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Winkler’s mattress model is often used as a simplified
model to understand how a thin elastic layer,
such as a coating, deforms when subject to a
distributed normal load: the deformation of the
layer is assumed proportional to the applied normal
load. This simplicity means that the Winkler model
has found a wide range of applications from soft
matter to geophysics. However, in the limit of an
incompressible elastic layer the model predicts infinite
resistance to deformation, and hence breaks down.
Since many of the thin layers used in applications
are elastomeric, and hence close to incompressible,
we consider the question of when the Winkler model
is appropriate for such layers. We formally derive
a model that interpolates between the Winkler and
incompressible limits for thin elastic layers, and
illustrate this model by detailed consideration of
two example problems: the point indentation of a
coated elastomeric layer and self-sustained lift in
soft elastohydrodynamic lubrication. We find that the
applicability (or otherwise) of the Winkler model is
not determined by the value of the Poisson ratio alone,
but by a compressibility parameter that combines the
Poisson ratio with a measure of the layer’s slenderness
that depends on the problem under consideration.

1. Introduction
Thin elastic solids coating another, more rigid, substrate
are encountered in a range of scenarios, and at a range
of scales, from the consolidated till separating a glacier
from bedrock [1,2] to multilayer microfluidic systems
[3]. In many of these scenarios, it is crucial to be able
to determine how the coating deforms. The simplest,
and perhaps most common, model of this type is the
Winkler model [4], in which the vertical displacement of
the coating’s interface, denoted −ζ(x), is proportional to
the applied pressure, with some ‘Winkler modulus’ kW,
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i.e. we may write

− ζ(x) = p(x)

kW
. (1.1)

On dimensional grounds, the stiffness kW must be proportional toG/dwithG the shear modulus
of the layer and d its thickness [5]. Using an analogue of hydrodynamic lubrication theory,
Skotheim & Mahadevan [6] showed that, for a thin elastic solid, the prefactor is determined in
terms of the Poisson ratio, ν, by

kW =
2(1− ν)
1− 2ν

G

d
. (1.2)

Physically, the Winkler model corresponds to the elastic coating being made up of a series of
disconnected springs, each of which deforms in proportion to the local pressure. For this reason,
Winkler’s model is often also referred to as the ‘mattress model’. While this is an extremely simple,
as well as natural, model for many elastic deformations, the modulus kW in (1.2) diverges as the
Poisson ratio ν→ 1/2: an incompressible spring cannot deform with any finite applied pressure.
Nevertheless, the Winkler model is often successfully used to describe experiments in which the
thin coating is elastomeric and so might, ordinarily, be considered to be close to incompressible
[7–9]. Why does the Winkler model work so well in such situations?

Of course, incompressible elastic materials are able to deform in response to loading, even
if this is contrary to the suggestion of the Winkler model. For an incompressible material,
deformation occurs via the shear of the material — an effect that is missed by the Winkler model.
In fact, based on the work of Gent and Meinecke [10], Dillard [11] showed that the correct model
for a one-dimensional, perfectly incompressible, coating is that the deformation of the interface is
proportional to the second derivative of the pressure, i.e. that

ζ(x) =
1

kI

d2p

dx2
, (1.3)

for some incompressible modulus kI ∝G/d3 (where the coefficient of proportionality depends on
the precise boundary conditions assumed).

To generalize and combine these two limits, Lai et al. [12] and Bert [13] used an ansatz for
the displacement field in which the horizontal displacement is both parabolic and up-down
symmetric, while the vertical strain is assumed uniform. This assumption led to an expression
for the vertical surface displacement, ζ, that combines (1.1) and (1.3), albeit with stiffness kW that
deviates from (1.2) for materials not close to incompressible. In this paper, we use asymptotic
analysis, exploiting the slenderness of the coating, to combine the two results (1.1) and (1.3) more
formally. We derive a combined foundation model that can be used when the response is not
known, a priori, to lie in either the Winkler or incompressible regimes and with no-slip or specified
shear surface boundary conditions. In particular, we show that in this ‘combined foundation’
model, the displacement in the normal, z, direction from the Winkler and incompressible models
can be added to give ζ in terms of the surface pressure field p(x, y) as

− ζC =
p

kW
− 1

kI
∇2
Hp, (1.4)

where ∇2
H = (∂2x + ∂2y) is the two-dimensional Laplacian. We apply this combined foundation

model to two examples and discuss the signatures of the transition between the Winkler and
incompressible regimes, and how it might be identified experimentally. We begin by considering
the full three-dimensional formulation of the substrate deformation, before exploiting the
coating’s slenderness to derive (1.4).

2. General formulation and analysis
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Figure 1. A cross-section sketch of the general setup considered in this paper: the surface (at z = 0) of a three-

dimensional elastic block adhered to a rigid base (at z =−d), with aspect ratio ε := d/`� 1, is displaced by a pressure

field p(x). The position of the deformed surface is z = ζ(x).

(a) Problem setup
Consider a thin deformable layer (of thickness d, Poisson ratio ν, and shear modulusG) bonded to
a rigid substrate. The surface of the deformable layer is subject to a given pressure field p(x) and is
displaced from z = 0 to z = ζ(x); here, and throughout, x= (x, y) denotes Cartesian coordinates
in the plane z = 0. A cross-section of this setup is sketched in Fig. 1.

Small, steady displacements within the deformable layer may be modelled using steady linear
elasticity: the planar and vertical displacements, u(x, z) = (u, v) and w(x, z), respectively, are
governed by the steady Navier–Cauchy equations [14],

∇H(∇H · u+ wz) + (1− 2ν)
(
∇2
Hu+ uzz

)
= 0, (2.1a)

∂

∂z
(∇H · u+ wz) + (1− 2ν)

(
∇2
Hw + wzz

)
= 0. (2.1b)

Here (and henceforth) ∇H = (∂x, ∂y) denotes the planar del-operator and subscripts denote
partial derivatives.

The deformable layer is assumed to be perfectly adhered to the base since this is the intention
of most experiments. We therefore apply a zero-displacement boundary condition,

u= 0 and w= 0 on z =−d. (2.2a,b)

The top surface, however, is assumed free, so we apply normal and tangential stress balances:

2G

1− 2ν
[ν∇H · u+ (1− ν)wz ]≡ τzz =−p(x), (2.2c)

G [uz +∇Hw]≡ (τxz , τyz) = T (x), (2.2d)

on z = 0, respectively. (Here we apply the free surface boundary conditions at z = 0, consistent
with the infinitesimal displacements of linear elasticity.)

In (2.2d), T (x) denotes the two-dimensional vector of shear stresses applied to the surface.
Often, T (x) may be coupled to the normal loading, namely the pressure p(x), while in other
circumstances, a particular shear stress distribution is required to ensure a particular boundary
condition on the surface z = 0 is satisfied. We shall consider specific examples of this coupling in
the two problems considered in §3 and §4. For now, however, we consider the problem for general
pressure and shear stress profiles, p(x) and T (x).

Solving (2.1) subject to the boundary conditions (2.2) is difficult and cannot, in general, be
done analytically; progress can be made, however, in the case of a two-dimensional substrate or
a rotationally-symmetric substrate by using Fourier or Hankel transforms, respectively [15]. In
many applications of interest, however, the deformable layer has a small aspect ratio ε := d/`�
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1 (where ` is the horizontal length-scale over which the substrate is deformed) [7,9,16–20]. We
therefore turn now to consider how this small aspect ratio can facilitate analytical progress.

(b) Thin layer analysis
The observation that many applications have a small aspect ratio, together with the success
of lubrication theory in viscous fluid mechanics [21], motivates the posing of an asymptotic
expansion as ε→ 0. In Appendix A we present the formal asymptotic expansion under the
assumption of a thin geometry: d= [z] = ε[x]. In this way, we obtain an asymptotic series for the
displacements u(x, z) and w(x, z) in powers of ε that depends on the pressure and shear profiles,
p(x) and T (x), respectively. In dimensional terms, the displacements of the surface are given by:

u(x, 0) =
d

G
T (x)− β(ν)d

2

G
∇Hp(x) +O(`ε3), (2.3a)

w(x, 0) =−α(ν)(1− 2ν)
d

G
p(x)− β(ν)d

2

G
∇H · T (x) + γ(ν)

d3

G
∇2
Hp(x) +O(dε

3), (2.3b)

where, for convenience, we introduce the coefficients

α(ν) :=
1

2(1− ν) , β(ν) :=
ν − 1/4

1− ν , γ(ν) :=
2ν(ν − 1/4)

3(1− ν)2
. (2.4a–c)

Equation (2.3b) is the main result of this paper: the surface deformation of a thin deformable
layer is a linear combination of the applied normal pressure p(x), the tangential shear stress T (x),
and their spatial derivatives. We note here that (2.3) may not hold close to boundaries if the
imposed boundary conditions are incompatible with the displacement field suggested by (2.3);
in such a scenario, we expect a boundary layer of size [x]∼ d to resolve this incompatibility. The
examples we consider in this paper avoid this incompatibility, and so analysis of such boundary
layers is left for future work.

