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ABSTRACT. We obtain new lower bounds for the number of Fourier coefficients of a
weakly holomorphic modular form of half-integral weight not divisible by some prime
£. Among the applications of this we show that there are > v/ X/loglog X integers
n < X for which the partition function p(n) is not divisible by ¢, and that there are
> VX /loglog X values of n < X for which c¢(n), the nth Fourier coefficient of the
j-invariant, is odd.

1. INTRODUCTION

Let K be a number field and O its ring of integers. Let ¢ be a rational prime and let A be
a maximal ideal of O above ¢. We denote by F the residue field O/\, a finite extension of
F,. The reader will lose little by supposing that K = Q, O = Z, A = (¢{) and F = Fy; our

main applications use only this case.

Theorem 1. Let k € %Z \ Z be a half-integer, and N a positive integer. Let [ =
Yo, anq" be a weakly holomorphic modular form!' of weight k and level T1(N). Sup-
pose that the coefficients ay, lie in the ring O. If { > 3, we assume that f # 0 (mod A),
and for £ = 2 we assume that f (mod A) is not a constant. Then

VX

<X —_—.
#{n<X, a, Z0 (mod/\)}>>log10gX

Theorem 1 improves, by a factor of about log X, the earlier work of Ahlgren and Boylan

[2]. Here are some sample applications of Theorem 1.

Example 1. Take f = n(z)~! with 7;(2) = n(242) (Dedekind’s eta function), so that
f is a weakly holomorphic modular form of weight —1/2 and level I'y(576). The Fourier

expansion of f is

@) =a ' =) =3 pn)g*tn
n=1 n=0

where p(n) is the partition function (cf. [17, Theorem 1.60, Corollary 1.62 and Theorem
5.3] for a proof of these well-known facts). Applying the theorem to f, we conclude that

VX
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1 Weakly holomorphic allows for polar singularities at the cusps; for this and other basic definitions, we
refer the reader to [17, Chapter 1].



2 JOEL BELLAICHE, BEN GREEN, KANNAN SOUNDARARAJAN

This improves, by a factor of about (log X)7, earlier results of Ahlgren [1], Chen [9] and Dai
& Fang [10] for odd ¢. In the case £ = 2, (1) improves upon previous results (established by
somewhat different methods than for £ odd) by a factor of about (log X)%; see [5, 14, 15, 16].

Example 2. Theorem 1 applies in particular when f is a holomorphic cusp form of half-
integral weight k (which must then be positive). In this case, it improves on the main
theorem of [8] (itself an improvement of [18]) which proves the slightly weaker estimate
#{n < X,a, 0 (mod £)} > VX /log X under the supplementary assumption that the co-
efficients a,, (mod \) are not supported in a finite union of sequences of the form (cn?),,ex.
We remark that in [8, 18] the Shimura correspondence between holomorphic half-integral
weight modular forms and integral weight modular forms plays a crucial role, whereas our

proof of Theorem 1 does not involve the Shimura correspondence.

Example 3. When ¢ = 2, our theorem applies as well to weakly holomorphic modular
forms of integral weight, since those forms are congruent modulo A to forms of half-integral
weight (see Lemma 3 below). In particular, for the modular invariant j(q) = >~ ¢(n)q",
which is of weight 0 and level SL2(Z), we obtain that

VX

< ' _
(2) #{n < X,¢(n) is odd} > Toglog X

This improves upon recent results in [3, 20] obtained by different methods.

Theorem 1 unfortunately does not give any improvement for the number of class numbers
of imaginary quadratic fields not divisible by a prime ¢. Although these class numbers arise
as the Fourier coefficients of #3, in order to produce distinct fields we need a variant of
Theorem 1 that produces square-free n with a,, Z0 (mod A), which is not something that
our methods allow.

For completeness, we remark that [6] establishes, for £ > 3, an asymptotic for the number
of non-zero coefficients (mod £) of holomorphic modular forms, and [5] establishes such an
asymptotic for £ = 2 and holomorphic forms of level 1. The situation for weakly holomorphic
forms of integral weight modulo a prime £ > 2 remains mysterious, and (for example) we
do not have lower bounds for the number of ¢(n) # 0 (mod ¢) for primes 3 < ¢ < 11. (It
is known [19, Théoreme 5.2(a)] that Y ., c(fn)q™ is an holomorphic modular form mod
¢ of positive integral weight, and this form is constant if and only if ¢ < 11 [19, Exercise
(6.16)]. Thus in the case £ > 13, from [6] it follows that there are > X/(log X)3/* values
of n < X with ¢(n) not divisible by £.)

