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To my grandma, Giò,
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Abstract

Bayesian methods constitute a popular approach to perform statistical infer-

ence and predict phenomena of interest. Surely, part of the popularity of the

Bayesian paradigm can be linked to their intuitive core idea: to take advantage

of the user’s prior knowledge and integrate it in the statistical procedure. The

result of this synergy is the posterior distribution, focal point of Bayesian

inference and instrument to quantify the uncertainty of the estimation. This

thesis collects the work done as a research student on statistical models, built

with the tools of Bayesian nonparametrics, to describe power-law distributed

data. The motivation of the proposed models are to be found in two different

fields of application: complex networks and privacy assessment.

After the introduction provided by chapter 1, in the first half of the thesis I con-

centrate on the proposal and analysis of models for networks, the mathematical

objects that describe relations among entities by representing them as nodes

connected through links. Power-laws usually appear in real-world networks

as the distribution function of the degrees, namely the number of links of

the nodes. The two pieces of work presented belong to the graphex process

framework, a flexible generating process which allows to mimic empirically ob-

served networks characteristics. Chapter 2 fits into this framework and extends

the original proposal of [Caron and Fox, 2017] to provide a novel modelling

approach to describe sparse networks with spatial structure or other covariates.

An approximate inference strategy is provided and tested on simulated data.

The paper presented in chapter 3 casts light on the asymptotic properties of

networks generated under the graphex process, proving the desirable properties

of sparsity, power-law degree distributions, clustering and two central limit

theorems.

The second half of the thesis is devoted to the development of statistical

methods to quantify the risk of disclosure, which arises whenever datasets
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with records of individuals are published: an intruder could match the data

with prior information and disclose the identity, and therefore the sensitive

features, of a person. Chapter 4 develops an estimator to quantify this risk

using the Pitman–Yor process, a popular prior on probability distributions

that has a distinguishable power-law tail. A closed form posterior distribution

of the estimator is provided in a convenient mixture representation, and exper-

iments on both simulated and real data show the effectiveness of the method.

Chapter 5 deals with the estimation of the same risk under no distributional

assumptions, using a fully nonparametric method. The estimator is extremely

easy to understand, fast to compute and has provable guarantees of optimality.

Chapter 6 concludes the thesis with a final summary and some proposals to

extend the current work towards new research directions.
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Chapter 1

Introduction

“Everything is linear if plotted log-log with a fat magic marker”

(Mar’s law) Akin’s laws of spacecraft design

1.1 Power-law distributions

The term “power-law” is employed to indicate a relation between a pair of

variables where one varies as a power of the other. If one of the variables

represents the probability of observing a phenomenon of at least a certain

size, and this is roughly proportional to a power of the size itself, then we are

talking about power-law distributions. Such distributions have been observed

ubiquitously across natural and human phenomena: the size of craters on Pluto

([Scholkmann, 2016]), the distribution of the frequencies of words in a corpus

([Powers, 1998]), the magnitudes of earthquakes, volcanic eruptions, landslides

and wildfires ([Danos, 1998]), the distribution of wealth ([Toda, 2012]), links

across web pages ([Albert et al., 1999]) and the size of the population of cities

([Gabaix, 1999]). Because of this widespread observation in different contexts

and due to their interesting theoretical properties, communities of researchers

in probability and statistics have been using power-law distributions for a long

time in fields such as extreme value theory ([Resnick, 1987], [Beirlant et al.,

2004]), complex networks models ([Van Der Hofstad, 2009], [Voitalov et al.,

2019]) and species sampling problems ([Mart́ın and Goldenfeld, 2006]). In
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these communities, and in this thesis, a random variable X on the positive

real line is said to be distributed as a power-law if and only if

P(X > x) = `(x)x−(α−1) (1.1)

with α > 1 and `(x) a function that, for now, we can assume to admit positive

constant limit at infinity. In this definition, the term x−(α−1) dominates `(x)

in the limit, while on finite values `(x) can reshape the power-term quite

drastically. Definition 1.1 belongs to a wider family of functions, known as

regularly varying, which I will explore more in depth in section 1.3.2.

Power-law distributions are usually associated with some distinctive traits.

First, the usual summary statistics, such as mean, variance and higher order

moments, do not represent well samples from the distribution or might even

be infinite. When the mean value is finite, it might not describe well the

observed values, as the occurrences of extreme events (in particular those in

the right tail of the distribution) are much more common than in distributions

with lighter tails. They have, in fact, heavy tails. Power-laws are also known

as “scale-free” distributions, meaning that their behaviour is not affected by

different scales, being self-similar along all the domain (for a more detailed

account, see [Caldarelli, 2007]). This is shown formally by observing that

P(X > kx) = `(kx)k−(α−1)x−(α−1), for k positive real constant: k−(α−1) is a

constant and `(kx) has the same behaviour of `(x) in the limit (since it goes

to a constant), hence the dominant term in the limit is again x−(α−1).

In this thesis, I will explore some approaches to describe power-laws in different

contexts. Since the first claims about the scale-free behaviour of the degree

distributions of real-world networks (the most famous surely regards the

Internet graph, [Faloutsos et al., 1999] [Albert et al., 1999]), the claims about

the power-law nature of degree distributions have been countless. This is

attributed to the fact that some generating processes for networks, which have

been identified to mimic empirically observed processes of aggregation, lead to

power-law degree distributions. Moreover, scale-free degree distributions are
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linked to some macroscopic properties often observed in real data, which will

be explored in the next section. This thesis offers a novel approach to describe

sparse spatial networks with power-law degree distributions and an extensive

analysis of such distributions in a specific class of network generating processes.

The second context is statistical disclosure risk limitation, the vast field of

statistical studies on disclosure risk assessment, privacy-preserving methods

and trade-offs between level of privacy and loss of information. I will focus on

the quantification of disclosure risk for data at individual level, which requires

to explore the structure of an unobserved sample from a discrete distribution.

When it comes to parametric approaches to model such distributions, power-

laws are once again a well documented choice ([Mart́ın and Goldenfeld, 2006]).

1.2 An overview of the literature

In this section I will present a general review of the fields of statistical network

models and disclosure risk limitation. The section aims at letting the reader

dive into the applied contexts that motivated the research presented in this

thesis. Since the papers in the following chapters will be more specific, I

would like this to be the space to review the broader context and not only the

topics strictly connected to my work, which will nevertheless have a special

consideration.

1.2.1 Network properties and spatial networks

Graphs are the mathematical construction created to describe relationships

among agents. The agents are called nodes or vertices, and when two nodes

are in a relationship they are connected by an edge. Nodes could represent

any entity, for example humans, computers, chemical elements or cities, and

edges could describe relationships such as friendship, wireless connections,

chemical bonds or train lines. In more applied contexts, the term “network”

is often used in lieu of “graph”. In this thesis I will use both terms exchangeably.

One of the most studied network characteristics is the degree distribution,
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where the degree of a node is the number of vertices connected to it (referred

to as neighbours). Many real-world networks have been observed to display

a heavy-tailed degree distribution which was almost often described to be a

finite sample from a power-law random variable. Despite the incredible number

of examples, though, power-law distributions prove themselves to be quite

divisive among researchers in the network modelling community ([Clauset

et al., 2009], [Stumpf and Porter, 2012], [Broido and Clauset, 2019], [Voitalov

et al., 2019]). Power-laws are measured in their asymptotic behaviour, and

this makes finite samples difficult to distinguish from similar data generated

from other heavy tailed distributions (for example, the log-Normal). Having a

sufficiently large pool of data, covering at least a couple of orders of magnitude,

is a necessary requirement to run goodness-of-fit tests. As a result of this,

claims about the distributional nature of some benchmark network datasets

have been reassessed several times (see, for example, [Willinger et al., 2009]

for the internet and [Golosovsky, 2017] for citations). While I will use in this

thesis the definition of power-law distribution as eq. (1.1), a more common yet

stricter definition, which has often been used to test the networks’ degrees, is

P(X > x) = cx−(α−1), where c > 0 is the normalising constant and x is greater

than a certain value xmin. The use of this definition, which does not allow

for any flexibility around the pure power function x−(α+1), causes difficulties

in the assessment of real network data, noisy and in sample sizes that often

are not big enough, and leads to the rejection of the hypothesis of power-law

in many goodness-of-fit tests. Instead, due to the presence of `(x), definition

(1.1) allows for a greater flexibility in the finite regime.

Despite being a fundamental feature, the degree distribution is not the only

characteristic of interest. I will introduce other network properties here, but

for a more detailed account I refer to [Newman, 2010]. Sparsity is an attribute

observed in many real-world networks. The concept of sparsity is related to the

relative number of edges with respect to the maximum number of connections

achievable, which is proportional to the squared number of nodes, when the

network size increases. In particular, when the number of edges grows as a
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little-o of the squared number of nodes, the graph is sparse. To picture the

concept, think about your favourite social network: despite how popular you

might be, the number of people you are not connected with greatly outnumbers

the number of friends you have.

Another important feature of real-world networks is clustering, a measure

of transitivity in graphs, which quantifies if two nodes with a neighbour in

common have higher or lower probability of being connected with respect to

the chosen null model. In friendship networks, for example, having a friend in

common raises the probability of becoming acquainted. Many social networks

display this behaviour, which is measured by a positive clustering coefficient.

Also, the vast majority of real network data display the small-world effect.

This describes the fact that the the number of edges that need to be traversed

to connect two nodes selected at random is surprisingly small, even in huge

networks. Formally, to be a small-world network the average number of steps

to travel between nodes has to grow proportionally to the logarithm of the

number of nodes.

A class of networks studied in this thesis is the one identified by the presence

of node covariates or latent features, and more specifically the family spatial

networks. An example of such graphs is the network of airport connections,

whose nodes represent airports and whose edges describe flight connections,

an example of which can be seen in fig. 1.1. We call spatial networks those

graphs that lie in a metric space, which allows to measure pairwise distances

between nodes. The location of a node can either be a concrete information

such as the longitude and latitude of a point on the terrestrial surface, or

it could be a latent information. In fact, when there are no geographical

coordinates or we are dealing with features of different nature (continuous,

discrete, categorical, qualitative...), a distance function might not exist and

embedding the network into a metric space would associate a latent coordinate

to each node and allow to quantify their similarity through a properly defined

distance. For example, when talking about friendship networks, we might not

have the spatial information, but we could measure the proximity of individuals
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Atlanta, GA
Charlotte, NC

Chicago, IL

Houston, TX

Los Angeles, CA

Figure 1.1: A subsample of the US airports connections data in 2010 (exclud-
ing Hawaii and Alaska). The dataset comes from http://toreopsahl.com/

datasets/. The size of the node corresponds to the degree, and the airports
with highest degree are highlighted with their names.

in terms of interests, studies or jobs.

1.2.2 Statistical network models

Because of the complex nature of the phenomena described by networks, the

collection and storage of network data has seen a huge increase only in the

last two decades thanks to advances in the computing technology. This has

triggered the widespread interest of quantitative research communities, who

have worked to provide models that could describe, understand and predict

this type of data. Measuring the network properties described so far does not
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let us understand why these behaviours emerge or how they are related. To do

so, we want to construct models that allow us to generate multiple observations

of graphs having a certain characteristic, study their theoretical properties or

design hypothesis tests for them. Random graph models are tools to answer

such questions. I will present a brief overview of some of them, and refer for

more details to [Newman, 2010].

The first random graph model was proposed more than 60 years ago in [Erdös

and Rényi, 1959], who constructed networks by fixing a number of nodes n

and sampling edges between each pair of vertices with a probability p ∈ [0, 1].

This structure stimulated the exploration of many theoretical properties, but

was too simple to describe real data. For example, its degree distribution does

not resemble empirical observations (it is a Poisson distribution in the limit,

very far from a scale-free) and its clustering converges to 0 as the number of

nodes increases.

To overcome the former challenge, a big advancement in random graph models

was the family of configuration models. These models fix a degree sequence and

construct a network that can achieve it. Therefore, they can obtain any degree

distribution (including the celebrated power-law) and under some conditions

they are proven to be small-world ([Chung and Lu, 2002]). Nevertheless, their

clustering coefficient is still converging to 0 as the size of the network grows.

Other properties of configuration models have been studied in [Molloy and

Reed, 1995], [van der Hoorn and Olvera-Cravioto, 2018] and [Kryven, 2017].

Configuration models introduce heterogeneity in the probability of connection

between nodes, since the probability of connection is a function of the degree

of the nodes. This mechanism, though, does not account for the presence of

communities in a graph: blocks of nodes that are highly interconnected among

them, but display less connections with the outside.

The stochastic block model (SBM) by [Holland et al., 1983] was developed to

describe these communities, defining for each node a probability of connection

that varies according to the membership of the other extreme of the edge:

higher for nodes in the same community of the starting node, lower for the
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rest. Many modifications of the original model have been proposed. I only

mention the work by [Karrer and Newman, 2011], who developed a version of

the SBM which leads to a better fit of real data, and that of [Airoldi et al.,

2008], who proposed a model with overlapping communities.

Another approach to describe networks was proposed by [Watts and Strogatz,

1998], who proposed the small-world model, able to achieve strictly positive

clustering and small distances between pairs of nodes.

The cumulative advantage model ([de Solla Price, 1965]), popularly known

as preferential attachment ([Barabási and Albert, 1999a]), is the modelling

transposition of the “rich get richer” phenomenon. To study the network of

citations in academic communities, Price drew insights from [Simon, 1955],

who studied the evolution of wealth accumulation: individuals tend to gain an

amount of wealth proportional to what they have invested, resulting in an even

starker inequality between rich and poor people. The generative process of

preferential attachment, which adds at each time step a new node and connects

it to a possible neighbour with probability proportional to its degree (hence,

the already rich node becomes richer), mirrors this type of growth and induces

a power-law degree distribution.

Sometimes the formation and evolution of a network is determined by an

optimisation problem determined by the field of application. For example,

supply chains and airlines construct their networks balancing the need to

save money (i.e. minimising the number of edges) and keep customers happy

(minimising the time to traverse the network). Generative mechanisms that

try to solve this kind of trade-offs are called network optimisation models,

and some examples can be found in [Solé et al., 2003], [Gastner and Newman,

2006], [Aldous, 2008] and [Liu and Zhao, 2012].

The class of exponential random graphs was created to address the issue of

statistical inference on networks using the flexible exponential family of distri-

butions. Exponential random graph models prescribe a way to sample from a

distribution over a family of graphs which possess a statistic of interest (for

example, a predetermined expected number of triangles). There exist some

hindrances that limit the applicability of this random graph model: in many
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cases, the realisations are either very dense (almost complete) or empty. For

an account of the degeneracy problems, see [Chatterjee and Diaconis, 2013],

and for general examples and reviews refer to [Holland and Leinhardt, 1981],

[Strauss, 1986], [Lusher et al., 2013], [Harris, 2013].

The last model for graphs I am describing is the graphon, whose characteristics

and limitations will motivate part of this thesis. In recent times, the size

of networks has increased in a vertigious way: the Internet network crossed

the threshold of 1 billion web pages in 20141, and at the beginning of 2020

Facebook had more than 2.5 billion users. It is not easy to keep track of

the sizes of these networks, as they are constantly growing or shrinking and

developing or destroying new connections. This is why researchers became

more and more interested in models that could handle large and evolving

graphs, and study their properties in the asymptotic regime. Motivated by this,

limit models for graphs have been explored. The graphon was introduced in

[Lovász and Szegedy, 2006] and [Borgs et al., 2017] as the limit of dense graph

sequences, namely graphs whose number of edges grows as the squared number

of nodes. The graphon made its break-trough in the Bayesian community

when [Diaconis and Janson, 2008] drew its connection with the notion of

exchangeability for random matrices ([Aldous, 1985a]), which underpins a part

of the Bayesian modelling framework for networks. Chapters 2 and 3 are built

on an extension of this theory, known as graphex process, and therefore I will

review the graphon more thoroughly in section 1.3.3.

1.2.3 Statistical disclosure risk limitation

A risk of disclosure arises whenever an institution wants to publish a file of

microdata, i.e. data whose observations are at individual level, for example

census or surveys. Having access to data is a fundamental principle for the

advancement of analysis and research which will benefit the society, but on the

other side of the medal we have the moral imperative of preserving the privacy

of those in the dataset. A malicious intruder, for example, could be able to

1https://www.internetlivestats.com/
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match the published data with prior information or other datasets already

available and disclose the identities, and therefore the sensitive attributes, of

some individuals. This intrusion would not only cause a violation of privacy,

but also destroy the confidence of people participating to data collections, and

therefore providing reliable estimation of this risk is pivotal. Contrary to the

area of network science, which has seen a huge increase of attention only in

the last twenty years, the field of data confidentiality has been explored for

almost half a century, thanks to the easier collection of data and the huge

societal impact. Different types of risk of disclosure exist, leading to diverse

methods to tackle them. [Matthews and Harel, 2011] and [Willenborg and

Waal, 2001] distinguish among two main categories: risk of re-identification and

risk of predictive disclosure, the former focused on measuring the possibility of

disclosing the identity of individuals by matching records with their owners

and the latter on estimating with accuracy the values of sensitive attributes,

even without performing an exact match.

As explained in [Willenborg and Waal, 2001], an intruder could infer the

predictive distribution of a sensitive attribute (let us say, income) from the

microdata by regressing the variable of interest on the rest of the variables

(say gender, age, job and residence). This constitutes an example of predictive

disclosure. [Duncan and Lambert, 1989] quantify the knowledge gain that a

potential intruder gets from the release of microdata as the relative difference

between the uncertainty in the posterior predictive distribution and the un-

certainty in the prior predictive distribution. Exceeding a threshold on this

relative gain in information would flag the dataset and require further measures

to be taken.

Differential privacy is another important player in the context of predictive dis-

closure. [Dwork, 2006] and [Dwork et al., 2006] shift from an absolute definition

of privacy to a relative one, according to which the risk that somebody takes

on by sharing their data should be the same as the risk of another individual

not participating to the data collection. Take a randomised function K, i.e. a

function that takes as argument a dataset and outputs a randomised version
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of it. As defined in [Dwork, 2006], a randomised function K is ε−differentially

private (ε > 0) if for all microdata D1, D2 differing in at most one observation

and for all sets S in the image of K:

P(K(D1) ∈ S) ≤ eεP(K(D2) ∈ S).

Since the ratio between the two probabilities is bounded from above, the

decisions based on the two versions of the dataset (one containing the data of a

certain individual and one not) have almost the same probability of happening.

If the query requested about some data is the number of 1s in the dataset, an

example of randomised ε−differentially private mechanism could be to release a

value sampled from a Laplace distribution with mean the true number of rows

and variance 1/ε (the proof can be found in [Dwork et al., 2006]). The field

of differential privacy has seen an incredible amount of research attention in

the last 15 years. Yet, the number of critiques to the method is not negligible.

Models that claimed to be differentially private were discovered not to be

so ([Ding et al., 2018]) and there has been a general call for transparency

in the applied fields ([Dwork et al., 2019]). Many of the critiques revolve

around the difficulty in transposing the results obtained at academical and

research level to the practical applications requested by companies and national

statistical services. [Garfinkel et al., 2018] explored the practical challenges

regarding the choice of the parameter ε and of the randomised mechanism,

the need of powerful computing resources and well trained personnel and the

expectation of the users that will work on the released data. In October 2018,

the Integrated Public Use Microdata Series (IPUMS), the largest database

of microdata in the world, criticised the decision of the US Census Bureau

to implement differential privacy techniques on US microdata, claiming that

the statistically-safe usability of public data would have been in danger. More

than 4000 academics, researchers and organisations signed their request to

delay the start of this procedure. Eventually, the US Census Bureau pushed

back the implementation of such mechanisms to 2025, but went on with the

decision to pursue the release of the 2020 Census data employing differentially

private randomisations, not without criticism ([Kenny et al., 2021] and [Mueller
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and Santos-Lozada, 2022] studied the effects of the latest disclosure avoidance

system used by the Bureau on the 2010 Census data and reported flawed

results in the estimation of the individuals’ race and ethnicity).

Setting aside predicting disclosure and focusing on the methods to tackle the

risk of identification, k-anonimity is commonly used by companies dealing with

sensitive data2. This method ([Samarati and Sweeney, 1998], [Sweeney, 2002]),

prescribes that each record in the microdata should not be distinguishable

from at least other k − 1 individuals in the sample. If the original data

do not satisfy it, k−anonimity is obtained by suppression or generalisation.

Suppression, as the name suggests, prescribes to cancel the entries of some

cells, while the generalisation technique groups categories of an attribute

into a coarser classification (for example, instead of the city it could show

the province). Despite the apparent simplicity, choosing how to modify the

dataset is an incredibly difficult problem ([Meyerson and Williams, 2004]) and

new algorithmic proposals have been explored to circumvent it (for example,

[Bayardo and Agrawal, 2005], [Kenig and Tassa, 2012]).

Another stream of disclosure methods originated with [Bethlehem et al., 1990],

who identified as participants at highest risk those that appeared only once in

the microdata sample and were also unique in the underlying population. From

now on, I will identify the number of sample uniques which are also population

uniques as τ1. In table 1.1 I provide an illustrative toy example to understand

this quantity. Estimating τ1 can help in quantifying the risk associated with

a specific dataset and address the question of publication, for example by

imposing a relative threshold over which the data will not be released or will

be modified using other privacy-preserving methods. The challenge of this

approach is the need to estimate the unobserved part of the population, and

different ways to do it were explored in [Samuels, 1998], [Skinner and Elliot,

2002a], [Rinott and Shlomo, 2006], [Carota et al., 2015]. The estimation of τ1 is

the framework on which I have worked for part of this thesis, in chapters 4 and 5.

2https://centre.humdata.org/learning-path/disclosure-risk-assessment-overview/
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Gender # Kids Education Residence

Sample





��� F 1 Degree Oxford




Population

? M 7 PhD Birmingham

��� F 1 Degree Oxford

��� F 1 Degree Oxford

• F 3 Diploma Manchester

•
⊗

Table 1.1: Example of microdata file, where the first 5 rows correspond to the
observable sample and the last 2 to the rest of the population. The symbols on
the left uniquely identify the possible records (there are 4 in the population,
and 3 appear in the sample). In this case, the number of sample uniques which
are also population uniques τ1 is 1, corresponding to the individual identified
by ?.

The estimation of τ1 is directly linked to species sampling problems, a broad

statistical question that looks at the estimation of functionals of discrete

distributions regarding unobserved samples. A long-standing example is the

estimation of the number of unseen species ([Fisher et al., 1943], [Goodman,

1949], [Good, 1953], [Good and Toulmin, 1956], [Efron and Thisted, 1976],

[Orlitsky et al., 2016]). The most prolific field of application of species sampling

problems is biology, where they have been used for example to estimate variants

in the genome ([Ionita-Laza et al., 2009]), complexity of genomic sequencing

([Daley and Smith, 2013]) and bacterial presence ([Gao et al., 2007]). Other

applications have been explored, such as unseen words in a corpus ([Efron

and Thisted, 1976]) or password habits [Florencio and Herley, 2007]. In these

examples, the population is sampled from a discrete distribution: there are

a countable (possibly infinite) number of species, and each of them has a

probability pj of being observed, such that
∑

j≥1 pj = 1. The estimation

procedures of such distributions can be fully nonparametric, avoiding any

assumption on the mechanism originating the data, or impose some parametric

shape on it. When it comes to parametric approaches, power-law distributions

are once again a documented choice for this problems ([Mart́ın and Goldenfeld,

2006], [Gnedin et al., 2007]).
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1.3 Background

The vast majority of the methods in this thesis are built under the Bayesian

framework. A Bayesian model is defined through the specification of an a

priori belief over the parameter θ, the prior distribution π(θ), and a function

describing the likelihood of observing some data points x conditioned on θ, the

likelihood function p(x|θ). Employing Bayes theorem, the updated uncertainty

over the parameter is obtained in the form of a posterior distribution over θ

conditioned on the observations x:

π(θ|x) ∝ p(x|θ)π(θ).

When the dimension of the parameter θ is finite, parametric Bayesian inference

is used. In this thesis, I will use Bayesian nonparametric methods, designed

for infinite dimensional parameters. For a comprehensive review of Bayesian

inference, see [Gelman et al., 2003] and [Robert et al., 2007]. Specifically on

Bayesian nonparametrics, see [Ghosal and Van der Vaart, 2017] and [Hjort

et al., 2010].

1.3.1 Completely random measures

Completely random measures (CRMs) are a building block of Bayesian non-

parametric theory, being one of the tools to construct prior distributions over

functional spaces and discrete random structures. Firstly, I will revisit the

concept of Poisson Process, a famous atomic random measure and crucial

ingredient of CRMs.

Definition 1 (Poisson process. [Kingman, 1993]). A Poisson process N on a

measurable space (S,S) is a random measure such that for every collection of

measurable disjoint sets A1, . . . , An ∈ S it has N(Ai)
ind∼ Poisson(ν(Ai)), i =

1, . . . , n, where ν is a measure over (S,S). ν is called the mean (or intensity)

measure of the process. We identify such Poisson process as N ∼ Poisson(ν).

Definition 2 (Completely random measure [Kingman, 1967]). A completely

random measure µ over a measurable space (S,S) is a random measure on
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the same space such that for every disjoint measurable sets A and B, µ(A) is

independent of µ(B).

A characterization theorem for CRMs is available, which highlights the con-

nection with Poisson processes.

Theorem 3 (Theorem 4 [Kingman, 1967]). A CRM µ on (S,S) can be de-

composed as the sum of three independent components:

µ = µ0 +
∞∑

j=1

vjδxj +

∫
wN(dw, dθ) (1.2)

where µ0 is a purely deterministic measure,
∑∞

j=1 vjδxj is an atomic random

measure with (vj)j independent random variables on R+ and (xj)j a countable

set of fixed atomic locations in S. The last term of eq. (1.2) is derived from a

Poisson process N on R+ × S with mean measure ν(dw, dθ) which satisfies the

following condition:

∫

B

∫

R+

min{w, 1}ν(dw, dθ) <∞

on any measurable set B ⊂ S. ν is referred to as the Lévy measure of the

CRM.

Of special interest in this thesis are homogeneous CRMs, a specific class of

CRMs whose Lévy measure can be factorised into two components.

Definition 4 (Homogeneous CRM). Consider a CRM µ as in eq. (1.2). When

ν(dw, dθ) can be decomposed into independent components ρ(dw)H(dθ), then

µ is called homogeneous.

Following [Caron and Fox, 2017], for the rest of this work I will concentrate

on homogeneous CRMs on R+ × S uniquely represented by the third term of

eq. (1.2). Such CRMs can be equivalently written as

∞∑

i=1

wiδθi (1.3)

with Lévy measure ρ(dw)H(dθ).
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Examples of completely random measures

The generalised gamma process (GG) ([Hougaard, 1986], [Aalen, 1992], [Lee

and Whitmore, 1993], [Brix, 1999]) is an example of family of CRMs, well

studied due to its computational tractability. It is a homogeneous CRM of the

type of eq. (1.3) with Lévy measure

ρGG(dw)H(dθ) =
1

Γ(1− σ)
w−σ−1e−cwdwH(dθ) (1.4)

with (σ, c) ∈ (−∞, 0]× (0,∞) or (σ, c) ∈ (0, 1)× [0,∞). Noteworthy subcases

are the gamma process obtained with σ = 0 and c > 0, the stable process with

σ ∈ (0, 1) and c = 0, and the inverse-Gaussian process with σ = 1/2 and c > 0

([Lijoi et al., 2005]).

Another example is the generalised gamma Pareto process (GGP), introduced

in [Ayed et al., 2019] as an extension of the BFRY distribution by [Bertoin,

2006] and [Devroye, 2009]. It is characterised by the Lévy measure

ρGGP (dw)H(dθ) =
1

Γ(1− σ)
w−στ−1γ(σ(τ − 1), cw)dwH(dθ) (1.5)

where σ ∈ (−∞, 1), τ > 1, c > 0 and γ(k, y) =
∫ y

0
uk−1e−udu is the lower

incomplete gamma function. Samples from the GG and GGP have a distinct

power-law behaviour, and I will illustrate it in section 1.3.2.

CRMs have been widely used in Bayesian nonparametrics as a tool to construct

priors over a set of distributions (see, for example, [Ghosal and Van der Vaart,

2017], [Hjort et al., 2010]). In this case, one needs to normalise a CRM

(whose total mass is tipically not 1) to obtain a normalised completely random

measure (NCRM). A notorious example of NCRM is the Dirichlet process

([Ferguson, 1973]). Normalisation is not the only way to obtain such priors,

and some alternative constructions have been proposed that also enhance the

understanding and interpretation of CRMs. One of such examples is given

by the construction of the Pitman–Yor process (of which the Dirichlet is a
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subcase): the stick-breaking representation proposed in [Pitman and Yor, 1997].

For α ∈ [0, 1) and θ > −α, let (zj)j≥1 be random variables independently and

identically distributed from a non-atomic distribution on a space S. Let (vi)i≥1

be independent of the (zj)j and distributed according to the following rule:

vi
ind∼ Beta(1− α, θ + iα).

Setting





p1 = v1

pj = vj
∏j−1

i=1 (1− vi) j > 1
(1.6)

ensures that
∑

j≥1 pj = 1 almost surely. Then

Pα,θ =
∑

j≥1

pjδzj

is a Pitman–Yor process on S with discount parameter α and scale parameter

θ. The Dirichlet process arises as a sub-case by letting α = 0.

The Pitman–Yor process is as well linked to the power-law phenomenon. In

fact, for α ∈ (0, 1), let (p(j))j≥1 be the random probabilities pj’s of eq. (1.6)

in decreasing order. Then, as j grows to infinity (and p(j) decreases), p(j) has

power-law behaviour with exponent α−1. The Pitman–Yor process generalizes

the Dirichlet process by means of the “discount” parameter α which controls

the tail behaviour of Pα,θ, ranging from a geometric tail (in the case α = 0 for

the Dirichlet process) to a heavy, power-law tail (the higher α, the heavier the

tail).

1.3.2 Regular variation

As motivated in section 1.1, the definition of power-law distribution used in

this thesis will correspond to eq. (1.1). Such definition belongs to the world of

regularly varing functions, of which I am about to give the formal definition.

Examples and connections with CRMs will follow.
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Regularly varying functions are characterised by a limiting behaviour (at

infinity or 0) that resembles a power law with an additional slack. For a

detailed account, see [Bingham et al., 1987].

Definition 5 (Slow variation, [Bingham et al., 1987]). A positive function f

on (0,∞) is said to be slowly varying at infinity if limy→∞ f(ty)/f(y) = 1 for

any t > 0.

Examples of slowly varying functions are loga x, a > 0, or any function with

positive constant limit at infinity.

Definition 6 (Regular variation, [Bingham et al., 1987]). A positive function

f is regularly varying at infinity with exponent α if it can be written as

f(y) = yα`(y), with `(y) slowly varying at infinity. f is regularly varying

at 0 with exponent α if f(1/y) is regularly varying at infinity with exponent

α ∈ R, or equivalently f(y) = y−α`(1/y).

Intuitively, with this definition we are allowing a power function to be smudged

by a slowly varying function, which does not change too quickly at infinity.

Note that a function can be regularly varying at both extremes with different

exponents.

In this work, the interest is focused on regularly varying CRMs. This translates

in the analysis of regular variation measured on their respective tail Lévy

measures ρ̄(y) :=
∫∞
y
ρ(dw). For two functions f and g, let f ∼ g indicate that

limx→∞ f(x)/g(x) = 1. In the case of the GG of eq. (1.4), as y approaches 0 ρ̄

is

ρ̄GG(y) ∼





1
Γ(1−σ)σ

y−σ for σ > 0

log(1/y) for σ = 0

−cσ/σ for σ < 0

(1.7)

Hence, the GG is regulary varying at zero with exponent max{0, σ}. Due to

the exponential decay at infinity of eq. (1.4), the GG is not regularly varying

at infinity.
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The GGP of eq. (1.5) has tail intensity such that

ρ̄GGP (y) ∼




c1y
−σ as y → 0

c2y
−στ as y →∞

(1.8)

for some positive real constants c1, c2. Therefore, the GGP is regularly varying

both at infinity and at 0, with exponents −στ and σ respectively.

1.3.3 Graphon and graphex

An important concept in Bayesian statistics is that of exchangeability, which

intuitively describes a relationship among random variables such that the

order of appearance does not matter. In many settings, this invariance with

respect to an order is a very reasonable assumption, and in statistical models

it is desirable because of its implications of computational and theoretical

tractability. I will present here more formally the concept of exchangeability

and some representation theorems, and for more details refer to [Aldous, 1985b].

Definition 7 (Exchangeable sequence [Aldous, 1985b]). Let (Xi)i≥1 be an

infinite sequence of random variables taking values in a space X with σ−
algebra X . The sequence is exchangeable if

P(X1 ∈ A1, X2 ∈ A2, . . . ) = P(Xπ(1) ∈ A1, Xπ(2) ∈ A2, . . . ) (1.9)

for every collection of sets Ai ∈ X and any permutation π over N+ :=

{1, 2, . . . }.

The structure of exchangeability is linked to a representation theorem. In the

case of the sequences just described, this was proposed in [de Finetti, 1931],

[De Finetti, 1937].

Theorem 8 ([De Finetti, 1937]). A sequence (Xi)i≥1 is exchangeable if and

only if

P(X1 ∈ A1, X2 ∈ A2, . . . ) =

∫

PX

∏

i≥1

p(Ai)ν(dp)
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with PX the space of probability measures on (X,X ), X complete and measurable

and X its Borel σ−algebra, and ν a probability measure over PX.

In words, this theorem means that exchangeable sequences are mixtures of in-

dependent and identically distributed random variables. Therefore, in Bayesian

inference exchangeable sequences are obtained by first sampling a probability

measure p from the prior distribution ν, then sampling the observations from

the likelihood p.

To describe networks, though, the concept of sequence has to be extended. The

most employed and easiest representation of a graph is through its adjacency

matrix Z, a square binary matrix representing the pairwise connections between

nodes: if an edge is present between nodes i and j, the entry Zij will be 1,

otherwise 0. From now on, I will use Z to indicate binary variables and X to

indicate any variable (not necessarily binary).

Definition 9 (Exchangeable matrix [Aldous, 1985b]). Let X = (Xij)i,j≥1 be a

matrix of random variables and define Ri := (Xij, j ≥ 1) the sequence of row

vectors and Cj := (Xij, i ≥ 1) that of columns. X is jointly exchangeable if

both Ri and Cj are exchangeable sequences according to definition 7, for any

permutation π applied to both R and C.

In the context of random graphs, this type of exchangeability is known as node

exchangeability, as it corresponds to a reshuffling of the nodes according to a

given permutation π. The representation theorem for random matrices was

proposed in [Aldous, 1981] and [Hoover, 1979].

Theorem 10 ([Aldous, 1985b]). A matrix X = (Xij)i,j≥1 is jointly exchange-

able if and only if there exists a random function f : [0, 1]3 → X such that

(Xij)ij
d
= f(Ui, Uj, Uij) (1.10)

where (Ui)i and (Uij)ij, Uji = Uij are respectively a sequence and a matrix of

independent and identically distributed Uniform[0, 1] random variables, inde-

pendent of f .

[Diaconis and Janson, 2008] opened the door for a connection between the

Aldous-Hoover theorem 10 and the graphon function, the limit of dense graph
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sequences introduced in section 1.2.2 ([Lovász and Szegedy, 2006]; [Borgs et al.,

2010]). Consider a jointly exchangeable graph without loops (edges from a

node to itself); according to theorem 10 there exists a function f satisfying

eq. (1.10) which maps into X = {0, 1}. Then, the graphon W is defined as the

symmetric, measurable function from [0, 1]2 to [0, 1] such that

W(x, y) := P(f(x, y, U) = 1|f) =

∫ 1

0

f(x, y, u)du

with U distributed as a Uniform[0, 1] and W(x, x) = 0. From this perspective,

it is possible to rewrite theorem 10 specifically for exchangeable random graphs

(see Corollary III.6 in [Orbanz and Roy, 2015]). Any node-exchangeable network

with adjacency matrix Z is represented by a graphon function W such that

Zij|(ϑk)k=1,2,... ∼ Bernoulli(W(ϑi, ϑj)) (1.11)

where (ϑk)k are independent and identically distributed Uniform[0, 1]. And

the reverse holds true as well, since every symmetric measurable function from

[0, 1]2 to [0, 1] describes a node-exchangeable network.

This representation is very powerful, but hides an important cost: a con-

sequence of theorem 10 is that networks generated under this framework are

either empty or dense. In fact, since in a graph with n nodes there are up

to
(
n
2

)
edges, the expected proportion of edges in such network is given by(

n
2

)
1
2
ε, with ε :=

∫
[0,1]2
W(x, y)dxdy. As n grows to infinity, this quantity can

be either 0 if ε is 0, or Θ(n2) if ε is positive, making the graph respectively

dense or empty and the model inherently misspecified for real graphs which

are usually sparse.

Some approaches to tackle this problem have been explored. Models like

preferential attachment ([Barabási and Albert, 1999b], [Berger et al., 2014]) or

configuration ([Bollobás, 1980], [Newman, 2010]) achieve sparsity by setting

aside exchangeability. Another possibility is to rescale the graphon function so

that the probability of connection becomes smaller as the size of the graph

grows ([Bollobás and Riordan, 2009], [Borgs et al., 2019]). These models
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are finitely exchangeable but lack in projectivity, the property assuring that

inference performed on a graph of dimension n remains coherent when moving

to a version of the same graph with more nodes. Another possibility is to rely

on edge exchangeability instead of node exchangeability, as done in [Crane and

Dempsey, 2015], [Broderick and Cai, 2016], [Williamson, 2016], [Janson, 2017].

A different solution was advanced by [Caron and Fox, 2017] who, instead of

using the adjacency matrix, represented the graph as a point process on the

real positive plane:

Z =
∑

i,j∈N+

Zijδ(θi,θj), (1.12)

where Zij has the same binary values of the adjacency matrix and θi ∈ R+

represents the label of node i. The notion of exchangeability is translated to

the world of point processes.

Definition 11 (Exchangeable point process [Caron and Fox, 2017]). A point

process Z as eq. (1.12) is jointly exchangeable if and only if

X(Ai × Aj) d
= X(Aπ(i) × Aπ(j)),

where Ai = [h(i− 1), hi], for any h > 0 and any π permutation on N+.

The representation theorem associated with this definition is the continuous

time (and more involved) version of theorem 10 of [Kallenberg, 1990]. As

illustrated in [Caron and Fox, 2017], this notion is the keystone that allows

their construction to describe the full spectrum of empty, dense and sparse

graphs.

[Veitch and Roy, 2015] and [Borgs et al., 2019] expanded the theory around

[Caron and Fox, 2017] and showed that this new framework is a generalisation

of the graphon framework. They were the first using the term “graphex” for

this larger class of random graphs. The properties of graphexes were further

studied in [Janson, 2016], [Janson, 2017] and [Borgs et al., 2018]. Following

the notation of [Veitch and Roy, 2015], the graphex process is identified by the

sparse graphon function, a symmetric measurable function W : R2
+ → [0, 1]
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such that

Zij|(ϑk)k=1,2,... ∼ Bernoulli(W (ϑi, ϑj))

where (ϑk)k=1,2,... are points of a unit-rate Poisson process on R+. The sparse

graphon W generalises the graphon W of eq. (1.11) by extending its defini-

tion on the whole positive real plane. The graphex process is the modelling

framework under which chapter 2 and chapter 3 will be developed.

1.4 Contributions and thesis outline

This thesis comprises four main chapters, each representing independent work.

Chapters 2 and chapter 3 focus on networks, the former containing contribu-

tions in terms of new Bayesian nonparametric modelling techniques for spatial

networks, and the latter proving some asymptotic characteristics of the graphex

process. Chapter 4 and 5 detail new statistical methods to quantify disclosure

risk, the first in a power-law setting, while the second without distributional

assumptions. Chapter 2 has not been submitted, chapter 3 has been submitted

to a journal and chapters 4 and 5 have been published. Finally, in chapter 6 I

offer a final summary of the whole work and draw some directions for future

exploration.

In the next subsections I am going to briefly present the methodologies, results

and impact of the following chapters.

1.4.1 Sparse spatial random graphs

In chapter 2, joint work with F. Caron and J. Rousseau, I present an extension

of the original base model for sparse random graphs of [Caron and Fox, 2017]

in the context of spatial networks. We attach to each node a location living

in a metric space and define a connection probability function that allows

for a dependence on the distance between nodes that can be tuned with a

parameter.

The methodology behind it lies in the world of Bayesian nonparametrics, in
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particular in the theory of completely random measures. We obtain inter-

pretable parameters and appealing network characteristics such as a power-law

degree distribution, positive clustering coefficients and sparsity. All of these

features can be easily tuned. To sample from the model we propose an

efficient algorithm that relies on spatial grids to reduce the computational

complexity. For the posterior inference of the variables and the parameters,

we use the approximation for CRMs proposed by [Lee, 2019] and construct a

Markov Chain Monte Carlo algorithm targeting the approximated posterior.

We show that this inference scheme works on simulated data. Finally, we

discuss our proposal in the context of the broader literature on spatial networks.

We propose this model because we think that the presence of the edges in

the base proposal of [Caron and Fox, 2017] can be enhanced by considering

nodes’ proximity in space. This is true, for example, in transportation networks

or social networks, where closeness in space usually corresponds to a higher

likelihood of connection. Our model, though, does not need to be specifically

considered as spatial in the proper sense of the word. In fact, locations could

be the result of the embedding of any network (without concrete spatial inform-

ation) in a latent metric space, for example when we want to quantitatively

measure the affinity among qualitative features of nodes. At the same time, any

quantitative covariate (not necessarily a location) could be employed, making

our model a flexible option for various applications.

1.4.2 On sparsity, power-law and clustering properties

of graphex processes

In chapter 3, I present the joint work with F. Caron and J. Rousseau on

some asymptotic properties of the graphex process. In the general graphex

framework, introduced in section 1.3.3, we show under which assumptions

the resulting graph is sparse or dense and has power-law degree distribution,

possibly with different exponents for high and low degrees. We provide the

asymptotic values of the global and local clustering coefficients, and derive

central limit theorems for the number of nodes and subgraphs. Interestingly,
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many of these results rely solely on a regularly varying behaviour of the

marginal graphon function µ, defined as

µ(ϑ) :=

∫ ∞

0

W (ϑ, y)dy.

Intuitively, µ(ϑ) is proportional to the expected degree of a node with parameter

ϑ and its regular variation translates onto the degree distribution.

After having proved the main results, we illustrate many examples of possible

sparse graphon functions, exploring sparse and dense networks and studying

more in depth the model by [Caron and Fox, 2017] under different choices

for the distribution of the node weights. We also show how the graphex

framework can be extended to include local structures such as communities or

new covariates (for example space, as proposed in the previous section 1.4.1),

and prove some asymptotic results in this more general setting.

1.4.3 Bayesian nonparametric disclosure risk assessment

In chapter 4, I present a way to estimate the number of sample uniques which

are also population uniques τ1, introduced in section 1.2.3. This work is joint

with S. Favaro and T. Rigon. The proposed estimator, first introduced in [Cer-

quetti, 2013], is based on the Pitman–Yor process (presented in section 1.3.1).

Under this prior, we are able to compute in closed form the posterior dis-

tribution and the expected value of the estimator. In particular, we show

how the posterior can be written as a mixture of the hypergeometric and

generalised factorial distributions. To provide uncertainty quantification of

the estimate, we rely on Monte Carlo techniques to sample from the posterior,

whose parameters are estimated using the empirical Bayes approach.

Our work provides an estimator for the number of sample uniques that are

also population uniques which is easy to implement and compute, even on

massive datasets. Moreover, it has a nice interpretation as the proportion

of the uniques in the sample weighted by a quantity easily explained by the

Pitman–Yor parameters’ values. We prove that our estimator works well when
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the underlying distribution over the population has power-law or geometric

tails (when the Pitman–Yor collapses to the Dirichlet process), by running

experiments that compare different estimators on simulated and real data. By

doing so, we show how our estimator is useful to overcome the underestimation

of τ1 which is usually obtained by other approaches in the literature. Alongside,

we provide an easy way to empirically validate if the assumption of power-law

or geometric tails is satisfied, and therefore to check when our model is correctly

specified for the data in question. As real data, we opt for a dataset from

the 2018 American Community Survey, a random sample of the American

population.

1.4.4 Optimal disclosure risk assessment

In the context of disclosure risk, in chapter 5 I present the work done jointly

with F. Camerlenghi, S. Favaro and Z. Naulet on a new estimator for the

number of sample uniques which are also population uniques τ1. We do so by

exploiting fully nonparametric techniques which do not impose any distribu-

tional assumption on the population distribution (differently from the work

just introduced in section 1.4.3) and result in an estimator which is very easy

to compute, without the need of any Monte Carlo technique. Our proposal has

also an interesting connection with the empirical Bayes approach in the sense

of [Robbins, 1956], which can be used to equivalently derive the same estimator.

Chronologically, this paper came before chapter 4, as we first felt the need to

solve the problem of estimation of τ1 under a very general setting. After having

finished it, we decided that imposing some distributional assumptions would

have been an interesting addition to the literature, and looked at the power-law

behaviour as a well motivated choice for it. Moreover, the parametric approach

allowed us to perform uncertainty quantification, which is something we are

not able to provide in the fully nonparametric setting.

This paper represents an important step in the literature, since it provides

the answer to the long standing question of nonparametric estimation of τ1
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posed by [Skinner and Elliot, 2002b]. We close the open problem by proposing

a nonparametric estimator which has desirable properties. Firstly, under

the assumption of a reasonably sized sample, we show that our estimation

procedure is optimal in the sense of vanishing normalised mean squared error

with matching upper and lower bounds. Secondly, we prove that when the

sample size is too small it is not possible to perform efficient nonparametric

estimation (meaning, again, with vanishing normalised mean squared error).

From a theoretical point of view, it is worth mentioning that the construction

used to bound from below the mean squared error of the estimator exploits

complex approximation techniques, since the problem can be rewritten as an

estimation of the best polynomial approximation to a certain functional. This

represents an advancement in the field of approximation theory, developing

for the first time a proof for a more complicated case than what is usually

encountered in the literature.
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Chapter 2

Sparse spatial random graphs
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Abstract

We present a statistical model for graphs with sociability and spatial components, founded
on the theoretical framework of the graphex process and completely random measures. We
prove a number of asymptotic results for the number of nodes, edges, degree distribution
and clustering properties, showing that the model allows for the description of both dense
and sparse networks with a tunable sparsity level and power-law degree distributions for
low degree nodes. We offer a time-efficient way to simulate from the model and an approx-
imate Markov chain Monte Carlo algorithm to perform posterior inference. Finally, we
show the performance on simulated data and we compare our theoretical framework with
other similar spatial network models.

Keywords: Networks, spatial structure, Bayesian nonparametrics, completely random mea-
sures, point processes, sparsity, power-law, graphon.

1 Introduction
A graph is a mathematical construction to describe a set of entities, called nodes or vertices, and
the pairwise relations among them, identified by edges drawn between nodes. When this mod-
eling construction is translated into a more applied context, the term network becomes more
common. In this work we will use both terms with the same meaning. Networks, as many
mathematical constructions, possess the ability to describe a huge range of applications, from
social networks to biological interactions, from transportation networks to internet connections,
from molecule structures to article coauthorships and many more. Due to their complex rela-
tional nature, real world network data were hard to collect and store until a few decades ago,
but recently the availability of them surged dramatically thanks to the advancement in storage
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and computing technology. And as data availability started to increase, so did the interest of the
statistical research community.

Starting from Erdös and Rényi (1959) more than 60 years ago, various models have been
proposed in probability and statistics to fit these complex relations in the most precise way
yet taking into account noise. Empirical analyses in the last decades have highlighted a set
of characteristics that seem to be common among real-world data across domains: scale-free
degree distribution, that describes the otherwise unexplained presence of nodes with very high
degrees and multitude of nodes with small degrees; the small-world phenomenon, according to
which every pair of randomly picked nodes is connected through a surprisingly short path; non-
vanishing clustering coefficient, the mathematical transposition of the fact that individuals with
a friend in common are more likely to become friends; sparsity in the number of connections
and presence of densely connected communities. A statistical model has to be flexible enough
to encapsulate at least some of these behaviours, but the desiderata of a modelling construction
do not end up there. At the same time, we want to achieve both theoretical and computational
tractability, that allow us to analyse theoretical properties and scale the inference to big datasets
in a limited time. Interpretability of parameters is another desirable property to understand
the obtained results. For a broad literature review of network models, we refer to Bollobás
(2001), Dorogovtsev et al. (2003), Newman (2003), Caldarelli (2007), Durrett (2007), Cohen
and Havlin (2010), Newman (2010), and Fienberg (2012).

In the vast majority of real-world networks, connections are not homogeneous throughout
all nodes, but are usually determined by observed or unobserved variables which differ across
nodes. For example, in social networks we know that jobs, interests, location, age, gender and
other individual variables can influence the connections among agents. A type of heteroge-
neous network model that has been extensively studied is the spatial graph. Spatial networks,
i.e. graphs whose nodes live in a metric space, have been the subject of increasing attention
since their emergence in the 1970s. First approached in quantitative geography (Haggett and
Chorley (1969)), they have since then evolved to represent a useful model to study various ap-
plications such as transportation, mobile phones, power grids, brain connections, the Internet,
social studies, epidemiology and others. In all these examples, the network structure cannot be
described without taking into account the topology of the space in which the nodes are embed-
ded. For an extensive review about spatial networks see Penrose (2003) and Barthélemy (2011).
But while in all these examples space is an observable covariate, this does not always have to
be the case. In fact, some networks without a concrete spatial structure might still benefit from
being embedded into an auxiliary metric space. The connection between two nodes could be
influenced by a similarity among covariates of different nature (discrete, continuous, categor-
ical, with different scales, qualitative...) or even by some unobserved factors, and embedding
the nodes into a metric space allows to define a meaningful distance between them, giving rise
again to a spatial graph. Latent space models for networks originated in Hoff et al. (2002); for
an interesting and convenient embedding of the internet graph see Boguñá et al. (2010).

Various statistical and probabilistic models for spatial networks have been proposed. Among
others, the hyperbolic random graph (HRG) by Krioukov et al. (2010) and its Euclidean equiv-
alent, the geometric heterogeneous random graph (GIRG) by Bringmann et al. (2019) and
Komjáthy and Lodewijks (2019), proved themselves able to achieve power-law degree distri-
butions, positive clustering and small and ultra small-world behaviours. The scale-free perco-
lation model (SFP) on Zd by Deijfen et al. (2013) and its continuum version on Rd by Deprez
and Wüthrich (2018) were introduced to study degree distributions, distances properties and
percolation. SFP and GIRG are the spatial counterparts of the proposals previously developed
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by Norros and Reittu (2006) and Chung and Lu (2002), where each node i is characterised
by a variable wi, interpreted as sociability, that explains the different degrees associated to each
node. These heterogeneous models are able to achieve scale-free degree distributions and small-
worldness but cannot obtain positive clustering. Their spatial versions are developed to solve
this challenge, since taking into account the topology of the space is a workaround to achieve
positive clustering. The sparse latent position model by Spencer and Shalizi (2017) originates
from a different stream of models, the latent position models by Hoff et al. (2002). Being purely
spatial and with no sociability variables, this model does not describe scale-free degree distri-
butions.

Setting aside space and zooming out on the general frameworks to describe random graphs,
the graphon setting (Lovász and Szegedy (2006), Borgs et al. (2010)) is particularly important
because it describes the whole class of node exchangeable graphs, i.e. structures where the
labels of the nodes do not influence the distribution of the observed connections. Nevertheless,
the definition of infinite exchangeability associated with the graphon (Aldous (1981), Aldous
(2009)) has been proved to generate only dense or empty graphs (see, for example, Orbanz and
Roy (2015)). Networks with sparse connections, though, represent the vast majority of real data
and make the original graphon framework misspecified for real world applications. A number
of extensions of the graphon have been proposed to overcome this limitation. By setting aside
exchangeability, the preferential attachment (Barabási and Albert (1999), Berger et al. (2014))
and the configuration models (Newman (2010), Bollobás (1980)) have been proposed. Bol-
lobás and Riordan (2009) and Borgs et al. (2019) extended the original setting obtaining sparse
graphons, able to describe sparse networks but lacking in projectivity, a desirable property to
avoid consistency failures in certain estimation problems (Orbanz (2010), Spencer and Shalizi
(2017)). Another approach, initiated by Caron and Fox (2017), Borgs et al. (2016) and Veitch
and Roy (2015), introduced the graphex process, a framework in which a graph is represented
as a point process on a plane and therefore relies on a different shade of exchangeability (ex-
changeability for point processes, indeed). It generalises and extends the graphon approach,
allows for power-law degree distributions and is projective.

In this work we connect the literature of graphex processes and spatial networks to present
a novel methodology to describe sparse spatial random graphs. The model inherits all the desir-
able properties of the original graphex proposal of Caron and Fox (2017): projectivity, sparsity,
interpretability of the parameters and uncertainty quantification. The sociability variables, al-
ready present in the base model, ensure scale-free degree distributions for low degree nodes.
The addition of a latent spatial component enriches the description of the connections, draw-
ing insights from the topology of the space. Having both sociabilities and locations allows to
disentangle the different contributions to edge connections: the connections of a node can be
explained both by its sociability and its position in the metric space.

The paper is structured as follows. In section 2 we present the model and its specific con-
struction. Section 3 proves theorems on the asymptotic behaviour of the process, in particular
regarding degree distributions, sparsity and clustering. In section 4 we introduce an efficient
way to sample from the process and in section 5 we propose a way to perform approximate
posterior inference of the variables and parameters. Section 6 discusses the performance of the
model with experiment on simulated data. Finally, in section 7 we compare our proposal with
different spatial models.
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Notation

Consider the stochastic processes (Xα)α≥0, (Yα)α≥0, α ∈ R+, defined on the same probability
space and such that limα→∞Xα = limα→∞ Yα = ∞. We will use Xα = o(Yα) if and only
if limα→∞Xα/Yα = 0 almost surely, Xα = O(Yα) if and only if lim supα→∞Xα/Yα < ∞
almost surely, and Xα = Θ(Yα) if and only if Xα = O(Yα) and Yα = O(Xα) almost surely.

2 The model
In order to introduce our network model we refer to the similar setting introduced in Caron and
Fox (2017), Veitch and Roy (2015) and Borgs et al. (2016). Given a sample space F from a
probability space (F,F , F̃ ), we represent a random graph G as a point process Z defined on
R2

+ × F 2:
Z =

∑

i

∑

j

zijδ(θi,θj ,xi,xj) (1)

where i, j ∈ N are the nodes of the graph and zij is a binary random variable taking value 1 if
nodes i and j are connected by an edge and 0 otherwise. θi ∈ R+ is the label of node i and in
section 3 we will see how it can be conveniently interpreted as the time of appearance of the
node. The variable xi ∈ F represents an observable or unobservable variable associated with
node i, which we assume to influence the probability of connection between nodes. In this work
we will think of x as representing a real or latent location, but it could likewise have different
meanings.

We place ourself in the setting introduced by Caron and Fox (2017) by assuming Z to be
jointly exchangeable with respect to the labels θ:

Z(Ai × Aj × · × ·) d
= Z(Aπ(i) × Aπ(j) × · × ·) (2)

for any set Ai = [(i− 1)h, ih), h > 0, i, j ∈ N and any permutation π of N.

In order to specify a model for (zij)ij , we further assign to each node i a variable ϑi drawn
from a unit-rate Poisson process on a feature space S. S belongs to a σ-finite measure space
(S,S, λ), with λ the Lebesgue measure. This also connects our setting to the broader framework
introduced in Borgs et al. (2016). If we take S to be the product space S := R+ × F , we can
define ϑi := (ui, xi). Consider the measurable and symmetric function W : S × S → [0, 1],
known as generalised graphon function. zij are then conditionally defined as

zij|(θk, ϑk)k ∼ Bernoulli(W (ϑi, ϑj)). (3)

We sample (θi, ui, xi) from a Poisson process on R2
+ × F with intensity λ(dθ)λ(du)F̃ (dx).

For background material on point processes we refer to Kingman (1993) and Daley and Vere-
Jones (2008). Note that, as proved in Veitch and Roy (2015) and anticipated in section 1, when
we restrict the graphon function to a bounded support in the first two coordinates we obtain the
original graphon framework that describes only dense or empty graphs. Therefore, we will look
at the unbounded support case that yields both sparse and dense graphs.

2.1 Choice of the generalised graphon
We present here the specific generalised graphon function on which we will focus for the rest of
the paper. This type of link function is common in network models (see, for example, Aldous
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(1997) and Norros and Reittu (2006)) as it implies many nice features. The relation with the
variable u will translate in the shape of the degree distribution (see section 3), and the depen-
dence of W on the distance between locations is justified by empirical evidence (Bianconi et al.
(2009)). This choice also helps in terms of computational tractability by allowing for an easy
switch to the multigraph case (see section 2.3). We consider the feature space S = R+ × Rd

and we fix the generalised graphon function to:

W ((ui, xi), (uj, xj)) = 1− exp

(
− 2ρ̄−1(ui)ρ̄

−1(uj)

(1 + ‖xi − xj‖)γ
)

i 6= j (4)

W ((ui, xi), (ui, xi)) = 1− exp
(
−ρ̄−1(ui)

2
)

yielding the following generative model

zij|(θk, uk, xk)k≥1 ∼ Bernoulli
(

1− exp

(
− 2ρ̄−1(ui)ρ̄

−1(uj)

(1 + ‖xi − xj‖)γ
))

i 6= j (5)

zii|(θk, uk, xk)k≥1 ∼ Bernoulli
(
1− exp

(
−ρ̄−1(ui)

2
))

where ‖ · ‖ is a norm over Rd and γ ≥ 0 is the real-valued parameter that tunes the influence
of the distance between vertices. Note that for γ = 0 we revert to the base model of Caron
and Fox (2017). ρ is a Lévy measure on (0,∞), which is σ−finite and required to be such that∫
R+

min(1, w)ρ(dw) <∞. ρ̄ is the tail Lévy intensity of ρ, which is defined as

ρ̄(y) =

∫ ∞

y

ρ(dw).

For the sake of simplicity, we operate a change of variables defining wi := ρ̄−1(ui). w therefore
belongs to R+ and the model described by eq. (5) can be rewritten as

zij|(θk, wk, xk)k≥1 ∼ Bernoulli
(

1− exp

(
− 2wiwj

(1 + ‖xi − xj‖)γ
))

i 6= j (6)

zii|(θk, wk, xk)k≥1 ∼ Bernoulli
(
1− exp

(
−w2

i

))
.

The variables (wi, xi)i≥1 make our model heterogeneous. We interpret the variables w as the
sociability weights of the nodes: a very sociable node will display many connections since the
link probability function is increasing in w. At the same time, the generalised graphon in eq. (4)
is decreasing as a function of the distance between the variables x of two nodes, reflecting
the reasonable assumption that similarity in x implies a higher probability of connection. In
this new formulation, we sample (θi, wi, xi)i≥1 from a Poisson process with intensity measure
λ(dθ)ρ(dw)λ(dx). Under this specification, the generative model for (θi, wi, xi)i≥1 is equiva-
lently described through the atomic random measure

A =
∑

i≥1

wiδ(θi,xi) (7)

which we take to be distributed as a homogeneous completely random measure without deter-
ministic component and with stationary increments, with intensity measure λ(dθ)ρ(dw)λ(dx).
For background material on completely random measures, we refer to Kingman (1967), King-
man (1993) and Daley and Vere-Jones (2008).
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2.2 Choice of the Lévy intensity
The last step to specify our model is the choice of the Lévy measure ρ. This choice will reveal
itself crucial to determine most of the theoretical graph properties we wish to achieve. Further-
more, it will allow us to perform efficient simulations, have an approximate posterior inference
and interpretable parameters.

An important characteristic of CRMs is their activity, which is a measure of the jump part of
the Poisson process and can be infinite or finite. The CRM of eq. (7) has infinite activity when
ρ is such that ∫ ∞

0

ρ(dw) =∞.

In our model, this reflects the fact that the number of potential nodes θi, nodes that might
or might not be involved in a connection, are in infinite number in every compact subset of
R2

+ × F 2. As we prove in theorem 3.2, this characteristic is what induces sparsity in the graph.
By contrast, if we take a CRM that has finite activity, i.e. with

∫∞
0
ρ(dw) < ∞, the resulting

graph will be dense.

We already mentioned in section 1 how scale-free degree distributions are very often sought
as a desirable goal of network models. After a couple of decades of enthusiasm, though, the
debate around these emprical observations and their fit to power-law distributions has sparkled
again. Broido and Clauset (2019) showed that under a specific definition of power-law the
majority of the degree distributions of a large pool of networks (more than 900) did not pass
their goodness-of-fit test. The core of the debate lies around the definition of power-law: in the
most restrictive case (considered by Broido and Clauset (2019)), a degree distribution is defined
as a power-law when the probability of a node of having degree k is exactly ck−α, with c and
α positive real numbers and k greater than a fixed threshold kmin. Real data, though, have such
a complex and noisy nature that this definition is often too strict to be satisfied. As shown in
Voitalov et al. (2019), by allowing some slack around the purest power-law definition many
more datasets are not rejected as scale-free. This more flexible definition of power-law belongs
to the world of regularly varying functions, which we introduce here and can be studied in depth
in Bingham et al. (1987). For a detailed account on its use in the random graphs literature, see
Van Der Hofstad (2016).

Definition 2.1 (Bingham et al. (1987), pages 6 and 18). A strictly positive function f on (0,∞)
is said to be slowly varying at infinity if limy→∞ f(ty)/f(y) = 1 for any t > 0. f is regularly
varying at infinity with exponent α ∈ R if it can be written as

f(y) = yα`(y),

with `(y) slowly varying at infinity. Finally, f is regularly varying at 0 with exponent α if
f(1/y) is regularly varying at infinity with exponent α, or equivalently

f(y) = y−α`(1/y).

Intuitively, with this definition we are allowing a power-law behaviour y−α to be smudged
by a slowly varying function `(y), which does not change too quickly at infinity. Examples
of slowly varying functions are functions converging to strictly positive constants or powers of
logarithms. Following Van Der Hofstad (2016) (equation 1.4.9), we will place ourselves in this
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stream, and define a random variableX to have power-law distribution when its complementaty
cumulative distribution function is regularly varying at infinity:

P(X > x) = `(x)x−α. (8)

To obtain a scale-free degree distribution it is common to impose the same distribution to
the sociability weights w (see, for example, Norros and Reittu (2006), Chung and Lu (2002)).
Caron et al. (2020) studied the implication of a regularly varying tail Lévy intensity ρ̄(y) on
the degree distribution. From now on we place ourselves in their framework and extend their
findings to our model, proving asymptotic results on degree distribution, sparsity and clustering.
In particular, this means that we will require the tail Lévy measure to be regularly varying at 0.
We will outline here two proposals that satisfy this characteristic.

First we consider the generalised gamma process, which has been studied in Hougaard
(1986), Aalen (1992), Lee and Whitmore (1993), Brix (1999) and whose role as CRM in
Bayesian nonparametrics has been advanced in James (2002), Lijoi and Prünster (2003), Li-
joi et al. (2007). Its intensity measure is

ρ(dw) =
1

Γ(1− σ)
w−1−σe−cwdw (9)

with (σ, c) ∈ (−∞, 0]× (0,∞) or (σ, c) ∈ (0, 1)× [0,∞). The tail Lévy intensity as y tends to
0 satisfies

ρ̄(y) ∼





1
Γ(1−σ)σ

y−σ for σ > 0

log(1/y) for σ = 0

−cσ/σ for σ < 0

(10)

which makes it regularly varying at 0 with exponent α = max{0, σ}. Due to the exponential
term in eq. (9), the tail intensity is not regularly varying at infinity. This measure induces both
the infinite and finite activity regimes: when σ < 0 the associated CRM has finite activity, while
for σ ≥ 0 it has infinite activity. To achieve sparsity, therefore, we will prefer the latter regime.
σ is also pivotal in tuning the exponent of the degree distribution, as we will see in section 3.

