufficiently negative that the coefficient of k in c,., is also

negative then for sufficiently large k, c« will be negative. A 

necessary condition for c^ to be negative is that

2
L ) < 0. n (3.46)
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CHAPTER U
r

MODELS FOR THE INTERSTELLAR GAS

U.I Description of Heating and Cooling Mechanisms in L

This Chapter contains detailed models of the thermal properties 

of a gas composed of hydrogen, carbon ions, electrons and grains as 

elements . The species included are hydrogen atoms and molecules , 

carbon ions and atoms ; electrons and grains ; the parameters are 

labelled by ft., H« 5 C, C , e, and g respectively. Simple reactions 

are also included and the self -shielding the rmo- reactive instabilities 

mentioned in Chapter 1 are investigated in the situations considered.

The heat input in these models may comes from cosmic ray destruction 

and photodestruction of hydrogen atoms and molecules, photodissociation 

of carbon atoms , hydrogen molecule formation and the photoelectric 

effect on the grains. The gas is cooled by infra-red radiation from 

collisiorially excited ions, atoms and molecules, and this radiation is 

assumed to escape freely from the gas. Unless otherwise stated the 

details below are taken from the paper by Dalgarno and McCray (1972).

Cosmic rays dissociate and destroy hydrogen atoms and molecules 

giving an average heat input to the gas of 6.6 eV and 19 eV 

respectively per interaction (Glassgold and Langer 1973a).

5

where FpR is the heat input per unit volume per second from cosmic rays. 

"f is the primary ionisation rate for hydrogen atoms (H) 

n is the number density of hydrogen nucleii.
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Hydrogen molecules (H0 ) are assumed to have a cross section 1.65 

times as great.

Photodissociation of H and carbon atoms (G) contribute 0.5 eV 

(Milgrom et al. 1973) and 2 eV (Spitzer 1968) respectively, providing 

a heating rate of F , per unit volume

P = n \ rr (a) • "T C«^ or -^1 * 3~! \l «;"' "^
^ \ "1* c c - t J - - (4 ^ 2)

(2) * where a. is the p^odestruction cross section for species j , defined
(1) similarly to a. in (2.10).

Watson (1973) and Jura (1976) have suggested that the photo­ 

electric effect on grains can provide a significant heating source

for the interstellar gas. Jura estimates a heating rate F for& & • pe

photoemission from a population of very small grains, radius about
o 

50 A, for which the photoelectric yield is high, as is the energy

of the photoelectrons.

-3
^-i. I ^w- if ^^ ^»..^

jmJ

ne

where n is the number density of electrons,e o 
f the fraction of the extinction at 1000 A that is produced

o 
by the small (50 A) grains. Jura suggests f may be as high

as 0.5
o

T is the optical depth at 1000 A assuming that where T •, = 0 

the incident U-V flux is the observed ambient field.
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Spitzer and Cochran (1973) had suggested that the H? molecules 

formed on grains were ejected from those grains with a kinetic 

energy of about 3 eV per molecule; they suggested this in order to 

explain certain observed line profiles of ultra-violet H~ absorption. 

However, more recently Spitzer and Jenkins (1975) state that higher 

resolution observations show that the previous observations can be 

explained by the overlap of two sets of absorption profiles. 

Not-with-standing this latter paper Barlow and Silk (1976) have 

estimated the average kinetic energy with which a newly formed ]rL 

leaves a graphite grain's surface as 2.3 eV, which would provide

a heating rate T^ ofrir

= 2-3 n"3c h DC,, y\ cr ^Vs

where VH is the average thermal velocity of H atoms, a the average 

grain cross section and y is an efficiency factor of about unity 

(Hollenbach et al. 1971).

Excitation of C by collisions with electrons gives a cooling 

rate A :-

A, = 3 - - J°

/
W«r' "3 -cVS cr-VTN

using the collisional factors given by Kaplan and Pike^iier (1968)

Collisions between C and H or PL gives a cooling rate A~ 

given by
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- -3

(4.6)

where, as suggested by Dalgarno and McCray, H« is taken to be 0.25

times as efficient as H for collisional excitation. Collisional

4 -3 rather than radiative de-excitation predominates for n £ 2 x 10 cm

for C whereas neutral carbon (G), which is also excitated by

collisions, collisional de-excitation becomes important for
_3 

n > 100 cm so that one must consider the details of the changes

in populations of the fine structure energy levels for carbon atoms, 

as has been done by Penston (1970). Penston included only collisions 

with hydrogen atoms, neglecting hydrogen molecules and electrons.

The rate constant for collisional de-excitation by H atoms is about
-10 3-1 '-93-1 

2 x 10 cm s , that for electrons one may estimate as 10 cm s

by analogy with oxygen and nitrogen atom de-excitation (Kaplan and 

Pikelner 1968) so that their relative importance in determining 

the level populations is
~

-»o ^

which is always much less than unity in the models considered. 

Therfore Penston's results will be used except that we shall include 

collisions with hydrogen molecules, assuming them again to be 4 as 

efficient as hydrogen atoms in collisions, which means that

n. = n(xu + J Xu ) ± n n~

will be used instead of nx,*.
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One may state Penston's results in the form of the following cooling 

rates AQ and A, :
o H

(4.7)

where f., f are the number densities of carbon atoms in the levels

22 23 2p P. and 2p P respectively. By considering the various

processes by which the level populations change, both collisional 

and radiative, one may write

fa = (FC - HD) / (AF - ED) 

f2 = (HA - CE) / (AF - ED)

e

-v
^»
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AC represents the cooling by H2 and HD. The long lifetimes of 

the excited states of HD and PL mean that the populations of the 

levels are approximately those given by the Boltzmann distribution

A
-12.'B (4.10)

^
was taken as 10 in all cases below unless otherwise stated. 

The function L is made up of contribution of some or all of

the above A's and F's. If all are included then

L =
/un

The factor 1/yn is included because L is the net cooling rate per

unit mass.

4.2 Limitations on L

The gas is assumed to be optically thin to the infra-red

cooling radiation. The condition for this is that the total
20 -2 + 

column density of hydrogen is less than 2.5 10 (Av) on for C
_-j 

radiation, (Av) is the line width in km s for the cooling lines.

Cosmic ray attenuation is ignored above. The range of 2 MeV

21 -2 protons in the gas corresponds to a column density of 210 cm

of hydrogen. Attenuation of the ultraviolet radiation becomes
+21 -2 

appreciable for a column density of 210 cm , assuming that

grains provide the major contribution to the extinction and
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-22 2 ax =510 cm . However if
S g

> .^L X- (4.12)

then H molecules will themselves be the main attenuating agent
-15 2 — Taking a as about 10 cm one sees that if

x., > 5
*2

then the self shielding of Hydrogen molecules must be taken to 

govern the attenuation of the radiation.

In a situation where sources of radiation are not smoothly 

distributed throughout the gas but the radiation is incident on one 

side of a slab of gas from sources outside the gas one may expect

that the condition of the gas is fairly constant over lengths of
2110 300about ——— cm - —— pc. and so they will be constant over about one n n v J

wavelength of a perturbation if the wavevector k is greater than
-21 -1 -7 

610 n cm . If, however, x,j is greater than about 510 thenH2
the limiting k will be aTT nH2

It has been assumed that the energy given to the gas which is 

destined to be thermalised is in fact immediately thermalised. This

is a good approximation since the thermalising time is of order the
10 10 

time between collisions of atoms, ——— sec. and we deal with tunescales

much longer than this.

Dalgarno and McCray (1972) mention many coolants which are not 

used here, the reason is that for temperatures of 100 k or less C 

cooling is the most important, unless carbon is depleted by a factor 

100 more than are Silicon and Iron. Therefore for many situations



54.

in interstellar space the model above may be a good approximation. 

However, the other species may affect the ioriisation balance which 

may in turn affect, for example, Up. A more detailed model is 

certainly desirable, including for example the conversion of C to 

CO which certainly occurs at the higher densities considered in these 

models.

4.3 Formation and Destruction Mechanisms

The H« molecules in these models are formed on grain surfaces 

and destroyed by ultra-violet and cosmic radiation (Hollenbach et 

al. 1971, Soloman et al. 1971). Carbon atoms are photoionised 

to produce carbon ions (C ) and reformed by gas phase radiative 

recombination of C and electrons (Werner 1970). These mechanisms 

give

H,i n
v _ i
A i, _L_ • 1—-H ***-a l^a v u u / i\^*.iv v-> u .J._., ^

(4.13)

where o is the geometric cross section of the grains, VH the
o

thermal velocity of hydrogen atoms and y is an efficiency factor of
—1 8 

about unity. The product x a v^y is taken here as 210 /T, with
o o

the temperature dependence coming from the temperature dependence of

v T is the cosmic ray destruction rate constant for hydrogen n v

atoms; the factor 1.65 in. the last term arises because the cross 

section for interaction between H,-, and cosmic rays is 1.65 greater 

than that between hydrogen atoms and cosmic rays (Solomon et al. 1971)
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X, - -L 
n

(T) ctc=c* - r-
^- C- — *- &- E

(4.14)

(4.15)

a(T) is the radiative recombination rate coefficient (Werner 1971)

and R are taken to be the sane, the contribution to the
C

opacity of the dust. As mentioned in Chapter 2 R will be taken 

to be proportional to n, and indeed for dust opacity

R,=R=R=axn. (4.16) H2 c o g g

In other words the shielding of C by H« and visa versa will be ignored. 

Detailed calculations by Viala and Walmsley (1976) confirm that this 

is justified in some cases at least.

Limitations of X

H^ is dissociated via line absorption. Bulk velocities could 

therefore greatly alter the situation because of the doppler effect 

on the frequencies which are absorbed. This effect is ignored here 

but is treated in a simple-minded way in Chapter 7.
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Values of the parameters 

Y,-

At low temperature the internal, degrees of freedom of hydrogen

molecules are inactive so that YT T will be taken as that of an idealH2 
monatomic gas, as will y.. for all the other species, that is

Y- = 5/3 for all j. (4.17)

X± and B

X , is that part of the heat of the reaction which forms 

species k which is converted into thermal energy of the gas and which 

is not otherwise included in L. In this model, however, both 

formation and destruction are accompanied by a heating of the gas 

rather than the two processes being reciprocal with the energy released 

of one being balanced by an energy absorption by the other in the 

steady- state.

The real part of each of the equation in Chapter 2 is the 

physically interesting part, but the corresponding imaginary part has 

been added so that the exponential notation may be used. This
j p.

reminder is given here for the following reason. When — rr- is 

positive the details given in the discussion of the function L will 

assign to a certain value since x ~prf- corresponds to the heating
-t r«

obtained when H« is dissociated and x is increasing. When — rr- is 

negative a similar analysis will show that B has a different value 

because even though ~T~ is now negative, part of the term BRT —r— 

namely x "T" still corresponds to a heating process, and so x

must have the opposite sign to x > and may also have different
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magnitude. This point is discussed again in Chapter 7. The

equations have been solved for two values of B corresponding to
+ -

X and x and any differences are pointed out in the results.

cr."\ a.^l. ,^t J, n, , n,
____________ n rt n w

In these models we take the following values for the above parameters :-

(1) (9) -17 -9 
0.5 a = o = 1.1 10 on as suggested by Werner (1970)

\*^ ^-

and assuming about half the absorptions lead to dissociation.

5 _2 ~i 
I - 1.3 10 photons cm s in some models. I is reduced

1 1 by factors of -rr-, -r, etc. in others. This values gives

(2) -12 -1a I - 1.4 10 s which agrees with the estimates of the
v.*. \^

photo dissociation rate of carbon in unshielded space (Werner 1970)

(2)a, , and !„ are rather tricky to define. If there are & lines of
H2 H2 
approximately equal strength a each of width A, the Doppler width of

a single line, then the dissociation rate of H2 in unshielded space
_O _ _n _o _^

will be 3 x 10 &aA since the photon flux is 310 photons cm s

(Hollenbach et al. 1971). This rate has been calculated as
-10 -I 

about 10 s

A **

\o



58.

_ _ _^5 2 
Taking a geometrical cross section for a, a - 10 an

£ = 5. = 300 if T = 100 k

12 
and £A = 310 which is a rather large fraction of the frequencies

of the photons. Making 5 smaller would require making H and 

uncomfortably large, and would imply that a large fraction of the 

spectrum corresponded to lines of photodissociation of H« and even 

more would correspond to other H« lines. We do not want to make 

a greater than the geometrical cross section and so we set

OR (2) = 5 = 10-15 a*-2 . 
H2

L|
Iu was taken to be 310 and fractions of this, corresponding H

-11 -1 
to a maximum dissociation rate of 310 s

aTT = 2.5 au because Hollenbach et al. estimated that H2 H2

about 40% of the absorptions lead to dissociation.

—1 R — 1
J was taken as 310 s and the attenuation of the cosmic 

rays was ignored.

n -4 
c was taken to be 410 6 where 6 is the depletion factor,"H

taken in these models to be 0.1.