The proof of Theorem 1 uses the standard idea of multiplying f by a suitable lacu-
nary holomorphic cusp form g of half-integral weight, to obtain an holomorphic cusp form
h = fg of integral weight. The panoply of results stemming from the existence of Galois
representations associated to integral weight holomorphic eigenforms may then be used to
study the coefficients of h. Finding a suitable form g is easy when ¢ > 2, and somewhat
less so in the case £ = 2. We describe this deduction in Section 2 below for the sake of com-
pleteness, but we should note that closely related arguments appear already in the work of
Ahlgren and Boylan [2]. Tt will follow from the work of Section 2 (and this is also implicit

in [2]) that the sumset of the set of squares and the set of non-zero Fourier coeflicients of f
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(mod £) contains all numbers of the form wup for a fixed integer u and p lying in a positive
density subset of the primes. Our improvement over previous work comes from a more

careful analysis of this problem in analytic number theory/additive combinatorics.

Theorem 2. Let u > 1 be a fized natural number, and let X be large. For any subset
AcC{l...., X} the number of primes p such that pu < X and pu may be written as a+m?

for some a € A and some integer m is

VX 11
< m(“ﬂ loglog X + |A|2X4).

Our interest in Theorem 2 is in the situation where a positive proportion of the primes
p are known to be of the form a+m?, when it follows that |.A| must have > v X /loglog X
elements. This statement is optimal, as we shall show in Section 4 by constructing an
example of a set A with |A] < v/ X /loglog X, and with a positive proportion of primes
below X being of the form a 4+ m?2.

Theorem 1, on the other hand, is almost certainly not optimal. For any weakly holo-

morphic form f(g) = > a,q™ of half-integral weight, one might expect
#{n<X, a, 20 (mod \)} > VX,

and this bound is attained for 7;(q) (see (4) below). Theorem 1 comes close to this esti-
mate. For most forms f of half-integral weight however (specifically for f(q) = 77 *(¢) =
>on p(n)g*" =1, and perhaps for all forms that are not congruent mod A to a one-variable
theta series), it is expected that f (mod A) is not lacunary, which is to say that #{n <
X, an 0 (mod A\)} > X.

We thank Scott Ahlgren for kindly drawing our attention to [2], and the referees for a

careful reading.

2. DEDUCTION OF THEOREM 1 FROM THEOREM 2

2.1. A preliminary lemma. Let My (I'1(NV), O) be the O-module of holomorphic modular
forms of integral weight k > 0, level I'; (IV), and coefficients in O. Let Oy be the completion
of O at the place defined by the ideal A, and set My(T'1(N),O0y) = Mp(T1(N),0) @0 O,.
Let A be the closure of the Oy-subalgebra of Endp, (M(T'1(N),O))) generated by the
Hecke operators T;, for n running among integers relatively primes to N/.

Throughout, we denote the n-th coefficient of a modular form h by a,(h). We recall
that if h = > 7 ;ang" is a holomorphic modular form of integral weight & for T'y (), and
if p is a prime not dividing N, the m-th coefficient of the form T,h is

(3) am(Tph) = amp(h) + pkilam/p(<p>h)a

where (p) is the diamond operator, and with the convention that a,,/,(—) = 0 when p { m;
see, for example, Chapter 5 of [11].

Denote by Gg,n¢ the Galois group of the maximal extension of Q unramified outside
NY, and by Frob,, for p a prime not dividing N/, the Frobenius element of p in Gg nv,

well-defined up to conjugation.

