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Abstract

In this paper, we consider the Dirichlet boundary value problem for fully nonlinear Yamabe equations on
Riemannian manifolds with boundary. Assuming the existence of a subsolution, we derive a priori boundary
second derivative estimates and consequently obtain the existence of a smooth solution. Moreover, with respect
to a family of equations interpolating the fully nonlinear Yamabe equation and the classical semi-linear Yamabe
equation, our estimates remain uniform. Finally, an example of a C* solution which is smooth in the interior but
not smooth at the boundary is also given.
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1 Introduction

Let (M™, g) be a compact smooth Riemannian manifold of dimension n > 3 with non-empty smooth boundary
OM # (). The Schouten tensor of g is defined as

1 1
Ay = ——(Ric; — —~
g an(Rlcg 2(n — 1)Rgg),

where Ric, and Ry are respectively the Ricci tensor and the scalar curvature of the metric g. The Schouten tensor
plays an important role in conformal geometry due to its appearance in the Ricci decomposition of the Riemann
curvature tensor.

Consider the problem of finding on M a metric g conformal to g with a prescribed symmetric function of the
eigenvalues of the Schouten tensor A; and a prescibed Dirichlet boundary data §|oas. More precisely, given a
function ¢» > 0 defined on M and a Riemannian metric » on &M which is conformal to g|sas, the induced metric
on OM, one looks for a metric g on M conformal to g such that g|gps = h and the Schouten tensor Ajy satisfies

f(X3(A3)) = ¥(x) in M, (1.1)
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where A\j(Az) = (A1,...,\,) are the eigenvalues of A; with respect to § and the symmetric function f shall be
defined later. Note that, under a conformal deformation of metrics g = e_Q“g, the Schouten tensor transforms
according to the formula

1
A; = Vu+ du ® du — §|Vu|§g + Ay,

where V denotes the covariant derivative of g. If h = e~2¢g|gp for a function ¢ € C?(OM) and f is homoge-
neous of degree one, the problem is equivalent to finding a function u on M satisfying

{f(kg(Ag)) =¢(x)e™™  in M, (1.2)
U= on OM,

where \;(A5) = (A1, ..., \y,) are the eigenvalues of A; with respect to g.

The analogous problem on manifolds without boundary has attracted much interest, see e.g. [3} 4} 8, [14} |16}
25, 26| 28, 311 132} 134] 135] 140, 48| 152]] and references therein. On manifolds with boundary, a closely related
problem to the above question is to find a conformal metric such that its Schouten tensor satisfies (I.I) and the
mean curvature of the boundary with respect to the new metric is a prescribed function. This is equivalent to
solving with a (nonlinear) Neumann boundary condition and there is also a rich literature, see [, 6, (7, [15,
331136,139,!41] and references therein. The above mentioned work are known as fully nonlinear Yamabe problems
of positive curvature type. The counterpart for negative curvature type has also been studied intensively — see
(20 1L 1201131 171,120, 1291 30, 142, 1441 145 1501 1534 155]].

Let us now give our assumptions on the symmetric function f, following Caffarelli, Nirenberg and Spruck
[L]. Let I' C R™ be an open convex symmetric cone with vertex at the origin satisfying I';, C I' C T'y, where
IF,={AeR": )\, >0Vl<i<n}landD; ={AeR":>" X\ >0} Let f € C°()NCL) be a
function which is symmetric in \; and satisfies the following structural conditions:

f>0inT and f = 0on dl} (f1)
of

O,f = 0,¥1<i<mn f2

f oA > i<n (f2)

f is concave in T’ (f3)

f is homogeneous of degree one, i.e. f(sA) = sf(A), Vs> 0. (f4)

We remark that (2 ensures that the equation (I.2) is elliptic and enables us to use Evans-Krylov’s Theorem.
Note that, if we define

then, by the homogeneity and concavity of f,
> 0if(A) = f(A)+DF(N) - (e—A) > f(e) > 0inT. (£5)

By the symmetry and homogeneity of f, we have Df(e) = % f(e)e. Together with the concavity and once again

the homogeneity of f, this gives

7)< FGor(N)e) + DF(or(A)e) - (A= ~on(N)e) = ~on(A)F(e): (f6

n n

1

L k—¢
Classical examples satisfying (fI)-(f4) are o (X) for 1 < k& < n and the quotient (Z:&))) T rorl < 0 <

k < n defined on the open convex symmetric cone I'y (see [1l]), where oy is the k-th elementary symmetric

function
oA = D> XA,

1<ip < <ig<n

and
e ={A=01,..., ) eR":0;(N) >0,V1 < j <k}

When f = ak% and ¢ = 1, equation (I.T)) is known as the o-Yamabe problem.

The solvability of (I.2) has been studied in a number of work, see Schniirer [47]], Guan [19], Guan and
Jiao [23]], Li and Nguyen [43]. The solvability for related Hessian-type equations has been considered by many
authors - we only mention Guan [18} 21, [22]], Guan, Spruck and Xiao [24], Guan and Zhang [27], Li [38], Lu
[46], Trudinger [S1], Wang and Xiao [54] which are more closely related to the present work and refer the reader



to them for further references. In the cited work for (I.2) as well as in the present work, it is assumed that (T.2)
admits a smooth subsolution. We briefly recall here aspects of [43] which are of special relevance. In [43]], as an
intermediate step in their study of Green’s functions to general nonlinear Yamabe problems, the authors proved
that there exists a solution in C%!(M) N C> (M \ OM) to the Dirichlet problem of (T.2)) (see [43| Theorem 4.1]).
The approach in [43]] was to consider a family of problems generalizing (I.2), namely

frAg(Ag)) = (@)™ in M, 13
U= on OM, ’
where ¢t € [0, 1] and where f, is defined on the cone
Dy={A:tA+(1—t)or(N\eel} (1.4)
by
fi) = FEA+ (1 = t)ar(Ne). (1.5)

The proof of [43] was based on the observation that the proof in [19] can be applied to obtain a solution u; €
C°°(M) of (T3) for t € [0, 1) and that the family {u; },[0,1) is bounded in C* (M) N C2, (M \ OM). Therefore,
one obtains in the limit ¢ ,* 1~ a solution of (T.3) for t = 1, i.e. ([.2), in COY(M) N C>(M \ OM). On the
other hand, since there are examples of solutions of (T.2)) which belong to (C*(M) N C>(M \ OM)) \ C*(M)
(see Example [I.3]below), it is natural to ask if the solution of (T.2)) constructed via (T.3) in [43]] is smooth at M
or not. In this work, we prove that it is indeed smooth at M. In other words, the solution in [43] Theorem 4.1]
belongs to C°°(M).

We shall study a Dirichlet problem with a slightly more general right hand side than that in (T.3)). For a function
u € C%(M), let

1
Wu] = Ap-2uy = Vu+ du® du — 5\Vu|29 + A,
and let A\;(Wu]) = (A1,...,A,) denote the eigenvalues of W [u] with respect to the metric g. When it is clear

from the context, we sometimes write A(WW[u]) in place of Ay(Wu]). Given 0 < ¢ (x,2) € C*°(M x R) with
¥, < 0and ¢ € C>®(0M), consider the Dirichlet problem

{ft(Ag(W[U])) = ¢(z,u),  in M,

1.6
U=, on OM. (1.6)

Note that, by (f3), (f4) and (f6),
frN) = tf () + (1= )or (M) f(e) = (t+n(l = 1) F(A) = f(N).
We therefore say u € C?(M) is a subsolution to (T.6)) for all ¢ € [0, 1] if u satisfies that

fAgWd])) =2 ¥(z,u),  inM,
u =y, on OM.