"kT was taken to be that of the neutral gas, namely = ~
I O 111 L\J j-p

-9 
where OT = 8.94 10 cm.

n _u
x = — was set to (1) x+ (2) x . + 410 and 
en. c c

1 _o
(3) x , + 10 in different models.
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H.5 Photon Mean free path

With the reaction scheme suggested the dependence of the mean 

free path (m.f.p.) of the molecule destroying photons may be 

derived

1) H0 destroying photons

\ p
"

-V (4.18)

^v

C 0*1 ^^ /

If Iu = 10 photons cm s , m.f.p. = 1Q ( •-"2 ^

ncorresponding to k = 6n h-pr + 1
— 91 .. _ Z 110 cm

n
, k

30 300 3000 30,000 cm
" 3

R-in' 18 Kin"15 Kin"14 ^ 610 610 610 cm

3 -2 -1 If I =10 photons cm s
2

n

k

30
610"18 610

300 
"16

3000 
"14

610

30,000 cm" 3 
610~12 cm"1

In order to apply the linear perturbation method detailed in 

Chapter 2 a necessary condition is that k the wave number of the 

perturbation is restricted by

k « k for the conditions used. c
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Carbon photoionising photons

0< RS \O~

-%o -3Lf"\ s -*-* r
|O^ -v \O \ ^=- \O I J 9.|[}.
~r \ i^T '— ~T—Tt -» n, X;

n 30 300 3000 30,000 cm~ 3

k 210"19 210~18 210"17 210"16 cm"1

5 -2 -1
while of I = 10 photons cm s one obtains

n 30 300 3000 30,000 cm" 3

k 210~19 210"18 210~17 710~16 cm'1 
c

As before one requires that

k « k c

for any perturbation considered.

(4.19)
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4.6. Method of Solution

The dispersion relation was solved numerically for a large 

range of k, the wavenumber of the perturbation, and n, the number 

density of hydrogen. The various derivatives, Up, etc. were 

calculated numerically and the subroutine C02ABF of the Nottingham 

Algorithm Group, made available by the Oxford Computing Centre, was 

used. C02ABF uses a version of Newton'.s method to find the roots 

of complex polynomials, it however suffered from the defect of 

occasionally producing numbers which were not roots of the equation 

presumably because of overflow or underflow when multiplying very 

large or very small numbers. It was therefore necessary to check 

the roots of substitution into the equation and the algebraic sum of 

the terms was compared to the magnitude of the largest terms. 

Furthermore it was necessary to check against error introduced by 

the fact that numbers smaller than a certain non-zero value do riot 

register in the computer, so that multiplication of two non-zero 

numbers together can give zero in the machine. The check consisted 

of using the calculated value of 3 in all but one of the original
f ftr\ <f-r

equations to obtain -=—, -«—, --- etc. and these values were substitutedox ox ox
into the last equation. Again the algebraic sum was compared to 

the magnitude of the largest terms, the ratio of these two quantities

should much less than unity if the value of 3 is a good approximation
—7 

to a root of the equation. The ratio was 10 or less in most cases,
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4.7 Results and Conclusions

Tables 1 and 2 give the values of T, Up, etc. for various 

combinations of n and I, and J = I for two models. The first is 

heated by cosmic rays, H« dissociation and carbon photoionisation, 

the second by these and also the heating mechanism associated with 

the formation of H- on grains. None of the situations considered 

was unstable in the Field sense.

Tables 3 and U gives the value of I/Re(3), whenever it is 

positive, for a variety of wavevectors k, density n and racL'a ; ion

flux I, in the two models in which we lock at perturbations in the

U
1—x 

hydrogen molecule fraction x,, = (—^—). J is taken to be constant

throughout these tables.

The only point to come out of these results is that, although 

there do seem to be instabilities under certain conditions, these 

instabilities occur on timescales greater than the free-fall time- 

scale. It will be remembered that the parameters used are rather 

optimistic in that they tend to overestimate the effect of radiative 

transfer.

The calculations were repeated using neutral carbon as the

7 photodissociated species, with values of I« between 13 and 1.3 10
_2 ~\ 

photons cm ' s in multiples of 100, and 6 equal to 0.1 and 1.0,

in model 1. Very few instabilities were found and none had timescales 

less than the free-fall time.
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CHAPTER 5 

A MODEL FOR PURE HYDROGEN GAS

5.1 The Heating and Cooling mechanisms

Instabilities in pure hydrogen gas are of interest when the 

formation of the first generation of stars is discussed. Saslaw 

(1967) gives an approximate expression for the rate of cooling by 

collisional excitation of the rotational levels of H~ followed by 

radiation of the energy. This may be written

i r -.n-? m2.4 2/3 (1-X) "I -1 ,_ „,.= 1.5 10 T n x — — ergs gm s (5.1)

and this is valid for

500 < T < 5000
(5.2) 

and 10 < n < 10 .

We assume the heating here is some unspecified density dependent 

effect giving the heating required to maintain T at 1000 k, after 

including that part of F,, which comes from fL dissociation. 

y was taken to be 7/5 for H? and 5/3 for the atoms.

5.2 Formation and Destruction mechanisms

Even if there are no grains present, H2 can still form via the 

reactions

H + e •> H~ + photon (5.3) 

H" + H -> li, + e (5.4)
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-19 3 -1 where the rate coefficient for (5.3) is 6.06 10 T cm s

(Peebles 1969) and the rate of (5.4) is much larger than that of
-5 (5.3). Peebles suggests an initial fractional ionisation of 310

and so we get an effective value of g (see the previous chapter) 

of 1.8 10 . In this calculation we use g - 10

From Yoneyama's paper we can take the rate of collisional 

dissociation to be

X *, ,cott*w«i = n
(5.5)

With our usual expression of X , =a (1 - x) I, we find

« S-:i\oVrffo-aox_______
(5.6)

T=

For the values of I and n taken here, photodissociation is easily
3 the dominant process if T = 10 k, therefore since we fix the

3temperature at 10 k we take only this process of destruction.
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Yoneyama states that in this case the system is stable. We 

now investigate the effects of the radiative transfer. Table 5 

gives the values of the various derivatives for different I and n, 

Table & shows the resulting timescales of the instabilities.



66.

5.3 Conclusions

There is quite a variety of conditions which give rise to 

instabilities, although long wavelengths and high densities seem

most favoured. Table 5 gives the values of L etc. Theto x

timescales shown in Table 6 are quite short, especially in regions 

with large values of I. However, none satisfy the condition that 

k should be much greater than na(l-x) and so we conclude that, unless 

there are exceptional circumstances giving rise to uniformity over 

longer scale lengths, these instabilities will not be very helpful 

in fragmenting gas clouds of pure hydrogen. Calculations for the 

three dimensional problem may change this conclusion.
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CHAPTER 6 

CRITICISM OF SCHATZMAN'S PAPER

6.1 Description of Schatzman's model

This chapter is devoted to a model studied by Schatzman (1958) 

of a slab of hydrogen gas ionised and heated by a flux of photons 

coining from both sides. Schatzman reasoned that motion of the gas 

would change the density of the gas and so affect the radiation 

field. Changes in the radiation field alter the ionisation 

structure producing a change in the number density of particles in 

the gas which in turn affects the motion of the gas.

Schatzman's notation is used in the outline of his paper in 

this section. We give next the equations used.

Ionisation

SnH

where nu = number density of hydrogen atoms n
n = n = number of ionised hydrogen atoms 
e p

q = recombination coefficient

S = mean total intensity of ionising radiation

a = cross section for photoionisation at the Lyman limit

h = photon energy at Lyman limit.

Radiation field

(6.2) 
on., c 3t 3x
n
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S = I + Fe~Tl coshi (6.3)

-5^ i

<——IL

- o

2i. = optical thickness of slab at Lyman limit

F/2 is the radiation flux incident on either side of normal

to the surface 

w = no. of re-emissions in the Lyman continuum

total no. of re-emissions 

T = optical depth from centre to point.

Equations of motion

Pressure P = (2N - nu) kD T
n D

where N = total no. of hydrogen nucleii 

T = gas kinetic temperature 

kD = Boltzmann's constant.
D

Small disturbances propagate according to the equation

(6.4)

3t

2 k T 
{^. 
mo -10} H (6.5)

m = mass of proton.o r
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Schatzman next argued that the timescale for themal
4

relaxation in an HII region at T = 5000 k is —-———— years (fornp 

example see Spitzer 1968) and furthermore T varies very little with

density so that the temperature could be supposed to be constant.

The timescale for ionisational relaxation is also very short,

—18 2 about 1 yr. in cases where nH « N, taking a = 6 10 ' cm and a

radiation temperature 2 10 K with dilution factor 10 , therefore 

he assumed ionisation equilibrium. Since perturbations in the 

radiation field propagate with about the speed of light and taking 

typical dimensions of interstellar gas clouds as 1 pc then the 

timescale for radiative relaxation will be about 1 yr. so Schatzman 

assumed radiative equilbrium. These considerations together meant 

that he could neglect the time derivatives in (6.1) and (6.2) and 

also regard T as constant in all considerations of perturbations.

The steady state equations are from (6.1) and (6.2) with

3 _-^— = 0, together with
ot

P - constant

for hydrostatic equilibrium, assuming the gas is somehow contained 

within the slab, for example by external gas pressure. These 

steady state equations are soluble, exactly if w - 0 and 

approximately if 0) i 0, and S, n^ and N may be given in terms of 

T. Given this steady, but non-uniform solution the equations may 

be linearised around them.

(6.1) gives

N + nH N - nH
6N = —R=-^ ;<$n + ——0—^ SS (6.6)

2nH H 2 T
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where <5N, 6nH , 6S are the infinitesimal perturbations to 

N, ft. and S respectively.

Assuming that all perturbations vary in time as e (6.5) becomes

9 k T 2
Xz 6N = -J2- 4-r (2 5N - 6n). (6.7) 

m 9x H o

If 6S can be found using (6.2) in terms of 6N and 6i\j then

(6.6) may be used to find 6rLj and 6S in terms of 6N so that finally

(6.7) is an eigenvalue equation for X if appropriate boundary 

conditions are imposed on 6N. Having found an eigenvalue the 

function 6N may be calculated.

Schatzman assumed that X = 0 was an eigenvalue and tried to 

find the values of T. and £ to which this corresponded with 

boundary conditions 6N = 0 at x = ±£. He claimed that the 

appropriate values for the case w = 0 were

T T l

c " 2an o

where n is the number density of hydrogen atoms in a radiation 

field of dilution W

M2 ..-1 1rrl8.4U n - N W 10 o

He argued that if the slab were larger, that is £ > £ , then it 

would collapse.

-14 675 For W = 10 , £ = rr— pc, a sphere of this radius would

*. • 8.3 10 7 M contain a mass — —— n .

For w i 0 Schatzman found that £ increased so for example

if a) = 0.39j £ = XT 2~' Pc * After this spontaneous collapse
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Schatzman speculated that the gas would recombine almost entirely 

and form a cool HI cloud.

Examination of the equations for w = 0 shows that his analysis 

is wrong.

6.2 Analysis of the equations for a) = 0, X = 0 

(6.7) with X r o is

2-*. (26N - 6I-LJ = 0. (6.8) 
9x2 *

Now T = a /* nli(x t ) dx 1 (6.9) 

so (6.8) may be written, dropping the subscript H

-£- (no -£- (26N - 6n)) = 0 " (6.10)
dT dT

(26N - 5n) = -A (6.11)

2 6N - 6n = /T -T^TT d-f ' + B (6.12) 
o nd 1 )

A, B constant 

6N = 0 at T = ±T 1 are the assumed boundary conditions,

With cu = 0 (6.2) can be solved exactly

S = F e~Tl coshT. (6.13)

If 6n is an even function of T then 6S and 6N are also even 

functions of T. At T = + T^

= dT ' + B

at T = -
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dT ' + B

= -/.+TI AMTM dT< + B

since n is an even function of T by the symmetry of the situation 

combined with the fact that n > 0. The symmetry requires n(T)=-n(-T) 

or n(T) s n(-i). As n > 0 one sees immediately that the first is 

not possible.

6n(T.) = 6n(-T.) gives

Tl A TI A
J —/ v QT T D — "~ J —-;——-r- (JT "f" B
o n(i) o H(T)

A = 0 (6.14)

Since there is no restriction on the sign of 6n as long as 

n i 0, 6n(T) may be an odd function. This is considered below,.

\
"_

- cr -\

using equation (6.13) and (6.9) with (n + 6n) instead of n.

* cr C ~ ji ̂

i
rf-
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r& j r° jT. = a/ nax = a/ 0 nax
1 o  "&

writing w = a /V 6n dx

and remembering that 5n is an infinitesimal quantity so that the 

exponential containing it may be expanded and only the terms up to 

first order in 6n need be retained.

2-
( ! - 10

( \ - uoC.'c = T») -

- -e

•v -e ^ ( (t) )

r- /t - -T 1I V VIc.) e-v*- J
-t- e.

