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Abstract

Systems which take in a sequence-based input to produce a nontrivial output are
ubiquitous across science. One key property of such maps is the robustness of
the output upon random changes of the inputs. Interestingly, recent work on
genotype-phenotype maps in biology has shown that the robustness, defined as the
probability that a point mutation to the genotype does not change the phenotypic
output, is typically exponentially higher than a null expectation based on a random
input-output pairings. This high robustness must arise from correlations in the
input-output map. In this thesis, we investigate the origins of these correlations.

We first study spin glasses, defining the inputs as the set of interactions, and the
outputs as the ground-state spin configurations. We find that the robustness in this
generic model exhibits behaviour that is consistent with the scaling laws observed for
the biological genotype-phenotype maps, suggesting that the robustness behaviour
has a more universal origin.

Next, we use a maximum-entropy approach to study generic sequence-based
input-output maps on Hamming graphs. If we constrain the global robustness, we
find that there are two states, as a function of the strength of the constraint. The
fragile phase is similar to the null-model based on completely random pairings,
and has low robustness. By contrast, for a stronger constraint, there is a rather
sudden change to a different correlated behaviour. Interestingly, this very simple
model exhibits scaling of the robustness, the distribution of neutral component
sizes, and the probability of obtaining a different output upon mutations that are
remarkably similar to those found for a series of genotype-phenotype maps. Finding
these detailed results in such a simple model suggests that they have near-universal
origins in GP maps, and possibly in a wider set of real-world mappings.

Maximally robust neutral networks are then explored from a graph-theoretic
perspective, elucidating connections between the robustness bound and a function
from number theory. We then discuss trade-offs natural systems face in simultaneous
optimisation of robustness and information content and robustness and population
neutrality. Upon coarse-graining phenotypes, it has been observed that robustness
decreases relative to what one might expect from the underlying finer-grained
phenotypes. We explain this non-intuitive behaviour quantitatively. We then
extend the notion of robustness to input-output maps with continuous inputs,



predicting a novel natural scaling law for robustness in these systems. Recent
numerical results from deep neural networks support our theory.

The thesis concludes with a return to spin glasses, now in the context of
evolutionary adaptation. We study short-term evolution on glassy fitness landscapes
following non-adiabatic perturbation of metastability and characterise how variances

in epistatic and external interactions influence timescales and change in fitness.
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Introduction and Background

Contents
1.1 Introduction to Genotype-Phenotype (GP) Maps . . . 1
1.2 Biological and Graph-Theoretic Connections . . . . . . 5
1.3 ThesisOutline . ... ..... .. ... .......... 10

1.1 Introduction to Genotype-Phenotype (GP)
Maps

In biology, a genotypeis a set of stored biological information. Often, it refers to a
sequence such as that of DNA or RNA responsible for coding for a protein or some
other regulatory function, but it can also be represented, say, by the weights in a gene
regulatory network. A genotype can map onto g@henotype which is a biologically
observed output or behaviour, in what is known as a genotype-phenotype (GP)
map. Examples include 4 letter RNA sequences and 20 letter protein sequences
that can be mapped to their physical folded states, and gene-regulatory networks,
which can, for example, be described by Boolean networks [4] where a set of weights
represent the gene interaction strengths. The response of such systems to changes in

the input sequences have been extensively studied computationally and analytically
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[1, 519]. For GP maps, an important concept is the set of genotypes (sequences)
that map to a particular phenotype, often called the neutral network. These present
a number of commonalities across GP maps [1, 15, 20]: the neutral networks are
typically highly connected so that they can be traversed by single mutational steps,
leading to enhanced evolvability, which is the ability to discover new phenotypes [7,
21]. In some cases, the neutral network is split into smaller component networks
which are disconnected due to biophysical constraints [8, 22]). The number of
sequences/vertices in the neutral network for di erent phenotypes can vary over
many orders of magnitude, and is typically strongly biased, with a small fraction
of the phenotypes taking up the majority of genotypes. Such phenotype bias can
strongly a ect evolutionary outcomes [11, 14, 23].

It has been shown that many naturally occurring genotype-phenotype maps

exhibit a common set of features [1, 15, 20]:

1. Redundancy , which refers to the notion that the GP map is many-to-few:

multiple genotypes can map to one phenotype.

2. Phenotype bias , which indicates that some phenotypes have many more

genotypes mapping to them than others.

3. Neutral correlations refer to the notion that sequences that are close in
terms of Hamming distances, are correlated, that is they often map to similar

phenotypes.

A key property of neutral networks for GP maps is theobustness typically
de ned in the literature as the fraction |, of single-character mutations in a
genotype that produce the same phenotypp, averaged over the neutral network of
all genotypes that produce that particular phenotype. That is to say, for a biological

genotype-phenotype mag (g) which takes in a genotypeg of * characters chosen

from an alpllabetK = fKo; i, Kk 10, the robustness of phellotypqa is de ned as
(f ) ] X
- I~ Ny-
p JG] (k ]) 626, P9 (11)
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Figure 1.1: Schematic representation of genotype-phenotype maps and neutral networks.
(A) In RNA secondary structure maps, there arek = 4 nucleotides (Adenine, Cytosine,
Guanine, and U racil) to choose from when building a genotype, and in HP protein folding
GP maps, there arek = 2 classes of amino acidsH ydrophobic and Polar). Each of these
sequences maps onto a 2-dimensional secondary structure phenotyp@) Each structure
(more generally, phenotype or output) has multiple inputs which map to it. The neutral
network or neutral set corresponds to the set of genotypes which map to a particular
phenotype.

where G, is the neutral set of all genotypeg whose output is the phenotype, and
Np;g iS the number of genotypeg? satisfying f (g9 = f (g) = p that dier from g
by a Hamming distance of 1. We calh,, the number of nearest-neighbours af
mapping to p. Thus ,(f) 2 [0; 1] measures the mean probability that a mutation
from g 2 G, to a neighbouring genotypeg®2 G, results in the same phenotype.

GP maps outside of biology may be called input-output (10) maps (or may
still be called genotype-phenotype maps). Throughout this thesis, we will be using
both terms interchangeably. Many natural input-output maps both within and
outside of biology are well-studied empirically: e.g. RNA secondary structure
folding [1, 8], lattice models of protein folding [1], protein self-assembly [1], genetic
programming [19], and gene regulatory networks [18].

In the RNA secondary structure GP map, the input or genotype is a nucleic acid
sequence drawn from an alphabet & = 4 characters corresponding ta\denine,
Cytosine, Guanine, andUracil. Programs like ViennaRNA [24] use free energy

minimisation to determine a secondary structure which the oligonucleotide would
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Figure 1.2: Reproduction of Figure 2(a) from ref. [1]. Phenotype robustness , plotted
against the log of the phenotype frequency , for many natural genotype-phenotype maps.

adopt; this is the output or phenotype of the GP map. The HP model of protein
folding [25] is also a sequence-to-structure GP map. A protein primary sequence
(the input or genotype) is modelled as a chain of eithe ydrophobic or Polar
amino acids (sok = 2 characters in the alphabet: H and P), and the output is
a 2-dimensional non-self-intersecting random walk on a lattice corresponding to
a predicted secondary structure that that the peptide would adopt. Schematic
representations of these GP maps are shown in Figure 1.1A. The length of the
RNA or HP input sequence is denoted by a number following the model name. So,
RNA12 is the RNA secondary structure GP map for oligonucleotides of length
12, HP24 is the HP protein folding GP map for primary sequences of length
24. The Polyomino GP map is a protein quaternary structure GP map [12, 26] in
which domino-like square tiles can be rotated and matched up on a 2-dimensional
lattice with other tiles based on the types of interfaces expressed on the sides of the
squares; these assembled structures are called polyominoes. A polyomino model
with N tiles and N. interfaces is denoted bySy, . -

What all of the input-output maps mentioned above including both the
biological and non-biological models hold in common is that they each have

high levels of mean robustness to changes in their inputs, excepting pathological or
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adversarial examples (such as the 1-dimensional Edwards-Anderson model in spin
glass ground state GP maps discussed in the following chapter). Naively, one might
guess that in a large, uncorrelated, and randomly-assigned GP map, the probability
that a nearest-neighbouring genotype yields phenotypgeis approximately equal
to the probabilitity that any genotype drawn at random from the entire input
space yields phenotyp@. This probability is jGyj=k , sonpg “(k 1)jGyj=k, and

» JG pj=k. And indeed this is true for completely uncorrelated and randomly-
assigned GP maps [1]. However, biologically inspired GP maps such as the RNA
secondary structure maps, protein folding maps, gene regulatory networks, genetic
programming, and others all exhibit a scaling law for robustness, O (logjG;))
and not , O (jG;j). We reproduce Figure 2(a) from ref. [1] in our Figure 1.2,
which shows the observed robustenss values of all of the phenotypes for the RNA12
and RNA15 secondary structure genotype-phenotype maps, the HP24 protein
folding map, the S,.g and Sz.g Polyomino protein self-assembly maps, and a subset
of sampled phenotypes for the RNA20 secondary structure map. Also plotted
are the expectation of robustness for the random null model in which phenotypes
are randomly assigned to genotypes. We see clearly that the natural genotype-
phenotype maps show elevated robustness relative to the null model, indicating the
presence of neutral correlations in the genotype-phenotype map: in general, the
natural maps tend to follow the , O (logjGyj) scaling law while the null model
follows the , O (jGyj), uncorrelated scaling law. Such enhanced robustness in the
natural maps is believed to be critical for the evolutionary process because it allows
neutral (i.e. tness cost-free) exploration of the neutral network, which enhances

the ability of a population to nd new phenotypic variation [6, 7, 10, 15, 21, 27].

1.2 Biological and Graph-Theoretic Connections

In this section, we will provide mathematical de nitions of key objects and parame-
ters which appear throughout this thesis in the discussion of genotype-phenotype
maps (and input-output maps more broadly) and robustness. We begin by explicitly

making connections between biological terminology in the GP map literature and
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the corresponding graph theoretic de nitions. For a graphG, we will refer to
its set of vertices asV(G) and its set of edges a& (G). The cardinality of a
set A will be denoted by jAj].

As mentioned before, we take genotypeto be a sequence of length drawn
from an alphabet ofk characters which are xed for a particular system. The
standard graph representation of the genotype space involves treating each of the
k genotypes as vertices in a graph, with two vertices being connected by an edge if
and only if the corresponding sequences di er by exactly one character i.e. the
Hamming distance between the two sequences is 1. Each vertex then has degree

“(k 1), the graph is called a Hamming graph:

De nition 1.2.1. A Hamming graph H- (Ky) is the Cartesian product of
" copies of the complete grapK ¢ (which is a graph ofk vertices where all vertices

are connected to all other vertices).

The Cartesian productA B of two graphsA and B is de ned to have a vertex
setV(A B)=f(a;b : a2 A” b2 Bg, and an edge exists between verticds; b
and (&%) for a;a’2 A and b;¥2 B if a= a’and (b;18) is an edge or if(a; &)
is an edge andb = . Therefore, each vertex, which corresponds to a sequence
of length °, is connected to every other vertex which has a sequence that di ers
from the rst vertex at only one site. For k = 2, the Hamming graph is identical
to the "-dimensional hypercube graphQ-.

We assume that each genotype maps deterministically to a phenotype, and
the set of all phenotypes is assumed to be nite. Mathematically, a GP map is
therefore a vertex labelling of the Hamming graph, where each vertex label has
been taken from a nite set of phenotypes of cardinalityN,. We now consider the
set of genotypes which all map to the same phenotyge The subgraph ofH-
induced by these vertices contain all of the edges present ki, which connect 2

genotypes which both map tgp. Formally, this is known as a neutral network:

De nition 1.2.2.  The neutral network G® belonging to phenotypg is the

induced subgraph of the Hamming grapH-x which contains all of the vertices
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Table 1.1: Evolutionary biology de nitions and graph theoretic translations. All
genotypes are considered to be sequences of lengtlirawn from k characters. We refer
to a generic phenotypep and the graph G(P) consisting of all vertices/sequences which
map to that phenotype.

Evolutionary Biology Graph theory
Set of all genotypes Hamming graph H-
Neutral network/set G(P) Induced subgraph ofH -
Neutral component of a neutral network | Connected component of a graph
Robustness (G() " Density E(G)
(k1) V(G

"Up to prefactor.

(genotypes) which map to phenotypge The induced subgraph contains all of the
edges inH-, which connect vertices inG®. Mathematically, E(G() = ff u;vg 2

Hy ju2 GP vy 2 GPg, wheref ; gis an an unordered pair.

In the neutral theory of evolution [28 30], neutral networks which are highly
connected play an essential role. The fact that all genotypes within a neutral
network map to the same phenotype allow for traversal of a potentially large
portion of the Hamming graph without incurring any tness penalty. Larger neutral
networks also tend to share edges with a larger number of other distinct neutral
networks, facilitating the discovery of new phenotypes.

A graph can have multiple connected components whose union forms the entire
graph, but which individually are not connected to each other; in evolution, a
connected component of a particular neutral network is called @eutral component
(see Figure 1.1B). The number of neutral components as well as the number of
sequences comprising the largest neutral component for phenotype neutral networks
in RNA, HP, and Polyomino models are plotted against the frequency of those
phenotypes in Figure 1.3. We see that the biological GP maps maintain distinct
trends from the random null model. The correlated input-output map structure
ensures that even for small frequencies, neutral components tend to be large and
clustered as opposed to small and broken apart as in the random null model.
Neutral networks which have many small neutral components do not really o er

the phenotypic discovery advantage described previously.
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Figure 1.3: Reproduction of Figure 3 from ref. [1]. (Left) Log-log plot of the number
of sequences/vertices comprising the largest neutral component for each phenotype in
RNA12, HP24, and S;.g polyomino GP maps as well as the expectation from the random
null model (for which k =4 and d = 12 de ne the number of characters in the alphabet
and the sequence length, respectively) versus the frequency of the phenotype. Notice that
for the biological GP maps, the largest neutral component increases with the frequency of
the phenotype while for the random null model, the largest neutral component stays fairly
small across all frequencies below a threshold frequency= 1=(d(k 1)). Above this
percolation threshold, a giant component emerges, and this becomes a single component
when the frequency of the phenotype is greater than = k ¥k 1 (Right) Log-log
plot of the number of neutral components for the biological and random null models
versus phenotype frequency. The biological models maintain a small number of neutral
components regardless of frequency while the null model has neutral networks which are
broken into many smaller components which eventually percolate into a giant component
at the same threshold and a single component at . Also shown in both of these plots
is the line Fp which corresponds to the largest component or the number of components
equaling Fp = k9 ,, the number of sequences which map to outpup.

We now de ne robustness, a quantity which is central to this thesis:

De nition 1.2.3.  Therobustness ,  (G) of the p-th phenotype's neutral

network G, which is an induced subgraph df-,, is proportional to the density of

the graph:
_ 2 E(GW) 1.2)
Pk V(G
Due to the identity
X
2E(GP) = deg(v); (1.3)

V2V (G(P)
we can see that de nition 1.2.3 is identical to eq. (1.1). As mentioned before,

natural systems tend to exhibit a robustness scaling law of, O (logjV(Gy)j)

and not , O (jV(Gp)j), which would be expected from a random mapping from
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input to output [1]. The biological and graph theoretic de nitions of the above
important parameters are summarised in Table 1.1.
A property that is closely related to the robustness is the transition probability

between two phenotypes, de ned as:

De nition 1.2.4.  The transition probability that a single point mutation in the

genotype leads to a change from phenotypéo phenotypeq is given by

_ JE(GGYi

®= G vy P°
) ( ?IJ_ ( p)J y | (1.4)
T VGHI(k 1) Nag:

g2V (Gp)

whereG, and G, are the neutral networks for two di erent phenotypest: (Gy; Gg) is

the set of edges present in the Hamming graph which each have one vertex belonging
to G, the other belonging td3, (i.e. the edges connecting neutral networks, and

Gg), and ngyq is the number of neighbours the genotygehas which map to output

g (note that g itself maps to outputp).

Note that ¢,V (Gp)j = paV(Gg)j. We de ne the diagonal terms ,, SO
that there is an additional prefactor of 2 becausgE (Gp; G,)j = JE(Gp)j only counts
the edges withinG, once, but we need the edges counted twice. In both natural
systems and random systems [1], the observed scaling lawds O (jV(Gy)j); i.e.
it appears that the neighbours of outputp which are not themselves mapping t@
are chosen at random based on their frequency in the map. The linear scaling law
is apparent in RNA and HP secondary structure GP maps, as shown in Figure 1.4.

In this thesis, we emphasise the network-theoretic nature of input-output and
genotype-phenotype maps. In many cases, thinking about the mapping from input
to output graphically and using the properties of Hamming graphs help derive novel
biological intuition. The above graph theoretic parameters and de nitions will be

used throughout the thesis, subject to notational modi cations as needed.
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Figure 1.4: Transition probabilities qp from phenotype p to phenotype g upon a single
character mutation of an input sequence, plotted against the frequency of outputg.
Here, we plot g, for the RNA12 and HP24 models for the phenotype with the second
largest number of genotypes mapping to it. Note that o, fq. These plots include
the self-transition pp = . Data obtained from the authors of ref. [1] (the Greenbury-
Schaper-Ahnert-Louis, or GSAL, dataset).

1.3 Thesis Outline

The remainder of the thesis is outlined as follows:

In Chapter 2, we examine spin glass ground states as input-output maps and show
that the network theoretic properties observed in natural biological GP maps are
also reproduced in the spin glass maps, suggesting a deeper, universal origin. This
motivates Chapter 3, in which we propose a maximum entropy model of genotype-
phenotype maps and analyze its behaviour. We show that a phase transition emerges
between robust and fragile phases of genotype-phenotype map organisation and
suggests that natural GP maps belong to one of two important classes.

Chapter 4 then explores maximally robust neutral networks from a graph
theoretic perspective. We explore 3 parameters: robustness, population neutrality,
and base information content of maximally robust neutral networks known as
bricklayer's graphs. We also elucidate for the rst time the connection between
a number-theoretic fractal function and biological GP maps. Also in Chapter 4

we propose a novel theory of phenotype coarse-graining and discuss why neutral
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networks themselves tend to stray away from the optimal robustness curve while
neutral components in many natural maps actually meet it.

In Chapter 5, we propose for the rst time an extension of the GP map notion of
robustness to continuous systems, showing how robustness is related to the surface
area-to-volume ratio of neutral sets in these input-output maps. We then provide a
series of approximations to the shapes of the neutral set (with zero, then one, then
two tunable parameters) which elucidate a theoretical power law for the behaviour
of robustness with respect to neutral set size. We t the model to numerical data
for deep neural networks and show that it is consistent with the power law form,
and that the tted parameters take on reasonable values.

In Chapter 6, we investigate a new direction of research, inspired by the question
of how a population can nd a new tness peak when the landscape changes. In
particular, our numerical experiments suggest that the discovery of new metastable
states can be thought of as a Poisson process, and that the observed power-law
relationship between change in tness and metastable state discovery time is
strengthened or weakened according to the variance in the epistatic interactions
in the tness model.

Chapter 7 recapitulates the ndings of the thesis.



Robustness of Spin Glass Ground States to
Perturbed Interactions

2.1 Introduction

Given the generality of the high robustness observed in biologically inspired GP
maps, in this chapter we ask the question whether a similar phenomenon can
be found in spin glasses, which have a rich history in statistical and condensed
matter physics. They have been intensely studied since the 1970s [31, 32] (and
most recently have been recognized with a 2021 Nobel Prize in Physics to Giorgio
Parisi a spin glass pioneer). Spin glasses have led to many important insights
in physics and other related disciplines, including computer science [33 35]. More
recently, the spin glass Hamiltonian has been used as a phenomenological model
for epistatic genotype to tness landscapes in which di erent sitesg(g. DNA,
genes, or amino acids) may couple to each other [36 42]. An important application
has been to viruses [37 40]. By taking sequence data over time, inverse statistical
physics methods can be employed to learn the interactions (or couplings) between
di erent sites. In the context of evolution, therefore, one can interpret the ground
state of the spin glass energy landscape as the global tness peak on an evolutionary
tness landscape. The interactions between spins in such a system can depend

on a number of biological or environmental factors [36, 40]. In the context of

12
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robustness, the interesting question here for these genotype (sequence) to tness
landscapes is again, what is the robustness of the ground state con guration (the
sequence of spins which gives the lowest energy) to mutations in the interactions
(the couplings)? In other words, if we perturb an interaction, how likely is the
same set of spins still the ground state?

Here, for tractability, we treat a simpler system than those typically used for
tness landscape inference, namely the J spin glasses on random graphs. In
particular, we examine special cases, namely the Sherrington-Kirkpatrick model and
1D Edwards-Anderson model. Various network-topological properties are computed
for subgraphs of the input space which include the sets of interactions all mapping
to the same ground state con guration. We nd that such subgraphs obey the
same logarithmic scaling law between robustness and phenotype network size as
in the analogous biological GP maps described above, suggesting that this high

robustness may hold for a much wider set of physical systems.

2.2 Model and Methods
2.2.1 Spin Glass Model

Consider an undirected, unweighted random grap&(V; E) with V vertices and
E edges, such as the one in Figure 2.1(a). We place Ising spins on each vertex,
and each edge represents a nonzero interaction between spins. A spin con guration
s2f 1gVl can be written as a sequence ofL and 1 values, so it is essentially
a binary sequence of lengthiVj. A set of interactionsJ 2 f 1g¥&! similarly is a
sequence ol and 1 values of lengthjEj. The spin glass Hamiltonian

Ha(s;J) = § Jij SiS; § hisi 2.1)

fij g2E i2v

contains couplings between all spins which are connected by an edg&inThe single-
spin, external magnetic eld interactionsh; are chosen from a random distribution
while maintaining jh;j j Jjj in order to break the possible degeneracies of the
spin glass ground state, yielding only a unique ground state. Details are explained

further in the Numerical Methods section.
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The input-output map considered in our study is the spin glass ground state

optimisation function
c:f 181t 19V (2.2)

de ned for the graph G. For a set of interactionsJ, ¢(J) outputs the ground state

con guration s that minimizes the Hamiltonian eq. (2.1). This ground state is not
necessarily unique for spin glasses in general, but we will choose values for the various
Jj and h; parameters in our simulation such that there is in fact a unique ground
state. The most common task in spin glass theory is to n& given a particular

set of interactionsJ. In this chapter, we study an inverse problem, namely the
relationship between the set of all input set§J g that generate a particular outputs.

To e ciently represent this system, we note that any binary sequence of length
n can be represented by a-dimensional undirected hypercube grap®,(U;F),
with vertices U such that jUj = 2" and edgesF such that jFj = 2" n. This
is accomplished by mapping each binary sequence to a vertexQp(U; F) and
placing edges between two vertices if the corresponding sequences have a Hamming
distance of 1 between them.

The domain of ¢ accordingly has a mapping to thgE j-dimensional hypercube
graph Q;g;(U; F). In general, for graphsG which have su ciently high connection
density to produce geometrical frustration in the spin glass, g(J) follows no
pattern and is di cult to calculate [43], even more so because of the degeneracy-
breaking external random eld interactionsfh;g. But, because of frustration,
two sets of interactionsJ() and J0) mapped to connected vertices often have

c(IM) = 5AW). The vertices corresponding to all such that ¢(J) = s for
some xeds induce a subgraphHs(Us; Fs) of Qjg;. It follows that SS Us = U. These
subgraphs are the equivalent of neutral sets in the GP map literature.

In this chapter, we numerically compute network-topological properties of the
induced subgraphsHs(Us; Fs) of the hypercubeQjg;(U; F) for a spin glass on a
random graph G(V;E). We consider three cases fdé: a sparse random graph

with jEj . 1 1Y), a dense random graph witEj & 1 1Y) , and a complete graph
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(a) Random Graph (b) SK Model

Figure 2.1. G(V;E) for. (a) a dense random graph and (b) the fully connected
Sherrington-Kirkpatrick model. Spins are placed on vertices and nonzero interactions are
on the edges.

