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A”OTRACT

The aim of thais ‘thesis is to conduct a general‘investigation'

Qin the field of paroe matrlces, to 1nvest1gate and compare varlous

*;technlques for handllng sparse systems suggested in the llterature,jf[ 

 fto develop some new technlques, and to. dluCUSu the fea51b111ty of

~using sparsity techniques in the solutionIOf overdetermined equations .

5fana the eigenvalue p:dﬁlem.

Qhapter one is,mainly cqncernedﬂwith én introduction‘to the
" :suchct of thls thesis. it‘defiﬁes Somé,éf the terms which occur
' freouent1y in subseouent chapuers and 1ntroduces éhe notlon cf
~fsparsity‘ explalnlng somme of the characterlotlcs whlch dlmtlngUJSh

gva'sparse matrlx from a full one;‘, Slnce comblnatorlal technlques

”fand Drlnclnally the theory of graphs are used throughout thls thesms

°,:some rrraph theory terms are also deflned.:' Some dlscusolon of the
}n‘.aspects in the sparse natrlx fleld not dlscussed by this thesls is

'f’also,glven in this chapter.

The néxt five chapters deal‘with,direct,metpods of solving -

*?systems of large SParse'iinear‘equatiéns.  - Chapters two to four

‘adeal,with technigues for partitioning systemé so that the'inﬁfoduC€i6ﬁ

' 'of noN-zeros to the matrlx is conflned to partlcular reglons of ity
‘:.whlle chapter flve looks at controlllng growth of nonuzeros w1th1n,~ 5
“the whole system,andAchapter six investigates propertles of randomv5{;
matrices.
AChapter tﬁo discusses the impértanée of ordering a matrix so, f?ﬁ

‘that there are non-zeros on its'diagonal'and,COnsiders techniques of :

obtaining such an ordering for a general matrix. : A method is

u@gested dlscussed theoretlcally, ‘and shown to be con51derab1y

*ifaster than current technlques on a w1de range of matrlces. Inj_ﬁ‘gl

',thls cnapter, the equlvalence of blredu01b111ty and reduclblllty 1s

x,shown for a very wlde class of matrlces‘,
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Cbrpter three surveys several of the techniques avdilable for
ordering a matrix so that it is in bloc& triangular form. A graphh
theoretic‘framework is established in which these Current‘techniQuesei_’
are examinedzand fnom which a new method of block trianguiérisafipn;i
.is obtained. This method is found to be very competitive for a
certain ranée of sparse matrides and computed results indicate the.:'
'relative empirical.merits of some of.the'other techniques from which

conclusions of the_most appropriate technique can be drawn.

In chapter four, the discussion is concerned with matrices Which ;]T
can be ordered'SO_that they afe_nearly block triangular with only a
-few non-neros outside the block_triangulsr pattern. The equivalence
of tearing and the method.oftmodification.is discussed and an
-algorithm_for solvingisuch sets of,equations, which uses the‘structure
of the decomposition.to great advantage in maintaining sparsity, is
.elso described. The advantages of.using tearinrr technioues on syutemsiff
of equations:sri sing from Lanlace s equﬁtion ore examined.in some
-detail_and,it is seen thdtnwhile'savings of:therorder.of the numberrof
nesh points in ome direction”cenfhegnsdc'infthe-tWO dimensional case;

extensions*to-the_third_dimension;do;not‘indicate that direct methods

form a viable alternative oven_iterative'schemes;

.Chapter five carries a'feirlyﬂektensite survey of techniques'

for storing sparse.matrices and-discuSSes techniqueS'for selecting a.

pivotal sequence in GausSian elimination such that the number of non-

zeros introduced in the elimination process 1s kept low. Many

nurierical tests are done ondhoth;s’priori;and local orderings and it
is seen that even the best_a_?nioniforderings do not achieve the |
advantages of a local method. -Somelexamples sre given to showr'.
that methods which produce local-minimnm-fill-in do not necessarily
lead to giobal:minimum'fill-in, and-techniQues are examined for
redncing the time required for perfonning such en‘ordering;i

Comparisons of times and fill-ins for sore local criteria are given,



and it is seen that the more it is reQuired to reduce the fi1l;in3f*

the more time the algoritim will take. -

Chapter six indicafes'tﬁe draSﬁic fili—in~which’will occur igg;,
randoi matrices if no sparsity pivé£ing is employed. | A‘theoretiéa;;  £*
study of the fill—in to ragdom systéms when Gaussian elimiﬁationAisfﬁ'
performéd on them,is conductedfu51ng graph theory and formulae“
relating to £his £ill-in éré~found. The predictions of this theoryf
are seen to compare ektrqmély‘faVOurablyvwlth computed results fro@é}

a series of random matrices.

Chapter séven discusSeszﬁhé ieast,é@uareS'sbiution of sparse
overdetermlned systems of equatlons.{, Several currentlj used
techniques are d;scussed as regards the way in whlch they retaln; 
the snar51tJ of the 1n1t1al sgstem durlng the oolutlon proceés.
It is seen that the use of orthogonallsatlon technlques even w1th f;ﬁ
good plvotlnb strategles is unllkely to be very competltlve.
élthough it is seen by the productlon of manJ test examples, that

‘tne structure of the system can be v1tal 1» is- observed from a serles

of experlments that the method of W1lk1nson and Peters (1970) uouldAi

be the ‘best one for a general snar81ty-or1ented routlne.

In the flnal chapter, the elwen 1lue prob1em for sparse matrlces

is dlscussed Although 1tAls”proved thatv for the same plvotal

sequence, Householder R method of_'eductlonVcan never glve less
£ill-in than leens, nelther meth&d 1s:seen to be of any good for

preserving tne orlglnal spa £ system,even 1f Spar51tj oo

pIVOtlng techniques : qre u°11186d-5;'Uh11e for unsymmetrlc systems,7' o

the method of Gau551an reductlon is seen to 5e just feasible in a"ﬁ”
sparsity context, the smtuatlon for symmétrlc systems is much less TA%
pleasant. Some dlscu551on of technlques ¢or OVercomlng this problem o
is given and an algorithm for modlfylng ‘the tr;angalar factorlsatlon

is also stated. In this chapter there is also a detalled deucrlptloﬁ?7

of a symmetric sparse matrlxystorage~5cheme;
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ERRATA
Figure 4.3. The value of the element of the matrix
in position (4,9) should be 8 and not 7.

Line 2 of second paragraph. Change “unknown”
to “known”.

Line 5 after equation (4.22). Change “5” to “20”.

Equation at foot of page. Change "C}y_; to
n—lC
k—1-

Equation after line 1. Change "Cj_; to "1} _;.

Line 3 after 4.1 until end of paragraph. Delete
“while the eigenvectors ... diagonal block”.



Preface.

Abstract.

CONTENTS

1. Introductory remarks.

1.1

1.2
1.3
1.4

Introduction and some comments on thesis
organisation.

Sparse matrices.

Some notes on graph theory.

Possibilities for future work.

2. Selecting a maximal transversal.

2.1
2.2
2.3

24
2.5

Introduction.

A rationalisation and explanation.

The importance of selecting a maximal transversal
in sparse matrix analysis.

Methods for finding a maximal transversal.
Experimental results and conclusions.

3. Ordering to block triangular form.

3.1
3.2
3.3
3.4

3.5

Introduction.

Sparsity and pivoting considerations.

A brief look at some existing algorithms.

New and modified methods for permutation to
block triangular form.

Computational details, results, and conclusions.

4. Some comments on partitioning and tearing.

4.1
4.2
4.3
4.4

Introduction.

A short description of tearing.

Tearing and a factored form of the inverse.
Towards an optimal order for Laplace and some
final comments on partitioning and tearing.

5. Some comments on the solution of simultaneous
linear algebraic equations.

5.1
5.2
2.3

0.4

Introduction.

Storage considerations.

An examination of a priori methods of sorting a
matrix with a view to reducing fill-in in Gaussian
elimination.

Sparsity pivoting based on local criteria.

Page.

12
16

21
22
26

33
45

48
49
54
60

71

77
79
81
90

105
109
123

130



2.5
2.6

The feasibility of minimising the local fill-in.
A sparse matrix package.

6. A probabilistic study of fill-in.

6.1
6.2

6.3
6.4
6.5
6.6

Introduction.

A statement of the problem and an initial
approach.

A graph theoretic description of the problem.
The derivation of the formulae.

Experimental results.

Conclusions and a possible consequence.

7.  Overdetermined systems.

7.1
7.2

7.3

7.4

7.5

Introduction.

A brief discussion of the methods under
consideration.

A brief discussion of row orderings in Givens’
method and a comparison of Givens’ and
Householder’s methods.

Some theoretical reflections on a comparison of
the various methods.

Some experimental observations on a comparison
of the various methods.

8. Some reflections on the eigenvalue problem.

8.1
8.2
8.3
8.4

References.

Appendices.

Introduction.

The unsymmetric eigenvalue problem.
The symmetric eigenvalue problem.
Suggestions for further investigation.

136
143

147
149

153
155
158
161

163
165

171

182

192

198
201
216
225



Section

Section

Section

Section

CHAPTER ONE.

INTRODUCTCRY REMARKS.

Introeduction and some comments on

organisation.

Sparse matrices.

Some notes on graph theory.

Possibilities for future work.

thesis



Section 1. Introduction and some comments
: on thesis organisation.

This chapter serves as a general introduction to this thesis.
In it, some terms used commonly in this thesis are defined and it is
advisable for the reader to be fawmiliar with its contents before
enbarking on any reading of the later chapters. In secticn 2 of
this chapter, some comments are made concerhing sparse matrices and
ways in which they differ from full matrices. At this juncture, it
should be remarked that a matrix is corsidered 'sparse! whenever the
number of non-zeros in the matrix is substantially less than the
total number of its entries. A nmatrix which is not 'sparse' is
called Tfull"'. Because of the prominence of zraph theoretic
techniques in the development of many of the arguments in this thesis,
section 3 of this chapter has been devoted to establishing certain
defipitions used frequently in the subsegquent text. The field of
sparse matrix analysis is & very broad one and so, in spite of the
length of this thesis, for which apologies are made, it has been
impossible to examine every facet of it in three years research.
Therefore,part of section 4 has been devoted to e#plaining some of
the major aspects not covered by this thesis, the rest of the section

being concerned with possible future developments in the field.

The basic problems dealt with in this thesis are the solution

of the linear equations

Ax = b eees (1.1)
and the eigenvalue problem

Ax =Nz eees (1.2)

where A is a2 sparse matrix. For square non-singular A in
equation (1.1) the examination is restricted to direct methods of
solution based on Gaussisn elimination. Clearly, once & suitable

decomposition of the form

PAG = LU,



has been found, where P and @ are permutation matrices and
L and U are lower and upper triangular ones respectively, the
T .
solution to equation (1.1) with A replaced by A&~ can be obtained

without any further decomposition, since

QTaTPT = 1. v

where

Thus, throughout this thesis, although the discussion is centred.

on the matrix A, it should be_remembered that this dual problem

has also been effectively solved. When A is mx n{(m>n) in equation
(1.1), the investigation is restricted to the least squares problemn
where the solution to equation (1.1) is found in the l2 TOT M, The

eigenvalue problem (1.2) is discussed for both symmetric and

unsymretric square matrices A,

The author's motivation for doing this research has already been
mentioned in the preface to this thesis but it is not difficult to
see the importance of this topic in many fields of pure and applied
science. Tewarson {(1970c)} and Duff (1970) give impressive lists of
subjects where sparse matrix analysis has played a large and vital
part, and Sato and Tinney (1963) and subsequently many others have
pointed out the great gains to be made by using sparsity techniques.
There have been three major conferences in this field in recent vears.
A conference was held at Oxford in Baster 1970 (Reid (1971a)) and
two autumn conferences were held at the IBM Research Center at
Yorktown Heights in 1968 and 1971 (Willoughby (1969) and Rose and
Willoughby (1972)). The fact that these three conferences were
held and the variety of papers and contributions from various fields
given at them testifies to the importance of sparse matrix work.

Many sparse matrix references can be found in the proceedings of these
three conferences and a substantial number of other references are

given by Brayton et al (1970), Duff (1970), Tewarson (1970c), and



Willoughby (1970). In addition, the January 1971 editicn of fhe
IEEZE publication on circuit theory was devoted to computer aided
design and carries many papers and references on the use of sparse

matrix technigques in that particular field.

A summary of the main results in this thesis will be found in
the abstract. The introductory seétion to each chapter expands on
this initiel summary. The machines used in producing experimental
resulis were an English Electric KDF9 and an ICL 1906A at Oxford and an
IBM 370/165 at Harwell. When the research for this thesis was being
done, the KDF9 was passing out of existence, and it eventually expired
in December 1971. The only results used here which were generated
by this machine are some of those in chapter two, the bulk of the
computing being done on the 19064, Since the 1906A works in a
multi-programming environment it is difficult to get an accurate and
meaningful estimate of the time taken for the procedures tested and
the times given as 19064 milltime are, in fact, times based on the
number of operations which the procedure performs. Since the method
of charging for the use of the 19064 is based on a similar estimate,
it seems a reasonable basis on which to obtain times to compare
procedures. The programming language used on the 1906A was ALGOL
largely because the author is more accustomed to using it and because
of the superior debugging facilities present in the compiler for this
language. It should be remarked, however, that an identical program
in FORTRAN on the 19064 is likely fto take up to half as much time as
its ALGOL counterpart and so would be obviously preferred if the
procedures were to be used in a production context. Because of the
IBM bias towards FORTRAN, this language was used on the 370/165 for
the results given in chapters seven and eight. This machine is
considerably faster than the 1906A but no comparisons have been made
between runs on the different machines nor,indeed, on the IBM machine
itself. Several programs used to produce the results are given in

the appendices. 0f 211 the programs used in the production of the
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results in this thesis only a few have been selected for inclusion
in these appendices. The basis on which this selection was made has
been to only choose programs which either illustrate some important
facet of sparse matrix analysis or which the author believes might be

useful to future entrepreneurs in the field.

This thesis is divided into eight chapters, an introductory
chapter and seven other chapters which are basically self-supporting
units eéch containing an introduction including a survey of the chapter
and a summary of the main results contained in it. In general, the
experimental results for each section are to be found in tables or
graphs at the end of the section and eguations and figures are
numbered by sections. Thus, figure 2.3 refers to the third figure
of section 2. Cross-references of figures and equations always refer
to the appreopriate section of the chapter in which the cross-reference
is made unless an explicit éhapter reference is given with it. The

numbering of tables and graphs is conducted similarly.



Section 2. Sparse matrices.

It is certainly true that sparse matrices are not a mystical

new beast but are rather a mutant form of an old beast. They are
subject to the normal laws and conventions of ordinary matrix
analysis, and, throughout this thesis, the accepted conventions in
matrix terminology and notation have been adhered to. Thus, capital
letters are used to refer to matrices, the element (or entry) in the
ith rowand J th column of the matrix A is denoted by a1y and
the 3 th row and J th column of A are written as Ai- and A-j
respectively. The only deviation from normal convention is that the
term elements is often used to refer only to the non-zerc elements of

the matrix although the meaning in individual cases should be

abundantly clear from the context.

Nothing is the most important feature of the sparse mutant. That
is to say, great advantage can be taken of the fact that most of the
elements in a sparse matrix are zero. Since 0pérations with zero
elements can be avolided altogether, it is possible to make great savings
in operation counts as well as storapge by the suitable organisation of

sparse matirix procedures.

It is often a question of debate as to what is meant by 'operation
count'. In most sparse matrix procedures a useful measure of
'operation count' is the fotal number of divisions and multiplications
in the procedure. In the 1906A, a floating-point division takes
5.97 microseconds while floating-point multiplications and additions
{(subtractions) take 2.04 and 0.95 microseconds. respectively. Hence,
since the number of divisions in mest matrix processes is low and a
multiplication is very often accompanied by an addition, the total
number of multiplications and divisions is likely to give a good
estimate of the computatiohal cost of a matrix process. It
is this measure which is used throughout this thesis. However,

it should be borne in mind that the fixed-point overheads



)
(for example, accessing an array element or going through a loop), which
are present in most sparse matrix codes, represent a very significant
proportion of the total work done. The above-mentioned operation
count can be used for comparisons of procedures since the fixed-point
overheads are likely to be roughly proportional to the number of
operations, but it is not suitable as an absolute measure of the work
involved in the process. It is by avoiding such fixed-point operations
that Gustavson et al-(1970) can make gains of a factor of about 3 aver

sparse matrix codes which include such operations.

In fullrsystems, the relevant factor for storage and operation
éounts is n, the order of the matrii. Thus, it requires O(nB)
operations for the LU decomposition of a matrix, or the multiplication
of two matrices, O(na) for the solution of subsequent right hand sides
and for the multiplication of a vector by matrix, and n2 units of
core to store the matrix in a machine. For sparse systems, the
relative factors are the number of non-zeros in the matrix, and the
number of non-zeros in a row (say, row i) or a column (say, column j)
of the matrix. Throughout this thesis, these will be denoted by
T, Ty and Cj respectively. Thus, for example, the first stage
of LU decomposition (L unit triangular) will require r1(c1—1) + 1
operations in the sparse case as opposed to na-n+1 in the full case.
Since r. and cj are typically less than one tenth of n, this
initial stage for the sparse matrix involves only about 1% of the work
for the full case. It is very important in sparse matrix analysis to
derive the maximum benefit from this type of gain and to ensure that
the advantage of having many elements zero is kept as much as possible
during the elimination process. Thus, it would he very desirable if
a pivotal sequence was obtained which ensured that the sparsity of the
initial matrix was kept throughout the process and was reflected in
the form of the LU deccmposition. The standard example of this is

shown in figure 2.1, where zmero elements are represented by blanks and

non-zeros by x, as is the general convention in this thesis.
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figure 2.1

If the (1,1) element is chosen as pivot at the first stage of the
elimination, then cleariy the fill-in will be total and so all
advantageous properties of the great sparsity of the initial matrix
are totally lost. If, however, the decomposition is performed with
pivots selected from the diagonal with the (1,1) element chosen last,
then the LU decomposition will contain no more nonw-zeros than the
initial matrix and will take O(n) instead of O(nB) operations to
perform. This type of pivoting is called sparsity piveoting and is
considered in more detail in chapter five. While it is certainly

true that the pivotal sequence chosen by sparsity pivoting is very
unlikely to be the same as that for pivoting based on contreolling
numerical stability (Wilkinson-(1965)), it is most certainly not always
the case that such a strategy is unstable. In fact, it is sometimes
the case that, since rounding errors can only occur when arithmetic
operations are performed, sparsity pivoting gives betiter results than
total pivoting. This has been observed experimentally when elimination
has been performed cu a matrix of the form of figure 2.1 where the
element (1,1) is the largest element. In practice, however, it is
desirable to keep some check or control on the stability of the
elimination process since there are no satisfactory a priori upper
bounds to the errors induced if syarsity pivoiing iz used. This can
take the form of a control over the growth in size of the non-zero
elements in successive reduced matrices (Reid (1971c¢c)). Even in the
full case, it is desirable, when sclving a set of equations, not to
calculate and store the explicit inverse of the coefficient matrix

since significantly more work has to be done to obtain it. However,



in the sparse case, there are even more reasons for storing a
decompesition of the matrix as opposed to its inverse. This is
because the inverse of a sparse matrix is usually very full while its
LU decomposition is often not much denser than the original matrix.

In fact, it is customary to store L and U in factored form where

L“'] = IJ o L ) - s eas (2-1)
n 1
and
v oot ot eeee (2.2)
2 .
with
PAQ = IJU > e (2.3)

(P and @ permutation matrices), in order to reap the full benefit

of the original sparsity of A. (Tewarson (1966}, (1967a)).

Although much stress has been laid on the importance of zeros in
a sparse matrix, it is their guality as well as their quantity which
is of interest to the sparse matrix analyst. That is to say, it is
not only the number of non-zeros but thelr position which is important.
This fact is particularly significant in chapters 2, 3 and 4 of this
thesis where a main concern is over the bireducibility of a matrix.
A matrix A is bireducible if there exist permutation matrices P and Q

such PAG has the form of figure 2.2.

figure 2.2

If § = PT, then A is said to be reducible, 1t would seem to be
obvious that a matrix is more likely to be reducible the higher
vrercentage of zero elements it has. GCertainly such a correlation
exists but the property of reducibility is to a large extent dependent
on the position of the non-zeros as well as their number. This is

brought out most forceably in the examples of the following figures.
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In figure 2.3(a) M, is a matrix of order n-1 all of whose
elements are non-zero, the last column of the matrix in the figure
has all non-zero entries while the last row has zeros in the first

n-1 positions. Clearly, the matrix of figure 2.3(a) with only n-1
zeros is reducible while the matrix in figure 2.3(b) is not even
bireducible even although it has n2-2n zero elements! Undoubtedly,

however, the matrix of figure 2.3(b) is of more interest in a sparsity

context,.

Because of this importance of structure it is quite often of
interest to examine in some detail the sparsity structure of the matrix
as opposed to the actual values of the non-zeros concerned. This
examination is performed.on the Boolean representation of the original

matrix. The Boolean representation of a matrix A is a matrix whose

entries are either 0O or 1, the element bij being 1 if and oanly
if the corresponding element, aij’ of A is non-zero. The term
binary is also often used for such a matrix. It is, of course, true
that, when matrix algorithms are performed using Boolean arithmetic
(141 = 1) on Boolean represeantations, the effects of numerical
cancellation and instability in the process are ignored (see, for
example, chapter seven). Phe first defect is, however, not very
worrying since most numerical cancellation is dependent on the initial
value of the non-zeros which may well vary even although the sparsity
structure remains fixed, This means that most sparse matrix codes
for use on general matrices cannot take advantage of such cancellations
anyway and so they can be happily ignored in any theoretical

investigations. The second defeét is dependent on the purpose for

which the Boolean form is being used, The use of it in chapters 2 and 3
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causes no worries on this score, while its use in the theory of
chapter five should not bias the results greatly as can be observed
from the work of Curtis and Reid (19714). Willoughby (1971c¢) avoids
this difficulty of cancellations by considering M matrices (Fiedler
and Ptak (1962)). 1In this short discussion of Boolean representation,

the following two definitions can he made. The Boolean inverse of a

matrix A, defined for matrices whose diagonal elements are non-~-zero,
is a (0,1) matrix which has its j th column equal to the result of
solving

Ux = L e, aswe (201‘[')

where L and U are the matrices of eguations (2.1)to (2.4), the
decomposition has been done on the Boolean representation of 4, and
equation (2.4) is solved using Boolean arithmetic with ej being the
j th column of the identity matrix of aprpropriate order. A theorem
on Boolean inverses is proved in the next section of this chapter. A

second definition is that of structural non-singularity. A general

matrix is structurally non-singular if there exists a set of real
numbers which may be assigned to the possible non-zeros of the matrix
to make it non-singular. Thus, non-singular matrices are structurally
non-singular but the converse does not hold, an example being given in
figure 2.1 of chapter two. In faect, a matrix is structurally non-
singular if and only if the permanent of its Boolean representation

is non-zero (Marcus and Minc (1965)),

This discussion of Boolean representations of structured matrices
highlights one of the major deficiences in this field. This is the
lack of non-artificial examples of structured sparse matrices.
Throughout this thesis, use has been made of th:ee structured matrices
whose sparsity pattern has been described in the literature. One is
a 54 x 54 matrix obtained by A.R. Curtis (UKAEA, Harwell) in the
solution of stiff differential equations arising from calculations on
biochemical reactions and is illustrated in Curtis and Reid {1971c).

A 57 x 57 matrix is also used and was again obtained from stiff
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equations this time arising in circuit theory calculations. An
illustration of this ma£rix can be found in Willoughby (1971b). The
third structured matrix is of order 199 and was obtained from stress
analysis calculations, It is illustrated in Willoughby (1971b).
Matrices identical to these three are used in chapters 2 to 5.
Chapter eight uses identical matrices to the first two, but the 199
case is altered by having non-zeros added so that all its diagonal
elements are non-zero. In chapter seven, this is again done to the
199 case and, in addition, an extra row with a non-zero irn the first
column is added to ail three matrices. Throughout this thesis thesé
three matrices and their variants are called CURTIS 1, WILLOUGHBY 1

and WILLOUGEBY 2 respectively.

Randem matrices have also been used throughout this thesis.
These matrices have been used because of the ease with which they can
be generated and the lack of readily available structured examples.
They have non-zeros on the diagonal and each of their off—diagonalr
elements has probability p of being non-zero. In the actual
implementation, a congruential pseudo-random generator was used to
generate the indices of the non-zeros. This generator had a cycle
of 2996203 on the 19064 and 230 on the 370/165. Tke procedure
which was used to generate random matrices on the 19064 is given in
the appendices, Although it is certainly true that particular
algorithms operating on structures for which the algorithm was
specifically designed will not have this performance reflected when
tested on random matrices, it is probably true to say that if an
algorithm performs comparatively well on a selection of random matrices,

it will also do well on a wide variety of structured ones.
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Section 3. Some notes on graph theory.

In mest of the chapters of this thesis, graph theory plays an
important role. It is used in order to aid the visualisation of
procedures and to simplify some of the prcofs. It is true that the
world divides into two-groups, the matrix men and the graph men and
and the author is one of the latter, but in many instances the
interconnection between networks, graphs, and matrices is so evident
that it seems foolish not to use this obvious alternative description
of some of the processes being explained. Certainly, it is difficult
to envisage how the theorems in chapter six could be proved without

the use of graph theory.

There have been numerous publications on graph theory but among
the more general reference works have been hooks by Kénig (1950),
Berge (1962), Ore (1963), Harary (1969), Busacker and Saaty (1965),
Dulmage and Mendelsokn (1959), and Harary, Norman and Cartwright (1965),
The first five references deal with the theory of general graphs while
the last two authors specialise in bigraphs (see chapter two) and
digraphs respectively. Many people have indicated the strong links
between graph theory and sparse matrix analysis among whom can be
numbered Carre (1966), Dulmagé and Mendelsohn (1962,1967),
Harary (1959b, 1962a, 1962b, 1971), Mason (1953), Parter (1960, 1961),
Ponstein (1966), Read (1971), Rose (1970, 1971) and Tewarson (1967a).
. Definitions of most of the terms used in this thesis can be found in
the above-mentioned literature although, for the benefit of the reader,

some of the more commonly used terms are defined here.

A (finite) directed graph (digraph) is composed of a (finite) set, X,

of points and 2 set, E, of directed lines whose members are ordered

pairs of points. E is called a line set. Thus a typical member of
set E might be (x,y), where x and vy e X. The directed line (x,¥y)
then joins or links the point x to the point y in the digraph and
the poirt x is said to be joined or linked to the peint y. The

digraph described above would be denoted by G(X,E). A directed path
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(dipath) is said to exist from the point a to the point b, if
there exists a sequence of directed lines from a to b. That is, if

there exists a set of ordered pairs of the form

(a,xi), (x1,x2), (xz,x3) - (Xn-1’xn)' (Xn,b)

in the set E. If such a dipath exists from point a to point b,
then a 1is c¢onnected te b in the directed graph and b can be
reached from a 1in the digraph. If the points in the digraph are in
one-to-one correspondence with a subset of the positive integers
(generally the subset is (1, .. n) where n is the number of peints
in the digraph),rthen the digraph is said to be labelled. A subgraph
of a directed graph G(X,E) is itself a directed graph which has as
its point set a subset of X and has as its line set those lines in
E for which both elements of the ordered pair lie in X. A complete
subgraph or digraph (also called a clique) is a digraph where the line
set consists of all possible pairs of points in the point set. A

subgraph of a digraph is a strong component if every point of the

subgraph can be reached from every other point of the subgraph.

A directed cycle in a digraph is a dipath beginning and ending at the

same point; it is simple if no points (apart from the first and the

last) are repeated in the dipath. A graph is connected if for any

two points a and b, a can be reached from b or b from a,
A connected acyclic graph is called a tree. A point has indegree

{outdegree) egual to the number of ordered pairs in E for which it

is the second (first} point of the ordered pair. A cutpoint is a
point whose removal will result in a connected graph becoming

disconnected. A cutpoint set is a set of points whose removal will

leave the remaining subgraph disconnected.

Most of the above definitions also apply tc a undirected graph
(also called a graph}, the major difference being that the pairs in
the line set are unordered, ({a,b) being the same line as (b,a).

If points a and b are linked in a graph, they are called ad jacent.
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Such a graph is triangulated if for every simple cycle containing

more than 3 points there exists a line joining any two non-adjacent

voints of the cycle. A triangulation of a graph is performed by

adding lines to the original graph so that the new graph formed is
trangulated. Definitions similar to the above but applicable to
bigraphs are given in section two of chapter two. In much of the

literature the term nodeor vertex is used to denote a point while the

term edge is used instead of line.

Matrices are generally associated with graphs in the following

manner, The adjacency matrix of a graph is a matrix whose elements

are either O or 1 and whose (i,j) th entry is 1 if and only if
there is arn ordered pair (i,j) in the line set of thergraph.
Similarly, a graph can be associated with a matrix by letting line
(i,j) exist if and only if the (i,j) th entry of the matrix is
neN=-zero. In an obvious manner, undirected graphs can be associated

with symmetric matrices. The reachability matrix, R, of a digraph

is Boolean and has rij = 1 1if ard only if the point i 1is connected

to the point j by a dipath in the digraph.

Many graph theory algorithms have been developed (see, particularly,
the al;ofithms section of Communications of the ACH)} which find, for
example, the longest vaths, the strong components, or the cycles in
graphs and some of these can be put to use in sparse matrix algorithms
particuiarly the ones in chapters 2 to 4 on assignment sets and
partitioning and tearing. Some principal exponrents in this graph
analysis field have been Warshall (1962), Thorelli (1966), Tiernman (1970)
Purdom (1970), and Paton (1971). Indeed, it is sometimes the case that
such a graph analysis procedure is an integral part of a sparse matrix
scheme.,  For example, the work of Bree (1964) on linear equations or
Barkley and Motard (1972) on tearing reguires the use of an algorithm

to find cutpoint sets (Paton (1971)).

Most of the graph theorems used in this thesis are either obvious

or have appeared in the literature mentioned earlier although several
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proofs are given explicitly in chapter three. The following theoren
is now proved here since the author has not been able to find a
correct proof of it in the literature. It uses the Boolean inverse

of a matrix which is defined in the previous section of this chapter.

Theorem 3,1

The (i,j) th entry (denoted aij) of the Boolean inverse of a
matrix, A, 1s 1 if and only if the point 1 of the directed graph

associated with the metrix is connected to the point j.

FProof,
As mentioned in section 2, the Jj th column of the Boolean
inverse of A is obtained by finding the solution to the set of

eguations

L{Ux) = ej sems (3-1)

where ej is the j th column of the identity matrix and I and U

are the factors in the Boolean LU decomposition of A,

How, the i th entry of x (which is aij) in equation (3.1)
is 1 if and only if there exists an 1 (141<n) such that there
is a dipath in the digraph of L from 1 to j and a dipath in the

digraph of U from 1 to 1.

Since any path which exists in the digraph of A also exists in
the digraph of the wmatrix € where
1.. iz]
cl:] = { 1J
uij iej]
because no cancellation occurs in Boolean decomposition. Hence the

sufficiency part of the theorem has been proved.

Furthermore, if any two points in the digraph of L or U are
jointed by a directed line, then they were connected by a dipath in
the digravh of A, Therefore, 1 1is connected to j and i is
connected to 1 by dipaths in the'digraph of A and the necessity

part of the theorem has been proved.
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Section L. Possibilities for future work.

This thesis is similar to its topic inasmuch as it is open ended.
Although several aspects of sparse matrix analysis are examined here,
it by no means covers all facets of the subject nor is it claimed to
be a closed book on‘the field. This section indicates some of the
major parts of the field which are not discussed at any length in the
thesis and indicates which paths are likely to be worth exploring in
the future.

Throughout this thesis the only method of solution of linear
equations which is discussed in depth is that of Gaussian elimination

L

with pivoting. In this solution process, the matrix is reduced to
upper triangular form by means of successive premultiplicatiocns by =n
elementary lower trisngular matrices which are stored as a factored
form of the L_"I in the LU decomposition of A. Part of the reason
for this is that it has been showr by the work of Brayton et al (1970)
and others that This elimination form of the inverse is a method of
sclving equations which does, in general, take best advantage of the
sparsity of the original matrix. For this reason neither the product
form of the inverse (Tewarson (1966)) nor orthogonalisation methods
(for example, Tewarson (1968}, have been discussed in detail, and the
results of chapters seven and eight would seem to indicate that the
latter metheds are especially bad. Certainly row Gauss elimirnation
(Gustavson (1972) and suggestions in chapter seven) ard Crout reduction
(Gustavson et al (1970)) are possible variants of Gaussian elimination
which could be used successfully, but the sparsity analysis for these
methods is similar to that described in this thesis for the straighte-
forward method. In addition, no mention has been made in this thesis
of the variabilitj typing of elements where different attributes are
allowed to a non-zero depending on its dependence on different
independent variables. This is at present a very fruitful source of
research in integration and the solution of non~linear equations,
Hatchel (Hatchel et al (1971), Hatchel (1972)) being one of the

principal pioneers in this field (see also, Lo Data (1970)).
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Iterative techniques (Varga (1962)) have scarcely been mentioned
here, nor has the finite iteration method of conjugate gradients
(Reid (1971b)). Evans (1972) has done several experiments in the
use of iterative techniques for sparse systems and the discussion on
the example of the three dimensional Laplace's equation in chapter
four would seem to indicate that further research in this field might
be fruitful. Itérative methods of finding the inverse (Hershkowitsz
and Noble (1965)) or of solving sets of equations (Khabaza (1963)
who uses a truncated form of conjugate gradients)using matrix
multiplications have not been discﬁssed,and it is not believed that
they offer a viable alternative method of solfing sets of sparse

equations.

Perhaps one of the most open of open guestions in numerical
linear algebra at the moment is that of scaling. It is assumed that,
before the pivot selections for any of the algorithms in this thesis
are made, the matrices under consideration have already been well-
scaled. The meaning of well-scaled is also a question for debate,
but it is generally assumed that no element of the matrix is dominant
over the rest in size and that all matrix elemenis have a weight
appropriate to their influence in the problem under consideration,
Curtis and Reld (1971a) have conducted a number of experiments on
scaling by taking well-scaled matrices, deliberately making them badly
scaled, and then attempting to recover the original well-scaled matrix
by using scaling technigues. They have found that a least squares
minimisation of the sum of the squares of the logarithms (Hamming
{(1971)) pives better resulis than nminimising the maximum of the moduli
of the logorithms in a minimax sense (Fulkerscn and Wolfe (1962)) or
than using successive applications of row and column equilibration.
One of the reasons for the superiority of the least squares method
over the minimax method is that the minimax method will lay too much
gtress on very small elements which will, perhaps, be small in the

original wellw-scaled problem. There is evidently, however, more work



18

both in theory and practice that could be done on this problem.

It is certainly true that bandwidth minimisation (see references
in chapter eight and Cuthill (1972)) is no longer a very popular tool
for the solution of linear algebraic eguations. In addition, there
appear to be fairly well-defined limits to the amount of imagination
that can be used in such processes. However, there may be some
future in examining such techniques with a view to incorporating them
in eigenvalue procedures as was suggested in section 4 of chapter
eight. In fact, the results of chapter eight seem to indicate that
there is plenty of scope in the field of eigensystems of sparse
matrices for future work. Clearly, the classical methods of
reduction to condensed forms, particularly in the case of symmetric
systems, offer little encouragement toc the sparse matrix analyst and
avenues like those mentioned in section 4 of that chapter are worth

expleoring,

Virtually no mention has been made in this thesis on the solution
of non-linear systems. Certainly much of the work of chapters 2 to 4
is directly applicable to non-linear systems as is explicitly stated
in the papers of Steward (1962, 1965) and Sargent and Westerberz (1964),
and since technigues for solving non~linear systems often involve
iteration on linear systems, the sparsity technigues for linezr systenms
described in chapter five and seven are directly applicable in the

non-linear case (see, for example, Reid (1972h)).

Kot terribly much has been said about the implementation of the
algorithms.,. This thesis is concerned with considering codes
applicable to the solution of general systems, but another approach is
to have a pilot program which can generate a code to solve a particular
sparsity structure. An example of this symbolic generation is found
in Gustavson et &l (1970). Evidently, there ié a future to pursuing
this approach to solving equations as can be seen in the worlk of
Erisman (1972) who has developed this method so that the defect of

having too much generated code is overcome and the algorithm is
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proportionately speeded up. Some other techniques {(which can also be
used in the case of full matrices) can be incorporated into solution
procedures. An example of this might be the use of Winograd's
identity (Winograd (1968)) for calculating an inner product. This
halves the number of multiplications at the cost of doubling the
number of additions, clearly a saving in the computing costs for most

machines.

Some work has been done recently in developing specialist
languages. For example, Nuding and Kahlert-Warmbold (1970) have
developed a language for dealing with matrices, while Rheinbeldt and
Heztenyi (1972) have developed a graph algorithmic language. APL
(IBM) could also be considered a matrix oriented language. Certainly,
just as it is easier to program in high level languages than machine
codes, the use of such higher level languaées does make the manipulation
of the structures they are designed to deal with easier, but they often
obscure the actual fundamental processes being executed and make a
getalled analysis difficult. Certainly, they have their uses in
computing science and algorithm development but te ercourage their
development would be to encourage their use .. not a particularly good
thing for the reason mentioned above and, in addition, perhaps not all
that useful because the high specialisation of such languages forbids

the interdisciplinary nature of the field of sparse matrices,

Little mention has been made of the dynamic programming techniques
of Bellman (1957), but they have been put to use in several sparse
matrix procedures. For example, Sargent and Westerberg (1964) and
Spillers and Hickerson (1968) suzgest their use., Certainly they
facilitate searches for optimal results but as yet the speed (or lack

of it) of using such techniques has put them out of favour.

Finally, there has to date been too little detailed examination
of the structures of sparse matrices arising in practical problems.,

Tewarson (1971) and Harary (1972) have made some attempt at &
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classification of structures but theirs is a theoretically-based
one and gives no indication of the relative occurence of the various
structures in practice. In this thesis really only 3 sparse matrix
structures are used and it would be very useful if more were readily
available. This availability could well give rise to the
development of specific techniques to deal with specific commonly
cccurring structurés or hybrid methods applicable to some broader
band in the calssification, It is certainly interesting to create
examples to show what can arise (see the various counter-examples
in this thesis or Wilkinson's example (1965) showing the failure of
partial pivoting), but it is arguably more useful to consider examples
which are likely to arise. For some sparse matrix problems, it is
often the case that there is an 'obvious' way of tackling them and it
would be interesting to find out how common these 'obvious' ways are
in practice. Maturally, this examination would have to ineclude
matrices from many different fields and it might be found that
specialist procedures made for matrices arising in one field were

better than any attempt at general sparse matrix packages.
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Section 1. Introduction,

The subject discussed in this chapter has perhaps received
more attention in the literature than any other particular part
of this_thésis. The topic has appeared in a number of papers
under various guises in several different branches of applied
mathematics from graph theory to operations research. All the
algorithms which the author has been able to find in the literature
are developed from the algorithm of Marshall Hall (1956) to whom
should probably go the credit for first tackling this problem in
an algorithmic form suitable for computation. The various
papers differ in their method of presentation of the algorithm
and one or tw§ of the more interesting ones will be looked at in

the next section.