When we plug this Lévy measure in the model specified by eq. (5) and γ is strictly positive,
then it needs to be such that γ > 1/min(1, c) to assure the degrees to be almost surely bounded,
as proved in Deijfen et al. (2013).

In fig. 1 we show three samples from model in eq. (6) with weights sampled from a GG
and locations sampled uniformly at random in [0, 10]2. Each network corresponds to a different
value of γ in {0, 1.5, 3} and the other parameters are selected such that the networks have a
comparable number of edges. From the layout of the networks we see how an increase in γ
penalises long connections. This is also illustrated in the histograms showing the distribution of
the pairwise distances between connected nodes, which show how the mass of the distribution
shifts towards the left as the distances gain importance.

2.3 Multigraph representation
One of the reasons to choose the graphon of eq. (4) is because of a handy latent variable rep-
resentation which induces a directed multigraph and will be useful for simulation purposes, as
detailed in section 4. A multigraph is a graph that admits mij ∈ N edges with direction from
node i to node j. In our model of eq. (6) this is achieved by setting

mij|(θi, wi, xi)i≥1 ∼ Poisson
(

wiwj
(1 + ‖xi − xj‖)γ

)
, i 6= j (11)
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Figure 1: Three samples from model eq. (5), for varying γ ∈ {0, 1.5, 3}. The Lévy measure is
the GG with hyperparameters c = 1, σ = 0.2 and locations are sampled uniformly at random
in [0, 10]2. t, parameter introduced in section 3 to sample finite graphs, takes respectively the
values 20, 50 and 90 so that the number of edges is comparable across plots (around 220). The
number of nodes is, from left to right, 98, 128 and 193. The top row represents the network
in the space [0, 10]2, with the node sizes proportional to their degrees. On the bottom row, the
respective histograms of the pairwise distances between connected nodes.
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mii|(θi, wi, xi)i≥1 ∼ Poisson
(
w2
i

)

from which we recover the original model by simply checking whether mij +mji is positive or
null: zij = 1mij+mji>0. We can equivalently represent the multigraph with a Poisson random
measure

M =
∑

i 6=j
mijδ(θi,θj ,xi,xj) +

∑

i

miiδ(θi,θi,xi,xi) (12)

with mean measure

µ =
∑

i 6=j

wiwj
(1 + ‖xi − xj‖)γ

δ(θi,θj ,xi,xj) +
∑

i

w2
i δ(θi,θi,xi,xi). (13)

3 Time asymptotic properties
The nature of the point process of eq. (1) prescribes the number of nodes and edges of a graph
realisation to be almost surely infinite. To obtain graphs whose number of edges is finite, we
consider a truncated domain for the label θ ∈ [0, t], t > 0. As anticipated in the introduction, it
comes in handy to think of θ as time of arrival of the node: when we restrict the point process
to θ ≤ t we mean that nodes whose arrival time exceeds t will not be considered. In this section
we will focus on the behaviour of the graphex process as the threshold t goes to infinity: the in-
tuitive idea is that, as time goes by, new nodes appear and connect to the already existing nodes
and we can observe the asymptotic behaviour of the process. For the same reason, we restrict
the space domain to an interval [0, xmax], xmax > 0. Even in the truncated process, though, the
number of potential nodes and connections is infinite when the activity of the Lévy measure is
infinite, as explained in the last section 2.2. To have finite graphs we need to take a step further
and limit ourselves to active nodes, i.e. those that have positive degree. Note that we study the
process as time goes to infinity, which is not the usual type of asymptotics in space (xmax going
to infinity) that spatial networks model study (see, for example Deijfen et al. (2013), Deprez
and Wüthrich (2018), Dalmau and Salvi (2019)). Our approach is motivated by the similitude
with Caron et al. (2020) and Veitch and Roy (2015), who studied the asymptotics for the base
graphex framework and from which we extend our results. The spatial asymptotics remains a
very interesting open problem to explore in the future, on which we make some conjectures in
section 7.

Let us first introduce the statistics of interest. To indicate the truncation in time, we will use
t as subscript for the various processes. For simplicity of notation, we will omit the indication
of the truncation in space. The truncated version of the process in eq. (1) becomes

Zt =
∑

ij

zijδ(θi,θj ,xi,xj)1θi≤t1θj≤t. (14)

The degree of node i is the number of nodes connected to i

Dt,i =
∑

j

zij1θi≤t1θj≤t. (15)

The number of active nodes is the number of nodes with positive degree

Nt =
∑

i

1Dt,i≥11θi≤t, (16)
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and the number of nodes with degree j is

Nt,j =
∑

i

1Dt,i=j1θi≤t. (17)

The total number of edges in the indirected graph is

N
(e)
t =

∑

i

zii1θi≤t +
∑

j>i

zij1θi≤t1θj≤t. (18)

We can finally state formally the definition of dense and sparse graphs.

Definition 3.1. A family of graphs (Gt)t≥0 associated with the point process in eq. (14) with Nt

nodes and N (e)
t edges is dense if

N
(e)
t = Θ(N2

t ) as t→∞, (19)

and sparse if
N

(e)
t = o(N2

t ) as t→∞. (20)

Recall that in a simple graph (i.e. with no multiple edges and self loops) with Nt vertices,
the maximum number of possible edges is Nt(Nt − 1)/2 = Θ(N2

t ), justifying the previous
definition. At this point, we can adapt one of the most important results of Caron and Fox
(2017) about sparsity and activity of the Lévy measure to our setting.

Theorem 3.2. Consider the point process Zt of eq. (14) representing the model specified in
eq. (6), with Nt and N (e)

t the associated number of nodes and edges. Consider a Lévy measure
ρ such that

∫∞
0
wρ(dw) < ∞. If the CRM has finite activity, i.e.

∫∞
0
ρ(dw) < ∞, then the

graph is dense. If the CRM has infinite activity, i.e.
∫∞

0
ρ(dw) =∞, then the graph is sparse.

Proof. The proof is presented in appendix 9.1.

As highlighted in the introduction, another important feature of real-world networks is
clustering, a measure of transitivity in graphs. Clustering coefficients generally measure how
strongly a group of nodes is interconnected. The strength is usually measured by reshuffling the
edges of the graph uniformly at random and measuring the density of the edges in the considered
group of nodes before and after the reshuffling. A density that decreases after this procedure
indicates a positive clustering among those nodes, while if we observe an increase then the clus-
tering is negative. Depending on the zoom level you are using, different clustering measures
have been proposed. In this work we will focus on the asymptotic behaviour of the global and
average local clustering coefficients.

Definition 3.3. The number of triangles in which node i is involved is

Tt,i =
1

2

∑

j 6=i,k 6=i,k 6=j
zijzikzjk1θi≤t1θj≤t1θk≤t.

The global clustering coefficient is the ratio of the number of triangles over the number of
triplets in the graph:

C
(g)
t =

3× number of triangles
number of open and closed triplets

=

∑
i Tt,i∑

i 6=j 6=k zijzik1θi≤t1θj≤t1θk≤t
. (21)
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The local clustering coefficients are the analogous of the global coefficient when restricted to
nodes of degree j, for j ≥ 2:

C
(l)
t,j =

2

j(j − 1)Nt,j

∑

i

Tt,i1Dt,i=j.

The average local clustering coefficient C(l)
t is the mean of the C(l)

t,j :

C
(l)
t =

1

Nt −Nt,1

∑

j≥2

Nt,jC
(l)
t,j . (22)

We present now the results about the asymptotic limits of the number of nodes, edges,
fraction of nodes with a certain degree and clustering coefficients. Theorem 3.4 deals with
sparsity and degree distribution and requires the regular variation assumption. Theorem 3.5
is divided into two parts: the former, about the global clustering coefficient, does not require
assumptions on ρ, while the result about the local clustering requires regular variation and some
integrability constraints. In remark 1 we specialise the obtained results to the Lévy measure
proposed in eq. (9). In remark 2 we talk about possible generalisations of our results to a
broader class of generalised graphon functions. Finally, we show some plots to illustrate the
asymptotic behaviours on simulated data. Theorems 3.4 and 3.5 are applications of broader
results respectively found in Caron et al. (2020) (remark 26) and Borgs et al. (2019) (Proposition
56).

Theorem 3.4. Consider a random graph family (Gt)t≥0 associated with point process Zt of
eq. (14) and the model of eq. (5). Let the associated Lévy measure ρ have a tail intensity
regularly varying at 0 with exponent α < 1.

For α ∈ (0, 1) the graph is sparse and the number of edges and nodes obey to the following
relation:

N
(e)
t = Θ(N1+α

t ).

For α = 0 we observe a sparse, almost dense behaviour

N
(e)
t = Θ

(
N2
t

log(Nt)2

)
,

while for α < 0 the graph is dense:

N
(e)
t = Θ(N2

t ). (23)

As for the degree distribution, for a strictly positive α the fraction of nodes with positive
degree j is such that

C1

C2

αΓ(j − α)

j!Γ(1− α)
≤ lim

t→∞
Nt,j

Nt

≤ C2

C1

αΓ(j − α)

j!Γ(1− α)

for some positive constants C1, C2. Note that, as j goes to infinity, we have αΓ(j−α)/(j!Γ(1−
α)) converging to αj−1−α/Γ(1−α) and hence a power-law behaviour with exponent 1 +α for
large degrees. For α ≤ 0, the fraction of nodes with positive degree j converges to 0 almost
surely:

Nt,j

Nt

a.s.→ 0.

11



Proof. The proof of these results can be found in appendix 9.1.

Theorem 3.5. Consider a random graph family (Gt)t≥0 associated with the point process Zt of
eq. (14) and the model in eq. (5). Let

∫
(1− e−

2wiwj
(1+‖xi−xj‖)γ )(1− e−

2wiwk
(1+‖xi−xk‖)γ )ρ(dwi)ρ(dwj)ρ(dwk)dxidxjdxk <∞. (24)

Then, we have that the global clustering coefficient has an almost sure limit as t tends to infinity:

C
(g)
t

a.s.→
∫

(1− e−
2wiwj

(1+‖xi−xj‖)γ )(1− e−
2wiwk

(1+‖xi−xk‖)γ )(1− e−
2wkwj

(1+‖xk−xj‖)γ )ρ(dwi)ρ(dwj)ρ(dwk)dx
∫

(1− e−
2wiwj

(1+‖xi−xj‖)γ )(1− e−
2wiwk

(1+‖xi−xk‖)γ )ρ(dwi)ρ(dwj)ρ(dwk)dx

.

(25)
In the hypothesis of ρ regularly varying at 0 with exponent α ∈ (0, 1) and when

b :=

∫ wjwk
(1+‖xi−xj‖)γ(1+‖xi−xk‖)γ (1− e−

2wjwk
(1+‖xj−xk‖)γ )ρ(dwj)ρ(dwk)dxidxjdxk

(
∫ wj

(1+‖xi−xj‖)γ ρ(dwj)dxidxj)2
(26)

is finite and belongs to the interval (0, 1], then the local clustering coefficient has limit in prob-
ability for t that tends to infinity:

C
(l)
t

P→ b.

Proof. The proof can be found in appendix 9.1.

Remark 1 (GG measure). It is easy to prove directly that theorem 3.5 holds for the GG measure.
Consider eq. (24) and observe that

∫
(1− e−

2wiwj
(1+‖xi−xj‖)γ )(1− e−

2wiwj
(1+‖xi−xk‖)γ )ρ(dwi)ρ(dwj)ρ(dwk)dxidxjdxk

≤ x3
max

∫ [∫
(1− e−2wiwj)ρ(dwj)

]2

ρ(dwi). (27)

Define

ψ(w) : =

∫ ∞

0

(1− e−2wwj)ρ(dwj),

substitute the Lévy measure of the GG, eq. (9), and use the approximation 1 − e−x ∼ x as x
tends to 0:

ψ(w) =

∫ 1

0

(1− e−2wwj)w−1−σ
j e−cwjdwj +

∫ ∞

1

(1− e−2wwj)w−1−σ
j e−cwjdwj

∼ w

∫ 1

0

w−σj e−cwjdwj +

∫ ∞

1

(1− e−2wwj)w−1−σ
j e−cwjdwj.

By definition of eq. (9), σ < 1 and therefore the first integral converges, while the second one
is always finite due to the exponential decay. Therefore, ψ(w) ∼ w. Therefore, eq. (27) is
proportional to

x3
max

∫ ∞

0

w2−1−σ
i e−cwidwi.

Similarly, as σ < 1 the integral is convergent. The hypothesis for convergence of the global
clustering coefficient holds for weights generated under the GG process. With very similar
computations it is possible to show that eq. (26) is finite for the GG process.
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Figure 2: Degree distribution (in logarithmic scale) of graphs generated under model eq. (6)
with sociabilities sample from a GG eq. (9) with varying σ ∈ {0.2, 0.4, 0.6}. Locations are
sampled uniformly at random in [0, 10]. The truncation level of the GG is ε = 10−4 and remain-
ing parameters are fixed to t = 150, c = 0.1, γ = 1.

In fig. 2 we can visualise different power-law behaviours of the degree distribution as a
function of the regular variation exponent σ of the GG. As proved in theorems 3.4 and 3.2, this
coefficients tunes both the sparsity level and the slope of the power-law degree distribution.

In fig. 3 we observe the clustering coefficients’ asymptotic behaviour.

It is interesting to note how even for γ = 0 the model is able to achieve positive clustering.
This is in stark contrast with usual inhomogeneous non spatial models, which lack in clustering
and usually require the addition of a space component to achieve it (see, for example, Deijfen
et al. (2013) and Bringmann et al. (2019)). The motivation lies in the fact that our asymptotic
studies are in time and not in space, in contrast with the usual spatial approach. This is an
interesting difference among the two approaches, which makes it challenging to compare them
directly but suggests possible future work directions.

Remark 2 (Choice of the generalised graphon function). The results of theorems 3.4 and 3.5 do
not hold solely for a generalised graphon function of the type of eq. (6). In fact, as illustrated
in Caron et al. (2020), the framework is flexible and can be used for any function W that can
be factorised as a the following product:

W (ϑi, ϑj) = η(ui, uj)ω(xi, xj)

where η : R+ × R+ → [0, 1] is the component capturing the sparsity and ω : F × F → [0, 1]
deals with the local structure (for example distances or communities). Under some regu-
lar variation constraints for the function µη(u) =

∫
η(u, u′)du′ and bounded behaviour of

νη(u, u
′) =

∫
η(u, ũ)η(u′, ũ) illustrated in Caron et al. (2020) the previous theorems hold sim-

ilarly.
The same is true for a more flexible class of generalised graphons. Consider

µ(u, x) :=

∫
W ((u, x), (u′, x′))du′F̃ (dx′)

13



Figure 3: Global and average local clustering coefficients as a function of t for 7 samples of
graphs with weights sampled from a generalised gamma process eq. (9) with σ = 0.2, c = 2
and truncation level ε = 10−4, and locations drawn uniformly at random in [0, 1]. γ is fixed to
1. The dashed lines represent the asymptotic limits derived in theorem 3.5.

and assume that for each fixed x there exist u0(x) > 0 such that for u > u0

Cµη̃(u)µω̃(x) ≤ µ(u, x) ≤ C ′µη̃(u)µω̃(x) (28)

for some positive functions η̃ : R+ → R+ and ω̃ : F → R+ and positive constants C,C ′.
Assume µη̃ and νη̃ satisfy Assumptions 1 and 2 of Caron et al. (2020), then the results of the
previous theorems can be adapted to this framework. In particular, the condition described in
eq. (28) holds for W s of the form

W ((ui, xi), (uj, xj)) = 1− e−η̃(ui,uj)ω̃(xi,xj)

Our model enters into this second framework as

η̃(ui, uj) = 2ρ̄−1(ui)ρ̄
−1(uj)

ω̃(xi, xj) =
1

(1 + ‖xi − xj‖)γ

with F̃ (dx) = dx and x ∈ Rd. The function ω̃ could be even more general than this, as it can
be extended to any function ω̃(xi, xj) = g(‖xi − xj‖) with g : R+ → R+ and ‖ · ‖ norm on F .

4 Sampling algorithms
In this section we discuss the challenge of efficient sampling of graphs from our model. For
simplicity, we focus on the case d = 1, with d the dimension of the space of x.

We explained at the beginning of section 3 how to obtain a finite graph: we restrict the pro-
cess in time θ ∈ [0, t] and space x ∈ [0, xmax], and we consider only nodes with positive degree.
A priori, though, we do not know which w will be associated with a positive degree and we need
to find a way to avoid sampling an infinite number of them, which is the case for infinite activity
CRMs. Therefore, we will present ways to simulate a graph that rely on truncation techniques.
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In particular, we first offer a naive sampling technique with time complexity O(N2) (with N
the number of nodes) and then, in section 4.1 we propose a way to decrease the complexity of
the naive algorithm to O(N log2N).

We mention here that the exact simulation of a CRM with infinite activity is possible for
some specific Lévy measures. In such cases (for example, the GG of eq. (9)) we need not re-
vert to truncation and could sample a graph with different techniques. We do not explore this
approach here, but it can be derived very similarly to section 5.5.2 of Caron and Fox (2017).

The restricted CRM representing the generative process of (θi, wi, xi)i≥1 is

At,xmax =
∑

i≥1

wiδ(θi,xi)1xi∈[0,xmax]1θi∈[0,t] (29)

The corresponding restricted Poisson random measure equivalent to eq. (12) is

Mt,xmax =
∑

i,j

mijδ(θi,θj ,xi,xj)1xi,xj∈[0,xmax]1θi,θj∈[0,t] (30)

with intensity

µt,xmax =
∑

i 6=j

wiwj
(1 + |xi − xj|)γ

δ(θi,θj ,xi,xj)1xi,xj∈[0,xmax]1θi,θj∈[0,t]

+
∑

i

w2
i δ(θi,θi,xi,xi)1xi∈[0,xmax]1θi∈[0,t] (31)

In the infinite activity case, a simple approximate approach to simulate the weights wi,
applicable to any Lévy measure, is the inverse Lévy method: after fixing a threshold ε > 0, we
sample weights from the truncated CRM

Aεt,xmax
=
∑

i

wiδ(θi,xi)1xi,xj∈[0,xmax]1θi,θj∈[0,t]1wi≥ε. (32)

The random measure that describes the multigraph becomes

M ε
t,xmax

=
∑

i,j

mijδ(θi,θj ,xi,xj)1xi,xj∈[0,xmax]1θi,θj∈[0,t]1wi,wj≥ε. (33)

Hence, for finite activity or truncated infinite activity CRMs we can easily simulate a graph
with the naive procedure of drawing edges for every possible pair of nodes. We describe this
procedure in algorithm 1.

Algorithm 1 Sampling Algorithm
Input: xmax, t, ε, γ, the Lévy measure’s parameters, empty square matrix G
Output: G

1: Sample (wi)i≥1 from the CRM At,xmax or from Aεt,xmax
. Call N the cardinality.

2: Sample (xi)
N
i=1, (θi)

N
i=1 uniformly at random over [0, xmax] and [0, t].

3: for i = 1, . . . , N do
4: Sample mii ∼ Poisson (w2

i )
5: if mii > 0 then
6: Set G(i, i) = 1.
7: for j = i+ 1, . . . , N do
8: Sample mij ∼ Poisson

(
2wiwj

(1+|xi−xj |)γ
)

.
9: if mij > 0 then

10: Set G(i, j) = G(j, i) = 1.
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Figure 4: Adjacency matrices of three samples from the sparse spatial model for γ varying in
{0, 1.5, 3}. The sociability weights are sampled from the GG process eq. (9) with σ = 0.2, c =
0.7 and truncation level ε = 10−4, and locations are drawn uniformly at random in [0, 10]. The
dots represent a connection between nodes with coordinates xi, xj .

Since for every node we have to cycle through every possible neighbour, the time complexity
of this algorithm is of order O(N2). In fig. 4 we represent samples from the model represented
through the adjacency matrix indexed by the values of x. Figure 4 is particularly important
because it leads our way to the next paragraph: for γ > 0 the majority of connections happen
to be along the diagonal, i.e. connecting nodes close to each others in space. The magnitude of
the connections, therefore, looks linear in space and gives us hope to find an algorithm that will
exploit wisely the spatial information to decrease the complexity.

4.1 Efficient sampling via grids
Knowing that our interest is for graphs whose number of edges is below the squared number
of nodes, we would like to find a smart way to compute wiwj/(1 + |xi − xj|)γ only for pair of
nodes that are likely to be connected. Based on the observations made from fig. 4, we partition
the space domain into cells to leverage the information that close cells will contain more edges
than cells that lie far away in space, as illustrated on the left of fig. 5 where we have divided the
domain [0, 10] into 1-dimensional boxed of size 2.5. Formally, we construct a regular grid of K
cellsBk of size δ = xmax/K and we takeK = O(N). Taking inspiration from Bringmann et al.
(2019), we perform a similar operation for the sociability weights, slicing them into layers. The
layers are not all equispaced, as the spatial grid, but have exponential growth and are defined
as:

Vj := {i ∈ {1, . . . , N} : wj := w02j ≤ wi < wj+1 := w02j+1} j = 1, . . . , J (34)

with w0 := mini∈{1,...,N}wi and J := log2(maxi∈{1,...,N}wi/w0). For an illustration, see fig. 5.

On a high level, we associate each node with a spatial cell and a sociability layer in order
to bound its probability of connection with some constants that are common to all the nodes
that belong to that cell and layer. Thinning techniques for Poisson processes are the key that
allows us to propose a new algorithm that still samples exactly according to the model of eq. (6)
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Figure 5: On the left, adjacency matrix plotted according to the nodes’ space coordinates and
spatial grid of size 2.5. On the right, the logarithm of the sociability weights in increasing order
(purple) and layers of the weights (yellow). The graph has been sampled from the sparse spatial
model with γ = 1.5, sociability weights sampled from the GG process with σ = 0.2, c = 0.7
and truncation level ε = 10−4, and locations drawn uniformly at random in [0, 10]. Space is
partitioned into a grid with size 2.5.

and whose complexity is O(N log2N). For a reference on thinning methods, see Stoyan et al.
(2013), and for the details of the algorithm and proof of the complexity we refer to appendix
9.2.

Intuitively, the algorithm works as follows. For nodes in adjacent cells Bk, Bk+1 we sample
the edges according to algorithm 1, while the algorithm changes for cells that are not adjacent.
For each cell Bk and each pair of layers Vj1 , Vj2 we sample an upper bound on the total number
of connections whose starting point is a node in cell Bk and layer Vj1 and end point is a node in
layer Vj2 . Then, we sample the cell Bl, l = k + 2, . . . , K where the end point of the edge will
lie and and eventually we sample the pair of nodes associated to that edge.

Algorithm 2 describes exactly the steps of the procedure. For the sake of simplicity, we
focus on the finite activity case. Everything holds in the same way for the infinite activity case
with the truncated process and intensity defined in eq. (29) and eq. (32). New notation needs to
be defined for algorithm 2. In particular, p(l; k,K, γ, δ) := 1/(Ck,K,γ,xmax(1 + (−δ + δl))γ) is
the probability mass function of a Zipf distribution on the cells Bk+2, . . . , BK that can contain
the end point of a connection starting from Bk, of which Ck,K,γ,δ =

∑K
l=k+2(1− δ+ δ|k− l|)−γ

is the normalizing constant. w(j)
k is the sum of the weights associated to nodes that belong to

layer Vj and cell Bk: w(j)
k =

∑
iwi1i∈Vj1i∈Bk .
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Algorithm 2 Sampling Algorithm
Input: K, γ, t, xmax, ε, the Lévy measure parameters, empty square matrix G
Output: G

1: Sample (wi)i≥1 from the CRM At,xmax or Aεt,xmax
. Call N the cardinality.

2: Sample (xi)
N
i=1, (θi)

N
i=1 uniformly at random over [0, xmax] and [0, t].

3: Create weight layers Vj, j = 1 . . . , J as described in eq. (34).
4: Create the partition B1, . . . , BK of equal side length of [0, xmax]. Set δ = xmax/K.
5: Create vector (Ck,K,γ,δ)

K−2
k=1 .

6: for j1 = 1, . . . , J do
7: for l = 1, . . . , K − 2 do
8: Compute w(j1)

l =
∑

iwi1i∈Vj11i∈Al .

9: for j1 = 1, . . . , J do
10: for j2 = 1, . . . , J do
11: for k = 1, . . . , K − 2 do
12: Sample m(j1,j2)

k ∼ Poisson(2w
(j1)
k wj2+1|Vj2|Ck,K,γ,δ)

13: for m = 1, . . . ,m
(j1,j2)
k do

14: Sample u(j1,j2)
km ∼ p(·) and set l := u

(j1,j2)
km .

15: if Uniform[0, 1] <
w
j2
l

wj2+1|Vj2 |
then

16: Sample an edge from pmf wi
w
j1
k

× wj

w
j2
l

for xi, xj ∈ Bk ×Bl.

17: if Uniform[0, 1] < (1−δ+δ|k−l|)γ
(1+|xi−xj |)γ then

18: Set G(i, j) = 1.
19: for k = K − 1, K do
20: follow algorithm algorithm 1 for nodes in these cells and layers

5 Posterior inference
In this section we propose an algorithm to perform posterior inference in the case of the model
in eq. (6). We observe a set of connections (zij)1≤i,j≤Nt among Nt active nodes. We aim at
sampling from the posterior

p
(

(wi)
N ′t
i=1, (xi)

N ′t
i=1, φ, t, γ|(zij)Nti,j=1

)
. (35)

where φ is the set of parameters of the Lévy measure ρ and N ′t > Nt represents the unknown
cardinality of the full set of nodes, active and inactive. Note thatN ′t is infinite for infinite activity
CRMs. Observe that this is the inference setting of a latent space model, or space model where
x is unknown. If x is treated as a covariate, the posterior becomes

p
(

(wi)
N ′t
i=1, (xi)

N ′t
i=Nt+1, φ, t, γ|(zij)Nti,j=1, (xi)

Nt
i=1

)
.

For our choices of ρ (eq. (9)) the posterior in eq. (35) is not tractable, and we will therefore rely
on a Markov chain Monte Carlo (MCMC) approach to sample values approximately distributed
from the posterior. Our algorithm will exploit steps from Gibbs samplers, Metropolis-Hastings
(MH) and Hamiltonian Monte Carlo (HMC). For references about these methods, see respec-
tively Geman and Geman (1984), Hastings (1970) and Neal (2011).

In the following subsection, we will present the case of the weights from a generalised
gamma process of eq. (9) and specify the remaining prior distributions for the hyperparameters,
parameters and locations.
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5.1 Approximate posterior inference for the generalised gamma process
To overcome the challenge of infinite activity CRMs, we rely on the finite and independent
identically distributed approximation of CRMs introduced in Lee (2019) and Lee et al. (2016),
a brief summary of which can be found in appendix 9.3. Such approximation of an infinite
activity CRM is a finite CRM ÃL whose weights are independently and identically distributed
from an appropriate density f :

L∑

i=1

w̃iδ(θi,xi), w̃i
iid∼ f (36)

such that
∑L

i=1 w̃iδ(θi,xi) converges in distribution to the infinite dimensional CRM A of eq. (7).

Consider ρ(dw) the Lévy measure of a generalised gamma process with parameters σ and
c, σ ∈ (0, 1), c > 1, as introduced in eq. (9). As presented in Lee (2019), a finite independent
and identically distributed representation of the generalised gamma process is offered by the
exponentially-tilted BFRY distribution with parameters (σ, ζ, c), whose density function is

fζ(dw̃) =
σw̃−1−σe−cw̃(1− e−ζw̃)

Γ(1− σ)((ζ + c)σ − cσ)
dw̃ (37)

where ζ = (Lσ/t)1/σ.

Our new target is then the following approximation of the posterior in eq. (35), truncated at
L > Nt:

p
(
(w̃i)

L
i=1, (xi)

L
i=1, φ, t, γ|(zij)Li,j=1

)
. (38)

with φ = {σ, c}. Note that zij = 0 for i, j = Nt+1, . . . , L, i = 1, . . . , Nt and j = Nt+1, . . . , L,
j = 1, . . . , Nt and i = Nt+1, . . . , L.

Prior distributions and MCMC algorithm

We present here the general structure of the MCMC procedures to sample from the posterior
presented in eq. (38) in the case of the GG process prior for weights, which we approximate
with the distribution of eq. (37). For details on the proposals and computations we refer to
appendix 9.4. For simplicity, we define pij := (1 + |xi − xj|)−γ .

Following Caron and Fox (2017), we place a Gamma prior on t and improper priors on σ
and c:

t ∼ Gamma(at, bt) (39)
p(σ) ∼ 1/(σ(1− σ))

p(c) ∼ 1/c

This choice allows us to update t, σ and c through the Metropolis-Hastings proposals with log-
Normal distributions.

We propose for (xi)i=1,...,L and γ the following prior distributions:

xi
iid∼ Uniform[0, xmax] i = 1, . . . , L (40)
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γ ∼ Gamma(aγ, bγ).

We opt for another round of Metropolis-Hastings for the joint update of x and γ, using as
proposal respectively a truncated Normal distribution on the same support and a log-Normal
distribution.

We use as prior for the weights the exponentially tilted BFRY distribution described in
eq. (37). In case of a simple indirect graph, we impute the latent variables which describe the
underlying directed multigraph:

n̄ij|z, w̃ ∼





δ0 if zij = 0

tPoisson(2pijw̃iw̃j) if zij = 1 and i < j

tPoisson(w̃2
i ) if zii = 1

(41)

where tPoisson(λ) is a zero-truncated Poisson whose density is e−λλy/(y!(1−e−λ)) for y ∈ N+.
To obtain a conjugate structure for the conditional distribution of the weights, we augment the
model with the independent variables

ui|w̃i ∼ Truncated Poisson(ζw̃i), i = 1, . . . , L (42)

and obtain the following joint distribution:

p
(
(n̄ij)

L
i,j=1, (zij)

L
i,j=1, (w̃i)

L
i=1, (ui)

L
i=1, (xi)

L
i=1

)

=




L∏

i,j=1
i 6=j

(pijw̃iw̃j)
n̄ije−pijw̃iw̃j

n̄ij!


×

(∏

i

σw̃−1−σ
i e−cw̃i������

(1− e−ζw̃i)
Γ(1− σ)((ζ + c)σ − cσ)

× (ζw̃i)
uie−ζw̃i

ui!������
(1− e−ζw̃i)

× 1

xmax

)
.

(43)

From this we infer the conjugate full conditional distributions of w̃i, which allows for a Gibbs
sampler when no self edges are allowed. In fact,

p(w̃i|rest, (w̃j)j 6=i) ∝ w̃
−1−σ+ui+

∑
j 6=i n̄ij

i e−w̃i(c+ζ+
∑
j 6=i pijw̃j)

= Gamma(−σ + ui +
∑

j 6=i
n̄ij, c+ ζ +

∑

j 6=i
pijw̃j)

The Gibbs sampler, though, is known to have bad mixing in presence of strong correlation
among the variables. Another possibility is to opt for a Hamiltonian Monte Carlo (HMC) step
that updates all the weights of the nodes at the same time and is not limited by self edges. For
details on the general HMC algorithm see Neal (2011). To perform it, we need to be able to
compute the derivative of the posterior of w̃, that in our case is

∂ log p(log w̃|rest)
∂ log w̃i

= mi + ui − σ − w̃i(ζ + c)− w̃i
∑

j

pijw̃j (44)

where mi =
∑

j(n̄ij + n̄ji).

In algorithm 3 we present the steps of our posterior inference algorithm. For more details
we refer to appendix 9.4.
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Algorithm 3 Posterior Inference Algorithm
1: Update w̃1, . . . , w̃L given the rest with a Gibbs sampling or HMC step.
2: Update the parameters t, σ, c given the rest with a MH step.
3: Update n̄ij and ui given the rest according to their conditional distributions of eq. (41) and

eq. (42).
4: Update x1, . . . , xL and γ given the rest with a MH step.

The Gibbs sampler, the HMC for w̃, the MH for γ and x all have quadratic complexity in
the number of nodes when γ is positive due to the update of the variable pij . A possibility to
decrease the complexity would be to look at the thinning procedures exploited in section 4 or
look at further approximations. We discuss this as future work in section 8.

Another challenge of space models is the non identifiability of locations. In fact, a unique
matrix (pij)ij could be generated by an infinite number of configurations (xi)i, due to the invari-
ance of the distance function to translations, rotations and reflections. A possible workaround
is to use the Procrustean transformation to rescale and centre the posterior samples with respect
to a reference configuration. For details of this method we refer to Hoff et al. (2002).

6 Experiments on simulated data
We study the performance of the MCMC algorithm on data generated from the approximate
model: we simulate a graph according to eq. (6) with weights sampled from the exponentially-
tilted BFRY distribution, the approximation to the GG proposed in section 5.1 with hyperpa-
rameters σ = 0.2, c = 1.5 and truncation level L = 104, and locations sampled uniformly at
random in [0, 5]. The remaining parameters are set to t = 80, γ = 1. The resulting graph is
sparse, has approximately 700 active nodes and 4000 edges.

In this experiment, we fix γ and run three MCMC chains to estimate σ, c, t, the sociabili-
ties (w̃i)i=1,...,L, locations (xi)i=1,...,L, counts (nij)i,j=1,...,L and auxiliary variables (ui)i=1,...,L.
We initialise the first chain at the true values of the variables and hyperparameters, while we
randomly pick values according to the prior distributions for the second and third chains. Each
chain ran for 106 iterations and it took almost 48 hours to run the chains in parallel (using the
Python library multiprocessing) on a standard laptop (central processor unit at 2.3 GHz, dual-
core). We fixed the location of the highest degree node to its true value. This does not solve
completely the identifiability issue for locations (described in section 5), as it does not guaran-
tee a unique solution for the locations, but makes them identifiable up to reflection with respect
to the highest degree node. To completely solve the challenge of identifiability, we could use
the Procrustean transformation described in Hoff et al. (2002) or fix multiple locations.

In fig. 6 we show the traceplots of the MCMC samples for t, σ, c. The chains are able to
recover the true values of the parameters.

In fig. 7, we plot the 95% posterior credible intervals for the sociability parameters of the
highest and lowest degrees nodes. Over the whole set of nodes, 95% of the true values fall in
the associated credible interval.

Figure 8 represents the posterior of the spatial parameters. We represent the traceplot of the
location of a node with high degree. In chain 1 we see the phenomenon of identifiability up
to reflection: the fixed node has location approximately 2.8 and the two modes visited by the
chain are equidistant with respect to it. To have a clearer idea of the estimation of x, we report
a scatter plot illustrating the relation between the true values of the location and their posterior
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Figure 6: MCMC traceplot of t, σ and c for a graph simulated exponentially-tilted GBFRY
sociabilities, uniform locations and σ = 0.2, c = 1.5, t = 80, γ = 1, xmax = 5.

mean estimates. We see a clear correlation between the true and the estimated value for nodes
with positive degree.

In fig. 9 we plot the logarithm of the posterior against the true value.
Figure 10 represents the 95% posterior credible intervals of the degree distributions, ob-

tained by sampling from the posterior predictive of the model for one of the chains. The credi-
ble bands cover the empirical degree distribution of the original data.

These experiments show that the posterior inference scheme is able to recover well the so-
ciability structure, the spatial structure and the parameters of the model. Future work requires
to explore different ways to estimate the locations and achieve a faster convergence through
better mixing as γ increases. As the parameter that tunes the spatial effects increase, the lo-
cations get more correlated and the posterior gets more peaked and multimodal, making the
convergence difficult. In fact, the move of the chain from a local optimum to a region of the
space with higher likelihood would require a passage through configurations with much smaller
probability. A possible solution would be to explore parallel tempering algorithms (Swendsen
and Wang (1986)) that relieve this problem by allowing each chain to draw insights from the
different configurations explored by the others and use this information to explore the space
differently.
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Figure 7: 95% posterior credible intervals of the 50 sociability parameters w̃ with the highest
(on the left) and positive lowest values (on the right, in logarithmic scale) for a graph simulated
with exponentially-tilted GBFRY sociabilities, uniform locations and σ = 0.2, c = 1.5, t =
80, γ = 1, xmax = 5. The violet dot represents the true value., the yellow line is the credible
interval. Overall, 95% of the true weights fall into their credible intervals.

Figure 8: On the left MCMC traceplot of the location of a high degree node. On the right,
scatter plot for one of the chains of the true location against the posterior mean of x (in yellow
the nodes of null degree and in violet those with positive degree). The graph has been sampled
with exponentially-tilted GBFRY sociabilities, uniform locations and σ = 0.2, c = 1.5, t =
80, γ = 1, xmax = 5.
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Figure 9: Traceplots of the log posteriors of the three chains. The graph has been sampled with
exponentially-tilted GBFRY sociabilities, uniform locations and σ = 0.2, c = 1.5, t = 80, γ =
1, xmax = 5.

Figure 10: In yellow, 95% posterior credible intervals of the degree distribution. The dots rep-
resent the empirical distribution of the data, a graph sampled with exponentially-tilted GBFRY
sociabilities, uniform locations and σ = 0.2, c = 1.5, t = 80, γ = 1, xmax = 5.
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7 Relations with other models
In this section we cover some of the spatial network models literature that can be related to our
model. We reflect on similarities and differences and highlight how our proposal generalises
some of them.

Homogeneous spatial random graph

Homogeneous random geometric graphs, also known as Gilbert-disk model as introduced by
Gilbert (1961), are spatial models whose link probability depends only on the distance between
nodes. Our proposal becomes equivalent to it when we set W (ϑ, ϑ′) = W ′(|x− x′|).

Scale-free percolation (SFP) models

While we did not approach the study of percolation, many spatial network models focus on this
property. The study of percolation regards the growth of the biggest connected component in
the graph. In the limit, as the number of nodes goes to infinity, the probability of observing an
infinite connected component is tuned by a parameter λ of which there exists a critical value
λc such that for each λ ≥ λc we observe an infinite connected component with positive proba-
bility. Spatial scale-free percolation models have been around for at least 30 years (see Zhang
et al. (1983)), but recently Deijfen et al. (2013) proposed a percolation model with locations
drawn uniformly at random on the lattice Zd and with heterogeneity of nodes given by random
variables w ∈ Rd drawn from a distribution with regularly varying behaviour at infinity. The
probability of connection is 1−e−λwxwy ||x−y||−γ . For certain values of γ and of the regular varia-
tion exponent α it is shown that this model achieves a positive average local clustering, is small
world or ultra-small world and has regularly varying tails. This model was further extended
by Deprez and Wüthrich (2018) on the continuum space Rd, by drawing locations according
to a homogeneous Poisson point process. While this model produces graphs that have an al-
most surely infinite number of nodes and edges, a finite graph can be obtained by restricting
the space of locations to a finite box. Among other important results on percolation and small
world properties, they prove that if min{γ, γα} > d, then the degree distribution has power-law
tails with exponent τ := γα/d > 1. For min{γ, γα} < d, instead, the degree distribution is
degenerate having almost surely infinite expected value. For the same model, Dalmau and Salvi
(2019) proved that for γ > d and τ > 1 the average local clustering coefficient exists, does not
depend on the locations’ process and is strictly positive.

Considering the vast parallelism between the scale-free in continuum space and our model,
we might wonder if it possible to extend these results to our case. In fact, we provide asymptotic
results in section 3 only for the time t that goes to infinity, but we do not study the asymptotic
behavior in space (xmax →∞). The main difference between the two models is that the weights
in the scale-free percolation model are drawn from a distribution, while in our case they come
from a CRM. In the case of infinite activity CRM (the most interesting to us), even if we restrict
the covariates x and the labels θ on finite windows the number of potential nodes is still infinite.
In the scale-free percolation model, instead, it suffices to restrict the domain of the point process
on a finite box and automatically the number of nodes (with null or positive degree) will be
almost surely finite. This is a substantial difference and does not allow for a trivial extension
of their results to our model. We conjecture that some of the results might hold in our case as
well, and we leave this to future work.
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Hyperbolic random graph and GIRG

The extended geometric heterogeneous random graph (extended GIRG) model proposed by
Komjáthy and Lodewijks (2019) is obtained by drawing locations x from a homogeneous
Poisson process on R+ with intensity ν > 0, and weights w from a distribution P and con-
necting two nodes i and j with probability h(wi, wj, |xi − xj|), h : R3

+ → [0, 1] to be fur-
ther specified. We can report this model to our framework by setting as graphon function
W (ϑ, ϑ′) := h(g(u), g(u′), |x − x′|)1u<11u′<1, where g is the generalised inverse of 1 − P .
Given that g has bounded support, W inherits this property and therefore the extended GIRG
model generates only dense or empty graphs.

The extended GIRG, as the name suggests, was born as an extension of the GIRG pro-
posed by Bringmann et al. (2019), which is itself a reparametrisation of the hyperbolic random
graph (HRG) by Krioukov et al. (2010). The HRG is a homogeneous spatial random graph
model whose locations are sampled uniformly at random in the hyperbolic space Hd and, in
the simplest version, an edge is drawn whenever the distance between two nodes is less than a
threshold. While formally introduced in Krioukov et al. (2010), it was empirically shown to be
useful in Boguñá et al. (2010) when the hyperbolic space was used as the embedding space of
the internet graph. While many other embeddings have been proposed, especially in Euclidean
spaces, a simple hyperbolic mapping was shown to naturally retain many of the important char-
acteristics of the original network, in particular its scale-free degree distribution, the average
degree and the clustering coefficient. The GIRG by Bringmann et al. (2019) contains the HRG
as a particular case, by mapping the hyperbolic coordinates of nodes into weights in R+ and
locations in [−n/2, n/2] (n number of nodes). Later, Komjáthy and Lodewijks (2019) gener-
ated the extended GIRG by proving that from in the asymptotics regime of GIRG weights are
distributed as power-laws and locations are drawn from a homogeneous Poisson process.

Note also that the GIRG and the SFP are very similar models, which differ mainly in the
parametrization and the scope for which they were initially studied. Originally, they differed
in the space of locations, that for Deijfen et al. (2013) was Zd while in GIRG has always been
Rd, and in the probability of connection. These differences, though, disappeared thanks to the
extensions offered by Deprez and Wüthrich (2018) and Komjáthy and Lodewijks (2019).

Sparse latent space model

Spencer and Shalizi (2017) present the rectangular latent positions model (rectangular LPM) to
achieve a sparse, projective and learnable spatial networks, which belongs to the more general
class of latent position models by Hoff et al. (2002). In this new framework, points (x, r) are
drawn from a homogeneous Poisson process on Rd × R. Given two points x, y ∈ Rd the
probability of connection depends solely on the locations through the function K(‖x − y‖),
where K : Rd → [0, 1] is a link probability function. To get a finite graph it is once again
necessary to restrict the space through a function H : R+ → B(Rd) × B(R), with B(R) and
B(Rd) the Borel σ−algebras, such that for t1 < t2 we have H(t1) ⊂ H(t2) and |H(t)| = t.
They focus on the special case of the rectangular LPM by setting H(t) = [−g(t), g(t)]d ×[
0, t/(2g(t))d)

]
, where g(t) := tp/d, p ∈ [0, 1]. In this case, they prove that N (e)

t ∼ N2−p
t .

Without this auxiliary space construction, a linear increase of H(t) would imply N (e)
t ∼ Nt,

lacking flexibility in sparsity. The resulting model is projective and learnable (i.e. they provide
upper bounds for speed of convergence of the estimators of the latent positions, squared latent
distance and link probability).

They provide comparisons with the sparse graphon and the graphex frameworks. The sparse
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graphon (Bollobás and Riordan (2009), Borgs et al. (2019)) is not projective, but they prove it
to be learnable. A projective model is instead the classic graphex (Caron and Fox (2017),
Veitch and Roy (2015)), whose learnability is a difficult open problem. To compare the two
models, consider the basic graphex process (without covariates) and set ϑs to be the locations
and θs to be the auxiliary variables. The link probability function is more general in the graphex
framework than it is in the rectangular LPM, even if it could be extended in the latter at extra
cost. A naive transposition of the graphex to the rectangular LPM is still not possible since, if
W was uniquely dependent on locations, we could never satisfy the integrability condition of
W , necessary to observe a finite number of edges. With our spatial proposal, we enrich with
additional node variables the original proposal of Caron and Fox (2017), obtaining a more direct
way to embed spatial information. In fact, while in the base model the weights w = ρ̄−1(ϑ)
could be interpreted as latent locations, their interpretation as sociability parameters allows the
use of regular variation (which would not be very natural with spatial locations), offering all the
desirable sparsity and scale-free properties. These, in fact, are easily tuned by α, the exponent
of the regular variation of the Lévy measure.

8 Conclusion
In this work we present a novel model for sparse spatial random graphs. The model is inhomo-
geneous as each node is associated with two variables: a sociability weight and a more general
variable which can be conveniently interpreted as a location (real or latent). We select a link
probability function that is increasing in the sociabilities and decreasing in the distance be-
tween two nodes. The model fits into the more general graphex framework by generalising with
a spatial component the proposal of Caron and Fox (2017). This, together with the Bayesian
nonparametric construction based on completely random measures, allows our model to inherit
flexibility and interpretability of the parameters. In particular, through the distribution of the
sociabilities we are able to tune the sparsity of the connections and achieve different power-law
degree distributions. We also prove asymptotic results on the number of nodes, edges and clus-
tering coefficient. Interestingly, we show that the clustering coefficient is bounded away from
zero even in the non spatial version of the model. All our asymptotic results are in the time
domain, while further work would be required to assess the asymptotics in space and compare
the theorems with the broader space networks literature. Future work in this direction would
also include a discussion about the small or large world properties of the model.

While our study focused on the use of the generalised gamma process to achieve a power-
law for small degree nodes, another proposal could be advanced. Li and Cai (2004) and Paleari
et al. (2010) observed a double power-law degree distribution behavior in the networks of air-
ports connections around the world and Seshadri et al. (2008) inferred the same behaviour for
mobile calls. This means that nodes with low and high degrees exhibit power-law behaviours
with different exponents. To achieve it, we could consider a marked Poisson process with Lévy
measure doubly regularly varying, both at zero and infinity, for example the generalised gamma
Pareto process proposed in Ayed et al. (2019).

In terms of computational aspects, we propose different simulation algorithms for finite
activity or truncated infinity activity CRMs, reducing the computational complexity from the
naive O(N2) to O(N log2(N)). We also explain how to simulate exactly without truncations an
infinite activity CRM. We propose a posterior inference algorithm that targets an approximation
of the posterior. It relies on a combination of Gibbs, Hamiltonian Monte Carlo and Metropolis
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Hastings steps. We complement this algorithms with studies on simulated data to show the
convergence to the true posterior, and the next step requires to test the model with real spatial
network data.

The computational complexity of the algorithm is quadratic in the number of nodes and de-
mands further work to devise a smart way to scale it down. A possible workaround would be to
explore further approximations of the likelihood. A proposal in this direction has been advanced
in Rastelli et al. (2018) to solve a similar problem in the latent space model of Hoff et al. (2002):
after defining a grid on the space B1, . . . , BK (as in section 4) they approximate the likelihood
by simply computing it at the centre of each box. Their suggestion cannot be directly applied
to our framework because of the term

∑
i,j wiwj/(1 + |xi − xj|)γ in eq. (43), which mixes w

and x. We would therefore need to integrate it with the weight layers used in section 4. This
would add other layers of approximation to our algorithm and would require further investi-
gation to understand the goodness of it. Another possibility would be to exploit the technique
of Poisson-minibatching, which requires to augment the model with auxiliary variables whose
presence reduces the complexity required to compute the augmented joint likelihood. This ap-
proach does not require approximations of the likelihood and leads to exact inference. Details
of a more general procedure can be found in Zhang and De Sa (2019).

Eventually, we discuss our contribution in the vast literature of spatial random graph modes,
drawing a map of models that are connected to ours and discussing how the sparse spatial
random graph model is linked to them and sometimes able to generalise them.
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9 Appendix

9.1 Proofs
Proof of theorem 3.2. The proofs follows noting that the probability of a connection is bounded
from above and below:

1− e−
2wiwj

(1+xmax)γ ≤ 1− e−
2wiwj

(1+|xi−xj |)γ ≤ 1− e−2wiwj

The upper bound corresponds exactly to Caron and Fox (2017) model and the lower bound is
a simple reparametrization of it with w̃ := w√

(1+xmax)γ
which does not affect the activity of the

process. The density level of the two extreme processes depend solely on the activity of the
underlying CRM, hence the graphs resulting from the lower and upper bound are going to be
either both sparse or both dense. Therefore, defining Ñt, Ñ

(e)
t and N̄t, N̄

(e)
t the number of nodes

and edges of respectively the lower and upper bound process, we have that

Θ(t2) = Θ(Ñ2
t ) = Ñ

(e)
t ≤ N

(e)
t ≤ N̄

(e)
t = Θ(N̄2

t ) = Θ(t2)

where the first and last equalities come from Theorem 2 of Caron and Fox (2017). Therefore,
N

(e)
t = Θ(t2). The same reasoning applies to Nt, and following Caron and Fox (2017) we get

that in the finite activity case Nt = Θ(t) and in the infinite activity case Nt = O(t), which
proves the result.

Proof of theorem 3.4. Model of eq. (6) can be rewritten as

W ((ui, xi), (uj, xj)) = 1− e−η(ui,uj)ω(xi,xj), (45)

where η(ui, uj) = 2ρ̄−1(ui)ρ̄
−1(uj) and ω(xi, xj) = 1

(1+|xi−xj |)γ . We are now in the framework
of Caron et al. (2020) and can apply their Remark 26, obtaining

N
(e)
t ∼





N
2

1+α

t for α ∈ (0, 1)
N2
t

log(Nt)2 for α = 0

N2
t for α = 1

(46)

Moreover, consider the function µ(u, x) :=
∫
R+

∫
F
W ((u, x), (v, y))dvdy. It holds that

C1µ(u)µ(x) ≤ µ(u, x) ≤ C2µ(u)µ(x)

with µ(u) =
∫
R+
η(u, uj)duj and µ(x) =

∫
F
ω(x, xj)dxj , for some positive constants C1, C2.

We can then apply Proposition 17 in Caron et al. (2020) to the process described by the graphon
function W ((ui, xi), (uj, xj)) = η(u, uj)ω(x, xj) and obtain an almost sure convergence of the
proportion of nodes with degree j for it. We can then bound the same quantity for our original
process obtaining for α ∈ (0, 1):

C1

C2

σΓ(j − α)

j!Γ(1− α)
≤ lim

t→∞
Nt,j

Nt

≤ C2

C1

αΓ(j − α)

j!Γ(1− α)
, for j ≥ 1.

For α ≤ 0 we get
Nt,j

Nt

→ 0, for j ≥ 1 a.s..
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Proof of theorem 3.5. Call Tt := 1
6

∑
i 6=j 6=k zijzikzjk1θi≤t1θj≤t1θk≤t the number of triangles

and At := 1
2

∑
i 6=j 6=k zijzik1θi≤t1θj≤t1θk≤t the number of open and closed triplets in the graph.

By definition 21, the global clustering coefficient can be written as C(g)
t = 3Tt/At that is, the

number of triangles over the number of open and closed triples. We now exploit Proposition 56
of Borgs et al. (2019), since our model can be seen as a special case of theirs. From that, we
know that

3Tt ∼ t3
∫
W ((wi, xi), (wj, xj))W ((wi, xi), (wk, xk))W ((wk, xk), (wj, xj))ρ(dwi)ρ(dwj)ρ(dwk)dx

and

At ∼ t3
∫
W ((wi, xi), (wj, xj))W ((wi, xi), (wk, xk))ρ(dwi)ρ(dwj)ρ(dwk)dx

from which we get our result by dividing the two quantities.
By adapting Proposition 10 in Caron et al. (2020) to our graphon function of eq. (6) we get

that the local clustering coefficient converges in probability to

C
(l)
t → lim

w→0

∫
(1− e−

2wwj
(1+|xi−xj |)γ )(1− e−

2wwk
(1+|xi−xk|)γ )(1− e−

2wjwk
(1+|xj−xk|)γ )ρ(dwj)ρ(dwk)dxidxjdxk

(
∫

(1− e−
2wwj

(1+|xi−xj |)γ )ρ(dwj)dxidxj)2

Using the inequality 1 − e−tw ≤ tw we can employ dominated convergence theorem and ex-
change limits and integrals. Exploiting the equivalence 1−e−tw ∼ tw as t→ 0 and substituting
w = ρ̄−1(ϑ), the numerator behaves as

∫
(1− e−

2ρ̄−1(ϑ)wj
(1+|xi−xj |)γ )(1− e−

2ρ̄−1(ϑ)wk
(1+|xi−xk|)γ )(1− e−

2wjwk
(1+|xj−xk|)γ )ρ(dwj)ρ(dwk)dxidxj

∼4ρ̄−1(ϑ)2

∫
wjwk

(1 + |xi − xj|)γ(1 + |xi − xk|)γ
(1− e−

2wjwk
(1+|xj−xk|)γ )ρ(dwj)ρ(dwk)dxidxjdxk

For the denominator, we use again dominated convergence and the same equivalence to get
(∫

(1− e−
2ρ̄−1(ϑ)wj

(1+|xi−xj |)γ )ρ(dwj)dxidxjdxk

)2

∼ 4ρ̄−1(ϑ)2

(∫
wj

(1 + |xi − xj|)γ
ρ(dwj)dxidxj

)2

Dividing numerator and denominator we get the result.

9.2 Details and complexity of algorithm 2
Details of algorithm 2

Consider the partition of nodes into cells acccording to their locations, proposed in section 4.1.
Note that we can split eq. (31) over the constructed grid in the following way:

µt,xmax =
K∑

k=1

∑

l=k,k+1

∑

i:xi∈Ak

∑

j≥i:,xj∈Al

2wiwj
(1 + |xi − xj|)γ

δ(θi,θj ,xi,xj)

︸ ︷︷ ︸
=:µ

(1)
t,xmax
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+
K∑

k=1

∑

`≥k+2

∑

l=k,k+1

∑

i:xi∈Ak

∑

j≥i:,xj∈Al

2wiwj
(1 + |xi − xj|)γ

δ(θi,θj ,xi,xj)

︸ ︷︷ ︸
=:µ

(2)
t,xmax

The connections coming from µ
(1)
t,xmax

can be simulated with a time complexity linear inN using
the standard simulation technique explained at the beginning of section 4. In fact, the number
of nodes in every cell is O(1) (as K grows at most as N ) and we have O(N) cells and the
computational time is therefore O(N).

This space partition, though, is not enough to have a big gain in the computational complex-
ity, hence we add the weights partition into layers proposed in section 4.1. We can partition the
measure µ(2)

t,xmax
on every pair of weight layers Vj1 , Vj2 and every pair of cells Ak, Al obtaining

a restricted measure µ(j1j2)
t,xmax

. We rewrite and upper bound µ(j1j2)
t,xmax

to rely on thinning properties
of Poisson processes.

µ
(j1j2)
t,xmax

=
K−2∑

k=1

K∑

l=k+2

w
(j1)
k w

(j2)
l

(1 + δ(l − k)− δ)γ
∑

i∈Ak∩Vj1

∑

j∈Al∩Vj2

wi

w
(j1)
k

wj

w
(j2)
l

(1 + δ(l − k)− δ)γ
(1 + |xi − xj|)γ

δ(θi,θj ,xi,xj)

≤
K−2∑

k=1

w
(j1)
k wj2+1|Vj2|Ck,K,γ,δ

K∑

l=k+2

p(l − k; k,K, γ, δ)

∑

i∈Ak∩Vj1
j∈Al∩Vj2

wi

w
(j1)
k

wj

w
(j2)
l

(1 + δ(l − k)− δ)γ
(1 + |xi − xj|)γ

δ(θi,θj ,xi,xj)

where p(l; k,K, γ, δ) = 1/(Ck,K,γ,δ(1 + (−δ + δl))γ) is the probability mass function of a
Zipf distribution on {k + 2, . . . , K} of which Ck,K,γ,δ :=

∑K
l=k+2(1 − δ + δ|k − l|)−γ is the

normalizing constant. For simplicity, let us call p(·) := p(·; k,K, γ, δ).
We can now use thinning properties of Poisson processes to obtain the sampling procedure

from µ
(2)
t,xmax

illustrated in algorithm 2.

Complexity of algorithm 2

We start computing the expected value of the number of edges having an endpoint in cell k,
sum over all cells k and then over all weight layers j1, j2. Summing over k and calling, for
simplicity, C̃ :=

∑K
k=1Ck,K,γ,δ:

E

[
K∑

k=1

m
(j1j2)
k

]
= E

[
K∑

k=1

w
(j1)
k wj2+1|Vj2 |Ck,K,γ,δ

]
≤ C̃wj2+1E

[
|Vj2|

∑

i

wi1i∈wj1

]

= C̃wj2+1

∫ wj2+1

wj2

ρ(dw)

∫ wj1+1

wj1

wρ(dw)

=





C̃w1−σ
j2+1w

1−σ
j1+1 if wj2+1 ≤ 1 and wj1+1 ≤ 1

C̃w1−σ
j2+1w

1−τ
j1+1 if wj2+1 ≤ 1 and wj1 > 1

C̃w1−τ
j2+1w

1−σ
j1+1 if wj2 > 1 and wj1+1 ≤ 1

C̃w1−τ
j2+1w

1−τ
j1+1 if wj2 > 1 and wj1 > 1
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We are omitting the cases in between (e.g. wj1 ≤ 1, wj1+1 > 1), but the results hold the same.
Let J be the index such that wJ+1 ≥ 1 and wJ < 1. Let us now define m(j1,j2) :=

∑K
k=1 m

(j1,j2)
k

and sum over all possible j1, j2 in expectation:

E

[
J̄∑

j1=1

J̄∑

j2=1

m(j1,j2)

]
≤C̃

J∑

j1=1

w1−σ
j1+1

J∑

j2=1

w1−σ
j2+1 + C̃

J∑

j1=1

w1−σ
j1+1

J∑

j2=J+1

w1−τ
j2+1+

+ C̃
J∑

j1=J+1

w1−τ
j1+1

J∑

j2=1

w1−σ
j2+1 + C̃

J∑

j1=J+1

w1−τ
j1+1

J∑

j2=J+1

w1−τ
j2+1

=


C̃

J∑

j=1

w1−σ
j+1 + C̃

J∑

j=J+1

w1−τ
j+1




2

=C̃2
(
w1−σ

0 2J(1−σ) + w1−τ
0 2(J−J)(1−τ)

)2

<C̃2
(

11−σ + w1−τ
0 2(J−J)(1−τ)

)2

. (47)

Note that Ck,K,γ,xmax =
∑K

l=k+2
1

(1−δ+δ|k−`|)γ ≤
∑

l≥0
1

(1+δ(l−2)−δ)γ ≤ 1
δγ

∑
l≥0

1
(l−2)γ

and this

last series converges as long as γ > 1 (p-series). Hence, C̃ = O(1). Moreover, C̃ can be com-
puted in linear time inK as the following recursion holds: Ck,K,γ,δ = Ck−1,K,γ,δ+

1
(1−δ+δ(K−k))γ

.

Since C̃ = O(1), this bound is O(1) as long as τ > 1.

We are finally able to compute the complexity of algorithm 2. Lines 1 to 7 can be executed
in linear time with respect to N . In particular for line 5, since J = O(logN), with counting
sort or bucket sort we can determine the weight layers in time O(N). The for loops in lines
8 to 12 take time

∑
j1

∑
l Θ(|Vj1 ∩ Al|) = Θ(N), as |Vj1 ∩ Al| j1 = 1, . . . , J, l = 1, . . . , K

form a partition of the space of all nodes. As for the for loops in lines 13 to 28, the com-
plexity is

∑
j1

∑
j2

∑
k O(1) = O(N log2N) since we showed in eq. (47) that on average∑

j1

∑
j2

∑
km

(j1,j2)
k = O(1). Hence, the overall complexity is O(N log2N).

9.3 Approximations of CRMs
Consider the Poisson random measure N on the space (0,+∞) × Θ with intensity measure
ν(dw, dθ) = ρ(dw)ξw(dθ), with µw a Markov probability kernel from (0,∞) to Θ and ρ a
Borel measure such that

∫ ∞

0

(1− e−w)ρ(dw) <∞ and
∫ ∞

0

ρ(dw) =∞.

Note that in our setting ξw does not depend on w. The functional

A =

∫ ∞

0

wN(dw, dθ) (48)

is an infinite activity completely random measure on Θ with random weights and atoms. A can
also be expressed in the form

A =
∑

i≥1

wiδθi (49)
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where (wi)i≥1 are stochastically ordered, i.e. for every w > 0 we have that P(wi+1 > w) ≤
P(wi > w). Let AL be the CRM truncated after L steps:

AL =
L∑

i=1

wiδθi =
L∑

i=1

w̄L,iδθ̄L,i . (50)

where (w̄L,i)i=1...L is a finitely exchangeable random sequence such that w̄L,i = wπn(i), with
πn permutation of the labels in the set [n]. Following Lee (2019), a finite independent and
identically distributed approximation of the truncated CRM of eq. (50) is

ÃL =
L∑

i=1

w̃L,iδθ̃L,i (51)

where

w̃L,i
iid∼ f̃L = fΨ−1(L)(dw) =

Λw(Ψ−1(L))ρ(dw)

L

θ̃L,i|w̃L,i = w̃L,i ∼ ξw̃L,i (52)

where Λw(t) =
∫ t

0
λw(du) is the distribution function of a Markov probability kernel λw(dt)

from (0,∞) to (0,∞), and Ψ(t) =
∫∞

0
Λw(t)ρ(dw).

Theorem 9.1 (Lee (2019)). Let ÃL be the finite independent and identically distributed approx-
imation defined by eq. (51) and eq. (52). Then, ÃL converges in distribution to the homogeneous
CRM A with intensity ρ(dw)ξw(dθ).

