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Abstract

Social networks are a fundamental tool for understanding emergent behaviour in human
society, providing a mathematical framework that emphasizes the importance of inter-
actions between the individuals in the network. While traditional social network models
consider all social ties as uniform, either an edge exists or it does not, human nature
is more complex and individuals can be linked by relationships that differ in nature,
intensity, or sentiment. This tie-level complexity can be represented using more complex
network models, including signed, weighted and multiplex networks, where edge-level
attributes delineate between the types of interactions. A growing body of literature is
devoted to developing methods for extracting information from such heterogenous net-
works, from probing the latent structure to investigating dynamical processes occurring

overtop of them.

In this thesis, we focus on ties that vary in sentiment, using signed networks in which
edges carry positive or negative weights, representing cooperative or antagonistic rela-
tionships, and ties that vary in nature, using weighted and multiplex network models. We
present models and empirical studies that adapt traditional network science methods to
extract information, detect multi-scale structure and characterize dynamical processes,
to the heterogeneous network context. Our contributions here are four-fold. First, we
present a signed network embedding algorithm capable of recovering continuous node
attributes. Next, we develop a signed network random walk, which effectively captures
macro-scale graph structure. Third, we conduct an empirical study of peer-to-peer mu-
sic recommendations, using a model of social contagion that leverages the information
contained in heterogeneous ties. Our final work draws upon the learnings from the pre-
vious chapters, presenting a study of political polarization on a social media platform,
represented as a signed, weighted and multiplex network. Overall, this thesis presents
methodological and empirical advances, which demonstrate the advantage of maintaining

tie-level complexity in mining social networks.
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Chapter 1

Introduction

1.1 Motivation

Complex systems science concerns itself with systems composed of many interacting parts, and
the patterns that emerge from the collective behaviour of the components [153]. Systems from a
wide range of disciplines that exhibit this aptly named emergent behaviour, fall into the purview
of complex systems science, from macro-scale phenomena, like the flocking behaviour of birds, to
micro-scale interactions, such as amongst neurons in the brain. To gain insight into the dynamics
of such systems, they are first expressed as mathematical models which reduce the complexity of
the underlying system, while preserving essential properties. In this thesis, we consider the network
as the base representation of the systems considered. A network, or a graph, is simply a collection
of points, or nodes, with pairwise connections, called edges. Networks are fundamental to the study
of complex systems, providing a mathematical framework that emphasizes the interactions between
the components [152] [122].

This thesis investigates social network systems, in which nodes correspond to individuals and
edges encode their pairwise interactions. Social network representations have been used to study a
range of emergent phenomena in human society, from patterns encoded in the network structure,
to the dynamics that occur on top of the network. Community detection, for example, probes
the macro-scale network structure, detecting groups of individuals (communities) which are more
closely connected to each other, than to individuals in the rest of the network [I52] I78]. Dynamical
processes, such as epidemic models of disease transmission, unfold on top of the social network; its
structure is key to determining the speed and pattern of the spread [155].

Fundamentally, human interactions are non-uniform, and individuals comprising a social network
are connected by relationships that may differ in nature, intensity, or sentiment. In its simplest form,
a network representation obscures this complexity; an edge indicates the existence of a relationship,
irrespective of its type [98]. Such complexity reduction is often a necessary methodological choice

to probe the network structure using tools designed for traditional networks. Nevertheless, this



inevitably results in the loss of a crucial layer of information. Retaining the information describing
diverse social ties lies at the core of this thesis; we present a series of methodologies and studies that
extend traditional network science approaches to social networks with heterogeneous tie information,
with the aim of extracting latent information, detecting multi-scale structure, or characterizing the
diffusion dynamics occurring on top of the network.

This thesis focuses on ties that differ along two dimensions; sentiment and nature, where senti-
ment introduces theoretical constraints distinct from other forms of edge heterogeneity. While both
dimensions represent forms of network heterogeneity, we organize our methodological contributions
by addressing them separately, developing methods for sentiment-based heterogeneity in Chapters
and {4} and for heterogeneity in interaction nature in Chapter [5] before integrating both approaches
in Chapter [f] As different models are appropriate for encoding this tie information, we consider
a combination of signed, multiplex and weighted networks. Signed networks, in which edges carry
either positive or negative weight, are used to differentiate between interactions that are cooperative
or antagonistic in sentiment [99]. These networks pose a challenge to traditional methods for social
networks, which are often predicated on the assumption that a connection is evidence of similarity.
Both Chapter [3] and Chapter [] introduce novel methods for social networks with antagonistic ties,
with further applications presented in Chapter [6]

Ties that differ in nature can be represented using multiplex or weighted graphs, where the type
or intensity of the interaction is encoded by an attribute on the edge [98]. In what follows, we use the
term heterogenous to denote networks with diverse interaction types, rather than to networks that
have heterogenous degree, as the term is occasionally employed in the literature [203]. Preserving
this level of complexity is particularly crucial in modelling diffusive processes, from epidemic spread
to information diffusion, as such processes can spread more effectively over distinct types of social
ties [7]. Moreover, representing heterogeneous interactions is similarly essential for detecting latent
structure in social networks, from the micro- to the macro-scale [98]. Chapter [5| presents a model
of diffusion over a social network with heterogeneous interactions, examined through the lens of an
empirical study. Chapter [6] integrates the contributions from previous chapters in a final empirical
study of a network which is simultaneously signed, weighted and multiplex.

Through a series of methodological contributions, this thesis advances the network science litera-
ture on social networks with diverse ties. These contributions are bolstered by analysis on empirical
social networks, which collectively demonstrate the value of maintaining a higher level of complexity
in the representation of social interactions, an approach crucial for uncovering latent interaction

patterns, and elevating our understanding of social processes.



1.2 Organization and Contributions

Chapter [2} Preliminaries

This chapter provides an overview of network science, establishing the mathematical foundation
on which the subsequent research is based. We introduce basic graph properties, and the graph
notation that we maintain throughout the thesis. The chapter also provides an introduction to
signed networks, their properties and uses, graph embeddings, random walks on graphs, and the

role of spreading processes in networked systems.

Chapter 3} A proximity-based embedding for signed networks

In this chapter, we present the first of two methods that focus on heterogeneity associated to the
presence of negative ties, presenting a spectral embedding method for signed networks. The algo-
rithm, SHEEP, is constructed as the minimum energy configuration of a Hamiltonian which depends
on both the multi-scale structure of the network, and the edge signs. Unlike other signed network
embedding methods, which primarily focus on partitioning the graph into clusters of nodes, SHEEP
preserves proximal relationships, and is thus capable of recovering continuous node attributes across
a range of synthetic and empirical networks. In Chapter [6] we apply the SHEEP algorithm to de-
tect political polarization and partisanship on an empirical signed network constructed from user

interactions on a social media platform [22].

Chapter Modelling random walks over signed networks

This chapter presents our second method devoted to extracting information from signed networks,
extending the concept of a random walk over a traditional network, to the signed context. Random
walks can be used to detect community structure in graphs, measure node importance, or capture the
similarity between nodes. Adapting the random walk to signed networks is non-trivial, especially for
the purpose of community detection, where the goal is to partition the graph into communities with
predominantly positive internal edges, placing negative edges between communities. Prior works on
signed network random walks focus on the case where there are only two such communities, which is
uncommon in empirical settings. In this chapter, we propose a signed network random walk capable
of capturing the structure of a network with more than two such communities. We demonstrate
that the walk generates a similarity matrix between nodes, which can be used downstream for

unsupervised and semi-supervised clustering, often outperforming other walk-based methods [21].
Chapter Social contagion of music taste over heterogeneous social ties

As with random walks, other diffusive processes can also be adapted to networks with heterogeneous
edges. This chapter focuses on different types of heterogeneity, examining ties that differ in intensity,

modality and reciprocity, and their influence on diffusion dynamics. The analysis is grounded in an



empirical study that characterizes how music taste spreads via person-to-person recommendations
over the Spotify social network. To that end, we investigate the various social and contextual factors
that influence the outcome of these recommendations, including the strength of the sender-receiver
relationship, the user’s role in the Spotify social network, the social cohesion apparent in their
network, and how similar the new artist is to the receiver’s taste. Our findings suggest that the
success of the spread is affected by the strength of the social ties, and the social cohesion in the user’s
surrounding network, features which are preserved by maintaining the heterogenous nature of the
network. Finally, we leverage the findings to construct a predictive model of whether a shared music
track will result in the receiver’s successful ongoing engagement with the shared artist, providing new
insights into the multifaceted mechanisms underpinning the interplay between music discovery and

social processes. This analysis was conducted in collaboration with the Spotify Research team [106].

Chapter [6; Detecting ideological extremes in social media networks

This final chapter weaves together many of the results from the preceding chapters, employing
methodologies developed for both signed, weighted and multiplex networks, to quantify the political
polarization on Menéame, an online social network that facilitates political exchange and information
diffusion. We adopt a dual-method approach, analysing both the signed and unsigned network
representations, using the SHEEP algorithm presented in Chapter [3| for the signed network. By
comparing outcomes from both networks, we quantify how negative ties enhance the understanding
of polarization across diverse conversation topics on the platform. While the unsigned Menéame
network effectively delineates ideological communities, only by incorporating negative ties can we
identify ideologically extreme users who exhibit extremity on specific topics, or engage in antagonistic
behaviours. These findings reinforce the central premise of this thesis; the critical importance of

preserving tie-level complexity in heterogeneous networks [39].



Chapter 2

Preliminaries

2.1 Graphs

This chapter introduces the mathematical background underpinning the research presented in the
following four chapters. We begin with the fundamental unit of network science; a graph. A graph,
or a network, comprises a collection of nodes, which are the entities in the graph, joined by edges
that represent interactions between the entities.

A graph is defined as G = (V, E), where V is the node set, and F is the edge set. A node i € V
and node j € V are connected by an edge if (i,7) € E. Thus, the graph G has |[V| = n nodes and
|E| = m edges. A graph can be expressed as a mathematical object in a number of different ways,
most frequently in this work by its adjacency matriz defined A € R™*" where A;; gives the value of
the edge between nodes ¢ and j. If no edge exists, A;; = 0 [152].

If a graph is undirected, an edge from node ¢ to node j is equivalent to an edge from node j
to node 7, and the resulting adjacency matrix will be symmetric. In the case of a directed graph,
each edge has a direction, representing interactions that are not inherently reciprocal in nature. In
this case, A;; gives the value of the edge from node ¢ to node j. In its simplest form, the graph
G is unweighted and A;; takes values in {0,1}; an edge either exists between two nodes, or it does
not. This thesis focuses on complex systems with diverse interactions, which are often represented
by networks with weighted edges. In a weighted graph, the value of A;; can be any real number
value, which denotes the varied nature and intensity of the interaction [I52]. Though the weights
are typically take only positive values, this is not restrictive, as in the following section.

The degree of a node in a graph is defined by the sum of the weights of its incident edges. For
a node i, the degree can be defined using the adjacency matrix as k; = > j A;j. In what follows, we

will often refer to the diagonal matrix of degrees defined as D;; = k;d;; [152].



Signed Networks

In signed networks, edges carry a positive or negative weight to represent the polarity of the inter-
action between the nodes, representing the dichotomy between interactions that are trustful or mis-
trustful, activatory or inhibitory, cooperative or antagonistic, depending on the context [8), [198] [189].
A fundamental example is that of a social network, where the sign of the edge indicates the sentiment
of the interaction between individuals; a positive edge represents a friendly relation, while a negative
edge represents animosity or antagonism.

Depending on the context, signed network representations can be constructed either via explicit
or implicit signed interaction signals between entities in the network. In the case of online social
interactions, which is the focus of the primary empirical studies in this thesis, signed networks are
constructed by assigning a positive or negative weight to interactions between individuals. Some
platforms naturally produce signed representations, as users can explicitly delineate the valence of
their interaction [I75, 133]. In other cases, signed signals can be inferred from surrounding textual
context [169, [168].

Another widely used method is to construct signed social networks from bipartite interaction
data, where connections only exist between nodes of two different types. This process, often referred
to as backboning, extracts a signed network between entities in one group, where the weight of
the edge indicates if the relationship is weaker or stronger than expected by chance [62] [1§]. For
other applications, signed networks are constructed from correlation or casualty matrices between
time series, often used to study financial systems, or functional connectivity in the brain [62]. Sim-
ilar correlation methods are applied to gene expression patterns to construct signed co-expression
networks [I38]. As with other network constructions, obtaining a signed networks representation
necessarily involves modelling choices, including thresholding correlation values, aggregating explicit
interactions, or inference through backboning, which can influence the observed structure.

As in the unsigned case, the signed graph G = (V, E) is the graph with node set V' and edges F,
where ET is the set of positive edges, and E~ is the set of negative edges, such that EYUE™ = F and
ETNE™ = 0. As with unsigned networks, a signed network is characterized by its adjacency matrix
Ag,ij, where Ag,;; = 1 indicates the presence of a positive edge (i,7) € E*, and A,,ij = —1 indicates
the presence of a negative edge (i,j) € E~ . The signed adjacency matrix can be decomposed
into two matrices, encoding the positive and negative edges separately, where the positive adjacency
matrix A4 is defined by A ;;; = 1if Ag; = 1, and 0 elsewhere. Similarly, the negative adjacency
matrix A_,;; is defined by A_,;; = 1if A,,;; = —1, and 0 elsewhere, such that Ag;; = A1 — A_.i;.

The positive diagonal degree matrix is defined by D..;; = k4.;0;;, where ky; = Zj Ay j, the
degree matrix of the positive sub-graph, and D_;; = k_,;d;5, where k_,; = Zj A_j, the degree
matrix of the negative sub-graph, where in particular we note that k_.; > 0. A node’s total number

of connections, positive or negative, is given by k; = Zj |[Ag.ij| = kg + k—; [152].



(a) (b) (c)

Figure 2.1: Examples of Balanced and Unbalanced Cycles. Strongly balanced cycles (a) have even

numbers of negative edges. Weakly balanced cycles (b) have i negative edges, where ¢ # 1. Unbalanced

cycles (c¢) have a single negative edge. Throughout this thesis, red indicates an negative edge, blue indicates
positive.

Structural Balance

In practice, social network analysis is heavily grounded in sociological theories used both to predict
and explain the behaviour observed in the resulting system. The principle of homophily, the idea
that individuals tend to form connections with those most similar to themselves, underpins many
mathematical techniques used to measure individual similarity in networked systems, or to perform
community detection, detecting groups of individuals more closely connected to each other than the
rest of the network [152], I78].

However, negative links are naturally at odds with the principle of homophily, and techniques
developed to extract information from unsigned networks often fail to capture dynamics present in
signed networks, where connectivity is no longer an indication of similarity. Thus, signed networks
require new techniques, inspired by alternative social theories. Signed social networks are most
commonly understood through Heider’s theory of structural balance, a psychological theory which
posits that interpersonal relationships tend to form structures that obey a notion of “balance”. The
theory follows directly from the adage 1) an enemy of my enemy is my friend, and its natural
extensions: 2) a friend of a friend is also a friend and 3) an enemy of my friend is also my
enemy [102]. These rules can be translated directly into the language of network science, describing
which triad structures are most favourable in a signed social network. Figure (a) shows a balanced
triad following the first adage, while Figure (¢) shows an unfavourable state or an unbalanced
triad, which violates all three rules. The convention taken in this thesis is that red indicates a
negative edge, while blue indicates a positive edge.

The idea of structural balance has been extended beyond the triad, to cycles of any length.
Cartwright and Harary introduce the term strong balance to refer to a signed network where all
cycles in the graph contain an even number of negative edges [42]. Fascinatingly, this local property
has wider implications for the global structure of the graph. The authors show that strong balance
is equivalent to bi-polarization, when a graph can be partitioned into two node clusters with positive
edges within each cluster and negative edges between them [99, 42]. The communities in a signed
social network are thus defined as groups of cohesive individuals with antagonistic relationships to

the other groups.



A slightly weaker condition was introduced by Davis in [54], who defined a weakly balanced
graph as one where no cycle has only a single negative edge. Figure (b) shows a weakly balanced
cycle. Davis proved that such graphs can be partitioned into k clusters of nodes with positive edges
inside, and negative edges between them. When the graph is not strictly balanced, identifying
the optimal partition of nodes into k clusters, where k is unknown, has been shown to be NP hard.
Various methods have been proposed to solve this problem numerically [I8][65]. A popular approach
takes inspiration from spin-glass literature, using simulated annealing to locate the optimal cluster
assignment [200, [I0I]. Analogously to the term used for negative plaquettes in the Ising spin-glass

model, unbalanced k-cycles on signed graphs are also called frustration [40].

Generative Models

Generative models provide mathematical frameworks for producing families of networks which share
certain statistical properties, which often mirror those found in empirical networks. A prominent
example is the presence of community structure in social networks, where nodes can be partitioned
into groups more densely connected to each other, than to nodes in other communities. This property
finds its dual in the canonical stochastic block model (SBM). Given k communities of pre-determined
sizes {C1, Cs....Cy} and a k x k probability matrix P, the SBM generates a synthetic network where
P;; gives the probability that an edge exists between a node in cluster ¢ and another node in cluster
j [2]. To induce community structure, the intra-community edge probabilities must be higher than
the inter-community probabilities. Refer to Figure for an informative illustration of a three-
community SBM.

In Chapter [3| and (] of this thesis, we employ the signed counterpart, the signed stochastic block
model (SSBM). Like the standard SBM, the SSBM is similarly a random graph model with a cluster
structure that typically either exhibits strong or weak balance. As in the unsigned case, the SSBM
has k clusters of nodes, and edge probabilities between each pair of nodes are independent, defined by
the probability matrix P. In keeping with the paradigm of structural balance, all edges connecting
nodes in the same cluster are by default assigned positive weight, while edges connecting nodes in
different clusters are weighted negative. Unlike in the unsigned case, the edge existence probabilities
for inter- and intra-community edges need not differ, as the structure of the network is determined
by the signs, rather than the density of links [53]. This model can be perturbed by introducing a
sign-flip parameter v € (0, 1), controlling the probability that the sign of an edge is flipped from the
correct sign (positive inside communities and negative between communities).

The signed stochastic block model is the standard generative model for producing signed networks
which exhibit structural balance, and are widely used in the literature to benchmark methods for

detecting signed clusters [53]. In this thesis, we use SSBMs for two purposes: in Chapter |3} to



Figure 2.2: Three-community stochastic block model (SBM)

evaluate the properties of the signed network embedding method we propose; and in Chapter [4 to

study the behaviour of our signed random walk over networks with community structure.

Spectral Properties

The spectral properties of the graph’s matrix representation provide insights into the structural
and dynamical characteristics of the network. In addition to the aforementioned adjacency matrix,
the graph Laplacian is another common matrix representation of the network, which renders itself
particularly useful in community detection problems.

For a matrix M € R we denote its eigenvalues \;(M) and associated eigenvectors v;(M). In
this thesis, we focus primarily on undirected networks, for which the associated matrices are sym-
metric. A symmetric matrix M has a set of orthonormal eigenvectors and associated real eigenvalues
which can be ordered as A1 (M) > Ao(M)... > A\, (M).

The (unsigned, undirected) graph Laplacian is defined via the adjacency matrix A and the degree
matrix D as:

L=D-A (2.1)

such L is symmetric and has a 0 eigenvalue corresponding to the eigenvector 1, the all ones vector.
The Laplacian is positive-semidefinite such that 0 = A, < A,—1... < A1 [28]. For a connected
network, one such that every node is reachable from every other node in the graph, the second
smallest eigenvalue of the Laplacian is strictly greater than zero, A,_1 > 0, and in general the
number of connected components of the graph is given by the multiplicity of the zero eigenvalue in
the spectrum of the Laplacian [122].

Defining the Laplacian in the case of a signed graph is less straightforward, and two main
variations have been proposed in the literature [I85]. While the Laplacian of the positive part of the

graph follows the same form as the unsigned Laplacian as L, = D, — A, there are two possibilities
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for the negative graph Laplacian, corresponding to two possibilities for the signed Laplacian. The

opposing Laplacian:

Lo == D+ + D_ — (A+ — A_), (22)

and the repelling Laplacian:
LT = D+ - Df - (A+ - A,) (23)

Both the repelling and opposing Laplacians are symmetric and real, thus their eigenvectors can
be chosen to be orthonormal. Note that the repelling Laplacian follows precisely the same form
as the standard graph Laplacian since Zj Asiij = Diy — D;,—, but since the net degree of a node
can be negative, the matrix is indefinite. The opposing Laplacian is constructed using the diagonal
absolute-value degree matrix defined by D;; = > ; |A;;|, consequently, it is positive semi-definite,
and its spectral properties are closely associated with the notion of strong balance [120].

Note that the literature does not have a consistent naming system for the different Laplacians
we refer to here. This thesis adopts the term “opposing Laplacian” after [I85], but this matrix
is sometimes called the signed Laplacian in [I20]. The repelling Laplacian appears under various
names in other works, including the physics Laplacian in [79], the net Laplacian in [160], or simply

the unsigned Laplacian as it shares an identical construction to the Laplacian on unsigned graphs.

Network Embeddings

Networks are high-dimensional objects, and their structure is often investigated through dimensionality-
reduction techniques called network embedding. Network embedding encompasses a range of meth-
ods for obtaining a lower-dimension vector representation of the nodes, taking into account multi-
scale graph topology, while still preserving certain structures. Embeddings have a range of down-
stream applications from clustering and community detection, to semi-supervised node classification,
and are used in recommender systems to make recommendations based on proximity in a latent (em-
bedding) space [209, [78].

The full embedding of a graph associates each node i to a position in k dimensional space, which
is encoded by a n X k matrix X with entries X;, or, equivalently, the set of n vectors «;. For further
clarity in this work, we use Latin indices for nodes, and Greek indices for dimensions.

Classically, network embedding methods for unsigned graphs fall into two categories; spectral
methods and physical methods, which have different downstream usages. Spectral methods produce
k-dimensional vector representations of the nodes by taking the first k& eigenvalues of a matrix
associated with the graph. For example, the smallest non-zero eigenvalues of the Laplacian matrix,
and their associated eigenvectors, are shown to produce an embedding of an unsigned graph which

preserves local distances between nodes [28§].
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Another class of spectral techniques relies on singular value decomposition (SVD) rather than
eigendecomposition, a series of techniques that are reminiscent of Principal Component Analysis.
Correspondence Analysis (CA) is one such method that is broadly applicable to both networks, and
to categorical data that can be represented as contingency tables [I03] [T 29, 90]. In particular,
given an interaction matrix M € R™ ™ the correspondence matrix is defined by P = %M , Where
T =>_;>_; Mjj is the sum of all the entries of the matrix. The matrix of standardized residuals, S
is computed:

S=D; (P —r?)D; 2, (2.4)

Nl=

where r = P 1 and ¢ = PT 1, which define the row and column masses, and D, = diag(x) denotes
the vectors transformed into diagonal matrices. Finally, the SVD of the matrix is computed via
S = UAVT such that UTU = VTV = I. The diagonal matrix A contains the singular values of S
and is used to determine the embeddings of the entities represented in the interaction matrix. These
embeddings, called principal coordinates are defined for the rows of the matrix M as D, %U A, and
for the columns as D, VA This method is used extensively in Chapter @

Beyond purely matrix-based techniques, another prominent family of embeddings are energy-
based physical models typically used to produce visually-informative two-dimensional depictions of
an unsigned graph. An energy function is chosen by assigning attractive and repulsive forces to
the edges, and an optimization algorithm employed to locate a minimum energy configuration. The
Spring Embedder method was one of the earliest force directed models, which was further refined by
Fruchterman and Reingold [68, [82]. Similarly, Kamada and Kawai introduced an algorithm which
treats edges as springs, with rest length equal to the graph theoretical distance [I11].

The advantage of spectral and physical methods lie in their interpretability, which becomes
increasingly difficult to maintain as embedding algorithms increase in complexity. For example,
random-walk based embedding methods use random walks to sample a node’s “context” or neigh-
bourhood of connected nodes, capturing both local and global structure [47]. The sampled paths are
used to generate node embeddings via the skip-gram or bag-of-words model [95] 210]. More recently,
neural-network based methods have been increasing in popularity, particularly the Node2Vec algo-
rithm which similarly uses random walks, but optimizes the representation using stochastic gradient
descent [93, @7]. While such methods are perhaps less interpretable, they can out-perform spectral
methods at downstream predictive tasks.

For signed networks, embedding methods typically seek to place nodes close together in latent
space if they are connected by positive edges and paths, while simultaneously separating nodes
connected by negative edges. Chapter [3] provides a comprehensive overview of embedding methods

for signed graphs.
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Random Walks on Networks

A vast area of network science is devoted to examining processes taking place on top of a network.
Random walks are used to model diffusive processes over networks, finding applications in epidemic
spread, or dissemination of information or behaviours over social networks [I55]. They are extremely
powerful for probing the structure of large-scale graphs, feeding into measures of node centrality,
informing community detection algorithms, or describing other structural patterns [46].

A random walk begins at an initial node, and at each step randomly selects one of the incident
edges and proceeds to an adjacent node, as in Figure [2.3] The walk itself is the path produced by a
repeated series of these random choices, up to a defined stopping point. In its simplest form, then,
the random walk is modelled as a Markov chain, such that the state of the walker at time ¢ only
depends on the state of the walker at time ¢ —1 [I22]. On an unsigned graph, a discrete-time random

walk evolves according to
1
nj(t +1) = Z nl(t)k—A” (25)
i 1

where n;(t) is the density of walkers on node 7 at time ¢ and A;; is the adjacency matrix of the graph
and k; is the degree of the node, such that T = D~'A is the transition matrix of the associated
Markov chain. This equation describes the situation where an ensemble of walkers are processing
on the graph simultaneously at discrete times.

As the transition matrix 7' is row-normalized with eigenvalue 1, the process described here has

a stationary state n defined by the eigenvalue equation [140]:

n(I—T)=0. (2.6)

The spectral properties of the transition matrix, and how they relate to the associated graph struc-
ture, are well known [I39]. In particular, the eigenvalues are in the interval [—1, 1], and the multiplic-
ity of the dominant eigenvalue, A\; = 1 is equal to the number of connected components in the graph.
Moreover, the transition matrix is related to the graph Laplacian via the relation T = I—D~'L, such
that the dynamics of the random walk are closely related to the spectral properties of the graph’s
Laplacian [I41]. Chapter 4| provides a more comprehensive overview of the spectral properties of

this matrix, and introduces a random walk process over signed networks.

Spreading Processes on Networks

Dynamical processes on networks, which encapsulate both random walk and spreading process, are
used to model different phenomena. Spreading processes describe how states propagate between
nodes, though unlike the random walk process, the number of diffusing agents is not conserved.

Some of the most well-studied examples come from epidemiology, where infectious disease dynamics
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Figure 2.3: First three steps in a random walk process. Selected nodes are coloured in red.

are modelled using various generalizations of the ST model [152]. More recently, similar models have
been applied to understand the spread of information, behaviours or trends between individuals in a
social network [94]. A substantial body of literature explores the relationship between the network
structure, and the speed of the spread [I55]. Unlike the spread of infectious disease, voluntary
behaviours tend to require social reinforcement to spread effectively, as in Granovetter’s threshold
model, where the probability of a successful transmission event increases as a function of the number
of previously activated connections [89]. The successful adoption of behaviours requiring social
reinforcement, called complex contagion, is impacted by the network topology, for example, spreading
more easily between densely connected nodes [44]. Chapter [5| draws on the complex contagion
literature, presenting an empirical study of how music taste spreads over a social network with

heterogenous edge types.
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Chapter 3

A proximity-based embedding for
signed networks

This chapter is based on the article Babul, Shazia’Ayn, and Renaud Lambiotte. "SHEEP, a Signed
Hamiltonian Figenvector Embedding for Proximity.” Communications Physics 7.1 (2024). 8 [22].

3.1 Introduction

Networks provide a powerful representation of complex systems, comprising of a collection of nodes
joined by edges that represent interactions [I52]. Typical examples stem from an array of disciplines,
including sociology (social contact networks) urban infrastructures (public transportation networks),
or biological interactions (gene interaction networks). As described in Chapter[2] edges can represent
diverse interaction types, which can be distinguished by the edge weights, which identify the nature
and intensity of the relationship. In this chapter, we consider signed networks, where positive or
negative edge weights indicate the valence of the interaction between the nodes.

Despite their classical origin in the sociological literature [I02], signed networks represent a
relatively new field of exploration. However, research into signed networks has been increasing
in popularity due to a number of examples from online social networks such as Epinions [I75] and
Slashdot [I33] where users can mark each other as friend or foe. More recently, signed social networks
have been constructed by inferring the signed signals using sentiment analysis, using data from social
media platforms like Reddit [169] and Twitter [I68]. We give an overview of the related literature
on signed networks in the following sections, and direct the reader to [191] for a more detailed
explanation of their properties and principles.

As described in Chapter [2] the structure of signed (and unsigned) networks are often investigated
through dimensionality-reduction network embedding techniques. For signed networks, a successful
embedding method will place nodes close together in latent space if they are connected by positive

edges and paths, while separating nodes connected by negative edges [120, 63| 117, [79] TT3].
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In this chapter, we present a physically-inspired signed network embedding method called SHEEP
(Signed Hamiltonian Eigenvector Embedding for Proximity), which incorporates local, intermediate
and global information into a continuous proximity measure between nodes. Modelling the nodes as
a system of particles interacting with attractive forces (positive edges) and repulsive forces (negative
edges), we construct a Hamiltonian which is dependent on the distance between nodes, such that the
relative embedding distance results in a similarity metric. Unlike most signed network embedding
methods which are grounded in the principle of structural balance and focus on partitioning the
graph into antagonistic clusters for binary classification tasks, our measure is intended to retain
proximal information between nodes, and may be preferable in the case where a graph does not
exhibit perfect structural balance.