The purpose of this chapter is threefold. Firstly, to
explain what is being done in a sparse matrix context when the
maximal transversal is selected and to correlate and rationalise
previous attempts in this field. Secondly, to explain why this
topic should have any importance in the fiéld of sparse matrix
research. And finally, to give a simplified form of the selection
algorithm and an extension to it which greatly reduces computing
costs by accelerating the transversal selection process
considerably. Comparison runs for various methods on the KDF9

and 1906A machines are also given.
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Section 2. A rationalisation and explanation.

4 longer but perhaps more explicit title for this chapter
might be "finding a permutation of a matrix which puts non-zeros
on the diagonal, Such a permutation will exist if and only if
the matrix is structurally non-singular and is really an alternative
definition for structural non-singularity (see chapter one). If a
matrix is non-singular then certainly such a permutation exists
but singularity does not imply that it does not exist. The

example in figure 2.1 illustrates this.

()

figure 2.1

The origins of the study of this problem are to ke found in
the various assignment problems (bottleneck, optimal, and Hitchcock)
occurring in the field of operations research, (see Munkres (1957},
Ford and Fulkerson (1957), Kuhn (1955), and Dulmage and Mendelsohn
(1963b),., Since the initial algorithm was published (Hall (1956))
several authors have described a variety of essentially similar
algorithms under various guises. Every algorithm uses basically

the theorem of Philip Hall (1935) which can be stated as follows:

Theorem (Philip Hall)

Consider a set ﬂu of subsets A1,..An of a universal set S.
Then it is possible to select one element from each subset such
that the n elements chosen are distinct if and only if the set
theoretic union of every selection of k of these subsets (1€ k € n)
contains at least k distinct elements. Such a set of distinct

elements, one from each subset is c¢alled a system of distinct

representatives (SDR).
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It is this SDR, not necessarily unique, which Marshall Hall's
algorithm finds {or if a full system of n elements does not exist,
his algorithm finds a maximal such set of distinct elements from

different subsets). As an example, consider the set of subsets
£1,3%, 321, £1,2% from the universal set N, say.

Then an SDR for this system would be 3,2,1 which is, in this case
(but not in general) a unigue SDR. If the subset Ai is identified
with the row (or column) i of a matrix of order n and its elements
are the column (row) indices of the non-zeros in row (column) i,
then to obtain an SDR is to be able to assign a set of n non-zeros
such that no two lie in the same row or column of the matrix. An
obvious permutation then puts this non-zero assignment set onto

the diagonal of the matrix and the problem is solved. If the above

example is considered then the matrix of figure 2.2 is obtained

X 0} x

figure el

where the x's represent non-zero elements., The above algorithm
yields the SDR represented by the reverse diagonal of the
matrix and the row permutation (1,3) brings these onto the main

diagonal.

The two main publications in the operations research field
tackling this guestion have been by Ford and Fulkerson (1962. P-55)}

and Yaspan (1966) where they use the term admissable elements for

non-zeros and describe Hall's method for finding a maximal assign-

ment identical to the SDR above. Simonnard (1962) has also
published a revised version of the Ford-Fulkerson algorithm in

his book on linear programming.



The paper of Dulmage and Mendelsohn (1963a) addresses itself
to a more general theory of assignments in bipartite graphs but
the algorithm which they develop for decomposing the graph (p.187)
can be seen to be a generalisation of Hall's 1956 algorithm. The
terminology of their paper is explained here since the terms are
similar to those used in this thesis. The algorithm, however, is
too general for the present purpose and so will not be digcussed

here.

A bigraph is defined to have two sets of points § and T
and a set of lines E. A line (s,t) belongs to E implies that
s &8 5 and t e T, A subgraﬁh of this graph is a set of
points and lines belonging to 8, T, and E respectively such that
any lines in this subset join points of the subgraph énly. A

transversal is a subgraph, every point of which has exactly one

line {(i.e. no two lines of a transversal have a point in common).

The order of a transversal is the number of its lines and a

transversal of maximum order is said to be a maximal transversal.

With every matrix there can be associated a bigraph by making the
points of set S correspond to the rows of the matrix, the points
of set T +to the columns, and having line (i,j) belonging to E

if and only if element 2, 5 {(the element in row i and column j)
of the matrix is non-zero. . For any matrix A of order n ,
each term in the fully expanded form of the determinant of a matrix
consists of the product of the elements of the matrix, no two of

which come from the same row or column,
. £ . Q.
e, , ¢ d-li' ﬂ = (“) &L.S\Gﬂ'lsz e LMSM’ ..--(2.1

where the sum is taken over all permutations of (11"1n )l
31"jn

among integers 1..n where € = 1 or O.

2k

)



Thenrthere is a one to one correspondence between the
transversals of order n and the non-zero terms in the expanded
form of the determinant. In particular, any non-singular matrix
of order n will always have at least one maximal transversal

of length n (Duff (1970 p.95)). This transversal language is.
used by Weil and Kettler (1969) who have perhaps given fhe
clearest exposition of Hall's algorithm in matrix terms.
Unfortunately, they do not give any algorithm or detailed
description of the method but merely a sketch of what it is about.

This defect is remedied in section 4 of this chapter.

Another person to seriously tackle this problem from the
standpoint of sparse matrices has been Steward (1962). He calls
this set of n elements taken from distinct rows and columns an
outvut set since element aij£ 0 1is taken to mean that variable
J occurs in equation i of the system of linear equations Ax=b,
where x and b are both column vectors of order n. If
element aij is a member of the output set, the unique variable

j d1s the output variable of equation i while all other

£0,

variables appearing in eguation i (all- k for which Bt

k # j)} are called the input variables of the equation.

25
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Section 3. The importance of selecting a maximal

transversal in sparse matrix analysis.

The first part of this section explains why it is desirable
to permute the matrix so that the diagonal elements are non-zero.
The latter part then indicates (see theorem on page 28) that the
block triangular structure remains unchanged irrespective of which
n non-zeros are permuted to the diagonal. Thus it is necessary
to select only a single output set and it is unnecessary to utilise

Steward's algorithm (1962) to find further output sets.

Clearly, for the solution processes on block triangular
systems (see chapter 3} it is necessary that all of the diagonal
blocks are non-singular and therefore there exists at least one
non-zerc term in the expanded form of the determinant. Row and
column permutations within each block can then be used to order
these non-zeros onto the diagonal. Since this type of permutation
does not alter the block structure of the matrix, there is no loss
in generality in assuming that the permutation which puts the
matrix into block triangular form is a combination of an ordinary
permutation to put non-zeros on the diagonal followed by a
symmetric permutation to put it into block triangular form. That
is to say, the permutationrof a matrix to block trisngular form
can be envisaged as a two stage process. The first stage is
an unsymmetric permutation to put n non-zeros on its diagonal.
This can be considered as, for example, a column permutation only.

The following argument Jjustifies this.

Clearly, any symmetric permutation PAPT corresponds merely
to the renumbering of the points of the directed graph of A and
s0 the structure of A and PAPT will be the same for the purposes
of this discussion. This is denoted by S(A) = S(PAPT). Hence,

for any matrix A and any arbitrary permutations P and @Q, it



is true that

S(PAQ) S(PTPAQP)

S(AQP)

]

s(aq,) , say.

and thus it is possible, without loss of generality, to consider

only column permutations of A.

The second stage is considered as a symmetric permutation
to order the rows and columns in the appropriate diagonal blocks
so that they are together in the final matrix. This process is

shown in eguations (3.1) and (B.é).

]
=

AQ [N (3-1)

=P
I
e
e
1
[ ]

.. (302)

where A is a general non-singular matrix of order n

A1 has 211 its diagonal entries non-zero

Pl
and A 15 block triangular,.

If the step indicated by equation (3.1) is not performed,
then the example of figuré 2.1 shows that a P as in eguation
(3.2) may not exist to render the matrix block triangular although,
after choosing a § satisfying equation (3.1), P does exist.
For the example in figure 3.1 a suitable Q is shown in figure
3.2 giving a block triangular matrix if the matrix P of

equation (3.2) 1is the identity matrix of order 2.

- -

igure 3.1 igure 3.2

Cbviously there is, in general, more than one matrix @ in

equation (3.1) which can permute the matrix to ensure that A1



has non-zeros on its diagonal. It is the object of the following
theorem to show that the structure of the block triangular form is
independent of this Q. This theorem has already been stated in
an intuvitive manner by Steward (1962) and in a philosophical one
by Duff (19%Q) but the following is a more concise statement

followed by a proof of the statement.

Theorem 3.1

The block triangular form of any matrix A is independent
of the set of n non-zeros that have been ordered onto the

diagonal prior to the block triangular form being found.

Proof.

Before commencing this proof note that, whenever it is stated
that a column j belongs to a block Aj,-it is meant not that all
of the column is in the block but rather that part of it is and no
other part is in any other diagonal block. A similar comment

applies to rows.

Let A = [aijJ be an arbitrary matrix of order n where,
without loss of generality, it can be assumed that the diagonal of
A has no zero elements on it, and let B = [5131 be a column
permutation of A which also has non-zeros on the diagonal, such

that
B - AQ -r e (3.3)

where the column permutation § takes
1,000} — i .0 18

FYurther, ¢ 1is taken to be the member of the symmetric group Sn
which takes the permutation {1,.. nlt onto the permutation
{11,.. 1n}.

Thus, ¢ (j) = ij (3 =1y.. n). Let the unique cyclic

decompositicn of ¢ be given by

28
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t.t t

eees (887 va 87 ) eas (3.44)

1 2q2 2 )
ro 172 ry

1
S. e 8 8% .. 8
5 rq) (8485

where the S's are such that

G‘(S:‘;)=53+1 1§1ét’ "|__JLri
i i
o (8,0 = 5 1eict

The assertion will be proved if it can be shown that:

(i) Columns i and Jj of A are in the same block if and only
if columns ¢ (i) and o (j) of B are in the same block.

{(ii) Rows i and j of A, are in the same block if and only if
rows i and j of B are in the same block.

(iii) The block containing row i of A is connected to the block
containing row j of A& if and only if the block containing

row 1 of B 1is connected to the block containing row

j of B,

The following trivial lemma is central to the proof.

Lemma : R’ic(i) £ 0 .1&iéan

Proof of Lemma:

By the definition of A, a,. # 0 for all i, and

L.ooo= X . by the definition of o .
ii io(i)

Proof of theorem:

(i) If column i and column J are in the same block then there

exists Coty,ore- o), LB, - B V€ o, pi€m, for all ¢ such that
Qo s Qotyot, 5 #- o Qotpotsrs Xjus, Cp Cpps-s Qup, + O
but this implies, by virtue of the definition of & and & that:

QJ‘" LA Qr"“lc-cd“)-\ o QJOCS Tiote.), QT'BQ—C"S);Q’.P\G'C:\) s Q’PIQ-C&), e Er; TCE&X :# o.

but,
by the definition of & given in equation (3.4), it is



clear that o
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lies in one and only one of the disjoint cycles in

the decomposition of o . This, combined with the lemma, implies

that

Q"ad;ﬁ‘(d.) 3 Lc(d.)a-‘(,m 5 Q"c‘{ol.'\o";(df) * 0

and, in fact,

£ such that

e,

since *k, is in this cycle, there exists an integer

oty ¥ O

which means that there exists a chain k1""k2 say

such that’
Q’u.cm ) Q’k@_m > Q’kﬂ_lm& 27T Q’Vc&; » R’“‘A‘M * 0.
where
k= of(e) 1¢«r =« £
r 1
and
k£+1 = ol(“I

In this fashion, it is possible to form a chain from &a

S(4)

threough ‘Q"jd'{ocs) and ‘?’ﬁ,s‘cp back to ‘Q"i.c“'tpﬁ' This implies

that columns 6°(i) and o(j) are in the same block of the matrix B.

By using

the inverse permutation (uniguely defined) to o,

the sufficiency part of the first part of the theorem is proved.

(ii) The proof for this part is almost identical and so will not

be repeated here.

(iii) This part is fairly trivial. Let A and A be the two

blocks of A

=
Then A1 A2

aijf 0, This

1 2

and B1 and B2 the corresponding blocks of B,

1f there exists 1 € A1 and J € A2 such that

, . . Y e
implies that Eria'(j)* 0, but i € Bq, and & (j) B2

from parts (ii) and (i). Since the above proof is immediately

reversible, part (iii) has been proved.

The theorem has now been proved.



The following theorem now follows from the discussion at the

beginning of this section.

Theorem 35,2

If A is a matrix which has non-zeros on its diagonal, then

A is bireducible if and only if it is reducible.

Proof

From the definitions of the terms used in the statement of

the theorem it is evident that reducibility implies bireducibility.

Assume A 1is bireducible and P apd € are permutation
matrices such that PAQ is block triangular, Then, there exists a
permutation métrix Qa which orders the columns within single
blocks only such that PAQQ2 is also block triangular and the
diagonal elements are diagonal elements of the original A. Since

this is so, the matrix PAQQ is a symmetric permutation of A
! 2
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making qu = PT and indicating that the symmetric permutation PAPT

renders A block triangular.

The theorem has now been proved.

The foliowling Corollary is immediately evident.

Corollary 3.2.7.

Any non-singuiar matrix A of order n is bireducible if and
only if any permutation of A with non-zeros on the diagonal is

reducible,
Proof. The proof is itrivial.

When theorems 3.1 and 3.2 are examined in the context of this
section, it is seen that if a general matrix A is ordered by any

column permutation to have non~zeros on the diagonal (see eguation
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%.1) and if the subsequent matrix A1 is symmetrically ordergd

to be block triangular as in equation 3.2 , then this block

form is unique (to within permutations within the blocks) and,
furthermore, if no such P exists then the original matrix is
biirreducible by Corollary 3,2.1,. Thus, any algorithm based on
finding the matrices P and @ of equations (3.,1) and (3.2)
will always succeed in ordering an arbitrary matrix to its unigue

block triangular form.
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Section i. Methods for finding a maximal transversal.

As mentioned in section 1, the original algorithm for finding
a maximal transversal was described by Hall (1956}, This method
has been described in various ways and, from these, the description
due to Weil and Kettler (1969%) has been the one chosen for this

section.

This paper certainly presents a very simple and clear
exposition of Hall's algorithm and it is this explanation which is
developed in the following pages. This method shall henceforth

be referred to as Hall's algorithm.

In Hall's algorithm, the matrix is scanned until a path is
found connecting a non-zero in column k+71 in the NE corner of
the matrix to a non-zero in the SW corner. An example is given
in figure 4.1. it is, of course, assumed that the SE corner is
zero otherwise a non-zero there would be used immediately to extend

the transversal.

I is Iz 34 k+1
1 . P - X
Xy . .
. . NE
NW .
X x
X Ly
SwW SE
- -V o o - - x
figure 4.1

Columns are then interchanged in & c¢yeclic manner (called a
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¢ircular column shift) to bring this element (a2 non-zero in the
SW corner) toc the SE corner where it can be easily used to extemd
the transversal. In figure 4,1., the required column shift would

be k+1mw+j-——ajé——ejq—-aj——*9k+ﬁ. Row 1 is then interchanged

1 3
with row k+1 to bring this SW corner non-zero to the k+1 th
position on the diagonal, k is incremented by 1 and the above

procedure 1s repeated until no such column shifts can be found or

a maximal transversal of order n is obtained.

To be more precise, the process can be described in the
following terms. Scan column k+1 for é non-zero and mark this
column and the row of the non-zero. Scan the column whose index
is the same as that of this row to find a non~zero off-diagonal
entry in an unmarked row. Three things can happen at this stage
(i) The non-zero just found lies in a row of index greater than
k implying that the non-gero in the 8W corner has been found
tagether with the required column shift to bring it té the SE
corner.,

(ii) The non-zero just found lies in a row of index less than k+1.
The row and column of that non-zero are marked and the process
continues by scanning the column, whose index is the same as this
row, for non-zeros,

(iii) No such non-zeros exist in the columm. The method then
proceeds by merking this column and examining all the marked
colﬁmns for non-zeros in unmarked rows. if one is found, then
its row is marked and the scan continues by leooking at the column
(which will be unmarked at this stage) whose index is that of this

I'OWe

This searching procedure when systematically implemented is

called a tree search.

It is evident that, since the number of rows and columns is
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finite, the process must terminate either by finding a non-zero
in the SW corner or by discovering in (iii) above that no such
non-zero can be found. | This means, because of the marking
processes pursued, that thefe exists a set of, say, r+1 marked
columns (1 £ r £« k) which have all their non~zero' elements in
only r rows (which are the marked rows). Hence, by an
application of Philip Hall's theorem given on page 22, no

assignment can be made and the matrix is declared singular.

This algorithm is described in the form of a flow chart on
page 37. This flow chart is detailed enough to be the basis for
a program flow chart and is included as a supplementary aide to
understanding Hall's algorithm. The various variables and arrays

used in this flow chart are now defined.

For a straight application of Hall's method (method 1 on page 38),
k is set to zero before beginning the algorithm. The value of
k at any subsegquent stage indicates the current order of the
transversal. TC and TR are integers holding the column index
and the row index of the particular non-zerc under consideration,
either a diagonal non-zero element (a member of the ocutput set in
Steward's terminology) or a non-zero being considered as a possible
new member of a future output set. TAGR is a 1uxn array whose
ith element has value 1, if row 1 has been c¢hosen in a previous
part of the search, and zeroc otherwise. PC is a Iwn array
whose ith element 1s the column index of the column previous to i
in a loop (a loop here being equivalent to the circular column

shift of figure 4.1)s PC(k+1) equals -1.

The following notes can be made about this presentation of
the algorithm.
(a) The algorithm always terminates at either *C or *D. This

happens because a TAGR(i) previously zero is put equal to 1 at
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stages *A and XB. Thus, if it does not terminate at *D,
there must eventually come a stage at which all the rows have
TAGR(i) = 1 and so the algorit‘hm terminates at *C.
(b) The argument here is identical to that used beneath note
(iii) on page 3%. PC is set equal to =1 at step 1 and at steps
*A and *B both an element of PC and one of TAGR are set from
zero to non-zero. Thus the number of marked columns (PC(i) £ 0)
is always one greater than the number of marked rows (TAGR(i) £ 0).
(c) If the matrix is structurally singular causing an exit at
*C, then it should be noted that this algorithm will not
neéessarily vield a maximum transversal. If it is desired to do

this *C should be rerlaced by

=ki¢)

"Matrix is singular.
Maximal transversal has
length kk,.

where kk is set equal to k at the beginning and whenever it
is incremented.

Hall's method is the kernel of all four methods which are
described here and compared experimentally for time and efficiency

in section 5.
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An algorithm for stretching the transversal

Step 1.

¥

Set TAGR(i) and FC(i) equal to zmero for all i.

Put TC = k+1. Set . pe(k+1) = ~1.

Is
there a
non-zero in col.TC

or whose row i
AGR(i) =

Is
there any
~€olunn J, say, with TAGC # 0
which has a non-zero in a
row (row i) where TAGR(i)=0.
These columns are traced usi
PC{TC), PC(PC(TC)) etc

Hd
=
park
=3
j=u]
fl
"

*B

Put TC = J

TAGR(i)= 1
PC{i)= j

A

*o-
' Matrix singular
(see note (b))

Perform the following
permutation on the columns:
Swop column TC with PC(TC),
PC(TC) with PC(PC(TC)) etc. ,
until column k+1 is swopped..
.erecognised by PC(k+1) = -1,
Interchange rows k+1 and TR,

A maximum
transversal has been found.
(see note (a))
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Method 1.

This method uses Hall's method starting with k = O.
Steward in his paper (1962) suggests starting this way although,
as is seen from the results, this makes the rrocedure rather slow.
The program used for the experiments reported here is base& on
that paper and the flow chart for this program can be found on
page 58 of Duff (1970). It is a bit untidier than the flow chart
on page 37 illustrating Hall's method, but is similar in logiec

and time of execution.

Method 2.

As a preliminary to this and the other two methods a couple
of definitions are first made. r. is defined to be the pumber
of non-zero elements in row i of the matrix and cj the number

of non-zeros in column j.

If the element count L cj is calculated for every non-zero
element, then the element with minimum element count can be chosen
as the first element of the transversal. The element with
minimum element count in the submatrix obtained by deleting the
row and column of this first selected transversal element is then
chosen as the second transversal element and the process continues
choosing elements in order of ascending element count thus obtaining
a transversal of the matrix. This iransversal need not be maximal
(see section 5}, but has, however, the advantage of being quickly
obtained and can then be extended to a maximal one by Hall's method,
where k is set equal to the length of the transversal found in
the first part and the matrix is first permuted to put these k

non-zeros at the beginning of the main diagonal.

Method 3.

The r, + .::‘j of method 2 are again calculated for each non-zero



element but this time instead of being used as an 'a priori!
criterion for transversal selection these element counts are
updated at each stage (i.e. after the selection of each transversal

element). This can be expressed in the folliowing manner:-
At stage k+1 we are left with a sguare matrix of order

n-k.

i

(k+1)
r.
1

and cj(k+1)

, the row and column counts for this

reduced matrix, are then calculated either from scratch or by
updating the previous element counts. This is very easily done

by looking along the row (in the reduced matrix) of the transversal
element selected at stage k and reducing by one the column count
of any column with a non-zero in that row. A similar search of
the column of the stage k transversal element updates the row
counts.

Stage k+1 dis then completed by selecting the non-gero

(k+1) ‘e (k+1))
3 !

element with wnmin (r.
iy

marking it, and proceeding to

stage k+2 with the matrix of order n-k-1 obtained from the matrix
of stage k+1 by eliminating the row and column corresponding to
this selected transversal element. (Cne way of effectively
eliminating the above mentioned row and column is to put

(k+1)
r
s

2n

(k+1)
Cc

& = 2n

if element (s,t) was the transversal element selected at stage k.

(), (),
j

The restriction that min (r. must be less than 2n or

else the algorithm terminates is then imposed), The algorithm

terminates either after stage n or when the reduced n-k+

submatrix has all zero entries (min (ri(k) + cj(k)) > Zn

method ouilined in the bracket above), It has been found

using

experimentally (in section 5) that without taking substantially

39



longer time than the first part of mgthod 2, it has been generally
possible, using this method, to select a transversal which is
maximal. In a small percentage of cases, however, Hall's method
has to be resorted to, again setting k egual to the length of the
transversal found and permuting the output set on to the main

diagonal (see section 5).

Method 4.

Clearly, in the case of a ronsingular matrix or reduced matrix,
singletons will lie in every term in an expansicn of the determinant
as in equation {2.1) and so must be included in any maximal

transversal.

If the diagram in figure 4.2 is examined whére the diagonal
line of non-zeros represents a maximal transversal, then it is
seen that the removal of a row and column from a matrix reduces
the length of its maximal transversal by at most two. This can
only happen in cases like those shown where the cirecled non-mero
is the element being examined as a possible transversal element
and its row and column are under consideration for removal from
the matrix. Clearly, when this happens the circled element can
never be a singleton (a singleton is a non-zero element lying in
a row or column whose other elements are all zero). Therefore,
the choice of a singleton can never eliminate more than one

transversal element from future consideration and is therefore

always a good choice for such an elimination. Thus, it is

40



advisable, even if the matrix or submatrix is singular, to

choose singletons as transversal elements.
Method 4 can thus be described in the following manner.

(i) Select all non-zeros lying in singleton rows and columns
of the matrix or reduced matrix, i.e. select all aij(k) £ 0

for which ri(k) =1 or cj(k) = 1. Increase k appropriately.
Go to (4ii)
(ii) Choose the non-zero element of the matrix (reduced matrix)

(k)

which has minimum element count, i.e. select a. . "# 0 for

1]
which ri(k) + c.(k) is minimum. Ties are broken by choosing

the first such element encountered in a row scan of the matrix
from left to right and top to bottom. Increase k by 1.

If the reduced matrix_is the zeroc matrix or n transversal
elements have been selected go to (iii), else go to (i).

(iii) If ¥k = n,then a~maximal transversal has been found, If
not, Hall's method with appropriate k and permuied form is

used to extend the transversal to a maximum.

That this method is more powerful than that of Method 3 is
indicated by means of the example in fipgure 4.3, Method 3
would select the underlined elegents as transversal elements,
£i being the ith such element selected. This method faiis
by observing that the ticked rows violate Hall's condition for
an SDR. Method %4 works on this example (without the use of the
latter part of (iii) above) and selects the circled elements
as transversal elements, the numbers alongside the rows and

columns in figure %.3 indicating the order in which selection
takes place, The numbers of the elements indicate the

initial element count of the non-zero elements.
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8 7 6 1 2 3 5 1 4 9

o 0 @ o 8 7 0 0 0° 6
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0 8 9 omm o010 ® o 8 10
00000 700 ® o 4
00 o0 50 0 o0 00 v’

6 0 7 7 00 0 0 0® 9

figure 4.3.

As well as working successfully on this example it is observed
that method 4 (without resorting to the use of step (iii))
produces a maximal transversal in the 3 x 3 example of Weil and
Kettler (1969), the 10 x 10 example of Yaspan (1966), the 9 x 9
example of Ford and Fulkerson (1962), the 7 x 7 example of Dulmage
and Mendelsohn {1967), the 7 x 7 example of Steward (1962), and
the 4 x &t example of Simonnard {(1962). Preliminary tests by the
author on random matrices in February 1971 (tables 5.1 and 5.2)
indicated 100% success for obtaining a maximal transversal using
method 4 without using step (iii) and it was at one time thought
that step (iii) might be unnecessary. This, however, is not the
case as 1s shown by the results of subsequent runs on random
matrices in table 5.3 and the following discussion which creates
a minimal counter-example for which method 4 will, irrespective

of tie-breaking procedures, reguire the use of step (iii).

The counter-example is constructed by making the element

with min (ri + ¢.) not belong to any non-zero term in the
i,

expanded form of the determinant. Since there can be no

singletons in the counter-example the minimum element count must



be greater than or equal to four and, if ties are toc be avoided,
then four is also a lower bound on fhe order of the counterf
example, When the non-zero with the lowest element count has
been selected as a transversal element and has its row and column
deleted, the remaining matrix must be structurally singular.
fdence, if a counter-example of order n exists, the statements
of the last two sentences, imply that the remaining n-1 x n-1
matrix left after the removal of the row and column of the
selected transversal element must be singular and contain no
Zero rows or columns. Further, it must have no singleton

rows or columns since otherwise the non-zero element making the
singleton row or column a doubleton (this non-zero exists since
there are no singleton rows or columns in the full n x n matrix)
which lies in the column or row of the selected transversal
element must have an element count less than or equal to it and
so0 there is a contradiction. Since a singular 3 x % matrix
without any zero or sirgleton rows or columns does not exist,
the smaliest possible value for (n - 1) is four. Any

4 x 4 singular matrix with no zero rows or singletons must
have_a 3 x 3 singular submatrix with no zero rows and the only
matrix (unique to within permutations) satisfying this is shown
in figure 4.4 where A can be non-zero or zero. This gives
the only & x 4 matrix with no zero-rows or singletons and a

singular 3 x 3 block as that in figure 4.5

v % X A X X

X 0 O A A X X
X0 0 X ¥ 0 0
X X 0 0

figure 4.4, figure 4.5.

This matrix is clearly seen, by virtue of its reverse diagonal

to be structurally non-singular. Hence, if any counter-example



(without ties) to method 4 exists, it must be of order six or
more., Such a counter~example is provided in figure 4.5 where
again the number on each non-zero represents its initial
element count. Clearly, the 5 x 5 matrix left after selecting
the 1,2 element as a transversal element on the basis of untied

min (r. + cj) is singular and the greatest transversal
i, '

obtainable by method 4 is of order five. However, a transversal
of order six for the matrix does exist with possible transversal

elements being those on the main diagonal.

oo ©O O O oW
C O O O\
O O W oo
S O WM u ;O
Vi o © o ©
i O o o ©

figure 4.6.

Ly
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Section 5. Experimental results and conciunsions.

The four methods described in section 4 were tested with
several different random matrices. In table 5.1 the results
using 16 matrices of order 100 and prébability density about 0,03
are éiven. These runs were made on the KDF9 and the timings
given are in seconds of KDF9 CPU time. The figures opposite
method 2 above the timings indicate the order of the transversal
selected before Hall's method was applied. In table 5.2
similar runs were made with matrices of varying order and density
in order to see if this would have any effect on the relative
timings. These runs were made on the 19064 and the timings are
in seconds of 1906A milltime. Firally, methods 2, 3, and 4 were
run against a sizeable number of matrices of varying size and
density to see on what percentage of examples these methods yielded
a maximum transversal without recourse to Hall's method. These

resulis are shown in table 5.3,

The following notes can now be made.
Notes
(i) From the times in table 5.1 it is seen clearly that method &
is substantially betier than the other three methods when
tested with 16 sparse matrices of order 100 and probability density
0.03. The improvement over Halil's method (method 1) being
sometimes about 75%.
{ii) A similar trend is seen in table 5.2 where matrices of
varying orders and densities were used. Apain the times are svuch
that the efficiency of the methods increases as one goes down the
table from method 1 to method 4. The results of this table
indicate that the trend shown in table 5.1 for matrices of a fixed

density and order is alsc true over a wider range of random

matrices. Method # is always the guickest method available being
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fairly regularly about 70% or more better than method 1,
The times are completely different from those of table 5.7 since

the runs were made on different machines and the KDF9 times
include the time taken to send the results to an output file
(the same for ail four methods).

(iii) It would be unfair to draw any further conclusions Irom
table 5.2 as regards, for example, the behavicur of the various
methods as the sizes and densities vary. This is because there
was a fairly large variation in times over the three different
examples testéd at each size and density. The trend as regards
the compariscon of the various methods was, however, the same,
thus allowing the deductions of note (ii) to be made.

(iv) Table 5.2 also clearly shows the advantage of selecting
singletons when possible since method 4 is sometimes over 50%
better than method 3. In many cases {(i.e. when Hall's method
is not invoked) these methods only differ in this respect.

(v) From the results of table 5.1, it is seen that even when
method 2 failed teo give a maximal transversal without the use

of Hall's method, it was still much faster than using Hall's
method from scratch. The results of this table alsc show that
the 'a priori' sort of method 2 produced transversals of averapge
length 95 (standard deviation 1.8}, while methed 3 required the
use of Hall's method only once, In most cases this gain gave
method 3 2 faster overall time than method 2 in spite of having
to update the element counts at each stage. In every case, 1in
tables 5.1 and 5.2 method & gave a maximal transversal without
recourse to Eall's method.

{vi) The results of table 5.3 continué an investigation of this
pheromenon. it is séen that occasionally method 4 does require
the use of Hall's method to select the maximum transversal but

that this happened in less than 1% of the cases tried. On



similar matrices taken from a fairly wide distribution of
densities (0.02 to 0.30) and orders {20, 40, 50, 100)
method 3 re@uired Hall'srmethod for its conmpletion 10% of the
time while method 2 required it more than 50% of the time.
(vii) The times given in the tables 5.1 and 5.2 may seem, at
first glance, fairly high. The principal reason for this is
thgt no proper advantage has been taken of the sparsity of the
matrix thus making the time for all the methods dependent on
n, the order of the matrix, rather than T , the average
number of non-~zeros in a row of the matrix and reduced matrices,
Some tests and 2 careful consideration of the algorithms
indicate that this inefficiency biases the times fairiy
proportionately, and so the comparisons and general trends
will sti1ll be valid using this better implementation. Since
there is this little subtlety in the actuwal programs used in

this chapter they have not been included in the appendices.

The results of this section clearly establish methed 4 as
the one which should be used to select the maximal transversal
of a matrix before going on to the block triangularisation phase

described in the next chapter.

b7
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n. 100 100 100 100 50 50 50 50 25 25 25
METHOD 3 0.05 0.04 0.03 0.02 0.10 0.06 0.05 0.04 |0.20 0.10 0.05
METHOD 1 20.233 19.606 | 35.306 | 39.927 2.112 | 3,088 | 1.906 | 3,388 |0.2348( 0.2223] 0.2960
METHOD 2 12.747 8.896 | 10,042 8.09 1.373 | 1.275 | 1.222 | 1.133]0.2321| 0.1329| 0.1699
METHOD 3 9,015 T.774 T7.187 9.195 1.341 1.105 | 0.9872| 1.035 [ 0.2143| 0.1516| 0.2126
METHOD 4 7.373 5.449 3,986 1.567 1,126 | 0,7062 0.4638} 0,3687% 0.2000f 0,0996] 0.0401
PERCENTAGE
IMPROVEMENT
OF METHCD 4 [63.6 72,2 88.7 96,1 46.7 T7.1 5.7 89.1 14.8 55.5 B86.4
OVER METHOD 1 .
Table 5,2 Runs of various transversal selection methods with matrices of varying orders and

densities.

Times are in seconds of 1906A milltime.

different matrices of the same sige and density and the average time taken,

Each run was made with three




RUMBER OF NUMBER OF ATTEMPTS
METHOD MATRICES TESTED REQUIRING HALL'S METHOD
METHOD 2 170 90
METHOD 3 170 17
METHOD 4 368 3
ble Runs with matrices of various orders {20 - 100)

and densities (0.02 - 0.30) to investigate whether
methods 2 - 4 yield a maximum tranaversal without

the use of Hall's method,



CHAPTER 3.

ORDERING TO BLOCK TRIANGULAR FORM

Section 1. Introduction.

Section 2. Sparsity and pivoting considerations.
Section 3, A brief look at some existing algorithms.
Section 4, New and modified methods for permutation

to block triangular form.

Section 5. Computational detzils, results, and

conclusions.,
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Section 1. Introduction.

If a general matrix A is ordered such that a, # 0 for all i,
ther it is apparent, from theorems 3.1 and 3.2 of the last chapter,
that there exists a pérmutation matrix P such that PAPT is in
block triangular form (although, if the matrix A is biirreducible,
then this form may consist of only one block). Furthermore, apart
from a reordering within these blocks, this form is unique (given

that the diagonal blocks are biirreducible).

It is, of course, quite possible and is often the case in practice
that systems already have non-zeros on the diagonal. If this is so,
 then the algorithms in this chapter can be used without prior sorting
by the methods of chapter two. Although matrices arising from the
discretisation of differential equations do not readily admit of such
a block triangular ordering many systems arising in the operations
research area and in chemical engineering do possess the property of
being so reducible. This chapter indicates the importance of fin&ing
suitable permutations to reduce the matrix and also gives some idea of

how to go about finding such a permutation.

The motivation for finding the permutation is given in section 2,
while section 3 examines some existing algorithms in the field.
These algorithms are viewed in a graph-theoretic context and from this
unifying theory a new method, method 2, is developed in section 4.
Section 4 also discusses a minor improvement to one of the established

methods in the field. This is called method 1.

The results of section 5 indicate that method 2 is competitive
with all the other methods tested,particularly if the matrix under
consideration is structured or relatively dense. It has the
disadvantage of being weak for very spérse random systems but improves
as the density increases contrary to the behaviour of the other two
better methods, those due to Steward (1962, 1965) and Sargent and
Westerberg (1964). Some computational details are also given ir this

section.
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Section 2. Sparsity and pivoting considerations.

In this section, some reasons are given for determining the
diagonal blocks of a bireducible matrix. All the reasons are
based on the preservation of sparsity or the reduction of induced

instability during the elimination process.

The main reason for identifying the diagonal blocks is to
reduce what may be a very large problem into the sequential solution
of smallier problems. Consider the block triangular system of

figure 2.1.

Bl Ao Ay x4 b,
A b
33 *3 3

figure 2.1

The solution vector to this system can be found in the following

manner.;

Baz X3 = bg
A22 x2 = b2 — A23 KB saasw (2.1)
Bpg X = by = Ay x5 - Agg Xy

Equation (2.71) indicates that the solution to the system in figure
2.1 can be found by solving three separate systems whose coefficient

matrices are A33’ A22’ and A11. In the case where the coefficient

matrix of figure 2.1 is equipartioned, each of these submatrices are
only one third as large as the original systemn. Thus, at any given
time in theasﬁiafién&precess;a much smaller system than the original
one is being considered. Hence it is possible to use a backing
store routine which only brings into core particular parts of the

original system when they are required during the solution process.
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This will be particularly important when the system of figure 2.1
is too large to hold in the main store even when the matrix is held

in packed form.

However, even if it is assumed that there are no core storage
limitations on the system, then there are still other good reasons
for obtaining the diagonal blocks prior to implementing the
elimination process. The principal one is easily observed by
noticing what happens if full Gaussian elimination is performed on
the system when its structure is unknown. For example, if a non=-
zero in an off-diagonal block is chosen as a pivoﬁ_and an elimination
ig performed then the situation shown in figure 2.2 results,where

the row and column of the pivot p .are marked by dotted lines.

|
[
!
R R - B R
| 1
|
[l

figure 2.2
With p as the pivot the column designated by a wavy Lline in the
zero submatrix will be filled-in according to the density of the
dotted column in the submatrix B. S8imilarly, fill-in can occur
in the block containing the element p 1f a pivot is chosen from
the diagonal blocks A or B. However, if pivots are first chosen
from B and Gaussian elimination is performed only within that block
thus reducing it to upper triangular form before any other operations
are done on the system, then a back substitution can be carried out
to reduce B to the unit matrix and the off-diagonal bleck contaiming
p to zero. FProceeding in this fashion causes no fill-in in the
off-diagonal blocks and leaves the unaltered submatrix A to be
decomposed by Gaussian elimination again causing no fill-in outside
the diagonal blocks. 0f course, any pivoting strategy normally

used for sparse matrices can be utilised in minimising f£ill-in and
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element growth witnin the diagonal blocks themselves. it is
important to note that this method requires prior use of block
triangularisation techniques to determine the rows and columns of
the diagonal blocks. A similar decomposition method for systems
which are nearly block triangular is described in detail in the
next chapter, The benefits,-in terms of operation count, of using

this method are obvious.

The benefits, in terms of stability, of using such a scheme can
be seen by the fact that, if no fill-in occurs in the off-diagonal
blocks, then no growth can occur in that part of the matrix.
Therefore, it is highly 1ike1y that the induced instability is
lower than if fill-~in and growth occurred there since growth is
directly related to instability (see Reid (1971¢)). Iﬁ addition,
since the region in which growth can occur has ﬁeen confined, it

makes the task of monitoring any growth that much easier,

In the jargon of backward error analysis (Wikinson (1965)), it
can be said fhat by pivoting within the diagonal blocks the only
perturbations allowed to the matrix of figure 2.1 are those which
leave the off-diagonal submatrices unchanged. This restriction of
perturbation can be gquantified by saying thatl the solution obtainéd
is the exact solution of the perturbed system with coefficient matrix
A + E, where E is partitioned similarly to A with zero bleocks in
the off«diagonal positions. Clearly, this restriction can only have
a beneficial effect on the accuracy of the solution to the system if

the other elements of E, in both cases, are similarly bounded.

Since the diagonal blocks of a non-singular block triangular
matrix are themselves non-singular and they always have a better

condition number than the complete matrix, it is not really surprising

that solving the subsystems sequentially 1s better than selving the
whole system together. As is seen, the order in which the subsystems

are solved is also important.
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The following interesting theorem is now presented and is

referred to again at other points in this thesis.

Theorem 2.1

If A is a matrix which can be partitioned into block upper
triangular form with n diagonal blocks Aii (1€i%n), then there
always exists a scaling, which does not alter the condition numbers
of the blocks Aii’ suchk that pivots will be chosen from only the
diagonal blocks if partial pivoting by fows or columns or total

pivoting is utilised,.
Proof.