9.4 Details on the MCMC algorithm for the approximate generalised gamma
process

Metropolis-Hastings for t, σ, c
The posteriors of t, σ and c are intractable, hence the first part of our posterior inference algo-
rithm relies on Metropolis Hastings proposals for t, σ and c, following Caron and Fox (2017).
In particular, we will use as proposals:

σ̃

1− σ̃ |σ ∼ log Normal
(

log
σ

1− σ , σ
2
σ

)

c̃|c ∼ log Normal(log(c), σ2
c )

t̃|t ∼ log Normal(log(t), σ2
t )

where log Normal(µ, σ2) is a log Normal distribution with mean µ and standard deviation σ.
The change of variables σ̃

1−σ̃ = eX , where X ∼ Normal
(
log σ

1−σ , σ
2
σ

)
implies the following

density function for σ̃:

qσ̃(σ̃) =pX

(
log

(
σ̃

1− σ̃

)) ∣∣∣∣d
(

log

(
σ̃

1− σ̃

))
/dσ̃

∣∣∣∣ (53)

=
1√

2πσ2
σ

e
− (log(σ̃/(1−σ̃))−log(σ/(1−σ)))2

2σ2
σ

1

σ̃(1− σ̃)
. (54)
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Combining the complete likelihood, the priors and the proposals we get an acceptance ratio that
is the minimum between 1 and r, r being

r =

(∏L
i=1

σ̃w̃−1−σ̃
i e−c̃w̃i (1−e−ζ̃w̃i )
Γ(1−σ̃)((ζ̃+c̃)σ̃−c̃σ̃)

× (ζ̃w̃i)
uie−ζ̃w̃i

ui!(1−e−ζ̃w̃i )

)
1

σ̃(1−σ̃)
1
c̃

(bt)at

Γ(at)
t̃at−1e−bt t̃

(∏L
i=1

σw̃−1−σ
i e−cw̃i (1−e−ζw̃i )
Γ(1−σ)((ζ+c)σ−cσ)

× (ζw̃i)uie−ζw̃i
ui!(1−e−ζw̃i )

)
1

σ(1−σ)
1
c

(bt)at

Γ(at)
tat−1e−btt

×
e
− (log(σ/(1−σ))−log(σ̃/(1−σ̃)))2

2σ2
σ

(1−σ)σσσ
e
− (log(c)−log(c̃))2

2σ2
c

cσc
e
− (log(t)−log(t̃))2

2σ2
t

tσt

e
− (log(σ̃/(1−σ̃))−log(σ/(1−σ)))2

2σ2
σ

(1−σ̃)σ̃σσ
e
− (log(c̃)−log(c))2

2σ2
c

c̃σc
e
− (log(t̃)−log(t))2

2σ2
t

t̃σt

=
σ̃LΓ(1− σ)L

σLΓ(1− σ̃)L
((ζ + c)σ − cσ)L

((ζ̃ + c̃)σ̃ − c̃σ̃)L

(
t̃

t

)at
e−bt(t̃−t)

∏

i

w̃σ−σ̃i e−(c̃−c+ζ̃−ζ)w̃i

(
ζ̃

ζ

)ui

=
σ̃LΓ(1− σ)L

σLΓ(1− σ̃)L
((ζ + c)σ − cσ)L

((ζ̃ + c̃)σ̃ − c̃σ̃)L

(
t̃

t

)at
e−bt(t̃−t)

(∏

i

w̃i

)σ−σ̃

e−(c̃−c+ζ̃−ζ)∑i w̃i

(
ζ̃

ζ

)∑
i ui

log r =L

(
log

(
σ̃

σ

)
+ log

(
Γ(1− σ)

Γ(1− σ̃)

)
+ log

(
(ζ + c)σ − cσ
(ζ̃ + c̃)σ̃ − c̃σ̃

))
+ at log

(
t̃

t

)

− bt(t̃− t) + (σ − σ̃)

(∑

i

log w̃i

)
− (c̃− c+ ζ̃ − ζ)

(∑

i

w̃i

)
+
∑

i

ui log

(
ζ̃

ζ

)

= log posterior(σ̃, c̃, t̃|rest)− log posterior(σ, c, t|rest)
+ log q(σ, c, t|σ̃, c̃, t̃)− log q(σ̃, c̃, t̃|σ, c, t)

Metropolis-Hastings for x and γ
For x and γ we proceed in a way similar to t, σ, c. We update x and γ together, proposing a
Metropolis-Hastings update:

x̃|x ∼ trNormal(0, xmax, x, σ
2
x)

γ̃|γ ∼ log Normal(log(γ), σ2
γ)

with trNormal(a, b, µ, σ2) a truncated normal on the range [a, b], with mean µ and standard
deviation σ. We can compute the acceptance rate for x and γ by combining the likelihood,
the priors and the proposals. We omit the computations, which are very similar to the ones for
t, σ, c.

Gibbs sampler for w̃, n̄, u
The full conditionals of n̄ij, w̃i and ui are in closed form and easy to sample from, therefore we
can construct the following Gibbs samplers:

• n̄ij|rest ∼ trPoisson(pijw̃iw̃j) for any i, j;

• ui|rest indep∼ trPoisson(ζw̃i) for any i;

• w̃i|rest, (w̃j)j 6=i ∼ Gamma(−σ + ui +
∑

j 6=i n̄ij, c+ ζ +
∑

j 6=i pijw̃j) for any i.
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Hamiltonian Monte Carlo for w̃
For the inference of the approximate sociabilities w̃i, we propose also an Hamiltonian Monte
Carlo procedure, that allows us to update all the weights together, instead of the sequential pro-
posal of the Gibbs sampler. HMC is less subject to the presence of correlation among variables,
which is the case instead for Gibbs samplers. To do so, we use as objective function the log
posterior of the weights, of which we need to be able to compute the derivative. For numerical
convenience, we take the derivative with respect to log w̃.

log p(log w̃|rest) = log p(w̃|rest) +
∑

i

log w̃i

log p(w̃|rest) ∝
∑

i,j

[n̄ij log(pijw̃iw̃j)− pijw̃iw̃j]

+
∑

i

[(−1− σ) log w̃i − cw̃i + ui log w̃i − ζw̃i]

log p(log w̃i|rest) ∝ log w̃i + log w̃i
∑

j

(n̄ij + n̄ji)− elog w̃i
∑

j 6=i
pijw̃j − e2 log w̃i

+ (ui − 1− σ) log w̃i − (ζ + c)elog w̃i

∂ log p(log w̃|rest)
∂ log w̃i

=mi + ui − σ − w̃i(ζ + τ)− w̃i
∑

j

pijw̃j

with mi =
∑

j(n̄ji + n̄ij). Fixing ε and R to be the leapfrog stepsize and number of steps, the
algorithm iterates over the number of iterations according to these passages:

1. Sample the momentum Variables:

pi
iid∼ Normal(0, 1), i = 1, . . . , L

2. Simulate R steps of the discretized Hamiltonian: for every node i

log w̃
(0)
i = log w̃i

p̃
(0)
i = pi +

ε

2

∂(log p(log w̃|rest))
∂(log w̃i)

∣∣∣
log w̃=log w̃(0)

log w̃
(r)
i = log w̃

(r−1)
i + εp̃

(r−1)
i r = 1, . . . , R− 1

p̃
(r)
i = p̃

(r−1)
i + ε

∂(log p(log w̃|rest))
∂(log w̃i)

∣∣∣
log w̃=log w̃(r)

r = 1, . . . , R− 1

3. Set for every node i

logw∗i = log w̃
(R−1)
i + εp̃

(R−1)
i

p̃i = p̃
(R−1)
i +

ε

2

∂(log p(log w̃|rest))
∂(log w̃i)

∣∣∣
log w̃=logw∗

4. Accept w∗ with probability min(1, rw), where

log rw = log

[
p(logw∗|rest)
p(log w̃|rest) ×

p(p̃)

p(p)

]
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=
∑

i,j

[
n̄ij(logw∗i + logw∗j − log w̃i − log w̃j)− pij(w∗iw∗j − w̃iw̃j)

]

+
∑

i

[(ui − σ)(logw∗i − log w̃i)− (c+ ζ)(w∗i − w̃i)]

− 1

2

∑

i

(p̃2
i − p2

i ) =

=
∑

i

[(mi + ui − σ)(logw∗i − log w̃i)− (c+ ζ)(w∗i − w̃i)]

−
∑

ij

[pij(w
∗
iw
∗
j − w̃iw̃j)]−

1

2

∑

i

(p̃2
i − p2

i )
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On sparsity, power-law and clustering
properties of graphex processes
François Caron, Francesca Panero and Judith Rousseau

Department of Statistics, University of Oxford

This paper investigates properties of the class of graphs based on exchangeable point processes. We provide
asymptotic expressions for the number of edges, number of nodes and degree distributions, identifying
four regimes: (i) a dense regime, (ii) a sparse almost dense regime, (iii) a sparse regime with power-law
behaviour, and (iv) an almost extremely sparse regime. We show that, under mild assumptions, both the
global and local clustering coefficients converge to constants which may or may not be the same. We also
derive a central limit theorem for subgraph counts and for the number of nodes. Finally, we propose a
class of models within this framework where one can separately control the latent structure and the global
sparsity/power-law properties of the graph.

MSC 2010 subject classifications: Primary 05C80, 60F15, 60G55.
Keywords: networks, sparsity, Poisson processes, community structure, power-law, generalised graphon,
transitivity, subgraph counts.

1. Introduction

The ubiquitous availability of large, structured network data in various scientific areas ranging
from biology to social sciences has been a driving force in the development of statistical network
models (Kolaczyk, 2009; Newman, 2010). Vertex-exchangeable random graphs, also known as
W -random graphs or graphon models (Hoover, 1979; Aldous, 1981; Lovász and Szegedy, 2006;
Diaconis and Janson, 2008) offer in particular a flexible and tractable class of random graph
models. It includes many models, such as the stochastic block-model (Nowicki and Snijders,
2001), as special cases. Various parametric and nonparametric model-based approaches (Palla
et al., 2010; Lloyd et al., 2012; Latouche and Robin, 2016), or nonparametric estimation proce-
dures (Wolfe and Olhede, 2013; Chatterjee, 2015; Gao et al., 2015) have been developed within
this framework. Although very flexible, it is known that vertex-exchangeable random graphs
are dense (Lovász and Szegedy, 2006; Orbanz and Roy, 2015), that is the number of edges
scales quadratically with the number of nodes; this property is considered unrealistic for many
real-world networks. To achieve sparsity, rescaled graphon models have been proposed in the
literature (Bollobás and Riordan, 2009; Bickel and Chen, 2009; Bickel et al., 2011; Wolfe and
Olhede, 2013). While these models can capture sparsity, they are not projective; additionally,
standard rescaled graphon models cannot simultaneously capture sparsity and a clustering coef-
ficient bounded away from 0 (see Section 5).

These limitations are overcome by another line of works initiated by Caron and Fox (2017),
Veitch and Roy (2015) and Borgs et al. (2018). They showed that, by modeling the graph as an ex-
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Figure 1. Illustration of the graph model based on exchangeable point processes. (left) A unit-rate Poisson process
(θi, ϑi), i ∈ N on (0, α]× R+. (right) For each pair i ≤ j, set Zij = Zji = 1 with probability W (ϑi, ϑj). Here, W
is indicated by the red shading (darker shading indicates higher value). Similar to Figure 5 in (Caron and Fox, 2017).

changeable point process, the classical vertex-exchangeable/graphon framework can be naturally
extended to the sparse regime, while preserving its flexibility and tractability. In such a represen-
tation, introduced by Caron and Fox (2017), nodes are embedded at some location θi ∈ R+, and
the set of edges is represented by a point process on the plane

∑

i,j

Zijδ(θi,θj) (1)

where Zij = Zji is a binary variable indicating if there is an edge between node θi and node
θj . Finite-size graphs are obtained by restricting the point process (1) to points (θi, θj) such
that θi, θj ≤ α, with α a positive parameter controlling the size of the graph. Focusing on
a particular construction as a case study, Caron and Fox (2017) showed that one can obtain
sparse and exchangeable graphs within this framework; they also pointed out that exchangeable
random measures admit a representation theorem due to Kallenberg (1990), giving a general
construction for such graph models. Herlau et al. (2016), Todeschini et al. (2020) developed
sparse graph models with (overlapping) community structure within this framework. Veitch and
Roy (2015) and Borgs et al. (2018) showed how such construction naturally generalizes the dense
exchangeable graphon framework to the sparse regime, and analysed some of the properties of
the associated class of random graphs, called graphex processes1; further properties were derived
by Janson (2016, 2017), Veitch and Roy (2019) and Borgs et al. (2019). Following the notations
of Veitch and Roy (2015), and ignoring additional terms corresponding to stars and isolated
edges, the graph is then parameterised by a symmetric measurable function W : R2

+ → [0, 1],
where for each i ≤ j,

Zij | (θk, ϑk)k=1,2,... ∼ Bernoulli{W (ϑi, ϑj)}, (2)

1Veitch and Roy (2015) introduced the term graphex. In the same paper, they referred to the class of random graphs
as Kallenberg exchangeable graphs, but the term graphex processes is now more commonly used.
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(a) Power-law Degree distribution (b) Average local and global cluster-
ing coefficients

(c) Local clustering coefficient per de-
gree

Figure 2. Illustration of some of the asymptotic results developed in this paper, applied to the generalised graphon model
defined by Equations (39) and (44) with σ0 = 0.2 and τ0 = 2. (a) Empirical degree distribution for a graph of size
α = 1000 (red) and asymptotic degree distribution (dashed blue, see Corollary 5). (b) Average local (blue) and global
(red) clustering coefficients for 10 graphs of growing sizes. Limit values are represented by dashed lines (see Propositions
10 and 11). (c) Local clustering coefficient for nodes of a given degree j, for a graph of size α = 1000. The limit value
is represented by a dashed line (see Proposition 11).

where (θk, ϑk)k=1,2,... is a unit-rate Poisson process on R2
+. See Figure 1 for an illustration of

the model construction. The function W is a natural generalisation of the graphon for dense
exchangeable graphs (Veitch and Roy, 2015; Borgs et al., 2018) and we refer to it as the graphon
function.

This paper investigates asymptotic properties of the general class of graphs based on ex-
changeable point processes defined by Equations (1) and (2). Our findings can be summarised as
follows.

(i) We relate the sparsity and power-law properties of the graph to the tail behaviour of the
marginal of the graphon function W , identifying four regimes: a) a dense regime, b) a
sparse (almost dense) regime without power-law behaviour, c) a sparse regime with power-
law behaviour, and d) an almost extremely sparse regime. In the sparse, power-law regime,
the power-law exponent is in the range (1, 2).

(ii) We derive the asymptotic properties of the global and local clustering coefficients, two
standard measures of the transitivity of the graph.

(iii) We give a central limit theorem for subgraph counts and for the number of nodes in the
graph.

(iv) We introduce a parametrisation that allows to model separately the global sparsity structure
and other local properties such as community structure. Such a framework enables us to
sparsify any dense graphon model, and to characterise its sparsity properties.

(v) We show that the results apply to a wide range of sparse and dense graphex processes,
including the models studied by Caron and Fox (2017), Herlau et al. (2016) and Todeschini
et al. (2020).

Some of the asymptotic results are illustrated in Figure 2 for a specific graphex process in the
sparse, power-law regime.

The article is organised as follows. In Section 2 we give the notations and the main Assump-
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tions. In Section 3, we derive the asymptotic results for the number of nodes, degree distribution
and clustering coefficients. In Section 4, we derive central limit theorems for subgraphs and for
the number of nodes. Section 5 discusses related work. In Section 6 we provide specific examples
of sparse and dense graphs and show how to apply the results of the previous section to those
models. In Section 7 we describe a generic construction for graphs with local/global structure
and adapt some results of Section 3 to this setting. Most of the proofs are given in the main text,
with some longer proofs in the Appendix, together with some technical lemma and background
material. Other more technical proofs are given in a Supplementary Material (Caron et al., 2020).

Throughout the document, we use the notations Xα ∼ Yα and Xα = o(Yα) respectively
for Xα/Yα → 1 and Xα/Yα → 0. Both notations Xα . Yα and Xα = O(Yα) are used for
lim supXα/Yα < ∞. The notation Xα � Yα means both Xα . Yα and Yα . Xα hold. All
unspecified limits are when α tends to infinity. When Xα and/or Yα are random quantities, the
asymptotic relation is meant to hold almost surely.

2. Notations and Assumptions

2.1. Notations

Let M =
∑
i δ(θi,ϑi) be a unit-rate Poisson random measure on (0,+∞)2 and W : [0,+∞)2 →

[0, 1] a symmetric measurable function such that limx→∞W (x, x) and limx→0W (x, x) both
exist 2 and

0 < W =

∫

R2
+

W (x, y)dxdy <∞,
∫ ∞

0

W (x, x)dx <∞, (3)

Let (Uij)i,j∈N2 be a symmetric array of independent random variables, with Uij ∼ U(0, 1) if
i ≤ j and Uij = Uji for i > j. Let Zij = 1Uij≤W (ϑi,ϑj) be a binary random variable indicating
if there is a link between i and j, where 1A denotes the indicator function.

Restrictions of the point process
∑
ij Zijδ(θi,θj) to squares [0, α]2 then define a growing fam-

ily of random graphs (Gα)α≥0, called a graphex process, where Gα = (Vα, Eα) denotes a graph
of size α ≥ 0 with vertex set Vα and edge set Eα, defined by

Vα = {θi | θi ≤ α and ∃θk ≤ α s.t. Zik = 1} (4)
Eα = {{θi, θj} | θi, θj ≤ α and Zij = 1} . (5)

The connection between the point process and graphex process is illustrated in Figure 3. The
conditions (3) are sufficient (though not necessary) conditions for |Eα| (hence |Vα|) to be almost
surely finite, and the graphex process well defined (Veitch and Roy, 2015, Theorem 4.9). Note
crucially that the graphs Gα have no isolated vertices (that is, no vertices of degree 0), and that
the number of nodes |Vα| and edges |Eα| are both random variables.

2By (3), this implies limx→∞W (x, x) = 0.
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0
1 3 3.5 5 α

(a) Point process
∑
ij Zijδ(θi,θj)

1

(b) α ∈ [1, 3)

13

1.5

(c) α ∈ [3, 3.5)

13

1.5

3.5

(d) α ∈ [3.5, 5)

13

1.5

3.5

5

0.5

(e) α = 5

Figure 3. Illustration of the connection between the point process on the plane and the graphex process. (a) Point process∑
ij Zijδ(θi,θj) on the plane. (b-e) Associated graphs Gα for (b) α ∈ [1, 3), (c) α ∈ [3, 3.5), (d) α ∈ [3.5, 5) and (e)

α = 5. Note that the graph is empty for α < 1.

We now define a number of summary statistics of the graph Gα. For i ≥ 1, let

Dα,i =
∑

k

Zik1θk≤α.

If θi ∈ Vα, then Dα,i ≥ 1 corresponds to the degree of the node θi in the graph Gα of size α;
otherwise Dα,i = 0. Let Nα = |Vα| and Nα,j be the number of nodes and the number of nodes
of degree j, j ≥ 1 respectively,

Nα =
∑

i

1θi≤α1Dα,i≥1, Nα,j =
∑

i

1θi≤α1Dα,i=j (6)

and N (e)
α = |Eα| the number of edges

N (e)
α =

1

2

∑

i 6=j
Zij1θi≤α1θj≤α +

∑

i

Zii1θi≤α. (7)

For i ≥ 1, let

Tα,i =
1

2

∑

j,k|j 6=k 6=i
ZijZjkZik1θi≤α1θj≤α1θk≤α. (8)

If θi ∈ Vα, Tα,i corresponds to the number of triangles containing node θi in the graph Gα,
otherwise Tα,i = 0. Let

Tα =
1

3

∑

i

Tα,i =
1

6

∑

i 6=j 6=k
ZijZjkZik1θi≤α1θj≤α1θk≤α (9)
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denote the total number of triangles and

Aα =
∑

i

Dα,i(Dα,i − 1)

2
=

1

2

∑

i6=j 6=k
ZijZjk1θi≤α1θj≤α1θk≤α (10)

the total number of adjacent edges in the graph Gα. The global clustering coefficient, also known
as the transitivity coefficient, is defined as

C(g)
α =

3Tα
Aα

(11)

if Aα ≥ 1 and 0 otherwise. The global clustering coefficient counts the proportion of closed
connected triplets over all the connected triplets, or equivalently the fraction of pairs of nodes
connected to the same node that are themselves connected, and is a standard measure of the
transitivity of a network (Newman, 2010, Section 7.9). Another measure of the transitivity of the
graph is the local clustering coefficient. For any degree j ≥ 2, define

C
(`)
α,j =

2

j(j − 1)Nα,j

∑

i

Tα,i1Dα,i=j (12)

if Nα,j ≥ 1 and 0 otherwise. C(`)
α,j corresponds to the proportion of pairs of neighbours of nodes

of degree j that are connected. The average local clustering coefficient is obtained by

C
(`)

α =
1

Nα −Nα,1
∑

j≥2

Nα,jC
(`)
α,j (13)

if Nα −Nα,1 ≥ 1 and C
(`)

α = 0 otherwise.

2.2. Assumptions

We will make use of the following three assumptions. Assumption 1 characterises the behaviour
of the small degree nodes. Assumption 2 is a technical assumption to obtain the almost sure
results. Assumption 3 characterises the behaviour of large degree nodes.

A central quantity of interest in the analysis of the asymptotic properties of graphex processes
is the marginal generalised graphon function µ : (0,∞)→ R+, defined for x > 0 by

µ(x) =

∫ ∞

0

W (x, y)dy. (14)

The integrability of the generalised graphon W implies that µ is integrable. Ignoring loops (self-
edges), the expected number of connections of a node with parameter ϑ is proportional to µ(ϑ).
Therefore, assuming µ is monotone decreasing, its behaviour at infinity controls the small degree
nodes, while its behaviour at 0 controls the large degree nodes.
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For mathematical convenience, it will be easier to work with the generalised inverse µ−1 of
µ. The behaviour at 0 of µ−1 then controls the small degree nodes, while the behaviour of µ−1

at infinity controls large degree nodes.
The following assumption characterises the behaviour of µ at infinity or, equivalently, of µ−1

at 0. We require µ−1 to behave approximately as a power function x−σ around 0, for some
σ ∈ [0, 1]. This behaviour, known as regular variation, has been extensively studied (see, e.g.,
Bingham et al. (1987)) and we provide some background on it in Appendix C.

Assumption 1 Assume µ is non-increasing, with generalised inverse µ−1(x) = inf{y > 0 |
µ(y) ≤ x}, such that

µ−1(x) ∼ `(1/x)x−σ as x→ 0 (15)

where σ ∈ [0, 1] and ` is a slowly varying function at infinity: for all c > 0, limt→∞ `(ct)/`(t) =
1.

Examples of slowly varying functions ` include functions converging to a strictly positive con-
stant, or powers of logarithms. Note that Assumption 1 implies that, for σ ∈ (0, 1), µ(t) ∼
`(t)t−1/σ as t → ∞ for some slowly varying function `. We can differentiate four cases, as it
will be formally derived in Corollary 5.

(i) Dense case : σ = 0 and limt→∞ `(t) < ∞. In this case, limx→0 µ
−1(x) < ∞, hence µ

has bounded support. The other three cases are all sparse cases.
(ii) Almost dense case: σ = 0 and limt→∞ `(t) = ∞. In this case µ has full support and

super-polynomially decaying tails.
(iii) Sparse case with power law : σ ∈ (0, 1). In this case µ has full support and polynomially

decaying tails (up to a slowly varying function).
(iv) Very sparse case: σ = 1. In this case µ has full support and very light tails. In order for

µ−1 (and hence W ) to be integrable, we need ` to go to zero sufficiently fast.

Now define, for x, y > 0

ν(x, y) =

∫ ∞

0

W (x, z)W (y, z)dz. (16)

The expected number of common neighbours of nodes with parameters (ϑ1, ϑ2) is proportional
to ν(ϑ1, ϑ2).

The following assumption is a technical assumption needed in order to obtain the almost sure
results on the number of nodes and degrees. Veitch and Roy (2015) made a similar assumption
to obtain results in probability, see the discussion section for further details.

Assumption 2 Assume that there exists C1, a > 0 and x0 ≥ 0 such that for all x, y > x0

ν(x, y) ≤ C1µ(x)aµ(y)a, µ(x0) > 0,

{
a > max

(
1
2 , σ
)

if σ ∈ [0, 1)
a = 1 if σ = 1.

(17)

Remark 1 Assumption 2 is trivially satisfied when the function W is separable W (x, y) =
µ(x)µ(y)/W. Assumptions 1 and 2 are also satisfied if

W (x, y) = 1− e−f(x)f(y)/f (18)
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for some positive, non-increasing, measurable function f with f =
∫∞

0
f(x)dx < ∞ and gen-

eralised inverse f−1 verifying f−1(x) ∼ `(1/x)x−σ as x tends to 0. In this case, µ is monotone
non-increasing. We have

µ{f−1(x)} =

∫ ∞

0

{1− e−xf(y)/f̄}dy = x

∫ ∞

0

e−xu/f̄f−1(u)/f̄du ∼ x

as x tends to 0 by dominated convergence. Hence f{µ−1(x)} ∼ x as x tends to 0 and f−1[f{µ−1(x)}] ∼
`(1/x)x−σ . Assumption 2 follows from the inequality W (x, y) ≤ f(x)f(y)/f . Other examples
are considered in Section 6.

The following assumption is used to characterise the asymptotic behaviour of large degree nodes.

Assumption 3 Assume µ−1(t) =
∫∞
t
f(x)dx where

f(x) ∼ τx−τ−1`2(x) as x→∞

where τ > 0 and `2 is a slowly varying function.

Note that Assumption 3 implies that µ−1(x) ∼ x−τ `2(x) as x→∞, and µ(t) ∼ `2(t)t−1/τ as t→
0 for some slowly varying function `2.

3. Asymptotic behaviour of various statistics of the graph

3.1. Asymptotic behaviour of the number of edges, number of nodes and
degree distribution

In this section we characterise the almost sure and expected behaviour of the number of nodes
Nα, number of edgesN (e)

α and number of nodes with j edgesNα,j . These results allow us to pro-
vide precise statements about the sparsity of the graph and the asymptotic power-law properties
of its degree distribution.

We first recall existing results on the asymptotic growth of the number of edges. The growth
of the mean number of edges has been shown by Veitch and Roy (2015) and the almost sure
convergence follows from (Borgs et al., 2018, Proposition 56).

Proposition 2 (Number of edges (Veitch and Roy, 2015; Borgs et al., 2018)) As α goes to in-
finity, almost surely

N (e)
α ∼ E(N (e)

α ) ∼ α2W/2. (19)

The following two theorems provide a description of the asymptotic behaviour of the terms
Nα, Nα,j in expectation and almost surely.

Theorem 3 For σ ∈ [0, 1], let `σ be slowly varying functions defined as

`1(t) =

∫ ∞

t

y−1`(y)dy and `σ(t) = `(t)Γ(1− σ) for σ ∈ [0, 1). (20)
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Under Assumption 1, for all σ ∈ [0, 1],

E(Nα) ∼ α1+σ`σ(α). (21)

If σ = 0 then for j ≥ 1
E(Nα,j) = o{α`(α)}.

If σ ∈ (0, 1) then for j ≥ 1

E(Nα,j) ∼
σΓ(j − σ)

j!
α1+σ`(α)

Finally, if σ = 1,

E(Nα,j) ∼
{

α2`1(α) j = 1
α2

j(j−1)`(α) j ≥ 2

Theorem 3 follows rather directly from asymptotic properties of regularly varying func-
tions (Gnedin et al., 2007), recalled in Lemma B.2 and B.3 in the Appendix. Details of the
proof are given in Appendix A.1.

Veitch and Roy (2015) have shown that, under Assumption 2 with a = 1, we have, in proba-
bility,

Nα ∼ E(Nα),
∑

k≥j
Nα,k ∼ E


∑

k≥j
Nα,k


 for j ≥ 1.

The next theorem shows that the asymptotic equivalence holds almost surely under the weaker
Assumption 2. Additionally, combining these results with Theorem 3 allows us to characterise
the almost sure asymptotic behaviour of the number of nodes and number of nodes of a given
degree. The proof of Theorem 4 is given in Section 3.2.

Theorem 4 Under Assumptions 1 and 2, we have almost surely as α tends to infinity

Nα ∼ E(Nα),
∑

k≥j
Nα,k ∼ E


∑

k≥j
Nα,k


 for j ≥ 1. (22)

Combining this with Theorem 3, we obtain that, for all σ ∈ [0, 1],

Nα ∼ α1+σ`σ(α).

Moreover, for j ≥ 1, if σ = 0 then Nα,j = o{α`(α)}, while if 0 < σ < 1

Nα,j ∼
σΓ(j − σ)

j!
α1+σ`(α).

If σ = 1, Nα,1 ∼ α2`1(α) and for all j ≥ 2 we also have, Nα,j = o{α2`1(α)}.
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The following result is a corollary of Theorem 4 which shows how the parameter σ relates to
the sparsity and power-law properties of the graphs. We denote `# the de Bruijn conjugate (see
definition C.3 in the Appendix) of the slowly varying function `.

Corollary 5 (Sparsity and power-law degree distribution) Assume Assumptions 1 and 2. For
σ ∈ [0, 1], almost surely as α tends to infinity,

N (e)
α ∼ W

2
N2/(1+σ)
α `∗σ(Nα), `∗σ(y) =

[{
`1/(1+σ)
σ (y1/1+σ)

}#
]2

.

`∗σ(y) is slow varying and the graph is dense if σ = 0 and limt→∞ `(t) = C < ∞, as
N

(e)
α /N2

α → C2W/2 almost surely. Otherwise, if σ > 0 or σ = 0 and limt `(t) = ∞, the
graph is sparse, as N (e)

α /N2
α → 0. Additionally, for σ ∈ [0, 1), for any j = 1, 2, . . .,

Nα,j
Nα

→ σΓ(j − σ)

j!Γ(1− σ)
(23)

almost surely. If σ > 0, this corresponds to a degree distribution with a power-law behaviour as,
for j large

σΓ(j − σ)

j!Γ(1− σ)
∼ σ

Γ(1− σ)j1+σ
.

For σ = 1, Nα,1/Nα → 1 and Nα,j/Nα → 0 for j ≥ 2, hence the nodes of degree 1 dominate
in the graph.

Remark 6 If σ = 0 and limt→∞ `(t) = ∞, the graph is almost dense, that is N (e)
α /N2

α →
0 and N (e)

α /N2−ε
α →∞ for any ε > 0. If σ = 1, the graph is almost extremely sparse (Bollobás

and Riordan, 2009), as N (e)
α /Nα →∞ and N (e)

α /N1+ε
α → 0 for any ε > 0.

The above results are important in terms of modelling aspects, since they allow a precise
description of the degrees and number of edges as a function of the number of nodes. They can
also be used to conduct inference on the parameters of the statistical network model, since the
behaviour of most estimators will depend heavily on the behaviour of Nα, N

(e)
α and possibly

Nα,j . For instance the following naive estimator3 of σ

σ̂ =
2 logNα

logN
(e)
α

− 1 (24)

is almost surely consistent. Indeed under Assumptions 1 and 2, using Theorems 2 and 4, we have
almost surely N2

α ∼ α2+2σ`σ(α)2 and N (e)
α ∼ α2W/2. Hence

log
N2
α

N
(e)
α

∼ 2σ log(α) + log{`σ(α)22/W}

3Following an earlier version of the present paper, Naulet et al. (2017) proposed an alternative estimator for σ, with
better statistical properties.
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and the result follows as log `σ(α)/ logα→ 0.

All the above results depend on the behaviour of small degree nodes. It is also of interest to
look at, for α fixed, the number of nodes of degree j for large j. We show in the next proposition
that this is controlled by the high degree nodes.

Proposition 7 (Power-law for high degree nodes) Assume that Assumption 3 holds for some
τ > 0 and some slowly varying function `2. Then, for fixed graph size α

E(Nα,j) ∼
ατ+1τ`2(j)

j1+τ
as j →∞.

This corresponds to a power-law behaviour with exponent 1 + τ .

Proof. Under Assumption 3, we have µ−1(t) =
∫∞
t
f(x)dx with

f(x) ∼ τx−τ−1`2(x) as x→∞

where τ > 0 and `2 is a slowly varying function. It implies limt→0 µ(t) =∞. From (Veitch and
Roy, 2015, Theorem 5.5), we have

E(Nα,j) = α

∫ ∞

0

(1−W (ϑ, ϑ))e−αµ(ϑ) (αµ(ϑ))j

j!
dϑ+ α

∫ ∞

0

e−αµ(ϑ)W (ϑ, ϑ)
(αµ(ϑ))j−1

(j − 1)!
dϑ

= α

∫ ∞

0

(1−W (µ−1(x), µ−1(x)))e−αx
(αx)j

j!
f(x)dx

+ α

∫ ∞

0

e−αxW (µ−1(x), µ−1(x))
(αx)j−1

(j − 1)!
f(x)dx

Note that limx→∞W (µ−1(x), µ−1(x)) ∈ [0, 1] exists. Using Corollary B.6 (Willmot, 1990,
Theorem 2.1.) in the Appendix, we obtain that, for fixed α,

E(Nα,j) ∼
ατ+1τ`2(j)

j1+τ
as j →∞.

3.2. Proof of Theorem 4

The proof follows similarly to that of (Veitch and Roy, 2015, Theorem 3.1), by bounding the vari-
ance. Veitch and Roy (2015) showed that var(Nα) = o(E(Nα)2) and var(Nα,j) = o(E(Nα,j)

2)
and use this result to prove that (22) holds in probability; we need a slightly tighter bound on the
variances to obtain the almost sure convergence. This is stated in the next two Propositions.
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Proposition 8 Let Nα be the number of nodes. We have

var(Nα) = E(Nα) + 2α2

∫

R+

µ(x){1−W (x, x)}e−αµ(x)dx

+ α2

∫

R2
+

{1−W (x, y)}{1−W (x, x)}{1−W (y, y)}
{
eαν(x,y) − 1 +W (x, y)

}
e−αµ(x)−αµ(y)dxdy. (25)

Under Assumptions 1 and 2, with σ ∈ [0, 1], slowly varying function ` and positive scalar a
satisfying (17), we have

var(Nα) = O{α3+2σ−2a`σ(α)2}. (26)

where the slowly varying functions `σ are defined in Equation (20). Additionally, under Assump-
tions 1 and 4, we have, for any σ ∈ [0, 1] and any slowly varying function `

var(Nα) � α1+2σ`2σ(α). (27)

The proof of Proposition 8 is given in Section S1.1 in the Supplementary Material (Caron et al.,
2020). Proposition 8 and Theorem 3 imply in particular that, under Assumptions 1 and 2,

var(Nα) = O{E(Nα)2α−κ}
for some κ > 0. Nα is a positive, monotone increasing stochastic process. Using Lemma B.1 in
the Appendix, we obtain that Nα ∼ E(Nα) almost surely as α tends to∞.

Proposition 9 Let Nα,j be the number of nodes of degree j. Then, under Assumptions 1 and 2,
with σ ∈ [0, 1], slowly varying function ` and positive scalar a satisfying (17), we have

var(Nα,j) = O{α3+2σ−2a`σ(α)2}.
where the slowly varying functions `σ are defined in Equation (20). In the case σ = 0 and a = 1,
we have the stronger result

var(Nα,j) = o{α`(α)2}.
The proof of Proposition 9 is given in Section S1.2 in the Supplementary Material (Caron et al.,
2020). Define Ñα,j =

∑
k≥j Nα,k, the number of nodes of degree at least j. Note that Ñα,j is a

positive, monotone increasing stochastic process in α, with Ñα,j = Nα −
∑j−1
k=1Nα,k. We then

have that, using Cauchy-Schwarz and Jensen’s inequalities

E(Ñα,j) = E(Nα)−
j−1∑

k=1

E(Nα,k), var(Ñα,j) ≤ j
{

var(Nα) +

j−1∑

k=1

var(Nα,k)

}
.

Consider first the case σ ∈ [0, 1). Since Theorem 3 implies, for j ≥ 2, α1+σ`(α) . E(Ñα,j)

as α goes to infinity, using Propositions 8 and 9, we obtain var(Ñα,j) = O{α−τE(Ñα,j)
2} for

some τ > 0. Combined with Lemma B.1, it leads to Ñα,j ∼ E(Ñα,j) almost surely as α goes to
infinity.

The almost sure results for Nα,j then follow from the fact that, for all j ≥ 2, E(Ñα,j) �
E(Nα) if σ ∈ (0, 1), E(Ñα,j) ∼ E(Nα) if σ = 0 and E(Ñα,j) = o{E(Nα)} if σ = 1.
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3.3. Asymptotic behaviour of the clustering coefficients

The following Proposition is a direct corollary of (Borgs et al., 2018, Proposition 56) who showed
the almost sure convergence of subgraph counts in graphex processes.

Proposition 10 (Global clustering coefficient (Borgs et al., 2018)) Assume
∫∞

0
µ(x)2dx <∞.

Recall that Tα and Aα are respectively the number of triangles and number of adjacent edges in
the graph of size α. We have

Tα ∼ E(Tα) =
α3

6

∫

R3
+

W (x, y)W (x, z)W (y, z)dxdydz,

Aα ∼ E(Aα) =
α3

2

∫ ∞

0

µ(x)2dx

almost surely as α→∞. Therefore, if
∫∞

0
µ(x)2dx > 0, the global clustering coefficient defined

in Equation (11) converges to a constant

C(g)
α →

∫
R3

+
W (x, y)W (x, z)W (y, z)dxdydz

∫∞
0
µ(x)2dx

almost surely as α→∞.

Note that if µ is monotone decreasing, as W < ∞, we necessarily have
∫∞
a
µ(x)2dx < ∞

for any a > 0. Hence the condition
∫∞

0
µ(x)2dx < ∞ in Proposition 10 requires additional

assumptions on the behaviour of µ at 0 (or equivalently the behaviour of µ−1 at∞), which drives
the behaviour of large degree nodes. If the graph is dense, µ is bounded and thus

∫∞
0
µ(x)2dx <

∞.

Proposition 11 (Local clustering coefficient) Assume Assumptions 1 and 2 hold with σ ∈ (0, 1).
Assume additionally that

lim
x→∞

∫
R2

+
W (x, y)W (x, z)W (y, z)dydz

µ(x)2
→ b (28)

for some b ∈ [0, 1]. Then the local clustering coefficients converge in probabiltiy as α→∞:

C
(`)
α,j → b ∀j ≥ 2.

If b > 0, the above result holds almost surely, and the average local clustering coefficient satisfies

lim
α→∞

C
(`)

α → b, almost surely.

In general,

lim
x→∞

1

µ(x)2

∫
W (x, y)W (x, z)W (y, z)dydz 6=

∫
W (x, y)W (x, z)W (y, z)dxdydz∫

µ(x)2dx
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and the global clustering and local clustering coefficients converge to different limits. A notable
exception is the separable case where W (x, y) = µ(x)µ(y)/W , since in this case

∫
W (x, y)W (x, z)W (y, z)dydz = W

−3
µ(x)2

(∫
µ(y)2dy

)2

, b =

(∫
µ(y)2dy

)2

W
3

and ∫
W (x, y)W (x, z)W (y, z)dydzdx = W

−3
(∫

µ(y)2dy

)3

.

Sketch of the proof. Full details are given in Appendix A.2, and we only give here a sketch of
the proof, which is similar to that of Theorem 4. We have

C
(`)
α,j =

2Rα,j
j(j − 1)Nα,j

, where Rα,j =
∑

i

Tα,i1Dα,i=j

Rα,j corresponds to the number of triangles having a node of degree j as a vertex, where triangles
havingk ≤ 3 degree-j nodes as vertices are counted k times.

We obtain an asymptotic expression forE(Rα,j), and show that var(Rα,j) = O(α1−2a[E(Rα,j)]
2).

We then prove that Rα,j/E(Rα,j) goes to 1 almost surely. The latter is obtained by proving that
Rα,j is nearly monotonic increasing by constructing an increasing sequence αn going to infinity
such that E(Rαn,j)/E(Rαn+1,j) goes to 1 and such that for all α ∈ (αn, αn+1)

Rαn,j − R̃n,j ≤ Rα,j ≤ Rαn+1,j + R̃n,j , R̃n,j = op(E(Rαn,j)).

Roughly speaking R̃n,j corresponds to the sum of the number of triangles from i, over the set i
such that Dn,i ≤ j and i has at least one connection with some i′ such that θi′ ∈ (αn, αn+1).
The result for the local clustering coefficient then follows from Toeplitz lemma (see e.g. (Loève,
1977, p. 250)).

4. Central limit theorems

We now present central limit theorems (CLT) for subgraph counts (number of edges, triangles,
etc.) and for the number of nodes Nα. Subgraph counts can be expressed as U -statistics of Pois-
son random measures (up to an asymptotically negligible term). A CLT then follows rather di-
rectly from CLT on U -statistics of Poisson random measures (Reitzner and Schulte, 2013).

Obtaining a CLT for quantities like Nα is more challenging, since these cannot be reduced to
U -statistics. We prove in this Section the CLT forNα and we separate the dense and sparse cases
because the techniques of the respective proofs are very different. The proof of the sparse case
requires additional assumptions and is much more involved. We believe that the same technique
of proof can be used for other quantities of interest, such as the number Nα,j of nodes of degree
j; with more tedious computations.
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4.1. CLT for subgraph counts

4.1.1. Statement of the result

Let F be a given subgraph, which has neither isolated vertices nor loops. Denote |F | the number
of nodes, {1, · · · , |F |} the set of vertices and e(F ) the set of edges. Let N (F )

α be the number of
subgraphs F in the graph Gα:

N (F )
α = k(F )

6=∑

(v1,··· ,v|F |)

∏

(i,j)∈e(F )

Zvi,vj1θvi≤α1θvj≤α,

where k(F ) is a constant accounting for the multiple counts of F , that we can omit in the rest
of the discussion since it does not depend on α. Note that this statistics covers the number
of edges (excluding loops) if |F | = 2 and the number of triangles if |F | = 3 and e(F ) =
{(1, 2), (1, 3), (2, 3)}. It is known in the graph literature as the number of injective adjacency
maps from the vertex set of F to the vertex set of Gα, see (Borgs et al., 2018, Section 2.5).

Proposition 12 Let F be a subgraph without self edges nor isolated vertices. Assume that∫∞
0
µ(x)2|F |−2dx <∞. Then

N
(F )
α − E

(
N

(F )
α

)

√
var
(
N

(F )
α

) → N (0, 1), (29)

as α goes to infinity, where

E(N (F )
α ) = k(F )α

|F |
∫

R|F |+

∏

(i,j)∈e(F )

W (xi, xj)dx1 · · · dx|F | <∞ (30)

and
var(N (F )

α ) ∼ cFα2|F |−1

for some positive constant cF that depends only on F .

Remark 13 If the graph is dense, µ is a bounded function with bounded support and there-
fore

∫∞
0
µ(x)pdx < ∞ for any p. In the sparse case, if µ is monotone, we necessarily have∫∞

a
µ(x)pdx < ∞ for any p > 1. The condition

∫∞
0
µ(x)2|F |−2dx < ∞ therefore requires

additional assumptions on the behaviour of µ at 0, which drives the behaviour of large degree
nodes.

4.1.2. Proof

The main idea of the proof is to use the decomposition

N (F )
α − E(N (F )

α ) = E(N (F )
α |M)− E(N (F )

α ) +N (F )
α − E(N (F )

α |M), (31)
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and to show that E(N
(F )
α |M) is a geometric U -Statistic of a Poisson process, for which CLT

have been derived by Reitzner and Schulte (2013).
In this section, denote K = |F | ≥ 2 the number of nodes of the subgraph F . The subgraph

counts are

N (F )
α = k(F )

6=∑

(v1,··· ,vK)

(
K∏

k=1

1θvk≤α

)
1

|SK |
∑

π∈SK

∏

(i,j)∈e(F )

Zvπi ,vπj

where SK denotes the set of permutations of {1, . . . ,K}.
Using the extended Slivnyak-Mecke theorem, we have

E(N (F )
α ) = k(F )α

K

∫

RK+

∏

(i,j)∈e(F )

W (xi, xj)dx1 · · · dxK . (32)

As
∫∞

0
µ(x)K−1dx < ∞, Lemma 62 in (Borgs et al., 2018) implies that E(N

(F )
α ) < ∞. For

any K ≥ 2, define the symmetric function

f(x1, . . . , xK) =
1

|SK |
∑

π∈SK

∏

(i,j)∈e(F )

W (xπi , xπj );

additionally, using condition (3) and
∫∞

0
µ(x)K−1dx <∞, it satisfies 0 <

∫
RK+

f(x1, . . . , xK)dx1 . . . dxK <
∞.

We state the following useful lemma.

Lemma 14 The function f satisfies for all xK ≥ 0

g(xK) :=

∫

RK−1
+

f(x1, . . . , xK−1, xK)dx1 . . . dxK−1 ≤ C0 max(µ(xK), µ(xK)K−1)

for some constant C0.

Proof. Let π ∈ SK and rK ∈ {1, . . . ,K} be such that πrK = K. Denote S ⊆ {1, . . . ,K − 1}
the set of indices i such that (i, rK) ∈ e(F ) and i has no other connections in F . Then

∫

RK−1
+

∏

(i,j)∈e(F )

W (xπi , xπj )dx1 . . . dxK−1 ≤ C1

∫

R|S|+

[∏

i∈S
W (xπi , xK)dxi

]

= C1µ(xK)|S| ≤ C1 max(µ(xK), µ(xK)K−1)

for some constant C1.
It follows from Lemma 14 and from the fact that

∫∞
0
µ(x)dx <∞ that, if

∫∞
0
µ(x)2K−2dx <

∞, then

∫ ∞

0

(∫

RK−1
+

f(x1, . . . , xK−1, y)dx1 . . . dxK−1

)2

dy <∞.
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We are now ready to derive the asymptotic expression for the variance of N (F )
α . Using the

extended Slivnyak-Mecke theorem again,

E((N (F )
α )2) = E(E((N (F )

α )2 |M))

= k2
(F )E




6=∑

(v1,··· ,vK ,v′1,...,v′K)

f(ϑv1 , . . . , ϑvK )f(ϑv′1 , . . . , ϑv′K )
K∏

k=1

1θvk≤α1θv′k≤α




+ k2
(F )K

2E




6=∑

(v1,··· ,vK ,
v′1,...,v

′
K−1)

f(ϑv1 , . . . , ϑvK )f(ϑv′1 , . . . , ϑv′K−1
, ϑvK )1θvK≤α

K−1∏

k=1

1θvk≤α1θv′k≤α




+O(α2K−2)

= k2
(F )K

2α2K−1

∫

R2K−1
+

f(x1, . . . , xK)f(x′1, . . . , x
′
K−1, xK)dx1, . . . dxKdx

′
1 . . . dx

′
K−1

+ E(N (F )
α )2 +O(α2K−2).

It follows that

var(N (F )
α ) ∼ k2

(F )K
2α2K−1σ2

F

as α tends to infinity, where

σ2
F =

∫ ∞

0

(∫

RK−1
+

f(x1, . . . , xK−1, y)dx1 . . . dxK−1

)2

dy <∞.

We now prove the CLT. The first term of the right-handside of Equation (31) takes the form

E(N (F )
α |M) = k(F )

6=∑

(v1,··· ,vK)

f(ϑv1 , . . . , ϑvK )

K∏

i=1

1θvi≤α. (33)

By the superposition property of Poisson random measures, we have

E(N (F )
α |M)

d
= k(F )

6=∑

(v1,··· ,vK)

f(ϑ̃v1 , . . . , ϑ̃vK )

K∏

i=1

1θ̃vi≤1

where the right-handside is a geometric U -statistic (Reitzner and Schulte, 2013, Definition
5.1) of the Poisson point process {(θ̃i, ϑ̃i)i≥1} with mean measure αdθ̃dϑ̃ on [0, 1] × R+. The-
orem 5.2 in Reitzner and Schulte (2013) therefore implies that

E(N
(F )
α |M)− E(N

(F )
α )√

var(E(N
(F )
α |M))

→ N (0, 1) (34)
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where var(E(N
(F )
α | M)) ∼ var(N

(F )
α ) ∼ k2

(F )|F |2α2|F |−1σ2
F . One can show similarly (proof

omitted) that var(N
(F )
α − E(N

(F )
α | M)) = o(α2|F |−1). It follows from Equations (31), (34)

and Chebyshev inequality that

N
(F )
α − E(N

(F )
α )√

var(N
(F )
α )

→ N (0, 1)

as α tends to infinity.

4.2. CLT for Nα (dense case)

4.2.1. Statement of the result

In the dense case, µ has a bounded support. If it is monotone decreasing, then Assumption 1 is
satisfied with σ = 0 and `(t) = sup{x > 0 | µ(x) > 0} is constant. In this case a central limit
theorem (CLT) applies, as described in the following theorem.

Theorem 15 (Dense case) Assume that Assumption 1 holds with σ = 0 and `(t) = C ∈ (0,∞)
where C = sup{x > 0 | µ(x) > 0} (dense case). Also assume Assumption 2 holds with a = 1.
Then

Nα − E(Nα)√
αC

→ N (0, 1). (35)

Moreover, E(Nα) = αC −mα,0 where

mα,0 = α

∫ C

0

e−αµ(x)(1−W (x, x))dx = o(α). (36)

mα,0 can be interpreted as the expected number of degree 0 nodes, and is finite in the dense
case. mα,0 can either diverge or converge to a constant as α tends to infinity, as shown in the
following examples.

Example 16 Consider µ(x) = 1x∈[0,1], µ(x) = (1− x)21x∈[0,1] and µ(x) = (1− x)31x∈[0,1].

We respectively have mα,0 → 0, mα,0 ∼
√
π

2 α1/2 and mα,0 ∼ Γ(4/3)α2/3.

The above CLT for Nα can be generalised to Ñα,j =
∑
k≥j Nα,k, the number of nodes of

degree at least j.

Theorem 17 Assume that Assumption 1 holds with σ = 0 and `(t) = C ∈ (0,∞) where
C = sup{x > 0 | µ(x) > 0} (dense case). Also assume Assumption 2 holds with a = 1. Then,
for any j ≥ 1

Ñα,j − E(Ñα,j)√
αC

→ N (0, 1). (37)

Moreover, E(Ñα,1) = E(Nα) = αC − mα,0 and for j ≥ 2, E(Ñα,j) = αC − mα,0 −∑j−1
k=1E(Nα,j) where mα,0 is defined in Equation (36) and E(Nα,j) is defined in Equation

(51). Note that mα,0 = o(α) and for any j ≥ 1, E(Nα,j) = o(α).
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4.2.2. Proof

For a point (θ, ϑ) such that ϑ > C, its degree is necessarily equal to zero, as µ(ϑ) = 0. Write

Nα = Qα −Nα,0, where Qα =
∑

i

1θi≤α1ϑi≤C ;

Qα is the total number of nodes i with θi ≤ α that could have a connection (hence such that
µ(ϑi) > 0), and

Nα,0 =
∑

i

1θi≤α1ϑi≤C1Dα,i=0

is the set of nodes i with degree 0, but for which θi ≤ α, µ(ϑi) > 0. In the dense regime,
both Qα and Nα,0 are almost surely finite. (Qα)α≥0 is a homogeneous Poisson process with
rate C. By the law of large numbers, Qα ∼ αC ∼ Nα almost surely as α tends to infin-
ity. Using Campbell’s theorem, the Slivnyak-Mecke formula, and monotone convergence, we
haveE(Nα,0) = α

∫ C
0

(1−W (x, x))e−αµ(x)dx = o(α). We also have that

E(N2
α,0)−E(Nα,0) = α2

∫ C

0

∫ C

0

(1−W (x, x))(1−W (y, y))(1−W (x, y))e−αµ(x)−αµ(y)+αν(x,y)dxdy.

Hence, using the inequality ex − 1 ≤ xex, we obtain

var(Nα,0) = α2

∫ C

0

∫ C

0

(1−W (x, x))(1−W (y, y))(1−W (x, y))e−αµ(x)−αµ(y)+αν(x,y)dxdy

− α2

(∫ C

0

(1−W (x, x))e−αµ(x)dx

)2

+ E(Nα,0)

≤ E(Nα,0) + α3

∫ C

0

∫ C

0

ν(x, y)e−αµ(x)−αµ(y)+αν(x,y)dxdy.

Using Lemma B.7 in the Appendix and Assumption 2 with a = 1,
∫ C

0

∫ C

0

ν(x, y)e−α/2µ(x)−α/2µ(y)dxdy = o(α−2).

It follows that var(Nα,0) = o(α). This implies, using Chebyshev’s inequality, the CLT for Pois-
son processes and Slutsky’s theorem that

Nα − E(Nα)√
αC

=
Qα − αC√

αC
− Nα,0 − E(Nα,0)√

αC
→ N (0, 1).

This concludes the proof of Theorem 15. The proof of Theorem 17 follows similarly. Note
that the case j = 1 in Theorem 17 corresponds to Theorem 15. For any j ≥ 2, Ñα,j = Qα −
Nα,0 −

∑j−1
k=1Nα,k. We have, using Cauchy-Schwarz inequality and Proposition 9,

var

(
Nα,0 +

j−1∑

k=1

Nα,k

)
≤ j

(
var(Nα,0) +

j−1∑

k=1

var(Nα,k)

)
= o(α)
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This implies

Ñα,j − E(Ñα,j)√
αC

=
Qα − αC√

αC
− Nα,0 +

∑j−1
k=1Nα,k − E(Nα,0 +

∑j−1
k=1Nα,k)√

αC
→ N (0, 1).

4.3. CLT for Nα (sparse case)

4.3.1. Statement of the result

We now assume that we are in the sparse regime, that is µ has unbounded support. We make the
following additional assumptions in order to prove the asymptotic normality. Both assumptions
hold when W is separable, as well as in the model of Caron and Fox (2017) under some moment
conditions (see Section 6.5).

Assumption 4 Assume that there exists 0 < C0 ≤ C1 and x0 ≥ 0 such that for all x, y > x0

C0µ(x)µ(y) ≤ ν(x, y) ≤ C1µ(x)µ(y).

Assumption 5 Assume that for any j ≤ 6, and any (x1, . . . , xj) ∈ Rj+
∫ ∞

0

j∏

i=1

W (xi, y)dy ≤
j∏

i=1

L(xi)µ(xi)

where L is a locally integrable, slowly varying function converging to a (strictly positive) con-
stant, and such that ∫ ∞

0

L(x)µ(x)dx <∞.

Obviously, Assumption 4 implies that Assumption 2 is satisfied with a = 1.
We now state the central limit theorem for Nα under the sparse regime. Recall that in this

case, when Assumption 1 holds, we either have σ = 0 and `(t)→∞ or σ ∈ (0, 1].

Theorem 18 (Sparse case) Assume that µ has an unbounded support (sparse regime). Under
Assumptions 1, 4 and 5, we have

Nα − E(Nα)√
var(Nα)

→ N (0, 1).

Remark 19 As detailed in Proposition 8, under Assumptions 1 and 4, we have, for any σ ∈ [0, 1]
and any slowly varying function `, var(Nα) � α1+2σ`2σ(α) where the slowly varying function
`σ is defined in Equation (20).

4.3.2. Proof

The proof uses the recent results of Last et al. (2016) on normal approximations of non-linear
functions of a Poisson random measure. We have the decomposition

Nα − E(Nα) = (Nα − E(Nα |M)) + (E(Nα |M)− E(Nα))

= (Nα − E(Nα |M)) + (M(hα)− E(Nα)) + fα(M)
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where
fα(M) =

∑

i

1θi≤α
[
(1−W (ϑi, ϑi))e

−αµ(ϑi) − e−M(gα,ϑi )
]

is a nonlinear functional of the Poisson random measure M , and

M(hα) =
∑

i

1θi≤α
[
1− (1−W (ϑi, ϑi))e

−αµ(ϑi)
]

is a linear functional of M with hα(θ, ϑ) = 1θ≤α
[
1− (1−W (ϑ, ϑ))e−αµ(ϑ)

]
. Theorem 18 is

a direct consequence of the following three propositions and of Slutsky’s theorem.

Proposition 20 Under Assumptions 1 and 4, we have

Nα − E(Nα |M) =

{
O(α1/2+σ/2`

1/2
σ (α)) if σ ∈ [0, 1)

o(α1/2`1/2(α)) if σ = 0
in probability

hence
Nα − E(Nα |M)√

var(Nα)
→ 0 in probability.

Proposition 21 Under Assumptions 1 and 4, we have

M(hα)− E(Nα) = O(α1/2+σ/2`1/2(α)) in probability

hence, if µ has an unbounded support,

M(hα)− E(Nα)√
var(Nα)

→ 0 in probability.

Proposition 22 Assume µ has an unbounded support. Under Assumptions 1, 4 and 5, we have

fα(M)√
var(Nα)

→ N (0, 1).

The above three propositions are proved in Section S2 of the Supplementary Material (Caron
et al., 2020). The most challenging part is Proposition 22, where we use the results of (Last et al.,
2016, Theorem 1.1) on the normal approximation of non-linear functionals of Poisson random
measures. This requires the determination of tight bounds on integrals involving expectations of
multiple moments of terms of the form

DzFα =
fα(M + δz)− fα(M)√

var(Nα)
,

Dz1,z2Fα =
fα(M + δz1 + δz2))− fα(M + δz1)− fα(M + δz2) + fα(M)√

var(Nα)
.

The obtention of these bounds requires tedious calculations. The details are given in Section S2.3
of the Supplementary Material (Caron et al., 2020).
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5. Related work and Discussion

Veitch and Roy (2015) proved that Equation (22) holds in probability, under slightly different
assumptions: they assume that Assumption 2 holds with a = 1 and that µ is differentiable,
with some conditions on the derivative, but do not make any assumption on the existence of σ
or `. We note that for all the examples considered in Section 6, Assumptions 1 and 2 are always
satisfied, but Assumption 2 does not hold with a = 1 for the non-separable graphon function (38).
Additionally, the differentiability condition does not hold for some standard graphon models
such as the stochastic blockmodel. Borgs et al. (2018) proved, amongst other results, the almost
sure convergence of the subgraph counts in graphex models (Theorem 56). For the subclass of
graphon models defined by Equation (39), Caron and Fox (2017) provided a lower bound on
the growth in the number of nodes, and therefore an upper bound on the sparsity rate, using
assumptions of regular variation similar to (40). Applying the results derived in this Section, we
show in Section 6.5 that the bound is tight, and we derive additional asymptotic properties for
this particular class.

As mentioned in the introduction, another class of (non projective) models that can produce
sparse graphs are sparse graphons (Bollobás and Riordan, 2009; Bickel and Chen, 2009; Bickel
et al., 2011; Wolfe and Olhede, 2013). In particular, a number of authors considered the follow-
ing sparse graphon model, where two nodes i and j in a graph of size n connect with probability
ρnW (Ui, Uj) where W : [0, 1]2 → [0, 1] is the symmetric graphon function, measurable and
symmetric and ρn → 0. Although such model can capture sparsity, it has rather different prop-
erties compared to those of graphex models. For example, the global clustering coefficient for
this sparse graphon model converges to 0, while the clustering coefficient converges to a positive
constant, as shown in Proposition 10.

Also graphex processes include as a special case dense vertex-exchangeable random graphs (Hoover,
1979; Aldous, 1981; Lovász and Szegedy, 2006; Diaconis and Janson, 2008), that is models
based on a graphon on [0, 1]. They also include as a special case the class of graphon mod-
els over more general probability spaces (Bollobás et al., 2007); see (Borgs et al., 2018, p.21)
for more details. Some other classes of graphs, such as geometric graphs arising from Poisson
processes in different spaces (Penrose, 2003), cannot be cast in this framework.

6. Examples of sparse and dense models

We provide here some examples of the four different cases: dense, almost dense, sparse and
almost extremely sparse. We also show that the results of the previous section apply to the par-
ticular model studied by Caron and Fox (2017).

6.1. Dense graph

Let us consider the graphon function

W (x, y) = (1− x)(1− y) 1x≤1 1y≤1
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which has bounded support. The corresponding marginal graphon function µ(x) = 1x≤1(1 −
x)/2 has inverse µ−1(x) = `(1/x) where `(1/x) = (1 − 2x)1x≤1/2 is slowly varying since
`(1/x)→ 1. Assumptions 1 and 2 are satisfied, hence by Theorem 4 and Corollary 5

Nα ∼ α, N (e)
α ∼ α2/8, N (e)

α ∼ N2
α/8,

Nα,j
Nα

→ 0 j ≥ 1

almost surely as α→∞. The function W is separable and C(g)
α → 4/9.

6.2. Sparse, almost dense graph without power-law

Consider the graphon function, considered by Veitch and Roy (2015),

W (x, y) = e−x−y

which has full support. The corresponding function µ(x) = e−x has inverse µ−1(x) = `(1/x) =
log(1/x)10<x<1, which is a slowly varying function. We have `∗0(x) = 1/ log(x)2. Assumptions
1 and 2 are satisfied and

Nα ∼ α log(α), N (e)
α ∼ α2/2, N (e)

α ∼ N2
α

2 log(Nα)2
,

Nα,j
Nα

→ 0 for all j = 1, 2, . . .

The function W is separable, and C(g)
α → 1/4.

6.3. Sparse graphs with power-law

We consider two examples here, a separable and a non-separable one. Interestingly, while both
examples have similar power-law behaviours regarding the degree distribution, the clustering
properties are very different. In the first example, the local clustering coefficient converges to a
strictly positive constant, while in the second example, it converges to 0.

Separable example. First, consider the function

W (x, y) = (x+ 1)−1/σ(y + 1)−1/σ

with σ ∈ (0, 1). We have µ(x) = σ(x + 1)−1/σ/(1 − σ), µ−1(x) = x−σ(1/σ − 1)−σ − 1,
`(t) ∼ (1/σ − 1)−σ and `∗σ(t) ∼ {(1/σ − 1)−σΓ(1− σ)}−2/(1+σ). Assumptions 1 and 2 are
satisfied. We have Nα ∼ α1+σΓ(1− σ)(1/σ − 1)−σ , N (e)

α ∼ α2σ2/{2(1− σ)2} and

N (e)
α ∼ σ2

{
Γ(1− σ)( 1

σ − 1)−σ
}− 2

1+σ

2(1− σ)2
N2/(1+σ)
α ,

Nα,j
Nα

→ σΓ(j − σ)

j!Γ(1− σ)
, j ≥ 1.

The function is separable, and we obtain, for σ ∈ (0, 1)

lim
α→∞

C(g)
α =

(
1− σ
2− σ

)2

and lim
α→∞

C
(`)
α,j =

(
1− σ
2− σ

)2

almost surely.
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Non-separable example. Consider now the non-separable function

W (x, y) = (x+ y + 1)−1/σ−1 (38)

where σ ∈ (0, 1). We have µ(x) = σ(x + 1)−1/σ , µ−1(x) = σσx−σ − 1, `(t) ∼ σσ and
`∗σ(t) ∼ {σσΓ(1− σ)}−2/(1+σ). Assumptions 1 and 2 are satisfied as for all (x, y) ∈ R2

+

W (x, y) ≤ (x+ 1)−1/(2σ)−1/2(y + 1)−1/(2σ)−1/2 = σ−1−σµ(x)
1+σ
2 µ(y)

1+σ
2 .

We have Nα ∼ α1+σΓ(1− σ)σσ , N (e)
α ∼ α2σ2/{2(1− σ)} and

N (e)
α ∼ σ2 [Γ(1− σ)σσ]

− 2
1+σ

2(1− σ)
N2/(1+σ)
α ,

Nα,j
Nα

→ σΓ(j − σ)

j!Γ(1− σ)
, j ≥ 1.

We have
∫
µ(x)2dx = σ3

2−σ . There is no analytical expression for
∫
W (x, y)W (y, z)W (x, z)dxdydz,

but this quantity can be evaluated numerically, and is non-zero, so the global clustering coeffi-
cient converges almost surely to a non-zero constant for any σ ∈ (0, 1). For the local clustering
coefficient, we have µ(x)2 ∼ σ2x−2/σ as x→∞ and

∫
W (x, y)W (x, z)W (y, z)dydz ≤ x−2/σ−2

∫
(y + z + 1)dydz = o(µ(x)2).

Hence the local clustering coefficients C(`)
α,j converge in probability to 0 for all j.

6.4. Almost extremely sparse graph

Consider the function

W (x, y) =
1

(x+ 1)(1 + log(1 + x))2

1

(y + 1)(1 + log(1 + y))2
.

We have W = 1 and µ(x) = (x+ 1)−1(1 + log(1 + x))−2 and, using properties of inverses of
regularly varying functions, µ−1(x) ∼ x−1`(1/x) as x→ 0, where `(t) = log(t)−2 is a slowly
varying function. We have, for t > 1, `1(t) =

∫∞
t
x−1`(x)dx = 1/ log(t) and `∗1(t) ∼ log(t)/2.