JEj = j\éj . The latter case is known as the Sherrington-Kirkpatrick (SK) model of

a spin glass [31]. We also consider the 1-dimensional Edwards-Anderson model [32],
for which the relationship between induced subgraph edge couiftsj and vertex
count jUsj (equivalent to robustness) becomes analytically solvable with knowledge

of the degree distribution, which is presented in the Results section.

2.2.2 De nitions of Topological Quantities

The following parameters are computed for the spin glass input-output maps in our

study:

Robustness, normalised edge count, or mean degree. This property is
exactly the mean robustness de ned in eq. (1.1) and De nition 1.2.3. Locally, the
neighbour countny,q is equivalent to the degree of a particular vertex 2 Hg(Us; Fs),
whereHys is the induced subgraph of;e; such that all vertices inHs correspond
to interactions which result in ground state spin con gurations.

The mean degree is related to the number of edges by

deg{v) = 2jFj: (2.3)

v2Us
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Here, we compute a normalised mean degree or normalised edge count (or equiv-
alently the robustness), simply dividing the above quantity by the size of the
subgraphjUsj and by the length of the input sequencgEj:

2jF]
> % JUIE]

2 [0;1]: (2.4)

The notation s will become clear below when we also treat the transition probability
rs Of a vertex leading to a di erent ground stater. For the remainder of the
chapter, we use normalised edge count and robustness interchangeably. In
many real-world input-output maps including RNA and protein folding, Boolean
threshold networks, and genetic algorithms, it has been observed that logjUs]

or equivalently jFsj | UsjlogjUsj. We will test this scaling for the spin-glass system.

Transition probability. Consider two induced subgraphs d;;(U; F) called
Hs(Us; Fs) and H,(U;; F;), with s 6 r so that s and r are two spin di erent
con gurations. Let T;s = T be the set of edges connecting the induced subgraphs
Hs and H,. Mathematically, T,s = ff u;vg 2 Qigj(U;F)ju2 Us* v2 U~ u 6 vg.
We de ne the transition probability of s ! r

iTrs
© UIE]

2[0;1], s6r (2.5)

as the probability that a random bit ip in an input sequence corresponding to
a vertex in Us will result in a sequence that is found inU;. That is to say, by
performing a sign ip of one spin coupling in the set of interactiond 7! J% s gives
us the conditional probability P( ¢(J9 = rj g(J) = s). In many real-world
input-output maps, it has been observed that often ;s | U;j, or equivalently
iTs] J UrjjUs [1, 11]. We will test this scaling for the spin-glass system.

It is now easy to see that, for the case wheie= r, the transition probability
Tss Simply counts the number of edges in the induced subgrapths(Us; Fs) and
therefore is equivalent toFs. However, in the de nition of ¢ in eq. (2.4), we
have a necessary factor of 2 which comes from the double counting of edges.

This double counting is required for consistency with the notion of a transition
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probability due to a bit ip or in this case, staying within the same subgraph
, o " L .. P
despite a bit ip. From the de nitions, the normalisation condition , ¢ =1

holds, where the sum includes = s.

Rank-size and degree distributions. A rank-size plot, plotted on a log-log
scale, may be used to deduce if there is a power law (i.e. generalized Zipf's
Law) relationship between rank and number of verticebls in the subgraph as is
seen for some GP maps. We also compute the distribution of degrees of all the
vertices in a given subgraph, for all subgraphs. This provides more information
about the modality and skew of the distribution than simply counting the edges

or nding the mean of the degree.

Clustering coe cients. The local clustering coe cient de ned at a vertex w

gives the ratio of all neighbours ofv connected to each other to the ratio of all
possible pairs of the neighbours ofy, the latter of which is %9 . As such,
C(w) calculates the fraction of triangles involvingw out of all possible triangles
involving w. Given an induced subgrapts(Us; Fs), the local clustering coe cient

Cs(w) for a vertex w 2 Ug is de ned as

2iff u;vg 2 Fsju;v 2 No(w) ” u 6 vgj, (2.6)
degv)(deg(w) 1) ’ '

Cs(w) =

where Ng(w) = fv 2 Ugjfv,wg 2 Fsg is the neighbourhood ofw, i.e. the set of
all vertices connected tow. An averaged clustering coe cient
— 1
C

o jUSj w2 Us

Cs(w) (2.7)

can also be de ned for the entire induced subgraph.
In our system, we note that the hypercube graplQ;e;(U; F) has no triangles
to begin with and thus hasC(w) = 0 for all w 2 U. It immediately follows that

all local clustering coe cients are zero for all induced subgraphs.
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Assortativity. A network's assortativity is a measure of correlation between the
degrees of two connected vertices. Typically, the Pearson correlation coe cient
r is used as a quantitative measure of assortativity. For a subgragfs(Us; Fs),

this is calculated by nding [8]

P — P
vy, degv)’nndegl) o5 (v, deg®)?)”

1 (2'8)
" 2w, degl)® L ( vay, deg)?)’

— P . . :
where nndeqv) = m uzNs(v) deg(u) is the average degree of vertices in the

s =

neighbourhoodNg(v) of vertex v 2 Us. Networks with r > 0 are said to be
assortative, and vertices with higher degree tend to be connected to vertices with
higher degree. Accordingly, networks withr < 0 are said to be dissortative,
and vertices with relatively high degree tend to be connected to vertices with

relatively low degree.

Betweenness centrality. The betweenness centralitys(v) of a vertexv 2 Ug

for a Hs(Us; Fs) is de ned as

_ 10X gluviw),
BS(V)_ ZU;WZUS g(U,W) )

u veé w, (2.9)
where g(u;w) is the number of shortest paths betweem and w and g(u;v;w)
Is the number of shortest paths betweem and w that pass throughv. Bs(Vv)

is often plotted againstdeg\Vv).

2.2.3 Numerical Methods

For each instance of a random graph (and for the special cases of the SK model
and the 1D Edwards-Anderson model), we xed random eldsh; drawn from

the distribution

1
Pthi)= 50 (h )+ (hi+ )l 1 (2.10)
in the spin glass Hamiltonian given in eq. (2.1). Such a distribution enforces
jhij = 1 = jJ;j and drastically raises the probability that ground state

degeneracies due toZ, symmetry (i.e. s5; 7! s; for all i), underlying symmetries of
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(a) Sparse Random (b) Dense Random

(c) SK Model (V] = 6, jEj = 15)

Figure 2.2. Plot of normalised edge count g (equivalent to robustness) versus log of
normalised number of subgraph vertices|og,o(jUsj=2F!) (equivalent to number of vertices
in induced subgraph) for a sparse random graphj¥/j =9, JEj = 15), dense random graph
(jVj=7,jEj =15), and SK model (jVj =6, JEj =15). The correlation between ¢ and
log,o(jUsj=2F)) is (a) sparse random graph: Pearsom = 0:9814 Spearman = 0:9817,
(b) dense random graph: Pearsom = 0:9679 Spearman =0:975Q0 and (c) SK model:
Pearsonr = 0:9904 Spearman = 0:9915 Dashed line is the line of best of t in the

linear-log scale.

the random graphG(V; E), and particular con gurations of J; are broken, leaving

only a unique ground state spin con gurations which minimizes the Hamiltonian
in eq. (2.1). The ground state for each possible con guration df; was computed
by exhaustively enumerating over all possible spin con gurations2 f 1;+1gVl;

we chose =10 “ and numerically veri ed that it was indeed unique for simulation
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(a) SK Model (jVj=8,jEj=28) (b) SK Model (jVj = 8, jEj = 28)

Figure 2.3: (a) Plot of normalised edge count ¢ (equivalent to robustness) versus log
of normalised number of subgraph verticedog;,(jUsj=2F/) and (b) plot of normalised
edge count s (equivalent to robustness) versus normalised number of subgraph vertices
jUsj=2El for SK model (jVj = 8, jEj = 28). The data shown in both plots are identical;
only the scaling of the abscissa is modi ed to demonstrate clearly that the scaling law for
the normalised edge count/robustness is indeed logarithmic in the subgraph vertex count.
The dashed line in the left panel is the ordinary least squares best t line; the same line
is log-transformed in the abscissa coordinate to the dashed logarithmic curve in the right
panel.

cases we considered. This study was repeated for many instances of sparse and
dense random graph&(V; E) (and various choices of randonh;); numerical results

for single representative samples are shown in the following section.

2.3 Results

We now present results for the various topological quantities described in the
previous section for the subgraphsls(Us; Fs) (the equivalent of neutral sets) for
spin glasses de ned on random graphs(V; E) including: (a) sparse random graphs,

(b) dense random graphs, and (c) the Sherrington-Kirkpatrick model. We also
present the 1D Edwards-Anderson model as a special case where we can calculate
the exact relationship between edge count and induced subgraph vertex count. The

SK model simulations typically involve lowerjVj due to computational constraints.
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(a) Sparse Random (b) Dense Random

(c) SK Model

Figure 2.4: Log-log plot of nonzero transition probability s as a function of normalised
induced subgraph vertex countjU, =28} for sparse random graph [Vj = 9, JEj = 15),
dense random graph [Vj =7, jEj = 15), and SK model (jVj =6, JEj = 15). Correlation
coe cients for plot points which do not have s = 0 are (a) sparse random graph:
Spearman =0:6612 (b) dense random graph: Spearman = 0:8034 and (c) SK model:
Spearman = 0:7049 Dashed line is given by eq. (2.11).

2.3.1 Subgraph Edge Count or Mean Degree

For all topologies for G, our numerical simulations showed that each induced
subgraphHs(Us; Fs) has exactly one connected component, regardless of size. In
other words, each network of inputs (set of interactions) which map to a particular
output (a particular ground state) has only a single component.

In Figure 2.2, we plot the normalised edge count of induced subgraphs versus the
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logarithm of the induced subgraph vertex count. Spin glasses on sparse, dense, and
the complete graphs all approximately display thes logjUsj relationship which

is also seen for the closely related scaling of robustness with neutral set size found
for many GP maps. These can be compared with Figure 1.2 to see indeed that the
robustness scaling behaviour exhibited in the biological genotype-phenotype maps is
also demonstrated here in spin glasses. To further emphasize the logarithmic nature
of this scaling, we plot both linear-linear and linear-log scale plots for robustness of
a larger SK Model spin glassj{j = 8, JEj = 28, so there are2?® unique inputs and

28 = 64 unique outputs) in Figure 2.3. It is clear from especially the linear-axis
plot on the right that the scaling is indeed logarithmic. This result indicates that
there is a high degree of robustness (or a lack of sensitivity) in the spin glass
input-output map to perturbations of the couplings.

The vertices of induced subgraphs d@;s;(U; F) tend to be located near each
other in the hypercube. To compare our result to a random null model, take some
spin glass ground state mapping ¢(J), and randomize the input-output pairings
while keeping the subgraph vertex counts the same. A perturbation of a single
interaction J 7! JOwill result in a spin con guration s = 3(J9 being selected
with probability jUsj=2Fl, regardless of ¢(J). Thus, s | U;j=2Ei, even for
r = s. Thus, the scaling behaviour for ¢ is distinctly di erent for this random
mapping as compared to the mappings observed here, which show high robustness

to changes in the input set of interactions.

2.3.2 Transition Probabilities

Transition probabilities are plotted in Figure 2.4 for the largest induced subgraph
of each spin glass model. As found for other GP maps [1, 11} is typically

much smaller than the ¢ found in Figure 2.2 or Figure 2.3. A random null
model which states that the probability of obtainingr upon a random step is

just proportional to jU;j gives the prediction

s aEyug Y (211)
S.
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(a) Sparse Random (b) Dense Random

(c) SK Model

Figure 2.5: Log-log plot of normalised induced subgraph vertex countjUsj=2/El

(equivalent to the neutral set size) versus the rank of the size fofa) sparse random graph
(jVj =9, JEj = 15), (b) dense random graph [Vj =7, JEj = 15), and (c) SK model
(jVj =6, JEj =15).

for r 6 s, where the prefactor is a normalisation constant taking into account
neutral steps that lead tor = s. Overall, as can be seen in Figure 2.4, this
predicted curve does a good job, suggesting that vertices of subgraplsg (r 6 s)
with nonzero transition probability are approximately randomly distributed in the

neighbourhoods of all vertices 2 jUsj with frequency | U, j=2F.
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(a) Sparse Random (b) Dense Random

(c) SK Model

Figure 2.6: Degree distributions of all induced subgraphs for(a) sparse random graph
(jVj =9, JEj = 15), (b) dense random graph [(Vj = 7, JEj = 15), and (c) SK model
(jVj =6, jEj = 15). The distributions are approximately unimodal.

2.3.3 Size-Rank Distributions

In the GP map literature there has been a lot of interest in phenotype bias, the
observation that the neutral set sizes can vary over many orders of magnitude, which
can even determine evolutionary outcomes [14, 23] even when natural selection is
also at play. In Figure 2.5 we show that such phenotype bias also exists for this spin
glass system. The rank plots show a consistent behaviour independent of spin glass
graph topologyG. An open question is whether or not the distribution of neutral set

sizes obeys a Zipf-like power law, applicable to models in which input site ordering
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(a) Sparse Random (b) Dense Random

(c) SK Model

Figure 2.7: Plot of assortativity rg of all induced subgraphs versus log of the normalised
induced subgraph probability jUsj=2E for sparse random graph [Vj = 9, JEj = 15),
dense random graph [Vj =7, jEj = 15), and SK model (jVj =5, jEj = 10). Correlation
coe cients are (a) sparse random graph: Spearman = 0:4188 (b) dense random graph:
Spearman =0:2178 and (c) SK model: Spearman = 0:4544

is strongly constrained (including Boolean neural networks [44, 45]), or a log-normal
distribution, which appears in RNA secondary structure GP maps [14, 46]. We think

that the current systems are still too small to conclusively answer this question.

2.3.4 Subgraph Degree Distributions and Clustering

In Figure 2.6, we plot the degree distribution of each subgraph for a sparse, dense,

and complete graphs. These tend to be unimodal, with very few vertices attaining
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(a) Sparse Random (b) Dense Random

(c) SK Model

Figure 2.8: Plot of vertex degreev versus log of betweenness centrality8 (v) for all
vertices v in the largest induced subgraph for sparse random graphjVj =9, JEj = 15),
dense random graph [Vj =7, jEj = 15), and SK model (jVj =6, JEj = 15). Correlation
coe cients are (a) sparse random graph: Spearman = 0:9919 (b) dense random graph:
Spearman =0:9615 and (c) SK model. Spearman = 0:9922

or coming close to attaining the maximum possible degree {j. The peak
shifts toward higher degree as the size of the induced subgraph also increases,
as is expected. The mean of this degree distribution is of course proportional
to the edge count found earlier.

Our simulations also con rm the trivial result that clustering coe cients are

always zero for induced subgraphs of hypercubes.
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(2) 1D EA Model

Figure 2.9: Connectivity of the 1D Edwards-Anderson model.

2.3.5 Assortativity and Betweenness Centrality

In Figure 2.7 we show the assortativity, de ned in eq. (2.8), of induced subgraphs
plotted against the log of induced subgraph vertex count. The values are mainly
negative for the sparser graph, and positive for the denser graph and the SK model.
The value of the assortativity itself is an indication of the correlation the degree
of a vertex and the degree of its neighbours. Positive (negativey of subgraph
indicates that the degree of a vertex and the degree of its neighbours tend do
be positively (negatively) correlated. In [8], a weak positive correlation between
assortativity and network size was found for RNA. It may be that our systems
are too small to resolve such trends.

We also plot the betweenness centrality versus degree for the largest induced
subgraph in Figure 2.8. Itis clear from the positive correlation found in all plots that
vertices with higher degree tend to also be more central, i.e. there are more shortest
paths travelling through that vertex. Such positive correlation between betweenness
centrality and degree has also been observed in induced subgraphs in RNA folding
GP maps [8]. These two measures both being measures of centrality often have

positive correlation in unweighted networks [47].
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(a) Robustness (b) Degree Distribution

(c) NS Size vs. Rank

Figure 2.10: Results for 1D Edwards-Anderson model: (a) robustness/normalised
edge count g versus neutral set sizgUsj (the dashed line is the analytical result from
eg. (2.12)), (b) degree distribution of neutral set vertices, and(c) neutral set size versus
rank plot on log-log scale.

2.3.6 Special Case: 1D Edwards-Anderson Model

The Edwards-Anderson (EA) model is another special case which deserves individual
treatment. The EA model, the original theory of spin glasses [32], is simply a spin
glass on a lattice with nearest neighbour interactions only. For the 1D Edwards-
Anderson (EA) model with periodic boundary conditions, the topology of which
is shown in Figure 2.9, the behaviour of s is analytically tractable from the

degree distribution. The 1D EA model hagEj = jVj, so forjVj > 5, G(V;E)
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Is sparsely connected for the 1D EA topology. The degree distribution of each
subgraph indicates that for a subgraph of sizgJyj, there are exactlyjUsj 1 vertices
with degree 1 and 1 vertex with degre¢Usj 1. This means, for the 1D EA
model, an induced subgraplis(Us; Fs) is exactly a star graphSy,; 1, which has

JFsj = jUsj 1 edges. Thus, it immediately follows that
!

L deg(v) = i 1

— — 2.12
JUSIE] 0, El T iU4 (2.12)

S:

The points in Figure 2.10(a) fall exactly along this curve. Fig. 2.10(b) shows that
the degree distribution is quite simple. A size-rank plot is also shown for the 1D EA

model in panel (c). For the 2D EA we could not nd an analytically tractable .

Remark: pathological examples. The 1D EA model serves as a example
in which linear-log scaling is not seen fors, and other topological properties of
induced subgraphs may not behave exactly the same way as in the representative
gures which describe the overwhelming majority of random graphs found in our
simulations. It is not surprising that a small set of pathological examples exists
for this input-output map, as they could for any input-output map. However, the
major takeaway is that the ground states are obviously robust to changes in the
interactions, even for the 1D EA model shown here. The relationship between edge
count and subgraph vertex count exhibited in the 1D EA model (and of course
the general cases discussed prior) display much higher that would be expected

from a random mapping ¢ of inputs to outputs.

2.4 Discussion

In this chapter, we probed the robustness and stability of the ground states of

J spin glasses on random graphs to perturbations of the interactions. Through
numerical simulation, we calculated the properties of induced subgraphs of the
hypercube graph which all map to the same ground state output. Such properties
include the relationship between edge count and vertex count, the probability of

transition from ground state to another after sign ip of a single interaction, the
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size-rank distribution of the induced subgraphs, degree distribution, clustering
coe cients, assortativity, and betweenness centrality. In addition to sparsely
and densely connected random graphs, we also studied the special cases of the
Sherrington-Kirkpatrick model and 1D Edwards-Anderson model, the latter of
which has an analytically tractable relationship between edge and vertex count.

Our main result is that these ground states have relatively large sets of interac-
tions J that map to them. In other words there is a fair amount of redundancy.
Moreover, the ground states are remarkably robust to ipping the interactions.
Robustness was found to scale as the log of the size of these (neutral) sets, quite
similarly to what has been observed for many di erent GP maps [1, 12, 13, 18, 19];
a caveat is that our systems are quite small, so that the scaling was not observed
over much more than an order of magnitude in frequency. Another interesting
result, also seen for GP maps [1, 11] is that, in contrast to the robustness, the
transition probabilities, de ned as the likelihood of a ip of the spin yielding a
di erent ground state, do scale proportionally to the neutral set size, as one would
expect from a random model. The similarity to the GP map behaviour suggests
that there may be a more universal argument (based for example on algorithmic
information theory [48, 49]) for these scaling properties.

Our spin-glass models are relatively small, because, as is well known, nding
the ground state of a spin glass can be typically computationally expensive and
di cult in general. Depending on graph topology, nding the ground state of a
spin glass can be NP-hard [43]. Knowledge that the robustness of a ground state
is large may potentially o er improvements to ground-state nding algorithms by
providing a measure of stability of a certain ground states as a function of parameter
space. It would also be interesting to check some of our results on signi cantly
larger networks. We nd, for example, that all our subgraphs that map to the same
ground state are connected by single ips of thd; s. Will this percolation property
hold for larger systems, or will these subgraphs start to fragment?

Mapping epistatic interactions onto spin glass Hamiltonians to derive sequence

to tness maps has been especially important for the study of viral evolution [37 41].
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These models typically have continuoud, and so it will be interesting to see if
the kind of scaling properties of robustness that we nd here for the J spin
glasses carry over to these more complex systems. If, as we expect, a concept
akin to high robustness persists, then this may have implications for the stability
of tness peaks to environmental changes.

Another potentially interesting future direction of research is to explore these
results about robustness in the complementary setting of the sensitivity of Boolean
functions [50 53]. It would be interesting to see whether similar high robustness/low

sensitivity results can be found in this related context.
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3.8 DISCUSSION . . . . . . 64

3.1 Introduction

We have seen in Chapter 2 and in refs. [1, 15, 18 20] that natural genotype-
phenotype or input-output maps seem to obey universal scaling laws for robustness
and transition probabilities, among other properties. Here, we propose a maximum
entropy model with only a single constraint which reproduces the universal scaling
laws for many properties without those properties themselves being constrained. Our
statistical mechanical model exhibits phase transition-like behaviour, separating a
robust and a fragile phase, each of which has distinct scaling laws for robustness and
other topological properties of neutral networks. We conduct numerical simulations
to explore these phases and the network-topological properties they predict for
neutral networks. We then examine examples of analytical biological GP maps, and

show that in the large sequence limit they tend towards the robust phase.

3.2 Minimally Constrained Maximum Entropy
Model of Input-Output Maps

Consider the sequence-based input-output map
c f0;i ke 1g9!f 0:iiq 1g (3.1)

from the space of sequences of lengthfrom an alphabet with k characters to a
nite set of discrete outputs with cardinality g. The input space of sequences of
length d and alphabet ofk characters comprises the vertex set of the Hamming
graph Hgx = (Ky) 9, which is the Cartesian product ofd copies of the complete
graph Ky, and an edge exists between two vertices if the Hamming distance between
the two sequences is 1. Lé¥ be the vertex set andE the edge set oHgx. Thus,
induces a graph partition ofHg4, such that the induced subgraph vertex set

V, = fx2f0;:::;k 19 ( X) = ng. Now, each induced subgraph, which has
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V, V andE, E, called aneutral spacein the evolutionary biology literature,
contains all vertices which map to the same observable output.
We now de ne robustness and sensitivity as they are used in evolutionary

biology and computer science, respectively.

3.2.1 Preliminary De nitions

De nition 3.2.1.  The (local) robustness  ( ;x) of an input-output map given

without changing ( x). Equivalently, we can use our graph-theoretic de nition.
Suppose( x) = n. Then, the vertexx 2 V, belongs to the induced subgrapl.

Then,
oy deg; ().
()= 4k 1

wheredeg; (x) is the degree ok in the induced subgraph irG,.

(3.2)

De nition 3.2.2. The robustness () of an outputn2f0;:::;q 1gis given

by the average of the local robustness over all vertices in the induced subg@&ph

1 X 2E ]
. - X)) = ————
Nl oy 0T Ak Dvi

n() = (3.3)

X2 Vn

Robustness in evolutionary systems is typically calculated for each phenotype,
and the scaling relation between the robustness, and the size of the induced
subgraphjV,j is observed. This is equivalent to understanding the general scaling
relationship between the number of edges and number of vertices of the induced
subgraph jV,j.

In this chapter, we hypothesize that an aggregate measure of robustness for an
input-output map, which we callglobal robustnesgs by itself a su cient constraint to
reproduce all of the important topological features of genotype-phenotype maps that
have been observed in nature, including the scaling laws for robustness, transition
probabilities, number of neutral components per phenotype, size of largest neutral
component, etc. The global robustness is a collective measure of the robustness of

all the outputs in an input-output map, weighted by the output frequencies:
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De nition 3.2.3.  We de ne the global robustness of an input-output map as
the frequency-weighted average robustness
& 1 & 1
Enl n . P(( x)=n) ()= n=0fn n() (3.4)
where ,() is the robustness of tha-th output for the input-output map on a
Hamming graphHgy, and f,, = jV,j=k? is the frequency of the output appearing,
which is identical to the number of vertices in the output neutral network divided by

the total number of vertices in the Hamming graph, which I€'.