Lemma 1. There exists a unique continuous map t : Gg n¢ — A which is central and

satisfies t(Frob,) = T, for every prime p not dividing N{. This maps also satisfies t(1) = 2.
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Proof. This follows from a well-known argument of Wiles based on the existence of Galois
representations attached to eigenforms due to Deligne; see, for example, [4, Thm 1.8.5] for

a detailed proof. O

2.2. The case ¢ > 2. We begin with a lemma.

Lemma 2. Assume that ¢ is odd. Let k € N and h(q) = Y.~ anq™ € M(T1(N),0).
Assume that u > 1 is an integer such that a,, Z 0 (mod X). Then there is a positive density
set of primes P such that ayp, # 0 (mod ) for every p € P.

Proof. With ¢ as in Lemma 1, the map from Gg n¢ to F sending g to a,(t(g)h) (mod X)
is a continuous map. Thus there exists an open neighborhood U of 1 in Gg, n¢ such that
g — ay(t(g)h) (mod N) is constant on U. Let P be the set of primes not dividing Nfu
such that Frob, € U. By Chebotarev, P has positive density. Further for p € P we have

using (3) and Lemma 1:
aup(h) = ay(Tph) = ay(t(Froby)h) = a,(t(1)h) = 2a, (k) #0 (mod \),

since £ # 2 and a,(h) Z0 (mod ). O

We can now deduce Theorem 1 from Theorem 2. Let f = )

holomorphic modular form of half-integral weight, level I'; (N), and coefficients in O). Let
n(z) be the usual Dedekind’s eta function and set n;(z) = 7(24z) so that (see [17])

n>ne ng" be a weakly

oo

(4) m@) =q[J - = 3 (—1)rg®ntt’

is a holomorphic cuspidal modular form of weight 1/2. Let m be an even integer such
that ¢™ is larger than the order of any pole of f. Since f has half-integer weight &, the
holomorphic cuspidal modular form h = fn{" has integral weight k + £™/2. Since f
(mod A) and 77 (mod \) are non-zero, the power series h (mod A) € F[[¢]] is also non-zero,
and indeed h (mod A) is not a constant (because h is cuspidal, and a cuspidal constant
form must be 0).

Let A={n, a, = an(f) Z0 (mod \)}. Note that from (4)

m(g)" = ( > (—1)”61“"’””)2)z = 3 (~1)mg" D" (mod A),

so that the Fourier coefficients of 7{" are non-zero (mod \) only on squares. Thus if n is
such that a,(h) # 0 (mod \), then n must be of the form a + v? for some a € A and some
integer v. Now, by Lemma 2, the set of n such that a,(h) £ 0 (mod \) contains a set of
the form uP, for some fixed natural number u and a set of primes P of positive density.
For large X, it follows from Theorem 2 that the number of primes p with up < X and up of
the form a+v2 with a € A is < |AN[1, X]|vX (loglog X)/log X +|AN[1,X]|2X % /log X.
It follows that |.A N [1, X]| > v/ X /loglog X, proving Theorem 1.
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2.3. The case ¢ = 2. This case needs a little more care, and we begin by recalling a well-
known result that (for ¢ = 2) modular forms of integer weights are congruent to modular

forms of half-integer weight.

Lemma 3. Assume that £ = 2. For every weakly holomorphic modular form f of weight k
and level T'1(N) with coefficients in O there exists a weakly holomorphic modular form f'
of weight k + 1/2, some level T'1(N'), with coefficients in O, such that f = f' (mod ).

Proof.  Recall that (see, for example, [17, Prop 1.4]) the theta series 6o(q) = > oo q”2 =

1+>07, 2¢" is a holomorphic modular form of weight 1/2, level T'g(4), coefficients in Z.
Now take f' = f0,. O

Lemma 4. Let ng be a non-zero integer, and let N be a positive integer. There are only
finitely many natural numbers s such that 25 + ng equals uy® for some square-free divisor

u of 2N and some integer y.

Proof. Write s = 3sg+7 with» =0, 1, or 2, and set = 2°0. The equation 2° +ng = uy?
becomes 2"z + ng = uy?, which for a given r and u may be viewed as an elliptic curve
(since ng # 0). By Siegel’s Theorem there are only finitely many integer points (x,y)
on this elliptic curve. Since there are only three possible values for r, and finitely many

possibilities for u (being a square-free divisor of 2/N), the lemma follows. |

Lemma 5. Let k € N and h(q) = 3,7 s ang" € My(I'1(N),0). Assume that there exists
an integer n > 1 and a prime py not dividing 2N such that ordp,n is odd and a, # 0

(mod \). Then there exists an integer u > 1 and a set of primes P of positive density such
that ayp # 0 (mod X) for every p € P.