Assumptions 1 and 2 are satisfied, and almost surely

N (e)
α ∼ α2/2, Nα ∼

α2

log(α)
, N (e)

α ∼ 1

4
Nα log(Nα),

Nα,1
Nα

→ 1,
Nα,j
Nα

→ 0 for all j ≥ 2.

∫
µ(x)2dx = 1

6 (2+eEi(−1)) ' 0.24 where Ei is the exponential integral, henceC(g)
α → 0.0576

almost surely.
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6.5. Model of Caron and Fox (2017)

Caron and Fox (2017) studied a particular subclass of non-separable graphon models. This class
is very flexible and allows to span the whole range of sparsity and power-law behaviours de-
scribed in Section 3. As shown by Caron and Fox (2017), efficient Monte Carlo algorithms can
be developed for estimating the parameters of this class of models. Additionally, (Borgs et al.,
2019, Corollary 1.3) recently showed that this class is the limit of some sparse configuration
models, providing further motivation for the study of their mathematical properties.

Let ρ be a Lévy measure on (0,+∞) and ρ(x) =
∫∞
x
ρ(dw) the corresponding tail Lévy

intensity with generalised inverse ρ−1(x) = inf{u > 0|ρ(u) < x}. Caron and Fox (2017)
introduced the model defined by

W (x, y) =

{
1− e−2ρ−1(x)ρ−1(y) x 6= y

1− e−{ρ−1(x)}2 x = y
. (39)

w = ρ−1(x) can be interpreted as the sociability of a node with parameter x. The larger this
value, the more likely it is to connect to other nodes. The tail Lévy intensity ρ is a monotone
decreasing function; its behaviour at 0 will control the low degree nodes while its behaviour at
infinity will control the behaviour of high degree nodes.

The following proposition formalises this and shows how the results of Sections 3 and 4 apply
to this model. Its proof is given in Section 6.6.

Proposition 23 Consider the graphon function W defined by Equation (39) with Lévy measure
ρ and tail Lévy intensity ρ. Assume m =

∫∞
0
wρ(dw) <∞ and

ρ(x) ∼ x−σ ˜̀(1/x) as x→ 0 (40)

for some σ ∈ [0, 1] and some slowly varying function ˜̀. Then Equation (3) and Assumptions 1
and 2 hold, with a = 1 and `(x) = (2m)σ ˜̀(x). Proposition 2, Theorems 3, 4 and Corollary
5 therefore hold. If

∫∞
0
ψ(2w)2ρ(dw) < ∞, where ψ(t) =

∫
(1 − e−wt)ρ(dw) is the Laplace

exponent, then the global clustering coefficient converges almost surely

lim
α→∞

C(g)
α =

∫
R3

+
(1− e−2xy)(1− e−2xz)(1− e−2yz)ρ(dx)ρ(dy)ρ(dz)

∫∞
0
ψ(2w)2ρ(dw)

and when σ ∈ (0, 1), Proposition 11 holds and for any j ≥ 2

lim
α→∞

C
(`)
α,j = lim

α→∞
C

(`)

α = 1−
∫
R2

+
yze−2yzρ(dy)ρ(dz)

m2
,

almost surely. For a given subgraph F , the CLT for the number of such subgraphs (Proposi-
tion 12) holds if

∫
ψ(2ρ−1(x))2|F |−2dx <∞. Under Assumption 1, this condition always holds

if σ = 0; for σ ∈ (0, 1], it holds if ρ(x) = O(x−(2|F |−2)σ−ε) as x→∞ for some ε > 0. In this
case, we have

N
(F )
α − E(N

(F )
α )√

var(N
(F )
α )

→ N (0, 1). (41)
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Moreover, if
∫
w6ρ(dw) < ∞, then Assumptions 4 and 5 also hold. It follows that Theo-

rems 15, 17 and 18 apply and, for any σ ∈ [0, 1] and any `,

Nα − E(Nα)√
var(Nα)

→ N (0, 1). (42)

Finally, assume σ ∈ (0, 1) and ˜̀(t) = c > 0. If additionally

ρ(x) ∼ c0x−στ as x→∞ (43)

for some τ > 0, c0 > 0 then Assumption 3 is also satisfied with τ > 0, `2(x) = c0
2στ cτΓ(1−σ)τ

and Proposition 7 applies; that is, for fixed α

E(Nα,j) ∼
α1+ττ`2(j)

j1+τ
as j →∞.

We consider below two specific choices of mean measures ρ. Both measures have similar prop-
erties for large graph size α, but different properties for large degrees j.

Generalised Gamma measure. Let ρ be the generalised gamma measure

ρ(dw) = 1/Γ(1− σ0)w−1−σ0e−τ0wdw (44)

with τ0 > 0 and σ0 ∈ (−∞, 1). The tail Lévy intensity satisfies

ρ(x) ∼





1
Γ(1−σ0)σ0

x−σ0 σ0 > 0

log(1/x) σ0 = 0

− τ
σ0
0

σ0
σ0 < 0

as x→ 0. Then for σ0 ∈ (0, 1) (sparse with power-law)

N (e)
α � N2/(1+σ0)

α ,
Nα,j
Nα

→ σ0Γ(j − σ0)

j!Γ(1− σ0)
, j ≥ 1.

For σ0 = 0 (sparse, almost dense), N (e)
α � N2

α/ log(Nα)2 and Nα,j/Nα → 0, j ≥ 1; for
σ0 < 0 (dense) N (e)

α � N2
α and Nα,j/Nα → 0, j ≥ 1 almost surely as α tends to infinity. The

constants in the asymptotic results are omitted for simplicity of exposure but can be obtained as
well from the results of Section 3.

∫
wpρ(dw) < ∞ for all p ≥ 1, hence the global clustering

coefficient converges, and the CLT applies for the number of subgraphs and the number of nodes.
Note that Equation (43) is not satisfied, as the Lévy measure has exponentially decaying tails, and
Proposition 7 does not apply. The asymptotic properties of this model are illustrated in Figure 2
for σ0 = 0.2 and τ0 = 2 (sparse, power-law regime).
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Generalised gamma Pareto measure. Consider the generalised gamma Pareto measure, in-
troduced by Ayed et al. (2019, 2020)

ρ(dw) =
1

Γ(1− σ)
w−1−στγ(σ(τ − 1), βw)dw

where γ(s, x) =
∫ x

0
us−1e−udu is the lower incomplete gamma function, c > 0, τ > 1, σ ∈

(0, 1). The tail Lévy intensity satisfies

ρ(x) ∼ cx−σ as x→ 0

ρ(x) ∼ c0x−στ as x→∞

where c = βσ(τ−1)

σ2(τ−1)Γ(1−σ) and c0 = Γ(σ(τ−1))
στΓ(1−σ) . It is both regularly varying at 0 and infinity and

satisfies (40) and (43). We therefore have, almost surely,

N (e)
α � N2/(1+σ)

α ,
Nα,j
Nα

→ σ0Γ(j − σ)

j!Γ(1− σ)
, j ≥ 1.

Proposition 7 applies and, for large degree nodes,

E(Nα,j) ∼
τα1+τ c0

2στ cτΓ(1− σ)τ
1

j1+τ
as j →∞.

The global clustering coefficient converges if τ > 2, and the CLT applies for the number of
subgraphs F if τ > 2|F | − 2, and for the number of nodes if στ > 6.

6.6. Proof of Proposition 23

The marginal graphon function is given by µ(x) = ψ(2ρ−1(x)) whereψ(t) =
∫∞

0
(1−e−wt)ρ(dw)

is the Laplace exponent. Its generalised inverse is given by µ−1(x) = ρ(ψ−1(x)/2). The Laplace
exponent satisfies ψ(t) ∼ mt as t → 0. It therefore follows that µ−1 satisfies Assumption 1
with `(x) = (2m)σ ˜̀(x). Ignoring loops, the model is of the form given by Equation (18) with
f(x) = 2mρ−1(x). Assumption 2 is therefore satisfied. Regarding the global clustering co-
efficient,

∫
ψ(2w)2ρ(dw) ≤ 4

∫
w2ρ(dw) < ∞ so its limit is finite. For the local clustering

coefficient, using dominated convergence and the inequality 1−e−2ρ−1(x)y

2ρ−1(x)
≤ y, we obtain

∫
W (x, y)W (y, z)W (x, z)dydz =

∫
(1− e−2ρ−1(x)y)(1− e−2ρ−1(x)z)(1− e−2yz)ρ(dy)ρ(dz)

∼ 4ρ−1(x)2

∫
yz(1− e−2yz)ρ(dy)ρ(dz)

Using the fact that µ(x) = ψ(2ρ−1(x)) ∼ 2mρ−1(x) as x→∞, we obtain the result. Finally, if
ρ satisfies (40), then ψ(t) ∼ Γ(1−σ)˜̀(t)tσ as t→∞. Using (Bingham et al., 1987, Proposition
1.5.15)

ψ−1(t) ∼ Γ(1− σ)−1/σ ˜̀#1/σ(t1/σ)t1/σ
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as t → ∞, where ˜̀# is the de Bruijn conjugate of ˜̀. We obtain ψ−1(t) = `3(t1/σ)t
1
σ where `3

is a slowly varying function with`3(t1/σ) ∼ ˜̀#1/σ(t1/σ)Γ(1− σ)−1/σ as t→∞. We therefore
haveµ−1(t) ∼ c02−τσ`3(t1/σ)στ tτ as t→∞. If ˜̀(t) = c, then `3(t) = (cΓ(1− σ))−1/σ .

For the CLT for the number of subgraphs F to hold, we need
∫∞

0
µ(x)2|F |−2dx < ∞. As

µ is monotone decreasing and integrable, we only need µ(x)2|F |−2 = ψ(2ρ−1(x))2|F |−2 to be
integrable in a neighbourhood of 0. In the dense case, ψ(t) is bounded, and the condition holds.
If ρ satisfies (40), then ψ(t) ∼ Γ(1 − σ)˜̀(t)tσ as t → ∞. For σ ∈ (0, 1] (sparse regime) the
condition holds if ρ(x) = O(x−(2|F |−2)σ−ε) as x→∞ for some ε > 0.

We now check the assumptions for the CLT for the number of nodes. Noting again that µ(x) ∼
2mρ−1(x) as x→∞, we have, using the inequality 1− e−x ≤ x,

ν(x, y) =

∫ (
1− e−2ρ−1(x)w

)(
1− e−2ρ−1(y)w

)
ρ(dw)

≤ L(x)L(y)µ(x)µ(y)

where L(x) = 2ρ
−1(x)
µ(x)

√∫
w2ρ(dw)→

√∫
w2ρ(dw)/m as x→∞. Using now the inequality

1− e−x ≥ xe−x, we have

ν(x, y) ≥ 4ρ−1(x)ρ−1(y)

∫
w2e−2(ρ−1(x)+ρ−1(y))wρ(dw)

As
∫
w2e−2(ρ−1(x)+ρ−1(y))wρ(dw)→

∫
w2ρ(dw) as min(x, y)→∞, there isC0 = 2

∫
w2ρ(dw)

and x0 such that for all x, y > x0, ν(x, y) ≥ C0µ(x)µ(y).
More generally, if

∫
w6ρ(dw) <∞, then for any j ≤ 6

∫ ∞

0

j∏

i=1

W (xi, y)dy ≤
j∏

i=1

L(xi)µ(xi)

whereL(x) = 2ρ
−1(x)
µ(x) max

(
1,maxj=1,...,6

∫
wjρ(dw)

)
→ max

(
1,maxj=1,...,6

∫
wjρ(dw)

)
/m

as x → ∞. Note also that
∫
L(x)µ(x)dx = 2 max

(
1,maxj=1,...,6

∫
wjρ(dw)

) ∫
wρ(dw) <

∞.

7. Sparse and dense models with local structure
In this section, we develop a class of models which allows to control separately the local struc-
ture, for example the presence of communities or particular subgraphs, and the global sparsity/power-
law properties. The class of models introduced can be used as a way of sparsifying any dense
graphon model.

7.1. Statement of the results

Due to Kallenberg’s representation theorem, any exchangeable point process can be represented
by Equation (2). However, it may be more suitable to use a different formulation where the
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functionW is defined on a general space, not necessarily R2
+, as discussed by Borgs et al. (2018).

Such a construction may lead to more interpretable parameters and easier inference methods.
Indeed, a few sparse vertex-exchangeable models, such as the models of Herlau et al. (2016) or
Todeschini et al. (2020) are written in a way such that it is not straightforward to express them in
the form given by (2).

In this section we show that the above results easily extend to models expressed in the fol-
lowing way. Let F be a probability space. Writing ϑ = (u, v) ∈ R+ × F , let ξ(dϑ) = duG(dv)
where G is some probability distribution on F . Consider models expressed as in (1) with

Zij | (θk, ϑk)k=1,2,... ∼ Bernoulli{W (ϑi, ϑj)}, W : (R+ × F )2 → [0, 1] (45)

where (θk, ϑk)k=1,2,∞ are the points of a Poisson point process with mean measure dθξ(dϑ) on
R+× (R+×F ). Let us assume additionally that the function W factorizes in the following way

W ((ui, vi), (uj , vj)) = ω(vi, vj)η(ui, uj). (46)

where ω : F × F → [0, 1] and the function η : R+ × R+ → [0, 1] is integrable. In this
model ω can capture the local structure, as in the classical dense graphon, and η the spar-
sity behaviour of the graph. Let µη(u) =

∫∞
0
η(u, u′)du′, µω(v) =

∫
F
ω(v, v′)G(dv′) and

νη(x, y) =
∫
R2

+
η(x, z)η(y, z)dz. The results presented in Section 3 remain valid when µη and

νη satisfy Assumptions 1 and 2. The proof of Proposition 24 is given in Section 7.2.

Proposition 24 Consider the model defined by Equations (45) and (46) and assume that the
functions µη and νη satisfy assumptions 1 and 2. Then the conclusions of Proposition 2 hold and
so do the conclusions of Theorems 3 and 4 with `(α) and `1(α) replaced respectively by

˜̀(α) = `(α)

∫

F

µω(v)σG(dv), ˜̀
1(α) = `1(α)

∫

F

µω(v)σG(dv).

Consider for example the following class of models for sparse and dense stochastic block-
models.

Example 25 (Dense and Sparse stochastic block-models) Consider F = [0, 1] and G the uni-
form distribution on [0, 1]. We choose for ω the graphon function associated to a (dense) stochas-
tic block-model. For some partition A1, . . . , Ap of [0, 1], and any v, v′ ∈ [0, 1], let

ω(v, v′) = Bk,` (47)

with v ∈ Ak, v′ ∈ A` and B is a p × p matrix where Bk,` ∈ [0, 1] denotes the probability
that a node in community k forms a link with a node in community `. ω defines the community
structure of the graph, and η will tune its sparsity properties. Choosing η(x, y) = 1x≤11y≤1

yields the dense, standard stochastic block-model. Choosing η(x, y) = exp(−x − y) yields a
sparse stochastic block-model without power-law behaviour, etc. An illustration of this model to
obtain sparse stochastic block-models with power-law behaviour, generalizing the model of Sec-
tion 6.3, is given in Figure 4. The function ω is defined by: A1 = [0, 0.5), A2 = [0.5, 0.8), A3 =
[0.8, 1], B11 = 0.7, B22 = 0.5, B33 = 0.9, B12 = B13 = 0.1, B23 = 0.05 and η(x, y) =
(1 + x)−1/σ(1 + y)−1/σ , with σ = 0.8.
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(a) Function ω (b) Function η

(c) Sampled graph (d) Empirical degree distribution of the sam-
pled graph

Figure 4. Illustration of a sparse stochastic block-model with 3 communities. (a) Function ω, that controls the local
community structure. A darker color represents a higher value. (b) Function η, that controls the sparsity. (c) Graph
sampled from the sparse stochastic block-model using α = 50. The size of each node are proportional to its degree. (d)
Empirical degree distribution of the sampled graph.

More generally, one can build on the large literature on (dense) graphon/exchangeable graph
models, and combine these models with a function η satisfying Assumptions 1 and 2, such as
those described in the previous section, in order to sparsify a dense graphon and control its
sparsity/power-law properties.

Remark 26 We can also obtain asymptotic results for those functions W that do not satisfy the
separability condition (46). Let µ(u, v) =

∫
R+×F W ((u, v), (u′, v′))du′dv′. Assume that, for

each fixed v, there exists u0(v) > 0 such that for u > u0

C3µ̃η(u)µ̃ω(v) ≤ µ(u, v) ≤ C4µ̃η(u)µ̃ω(v) (48)

where µ̃ω : F → R+, µ̃η : R+ → R+ with µ̃η(u) =
∫∞

0
η̃(u, u′)du′ for some positive function

η̃, and C3 > 0 and C4 > 0. Assume that µ̃η and ν̃η verify Assumptions 1 and 2. Then the results
of Theorems 3 and 4, Corollary 5 hold up to a constant. For example, we have for σ ∈ [0, 1],
N

(e)
α � N

2/(1+σ)
α `∗σ(Nα) almost surely as α tends to infinity. In particular, the inequality from



31

(48) is satisfied if
W ((ui, vi), (uj , vj)) = 1− e−ω̃(vi,vj)η̃(ui,uj). (49)

The models developed by Herlau et al. (2016) and Todeschini et al. (2020) for capturing (over-
lapping) communities fit in this framework. Ignoring loops, both models can be written under
the form given by Equation (49) with η̃(u, u′) = 2ρ−1(u)ρ−1(u′), where ρ is a Lévy measure
on (0,+∞) and ρ(x) =

∫∞
x
ρ(dw) is the tail Lévy intensity with generalised inverse ρ−1(x).

When ω̃ is given by Equation (47), it corresponds to the (dense) stochastic blockmodel graphon
of Herlau et al. (2016) and if ω̃(vi, vj) = vTi vj with vi ∈ Rp+, it corresponds to the model of
Todeschini et al. (2020). For instance, let ρ be the mean measure from Equation (44) with pa-
rameters τ0 > 0 and σ0 ∈ (−∞, 1). Then for σ0 ∈ (0, 1), the corresponding sparse regime with
power-law for this graph is given by

N (e)
α � N2/(1+σ0)

α ,
C3

C4

σ0Γ(j − σ0)

j!Γ(1− σ0)
≤ lim
α→∞

Nα,j
Nα

≤ C4

C3

σ0Γ(j − σ0)

j!Γ(1− σ0)
, j ≥ 1

For σ0 = 0 (sparse, almost dense regime) N (e)
α � N2

α/ log(Nα)2 and Nα,j/Nα → 0, j ≥ 1; for
σ0 < 0 (dense regime)N (e)

α � N2
α andNα,j/Nα → 0, j ≥ 1 almost surely as α tends to infinity.

7.2. Proof of Proposition 24

The proofs of Proposition 2 and Theorems 3 and 4 hold with x replaced by (u, v) ∈ R+ × F ,
dx = duG(dv) and µ(x) = µη(u)µω(v). We thus need only prove that if η verifies Assumptions
1 and 2 then Lemmas B.2, B.3 and B.4 in Appendix hold. Recall that µ(x) = µη(u)µω(v), for
x = (u, v). Then for all v such that µω(v) > 0 we apply Lemma B.2 to

g0(t) =

∫ ∞

0

(1− e−tµη(u))du, gr(t) =

∫ ∞

0

µη(u)re−tµη(u)du, t = αµω(v).

This leads to, for all v such that µω(v) > 0
∫ ∞

0

(1− e−αµω(v)µη(u))du = Γ(1− σ)ασ`(α)µω(v)σ
`{αµω(v)}

`(α)
{1 + o(1)}

= Γ(1− σ)ασ`(α)µω(v)σ{1 + o(1)}.

To prove that there is convergence in L1(G), note that if µω(v) > 0 and since µω ≤ 1,
∫ ∞

0

(1− e−αµω(v)µη(u))du =

∫ ∞

0

µ−1
η

{
z

αµω(v)

}
e−zdz ≤

∫ ∞

0

µ−1
η

( z
α

)
e−zdz.

Moreover

sup
α≥1

1

ασ`(α)

∫ ∞

0

µ−1
η

( z
α

)
e−zdz < +∞,

thus the Lebesgue dominated convergence theorem implies
∫

F

∫ ∞

0

(1− e−αµω(v)µη(u))duG(dv) ∼ Γ(1− σ)ασ`(α)

∫

F

µω(v)σG(dv)
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when σ < 1 and when σ = 1,
∫

F

∫ ∞

0

(1− e−αµω(v)µη(u))duG(dv) ∼ α`1(α)

∫

F

µω(v)G(dv).

The same reasoning is applied to the integrals
∫

F

µω(v)r
∫ ∞

0

µη(u)re−αµω(v)µη(u))duG(dv).

To verify Lemma B.3, note that

h0(α) =

∫

F

ω(v, v)

∫ ∞

0

η(u, u)(1− e−αµω(v)µη(u))duG(dv),

hr(α) =

∫

F

ω(v, v)µω(v)r
∫ ∞

0

η(u, u)µη(u)re−αµω(v)µη(u)duG(dv)

so that the Lebesgue dominated convergence Theorem also leads to

h0(α) ∼
∫

F

ω(v, v)

∫ ∞

0

η(u, u)duG(dv), hr(α) = o(α−r)

and the control of the integrals
∫
R+×F {tµ(u, v)}e−tµ(u,v)duG(dv) as in Lemma B.4.

8. Conclusion

In this article, we derived a number of properties of graphs based on exchangeable random mea-
sures. We relate the sparsity and power-law properties of the graphs to the regular variation
properties of the marginal graphon function, identifying four different regimes, from dense to
almost extremely sparse. We derived asymptotic results for the global and local clustering coef-
ficients. We derived a central limit theorem for the number of nodes Nα in the sparse and dense
regimes, and for the number of nodes of degree greater than j in the dense regime. We conjecture
that a CLT also holds for Nα,j in the sparse regime, under assumptions similar to Assumptions
4 and 5, and that a (lengthy) proof similar to that of Theorem 18 could be used. We leave this for
future work.
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A. Proofs of Theorem 3 and Proposition 11

Let gα,x(θ, ϑ) be defined, for any α, x, θ, ϑ > 0, by

gα,x(θ, ϑ) = − log{1−W (x, ϑ)}1θ≤α. (50)

A.1. Proof of Theorem 3

The mean number of nodes is (Veitch and Roy, 2015, Theorem 5.4)

E(Nα) = α

∫

R+

{1− e−αµ(x)}dx+ α

∫

R+

W (x, x)e−αµ(x)dx.

By the Lebesgue dominated convergence, we have α
∫
R+
W (x, x)e−αµ(x)dx = o(α). We have,

using Lemma B.2, for σ ∈ [0, 1), as α goes to infinity
∫
R+

(1− e−αµ(x))dx ∼ ασ`(α)Γ(1− σ),

and for σ = 1,
∫
R+
{1− e−αµ(x)}dx ∼ α`1(α). It follows that, as α goes to infinity

E(Nα) ∼
{
ασ+1`(α)Γ(1− σ) if σ ∈ [0, 1)
α2`1(α) if σ = 1

.

The mean number of nodes of degree j is (Veitch and Roy, 2015, Theorem 5.5)

E(Nα,j) =
αj+1

j!

∫

R+

(1−W (ϑ, ϑ))e−αµ(ϑ)µ(ϑ)jdϑ+
αj

j − 1!

∫

R+

e−αµ(ϑ)W (ϑ, ϑ)µ(ϑ)j−1dϑ

(51)

Lemma B.3, implies that

−α
j+1

j!

∫

R+

W (ϑ, ϑ)e−αµ(ϑ)µ(ϑ)jdϑ+
αj

j − 1!

∫

R+

e−αµ(ϑ)W (ϑ, ϑ)µ(ϑ)j−1dϑ = o(α)

and from Lemma B.2, we have, when σ ∈ [0, 1)

αj+1

j!

∫

R+

e−αµ(ϑ)µ(ϑ)jdϑ ∼ σΓ(j − σ)

j!
α1+σ`(α).

If σ = 1, then α2
∫
R+
e−αµ(ϑ)µ(ϑ)dϑ ∼ α2`1(α) and for j ≥ 2

αj+1

j!

∫

R+

e−αµ(ϑ)µ(ϑ)jdϑ ∼ 1

j(j − 1)
α2`(α).

We finally obtain, for σ ∈ [0, 1) E(Nα,j) ∼ σΓ(j−σ)
j! α1+σ`(α), and for σ = 1, E(Nα,1) ∼

α2`1(α), and E(Nα,j) ∼ α2/{j(j − 1)}`(α), for j ≥ 2.
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A.2. Proof of Proposition 11

For j ≥ 1, define
Rαj =

∑

i

Tαi1Dαi=j . (52)

Rαj corresponds to the number of triangles having a node of degree j as a vertex, where triangles
having k ≤ 3 degree-j nodes as vertices are counted k times. We therefore have

C
(`)
α,j =

2

j(j − 1)

Rαj
Nα,j

.

The proof for the asymptotic behaviour of the local clustering coefficients C(`)
α,j is organised

as follows. We first derive a convergence result for E(Rαj). This result is then extended to an
almost sure result. The extension requires some additional work as Rαj is not monotone, and∑
j≥k Rαk is monotone but not of the same order as Rαj , hence a proof similar to that for Nαj

(see Section 3.2) cannot be used. The almost sure convergence results for C(`)
α,j and C

(`)

α then
follow from the almost sure convergence result for Rαj .

We have

Rαj =
∑

i

Tαi1Dαi=j =
1

2

∑

i6=l 6=k
ZilZikZlk1∑

s Zis=j1θs≤α
1θi≤α1θl≤α1θk≤α

and

E (Rαj |M) =
1

2

∑

i 6=l 6=k
W (ϑi, ϑl)W (ϑi, ϑk)W (ϑl, ϑk)

1

(j − 2)!

×
∑

i1 6=i2...6=ij−2 6=l 6=k

[
j−2∏

s=1

W (ϑi, ϑs)

]
e
−∑

s 6=l,k,i1,...,ij−2
gα,ϑi (θs,ϑs)

=
1

2 (j − 2)!

∑

i 6=l 6=k 6=i1 6=i2... 6=ij−2

W (ϑi, ϑl)W (ϑi, ϑk)W (ϑl, ϑk)(1−W (ϑi, ϑi))

×
[
j−2∏

s=1

W (ϑi, ϑs)

]
e
−∑

s 6=l,k,i1,...,ij−2
gα,ϑi (θs,ϑs)

+
1

2(j − 3)!

∑

i 6=l 6=k 6=i1 6=i2...6=ij−3

W (ϑi, ϑi)W (ϑi, ϑl)W (ϑi, ϑk)W (ϑl, ϑk)

×
j−3∏

s=1

W (ϑi, ϑs)e
−∑

s 6=i,l,k,i1,...,ij−3
gα,ϑi (θs,ϑs)
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where gα,x(θ, ϑ) is defined in Equation (50). Applying the Slivnyak-Mecke theorem, we obtain

E (Rαj) =
αj+1

2(j − 2)!

∫

R3
+

W (x, y)W (x, z)W (y, z)(1−W (x, x))µ(x)j−2e−αµ(x)dxdydz

+
αj

2(j − 3)!

∫

R3
+

W (x, y)W (x, z)W (y, z)W (x, x)µ(x)j−3e−αµ(x)dxdydz. (53)

Note that under Assumption 1 with σ ∈ (0, 1), µ(x) > 0 for all x. The leading term in the
right-handside of Equation (53) is the first term. We have therefore

E (Rαj) ∼
αj+1

2(j − 2)!

∫

R3
+

L(x)µ(x)je−αµ(x)dxdydz

where

L(x) =
(1−W (x, x))

∫
R2

+
W (x, y)W (x, z)W (y, z)dydz

µ(x)2
.

As limx→∞W (x, x) = 0, the condition (28) implies limx→∞ L(x) = b.

Case b > 0. Assume first that b > 0. In this case, L is a slowly varying function by assumption.
Therefore, using Lemma B.5, we have, under Assumption 1, for σ ∈ (0, 1)

∫ ∞

0

L(x)µ(x)je−αµ(x)dx ∼ σb`(α)Γ(j − σ)ασ−j .

as α tends to infinity. Hence

E (Rαj) ∼
bσΓ(j − σ)

2(j − 2)!
α1+σ`(α) (54)

as α tends to infinity. In order to obtain a convergence in probability, we state the following
proposition, whose proof is given in Section S1.3 in the Supplementary Material (Caron et al.,
2020) and is similar to that of Proposition 9.

Proposition A.1 Under Assumptions 1 and 2, with σ ∈ [0, 1], slowly varying function ` and
positive scalar a satisfying (17), we have

var

(∑

i

Tαi1Dαi=j

)
= O{α3+2σ−2a`σ(α)2} as α→∞,

and for any sequence αn going to infinity such that αn+1 − αn = o(αn),

var

(∑

i

Tαn+1i1Dαni=j1
∑
i′ 1αn<θi′≤αn+1

Zii′=1

)
= O

(
α3+2σ−2a
n `σ(αn)2

)
as n→∞.
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We now want to find a subsequence αn along which the convergence is almost sure. Using
Chebyshev’s inequality and the first part of Proposition A.1, there exists n0 ≥ 0 and C ≥ 0 such
that for all n > n0

pr

(∣∣∣∣
Rαnj

E(Rαnj)
− 1

∣∣∣∣ > ε

)
≤ Cα3+2σ−2a

n `σ(αn)2

ε2( bσΓ(j−σ)
2(j−2)! α

1+σ
n `(αn))2

.

Now, if Assumption 2 is satisfied for a given a > 1/2, consider the sequence

αn = (n log2 n)1/(2a−1) (55)

so that
∑
n α

1−2a
n < +∞ and

∑

n

pr

(∣∣∣∣
Rαnj

E(Rαnj)
− 1

∣∣∣∣ > ε

)
<∞.

Therefore, using Borel-Cantelli’s lemma we have

Rαnj ∼
bσΓ(j − σ)

2(j − 2)!
α1+σ
n `(αn)

almost surely as n→∞.
The goal is now to extend this result to Rαj , by sandwiching. Let Iα := {i : θi ≤ α}. We

have the following upper and lower bounds for Rαj
∑

i∈Iαn

Tαni1Dαi=j ≤
∑

i∈Iα
Tαi1Dαi=j ≤

∑

i∈Iαn+1

Tαn+1i1Dαi=j . (56)

Considering the upper bound of (56):
∑

i∈Iαn+1

Tαn+1i1Dαi=j ≤
∑

i∈Iαn+1

Tαn+1i1Dαn+1i
=j +

∑

i∈Iαn+1

Tαn+1i1Dαi=j1Dαn+1i
>j

≤ Rαn+1j + R̃nj (57)

where
R̃nj =

∑

i∈Iαn+1

Tαn+1i1Dαni≤j1
∑
i′ 1αn<θi′≤αn+1

Zii′≥1. (58)

We can bound the lower bound of (56) by
∑

i∈Iαn

Tαni1Dαi=j ≥
∑

i∈Iαn

Tαni1Dαni=j1Dαi=j

≥
∑

i∈Iαn

Tαni1Dαni=j −
∑

i∈Iαn

Tαni1Dαni=j1Dαn+1i>j

≥
∑

i∈Iαn

Tαni1Dαni=j −
∑

i∈Iαn+1

Tαn+1i1Dαni≤j1
∑
i′ 1αn<θi′≤αn+1

Zii′≥1

= Rαnj − R̃nj . (59)
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The following Lemma, proved in Section S1.4 of the Supplementary Material (Caron et al.,
2020), provides an asymptotic bound for the remainder term R̃nj .

Lemma A.2 Let R̃nj be defined as in Equation (58). If Assumptions 1 and 2 hold with σ ∈ (0, 1)
and slowly varying function `, and condition (28) is satisfied with b > 0, we have

R̃nj = o(α1+σ
n `(αn))

almost surely as α tends to infinity.

Combining Lemma A.2 with the inequalities (56), (57) and (59), and the fact that Rαnj ∼
Rαn+1j � α1+σ

n `(αn) almost surely as n→∞, we obtain by sandwiching

Rαj ∼
bσΓ(j − σ)

2(j − 2)!
α1+σ`(α) almost surely as α tends to infinity.

Recalling that Nα,j ∼ σΓ(j−σ)
j! α1+σ`(α) almost surely, we have, for any j ≥ 1

C
(`)
α,j =

2Rαj
j(j − 1)Nα,j

→ b almost surely as α tends to infinity.

Finally, as Nα,j
Nα−Nα,1 converges to a constant πj ∈ (0, 1) almost surely for any j, we have, using

Toeplitz lemma

C
(`)

α =
1

Nα −Nα,1
∑

j≥2

Nα,jC
(`)
α,j → b

almost surely as α tends to infinity.

Case b = 0. In the case L(x) → 0, Lemma B.5 gives
∫∞

0
L(x)µ(x)je−αµ(x)dx = o(ασ−j)

hence, by Markov inequality
Rαj = o(α1+σ`(α))

and C(`)
αj → 0 in probability as α tends to infinity.

B. Technical Lemma
The proof of the following lemma follows similarly to the proof of Proposition 2 in (Gnedin
et al., 2007), and is omitted here.

Lemma B.1 Let (Xt)t≥0 be some positive monotone increasing stochastic process with finite
first moment (E(Xt))t≥0 ∈ RVγ where γ ≥ 0 (see Definition C.1). Assume

var(Xt) = O{t−aE(Xt)
2}

for some a > 0. Then
Xt

E(Xt)
→ 1 almost surely as t→∞.
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The following lemma is a compilation of results from Propositions 17, 18 and 19 in Gnedin
et al. (2007).

Lemma B.2 Let µ : R+ → R+ be a positive, right-continuous and monotone decreasing func-
tion with

∫∞
0
µ(x)dx <∞ and generalised inverse µ−1(x) = inf{y > 0 | f(y) ≤ x} satisfying

µ−1(x) = x−σ`(1/x) (60)

where σ ∈ [0, 1] and ` is a slowly varying function. Consider

g0(t) =

∫ ∞

0

(1− e−tµ(x))dx, gr(t) =

∫ ∞

0

e−tµ(x)µ(x)rdx. r ≥ 1.

Then, for any σ ∈ [0, 1)
g0(t) ∼ Γ(1− σ)tσ`(t) as t→∞

and, for r ≥ 1, {
gr(t) ∼ tσ−r`(t)σΓ(r − σ) if σ ∈ (0, 1)
gr(t) = o{tσ−r`(t)} if σ = 0

as t→∞. For σ = 1, as t→∞,

g0(t) ∼ t`1(t), g1(t) ∼ `1(t), gr(t) ∼ t1−r`(t)Γ(r − 1)

where `1(t) =
∫∞
t
x−1`(x)dx. Note that `(t) = o(`1(t)) hence gr(t) = o{t1−r`1(t)}.

Lemma B.3 Let µ : R+ → R+ be a positive, monotone decreasing function, and u : R+ →
[0, 1] a positive and integrable function with

∫∞
0
u(x)dx <∞. Consider h0(t) =

∫∞
0
u(x)(1−

e−tµ(x))dx and for r ≥ 1 hr(t) =
∫∞

0
u(x)e−tµ(x)µ(x)rdx.

Then, as t→∞.
h0(t) ∼

∫ ∞

0

u(x)dx, hr(t) = o(t−r), r ≥ 1.

Proof. h0(t)→
∫∞

0
u(x)dx by dominated convergence. Using Proposition C.5,

th1(t)∫∞
0
u(x)dx

→ 0

Proceed by induction for the final result.

Lemma B.4 Let µ be a non-negative, non-increasing function on R+, with
∫∞

0
µ(x)dx < ∞

and such that its generalised inverse µ−1 verifies µ−1(x) ∼ x−σ`(1/x) as x→ 0 with σ ∈ [0, 1]
and ` a slowly varying function. Then as t→∞, for all r > σ

∫

R+

µ(x)re−tµ(x)dx = O{tσ−r`(t)}
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Proof. Let r > σ. Let U(y) = µ−1(1/y). U is non-negative, non-decreasing, with U(y) ∼
yσ`(y) as y →∞. Consider the change of variable x = U(y), one obtains

∫ ∞

0

{µ(x)}re−tµ(x)dx =

∫ ∞

0

y−re−t/ydU(y)

We follow part of the proof in (Bingham et al., 1987, p.37). Note that y → y−r exp(−t/y) is
monotone increasing on [0, t/r] and monotone decreasing on [t/r,∞).

∫ ∞

0

y−re−t/ydU(y) =

{∫ t/r

0

+
∞∑

n=1

∫ 2nt/r

2n−1t/r

}
y−re−t/ydU(y)

≤ t−re−rrrU(t/r) + t−rrr
∞∑

n=1

2−r(n−1)U (2nt/r)

≤ 2tσ−re−rrr`(t/r) + 2t−rrr
∞∑

n=1

2−r(n−1)(2nt/r)σ` (2nt/r)

≤ 2tσ−re−rrr`(t/r) + 2r+1tσ−rrr−σ
∞∑

n=1

2−n(r−σ)` (2nt/r)

for t large, using the regular variation property of U . Using Potter’s bound (Bingham et al.,
1987, Theorem 1.5.6), we have, for any δ > 0 and for t large

`(2nt/r) ≤ 2`(t) max(1, 2nδ/rδ).

Hence, for t large,

∫ ∞

0

y−re−t/ydU(y) . tσ−r`(t)

(
1 +

∞∑

n=1

2−n(r−σ) max(rδ, 2nδ)

)

Taking 0 < δ < r−σ
2 , the series in the right handside converges.

The next lemma is a slight variation of Lemma B.2, with the addition of a slowly varying
function in the integrals. Note that the case σ = 0 and ` tends to a constant is not covered.

Lemma B.5 Let f : R+ → R+ be a positive, right-continuous and monotone decreasing func-
tion with

∫∞
0
f(x)dx <∞ and generalised inverse f−1(x) = inf{y > 0 | f(y) ≤ x} satisfying

f−1(x) = x−σ`(1/x) (61)

where σ ∈ [0, 1] and ` is a slowly varying function, with limt→∞ `(t) =∞ if σ = 0. Consider

g̃0(t) =

∫ ∞

0

(1− e−tf(x))L(x)dx

and for r ≥ 1

g̃r(t) =

∫ ∞

0

e−tf(x)f(x)rL(x)dx.
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where L : R+ → (0,∞) is a locally integrable function with limt→∞ L(t) = b ∈ [0,∞).
Then, for any σ ∈ [0, 1)

{
g̃0(t) ∼ bΓ(1− σ)tσ`(t) if b > 0
g̃0(t) = o(tσ`(t)) if b = 0

and, for r ≥ 1,
{
g̃r(t) ∼ btσ−r`(t)σΓ(r − σ) if σ ∈ (0, 1), b > 0
g̃r(t) = o{tσ−r`(t)} if σ = 0 or b = 0

as t→∞. For σ = 1, b > 0, as t→∞,

g̃0(t) ∼ bt`1(t), g̃1(t) ∼ b`1(t), g̃r(t) ∼ bt1−r`(t)Γ(r − 1)

and where `1(t) =
∫∞
t
x−1`(x)dx. Note that `(t) = o(`1(t)) hence g̃r(t) = o{t1−r`1(t)}.

Proof. Let g0(t) =
∫∞

0
(1−e−tf(x))dx. Let `1(t) =

∫∞
t
x−1`(x)dx and `σ(t) = Γ(1−σ)`(t) if

σ ∈ [0, 1). Using Lemma B.2, we have g0(t) ∼ tσ`σ(t) as t→∞, and in particular g0(t)→∞.
By dominated convergence, for any x0 > 0

∫ x0

0
(1 − e−tf(x))L(x)dx →

∫ x0

0
L(x)dx < ∞

hence g̃0(t) ∼
∫∞
x0

(1− e−tf(x))L(x)dx as t→∞.
Let ε > 0. There is x0 such that for all x ≥ x0, |L(x)− b| ≤ ε and so

(b− ε)
∫ ∞

x0

(1− e−tf(x))dx ≤
∫ ∞

x0

(1− e−tf(x))L(x)dx ≤ (b+ ε)

∫ ∞

x0

(1− e−tf(x))dx.

Hence by sandwiching

lim
t→∞

g̃0(t)

tσ`σ(t)
= lim
t→∞

∫∞
x0

(1− e−tf(x))L(x)dx

tσ`σ(t)
∈ (b− ε, b+ ε).

As this is true for any ε > 0, we obtain g̃0(t) ∼ btσ`σ(t) as t → ∞ if b > 0 and g̃0(t) =
o(tσ`σ(t)) if b = 0 . The asymptotic results for g̃r(t) then follow from Proposition C.5.

The following is a corollary of (Willmot, 1990, Theorem 2.1.).

Corollary B.6 (Willmot, 1990, Theorem 2.1.). Assume that

f(x) ∼ `(x)xαe−βx

where ` is a slowly varying, locally bounded function on (0,∞), β ≥ 0 and α ∈ R, or α < −1
and β = 0. Then, as n→∞

∫ ∞

0

(λx)ne−λx

n!
f(x)dx ∼ `(n)

(λ+ β)α+1

(
λ

λ+ β

)n
nα (62)

and ∫ ∞

0

(λx)ne−λx

n!
u(x)f(x)dx = o

(
`(n)

(λ+ β)α+1

(
λ

λ+ β

)n
nα
)

(63)

for any locally bounded function u vanishing at infinity.
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Proof. Equation (62) is proved in (Willmot, 1990, Theorem 2.1.). For any x0 > 0, we have∫∞
0

(λx)ne−λx

n! u(x)f(x)dx ∼
∫∞
x0

(λx)ne−λx

n! u(x)f(x)dx. For any ε > 0, there is x0 such that
u(x) < ε for all x > x0, hence

∫ ∞

x0

(λx)ne−λx

n!
u(x)f(x)dx ≤ ε

∫ ∞

0

(λx)ne−λx

n!
f(x)dx

and (63) follows from (62) by sandwiching.
The following lemma is useful to bound the variance and for the proof of the central limit

theorem.

Lemma B.7 Assume the functions µ and ν satisfy Assumptions 1 and 2, for some σ ∈ [0, 1],
slowly varying function ` and some a > min(1/2, σ) if σ < 1 and a = 1 if σ = 1. Then

∫

R2
+

ν(x, y)e−αµ(x)−αµ(y)+αν(x,y)dxdy = O
(
α2σ−2a`2σ(α)

)

where `σ is defined in Equation (20). If a = 1 and σ = 0 we have the stronger result
∫

R2
+

ν(x, y)e−αµ(x)−αµ(y)+αν(x,y)dxdy = o
(
α−2`2(α)

)
.

Proof. Using ν(x, y) ≤
√
µ(x)µ(y) ≤ (µ(x) + µ(y))/2 and Assumption 2,

∫

R2
+

ν(x, y)e−αµ(x)−αµ(y)+αν(x,y)dxdy ≤
∫

R2
+

ν(x, y)e−αµ(x)/2−αµ(y)/2dxdy

≤ C1

(∫ ∞

x0

µ(x)ae−αµ(x)/2

)2

+ 2

∫ x0

0

∫ ∞

0

ν(x, y)e−αµ(x)/2−αµ(y)/2dxdy

where a > min(1/2, σ) if σ < 1 and a = 1 if σ = 1. Using
∫ x0

0
ν(x, y)dx ≤ x0µ(y), we have

if x0 > 0 (otherwise the bound is trivial)
∫ x0

0

∫ ∞

0

ν(x, y)e−αµ(x)/2−αµ(y)/2dxdy ≤ e−αµ(x0)/2x0

∫ ∞

0

µ(y)e−αµ(y)/2dy.

Since µ(x0) > 0, the RHS is in o(α−p) for any p > 0. Using Lemma B.4 (σ < 1) or B.2 (σ = 1)
together with Assumption 1, we therefore obtain

∫

R2
+

ν(x, y)e−αµ(x)−αµ(y)+αν(x,y)dxdy = O{α2σ−2a`2σ(α)}.

In the case σ = 0 and a = 1, Lemma B.2 and Assumption 1 give
∫

R2
+

ν(x, y)e−αµ(x)−αµ(y)+αν(x,y)dxdy = o
(
α−2`2(α)

)
.
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C. Background on regular variation and some technical
Lemmas about regularly varying functions

Definition C.1 A measurable function U : R+ → R+ is regularly varying at ∞ with index
ρ ∈ R if for x > 0, limt→∞ U(tx)/U(t) = xρ. We note U ∈ RVρ. If ρ = 0, we call U slowly
varying.

Proposition C.2 If U ∈ RVρ, then there exists a slowly varying function ` ∈ RV0 such that

U(x) = xρ`(x) (64)

Definition C.3 The de Bruijn conjugate `# of the slowly varying function `, which always exists,
is uniquely defined up to asymptotic equivalence (Bingham et al., 1987, Theorem 1.5.13) by

`(x)`#{x`(x)} → 1, `#(x)`{x`#(x)} → 1

as x → ∞. Then (`#)# ∼ `. For example, (loga x)# ∼ log−a x for a 6= 0 and `#(x) ∼ 1/c if
`(x) ∼ c.
Proposition C.4 (Resnick, 1987, Proposition 0.8, Chapter 0) If U ∈ RVρ, ρ ∈ R, and the
sequences (an) and (a′n) satisfy 0 < an → ∞, 0 < a′n → ∞ and an ∼ ca′n for some
0 < c <∞, then

U(an) ∼ cρU(a′n) as n→∞.
Proposition C.5 (Resnick, 1987, Proposition 0.7 p.21) LetU : R+ → R+ absolutely continuous
with density u, so that U(x) =

∫ x
0
u(t)dt. If U ∈ RVρ, ρ ∈ R and u is monotone, then

lim
x→∞

xu(x)

U(x)
= ρ

and if ρ 6= 0, then sign(ρ)u(x) ∈ RVρ−1.
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The supplementary material is organised as follows. Section S1 contains proofs of asymptotic
bounds on the variances of the number of nodes, number of nodes of a given degree, and number
of triangles of nodes with a given degree, as well as the proof of a secondary proposition for
the local clustering coefficient. Section S2 contains proofs of secondary propositions for the
central limit theorem. For the sake of simplicity, all Sections, Equations, Lemmas, etc., in the
Supplementary material here are denoted with a prefix S, to differentiate them from the Sections,
Equations, Lemmas, etc., of the main text (Caron et al., 2020).

S1. Proofs of secondary propositions for the variances and
clustering coefficients

S1.1. Proof of Proposition 8 on var(Nα)

An application of the Slivnyak-Mecke and Campbell theorems gives

var(Nα) = E(Nα) + 2α2

∫ ∞

0

µ(x)(1−W (x, x))e−αµ(x)dx

+ α2

∫

R2
+

(eαν(x,y) − 1 +W (x, y))(1−W (x, x))(1−W (y, y))(1−W (x, y))e−αµ(x)−αµ(y)dxdy.

Using the inequality ex − 1 ≤ xex,

var(Nα) ≤ E(Nα) + 2α2

∫

R+

µ(x)e−αµ(x)dx+ α2

∫

R2
+

e−αµ(x)−αµ(y)
{
αν(x, y)eαν(x,y) +W (x, y)

}
dxdy

Now, using Lemmas B.2 and B.7
∫

R2
+

W (x, y)e−αµ(x)−αµ(y)dxdy ≤
∫

R+

µ(x)e−αµ(x)dx = O
(
ασ−1`σ(α)

)
.

∫

R2
+

ν(x, y)e−αµ(x)−αµ(y)+αν(x,y)dxdy = O
(
α2σ−2a`2σ(α)

)
.

1
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It follows that var(Nα) = O(α3+2σ−2a`σ(α)2).
Assume Assumption 1 and 2 are satisfied, with a = 1. From the first part of Proposition 8, we

have the upper bound var(Nα) = O
(
α1+2σ`2σ(α)

)
.

We now derive a lower bound. If σ = 0, var(Nα) ≥ E(Nα) & α`0(α), hence var(Nα) � α`(α).
Consider now the case σ > 0. We have

var(Nα) ≥ α2

∫

R2
+

(eαν(x,y)−1)(1−W (x, x))(1−W (y, y))(1−W (x, y))e−αµ(x)−αµ(y)dxdy

and using the inequality ex − 1 ≥ x and Assumption 4

var(Nα) ≥ α3

∫

R2
+

ν(x, y)(1−W (x, x))(1−W (y, y))(1−W (x, y))e−αµ(x)−αµ(y)dxdy

≥ C0α
3

∫ ∞

x0

∫ ∞

x0

µ(x)µ(y)(1−W (x, x))(1−W (y, y))(1−W (x, y))e−αµ(x)−αµ(y)dxdy

Using Lemmas B.2 and B.3, we have
∫ ∞

x0

∫ ∞

x0

µ(x)µ(y)(1−W (x, x))(1−W (y, y))(1−W (x, y))e−αµ(x)−αµ(y)dxdy

∼
∫ ∞

0

∫ ∞

0

µ(x)µ(y)e−αµ(x)−αµ(y)dxdy =

(∫

R+

µ(x)e−αµ(x)dx

)2

∼ α2σ−2`2σ(α).

It follows that, for σ > 0, var(Nα) & α1+2σ`2σ(α). Combining this with the upper bound
gives, for all σ ∈ [0, 1] var(Nα) � α1+2σ`2σ(α).

S1.2. Proof of proposition 9 on var(Nα,j)

We have,

E(N2
α,j |M)− E(Nα,j |M)

=
∑

i1 6=i2
1θi1≤α1θi2≤αpr

{∑

k

1θk≤αZi1k = j and
∑

k

1θk≤αZi2,k = j |M
}
.

=
∑

b∈{0,1}3

j∑

j1=0

∑

i1 6=i2
1θi1≤α1θi2≤α

× pr

{∑

k

1θk≤αZi1k = j and
∑

k

1θk≤αZi2,k = j and
∑

k

1θk≤αZi1kZi2k = j − j1

and Zi1i1 = b11, Zi1i2 = b12, Zi2i2 = b22 |M}

where b = (b11, b12, b22) ∈ {0, 1}3. Let A1, A2, A12 be disjoint subsets of N\{i1, i2} such that
|A12| + b12 = j − j1, |A1| + |A1,2| + b11 + b12 = |A2| + |A1,2| + b22 + b12 = j respectively
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corresponding to the indices of nodes only connected to node i1, only to node i2, or to both nodes
(i1, i2). Let A = {i1, i2} ∪A1 ∪A2 ∪A12. We have

pr

{∑

k

1θk≤αZi1k = j,
∑

k

1θk≤αZi2,k = j,
∑

k

1θk≤αZi1kZi2k = j − j1, (Zi1i1 , Zi1i2 , Zi2i2) = b |M
}

=
∑

A1,A2,A12

1θi1≤α1θi2≤α
(j − j1 − b12)!(j1 − b11)!(j1 − b22)!

W (ϑi1 , ϑi1)b11W (ϑi2 , ϑi2)b22W (ϑi1 , ϑi2)b12

× {1−W (ϑi1 , ϑi1)}1−b11{1−W (ϑi2 , ϑi2)}1−b22{1−W (ϑi1 , ϑi2)}1−b12

×
[ ∏

k∈A1

1θk≤αW (ϑi1 , ϑik){1−W (ϑi2 , ϑik)}
][ ∏

k∈A2

1θk≤α{1−W (ϑi1 , ϑik)}W (ϑi2 , ϑik)

]

[ ∏

k∈A12

1θk≤αW (ϑi1 , ϑik)W (ϑi2 , ϑik)

]
exp


−

∑

k∈N\A
{gα,ϑi1 (θk, ϑk) + gα,ϑi2 (θk, ϑk)}




Using the extended Slivnyak-Mecke theorem,

E(N2
α,j)− E(Nα,j)

=
∑

b∈{0,1}3

j∑

j1=0

α2+j+j1−b11−b12−b22

(j − j1 − b12)!(j1 − b11)!(j1 − b22)!
1j1≥b111j1≥b221j1≤j−b12

×
∫

R2
+

{µ(x)− ν(x, y)}j1−b11{µ(y)− ν(x, y)}j1−b22ν(x, y)j−j1−b12e−αµ(x)−αµ(y)+αν(x,y)

×W (x, x)b11W (y, y)b22W (x, y)b12{1−W (x, x)}1−b11{1−W (y, y)}1−b22{1−W (x, y)}1−b12dxdy

≤
∑

b∈{0,1}3

j∑

j1=0

α2+j+j1−b11−b12−b22

(j − j1 − b12)!(j1 − b11)!(j1 − b22)!
1j1≥b111j1≥b221j1≤j−b12

×
∫

R2
+

µ(x)j1−b11µ(y)j1−b22ν(x, y)j−j1−b12e−αµ(x)−αµ(y)+αν(x,y)

×W (x, x)b11W (y, y)b22W (x, y)b12{1−W (x, x)}1−b11{1−W (y, y)}1−b22{1−W (x, y)}1−b12dxdy
We will need the following lemma.

Lemma S1 Let r ≥ 1, j1, j2 ≥ 0. Define

Ir :=

∫

R2

[αµ(x)]j1 [αµ(y)]j2(αν(x, y))re−αµ(x)−αµ(y)+αν(x,y)dxdy

for any p > 0. Under Assumptions 1 and 2, we have

Ir = O(αr−2ar+2σ`2σ(α))

for all r ≥ 1.



4

Proof. We have, using Assumption 2, that

Ir ≤ αr
∫

R2
+

[αµ(x)]j1 [αµ(y)]j2ν(x, y)re−α{µ(x)+µ(y)}/2dxdy

≤ Cr1αr−2ar
(∫

R+

(αµ(x))j1+are−αµ(x)/2dx

)(∫

R+

(αµ(x))j2+are−αµ(x)/2dx

)
+ o(α−p).

for any p > 0. Assumption 1 and Lemmas B.2 (σ = 1) and B.4 (σ ∈ [0, 1)) imply that

Ir = O(αr−2ar+2σ`2σ(α))

for all r ≥ 1.
It follows

E(N2
α,j)− E(Nα,j) .

∑

b∈{0,1}3

α2+2j−b11−b22−2b12

(j − b12 − b11)!(j − b12 − b22)!
1j≥b11+b121j≥b22+b12

×
∫

R2
+

µ(x)j−b12−b11µ(y)j−b12−b22e−αµ(x)−αµ(y)+αν(x,y)

×W (x, x)b11W (y, y)b22W (x, y)b12

× {1−W (x, x)}1−b11{1−W (y, y)}1−b22{1−W (x, y)}1−b12dxdy
+O{α2+2σ+1−2a`2σ(α)}.

Let V0 and V1 respectively denote the sum of terms such that b12 = 0 and b12 = 1 in the above
sum. Using the inequality ex ≤ 1 + xex,

V0 =
∑

b11,b22∈{0,1}2

α2+2j−b11−b22

(j − b11)!(j − b22)!

∫

R2
+

µ(x)j−b11µ(y)j−b12e−αµ(x)−αµ(y)+αν(x,y)

×W (x, x)b11W (y, y)b22{1−W (x, x)}1−b11{1−W (y, y)}1−b22{1−W (x, y)}dxdy

=
∑

b11,b22

α2+2j−b11−b22

(j − b11)!(j − b22)!

∫

R2
+

µ(x)j−b11µ(y)j−b12e−αµ(x)−αµ(y)

×W (x, x)b11W (y, y)b22{1−W (x, x)}1−b11{1−W (y, y)}1−b22dxdy

+O




∑

b11,b22

α3+2j−b11−b22

(j − b11)!(j − b22)!

∫

R2
+

µ(x)j−b11µ(y)j−b12ν(x, y)e−αµ(x)−αµ(y)+αν(x,y)dxdy





=
∑

b11,b22

{
α1+j−b11

(j − b11)!

∫

R+

µ(x)j−b11W (x, x)b11{1−W (x, x)}1−b11e−µ(x)dx
}

×
{
α1+j−b22

(j − b22)!

∫

R+

µ(y)j−b22W (y, y)b22{1−W (y, y)}1−b22e−µ(y)dy
}
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+O{α2+2σ+1−2a`2σ(α)} = E(Nα,j)
2 +O{α2+2σ+1−2a`2σ(α)}

Similarly,

V1 ≤
∑

b11,b22

α2j−b11−b221j≥1+b111j≥1+b22
(j − 1− b11)!(j − 1− b22)!

∫

R2
+

µ(x)j−1−b11µ(y)j−1−b12eαν(x,y)−αµ(x)−αµ(y)W (x, y)dxdy

≤
∑

b11,b22

α2j−b11−b221j≥1+b111j≥1+b22
(j − 1− b11)!(j − 1− b22)!

∫

R2
+

µ(x)j−1−b11µ(y)j−1−b12e−αµ(x)−αµ(y)W (x, y)dxdy

+O{α2+2σ+1−2a`2σ(α)}

For j1 ≥ 1 and j2 ≥ 1, using Cauchy-Schwarz and Lemma B.4,
∫
W (x, y)µ(x)j1µ(y)j2e−αµ(x)−αµ(y)dxdy

≤
∫

R+

µ(x)j1e−αµ(x)
{∫

W (x, y)µ(y)2j2e−2αµ(y)dy

}1/2

µ(x)1/2dx

≤
{∫

µ(x)j1+1/2e−αµ(x)dx

}{∫
µ(y)2j2e−2αµ(y)dy

}1/2

= O
{
α3σ/2−j1−j2−1/2`3/2σ (α)

}

and for j1 ≥ 0

∫

R2
+

µ(x)j1e−αµ(x)−αµ(y)W (x, y)dxdy ≤
∫

R2
+

µ(x)j1e−αµ(x)W (x, y)dxdy

=

∫

R+

µ(x)j1+1e−αµ(x)dx = O
{
ασ−j1−1`σ(α)

}

It follows that V1 = O{α2+3σ/2−1/2`3/2σ (α)}+O{α1+σ`2σ(α)}+O{α2+2σ+1−2a`2σ(α)}. Com-
bining the upper bounds on V0 and V1, we obtain var(Nα,j) = O(α3−2a+2σ`2σ(α)) and this ter-
minates the proof. In the case σ = 0 and a = 1, one can use Lemma B.2 instead of Lemma B.4
and replace bigO by little o in the above bounds, together with the fact thatE(Nα,j) = o(α`(α))
and `(t) = O(`2(t)) if σ = 0.

S1.3. Proof of Proposition A.1

We first prove the first equality. The proof is similar to that of Proposition 9, given in Section S1.2.
For any j ≥ 2,

2Rα,j = 2
∑

i

Tαi1Dαi=j1θi≤α =
∑

i 6=k 6=l
ZikZilZkl1Dαi=j1θi≤α.
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Let Sαj := 4R2
αj . We have

Sαj =


 ∑

i6=k 6=l
ZikZilZkl1Dαi=j1θi≤α




2

=
∑

i1 6=k1 6=l1 6=i2 6=k2 6=l2
Zi1k1Zi1l1Zk1l1Zi2k2Zi2l2Zk2l21Dαi1=j1Dαi2=j1θi1≤α1θi2≤α

+ 2
∑

i1 6=k1 6=l1 6=i2 6=k2
Zi1k1Zi1l1Zk1l1Zi2k2Zi2l1Zk2l11Dαi1=j1Dαi2=j1θi1≤α1θi2≤α

+ 2
∑

i1 6=k1 6=l1 6=i2
Zi1k1Zi1l1Zk1l1Zi2k1Zi2l11Dαi1=j1Dαi2=j1θi1≤α1θi2≤α

+
∑

i1 6=k1 6=l1 6=k2 6=l2
Zi1k1Zi1l1Zk1l1Zi1k2Zi1l2Zk2l21Dαi1=j1θi1≤α

+ 2
∑

i1 6=k1 6=l1 6=k2
Zi1k1Zi1l1Zk1l1Zi1k2Zk2l11Dαi1=j1θi1≤α

+ 2
∑

i1 6=k1 6=l1
Zi1k1Zi1l1Zk1l11Dαi1=j1θi1≤α

(S1)

Note that some of the terms above are equal to 0 if j ≤ 4. First note that for any j0 ≤ j:

∑

i 6=k1 6=... 6=kj0

(
j0∏

l=1

Zil

)
1Dαi=j1θi≤α ≤

(
j

j0

)
Nαj (S2)

Hence the last three terms of the right-handside of (S1) are upper bounded by CjNα,j , for
some constant Cj that does not depend on α. Consider now

Sα,j,1 =
∑

i1 6=k1 6=l1 6=i2 6=k2 6=l2
Zi1k1Zi1l1Zk1l1Zi2k2Zi2l2Zk2l21Dαi1=j1Dαi2=j1θi1≤α1θi2≤α

=

j∑

j1=2

Sα,j,1,j1

where, for j1 = 2, . . . , j

Sα,j,1,j1 =
∑

i1 6=k1 6=l1
6=i2 6=k2 6=l2

Zi1k1Zi1l1Zk1l1Zi2k2Zi2l2Zk2l21Dαi1=j1Dαi2=j1
∑
k Zi1kZi2k1θk≤α=j−j11θi1≤α1θi2≤α

=
∑

b∈{0,1}3

∑

i1 6=k1 6=l1
6=i2 6=k2 6=l2

Zi1k1Zi1l1Zk1l1Zi2k2Zi2l2Zk2l2

× 1Dαi1=j1Dαi2=j1∑
k Zi1kZi2k1θk≤α=j−j11Zi1i1=b111Zi1i2=b121Zi2i2=b221θi1≤α1θi2≤α
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where we introduce b = (b11, b12, b22) ∈ {0, 1}3 as in Section S1.2. Using the extended
Slivnyak-Mecke theorem, for j1 = 2, . . . , j,

E(Sα,j,1,j1) (S3)

=
∑

b∈{0,1}3

α2+j+j1−b11−b12−b22

(j − j1 − b12)!(j1 − b11 − 2)!(j1 − b22 − 2)!
1j1≤j−b121j1≥b111j1≥b22

×
∫

R6
+

{µ(x1)− ν(x1, x2)}j1−2−b11{µ(x2)− ν(x1, x2)}j1−2−b22ν(x1, x2)j−j1−b12e−αµ(x1)−αµ(x2)+αν(x1,x2)

×W (x1, y1)W (x1, z1)W (y1, z1)W (x2, y2)W (x2, z2)W (y2, z2)

×W (x, x)b11W (y, y)b22W (x, y)b12

× {1−W (x, x)}1−b11{1−W (y, y)}1−b22{1−W (x, y)}1−b12dx1dy1dz1dx2dy2dz2

≤
∑

b∈{0,1}3

α2+j+j1−b11−b12−b22

(j − j1 − b12)!(j1 − b11 − 2)!(j1 − b22 − 2)!
1j1≤j−b121j1≥b111j1≥b22

×
∫

R6
+

µ(x1)j1−2−b11µ(x2)j1−2−b22ν(x1, x2)j−j1−b12e−αµ(x)−αµ(y)+αν(x1,x2)

×W (x1, y1)W (x1, z1)W (y1, z1)W (x2, y2)W (x2, z2)W (y2, z2)

×W (x1, x1)b11W (x2, x2)b22W (x1, x2)b12

× {1−W (x1, x1)}1−b11{1−W (x2, x2)}1−b22{1−W (x1, x2)}1−b12dx1dy1dz1dx2dy2dz2
(S4)

For b12 6= 0 or j 6= j1, we can bound the terms in the above sum by

α2+j+j1−b11−b12−b22

(j − j1 − b12)!(j1 − b11 − 2)!(j1 − b22 − 2)!
1j1≤j−b121j1≥b111j1≥b22

×
∫

R4
+

µ(x1)j1−b11µ(x2)j1−b22ν(x1, x2)j−j1−b12e−αµ(x)−αµ(y)+αν(x1,x2)

×W (x1, x1)b11W (x2, x2)b22W (x1, x2)b12

× {1−W (x1, x1)}1−b11{1−W (x2, x2)}1−b22{1−W (x1, x2)}1−b12dx1dx2
= O(α3+2σ−2a`σ(α)2) (S5)

using the intermediate results of the proof in Section S1.2.
Consider now the sum of terms such that b12 = 0 and j = j1 in (S4). Using the inequality

ex ≤ 1 + xex, this sum is upper bounded by

∑

b11,b12

α2+2j−b11−b22

(j − b11 − 2)!(j − b22 − 2)!