We propose two applications of the signed network embedding method; (1) a way to recover
continuous node attributes based on their proximity in the embedding, and (2) using the node’s
distance to the origin as a measure of extremism or conflictuality, evaluating the method on both
synthetic generated signed networks and empirical networks. In addition, the Hamiltonian admits
a global minimum energy configuration, which can be re-configured as an eigenvector problem,
and therefore is computationally efficient to compute. We also present an energy-based approach
to finding the optimal embedding dimension for proximity. At the global level, the embedding
generated by the minimum energy configuration is intrinsically related to the notion of structural
balance, and the ground state energy can be used as a statistical test for global-level strong balance,

or bi-polarization.

3.2 Related Literature

We provide here a brief review of the related methodologies developed to extract information from
signed networks, and how they differ from the work presented in this chapter.

As first discussed in Chapter [2| signed networks are most commonly understood through the
psychological theory of structural balance, developed to explain why “balanced” structures are more
favourable in interpersonal relationships [102]. When a graph is structurally balanced, the nodes can
be partitioned into k clusters with positive edges inside and negative edges between them. Figure
depicts a strongly balanced (2 faction) graph and a weakly balanced (3 faction) graph.

While structural balance provides a valuable framework for understanding signed networks, it
has been argued in the literature that empirical networks are often not perfectly balanced, and
the tendency for signed social networks to become balanced may not even hold over time [64]. In
particular, signed networks may not have a natural cluster structure, and as proposed in [65], their
formation may be influenced by a combination of other processes, resulting in different patterns

than structure balance alone. It is precisely when ground truth clusters do not exist that it may be
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(a) (b)

Figure 3.1: Signed Network Global Structure. Strongly balanced signed networks (a) have two opposing
factions with positive edges inside and negative edges between. Weakly balanced networks (b) can have 3
or more factions.

more useful to consider methods that capture more nuanced relationships between nodes, such as
proximity measures, which avoid making assumptions about faction numbers and memberships.

SHEEP is one such method; a spectral embedding method for signed graphs, which emphasizes
representing proximal relationships between nodes over clustering assignments. SHEEP is situated
within a broader class of spectral techniques for signed networks. While the majority of such methods
on signed networks are primarily designed to cluster the graph into cohesive communities separated
by antagonistic relationships, which is not our objective here, it is nevertheless a rich field and we
give an overview of the relevant literature as follows.

Spectral clustering on signed graphs has been approached in various ways; in [9], the authors seek
to optimize modularity, in a similar spirit to the modularity maximization methods for community
detection on unsigned graphs [156]. In [120], Kunegis et al. propose a spectral method, embedding
the signed graphs in two dimensions, using the first two eigenvectors of the opposing Laplacian.
Extending the opposing Laplacian method to higher dimensions proved to have significant limitations
in [49], where the authors instead minimize an objective called the Balanced Normalized Cut. Xiao
et al. [200] introduce a method that uses a normalized version of the opposing Laplacian to identify
locally optimal polarized communities, given a set of input nodes. In [53], Curcuringu et al. construct
a regularized spectral algorithm that performs particularly well at recovering antagonistic clusters,
even on sparse graphs.

Most similar to our work here is that of [I17] in which Knyazev takes a mechanical perspective,
arguing that signed graphs can be clustered using the repelling Laplacian, modelling clusters as
eigenmodes of a mass-spring system with negative springs. The graph is clustered using the k
smallest eigenvectors, where k is selected based on the largest observed eigen-gap. While SHEEP

also employs the repelling Laplacian, our method adopts an energy-based approach, and we seek to
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capture proximal relations rather than clusters. We further demonstrate that our method naturally
outputs a statistical test for polarization.

In [36] [37], the authors present a proximity-based two-dimensional representation of a signed
network onto a ”conflict space” using the smallest eigenvalues of the adjacency matrix. Unlike
this method which is designed to be two-dimensional for visual comprehension, SHEEP generalizes
to higher dimensions. Other approaches similarly depart from the strict clustering paradigm ne-
cessitated by structural balance, for example by allowing for "neutral” actors to exist outside the
clusters [33], 201].

In [79], Fox et al. apply QR factorization on the eigenvalues of Gremban’s expansion, a matrix
related to a random walk process on a signed network [I93]. As pointed out in [53], most spectral
clustering methods fix a priori the number of clusters k + 1, embed the nodes using the k£ smallest
eigenvectors, and finally apply a k-means analysis to identify clusters. We direct the reader to [80]
for a more detailed review of related spectral clustering methods.

SHEEP is a spectral embedding method, inspired by a physical Hamiltonian, thus it also falls
into the energy-based family of graph embedding methods discussed in Chapter 2] Other physical
approaches for signed networks have been proposed; in [I13], Kermarrec et al. introduce an energy-
based approach for visualizing signed graphs in two dimensions to detect clusters.

Unless the chosen energy function is strictly convex, the optimization algorithms employed for
energy-based methods locate a local minima, which is acceptable for the purposes of graph draw-
ing. SHEEP instead relies on a Hamiltonian which admits a global minimum. We draw inspiration
from SpringRank, a physically inspired model that generates hierarchical rankings of nodes in di-
rected, unsigned networks along a one dimensional line, by modelling directed edges as orientated
springs [55]. This conceptualization inspires the spring potential based SpringRank Hamiltonian,

defined:
1
H(S) = 5 E Aij(si — Sj — 1)2, (31)
1)

where each node i is embedded at a real-valued position given by s;. Each spring has a rest length
set to 1, such that the energy is minimized when s; — s; = 1, preventing nodes from collapsing to
the same position. The SpringRank Hamiltonian has a global minimum which allows for statistical
comparisons of the ground state energy, to determine significance of the hierarchical structure. In
this chapter, we generalize the SpringRank method to undirected signed networks, embedding the
nodes in a k-dimensional space by defining a Hamiltonian that is the sum of repulsive and attractive
forces corresponding to negative and positive edges respectively, and then defining the embedding

by locating the global minimum energy configuration.
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3.3 The SHEEP Hamiltonian

The generalization of the spring-force Hamiltonian to a signed graph setting is constructed as follows.
Suppose each node i has an associated position vector x; in metric space R¥. Positive edges are
modelled as spring attractive forces, and negative edges are associated with an anti-spring repulsive

force, which is similarly quadratic in distance, resulting in:
H=> A —x =D A ijlxi — ;% (3:2)

i,j 4,J

Recall that A_.;; > 0. The first term of the Hamiltonian is minimized when positively connected
nodes are separated by a minimal distance, while the second term requires negatively connected
nodes to be separated by the largest possible distance. We seek to find the set of position vectors
{x;} that describe the minimum energy configuration. When a negative edge exists between two
nodes, their interaction term reaches its minimum when the two nodes are pushed apart to infinity.

Consequently, we introduce a constraint on Eq. to control for the explosion of distance.

3.3.1 Relation to Spectral Methods

Before introducing the constraint, we first illustrate the relationship between the proposed energy-
based embedding and spectral approaches. As a graph exhibiting strong balance can be separated
into two antagonistic factions (bi-polariztaion), we constrain ourselves to a one dimensional embed-
ding for the remainder of this section. The vector 7 denotes the n-dimensional vector describing
the positions 7; of the n nodes along a line.

Following from Chapter [2] a signed graph has two possible Laplacians; the opposing Laplacian
defined L, = Dy + D_ — A, and the repelling Laplacian defined L, = Dy — D_ — A;. These two
matrices induce quadratic forms on the vector w € R™. Note that m; is a scalar value associated
with the node i. The induced quadratic form of the opposing Laplacian is:

wl Lyw = Z Ay gl — w2+ Z A_jlmi + i3 (3.3)
4,J 0,J

and of the repelling Laplacian:

7L =y Aylmi = mP =Y Agiylmi — . (3.4)

i,j 0,J
Notice that the quadratic form resulting from the repelling Laplacian is precisely the spring-
inspired Hamiltonian proposed in Eq. for one-dimensional position vectors.
Unlike the function arising from the inner product of the opposing Laplacian (Eq. , the inner
product of the repelling Laplacian is a function of distance for pairs of nodes connected by both
positive or negative edges. Consequently, in the embedding generated by the opposing Laplacian,

the presence of many or few negative links between positively connected factions does not affect
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the final positions, unlike the physically inspired method that we propose here. In particular, the
opposing Laplacian identifies whether the graph is strongly balanced or not, but does not give an
indication of the intensity of the negative interactions between the nodes, which is precisely the
advantage of our proximity-based embedding. As we will show, the embedding defined by repelling
Laplacian does not only depend on the number of positive and negative connections, but also on
their specific arrangement between the nodes and on the constraints induced by the dimension k of
the embedding.

Both signed Laplacians are symmetric and real, so their eigenvectors can be chosen to be or-
thonormal. Unlike the opposing Laplacian, which has been previously used for spectral embedding
as in [120] because it is positive semi-definite, the repelling Laplacian is indefinite. From a physical
perspective, its inner product describes a Hamiltonian that permits explosions of distances due to

the quadratically increasing energy of repulsive forces.

3.3.2 Spherical Constraint

Let us first define the one-dimensional form where each node i is associated with a position 7;, such

that w € R™. Then, our objective function to minimize is:

H(m) =Y Apgjlm —mi* =Y A jlm — w7, (3.5)
1,5 ,J

As the minimization of Eq. is computationally difficult, we follow a method proposed in [112]
for ordering nodes in graphs, and impose the spherical constraint condition that > 72 = R. This
constraint, which is equivalent to fixing the L? norm, relaxes the problem to admit a tractable global
solution. The choice of this constraint follows the existing literature [I12], however, we note that
alternative constraints are possible and would, in general, lead to different solutions. This constraint

can be written using a Lagrange multiplier, as:

L(m,\) =H(m) - B() 7 - R), (3.6)

where [ is the Lagrange multiplier. Taking the gradient and setting it to zero gives the following

eigenvalue equation for the extrema:

L,m = (Bw. (3.7)

The extrema conditions generated by the constraint requires that 7 is an eigenvector of the

repelling Laplacian, v, which gives:

H(v)=v'L,v = )R, (3.8)

where )\ is the associated eigenvalue, and the eigenvector has been normalized such that v7v = R.
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From Eq. [3.8] we see that the minimum is obtained when v is the eigenvector v,, associated to
the minimum eigenvalue A,. Finally, we have that the minimum value of the Hamiltonian subject
to the spherical constraint is the minimum eigenvalue of the repelling Laplacian.

This minimum is a global minimum for the system defined in Eq. with the spherical con-
straint, and the associated one-dimensional embedding is given by the eigenvector v,. The resulting
embedding is invariant under reflection about the origin. Furthermore, since we are most interested
in the relative distances between nodes in this proximity-based embedding, the resulting normalized
distance matrix generated from the embedding is also invariant under translations and re-scaling of
the vector v,. In what follows we take R = 1. Note that unlike the other force based approaches
which often employ non-convex optimization to locate local minima, finding the minimal value of the
Hamiltonian with the spherical constraint reduces to a computationally efficient eigenvalue problem.

In the method proposed here, we only consider signed graphs which have at least one negative
eigenvalue. For positive graphs, the repelling Laplacian is equivalent to the standard graph Lapla-
cian. Since this matrix always has zero row sum, it has a 0 eigenvalue associated with the eigenvector
1, which is the smallest eigenvalue for the positive graph. From the physical interpretation of the
system, this means the attractive forces have collapsed all the nodes onto a single point. It is also
possible for signed networks to have no negative eigenvalues, for example if the positive sub-graph
is fully connected [38]. We consider only graphs that have at least one negative eigenvalue, which
occurs when the negative edges are sufficiently dense or well positioned in the graph such that the

proximity embedding information is non-trivial.

3.3.3 Ground State Energy and Strong Balance

In this section, we propose a test statistic for bi-polarization, by exploiting the physicality of our
system; the ground state energy, denoted as EY. Analogously to the Ising model, where the lowest
ground state energy is achieved when there is no geometric frustration introduced by negative cycles,
we show that the ground state energy of our Hamiltonian is minimized when the graph exhibits
strong balance. If a test statistic is significant, it should be highly improbable on a null model.
As the ground state energy depends on many aspects of the network structure, we focus on the
following null model: fixing the graph topology, we randomly reshuffle the signs of the edges, while
preserving the density of positive and negative edges, as in [I32] [I89]. If the real network has a
lower ground state energy than the networks produced by the null model, we can conclude that
the network has significant underlying bi-polarization structure. Since the ground state energy of
our Hamiltonian is the minimum eigenvalue of the repelling Laplacian, we present here some results
on the spectrum of the repelling Laplacian for complete-graphs, and then generalize the results

numerically to non-complete graphs.
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Repelling Laplacian: Spectral Results

An n-complete graph is a graph with n nodes, such that all possible edges exist between the
nodes. We consider the set of complete signed graphs with n nodes, subject to the condition
that ET, E~ # (), denoted by {G™}. We present three results: (1) The minimal eigenvalue A, is
bounded from below by —n. (2) The lower bound A,, = —n is achieved when the graph has a perfect
bi-partition (strong balance). And (3) Introducing frustration by switching edge signs will strictly
increase the value of the ground state energy. These results motivate the use of the ground state

energy as a bi-polarization measure, or measure of strong balance.

Theorem 1. For an n-complete signed graph subject to the condition that EY, E~ # 0, the smallest

eigenvalue of the repelling Laplacian A\, > —n.

The proof is deferred to Appendix, but the main steps involved are as follows. Beginning with
the n-complete graph of all negative edges, one can easily show that the spectrum is —n with mul-
tiplicity m» — 1 and 0 with multiplicity 1. Any other signed n-complete graph can be reached by
successively changing an edge sign to positive, associated with the addition of a L*"* to the re-
pelling Laplacian, which is positive semi-definite. Applying Weyl’s inequality to the sum of the two
Laplacians gives the required result.

Next, we show that the lower bound is reached when the graph is strongly balanced and admits

a bi-partition.

Theorem 2. Consider a strongly balanced graph G € {G"}, such that the nodes of graph G can be
partitioned into two sets Vi and Va, where Vi, Vo # (). Nodes inside each set are connected with pos-
itive edges, while the edges connecting the sets are negative. The smallest eigenvalue of the repelling

Laplacian is \,, = —n.

Again, we defer the proof to Appendix. Broadly, we construct the eigenvector v associated to
the minimum eigenvalue \,, by placing nodes in the same set at the same point such that for node
k € V; we set vy = x; where i € (1,2). Using the orthonormality of the eigevectors, we can show
that associated eigenvalue is —n,

Epy =M= —n. (3.9)

By Theorem 1, this is the minimum eigenvalue. By Theorems 1 and 2, the ground state energy
reaches the lower bound when the graph is non-frustrated, and has a perfect bi-partition in accor-

dance with strong balance. When the graph is frustrated we want to show that the ground state
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energy, E?ms is larger than the energy associated with the balanced graph E?; given in Eq. 3.9
as —n. We compare between graphs that have the same number of nodes, n, as well as the same

density of positive and negative edges.

Theorem 3. Consider a strongly balanced graph G € {G"}, such that the nodes of graph G can
be partitioned into two sets Vi and Vo, where Vi, Vo # (. Introduce frustration into the graph by
exchanging the signs of one positive and one negative edge, thereby preserving the overall density of
positive and negative links. When the graph is sufficiently large such that n > 4, and |V4|,|Va| > 2,

the ground state enerqgy is strictly increased E?ms > E,?al.

The proof involves writing the repelling Laplacian of the frustrated graph as the sum of the re-
pelling Laplacian of the balanced graph Lf" , and a perturbation, L**#®°"  associated to the swapping
of a positive and negative edge sign. The motivation for this swap comes from the definition of the
null model defined above, where edge signs are reshuffled while preserving the number of positive

Lswiteh cannot

and negative links. The new graph is frustrated because the two terms LTG and
be simultaneously minimized. Finding a bound on the second smallest eigenvalue of the repelling
Laplacian of the balanced graph Lf, gives an approximation for the energy gap between the ground
and first energy levels. When the graph is sufficiently large such that n > 4, and |Vi|, |V2] > 2, we
can use the energy gap to bound the ground state energy from below, obtaining the inequality we
require. In practice, n > 4 is a weak constraint, as most graphs of interest contain more than four

nodes, so

E} s > —n = Epy. (3.10)
Bi-Polarization Measure

Following the intuition provided by the spectrum of the repelling Laplacian on complete signed
graphs, we numerically generalize to the case of non-complete graphs, showing that the ground state
energy is a statistically significant measure of bi-polarization, as compared to the null model. The
test correctly identifies the polarization structures on various synthetic signed graphs with strong
balance. We propose a bi-polarization score using the z-score of the ground state energy of the

graph, compared to the null model energy distribution. We define:

2(G) = M, (3.11)

o
where (Ey) is the mean of the null model distribution, and o is the standard deviation. A large
negative value of Z(G) indicates that the graph is significantly polarized.

There exist a number of proposed bi-polarization measures for signed networks, which typically

focus on the local or global properties of the graph. For example, [I16] proposes a balance measure
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that counts the number of unbalanced cycles in the graph, inversely weighted by length. A more
global measure is the frustration index, which counts the number of frustrated edges associated with
the best bi-partition [I9]. An intermediate scale measure, POLE, takes the correlation between a
node’s signed and unsigned random walk, based on the assumption that link sign should be related
to unsigned community structure [I07]. Our measure incorporates both local and global structure,
and allows for comparison between networks with fixed size and edge density. We refer the reader to
the Appendix for a numerical test of the bi-polarization measure on synthetic signed networks

with polarization structure.

3.4 Weak Balance and Extension to Higher Dimensions

A one-dimensional embedding provides sufficient insight to understand the graph’s alignment with
strong balance, as the bi-partition of the nodes can be projected along the one-dimensional line.
Weakly balanced graphs, however, are k-clusterable, and require partitioning the nodes into k fac-
tions. As a result, a one-dimensional projection may not adequately represent the relationships
between the nodes. For noisy and un-balanced graphs, the extension to higher dimensions becomes
essential; additional dimensions provide greater degrees of freedom to ensure that the distance be-
tween nodes in the embedding represents a proximity measure that takes into account the global
graph structure.

When considering graph embeddings in higher dimensions, identifying the optimal dimension of
the embedding is a challenging task. In the limiting case of a complete negative graph, intuition
suggests that an optimal embedding should place each of the n equidistant from each of the others,
a configuration which requires a n — 1-dimensional embedding. We refer the reader to the Appendix
for a detailed analysis of this case. To investigate the general case of non-complete graphs, we
define, for each node i, a k-dimensional vector x;, which is the vector built using the i-th entry of
each of the first k eigenvectors, i.e. X; = (Vni, Un—1i, ---V(n—k+1)i)- Let the distance matrix D(k)
correspond to the Euclidean distances associated to the positions of the nodes in the k& dimensional

latent space, such that:

n—k
D(k)ij =[x = %> =D (Vai = vaj)?, (3.12)

a=n
where v,; is i-th entry of the a-th eigenvector of the repelling Laplacian. This implies that the
distance matrix D(k) is linear in dimension in the sense that if D(v4)ij = (Vai — Vaj)? are the
entries of the distance matrix associated with the a-th eigenvector, then:

n—k

D(k) =Y D(va). (3.13)

a=n
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Since the Hamiltonian in Eq. [3.2] can be written in terms of the distance matrix D(k):

H(D(k)) = AvijD(k)ij — Y A iy D(k)sj, (3.14)
irj i
where in one-dimension,
H(D(1) =Y ArijDWn)ij — Y AvijDWn)ij = An, (3.15)
i irj

it follows that the Hamiltonian is similarly linear in dimension:

n—k

H(D(k)) = Y H(D(va)). (3.16)

a=n
With the spherical constraint given in Equation we have that H(D(v,)) is simply A, the

eigenvalue associated with the a-th eigenvector. Then:

n—k
H(D(k)) =Y Ao (3.17)

As a consequence of linearity, the Hamiltonian as a function of distance trivially decreases with
an increase in dimension as long as A, < 0. Our experiments on artificial and real-life networks
show that the number of negative eigenvalues is usually relatively large, in any case too large for
an efficient embedding of the signed network. At the same time, one can observe that each new
dimension allows the nodes to be separated by greater distances, as the norm of the distance matrix
will grow with each added dimension.

To compare the quality of the embedding at different dimensions, a natural choice is to combine
these two quantities, and to normalize the Hamiltonian by the norm of the distance matrix, i.e.
dividing by the term /(3_; ;(D(k)i;)?). This procedure defines the higher-dimensional generalized
Hamiltonian: Z"—k \

H(D(k)) = —=a=n2 (3.18)
Zij (D(k)ij)Q

In the case of the n-complete negative graph, we prove that the higher dimensional generalized
Hamiltonian is minimized in k¥ = n — 1 dimensions (see Appendix . More generally, this choice
is a heuristic, for selecting the optimal embedding dimension, and we demonstrate its effectiveness
empirically in the following sections.

Based on this formulation and the intuition provided by the complete negative graph, we propose
selecting k& by minimizing H(D(k)) over k, thereby identifying the dimension that minimizes the
ground state energy. Note that even if A1 < 0, the addition of the k 4 1-th dimension may still
increase the energy H(D(k + 1)) > H(D(k) due to the normalization factor.

This provides an alternative to the method proposed in [I17], which uses the k smallest eigen-

vectors based on the largest eigen-gap, but formalizes the choice of k£ in terms of a physical energy
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function. Let us emphasize again that, within our framework, the energy minimization is intended to
find the dimension that produces the best proximity measure, and not the number of weak balance
clusters. See the [22] for further visual illustrations highlighting the difference between these two
objectives.

We evaluate our method using signed stochastic block models (SSBMs), as introduced in Chap-
ter Figure shows the normalized energy versus dimension plots for various realizations of
SSBMs with different community numbers, sizes and sign flip probabilities. Figure (a) shows
the normalized energy as a function of dimension for 3 community SSBM with edge probability 0.5,
and randomly generated community sizes between 20 to 50. In all 10 realizations, the energy is
minimized at k = 2, which is the expected dimension for representing three communities. Similarly,
in Figure [3.2b), the energy curves for noisy 3-community SSBMs (with a 0.1 sign-flip probability)
also show a consistent minimum at k& = 2.

Figure [3.3] shows a two-dimensional SHEEP embedding for two realizations of a 3 community
SSBM, one with and one without noise on the edge-signs. When the number of communities is
increased to six, as in Figure (c), the energy minimum shifts to k = 5 in all realizations, consistent
with the expected dimension. For the noisy 6 community SSBMs shown in Figure (d), the energy
minimum is obtained at k& = 5 for most realizations, but can vary depending on the faction sizes
and noise parameter.

When the sign-flip probability increases, the optimal dimension may deviate from the number
of clusters. This is because our method is designed for finding the best embedding to represent
proximal relationships, not to recover the best node clustering, and the noise will naturally affect
the proximal relationships between nodes. See [22] for an experiment illustrating the effect of noise

on the optimal dimension.

3.5 Applications

3.5.1 Proximity Based Node Attributes

As the SHEEP Hamiltonian is a function of distance, this method is fundamentally designed to
preserve node proximity, incorporating multi-scale information from local interactions (link sign)
to global structure (factions from structural balance). In what follows, we build on this insight by
demonstrating how SHEEP can be used to recover continuous node attributes. Unlike embedding
methods designed for clustering, which are particularly adept at binary prediction tasks (ie, link
sign prediction), SHEEP provides a continuous metric more suited to recovering continuous node
attributes and determining relative extremism.

For all numerical experiments, we compare SHEEP to two other spectral signed network embed-
ding methods, the opposing Laplacian [120] and SPONGE (Signed Positive Over Negative General-
ized Eigenproblem) [53]. Like SHEEP, these methods induce a matrix operator on the graph, and
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Figure 3.2: Normalized Energy H(D(k)) vs dimension plots. (a) Three-community SSBM (ten

realizations). The energy minimum (dashed line) is obtained at k = 2 as expected. (b) Three-community

SSBM with 0.1 sign flip parameter, the energy minimum is still obtained at k = 2. (¢) Six-community SSBM

(ten realizations), with energy minimum obtained at k = 5, as expected. (d) Six-community SSBM with

0.1 sign flip parameter. The energy minimum is still obtained at k = 5, for most realizations, but can vary
depending on realization faction sizes and random variations.

Figure 3.3: Three-community SSBMs With Varying Sign Flip Parameters. Both figures depict the
SHEEP embeddings for three-community SSBMs with 50 nodes per community, and 0.5 edge probability.
(a) has 0 sign flip probability and (b) has 0.2 sign flip probability.
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(a) (b) (c)

Figure 3.4: Different embeddings for a modified three-community SSBM. The graph is constructed
such that the yellow nodes have fewer negative edges, compared to the black nodes. The embeddings are
produced by a) SHEEP /Repelling Laplacian, b) opposing Laplacian, ¢) SPONGE.

construct an embedding from the k smallest eigenvectors. These methods were designed to identify
the antagonistic factions characteristic of structural balance. In practice, the embedding dimension
k is selected to match the expected number of factions, k + 1, and the factions are then recovered
using k-means clustering in the latent space.

Figure illustrates the distinction between the proximity-based SHEEP embedding and the two
benchmark spectral clustering methods. It depicts the resulting embeddings produced for a modified
signed stochastic block model (SSBM) which exhibits weak balance. Each signed community in the
SSBM is separated into two subgroups: the yellow nodes have a lower density of negative edges to
the other communities (p = 0.3) , and black nodes which have a higher density of negative edges
(p=0.7).

The two clustering-focused methods produce embeddings that clearly delineate the three factions
in the latent space, without capturing the variation between the yellow and black subgroups, or
actually placing the less conflictual yellow nodes further away from the other factions, compared to
the black nodes. SHEEP, however, places the yellow nodes closer to the origin, indicating the weaker
negative relationships between these groups. This indicates SHEEP’s unique ability to represent the
strength of node relationships, taking into account the presence (or absence) of edges, as compared
to the other two methods. (See [22] for further visual examples.) In the following section, we refine
this argument by quantitatively evaluating the three approaches on synthetic and empirical signed

networks, with ground-truth proximity data.

Rankings on Generated Synthetic Graphs

As the SHEEP Hamiltonian is a function of distance, the sign of an edge between two nodes is
related to the distance between them in the resulting embedding. In one-dimension, the positions
generated by the SHEEP resembles a node ordering; nodes which are closer in ordering should have

more positive connections. Here, we formulate a task to test the ability of SHEEP to recover ordinal
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Figure 3.5: Embedding results for well-ordered synthetic graphs. (a) Shows a well-ordered synthetic
graph, constructed from a 50-nodes complete graph, and edge signs assigned according to threshold of 0.1.
(b) Results for a 100-node well-ordered graph with 0.1 threshold. The nodes initial position plotted against
first eigenvector position for three spectral embedding methods, SHEEP (red), the opposing Laplacian (blue)
and SPONGE (purple). There is a high correlation between the initial and SHEEP embedding position.

information, by generating a synthetic network in which edge signs correspond to a well-defined
node order.

This well-ordered synthetic graph is constructed by first randomly distributing a set of points
along a line, with uniform distribution between -1 and 1. The signed graph is constructed determin-
istically: nodes are connected by a positive (negative) edge if the distance between their position on
the line is smaller (larger) than a chosen threshold. This process results in a complete signed graph,
where the nodes have a continuous attribute; the value of its position along the line.

Figure (a) shows the initial positions of 50 nodes, along with the edge signs generated for
a threshold of 0.2. The one-dimensional SHEEP embedding is generated as the first eigenvector
of the repelling Laplacian. To evaluate the success of the method at recovering the original node
ordering, we compute the absolute value of the Kendall Tau (KT) rank correlation between the
nodes’ positions in the embedding and their true positions on the line. Note that we use the KT
correlation over the Pearson correlation because we are interested in the ordinal relationship obtained
by the embedding, which may be monotonic but not necessarily linear.

As in all subsequent experiments, SHEEP is compared to the opposing Laplacian and SPONGE.
Figure[3.5(b) shows a comparison between the true node positions and the first eigenvector positions
for a well-ordered synthetic graph with 100 nodes and a threshold of 0.1. Compared to the other
methods, SHEEP effectively preserves the initial ordinal information. This task is repeated over
several realizations of well-ordered synthetic graphs with varying parameters (see Appendix .
Across these trials, SHEEP consistently recovers the underlying node ordering, unlike the opposing

Laplacian and SPONGE, demonstrating the usefulness of our proximity-based embedding measure.
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Australian Rainfall Correlations

We evaluate our method on an empirical graph with a ground-truth proximity measure. The graph
is derived from seasonal rainfall time series (in millimetres) collected at 305 stations across Aus-
tralia. From this, we construct a signed network by taking the Pearson correlation between these
measurements. This produces a complete signed graph with n = 305 nodes, each representing a
station.

We impose that the graph is unweighted by masking the magnitude of the correlation, and setting
each edge equal to the polarity, such that for all (i,j) € E, (i,5) € {—1,1}. Note that the sign of
Pearson correlation is not transitive, as it depends non-trivially on the magnitude of the correlation.
Consequently, the resulting signed graph does not admit a perfect bi-partition. The same network
was studied in [53], in which the authors used a k = 6 and k = 10 dimensional embedding to cluster
the stations, finding the resulting clusters accurately reflected ground-truth geographical regions.