SS
s

Using this in equation (6.6)

(6.15) 2 6N - 6n = - 6n + (N - n) [tanhd)

= B from (6.12) with A = 0

(6.15)

- W(T)]

<5n _ a5n dto 
"n" ~ on
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In the steady state

2N - n = ^m = constant = D (6.16) KB

/. N = ^ , N - n = *£

(6.15) may then be written

D+n du) , D-n / .,_ ^ / \ \ n fr-«-,\ -y- ^r + -y- ^ tanh(T) - o)1 ) = B (6.17)

where ux,

(tarih T). = ^ + Ul ^i (6.18)

p, /y-
This equation has an integrating factor ex\->) f .!Q.:.,0 Varlvt <h'

m

f
G -t

' D-vn

v

Consider now the boundary conditions 6N(T = ±T.) = 0

(6.19)

Since w = a j 6n dx then cod = 0) = 0 o

.'. G = 0 (6.20)

(6.15) gives 26N = i^i ̂  + 2lH ( w tanhd) -

so at T = T.

do _ (5lD_i
l
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New using the second part of (6.15) B must be given by

0- (6.21)

Note that B < 0 since tanh T I < 1 and JA| « D if (-=-) « 1.

An explicit formula for n in terms of T may be found using 

(6.1), neglecting the time derivative, and using (6.13) for S

2q(N - n) = r —— coshi n (6.22)

9
ie (D - n) = (-- —— ) coshx n (6.23)

using (6.16).

Let 2RD ~- (6.24)hvq

n2 - 2nD [1 + R coshT] + D2 = 0

n = D [(1 + R coshi) -(l + R coshi)^ - 1] (6.25)

where the negative sign for the square root has been taken 

because n < N.
*

Let coshO = 1 + R coshi (6.26)
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n = D [cosh9 - sinhG] -De
-8

(6.27)

~n -6 0/2 -0/2 
- e " e77^0 " "072 ——— ̂072" 

1+e e + e

.a

(0/2) (6.28)

(6.29)

(6.19) then is 

0

A 
Neglecting the term ———5— at first, since A « D if n « DD(e" +1) ° 

we require that at T = T.

,6, ee.
'e.

for consistency

W-nV, (

>,••>,9-1)"5"- K'
< v '

(6.30)



77.

Now let z = e9 (6.31)

^a =- l w' *• ~~^i
^i V /¥•/ fc _v

**

^

(6.32)

To summarise, the above equation must be solved for z in 

order to find T. , the critical optical depth to the centre of a 

slab which is marginally stable against perturbations to N, n and 

S. If no z. can be found this means that the choice of X = 0 

in (6.7) is not correct. However, this does not rule out the 

possibility that for some optice depths T, the situation is 

unstable against such perturbations; the X' s, however, may be 

complex so that3m(X) 1 0 when Re(X) = 0.

Schatzman's result was T. = 5 ^^
o

so that — - e2Tl » 1 (6.33)
no 

(6.23) and (6.24), with D » nQ give

D = 2Kn coshT, (6.34) 
o 1

at T = T I



78.

»\
(6.35)

9 = cosh"1 (1 + R) » 0 o

so z = e6 ° » 1 (6.36) 
o

(6.32) may then be approximately written as

since z is always » 1

r •i. -j

(6.37)

Now the RHS must be less than z. therefore no z^ can be found to

satisfy (6.32), so that one cannot use Schatzman's value for T..
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A
The integral involving ———— 5— is negative so that its inclusion

D(l+e~b ) 
makes the inequality worse.

The assumption that R » 1 forces the conclusion that (6.32) 

has no solution. It remains to be seen whether a solution is 

possible if R « 1, in this case z is approximately unity so that

one cannot neglect 1 with respect to z throughout the range. 
Numerical integrations with R = 5,1,10 2 , 10" d show no solution.

The above calculations assumed that 6nd) was an even 

function of T. If 6n were an odd function of T, then using 

similar methods

= tarih(T) CW(T) - O)(T,)] (6.38)
o ^ J_

(6.12) evaluated at T = T I gives

+ B since

evaluated at T = -T

+ B

combining these two,

B = 0 (6.39)

- Sn -

n

,(6.HO)

which one can write
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~ ~) tanh(i) J 1> z f <1 o mi
Cl T

du» /D-ru . , / x + (--) tanlUO (6.41)

evaluating at T = T.

0 = 26N(i =
d (6.U2)

dw
dr = 0

= T.
(6.43)

Evaluating (*) at T = T

0 = A /o

and since n > 0

A = 0

26N - 6n = 0

26N = 6n (6.44)

Also

dr

= O

_ C

at T = T., then c - 0

w = w^ for all T

(6.45) 

(6.45)

= 0 since at T = 0, w = 0
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6n. . since -T- = — 
QT n

therefore 6n = 0 for all ^ (6.46) 

and 6N = 0. (6.47)

If 6n is assumed to be an odd function of T then the only 

solution possible is 6n = 0 for all T.

6.3 Linear Analysis of the Homogeneous case

It is interesting to analyse the uniform analogue of the above 

model, that is the situation of a uniformly ionised slab of 

hydrogen, using the methods of Chapters 2 and 3. Making the same 

assumption about neglecting the time derivative in the equation of 

radiative transfer but retaining the time derivative in the 

ionisation equation and taking T constant, the basic equations 

become

|D. r !§. (N-n) 2 - An I (6.48) 
ot £

= - nai (6.49)

2 2 k T
= i-,,- [(—— ) (2N - n)]. (6.50)

3t

Initially N, n and I are constant; changing n to n + 5n etc. 

the linearised equations are

A Sn

.e. =0

(6.53)
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= O (6.54)

where all perturbations are assumed to have time dependence e . 

The condition for consistency is

o

n

ner-v

where R = —m

(6.55)

Ŝ
nerTft
tvcr H

-v
O

v f n\ —
rrcr '

L
4. O

(6.56)
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Using the notation of Chapter 3

= \ a, ~ -v (6.57)

O

_r\ c

o

-
VsT

O

o

KT

(6.58)

C3 = "

al

-b2

a3

~\

a5

ao
-bl

a2

-b3

34

0 ,0 0

ai ao °
b2 ba aa

a3 a2 "b2

b4 b3 a3
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Q

1

O

o

O

o

O

.X -
^ 
J

(6.59)

22 2 
where A = n a + k (6.60)

Since D-n>0, B>0 etc. it may be seen that an , a , 

all have the same sign therefore there are no roots with positive 

real part, which is to say there are no instabilities of the form 

considered, ^Uss c-3 15 rve^V^, ̂ K

—T < (1 j>v5(D-rO-V <"
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CHAPTER 7 

INSTABILITIES INVOLVING VELOCITY DEPENDENT EFFECTS

7.1 The effects of the Doppler shift for line absorption

In Chapter 4 it was mentioned that the Doppler effect may 

introduce some new features when considering macroscopic motions in 

a gas. This section investigates the general formulae connected 

with the effect, section 7.2 deals with an application of line 

absorptions with the temperature constant, section 7.3 includes 

variations in temperature and section 7.4 deals with continuum 

absorptions.

Suppose that species k has many absorption lines which lead to 

photodissociation of the molecule. Let a . (v) be the cross section 

for dissociation via absorption in line i. The total contribution 

to X, from photodissociation is

(7.1)

I ! (v) is the photon flux received by the molecule, which will 

depend on the velocity v of the gas. If the gas moves with bulk 

velocity v, much less than c the velocity of light, each photon is 

seen to be shifted in frequency by a factor (1 - —) where y is 

the cosine of the angle between the photon's and the gas's respective 

paths. The number of photons incident per second per unit area will 

be changed by the same factor

Consider the case of a rectangular cross section
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> v >

o V > ^ <

where the subscript k has been dropped.

In a uniform initial state it seems reasonable to assume that 

I(v) has been selectively reduced in the region v~ > v > v. by 

molecular absorptions. The situation may be represented as follows

~7T

si

A moving molecule sees the radiation changed in the manner described 

and this situation may be shown as

•71—
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in the case where the gas is moving in the opposite direction to the
r

photons, which themselves are all moving in a single direction. 

The integral for X may be seen to be

(7.3)

•V-

(7.4)

(7.5)

(7.6)

to first order in (v/c).

When v is reversed the picture becomes

t-fl
*

A

;cr

(7.7)

(7.8)
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-V X

(7.9)

to first order in (v/c) .

X , , (v) is not therefore a simple linear function of v, it is, 

rather, linear in the mutually exclusive regimes of v in the same 

and in the opposite direction of the photons, with different slopes 

in the two regimes. It will be noted that the photons have been 

assumed to be all moving in the same direction, as may be a reasonable 

approximation to the situation at the edge of a large gas cloude, where 

all but those photons incident normally to the near surface have 

been absorbed in gas.

Since v. is very close to v9 for line absorption we can write

(7.10)

When there are many lines, the effects simply add if the lines 

are not too close together. One can see that this non-linear 

behaviour is true for a more general line shape, at least when v is 

sufficiently large, by considering a molecule with such a profile in 

an indirectional radiation field, which has a deep absorption dip 

corresponding to the profile. Macroscopic motion in either 

direction exposes the gas to destructive photons and the number of 

such photons will be proportional to the magnitude of the frequency 

shift, which is to say proportional to the magnitude of the velocity.
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When we have several rectangular absorption lines with different 

values for a an interesting effect occurs, as shown by the case with 

two such lines

cr(y) -

CJ,

I O v < v > tT-

(7.11)

o < >
(7.12)

There will be correspondingly I,, I ? and 6 , 6^ and bearing in mind 

the model of a slab of gas illuminated normally on one side we would

expect

-No, -No,
= Je (7.13)

N = column density of the molecular species. (7.14)

>> aIf a. » a? , there will come a point where a Io^2 2 ~

and line 2 will dominate the photodissociation rate. However,

6 = J - I 1 , 6 ? = J - !„ in the simplest case (7.15)

and so in the expression for X , (v)

'2V J

(7.16)
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the term x a 6 v.. can completely dominate the coefficient of v, 

even though line 2 dominates the static photodestruction rate.

A final point to note is that a(v) above is that obtained after 

averaging over thermal velocities of the individual molecules. The 

non-linearity is dealt with next.

In an analysis of the stability of the system one would like to 

expand X in first order in the various perturbations and write

(7.17)

V . *,
n , / -1 K i •**. • • • •

6 will also change as the moving gas absorbs the photons at frequencies 

around the absorption lines but this will be a second order effect and 

so is not included in the linearised equation.

The term describing the doppler shift in absorption lines is not 

linear in the velocity for rectangular profiles because as seen from

when

^ i- I £-> (1 1Q}O U V «~J \ ' • -L-3 /

the coefficient of 6v is not independent of 6v. It may therefore 

seem that a linear stability analysis cannot be made, since one of 

the terms is essentially non-linear. However, in the case that fiv 

is positive, its coefficient is constant the equations can be 

linearised and as long as 6v remains positive these equations must
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describe the motion of the system. The dispersion relation may be 

found and for a given k, the roots for $ may be calculated. For
rm

each 3 the corresponding values of 6n/6x, -~— etc. may be calculated. 

Given any initial values of 6n, 6T, 6x, etc., the linear time 

development may be followed up to the point where 5v changes sign. 

When 6v is negative a different set of equations must be used in that 

X is changed to -X from the first set, and then all the previous 

procedure may be followed. In particular the values of 6n, 6T, 6x, 

etc. obtained from the previous analysis may be used as initial 

conditions, and as before these values may be analysed into the 

modes corresponding to different (3's. If there are growing modes in 

one or both regimes of 6v the only way that the system could remain 

stable is that if, given any initial conditions, the values of 6n 

etc when 6v changes sign are such that an analysis of these values 

into modes of the other regime of 6v yields zero contribution from 

any growing modes of this other regime. This situation corresponds 

to one in which the decaying modes in one regime cancel the effects 

of the growing modes in the other.

In the examples considered here, that is, without including the 

equation of radiative transfer, the complex coefficients in the 

dispersion relation depend upon X so that changing from X^, to -X 

is just the same as taking the complex conjugate of each coefficient. 

Therefore the roots of the two equations with X and -X are complex 

conjugates of one another, so that if there are roots with positive 

real parts for one case there will be roots with the same positive 

real parts in the other case and so the difficulty mentioned above 

will probably not arise.
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7.2 Applications with T constant

Case I

The simplest case to investigate which includes the velocity 

dependent' term in the reaction rate is that with constant
\

temperature and radiation field. The linearised equations are, if 

we use the notation of Chapter 2,

~ O
(7.20)

(7.21)

-o (7.22)

(7.23)

These equations give a dispersion relation for 3 in the form

n

o

3 (7.24)

i.e.

nrn _

£1 \
nm L

(7.25)

O
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In order to determine whether any of the roots of this equation 

has positive real part the methods of Chapter 3 may be used. The 

sequence of test functions is:

c = 1 o (7.26)

Cl = Xx (7.27)

cc

O

o

(7.28)

(7.29)

apart from some essentially positive factors.

There will therefore be an instability in the system if any of 

the following conditions hold:

(i) < o (7.301)

(7.3011)
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(iii) (a) -j y 
CLED A

1,

n <

(b) -nM <o (7.30iv)

If both (iii) (a) and (iii)(b) are satisfied simultaneously c~ is 

positive but (ii) is automatically satisfied.