We note that the frequency distribution often varies across several orders of
magnitude in natural GP maps [48, 54, 55]; as a result, the global robustness
value of the global robustness will mostly be determined by the robustness of the
largest phenotypes. In Section 3.2.2, by using a maximum entropy approach and
constraining only the global robustness, we will discuss the phase transition-like
behaviour of the statistical mechanical model, most importantly showing that each

of these scaling laws are actually heavily dependent on each other.

Connections Between the Sensitivity of Boolean Functions and Robust-

ness

Here, we also point out an important connection between robustness and a mathemat-
ical counterpart which appears in computer sciencegensitivity, which measures the
likelihood that ipping a single input bit will alter the output bit of Boolean functions

f :f0;1g° I f 0;1g, that map binary sequences of lengtld onto a single binary
output. In other words, low sensitivity corresponds to high robustness. Huang's
[51] famously short solution, published in 2019, to the decades-old Sensitivity
Conjecture [50] concerning induced subgraphs of tiledimensional hypercube graph
has recently brought a great deal of attention to the sensitivity analysis of Boolean
functions. While scaling laws for sensitivity are typically not measured in the
manner done for biological robustness, there are many mathematical equivalencies
between the two. In the literature, see e.g., [50 53]), quantities are de ned such as

local sensitivity, function sensitivity, and average sensitivity, which are similar to
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biological robustness. In this chapter, we do not explicitly use these de nitions from
sensitivity analysis, instead opting for the GP map inspired ones, but point out
that there is a seemingly understudied connection between robustness in biological
systems and sensitivity in Boolean functions. Moreover, the notion of average
sensitivity is used to motivate a similar parameter we call global robustness our
input-output maps, which we believe can function as a master constraint on many
di erent network topological properties of neutral networks.

Boolean functionsf : f0;1g% | f 0;1g are a special case of the input-output
maps discussed above, witlk = 2 and q = 2. Sensitivity is closely related to

evolutionary robustness.

De nition 3.2.4. The (point) sensitivity  [56] s( ;X) of a Boolean function (
de ned above, withk =2 and q= 2) at a particular input x 2 f 0; 19" is the number

of elements ofx which, when changed, result i x) also changing. This is exactly
s( ;x)=d@  ( ;x): (3.5)

De nition 3.2.5. The average sensitivity [56] of a Boolean function is the

average of the point sensitivity over all inputs

1 X
s(O= 5 s(x): (3.6)

The sensitivity of a Boolean function commonly studied in computer sciencce is

di erent from average sensitivity, and it is given bymax,(s( ;x)).

From the de nitions above, one sees that, fok = 2 and q = 2, the average
sensitivity is proportional to the sum of the robustness values for all outputs

weighted by the size of the corresponding induced subgraph:

1 . -
5()= d1 ?( o() Voj + 1() JV4))
!
JEoj + JE4] .
d2d 1

(3.7)
=d 1

Note that average sensitivity is proportional to the fraction of edges which belong

to any induced subgraph. Another de nition relevant in computer science appears
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here as well: in the analysis of Boolean functions, the uence of the i-th (with

the bit at the i-th site will change the output. Therefore, the sum of the in uences

[56] of each site is exactly equal to the average sensitivity as de ned in eq. (3.6).
In the case of evolution, where outputs need not be Boolean, we could have
g 2. We could now consider the following equalities, which resemble the sum

of in uences or average sensitivity:

2 q! 2 xt
U D) o " KK D) g " 39)
= 9( 1jvnj .

g(l
n()= P(( X)=n) n()= En[nl:

d
n=0 k n=0

randomly sampling an inputx from a uniform distribution on the space of inputs.

In the nal step we note that this is exactly equal to the global robustness.

3.2.2 Deriving the Canonical Ensemble with Maximum
Entropy

In order to be able to apply some techniques from statistical physics, as well as
those from graph theory, we de ne, for a speci c input-output map from eq. (3.1),

a cost function (akin to a Hamiltonian in physics) which we propose is minimised
in natural input output maps. Denote the negative of the global robustness de ned
above asH () , which we showed to be directly proportional to the total number

of edges induced by the map on the Hamming graph:

i B 2 9(1_ .
HO=  Elal® e gy, JEo (3.9)
" .
-2 (Cx); (y);

kdd(k 1) fxy g2E

where (( x); ( y)) is the Kronecker delta, and the sum is performed over pairs
of verticesf x;yg connected by each edge iH4x. We use the notational conven-
tion H() to refer to the negative global robustness because the negative global

robustness now resembles the Hamiltonian of a classical Potts model in statistical
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negative global robustness counts all sets of adjacent spins that map to the same
value ( x), i.e. the number of edges in the Hamming graph whose two vertices
map to the same output. Then the mean value of the negative global robustness
hH() i over some ensemble is then equal to the mean total number of edges
over that particular ensemble of maps.

De ne
JVh]

- (3.10)

fon=P(( xX)=n)=

norm kfk, = 1. Let P( jf) be the probability of selecting an input-output map
given the constraint that the subgraph sizes are given by Then the question
arises, what is the least biased distribution over all possible map® We then follow
the classical maximum entropy (MaxEnt) strategy [57] under external constraints.
The idea is that the least-biased probabilityP( jf), given a set of constraints,
Is the one that maximises the entropy under the same constraints. In statistical
mechanics, this principle was rst proposed by E.T. Jaynes [57], who showed that,
for example, the canonical ensemble is obtained when maximising the Shannon
information entropy under the constraints of normalisation and a xed average
energy. Here we follow the same strategy. For a xed set of subgraph sizes given by
f, we will maximise the Shannon entropy under the usual constraint of a normalised
probability, and we add a constraint on the negative global robustness, which is
equivalent to a constraint on the average of the Potts model Hamiltonian. This

is written down as follows in terms of Lagrange multipliers:

X
SIPC ifl= " P( iNlogP( )
0jf 1 0 1
(3.11)
@ P jf) 11 @ B(HH() CA;
if jf

whereC is a constant, and and 1=T are Lagrange multipliers. We usé& to resemble

the temperature in statistical physics; implemented as a Lagrange multiplier,T
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modulates the strength of the constraint on the negative global robustness. High
corresponds to a weaker global robustness constraint, and Bdecomes lower, the
constraint becomes stronger. We now maximis® with respect to P( jf), rst by
taking the functional derivative with respect toP( jf) and setting it to zero:
S 1
—— = logP( jf —H()=0 ; :
PC iT) gP( jf) +HO (3.12)

o]

P( jf)=exp _Il_H() : (3.13)

Using the normalisation conditionp it PC jf) =1, we have that

X HO
{

e = _fe 1 (3.14)
J

De ning Z(f) e Yyields a partition function
" #

X Y 1
Z(f) = exp ((x); (y) (3.15)

2
jffxyg2E T kdd(k 1)

which is the partition function of the classical Potts model for ara priori determined
f. We have now de ned the equivalent of a canonical ensemble on the space of
input-output maps with a xed set of output frequenciesf.

Thus, the probability distribution becomes

" #
v 1 2 _ _
P( jf)= me)‘p ?m ((x):(y) : (3.16)
Robustness can be written as
_ 2En]
n() = kid(k 1)f,
X 2(0x); (y) ((x);n)
fxyg2E kdd(k 1)f N (317)
1 .
ﬁHn( )

whereH () is one of the terms in the expansion of the negative global robustness:

1
HO= = Ha() : (3.18)

n=0



3. Phase Transition Between Fragile and Robust Phases of Input-Output Maps 40

3.3 Unconstrained Maximum Entropy (High T
Limit)

If MaxEnt is performed under no constraints aside from normalisation, then the

entropy-maximising distribution is the uniform distribution, and all states have

equal probability:

1

P( jf)= 7o)’ (3.19)
where
Zo(f) X 1= (k! :
o) T Qe d a1 (8:20)
if n=0 nj:

This is equivalent to the T ' 1 limit (i.e. the high temperature limit). In
the unconstrained MaxEnt scenario (theT ! 1 limit), the robustness of the

n-th output is

e 2 1ox o
fm a0 = Gk D Zo() Mt
2 1 (k1 f) X (3.21)

_ |Enj:
kdd(k  1)fn Zo(f) ~ agn(K9fa)! jfnJ "

P :
In the above calculation,  ;; jE,j is the sum of the number of edges in the-th
subgraph taken over all con gurations given the output frequencied. Consider
the vertices which do not belong to then-th subgraph for a particular con guration
: these vertices can be swapped or rearranged in exacﬁiz‘;t(kf—yf)?)! ways without
changing the number of edges in tha-th subgraph. Therefore,

X (ki@ fo xo .
_J&FM IEn]; (3.22)

if aSn(kdfa)! jifn

. . . P . .
where on the right hand side we are summing over ;¢ , the unique con gurations
having only constrained the number of vertices in tha-th subgraph. There are
kfj:n such con gurations. The average number of edges in an induced subgraph

of a Hamming graph with k% , vertices is thus given by

JEnj: (3.23)
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The authors of ref. [58] calculated this average exactly using a combinatorial
proof. First, they calculate the number of edges in all possible induced subgraphs of
the Hamming graphHg.; then, they manipulate their expression to determine the
multiplicity of graphs in which a particular vertex has some xed degree. Lastly,
they use knowledge of how many available neighbours any vertex has in a Hamming
graph to simplify their sum. They prove that an induced subgraph oH 4 which

has k% ,, vertices has an average number of edges given by

ke hx L d(k 1)k a)(kY . 1),

kify JEn] 2k 1)

(3.24)

Now substituting back into equation (eq. (3.21)), we can simplify to show that

kdf, 1.

B L—— 3.25
LR (3.25)

fin a0 i =

This result for robustness of then-th output is obtained when the constraint on the
negative global robustness is not included during entropy maximisation (equivalently,
T!1 inthe entropy de nition). This ensemble-averaged value is in fact also the
exact robustness of the random null model, in which inputs are randomly assigned
to the outputs. Our result in eq. (3.25) simpli es to the null expectation () fn
inthed!1 (thermodynamic) and/or k! 1 limit.

We can now calculate the asymptotic bound on the ensemble-averaged negative

global robustness for unconstrained MaxEnt:

& 1
fim HO 1= Jim B () |

- ! (3.26)
= 9(1|' fnh i = 1 'S f2 1 :
B n:OT!IEn nha() 1= ke 1 "

Although we considered the weak constraint (higi limit), it is also interesting
to consider more intermediate values of and the behaviour of the negative
global robustness as the constraint becomes stronger. To do so, we must be able to
calculate the partition function in eq. (3.15). This problem appears to be analytically
intractable, but in Appendix A we consider the special case for Boolean outputs

g=2. We perform a cluster (highT) expansion of the partition function and are
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able to calculate the coe cients of this expansion analytically using combinatorics.
This may be useful for better understanding the behaviour of the system's global

robustness as the constraint on maximum entropy strengthens.

3.4 Strongly Constrained Maximum Entropy (Low
T Limit)

We now consider the case in which the constraint on the maximum entropy is
strong; this corresponds to thelr ! 0 limit, the low temperature limit. When
the entropy constraint is strong, we know from statistical physics that the log of
the partition function (times T) is equal to the minimum of the Hamiltonian,

which is the negative global robustness:
lim [ TlogZ(f)] = min H() : (3.27)

This means that in the strong constraint limit, we are trying to maximise the global
robustness (minimise the negative global robustness). This is directly di cult to
do because it depends on distribution of the number of vertices in each subgraph
corresponding to a di erent output. The best approximation we can make is to
assume that each of the individual subgraphs has its robustness maximised:
& 1 & 1
mjip H()=min Hn() minH,() ; (3.28)

if n=0 no ifn

where we recall thatH,() =f, n() . The inequality becomes an equality for

some special cases &f For instance, when
0 1
f=k 981 Lol ko ko kS kK Lk K 3.29
O g 3 gk K g (3.29)
k 1copies k 1copies k 1 copies k 1 copies

H() is minimised when each of thed,() is minimised. Moreover, we nd

numerically that even outside of these cases, taking the inequality as an approximate

1This is the case because we can take® vertices (with 2 f0;1;:::;d 1g) and construct
an induced subgraph of the main Hamming graphH 4 which is itself a small Hamming graph
Hek. In this case, each neutral network has maximal possible robustness, which means the global
robustness is maximised.



3. Phase Transition Between Fragile and Robust Phases of Input-Output Maps 43

equality works well (see Section 3.5). So, we work in the approximation that the
maximum of the global robustness (which is the frequency-weighted average of all
of the output robustnesses) is approximately the same as the frequency-weighted
sum of the maximal robustnesses for each output on its own.

We discuss the subgraphs of a Hamming graph which maximise robustness
thoroughly in Chapter 4, where we use a result from coding theory to prove the
exact maximal robustness. The true maximal robustness is given by a complicated
expression which is actually a fractal. Instead of working with such an expression,
we use an approximation to the exact maximal robustness, which has been proven in
ref. [58] as well, though it is easy to see this approximation in the following
chapter as well.

An induced subgraph ofHgy, which haskd, vertices has number of edges

with an upper bound

(k  1)(k%,)log K9,

JEn]
_ dk (k) , (k1)K n)logfy,
B 2 2 logk '
Thus, we have that
minH,() = #max'E '
ifa 7T kdd(k 1) jf,]J n]
! (3.31)
logf,
fo 1+ :
dlogk
Immediately, we have
max () 1+ °9fn. (3.32)
it " dlogk’ '
from which it follows that
. .1 . logf,
y!mohn() = ﬁy!mo hH,() 1T 1+ dlogk’ (3.33)

which is the exact result given by generalising the Fibonacci model genotype-
phenotype map, proposed by Greenbury and Ahnert [13]. In particular, we have

shown that in the low temperature limit, the relationship between robustness and
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induced subgraph size i©(logf ), which is the trend observed in biological systems
such as RNA secondary structure maps, protein folding maps such as the HP and
Polyomino model, Boolean threshold networks, as well as spin glass input-output
maps (as we showed in the previous chapter).

We can also calculate the minimum value of the negative global robustness
(and accordingly, the maximum value of the global robustness) for the entire

input-output map (i.e. the T ! 0 limit):

: : Xt :
mjlpH()— Iern! OhH() i = n=0T|!m hH, () i
0 1 (3.34)
= @ A -
1+O”ngn:0fnlogfn :

3.5 Numerical Methods: Markov Chain Monte
Carlo Simulation of Potts Model

In sections Section 3.3 and Section 3.4, we provided an exact analytical treatment
of the maximum entropy model's highT and low T limits, which respectively
show that the system reproduces distinct scaling laws that correspond, respectively,
to the behaviours seen in the random null model GP map and the logarithmic
scaling observed in the biological RNA secondary structure GP map [1, 8], the
HP protein folding map [1], the Polyomino protein self-assembly map [1], genetic
algorithms [19], Boolean threshold networks [18], and spin glasses (Chapter 2).
We are also interested in the temperature-dependent behaviour and would like
to explore whether other scaling laws are likely to emerge from the model as
well at di erent simulation temperatures. Temperature here, implemented as a
Lagrange multiplier in the Shannon entropy expression, modulates the strength of
the constraint on the frequency-weighted average of the robustness (also de ned
earlier as being proportional to global robustness).

In the canonical ensemble formulation, the system can be equilibrated at a

particular temperature. To understand the equilibrium properties of our model, we
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Figure 3.1: Log-log plot of frequency versus rank for the MCMC simulation frequency
vector f plotted alongside the frequency-rank plots for the distributions of the phenotype
frequencies for RNA12 and HP24 molecules (with the unfolded state omitted). The
RNA secondary structure map is known to have a rank-frequency plot that scales as

f(r) '09# wherer is the rank, and a is some constant [46]. Other folding systems

are expected to have a Zipf-law like distribution wherelogf (r) / logr. Here, we choose
an exponential distribution for our MCMC simulation in order to uniformly cover the
log(frequency) axis with data points, but we do not believe the frequency distribution
would a ect the qualitative results or the conclusions.

employ a Markov chain Monte Carlo (MCMC) simulation namely, the Metropolis-
Hastings algorithm [59, 60]. This technique allows for estimation of ensemble-
averaged observables without sampling exactly over the entire con guration space,
instead using a Markov chain to estimate the observables in a time-dependent fashion.
In our simulations, we are exploring the con guration space of all possible input-
output maps for an a priori xed frequency vectorf, as described in the partition
function formulation earlier. This system can be mapped to a classical ferromagnetic

Potts model on a Hamming graph with xed frequencies for each Potts state.

3.5.1 Initialisation and Choice of Frequency Distribution

We rst initialise the system at a particular con guration. For this to happen, the

parameters of the Hamming graph corresponding to alphabet sikeand sequence
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length d are chosena priori and xed for the entire simulation. We use the
combinationsk = 2 with d =24 and k = 4 with d =12, as this will allow for direct
comparison with natural GP map robustness, transition probability, and neutral
component size/number data for the HP24 (length 24) protein folding map and the
RNA12 (length 12) secondary structure map, respectively, which is published in
ref. [1]. The distribution of output frequenciesf is also determineda priori and
xed for the entirety of the simulation. For both of these simulations we have 25

outputs, whose frequencies are given by an exponential distribution:
fo=1 and f;=2"1i="f1:::;249 (3.35)

We do not expect the actual choice of distribution to signi cantly a ect the overall
trends in robustness and other network topological properties in part because
di erences observed between biological GP maps in this property do not seem
to aect global trends in scaling of the robustness. However, the exponential
distribution is chosen for two reasons: (1) this allows for maximum spread of data
points along thelogf axes (abscissa) for the robustness, transition probability, and
neutral component size and number plots shown in the results section, and (2) as
shown in the log-log frequency-rank plot Figure 3.1, the exponential distribution
resembles the distribution offolded phenotypes/outputs in the HP24 and RNA12
models. Each of these models has one very large phenotype that corresponds to
unfolded states, but the overall distribution for the smaller frequencies appears
to be well-mimicked by the exponential distribution we have chosen here. RNA

folding systems are known to have a frequency-rank relationship estimated to be

logr+a
r EH

asymptotically f (r) wherer is the rank, anda is some constant [46]. Zipf
laws have been observed for other input-output maps as well; in this case one would
havelogf (r) / logr. We have chosen an exponential distribution for our MCMC
simulation in order to uniformly and maximally cover the log(frequency) axis in
order to best understand the the robustness-frequency relationship.

The initialisation of the input-output map con guration itself for the MCMC sim-

ulation can be random (which would typically be in the disordered/random/fragile
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phase) or an ordered/ground state initialisation (which would consist as explained
in the following chapter approximately of a set of bricklayer's graphs). For k =2
with d = 24 and k = 4 with d = 12 we begin with an ordered simulation in
which we simply assign output number 25 to the rst2?® sequences, output number
24 to the next 2?2 sequences, output number 23 to the nex@?! sequences, and
so on. The ordered start for these large systems is chosen for computational
feasibility, as many temperatures can be simulated in parallel without risk of
unwanted blockage in local energyminimum.

We perform an additional simulation with a random/disordered initialisation for

a smaller system Kk = 2 with d = 8), also with an exponential frequency distribution:
fo=1 and fi=2" Li=1f1:::;80 (3.36)

For this case, we perform simulations at each temperature in a sweep from high
temperature to low temperature serially, using the nal con guration at a
particular temperature as the starting con guration for the next (lower) temperature,
in e ect performing simulated annealing, which ensures the system does not get

stuck in a local energy minimum.

3.5.2 Simulation Detalils

The theoretical details of the Metropolis-Hastings MCMC simulation we conduct
are described in Appendix B. For our nite size simulations, we assume our system
is ergodic and mixes su ciently rapidly that we are able to calculate ensemble
observables by time-averaging over those observables for con gurations (the
con guration  at time step t) at regular intervals. For our (k = 2, d = 24)
and (k = 4, d = 12) simulations which have ordered starting con gurations, we
simulate at temperaturesT =0:01to T =15:01at intervals of T =0:1, where

T = T(k%(k 1)=2) is a scaled temperature. The system equilibrates at the
simulation temperature very quickly, so we used a transient burn-in period of

50 Monte Carlo sweeps, each of which consists kif = 224 = 42 individual time

2Note that energy here refers to the negative global robustness
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steps/proposals. During the transient period, observables were not calculated
at all. By monitoring system energy (negative global robustness), one could
see that the system was equilibrated well before the 50 transient Monte Carlo
sweeps. The main simulation then proceeded for 100 Monte Carlo sweeps, totaling
100 22 =100 4'?=1,;677721600proposals/time steps. For the k =2, d=8)
simulation with the random/disordered initialisation, we simulate from temperatures
T =0:01to T =5:01atintervals of T =0:5, which we found to be su ciently
small spacing to ensure proper convergence to the robust phase during the annealing
process. The number of burn-in/transient Monte Carlo sweeps was increased to
1000 (for a total number of proposals/time steps of000 28), and the number of
Monte Carlo sweeps in the main simulation during which observables were recorded
was increased to 5000 (for a total number of proposals/time steps 000 28).
After the transient period, observables were calculated at the end of each Monte
Carlo sweep (i.e. evenk® proposals) and incorporated into the time-averaged
estimates. We measured the system energy (equivalent to the negative global
robustness) as well as the scaled heat capaci@/, given by

_ @E_ K% h Ei*
@t (T)?

C (3.37)

We additionally measured robustness adachoutput, the number of neutral com-
ponents (i.e. connected components) within each output's induced subgraph/neutral
network, the size of the largest neutral component for each output, the transition
probability ,, between each pair of outputs. The transition probability ,, that a
single-character mutation of a sequence mapping to a vertex in timeth neutral
will result in the output changing to p is mathematically de ned as

_ jE(Gn;Gp)j )
Tk 1V(G))

neé p; (3.38)

where E(Gy; Gp) is the set of edges connecting the neutral networks/induced

subgraphs of outputsn and p. These results are presented in the following section.
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3.6 Numerical Results and Evidence of Phase
Transition-Like behaviour

Here, we present results of the Markov Chain Monte Carlo (MCMC) simulation
for the classical Potts model on a Hamming graph for xed. Numerically, we are
interested in the the behaviour of the ensemble-averaged energy (negative global
robustness), heat capacity, robustness, transition probabilities, number of neutral
components, and size of the largest neutral component. These results can then be

compared to the biological and computer science GP map data in refs. [1, 15, 18 20].

3.6.1 Negative Global Robustness, Heat Capacity, and In-
dication of Phase Transition

In Figure 3.2, we show both the behaviour of the energl (negative global
robustness) and heat capacityC. For all three simulations, it is clear that there is
phase transition-like behaviour between two distinct energy limits. In the energy
plots, we see that in the low temperature regime the system's energy is minimal
based on the frequency distributiorf chosen; it does not leave the ordered state (for
the ordered initialisation), or it nds an ordered (or at least very low energy) state
during the annealing process for the disordered initialisation. Up to corrections to
the log-scaling rule mentioned previously that will be addressed in the following
chapter rigorously, the data suggest that the robust phase is indeed very close
to the low temperature limit. Meanwhile, with increasing temperature, there is a
steep transition to a higher energy phase that approaches the high temperature
fragile phase limit we calculated in the high T limit previously. The peak in the
heat capacity suggests that in the in nite limit there would be a divergence there,
suggesting that a phase transition exists between the robust and fragile phases.
These clearly appear to be the only two phases, for this system, and the scaling
laws for robustness and other network topological properties that emerge from those

two phases are the only ones we expect to see in nature.
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(@) k=2,d=24 (b) k=4,d=12

() k=2,d=8

Figure 3.2: Energy E (equivalent to the negative global robustness) and (scaled)
heat capacity C versus (scaled) temperatureT for the simulated Potts model with
xed frequency vector f, showing phase transition-like behaviour between the robust
and fragile phases. Simulationga) and (b) were initialised in the robust phase, with
each temperature’'s MCMC carried out in parallel and simulation (c) was initialised
with a random con guration and each temperature was simulated serially, starting with
T =5:01

3.6.2 Robustness

In Figure 3.3, we plot robustness ,, of each output versus the logarithm of the
frequencyf ,. For each simulation size (with ordered intialisation for the rst two
cases and a disordered initialisation for the third), we nd very clearly that in

the low temperature limit, the system is in the robust phase and agrees with the
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theoretical calculation of the robust phase robustness. For the high temperature
phase, the system is in the fragile phase and agrees with our low temperature limit
calculations. We note that for thek = 4, d = 12 simulations, alternating outputs
(i.e. the odd-indexed outputs) stray a small amount from the logarithmic theory
prediction. As mentioned before, this is because the exact maximum robustness line
is not simply logarithmic; there is an additional correction factor for outputs whose
frequencies are not powers d&f. We have neglected that small correction factor for
the theory line in this plot; it is discussed rigorously in the following chapter.