∫

R6
+

µ(x1)j−2−b11µ(x2)j−2−b22e−αµ(x)−αµ(y)+αν(x1,x2)
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×W (x1, y1)W (x1, z1)W (y1, z1)W (x2, y2)W (x2, z2)W (y2, z2)

×W (x1, x1)b11W (x2, x2)b22{1−W (x1, x1)}1−b11{1−W (x2, x2)}1−b22dx1dy1dz1dx2dy2dz2

≤
∑

b11,b12

α2+2j−b11−b22

(j − b11 − 2)!(j − b22 − 2)!

∫

R6
+

µ(x1)j−2−b11µ(x2)j−2−b22e−αµ(x)−αµ(y)

×W (x1, y1)W (x1, z1)W (y1, z1)W (x2, y2)W (x2, z2)W (y2, z2)

×W (x1, x1)b11W (x2, x2)b22{1−W (x1, x1)}1−b11{1−W (x2, x2)}1−b22dx1dy1dz1dx2dy2dz2

+
∑

b11,b12

α3+2j−b11−b22

(j − b11 − 2)!(j − b22 − 2)!

∫

R6
+

µ(x1)j−2−b11µ(x2)j−2−b22ν(x, y)e−αµ(x)−αµ(y)+αν(x,y)

×W (x1, y1)W (x1, z1)W (y1, z1)W (x2, y2)W (x2, z2)W (y2, z2)

×W (x1, x1)b11W (x2, x2)b22 × {1−W (x1, x1)}1−b11{1−W (x2, x2)}1−b22dx1dy1dz1dx2dy2dz2
≤ 4E(Rα,j)

2

+
∑

b11,b12

α3+2j−b11−b22

(j − b11 − 2)!(j − b22 − 2)!

∫

R2
+

µ(x1)j−b11µ(x2)j−b22ν(x, y)e−αµ(x)−αµ(y)+αν(x,y)

×W (x1, x1)b11W (x2, x2)b22 × {1−W (x1, x1)}1−b11{1−W (x2, x2)}1−b22dx1dx2
= 4E(Rα,j)

2 +O(α3+2σ−2a`σ(α)2)

using Lemma S1 in Section S1.2. It follows that

E(Sα,j,1) = E(4Rα,j)
2 +O(α3+2σ−2a`σ(α)2) (S6)

Consider now

Sα,j,2 =
∑

i1 6=k1 6=l1 6=i2 6=k2
Zi1k1Zi1l1Zk1l1Zi2k2Zi2l1Zk2l11Dαi1=j1Dαi2=j1θi1≤α1θi2≤α

We have similarly

E(Sα,j,2) = O(α3+2σ−2a`σ(α)2) (S7)

using Lemma S1. Similarly, using Lemma S1, E(Sα,j,3) = O(α3+2σ−2a`σ(α)2).
Combining the above bound with (S6) and (S7), we obtain var(Rα,j) = O(α3+2σ−2a`σ(α)2).
We now consider the second bound in Proposition A.1. Consider an increasing sequence αn →
∞ such that αn+1 − αn = o(αn) as n→∞. Let Iαn = {i, θi ≤ αn} and Icn = Iαn+1

\Iαn .
For any j ≥ 1, let

R̃
(1)
nj :=

∑

i∈Iαn

Tαn+1i1Dαni=j1
∑
i′∈Icn

Zii′=1.

We have, similarly to Equation (S1)

(R̃
(1)
nj )2 =

Iαn∑

i1,i2

Iαn+1∑

k1 6=l1 6=i1

Iαn+1∑

i2 6=k2 6=l2
Zi1k1Zi1l1Zk1l1Zi2k2Zi2l2Zk2l2

× 1Dαni1=j1Dαni2=j1∑
i
′
1∈Icn

Z
i
′
1i1

=11
∑
i
′
2∈Icn

Z
i
′
2i2

=1.
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Hence using the same decomposition as (S1) together with the fact that 1∑
i′∈Icn

Zi′i=1 ≤ 1, we
derive the same bounds as (S2), (S5) and (S7) so that

E((R̃
(1)
nj )2) . ασ+1

n `σ(αn) + α3+2σ−2a
n `σ(αn)2 + E(S̃αn,j,1,j)

where, writing b = (b11, b22),

S̃αn,j,1,j =
∑

b∈{0,1}2

∈Iαn∑

i1 6=i2

∈Iαn+1
\{i1,i2}∑

k1 6=l1
6=k2 6=l2

Zi1k1Zi1l1Zk1l1Zi2k2Zi2l2Zk2l21Dαni1=j1Dαni2=j

× 1∑
k∈Iαn+1

Zi1kZi2k=01Zi1i1=b111Zi2i2=b221
∑
i′∈Icn

Zi′i1=11
∑
i′∈Icn

Zi′i2=1,

so that E(S̃αn,j,1,j) = E(R̃
(1)
nj )2. We thus obtain that var(R̃

(1)
nj ) = O(α3+2σ−2a

n `σ(αn)2).

S1.4. Proof of Lemma A.2

Let Icn = Iαn+1\Iαn = {i | θi ∈ (αn, αn+1]}. First note that R̃nj =
∑j
r=1 R̃

(1)
nr + R̃

(2)
nr + R̃

(3)
nr

where

R̃(1)
nr =

∑

i∈Iαn

Tαn+1i1Dαni=r1
∑
i′∈Icn

Zii′=1,

R̃(2)
nr =

∑

i∈Iαn+1

Tαn+1i1Dαni=r1
∑
i′∈Icn

Zii′≥2,

R̃(3)
nr =

∑

i∈Icn

Tαn+1i1Dαni=r1
∑
i′∈Icn

Zii′=1.

For any r ≤ j

E
(
R̃(2)
nr

∣∣∣M
)
≤

∑

i∈Iαn+1

∈Iαn ,6=i∑

l 6=k
W (ϑi, ϑl)W (ϑi, ϑk)W (ϑl, ϑk)Jn(i, r − 2)pr


∑

i′∈Icn

Zii′ ≥ 2|M




+ 2
∑

i∈Iαn+1

∈Iαn∑

l 6=i

∈Icn∑

k 6=i
W (ϑi, ϑl)W (ϑi, ϑk)W (ϑl, ϑk)Jn(i, r − 1)pr


∑

i′∈Icn

Zii′ ≥ 1|M




+
∑

i∈Iαn+1

∈Icn∑

l 6=k
W (ϑi, ϑl)W (ϑi, ϑk)W (ϑl, ϑk)Jn(i, r)

where, recalling the definition of gα,x in Equation (50),

Jn(i, r) =

∈Iαn∑

i1 6=i2...6=ir 6=l 6=k

[
r∏

s=1

W (ϑi, ϑis)

]
e−

∑Iαn
s 6=l,k,i1,...,ir gα,ϑi (θs,ϑs).
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Note that

pr


∑

i′∈Icn

Zii′ ≥ 2|M


 = 1− e−

∑
s∈Icn

gαn+1−αn,ϑi (θs,ϑs) −
∑

i′∈Icn

W (ϑi, ϑi′)e
−∑Icn

s 6=i′ gαn+1−αn,ϑi (θs,ϑs).

Using the Slivnyak-Mecke theorem, the inequality 1−e−y−ye−y ≤ y2 for y ≥ 0, the condition
(28) and Lemma B.5, we obtain

E
(
R̃(2)
nr

)
. αn+1α

r
n(αn+1 − αn)2

∫
L2(x)µ(x)r+2e−αnµ(x)dx . αn+1α

σ−2
n (αn+1 − αn)2`(αn),

where L2(x) converges to b ≥ 0 at infinity. Noting that (αn+1 − αn)/αn = O(1/n), we obtain
E
(
R̃

(2)
nr

)
. ασ+1

n `(αn)/n2. This implies that
∑
nE

(
R̃

(2)
nr

)
/(ασ+1

n `(αn)) < +∞ so that, by

Markov inequality and Borel-Cantelli lemma, R̃(2)
nr = o(ασ+1

n `(αn)) almost surely as n tends to
infinity.
We now study

R̃(3)
nr :=

∑

i∈Icn

Tαn+1i1Dαni=r1
∑
i′∈Icn

Zii′=1.

Similarly to before

E
(
R̃(3)
nr |M

)
≤
∑

i∈Icn

∈Iαn∑

l 6=k
W (ϑi, ϑl)W (ϑi, ϑk)W (ϑl, ϑk)Jn(i, r − 2)pr


∑

i′∈Icn

Zii′ = 1|M




+ 2

l 6=i∑

l∈Icn

∑

k∈Iαn

W (ϑi, ϑl)W (ϑi, ϑk)W (ϑl, ϑk)Jn(i, r − 1)

so that

E
(
R̃(3)
nr

)
. (αn+1 − αn)2αrn

∫
L3(x)µ(x)r+1e−αnµ(x)dx . ασ+1

n `(αn)

n2
,

where L3(x) converges to b and R̃(3)
nr = o(ασ+1

n `(αn)) almost surely as n tends to infinity.
Finally, we have

E
(
R̃(1)
nr |M

)
.
∈Iαn∑

i 6=l 6=k
W (ϑi, ϑl)W (ϑi, ϑk)W (ϑl, ϑk)Jn(i, r − 2)

∑

i′∈Icn

W (ϑi, ϑi′)

+ 2

∈Iαn∑

i 6=l

∑

k∈Icn

W (ϑi, ϑl)W (ϑi, ϑk)W (ϑl, ϑk)Jn(i, r − 1)

which implies that

E

(
R̃

(1)
nr

ασ+1
n `σ(αn)

)
. αr+1

n (αn+1 − αn)

ασ+1
n `σ(αn)

∫

R4
+

L1(x)µ(x)r+1e−αnµ(x)dx

= O

(
αn+1 − αn

αn

)
= o(1).
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where L1(x) converges to b. Moreover, from Proposition A.1

var

(
R̃

(1)
nr

ασ+1
n `σ(αn)

)
= O

(
α1−2a
n

)

so that, R̃(1)
nr = o(α1+σ

n `(αn)) almost surely. It finally follows that, for any j ≥ 1, R̃nj =
o(α1+σ

n `(αn)) almost surely as n tends to infinity.

S2. Proof of secondary propositions for the Central Limit
Theorem

S2.1. Proof of Proposition 20

Let
Zα := Nα − E(Nα |M) =

∑

i

1θi≤α(1Dα,i≥1 − (1− e−M(gα,ϑi )))

where we recall that gα,x(θ, ϑ) = − log(1−W (x, ϑ))1θ≤α and

e−M(gα,ϑi ) = e−
∑
j − log(1−W (ϑi,ϑj))1θj≤α =

∏

j

(1−W (ϑi, ϑj))
1θj≤α

We have E(Zα |M) = 0 hence var(Zα) = E(Z2
α). Note that

Z2
α = Zα +

∑

i1 6=i2
1θi1≤α(1Dα,i1≥1 − (1− e−M(gα,ϑi1

)
))1θi2≤α(1Dα,i2≥1 − (1− e−M(gα,ϑi2

)
))

= Zα +
∑

i1 6=i2
1θi1≤α1Dα,i1≥11θi2≤α1Dα,i2≥1 −

∑

i1 6=i2
1θi1≤α1Dα,i1≥11θi2≤α(1− e−M(gα,ϑi2

)
)

−
∑

i1 6=i2
1θi1≤α(1− e−M(gα,ϑi1

)
))1θi2≤α1Dα,i2≥1 +

∑

i1 6=i2
1θi1≤α(1− e−M(gα,ϑi1

)
)1θi2≤α(1− e−M(gα,ϑi2

)
)

We have

E
(
Z2
α |M

)
=
∑

i1 6=i2
1θi1≤α1θi2≤αe

−M(gα,ϑi1
)−M(gα,ϑi2

)
(e
gα,ϑi1

(θi2 ,ϑi2 ) − 1)

Applying the extended Slivnyak-Mecke theorem

E
(
Z2
α

)
= α2

∫

R2
+

(1−W (x, x))(1−W (y, y))(1−W (x, y))e−αµ(x)−αµ(y)+αν(x,y)(1− (1−W (x, y)))dxdy

≤ α2

∫

R2
+

W (x, y)e−αµ(x)−αµ(y)+αν(x,y)dxdy.
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Using Cauchy-Schwarz inequality, ν(x, y) ≤
√
µ(x)µ(y) ≤ 1

2 (µ(x) + µ(y)), and Lemma B.2,
we obtain

E
(
Z2
α

)
= α2

∫ ∞

0

µ(x)e−α/2µ(x)dx � α1+σ`(α) =

{
O(α1+σ`σ(α)) σ ∈ [0, 1)
o(α`(α)) σ = 0

.

It follows from Markov’s inequality that, in probability

Zα =

{
O(α1/2+σ/2`

1/2
σ (α)) σ ∈ [0, 1)

o(α1/2`1/2(α)) σ = 0
.

S2.2. Proof of Proposition 21

Define M(hα) =
∑
i Z̃i where Z̃i = hα(θi, ϑi) = 1θi≤α

[
1− (1−W (ϑi, ϑi))e

−αµ(ϑi)] .
Using Campbell’s formula

E

(∑

i

Z̃i

)
= α

∫ ∞

0

(1− (1−W (x, x))e−αµ(x))dx = E(Nα)

var

(∑

i

Z̃i

)
= α

∫ ∞

0

[
1− (1−W (x, x))e−αµ(x)

]2
dx ≤ E(Nα)

Noting that E(Nα) ∼ α1+σΓ(1− σ)`(α), it follows from Chebyshev’s inequality that, in prob-
ability,

∑

i

Z̃i − E(Nα) = O



√√√√var

(∑

i

Z̃i

)
 = O

(
α1/2+σ/2`1/2σ (α)

)

If µ has an unbounded support then, under Assumption 1, either σ > 0 or σ = 0 and `(t)→∞.
In both cases, in probability,

∑
i Z̃i − E(Nα) = o

(
α1/2+σ`σ(α)

)
.

S2.3. Proof of Proposition 22

Let

fα(M) =
∑

i

1θi≤α
[
(1−W (ϑi, ϑi))e

−αµ(ϑi) − e−M(gα,ϑi )
]

The idea is to use Theorem 1.1 from Last et al. (2016). To do so, define

Fα =
fα(M)√

vα
(S8)
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where vα = var(Nα) � α1+2σ`2σ(α). Note that E(Fα) = 0 and var(Fα) = 1. Consider the
difference operator DzFα defined by

DzFα =
1√
vα

(fα(M + δz)− fα(M))

Also

D2
z1,z2Fα = Dz2(Dz1Fα) = Dz2

(
1√
vα

(fα(M + δz1)− fα(M))

)

=
1√
vα

(fα(M + δz1 + δz2)− fα(M + δz1)− fα(M + δz2) + fα(M)) .

Define

γα,1 := 2

(∫

R6
+

√
E(Dz1Fα)2(Dz2Fα)2

√
E(D2

z1,z3Fα)2(D2
z2,z3Fα)2dz1dz2dz3

)1/2

γα,2 :=

(∫

R6
+

E
[
(D2

z1,z3Fα)2(D2
z2,z3Fα)2

]
dz1dz2dz3

)1/2

γα,3 :=

∫

R2
+

E|DzFα|3dz

We state a corollary of Theorem 1.1 from Last et al. (2016).

Corollary S2 (Last et al., 2016, Theorem 1.1) If γα,1, γα,2, γα,3 → 0, then

Fα =
fα(M)√

vα
→ N (0, 1).

The rest of the proof aims to showing that γα,1, γα,2, γα,3 → 0. The proof is rather lengthy and
therefore split in different subsections. We first state a few notations and lemmas that will be
useful in the following.

S2.3.1. Definitions and lemmas

The following lemma, obtained with Hölder’s inequality, will be used multiple times.

Lemma S3 For any d ≥ 1 and any z1, . . . , zd > 0,

E

(
d∏

k=1

e−M(gα,zk )

)
≤ e−αd

∑d
k=1 µ(zk).

Proof. Using Hölder’s inequality, for any d ≥ 1

E

(
d∏

k=1

e−M(gα,zk )

)
≤

d∏

k=1

E
(
e−dM(gα,zk )

)1/d
=

d∏

k=1

e−
α
d

∫∞
0

(1−[1−W (zk,y)]
d)dy
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≤
d∏

k=1

e−
α
d

∫∞
0

(1−[1−W (zk,y)])dy = e−
α
d

∑d
k=1 µ(zk)

For i, j ≥ 0, let

Hi,j(x1, x2) =

∫

R2
+

W (x1, y)iW (x2, y)je−
α
4 µ(y)dy, Hi(x) = Hi,0(x, x). (S9)

The following lemma compiles various useful bounds.

Lemma S4 Assume Assumptions 1 and 5. Then

• For all j ≥ 1 and all x1, . . . , xj−1 > 0, y1 > 0 and p1, . . . , pj ≥ 1, α > 0

∫ ∞

0

(∫ ∞

0

W (y1, xj)
pj

[
j−1∏

k=1

W (y1, xk)pk

]
e−αµ(y1)dy1

)1/2

W (y2, xj)dxj

≤ L(y2)µ(y2)

(∫
L(y1)pjµ(y1)pj

[
j−1∏

k=1

W (y1, xk)pk

]
e−αµ(y1)dy1

)1/2

• For any x2 > 0,
∫
H1,1(x1, x2)2dx1 ≤

∫
L(y1)L(y2)µ(y1)µ(y2)W (x2, y1)W (x2, y2)e−

α
4 (µ(y1)+µ(y2))dy1dy2

(S10)

• For any q = 1, 2, . . .

∫ ∞

0

H1(x)qdx =

∫ q∏

i=1

∫
W (x, yi)e

−α4 µ(yi)dyidx = O(αqσ−q`σ(α)q) (S11)

• For any q ≥ 1, p ≥ 1,
∫

(αH1(x1))q/2L(x1)µ(x1)p/2e−
α
4 µ(x1)dx1 = O(α(q+1)σ/2−p/2`σ(α)(q+1)/2) (S12)

• If q ≤ 3,
∫
L(x1)µ(x1)pW (x1, x2)qe−

α
4 µ(x1)dx1 ≤ µ(x2)qL(x2)q

(∫
L(x1)2µ(x1)2pe−

α
2 µ(x1)dx1

)2

.

(S13)

Proof. The first inequality comes from Hölder’s inequality, together with Assumptions 5 and 1.
Also (S10) is a consequence of

∫
H1,1(x1, x2)2dx1 =

∫
ν(y1, y2)W (x2, y1)W (x2, y2)e−

α
4 (µ(y1)+µ(y2))dy1dy2
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Under Assumption 5, For any q = 1, 2, . . ., using Assumption 1, 5, and Lemma B.5,

∫ ∞

0

H1(x)qdx =

∫ q∏

i=1

∫
W (x, yi)e

−α4 µ(yi)dyidx

≤
q∏

i=1

∫
L(yi)µ(yi)e

−α4 µ(yi)dyi = O(αqσ−q`σ(α)q).

Using Hölder’s inequality,

∫
(αH1(x1))q/2L(x1)µ(x1)p/2e−

α
4 µ(x1)dx1 ≤

(∫
(αH1(x1))qdx1

∫
L(x1)2µ(x1)pe−

α
2 µ(x1)dx1

)1/2

= O(α(q+1)σ/2−p/2`σ(α)(q+1)/2)

which proves (S12). Finally recall that from Lemma B.5 that for any p ≥ 1,
∫
L(x1)µ(x1)pe−

α
4 µ(x1)dx1 = O(ασ−p`σ(α)).

so that using Hölder and Assumption 5, for any q ≤ 3

∫
L(x1)µ(x1)pW (x1, x2)qe−

α
4 µ(x1)dx1 ≤ µ(x2)qL(x2)q

(∫
L(x1)2µ(x1)2pe−

α
2 µ(x1)dx1

)2

S2.3.2. General bounds

Let z = (t, x). Recall that gα,x(θ, ϑ) = − log(1−W (x, ϑ))1θ≤α.

√
vα ×DzFα = 1t≤α(1−W (x, x))

[
e−αµ(x) − e−M(gα,x)

]
+ 1t≤α

∑

i

1θi≤αW (ϑi, x)e−M(gα,ϑi ).

We have

√
vα |DzFα| ≤ 1t≤α

(∣∣∣e−αµ(x) − e−M(gα,x)
∣∣∣+
∑

i

1θi≤αW (ϑi, x)e−M(gα,ϑi )

)
(S14)

Similarly,

√
vαD

2
z1,z2(Fα) = 1t1,t2≤αW (x1, x2)

[
(1−W (x1, x1))e−M(gα,x1 ) + (1−W (x2, x2))e−M(gα,x2 )

]

− 1t1,t2≤α
∑

i

1θi≤αW (ϑi, x1)W (ϑi, x2)e−M(gα,ϑi )

Note that the above is equal to 0 if t1 > α or t2 > α. For t1, t2 ≤ α

|√vα ×D2
z1,z2Fα|2 ≤ 2W (x1, x2)2(e−M(gα,x1 ) + e−M(gα,x2 ))2



16

+ 2

(∑

i

1θi≤αW (ϑi, x1)W (ϑi, x2)e−M(gα,ϑi )

)2

≤ 4W (x1, x2)2(e−M(gα,x1 ) + e−M(gα,x2 )) + 2
∑

i

1θi≤αW (ϑi, x1)2W (ϑi, x2)2e−2M(gα,ϑi )

+ 2
∑

i6=j
1θi≤α1θj≤αW (ϑi, x1)W (ϑi, x2)W (ϑj , x1)W (ϑj , x2)e−M(gα,ϑi )−M(gα,ϑj )

v2α(D2
z1,z3Fα)2(D2

z2,z3Fα)2

≤ 16W (x1, x3)2W (x2, x3)2(e−M(gα,x1 ) + e−M(gα,x3 ))(e−M(gα,x2 ) + e−M(gα,x3 ))

+ 8W (x1, x3)2(e−M(gα,x1 ) + e−M(gα,x3 ))

(∑

i

1θi≤αW (ϑi, x2)W (ϑi, x3)e−M(gα,ϑi )

)2

+ 8W (x2, x3)2(e−M(gα,x2 ) + e−M(gα,x3 ))

(∑

i

1θi≤αW (ϑi, x1)W (ϑi, x3)e−M(gα,ϑi )

)2

+ 4
∑

i1,i2,i3,i4

1θi1≤α1θi2≤α1θi3≤α1θi4≤αW (ϑi1 , x1)W (ϑi1 , x3)W (ϑi2 , x1)W (ϑi2 , x3)

×W (ϑi3 , x2)W (ϑi3 , x3)W (ϑi4 , x2)W (ϑi4 , x3)e
−∑4

k=1M(gα,ϑik
)

We obtain, using the inequality (S10)

E
(
v2α(D2

z1,z3F )2(D2
z2,z3F )2

)

≤ C ×
(
W (x1, x3)2W (x2, x3)2(e−α/2µ(x1)) + e−α/2µ(x3))(e−α/2µ(x2) + e−α/2µ(x3))

+ (α2H1,1(x2, x3)2 + αH2,2(x2, x3))W (x1, x3)2(e−α/3µ(x1) + e−α/3µ(x3)))

+ (α2H1,1(x1, x3)2 + αH2,2(x1, x3))W (x2, x3)2(e−α/3µ(x2) + e−α/3µ(x3)))

+A2(x1, x2, x3)) (S15)

for some constant C > 0, where

A2(x1, x2, x3)

= E


 ∑

i1,i2,i3,i4

4∏

`=1

W (ϑi` , x3)1θi`≤αW (ϑi1 , x1)W (ϑi2 , x1)W (ϑi3 , x2)W (ϑi4 , x2)e
−∑4

k=1M(gα,ϑik
)




= α4

∫ 4∏

`=1

W (y`, x3)W (y1, x1)W (y2, x1)W (y2, x3)W (y3, x2)W (y4, x2)e−α/4(
∑4
i=1 µ(yi))dy1:4

+ α3

∫
(W (y1, x1)2W (y1, x3)2W (y2, x2)W (y2, x3)W (y3, x2)W (y3, x3)

+W (y1, x2)2W (y1, x3)2W (y2, x1)W (y2, x3)W (y3, x1)W (y3, x3))e−α/3(
∑3
i=1 µ(yi))dy1:3
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+ α2

∫
(W (y1, x1)2W (y1, x3)2W (y2, x2)2W (y2, x3)2

+W (y1, x2)W (y1, x1)W (y1, x3)2W (y2, x1)W (y2, x2)W (y2, x3)2)e−α/2(
∑2
i=1 µ(yi))dy1:2

+α

∫
W (y1, x1)2W (y1, x2)2W (y1, x3)4e−αµ(y1)dy1

)

S2.3.3. Proof that γα,3 → 0

We show here that γα,3 → 0, or equivalently
∫
E
∣∣√vαDzF

∣∣3 dz = o(α3/2+3σ`3σ(α)). From
Equation (S14) and using the inequality (a + b)3 ≤ 4(a3 + b3) for any a, b ≥ 0, a sufficient
condition is

∫ ∞

0

E



∣∣∣e−αµ(x) − e−M(gα,x)

∣∣∣
3

+

(∑

i

1θi≤αW (ϑi, x)e−M(gα,ϑi )

)3

 dx = o(α1/2+3σ`3σ(α)).

We have
∫ ∞

0

E
[∣∣∣e−αµ(x) − e−M(gα,x)

∣∣∣
3
]
dx ≤ 2

∫
E

((
e−αµ(x) − e−M(gα,x)

)2)
dx

≤
∫

(1− e−2αµ(x))dx = O(ασ`σ(α))

Also under Assumptions 1 and 5, using Lemma S3

∫ ∞

0

E



(∑

i

1θi≤αW (ϑi, x)e−M(gα,ϑi )

)3

 dx ≤

∫ ∞

0

E


 ∑

i1,i2,i3

3∏

`=1

1θi`≤αW (ϑi` , x)e
−M(gα,ϑi`

)


 dx

≤ α3

(∫
L(y)µ(y)e−αµ(y)/3dy

)3

+ 3α2

(∫
L(y)2µ(y)2e−αµ(y)/3dy

)(∫
L(y)µ(y)e−αµ(y)/3dy

)

+ α

∫
L(y)3µ(y)3e−αµ(y)/3dy = O(α3σ`σ(α)3).

It follows that γα,3 → 0 as α→∞.

S2.3.4. Proof that γα,2 → 0

We now need to show that the integral of the right hand-side of Equation (S15) with respect
to x1, x2, x3 is o(α−3v2α) = o(α−1+4σ`2σ(α)). For the first term in the right hand-side of the
inequality (S15), we have

∫
W (x1, x3)2W (x2, x3)2(e−

α
2 µ(x1)) + e−

α
2 µ(x3))(e−

α
2 µ(x2) + e−

α
2 µ(x3))dx1dx2dx3
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≤ 3

∫
W (x1, x3)W (x2, x3)(e−

α
2 (µ(x1)+µ(x2)) + e−

α
2 µ(x3))dx1dx2dx3

≤ 3

∫
ν(x1, x2)e−

α
2 (µ(x1)+µ(x2))dx1dx2 + 3

∫
µ(x3)2e−

α
2 µ(x3)dx3

= O(α2σ−2`2σ(α)) +O(ασ−2`σ(α))

For the second line (and similarly for the third line) in the RHS of Equation (S15), we have,
noting that H2,2(x2, x3) ≤ H1,1(x2, x3)
∫

(α2H1,1(x2, x3)2 + αH1,1(x2, x3))W (x1, x3)2(e−α/3µ(x1) + e−α/3µ(x3)))dx1dx2dx3

≤ α2

∫
W (x1, x3)2W (y1, x2)W (y1, x3)W (y2, x2)W (y2, x3)

× (e−α/3(µ(y1)+µ(y2)+µ(x1)) + e−α/3(µ(y1)+µ(y2)+µ(x3)))dx1dx2dx3dy1dy2

+ α

∫
W (x1, x3)2W (y1, x2)W (y1, x3)(e−α/3(µ(y1)+µ(x1)) + e−α/3(µ(y1)+µ(x3)))dx1dx2dx3dy1

= α2

∫
W (x1, x3)2ν(y1, y2)W (y1, x3)W (y2, x3)

× (e−α/3(µ(y1)+µ(y2)+µ(x1)) + e−α/3(µ(y1)+µ(y2)+µ(x3)))dx1dx3dy1dy2

+ α

∫
W (x1, x3)2µ(y1)W (y1, x3)(e−α/3(µ(y1)+µ(x1)) + e−α/3(µ(y1)+µ(x3)))dx1dx3dy1

≤ 2α2

∫
L(x1)2L(y1)L(y2)µ(x1)2µ(y1)µ(y2)e−α/3(µ(y1)+µ(y2)+µ(x1))dx1dy1dy2

+ α

∫
µ(y1)2L(y1)L(x1)2µ(x1)2e−α/3(µ(y1)+µ(x1))dx1dy1 + α

∫
µ(x3)2L(x3)2µ(y1)e−α/3(µ(y1)+µ(x3))dx3dy1

= O(α3σ−2`σ(α)3)

using Assumption 5 and Lemma B.5. For the third term in the right-handside of Equation (S15),
we obtain
∫
A2(x1, x2, x3)dx1dx2dx3

≤ α4

(∫
L(y)2µ(y)2e−α/4µ(y)dy

)4

+ α3

∫
L(y1)4µ(y1)4e−α/3µ(y1)dy1

(∫
L(y)2µ(y)2e−α/3µ(y)dy

)2

+ α2

(∫
L(y)4µ(y)4e−α/2µ(y)dy

)2

+ α

∫
L(y)8µ(y)8e−αµ(y)dy = O(α4σ−4)`4σ(α)

It follows that γα,2 → 0 as α→∞.

S2.3.5. Proof that γα,1 → 0

For any x > 0 and any unit-rate Poisson point measure M on R2
+, denote

rα(x,M) = e−αµ(x) + e−M(gα,x) (S16)
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For any z1 = (t1, x1), z2 = (t2, x2), if t1 > α or t2 > α, then |Dz1(Fα)|2 |Dz2(Fα)|2 = 0.
Otherwise, if t1, t2 ≤ α, we have from Equation (S14),

vα |Dz1(Fα)|2 |Dz2(Fα)|2

≤


4rα(x1,M) + 2

∑

i,j

1θi≤α1θj≤αW (ϑi, x1)W (ϑj , x1)e−M(gα,ϑi )−M(gα,ϑj )




×


4rα(x2,M) + 2

∑

i,j

1θi≤α1θj≤αW (ϑi, x2)W (ϑj , x2)e−M(gα,ϑi )−M(gα,ϑj )




≤ 16rα(x1,M)rα(x2,M)

+ 8
∑

i,j

1θi,θj≤α {W (ϑi, x1)W (ϑj , x1)rα(x2,M) +W (ϑi, x2)W (ϑj , x2)rα(x1,M)) e−M(gα,ϑi )−M(gα,ϑj )

+ 4
∑

i1,i2,i3,i4

W (ϑi1 , x1)W (ϑi2 , x1)W (ϑi3 , x2)W (ϑi4 , x2)
4∏

k=1

(
1θik≤αe

−M(gα,ϑik
)
)
.

Note that, using Campbell theorem, together with Lemma S3

E(rα(x1,M)rα(x2,M)) ≤ e−α(µ(x1)+µ(x2))/2

It follows that, using the extended Slivnyak-Mecke theorem

v2αE
(
|Dz1(Fα)|2 |Dz2(Fα)|2

)

≤ C
(
e−

α
2 (µ(x1)+µ(x2)) + α

∫ ∞

0

(W (y, x1)e−
α
2 µ(x2) +W (y, x2)e−

α
2 µ(x1))e−

α
2 µ(y)dy

+ α2

∫

R2
+

{
(W (y1, x1)W (y2, x1)e−

α
3 µ(x2) +W (y1, x2)W (y2, x2)e−

α
3 µ(x1)

}
e−αµ(y1)/3−αµ(y2)/3dy1dy2

+ α3

∫

R3
+

(W (y1, x1)2W (y2, x2)W (y3, x2) +W (y1, x2)2W (y2, x1)W (y3, x1))e−α
∑3
k=1 µ(yk)/3dy1dy2dy3

+α4

∫

R4
+

W (y1, x1)W (y2, x1)W (y3, x2)W (y4, x2)e−α
∑4
k=1 µ(yk)/4dy1dy2dy3dy4

)

≤ C
(
e−

α
3 (µ(x1)+µ(x2)) + α(H1(x1)e−

α
3 µ(x2) +H1(x2)e−

α
3 µ(x1)) + α2(H1(x1)2e−

α
3 µ(x2) +H1(x2)2e−

α
3 µ(x1))

+α3(H1(x1)2H2,0(x2) +H2,0(x1)H1(x2)2) + α4H1(x1)2H1(x2)2
)

where Hi,j are defined in Equation (S9); therefore, for any t1, t2 ≤ α, using the fact that H2,0 ≤
H1 and that

√∑p
i=1 ai ≤

√
p
∑p
i=1

√
ai

vα

√
E |Dz1Fα|2 |Dz2Fα|2 ≤

√
6C

2∑

q1=0

2∑

q2=0

(αH1(x1))q1/2(αH1(x2))q2/2e−
α
6 (µ(x1)1q1=0+µ(x2)1q2=0)
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Additionally, from Equation (S15), we have

vα

∫ √
E
(
(D2

z1,z3Fα)2(D2
z2,z3Fα)2

)
dx3

≤ C ×
(∫

W (x1, x3)W (x2, x3)(e−
α
4 (µ(x1)+µ(x2)) + e−αµ(x3)/4)dx3

︸ ︷︷ ︸
Bα,1(x1,x2)

+

∫
(αH1,1(x2, x3) +

√
αH2,2(x2, x3))W (x1, x3)(e−α/6µ(x1) + e−α/6µ(x3)))dx3

︸ ︷︷ ︸
Bα,2(x1,x2)

+

∫
(αH1,1(x1, x3) +

√
αH2,2(x1, x3))W (x2, x3)(e−α/6µ(x2) + e−α/6µ(x3)))dx3

+

∫ √
A2(x1, x2, x3)dx3

︸ ︷︷ ︸
Bα,3(x1,x2)

)

for some constant C. To show that γα,1 → 0, we aim to show that, for any q1, q2 ∈ {0, 1, 2}, and
any k = 1, 2, 3

Iα,k(q1, q2) :=

∫
(αH1(x1))q1/2(αH1(x2))q2/2e−

α
6 (µ(x1)1q1=0+µ(x2)1q2=0)Bα,k(x1, x2)dx1dx2

= o(α4σ−1`σ(α)4)

Consider first

Iα,1(q1, q2) =

∫
(αH1(x1))q1/2(αH1(x2))q2/2e−

α
6 (µ(x1)1q1=0+µ(x2)1q2=0)

×W (x1, x3)W (x2, x3)(e−
α
4 (µ(x1)+µ(x2)) + e−αµ(x3)/4)dx1dx2dx3

≤
∫

(αH1(x1))q1/2L(x1)µ(x1)e−
α
4 µ(x1)dx1

∫
(αH1(x2))q2/2L(x2)µ(x2)e−

α
4 µ(x2)dx2

+

∫
(αH1(x1))q1/2(αH1(x2))q2/2W (x1, x3)W (x2, x3)e−αµ(x3)/4dx1dx2dx3

For q1, q2 ≥ 1, using Hölder’s inequality and Assumptions 1 and 5,
∫

(αH1(x1))q1/2(αH1(x2))q2/2W (x1, x3)W (x2, x3)e−α/4µ(x3)dx1dx2dx3

≤
(∫

(αH1(x1))q1dx1

∫
L(x3)2µ(x3)2e−αµ(x3)/4dx3

×
∫

(αH1(x2))q2dx2

∫
L(x3)2µ(x3)2e−αµ(x3)/4dx3

)1/2
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= O(α(q1/2+q2/2+1)σ−2`σ(α)q1/2+q2/2+1)

Similarly,
∫

(αH1(x1))q1/2W (x1, x3)W (x2, x3)e−αµ(x3)/4dx1dx2dx3 = O(α(q1/2+1/2)σ−2`σ(α)q1/2+1/2)

∫
W (x1, x3)W (x2, x3)e−αµ(x3)/4dx1dx2dx3 = O(ασ−2`σ(α))

and it follows that for any q1, q2 ∈ {0, 1, 2}, Iα,1(q1, q2) = O(α3σ−2`σ(α)3) = o(α−1+4σ`σ(α)2)
as required. Consider now

Iα,2(q1, q2) =

∫
(αH1(x1))q1/2(αH1(x2))q2/2e−

α
6 (µ(x1)1q1=0+µ(x2)1q2=0)

× (αH1,1(x2, x3) +
√
αH2,2(x2, x3))W (x1, x3)(e−α/6µ(x1) + e−α/6µ(x3)))dx1dx2dx3.

We have, using Lemma S4

Iα,2,1(q1, q2) :=

∫
(αH1(x1))q1/2(αH1(x2))q2/2e−

α
6 (µ(x1)1q1=0+µ(x2)1q2=0)

× αH1,1(x2, x3)W (x1, x3)e−α/6µ(x1)dx1dx2dx3

≤ α
(∫

(αH1(x1))q1/2e−
α
6 µ(x1)1q1=0L(x1)µ(x1)e−α/6µ(x1)dx1

)

×
(∫

(αH1(x2))q2/2e−
α
6 µ(x2)1q2=0W (x2, y)L(y)µ(y)e−

α
4 µ(y)dx2dy

)

If q1 = 0, ∫
e−

α
3 µ(x1)L(x1)µ(x1)dx1 = O(ασ−1`σ(α))

and if q1 ≥ 1, using the bound (S12),
∫

(αH1(x1))q1/2L(x1)µ(x1)e−
α
6 µ(x1)dx1 = O(α(q1+1)σ/2−1`α(α)q1/2+1/2) (S17)

If q2 = 0,
∫
e−

α
6 µ(x2)W (x2, y)L(y)µ(y)e−

α
4 µ(y)dx2dy ≤

∫
L(y)µ(y)2e−

α
4 µ(y)dy = O(ασ−2`σ(α))

If q2 ≥ 1, using Hölder’s inequality, the bound (S11) and Assumptions 5 and 1,
∫

(αH1(x2))q2/2W (x2, y)L(y)µ(y)e−
α
4 µ(y)dx2dy

≤
(∫

(αH1(x2))q2
)1/2 ∫ (∫

W (x2, y)2dx2

)1/2

L(y)µ(y)e−
α
4 µ(y)dy
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≤
(∫

(αH1(x2))q2
)1/2 ∫

L(y)2µ(y)2e−
α
4 µ(y)dy = O(α(q2/2+1)σ−2`σ(αq2/2+1))

Hence Iα,2,1(q1, q2) = o(α4σ−1`2σ(α)). Consider now

Iα,2,2(q1, q2) :=

∫
(αH1(x1))q1/2(αH1(x2))q2/2e−

α
6 (µ(x1)1q1=0+µ(x2)1q2=0)

× αH1,1(x2, x3)W (x1, x3)e−α/6µ(x3)dx1dx2dx3

If q1 = 0, we obtain the following bound, using the same computations as above,

Iα,2,2(q1, q2) ≤ α
∫
e−

α
6 µ(x1)L(x1)µ(x1)dx1

∫
(αH1(x2))q2/2e−

α
6 µ(x2)1q2=0W (x2, y)L(y)µ(y)e−

α
4 µ(y)dx2dy

= O(α4σ−2`σ(α)4σ)

If q1 > 0, we have

Iα,2,2(q1, q2) ≤
∫ (∫

(αH1(x1))q1dx1

)1/2(∫
W (x1, x3)2dx1

)1/2

(αH1(x2))q2/2e−
α
6 µ(x2)1q2=0

× αH1,1(x2, x3)e−α/6µ(x3)dx2dx3

≤
(∫

(αH1(x1))q1dx1

)1/2 ∫
L(x3)µ(x3)(αH1(x2))q2/2e−

α
6 µ(x2)1q2=0

× αH1,1(x2, x3)e−α/6µ(x3)dx2dx3

If q2 = 0, noting that H1,1(x2, x3) ≤ L(x2)µ(x2)L(x3)µ(x3), we obtain

Iα,2,2(q1, q2) ≤ α
(∫

(αH1(x1))q1dx1

)1/2 ∫
L(x2)µ(x2)L(x3)2µ(x3)2e−

α
6 µ(x2)e−α/6µ(x3)dx2dx3

= O(α(q1/2+2)σ−2`σ(α)q1/2+2)

If q2 > 0, using Hölder’s inequality and the bound (S13),

Iα,2,2 ≤ α
(∫

(αH1(x1))q1dx1

)1/2(∫
(αH1(x2))q2dx2

)1/2

×
(∫

L(x3)2µ(x3)2e−α/3µ(x3)dx3

)1/2 ∫
L(y)2µ(y)2e−

α
4 µ(y)dy = O(α7σ/2−3`(α)7σ/2)

Now, using Hölder and the fact that H2,2 ≤ H1,1, together with (S12),

Iα,2,3(q1, q2) :=

∫
(αH1(x1))q1/2(αH1(x2))q2/2e−

α
6 (µ(x1)1q1=0+µ(x2)1q2=0)
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× (
√
αH2,2(x2, x3))W (x1, x3)e−α/6µ(x1)dx1dx2dx3

≤ √α
∫

(αH1(x1))q1/2L(x1)µ(x1)e−αµ(x1)/6dx1

×
∫

(αH1(x2))q2/2
(∫

µ(y)W (x2, y)e−
α
4 µ(y)dy

)1/2

e−
α
6 µ(x2)1q2=0dx2

= O(α(3+1/4)σ−3/2`σ(α)3+1/4)

Consider

Iα,2,4(q1, q2) :=

∫
(αH1(x1))q1/2(αH1(x2))q2/2e−

α
6 (µ(x1)1q1=0+µ(x2)1q2=0)

×
√
αH2,2(x2, x3)W (x1, x3)e−α/6µ(x3)dx1dx2dx3

If q1 = 0, then, using the above computations,

Iα,2,4(q1, q2) ≤
∫

(αH1(x2))q2/2e−
α
6 (µ(x1)+µ(x2)1q2=0)

×
√
αH1,1(x2, x3)W (x1, x3)dx1dx2dx3

= O(α(3+1/4)σ−3/2`σ(α)3+1/4)

If q1 > 0 and q2 = 0, noting that H2,2(x2, x3) ≤ L(x2)2µ(x2)2L(x3)2µ(x3)2 and using
Hölder’s inequality and Assumptions 5 and 1,

Iα,2,4(q1, q2) ≤ √α
(∫

(αH1(x1))q1dx1

)1/2 ∫
L(x3)µ(x3)e−

α
6 µ(x2)

√
H2,2(x2, x3)e−α/6µ(x3)dx2dx3

≤ √α
(∫

(αH1(x1))q1dx1

)1/2 ∫
L(x3)2µ(x3)2e−α/6µ(x3)dx3

∫
e−

α
6 µ(x2)µ(x2)L(x2)dx2

= O(α3σ−3`σ(α)3)

If q1, q2 > 0, noting that
∫
H1,1(x2, x3) =

∫
µ(y)2e−

α
4 µ(y)dy = O(ασ−2`σ(α)),

Iα,2,4(q1, q2)

≤ √α
(∫

(αH1(x1))q1dx1

)1/2

×
∫
L(x3)µ(x3)(αH1(x2))q2/2

√
H1,1(x2, x3)e−α/6µ(x3)dx2dx3

≤ √α
(∫

(αH1(x1))q1dx1

)1/2(∫
(αH1(x2))q2dx2

)1/2

×
(∫

L(x3)2µ(x3)2e−α/6µ(x3)dx3

)1/2(∫
H1,1(x2, x3)dx3dx2

)1/2

= O(α3σ−3/2`σ(α3σ))
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It follows that

Iα,2(q1, q2) = o(α−3v2α). (S18)

Finally, consider

Iα,3(q1, q2) =

∫
(αH1(x1))q1/2(αH1(x2))q2/2e−

α
6 (µ(x1)1q1=0+µ(x2)1q2=0)

√
A2(x1, x2, x3)dx1dx2dx3

where
√
A2(x1, x2, x3)

≤ α2H1,1(x1, x3)H1,1(x2, x3) + α3/2

(
H1,1(x2, x3)

√
H2,2(x1, x3) +H1,1(x1, x3)

√
H2,2(x2, x3)

)

+ α

(√
H2,2(x1, x3)

√
H2,2(x2, x3)

+

√
W (y1, x2)W (y1, x1)W (y1, x3)2W (y2, x1)W (y2, x2)W (y2, x3)2)e−α/2(

∑2
i=1 µ(yi))dy1:2

)

+
√
α

(∫
W (y1, x1)2W (y1, x2)2W (y1, x3)4e−αµ(y1)dy1

)1/2

Using Assumption 5,
∫
H1,1(x1, x3))H1,1(x2, x3)dx3 ≤

∫
W (x1, y1)L(y1)µ(y1)e−

α
4 µ(y1)dy1

∫
W (x2, y2)L(y2)µ(y2)e−

α
4 µ(y2)dy2

Therefore, using the asymptotic bounds (S12) and Assumption 1,

Iα,3,1(q1, q2)

:= α2

∫
(αH1(x1))q1/2(αH1(x2))q2/2e−

α
6 (µ(x1)1q1=0+µ(x2)1q2=0)H1,1(x1, x3)H1,1(x2, x3)dx1dx2dx3

≤ α2

∫
(αH1(x1))q1/2(αH1(x2))q2/2H1,1(x1, x3)H1,1(x2, x3)dx1dx2dx3

≤ α2

∫
(αH1(x1))q1/2L(y1)µ(y1)W (x1, y1)e−

α
4 µ(y1)dy1dx1

×
∫

(αH1(x2))q2/2L(y2)µ(y2)W (x2, y2)e−
α
4 µ(y2)dy2dx2

for any q1, q2 ≤ 2. If q = 0,
∫

(αH1(x))q/2L(y)µ(y)W (x, y)e−
α
4 µ(y)dydx =

∫
L(y)µ(y)2e−

α
4 µ(y)dy = O(ασ−2`σ(α))
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If q > 0, noting that, using Hölder’s inequality and Assumption 3,

∫
(αH1(x))q/2W (x, y)dx ≤ L(y)µ(y)

(∫
(αH1(x))qdx

)1/2

we have
∫

(αH1(x))q/2L(y)µ(y)W (x, y)e−
α
4 µ(y)dydx ≤

(∫
(αH1(x))qdx

)1/2(∫
L(y)2µ(y)2e−

α
4 µ(y)dy

)1/2

= O(α(q/2+1)σ−2`σ(α)q/2+1).

It follows that Iα,3,1(q1, q2) = O(α4σ−2`(α)4σ) for any q1, q2 ∈ {0, 1, 2}. Consider now

Iα,3,2(q1, q2) :=α3/2

∫
(αH1(x1))q1/2(αH1(x2))q2/2e−

α
6 (µ(x1)1q1=0+µ(x2)1q2=0)H1,1(x2, x3)

×
(∫

W (y1, x1)2W (y1, x3)2e−α/3µ(y1)dy1

)1/2

dx1dx2dx3

≤ α3/2

∫
(αH1(x1))q1/2(αH1(x2))q2/2H1,1(x2, x3)

×
(∫

W (y1, x1)2W (y1, x3)2e−α/3µ(y1)dy1

)1/2

dx1dx2dx3

Using Lemma S4,

∫
H1,1(x2, x3)

(∫
W (y1, x1)2W (y1, x3)2e−α/3µ(y1)dy1

)1/2

dx3

≤
∫
W (x2, y2)L(y2)µ(y2)e−

α
4 µ(y2)dy2 ×

(∫
L(y1)2µ(y1)2W (y1, x1)2e−

α
3 µ(y1)dy1

)1/2

Therefore

Iα,3,2(q1, q2) ≤ α3/2

∫
(αH1(x2))q1/2W (x2, y2)L(y2)µ(y2)e−

α
4 µ(y2)dy2dx2

×
∫

(αH1(x1))q2/2
(∫

L(y1)2µ(y1)2W (y1, x1)2e−
α
3 µ(y1)dy1

)1/2

dx1

For q1 = 0, ∫
L(y2)µ(y2)2e−

α
4 µ(y2)dy2 = O(ασ−2`σ(α)),

while for q1 ≥ 1,
∫

(αH1(x2))q1/2W (x2, y2)L(y2)µ(y2)e−
α
4 µ(y2)dy2dx2
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≤
(∫

(αH1(x2))q1dx2 ×
∫
W (x2, y2)2L(y2)2µ(y2)2e−

α
4 µ(y2)dy2dx2

)1/2

≤
(∫

(αH1(x2))q1dx2 ×
∫
L(y2)4µ(y2)4e−

α
4 µ(y2)dy2dx2

)1/2

= O(α(q1/2+1/2)σ−2`σ(α)q1+1/2).

Additionally, for q2 = 0, using Hölder’s inequality and Assumptions 1 and 5,

∫ (∫
L(y1)2µ(y1)2W (y1, x1)2e−

α
3 µ(y1)dy1

)1/2

dx1

≤
∫ (∫

L(y1)4µ(y1)4e−
2α
3 µ(y1)dy1

∫
W (y1, x1)4dy1

)1/4

dx1

≤
∫
L(x1)µ(x1)dx1

(∫
L(y1)4µ(y1)4e−

2α
3 µ(y1)dy1

)1/4

= O(ασ/4−1`σ(α)1/4)

while for q2 ≥ 1

∫
(αH1(x1))q2/2

(∫
L(y1)2µ(y1)2W (y1, x1)2e−

α
3 µ(y1)dy1

)1/2

dx1

≤
(∫

(αH1(x1))q2dx1

∫
L(y1)2µ(y1)2W (y1, x1)2e−

α
3 µ(y1)dy1dx1

)1/2

≤
(∫

(αH1(x1))q2dx1

∫
L(y1)4µ(y1)4e−

α
3 µ(y1)dy1

)1/2

= O(α(q2+1/2)σ−2`σ(α)q2/2+1/2).

Hence, for any q1, q2 ≤ 2, Iα,3,2 = O(α3σ−2`σ(α)3) = o(α−3v2α). Consider now

Iα,3,3(q1, q2) := α

∫
(αH1(x1))q1/2(αH1(x2))q2/2e−

α
6 (µ(x1)1q1=0+µ(x2)1q2=0)

×
[(∫

W (y1, x1)2W (y1, x3)2W (y2, x2)2W (y2, x3)2e−α/2(
∑2
i=1 µ(yi))dy1:2

)1/2

+

(∫
W (y1, x2)W (y1, x1)W (y1, x3)2W (y2, x1)W (y2, x2)W (y2, x3)2e

− α

2(
∑2
i=1

µ(yi)) dy1:2

)1/2
]

dx1dx2dx3

Using Hölder’s inequality,

∫ (∫
W (y1, x1)2W (y1, x3)2W (y2, x2)2W (y2, x3)2e−α/2(

∑2
i=1 µ(yi))dy1:2

)1/2

dx3

≤
(∫

W (y1, x1)2W (y1, x3)2e−
α
2 µ(y1)dy1dx3

)1/2(∫
W (y2, x2)2W (y2, x3)2e−

α
2 µ(y2)dy2dx3

)1/2
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For q = 0, using Assumption 5 and 1
∫
e−

α
6 µ(x)

(∫
H2,2(x, x3)dx3

)1/2

dx ≤
∫
e−

α
6 µ(x)

(∫
W (y, x)2W (y, x3)dydx3

)1/2

dx

= O(ασ−1`σ(α))

Additionally,
(∫

W (y1, x1)2W (y1, x3)2e−
α
2 µ(y1)dy1dx3

)1/2(∫
W (y2, x2)2W (y2, x3)2e−

α
2 µ(y2)dy2dx3

)1/2

≤
(∫

L(y1)2µ(y1)2W (y1, x1)2e−
α
2 µ(y1)dy1

)1/2(∫
L(y2)2µ(y2)2W (y2, x2)2e−

α
2 µ(y2)dy2

)1/2

It follows that, for q ≥ 1, using Hölder’s inequality and Assumptions 5 and 1
∫

(αH1(x))q/2
(∫

L(y)2µ(y)2W (y, x)2e−
α
2 µ(y)dy

)1/2

dx

≤
(∫

(αH1(x))qdx

)1/2(∫
L(y)4µ(y)4e−

α
2 µ(y)dy

)1/2

= O
(
α(q/2+1/2)σ−2`σ(α)(q/2+1/2)

)

Similarly, for the second term of Iα,3,3(q1, q2)

∫ (∫
W (y1, x2)W (y1, x1)W (y1, x3)2W (y2, x1)W (y2, x2)W (y2, x3)2e−α/2(

∑2
i=1 µ(yi))dy1:2

)1/2

dx3

≤
(∫

W (y1, x1)W (y1, x2)W (y1, x3)2e−
α
2 µ(y1)dy1dx3

∫
W (y2, x1)W (y2, x2)W (y2, x3)2e−

α
2 µ(y2)dy2dx3

)1/2

and, using Hölder’s inequality and (S12),
∫

(αH1(x1))q1/2(αH1(x2))q2/2e−
α
6 (µ(x1)1q1=0+µ(x2)1q2=0)

(∫
W (y1, x1)W (y1, x2)W (y1, x3)2e−

α
2 µ(y1)dy1dx3

)1/2

×
(∫

W (y2, x1)W (y2, x2)W (y2, x3)2e−
α
2 µ(y2)dy2dx3

)1/2

dx1dx2

≤
(∫

(αH1(x1))q1e−
α
6 µ(x1)1q1=0W (y1, x1)µ(y1)3L(y1)2e−

α
2 µ(y1)dy1dx1

)1/2

×
(∫

(αH1(x2))q2e−
α
6 µ(x2)1q2=0W (y2, x2)µ(y2)3L(y2)2e−

α
2 µ(y2)dy2dx2

)1/2

For q = 0,
(∫

e−
α
6 µ(x)W (y, x)µ(y)3L(y)2e−

α
2 µ(y)dydx

)1/2

= O(ασ/2−2`σ(α)1/2)
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while for q ≥ 1,

(∫
(αH1(x))qW (y, x)µ(y)3L(y)2e−

α
2 µ(y)dydx

)1/2

= O(α(q/2+1/2)σ−3/2`σ(α)q/2+1/2)

Combining the above results, we obtain, for any q1, q2 ∈ {0, 1, 2}, Iα,3,3(q1, q2) = o(α−3v2α).
Consider finally

Iα,3,4(q1, q2) :=

∫
(αH1(x1))q1/2(αH1(x2))q2/2e−

α
6 (µ(x1)1q1=0+µ(x2)1q2=0)

×√α
(∫

W (y1, x1)2W (y1, x2)2W (y1, x3)4e−αµ(y1)dy1

)1/2

dx1dx2dx3

We have
∫ (∫

W (y1, x1)2W (y1, x2)2W (y1, x3)4e−αµ(y1)dy1

)1/2

dx3

≤
(∫

L(x3)µ(x3)dx3

)(∫
W (y1, x1)6e−αµ(y1)dy1

)1/6(∫
W (y1, x2)6e−αµ(y1)dy1

)1/6

and, for q1 ≥ 1, using Hölder’s inequality,

∫
(αH1(x1))q1

(∫
W (y1, x1)6e−αµ(y1)dy1

)1/6

dx1 = O(α(q1+1/6)σ−1`σ(α)q1+1/6).

For q1 = 0,

∫
e−

α
6 µ(x1)

(∫
W (y1, x1)6e−αµ(y1)dy1

)1/6

dx1 = O(ασ−1`σ(α))

It follows that, for q1, q2 ≤ 2

Iα,3,4(q1, q2) = O(α(4+1/3)σ−3/2`σ(α)4+1/3) = o(α−3v2α) (S19)

Iα,3(q1, q2) = O(α(4+1/3)σ−3/2`σ(α)4+1/3) = o(α−3v2α) (S20)

and, combining the bounds (S2.3.5), (S18) and (S20), we obtain γα,1 → 0.
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1. Introduction

Releasing microdata for public use requires a careful assessment of the risk of dis-
closure (Willenborg and Waal [26]). Consider a microdata sample (X1, . . . , Xn)
of units (individuals) from a finite population of size N ≥ n, such that each Xi is
a record containing identifying and sensitive information for the i-th unit. Iden-
tifying information consists of categorical variables which might match known
units of the population. A threat of disclosure results from the possibility that
an intruder, who could have personal or public information about the pop-
ulation (e.g. knowing who is included in the sample or using other available
datasets), might succeed in identifying an individual through such a match, and
hence be able to disclose sensitive information. To quantify disclosure risk, mi-
crodata units are partitioned according to a categorical variable that is defined
by cross-classifying all identifying variables. That is, units Xi’s are partitioned
into non-empty cells, with each cell containing individuals with the same com-
bination of values of identifying variables. A risk of disclosure arises from cells
in which both sample and population frequencies are small, since the rarer the
category the more likely the match is correct. Of special interest are cells with
frequency 1 (uniques) since, assuming no errors in matching processes or data
sources, for these cells the match is guaranteed to be correct (Bethlehem et al.
[2], Skinner et al. [24]). This has motivated inferences on measures of disclosure
risk that are functionals of the number of uniques, the most popular being the
number τ1 of sample uniques that are also population uniques. Once an esti-
mate τ̂1 of τ1 is obtained, a criterion to understand if the data would incur an
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excessive risk in being published is to set a relative risk threshold C and check
if the proportion of τ̂1 with respect to the sample size does not exceed it, i.e.
τ̂1/n ≤ C (Bethlehem et al. [2]). If this is not the case, more care must be used
before releasing data, possibly applying other privacy preserving methods.

Over the past three decades, a wide range of parametric and nonparametric
approaches, both classical (frequentist) and Bayesian, have been proposed to
estimate τ1. One may identify two main streams in the disclosure risk litera-
ture: i) modeling the sole microdata partition by parametric and nonparametric
partition-based models (Bethlehem et al. [2], Skinner et al. [24], Fienberg and
Makov [11], Samuels [21], Skinner and Elliot [23], Camerlenghi et al. [6]); ii)
modeling both the microdata partition and associations among identifying vari-
ables by parametric and semiparametric latent class models (Reiter [19], Skinner
and Shlomo [25], Manrique-Vallier and Reiter [13, 14], Carota et al. [4, 5]). All
these approaches have been applied to synthetic data and real data, showing
the effectiveness of τ1 as a sensible global measure for assessing the risk of dis-
closure. Partition-based models lead to estimators that are simple, linear in the
sampling information, computationally efficient and scalable to massive data
sets, though they typically show underestimation when the sampling fraction
n/N becomes smaller than a certain threshold (Camerlenghi et al. [6]). Latent
class models have typically a better empirical performance than partition-based
models, especially for small sampling fractions, though this is achieved at the
cost of an increased computational effort for the need of Markov chain Monte
Carlo methods for posterior approximation (Reiter [19], Manrique-Vallier and
Reiter [13]).

In this paper, we contribute to the partition-based literature from a Bayesian
nonparametric perspective. Bayesian nonparametric ideas for estimating τ1 date
back to the seminal work of Samuels [21], where the Dirichlet process (Ferguson
[10]) was applied as a prior model for the microdata partition. This approach
leads to an estimator of τ1 which is easy to implement, computationally effi-
cient, and scalable to massive data. Despite these desirable features, empirical
analyses in Samuels [21] show that such an approach underestimates τ1 in many
realistic scenarios, the issue being related to the tail behaviour of the empirical
distribution of microdata. That is, the heavier the tail the worse the underesti-
mation of τ1. As heavy-tail scenarios occur when the number of sample uniques
is large with respect to the population size, this phenomenon is a critical concern
in disclosure risk assessment. A simulation study in Figure 1 shows analogous
estimation issues for the most common partition-based estimators of τ1 in such a
heavy-tails setting. Our experiments use synthetic microdata from a power-law
distribution of exponent σ > 1, samples being the 10% of the population of size
106, and they are averaged over 1000 iterations. It emerges that the smaller σ,
namely the heavier the tail, the worse the underestimation of Bayesian para-
metric estimators (Bethlehem et al. [2], Skinner et al. [24]), and the worse the
overestimation of a nonparametric empirical Bayes estimator (Camerlenghi et
al. [6]).

To overcome the underestimation phenomenon of Samuels’ approach, we pro-
pose a Bayesian nonparametric partition-based model that can be tuned to the
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Fig 1. Empirical performance, with respect to the true τ1, of estimators τ̂1: nonparametric
Bayes (nb) of Samuels [21], nonparametric empirical Bayes (neb) of Camerlenghi et al. [6],
parametric Bayes (pb-1) of Bethlehem et al. [2], parametric Bayes (pb-2) of Skinner et al.
[24].

tail behaviour of the empirical distribution of microdata. In particular, as a
prior model for the microdata partition, we assume the Pitman–Yor process
(Perman et al. [15], Pitman [16], Pitman and Yor [18]). The Pitman–Yor pro-
cess prior generalizes the Dirichlet process prior by means of an additional “dis-
count” parameter that allows to control the tail behaviour of the prior, ranging
from geometric tails to heavy power-law tails (Pitman and Yor [18]). Under the
Pitman–Yor process prior, we present a simple characterization of the posterior
distribution of τ1, given the observed microdata, and we propose the posterior
mean as a Bayesian nonparametric estimator of τ1. Such an estimator has all
the same desirable features as Samuels’s estimator and, in addition, it allows
to reduce its underestimation of τ1 by tuning the “discount” parameter with
respect to observable microdata. Our approach stands out for being the first
partition-based approach to provide a closed-form posterior distribution of τ1,
which makes straightforward to quantify uncertainty of our Bayesian procedure
through credible intervals. We investigate the empirical performance of our ap-
proach through synthetic data and real data from the 2018 American Commu-
nity Survey, showing its effectiveness in reducing underestimation phenomenon
of Samuels’ approach.

The paper is structured as follows. In Section 2 we introduce the Pitman–Yor
process prior and its sampling structure, and present our Bayesian nonpara-
metric approach to infer τ1. Section 3 contains an illustration of the proposed
approach through synthetic data and real data. In Section 4 we conclude by
discussing our results and directions for future work. Proofs are deferred to the
Appendix.

2. Bayesian nonparametric inference for τ1

We consider a super-population of units belonging to an (ideally) infinite num-
ber of distinct symbols (zj)j≥1, taking values in a measurable space Z, with
unknown proportions (pj)j≥1 such that

∑
j≥1 pj = 1. The partition of micro-

data into non-empty cells, both at the sample and population level, is modeled
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as a random partition induced by sampling from the unknown discrete distri-
bution P =

∑
j≥1 pjδzj , where each symbol zj ∈ Z takes the interpretation of

a distinct combination of values of identifying variables. That is, a population
of N ≥ 1 of microdata units is assumed to be a random sample (X1, . . . , XN )
from P , of which the first n < N elements (X1, . . . , Xn) are observable. These
samples induce a random partition at population level consisting of KN cells of
frequencies (N1,N , . . . , NKN ,N ), and a random partition at the sample level con-
sisting of Kn cells of frequencies (N1,n, . . . , NKn,n). If I(·) denotes the indicator
function, then

τ1 =

Kn∑

i=1

I(Ni,n = 1)I(Ni,N = 1),

namely the number of sample uniques that are also population uniques (Beth-
lehem et al. [2], Skinner et al. [24]). Bayesian nonparametric inference for τ1

relies on the specification of a (nonparametric) prior distribution on the dis-
crete distribution P , which in turn leads to a prior model for the microdata
partition.