The stability of a stationary system of hydrogen atoms and 

molecules can now be investigated, assuming that the temperature and 

radiation field can be treated as unperturbed. As noted in Chapter 

4 the H^ molecules are dissociated by line absorptions in interstellar 

space so that the methods in Section 1 can be used. Later on in this 

section the effect of the true line shape is investigated and is 

found to alter X , but the change can easily be included by 

multiplying 6 by a correcting factor in many cases. Therefore before 

going on in detail we stop here and investigate in a general way 

the possible occurrence of the instability.

Using the notation of Chapter 4

x.

• x •H
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since x is of order 1 in most circumstances. Condition (i) then 

may be written

o x O

which is never true.

(ii) requires

me

and if ng « al, that is the fraction of hydrogen in molecular form 

is near unity we arrive at

< 8-

where T is the optical depth from the surface.
jt- T1

A / B If the lines are thermally broadened (—) ^ b/f—-0 
v me2

. . we need

o OT 
8b < e where b is a constant depending

T upon the averaging over the lines. 
i.e. 3b < e



96.

In fact the assumption that (1 - x) ~ 1 is a stronger restraint 

on T because in unshielded space al A » ng. Assuming now that

ng « al A we arrive at o

i.e.
O -i- I "i > •€

so ? < e

-17 -11 Using g = 10 , aAJ = 310 we require

n

i.e. approximately 3oo / Js.
\ n

Now T = a / n—^—dz for a uniform gas of density n where L is 

the path length to the surface

So S'"l -V -i\r ^ r
<

J o 2.

cr

column density of H9 to the surface
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Condition (iii) reads

X - n — »* n!T
tx

which is never true

or VS)

i.e.

.•a.. ^ \7"

i.e.
< e

<

i.e.

cr

These considerations show that one would expect that these

doppler instablities may occur at column densities of I-L of order

10 -2(a/lQ-15) an ^nt° a cloud - In the next section we calculate the

timescales of the instability.
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It remains to find the timescales of the instabilities. If

> l^Anl and (7.31) 
tA

I > 1 Xtf- | (7.32)

the dispersion relation may be written as

(7.33)

to a good approximation. 

The roots are

(7.34)

To find the roots of the full equation write the change in 3- to 

be 'A.' , which will be taken to be negligible in second and higher 

order. ' The equation for 'A' is

(7.35)

, = O 
nrr\ ^A

(7.36)
V;tA ^A

(7.37) 
nrTN

if X is large and positive the real part of 3- + A . will be negative,
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ft.

- 3 j& ± a;x J fip'v*- i

r -2. ± :u (7.38)

"Re

which shows that if

< \r

(7.39)

there will be a root with positive real part; in agreement with a 

previous result. When

(7.

(7.41)

When

(7.42)

Sf -JL

5V;^A (7.43)
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Using the previously suggested values for n, I, g, a and s,

if k « 10"15 cm-!

-^ »f >C£iP-p

(7.44)

while if k « 10"15 cm' 1

(7.45)

(7.46)' / "~

•V .a

J = 10"8 ph cm"2 s'1 str"1 Hz"1 (Hollenbach et al. 1971).

10 andIf the width of a single line is A, = 10 a Hz (a =
J. M Q

-11 ^in 9
£a JA = 310 , it follows that a£ = ^^ —— cm and therefore,a

summing the effects of £ lines

, \O
(7

and the fastest tinescale T associated with these instabilities will 

be, if a s 1,
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Q*

(7.48)

If (-=) (1-x) a -PQ the timescale will be 51U years while if
66 1 5^) (1-x) * — it is 10 years.10 For lengthscalei 

nm k - 2
k « k = X / ~ the timescales are T(-=—) . The auxiliary

-/v 1 ^ j^ 
O O

condition X > 2™ X implies that v P n v

25 22 
T < -£- 10 sec. (4.49)

In the regime k > k ,T varies as /n if P is constant, and if
V—•

Q/2
k < k , T « n . (7.47) and (7.48) assume a value of aJA of

—11 -1 
310 s , the average interstellar value. It seems reasonable to

suppose that clouds nearer to hot stars than the average will 

experience a greater radiation field and T will vary inversely as the 

flux density, because it is argued below that 6(1-x) can be of order 

J. For example Spitzer (1976) has suggested a flux ten times the 

one used here in order to explain observations of two particular 

clouds. The timescale for these instabilities will then be 10 years,

The quantity 6(1-x) will change as one proceeds into the slab of 

gas. At each point the following equations determine (1-x) and 

the changes in this and 6 with distance into the gas.

6 = I a - IQ (7.50)

ngx = oA(I ) (1-x) = aA(I 1- 6) (1-x)
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If the initial spectrum at the surface was constant and given by J 

then

I1 (z) = J e"nsz (7.52)

s-
(7.53)

where ns is the opacity per unit volume due to the dust, and the 

number density is taken to be constant.

•—<p— —• r> -» ^ /- -
J-e^ - )o

(7.54)
cr

In the steady state

ngx = aAI (1 - x)

r\cr \«
a

The equation of radiative transfer may be written

no 0
(7.55)

-a. r-\



103.

\
rqoc \

' (7.56)

• y r-\

\ -
sj

-I

(7.57)

vj

(7.58)

This last integral is approximate in that x has been taken as 

a constant. This is a good approximation if x is very close to 

unity. Small changes much less than one will leave x still close 

to unity but can alter (1-x) by a large factor. For x ~ 1 one 

requires that

AI a o
« 1 (7.59)

\) [ rv (7.60)
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It can be seen that

(7.61)

and so (1 - x) will become an appreciable fraction of 1 when

(7 - 62)

with the values above and 6 (1-x) can be, independent of a, about J

1at z ~ — In2. The formulae above fail as this region isns °

approached but they are sufficient to show that the radiation flux
^T"1 ̂  7

outside the line is only attenuated by a factor of e = J when

within the line the flux is reduced to about (^r) 5 that is,c-IA is

f\ 1 
or order ng. In this region (-y) (1-x) can be about -^ or more.

Glassgold and Langer (1973c) have calculated the values of 

n, T, x, etc. as functions of column density of hydrogen from the

surface of a stationary cloud, n is about 10, T about 50 - 100 k.
21 -2 * 

At a column density of 10 cm the fraction of hydrogen in

1 1 
molecular form is -rg-, so (1-x) - -^ and the radiation field outside

-2 
the line will have been reduced by a factor e since they take a

grain opacity 210 cm per H atom. -y (1-x) will be about and 

the instabilities grow on a timescale 510 years.
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In summary, bearing in mind the approximations made about 

uniformity, unperturbed temperature and the form of X , this 

section has shown that a stationary cloud of hydrogen atoms and 

molecules is subject to an instability which grows on a timescale 

of about 10 years. The instability is driven by doppler shifts 

in the absorption lines when there are bulk motions of the gas, 

and^when exposed to the radiation field outside the self shielding 

line,molecules are dissociated producing a pressure, imbalance which 

in turn leads to bulk motions of the gas. This work implies that 

model calculations of I-L in interstellar clouds, for example, by 

Glassgold and Langer, and Hollenbach et al. , are unstable on 

timescales of interest and so there should perhaps be a revision of 

ideas about the evolution of interstellar clouds. Hollenbach et al. 

do discuss the effect of turbulence in broadening the self sheilding 

lines but do not include the dynamical effects and so they conclude, 

incorrectly in the light of the above analysis, that its effect is 

not great. The globules of neutral hydrogen atoms and molecules 

within H II regions described by Stasinska (1973) may also be subject 

to this instability.

A final point to note is that as the instability grows one

may expect the line width to increase and a to decrease proportionately.
nsz 

Inspection of eq. (7.62) shows that as A increases so does e , for

the region in which (1-x) tends to unity. 6 will fall approximately 

as e~nSZ so that the maximum value of 6 (1-x) may decrease with 

increasing A, although of course these equations are approximate; 

a full analysis may show a larger, certainly not smaller, value for 

the maximum of 6(1-x). Equation (7.48) shows then that the most rapid 

timescale may be increased in proportion to (1 + ———), not more rapidly
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It follows that a large increase in A, a factor 10 or more in order
c

to make T greater than 310 years, is allowable before T becomes 

much longer than the other timescales of interest. This corresponds 

to a large increase in the motion of the gas.

In the previous part of this section the frequency dependence of 

o(v) was assumed to consist of a set of rectangles with equal sizes. 

This is unrealistic. A major fact that must be taken into account 

is that a(v) for each line is more smoothly varying than the 

rectangle we have assumed, so that there is a more gradual exposure 

to the unshielded radiation than previously found, tending to reduce

X . v

For a single line with frequency dependence a(v) which is 

everywhere a smoothly varying function of v the expression for 

X , (v) is proportional to

C
o

(7.63)

(7.6H)

to first order in (-). k is the probability that absorption leads
v^ ,

to dissociation, I (v) will be assumed to be given by

ICv) - 0
(7.65)



107.

"*
J' = e J, the radiation field after dust attenuation which is 

the spectrum expected at a column density N of molecules from the 

surface of a slab of gas illuminated on one side by a flux J.

If o(v) is symmetrical about a frequency v then

O (7.66)

because of cancellation on either side of v . The lower limit ofo

the integral has been replaced by -°° to make the formulae symmetrical; 

this does not affect the value of the integral ifa(v)-»-Oasv-*0. 

If on the other hand I(v) is not so symmetrical there is not this 

cancellation and so the second integral may be replaced by, as a 

rough approximation

(7 - 67)

r 
J cr -e

cr, [Sj

wKc^Vc O; - r; (vj)

I(v) is 'assumed slightly smaller on the side VQ > v and Na(vQ ) is 

assumed to be large so that the major contribution to the integral 

comes from around v = v + A where A is the line width, a •> 0 fairly

rapidly for |v - vj > few x A.
-No- _B 

For e to be about 10 , Nor is about 14.o
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(7.68)

so that X is reduced by about an order of magnitude from that given 

by a rectangular o(v). The amount of asymmetry required is very 

small, for example if I(v + y) is larger than I(v - y) by a factor 

(1 + 71) then on either side of v the contributions to the integrand 

from VQ + y and VQ - y will differ in magnitude by a factor (1 + n). 

The main contribution to the integral is from v ± few x A so that if 

the dissymmetry is (1 + n), an extra factor n appears in front of 

Jv /N. Such dissymmetry may arise from shielding by another cloud 

of similar velocity or else by bulk subsonic motions within the 

cloud itself. It seems strange that the integral is independent of 

a , the explanation is that the main contribution to that integral 

comes from small values of the variable o. The cross-sections with 

large a eventually come down to these small values of a, those which 

have small a reach these values of a more quickly. The value of 

the integral is seen to be independent of the shape of a(v), as long as

When we have a very symmetric line the following analysis may be

made:

I (7.69)

oo

OQ

(7.70)
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The last integral is, in the case of a Maxwellian distribution,

o-(v) - 3 >
J

v-v
setting z = —-r— this integral becomes

00

-23 No1-A
(7.71)

-No e~Z 

The factor e in the integrand tends rapidly to unity so that

the integral will be of order

therefore the whole expression is of order

Because A will in general be much less than v the integral in theo

symmetrical case will be much less than that in the non-symmetrical

case.

Case A

C
i 
J

(7.72)

for the non-symmetrical line
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Case B

X v * =cK 2. cr^iT(v)4^ - TV - - 1
,00

2$^ \ 21 cr(viltv)ch> -V
cu

(7.73)

for the symmetrical line.

If a N is greater than unity the integral term in each expression 

will usually be much less than the other term, that is /a(v) I(v) dv 

must be much less than Ao J 1 because of the fact that I(v) has a deep

minimum where v = v , and will hence also be less than J'o v byo' o o J

several orders of magnitude.

The other point mentioned above was that different lines have

different values of a . We assume here that the effect of theo

individual lines may be simply summed, although this may not be 

true for lines whose central frequencies are close together compared 

to the line width. Examination of the expression for X for a 

single line in case A shows that the dominant term is independent of

a - as long as this is not too small.X ,• in this case is o &

V
Pi\ i ines c N

a \ s

if J f and v are about the same for all the lines.
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(7.74)

for H£ 9 us ing the tabulated values of k, given by Hollenbach et al. 

(1971) and dividing by 2 to approximately take into account the 

fact that different lines occur for ortho and para H~. This sum 

is for the Lyman-band lines only, so that the sum should perhaps 

by increased by a factor 2 or 3 to take into account the Werner 

band lines.

For case B

(7.75)

if J T is constant for all lines.

The values of o are small so that only that line with the largest

value of a will effectively contribute, unless A varies dramatically

—15 2 from one line to another. Taking this a to be 10 cm , A to be

10 
10 Hz, k to be 1/3

L. \a N
3 Z

-30 »10 \o \o 10

(7.76)

(7 77)
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N it will be remembered is the column density of H to the 

surface of the cloud,'n is a measure of the assymmetry of the

absorption line at the point considered, and X. is the ratio of the^2 

number density of H to the total number density of hydrogen.