Due to the phase transition between the robust and fragile phases, we would
expect that the only two scaling laws for robustness that should emerge are the
logarithmic (robust) scaling law and the linear (fragile) scaling law. The former
corresponds to the naturally observed scaling laws in the biological sequence-to-
structure maps, the gene regulatory networks, the genetic algorithms, and the spin
glasses, and latter corresponds to the random null model's scaling law discussed
in [1]. Our results suggest that in the in nite sequence limitd! 1 , the phase
transition becomes exact, and there would be no other scaling laws observed in
the model besides these two.

We emphasize once again that the robustnesses of individual outputs have not
been constrained in this simulation; only the frequency-weighted average over the
robustness the global robustness has been constrained. Yet all of the individual
robustnesses collectively obey the same scaling law. This supports our hypothesis
that only a single constraint on global robustness is su cient to reproduce the

naturally observed robustness behaviour of all the outputs/phenotypes.

3.6.3 Transition Probabilities

In Figure 3.4, we show a log-log plot of the transition probabilities ,, (for a mutation
resulting in a change in output/phenotype fromn to p) versus the frequency of
the target output f,. The empirical observations in ref. [1] show that ,, / f, or

even ,, f,. Proportionality, but not approximate equality, would emerge if the
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(@ k=2,d=24 (b) k=4,d=12

) k=2,d=8

Figure 3.3: Robustness , versus frequencyf, at low (T =0:01) and high (T =15)
scaled temperatures for MCMC simulation. For each Hamming graph geometry, which
is the same size as thda) HP24 map, the (b) RNA12 map, and (c) a smaller map,
there is clear evidence that two distinct robustness scaling laws exist on either side of
the phase transition. The MCMC results coincide with the theory plots for the robust
and fragile scaling laws. Simulations(a) and (b) were initialised in the robust phase,
with each temperature's MCMC carried out in parallel and simulation (c) was initialised
with a random con guration and each temperature was simulated serially, starting with

T =5:01
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robustness ,n is su ciently large that transitions to other outputs that are not

the n-th output would be di erent from the null expectation of ,,/ f,.

We see that, for all of our simulations, in both the robust and fragile phases
corresponding to low and high temperatures, respectively, the proportionality
on | fp is maintained. The dotted lines in Figure 3.4 are the line ,, = fp. In
the high temperature limits (fragile phase), the ,,  f, is observed. This is
because in the fragile phase, the inputs are e ectively randomly assigned to the
outputs, as in the high temperature limit the constraint of the negative global
robustness on the Shannon entropy becomes very weak. As a result, the neighbour
of any given input/vertex is random with probability approximately equal to the
frequency of that (neighbour's) outputf,. All of the MCMC ,, values thus
converge onto the ,, = f, line.

In the low temperature (robust) phase, the proportionality ,, / f, is still
maintained for many transitions, after which there is a plateau in the transition
probability. The o sets from the dotted line and the plateau are due to two di erent
phenomena: the o sets can be attributed to the fact that the mapping back onto
the starting output ., = , is much higher than would be expected from a
random uncorrelated map. In the robust phase, when outputs tend to be clustered
(maximally or nearly maximally) near each other due to high correlations, starting
outputs with high frequencyf, are substantially more likely to map back onto
themselves than any other output. This penalizes many of the,, values, o setting
them below the diagonal line. Meanwhile, however, there are some outpytsvhich
are highly abundant in the neighborhood of outpuh (again, beause of the clustering
in the robust phase). These transitions are o set above the diagonal line. Lastly,
the plateau in ,, occurs as frequency of the target output, increases because,
for a starting output of frequencyf,, there are at mostk’, edges connecting
the induced subgraphs of then-th and p-th outputs. So ,, is bounded above

by the starting output's frequency f,.
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(@ k=2,d=24

(b) k=4,d=12

) k=2,d=8

Figure 3.4: Log-log plot of the transition probabilities p, (indicating a transition
n! p) versus frequencyf, of the target output at (a,b,c left) low (T = 0:01) and
(a,b,c right) high (T =15) scaled temperatures for MCMC simulation. Each colour
represents a starting output n, and each dot on each line is placed according to the
frequencyf, of the target output p. The dotted line indicates the expectation pn f,
that has been observed empirically in [1]. In both the low and high temperature limits,
the scaling law holds. Simulations(a) and (b) were initialised in the robust phase, with
each temperature's MCMC carried out in parallel and simulation (c) was initialised

with a random con guration and each temperature was simulated serially, starting with
T =5:0L
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These graphs show excellent phenomenological agreement with the empirical
data from biological GP maps [1] (reproduced in Figure 1.4) as well as the spin

glass maps from Chapter 2.

3.6.4 Number of Neutral Components and Size of Largest
Neutral Component

Each output's induced subgraph/neutral network may be disconnected into several
neutral components (called connected components in graph theory) or may be fully
connected. In Figure 3.5, we plot the number of neutral components of each induced
subgraph for each output versus the frequency of that output. In the robust phase
at low temperature, we see very clearly that the number of neutral components
remains at 1; this is because the entire output network tends to cluster tightly in
the robust phase as the constraint on maximum entropy is strong. In the fragile,
high temperature phase, we nd that for the smallest frequencies the number of
neutral components is small, and it grows as frequency increase until a percolation
threshold [1] is reached. Since each vertex/input in the Hamming graph has
d(k 1) neighbours, when the frequency of a particular output is approximately
fn 1=(d(k 1)), the expected number of neighbours mapping to the same
(n-th) output becomes approximately 1. Beyond this threshold, the probability of
nding at least one neighbour mapping to the same output becomes very close to
1, which means that the entire induced subgraph/neutral network for that output

is very likely to be (almost) fully connected. This percolation threshold, known
as the giant component threshold, therefore shows a rapid drop in the number of
neutral components for su ciently large frequency.

The size of the largest component is plotted in Figure 3.6 versus the frequency of
the output. In the robust phase, since there is only one component per output, the
number of vertices in the largest component is simply the number of vertices in that
induced subgraph. In the fragile phase, the size of the largest component increases,
but very slowly, as the probability of nding small connected clusters increases with

frequency. However, the clusters are still likely to be small and spread out until the
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(@) k=2,d=24 (b) k=4,d=12

() k=2,d=8

Figure 3.5: Log-log plot of the number of neutral components versus frequency, of each
output in both the robust (low temperature) and fragile (high temperature) phases. These
results agree with the data for biological GP maps in [1]. A percolation transition occurs
[1] at the frequency = 1=(d(k 1)), where the largest outputs' induced subgraphs/neutral
networks are su ciently large that they connect into one giant component; the number

of neutral components drops to a small number (essentially 1) in the giant component
regime.
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(@) k=2,d=24 (b) k=4,d=12

) k=2,d=8

Figure 3.6: Log-log plot of the largest neutral component size versus frequenchy, of each
output in both the robust (low temperature) and fragile (high temperature) phases. These
results agree with the data for biological GP maps in [1]. A percolation transition occurs
[1] at the frequency =1=(d(k 1)), where the largest outputs' induced subgraphs/neutral
networks are su ciently large that they connect into one giant component.

giant component percolation threshold is reached, beyond which a giant component
appears. Now, for su ciently large frequencies, the largest component is also a

giant component, or the entire induced subgraph may even be fully connected.

The neutral component size and number data has excellent agreement with
the biological GP map data published in ref. [1]; this model is more idealised

and less, noisy of course.
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3.7 Global Robustness of Analytical Biological
GP Maps

In the previous sections we have shown that a simple constraint on the global
(or average) robustness is enough to push a mapping from a fragile phase to a
robust phase that is near to maximum robustness. The open question, of course,
Is do real GP maps have such a constraint? One way of answering this question
is to look at some simplied GP maps, and to see if they naturally result in a
higher robustness. In this section we consider a recent body of work that has done
just that, starting with a paper by Greenbury and Ahnert [13], who looked at a
simple picture of constrained and unconstrained parts of a genotype. This work
was then followed by additional papers [16, 46] that built in more sophisticated
versions of the same constrained/unconstrained idea.

Since these models all show that a very simple biological fact, having constrained
and unconstrained parts of a sequence, leads to relatively high robustness, this
suggests that natural GP maps will be in the high robustness phase. We now look
at two models from this literature, examined analytically by Weiy and Ahnert

[16], in more detail.

3.7.1 Maximally Robust behaviour of Weiy-Ahnert Gene-
Like Model

Weiy and Ahnert [16] generalise Greenbury and Ahnert's previous Fibonacci model
of genotype-phenotype maps [13] (which modeled genes containing variable-length
sequences of coding and non-coding DNA by using binary sequences with e ective
stop codons built in) to an input-output map that admits an alphabet of more
than 2 characters. This gene-like model has one stop codon among the alphabet
of k characters. Their input-output map takes in a sequence af characters from
the alphabet, and the output is de ned uniquely by the identity of the sequence
prior to the stop codon, which by the very nature of the system is mutable. This
model closely mimics the idea of coding and non-coding regions in DNA or RNA

regions. They also compare this model to a gene-like reference model in which the
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rst stop codon is xed. The robustness of the gene-like model and the gene-like
reference model are exactly solved.

First, we consider the gene-like model with input output map 4. Suppose that
a particular output is generated from a (contiguous) coding sequence of length

Each output that has a coding sequence of lengthwill have a frequency
fC)=k ; (3.39)
and the number of outputs which have coding sequences of lengthave multiplicity
()=(k 1) % (3.40)

When ° = 0, that means there is no stop codon present. The authors of [16]
assign a label of unde ned to this output. The unde ned output has a frequency

d .
fu = ¥ . It can be veried that

xd
fu+  f(C) ()=1: (3.41)
=1

The robustness of an output with a coding sequence of lengths given by

V=1 _ 3.42
(=1 | (3.42)
The unde ned output has a robustness , = % We can now write the negative
global robustnessH( ) as
o
H( )= fuut OFC) O)
=t ! 3.43
k (k )¢ (k 2)(k 1)71 ( )
= 1 -+ + :
d kd 1d kd

Given the frequency distribution of this model, the lower bound becomes

|
| o o fulogfu X () ()logf ()’
minHC e =0 hHO 1= 1% Togk © dlogk
k, Kk 1) Lk 1)logk 1) .
d* ki id k¥logk ’

(3.44)
1
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and the upper bound onhH( )i i.e. the negative global robustness in the

unconstrained maximum entropy limit is
!

. . 1 o

lim hH() i = e kdf 2 + O () 1

' =t ! (3.45)
_ 1 (k 1~ .\ k¢ (k1) d L
ki1 kd k2 k+1 '

It is clear that in the limit of large sequence lengthd, we see that
!
K an

. cd 1 K
y!mO hH() i! 11 q " 1 (3.46)
and !
K
. d 1 Ko an :
lim H( g)! 11 ! 1: (3.47)

Thus, the gene-like model converges to the highest possible edge count (i.e. lowest
possible negative global robustness) in the large sequence length limit. In Figure 3.7,
we see plots of the lower and upper bounds omH() i and the negative global

robustness of the gene-like modedfi( ).

3.7.2 Maximally Robust behaviour of Modi ed Weiy-Ahnert
Gene-like Model with Fixed Number of Constrained
Sites

The authors of ref. [16] also propose a gene-like reference model in which the stop
codon is not mutable. This means that if the-th element in the input sequence is
(the rst) stop codon (indicating that the constrained part of the input sequence
ends there), it cannot be changed to any other character in the alphabet. That
means that for a sequence of lengtth, there ared 1 mutable sites. In their model,
they consider cases where the stop codon could be at any of theites and also
calculate the frequencyf,, and robustness ,, of outputs for all possible positions of
the stop codon. They also calculate the robustness and frequency of the unde ned
phenotype, when no stop codon is present. In their model, the restriction on not
being able to mutate the stop codon results in edges being pruned from the Hamming
graph thus, our analytical calculations on the Hamming graph will not be exactly

correct (though the behaviour will be the same in the large sequence lengttimit).
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@) k =4 (b) k =12

() k = 20

Figure 3.7: Global robustness from the gene-like genotype-phenotype map from Weiy and
Ahnert [16] as a function of sequence length. (Red) Lower bound (low temperature limit)
min s H( ¢) = limg;;  hH() i from eq. (3.44), (Blue) upper bound (high temperature
limit) limti;  hH() i from eq. (3.45), and (Green) negative global robustness$i( g)
from eq. (3.43) for the gene-like model of genetic input-output maps for (ak =4, (b)
k=12, and (c) k = 20.

We present a slightly modi ed version of the gene-like reference model: here

total number of sitesd. Moreover, indices of thos& constrained sites are speci ed
a priori (e.g. the rst c sites in the input sequence would be a realistic exon-
intron pair). The number of constrained sitesc is an additional degree of freedom
in the model. The frequency of an outputf (¢) that has ¢ constrained sites is

thus given by the number of combinations of characters which can be generated
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from only the unconstrained sites
f(g=k (3.48)

and the robustness of such an output is the number of unconstrained sites divided

by the total number of sites:

Q=1 g: (3.49)

The number of outputs which havec constrained sites is given by the multiplicity
(c) = k& (3.50)

Clearly, we have (c)f (c) = 1. Using the above relations it is clear that

logf ().

=1+ dlogk ’

(3.51)

regardless of the number of constrained sites, so a model that is purely constrained
or unconstrained displays the expected linear-log scaling relationship between
robustness and frequency. Referring to this input-output map asgy(c), wherec

speci es the number of constrained sites, we can write the negative global robustness

c

HC o@) = (@f(Q (= 1 - (3.52)

The lower bound on the negative global robustness is given by
meH( o(©) = lim "hH() i

(of (c)logf () |

= T iogk

(3.53)

C
= 1 —
d

Clearly, the total edge fraction isalwaysat its maximum value in this model, and
is thus the coldest it could possibly be. For the sake of completeness, we show
that the upper bound i.e. the negative global robustness in the unconstrained

maximum entropy limitis given by

i O 1=
kd ¢ 1
kd 1°

1
(©f (9 1
ki 1 (3.54)
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3.7.3 Highly Robust behaviour of Weiy-Ahnert RNA-Like
Model

The authors of ref. [16] have also developed an analytical model that behaves
like secondary structure maps in particular, the RNA secondary structure map
in which oligouncleotide sequences can fold to form stem-loop structures. In their
model, one character of thek characters in the alphabet represents a character
which can induce binding. The furthest separated binding characters are linked in
a matter that would resemble base-pairing in a stem-loop structure. A sequence
with an even number of such binding characters would have pairs forming from
the outside-in. A sequence with an odd number of such binding characters would
have one binding character in the central loop which remains unbound. The input-
output map, which we call , is decided based on mutations of the paired/bound
versus unpaired/unbound characters.

For an input sequence of lengthd, suppose there aré characters which are of
the binding character. Ifi is even, then robustness also depends on the number
of characters intervening between the two innermost characters. The authors have
shown that, as a function ofi and j, the frequency of outputs is

(k 1)F"+jk 10"

- : (3.55)

f(i;j)=

and while the multiplicity of each output cannot be analytically derived, the

multiplicity of the number of outputs given i andj can. This is given by
!
1]

e(i;j) = _— (3.56)

The unde ned output has only one or zero coding letters, and it has frequency

_ (k 1)¥+dk 191

- (3.57)

fu

The robustness values of these outputs has also been derived analytically, with
the robustness as a function of and j given by

ik 2), ik .
dk 1) dk 1)k 1+j)’

ok
(i;j)= ” §+ (3.58)
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and the robustness of the unde ned output is

=k 1+(dk 2)+1)=(k 1)

! (k 1+4d) (3.59)
There is no closed form expression for the total edge fraction, but it is given by
0 1
X Xt oo
H( )= @+ e(i;j)f (i) (5] );A: (3.60)
i2|d ] =0

wherely = 2;4;:::;2bd=2cg. The lower bound is, as usual, given by

njleHZ( () = lim "hH() i .

« 1 (3.61)
= 41+ f,logfy+ e(i;j )f (i;) )logf (5] ) ;

i214)=0

and the upper bound is

1
. 1 S i (i .
lim hH() i = 1 @ e(i:j)f (i;j)%> 1A (3.62)

i2|dj=0

For various values ofk, we plot in Figure 3.8 the total edge fraction for this model,
the lower bound, and the upper (random) bound. It is clear that, as the sequence
length increases, the total edge fraction remains near though does not seem to
asymptotically approach as in the gene-like model the lower bound on the negative
global robustness. These systems are not globally maximally robust, but their

features [16] resemble those of the robust phase.

3.8 Discussion

In this section, we proposed a statistical physics approach to understanding input-
output maps. We hypothesised that constraining a single parameter, the (negative)
global robustness of an input-output map would be enough to reproduce many of
the network topological properties of natural input-output maps which have been
observed in RNA genotype-phenotype maps, protein folding genotype-phenotype
maps, and more. We showed that the negative global robustnell{ ) of an

input-output map  can be written in the form of the classical Potts model, and
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Figure 3.8: Global robustness from the RNA-like genotype-phenotype map from Weiy and
Ahnert [16] as a function of sequence length. (Red) Lower bound (low temperature limit)
min ;s H( ()= limtiz  hH() i from eq. (3.53), (Blue) upper bound (high temperature
limit) limyt;;  hH() i from eq. (3.54), and (Green) energyH ( ) from eq. (3.52) for the
gene-like model of genetic input-output maps for (a)k =4, (b) k =12, and (c) k = 20.

therefore many of the methods from statistical physics can be used to analyze the
distribution over the space of input-output maps.

By working with a maximum entropy model, we showed than in the unconstrained
limit, the input-output map is the same as the random null model, and its
robustnesses are linear in the frequencies of the outputs. This corresponded to
the high temperature limit in the statistical physics analogy. In the limit in which

the negative global robustness was strongly constrained (the low temperature
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limit), we saw that a logarithmic robustness scaling law was recovered. Moreover,
through MCMC simulation, we also found that transition probabilities between
phenotypes, neutral component sizes, and number of neutral components all obeyed
the same scaling laws that had been seen in natural genotype-phenotype maps. We
concluded the chapter by studying analytical models of genotype-phenotype maps
and calculated their negative global robustnesses in the limit of in nite sequence
length. We saw that in the gene-like models, these negative global robustnesses
converged to the optimum in the in nite sequence limit. For the RNA-like model,
the negative global robustness did not converge to the minimum value but remained
very close. The value of examining these simple analytical models is that, despite
only using some fairly basic assumptions of how sequences work in practice for
genotype-phenotype maps, one ends up with relatively high global robustness
and high individual robustnesses for individual phenotypes. Therefore, from this
knowledge and from our maximum entropy calculations, we shoukkpectnatural
genotype-phenotypes to exhibit the robust phase. Moving forward, the next step
would be to (a) see if we can better elucidate the phase transition behaviour
analytically and properly de ne a thermodynamic limit and (b) investigate at
much larger biological scales with much more complex GP maps beyond the simple

models which have been studied in the literature and here.
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4.1 Introduction

Even though there have been decades of research in the biological community
into mutational robustness, an exact upper bound on the robustness for a neutral
network of xed size is not widely known. 1960s work in the eld of coding theory
(error-correcting codes, code transmission in noisy channels, etc.) proved that,
among subgraphs of Hamming graphs, a certain class of graphs maximise, for a
xed number of vertices, theedge-to-vertex ratigE (G)j5V (G)j of the graphG. As
we saw in previous chapters, the edge-to-vertex ratio of a graph is equivalent (up to
a scaling factor) to what biologists call mutational robustness. Here, we elucidate
the connections between those graph theoretic results and biological robustness by
studying maximally robust neutral networks, calledbricklayer's graphs

The term bricklayer's graph was coined by Reeves et al. [61], who describe
them as the graphs that interpolate pointwise between hypercube graphs of
consecutive dimension (the point, line, line and point in the square, square, square
and point in the cube, and so on). In this manner, adding ar{n + 1) -th vertex to
a bricklayer's graph which already has vertices is performed in a manner akin
to stacking bricks serially in a (hyper)cube. The coding theorists in the 1960s
did not actually use the term bricklayer's graphs, but Harper [62] and Lindsey
[63] worked with the graph-theoretic representation of sequence spaces and their
subsets, just as we have done with biological genotype-phenotype maps. Harper
and Lindsey discovered (for hypercubes and all Hamming graphs, respectively) that
these bricklayer's graphs are optimal in the sense that, given a set of sequences
(whose vertex representations are) in a bricklayer's graph, the average single-
character error tolerance of the sequences is maximised. This is essentially exactly
the same as maximising mutational robustness of a phenotype in a genotype-
phenotype mapping, but thus far the mathematical relationships between coding

theory results from the 1960s and recent work on mutational robustness have not
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been established. We make these relationships explicit and dive further into the
mathematical descriptions of the bricklayer's graphs.

In particular, we showcase a surprising connection between biological sequence
robustness in genotype-phenotype maps and number theory by discussing how the
robustness of bricklayer's graphs is related to the sums-of-digits function, which
Is notably continuous everywhere but di erentiable nowhere. The known results
from number theory show that the logarithmic scaling law observed in the natural
systems discussed in previous chapters is only an asymptotic approximation to the
true maximal robustness. Real RNA folding simulations have shown that many
individual connected components within neutral networks of folded phenotypes can
attain the bricklayer's graph bound exactly, but their phenotypes are comparatively
not as robust. We use a property of the sums-of-digits functions that we prove
to analytically calculate a lower bound on this deviation from the ideal neutral
network robustness. We then show that real biophysical genotype-phenotype maps
have phenotypes which are close to this bound, which is what we expected to
see from Chapter 3. Many of the phenotypes' neutral networks which deviate
from the bound we prove are composed of multiple neutral components. Using a
newly derived property of the sums-of-digits function that we prove, we are able to
bound the deviation of the robustness of a phenotype comprised of multiple neutral
components from its optimal value calculated from the bricklayer's graphs.

After considering the robustness of phenotypes which consist of multiple neutral
components, we then consider the coarse-graining of phenotypes. We show how ro-
bustness and transition probabilities change when multiple phenotypes are combined
together into abstract phenotypes. Our formulas help explain unexpected behaviour
observed in recent numerical simulations [64] in RNA phenotype coarse-graining.

We also discuss the maximisation of other topological properties of neutral
networks, including base information content and population neutrality. The
base information content in a phenotype is de ned as the di erence between the
maximum possible and actual Shannon entropy of a set of sequences which map to

a phenotype. The lower the information content, the less informative each position
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in the sequence is in determining a unique phenotype. It had been suggested by
Greenbury [3] that certain graphs simultaneously optimise mutational robustness and
base information content. We show, however, thah general these two parameters
are not simultaneously optimised, and we use the sums-of-digits function to discover
a special set of bricklayer's graphs in which simultaneous optimisation does occur.

Robustness and population neutrality are both incredibly important to evo-
lutionary adaptive dynamics. The enhanced, logarithmically scaling robustness
allows an evolving population to traverse a substantial portion of the Hamming
graph, staying within the robust subnetwork of the current phenotype, without
incurring any tness cost. This aids the discovery of many more routes of escape to
other phenotypes of higher tness than would be possible from a random mapping
of genotypes to phenotypes. The population neutrality quanti es a higher-order
anisotropy in the equilibrium population distribution at in nite time which, albeit,
may not ever be reached in natural systems. In fact, this same population neutrality
guanti es the deviation of Haldane'sgenetic load[65] from it's typical value; the
deviation results from the fact that the highest tness phenotype may be coded
for by multiple genotypes i.e. there is neutrality present in the GP map. It has
been shown by Van Nimwegen et al. [66] that the population neutrality, despite its
importance in the asymptotic evolutionary dynamics of a population, actually only
relies on the topological properties of the most- t neutral network. In particular, the
population neutrality is equivalent, up to a scale factor, to the principal eigenvalue
of the adjacency matrix of the neutral network. With our collaborators, we prove
lower and upper bounds on the population neutrality of bricklayer's graphs; the
latter resolves a conjecture by Reeves et al. [61].