2.1. The Pitman–Yor process prior

We assume the Pitman–Yor process as a prior model for the unknown discrete
distribution P . A simple and intuitive definition of the Pitman–Yor process
follows from its stick-breaking construction (Pitman [16]). For α ∈ [0, 1) and θ >
−α let: i) (Vi)i≥1 be independent random variables such that Vi is distributed
as a Beta distribution with parameter (1 − α, θ + iα); ii) (Zj)j≥1 be random
variables, independent of the Vi’s, and independent and identically distributed as
a non-atomic distribution ν on Z. If we set p1 = V1 and pj = Vj

∏
1≤i≤j−1(1 −

Vi) for j ≥ 2, which ensures that
∑

j≥1 pj = 1 almost surely, then Pα,θ =∑
j≥1 pjδZj is a Pitman–Yor process on Z with “discount” α and scale θ. The

Dirichlet process arises as a special case by letting α = 0. The Pitman–Yor
process generalizes the Dirichlet process by means of the “discount” α, which
controls the tail behaviour of Pα,θ, ranging from geometric tails to heavy power-
law tails. In particular, for α ∈ (0, 1), let (p(j))j≥1 be the random probabilities
pj ’s of Pα,θ in decreasing order. Then, as j → +∞ the p(j)’s follow a power-
law distribution of exponent σ = α−1 (Pitman and Yor [18]). This shows that
α ∈ (0, 1) tunes the power-law tail behaviour of Pα,θ through small probabilities
p(j)’s: the larger α the heavier the tail of Pα,θ, whereas a geometric tail arises
as α → 0.

According to de Finetti’s representation theorem, a random sample from Pα,θ

is part of an exchangeable sequence of Z-valued random variables (Xi)i≥1 whose
directing measure Π is the law of Pα,θ. Let (X1, . . . , Xn) be a random sample
from Pα,θ, i.e.

Xi | Pα,θ
iid∼ Pα,θ i = 1, . . . , n, (1)

Pα,θ ∼ Π.
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Because of the discreteness of Pα,θ, the sample (X1, . . . , Xn) induces a ran-
dom partition of {1, . . . , n} into Kn ≤ n blocks, labelled by distinct symbols
{Z∗

1 , . . . , Z∗
Kn

}, with frequencies (N1,n, . . . , NKn,n) = (n1, . . . , nk) such that
Ni,n ≥ 1 for i = 1, . . . , Kn and

∑
1≤i≤Kn

Ni,n = n (Pitman [Chapter 3, 17]) for
a detailed account. A generative model for the Xi’s, and hence for the induced
random partition, is provided by the predictive distribution of the Pitman–Yor
process, namely

P(Xn+1 ∈ · | X1, . . . , Xn) =
θ + kα

θ + n
ν(·) +

1

θ + n

k∑

i=1

(ni − α)δZ∗
j
(·), (2)

for n ≥ 1. That is, Xn+1 is of a new symbol (block), namely a symbol not
observed in the set {Z∗

1 , . . . , Z∗
Kn

}, with probability (θ + kα)/(θ + n), or Xn+1

is of symbol (block) Z∗
i with probability (ni − α)/(θ + n), for i = 1, . . . , k. See

Pitman [Chapter 3, 17] for a detailed account on the predictive distribution
(2).

The predictive distribution of the Pitman–Yor process highlights the role of
the “discount” parameter α in the sampling process: it drives a combined effect
in terms of a reinforcement mechanism and the increase in the rate of generating
new symbols. In particular, a new symbol z∗ entering in the sample produces
two effects: i) it is assigned a mass proportional to (1 − α) to the z∗’s empirical
component of (2); ii) it is assigned a mass proportional to α to the probability
of generating new symbols in (2). That is, the probability mass assigned to the
symbol z∗’s is less than proportional to 1, and the remaining probability mass is
assigned to the probability of generating new symbols. The first effect gives rise
to a reinforcement mechanism: the sampling procedure allocates more mass on
symbols with higher frequencies. The second effect implies that the probability
of generating new symbols, which overall still decreases as a function of n, is
increased by α/(θ + n + 1). The larger α the stronger the reinforcement mecha-
nism and the higher is the probability of new symbols. For α = 0, that is under
the Dirichlet process prior, everything is proportional to symbols’ frequencies,
which do not alter the probability of discovering new symbols. We refer to Ba-
callado et al. [1] for a detailed account on the predictive distribution (2), as well
a generalizations thereof, and for characterizations of (2) with respect to the
use of the sampling information, i.e. “sufficientness postulate”, and of Pólya like
urn schemes.

Remark 1. The power-law tail behaviour of the Pitman–Yor process emerges
from the large n asymptotic behaviour of the number Kn of distinct symbols
and the number Mr,n of distinct symbols with frequency r ≥ 1 in n random
samples from Pα,θ. From Pitman [17, Theorem 3.8], Kn behaves as nα for large
n; this is the behaviour of the number of distinct symbols in n random samples
from a power-law distribution of exponent σ = α−1. Moreover, from Pitman
[17, Lemma 3.11] it holds that the proportion Mr,n/Kn of distinct symbols
with frequency r behaves as r−α−1 for large n and large r; this is, up to a
constant or proportionality, the distribution of the number of distinct symbols
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with frequency r in n random samples from a power-law distribution of exponent
σ = α−1.

2.2. Posterior inference for τ1

We consider microdata units to be modeled under the Bayesian nonparametric
framework (1). That is, a population of N ≥ 1 of microdata units is assumed
to be a random sample (X1, . . . , XN ) from a Pitman–Yor process, of which the
first n < N elements (X1, . . . , Xn) are observable. We characterize the posterior
distribution of τ1, given (X1, . . . , Xn). To introduce our main result, it is useful
to recall the generalized factorial distribution (Charalambides [7, Chapter 2]).
For a real a and r ∈ N let (a)(r) be the rising factorial, that is (a)(0) = 1 and
(a)(r) =

∏
0≤i≤r−1(a + i) for r ∈ N � {0}, and for a > 0 and r, s ∈ N with r ≤ s

let C (r, s; a) be the generalized factorial coefficient (Charalambides [7]), that is
C (r, s; a) =

∑
0≤i≤s(−1)i{i!(s − i)!}−1(−ia)(r). For r ∈ N, b ∈ [0, 1] and c > 0,

a random variable Ub,c,r on {1, . . . , r} has a generalized factorial distribution if,
for x ∈ {1, . . . , r}

P(Ub,c,r = x) =
1

(bc)(r)
C (r, x; b)(c)(x). (3)

The next theorem provides the posterior distribution of τ1, given (X1, . . . , Xn),
as a mixture of a (general) hypergeometric distribution (Johnson et al. [12,
Chapter 6.2.5]) with respect to the generalized factorial distribution displayed
in (3). Then, a Bayesian nonparametric estimator of τ1 is given as the posterior
mean.

Theorem 1. For N ≥ 1 let (X1, . . . , XN ) be a random sample from Pα,θ,
of which the first n < N elements (X1, . . . , Xn) are observable and featuring
M1,n = m1 distinct symbols with frequency 1 (sample uniques). Then, for x ∈
{0, 1, . . . , m1}

P(τ1 = x | X1, . . . , Xn) =
N−n∑

u=1

( θ+n
1−α −1

x

)(
u

m1−x

)
( θ+n

1−α −1+u
m1

) P(U1−α, θ+n
1−α ,N−n = u), (4)

and

τ̂1 = E(τ1 | X1, . . . , Xn) = m1

(θ + α + n − 1)(N−n)

(θ + n)(N−n)
. (5)

See Appendix A for the proof of Theorem 1. Theorem 1 is the first example in
the literature to provide a closed-form posterior distribution of τ1. This is critical
to quantify, by means of Monte Carlo sampling, uncertainty of our Bayesian
procedure through credible intervals; see Section 2.3 below. According to (4),
for any fixed (α, θ), the number M1,n = m1 of sample uniques is sufficient for
estimating τ1. The estimator (5) is easy to implement, computationally efficient,



Bayesian nonparametric disclosure risk assessment 5633

and scalable to massive datasets. Moreover, it has a simple interpretation as the
proportion

wn,N (α, θ) =
(θ + n − 1 + α)(N−n)

(θ + n)(N−n)
∈ (0, 1),

of the number m1 of sample uniques. The estimator (5) is somehow reminiscent
of the “naive” nonparametric estimator (Bethlehem et al. [2], Skinner and Elliot
[23]) of τ1, namely

τ̄1 = m1
n

N
.

In particular, τ̂1 is a smoothed version of τ̄1, where the smoothing acts by
replacing the purely empirical proportion n/N with the parametric proportion
wn,N (α, θ). For any fixed θ, n and N , the proportion wn,N (α, θ) increases in
α, meaning that the larger α the higher τ̂1. This behaviour, which agrees with
the role of α discussed in Section 2.1, shows the effectiveness of the “discount”
α in tuning the inference to the tail behaviour of the empirical distribution of
microdata.

Remark 2. For α = 0, namely under the Dirichlet process prior, Theorem 1
simplifies remarkably. In particular, the posterior distribution (4) reduces to a
(general) hypergeometric distribution. That is, by setting α = 0, Equation (4)
reduces to

P(τ1 = x | X1, . . . , Xn) =

(
θ+n−1

x

)(
N−n
m1−x

)
(
θ+N−1

m1

) . (6)

for x ∈ {0, 1, . . . , m1}. Moreover, by setting α = 0, Equation (5) reduces to the
estimator of Samuels [21], namely τ̂1 = m1(θ + n − 1)/(θ + N − 1). Equation
(4) thus completes the work of Samuels [21], where only the estimator τ̂1 was
provided.

By assuming both the sample and population to be large, it emerges: i)
the critical influence of the “discount” α in estimating τ1, with respect to the
scale θ; ii) the crucial limitation of the estimator proposed in Samuels [21]. In
particular, let f ≈ g meaning f/g → 1. As n, N → +∞ with n < N , for any
x ∈ {0, 1, . . . , m1}

P(τ1 = x | X1, . . . , Xn) ≈
(

m1

x

) {( n

N

)1−α
}x {

1 −
( n

N

)1−α
}m1−x

, (7)

and hence

τ̂1 ≈ m1

( n

N

)1−α

. (8)

That is, for large n and N with n < N , the posterior distribution (4) admits a
first order (local) approximation in terms of a Binomial distribution with param-
eters {m1, (n/N)1−α}. See Appendix B for the proof of (7). This result shows
that, in realistic scenarios, the “discount” α is the sole tuning parameter of our
Bayesian nonparametric model. In other terms, for α = 0, namely under the
Dirichlet process prior, the approximated estimator (8) reduces to the “naive”
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estimator τ̄1. Equivalently, for large n and N , the “naive” estimator τ̄1 approx-
imates the estimator of Samuels [21]. Therefore, in realistic scenarios, Samuel’s
estimator is a purely empirical estimator, meaning that no tuning parameters
are available.

2.3. Computations

For any fixed α ∈ (0, 1) and θ > −α, the estimator (5) can be easily evalu-
ated for arbitrary values of n and N . Instead, the evaluation of the posterior
distribution (4) might be numerically unstable for large n and N , due to the
overwhelming computational burden for evaluating generalized factorial coeffi-
cients. To address this issue, we rely on Monte Carlo sampling of the posterior
distribution (4) to obtain credible intervals for the estimator (5). By the mixture
representation of (4), Monte Carlo sampling requires to sample from a (general)
hypergeometric distribution and from a generalized factorial distribution. The
former is straightforward, for arbitrary values of n and N , and routines are
available in standard software. The latter becomes easy upon noticing that it
coincides with the distribution of the number KN−n of distinct symbols in N −n
random samples from a Pitman–Yor process with “discount” (1 − α) and scale
(θ + n). See Appendix C for a detailed explanation. For arbitrary values of n
and N , Monte Carlo sampling of the distribution of KN−n is straightforward by
Algorithm 1, which exploits the predictive distribution (2) of the Pitman–Yor
process.

Set k = 1;
for i = 1 to N − n − 1 do

Sample a binary variable s with probability {θ + n + (1 − α)k}/(θ + n + i);
Set k ← k + s;

end
Return k.

Algorithm 1: Monte Carlo sampling of the mixing generalized factorial dis-
tribution.

To implement Theorem 1 we must specify the prior’s parameters (α, θ),
whose choice is critical for a correct estimation of τ1. Two common approaches
for estimating (α, θ) are: i) the hierarchical Bayes approach, which relies on
Bayesian estimates obtained from the posterior distribution of (α, θ) with re-
spect to suitable prior specification; ii) the empirical Bayes approach, which
relies on estimates obtained by maximizing, with respect to (α, θ), the marginal
likelihood of the observable sample. Here, we adopt the empirical Bayes ap-
proach. Let (X1, . . . , Xn) feature Kn = k distinct symbols with frequencies
(N1,n, . . . , NKn,n) = (n1, . . . , nk). Pitman [16, Proposition 9] provides the like-
lihood function of (X1, . . . , Xn), and the empirical Bayes approach reduces to
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Table 1
Estimates of τ1 for synthetic data. The parameters are σ (Zipf data) and π (Geometric
data). pb-1 is parametric Bayes of Bethlehem et al. [2]; pb-2 is parametric Bayes of

Skinner et al. [24], and neb is nonparametric empirical Bayes of Camerlenghi et al. [6].

data m1 τ1 pitman-yor dirichlet pr. pb-1 pb-2 neb

scenario i: N = 106, n = 105

Zipf 1.25 10818 6914 6818 [6689, 6947] 1123 [1042, 1203] 1543 946 8328
Zipf 1.50 2045 941 948 [890, 1006] 206 [171, 241] 224 194 1403
Zipf 1.75 557 205 203 [174, 232] 56 [38, 75] 58 66 283
Zipf 2.00 230 80 74 [56, 93] 23 [12, 35] 22 30 198

Geom. 10−4 9938 1027 1113 [1034, 1195] 1113 [1034, 1195] 4666 2095 740
Geom. 10−3 949 91 96 [73, 120] 96 [73, 120] 335 167 67

scenario ii: N = 5000, n = 500

Zipf 1.25 139 76 82 [67, 96] 16 [7, 27] 34 20 120
Zipf 1.50 62 23 28 [18, 38] 7 [1, 13] 12 7 51
Zipf 1.75 28 7 10 [4, 17] 3 [0, 8] 5 3 22
Zipf 2.00 11 3 3 [0, 7] 1 [0, 4] 2 1 6

Geom. 10−4 482 391 365 [341, 388] 365 [341, 388] 181 196 467
Geom. 10−3 387 95 129 [106, 153] 129 [106, 153] 160 158 320

solve:

(α̂, θ̂) = arg max
(α,θ)

{∏k−1
i=0 (θ + iα)

(θ)(n)

k∏

i=1

(1 − α)(ni−1)

}
. (9)

The optimization problem (9) can be solved numerically and efficiently even for
large values of n, by means of routines available in standard softwares. We refer
to Favaro and Naulet [9] for provable guarantees of the estimator α̂. Alterna-
tively, one could specify a prior distribution on (α, θ). However, we found no
relevant differences between the fully Bayes and the empirical Bayes approach,
given that the posterior distribution of (α, θ) is highly concentrated, when n is
large.

3. Illustrations

3.1. Simulated data

We consider synthetic data from two super-populations P . For the first super-
population, we let the “true” probability masses (pj)j≥1 to be those of a Zipf
distribution with index σ > 1, so that data are generated from the discrete
distribution P = ζ(σ)−1

∑
j≥1 j−σδzj , with ζ(σ) =

∑
j≥1 j−σ. As we discussed

in Section 2, this is the scenario in which a Pitman–Yor specification is recom-
mended. We considered different values of σ = 1.25, 1.50, 1.75, 2, and different
combinations of n and N . The prior’s parameter (α, θ) is estimated through
maximum likelihood; see Section 2.3. Table 1 reports estimates of τ1, together
with 99% credible intervals (within brackets), and the “true” value of τ1. Credi-
ble intervals are obtained via Monte Carlo sampling of the posterior distribution
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Table 2
Maximum likelihood estimate for the parameter (α, θ) of the Pitman–Yor model.

Param. Zipf 1.25 Zipf 1.50 Zipf 1.75 Zipf 2.00 Geom. 10−4 Geom. 10−4

scenario i: N = 106, n = 105

α̂ 0.80 0.67 0.56 0.51 0 0

θ̂ 1.48 0.82 0.70 0.34 13559.80 1141.16

scenario ii: N = 5000, n = 500

α̂ 0.77 0.66 0.57 0.39 0 0

θ̂ 1.89 0.98 0.52 0.90 13529.12 1753.06

(1), by means of the scheme described in Section 2.3. Table 2 reports the corre-
sponding estimates of (α, θ) for the Pitman–Yor model. In all these scenarios,
the Bayesian nonparametric estimator (5) is much closer to the “true” value of
τ1, compared to its partition-based competitors. In particular, the approaches
of Bethlehem et al. [2], Skinner et al. [24] and Samuels [21] underestimate the
“true” τ1, whereas the approach of Camerlenghi et al. [6] tends to overestimate
it.

For the second super-population, we let P =
∑

j≥1 π(1 − π)j−1δzj , corre-
sponding to a geometric distribution with parameter π ∈ (0, 1). We consider
two different values of π = 10−3, 10−4 and the same sample size n and a pop-
ulation size N as before. As we discussed in Section 2, this is the ideal setting
for the Dirichlet process and this is indeed confirmed by Table 1. Moreover, the
Pitman–Yor estimator reduces to the Dirichlet process since we obtain α̂ = 0,
as reported in Table 2.

3.2. The 2018 American Community Survey

We consider real data from the 2018 American Community Survey (Manrique-
Vallier and Reiter [13], Carota et al. [4]). This dataset is a random sample of
the American population (usa.ipums.org/usa). We regard the 2018 American
Community data as a “population” of size N = 2, 432, 323, and we consider ob-
servable samples which are the 5% and 10% fractions of the population obtained
by sampling at random n = 121, 616 and n = 243, 232 individual, respectively.
We restricted the population to individuals older than 20, and we cross-classified
the records according to the following variables: census region (9 levels), race
(139 levels), and primary occupation (531 levels), obtaining KN = 60, 215 non
empty classes.

As detailed in Section 2, the Pitman–Yor specification should be employed
whenever the data follow a power-law behaviour. However, in real data problems
such an assumption must be empirically validated. A simple approach is com-
paring the observed number mr of distinct types with frequency r = 1, . . . , n
against the model-based expected frequencies under a Pitman–Yor specification,
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Fig 2. Graphical representation in logarithmic scale of the number of distinct types mr with
frequency r (dots) and their expectations E(Mr,n) under Pitman–Yor (solid line) and Dirich-
let process (dotted line) models, relative to the 5% and 10% sample data from the American
Community Survey.

namely

E(Mr,n) =
θ

(θ)(n)

(
n

r

)
(1 − α)(r−1)(θ + α)(n−r), r = 1, . . . , n,

where the parameters in the above formula are replaced by their maximum
likelihood estimates; see also Favaro et al. [8] for further details. Poor in-sample
fit strongly suggests that the corresponding disclosure risk assessment will be
unreliable.

The observed values mr for r = 1, . . . , n and their model-based estimates for
the 5% and 10% fractions of the data from the American Community Survey
presented in Section 2.2 are reported in Figure 2, both under a Pitman–Yor and
Dirichlet process specification. These results confirm a very good in-sample fit
for the Pitman–Yor. Conversely, the Dirichlet process seems unsuitable for this
specific datasets. The prior’s parameters α and θ are estimated through maxi-
mum likelihood; see Section 2.3. Results in Table 3 confirm what we observed
for synthetic data, and in particular it is confirmed the superior empirical per-
formance of our estimators, with respect to partition-based competitors. The
approaches of Bethlehem et al. [2], Skinner et al. [24] and Samuels [21] underes-
timate the true τ1, whereas the approach of Camerlenghi et al. [6] overestimates
it.

Table 3
Estimates of τ1 for real data the 2018 American Community Survey. The estimate pb-1
refers to the parametric Bayes of Bethlehem et al. [2], pb-2 is the parametric Bayes of

Skinner et al. [24], and neb is the nonparametric empirical Bayes of Camerlenghi et al. [6].

Data percentage m1 τ1 Pitman–Yor Dirichlet process pb-1 pb-2 neb

5% 6776 1447 1458 [1372, 1546] 349 [303, 397] 1427 425 3492
10% 9620 2852 2958 [2842, 3075] 979 [903, 1056] 1799 1059 4526
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4. Discussion

In this paper, we considered the problem of Bayesian nonparametric estimation
of τ1, which is arguably the most popular measure of disclosure risk. Our study
is motivated by an early work of Samuels [21], where empirical analyses showed
that the use of Dirichlet process priors lead to underestimate τ1 in many real-
istic scenario, with the underestimation getting worse as the tail behaviour of
the empirical distribution of microdata gets heavier. Here, to overcome such an
underestimation phenomenon, we proposed the use of the Pitman–Yor process
prior, which generalizes the Dirichlet process prior through an additional “dis-
count” parameter that allows to control the tail behaviour of the prior, ranging
from geometric tails to heavy power-law tails. Under the Pitman–Yor process
prior, we obtained a simple characterization of the posterior distribution of τ1,
in terms of a compound (general) hypergeometric distribution, and made use
of the posterior mean as an estimator of τ1. Such a novel estimator has all
the desirable features as Samuels’ estimator, including ease of implementation,
computational efficiency and scalability to massive data, and, in addition, it
allows to reduce its underestimation of τ1 by tuning the “discount” parame-
ter with respect to observable microdata. We presented an empirical analysis
of our Bayesian nonparametric approach through synthetic data and real data,
showing its effectiveness in reducing underestimation phenomenon of Samuels’
approach.

While τ1 is known to be the most popular measure of disclosure risk (Bethle-
hem et al. [2] and Skinner et al. [24]), one might consider alternative measures
by broadening the definition of “uniqueness”. For instance, Fienberg and Makov
[11] considered a generalization of τ1 which is defined in terms of the number
of cells with frequency less or equal than 2. In general, one may consider the
following measure

τp,q =

Kn∑

i=1

I(Ni,n ≤ p)I(Ni,N ≤ p + q),

namely the number of cells with sample frequency less or equal than p which
have population frequency less or equal than p+q. In particular, τ1 corresponds
to τ1,0. We refer to Appendix D for Bayesian nonparametric inference of τ1,q,
which is arguably the most natural generalization of τ1. It remains an open
problem to adapt our Bayesian nonparametric approach to deal with structurally
empty cells, i.e. structural zeros (Manrique-Vallier and Reiter [14]). In such
a context, it may be useful to consider spike and slab generalizations of the
Pitman-Yor process prior (Scarpa and Dunson [22], Canale et al. [3]). They
consist in replacing the non-atomic distribution ν of the Pitman-Yor process
prior with a distribution ν̃(ζ) = ζδ0 + (1 − ζ)ν, with ζ ∈ [0, 1] and ν being a
non-atomic distribution. Then ζ may then be used to include the information
on structural zeros, being interpretable as the proportion of structural zeros in
the population.
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Appendix A: Proof of Theorem 1

A.1. Generalized factorial coefficients

For t ∈ R, a > 0 and n ∈ N0, let (at)(n) be the rising factorial of at of order n,
i.e. (at)(n) =

∏
0≤i≤n−1(at + i). The (n, k)-th generalized factorial coefficient,

denoted by C (n, k; a), is the k-th coefficient in the expansion of (at)(n) into
rising factorials, i.e.

(at)(n) =

n∑

i=0

C (n, i; a)(t)(i), (10)

with C (0, 0; a) = 1, C (n, 0; a) = 0 for n > 0, C (n, i; a) = 0 for i > n. For b > 0,
let us consider the k-th coefficient in the expansion of (at − b)(n) into rising
factorials, so that

(at − b)(n) =

n∑

i=0

C (n, i; a, b)(t)(i), (11)

with C (0, 0; a, b) = 1, C (n, 0; a, b) = (−b)(n) for n > 0, C (n, i; a, b) = 0 for
i > n. The coefficient C (n, k; a, b) is referred to as the non-centered generalized
factorial coefficient (Charalambides [7]). Here, it is useful to recall the following
property

C (n, i; b1b2, b1r2 + r1) =

n∑

j=i

C (n, j; b1, r1)C (j, i; b2, r2), (12)

for any b1, b2 > 0 and r1, r2 > 0. The convolutional identity (12) can be found in
Charalambides [Chapter 2, 7] and plays a critical role in the proof of Theorem 1.

A.2. Generalized factorial and (general) hypergeometric
distributions

The generalized factorial distribution (Charalambides [7, Chapter 2]) is defined
by means of the identity (10), and it arises in the context of the classical coupon
collector problem (Charalambides [7, Example 2.7]). For r ∈ N and b, c > 0, a
random variable Ub,c,r on the set {1, . . . , r} has a generalized factorial distribu-
tion if

P(Ub,c,r = x) =
1

(bc)(r)
C (r, x; b)(c)(x)I(x ∈ {1, . . . , r}). (13)

The (general) hypergeometric distribution (Johnson et al. [12, Chapter 6.2.5])
has the same form as the classical hypergeometric distribution, though with a
more flexible parameterization. In particular, for r, s ∈ N and a > 0 such that
a > r, a random variable Ha,r,s on the set {0, 1, . . . , r} has a generalized factorial
distribution if

P(Ha,r,s = x) =

(
a
x

)(
s

r−x

)
(
a+s

r

) I(x ∈ {0, 1, . . . , r}). (14)
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Distributional properties, and moments, of the general hypergeometric distri-
bution can be easily obtained from (14) (Johnson et al. [12, Chapter 6.3]). For
r, s ∈ N with s ≤ r let S(r, s) be the Stirling number of the second type (Char-
alambides [7, Chapter 2]), and let Γ denote the Gamma function. Then, for
z > 0 it holds

E{(Ha,r,s)
z} =

z∑

i=1

S(z, i)i!

(
r

i

)
Γ (a + 1 + s − i) Γ (a + 1)

Γ (a + 1 − i) Γ (a + 1 + s)
. (15)

We refer to Charalambides [7] and Johnson et al. [12] for a comprehensive ac-
count of the generalized factorial distribution and the (general) hypergeometric
distribution.

A.3. Proof of Theorem 1

Let (X1, . . . , Xn) be a random sample from the Pitman-Yor process Pα,θ, and
let (X1, . . . , Xn) feature Kn = k distinct symbols, labelled by {Z∗

1 , . . . , Z∗
Kn

},
with frequencies Nn = n, with Nn = (N1,n, . . . , NKn,n), and n = (n1, . . . , nk)
be such that Ni,n > 0 and

∑
1≤i≤Kn

Ni,n = n. Moreover, for any N > n let
(Xn+1, . . . , XN ) be an additional random sample from Pα,θ, and let Nj,N−n ≥ 0
be the number of records Xn+i, i = 1 . . . , N that coincide with the label Z∗

j , j =
1, . . . , Kn. Moreover, let

VN−n = N − n −
Kn∑

i=1

Ni,N−n

be the number of Xn+i, i = 1, . . . , N that do not coincide with any Z∗
j ’s. To

compute the posterior distribution of τ1, we first determine its moment of order
z ≥ 1, i.e.,

E{(τ1)
z | X1, . . . , Xn} (16)

= E{(τ1)
z | Nn = n, Kn = k}

= E

{(
Kn∑

i=1

I(Ni,n = 1)I(Ni,N−n = 0)

)z

| Nn = n, Kn = k

}
.

For s, t ∈ N with s ≤ t recall that S(s, t) denotes the Stirling number of the
second type (Charalambides [7, Chapter 2]), and let Ct,s denote a set of combi-
nation defined as follows: Ct,0 = ∅ and Ct,s = {(c1, . . . , cs) : ci ∈ {1, . . . , t}, ci �=
cj , if i �= j} for any s ≥ 1. Accordingly, Equation (16) admits the following
expansion

E{(τ1)
z | X1, . . . , Xn}

=

k∑

x=1

z∑

i1=1

i1−1∑

i2=1

· · ·
ix−2−1∑

ix−1=1

(
r

i1

)(
i1
i2

)
· · ·

(
ix−2

ix−1

)
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×
∑

(c1,...,cx)∈Ck,x

E

{
x∏

t=1

I(Nct,n =1)I(Nct,N−n =0)ix−t−ix−t+1 | Nn =n, Kn =k

}

=

z∑

x=1

S(z, x)x!
∑

(c1,...,cx)∈Ck,x

E

{
x∏

t=1

I(Nct,n =1)I(Nct,N−n =0) | Nn =n, Kn =k

}

=
z∑

x=1

S(z, x)x!
∑

(c1,...,cx)∈Ck,x

x∏

t=1

I(Nct,n =1)E

{
x∏

t=1

I(Nct,N−n =0) | Nn =n, Kn =k

}

=

z∑

x=1

S(z, x)x! (17)

×
∑

(c1,...,cx)∈Ck,x

x∏

t=1

I(Nct,n =1)P(Nc1,N−n =0, . . . , Ncx,N−n =0 | Nn =n, Kn =k).

The conditional probability (17) can be computed by a direct application of
Favaro et al. [8, Lemma 1]. In particular, from Favaro et al. [8, Equation 38 and
Equation 40]

P(Nc1,N−n = 0, . . . , Ncx,N−n = 0 | Nn = n, Kn = k, VN−n = v)

=
(n − ∑x

i=1 nci − (k − x)α)(N−n−v)

(n − kα)(N−n−v)
;

and

P(VN−n = v | Nn = n, Kn = k)

=

(
N − n

v

)
(n − kα)(N−n−v)

v∑

j=0

∏k+j−1
i=0 (θ+iα)

(θ)(n+(N−n))
∏k−1

i=0 (θ+iα)

(θ)(n)

C (v, j; α)

αj
.

Then,

P(Nc1,N−n = 0, . . . , Ncx,N−n = 0 | Nn = n, Kn = k) (18)

=

N−n∑

v=0

(
N − n

v

)
(n − kα)(N−n−v)

v∑

j=0

∏k+j−1
i=0 (θ+iα)

(θ)(n+(N−n))
∏k−1

i=0 (θ+iα)

(θ)(n)

C (v, j; α)

αj

× (n − ∑x
i=1 nci − (k − x)α)(N−n−v)

(n − kα)(N−n−v)

=

N−n∑

j=0

1

αj

∏k+j−1
i=0 (θ+iα)

(θ)(n+(N−n))
∏k−1

i=0 (θ+iα)

(θ)(n)

N−n∑

v=j

(
N − n

s

)
(n − kα)(N−n−v)C (v, j; α)

× (n − ∑x
i=1 nci − (k − x)α)(N−n−v)

(n − kα)(N−n−v)
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=

N−n∑

j=0

1

αj

∏k+j−1
i=0 (θ+iα)

(θ)(n+(N−n))
∏k−1

i=0 (θ+iα)

(θ)(n)

N−n∑

v=j

(
N − n

v

)
C (v, j; α)

× (n −
x∑

i=1

nci − (k − x)α)(N−n−v) (19)

=

N−n∑

j=0

1

αj

∏k+j−1
i=0 (θ+iα)

(θ)(n+(N−n))
∏k−1

i=0 (θ+iα)

(θ)(n)

N−n∑

v=j

(
N − n

v

)
C (v, j; α)

× C (N − n − v, 0, α, −n +
x∑

i=1

nci + (k − x)α). (20)

Then, by the application of the convolutional identity (12) to the sum over v,
we get

P(Nc1,N−n = 0, . . . , Ncx,N−n = 0 | Nn = n, Kn = k)

=

N−n∑

j=0

∏k+j−1
i=0 (θ+iα)

(θ)(n+(N−n))
∏k−1

i=0 (θ+iα)

(θ)(n)

C (N − n, j; α, −n +
∑x

i=1 nci + (k − x)α)

αj

=
1

(θ + n)(N−n)

N−n∑

j=0

(
θ

α
+ k

)

(j)

C (N − n, j; α, −n +

x∑

i=1

nci + (k − x)α).

Therefore, by the application of the identity (11) to the sum over j, we obtain
that

P(Nc1,N−n = 0, . . . Ncx,N−n = 0 | Nn = n, Kn = k)

=
(θ + n − ∑x

i=1 nci + xα)(N−n)

(θ + n)(N−n)
.

By a direct combination of Equation (17) and Equation (18), the moment for-
mula (16) is

E{(τ1)
z | X1, . . . , Xn}

=

z∑

x=1

S(z, x)x!
∑

(c1,...,cx)∈Ck,x

x∏

t=1

I(Nct,n = 1)

× P(Nc1,N−n = 0, . . . , Ncx,N−n = 0 | Nn = n, Kn = k)

=

z∑

x=1

S(z, x)x!
∑

(c1,...,cx)∈Ck,x

x∏

t=1

I(Nct,n = 1)
(θ + n − ∑x

i=1 nci + xα)(N−n)

(θ + n)(N−n)
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=

z∑

x=1

S(z, x)x!

(
m1

x

)
(θ + n − x + xα)(N−n)

(θ + n)(N−n)

=
1

(θ + n)(N−n)

z∑

x=1

S(z, x)x!

(
m1

x

) {
(1 − α)

(
θ + n

1 − α
− x

)}

(N−n)

,

and from (10)

E{(τ1)
z | X1, . . . , Xn}

=
1

(θ + n)(N−n)

z∑

x=1

S(z, x)x!

(
m1

x

) N−n∑

i=1

C (n, i; 1 − α)

(
θ + n

1 − α
− x

)

(i)

=
1

(θ + n)(N−n)

N−n∑

i=1

C (n, i; 1 − α)

z∑

x=1

S(z, x)x!

(
m1

x

)Γ
(

θ+n
1−α + i − x

)

Γ
(

θ+n
1−α − x

)

=
1

(θ + n)(N−n)

N−n∑

i=1

C (n, i; 1 − α)
Γ

(
θ+n
1−α + i

)

Γ
(

θ+n
1−α

)

×
z∑

x=1

S(z, x)x!

(
m1

x

)Γ
(

θ+n
1−α + i − x

)
Γ

(
θ+n
1−α

)

Γ
(

θ+n
1−α − x

)
Γ

(
θ+n
1−α + i

)

[by the application of (15)]

=
1

(θ + n)(N−n)

N−n∑

i=1

C (n, i; 1 − α)

(
θ + n

1 − α

)

(i)

E{(H θ+n
1−α −1,m1,i)

z} (21)

[by the definition of generalized factorial distribution (13)]

=

N−n∑

i=1

E{(H θ+n
1−α −1,m1,i)

z}P(U1−α, θ+n
1−α ,N−n = i). (22)

According to the above expression for E{(τ1)
z | X1, . . . , Xn}, the proof of The-

orem 1 is completed by using the definition of (general) hypergeometric distri-
bution (14).

Appendix B: Proofs of Equation (7) and Equation (8)

Let (X1, . . . , Xn) be a random sample from Pα,θ, and let (X1, . . . , Xn) feature
Kn = k distinct symbols with Nn = (N1,n, . . . , NKn,n) corresponding frequen-
cies, n = (n1, . . . , nk) such that Ni,n > 0 and

∑
1≤i≤Kn

Ni,n = n. From the
proof on Theorem 1,

E{(τ1)
z | X1, . . . , Xn} =

z∑

i=1

S(z, x)i!

(
m1

i

)
(θ + n − i + iα)(N−n)

(θ + n)(N−n)
. (23)
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Recall that by means of Stirling formula Γ(n + i)/Γ(n) ≈ ni as n → +∞ is
a first order approximation of the Gamma function. By applying it to (23), as
n → +∞ and N → +∞.

E{(τ1)
z | X1, . . . , Xn}

=

z∑

i=1

S(z, i)i!

(
m1

i

)
(θ + n − i + iα)(N−n)

(θ + n)(N−n)

=
z∑

i=1

S(z, i)i!

(
m1

i

) Γ(θ+N−i+iα)
Γ(θ+n−i+iα)

Γ(θ+N)
Γ(θ+n)

≈
z∑

i=1

S(z, i)i!

(
m1

i

) {( n

N

)1−α
}i

. (24)

Equation (24) is the moment of order z of a Binomial random variable with
parameter (m1, (n/N)1−α), with m1 being the number of trials and (n/N)1−α

being the probability of success in a trial. This completes the proof of Equation
(7) and Equation (8).

Appendix C: On the distribution of U
1−α, θ+n

1−α ,N−n

Let (X1, . . . , Xn) be a random sample from Pα,θ, and let (X1, . . . , Xn) feature
Kn = k distinct symbols with corresponding frequencies Nn = n, where Nn =
(N1,n, . . . , NKn,n) and n = (n1, . . . , nk) such that Ni,n > 0 and

∑
1≤i≤Kn

Ni,n =
n. The distribution of Kn is known from Pitman [17, Chapter 3]. In particular,
for x ∈ {1, . . . , n}

P(Kn = x) =
(θ/α)(x)

(θ)(n)
C (n, x; α). (25)

According to (25), the distribution of U1−α, θ+n
1−α ,N−n coincides with the distri-

bution of the number KN−n distinct symbols in N − n random samples from
P1−α,θ+n.

Appendix D: Bayesian nonparametric inference for τ1,q

Under the Pitman-Yor process prior, we characterize the posterior distribution
of τ1,q through its moments; this leads to a Bayesian nonparametric estimator
of τ1,q in terms of the posterior mean. The proof is along lines similar to the
proof of Theorem 1. Let (X1, . . . , Xn) be a random sample from the Pitman-Yor
process Pα,θ, and let (X1, . . . , Xn) feature Kn = k distinct symbols, labelled by
{Z∗

1 , . . . , Z∗
Kn

}, with frequencies Nn = n, with Nn = (N1,n, . . . , NKn,n), and
n = (n1, . . . , nk) be such that Ni,n > 0 and

∑
1≤i≤Kn

Ni,n = n. Moreover, for
any N > n let (Xn+1, . . . , XN ) be an additional random sample from Pα,θ, and
let Nj,N−n ≥ 0 be the number of records Xn+i, i = 1 . . . , N that coincide with
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the label Z∗
j , j = 1, . . . , Kn. Moreover, let VN−n = N − n − ∑

1≤i≤Kn
Ni,N−n

be the number of Xn+i, i = 1, . . . , N that do not coincide with any Z∗
j ’s. To

compute the posterior distribution of τ1,q, we first determine its moment of
order z ≥ 1, i.e.,

E{(τ1,q)
z | X1, . . . , Xn} (26)

= E{(τ1,q)
z | Nn = n, Kn = k}

= E

{(
Kn∑

i=1

I(Ni,n = 1)I(Ni,N−n ≤ q)

)z

| Nn = n, Kn = k

}
.

For s, t ∈ N with s ≤ t recall that S(s, t) denotes the Stirling number of the
second type (Charalambides [7, Chapter 2]), and let Ct,s denote a set of combi-
nation defined as follows: Ct,0 = ∅ and Ct,s = {(c1, . . . , cs) : ci ∈ {1, . . . , t}, ci �=
cj , if i �= j} for any s ≥ 1. Accordingly, Equation (26) admits the following
expansion

E{(τ1,q)
z | X1, . . . , Xn}

=E

{[
k∑

i=1

(
q∑

h=0

I(Ni,n =1)I(Ni,N−n =h)

)]z

|Nn =nn, Kn =k

}

=

k∑

x=1

z∑

i1=1

i1−1∑

i2=1

· · ·
ix−2−1∑

ix−1=1

(
z

i1

)(
i1
i2

)
· · ·

(
ix−2

ix−1

)

×
∑

(c1,...,cx)∈Ck,x

E

⎧
⎨
⎩

x∏

t=1

(
q∑

h=0

I(Nct,n =1)I(Nct,N−n =h)

)ix−t−ix−t+1

|Nn =nn, Kn =k

⎫
⎬
⎭

=

k∑

x=1

z∑

i1=1

i1−1∑

i2=1

· · ·
ix−2−1∑

ix−1=1

(
z

i1

)(
i1
i2

)
· · ·

(
ix−2

ix−1

)

×
∑

(c1,...,cx)∈Ck,x

E

{
x∏

t=1

(
q∑

h=0

I(Nct,n =1)I(Nct,N−n =h)

)
|Nn =nn, Kn =k

}

=
z∑

x=1

S(z, x)x!

×
∑

(c1,...,cx)∈Ck,x

E

{
x∏

t=1

(
q∑

h=0

I(Nct,n =1)I(Nct,N−n =h)

)
|Nn =nn, Kn =k

}
.

Now, we define the (cartesian product) set Hq,x = {0, . . . , q}x, such that we can
write

E{(τ1,q)
z | X1, . . . , Xn}

=

z∑

x=1

S(z, x)x!
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×
∑

(c1,...,cx)∈Ck,x

∑

(h1,...,hx)∈Hq,x

E

{
x∏

t=1

(I(Nct,n =1)I(Nct,N−n =ht))|Nn =nn, Kn =k

}

=

z∑

x=1

S(z, x)x!
∑

(h1,...,hx)∈Hq,x

×
∑

(c1,...,cx)∈Ck,x

x∏

t=1

I(Nct,n =1)E

{
x∏

t=1

(I(Nct,N−n =ht)) |Nn =nn, Kn =k

}

=

z∑

x=1

S(z, x)x!
∑

(h1,...,hx)∈Hq,x

(27)

×
∑

(c1,...,cx)∈Ck,x

x∏

t=1

I(Nct,n =1)P(Nc1,N−n =h1, . . . , Ncx,N−n =hx|Nn =nn, Kn =k).

The conditional probability in (27) can be computed from Lemma 1 in Favaro
et al. (2013). In particular, from Equation 38 and Equation 40 in Favaro et al.
(2013) we have

i)

Pr(Nc1,N−n = h1, . . . , Ncx,N−n = hx |Nn = nn, Kn = k, VN−n = v)

=
(N − n − v)!

(N − n − v − ∑x
t=1 ht)!

x∏

t=1

(nct − α)(ht)

ht!

×
(n − ∑x

t=1 nct − (k − x)α)(N−n−v−∑ x
t=1 ht)

(n − kα)(N−n−v)

ii)

Pr(VN−n = v |Nn = nn, Kn = k)

=

(
N − n

v

)
(n − kα)(N−n−v)

v∑

j=0

∏k+j−1
i=0 (θ+iα)

(θ)(n+(N−n))
∏k−1

i=0 (θ+iα)

(θ)(n)

C (v, j; α)

αj
,

and

Pr(Nc1,N−n = h1, . . . , Ncx,N−n = hx |Nn = nn, Kn = k) (28)

=

N−n∑

v=0

(
N − n

v

)
(n − kα)(N−n−v)

v∑

j=0

∏k+j−1
i=0 (θ+iα)

(θ)(n+(N−n))
∏k−1

i=0 (θ+iα)

(θ)(n)

C (v, j; α)

αj

× (N − n − v)!

(N − n − v − ∑x
t=1 ht)!

x∏

t=1

(nct − α)(ht)

ht!

×
(n − ∑x

t=1 nct − (k − x)α)(N−n−v−∑ x
t=1 ht)

(n − kα)(N−n−v)
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=

N−n∑

j=0

1

αj

∏k+j−1
i=0 (θ+iα)

(θ)(n+(N−n))
∏k−1

i=0 (θ+iα)

(θ)(n)

N−n∑

v=j

(
N − n

v

)
(n − kα)(N−n−v)C (v, j; α)

× (N − n − v)!

(N − n − v − ∑x
t=1 ht)!

x∏

t=1

(nct − α)(ht)

ht!

×
(n − ∑x

t=1 nct − (k − x)α)(N−n−v−∑ x
t=1 ht)

(n − kα)(N−n−v)

=
(N − n)!

(N − n − ∑x
t=1 ht)!

x∏

t=1

(nct − α)(ht)

ht!

N−n∑

j=0

1

αj

∏k+j−1
i=0 (θ+iα)

(θ)(n+(N−n))
∏k−1

i=0 (θ+iα)

(θ)(n)

×
N−n∑

v=j

C (v, j; α)
(N − n − ∑x

t=1 ht)!

(N − n − v − ∑x
t=1 ht)!v!

× (n −
x∑

t=1

nct − (k − x)α)(N−n−v−∑ x
t=1 ht)

=
(N − n)!

(N − n − ∑x
t=1 ht)!

x∏

t=1

(nct − α)(ht)

ht!

N−n∑

j=0

1

αj

∏k+j−1
i=0 (θ+iα)

(θ)(n+(N−n))
∏k−1

i=0 (θ+iα)

(θ)(n)

×
N−n∑

v=j

(
N − n − ∑x

t=1 ht

v

)
C (v, j; α)

× C (N − n − v −
x∑

t=1

ht, 0; α, −n +

x∑

t=1

nct + (k − x)α)

=
(N − n)!

(N − n − ∑x
t=1 ht)!

x∏

t=1

(nct − α)(ht)

ht!

N−n∑

j=0

1

αj

∏k+j−1
i=0 (θ+iα)

(θ)(n+(N−n))
∏k−1

i=0 (θ+iα)

(θ)(n)

× C (N − n −
x∑

t=1

ht, j; α, −n +
x∑

t=1

nct + (k − x)α)

=
(N − n)!

(N − n − ∑x
t=1 ht)!

x∏

t=1

(nct − α)(ht)

ht!

1

(θ + n)(N−n)

×
N−n∑

j=0

(
θ

α
+ k

)

(j)

C (N − n −
x∑

t=1

ht, j; α, −n +

x∑

t=1

nct + (k − x)α)

=
(N − n)!

(N − n − ∑x
t=1 ht)!

x∏

t=1

(nct − α)(ht)

ht!

1

(θ + n)(N−n)

× (θ + n −
x∑

i=1

nct + xα)(N−n−∑x
t=1 ht).
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Then, by combining Equation (27) with Equation (28) we can write the following
identities

E{(τ1,q)
z | X1, . . . , Xn}

=

z∑

x=1

S(z, x)x!
∑

(h1,...,hx)∈Hq,x

×
∑

(c1,...,cx)∈Ck,x

x∏

t=1

I(Nct,n =1)P(Nc1,N−n =h1, . . . , Ncx,N−n =hx|Nn =nn, Kn =k)

=

z∑

x=1

S(z, x)x!
∑

(h1,...,hx)∈Hq,x

×
∑

(c1,...,cx)∈Ck,x

x∏

t=1

I(Nct,n =1)
(N − n)!

(N − n − ∑x
t=1 ht)!

×
x∏

t=1

(nct − α)(ht)

ht!

(θ + n − ∑x
i=1 nct + xα)(N−n−∑x

t=1 ht)

(θ + n)(N−n)

=
r∑

x=1

S(r, x)x!

(
m1

x

) ∑

(h1,...,hx)∈Hq,x

× (N − n)!

(N − n − ∑x
t=1 ht)!

x∏

t=1

(1 − α)(ht)

ht!

(θ + n − x + xα)(N−n−∑x
t=1 ht)

(θ + n)(N−n)
.

Therefore,

E{(τ1,q)[z] | X1, . . . , Xn} (29)

= E

⎧
⎨
⎩

(
k∑

i=1

(
q∑

h=0

I(Ni,n = 1)I(Ni,N−n = h)

))

[z]

|Nn = nn, Kn = k

⎫
⎬
⎭

= z!

(
m1

z

) q∑

i1=0

· · ·
q∑

iz=0

× (N − n)!

(N − n − ∑z
t=1 it)!

z∏

t=1

(1 − α)(it)

it!

(θ + n − z + zα)(N−n−∑ z
t=1 it)

(θ + n)(N−n)
.

Equation (29) leads, by means of standard arguments on inversion formula,
to the calculation of the conditional distribution of τ1,q given (X1, . . . , Xn). In
particular, a Bayesian nonparametric estimator of τ1,q, is given by the posterior
mean

τ̂1,q = E{τ1,q | X1, . . . , Xn}

= m1

q∑

i=0

(N − n)!

(N − n − i)!

(1 − α)(i)

i!

(θ + n − 1 + α)(N−n−i)

(θ + n)(N−n)
.
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Note that τ̂1,0 coincides with τ̂1 in Theorem 1. We conclude the study of τ1,q

by considering the large n and large N asymptotic behaviour of the posterior
(falling) factorial moment E{(τ1,q)[r] | X1, . . . , Xn}. In particular, we write the
following

E{(τ1,q)[z] | X1, . . . , Xn}

= z!

(
m1

z

) q∑

i1=0

· · ·
q∑

iz=0

× (N − n)!

(N − n − ∑z
t=1 it)!

z∏

t=1

(1 − α)(it)

it!

(θ + n − z + zα)(N−n−∑ z
t=1 it)

(θ + n)(N−n)

= z!

(
m1

z

) q∑

i1=0

· · ·
q∑

iz=0

× Γ(N − n + 1)/Γ(N)

Γ(N − n − ∑z
t=1 it + 1)/Γ(N)

z∏

t=1

(1 − α)(it)

it!

Γ(θ−z+zα+N−∑ z
t=1 it)/Γ(N)

Γ(Γ(θ+n−z+zα)/Γ(n)

Γ(θ+N)/Γ(N)
Γ(θ+n)/Γ(n)

≈ z!

(
m1

z

) q∑

i1=0

· · ·
q∑

iz=0

N−n+1

N−n−∑z
t=1 it+1

z∏

t=1

(1 − α)(it)

it!

Nθ−r+rα−∑z
i=1 it

nθ−z+zα

Nθ

nθ

= z!

(
m1

z

)[( n

N

)1−α
]z q∑

i1=0

· · ·
q∑

iz=0

z∏

t=1

(1 − α)(it)

it!

= z!

(
m1

z

)[( n

N

)1−α
]z [

Γ(2 + q − α)

Γ(1 + q)Γ(2 − α)

]z

= z!

(
m1

z

)[( n

N

)1−α Γ(2 + q − α)

Γ(1 + q)Γ(2 − α)

]z

. (30)

If
( n

N

)1−α Γ(2 + q − α)

Γ(1 + q)Γ(2 − α)
∈ (0, 1) (31)

then Equation (30) is the falling factorial moment of order z of a Binomial
random variable with parameter (m1, (n/N)1−αΓ(2 + q − α)/Γ(1 + q)Γ(2 − α)),
with m1 being the number of trials and (n/N)1−αΓ(2+ q −α)/Γ(1+ q)Γ(2−α)
being the probability of success in a trial. Note that (31) is always satisfied for
q = 0.
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Bayesian nonparametric disclosure risk assessment 5651

de Probabilités de Saint-Flour XXXII. Lecture Notes in Mathematics,
Springer New York. MR2245368

[18] Pitman, J. and Yor, M. (1999). The two-parameter Poisson-Dirichlet
distribution derived from a stable subordinator. The Annals of Probability
25, 855–900. MR1434129

[19] Reiter, J.P. (2005). Estimating risks of identification disclosure in micro-
data. J. Amer. Statist. Assoc. 100, 1103–1112. MR2236926

[20] Rinott, Y. and Shlomo, N. (2006). A generalized negative binomial
smoothing model for sample disclosure risk estimation. In Privacy in Sta-
tistical Databases. Lecture Notes in Computer Science, Springer, Berlin.
MR2459186

[21] Samuels, S.M. (1998). A Bayesian, species-sampling-inspired approach
to the uniques problem in microdata disclosure risk assessment. Journal of
Official Statistics 14, 373–383.

[22] Scarpa, B. and Dunson, D. (2009). Bayesian hierarchical functional
data analysis via contaminated informative priors. Biometrics, 65 772–780.
MR2649850

[23] Skinner, and Elliot, M.J. (2002). A measure of disclosure risk for mi-
crodata. Journal of the Royal Statistical Society, Series B 64, 855–867.
MR1979391

[24] Skinner, C.J., Marsh, C., Openshaw, S. and Wymer, C. (1994).
Disclosure control for census microdata. Journal of Official Statistics 10,
31–51.

[25] Skinner, and Shlomo, N. (2008). Assessing identification risk in survey
microdata using log-linear models. J. Amer. Statist. Assoc. 103, 989–1001.
MR2462887

[26] Willenborg, L. and de Waal, T. (2001). Elements of statistical dis-
closure control. Springer, New York. MR1866909



Statement of Authorship for joint/multi-authored papers for PGR thesis 
To appear at the end of each thesis chapter submitted as an article/paper 

  

The statement shall describe the candidate’s and co-authors’ independent research contributions in the thesis 
publications. For each publication there should exist a complete statement that is to be filled out and signed by the 
candidate and supervisor (only required where there isn’t already a statement of contribution within the paper 
itself). 

Student Confirmation 

Supervisor Confirmation 

By signing the Statement of Authorship, you are certifying that the candidate made a substantial contribution to the 
publication, and that the description described above is accurate. 

This completed form should be included in the thesis, at the end of the relevant chapter.

Title of Paper 
Bayesian nonparametric disclosure risk assessment

Publication Status 
  □Published                                  □ Accepted for Publication 

  □Submitted for Publication          □Unpublished and unsubmitted work written 
                                                         in a manuscript style

Publication Details 
Stefano Favaro, Francesca Panero, Tommaso Rigon "Bayesian nonparametric 
disclosure risk assessment”, Electronic Journal of Statistics, Electron. J. 
Statist. 15(2), 5626-5651, (2021)

Student Name: 
Francesca Panero

Contribution to the 
Paper 

I am joint second author. 
I implemented part of the simulation experiments to compare our estimators with 
others available in the literature. I found the data of the American Community Survey 
and implemented the comparisons among estimators. I carried out the literature 
review presented in the introduction. 

Signature Date
19/04/2022

Supervisor name and title: 

Supervisor comments 

Signature Date

Professor François Caron

19/04/2022



Chapter 5

Optimal disclosure risk

assessment

Federico Camerlenghi, Stefano Favaro, Zacharie Naulet, Francesca Panero.

“Optimal disclosure risk assessment”, The Annals of Statistics, 49(2) 723-744

April 2021.

175



The Annals of Statistics
2021, Vol. 49, No. 2, 723–744
https://doi.org/10.1214/20-AOS1975
© Institute of Mathematical Statistics, 2021

OPTIMAL DISCLOSURE RISK ASSESSMENT

BY FEDERICO CAMERLENGHI1, STEFANO FAVARO2, ZACHARIE NAULET3 AND

FRANCESCA PANERO4

Dedicated to the memory of Chris Skinner

1Department of Economics, Management and Statistics, University of Milano–Bicocca, federico.camerlenghi@unimib.it
2Department of Economics and Statistics, Univeristy of Torino, stefano.favaro@unito.it

3Université Paris-Saclay, Laboratoire de mathématiques d’Orsay, zacharie.naulet@universite-paris-saclay.fr
4Department of Statistics, University of Oxford, francesca.panero@stats.ox.ac.uk

Protection against disclosure is a legal and ethical obligation for agen-
cies releasing microdata files for public use. Consider a microdata sample
of size n from a finite population of size n̄ = n + λn, with λ > 0, such that
each sample record contains two disjoint types of information: identifying
categorical information and sensitive information. Any decision about re-
leasing data is supported by the estimation of measures of disclosure risk,
which are defined as discrete functionals of the number of sample records
with a unique combination of values of identifying variables. The most com-
mon measure is arguably the number τ1 of sample unique records that are
population uniques. In this paper, we first study nonparametric estimation of
τ1 under the Poisson abundance model for sample records. We introduce a
class of linear estimators of τ1 that are simple, computationally efficient and
scalable to massive datasets, and we give uniform theoretical guarantees for
them. In particular, we show that they provably estimate τ1 all of the way up
to the sampling fraction (λ + 1)−1 ∝ (logn)−1, with vanishing normalized
mean-square error (NMSE) for large n. We then establish a lower bound for
the minimax NMSE for the estimation of τ1, which allows us to show that:
(i) (λ + 1)−1 ∝ (logn)−1 is the smallest possible sampling fraction for con-
sistently estimating τ1; (ii) estimators’ NMSE is near optimal, in the sense of
matching the minimax lower bound, for large n. This is the main result of our
paper, and it provides a rigorous answer to an open question about the feasi-
bility of nonparametric estimation of τ1 under the Poisson abundance model
and for a sampling fraction (λ + 1)−1 < 1/2.

1. Introduction. Protection against disclosure is a legal and ethical obligation for agen-
cies releasing microdata files for public use. Any decision about release requires a careful
assessment of the risk of disclosure, which is supported by the estimation of measures of
disclosure risk ([30]). Let consider a microdata sample X(n) = (X1, . . . ,Xn) from a finite
population of size n̄ > n and, without loss of generality, assume that each Xi is a record
containing two disjoint types of information for the ith individual: identifying information
and sensitive information. Identifying information consists of a set of categorical variables
which might be matchable to known units of the population. A risk of disclosure results from
the possibility that an intruder might succeed in identifying a microdata unit through such a
matching, and hence be able to disclose sensitive information on this unit. To quantify the
risk of disclosure, sample records X(n) are typically cross-classified according to identifying
variables. That is, X(n) is partitioned in Kn ≤ n cells, with Yj (X, n) being the number of

Received February 2019; revised April 2020.
MSC2020 subject classifications. Primary 62G05; secondary 62C20.
Key words and phrases. Disclosure risk assessment, microdata sample, nonparametric inference, optimal min-

imax procedure, Poisson abundance model, polynomial approximation.
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Xi’s belonging to cell j , for j = 1, . . . ,Kn, such that
∑

1≤j≤Kn
Yj (X, n) = n; we refer to the

number of occurrences Yj (X, n) as the sample frequency of cell j . Then a risk of disclosure
arises from cells in which both sample frequencies and population frequencies are small. Of
special interest are cells with frequency 1 (singletons or uniques) since, assuming no errors
in the matching process or data sources, for these cells the match is guaranteed to be correct.
This has motivated inferences on measures of disclosure risk that are suitable functionals
of the number of uniques, the most common being the number τ1 of sample uniques which
are also population uniques. We refer to [24] for a comprehensive account on measures of
disclosure risk.

In this paper, we first study nonparametric estimation of the discrete functional τ1 under
the Poisson abundance model for sample records. The Poisson abundance model is arguably
the most natural, and weak, assumption to infer τ1 ([2] and [25]). If n̄ = n + λn, with λ > 0,
the model assumes that: (i) the population records (X1, . . . ,Xn+λn) can be ideally extended
to a sequence X = (Xi)i≥1, of which X(n) is an observable subsample; (ii) the Xi ’s are in-
dependent and identically distributed as an unknown distribution (pj )j≥1, where pj is the
probability of the j th cell in which X may be cross-classified; (iii) the sample size is a
Poisson random variable N with mean n, in symbols N ∼ Poiss(n). Then sample records
X(N) = (X1, . . . ,XN) result in KN cells with Yj (X,N) being the sample frequency of cell
j , for j = 1, . . . ,KN , such Yj (X,N) ∼ Poiss(npj ), Yj1(X,N) is independent of Yj2(X,N)

for any j1 �= j2, and
∑

1≤j≤KN
Yj (X,N) = N . [26] first raised the problem of nonparametric

estimation of τ1 under the Poisson abundance model, leaving that as an open problem. In
particular, they discussed about the feasibility of nonparametric estimation of τ1, arguing that
it is an intrinsically difficult problem. The problem shares the well-known difficulties of the
classical problem of estimating the number of unseen species ([10] and [8]). Indeed nonpara-
metric estimators of τ1 may be “unreasonable” since they are subject to serious upward bias
and high variance for small sampling fractions of the population, that is, (λ + 1)−1 < 1/2 or,
in other words, for n smaller than a half of the population n̄.

Under the Poisson abundance model for sample records X(n) from the population
(X1, . . . ,Xn+λn), we introduce a class of nonparametric linear estimators of τ1 that are sim-
ple, computationally efficient and scalable to massive datasets. We show that our estimators
admit an interpretation as (smoothed) nonparametric empirical Bayes estimators in the sense
of [22], and we prove theoretical guarantees for them that hold uniformly for any distribu-
tion (pj )j≥1. In particular, we show that our estimators provably estimate τ1 all of the way
up to the sampling fraction (λ + 1)−1 ∝ (logn)−1 of the population, with vanishing normal-
ized mean-square error (NMSE) as n becomes large. Then, by relying on recent techniques
developed in [32] in the context of nonparametric estimation of the support size of discrete
distributions, we establish a lower bound for the minimax NMSE for the estimation of τ1.
This result allows us to show that (λ + 1)−1 ∝ (logn)−1 is the smallest possible sampling
fraction of the population for consistently estimating τ1, and that the estimators’ NMSE is
near optimal, in the sense of matching the minimax lower bound, for a large sample size n.
This is the main result of the present paper, and it provides a rigorous answer to the ques-
tion raised by [26] about the feasibility of nonparametric estimation of τ1 under the Poisson
abundance model and for a sampling fraction (λ + 1)−1 < 1/2. Indeed our result shows that
nonparametric estimation of τ1 has uniformly provable guarantees, in terms of vanishing
NMSE for large n, if and only if (λ + 1)−1 ∝ (logn)−1.

Starting from the seminal work of [2], in the last three decades a full range of paramet-
ric and semiparametric approaches, both frequentist and Bayesian, has been proposed for
making inference on τ1; see, for example, [4, 13, 14, 20, 21, 23–25] and [5]. A common
thread of these works has been the enrichment of the classical Poisson abundance model
with stronger modeling assumptions: while early approaches were focused on parametric
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Bayesian modeling of the random partition induced by the cross classification of sample
records, recent approaches focused on semiparametric modeling of the associations among
identifying variables, typically by means of complex Bayesian hierarchical latent class mod-
els. All approaches in the literature are shown to empirically estimate τ1, even for relatively
small sampling fractions, but without any provable guarantees. The approach we propose in
the present paper may be viewed as the natural nonparametric counterpart of the paramet-
ric empirical Bayes approach, in the sense of [7], introduced in [2] and further developed in
[24] and [21]. Besides being the first nonparametric approach to the estimation of τ1 under
the Poisson abundance model, our approach stands out for being the first to give theoretical
guarantees on the performance of the proposed class of estimators.

The paper is structured as follows. In Section 2, we introduce a class of nonparametric es-
timators for τ1, and we show that they provably estimate τ1 all of the way up to the sampling
fraction (λ + 1)−1 ∝ (logn)−1, with vanishing NMSE for large sample size n. In Section 3,
we show that (λ + 1)−1 ∝ (logn)−1 is the smallest possible sampling fraction of the pop-
ulation which guarantees a vanishing NMSE, and that estimators’ NMSE is near optimal
for large n. Section 4 contains a discussion of our results, their interplay with other discrete
functional estimation problems, and remaining open challenges. Proofs are deferred to the
Appendix, whereas technical results and numerical illustrations are available as Supplemen-
tary Material [3].

2. A nonparametric estimator of τ1. We consider an infinite sequence of observations
X, and we assume that X(N) = (X1, . . . ,XN) is the microdata sample of random size N un-
der the Poisson abundance model. We suppose that X(N) is a subsample of (X1, . . . ,XM+N),
where M ∼ Poiss(λn), with λ > 0 and independent of N . In the present framework,
(XN+1, . . . ,XN+M) may be seen as the unobservable population. When sample records are
cross-classified according to identifying variables, the sample (X1, . . . ,XN) results parti-
tioned in KN ≤ N cells with corresponding sample frequencies (Y1(X,N), . . . , YKN

(X,N))

such that
∑

1≤j≤KN
Yj (X,N) = N . Hereafter, we denote by Zi(X,N) the number of cells

with frequency i, and by Zī(X,N) the number of cells with frequency greater or equal than
i, for any index i ≥ 1. We are interested in estimating the number τ1 of sample uniques which
are also population uniques, namely the following discrete functional:

τ1(X,N,M) = ∑
j≥1

1{Yj (X,N)=1}1{Yj (X,N+M)=1},

where 1 denotes the indicator function. We recall that the frequency counts, defined as
Yj (X,N) = ∑

1≤i≤N 1{Xi=j}, are distributed according to a Poisson distribution with param-
eter npj , where pj is the unknown probability associated to the j th cell, that is, pj ∈ [0,1]
for j ≥ 1 such that

∑
j≥1 pj = 1. We will denote by Y (X,N) := (Y1(X,N), . . .) the

whole sequence of the cell’s frequency counts. We remark that, under the Poisson abun-
dance model, the Yj (X,N)’s are independent random variables variables and, in addition,
Yj (X,N + M) − Yj (X,N) is independent of Yj (X,N), for any j ≥ 1: these properties fol-
low from standard statistical arguments. When the sample size n is fixed, the independence
property of the Yj (X, n)’s falls down and approximation arguments are required to handle
such a situation.