The quantity of most interest in applications is the vertical displacement of the surface, ζ(x) :=
w(x, 0). While this can be determined very simply from (2.3), we consider two common cases in
some detail: no (or negligible) surface-shear, T (x)≡ 0, and zero surface-slip, u(x, 0)≡ 0. In these
cases the deformed surface profile (2.3b) simplifies to the expression,

ζ(x) :=w(x, 0)∼−α(ν)(1− 2ν)
d

G
p(x) + Γ (ν)

d3

G
∇2
Hp(x), (2.5)

where

Γ (ν) :=


γ(ν) =

2ν(ν − 1/4)

3(1− ν)2
for zero surface-shear,

γ(ν)− β(ν)2 = (3/4− ν)(ν − 1/4)

3(1− ν)2
for zero surface-slip.

(2.6)

We note that for incompressible substrates, the prefactor Γ (ν) for zero surface-shear is precisely
4 times that for zero surface-slip, as is familiar in hydrodynamic lubrication theory [21,22].
However, for compressible substrates, ν 6= 1/2, the ratio of these factors is ν-dependent, because
the displacement and stress profiles are not symmetric about z =−d/2 , see Appendix A,
especially (A 7) & (A 10). Note also that although the incompressible response of a thin elastomer,
(1.3), can be directly compared to the classical results of lubrication theory for an incompressible
fluid [10], specifically Reynolds’ equation [21], we are not aware of an analogue of (1.1) for a
compressible fluid with spatially varying pressure [23].

The surface deflection described in (2.5) is precisely a linear superposition of the Winkler and
incompressible foundation models (1.1) and (1.3). While this result might seem intuitive, here
we have derived it formally. Our formal asymptotic technique is more rigorous than previous
work [12,13], in which a parabolic displacement field and uniformly distributed out-of-plane
strain were posed as an ansatz to solve the problem. Moreover, our technique allows us, in
general, to consider the effect of surface shear forces, and different boundary conditions on the
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surface of the substrate. Nonetheless, the relevant results of ref. [12, eq. (24)] and ref. [13, eq. (10)]
are recovered in the incompressible limit (ν→ 1/2) of (2.5), for the zero surface-slip case.

To understand the relative importance of the Winkler and incompressible responses,
we estimate the ratio between the respective terms in (2.5) as (1− 2ν)/ε2: for sufficiently
compressible materials, (1− 2ν)� ε2, the surface deflection is dominated by the p(x)-term and
the layer is well-described by the Winkler foundation model. However, for materials that are
‘close’ to incompressible, (1− 2ν)� ε2� 1, the substrate response is dominated by the∇2

Hp(x)-
term, and the layer instead behaves according to the incompressible elastomeric foundation
model.

Our combined model of the layer deflection shows that whether the layer behaves as an
incompressible or a compressible layer depends not simply on the value of its Poisson ratio ν, but
also on its slenderness: even layers that should be expected to be incompressible on the basis of
their Poisson ratio, i.e. ν ≈ 1/2, may behave in a compressible manner if they are sufficiently thin
that ε2 . (1− 2ν). Since quoted values of ν for elastomeric layers suggest 0.45. ν . 0.51 [24],
we typically expect 1− 2ν ∼ 10−1 and hence it is clearly feasible that in applications elastic
layers will be sufficiently thin to behave in a compressible manner, i.e. the Winkler model may
still be appropriate. Further, one can readily imagine an experiment in which both compressible
(Winkler’s) and incompressible responses are observed with slightly different parameter values.

Of course, the above discussion depends on the value of the parameter ε, which in turn
depends on the length scale `. The challenge, however, is that ` is not, in general, known a priori;
instead, ` must be determined as part of the solution of a given problem. In the remainder of
this paper, we illustrate this dependence, and discuss when Winkler, rather than incompressible
behaviour, can be expected in two concrete examples: the point-like indentation of a thin elastic
layer with a stiff coating (see §3) and the elastohydrodynamic lift generated by a thin liquid layer
above a thin elastic substrate (see §4).

3. First example: A soft layer with a stiff coating
As a first example of the application of the combined foundation model, we consider the response
of a relatively stiff elastic layer coating a much softer layer (the elastomer). Such coatings are
used as a way to reinforce soft materials [25] or to combine electrical conductivity with material
flexibility, as in flexible electronics [18,26]. Motivated by the increase in effective stiffness of the
substrate created by using a stiff coating, we consider the response to point-indentation. This is
a problem that has been considered recently [27–30] for small indentations of a coated elastic
half-space (i.e. a substrate of infinite depth); in this limit it was shown [30] that the applied point-
force F required to produce a localized indentation depth δ is F =K∞δ, where the constant
indentation stiffness

K∞ =
33/2

(1− ν)2/3
B1/3G2/3, (3.1)

with B the bending stiffness of the coating and G and ν denoting the moduli of the substrate.
Hertz [31] considered the point-indentation of an elastic plate with a substrate response that is

linear in vertical displacement — while this response was envisaged to arise from the hydrostatic
pressure in liquid underlying floating ice, it is mathematically identical to the indentation of a
Winkler foundation coated by a plate, and hence represents the thin, compressible analogue of
(3.1). In our notation, Hertz showed that the indentation stiffness K = F/δ= 8(BkW)1/2, where
kW is the Winkler modulus of the substrate, as defined in (1.1). In this section, we study how
these results are modified when the substrate is slender and may be close to incompressible.

(a) Mathematical modelling
We consider small, axisymmetric deformations of an infinite plate (bending stiffness B) adhered
to a thin substrate (of depth d, Poisson ratio ν, and shear modulus G) in response to point-like
1Given this range of ν, we do not consider the possibility that Γ (ν) = 0, which occurs when ν = 1/4.
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indentation. Note that the coating could alternatively be parameterized by its thickness t, Poisson
ratio νc, and shear modulus Gc, by replacing

B ≡ Gct
3

6(1− νc)
. (3.2)

The setup we consider is sketched in Fig. 2. Vertical displacements of the plate, ζ(r), in
response to indentation and the restoring pressure, q(r), from the underlying substrate are
coupled using the zero-stretching Kirchhoff–Love plate equation [14, Chap. 4] together with the
combined foundation model [i.e. taking p(x) 7→ q(r) in (2.5)]. We, therefore, have that

B∇4
Hζ(r) = q(r)− F

2π

δDirac(r)

r
, (3.3a)

ζ(r) =−α(ν)(1− 2ν)
d

G
q(r) + Γ (ν)

d3

G
∇2
Hq(r), (3.3b)

with r > 0 the radial coordinate and F the applied force.
The plate is assumed to be perfectly adhered to the substrate and, since vertical deflections

are small, we neglect horizontal displacements of the plate, which are no larger than quadratic in
δ [30,32], so that the boundary condition on the upper surface of the substrate is u(r, 0)≡ 0; we
therefore use Γ (ν) to denote the coefficient given in (2.6) for zero surface-slip. We seek solutions
of (3.3) subject to the boundary conditions:

ζ(0) =−δ, ζ′(0) = 0, q′(0) = 0, (3.4a–c)

ζ(r), q(r)→ 0 as r→∞. (3.4d,e)

Equation (3.4a) enforces the indentation depth δ while (3.4b,c) ensure symmetry about the
indentation point; the conditions (3.4d,e) ensure decay far from the indenter.

F

= 0z

d−=z

δ

)ν,GElastic substrate (

)B
Stiff coating (

Rigid base

)r(ζ=z

Figure 2. A sketch of the indentation of a stiff coating of a deformable substrate. The coating is loaded by a point-force, F ,

applied at r= 0, resulting in a vertical displacement δ; the vertical deflection profile ζ(r) decays away from the indenter.

(i) Scaling laws

As a first step, we seek to determine the scaling behaviour of the radial scale, `. For a given
indentation depth δ, the length scale ` is chosen to minimize the sum of two opposing elastic
energies [30]: the bending energy of the plate, Uplate ∼B

∫
(δ/`2)2 dA∼B(δ/`)2, penalizes the

curvature of the interface ∼ δ/`2 over the deformed area A∼ `2 and so favours large `. In
contrast, the substrate’s elastic energy, Usubs ∼

∫
T E dV ∼T E(`2d), penalizes the strain energy

density∼T E within the deformed volume V ∼ `2d and, as we shall see, favours small `. There is,
therefore, an optimal ` that minimizes the total elastic energy Uelast =Uplate + Usubs. However,
the result of this minimization depends on the typical size of the stress and strain, T and E ,
within the substrate, which are in turn dependent on the deformation mode of the substrate
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(i.e. how compressible it is). For sufficiently compressible substrates (the Winkler response),
the deformation is dominated by the vertical bulk-strain, so that T ∼GEzz/(1− 2ν) with
E ∼ Ezz ∼ δ/d, leading to Usubs ∼G/(1− 2ν)`2δ2/d. For sufficiently incompressible substrates
(incompressible response), the deformation is instead dominated by the shear-strain associated
with a horizontal displacement u, which may be estimated as u∼ δ`/d from incompressibility. We
therefore have T ∼GErz with E ∼ Erz ∼ u/d∼ δ`/d2 and, hence, Usubs ∼G`4δ2/d3. Minimizing
the total elastic energy in each of the two cases gives:

`∝


d

[
B

Gd3
(1− 2ν)

]1/4
(Winkler),

d

[
B

Gd3

]1/6
(incompressible).