7.3 Applications with T perturbed

The next step is to include the energy balance equation in the 

linearised set. A term L appears which reflects the fact that, 

when the absorption lines are doppler shifted out of the dip in the 

radiation spectrum, more molecules are dissociated and there may be 

a contribution to the heating of the gas. L will be proportional 

to X and to the energy given to the gas per dissociation. The 

linearised set to be considered are:

o - O

In 
n

II -V S* I - O 
-y K

" /
4-

' O
(7.78)

The corresponding dispersion relation is

Lx -LAX„. - 
T M

(7.79)

- O
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C0 = ^0

(7.80)

t*~ —s ~
(7.81)

-KP
:.y

rr\

o

\

o

- L,

nrr>

- / ̂  LT •«-65^^ W)
V rM-r-, I *T" '

T J (7.82)

GO and c. ar>e very complicated expressions which will not be given. 

The form of c^ shows that if (LpX - L XJ is negative then c^ must 

certainly become negative as k tends to zero, and if (X ) is 

sufficiently large to make the term in large brackets positive c« 

must become negative as k tends to infinity. The X term again 

therefore tends to destabalise the system.
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Tables 7 to 10 give the results, tabulated as before; of the effect of 

including various values of X in the equations without radiative 

transfer. The values for X taken are the maximum value derived above,

—17 & "1
namely 510 (1-x) (-j), also this value reduced by a factor y~r and 

finally zero. The models used are numbers 1 and 2 for the interstellar 

gas and also the model of pure hydrogen.

It will be noted that there is not very much difference between 

the results for models 1 and 2. The high value of X produces many

more instabilities than do the low values. In fact for low X thev

timescales are longer than the free-fall timescale. Those for the 

high X are rather short but fail to satisfy the condition that k 

should be much greater than no (1-x), although a few lie on the 

border-line of ktno(1-x). We conclude that, although we have not 

shown the usefulness of these instabilities conclusively, they may be 

significant in the evolution of clouds of interstellar and pure 

hydrogen gas, in cases in which the absorption lines corresponding 

to the frequencies of photodissociation are asymmetrical. The

timescales of growth tend to decrease as the hydrogen becomes more

4 -4 
self-shielded, but are about 310 years on lengthscales of 310 to

o
310 par-sees. The masses of spheres of these radii are small 

fractions of the solar mass.

The corresponding results for pure H« gas are shown in Table 11. 

The timescales are rather longer and occur at longer wavelengths. 

As in the previous case we note that the instabilities occur for values 

of wavelength greater than the scale of uniformity expected.
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7.4 Continuum absorption

The methods developed in the earlier sections can be applied not 

only to line absorption but also to continuum absorption, as occurs 

in the photoionisation of carbon atoms, and also in the photodestruction 

of many molecular species. Hydrogen molecules are exceptional in

interstellar space because they are dissociated by line absorption at
o 

wavelengths greater than 912 A. Hydrogen atoms are also photoionised

in space, in HII regions around hot stars and perhaps more widely in 

interstellar space.

Suppose that the frequency dependent cross section per molecule 

for photodissociation for the species k of interest is

H

O H^

r = 3 in many cases.

With the same assumptions as before the steady-state radiation field 

I(v) will be given by

_o e

(7.84)

V0

where ns is the grey opacity from dust per unit length. Scattering 

has been ignored.
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The photodestruction rate for one stationary molecule will be 

(z) where

cr(»)

CO

T (7.85)

If the molecule is moving at a speed v(v « c) in the same direction 

as the photons , it will see each photon ' s frequency changed by a factor 

(1 - v/c) and the photon flux changed by the same factor so that the 

photodestruction rate of this molecule will be

V .'

-t (\-u>

* -

" -*• 0* r? -t- »+

•» ~ AT _0
c v r"

(7.86)
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to first order in (—)

t 
vr (7.87)

For a molecule moving in the opposite direction to the photons the 

frequency shift is by a factor (1 + v/c) the flux is changed by this 

factor also, and the dissociation rate is

r-l
w, (*)

C

&_ 3e

(7.88)

If oj (z) dominates both the other terms in the two brackets the 
o

formulae may be combined as

(7.89)
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where now v is the speed, measured positive if in the same direction 

as the photons. If on the other hand u) (z) is not sufficiently

large then 03 (z) and w (z) will have different forms. & v v

The contribution to X from photodissociation X will be

X = x. a)
K O

when the bulk velocity is zero (1)

when the motion is along that of the photons (2)

-ns*

c i r-»

when the motion is antiparallel to the photon 

motion (3)

(7.90)

and
J&L
v' O-O
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7.5 Instabilities in HII regions

For the reasons outlined in Chapter 6 Schatzmann has argued 

that perturbations in temperature can be ignored in HII regions, and 

so the conditions (7.3) should be examined to see if the system is 

unstable. We take hydrogen atoms as the molecular species k, which 

is dissociated to protons and electrons, and the latter radiatively

recombine to re-form the atoms.

n n
/•> r\

Let x = fractional ionisation = — = -*-

n - n + 
e

where n - no density of electrons 

n = no density of protons 

ru= no density of atoms 

X = X+ - X~

X+ = na(T) (x) 2

a = recombination coefficient excluding direct 

recombination to ground level

-11 9in —1 -3
z Z1UT s -1 cm (Spitzer 1968)

t

apart from factors of order unity.

00x"- '
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ex>

to

X =

ir\ ease 1.

~r\S*2

(7.92)

In the steady state X = 0 so

X, - 1 X.

and if (1 - x) « 1

X =
(X")

x (1-x) o

Furthermore one expects that I(v , z) will be much less than Je
-nsz

because the former must include the effects of photon absorptions by

hydrogen. Therefore if

2X

then

and (7.30) can be examined.

X,
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>o
and

Y-x

so that (7.30)(i) and (iv) do not hold. (7.30) (ii) may be 

written

(x
n

c" < \ -

P = MnkT, T ~ 10 UK in HII regions

and so (7.30) (ii) cannot hold since 1-x is less than unity 

(7.30) (ii\) becomes

nmc2 
but the = — is greater than unity and so (7.30) (ii) cannot hold

either. Case 2 or Case 3 in (7.92).

The possibility remains that X is not the dominant term in 

either. OP both of the two cases

(7.30) (ii) requires that

<̂V
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H

n

f

\O

(Spitzer 1968) 

we require

>f''i

(7-93)

(7.30) (iii) requires

^^ < _£ £ (\-x
MVCT Hb c"
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r — \ "?> > ~« "• r ̂ 5 -5-> ' ' fc> ~« "• r ̂ <> 0— .c'l j e '
N

\-s ic

X<

(7.94)

To calculate J one can, as a first approximation, take the 

star to radiate as a black body of radius r.,. and temperature T.,: .

The photon flux per unit frequency interval per unit area of the
i •• i 

star surface will be 2rr ̂  ( <gW ~~ \ - 1 ) c^-zT*
C*"^ ^V\i^/ 'TO o

-L. ftt, ^, 
<^

A factor ( — -^-) will take into account the dilution of the radiation 

with distance since (r.,. + Z) is the distance to the centre of the« *

star.
7. >0
- \*2. \o^

"3 -
(7 - 95)

TA = 56000 K for the 05 star
*h

and
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TA = 21000 K for a BO star
tfk

and

4
r

(1-x) varies through the HII region but it will have its minimum 

value at the surface of the star where the radiation is unattenuated. 

The equation for ionisation steady-state is

a. i. r™ oc ri c\ = n

*°

J 1

for an 05 star rA = 7 x solar radius

\Q

U.TTTV
rA = 5.3 x solar radius for a BO star

(Spitzer 1968) 

= 51024 cm"2 s" 1 for 05

00 _0 --I
= 510 cm s for BO

2 = no. of ionising photons radiated per cm

per second

(7.96)
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_•"! o 
Replacing a(v) by its peak value 710 cm

for an 05

O
-MI '

for a BOjsince x s

-
J(l-x) = Hn 10 for 05

10"12 for BO

(7.97)

On the other hand at the edge of the Stromgren sphere (1-x)

rapidly increases with increasing radius, tending to unity outside

2 the sphere, at the same time J has been reduced by a factor(r.,./r )
O

where r is the Stromgren radius
S

on -
r = 310ZU n for 05 s

1 Q
.3 10 n for BO

3 io*°

o° n"5 for °5
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we require

3n \J b ^< 5

for a BO star at r * r when 1 - xs

i.e.

r\

At intermediate values of r,

- ac 3 V03

(see Field 1974)

and so if s = 0, J(l-x) is

for BO

which remains approximately constant until r is very close to r
O

(7.98)
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We can reconsider Schatzman's model, which has been examined in 

Chapter 6 but in that chapter the doppler effect was not taken into 

account. Schatzman gives an expression for the neutral concentration
LJ.

in a radiation field corresponding to a radiation temperature 210 K 

diluted by a factor W which may be written

v -\ft
l-x ~ ^ IP

(7.99)

-14 
W is about 10 in unshielded space. If the radiation field is

— T

further reduced by a factor e in the ionising radiation

1 ~ 3C = JX r \ O
W

o 
If s = 0, J for wavelength just greater than 912 A will be given by

\ o

Therefore

(\-x) -
W

In order to satisfy (7.30) (iii) we need

5 . (7.100) 
\0 <

This in turn implies



128.

and so since 1-x is less than unity ?

0 (7.101)

within Schatzman's approximations. Therefore in regions of 

sufficiently low density which are sufficiently well shielded, the 

instabilities discussed may arise.
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7.6 Instabilities due to photoionisation of carbon in the interstellar 

medium

Using the maximum allowable value for X for carbon ionisation 

in the interstellar medium the roots of the dispersion relation were 

found in a similar way to those for H~ photodissociation in Section 3. 

A few instablities were found but they had timescales very much longer 

than the free-fall time and on lengthscales very much longer than the 

scale of uniformity. We conclude that these instabilities are not 

of importance in realistic calculations about the interstellar clouds.
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CHAPTER 8

A MODIFIED VERSION OF FIELD'S DISCUSSION OF 

INSTABILITIES DRIVEN BY RADIATION PRESSURE

8.1 Instabilities driven by Radiation pressure

In this chapter the influence of radiation directly on the 

momentum of the gas is discussed; the effect was ignored in previous 

chapters and correspondingly in this chapter thermal and reactive 

effects will be ignored. Following Field (1971), we divide the 

material components of the system into two parts, namely the dust 

grains which can interact directly with the radiation and the gas 

which cannot, but which collides with, and hence exerts a viscous 

drag upon the dust. Two different forms of interaction have been 

considered by various authors. Field and several others, for 

example see Spitzer (1968), had used the transfer of momentum from 

an incident photon to the grain, the momentum per photon being 

— where v is the photon' s frequency. On the other hand Gerola
V**

and Schwartz (1976) considered the effect of photoejection of gas 

atoms which had struck and then stuck onto the grains. This idea 

had been put forward originally by Reddish (1971), the point being 

that the momentum transfer to the grains is about /mhv, where m is 

the mass of a gas atom, and this is much larger than the original 

photon's momentum. The ejected gas atom takes up an equal and 

opposite amount of momentum if that of the photon is neglected. 

Provided that the grain had not rotated appreciably between the 

absorption of the photon and the ejection of the atom, the grain will 

be given on average a push in the direction in which the photon had 

been travelling. Although the mechanism can be more efficient in
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pushing the grains than is radiation pressure it is limited by the 

necessity of there being atoms sufficiently loosely bound to the 

surface to be photoejected by those photons available in inter­ 

stellar space. In diffuse clouds this means that the rate of 

momentum transfer to a grain is limited by the atomic flux onto the 

surface and is independent of the magnitude of the radiation flux, 

at least so long as thermal evaporation from the grain is ignored. 

The disadvantage of the process, from the point of view of wanting 

to form clumps in the gas, is that according to Gerola and Schwartz 

the net momentum transfer to the gas is zero. This is because the 

photoejected particle and the grain have equal and opposite momenta, 

and these momenta are both absorbed into the gas by collisions. 

Since ordinary dust grains are believed to constitute only about 

one percent by mass of the interstellar medium it follows that, unless 

some other effects come into play in the non-linear regime, the 

mechanism, affecting as it does only the grains, cannot produce 

appreciable mass density variations in the gas. They point out that 

despite this, the associated instability can lead to significant 

segregation of gas and dust during the lifetime of a cloud. We note 

here that this segregation can affect the rate of molecule formation 

and destruction because the formation rate depends to some extent 

upon the surface area of grains per unit volume and the destruction 

rate depends upon grain shielding from the destructive ultra-violet 

radiation which is absorbed whether or not there is an associated 

jet effect. The molecules may then help drive an instability of 

the sort described in the earlier chapters. However, in the linear 

regime, ignoring thermal and reactive effects Gerola and Schwartz's 

mechanism does not appear to be very useful for the purpose of
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forming clumps. Field's mechanism, however, may be more useful and 

is investigated further in this chapter.

In his paper Field derived equations for the separate motion 

of the gas and dust, coupled by the viscous drag of the gas on the 

dust. He then stated that those modes in which the gas and dust 

move relative to one another contained little essentially different 

from the solutions he gave in detail. These latter solutions 

corresponded to the case of close coupling between gas and dust, 

that is, no relative motion of gas and dust. In this chapter we 

ignore the possibility of relative motion between gas and dust but 

we have not investigated these modes.