It has recently been shown [67] that Hamming spheres, a particular class of
graphs, are the subgraphs of Hamming graphs which maximise the population
neutrality asymptotically (for genotype-phenotype maps with alphabets withk = 2
characters). The Hamming sphere is important in coding theory: when an encrypted
message of length is passed through a channel that may potentially induce errors, a

bu er radius is built in such that the message may be decrypted even if up to
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errors appear in the message. The sphere-packing bound or Hamming bound
gives the volume (order, or number of vertices in the graph) of the Hamming
sphere which bu ers a particular codeword. Given a set of codewords of lengttin
a k-ary alphabet, the Hamming bound indicates how large the Hamming spheres
should be so that every codeword can be recovered successfully from an encrypted
message even if errors have occurred. In this chapter, we exactly calculate the
robustness of Hamming spheres and show that it is below the bricklayer's graph
maximum. As a result, fork = 2, there is mutual exclusivity in the maximisation
of robustness and population neutrality.

Having studied the robustness, information, and neutrality properties of individ-
ual phenotypes' neutral networks, and coarse-graining of neutral components and
of phenotypes, this chapter presents a new graph-theoretic look at the topological

properties of biologically relevant netural networks.

4.2 Bricklayer's Graphs: Maximally Robust Neu-
tral Networks

First, we de ne the notion of a bricklayer's graph. Originally arising in the context

of optimal codes in coding theory, it was shown [62, 63] that if the vertices of a
bricklayer's graph (that is an induced subgraph of a Hamming graph) represent the
set ofk-ary sequences which map to a particular codewo#l being transmitted, that

set of sequences minimizes the number of single-site mutations which would cause
an incorrect transmission of codeword, averaged over all of the sequences mapping
to codewordA. This is akin to maximizing mutational robustness in biology, which
measures the number of point mutations which dmot change the phenotype,
averaged over all sequences mapping to that phenotype. The term bricklayer's
graph was coined by Reeves et al. [61] because these graphs are constructed by
repeatedly adding an adjacent vertex in the Hamming graph, resembling the process

of laying bricks; we continue to use it throughout this thesis.
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De nition 4.2.1. A bricklayer's graph G« is an induced subgraph of a Ham-
ming graph H-x containing jV(G,«)] = n verticesf0;1;:::;n 1g such that

(i;] ) 2 E(Gn) if the basek representations ofi andj dier in exactly one digit.

As we described in the previous chapters, in evolutionary biology one is often
concerned with calculating the robustness of a neutral network (induced subgraph
of a Hamming graph) because of its important implications for dynamic discovery
of phenotypes. We now calculate the exact robustness of bricklayer's graphs and

draw a connection to a function with a rich history in number theory.

4.2.1 Exact Robustness/Number of Edges

Theorem 4.2.1. A bricklayer's graphG,« (V; E) with n vertices hasjEj = S(n) =
? "o sk(i) edges, wheres (i) is the sum of all digits in the basé&-representation of

the integeri. We will call S¢(n) the sums-of-digits function.

Proof. To see this, let” be the length of the input sequence so log, n, and let

representation of the integem such thatn = P {zolxi(n)ki. Consider the bricklayer
graph G, 1x. When we add one more vertex such thab, 14 7! Gnk, we look at
the basek representation ofn. An edge can be added if the baderepresentation of
n di ers from the basek representation of the neighbouring vertex by exactly one
digit. Going through digit by digit, we see that the only allowed ips for thei-th
digits are xj(n) 7' f 0;:::;%;(n) 1g. This set has cardinalityx;(n). Summing this
over all digits, we nd that the number of edges added to the grapls, 1.« when
adding an additional vertexn is the sum of digits ofn in the basek representation

. . P .
sc(n). Therefore, the total number of edges iG, is Sk(n) = Lot se(i).! ]

The asymptotic, logarithmic behaviour of the sums-of-digits functiorg,(n) was

rst given by Bush [68], and an exact analytical form fork = 2 was given by Trollope

1This theorem was proven by the author independently, without knowledge of Sam Greenbury's
derivation in his PhD thesis. The author and Greenbury are, at the time of writing of this thesis,
collaborating on a manuscript to publish this result along with the others found in this chapter.
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Figure 4.1: The linear-log plot of the bricklayer graphs' robustness ,(Gnk) =
2S(n)=(n"(k 1)) versus frequency (number of vertices divided by k ), where* = 6 and
k =2. The blancmange-like curve is plotted as well; this is the continuous-everywhere,
di erentiable-nowhere function that corresponds to the continuous limit of S (n).

[69] and later generalised by Delange for all [70]. The function can be written as:
nh i
Sc(n) = 5 (k 1)log,n g kfogns 1 - (4.1)

where fxg is the fractional part of x, and

D(x).
v

(4.2)

k(x)=(k 1)log x+

whereDy(x) is the Delange function(using the modi ed de nition in ref. [71]) given

by
Z

Dk(x):)@ Diolk?™). = Oxdt(2k[t] okt]+ Kk 1); (4.3)

n=0 k" ’
where [X] is the integer part ofx. For k = 2, the Delange functionDy(x) is the
same as the continuous everywhere, di erentiable nowhere Takagi function rst
described in 1903 [72]. The sums-of-digits function has interesting connections
to number theory, namely the Riemann zeta function. Delange [70] showed that
the Fourier series coe cientsc, of g¢ k™*¢ 1 (which is periodic in x with a
period of one), de ned by

X
Ok kfxg 1 _ Cne{an (4-4)

n2z
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are | |
Z1 k 1 on ' [n

— {2 nx kfxg 1 _ 1
& 0 dxe % { n ¥ logk logk

(4.5)

where is the Riemann zeta function, and is the unit imaginary number.

4.2.2 Bounds on Bricklayer's Graph Robustness

From the above de nitions, we may clearly see that the biological robustness is given

by
JE(Gnk)]  _ logen G K9no i
kK DV(Gw) k1)

which we already see reproduces the conventional scaling law of * *log, n, plus

(Gni) = (4.6)

an additional term. This robustness (G,.) is plotted in Figure 4.1.

Galkin and Galkina [71] have shown that for some bade

Se(n) k

1
- 5 logen 0 (4.7)

Ay

where Ay < 0is a constant speci ed in ref. [71]. Sincggj = S¢(n) for a bricklayer
graph, the edge couniEj also follows these bounds. Therefore, the robustness

of a bricklayer graph is bounded below and above by

log, n 2A log, n .
+ TR (Gnk) ! (4.8)

There is no short formula to calculateAy, but Galkin and Galkina [71] have
found an exact, though fairly involved, algorithm to determineAy. For k = 2,
A; = log,3 1, fork =3, A3 =10g;2 1landfork =4, A, =(3=2)log,5

(9=4). Moreover, ask ! 1

" I#
_k log logk 1
Ac= 5 1 logk ¥ logk

(4.9)

An algorithm for exactly calculating Ay for a xed value of k is given in ref. [71].
By plugging eq. (4.9) into eq. (4.8), we see that, for any xed, the robustness
of a bricklayer graph is bounded above by the traditional logarithm curve and

below by a O(1=") additive term.
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4.2.3 Optimal Upper Bound on Robustness of All Neutral
Networks

Finding the subgraphG with a xed number of vertices of a Hamming graphH-
that maximises the number of edges (and robustness) is equivalent to minimising the
edge boundary of the subgraph, i.e. minimising the number of edgdsi; vg which
connect a subgraph vertexi 2 V(G) to a vertex outside the subgraplv 2 V(H- nG).
This is known as the edge-isoperimetric problem for the Hamming graph. Harper
[62] had showed that bricklayer's graphs attain the maximum bound for thi = 2
case, and Graham [73], and Hart [74] calculated the exact value of the bound for
k =2, namelyJE(G)] Sy(n). Lindsey [63] generalised the work of Harper [62]
to prove that bricklayer's graphs attain the maximum bound for allk 2 but did
not calculate the value of the bound. Using combinatorial methods, Squier et al.

[58] provided the value of the tightest-known bound fok > 2:

JE(G)j 1n logn: (4.10)

2

From ref. [63], it is known that bricklayer's graphs are maximally robust for all

k 2i.e. they (not necessarily uniquely) attain the upper bound for the edge
count (and therefore the graph density and robustness of a neutral network/induced
subgraph of a Hamming graph). Greenbury [3] argued that bricklayer's graphs
provide the maximum robustness, but, to our knowledge, connections to Lindsey's
proof [63] have never been made, so the assertion was not rigorous. Below, this
thesis now uses the coding theory result of Lindsey [63] to formalise the nal piece
of the generalisation, as the following theorem generalises the proof by Graham [73]
and Hart [74] for allk 2, and improves (and optimises) the bound given by

Squier et al. [58]:

Theorem 4.2.2. The number of edgefE (G)j of a subgraphG of a Hamming graph
H-« with xed number of verticesn = jV(G)j is optimally bounded byE (G)j
Sk(n). Accordingly, the biological robustness of any neutral network is optimally

bounded by (Gnx) 2Sk(n)=(n"(k 1)).
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Proof. The statement follows from ref. [63], which proves that bricklayer's graphs

attain the maximal edge count among all subgraphs of a Hamming graph of a
xed number of verticesn, and our/Greenbury's Theorem 4.2.1, which shows that

bricklayer's graphs have exactlySc(n) edges. This upper bound is optimal because
we can always construct a bricklayer's graph with number of verticas. The bound

on the robustness follows by applying its de nition. O

This bound now allows us to rigorously show, for the rst time, an interesting
property of the sums-of-digits functionS¢(n), generalising the proof by Graham

[73], who proved the following fork = 2, which we now prove for generak:

Theorem 4.2.3. For k nonnegative integerd ny;ny;:::;ngg obeyingn; n,

ng, the following property of the sums-of-digits function holds:

K1 "
Sk(nj) + (k Dnj S n; (4.11)

i=1 i=1 i=1
P N N .
Proof. Let n = !‘:1 n;, and choose such that ny k . We must necessarily

have thatn kn, k*'. Consider the Hamming graphH-.; x. SinceH-.; =

H-« Ky, we can decompose the edge setldf., . into
| 0 1
[

k . [ L
E(Hwy)=  EHY) [ @ EHYHIDHA (4.12)
i=1 105 k

whereH!}) is the Hamming graph consisting of the bask-representations of the
integers whose (arbitrarily) rst digitis i 1, and E(G;;G;) = ff u;vgju 2
E(G;) " v2 E(Gy)g is the set of edges iH-.; .« which join two subgraphsG; and
G,. Note that for 1 i k, we can construct a bricklayer's graptGy, .« with

n; vertices that is a subgraph of the Hamming graph-l\(;ik). By Theorem 4.2.1,
each bricklayer's graph has size (number of edges) equal3g(n;). Let us assume
that each bricklayer graph has been constructed starting on the vertex such that
its index's rst digitis i 1, and all other digits are0. This ensures that the
E(Gnik;Gnx) = m; fori<j is maximal. The total number of edges in this graph

G i.e. the subgraph G of the Hamming graphH-.; .« induced by the vertex set



4. Maximally Robust Neutral Networks and Coarse-Grained Phenotypes 77

V(G) = Sikzl V (Gp, «) is given by the contributions from within the bricklayer's

graphs and the connections between them:

_ X _ X XK X
JE(G)] = JE(Gniw)i + E(Gnik;Gnjx) = Sk(ni) + n
i=1 1 k i=1 1 k
4.1
K1 X " K1 oo (4.13)
= S(m)+ n= S+ (k in
i=1 i=1 j=i+l i=1 i=1

However, we also know thatG has jV(G)] = n and, by Theorem 4.2.2, size
JE(G)] Sk(n). Therefore,
. X Ko
JE(G)j= S(n)+ (kK i)ni S(n); (4.14)
i=1 i=1

and this completes the proof. O

Theorem 4.2.3 is not only an interesting property of the sums-of-digits function
which may be useful in coding theory. In the following section, we show how it can
be used to provide a deeper understanding and analytical quanti cation of how
the robustness of phenotypes in real biological systerdsviatesfrom the actual

maximum robustness attained by the bricklayer's graphs.

4.3 Neutral Components of Biological GP Maps
Attain the Bricklayer's Graph Bound

Greenbury [3] had shown that the neutral components of RNA secondary structure
maps with only G and C nucleotides attain the bricklayer's bound; the present
author used the Greenbury-Schaper-Ahnert-Louis (GSAL) dataset [1] to uncover
that the RNA-GC secondary structure maps are not the only ones which attain
the bricklayer's bound. In fact, the RNA (length 12 and 15) secondary structure
maps with all 4 nucleotides (ACUG) as well as the HP protein folding models
(length 24, and5 5 lattice) have neutral components that exactly meet the
bricklayer's bounds as well.

Recall that in Figure 1.1B, we showed that a phenotype's neutral network can
be broken into multiple neutral components of various sizes. In Figure 4.2, the

robustness values of each neutral component in the RNA12, RNA15, HP24, and
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Figure 4.2: RNA and HP protein folding secondary structure GP maps. The robustness
of every component of every folded phenotype for both the RNA and HP GP maps
(of various lengths) is plotted against the frequency (fraction of verticesjV (G)j=k in
the entire Hamming graph) alongside the bricklayer's graph upper bound (blue line) we
have derived here and the minimum robustness (red line) of a neutral component (easily
derived from the minimum number of edges in a connected graph). The natural maps
all contain neutral components which attain the bricklayer's graph bound (as well as
the minimum bound). The unfolded (trivial) phenotype is ommitted from each of these
plots. The minimum robustness appears to be larger than the bricklayer's graph line for
low frequencies; but, this only happens for non-integer values of the number of vertices.
Of course, any graph will have an integer number of vertices; in all of those cases, the
bricklayer's graph robustness will be greater than or equal to the minimum robustness.

HP5 5 models are plotted against the logarithm of the number of vertices in
that neutral component. The plots also show the bricklayer's graph (i.e. maximum
possible) robustness for each neutral component size calculated in the previous
section as well as the minimum robustness of each neutral compon&it given

in ref. [3] by:

2 1

min(Gi): ﬁ 1 JV(TI)J (4.15)
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The above formula follows from the fact that a neutral component, by de nition,

Is connected, and the minimum number of edges in a connected graph with

vertices isn  1[3]. This minimum value can be attained by many graphs, including
the path graph P, and star graphK.,. In fact, this was the robustness that

individual phenotypes/outputs had for the 1D Edwards-Anderson spin glass input-
output map studied in Chapter 2.

For all of the systems studied, su ciently small neutral components do attain the
same robustness as bricklayer's graphs over several orders of magnitude of phenotype
frequencies (number of vertices). We notice that in the HP model maps, the size of
the largest neutral components which still reach the bricklayer's graph line have
fewer vertices than the same for RNA secondary structure GP maps. This is likely
due to the architecture of the GP maps themselves; it has been shown recently [75]
that neutral components are often modular in that they consist of highly packed
clusters of vertices which are then connected to other clusters by a smaller set of
linking vertices. We speculate that in the HP map there may be higher modularity,
leading to less-than-maximally robust neutral components above a lower threshold.

In agreement with the theory, we also see that no neutral components exceed
the bricklayer's graph bound. Our natural results highlight the importance of
the rigorous calculations of an upper bound. Previous studies have shown these
robustness values plotted against the asymptotic logarithmic bound, but these
bounds were clearly not as tight as possible; we have now proven the exact maximum
robustness that can be attained by any GP map. The constraint is not imposed due
to the speci c properties of the GP map (biological or not); rather, the robustness
is bounded above due the underlying mathematics of the GP map, now understood

more directly in the Hamming graph framework.

4.4 Robustness of Phenotypes Deviates From the
Bricklayer's Bound

While some of the neutral components of natural maps do achieve the bricklayer's

bound (the maximum robustness value), thgphenotyperobustness values of natural
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biological GP maps tend to deviate from this optimum, as seen clearly in Figure
2(A) in ref. [1], which is reproduced in Chapter 1 as Figure 1.2. The immediate
reason, of course, is the fact that a bricklayer's graph is maximally dense in its
edge-to-vertex ratio; it must certainly be fully connected. The mere existence
of neutral components which are not connected to each other in a particular
phenotype/output's neutral network means that the phenotype neutral network
de nitely cannot be a bricklayer's graph, even if its neutral components are.

While this is straightforward, a discussion ohow muchreal phenotypes actually
deviate from the bricklayer's bound is lacking in the literature, especially any sort
of analytical mathematical treatment. We now use Theorem 4.2.3 to provide a
tight bound on the di erence in number of edges in a real phenotype consisting of
multiple neutral components and the bricklayer's graph with the same number of
vertices. First, we consider a neutral network which has vertices and is split into
m neutral components. If each neutral component is maximally robust (as many
of the RNA/HP neutral components are), then each robustness would be

25¢(n;) |

Gri) = 5ok 1)

1 i m (4.16)

wheren = i ™, ni, with n; being the number of vertices in thei-th neutral
component. The result of Theorem 4.2.3,
K1 _ X
Sk(ni)+ (k I)ni Sk n , (417)
i=1 i=1 i=1

could be rewritten as
|

1% '
(Gnk) n ni (Gn )

i=1

2 ! .
rk D) iﬂ(k in;: (4.18)

We note that (1=n) P k. N (Gn,) is the robustness of the entire phenotype neutral
network consisting of multiple bricklayer's graphs as neutral components; a further
generalisation and discussion of this formula is provided in section Section 4.5.
This is now a rigorous bound on the di erence between the maximum possible
robustness of a phenotype and its true robustness, assuming that its neutral

components are bricklayer's graphs.
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(8) RNA12, k=4, =12 (b) RNA15, k=4, =15

Figure 4.3: Plot of left hand side (ordinate) and right hand side (abscissa) of eq. (4.19)
for real phenotype data for RNA12 and RNA15 from the GSAL dataset [1]. Green
plot points represent phenotypes with k = 4 neutral components; the theoretical
bound in eq. (4.19) rigorously holds for these phenotypes. Magenta plot points have 4
neutral components; despite the fact that the bound should not rigorously hold for such
pheontypes, it still does seem to hold for a large number of phenotypes, or at least many
plot points lie close to the dashed line.

The assumption that the neutral components are bricklayer's graphs is not
necessary, however. Weakening this assumption to assume that each neutral
component has an arbitrary topology simply weakens the tightness of the bound.

For an arbitrary neutral componentA,,, with n; vertices, (Ay,) (Gn k), so

n(k 1) 1%

L s
5 (Gni) ﬁizlni (An) i:1(k n;: (4.19)

It is important to note that this inequality has been proven to hold only when
the number of neutral components is less than or equal ta Indeed, it does hold
perfectly for the biological RNA neutral component/phenotype robustness data
from the GSAL dataset [1]. In Figure 4.3, each plot point represents a phenotype,
and the vertical axis coordinate is given by the log of the left hand side of eq. (4.19),
which is (the log of) the di erence in the optimal number of edges and the actual
number of edges for that phenotype. The horizontal axis coordinate is given by
the log of the right hand side of eq. (4.19), which is a theoretical bound computed
from the frequencies of the neutral components for that phenotype. The left plot in

Figure 4.3 shows actual RNA12 phenotype data, and the right plot shows RNA 15
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phenotype data. Green plot points hav = 4 or fewer neutral components; it is for
these phenotypes that the theoretical bound rigorously holds. The biological data
support the theory if all green plot points areabove or onthe dashed 1:1 diagonal
line, as this would indicate that the inequality is valid; indeed that is the case.

Most of the phenotypes in the RNA12 and RNA15 secondary structure maps do
not have k =4 neutral components, however. Also in Figure 4.3, we have plotted,
in magenta, the values of the left and right hand side of eq. (4.19) for phenotypes with
>k =4. The theoretical bound seems to hold even for most of the cases outside of
the range for which it is proven, but it begins to fail for su ciently large phenotypes.

Here, we discussed the process by which many neutral components are combined
into one larger phenotype; these neutral components are not connected to each other
(by de nition), so the phenotype robustness is simply a frequency weighted average
of the component robustnesses which will be necessarily lower than the maximum
possible achievable robustness for a single-component phenotype. With this being
said, in practice, an evolving population will typically be con ned to a component,
as double neutral mutations are typically quite rare. Therefore, even though the
robustness of the phenotype is lower, the robustness experienced in shorter timescales
by the population may often be closer to the bricklayer's graph bound.

In the following section, we will discuss the process of coarse-graining multiple
phenotypestogether into abstract phenotypes; this requires a more generalised
approach because di erent phenotypes typically have nonzero transition probabilities

between each other, unlike neutral components.

4.5 Theory of Robustness of Coarse-Grained Out-
puts/Phenotypes

In discussing neutral network and neutral component topologies for natural systems,
one should keep in mind that phenotype de nitions are to some extent arbitrary.
What constitutes a phenotype for a particular input-output/genotype-phenotype
map is determineda priori. Giegerich et al. [76] have, for instance, de ned a set

of new abstract shape RNA secondary structure GP maps where the genotype
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remains an RNA sequence, and the phenotype is a coarse-grained secondary structure
that, at increasing levels of coarse-graining, ignores ne details of the stem and
loop lengths and nesting. Dingle et al. [23] have shown that the most frequent
coarse-grained RNA structures that appear in nature are also strongly biased
towards in the genotype-phenotype map as well. In coarse-grained maps such as
this, how parameters such as robustness scale becomes determined by the level of
coarse-graining as well as by the underlying Hamming graph topologies. As we
showed in the previous section, what appears robust at the neutral component level
may join with other relatively robust neutral components to form a phenotype
with much lower robustness.

Here, we consider the robustness of a phenotype and transition probabilities
between phenotypes which have been generated from the union of multiple neutral
networks. We refer to this process of merging neutral networks of dierent
phenotypes as coarse-graining of phenotypes. We show general, exact formulas
which follow from the underlying graph theory. We then examine collaborator
Tasmin Sarkany's [64] numerical results on coarse-grained RNA GP maps and
point out the surprising change in robustness as phenotype coarse-graining occurs.
We conclude by deriving a critical transition probability that would be needed
for two coarse-grained phenotypes to maintain high robustness when coarse-

grained together.

4.5.1 Notational Preliminaries

Consider a GP map whose genotypes consist of sequences of lengttawn from
an alphabet ofk characters. The genotype space is the Hamming graph., and
phenotype neutral networks are induced subgraphs éf-x. The i-th phenotype's
neutral network G; (assumingl i Np, whereN, is the total number of pheno-
types) is an induced subgraph ofl-. Let V(G) denote the vertex set of a graplt,
E(G) denote the edge set 0B, and E(G;; Gj) = En (G;j; Gi) denote the set of edges
induced in graphH- by union V(G;) [ V(G;) which are neither elements oE (G;)



4. Maximally Robust Neutral Networks and Coarse-Grained Phenotypes 84

nor E(G;j), where we have taken botlG; and G; for i 6 j to be induced subgraphs
of H-«. Mathematically, E(G;; G;) = ff u;vg2 H ju 2 V(Gi) * v 2 V(Gj)g.
As we have de ned before, the robustness of theth phenotype is given by

ZE(G))]

Tk DIVGY)] (4.20)

So it is proportional to the ratio of edges to vertices in the neutral network. The
transition probability that a single point mutation in the genotype leads to a change

from phenotypei to phenotypej is given by

JE(Gi; G))i D
i =< - -, 16 ] 421
T ey o (@24
Note that ;i jV(Gi)j = ;jV(Gj)j. We de ne the diagonal terms i so that

there is an additional prefactor of 2.