The following is our main result.

Theorem 1.1. Let (M™,g) be a compact smooth Riemannian manifold of dimension n > 3 with non-empty
smooth boundary OM +# (). Let T' C R™ be an open convex symmetric cone with vertex at the origin satisfying
I, CT CTyand f € C®(I')NC°T) be a symmetric function satisfying ([f1)-(f4). Let 1(x, 2) € C°(M x R)
be positive with 1), < 0, and suppose that there exists a subsolution u € C*(M) to the Dirichlet problem (1.6)
forall t € [0,1]. Then, for every t € [0,1] there exists a solution uy € C°°(M) to the Dirichlet problem (1.6)
satisfying uy > u. Moreover, we have the estimate

sup sup(|ug| + |Vue| + |[Vu]) < C,
tel0,1] M

where C only depends on u, (M, g), (f,T), ¥ and .

Our main contribution concerns the uniformity of our estimates with respect to ¢. Available estimates in the
literature for a single pair (f,T") depends on the type of f and/or I" (see Section [2|for terminology). As¢ 17,
the type of f; and/or I'; may change, and this calls for care when considering uniform estimates in this limit.
Our proof uses a particular property of the family ( f;,I';), namely Lemma in Section [2| If one replaces the



family (f;,I';) by another (suitably continuous) family ( f+,T;) which tends to (f,T') ast 1~ but the property
in Lemmadoes not hold for (f, f‘t), it is not clear if our proof would carry over.

We now give a sketch of the proof of Theorem[I.T} In the discussion, let C' denote a positive constant depending
only on the known data such as u, (M, g), (f,T'), % and ¢, but may be different from lines to lines. In particular,
the constants C' will be independent of ¢ € [0, 1]. The existence of a solution to equation (T.6) can be proved by
the standard degree theory once a priori estimates have been established, see [19]]. To this end, we need a priori
estimates for u; with u; > u solving (I.6) on M up to its second order derivatives, as higher order estimates follow
from Evans-Krylov’s Theorem and Schauder theory. Local interior first and second order derivative estimates has
been known. (See also [9, [10] for local pointwise second derivative estimates for strong solutions.) Since u; > u
in M and u; = w on OM, we obviously have

minu; > minwu and min V,u; > min 'V, u.
M M oM oM
Lemma 3.1 in [[19] yields that maxy; us < C. Then, Lemma 3.2 and Theorem 3.3 in [19] ensure that sup ; (|us| +
|[Vu:|) < C. For the estimate of second order derivatives, Theorem 3.4 in [[19] shows that

sup |V2u,| < C(1 + sup | V).
M oM

We should point out that all the above mentioned results in [[19] are valid in the present setting as the proof only
used the assumptions (fT)-(f4). To complete this argument, it therefore remains to establish a boundary second
derivative esimate, namely a bound for supg,, | V2u;|. Therefore, the proof of Theoremreduces to that of the
following result.

Proposition 1.2. Suppose the assumptions in Theorem hold. Then, for any solution u; € C3(M) to the
Dirichlet problem (1.6) with t € [0, 1] satisfying us > u, we have

sup |V2u| < C, 1.7)
oM

where C only depends on u, (M, g), (f,T), ¥ and .

As pointed out earlier, our main contribution concerns a bound for supy,, |V2u,| which is independent of
t € [0,1]. The estimation of double tangential derivatives and mixed tangential-normal derivatives follows largely
the arguments in [18} [19, 21} 22| 23]]. We note that ¢-dependent estimate of the double normal derivatives for
general f for ¢t < 1 was done in [43]]. However, to achieve a uniform estimate as t ,/* 1~ requires new ideas.

As alluded to previously, we now present an example to illustrate a subtlety concerning the regularity of
solutions of (I.2) and (L.6). For some ¢ > 0 to be specified, let (M, g) be the round cylinder

M, = [—£,0] x S*™1,
g =dt’ + h,

where ¢ is a dummy variable along the [/, £]-factor and h is the standard metric on S"~*.

Example 1.3. Let 2 < k < n. For every ¢ € R, there exists ¢ > 0 such that the problem

{Uk(Ag(W[“D):z;’z%(Zii)e2’““7 Ag(Wlu]) € T in My \ OM, (1.8)

u=-c on OMy,

admits a solution u € (Cl(Mg) NC> (M, \ 8Mg)) \ C?(My).

The failure of smoothness of the solution in Example at OM, is similar to that in [39]]. See also [42] for a
related phenomenon.

We point out that the solution in Example[I.3]does not lie above any smooth subsolution that we are aware of.
We also do not know if it can be approximated by a sequence of smooth solutions. We conclude the introduction
with two related questions on solutions of which are not necessarily bounded from below by a smooth
subsolution.

Question 1.4. Assume 1 is positive and smooth in M and ¢ is smooth on M. Is the set of smooth solutions to
(T.2) with a given C'' bound bounded in C?(M)?

Note that, by Theorem [I.1] every set of smooth solutions of (I.2)) lying above a common smooth subsolution
is bounded in C2(M).



Question 1.5. Assume ) is positive and smooth in M and ¢ is smooth on M. Can every C'(M) viscosity
solution to (T:2) be approximated in C°(M) by C?(M) solutions?

The paper is organized as follows. In Section[2] we introduce some useful notations, analyze the structure of
the symmetric function f and prove an auxiliary result which will be used to construct various barriers later on
(see Lemma [2.10). In Section 3] we derive the boundary estimate in Proposition[I.2] In Section @] we give the
proof of the assertion in Example|1.3
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2 Notations and preliminary results

2.1 Some factson (f,I') and (f;,T;)

Let I' C R"™ be an open convex symmetric cone with vertex at the origin satisfying Iy, C I' C I'y and f €
C>(T") N C°(T") be a symmetric function. In this subsection, we collect various properties for (f,T') and (f;, ')
which will be used in the proof of Proposition Most of these properties have appeared elsewhere. We first
recall a definition in [[1].

Definition 2.1 ([1]). T is said to be of type 1 if the positive \; axes belong to JI'; otherwise it is said to be of type
2.

Denote by I" the projection of the cone I' C R™ = R"~! x R onto R"~! and by )\’ the projection of A € T
onto I'". If T is of type 1, I is an open convex symmetric cone in R"~! and

NeR"™ N >0 1<a<n—1}cTVc{NeR" oA+ +),_;, >0}

If T is of type 2, IV = R?~ 1,
We note that, regardless whether I is of type 1 or of type 2, the cones I'; are always of type 2 for ¢ € [0,1). In
fact, we have:

Lemma 2.2. LetT" C R" be an open convex symmetric cone with vertex at the origin satisfying I',, C ' C I'y. For
t € [0,1), then cone Ty contains the open ball of radius 5-(1 — t) about (0, ..., 0,1). Moreover, if f € C*(T)
is a symmetric function satisfying ({{2)) and ([{4), then

fi() =z S (1 =1)f(e)

N | =

Sfor any X\ in this ball.
Proof. For two vectors )\, X € R™, we write A > \if A — \ € [',,. For v € R™ with |v| = 1,7 > 0, we have
0,...,0,1) +rv>(—r,...,—1r, 1 —7)

Thus, we only need to show that A := (—5-(1—t),..., —5-(1—t),1—5-(1—t)) € [y and fi(A) > 3(1—1t)f(e).
Indeed, we have

tA+ (L —t)o1(N)e = (0,...,0,t) + A-t)(n+(n-1)t)

2n
> (1 —t)(nQ—&;L(n— 1)25)e €T, CT,
which implies A € I'; and
Fi0) = FA+ (L= Bloa(N)e) > (1~ D)f(e).
The proof is complete. O



In case I is of type 1, I is a proper subset of R"~!. Let dr denote the distance function to OT”. For
Ay € OI, let Ny, (9T") denote the set of unit vectors v € R™™' such that I is contained in the half-space
{NVeR" 1y (X —Xp) > 0}. We list some properties of Ny, (OI") and dr+ which we will use later on.