Field also included the possibility that a photon, once absorbed, 

could be re-emitted isotropically in the rest frame of the gas. The 

probability for re-emission was taken as frequency independent and 

about equal to 0.5 for interstellar grains. Setting this probability 

equal to zero does not alter Field's final results appreciably in 

this case. In this chapter we neglect this elastic scattering. A 

connected point is that the energy of the absorbed photon is re- 

radiated by the grain at frequencies such that there is no further 

interaction with the grains. This assumption is made here also. 

A fuller treatment of the problem should certainly include 

frequency dependent elastic and inelastic scattering and the 

possibility of radiation trapping, even if we keep the restrictions 

of constant temperature and composition.

The extension we make to Field's treatment here is to include 

the possibility that the absorption cross-section of the grains is 

frequency dependent, rather than frequency independent as Field 

assumed. This can produce some interesting changes as shown in

the next section.
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8.2 The Inclusion of Frequency Dependence

The model consists of a uniform gas immersed in a uniform
-2 -1 

isotropic radiation field of specific intensity I(v)ergs cm s

-1 -1 
Hz ster ; the system is initially stationary. We assume that

the interaction between the radiation and the gas is through certain 

absorbers, tightly coupled to the rest of the gas, and the average 

absorption cross section per unit volume is na(v) where n is the 

total particle number density of the gas. Thermal effects are 

neglected here, the temperature is assumed constant throughout.

The equation of motion, continuity and radiative transfer are 

respectively

-r
(8.1)

= o (8.2) 
dt 9z

n o(v ' ) I(v) = (v>) (8>3)
P = n kDT the pressure (8.4)B

k_. = the Boltzmann's constant
JD

= n A (A = kDT = constant) (8,5)
D

v is the macroscopic motion of the gas which is along the direction 

of the wavevector k, itself directed along the z axis.

y is the cosine of the angle between k and the direction of the 

beam I(v,y). The angular dependence has been included in a and I 

because relativistic effects introduce anisotropy in the rest frame
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even though the cross-section is isotropic in the frame of reference 

moving with the gas. The velocity time and space dependences are 

not explicitly indicated.

j(v,vO comes from the uniformly distributed sources which 

maintain the initial uniform radiation field.

As seen in the initial rest frame the cross section of gas 

moving at speed v along the positive z direction will be given by

o(y,v) = (1 - ) a(v (1 - )) (8.6)
^— V^ •

(see Pomraning 1972) and to first order in v/c

o(v,u) = (1 - ) { 0 (v> -gv -} (8.7)
V— \^ O V

is the isotropic cross section in the rest frame of the gas

Writing

a (v) + a.(v,y) (8.8)

aa (v,y) = - {ao+ °} (8.9)

Indicating initial values by zero subscripts and perturbations by 

'!' subscripts, the equations describing these perturbations are, 

to first order in these perturbations and assuming a space and 

time dependence exp(3t + ikz} for all the quantities

3n + ij<novl = ° (8.10)

, (,.;•) -
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U

-

A (8.12)

since initially / y a (v) I (v) dy
-1 o o

These equations may be rewritten

_ -ikno

0, (8.13)

(8.14)

iko (8.15)

Substituting these values for n., I, and a into (8.12) we arrive 

as

, = -

»

j (8.16)

The y integrals may be performed resulting in the dispersion 

relation, after cancelling v:
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O = °°
v v 1o (v) I G. <>) -v V *>0 \

:

crl A Y
/\

3 -

'0 O

(8.17)

Several simplifying assumptions can be made. If the term 

(8/c) in the radiative transfer equation is ignored, that is if

ISI

and since a -»• 0 as v -»• °°, we require

101

the equation becomes, after dividing by no

(8.18)

(8.19)

oa

•t K ft .1. U TT
-"-.*!, ,^*W ^ fc^A,-|ia« •*•p T

O

Li 0
^"i ! O .—— e "c»y

n

= O
(8.20)



137.

Furthermore, if k ». n a (v) for all v the equation reduces too o ^

rn B

o; +• v l)o,. \ ' (3
(8.21)

m I

~ O
(8.22)

We may specialise even further and assume I(v) is independent 

of frequency, at least over those frequencies where a(v) is non-zero, 

The various integrals now may be considered

0<5

"6V- i: CT f

0 if a (v) tends to zero as o
-1 

v -*• °° faster than v

(8.23)



138.

r ->
c,, \ dxT = or "- } o>u / J

3.

2j"vo'?'T
**'J? -^J I

L.

D.

J"
(8.24)

The dispersion relation is then

- 8 a dv + [kA -
oo

o
/ a dv] = 0 (8.25)

o is always positive and so the coefficient of 3 is negative 

showing that there must be a root with positive real part. Hence 

for sufficiently large k there must be an instability in the system 

independent of the value of I, as long as I is not zero. This may 

be contrasted with Field's work in which he found that a necessary 

condition for instability was that the radiation pressure exceed the 

gas pressure. The difference can be traced to the fact that 

included in the coefficient of 8 the v •=— integral cancels exactly
d v

with the a integral. But for this cancellation the first integral 

would completely dominate the second, negative, contribution in the 

coefficient of 8 because k is assumed to be very much greater than

na . o

If

V

00

Vo
cr <o (8.26)
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as will be the case if I is sufficiently small or k sufficiently 

large, then the timescale of the instability will be

t
Wirn^la^v (8<27)

^o

2i increases as k but decreases as I increases. If a iso

approximately constant, equal to q, over a frequency range A and then 

falls off rapidly to zero the integral in the denominator is 

approximately q A and

2 2 2mc 
(nq) 3 " 47i(qIA) nq

T - - () ( 8 OR) T " 3 " ' ™'* }

With the values

-21 -2 
q = 10 cm , corresponding to the cross section of

-5 -12 
grains of radius 310 cm and with number abundance 10

that of hydrogen.

m = mass of hydrogen, since most of the mass of the gas

is in the form of hydrogen.

ILL ° 
A = 10 Hz, corresponding to a width of 100 A around

o 
wavelengths 1000 A.

-8 -2 -1 TT -1 , c I = 310 photons cm s Hz as before

s = nq
and by assumption (—) > 1 (8.29)
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With the above numerical values (8.26) is satisfied but in 

other situations even when (8.26) is not satisfied there must be an 

instability with a shorter timescale than that given in eqn. (8.27).
*

The assumption that k > nq made through most of this section is 

in fact quite interesting for the following reason. In a more 

realistic non-uniform model, a JWKB treatment may well show the

growth rates for k values much greater than nq are approximately
\ as given; -—- being the length scale for uniformity.

It will be remembered that these results depend upon the
Q

auxiliary assumptions that — + no (v) I « k for all v, and also'co 1

that I(v) was constant. If on the other hand I(v) is not constant 

but instead goes to zero before the v^— is significant, or
r\ _

alternatively that -r— = 0 we arrive at the equationdV

rn

*. v r^
G" ° ° v/ * (8.30) 

Here we have again assumed | - + na | « |k|. Field's equations
xw

come to this same equation in the same short wavelength approximation.

As mentioned previously it follows from his equations that a necessary
1 °° condition for instability is that the radiation pressure - /Q I(v) dv

exceeds the gas pressure. This same fact may be seen from (8.30), 

which is a rather cruder approximation than is Field's treatment:

The coefficient of 3 is positive because ^ < 1 and this is
oo

independent of / I(v) dv.
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The coefficient independent of 3 is negative only if

<c. } ~"°

(8.31)

V

and by assumption — > 1.no

Therefore the radiation pressure must exceed the gas pressure for an 

instability, at least in this short wavelength approximation. 

Taking the values no ~ 710~21 cm"1 , - f I(v) dv - 10~13 erg cm" 3 and 

n = 10 cm , he derived a timescale of growth of about 10 years.

This timescale is a little longer than that for graviational collapse
_i

(T ) and varies with n as n 2 , as does T and so it remains grav ' grav

longer than T for all densities. The instability discussed in
_o 

this section varies as n and hence decreases faster than does

T as n increases. It is therefore possible that if, with a
o

given set of values for q, I, A, etc. , the timescale T is greater 

than T for a certain n, it can rapidly fall below T as n

increases. Furthermore in Field's application he found that,t
just as in the case of the gravitational instability, there was a 

critical wavelength below which there was no instability. This 

limiting wavelength suggests that there is a corresponding minimum 

mass, namely that mass contained in a sphere of radius the critical 

wavelength, which will collapse. Field found a minimum mass of
c

about 10 M using the above numerical values, which he found was 
©

too large for his purposes. On the other hand the instability 

discussed here shows no minimum wavelength and may therefore be 

more useful in the discussion of the formation of clumps of small masses.
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Presumably a realistic evaluation of the integrals leads to 

some situation intermediate between the two extremes mentioned above, 

Neither a(v) nor I(v) will be constant over sufficiently wide ranges 

for either extreme to hold. One might also expect some selective 

absorption of photons, by gas near the sources of radiation, at 

frequencies near those for which o(v) is maximum.
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CHAPTER 9
»

• CONCLUSIONS

It seems appropriate now to summarise and discuss the implications 

of the results obtained in the previous chapters. One result rather 

separate from the rest of the thesis is a method of finding the 

number roots of a complex polynomial which have positive real part,
-x

and may also give estimates of the values of the real parts. This 

method has been used in this thesis but clearly has other applications.

In Chapter 6 we saw that, despite Schatzman's conclusions, a 

slab of HII is not marginally unstable, «Sd a study of the linearised
rncau W. e^Ver

equations suggests that it '•'• m ''• unstable at all. However, at the 

beginning of this work it was hoped that a self shielding instability 

might operate in clouds containing H~ molecules, similar'to the one 

imagined to occur in HII regions by Schatzman. Such instabilities 

would have been of great use in the study of framentation of inter­ 

stellar clouds, and in particular it would have aided Reddish T s 

scenario of galactic evolution; without some additional physical 

effects it seems that this fragmentation mechanism cannot produce 

fragments of greater than stellar mass and may not be able to form 

any fragments without extra compression. The hoped for instabilities 

were not found, as detailed in Chapter 4 and also Chapter 5.

Examination of Reddish's ideas show that there are two rather 

separate parts. The first part involves the idea that the property 

which defines a fragment is that its radius should correspond to 

unit grain opacity, taking an approximately geometric cross-section for 

the grains. With this definition of a fragment he then goes on to 

show that, when applied to fragments forming within a gaseous, polytropic 

sphere, the resulting mass spectrum is very similar to the deduced initial



mass spectrum of stars. It is worth noting that the different 

fragments have different densities and hence different free-fall 

times therefore one might perhaps think that a very close matching 

of the two spectra is not desirable; one might instead expect the

stellar mass function to be proportional to the cloud mass function
I'vve v se. 

multiplied by the^free fall time of the initial fragment. Reddish

himself has made this point in another connection (Reddish 1977). 

On the other hand one should not forget the effects of magnetic 

fields and rotation as a fragment collapses, either of which may 

hold up the final collapse for a time independent of density and 

hence allowing all the fragments to form stars of essentially the 

same time. Thus a matching of the cloud fragment and the stellar 

mass spectra is not a sufficient condition, and may not even be a 

necessary condition, for a satisfactory theory of star formation.

The second part of Reddish's thesis is that molecule formation 

on grains is the actual mechanism causing the fragmentation. 

Molecules form most rapidly when the grains are at a certain temperature, 

and grains within about unit optical depth are at about the same 

temperature. Now in order for the fragments to maintain their 

identity one requires that the timescale of molecule formation should 

be less than the free-fall time. This latter condition gives 

essentially a lower limit to the density required and hence an upper 

limit to the mass of the fragment. The Jeans criterion, assuming 

a temperature of about 5K, gives a lower limit to the mass spectrum. 

Only the numerical value of the upper limit to the mass is dependent 

upon the actual fragmentation mechanism, although the mechanism itself 

must be linked to the unit grain optical depth. The strong point of 

Reddish T s theory is that the first part provides one of the most
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plausible, and least ad hoc, explanations for the initial mass 

function.

The relevance of the above considerations to this thesis is that 

there are many processes going on inside clouds and one related to the 

previous investigation is the possibility that Carton ions, the 

main coolants in such clouds, are subject to a self-shielding 

instablity. But once again no such instabilities were found.

Now these investigations have concerned only a one dimensional 

model, have neglected scattering, and concern only infinitesimal 

perturbations. The lack of self-shielding instabilities has not 

therefore been proved, but it is rather discouraging not to have 

found any, despite having used values of the parameters, such as the 

photo-dissociation cross-section, which one would think would have 

emphasised the importance of the radiative transfer.

Having started upon the track of possible instabilities in 

stationary interstellar clouds, we next looked at the idea that self 

shielding plays a vital role in allowing the build-up of H^ in the 

clouds. Chapter 7 contains the investigation. In that chapter we 

found that assuming the self absorption line is not exactly 

symmetrical, a fairly reasonable assumption in interstellar space,

then the clouds are subject to an instability which tends to break
-3 

them up. For densities in the range 30 - 300 cm the timescales

were about 10 years, or sometimes less, in interstellar space, 

and decreased as the unshielded flux increased. The instabilities

did not seem to develop quickly unless the fractional abundance (f)
-14 

of H? was about 10 or more.



