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Abstract

In this paper, we consider the Dirichlet boundary value problem for fully nonlinear Yamabe equations on
Riemannian manifolds with boundary. Assuming the existence of a subsolution, we derive a priori boundary
second derivative estimates and consequently obtain the existence of a smooth solution. Moreover, with respect
to a family of equations interpolating the fully nonlinear Yamabe equation and the classical semi-linear Yamabe
equation, our estimates remain uniform. Finally, an example of a C1 solution which is smooth in the interior but
not smooth at the boundary is also given.
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1 Introduction
Let (Mn, g) be a compact smooth Riemannian manifold of dimension n ≥ 3 with non-empty smooth boundary
∂M ̸= ∅. The Schouten tensor of g is defined as

Ag :=
1

n− 2

(
Ricg −

1

2(n− 1)
Rgg

)
,

where Ricg and Rg are respectively the Ricci tensor and the scalar curvature of the metric g. The Schouten tensor
plays an important role in conformal geometry due to its appearance in the Ricci decomposition of the Riemann
curvature tensor.

Consider the problem of finding on M a metric g̃ conformal to g with a prescribed symmetric function of the
eigenvalues of the Schouten tensor Ag̃ and a prescibed Dirichlet boundary data g̃|∂M . More precisely, given a
function ψ > 0 defined on M and a Riemannian metric h on ∂M which is conformal to g|∂M , the induced metric
on ∂M , one looks for a metric g̃ on M conformal to g such that g̃|∂M = h and the Schouten tensor Ag̃ satisfies

f(λg̃(Ag̃)) = ψ(x) in M, (1.1)
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where λg̃(Ag̃) = (λ1, . . . , λn) are the eigenvalues of Ag̃ with respect to g̃ and the symmetric function f shall be
defined later. Note that, under a conformal deformation of metrics g̃ = e−2ug, the Schouten tensor transforms
according to the formula

Ag̃ = ∇2u+ du⊗ du− 1

2
|∇u|2gg +Ag,

where ∇ denotes the covariant derivative of g. If h = e−2φg|∂M for a function φ ∈ C2(∂M) and f is homoge-
neous of degree one, the problem is equivalent to finding a function u on M satisfying{

f(λg(Ag̃)) = ψ(x)e−2u in M,

u = φ on ∂M,
(1.2)

where λg(Ag̃) = (λ1, . . . , λn) are the eigenvalues of Ag̃ with respect to g.
The analogous problem on manifolds without boundary has attracted much interest, see e.g. [3, 4, 8, 14, 16,

25, 26, 28, 31, 32, 34, 35, 40, 48, 52] and references therein. On manifolds with boundary, a closely related
problem to the above question is to find a conformal metric such that its Schouten tensor satisfies (1.1) and the
mean curvature of the boundary with respect to the new metric is a prescribed function. This is equivalent to
solving (1.1) with a (nonlinear) Neumann boundary condition and there is also a rich literature, see [5, 6, 7, 15,
33, 36, 39, 41] and references therein. The above mentioned work are known as fully nonlinear Yamabe problems
of positive curvature type. The counterpart for negative curvature type has also been studied intensively – see
[2, 11, 12, 13, 17, 20, 29, 30, 42, 44, 45, 50, 53, 55].

Let us now give our assumptions on the symmetric function f , following Caffarelli, Nirenberg and Spruck
[1]. Let Γ ⊂ Rn be an open convex symmetric cone with vertex at the origin satisfying Γn ⊂ Γ ⊂ Γ1, where
Γn = {λ ∈ Rn : λi > 0,∀1 ≤ i ≤ n} and Γ1 = {λ ∈ Rn :

∑n
i=1 λi > 0}. Let f ∈ C∞(Γ) ∩ C0(Γ̄) be a

function which is symmetric in λi and satisfies the following structural conditions:

f > 0 in Γ and f = 0 on ∂Γ; (f1)

∂if :=
∂f

∂λi
> 0, ∀ 1 ≤ i ≤ n; (f2)

f is concave in Γ; (f3)
f is homogeneous of degree one, i.e. f(sλ) = sf(λ), ∀ s > 0. (f4)

We remark that (f2) ensures that the equation (1.2) is elliptic and (f3) enables us to use Evans-Krylov’s Theorem.
Note that, if we define

e = (1, . . . , 1),

then, by the homogeneity and concavity of f ,∑
i

∂if(λ) = f(λ) +Df(λ) · (e− λ) ≥ f(e) > 0 in Γ. (f5)

By the symmetry and homogeneity of f , we have Df(e) = 1
nf(e)e. Together with the concavity and once again

the homogeneity of f , this gives

f(λ) ≤ f
( 1
n
σ1(λ)e

)
+Df

( 1
n
σ1(λ)e

)
· (λ− 1

n
σ1(λ)e) =

1

n
σ1(λ)f(e). (f6)

Classical examples satisfying (f1)-(f4) are σ
1
k

k (λ) for 1 ≤ k ≤ n and the quotient
(

σk(λ)
σℓ(λ)

) 1
k−ℓ

for 1 ≤ ℓ <

k ≤ n defined on the open convex symmetric cone Γk (see [1]), where σk is the k-th elementary symmetric
function

σk(λ) :=
∑

1≤i1<···<ik≤n

λi1 · · ·λik

and
Γk := {λ = (λ1, . . . , λn) ∈ Rn : σj(λ) > 0,∀1 ≤ j ≤ k}.

When f = σ
1
k

k and ψ = 1, equation (1.1) is known as the σk-Yamabe problem.
The solvability of (1.2) has been studied in a number of work, see Schnürer [47], Guan [19], Guan and

Jiao [23], Li and Nguyen [43]. The solvability for related Hessian-type equations has been considered by many
authors - we only mention Guan [18, 21, 22], Guan, Spruck and Xiao [24], Guan and Zhang [27], Li [38], Lu
[46], Trudinger [51], Wang and Xiao [54] which are more closely related to the present work and refer the reader
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to them for further references. In the cited work for (1.2) as well as in the present work, it is assumed that (1.2)
admits a smooth subsolution. We briefly recall here aspects of [43] which are of special relevance. In [43], as an
intermediate step in their study of Green’s functions to general nonlinear Yamabe problems, the authors proved
that there exists a solution in C0,1(M)∩C∞(M \ ∂M) to the Dirichlet problem of (1.2) (see [43, Theorem 4.1]).
The approach in [43] was to consider a family of problems generalizing (1.2), namely{

ft(λg(Ag̃)) = ψ(x)e−2u in M,

u = φ on ∂M,
(1.3)

where t ∈ [0, 1] and where ft is defined on the cone

Γt =
{
λ : tλ+ (1− t)σ1(λ)e ∈ Γ

}
(1.4)

by
ft(λ) = f

(
tλ+ (1− t)σ1(λ)e

)
. (1.5)

The proof of [43] was based on the observation that the proof in [19] can be applied to obtain a solution ut ∈
C∞(M) of (1.3) for t ∈ [0, 1) and that the family {ut}t∈[0,1) is bounded in C1(M)∩C∞

loc(M \ ∂M). Therefore,
one obtains in the limit t ↗ 1− a solution of (1.3) for t = 1, i.e. (1.2), in C0,1(M) ∩ C∞(M \ ∂M). On the
other hand, since there are examples of solutions of (1.2) which belong to (C1(M) ∩ C∞(M \ ∂M)) \ C2(M)
(see Example 1.3 below), it is natural to ask if the solution of (1.2) constructed via (1.3) in [43] is smooth at ∂M
or not. In this work, we prove that it is indeed smooth at ∂M . In other words, the solution in [43, Theorem 4.1]
belongs to C∞(M).

We shall study a Dirichlet problem with a slightly more general right hand side than that in (1.3). For a function
u ∈ C2(M), let

W [u] := Ae−2ug = ∇2u+ du⊗ du− 1

2
|∇u|2g +Ag,

and let λg(W [u]) = (λ1, . . . , λn) denote the eigenvalues of W [u] with respect to the metric g. When it is clear
from the context, we sometimes write λ(W [u]) in place of λg(W [u]). Given 0 < ψ(x, z) ∈ C∞(M × R) with
ψz ≤ 0 and φ ∈ C∞(∂M), consider the Dirichlet problem{

ft(λg(W [u])) = ψ(x, u), in M,

u = φ, on ∂M.
(1.6)

Note that, by (f3), (f4) and (f6),

ft(λ) ≥ tf(λ) + (1− t)σ1(λ)f(e) ≥ (t+ n(1− t))f(λ) ≥ f(λ).

We therefore say u ∈ C2(M) is a subsolution to (1.6) for all t ∈ [0, 1] if u satisfies that{
f(λg(W [u])) ≥ ψ(x, u), in M,

u = φ, on ∂M.

The following is our main result.

Theorem 1.1. Let (Mn, g) be a compact smooth Riemannian manifold of dimension n ≥ 3 with non-empty
smooth boundary ∂M ̸= ∅. Let Γ ⊂ Rn be an open convex symmetric cone with vertex at the origin satisfying
Γn ⊂ Γ ⊂ Γ1 and f ∈ C∞(Γ) ∩C0(Γ̄) be a symmetric function satisfying (f1)-(f4). Let ψ(x, z) ∈ C∞(M ×R)
be positive with ψz ≤ 0, and suppose that there exists a subsolution u ∈ C4(M) to the Dirichlet problem (1.6)
for all t ∈ [0, 1]. Then, for every t ∈ [0, 1] there exists a solution ut ∈ C∞(M) to the Dirichlet problem (1.6)
satisfying ut ≥ u. Moreover, we have the estimate

sup
t∈[0,1]

sup
M

(|ut|+ |∇ut|+ |∇2ut|) ≤ C,

where C only depends on u, (M, g), (f,Γ), ψ and φ.