* Since OI" contains the ray R A, v - A[ = 0.
e It follows that I” C {N e R"~' :v- X > 0}.

e SinceI" D I

n’

this further implies that v, > Ofor1 < a <n — 1.

* For any ascending \' € T”,

dp/()\l) = inf v )\/. (21)
ascending A, €T’
descending y€ N*’o (or”)

The first three properties are immediate. To see the fourth property, denote the right hand side of (2.1)) as d(\).
Note that d()\’) is well-defined since there clearly exists an ascending Ay € OI" (e.g. (0,...,0,1)) and the
existence of a descending v in Ny, (OI") is given by [I, Lemma 6.1]. The inequality d(\") > dr/(X) is a
consequence of the fact that I is supported by the hyperplane through Aj, and normal to «. To see the reverse
inequality, let \, € OI" be such that drv(\) = [N — M,|. Let \,, be an ascending rearrangement of \,. By
symmetricity of I, we have that \,, € 9T". Since X’ is ascending, a simple induction argument on n gives

NN >N N
which, in view of the fact that |\, | = |\, |, implies
X = AL < X =

It follows that dp/ (X') = [N — X,| = |\ — AL, |. Since any hyperplane at \,, supporting I must support the ball

centered at A’ of radius [\" — )\, |, we see that V), (OI") contains a unique element, namely 7, := % By
[1, Lemma 6.1], 4 is descending. It follows that

AN < e N = - (N = M) = [N = AL| = de (V).

We have thus proved (2.1).
We next discuss certain properties of f which will be used later on. The same or similar properties have
appeared previously elsewhere.

Definition 2.3 ([51]]). We say f is of unbounded type if

E{P f()‘laa)\n—hs):_'_OO (22)
forevery X = (A1, ..., Ap—1) € IV, If (2.2) fails for some X € I, we say f is of bounded type.
1

For example, the function a;/ k (\) is of unbounded type for 1 < k < n while the quotient function (‘; IZ E :\\)) ) =3

is of bounded type for 1 < ¢ < k < n.
We note that if I" is of type 2 and f satisfies (f4), then

N RPN . N /
Jim —f(Vos) = T f(5,1) = f(01) >0,
and hence f is of unbounded type. A consequence of the above is that, if f satisfies (4), then, regardless of the
type of I" and f, f; is always of unbounded type for t € [0, 1).

We should clarify that, by our assumption (fT) and (f3), if, at one point X\ € I", (2.2) holds, it then holds at
any p/ € TV. A simple proof is given below. For any p/ = (u1,. .., pu,—1) € IV, we can choose sufficiently small
e > Osuchthaty’ = X 4 (1 +¢)(u’ — X) is also in I". Then, by the concavity (f3) of f, we have

IS
f(,ula"'nunfhs) Z f(’yl7"'7’7n7178) + if()\h"w)\nfhs%

1+4¢ 1+

for s large enough. We see that, by (fT),

lim f(:u’la' -'a:un—hs) = +o0.

s—+o00o



Hence, for every C' > 0 and every compact set K in I', there is a positive number R = R(C, K') such that
fA1,..., A+ R) > C, forall A\ € K. (2.3)

The above inequality is exactly [1, condition (7)] and is used by Guan (see [19, equation (1.13)]) to derive the
boundary C? estimate.
On the other hand, if (2.2)) fails for some A = (A1,..., A,—1) € I, we can define the following function on
I
fo(N) = lim f(A1,..., \n_1,5), forall \ € T". (2.4)
s—400

Evidently, f., is homogeneous of degree one and f., is non-decreasing when J; is increasing for every 1 < ¢ <
n — 1. Note that f., is concave in I", so it is also continuous in I'". Furthermore, f, is punctually second order
differentiable almost everywhere in I,
Let U be the set of (n — 1) x (n — 1) symmetric matrices whose eigenvalues belong to I''. When T" is of type
1, we may define
Foo(A) := foo (A(A)) for A € U.

For every B € U, let N (B) denote the set of symmetric (n — 1) x (n — 1) matrices N such that

Z Nop(Aap — Bag) > Fao(A) — Fao(B) forall A € U. (2.5)
a,B

The set N (B) is non-empty thanks to the concavity of Fly,.
Lemma 2.4. Suppose T is of type 1. The following statements hold.
(i) If B € U, then every matrix N in N (B) is positive semi-definite.

(ii) The set-valued map N, anti-monotone:

> (Nap = Kap)(Bap — Cap) < 0forall B,C € U,N € Noo(B), K € Noo(C).
o,

(iii) For any A € U and any setV C U containing A,

Fo(A) = inf Foo(B Nog(Ang — Bag)|. 7
(4) BeV,J\IIIéNOQ(B)[ ( H; s(Aagp 5) (2.6)

(iv) For any compact set K C U, there exists C = C(K, Fi) such that | N|| < C for every N € N (B), B €
K.

Proof. (i) The positive semi-definiteness of N € N, (B) follows from the monotonicity of F, and from applying
@23) to A= B+ £ ® £ for arbitrary £ € R~ 1.
(ii) From (2.5), we have

Y Nag(Cap — Bag) = Fuo(C) = Fuo(B),
o,

> Kap(Bap — Cap) > Foo(B) = Fu(C).
a,B

Summing up, we obtain the anti-monotonicity of M.
(iii) The direction “>" of (2.6) follows by taking B = A, while the direction “<” of (2.6)) follows from (2.3)).
(iv) Consider first the case that IC contains only one element, say B. Fix some small € > 0 such that A =
B — eI € Y. We then see from that

tr(N) < e (Foo(B) — Foo(B — €I)) forall N € Noo(B).

Recalling that N is positive semi-definite, we deduce that N, (B) is bounded, i.e. the conclusion holds when K
is a singleton set.

Consider the general case. Clearly, K is covered by Uacy (A + P) where P is the set of positive definite
symmetric matrices. By compactness, there exist A1, ..., A; such that K is covered by U;(A; + P). By anti-
monotonicity of N, we have that, for any B € K and N € N (B), there exist some 7 and some K € N (4;)
such that B > A; and N < K. Since each NV, (4;) is bounded, the conclusion follows. O



Given o > 0,1etT'Y = {\ € Ty : f;(\) > o}. By our assumptions of f, the level set 'Y = {\ € T'; :
ft+(A\) = o} is a smooth and convex non-compact complete hypersurface in R™. For A € T'y, let

Dfi(N)

DA

Vg X\

denote the unit normal vector to 81"{ ™) at A,
The following lemma is a variant of the important Lemma 1.9 in [22].

