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ABSTRACT. 

The aim of this thesis is to conduct a general investigation 

in the field of sparse matrices, to investigate and compare various 

techniques for handling sparse systems sUggested ih the literature~ .. 

to develop sbme new techniques, and to discuss the feasibility of 

using sparsity techniques in the solution of overdetermined equatione.·. 

and the eigenvalue problem. 

Chapter one is mainly concerned with an introduction to the 

subject of this thesis~ It defines some of the terms which occur 

. frequently in subsequent chapters and introduces the notion of 

i sparsi'l;;y I explainine; some of the characteristics which distinguish. 


sparse matrix from a full bne • Since combinatorial te~hniques. 


.. and principally the theory of graphs are used throughout this thesis· 


some graph theory terms are also defined. Some 

. aspedtsin the sparse matrix field not discuss~d by this thesis.is. 

also given in this chapter. 

The ~lext fivechapters deal. 1I'1i th direct met9-ods of solving 

systems of large sparse linear equations. Chapters t 111 o' to four 

deal with techniques for partitioning systems so that the introducti6n 

of non-zeros to the matrix is confined to particular regions of it, 
. . 

.whil~ chapter five looks at controlling growth of non-zeros within 

the whole system and chapter six investigates properties of random 

matrices. 

Chapter two discusses the importance of ordering a matrix so 

·that there are non-zeros on its diagonal and .considers techniques of. 

obtaining such an ordering for a gen~ral matrix. A method is 

·,suggested, discussed theoretically, and sho1rIU to be considerably 

faster than current techniques on a wide range of matrices. In' 

this chapter, the equivalence of bireducibilityand reducibility ~s. 

shdwn for a very Wide class of matrices•. 
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Chapter three surveys several of the techniques available for 


ordering a matrix so that it is in block triangular form. A graph 


theoretic~ramework is established iri which these current techniques 


are examined and from which a new method of block triangularisation 


. is obtained. This method is found to be very competitive for a 

certain range of sparse matri~es and computed result~ indicate the 

relative empirical merits of ,some of the other techniqties from which 

c6nclusions of the m6it appropriate technique can be drawn~ 

In chapter four, the discussion is concerned with matrices which 

can be ordered so that they are nearly block triangular with only a 

-few non-zeros outside the b16ck triangular pattern. The equivalence 

of tearing and the method of modificaiion is discussed and an 

algorithm for solving such sets of equations, which uses th~ structure 

of the decomposition to great advantage in maintaining sparsity, is 

also described. The advantaGes of using tearing techniques on systems 

of equatioris arisinG from Laplace's ~qtiation ure examined in some 

detail and it i~ seen thut wfiile savings oftte order of the nUillber of 

mesh points in 6ne direction can be made in th~ two dimensional case, 
'. '. 

extensions to the third dimension do not ihdicate that direct methods 
. '. ~ 

form a viable alternative over it"6ra~iv~ schemes. 
'. ". . 

.' ." . 
. .... . ..... 

Chapter five carries a fairly.e~tens~ve survey of techniques'
•• '. .-.' '.! .. ', J' •• :. " .. '.;.: (. "., ;:~, 

for storing sparse matrices and d{scu$sestechnique~ for selecting a 
'.' ": '~:',.: ,'.' ~>:;.. ')·":(:;:;~>':;':'~~"i:·'·?:\; -::- .~ '.' ,.., .- ... 

pivotal sequence in Gaussian eliminatio~ ~uchihatthe number6f non­
~::~:--' ~">~ '.:: .' ':;;'~~'...:.. ,~ ~~.,-;;.,:,:;:. . , 

zeros introduced in the elimiha.tionprocess· is kept lev·l. Nany 
, ... ' .- -~ - ": ....:" "':'-:' .'":. < ,~.~,~.-' ", ,. : 

nucterical tests are done on both a priori and local orderings and it 


is seen that even the best a ~riori orderi~gs do not achieve the 


advantages of a local method. . So~e examples are given to show 


that methods which produce local minimum fill-in do not necessarily 


lead to globaL minimum fill-in, and techniques are examined for 


reducing the time required for performing such anord~ring~-

. Comparisons of times and fi11-:'ins for· some local criteria are given, 



and it is 

tl:e mora 

Cllaptcr 

randow 

study of the 

performed' 

reiating to this fill~in are 

are seen 

a 

Chapter 

techniques 

the sparsity of the 

It is seen 

Although it is seen by 

be the best 

re~uce the £ill~in~seen th~t the more it is r~quircd to 


time the algori tjrm "Ii 11 t::tke. 


six indicates the drastic fill-in which will occur in 


matrices if no ~parsity pivotinG is employed. A theoreticai 


fill-in to random systems ''''hen Gaussian elimination is 


on them .is conducted using graph theory and formulae 


found. The predictions of this theory 


to compare extre,mely favourably vii th computed results from' 


series of random matrices. 


seven discusses the least squares solution of sparse 

overdeterr:lined systems ofequations. ,Seve~alcurrently used 

are discussed as ree;ards the 't1ay in which they retain 
. . . .. 

initial system duri'ilg the solution process. 

withthat the use of orthogonalisationtechniques even 

good pivotine strategies is unlikely 'to be vary competitive., 

the production of many test examples,' that 

the ,structure of the system cart ,be vital" it is'observed from 
',' '. ,:-;' 

. . -. . : 

of experiments that the method of Wilkihsonand Peters (1970) 

one for a generat'sp~:t'~ity~ori~nted routine. 

In the final chapter ,the e:i.geri';~:lueproblem for sparse matrices 

is discussed. Althoughit is proved that, for. the same pivotal 

sequence, Householder' sl11et·h6dof:r~dllC1;i()n. can Ilever .give less 

fill-in than Oivens, neither meth(0):is:>seen to be of, any good for 
-~-. .-. -'j ;.,-: " ;-,~. :.~. 

preserving t,he originalspk.fs:i.t~·:o~:the.sYstem,ev~n' if' sparEdty 

pivoting techniques are utili~ed. ~lhileforunsymmetric systems,. . . " 

the method of Gaussian reduction is seen to be' just feasible in a 

sparsity context, the situation for 'symmetric systems is much less " 

pleasant. Some discussion of techniques for overcoming this problem 

is given and an algorithm for, modifying the triangular factorisation" 

is also stated. In :1:;11is chapter there is also· a dli;)tailed description 

of a symmetric sparse matrix ~toragescheme.· 



ERRATA

page 42 Figure 4.3. The value of the element of the matrix
in position (4,9) should be 8 and not 7.

page 90 Line 2 of second paragraph. Change “unknown”
to “known”.

page 98 Line 5 after equation (4.22). Change “5” to “20”.

page 155 Equation at foot of page. Change nCk−1 to
n−1Ck−1.

page 156 Equation after line 1. Change nCk−1 to n−1Ck−1.

page 225 Line 3 after 4.1 until end of paragraph. Delete
“while the eigenvectors ... diagonal block”.
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