(3.5)

(Note from (3.2) that
B

Gd3
≡ 1

6(1− νc)
Gc
G

(
t

d

)3

, (3.6)

so thatB/Gd3 combines the ratio of mechanical properties,Gc/G, with the geometrical ratio t/d.)
Following this balance, the total elastic energy in each case scales according to Uelast ∼Bδ2/`2 —
the work done to reach this state must be done by the indenter so that Uind ∼ Fδ∼Uelast [30],
which therefore gives a constant stiffness response with:

F

δ
∼ B

`2
∝



[
GB

d(1− 2ν)

]1/2
(Winkler),

[
GB2

d3

]1/3
(incompressible).

(3.7)

These results give a first understanding for how the elastic body responds in both the Winkler and
incompressible regimes. However, our aim in this paper is to understand the transition between
the two regimes beyond a scaling analysis; we therefore turn now to this, beginning by non-
dimensionalizing the model problem (3.3)–(3.4).

(ii) Non-dimensionalization

Although the natural choice for dimensionless pressure and surface displacement follows from
the plate equation (3.3a) and (3.4a), the choice of radial scale depends on the substrate response,
as in (3.5). From the substrate equation (3.3b), we hence observe that there are two natural choices:

`W := d

[
B

Gd3
α(ν)(1− 2ν)

]1/4
and `I := d

[
B

Gd3
Γ (ν)

]1/6
. (3.8a,b)

We refer to the lengths `W and `I as the Winkler and incompressible lengths, respectively.
For definiteness, and without loss of generality, we choose the incompressible length as our

radial scale, i.e. we let `≡ [r] = `I, and hence define dimensionless variables

ρ :=
r

`I
, Z(ρ) :=

ζ(r)

δ
, Q(ρ) :=

q(r)

Bδ/`4I
. (3.9a–c)

With the non-dimensionalization (3.9) the system, (3.3)–(3.4), becomes

∇4
HZ(ρ) =Q(ρ)−KI

δDirac(ρ)

ρ
, (3.10a)

Z(ρ) =−CQ(ρ) +∇2
HQ(ρ), (3.10b)

subject to

Z(0) =−1, Z′(0) = 0, Q′(0) = 0, (3.11a–c)

Z(ρ), Q(ρ)→ 0 as ρ→∞. (3.11d,e)
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Note that this non-dimensionalization introduces two key dimensionless parameters

C :=
(
`W
`I

)4

= (1− 2ν)
α(ν)

Γ (ν)2/3

(
B

Gd3

)1/3

, (3.12a)

and KI :=
F`2I
2πBδ

=
Γ (ν)1/3

2π

(
d3

GB2

)1/3

× F

δ
. (3.12b)

Here, C ∝ (1− 2ν) measures how far from perfect incompressibility the substrate is — it is a
measure of the substrate compressibility.

The second dimensionless parameter, KI, is a dimensionless indentation stiffness. Since the
problem is linear, only a particular value of KI will allow the boundary condition (3.11a) to be
satisfied for a given value of C; determining KI(C) is the primary aim of our analysis. However,
the general behaviour of KI as the substrate compressibility, C, varies can be outlined: for C � 1,
the substrate is effectively incompressible and `I is the appropriate horizontal length scale, so we
expect KI ∼ const. For C � 1, the substrate is highly compressible and so `W is expected to be the
appropriate horizontal length scale — to cancel the factor `2I in the definition of KI, we expect
to find KI ∝C−1/2. These expectations are both consistent with the scaling results (3.7); now we
turn to analytical solutions of (3.10) subject to (3.11) to determine the relevant prefactors.

(b) Analytical Results

(i) General solution

The axisymmetric problem (3.10) may be solved directly using Hankel transforms [15]. An
alternative approach [33,34] is to seek solutions in terms of modified Bessel functions of the
second kind — i.e. to let Z(ρ)∝K0[λρ] with Reλ> 0 chosen to ensure that the far-field condition,
Z(ρ→∞) = 0, is satisfied. Since∇2

HZ = λ2Z by assumption, we obtain an auxiliary equation:

(λ2)3 − C(λ2)2 − 1 = 0. (3.13)

An analysis of this equation shows that for C > 0 (i.e. ν < 1/2) there is only one real solution for
λ2 and so we may write the general solution as

Z(ρ) = c1K0[λρ] + c2 Re {K0[Λρ]}+ c3 Im {K0[Λρ]} , (3.14a)

Q(ρ) =∇4
HZ(ρ) = c1λ

4K0[λρ] + c2 Re
{
Λ4K0[Λρ]

}
+ c3 Im

{
Λ4K0[Λρ]

}
, (3.14b)

for unknown real constants ci and roots of (3.13), λ and Λ, chosen such that arg λ= 0 and 0<

argΛ≤ π/2. Further, (3.13) may be used to write the complex root Λ in terms of λ:

Λ2 =
i
√
4λ6 − 1− 1

2λ4
, (3.14c)

where λ2 is determined by solving the cubic, (3.13), and may be written explicitly as

λ2 =
1

3

(
C + C2

∆(C) +∆(C)
)

with ∆(C) :=
[
C3 +

3

2

(
9 +

√
81 + 12C3

)]1/3
. (3.14d,e)

The constants, ci, are determined by imposing the boundary conditions (3.11a–c) at ρ= 0; we
find:

Z(ρ) =
Im
{
K0[λρ]−K0[Λρ]

λ4−Λ4

}
Im
{

log(λ/Λ)
λ4−Λ4

} and Q(ρ) =
Im
{
λ4K0[λρ]−Λ4K0[Λρ]

λ4−Λ4

}
Im
{

log(λ/Λ)
λ4−Λ4

} . (3.15a,b)

The indentation stiffness KI is calculated from the resultant shear force at the origin to be

KI =
Im
{

1
λ2+Λ2

}
Im
{

log(λ/Λ)
λ4−Λ4

} . (3.15c)
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Figure 3 shows the surface profile predicted by (3.15a) for three different values of C. (Since
different values of C correspond to the incompressible or Winkler characters of the substrate
dominating, this figure shows each profile plotted with respect to the different horizontal length
scales `I and `W on the left and right, respectively.) The behaviour of the indentation stiffness,KI,
as a function of C, as given in (3.15c), is plotted in Fig. 4(a).

Figure 3. The surface deflection of a stiff coating of a thin deformable substrate, as predicted by the combined foundation

model for different values of the compressibility parameter C defined in (3.12a). Left: deflection profiles rescaled

by the incompressible length scale, `I = (Γ (ν)Bd3/G)1/6 (as appropriate for the perfectly incompressible case).

Right: deflection profiles rescaled by the Winkler length scale, `W = (α(ν)(1− 2ν)Bd/G)1/4 (as appropriate for the

compressible case). In each case, dashed curves show the interface profile predicted for a Winkler foundation, (3.17a),
while dotted curves show the interface profile predicted for an incompressible foundation by (3.16a). Solid curves show

the profiles predicted by the combined foundation model (1.4) for C = 0.1 (red), C = 1 (green) and C = 10 (blue).

To further understand the behaviour of the solution in (3.15), we reconsider the two limits of
interest: the incompressible limit (C → 0) and the Winkler/compressible limit (C →∞).

(ii) Incompressible foundation, C → 0

To recover the incompressible foundation behaviour from (3.15) we let C → 0, leading to λ∼ 1

and Λ∼ eiπ/3. The deflection profile may therefore be written (in dimensional form) as

ζ(r)

δ
∼
√
3

π
Re

{
K0

[
r

`I

]
− 2eiπ/3K0

[
r

`I
eiπ/3

]}
, (3.16a)

where δ is related to the applied load F by the stiffness

F

δ
∼ 6
√
3
B

`2I
= 6
√
3

(
B2G

Γ (ν)d3

)1/3

. (3.16b)

While the related case of line-indentation of a plate on top of a thin, perfectly incompressible,
foundation has been studied previously [4,11,13,22], to our knowledge, the axisymmetric solution
(3.16) is new.
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(a)
Winkler responseIncompressible response Combined response

(b)

Figure 4. The dimensionless indentation stiffness, KI ∝ F/δ, for a stiff coating of a thin elastomeric layer with varying

compressibility C. (a) The prediction of the combined foundation model, eq. (3.15c), recovers the result for a Winkler

mattress, (3.17b) (dashed line) in the compressible limit, C →∞, and that for an incompressible foundation, (3.16b),
(dash-dotted line) in the incompressible limit, C → 0. Shading illustrates the relevant substrate response in each range

of values of C. (b) Main figure: Comparison between the prediction of the combined foundation model (solid curve) and

numerical solution of the full problem [eqs. (B.2)–(B.4)] (points). Numerical results are shown for different values of the

Poisson ratio ν as follows: ν = 0.4 (+), ν = 0.49 (◦), ν = 0.499 (×) and ν = 0.4999 (•). We observe good agreement

between the numerics and the combined foundation model provided that C � (1− 2ν). For C . 1− 2ν, our numerical

results tend to the analytical result for an infinitely deep substrate, (3.1) (dotted lines). Inset: The C for which the relative

error in the use of the combined foundation model is 10%, denoted C10%, scales linearly with 1− 2ν (dashed line); for

C ≥ C10% the results of the combined foundation model lie within 10% of the numerical results.