Lemma 2.5. Suppose that (f,T) is as in Theorem Given a compact set K C I and 8 > 0 sufficiently small,
there exists a constant € > 0 depending only on 8, K and (f,T') such that for any p € K and A € Ty with
Ve, — e x| > B for some t € [0,1],

Dfi(N) - (= A) > folu) — fr(N) + eZaiftM) +e.

Proof. We adapt the proof of [22, Lemma 1.9]. In the proof C' denotes a constant which varies from lines to lines
but depends only on 3, K and (f,T"). We will assume throughout that ¢ € [0,1] and 8 < v/2.

For u € K, let X, ,, denote the set of A € T'; such that |, ;, — v x| > S.

By Taylor’s theorem and the compactness of K, we have for all ¢,7 € [0,1], u € K and v € S"~! that

filp+10) = fie(p) = r|Dfe()|vt, - 0| < Cr?, 2.7

In particular, by (f2) and (f3), for every § > 0, there exists 79 € (0, 1) depending only on K, § and (f,I") such
that for all 7 € [0, 7o), 4 € K and v € S"~ ! satisfying v, - v > § it holds that

or
fe(p+1v) — filp) > Yok (2.8)
Now observe that, if A € X, ,, then (f3)) implies that
1 2 L oo
O<wip-via=1- §|Vt,u At <1- 55 .
Thus, if we define a unit vector vy , » by
. . 1 5
U\ 1= COS vy, — sinavy y with o = arctan(v ,, - 145) € (0, arctan(l — §ﬁ ),

then vy, - V¢, » = 0 and

1 —tan?a < B%(4 — 3?)

> 0.
(1 +tan? a)l/2 = 2(B8% — 432 + 8)1/2

Vi Vg un = COosa — sinatana =

B2 (4—pB%)

Therefore, with the choice § = W

in (2.8), we obtain from the concavity of f; that

Dfi(N) - (u—=X) = Dfe(A) - (p+ ToUt,u, A — A) > filp+ TOUt,u,A) — fr(N)

> folp) — fr(N) + é forall p € K, X € Xy . (2.9
Next, if we define a unit vector v , » by
Vg o\ 1= SiD g, — COS Qg »,
then ¥, » - 4, = 0 and

B4 - 5%

3Gt - 4pE 8

Vg x - Uppn = —cosa+sinatana < —

This implies on one hand that
. 1
D) Ty < ~ I DA,



and on the other hand (in view of (2.7)) that
fe(u+10e,0) — fi(p)| < Cr?forallr € [0,1], p € K,\ € Xy .
Hence, by the concavity of f;,
Dfi(N) - (=) = DA - (u+ 11,00 = ) + 5IDFOV)
> full+10,0) = ) + S DFO)
> fi(p) — fr(A) + %|th()\)| —Cr?forallr € [0,1],p € K,\ € Xy .

Together with (f3) and (f3)), we deduce that

1
DfeN) (=) = fulw) = fi(N) + 5 D 0:fi(A) forall jp € K, € X (2.10)
The conclusion follows from (2.9) and (2.10]). O

Let W = {W;;} be an n x n symmetric matrix with \(W) € T. Define F;(W) = f,(A(W)) and F}’ (W) =

68‘,5; (W). Note that

SOFIW)WaWi =Y 0ifi (M)A, (2.11)
l %

where A = (A1, ..., A,) are the eigenvalues of . The following lemma is also needed.

Lemma 2.6. [2]} Proposition 2.19] Suppose that (f,T) is as in Theorem Lett € [0,1]. There is an index r
such that

i 1
ZFtJ(W)Wi(Wj[ Z 5 Zazft()‘)/\?
i<n iET

To control } , 0; f(A)|Ai], we will frequently use the following inequality
1
DL <D0 LN + D0 (2.12)

for any ¢ > 0, which is obtained by Cauchy-Schwarz inequality. We will also need the following stronger
inequality.
Lemma 2.7. [2]] Corollary 2.21] Suppose that (f,T) is as in Theorem[I.1} Let t € [0,1]. For any X € T, indexr
and € > 0, we have o
> %fiVINil = e;aift(A)A? + 2 20N+
7 1FT K3
where C depends only on n and fi(\).

2.2 Some estimates for the linearized operator

We next gather estimates for the linearized operator when acting on various auxiliary functions which we will use
later on. We begin by introducing some notations which will be frequently used. Let d(x) be the distance function
from & € M to the boundary OM. For z:p € OM, let p(x) = d(x,x() be the distance from x to ¢ and

Qé,a;o = {x eM: ,0(33) < 6}

be a §-neighborhood of zy. Around a point x € M, we shall always choose smooth orthonormal local frame
e1,...,en by parallel transporting a local orthonormal frame ey, ...,e,_1 on M and the inward unit normal
en to OM along geodesics perpendicular to dM. Under a local orthonormal frame e, ..., e, on M, we denote
Vi =V, and V;; = V,;V;. For a given solution u; of (T.6), let us introduce the following notations:

W) := tWug] + (1 — t)tr(g~ W ue))g,

F (W) == fr(hg(Ww)) = fFrg(W' ),
i O
R = g (VL)

Ti = ZFt”




We will also use A = (A APy and n® = (01, n{) to denote the eigenvalues of T [u,] and TW*[u,]
with respect to g, both arranged in ascending order. For v € C?(M), the linearized operator of equation (T.6) at
uy 1s defined as

Liv = Ftij (Vij’U + Viu Vv + ViuViv — Z Vgutvlv&j),
l

where Einstein summation convention is used whenever the same index is repeated in a subscript and a superscript
positions.

Lemma 2.8. Suppose that (f,T), u; and u are as in Theorem Let X be a smooth vector field on a compact
set K C M. Then there exists C > 0 depending only on || X||c2(x), |utllcrary, (M, g), (f,T), wand v such
that

Lo(X (ur —w)) < C(l T+ 8ift(A(t))|>\§t)|) in K. 2.13)
Proof. Note that, by the product rule and commuting derivatives,

Vi (X (ur)) = Vijg(Vue, X)
= X(V?u(eire;) + Viuy([ei, X1, ¢5) + Vu(er, leg, X]) + 9(Vuy, Tij (X)), (2.14)
where
TZ(X) = v[emx}ej + vei [eij} + [X7 Veiej}'
Hence, since F}? X (Wi;[u:]) = X (1(z, u;)), we have
Li(X(up)) < C(1+Tp) + 2F7V2u(es, [ej, X]). (2.15)

To proceed, we note that, by the chain rule and the fact that F}y (W) = F;(AW AT) for any constant orthogonal

matrix A, N
F (W) = AP (AWAT)qu
and Ny
FP(W)Wje =Y ApFPY(AWAT)AyiWip = A FPI(AWAT)[ AW AT] 1 Ay
7 s

In particular, if A is the orthogonal matrix so that AW AT = diag(A1, ..., \,), then FYY (AW AT) = 8, f1(X\)0pqs
and the above identity implies

|F7(W)We| < Czaift()\)\)\i|~

It follows that

FV%uy(ei, e, X]) < OTi +C Y 0:fy A AP, (2.16)

Returning to @ we deduce l
Lo(X (ug)) < C(l+72+Z@ift(>\(t))|)\§t)\). (2.17)
The conclusion is readily seen. O

Lemma 2.9. Suppose that (f,T'), u; and u are as in Theorem|l.1| Then there exists C > 0 depending only on
Hut HC’I(M)v (Ma g)’ (fv F)’ u and 1/) such that

Lo|Vul? = [Vul?) = =C(1+ T+ 3 afi D)) + 3 0fu(AD) (A2 (2.18)

Proof. We have

Lo(IVue® = [Vul?) > 2> Viu£yViue + 2 FPViViuV;Viu — C(1+Ty).
l l

By Cauchy-Schwarz inequality, we see

23 FIN VY,V = FEWalu Wilu] — CTy.
1 1
The conclusion is readily seen from 2.11), (2.17) and the above two estimates. O
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Lemma 2.10. Suppose that (f,T"), us and u are as in Theorem Then there exists a constant € > 0 such that,
for sufficiently small 6 > 0, the function

(us — u)?