45.2 Robustness and Transition Probabilities for Coarse-
Grained Phenotypes

Robustness of Coarse-Grained Phenotypes

We rst compute a general formula for robustness of coarse-grained phenotypes.
Let S be the set of phenotype indices that indicate which phenotypes are being
coarse-grained into a new neutral networkGs. The vertex set of Gs is the
union of all vertices
[
V(Gs) = V(Gy): (4.22)

s2S

The edge set 0fGs includes all edges in each individual neutral network as well

as the edges joining the neutral networks:

| 0 1

EGs)= | E@G) [ @' E(G:GA; (4.23)

s2S (r;s)2S
where(r;s) 2 S denotes an ordered pair of elements & such thatr 6 s. It follows
that the robustness of coarse-grained phenotyp® is

P . . P . .
2 s2sJE(Gej +  (rs)2s JE(Gr; Gs)j |

- W (m)2s 2
Y 525V (Gs)j (4.24)
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Figure 4.4: Schematic diagram of phenotype coarse-graining on the transition matrix
ts ! Ts, which includes transition probabilities (o -diagonals) and robustness
(diagonals). If two non-overlapping sets of original phenotypes are coarse-grained into two
new coarse-grained phenotypd and S, then the transition probability from coarse-grained
phenotype S to coarse-grained phenotypel is given by tg, calculated in eq. (4.27), which
involves taking a frequency-weighted sum over the transition probabilities s between

the original, non-coarse-grained phenotypes which compris& and S.

Using eq. (4.20) and the normalised phenotype frequenty= jV (G;)j=k , we can
rewrite the coarse-grained robustness in terms of familiar biological parameters

P P P P

s2S sfs + fr,sg2S rsfs 2 2S rsfs
s= P ? = 2% T ; (4.25)
sZst sZst

wherefr;sg 2 S denotes an unordered pair of elements & such thatr 6 s, and in
the last step we have usedss = . Itis easy to check that, ifS = f1;2;:::;Nyg
: P . . :

is the set ofall phenotypes, then ; 5 \, sfs = f, (this is easily veri ed from

the de nition of (5), so s = 1 as expected.

Transition Probabilities between Coarse-Grained Phenotypes

We now calculate a general formula for transition probabilities between coarse-
grained phenotypes. LetS and T be two non-overlapping sets of phenotype
indices that indicate which phenotypes are being coarse-grained into two coarse-
grained neutral networksGs and Gr, respectively. The set of edgeE (Gs; Gr)
joining Gs and Gt is the union of all sets of edges that adjoin every pair of
(non-coarse-grained) phenotypes, where within each pair one element is picked

from the constituent phenotypes ofS and the other is picked from constituent



4. Maximally Robust Neutral Networks and Coarse-Grained Phenotypes 86

(8) RNA12, k=4, =12 (b) RNA15, k=4, =15

Figure 4.5: RNA abstract phenotype robustness plots for various levels of coarse-graining
for (a) RNA12 and (b) RNA15 models, primarily due to collaborator Tasmin Sarkany [64].
Dot-bracket structures are the standard folded RNA phenotypes which approximately
match the RNA Vienna folding results. Level 1 is the rst abstracted (coarse-grained)
phenotype, including one or more dot-bracket structures based on coarse-grained topology.
Level 2 includes phenotypes which are further coarse-grained from Level 1; level 3 includes
phenotypes which are even further coarse-grained, etc. In the case of RNA12, Levels 4
and 5 are identical because the Level 4 phenotypes are already coarse-grained as much
as possible. Also plotted are the bricklayer's bound indicating the maximum possible
robustness, the null model robustness, and the minimum robustness for a phenotype
which contains only one component; this would be the robustness of a star graph, which
we provided in eq. (2.12).

phenotypes of T. It follows that

E(GS;GT):[ [ E(Gs; Gt) (4.26)

s2St2T

It now follows that the transition probability s from the S-th coarse-grained phe-

notype to the T-th coarse-grained phenotype (assuming and T have no overlap) is

. . P P . . P P
= JE(Gs;Gr)j]  _ 1 s2, 21 IE(Gs; Gy)j _ s2§, 12T tsfs:
(ko DV(Gs)] (k1) 525V (Gs)] s2s fs
(4.27)

We can now see that from eq. (4.25) and eq. (4.27) the coarse-graining procedure
takes on the same functional form, which is represented graphically in Figure 4.4.
As we mentioned previously in this chapter, the process of coarse-graining
neutral components into a phenotype neutral network is a speci ¢ case of the general
process we have derived here, but with all transition probabilities between neutral

components ; = 0 since neutral components are not connected to each other,
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by de nition. In Figure 4.5, we reproduce results by Sarkany [64] in which RNA
secondary structure GP maps had robustness values calculated for various levels of
coarse-graining. Coarse-graining was performed using the RMAapes tool [77].
The dot-bracket structure is the actual RNA secondary structure phenotype; Level

1 of coarse-graining ignores some details of the dot-bracket structure and combines
similar phenotypes into the same abstract phenotype; the Level 2 structures include
further coarse-graining, and so forth. There are 5 possible levels of coarse-graining.

Even though the systems in Figure 4.5 are too small to show a large number
of Level 4 or 5 coarse-grained phenotypes, the overall trends are visible. The
dot-bracket structures appear to be closest to the bricklayer's graph maximum
robustness curve. At the highest levels of coarse-graining (Level 4/5), abstract
phenotypes are so densely packed with dot-bracket phenotypes that a substantial
portion of the Hamming graph sequence space is covered by only a small number
of abstract phenotypes. This leads to a percolation-like phenomenon that allows
for highly coarse-grained, large-frequency phenotypes having high robustness as
would be intuitively expected.

At lower levels of coarse-graining, however, we see an unexpected trend. One
may expect that coarse-graining dot-bracket phenotypes together would simply
push the robustness parallel to the diagonal logarithm line. However, the data
show that coarse-grained phenotypes with su ciently small frequencies deviate
from the maximal possible robustness (the bricklayer's graph bound) more than the
phenotypes that comprise them. This is because the transition probabilties between
these phenotypes being coarse-grained are likely too low to provide adequate

increase in robustness after coarse-graining.

4.5.3 Critical Threshold for the Coarse-Graining of Phe-
notypes with High Robustness

We now consider the example of coarse-graining two phenotypes and ask how much
the transition probability between those phenotypes should be in order to keep

them along the same diagonal robustness line parallel to the bricklayer's graph
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Figure 4.6: Plot of the theoretical critical transition probability log;, ¢( ;k ) versus
the ratio of frequencies  fq=fp. For gp< ©( ;k ), the true coarse-grained robustness
would be lower than the prediction.

bound. Recall that a phenotype's neutral networkG; which containsn vertices
has at mostjE(G;)j = Sk(n) edges, whereS(n) is once again the sums-of-digits
function. We know that aymptotically S¢(n)  (n=2)log, n, and a reasonable

approximation to the maximum robustness is

i nfima) 1+ 0%, (4.28)
In the high-robustnessasymptotic assumption, we take; 1+ llog,f;. This
approximation will be employed below.

For two phenotypesp and g which are being coarse-grained into a new phenotype

S, we can use eq. (4.25) to show that

s =

ofpt ofg+2 qpfp:

LT (4.29)

Let us assume that the two phenotypes have robustness values which are displaced

by the same amount from the (asymptotic) optimal robustness curve:

N 1 N

log, f _ _ log, f _
p=1+ P =1+ —2 9 (4.30)

This approximation is consistent with empirical observations of robustness trends

in many GP maps. Substituting these approximations into eq. (4.29), we have

fplogcfp+ fqlogefq+2" gofp.
(fot o)

(4.31)
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Figure 4.7: Plot of the critical transition probability log;, °( ;k ) versus the ratio of
frequencies fq=fp along with the real non-zero gy transition probabilities for the
RNA12 secondary structure map. For gp< ( .k ), the true coarse-grained robustness
is lower than the prediction.

We would intuitively expect two very robust phenotypes which have dense connec-
tions to each other (i.e. relatively high values of 4,f, = ,4f 4) to be approximately
collinear with the points (logf,; ,) and(logf,; o) on a linear-log plot of robustness
versus frequency. That is to say, we expect the robustness of the coarse-grained

phenotype S to be
o1+ 00t Tl (4.32)

We now perform a change of variables to  f,=f, andfs f,+ fgy, so

fp=fs=1+ )andfy=fs=(1+ ). Without loss of generality, we can choose

fp fg so0< 1. We now rewrite eq. (4.31) as
| |
+ — + +
s 1 "1+ )||°gk 1+ “(L+ )Iogk 1+ 1+ (4.33)
R log, fs ~ log(1+ ) N logy + 2 o . .
A a+ ) 1+

The actual coarse-grained robustness deviates from the prediction in eq. (4.32) by

log(1+ ), 110G ., 2q.

s = . a+ )1+ (4.34)
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We can see that for 4, = 0 (which implies 4 = 0) or suciently small ¢,
in general, s < 4 because log,(1+ ) < 0 and log, 0. The transition
probability 4, needs to exceed a critical threshold( ;k ) in order for the true
robustness to equal or exceed the prediction. The true coarse-grained robustness

is lower than the prediction for 4, < ¢( ;k ), which is given by

—

o oy~ @+ )log(l+ ) log :
( :k)= 2109k : 0< 4 1 (4.35)

fo

In Figure 4.6, we plot °( ;k) versus for various realistic values ofk that
correspond to the RNA12/HP24, RNA40, and RNA70 GP maps.

We hypothesize that the vast majority of transition probabilities , for any
substantially large GP map will fall below this threshold. In Figure 4.7, we show
that, from the GSAL dataset [1],none of the RNA12 transition probabilities between
dot-bracket phenotypes fall above our approximate critical threshold.

We have now provided new theoretical intuition regarding the behaviour of
robustness during the process of coarse-graining phenotypes, which is a new active

area of research in the GP map community [23].

4.6 Base Information Content and Robustness
of Bricklayer's Graphs

Information theory provides a useful lens through which to study genotype-phenotype
maps. In this section, we explore the information content of two classes of
graphs the maximally robust bricklayer's graphs and the optimally informative
Hamming graphs.

First, we introduce the information-theoretic de nitions relevant to the study of
input-output maps. The Shannon entropy (which we saw in a di erent context in
Chapter 3) of the distribution of a discrete random variableX given by

H(X) = X P(X = xj)logP(X = Xxj); (4.36)

i=1
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see that, with no constraints, the Shannon entropy is maximised whefi is uniform

over its support, soP(X = x;) = 1=N for all i; the maximum Shannon entropy is
Hmax = log N: (4.37)

Following Adami [78], in the context of genotype-phenotype maps, we know that
in the mapping of sequences of lengthdrawn from an alphabet ofk characters,
we have a total possibility ofk sequences, so a phenotype which is mapped onto

by all possible sequences contains the maximal Shannon entropy of
Hmax = ~logk: (4.38)

Greenbury [3] notes that a phenotype with F, sequences would similarly have
maximal entropy logF,. Following these two authors, we de ne the informatiori

stored about the genotype sequences which map to phenotypas the di erence
lp=Hmax H = logk logFp: (4.39)

In our discussion we will refer td , as thetotal information content in phenotypep.
Adami [78] approximates this information content by assuming that the total
entropy H, of the set of sequences is equal to the entropies of each base at each
position, independently of each other. The sum is carried out over all sequences
in the set. We write the Adami-approximated information content to which we

will refer as the base information contentas
1 9= Hmax XX PP logP{® ; (4.40)
i=1j=1
where P; is the probability that the j-th base is found at thei-th position in
phenotype p. These probabilities, by de nition, are exactly

(number of occurrences of bageat site i)

P..(p) =
1) Fp

(4.41)

We now introduce therelative base information error between the base information

content and the entire information content:

_ IS I p
h 1= I : (4.42)
P
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By denition, 1 h i 0 since0 | g H max logF, by subadditivity
of entropy. This also means thatlg ([

Take an input-output map which is a labelling of the Hamming graphH-,
and supposeA,, is a neutral network with 1 <n  k vertices in the map, so it
is an induced subgraph oH-«. Greenbury [3] made 2 central claims about small

Hamming graphs and bricklayer's graphs:

Proposition 4.6.1 (Greenbury [3]). Both robustness and base information content
are simultaneously maximised for a Hamming grapH,, but in general base

information content and robustness are not simultaneously optimizable.

Proposition 4.6.2 (Greenbury [3]). Consider a bricklayer's graphG,.x. Suppose
one can form a Hamming grapiH ., which has the same number of vertices &, .

Both G, and H, will have equal robustness.

Greenbury provided a single numerical example in ref. [3] to support both
propositions. However, neither claim holds fully in general. In this section, we
qualify Proposition 4.6.1 with a caveat and prove the modi ed proposition in general
analytically, and disprove Proposition 4.6.2 by counterexample, showing that it
does not hold in general but may hold for special cases. We then go on to show that
the numerical example provided by Greenbury was indeed a special case, and we
analytically derive the entire set of solutions in this class of special cases by using
the connections between robustness and the Trollope-Delange formula explored
earlier in this chapter. In doing so, we additionally prove an interesting identity of
the sums-of-digits functionS(n) which is novel, to the author's knowledge.

We now rigorously prove the following proposition, for which Greenbury had

provided a numerical example in ref. [3]:

Theorem 4.6.1. The relative base information error is (not necessarily uniquely)

optimised by the Hamming grapii 4.

Proof. Consider a GP map with an input sequence of lengthand k characters in

the alphabet. Now, letG, be a phenotype neutral network withd vertices, with
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r " andq < k. Itis easy to see that the Hamming grapiH, is an induced
subgraphH-. This Hamming graph contains the set of all sequences of some
length r that is drawn from some alphabet of size. So, just like the background
Hamming graphH-, all of the possibleq bases are present at all sites in equal
proportion. Without loss of generality, suppose the sequence set for this phenotype
consists of all sequences in which the rst sites contain one of the rstq bases,
and the remaining™ r bases are xed.

As a concrete example, let us consider the GP map which takes in sequences
of length © = 4 and has an alphabet ok = 4. Let us use the basdc integer

representations for simplicity, So our sequences are
f000Q 0001 0002 00030019 001%:::;33323333y: (4.43)

Now, suppose phenotyp@ is speci ed when sites 3 and 4 (counting from the left)
are equal to 2, and when the rst two sites contain either a 0 or a 1. So, this neutral

network, H.q whereq=2 andr =2, has a genotype set given by
002201221022 1122: (4.44)

In general, for the Hamming graph neutral networkH,q, the probability of

nding the j-th base at thei-th site is
Pij(p)::; 8iz2fl:::;rg;j2f1:::; 0 (4.45)
The total information content | , is
o= "logk rlogq; (4.46)
and the base information content () is

X Xxa
| o= "logk Pij(p) log Pij(p) = “logk rlogq; (4.47)

i=1j=1
where we point out that the sum overi runs from 1 tor because the neutral
mutations can only occur at the rst r sites based on our de nition (recall that

this choice is arbitrary), and the sum ovelj runs from 1 to q because the neutral
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mutations can only occur between the rstq letters of the alphabet, based on our
de nition (this choice is arbitrary as well). It is now clear that, for the Hamming
graph neutral networkH,q, we always have optimisation of the base information
content, asl , = | 7, meaning that the base information content and total information

content are equal, so the relative base information error Is | ,i = 0. O

It follows from the theorem above that a bricklayer's graplGq .« with o vertices,
with q 6 k, does not necessarily optimise the base information content. Of course,
for the special case = k, the bricklayer's graph Gy « is a Hamming graphH,q,
and therefore it will optimise base information content. Therefore, the part of
Greenbury's proposition that states that base information content is simultaneously
maximised for Hamming graphs is shown to be true in general.

Now, we discuss the robustness of Hamming graphs and provide counterexamples
to Greenbury's claim that Hamming graphs and bricklayer's graphs provide the
same robustness when they can both exist. The total number of edges in the
Hamming graphH,q is given by the standard formulajE(H.q)j = (d'r(q 1))=2
From De nition 1.2.3, the robustness ofH,q is

r(q 1),
& D)

(Hr;q) = (448)

Meanwhile, the bricklayer's graphGgy .« which contains the same number of vertices

has a robustness of

(Gg ) = S(d): (4.49)

2
q (k 1)

In general, since bricklayer's graphs optimise robustness, we must of course have
(Hrq) (Gq x): (4.50)

And as we mentioned, wherg = k, (H.q) = (Ggx). However, if we consider,
for example, the case wherg= 3, k =4, andr = 3, we nd that the number of
edges in the Hamming graph is 288 while the number of edges in the bricklayer's
graph with the same number of vertices is 292. Therefore, the robustness of the

Hamming graph is lower than that of the bricklayer's graph. We believe the vast
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majority of cases whereg < k (sinceq > k would not allow for the production
of a Hamming graph) will yield a nonzero di erence between the edge counts of
bricklayer's graphs and Hamming graphs.

However, Greenbury [3] had provided a simple example where these two robust-
ness values are equal. Namely, he based his claim on the fact that wien 2,
r =2, andk = 3, we nd that there are 4 edges in both neutral networks. We show
that this special case is actually not an isolated one. In fact, the robustness of a
bricklayer's graph G 1)z« and a Hamming graphH,, 1 contained within a larger
Hamming graphH- for °~ > 2 will be equal regardless of the value & chosen.
Greenbury's example was a particular case within this class of special cases. We

now show the interesting identity from which this result follows:

Theorem 4.6.2. The sums-of-digits functionSy(n) possesses a closed-form solution
for the special case

S (k 1 =k® 4k?+5k 2 (4.51)
for all k.
Proof. For the k = 2 case, this formula isS,(1) = 0, which is trivial. So, we need to
consider thek 3 cases. Firstly, we note from the Trollope-Delange formula that

_ (k_1ph

i
S (k 12 = 5 (k Dlog(k 12 ge(kfook D% 1y - (4.52)

Notice that the fractional part f g can be written using the integer part[ ] function

instead:

flog(k 1)’g=log,(k 1) [2log(k 1)] (4.53)

We know that log,(k 1) < 1, is monotonic, and in thek 1 limit, log,(k 1)
asymptotically approaches 1. Thus, we simply take note of the fact that fdc = 3
(the lowestk we are considering here)pg;2 0:631> 05, so[2log (k 1)]=1
for all integersk 3. Now, we can write the argument ofg, as

2
K logk (k 1)2g 1 _ k2logk(k 1) 2 — (k kzl) : (4.54)
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Using the de nition of g, we see
k 2 k 2!
S (k 12 = ( 21) (k Dlog(k 1) (k 1)log, ( kzl)
"
k? (k 1)
Dk
(k17 o ! (4.55)
k2 (k 1)% '
- 3 R .
=(k 1) 2Dk 2 :
2 %
=(k 1) K K "Dyo k" 2(k 1) :
2 n=0
Now, we simplify Dy.o:
an 2(k 1)2
Do K" ?(k 1)* = dt (2k[t] 2kt]+(k 1))
Z kn 2 k 12 (456)
= k" 2k 13+2 dt (k[t] [kt])
0
For the remaining integral, we rst consider the cases whene 2. The rst term
integrates over a step-ladder like function, yielding:
Z KN 2(k 1)2 k"N z(k 1)2 1
2k dt[t] = 2k i=k k" 3k 12 kK" %k 1)* 1:
0 i=1
(4.57)
For the second term, we perform the substitutioru = kt, so
an Z(k 1)2 szn 1(k 1)2 2kn l(k 1)2 1.
dt [kt] = — dufu] = - [
k o ki (4.58)
:i K" k1) k" Yk 1) 1:
Subtracting the previous two equations, we now have
an 2(k 1)2 ) 3
2 dt(k[t] [kt)= k" %k 1) (4.59)
0
SO
Do k" 3k 1> =0; n 2 (4.60)
Thus, only the rst two terms in the series survive, which gives us
| |
2° 2°
D k" %k 1) =Dy M 4 lp, DT (4.61)

k2 k™ Kk

96
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Consider then = 0 term rst:
(k 1)2! Zk 2k 17
k2

Do dt (2k[t] 2[kt]+(k 1))

k1@ Tk (4.62)
= S +2 dt (k[t] [kt]):
k 0

The rst term is
Z k 2(k 1)2
2 dtk[t] =0 (4.63)
0

becausek ?(k 1) < 1 at most, and[t] = O in this range of values. The second

term is evaluated usingu = kt:

Z k 2(k 1)2 2 Z k 1(k 1)2
2 dt [kt]
0

~IN X

~IN
=~
N

X

w

dufu] =
° ! =1 (4.64)
k 2, (k 2)(k 3

k 2

sincek 2<k '(k 1)<k 1. So,
! !
k 1? _(k 1 2 k 2 (k 2k 3)

Pro i kk kK 2 (4.65)
Now, consider then =1 term:
|
27 4 Kk 1(k 1)2
o &0 -1 dt(Kl] 2K+ (k1)
k k kK o
Z (4.66)
- (K 1)3+1 < 1)Zdt 2Kk[t]  2[kt]):
=tk (2Kk[t]  2kt]):
The rst integral is solved the same way as eq. (4.64), so
Z K 1(k 1)2 b( 3 ! !
2 dpg=2 27 = kK2 Kk Ak 3,6
0 k iz1 k 2
The second integral is solved again via substitution = kt, so
Z 1 2 Z 2
2k (k1 2 (k 1)
K o dt [kt] = o du [u] .
2 (k 3?1 1 X X :
=ﬁi:1 :ﬁ(k 1) (k 1) 1:
Thus, the n =1 term can now be simpli ed to
|
1 k 1)?
Do ( k )
(k 1)3 " k 2 (k 2)k 3)# 1 (4.69)
+2 + @(k 1)7? (k 1) 1 :

k2 k 2
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Adding the n =0 andn =1 terms, we nd that
k2 EZ(k 1)

n n 2 2 _ - 2.
sk 1) n:Ok Dro k" 2(k 1) = 5 — 12 =(k 1)% (4.70)
SO
Sc (k 1?2 =(k 1® (k 1?=k® 4k*+5k 2 (4.71)
This completes the proof. ]

We can now show the following:

Corollary 4.6.2.1. The robustness values of the bricklayer's graj@y, 1)2x and

the Hamming graphH,x ; are the same for alk.

Proof. A Hamming graphH,q hasqr(q 1)=2edges. Settingg=k landr =2,
we see that the Hamming graptH,, ; has(k 1)(k 2) = k® 4k?+5k 2
edges. The bricklayer's graptG 1)z« hasSc ((k  1)?) edges, andS, (k  1)?) =
k® 4k?+5k 2 by Theorem 4.6.2. O

Thus, we have shown that, in general, bricklayer's graphs and Hamming graphs
do not have the same robustness except for some special cases, one class of which
we have worked out explicitly. From numerical simulations, we are not aware of

any other special cases that exist, but we cannot, at present, rule this out.

4.7 Population Neutrality and Hamming Spheres

For a population evolving on a Hamming graptH-«, suppose phenotypé corre-
sponds to the highest- thess phenotype. In the in nite-time steady-state limit, a
very high fraction P of the population will lie in G, with some fraction Ps on

P .
each nodes 2 V(G) (such that = oy m)Ps = P). Consider

(GP) Ps deg;m) (s) ; 4.72)
s2V (G(M)
where degs ) (S) is the number of neighbours o which are also inG(®. This is an
average of the asymptotic population proportion on each node &, weighted
by the degree of the node irG®. Van Nimwegen et al. [66] ask us to consider

3 evolutionary random walks:
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1. Consider a blind ant random walker which starts on G which, at each
time step, picks one of its (k 1) neighbours and steps only if that chosen
neighbour is inG® . Otherwise, it stays at the current node. This random
walker spends equal time at all vertices iG® [79], and

1

(™) = Ve

degsm(s) (GP)'(k 1) (4.73)

s2V (G(P)

where (G) is exactly the mutational robustness.

2. Consider a myopic ant random walker in which the walker starts on a
random node inG(®, At the next time step, the random walker computes all
of the neighbouring nodes which are also i6®® and steps to one at random.
In this case, [79]

Vars[deg;m (S)] .