Minimizing the generalized Hamiltonian indicates that the optimal embedding dimension for
the graph is & = 1. Although this may seem counter-intuitive, as spatially embedded systems
typically require at least two dimensions, the result is consistent with meteorological findings. The
Australian climate is largely governed by latitude, due to a high-pressure belt that migrates north
and south over the course of the year, shaping seasonal rainfall patterns [56]. Because SHEEP
preserves both proximal relationships and continuous node properties, we evaluate the embedding
by comparing node positions to the latitude of the corresponding stations, which is closely tied to
north-south spatial structure. As in the previous section, we compute the absolute Kendall Tau
(KT) correlation between the first eigenvector of the repelling Laplacian (SHEEP), the opposing
Laplacian, and SPONGE. The results are reported in Table [3.1] finding that SHEEP yields the
highest KT correlation of the three methods. As depicted in Figure the node position in the
SHEEP embedding closely corresponds to the station latitude. While we note that the second
eigenvector of SPONGE achieves a higher correlation with latitude than its first (Table , the
advantage of SHEEP lies in its interpretability: proximity information is consistently captured in the
first k eigenvectors. In contrast, the eigenvector that best reflects proximal structure in SPONGE

varies across networks, limiting its utility in settings without access to ground-truth information.

‘ ‘ /\2=305 ‘ A?L=305 ‘ /\ZZ:;L(?; ‘ /\pr:O?tL(?:

KT Corr. with

Latitude 0.744 | 0.719 0.178 0.733

Table 3.1: KT Correlation between Eigenvectors of L, (SHEEP), L,, SPONGE and Latitude
for Australian Rainfall Correlation Network.
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Figure 3.6: Embedding results for Australia rainfall correlation graph. Plot shows station latitude
versus SHEEP embedding position, obtained from the first eigenvector of the repelling Laplacian. Edge
weights are masked using the sign function, (i,7) € {—1,1}. KT correlation is 0.744.
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Figure 3.7: Embedding norm vs net degree for several realizations of the signed configuration

model. Plot shows the mean distance to origin in SHEEP embedding (the norm in & = 9 dimensions) versus

the net degree over 100 realizations of the model, for which k& = 9 was the optimal embedding dimension.

Shaded area gives the standard deviation. Nodes having relatively more negative edges are further from the
origin.

3.5.2 Node Extremism Measure

Signed Configuration Model

In this section, we provide a second application of SHEEP, demonstrating that a node’s distance
to the origin in the optimal embedding space gives a measure of its “extremism” or conflictuality.
In general, this distance reflects both local measures, the positive and negative degrees, and global
properties, such as the community structure of the graph. For instance, as Figure demonstrates,
SHEEP positions nodes closer to the origin if they have fewer negative connections to opposing
factions.

Thus, the distance to the origin is determined by both the cluster structure of the graph, and
by the intensity of the negative interactions between the nodes. In random graph models, such

as a configuration model, local and global measures tend to coincide. The classical configuration
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model generates a random graph from a given degree sequence, by randomly matching each edge
“stub” with equal probability [I54]. We modify this construction to the signed setting by generating
two unsigned configuration models, and subtracting the adjacency matrix of one from the other to
obtain a new signed random graph. Using both this signed configuration model, and SSBMs with
varying levels of noise, we investigate the relationship between the node’s distance to the origin
in the SHEEP embedding, the global graph structure, and the net degree (negative degree minus
positive degree).

The signed configuration model used here is obtained by subtracting the adjacency matrix of
one unsigned configuration model from another, each generated independently with 50 nodes and
random degree sequences drawn from integers between 1 and 20. Over 5000 realizations of the signed
configuration model, the most frequently observed optimal embedding dimension using SHEEP is
k = 9. To ensure we compare across graphs with the same optimal dimension, in what follows,
we restrict our analysis to 100 realizations of the signed configuration models for which k = 9 was
optimal. For each node we compare the net degree to its distance from the origin in the latent space,
i.e. the norm of its 9-dimensional position vector. Figure [3.7 shows the mean distance as a function
of net degree, with the shaded region indicating the standard deviation across nodes and realizations.
We observe an increasing relationship, where nodes with a higher proportion of negative edges are
more “extreme” and thus further from the origin.

In the case when the graph is not random and has structure produced by structural balance,
the norm gives a measure of extremism that cannot be explained by the net degree alone. In
the Appendix we show that for networks which obey strong balance, the norm is determined
primarily by the negative degree of the node. When the bi-polarization structure of the graph is
perturbed by noise or other structural effects, the extremism measure can no longer be explained by
the negative degree. Thus, when the structural balance assumption does not hold, SHEEP produces
an extremism measure that reflects both local properties (such as degree) and global structural

influences, adapting to the complexity of the graph.
Continuous Political Ideology

Finally, we evaluate the node extremism measure on an empirical network with ground-truth con-
tinuous node attributes, providing clearer intuition for how the measure reflects real-world node
characteristics. The network, obtained from [I8], represents (positive and negative) relationships
between members of the USA House of Representatives for different congress sessions (here, we
focus on sessions 110 and 144). A positive (negative) edge indicates that the two representatives
have co-sponsored statistically significantly more (fewer) bills than expected by chance, giving some

indication of their political alignment.
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Given our choice to consider more recent congresses, which Aref et al. argue in [I8] are highly
polarized along Democrat-Republican lines, it is not surprising that the optimal SHEEP embedding
dimension is £ = 1. As SHEEP is designed to preserve proximal relationships in a continuous
setting, we evaluate whether our method can recover members’ political ideologies on a continuous
scale and examine whether distance from the origin in the embedding space correlates with political
extremism.

Following the approach taken in [I§], we compare our results against the Nokken-Poole (NP)
ideology scores as a benchmark. The Nokken-Poole ideology scores place each member of congress
on a continuous scale from +1 (conservative) to -1 (liberal). The score is frequently used in political
science literature, and is the result of a three step multi-dimensional scaling method based on
member’s voting habits in a given congress, derived by maximizing their utility [41, I57]. The
Nokken-Poole scores are two dimensional, but the first dimension is often taken to represent political
ideology along a left-right spectrum.

As in our previous experiments, we compare SHEEP to the opposing Laplacian and SPONGE.
In this polarized setting, the opposing Laplacian and SPONGE would likely outperform SHEEP
at detecting the two clusters associated to the Democrat and Republican parties, while SHEEP
recovers the continuous ideology information reflected in the Nokken-Poole scores.

The 110th congress session is represented by a signed graph of n = 452 nodes; restricting to
the largest connected component yields a graph of n = 450 nodes. The correlation between the
eigenvectors and the NP scores are reported in Table [3.2] For this congress, the first eigenvector of
the repelling Laplacian (SHEEP) has the highest correlation with the NP scores, compared to the
other methods. We note that the fourth eigenvector of SPONGE obtains a better correlation with
the NP scores compared to the first. Figure (a) depicts the one-dimensional embedding of the
network obtained by SHEEP, and the nodes are coloured by their NP scores.

The 114th congress session forms a signed graph of n = 446 nodes. Likewise, taking the largest
connected component results in a signed graph with n = 443 nodes. The correlations obtained
between the eigenvectors and the NP scores are reported in Table |3.3

Again, SHEEP obtains the highest correlation with the NP scores, but we note that for this net-
work, the first eigenvector of SPONGE performs better than the following eigenvectors. Observe that
the position of the best-performing SPONGE eigenvector varies across different graphs. Identifying
which eigenvector captures this proximal information is non-trivial, especially when ground-truth
scores are unavailable. For this, SHEEP is superior, as the information is contained in first k
eigenvectors deemed optimal by the embedding method. Figure (b) shows the one-dimensional
SHEEP embedding of the network, where the nodes are coloured according to the NP scores. Since

the optimal embedding dimension for the 114th congress is k = 1, the KT correlation shows directly
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Figure 3.8: One dimensional SHEEP embeddings of two congresses. Congress 110 (a) and Congress
114 (b) signed networks. Nodes colours indicate Nokken-Poole political ideology scores obtained from [I§].

the relationship between the node’s distance to the origin and its political extremism, using the NP

scores.

| | Mizaso | Anmaso | AT | AVEAEE

KT Corr. with NP Ide-
ology Score

0.685 | 0.432 0.209 0.640

Table 3.2: KT Correlation between Eigenvectors of L, (SHEEP), L,, SPONGE and Nokken-
Poole Ideology Scores for USA House of Representatives Network, Congress Session 110

‘ ‘ An=143 ‘ A =143 ‘ Nk

KT Corr. with NP Ide-
ology Score

0.698 | 0.382 0.626

Table 3.3: KT Correlation between Eigenvectors of L, (SHEEP), L,, SPONGE and Nokken-
Poole Ideology Scores for USA House of Representatives Network, Congress Session 114

As the two congressional graphs are neither random, like the signed configuration model, nor
perfectly bi-polarized, like the SSBMs, the node extremism measure represented by the NP scores
cannot be entirely explained by either the net degree or the negative degree alone. Neither of these
measures are sufficient for determining the extremism of the node; the positive edges and the graph
structure both play a role, which is captured in the SHEEP embedding. Consequently, the SHEEP

embedding is more highly correlated with the NP scores, as compared to the negative degree alone.
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For a more detailed analysis, we refer the reader to the Appendix

SHEEP produces a node extremism measure which arises from the interplay between the negative
degree, positive degree and graph structure. In random graphs, like the signed configuration model,
local and global measures coincide, and the norm in the embedding is determined by the net degree.
For graphs with perfect faction structure, the norm is determined by the negative degree. SHEEP
is most useful for investigating the intermediate cases, graphs which are neither completely random,
nor completely polarized. In such cases, SHEEP provides a meaningful way of understanding node

extremism, as demonstrated by the application to political ideology.

3.6 Conclusions

In this chapter, we presented SHEEP, a spectral embedding algorithm for signed networks which
characterizes node relationships by taking into account multi-scale information. The method is based
on a physically inspired model: we construct a Hamiltonian that assigns attractive and repulsive
forces to the positive and negative edges in the graph. We show that the Hamiltonian is intrinsically
related to the graph’s repelling Laplacian, and that finding the minimum energy configuration re-
duces to an eigenvector problem. We further demonstrate that the resulting ground state energy, or
minimum eigenvalue, is a statistical measure of the graph’s degree of strong balance. We extend our
results to higher dimensions, presenting an energy-based approach to locating the optimal embed-
ding dimension for the network. We propose an application of our measure to recovering continuous
node attributes, demonstrating that SHEEP retains ordinal information on synthetic and empirical
networks. We also show that the distance to the origin in the optimal embedding dimension gives a
measure of node “extremism”, which is related to the interplay between local and global structure.
Overall, this work contributes to the growing body of literature on spectral methods for signed
networks, while simultaneously looking beyond the framework of structural balance.

We note that this method extends quite naturally to weighted signed networks as well. Given
the form of the Hamiltonian, a weighted adjacency matrix is equivalent to loosening the requirement
that each spring has a unit-weight spring constant, allowing the embedding to account for weighted
proximity. In Chapter [6] we take precisely that approach, exploring the applications of SHEEP to
a signed weighted social media dataset. We find that SHEEP provides fresh and additional insight

into the political dynamics at play on the platform.
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Chapter 4

Modelling random walks over
signed networks

The chapter is based on the article Babul, Shazia’Ayn, Yu Tian, and Renaud Lambiotte. ”Strong
and weak random walks on signed networks.” npj Complexity 2.1 (2025): 4. [21]

4.1 Introduction

Random walks play a central role in several aspects of network science [I39]. Random walks are often
used as a linear, tractable model for diffusive processes on networks, allowing us to explore questions
such as the impact of certain network properties [125], including their community structure or their
degree distribution, on the speed of the diffusion via the mixing time [I34]. Random walks are also
a key ingredient in several methods to extract information from large-scale networks. Important
areas of application include node centrality which can be captured by the density of walkers on
that node in the stationary state [87], community detection where groups of nodes can be defined
as communities based on their tendency to retain flows of walkers for long times [I77, 123], or the
design of kernels capturing the similarity between nodes on a graph [78], [93].

Among the advantages of random-walk based approaches, one can cite their intuitive interpre-
tation, in terms of flows along the edges, their connection to well-established theories, such as that
of Markov chains, their linearity, opening up the toolbox of linear algebra, and their ease of use in
a distributed setting, each of the walkers being independent from the others, and their capacity to
probe the structure of the network at multiple scales.

In this chapter, our purpose is to explore how random walks can be defined on, and probe the
structure of, signed networks. Random walks on signed networks have been studied in the past,
either implicitly, by investigating the properties of the opposing Laplacian for node embedding [120]
or explicitly, by defining rules for how traversing a negative edge affects the random walker [194], in
a model that we will refer to as a strong random walk because it draws from the paradigm of strong

balance.
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As with many generalisations of “classical networks” techniques, as we observed in Chapter [3]
with the Laplacian, different choices could be made to extend the notion of random walks to signed
networks. The choice should be motivated either by the process that one aims to model or by the
underlying structure that one seeks to extract. Random walks on unsigned networks are powerful
due to their deep connection to specific structural patterns, communities and bottlenecks [46]. Com-
munities can be seen as noisy connected components, i.e. connected components to which random
edges have been added. The guiding question to define the right model of random walks on signed
networks is thus: what is the prototypical structure that one aims to identify?

As in Chapter the large-scale structure of signed networks is usually viewed through the
prism of balance theory. It is well-known that the opposing Laplacian and the equivalent strong
random walk allow for the efficient recovery of the bi-polarization in networks exhibiting strong
balance [120]. It is also well-known that they may fail to properly characterise networks exhibiting a
structure related to weak balance, and thus cannot serve as a model for the inference of a structure
into more than two groups [198]. Alternative approaches have been proposed to solve this problem,
for instance through other notions of Laplacian, e.g. SPONGE which can successfully cluster weakly
balanced graphs even when sparse [53] or the SHEEP method presented in Chapter which is most
informative in the case of networks which are not completely balanced. These other Laplacians,
however, do not have a random walk interpretation and thus do not inherit their advantages. The
main contribution of this chapter is the definition of a random walk process, called the weak random
walk, specifically designed for structures derived from weak balance, hence particularly fitted for
clustering problems involving more than two groups in signed networks. In essence, the process
consists of allowing the walker to explore the graph around a seed node only until it encounters a
negative edge for a second time.

In this chapter, we introduce a first type of random walk on signed networks, called the strong
walk, and show its connections to the opposing Laplacian. We discuss how to exploit such a random
walk in order to define a similarity matrix between nodes of a signed network. We also identify the
limitations of the strong walks for networks exhibiting more than two clusters, and introduce weak
walks to remedy the problem. Finally, we use both random walks to construct similarity measures
between nodes, directly leveraging these for downstream tasks such as clustering and semi-supervised
classification. We compare the results of simple unsupervised and semi-supervised algorithms based
on the two types of walks, showing the improvement in accuracy gained by the weak walks for certain
families of networks. This contribution follows directly from Chapter in that both chapters
aim to probe the multi-scale structure of signed networks, but they do so from complementary
methodological perspectives and with different objectives in mind. While SHEEP takes a spectral
approach, the present approach is grounded in random walks, allowing us to probe the graph’s

structure through a dynamical process. Moreover, SHEEP is explicitly designed for settings in
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which the network is not fully balanced, as the method produces a proximity-based embedding
rather than one designed to find clusters. The weak walk method, as we shall see throughout this
chapter, is constructed with weak balance clustering in mind, and admits downstream applications

for identifying clusters in weakly balanced networks.

4.2 Related Literature

In what follows, we consider an undirected signed graph, characterised by the adjacency matrix
As.ij, following the notation presented in Chapter @ As before, this matrix can be decomposed into
its positive and negative parts as: Ag; = Ay — A—,;;. We refer to the degree of the node as the
total number of connections of each node, positive or negative, is given by k; = > j |Ag.ij], and define
the diagonal matrix of degrees D;; = k;0;;. We use A,.;; = Ay.; + A_,;; to denote the adjacency
matrix of the graph where signs are not considered. Our purpose is to model diffusive processes on
signed networks. Here, we will focus on discrete-time walks, but everything can be generalised to
continuous times. We also only consider unweighted networks in the derivations and experiments
to follow, but the generalisation to weighted ones is straightforward, where the edge weight can be
interpreted as biasing the transitions of the walker.

As discussed briefly in Chapter |2, a discrete-time random walk on an unsigned network evolves
such that a walker located on some node ¢ jumps to one of its neighbours, with a probability equal
to one over the number of neighbouring nodes. The density of walkers on the nodes is determined
by the (unsigned) transition matrix T}, = D=1 A, of the associated Markov chain.

A vast body of network science literature is devoted to exploring the spectral properties of the
transition matrix, and its relationship to the associated graph structure [139]. In particular, we note
that T}, shares the same spectrum as the symmetric matrix D~/24,D~'/2  which implies that its
eigenvalues are all real and that its left and right eigenvectors, u, and v, respectively, are related by
u, = Dv,. The eigenvalues )\, lie within the interval [—1, 1], and the multiplicity of the dominant
eigenvalue gives the number of connected components in the graph. The difference between A1 and
the largest non-one eigenvalue, A\; — Ao, called the spectral gap, determines the mixing time of the
process and quantifies the presence of bottlenecks hindering the flow of walkers across the system
[125]. When the graph is connected, its corresponding left eigenvector, denoted by 7 is given by
m; = k;/(2M), which characterises how walkers are distributed across the nodes in the stationary
state.

Random walks are at the core of several algorithms designed for determining node centrality,
community detection, or network embedding [I23| [I65]. They are particularly useful to capture the
strength of indirect connections between nodes in situations when the graph is sparse, so that only
a small fraction of the pairs of nodes are connected, which is the case for the vast majority of large-

scale empirical networks. In these cases, random-walk-based kernels can be used to estimate the

38



proximity of pairs of nodes that are not directly connected, by incorporating, in an unbiased (or in a
supervised) way, the information of walks of any length. In case of unsigned networks, the resulting
similarity between two nodes is obtained from an appropriately weighted sum of the walks between
them. Typically, the existence of many short walks between two nodes ensures their proximity.
Important examples include the diffusion, or heat kernels [IT, 127, [186], the mean commute time
[77, [180], but also the random-walk with restart similarity [161l [195] [196]. For reasons that will
appear clear later, the random walks in our model over signed networks tend to stop after a finite
number of steps, and thus the random walk with restart generalises most naturally in the signed
context.

Random walks with restart are a special type of random walk with teleportation. Take a node
i, we consider a process where a walker may, at each step, either perform a jump to one of the
neighbouring nodes with probability p, or teleport back to the original node ¢ with probability
(1 —p). It is straightforward to show that its stationary state is given by

n=(1-ple(I—pl,) !, (4.1)

where e; is a row vector made of zeros except for entry ¢ where it takes the value 1. The station-
ary state is, intuitively, peaked around the pinned node i, and becomes more spread, giving more
importance to distant neighbours, when p increases. When p approaches 1, greater importance is
given to longer walks, and the vector converges to the stationary state m defined above. After taking
a Taylor series of this expression, it is very similar to the kernel used in the Deepwalk embedding
(see Chapter , and defines the weighted neighborhood of each node at different scales [171].

A similarity matrix can be obtained by repeating the process for each node and by stacking the

N vectors, leading to

k(p) = (1 =p)D(I = pTu)~", (4.2)

where we scale here each line by the node degree, to ensure that the matrix is symmetric. This quan-
tity, or variations around it, have been used in a variety of contexts [78], including node classification
and clustering.

Note that

kij(p) = (1 =pkil(I —pTu) ij,
kij(p) = (1=pki)_ Tl (4.3)
k

As each term k;T*

%.; takes the (i, j) element from A,D™'A,...D"'A,, the similarity matrix
k(p) is symmetric for any value of p. The symmetry comes from detailed balance, which holds

when teleportation is done in proportion to the stationary distribution of the random walk without

39



restart. Moreover, the i*! line (row) sums to k;, meaning that (p) can be interpreted as a weighted
graph, interpolating between the original graph (with the addition of self-loops) when p approaches
0 and low rank matrix obtained from the outer product of the stationary states, k;k;/(2M), when p
approaches 1. For any value of p, x;;(p) can be viewed as a weighted network and be fed directly into
standard methods for such graphs. For instance, its Newman-Girvan modularity [86] can be used to

uncover its multi-scale modularity, an approach reminiscent of Markov stability [58] 121}, [183].

4.3 Strong walks
4.3.1 Introduction and basic properties

To generalize the classical methods discussed in the previous section, and more generally, any algo-
rithm based on random walks, it is necessary to first define a random walk on a signed network. A
natural way is by considering the dynamics of two types of walkers, positive walkers and negative
walkers, which allows us to maintain and quantify the notion of flow between nodes, while still
distinguishing between walks that are positive or negative in nature [194].

In the following, we will therefore start by describing how the density of positive walkers, n.;(¢),
and that of negative walkers, n_.;(¢), on each node 7 evolve in time, so as to define different versions
of random walks on signed networks. In this section we present one possible extension of the
classical random walk to signed networks, based on the opposing Laplacian, which is often used in
the literature [194].

The strong random walk, as we call it, is defined as follows. Positive and negative walkers perform
a random walk by taking an edge, independently of its sign. If the walker takes a positive edge, it

keeps its own sign; else it changes sign. The rate equation for the process is:

gt +1) = (g Ty +noTj)
i
n_;(t+1)= Z (n—;iTyij + g T—si5) (4.4)

%

where the transition matrices,

Tiij = A /Ky
T ij = A—sij/Fi, (4.5)

indicate the transition probabilities for a walker from ¢ to j and whether to keep or change the sign

respectively. In matrix notation:

T, =D'A,,
T =D'A_. (4.6)
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If we consider the dynamics of the walkers independently of their sign and consider the time

evolution of n; () = ni.;(t)+n_.;(t), one recovers the classical equation for random walk on networks
i(t+1) Zn Toiijy (4.7)

where, as before, T, = D~ 'A,. If, in contrast, we consider the time evolution of the difference

A; = n4,; —n_,;,a quantity that can be understood as the total “charge” on node ¢, we find
Jt+1) ZA Teiijy (4.8)

where T, = D' A,, is the signed transition matrix from which one can re-construct the opposing
Laplacian (see Chapter |3) , whose spectral properties are closely associated to the notion of strong
balance and have been used for node embeddings and clustering [120] [198].

Another interesting perspective is to consider the sets of equations (4.4) as one single system of

T = (% %) : (4.9)

The latter is simply the (unsigned) transition matrix of a larger graph, composed of 2N nodes (each

equations driven by the matrix

node appears twice, once for positive walkers, and once for negative walkers), with adjacency matrix

A= (ﬁ* ﬁ;) . (4.10)

The whole diffusive process can thus be understood in terms of the spectral properties of that
transition matrix. The system of equations decouples when performing the following change of
variable: for each ¢, we define A; =n,,; —n_,; and n; = n4,; + n_,;, where the determinant of the

transformation matrix is 2, leading to the transition matrix

_(Ts O
oY, a
for these variables. The spectral properties of T are therefore determined by those of the two

matrices Ts and T,,, with well-known special cases, e.g., when the graph is disconnected or (strongly)

structurally balanced [194].

4.3.2 Walk lengths

The strong walk can be equipped with a teleportation mechanism in order to keep walkers concen-
trated in the neighbourhood of a target node. Given a teleportation probability (1 —p;), we consider
the expected walk length before a teleportation. We know that if p, = 1, the strong walk will have
infinite expected length, thus we assume ps < 1 here. For each node i, if the walk has length k, it
means that teleportation does not happen at the first (k — 1) time steps but the kth time step, thus

the number of steps that teleportation does not occur follows a negative binomial distribution with
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success probability being 1 — ps and the number of success being 1. Hence, the expected walk length
is the sum of the expected steps that teleportation does not happen plus 1, i.e.,

. ]
Ps 14

1—ps 71—295'

E[l|Xo = i] =

4.4 Strong walk based similarity matrix

Having defined the strong random walk over the signed network, we consider how these dynamics
can be exploited to extract structural information from the graph. As in Section [4.2] a similarity
matrix can be obtained from a random walk over an unsigned network, based on the principle that
nodes connected by many short walks are structurally close, which is aptly captured by the flow of
walkers between them. This concept can be naturally extended to signed networks, where similarity
depends not only on the flow of walkers between nodes, but also on the valence of those walks. This
motivates the construction of a signed similarity matrix that distinguishes between positive and
negative walks. This can be accomplished precisely by using the strong random walk, resulting in a
metric that follows the intuition from the notion of strong balance, and provides the main interface
between the signed random walk dynamics and downstream tasks such as clustering.

A graph is said to be strongly balanced if it does not possess any cycle with an odd number
of negative edges. Equivalently, this graph can be partitioned into two sets of nodes such that the
positive edges are within each cluster, and the negative edges are between the two. This also implies
that any walk between two nodes of the same set possesses an even number of negative edges, while
any walk between two nodes of different sets possesses an odd number of negative edges. With this
intuition in mind, we follow a similar procedure as in Section [{.-2required to produce the similarity
matrix constructed from random walks with restart over an unsigned graph. For each node i, we
consider a process where with probability p,, walkers will jump to one of its neighbouring nodes,
and possibly change sign, or with probability 1 — ps teleport back to the pinned node. During the
teleportation, the walker automatically becomes positive, independently of its sign. This choice is
motivated by the fact that a node should be similar to itself. As before, the process defines for each
node i a vector, but it is now a 2N vector, where the first NV entries encode the density of positive
walkers (arriving through walks with an even number of negative edges, or positive walks), while
the last N entries encode the density of negative walkers (arriving through negative walks).

The walker begins as a positive walker on some node i, e;, a 2N vector. The state of the walker

after k steps, ux can be written in terms of the walker after £ — 1 steps ux_; as,
u; = (1 —ps)e; +psup1T), (4.12)

according to the dynamics defined by the transition matrix T. The stationary state of this process

is defined by

n=(1-pse(l —pT) " (4.13)
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The first N entries of n encode the flow of walkers on positive walks from i to the other nodes, hence
capturing similarity between the nodes. The last N entries encode the flow of walkers on negative
walks from 4 to the other nodes, hence encoding dissimilarity between the nodes. More precisely,
stacking the first N elements of this vector defines the i-th row of a similarity matrix x. Stacking
the last N elements of this vector defines the i-th row a dissimilarity matrix «_.

The two matrices can be seen as the positive and negative adjacency matrices of a graph where
the entries incorporate information from longer walks that explore a larger area of the network, when
ps increases. Taking the difference between the matrices defines a signed similarity matrix, which
encodes the relative importance of positive and negative walks between nodes. Note that in Eq.
we give the same importance to each node, in contrast to the Eq[4.2], as there is no straightforward
way to make the similarity matrix symmetric by a weighting of the nodes. Other choices could be
made, for instance, by weighting the nodes by their degree. In practice, in experiments where the
full kernel is needed, we compute the signed similarity matrix first and then symmetrize it by adding

it to its transpose.

4.5 Weak walks
4.5.1 Definition and basic properties

The walk (Eq. appears to be appropriate to uncover the similarity of two nodes from a strong
balance perspective, as walks with an even number of negative edges will increase the similarity
between the nodes, while walks with an odd number of negative edges will decrease their similarity.
However, under the weak balance paradigm, where graphs are k-clusterable, the strong walk may
lead to conflictual information. Recall that a graph is weakly balanced if it does not possess cycles
with one single negative edge. Figure [£.] displays a small weakly-balanced network in which the
two highlighted nodes are connected by both a positive (blue) and negative (red) path, according to
the dynamics of the strong walk.

The weak balance condition, defined by the appearance of exactly one negative edge, suggests
defining dissimilarity between nodes based on the existence of walks with one single negative edge.
Any walks involving more than one negative edge are instead uninformative, and should not be
considered when estimating the similarity between two nodes.

These arguments necessitate a modification of the strong walk, by imposing the condition that a
walker can become negative only once, and disappearing upon encountering a second negative edge.
This argument causes an asymmetry in the node states, as positive and negative walkers now play

a different role. The dynamics is encoded by the enlarged transition matrix

(T, T
Ty = (0 T+>, (4.14)
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Figure 4.1: Strong walk leads to conflictual signals. When estimating the similarity between two nodes

(marked in black) in a signed network with more than 2 clusters, the strong walk may display conflictual

signals. The nodes are connected via both a positive walk (blue) and a negative walk (red). In this figure

solid edges are positive; dashed edges are negative. Weak walks only consider walks with at most one
negative edge and thus properly consider the two nodes as dissimilar.

After several iterations, the matrix retains its upper triangular structure, and such that:
™ U,
n _ + n
. ( 0 T_ﬁ) , (4.15)

where U,, = 2?1_01 ("I (T)UTo) (T4 )17 As defined here, the process leads to a leak of prob-
ability, as walkers disappear after taking a negative edge for the second time, leading to an asymp-
totically vanishing number of walkers (except in trivial cases).

To prevent the probability leakage and to retain the stochastic nature of the process, we adopt a
random walk with restart; instead of disappearing, a negative walker will teleport back to its initial
node after taking a negative edge.

Unlike in the case of the strong walk, where additional teleportation is necessary to keep the walks
finite, the proposed weak walk is already finite, except in trivial cases (e.g., a connected component
with only positive edges). Moreover, the length of the walks before the restart is not controlled by
a parameter, but instead by the structure of the signed network.

Suppose we start with a positive walker on node x, given by the initial state vector, e,, where

this is a vector of length 2N. Then, the our proposed weak random walk with restart would be

defined by the matrix:

(T, T
Tm<M$ T+>, (4.16)

where M, is equivalently the zero matrix except in column z, which is set to the vector v, defined

as:

V; = ZT,;U‘. (417)
J

This ensures that the matrix T is stochastic, as it has row sum equal to 1.
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The block M, enforces the behaviour that the negative walker will return to node x as a positive
walker when it encounters another negative edge. The walk evolves by taking the product of the
initial state vector e, and the matrix T5,.

Although not necessary to keep the walks finite, the walk can also be modified to include an
additional teleportation parameter, p,,. At each step, the walker will teleport back to the pinned
node as a positive walker with additional probability 1 — p,,, in addition to the restart in the case of
a negative walker encountering a negative edge. For the same value of the teleportation parameter
Pw, the weak walk exhibits a higher teleportation rate as compared to the strong walk, and thus a
decrease in the expected walk length, as we will show.