146.

Bearing in mind the limitations of the model and the method of 

analysis, this instability may well go some way to explain the

apparently significant lack of clouds with f in the range 210 to
_2

510 (Spitzer and Jenkins 1975). Those clouds with f less than
-4 

about 10 are not unstable on rapid ttmescales; those with f

greater than a certain value may be stable because the approximation 

that the wavelength of the rapidly growing perturbations is less 

than the scale of uniformity fails badly. The latter point remains 

to be confirmed by more detailed calculations. In the case of 

large clouds it may be that the instability tends to fragment the 

outer layers off in stages, but it is difficult to draw firm 

conclusions with this level of calculation. This instability will 

affect the model calculations of interstellar clouds, and perhaps 

of globules of neutral gas in HII regions.

Applying similar considerations to carbon ionisation we find no 

instability, despite the most favourable values of the parameters. 

In HII regions on the other hand this instability may affect the gas 

but not in the way Schatzman imagined.

Carrying on the investigation into the effect of line-shape on 

the gas we next re-examined Field's work on radiation pressure driven 

instabilities. In Chapter 9 the analysis was restricted to showing 

that at least in one limiting case there are rapidly growing 

instabilities. While the particular limiting case may not itself 

be of immediate importance at least it has been shown that further, 

more detailed, investigations may be of interest in more realistic 

studies of the fragmentation of interstellar clouds.
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APPENDIX 1

Al . 1 Derivation of the test functions (a)

In Chapter 3 it was shown that in order to find the number of 

roots with positive real part of the equation

f(z) = aQzn + (aa + ib1 )zn" 1 ......+ (aR + ibn > = 0

one method involved evaluation of the leading coefficients of f , f , , 

f 2 , ..... f where

4= ( \ f n - v n~l n~2 o(y) r {ao y 1 y " al y • • • •

, n-1 . -, n-2 n-3 ^-^ y + b y - a y . . . }D

where D = (-1) if n is even

= (-l) (n+1)/2 if n is odd

f? (y) = -Remainder of (f/f. )

= -Remainder of (f./f_) etc. 

f? (y) can be calculated explicitly by dividing f by f ̂ as follows



0

t

-p 
oo

u

Ah r™ - • **-»»—- "^

r

' 1 ~
Q CT .P

01 H

° Jr S
P j

f -Q o A H 0

<_p ^Q"
? *„
* P

. 4 £$ US
"' ' 0 3
_, cr v o cr ,r - -^

i *
•r (T ° °~
(/ '^ ° ^

Q fl ^> -£. OJ - ^

*, %
*> ^

i-
i i " ,-F

o crji ' «! f) " 1
. , ,-, -0 1 J- J --

4T ^ o o -9 * - • n^"
°Q

: C ly
" ? 1

* ,^ .D '"' » — ~ fl
tr.^"^ y *• " _ !

• ' Q »^r
cr _^ o1- 'a M '; x

' u? J3 o S;

U Q' J

4- cP o1
$ ^^
i i T
i ' I <t>T , ,.- \ -*T '
tl ' H

\

- ."^ ~ 5
M-

—— -^ —— -( MMMMMVk

[T
?̂
3o\

i+.
VN

7tr "i
JTa
0

C^J
>-*,
/̂

1r uo
f
cr
0̂.

1
D 

i^
T
V
itr

HQ^-x
u:^

•̂

x— /^Ir^
MT -^

'« ^

/? n° ^ w^-.^^^*
«, ^i » i- •" ol^ ^"0"

-U!H iT _ 1

^ p
r 4,

££• ^ if • cc, H
H '

-PtP "T
^ nf > - f̂l vT w

ix^ > ,* +
pj£ ^
^? 0 "i •"
/ -"'o0.

PI.0 T^ 
^ ^ -r i

0^ ^

^ ^
->- -»-

ol0' cr
' Ifl J:^ o ^^ 3

<-^ ' /^ 1
^ J1

OlO N —• ' / c tf t_c3
tJT • «~*-J V

1^ ' «- J5"
ct° ^ - io 7
cC, w

/ +
Q fl w» 4?

-QIQ ic Io L->-

^ ; 4- *
G~ if

-°lP ^
c7̂ Ji

i t
uj 1

»

> >
\

1 
\

t
j_ .^-— ̂ i T ^^r

flip
if
t

fll-

tr "i
tr »f

fliOb

QiO *
- VI '
/^-^ cr

0" ^
-. A"
"~ ^~—— X*

oTo ^3 - K) '
__ -^ <fl

^, '
i i

•* , >
\



149.

f2 (y) has been written with the sequence of signs in front of the 

coefficients as ++ — ++ — etc. which is the sequence of signs in 

f (y) and f^Cy). Because of this similarity to obtain f~(y) one

need only replace a by a. etc. in f and a, byo 1 o 1 J

- c~ etc.
-1

2al

3.^ a1 o
2 1

a3 "a2

0
ai

in f^, in all the manipulations above and fq (y) is given by following 

this substitution in f^Cy). Similarly if one has the expression for 

fq (y) then fu (y) may be obtained by replacing a by a., etc. and a,
O

.,
i

,
l

by c~ etc. in f~.

The leading coefficients of f is, apart from a positive factor

- (-1)
t(t-l)

2

al
-b2

S3
-\

ao-bi
a2

-b3

0
al
b2
a3

0
a obi
a2

« *

0

al '
-b2 -ba

A

«

0

ai

«

n

+.

a o

0

L2t-l a2t-2 b2t-2 b2t-3 ft •

Column 1 consists of the sequence a. , -b~ •> ao •> 2t-l'

each row consists of a continuation in pairs of a. b. , with all b.
«J J J

terms having a negative sign in even rows. To show that the above 

formula is true one first notes that it is true for r - 0, 1, 2. 

If one now replaces a by a, and a^ by c2 etc. one ends up with

c ^, and it remains to show that this expression can be written in r+i

determinantal form
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a, a 0 1 o
O f

d2t+l a2t b2t-l

0

Making the substitutions in c :

(-D 
2t

t(t-l) 
2

+b0 (a,b,-b0a z 11 z o

-b

al (ala2t"a2t+lao)

0 0 \ »

-L -L £. o w %

2 +b2 (aibrV0) '

2t-l

% •

Adding, for m = 1, 2, 3, 4, etc. , (-1) 

2m to column 2m + 1 one obtains

t+1 - Vo'
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0

Moving column 3 to the left hand side this is equivalent to

Q
mm*

a

a^ a

b2 b
a^ a.

b, b,

* t

b2t b2t-l

0 0 0 

a. 0

a3 b2

Next subtracting column 1 * (a^b^ - b2aQ ) from column 3 and taking

out a factor a,.:

al ao -(a,brb2ao) 0

0

-b

» *

b2t b2t-l (a2a2t'a2t+lao)

0
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Moving column 3 to the left hand side we can obtain the equivalent 

form

al

-b,

ao
-b.

-b.

0

o

0

0

a2t+l a2t b2t b2t-l

0

0

al +(alVb2 ao :

• • v

Expanding at column 7 we obtain

t^\ *7

0 0

a a^1 o
-b2 -bt

a3 a2
~\ "b3

a5 a4

00 0

00 0

ai ao °

b2 b1 | aa
i

a a i -b
O Z. £,

\ b 3 ' a3 

1

0

0

0

0

al
b2

ai a^1 o
0 0

0 0

0 0

-b2 -b2
a2 a2

0

0

0

0

0

al

0

0

0

0

0

lbl~D2ac

0

0

0

0

3

Now move column 8 two places to the left then add row 1 to row M- 

and expand about row 1; the cofactor of a is zero, having two columns 

equal:
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-IrO

a,

-b,
O

-b.

-b.

0 0

o

a2t+l a2t b2t b2t-l

0000

0000

a 0 0 o
-b 0

We can now expand about column 9 and proceed as with column 7 

previously. This introduces another factor (-a,). Repetition of 

this process leads to

a

o

2t+l

0

o

b2t

o 0

a2t+l 32t
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as expected, and it may be seen that the positive factor previously
_2 

missed is [a^ c2 • • • ct-i^ for ct' I1: w-"- 11 ^ noted tnat it has

been assumed that none of the c.'s are zero.i

The cases in which some of the c. are zero or r is not equal to 

n are treated next.

A1.2 If f and f., have a common polynomial factor:

It may happen that f and f . have a common polynomial factor; 

real roots of the common factor correspond to entirely imaginary roots 

of f(z) = 0 but complex : roots may occur. In these cases f .(y) = 0 

but f (y) is not a constant, but is in fact a multiple of the common

factor since in the sequence f , f 1 , f 9 , . . . f , 0 , if f and f .
r f ° eo oare q g , q g^ where q is the common factor then -Rem(-^r-)' = -Rem( — ) = f0H 6o' ^ tol ^ f g 2

and g q = f = p g^ q - f 2 so f 2 = q ( pg^ - gQ ) where p is some 

polynomial. f~ and f. have common factor q and so f~ has also. The 

sequence will terminate at f - constant +q because then 

f ./f = qp/q const = p/ const so that Rem(f Jf ) = 0.

If f can be found explicitly one must then try to find the number 

of its roots with real positive part . Routh, using another theorem of 

Sturm proved,. in Appendix 2, suggests that fp+1 be replaced by ^- fp(y)

and the sequence continued. Repeated imaginary roots of f will lead 

to another occurrence of f i const, f ^ = 0,s i n although this may 

occur for other reasons. Repeated imaginary roots are of significance 

in that they correspond to solutions growing not exponentially but
•

linearly so that if the type of zeros just mentioned appears twice 

then the roots of q must be checked explicitly,
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Al.3 Zeros in the sequence of test functions

It may happen that one or several of the c.' s in the middle of 

the sequence are zero,(§2) above is a special case of this as c. - 0 

for i = r + 1 to n. If it is the existence of any roots with 

positive real part that is of interest then the following procedure 

may be adopted. The simplest case has some of the non-zero c-'s 

negative; there must be instabilities. The other possibility is 

that none of the c. T s are negative. The coefficients a. , b. can be 

varied by e. , n • to remove the zeros, and e. , n • may be chosen 

sufficiently small so that the non-zero c-'s are unchanged to first 

order but the zero terms may be written keeping only the lowest order 

terms. The c- and n- can be varied in sign and magnitude to see if 

any negative terms may be produced.

Making all the e. , r|. non-zero makes a very complicated problem 

but one can make selected e.'s, n-'s non-zero, selected after 

inspection of the zero determinants. A less random procedure is 

suggested in (§U) below.

If it is possible to find the maximum number of sign changes

(A ) and the minimum (A . ) then max mm

A = n + n max a o

where n = no. of roots with real part = 0
Q

n = no. of roots with real part > 0, 
o

and Amin ~~ no

because the roots on the axis have been shifted all to the right half 

plane and all to the left half plane respectively
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n = A - A . a max mm

n = A . . o mm

An example of this is given in Section 5

A1.4 An algorithm for dealing with zeros

An alternative perhaps more convenient algorithm is one which 

follows Routh's method rather closely. As shown in (§1) fq can be
O

written

o
rN-3

O

r 0

"

If a, = 0 it may be replaced by e, , and the determinants above 

may be calculated explicitly. If the leading coefficient is zero it 

can be replaced by £.~ and the coefficients of f^Cy) can be calculated.

f (y) may be differentiated to provide f +x,(y) if f (y) r 0 but r i n 

or alternatively some new parameter may be introduced for the leading 

term. When all the f. 's $ I s O,l> " ' n have been calculated the e 1 , 

e ? etc. are allowed to tend to zero and only the lowest order terms 

in these quantities need be retained. The signs and sizes of the small

quantities e,., can be varied and A and A . found, usually with _L max min
considerably more ease than using §2. A convenient format for setting 

out calculations of the type described in §3 is suggested below.
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A1.5 Some simple applications of the method

Consider

f(z) = (z-1) (z+1) (z-i) 2 = (z2 -!) (z2 -2iz 

+ z 3 {0-2i} + z2 {-2+Oi} + z{0+2i>

- 1)

a1 = 0

O

~ —

Q »
O ^L

O ~2

0
o

. o
= O

o o o
<a. en O

O \. O O O
O Z O \ O

O -2. O -1. O

O -<L O -X O

O ! O 2 O

= o

O O O

d O O

°i °l~

°1 °fi 5 °5

O 

O

=- O
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It will be noted that putting a^ = e and letting e < 0 there must be 

a change in sign in the sequence so there is indeed at least one 

root with positive real part.
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The sequence a , a. , c^ , c~ , c is

i- b c.i o ̂ x i 5\ e - -2 £ -

e < o + - - + - r

so the number of roots on the axis is A -A. =3-1=2max mm
number of roots with real part > 0 is A . =1. In fact the rootsmm
are -1, +1, i, i, i.e. 2 on the axis and one with real part > 0.