Our main contribution concerns the uniformity of our estimates with respect to t. Available estimates in the
literature for a single pair (f,Γ) depends on the type of f and/or Γ (see Section 2 for terminology). As t ↗ 1−,
the type of ft and/or Γt may change, and this calls for care when considering uniform estimates in this limit.
Our proof uses a particular property of the family (ft,Γt), namely Lemma 2.2 in Section 2. If one replaces the
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family (ft,Γt) by another (suitably continuous) family (f̃t, Γ̃t) which tends to (f,Γ) as t ↗ 1− but the property
in Lemma 2.2 does not hold for (f̃t, Γ̃t), it is not clear if our proof would carry over.

We now give a sketch of the proof of Theorem 1.1. In the discussion, letC denote a positive constant depending
only on the known data such as u, (M, g), (f,Γ), ψ and φ, but may be different from lines to lines. In particular,
the constants C will be independent of t ∈ [0, 1]. The existence of a solution to equation (1.6) can be proved by
the standard degree theory once a priori estimates have been established, see [19]. To this end, we need a priori
estimates for ut with ut ≥ u solving (1.6) onM up to its second order derivatives, as higher order estimates follow
from Evans-Krylov’s Theorem and Schauder theory. Local interior first and second order derivative estimates has
been known. (See also [9, 10] for local pointwise second derivative estimates for strong solutions.) Since ut ≥ u
in M and ut = u on ∂M , we obviously have

min
M

ut ≥ min
M

u and min
∂M

∇νut ≥ min
∂M

∇νu.

Lemma 3.1 in [19] yields that maxM ut ≤ C. Then, Lemma 3.2 and Theorem 3.3 in [19] ensure that supM (|ut|+
|∇ut|) ≤ C. For the estimate of second order derivatives, Theorem 3.4 in [19] shows that

sup
M

|∇2ut| ≤ C(1 + sup
∂M

|∇2ut|).

We should point out that all the above mentioned results in [19] are valid in the present setting as the proof only
used the assumptions (f1)-(f4). To complete this argument, it therefore remains to establish a boundary second
derivative esimate, namely a bound for sup∂M |∇2ut|. Therefore, the proof of Theorem 1.1 reduces to that of the
following result.

Proposition 1.2. Suppose the assumptions in Theorem 1.1 hold. Then, for any solution ut ∈ C3(M) to the
Dirichlet problem (1.6) with t ∈ [0, 1] satisfying ut ≥ u, we have

sup
∂M

|∇2ut| ≤ C, (1.7)

where C only depends on u, (M, g), (f,Γ), ψ and φ.

As pointed out earlier, our main contribution concerns a bound for sup∂M |∇2ut| which is independent of
t ∈ [0, 1]. The estimation of double tangential derivatives and mixed tangential-normal derivatives follows largely
the arguments in [18, 19, 21, 22, 23]. We note that t-dependent estimate of the double normal derivatives for
general f for t < 1 was done in [43]. However, to achieve a uniform estimate as t↗ 1− requires new ideas.

As alluded to previously, we now present an example to illustrate a subtlety concerning the regularity of
solutions of (1.2) and (1.6). For some ℓ > 0 to be specified, let (Mℓ, g) be the round cylinder

Mℓ = [−ℓ, ℓ]× Sn−1,

g = dt2 + h,

where t is a dummy variable along the [−ℓ, ℓ]-factor and h is the standard metric on Sn−1.

Example 1.3. Let 2 ≤ k ≤ n. For every c ∈ R, there exists ℓ > 0 such that the problem{
σk(λg(W [u])) = n

k2k

(
n−1
k−1

)
e−2ku, λg(W [u]) ∈ Γk in Mℓ \ ∂Mℓ,

u = c on ∂Mℓ,
(1.8)

admits a solution u ∈
(
C1(Mℓ) ∩ C∞(Mℓ \ ∂Mℓ)

)
\ C2(Mℓ).

The failure of smoothness of the solution in Example 1.3 at ∂Mℓ is similar to that in [39]. See also [42] for a
related phenomenon.

We point out that the solution in Example 1.3 does not lie above any smooth subsolution that we are aware of.
We also do not know if it can be approximated by a sequence of smooth solutions. We conclude the introduction
with two related questions on solutions of (1.2) which are not necessarily bounded from below by a smooth
subsolution.

Question 1.4. Assume ψ is positive and smooth in M and φ is smooth on ∂M . Is the set of smooth solutions to
(1.2) with a given C1 bound bounded in C2(M)?

Note that, by Theorem 1.1, every set of smooth solutions of (1.2) lying above a common smooth subsolution
is bounded in C2(M).
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Question 1.5. Assume ψ is positive and smooth in M and φ is smooth on ∂M . Can every C1(M) viscosity
solution to (1.2) be approximated in C0(M) by C2(M) solutions?

The paper is organized as follows. In Section 2, we introduce some useful notations, analyze the structure of
the symmetric function f and prove an auxiliary result which will be used to construct various barriers later on
(see Lemma 2.10). In Section 3, we derive the boundary estimate in Proposition 1.2. In Section 4, we give the
proof of the assertion in Example 1.3.
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2 Notations and preliminary results

2.1 Some facts on (f,Γ) and (ft,Γt)

Let Γ ⊂ Rn be an open convex symmetric cone with vertex at the origin satisfying Γn ⊂ Γ ⊂ Γ1 and f ∈
C∞(Γ) ∩ C0(Γ̄) be a symmetric function. In this subsection, we collect various properties for (f,Γ) and (ft,Γt)
which will be used in the proof of Proposition 1.2. Most of these properties have appeared elsewhere. We first
recall a definition in [1].

Definition 2.1 ([1]). Γ is said to be of type 1 if the positive λi axes belong to ∂Γ; otherwise it is said to be of type
2.

Denote by Γ′ the projection of the cone Γ ⊂ Rn = Rn−1 × R onto Rn−1 and by λ′ the projection of λ ∈ Γ
onto Γ′. If Γ is of type 1, Γ′ is an open convex symmetric cone in Rn−1 and

{λ′ ∈ Rn−1 : λ′α > 0, 1 ≤ α ≤ n− 1} ⊂ Γ′ ⊂ {λ′ ∈ Rn−1 : λ′1 + · · ·+ λ′n−1 > 0}.

If Γ is of type 2, Γ′ = Rn−1.
We note that, regardless whether Γ is of type 1 or of type 2, the cones Γt are always of type 2 for t ∈ [0, 1). In

fact, we have:

Lemma 2.2. Let Γ ⊂ Rn be an open convex symmetric cone with vertex at the origin satisfying Γn ⊂ Γ ⊂ Γ1. For
t ∈ [0, 1), then cone Γt contains the open ball of radius 1

2n (1 − t) about (0, . . . , 0, 1). Moreover, if f ∈ C∞(Γ)
is a symmetric function satisfying (f2) and (f4), then

ft(λ) ≥
1

2
(1− t)f(e)

for any λ in this ball.

Proof. For two vectors λ, λ̃ ∈ Rn, we write λ ≥ λ̃ if λ− λ̃ ∈ Γ̄n. For v ∈ Rn with |v| = 1, r > 0, we have

(0, . . . , 0, 1) + rv ≥ (−r, . . . ,−r, 1− r)

Thus, we only need to show that λ := (− 1
2n (1−t), . . . ,−

1
2n (1−t), 1−

1
2n (1−t)) ∈ Γt and ft(λ) ≥ 1

2 (1−t)f(e).
Indeed, we have

tλ+ (1− t)σ1(λ)e = (0, . . . , 0, t) +
(1− t)(n+ (n− 1)t)

2n
e

≥ (1− t)(n+ (n− 1)t)

2n
e ∈ Γn ⊂ Γ,

which implies λ ∈ Γt and

ft(λ) = f(tλ+ (1− t)σ1(λ)e) ≥
1

2
(1− t)f(e).

The proof is complete.
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In case Γ is of type 1, Γ′ is a proper subset of Rn−1. Let dΓ′ denote the distance function to ∂Γ′. For
λ′0 ∈ ∂Γ′, let Nλ′

0
(∂Γ′) denote the set of unit vectors γ ∈ Rn−1 such that Γ′ is contained in the half-space

{λ′ ∈ Rn−1 : γ · (λ′ − λ′0) > 0}. We list some properties of Nλ′
0
(∂Γ′) and dΓ′ which we will use later on.

• Since ∂Γ′ contains the ray R+λ
′
0, γ · λ′0 = 0.

• It follows that Γ′ ⊂ {λ′ ∈ Rn−1 : γ · λ′ > 0}.

• Since Γ′ ⊃ Γ′
n, this further implies that γα ≥ 0 for 1 ≤ α ≤ n− 1.