Working from this framework, we can construct a signed similarity matrix in the same way as
for strong walks. For a random walk starting as a positive one on node x, the state of the weak

walker after k steps, ui can be written in terms of the walker after k — 1 steps ui_1 as,
Ug = (1 - pw)ew + pwug—1T%, (418)
in much the same fashion as in Equation

4.5.2 Walk length

We now characterise the weak walks from the perspective of expected walk length. We consider a
weak walk where, as before, teleportation can happen at each step with probability 1 — p,,, or upon
a negative walker encountering another negative edge. Thus, unlike in the case of the strong walk,
the walk length distribution must depend on the network structure.

Beginning with the enlarged transition matrix in Eq. [£.14 We encode the expected number of
visit to each node in the matrix @ € R?V*2N where nodes are duplicated to separate the case when

the the node is visited via positive or negative walks. Then,
o0
Q= prquz = *prw)il,
k=0

where [ is the identity matrix. Hence, the expected walk length starting from node 1 is
2N
E[l|Xo =] =) Qij.
j=1

Note that we only count the first N rows in Q. It follows that the expected walk length for weak

walk is

N
E[l] = > E[l|Xo = i|P(X, = i).
i=1

We validate the theoretical results with Monte Carlo simulations on three-community Signed

Stochastic Block Models (SSBMs; see Chapter [2| for details). These SSBMs are generated with edge
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Figure 4.2: Distribution of the expected walk lengths. Walks start from different nodes, and the

figure shows both the theoretical results in blue and Monte-Carlo simulations in orange on three-community

symmetric SSBM with 100 nodes in each community, p = 0.05 and different levels of teleportation (left:

pw = 1; middle: p,, = 0.8; right: p, = 0.5, where the strong walk with ps = 0.8,0.5 has expected walk
length 5, 2, respectively).

probability 0.05 and zero sign flip probability, such that the graphs obey weak balance. To simulate
the walks, we consider a uniform initial distribution to select the initial node, and perform ns = 1000
random walks from each starting node to. The walk length is obtained by the number of steps until
either teleportation happens or the walker encounters the second negative edge. Figure displays

the distribution of the expected and simulated walk lengths from various nodes in the graph.

4.6 Applications

In this section we present an application of the weak random walk to signed network clustering.
As is common practice in the signed network literature, we evaluate the method’s performance at
detecting antagonistic groups of nodes, following the framework of structural balance. This task is
most challenging when the graph deviates from perfect structural balance, as is often the case in
real-world datasets. While both the strong and weak random walks are motivated by the intuitions
provided by strong and weak balance respectively, their use is not limited to perfectly balanced
graphs, and as we will see, we find them to be applicable and informative even on incompletely
balanced graphs.

We first visually inspect the resulting signed similarity matrices generated by the weak and strong
walks for two small empirical signed networks, for which ground truth clusters exist. Subsequently,
we use the random walk matrix to perform semi-supervised clustering on a series of synthetic SSBM
networks, with varying levels of noise, community numbers, and link densities. For this task, we
compare our proposed weak walk against two other state-of-the-art methods, (1) the strong walk and
(2) the Signed Random Walk with Restart (SRWR), a three-parameter signed network walk designed
for semi-supervised clustering on signed networks [I09]. The SRWR model considers a random walker
that changes its sign as it takes positive or negative edges according to two parameters, as well as
a teleportation parameter, and generates a ranking of nodes in signed networks which can be used
downstream to perform signed link prediction with high accuracy. We nevertheless find that the

weak walk outperforms the other two methods in certain key scenarios, despite being parameter free.
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4.6.1 Computational Design

In the experiments to follow, we adopt a computationally efficient construction of the signed simi-
larity matrices; we approximate the stationary state by taking the state of the walk vector at k = n,
where n is large, and the walk is converging to stationarity. We can compute the state vector at each
step with an iterative process, thus solving for the similarity matrix as a whole in one computation.

As matrix multiplication scales well, this proves more efficient than employing matrix inversion
as required by strong walk Equation Moreover, the weak walk transition matrix defined
in Equation [I.1§] is specific to each starting node z, meaning that computing the full similarity
matrix via inversion would require N matrix inversion operations. Thus our choice here reduces the
computational complexity of the algorithm, particularly important for large-scale graphs.

Under this construction, we define the strong and weak similarity matrix as follows. Beginning

with a positive walker on node x, we set:
ug = e,. (4.19)
For the strong walk, at each step the new vector uy is computed from ug_; as:
u, = (1 —ps)es + psug_17, (4.20)

where T is the 2Nx2N strong walk transition matrix, and ps is the strong walk teleportation
parameter.
For the weak walk, the process is defined as in Equation although it is computationally

easier to use the non-Markovian matrix T;, to compute u; from ui_; as:
Ui = (1 - (pwuk—lTw) : 1)e.L +pwuk—1Tw7 (421)

where p,, is the weak walk teleportation parameter, and 1 is the all-one vector, thus (p,u;Ty) - 1
sums over the probability that has already been allocated to the corresponding neighbours and the
first term re-sets the lost probability to the original node x as a positive walker.

The advantage of using an iterative process over the matrix given in Equation is that in
practice the computation can be made for several initial states simultaneously, while the matrix in
Equation [4.16] is specific to the state where the walker begins, i.e. node x. However, the processes
are equivalent since the term M, in Equation [4.16|returns all probability leakage back to node z as
a positive walker, exactly as the first term in Equation

Finally, if the state of the walker (strong or weak) is given by uy, the similarity between node x

and any other node is given by the vector s,:

Sz = Ug=n[l: N] — up—pn[N +1:2N], (4.22)
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since we subtract the negative walks from the positive. For the experiments on the empirical networks
for which we calculate the entire similarity matrices, the kernel is made symmetric by adding it to
its transpose.

In our experiments, we tune the strong walk teleportation parameter ps, by sampling across a
range of values and selecting the one with the best performance for each graph. However, we fix
pw = 1 for the weak walk, ensuring that the weak walk teleportation rate is determined entirely
by the graph structure. This design choice keeps the weak walk parameter-free and emphasizes its

structural sensitivity.

4.6.2 Clustering on Empirical Networks
Highland Tribes

Despite increasing prevalence of signed network research, there is a scarcity of empirical datasets
annotated with ground truth cluster labels. Here, we demonstrate the distinction between the strong
and weak walk kernels on two small networks for which such labels exist.

The first network encodes inter-tribal relationships, representing the friendly (positive) or hostile
(negative) relations between 16 tribes based in the Eastern Central Highlands of New Guinea [172].
These tribes can be clustered into three broader communities, which characterise the higher order
groupings of the society [96].

Figure (left) depicts the adjacency matrix of the Highland Tribes network, where the nodes,
representing the tribes, have been ordered according to their higher-order community assignment.
While the network is not perfectly balanced, it tends towards weak balance, (see [15] for a detailed
characterization of the network’s local and global structure). As the network has more than two
communities, and thus is not strongly-balanced, it provides precisely the setting in which the weak
walk is expected to outperform the strong walk at detecting the three communities.

Figure provides the strong and weak walk kernels (middle, and right, respectively) generated
by performing the random walks for 500 steps. Observe that the strong walk kernel exhibits far
more incorrect signs as compared to the weak walk, particularly showing several positive connections
between the second and third communities.

As the walks produce signed similarity matrices, they can be used downstream, analogously to
the adjacency matrix, as input into community detection methods. Consider, for example, the spin-
glass community detection method for signed networks based on simulated annealing, which takes a
signed matrix representation of the graph, and returns community assignments in an unsupervised
fashion [200]. This method typically takes the adjacency matrix as input; it equally could be used
in conjunction with the strong or weak walk kernel. When ground-truth clusters are available,
the accuracy of the returned labels can be evaluated using the Adjusted Rand Index (ARI), a

similarity measure between two clusterings compared against random chance, and which ranges
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Figure 4.3: Matrices representing the Highland Tribes network. (left) Adjacency matrix (centre)

Strong walk kernel resulting from a 500 step walk with teleportation parameter p, = 0.7. (right) Weak walk

kernel resulting from a 500 step walk with no teleportation p,, = 1.0. Positive and negative values have been
set to +1 or -1 respectively for clearer visualization.

from -1 (dissimilar), 0 (random) and 1 (perfect alignment) [84]. Using the ARI enables a direct
comparison across the three methods.

As our goal here is to compare the performance of the weak walk against the strong, we take the
parameter free weak walk with no additional teleportation. This is assessed against the strongest
performance of the strong walk across all parameter choices. Specifically, we select the optimal
teleportation parameter for the strong walk by inputting its kernel into the spin-glass algorithm,
comparing the community assignments with the ground truth, and selecting the parameter that
yields the highest ARI. For the Highland Tribes graph, the optimal parameter is ps = 0.7, corre-
sponding to the matrix displayed in Figure (middle). In this case, as the graph is quite small,
dense and almost balanced, the clustering task is straightforward; all three matrices combined with

the spin-glass algorithm yield identical community labels, achieving an ARI of 1.0.

Sampson’s Monastery

In this section, we present the three kernels obtained for another small empirical signed network
with ground truth labels. The Sampson’s Monastery network is derived from an ethnographic study
conducted within a New England monastery, focusing on the interpersonal dynamics between the 18
novice monks. Based on his observations, Sampson, the ethnographer, designated each relationship
between the monks as positive (friendly) or negative (antagonistic), and categorized the men into
four groups according to the signed community structure he observed [I82].

Although this network is quite small, comprising only 18 nodes, the graph is more sparse than
the Highland Tribes network, and has more noise in terms of edge signs that violate structural
balance (see [I5] for a comprehensive analysis of the network’s structural balance). Figure [4.4] (left)
depicts the network adjacency matrix, where the nodes, representing the novice monks, have been
arranged according to the four communities designated by Sampson.

As this network has more than two communities, the weak walk should outperform the strong

walk at amplifying the community structure in the network. Figure [£.4] shows the strong and weak
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Figure 4.4: Matrices representing the Sampson’s Monastery network (left) Adjacency matrix (cen-

tre) Strong walk kernel resulting from a 500 step walk with teleportation parameter ps = 0.8. (right) Weak

walk kernel resulting from a 500 step walk with no teleportation. Positive and negative values have been set
to +1 or -1 respectively for clearer visualization.

walk kernels (middle, and right) generated by performing the random walks for 500 steps. As in
the previous example, we employ the parameter-free weak walk kernel without teleportation. For
the strong walk kernel, we determine the optimal teleportation parameter by maximizing the ARI,
following the same procedure used for the Highland Tribes network. In this case, the optimal
teleportation probability is found to be ps = 0.8. The strong walk kernel exhibits far more incorrect
signs as compared to the weak walk, generating several positive connections between the second and
third communities, and the third and fourth communities. When combined with the community
detection spin-glass algorithm, the parameter-free weak walk kernel obtains the best ARI (0.639)
compared to the adjacency matrix (0.442) and the strong walk kernel (0.518).

4.6.3 Semi-supervised Clustering on SSBMs

In this section, we use the kernels generated by the weak walk, the strong walk and the Signed
Random Walk with Restart (SRWR) to perform semi-supervised clustering on several families of
Signed Stochastic Block models (SSBMs) which exhibit signed community structure, modulated
by a noise parameter v. (See Chapter [2| for a brief introduction to SSBMs). As these graphs are
generated as SSBMs, all nodes are associated with a ground-truth community label by design.

This task is semi-supervised in nature; we use prior knowledge of the labels of a select subset
of nodes, and use this information to label the rest of the graph, for which the labels are initially
hidden. The semi-supervised clustering for each random walk is methodologically similar to that
used in the PageRank algorithm [126]; we begin with (positive) walkers on a set of labelled seed
nodes. The similar vector generated by the (signed) walk is used to obtain a ranking of each of the
other nodes in the graph. Each unclassified node inherits the label of the seed node for which it
achieved the highest ranking.

In these experiments, we use the parameter-free version of the weak walk without teleportation
(pw = 1). The strong walk has one adjustable parameter controlling the teleportation (ps), while

SRWR has three parameters: two which control if the walker changes sign when it takes a negative
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edge or not, as well as a teleportation parameter. For the latter two walks, we sweep through
the parameter space for the strong walk and the SRWR and report results corresponding to the
parameters that achieve the highest ARI.

Consequently, these methods perform better than the weak walk in certain instances, but they
may be less useful in practice, since the ideal parameters are not known a priori and indeed tend
to change with each iteration of the SSBM, even when the SSBM parameters are held constant.
Moreover, we show that the weak walk, despite being parameter free, exhibits competitive and, in
some cases, superior performance in certain cases.

To evaluate the accuracy of the clustering assignment obtained in each case we compare against
the ground truth clusters by taking the ARI. These methods can be applied both to completely
balanced and incompletely balanced graphs, and the experiments in this section provide a sense of

the lower bound on the degree of balance required for these methods to work.
Strong Balance: Two-Community SSBMs

As a benchmark, we first apply the semi-supervised clustering to a graph characterized by strong
balance; a two-community SSBMs with 100 nodes in each community, and 0.05 probability of link
existence between each pair of nodes. Clustering is performed on multiple realizations of this graph,
with varying levels of frustration, controlled by the sign-flip parameter v. The strong and weak walk
similarity vectors are derived from the state vectors of the walks at k£ = 100 steps. Analogously, for
the SRWR, we set the max iterations to 100 to obtain the similarity vector.

The other parameters for the SRWR and strong walk are chosen by parameters sweep, and we
find that the optimal parameter differs across each iteration of the graph. For each noise parameter v,
we generate ten independent graph realizations, perform the semi-supervised clustering, and report
the mean and standard deviation of the ARI as a function of v. The results, given in Figure [4.5]
reveal that the SRWR performs the best, a feature to be balanced with the fact that it has the most
parameters. The strong walk outperforms the weak walk; this aligns with the expectations of strong

balance, and this walk benefits from the additional advantage of teleportation.
Weak Balance: Three-Community SSBMs

We now shift our focus to the setting of weak balance. We focus here on three-community SSBMs
with 100 nodes in each community, and 0.05 probability of link existence between each pair of nodes.
As in the previous example, we perform the semi-supervised clustering on multiple realizations of the
graph with varying levels of frustration. As before, the strong and weak walks and SRWR, similarity
vectors are all computed with 100 iterations. The parameters for the strong and SRWR walks are
chosen by parameters sweep, changing for each iteration of the graph.

The mean ARI and corresponding standard deviation across 10 realizations for each value of v

are given in Figure (left). We observe that the SRWR again outperforms the other two methods.
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Figure 4.5: Results on two-community SSBM with strong balance. ARI from the semi-supervised
clustering for the weak walk, strong walk and SRWR for various graph realizations and sign flip probabilities.
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Figure 4.6: Results on three-community SSBM with weak balance. ARI from the semi-supervised

clustering for the weak walk, strong walk and SRWR for various graph realizations and sign flip parameters.

(left) Frustration probability applied to whole graph. (middle) Frustration probability restricted to inside
communities. (right). Frustration probability restricted to between communities.

The strong walk and weak walk exhibit similar performance in this weak balanced setting, despite
the strong walk having one extra parameter.

In empirical networks, noise may be present along positive and negative edges, and may occur
between or within communities with different probabilities. To model this behaviour, we introduce
parameters Vipside € (0,1) and Vpetween € (0,1) which separately control the level of frustration
on intra-community and inter-community edges, respectively. We investigate the results in two
additional settings when the frustration is restricted to 1) inside the communities by varying v;nside
and setting Vperween = 0, or 2) between communities by varying vpetween and setting vinsige = 0.

The weak walk is more robust to noise inside communities (Figure (centre)), and indeed
achieves similar performance to the SRWR. When the noise is between the communities (Figure
(right)), the weak walk is less robust and the SRWR outperforms both the strong and weak walk
methods.

Weak Balance: Six-Community SSBMs

The task of clustering on signed networks increases in difficulty with the number of clusters. We

perform the same task as in the previous experiment, extended to a six-community SSBMs with 50
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Figure 4.7: Results on six-community SSBM with weak balance. ARI from the semi-supervised

clustering for the weak walk, strong walk and SRWR for various graph realizations and sign flip parameters.

(left) Frustration probability applied to whole graph. (middle) Frustration probability restricted to inside
communities. (right). Frustration probability restricted to between communities.

nodes in each community, and 0.05 probability of link existence between each pair of nodes. Due
to the larger size of these graphs, we increase the maximum number of iterations (or walk length)
to k = 300, but as before the other parameters are selected by parameters sweep. The results are
provided in Figure (left). In this setting, the weak walk outperforms the strong walk and the
SRWR, although the performance decreases as the noise level increases.

Following the same procedure as in the previous section, we investigate the results when the
frustration is restricted to either inside the communities, as in Figure (centre) or between the
communities, as in Figure [4.7] (right). The weak walk indeed proves once again to be more robust to
noise inside communities, compared to when the noise is between the communities, outperforming
both the strong walk and the SRWR by a larger margin.

The distinction between the methods is more pronounced in the six-community setting. The
weak walk, despite being parameter-free, outperforms the other methods when the weak balance

structure is clearly present, highlighting its effectiveness under such conditions.
Asymmetry

In the literature on signed network clustering, algorithm performance is commonly benchmarked on
SSBMs generated with uniform inter-community link density. In practice, in empirical settings, this
assumption may not hold; the likelihood of connections between communities can vary significantly.
In the case of a social network, links may be more likely to exist between two communities due
to a higher interaction probability, which can be influenced by external factors such as physical
proximity. To model such settings we introduce here the term asymmetric SSBM, which represents
an SSBM with non-uniform inter-community link density.

We define an asymmetry parameter a which modulates the inter-community link density. For a

three-community asymmetric SSBM the adjacency matrix would take the form,

0.05 0.05a 0.05
A=10.05¢ 0.05 0.05
0.05 0.05 0.05
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One realization of the adjacency matrix for a three-community asymmetric SSBM with 100 nodes

in each community and asymmetry parameter a = 0.2 is depicted in Figure |4.8
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Figure 4.8: Adjacency matrix of example asymmetric SSBM. This is a 300 node three-community
asymmetric SSBM, with asymmetry parameter a = 0.2.

Here, we perform the same task outlined in the previous sections on 300 node three-community
SSBMs with varying levels of asymmetry. As before, the strong and weak walks and SRWR similarity
vectors are all computed with 100 iterations. As depicted in Figure when the graph exhibits
asymmetry, the weak walk outperforms both other methods by a large margin.

This can be explained by understanding that a walk between nodes in the first two communities
can take two different paths; 1) by taking a negative edge between the communities, or 2) by
passing through the third community, a walk which requires two negative edges. This second walk
cannot happen in the case of the weak walk, where the walker teleports back to the seed node upon
encountering a second negative edge. Thus, when the asymmetry is high, when a is close to 0, the
latter case is more likely. This consequently introduces noise into the strong walk kernel, which does

not occur in the case of the weak walk.

4.7 Conclusions

Random walks are foundational in network science, and are at the core of several algorithms, with
applications from community detection to network embedding. Random walks allow us to explore the
indirect patterns of connectivity between nodes, and their spectral properties are directly related to
important network patterns, such as the cut size. Defining the specific rules governing a random walk
process is non-trivial, and tuning the parameters of the model, e.g. to favour network exploration

in depth versus in width, may lead to significant improvements, as was demonstrated by node2vec

54



Semi-supervised ARI

—— Weak Walk
—— Strong Walk
SRWR

o
=Y

0.5
0.2 0.4 0.6 0.8 1.0

Asymmetry Parameter

Figure 4.9: Results on three-community SSBM with varying asymmetry. ARI from the semi-
supervised clustering for the weak walk, strong walk and SRWR.

[93], for instance. More generally, the choice of a random walk model should be driven by the type
of structure that one aims to isolate or by the nature of the diffusive processes taking place over an
empirical graph [124].

This work contributes to the growing family of random walk models over signed networks, seeking
one that is “optimal” for the weak balanced setting. We argue that the random walk process
associated with the standard matrices for the mining of signed networks, e.g. the opposing Laplacian,
is inherently (and implicitly) biased to the search of a strong balance structure. When a system
exhibits multiple clusters, as is characteristic of weak balance, we argue that another random walk
model, called the weak walk, is more compatible with the structure.

After introducing the model and exploring its properties, we have constructed three classical
random-walk based measures of node similarity, based on the strong walk, the weak walk and the
so-called SRWR walk respectively. Through a series of experiments on synthetic and empirical data,
formulated as unsupervised and semi-supervised clustering tasks, we showed that the weak walk
outperforms the strong walk when the graph has more than two communities, or exhibits asymmetry
in the density of links. We have also shown that it is competitive against the three-parameter SRWR
walk in many cases as well, despite being parameter-free.

A wide range of algorithms for network mining rely on trajectories generated by a random walk
model. In designing the similarity matrix, we made a specific, yet classical, choice for aggregating
the multiple walks connecting a pair of nodes. However, alternative formulations are possible; for
example, the similarity matrix could be defined by summing over the states of the walks at each step,
by taking the state vector after k steps, taking the stationary state of the walk as in PageRank [126],
or by combining the results from walks of different lengths in a non-linear fashion to give greater
weight to longer or shorter walks as in the similarity kernel introduced in [78].

Future research perspectives for this method include feeding weak walk trajectories instead of

strong walks ones into other algorithms and exploring applications to other typical signed network
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tasks such as unsupervised clustering [198] and link prediction [I35]. As a specific example, the strong
walk has been used to learn stances for users in signed social networks [I68] . Combining weak walks
with these state-of-the art methods could yield, at a minimal developing cost, an improvement in
performance and flexibility for empirical networks, especially when the assumption of strong balance
does not hold, or when the graph exhibits asymmetry in link density. Another challenge for future
research is the identification of the ”right” number of factions when confronted by real-world data,

in order to guide the user towards methods building on strong or weak walks in practice.
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Chapter 5

Social contagion of music taste
over heterogeneous social ties

This chapter is based on the article Babul, Shazia’Ayn*, Desislava Hristova™, Antonio Lima, Renaud
Lambiotte, and Mariano Beguerisse-Diaz. ”Link Me Baby One More Time: Social Music Discovery
on Spotify.” Proceedings of the International AAAI Conference on Web and Social Media. Vol. 19.
2025. (* indicates joint first authors)[106]

5.1 Introduction

A significant branch of network science is devoted to the study of dynamical processes that take
place on top of a network, where the network topology shapes the evolution of these processes.
Traditionally, these models are fundamental for both extracting information about the network
structure, using random walks, or for simulating spreading processes, finding applications in models
of disease transmission or the dissemination of information or behaviours over social networks [139]
155]. These processes are typically formulated on networks with uniform edges; however, they can
be adapted for heterogeneous edges, as in the case of the signed random walk we presented in
the previous chapter. In this chapter, we shift our focus towards a different type of heterogeneity,
examining how ties that differ in intensity, modality or reciprocity, affect the dynamics of diffusion.
Rather than relying on a simulated diffusion process, we present an empirical study that characterizes
the spread of music taste over a social network.

In general, models of diffusion of ideas, behaviours or other innovations over social networks
often are inspired by epidemic spread, by relating the activation probability to the social network
structure and the speed of the spread [I55]. Such models are frequently employed to understand
information diffusion in an online context [94]. Other social processes require social reinforcement
to spread effectively, as in Granovetter’s threshold model, where activation probability increases as
a function of number of previously activated neighbours [89]. The successful adoption of behaviours

requiring social reinforcement, called complex contagion, is deeply impacted by network topology,
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and spread more easily over clustered networks [44]. Empirical evidence for complex contagion
has been found to describe behaviours from information sharing on social media [I49], political
campaign donations [199], person-to-person product recommendations [I30], and even the decision
to exercise [14].

In these works, there is often no evidence of “contact” events between individuals, which must
instead be inferred from the network topology and sequence of activations. In the absence of contact
event information, it can be difficult to understand which spreading process is occurring. Several
works have proposed methods for inferring the process type and parameters using network topology
and the observable activations [43] [66]. Others have taken a global approach, to understand how
diffusion processes can lead to cascades on a social network [188] [129].

The notion of contagion itself differs from context to context. In epidemiology, the notion is rather
straightforward; a contagion event refers to a healthy individual contracting a disease following a con-
tact event with an infected individual [I52]. In the theoretical network science literature, concerned
with the dynamics of adoption of behaviours, contagion refers to peer-to-peer influence, where the
diffusion patterns are created by casual social influence between neighbours [I3]. In empirical set-
tings, however, causality is often difficult to establish, and observed “contagion processes” frequently
reflect temporal correlations shaped by individual attributes and shared environments [184]. In this
chapter, we adopt an observational, network-based notion of contagion, where contagion refers to
an increased probability of adoption following a social exposure, conditional on the structure and
characteristics of the social network. In particular, we investigate how music spreads over an online
social network, which is characterized by diverse ties. The work here elucidates the social aspect
of music sharing, describing how person-to-person recommendations facilitated by established social
relationships lead people to discover and appreciate new music. Our objective is to identify the
network and contextual factors that drive the diffusion of music taste in a heterogenous networked
setting.

To that end, we use a set of data obtained from Spotify, an audio streaming platform where
users can listen to music and share it with others. Online streaming platforms have transformed the
ways that people discover, listen, and share music with each other [204] [148]. Social music sharing is
facilitated by a function that allows users to send Spotify content links over various social media and
messaging platforms, leading directly back to the Spotify application. When these person-to-person
recommendations are successful, the receiver engages with the shared artist’s music, potentially
becoming a new fan over time, here measured as an active engagement with the artist following the
share. We elucidate the social and contextual factors that lead to a successful recommendation (or
“activation”), creating a predictive model for short-term engagement, and examining the spread of

new music discoveries over the Spotify social network.
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There have been few works applying spreading models specifically to the musical context. A
recent study showed how live music events generated increased listenership amongst concert at-
tendees and their friends [192]. Another observational study compares song download time-series
to epidemic spread curves to identify mechanisms that contribute to the spread of a song [176].
This macro-level approach is common in other works on empirical datasets across different contexts,
seeking to observe evidence of complex contagion on social networks using just the adoption curves
[75].

In contrast to other related works, we have evidence of the sharing events between users, in
the form of link shares, as well as information about both the sender and receiver, including prior
listening history, relationship history, and their role in the social network. This information enables
us to investigate how these social and contextual factors affect the probability of a successful social
recommendation.

Our work here, like that of [130], investigates person-to-person recommendations. These pro-
cesses are distinct from those studied in the majority of works on social cascades which focus on
information propagation, such as cascades over social media. In these cases, the action of “adopt-
ing” the post is intertwined with the action of socially spreading it - by clicking to re-share. In
our case, we are instead interested in how the behaviour of an individual changes after receiving
a recommendation - the two actions, adoption and propagation are therefore distinct, and sharing
requires a higher level of individual effort.

In [48], the authors characterise different diffusion protocols based on level of individual effort
and social cost of not participating. Sharing music to a friend has a high individual effort, while there
is a low social cost to engaging more with the shared artist. The authors assert that such protocols
spread more effectively with social reinforcement, and over stronger social ties. Peer influence has
been posited to be more effective over stronger and reciprocal ties [7], and this has empirically been
found to be the case in an experiment studying political mobilisation on Facebook [34]. As part
of this work, we explore the effect of relationship strength between the individuals sharing music,
finding results consistent with the role of strong social ties.

We examine three key propositions regarding the social dynamics of music discovery through link
sharing on Spotify. First, we expect that diffusion is more likely to happen between individuals who
display overlapping music preference, based on their historical listening history prior to the contact
event. Second, that spread is more likely to happen along stronger, established ties and through
more intimate modes of contact, such as direct messaging, rather than broadcast over a public social
media. This hypothesis is based on the established literature on social influence. As the underlying
social network is heterogeneous, we are able to explore various definitions of social tie strength,
such as the number of social interactions, and the mode of contact. And lastly, that the diffusion is

more likely to take place in the presence of “social cohesion” amongst the receiver’s social contacts.
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Figure 5.1: A synthetic network representing the structure of Spotify social network. The Spotify

social network is a multiplex network, each layer corresponding to a different social interaction. Social

listening sessions and collaborative playlists represent undirected layers, while link sharing is a directed
layer.

Inspired by complex contagion literature, we examine the proportion of the receiver’s contacts who
are already engaged with the shared artist, the degree of network clustering, and the overlap between
the sender’s and receiver’s social circles. Our findings suggest that musical preferences diffuse most
readily between users with similar tastes, but are also facilitated by strong social ties, direct modes
of contact, and the reinforcing effects of social cohesion.

In this chapter, we first describe the dataset used in this empirical study, as well as the method
used to sub-sample the data. We describe how we classify a successful person-to-person recommen-
dation using the post-share engagement. Next, we investigate the three hypotheses by analysing the
relationship between future engagement probability and the relevant features. Finally, we build a
Random Forest model to predict short-term engagement following a link share event, and explore the
relative importance of the contributing features to identify the ones most predictive of a successful

diffusion event.

5.2 Data and Methodology

Spotify has over 574 million users, and over 100 million available tracks [I87]. The platform also offers
a social aspect; users have various ways of interacting with each other directly on the platform, from
following the activity of their friends, sharing music, to collaboratively building playlists together.
For this study, we use datasets describing the listening and sharing history of users on the platform.
We construct the underlying social network from the social interactions that users engage with on

the platform.
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5.2.1 Spotify Social Network

The Spotify social network comprises its users (nodes) and their interactions on the platform (edges).
Each edge has an associated timestamp, indicating when the interaction occurred. This thesis is
primarily concerned with networks characterized by heterogeneous ties. The first two chapters dealt
with signed networks; while the Spotify social network is unsigned, it exhibits heterogeneity in a
number of other respects.