5d — d?
5 +

v=(u —u)—

satisfies -
Liv < 76(1 + ’7}) in Qs.gq, v >0 o0n Qs 5, and vigy =0,

where €, 6 depend only on ||us| c1(ary, (M, g), (f,T) and wu.

Proof. By a direct calculation, we have that
Et(ut - Q)
= F (Wijlug] — Wiju])
- 1 1
+ thj (Vlung — 7|Vg|25ij — Viutvjut + 7|Vut|25ij>

Fy (Vﬂttvy‘( u) + VjupViuy — u) Zvlutvl ~ u)di; )

= F(Wiglur] = Wiglul) + F7Vi(u — w) Vi (u — w) — §|V(Ut —u)*Te.
Therefore, we obtain that

ffu - 52)

= (1 — (ur — g))ﬁt(ut —u) — Ffjvi(ut —w)V;(ur — u)

(1 — (us — u))

T (Wijlue] — Wijlu]) — (ue — w)F Vi (up — w)V (ug — w)
—f( utfu) utfu\’T
<

Note that F}7 (W;;[us] — Wi;[u]) < 0 since F; is concave, u < u; and 9, < 0, i.e.
0 < 9(x,u) — (@, ur) < F(Wa]) = Fo(Ww]) < F (Wislu] — Wiglud).-

Also, in Q5 ;, with § small enough depending on ||u¢||¢1(ar) and w, it is easy to see that

0<uy —u<

l\DM—l

Combining the above two facts and that {Ftij } is positive definite, we then arrive at
up — u)? 1
T (T e e L T )

Let § > 0 be small enough depending on (1M, g) so that d is regular in €5 ,,. Due to that Vo,d = 0for1 < a <
n — 1 and V,,d = 1, we obtain that

Li(6d —d*) = (§ — 2d)Lyd — 2F™ < CST; — 2.
Therefore, in Qs ,, with § small enough depending on ||u||c1(ary, (M, g) and u, we have
1 .
L < ith(Wij[ut] — Wijlu]) + CT; — 2F", (2.19)
where C depends on (M, g) and ||t | 1 (ar)-

Let A(z) := MY (z) = A\(W[u](z)) and p(x) := A(Wu](x)). We assume that the eigenvalues \(x) and
u(x) are arranged in ascending order:

M << A and py < <

11



Therefore, by (]E[) and the fact that f is symmetric, we can derive that

O1ft(A) = - > Onfi(N).

‘We then have

Fy (Wislu) = Wiglw]) = B/ Wiglul = 3200 = 32 0:fu(N) (i = X, (2.20)

where for the last inequality we used [[1, Lemma 6.2] (or see [49, Lemma 1.5]). Since {uw(m) :te0,1],x € M}
is a compact set in I';,, there exists a sufficiently small constant 5 > 0 depending on u, (M, g) and (f,T") such
that forall¢ € [0,1],z € M

Vi) — 2B(1,...,1) € Iy (2.21)

We continue our argument depending on whether ‘Vm u(z) — Vi,\(z)| is at most 3 or more than f3.
If Vg u(a) — Ver()| < B, we have by @21)) that vy 5,y — B(1,...,1) € T',, which is equivalent to that, at the
point x,

9if1(\) = BIDfr(A }:aﬂ ), Vi<i<n. (2.22)
Hence, combining with (2.19) and (2:20), we have

2
L < C6Ty — \/Bﬁﬁ

If [V 1u(2) — Ve,A(2)| > B, then according to Lemmaand since (M) is a compact subset of T', there exists
a positive constant € depending on S, (f,I") and u such that

D 0N (i — Ni) = fi(p) +5Z(9 [N +e>e> 0ifeN) +e, (2.23)

where we have used fi(u(x)) > f(u(z)) > Y(z,u(x)) > Y(z,u(x)) = fi(A(x)). Combining with @2:19),
(2:20) and (2:23)), we have
L < —5(7; +1) +CoT;.

In both cases, we can choose ¢ small which only depend on ||u;||c1(ar), (M, g), € and 3 to prove Lemma-
for a small € > 0 since 7y > f(1,...,1).

3 A priori boundary second derivative estimates

Throughout this section, C' denotes some generic constant that may change from lines to lines but depends only
on [lucllcr(ary, (M, g), (f,T'), 1,4 and . Propositionfollows immediately from the following two lemmas.

Lemma 3.1. Under the assumptions of Proposition[I.2] for any point xy € OM and any adapted frame e, . . . , e,
near xq as in Subsection|2.2} it holds that

|Vijui(xo)| < C fort € [0,1],(4,5) # (n,n).

Lemma 3.2. Under the assumptions of Proposition[I.2] for any point xy € OM and any adapted frame ey, . . . , e,
near xq as in Subsection[2.2) it holds that

|Vnnut(x0)‘ < CfOVt S [O, 1]

The proof of Lemma [3.1]is more or less identical to an argument in [I9]. The proof of Lemma [3.2]builds on
existing arguments e.g. in [19} 21], but, as pointed out earlier, requires new ideas to obtain uniform estimate as

t /1.
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3.1 Double tangential and mixed normal-tangential derivative estimates
Recall the notations Wt[u,], Fy, 7 T3, A n(®) introduced in Subsection

Proof of Lemma[3.1] First, since uy —u = 0 on M, we have
Vag(ur —u)(2o) = =V (ur — u)(zo)ll(€a, €5), 1 <, <n—1,

where II denotes the second fundamental form of M with respect to —e,,. We therefore obtain the estimate for
the pure tangential second order derivatives: |Vogu.(zo)] < Cfort € [0,1]and 1 < o, 5 <n — 1.

In the rest of the proof, we show that |V o, us(20)| < Cfort € [0,1]and1 < a < n—1. Given1 < a < n—1,
define

w =V, (us — ) — Z Ve(ue — @),
<n

where ¢ is extended to M with V,,¢o = 0 on M. Note that w = 0 on M near x¢. By (Z.13) in Lemma[2.8] a
direct calculation shows that

Liy [Ve(us =)

<n
=2 (Velus = @) L:Value = ) + FIViVilus = ) V3 Vel = )
L<n
> fc(1 +T > 6 ft(A<t>)\A§“|) + 57 FIWalud Wielud).
7 <n

Using once again ([2.13) and appealing to Lemma[2.6] we deduce that
1
Low < C(1+ T+ 30 DN) = 5 30D
i i#Er
for some index r. By Lemmal[2.7]and choosing ¢ small enough, we finally arrive at
Liw < C(1+T). (3.1

Now, define h = w+ Bp?+ Av, where p and v are as in Subsection Note that h(xg) = 0, h\aMnaQMO >0
and hpq, , \om > 0aslong as B large enough depending on |[u||c1(ar), ¢ and 6. By Lemma and choosing
A > B> 1, where A depends on |[u;||c1(ary, (M, g), u, ¢, ¥, B and €, we see that

L:h < (C+CB—Ae)(1+T;) <0.
By maximum principle, we have that b > 0in M N Q5 5, and V,,h(xo) > 0, which implies that
[Vanu(zo)| < Cfort € [0,1]and1 < a <n-—1,

which concludes the proof. O

3.2 Double normal derivative estimates

As an immediate consequence of Lemma@] and the fact that I'y C I'y, we have:

Corollary 3.3. Under the assumptions of Proposition for any point oy € OM and any adapted frame
e1,...,en near xq as in Subsection[2.2} it holds that

Vanti(zo) > —C fort € [0,1].