• For any ascending λ′ ∈ Γ′,
dΓ′(λ′) = inf

ascending λ′
0∈∂Γ′

descending γ∈Nλ′
0
(∂Γ′)

γ · λ′. (2.1)

The first three properties are immediate. To see the fourth property, denote the right hand side of (2.1) as d̃(λ′).
Note that d̃(λ′) is well-defined since there clearly exists an ascending λ′0 ∈ ∂Γ′ (e.g. (0, . . . , 0, 1)) and the
existence of a descending γ in Nλ′

0
(∂Γ′) is given by [1, Lemma 6.1]. The inequality d̃(λ′) ≥ dΓ′(λ′) is a

consequence of the fact that Γ′ is supported by the hyperplane through λ′0 and normal to γ. To see the reverse
inequality, let λ′∗ ∈ ∂Γ′ be such that dΓ′(λ′) = |λ′ − λ′∗|. Let λ′∗∗ be an ascending rearrangement of λ′∗. By
symmetricity of Γ′, we have that λ′∗∗ ∈ ∂Γ′. Since λ′ is ascending, a simple induction argument on n gives

λ′ · λ′∗∗ ≥ λ′ · λ′∗,

which, in view of the fact that |λ′∗| = |λ′∗∗|, implies

|λ′ − λ′∗∗| ≤ |λ′ − λ′∗|.

It follows that dΓ′(λ′) = |λ′ − λ′∗| = |λ′ − λ′∗∗|. Since any hyperplane at λ′∗∗ supporting Γ′ must support the ball
centered at λ′ of radius |λ′ −λ′∗∗|, we see that Nλ′

∗∗
(∂Γ′) contains a unique element, namely γ∗∗ :=

λ′−λ′
∗∗

|λ′−λ′
∗∗|

. By
[1, Lemma 6.1], γ∗∗ is descending. It follows that

d̃(λ′) ≤ γ∗∗ · λ′ = γ∗∗ · (λ′ − λ′∗∗) = |λ′ − λ′∗∗| = dΓ(λ
′).

We have thus proved (2.1).
We next discuss certain properties of f which will be used later on. The same or similar properties have

appeared previously elsewhere.

Definition 2.3 ([51]). We say f is of unbounded type if

lim
s→+∞

f(λ1, . . . , λn−1, s) = +∞ (2.2)

for every λ′ = (λ1, . . . , λn−1) ∈ Γ′. If (2.2) fails for some λ′ ∈ Γ′, we say f is of bounded type.

For example, the function σ1/k
k (λ) is of unbounded type for 1 ≤ k ≤ nwhile the quotient function

(
σk(λ)
σℓ(λ)

) 1
k−ℓ

is of bounded type for 1 ≤ ℓ < k ≤ n.
We note that if Γ is of type 2 and f satisfies (f4), then

lim
s→+∞

1

s
f(λ′, s) = lim

s→+∞
f(
λ′

s
, 1) = f(0′, 1) > 0,

and hence f is of unbounded type. A consequence of the above is that, if f satisfies (f4), then, regardless of the
type of Γ and f , ft is always of unbounded type for t ∈ [0, 1).

We should clarify that, by our assumption (f1) and (f3), if, at one point λ′ ∈ Γ′, (2.2) holds, it then holds at
any µ′ ∈ Γ′. A simple proof is given below. For any µ′ = (µ1, . . . , µn−1) ∈ Γ′, we can choose sufficiently small
ε > 0 such that γ′ = λ′ + (1 + ε)(µ′ − λ′) is also in Γ′. Then, by the concavity (f3) of f , we have

f(µ1, . . . , µn−1, s) ≥
1

1 + ε
f(γ1, . . . , γn−1, s) +

ε

1 + ε
f(λ1, . . . , λn−1, s),

for s large enough. We see that, by (f1),

lim
s→+∞

f(µ1, . . . , µn−1, s) = +∞.
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Hence, for every C > 0 and every compact set K in Γ, there is a positive number R = R(C,K) such that

f(λ1, . . . , λn +R) ≥ C, for all λ ∈ K. (2.3)

The above inequality is exactly [1, condition (7)] and is used by Guan (see [19, equation (1.13)]) to derive the
boundary C2 estimate.

On the other hand, if (2.2) fails for some λ′ = (λ1, . . . , λn−1) ∈ Γ′, we can define the following function on
Γ′:

f∞(λ′) = lim
s→+∞

f(λ1, . . . , λn−1, s), for all λ′ ∈ Γ′. (2.4)

Evidently, f∞ is homogeneous of degree one and f∞ is non-decreasing when λi is increasing for every 1 ≤ i ≤
n − 1. Note that f∞ is concave in Γ′, so it is also continuous in Γ′. Furthermore, f∞ is punctually second order
differentiable almost everywhere in Γ′.

Let U be the set of (n− 1)× (n− 1) symmetric matrices whose eigenvalues belong to Γ′. When Γ is of type
1, we may define

F∞(A) := f∞(λ(A)) for A ∈ U .

For every B ∈ U , let N∞(B) denote the set of symmetric (n− 1)× (n− 1) matrices N such that∑
α,β

Nαβ(Aαβ −Bαβ) ≥ F∞(A)− F∞(B) for all A ∈ U . (2.5)

The set N∞(B) is non-empty thanks to the concavity of F∞.

Lemma 2.4. Suppose Γ is of type 1. The following statements hold.

(i) If B ∈ U , then every matrix N in N∞(B) is positive semi-definite.

(ii) The set-valued map N∞ anti-monotone:∑
α,β

(Nαβ −Kαβ)(Bαβ − Cαβ) ≤ 0 for all B,C ∈ U , N ∈ N∞(B),K ∈ N∞(C).

(iii) For any A ∈ U and any set V ⊂ U containing A,

F∞(A) = inf
B∈V,N∈N∞(B)

[
F∞(B) +

∑
α,β

Nαβ(Aαβ −Bαβ)
]
. (2.6)

(iv) For any compact set K ⊂ U , there exists C = C(K, F∞) such that ∥N∥ ≤ C for every N ∈ N∞(B), B ∈
K.

Proof. (i) The positive semi-definiteness ofN ∈ N∞(B) follows from the monotonicity of F∞ and from applying
(2.5) to A = B + ξ ⊗ ξ for arbitrary ξ ∈ Rn−1.

(ii) From (2.5), we have ∑
α,β

Nαβ(Cαβ −Bαβ) ≥ F∞(C)− F∞(B),

∑
α,β

Kαβ(Bαβ − Cαβ) ≥ F∞(B)− F∞(C).

Summing up, we obtain the anti-monotonicity of N∞.
(iii) The direction “≥” of (2.6) follows by taking B = A, while the direction “≤” of (2.6) follows from (2.5).
(iv) Consider first the case that K contains only one element, say B. Fix some small ε > 0 such that A =

B − εI ∈ U . We then see from (2.5) that

tr(N) ≤ ε−1(F∞(B)− F∞(B − εI)) for all N ∈ N∞(B).

Recalling that N is positive semi-definite, we deduce that N∞(B) is bounded, i.e. the conclusion holds when K
is a singleton set.

Consider the general case. Clearly, K is covered by ∪A∈U (A + P) where P is the set of positive definite
symmetric matrices. By compactness, there exist A1, . . . , Aj such that K is covered by ∪i(Ai + P). By anti-
monotonicity of N∞, we have that, for any B ∈ K and N ∈ N∞(B), there exist some i and some K ∈ N∞(Ai)
such that B > Ai and N ≤ K. Since each N∞(Ai) is bounded, the conclusion follows.
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Given σ > 0, let Γσ
t = {λ ∈ Γt : ft(λ) > σ}. By our assumptions of f , the level set ∂Γσ

t = {λ ∈ Γt :
ft(λ) = σ} is a smooth and convex non-compact complete hypersurface in Rn. For λ ∈ Γt, let

νt,λ :=
Dft(λ)

|Dft(λ)|

denote the unit normal vector to ∂Γf(λ)
t at λ.

The following lemma is a variant of the important Lemma 1.9 in [22].

Lemma 2.5. Suppose that (f,Γ) is as in Theorem 1.1. Given a compact set K ⊂ Γ and β > 0 sufficiently small,
there exists a constant ε > 0 depending only on β, K and (f,Γ) such that for any µ ∈ K and λ ∈ Γt with
|νt,µ − νt,λ| > β for some t ∈ [0, 1],

Dft(λ) · (µ− λ) ≥ ft(µ)− ft(λ) + ε
∑
i

∂ift(λ) + ε.

Proof. We adapt the proof of [22, Lemma 1.9]. In the proof C denotes a constant which varies from lines to lines
but depends only on β,K and (f,Γ). We will assume throughout that t ∈ [0, 1] and β <

√
2.

For µ ∈ K, let Xt,µ denote the set of λ ∈ Γt such that |νt,µ − νt,λ| > β.
By Taylor’s theorem and the compactness of K, we have for all t, r ∈ [0, 1], µ ∈ K and v ∈ Sn−1 that∣∣∣ft(µ+ rv)− ft(µ)− r|Dft(µ)|νt,µ · v

∣∣∣ ≤ Cr2. (2.7)

In particular, by (f2) and (f5), for every δ > 0, there exists r0 ∈ (0, 1) depending only on K, δ and (f,Γ) such
that for all r ∈ [0, r0], µ ∈ K and v ∈ Sn−1 satisfying νt,µ · v ≥ δ it holds that

ft(µ+ rv)− ft(µ) ≥
δr

C
. (2.8)

Now observe that, if λ ∈ Xt,µ, then (f3) implies that

0 < νt,µ · νt,λ = 1− 1

2
|νt,µ − νt,λ|2 < 1− 1

2
β2.