The network is itself multiplex, each layer representing a different type of interaction that can
occur over the platform; collaborative playlists, social listening sessions and link shares. A collabo-
rative playlist is a special type of playlist that can be modified by a group of users. Although these
are group interactions, we represent them as multiple pairwise interactions (edges) between each
pair of collaborating users. The edges representing these interactions are undirected, as they are a
reciprocal interaction. A social listening session allows multiple users to add songs to a real-time
queue, listening to the same music either remotely or together. Like collaborative playlists, these
are reciprocal interactions, and the edges are undirected. A link share is a link to a track, album or
artist sent from one user to another via a messaging or social media platform. This interaction is
directed, and is represented in the network by an edge from the sender to the receiver.

Figure gives a depiction of this layered structure on a synthetic network. Each layer can be
described by an adjacency matrix L, an N x N matrix where N is the number of users. The values
of the matrix L;; are the number of interactions occurring from user i to user j. In the case of an
undirected layer, where the interactions are reciprocal, the matrix is symmetric and L;; = Lj;.

The resulting social network is constructed from three layers, the first represents the social
listening sessions, an undirected layer with adjacency matrix Ls. The second layer represents the
collaborative playlists, an undirected layer with adjacency matrix L.. And, the final layer represents
the link sharing, a directed layer with adjacency matrix L;.

When aggregating the adjacency matrices of all the layers as A = Ly + Lc + L;, the network
has ~2.2B edges between ~518M users (nodes). The aggregation is performed in different ways,
depending on the metric being computed. More details are provided in the Results and Discussion

section.

5.2.2 Link Sharing Events

We focus here on “contact” events, defined as instances where one user attempts to spread their
music taste to another user, accomplished via sharing a link to a Spotify track over a social media
or messaging platform. These shares give a direct signal of a spreading event taking place on top
of the social network, which we use to investigate the social mechanisms which influence the music

discovery process on Spotify.
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Even in the presence of explicit social sharing, the user experience on Spotify is shaped by the
platform’s recommender algorithm, which influences not only music discovery, but also the sequences
of songs consumed over time [I0]. To mitigate the influence of Spotify’s recommender system on
observed user behaviour, we make several methodological choices as follows, designed to capture
intentional rather than algorithmically-driven behaviours.

We restrict our analysis to “discovery” share events, where the receiver has not listened (on
Spotify) to the artist of the shared track prior to receiving the link. Our definition of “discovery”
follows from previous literature exploring user behaviour on Spotify, the first time a user comes into
contact with a piece of content. In [I48], the authors make a distinction between discovery that
is programmed, where a song is chosen by the recommender system, or organic, when the song is
searched and selected by the user. We introduce here a third form of discovery, which occurs via
peer-to-peer recommendation.

The data is further filtered to include only link shares of tracks for which 1) the link was opened
(comprising 50% of all shares), and 2) the receiver’s Spotify account registered a playback event of
the shared content for at least 30 seconds (64% of all opened shares). This ensures that the contact
event was significant enough for the spread to be possible; the receiver did indeed come into contact
with the music for a significant enough time to establish their response as meaningful.

To account for popularity bias, we randomly sample up to 1M share events stratified by artists
across various popularity bins. Our final sample consists of ~2.72M events across 3,102 distinct
artists, where the share event occurred between April-June 2023.

Each link sharing event contains anonymised identifiers for the sender and receiver, as well as
identifiers of the track, album and primary artist. The share event dataset also includes track
metadata, including the artist’s popularity on Spotify at the time of the share, and the album
release age at the time of the share. Moreover, the data captures the context of the contact event;
the social media application type used to send the link (e.g. WhatsApp), the timestamp of the
share and the timestamp at which the link was opened. The identifiers and timestamps are used to
construct the dataset of link sharing events, which are the basis of our analysis. The track metadata
and share context are features used in our analysis and predictive model, as detailed in Table

We delineate two types of social media application, direct or broadcast, corresponding to one-to-
one or one-to-many modes of communication. The applications we identify as direct are: WhatsApp,
Facebook Messenger, SMS, Line, Instagram Direct, and Samsung Messenger. The applications we
identify as broadcast are: Instagram Stories, Facebook Feed, Facebook Stories, and X, formerly
Twitter. Some sharing events have an unknown destination platform or fit into neither category.
These events are excluded from the section of analysis involving share application mode. We rec-
ognize that the applications identified as “direct” also have functionalities supporting one-to-many

communication (group chats), but the key distinction here is in the magnitude of the number of
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Figure 5.2: Distribution of the album release age at share-time for the link sharing events.
Distribution separated by broadcast and direct application types.

simultaneous recipients. Figure [5.2] gives the distribution of album release age at share-time for our
link sharing event sample, separated by direct and broadcast integration. The figure indicates that
older tracks are more likely to be shared; this is a consequence of the increased prevalence of old

content on the platform compared to new.

5.2.3 Music Vector Embeddings

In the standard literature on diffusion processes over social networks, each individual in the network
is typically considered identical, exhibiting equal susceptibility to “contagion” following a contact
event [23]. In practice, this assumption rarely holds; individuals have varying levels of susceptibility
to diverse influences, ranging from infectious diseases, to opinion shifts, to adopting novel behaviours.
In this work, we leverage a rich dataset which allows us to move past this assumption. Using each
user’s prior listening history on the Spotify platform, we examine how music spreading relates to
taste similarity and homophily, the tendency for individuals to connect with others who are similar
to themselves. Specifically, we identify factors that render an individual more or less susceptible to
adopting a new artist following a contact event.

To this end, we employ the vector embeddings of Spotify users and content in latent space, which
are pre-trained and available internally at Spotify. These vector embeddings are re-computed daily
using the word2vec algorithm [I47] trained on user-generated playlists, with the playlists as the
“documents” and the tracks as the “words”. This process produces for each track an 80-dimensional
embedding vector, where tracks that are often co-listed in playlists appear in high proximity in
the embedding space. Users frequently build genre-themed playlists, such that similar songs will

exhibit high co-occurrence across playlists [10]. These user generated playlists capture an aspect of
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intentionality that is lost if actual listening sequences are used, for example, where subsequent song
choices are often selected by the recommender system.

Users are embedded in the same latent space, their vectors are generated by averaging the
vectors of all the tracks they have listened to during a certain time window. For details on the
vector embedding generation process, see [10]. The vectors can be used to compute the music taste
similarity between two users, or between a user and track, by taking the cosine similarity between
the vectors. We note that there are other possible methods to capture music taste similarity, but
we use this method because it the standard used in Spotify’s internal systems, has been discussed
widely across the literature and the information captured by the embedding space methodology has
proven to be a good representation of the way that users engage with music [148] [10]. For each
user and track in our sample, we take the corresponding vector computed at the beginning of our
analysis period, to ensure consistency and ensure the vectors have only been influenced by listening

history prior to the share events.

5.2.4 User-Artist Engagement

To identify a successful share, we quantify the receiver’s engagement with an artist following a share
event, by defining a metric called “user-artist engagement”.

We denote the number of unique tracks by the artist « that the user i streams for longer than
30 seconds on a particular day t as n; o(t). The user-artist engagement is the defined as e; o (t) =
logio(ni,a(t)) + 1, if n; o(t) > 1, and 0 otherwise.

User-artist engagement captures the intensity of a user’s engagement with the artist each day,
which can be aggregated over time as:

to+ K

Ei,a(t07K) = Z ei,a(t)v (51)

t=to
where ty is the day when the link share is opened, and K is the number of days over which we
aggregate, which can be either positive or negative indicating aggregation over time before or after
to respectively.

Several alternative metrics could be chosen to measure a successful share. For example, the total
number of streams over a window of time gives a broad indication of interest; the number of unique
tracks listened to over a window of time gives an indication of deep interest; or the number of days
listened to an artist gives a longitudinal metric, indicative of loyalty. Our choice of F in Eq.
balances all three by looking at the unique number of daily tracks listened over a time window.
The deeper (more daily tracks) and extended (more days) the listening behaviour, the higher the
user-artist engagement factor. The advantage of using this metric, instead of simply counting the
number of unique tracks that the user listens to over the same period of time, is that E; ,(to, K) is

higher if the number of listening events are dispatched over a larger number of days. To illustrate,
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Figure 5.3: User-artist engagement threshold choice. (a) User-artist engagement curves as a function

of the number of tracks n;«(t) for different number of days listened ¢max within a 7 day period. (b)

Cumulative distribution function (ecdf) of the link shares and the associated receiver-artist engagement 7
days post share (E; «(to, 7). The orange line indicates our chosen threshold for a successful share event.

Fig. 5.3| (a) presents the user-artist engagement E as a function of the number of daily unique
tracks listened n; o (t), for various total number of days listened #y.x within a seven day period.
The different user-artist engagement curves define the metric for different number of tracks, and
engagement days, demonstrating that the metric F¥ rewards high and repeat engagement.

This behaviour is desirable when describing the propagation of a social process which tends to
result in the development of a habitual relationship, such as becoming a fan of an artist. Thus, we
capture the delineation between a state of longer-term engagement, and an intense, but time-limited,
fixation with the artist. We use this metric to characterize both the receiver’s engagement with the
artist following the share, and the engagement of the sender with the shared artist, prior to the
share.

A successful share is defined as the binary outcome, by thresholding the receiver’s user-artist
engagement with the shared artist in the seven-days following the event. Figure (b) gives the
cumulative distribution function of E; (¢, 7), the receiver-artist post-share engagement. We observe
that 52.8% of shares yield a seven-day engagement factor of 1.0, indicating that the user only listened
to a track by the shared artist once in the seven days following the share.

Consequently, we classify a successfully “activated” receiver as one who has listened to two or
more tracks by the artist in the seven-days following the share, a threshold which is equivalent to
E; o(to,7) > 1.3, since log;; 2 + 1 = 1.3. This threshold is shown in Fig. [5.3|(b) by the dotted orange
line.

This choice is grounded in the behavioural interpretation of engagement; intuitively, exploring
an artist’s discography or returning to the artist’s music after the initial exposure signals that the
user is engaging further with the artist and that the recommendation was indeed successful. This

choice of threshold therefore identifies receivers who are beginning to form an attachment with
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Figure 5.4: Measuring homophily in the link sharing events. Distributions of music taste similarity
for pairs of users who shared music in our sample (share) and a random permutation of those pairs (random).

the artist in the short-term and who may become potential fans. With this threshold, 47.2% of
the link shares in our sample result in successful engagement, representing a fairly balanced split
between activated and non-activated users. As previously discussed, other choices could be adopted
to define a successful share, however, here we are interested in identifying the mechanisms that cause
a behaviour change on the short-term timescale, directly following a contact event. Moreover, as
discussed, users listening sequences represent a mix of both organic and programmed content. The
user profile vectors, defined by aggregating over their most recent song embeddings, are re-computed
frequently and are fed into the platform’s recommender system to suggest programmed content [10].
In order to ensure we are capturing an intentional re-engagement with the discovered artist, we
chose a short timescale, making the assumption that user engagement within a short seven-day
window is more likely to reflect organic and intentional behaviour, rather than passive exposure to

algorithmically suggested content.

5.3 Results and Discussion

We evaluate the three key propositions presented in the Introduction by examining the probability
of engagement p(engaged), i.e. the proportion of link share events where the receiver’s engagement is
E; o(to,7) > 1.3, with respect to: firstly, the music taste similarity between the two interacting users,
and the shared track, secondly, the nature of the social relationship between the users, and lastly
social cohesion, the penetration of that artist within the receiver’s social network neighbourhood.
We then construct a model to predict successful receiver-artist engagement following a share event,

using a broader set of social and contextual features.
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Figure 5.5: Analysis of music taste similarity. The blue line shows the probability of becoming engaged
with an artist as a function of the feature, where the shaded area is the 95% confidence interval (main
y-axis). The histograms give the distribution of the feature in our sample in the second y-axis (Frequency).

5.3.1 Music Taste Similarity

Social networks often exhibit homophily, the tendency for social ties to form between individuals who
share similar characteristics [I145]. Consequently, it is often difficult to determine whether correlated
patterns of behaviours between connected individuals can be attributed to a causal influence (social
contagion) or arise as a result of the pre-existing homophily in the network. Several works have
proposed methods to delineate the effects of the two phenomena, though the problem remains
challenging, particularly in the absence of longitudinal temporal data [202] [13].

We quantify the similarity in music preference by taking the cosine similarity of the embed-
ding vectors described in the preceding section. To obtain an estimate of the level of homophily
in our sample of link-sharing users, regardless of whether the shares were successful, we design the
following process. We generate a null model by reshuffling the users in our sample, creating ran-
dom permutations of sender and receiver pairs, and measuring the cosine similarity between their
taste vectors. Figure [5.4] compares the distribution of the user-user cosine similarities between the
randomly generated pairs, and between the pairs of users who shared and opened links in reality.

The figure illustrates that the distribution of user pair cosine similarities for users involved in link
sharing is skewed towards a higher similarity with a mean of 0.54, compared to the random user-user
pairs, for which the distribution has a mean of 0.11. The difference in distributions between the two
groups is statistically significant as confirmed by the Kolmogorov-Smirnov test (D = 0.44,p < 0.01).
This gives some indication of the level of homophily in the Spotify social network. This pattern may
arise because users preferentially form friendships with individuals who share similar music tastes,
because they chose to share content with their friends who have similar tastes, or because the music
taste of connected users begins to converge over time.

As a consequence, it is difficult to determine whether the engagement we observe following a
share is due to homophily or to social contagion. However, while we may not be able to disentangle

the two mechanisms at play, we can still investigate the social and contextual factors that lead to
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area is the 95% confidence interval. The histogram (second y-axis in green) gives the distribution of the
feature in our sample.

successful engagement following a share event. We first test the hypothesis that the probability of
engagement will increase when users have similar taste in music (sender-receiver cosine similarity),
or when the shared track is similar to the listening history of the receiver (receiver-track cosine
similarity). The results are given in Fig. (a), showing the distribution of receiver-track cosine
similarity in our sample, and p(engaged) as a function of the similarity. Similarly, Figure (b)
shows the results for sender-receiver cosine similarities. We observe that while this hypothesis does
hold, the receiver-track overlap presents a stronger effect than the sender-receiver overlap; p(engaged)

increases linearly with cosine similarity.

Sender-Artist Engagement

Next, we investigate the effect of the sender-artist engagement with the artist prior to the share
on p(engaged). We measure this by taking the aggregate user-artist engagement (described in the
previous section) for the seven-days prior to the share. This signal indicates how engaged the sender
was with the shared artist, prior to making contact with the receiver. This metric corresponds to
Equation [5.1} where i is the sender, ¢, is the day of the share, and K = —7. The feature itself could
be a proxy for the strength or intensity of the sender’s recommendation. Users have the ability to
add messages when sharing a Spotify link, and while we do not have access to this textual data, it is
possible that the associated message might be more emphatic when the sender is more engaged with
the artist. Note that the sender-artist engagement can be 0 if the sender sends a track to someone
without listening to it first, as these are separate functions on the Spotify interface. The results are
shown in Fig. 5.6 which illustrates that the probability of a successful activation does increases with

increased sender-artist engagement.
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5.3.2 Tie Strength Effects

Following [7] and [34], behaviours and trends propagate more effectively over stronger social ties. In
studies of spreading processes on networks with uniform edges, it is inherently difficult to quantify
this effect. In this study, because the underlying social network is heterogeneous and characterized
by diverse ties, we have the unique ability to investigate our second proposition; that the probability
of engagement p(engaged) will be higher when the contact event takes place between users with
stronger and more intimate relationships.

We measure the tie strength between users in three different ways; reciprocity, the mode of social
media application used to share the track, and the sum of social interactions. Reciprocity is a binary
variable indicating whether the receiver (i) has ever shared a link with the sender (j), prior to the
current share time. Formally, a link is reciprocal if L;,;; > 0. Figure (a) presents the distribution
of sender-receiver cosine similarities over all share events, separated by reciprocal and non-reciprocal
ties. The mean sender-receiver cosine similarity between users connected via reciprocal links is 0.58,
compared to 0.5 for non-reciprocal links. The difference in distributions is statistically significant as
confirmed by the Kolmogorov-Smirnov test (D = 0.12,p < 0.01), indicating that users connected by
reciprocal ties tend to have a greater taste similarity than those who do not. Figure (b) shows
the probability of a successful share event, p(engaged), along reciprocal and non-reciprocal links,
holding constant the receiver-track cosine similarity. Even controlling for the taste of the receiver,
the probability of future engagement is more likely to occur along a reciprocal tie. Variability is
observed at very large and very small receiver-track cosine similarities, where there is limited data
available.

The second measure we consider is the mode of social media application used to share the link.
As previously outlined, we have delineated the applications into two categories, direct (representing
one-to-one communication) and broadcast (representing one-to-many communication). Although not
strictly a measure of tie strength in the traditional sense, this choice is motivated by the intuition
that one-to-one channels (like Whatsapp or Facebook Messenger) are more intentional, intimate or
occur between closer individuals, as compared to one-to-many channels (e.g. posting an Instagram
story) which will reach a broad untargeted audience. For this analysis, we restrict the data to include
only events for which the application mode is unambiguously identified, retaining only known direct
(66%) or broadcast (5%) share events.

Figure (c) presents the distribution of sender-receiver cosine similarities over the subsampled
share events, separated by direct or broadcast events. Among direct-mode shares, the mean user-user
cosine similarity is 0.54, compared to the 0.57 for broadcast shares. The difference in distributions
between the two groups is statistically significant as confirmed by the Kolmogorov-Smirnov test

(D = 0.03,p < 0.01), indicating that users selectively engage with music shared by friends with
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Figure 5.7: Effects of reciprocity (a-b) and share media type (c-d) on the probability of becoming

engaged with the artist. (a) Distribution of sender-receiver cosine similarities in our sample, separated

by reciprocal and non-reciprocal tie. (b) Probability of engagement following link share as a function of

receiver-track cosine similarity, separated by reciprocal and non-reciprocal tie. (c) Distribution of sender-

receiver cosine similarities in our sample, separated by direct or broadcast application. (d) Probability

of engagement following link share as a function of receiver-track cosine similarity, separated by direct or
broadcast application.

similar taste on social media, while broadcast platforms may afford greater opportunities to explore
less familiar or diverse musical content.

Figure (d) shows the probability of engagement for share events via direct versus broadcast
mediums, conditional on the receiver—track cosine similarity. Even while controlling for the taste of
the receiver, the probability of a successful share is more likely to occur when the share is delivered
via a direct medium, even when the track does not reflect the receiver’s historical listening patterns.
Note that the probability of engagement approaches zero for broadcast shares at large receiver-track
cosine similarities.

The final measure of tie strength, the sum of social interactions, represents the number of times
that the sender (j) and receiver (i) have interacted (on Spotify) prior to the focal share event.
This includes social listening sessions, collaborative playlists, and link shares (from the sender to
receiver or from the receiver to the sender). The sum of social interaction metric is equivalent to
L.+ Leij + Liij + Ly ji, where we have included the link shares in both directions. All interactions

are required to have occurred prior to the share event under analysis.
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This measure quantifies whether the tie is newly formed or well-established. Figure [5.8| presents
both the distribution of the sum of social interactions over the pairs of users in our sample, as well
as the probability of engagement along a link as a function of the sum of social interaction metric.
The probability of engagement increases from 0.44 to 0.48 after just one previous interaction and
rises gradually thereafter, reaching 0.5 at five interactions. Beyond this point, the probability of
engagement appears to plateau; this indicates that while engagement is more likely to happen along
an established tie, there is a “saturation point” after which more prior interactions do not increase
the probability.

Crucially, while we develop these three measures of tie strength to leverage the heterogeneity of
the underlying social network, we do not assume that they are mutually independent. In particular,
both reciprocal ties and direct shares are more likely to occur between users with established history
of interacting on the Spotify platform. Shares made via a direct medium occur between users with
an average of 24 social interaction sum, compared to an average of 6 for shares made via broadcast
channels. Similarly, users connected by reciprocal ties have an average of 42 social interaction sum,
compared to 3 for those with non-reciprocal ties. Nevertheless, we retain all three features in the
analysis and predictive model as they represent different aspects and granularity of tie strength,
and indeed show different relationships with the probability of post-share engagement, underscoring
the advantages of preserving information on edge heterogeneity when examining social diffusion

processes.

71



g
=}

I o o
i o ©

Proportion (ecdf)

o
N]

o
o

10° 10! 102
n friends

1.0 1.00 1
0.98 1
0.9
— —~ 0.96 1
T os H
[ ) 0.94
o o
207 ) 2 0.921 = =
) n friends ) artist popularity
o 06 —— 2 friends | & 090 —— most popular
—— 3 friends 0.88 —— popular
05 —— 5 friends 0.864 —— less popular
0 1 2 3 4 5 1 2 3 4 s
n engaged friends n engaged friends
(b) (c)

Figure 5.9: Analysis of social cohesion features. (a) Distribution of number of friends for all receiving

users in our sample. (b) Probability of becoming engaged versus number of friends who are already engaged

with the artists, for receivers with different numbers of friends. (c) Probability of engagement versus number
of friends who are already engaged, stratified by artist popularity.

5.3.3 Social Cohesion

Finally, we investigate the effects of social cohesion, addressing our third hypothesis. These results
elucidate how the level of engagement with the shared artist within the receiver’s neighbourhood of
contacts influences the probability of a successful share. We define the receiver’s contacts or friends
as anyone with whom they have a reciprocal relationship on the platform. These relationships
can arise from social listening sessions, collaborative playlists, or bi-directional link sharing. More
specifically, the receiver (i) is friends with a user (u) if Lgq, > 0, or Legy, > 0, or Ly, > 0 and
Lj.; > 0. Figure (a) shows the distribution of number of friends over receivers in the sample.
The mean number of friends is 3.95, but the distribution is skewed to the left; most users have zero
or one friend.

A receiver’s friend is considered to be engaged with the shared artist if their user-artist engage-
ment factor indicates listening to an average of at least one track per day by the shared artist for the
six months prior to the analysis period. This is equivalent to the condition that E, 4 (to, —180) > 180,
where u is the friend user, « is the shared artist and ¢ is the start of the analysis period. We expect
to observe the phenomenon we call social cohesion, that the probability of engagement following a
share will increase with the number of the receiver’s previously engaged friends, arising either from
social influence, or homophily in the social network.

We group all receivers who have the same total number of friends, and measure the probability
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of engagement as a function of the number of engaged friends, thereby holding constant both the
absolute number of friends and the fraction who are engaged. The results are displayed in Fig.
(b) for receivers with 2,3 and 5 friends. The shaded area gives the 95% confidence interval. In all
cases, the probability of engagement increases as the number of engaged friends increases, consistent
with the hypothesis that social cohesion increases the probability of engagement.

One possible confounding factor for the observed effect is the artist popularity. In particular,
the fraction of listener friends who are engaged with an artist may simply be a proxy for the artist’s
general popularity, as these artists have more engagement overall. To disentangle the two effects,
we proceed by classifying the artists according to their popularity on Spotify, and compute the
probability of engagement as a function of number of engaged friends. The results are shown in
Fig. 5.9 (¢). The probability of engagement increases with the number of engaged friends, even
when accounting for artist popularity. Moreover, we notice that the effect of social cohesion is
indeed more pronounced in the case of less popular artists, perhaps indicating that social effects
play a more significant role in music discovery for lesser known artists.

As discussed in the Introduction, these measures are reminiscent of those used to investigate com-
plex contagion in the spread of social behaviours. Complex contagion as defined in [45], models how
behaviours spread over social networks while incorporating social reinforcement; the probability of
adoption increases with the number of previously-adopted contacts. Evidence supporting this model
has been found in empirical data describing the spread of campaign donations [199], exercising [14],
and marketing recommendations [I30]. Our dataset does not contain evidence of multiple contacts;
users are rarely sent a link to the same artist by multiple people. As in [202], it can be difficult to
disentangle the evidence of complex contagion and homophily, as both mechanisms produce similar
patterns. However, our results on the relationship between social cohesion and engagement prob-
ability suggest that these social mechanisms contribute to explaining our observations, even if the
actual contact must be inferred rather than directly observed.

These mechanisms are typically related to clustering in the network. Consequently, we also ex-
amined the relationship between engagement probability and two additional measures; the receiver’s
neighbourhood clustering coefficient, and the edge overlap between the pair of users. The receiver’s
clustering coefficient is the proportion of friends who are also friends with each other. Higher clus-
tering has been shown to facilitate the spread of complex contagion [44]. The edge overlap as defined
in [142] is the proportion of friends shared by the sender and receiver. These measures were calcu-
lated by taking the unweighted version of the social network. Neither of these measures proved to
have a significant relationship with engagement probability. This may be because the Spotify social
network is merely a partial representation of the true underlying social network, and the metrics
calculated may not accurately reflect the complete set of social relationships, which are unavailable

to us.
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5.3.4 Predicting Post-share Engagement

In this section, we integrate the insights from the three hypotheses, together with other contextual
factors, to predict a successful engagement following a link share. To that end, we formulate a
supervised binary classification task, using the data available at share-time to predict engagement
in the week following the share. The purpose of this task is two-fold; we are interested in both
training a model capable of predicting a successful person-to-person music recommendation, and in

further elucidating which social and contextual factors have the greatest influence on the outcome.
Features

In Table we describe the set of features used to inform the binary prediction task. They are
separated into groups according to the hypothesis they most align with.

The Taste Similarity (TS) features describe the music taste similarity between the sender and
receiver, and between the receiver and the shared track. These capture distinct effects; the sender-
receiver cosine similarity measures the overlap between the listening histories of the interacting
users. The receiver-track cosine similarity captures the level of targeting; how accurately the sender
anticipates the receiver’s musical taste. This feature set is informed by our results in the Music Taste
Similarity section. The sender-artist engagement (SA) describes the sender’s level of engagement
with the artist prior to the share, similarly explored in the Music Taste Similarity section.

Social Tie Strength (ST) features capture the strength of the relationship between the sender
and receiver, quantified by the number of times they have previously interacted on the platform, the
relationship reciprocity, and the mode of social media application by which the link was sent. This
set of features is informed by our results in the Tie Strength Effects section.

The Social Cohesion (SC) features describe the popularity of the artist amongst the receiver’s
social network connections, and allows us to capture the social effects of engagement probability.
This feature is informed by the results provided in the Social Cohesion section.

Finally, we include additional features that describe both the network context, and the historic
context of the artist, track, and user’s platform usage. The Social Network Degrees (SN) features
characterize the role of the sender and receiver in the Spotify social network in terms of their degrees.
The Track Context (TC) features provide the track album age and popularity of the artist on Spotify.
This allows us to control for the general popularity of the shared track, which may reflect its inherent
quality, causing a higher probability of engagement. The last feature group describes the receiving
user’s activity levels on Spotify. The aptly named Receiver Platform Usage (PU) measures are
included because the engagement threshold is fundamentally dependent on the receiver’s Spotify
usage. For infrequent users, it may be impossible to meet the engagement threshold, even if they
appreciated the shared track. These features provide information about the receiver, including

whether they use the paid subscriber version of Spotify (as opposed to the free version), how much
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music they streamed in the 7 days prior to the share, and the number of days that they spent on

the platform prior to the share-time.

Model Training

We train a Random Forest binary classification model using the scikit-learn python framework [162]
on the full set of features and data (~2.72M link sharing events) using a randomised hyper-parameter
search with 5-fold cross-validation and 500 fits varying the parameters of the model. The best model
performance is obtained with 300 estimators, and a maximum tree depth of 60 resulting in a ROC-

AUC of 0.73 (see Table [5.2 Full Model).
Feature Importance

From the model we directly obtain a measure of feature importance using Mean Decrease in Impurity
(MDI), as provided in Fig.[5.10} The Taste Similarity features have a significant impact on the model
performance, as do the receiver-platform engagement, sender-artist engagement, and various social
features from the social network.

Asin Fig.[5.10] several of the feature sets ranked surprisingly low in importance for this prediction
task, despite demonstrating a relationship with the outcome variable in the preceding independent
analysis. In particular, the results in the Tie Strength and Social Cohesion sections indicated
that the number of engaged friends, social media application type and reciprocal link sharing were
important predictors of engagement, but these features do not emerge as important in the context
of the Random Forest classifier.

This hints at the fact that the information encoded in these features can be learned by the model
during training using a combination of other features. As a trivial example, the model can infer
that the number of engaged friends is greater than zero using the sharer-artist engagement for the
week prior to the share, and the number of previous shares between the receiver and the sender to
determine if the relationship is reciprocal.

Moreover, feature importance measures are significantly impacted by feature correlation. Unsur-
prisingly, the taste similarity features are highly correlated with a 0.42 Pearson correlation (p < 0.01).
Several of the social network features are also correlated; for example, the sum of social interactions
and the receiver in-degree have a Pearson correlation of 0.48 (p < 0.01). Intuitively, the sum of
social interactions is inherently related to the amount that the receiver shares in general. Likewise,
the sender out-degree and the sum of social interactions have a correlation of 0.32 (p < 0.01). This
can explain why the MDI scores for some features are lower than expected, as the model can take
one of the correlated features as redundant. To get a complete picture of the importance of various

feature sets, we perform an isolation test, as follows.
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Figure 5.10: Feature importances for the full model. Importance measured using Mean Decrease in
Impurity (MDI). Bars are coloured according to their feature set membership.

Feature Set Isolation Test

We formulate a procedure to determine the relative importance of the various feature sets defined
in Table Instead of conducting a more traditional ablation test (removing one feature from
the model at a time), which reveals little new information due to the variables being correlated, we
conduct a feature set isolation test. We train the several iterations of the Random Forest model
(with the same hyper-parameters described above) with different isolated groups of features, and
compare the model performances to explore how predictive strength varies. We report the ROC-
AUC, Precision, Recall and Average Precision. Since our dataset is not perfectly balanced, we use
ROC-AUC score as an indicator of overall model performance. The results are summarised in Table
where the best performance metrics are highlighted in bold. All standard errors of the metrics
are within 0.0007, indicating stability across the 5-folds.