In view of Corollary in order to prove Lemma[3.2] we only need to give an upper bound V,,,,u; indepen-
dent of t. Before doing this, we note a weaker estimate for V,,,,u which degenerates as ¢ — 1 but is sufficient to
imply a uniform bound for W/;[u;] as t — 1 when (4, j) # (n,n). Although simpler than most other estimates in
this paper, this estimate plays an important role in our subsequent argument.
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Lemma 3.4. Under the assumptions of Proposition[I.2] for any point xy € OM and any adapted frame e1, . . ., e,
near xq as in Subsection|2.2} it holds that

vnnut(x()) < fort € [0, ].)

1—t
Consequently,
(W;[ue(20)| < C forall t € [0,1] and (i, j) # (n,n).

Proof. We use an argument in [43] with the help of Lemma [2.2] By this lemma and the Lipschitz continuity of
ordered eigenvalues of symmetric matrices (Weyl’s inequality), if a symmetric matrix B = (b;;) satisfies by, = 1
and |b;;| < 1=t for (i, 5) # (n,n), then \(B) € I'y and f;(A(B) > 1=t forallt < 1. Thusif Wi, [ue](z0) > 1,
then (in view of the estimate in Lemma 3.1},

C > (o, ur) = Fo(Wug]) = Wi [ue] f: (%%E{jﬂ )) . 1(; EW ).

It follows that W, [u¢](x0) < & and hence V,,,u (o) < % It also follows that tr(g— W u])(zo) < <.

-t 1-t
The last assertion is readily seen from this statement together with the definition of W*[u,] and Lemma O

We next observe that if T is of type 2 then there exists C' > 0 such that if a matrix B = (b;;) satisfies b, = 1
and |b;;| < &, then \(B) € T C I';y and f;(A(B)) > & forall ¢ < 1. The proof of Lemma 3.4/above can then be
applied yielding:

Lemma 3.5. If T is of type 2 (in the sense of Definition[2.1)), then Lemma[3.2] holds.

In the rest of this section, we consider the proof of Lemma[3.2)when I" is not of type 2, i.e. I is of type 1, and
for ¢ close to 1. In particular, I, the projection of I' onto R™~!, is a proper subset of R™. Recall that dr denotes

the distance function to 9T # (. In view of Lemma the task of bounding the double normal derivatives of u

reduces to the task of bounding n,(f).

We borrow an idea from the work [1, Section 6] for Hessian equations, namely we aim to show first that the
projection (7))’ (z) := (ngt) (x),... ,177(31(:17)) of ) (z) onto I stays in a compact subset of I". (This idea was
also employed in [19] for the oj-cases; see Lemma 2.4 therein.) Once this is done, we follow the line of argument
in [51]] and split the argument according to whether f is of unbounded type or of bounded type.

For some computational advantage, it is more convenient to control a related object that is asymptotically the
same as (n(*))’ when V,,,,u; becomes large. More precisely, let Wt [u¢](x) denote the restriction of W u] to
T,0M and let 7Y (z) denote the eigenvalues of W*[u,](z) with respect to the induced metric of g on M where
ﬁgt) <. < ﬁfﬁl. By Lemma |7)| < C on M. By Cauchy’s interlacing theorem, ﬁ&t) — n((f) > 0 for

1 <a<n-—1andso7® T Observe that, by [I, Lemma 1.2] and Lemma we know that if m(zt)(x) goes
to infinity at a point z, then
n((f) () = ﬁ((f) ()+0(1), 1<a<n-—1, (3.2)

where the implicit bound in the little o-term depends only on the constant C' in Lemma /3.4
We prove:

Lemma 3.6. Under the hypotheses of Proposition suppose in addition that I" is of type 1. There exists a
constant ¢y € (0,1) depending on ||u¢||cr(ar) [|Vaputllco@nr), [|Vantillcow@an, (f;T), (M,g), u, ¢ and ¥,
such that

dr (7 () > co on OM fort € [1 — co, 1].
Proof. Recall from Sectionthat, for Ay € O, Ny, (OT") denotes the set of unit vectors v € R™~! such that I
is contained in the half-space {\" € R"~! : 4. (X — Aj) > 0}. For \j € 9I" and y € N, (9T"), define

Ct,)\’o,'y = ﬁ(t) - (1 —1) Z Yo Vnntt.

a<n

We will show that there exists co € (0,1) depending on [|ut|[c1(arys [|Vapuellco@nns [|Vantillco@an, (f,T),
(M, g), u, ¢ and 9, such that for all ascending \j € OI" and descending v € Ny, (91"),

Cexp () > 2¢0 on OM fort € [1 — co, 1]. (3.3)
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Once this is done, since V., u,, > —C (by Corollary@ and vy, > 0, it follows that, after possibly shrinking cg
slightly, for all ascending A, € OI' and descending v € Ny, (91"),

- ﬁ(t)(a:) >2c0+ (1—1) Z YaVanut > cgon OM fort € [1 — ¢g, 1],

a<n

which then implies the conclusion in view of 2.).
Fix some ascending A\ € OI" and descending v € Ny, (0I"). To lighten up the notation, we will abbreviate
Gty 0 Gt Pick a point yg € M such that (; attains its minimum on M at yo. We choose a local orthonormal

frame ey, . . ., e, around yp as before such that W {u¢](yo) = {Was[ue](Y0)}1<a.s<n_1 is diagonal and

Wiilue)(yo) < -+ < Win—1y(—1) [ue) (0)-

Our aim is to prove |V, us(y0)| < C fort € [1—cp, 1]. By Corollary3.3] we only need to show V., u;(yo) < C.
Once this is done, estimate (3.3) is established as follows: We know that ") (y) = A(W*[us](y0)) belongs to
a compact subset K of I' which depends only on |[u[|c1(ar), (f,T'), 9, the bounds established in Lemma as
well as the bound of |V, u(yo)|. Since the projection K of K onto I'" is a compact subset of I, we have that
dr (1) (0))) > 3co for some ¢y > 0 depending only on K and T. By Cauchy’s interlacing theorem, we have
q:= 7Y (o) — (M) (yo) > 0. Now if p € I is such that dr/ (7P (o)) = |7 (o)) — p|, then p — ¢ ¢ T’ and
$O

3co < dr (M) (%0)) < 1) (30) — (» — 9|

- ~ e
=7 (y0) — p| = dr (7 (10)) < 77 (o).