Thus, if we define a unit vector vt,µ,λ by

vt,µ,λ := cosανt,µ − sinανt,λ with α = arctan(νt,µ · νt,λ) ∈ (0, arctan(1− 1

2
β2)),

then vt,µ,λ · νt,λ = 0 and

νt,µ · vt,µ,λ = cosα− sinα tanα =
1− tan2 α

(1 + tan2 α)1/2
≥ β2(4− β2)

2(β4 − 4β2 + 8)1/2
> 0.

Therefore, with the choice δ = β2(4−β2)
2(β4−4β2+8)1/2

in (2.8), we obtain from the concavity of ft that

Dft(λ) · (µ− λ) = Dft(λ) · (µ+ r0vt,µ,λ − λ) ≥ ft(µ+ r0vt,µ,λ)− ft(λ)

≥ ft(µ)− ft(λ) +
1

C
for all µ ∈ K,λ ∈ Xt,µ. (2.9)

Next, if we define a unit vector ṽt,µ,λ by

ṽt,µ,λ := sinανt,µ − cosανt,λ,

then ṽt,µ,λ · νt,µ = 0 and

νt,λ · ṽt,µ,λ = − cosα+ sinα tanα ≤ − β2(4− β2)

2(β4 − 4β2 + 8)1/2
< 0.

This implies on one hand that

Dft(λ) · ṽt,µ,λ ≤ − 1

C
|Dft(λ)|,
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and on the other hand (in view of (2.7)) that∣∣∣ft(µ+ rṽt,µ,λ)− ft(µ)
∣∣∣ ≤ Cr2 for all r ∈ [0, 1], µ ∈ K,λ ∈ Xt,µ.

Hence, by the concavity of ft,

Dft(λ) · (µ− λ) ≥ Dft(λ) · (µ+ rṽt,µ,λ − λ) +
r

C
|Dft(λ)|

≥ ft(µ+ rṽt,µ,λ)− ft(λ) +
r

C
|Dft(λ)|

≥ ft(µ)− ft(λ) +
r

C
|Dft(λ)| − Cr2 for all r ∈ [0, 1], µ ∈ K,λ ∈ Xt,µ.

Together with (f3) and (f5), we deduce that

Dft(λ) · (µ− λ) ≥ ft(µ)− ft(λ) +
1

C

∑
i

∂ift(λ) for all µ ∈ K,λ ∈ Xt,µ. (2.10)

The conclusion follows from (2.9) and (2.10).

Let W = {Wij} be an n× n symmetric matrix with λ(W ) ∈ Γ. Define Ft(W ) = ft(λ(W )) and F ij
t (W ) =

∂Ft

∂Wij
(W ). Note that ∑

l

F ij
t (W )WilWjl =

∑
i

∂ift(λ)λ
2
i , (2.11)

where λ = (λ1, . . . , λn) are the eigenvalues of W . The following lemma is also needed.

Lemma 2.6. [21, Proposition 2.19] Suppose that (f,Γ) is as in Theorem 1.1. Let t ∈ [0, 1]. There is an index r
such that ∑

ℓ<n

F ij
t (W )WiℓWjℓ ≥

1

2

∑
i ̸=r

∂ift(λ)λ
2
i .

To control
∑

i ∂ift(λ)|λi|, we will frequently use the following inequality∑
i

∂ift(λ)|λi| ≤ ε
∑
i

∂ift(λ)λ
2
i +

1

ε

∑
i

∂ift(λ) (2.12)

for any ε > 0, which is obtained by Cauchy-Schwarz inequality. We will also need the following stronger
inequality.

Lemma 2.7. [21, Corollary 2.21] Suppose that (f,Γ) is as in Theorem 1.1. Let t ∈ [0, 1]. For any λ ∈ Γ, index r
and ε > 0, we have ∑

i

∂ift(λ)|λi| ≤ ε
∑
i ̸=r

∂ift(λ)λ
2
i +

C

ε

∑
i

∂ift(λ) + C,

where C depends only on n and ft(λ).

2.2 Some estimates for the linearized operator
We next gather estimates for the linearized operator when acting on various auxiliary functions which we will use
later on. We begin by introducing some notations which will be frequently used. Let d(x) be the distance function
from x ∈M to the boundary ∂M . For x0 ∈ ∂M , let ρ(x) = d(x, x0) be the distance from x to x0 and

Ωδ,x0
= {x ∈M : ρ(x) < δ}

be a δ-neighborhood of x0. Around a point x ∈ ∂M , we shall always choose smooth orthonormal local frame
e1, . . . , en by parallel transporting a local orthonormal frame e1, . . . , en−1 on ∂M and the inward unit normal
en to ∂M along geodesics perpendicular to ∂M . Under a local orthonormal frame e1, . . . , en on M , we denote
∇i = ∇ei and ∇ij = ∇i∇j . For a given solution ut of (1.6), let us introduce the following notations:

W t[ut] := tW [ut] + (1− t)tr(g−1W [ut])g,

Ft(W [ut]) := ft(λg(W [ut])) = f(λg(W
t[ut])),

F ij
t :=

∂Ft

∂Wij
(W [ut]),

Tt :=
∑
i

F ii
t .
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We will also use λ(t) = (λ
(t)
1 , . . . , λ

(t)
n ) and η(t) = (η

(t)
1 , . . . , η

(t)
n ) to denote the eigenvalues ofW [ut] andW t[ut]

with respect to g, both arranged in ascending order. For v ∈ C2(M), the linearized operator of equation (1.6) at
ut is defined as

Ltv := F ij
t

(
∇ijv +∇iut∇jv +∇jut∇iv −

∑
l

∇lut∇lvδij

)
,

where Einstein summation convention is used whenever the same index is repeated in a subscript and a superscript
positions.

Lemma 2.8. Suppose that (f,Γ), ut and u are as in Theorem 1.1. Let X be a smooth vector field on a compact
set K ⊂ M . Then there exists C > 0 depending only on ∥X∥C2(K), ∥ut∥C1(M), (M, g), (f,Γ), u and ψ such
that

Lt(X(ut − u)) ≤ C
(
1 + Tt +

∑
i

∂ift(λ
(t))|λ(t)i |

)
in K. (2.13)

Proof. Note that, by the product rule and commuting derivatives,

∇ij(X(ut)) = ∇ijg(∇ut, X)

= X(∇2ut(ei, ej)) +∇2ut([ei, X], ej) +∇2ut(ei, [ej , X]) + g(∇ut, Tij(X)), (2.14)

where
Tij(X) = ∇[ei,X]ej +∇ei [ej , X] + [X,∇eiej ].

Hence, since F ij
t X(Wij [ut]) = X(ψ(x, ut)), we have

Lt(X(ut)) ≤ C
(
1 + Tt

)
+ 2F ij

t ∇2ut(ei, [ej , X]). (2.15)

To proceed, we note that, by the chain rule and the fact that Ft(W ) = Ft(AWAT ) for any constant orthogonal
matrix A,

F ij
t (W ) = ApiF

pq
t (AWAT )Aqj

and
F ij
t (W )Wjℓ =

∑
j

ApiF
pq
t (AWAT )AqjWjℓ =

∑
s

ApiF
pq
t (AWAT )[AWAT ]qsAsℓ.

In particular, if A is the orthogonal matrix so that AWAT = diag(λ1, . . . , λn), then F pq
t (AWAT ) = ∂pft(λ)δpq ,

and the above identity implies
|F ij

t (W )Wjℓ| ≤ C
∑
i

∂ift(λ)|λi|.

It follows that
F ij
t ∇2ut(ei, [ej , X]) ≤ CTt + C

∑
i

∂ift(λ
(t))|λ(t)i |. (2.16)

Returning to (2.15), we deduce

Lt(X(ut)) ≤ C
(
1 + Tt +

∑
i

∂ift(λ
(t))|λ(t)i |

)
. (2.17)

The conclusion is readily seen.

Lemma 2.9. Suppose that (f,Γ), ut and u are as in Theorem 1.1. Then there exists C > 0 depending only on
∥ut∥C1(M), (M, g), (f,Γ), u and ψ such that

Lt(|∇ut|2 − |∇u|2) ≥ −C
(
1 + Tt +

∑
i

∂ift(λ
(t))|λ(t)i |

)
+

∑
i

∂ift(λ
(t))(λ

(t)
i )2. (2.18)

Proof. We have

Lt(|∇ut|2 − |∇u|2) ≥ 2
∑
l

∇lutLt∇lut + 2
∑
l

F ij
t ∇i∇lut∇j∇lut − C

(
1 + Tt

)
.

By Cauchy-Schwarz inequality, we see

2
∑
l

F ij
t ∇i∇lut∇j∇lut ≥

∑
l

F ij
t Wil[ut]Wjl[ut]− CTt.