GP)= (@P)(k 1)+ iy

(4.74)

where Var[deg; (S)] is the variance in the degree distribution of the nodes
in G®,

3. Finally, consider more realistic mutation-selection dynamics which obey the
discrete-time version of Eigen's quasispecies evolution model [80] in which
every vertex is assigned a tness. The maximally t neutral networkG® is
taken to have some tness (the exact value does not matter in the in nite
time limit) which is uniform across the entire network, and in each time
step, a population of random walkers (of constant size) is replenished, with
individuals randomly drawn based on the distribution of tnesses from the
previous time step. In this limit, Van Nimwegen et al. [66] proved that the
population distribution within G does not rely on the mutation rate, the
average tness of the population, or the tness of the neutral network itself.
Rather, the equilibrium population distribution is a static property dependent
only on the topology of the neutral network itself. Namely, the fraction of the
population G(P on a particular node is given by the corresponding component

of the principal eigenvector of the adjacency matrix. The population neutrality
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is equal to the weighted average of the equilibrium population fraction on
each node of the neutral network, with each weight equal to the degree of

that node.

The result of Van Nimwegen et al. [66] is formalised below (note that we now
de ne population neutrality as €(GP) = (GP)=C(k 1)) instead of (G™)):

De nition 4.7.1. The population neutrality €(G() of a neutral network G,
which is an induced subgraph df-, is given by®(GP) = (GP)=("(k 1)), where

(G) is the principal eigenvalue of the adjacency matrix @,

Reeves et al. [61] refer t§(G(P) as robustness, deviating from the terminology
used most commonly in the genotype-phenotype map literature. We will continue
to use robustness to refer to one-step mutational robustness and population
neutrality to refer to the parameter de ned above, which is proportional to the

principal eigenvalue of the adjacency matrix of a neutral network.

4.7.1 Population Neutrality of Bricklayer's Graphs

In the previous subsections, we discussed the robustness and information content of
maximally robust neutral networks, the bricklayer's graphss,.x. We now discuss the
principal eigenvalue ;(Gnx) of bricklayer's graphs. Reeves et al. [61] conjectured

the following log-bound for the upper bound of the population neutrality:

Conjecture 4.7.1 (Reeves et al. [61]) The principal eigenvalue of a bricklayer's

graph is bounded above by
1(Gnk) (k  1)log n; (4.75)

Our collaborator, Shyam Narayanan, has rigorously proven Conjecture 4.7.1; his
proof is reproduced in Appendix C. We also have a rigorous and tight lower bound

on the population neutrality of bricklayer's graphs, by Theorem 4.2.1.:

Theorem 4.7.1. The principal eigenvalue |(G.) of a bricklayer's graphG is

bounded below by(Gnx) 2Sk(n)=n.
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Proof. A well-known identity is that (G) d(G) = 2jE(G)j5V(G)j, the average
degree of the graphG. For a bricklayer's graph G, we have from Theorem 4.2.1

that

=(k 1)logn g k%" 1(Gnx):  (4.76)

ZE (Gni)j _ 25(n)
n n
This is the tightest known lower bound on the principal eigenvalue of a bricklayer's

graph. Recall from eq. (4.1) and eq. (4.7) thaRAx  o(x) O. m

With these two results, we can now bound the population neutrality of brick-

layer's graphs both above and below:
(k 1)log.n g kMogng 1 1(Gn) (kK 1)log, m; (4.77)

showing that the robustness and population neutrality both obey a logarithmic
scaling law™ (Gnhx) (k1) 1(Gnhk) (k 1)log.n O (1).

Van Nimwegen et al. [66] described the robustness as a low order approximation
to the principal eigenvalue in describing the asymptotic population distribution. But
here, it is clear that for bricklayer's graphs, the robustness certainly deserves more
credit than that. The strong agreement between and ; for bricklayer's graphs
shows that, for evolution on maximally robust neutral networks (or within maximally
robust neutral components), the robustness, which has an exact analytical form,
would likely provide an excellent approximation to the principal eigenvalue, which
has no known analytical solution and can become expensive to compute. By using
the bound given by Galkin and Galkina [71], we can guarantee that the population

neutrality can be approximated by the robustness to within a margin of at most

1(Gnik) 2A 1
‘(k 1) (Gn;k) ‘(k 1) O T (478)

ask |1
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4.7.2 Hamming Spheres

Reeves et al. [61] considered whether bricklayer's graphs maximise the population
neutrality relative to all possible induced subgraphs of the hypercube/Hamming
graphH-., (i.e. only thek = 2 case was covered). They found numerically that this is
true for small graphs, but for”  19this no longer holds in general. There appears to
be no existing literature on the types of subgraphs of Hamming grapht. for k > 2
which maximise the prinicipal eigenvalue, but there have been investigations into
the k = 2 (hypercube) case aside from the numerical approach of Reeves et al. [61].
Bollobas et al. have shown [67] that the star graplK ., with jV(Kyn)j = n
vertices maximises the principal eigenvalue far ~ for jVj 105 The robustness
of a star graph is relevant to the input-output map subgraph properties for the
ground states of the 1-dimensional Edwards-AndersonJ spin glass model as
shown in Chapter 2, and it also is the minimum robustness of any fully connected
neutral network or neutral component [3]. A star graph withn vertices has

JE(K1n)j = n 1 edges, so the robustness is

2 1
1 - (4.79)

Kun)= < n

Bollobas et al. [67] have more recently argued that a type of graph known as
a Hamming sphere(or Hamming bal) maximises the principal eigenvalue (and
therefore the population neutrality) for the k = 2 case; although Friedman and
Tillich [81] have provided speci c examples of very large or very small Hamming
spheres which are not principal eigenvalue maximisers, they do not make claims
about principal eigenvalue maximisation asymptotically. Bollobas et al. [67] show
that Hamming spheres of radius  o(d) (whered is the underlying dimension
of the hypercubeH.,) have a principal eigenvalue which is asymptotically within
1+ o(d) of the true maximum. Moreover, they also show that for a xed radius,
these Hamming spheregxactly maximise the largest eigenvalue for su ciently

large dimensiond.
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We now precisely introduce the Hamming sphere. Recall that a Hamming sphere
contains the set of (vertices which represent) sequences which have at most a xed

number of errors relative to a xed codeword :

De nition 4.7.2. A Hamming sphere B - with radius O " is an induced
subgraph of a Hamming graphl-x whose vertex set corresponds to the set of all

sequences within a Hamming distance at mostfrom a xed codeword sequence.

The number of vertices in a Hamming sphere is typically written in series form;
we provide an analytical form that has not appeared in the literature, to the author's
knowledge. ForO i errors in a sequence, there arq ways the errors can
be chosen, and each of thieerroneous sites can take on one &f 1 values (since
one of thek values is correct). So, the number of sequences with exactly

errors is | (k 1)". Summing over allowed values df (from 0 to , inclusive),

the Hamming sphere'sB .-y number of vertices is

!

(K 1)
=0 o (4.80)
k 1™ Fa(lil+ T2+ 51 K);

JV(B )i

I
x;

+1

where ;F(a; b; c; z) is the ordinary (Gaussian) hypergeometric function.

4.7.3 Exact Robustness of Hamming Spheres

We now calculate the exact number of edges (and from it, the robustness) of

the Hamming sphere.

Theorem 4.7.2. The size (number of edges) of a Hamming spheBe- is given

by
( ! )

EGa)i= o Ka(k 1) [ R 1+ 1 K] : (481)

Proof. Suppose our sequences are of lengtland we are using &-ary alphabet. A
sequence with0 i 1 errors, has the maximal number of neighbourgk 1)

because any site can be ipped and the number of errors will remain at most
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Figure 4.8: Plot of the robustness of a Hamming sphereB -y as a function of the log
fraction of vertices occupied within a larger Hamming graphH-. Here, we usek = 2
and ~ = 12. For comparison, the bricklayer's graph bound is plotted, illustrating that the
Hamming sphere does not meet the bricklayer's graph bound for graphs which do not
have maximal (1) or minimal (k') vertices.

As explained in the previous subsection, the number of sequences with exactly
errors is . (k 1), so the sum of the degrees of the vertices within the boundary
of the Hamming sphere (but not on the boundary) is (k 1)P i=01 . (k 1)'. On
the boundary, there are (k1) sequences which have errors each. The only
allowed ips would have to occur at one of the erroneous sites, as they could be
ipped either to another erroneous character in the alphabet or to the correct
letter. Thus, the sum of the degrees of the vertices on the border of the Hamming
sphereis (k 1) (k 1) . The sum of degrees is equal tBE (B .- )j, so the
total number of edges is

x1 o ! °

Ly | (k 1)+ .(k 1) 5; (4.82)
i=0

. .k
JE(B k)= 5

which can be shown from a table of integrals to evaluate to the expression given in

the theorem. n

To our knowledge, this is the rst analytical expression of the number of

edges of a Hamming sphere.
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Now, given the number of vertices and edges of Hamming spheres as a function

of radius , we can write the robustness as a parametric function of

. h i
k +(k 1) < LFR(1; 1+ ;1K)
(Box)= — \ - ; (4.83)
k' (k1) Fi(L;1+ 2+ ;1K)

In Figure 4.8, we plot the exact robustness of the Hamming spheBe- versus
the fraction of vertices it occupies in the encompassing Hamming grap .
We observed that changing the size of the encompassing Hamming graph (i.e.
shifting ) does not change the curve that is traced out by the parameter. The

plot therefore suggests that
|

+ |ngjV‘(B rik )] +0 |ngjV‘(B ik )i

(Byx) 1 : (4.84)

meaning the the Hamming sphere robustness asymptotically seems to scale just
like that of the bricklayer's graph, but the o set from the logarithmic trajectory
1+ 29dVEn] g larger than that for the bricklayer's graphs. Of course, the

bricklayer's graphs will always have equal or greater robustness than any other graph.

4.8 Discussion

In this chapter, we have used graph theory to investigate maximally robust neutral
networks known as bricklayer's graphs. By using results from coding theory and
number theoretic results on the sum-of-digits functions, we are able to exactly
show the maximal robustness of biological neutral networks and that biophysical
GP maps are close to this bound, which is what is expected from Chapter 3. We
used the connection to the sums-of-digits function to then provide a theoretical
lower bound on how much the robustness of a phenotype which has multiple
neutral components would deviate from the maximal bricklayer's bound. We
then move from considering the robustness of phenotypes comprised of multiple
neutral components to the robustness of coarse-grained phenotypes which consist of
other phenotypes which may not necessarily have nonzero transition probabilities
between each other. We show how our general theory explains trends found in

real RNA coarse-grained phenotypes.
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Next, we considered the information content stored in the sequences which
comprise a phenotype. In opposition to what has been suggested in the literature,
we showed that, in general, the base information content and robustness are not
simultaneously optimised. But, we exactly proved that a class of special cases
does indeed allow for simultaneous optimisation.

We then discussed the population neutrality of bricklayer's graphs, which is
equivalent to the principal eigenvalue of the adjacency matrix of the graph and has
been suggested in the literature [66] to be more important than mutational robustness
in evolutionary dynamics. The population neutrality had been conjectured by Reeves
et al. [61] to be bounded above logarithmically. The author and collaborator Shyam
Narayanan prove the lower and upper bounds, thereby resolving the conjecture
and placing tight bounds which show that, in fact, the population neutrality and
mutational robustness are nearly equal to each other, suggesting that the mutational
robustness is not actually a poor substitute for population neutrality but is much
more easily computable (as it can be sampled) compared to the principal eigenvalue.

Having worked out these mathematical properties of robustness on graphs, it is
interesting to consider what the biological relevance is of these results. Intuitively,
one might muse that natural neutral networks ought to be optimal from the
viewpoints of information content, error tolerance, asymptotic population dynamics,
or one-step mutation robustness, or all of the above. In the previous sections, we
learned, however, that in constructing neutral networks, nature actually faces
a number of trade-os when dealing with simultaneous optimisation of base
information content, population neutrality, and robustness.

We have investigated three classes of graph topologies for neutral networks, each
of which is responsible for maximising a di erent parameter of evolutionary relevance.
The bricklayer's graphs maximise robustness exactly, the Hamming graphs optimise
base information content, and the Hamming spheres optimise population neutrality
(at least for k = 2). There is no immediate reason to assume that optimisation
of any of these parameters is mutually exclusive; and for some speci c cases, it is

possible to optimise all of them: for instance, consider the small graj@ye.4 = H2.4.
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This optimises robustness, base information content, and population neutrality:
robustness is optimised because it is a bricklayer's graph; base information content
is optimised because it is also a small Hamming graph; and population neutrality
is optimised because, by eq. (4.77), the lower and upper bounds are equal to each
other, and the principal eigenvalue of the adjacency matrix thus equals the maximal
value. But for large natural systems, these speci ¢ examples are highly unlikely to
appear. The fact that neutral components for small RNA and HP protein folding
systems attain the bricklayer's graph bound suggests that perhaps these natural
sequence-to-structure maps prioritise robustness over information content and
population neutrality. Here like in Chapter 3 questions to be addressed in the
future include, what happens to the robustness for much more complex systems,

say, the human genome? Do these principles we have uncovered here still hold?
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5.1 Introduction

Thus far, our study of robustness has centered aroundiscrete input-output

maps of the form

c fOoik 1990 f 0::iig 1o (5.1)
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However, some of the systems with discrete inputs that we have studied can
alternatively be formulated (and perhaps more realistically) with continuous inputs.
For example, Carmago and Louis' [18] study of Boolean threshold networks as
gene regulatory networks relies on only Boolean inputs representing the regulatory
weights between genes. A more realistic picture would likely allow for activation,
noninteraction, supression, and behaviours in between. Our spin glass input-output
maps in Chapter 2 were formulated for the J model on random graphs. While
the J model is useful (as is its ability to convey sign epistasis in spin glass tness
landscape models), it would be more general to consider models that admit any level
of positive, negative, or zero interaction between spins by makinga continuous
variable and perhaps imposing some minimum or maximum cuto .

These examples are inspiring, but perhaps one of the most immediate and
important applications is to deep learning. Deep neural networks (DNNs) are
graphs with an input layer of nodes that are densely connected to a hidden layer
of nodes, which is connected to another hidden layer of nodes, and so on, until
the nodes in the last hidden layer are connected to the nodes in output layer.
Training a DNN in a supervised learning setting involves updating weights such
that some pre-de ned loss function dependent on the results of the output nodes
is progressively minimised as the DNN learns more about the training data by
comparing the DNN outputs to the known answers in the training data. The
weights are xed after training, and one can feed in new test data and expect
to receive fairly accurate output results.

The parameter space of DNNs is typically very high-dimensional (due to the
existence of many weights on edges as well as nodes in the graph), and navigation
of the parameter space is guided by a process such as stochastic gradient descent,
which uses a loss function to guide the path of the weights. In this regard, stochastic
gradient descent is similar to simulated annealing in thermodynamics (funnelling
down an energy landscape) or biological evolution involving climbing up a tness
landscape. The energy-loss- tness analogies motivate the use of methods from

physics and evolution to think about deep learning.
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Our work on discrete systems in evolution and statistical physics motivates an
extension of the robustness framework to continuous input spaces. In this chapter,
we de ne robustness in a continuous space that has been discretised. We then
derive the equivalent of the logarithm power law for robustness that is expected
from natural discrete systems in these "continuous input"-"discrete output” maps,
we nd that the robustness should scale as power law We then derive a series of
Ansatze/approximations which are increasingly more parameterised and which try
to capture the salient details of the neutral spaces (the sets of points which map
to the same output). Using robustness data from deep neural networks collected

by collaborator Yoonsoo Nam [82], we are able to show that deep neural networks

indeed do appear to have power law neutral spaces, supporting our prediction.

5.2 Theory
5.2.1 De nition of Robustness

In the genotype-phenotype maps and input-output maps discussed in prior chapters,
the number of inputs was nite, and a notion of distance was imposed on sequences
via the Hamming distance. Two sequences were connected by an edge in the input
space if the Hamming distance between them was 1. Now, we are dealing with
continuous inputs, so there can exist a Euclidean metric on this space. However,
to be able to de ne robustness in terms of nearest-neighbours as is done in the
discrete systems, we rst discretise the Euclidean space.

We will consider systems with continuous weights, but discrete outputs, such
as is found for classi cation problems in machine learning. Now, consider such

a continuous-to-discrete input-output map:
:Z" 1 f v 2 Z9%kvk, = 1g; (5.2)

on an n-dimensional hypercubic lattice with arbitrary spacing . Let ;(w) be the
indicator function such that ;(w) = 1 if the input vector w maps to thei-th output

and j(w) =20 forj 6 i. Assume that there areq outputs.
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Figure 5.1: Discretisation of function output space. Lattice points are shown in black.
(Green box) the n-dimensional box surrounding the lattice point w. (Yellow boxes) the
neighbouring lattice points w and the (n  1)-dimensional hypersurfaces (gray dashed
lines) shared with with the green box. Robustness is the fraction of neighbours of each
box within a neutral set G, averaged over all lattice points in the neutral setG.

The standard de nition of robustness comes from the biological literature in
which ; is calculated on a Hamming graph instead of a hypercubic lattice graph

as we have here. Here, the robustness of the i-th output is de ned as

1 X

X
T 20F e o et Gl >3

wherew is a lattice point to begin with, and by our de nition w+ &, andw &y
map onto other lattice points which are not necessarily found within the neutral
set (i-th output function space) G = fw : ;(w)= ;8 0. Ineq. (5.3),F = |G]
is the number of lattice points within G. The lattice is given by the black points
(and edges between them) in g. 5.1.

Now we consider then-dimensional hypercubic dual lattice (gray dotted lines in
g. 5.1). Each lattice point in the primary lattice is contained within a volume " in
the dual lattice, and each of thes@-dimensional cubes shares gm 1)-dimensional
hypercubic face of volume" ! with the boxes of the2n neighbouring lattice points.
From the de nition of robustness in eq. (5.3), we see that robustness counts the

fraction of neighbours (out of2n) of a lattice point w 2 G; which are also within
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G, then averages this over thd=; lattice points in G. Therefore, 1 i counts
the fraction of neighbours (out of2n) which are not in G; this is the same as
counting the number of edges connecting a point 2 G; to a point outside of G,
then dividing by 2n and averaging ovelG. This number of edges is equal to the
hypersurface are&s; of the neutral setG, divided by the (n 1)-hypersurface area
n 1 Similarly, the fraction F; = V=", whereV, is the volume occupied by the

boxes surrounding the lattice points inG. We can now exactly write

1 Si:n ! S
= = > 5.4
'o2n V=0 2nV,’ (5.4)
or
S
i=1 ——: 55
i 2V (5.5)

5.2.2 Limiting Cases

The n-dimensional object with the smallest surface area-to-volume ratio is the
hypersphere, with volumeV (r;n) = r" "2=(1+ n=2) and surface are&s (r;n) =
nr" 1 "2=(1+ n=2), giving S (r;n)=V (r;n) = n=r for radiusr. Asr !1 ,
S(r;n)=V(r;n)! 0. Forr (the dense or aggregated limit, i.e. the low
surface area-to-volume limit), we can write

i1 E!f 1: (5.6)
In general this is true for any surface area-to-volume ratio that asymptotically
approaches 0 for large volume.

In the opposite limit, suppose the volumeV (r;n) is fragmented into 1 (or
more) spheres ofdiameter (as this is the lowest resolution permitted by our
discretisation), we nd that there are V (r;n)=V( =2;n) individual spheres that
have surface are® (=2;n) each. The total surface area to volume ratio is therefore
S (=2;n)=V (=2;n) = 2n=. It now follow that in the fragmented limit,

_2n

: = : 5.7
| 1 2n 01 ( )

which is the expected behaviour.
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Figure 5.2: The power law upper bound for robustness is plotted against the log of the
frequencyF; for various values ofn.

Since we have a hypercubic lattice, it is perhaps more rigorous to look at the
fragmented (i.e. large surface area-to-volume ratio limit) by considering a neutral
set/function space that has been fragmented intm-dimensional hypercubes of
side length , as this is the lowest resolution we can reach. The volume of each
hypercube isV ( ;n) = " and the surface areaiS ( ;n)=2n " 1. It follows that
the surface area to volume ratids ( ;n)=V (;n)= S (=2;n)=V(=2;n) =2n=,

and eq. (5.7) is obtained for the robustness once again.

5.3 Power Law Theory for Robustness in Con-
tinuous Input Spaces

5.3.1 Upper Bound Derivation

X0 e
Si(di;iiidh)=2" 1 & d (5.8)
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The volume and frequency are given by

N N
Vi(dg;:ipdy) = " de; Fi(dgiiidy) = dk (5.9)

(5.10)

The arithmetic mean of a set of positive numbers is always greater than or equal

to the geometric mean, so

|
1 1 oy 1 "y A
. R (5.11)
M=y Gk k=1 K k=1 F,

We can now bound the robustness from above as a function of the frequency:

1

i 1 ﬁ; (5.12)
where equality holds if and only ifd; = d, = =d,. Thelimits F,! 1, ;! O
andF'1 , ;! 1hold as expected. The upper bound is plotted for various

dimensions (number of inputs)n in g. 5.2.

Trivially, the lower bound of the robustness is O for alF;.

5.3.2 E ective Dimension Approximation (High and Inter-
mediate Sensitivity Approximation)

We now assume that the e ective dimension of the function space is less thanIn
this approximation, we assume that our function space is a prism once again, with
ne of the sides being length, and the remainingn n, being lengthb , whereb

is some integer larger than 1. This would imply that there ar@, axes/directions
that are highly sensitive to small changes in the value of the input, since the width
in those directions is only . The remainingn ne directions are of intermediate
sensitivity if b or are not very sensitive at all ifb . The inspriration
behind this splitting of the space into sti and sloppy directions comes from
the literature on sloppiness [83], which shows that for systems with any parameters,

there are typically a few sti directions, where small changes in the parameters
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Figure 5.3: The robustness power law is shown for various e ective dimensiong, of
the i-th function space in an n-dimensional space.

lead to large changes in the outputs, and many sloppy directions, where changes
in the parameters have little e ect on the outputs.

The surface area of the neutral space prism is
Sb;ne)=2"1 (n ng )b +ne e ! (5.13)
and the volume and frequency are
V(bine )= b ", F(bjn )= " : (5.14)
Thus, the robustness is
S(ajne )  ne 1

=1 &le) N
! 2n V(a, Ne ) n Fil:ne

(5.15)

Therefore,n. <n places a ceiling on the maximum robustness; this behaviour is
shown in g. 5.3. In the limit ng ! n, this faithfully reproduces eq. (5.12)

discussed previously.

5.3.3 Low and Intermediate Sensitivity Approximation

In this approximation, the prism has lengths larger than the length scale in

all directions. However,m of these directions are taken to be unimportant or
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sloppy, meaning that changes along those axes do not a ect the output (very
much). We assume that our function space is a prism once again, with of the
sides being lengtha , and the remainingn m being length , wherel a< =.
The m important directions are of intermediate or high sensitivity ifa or
very low sensitivity if a

The surface area of the neutral space prism is
Sam=2 m"™a)" *+(n m "™ Ya)" ; (5.16)

and the volume and frequency are

n m
V@am)y=(a)™ "™ F(an)=a" — ; (5.17)
Thus, the robustness is
_ ~ S(a;m)
' 2n V(a; m) (5.18)
1 m n m m m( =)m ! '
=1 = —+ =1+ - 1 — ——l
n a (=) n n F¥m

In the limit a! 1, this approximation produces the same result as the E ective

Dimension Approximation in the previous subsection for the case whebpe=

5.3.4 Anisotropic Prism Approximation

The previous two sets of approximations assumed only one free parameter. Here,
we maintain the approximation that some axes are much sti er than others, but we
add an additional parameter. In this approximation, we examine the intermediate
regime in which all of the dimensions are , but the function space is anisotropic
such that there arem dimensions with length scalea 1 that continue to grow
when F; increases, while there arén  m) dimensions of lengthb which are xed

and do not increase with increasingr; (i.e. are approximately the same for di erent
function spaces) but maintainb . Fixing (n m) dimensions of lengthb

is unrealistic asF; becomes small, as we should have ! 1. However, for
intermediate and larger values of;, the derivations here should hold. This case

is a generalisation of the previous section.
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Figure 5.4: The robustness power law is shown for various numbers of important
directions m in the low and intermediate sensitivity approximation. The number of bins
is taken to be = =100.