Since |y| = 1 and |V, u:(y0)| < C, we arrive at (3.3) after possibly slightly shrinking co.
Let us prove V., u;(yo) < C. Since the matrix W' u¢](yo) = {WZs[ui)(y0)}1<a.p<n—1 is diagonal with
diagonal entries 7! (1), we have

D WaWealudd(wo) =7 (yo) = Ce(wo) + (1 =) Y Yo Vantis(y0), (3.4)
a<n a<n
and, by 2.1,
v- XN >dr/()\), Vascending \' € T". (3.5)

Since w is a subsolution, we have )\(V~Vt [u](yo)) € T”. By [l Lemma 6.2] and since + is descending, we have

> YaWihalul(wo) = Y vara (W) (v0))-

a<n a<n

Hence, by (3:4) and (3:5), we obtain

D v (Wl = W] ) (v0)

a<n

> dp (AW [ (90))) = Ce(wo) = (1= 1) Y YaVantie(yo).  (3.6)

a<n

Now by the boundary condition u; — u = 0 on M, we have
Vap(ue — u)(y) = =V (ue — u)(y)bap(y) for1 <o, B <m— 1,
where b, = (Vaeg, e,,). Introducing bfm =tbap + (1 = 1) Y, beedap, we then have

—24+(n—-1)t
Wéﬁ [u] — W(iﬁ[ut] = Vo(ur — u) (btaﬁ + %

— (1 =t)Vpn(ur — w)dap

on OM near yg. Defining

pt::§:’hwgm

a<n

¢ n—2+(n-—1)
pontrlis

a<n
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we deduce from (3.6) and (3.7) that
PV (ue —w) + ¢ Valur — )V (ug + @)‘y:yo > dr (AW u)(90))) — Gi(yo) — C(1 —1).

1

We may assume (;(yo) < idp/()\(Wt [u](y0))); otherwise we are done. Then, fort > 1 — &,

PVl =) + ' Vo = 0)Valu +w)| = sdo AV l(w0))) > 0.

1
y=yo 2
In particular, since V,,(u; — u)(yo) > 0, there exists a positive constant by > 0 depending only on the bound for

llullcrarys (f,T), (M, g) and u such that

PP+ q" Vi (u + u)‘ > by. (3.8)

Y=Yo
We now define the following function on 25

U =p' Vo (ur — u) + ¢ (Ve * = [Vul?) = Y vaWhalul + (1= 1) D> 7o Vant + Ci(o)-

a<n a<n

By (3.7) and the fact that y, is a minimum point of ¢; on M, we see for y € OM N 99y ,, that

U(y) < =Y vaWihalul(y) +7- 77 ().

a<n

This implies on one hand that ¥(y,) = 0 and on the other hand, in view of [I, Lemma 6.2] and the order of v and
7, that ¥ < 0 on OM N 08s,4,- Applying £, to —V and using Lemmas and we get

£ <C(14 T+ 3 0ROON) - £ T asAO) AP

Using (2:12) with ¢ small enough, we see that
—L¥ < O(l + 7})
Now define h = —W¥ + Bp? + Av, where p, v are functions as before. By Lemma we have
Lk <0in Q54, and h > 0 on 05 y,,

when A > B > 1 depending on ||u¢| o1 (ary. (f,T), (M, g), u and . By the maximum principle, we therefore
obtain V,, h(yo) > 0, which implies that V,, ¥ (yo) < C.

We proceed to bound V,,,u:(yo) from above. If V,,,,(us + u)(y0) < 0, we are done. We hence assume
Von(ue + 1) (yo) > 0. By Lemma[3.1]

VaW(yo) = 'V (e — ) + ¢V (Vo) = (Vaw)?)|  —C.

Y=Yo

Since V,,(us — u) > 0 on M, this implies that

Va¥(yo) = p'Vin (ue — w) + ¢" Vi (U 4 w) Vi (1 — w) -C
Y=Yo
= (" + 4"V + ) ) Vol — )| —C.
Y=Yo
Combining this together with (3.8) and the fact that V,,¥(yo) < C, we conclude that V,,,u:(yo) < C. O

Lemma 3.7. If T is of type I (in the sense of Definition[2.1) and f is of unbounded type (in the sense of Definition
@, then Lemma @ holds.

Proof. Fix apoint zy € OM and choose a local orthonormal frame as before. Furthermore, we can assume under
this frame that

Wi 0o - Wi
0 Wy - Wy

W[’U,t](l'o) = : . . . )
Wnl Wn2 e Wnn
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i.e. {Waglue](zo) }1<a,8<n—1 is diagonal. Note that {Wéﬁ(fﬂo)}lga’ﬁgn,l is also diagonal. By Lemma we
have that [W};[u¢](z0)| < C for (i,5) # C and |[W}, [u](20) — Vunui(20)| < C. By [, Lemma 1.2], we know
that if V,,,,u¢ (20) goes to infinity, then the eigenvalues ) of W*[u](z¢) satisfy

1 (o) = Wh,[u(xo) +0(1), 1 < a<n—1,

() _ it I ) 3.9
0 (0) = Wil (w0) (14 O )
where the implicit bound in the little o-term and big O-term depend only on C'.

By Lemma we have dr (77" (z0)) > co. Therefore, when V,,, us (o) is large enough, by (3.9), we
have dr((n™") (z0)) > co/2. Therefore, by Lemma (n™®)’(xo) belongs to a compact subset K’ of T”
depending only I', on the bound in Lemma and the constant ¢y above. By compactness of K’, there exists
Ro = Ro(K',T) > 0 such that ((n)'(x¢), Ro) € T. By (2.3) there is another constant R, > 0 depending only
on K', Ry, v and ||u|co(ary such that

F(( D) (x0), Ro + R1) > (wo, ur)-
By (T.6) and (3.9), this implies that W}, [u;](x) < C and hence V,,,,us(z0) < C. O

It remains to consider the case I is of type 1 and f is of bounded type. In particular, the function f, in (2.4)
is a well-defined concave function in . Following [19} 21} 22} [5T], we need to control f., (77" (2)) — v (x, uy)
on OM. In this step, the bound for 7*) in Lemmais needed. We prove:

Lemma 3.8. Under the hypotheses of Proposition [I.2] suppose in addition that T' is of type I (in the sense of
Definition and f is of bounded type (in the sense of Definition . There exists a constant ¢y € (0,1)
depending on ||u¢| o1 (any, |Vagtellco@rny IVantillco@ny (f,T), (M, g), u, @ and 1), such that

my = zrél{i)%{foo(ﬁ(t) () —(z,u)} > o fort € [1 — ¢, 1].
Proof. Recall the notations U, F, and N, defined in Section 2] By Lemmas [3.4] and [3.6] there exists compact
subset K of U depending only on I" and the bounds in Lemmas and such that 7 (x) = A\(Wt[us](z)) € K
forallz € OM. For B € K and N € N (B), define

YN = Fou(B)+ Y Nag- (Wislus] = Bag) — (1 = )tr(N)Vnuy.
a,B

We will show that there exists co € (0,1) depending on [|ut||c1(ar)s || Vastellco@nnys [|Vantillco@an. (f,T),
(M, g), u, ¢ and 9, such that for all B € K and N € N (B),

Y5 n(x) —P(x,ur) > 2¢9 on IM fort € [1 — ¢, 1]. (3.10)

Once this is done, since V,,,,u; > —C (by Corollary and 0 < tr(N) < C (by Lemma[2.4iv)), it follows
that, forall B € K and N € N (B),

Foo(B) + Y Nag - (W slui] — Bag) — t(x,ur)
B

> 2¢o + (1 = t)tr(N)Vipnur > cog on OM fort € [1 — ¢, 1],

which then implies the conclusion in view of (2.6).