The conclusion is readily seen from (2.11), (2.17) and the above two estimates.
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Lemma 2.10. Suppose that (f,Γ), ut and u are as in Theorem 1.1. Then there exists a constant ε > 0 such that,
for sufficiently small δ > 0, the function

v = (ut − u)− (ut − u)2

2
+ δd− d2

satisfies
Ltv ≤ −ε

(
1 + Tt

)
in Ωδ,x0

, v ≥ 0 on Ω̄δ,x0
and v|∂M = 0,

where ε, δ depend only on ∥ut∥C1(M), (M, g), (f,Γ) and u.

Proof. By a direct calculation, we have that

Lt(ut − u)

= F ij
t (Wij [ut]−Wij [u])

+ F ij
t

(
∇iu∇ju− 1

2
|∇u|2δij −∇iut∇jut +

1

2
|∇ut|2δij

)
+ F ij

t

(
∇iut∇j(ut − u) +∇jut∇i(ut − u)−

∑
l

∇lut∇l(ut − u)δij

)
= F ij

t (Wij [ut]−Wij [u]) + F ij
t ∇i(ut − u)∇j(ut − u)− 1

2
|∇(ut − u)|2Tt.

Therefore, we obtain that

Lt

(
(ut − u)− (ut − u)2

2

)
=

(
1− (ut − u)

)
Lt(ut − u)− F ij

t ∇i(ut − u)∇j(ut − u)

=
(
1− (ut − u)

)
F ij
t (Wij [ut]−Wij [u])− (ut − u)F ij

t ∇i(ut − u)∇j(ut − u)

− 1

2

(
1− (ut − u)

)
|∇(ut − u)|2Tt.

Note that F ij
t (Wij [ut]−Wij [u]) ≤ 0 since Ft is concave, u ≤ ut and ψz ≤ 0, i.e.

0 ≤ ψ(x, u)− ψ(x, ut) ≤ Ft(W [u])− Ft(W [ut]) ≤ F ij
t (Wij [u]−Wij [ut]).

Also, in Ωδ,x0 with δ small enough depending on ∥ut∥C1(M) and u, it is easy to see that

0 ≤ ut − u ≤ 1

2
.

Combining the above two facts and that {F ij
t } is positive definite, we then arrive at

Lt

(
(ut − u)− (ut − u)2

2

)
≤ 1

2
F ij
t (Wij [ut]−Wij [u]).

Let δ > 0 be small enough depending on (M, g) so that d is regular in Ωδ,x0
. Due to that ∇αd = 0 for 1 ≤ α ≤

n− 1 and ∇nd = 1, we obtain that

Lt(δd− d2) = (δ − 2d)Ltd− 2Fnn
t ≤ CδTt − 2Fnn

t .

Therefore, in Ωδ,x0 with δ small enough depending on ∥ut∥C1(M), (M, g) and u, we have

Ltv ≤ 1

2
F ij
t (Wij [ut]−Wij [u]) + CδTt − 2Fnn

t , (2.19)

where C depends on (M, g) and ∥ut∥C1(M).
Let λ(x) := λ(t)(x) = λ(W [ut](x)) and µ(x) := λ(W [u](x)). We assume that the eigenvalues λ(x) and

µ(x) are arranged in ascending order:

λ1 ≤ · · · ≤ λn and µ1 ≤ · · · ≤ µn.
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Therefore, by (f3) and the fact that f is symmetric, we can derive that

∂1ft(λ) ≥ · · · ≥ ∂nft(λ).

We then have

F ij
t (Wij [u]−Wij [ut]) = F ij

t Wij [u]−
∑
i

∂ift(λ)λi ≥
∑
i

∂ift(λ)(µi − λi), (2.20)

where for the last inequality we used [1, Lemma 6.2] (or see [49, Lemma 1.5]). Since {νt,µ(x) : t ∈ [0, 1], x ∈M}
is a compact set in Γn, there exists a sufficiently small constant β > 0 depending on u, (M, g) and (f,Γ) such
that for all t ∈ [0, 1], x ∈M

νt,µ(x) − 2β(1, . . . , 1) ∈ Γn. (2.21)

We continue our argument depending on whether |νt,µ(x) − νt,λ(x)| is at most β or more than β.
If |νt,µ(x) − νt,λ(x)| ≤ β, we have by (2.21) that νt,λ(x) − β(1, . . . , 1) ∈ Γn, which is equivalent to that, at the

point x,

∂ift(λ) ≥ β|Dft(λ)| ≥
β√
n

∑
i

∂ift(λ), ∀ 1 ≤ i ≤ n. (2.22)

Hence, combining with (2.19) and (2.20), we have

Ltv ≤ CδTt −
2β√
n
Tt.

If |νt,µ(x) − νt,λ(x)| > β, then according to Lemma 2.5 and since µ(M) is a compact subset of Γ, there exists
a positive constant ε depending on β, (f,Γ) and u such that∑

i

∂ift(λ)(µi − λi) ≥ ft(µ)− ft(λ) + ε
∑
i

∂ift(λ) + ε ≥ ε
∑
i

∂ift(λ) + ε, (2.23)

where we have used ft(µ(x)) ≥ f(µ(x)) ≥ ψ(x, u(x)) ≥ ψ(x, ut(x)) = ft(λ(x)). Combining with (2.19),
(2.20) and (2.23), we have

Ltv ≤ −ε
2

(
Tt + 1

)
+ CδTt.

In both cases, we can choose δ small which only depend on ∥ut∥C1(M), (M, g), ε and β to prove Lemma 2.10
for a small ε > 0 since Tt > f(1, . . . , 1).

3 A priori boundary second derivative estimates
Throughout this section, C denotes some generic constant that may change from lines to lines but depends only
on ∥ut∥C1(M), (M, g), (f,Γ), u, ψ and φ. Proposition 1.2 follows immediately from the following two lemmas.

Lemma 3.1. Under the assumptions of Proposition 1.2, for any point x0 ∈ ∂M and any adapted frame e1, . . . , en
near x0 as in Subsection 2.2, it holds that

|∇ijut(x0)| ≤ C for t ∈ [0, 1], (i, j) ̸= (n, n).

Lemma 3.2. Under the assumptions of Proposition 1.2, for any point x0 ∈ ∂M and any adapted frame e1, . . . , en
near x0 as in Subsection 2.2, it holds that

|∇nnut(x0)| ≤ C for t ∈ [0, 1].

The proof of Lemma 3.1 is more or less identical to an argument in [19]. The proof of Lemma 3.2 builds on
existing arguments e.g. in [19, 21], but, as pointed out earlier, requires new ideas to obtain uniform estimate as
t↗ 1−.
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3.1 Double tangential and mixed normal-tangential derivative estimates
Recall the notations W t[ut], Ft, F

ij
t , Tt, λ(t), η(t) introduced in Subsection 2.2.

Proof of Lemma 3.1. First, since ut − u = 0 on ∂M , we have

∇αβ(ut − u)(x0) = −∇n(ut − u)(x0)Π(eα, eβ), 1 ≤ α, β ≤ n− 1,

where Π denotes the second fundamental form of ∂M with respect to −en. We therefore obtain the estimate for
the pure tangential second order derivatives: |∇αβut(x0)| ≤ C for t ∈ [0, 1] and 1 ≤ α, β ≤ n− 1.

In the rest of the proof, we show that |∇αnut(x0)| ≤ C for t ∈ [0, 1] and 1 ≤ α ≤ n−1. Given 1 ≤ α ≤ n−1,
define

w = ±∇α(ut − φ)−
∑
ℓ<n

|∇ℓ(ut − φ)|2,

where φ is extended to M with ∇nφ = 0 on ∂M . Note that w = 0 on ∂M near x0. By (2.13) in Lemma 2.8, a
direct calculation shows that

Lt

∑
ℓ<n

|∇ℓ(ut − φ)|2

= 2
∑
ℓ<n

(
∇ℓ(ut − φ)Lt∇ℓ(ut − φ) + F ij

t ∇i∇ℓ(ut − φ)∇j∇ℓ(ut − φ)
)

≥ −C
(
1 + Tt +

∑
i

∂ift(λ
(t))|λ(t)i |

)
+

∑
ℓ<n

F ij
t Wiℓ[ut]Wjℓ[ut].

Using once again (2.13) and appealing to Lemma 2.6, we deduce that

Ltw ≤ C
(
1 + Tt +

∑
i

∂ift(λ
(t))|λ(t)i |

)
− 1

2

∑
i ̸=r

∂ift(λ
(t))(λ

(t)
i )2

for some index r. By Lemma 2.7 and choosing ε small enough, we finally arrive at

Ltw ≤ C
(
1 + Tt

)
. (3.1)

Now, define h = w+Bρ2+Av, where ρ and v are as in Subsection 2.2. Note that h(x0) = 0, h|∂M∩∂Ωδ,x0
≥ 0

and h|∂Ωδ,x0
\∂M ≥ 0 as long asB large enough depending on ∥ut∥C1(M), φ and δ. By Lemma 2.10 and choosing

A≫ B ≫ 1, where A depends on ∥ut∥C1(M), (M, g), u, φ, ψ, B and ε, we see that

Lth ≤ (C + CB −Aε)
(
1 + Tt

)
≤ 0.

By maximum principle, we have that h ≥ 0 in M ∩ Ωδ,x0 and ∇nh(x0) ≥ 0, which implies that

|∇αnut(x0)| ≤ C for t ∈ [0, 1] and 1 ≤ α ≤ n− 1,

which concludes the proof.