(iii) Winkler foundation, C →∞
The Winkler foundation behaviour is recovered in the limit C →∞, for which λ∼C1/2 and Λ∼
eiπ/4C−1/4. The deflection profile may therefore be written (in dimensional form) as

ζ(r)

δ
∼ 4

π
Im

{
K0

[
r

`W
eiπ/4

]}
≡ 4

π
kei0

[
r

`W

]
, (3.17a)
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where kei0(x) is the Kelvin kei function of zeroth-order [35]; now δ is related to F by

F

δ
∼ 8

B

`2W
= 8

(
BG

α(ν)(1− 2ν)d

)1/2

, (3.17b)

which is equivalent to the result of Hertz [31] for the response of a plate floating on a liquid bath.
(In Hertz’ problem the hydrostatic pressure within the liquid is linear in deflection, and hence
behaves as a perfect Winkler foundation [34,36,37].)

The results presented in Fig. 4(a) show that the combined foundation model interpolates
between the incompressible and Winkler limits. In particular, we find that the incompressible
foundation is recovered for C . 10−1 while the Winkler foundation model is recovered for
C & 101. For 10−1 . C . 101 the substrate does not sit cleanly in either limit and the combined
foundation model, (1.4), must be used.

(iv) Model validity

The analysis presented so far rests on the assumption that the length scale ` is large enough
to justify the thin layer analysis of the substrate deformation and the use of the plate equation.
Together, these assumptions amount to assuming that

max{d2, t2}� `2. (3.18)

Since the appropriate value of ` depends on C, we divide both sides by d2 and note that (`I/d)2 ≡
CΓ (ν)/(1− 2ν)α(ν) and (`W/d)2 ≡C3/2Γ (ν)/(1− 2ν)α(ν), so that we can rewrite (3.18) as:

max{1, t̂2}� Γ (ν)

(1− 2ν)α(ν)
max{C, C3/2}, (3.19)

where t̂ := t/d is the ratio of sheet thickness to the substrate depth.
The limit on the size of t̂ in (3.19) expresses when modelling the stiff coating as a Kirchhoff–

Love plate is valid. Of more interest here, however, is the first inequality, which describes the
validity of the small foundation aspect ratio assumption (ε2 ≡ d2/`2� 1) that was used to derive
(2.5). In particular, for the combined foundation model to be valid, we require that:

1� Γ (ν)

(1− 2ν)α(ν)
max{C, C3/2} ≡max

{[
Γ (ν)

B

Gd3

]1/3
,

[
(1− 2ν)α(ν)

B

Gd3

]1/2}
. (3.20)

To understand this condition better, we compare the predictions of the combined foundation
model with numerical solutions of the full equilibrium equations (2.1) for the substrate.

(c) Comparison with numerical results
When the assumption of small aspect ratios (ε� 1) is no longer valid, one must instead solve
the full two-dimensional equilibrium equations (2.1), on −d≤ z ≤ 0 and 0≤ r <∞, subject to the
boundary conditions (2.2) with T (x) chosen such that u(r, 0) = 0 and p(x)≡ q(r) given by the
plate equation (3.3a) and (3.4). Non-dimensionalizing using the scalings presented in (3.9) and
noting that the aspect ratio can be written as

ε2 =
d2

`2I
≡ α(ν)(1− 2ν)

Γ (ν)C , (3.21)

we obtain a system controlled by the Poisson ratio ν and the compressibility C, defined in (3.12a).
In the full problem, the Poisson ratio can no longer be scaled out of the problem (as was possible
for ε→ 0); ν is an additional dimensionless parameter. The resulting system of partial differential
equations may be solved using standard numerical techniques; here we use the method of finite
differences. The full system and further numerical discussion is presented in Appendix B(a).

For given values of the parameters ν and C, we can compute the indentation stiffness using the
first integral of (3.10a) for any foundation aspect ratio, (3.21). Figure 4(b) shows the dimensionless
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stiffness, KI, for varying C and ν as computed numerically, together with the prediction of
the combined foundation model (3.15c), and the corresponding result for an infinitely deep
foundation (3.1) [30]. This plot shows excellent agreement between the combined foundation
model and the numerics for sufficiently large C (or, equivalently, sufficiently small aspect ratios,
ε� 1). For small C (or, equivalently, large aspect ratios, ε� 1), however, we see that the numerical
results are better predicted by (3.1) for an infinitely deep foundation. Crucially, the domain of
validity of the combined foundation model reaches smaller C as ν→ 1/2, as expected from (3.20):
in particular, the regime for which the results of the combined foundation model lie within 10%

of the numerical model, C ≥ C10% grows as ν→ 1/2 (see inset of fig. 4b).
In the example considered in this section, the horizontal length scale was set simply by

the compressibility of the substrate and was, hence, a material parameter, independent of, for
example, the applied load (i.e. F ). We now consider a more involved example in which the length
scale itself varies with the applied load.

4. Second example: A lubrication problem
A classic problem in fluid mechanics is the ability to lubricate two solid bodies using a thin layer
of a viscous liquid [38]. Lubrication relies on tangential motion generating a vertical force that
can support load; given this ubiquity, it is at first surprising that with rigid, fore-aft symmetric
boundaries, viscous fluid flow cannot generate a significant vertical lift force — a consequence
of Purcell’s so-called ‘Scallop Theorem’ [39,40]. There are many means by which this symmetry
can be broken (including cavitation [41], non-Newtonian effects and inertia [40]) but one of the
most common is the inclusion of a deformable boundary [40]. Since the coupling between elastic
deformation and fluid flow can make analytical work difficult, a popular model of a deformable
boundary is the Winkler model; several works have studied the coupling between a Winkler
mattress and the flow induced by a horizontally translating cylinder [6,42,43] or sphere [19,44].

Several recent studies have focussed on experimental realizations of the sedimentation of a
rigid cylinder in a viscous liquid above an inclined plane with a soft, elastomeric coating [7–9].
Such an experiment is conducted under force-controlled conditions: the cylinder sediments until
the separation between the substrate and its base generates sufficient hydrodynamic force to
balance the cylinder’s weight; at this point, the cylinder translates at a constant height above
the surface of the substrate, and may also rotate [7]. The theoretical understanding of these
experiments [8,9] generally rests on the predictions of Winkler based models, while experiments
use elastomeric coatings that are (close to) incompressible [7]. Given the preceding discussion, it
is natural to ask whether/when such experiments operate in the compressible or incompressible
regimes? In this section, we use the combined model (1.4) to address this question.

(a) Problem setup
We consider a two-dimensional cylinder (of radius R and density ρ) translating perpendicular to
its axis at a uniform speed U , and rotating clockwise about its axis at an angular speed ω, in a
viscous fluid (of viscosity µ) suspended above a thin elastic substrate (of depth d, Poisson ratio ν,
and shear modulus G), which is inclined at an angle θ to the horizontal, as shown schematically
in Fig. 5. The motion of the cylinder parallel to the foundation forces liquid to flow beneath the
cylinder and out again, introducing a one-dimensional pressure field p(x) (measured with respect
to atmospheric pressure) that is positive ahead of the cylinder and negative behind it. (Note
that here, negative pressures are relative to atmospheric and so do not, in general, correspond
to cavitation of the liquid.) The deformation of the substrate introduces an asymmetry in p(x)

that has a non-zero integral and hence is able to provide a sustained lift to support the cylinder.
The magnitude of this lift will depend on the minimum separation between the cylinder and the
undeflected surface of the soft substrate, which we denote by h.

The parabolic geometry near the minimum cylinder–substrate separation means that
lubrication problems of this type have a characteristic horizontal length scale `∝ (hR)1/2 [38].
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Figure 5. A sketch of the second example: a two-dimensional cylinder (of radius R) translates and rotates above an

inclined elastic substrate. The cylinder’s weight is supported by the lift force that is generated by the interaction between

a viscous fluid flow and substrate deformation. The resulting gap profile is denoted H(x) = h+ x2/2R− ζ(x) where

ζ(x) is the profile of the deformed surface and h is the minimum gap thickness without deformation.

However, h is itself not known a priori — it is determined by the requirement to generate enough
lift force to support the cylinder’s weight, which in turn depends on the type of substrate response
(Winkler or incompressible), and hence h depends on `. To understand this coupling better, we
study the behaviour in terms of the experimental control parameters (the density of the cylinder
etc.), rather than emergent physical properties (such as h). To do this, we use the combined
foundation model [i.e. taking p(x) 7→ p(x) in (2.5)] coupled with Reynolds’ equation [21] to
describe the fluid flow in the narrow gap beneath the cylinder. In particular, in the reference
frame of the translating cylinder, we have

d

dx

[
H(x)3

dp

dx
+ 6µ (U + ωR)H(x)

]
= 0, (4.1a)

where the separation between the cylinder surface and that of the elastomeric coating is

H(x) = h+
x2

2R
− ζ(x). (4.1b)

The displacement of the elastomer surface, ζ(x), is given in terms of the pressure field by (2.5), i.e.