The proof is consiructive and uses a scaling matrix described

by Willoughby (197C, 1971a). .

Let Ii be the identity matrix of the same order as the diagonal

block Aii of the system and consider the matrix D of equation (2.2).

I

D = adiag(e 'T., € I., vees £ 1) ceee (2.2)

1 2!

Then, if the scaled matrix DAD-1 is considered, it is seen that the
diagonal blocks (and hence their condition numbers) remain unaltered

and the off-diagonal blocks Aij are multiplied by powers of & |

such that the (i,j)th block of DAD™| 1is equal to aJ‘laij. Since
A was block upper triangular, J is greater than i and these

powers of € multiplying the Aij are all positive.

Clearly, by choosing €& sufficiently small the required scaling
matrix given in equation (2.2) has been found and the theorem is

proved.

Clearly, a similar theorem holds for block lower triangular matrices
and so the adjective "upper" could be omitted from the statement of
theorem 2.1 without affecting its validity.

Although the scaling given in theorem 2.1 is not a very practical
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one since matrices are generally scaled so that their non-zero
elements have roughly the same size, it does indicate that it is
possible to scale the matrix so that, even on a strictly numerical
basis, pivots would always be chosen from within the diagonal
blocks. In addition, a scaling on the diagonal blocks can be
superimposed on the previous one to reduce the condition number of

these blocks and of the matrix as a whole.
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Section 3. A brief look at some existing algorithms.

In = similar way to the algorithms for obtaining a maximal
transversal which were mentioned in the last chapter, there have
been many algorithms devised over the last ten to fifteen years for
finding row and column permutations which reduce a matrix to block
triangular form. Unlike the transversal algorithms which are wvery
similar to each other in nature, many of the algorithms developed
for dealing with this problem do attack it from somewhat different
angles. In the discussion of current methods which follows and
in the next section, a more unified apprcach to these algorithms
is developed. This unification can be interpreted in graph
theoretic terminology and is used to develop a new method, method 2

of section k4.

Frank Harary (1959%) can probably take the credit for being the
first person to put matrix reducibility algorithms onto a sound
footing although he refers during his paper to previous ones in the
same field which had made semi-formulated attempis at the problem.
Harary (1959b, 1960, 19622} establishes some results interpreting
matrix reducibility in graph theoretic terms. In particular he
proves the equivalence of strong components of a digreph and
irreducible blocks of its adjacency matrix (see section on graph
theory in chapter one for a definition of these and other graph theory
terms used in this chapter). He uses this result in developing his
algorithm on matrix reduction which is described in detail in his
paper of 1962. This algorithm has two major defects. The first
is that he appears to be unaware of the significance of first ordering
non-zeros onto the diagonal (which means he cannot decompose matrices
which are bireducible but irreducible) and, in addition, his method
involves obtaining the invariant Boolean power of the matrix {an
expensive process when n 1is large) before continuing to the

decomposition stage. Since the algorithms given in section 4,
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which deal with the two defects menticned ghcve, have a similar
interpretation to that of Harary's method, there is no great
advantage to be gained by going into his algorithm in great detail
here. Suffice it to say that Harary's algorithm is based on the
concept of obtaining the strongly connected components of the
digraph via the reachability matrix R. This matrix is in fact
the invariant Boolean power of A and has the property that

rij =1 if and onrly if i and J are connected in the graph of
the matrix. Dulmage and Mendelsohn (1962) also advocate the use

of his algorithm, : '

Duff (1970, p.68) stated that Steward's approach to the problem
(Steward (1965)) was faster than that of Haréry because of the time
involved in calculating the invariant power of a matrix of large
order. This comparison is quantified in section 5 of this chapter.
The basis for the method of Steward lies in the fact that any two
points in the same strong component of the digraph always lie on a
leop in the digranh and vice-versa. Thus, the algorithm of Steward
is essentially one of loop-chasing and collapsing, a process very
similar to but less systematic than the second method given in
section 4 of this chapter. The method consists in first examining
the matrix for any singleton rows which are ordered in the sequence
in which they are found and ignoring them (and their corresponding
columns) in the future steps of the algorithm, Once no more
singletons can be found, the method proceeds by looking for & non-
zero off-diagonal in any uneliminated row and proceeding from that
row to the row indexed by the column of this non-zero. In this
way, paths are found linking rows in the matrix until a row is
encountered for the second time. This row and the rows in the path
between the two occurrences of this row are in the same component of
the digraph and so are collapsed together into one row, hereafter
called a composite row. The rows which were c¢ollapsed into this

row are then removed from future consideration. This condensation
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is executed by éonsidering the rows as a Boolean pattern of Os and
1s and performing a 'logical OR' operation on the two rows.

A similar operation is done on the columns and the reduced matrix
is then examined for singleton rows. This process continues until
all the rows or composite rows have been selected as singletons
(¢clearly possible, since, if no singletons exist in a reduced
matrix, a path of the type mentioned above must occur). If the
rows and columns are then ordered sc that the rows or composite
rows {(and columns) are in the order in which they emerged as
singletons and the rows collapsed into a composite row are ordered
contiguously, then the mafrix will have been ordered to be block
lower triangular. A flow diagram for this algorithm is given in

Duff (1970, p.68).

The paper of Weil and Kettler (1969), mentioned in chapter two,
uses this partitioning algorithm of Steward. Some limitations of

this method of Steward are mentioned in the next section.

Sargent and Westerberg's (1964) method is an improvement over
Steward's method whereby there is no investigation for singleton rows
at each pass of the algorithm. Their method follows a path in the
graph until a loop is found {(which is then collapsed) or until the
path terminates implying that a‘singleton has been found which can
then be eliminated. After this condensation or elimination, the
process continues with the last uneliminated point of the loop-chasing
path. A program for this method is given in the appendicges and it is
compared with Steward's method and method 2 in section 5 of this

chapter.

In one of the most recent algorithms to be published on matrix
reducibility (Willoughby (1972)), Willoughby again uses the concept
of directed graphs in obtaining his condition for two columns to be

in the same hlock of the block triangular form. In step % of his

algorithm given on page 57, he uses the criterion that aij.aﬁi £
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where a%j is the (i,j)th element in the Boolean inverse of A (see
the section on graph theory in chapter one),. This is identical to
requiring that i and j be joined to each other by directed paths
in the graph of the matrix (for a proof of this, see chapter one).

His implementation is carried out entirely in the sparsity context

of A reordered to have non-geros on its diagonal and its LU
decomposition obtained by Gaussian elimination pivoting in the

natural order down the diagonal. In steps 2 and 3 of his algorithm

he makes use of the following theorem on reducibility.

Theorem 3.1 {(Willoughby (1970).

The elements of A~ ' are all non-zero (i.e. A is irreducible),
where sy Z 0, if and only if L and UT each have their last

column as their unigue singleton column.

Algorithm of Ralph A. Willoughby for matrix reducibility.

1 Find assignment 2'Do a symbolic

set and order onto . factorisation of A

the diagonal. . and calculate row

Remove trivial & col. sums of U & I,

reducibility.

FINISH.
reducible A is biirreducible
4 v Y
Obtain reducible 5

'Order condensed

locks by applicaticns R matrix M to be

0f finding whether

I I
By 40244 £ 0.

upper triangular

v

Reorder A accordingly.\
It is now in block upper

triangular form. P
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The column counts are done at the same time as the symbolic
factorisation of A. In step 4, the calculation of whether or not
two indices lie in the éame block can be automated fairly easily.
For example, if it is desired to find out which indices lie in the

same block as k, say, then this is done in the following manner,

SBelve Ax = ek for the kth column of A_1

by the equatiocas

Ly:ek
Ux = ¥

Solve m T -1
z A = ek for the kth row of A

by the equations

H'TU = e;]i
zTL = wT

then

any index i for which %, and zs are simultaneously non=zero
lies in the same block as k. These rows and columns can be omitted

in subsequent passes through step 4.

Although Willoughby approaches matrix reducibility from a
somewhat novel angle, he has to date published no experimental results
or detailed flow charts of his algorithm. Unfortunately, it is
geared very much to the type of symbolic factorisation envisaged in
the IBM symbolic Crout reduction (see Gustavson et al (1970)) and is
not really at all feasible unless a good symbolic factorisation routine
is in operation. In addition, his method of first doing a symbolic
elimination without knowledge of the block triangular structure is
clearly going to be very wasteful of storage because of the introduction
of unnecessary fill-in as mentioned in the previous section of this
chapter. Also, his method does not avoid any of the indexing problems

of other methods. Because of these difficulties, this method has



not been compared in section 5 of this chapter.

Tewarson (1967) has indicated a method whereby reduction to
nearly upper triangular form can be expressed as a linear
programming problem. His algorithm, in fact, does yield the
block structure of theé previous methods but is an unnecessarily
complicated way of doing it. It does admittedly do more than just
réduce a system to block triangular form but it would seem more
advantageous to use one of the methods of this section to reorder
the matrix to block triapgular form first and then, if desired,
use Tewarson's algorithm to make each block as nearly triangular as
possible. This possibility is mentioned again in chapter eight on

eigenvalues and eigenvectors of sparse matrices.

In the following section, new algorithmse are developed from the
same concepts as the original one of Harary and are compared with
Harary's algorithm and the algorithms of Steward and éargent and

Westerberg in section 5 of this chapter.



60

Section 4. Wew and modified methods for

permutation to block triangular form,

Of the two algorithms in this section, one is based on the
earlier mentioned one of Harary (page 5%) while the other lies
somewhere between the two algorithms of Harary and Steward and is
described after the unified description of the partitioning methods
given in the first part of this section. It is thus perhaps
useful to first define the frame of reference and state a few
principal theorems which are exploited by the various algorithms
under consideration. Most of the theorems have already appeared
in the literature although they have not always been explicitly
stated. The general theory of Boolean powers of (0,1) matrices
is given in Rosenblaat (1957), and scme work has been done to
integrate the theory of directed graphs into abstract algebra by
Wenke (1964%), Jaeger and Wenke (1969), and Eufinger (1970, 1971)
However, most of the theorems appearing in this section can be

attributed to Harary (1959a, 1559b, 1960, 1962a, 1971).

In the following discussion all matrices are considered to be
Boclean matrices whose only entries are either O or 1. All
matrix multiplications are Boolean multiplications where the Boolean
multiplication of (0,1) matrices is defined in a similar manner to
ordinary matrix multiplication with the exception that 1 + 1 is

defined to be equal to 1,

For any (0,1) matrix of order n, a directed graph on n
points is associated with it as in section 3 of chapter one where
self-loops (i,i) are allowed whenever the (i,i)}th element of

the matrix equals 1.

The square (using Boolean multiplication) of a (0,1) matrix A,
say C, 1is given by

n

©ij =%1 %1k
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where the above-mentioned 'logical OR' rule is used in the

summation.
Thus, 45" 1 if and only if there is a subscript k such that 85,= 1
and B 4= 1, that is if lines from i to k and from k to

are present in the directed graph. This discussion of Boolean
multiplication in terms of graphs is generalised in the following

theorens.

Theorem 4.1

Iif A is an arbitrary (0,1) matrix of order =n, and if Ak

is defined by

A - a@ a¥

where ® denotes Boolean matrix multiplication, then there exists
a directed path of length k from the point i to the point Jj in
the directed graph associated with the matrix A if and only if the

(i,j)th element of 2¥ s equal to 1.

Proof:

The proof is essentially the same as that in Harary (1959a)
and is very simple. Therefore it will not be reproduced here. It
should perhaps be noted that self-loops are included in the above-
mentioned directed paths so that, for example, the directéd path
formed by the directed limes {i1,i1), (i1’i2)’ (iz‘ij)’ (i3'i3)'
(i3’i4) would be considered a directed path of length 5 from the

point :E.,i to the point ih'

The first two corollaries follow immediately.

Corocllary 1.

If B is a (0,1) matrix of order n which has 1's on the
diagonal, then, if Bk is defined by

Bt - p@® Bf,
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there exists a directed path of length k or less from point i

to point J in the directed graph associated with the matrix B

if and only if the (i,j)th element of Bk is equal to 1.

Proof.

The proof is obvious if it is observed that for any (0,1)
matrix A,
(A+I) = T +A+4°%+°° 44D

where Boolean arithmetic is used throughout.

Corollary 2.

If C is a (0,1) matrix of order n which has zeros on the
diagonal, then, if Ck is defined by

ck+1 = 0@ Ck

there exists & directed path of length exactly k from the point i
to the point j in the directed graph associated with C if and only

if the (i,j)th element of ck is equal to 1.

Proof.

The proof is again trivial. The paths in the above theorem
do not include self-loops, so the path mentioned after thecrem 4.1

would have length 3 in the context of this Corcliary.

The additional two Corollaries are required in the theoretical

justification for method 2.

Corollary 3.

If B and Bk are defined as in Corollary 1 and the elements

of a ixn (0,1) array called DIAG,_ are defined by

k

n
DIAG, (i) = b b where the summation is Boolean,
k < il 1i

141
then,
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if the element DIAG,_4(i) = O but DIAG(i) = 1, then the point
i 1lies in a cycle of length k but not in any cycles of length

less than k.

Proof.

The proof is again straightforward and follows from Corollary 2
since the above summation means effectively that the diagonal elements
of B and Bk have been considered zero. These cycles do not include

self-loocps.

Clearly, any two points in the same cycle will lie in the same strong
component of the direcfed graph and any point being in a genuine
cycle (i.e. no self-loops) will imply that some other peint also lies
in a cycle {(i.e. it is impossible that DIAGk(i) = 1 for only one i)
and, in particular, that this peoint is not ﬁ strong component by
itself. The next Corollary states how the other points in the cycle

or cycles may be determined.

Corollary k.

If the point i lies in & cycle of length k, say, then the
other points in this cycle can be found by looking at the ith row

and column of g® (for any t = k-1). Those j for which b:j

and b?i are simultaneously 1 and for which DIAGk_1(j) = 0,
DIAGk(j) = 1 are the required points. Points j which satisfy
the first condition but not the second also lie on cycles from i

and so are also in the same directed component in the digraph.

Proof.

The proof is again self-evident.

These theorems and corollaries establish a unifying platform
for all the partitioning algorithms considered here and form a basis
from which method 2 of this section is developed. It is seen that,

to a greater or lesser extent, all the algorithms do loop chasiug
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and strong component finding within the graphical framework just
described. The four methods already described are now very briefly

examined in this light.

The reachability matrix used by Harary is the invariant power
of the matrix B of Corollary 1. Thus, all the paths between
points are given by this matrix and two points i and J 1lie in the
same loop (and hence same strong component) if and only if the
corresponding entries ((i,j) and (j,i)) of the reachability
matrix are 1. Since the sparsity structure of the reachability matrix
is the same as that of the Booleaﬁ inverse of a matrix (see the graph
theory section of chapter one), Willoughby's method admits of an
identical description in this graph theoretic sense. Steward's
method involves a haphazard chasing of loops in the graph. These
loops are of an undetermined length (determined solely. by. the
gtructure of the matrix) but certainly lie entirely in the one
strong component. The collapsing procedure merely identifies those
points in the same component aa each other, and the final matrix
obtained from selecting singleton rows or composite rows as they occur
is merely a permutation to lower triangular form of the matrix of
Harary's condensed graph. The description of the Sargent and

Westerberg algorithm is similar to that of Steward's.

On the one hand, the first two methods develop all the paths
immediately (Willoughby avoids this a little by only evaluating
selected columns of the inverse of A), while the last two are
unsystematic in their appro#ch. Method 2 is developed to bridge
the gap between these two extremes being systematic in only looking
for loops of lengths in successive powers of two and not forming an

invariant power until the matrix has been very much reduced in size.

The first step in any of the algorithms discussed in this section
is to use & method of the previous chapter (preferably method &) to

permute the rows and columns of the matrix in order to put non-zeros
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on its diagonal. The importance of this has been mentioned already

and cannot be overstressed since it has the effect of permitting
the consideration of only symmetric permutations. The restriction
to symmetric permutations has indeed no effect on the ability of
the algorithms to decompose the matrix since the previous
discussions have shown there to be effectively no such a thing as
irreducible, birreducible matrices. In the description of the two
algorithms that follows, it is assumed this initial permutation has

already been performed.
Method 1.

(1) As in the method of Harary (1962a), the invariant power B of
the Boolean representation A of an arbitrary complex matrix M

(or a permutation of M which has non-zeros on the diagonal) is
first calculated.

(2) The ordering PAPT of the rows and columns of A +to put it
into block upper triangular form is given by that ordering P which

orders the rows of B in order of decreasing row count.

dJustification of method 1.

The invariant binary power B of a matrix A, whose graph has
a point 1 connected by a directed path to any other point j, will

have =1, Hence, for any i and Jj in the same strong

b, .
i)
component of the digraph bij = bji =1, Further, if a strong
component I is connected to a strong component J, then all the
points of I are connected to all the points of J. Thus, if P

reorders A to block upper triangular form it will reorder B to

the form given in figure 4.1,

M M M M
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where M is a matrix all of whose entries are 1. Hence step 2 is

justified. The justification of step 1 follows from the theorens

given previously and is given in Harary (1962a).

The only case where.this method could possibly fail to give a
block triangular ordering would be that having two equal sized diagonal
blocks which were totally disconnected from the rest of the matrix.
However, it is normally possible to tell from the problem from which
the matrix arises as to whether or not it can be decomposed to block
diagonal form and subsequent care taken when performing this algorithm.
If it is really desired to reduce the matrix to block diagonal form
then a method similar to Tewarson's (1967¢) right be used first.

Method 1 c¢ould then be used on each diagonal block in turn.

The advantage of this method over that of Harary is very evident
since the execution of step (2) is obviously faster than forming the
elementwise product of the reachability matrix with itself and reading
off the irreducible blocks from that product. This is borne out in
the results of section 5. The procedure for forming the invariant

power in step (1) is given in the appendices.

Unfortunately, method 1 leaves untouched perhaps the biggest
defect of Harary's method since it still involves the calcuiation of
the reachability matrix, the most fime-comsuming step in either
algorithm. Method 2, which is now described in detail, is an attempt
to avoid this difficulty often requiring only one matrix multiplication
which is done with a matrix of a very much smaller order than the

initial omne.
Method 2.

The algorithm is first given in step form below after which a
justification follows. A flow diagram for a very slightly modified

version of the algorithm is given in sectiom 5.

(1) Let 4 be the Boolean representation of an arbitrary complex
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matrix M permuted so that its diagonal is non-zmeroc. Put k = 1,
(2) Calculate Aq = AE using Boolean multiplication.

if Aq = Ak g0 to.(h)

Calculate DIAG{i) from the formula

11
DIAG(i) = 2. (a

=1

1#1

ke1713 Pat )14

If there exists an i such that DIAG(i) dis non~zero, go to (3)

otherwise increase k by 1 and go to the beginning of step (2)

(3) Examine those rows and columns (index i) of 4 for which

k+1
DIAG(i) is non=zero. For each such i, find the subset Iy

such that, for each jed,, (ak+1)ij and (ak+1)ji are
simultaneously non-zero. Collapse the rows and columns of 4 by
the following preocedure. Form the logical sum of the rows i and
those in the subset Ji' For each i, use this suam to replace
row i 1in the or;ginal matrix and delete those other rows in Ji.
Do the same procedure on the columns of A. A note is made of
those rows and columns collapsed together, and the algorithm

continues to step (2) with A now squal to this collapsed A and

k ‘again put equal to 1.

(4) The matrix has now been fully reduced and can be ordered by a

permutation @ tTo triangular form.

If the original matrix M is then reordered (first to bring
its non-zeros onto the diagonal) such that the rows and columns
collapsed together in the reduction process of step (3) (note was
made of them in (3)) are grouped together, the groups being in the
same order as in A and the permutation @ applied to this matrix,’

then the total resulting permutation will render ™ %bleck triangular.

Justification of the algorithme.

Step (2). . From the meaning of (ak+1)ij (Corollaries 1 and 3),



68

it is seen that the appearance of a non-zero in position i in DIAG

indicates that the point (or composite point) i 1lies in at least

one cycle of length between Zk and 2k+1 (if the cycle was of length

less than 2k, it would have been found at the previcus step and the
algorithm would have gone to step (3) and collapsed this cycle).
Corollary 4 is then used to find the other points of the cycle as at

the beginning of step (3).

Step (§ . The collapsing merely involives an identification of points
found to be in the same strong component and effectively mirrors the
transitivity property of directed paths. Any point (or composite
point) outside the group which is being collapsed and which is linked
originally to any point (composite point) of the group will be
similarly iinked to the point in the reduced matrix corresponding to

the collapsed group.

Step (4). The diagonal elements of the final A represent the strong
components (or equivalently the diagonal blocks - Harary (1960))

while each of the off-diagonal non-zeros fepresents & line or lines

from points of one component to points of aﬁother. Clearly this matrix
is acyclic otherwise lines would exist between two strong components
giving a contradiction. ngce, by Harary (1959b) or by observing

the graph of the matrix to be a tree and using Parter (1961), the
matrix can be ordered to be triangular by means of symmetric
permutations. More details concerning this are to be found in the

next section.

Basically, as mentioned earlier, this method is situated
computationally midway between the algorithms of Harary anﬁ Steward.
It avoids the excessive number of multiplications in Harary's
algorithm while only doing a very minimum amount of Steward type loop-
chasing., In fact, only loops of length 2 are traced at any one time.
This systematisation of Steward avoids some of the pitfalls of his

method, one of which is readily demonstrated by considering the
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example of figure 4.2.

x x
X x ‘
X xx )

X X X ‘
X X X .
~ "\ ‘l\ l
N

‘\ A ‘\ !
RN
XX
X X

figure 4.2

Since the matrix of figure 4.2 has no singleton rows, the Stéward
algorithm will start loop-chasing with the element (1,n) eventually
finding that rows 2 and 3 are in the same loop. The next stage
ascertains that composite row (2 & 3) and row 4 are in the same loop

and the process continues until the matrix of figure 4.3 is obtained,

(5 %)
0 x
figure 4.3

Here clearly there is a singleton row and so the Steward algorithm
now quickly terminates., However, the amount of work (principally
in terms of comparisons) in the decomposition of this matrix by means
of Steward's method is seen to be

| %na + 0(n)
whereas the matrix is easily decomposed using the modification of
method 2 given in section 5 since rows 2 to n are joined successively
by paths of length 1 and are ﬁence all cocllapsed together in one pass
of the COLLAPSE procedure. It is seen that method 2 will require
only

0(n) operations

which is of the same order as Sargent and Westerberg's method.
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Evidently because of the path of length =n-1 from point 1

to point 2, log n multiplications will be needed to form the

invariant Boolean power giving a itotal of
O(n3 log n) operations

and, because of the method by which Boolean multiplication is
carried out (see, for example, the procedure INVAR in the appendices),

this will be reduced to
2 P
0{n~ log n) operations
for the method of Harary or method 1 of this section.

Thus, it is itrue that while Steward‘s algorithm may work
efficiently for some matrices whose graphs have many long paths and
few short ones, while the method of Harary works well if no long paths
are present (the example of figure 4.2 contradicts both of these
premises)}, method 2 and the method of Sargent and Westerberg should
be able to cope better when dealing with matrices which do not have
such characteristics. The results in section 5 show that Steward's
method only has an advantage over method 2 (albeit a significant one)
when the matrix is very sparse and apparently unsfructured. Structured
or dense matrices (dense being used in a comparative sense here...
the probability density of a 'dense' matrix being about 0.1 (or 10
zeros per row in a matrix of order 100)) will tend to have shorter
paths joining points in the graph of the matrix and so method 2 and
Sargent and Westerberg's method should triumph. This is indesd borne

out by the results of section 5.
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Section 5. Computational details, results,
and conclusions.

In this section, the alpgorithms to be tested are first described,
the results are given in tables, then some conclusions are drawn.
The four methods being compared are Harary's method (page 54, Steward's
algorithm (page 55), Sargent and Westerberg's method (page 557, and

methods 1 and 2 of the previous section.

For the two methods (ngary's and‘methodr1) which rely heavily
on first obtaining the invariant Boolean power of a matrix great care
should be exercised in how this computation is performed. It is by
far the longest part of these algorithms, even if good Boolean power
procedures are used, and will consume vast amounts of time if done
inefficiently. Four methods for obtaining this invariant power were
tried. These were as follows:

Hethod A: Ordinary Boolean multiplications using two N ¥ N arrays

b8

forming the powers Aa, A7, A until invariance is achieved, observed
by finding k such that Aak = Aak-q-

Method B: Again ordinary Boolean multiplications are used but this
time a second N x N array is not stored. & one-dimensional array
keeps a note of elements changed from O to 1. This array is used to
update A before the next multiplication. This procedure terminates
when the one~dimensional array is left empty after a multiplication.
Method C: A procedure taken straight from one developed by Baker (1962)l
which uses only the original two-dimensional array. This procedure
searches rows for non-zeros and performs a 'logical OR' operation
with the rows corresponding to the row and column of this non-zero,
replacing this row by the result. The method proceeds in this way
swWweeping through the matrix until invariance is obtained.

Method D: A procedure developed by the author but subsequently found
to be described in a paper by Comstock (1964). This procedure is.

essentially identical to ordinary Boolean multiplication and consists

of sweeps through the matrix looking for loops of length 2 until
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invariance is obtained, It has the advantage of requiring only

one copy of the array and less multiplications than method A or B.

The four methods were ftried on a number of random matrices and

the average time taken for each method on the KDF9 is shown in

table 5.1.
METHCOD A. METHOD B. ‘ METHOD C. METHOD D,
8min. 17secs. Smin. 55secs. “min, 43secs. Zmin. 10secs.
Table 5.1. KDFS times of invariant hinary power methods. Average

times of runs on 10 100%100 random matrices of density 0.03.

As is evident, method D proves to be the quickest. This method was
then incorporated into procedure INVAR (see appendiées) and was used
in the appropriate part of Harary's method and method 1. Harary's
method is described in his paper (1962a), while the modification of

it used in method 1 is described on page 65.

Steward's method is described on page 56 and is not given in
any further detail since it is quite similar to the method of Sargent
and Westerberg. A print out of the program for this method of

Sargent and Westerberg is given in the appendices.

Method 2 is modified a little from the description given on page 66
and a flow chart of this method is given on page 74 The principal
changes made in the algorithm have been to allow collapsing and
searching before any Boolean multiplications are carried out and to
allow more than ome ¢ollapsing operation to occcur between each
Boolean multiplication. This considerably reduces the order of
matrices on which the Boolean multiplications are performed.

Figure 5.1 illustrates two aspects of the algorithm, the one is
the nature of the collapsing process itself and the other is the
above mentioned sequence of collapsing operations causing the order

of the matrix to be reduced.
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figure 5.1 (a) figure 5.1 (b)

In both figures, assume the ordering of the points is such that

i< j<k, Then, in figure 5.1 (a), Jj is first collapsed into i
giving lines (i,k), (k,i) [ from 1ines (j,k) & (k,j)] which
causes k to be subsequently collapsed into i at a later point
during the saﬁe call of the coliapsing procedure. The example
given at the end of the last section illustrates this very case.

In figure 5.1 (b), the first pass through the collapsing procedure
collapses k into j and gives a new line (j,i) [ from (k,i)],
hence on the next pass (even without an intervening multiplication)
the composite point (k/j)} will be collapsed into the point i.

This collapsing procedure is given in the appendices.

The Boolean multiplications, when required, are performed
using the procedure BINMULT in the appendices. It is seen that this
procedure does not actually produce the square of the Boolean matrix
input to it but does a little more besides. This is all right since
the matrix produced is still a matrix which has 1's only in positions
where 1's exist in the reachability matrix of the graph of the
original matrix. The procedure BINMULT is, in fact, omne étep of
procedure INVAR and again benefits by having to carry no subsidiary

ATTayESe
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Although the note on indexing arrays gives some details of the
algorithm, some additional comments are now made.
In step 7 the required permufation is obtained by using a theorem of
Parter (1961) and Harary (1959b), possible because it is observed
that the graph of this final A is that of a tree. If, for example,
it is desired to permute it to upper triangular form then pcints with
column count 1 are put at the beginning, points with row count 1 at
the end, the matrix reduced by ignoring these rows and columns, and
the process repeated until all the rows and columns have been so
ordered.,. The simple tree algorithm of the papers mentioned above
ensures that this procedure will terminate successfully with the

matrix ordered to be upper triangular.

At the collapsing stage, step 4, it is possible to include a bit

more loop searching into the algorithms to look for paths of the form

. £hi

aikqak1j' ajkaak2i ete. Experimental tests on this have not
proved very fruitful and, in any case, these paths are often

encountered on subsequent passes through step 4, even without an

intervening Boeclean multiplication.

The experimental results for the five methods, mentioned at the
beginning of this section, are given in tables 5.2 and 5.3. The
first table gives the average results of runs on random matrices of

3 different densities and 3 different orders. The second one gives

results for the five methods on 4 structured matrices.

It is seen that the conjecture of section 4 is borne out by the
results contained in these tables. Method 2 is consistently very
much better than method 1 or Harary's method, while method 1 is always
a slight improvement on the method of Harary. The method of Sargent
and Westerberg is always better than that of Steward and both of these
methods are better than the other ones if the matrix is very sparse
and unstructured. Method 2 is better than Steward's method for

relatively dense matrices and structured ones and is quite competitive
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with the method of Sargent and Westerberg in such cases, sometimes

even being an improvement on this method. Thre actual method to

be preferred will be dependent on the structure of the matrix under
consideration but the results show that the only really-viable

methods are those of Sargent and Westerberg and method 2 of section 4,
For structured or relatively dense (say >1%) matrices, either of

these methods could be recommended for use as a block triangularisation

algorithm but for general use the method due to Sargent and Westerberg

is to be preferred.

Willoughby's method (page 57) was not compared since its
successful implementation is dependent on good symbolic factorisation

procedures and preliminary tests on his scheme proved it to be very

uncompetitive.

Similar comments to those in section 5 of the previocus chapter
cﬁn be made concerning the use of storing the matrix in packed form.
Again the significant factor will cease to be n, the order of the
system, but will be instead T , the average number of non-zeros per
row of the matrix. All the algorithms will be speeded up
proportionately, thus, in general, only affecting the absoluite times
but not the comparisons made in this section, The speed of the
algorithms, even without this improvement, serves to indicate the

feasibility of carrying ocut block triangularisation procedures on a

sparse matrix system prior to any attempt at Gaussian elimination.
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CHAPTER 4.

SOME COMMENTS ON PARTITIONING AND TEARING.

Section
Section
Section

Section

Introduction.
A short descripiion of tearing.
Tearing and a factored form of the inverse.

Towards an optimal order for Laplace and some

final comments on partitioning and tearing.



77

Section 1. Introduction.

In this chapter further developments from the block
triangularisation of chapter 3 are discussed and a topic‘known
as tearing is5 introduced. The concept of tearing has its Dbasis
in papers by Kron (1953, 1954) and a subsequent book by the same
author (1963). Many papers have been written (for example, Spillers
{(1965), Branin (1959) and Harrison (1963)) to define Kron's terms
and put them on a secure mathematical footing. This is because
his book and origiﬁal papers are writien in an intuitive manner
from the viewpoint of a person well-versed in circuit theory and
extremely capable of associating the mathematical tearing of

systems with the physical tearing of circuits.

The main interest in tearing centres on whether it 1s possible
to select elements so that their removal enables the system to he
partiticned into block triangular form. In fact, it has been
shownrrecently by Rose and Bunch (1972) that this is essentially
the only case in which fearing (or the method of modification, as
they call it) provides any benefit to finding a solution to a set
of linear equations. Just as algorithms have been developed to
put systems into block triangular form {see chapter threes) so have
algorithms opeen déveloped to tear systems in an optimal or near
optimal fashion. Steward 1s the principal exponent in this field
Tirst publishing a crude algorilthm in 1965 and then improving cn
it in subsequent papers. His algorithm splits up the diagonal
blocks by selecting as torn element{(s) those element(s) whose
removal would break up the most loops in the system and leave the
largest number of disjoint remaining loops. The subject is a
very involved one, occupying most of Steward's forthcoming Ph,D Thesis,
(Steward (1972)), and so no exact detail of fearing algorithms will be

given here except to note that they do exist and are becoming more



computationally feasible year by year. Sargent and Westerberg
(1964) also describe a method of tearing systems. A recent
development is due to Hellerman and Rarick (1972a, 1972b) who obtain
the torn columns (called "spikes")} by a sequence of complicated row
and column counts. Their algorithm promises to be much faster ‘
than that of Steward's but its optimality has not yet been analysed.
In many cases, it is of course feasible that the form of the

system to be solved or the physical problem from which it arises

may suggest a priori which elements should be selected as the torn

ones thus avoiding some of the computations mentioned in this

paragraph.

In the second section of this chapter, tearing, inasmuch
as it interests sparse matrix analysts, is described in very simple
terms following the type of approach adopted by Steward (1955).
It is subsequently shown to be basically just a way of partitioning
the mairix where one of the partiticns has the property of being

quite exceptionally sparse.

This approach to tearing is used when describing a factored
form of the inverse in section 3 of this chapter. Some numerical

properties of this algorithm are also considered in this section.

In the final section, a method of partiticning and tearing due
to George (1972) is described, examined in some detail, and an
improvement to it suggested. Some final comments are then made on

tearing and tearing algorithms.
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Section 2. A short description of tearing.

Tearing can be thought of in two different ways. The method
of elimination and the method of iteration (Steward (1962)). The
former is a direct method in which a finite sequence of eliminations
are performed in which the torn elements play a special role. The
latter is an iterative method of tackling the problem in which
successively improved values for the torn elements are obtained.

It is the former approach which will be followed here, the example
used being a 2 x 2 block matrix although the generalisation to more

blocks follows immediately.

Consider the eguations in figure 2,7,

A C X a
D B ¥ b
figure 2.1

With the equations partitioned as in figure 2.1 they becoue

eves (2.1)

i1
™

Ax + Cy

Il
o

Dx + By cene (2.2)

In most good tearing methods the matrix D 1is very sparse,
perhaps only containing one non-zero element. The first step in
any tearing algorithm would be to solve for 1t 1in the subsystem

given by the eguation
Bt = b .swae (203)

Then, from equations (2.3) and (2.2), the variable y can be found
in terms of t and a few components (since D is very sparse) of

the vector x. This is shown in the eguation

_ -1
¥y = t - B Dx “w e (204)

where B is assumed to be non-singular. (The inverse of B 1is
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not itself calculated, of course, but merely the LU decomposition

of it).

If the expression in equation (2.4%) for y is substituted into
equation (2.1), then equation (2.1) can be solved for the vector x,
resubstitution in equation (2.4) giving y and hence the complete

solution of the system in figure 2.1.

This 1s the process known as elimination and is described at
length by Steward (1962) in his paper on information flow. The line
after equation (2.3) indicates that a necessary condition for the
soiution process to work is that the submatrix B is non-singular.
This is by no means guaranteed for an arbitrary partitioning of the
kind mentioned in figure 2.1. and some mention is made of this in

the section on stability.

This description of tearing in a language akin to that of
partitioning leads naturally on to the algorithm for solving

equations which is described in the next section.



Section 3. Tearing and a factored form
of the inverse.

The algorithm is first described in detail on a block 2 x 2
example (see figure 2.1) and then a description of how it would
be performed in the general case follows. Finally, some comments

on the stability of the method are made.

In figure 2.1 the torn element or elements are assumed to be
in the very sparse rectangular block D. The stages of the
algorithm are then as follows:

(1) Perform forward elimination on B, performing the same
elementary row operations on the right-hand side and on the rows

of D.

(2) Back substitute in B, reducing B to the identity and
again affecting D (making it D'} and the right-hand side.
Continue the back substitution, reducing ¢ +to zero and changing

A to A' and altering a, the upper part of the right-hand side.

(3) Perform forward elimination on A}, affecting A' and the
right-hand side, pivoting on the torn columns at the end of the
elimination. Back substitute in A', and continue the back
substitution down the torn columns in D'. Do the same row
operations to the right-hand side vector, thus finally obtaining

the required solution vector.

This algorithm is now examined in detail on the example of
figure 2.1 where, without loss of generality, any row permutations
necessary for partial pnivoting have already been performed on the
matrix, and only one torn element exists and is in the last column

of A and in row i of B.

After stemns 1 and 2, the matrix and right-hand side have the

form given in figure 3.1, where A' is identical to A& except for

its last column, see equation (3.3).

81
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X u
i----- v +
figure 3.1

where t is given by egquation (2.3) and

Dt = B D ' ceee (3.1)
1 = a - Ct = a = CB_,Ib [ EE R (302)
and Ar - A_CB-1D aeme (3‘3)

Figure 3.1 and subsequent equations indicate that the above-
mentioned part of the algorithm is equivalent to premultiplying
the matrix and right-hand side by the matrix given in figure 3.2

which is partiticned similarly to the matrix of figure 3.1.

figure 3.2

Step (3) of the algorithm involves forward élimination on A' which

produces the effect shown in figure 3.3.

UA' 0 X L

o I v t
figure 3.3

and the final back substitution gives x and ¥ from the following

equations:
x = UnLile o= a7y ceee (3.0)

-and
y = t-D'U;_[ L;,ju =t -DA" T .. (3.5)

t -~ D'X ss e e (306)
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but, when equation (3%.6) is compared with equation (2.h), they are
seen to be identical. Therefore, it orly remains to show that
equation (3.4) when solved for x 1is identical to solving equation
(2.1) for x after substitution from equation (2.4) in order to
show that this algorithm is identical to the partitioned description

of Steward's tearing algorithm which is given on page 79.

From equations (3.3), (3.4) and (%.2)

(A-CB“"D):’: - u = a-CB b eae (3.7)

and equation (3.7) is found to be identical to substituting
equation (2.4) in equation (2,1} thus proving that the algorithm

mentioned on page 81 is, in fact, a tearing algorithm,

In order to discuss this factored form more closely, the
example shown in_figure %.4 is now considered and a more detailed
explanation of the algorithm as it works on this example 1s given.

The shaded areas in the following figures contain non-zeros.

7 p
L" Yo
x /'/, 3
,‘J:.l-’
— o 4
- LT .)V
x - 4
Zeros _,21_/‘
elsewhere R P
-y
x I -
x <
- _x"
) o
figure 3.4

Although this example has only four diagonal blocks, 1t is

clear that the following discussion can be easily extended to cover

cases with more blocks. The matrix of figure 3.4 will be



decomposed block by block starting with block 1 and ending with

block 4,

After block number 2 has been reduced the matrix will look
like that given in figure 3%.5. The fill-in to the torn columns in
this figure should be noted. A detailed explanation of what
happens when block A3 is decomposed is now given and serves to

indicate how the method proceeds in general.

figure 3.5

Any torn columns in'A3 are first moved to the end of the block
(or are flagged so that they will be considered last in the
elimination process) and elementary row operations are performed
on the whole system so that the untorn columns of AB are left in
upper triangular form. Fill-in will occur in all the uneliminated
torn celumns and the resultant matrix is shown in figure 3.6. Any
of the pivoting strategies normally used for sparse systems can be
used during this elimination of the untorn columns of A_. Some

3

additional mention of this is made at the end of this section.

Sk
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figure 3.6

Further elementary row operations are then performed to reduce
elements in the torn columnes of block A3 beneath the diagonal
to zero. This includes the part of the torn columns beneath
this diagonal btlock. A final sequence of elementary row

operations then reduces the bleck A& to the identity matrix and

3
reduces the off-diagonal block above this block to zZero also.
All these operations cause fill-in in the torn columns yielding,

at the end of this second stage, a matrix of the form given in

figure 3.7.

v
~

figure 3.7

85
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The method then proceeds to step 4 where a similar elimination
reduces block Aq to the identity thus completing the solution

of the system.