3.2 Double normal derivative estimates
As an immediate consequence of Lemma 3.1 and the fact that Γt ⊂ Γ1, we have:

Corollary 3.3. Under the assumptions of Proposition 1.2, for any point x0 ∈ ∂M and any adapted frame
e1, . . . , en near x0 as in Subsection 2.2, it holds that

∇nnut(x0) ≥ −C for t ∈ [0, 1].

In view of Corollary 3.3, in order to prove Lemma 3.2, we only need to give an upper bound ∇nnut indepen-
dent of t. Before doing this, we note a weaker estimate for ∇nnu which degenerates as t → 1 but is sufficient to
imply a uniform bound for W t

ij [ut] as t→ 1 when (i, j) ̸= (n, n). Although simpler than most other estimates in
this paper, this estimate plays an important role in our subsequent argument.
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Lemma 3.4. Under the assumptions of Proposition 1.2, for any point x0 ∈ ∂M and any adapted frame e1, . . . , en
near x0 as in Subsection 2.2, it holds that

∇nnut(x0) ≤
C

1− t
for t ∈ [0, 1).

Consequently,
|W t

ij [ut](x0)| ≤ C for all t ∈ [0, 1] and (i, j) ̸= (n, n).

Proof. We use an argument in [43] with the help of Lemma 2.2. By this lemma and the Lipschitz continuity of
ordered eigenvalues of symmetric matrices (Weyl’s inequality), if a symmetric matrix B = (bij) satisfies bnn = 1
and |bij | ≤ 1−t

C for (i, j) ̸= (n, n), then λ(B) ∈ Γt and ft(λ(B) ≥ 1−t
C for all t < 1. Thus ifWnn[ut](x0) ≥ C

1−t ,
then (in view of the estimate in Lemma 3.1),

C ≥ ψ(x0, ut) = Ft(W [ut]) =Wnn[ut]ft

(
λ
( W [ut]

Wnn[ut]

))
≥ 1− t

C
Wnn[ut].

It follows that Wnn[ut](x0) ≤ C
1−t and hence ∇nnut(x0) ≤ C

1−t . It also follows that tr(g−1W [ut])(x0) ≤ C
1−t .

The last assertion is readily seen from this statement together with the definition of W t[ut] and Lemma 3.1.

We next observe that if Γ is of type 2 then there exists C > 0 such that if a matrix B = (bij) satisfies bnn = 1
and |bij | ≤ 1

C , then λ(B) ∈ Γ ⊂ Γt and ft(λ(B)) ≥ 1
C for all t ≤ 1. The proof of Lemma 3.4 above can then be

applied yielding:

Lemma 3.5. If Γ is of type 2 (in the sense of Definition 2.1), then Lemma 3.2 holds.

In the rest of this section, we consider the proof of Lemma 3.2 when Γ is not of type 2, i.e. Γ is of type 1, and
for t close to 1. In particular, Γ′, the projection of Γ onto Rn−1, is a proper subset of Rn. Recall that dΓ′ denotes
the distance function to ∂Γ′ ̸= ∅. In view of Lemma 3.4, the task of bounding the double normal derivatives of u
reduces to the task of bounding η(t)n .

We borrow an idea from the work [1, Section 6] for Hessian equations, namely we aim to show first that the
projection (η(t))′(x) := (η

(t)
1 (x), . . . , η

(t)
n−1(x)) of η(t)(x) onto Γ′ stays in a compact subset of Γ′. (This idea was

also employed in [19] for the σk-cases; see Lemma 2.4 therein.) Once this is done, we follow the line of argument
in [51] and split the argument according to whether f is of unbounded type or of bounded type.

For some computational advantage, it is more convenient to control a related object that is asymptotically the
same as (η(t))′ when ∇nnut becomes large. More precisely, let W̃ t[ut](x) denote the restriction of W t[ut] to
Tx∂M and let η̃(t)(x) denote the eigenvalues of W̃ t[ut](x) with respect to the induced metric of g on ∂M where
η̃
(t)
1 ≤ · · · ≤ η̃

(t)
n−1. By Lemma 3.4, |η̃(t)| ≤ C on ∂M . By Cauchy’s interlacing theorem, η̃(t)α − η

(t)
α ≥ 0 for

1 ≤ α ≤ n− 1 and so η̃(t) ∈ Γ′. Observe that, by [1, Lemma 1.2] and Lemma 3.4, we know that if η(t)n (x) goes
to infinity at a point x, then

η(t)α (x) = η̃(t)α (x) + o(1), 1 ≤ α ≤ n− 1, (3.2)

where the implicit bound in the little o-term depends only on the constant C in Lemma 3.4.
We prove:

Lemma 3.6. Under the hypotheses of Proposition 1.2, suppose in addition that Γ is of type 1. There exists a
constant c0 ∈ (0, 1) depending on ∥ut∥C1(M), ∥∇αβut∥C0(∂M), ∥∇αnut∥C0(∂M), (f,Γ), (M, g), u, φ and ψ,
such that

dΓ′(η̃(t)(x)) ≥ c0 on ∂M for t ∈ [1− c0, 1].

Proof. Recall from Section 2 that, for λ′0 ∈ ∂Γ′, Nλ′
0
(∂Γ′) denotes the set of unit vectors γ ∈ Rn−1 such that Γ′

is contained in the half-space {λ′ ∈ Rn−1 : γ · (λ′ − λ′0) > 0}. For λ′0 ∈ ∂Γ′ and γ ∈ Nλ′
0
(∂Γ′), define

ζt,λ′
0,γ

:= γ · η̃(t) − (1− t)
∑
α<n

γα∇nnut.

We will show that there exists c0 ∈ (0, 1) depending on ∥ut∥C1(M), ∥∇αβut∥C0(∂M), ∥∇αnut∥C0(∂M), (f,Γ),
(M, g), u, φ and ψ, such that for all ascending λ′0 ∈ ∂Γ′ and descending γ ∈ Nλ′

0
(∂Γ′),

ζt,λ′
0,γ

(x) ≥ 2c0 on ∂M for t ∈ [1− c0, 1]. (3.3)
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Once this is done, since ∇nnun ≥ −C (by Corollary 3.3) and γα ≥ 0, it follows that, after possibly shrinking c0
slightly, for all ascending λ′0 ∈ ∂Γ′ and descending γ ∈ Nλ′

0
(∂Γ′),

γ · η̃(t)(x) ≥ 2c0 + (1− t)
∑
α<n

γα∇nnut ≥ c0 on ∂M for t ∈ [1− c0, 1],

which then implies the conclusion in view of (2.1).
Fix some ascending λ′0 ∈ ∂Γ′ and descending γ ∈ Nλ′

0
(∂Γ′). To lighten up the notation, we will abbreviate

ζt,λ′
0,γ

to ζt. Pick a point y0 ∈ ∂M such that ζt attains its minimum on ∂M at y0. We choose a local orthonormal
frame e1, . . . , en around y0 as before such that W̃ [ut](y0) = {Wαβ [ut](y0)}1≤α,β≤n−1 is diagonal and

W11[ut](y0) ≤ · · · ≤W(n−1)(n−1)[ut](y0).

Our aim is to prove |∇nnut(y0)| ≤ C for t ∈ [1−c0, 1]. By Corollary 3.3, we only need to show ∇nnut(y0) ≤ C.
Once this is done, estimate (3.3) is established as follows: We know that η(t)(y0) = λ(W t[ut](y0)) belongs to
a compact subset K of Γ which depends only on ∥ut∥C1(M), (f,Γ), ψ, the bounds established in Lemma 3.4 as
well as the bound of |∇nnu(y0)|. Since the projection K ′ of K onto Γ′ is a compact subset of Γ′, we have that
dΓ′((η(t))′(y0))) ≥ 3c0 for some c0 > 0 depending only on K and Γ. By Cauchy’s interlacing theorem, we have
q := η̃(t)(y0)− (η(t))′(y0) ≥ 0. Now if p ∈ ∂Γ′ is such that dΓ′(η̃(t)(y0)) = |η̃(t)(y0))− p|, then p− q /∈ Γ′ and
so

3c0 ≤ dΓ′((η(t))′(y0)) ≤ |(η(t))′(y0)− (p− q)|

= |η̃(t)(y0)− p| = dΓ′(η̃(t)(y0))
(2.1)
≤ γ · η̃(t)(y0).

Since |γ| = 1 and |∇nnut(y0)| ≤ C, we arrive at (3.3) after possibly slightly shrinking c0.
Let us prove ∇nnut(y0) ≤ C. Since the matrix W̃ t[ut](y0) = {W t

αβ [ut](y0)}1≤α,β≤n−1 is diagonal with
diagonal entries η̃(t)(y0), we have∑

α<n

γαW
t
αα[ut](y0) = γ · η̃(t)(y0) = ζt(y0) + (1− t)

∑
α<n

γα∇nnut(y0), (3.4)

and, by (2.1),
γ · λ′ ≥ dΓ′(λ′), ∀ ascending λ′ ∈ Γ′. (3.5)

Since u is a subsolution, we have λ(W̃ t[u](y0)) ∈ Γ′. By [1, Lemma 6.2] and since γ is descending, we have∑
α<n

γαW
t
αα[u](y0) ≥

∑
α<n

γαλα(W̃
t[u](y0)).