ζ(x) =−α(ν)(1− 2ν)
d

G
p(x) + Γ (ν)

d3

G

d2p

dx2
, (4.1c)

where we neglect the effect of the viscous shear stress on the elastomer surface; this shear stress
is T (x)∼H(x)p′(x), so provided [H]� d this neglect of T is appropriate and we may use the
expression for Γ (ν) for zero surface-shear in (2.6). Solutions of (4.1) are subject to far-field decay
conditions,

p(x)→ 0 as x→±∞. (4.2)

In experiments [7,9], the gap thickness, h, translational speed, U , and angular velocity, ω, are
determined by requiring no net force perpendicular or parallel to the plane and no net torque;
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these conditions may be written [8,42]

πR2ρg cos θ=

∫∞
−∞

p(x) dx, (4.3a)

πR2ρg sin θ=

∫∞
−∞

[ x
R
p(x) + τxz |z=H

]
dx, (4.3b)

0 =

∫∞
−∞

R τxz |z=H dx=R

∫∞
−∞

[
1

2
H(x)p′(x) +

µ(U − ωR)
H

]
dx, (4.3c)

respectively. Note that (4.3c) immediately eliminates the second term in the integrand of (4.3b).

(i) Scaling analysis

A key difference between the present problem and that presented in §3 is that the pressure
scale that determines the deformation of the elastomeric foundation is not clearly related to the
pressure that supplies the normal force to balance the weight of the cylinder. This is because the
pressure field associated with the leading-order problem (the rigid case) is anti-symmetric, and
hence does not supply a normal load [6]. This leading-order problem does, however, dominate
the tangential force balance (4.3b), which, when combined with a scaling analysis of Reynolds’
equation (4.1a), allows us to determine the leading-order pressure and velocity scales, p∗ and
U∗ ∼Rω∗, respectively. In particular, assuming that the steady translation of the cylinder occurs
with a separation h from the undisturbed level of the substrate, and hence that the relevant
horizontal scale is ∝ (hR)1/2, Reynolds’ equation (4.1a) predicts that

p∗ ∝
µU∗R

1/2

h3/2
∼ µω∗R

3/2

h3/2
, (4.4)

while (4.3b) predicts that ρgR2 sin θ∝ hp∗. Solving these two equations gives

p∗ ∝
ρgR2 sin θ

h
and U∗ ∼Rω∗ ∝

ρgR3/2h1/2 sin θ

µ
, (4.5a,b)

with h still undetermined. As already discussed, h must depend on the deformability of the
substrate: without substrate deformation, no value of h can generate an equilibrium lift force.
Nevertheless, we can use the scaling estimates (4.5) to estimate the deflection of the foundation
for each of the Winkler and incompressible limits, denoted ζ∗; we find that

ζ∗ ∝


(1− 2ν)

d

G
p∗ (Winkler),

d3

G

p∗
hR

(incompressible).

(4.6)

The final piece of the scaling puzzle is to understand the effect of the deflection ζ∗ on the
pressure field; this perturbation to the pressure field, δp, is what supports the cylinder’s load.
Since the pressure depends on gap thickness algebraically, the relative change in pressure should
be proportional to the relative change in gap width, i.e. δp/p∗ ∝ ζ∗/h. Vertical force balance
then gives ρgR2 cos θ∝ δp(hR)1/2 ∝ p∗ζ∗(R/h)1/2 and two possible scalings for the separation
h, depending on which of the deflection scales in (4.6) is more appropriate:

h∝



(
(1− 2ν)ρgd sin θ tan θ

G

)2/5

R (Winkler),

(
ρgd3 sin θ tan θ

G

)2/7

R3/7 (incompressible).

(4.7)

These scalings have been given before by Skotheim & Mahadevan [6,42]; our aim here is
to go beyond the scaling analysis and investigate the transition between the Winkler and
incompressible regimes. We therefore turn first to the non-dimensionalization of the problem,
which will be informed by the scaling behaviour determined above.
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(ii) Non-dimensionalization

From the preceding scaling analysis, there are two limiting scalings for the horizontal length `:

`W := d

(
α(ν)(1− 2ν)

2R5ρg sin θ tan θ

d4G

)1/5

or `I := d

(
Γ (ν)

2R5ρg sin θ tan θ

d4G

)1/7

, (4.8a,b)

which correspond to foundations whose response is of the Winkler or incompressible type,
respectively. Without loss of generality, we choose the incompressible length scale, `I, as the
horizontal scale and, motivated by the preceding scaling analysis, define vertical scales [h] =

`2I /(2R) and [ζ] := `3I /(2R
2 tan θ). (We emphasize that these scales are defined in terms of

experimental control parameters, rather than the emergent properties h, U , and ω.)
We introduce the dimensionless variables

X :=
x

`I
, Z(X) :=

2R2 tan θ

`3I
ζ(x), H(X) :=

2R

`2I
H(x), P (X) :=

`2I
R3ρg sin θ

p(x). (4.9a–d)

Inserting (4.9) into the model, (4.1), we find the dimensionless system

0 =
d

dX

[
H(X)3P ′(X) + 6(Û + ω̂)H(X)

]
, (4.10a)

H(X) = ĥ+X2 − φ̂Z(X), Z(X) =−ĈP (X) + P ′′(X), (4.10b,c)

which is to be solved subject to P (X)→ 0 as X→±∞ and the integral constraints (4.3), which
after simplification read:

φ̂=
1

π

∫∞
−∞

P (X) dX, 1 =
1

π

∫∞
−∞

XP (X) dX, (4.10d,e)

0 =

∫∞
−∞

1

2
H(X)P ′(X) +

Û − ω̂
H(X)

dX. (4.10f)

Note that Reynolds’ equation with H(x) =O(X2) as |X| →∞ gives P (X) =O(1/X3) as
|X| →∞; using this and the combined foundation (4.10c) gives

∫∞
−∞H(X)P ′(X)/2 dX =

−
∫∞
−∞XP (X) dX , allowing further simplification of (4.10f).
The system (4.10) is governed by the, experimentally-controlled, dimensionless parameters

Ĉ := α(ν)(1− 2ν)

Γ (ν)

(
`I
d

)2

and φ̂ :=
`I

R tan θ
, (4.11a,b)

but also involve three emergent quantities, the dimensionless gap thickness, cylinder speed, and
rotation speed, ĥ, Û , and ω̂, respectively — these are to be determined as part of the solution. With
these rescalings, the physical minimum gap thickness, h, translational speed, U , and rotational
speed, ω, are given by

h= ĥ× `2I
2R

, U = Û × `IRρg sin θ

4µ
, ω= ω̂ × `Iρg sin θ

4µ
. (4.11c–e)

We also note that the dimensionless parameter Ĉ ≡ (`W/`I)
5 ∝ (1− 2ν): Ĉ is a measure of the

compressibility of the substrate, analogous to the parameter C in the previous example (3.12a). In
addition, φ̂≡ [ζ]/[H] so that φ̂ is a measure of how pliable the substrate is. In experiments φ̂ is
often small [for example in [7,9] φ̂=O(10−2–10−1)] — the elastic substrate is relatively stiff and
makes only small departures from its undeformed planar state. In the limit φ̂→ 0 it is possible to
make analytical progress and so we turn first to this limit before considering numerical solutions.
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(b) Analytical Results for φ̂� 1
Following the perturbative approach of Skotheim & Mahadevan [6,42] for a Winkler foundation,
we pose the regular expansions

Z(X) =Z0(X) + φ̂Z1(X) +O(φ̂2), P (X) = P0(X) + φ̂P1(X) +O(φ̂2), (4.12a,b)

ĥ= ĥ0 + φ̂ĥ1 +O(φ̂2), Û = Û0 + φ̂Û1 +O(φ̂2), ω̂= ω̂0 + φ̂ω̂1 +O(φ̂2), (4.12c–e)

in (4.10), and consider the problem order-by-order. Note that our definition of the gap separation
H(X) in (4.10b) included a factor of φ̂ multiplying Z(X) — hence the deflection does return to the
rigid parabolic geometry as φ̂→ 0.