The sender-artist engagement (SA) and the receiver platform usage (PU) feature sets both per-
form well alone, obtaining the highest ROC-AUC. As previously discussed, the sender-artist engage-
ment could be a proxy for the strength of the sender’s recommendation via a text-based addition to
the link-share, information which was unavailable for this study.

The Taste Similarity features (TS) also perform reasonably well alone, as might be expected.
However, they do not constitute the highest-performing feature set; this is likely due to the specific
context of the share. The embedding vectors capture a notion of music preference, based on ag-
gregated information over many contexts, which may have a smoothing effect on users with diverse
taste profiles.

Note that the Social Cohesion feature (fraction of engaged friends) produces the lowest ROC-
AUC, but the highest precision. This feature is incredibly sparse, only available in approximately
1% of the cases. For this reason, it cannot have high recall thus leading to lower overall performance.
However, when the feature is available, it has the highest precision out of the feature sets, an effect

we also observed in the single-variable analysis provided in the section on Social Cohesion. Despite
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some sets of features performing better in isolation, all sets of features perform better than a random
baseline (ROC-AUC = 0.5) and indeed, best model performance is achieved by combining all feature

sets.

5.4 Conclusions

In this chapter, we present an empirical analysis of how music taste diffuses over Spotify’s social
network through person-to-person recommendations. We leverage the advantages of the diverse
ties that comprise the network to better understand the mechanisms that facilitate the spreading
process, incorporating both the edge weights and the multiplex nature of the network.

We examine various social and contextual effects that contribute to a successful share event, using
information about the users’ context within the Spotify social network, their listening behaviours
and their relationship history. We have shown that the probability of a successful share is higher
when the share occurs between (1) between users with similar taste, when (2) the share is highly
targeted to the receiver’s tastes, and (3) when the sender is more engaged with the artist they
shared. We use the heterogeneity of the underlying social network to show that the process spreads
more effectively along stronger and reciprocal ties, and is facilitated by intimate one-to-one modes
of contact. Finally, following much of the prior literature on social influence, we explored how social
cohesion affects the probability of engagement, demonstrating that users with a higher fraction of
engaged friends will be more likely to become engaged with the shared artist. Using the identified
social and contextual features, we construct a model to predict engagement following a person-to-
person music recommendation.

We recognize that while the model archives strong performance, especially within the context of
predicting social behaviour, there may indeed be other important factors we are unable to capture
with the data available to us, such as the type of relationship between the sender and receiver, or
the context in which the link was shared.

As we focus here on short-term engagement resulting from a link share, one future research
direction would be to investigate the lifetime of such engagement, and whether sharing can lead
to more permanent behaviour changes, resulting in the receiver becoming a long-term listener, or
even a fan, of the shared artist. Since we have focused on the dynamics of pairwise interactions in
the Spotify social network, other possible future directions include the study of higher-order group
interactions, especially facilitated through group social listening sessions or playlists constructed by
larger groups.

This work contributes to a wider body of literature on how behaviours, tastes and opinions
diffuse over a social network, especially those with diverse interaction types. Using explicit evidence
of contact events together with rich contextual and social information, we have shed light on the

dynamics of social music discovery in the age of online music streaming.
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Feature

H Description

Social Tie Strength (ST)

Sum of social interactions

Sum of the number of social interactions between the
sender () and receiver () prior to share-time. Includes
collaborative playlist additions, social listening sessions,
and link shares between the two users in either direc-
tion. Sum of social interactions = Lg;;; + Le;ij + Li;ij +
Ll;ji-

Direct link share

Boolean, True if the social media application type used
to share the link was direct (e.g. Whatsapp), as op-
posed to broadcast or unknown.

Reciprocal link sharing

Boolean, True if receiver has ever shared a link with the
sender prior to share. This is equivalent to L;;; > 0.

Social Network Degrees (SN)

Receiver link share in-degree

Number of link shares received by the receiver (i) (from
anyone) prior to share-time. This is equivalent to

> ok Lk

Receiver link share out-degree

Number of link shares sent by receiver (¢) prior to share-
time (to anyone). This is equivalent to Y, Ly;.

Sender link share out-degree

Number of link shares sent by the sender (j) before the
share-time (to anyone). This is equivalent to ), Ly,jx.

Social Cohesion (SC)

Fraction of engaged friends

“Friend” is defined as someone with whom the re-
ceiver has a reciprocal relationship in the social network
prior to share-time. A friend is considered engaged if
E, o(to, —180) > 180, where u is the friend user, « is
the shared artist and ¢g is the start of the analysis pe-
riod.

Taste Similarity (TS)

sender-receiver cosine similarity

Cosine similarity between receiver and sender.

receiver-track cosine similarity

Cosine similarity between receiver and track.

Track Context (TC)

Artist popularity at share-time

Rank of the primary artist in Spotify by number of
streams at the time of share.

Release age at share-time

Time elapsed between album release time and share-
time (seconds).

Sender-Artist Engagement (SA)

Sender-artist engagement 7 days prior

Sender-artist engagement aggregated over 7 days prior
to share-time.

Receiver Platform Usage (PU)

is subscriber

Boolean, True if the user was a paid subscriber to Spo-
tify when the share was opened.

receiver streaming 7 days prior

Number of hours of streamed music in the previous 7
days to opening the share.

receiver day on platform

Number of days passed since the user registered to the
platform to the day the share was opened.

Table 5.1: Model features and description.

78




Feature Set ROC-AUC | Precision Recall Avg Preci-
sion

Social Cohesion (SC) 0.5144 + | 0.8779 0.0329 0.4868 +
0.0001 0.0004 0.0003 0.0003

Social Tie Strength (ST) 0.5327 + | 0.4997 0.1561 0.4933 +
0.0003 0.0002 0.0001 0.0003

Social Network Degrees (SN) 0.5469 £ | 0.5181 0.4091 0.5235 +
0.0002 0.0004 0.0005 0.0003

Track Context (TC) 0.5731 + | 0.5356 0.5497 0.5365 +
0.0001 0.0003 0.0002 0.0003

Taste Similarity (TS) 0.5847 + | 0.5346 0.5088 0.5935 +
0.0004 0.0005 0.0004 0.0005

Receiver Platform Usage (PU) | 0.6102 £ | 0.5536 0.5573 0.6018 +
0.0005 0.0006 0.0004 0.0007

Sender-Artist Engagement (SA) | 0.6954 £ | 0.6487 0.5737 0.6634 +
0.0001 0.0005 0.0003 0.0003

Full Model 0.7336 + | 0.6734 0.5874 0.7498 +
0.0003 0.0004 0.0003 0.0004

Table 5.2: Feature Set Isolation Test Results. All metrics are reported with their standard error.
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Chapter 6

Detecting ideological extremes in
social media networks

This chapter is based on the article Candellone, Elena*, Shazia’Ayn Babul*, Ozgiir Togay, Alexan-
dre Bovet, and Javier Garcia-Bernardo. ”Negative ties highlight hidden extremes in social media

polarization.” Network Science 13 (2025): e10. (* indicates joint first authors) [39)

6.1 Introduction

This thesis is primarily concerned with adapting traditional network science methods to admit
heterogeneous edges, arguing that retaining edge type diversity provides greater insight into the
structure of the network, or the processes that unfold on top of it. We have explored two major
types of heterogeneity; tie sentiment, presenting methods for extracting latent structure in signed
networks in Chapter [3| and Chapter |4l and tie strength or modality, which prove crucial for describ-
ing social diffusion dynamics, as we demonstrate in Chapter In this final chapter, we weave
together these learnings, presenting an empirical study on an online social network for political dis-
cussion, characterized by its signed, weighted and multiplex nature. Using two network embedding
methods, including the SHEEP algorithm from Chapter [3], we investigate how the interplay of these
heterogeneities can uncover hidden individual-level ideological positioning and extremity, patterns
that would remain obscured if the network were reduced to uniform or unsigned edges.

Online social networks are a natural context for this work, as interactions are inherently heteroge-
nous, and extracting the latent structure of the network is especially crucial, as these platforms have
changed how individuals interact with news content, inform themselves on current events, and form
opinions on related topics [137]. When platform discussions take on a political nature, they provide
a new mechanism for information diffusion, which can facilitate an increased polarization around
controversial issues, and amplify political divisions and conflicts [83] [6, (2] 104, 25| [72] [76] 197].
Consequently, political polarization is increasing not only within small, active partisan groups [I51]

but also more broadly across the general population [151] 4] [3].

80



In Chapter [3]and Chapter [@] we used the term polarization following traditional signed network
literature, to refer to networks that can be partitioned into communities with positive edges within,
and negative edges between communities. In the context of this politically-motivated empirical study,
however, we draw from political science literature, in which polarization is more nuanced, delineating
between between ideological, affective, and structural (or interactional) polarization [104], 63} [35] T28]
20, [151], [70] [6] [18T], 207].

Ideological polarization refers to the widening gap between the political beliefs of different groups;
affective polarization captures the emotional hostility and negative attitudes between political fac-
tions; and structural polarization examines the division of social interactions into homogeneous
groups with minimal cross-group engagement.

With the increasing availability of data on online interactions, structural polarization has emerged
as a rich area of study [207, [I81] [73]. These prior works have shown that social media platforms
can amplify polarization, reinforcing group differences by facilitating the formation of echo chambers
(clusters of like-minded users) and the rapid diffusion of biased or false information [57, 50 25] [74].

Ideological polarization can also be recovered from the network of interactions between social
media users, under the assumption that users preferentially interact with other users (or content)
with whom they share a similar ideological stance [26], [I74]. The ideal points model, used to measure
both voting behaviours [69] 167, 166, 51, 208] and ideology [I50, [205] 24], is predicated on the same
assumption: the probability of voting (positively or negatively) on a piece of content depends on the
latent ideological difference between the individual and the content. The model has been applied
across various contexts, from a legislator voting on a piece of legislation, to a user voting on a social
media post.

The methodologies typically employed to study structural or ideological polarization are consis-
tent with traditional unsigned networks comprising uniform edge weights, which consider all inter-
actions equivalent. This is primarily because such studies remain constrained by limited data, as
social media platforms readily provide information on positive interactions (e.g., likes or retweets on
Twitter/X) or neutral interactions (e.g., mentions on Twitter/X), while negative interactions (e.g.,
downvotes on Reddit) are either unrecorded or only accessible to researchers at an aggregated level.
Thus, prior studies construct network representations that make no distinction between interactions
that have positive or negative valence.

In this work, however, we consider such distinctions crucial; drawing from Emotional Information
theory, which argues that negative sentiment is a strong driver of negative links between individuals,
we interpret observed negative links as a sign of discord or tension [27]. As we note throughout this
thesis, social interactions can be incredibly diverse, representing different modalities, or sentiments

ranging from support to hostility. Negative interactions significantly impact offline social networks
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and individual outcomes [I59]. Following directly from Chapter [3|and Chapter [i] we employ a signed
network representation, which offers a powerful tool for capturing this complexity.

Existing works on structural polarization in online media using signed networks have primarily
been limited to three platforms: Epinions [I75] and Slashdot [133], where users explicitly label
each other as friends or foes, and Wikipedia, where users can cast positive or negative votes in
administrator elections [I31]. More recently, signed network representations have been constructed
from Reddit and Twitter data, by inferring the valence of an interaction using sentiment analysis
applied to comments and posts [169] 168, [T14].

As in discussed Chapter [2] signed networks are often studied through the framework of structural
balance, which in the context of online media, allow for a refined analysis of polarization by iden-
tifying communities with internal coherence and cross-group antagonism [99] [42] 102} 54]. Several
methods exist to partition the signed graph into these factions, quantify graph-level polarization, or
extract ideological information from the network structure, including the two methods presented in
Chapterand Chapter [19, [65], 200, 116l 107, 17, 22]. These studies suggest that negative ties pro-
vide a deeper understanding of structural polarization by revealing hidden antagonisms or patterns
that may not be apparent in networks composed of positive interactions alone [200] 65, [16, 22, [114].

In this chapter, we evaluate the contribution of including heterogeneous (negative and weighted)
ties, through an empirical case study on Menéame, a social media platform with naturally occur-
ring signed signals. Menéame E| is a popular Spanish social media platform analogous to Reddit,
functioning primarily as a news aggregator. On Menéame, users can post links to news stories; the
posts appear in the Menéame newsfeed with a hyperlink, information about the posting user, and a
brief description of the story. Other users in the ecosystem can subsequently vote (up or down) or
comment on the post [67].

The posted articles cover a broad selection of topics, ranging from sports to local and interna-
tional politics. Given how users interact on the Menéame platform, a signed network representation
naturally emerges; the signed signals can be obtained directly from votes that users leave on the
articles and comments posted by other users. While Menéame has been studied before from various
perspectives [T10} 88|, [12], to our knowledge, no prior work has exploited the naturally signed struc-
ture of the social network ecosystem to study polarization. The design of the platform is such that
the main newsfeed appears the same for all users, because there is no personalized recommendation
algorithm; thus, any observed structural polarization is due only to user preferences.

In general, there exist several measures to identify and quantify polarization at the network
level, on both unsigned and signed networks (see Chapter [3|for a brief review) [108]. In this chapter,
however, we adopt an individual-level perspective, seeking to quantify users’ ideological positioning

on a continuous scale, to obtain a granular user-level characterization of the network.

Thttps://www.meneame.net/
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The primary contribution of this chapter lies in our assessment of the value of incorporating
negative interactions when measuring online polarization at the individual level. In what follows, we
construct both a signed and unsigned network representation of the Menéame data, comparing the
resulting patterns of structural polarization. Structural polarization is identified on unsigned social
networks which admit a clustering of individuals into opposing groups with limited (but existing)
communication between them [26] 25]. This can be measured using an embedding generated via
Correspondence Analysis (CA), first presented in Chapter [2| applied directly to the network [90].

On signed networks, polarization is traditionally identified by antagonistic factions [200] [65] 114]
71, 190]. Because empirical networks rarely exhibit perfect structural balance, we use the SHEEP
embedding algorithm (Chapter [3]) to assign each user a score capturing their extremity within the
network [22].

To quantify the value of negative ties to the study of polarization, we take a dual approach,
leveraging both SHEEP and CA. These methods produce lower-dimensional embeddings of network
data using spectral techniques and matrix decomposition, respectively, and have been used for latent
ideology analysis [22] 26}, [76], [72] [73] [164]. A side-by-side comparison of the two methods reveals the
added value of incorporating negative ties into network models of political polarization, and allows
us to compare how signed and unsigned representations capture individual extremity and alignment
within the same underlying social network.

Thus, our study addresses the key research question; What do negative interactions reveal about
indivudal-level polarization that positive interactions cannot?

In what follows, we first describe the data collection process, network construction and the em-
bedding techniques. We then present our findings, comparing the insights gained from the signed and
unsigned networks, focusing on topic-specific polarization and the role of the negative interactions.
We find that Menéame users can be grouped into two main ideological factions that exhibit struc-
tural polarization, more pronounced in discussions around controversial topics. While the signed
and unsigned methods largely agree in identifying ideological groups, negative ties uncover critical
patterns, particularly at the political extremes, that remain hidden in unsigned networks. Finally,
we discuss the implications of our findings, highlighting the complementary nature of combining

methodologies to enhance our understanding of polarization.

6.2 Data and Methodology
6.2.1 Menéame Dataset

Menéame is a Spanish platform created in 2005, which functions as both a news aggregator and a
social media, designed to promote community participation in sharing and discussing news. Users
can submit posts containing a hyperlink to an external source, such as news outlet articles or other

social media posts, which appear on the newsfeed with the link, information about the posting user,
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and a short description, as depicted in Fig.[6.1} The platform is organized into several sections, but
this study focuses on the main page; a newsfeed displaying the most popular stories, and the queue,
where new stories are listed. Users can interact with posts via up or down votes and comments,
they can also comment or vote on other comments. Stories that generate high positive engagement,
but little negative engagement, appear at the top of the feed.

While the platform guidelines state that users should use negative votes to report spamEl and to
help remove content that violates platform guidelines, in practice, negative votes are used primarily

to express disapproval.

130 Title of the post

shakes
By user A from abcd.com

1050 Article description
clicks

Upvote story

BN ko Pe Ao

User X Downvote story
Comment to the post

User Y

Comment to user X ‘ 0 ,3

User Z

Comment to user Y ‘ 10 ,1

Up and downvote comment

Figure 6.1: Schematic representation of a Menéame platform story. Users can upvote and downvote

stories, and comments on the story. Downvoting stories is possible only for registered users through the

”Report” button, while anyone, including unregistered users, are able to upvote. Only registered users may
vote on comments. Comments with many positive votes are highlighted in orange on the platform.

The dataset employed in this analysis contains all stories, comments, and votes appearing on the
platform during the period spanning December 1st, 2022, to August 8th, 2023. In aggregate, the
dataset comprises 47,887 stories, 1,869,190 story votes, 704,636 comments, and 3,113,863 comment
votes, from 11,156 unique users voting on stories, and 8,604 users voting on other users’ comments.
This data was obtained with ethical approval, and the final dataset is available in aggregated and
anonymized format (see [39)).

From this data, we construct two types of undirected signed networks: a user-to-user network,
using the votes on comments; and a user-to-news outlet network, from the votes on stories. These two
networks allow us to validate our methods internally, comparing results across the two interaction
types, and externally, against external classifications of news outlet ideology. To enable topic-
specific analyses, we further divide each network into layers based on the topic of the associated
story, identified from its short description. Details on the network construction can be found in

Subsection [6.2.3

%https://www.meneame.net/faq-es
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6.2.2 Topic Modelling

Topic modelling refers to classifying texts into a finite number of broad thematic categories, or
topics [3I]. This can be framed as a supervised task when existing labels exist, or unsupervised, as
in our case, when no prior topics are indicated in the data. Our objective here is to identify the
topic of each posted story to separate the data into subsets, allowing us to construct a multiplex
network where each layer corresponds to a different topic. Given the absence of ground truth
labels against which to benchmark our topic classifications, we adopt a comparative strategy. We
employ two different topic modelling algorithms, BERTopic [92] and hierarchical Stochastic Block
Model (hSBM) [85], on the same text corpus, and compare their degree of agreement. Using this
comparison method, we are able to obtain a robust classification for a restricted subset of stories. In
what follows, we describe the two algorithms in detail and the methodology used to evaluate their

correspondence.
BERTopic

The BERTopic algorithm, developed by Grootendorst [92], is a modular text-embedding-based ap-
proach for identifying topics from a text corpus. Using the language model BERT (Bidirectional
Encoder Representations from Transformers) [60], the algorithm first generates text embeddings,
subsequently performing dimensionality reduction and clustering on the embeddings to identify co-
herent topics. Each topic is associated with a set of keywords, derived using a variation of the Term
Frequency-Inverse Document Frequency (TF-IDF) procedure, which facilitates the interpretation of
the identified topics. A detailed account of the algorithmic steps is provided in Appendix and

for more details on the parameter choices, see [39].

hSBM Topic Model

The TM-hSBM, proposed by Gerlach et al. in [85], is an application of community detection methods
for topic inference on a text corpus. Unlike BERTopic, which is based on sentence embeddings, this
approach constructs a bipartite network from the text and document information. A bipartite
network is one with two distinct types of nodes, and edges exclusively exist between nodes of unlike
type. In this case, the two groups of nodes are the words and documents (equivalently, comments or
stories). An edge exists between a word and a document if it appears therein. The hSBM procedure
then applies a Bayesian hierarchical Stochastic Block Model (hSBM) inference [I63] to the bipartite
network, a method typically employed to detect communities in networks. In this context, words
are grouped into topics if they share similar connectivity patterns; that is, they tend to appear in

the same sets of documents and be absent from the same others [85]. More details on the procedure

is located in Appendix [B:2:2]
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Combining the results of BERTopic and hSBM

We apply both BERTopic and TM-hSBM to the text corpus of story descriptions. BERTopic identi-
fies 180 topics containing 38,883 stories in aggregate, labelling 16,633 stories as outliers. See [39] for
a full list of the recovered topic names and keywords. We implement an outlier reduction procedure
based on cosine similarity between text embeddings, after which we further consolidate the results
by reducing the number of topics to 30.

TM-hSBM produces topics at different hierarchical levels. At the highest level of granularity, it
identifies 114 topics, which are subsequently aggregated into 20, 4, and 1 topics, respectively (See
[39] for a full list of the topic keywords at each level). Comparing the outputs of the two methods,
applied independently to the corpus, allows us to obtain more robust topics in absence of ground
truth. We compute the classification accuracy score and find that BERTopic with 30 reduced topics
most closely aligns with the second hierarchical level of TM-hSBM.

To interpret the BERTopic results, we examine the most representative keywords for each topic
produced based on their TF-IDF weights. As an informative example, Topic 1 is associated with
keywords such as “ukraine, russia, war, russian (male), russian (female), putin, russian (plural),
nato, military”, which we manually label with the broader term, the “Russia-Ukraine War”. To
merge results across methods, we assess the overlap between BERTopic and hSBM topics and use
this overlap to construct robust macro-topics.

Continuing with the example above, hSBM Topic 1 (keywords: “ukraine, russian (male), war,
russia, ukrainian (male), trump, putin, militar, nato, invasion”) and hSBM Topic 16 (keywords:
“nuclear, chinese (male), ukraine, russian (male), militar, fire, russia, wagner, china, american”)
exhibit overlaps of 52% and 46% with BERTopic Topic 1, respectively, and are grouped together
under the same macro-topic, the Russia—Ukraine War.

In cases where multiple BERTopic topics are aligned with the same hSBM topic, we merge
the BERTopic topics. For instance, the hSBM Topic 6 ( “rent, healthcare, hospital, union, labor,
doctor, strike”) is aligned with both the BERTopic Topics 11 ( “health, strike, doctors, hospitals”),
14 (“workers, labor, work, employment”), and Topic 18 ( “education, students, teachers, schools”),
and thus is manually labeled as the broader term “Public Services” (Figure in the Appendix
displays a confusion matrix describing the topic overlaps).

Following this procedure to combine the results from BERTopic and hSBM results in seven
robust macro-topics: Broad Politics, Russia-Ukraine War, Public Services, Crime, Climate Change,
Cryptocurrencies/tech, Inflation. We retain only the subsample of stories classified as the same topic
by both algorithms.

To validate this approach, we conducted a manual inspection of a random sample of comments.
Among 100 comments where both algorithms agreed, 93 classifications were approved and 7 disap-

proved. Among 100 comments where the algorithms diverged, we approved BERTopic’s classification

86



in 34 cases, hSBM’s in 26 cases, neither in 39 cases, and both in only one case. Table [6.1] reports
the final number of stories associated with each macro-topic. While only a small subset of the initial
corpus is retained for our downstream analysis, this refined categorization provides a more reliable
basis for analysing polarization and the role of negative ties on a topic-specific granularity. In what

follows, we focus our analysis on the two largest topics: Broad Politics and Russia-Ukraine War.

Topic Number of | Number of | Upvotes Downvotes
Stories Votes

Broad Politics 7,427 411,591 378,528 33,063

Russia-Ukraine War 2,394 77,828 64,240 13,588
Public Services 1,621 85,154 81,637 3,517
Crime 1,537 73,465 69,074 4,391
Climate Change 1,458 41,847 39,661 2,186
Cryptocurrencies/Tech | 814 26,533 24,414 2,119
Inflation 763 26,724 25,316 1,408

Table 6.1: Dataset summary. Number of stories, votes, upvotes, and downvotes per macro-topic in the
dataset.

6.2.3 Network Construction

This section details the procedure of constructing the two types of interaction networks used in our
analysis; a network of user-to-user interactions and a user-to-new outlet network.

The user-to-user network is our main dataset under study in this work. We consider a network
G = (U, E), where U is the set of users, and E, the set of edges. We consider there to be |U| = n
number of users, such that the resulting adjacency matrix has form A € R™*". Each entry A;;
represents the sum of the signed votes between user ¢ to the comments of user j, and the votes of
user j to the comments of user 4, such that the resulting network is undirected and A is symmetric.
When users ¢ and j have never interacted, or have interacted equal number of times positively
as negatively, A;; = 0. This construction is motivated by the assumption that the absence of
interaction between two users is equivalent to a net sum of zero interactions, that is, when the
number of positive votes equals the number of negative votes. Moreover, such cases are incredibly
sparse; positive and negative votes cancel out exactly in only 0.74 % of pairs. The value of A;; is
bounded between ([—n;j, +n;;]), where n;; is the number of interactions between users ¢ and j, such
that A;; attains the extremum when there are only negative or only positive interactions between
the users. We subsample the data to retain only active users who cast more than 10 votes on the
platform during the period of observation. Although the format of the data and the platform could
naturally produce a directed network representation, we make the modelling choice to remove the
directions from the graph to focus on the impact of the signed and weighted edges. Empirically,

we find that voting behaviour between users tends to be symmetrical, as illustrated in Tables
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and [B:2)in the Appendix. In what follows, we refer interchangeably to the user-to-user network, or
the unipartite network,since all nodes are of the same type (users).

The user-to-news outlet network is used primarily to validate our approach, as we can bench-
mark the ideological positions of the news outlets generated via the embeddings, against external
classifications of news outlet ideology. In this case, we consider a bipartite network B = (V, E’),
where, as before, V is the set of nodes, and E’, the set of edges. Here, the nodes fall into two distinct
classes; users U or news outlets O, forming two disjoint sets, such that V = U UO. As edges connect
nodes from one subset to the other only, we have that £/ C U x O.

The network can be represented by an adjacency matrix with shape:

0 M
A_(MT 0),

where M is the incidence matrix that has shape |U| x |O|, such that each entry Mjy; is the sum of
the signed votes of user k on news outlet /. As a user can vote on many different stories from a given
news outlet, we aggregate votes at the outlet level.

Following common practice in latent space models, where ideological positioning is inferred from
the balance of positive and negative votes, we remove the news stories that received only positive
votes [I67]. In the following analysis, we find this step to be fundamental in quantifying the impact
of controversial stories, reflecting the fact that stories receiving exclusively positive votes do not

polarize the discussion.

6.2.4 Network Embeddings

We employ two different network embedding techniques, using SHEEP for the signed network, and
Correspondence Analysis (CA) for the unsigned network. SHEEP, presented first in Chapter
is a spectral embedding method capable of representing proximal information between nodes in
signed graphs. CA, as presented in Chapter [2] is a matrix decomposition technique that produces
embeddings of categorical data.

In the case of SHEEP, we apply the method to each topic network for both the unipartite signed
user-to-user vote networks and the bipartite signed user-to-news outlet vote networks. We employ
a normalized version of the adjacency matrix, where the entries are divided by the total degree of
the network. Following this procedure yields an embedding for each user and news outlet, which we
use in our downstream analysis. As nodes with a preponderance of negative votes are repulsed from
the other nodes in one dimension, we project the results using principal component analysis (PCA),
retaining only the first dimension.

Correspondence Analysis is typically applied directly to interaction matrices. In this case, the
interaction matrix is the adjacency matrix of the user-to-news outlet bipartite graph, where the rows

are the users, the columns are the news outlet domains, and the entries are the number of times
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each user interacted with the news outlet. To mirror the one-dimensional embedding obtained for
the signed graph using SHEEP, we take only the first dimension of the recovered CA embeddings for
the following analysis. In practice, the embeddings are obtained via the prince Python package [97],

which implements CA amongst other statistical techniques.

6.2.5 News Outlet Ideology

To assess the validity of the results obtained by applying CA and SHEEP to the user—to-news
outlet network, we benchmark against two independent “ground truth” measures of the left-right
ideological position associated with each news outlet.

The first ideological measure is obtained via another network-based approach applied to data
from Twitter (now X). Using the Tweepy Python package [I00] and the Twitter API v2 with
Academic Research access, we collected all the tweets authored by the official accounts of major
Spanish political parties, where influence is defined by share of the popular vote. We exclude
regionalist parties that primarily tweet in languages other than Spanish. As such, the set of political
parties included were PACMA, Mds Pais, VOX, Izquierda Unida (IU), Podemos, Ciudadanos (CS),
Partido Socialista Obrero Espanol (PSOE), and Partido Popular (PP). We additionally identified
the 20 most frequently mentioned accounts by each party’s account, applying a manual filtering
procedure to include only accounts belonging to politicians or party affiliated institutions. The
complete list of the Twitter handles included in the analysis can be found in the Appendix

We subsequently aggregate the number of tweets per political party that mentioned one of 40
Spanish news outlets, identified by their website domains, which frequently appear in Menéame
posts. These domains include: rtve, abc, elmundo, atresplayer, cope, okdiario, larazon, ondacero,
telecinco, vozpopuli, youtube, elespanol, europapress, elconfidencial, telemadrid, cuatro, canalsur,
eltorotv, elindependiente, cadenaser, eleconomista, elpais, lavanguardia, esdiario, libertaddigital,
20minutos, elperiodico, lasexta, lavozdegalicia, eldiario, huffingtonpost, facebook, twitch, infolibre,
publico, laultimahora, elsaltodiario, and gaceta.

Using Correspondence Analysis directly applied to the interaction matrix between political par-
ties and news outlets, we obtain an embedding for the political parties, which closely mirrors the
established left-right division in Spain (see Fig. in the Appendix). Thus validated, we take
the first dimension of the CA embedding as a “ground truth” measure of the left-right ideological
position of news outlets. This procedure closely follows other latent space models for obtaining a
measure of ideological positioning [26].

For additional robustness, we also use an independent ideological classification provided by Po-

1iticalWatc}ﬂ The qualitative analysis of PoliticalWatch evaluates 30 media outlets’ characteristics,

3https ://politicalwatch.es/blog/political-watch-publica-primer-media-bias-chart-espana-2021/
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including their word-choice, and fact-checking standards on a sample of articles to assess their ide-
ological leaning. The correlation between the ideological position of the news outlets as determined
by PoliticalWatch and the Twitter-based method is high (96%), as illustrated in Fig,. in the
Appendix.