Line (i) contains f and f. or rather the values of a. , b. : theo 1 i' i»

upper part of line (ii) is just f. repeated but moved along the under­ 

lined columns a , b. , a« .... etc. The lower part of (ii) is calculated 

using the determinants given above, it is in fact f^. f3 is then 

moved into the underlined columns in line ( iii ) . For f ̂ , the lower 

line of (ii) can be easily calculated since the necessary numbers are 

under the appropriate column names to use in the general determinant 

form.

Another alternative way to treat the equation

(z - 1) (z + 1) (z - i) 2 = 0

df. 
is to calculate -r-i if f. +1 = 0, but i i n. Because f^ has been

explicitly calculated it is easy to differentiate, noting that the 

highest power of y decreases by unity going from one pair to the next 

pair below, and decreases by unity going along each line to the right.

f = y4 - 2y3 + 2y2 - 2y + 1

f = 0 so that f 1 is replaced by

f = Uy3 - 6y2 + Uy - 2 = 4y 3 + (-6) y2 - (-4) y - (+2),
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Similarly at (iv) below,

f 3 = -y + 1

so fv is replaced by -1

0)
O O O Q

z aw^^ u 2.
\

!L__!_ ____ _ ___
-I L 3

-I

O

The sequency of leading coefficients is 

1, 2, -1, -1, -1.

The number of changes in sign is A = 1. Moreover since two 

differentiations have been performed there must be either a repeated 

root of f(z) en the axis, or f (y) and f^y) have some common factor 

of the form

(y - a - ib) 2 , b i 0

The last replacement involved f3 (y) = -y + 1; "this must be the 

square root of the common factor, and since

f3 (y) = 0

has a real root y = 1 the original equation f(z) = 0 must have a

double root z = iy = i.
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APPENDIX 2 

Proof of a theorem due to Sturm.

The following theorem due to Sturm has been used in Chapter Si-

Given fo(x) = cQ xn + ca x11"1 + c2 xn~ 2, ... + CR ~- 0

(cn i 0)

fa (x) = do xm + d1 x^1 + d2 x111" 2 + d^ = 0

(m £ n)

f2 (x) = -Rem Q

f3 (x) = -Rem (f /f2 )

fr(x) = -Rem (fr_ 2 /fr_ 1 )

fr+1 (x) ,0.

When x increases in the interval A < x < B the number of real root 

of f (x) = 0 for which f and f. change from unlike to like signs,

minus the number of real roots of f (x) = 0 for which f and f. changeo o 1 °

from like to unlike signs , is equal to the number of variations of 

sign in the sequence

f (A), f^A) , . - f (A) (A2.1) 

minus the number of variations of sign in the sequence

f (B), fXB), » • • fr(B) (A2.2)

Multiple roots are counted only once and any zero terms are omitted 

from (A2.1) and (A2.2). If, however, all of the terms in (A2.1) or 

(A2.2) are zero then A or B must be changed by a small amount.
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Proof

f.
J-

q.(x) f.(x) - f.
J. -L

i = 1, 2, .... r (A2.3)

where q^(x) is a polynomial. The degree of f . decreases as i 

increases .

(i) If fp(x) = constant (i 0) " (A2.U)

As x increases fQ(x) , f^x) ,. .. . .f (x) can change in the number 

of variations in sign only when one or more of the f . (x) change in 

sign. Now no two neighbouring members can become zero simultaneously 

because otherwise the next in the sequence will also be zero, from 

(A2.3), and all the members will be zero contradicting (A2.4). Also 

when f.(x) = 0 it follows that f. . (x) and f. (x) have opposite sign. 

Therefore the passage of an internal term f . (x) through zero does not 

change the number of variations in sign of the sequences. It follows 

that the number of sign changes (A(x)) only alters when the end terms 

change sign, and since f (x) is constant only changes in sign of 

f (x) contribute. If as f (x) passes through zero fQ(x) and f.(x) 

change from like to unlike sign then A(x) increases by unity; if 

they change from unlike to like sign then A decreases by unity.

(ii) f (x) i const

This implies

fr(x)

where q (x) is some polynomial. 

a common factor and

and fr^ x) therefore have
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V-2 (x) = Vl(x) fr-l (x) * Vx)

(qr(x) " 1} fr(x)

so that f ^(x) and I"rh_ 2 ^ x ^ have coninon factor f (x). In a similar

way one can show that all the f . (x) , i = 0, 1. .... r have f (x) as a 

common factor.

Defining

f.(x)
h(x) =

the h. (x) will be polynomials and h (x) is constant so that (i) 

above may be applied. One can then multiply the sequence by 

fr(x) ; A(x) cannot be changed by this operation so that the theorem 

is true in this case also.
•

One can investigate the properties of f (x) further by defining

fo'(x) = fr(x) 
df

As f ' (x) passes through zero f T (x) and f, T (x) must change from 

unlike to like signs so that applying the procedure in (i) to

f ' (x) , f „ ' (x) one obtains the number of real roots of f (x) = 0 
o 1 r

which have A < x < B, multiple roots being counted once and zeros 

are omitted from the evaluation of A. Note that if there are any 

repeated roots in f (x) = 0 then f ' (x) and f^'Cx) will also have 

a common factor.

To see the application of Sturm1 s theorem to Routh's work, 

detailed in Chapter 3, one needs to remember that
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if z = iy,

and consider the variation of tanG as 0 increases. Passing through 

a zero of f (y) •> if arg(f(z)) is increasing then f. (y) and f^Cy) 

change from like to unlike signs, but if arg(f(z)) is decreasing 

then they change from unlike to like signs. Arg(f(z)) increases 

by TT going between two zeros of f (z), if f.(z) changes sign once

in between. Therefore the number A(A) - A(B) given by application
1of Sturm's theorem is minus the increase in — Arg(f(iy)) going fromTT

y = Atoy = B. AsA tend to +°° and B to -°° the leading term in 

each polynomial f.(y) dominates the numerical value of the expression 

so that in Routh's method one need only consider the initial terms.
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Table 2 

Table 3

Table 4 

Table 5 

Table 6 

Table 7

Table 1 values of I(photons cm s ) , n(cin~^), T(K)

and the derivatives of L and X. 

Units of L ergs s gm

Units of X s"" 1

!„ =»J * 1.3(7)photons cm s \*
Model 1 of interstellar gas.

as Table 1, but for model 2.

values of l/Re( ) (s) for model 1, in cases

where this is positive. is a root of equation

2.24, in which the effects of radiative transfer

are included.

as Table 3, but for model 2.

as Table l,but for pure Hydrogen gas.
•

as Table 3i DU"t for pure Hydrogen gas.

as Table 3, but for roots of equation 7»79

describing the Doppler induced instabilities.

Table 8a as Table 7, but X^ - (l-x)( /J)5(-17) cm"1

Table 8b as Table 7, but X^ =0

Table 9 as Table 7, but for model 2.

Table 10 as Table 8a, but for model 2.

Table 11 as Table 7, out for pure Hydrogen gas.

Throughout these tables the notation ( ) denotes power
_2 

of ten, so that for example 5«7(-2)=5«7 10

Most numbers are given to only two significant figures.
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k(cm"1 )

I n T 1(-13) U-15) K-17) K-19) K-21)

3(4) 30 48.9 5-9(20)

500 24.5 3-8(16) 3.8(19) 
3000 20.9

30000 21.0 8.0(13) 8.0(13) 1.2(15) 1.1(17)

3(2) 30 49.0 5-6(15) 9.0(17)
3.8(15) 7-7(17)

3 50 53-0 5-6(15) 9-0(17)
5.6(15) 9-0(17)

3(-2) 300 41.9 9-0(15) 4.0(19)
9-0(15) 4.0(19)

TABLE 3

I n T K-13) K-15) K-17) K-19) K-21)

3(4) 30 57-6 1.8(21)
300 35.4 2.1(16) 2.2(19)

3000 33-2

30000 34.2 6.3(13) 6.3(13) 6.3(13) 7.1(17)

3(2) 30 57-6 4.8(19)

300 35-5
3000 35-1 1-5(16) 1.5(16) 1.5(16) 3-6(17)

	TABLE 4
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n T

k (cm"1 )

3(4) 30
300

3000

1000

1000

1000

30000 1000

3(2) 30

300

3000

100Q

1000

1000 4.8(13)

30000 1000 3.8(12)

3 30

300

3000

1000

1000

1000 4.5(14)

30000 1000 7.1(14) 6.3(14)

5.1(11)

5-0(12)

4.0(12)

4.5(14)

4.5(14)

6.3(14)

2

2

3
2

2

5
4

4

6

.1(13)

•0(13)

•4(13)

•8(13)

.8(13)

•0(14)

•5(14)

•5(14)

.3(14)

8.

2.

2.

2.

6.

2.

2.

2.

3-

3-

3-

5-

3(15)

0(15)

0(15)

0(15)

7(14)

0(15)

0(15)

0(15)

6(15)

6(15)

7(15)

3(15)

TABLE 6
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k (cm""1 ) 

T 1(-13) K-15)

3(2) 3000 20.9 3-1(19) 3-1(23) 

30000 20.4 4.5(15) 3-2(18) 3-1(22)

3 30 53-0 3-0(12) 1.4(12) 1.6(14) 1.0(16)

300 29-9 9-0(10) 9-0(11) 3-3(16) 3-2(20)
7-1(14)

3000 22.5 4.3(10) 3-7(12) 6.7(15) 6.3(19)
6.3(14) 

30000 15-7 2.8(10) 5-0(10) 1-7(13) 2.6(17) 2.6(20)

3(-2) 30 66.4 1.9(11) 5-3(11) 1.0(14) 2.4(15)
1.0(15)

300 41.9 4.8(10) 4.2(11) 7-1(13) 9-0(14)

3000 23-4 3-8(10) 1-9(12) 1-5(17) 1^5(21)
1.4(14)

30000 15.1 2.6(10) 4.3(10) 1.7(13) 2.1(16) 2.0(20)

TABLE 7



177,

k (cm" 1 )

T K-13) K-15) K-17) K-19) K-21)

30 53-0 
300 29-9

7-7(15) 2.2(19) 

2.6(17) 1.6(21)

3(-2) 30

300 41.9

3000 23.4
30000 15-1 7.1(14)

7-7(15) 

1.1(15) 

2.2(17) 

3-6(18)

9.0(17) 

2.0(18) 

2.2(21) 

3-6(22)

TABLE 8a

n T 1(~13) K-15) K-17) K-19) K-21)

30 53-0 5.0(16) 9-0(19) 
5.0(16) 9-0(19)

3(-2) 300 41.9 1.0(16) 4.5(19) 
1.0(16) 4.5(19)

TABLE 8b
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k (cm"" 1 )

n T K-19) K-21)

3(2) 30 57-6

300

3000

35-

33-

30000 32.

30

300

3000

61.

38.

28.

30000 18.

30

300

3000

69-

46.

24.

5

1

6 5.0(10)

1

3

3 1-4(10)

4 5-3(9)

9

4

9 1.0(10)

30000 15-7 4.8(9)

4

2

1

1

2

1

.8(12)

-8(11)

.0(12)

•9(11)

•3(10)

•5(10)

1.7(10) 
3-4(12)

3

1

1.

1 
2

•7(10)

•5(10)

3(10)

•4(10) 
•3(12)

5
4

-3(13)

-3(13)

5-0(11) 
1-0(15)

2 
1
-6(11) 
.8(14)

5-6(11)
3-2(13)

3

2 
5

•7(12)

•2(11) 
•9(14)

7-7(14) 
1.5(11)

2 
2

1 
3

.8(11) 
-7(13)

.0(13) 

.6(12)

1.

1.

2.

2. 
1.

5-

6.

2.

9.
8.

1. 
1.

5-

9(17)

4(17)

3(17)

2(13) 
2(16)

9(14)

7(13)

8(14)

0(12)
3(14)

7(17) 
8(13)

0(13)

9-0(13)

1

1

2

•7(21)

•4(21)

•3(21)

9-0(19)

1

6

2

1

1

1

7

.0(16)

•7(16)

.6(18)

-0(15)

-7(21)

.6(16)

•3(17)

TABLE 9
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n

k (cm""1 ) 

T K-13) K-15) K-17) l(-19) l(-21)

30 1000

300 1000
3000 1000

1.1(16)

8-3(15) 

8.3(17)

2.8(19)

8.3(21)

3(-2) 30 1000

300 1000
3000 1000

30000 1000

1.9(14) 

1.9(14)

6-3(13)

1.8(15) 

2.6(15) 

9-0(15) 

2.9(17)

1.1(17) 

9-1(18) 

9.0(19) 

2.9(21)

TABLE 10

n T K-13) K-15) K-17) K-19) K-21)

3(2) 30 1000 

300 1000 

3000 1000 

30000 1000

30 1000

300 1000

3000 1000

30000 1000

1-9(12)

1.6(12)

1.5(12)

1-4(15) 

5-3(13) 

4.8(13) 

5-3(13)

1.1(13) 

7-7(12) 

7-7(12) 

8.3(12)

4.3(15) 

4.2(16)

3-4(17)

4.2(17)

9-1(13) 

9-0(13) 

9-0(13) 

1.0(14)

3(~2) 30 1000 

3000 1000

8.3(12) 7-7(13) 

2.2(12) 7-7(12) 7-7(13)

TABLE 11