Fix B € K and N € N (B). To lighten up the notation, we will abbreviate T~ to Ti. Suppose that
T; — ¢(-,u) attains its minimum on OM at yg € OM. Choose a smooth local orthonormal frame e, ..., e,
around yo as before. Our aim is to prove that V,,,,u:(y0) < C. Once this is achieved, the conclusion is obtained
as follows: By Lemmas and and 3.6} 77(*) (OM)) is contained in a compact set K’ of I (which depends only
on I and the constants in Lemmas and . We may thus pick some ¢q > 0 depending only on f, K', T such
that

)\rlréi%{foo()\') —fN,C)} > 3¢o > 0.

By the monotonicity property (f2) of f, we then have
Beo < Faol 70 00) = S 00).C) D O () = £ (50)) = Foa (W) () = (00 00,
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which in view of (2.6) implies
3co < Foo(B) + ) Nag - (Wiglurl(yo) — Bag) — (yo, us).
B
Since Vynut(yo) < C and || N|| < C (see Lemma[2.4{iv)), we deduce (3-10) after possibly shrinking co.
We turn to prove V., u:(yo) < C. By (3.7) and @ as well as the fact that ¢, < 0 and u; > u, we have

24+ (n—-1)t
Vn(ut - @) Z Nag (bfxﬁ + %Vn(ut + H)(saﬁ) (yO)
a,B

=3 Napg(Wislul(yo) = Wislus](yo)) + (1 — t)tx(N) Vi (s — 1) (30)
I
= Foo(B)+ Y Nap(W/glul(yo) — B) = Te(yo) — (1 — t)tx(N) Vnta(y0)
oy
> Foo (W) (0)) — Ye(yo) = C(L = 1) = foa A(W'[u))(50)) — Te(yo) — C(1 — 1)
>

[foo AW [)) (y0)) — % (yo, )] = [Te(y0) — 9 (yo, ue)] — C(1 — ).

Since u is a subsolution, we have that fo. (A(W?*[u])) — 9(-, w) is positive on M and hence bounded from below
by a positive constant, say m > 0, which depends only on (f,T"), (M, g), ¢ and u. To proceed, note that we may
assume that Y¢(yo) — ¥ (yo, us) < m/4, as otherwise we are done. Then, fort > 1 — %,

n—24+(n-—1)

1
5 Vi (ug + @)%g)(yo) > M-

Vn(us —uw)Nag (bgﬁ +
As V,, (uy — u) > 0, this implies that

(3.11)

Ql-

n—24+(n-1)t
5 Voo (th + "2 (4 w)ias) o) 2
a,pB

We define the following function in s,
O(y) = pLVnlue — w) + ¢, (|Vue|* — [Vu?)
— F(B) = Nap(Wls[ul(y) — Bag)
a,B

+ (1 = t)tr(N)Vanu + 9y, ue) + Le(yo) — ¥ (Yo, ue),

where

Pl = Z Naﬁbtozﬁv
a,f

-2 -1
¢ = %(n)ttr(N).

Note that, along dM N 9% ,, we have by (3.7) that

(y) = —[Te(y) — Yy, ue)] + [Te(yo) — ¥ (yo, ur)].

This shows that & < 0 along OM N 0254, and (yo) = 0. Moreover, by applying £, to —® and using Lemmas
2.8 and 2.9 as in the proof of Lemma [3.6] (keeping in mind the positive semi-definiteness of N from Lemma

241)), we compute

n—24+(

e MR D () 305 O) (0

2
+Ote(N)(1+ T + Y 0 W) A)) + C(1+ 7).

Therefore, by (2.12)) and Lemma 2.4{iv),
L < C(1+T5).
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Now define h = —® + Bp? 4+ Av on s,,. Choosing A > B > 1 which depend on |[u||c1(ar), C(K),
(f,T), (M, g), u as well as 1), and according to Lemma [2.10} we obtain

Lk <0in Q54 and h > 0 on 05y, -

By maximum principle, we derive that 4 > 0 in Qs and V,,h(yo) > 0. Therefore, V,,®(yo) < C.
We can now proceed to bound V,,,,u:(yo) from above as in the proof of Lemrna If Vi (ug +u)(yo) <0,
we are done. We hence assume V. (u; + u)(yo) > 0. By Lemma[3.1]

an’(yo) Z pivnn(ut - ﬂ) + qivn((vnut)Q - (vnﬂ)2) - C.
Y=Yo
Since V,,(us —u) > 0 on 9M, this implies that
Y=Yo
= (Pl + a V(e + ) ) V(e —w)| = C.
Y=Yo
Combining this with (3.11)) and the fact that V,,®(yg) < C, we conclude that V,,,u:(yo) < C. O

Lemma 3.9. If T is of type 1 (in the sense of Definition[2.1) and f is of bounded type (in the sense of Definition
2:3), then Lemma[3.2] holds.

Proof. We fix xg € OM and set up as in the proof of Lemma We knew that, when V,,,u; () is sufficiently
large, 77) () and (n*))’ (o) belong to a compact subset K’ of I".

By Lemma[3.8]
Foo () = (,us) > co > 0 on OM. (3.12)

Hence, there exists Ry = Ry (f, K',T') and §; = 61(f, K’,T") > 0 such that
~(t) 1
f(77 731)_¢($7Ut) > 560'

and
1
FON, Ry) — Yz, ug) > €0 for all |\ — 77| < 6y.

Now, by (3.9), if V., uq(zo) is too large, we then have |7 — (n)|(z0) < §; and ' (x0) > Ry which
then leads to

1
FrWlug(z0)) — d(x,ue) = F(n® (20)) — vl up) > 160>0,
which is a contradiction. Thus V., us(zg) < C. O
Proof of Lemma([3.2] The result is a combination of Lemmas[3.3} [3.7]and [3.9] O

4 [Existence of non-smooth solutions

Proof of Example[I.3] The Schouten tensor of g is

1 1
A, = fidtz +5h.

We look for a solution to (T-8)) of the form u = u(t). We have

W] = (i + %(1 —4?))dt? + %(1 —4?)h,

where a dot is used to denote differentiation with respect to ¢. Problem [I.8]thus becomes

(1= i)t (i 252 (1= @) = gre 2 in (<£,0),
142> 0 in (—(, 0), @1
u(£l) = c.
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The ODE on the first line of (@.1) has a first integral: If we define H by
H(l’, y) = e(2krfn):ﬂ(1 - y2)k - efna:’

then H (u, %) is constant along a solution.
For any d € (—00,0), let uy denote the unique classical solution to the initial value problem

(1 _ u?i)k—l ('ud + n;]?k(l _ UZ)) — %e—Qku7
ud(O) = d, ’lld(O) =0

4.2)

in its maximal interval of existence (—7;, 7). It is routine to show that 1 — 42 > 0in (=Ty, Ty), H (uq,tq) =
H(d,0) < 0, T, is finite and given by

T, — /d}llan(d,O)l [1 B en—kam(e_nm +H(d, 0)) ,]* dr < 0,

B
Nl

and
uq(t) - —+ In|H(d,0)],
Ug(t) — %1, ast — £T,.
ﬂd(t) — 00
Now, for any given ¢ € R, since the function 2 — H (x, 0) increases from —oo to 0 as x increases from —oo to
0, we can find a unique d,. such that —% In |H(d.,0)| = c. The conclusion follows with ¢ = T;;_ and u = ugq,. O
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