Together, these two independent ideological measures serve a two-fold purpose; we are able to
both validate the results of SHEEP and CA on the user—to-news outlet network, and to further
understand the results of the embedding methods on the user-to-user network. Broadly, if a user
is classified as left-wing due to their interactions with other users, this position can be validated by

measuring their propensity to vote on stories from left-leaning outlets on Menéame.

6.2.6 Characterizing User Voting Behaviours
Associating User Embeddings with Political Ideology

To validate whether the structural embeddings derived from SHEEP and CA capture meaningful
political ideology, user positions in the embedding space are mapped onto a left-right ideological
spectrum, using the following procedure. For each embedding, users were grouped into bins of
size fifty, based on their embedding position. Within each bin, voting behaviour was characterized
by comparing how often users voted positively for each media outlet relative to the platform-wide
average. Let V,, represent the average vote sign of user u towards media outlet m, and V,,, the

average vote to media m across all users, then the deviation from the average D,,,, is computed as:

Dum = Vum — Vm

A positive (negative) value of D, indicates that the user casts a higher (lower) frequency of
positive votes towards that outlet, as compared to the platform average. The ideology of the media
( In), extracted from the user-to-news outlet network, is combined with the voting deviation to

obtain the weighted deviation, W, between user v and outlet m. This is computed as:

This quantity provides an estimate of the ideological preference of a user w; a higher W,
indicates a higher share of positive votes towards right-wing media, or a lower share of positive votes
towards left-wing media. To account for variations in user activity level, the measure is scaled by
the ratio of the user’s voting frequency Fl,, to outlet m to the average frequency F,, across all users,

as:
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This adjustment ensures that outlets garnering disproportionately high or low activity are ap-
propriately weighted in the analysis. Finally, we calculate Rpin . as the average R, for all users
in the bin and Fp;p, » as the voting frequency of users in the bin toward outlet m. The aggregate

ideological score for each bin is then defined as:

Zm Rbin,m . Fbin,m

Zm Fbin,m
This value provides an aggregated bin-level estimate of the ideological positioning of users, derived

Ibin =

from their voting behaviour toward media outlets, which we use to interpret the results of the

unipartite embeddings.

Clustering Interaction Patterns

Next, we analyse interaction patterns between users located across the SHEEP and CA embedding
spaces. For each embedding, users are binned according to their position, and two types of interaction
matrices are constructed. The first matrix, V., is constructed such that V,,;; gives the total number
of votes from users in bin ¢ to the comments of those in bin j, where the bins are defined by their
position in embedding e. The second matrix, A, is similarly constructed such that A..;; gives the
average sign of the vote from users in bin ¢ to the comments of those in bin j, for embedding e. For
details on the binning process, see [39].

To reduce bias introduced by variations in user activity levels, we apply an iterative normalization
process to the total number of vote matrices, A.. Each row and column of the matrix is iteratively
normalized by dividing by its respective sum, ensuring each sum to one. This normalization reflects
the relative strength of interactions, independent of individual user activity levels, preventing highly
active users from skewing the results, and enabling meaningful clustering of interaction patterns
across ideological groups.

The normalized matrices serve as inputs to a k-means clustering algorithm, to obtain macro-level
groupings of users according to interaction patterns. These clusters are subsequently used in our

downstream analyses and visualizations. Details on the k-means process are provided in [39].

6.3 Results and Discussion
6.3.1 Mapping the Ideological Dimensions of News Outlets

In this section, we use the user-to-news outlet network to infer the ideological positions of the outlets.
Beyond using these positions to understand the ideologies of the users themselves, the results are
themselves valuable; obtaining ideological positions of news outlets that exist in the present polarized
media environment gives insight into how contentious topics shape public discourse.

Our analysis rests on the assumption that users are more likely to vote positively for outlets

aligned with their own ideological position, and conversely, to either vote negatively or abstain from
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voting when the outlet’s stance diverges from their views. The ideological position of both a user and
an outlet may very well be issue-dependent, for instance, individuals across the political spectrum
may converge in their support for Ukraine in the Russia—Ukraine war. As such, we conduct a topic-
specific analysis and focus on the two largest macro-topics we identified on the platform during the
period of observation: Russia-Ukraine War and Broad Politics.

We use SHEEP and CA to quantify the structural position of each news outlet, comparing these
results with the external benchmarks of left-right ideology described in the Methods section. By
incorporating information from negative ties, SHEEP uncovers patterns of structural polarization
that remain obscured in the unsigned network, an effect that is especially pronounced on divisive

issues, like the Russia-Ukraine War.
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Figure 6.2: Comparing News Outlets’ Attitudes towards the Russia-Ukraine War and Broad
Politics. The main panels (A-B) compare the SHEEP and CA embeddings obtained for the news outlets
using the topic-specific networks. Colours indicate outlets’ Twitter-derived ideology (brown = left-wing,
purple = right-wing, grey = unclassified). Sub-panels (A-I, A-II, B-I, B-II) compare each embedding method
with Twitter ideology for a subset of outlets. On the Russia-topic network, both methods identify the
defence-focused outlet Revista Ejércitos as an outlier, whereas only SHEEP distinguishes the pro-Russia
outlets Russia Today, Diario Octubre, and Actualidad RT from other left-leaning media (ctat or publico).
Neither method is significantly correlated with the broad ideology scores obtained from Twitter. On the
politics-topic, the two methods produce highly correlated embeddings, which are also highly aligned with
the ideology obtained from Twitter (see panels B-1 and B-II).
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Russia-Ukraine War

We compare the news outlet embeddings obtained using the SHEEP and CA algorithms on the
bipartite user-to-news outlet network constructed from stories classified under the Russia-Ukraine
War topic. The two embeddings are moderately correlated, with a 58% Pearson correlation as
depicted in Figure . They diverge, however, due to the unique ability of SHEEP to (correctly)
identify the outlets Russia Today (rt), Diario Octubre, and Actualidad RT as representing extreme
pro-Russia positions. The CA embedding, in contrast, does not distinguish these Russia-funded
outlets from other independent left-wing sources, including CTXT or Publico, placing them in
close proximity. This divergence emphasizes the utility of negative ties at distinguishing left-wing
positions from pro-Russia positions. At the opposite end of the spectrum, both methods identify
Revista FEjércitos, a publication which, according to their own website “aims to influence political
agendas, highlight defence gaps, and promote public investment in Spain’s defence industry”, as
extreme in the opposite direction.

We further evaluate the similarity between the SHEEP and CA embeddings with the independent
measure of left-right ideology derived from Twitter data in Fig. [6.2]A-I and Fig. [6.2]A-II respectively.
Both methods display only a moderate Pearson correlation with this measure (38% and 39%).
This suggests that while Twitter-based ideology, inferred from political party interactions, captures
broad partisan alignment, it does not fully reflect issue-specific stances on highly polarized topics.
In particular, we note that the left-leaning outlets eldiario, 20minutos, and cadenaser are found to

be strongly opposed to Russia in this context.

Broad Politics

We subsequently apply the same procedure to the user-to-news outlet network generated from sto-
ries classified under the Broad Politics macro-topic, which encompass various aspects of Spanish
politics. In this case, SHEEP and CA display a high Pearson correlation (76%), as in Fig. .
The embedding results for both methods are also highly correlated with the ideology derived from
Twitter, achieving Pearson correlations of 86.6% for SHEEP and 73.1% for CA, as in Figures[6.2B-1
and B-II.

The results indicate that within the Broad Politics topic, both methods largely produce embed-
dings that align with the left-right political spectrum, while on the Russia—Ukraine War topic, they

diverge, revealing issue-specific dimensions that emerge only when negative ties are incorporated.

6.3.2 User-Level Structural Polarization

In the following section, we examine the structural polarization in the user-to-user network, to
obtain a clearer understanding of what negative interactions reveal about polarization, beyond that

which can be obtained from positive ties alone. To that end, we obtain embeddings for the users
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by applying SHEEP and CA to the unipartite user-to-user networks, constructed from users voting
on the comments of other users. Consistent with the previous analysis, we focus on two topical

domains: Russia-Ukraine War and Broad Politics.
Russia-Ukraine War

We begin by visualizing the network using the Fruchterman-Reingold Spring Layout algorithm [81],
considering only positive interactions (Fig. [6.3). This algorithm, a refinement of the Spring Em-
bedder method discussed in Chapter [2] similarly assigns attractive forces to connected nodes and
weaker repulsive forces to un-connected nodes, to produce a visually informative two-dimensional
layout. Both the Spring Layout visualization and the embeddings generated by SHEEP and CA
(indicated by node colours in Figures 7B) reveal the presence of two distinct factions in the
network.

By manually inspecting the users’ comments, we identify the two factions obtained via Spring
Layout as predominantly representing views that can be defined as 1) anti-NATO and 2) pro-arming
Ukraine. An example of a comment from the anti-NATO faction states: “You speak as if Russia
is preventing Ukraine from joining UNICEF. NATO is not just any “supranational body”, it is a
military alliance with its missiles pointed at Russia.” A similarly representative comment from the
pro-arming Ukraine faction is: “Letting Russia do whatever the hell it wants is much more dangerous
than arming Ukraine. Among other things because otherwise in a year you would have 3 or 4 other
major countries taking example and going over the top of international laws knowing that they have
more legitimacy than before.”

While SHEEP and CA demonstrate significant agreement in their overall classification of users
within these factions, they diverge in identifying the most extreme individuals. SHEEP pulls disen-
gaged users with few votes toward the centre of the embedding, while this pattern is less pronounced
for CA; the Spearman correlations between degree centrality and SHEEP and CA embeddings are
36% and 22% respectively. Importantly, SHEEP identifies extreme users as those with a more active,
hostile behaviour, characterized by numerous negative links. These users are identified as dark red
in Fig. [6.3A.

The embeddings generated by SHEEP and CA are themselves highly correlated (Fig. ) with
a Spearman correlation of 88%. As illustrated in the network visualization, the two methods diverge
primarily in their identification of the most extreme users. For this topic, both SHEEP and CA
reveal bimodal distributions of users (histograms in Fig. [6.3(C), which correspond to two primary
ideological factions characterized by pro and anti-NATO sentiment.

Both methods identify a larger prevalence of users with a negative stance towards NATO. The
bimodal distribution identified by both methods is indicative of structural polarization in the net-

work. We note that the SHEEP embedding distribution displays a long tail at both extremes, while
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Figure 6.3: Visualization of user-to-user network for the Russia-Ukraine topic. Panels A and B
show a Spring Layout visualization of a random sample of 3,000 users. Positive edges are drawn in blue,
negative edges in red (only in SHEEP), and edges with absolute weight below 3 are omitted. Node colour
represents standardized embedding values from SHEEP (A) and CA (B), capped at 2, where red indicates
anti-NATO and blue pro-NATO attitudes. The layout reveals two ideological factions with significant cross-
faction interaction. In SHEEP (A), extreme users (dark red or blue) are well integrated within the network,
while in CA (B) such users tend to have few votes and therefore no visible edges. Panel C compares user
attitudes obtained by SHEEP and CA. Each point represents a user, coloured by their voting tendency
(dark blue = positive, red = negative). Blue and red circles highlight users who positive towards Revista
Ejércitos and Russia Today, respectively. Histograms show the distribution of users across the embedding
space for each method. SHEEP captures extreme negative voters in both factions, and overall the methods
are strongly correlated (Spearman correlation of 88%).
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CA does not. These long tails are driven by negative votes; this is evident in the colour coding in
Fig.6.3]C, where red indicates users who predominantly cast negative votes, and blue indicates those
who predominantly vote positively.

Users located at the tail-ends of the SHEEP embedding frequently cast negative votes, and
engage with the two most extreme outlets in opposite directions: RT and RevistaEjércitos. Users
who vote positively for these outlets are respectively marked with red and blue circles in Fig. [6.3
In contrast, CA does not clearly distinguish extremist pro-Russia users from left-wing users who
criticise NATO in the years preceding the Russian invasion.

We subsequently follow the procedure outlined in Section to obtain cluster assignments,
using the embeddings and the voting behaviour of the users within. For each embedding method,
we construct the normalized voting probability (Fig. [6.4C-D) and average vote sign (Fig. f
F) matrices. Clustering these matrices with k-means yields ideological factions within the user
base and facilitates the interpretation of the embedding results. For both SHEEP and CA, the
procedure identifies three factions of users, which are differentiated by colour in the histograms in
Fig. and by the boxes in the matrices. As the normalized voting probability matrices show,
users predominantly vote on other users within their own faction.

As in Section we use user—outlet voting propensities to characterize the ideology of the
three factions, which can be classified as anti-NATO, moderate, and pro-NATO. The embeddings
differ in the way they treat users with sparse voting history: CA considers users who have few votes,
but vote predominantly on extreme users, to be themselves extreme, SHEEP considers these users
as moderate, as there is not enough information about their latent ideology to pull them far away
from the centre (see also Fig. [6.3). As such, SHEEP identifies a larger “moderate” faction.

The faction ideologies obtained via the user-media outlet interactions, align well with the voting
propensities in the user-user network, as reported in the average vote sign matrices. As Figures[6.4E—
F illustrates, users in the pro and anti-NATO factions vote positively for users with similar attitudes
and negatively for users with different attitudes (Figures 7F). We also find that while moderates
do not tend to vote negatively in general, they predominantly cast positive votes for the anti-NATO
faction, indicating a closer ideological affinity with this group. This pattern also emerges from the
clusters identified by the CA method, which excludes negative ties, suggesting that the information
encoded by negative ties is partially available in positive ties—i.e., the absence of interaction is
related to the propensity to vote negatively.

Overall, both CA and SHEEP identify the polarization apparent on the platform in discussions
regarding the Russia-Ukraine war, identifying a bimodal user distribution. However, only SHEEP
captures the inter-faction hostility that we observe as negative voting patterns between extreme

users in opposing factions.
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Figure 6.4: Analysing users’ views on Russia-Ukraine topic. Panels A and B show the distribution
of users across the embedding space for SHEEP and CA, with bar colours indicating the obtained k-means
clusters (seeandfor details on the procedure). Panels C and D present heatmaps of the normalized
vote probability matrices for SHEEP and CA, where the rows correspond to voter and the column to the
comment author. Most voting occurs between users with similar attitudes, producing concentrations along
the diagonal. Panels E and F show the average vote probability matrices, ranging from -1 (all negative)
to +1 (all positive). Users typically vote positively, but extreme users are more likely to downvote the
opposite extreme. Clusters identified by k-means (matching panel A/B colours) are highlighted as boxes on
the heatmaps: anti-NATO (blue, dark purple), moderate (grey, pink), and pro-NATO (yellow)
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Figure 6.5: Visualization of user-to-user network for Broad Politics. Panels A and B show a Spring

Layout visualization of a random sample of 3,000 users, following the conventions of Figure The layout

again reveals two main ideological factions with significant cross-faction interaction. In SHEEP (A), extreme

users are embedded within the network, whereas in CA (B) such users tend to have few votes and therefore

lack visible edges. The histograms display user distributions across the embedding space for each method.

SHEEP places extremely negative voters within the left faction, while overall the two methods provide
consistent results, with a Spearman correlation of 80%.

Broad Politics

In this section, we apply the same procedure as in the Russia—Ukraine case to the user-to-user
network representing Broad Politics. Unlike in the previous case, the visualization of the politics
network provided in Fig. does not reveal two clear ideological factions in the user base. Instead,
the distribution of users appears to follow a more continuous transition across the ideological spec-
trum. A representative comment from the left-extreme states: “of course, you talk like “left-wing
voters,” but in the end, you end up saying that you’ll let “the right” win. Very logical, all of it.
Then it’s four years of eating shit.” Similarly, an illustrative comment from the right-extreme is:

“Isn’t that exactly what Sanchez [Spanish PM] wants to do to govern? Despite having fewer votes

98



than the PP [main left-wing party], it seems he’ll be the one governing. I haven’t seen any criticism
about that here... Could it be that everything the left does seems fine to you, and everything the
right does seems wrong?”

As before, SHEEP tends to position highly active hostile users at the ideological extremes—those
with many negative links, represented as dark red nodes in Fig. [6.5]A. This results in a higher
correlation between degree centrality and ideological position (9% for SHEEP versus 4% for CA).

For this topic, we observe significant differences between the results of the two embedding meth-
ods, as shown in Fig. [6.5C. CA, unlike SHEEP, produces a bimodal distribution of users, dominated
by a large majority of left-wing users. The SHEEP embedding, however, exhibits a unimodal dis-
tribution with long tails, particularly on the left-wing side (Fig. ) While the user distributions
have different shapes, the position of users within the embedding are remarkably similar, with a
Spearman correlation of 80%. The main difference occurs at the tails, where the two methods iden-
tify different users as extreme. As before, this difference is driven by negative votes; only SHEEP can
separate far-left users from other left users. These individuals, who vote positively toward far-left
media, are indicated by red circles in Fig. [6.5

As in Section [6.2:6] we perform the k-means clustering on the user interaction matrices, obtaining
four clusters. Using user—media vote propensities, we identify these clusters as far-left, left-leaning,
right-leaning, and far-right. As in the normalized vote matrices provided in Fig.[6.6IC-D, users on the
left and the right are more likely to vote on comments of similar users. The average vote matrices in
Fig. [6.6E-F reveal that only far-left and far-right users vote negatively towards the opposite faction.
Importantly, the asymmetry of these matrices indicates that extreme far-left users exhibit a strong
tendency to downvote far-right users, whereas far-right users do not engage with left-wing users to
the same extent (see bottom-right corner of Fig. 7F). This could be a platform-specific effect,
perhaps related to the higher number of left-wing users on the platform.

Overall, the analysis indicates that the platform’s audience is skewed toward left-leaning users.
In general, users engage positively with others who share similar views, while negative voting is
concentrated among the most ideologically extreme. In particular, left-wing extremists employ neg-
ative votes to target users in the opposing extreme faction. These findings highlight the importance
of negative interactions for detecting and distinguishing the extreme users, and their antagonistic

tendencies.

User Ideology Validation

Finally, we validate our results on the unipartite network by comparing the structural positions
generated by SHEEP and CA on the user-to-user network with the measure of ideology obtained

from user—media voting propensities, following Section [6.2.6
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Figure 6.6: Analysing users’ views on Broad Politics. As in Figure Panels A and B show the

distribution of users across the embedding space for SHEEP and CA, with bar colours indicating the obtained

k-means clusters. Panels C and D display heatmaps of the normalized vote probability matrices for SHEEP

and CA, while Panels E and F show the average vote probability matrices. Users generally vote positively,

except for extreme left-wing users, who vote negatively towards the opposite extreme. Clusters identified by

k-means (matching panel A/B colours) are highlighted as boxes on the heatmaps: far-left (dark blue, dark
purple), left-wing (light blue, pink), right-wing (grey, orange), and far-right (yellow).
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(A) SHEEP does not correlate linearly with political ideology (B) CA correlates linearly with political ideology
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Figure 6.7: Comparison of SHEEP and CA with ideological positioning. The x-axis shows binned
structural positions obtained from the embeddings: (A) SHEEP and (B) CA. The y-axis indicates the average
vote of users in each bin toward stories in the bipartite network, weighted by the average number of votes
per domain and the sign of those votes. Each point represents an ideological bin, and the dashed gray line
shows a smoothed regression (lowess) to highlight trends. Positive y-values indicate a higher propensity to
vote positively for right-wing outlets or a lower propensity to vote positively for left-wing outlets. Compared
to SHEEP, which exhibits a non-linear pattern, CA captures political ideology in a more linear manner.

Figure [6.7] plots embedding scores against the ideologies derived from media voting behaviour.
CA exhibits a clear linear correlation with left-right political ideology, effectively positioning users
along the ideological spectrum. In contrast, the SHEEP embedding displays a non-linear but largely
monotonic relationship with ideology, suggesting that it captures additional dimensions beyond
simple ideological alignment. Extreme users identified by SHEEP cast negative votes more frequently
than other users, and prior work has indicated that negative interactions may signal emotional
hostility [27]. As such, SHEEP likely captures underlying elements of this hostility. For most users,
this distinction is subtle, but it becomes particularly pronounced during highly polarizing discussion
such as those regarding the Russia—Ukraine war, compared to broader political discussions.

Methodologically, we note that SHEEP and CA take as input two different networks; SHEEP
takes a signed network, while CA takes an unsigned network. To confirm that the differences we
observe using the two methods in the following analysis is indeed due to the addition of the negative
ties, rather than the choice of algorithm, we reproduce the above analysis comparing SHEEP and
CA, where SHEEP takes as input a null model in which we preserve the existing positive ties and
add artificial negative ties to all missing edges, simulating for SHEEP what CA already assumes:
that not having a connection implies some level of dissimilarity. We find for both topics that the
embeddings generated by the SHEEP null model are highly correlated with those from CA, far more
than with the embeddings generated by the original version of SHEEP, as in Figures and
These results confirm that the differences we observe between the signed and unsigned networks are
not artifacts of the algorithm choice but are indeed coming from the addition of negative ties, which
offer a more nuanced understanding of the platform polarization.

The two methods are, in effect, complementary, revealing different patterns and structures in the

underlying network. Although negative votes account for only 3% of all votes on the platform, they
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Figure 6.8: Null model experiments on the user-to-user Russia topic network. Comparison of user

embeddings generated by CA, SHEEP, and SHEEP null model. Colour indicates the tendency of the user to

vote positively (dark blue) or negatively (red). The Pearson correlation for SHEEP vs CA is 0.68, SHEEP
null model vs CA is 0.83, and SHEEP null model vs SHEEP is 0.61.
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Figure 6.9: Null model experiments on the user-to-user politics topic network. Comparing user

embeddings generated by CA, SHEEP, and SHEEP null model. Colour indicates the tendency of the user to

vote positively (dark blue) or negatively (red). The Pearson correlation for SHEEP vs CA is 0.56, SHEEP
null model vs CA is 0.94, and SHEEP null model vs SHEEP is 0.54.
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are highly relevant for detecting antagonistic hostility in polarized discussions. Extreme users, both
right- or left-leaning, often employ negative votes as a tool against the other faction, while more

moderate users tend to cast positive votes, signalling support for those with similar views.

6.4 Conclusion

As social media has become one of the primary mechanisms for ideological exchange and emotional
expression, it is increasingly crucial to develop methods to extract information about interactions
in digital environments. Because interactions on such platforms are inherently heterogeneous, they
provide an ideal stage for our work adapting traditional network science methods to diverse ties.
In this final chapter, we have used data from Menéame to both quantify the value of preserving
negative tie information, and to investigate the dynamics of polarization apparent on the platform.

Using a dual method approach, comparing the results of SHEEP on the signed network and
Correspondence Analysis (CA) on the unsigned network, this analysis revealed ideological divisions
within the user-base across two main topics, as well as antagonistic interaction patterns between
extreme factions. While both methods successfully map users and news outlets along a political spec-
trum, as verified against independent measures of ideology, we find that CA shows closer alignment
with traditional ideology measures, finding disparate groups of users within the unsigned networks.

However, the negative links prove crucial for understanding interactions between users on more
granular, polarizing topics. In particular, on the Russia-Ukraine topic, we observe extreme users
behaving antagonistically towards users with opposing views, and consistently supporting content
from Russia-affiliated outlets. These patterns remained undetected by CA, which was unable to dis-
tinguish these users from those with traditional left-wing orientations. Thus, we show that SHEEP
and the signed network reveal behaviours that remain hidden in unsigned networks, perhaps identi-
fying users who play a disproportionate role in spreading polarizing narratives. Moreover, the signed
network naturally reveals groups of extreme users who engage in antagonistic behaviour, echoing the
distinction drawn in the Introduction between structural and affective polarization. These dynamics
can be asymmetric; on Menéame, far-left users are more likely to employ negative votes to interact
with ideological opponents, while far-right users tend to remain isolated, interacting between them-
selves. In general, the dual-method approach we take illustrates the complementary nature of the
signed and unsigned network. Considering both methods and their interplay provides a more nu-
anced understanding of the platform polarization and ideological dynamics, revealing not only users’
ideological stances, but also how they engage with opposing views and contribute to antagonistic
activity.

While the methods employed here are broadly applicable to any signed social network, some
aspects of the analysis are highly tailored to the nuances of Menéame, and may not generalize

to other online platforms or social networks. A valuable direction for future research would be
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to replicate this framework on additional platforms with negative signals, to allow for a broader
comparison between user behaviour and political leanings across different digital contexts.

Our study advances the theoretical understanding of online polarization, outlining methods to
identify extreme users and their behaviours, while simultaneously reinforcing the importance of
preserving complexity in heterogeneous networks. The conclusions from the dual-method approach
could be used to inform strategies for mitigating the negative effects of online social media and
fostering healthier, more constructive online conversations. Ultimately, this work underscores the
complex interplay between ideology, emotion, and interaction in digital spaces, and contributes to the
broader literature on detecting polarization and methodologies for signed, weighted and multiplex

networks.
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Chapter 7

Learnings and Future Directions

This thesis presents a series of methodologies and empirical studies that advance the network science
literature on social networks with heterogeneous ties. Our contributions deal with social interactions
that differ in either sentiment, through our work on signed networks, or in nature, through our work
on multiplex, weighted networks. We developed the SHEEP spectral embedding algorithm for signed
networks, which can be used to recover continuous node attributes by preserving multi-scale latent
structure. We also presented the weak walk, a random walk adapted to the signed context, which
outperforms other walk-based methods at capturing weak balance structure. We demonstrate the
effectiveness of these methods across synthetic networks, and empirical social networks alike.

Our empirical studies further make explicit the value of preserving tie-level complexity. We
presented a model of music taste diffusion over the Spotify social network, enhancing the character-
ization of this spreading process by preserving the weighted and multiplex nature of the network.
Similarly, through our dual-method approach to the Menéame social network, we demonstrated that
preserving tie complexity, in the form of negative, weighted and topic-specific networks, allows us
to probe deeper into the latent structure and interaction dynamics of the users on the platform.
Together, these two works situated in empirical contexts, illustrate the impact of maintaining tie-
level complexity, not merely as a methodological refinement, but as necessary to gain a deeper
understanding of the dynamics and patterns in the network structure.

Though our work here seeks to address the challenges of maintaining heterogeneous links in
social networks, it also introduces limitations that arise through both methodological choices and
data handling strategies, which highlight important directions for future research. In social network
analysis, graph sparsity can present a significant challenge, limiting the effectiveness of network-based
methods. An important direction for future research is to investigate the performance of both SHEEP
and the weak walk methods on sparse graphs, and to explore potential modifications. This issue could
be addressed through additional post-processing, as with the choice made in Chapter [6|of performing
dimensionality reduction on the resulting embeddings. Other works on embedding methods have

addressed sparsity through regularization, which could also be a potential path forward [170].
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Moreover, graph sparsity poses an epistemological challenge to the study of signed networks,
where missing links are treated as equivalent to neutral links, failing to distinguish between genuinely
neutral interactions, and interactions that simply did not occur [62]. This ambiguity is amplified
for sparse graphs, which are common in social network representations of online platforms, and is
further compounded when the network construction aggregates over positive and negative links, thus
rendering neutral interactions as equivalent to missing ones, as in Chapter [f] Future work could
investigate the downstream consequences of conflating these two types of zeros, develop models that
explicitly differentiate between them, or indeed explore alternative aggregation methods during the
network construction.

Overall, while our works here indeed sought to increase complexity along one dimension, tie di-
versity, we necessarily reduced other aspects of the system’s complexity. Nevertheless, reintroducing
the additional information lost through our model simplifications, could prove a fruitful direction
for future research, and could address several limitations of the current work. In particular, social
networks naturally carry a temporal dimension, as interactions, especially on social media, have
an associated timestamp. In both Chapter [f] and [6] our network construction discards temporal
information by aggregating all interactions occurring in the specified duration. Instead, our meth-
ods could be adapted to robustly accommodate fluctuations in the number and density of edges or
nodes, facilitating applications to temporal networks and enabling cross-time comparisons. In Chap-
ter o] temporal information could sharpen the definition of contagion, helping to disentangle causal
diffusion from homophily-driven effects, while in Chapter [6] it could help assess whether negative
interactions actively cause or simply reflect existing polarization, within the limits of observational
data.. Temporal information may provide deeper insight into the interplay between the evolving
network, the social interactions occurring overtop, and the latent patterns that emerge in time.

Similarly, the social interactions under study in this work are often inherently directed, particu-
larly in Chapter [6] where one user votes on another user’s content. As with the temporal informa-
tion, the direction of the edges was suppressed to construct undirected signed networks. Research
on directed signed networks remains limited, especially as they have been found to conflict with
the classical theory of structural balance [132, [15]. Nevertheless, directionality carries important
behavioural information in social systems, distinguishing between those who initiate antagonistic
interactions and those who receive them. Incorporating direction would enable richer analyses of
asymmetries in influence and antagonism, and help determine whether such sentiments are recipro-
cated between ideological factions.

Taken together, these directions emphasize a wider methodological objective of developing signed
and heterogeneous network models capable of handling additional layers of complexity, while re-
maining robust and adaptable models. This challenge simultaneously echoes one of the fundamental

questions in network science, of how model selection should be optimized to be sufficiently, but not
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extraneously, sophisticated. Our empirical works presented in this thesis suggest that model selection
at the micro-scale can perhaps be guided by a thorough understanding of the macroscopic underlying
system, which can be validated and refined using the methods presented in this thesis [124].