The factored forms mentioned in the title of this method are
just the representations of the 2n - 1 elementary row operations
as n lower triangular elementary matrices and n - 1 unit upper
triangular elementary matrices. Only the non-trivial c¢olumns of
such matrices and a pointer to their position need be held in the
computer.

Some notes can now be made concerning this method and, in
particular, with relation to the order in which the various
operations are performed. The blocks of figure 3.4 are reduced
in the order 1, 2, 3, 4, so that any fill-in occurring in the
matrix is confined solely to within diagonal blocks and columns
containing torn elemeﬁts (which are, for even moderately good
tearing algorithms, small in number). 1f, however, elimination
is performed on the matrix of figure 3.4 (or its transpose)
reducing the blocks in the opposite order, then £ill-in will occur
in the large shaded region above the diagonal blocks. The
description of this algorithm lends itself particularly well to
storing the elementary triangular matrices, representing the
2n = 1 elementary row operations in factored form and so the
normal savings of storage by using sparse storage techniques (see
next chapter, section 2) can be made (in addition to that saved
by ordering the blocks 11—k}, This is because the density of
the factored form is more close to the dénsity of the original
matrix than that of its inverse which is normally full (see Brayton
et al (1970)). The columns containing torn elements, in order
to keep fill-in to a minimum, shoulid be vpivoted on last within
the block in which they appear. It is, of course, feasible to

leave the elimination of all the torn columns te the end but, in
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addition to creating more fill-in in the torn columns themselves,
it is also possible that the final block of torn elements will be
singular causing a grave stability crisis for which the analyeis

is very difficult,

Now, when considering the stability of the algorithm, it is

alarming to find a simple 2 x 2 block matrix for which this method

breaks down. Consider the matrix given in figure 3.0.
1 1 1 1
1T 1 3 k&
6 0 1T 01
2 0 1 1
figure 3.8

Clearly the determinant of this matrix is equal to 2 and so
its inverse exists. However, bofh of the diagonal blocks are
singular and so the initial LU decomposition is impossible and
the method fails., Thus it can be seen that even a matrix which
is well conditioned may fail to give a solution using the algorithm
described. Since, by the arguments at the beginning of the chapter
on block triangularisation, the soluwtion of & block triangular
system by the above method does not in itself create any induced
instability, this instability must arise through the presence of
the torn element or elements. By using the same diagonal
symmetric scaling as in the second section of chapter 2, 1t is seen that
the. size of the non-gzeros in the upper rectangular block in figure
2.8 can be made negligible at the expense of increasing the size-

of the torn elements correspondingly.
There is no obvious a priori methed of deciding whether a
particular tearing and partitioning will yield well-conditioned

diagonal blocks so, when implementing the method, some monitoring

strategy should be adopted to check for instability.
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The type of monitoring strategy envisaged is as follows.
Since the raison d'@tre of tearing is to reduce substantially the
size of the diagonal blocks, it is feasible that full partial
pivoting (or perhaps even total pivoting with the proviso that
pivots are not chosen from the torn columns until the end of the
elimination) could be employed within each diagonal block thus
suarding against bad induced instability within these blocks.
If the blocks are still so large that this is impracfical and
more account must be taken to preserve sparsity within these blocks,
then a compromise partial pivoting with growth monitoring could he
used as in the program of Curtis and Reid (1971b}. The danger of
induced instability through growth in the torn columns is, however,
not prevented by this and some additional monitoring must be
employed. It is thus necessary to keep a separate check for
growth in the torn cclumns of the system. These columns are in
some way identified at any rate since they have to be pivoted on
last in the diagonal block in which they occur, and so the amount
of extra work is not very large. The actual growth which could
be allowed would, of course, be dependent on the accuracy of the
solution reguired and could be set as arn input parameter to any
solution process adopting these procedures. A fuller discussion
of this growth in the matrix elements for scaled matrices is to be

found in Curtis and Reid (1971d).

Additional instability can occur in the right-hand side as

illustrated in figure 3.9 and the comments following it.

torn column

p
ivot element : p.
N P P %b , in the pivot
» TOWa
& L, a2 non-zero in fbt’ in the same
the pivot column. row-as t.

figure 3.9



HNow suppese t»p, the pivot at the last stage of elimination

and first stage of back substitution. Then, during the back

substitution, bt is transformed as in

b——b, - bp.(t/p) _ ceee (3.8)

This can give a fairly large growth in bt due tc the presence

of a large value for t/p multiplying bp. This will not be
disastrous if the component t of the seclution vector is also
large (it is likely to be after the computation of equation (3.8))
since the relative error is then small. Because of the possible
growth from calculations like that of equation (3.8), it is
important to keep 2 check on the size of successive right-hand
side vectors. This monitoring of the right-hand side vector has
to watch for growth in this wvector and should print out some

warning message only if this growth is followed later in the

computation by a subsequent reduction in size of the same component.

These monitoring strategies while not ensuring stability, will
at least give the user of these procedures some idea when his

answer is likely to be inaccurate.

It should be pointed cut, at this stage, that the stability
difficulties envisaged in the above paragraphs are to some
extent rather less likely to happen in practice than might he
supposed. It is entirely possible that the original system may
quite naturally split into the form of figure 3.4 where it is known
a priori that the diagonal blocks are non-singular. In addition,
as is often the case in tearing problems, those elements torn could
well be ones which have little effect orn the system (known in

advance from physical considerations) and so be unlikely to cause

the other type of error indicated above.
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Section k4. Towards an optimal order for Laplace and
gsome final comments on partitioning and tearing.

George (1972) gives a fairly detailed description of an
ordering which is developed for a grid on the unit square but which,
as is seen later, can be viewed in terms of partitioning and tearing
and has a much wider applicability. An improvement to George's
ordering suggested by J.K. Reid (private communication) is also
discussed at length, Finally, some additional comments are made

on btearing and partitioning algorithms.

Laplace's equation is considered on a two-dimensional square
grid where the function values at the boundary are unknown and the
natural ordering by rows is applied. If the grid is of order =n
(n + 1 points in each direction), then the matrix arising from a
nine-point discretisation of the differential equation (and this
is later shown toc be a substage of a five-point formula) is a
symmetric, positive definite, band matrix with semi-bandwidth n + 2
(where a matrix has semi-bandwidth A if aij = 0 for H-j>AN). If

Cholesky factorisation is used on this matrix, the number of operations

required to solve this system, NCholesky’ and the storage required,
SCholesky’ are given by the equations
NCholesl«:y = %n4 ¥ O(n}) ceee (Ba1)
Scnolesky = B+ 0(n7) ceee (he2)

where full advantage has been taken of symmetry. Admittedly, the
storage for Cholesky can be improved by order n 1f backing store

is available since only %na + 0(n} elements need be in core at any

one time, However, this does involve some minor scheduling
difficulties. The ordering due to George, which is now described,
successfully attempts to reduce the high power of n which dominates
this operation count for large n. This ordering is first described
for a general mesh of order 2N + 1, and then a detailed diagramatically

explained example illustrates its use for W = 4, Generalisation
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to arbitrary mesh sizes follows easily especially when the method

ig viewed from a tearing angle.

Let (i,3j) be the point in the mesh with coordinates i and
js» so that i, ] £[O, ZN] sy 1lg43- integer,defines the mesh.

Consider the sets S(k)} & P{k)} such that

3(k) = {(i,j) : (i,j) is a mesh point and either i or j
. . k
igs a multiple of 2 } eese (8,.3)
and
P(k) = Total set of mesh points =~ 8(k) -Z:P(j) vess (Boh)
j<k

defined for k € [1, N-1].

The sets P(k) consist of (E-quJz subsets where each subset
Jies in a '+', The following ordering is adopted.

Number the unknowns (points) in increasing order starting with
those in P(1) and then in successive P(k) (k = 2,..8=1) at each
stage numbering for each subset in P{(k) first one leg of the cross,
then the opposite one, and finally the line of points left. A1l
the points have then been numbered with the exception of a principal
cross and boundary points ... these remaining points are numbered by
taking the points from the boundary within each square (there are
four squares) in turn and finally eliminating the central vertex
in a fashion similar to that for the previcus P(k) (see figure
L1 (a)). Then, with this ordering, the total operation count is

given by N . (see George

and storage requirements by SGeorge

George
{1972} ) where

NGeOI‘ge < 22.23N + 8122N(N - }+) seasn (4.5)

2N
SGeorge < 8n.2 eses (B.6)

The following diagrams illustrate this ordering procedure on a

mesh of order 17 (i.e. N = 4)
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figure 4.1

It is important that the last points in d of figure 4.1
e numbered in the aforementioned manner since a numbering of the
form given in figure 4.2 will give an increase in operation count

and storage for that step aléone equal to that given by the equations



Number of operations in stage N

of George's method = 6.23N + O(EEN)
Storage reguired for stage N of

George's method = g8.2°% O(EN)
Number of operations for ordering

in figure 4,2 = 26.2°N O(EEN)
Storage required for ordering in

figure 4.2 = 159.2°N & o(2™)

Pt
&

®

figure 4.2

It should be noted that all of the above discussion-on

93

eeee (B,7)

eaee (4.8)

senw (4-9)

aees (4.10)

operation counts and storage applies to when the hine-point formuls

is used on the grid. However, if the five point formula is

considered on the Dirichlet problem on a sguare grid and the circled

points in figure 4.3 are first eliminated, then the nine-point

formula on a grid of mesh size‘ﬁfx previocus size is left (see dotted

lines on figure for identification of new grid),

figure 4,3
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This ordering eliminates .(£/232'+ (n/2 - ﬂ)z points immediately from
a grid of order n+1 and is seen to be advantageous even when
consideriﬁg only a routine Cholesky type decomposition with a
basic row ordering. The relevant operation counis are given
by the equations
Number of operations using ordinary

Cholesky and row ordering = %(n+1)4 + O(n3) cees (H,11)

Number of operations by converting

first to nine-point formula

Int & 0(nd) ceee (B.12)
saving about half the number of operations.

Thus, it is seen that, without loss of generality, it is permissible
to consider only the nine-point formula in the discussions on

ordering for Laplace's equation.

In private discussion, J.K. Reid suggested a possible improvement
to George's scheme, This is worked out in some detail below in
order that a fuller understanding of the concepts involved in this
ordering might be obtaired and so that the extension of George's

ordering to the 3-D Laplacian problem might be facilitated.

The basic building block for the operation count used in the
following discussion is denoted by O(m,n) where O{(m,n) signifies
the number of operations required to eliminate m strongly
connected points from a network where these m peints are fully
connected to n , and only n, other points which are not
necessarily strongly connected. The basic building block for
storage is concerned with how many units of store are needed to
store the factored form of the decomposition of M1 and M2 of

figure 4.4 and is denoted by S(m,n). This is indicated more

clearly in figure 4.4 where the submatrices M, are full.



CM, M, 0o
My Ay
o
figure 4.4

m
When full advantage is taken of symmetry {(decomposition to LDL~

being considered) it is seen that O0(m,n)  is given by the equation

"O(m,n) = %m(mz + 3m{n+1) + 3n2 + 6n - W) oee. (4.13)

and S(m,n) is given by the equation

$€m,n) = ZIm{m + 2n - 1) evas (Ho1k)

The modification to George's method consists of assuming that
the boundary points are not known a priori (that is, it is not a
Dirichlet problem) and recognising that these points have to be
eliminated along with thé other points during the elimination process..
The grid of order n+1 dis then effectively embedded in a grid of
order n+3% and George's ordering used for a Dirichlet problem on
this grid- The effect of this change in the ordering on the 17x17

example of figure 4.1 is shown in (a) to (d) of figure 4.5.

R ioii ot R S e e R e
o il o e o b e e e S
E—%:T- i SidiEa] ;:_' - ?: n:§ e EEE =
T = Eaes S s
) 1T I __[ RS REY
é? Aty FHT J[ H E H : ﬁ*:kf A
£ Y e
é} 3 1;_- fiesict jseres i; ,,:y—j—‘j }" ,'I'ﬁ e
—1- ' sist oo L i
i3 o B iE = x & :
Essia] [Easer : _

m
I
A
i

Rl 3
et
et
i
-
i
N
i
I
1



96

] i S dic1 N EIE S Sl -
i ahcaifiiine =t = B S atens =
BEGEE x* 4 3 % :
JiksE it e TS CAR A HEAE: E R e
=iilg gt HE N R = i _*; = ‘
it = S i o * :
. S5si 3 = R R St e e
B S TR B i =
‘ ,@x, Si: i Anghe ‘u e :,k : * —
: e S SR R ey B it

il ; e = - = S ‘fﬁ

A 4 i e =
i T - ﬁ' ] FTH - K _:

H S S £
(c) (d)

figure 4.5

The operations count and storage requirements for stage k
cf the elimination are now examined in detail.

N-ky2

At stege k, there exist (2 independent subsets in

P(k) of which &4 are what can be called corner subsets and 4.2N-k
can be called edge subsets, Clearly the counts for these three

types of subset will be different while the counts within each type

are the same. A typical corner subset is shown in figure 4.6

XX XXANK
®

My

A =y
- IR T
2% t—

(=]

(K=4,say).

ARNN LMK

figure 4.6
{learly the number of elements are as indicated in the diagram
and so ordering in the manner indicated in the figure will give the

count for corner subsets as in the eguation



= 002" 11, 5,250y 4 o2, 3,257y 4 o(RK, 2K L)
[T (1+¢15)

N
corner

In this case, and in each subsequent case, the storage count is given

by the same expression with S substituted for O.

The edge subsets are shown typically by figure 4.7 and with the

ordering given there, the count given in the egquation

k=1 k-1 _k+1

= 02 -1,3.2k) + 0(2 2 1) + o(ak-1,3.2k+1) ceee (4.16)

Nedge

is obtained.

%
xo
x
X XX XX X X

®
-« {w=3, SAY)

%@

K

figure 4,7

Since the remaining subsets are as in George's method their

count is given by the equation

o k-1 ky | k . k2 :
Noontre = 2+0(2777-1,3.2%) + o(2%-1,2"%9) ceee (L,17)

and hence the total number of operations at stage k of the
elimination (24k £n-1) is given by summing equations (4.15) to
(4.17), noting the number of subsets in each class. The total

storage required is similarly evaluated.
In addition, for k¥ =1, (see figure %4,5) the count is given by

the equation

Mg = 42"7-2).[001,8) - o(2,7] + & [01,8) - o4, 5)].. (4.18)

while at the final stage (again see figure 4.5) it is given by the

equation

_ N_, SN
Neinar = 4.0(27-1,2%1) cenes (4.19)
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giving a total count for this modification of George's ordering
as that in the equation

Total number of operations =

N-1 | _
E{: [4.{0(2k'1,3.ak'1+1) v 02,525 )y 4 o2, 2 e}
=

» a2 {020,325+ 025,25 )+ 0@Far, 3250}
(22MR) Nk gy {2o0(28 11,325 4 021,254} ]
+ 52" 12) [o01,8) - o2, ] + 4.[0(1,8) - o(4,5)]

+ 4.0(2“-1,2N+1) cees (H.20)

which sums to give the equation

Ntotal-4.10.25N + (65-17m)2°1 « 02Ny ceen (Bo21)

The storage required when similarly calculated is shown in the eguation

2N

2~ (8n - 21)2°N 4 o2 cevn (4.22)

Stotal
and so, the constant of the dominant term in George's result has been
halved by means of this minor modification. Even so, althoﬁgh the
result of George is clearlj vastly superior asyuptotically to normal
Cholesky in terms of operation count, it is seen by comparing equations
(&4.,1) ang (4.21) tﬁat fhe order of the mesh has to be at least 5 for
the dominant term in equaticn (4.21) to be less than the dominant

term in equation (4.1). In fact, if the detailed expansion of the
number of operations is evaluated it is seen that George's method

with Reld's improvement is always superior to the normal Cholesky

band method in terms of operation count.

It is, of course, possible to apply this kind of ordering to more
complex grids and o the 3 dimensional Laplacian on a cubical grid,
but, before this is done, it is perhaps useful at this juncture to

discuss George's ordering in a wider and more tearing oriented aspect.

To envisage this process in terms of partitioning and tearing
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consider the graph of the system and the diagrams of figure 4.5,
starting with diagram (d) and working back in the reverse order.
This means, in effect, that the points ordered last in the George
ordering are being considered first. The removal of the points
along one line of figure (d) divides the graph in two while
removal of the other itwo lines splits the graph into four.
Continued removal of peints in such a fashion (akin to tearing
where torn points are considered last) subdivides the graph into
(212 unite as indicated by the lines drawn in figure 4.5 {(a).
When the first points inside these square units are eliminated

the units are in fact collapsed into one and the unit for the next

stage in the elimination process is composed of four adjacent units

from this stage. These four units are then collapsed into one new
unit by the elimination in figure 4.5 (b). So the process continues
until all points have been eliiminated. At each stage, the interiors

cf the units are independent sets of points and, at each stage,blocks
of 4 neighbouring units effectively coalesce.. The splitting of the
graph mentioned earlier is clearly similar to:the tearing of a system
where scme points_are selected at the beginning to be dealt with at

the end.

With this description of George's method in mind it becomes
easier to envisage applying the same ordering strategy to Laplace's
three dimensional equation on the unit cube, Here the building
block units are cubes rather than squares and the idea in pursuing
this ordering is to obtain an order of magnitude calculation for
the operation count to see i1f such an ordering would make the
solution of large 3-dimensional Laplacians feasible by direct methods

instead of the normal iterative techniques.

At each stage of the elimination process (except the first), it
is possible to look upon this ordering algorithm as one which forms

a composite fully connected cube from the 8 adjacent composite cubes

left from the previous stage of the elimination process. At each
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stage, the composite cube formed is hollow and full inasmuch as all
the points interior to the cube have been eliminated and all the
points on the sides of the cube are still present and are connectéd
to every other point on the cube. The transformation at a
particular stage is illustrated my means of figure 4.8 and the
comments following it.
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The decomposition is done as follows :

(i) Join blocks 1 & 2 = (12) by eliminating int.pts. of face ACIX

{ii) Join blocks % & L o (z4) n 1 " B " i ZICE
(iii) Join blocks 5 & 6 + (56) " " n " n n JOEX
(iv}) Join blocks 7 & 8 o (78)y » " " " t n AYJO

(v) Join blocks (12)& (78)+ (1278) by eliminating interior points
of faces AHGO & ABCO & interior points of limne AO.
(vi) Join blocks (34)&(56) » (3456) by elimirating interior points
of faces GOET R OCDE & interior points of line OE.
(vii) Join blocks {1278 & (3456) by eliminating points in the

interior of the composite face TUVW.

Clearly, after these eliminations one is left with a hollow and full

composite cube KPQNMRSL.

So, if  0(m,n) is as defined in equation (%4.13), then the number
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of operstions at stage k is given by the equation

Z(k) = & x 0(m,,B) + 2 x O(m,,Y) + 0(8,€) veee (4.23)
_ where.
q{ is the number of points in interior face AOQOIX.
ﬁ is the number of points in composition of cubes
AQTXKTGH and ACIXNUCB.
my is the number of points in the interior of composite face HGCB.
¥ 1is the number of points in the composition of cubes (12} & (78).
$ is the number of points in the interior of composite face TUVW.
and |

€ is the number of points on exterior of new composite cube.

Clearly,
my = (Ek_1-1)2
m, = 2Ky (8-
B = (5.22k“1+2) bo
¥ = k.22 peees (a2
& = (28-1)°

and € = 6.22k+2

Thus, it is now possible to calculate the number of
multiplications when George's ordering is used to tackle this
problem considering, as before, a cube with 2N+1 grid points in each
direction. Since, at stage 1, each elimination clearly requires

0{1,26) operations,'g (k) is seen to hold for k=1, (from

equations (k.23) & (4.24)). Further, the number of cube

compositions at stage k is (2Nrk)3 and, at the final stage, 2 hollow

empty cube of side 2N+1 is eliminated giving, by € of equation

2N+1*

(ho24), 0(3.2 2,0} operatiocns. S0, finally, the total number

of operations using Georre's ordering on the Laplacian on a unit
. vl . . . . .

cube with 2 +1 mesh peoints in each direction is equal to N

c

ubhe
given by the squation
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H .
\ _ N-k.3 , 2N+
:Ncube - k2=1 (C )qg(k) T 0(3'2 '230) 'R (L"oas)

where

?;(k) is given in equations (4.23) and (4.24),
This can be summed to give the equation

N = 28,258, (2% cee. (B.26)
cube

Now, the numbher of operations required if normal Cholesky is used

N
on ordinary row ordering is %man where m, the bandwidth, ~ 22

and n, the order of the system, ~ 23N giving the number of

operations for Cholesky, N as

chol’
N

(¥4

Z.2

NChOl saene (4.2?)

Thus, it is clear from equations (4.26) and (4.27) that the
George ordering is again asymptotically better than the row ordering
technigue by a factor equal to the number of points in one direction
of the grid, but that N would reguire to be greater than 5 for
obvicus benefits to occur. A1l that a Reild type of improvement does
is to cut the constant factor multiplying 26N/ in equation (4.26).
It is therefore apparent that, even using this George ordering,direct

methods are liable to be uncompetitive with iterative ones for large

scale three-dimensional Laplacian problems.

As a final comment to this section, it should be mentiomed that
several other ordering techniques can be looked at from a partitioning
and tearing viequint although this is not necessarily the context
in which they are usualiy quoted. To illiustrate this two matrix
inversion methods are discussed. One by Nathan and BEven (1967)
and the other a bandwidth minimisation technique due to Arany, Smyth

& Szoda (1971) and discussed in Cuthill (1972).

The strategy of Nathan and Even is explicitly derived in terms
of the graph of the matrix. The idea here is to tear out a set of

points such that every loop in the original graph of the matrix is
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broken. The main part of their paper discusses an algorithm for
finding this tearing set which is a very non-trivial matter for
graphs of any size. Elimination is first performed on the untorn
points of the system. If the matrix is partitioned according as
to whether the points are inthe tear set or not, then it can be
reordered to have the form given in figure 4.9, where the first

block corresponds to the untorn elements.

/i
o
B

figure 4.9

The upper left hand block is seen to be trivially invertible
and the lower left hand block can be considered the D partitioned
block of the torn matrix as in figure 2.1,‘ although it is somewhat
more dense than originally envisaged there.,

It should be noted here that, in fact, George's stirategy is aﬁ
examyple of this kind of procedu?e. Clearly, the complement of
P(1) (the first points to be eliminated in George's method) is a
set of points whose removal breaks every loop of the original graph
of the system. It is certainly clear that no subset of these points
possess this property and it may be true that this is the smallest
number of points which can so divide the system. It is interesting
to note that the improvement to George's strategy does, however,

still leave some loops in P(1). (see figure 4.5(a)).

In the Arany, Smyth and Szoda paper a somewhat more normal set

of teéring elements is employed. This set 1s a point cutset of

the graph (see Harary (1969)) whose removal will result in the graph
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of the matrix being reduced to a set of smaller independent graphs,
Numbering to achieve a near optimal minimum bandwidth is then

carried out on the separate components of the graph,



CHAPTER 5.

SOME COMMENTS ON THE SOLUTION OF
SIMULTANECUS LINEAR ALGEBRAIC FEQUATIONS.

Section 1. Intreduction.
Section 2. Storage Considerations.
Sectlon 3. An examination of a priori methods of sorting a

matrix with a view %o reducing fill-in in Gaussian

elimination.
Section k4. Sparsity pivoting based on local criteria,
Section 5. The feasibility of minimising the local fill=-in,

Section 6. A sparse matrix package.
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Section 1. Introduction.

Whereas the last three chapters have basically been concerned
with an & priori ordering of rows and columns which put a given
matrix into a form in which fill~in is restricted to certain regions
of the matrix, this chapter considers the use of ordering technigues
to determine which particular non-zeros are chosen as pivots at each
stage with a view to reducing the fill-~in when Gaussian elimination
is performed. This type of pivoting is called sparsity pivoting.
1t is generally assumed that, in the symmetric case, pivots are
only chosen from the diagonal so that symmetry is preserved. This
chapter places no such a restriction on the choice of pivots and,
unless it is explicitly stated otherwise, the discussions of this

chapter are applicable to general systems.

The results of chapter six indicate why some form of sparsity
pivoting should be employed. Consider, for example, a matrix of
order 100 with non-zeros on the diagonal and a probability of
about 0.3 of any off-diagonal element being non-gzero; if the pivots
are chosen from the diagonal in the natural order, then the fill-in.
can be expected to be about 2500 , while good sparsity pivoting
techniques can reduce this fill-in to about 450. This considerable
cut in fill-in is valuable in two ways. It is evident that the
less elements there are in each reduced matrix, the 1esshoperations
have to be performed on it when it is beiﬁg decomposed. In fact, it
is seen from the results in the tables in sections 3 and 4 that the
number of multiplications in this decomposition phase varies almost
monotonically (very occasionally a larger total fill-in will give a
lower multiplication count) with the total fill-in produced. In
addition, it is obvious that the fewer non-zeros there are in the
decomposed form, the less work will have to be done when solving for
subsequent right-hand sides. In the normal Gaussian LU decom-

position, the number of multiplications in these subsequent solutions
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is identical to the number of non-zeros preseat in the decomposition.
This fact should be borne in mind when considering methods ﬁhich are
inherently slower than others but produce less fill-in. Not only
will the resulting ordering probably result in a faster decomposition
and solution but, in addition, the very pivot selection process itself
might be speeded up-by having a lower fill-in. In addition to this
advantage, there is the obvious reduction in the storage required to
hold the deccmposed form. In order to take full advantage of this
it is necessary to store the matrix in a packed form holding only the
non-zeros ahd some integers to access and identify them. A discussion
of possible storage schemes is the subject of the second section of

this chapter.

In most of this chapter little mention is made of using pivoting
for numerical stability. It is certainly assumed that in any working
procedure some safeguards have to be taken against numerical
instability. This may be by using some crude form of pivot tolerance
as in the algorithm of section 6 or in controlling the maximum size
of the multipliers and monitoring element growth as in Curtis and Reid
(1971c, 19714d). It is assumed, as was mentioned in chapter one,
that all matrices have been scaled prior to the pivot selection
process (see, for example, Curtis and Reid (1971a}). Often the
criterion for selecting a non-zerc as a possible pivet is a combination
of sparsity and numerical considerations as in the ordering procedures
for GNSO (Gustavson et al. {1970)) or in the program of Curtis and
Reid (1971b). The validity of the comparisons for fill=-in in the
following sections is not destroyed by the fact that no consideration
has been taken as to whether any particular selected pivot would be
numerically suitable, Over very many different examples the effect
of having certain elements forbidden to be pivots will cancel out
and, in addition, experiments by Curtis and Reid (1971c, 19714) where

they have varied the numerical criterion indicate that little
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difference occurs in the relative fill-in unless the numerical test
for & particular pivot is very strict. | It is worth noting that

for patterns like that of figure 2.1 in chapter one, it is sometimes
possible to obtain more accurate numerical resﬁlts using sparsity
pivoting criterion than using strict partial pivoting since the
appalling difference in fill~in greatly increases the number of

operations and hence sources of possible instability.

There are essentially two different types of sparsity pivoting.
A priori ordering of the columns is considered in section 3, and it
is shown that even the best of such orderings known and tested by
the author gives relatively bad results in comparisﬁn with orderings
which select the pivot from the whole remaining matrix at each stage
by means of a property of the non-zeros in the matrix at that stage
(this property is called a ‘merit value'). Some of these second
kind of orderings, called 'local' orderings, are examined in section
L, In this section, examples are given of matrices where local
minimisation does not lead to glcbal minimisation. This result is
perhaps not surprising since it is well known that minimising the
local multiplication count does not minimise the count globally,
but examples of the phenomenon are singularly lacking in the
iiterature. However, it seems from the results of section 4 that
this local minimisation presents the best easily implemented schewe
for obtaining a near optimal ordeping although the time to produce
an ordering by this scheme is somewhat excessive. The work of
section 5 attempts to remedy this by finding methods of short
circuiting the work and makes such an ordering scheme feasible
and competitive. By thus minimising the fill-in, the work in
decomposing the system is generally reduced and the solution of
further systems speeded up. It therefore seems worthwhile to try

and achieve this near minimum.

The final section discusses a sparse matrix package, designed
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by the author, which attempts to illustrate some of the points

of the previous sections and indicates the great gains to be made

by using sparsity techniques.
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Section 2. Storage Considerations.

It is essential when dealing with sparse matrices that
advantage is taken that most of the elements are zero and only the
non-zero elements are held in the computer. This type of storage
is referred to as holding the matrix in packed form. A unit of
storage is defined as that quantity of sftorage reguired to hold a
real variable in single length. Thus a unit on the 1906A would be
two 24-bit words while a unit on the IBM 370/165 would be 4 bytles
(8 bits to a byte) and, on both machines, an integer variable would
occupy one half of a unit. Then, ideally, it would be desired to
reduce the payload from the n2 units required for a full matrix
to T units where T is the number of non-zeros in the matrix.
This theoretical wminimum is, however, seen to be fairly impractical
since it is not much good holding a set of values for the non-zeros
if there is no way of telling to which entry of the matrix each of
them referse. Nearly all sparse matrix. storage schemes have therefore
to employ, in addition to the ¥ storage units for the values of
the non-zeros, some extra indexing arrays or pointers to identify
the individual elements. An elementary way of doing this would be
to associate with each non-zero two integers recording the row and
¢olumn number of the element in question. This is called the
coordinate method (Phillips (1970)). However, this method is still
impractical if it is desired to find a particular element since a
scan is required through all the non-zeros until it is found,
checking the subscripis at each stage. In addition, 2T exira
hali-units of core are required for this method bringing the total
number to &7 wﬁich usually exceeds that of Sbasic in equation
(2.4), the storage count for a much more feasible type of storage
schene., Some method has therefore to be found for indexing the
non-zeros so that they can be easily accessed. This can be done

in a variety of ways, from holding the full array, (already discounted



because of storage being used for zeros), to merely holding a

bit representation of the matrix alongside a linear list of the..
NON=ZEros. The supplementary problem of removing and inserting
non-zeros is one which is present in the triangular decomposition
of a system prior to its solution and raises oﬁher guestions
concerning indexing. One way of dealing with this probilem is

to use linked lists (Knuth (1968)}. The distinction between
methods using linked lists and those not was made very clear in
the survey paper of Reid (1972a). A fuller breakdown of some
currently used storage techniques is given in figure 2.1 which is

followed by & short discussion on wmost of the types of method

mentioned in the figure.
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Hash Coding.

Hash coding has long been a useful tool of the compiler writer
(Morris (1968), Maurer (1968)) and is basically a means whereby, to
any given identifier or entry to a table, a unigque pseudo-random
number is associated with it,. This number is used to index the
location in a table where information concerning this identifier is
held. The principal idea is that while the number of different
identifiers may be very large only relatively few are used at any one
time, and so the table can be much smaller than the total number of
identifiers. Since the mapping of identifiers to table positioﬁs is
many-to-one, methods have been devised for dealing with collisions
when some other location must be found for the colliding element.

The analogy with sparse matrices has been made (Morris (1968),
Jimenez (1969)) where the number of (i,j) element values (n2 if
the matrix is of order n)} <corresponds to the number of identifiers
while fhe nunber of non-zeros corresponds to those identifiers
actually in use. De Villiers (1971) has experimented with hash
coding the element indices (i,j) for various table sizes and
suggests that hash coding of these indices could be made the basis
for a sparse matrix storage scheme. Certainly, the storage required
for such a scheme is attractively low, but the scheme is impractical
for the following three reasons. Firstly, in most hash coding work
and in the codes arising from index manipulation,it is assumed that
access to the elements is random which is clearly not so in most
matrix operations where row and column scanning are commonplace.

The most damming indictment against such a scheme is that there is
no a priori way of determining in advance whether the element
indicated by the indices i and j is zero or non=zero. Thus,
when scanning a row, say, all n locations indicated by the hash
codes have to be separately examined to see whether the element is
non~zero and, if so, to obtain its value, Finally, the time taken

to calculate the hash code, particularly if codes ensuring few
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collisions are employed, is not insignificant.

Bit patterns.

The use of bit patterns in sparse matrix storage schemes has been
advocated several times in recent literature (Smith (1969), Gustavson
et al (1970), de Buchet (1971)). However, the use of such a technique
is now falling out of favour even with its own advocates and is
presently regarded as being infeasible apart from matrices with non-

zeros in small blocks.

The use of bit patterns involves indicating whether or not an
element is non-zero by setting a single bit to one or zero accordingly.
The bit pattern can be for the whole matrix (Gustavson et al (1970))
or can deal with a column at a time, a pointer being used to the héad
of a column and a bit pattern indicating the zero/non-zero structure
from the first to last non-zero in the column. A superficial
attraction of such a scheme is in the reduction in storage which it
offers. The storage required, Sbit’ for a Gustavson type scheme

being given in the egquatiohn

2 .
sbi,c = 29 + [N /1:] + 1  half-units cese (2¢7)

where .
4 is the number of non-zeros.

N is the order of the system.
p is the number of bits per half word.

and [x) is the greatest integer strictly less than x.

This storage is, however, dependent on the machine configuration and,
in some cases, the savings are not as great as might be hoped. This
can be seen if the following example and machine configuration is
examined. Consider a machine of half word length 24 bits and a
matrix of order 2k (k>3) with an average of 23 non-zeros pPer rowv,

then the respective storage using a bit scheme (8 and & column

bit Ek)
pointer, row index scheme, as in equation (2.4), (Scol 2k) is given by

the equations
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Kt o2kt cees (2.2)

Spit 2k
and

k

s 3,053 4 o eees (2.3)

col 2k

It is seen from these equations that, although éavings in storage of
almost 50% are made when k 1is small, the bit pattern scheme takes
more storage for all k greater than 7. This means that, for orders
of matrices greater than about 200, the bit scheme (with the density
given, 23“k) will, in fact, take more storage than that of eguation
(2.4). Since matrices of about this order and density are fairly
commonplace, the validity of using bit pattérns to save storage is

very dubious indeed.

The author did some pilot tests on bit mapping schemes but found
the 'bit picking' involved exceptionally laborious if high level
languages were used in the implementation. Hybriding a normal package
to low level language bit-picking subroutines involved an unhealthy

number of procedure calls.

Partly because of these reasons and partly because of pilot tests
on various methods, Gustavson (private communication) no longer
advocates the use of bit strings and, in fact, the successor to the
program GNSO (Gustavson et al (1970)) called GNSOIN (Gustavson
(1972)), uses a storage scheme similar to that described before

equation (2.4).

Thus, with the possible exception of matrices with closely
grouped non-zeros in bunched blocks (de Buchet (1971)) where storage
may be saved and manipulation made feasible, the use of bit patterns
in sparse matrix storage schemes is not recommended. Even in this
exceptional case, the use of schemes such as Jennings (1966) might

be better.

Storage by columns,

One way of avoiding the search problem inherent in the

coordinate storage system while at the same time avoiding the
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manipulative problems of bit picking or hash coding is to order the

elements of a column contiguously (if the matrix is stored by columns)
indexing the beginging of each coiumn (and the end of the last one)
and carrying a reference to the row index with each non-zero. Since
‘these indices are integers, it can generally be arranged so that they
occupy only one half of a unit of core. This would give the total

storage requirement for such a scheme as

S 3"’ + 1 half-uni'ts ae e (2.4)

basic
with 7 , again, the number of non-zercos in a system of order n.

It is clearly seen from equation (2.4) that, in order for this
storage requirement to exceed that for the-unpacked form, T would
have to be greater than %(Enzmn). This means that the matrix would
have to be about 67% dense which is hardly of interest in a sparsity
context. This fairly simple storage scheme has been used in many
sparse matrix packages (see, for example, Tinney {1969b), Tinney and
Ogbuobiri (1970), McHamee (1971), Curtis and Reid (1971c, 19714},

Hsieh and Ghausi (1971a), Gustavson (1972)) and has many variants.

It is possible, for example, to avoid storing the column pointers
by makiné the last row index in each column negative (Phillips (1970)),
but this assumes whole columns are stored contiguocusly to each other
and makes the accessing of any particular column more difficult.
This latter objection also applies to the scheme in McNamee (1971)
where the number of elements in each column rather than pointers to
the beginning of columns are held. Many variants apply to cases
where the matrix is sjmmetric or incidence-symmetric and advantage
can be taken of syumetry or structural symmetry. Most of Tinney's
codes are for use on incidence-symmetric power system neiworks and they
take advantage of that fact by storing the values of the symmetrically
placed elements alongside each other in the schewme. In most of these
schemes, the diagonal is stored separately along with the column

pointers. Thus, the storage required for Tinney's symmetric and
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incidence-symmetric matrices (Tinney (1969b) and Tinney and Ogbuobiri

(1970} )} is given by S gyp, a0d S, in the equations

ym inc.syme.

S Y + 2n + 2(7-n) half-units e (2.5)
sym.

and

. 27 + n + %(Pen) half-units ensee (2.6}
1lliC.SyMa

So, the saving over S for an incidence-symmetric matrix of order

basic
100 with 400 non-zeros would be about 20%. it is possible, of course,
to utilise the additional information of incidence-~symmetry in

facilitating the triangular decomposition procedures rather than in

saving storage as in Zollenkopf (1971).

Linked lists.

The previously mentioned methods of storage are satisfactory for
static matrix operations defined by the fact that the non-zerc pattern
of the matrix does not change during the operation. Such a static
operation is the back substitution phase in Gaussian elimination or
in the solution of successive right-hand sides by an already decomposed
matrix. Thus, algorithms like method 7Z of Curtis and Reid (1971&}.can
efficiently use such storage schemes. However, the problem with all
of the methods discussed above is that quite a great deal of work
(for example, shuffling or reordering existing non-zeros) has to be
done if it is desired to add a non~zero element to the matrix. This
is a common occurence in the forward elimination phase of Gaussian
elimination and these metheds can only really be satisfactorily
employed if some other information is available, as in the case of
Gustavson et al (1970) and Gustavson (1972} where the non-zero
structure of the LU decomposition is known in advance, or if some
restriction is imposed, as in the case of Curtis and Reid, method X,
(1971d), where the order of the pivot columns is known a priori and

they can be operated on in some predetermined order.

In order to combat this problem, the normal technique is to use

linked lists (Knuth (1968)). A linked list is a list consisting,
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in addition to some information concerning the elements of the list,
of elements which are themselves pointers to other elements in the
list. In this way, an order or partial order can be superimposed
on elements in the list. An example of this kind of structure is
given in figure 2.2(a) and figure 2.2(b) where (b) is a linked list

corresponding to the structure in figure (a).

. o £y Sy LN
a=b—oc Array: la] 3] b[5]c [o]d]9]e o]
Index of element in array:
d=—3e
‘Separate array. Pointers to
heads of lists :
figure 2.2.(a) figure 2.2.(b)

A more detailed examplie of how the linked list concept is used
to store a sparse matrix is givgn later in this section and in
chapter eight when a scheme developed by the author for symmetric
matrices is described. Linked Jlists, as employed in the storage of
sparse matrices, can be generalised as follows. The description is
developed for column ordering (that is, ordering rows within columns)
but it is equally possible to use such schemes for row ordering.