The surface area of the function space, approximated as a prism, should be
S(fa;bom=2"1 (n ma™d ™ ‘+ma™ P ™ ; (5.19)
and the volume and frequency are
V(a;b;m=a™d ™ "; F(a;b;m=a"p" ™: (5.20)

Thus, the robustness is

S(a;b;m 1 nm m

= _ S(ab;m = = + — (5.21)
2nV(a;b;m n b a

We now discuss how this formulation behaves under various assumptions; using

the assumption thatbis xed for di erent function spaces, we have that

n m mbn !
=1 : .
I nb nFilzm (5 22)

With the additional assumption that b & 1 for all neutral spaces, we see that

i 1 r:sni:n: ) log(1 i) O (logF) (5.23)
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Recall that this holds for su ciently large F;, so the robustness; does not appear
to go to zero forF; ! 1. In general, for su ciently large F;, this theory predicts
power law behaviour (with an exponent that can deviate fronil=n, as in the
isotropic case discussed in the previous section) for the robustness as a function

of the function space size.

5.3.5 Sampling in Numerical Simulations and Boundary
Restriction

In numerical simulations of systems such as deep neural networks, spin glasses,
or evolutionary tness landscapes, sampling must of course be conned to a
particular region of parameter space. This is reasonable for practical systems
such as the one mentioned.

In our numerical studies, our parameters are all con ned to the rangg, =2; =2].
This means that the box containing these sample points is bounded by the cube
[ ( )=2; ( )=2]", so the volume contained is ", and the number of points
in the sample space i$ =)". Now, we suppose that all of the outputs available
are con ned to this box. This means that we are approximating~; to be the global
absolute frequency; this is not necessarily a valid assumption. However, even in real
scenarios, the parameters are often restricted to some range (or at least practically
con ned to some range); this can be implemented in deep learning, for example, by
adding a regularisation term to the loss function. As such, we can interpref; to
be the number of inputs mapping to thei-th output which are practically accessible
in a simulation (perhaps due to regularisation). The e ect of sampling from within
a con ned region is that neutral sets will not necessarily be con ned within the box
in the sloppy directions (akin to principal components which are low rank).

We suppose thatf; = Fi=( =)" is the fraction of points mapping to thei-th
output which are contained within the sample space, and suppose thisit samples
are taken. In the largeN limit, we would expect that the theory in eq. (5.21)

would be obtained, which is reprinted as rst-order linear equation inog(1 ;)
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and logf;, which makes least squares linear regression very easy:

|
mb=m 17 Jogf;
n( =)mm m

log(1 ) =log (5.24)

We can t sampled robustness and frequency data to tb and m. We would
expect that along unimportant directions the neutral spaces would extend out
much farther than the sampling boundaries, so the value &fshould be close to

if our simple approximation holds.

5.4 Numerical Methods

Collaborator Yoonsoo Nam [82] simulated small neural networks in order to sample
various points within the discretised parameter space to calculate the robustness of
each output space/neutral space. Each of these deep neural networks had 10 nodes
in the input layer, 5 input nodes in each hidden layer, and 2 nodes in the output
layer. Simulations were performed for 2, 3, and 4 hidden layers. The input space was
taken to be restricted to the box[ 5;5]", wheren was the number of dimensions
determined by the number of hidden layers. The 2 hidden layer system had
n = 67 dimensions/independent parameters, the 3 hidden layer system had= 122
dimensions, and the 4 hidden layer system had= 177 dimensions. The input space
[ 5;5]" was discretised along each orthogonal axis into either 99, 199, or 399 bins.

The input-output map was de ned as follows: every point/bin in the hypercube
lattice was taken to be an input with weights corresponding to that point in
Euclidean space. The most probable DNN output from each of th2** binary
inputs was appended to a list and assigned a label signifying a unique output.
This means that two 10 map outputs (phenotpyes) were the same if each and
every one of the2'® outputs mapped to exactly the same DNN outputs (from the
neural network itself). Approximately 10" samples were taken for each choice of
number of hidden layers and number of bins.

The author t eq. (5.24) to Nam's [82] data using weighted least squares linear

regression, using weightsy; / f;, having approximated the standard deviations
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q
ofthel  asscalingas; O (1= (Nfj)). In the dataset we kept only the

outputs/phenotypes which appeared more than once.

5.5 Results and Discussion

In Figure 5.5 and Figure 5.6, we plot the robustness versus frequency as a linear-
log plot and a log-log plot, respectively, from the numerical simulations. We
additionally plot the Anisotropic Prism Approximation, eq. (5.24), with the pa-
rameters tted to the data. It is clear, especially from the log-log plot, that the
data support the power-law prediction introduced in this chapter. We nd that
for all combinations of architectures (number of hidden layers) and resolution of
discretisation (number of bins), the value ob is within approximately 5% of =.
Despite using such a greatly simpli ed model using only 2 parameters to specify
the number of important/unimportant directions and the length of the neutral
space in the unimportant directions we still see surprisingly clear agreement with
the approximation that b = in the unimportant directions. This would be, as
mentioned prior, due to the fact that in the unimportant directions, the neutral
space is likely to extend far beyond the sampling boundary imposed; the neutral
set would get cut o at the boundary.

The value ofm the number of important directions appears to stay between
3 and 4, only slightly decreasing as the dimensiamincreases. This suggests that,
at the resolutions of discretisation that we have used in the simulation, we are only
able to see approximately 3 or 4 major important directions. Future experiments
that may further help elucidate the function ofm would involve alterations of the
DNN architecture. There is an interesting connection here between the number
of "important directions” and the lottery ticket hypothesis by Frankle and Carbin
[84] they show that DNNs often only need a small subset of the parameters to
represent a solution. This suggests that only a low-dimensional manifold of the
data is needed, and it may be that the dimension of important directions is

related to the dimension of this manifold.
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(@) = =24, 2 layers (b) = =99, 2 layers (c) = =399, 2 layers
(d) = =24, 3 layers (e) = =99, 3 layers () = =399, 3 layers
() = =24, 4 layers (h) = =99, 4 layers (i) = =399, 4 layers

Figure 5.5: Linear-log plot of sampled robustness ; versus frequencyf; for function
spaces within deep neural network parameter space. Neural networks each have 10 input
nodes, hidden layers (2, 3, or 4) with 5 nodes each, and 2 output nodes. Discretisation of
the parameter space is chosen such that= = 24;99, or 399 Parameters range between
-5 and 5. Theory (dotted) has been t to the data (gray). Numerical averages (turquoise)
have been shown for each unique frequency for convenience.

However, while the DNN input-output map is a particular example of a continu-
ous input-output map we have chosen to study in this chapter, the central focus
has been to expand the notion of robustness as it is de ned in the biological GP

map literature to continuous input-output maps and provide a prediction for the
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(@) = =24, 2 layers (b) = =99, 2 layers (c) = =399, 2 layers

(d) = =24, 3 layers (e) = =99, 3 layers () = =399, 3 layers

() = =24, 4 layers (h) = =99, 4 layers (i) = =399, 4 layers
Figure 5.6: Log-log plot of 1 minus sampled robustnessl i versus frequencyf;

for function spaces within deep neural network parameter space. Neural networks each
have 10 input nodes, hidden layers (2, 3, or 4) with 5 nodes each, and 2 output nodes.
Discretisation of the parameter space is chosen such that= = 24;99, or 399 Parameters
range between -5 and 5. Theory (dotted) has been t to the data (gray). Numerical
averages (turquoise) have been shown for each unique frequency.

naturally observed scaling law for robustness. To this end, the DNN data have
shown excellent agreement with the robustness power law predicted by the simple
prism-based approximations that have been made regarding neutral space geometry,

which are based on the intuition of generic behaviour with a few sti and many



5. Robustness Scaling Law for Continuous Input-Output Maps 123

sloppy directions. The next steps will be to apply these theories to other continuous

systems, such as the many models used in systems biology.
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6.1 Introduction

Thus far, the discussion has been centered around te&tic properties of genotype-
phenotype maps and input-output maps, namely in the context of network-theoretic
properties that are relevant to evolution, such as mutational robustness. In this
chapter, we investigate some basic questions around evolutionadynamics on

glassy landscapes.

Spin glasses have been used for decades to model molecular evolution. By

124
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thinking of spin con gurations as molecular sequences and system energy as
evolutionary tness, we can draw a direct analogy between the spin glass model and
molecular tness landscapes. The dynamics of such a model then mimics evolution
on a complex landscape. More recently, a growing number of researchers have
been using spin glass-like models to infer tness landscapes from sequencing data
[37 40]. For the human immunode ciency virus (HIV), inference of the tness using
the spin glass model has been successful in reproducing experimental replicative
tness measurements [37]. A major advantage of these models is that their inferred
parameters o er direct interpretation. The spin-spin interaction coe cients, for
example, can be directly interpreted as epistasis between two molecular sites.
Moreover, it has been shown that higher-order spin-spin interactions are well-
captured in the model despite that fact that the inferred tness function only
contains one-spin and two-spin terms [40].

In late 2019, the RNA virus SARS-CoV-2 began infecting humans, and the
resulting COVID-19 pandemic which continues at the time of writing of this
thesis has caused over 200 million infections and over 4.5 million deaths worldwide.
Vaccines against the original human SARS-CoV-2 virus are being disseminated
around the world; yet, the virus continues to mutate, and new dominating variants
had already begun emerging before wide dissemination of the vaccine. Many of these
variants are able to cause breakthrough infections even in vaccinated individuals.
When a vaccine is administered in the host population (presumably on a faster
timescale than it takes for infection to spread), hosts' immune systems tend to
develop antibodies towards speci ¢ sites (epitopes) on the viral surface proteins.
Immunity is also developed by unvaccinated, infected but recovered individuals as
well. The applied immune pressure from the vaccines and recovered individuals
e ectively alters the shape of the tness landscape for the virus, and a stable tness
peak in the original strain's tness landscape may no longer be stable under immune
pressure, as certain amino acids at the epitopes may now face negative selection
pressure. Viruses may then escape to nd strains which are stable under the new

host immunity environment. It has thereby become important to ask, how does a
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population that has found a stable tness peak evolve once that tness landscape
has been perturbed, as happens for example with a vaccine?

One way of approaching this problem using a mathematical framework is to
consider a spin glass landscape where we can easily perturb the landscape. Ideally,
we would know the exact intrinsic tness landscape for a particular virus and
simulate evolutionary dynamics and immune pressure changes on the landscape.
But that problem remains quite hard, and since we are interested in generic e ects,
in this chapter, we study a schematic spin glass-like tness landscape in which
inferred terms in the model are drawn from a known Gaussian distribution.

Using numerical simulation, we consider a population that has reached a local
tness maximum (which we will interchangeably call ametastable statg'. We then
perturb the stability of that peak by altering the tness function, which looks like
a spin glass Hamiltonian with one-site external eld terms denoted byh; for
the i-th site and two-site interaction terms denoted by J; for the interaction
between sited and |, and we examine the evolutionary behaviour of the population

until it nds another metastable state. In this chapter,

1. We show that the dierence in thess F = Fpew Finita  between the initial
and new peak depends on the varianceg of the one-siteh terms and the
variance 7 of the two-site J terms in the tness function. Our data suggest
that while Fpey and Fiqia both only depend on 2+ 2=2, F has a nontrivial
and entirely di erent dependence on the variances. Speci cally F, appears
to be larger when either of the variances is large and smaller when the two

variances are closer in value to each other.

2. We examine the distribution of F over many evolutionary trajectories and

show that it is unimodal with a long right tail.

In spin glass physics, from which this language emerges, a stable state often refers to a
global energy minimum while a metastable peak or state refers to a local energy minimum. We
adopt this language in the discussion of evolutionary tness landscapes which are modelled as the
negative of spin glass energy landscapes. Smetastable statesn our evolutionary context are
referring to local tness maxima. Metastability of a particular viral sequence indicates that any
single change to that sequence will result in a worse/lower tness.
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3. We consider the time interval between the tness peak perturbation and
the discovery of the new stable tness peak and describe its dependence
on the variances of the one-site and two-site terms. UnlikeF, depends
nontrivially on the one-site variance ? and the two-site variance % terms;

we plot the dependencies graphically.

4. Our data strongly show is exponentially distributed, suggesting that nding

a new tness peak after perturbation may be akin to a Poisson process.

5. Lastly, we examine the relationship between the change in tnessF and the
time taken to discover the new peak and nd that the correlation between
these two variables depends on the variance in the one-site and two-site terms
in the tness function. As the variance in the one-site term increases, the
Pearson correlation betweetog F andlog decreasesand as the variance in
the two-site term increases, the Pearson correlation betwetsy F and log
increases The two-site term represents epistasis between sites in the viral
genome, and this suggests that increase in the variance in epistasis makes the
tness trajectory between the perturbed initial peak and the newly discovered
stable peak more power-law-like (in the sense that the correlatidag F and

log is linear and closer to 1).

These ndings open the door to the possibility of studying evolution on more
realistic landscapes, including those derived from SARS-CoV-2 (and other viral)
prevalence data, perhaps in the context of trajectories of viral escape after vac-

cination of a host population.

6.2 Inferring Fitness Landscapes

We consider a viral genome of length in which every site in the genome takes
on one of two possible values (this is a simpli cation to the binary case from 4
nucleotides or 20 amino acids). Such a simpli cation can be made, for example, by

coding the most prevalent residue at a particular site in the genome ad and the
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clumping the remaining residues together and coding them asl. In the inference
process of viral tness landscapes, one assumes that the tness landscape can be
modelled as a spin glass Hamiltonian (times 1):
1 X X
F(s)=5 Jisis+ his; (6.1)
i6j [
where the sequence2 f 1;+1g-. Here, theJ; and h; parameters are meant to be
inferred from the true prevalence data. Thd; parameter (called the external eld
in spin glass physics) for each siteis related to intrinsic preference for a particular
spin state at sitei; that is to say, at sitei, if site 5; = 1 is leads to higher tness, then
we would expecth; to have large magnitude and be greater than zero. Al that
is negative with large magnitude would indicate thats; = 1 contributes to higher
tness, and and h; with small magnitude indicates that it does not really matter
whethers; =1 ors; = 1. The J; term is an interaction between sitesi and |
and represents theepistasisbetween those two sitesPositive sign epistasigJ; > 0)
indicates that s; = s; will provide a higher tness contribution, and negative sign
epistasis(J; < 0) indicates thats; = s; will provide a higher tness contribution.
It is assumed that the theoretical prevalenc®y, (s) of each sequencs ( viral
strain ) is given by

&F ()

m; (6.2)

P (s) =

wheretrs is the sum over all spin con gurations. Various methods can be used
to minimise the KL divergenceKL (P jjPreai) between the theoretical prevalence
landscapePy, and the empirical prevalence landscap@.., [37]. One of the most
used methods is the adaptive cluster expansion (ACE) method. This method
performs the convex optimisation task for gradually larger clusters of spins/sites
at a time. After doing so, the inferred tness landscapes, despite only containing
up to two-spin correlation information (via the J;; couplings), tend to agree well
at higher orders as well [40]. This has been used to infer Boltzmann machines
[85], to solve the inverse Ising problem [86], to infer lattice protein models [87],

to infer protein contacts [42], to infer neuronal connections from brain activity
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[88], and to infer the tness landscapes of human immunode ciency virus (HIV)

by using prevalence data of those viruses [37 40].

Fitness landscapes inferred from prevalence data (called prevalence landscapes)
do not give the full picture of the true replicative tness (called the intrinsic tness
landscape) for that particular virus. Incompleteness of prevalence data certainly
biases the calculation; moreover, unt strains will have low or zero prevalence and
therefore will not contribute to the inference of low- tness regions in the landscape.
From eq. (6.2) we see that, in a prevalence landscape, the most prevalent viral
strain will necessarily be the most t; therefore, the most prevalent viral strain will
be at the global maximum of the prevalence landscape. In the true intrinsic tness
landscape, a viral population will not necessarily have reached the global maximum;
the global maximum in the prevalence landscape could actually just be a local
maximum in the intrinsic tness landscape. Thus, there is an important distinction
between the prevalence landscape inferred from prevalence data and the intrinsic
tness landscape which requires replication experiments. Nonetheless, Ferguson
et al. [89] report excellent correlation between inferred prevalance landscapes and
in vivo experiments, suggesting that the prevalence landscape may be a fair proxy

for the true intrinsic tness landscape.

In this chapter, we are concerned with the evolutionary behaviour of a viral
population that has reached a local tness peak which is then perturbed. We work
with idealised spin glass tness landscapes which have Gaussian distributed couplings
and eld terms. This is quite a simpli cation, but the analytical calculations
below cannot at present be done on inferred prevalence landscapes nor on intrinsic
replicative tness landscapes fromn vivo experiments. We hope that the general
principles will still be valid, and that in the future numerical calculations may

be extended to empirical landscapes.
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6.3 Static Properties of Spin Glass Fitness Land-
scapes

Let us consider the spin glass tness function in eq. (6.1) which de nes the tness

landscape for our problem:
1 X X
F(s) = 2. Jysis + hisi: (6.3)
i i
Recall that s is a particular (viral) genomic sequence, thdy;, and J; variables
parameterise the landscape with one-site (self) and two-site (interaction) terms,
respectively. In our calculations, we make the simplifying assumption that the
parameters are all Gaussian, s&; N (0; 3=L) (symmetric with J; = 0) and
hi N (0; 2). We now discuss static properties of the tness landscape which
will be relevant to numerical simulation.
The density of states (F) as a function of the tnessF is the fraction of the
total number of sequences with tness F, and the density of metastable states
m(F) is the fraction of the total number of sequences which have tne$s and are
at a local tness maxima. The density of metastable states has been calculated in
the absence of a Gaussian external eld; and in the presence of a constant external
eld in refs. [90 93], but there does not appear to be any exact calculation of the
density of metastable states in the presence of a one-site external eld temdrawn
from a Gaussian distribution, which is relevant to our case. In the following sections,
we follow the derivations of Tanaka and Edwards [93] by working in the annealed
approximation, which is when the disorder in the randonh; and J; variables is
averaged over directly. The authors of refs. [90, 91] argue that such averaging is less
physical than averaging over the logarithm of any observable variables (e.g. such as
the expected number of metastable states which we will calculate later). However,
they also found that the quenched and annealed approximations yielded identical
results above the glass transition energy. In the evolutionary sense, this means
that below a certain tness value, these two approximations should be identical;
though they may not be above a certain critical tness cuto. We believe our

evolutionary adaptation likely takes beneath the glassy summit of the tness
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mountain outside of the glassy regime (but still in the presence of metastability)
so in this section we follow the calculations of Tanaka and Edwards [93] having

included the additional complication of a Gaussian external eld to the model.

6.3.1 Density of States

For a sequence of length. with tness F given by eq. (6.3), we rst de ne
the intensive tness (tness normalised by length) ¥ = F=L. The number of
states which have tness equal toF is denoted as ( FF), and the density of
states () at a particular F is the number of states normalised by the total
number of sequences possibl&-(:

(®) = (;): (6.4)

First we show that the total density of states is Gaussian (as shown in [36]):
« 0 1,
1 X X
([E) = ZT trg QLE Jij SiSj hiSiA : (6.5)
hij i i Ih

This is di cult to solve exactly, but if we take the Fourier transform of the expression

within the average hi, then it becomes easily tractable:

. 2 0 13+
(F)= 5trs  -exp® { OLF " Jjss ~ hisAS
) hiij i i Jh
Z1 ¢ L 22 LZZ!# 1 £ ©©)
= —exp {LF s o= g——e ’F;
L 2 4 2 2 2 ’

where the approximationL 1 L has been used. This is a Gaussian distribution
with zero mean and with variance 2 = L 7§+ 2 . The intensive tness

F = F=L also obeys a Gaussian distribution with zero mean and with variance
3
2

If the J; terms were to disappear, this would physically correspond to the case

2
+h'

=

2
(3]

where there are no epistatic interactions between any two genomic sitgsand s;.
The tness landscape in this case has no ruggedness, and there is a single tness peak

which is also the global maximum. The tness function would only depend on the
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one-site, external eld termsh;, and it is possible to nd the exact tness of the single

global tness peak tness peak. As ;! 0, the J; terms disappear, and we nd
S

X X
max IimoF(s) = max hisi = hjhiji, = L 2. 0:79L: (6.7)
3! h

i i
So, the global tness maximum on this landscape has expected tness0:79L.

This value would be expected to increase as interactiodg are included.

6.3.2 Average Number of Metastable States

Finding the average number of local tness maxima is the same as nding the
average number of local tness minima of the spin glass Hamiltonian
1X X X
F(s)= £ Ji sis; hisi = Hspin glass(S) (6.8)
2 i j6i i
For this reason, we will be referring to tha-th element of the sequencs as the
spin sj, which may be up (si =+1) or down (s = 1). Flipping the i-th

spin results in a tness change F; given by
0 1

X
= Xi = S @ Jij S + hiA : (69)
j

Fi
2

The stability of a spin con guration requires that x; > 0 for all i. It has been shown

in [90] that, for the SK model, averaging the observables (annealed approximation)
yield the same results as averaging the logarithm of the observable (quenched
approximation the physical case) below a certain tness threshold when o -
diagonal elements in replica space vanish. The joint probability density function

for the x; is given by

* 0 1 +
1 Y X
m(X)= s @; Jijsis;  hisA ; (6.10)

! ] J;h;b
whereh iy, , is the average over the quenched disorder, and the trace is performed
over all spin con gurations. Noting that hJ; i; =0, n(x) is invariant under the

gauge transformationJ; 7! J;s;sj, we can write

« 0 1,
1 Y X
m(X) = o rs @; Jj  hisA : (6.11)

! i Jh
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We use the Fourier representation of the delta functions to average over the ener-

gies
* O l+
d i {'X' X
—e Kitrg, exp@ {; J {ihisA (6.12)

221 2 j
J:h

1Y 41

m(X) =

Performing the J average, we have

* 2 3. x 2 34
X X
expt { Jj i = exp? { Jy(i+ j)®
6] J p M 3 (6.13)
4 § X 25 .
= exp ih’"'( i+t )7
gl
which can be expanded as
2 2 2 3 2 2 2 23
X X X X
exp4 L 2 5 expt 2 2 2 i 5 14
N P (6.14)
This simpli es to a form in which there are no products ; j:
s 7 " i ", #
L 1 Lz2' Y
> dzexp > exp 2 Z+{z: (6.15)
2 31 J o 2

Above, we have assumed that 1 L for large L, and additionally that the
O(1) term is much smaller than theO(L) terms in the exponents . Performing
the h and b averages, we have

2
h

— o

hrg exp[ { ihisi, =2e “2z: (6.16)
It now follows that
S
Z 1 L22 Y Z 1 . 2, 2y 2
m(X) = L 2 dze Tg be (s zh) |+{(Xi+z) i
2 J 1 i 21 2 3
S L Z 1 2y 1 (xj +2)2 (6.17)
2 51 i 2(2+ )

The expected number of metastable statelgyi is given by

Z, S L 21
hpi =28 d'x (X)) = 52 dz &50@:; (6.18)
0 J
where 0 1
— 22 @ z A .
So(2) = 57 +log erfc @g———A: (6.19)

) 2(5+ )
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Figure 6.1: Log of hgoi, the expected number of metastable states from theory, as a
function of ; and . We can see that when 3, the number of metastable states
in the tness landscape decreases and tends to 1. This is the regime in which the external
eld terms dominate, and ruggedness of the landscape disappears, leaving only one global
tness peak, indicated by the blue-most regions. Likewise, in the limit ; h, the
landscape is maximally rugged, and there is high metastable peak density, indicated by
the yellow-most regions.

Using Laplace's method for largd., we can approximate
hgoi  €-50¢); (6.20)

where z is the solution to the xed-point equation

@H2) _ .
@z =0: (6.21)

The number of metastable state$goi is plotted as a function of ; and 4 in Fig-

ure 6.1.

6.3.3 Density of Metastable States

From the Hamiltonian (equivalently the negative tness) in equation eq. (6.8), we

can nd the distribution over the tnesses of the local tness maxima:

* P P o) P +
Z1 F g i Jij SiSi ihisi T X i Ji his;

—_ L
m(F)= - dxtrs %(fJ; hg)

Jh
(6.22)
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