At leading-order, O(φ̂0), we recover the rigid-substrate problem [38], as expected; this
determines the leading-order surface deflection, φ̂Z0(X), which is dependent on P0(X) as:

P0(X) =
2(Û0 + ω̂0)X

(ĥ0 +X2)2
, (4.13a)

Z0(X) =−2(Û0 + ω̂0)X

(ĥ0 +X2)2
Ĉ − 24(Û0 + ω̂0)X(ĥ0 −X2)

(ĥ0 +X2)4
. (4.13b)

Substituting these expressions into the integral constraints, (4.10d–f) at O(φ̂0), gives

Û0 = ĥ
1/2
0 and ω̂0 = 0. (4.14a,b)

At the next-order,O(φ̂1), we obtain expressions for P1(X) and Z1(X) — these were calculated
using MATHEMATICA, and are omitted here for reasons of space — substituting these expressions
into the integral constraints, (4.10d–f) at O(φ̂1), gives

ĥ
7/2
0 =

3

8
Ĉĥ0 +

45

16
, Û1 =

ĥ1

2ĥ
1/2
0

, ω̂1 = 0. (4.15a–c)

Solving (4.14a) and (4.15a) gives the leading-order gap thickness, ĥ∼ ĥ0, and translational speed,
Û ∼ Û0 = ĥ

1/2
0 . (Note that for general values of Ĉ, (4.15a) is an algebraic equation for ĥ0 that must

be solved numerically, although asymptotic results are readily available in the limits Ĉ � 1 and
Ĉ � 1.) Determining the leading-order rotational speed ω̂, however, requires that we continue to
the next-order.

At the next-order, O(φ̂2), we obtain expressions for P2(X) and Z2(X) — which are again
omitted here. Substituting these into the integral constraints, (4.10d–f) at O(φ̂2), gives

ĥ1 = 0 and ω̂2 =
21Ĉ2ĥ20 + 462Ĉĥ0 + 3042

256ĥ
11/2
0

. (4.16a,b)

Using the solution of (4.15a), (4.16b) gives the leading-order rotational speed ω̂∼ φ̂2ω̂2.
The full asymptotic behaviour (as φ̂→ 0) for varying substrate compressibility, Ĉ, is plotted

in Fig. 6 together with numerical solutions for non-zero φ̂ (see §4(c) below for details). These
numerical results demonstrate that (4.14)–(4.16) recover the correct behaviour for small φ̂.

To understand the implications of the above asymptotic results better, we move now to discuss
the behaviour in the incompressible limit (Ĉ → 0, incompressible foundation) and the limit of high
compressibility (Ĉ →∞, Winkler foundation) in more detail.

(i) Incompressible foundation, Ĉ → 0

For an incompressible foundation, Ĉ → 0, we immediately find from (4.14)–(4.16) that ĥ∼
(45/16)2/7, Û ∼ (45/16)1/7, and ω̂∼ 338/225× (45/16)3/7φ̂2 so that the dimensional gap
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=:

(a) (b) (c)

Figure 6. Comparison of asymptotic (valid for small pliability, φ̂� 1) and numerical results of the combined foundation

model applied to a cylinder sedimenting close to a thin, elastomeric layer of dimensionless compressibility Ĉ. (a) The

minimum gap thickness, (b) steady translation speed, and (c) steady rotation speed. In each figure, the asymptotic

prediction (4.14)–(4.16), valid for φ̂� 1, is shown by dashed curves while solid curves represent the numerical solution

of the combined foundation problem with different values of the pliability parameter φ̂, as given in the legend. Here we

have assumed θ� 1 to simplify the axes labels.

thickness, translational speed, and rotational speed are

h∼ `2I
2R
×
(
45

16

)2/7

, U ∼ R`Iρg sin θ

4µ
×
(
45

16

)1/7

, (4.17a,b)

ω∼ ρg`3I cos θ

4µR2 tan θ
× 338

225

(
45

16

)3/7

. (4.17c)

In this incompressible limit, we also have the pressure and surface-displacement profiles

P (X)∼
2ĥ

1/2
0 X

(ĥ0 +X2)2
+

48(11ĥ20 − 28ĥ0X
2 + 21X4)

35(ĥ0 +X2)7
ĥ0φ̂, (4.18a)

Z(X)∼−
24ĥ

1/2
0 X(ĥ0 −X2)

(ĥ0 +X2)4
. (4.18b)

The displacement profile (4.18b) is plotted as the solid curve in Fig. 7(a) and illustrates that
this profile has four turning points, located at X =±{ĥ0(1± 2/

√
5)}1/2 =±(45/16)1/7(1±

2/
√
5)1/2. (Although previous studies on the scalings of the incompressible limit have been

made [6,8,42], both the prefactors in (4.17) and the displacement profile (4.18b) are believed new.)

(ii) Winkler foundation, Ĉ →∞
The case of a Winkler foundation, the limit Ĉ →∞, has been studied extensively previously [6,8,
42,43]. In this limit, we find from (4.14)–(4.16) that ĥ∼ (3Ĉ/8)2/5, Û ∼ (3Ĉ/8)1/5, and ω̂∼ 7/12×
(3Ĉ/8)3/5φ̂2 so that the dimensional gap thickness, translational speed, and rotational speed are

h∼ `2W
2R
×
(
3

8

)2/5

, U ∼ R`Wρg sin θ

4µ
×
(
3

8

)1/5

, (4.19a,b)

ω∼ ρg`3W cos θ

4µR2 tan θ
× 7

12

(
3

8

)3/5

. (4.19c)
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Moreover, we obtain the pressure and surface-displacement profiles:

P (X)∼
2ĥ

1/2
0 X

(ĥ0 +X2)2
+

3(3ĥ0 − 5X2)

5(ĥ0 +X2)5
Ĉĥ0φ̂, (4.20a)

Z(X)∼−
2Ĉĥ1/20 X

(ĥ0 +X2)2
. (4.20b)

(Recall that P (X), Z(X), and X are all non-dimensionalized with respect to the incompressible
response, hence, there is an explicit dependence on Ĉ above.) The displacement profile (4.20b),
recovers that given previously [6,42]; it is plotted in Fig. 7(a), and, in contrast to the incompressible
profile (4.18b), has only two turning points, located at X =±(ĥ0/3)1/2 =±(Ĉ/24

√
3)1/5. The gap

thickness, translation speed, and rotation speed (4.19) agree with previous results [8].

(c) Numerical comparison
The analytical progress that has been made above has exploited the doubly asymptotic limit
of small substrate pliability, φ̂� 1, and small aspect ratio, d/`� 1. To investigate when our
asymptotic results are valid, we use numerical solutions of the problem to study what happens
when each of these limits fail.

(i) Moderate substrate pliability

For moderate values of φ̂, but retaining small aspect ratio, there is a nonlinear feedback between
Reynolds’ equation and the combined foundation response, so that the system (4.10) must be
solved numerically. This can be done by eliminating Z(X) and H(X) from (4.10) to form a
third-order integro-differential equation for the pressure P (X) with given values of Ĉ and φ̂

and unknown constants ĥ, Û , and ω̂. In practice, the system can be solved by coupling finite
difference derivatives and quadrature with a standard nonlinear system solver (in our work we
used fsolve in MATLAB). Once the pressure P (X) has been computed, the displacement profile
Z(X) can be found using (4.10c). (An alternative approach, based on similarity solutions in the
long-wavelength limit, was presented recently for large deformations of a Winkler foundation
by [45].)

Numerical results for the translation velocity Û(φ̂, Ĉ) and gap thickness ĥ(φ̂, Ĉ) are presented
in Fig. 6 and show that the asymptotic predictions (4.14)–(4.16) are recovered as φ̂→ 0 and also
give a good quantitative description of the full numerical results provided that φ̂. 0.05. Example
surface profiles are presented in Fig. 7(b,c) for a range of Ĉ; these show that the asymptotic results
quantitatively describe numerical results for φ̂= 0.01, but only qualitatively for φ̂= 0.1.

(ii) Model validity

The results presented thus far provide a mathematical description of an infinite cylinder sliding
and rotating in a viscous fluid above a thin elastic foundation. Although we have demonstrated
that our asymptotic results for foundations with small pliability, φ̂� 1, give good intuition for
the behaviour of the combined foundation model, observed numerically for moderate φ̂, these
numerical results rely on the description of the substrate deformation by the combined foundation
model. Now, therefore, we use numerical simulations of the full elastic-substrate problem to
test when this combined foundation model is appropriate. We begin by considering the scale
separation required for the model to be valid in light of the detailed analysis performed.