Recently, the increasing availability of large network datasets has driven growing interest in more
advanced graph machine learning methods, particularly Graph Neural Networks (GNNs). GNNs,
and particularly Graph Convolutional Networks (GCNs), learn node representations using both
graph connectivity and node attributes, and have outperformed standard network science tech-
niques at downstream tasks like link prediction and node classification on unsigned networks [211].
However, what these methods gain in predictive performance, they lose in interpretability. GCNs
have been adapted to the signed network context, notably through Signed Graph Convolutional
Network (SGCN), which draws from structural balance theory to define the aggregation method
for the positive and negative link information [59, 136]. SGCN illustrates how classical network
science methods support and inform these advanced machine learning methods, both in shaping
the intuition required for the underlying model design, and in producing interpretable features that
can be fed into the model itself. Such hybrid models represent an exciting direction for future re-
search, especially for networks with heterogeneous edges, and an elegant way of combining advanced
predictive models with the model selection and system interpretability afforded by network science.

Finally, although our focus is on social networks in this thesis, the methods presented are broadly
applicable to any system with heterogeneous edges. In particular, signed networks arise across a
diverse array of disciplines, from synchronous and asynchronous interactions between brain regions
to financial systems exhibiting positive and negative co-movements [I79, [118]. Such networks can
be constructed from time series data or bipartite interactions, as discussed in Chapter Further
work could be done to ensure these methods are robust across a wide range of applications.

Each one of the future directions outlined above builds upon the current work and may provide
deeper insight into the interplay between social network dynamics and heterogeneous ties, further

elevating our understanding of emergent behaviour in human society.
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Appendix A

SHEEP Analysis and Proofs

A.1 Repelling Laplacian Spectra Proofs

Theorem 1. For an n-complete signed graph subject to the condition that B+, E~ # 0, the smallest

eigenvalue of the repelling Laplacian is A, > —n.

Proof: Beginning with the n-complete graph of all negative edges, which has the associated repelling

Laplacian of form:

—(n-1) 1 e 1
. 1 —(n—-1) 1
Lr = . . )
1 1 —(n—-1)
with eigenvalues:
An = Ap—1-... = A9 = —n, (A1)
A =0. (A.2)

Any other graph in the set {G™} can be reached by successively changing the sign of an edge (i, )
from negative to positive. Suppose we choose a graph GT which has one positive edge. Without
loss of generality, we can assume this edge occurs between nodes ¢ = 1 and j = 2. For any other
edge (i, 7), the proof below holds up to multiplication on the left and right by a permutation matrix
P, which does not change the resulting eigenvalues, because the repelling Laplacian is a symmetric

matrix with an orthogonal decomposition. The new graph has repelling Laplacian,

L8 = L, 4 Lehift, (A.3)
where:
2 =2 0 0
-2 2 0 0
rehift — 1 00 0 0
0 0 0 0



The matrix L*"ft is positive semi-definite with eigenvalue 0 of multiplicity n — 1 and eigenvalue
A (LMFt) = 4. Since all matrices involved in Eq. are symmetric and real, and therefore

Hermitian, we can apply Weyl’s inequality on the sum of two matrices to find that:
An(Ly) +0 < A(LFY), (A4)

or equivalently,

—n < A (LET), (A.5)

Where we recall that A, is the smallest eigenvalue of the matrix. This argument can be inductively
applied to any graph in the set {G™} with more than one positive edge, directly implying that the

ground state energy of the n-complete signed graph is bounded from below by —n.

Theorem 2. Consider a strongly balanced graph G € {G™}, such that the nodes of graph G can be
partitioned into two sets Vi and Va, where Vi, Vs # (). Nodes inside each set are connected with pos-
itive edges, while the edges connecting the sets are negative. The smallest eigenvalue of the repelling

Laplacian is \,, = —n.

Proof: Since G is a complete graph, there are |Vi||Va| negative edges. We want to find the eigen-
vector v associated with the minimal eigenvalue of L?, which we call A\,. We also know that the

Laplacian L? has a 0 eigenvalue corresponding to the vector ﬁl. Since the eigenvectors of L? are

orthogonal, and assuming A < 0, then we have the two conditions that:
2=t (A.6)

In order to minimize the energy associated to the positive edges, set v; = z1,Vi € V; and v; =

x9,Vi € V. From the above conditions, we have that

Vil(21)? + [Val(z2)® = 1, (A.8)
The ground state energy is:
Efy = v" L8 = —|Vi|[Val(21 — 22)? = Ap. (A.10)

Using conditions given in Egs. and along with the fact that |V1| 4 |Va| = n, we have that:
EY =M = —n. (A.11)

By Theorem 1, this is the minimum eigenvalue.
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Theorem 3. Consider a strongly balanced graph G € {G™}, such that the nodes of graph G can
be partitioned into two sets Vi and Vo, where Vi, Vo # (. Introduce frustration into the graph by
exchanging the signs of one positive and one negative edge, thereby preserving the overall density of
positive and negative links. When the graph is sufficiently large such that n > 4, and |V4|,|Va| > 2,
the ground state energy is strictly increased EY,., . > Ep ;.

Proof: Without loss of generality, assume that |Vi| > |Va|. Next, we introduce a perturbation to
the Hamiltonian associated with the switching of signs of a positive and negative edge. Assume that

nodes: =0,1,2 € V4 and i = 3 € V3, and we switch the signs of the edges (0,1) =1 and (2,3) = —1.

Then this ”switching” perturbation is associated with the matrix:

2 2 0 0 0
2 -2 0 0 0

switch 0 O 2 —2 0
L =lo o0 -2 2 0

o
o
o
o
o

We can easily calculate that L5“*°" has eigenvalues -4, 4, and 0 with multiplicity n — 2. We take
Lns fbn—1---f41 0 be the associated eigenvectors, ordered according to the increasing eigenvalue. These
- L

is symmetric. Note that p, = —=(1,—1,0,0...0) is associated with

switch
L 7

vectors span R™ because

eigenvalue -4. Finally, the Laplacian of the frustrated graph is:
L, = LG  Lowiteh, (A.12)

We call this graph ”frustrated” because the two terms Lré and L**%h cannot be simultaneously
minimized. To see this, take v, to be the eigenvector associated with the minimum in Eq. [3:9]for the
balanced graph, which has the form v,, = (z1, 21,21, 22, ....), where, as before, each node is assigned
position x; or xo according to its faction identity. Here, v, and u, are orthogonal. Furthermore,
L#witeh contributes an increase in energy of vl L¥wi¢hy, = 42(x; —x5)2. We want to show that the

ground state energy of the frustrated Laplacian is larger than —n. This requires the following three

results, the first is a result of a theorem proved in [5]:

1. The spectrum of the adjacency matrix of the balanced graph is equivalent to the spectrum of

the unsigned graph.

2. The spectrum of an unsigned complete graph has smallest eigenvalue of 0, and all other eigen-

values are n, with multiplicity n — 1

3. Ly= 1L, +2D".
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For a complete graph, D = n — 11, so (1) also implies that the spectrum of the opposing Laplacian
is the same as the spectrum of the spectrum of the Laplacian of the unsigned graph. It follows that
the second smallest eigenvalue of the opposing Laplacian for the balanced graph is n. The maximum
possible entry of 2D~ is 2|V4|, if a node in V4 is connected negatively to all members of the other
faction, V1. Applying Weyl’s inequality on the relation given in result 3, to find a bound on the

second smallest eigenvalue of the repelling Laplacian of the balanced graph A, _1:
>\n71 2 n—2\V1|. (Al?))

Recall that A\, = —n for the balanced graph. We use Eq. to give an approximation for the
”energy gap” for the balanced graph, between the ground and first energy levels, and we define

VE = )\n—l - )\n Z 2(n - ‘V1|)

Next, let o, be the eigenvector associated to the ground state of the frustrated Laplacian in Eq[AT12]
There is a decomposition of «,, in terms of the eigenvectors of the balanced Laplacian which takes

the form:
Ay = Z CilVj. (A14)
i=1

We can also use the fact that v, and u, are orthogonal to define a new orthonormal basis of R™.
This new orthonormal basis {x,, €,—1...21 } has x; = v, and z,, = p,. We can now also express «a,

in terms of this new basis:
i=1

Using the orthogonality of the basis vectors, it follows that d; = ¢,. From this, we have the following

two decompositions:

n—1

Qy = Cplpy + Z CiVi, (A.16)
i=1
n—1

=cpVp + Z dixi + dp iy, (A.17)

i=2
For notational purposes, set o, = a, —dp ptn,. The ground state energy associated with the frustrated
Laplacian in Eq. is:
Efps = afo:;an +al Lswitchq,. (A.18)
Using Eq. [A716] to simplify the first term on the right hand side, and equation Eq. [A.17] to simplify
the second term gives:

Ef s = Y N+ do(—4) + o/ T L7l (A.19)
=1

Because o, is orthogonal to p, by construction, it has a decomposition in terms of f,—1, ftn—2...141,

which are eigenvectors of L5 with eigenvalues greater than or equal to 0. Since the third term
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in Eq. must be greater than or equal to 0, EY, . is minimized when d} is maximized. From

d?> <1-¢%, and

n
Efs 2> A —4(1=c)). (A.20)
i=1
We can now use the energy gap to bound the ground state energy from below, resulting in:
n—1

B}y > ca(—n+4)+ > c}(-n+VE) — 4. (A.21)

i=1
Imposing the conditions that n > 4 and |Vi|,|V2| > 2, such that each faction has more than two

members. Then, VE > 4, and since Y, ¢7 = 1, the strict inequality follows:

B}y > —n = Epy. (A.22)

A.2 Bi-Polarization Measure

In this section, we present the results of the bi-polarization measure on synthetic signed networks
with a clear polarization structure, generated using signed stochastic block models (SSBMs). The
first graph is a two-community SSBM with 50 nodes in each community, and a link probability of 0.5.
As this graph naturally has a bi-partition, it also obeys strong balance. Figure[A:I]shows the SHEEP
(repelling Laplacian first eigenvector) embedding of the SSBM, where negative edges are marked in
red, and positive edges are marked in blue. The histogram compares the ground state energy of
the strongly balanced SSBM to 1000 realizations of the null model, obtained by reshuffling the edge
signs. The resulting bi-polarization measure Z(Gpq) is -12.24, correctly identifying a significant
bi-polarization structure.

We present the same results for an SSBM with frustration, obtained by flipping the sign of each
edge with probability 0.2. Figure shows the ground state energy and null model distribution for
the frustrated graph. For the initial realization of the SSBM, the Z(Gg ) score is -4.87, which is
still significant. Since the SSBMs in Figures [A-1] and [A-2] have the same number of nodes and edges,
the bi-polarization scores can be directly compared, indicating that the latter network exhibits lower
polarization.

Finally, in Figure [A33] we examine the bi-polarization scores across several SSBM realizations
with varying levels of noise and sparsity, as determined by the link probability p of the affinity
matrix. We observed that as noise increases, the z-score of the SSBM decreases. The trend is less

pronounced for more sparse graphs, since the effect of the noise becomes more important.

113
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Figure A.1: Results on strongly balanced two-community SSBM. (a) One-dimensional SHEEP
embedding. (b). Histogram of the ground state energies of the 1000 realization of the null model, with the
SSBM ground state energy shown with the dotted line.
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Figure A.2: Results on frustrated two-community SSBM with 0.2 edge sign flip probability. (a)
One-dimensional SHEEP embedding. (b). Histogram of the ground state energies of the 1000 realization of
the null model, with the SSBM ground state energy shown with the dotted line.
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A.3 Weak Balance and Extension to Higher Dimensions

The inspiration for the higher dimensional generalized Hamiltonian comes from the spectrum of the
n-complete negative graph, which is trivially cluster-able into n antagonistic factions. Intuitively,
the optimal SHEEP embedding should place these n nodes at equidistant positions, due to the equal

repulsive forces that act on each of them in the Hamiltonian from Eq. [A:23] below.

H=2 Apglxi—x1" =Y Ayl — x5 (A.23)
i i

Recall that we imposed a spherical constraint, resulting in the Hamiltonian given in Eq[A24}
H(v)=v'L.v = \R. (A.24)
These positions can be represented by a (squared) distance matrix D with entries defined:

Dij = a,Vi #j S V, (A25)

where D;; = |x; —X; |2, and a /4 oo due to the spherical constraint. Arranging n equidistant points in
FEuclidean space requires n — 1 dimensions. We can indeed recover this n — 1 dimensional embedding
using the repelling Laplacian as follows. The repelling Laplacian corresponding to the n-complete

negative graph is of the form:

—(n-1) 1 1
1 —(n—1) 1
Lr = .
1 1 o —(n—1)
Using the fact that L, = —nl + J, where J is the matrix of all 1s, we find that the eigenvalues of
L, are
A= An_1.... = Ao = —n, (A.26)
A1 =0. (A.27)

The n — 1 smallest eigenvalues correspond to n — 1 orthonormal eigenvectors v,,...vs, which describe
configurations with equivalent energy for the Hamiltonian in Eq. [A724]

For each node i, we define an n — 1-dimensional vector x;, which is the vector built using the
i-th entry of each of the first n — 1 eigenvectors, i.e. X; = (Vni, Vn—1i, -..V2;). The set of points {x;}
define an (n — 1)-polytope, where each point is equidistant from the others. To see this, we define
a new matrix B as B = %Lr. B has eigenvalues 1 with multiplicity n — 1 and eigenvalue 0 with
multiplicity 1. It is also symmetric with the same eigenvectors as L,, and entries of the form:

n—1

i )

n
-1
Bi; = Y’W #J.
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Therefore, it admits a singular value decomposition using the non-zero eigenvectors:
B=UUT, (A.28)

where U = (vp,Vp—1...v2). The entries of matrix B are equivalent to the inner products of the
position vectors x;, or Bj; = X; - x;. Since the relationship between the dot product and the

Euclidean distance is given by:
‘Xiij"z =X; 'Xi+Xj * X5 72(Xi 'Xj), (A29)

it follows that |x; — x;|?> = 2 for all i # j. We have shown that the multiplicity of the smallest
eigenvalue of the repelling Laplacian for an n-complete negative graph gives the coordinates for
embedding the graph in n — 1 dimensions.

Let us now show that the higher dimensional generalized Hamiltonian is minimized in k =n —1

dimensions. As all possible edges exist and are negative, the unmodified Hamiltonian is:

n—k
H(D(k)) = — ZD(k;)ij = Ao (A.30)

Let us denote vect(D(k)) as the vectorized distance matrix corresponding to the first k eigenvectors,
without the diagonal terms which are trivially 0, so that it has length n(n — 1). For k <n — 1, we

have from the equation for the higher dimensional generalized Hamiltonian that:

~ —kn
H(DEk) = ———-—. A3l
D) = e (A-31)
By the Cauchy-Schwarz inequality,
vect(D(k)) - 1 < [1||vect(D(k))|, (A.32)

where vect(D(k)) -1 =3_,; D(k);; and [1] = \/n(n —1). By Eq. , >_i; D(k)ij = kn. Next, we
combine Eq. [AZ31] with Eq[A-32] to see that:

H(D(k)) = —mc;(‘;g(k))' > —/n(n —1). (A.33)

The Cauchy-Schwarz inequality is a strict inequality, unless one vector is a scalar multiple of the
other. If vect(D(k)) is a scalar multiple of 1, this implies that the points are equidistant, which
is trivially only possible if & > n — 1 dimensions. Indeed, recall from Eq. thatin k=n—-1

dimensions the entries of the distance matrix are given by:

such that vect(D(n — 1)) = 21. It follows that:

(D)) {> —y/n(n—-1), fork<n-1

=—/nn-1), fork=n-1"

or, the energy is strictly minimized in £k = n — 1 dimensions, precisely as we needed to show.

116



A.3.1 Embedding dimension and number of clusters

In general, even if a signed network has n ground truth clusters, the relationship between the required
dimension k and n-clusterability is complicated. In particular, it is possible to represent the distances
between n factions in k& < n —1 dimensions if the weights of the negative forces between the factions
are conducive to a lower dimensional embedding. To see this, suppose that a matrix D* represents
the set of distances between nodes that minimizes the Hamiltonian. Let D be the matrix obtained
by squaring the entries of D*. According to the Schoenberg theorem (see [32]), these distances have

an embedding into Euclidean space if:

N
VEER™ Y &=0 = Y &D;;& <0. (A.35)

i=1 i,j

Suppose that D satisfies Eq. Define the n — 1 square matrix C* by

* 1 * * *
Cyy = 5(Dji + Djn = D). (A.36)

in
Then, the minimal dimension required for the Euclidean embedding is given in [61] as:
kmin = Tank(c*) (AS?)

As a more illustrative example, consider a 3-complete negative graph with nodes i, j, k and edge
weights defined such that |x; — x;| = 2, |x; — x;| = 3 and |x; — x;| = 5 are the distances the
minimize the Hamiltonian. Even though there are 3 ”factions”, only one dimension is required for
the embedding if node i is placed in between nodes j and k. Consequently, we emphasize again
that the energy minimization is intended to find the dimension that produces the best proximity

measure, and not the number of weak balance clusters.

A.4 Rankings on Generated Synthetic Graphs: Further Ex-
periments

In this section, we evaluate the effectiveness of the SHEEP embedding at recovering the initial posi-
tions of 100 realizations of the well-ordered synthetic graph under varying initial node distributions
and threshold values. To quantify performance, we compute the Kendall Tau (KT) correlation be-
tween the eigenvectors and the initial node distribution for SHEEP, as well as for the Laplacian
and SPONGE baselines. The corresponding results are presented in Figure [A74] For the case of
n = 100, the increased node density necessitates the use of lower threshold values. Across all tested

configurations, SHEEP consistently outperforms the competing methods.
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Figure A.3: Z(G) for two-community SSBMs with various parameters. Score computed using 1000
realizations of the null model, the shaded area gives the standard deviation over 20 realizations of each

graph.
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Figure A.4: Well-Ordered Synthetic Graph Experiments. Mean KT correlation between initial rank-
ing and SHEEP, opposing Laplacian and SPONGE rankings over 100 realizations, for N = 50 nodes (a) and
N = 100 nodes (b). Shaded area gives standard error.
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A.5 Node Extremism Measure and Degree

In Chapter [3] we showed that for a random configuration model, a node’s extremism measure is
correlated with its net degree, as in Figure (a). However, when the graph is not random and
instead exhibits structural balance, the norm captures aspects that cannot be explained by the
net degree alone. Using SSBMs with varying levels of frustration, we examine how the relationship
between the norm and degree changes as graph structure becomes more or less polarized. In networks
with strong bi-polarization, we find that the extremism norm is driven primarily by the node’s
negative degree. To illustrate this, we consider a two-community SSBM with 100 nodes in each
community and a link probability of 0.5. Figure (b) plots the positive versus negative degree of
each node, with colour indicating the norm in the one-dimensional embedding. The KT correlation
between the norm and the negative degree is 0.961, while the correlation with the net degree is
only 0.483. In strongly bi-polarized graphs, positive edges primarily connect nodes within the same
faction. As a result, the positive degree does not significantly influence the extremism measure or
the embedding norm. Importantly, in that case, the positive connections of a node do not allow it to
stabilise its position and bring it towards the centre. When the bi-polarization structure is perturbed
by noise or other structural effects, the extremism measure is no longer determined solely by the
negative degree. To demonstrate this, we again consider a two-community SSBM with 100 nodes
per community and link probability 0.5, but now perturb the faction structure with a 0.7 sign-flip
probability. Figure (¢) shows the relationship between positive and negative degree, with color
indicating the embedding norm. In this case, the KT correlation between the norm and negative
degree is 0.495, while the correlation with the net degree increases to 0.523. Thus, for graphs which
are not characterized by strong balance, both the positive and negative degree play a role in the
”extremism” measure that SHEEP yields, as well as the structure of the graph, indicating that this

measure incorporates more than just local information.

A.5.1 Congress 114 Correlations With Degree

As in Chapter [3] the network representing Congress 114 has strong bi-polarization structure along
Democrat-Republican lines [I8]. As a result, the distance to the origin in the embedding cannot be
directly explained by the net degree, unlike in the signed configuration model.

Figure (a) shows the distance to the origin versus the net degree for nodes in the 114th
congress network. The KT correlation is lower than on the random graph experiments, and also
lower than the correlation obtained with the NP scores. As Figure (b) shows, the norm in the
embedding, or the ”extremism” measure, is primarily determined by the negative degree, as in the
case of the non-noisy SSBM in Figure In these graphs, positive edges connect nodes within the
same faction, often linking extreme members to other extreme members. However, negative degree

alone does not fully explain node extremism: positive connections and the broader graph structure
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Figure A.5: Relationship between SHEEP norm, positive and negative degree for various graphs.
a) Mean distance to origin in SHEEP embedding (the norm in k = 9 dimensions) versus the node’s net degree
over 100 realizations of the signed network configuration model, for which £ = 9 was the optimal embedding
dimension. Shaded area gives the standard deviation. Nodes having relatively more negative edges are
further from the origin. b) SSBM with two communities, no noise. Positive degree versus negative degree,
colour gives the norm in the one-dimensional embedding. ¢) SSBM with two communities, and 0.7 sign flip
probability. Positive degree versus negative degree, colour gives the norm in the one-dimensional embedding.

also play a role, which SHEEP captures through the embedding. Consequently, SHEEP achieves
stronger alignment with NP scores than negative degree alone. To quantify this, we compare the
Kendall’s Tau correlation between NP ideology scores (absolute value), the one-dimensional SHEEP
embedding (absolute value), and negative degree. SHEEP shows a higher correlation with NP scores
(0.413) than negative degree (0.405). Moreover, unlike negative degree—which must be compared
to NP scores in absolute value—SHEEP separates the left and right members of congress directly.
As discussed in Chapter [3] without taking the absolute value, the correlation between SHEEP and

NP scores rises substantially to 0.698.
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Congress 114: Node Extremism and Net Degree
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Figure A.6: Relationship between SHEEP norm, positive and negative degree for Congress

114 graph. a) Distance from the origin (in one dimensional SHEEP embedding) versus net degree. The

KT correlation is weaker than on the random synthetic graphs (0.614), indicating that graph structure in

addition to net degree plays a role in node ”extremism”. b) Positive degree versus negative degree, colour
gives the norm in the one-dimensional embedding.
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Appendix B

Menéame Data and Methods

B.1 Network Reciprocity

For the Menéame networks corresponding to the Russia-Ukraine War and Broad Politics topics, we
quantify the reciprocal voting behaviour between users. For each pair of users with at least three
votes in each direction, we take the number and mean of votes in each direction. These numbers are

reported in Tables which illustrate that user voting behaviour is highly symmetric.

(-1.01, -0.899] | (-0.899, -0.3] | (-0.3, 0.3] (0.3, 0.899] (0.899, 1.01]
(-1.01, -0.899] | 116 2 2 1 0
(-0.899, -0.3] | 2 2 1 0 1
(-0.3,0.3] |2 1 0 1 1
(0.3,0.809] | 1 0 1 0 17
(0.899, 1.01] | O 1 1 17 2892

Table B.1: Cross-tabulation of binned average vote scores (Topic: Russia-Ukraine War)

(-1.01, -0.899] | (-0.899, -0.3] | (-0.3, 0.3] (0.3, 0.899] (0.899, 1.01]
(-1.01, -0.899] | 96 15 6 4 3
(-0.899, -0.3] | 15 8 1 5 6
(-0.3,0.3] | 6 4 0 5 5
(0.3,0.899] |4 5 5 24 96
(0.899, 1.01] | 3 6 5 96 5060

Table B.2: Cross-tabulation of binned average vote scores (Topic: Broad Politics)

B.2 Topic Modelling
B.2.1 BERTopic algorithm

This section provides an overview of the BERTopic algorithm and the parameter choices that gener-
ated the topics underpinning the topic-specific networks used in the analysis. For a comprehensive
description of the method, see [39]. The BERTopic procedure begins by converting the text corpus

into embeddings, such that each document is represented as a vector in a high-dimensional space.
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We employ SentenceTransformers [I73], a variation of the BERT (Bidirectional Encoder Represen-
tations from Transformers) architecture specialized for creating sentence embeddings. As the corpus
is in Spanish, we select the model called paraphrase-spanish-distilroberta which is pre-trained on
Spanish textual data [I]. This results in a 768-dimensional vector for each document. Next, we
perform dimensionality reduction via a Uniform Manifold Approximation and Projection (UMAP)
projection [I43]. This step reduces the high-dimensional embeddings while preserving both local
and global structure in the data, as ensured by our parameter choices (see [39]). We select a n = 75
dimensional projection, to retain approximately 10% of the original feature space.

The reduced embeddings are clustered using Hierarchical Density-Based Spatial Clustering of
Applications with Noise (HDBSCAN) algorithm, setting the minimum cluster size to 50, to avoid
highly granular topics [I44]. We perform a sensitivity analysis to determine the parameter choices
governing number of topics and outliers(see [39]).

For each resulting cluster, we identify the “topic” by extracting relevant keywords using the
CountVectorizer from the sci-kit learn package, finding the most popular words for each topic [162].
To obtain coherent and informative topic keywords, we remove Spanish stopwords, and consider
only words appearing more than 100 times. To find the most relevant word per topic, we measure
term importance using class-based Term Frequency—Inverse Document Frequency (c-TF-IDF), which
adapts the conventional TF-IDF weighting to the level of topics rather than individual documents.
We employ the method Mazimal Marginal Relevance to maximize the diversity of those keywords,

so that each topic is identified by a maximally different set of keywords.

B.2.2 hSBM Topic Model steps

The hierarchical Stochastic Block Model (hSBM) topic modelling procedure is as follows. The text is
pre-processed by removing Spanish stopwords using the NLTK stopword list, and creating tokens us-
ing the Spacy package [30,[105]. From the processed corpus, we construct a word—document bipartite
graph, where nodes represent either words or documents, and weighted edges indicate the frequency
of a word within a given document. We fit a community detection model to the bipartite network,
which produces hierarchical subdivisions of words and documents into non-overlapping clusters. As
with BERTopic, we apply the CountVectorizer and compute the c-TF-IDF. For each cluster, the ten
terms with the highest c-TF-IDF scores are extracted and designated as representative keywords,

allowing each cluster to be interpreted as a distinct topic.

B.2.3 Topic Modelling Comparison

In the analysis, we create robust topics by taking the overlap between the two topic modelling

methods. Figure presents a confusion matrix that quantifies the degree of overlap between
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Figure B.1: Confusion matrix with colours indicating the overlap between topics identified by
BERTopic and hSBM.

topics generated by the two methods. For a comprehensive list of the keywords associated with each

topic under both approaches, see [39].

B.3 Ideology from Twitter

To derive ideology scores from Twitter data, we analyse tweets from a set of Spanish political parties
and their associated accounts. The parties included are: PACMA, M4és Pais, VOX, Izquierda Unida
(IU), Podemos, Ciudadanos (CS), Partido Socialista Obrero Espanol (PSOE), and Partido Popular
(PP). A detailed list of the accounts included is provided below:

e PACMA (@partidopacma) (Animalist Party Against Mistreatment of Animals): @lau_duart,

@sanchezcastejon, @yolanda_morpe, Qcrisgarsalazar

e Mis Pafs (Qmaspais_es): @ierrejon, @Monica_Garcia_G, @EduardoFRub, Qisabanes, @Rita_Maestre,
@Equo, @QP_GomezPerpinya, @compromis, @htejero_, @MasPais_Es, @MasMadrid__

e VOX (@vox_es): @Santi ABASCAL, @Jorgebuxade, @Ortega_Smith, @ivanedlm, @monaste-
rioR, @Igarrigavaz, @Qjuan_ggallardo, @MeerRocio, @VOX_Congreso, @Q_patricia_rueda

e U (@izquierdaunida): @agarzon, @sirarego, @EnriqueSantiago, @iuandalucia, @InmaNietoC,
@joanmena, @Qiucyl, @Toni_Valero, @Congreso_Es, @ma_bustamante84, @Roser_Maestro, Qiu-

rioja, Qelpce
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e PODEMOS (@QPODEMOS): @Pablolglesias, @IreneMontero, @ionebelarra, @isaserras, @Yolanda_Diaz_,
@PabloEchenique, @PabloFdez, @MayoralRafa, @AleJacintoUrang, @Pam_Angela_, @MazelLilith,
@SofCastanon, @VickyRosell, @nachoalvarez_, Qjuralde, @jessicaalbiach, @Qm_tere_perez, @JA_DelgadoRamos

e Ciudadanos (Qciudadanoscs): @InesArrimadas, @BalEdmundo, Qcarrizosacarlos, @Guiller-
moDiazCs, @begonavillacis, @Franciscolgea, @CiutadansCs, @PatriciaGuaspB, @Qjordi_canyas,

@MelisaRguezH, @Beatriz_Pino_, @Nmartinblanco

e PSOE (Spanish Socialist Workers’ Party, @PSOE): @sanchezcastejon, @Adrilastra, @salvado-
rilla, @mjmonteroc, @felipe_sicilia, @NadiaCalvino, Qcarmencalvo_, @abalosmeco, @Qisabelr-

guez, @Pilar_Alegria, @_JuanEspadas, @Qluistudanca, @santicl

e PP (Partido Popular, @ppopular): @pablocasado_, @QTeoGarciaEgea, @cucagamarra, @NunezFei-
joo, @IdiazAyuso, @Aglezterol, @AlmeidaPP_, @alfermal, @Qabeltran_ana, @alejandroTGN,

@eliasbendodo, @anapastorjulian, @Qerodriguez_2019, @JuanMa_Moreno, @jaimedeolano

We apply Correspondence Analysis (CA) to the interaction matrix between political parties and
news outlets, obtaining an embedding for both the political parties and news outlets in the same
embedding space. The first two dimensions are displayed in Fig. We interpret the first dimension
as left-right ideology, and the second dimension, though not used in this paper, as a dimension
representing a mainstream-radical divide. We also compare the ideological scores obtained for the
news outlets against those provided by PoliticalWatch. Fig. compares the Twitter score against
those of PoliticalWatch, revealing that the correlation is quite high.
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