With each non-zero is associated some combination of the following :

(i) Row index.
(ii)} Column index.
(iii) Pointer to the next element in the column,
} forward pointers.
(iv) ©Pointer to the next element in the row,.
(v) Pointer to the previous element in the column
backward pointers.
(vi) Pointer to the previous element in the row,

As before, an array of pointers is used to designate the beginning of

each column.

Clearly, the number of the above attributes it is desired to
assoclialte with each non-zero will depend on how much storage is
available (for example, if all the above six integer attributes were

used then, assuming an integer takes half the space of a real, the
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matrix would have to be about 25% dense or less forrthe above
scheme to be better, as regards storage requirements, than storing
the matrix in full),and on how the particular o?erations to be
performed on the matrix are organised (for example, algorithm Z

of Curtis and Reid (1971d4) uses two different schemes at different
parts of the solution process). Some comments on which attributes

are better used are now given.

Most solution schemes can be organised in such a way thét
hackward pointérs are a luxury father than a necessity and so
attributes (v) and (vi) are not used in any packages known to the
author. Working methods, however, do use most other combinations
of attributes. Method Y of Curtis and Reid (1971d) uses all four,
‘while a scheme suggested by Ogbuobiri (1970) and implemented by Duff
(see section 6 of this chapter) uses only a row index and coclumn
pointer with each non-zero. The defects of Ogbuobiri's scheme which
saves only v units of storage over the scheme in method Y is seen in
table 2.7 where times for a sparse matrix procedure programmed using
these itwo storage schemes are given. Thesé procedures are given in
the appendices. Table 2.2 illustrates this even more clearly by
giving times of runs for various matrices of a program to calculate
the fill-in when the pivot for local minimum fill is chosen at each
stage (see section 5 of this chapter). 1In view of this fairly
significant effect on the time taken for procedures utilising these
two schemes it is generally the case (unless the system is critically
memory bound)} that the use of both row and column pointers is very
desifable. It is really only by this means that the factor n can
be replaced by T (the average number of non-zeros in a row during
the elimination process) in the various operation counts for matrix
processes. A storage scheme similar to that for method ¥ of Curtis
and Reid (19714) but developed for use with symmetric matrices is

now described.
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Flgure 2.3 shows the portion of the matrix stored and the way

in which the pointers link the various elements which are stored.

+ ¥
X

X
x
¥

—— X3 X——X

Ho—m—a>—X

figure 2.3.

Hence, with each none-zero there is again associated two pointers, one
to the next element in the column (-1 if the element is on the
diagonal) and one to the next element in the row (O if the element is
the last element of a row). The row and column indices are stored
with each non-zero and column pointers to the beginning of a column
{or row) are also stored, making the total storage required for this

scheme as that given by the equation

S, = 37T+ half-units esee (2.7)

Implementation of this scheme is shown in chapter eight and a program
written for that chapter is given in the appendices. The only
difficulty left is that of determining whether the element being
accessed is the element (i,j) or the element (j,i). . A single
integer variable (called L or K in the program given) determines

this.

It is, of course, possible to omit the row and column indices
from the non-zeros being stored thus saving T units of storage.
The normal means of then finding out these attributes of a particular

non-zerc is to chase down its row (column) links to the last element



120
of the row (column) where the pointer has been replaced by the
negative row {column) index. The time penalty for doing this is
not all that large since most rows and columns have only a very few
NON-zZeros, Curtis and Reid (19714) incorporated this into their
algorithm 2 and found, by experiment, that such a change caused a

time penalty of about 20%.

In all of the above schemes, with or without links, it is
important that the storage is implemented in such a way that there
are few, if any, half-units left unused. This can be done in two
ways. The integer information concerning the non-zeros can be
stored in an integer array separate from the real array containing
the values of the elements. This, however, tends to be clumsy and
leads to some indexing problems which, although easily solved, waste
time calculating indices during the solution procedures., A better
way (unfortunately, only of use when there is an even number of
integer att;ibutes per nonw-zero) is to store the information in one
array, equivalencing the integer array of attributes to the real ome

cf element values. The effect of this is shown in figure 2.4

Array : Value1 i, i 34 cptquptr1_ Value2 i,

s

PR

.....

figure 2.4.

If the real array V(3T) is equivalenced to the integer array
INDEX (6T), then successive element values are found in V{(1), V{4),
V(7) etc,

row indices in INDEX (3), INDEX {(9) etc.

column indices in INDEX (4), INDEX (10) etc.

row pointers in INDEX (6), INDEX (12) etc.

column pointers in INDEX (5), INDEX (11} etc.

Throughout this section, it is important to realise the duality
between rows and columns. As mentioned in chapter one, once the

deconposition of A is known that of AT follows triviallye. Hence,
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in all of this section the words row and column can be interchanged
without affecting the validity of any of the comments. It should

be understood, however, that the time an algorithm takes may depend
on whether the matrix is stored-by rows or columns since the algorithm
is likely to have a bias towards accessing the matrix elements in omne
of these directions. In fact, the storage scheme is somewhat less
separable from the particular solution process used than might be
imagined from the discussion in this section, the best scheme being
determined by the structure of the matrix (for example, the variable
bandwidth structure of Jennings (1966)) or the solution process
envisaged (for example, a column ordering would be inadvised for row
Gaussian elimination (Gustavson (1972)). It is worth remembering
that the storagé requirements given earlier in this section are only
those for the physical storage of the matrix. When actually
implementing an algorithm, there are sometimes fairly significant
overheads for arrays indicating row counts or pivot order, some of
which are integral to the solution process and others which merely
facilitate it. Most algorithms would not normally require more than
about 10n half-units for these overheads - only insignificant if

the matrix is fairly dense or is very large with many non-zeros.

The following notes concerning storage can now be made:

(i) Bit mapping techniques and hash coding are not generally
recommended.

(1ii) The structure of the matrix should be examined to see if
it can be stored economically by partitioning or wvariable
bandwidth techniques.

{iii) Unless a priori knowledge is known concerning the system
(for example, the pivot order or fill-in characteristics),
then a linked list structure is recommended, |

(iv) The use of backward pointers should be regarded as a luxury

and avoided if possible.



(v)

(vi)

(vidi)

(wiii)
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Both row and column pointers are recommended since they
give a preat advantage in speed withouit much increase in
storage.
Row and column indices should be used if storage permits.
The peralty is by no means excessive if they have to be
droppede.
Always choose a storage scheme compatible with the method
of solution.
Look out for the possibility of using different storage
schemes at different parts of a solution process. In
this, some or all, of the links may be dropped, thus

releasing storage for other use or users.



Iable 2,1.

evaluate fill-in when a non-zZerc is chosen as pivot in (Gaussian elimination.

MATH
~ order | 100 100 100 50 50 50
Procedure~Jdensity 0.10 0.06 0.03 0.20 0.10 0.02
COUNT 0.0597 0,0375 0.0188 0.0542 0.0157 0.0054
COUNRT 2 0,0087 0.,0064 0.0025 0.0140 0.0034 0,0012

The times (in seconds of 1906A milltime) for the execution of ome call of procedures (see appendices) to

while COUNT 2 uses row and column links,

Table 2.2,

Procedure COUNT uses column links only

MAIRIX . =
" order 100 50 50 50 25 25
Structure demsity 0.02 0.10 0.05 0,02 0.20 0.10
oowwmmwszNm 37.698 > 100 secs 13,661 0.37 18,520 2,487
COLUMN AND
ROW LINKS 8.939 . 49.594 5.054 0.271 8.086 1.240

A comparison of times (in

schemes.

seconds of 1906A milltime) of fill-in procedures

One matrix for each order and density was used.

using different matrix sicrage
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Section 3. An examination of a priori methods
ol sorting a matrix with a view to

reducing fill-in in Gaussian elimination.

This section is concerned with deciding how to arrange the
columns of a matrix so that when the matrix is pivoted on with the
columns chosen in this predetermined order, the growth of non-zeros
is kept satisfactorily small during the elimination process. The
term "satisfactorily" is dependent on the amount of core available
in the computer and on the loss in sparsity in using such an a priori
method in contrast to one which determines the pivot on a 'local!

basis.

The reasans for using some kind of sparsity pivoting have already
been pointed out in the introduction. There are several reasons why
this sparsity pivoting should be of the kind mentioned above.,

Firstly, it is a very much quicker process than using a 'local!
ordering. Once the initial column ordering has been done, the
selection at.each stage has only to be made from those non-zeros in
the uneliminated rows of the given column rather than having to
consider éll the remaining non-zeros at each stage. It is also
possible to economise on storage by only storing the mairix by columns
and operating on each column as it becomes pivotal during the
elimination process. Thus the need for row links is obviated. In
addition, the use of such an a priori ordering makes the use of
backing store more feasible. This is done by making each column,
when it becomes pivotal, be still in its original state and doing
all the operations to it at this stage. This necessitates only the
issue of read instructions to get information from the backing store,
the only write instruction being the structure-of the eolumn after .

it has been pivotal,

Several methods have been suggested for the a priori ordering
of the columns. An obvious choice is to order them in order of
ascending column count where, as was mentioned in chapter two, the

column count of a column is the number of non-zero elements in it.
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This is called method CJ in what follows. Several authors have
suggested more sophisticated techniques. Tewarson (1367b) has
advocated ordering the columns in order of increasing 65 where 83
is defined as the total number of non-zeros in all the rows of the
matrix which have a non-gzgero in colummn j. It is to some extent a
measure of the amount of the matrix influenced by any one column.
Methods using this are denoted by Dd. Tewarson (1967b) hag also
suggested using as a measure for each column the maximum fill-in
that could occur if a non-zero in the column were selected as pivot

averaged over all the non-zeros in the column, that is using
1
= /e LB e o0 ] ceee (327)
¥; = Ve 25 17 >

where the summation is over those rows with non-zeros in column J.

This can be written in terms of the 64 of method DJ as

¥; = G%— cj).(1 - 1/cj) cess (3.2)

The method obtained by arranging the columns in order of ascending
¥ will be called method &J. Orchard-Hays (1968) has suggested
using as the column measure the maximum possible fill-in which can
occur when the non-zero in the column with minimum row count is

selected as pivot. This measure is

hj = (cj-1) m%n(ri-ﬂ)} evee (3.3)

1

where the minimum is over these rows which have a non-zero in column j.
BJ will denote the method obtained by ordering the colummns in

ascending order of hj.

A comparison of these four methods against some structured
matrices and a number of random ones was made and the results are
shown in table 3.1. It should he noticed that in the program
implementation of these methods and in all the programs written for
sections 3, 4 and 5, the sparse matrix under consideration is stored
in a linked list packed form, with row and column pointers and indices

{see section 2). At each stage during the elimination the pivot
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selected from each column was that non-zero in the column lying in

the row with minimum row count. It is seen from the table that,

in spite of their sophistication, ithe other methods do scarcely

any better than method CJ, while method HJ generally dces
noticeably worse. In some ways this is hardly surprising. Method
DJ does not use much more information about the fill-in than GJ.

It will correctly place columns with a few non-zeros in heavily
populatedrrows near the end of the column order but will perhaps

fail to place singleton columns at the beginning. As might be
imagined the results show that DJ and CJ have similar character-
isties in the amount of fill-in produced. Method GJ, on the other
hand, assumes that each element of the column is egqually likely to

be selected as pivot. Even in a random matrix this is untrue
because of the strategies used to select a pivot from within a colunmn.
This will probably mean that the early columns will have non-zeros
with low row counts selected as pivots while later in the elimination
the only non-zeros left will be those with high row counts. However,
this is an averaging process and is therefore unlikely to give bad
results. It will certainly select singleton columns first and
demote columns with few non—zeros-in heavily populated rows. This
is in agreement with the results from table %.1 which show GJ to
be, on the whole, abcout the same as hoth CJ and DJ. In method
HJ the problem is that it is increasingly unlikely after the first
elimination that the non-zerc with initial minimum row count will

be available for selection as a pivot, since that row (particularly
in view of its low row count) is quite likely to have already been
eliminated at some previous stage in the process. Thus, it is
hardly surprising that the results shown in table 3.1 for method

BHJ are generally worse than the other methods, particularly when
denser matrices are considered. Therefore, it is concluded thét
only metheds DJ, C€J, and GJ, from those discussed, should he

considered as reasonable a priori methods for column ordering, and



126
that, in general, method CJ works best on the majority of examples,
obviously is the quickest to implement, and should be used when a

priori techniques are being considered.

In order to illustrate the importancé of using some form of a
priori ordering on the columns, similar calculations using the natural
order of the columns Were made and the results are shown in table 3,1
also. These results show clearly that very significant savings in
fill=in and multiplication count are made by using any of the above

mentioned a priori methods.

The second problem when implementing a priori techniques is the
eriterion to be used in selecting & pivot in a given pivotal column,
Clearly, from sparsity considerations, the best one to use is generally
that which has minimum row count (if it is here desired to minimise
local fill then it may well be asked why an a priori technique is
being used) as was done for the results in table 3.1. This method
is called method ROW. However, it is noit always possible to do this
easily since in, for example, method X of Curtis and Reid (1971d) the
pattern of fill-in is unknown for all the columns which have not yet
been pivotal. There are several other possibilities open. One is
to select pivots on the basis of the original row counts in the matrix.
This is called method R2. (Thus, Orchard-Hays pivot ordering
combined with selecting pivots on the basis of initial minimum row
count is denoted by HJR2), Another is to base the selection on
choosing the non-zero of a minimum row count, where this row count is
obtained from the original one by subtracting for all the non-zeros
already eliminated. This method is termed R1. Finally, Tewarson
{1966) has suggested assuming a random distribution of the non-zeros
and updating the row count at each stage by using the row count of
the pivot row and the row itself before the stage began. This update

is, for stage k,

k+7 ! k
Ty s ri{ try- (rik“1)(rjk-1)/(n*k) -2 e (3.4)
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where i 1is the row of the element selected as pivot at stage k
and the update is only done for those rows j with non-zeros in the

pivot column. This method is denoted by FROB.

Results for these four selection procedures with a basic column
ordering of CJ are given in table 3.2. It is verified that it is
best to use the full updated row count if it is available, failing
which the probability update is next best although it is, in general,
worse than the full update and, as might be expected, is noticeably
worse if structured matrices are considered. This result is hardly
surprising but, at first sight, the difference between methods R1 and
R2 seems larger than would be expected. It seems that zerc is a
better estimate of the change in row count than the number of non-zeros
in the already eliminated part of the rows. This is indeed seen to
be the case since every time some non-zeros are added to a row one is
removed, and this difference in the number added from the number
removed will be partially balanced by the number of times an element
is removed without any being added. This type of argument provides
a kind of justification for the results of table J.Z2. Certainly, if
any method were to be recommended, then it is suggested that the full
update of the row counts be used since this almost always gives the
best resultis. However, if this is not possible because of the nature
of the solution procedure, ﬁhen the use of Tewarson's probability
update, equation (3.4), even for structured matrices is found to be
an improvement on methods R1 and RZ2. The use of this carries,
however, an additional time penalty above the other methods as is
seen in table 3.3. This is not too drastic (almost always less than
5%) but should be borne in mind when implementing this method. If
it is decided, because of the nature of the matrix or this time
penalty, not to use this update then it is strongly advised to use

no update at all rather than the partial update of method R1.

A full list of the fill-in produced when the 16 combinations
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of ¢J, DJ, GJ and HJ with ROW, R1, R2,and PROB is given in table

Bl This indicates that,in most cases, the use of CJ with full

row update is as good as any other method and it is therefore
recommended as a general purpose & priori method. The table also
indicates that there is no other combination of a method inferior to

CJ with one inferior to ROW which gives better results ﬁnd so tables

3.1 and 3.2 contain the best results for the 16 possible combinations.

In the foregoing discussion a compariéon of only a priori methods
has been undertaken and the question of their value as against 'local!
methods has not been fully considered. This is remedied in table 3.5
where the method CJ with full row count update, the best of the 16
methods considered above, and a non a priori method using Markowitz's
criterion (1957) are compared with respect to time, fill-in, and
ﬁultiplication count. The percentage increase in the final total
number of non-zeros of the best method over the fill-in due to
¥arkowitz is also given. It is seen that, in some cases, the fill-in
obtained using even the best a priori method is considerably greater
than that using the Markowitz criterion. In addition, the increase
in time reguired %o implement the local method is not always that great.
It is thus arguabie that arpriori methods are not good ones because
of their much greater fill—in without necessarily being substantially
quicker to implement. Most sparse matrix packages therefore adopt
local criterion for pivot selection while a priori methods are
generally only used in linear programming codes (see, for example,

Larsen (1962)}.

If the fill-ins in table 3.5 are compared with those in table 2
of Curtis and Reid (19714}, it is seen that they are compatible with
pivoting using a low level of numerical control (the 'u' in the
Curtis and Reid paper tending to zero). The Markowitz fill-ins
from table 3.5 are a 1little lower than those with uw = 1/64 in Curtis

and Reid while the a priori results (method X of Curtis and Reid (19714



‘ 129
uses CJR2) are slightly further apart, as might be expected. Runs

performed on the structured matrices using the Harwell program
(Curtis apd Reid (1971b)) with the parameter u set to zero indicate
agreement of fill-in to within differences due to different tie-

breaking procedures.
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THOD BEST OF THE 16 % DIFFERENCE 1IN

CJROW A PRIORI METHODS MARKOWITZ PINAL DENSITY

order density N Fill-in Multn's Time Fi1l-in Multn's Time Fill-in Multn's Time BEST A PRIORI

y AND MARKOWITZ
ﬂoo...oxom._‘.mwm 1528 14950 7.727 16528 14950 T.727 1280 13525 12.090 13.3
100 0,03 397 mmq 3319 2,453 563 3280 2,659 470 28%4 4,312 10.7
100 0.02 298 192 6873 1.519 164 614 1.623 129 541 1.675 8.2
50 0.10 295 4356 3228 1.849 436 3228 1.849 390 3102 2,89 6.7
50 0.05 172 124 535 0.573 122 526 0.630 95 455 0.801 10.1
50 0,02 99 4 69 0.321 3 A 0.398 1 73 0,255 2,0
25 0,20 145 102 706 0.4588 98 681 0.4854 98 T2 0.653 0.0
25 0,10 95 41 181 C,224 40 183 0,239 36 176 0.294 3.0
54 Curtis. 1 291 118 852 0.967 118 852 0.967 89 T42 1.351 T.6
BT Will .1 281 105 788 0.926 83 683 0.702 28 #mw 1.002 117.8
199 Will.2 T01 1236 5759 5.987 1226 6833 5.8035 T14 3376 16.306 6.2

Table 3,5. A priori methods judged against a common local criterion one. NZ = number of non-zerosz in original matrixz,

The results for the random matrices are the average of five runs at each order and density.

in seconds of 19064 milltinme,

The times are




cJ DJ GJ HJ cJ JiNg GJ :8) CJ DJ aJ HJ cJ oy GJ RS
ROW ROW ROW ROW PROB  PROB FPROB. PROB R2 R2 R2 R2 R? Ri r R1
100 0.05 595 |1528 1593 1635 1998 1571 163t 1654 2003 1848 2001 2029 2352 3497 3633 3584 3304
100 0.03 397 567 563 563 630 574 651 649 713 612 780 780 BS59- 1606 1568 1491 1177
100 0.02 298 192 190 . 1N 164 206 203 205 170 222 231 232 230 922 797 666 4935
50 0,10 2% 436 439 438 | 501 442 465 462 535 456 501 500 576 812 838 873 816
50 0.05 172 124 122 123 139 123 128 13 154 ._ho 154 154 195 277 273 29N 238
50 0.02 99 4 4 4 3 4 4 4 3 5 5 5 4 5 5 5 3
25 0,20 145 102 98 9% 127 106 106 106 142 106 114 114 139 174 162 159 166
25 0,10 & 4 40 4 40 45 43 42 42 44 45 59 4 69 53 60 55
54 Curtis?t 291 118 118 127 158 240 242 250 271 167 176 177 191 200 211 208 198
57 Will.t 281 105 a8 92 83 156 155 158 150 171 185 189 167 204 200 196 185
199 wWill.2 701 1236 1402 1226 1262 1428 1499 1436 t450 1711 1843 1852 1713 6015 6120 5890 5575
Table 3.4. {1l-in for the 16 a priori methods,. ,am = number of non-gzeros in the matrix, The results for the random

matrices are the average of five runs at each order and density.




Section 4. Sparsity pivoting based
on local criteria.

This section is concerned with the feasibility of obtaining
an optimal or near optimal ordering in the sense that an ordering
of the rows and columns of the matrix is determined so that the
number ¢f non-zeros introduced in the elimination process is kepl as
low as possible when pivoeting down the diagonal of the permuted form.
In the last section, it was demonstrated that a priori methods are
unlikely to approach this.aim and so this section looks more closely
at algorithms for achieving such ah ordering. These will be based
on associating, at each stage in the elimination process, a merit
value to every non-zerc in the uneliminated part of the matrix. A
common choice for this merit value is that used by Markowitz (1957).

Por element (i,j) of the matrix this gives the merit number

MVij = (ri—1).(cj-1) avean (1"'.1)

where the rs and cj are the row and column counts of chapter two
calculated on the rows and columns of the uneliminated part of the
matrix. At each stage in the elimination process, the non-zero
element with minimum merit value (subject, in practical cases to some
numerical tolerance) is chosen as pivot. The merit value of
equation (4.1} causes the pivot choice to be that which minimises

the maximum number of possible fill-ins at each stage and is very
similar to choosing that element which would minimise the number of
multiplications at each stage. This would be given (see comments

on operation count in chapter one) by using the merit value

MV. . = I‘.-(C.—1) + 1 L W (q'od)
13 11

The results in table 4.1 indicate that there is really no difference as
to which merit value is chosen, and, for future comparisons, the one due

to Markowitz is selected.

Another obvious candidate for the merit value of element (i,j)

is the number of elements changing from zeroc to non-zero if (i,J)
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were chosen as pivot. This is obviously a more complex criterion
than those previdusly mentioned, and such a selection criterion, based
on choosing the element with this minimum merit value at each stage,
is equivalent to minimising the local fill-in at each stage. It
has been sﬁggested that such a property is convex (Tewarson (1970c))
and will lead to a global minimum given some suitable tie-breaking
procedures., Although this is shown not to be the case by examples
in this section, it is seen from table 4.2 that this choice of merit
value will almost invariably lead to a lower fill-in than that given
by Markowitz's criterion. In the same table, however, it is vefy
evident that the time taken for such a local fiil-in minimisation
ordering would make such a method prohibitively expensive unless the
value of saving core storage was rated so highly that this extra time
could be considered relatively insignificant. In the next section,
some methods are described for significantly reducing this appalling

time difference between these two methods.

It is seen, from table 4.2., that the minimum local fill~in
algorithm fails to give global minimum fill-in in a matrix arising
from a discretisation of Laplace's equation on a cube.of side 4 but
this is perhaps due to the tie-breaking procedures involved. This
might therefore not contradict the hypothesis that local minimum fill-in
will, given a certain procedure for breaking ties, produce global
minimum fili-in, Experiments were tried on random matrices of orders
10 te 100 to see if a better global fill-in could be obtained by
selecting, at some stage in the elimirnation process, a pivot giving
local non-minimum growth. The effect of different tie-breaking
procedures was then carried out on any examples giving a lower total
fill-in for the latter procedure. In all, over 300 matrices were
thus tested and there was none which yielded a counter—-example to the
hypothesis. However, it was possible to construct the following
counter-example in figure 4.1 'which is a development of an example in

Rose (1971) which depended on a certain tie-breaking procedure for
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its validity.

a

figure 4.1.

In the example of figure 4.1, where each line is equivalent fo two
directed lines in opposite directions, ¢ has minimum merit value
of one, all other points having merit valwue fwo. However, if ¢

- is chosen as the first pivot, then the total fill-in to result is five.
Whereas, if all the polnts in each of the clusters in the graph
(points a) are eliminated first, the total fill-im is only fcun_
thus producing a coﬁnter-exampiéwto the hypotheéis. It should be
observed that, even if it is permitted to choose pivots from among
the off~diagonal non-zeros in the symmetric adjacency matrix of the
graph in figure 4.1, this counter-example still holds good. This
example of order 13 is certainly a minimum one for structures of the

type shown in figure 4.1 and is believed to be a minimum counter-

example to the hypothesis.

Because of this fact that local minimisation of fill-in does
not necessarily lead to a global minimisation, other methods have
been suggested for choosing a pivot order for the elimination process.
Rose (1970,1971) proposes a minimum triangulation algorithm which has
some defects which would render it somewhat unsuitable for the
purposes of this chapter. It requires an initial triangulation
of the graph (see section on graph theory in chapter one), applies
only to undirected graphs of symmetric matrices, will generally take
an even longer time than the minimum local fill-in algorithm,
and guarantees only to produce a triangulation which is minimum only
in the sense that n§ proper subset of the lines in the triangulation

form a triangulation themselves. Another approach which would again
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work successfully on the example of figure 4.1 is due to Bree (1964),

He splits the graph into subgraphs using cut vertex sets (see chapter
one) and eliminates within each graph in turn before considering the
points in the cut vertex sets. His algorithm will clearly take a
long time to implement since, in addition to using minimum local
fill-in criteria on the subgraphs, it requires the use of a procedure
to find cut vertex sets (Paton (1971)), a lengthy process if the
system is large. It is also a non-trivial matter to extend this

algorithm of Bree to cover unsymmetric systems.

It is considered that such refinements are not strictly justified
in terms of the time required as against the reduction in fill~in
on using them. In addition, while these techniques work well on
certain structures, they do not always guarantee a global minimum
fill-in and often d&o no better than the method of minimising the local
fill-in. An example of a matrix for which these refinements will
not help is given'in figure 4.2. The unsymmetric matrix of order 22
in that figure was developed from one of the 300 randomly generated

matrices mentioned earlier in this section.

If the merit value being used is that of the local fill-in which
would be caused were the non-zerc used as a pivot, then the numbers on
each non-zero of figure 4.2 represent the merit value of the
corresponding element. The zeros marked with an 'x' are filled in
after the elements (6,6) and (1,20) have been used as pivots in
either order. If element (6,56} is eliminated first then clearly
there is an additional fill-in in position (1,4) but there is no fillw
in in the astericked positions in the column of the pivot. These two
astericked positions would however, be filled=in were element (1,20)
chosen as pivet first. Thus, the fill=-in, if the pivois are chosen
in the order (6,6), (1,20), is one less than the fill-in if they are
chosen in the reverse order aand, in both cases, the structure of the’

20w20 matrix left after these eliminations is identical.
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11 :

g 62 *+ 56 L1 11 29 LL 70 59 @48
25 Lk 54 85 32 56 92
52 80 33 53 87
63 61 93 32 75 x 101
18 22 41

30 20
36 ¥ 40 64 49 16 % 72
Li 48 54 81 31 65 57 96
56 59 92 35 x 25 x 100

36 63 58 68 68 104 86 28 70
11 37 48 70
30 50 21 16\ 27 34 56

bk 65 60 19 35 3 42 69 55 27

47 62 30 43 35 78 63 32 50 84
49 32 19 2k 30 43 57
41 68 x 62 4L O 31 42 %B 62 31 x 82
40 39 51 35 32 37 67 Q\\ 4o 73
55 55 33 22 4o 27 X 20 x 68
| 36-58 x 35 36 37 42 65 50 x 71

x 54 81 79 x L9 58 o x 62 90 33 73 64
55 78 x 6 = 49 35 52 54 52 8% 71 19 58 98
98 86 136 122 116 93 62101 66 47 88 81 99 97 46 63 122 63 100\

figure 4,2

.

P

The example of'figgtlz?e 4,2 constitutes another counter—exampl%v%o the

hypothesis that sel ecting pivots on the basis of local minimum

fill-in will, givern a suitable tie breaking procedure, lead to global

minimisation of £4 1L 1 —in.

In addition, the example of figure 4.2

does not readily admit to a graphical decomposition as required by

the methods of Rose (1971) or Bree (1964).

It now remaimns to consider whether it is worthwhile to spend

the extra time involved implementing an algorithm based on minimum

local fill-~in as ojpposed to using Markowitz's criterion.

It could

be claimed that Maarkowitz's criterion essentially minimises the

multiplication cowarat rather than the fill-in and that this is perhaps

a more desirable Tliing to do.

It is, however, evident from table 4.2

that the use of Ma&xrlcowitz's criterion as merit value does noct even

minimise the numb exr of multiplications in the decomvosition.

In fact.
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.even in symmetric systems, minimisation of the local multiplication.
count (for example, Spillers and Hickerson (1?71)) does not necessarily
ﬁinimise the global multiplication count as can be seen in the counter-
examples produced by Bertelé and Brioschi (1971). In addition, the
example of Rose (1971), given in figure 4.3, illustrates that it is
possible to c¢reate arbitrarily more fill-in using Markowitz's criterion

than using local fill-in minimisation.

~ .4
cm-1
AR N LU\
e e a2 N
&, a, a3 ay, a5 ag n
figure 4.3

cm-? is a complete subgraph on m-1 points and it is assumed that
Mm>n. Fach a; is adjacent to every point of this subgraph. It is
clear that the point x would be chosen using the Markowitz |
criterion giving a total fill-in of n(n-1)/2 whereas, if the

a, are ordered first, (as they would be if local minimisation

were employed) the total fill-in would only be m-=1.

This example, the preceeding comments,and the results in
table 4.2, make it worthwhile to examine the possibility of
speeding up the process whereby lecal minimisation is used as the
criterion for selecting the pivots for Gaussian elimination,

This speeding up is necessary because of the appalling time
differences in the methods of table 4.2 and is the subject of the

next seciion of this chapter.



Table 4,2 . A comparison of Markowitz's criterion and that of minimising the local fill-in at each stage.

for random matrices are the average of five rums at each order and density.

nilltime.,

MATRIX RANDOM MATRICES STRUCTURED MATRICES
~order 100 100 100 50 50 50 25 25 54 57 199 64
NETHOD S . LAPLACTAN
METHOD ™ gemsity | 0.05 | 0,03 | 0.02 | 0,20 | 0,10 | 0.05 | 0,20 | 0,10 |CURTIS 1|WILLOUGHBY 1| WILLOUGHBY 2/ON CUBE OF
(Loosl. Crit8zd6ny SIDE 4
FILL-IN 1280 470 129 390 95 1 98 36 89 28 714 652
MARKOWITZ. yyymyes | 13525 | 2834 | 541 | 3102 455 73| 727 176 742 495 3376 5117
TIME 12,09 | 4.312| 1.675 | 2,891 | 0.801 | 0,255 | 0,653 | 0.294| 1.351 [ 1.002 16.31 11,13
FIILL-IN NOT Eﬁﬁw& 108 340 84 1 70 22 67 11 662 692
MINIMISATION -
OF LOCAL  MULTN'S | TIME TAKEN WAS| 401 2490 382 71 498 125 666 443 2984 5586
FILL-IN _
P IME MNORE THAN | g 939 | 49.60 | 5.054 | 0.271 | 8.086 | 1.240| 10,70.| 5.385 175.4 100.3
60 secs
% DECREASE IN
FINAL NUMBER OF NON- .
FILL-IN MIN.
The results

Times are in seconds of 1906A




MATRIX RANDOM MATRICES STRUCTURED MATRICES

order- 100 100 100 50 50 50 25 25 54 57 199
METHOD density| 0.05 | 0.03 | 0.02 | 0.10 | 0.05 | 0.02 | 0.20 | ©0.10 | CURTIS {{WILLOUGHBY 1|WILLOUGHBY 2.
(looal criteria
—— PILL-IN | 1283 462 129 392 % 1 100 34 87 27 716
MULTIPLICATION |
COUNT MULTN'S | 13597 | 2725 542 | 3120 453 73 731 170 738 492 3376

FILL-IN | 1280 470 129 390 95 1 98 36 89 28 714
MARKOWITZ

MULTN'S | 13525 | 28%4 | - 541 | 3102 455 73 727 176 742 495 3376

Table 4,1, A comparison of fill-ins for two local criteria.

rung at each order and density.

Results for random matrices are the average of five
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Section 5. The feasibility of minimising the
local fill-in.

In order that local minimisation be a feasible technique for
ordering a system prior to Gaussian elimination it is necessary that
some methods for speeding up the selection process be adopted. This

is the subject of this seciion.

In the Markowitz method, it is clearly possible to update the
two 1xn row and ceclumn count vectors at each stage in the
elimination and from there recalculate merit values for the
remaining non-zeros. This process is, however, much costlier if
the associated merit value is the actual amount of fill-in which the
element would cause if selected as a pivot. In terms of an
approximate operation count, the amount of computation required

for the two methods is given in the equations

Operations = 2ro sasa (5.1)

Markowitz

. -
QperatlonsMin_fill = 2r~7 ceoe (5.2)

where r 1is the average number of non-zeros in a row or column

and T 1is the total number of non-zeros.

If the update of the last paragraph is used then the number of
operations regquired by Markowitz at each stage is given by the
equation

Operations

M update,] = 2r + 5‘1‘ sees (5-3)

Of course, it is possible to short circuit-fhis procedure in two
ways,. The first is to hold an integer array of merit values and
only update those affected by the previous stage in the elimination.
The second is to develop means whereby only a certain subset of the
T non-zeros are examined as possible piveots at each stape. The
first short circuit reduces the number of operations required by

Markowitz to that given by the equation

. 2
O t = LE RN -
perations, ... =0(% (5.4)
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where r is again the average number of non-zeros in a row, and
the constant of this dominant term is about 6 depending on the
particular imﬁlementation. The second short circuit can be
implemented by carrying a running minimum count only considering
those non-zeros which lie in columns whose coluan count.is less
than this running minimum. This latter device is used by Curtis

and Reid (1971b, 1971c, 1971d).

In order to reduce the very large operation couﬁt in equation
(5.2) similar tactics have to be invoked in the case of local
minimisation, If a merit value array is kept then it is possible
to consider the calculation of new merit values for only the eiements
whose merit values are changed by the elimination of a pivot,
However, in this case, rather more than the r2 elements of eduation

(5.4) have to be considered. This is seen by looking at figure 5.1.

L Oeao-. FIP LI
B LA S
) o
"C?' - S
; t
]

iigure 5.1.

Elimination of the circled element in figure 5.1 causes the merit

1

value of element x to be reduced by one due to fill-in in

position 01; Howeéver, the element x| is not one of the ra

elements in a row (column) which has a non-zero in the pivot column
{(row). In all, as will be seen from the subsequent discussion,
r3 elements could have their merit values affected by such an

elimination thus yielding the number of operations for such an

update as that in the equation
. _ 5 .
Operations,, = update, o(r) sess (5.5)

where the constant of this dominant term will depend on the

implemenﬁation but should be about 2. It is certainly evident
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that although this will, in general, be a marked reduction on the
count of equation (5.2) it is still high in comparison with the
operation count given in equation (5.4). An attempt to systematise
this updating procedure as well as to reduce this operation count

given in equation (5.5) is now described in some detail.

Update of merit walue array for local minimum fill—in

SteE-, 1

Look along pivot row for non-zeros. In the figures below &)
represents the pivot element while (X represents an element which

is filled in when this pivot is used in Gaussian elimination.

Step 2.

Look at the column of such non-zeros in the pivot row in conjunction
with the pivot column to determine fill-ins. Cccurrences of this

kind are marked by an oval ring in figure 5.2.

Concentration is now focussed on this filled-~in element (for example,

element O of figure 5.2)

Step §.

Look along row of filled-in element to find non-zeros not in the
pivot column. Then check the column of this non-zero for events
like those marked by an oval in figure 5.3

1
' {
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For such events the merit value of element x is increased by one.

SteE ‘q‘o

Look along the column of filled-in element to find any non-zeros
not in the pivet row. The rows of these elements are then

examined for events like those marked by oval lines in figure S.h4.

(ii) (1) .

N-_._

.._i I-____O - - - .
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t |
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’ 1
y !
t 1
e e e ®--
{
i

figure 5.4

For events marked (i), the merit value of % is reduced by one.

For events marked (ii), the merit value of x is increased by one.

The total effect on the merit values of matrix elements due to the

filled in element [X has now been evaluated.

Step 5.

At the same time as the pass in step 2, the event ghown in figure 5.5
can be looked for,

A subseqguent scan of the row of \5 in figure 5.5 is shown in

figure 5.6 and may yield events like that c¢ircled by an oval in

that figure.

:
y
o;“ﬂ

|
| v ;
—-X- - - .0 - = '
! : i |
: ' 1 .
‘—_x-_-_ - -
o ® el e
[} [ :
figure 5.5 figure 5.6

In each such case, the merit value of the element x is reduced
o~

by one.
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Step 6.
A separate pass is now done along the c¢clumn of the pivot element
looking for non-zeros. A scan is then made along the row of such
non-zeros for other non-zeros {(for example, X in figure 5.7) not
in the pivot column. A final scan is then made down the column

of such a non-zero for events of the kind shown in figure 5.7.

figure 5.7
If such an event occurs, then the merit value of element X is
reduced by one,
Steps 5 and 6 make all the necessary changes due to the elimination
of the pivot row and c¢olumn from the matrix,
The merit values of the added eléments are calculated from scratch,.
It makes little difference whether these are evaluated at the end of
the procedure or whenever they are filled in in step 2.
This method has been successfully programmed on the 19064 and is

given as a procedure in the appendices.

A rough operation count for the updating method can be evaluated
as follows, S5tep 1 takes r operations and within it steps 2 to 5
take place. Steps 2 and 5 between them take ~ 2r operations and
within step 2, steps 3 and 4 take place, step 3 taking about 2r2
operations while step 4 takes about the same, Step 6 can be

2
conducted in about 2r operations giving a total approximate

operation count for the:procedure as that in equation (5.6).

. R 2
OperatlonsMin updates - &r + 0(r7) cees (5.6)

This is generally a saving over the operation .counts in equations

(5.2) and (5.5) and is more comparable with the count given in
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equation (5.4).
The results of several runs are shown in table 5.7. The
reason for the difference in times being larger than might be
expected from equations (5.4) and (5.6) is due to the much larger
overheads involved in calculating the merit values for the 7 elements

at the beginning of the procedure.

Finally, a method has been devised to effectively perform a
short circuit similar to the second short circuit mentioned in
connection with the use of Markowitz's criterion. This method will
be called the method of partial lists. It is now described in

general terms as follows.

Method of partial lists.

Let S be a list of values 85 i=1,%, and allow the list to be
dynamic in the sense that elements may be added to or removed from
the list as the process continues. Consider a list (partial list)
of a subset of this set selscted by means of some criterion function

on the original list. This subset will be called FL.

Then, consider a process which selects an element of S on the
basis of thé same criterion function. This element will be in the

list PL and so would be selected by a search on this subset.

After the selection it is assumed that the values of some of
the S; will change. The values of the Si thus changing are then
examined to see 1f they would have been included in PL using the
¢riterion function had they had that yalue before the elimination.
If so, they are added to the list PL apnd the process continues with

a further search of the new PL by means of the criterion function,

If the list PL is exhausted before sufficient selections are
made then a new list PL has to be generated from S wusing the
criterion function before the process can continue., This is called

a regeneration of the partial list.

The above process continues until the required number of elements
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of S have been selected in the order determined by the criterion

functione.

The procedure can be easily applied to the case being considered.
Here, the list & is a list of merit values of the *” non-zeros, the
criterion function on the list chooses i such that Sy has the
minimum value of all elements of the list, the values are updated
according to the procedure mentioned previously, and the number of
selections to be made from list & is n, the number of pivots

required,

If no partial list structure exists then an approximate count for
the number of table lookups to establish the full pivot set is given
by the equation |

N, = no ceses(5.7)
while, if the partial list PL has length 1 and is regenerated_'
m times, then the number of table lookups is given by the equation

Nz=lm‘t’+nl sea e (5-8)

For a suitable choice of 1, dependent on the size and demsity of
the matrix under consideration, N2 could be less than N1.