Scaling argument In deriving the coupled system (4.1), we implicitly assumed that the
horizontal length scale, [x]≡ `, is large in comparison to both the coating thickness (d2� `2,
for our combined foundation to be valid) and to the minimum gap thickness (h2� `2, for
hydrodynamic lubrication theory to be valid). As already discussed, we also require that h� d to
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(a)

(b)

(c)

Figure 7. Results of the combined foundation model for moderate substrate pliability, φ̂. (a) Analytical predictions for the

surface deformation profile with φ̂� 1, for an incompressible foundation (Ĉ → 0) [eq. (4.18b)], solid curve, a combined

foundation (Ĉ = 1) [eq. (4.13b)], dashed curve, and a Winkler foundation (Ĉ →∞) [eq. (4.20b)], dotted curve. To facilitate

a direct comparison between the three cases, the vertical and horizontal scales have been modified to ensure that the

maximum deflection occurs at (−1, 1). (b,c) Comparison between the predictions of the analytical results for φ̂� 1

with numerical results for moderate φ̂ from the combined foundation model for different values of Ĉ (as described in the

legend). In (b) φ̂= 0.01 and in (c) φ̂= 0.1 are fixed with numerical results plotted as solid curves and the asymptotic

predictions from eq. (4.13b) plotted as dashed curves. Note that for small Ĉ the additional turning points of the interface

deflection predicted for an incompressible foundation (see panel a) are just visible.

be able to neglect the viscous shear force [T (x)∼H(x)p′(x)� p′(x)d]. Altogether, we require:

h2� d2� `2. (4.21)

Using the two possible horizontal length scales available in (4.8), we can rewrite the separation of
scales required for the combined foundation model and lubrication theory to hold, (4.21), as:(

φ̂ĥ tan θ

2

)2

� α(ν)(1− 2ν)

Γ (ν)

1

Ĉ
�max{1, Ĉ2/5}. (4.22)

The first inequality in (4.22) provides a parameter bound for the fluid flow to be modelled
using lubrication theory. Of more interest here, however, is the second inequality, which expresses
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the small foundation aspect ratio limit (ε2 ≡ `2/d2� 1) that was used to derive the combined
foundation model (2.5). Our asymptotic results in the limits Ĉ � 1 and Ĉ � 1 allow us to write the
condition for the combined foundation model to be valid as

1� Γ (ν)

α(ν)(1− 2ν)
max{Ĉ, Ĉ7/5}

≡max

{[
Γ (ν)

2R5ρg sin θ tan θ

d4G

]2/7
,

[
α(ν)(1− 2ν)

2R5ρg sin θ tan θ

d4G

]2/5}
.

(4.23)

To see this prediction in action, we turn to solving the full equilibrium equations (2.1) for a
foundation of finite (rather than infinitesimal) depth.

Finite substrate depth If the asymptotic simplification of small aspect ratios (ε� 1) is not
assumed, one must solve the full two-dimensional equilibrium equations (2.1) on the domain
−d≤ z ≤ 0 and −∞<x<∞. The appropriate boundary conditions are (2.2) with T (x)≡ 0 and
p(x)≡ p(x) given by Reynolds’ equation (4.1a,b), (4.2), and (4.3). Non-dimensionalizing using the
scalings presented in (4.9) and noting that the aspect ratio can be written as

ε2 =
d2

`2I
≡ α(ν)(1− 2ν)

Γ (ν)Ĉ
, (4.24)

we obtain a system controlled by the Poisson ratio ν, the compressibility Ĉ, and the pliability φ̂,
where Ĉ and φ̂ are defined in (4.11a,b). As in the indentation problem, the Poisson ratio now acts as
an extra dimensionless parameter that cannot be scaled out of the problem. The resulting system
of partial differential equations may be solved using standard numerical techniques; details of
these and the full problem are discussed in Appendix B(b).

(a)

(b)

Figure 8. Comparison between numerically determined surface profiles, accounting for finite foundation thickness, (solid

curves) and the asymptotic predictions (4.13b) from the combined foundation model (dashed curves). Results are shown

with φ̂= 0.01 and different values of Ĉ (as described in the legend). In (a) ν = 0.4999, while in (b) ν = 0.49. Note that

disagreement between numerics and asymptotic results is observed when Ĉ . (1− 2ν), as expected from (4.23).
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For given values of ν, Ĉ and φ̂, and hence ε via (4.24), the deflection of the substrate surface,
together with the equilibrium gap thickness, ĥ, translational speed, Û , and rotational speed,
ω̂, may be computed. Figure 8 shows the substrate deformation determined numerically, and
compares this with the asymptotic prediction (4.13b), which accurately reproduces the solution
of the combined foundation model for φ̂� 1 (see Fig. 7). Note also that even with ν = 0.4999,
the surface profile for Ĉ = 10 in Fig. 8(a) exhibits just the two turning points characteristic of the
Winkler (rather than incompressible) response.

A comparison between the numerically-determined Û obtained with a finite foundation
thickness and that predicted by the combined foundation model is shown in Fig. 9 for varying Ĉ
and ν, with φ̂= 0.01� 1 fixed. Figures 8 and 9 show excellent agreement between the prediction
of the combined foundation model and the numerical solutions of the full problem for large Ĉ (or,
from (4.24), small aspect ratios, ε� 1). However, as Ĉ decreases (i.e. increasing aspect ratios, ε) we
see that the numerical results deviate from the prediction of the combined foundation model.
This discrepancy becomes appreciable for Ĉ . 1− 2ν, consistent with the prediction of (4.23):
results in Fig. 9 with ν = 0.49 do not show the plateau in Û predicted by the incompressible
foundation model for Ĉ � 1 because the small aspect ratio assumption breaks down before the
incompressible limit of the combined foundation model becomes applicable. However, with
ν = 0.4999 the expected plateau region is observed for 10−2 . Ĉ . 1.

Figure 9. Main figure: Comparison between the prediction of the combined foundation (solid curves) and numerical

results assuming a finite-thickness foundation (points) for the sedimentation of a cylinder besides an elastomeric coating.

Numerical results are obtained by solving [eqs. (B.6) with (4.10a)] and are shown for different values of the Poisson ratio

ν as follows: ν = 0.4 (+), ν = 0.49 (◦), ν = 0.499 (×) and ν = 0.4999 (•). We observe good agreement between the

numerics and the combined foundation model provided that Ĉ � (1− 2ν). Also, note that here φ̂= 0.01� 1 so the

Û ∼ ĥ1/2 and ω̂� 1. Inset: The Ĉ for which the relative error in the use of the combined foundation model is 10%,

denoted Ĉ10%, scales linearly with 1− 2ν, as indicated by the dashed line; for C ≥ C10% numerical results lie within

10% of the predictions of the combined foundation model.

Finally, we turn to discuss, briefly, the good agreement between experiments (which
use approximately incompressible substrates) and theory (which is based on a model of a
compressible substrate). We do not have sufficient details of the experimental parameters,
particularly the Poisson ratio ν, to say clearly in which regime our model would suggest
these experiments lie. However, assuming that 0.45. ν . 0.49, we find that the experiments of
Saintyves et al. [9] appear to have 10−2 . Ĉ . 102, suggesting that experiments may span the
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transition between incompressible and compressible (Winkler) behaviour. We hope that future
experiments might include explicit estimates of the parameters Ĉ and ν allowing comparisons
with the theoretical results presented here to be made.

5. Conclusion
In this paper we have presented an asymptotic analysis of the deformation of a thin elastic
substrate in response to pressure and shear loading at its surface. This analysis led to a
combined foundation model, (2.3), that is able to describe the deformation of a slender foundation
irrespective of how close it is to incompressible. We used this combined foundation with the
assumption of zero surface-shear and zero surface-slip, (2.5), to demonstrate that whether a given
material behaves as an incompressible or compressible substrate is not determined solely by its
Poisson ratio: even with a Poisson ratio that is arbitrarily close to ν = 1/2, other properties of the
system may lead to behaviour that is effectively compressible, and hence may be well-described
by the classical Winkler model.

Generally speaking, which of these behaviours (compressible or incompressible) is observed
is determined by a compressibility parameter, which may be written

C ∝ (1− 2ν)
`2

d2
, (5.1)

where d is the depth of the foundation and ` is the characteristic horizontal length scale.
Unfortunately, the length scale ` can only be determined by the solution of the problem at hand;
in this regard, the combined foundation model can be used as a more precise alternative to scaling
analysis to determine the relevant behaviour.

We have illustrated the importance of the compressibility parameter C in two concrete
examples and shown how the combined foundation model may be used to derive results valid for
intermediate values of the compressibility C, where scaling results are not available. We have also
shown that the combined foundation model breaks down when the aspect ratio of the foundation,
d/`, becomes O(1), at which point the foundation behaves more akin to an elastic half-space.

A feature of the results that is, at first sight, surprising is that materials with Poisson ratio
very close to 1/2 may be well-described by the Winkler model. For example, the results in Fig. 9
with ν = 0.4999 indicate that the (compressible) Winkler model is valid for extremely slender
foundations provided the aspect ratio ε. 5× 10−3.

The transition from incompressible to Winkler behaviour might also give a sensitive test of
the Poisson ratio ν for materials that are close to incompressible, ν ≈ 1/2. For example, in the
first example considered here, the indentation of a stiff thin sheet coating a thin soft layer, C =
`4W/`4I ∝ (1− 2ν)(B/Gd3)1/3. If the position of the ‘kink’ in the dimensionless stiffness, Fig. 4,
can be accurately measured, and identified with C =O(1) then it would be possible to obtain an
accurate measure of 1− 2ν, and hence the deviation of ν from 1/2. For example, in Fig. 4, a 10%
discrepancy between the incompressible plateau and the combined foundation stiffness occurs
at C ≈ 0.1547. Hence, if one is able to plot an experiment’s indentation stiffness, KI, for varying
compressibility, (B/Gd3)1/3, and measure a 10% discrepancy at (B/Gd3)1/3 =X say, then our
results suggest that the substrate’s Poisson ratio is ν ≈ 0.5− 0.4054X . We leave this, and other
applications of the combined foundation model, to future work.

A. Derivation of asymptotic foundation model
In this Appendix, we present a detailed derivation of the asymptotic foundation model (2.3), by
seeking an asymptotic solution to (2.1) and (2.2) in the limit of a small aspect ratio, ε := d/`→ 0.