Hence, by (3.4) and (3.5), we obtain∑
α<n

γα

(
W t

αα[u]−W t
αα[ut]

)
(y0)

≥ dΓ′(λ(W̃ t[u](y0)))− ζt(y0)− (1− t)
∑
α<n

γα∇nnut(y0). (3.6)

Now by the boundary condition ut − u = 0 on ∂M , we have

∇αβ(ut − u)(y) = −∇n(ut − u)(y)bαβ(y) for 1 ≤ α, β ≤ n− 1,

where bαβ = ⟨∇αeβ , en⟩. Introducing btαβ = tbαβ + (1− t)
∑

ℓ<n bℓℓδαβ , we then have

W t
αβ [u]−W t

αβ [ut] = ∇n(ut − u)
(
btαβ +

n− 2 + (n− 1)t

2
∇n(ut + u)δαβ

)
(3.7)

− (1− t)∇nn(ut − u)δαβ

on ∂M near y0. Defining

pt =
∑
α<n

γαb
t
αα,

qt =
n− 2 + (n− 1)t

2

∑
α<n

γα,
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we deduce from (3.6) and (3.7) that

pt∇n(ut − u) + qt∇n(ut − u)∇n(ut + u)
∣∣∣
y=y0

≥ dΓ′(λ(W̃ t[u](y0)))− ζt(y0)− C(1− t).

We may assume ζt(y0) ≤ 1
4dΓ′(λ(W̃ t[u](y0))); otherwise we are done. Then, for t > 1− 1

C ,

pt∇n(ut − u) + qt∇n(ut − u)∇n(ut + u)
∣∣∣
y=y0

≥ 1

2
dΓ′(λ(W̃ t[u](y0))) > 0.

In particular, since ∇n(ut − u)(y0) ≥ 0, there exists a positive constant b0 > 0 depending only on the bound for
∥u∥C1(M), (f,Γ), (M, g) and u such that

pt + qt∇n(ut + u)
∣∣∣
y=y0

≥ b0. (3.8)

We now define the following function on Ωδ,y0 :

Ψ =pt∇n(ut − u) + qt(|∇ut|2 − |∇u|2)−
∑
α<n

γαW
t
αα[u] + (1− t)

∑
α<n

γα∇nnu+ ζt(y0).

By (3.7) and the fact that y0 is a minimum point of ζt on ∂M , we see for y ∈ ∂M ∩ ∂Ωδ,y0
that

Ψ(y) ≤ −
∑
α<n

γαW
t
αα[ut](y) + γ · η̃(t)(y).

This implies on one hand that Ψ(y0) = 0 and on the other hand, in view of [1, Lemma 6.2] and the order of γ and
η̃(t), that Ψ ≤ 0 on ∂M ∩ ∂Ωδ,y0

. Applying Lt to −Ψ and using Lemmas 2.8 and 2.9, we get

−LtΨ ≤ C
(
1 + Tt +

∑
i

∂ift(λ
(t))|λ(t)i |

)
− 1

C

∑
i

∂ift(λ
(t))(λ

(t)
i )2.

Using (2.12) with ε small enough, we see that

−LtΨ ≤ C
(
1 + Tt

)
.

Now define h = −Ψ+Bρ2 +Av, where ρ, v are functions as before. By Lemma 2.10, we have

Lth ≤ 0 in Ωδ,y0
and h ≥ 0 on ∂Ωδ,y0

,

when A ≫ B ≫ 1 depending on ∥ut∥C1(M), (f,Γ), (M, g), u and ψ. By the maximum principle, we therefore
obtain ∇nh(y0) ≥ 0, which implies that ∇nΨ(y0) ≤ C.

We proceed to bound ∇nnut(y0) from above. If ∇nn(ut + u)(y0) < 0, we are done. We hence assume
∇nn(ut + u)(y0) ≥ 0. By Lemma 3.1,

∇nΨ(y0) ≥ pt∇nn(ut − u) + qt∇n

(
(∇nut)

2 − (∇nu)
2
)∣∣∣

y=y0

− C.

Since ∇n(ut − u) ≥ 0 on ∂M , this implies that

∇nΨ(y0) ≥ pt∇nn(ut − u) + qt∇n(ut + u)∇nn(ut − u)
∣∣∣
y=y0

− C

=
(
pt + qt∇n(ut + u)

)
∇nn(ut − u)

∣∣∣
y=y0

− C.

Combining this together with (3.8) and the fact that ∇nΨ(y0) ≤ C, we conclude that ∇nnut(y0) ≤ C.

Lemma 3.7. If Γ is of type 1 (in the sense of Definition 2.1) and f is of unbounded type (in the sense of Definition
2.3), then Lemma 3.2 holds.

Proof. Fix a point x0 ∈ ∂M and choose a local orthonormal frame as before. Furthermore, we can assume under
this frame that

W [ut](x0) =


W11 0 · · · W1n

0 W22 · · · W2n

...
...

. . .
...

Wn1 Wn2 · · · Wnn

 ,
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i.e. {Wαβ [ut](x0)}1≤α,β≤n−1 is diagonal. Note that {W t
αβ(x0)}1≤α,β≤n−1 is also diagonal. By Lemma 3.4, we

have that |W t
ij [ut](x0)| ≤ C for (i, j) ̸= C and |W t

nn[ut](x0)−∇nnut(x0)| ≤ C. By [1, Lemma 1.2], we know
that if ∇nnut(x0) goes to infinity, then the eigenvalues η(t) of W t[ut](x0) satisfy

η(t)α (x0) =W t
αα[ut](x0) + o(1), 1 ≤ α ≤ n− 1,

η(t)n (x0) =W t
nn[ut](x0)

(
1 +O(

1

W t
nn[ut](x0)

)
)
,

(3.9)

where the implicit bound in the little o-term and big O-term depend only on C.
By Lemma 3.6, we have dΓ′(η̃(t)(x0)) ≥ c0. Therefore, when ∇nnut(x0) is large enough, by (3.9), we

have dΓ′((η(t))′(x0)) > c0/2. Therefore, by Lemma 3.4, (η(t))′(x0) belongs to a compact subset K ′ of Γ′

depending only Γ, on the bound in Lemma 3.4 and the constant c0 above. By compactness of K ′, there exists
R0 = R0(K

′,Γ) > 0 such that ((η(t))′(x0), R0) ∈ Γ. By (2.3) there is another constant R1 > 0 depending only
on K ′, R0, ψ and ∥u∥C0(M) such that

f((η(t))′(x0), R0 +R1) > ψ(x0, ut).

By (1.6) and (3.9), this implies that W t
nn[ut](x0) ≤ C and hence ∇nnut(x0) ≤ C.

It remains to consider the case Γ is of type 1 and f is of bounded type. In particular, the function f∞ in (2.4)
is a well-defined concave function in Γ′. Following [19, 21, 22, 51], we need to control f∞(η̃(t)(x)) − ψ(x, ut)
on ∂M . In this step, the bound for η̃(t) in Lemma 3.6 is needed. We prove:

Lemma 3.8. Under the hypotheses of Proposition 1.2, suppose in addition that Γ is of type 1 (in the sense of
Definition 2.1) and f is of bounded type (in the sense of Definition 2.3). There exists a constant c0 ∈ (0, 1)
depending on ∥ut∥C1(M), ∥∇αβut∥C0(∂M), ∥∇αnut∥C0(∂M), (f,Γ), (M, g), u, φ and ψ, such that

mt = min
x∈∂M

{f∞(η̃(t)(x))− ψ(x, ut)} ≥ c0 for t ∈ [1− c0, 1].

Proof. Recall the notations U , F∞ and N∞ defined in Section 2. By Lemmas 3.4 and 3.6, there exists compact
subset K of U depending only on Γ and the bounds in Lemmas 3.4 and 3.6 such that η̃(t)(x) = λ(W̃ t[ut](x)) ∈ K
for all x ∈ ∂M . For B ∈ K and N ∈ N∞(B), define

Υt,B,N := F∞(B) +
∑
α,β

Nαβ · (W̃ t
αβ [ut]−Bαβ)− (1− t)tr(N)∇nnut.

We will show that there exists c0 ∈ (0, 1) depending on ∥ut∥C1(M), ∥∇αβut∥C0(∂M), ∥∇αnut∥C0(∂M), (f,Γ),
(M, g), u, φ and ψ, such that for all B ∈ K and N ∈ N∞(B),

Υt,B,N (x)− ψ(x, ut) ≥ 2c0 on ∂M for t ∈ [1− c0, 1]. (3.10)

Once this is done, since ∇nnut ≥ −C (by Corollary 3.3) and 0 ≤ tr(N) ≤ C (by Lemma 2.4(iv)), it follows
that, for all B ∈ K and N ∈ N∞(B),

F∞(B) +
∑
α,β

Nαβ · (W̃ t
αβ [ut]−Bαβ)− ψ(x, ut)

≥ 2c0 + (1− t)tr(N)∇nnut ≥ c0 on ∂M for t ∈ [1− c0, 1],

which then implies the conclusion in view of (2.6).
Fix B ∈ K and N ∈ N∞(B). To lighten up the notation, we will abbreviate Υt,B,N to Υt. Suppose that

Υt − ψ(·, ut) attains its minimum on ∂M at y0 ∈ ∂M . Choose a smooth local orthonormal frame e1, . . . , en
around y0 as before. Our aim is to prove that ∇nnut(y0) ≤ C. Once this is achieved, the conclusion is obtained
as follows: By Lemmas 3.4 and and 3.6, η̃(t)(∂M) is contained in a compact set K ′ of Γ′ (which depends only
on Γ and the constants in Lemmas 3.4 and 3.6). We may thus pick some c0 > 0 depending only on f , K ′, Γ such
that

min
λ′∈K′

{f∞(λ′)− f(λ′, C)} ≥ 3c0 > 0.