This improvement to the local minimisation algorithm by using
partial list techniques is shown in table 5.2 for various lengths of
partial list and for the three structured matrices used throughout
this thesis. When it is borne in mind that a substantial part of
the total computing time is spent in generating the original 9 merit

values, the savings made by using a well-suited partial list are not

insignificant.

Thus, from the results of tables 5.1 and 5.2, it is seen that the
feasibility of using a minimum local fill-in eriterion for selecting
pivots has become real and the method is more competitive with the
Markowitz procedure than might be first envisaged. It is really a
question as to whether the almost guaranteed saving in storage

justifies the extra expenditure in time involved.
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Section 6. A sparse mairix package.

The procedures described in this section were written for use
on the 1206A in the spring of 1971. Although they all have been
tested successfully on several examples, no claim is made that the
procedures are optimal. They do, in fact, represent the first steps
towards writing a sparse matrix package for the 19064 for use in the
OXLIB1900 library and subseaguent inclusion in the NAG library (the
Nottingham algorithms group was a group imitially formed to develop
a numerical library for use on the ICL 1906A but the scope of the
library has since been extended to cover many other university systems).
Further development of this package was abandoned at the end of 1871
when it was decided to adapt the well-tested algorithm of Curtis and
Reid (1971b) which was already in the Harwell subroutine library.
This subroutine has now been translated into Algol and 1906A Fortran
and is currently in OXLIB1900C awaiting acceptance to the next mark
of the NAG lidbrary.

A short description of the author's algorithm, even although it
is far from optimal, has been included here for two reasouns. The
first is that it illustrates some of the points made in this chapter
and, in addition, demonstrates that even a relatively inefficient
algorithm utilising sparsity techniques produces accurate results
much faster, and using considerably less core, than the normally
available library routires.

Listings of the procedures are given in the appendices and =a
pilot program for solving a set of linear equations is alse included
to illustrate the procedure calls.

The three ﬁrocesses of the solution of linear equations,
evaluation of the determinant, and inversion of a matrix (procedures
SOLN, DETERM, and INVERT) are all preceeded by the decomposition of
the matrix to the product of lower and upper iriangular matrices
using Gaussian elimination with pivoting (procedure DECONP). The

matrix is stored by columns in a linked list with pointers to the
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head of each column. With each non-zero is associated three items

the value of the non~zero element, its row index, and a pointer to

the next element of the column (zero if it is the last one). The
columns are sorted a priori in order of ascending Sj {see section 3)
and, at each stage, the pivol selected is that which has minimum row
count in the reduced matrix. This selection is subject to a tolerance
which is set in the procedure but could equally well be made an input
parameter. This method of achieving some small guard against
numerical instability is that which has been used in the past in some
linear programming codes (see Proc. of IBM Symposium, Willoughby (1969))
and is suitable for scaled fairly well-conditioned matrices - a
relatively large subset of the cases considered. It is simple to put
in greater safeguards and checks by, for example, making sure that

the largest multiplier is well-bounded in the same sense as the term

is used in Curtis and Reid (1971b). This check would be inserted at

the same point in the program as the tolerance check is at present,

The solution procedure involves a forward elimination using the
factored form of the lower triangular matrix followed by a back
substitution using the upper triangular matrix again held in factored
form. The inversion procedure merely involves the solution of
successive equations with columns of the unit matrix as the right-
hand side, while the evaluaticn of the determinant consists in

multiplying the values of the pivots chosen in the decomposition phase.

The routine to evaluate the determinant has been tried on several
test matrices of orders between six and twenty and has been found %o
be working correctly to machine accuracy on these examples. The
inversion routine has been tested on a similar set of matrices and
has, in addition, been tested on a number of matrices of order 100
whose non-zero-.elements were generated by a random number generator
and whose density was about 3%. The inverse thus obtained was then

nultiplied by the original matrix and the result compared to the
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identity matrix. In each case, the product differed from the
identity matrix by at most 10-9 in some elements. The solution
procedure was tested against all of the above examples and was found
to give good results. In addition, it was used to solve equations
arising from various finite difference formulae applied to ordinary
differential equations and gave answers as accurate as the formulae
would allow. The author is indebted to L.J. Hazlewood (Oxford
Computing Laboratory) for supplying these examples., Finally the
procedures were used to decompose and solve a set of equations arising
from a cost model in the agricultural division of I.C.I. The order
of this ag.cost model matrix was 560 and the number of non-zeros

was 2055 only increasing to 2467 after the decomposition. The
results of runs on several right-hand sides again confirmed the
validity of the algorithm. This example was supplied by W. Phillips

(Oxford Computing Laboratory).

Tinney (1969a) mentions the great gains that can be made using
sparsity techniques over those normally adopted for full matrices
even if these sparsity techriques are not optimal. This is borne
out by the results of the above experiménts. For example, the average
time taken by this algorithm to decompose a matrix of order 100 and to
solve one right-hand side is 10 seconds, the time for subsequent right-
hand sides being about 1 second. This is over 14 times better than
routine FO4AAA in the NAG library which solves the equations using
Crout reduction with piveoting. The time taken to solve the ag.
cost model using this sparsity technique (one right hand side and
decomposition) was 50 seconds. The times given in the NAG manual
for the decomposition and solution of systems of various orders ’

indicate that the dependence of time on order is given by the equation
3 2 =3
t(n) = (1/8 n” + £ n°) x 10 seconds eees (5.1)

If this dependence held for n equal to 560 then the similar

computation using procedure FOLAAA would take over six hours computing
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time an increase of over Loo times that using the sparsity method.
This is, of course, on the assumption that the matrix could be held
in the core of the computer. This would require 627 K of 24 bit
19064 words {each real is stored in two words in the 1906A) while
the present daytime 1imit at Oxford is only 60 X (June 1972). The

sparsity procedures require only 24 K of store to perform the entire

calculation.

The suboptimality of this sparsity method is seen when it is
compared with the time that the translated version of the Curtis and
Reid algorithm takes on the 560 x 560 ag. cost model matrix. These
are 9.8 éeconds for decomposition and 0.2 seconds to solve a right
hand side. This is over 2,000 times faster than the projected

FO4AAA procedure !!
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Section 1. Introduction.

This chapter studies the fill-in properiies of Gaussian
elimination on random matrices., Graph theoretical ideas are
introduced and the problem is examined using the concept of random

graphs.

This concept of using random graphs is not a new one. They
are used as a tool in the development of existence theorems in
graph theory (Erdés (1967)) and some work has been done into the
structure of a graph where the_number of lines is a function of the
humber of points, the analysis holding in the limit of the number
of points tending to infinity (Palésti (1966,1970)). Ogilvie (1968)
has shown that these asymptotic results hold where the graph has only
a small number of vertices (about 10} but none of this work is
directly concerned with matrix decomposition or indeed with the
adjacency matrix of the graph. Heap (1966) has extended the notion
of random graphs to examine properties of their adjacency matrices.
However, his results on matrix reducibility are only valid for
comparatively dense matrices (probability density 30.715). A seriocus
attempt to tackle the problem of this chapter has been made by Hsieh
and Ghausi (1971%) where they have tried to make theoretical
predictions on the results of Brayton et al (1970). Their work has,
however, several serious defects. Although they make more allowance
for interaction than the discussion in section 2 of this chapter, their
formulae only include correlation between elements in the same column
ignoring the correlation which exists between elements in the same row.
In addition, some of their formulae break down if the density of the
matrix increases above 20% and their correlation factor, H, is chosen
empirically to obtain a fit with Brayton's data rather than determined
theoretically. The impetus for writing this chapter came from remarks
by Robert Brayton in the panel at the end of the IBM symposium {Rose
and Willoughby (1972}) when he stated that the above problem, although

itself not perhaps of devastating importance, had consumed vast
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amounts of manpower in its attempted solution. This chapter is

dedicated to releasing these manhours for more productive work.

Section 2 of this chapter makes an 'obvious' initial approach
to the problem, indicates some of the difficulties involved in its
solution,and gives an upper bound to the quantity it is desired to
evaluate, In the following section, the abovementioned notion of
random graphs is introduced and the elimination problem is interpreted
in graph theoretic terms. This interpretation is used in section 4
to derive formulae relating to the fill-in caused by Gaussian
elimination on random graphs. It is seen, in section 5, that these
formulae give results which are in good agreement with experimental
data generated by the author. The conciuding section gives a
consequence of the results of this chapter and indicates other

problems which may be tackled by such techniqﬁes.
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Section 2. A statement of the problem and
T an initial approach.

The problem to be considered in this chapter is that of Gaussian
elimination performed on a matrix which is characterised by having all
its diagonal elements non-zero, and with all the off-diagonal elements
having the sawme probability p, say, of being non-zeroc. The
elimination on this random matrix is performed by pivoting down the
diagonal in the natural order, and the interest is centred on the
probable number of fill-ins that occur. This number will, of course,

be some function of n, the order of the matrix, and p only.

Because of the nature of the elimination process, it is
immédiately seen that a probability Pi can be ascribed to the
likelihood of elements in the i th row (column) of U (L) Dbeing
non-zerc after the decomposition has taken place. This Pi will be

the same for all elements in the same row {(column).

It is perhaps worthwhile to indicate a natural way to tackle
this problem and, by showing its failure, indicate the way in which

many 'simple' solutions fail to answer this problen,.

P1 will aiways be equal to p, the initial probability of the

off-diagonal matrix elerments being non-zero.

An element in the second row of U (col.of L) will be non-zero

if:
(i) it is initially non-zero : probability p.

(i1} it is initially gzeroc and the elements at the head of its
row and column in the original matrix are both non-zero thus causing
a fill-in to occur. : probability (1aplp2, since the events are
mutually independent,

It thus follows that the relation
P, = p+ (1-p)p°

is true.

Kow consider the following argument. (This is done for U, but
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the same argument follows for L).

An element in the third row of U will be non-mero if it is
either non-zero initially or after the first elimination stage
(probability Pa), or if it is zero then, but is filled in at the
second stage oflthe elimination (probabiiity (1—P21P22), giving the
equation

2
P3 = P2 + (1-P2)‘P2 .

and, by a similar argument, the following recurrence relation holds

for Pi (i=1,..n=1).

2 — a
Pi+1 = Pi + (1_Pi).Pi P =P sr e (2.1)

That this result is false is obvious experimentally since it is
observed that the Pi given by eguation (2.1) are always greater than
" those obtained by empirical tests on a set of generated random
matrices (see sectiom 5). It is now indicated why the calcuiation
for P3 as given by equation (2.1) is wrong and then a theorem

regarding the P, generated by equation (2.1) is stated and proved.
The reason why equation (2,1} fails to give the correct value for

P3 is as follows. Figure 2.1 should be consulted.

Xp-o-- -

Op

O P

i

b
et b b

figure 2.1

It is true to say that the probability of element C being zero

after the first stagé is (1—P2) and that the probability of A and
B Dboth being non-zero after the first stage is P22 (since events
are independent), but it is certainly not true to claim that these two
events are independent as can be seen in figure 2.1, where both the
(1-P2) and the Paa term depend on the two elements E and F. Thus,

L =

L
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Prob (C is zero after first stage) = (1-P,)

2

and Prob (A and B non-zero after first stage) = P,

then

Prob (C zero and A and B nonw-zero after the

2
first stage) # PZ (1-P2)'

This argument is formalised in the following theorem.

Theorem 2.1

if 'Pi is defined by the relation

- 543 2 =
i1 =By 4 {1 Pi)Pi P, =P

1
and if Pi is the probability of arn element in row i of U (col
i of L) being non-zero after the decomposition then the ii form an

upper bound for the Pi'

In fact, Ei > p

i (1214 2)
- cees (2.2}
> 214 N-
Pi Pi {(3=i< n-1)
Proof:
Certainly,
P. > P, i=1,2
i i
and relation (2.2) is assumed to hold for all isr<n=1 , then,
Pr+1 is given by the relation,
P =P+ (1-P)P.°
r+ T rr

and since,
x+(1-x)x2 is a strictly increasing function of =x, for xe&h1],

the induction hypothesis gives the equation,

2
> -
Pr 1 Pr + {(1-P )Pr

Now, since
P ,q = Prob { element in the r + 1 th row of U (col of L) is
filled in after r th stage}
= Prob § element in the r th row of U (col of L} is filled
in after (r-1)th stage } + Prob { element is filled in at

r th stage given that it is zero at (r-1) th one}
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2
Pr+'l = Pr + (1'Pr) Fn

by theorem on conditional probabilities (see, for example, Feller
{1968})) and fact that
Prob { element is zero at (r-1) th stage} = (1-Pr)

2

Prob | element is filled in at r th stagel= P_

and so,

=z P

r+1 r+1

and the result follows by induction.

Since, P_ > P it is true that

3 3

P. > P, i= 3, n=1

because of the strict monotonicity of the function x+(1-x)x2.
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Section 3. A graph theoretic description
of the problem.

In this section and the following one, directed graphs as
defined by Harary, Norman and Cartwright (1965) are used to
analyse the fill-in problem. The terminology used is identical
to theirs, the only additional term being that of 'linked’.
Point a is linked to point b in a directed graph if there exists
a directed line of the graph from a to b. A point a is
connected to a point b if there exists a directed path in the
graph from a to b. Thus linked points are connected but not

vice=versa,

If a global view is taken of the preoblem, it is natural to ask
what possible sequence of events would cause the element aij to be
filled in. By the discussion of the last section, it is possible,

without loss of generality, to consider the case a Obviously

i,i+1°
only the first i-1 stages of the elimiration could cause fill-in
to this position in the matrix and so only these need be considered

in the following discussion.

A random graph on n points is defined to be a directed graph
on n points where each line has a probability p (p<«1, in general)
0of existing, this probability being the same for all the lines,

This directed graph is seen to be none other than the adjacency
matrix (Harary (1962b)} for the random matrix described in the first

section of this chapter.

If the theory of graphs in the elimination process is examined
{for example, Tewarson (1967a)}, Harary (1962a) and Parter (1961), it is
seen that one point will be linked to another point in the graphs of
subsequent reduced matrices if there exists a path in the initial
graph connecting that particular point to the other which does not
pass through an as yet uneliminated point (the term 'legal' path is

used to describe this and is attributed to Karp (Willoughby (1971¢))).
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Since the addition of a line in the graphs of the reduced matrices
is in 1=1 correspondence with the fill-in of zeros in the original

matrix, the following theorem holds.

Theorem 3.1

The probability of the element in the (i,i+1)th position in the
matrix being non-zero after matrix reduction is equal to the
probability that there exists a path from the point i to the
point i+7 din a random graph on i+1 points if the probability
of any line existing in the random graph is the same as the

probability of an off-diagonal element of the matrix being non-zero.
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Section 4. The derivation of the formula.

Let the random graph on n vertices with probability p of
any edge existing be denoted by G(n,p). Now let Px(n,p) be the
probability that a point x i1s connected by a directed path to every
other point in the graph G(n,p). Thus, for example, Px(1,p) =

and P_(2,p) = p.
X
The following lemma is now stated and proved.

Lemma "'1'11 .
If Px(n,p) is the probability that x is connected to every

other point in the random graph G(n,p), then the relation

n-1
-1
P (n,p) =1 -2 ""'¢c,_, P (k,p).(1-p

)k(n-k)
k=1 k-1

holds for any n and p.

Proof.

Let the points of the graph be partitioned into two subsets,
a k- set containing k opoints and an (n-k)-set containing the
remaining (n-k) points and choose the k points such that x is
one of them, Then the probability that x dis connected to all
the other points in the k-set but to none of the other points is given
by the formula
Px(k.p).(1-P)k(n“R)
the second part of the formula being present since it is necessary
that no lines exist from the points of the k-set to the points of
the (n-k)-set. It is possible to select n_10k subsets from the
points of G(n,p) such that x is always in the k-set, Furthermore,
since the events of x being connected to all points of the k-set
but none of the points in the (n-k)-set are independent for different
selections of k-sets, the probability of x being counnected to
k-1 other points in the graph G(n,p)} is given by the formula

n k(n-k)

Chn Px(k,pl(T-p)

Now, the probability of x being connected to n-2 or less points



156

in the graph is given by the formula

ne--1

Bg - P_(k,p) (1-p)K(PE)
Eé; k-1 "x

since the events of x being connected to k-1 and only k-1

points are independent as k varies from 1 to n-1.

But this is the probability that x is not connected to all

the other points of the graph and so the lemma has been proved.

The idea of connectedness can now be extended in the following
manner., If ny(n,p) is the probability that there exists a
directed path from x to ¥y in G{a,p) then the following lemma

helds,

Lemma 4.2.
If ny(n,p) is the probability that x 1is connected to y in

the random graph G(n,p) then

n~-1
_ n-2 k{n-k)
ny(n,p) =1 - E: C, - Px(k,pli1-P)
k=1

where

the Px(k,p) have the same meaning as in lemma 4.1.

If, as in the proof of lemma 4.1, the points of the graph are
thought of as being partitioned into two subsets, a k-set containing
¥, and an (n-k)-set containing ¥y, then the probability that x
is connected to every point in the k-set but to none in the (n-k)-
set (including v) is

P, (k,p). (1-p)K(R=K)

as before.

But this time the k-1 other points of the k-set must only
be selected from the (n-2) points of the graph omitting x and Vs
and so the probability that x is connected to any k-1 points of
the graph and only (k-1) points and is, in addition, not connected

to y 1is given by the formula
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k{n-k)
Cp 1 Px(k,p).(1-p)

and so the probability that x is connected to (n~2) other

points or less but is not connected to ¥ is given by the formula

n=1

n-2 k{n-k)

C. ,.P (k,p).(1=p)
= k=-1""x

and, since this is just the probability that x is not connected to

y in Gfn,p), the lemma has now been proved.

The following theorem follows immediately from theorem 3.1 and

lemma 4.1 and 4.2.

Theorem 4,1.

If Pi is the probahility that an element in the i th row of
U (col of L) is non-zero after the L/U decomposition of a randem

matrix, as defined in this chapter, then the following relation holds,

: S :
_ 2 i-1 k(i+1=-k)
Fio= 1 3 Cymq - el =) cees (4a1)

where the Hk are given by the equation

k-1
H = 1 - : :’ k-1c. DH.A(1-P)J(k“J) s ese (1!.'2)
k : =173
J=1
The next theorem then follows immediately.

Theorem 4.2.

The expected value for the total number of non-zeros in the L/U
decomposition of a random matrix,as in theorem 4.1,is given by the

fTormula
n="1

24. Z (n-i)Pi + n snaw (11'03)
i=1

where the P. are given by equations (4.1) and (4.2) and the unit
non-zeros in the diagonal of U are excluded since they are not

stored.
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Section 5. ~ Bxperimental results.

In order to examine the defgcts in using the upper bound
approximation of egquation (2,71) as an estimate for the probability
density of the LU decomposition of a random matrix, the results of
computing the recurrence relation for various starting values of p
were compared with the probabilities obtained from equations (4.1)
and (&4,2). These results are shown in graphs 5.1 to 5.4 for values
of p equal to 0.03, 0.06, 0.10 and 0.50 respectively. It is
seen immediately from these results that the 5; generated from
equation (2.1) give an upper bound to the true value for the
probability density. The striet inequality indicated by theorem 2.1
is not always evident hecause of the scale of the graph but the
computed results from which the graph was obtained do show such an
inequality. For the lower value of p in graph 5.1 it is seen that
the difference only hecomes evident as 1 increases in size. For
the middle values of p din graphs 5.2 and 5.3 the difference between
the upper bound for Pi and ils true value becomes evident at lower-
values of 1 while by the time p 1is as large as 0.5, the effect
is nearly dwarfed by the increase in size of Pi and ﬁi for
increasing 1.

The effect of using these two sets of values for the probability
on the estimate of fill-in to a random matrix is shown in table 5.1.
In both cases, equation (4.3) was used to calculate the values given
in the appropriate columns. I order that the theoretical
predictions of this chapter might be compared with experiment, some
runs were done performing Gaussian elimination on random matrices,
twenty runs being made at each value of order and density. The
average number of non-zeros in the decomposed form and the standard
deviation from this mean were calculated and the results are shown in
the appropriate columns of the table. If is seen that, in all cases,

the number of non-zeros predicted by the theory is in very close
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agreement with that obtained from the runs on random mairices, and
the predicted value, in every case, falls well within the
distribution peak defined by the experimental standard deviation.

As expectéd, the use of the upper bound for Pi gives an
overestimate of the fill-in which is particularly marked when n
is high, except for the case p = 0.5 when the fill-in in both

cases is almost total.

An examination of the results in the paper of Brayton et al (1970)
indicates that most of his experiments were performed with random
matrices of a higher order and lower densiiy than the ones used in
this chapter. In addition to the core storage restrictions for large
systems (there is also a limitation if the matrix is held in packed
form because of the amount of fill-in during the elimination process),
another difficulty was encountered in the calculation of fill-in %o
matrices of low initial density. This difficulty was caused by
rounding errors in the computation of Pi from equations (4.1) and
(ha2). These errors are introduced by the subtraction of the sum in
equation (4.2) from 1. This particular error is relatively a very
large one since the value of the summation is very close to 1. For
example, if it is assumed that the computer can store up to 10 decimal

7

digits, then a summation of wvalue 1-10" will give an error in H

in the third significant figure; and summation values of 1—10“20
are obtained if p = 0.01!! The use of double precision merely delays

the catastrophe.

In an attempt to avoid this calamity, the author has developed a
set of procedures to deal with the calculation of Pi from equations
(4.1) and (4.2} in rational arithmetic. These procedures are given in
the appendices and work to infinite precision (to within the core
size of the machine). They are annotated fully in the appendices and
need not be described further here, J.H. Griesuer of IBM has also

computed values for H on a machine at Yorktown Heights using a

k
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rational arithmetic package in a system called SCRATCHPAD (Griesmer
and Jenks (1971)). His resulis have shown exact agreement with those
calculated by the procedures in the appendices. Unfortunately, both
the IBM system and the procedures in the appendix téke a long time
to evaluate Hk for large k (because at stage‘ k, k=1 infinite
precision terms have to be calculated for the summation in eguation
(#.2))3and so it is impractical to try to test the results in
Brayton et al (1970} for low density and high n. For p = 0.01,

the infinite precision procedures give a value for equal to

PBO
0.13920 compared with the upper bound of 0.13953 from equation
{(2.1). Thus, it is evident that i has to be quite large to

obtain any appreciable variation from this upper bound as is seen in

the figures for fill-in in a matrix of order 100 in table 5.1.



Section 6. Conclusions and a possible consequence.

This chapter has indicated some of the power of graph theory in the
analysis.of large sparse random systems. It is guite probable that
other problems concerning singularity, reducibility, and other
eliminatioﬁ schemes can be tackled in a similar fashion. One thing
whnich the results of this chapter do indicate is the need for sparsity
pivoting in Gaussian elimination. Phe fill-in of a matrix from an
average ofi 3 off-diagonal non-zeros per row to more than 20 is rather
drastic and would be reaching the limit of advisability of packed

storage were it much larger.

A possible consequence of the results of this chapter might be to
obtain some estimate of the possible error introduced in the elimination

1,

Process. The error analysis of Wilkinson deals in terms of upper
bounds rather than estimates of errors and his factor of n2.2-Bt
(Wilkinson (1965), p.248) is not very helpful for large sparse systems.
It is evident from these calculations of Wilkinson that the determining

factor for these bounds is the number of operations being performed

on the various positions of the matrix.

If it is possible to calculate a probablistic estimate of this
number of operations, then it is feasible that a more useful estimate
of the actual error involved in the soluticon of sparse matrix

equations could be obtained than the crude upper bound given above.
The following theorem is a first step in this direction.

Theorem 6.1,

The expected number of operations on an element in row i, col j,
j>»3 1s given by the formula

i

2, P = B/

k=2 (1 -7

k-1

where the Pk are defined in equation (4.1)
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The probability that an element is non-zero before stage k
= The probability that it is non-zero before stage k-1
+ The probability that it is zero before stage k=1 and
is filled in at stage k-1
Hence

P =P + (1 =P

k k-1 k-1)X

where
X is the probability that the element is filled in (or operated on)
at stage k-1.

Hence result.



NUMBER OF OFF-DIAGONAIL NON-ZEROS STANDARD
IN FINAL FORM DEV;g§ION
- , EXPERIMENTAL
n P, P P EXPERIMENTAL{ RESULTS
100 | 0.01 176 P 160 14.8
50 | 0.01 30 e 29 6.25
30 | 0.0 10 10 10 2.54
25 | 0.01 6 6 6 0.89
20 | 0.01 | 4 4 4 1.80
100 | 0.03 4259 2253 2309 239
50 | 0.03 290 168 162 33.4
30 | 0.03 39 38 37 6.18
25 | 0.03 24 24 22 3.45
20 | 0.03 Th 14 13 1.06
100 | 0.06 6763 5204 5211 33k
50 | 0.06 1062 656 641 7143
30 | 0.06 182 119 123 33.8
25 | 0.06 86 68 69 1741
20 | 0.06 39 36 33 5.33
100 | 0.10 7966 7022 | 6925 © 246
50 | 0.10 1553 1212 1193 7745
30 | 0.10 388 274 264 34,9
25 | 0.10 222 157 161 2244
20 | 0.10 105 ! 79 82 13.0
100 | 0.50 9662 9623 9637 b7.5
50 | 0.50 2334 2315 2317 28.3
30 | 0.50 802 792 | 788 4.6
25 { 0.50 Sk 536 537 15.5
20 | 0.50 336 330 333 10.9
Table 5.1. A comparison of the average fill-in caused by Gaussian

elimination on several different random matrices {(average of 20 runs
at each order and density) with the theoretical prediction given in

theorems 4.1 and 4.2 and the upper bound given by equation (2.1).
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Graph 5.3. A comparison of the true probability density of

the reduced from (equation (4.1)) with that derived from the

recurrence relation (2,.,1) with starting value of p = 0,10,
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Gravh S.kt. A comparison of the true probability density
of the reduced form with that derived from the recurrence

relation (2.1) with starting value of p = 0.50.
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CHAPTER 7.

OVERDETERMINED SYSTENS.

Introduction.
A brief discussion of the methods under consideration.

A discussion of row orderings in Givens' method and

a comparison of Givens' and Householder's methods.

Some theoretical reflections on a comparison of the

various methods.

Some experimental observations on a comparison of the

various methods.
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Section 1. Introduction

This chapter is concerned with the solution of the

overdetermined set of equations
Ax =D o.-.. (1-1)

where A dis an m x n (m2n) sparse matrix and x and b are

column vectors of length n.

It is assumed throughout this chapter that the rank of A 1is
n. Although some of the discussion can be easily extended to cover
matrices of defective rank, it is more difficult to extend the
experimental results on fill-in since there the linear dependence
of the columns would have to be reflected in some numerical
cancellations during the reduction process. It is also possible
to extend the results to an underdetermined set of equations where
m£n in equation {1.1) above. In this case; the roles of the
matrices which factorise A are generally reversed but most of the

analysis still holds.
It is concerned here to consider methods which solve eguation

(1.1) in the 1, norm. That is to say, it is a leasi-squares

problem which is being considered where it is desired to find =x

{51

is minimised where r. is the i th component of the vector b - Ax.

such that

When A is of full rank this solution will necessarily be unigue.
The same problem, in the 1_, norm, is known as the minimax solution
of sets of equations as in {1.1) (Cheney (19656)}), but has not been

considered here.

The methods considered for solving the system in equation (1.1)
are that of forming the normal ecguations, that of performing

premultinlications of A by orthogonal matrices to reduce 1t to upper
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triangular form, and a method based on LU factorisation of 4 due
to Wilkinson and Peters (1970). These methods are described in

section 2 of this chapter.

In section 3, the orthogonalisation methods utilising the plane
rotations of Givens (1958) or the unitary transformations of
Householder (1958) are examined in some detail. Different methods
of row ordering within a Givens major step are discussed as well as
various criteria for selecting the pivots. It is observed that
although Givens' method with the best orderings produces lesé fill~in
than Householder's method (thus supporting the theorems in sectidn 2
of chapter eight), the methodlof Householder is to be preferred in

a sparsity context.

Sections 4 and 5 deal with a-comparison of Householder's technigue
with the other methods mentioned in this section. It is seen in
section 4 that it is difficult to make any hard and fast rules about
the advantage of one method over the others since it is shoﬁn that
the structure of the matrix can be a vital factor. This conclusion
is borne out by the experimental results of section 5 where the three
methods under consideration have been tested empirically against

variety of structured and random matrices.

Finally, the experimental and theoretical results of this chapter
establish that it is, in most cases, advisable to use the method of
Wilkinson and Peters as a general routine for solving sparse sets
of overdetermined equations. This method combines the sparsity
advantages of the method of normal equations with the numerical

stability of the orthogonalisation preocedures.
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Section 2. A brief discussion of the
methods under consideration,

As was mentioned in the introduction, this section discusses
some methods for solving the overdetermined system of linear
equations (1.1) where the solution is found in the 1, norm. Each
method is considered in turn and table 2.1 sets out the features of

the methods which are important in a sparsity context and are integral

to the remainder of this chapter.

Historically, one of the original ways of solving the least
squares problem has been to form the normal equations and to solve
the resulting system whose coefficient matrix is square and positive

definite. This process is indicated in the eguations

AX = b cees (2.1)

ATAx = ATD ceee (2.2)

where the set of equations in (2.2) are solved by using the Lot
decomposition of the positive definite ATA, where L is unit lower
triangular and D 1s a diagonal matrix whose entries are positive,
Wilkinson and Peters (1970) have a simple proof that this use of the
normal equations does indeed give a solution fo the least squares
problem. This method has tended to be out of favour since the
ﬁremultiplication of equation (2.1} by the matrix AT effectively
squares the condition number of the coefficient matrix and often leads
to the set of equations (2.2) being very ill-conditioned. Another
stability problem can arise due to bad scaling in A (unlike the
linear case, it is not possible to scale A as one would like).

This is caused by the premultiplication of the right-hand side by
A7 where the presence of a small number (less than the rank of A)
of heavily weighted rows of A can lead to disastrous information
loss in the right-hand side. This method is still, however, used
in several routines {(for example, Reid (1972b)) since the storage is

kept low if the matrix A is still held for other reasons,as would
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be the case in linear programming. problems. Another reason for
using the method of normal equations has been that, for full matrices,
the number of operations is low (see tabie 2.1). However, the work
of this chapter shows that this is not necessarily true in the sparse
case. This method becomes numerically feasible, if it is used
together with iterative refinement or if some check is to be made on

the accuracy of the solution cbtained,

Wilkinson and Péters (1970) suggest that one method of avoiding
this ill-corditioning is to utilise the ordinary LU deconmposition

of A. With A decomposed as
A"-—"LU RN (203)

where L 1is a unit lower trapezoidal mwxn matrix and U is an
upper triangular nxn wmatrix, the normal equations become

'Lty x = UL b cee. (2.8)

Since A is of full rank, UT is non-singular and can be cancelled
from equation (2.4) to give

(LTL)U X = LT b ssas (2-5)

Now the matrix LTL is square and positive definite of order n and
can therefore be written as

LTL = L,IDL,IT tn e (2.6)

where L1 is a unit lower triangular nxn matrix and D a diagonal
matrix with positive entries. The solution process then consists

in decomposing A as in equation (2.3) and solving equation (2.5)

by means of the decomposition in (2.6) and several forwards and
backwards suhstitutions. It is the cancellation of UT in

equation (2.4%) which removes the ill-conditioning present in the

normal equations methed.

Another method of overcoming the ill-conditioning in the normal

eguations is to utilise the decomposition

A = QU teww (2-7)
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where @ is an orthogonal matrix of order mxn and U is a sgquare
upper triangular matrix of order n. This orthogonal decomposition

is generally performea using the plane rotations of Givens (1958) or
the unitary transformations of Householder (1958). A full

description and error analysis of these methods in the case of

linear equations is to be found in Wilkinson (1965). Golub (1965)

and Businger and Golub (1965) describe in some detail how Householder's

method can be used in the solution of least squares problems.,

With this decomposition, the normal equations become

UT(QTQ)U x = UTQT b enss (2.8)

Now, if A is of full rank, QTQ is the identity matrix of order n

and UT is again non-singular and can be cancelled to give

Ux=Q b eees (2.9)

Thus, the solution of the least sguares problem has been reduced to
performing the QU decomposition of A as in (2.7) and solving the
triangular set of eguations given in (2.9). As mentioned by
Wilkinson and Peters (1970), the extra work done in the decomposition
of equation (2.7) over the decomposition (2.3) is to some extent
conpensated by the simplification of equation (2.9) over (2.5). The
extent of this compensation in a sparsity context is seen in section 5.
It is possible in this method to take advantage of the retention of

A, if it is kept for other reasons, by solving, instead of (2.9), the
equation

UTU X = AT b seee (2.70)

This method, suggested for use in linear programming by Gill and
Murray (1970) ‘and viewed in a sparsity context by Saunders (1972), has
the advantage that there is no need to store the @ of equation (2.7)
for the sclution of subsequent right-hand sides, but has the
disadvantage that the premultiplication of b Dby AT can lead fo
the same trouble as mentioned in the normal eguations method if the

matrix A is badly scaled. It should be noted that this source of
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instability is removed if methods involving the solution of equations
(2.5) or (2.9) are used provided that pivoting is performed during the
initial decomposition phase of equations (2.3) and (2.7) respectively.
For LU decomposition suitable pivoting strategies are discussed by
Wilkinson (1965) while Powell and Reid (1968) discuss strategies

for use in the QU decomposition by Householder transformations.

Table 2.1 gives values for some fairly important counts for the
four methods described in this section. A few notes are now made
concerning this table. The first itwo columns are particularly
relevant for sparse matrices, the last three for full ones. The
values given in columns 3 and % can be considered upper bounds for the
quantities in columns 1 and 2 respectively. It should be noted that
the § and U1 for the two orthogonal reduction methods will not be
the same and will, in general, not even‘have the same densities. A
theorem in section 2 of the next chapter conducts a comparison between
these different Qs and U1s. Although it is impossible, without
reference to the structure of the initial system, to give an a priori
estimate for the number of operations to decompose a particular sparse
system, this operation count for full systems can be evaluated and is
given in the last column of the table. A description of how this
count is cbtained, in each case, sefves to illustrate the manner in

which such counts have been calculated by the programs producing the

results given in the tables of section 3 and section 5.

Normal eguations : There are —%—mn2 operations for the premulti-

plication of A by AT followed by %n3 + %na + 0(n) operations for
the symmetric decomposition of ATA, the number of operatiouns for the
first step in the reduction being Zn{(n + 1) - 1.

Givens' method : The total given in table 2.7 is the number of

operations nec¢essary for the QU decomposition of A. The number of

operations for the first major step is 4n{m-1). There are, in

addition, mn =- %nz + 0(n) sine-cosine pairs to be evaluated if this



method is used.

Householder's method : The count given in table 2.1 is the number

of operations necessary for the QU decomposition of A by this
method. Each major step corresponds to premultiplying the matrix
by a unitary transformation of the type I - wa/aKa . To multiply
& vector by such a matrix, one first takes the vector and multiplies
by the row vector wT to obtain a scalar which is divided by 2K2

and used to multiply the components of the vector w. The resulting
vector is then subtracted from the original one. This process will
take 2m+1 multiplications if the vectors concerned are of length m,
thus giving, for the first major step of Householder reduction, a
total of (2m+1){n-1) operations. In addition, the computation of
2K2 and w requires a further multiplication, m squares, and one
square root, -Hence, in addition to the operation count given for

Householder's method, one has alsc to evaluate umn - %na + 0(n)

squares and n sguare roots,

Wilkinson and Peters method : The value given for this operation

count is the sum of several counts from the different steps of this
procedure, The initial LU decomposition requires

—}mn2 - .g_nz' + pmn - -"gnz + 0{m) + O(n) operations, the number of
operations at the first stage of the reduction being, since L is

unit trapezoidal, n{(m-1) + 1. The multiplication of L by LT

requires -'g'mn2 - %nB + %na + 0(n) operations while the final

3

symmetric decomposition of LLT takes .%n + %ne + O{n) operations

similar to the decomposition of ATA in the normal equations case.

There now followa some comments oﬂ the operation ccunts for
full matrices. These comments should be contrasted with the
remarks of section 4 and the notes on table 5.4. In the diécussion
which follows it is only the high order terms in the counts which

are being counsidered.

It can first be observed what happens in the limiting case when
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m = n and the system under consideration is square, In this
case, the method of Householder appears to have the edge while
the normal equations and Wilkinson and Peters methods are about
equal with Givens doing very badly on operation counis and not

compensated by gains in storage.

As the ratio m/n increases (the system becomes more
rectangular) the method of Givens will become correspondingly worse
and eventually the increase of this ratio causes the counts for
Householder's method to become unacceptably high in comparison with
the methods of normal equations and Wilkinson and Peters. These
two methods are themselves comparable on all counts except that
for the initial decomposition where an increase in the ratio m/p
eventually causes Wilkinson and Peters method tb take about double

the number of operations of the normal equations method.

The above arguments on operations counts give part of the reason
for the historical popularity of the method of normal equations.
As mentioned earlier, the operation count, even for full systems,
only paints part of the picture and it is stability difficulties
which have prevented this method being totally dominant. It is
part of the raison d'@tre of this chapter to indicate that, for
sparse systems, not even does tiais operation count argument so

dramatically favour the method of normal equations.
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Section 3. 4 discussion of row orderings in
Givenst® method and a comparisen of
Givens' and Householder's methods.

The arguments of the next chapter indicate that the use of
Householder's procedure can never give less fill-in than using the
procedure due to Givens' when it is desired to use orthogonal
transformations to reduce a matrix to Hessenberg form, if the same
pivots are used in each case. This is because the fill=in in
Householder's method is related to the total Boolean sum of all the
rows under consideration at a particular major stage of the reduction
while the,Givéns fill-in is only related to the Boolean sum of the
rows already processed in this major stage. These arguments carry
over in & similar fashion to this chapter. However, the gains of
Givens over Householder have tc be quite substantial before it can
be considered the better of the two methods since the actual number
of operations performed in multiplying the right-hand side of the
equations by the orthogonal matrix @ is roughly twice that for
Givens' method if the fill-ins are the same. A similar comment
also applies to the storage. Ideally, it would be desirable if the
fill~-in due to Givens were half that of Householder and this section

is an attempt to reduce this fill-in of the Givens' method.

Clearly, the degree of freedom which is available to the Givens'
method but not to the Householder one is that of ordering the rows
within a major step of the forward elimination phase. The order
of rows within Householder's reduction does not affect the number of
neon-zgeros created but such an order can influence the fill-in due

to Givens as is seen clearly in figures 3.1(a) and 3.1(b).

X O 0 uas X O 0 wuoe
X ¥ X eae X O O aue
figure 3.1(a) figure 3.1(b)

Elimination, by Givens' method, using the pivot x with the order of
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the rows indicated in figure 3.1(a) gives a fill-in of 4 while the
ordering of figure 3.1(b) gives a fill-in of 2. For both orderings,
Householder's method gives a fill-in of 4. The effect of this on a
complete reduction is shown in figures 2.11(a) and 2.11(b) of the

next chapter.