To fix the notation, in the sequel we will write f � g, for two generic functions f and
g, if and only if (iff) there exists a universal constant C > 0 such that f (x) ≤ Cg(x); we
will further write f � g whenever both f � g and g � f are satisfied. Let us denote by
P the set of all possible distributions over the set of natural numbers N, that is, P := {P =∑

j≥1 pjδj : pj ∈ [0,1], with
∑

j≥1 pj = 1}, where δj denotes the Dirac measure centered at
j ∈N. An estimator of τ1(X,N,M) is understood to be a measurable function ρ̂1(X(N),N)
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depending on the available sample X(N) and the actual size of the observed sample N . We
will evaluate the performance of a generic estimator ρ̂1(X(N),N) of τ1(X,N,M), by its
worst-case NMSE, defined as

(1) Eλ,n

(
ρ̂1

(
X(N),N

)) := sup
P∈P

E[(ρ̂1(X(N),N) − τ1(X,N,M))2]
n2 ,

where E[(ρ̂1(X(N),N) − τ1(X,N,M))2] is the mean squared error (MSE) of ρ̂1 under
the model (P,n,λ), also denoted by MSE[ρ̂1(X(N),N)]. Since MSE[ρ̂1(X(N),N)] does
not vanish as n → +∞, it is common to evaluate the performance of an estimator for
τ1(X,N,M) in terms of the NMSE (see, e.g., [19]). The NMSE is indeed the MSE of
ρ̂1(X(N),N) normalized by the maximum value of τ1(X,N,M) (which is exactly n, given
N = n), and hence the performance of ρ̂1(X(N),N) is evaluated in terms of the rate of
convergence to 0 of the NMSE as n → +∞.

A nonparametric estimator for τ1(X,N,M) may be simply deduced by comparing expec-
tations. Indeed, under the Poisson abundance model, it easy to see that

(2) E
[
τ1(X,N,M)

] = ∑
i≥0

(−1)iλi(i + 1)E
[
Zi+1(X,N)

]
.

See Appendix A.1 for details on the derivation of identity (2). In particular, according to
identity (2) we can define the following estimator of τ1(X,N,M):

(3) τ̂1
(
X(N),N

) = ∑
i≥0

(−1)i(i + 1)λiZi+1(X,N).

By construction τ̂1(X(N),N) is an unbiased estimator of E[τ1(X,N,M)], that is,
E[τ̂1(X(N),N)] =E[τ1(X,N,M)] = ∑

j≥1 npje
−(λ+1)npj . The estimator τ̂1(X(N),N) ad-

mits a natural interpretation as a nonparametric empirical Bayes estimator in the sense of
[22]. More precisely, τ̂1(X(N),N) is the posterior expectation of E[τ1(X,N,M)] with re-
spect to an unknown prior distribution on the pi’s that is estimated from the Yj (X,N). See
Appendix A.2 for details. This observation makes the estimator (3) the natural nonparametric
counterpart of the parametric empirical Bayes estimator, in the sense of [7], introduced in [2].

THEOREM 1. For any positive reals x and y, let �x� denote the integer part of x and let
x ∨ y denote the maximum between x and y. If λ < 1, for any P ∈ P and for any n > 0,

Var
[
τ1(X,N,M) − τ̂1

(
X(N),N

)]
≤ �2(λ)E

[
Z1̄(X,N)

] − E[Z1(X,N + M)]
λ + 1

,
(4)

where in (4) we defined �(λ) = (j∗ + 1)λj∗
such that j∗ = �(2λ − 1)/(1 − λ)� ∨ 0.

The proof of Theorem 1 is deferred to Appendix A.3. According to Theorem 1, for λ <

1 one has that Var[τ1(X,N,M) − τ̂1(X(N),N)] � n upon noticing that E[Z1̄(X,N)] ≤
E[N ] = n. That is, in expectation, τ̂1(X(N),N) approximate τ1(X,N,M) to within n. We
formalize these observations in the next corollary.

COROLLARY 1. If λ < 1 is fixed, then Eλ,n(τ̂1(X(N),N)) ≤ W(λ)/n, for any n ≥ 1 and
for some constant W(λ) depending only on λ.

Corollary 1 legitimates τ̂1(X(N),N) as an estimator of τ1(X,N,M) under the assumption
λ < 1. Unfortunately, this assumption is unrealistic in the context of disclosure risk assess-
ment, where the size λn of the unobserved population is typically much bigger than the size n
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of the observed sample. The variance bound in Theorem 1 reveals that the assumption λ < 1
is necessary to obtain a finite estimate of the variance. This variance issue of τ̂1(X(N),N) is
determined by the geometrically increasing magnitude of the coefficients (i + 1)(−λ)i . In-
deed, as λ ≥ 1, the estimator τ̂1(X(N),N) grows superlinearly as (i +1)(−λ)i for the largest
i such that Zi+1(X,N) > 0, thus eventually far exceeding τ1(X,N,M) that grows at most
linearly. Then τ̂1(X(N),N) is useless for λ ≥ 1, thus requiring an adjustment via suitable
smoothing techniques. To fix this issue, we follow ideas developed by [8, 10] and [19] in
the context of the nonparametric estimation of the number of unseen species. We propose
a smoothed version of τ̂1(X(N),N) by truncating the series (3) at an independent random
location L, and then averaging over the distribution of L, that is,

τ̂ L
1
(
X(N),N

) =EL

[
L∑

i=1

(−1)i(i + 1)λiZi+1(X,N)

]

= ∑
i≥0

(−1)i(i + 1)λiP(L ≥ i)Zi+1(X,N).

(5)

For any λ ≥ 1, as the the index i in (5) increases, the tail probability P[L ≥ j ] compensate for
the exponential growth of (i + 1)(−λ)i , thereby stabilizing the variance. In the next theorem,
we show that for λ ≥ 1 the estimator τ̂ L

1 (X(N),N) is biased for E[τ1(X,N,M)], and we
provide a bound for the MSE of τ̂1(X(N),N).

THEOREM 2. Let τ̂ L
1 (X(N),N) be the estimator of τ1(X,N,M) defined in (5). If λ ≥ 1,

then

E
[
τ̂ L

1
(
X(N),N

)]
=E[

τ1(X,N,M)
] + ∑

j≥1

e−pjn(λ+1)pjn

∫ λnpj

0
esEL

[
(−s)L

L!
]

ds
(6)

and

MSE
[
τ̂ L

1
(
X(N),N

)]
≤ (
EL

[
(L + 1)λL])2

E
[
Z1̄(X,N)

] − E[Z1(X,N + M)]
λ + 1

+
(∑

j≥1

e−pjn(λ+1)pjn

∫ λnpj

0
esEL

[
(−s)L

L!
]

ds

)2
.

(7)

The proof of Theorem 2 is in Appendix A.4. Choosing different smoothing distributions
for L yields different estimators for τ1(X,N,M). Following [19], we consider two distribu-
tions for L: (i) a Poisson distribution with parameter β > 0; (ii) a Binomial distribution with
parameter (x0,2/(λ + 2)). To choose the parameter β of the Poisson distribution and the pa-
rameter x0 of the Binomial distribution, one should look for β̃ and x̃0 which minimizes the
MSE bound (7). Once the values of β̃ and x̃0 are determined explicitly, we are able to obtain
a “limit of predictability” for τ̂ L

1 (X(N),N). That is, for some δ > 0 we are able to specify
the maximum value of the sampling fraction λ for which Eλ,n(τ̂

L
1 (X(N),N)) < δ. This gives

a provable (performance) guarantee for the estimation of τ1(X,N,M) in terms of λ.

PROPOSITION 1. Let L be a Poisson random variable with parameter β . Then

(8) MSE
[
τ̂ L

1
(
X(N),N

)] ≤ e−2βn2 + ne2β(2λ−1).
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The right-hand side of (8) in minimized by setting β̃ = log(n/(2λ − 1))/(4λ), for any λ ≥ 1.
Moreover, if L is a Poisson random variable with parameter β̃ then

(9) En,λ

(
τ̂ L

1
(
X(N),N

)) ≤ A(λ)

n1/(2λ)
,

and for any δ ∈ (0,1),

(10) lim
n→+∞

max{λ : En,λ(τ̂
L
1 (X(N),N)) ≤ δ}

log(n)
≥ 1

2 log(A/δ)
,

where A(λ), is continuous in [1,+∞) with limλ→+∞ A(λ) = 1 and A = maxλ≥1 A(λ) <

+∞.

See Appendix A.5 for the proof of Proposition 1. A result similar to Proposition 1 holds
true when the random variable L is assumed to be distributed according to a Binomial distri-
bution. This result is stated in the next proposition, and its proof is omitted since it is along
lines similar to the proof of Proposition 1.

PROPOSITION 2. For any positive reals x and y, let �x� denote the integer part of x. Let
L be a Binomial random variable with parameter (x0,2/(λ + 2)). Then

MSE
[
τ̂ L

1
(
X(N),N

)] ≤ n

(
λ

λ + 2

)2x0
[
310x0/3 + n

(
λ

2(λ + 1)

)2]
(11)

and the choice x̃0 = �(3/10) log3(nλ2/((λ + 1)(λ2(310/3 − 1) − 4λ − 4)))� minimizes the
right-hand side of (11), for any λ ≥ 1. Moreover, if L is a Binomial random variable with
parameter (x̃0,2/(λ + 2)) then

(12) En,λ

(
τ̂ L

1
(
X(N),N

)) ≤ C(λ)

n3 log3(1+2/λ)/5 ,

and for any δ ∈ (0,1),

(13) lim
n→+∞

max{λ : En,λ(τ̂
L
1 ) ≤ δ}

log(n)
≥ 6

5 log(3) log(C/δ)
,

where C(λ) is continuous in [1,+∞) with limλ→+∞ C(λ) = 1 and C = maxλ≥1 C(λ).

3. Optimality of the proposed estimators. In Section 2, we have introduced two dif-
ferent estimators of τ1(X,N,M), and we have provided guarantees of their performance,
as n → +∞, in terms of the NMSE. We have already remarked that the case λ ≥ 1 is the
most interesting one for estimating the disclosure risk τ1(X,N,M). Indeed in the context
of disclosure risk assessment the fraction of the unobserved sample λ is usually much larger
than 1. Throughout the section, we assume that λ ≥ 1 and we prove that the proposed esti-
mator τ̂ L

1 (X(N),N) is essentially optimal. More precisely, we determine a lower bound for
the best worst-case NMSE, defined as

(14) E (λ,n) := inf
ρ̂1

Eλ,n

(
ρ̂1

(
X(N),N

))
,

where the infimum in the previous definition runs over all possible estimators ρ̂1 of
τ1(X,N,M). We will then see that the determined lower bound essentially matches with
the upper bound (9). In the sequel, we refer to E (λ,n) as the (normalized) minimax risk. The
theorem provides us with a lower bound for E (λ,n).
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THEOREM 3. Assume that lim infn→+∞(1 + λ) > e2. Then there exists a universal con-
stant K > 0 such that, for any n sufficiently large, we have that

(15) E (λ,n) ≥ K ·
⎧⎪⎨
⎪⎩

1 if λ + 1 > log(n),

1 + λ

log(n)

(√
log(n)

n(1 + λ)

)e2/(1+λ)

if λ + 1 ≤ log(n).

According to Theorem 3, it is clear that the lower bound on the (normalized) minimax risk
goes to zero if λ + 1 = o(log(n)) and the rate is provided by the following corollary.

COROLLARY 2. Assume that 1 + λ > e2. Then there exist universal constants c > 0 and
c′ > 0 such that, for any n sufficiently large, we have that

(16) E (λ,n) ≥ c
1

nc′/λ .

Corollary 2 is a consequence of Theorem 3, indeed, when λ + 1 > log(n) the two lower
bounds in (15) and (16) are constants, whereas if λ + 1 ≤ log(n) it is easy to observe that
the leading term in (15), as n → +∞, is of order 1/nc′/λ as in (16) for some c′ > 0. One
may easily see that every constant c′ > e2 works in (16). Corollary 2 provides us with a
lower bound for the NMSE of any estimator of the disclosure risk τ1(X,N,M). The lower
bound (16) has an important implication: without imposing any parametric assumption on the
model, one can estimate τ1(X,N,M) with vanishing NMSE all the way up to λ ∝ logn. It is
then impossible to determine an estimator having provable guarantees, in terms of vanishing
NMSE, when λ = λ(n) goes to +∞ much faster than log(n), as a function of n. By the
“limit of predictability” (10) determined for the estimator τ̂ L

1 (X(N),N), we conclude that the
proposed estimator is optimal, because its “limit of predictability” matches (asymptotically)
with its maximum possible value λ ∝ log(n).

3.1. Guideline for the proof of Theorem 3. We present the main ingredients for the proof
of Theorem 3. Hereafter, we will write En,λ

P (resp., Pn,λ
P ) in order to make explicit the depen-

dence of the expected value (resp., the probability measure) w.r.t. P , the parameter n of the
Poisson random variable N and λ. The proof of Theorem 3 relies on the method of the two
fuzzy hypotheses ([28]), which allows to reduce the proof of Theorem 3 to the problem of
finding the best polynomial approximation to some functions. A similar approach has been
recently considered by [31, 32] in the context of nonparametric estimation of the support size
of discrete distributions. Some steps of the proof of Theorem 3 are similar to that of [31]
and, therefore, they are omitted here, in favor of highlighting only the key differences. For
the sake of completeness, the whole proof is offered in the Supplementary Material [3].

Lemma 1 and Lemma 2 below are used in the proof of Theorem 3, and they constitutes
the essential difference between the proof of Theorem 3 and the proof of the minimax lower
bound in the work of [31]. Lemma 1 and Lemma 2 are proved in Appendix B.1 and Ap-
pendix B.2, respectively.

LEMMA 1. The following identity holds true:

E (λ,n) = inf
ρ̂

sup
P∈P

n−2E
n,λ
P

[(
τ1(X,N,M) − ρ̂

(
Y (X,N)

))2]
,

where the infinimum in the previous equation is understood to be taken with respect to all
measurable maps ρ̂ :NN →R.
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The definition of the minimax risk in (14) allows for estimators depending on the whole
sample X(N), while τ1(X,N,M) depends only on the frequencies Y (X,N + M) and
Y (X,N). Thus, in view of Lemma 1, there should be no gain of information in using es-
timators depending on X(N) over estimators depending only on the frequencies Y (X,N).
Investigation of the proof of Lemma 1 shows that for all estimators τ̂1, the estimator ρ̂ ob-
tained by symmetrizing τ̂1 and taking the expectation conditional on Y (X,N) has always
risk smaller or equal than τ̂1. This may be viewed as a form of Rao–Blackwellisation of τ̂1,
where Y (X,N) acts as a sufficient statistics for τ1, in the sense that ρ̂ never depends on the
distribution of X. Besides being of self-interest for the reasons previously invoked, Lemma 1
crucially makes the proof of Theorem 3 easier by remarking that (X, k) �→ Y (X, k) is nicely
distributed under the Poisson model. The Lemma 1 constitutes the starting point of the proof
of Theorem 3. The rest of the proof consists on applying the reduction scheme of [31, 32]
to the expression in Lemma 1. The major difference with the aforementioned paper is that
we have to find the best, uniform on some interval, polynomial approximation of the map
x �→ exp(−2Bx) for arbitrary B > 0 instead of the map x �→ log(x) considered in [31].

To be more precise, for a, b ∈R, we let C[a, b] denote the space of continuous functions
on [a, b], and for any L ∈ Z+ we let PL[a, b] ⊂ C[a, b] denote the space of polynomials of
degree no more than L on [a, b]. For any f ∈ C[a, b], the best polynomial (of degree at most
L) approximation to f is defined as

(17) EL

(
f, [a, b]) := inf

{
sup

{∣∣f (x) − q(x)
∣∣ : x ∈ [a, b]} : q ∈ PL[a, b]}.

Then our main result on the best, uniform on some interval, polynomial approximation of the
of the map x �→ exp(−2Bx), is stated in the following lemma, proved in Appendix B.2. The
rate of approximation is given in term of the function ϕ :R+ →R+ such that

(18) ϕ(x) := 1 −
√

1 + x2 + x arcsinh(x).

LEMMA 2. Let ξ > 1 and gξ : [ξ−1,1] →R+ be such that gξ (x) := exp{−2Bξx} with
Bξ = (ξ/2)(1 + O(ξ−1)) as ξ → ∞. Then, for every ζ > 0, there exist constants K,ξ0 > 0
such that for all ξ > ξ0 and all 0 < L ≤ ζ ξ ,

EL

(
gξ ,

[
ξ−1,1

]) ≥ K ·
⎧⎪⎨
⎪⎩

1 if 0 < L ≤
√

ξ/2,√
ξ

L
exp

{
−ξ

2
ϕ

(
2L

ξ

)}
if
√

ξ/2 < L < ζξ.

It is worth discussing how the previous result can be of interest beyond its use in this
paper. Approximation theory usually focuses on the regime L/ξ → ∞, where the error of
approximation is known to be superexponential in L. This regime is omitted here since it is a
classical result and we only need the regime L/ξ → γ for some constant γ ≥ 0 in the proof
of Theorem 3. Approximation in the latter regime is much more difficult, as emphasized by
Lemma 2, and was not studied before to the best of our knowledge. The proof of Lemma 2
uses the well-known duality between best polynomial approximation and best trigonometric
polynomial approximation. Using the orthogonality of trigonometric polynomials, we are
able to reduce the problem into finding a good lower bound on maxK∈NKe−CIL+4K(C),
where Ik are the modified Bessel function of the first kind (see [18], p. 248), and C ≈ ξ/2.
Then the most delicate and final step consist of establishing the double asymptotic of Ik(C)

as k → ∞ and C → ∞, with the constraint that
√

C ≤ k � C. Finally, we note that the lower
bound in Lemma 2 is essentially sharp, that is, up to determining the value of the constant K .
The matching upper-bound is derived in the Supplementary Material [3] by analyzing the rate
of convergence of Chebychev polynomials approximation of increasing orders.
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4. Discussion. [26] first raised the problem of nonparametric estimation of τ1 under the
Poisson abundance model for sample records, and they left that as an open problem. In this
paper, we first considered the problem of [26], and we presented a rigorous solution to it.
In particular, we introduced a class of nonparametric estimators of τ1, and we gave uniform
theoretical guarantees for them. First, we showed that our estimators provably estimate τ1 all
of the way up to the sampling fraction (λ + 1)−1 ∝ (logn)−1, with vanishing NMSE as n

becomes large. Second, and most importantly, we proved that: (i) (λ + 1)−1 ∝ (logn)−1 is
the smallest possible sampling fraction of the population for consistently estimating τ1; (ii)
estimators’ NMSE is near optimal, in the sense of matching the minimax lower bound, for
large n. Besides being the first study on nonparametric inference for τ1 under the Poisson
abundance model, our work is the first to provide theoretical guarantees on the estimation
of τ1. Indeed, despite the large number of contributions to the estimation of τ1, all of them
proposed parametric and semiparametric approaches that empirically estimate τ1, but without
provable guarantees. To be best of our knowledge, none of the contributions considers a
rigorous study on the interplay between the estimation of τ1 and λ.

The problem of estimating τ1 belongs to a broad class of discrete functional estimation
problems, commonly known as species sampling problems. Consider a population of indi-
viduals (Xi)i≥1 belonging to different “species” (Sj )j≥1 with unknown proportions (pj )j≥1.
Given an initial observable samples of size n from the population, species sampling problems
refer to the estimation of features of the population or features of λn additional unobservable
samples. Recent noteworthy works on species sampling problems are concerned with the
estimation of the following discrete functionals: support size (e.g., [29] and [32]); entropy
(e.g., [11] and [31]); missing mass (e.g., [15, 17] and [1]); number of unseen species (e.g.,
[8] and [19]). Interest in these quantities first appeared in ecology, and it has grown in the
recent years driven by challenging applications in biosciences, physical sciences, machine
learning, engineering, theoretical computer science, information theory, etc. Our study on τ1

contributes to these recent literature, by studying a new discrete functional of interest in the
context of disclosure risk assessment.

While τ1 is known to be the most common measure of disclosure risk ([2] and [24]),
one might consider alternative measures by broadening the definition of “uniqueness.” For
instance, [9] considered a measure of disclosure risk defined in terms of the number of cells
with frequency less or equal than 2. In general, one may consider

τrN ,rM (X,N,M) = ∑
j≥1

1{Yj (X,N)≤rN }1{Yj (X,N+M)≤rM },

namely the number of cells with sample frequency less or equal than rN which have pop-
ulation frequency less or equal than rM . A nonparametric estimator of τrN ,rM and an upper
bound for the corresponding NMSE can be derived along lines similar to those applied in this
paper for τ1. Regarding a lower bound on the NMSE, however, things get more challenging.
Technically, the main difference would be in the approximation theory involved. Instead of
finding the best (uniform) polynomial approximation to x �→ exp{−Bx} on some interval,
we would have to find the best polynomial approximation to x �→ q(x) exp{−Bx} where q is
some polynomial. As we are concerned with lower bounds, this turns out to be a much more
challenging problem. The interest in τrN ,rM is not only motivated in context of disclosure risk
assessment, but also in the broad area of biosciences. Indeed, the discrete functional τ0,rM

corresponds to the number of unseen rare species in additional unobservable samples, which
is a natural refinement of the number of unseen species considered in [19]. Work on these
problems is ongoing.
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APPENDIX A: NONPARAMETRIC ESTIMATORS
OF THE DISCLOSURE RISK: PROOFS

For the sake of simplifying notation, throughout this section we write τ1 instead of
τ1(X,N,M), τ̂1 instead of τ̂1(X(N),N), and τ̂ L

1 instead of τ̂ L
1 (X(N),N).

A.1. Details for the determination of the estimator (2). First observe that, according
to the definition of τ1, we can write the following identities:

E
[
Zi(X,N)

] = ∑
j≥1

P
(
Yj (X,N) = i

) = ∑
j≥1

e−npj
(npj )

i

i! .(A.1)

Then

E[τ1] = ∑
j≥1

P
(
Yj (X,N) = 1

)
P
(
Yj (X,N + M) − Yj (X,N) = 0

) = ∑
j≥1

npje
−npj e−λnpj ,

and by a direct application of Taylor series expansion of the exponential function e−λnpj , for
any j ≥ 1, we can write the following expression:

E[τ1] = ∑
i≥0

(−1)iλi

i!
∑
j≥1

(npj )
i+1e−npj = ∑

i≥0

(−1)iλi(i + 1)E
[
Zi+1(X,N)

]
,

where the last equality follows from a direct application of the identity displayed in (A.1).

A.2. Empirical Bayes approach to determine (3). The estimator τ̂1 admits a natural
interpretation as a nonparametric empirical Bayes estimator in the sense of [22], that is, it is
the posterior expectation of E[τ1] with respect to an empirical nonparametric prior distribu-
tion on the unknown pj ’s. Specifically, note that E[τ1] = ∑+∞

j=1 e−(λ+1)npj npj , and assume
that the pj ’s are independent and distributed according to the empirical cumulative distribu-
tion function G(p) of pi1, . . . , pik , corresponding to the k distinct cells arising from the cross
classification of the initial sample, namely G(p) := k−1 ∑

1≤t≤k 1{pit ≤p}. Consider a cell j

containing x individuals out of the initial sample of size N , where x ≥ 0, then from equation
(9) of [22]

(A.2) ϕn(x) :=
∫

e−(λ+1)npnpe−np (np)x

x! G(dp)∫
e−np (np)x

x! G(dp)

is the Bayes estimator of the quantity e−(λ+1)npj npj appearing E[τ1], for a cell j which
contains x individuals out of the initial sample of size N . Now, rewrite ϕn(x) as

ϕn(x) =
∫

e−(λ+1)npnpe−np (np)x

x! G(dp)∫
e−np (np)x

x! G(dp)

=
∑

i≥0
(−(λ+1))i

i!x! (x + i + 1)! ∫ (np)x+i+1

(x+i+1)! e
−npG(dp)∫

e−np (np)x

x! G(dp)

=
∑

i≥0
(−(λ+1))i

i!x! (x + i + 1)!E[Zx+i+1(X,N)]
E[Zx(X,N)] .
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Then the nonparametric Bayes estimator of E[τ1] is obtained summing up over all the possi-
ble cross classification of the observed cells, where we replace E[Zx(X,N)] by their empir-
ical counterparts Zx(X,N). Specifically, we can write the following:

τ̂1 = ∑
x≥0

Zx(X,N)

∑
i≥0

(−(λ+1))i

i!x! (x + i + 1)!Zx+i+1(X,N)

Zx(X,N)

= ∑
i≥0

(i + 1)Zi+1(X,N)

i∑
x=0

i!
(i − x)!x!

(−(λ + 1)
)i−x

= ∑
i≥0

(−1)iλi(i + 1)Zi+1(X,N),

which coincides with the estimator (3) obtained by means of the identity displayed in (3).

A.3. Proof of Theorem 1. Because of the independence of the random variables
{Yj (X,N)}j≥1, we may write the variance Var(τ1 − τ̂1) as follows:

Var(τ1 − τ̂1)

= ∑
j≥1

Var
(∑

i≥0

(−1)i(i + 1)λi1{
Yj (X,N)=i+1

} − 1{
Yj (X,N)=1

}1{
Yj (X,N+M)=1

})

= ∑
j≥1

E

[∑
i≥1

ai1
{
Yj (X,N)=i+1

} + 1{
Yj (X,N)=1

}(a0 − 1{
Yj (X,N+M)=1

})]2
,

where we have defined ai := (−1)i(i + 1)λi . Now, observe that the events {(Yj (X,N) =
i)}i≥1 are all disjoint, hence the variance Var(τ1 − τ̂1) may be rewritten as

∑
j≥1

E

[∑
i≥1

a2
i 1

{
Yj (X,N)=i+1

} + 1{
Yj (X,N)=1

}(a0 − 1{
Yj (X,N+M)=1

})2
]

= ∑
j≥1

E

[∑
i≥0

a2
i 1

{
Yj (X,N)=i+1

} − 1{
Yj (X,N)=1

}1{
Yj (X,N+M)=1

}]

observing that a0 = 1. Thus, simple calculations show that we can bound Var(τ1 − τ̂1) as

Var(τ1 − τ̂1) ≤ max
j≥0

|aj |2E[
Z1̄(X,N)

] − ∑
j≥1

e−n(λ+1)pj npj

= max
i≥0

|ai |2E[
Z1̄(X,N)

] − 1

λ + 1
E
[
Z1(X,N + M)

]
.

(A.3)

It remains to show that the ai ’s have a maximum for λ < 1, which is attained when i = i∗ :=
�(2λ − 1)/(1 − λ)� ∨ 0. Hence the thesis follows by (A.3), since maxi≥0 |ai | = �(λ).

A.4. Proof of Theorem 2. First, we focus on the determination of the bound (6), con-
cerning the bias. Remember the definition of both τ̂ L

1 and τ1 to write

E
[
τ̂ L

1 − τ1
] = −E

[∑
i≥0

(−1)i(i + 1)λiP(L ≤ i − 1)Zi+1(X,N)

]
,
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where we have observed that nonsmoothed estimator τ̂1 is unbiased. It is now easy to see that

E
[
τ̂ L

1 − τ1
] = −E

[∑
i≥0

(−1)i(i + 1)λiP(L ≤ i − 1)Zi+1(X,N)

]

= −∑
i≥1

∑
j≥1

(−1)i(i + 1)λiP(L ≤ i − 1)P
(
Yj (X,N) = i + 1

)

= −∑
i≥1

∑
j≥1

(−1)i(i + 1)λiP(L ≤ i − 1)e−npj
(npj )

i+1

(i + 1)!

= −∑
j≥1

e−npj npj

∑
i≥1

(−1)i
(λnpj )

i

i! P(L ≤ i − 1).

(A.4)

Now we focus on the evaluation of the sum with respect to i. If we set y := λnpj , then

∑
i≥1

(−y)i

i! P(L ≤ i − 1) =
+∞∑
i=1

(−y)i

i!
i−1∑
k=0

P(L = k) =
+∞∑
k=0

P(L = k)

+∞∑
i=k+1

(−y)i

i!

and remembering the definition of the incomplete gamma function we obtain that

∑
i≥1

(−1)i
yi

i! P(L ≤ i − 1) =
+∞∑
k=0

P(L = k)
e−y

k!
∫ −y

0
τ ke−τ dτ

= −e−y
∫ y

0
esEL

[
(−s)L

L!
]

ds.

Putting the previous expression in (A.4) and observing that y = λnpj , (6) immediately fol-
lows. Now, in order to bound the variance of the difference between τ1 and its estimator τ̂ L

1 ,
recall that {Yj (X,N)}j≥1 are independent. Then

Var
(
τ̂ L

1 − τ1
) = Var

(∑
i≥0

(−1)i(i + 1)λiZi+1(X,N)P(L ≥ i)

−
+∞∑
j=1

1{
Yj (X,N)=1

}1{
Yj (X,N+M)=1

})

=
+∞∑
j=1

Var

(+∞∑
i=0

ai1
{
Yj (X,N)=i+1

} − 1{
Yj (X,N)=1

}1{
Yj (X,N+M)=1

}),

having defined ai := (−1)i(i + 1)λiP(L ≥ i) for any i ≥ 0. Therefore, we can write

Var
(
τ̂ L

1 − τ1
)

≤
+∞∑
j=1

E

[(+∞∑
i=0

ai1
{
Yj (X,N)=i+1

} − 1{
Yj (X,N)=1

}1{
Yj (X,N+M)=1

})2]

=
+∞∑
j=1

E

[+∞∑
i=1

a2
i 1

{
Yj (X,N)=i+1

} + 1{
Yj (X,N)=1

}(a0 − 1{
Yj (X,N+M)=1

})2

]
,
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where we have used the incompatibility of the events {(Yj (X,N) = i)} for different values
of j . We can proceed with the upper bound for the variance as follows:

Var
(
τ̂ L

1 − τ1
)

=
+∞∑
j=1

E

[+∞∑
i=0

a2
i 1

{
Yj (X,N)=i+1

} − 1{
Yj (X,N)=1

}1{
Yj (X,N+M)=1

}]

≤ max
i≥0

|ai |2E[
Z1̄(X,N)

] −
+∞∑
j=1

E
[
1{

Yj (X,N)=1
}1{

Yj (X,N+M)=1
}]

= max
i≥0

|ai |2E[
Z1̄(X,N)

] −
+∞∑
j=1

e−λnpj e−npj npj

= max
i≥0

|ai |2E[
Z1̄(X,N)

] − 1

λ + 1
E
[
Z1(X,N + M)

]
.

(A.5)

Now, let observe that we can estimate the maximum value of the |ai |’s as follows:

max
i≥0

|ai | = max
i≥0

(i + 1)λiP(L ≥ i) = max
i≥0

(i + 1)λi
+∞∑
k=i

P(L = k)

≤ max
i≥0

+∞∑
k=i

(i + 1)λiP(L = k) ≤
+∞∑
k=0

(k + 1)λkP(L = k)

=EL

[
(L + 1)λL]

.

Replacing maxi≥0 |ai | with EL[(L + 1)λL] in (A.5), the upper bound of Var(τ̂L
1 − τ1) be-

comes

Var
(
τ̂ L

1 − τ1
) ≤ (

EL

[
(L + 1)λL])2

E
[
Z1̄(X,N)

] − E[Z1(X,N + M)]
λ + 1

.

The proof is completed by putting together the previous upper bound for the variance and the
one for the bias (6), from which the bound on the MSE (7) easily follows.

A.5. Proof of Proposition 1. To prove (8), we use Theorem 2, bounding the two terms
appearing in (7) separately. In order to obtain an estimate of first term on the right-hand side
of (7), we note that for any y > 0 the following holds:

−e−y
∫ y

0
esEL

[
(−s)L

L!
]

ds = −e−y
∫ y

0
es

+∞∑
k=0

e−β βk

k!
(−s)k

k! ds

= −e−y−β
∫ y

0
es

+∞∑
k=0

(βs)k(−1)k

�(k + 1)k! ds.

Recall that the Bessel polynomial (see [18]) is defined as J0(z) := ∑+∞
k=0

(−1)kz2k

22k�(k+1)k! , and that
|J0(z)| ≤ 1. Therefore, we obtain the following inequality:∣∣∣∣−e−y

∫ y

0
esEL

[
(−s)L

L!
]

ds

∣∣∣∣ ≤ e−(y+β)
∫ y

0
es

∣∣J0(2
√

sβ)
∣∣ds ≤ e−β(1 − e−y),
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which may be applied to bound the first term on the right-hand side of (7), with y = λnpj .
Precisely, ∣∣∣∣∑

j≥1

e−pjn(λ+1)pjn

∫ λnpj

0
esEL

[
(−s)L

L!
]

ds

∣∣∣∣
≤ ∑

j≥1

e−npj npje
−β(1 − e−λnpj

) ≤ e−β
+∞∑
j=1

e−npj npj

= e−βE
[
Z1(X,N)

] ≤ e−βE[N ] = e−βn.

(A.6)

In order to upper bound the other term on the right-hand side of (7), we observe that

EL

[
(L + 1)λL] =

+∞∑
k=0

e−β βk

k! λk(k + 1) = e−β

(+∞∑
k=1

(βλ)k

(k − 1)! +
+∞∑
k=0

(βλ)k

k!
)

= e−β(eβλ + βλeβλ) = eβ(λ−1)(1 + βλ),

hence we get

(
EL

[
(L + 1)λL])2

E
[
Z1̄(X,N)

] − 1

λ + 1
E
[
Z1(X,N + M)

]
≤ ne2β(λ−1)(1 + βλ)2.

(A.7)

Using (A.6) and (A.7), one can now estimate the MSE (7) in the Poisson case and (8) follows.
Because of (8) the NMSE can be bounded from above by

En,λ

(
τ̂ L

1
) ≤ e−2β + e2β(λ−1)(1 + βλ)2

n

using the exponential inequality 1 + x ≤ ex we get

(A.8) En,λ

(
τ̂ L

1
) ≤ e−2β + e2β(2λ−1)

n
.

It is easy to show that the right-hand side of (A.8) is minimized when β equals 1
4λ

log( n
2λ−1).

Therefore, it is easy to observe that the inequality (A.8) becomes

(A.9) En,λ

(
τ̂ L

1
) ≤ 1

n1/(2λ)
· 2λ

(2λ − 1)1−1/(2λ)

hence the second bound (9) follows provided that A(λ) := 2λ
(2λ−1)1−1/(2λ) . Now we can prove

the “limit of predictability” in the Poisson case, indeed thanks to (9) we have

En,λ

(
τ̂ L

1
) ≤ A

n1/(2λ)
,

besides observe that A
n1/(2λ) ≤ δ is satisfied if and only if λ ≤ log(n)

2 log(A/δ)
=: λ∗. As a conse-

quence the maximum value of λ for which the inequality En,λ(τ̂
L
1 ) ≤ δ is satisfied, is bigger

or equal than λ∗, that is,

max
{
λ : En,λ

(
τ̂ L

1
) ≤ δ

} ≥ log(n)

2 log(A/δ)
.

Then the thesis follows by taking the limit of the previous inequality as n → +∞.
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APPENDIX B: PROOFS RELATED TO THE LOWER BOUND

B.1. Proof of Lemma 1. First, it is obvious that

E (λ,n) ≤ inf
ρ̂

sup
P∈P

n−2E
n,λ
P

[(
τ1(X,N,M) − ρ̂

(
Y (X,N)

))2]
.

We now prove that the previous is indeed an inequality by deriving a lower bound that
matches. Let n > 0 be fixed. By definition, for every ε > 0 there exists an estimator ρ̂1 such
that

E (λ,n) ≥ sup
P∈P

n−2E
n,λ
P

[(
τ1(X,N,M) − ρ̂1

(
X(N),N

))2] − ε

= sup
P∈P

n−2E
n,λ
P

[
E

n,λ
P

[(
τ1(X,N,M)

− ρ̂1
(
X(N),N

))2 | Y (X,N),Y (X,N + M)
]] − ε

≥ sup
P∈P

n−2E
n,λ
P

[(
τ1(X,N,M) −En,λ

P

[
ρ̂1

(
X(N),N

) | Y (X,N)
])2] − ε,

(B.1)

where the last line follows by Jensen’s inequality and by observing that

E
n,λ
P

[
τ1(X,N,M) | Y (X,N),Y (X,N + M)

] = τ1(X,N,M) and

E
n,λ
P

[
ρ̂1

(
X(N),N

) | Y (X,N),Y (X,N + M)
] =En,λ

P

[
ρ̂1

(
X(N),N

) | Y (X,N)
]
.

To see that the last equation is true, remark that Y (X,N + M) − Y (X,N) is independent
of Y (X,N) and depends only on (XN+1, . . . ,XN+M). Now we claim that ρ̂1 can be chosen
such that for any k ∈ Z+ and any permutation σk(X(k)) of the data, it holds ρ̂1(X(k), k) =
ρ̂1(σk(X(k)), k). We delay the proof of the claim to later. Now assume the claim is true.
Given k and Y (X, k), we can construct the functional

G
(
Y (X, k), k

) := (1, . . . ,1︸ ︷︷ ︸
×Y1(X,k)

,2, . . . ,2︸ ︷︷ ︸
×Y2(X,k)

, . . . ).

Since ρ̂1 is invariant under permutations of the data, we have for any P ∈ P ,

E
n,λ
P

[
ρ̂1

(
X(N),N

) | Y (X,N)
]

=En,λ
P

[
E

n,λ
P

[
ρ̂1

(
X(N),N

) | Y (X,N),N
] | Y (X,N)

]
=En,λ

P

[
E

n,λ
P

[
ρ̂1

(
G
(
Y (X,N),N

)
,N

) | Y (X,N),N
] | Y (X,N)

]
=En,λ

P

[
ρ̂1

(
G
(
Y (X,N),N

)
,N

) | Y (X,N)
]

= ρ̂1
(
G
(
Y (X,N),N

)
,N

)
.

The last line follows because N = ∑
j≥1 Yj (X,N), and hence N is completely determined

by Y (X,N). Therefore, we have proved that the conditional expected value of ρ̂1(X(N),N),
given Y (X,N) does not depend on P . Thus, (B.1) implies,

E (λ,n) ≥ sup
P∈P

n−2E
n,λ
P

[(
τ1(X,N,M) − ρ̂1

(
G
(
Y (X,N),N

)
,N

))2] − ε

≥ inf
ρ̂

sup
P∈P

n−2E
n,λ
P

[(
τ1(X,N,M) − ρ̂

(
Y (X,N)

))2] − ε.

Since the previous is true for all ε > 0, the conclusion follows.
We now prove the claim we have used in the previous argument, that is, that ρ̂1 can be

chosen such for any k ∈Z+ and any permutation σk(X(k)) of the data, it holds ρ̂1(X(k), k) =



738 CAMERLENGHI, FAVARO, NAULET AND PANERO

ρ̂1(σk(X(k)), k). When k = 0, then the claim is trivial, hence we assume without loss of
generality that k ≥ 1. We will prove that for any estimator ρ̂1, there is a symmetric estimator
t̂1 with a risk no more than the risk of ρ̂1. Let ρ̂1 be arbitrary. Construct t̂1 such that for any
k ∈N,

t̂1
(
X(k), k

) := 1

|{σk}|
∑
{σk}

ρ̂1
(
σk

(
X(k)

)
, k

)
.

Clearly, t̂1 has the desired invariance property under permutations. Moreover, by Jensen’s
inequality,

E
n,λ
P

[(
τ1(X,N,M) − t̂1

(
X(N),N

))2]
=En,λ

P

[
E

n,λ
P

[( 1

|{σN }|
∑
{σN }

(
τ1(X,N,M) − ρ̂1

(
σN

(
X(N)

)
,N

))2
∣∣∣ N]]

≤En,λ
P

[
E

n,λ
P

[
1

|{σN }|
∑
{σN }

(
τ1(X,N,M) − ρ̂1

(
σN

(
X(N)

)
,N

))2
∣∣∣ N]]

Now remark that for all (k, k′) ∈ Z2+ the map X �→ τ1(X, k, k′) is invariant under any
permutations of the k first entries of X. Moreover, X is an i.i.d. vector, then the last display
implies that

E
n,λ
P

[(
τ1(X,N,M) − t̂1

(
X(N),N

))2]
≤En,λ

P

[
E

n,λ
P

[
1

|{σN }|
∑
{σN }

(
τ1(X,N,M) − ρ̂1

(
X(N),N

))2
∣∣∣ N]]

=En,λ
P

[(
τ1(X,N,M) − ρ̂1

(
X(N),N

))2]
.

The conclusion follows by taking the supremum over P ∈ P both sides of the last display.

B.2. Proof of Lemma 2. In the whole proof, we drop the subscripts ξ whenever it is
convenient.

Let σ : [−1,1] → [ξ−1,1] be such that σ(x) := (1 − ξ−1)(x + 1)/2 + ξ−1. No-
tice that σ is bijective. By translating and rescaling, we claim that EL(g, [ξ−1,1]) =
EL(g ◦ σ, [−1,1]). To see that this is true, remark that for all p ∈ PL[−1,1] we have
‖g ◦ σ − p‖∞ = ‖g − p ◦ σ−1‖∞ ≥ EL(g, [ξ−1,1]). This shows that EL(g ◦ σ, [−1,1]) ≥
EL(g, [ξ−1,1]). The same steps using σ−1 show that EL(g ◦ σ, [−1,1]) ≤ EL(g, [ξ−1,1]).
Hence EL(g, [ξ−1,1]) = EL(g ◦ σ, [−1,1]).

For the sake of simplicity, we let C := B(1 − ξ−1) and γC : [−1,1] →R+ is defined by
γC(x) = exp{−C(x + 1)}. From the discussion in the previous paragraph, we have indeed
reduced the problem to finding EL(γC, [−1,1]). This is because

EL

(
g,

[
ξ−1,1

]) = EL

(
g ◦ σ, [−1,1]) = exp

{−2Bξ−1}EL

(
γC, [−1,1])

= e
(
1 + o(1)

)
EL

(
γC, [−1,1]).

To find a lower bound on EL(γC, [−1,1]), we will exploit the well-known relationship
between uniform approximation on the interval by polynomials and uniform approximation
of periodic even functions by trigonometric polynomials. We write CE[−1,1] the space of
continuous and even functions on [−1,1], and for any L ∈Z+ we let TPL[−1,1] denote the
set of even trigonometric polynomials of degree at most L, that is, TPL[−1,1] is{

T ∈ CE[−1,1] : T (x) =
L∑

k=0

ak cos(πkx), ak ∈R, x ∈ [−1,1]
}
.
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We furthermore define the periodization operator P : C[−1,1] → CE[−1,1] such that
Pf (θ) = f (cos(πθ)) for all f ∈ C[−1,1] and all θ ∈ [−1,1]. Then it is well known (see, for
instance, the Theorem 14.8.1 in [6]) that

(B.2) EL

(
γC, [−1,1]) = inf

{‖PγC − T ‖∞ : T ∈ TPL[−1,1]}.
We will now bound the right-hand side of (B.2) by a technique inspired from [16], which

works as well for our setting. For any K ∈N, we define the trigonometric polynomial TK :
[−1,1] →C such that

TK(θ) := eiπ(L+1)θ

{
K−1∑
k=0

ei2πkθ

}2

.

Then, by orthogonality of the trigonometric polynomials, we have that

(B.3)
∫ −1

−1

∣∣TK(θ)
∣∣dθ =

K−1∑
j=0

K−1∑
k=0

∫ 1

−1
ei2π(j−k)θ dθ = 2K.

By definition, for every ε > 0 we can find a Q ∈ TPL[−1,1] such that ‖PγC − Q‖∞ ≤
EL(γC, [−1,1]) + ε. Choose such Q, and remark that (B.3) implies∣∣∣∣

∫ 1

−1

(
PγC(θ) − Q(θ)

)
TK(θ)dθ

∣∣∣∣ ≤ ‖PγC − Q‖∞
∫ 1

−1

∣∣TK(θ)
∣∣dθ

≤ 2K
{
EL

(
γC, [−1,1]) + ε

}
.

On the other hand remark that Q is a trigonometric polynomial of degree at most L, while TK

is a trigonometric polynomial of degree strictly greater than L. Therefore, Q is orthogonal to
TK . Moreover, the last display is true for all ε > 0 and for all K ∈N, thus it must be the case
that

(B.4) EL

(
γC, [−1,1]) ≥ max

K∈N
1

2K

∣∣∣∣
∫ 1

−1
PγC(θ)TK(θ)dθ

∣∣∣∣.
Interestingly, we can compute the previous integral. Namely,∫ 1

−1
PγC(θ)TK(θ)dθ =

K−1∑
j=0

K−1∑
k=0

∫ 1

−1
γC

(
cos(πθ)

)
eiπθ(L+1+2j+2k) dθ

= 2(−1)L+1
K−1∑
j=0

K−1∑
k=0

e−CIL+1+2j+2k(C),

where Iν(z) := 1
π

∫ π
0 ez cos(t) cos(νt)dt is the modified Bessel function (see [18], p. 248); in

particular [18], formula 10.32.3. More precisely, from the above considerations and the fact
that the modified Bessel functions are nonnegative, we deduce that∣∣∣∣

∫ 1

−1
PγC(θ)TK(θ)dθ

∣∣∣∣ = 2
K−1∑
j=0

K−1∑
k=0

e−CIL+1+2j+2k(C).

Soni [27] proved that Ik+1(z) ≤ Ik(z) for all k ∈N and all z > 0. Hence, we obtain from the
last display and (B.4) the bound

(B.5) EL

(
γC, [−1,1]) ≥ max

K∈NKe−CIL+4K(C).

In the next lemma, We obtain a bound on the modified Bessel function z �→ Ik(z) which
remains tighter than the classical bound derived in [12] when z ≥ k. The proof of the lemma
is to be found in Section B.3.
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LEMMA B.1. Assume k ∈N and assume that C > 8
√

1 + (k/C)2. Then

e−CIk(C) >
exp{−Cϕ(k/C)}

2e4(1 + (k/C)2)1/4
√

C
.

For α,β ∈R to be chosen accordingly, we define K∗ := α
√

C if L <
√

C, or K∗ := βC/L

if L ≥ √
C. In view of (B.5), it is clear that EL(γC, [−1,1]) ≥ K∗e−CIL+4K∗(C). Consider

now the case where L <
√

C, then

0 ≤ L + 4K∗
C

= L + α
√

C

C
<

α + 1√
C

.

Thus, Cϕ((L + 4K∗)/C) = O(1) as C → ∞, (L + 4K∗)/C → 0 as C → ∞, and C >

8
√

1 + (L + 4K∗)2/C2 when C gets large enough. We then obtain from Lemma B.1 that in
this case,

EL

(
γC, [−1,1]) >

α
√

C(1 + o(1)) exp{−Cϕ((L + 4K∗)/C)}
2e2

√
C

� 1,

at least for C large enough. We now consider the case L ≥ √
C. In this case, we have

0 ≤ L + 4K∗
C

= L + βC/L

C
= L

C
+ β

L
≤ L

C
+ β√

C
.

Because by assumption there is a constant ζ > 0 such that L ≤ ζC, then (L + 4K∗)/C ≤
ζ + o(1) as C → ∞, and thus we have C > 8

√
1 + (L + 4K∗)2/C2 when C is large enough.

Then we can apply Lemma B.1 to find that as C → ∞,

EL

(
γC, [−1,1]) >

(βC/L)(1 + o(1)) exp{−Cϕ((L + 4K∗)/C)}
4e2

√
C(1 + (L/C)2)1/4

�
√

C

L2 exp
{
−Cϕ

(
L

C
+ β

L

)}
,

at least for C large enough. Further, it can be seen that |ϕ′(x)| ≤ |x| (see, for instance, Sec-
tion S6.3 in the Supplementary Material [3]). Then, by Taylor expansion,

ϕ

(
L

C
+ β

L

)
≤ ϕ

(
L

C

)
+

(
L

C
+ β

L

)
β

L
,

and thus, Cϕ(L/C +β/L) ≤ Cϕ(L/C)+β(1+Cβ/L2) ≤ Cϕ(L/C)+β(1+β). It follows

EL

(
γC, [−1,1]) �

√
C

L2 exp
{
−Cϕ

(
L

C

)}
.

With similar arguments, Cϕ(L/C) = (ξ/2)ϕ(2L/ξ) + O(1) as ξ → ∞.

B.3. Proof of Lemma B.1. The proof relies on the well known series representation of
the modified Bessel function (see [18], formula 10.25.2), namely we have whenever k ∈N,

(B.6) Ik(z) =
∞∑

p=0

1

p!(p + k)!
(

z

2

)2p+k

.

Conveniently, all the terms in the summation are nonnegative, which we will exploit to get
our lower bound. By Stirling’s formula, when k ≥ 1, for any p ≥ 0,

(p + k)! ≤ e
√

(p + k) exp
{−(p + k) + (p + k) log(p + k)

}
,
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and for any p ≥ 1, we have p! ≤ e
√

p exp{−p + p logp}. For convenience, let define the
functions φz,k :R∗+ →R+, such that for any x, z ∈R∗+ and any k ∈N,

φz,k(x) := −z + 2x + k − x logx − (x + k) log(x + k) + (2x + k) log(z/2).

Hence, because each term in the series expansion of (B.6) is nonnegative, we get the estimate

(B.7) e−zIk(z) ≥ e−z
∑
p≥1

1

p!(p + k)!
(

z

2

)2p+k

≥ 1

e2

∑
p≥1

exp{φz,k(p)}√
p(p + k)

.

Notice that

φ′
z,k(x) = − log(x) − log(x + k) + 2 log(z/2), φ′′

z,k(x) = −1

x
− 1

x + k
.

Thus, φz,k admits a unique nonnegative extremum at x0 solution to x0(x0 + k) = z2/4, that
is,

x0 = −k + √
k2 + z2

2
and φ′′

z,k(x0) = −4

z

√
1 + (k/z)2 < 0.

Henceforth x0 is indeed the unique maximum of the function φz,k on R+. We let p0 smallest
integer larger than x0. Then p0 ≥ 1 and we have, by Taylor expansion that for any p ≥ p0
there is a p̄ ∈ (x0,p)

φz,k(p) = φz,k(x0) + φ′
z,k(x0)(p − x0) + 1

2
φ′′

z,k(p̄)(p − x0)
2

= φz,k(x0) + 1

2
φ′′

z,k(p̄)(p − x0)
2.

Remark that, because p̄ ≥ x0,

φ′′
z,k(p̄) = − 1

p̄
− 1

p̄ + k
≥ − 1

x0
− 1

x0 + k
= −4

z

√
1 + (k/z)2.

Then, for any p ≥ p0,

φz,k(p) ≥ φz,k(x0) + 1

2
φ′′

z,k(x0)(p − x0)
2 = φz,k(x0) − 2

√
1 + (k/z)2

b
(p − x0)

2.

Therefore,

e−zIk(z) ≥ exp{φz,k(x0)}
e2

∑
p≥p0

exp{φ′′
z,k(x0)(p − x0)

2/2}√
p(p + k)

.

Let p1 be the largest integer such that −φ′′
z,k(x0)(p1 − x0)

2 ≤ 2. Remark that whenever z >

2(1 + (k/z)2)1/2, we have p1 ≥ x0 + 1, which is always the case in the conditions of the
lemma. Because the summand is the previous is monotonically decreasing for p ≥ p0, we
get the bound

e−zIk(z) ≥ exp{φz,k(x0)}
e4

(p1 − p0)√
p1(p1 + k)

≥ exp{φz,k(x0)}
e4

(p1 − x0) − 1√
p1(p1 + k)

.

But, by the definition of p1, we have that p1 +1−x0 >
√

2/(−φ′′
z,k(x0)). Therefore, whenever

z > 8(1 + (k/z)2)1/2, by the definition of φ′′
z,k(x0),

e−zIk(z) ≥ exp{φz,k(x0)}
e4

√
−φ′′

z,k(x0)p1(p1 + k)

{√
2 − 2

√
−φ′′

z,k(x0)
}

≥
√

2 exp{φz,k(x0)}
2e4

√
−φ′′

z,k(x0)p1(p1 + k)
.
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Also,

p1(p1 + k) = x0(x0 + k) + (
p2

1 − x2
0
) + (p1 − x0)k

= x0(x0 + k) + (p1 − x0)(p1 + x0 + k)

= x0(x0 + k) + (p1 − x0)
2 + (p1 − x0)(2x0 + k).

But we have that x0(x0 +k) = z2/4, (p1 −x0)
2 ≤ −2/φ′′

z,k(x0), and 2x0 +k = z
√

1 + (k/z)2.
Thus,

p1(p1 + k) ≤ z2

4
+ 2

−φ′′
z,k(x0)

+
√√√√2(1 + (k/z)2)

−φ′′
z,k(x0)

z

= z2

4
+ z

2
√

1 + (k/z)2
+ z3/2

√
2

[
1 + (k/z)2]1/4

= z2

4

{
1 + z−1/2[1 + (k/z)2]1/4

√
2

+ z−1

2
√

1 + (k/z)2

}
.

Therefore, whenever z > 8(1 + (k/z)2)1/2,

p1(p1 + k) ≤ z2

4

{
1 + 1

4
+ 1

16

}
≤ 21

64
z2 <

z2

2
.

Hence,

e−zIk(z) >
exp{φz,k(x0)}

e4
√

−φ′′
z,k(x0)z

= exp{φz,k(x0)}
2e4(1 + (k/z)2)1/4√z

.

After some algebra, we find that

φz,k(x0) = −z + z

√
1 + (k/z)2

− (z/2)
{−(k/z) +

√
1 + (k/z)2

}
log

{−(k/z) +
√

1 + (k/z)2
}

− (z/2)
{
(k/z) +

√
1 + (k/z)2

}
log

{
(k/z) +

√
1 + (k/z)2

}
= −z + z

√
1 + (k/z)2 − z · (k/z) arcsinh(k/z) = −zϕ(k/z).
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SUPPLEMENTARY MATERIAL

Supplement to “Optimal disclosure risk assessment” (DOI: 10.1214/20-
AOS1975SUPP; .pdf). Supplementary S2 contains the complete proof of the minimax lower
bound given in Theorem 3. Supplementary S3 contains an illustration on synthetic data for
the estimators of Section 2, and their comparison with estimators from the existing literature.
Supplementary S4 contains the proof that the lower bound on EL(gξ , [ξ−1,1]) in Lemma 2
is sharp (up to constants). Supplementary S5 and S6 contain the proofs of the auxiliary re-
sults, respectively for the minimax lower bound and the tightness of the lower bound on
EL(gξ , [ξ−1,1]).
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S1. Organization of the document. This document is the compan-
ion paper to the article Optimal Disclosure Risk Assessment, by the same
authors. It complements the result of the main paper in the following way:

• In Section S2, we give the complete proof of the minimax lower bound
given in Theorem 3 of the main document, with all details.
• In Section S3, we present an illustration on synthetic data of the esti-

mators introduced in Section 2. We compare our estimator with various
estimators from the existing literature.
• In Section S4, we demonstrate that the lower bound EL(gξ, [ξ

−1, 1])
derived in Lemma 2 of the main document is sharp (up to constants).
The proof is constructive and exhibits that Chebychev polynomials
achieve the bound.
• Finally, Sections S5 and S6 contain the proofs of the auxiliary results,

respectively for the minimax lower bound and the tightness of the
lower bound on EL(gξ, [ξ

−1, 1]).

S2. Complete proof of the minimax lower bound. This section
is devoted to the complete proof of the minimax lower bound stated in the
main document, that is Theorem 3. Unless specified otherwise, the notations
and conventions are the same as in the main document. We recall that the
minimax risk is defined as

(S1) E (λ, n) := inf
ρ̂1

sup
P∈P

n−2E
n,λ
P [(ρ̂1(X(N), N)− τ1(X, N,M))2],

where the infinimum is taken over all estimators ρ̂1. To obtain a lower bound
on the last display, we adapt the reduction scheme of [16, 15] which is based
on the method of the two fuzzy hypotheses [14]. More precisely, the proof
consists on the following steps.

∗Also affiliated to Collegio Carlo Alberto (Torino, Italy) and BIDSA at Bocconi Uni-
versity (Milan, Italy).
†Also affiliated to IMATI-CNR “Enrico Magenes” (Milan, Italy).
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S2 CAMERLENGHI, FAVARO, NAULET AND PANERO

Step 1. The very first step is to use Lemma 1 in the main document. We
recall that Lemma 1 shows that the infinimum in equation (S1) can be
restricted over estimators depending only on (X(N), N) through Y (X, N).
The details for this step are in the main document and omitted here. We
recall the result

(S2) E (λ, n) = inf
ρ̂

sup
P∈P

n−2E
n,λ
P [(τ1(X, N,M)− ρ̂(Y (X, N)))2].

Step 2. The rhs of equation (S2) does not look like a classical minimax
bound because τ1(X, N,M) is a random variable and not a function of
P ∈ P (though its distribution is). In order to reduce the problem to
a classical minimax problem, we show that τ1 is sufficiently concentrated
around its expectation so that τ1(X, N,M) can be traded (asymptotically

as n→∞) for τ̄1(P, n, λ) := E
n,λ
P [τ1(X, N,M)] under the model P . This is

made formal in the next proposition, proved in Section S5.1.

Proposition S1. Let YN denote the random variable (X, N) 7→ Y (X, N).
Then for any λ, n > 0 the following is true,

(S3) E (λ, n) ≥ 1

2
inf
ρ̂

sup
P∈P

n−2E
n,λ
P [(τ̄1(P, n, λ)− ρ̂(YN ))2]− n−1.

Remark that we dropped-out the superscript λ in En,λP in Proposition S1
as the argument in the expectation is independent of M , and thus its dis-
tribution depends on λ only through τ̄1(P, n, λ).

Step 3. The reduction scheme of [16, 15] involves the construction of (fuzzy)
hypotheses that are not probability distributions, but only quasi probabil-
ity distributions. Namely, to use their reduction scheme, we need to show
that trading P for a suitable set of quasi probability distributions P ′ in
equation (S3) does not affect the bound too much.

For S ∈ N, ξ, δ > 0 to be chosen accordingly at the end of the day, we
define P ′ as

(S4) P ′ :=
{∑S

k=1 pkδk : pk ∈ [0, ξS−1], |∑S
k=1 pk − 1| ≤ δ

}
.

Here and after, under Pn,λP with n > 0 and P ∈P ′, the random variable
YN is understood as a vector of independent Poisson random variables with
intensities (np1, . . . , npS , 0, . . . ), with

∑S
j=1 pj not necessarily equal to one,

and (P, n, λ) 7→ τ̄1(P, n, λ) is extended trivially from P to P ′ by letting
τ̄1(P, n, λ) := n

∑S
j=1 pje

−n(1+λ)pj , P ∈ P ′. Then we have the following
proposition, proved in Section S5.2.
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Proposition S2. Let define n′ := (1 + δ)n and let S, ξ, δ as defined
previously. Then, E (λ, n) is bounded from below by

1

4n2
inf
ρ̂

sup
P∈P′

E
n′,λ
P [(τ̄1(P, n, λ)− ρ̂(YN ))2]− 1

n
−
(

1 +
nξ(1 + λ)

S(1− δ)
)2
δ2.

This implies that for any ε > 0, E (λ, n) is bounded from below by

ε2

4
inf
ρ̂

sup
P∈P′

P
n′,λ
P

(
|τ̄1(P, n, λ)− ρ̂(YN )| > nε

)
− 1

n
−
(

1 +
nξ(1 + λ)

S(1− δ)
)2
δ2.

Step 4. The next step involves applying the method of the two fuzzy hy-
potheses [14] to the result of Proposition S2. The next lemma is an adap-
tation of [14, Section 2.7.4] to our setting. Its proof is to be found in Sec-
tion S5.3.

Lemma S1 (Method of the two fuzzy hypotheses). Let M(N) denote
the space of all measures on N, endowed with canonical σ-algebra. Let Q1 =∑S

j=1 q1,jδj and Q2 =
∑S

j=1 q2,jδj be independent random variables taking
values in M(N). Also let P ′ and ε as defined previously. Assume that for
some 0 < α, β, γ < 1 with 2α+ 2β + γ ≤ 1 and with n′ defined as above the
following hold:

1. P(Q1 /∈P ′) ≤ α and P(Q2 /∈P ′) ≤ α;
2. P(|τ̄1(Qj , n, λ)− E[τ̄1(Qj , n, λ)]| > nε/2) ≤ β for j = 1, 2;
3. E[τ̄1(Q1, n, λ)] ≥ E[τ̄1(Q2, n, λ)] + nε;
4. TV(E[⊗Sj=1Poiss(n′q1,j)], E[⊗Sj=1Poiss(n′q2,j)]) ≤ γ. Here TV(P,Q) is

used to denote the total-variation distance between probability measures
P and Q.

Then,

inf
ρ̂

sup
P∈P′

P
n′,λ
P (|τ̄1(P, n, λ)− ρ̂(YN )| > nε) ≥ 1

2

(
1− 2α− 2β − γ

)
.

Step 5. The next step consists on constructing the hypotheses that will
be used in conjunction with Lemma S1 and Proposition S2 to establish the
minimax lower bound. The construction relies on ideas from [16, 15].

For some L ∈ N to be determined later, but satisfying L ≤ K1ξ for some
constant K1 > 0, we let U and V be two random variables taking values in
[0, ξS−1] such that E[U ] = E[V ] = S−1 and when n is large enough,

E[Uk] = E[V k] ∀k ∈ {0, . . . , L+ 1},
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E[Ue−n(1+λ)U ] ≥ E[V e−n(1+λ)V ] + S−1ε.

The existence of such random variables is guaranteed by Lemma S2 below,
proven in Section S5.4, for the appropriate choice of S, ξ, L and ε.

Lemma S2. Let L ∈ N and ξ > 0 such that L ≤ K1ξ for some K1 > 0.
Let S = dn(1 + λ)e. Then there exists K2 > 0 (depending only on K1) and
two random variables U and V taking values in [0, ξS−1] such that,

E[Uk] = E[V k] ∀k ∈ {0, . . . , L+ 1},
E[U ] = E[V ] = S−1, Var(U) ≤ ξS−2, Var(V ) ≤ ξS−2,

E[Ue−n(1+λ)U ] ≥ E[V e−n(1+λ)V ] + S−1K2 min
{

1,
√
ξ/L2 exp(−L2/ξ)

}
.

Then we let (U1, . . . , US), respectively (V1, . . . , VS), be an independent
vector of i.i.d. copies of U , respectively V , and we let

Q1 =
S∑

j=1

Ujδj , and, Q2 =
S∑

j=1

Vjδj .

The next proposition establishes conditions under which Q1 and Q2 as
defined above meet the criteria of Lemma S1. The first two items are con-
sequences of Bernstein’s and Hoeffding’s inequalities (respectively), item 3 is
straightforward, and the last item is an immediate corollary of [16, Lemma 6].
The proof is given in Section S5.5.

Proposition S3. The following items are true.