By the monotonicity property (f2) of f , we then have

3c0 ≤ f∞(η̃(t)(y0))− f(η̃(t)(y0), C)
(f2)
≤ f∞(η̃(t)(y0))− f(η(t)(y0)) = F∞(W̃ t[ut](y0))− ψ(y0, ut),
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which in view of (2.6) implies

3c0 ≤ F∞(B) +
∑
α,β

Nαβ · (W̃ t
αβ [ut](y0)−Bαβ)− ψ(y0, ut).

Since ∇nnut(y0) ≤ C and ∥N∥ ≤ C (see Lemma 2.4(iv)), we deduce (3.10) after possibly shrinking c0.
We turn to prove ∇nnut(y0) ≤ C. By (3.7) and (2.5) as well as the fact that ψz ≤ 0 and ut ≥ u, we have

∇n(ut − u)
∑
α,β

Nαβ

(
btαβ +

n− 2 + (n− 1)t

2
∇n(ut + u)δαβ

)
(y0)

=
∑
α,β

Nαβ

(
W t

αβ [u](y0)−W t
αβ [ut](y0)

)
+ (1− t)tr(N)∇nn(ut − u)(y0)

= F∞(B) +
∑
α,β

Nαβ

(
W t

αβ [u](y0)−B
)
−Υt(y0)− (1− t)tr(N)∇nnu(y0)

≥ F∞(W̃ t[u](y0))−Υt(y0)− C(1− t) = f∞(λ(W̃ t[u])(y0))−Υt(y0)− C(1− t)

≥ [f∞(λ(W̃ t[u])(y0))− ψ(y0, u)]− [Υt(y0)− ψ(y0, ut)]− C(1− t).

Since u is a subsolution, we have that f∞(λ(W̃ t[u]))−ψ(·, u) is positive on ∂M and hence bounded from below
by a positive constant, say m > 0, which depends only on (f,Γ), (M, g), ψ and u. To proceed, note that we may
assume that Υt(y0)− ψ(y0, ut) ≤ m/4, as otherwise we are done. Then, for t > 1− 1

C ,

∇n(ut − u)Nαβ

(
btαβ +

n− 2 + (n− 1)t

2
∇n(ut + u)δαβ

)
(y0) ≥

1

2
m.

As ∇n(ut − u) ≥ 0, this implies that∑
α,β

Nαβ

(
btαβ +

n− 2 + (n− 1)t

2
∇n(ut + u)δαβ

)
(y0) ≥

1

C
. (3.11)

We define the following function in Ωδ,y0
:

Φ(y) = pt∗∇n(ut − u) + qt∗
(
|∇ut|2 − |∇u|2

)
− F (B)−

∑
α,β

Nαβ

(
W t

αβ [u](y)−Bαβ

)
+ (1− t)tr(N)∇nnu+ ψ(y, ut) + Υt(y0)− ψ(y0, ut),

where

pt∗ =
∑
α,β

Nαβb
t
αβ ,

qt∗ =
n− 2 + (n− 1)t

2
tr(N).

Note that, along ∂M ∩ ∂Ωδ,y0
, we have by (3.7) that

Φ(y) = −[Υt(y)− ψ(y, ut)] + [Υt(y0)− ψ(y0, ut)].

This shows that Φ ≤ 0 along ∂M ∩ ∂Ωδ,y0 and Φ(y0) = 0. Moreover, by applying Lt to −Φ and using Lemmas
2.8 and 2.9 as in the proof of Lemma 3.6 (keeping in mind the positive semi-definiteness of N from Lemma
2.4(i)), we compute

−LtΦ ≤ −n− 2 + (n− 1)t

2
tr(N)

∑
i

∂ift(λ
(t))(λ

(t)
i )2

+ Ctr(N)
(
1 + Tt +

∑
i

∂ift(λ
(t))|λ(t)i |

)
+ C

(
1 + Tt

)
.

Therefore, by (2.12) and Lemma 2.4(iv),
−LtΦ ≤ C

(
1 + Tt

)
.
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Now define h = −Φ + Bρ2 + Av on Ωδ,y0
. Choosing A ≫ B ≫ 1 which depend on ∥ut∥C1(M), C(K),

(f,Γ), (M, g), u as well as ψ, and according to Lemma 2.10, we obtain

Lth ≤ 0 in Ωδ,y0 and h ≥ 0 on ∂Ωδ,y0 .

By maximum principle, we derive that h ≥ 0 in Ωδ,y0 and ∇nh(y0) ≥ 0. Therefore, ∇nΦ(y0) ≤ C.
We can now proceed to bound ∇nnut(y0) from above as in the proof of Lemma 3.6. If ∇nn(ut+u)(y0) < 0,

we are done. We hence assume ∇nn(ut + u)(y0) ≥ 0. By Lemma 3.1,

∇nΦ(y0) ≥ pt∗∇nn(ut − u) + qt∗∇n

(
(∇nut)

2 − (∇nu)
2
)∣∣∣

y=y0

− C.

Since ∇n(ut − u) ≥ 0 on ∂M , this implies that

∇nΦ(y0) ≥ pt∗∇nn(ut − u) + qt∗∇n(ut + u)∇nn(ut − u)
∣∣∣
y=y0

− C

=
(
pt∗ + qt∗∇n(ut + u)

)
∇nn(ut − u)

∣∣∣
y=y0

− C.

Combining this with (3.11) and the fact that ∇nΦ(y0) ≤ C, we conclude that ∇nnut(y0) ≤ C.

Lemma 3.9. If Γ is of type 1 (in the sense of Definition 2.1) and f is of bounded type (in the sense of Definition
2.3), then Lemma 3.2 holds.

Proof. We fix x0 ∈ ∂M and set up as in the proof of Lemma 3.7. We knew that, when ∇nnut(x0) is sufficiently
large, η̃(t)(x0) and (η(t))′(x0) belong to a compact subset K ′ of Γ′.

By Lemma 3.8
f∞(η̃(t))− ψ(x, ut) ≥ c0 > 0 on ∂M. (3.12)

Hence, there exists R1 = R1(f,K
′,Γ) and δ1 = δ1(f,K

′,Γ) > 0 such that

f(η̃(t), R1)− ψ(x, ut) ≥
1

2
c0.

and
f(λ′, R1)− ψ(x, ut) ≥

1

4
c0 for all |λ′ − η̃(t)| ≤ δ1.

Now, by (3.9), if ∇nnut(x0) is too large, we then have |η̃(t) − (η(t))′|(x0) ≤ δ1 and η(t)n (x0) ≥ R1 which
then leads to

ft(W [ut](x0))− ψ(x, ut) = f(η(t)(x0))− ψ(x, ut) ≥
1

4
c0 > 0,

which is a contradiction. Thus ∇nnut(x0) ≤ C.

Proof of Lemma 3.2. The result is a combination of Lemmas 3.5, 3.7 and 3.9.

4 Existence of non-smooth solutions
Proof of Example 1.3. The Schouten tensor of g is

Ag = −1

2
dt2 +

1

2
h.

We look for a solution to (1.8) of the form u = u(t). We have

W [u] =
(
ü+

1

2
(1− u̇2)

)
dt2 +

1

2
(1− u̇2)h,

where a dot is used to denote differentiation with respect to t. Problem 1.8 thus becomes
(1− u̇2)k−1

(
ü+ n−2k

2k (1− u̇2)
)
= n

2ke
−2ku in (−ℓ, ℓ),

1− u̇2 > 0 in (−ℓ, ℓ),
u(±ℓ) = c.

(4.1)
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The ODE on the first line of (4.1) has a first integral: If we define H by

H(x, y) = e(2k−n)x(1− y2)k − e−nx,

then H(u, u̇) is constant along a solution.
For any d ∈ (−∞, 0), let ud denote the unique classical solution to the initial value problem{

(1− u̇2d)
k−1

(
üd +

n−2k
2k (1− u̇2d)

)
= n

2ke
−2ku,

ud(0) = d, u̇d(0) = 0
(4.2)

in its maximal interval of existence (−Td, Td). It is routine to show that 1 − u̇2d > 0 in (−Td, Td), H(ud, u̇d) =
H(d, 0) < 0, Td is finite and given by

Td =

∫ − 1
n ln |H(d,0)|

d

[
1− e

n−2k
k x

(
e−nx +H(d, 0)

) 1
k
]− 1

2

dx < 0,

and 
ud(t) → − 1

n ln |H(d, 0)|,
u̇d(t) → ±1,

üd(t) → ∞
as t→ ±Td.

Now, for any given c ∈ R, since the function x 7→ H(x, 0) increases from −∞ to 0 as x increases from −∞ to
0, we can find a unique dc such that − 1

n ln |H(dc, 0)| = c. The conclusion follows with ℓ = Tdc
and u = udc

.
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