The problem to which it is desired to find a solution is one of
finding that row ordering which would minimise the total fili-in in
one stage of the Givens reduction after a pivot has been selected.
The problem of selecting this pivot is considered later in this sectiomn
but, for the meantime, it is assumed that some criterion exists for
selecting it and that this criterion is the same irrespective of the
row ordering strategy used. The discussion and examples of the next
few paragraphs illustrate the difficulty of obtaining such an optimum

order.

Theorenm.%.1.

If the rows are ordered in increasing row count, then it is
untrue that the fill-in for the whole major stage of the Givens

reduction is necessarily minimised.

Proof.

This theorem is proved by means of a counter-example. Consider

the submatrix of figure 3.2 where x represents the pivot element,

XX XX oo

X 000X X 1

XX XX 00 2
figure 3.2

Ordering on minimum row count gives the ordering shown in the figure
with a total fill-in of 7. If, however, the rows (1 and 2) are taken
in the reverse order the total fill-in is 5, thus yielding the counter-

example and proof of the theorem.

At each minor stage of the reduction, the pivotal row and the tow

being operated upon each take the sparsity pattern of the union of the
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two. It therefore seems sensible to keep the number of non~zeros
in the pivotal row small as long as possible. The strategy of
minimising the fille~in in the pivotal row at each stage will be
called 8 . It is seen that ®& correctly orders the rows of the
submatrix in figure 3.2 to give minimum total fill-in but the

following theorem indicates that this is not necessarily the case,

Theorem 3.2.

If the rows are ordered by the criterion # , then it is untrue
that the fill-in for the whole major stage of the Givens reduction

is necessarily minimised.

FProof.
The proof is again by means of a counter-example. In figure

5.3, X again represents the pivot element,

EO T

O M W 0
W oX oo

o H M o
o 0
o o}
M

figure 5.3

R would order the rows in the order 3, 2, 1 giving a total fill-in
of 9 while the row ordering 1, 2, 3 gives a fill-in of only 8.

Hence the theorem has been proved.

Although theorem 3.2 indicates that this criterion is not optimal,
it is seen, from the results of table 3.1, to produce, in general, a

lower total fill-in than using a straight unweighted row count,

Let an active row at any stage of the Givens reduction be one
which has a non-zero in the pivotal ¢olumn and will therefore be
operated on during that stage. Then, another method of row ordering
might be to select that active row which would cause the least local
fill=in. Since non-zeros in the pivotal row inevitably cause fill=in
in the corresponding positions of any row being operated on, these

positions are considered to be filled-in initially and, furtherumore,
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the additional fill-ins of this kind whiqh are an inevitable
consequence of a f£ill-in in the pivotal row are assumed to take
place at the same time as this fill-in. This strategy works on
the example of figure 3.2 and produces a tie on the example of
figure 3.3. The folleowing theorem indicates that this ordering

again fails to achieve the desired result.

Theorem 3.3.

If the rows are ordered by the local minimum fill-in criterion,
then it is untrue that the fill-in for the whole major stage of the

Givens reduction is necessarily minimised.

Proof.
Once more a gounter-example is used to prove this theorem.
Consider the submatrix of figure 3.4 where the (141) element is chosen

as pivot.

I
o]
o
o
o
o
o

XX 00000 1
X OX X 00 0 2
X 0OXXXo0o0 3
X 0X X0 X 4
X 00X X 00X 5
figure 3.4

Then, if the rows are ordered as shown in the diagram the total fill-in

to result is 13. However, 1f they are ordered so that the row giving
local minimum fill-in is chosen at each stage, then the fill-in is 1&4.

A possible such ordering is to select the rows in the ordér 2, 1, 3, 4, 5.

This completes the proof of the theorem.

The author has tried experimenting with even more sophisticated
strategies involving the notion of nested blocks (for example, rows
2 and 3 of figure 3.4 above) but, in each case, counter-examples exist
and the overcomplication of the selection method does not necessarily
result in any saving of overall growth in the number of non-zeros.

It might, of course, be possible, es?ecially if the original matrix
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" is very sparse, to consider all permutations of the rows and order
them to obtain the minimum fill-in for the complete major stage.

This method becomes very time consuming if the matrix is not very
sparse (less than, say, 3 or 4 elements per row) or if substantisl
fill=in occurs to the lower trapezoidél part of the matrix during the
orthogonal reduction. In addition, there is no guarantee that local
minimisation of fill-in at the major reduction step level Qill result
in a global minimisation for the whole reduction pfoceas and obviously
the total fill-in will depend on the criterion for pivot selection.
This additional factor would indicate that there is no great value

in expending too much effort on the row ordering when a sub-optimal
orderiﬁg is a1l that can be achieved. Therefore, the remainder of
this discussion concentrates on the three ordering methods mentioned
previously which are all computationally feasible and which give a

good reduction in fill-in over taking the rows in their natural order.

In each case the pivot was selected from the remailning submatrix
by choosing the column with minimum column count and selecting the
non-zero from that column with minimum row count (this method is
henceforth called 'ri within cj‘ e Justification for using this

criterion will be found later in this section.

The results giving the final number of non-geros in the upper
triangular and lower trapezoidal parts of the matrix for these three
orderings are given in table 3.1. In addition, runs were performed
using a row ordering equivalent to the natural ordering so that some
idea of the possible improvement by these orderings can be obtained.
Runs were made with the three structured matrices used in previous
chapters of this thesis where an additional row has been added with
a non-gzero in its first column and zeros elsewhere. Three different
orders of random matrix were used to see the effect of making the
system more rectangular and runs were made at each order with matrices
of three different densities, each value in the table being the average

obtained over five separate runs. It is seen that although, in every
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case, there is little difference in the final number of non-zeros in
the upper triangle (of the matrix permuted so that the pivots are on
the diagonal in the natural order) the row orderings do, in general,
produce a fairly substantial saving in the final number of non-zeros
in the lower trapezoidal pa;t of the system sometimes producing
-reductions of over 25%. That this reduction occurs in the lower
trapezium is particularly gratifying because of the weight given to
it in table 2.1 as regards storage and the number of operations for
the solution of future right-hand sides. The reason why the row
orderings produce little effect on the upper triangular part of the
system is that, irrespective of the row ordering, the final structure
of the pivot row (which is necessarily in the upper triangle) will
be the logical sum of its original structure and all the active rows
at this stage. Hence, the fill-in in this part of the matrix should
not be so dependent on the local row orderings, particularly if some
suitable pivot criterion is also being used. This phenomenon is
also responsible for the much greater number of non-zeros in the
upper triangle than in the lower trapezium in all of the square
examples of table 3.1. It is seen that the number of final non-
zeros in the upper triangle is sometimes over twice that in the lower
trapezium and that it is only when the ratio m/n reaches 2 that the
greater size of the lower triangle counterbalances this effect. This
phenomenon is seen to occur again later in this section and in section
4 of this chapter. It is also seen, from the results of table 3.1,
that & does, in general, produce a saving, over the minimum unweighted
row ordering,in the number of non-zeros in the lower trapezium of the
decomposed form. This should not be too surprising since R is
essentially a local row ofdering criterion while ordering the rows
on minimum row count is ar a priori method. The other local method,
that of local minimum fill-in produces a fill-in comparable to that
of & and often slightly worse than it. Because the &R ordering is

much easier to implement, this ordering is used for the experiments on
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pivot selection and for the comparisons with Householder's method
later in this section. The relative merits of the three‘orderings
and that of keeping the natural row ordering is seen to reﬁain the

same under change of order and density.

An examination was then conducted to investigate the effect of
altering the basis on which the pivot element is selected at each
stage of the reduction. The row ordering technigue was kept
constant during this investigation and was chosen to be the R of
the preceeding paragraphs because of its relatively successiul results
and its ease of implementation. Five different strategies were
tested and compared against a test case of the natural column ordering.

The methods which were compared were as follows.

The method of the first part of this section, namely T within cj'
was used. This ¢riterion is chosen since it brings in the least
number of rows at each stage and should result in a minimisa£ion of
fill-in in the pivot row due to a reduction in the number of rows
involved in the logical summation mentioned earlier. In addition,
the growth in the lower trapezium should be reduced by such a scheme
since effectively the pivot chosen at each stage introduces the
maximum number of zero elements to the lower trapezium. The reverse
of this ﬁethod, called oy within r_, is also tried in an attempt
to keep the growth of non~zeros low by choosing a very sparse row as
the pivot rowe. Another selection criterion tried was to choose the
non-zero element (i,j) such that r; X cj was a minimum over all
the non-zeros in the unreduced part of the matrix. Such a strategy
is called the Markowitz c¢riterion after the similar scheme for pivot
selection in linear equations (chapter 5).  Although this does not
have the same direct relationship as in the linear equation case
since it does not minimise the maximum fill-in, it should produce a
beneficial effect by ensuring that neither r, nor cj become very

large. An adaptation of this method lays somewhat more stress on
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reducing the number of non-zeros in the pivotal column (for the
same reasons as was given for the method r, within c¢. ) and is
implemented by selecting as pivot that non-zero for which the
count r. X cj2 'is minimised. Finallj, the a priori method of
ordering the columns in ascending order of column count prior to
the elimination is also investigated. At each stage, the non-zero

in the column with minimum row count is chosen as pivot.

Results are given in table 3.2 for these five orderings and
that of taking the c¢olumns in their natural order. The matrices
were identical to those used in compiling table 3.1 and again the
figures in theﬁable indicate the number of non-zeros in the upper
and lower triliangular parts of the final matrix. The following notes

can now be made.

(1) As was seen in the results of table 3.1 it is also observed here
that the final density of the lower trapezium is alwaﬁs less than that
of the upper triangle. As mentioned earlier this is very pleasing
because of the weighting given to the lower trapezium in the counts

of table 2.1.

(2) 411 the orderings show a marked improvement over using the natural
column ordering often reducing the density of the final form by more
than 50%.

(3) The a priori ordering does significantly worse than the best
local orderings thus discounting it as a viable method. It is
particularly bad on square systems but this comparison holds through
all the examples tried.

(4) The method cj within r, is substantially worse than the other
local methods as regards fill=in to the lower trapezium and in many
cases shows no improvement over natural column ordering as regards

the fill-in to the upper triangle. It is thus felt that this method
of ordering is not desirable,

{5) The Markowitz criterion has similar deficiences often being

only slightly better than method cj within .. The improvement
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to this result when the criterion ry; X cj2 is used is an indication

of the greater importance of reducing cj rather than keeping Ty

small.

(6) When this is taken to its logical extreme in the method r,
.Qithin cj, the effect of placing the emphasis on the cj is clearly
seel. Not only does this method yield the lowest fill-in in the
lower trapezium as might be expected from the previcus discussion,

but it often gives the best results in terms of fill=in to the upper
triangle. Thus, this method not only achieves a much lower operation
count for the solution of successive right-hand sides but it also
keeps the total fill-in produced in the reduction process to a minimum,
(7) The reflections of notes (1) - (6) are true for the structured
and random matrices tested and hold over a range of orders and
densitiese.

(8) Notes (2) to (7)) indicate that both for reduction in operation
count for subsequent solution of right-hand sides and for reduction
in fill-in, the use of rs within cj for pifot seléction.is

clearly the best criterion of all those tested,

It would appear that a very good method of implementing Givens
reduction to upper triangular form is to select the pivot at each
stage on the basis of ST w;thin cj and thén to order the rows
using R . It is this ordering which is now used for Givens when
comparing his procedure with that of Householder for which the same

pivot selection criterion is used.

It is generally assumed to be the case that a reduction using
Givens will give decomposed forms requiring twice the amount of
storage and twice the amount of operations for subsequent solution
of right=hand sides than the decomposed forms of Householder. This
is based on the factors multiplying Q in the first two columns of
table 2.1 and the factors multiplying mn and mn2 in the other

columns, If it were true, then, in order that Givens' method was
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competitive with Householder's, it would be necessary that the lower
trapezium be half as dense in the Givens decomposition as in the
Householder one. However, a closer examination of columns 1 and 2
of table 2.1 indicate that factors of n appear to counterbalance
the above argument if the number of non-zeros in @ is of order n.
The results of table 3.3 indicate that this ig indeed the case with
the number of non-zeros in § being generally less than 10n so,
for example, the 5n difference in the operation counts in column
2 of table 2.1 becomes significant. In order to see whether this
effect coupled with the proven lower fill-in for Givens' method could
outWeiéh the factors multiplying the Qs in table 2.1, the two
methods of Householder and Givens were tested with the usual selection
of random matrices and the results are given in table 3.3. In this
table values for the number of operations reguired for the solution
of further right-hand sides and for the storage of the decomposed
forms is also given. The calculation for these is done according
to table 2.1 where, for example, @ 1is the final number of non=zercs
in the lower trapezium plus n for the elements (i,i). The
results indicate that, even although Householder's method invariably
gives a larger fill-in than Givens' one (thus supporting previous
arguments in this section and theorem 2.1 of the next chapter) and,
in particular, gives a significantly denser lower trapezium, it
generally gives a lower operation count for the subsequent solution
of right-hand sides and reguires less storage for its decomposed
form. The only cases where this is not true is for the very sparse
matrices (less than 3 elements per row) where the factor of order n
in table 2.1 plays a significant role. Thus, although this case
should be borne in mind,the.findings of this chapter indicate that,
from sparsity considerations alone, the method of Householder should
be preferred to that of Givens as a general purpose method for the
orthogonal reduction of a matrix to upper triangular form. The

extent to which it provides a viable means of sclving the least sguares



problem in comparison with other techniques is the subject of the

following two sections.

It should be noted that all these calculations have been made
on random matrices and a few structured ones. For matrices with a
particular structure, there may be othér orthogonal reduction
procedures which yield better results than the implementation of
Householder with the aforementioned pivot selection strategy. An

example of this kind for band matrices is given in Reid (1967).

As a final rider to this section, mention can be made of another
possible ordering strategy which could be used when implementing the
procedures of this section. Since it is desirable to keep the
number of elements in the final decomposition and particularly in the
lower *trapezium low, then an ordering which presorted the matrix to
nearly upper triangular form might be useful. An algorithm for such
an ordering for square systems is given in Tewarson (1967c) and,might
be extended to the rectangular case to provide the basis for such an
ordering method. Initial experiments on such orderings have proved
unfrueitful because it is difficult to obtain a very good a priori sort
of the kind mentioned. However, the author believes some algorithm
using this sort might be developed at least for systems which are

nearly sguare.
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Section 4. Some theoretical reflections on a
comparison of the warious methods.

This section makes some attempt at looking at the fill=-in
properties of the methods outlingd in section 2. It serves mainly
to illustrate some of the difficuliies in making such theoretical
comparisons. The theorems and discussion tend to show that no hard
and fast results are available. As is very common in the field of
sparse matrix technology, it appears that the best method is dependent

on the siructure of the problem.

The following two conjectures are stated and justified and there
then follows some arguments which refute these conjectures and
illustrate one of the difficulties arising in making comparisons

involving a transition from the numeric to the Boolean.

Conjecture 4.1,

If L is the lower trapezoidal part of the LU decomposition
of a mxn matrix A (m»n), then the number of non-zeros in the
matrix ATA is never less than the number of non-geros in the matrix

LTL irrespective of the pivot choices in the decomposition.

Jugstification of conjecture.

Let P and @ be permutation matrices such that

PAQ = LU
then

etatag = T v ceve (B

Now, clearly the left hand side has the same number of non-zeros as
ATA. In the right hand side the matrix LTL is premultiplied by
UT and postmultiplied by U and so, if these are considered in a
Booleanised form, the matrix UT(LTL)U does not have less non-~zeros
than LTL. That 1s to say ATA does not have less non-zeros than
L.

Conjecture 4.2,

The upper itriangular matrix left after premultiplication of 4

by an orthogonal transformation of a Givens or Householder type has the
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same structure as the upper triangular part in the LLT

decomposition of the normal matrix ATA.

Justification for conjecture.

Let { be an orthogonal matrix such that

QA = U
where U is upper triangular.

Then,

ATQTQA = A A- = 1] U LR N (402)
but the LLT decomposition of aTa gives

aAta = 1t eves (Ha3)

and from equations (4.2) and (4.3) and the unicity of decomposition

the result of the conjecture has been established,

The results of section 5 show empirically that the two
conjectures are wrong, counfer—results to conjecture 4.1 being
observed in table 5.3 and to conjecture 4,2 in table 5.1, In
fact, theorem 4.3 illustrates just how wrong conjecture 4.7 can be.
The fault in the two justifications is the same in either case and
can be observed by examining the following two examples. The first
illustrates the deficiency in conjecture 4.1, the second the

deficiency in conjecture 4,2,

Examgle Ta

Consider the matrix of figure 4.1

f e

figure 4.1



This matrix has the LU decomposition given in figure 4.2.

// 1 a b O O

O 9 c O O
L = U =

0 0 1 a 0

f/a -bf/ac 0 1 e

figure 4,.2.

This means that LTL has the form given in figure 4.3 which when
premultiplied by UT and postmultiplied by U gives the matrix
of figure 4.4, In both cases these matrices are symmetric and

only the pattern in the upper triangle has been given.

'l+f2/a2 -bfz/aac 0 f/a
L'L =
‘1+h2f2/a2c2 0 =bifac
1 0
1
figure 4.3,
a +f2 ab 0 fe
ot (1T1)U =
b2+02 0 0

figure 4.4.

The matrix of figure 4.4 is indeed seen (from figure %4.1) to be
identical to therﬁgtfix ata as would be expected from eguation (&4.1)
with matrices P and ¢ equal to the identity matrix. However, it

is seen from figures 4.3 and 4.4 that LY.  is not less dense
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than ATA. In fact, the element (2,4) (and, by symmetry, (4,2)) is

zero in ATA but is non-zero in LTL. This is becauses of numericall
cancellation during the multiplications by U and UT. On
postmultiplication by U, element (2,4) has the value -bef/ac and on
premultiplication by UT it becomes —bef/ag c + bef/a which is
clearly numerically zero although it would be non-zero were Boolean
arithmetic used throughout. Conjecture 4.1 thus gives a correct

numerical result inapnlicable to the Booleanising treatment suggested

in the conjecture.

Example 2. Consider the matrix of figure 4.5
a e T
A = b
¢
d
figure 4.5

This matrix will clearly give noe fill-in if Givené' method is used.
Since it is already wupper triangular, the U of Givens' method will

be identical to the matrix A of figure 4.5. I1f, however, the normal
équations are formed, then the (3,4) element becomes ef, If the s
decomposition is then performed on this normal matrix, the (3,4&)
element becomes ef = ae/ag.af which is numerically zero due to exact
cancellation, but which would be non-zero if Boolean arithmetic were
used. The difference here is highlighted by observing that in Boolean
arithmetic the decomposition of a matrix is always denser than the
matrix itself, which, as is seen in this example, is not always the
case, It should be noted that most sparse matrix solvers do not allow
for this in their storage schemes. Thus, once again, conjecture 4,2

holds in a numerical sense but does not hold when Boolean matrices are

considered,

Conjectures 4.1 and 4.2 and the two examples just quoted indicate
that great care must be taken if numerical results are to be carried

over to the Boolean case. The Booleanisation of algorithms is
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discussed at some length by Brayton et al. (1970) and a further

example of the difference between Boolean and numerical results is
te be found in chapter one in the discussion on the Boolean inverse
of a matrix. Willoughby (1971c) to some extent avoids this

possibility of exact numerical cancellation by considering only M
matrices. His results then carry over immediately to the Boolean

case.

As is seen from the two examples, conjectures 4.1 and 4.2 do not
hold because of numerical cancellation. This is seen empirically in
section 5 where the results in table 5.1 show that conjecture 4.2
is incorrect while thcse in table 5.3 indicate that conjecture 4.1
does not hold. It may be argued that the results of section 5 are
invalid because they exclude the possibility of exact numerical
cancellation. This argument is countered by noticing that in some
cases cancellation is dependent on the actual value of the initial
NON=Zeros aﬁd, in general, sparse matrix algorithms themselves
operate on a Boolean fill-in pattern without considering the above-

mentioned type of cancellation,

It may, of course, be possible to develop an algorithm which:
takes advantage of the numerical result contained in conjecture 4.2
where, for example, the sparsity pattern of the decomposition of the
normal matrix was determined bj a QU Boolean decomposition
(Q orthogonal) of the original matrix. Bven then, however, numerical
cancellation ¢ould upset this calculation, If such a method were
devised, then the maximum amount of fill-in of Givens method over
the normal equations method might be determined by the use of the

following theorem.

Theorem 4.7.

If the orthogonal decomposition of an arbitrary square matrix
is carried out with only elements which were non-zero in the original

matrix chosen as pivots, then the upper triangular matrix in the



decomposition is denser than the elementary factors of the

orthogonal matrix.

Without loss of generality, a permutation can be performed on
the matrix so that the pivots lie on its main diagonal. Assume
that, in the final QU decomposition, element (i,j) of @ (i>j)
is non-zero. Then, in the stage of the decomposition where (3,3)
is the pivot, (i,]) is non-zero as is element (i,i) and hence at
this stage element (j,i) will become non-gero if it is not already.
Hence, whenever an element (i,j) of § is non-zero, element (J,i)

of U is also non-zero and so the theorem has been proved.

The example in figure 4.6 indicates that the restrictiom of

pivots to initial non-zeros is a necessary one.

X 0 0\

0 X X

x b Q

figure 4,6
In this matrix,if a QU decomposition is performed pivoting down
the diagonal in the natural order, element (3,1) of @ dis non-zero

while element (1,3) of U is zero.

As regards a general comparison of the methods outlined in

section 2, the following theorem is stated and proved.

Theorem 4.2.

m
For the same ordering, it is possible that the matrix Ata
of the normal eguations method is arbitrarily denser than the matrix
LTL obtained by Wilkinson and Peters method or the orthogonal and

upper triangular matrices obtained by QU decomposition.

Procf.
The proof is constructive and the result follows by considering

the mxn matrix of figure 4.7.



T row n

r
PiS

figure 4,7

in this matrix, the LTL of Wilkinson and Peters method is
diagonal while in the orthogonal reduction methods § is an mxn
matrix of the same structure as the lower trapezium of figure 4.7
while U has the structure of the nxn block in figure 4.7.
However, ATA is a full nxn matrix for any ordering of the rows

and columns, and so the theorem has been proved.

Unfortunately, although this theorem indicates a possible
danger in the use bf normal equations, it does not establish a strict
hierarchy of the methods since the example of figure 4.1 indicates
that LTL may be denser than ATA. In fact, the following theorem

holds.

Theorem 4.3,

1t is possible that the matrix 7L obtained by the method of
Wilkinson and Peters is arbitrary denser than the matrix ATA of
the normal equations method, if the same ordering is used in both

CasesS.

Proof.
This proof is again constructive and follows easily if the

example in figure 4.8 is considered.
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This matrix will give LTL as a full matrix whereas A A will bhe
tridiagonal with non-zeros at the end of the first row and column.

Hence the theorem has been proved.

Theorem 4.1 and conjecture 4.2 do indicate that the fill-in due
to orthogonal reduction methods is likely to be less than that due
to normal equations. However, the extent of this difference is
totally dependent on the example under consideration (see table 5.1)
and the additional computations and storage requirements needed in
the orthogonalisation methods more than overbalances this reduction
in fill~in,

The preceeding discussion in this section indicates the
difficulties in a theoretical comparison of the various methods, and
§0 comparisons are not made until after the experimental results in
section 5. Some reflections are, however, made concerning the
various methods, these reflections being based on the preceeding
discussion and the counts given in the first two columns of table 2.1.
The following approximate relationships concerning the densities of
the various matirices involved in the solution processes are first
stated (under the assumption that A is sparse) and then table 4.1
is obtained from table 2.1. As in table 2.1, the capital letters

represent the number of non-zeros in the corresvonding matrix.

(i} 1.5%A ~ L + U (LU decomposition of A)

(ii) L ~ U (if A is square)

(iii) L ~ @ (QU1 decompesition of A4)

(iv) ¢ ~ 1 (L1DL1T decomposition of ATA)
{v) 3Q o~ U1 (frdm table 3.2)

{vi) L1 —~ L2 (L2DL2T decomposition of LTL)
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METEOD - WITKINSON
mggﬁgﬁs GIVENS HOUSEHOLDER AND

COUNT : PETERS.

Total

Store 2-3Q 5Q - 2n 4y + n 3Q - n

Required.

Number of
Operations for

Subsegquent 3*3¢ - mn | 7Q - 4n 58 £ n 4g - 2n
Right-hand sides}
Table 4.1. Approximate counts when A is square and sparse.

Q stands for the total number of non-zeros in the elementary factors

of Q@ in the QU decomposition of 4.

From table 4.1 and table 2.1, the following suggestions as to the
behaviour of the wvarious methods can be made.’

(i) For square, fairly sparse systems both the method of Wilkinson
and Peters and that of normal equations are better than the orthogonal
reduction technigues. Thé twe methods are somewhat similar in
performance, with the former method triumpking when very sparse
systems are considered (unlike the discussion in section 2 for full
matrices). Unless the system is very sparse Householder's method
will be better than Givens'.

(ii) As the density of the matrix increases, so does that of ATA
and the matrix L1 of its L1DL1T decomposition but the L and U
in the LU decomposition of A are likely to be affected
substantially hence causing the method of Wilkinson and Peters to
suffer to a greater extent than that of normal equations. However,
since @ will almost invariably be denser than L, the orthogonal
reduction methods will also suffer and (by table 2.1 and 4.,1) will
become increasingly worse than the other two methods. In addition,
the factors of =n din table 2,1 will become less significant and

the method of Givens will become considerably worse than that of
Householder,

(iii) As the system becomes more rectangular, ATA will become

increasingly dense because of there being more interactions between



columns due to their greater length. The effect on the LU
decomposition of A (given that the density remains the same)
should not be so marked as that due to (ii) above and so the
relative merits of the methods of Wilkinson and Peters and normal
equations should remain the same as in (i). Once again, due to
increases in the number of non-zeros in Q the orthogonal methods
should do worse, with Givens' method again performing rather less

well than Householder's.,

Hence, it can be remarked that the above discussion indicates
that the method of Wilkinson and Peters may be expected to be rather
more competitive than in the full case, particularly if the original
matrix is fairly sparse. The extent to which this is true is seen

in the results of the next section.
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Section 5. Some experimental observations on a
comparison of the variocus methods,

In this section, the various methods mentioned in section 2

were tested. The matrices used were the same as those in section 3,
namely the three structured matrices used throughout this thesis to
which a row with a non-zeroc in its first column is added and various
random matrices. The random matrices were of orders 50x50, 75x50,
and 100x50 and, at each order, runs were made with matrices of
densities 0.03, 0.05, and 0.10. In every case, ten runs at each
of the nine combinations of order and density were made and the

various quantities averaged to give the results given in the tables.

Perhaps the main problem in comparing methods is to see what
particular characteristics of the methods should be used in the
comparison. The two most important aspects of any sparse matrix
algorithm are the amount of work that has to be done and the amount
of storage that is used by the algorithm. It is these which are
then used as the criteria for judging methods in this section. The
operation counts and storage requirements for the various methods

are given in table 2,7.

There now follows a description of each of the experiments
performed followed by any conclusions which can be deduced from the
results. The tables of results for these experiments are to be

found at the end of this section.

Experiment 1.

Runs were made testing Givens' method against the method of
normal equations using the same ordering in each case. The row
ordering within Givens was merely that of R of section 3. This
experiment was run with a view to testing conjecture 4.2 in its
Boolean sense and the results are given in table 5.1. The results
in this table indicate that although none of the numerical cancellation
described in section 4 occurs in the case of the structured matrices,

it appears to happen in several of the random cases, particularly
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where the density is low. In each case, the number of non-zeros
in the upper triangle of the orthogonal decomposition is less than
the number in the upper triangle of the LLT decomposition of the
normal equations thus supporting the discussion following conjecture

4.2 and example 2 of section 4.

Experiment 2.

Clearly, 1t is helpful if, in the implementation of the method
of Wilkinson and Peters, the number of non-zeros in the lower triangle
of the LU decomposition of A is kept low because of the product
LTL which is decomposed later in the process. The density of L
and U is controlled by the pivot selection criterion uéed in the
LU decomposition of A, Accordingly, runs were made on the usual
selection of matrices using two different selection criteria for tﬁis
decomposition. The first was the normal Markowitz criterion where
the pivot selected at each stage was that non-zero which would
minimise the maximum possible fill=in (viz. the non-zero whose
product of row count and column count is & minimum). A modified
form of this procedure which should minimise the growth in I was
then tried. This was to select at each stage the column with
minimum column count and to choose as pivot the non-zero element in
that column with minimum row qount. In this way the number of zeros
added te L at each stage is maximised. The results are shown in
table 5.2. They indicate that it is generally best, when
implementing the method of Wilkinson and Peters, to try to keep the
overall growth of non-zeros in tﬁe LU decomposition of A as low
as possible. In this way, L is kept sparser than if a local order
-to add the maximum number 'of zeros at each stage is utilised. In
each case, the final symmetric decomposition is carried out by
choosing the diagonal element in the row with minimum row count as
the pivot at each stage. The first method mentioned above is the
one used in the comparisons in table 5.4 of this section since it

generally does better, not only in preserving sparsity in L, but
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also in reducing the number of operations for subsequent solution
of right~hand sides, this being true over a range of sizes and

densities.

Experiment 3.

Rung were made comparing the number of non-zeros in the L,IDL,ET
decomposition of the normal matrix and the number of non-zeros in
a similar symmetric decomposition of the matrix LTL obtained after
LU factorisation of the original matrix. The same column ordering,
the ordering chosen so that pivots in the decomposition of the normal
equations lay in columns with minimum column count at each stage, was
used in bothcases and two row orderings for the LU decomposition
were tried. The row orderings tried were those which chose the
pivot on the basis of the non-gzero in the column with

(1) minimum local fill-in
and (ii) minimum weighted local fill-in

where the weights taken were those given by the equation

weighted fill-in of row i =f§:fij(n-j) seeel(5ak)
j .

where the sum is taken over all j for which aij is non-gero and

fij is the fill=-in caused in column j if row i is chosen as the

pivot row. In the two cases the final symmetric decomposition of

LTL is performed by selecting as pivot at each stage the diagonal
element with minimum row count. The results of experiment 3 are given
in table 5.3. The following comments on these results can now be
made. It is interesting to note that the a priori ordering of the
columns does not affect the LU decomposition of A as much as

might be expected. This is probably because the column choice for
pivoting in ATA selects a column which has had least interaction in
the original A and would thus be a good choice for pivot column in
the LU decompositon of A also. It is evident, if the columns

are arranged a priori that (given a square system) any fill-in in the



195

last column cannot add to the density of the final I and fill-ins

in earlier columns have proportionately greater chances of being in

the final L. Thus, it comes as no surprise that the ordering using
the weighted count is generally superior to the one using the
unweighted one. As the system becomes more rectangular, sc the
weighting becomes less accurate and the results are less favourable

to the weighted count. The results of this experiment clearly
demonstrate that conjecture 4.1 is false. In almost every case, the
number of non-zeros in LTL is significantly greater than the number
in ATA. However, it is interesting to note that it is generally true
that the number of non-geros in the decompositions of these two matrices
is nearly the same and, in the sparsest cases, there are sometimes less
non-zeros in the decomposition of LTL than in the decomposition of
ATA. This would seem to indicate (see table 2.1) that the method

of Wilkinson and Peters will be comparable with that of normal
equations beilng particularly well suited when A 1s sparse. It would
also indicate that as A Dbhecomes denser it is as much the increase

in density of the LU decomposition of A over A as anything which

causes the Wilkinson and Peters method to become inferiore

Experiment 4.

All the runs necessary to produce the data for this experiment
have already been made during the previous experiments. The results,
which ére in table 5.4, indicate the relative properties of the three
methods under consideration as reflected in the matrices tested. The
ordering for Householder's method was that used in section 3, namely
to select the pivot on the basis of the nonezero with minimum row
lcount among those lying in the column with minimum column count.

The ordering for the.normal equations was to choose as pivot the
diageonal element with minimum row count. The criterion for pivot
selection for the initial LU decomposition ¢f A in the wmethod of
Wilkinson and Peters was Markowitz's criterion while the final

symmetric decomposition was performed similarly to the strategy used



in the normal eguations case.

From table 5,4., the results of this experiment and this section
can be summarised in the following notes.
(1) If the matrix is sgquare and sparse, then, on all counts, the
method of Wilkinson and Peters is comparable with all the others
doing particularly well if the initial LU decomposition of A
does not introduce much fill-in. In this sguare and sparse case, the
method of Householder is also a competitive method. This would seemn
to indicate that, for such cases, the fill-in to the upper triangle
of the QU decomposition was overestimated in the discussion at the
end of section &,
(ii) As the matrix becomes denser, the method of Wilkinson and Peters
becomes worse than that of the normal equations but, in general, only
by a factor of about 20%. The method of Householder becomes very
uncompetitive on the decomposition phase.
(1ii) If the density is kept low and the matrix is made more
rectangular, then the method of Wilkinson and Peters is best.
However, the method of Householder suffers very badly from such a
change.
(iv)} It is only in the cases where the matrix is fairly dense and
rectangular that the method of normal equations is significantly
superior to the others and even then it is better than the method of
Wilkinson and Peters by a factor of only about 25% on the number of
operations for the solution of subsequent right-~hand sides and about
50% on the storage and number of operations for the decomposition.
(v) The results, in general, support the conjectures made at the

end of section 4.

Thus, it can be said that the work of this chapter has established
that the method of Wilkinson and Peters performs comparatively well on
general matrices which are not both dense and rectangular. 1t is

therefore suggested that such a process should be used in any general



197

routine for the solution of sparse overdetermined sets of

linear equations.
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CHAPTER 8,

SOME REFLECTIONS ON THE EIGENVALUE PROBLEM.

Section 1. - Introduction.
Section 2. The unsymmetric eigenvalue problem.
Section 3. The symmetric eigenvalue problem.

Section 4, Suggestions for further investigation.
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Section 1, Introduction.

In this chapter, an investigation is begun into the eigenvalue
problem for sparse matrices. The problem is to find, given a
general sparse matrix A, its eigenvalues Zi (not necessarily

distinct) and its eigenveciors x; such that

X. eees (1.1)

Technigues for solving this problem when A is full are found
throughout the literature and details of the various methods can be
found in, for example, Wilkinson (1965), Wilkinson (1966), and Fox

and Mayers (1968). Ko attempt at the more general eigenvalue problem
Ax = XBX sw e (1;2)

is made here, although a description of methods for the solution of

(1.2) when A is full can be found in Martin and Wilkinson (1968).

The eigenvalue problem breaks down into the two cases A
symmetric and A unsymmetric. For general unsymmetric A, the
normal technique is to reduce A to Hessenberg form using either
the plane rotations of Givens, the unitary transformations of
Householder, or the elementary stabilised transformations of Gauss.
The reductions are done in a symmetriec fashion so that the eigenvalues
of the reduced form are identical to that of the original matrix and
the eigenvectors can be recovered easily. The eigenproblem for the
Hessenberg form is then best solved, in general, by using the QR
algorithm of Francis (196#, 1962) or by the Laguerre method_(Parlett
(1964)) for finding the eigenvalues, and finding the eigenvectors
from them by inverse iteration. Section 2 is concerned with the
reduction of the matrix to Hessenberg form. Tewarson (1970b)
discusses some criteria for carrying out the reduction in a sparsity
preserving context but gives no simple pivot selection criteria and
no experimental results. This gsection attempts to remedy this and

discusses the three reduction techniques mentioned above. It is
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seen that in theory and in practice the only sensible way to
perform the reduction in a sparsity context is to use the Gaussian
reduction method of elementary stabilised transformations. Even
then, it is found that the original system has to be fairly sparse
for such a method to present any significant saving over considering

the matrix as full.

In the symmetric case, orthogonal transformations are again
performed on the original matrix in a symmetric fashion,this time
reducing it to tridiagonal form. The eigenvalues of the tridiagonal
form can then be found by the bisection method using the property of
Sturm sequences followed by inverse iterafion for the eigenvectors
or can be found by again using the QR algorithm. In section 3,
the reduction of a symmetric matrix to tridiagonal form is discussed.
Again a paper by Tewarson (1970a) carried a sparsity-oriented
discussion of this case but no experimental results. It is seen
that, in spite of the results in section 2 which iandicate that Givens'
method is better than Householdert's for preservation of sparsity, both
methods produce such a growth in the number of non-zeros that there is
no advantage in treating the matrix as other than full. In this
section a symmetric storage scheme, mentiocned in sectien 2 of chapter

five, is described in detail,

It is often the case that the complete eigensystem of the matrix
in equatidn (1.1) is not required, and only a few isclated or grouped
eigenvectors or eigenvalues are needed. Some discussion of such
problems is conducted in section 4 where, in addition, possible ways
of overcoming the fill-in problems of the reductions in the symmetric

case are considered,

In conclusion, it can be said that while it may generally be
possible to utilise current sparsity techniques in the unsymmetric
eigenvalue problem, the case of determining the complete eigensystem

for a sparse symmetric matrix is still a very copen ene and the



suggestions in section 4 can only be considered a very itentative

step in this direction.



Section 2. The unsymmetric eigenvalue problem.

As was mentioned in the introduction to this chapter, the
kernel to most methods for calculating the complete eigensystem
of an unsymmetric matrix lies in reducing the matrix under
consideration to Hessenberg form. A matrix A is said to be in
upper Hessenberg form if aij = 0 whenever i > j+1. The lower
Hessenberg form is similarly defined. This section deals with
methods of reducing the given matrix to such a form by means of
similarity transformations. The three methods discussed in this
section are the two orthogonal similarity transformations of Givens
and Householder and the transformation, using elementary matrices,
of Gauss (Wilkinson (1965) has some details of these methods).
While it is in general true that if Gaussian reduction is performed
more care has to be taken against induced instability, as is the case
in the solution of linear equatioas, it is certainly true that there
is less fill-in using the Gaussian method than if either of the
orthogonal methods is used. Thuis is formalised in theorems 2.1 and
2.2, but, before these theorems are stated and proved,the methods are
first discussed from a sparsity point of view. (Chapter © of

Wilkinson (1965) describes the methods when applied to full matrices).

Givens Method,

A description of the first step of this method is first given

and then a general account of the fill-in caused by it is presented.

The rows (and cols} of the matrix are first permuted so that the
element (2,1) is non-zero. The logical sum of this pivot row and
every row (apart from the first two rows) with a non-zero in the
first column is taken in turn and is used to replace these two rows
in the matrix, this process continues for some ordering of rows where
at each stage the pivot row is that wihich is left after the previous
logical sum operation. An identical sequence of logical operations

is then carried out with column 2 and similarly indexed columns of
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the matrix. Consider the example in figure 2.1

&3]

i1 .--® X L )
ia‘...@ x L )

i3 ...(J X eaase
iL*. ...@ X asneas

figure 2.1

Let @& denote the logical sum (111 = 1) operating on rows of a
matrix. Then, the stages of the reduction on the above matrix,

given the ordering i< iqé i are as follows :

2 3!

Q-0 ® ©

@0

<0 o ®

Ge—D

DD ® @

B«
and a similar sequence of operations is then performed on columns
i1,,.".14 with the same ordering as above. This happens
irrespective of the zero, non-zero structure of the matrix bar that

utilised in determining rows 1 to & and their ordering.