1. Assume that Var(U) ≤ ξS−2, Var(V ) ≤ ξS−2, and Sδ2 ≥ 2ξ(1 +
δ/3) log(2/α). Then P(Q1 /∈P ′) ≤ α and P(Q2 /∈P ′) ≤ α.

2. Assume that Sε2 ≥ 2ξ log(2/β). Then P(|τ̄1(Q1, n, λ)−E[τ̄1(Q1, n, λ)]| >
nε/2) ≤ β. The same is also true for Q2.

3. E[τ̄1(Q1, n, λ)] ≥ E[τ̄1(Q2, n, λ)] + nε.
4. Assume that 2 log(2)LS ≥ nξ(1+δ) and γ(2S)L+2(L+2)! ≥ 4S(nξ(1+

δ))L+2. Then TV(E[⊗Sj=1Poiss(n′Uj)], E[⊗Sj=1Poiss(n′Vj)]) ≤ γ.

Step 6. The proof of Theorem 3 follows from combining Propositions S2,
S3, and Lemma S1, by choosing the constants α, β, γ and variables ε, S, ξ, δ, L
accordingly. We now make explicit the choice for these constants and vari-
ables.

In the following for any x > 0 the notations dxe stands for the small-
est integer greater or equal than x. Then, for constants c0, c1 > 0 to be
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determined we choose

S = dn(1 + λ)e,(S5)

δ = c0ε/ξ,(S6)

ξ = (2c1/e) min{(1 + λ) log n, log2 n}.(S7)

For another constant c2 > 0 to be determined, we further define A(λ, n) > 0
to be the solution to

A(λ, n) logA(λ, n) = c−1
1 + c−1

1

log(1 + λ)− (1/2) log log(n) + log(c2)

log(n)
.

Then we pick (remark that this ensures that L ≤ K1ξ for some K1 > 0, as
requested previously),

(S8) L =

{
d2c1 log(n)e if 1 + λ > log(n),

dc1A(λ, n) log(n)e if 1 + λ ≤ log(n),

and for c3 > 0 to be determined,

(S9) ε = c3 ·





1 if 1 + λ > log(n),

1√
log(n)

·
√

2(1+λ)
ec1A(λ,n)2 · n−

ec1A(λ,n)2

2(1+λ) if 1 + λ ≤ log(n).

With this choice, we obtain the next proposition, proved in Section S5.6.

Proposition S4. Let α = β = γ = 1/10, and let S, ξ, δ, L, ε as in
Equations S5, S6, S7, S8 and S9. Then,

1. (1 + nξ(1+λ)
S(1−δ) )2δ2 ≤ c2

0ε
2(1 + o(1)) as n→∞;

2. If lim infn
{

1+λ
ec1A(λ,n)2

}
> 1 then there exists n0 > 0 such that for all

n ≥ n0 it holds Sδ2 ≥ 2ξ(1 + δ/3) log(2/α);
3. If lim infn

{
1+λ

ec1A(λ,n)2

}
> 1 then there exists n0 > 0 such that for all

n ≥ n0 it holds Sε2 ≥ 2 log(2/β);
4. For any K2 > 0 the constant c3 > 0 can be chosen such that ε ≤

K2 min{1,
√
ξ/L2 exp(−L2/ξ)}; In conjunction with Lemma S2 this

guarantees the existence of U and V used in Step 5.
5. If c2 > 0 is large enough, then there exists n0 > 0 such that for all

n ≥ n0 we have 2 log(2)LS ≥ nξ(1 + δ) and γ(2S)L+2(L + 2)! ≥
4S(nξ(1 + δ))L+2.

Therefore, as a consequence of Propositions S2, S3 and Lemma S1, when
c0, c1, c2, c3 are appropriately chosen, if 1 + λ > ec1A(λ, n)2, and if n gets
large enough,

E (λ, n) ≥
( 1

16
− c2

0 + o(1)
)
ε2.
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Step 7. In view of Equation S9, the choice of c1 shall be made cautiously.
Indeed, the next proposition shows that c1 = 1/e is the optimal choice. The
result of the next proposition also allows to get the final expression for the
lower bound in E (λ, n), thus finishing the proof of Theorem 3. The proof of
Proposition S5 is to be found in Section S5.7.

Proposition S5. Let c1 = 1/e. Then whenever 1 + λ ≤ log(n) we have
A(λ, n) = e+o(1) as n→∞. Furthermore when 1 +λ ≤ log(n), as n→∞,

c1A(λ, n)2 log(n) ≤ e log(n) + e log
c2(1 + λ)√

log(n)
+ o(1).

S3. Numerical illustrations. We present an illustration on synthetic
data of the estimators introduced in Section 2. We also consider other es-
timators of τ1 that have been proposed in the literature of disclosure risk
assessment: i) two parametric empirical Bayes estimators of τ1 proposed by
Bethlehem et al. [1] and Skinner et al. [13]; ii) a naive nonparametric estima-
tor of τ1; iii) a Bayesian nonparametric estimator of τ1 proposed by Samuels
[12]. A common feature of these estimators, as well as our class of non-
parametric estimators, is that they rely on the Poisson abundance model
for modeling the random partition induced by the cross-classified sample
records. More recent approaches, not considered here, focus on modeling
associations among identifying variables by log-linear models, local smooth-
ing polynomials and hierarchical latent models. E.g., Manrique-Vallier and
Reiter [8], Manrique-Vallier and Reiter [9], Carota et al. [2] and Carota et
al. [3]. In particular, the Bayesian hierarchical semiparametric models of
Carota et al. [2] and Carota et al. [3] show a remarkable better performance
than models for random partitions, at the cost of an increasing computa-
tional effort for the need of Markov chain Monte Carlo methods for posterior
approximation.

The approach of Bethlehem et al. [1] is a parametric empirical Bayes
approach in the sense of Efron and Morris [4]. It relies on the following
modeling assumption for the cells’ frequencies of the population: Yj(X, n̄) ∼
Poiss(n̄pj), where n̄ is the size of the entire population. Bethlehem et al. [1]
also assumed a Gamma prior distribution over the probabilities associated
to each cell, namely pj ∼ Gam(α, β). One should specify the pj ’s under the

condition
∑Kn̄

j=1 pj = 1, however, for the sake of simplicity, Bethlehem et al.

[1] assumed that
∑Kn̄

j=1E[pj ] = 1, which is tantamount to saying that α =
1/(Kn̄β). Under these modeling assumptions, Bethlehem et al. [1] proposed
an estimator of the expected value of total number T1(X, n̄) of population
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uniques, i.e.,

(S10) T1(X, n̄) :=

Kn̄∑

j=1

1{Yj(X,n̄)=1}.

Under the above Poisson-Gamma model, E[T1(X, n̄)] = n̄(1 + n̄β)−(1+α),
which depends on the parameters α and β, with the condition α = 1/(Kβ).
Parameters can be easily estimated via maximum likelihood, as we have done
in the subsequent numerical experiments. If Kn̄ is not available, Bethlehem
et al. [1] suggested to estimate Kn̄ assuming a uniform distribution over the
cells, hence

K̂n̄ =
n̄Kn∑Kn

j=1 1{Yj(X,n)=1}
,

where n is the size of the observed sample and Kn stands for the number
of distinct cells dictated by the sample of size n. If α̂ and β̂ denote the
maximum likelihood estimators of α and β, respectively, then an estimator
of T1(X, n̄) is T̂1 = n̄(1 + n̄β̂)−(1+α̂). Bethlehem et al. [1] then suggested a
corresponding estimator of τ1 as the sample portion of T̂1. More precisely,
they proposed

(S11) τ̂B1 =
n

n̄
T̂1 = n(1 + n̄β̂)−(1+α̂).

as an estimator of τ1. Skinner et al. [13] improved the estimator (S11). In
particular, still under the Poisson-Gamma model, they considered directly
the problem of estimating τ1. In particular, they proposed the following
estimator

(S12) τ̂S1 := Kn

(
1 + n̄β̂

1 + nβ̂

)−(1+α̂)

,

where the prior parameters α and β can be estimated via maximum like-
lihood. The estimators proposed in Section 2, due to their nonparametric
empirical Bayes interpretation in the sense of Robbins [11], may be con-
sidered as the natural nonparametric counterparts of the empirical Bayes
estimator (S12).

Besides parametric estimators of τ1, we also consider two nonparametric
estimators. A naive nonparametric estimator of τ1 relies on the intuition
that a natural estimator of τ1 is the sampling fraction, with respect to the
population, of the number of sample uniques. This estimator was first dis-
cussed in Bethlehem et al. [1] and Skinner et al. [13], and it is defined as

imsart-aos ver. 2014/10/16 file: CFNP_disclosure_suppmat_revised_final.tex date: April 21, 2020



S8 CAMERLENGHI, FAVARO, NAULET AND PANERO

follows

(S13) τ̂N
1 := Z1(X, n)

n

n̄
.

Samuels [12] exploits Bayesian nonparametric ideas, and in particular a
Dirichlet process prior (Ferguson [5]) on the pj ’s to derive a smoothed ver-
sion of the naive estimator (S13). In particular, Samuels [12] suggested the
following estimator

(S14) τ̂D
1 := Z1(X, n)

n+ ϑ− 1

n̄+ ϑ− 1
,

where ϑ is the concentration parameter of the Dirichlet process prior. It is
well-known (see, e.g. Ferguson [5]) that the maximum likelihood estimator
of ϑ can be obtained by solving, with respect to ϑ, the equation Kn =∑

1≤j≤n−1 ϑ/(ϑ+ j).
We study the behavior of the Normalized Mean Squared Error (NMSE),

with respect to the sampling fraction (1 +λ)−1, for the collection of estima-
tors of τ1 introduced before. In order to do that, we generate a collection
of synthetic tables with C cells, where C = 3 · 106 in all our experiments.
The population size is fixed to n̄ = 106, and we evaluate the NMSE for
different values of the sample size n = n̄(λ + 1)−1. The true probabilities
(pj)j≥1 of cells are generated according to different types of distributions:
the Zipf distribution, i.e., pj ∝ j−s for some s > 0, the uniform distribution
over the total number of cells and the uniform Dirichlet distribution. Each
Figure corresponds to a different choice of the distribution over the cells’
probabilities: the Zipf distribution with respective parameter s = 0.6, 0.8, 1
(Figures S1–S3), the uniform distribution (Figure S4), the uniform Dirich-
let distribution with respective parameter β = 0.5, 1 (Figures S5–S6). Each
figure shows how the NMSE varies as a function of the sampling fraction
(1+λ)−1 for different estimators: i) the nonparametric estimator with Bino-
mial smoothing τ̂Lb1 , see Proposition 2; ii) the nonparametric estimator with

Poisson smoothing τ̂
Lp
1 , see Proposition 1; iii) the naive nonparametric esti-

mator τ̂N
1 ; iv) the Bayesian nonparametric estimator τ̂D

1 ; v) the parametric
empirical Bayes estimator τ̂B1 ; vi) the parametric empirical Bayes estima-
tor τ̂S1 . All experiments are averaged over 100 iterations and the empirical
bands represent one standard deviation from the mean of the corresponding
estimates.

The sampling fractions considered in our simulation study are above the
limiting threshold (log n)−1. Within this range of sampling fractions, we do
not observe a clear behavior for the performance of the estimators. It is
apparent that in most of the simulated scenarios our estimator outperforms
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as the sampling fraction (1 + λ)−1 increases from the limiting threshold
(log n)−1. From Figure S5, the Bayesian nonparametric estimator τ̂D

1 pro-
vides the smallest NMSE; this behaviour is not surprising since data are
drawn from a Dirichlet distribution. In Figures S1–S3, better performances
are achieved by the estimators τ̂Lb1 and τ̂

Lp
1 . We further observe that the

choice of the smoothing distribution L for τ̂L1 , i.e. the Binomial smooth-
ing or the Poisson smoothing, is crucial with respect to the performance of
the corresponding estimators. In all the simulated scenarios the Binomial
smoothing displays a better performance than the Poisson smoothing. Fi-
nally in Table S1, we report the estimates of τ1 (with empirical confidence
bands) when (λ + 1)−1 = 1/5 for all the choices of the cells’ probabilities,
from the left to right: the Zipf distribution with parameter s = 0.6, 0.8, 1,
the uniform distribution, the uniform Dirichlet distribution with parame-
ter β = 0.5, 1. All experiments are averaged over 100 iterations and the
empirical intervals represent one standard deviation from the mean of the
corresponding estimates. From Table S1, we can deduce similar considera-
tions as before.

S4. Tightness of the approximation lower bound. We show that
a suitable Chebychev polynomial approximation of the exponential function
achieves (up to a multiplicative constant) the lower bound of Lemma 2 in
the main document.

In view of Section B.2 in the main document, letting γC : [−1, 1] → R

such that γC(x) := e−C(x+1), it is enough to find a sequence of polynomial
(qL)L≥1 such that qL has degree at most L and for a constant K > 0,

(S15) L ≤
√
C =⇒ sup

x∈[−1,1]
|γC(x)− qL(x)| ≤ K,

and,

(S16)
√
C ≤ L ≤ ζC =⇒ sup

x∈[−1,1]
|γC(x)− qL(x)| ≤ K L√

C
e−Cϕ(L/C),

at least when C is large enough, and with ϕ defined in Equation (18) in the
main document. If L ≤

√
C, then we pick qL(x) = 0 identically, so that the

equation (S15) is trivially satisfied with any K ≥ 1, because |γC(x)| ≤ 1.
Thus it suffices to establish (S16). For any k ≥ 0, we let Tk : [−1, 1] → R

the k-th order Chebychev polynomial, defined uniquely through the equality
Tk(cos(θ)) = cos(kθ), for all θ ∈ [−π, π]. Then, we choose,

(S17) qL(x) :=

L∑

k=0

ak(C) · Tk(x), ak(C) :=

∫ 1

−1

e−C(x+1)Tk(x)√
1− x2

dx.
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S10 CAMERLENGHI, FAVARO, NAULET AND PANERO

We collect in the next Lemma several facts about the polynomial qL and
its coefficients ak(C) which will be used to derive the rate of approximation
of qL to γC , in the uniform norm.

Lemma S3. The following items are true.

1. ak(C) = π(−1)ke−CIk(C) for all k ≥ 0, where Ik is the modified Bessel
function of the first kind (see [10, pg. 248]).

2. The series q∞ :=
∑∞

k=0 ak(C)Tk converges uniformly in [−1, 1], and
q∞(x) = γC(x) for all x ∈ [−1, 1].

3. For all D > 0 there exists B0 > 0 such that for all B ≥ B0 and for all
k ≥ max{BC, 2} , we have the bound |ak(C)| ≤ e−Dk.

4. For all B > 0 there exists C0 > 0 such that for all C > C0, for all√
C ≤ L < k ≤ BC, we have the bound

|ak(C)| ≤
√

2π · exp{−Cϕ(k/C)}√
C

.

Using the results of the previous lemma, we obtain the following corollary
on the error of the best uniform polynomial approximation to γC on [−1, 1],
written EL(γC , [−1, 1]).

Corollary S1. For all ζ > 0 there exists C0 > 0 such that for all
C > C0 and for all

√
C ≤ L ≤ ζC

EL(γC , [−1, 1]) ≤
√

4π(1 + ζ2) ·
√
C

L
e−Cϕ(L/C).

Furthermore, the polynomial qL defined in (S17) achieves the previous upper
bound; and in view of Lemma 2 and Section B.2 in the main document, this
bound is the best possible, up to a multiplicative constant.

S5. Remaining proofs for the minimax lower bound. This section
gather all the proofs of the propositions and lemma stated in Section S2.

S5.1. Proof of Proposition S1. Using Jensen’s inequality we deduce that

E (λ, n) = inf
ρ̂

sup
P∈P

n−2E
n,λ
P [En,λP [(τ1(X, N,M)− ρ̂(Y (X, N)))2 | Y (X, N)]]

≥ inf
ρ̂

sup
P∈P

n−2E
n,λ
P [(En,λP [τ1(X, N,M) | Y (X, N)]− ρ̂(Y (X, N)))2].

Note that there is no explicit dependency on X and M anymore in the
last display, but only on the random variable (X, N) 7→ Y (X, N) which,
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under P , is distributed as an infinite vector of independent Poisson random
variables with parameters (np1, np2, . . . ). Besides observe also that N =∑

j≥1 Yj(X, N). Let define

τ̃1(YN , P, n, λ) := E
n,λ
P [τ1(X, N,M) | Y (X, N)]

=
∑

j≥1

1{Yj(X,N)=1}E
n,λ
P [1{Yj(X,N+M)−Yj(X,N)=0} | Y (X, N)].

Remark that (Yj(X, N+M)−Yj(X, N) : j ∈ N) is independent of Y (X, N)
and is a collection of independent Poisson random variables with intensities
(λnpj : j ∈ N). Henceforth, we get

(S18) τ̃1(YN , P, n, λ) =
∑

j≥1

e−λnpj1{Yj(X,N)=1},

and besides, since we abusively let YN denote the random variable (X, N) 7→
Y (X, N),

(S19) E (λ, n) ≥ inf
ρ̂

sup
P∈P

n−2E
n,λ
P [(τ̃1(YN , P, n, λ)− ρ̂(YN ))2].

We now trade τ̃1(YN , P, n, λ) for its expectation whowh we define as

τ̄1(P, n, λ) := E
n,λ
P [τ1(X, N,M)]. Recall that under P the vector YN is dis-

tributed as independent Poisson with parameters (np1, np2, . . . ). Hence,

τ̄1(P, n, λ) =
∑

j≥1

e−λnpjEn,λP [1{Yj(X,N)=1}] = n
∑

j≥1

pje
−(1+λ)npj .

Similarly, for any P ∈P,

(S20) E
n,λ
P [(τ̃1(YN , P, n, λ)− τ̄1(P, n, λ))2]

=
∑

j≥1

npje
−(1+2λ)npj

{
1− npje−npj

}
≤ n.

Thus from (S19) and Young’s inequality, we find that

E (λ, n) ≥ 1

2n2
inf
ρ̂

sup
P∈P

E
n,λ
P [(τ̄1(P, n, λ)− ρ̂(YN ))2]

− 1

n2
E
n,λ
P [(τ̃1(YN , P, n, λ)− τ̄1(P, n, λ))2].

That is using (S20),

E (λ, n) ≥ 1

2
inf
ρ̂

sup
P∈P

n−2E
n,λ
P [(τ̄1(P, n, λ)− ρ̂(YN ))2]− n−1.
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S5.2. Proof of Proposition S2. For any P ∈P ′ we let P̃ (·) := P (·)/P (N),
so that P̃ ∈ P is a probability measure. We write p̃j := pj/P (N), j ∈
{1, . . . , S}. Furthermore we let m(P ) := n

∑S
j=1 pj . Then since YN is a vec-

tor of independent Poisson random variables, is clear that for any P ∈ P ′

(S21) E
n,λ

P̃
[(τ̄1(P̃ , n, λ)− ρ̂(YN ))2] = E

m(P ),λ
P [(τ̄1(P̃ , n, λ)− ρ̂(YN ))2].

We now choose τ̂ to be an estimator satisfying for some ζ > 0

sup
P∈P′

E
m(P ),λ
P [(τ̄1(P̃ , n, λ)− τ̂(YN ))2]

≤ inf
ρ̂

sup
P∈P′

E
m(P ),λ
P [(τ̄1(P̃ , n, λ)− ρ̂(YN ))2] + ζ.

This is always possible for any ζ > 0. Furthermore remark that m(P ) ≤
(1 + δ)n = n′, so that m(P )/n′ ≤ 1 always when P ∈ P ′. Let P ∈ P ′ be
fixed, and let W = (W1,W2, . . . ) such that conditional on YN , the random
variables Wj are independent binomial random variables with parameters
(Yj ,m(P )/n′). Then define τ̃(YN ) := E[τ̂(W )] | YN ]. By Jensen’s inequality,

E
n′,λ
P [(τ̄1(P̃ , n, λ)− τ̃(YN ))2] = E

n′,λ
P [(E[τ̄1(P̃ , n, λ)− τ̂(W ) | YN ])2]

≤ En′,λP [E[(τ̄1(P̃ , n, λ)− τ̂(W ))2 | YN ]]

= E
m(P ),λ
P [(τ̄1(P̃ , n, λ)− τ̂(YN ))2]

≤ inf
ρ̂

sup
P∈P′

E
m(P ),λ
P [(τ̄1(P̃ , n, λ)− ρ̂(YN ))2] + ζ.

Taking the supremum over P ∈P ′ on the lhs of the last display, and using
that the infinimum over ρ̂ will be always smaller than the value at τ̃ , we find
using (S21) that

inf
ρ̂

sup
P∈P

E
n,λ
P [(τ̄1(P, n, λ)− ρ̂(YN ))2]

= inf
ρ̂

sup
P∈P′

E
n,λ

P̃
[(τ̄1(P̃ , n, λ)− ρ̂(YN ))2]

= inf
ρ̂

sup
P∈P′

E
m(P ),λ
P [(τ̄1(P̃ , n, λ)− ρ̂(YN ))2]

≥ inf
ρ̂

sup
P∈P′

E
n′,λ
P [(τ̄1(P̃ , n, λ)− ρ̂(YN ))2]− ζ.

Since the previous is true for all ζ > 0, we indeed have proven

inf
ρ̂

sup
P∈P

E
n,λ
P [(τ̄1(P, n, λ)− ρ̂(YN ))2]

≥ inf
ρ̂

sup
P∈P′

E
n′,λ
P [(τ̄1(P̃ , n, λ)− ρ̂(YN ))2].

(S22)
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To finish the proof of the proposition, we will now show that τ̄1(P̃ , n) in
(S22) can be traded for τ̄1(P, n, λ) at small cost. Remark that by Young’s
inequality, for any P ∈P ′ and any ρ̂,

(S23) E
n′,λ
P [(τ̄1(P̃ , n, λ)− ρ̂(YN ))2]

≥ 1

2
E
n′,λ
P [(τ̄1(P, n, λ)− ρ̂(YN ))2]− (τ̄1(P, n, λ)− τ̄1(P̃ , n, λ))2,

with

τ̄1(P, n, λ)− τ̄1(P̃ , n, λ)

= n

S∑

j=1

(p̃j − pj)e−(1+λ)npj − n
S∑

j=1

p̃je
−(1+λ)npj

{
1− en(1+λ)(pj−p̃j)

}
.

Hence,

(S24) |τ̄1(P, n, λ)− τ̄1(P̃ , n, λ)|

≤ n
S∑

j=1

|p̃j − pj |+ n
S∑

j=1

p̃je
−(1+λ)npj |1− en(1+λ)(pj−p̃j)|.

The first term of the rhs of the last display is easily seen to be bounded
by nδ since |pj − p̃j | = p̃j |

∑S
k=1 pk − 1| ≤ δp̃j for all j = 1, . . . , S. For the

second term, we use that 0 ≤ 1 − e−x ≤ x for all x ≥ 0. Hence, if pj ≤ p̃j
we have,

p̃je
−(1+λ)npj |1− en(1+λ)(pj−p̃j)| = p̃je

−(1+λ)npj (1− e−n(1+λ)(p̃j−pj))

≤ n(1 + λ)|p̃j − pj | · p̃j
≤ nδ(1 + λ) · p̃2

j ,

while if pj > p̃j

p̃je
−(1+λ)npj |1− en(1+λ)(pj−p̃j)| = p̃je

−(1+λ)np̃j (1− e−n(1+λ)(pj−p̃j))

≤ n(1 + λ)|p̃j − pj | · p̃j
≤ nδ(1 + λ) · p̃2

j .

Therefore in any cases the second term of the rhs of Equation (S24) is
bounded above by n2δ(1 + λ)

∑S
j=1 p̃

2
j , and thus

|τ̄1(P, n, λ)− τ̄1(P̃ , n, λ)| ≤ nδ + n2δ(1 + λ)
S∑

j=1

p̃2
j ≤

(
1 +

nξ(1 + λ)

S(1− δ)
)
nδ.

This estimate combined with (S22) and (S23) completes the proof for the
first inequality of the proposition. The second inequality simply follows from
the first by an application of Markov’s inequality.
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S5.3. Proof of Lemma S1. The proof is a trivial adaptation of the clas-
sical Le Cam method with two fuzzy hypotheses, as also described in [14].

Let ρ̂ be fixed but arbitrary and let define for convenience the events
An(P ; ρ̂) := {YN : |τ̄1(P, n, λ) − ρ̂(YN )| > nε}. Since the average is always
less or equal than the supremum over P ′, we establish that

sup
P∈P′

P
n′,λ
P (An(P ; ρ̂))

≥ 1

2
E
[
P
n′,λ
Q1

(An(Q1; ρ̂))1P′(Q1)
]

+
1

2
E
[
P
n′,λ
Q2

(An(Q2; ρ̂))1P′(Q2)
]

≥ 1

2
E
[
P
n′,λ
Q1

(An(Q1; ρ̂))
]

+
1

2
E
[
P
n′,λ
Q2

(An(Q2; ρ̂))
]
− α,

where for the last line we have used the item 1 of the Lemma.
Now let define the events Bn(Qj ; ρ̂) := {YN : |E[τ̄1(Qj , n, λ)]− ρ̂(YN )| >

nε/2}, for j = 1, 2. Under item 2 of the Lemma, it is rapidly obtained from
the last display that

sup
P∈P′

P
n′,λ
P (An(P ; ρ̂))

≥ 1

2
E
[
P
n′,λ
Q1

(Bn(Q1; ρ̂))
]

+
1

2
E
[
P
n′,λ
Q2

(Bn(Q2; ρ̂))
]
− α− β

=
1

2
E
[
1− Pn′,λQ1

(Bn(Q1; ρ̂)c) + Pn
′,λ
Q2

(Bn(Q2; ρ̂))
]
− α− β.

But under item 3 of the lemma, we have that Bn(Q1; ρ̂)c ⊆ Bn(Q2; ρ̂).
Moreover under Qj , j = 1, 2, YN is a vector of independent Poisson random
variables with parameters (n′qj,1, . . . , n′qj,S , 0, . . . ) and thus by the classical
Le Cam’s trick the last equation is bounded by

sup
P∈P′

P
n′,λ
P (An(P ; ρ̂))

≥ 1

2

(
1− TV

(
E[⊗Sj=1Poiss(n′q1,j)], E[⊗Sj=1Poiss(n′q2,j)]

))
− α− β

≥ 1

2

(
1− γ − 2α− 2β

)
,

where the last line follows from the item 4 of the Lemma. Since the rhs of
the last display is independent of ρ̂, the conclusion of the Lemma follows.

S5.4. Proof of Lemma S2. The proof of Lemma S2 follows the guidelines
used in the papers Wu and Yang [16, 15], relating the problem of the exis-
tence of the random variables to the problem of finding the best polynomial
approximation to some function.
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For a, b ∈ R, we let C[a, b] denote the space of continuous functions on
[a, b], and for any L ∈ Z+ we let PL[a, b] ⊂ C[a, b] denote the space of
polynomials of degree no more than L on [a, b]. For any f ∈ C[a, b], the best
polynomial (of degree at most L) approximation to f is defined as

EL(f, [a, b]) := inf{sup{|f(x)− q(x)| : x ∈ [a, b]} : q ∈ PL[a, b]}.

For the sake of simplicity, we define B := n(1 + λ)ξ/(2S). We also define
g : [ξ−1, 1]→ R+ such that g(x) := exp{−2Bx}. It is a classical result that
for any L ∈ N we can find random variables X and Y taking values in
[ξ−1, 1] and such that

E[Xk] = E[Y k], k = 0, . . . , L,

E[g(X)] = E[g(Y )] + EL(g, [ξ−1, 1]).

The proof of the existence of such random variables can be found for instance
in Wu and Yang [15, 16] for a constructive argument, or for instance in Lepski
et al. [6] using the Hahn-Banach theorem and a duality argument.

We now assume that we have at our disposal the random variables X and
Y of the previous paragraph, and we write PX and PY their distributions.
The construction of the random variables U and V is done using the trick
introduced in Wu and Yang [15, Lemma 4]. Namely, we let U and V having
respective distributions on [0, ξS−1]

PU (dx) :=
(
1− E[(ξX)−1]

)
δ0 + (Sx)−1PξX/S(dx),

PV (dx) :=
(
1− E[(ξY )−1]

)
δ0 + (Sx)−1PξY/S(dx).

Because X,Y ≥ ξ−1 almost-surely, then E[(ξX)−1] ≤ 1 and E[(ξY )−1)] ≤ 1.
Indeed from Wu and Yang [15, Lemma 4], PU and PV are proper probability
distributions on [0, ξS−1] satisfying

E[U ] = E[V ] = 1/S, E[Uk] = E[V k], k = 0, . . . , L+ 1,

E[U exp{−n(1 + λ)U}] = E[V exp{−n(1 + λ)V }] + S−1EL(g, [ξ−1, 1]).

Furthermore, it is clear that,

E[U2] =
1

S

∫
xPξx/S(dx) =

ξE[X]

S2
≤ ξ

S2
.

Hence Var(U) ≤ ξ/S2. It is obvious that we also have Var(V ) ≤ ξ/S2.
Thus, the proof of the theorem is finished by obtaining a lower bound on
the best polynomial approximation EL(g, [ξ−1, 1]). This is a consequence of
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the Lemma 2 in the main paper since L ≤ K1ξ, B = (ξ/2)(1 +O(ξ−1), and
also because

ξ

2
ϕ
(2L

ξ

)
≤ ξ

2
· 1

2

(2L

ξ

)2
=
L2

ξ
,

by using the facts about ϕ derived in Section S6.3.

S5.5. Proof of Proposition S3. Here we prove separately all the items
stated in Proposition S3.

Proof of item 1. The proof is an immediate consequence of Bernstein’s
inequality using that Var(U) ≤ ξS−2 and 0 ≤ U ≤ ξS−1. Similarly for V .

Proof of item 2. The proof for Q1 and Q2 are identical, thus we only
prove the result for Q1. By definition, we have that

τ̄1(Q1, n, λ) = n
S∑

j=1

Uje
−n(1+λ)Uj .

Whence, τ̄1(Q1, n, λ) is a sum of i.i.d. random variables taking values in
[0, nξS−1]. By Hoedffding’s inequality,

P
(
|τ̄1(Q1, n, λ)− E[τ̄1(Q1, n, λ)]| > nε/2

)
≤ 2 exp

{
− Sε2

2ξ

}
.

The conclusion follows from simple algebraic manipulations.

Proof of item 3. This is immediate by remarking that E[τ̄1(Q1, n, λ)] =
nSE[Ue−n(1+λ)U ] and E[τ̄1(Q2, n, λ)] = nSE[V e−n(1+λ)V ].

Proof of item 4. Since (U1, . . . , US) and (V1, . . . , VS) are independent
and i.i.d vectors, we obtain immediately that

(S25) TV(E[⊗Sj=1Poiss(n′Uj)], E[⊗Sj=1Poiss(n′Vj)])

= STV(E[Poiss(n′U)], E[Poiss(n′V )]).

Since 0 ≤ U, V ≤ ξS−1 almost-surely, we obtain from [16, Lemma 6],

TV
(
E[Poiss(n′U)],E[Poiss(n′V )]

)

≤ 1

(L+ 2)!

(n′ξ
2S

)L+2(
2 + 2n

′ξ/(2S)−L + 2n
′ξ/(2 log(2)S)−L

)
.
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Recall that n′ = n(1 + δ), thus under the conditions of the proposition we
have n′ξ/(2S) ≤ n′ξ/(2 log(2)S) ≤ L, and hence from the last display we
obtain that

(S26) TV
(
E[Poiss(n′U)],E[Poiss(n′V )]

)
≤ 4

(L+ 2)!

(nξ(1 + δ)

2S

)L+2
.

Then the conclusion follows by combining Equations (S25) and (S26).

S5.6. Proof of Proposition S4. Here we prove separately all the items
stated in Proposition S4.

Proof of item 1. From the definitions of ξ, S and δ, we immediately
see that (1 + nξ(1+λ)

S(1−δ) )2δ2 ≤ (1 + ξ
1−δ )2c2

0ε
2/ξ2 = c2

0ε
2(1 + o(1)), because

ξ →∞ and ε = O(1) (the latter fact is easier to see a posteriori).

Proof of items 2 and 3. The case 1 + λ > log(n) is straightforward,
thus we focus only on 1+λ ≤ log(n). For the sake of simplicity, we define r :=√

log(n)/(1 + λ) and y :=
√
ec1A(λ, n), so that ε =

√
2c3(ry)−1 exp(−r2y2/2).

Then from the definitions of S, δ and ξ,

Sδ2 ≥ c2
0n(1 + λ)

ε2

ξ3
· ξ

& n ·max
{ 1

(1 + λ)2 log3(n)
,

1 + λ

log6(n)

}
ε2 · ξ

& ξ · n ·max
{ 1

(1 + λ)2 log3(n)
,

1 + λ

log6(n)

} 1

(ry)2
e−r

2y2
.

But under the assumption of the Proposition, have lim infn
{ log(n)
r2y2

}
> 1,

which entails that for n large enough Sδ2 ≥ 2ξ(1 + δ/3) log(20). The proof
of item 3 is similar.

Proof of item 4. This is an immediate consequence of the definitions
of ε, L and ξ.

Proof of item 5, Case 1 + λ ≤ log(n). Note that in this case we have
ξ = (2c1/e)(1 + λ) log(n) and L = dc1A(λ, n) log(n)e. For n large enough
such that 0 < δ ≤ e log(2) − 1 (this always happens, see for instance the
remark in the proof of item 1), we have

2 log(2)LS ≥ 2 log(2)c1A(λ, n) log(n) · n(1 + λ)

= nξ · e log(2)A(λ, n)
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≥ nξ · e log(2)

≥ nξ(1 + δ),

where the third line follows because λ ≥ 0 and from the definition of A(λ, n)
by remarking that a log a ≥ 0⇒ a ≥ 1.

Further, using that (L + 2)! ≥ L2L!, and because L ≤ K1ξ implies that
(1 + δ)L+2 . (1 + δ)L ≤ eLδ ≤ eK1c1ε . 1, we have

4S

(L+ 2)!

(nξ(1 + δ)

2S

)L+2
. S

L2

(nξ
2S

)2 1

L!

(nξ
2S

)L

=
S

L2

(c1 log(n)

e

)2 1

L!

(c1 log(n)

e

)L

. S log2(n)

L5/2

(c1 log(n)

L

)L
,

where the last line follows from Stirling’s formula. Using the definitions of
S . n(1 + λ), L and A(λ, n), we deduce that

4S

(L+ 2)!

(nξ(1 + δ)

2S

)L+2
. n(1 + λ)A(λ, n)−c1A(λ,n) log(n)

A(λ, n)5/2 log1/2(n)

=
1

c2A(λ, n)5/2
≤ 1

c2
.

Therefore by choosing c2 > 0 large enough we obtain that γ(2S)L+2(L+2)! ≥
4S(nξ(1 + δ))L+2.

Proof of item 5, Case 1 + λ > log(n). Note that in this case we have
ξ = (2c1/e) log2(n) and L = d2c1 log(n)e. For n large enough such that
0 < δ ≤ 2e log(2) − 1 (this always happens, see for instance the remark in
the proof of item 1), we have

2 log(2)LS ≥ 4c1 log(2)n(1 + λ) log(n)

≥ 4c1 log(n)n log2(n)

= nξ · 2e log(2)

≥ nξ(1 + δ).

Proceeding along similar lines as for the case 1 + λ ≤ log(n), it is easily
found that as n→∞ we have

4S

(L+ 2)!

(nξ(1 + δ)

2S

)L+2
→ 0,

and hence certainly that γ(2S)L+2(L+ 2)! ≥ 4S(nξ(1 + δ))L+2 when n gets
large enough.
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S5.7. Proof of Proposition S5. We define the function ϕ : R+ → R such
that ϕ(x) = x log(x). When 1+λ ≤ log(n), it is clear that A(λ, n) converges
to the solution of ϕ(x) = c−1

1 = e, hence A(λ, n)→ e, which proves the first
claim.

For the second claim, let define,

∆n := e
log(1 + λ)− (1/2) log log(n) + log(c2)

log(n)
.

For n large enough such that ∆n > −1, it is clear than A(λ, n) ≥ 0. Fur-
thermore, by a Taylor expansion of ϕ near x = e, we find that there is a x̄
in the line segment between A(λ, n) and e such that

ϕ(A(λ, n)) = ϕ(e) + ϕ′(e)(A(λ, n)− e) +
ϕ′′(x̄)

2
(A(λ, n)− e)2

≥ ϕ(e) + ϕ′(e)(A(λ, n)− e),
because ϕ′′(x) = 1/x > 0 whenever x > 0. Since ϕ(A(λ, n)) − ϕ(e) = ∆n,
ϕ(e) = e, and ϕ′(e) = 2, we deduce that for those n large,

0 ≤ A(λ, n) ≤ e+ ∆n/2.

Therefore,

e−1A(λ, n)2 log(n) ≤ e log(n) + ∆n log(n) +
∆2
n log(n)

4e

= e log(n) + e log
c2(1 + λ)√

log(n)
+ o(1).

This concludes the proof.

S6. Proofs related to the upper-bound on the best polynomial
approximation. In this section, we give the proofs of the results stated
in Section S4, regarding the construction of a polynomial of degree no more
than L achieving the approximation error of the Lemma 2 in the main
document.

S6.1. Proof of Lemma S3. Below we prove the items stated in Lemma S3.
The proofs mainly consist on driving the formula for ak(C) and getting sharp
estimates on |ak(C)| for various regimes governed by the ratio k/C.

Proof of item (1). By doing the change of variable x 7→ cos(θ) in the
definition of ak(C), and using that Tk(cos θ) = cos(kθ) we obtain

ak(C) = e−C
∫ 1

−1

e−CxTk(x)√
1− x2

dx
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= e−C
∫ π

0
e−C cos θ cos(kθ)dθ

= π(−1)ke−CIk(C),

where we used [10, formula 10.32.3].

Proof of item (2). The uniform convergence of the series is an imme-
diate consequence of the fact that |Tn(x)| ≤ 1 for all x ∈ [−1, 1] and the
upper bound estimate on |ak(C)| obtained just after in item (3).

Proof of item (3). To prove the item, we use the classical bound on
the modified Bessel function obtained by Luke [7]. Indeed, for any k ≥ BC,
we have

0 ≤ πe−CIk(C) ≤ π

k!

(C
2

)k

≤ π√
2πk

(eC
2k

)k

≤
√

π

2k
exp

{
− k log

(2B

e

)}
,

where the first line comes from Luke [7], and the second line by Stirling’s
approximation. For k ≥ 2 we have π/(2k) ≤ 1. Thus, it is enough to take
B0 = e(1+D)/2, which concludes the proof.

Proof of item (4). We follow a similar path as in the Section B.3 of
the main document. Indeed, we can remark by Stirling’s formula that for
any p, k ≥ 0 we have

(p+ k)! ≥
√

2π(p+ k)p+k+1/2e−(p+k), p! ≥
√

2πpp+1/2e−p.

Then, by defining φz,k(x) as in Section B.3 of the main document, we obtain
the upper bound,

e−CIk(C) ≤ e−C

k!

(C
2

)k
+
∑

p≥1

1

p!(p+ k)!

(C
2

)2p+k

≤ e−C

k!

(C
2

)k
+

1

2π

∑

p≥1

exp{φC,k(p)}√
p(p+ k)

.(S27)

We consider the first term of the rhs of the previous display. By Stirling’s
formula, we have

e−C

k!

(C
2

)k
≤ e−C√

2πk

(eC
2k

)k
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=
1√
2πk

exp
{
− C + k log

(eC
2k

)}

=
1√
2πk

exp{φC,k(0)},

where φC,k(0) is defined by extending φC,k at zero by continuity. We remark
that,

φC,k(0)− φC,k(x0)

= −2x0 + x0 log x0 − k log k + (x0 + k) log(x0 + k)− 2x0 log
z

2

= −2x0 − k log k + k log(x0 + k) + x0

(
log x0 + log(x0 + k)− 2 log

z

2

)

= −2x0 + k log
(

1 +
x0

k

)
− x0φ

′
C,k(x0)

= −2x0 + k log
(

1 +
x0

k

)

≤ −x0.

It follows,

e−C

k!

(C
2

)k
≤ exp{φC,k(x0)}√

C
·
√

C

2πk
e−x0 =

exp{φC,k(x0)}√
C

· o(1)

as C → ∞, by remarking that C/k .
√
C and that k ≤ BC, hence C/k ≥

B−1 and x0 ≥ B′k > B′
√
C →∞ for a universal constant B′ > 0.

We now consider the second term in the rhs of (S27). We let p0 be the
integer defined in Section B.3 of the main document, that is x0 < p0 ≤ x0+1
is integer and φ′z,k(x0) = 0. Recall that x0 ≥ B′k > B′

√
C → ∞ for a

universal constant B′ > 0. Let G1 > 0 be a constant to be chosen accordingly
later, and let A1 ∈ N be the only integer such that

x0 −G1

√
x0 log(x0)− 1 < A1 ≤ x0 −G1

√
x0 log(x0).

By the previous discussion, we have 1 < A1 < x0 at least for L large enough.
Similarly, we let G2 > 0 a constant to be chosen accordingly, and we let
A2 ∈ N be the only integer such that

x0 +G2(1 +
√
x0) log(x0) ≤ A2 < x0 +G2(1 +

√
x0) log(x0) + 1.

Obviously A2 > x0. Then we decompose the sum in the rhs of (S27) as

A1∑

p=1

exp{φC,k(p)}√
p(p+ k)

︸ ︷︷ ︸
S1

+

A2∑

p=A1+1

exp{φC,k(p)}√
p(p+ k)

︸ ︷︷ ︸
S2

+
∑

p>A2

exp{φC,k(p)}√
p(p+ k)

︸ ︷︷ ︸
S3

.

imsart-aos ver. 2014/10/16 file: CFNP_disclosure_suppmat_revised_final.tex date: April 21, 2020



S22 CAMERLENGHI, FAVARO, NAULET AND PANERO

The conclusion of the proof follows by gathering the bounds for S1, S2, and
S3, which are derived in the paragraphs below, and by using that φC,k(x0) =
−Cϕ(k/C).

Bound on S1. Let p ∈ [1, A1]. We remark by a Taylor expansion that
φC,k(p) = φC,k(x0)+ 1

2φ
′′
C,k(p̄)(p−x0)2 for some p̄ ∈ (1, x0). As for Section B.3

of the main document, we see that φ′′C,k(p̄) ≤ −1/x0. Therefore, remarking

that (p − x0)2 ≥ G2
1x0 log(x0) for any 1 ≤ p ≤ A1 (at least for L large

enough),

S1 ≤
exp{φC,k(x0)}√

k

A1∑

p=1

exp
(
− (p− x0)2

2x0

)

≤ exp{φC,k(x0)}√
C

·A1

√
C

k
x
−G2

1/2
0

=
exp{φC,k(x0)}√

C
· o(1),

where the last line follows by choosing G1 large enough, because A1 ≤ x0,
C/k .

√
C, and x0 ≥ B′

√
C →∞.

Bound on S2. Let A1 < p ≤ A2. Then, |p − x0| = O
(√
x0 log(x0)

)
as

C →∞. Further, it is easily seen that, as C →∞,

sup
x∈[A1,A2]

|φ′′′C,k(x)| = sup
x∈[A1,A2]

( 1

x2
+

1

(x+ k)2

)

≤ 2 sup
x∈[A1,A2]

1

x2

=
2(1 + o(1))

x2
0

.

Therefore, by Taylor expansion, and as C →∞,

φC,k(p) = φC,k(x0) +
1

2
φ′′(x0)(p− x0)2 +O

(x3/2
0 log3(x0)

x2
0

)

= φC,k(x0) +
1

2
φ′′(x0)(p− x0)2 + o(1).

It follows,

S2 ≤ (1 + o(1)) · exp{φC,k(x0)}√
A1(A1 + k)

A2∑

p=A1+1

exp
(1

2
φ′′(x0)(p− x0)2

)
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≤ (1 + o(1)) · exp{φC,k(x0)}√
x0(x0 + k)

∞∑

p=−∞
exp

(1

2
φ′′(x0)p2

)

≤ (1 + o(1)) · exp{φC,k(x0)}√
x0(x0 + k)

{
1 + 2

∞∑

p=1

exp
(1

2
φ′′(x0)p2

)}

≤ (1 + o(1)) · exp{φC,k(x0)}√
x0(x0 + k)

{
1 + 2

∫ ∞

0
exp

(1

2
φ′′(x0)t2

)
dt
}

≤ (1 + o(1)) · exp{φC,k(x0)}√
x0(x0 + k)

{
1 +

√
2π

−φ′′C,k(x0)

}
.

It is proven in the Section B.3 of the main document that x0(x0 +k) = C2/4
and −φ′′C,k(x0) = (4/C)

√
1 + (k/C)2. It follows, as C →∞,

S2 ≤
√

2π(1 + o(1))
exp{φC,k(x0)}

√
C ·
(
1 + (k/C)2

)1/4

≤
√

2π(1 + o(1))
exp{φC,k(x0)}√

C
.

Bound on S3. Let p > A2. Remark that for L large enough we also have
p > x0 +

√
x0. Then, by performing two Taylor expansions, we find that

there is x̄ ∈ (x0, x0 +
√
x0) and p̄ ∈ (x0 +

√
x0, p) such that

φC,k(p) = φC,k(x0 +
√
x0) + φ′C,k(p̄)(p− x0 −

√
x0)

= φC,k(x0) +
1

2
φ′′C,k(x̄)x0 + φ′C,k(p̄)(p− x0 −

√
x0)

≤ φC,k(x0) + φ′C,k(p̄)(p− x0 −
√
x0),

where the last line follows because φ′′C,k(x̄) < 0. By the results of Section B.3
of the main document, we can also see that

φ′C,k(p̄) = φC,k(x0)− log
p̄

x0
− log

p̄+ k

x0 + k

= − log
p̄

x0
− log

p̄+ k

x0 + k

≤ − log
p̄

x0

≤ − log
(

1 +
1√
x0

)

≤ − 1

1 +
√
x0
.
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Hence because p > x0 +
√
x0,

φC,k(p) ≤ φC,k(x0)− p− x0 −
√
x0

1 +
√
x0

.

It follows,

S3 ≤
exp{φC,k(x0)}√
x0(x0 + k)

∑

p>A2

exp
(
− p− x0 −

√
x0

1 +
√
x0

)

≤ e · exp{φC,k(x0)}√
x0(x0 + k)

· x−G2
0 ·

∑

p≥0

exp
(
− p

1 +
√
x0

)

=
e · exp{φC,k(x0)}√

x0(x0 + k)
· x−G2

0 · (1 +
√
x0).

It is shown in Section B.3 of the main document that x0(x0 + k) = C2/4.
Therefore, for C →∞ and G2 sufficiently large,

S3 =
exp{φC,k(x0)}√

C
· o(1).

S6.2. Proof of Corollary S1. By item (2) of Lemma S3, we obtain im-
mediately that

(S28) EL(γC , [−1, 1]) ≤ sup
x∈[−1,1]

|qL(x)− γC(x)| ≤
∑

k>L

|ak(C)|.

We let L′ be the largest integer smaller than BC, for B > 0 large enough.
Then, by the item (3) of Lemma S3, for any D > 0 we can choose B0 such
that for all B > B0,

∑

k>L′
|ak(C)| ≤

∑

k>L′
e−Dk ≤ e−DBC

eD − 1
.

By taking B,D sufficiently large, the contribution of the previous display
in the rhs of (S28) is negligible. It remains to bound the sum from L+ 1 to
L′ (note that for B large enough, we have L′ > L). By the item item (4) of
Lemma S3, we obtain that

L′∑

k=L+1

|ak(C)| ≤
√

2π
L′∑

k=L+1

exp{−Cϕ(k/C)}√
C

≤
√

2π

∫ ∞

L

exp{−Cϕ(x/C)}√
C

dx
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=
√

2πC

∫ ∞

L/C
exp{−Cϕ(x)}dx,

where the second line follows because ϕ is monotone increasing on (L,∞),
because ϕ′ > 0 (see for instance Section S6.3). Interestingly, the function
ϕ′ is also monotone increasing (L/C,∞), because ϕ′′ > 0 (see again Sec-
tion S6.3). Hence, u ≥ L/C ⇔ ϕ′(u) ≥ ϕ′(L/C), and by Markov’s inequal-
ity,

L′∑

k=L+1

|ak(C)| ≤
√

2π

C

∫ ∞

L/C

Cϕ′(u) exp{−Cϕ(u)}
ϕ′(L/C)

du

=
√

2π · exp{−Cϕ(L/C)}
ϕ′(L/C) ·

√
C

.

Now we remark that by a Taylor expansion we have u ∈ (0, L/C), that is
u ∈ (0, ζ), such that ϕ′(L/C) = ϕ′(0) + ϕ′′(u) · L/C = ϕ′′(u) · L/C. In view
of Section S6.3, we deduce that

ϕ′(L/C) ≥ 1√
1 + ζ2

· L
C
,

and thus,
L′∑

k=L+1

|ak(C)| ≤
√

2π(1 + ζ2) ·
√
C

L
e−Cϕ(L/C).

S6.3. Some results about the function ϕ. In this section, we collect some
facts about the function ϕ : R+ → R+ defined in (18) of the main document.
It is convenient to rewrite ϕ as

ϕ(x) := 1−
√

1 + x2 +
1

2
(−x+

√
1 + x2) log(−x+

√
1 + x2)

+
1

2
(x+

√
1 + x2) log(x+

√
1 + x2).

Then,

ϕ′(x) = −(−x+
√

1 + x2) log(−x+
√

1 + x2)

2
√

1 + x2
+

(x+
√

1 + x2) log(x+
√

1 + x2)

2
√

1 + x2
,

ϕ′′(x) =
1

(1 + x2)1/2
, ϕ′′′(x) = − x

(1 + x2)3/2
.

imsart-aos ver. 2014/10/16 file: CFNP_disclosure_suppmat_revised_final.tex date: April 21, 2020



S26 CAMERLENGHI, FAVARO, NAULET AND PANERO

By a Taylor expansion of ϕ near 0, we find that there is a y ∈ (0, x) such
that

ϕ(x) = ϕ(0) + ϕ′(0)x+
1

2
ϕ′′(0)x2 +

1

6
ϕ′′′(y)x3 ≤ x2

2
,

because ϕ(0) = ϕ′(0) = 0 and ϕ′′′(y) ≤ 0 for all y ≥ 0 by the computations
above. Similarly, there is y ∈ (0, x) such that,

|ϕ′(x)| ≤ |ϕ′(0)|+ |ϕ′′(y)||x| ≤ |x|.
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S28 FIGURES

Fig S1. The normalized mean squared error as a function of the sampling fraction (1 +
λ)−1 when the distribution of the cell’s probabilities is a Zipf with parameter s = 0.6.
Each curve corresponds to a different estimator of τ1: i) the nonparametric estimator with

Binomial smoothing τ̂
Lb
1 ; ii) the nonparametric estimator with Poisson smoothing τ̂

Lp

1 ; iii)
the naive nonparametric estimator τ̂N

1 ; iv) the Bayesian nonparametric estimator τ̂D
1 ; v)

the parametric empirical Bayes estimator τ̂B1 ; vi) the parametric empirical Bayes estimator
τ̂S1 . The shaded bands corresponds to one standard deviation.
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Fig S2. The normalized mean squared error as a function of the sampling fraction (1 +
λ)−1 when the distribution of the cell’s probabilities is a Zipf with parameter s = 0.8.
Each curve corresponds to a different estimator of τ1: i) the nonparametric estimator with

Binomial smoothing τ̂
Lb
1 ; ii) the nonparametric estimator with Poisson smoothing τ̂

Lp

1 ; iii)
the naive nonparametric estimator τ̂N

1 ; iv) the Bayesian nonparametric estimator τ̂D
1 ; v)

the parametric empirical Bayes estimator τ̂B1 ; vi) the parametric empirical Bayes estimator
τ̂S1 . The shaded bands corresponds to one standard deviation.
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S30 FIGURES

Fig S3. The normalized mean squared error as a function of the sampling fraction (1 +
λ)−1 when the distribution of the cell’s probabilities is a Zipf with parameter s = 1.0.
Each curve corresponds to a different estimator of τ1: i) the nonparametric estimator with

Binomial smoothing τ̂
Lb
1 ; ii) the nonparametric estimator with Poisson smoothing τ̂

Lp

1 ; iii)
the naive nonparametric estimator τ̂N

1 ; iv) the Bayesian nonparametric estimator τ̂D
1 ; v)

the parametric empirical Bayes estimator τ̂B1 ; vi) the parametric empirical Bayes estimator
τ̂S1 . The shaded bands corresponds to one standard deviation.
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FIGURES S31

Fig S4. The normalized mean squared error as a function of the sampling fraction (1 +
λ)−1 when the cell’s probabilities are uniform distributed. Each curve corresponds to a
different estimator of τ1: i) the nonparametric estimator with Binomial smoothing τ̂

Lb
1 ;

ii) the nonparametric estimator with Poisson smoothing τ̂
Lp

1 ; iii) the naive nonparametric
estimator τ̂N

1 ; iv) the Bayesian nonparametric estimator τ̂D
1 ; v) the parametric empirical

Bayes estimator τ̂B1 ; vi) the parametric empirical Bayes estimator τ̂S1 . The shaded bands
corresponds to one standard deviation.
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S32 FIGURES

Fig S5. The normalized mean squared error as a function of the sampling fraction (1+λ)−1

when the distribution of the cell’s probabilities is a uniform Dirichlet distribution with
respective parameter β = 0.5. Each curve corresponds to a different estimator of τ1: i) the
nonparametric estimator with Binomial smoothing τ̂

Lb
1 ; ii) the nonparametric estimator

with Poisson smoothing τ̂
Lp

1 ; iii) the naive nonparametric estimator τ̂N
1 ; iv) the Bayesian

nonparametric estimator τ̂D
1 ; v) the parametric empirical Bayes estimator τ̂B1 ; vi) the

parametric empirical Bayes estimator τ̂S1 . The shaded bands corresponds to one standard
deviation.
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FIGURES S33

Fig S6. The normalized mean squared error as a function of the sampling fraction (1+λ)−1

when the distribution of the cell’s probabilities is a uniform Dirichlet distribution with
respective parameter β = 1.0. Each curve corresponds to a different estimator of τ1: i) the
nonparametric estimator with Binomial smoothing τ̂

Lb
1 ; ii) the nonparametric estimator

with Poisson smoothing τ̂
Lp

1 ; iii) the naive nonparametric estimator τ̂N
1 ; iv) the Bayesian

nonparametric estimator τ̂D
1 ; v) the parametric empirical Bayes estimator τ̂B1 ; vi) the

parametric empirical Bayes estimator τ̂S1 . The shaded bands corresponds to one standard
deviation.
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S34 TABLES

Zipf 0.6 Zipf 0.8 Zipf 1

True τ1 112780 82254 42397

τ̂
Lb
1 116533 ∈ (115361, 117704) 84478 ∈ (83041, 85916) 43370 ∈ (41980, 44760)

τ̂
Lp

1 124242 ∈ (123380, 125104) 89443 ∈ (88195, 90690) 45307 ∈ (44188, 46427)

τ̂N
1 32623 ∈ (32580, 32666) 24436 ∈ (24386, 24485) 12593 ∈ (12555, 12630)

τ̂D
1 88030 ∈ (87699, 88362) 40983 ∈ (40833, 41133) 14740 ∈ (14688, 14792)

τ̂B1 64587 ∈ (64525, 64650) 41815 ∈ (41714, 41915) 14362 ∈ (14312, 14412)

τ̂S1 71651 ∈ (71543, 71759) 42022 ∈ (41900, 42145) 13738 ∈ (13690, 13787)

Uniform Dirichlet 0.5 Dirichlet 1

True τ1 143375 92849 112468

τ̂
Lb
1 149823 ∈ (149127, 150520) 95806 ∈ (94658, 96955) 117449 ∈ (116465, 118433)

τ̂
Lp

1 157967 ∈ (157408, 158526) 108040 ∈ (107174, 108907) 128879 ∈ (128150, 129607)

τ̂N
1 37424 ∈ (37392, 37457) 33133 ∈ (33086, 33181) 35147 ∈ (35110, 35184)

τ̂D
1 149121 ∈ (148619, 149623) 98586 ∈ (98178, 98993) 118696 ∈ (118285, 119106)

τ̂B1 71141 ∈ (71110, 71172) 66620 ∈ (66568, 66672) 68820 ∈ (68782, 68858)

τ̂S1 84631 ∈ (84565, 84697) 75504 ∈ (75404, 75604) 79853 ∈ (79776, 79930)

Table S1
Estimation of τ1 for several simulated scenarios, when the size of the population is
n̄ = 106 and (λ+ 1)−1 = 1/5. Each column corresponds to a different choice of the

distribution over the cells’ probabilities. The first line displays the true value of τ1, while
the other rows contain the estimates and the empirical bands based on one standard

deviation. All the experiments are averaged over 100 iterations.
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Chapter 6

Discussion

This final chapter contains the summary of the work presented in this thesis

and suggestions for possible research directions.

6.1 Summary

This thesis contains four pieces of work regarding two statistical modelling

challenges: networks and disclosure risk assessment.

In chapter 2, I presented a novel methodology to describe sparse and dense

spatial networks. This random graph model relies on completely random

measures as prior distributions for the variables of the model to achieve desir-

able network properties such as sparsity, power-law degree distributions for

low degree nodes and positive clustering. We describe how to sample from

the model in sub-quadratic time. We provide a Markov Chain Monte Carlo

algorithm to sample from an approximate posterior distribution of the model’s

parameters and variables and show that the algorithm works well on simulated

data. The Bayesian approach allows conveniently to quantify the uncertainty

in the estimations.

Chapter 3 deals with the asymptotic studies on graphs generated in the graphex

process framework, under some regular variation assumptions. We provide
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the relation between number of nodes and edges and show how the graphex

process can describe both sparse and dense networks. We show under which

assumptions it is possible to obtain a power-law degree distribution for low

degree nodes and a double power-law with different exponents for high and

low degrees. We provide the asymptotic limits for the global and average local

clustering coefficients and prove central limit theorems for the number of nodes

and subgraph counts. To show some practical cases, we apply these results to

numerous sparse graphon functions. Finally, we extend some of the findings to

a framework enhanced by local properties, for example spatial structures or

communities.

Chapter 4 presents a study of statistical quantification of disclosure risk in

terms of the number of individuals whose answers in a microdata file make

them uniques in the sample and in the underlying population. The estimation

is based on a prior distribution commonly used in Bayesian nonparametric, the

Pitman–Yor process, from which the estimator inherits a convenient closed-

form representation of its posterior distribution, a scheme to sample efficiently

from it and quantify the uncertainty of the estimate. We show empirically on

simulated and real data that the estimator is particularly well suited to describe

populations generated under distributions with power-law or geometric tails.

Chapter 5 is chronologically the first work I did on statistical estimation of

disclosure risk. The work was motivated by the desire to find an estimator

for the number of sample uniques that are also population uniques without

assuming any shape on the distribution of the population. Our proposal is fully

nonparametric and is very easy to understand and compute. We prove that

the estimator is optimal since, under an assumption on the relative sample

size, it has vanishing normalised mean squared error with matching upper

and lower bounds, and when this assumption is violated it is impossible to

find a nonparametric estimator with guarantees of vanishing error. This study

motivated the need of a more specific assumption on the distribution of the

population, which subsequently gave birth to the idea for chapter 4.
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6.2 Extentions

The papers and manuscripts I have presented open some questions that require

further investigations and could lead to new research directions. I will explore

some of them here.

6.2.1 Efficient inference for sparse spatial random graphs

Chapter 2 provides an inference scheme, reliant on MCMC techniques, to

sample from an approximation of the posterior distribution of the variables and

parameters of the model. The time complexity of such algorithm is squared

in the number of nodes and therefore cannot be run in a reasonable time

on datasets with more than a few thousands of nodes. To insure a wider

applicability of the proposed model, a faster algorithm is required. Inspired by

the work of [Rastelli et al., 2018], an accessible possibility would be to find an

approximation of the likelihood function which relies on partitions of the space

domain and of the sociability layers, as already done in the sampling scheme

proposed in chapter 2. Another possibility, more challenging yet more elegant

and leading to an exact algorithm, would be to use Poisson-minibatching

methods, as proposed in [Zhang and De Sa, 2019]. This technique requires

to find new auxiliary Poisson variables whose presence induces an augmented

joint likelihood with lower computational complexity.

As the influence of space on the connection function increases, so do the chal-

lenges brought by the multimodal posterior. The second direction to develop a

more efficient algorithm is that of parallel tempering techniques ([Swendsen and

Wang, 1986]), which would encourage the Markov chains to explore different

regions of the space and not to get stuck in local optima.

6.2.2 Small worldness and spatial asymptotics

An interesting property of real networks is that it is possible to traverse the

network with a surprisingly low number of steps, quantified as proportional to

the logarithm of the number of nodes. Scale-free networks usually induce this
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behaviour, and it would be exciting to understand if it holds true in the case of

the sparse spatial random graphs and how the distance changes as a function

of γ. From similar studies in [Deprez and Wüthrich, 2018], I expect small

and ultra small world effects to hold, depending on the relation between the

parameter tuning the effects of the distance γ, the exponent of the regularly

varying distribution of the sociability weights α and the dimension of the space

of locations d. Similarly, it could be interesting to explore the percolation

properties of such model to understand the emergence of a giant component.

The asymptotic properties of networks generated under the graphex framework

proved in chapter 2 and chapter 3 have always been studied as functions of the

time of appearance of the nodes t. No less important would be to explore the

world of asymptotics in space, as xmax tends to infinity. This would also allow

to compare more easily the sparse spatial random graph with other spatial

network models in the literature.

6.2.3 Applications of spatial network models

The sparse spatial random graph model of chapter 2 has been applied so far

only to simulated data, while testing it on real world data remains to be

explored. I would start from the US airport dataset illustrated in fig. 1.1.

Airports have real locations to test against and therefore it would be easy

to understand if the model is able to elicit spatial information by studying

the correlation between the inferred locations and the longitude and latitude

of the nodes. A space of dimension d = 2 and a geodesic distance function

seem to be the most natural choices to describe such network, but it would be

interesting to understand if different configurations could reveal other insights.

Furthermore, [Li and Cai, 2004] and [Paleari et al., 2010] observed that some

airports networks display a double power-law degree distribution with different

exponents for large and small degree nodes. The use of CRMs such as the

generalised gamma Pareto process (as constructed in [Ayed et al., 2019]) as

prior for the sociability weights could induce such behaviour and might provide

a better fit of the degree distribution.
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Many biological applications can be described by networks which are influenced

by their spatial structure. An example of this is neuroscience. The network of

connectomes, white matter fibers in the brain, are determined by a mixture

of their concrete spatial coordinates and an additional latent structure (for

example, see [Aliverti and Durante, 2019]). The degree distribution of such

networks seem to be better described by the Weibull distribution or a power-

law with exponential cut-off, instead of pure power-laws ([Gastner and Ódor,

2016]). It would be interesting to study the performance of the sparse spatial

random graph model on brain networks characterised by the power-law with

exponential cut-off. More challenging, but possibly more interesting, would

be the opportunity to modify the model to accommodate different types of

degree distributions.

6.2.4 Disclosure risk assessment in presence of struc-

tural zeros

In the setting of disclosure risk assessment, a question of modelling interest

is that of structural zeros. Structural zeros are defined as combinations of

individual records that are impossible to observe (for example, an 8 years old

with kids). Since they represent impossible combinations, it would be wise to

account for them in the modelling scheme. A possibility is to employ spike

and slab priors that mix two probability distributions, the first being that

chosen for the observable combinations (for example, the Pitman–Yor process

in chapter 4) and the second being the Dirac measure at 0 for structural zeros.

Examples of such priors can be found in [Scarpa and Dunson, 2009] and [Canale

et al., 2017].
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