We begin by noting that a geometrical argument leads to the conclusion that the stresses and
strains in the plane are much smaller than their vertical counterparts [14, Chap. 6]; we therefore
assume that [u]∼ ε[w] and [T ]∼ ε[p] to simplify our analysis, though assuming instead that [u]∼
[w] and [T ]∼ [p] ultimately gives the same solution.
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Based on this rescaling, we introduce the dimensionless variables

X :=
x

`
=
εx

d
, Z :=

z

d
, U(X, Z) :=

u(x, z)

ε[w]
, W (X, Z) :=

w(x, z)

[w]
, (A 1a–d)

with dimensionless applied pressure and shear stress

P (X) :=
d

[w]

p(x)

G
and T (X) :=

d

ε[w]

T (x)

G
. (A 1e,f)

By inserting (A 1) into the system, (2.1) subject to (2.2), we obtain the dimensionless system:

WZZ =− ε2

2(1− ν)

(
∇H ·UZ + (1− 2ν)∇2

HW
)
, (A 2a)

UZZ +
∇HWZ

1− 2ν
=− ε2

1− 2ν

(
∇H (∇H ·U) + (1− 2ν)∇2

HU
)
, (A 2b)

in −1<Z < 0, subject to the boundary conditions:

W = 0 and U = 0 on Z =−1, (A 3a,b)

WZ +
νε2

1− ν∇H ·U =− 1− 2ν

2(1− ν)P (X) and UZ +∇HW =T (X) on Z = 0. (A 3c,d)

Assuming (1− 2ν) =O(1), we seek asymptotic solutions of the system by inserting the
expansions,

W (X, Z) =W (0)(X, Z) + ε2W (1)(X, Z) +O(ε4), (A 4a)

U(X, Z) =U (0)(X, Z) + ε2U (1)(X, Z) +O(ε4), (A 4b)

and solving order-by-order as ε→ 0.

At leading-order, O(ε0). The displacements W (0)(X, Z) and U (0)(X, Z) satisfy,

W
(0)
ZZ = 0 and U

(0)
ZZ =− 1

1− 2ν
∇HW

(0)
Z , (A 5a,b)

in −1<Z < 0, subject to the boundary conditions

U (0)(X,−1) = 0, W (0)(X,−1) = 0, (A 6a,b)

W
(0)
Z (X, 0) =− 1− 2ν

2(1− ν)P (X), U
(0)
Z (X, 0) +∇HW (0)(X, 0) =T (X). (A 6c,d)

Integrating with respect to Z leads to the solutions:

U (0)(X, Z) = (1 + Z)T (X)− 4ν − 1

4(1− ν) (1 + Z)

[
1− Z

4ν − 1

]
∇HP (X), (A 7a)

W (0)(X, Z) =− 1− 2ν

2(1− ν) (1 + Z)P (X). (A 7b)

These describe the leading-order displacements provided (1− 2ν) =O(1), and hence reproduce
the results of the Winkler limit given by [6]. However, as ν→ 1/2 (i.e. in the incompressible limit)
W (0)(X, Z)→ 0 and so higher-order terms dominate; in particular, U ∼U (0) and W ∼ ε2W (1)

for (1− 2ν)� ε2 where we determine W (1) next.
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At next-order, O(ε2). The displacement W (1)(X, Z) satisfies,

W
(1)
ZZ =− 1

2(1− ν)

(
∇H ·U

(0)
Z + (1− 2ν)∇2

HW
(0)
)
, (A 8)

in −1<Z < 0, subject to the boundary conditions

W (1)(X,−1) = 0 and W
(1)
Z (X, 0) =− ν

1− ν∇H ·U
(0)(X, 0). (A 9a,b)

Substituting the known solutions for U (0) and W (0), and integrating with respect to Z, leads to:

W (1)(X, Z) =− 4ν − 1

4(1− ν) (1 + Z)

[
1 +

Z

4ν − 1

]
∇H · T (X)

+
ν(4ν − 1)

6(1− ν)2
(1 + Z)

[
1 +

Z

2
− 1− ν

4ν − 1
Z2
]
∇2
HP (X).

(A 10)

Overall. Combining (A 7) with (A 10), and changing back to dimensional variables, we
find expressions for the substrate displacements accurate to O(ε2dT /G, ε2d2∇Hp/G) for u

and O(ε2d2∇H · T , ε2d3∇2
Hp/G) for w. Substituting z = 0 yields the surface displacement

expressions given in the main text, (2.3).

B. Numerical solutions of the finite depth foundation
In this Appendix, we present further details of the numerical simulations performed to model an
elastic foundation with finite thickness. We present the governing equations for the examples of
§3 and §4 and discuss the numerical solutions of these systems.

(a) First example: A stiff coating
In §3 we considered the point-indentation of a soft substrate with a stiff coating. Using the scalings
(3.9) and (A 1), we introduce dimensionless coordinates, displacements, and pressure:

ρ :=
r

`I
, Z :=

z

d
, U(ρ, Z) :=

u(r, z)

εδ
, W (ρ, Z) :=

w(r, z)

δ
, Q(ρ) :=

`4I q(r)

Bδ
, (B.1a–e)

where `I is the horizontal length-scale for an incompressible foundation, (3.8b), and ε= d/`I is
the aspect ratio, (3.21). With this non-dimensionalization, the displacements U(ρ, Z) and W (ρ, z)

satisfy:

WZZ =− ε2

2(1− ν)

(
1

ρ

∂(ρUZ)

∂ρ
+ (1− 2ν)

1

ρ

∂(ρWρ)

∂ρ

)
, (B.2a)

UZZ +
WρZ

1− 2ν
=−2(1− ν)

1− 2ν
ε2
∂

∂ρ

(
1

ρ

∂(ρU)

∂ρ

)
, (B.2b)

in −1<Z < 0 and 0< ρ<∞, subject to the boundary conditions:

W, U→ 0 as ρ→∞, (B.3a,b)

Wρ = 0 and U = 0 on ρ= 0, (B.3c,d)

W = 0 and U = 0 on Z =−1, (B.3e,f)

WZ +
νε2

1− ν
1

ρ

∂(ρU)

∂ρ
=−CQ(ρ) and U = 0 on Z = 0, (B.3g,h)

W =−1 at Z = ρ= 0. (B.3i)

where Q(ρ) is given by the Kirchoff-Love plate equation:

Q(ρ) =∇4
HW (ρ, 0) +KI

δDirac(ρ)

ρ
. (B.4)
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For given values of ν and C, (B.2)–(B.4) describe a system for the substrate displacements U(ρ, Z)

and W (ρ, Z) with the problem for W (ρ, 0) over-determined determining the stiffness KI.
The system (B.2)–(B.4) can be solved by standard numerical techniques; we use the method of

finite differences after first eliminating U(ρ, Z) by cross-differentiating, to obtain the biharmonic
formulation of the elastostatic equations. This gives a fourth-order PDE for W (ρ, z), instead of a
second-order PDE system for W (ρ, z) and U(ρ, Z).

(b) Second example: A lubrication problem
In §4 we considered the equilibrium sliding of an infinite cylinder above an inclined soft substrate
within a viscous liquid. Using the scalings (4.9) and (A 1), we non-dimensionalize by letting

X :=
x

`I
, U(X,Z) :=

2R2 tan θ

`2I d
u(x, z), H(X) :=

2RH(x)

`2I
, (B.5a–c)

Z :=
z

d
, W (X,Z) :=

2R2 tan θ

`3I
w(x, z), P (X) :=

`2I p(x)

R3ρg sin θ
, (B.5d–f)

where `I is the horizontal length-scale associated with an incompressible response, defined in
(4.8b). The dimensionless foundation displacements U(X,Z) and W (X,Z) then satisfy:

WZZ =− ε2

2(1− ν) [UXZ + (1− 2ν)WXX ] , (B.6a)

UZZ +
WXZ

1− 2ν
=−2(1− ν)

1− 2ν
ε2UXX , (B.6b)

in −1<Z < 0 and −∞<X <∞, subject to the boundary conditions:

W, U→ 0 as X→±∞, (B.7a,b)

WZ +
νε2

1− ν UX =−ĈP (X) and UZ +WX = 0 on Z = 0, (B.7c,d)

and (B.3e,f) where ε= d/`I is the aspect ratio, (4.24), and P (X) satisfies Reynolds’ equation (4.10a)
with H(X) = ĥ+X2 − φ̂W (X, 0); this is to be solved subject to P (X)→ 0 as X→±∞ and the
integral constraints (4.10d–f).

Overall, given values for the dimensionless parameters ν, Ĉ, and φ̂, (B.6)–(B.7) with (4.10a,b)
and (4.10d–f) describe a system for the substrate displacements U(X,Z) and W (X,Z) and the
applied pressure P (X); the gap thickness, ĥ, translational speed, Û , and rotational speed, ω̂, are
determined as part of the solution since the problem for the pressure field P is over-determined.
This system can be solved using standard numerical techniques; we use the method of finite
differences and numerical quadrature with the nonlinear system solver fsolve in MATLAB.
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