Premultiplication:

From this description, there is a £ill-in in position (i,j) due
to premultiplication at stage k if and only if ay # 0 and there
exists an 1, k+1«1 <1 such that alk# 0 and alj% 0. This is
shown in figure 2.2. where the element aij fills-~in during Givens

premultiplication.

k+1—> x

l— x

o

figure 2.2
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Postmultiplication:

By the discussion of the previous page, fill-in at the
postmultiplication stage of the element aij will require that
column j Dbe summed with column k+1, which means that row J had
been summed with row k+1 at the premultiplication stage, which in
turn means that element ajk has to be non~zero., Further, fill-in
due to postmultiplication will then occur if there exists a column
1 (k+1<1 <j) such that aiq #£ 0 and it is summed with column k+1
which will happen if a5y £ O. This is necessary for fill-in to
occur and it is clearly seen to be sufficient. Hence, zero element
aij will be filled in during postmultiplication if and only if

ajk # 0 and there exists an 1 (k+141<j) such that ajq £ 0 and

)1 # O.

Since, for the whole process, one has to consider both pre and
postmultiplication, it is possible (considering premultiplication
as being performed first) that element 251 = 0O in the original
matrix but is made non-zero by the premultiplication. This phenomenon
"is called interaction between pre and postmulitiplication. An
example of this and of fill~in due to postmultiplication now follow

in figures 2.3 and 2.4.

k— x

k+1—> x\\\\\\\
1 > X }
i—s ;tzixiqf?..
1]
J—> x

figure 2,35.
k— x
k+1—>
11——é
1.— X
2 @ h\
i—> xg O : 5
J » X N

figure 2ohts
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In figure 2.3, the element (i,j) will be filled-in by Givens'
postmultiplication. Figure 2.4 gives an example of 'interaction'.
Element o4 is filled in by premultiplication causing the element
(i,j) to fill-in on subsequent postmultiplication. If all pairs
& (® are such that both are not non-zero, then no such fill-in
(of (i,j)) would occur if postmultiplication were considered in

igolation.

If the diagonal elements are non-zero, then the above 'interaction!
will not occur. This is because, if P is non-zero, (necessary for
the & fill-in on premultiplication), themn: (i) if i< j, on
postmultiplication, column J becomes the logical sum of columns
k+1, i, and j and so aij is filled-in by postmultiplication alone;
(i1) it 1 > j, premultiplication fills in element 2,4
Hence, element (i,j) will be filled-~in even without considering

'irnteractions' which are thus redundant concepts in this case of

matrices with non-zero diagonals.

To sum up this reduction of Givens, at stage k element aij

will be filled-in if

a; 0 and aj.a . #0 (k+1<€1<4), (i,§2k+1) o... (2.7)
or

3y £ 0, 8 £ 0 (x+14€1<3j)
and either caes (202

aq A0 or a, £ 0 and a A Z 0 (k+1%r<i)

rk
(j2k+1)

Householder's Metheod

The following discussion establishes that premultiplication by
the Householder orthogonalisation matrix affects the same rows as
the method of Givens and that each of these rows is replaced hy the
logical sum of all of these rows. The postmultiplication causes a
similar operation to be performed on the corresponding columans of the

matrix left after the premultiplication phase.
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The Boolean structure of the Householder matrix at stage k of

the reduction process is given by the equation
T
H - I + Ww EREK] (2-3)

where Boolean addition and multiplication is used and the n x 1

(0,1) vector W is given by the equation

w, =0 (i= k)
W, o= i=k+1 | sees (244)
w, =1 if and only if a is non=zero,{i>k+1)
where Ay is the (i,k)th element of the matrix before stage k of
the reduction. The matrix, at this stage, is A.

In the following detailed discussion of pre and postmultiplication

all the matrices and operations are assumed to be Boolean.

Premultiplication,

Consider the element (i,j) of the semi-reduced form HA,

Then,

o
(HA)ij = aij + wi(w Alj

= ‘aij + wjﬁwﬂﬁ.j)- cene (2.5)
and so it will be equal to 1 if either aij #0 or
w, =1 and there exists an 1 (12k+1) such that
"1 =1 aad alj £ Ou That is, fill-in will occur in the
premultiplication phase if aij = 0 and
as. # 0 and P alj £ 0 for some 12k+1 veee (2.0)

An example of this is shown in figure 2.5.

~ k j

. ~
i--x---0
™~
N
1 X ™

~

~
A
~

figure 2,5. “
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This clearly supports the above-mentioned statement that the

sparsity pattern of the affected rows is the logical sum of all the

rows (from k+1 to n) with a non-zero in column k.

Postmultiplication:

First postmultiplication is considered in the absence of the

type of interactions mentioned in the discussion of Givens' method.

Then,

T
(AH)ij g5+ (Aw)iw.

a.. + (A.w)w,T eeee (2.7)
13 1 i

and so, for fillein to occur due to postmultiplication alone, aij

must equal zero, wj #Z 0, and there exists an 1(1>k+1) such that

2, Z 0 and vy £ 0. That is, aij = 0 and

=
8y £ 0, a2, Z 0 for some 12k+1 .... (2.8)

where i,j2 k+1.

An example of this is shown in figure 2.6.

x k J
‘x A . .
x : !
- 1 l
)
% [
tay
1 4
] X -5
' 1
i : Eﬂ ’\ x
1
) it
— e e X e e e oo N
! ~
1
| ‘\
figure 2.6 .

Again, this supports the previous discussion since it is evident
that fill-in due %o postmultiplication occurs in columns correspording
to rows affected during premultiplication. Bach of the columns thus

affected is replaced by the logical sum of such columns.

Clearly, the only second order effect will be due to the element
a:q being filled in in the premultiplication phase of the reduction

process. This could happen in the following manner as indicated



207
in figure 2.7 (here, without loss of generality, the case k = 1

is considered)

k=1 b4
oL
J X
1 X

figure 2.7

If the ovaled elements are non-zero { & any row other than k}, then
the element a:q will be non-zero after the premultiplication
causing fill-in at aij in the postmultiplicatiocn phase due to the

underlined non-zeros in the figure.

It is worth noting that, in order for this interaction effect to
oceur at (i,j) the element 8y must be non-zero. However, if, in
addition, the diagonal of the matrix is non-zero, then the element P
is non-zero in the above diagram indicating that fill-in will occur
at (i,j) in the premultiplication phase due to the elements

a and P and so no interaction can occur. This possibility

gk Bk

of interaction is included in

2o £ 0, aj, £ 0 and

. eeee (2.9)
either a;, £ 0 for some 12 k+1
or
a,; =0 and a,, £ 0, & B £ 0 for some r>k+1
where 3> ke

This condition for fili-in due to postmultiplication completes the

description of fill-in in Householder's method.

Gauss's Method.

Gauss reduction is essentially different from that of Givens and
Householder by wirtue of the fact that it is an unsymmetric reduction.
Again, it can be considered in two stages. A premultiplication

stage and a postmultiplication one.
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Premultiplication

Premultiplicaticn involves subtracting multiples of the k+1 th
row from other unreduced rows in the matrix which have a non-zero in
column k. Fill~in at this stage is exactly as in Gaussian
“elimination for the solution of linear algebraic equations. It is

illustrated in figure 2.8 below.

\\\ : :
\x\
k+1 — X~ X
i —> x NN
SF
figure 2.8

This is formalised by sayiang that a fill-in will ocecur in position

(i,3) if'aij = 0 and

iy £Z0 and Beed, 3 £ 0 cess (2.10)
where 1i,3i>k+1

Postmultiplication.

Postmultiplication by the inverse of the Gaussian reduction
matrix G (to preserve eigenvalues ... a similarity transformation

has to be used) can only cause fill-in in the k+1 th column of A,

Since the sparsity structure of the k+1 th column of G is

given by w where

w, = 0 (i<k+1)
W o= Wyq = eese (2.11)
W, = 1 if and only if aikf 0 (i>k+1)
it holds that
(AG)., ., = Au eere (2.12)

and so there will be fill-in due to postmultiplication (again
interactions because of premultiplication are neglected at this

stage) in position (i,k+1) if 25 y4q = O and there exists an 1
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such that vy £ 0 and a5q # 0, that is if

B £ 0 and a;q £ 0 (1= k+1) cees (2.13)

An example of this fill-in is given in figure 2.9.

k
\\
b Fill-in in position (@]
N
k+1 i N due to postmultiplication
~
' ~

L—> @ : ~ x
i
1—> Kool

figure 2,9,

Aegain it is .possible, as with Givens' and Householder's methods of
reduction, to have a double effect. That is, i1f premultiplication
is performed first, it is possible for an element filled-in at this
stage to give rise to a fill-in on postmultiplication which would not
have occurred were postmultiplication carried out first. The following
example in figure 2.70 illustrates this point.

-
~

kK —» x
k+t——2 x - p'd

figure 2.10.

“he fill-in at ¥ is caused on postmultiplication since element ot
is made non-gzero at the premuitiplication stage. If no pair (a,b)
exists such that (& and (® are both non-zero, them fill-in would

not have occurred if postmultiplication were carried out alone.

This is an example of interaction. Note that ﬁ has to be non-zero
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to cause fill-in at & in the premultiplication phase.

However, if the diagonal elements of A are non-zero, this
interaction effectively will not take place, since the element ¥
would be filled-in at the premultiplication stage. Thus, for
matrices with non-zero diagonals, the post and premultiplication
phases can be considered independently, as in the case of Givens
and Householder. Of course, the same zero of A may be filled in
by both the premultiplication and the postmultiplication.

This possibility of interaction is included in

aq £ 0 (where 1>k+1) and

either
2,0 # 0 cees (2.74)

or
850 =0 and  a, #0, & ., #0

This conditon for fill-in due to postmultiplication completes the

sparsity-oriented description of Gauss's Method.

As a first step towards establishing a hierarchy for these three
reduction methods with regard to preservation of sparsity the

.following lemma is stated and proved.

Lemma 2.7%.

If, at a single stage of the reduction on any sparsity pattern,
method A produces more fill-in than method B, then, in the complete
reduction process, method A cannot produce less fill-in than method B

if the same pivotal sequence is used in each case.

Proof.
Consider the two methods working on the same matrix M. Then, if
AM is the result of conducting the first major reduction step of

method A on the matrix M,
Structure (AM) 2 Structure (BH) eeee (2.15)

where the 'A 2 B' means that the non-gzero pattern of B is contained

in that of A.
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Clearly, if method B is performed a second time on structure

BlM, then any new non-geros introduced by trhis reduction are either
in structure AM or would be int;oduced were methoé B implemented

on structure AM, That is,
structure (BAM) 22 structure (BEM)
but, by equation (2.15; with AM replacing MN,

structure (AAM) 2 structure (BAM)

thus giving the inequality
structure {(4AM) 2 structure (BBEM) eeea (2.16)

Repeated applications of the logic leading to equation (2.16)
-indicate the proof of this lemma, since the matrix M can be first

ordered so that pivots are chosen aleng the diagonal for both methods.

It is, of course, possible that, even if the inegquality (2.15)
is strict, the firal one will not be. This is borne out by the
results of a few runs made with the Givens and Householders methods
on structured matrides. That a strict ineguality does sometimes

hold is shown in the examples which follow the next two theorens,

The following two theorems establish the fequired hierarchy of

methods.

Theorem 2.1.

Given the same pivotal strategy, Householder's method of
reduction to Hessenberg form will never produce less total fill-in

than the method of Givens.

Proof.

This follows easily from the prior discussion of the methods
where, from equations (2.1), (2.6) and (2.2), (2.9), it is seen that
Givens' and Householder's methods éatisfy the conditions of methods
B and A respectively in lemma 2,1. Use of this lemma then

completes the proof of this theorem.
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An example which indicates that strict inequality may occur

is given in figures 2.11(a) and (b).

X ¥ X 0 X X ¥ X X X
X 0 X 0 O X X X X X
o 0 X X © 0 X X X X
X 0 X ¢0 0 £ 0 X 0o ¢
X ¥ 0 X ¢ X X X X X
figure 2.11(a) figure 2,11(b)

Figure 2.11(b) indicates the sparsity structure after one major step
of Givens on the matrix of figure 2.11(a). It is seen from this
that the method of Givens on this matrix will produce a total fill-in
of 10, However, at the first step alone, Householder's method

produces a fill-in of 11 on the matrix of figure 2.11(al.

The following theorem establishes Gauss's method as the best

for an unsymmetric matrix in a sparsity preservation sense.

Theorem 2.2

Given the same pivotal strategy, Givens' method of reduction to
Hessenberg form will never produce less total fill-in than the method

of Gauss.

Again nearly all of the work for this proof has been done
in the discussgion of the three methods which preceeded these theorems.
Since, in both methods, it is assumed that A1k is non-zero,
equations (2.1) and (2,10) indicate that the local fill-in due to
Givens is never less than the local fill-in due to Gauss in the
premultiplication phase. The same is true of the postmultiplication
phase when equations (2.2) and (2.14) are comnsidered with J = k+1
in eguation (2.2). Thus, the conditions of lemma 2.7 hold and the
proof of this theorem follows similarly to the proof of theorem 2.7.
Again it is possible to give an illustration, shown in figure

2.12, of a matrix for which a final strict inequality holds.



¥ X 0 ©
X X 0 X
¥ X X ©
X 0 0 X

figure 2.12

In Givens method, total fill-in occurs when it is implemented on
the matrix of figure 2.12. However, if the method due to Gauss is
employed, then elements (1,3) and (1,4) will not fill-in during the

reduction process.

Some runs were made using these three reduction methods on a
number of different matrices. The examples tried were the
unsymmetric structured matrices of orders 54, 57 and 199 used
elsewhere in this thesis and random.matrices of orders 50, Y5 and 100
and various densities. The results are shown in table 2.7 and bear
out the remarks of this chapter, although the pivot selection criteria,
since they were local ones,could have caused different pivots to be
selected in each case. In apddition, the results of chaplter seven
support theorem 2.1 which, in turn, supplies a justification for the
remarks made in that chapter. Tewarson (1970b) has a discussion of
pivoting strategies for these reduction methods, but these are based
on an exact determination of the fill-in at each stage and would take
too leong for a feasible implementation. It seems unlikely that they
would produce a very significant improvement over the method used here.
For Householder's and Causs's methods, the pivot selection criterion was
to select, at each stage, the row with minimum row count as the pivot
TOW. This was also done in the case of Givens where, in addiiion,
the remaining rows with non-zeros in the pivot column were ordered in

order of ascending row count.
The following notes on the results of table 2.1 can now be made.

(1) The important counts are those shown in the table. Since it is

seldom desired to retain all of the transformations (inverse iteration
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is used to find the eigenvectors), the principal storage problem
lies in accommodating the maximum number of non-zeros which have to
be held at any one stage rather than the total number created during
the reduction process. The number of non-gzeros in the final
Hessenberg form is also of interest because of subsequent operations
done on that form to COmpleﬁe the soluticn to the eigenproblem (see

sections 1 and 4).

(ii) In all methods it was found to be important to do some form

of pivoting. For example, if pivots were chosen in the natural
order using Gauss' reduction on the 57 x 57 case, then the total
fill-in was 2047, the maximum number of non-zeros held was 949, and
the final number of non-zeros in the Hessenberg form was 928. The
methods of Householder and Givens alsc give greater values for all
these three guantities if pivoting is not used. Thus, particularly
in the case of Gauss, pivoting of the kind mentioned before should be
used if full advantage is to be taken of theorem 2.2 and Gauss's

method 1s to become feasible.

(1iii) If the results of Givens' and Householder's methods are
compared it is seen that ﬁhe total fill-in in both cases is almost
always the same. Part of the reason for this is that, in addition
to the pivot row after each stage in both cases bheing the logical
sum of rows with non-zeros in the pivoi column, the corresponding
column is also & similar logical sum in each case, thus making the
identical fill-in guantities more significant than in the cases
gonsidered in chapter seven, The reason why occasionally Householder
does better than Givens (apparently contrary o theorem 2.1} is
because of a different pivotal sequence in ea;h case. It is seen
that Householder's method has, as in the full case, about half the
number of operations of Givens's method and so, since other things

are about equal, would be the method preferred vetween these two.

(iv) For both Givens and Householder, it is observed that, apart
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from the very sparse random cases, the maximum number of non-zeros
held in these reduction processes 1s very nearly the number in a full
matrix of the original =size. This fact alone makes either of these

methods unsuitable for use in a sparsity context.

(v) Fortunately, this particular count for the Gaussian method

is down by a factor of about % and is consistently much the same as

the final number of nonezeros in the Hessenberg form. Although this
is always much less than the total number of non-zeros in a full matrix
of the same order, the last row in the table indicates that not much
advantage can be gained by considering the final Hessenberg form as
other than full unless the matrix under consideration is fairly small

and sparse,

(vi)' The results of this section and the notes (i) to (v) indiecate
that a suitable method for reducing a sparse matrix (held in packed
form) to Hessenberg form is that of Gauss, the methods of Givens and

Householder being totally unsuitable.



Section 3. The symmetric eigenvalue problem,.

In this section, the symmetric reduction of a general symmetric
matrix to tridiagomnal form (this is a symmetric Hessenberg form) is
considered., Of the methods considered in the last section, only two
are symmetric reductions namely those due to Givens and Householder.
It is, of course, possible to consider the matrix as an unsymmetric one
and to reduce it to upper Hessenberg form using Gauss reduction as
mentioned in the previous secticon. Although this takes advantage
of the comparatively low fill-in of Gauss's method (see the results
in table 2.1) it does, of course, lose the considerable advantage
obtained by only storing one half of the matrix and only effectively
performing one half the number of operations. A mention of this
possibility of treating the symmetric matrix as unsymmetric is made
in the notes discussing the results in table 3,2 and the possibility

of using Gauss in this fashion is considered there.

It is evident that the egquivalent of theorem 2.2 holds in the
symmetric case. The description of the two methods are similar,
and it still holds that, after a major stage in Givens premultipliéation,
the rows with non-zeros in the pivot column have a sparsity structure
corresponding to the logical sum of the sparsity structure of the
preceeding rows with non-zeros in the ﬁivot column, In Householder's
method, each row is the logical sum of all the other rows and not
just the ones preceeding ite. A gimilar thing happens to the
corresponding columns of the matrix in each case. The statements
and the discussion of the previous section lead to a statement of

the following theorem for which an exact proof is unnecessary.

Theorem 3.7,

In the reduction of a symmetric matrix to tridiagonal form using
symmetric orthogonal reductions, the total fill-in using Householder's
method is never less than that using Givens' method if similar pivots

are chosen in each case.
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In table 3.1 resulis are given of runs of Givens' and Householder's
methods on several structured and random matrices. The results of
this table give an experimental verificaticn of theorem 3.1. It is,
in addition, observed that, in every case, the final total fill-in
is the same. This is not really surprising since, at stage k,
the final status of row and column k+71 must be identicai if the
structure was the séme at the beginning of the stage, and it is
reguired for a difference in total fill-in that the structure of
this column and row should be different. This is different from
the unsymmetric case discussed earlier. However, é small example
indicates that the invariance of Householder to row interchanges
within its major step can provide a counter-example. This is given
in figure 3.1 where it is observed that, because_of the property of
Givens being used 1t is impossible to preorder the matrix éo that

natural ordering is employed.

O 3 b b be
C 0O O O M
< O O O
O X O O &
O O X O O

figure 3.1

After one stage of reduction the matrices resulting from Givens and

Householder reduction are given in figures 3.2(a) and 3.2(b)

respectively.
X X ¢ 0 0O X X 0 0 0O
X ¥ 0 X X ¥ ¥ X X X
O 0 0 0 X |e— 0 X X X X
0 X 0 X X |[&—— 0 X X X X
0 X X X 0 0 X X X 0O
figure 3.2(a) ~ figure 3.2(b)

At the second stage the rows (and columns) marked '¢&—! in figure
3.2{a) are interchanged in both cases and the reduction is performed

again. This gives the total fill-in for Givens as 11, 3 less than
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for the method of Householder.

In practice, the advantage to be gained from using Givens
over Householder is dependent on being able to choose orderings 'so
that cases like those in figure 3.1 and 3.2 occur. The gains made
are seen empirically in table 3.2 where Givens method has been
compared against Householder's for symmetric matrices. Some comments

can now be made concerning the results in this table.

Notes.

(i) It can first be observed as a programming aid that, if the
diagonal of the matrix is non-zero, all the fill-in can be ohserved
by witnessing the effect of premultiplications only since if aij
fills-in on subsegquent postmultiplication then either aij or aji

must have filled-~in in the prior premultiplication.

(ii) Again it is advisable to use some sparsity criterion to select
pivots; for example, to choose as pivot row that row which has

minimum row couﬁt. 4s oppcsed to chapter seven,; the efféct of row
ordering within a Givens major step has virtually no effect on the

total fili=in. In addition, the critericn for pivot selection did

not effeect this count greatly. This was observed in several runs

on similar matrices which are not recorded in table 3.2. This would
imply that the use of more complicated ordering techniques as in
Tewarson (19?Oa)'would do little to improve the situation. The

reason for this is simply the double fill-in effect due to pre and
postmultiplication which causes an immediate and rapid growth in the
number of non-zeros whatever pivoting and row ordering criterion is
employed.

(1iii) Although the fill-in is much less than in the unsymmetric case
(for example, at stage k, there can be no fill-in in the rows 1 to k),
the results of table 3.2 indicate that no advantage can realily be taken
of any sparsity in the original matrix {(unless it is very sparse and

small) when reducing a symmetric matrix to tridiagonal form. The

matrix should be considered full and Householder reduction should
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generally be preferred since its operation count is about half that
of Givens.
(iv) It may be debated whether any advantage can be gained by
~ considering the matrix as unsymmetric and using Gauss reduction
thus utilising theorem 2.2 and the results of the last section at
the cost of having to store all of the matrizx. A comparison of tables
2.1 and 3.2 indicates that there would be, in general,a slight saving
in storage and a substantial saving in operation couni were such a
method implemented. However, the saving in storage is only slight
and is more than counterbalanced by the greater instability of
Gaussian reduction and the fact that it requires more work to complete
the eigensolution of a Hessenberg matrix than a tridiagonal one.
(v) The results of this section and the notes given above indicate
that, if it is desired to reduce a general symmetric matrix to
tridiagonal form, it is generally best to regard it as full and
reduce it by means of Householder transformations. Attention
should, of course, be paid to the particular structure of the matrix
and to the information concerning the eigensystem which is reauired

(see section 4).

As was mentioned in section 2 of chapter five, a storage scheme
has been developed to handle symmetric mairices and is based on that
used in Method Y of Curtis and Reid (19714) for unsymmetric ones.

A fuller description of it than was given then is now presented and

a program implementing this storage scheme is given in the appendices.
The description of this scheme (reference should be made to the figure
and notes on page 119) takes the form of being a detailed description

of the program in the appendices.

The following arrays are used in the program, most of them being
integral to the storage scheme. The matrix is assumed to be of order

n and to have, initially, KA non-zeros.



R{i) i=1,N

B(i) i=1,N

DIAG(i) i=1,N

o(i) i=1,H

S(i) i=1,4xKA,4
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Set to 1 initially and R(i) put to zero when element
(i+1,i) is used as pivot.

Points to address in array 8 of beginning of column
(or row) i of the matrix.

Points to address in array S of diagonal element

of column (or row) i of the matrix. ¥ot necessary
but used in this implementation.

Contains column (and row) index of the 1 th element
in the pivotal ordering. At stage k of the
elimination, elements O(k+2)....0(n) are undefined.
This array gives information concerning the i th
non-zerc of the matrix where the elements are counted
down the columns in the natural order starting with
the first non-zero in each column and finishing with
the diagonal element. There is, of course, extra
space defined in S after 4= Ka to allow for an
increase in the number of non-zeros during the

elimination process.

Each unit of 4 is as follows:

row index | column index | pointer to next * |pointer to next +

element in the row | element in the column

* 1Is zero Tor the last element in a row

* Is =1 for the diagonal element.

Columns (rows) are accessed in a dog-leg fashion as is shown

in figure 3.3

diagonal

figure 3.3.
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For row {(or column) i, B(i) points to element 1 while DIAG(i)
roints to element 2,
Tor part o« : K = 1 and for part P : K =0
and,
for element in position W in S, the row index is given by
@+1~K and the pointer to the next element in the column is given

by W+2+K, ©both of these numbers being positions in the array 5.

The program, given in the appendices,which utilises this scheme
determines the fill-in due to¢ the method of Householder. It uses
the scheme described below which is generally unsatisfactory because
of the search for zero-headed columns. Because of the high fill-in
in Householder's method (see table 3.2) it is, however, not so

inefficient as might be expected.

Progcess for determining fill-in due to Householder reduction.

An initial row and corresponding column is chosen as pivot. In
this case, let it be row and column 1. (The pivot element in the
Gauss or Givens sense 1s the element (2,1)),

(i) The row (column) selected as pivot row (column) is searched
until a non-zero is found, this row is selected as the next pivot row
for the reduction, signified by placing its index in the next position
in array O. If no such non-zeroc is found then the pivot row is a
singleton and it is possible to proceed with the next stage in the
elimination,

(i1) The search alocng the'pivof row éqntinues for further non-zeros
in uneliminated columns. If none exist then a doubleton exists and
again it is possibie to proceed to the next step in the elimination
Process. ¥For any columns Y with such a non-zero in the pivot row a
search is made doéwn that column In conjunction with the pivot colnmn
introducing a fill-=in into the column when a row is encountered with
a non-zero in the pivot column and a zero in column ¥ ., This is

shown in figures 3.4(2) and 3.4(b). This search need only extend
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from the physical beginning of column ¥, B(Y), to its diagonal
element (DIAG(Y) or W such that 3(W) = S(W+1), if DIAG is not

used) where, of course, previously eliminated rows are ignored.

The algorithm goes back to (ii) and continues until the pivot row

is exhausted.

(iii) The pivot row is now retraced from the beginning looking

for columns with a zero in that row, the columns again being
uneliminated ones. This column, % , say, is traced down from its
physical beginning round its dogleg to its physical end (S5(W+2)= 0)
in conjunction with the pivot column. This compleie trace is a
necesgsary one, as will be shown later, The occcurrence of non-zeros
in the itwo columns in the same uneliminated row is looked for. If
not found, the tracing (iii) for more columns with zeros in the pivot
row is continued. If found, the pivot column and column % are
retraced this time looking for an uneliminated and non-pivotal row
with a zero in column Z and a non-zero in the pivot column, Such
a zero is filled in and the scan continues until there are no more
non-zeros in the pivotal colunmn. This is shown in figures 3.5(a),
3.5(b}, 3.6(a) and 3.6(b). The algorithm then goes back to (iii)
and continues thus until all the columns with zero in the pivoi row
have been dealt with.

The algorithm then goes back to (i) and continues the whole process

for =n-2 steps by which time the reduction is complete.

In the following figures, (a) refers to the scheme as if the
matrix were held completely in core, while (b) refers to the storage

scheme whereby only the upper triangular part of the matrix is held.

~

~. "continue

.. Ofi)  ofi+i) ¥ S :
Y ¥ v LY Y
o 0%--- -~ ---% @O—-0%+-- XX
A z
- . . X ¥
Y X i e l
i e 9 O, is filled N 0 no need
| R . N 1l i Ve
1 \\ : \-‘: ----- “to
. % >

£

fipure 3.4(a) figure 3,4(b) here.




| 0(i+1) z 2
AT :
X X--m-- o X X> X0
X X ; X ‘{r

The search for mero headed columns with two non-zeros in the same

row.
figure 3,5(a) figure 3.5(b)
0{i) Z
N i ~ ' N
®x--- -0 DA A—— - - X =
g X ! x\ + f
! ~ | [
N . N |
! N ! A B
X SLX X :
; X, ——>—0,
: r \\ R t
: v hS \\ !
! N » ' . S I
; : ? t \\ t
( | ot
X" 02 —de T
ghe fill~in of zero headed columnse.
figure 3.6(a) figure 3.6(b)

The full {race of the zero-headed column is necessary in

calculating the fill-in caused by the Houséholder reduction of a
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symmetric matrix to tridiagonal form. The argument to justify this

statement is as follows. Suppose that in figure 3.7 below it was

unnecessary to continue along the second half of the dogleg.

S 1
@_ o o

2 S SR
N
X X ~.

figure 3.7

Then, the fili-in of o would have to be taken account of in
some other part of the calculation; either in tracing down the
column of o« or because it lies in a column and row with non-~zeros

in the pivot row and column. Certainly, if of is filled-in at all
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during this stage of the reduction process either the element 2 or
the element 3% has to be non-zero. Because of element 4 being zero,
element 3 must be also and so element 2 must be non~zero, Hence,
the fill-in of & is not included in the first pass of the algorithm
or in any other zero-headed coluun. Thus o can only be filled-in
on the second half of the dogleg of the column headed by the zero
element %4, and so such scans are necessary ones in the above-mentioned

reduction process.

It is stressed that this method of evaluating the fill-in caused
by Householder reduction is not optimal. It has merely been
described in order to help the reader follow the workings of the

sparse matrix storage scheme as given in the program in the appendices.
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Section %, Suggestions for further investigaticn.

The work of the last two secfions has indicated that virtually
no advantage can be taken of the sparsity of the matrix if symmetric
orthogonal reductions are used to reduce it to upper Hessenberg or
tridiagonal form. It is only when the matrix is of a particularly
suitable structure for the reduction process that it is worth
considering such a procedure. An example of this would be 1if the
matrix were reducible when symmetric permutations might be used to

reduce it to the form of figure k.1.

A A = - — - -

11 12 1n

fiﬁuz‘e L|'-1 -

Such permutations and methods for finding them have been described in
chapter three. The eigenvalues of the matrix of figure 4.1 are just
those of the diagonal blocks,while the eigenvectors are partitioned
as 1in the matrix cof the figure and are zero in all partitions except
one, in which partition the-values are identical to the eigenvalues

of the corresponding diagonal block,

If the matrix is of symmetric band form, then it may belreduced
by means of a sequence of Givens rotaticns to triple diagonal form
without the sparsity of the matrix being increased substantially in
the intermediate stages (as was the case in tables 3.1 and 3.2).

This method,'an adaptation of an idea due to Rutishauser (1963), is
described by Schwarz (1968) and involves using supplementary Givens
rotations to chase non-zeros out of the matrix immediately after they
have been created by‘previous rotations. It is particularly saitable
for matrices with a small bandwidth although it is believed that some

variant of this kind or a variant of Jacobi's (1846) method may be -
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possible for a more general type of sparse matrix. 1t may, of
course, be possible to employ bandwidth minimisation techniques to
first reduce the bandwidth of an arbitrary symmetric matrix before
employing Schwarz's methed to reduce it to tridiagonal form. Some
techniques for such a minimisation are given by Alway and Martin
(1965), Spillers (1965), Rosen (1968), Akyuz and Utku {(1968),

Cuthill and McKee (1969), Segethova (1970), and Arany, Smyth and

Szoda (1971) and a re%iew of severzl current techniques is given in
Cuthill (1972). In order to see how effective bandwidth minimisation
routines might be, symmetrised versions of the 54 x S4 matrix of
Curtis and the 199 x 199 matrix of Willoughby were permuted using a
routine at the National Physical Laboratory. A permutation was found
to reduce the bandwidth of the 54 x 5% case to eleven while it was
shown empirically that the minimum bandwidth was greater than nine.
This would just about be a reasonable case on which to apply techniques
akin to those described above, However, in the 199 x 199 case it has
been shown that no permutation exists with a bandwidth of less than 52,
while one has been found producing a bandwidth of 80 in place of the
original bandwidth of 169. The author is indebted to Dr. D.W. MHartin
of NPL for these results. They indicate that it is dubious whether

a general matrix will give a bandwidth reduction large enough %o

make the above method suitable although there could, of course, be

a certain category of matrix for which this were feasible. An
additional factor against using such bandwidth minimisation technigues
(now out of favour for the solution of linear algebraic systems
(Martin (personal communication})) is in the time spent in finding
such a permutation, However, further investigation in this direction

might be fruitfui.

Because of the results of the preceeding sections, it is
interesting to examine possibilities for obtainirg the eigenvalues
and eigenvectors of a general matrix without any prior reductions by

orthogonal matrices. An obvious method which commends itself is that
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of inverse iteration (see, for example, Wilkinson (1965)) where the
basic operation is that of sclving a set of linear equations thus
allowing the sparsity techniques of chapters 2 to 5 to be utilised
in the eigenvalue problem. This technique reguires scme prior
knowledge of the eigenvalues or at least an estimate of their size
and is particularly good when only a few eigeunvectors are required.
The method can also be used to obtain improved estimates of the
eigenvalues, It would be useful to be able to obtain the
decomposition of a matrix (a = pI) from that of A or (4 - p1I)
(for some P, Z p) in order %o save having to perform a new
decomposition for the inverse iteration for several eigenvectors of
different eigenvalues, should that be required. In addition, it is
sometimes advantageous when performing inverse iteration to alter
the matrix by replacing A - pI by A& - gl where q is obtained
from the iterations using A - pIT (Wilkinson (1966)) and is a better
estimate of the eigenvalue nearest to p. Such an updating is termed
a 'modification of the triangular factors' (Bennett (1965), Green
(1968)). In these two papers, the modification of A is restricted
to the addition of a matrix of rank 1 and so is no good for the
present purpose. The fellewing suggestion is an attempt to remedy
this. There is no limit in the following theory to what the rank of
the change may be although it is assumed in whatl follows that the
pivotal seguence is unchanged by the modification. It is assumed
without loss of generality, that the matrix A has been permuted
so that the pivots are taken from the diagonal and

A =T1U eene (Lo1)

where
U is unit triangular with elements uij' i,

L is lovwer triangular with elements lij’ ixj.

The essential part of this method lies in calculating ths funciion

) ()

.. a(
fk(l,J) = ai:] ij LR N (4-2)



where aég) is the (i,j)th element of the modified matrix 1 at
the k th stage of the LU decomposition process and aiﬁ) the

corresponding element from A, A recurrence relation for the

fk s of equation (4.2) is

.Y ~

fk+1(i,j) - fk(i,j) = Uy Lig - s 1o cees (4.3)

~ .
where %ij and lij are elements in the upper and lower triangle

N
of the LU decomposition of A respectively. Now,

Yy = 8lu + 505,0) ) ceve (hal)
and 7 .
lik = 1ik + fk(l,k) ssse (4-5)
where -
g = (1 + fk(k,k)ﬁf{ﬁ))” cass (Ue6)

and so, from equations (4.2), (4.3), (&.4) and (4.5),

L (.3) - £,04,5) = 1K.1kk_fk(k,k)){(1il{uk3ik(i,k)+fk(k,j).lik

- fk(k,jlfk(i,k) - fk(k,k).’ﬁkj&ik )} seee (47

It is seen that equation (4,7) gives a formula for updating the fk

in terms of the newly created row and column in the LU decomposition

A ~ (k)

N
of A. Of course, if aég) or a; ’ equals zero, then fk(i,j) will

not be updated. This is intuitively obvious and can be seen from

equation (4.7) when it is observed that Qiﬁ)

= 0=>f (i,j) = o.

~N

Thus, a possible method of obtaining the LU decomposition of A4,
2 modification of A, would be as follows. Associate a variable
A
f(i,j) with every non-zero element of the LU decomposition of A.

The fk(i,j)jk=1,...n), and the elements of the LU decomposition

A
of A are then calculated in the following manner.

Set £,(i,3) = aST) - agT) where many of the f_(i,j) may be zero.
1 i3 ij 1
A A~
For each k, k=1,2,..n-1, ukj and 1ik are calculated from
equations (4.5) and (4.4) and are used to calculate f from

k+1

equation (4.7). Naturally, the evaluation of f,.,q from equation (4.7)

1
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(x)

only involves loocking down columns of A

R(k)

with non-zeros of

in row k of the same column, and fk+1 overwrites fk when

N ~
it is ecalculated as do 1 and u overwrite the corresponding 1

~

and u. After these n-1 stages, setting =1+ fn(n,n)

completes the LU decomposition of A.

The storage requirements are not too severe at one more storage
location per non-zero, but the number of arithmetic operations is
very large since equation (4,7) requires at least 4 multiplications

and 5 additions.

By slightly extending the storage requirements, however, this
exceptionally bad defect can be overcome. For this improved method
equation (4.3) is used instead of (4.7) and the old column of I and
row of U for each stage are stored in temporary auxiliary storage.
This means that only 2 multiplications and 2 additions are reguired
for each update of fk(i,j); The rest of the algorithm is
essentially.identical to the previous one and a skeleton algol
program for this update is given at the end of this Sécticn;

Pivoting is assumed to be down the main diagonal and in the loops

over rows or columns only non-zeros are accessed.

The use of this algorithm for the update in the eigenvalue
problem is evident. The great saving by using such a procedure is
that it is unnecessary to keep a copy of A once its LU decomposition
is known. It is also comparable in operatiorn count with having to
recalculate A by remultiplying 1L and U, forming the modified A,

and decomposing it from scratch.

It is often of interest in the eigenvalue problem to obtain a
group of dominant eigenvalues and eigenveciors rather than a few
isolated cnes. A method for doing this, based on the power method,

is developed by Clint and Jennings (1970, 1971) and is particularly

suited to the solution of the eigenproblem for sparse systems.



Very often, some physical insight into the problem, or the
known seolution to a neighbouring problem, may yield some a priori
estimate of the eigenvalues. Bowever, if the above methods are
to be used to solve a general problem, there must be first some
method of obtaining approximate eigenvalues. In the unsymmetric
case this is best done by first reducing the matrix to Hessenberg
form by means of the more sparsity preserving Gaussian reductions
and then using established methods (for example, Hyman (1957)) to
calculate its eigenvalues. In the symmetric case, the comments in
section 3 and the beginning of this section dissuwade the use of
orthogonal transformations to reduce the matrix to tridiagonal form
and so the following procedure is recommended. Perform the LU
decomposition of A by means of row Gauss elimination with pivoting
and obtain the principal minors of A-pI from this reductien process
(Martin and Wilkinson (1967) do this for symmetric band matrices).
Since these minors have the Sturm sequence property, it is possible
to quickly obtain an estimate of the eigenvalues by this methéd.
i1t is not recommended to ﬁse this method for an accurate determination
of the eigenvalues by means of the bisection method because of thé
time taken in tbe row Gauss eiiminations for A-pI with varying
values of p. Similarly, such a method could be tedions for a
determination of the complete eigensystem of A. However, a
combination of a few row Gauss eliminations combined with inverse
iteration may well provide a feasible method of tackling the symmetric
eigenvalue problem in a way in which advantage can be taken of the

original sparsity of the matrix.

The algorithm for modifying the triangular factors is given

on the next page.
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~

C Set f(i,j) equal %o aij-aij for all 4i,j, where A is
the modification to A. All variables and arrays are assumed to

have been already defined.

for k:-1 step 1 until N-1 do

Gr= (1+£0,0) /40D

for i:=k+1 step 1 until N do

begin
AUXE(i) :=L{i,k) ;
L(i,k):=L{i,k) + £(i,k) ;
end ;

for j:=k+1 gtep 1 until N do

begin
AUXXI(3):= U(k,J) ;
Uk, j):= Gx (U(k,j) - £(k,1)/AUXE(X)) ;
for i:=k+1 step 71 until N do
if AUXE(i) # O then
F(i,3):= £(i,3) + LOi,k)xU(k,3) - AUXE(i)= AUXXI(3)
end;
end;
L{n,n):= L{n,n) + f{n,n) ;
C The vectors I and U now hold the lower and upper triangular

[
portions of the triangular decomposition of A respectively.
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