Proof.  We claim that if p is a prime not dividing 2N and if Tph (mod X) is a constant,
then a,(h) = 0 (mod \) if ord,(n) is odd. We prove that claim, for all h such that T,h
(mod A) is constant, by induction over the odd number ord,(n). If ord,(n) = 1, applying
(3) to the form h and the integer m = n/p and reducing mod A gives (using that p= -1 =1
(mod \)):

an(h) = ansp2((p)h) =0 (mod A).

For a general n with ord,(n) odd, we get similarly

an(h) = ap/p2((p)h) (mod A).
By the induction hypothesis applied to the form (p)h (which also satisfies T},({p)h) (mod A)
constant since the diamond operator (p) commutes with T}, and stabilizes the subspace of
constants), we get a,(h) =0 (mod A\) which completes the induction step.

By the hypothesis of the Lemma, it follows that Tp,,h (mod A) is not a constant, that
is to say there exists u > 1 such that a,(Tp,h) # 0 (mod A), or equivalently, with ¢ as in
Lemma 1, a,(t(Frobp,)h) # 0 (mod A). By continuity of ¢, there exists an open set U in
Gg,2n such that for p a prime not dividing 2Nw, if Frob, € U, then

aup(h) = ay(Tph) = au(t(Frobp)h) = a,(t(Froby,)h) 0 (mod A).

The set P of such primes p is a set of primes of positive density by Chebotarev. O
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We are now ready to prove Theorem 1 in the case | = 2 using Theorem 2. Let f be
a weakly holomorphic modular form of half-integral weight with coefficients in O,. By
Lemma 3 we may assume that f has integral weight instead.

We consider the form h := fn?" for a suitable m that will be specified below. We observe
that if m > 1, nfm has integral weight, and so does h. Moreover, since n; is cuspidal, h is
also cuspidal holomorphic for m large enough.

Write f =377 “ang™ (mod A) with a,,, # 0. The first term of & (mod \) is an, g?" o,
When ng # 0, Lemma 4 ensures that we can choose m even, large enough in the sense of
the preceding paragraph, and such that there is a prime pg not dividing 2N such that
ordy, (2™ + ng) is odd. When ng = 0, let a,,¢™* with ny > 0, a,, # 0 the term of smallest
positive degree in f (mod \) (such an n; exists because we assume that f (mod M) is not
a constant). If m is such that 2™ > n;, then the form h has a term a,,¢*> ™. Again by
Lemma 4 we can find m large enough and such that there is a prime pg not dividing 2N
such that ord,, (2™ + n1) is odd.

So in both cases (ng # 0 and ny = 0) we have shown the existence of an integer m such
that h = fnfm is a cuspidal holomorphic modular form of integral weight and such that,
by Lemma 5, there is u > 1 and a set of primes P of positive density, with a,,(h) # 0
(mod A) for every p € P. The rest of the proof is now exactly as in the case £ > 2.

3. PROOF OF THEOREM 2

Given a positive integer a, we let x_4q = (=22) denote the Kronecker symbol, which is
a Dirichlet character (mod 4a). Note that —4a is a discriminant, but it need not be a
fundamental discriminant. We denote the associated (negative) fundamental discriminant

by @, so that —4a = @a3 for a suitable natural number as.

Lemma 6. Let u be a fized natural number, and let X be large. For every integer 1 < a <
X,

#{p: up< X, p=a+m? forsomemEZ}<< H ( X—4a( )>

p<X4

Proof.  Consider the equivalent problem of estimating the number of m below v/ X such
that a +m? is of the form ur for a prime number 7. We may restrict attention to r > X i
since the smaller primes r contribute negligibly to the number of m. For each prime p { 2u
and p < X we see that m? cannot be = —a (mod p), which means that 14 x_4,(p) residue
classes (mod p) are forbidden for m. Any standard upper bound sieve (for example, Brun’s

sieve or Selberg’s sieve; or see Theorem 2.2 of [13]) then shows that the number of possible

m < VX is

<« VX H (1_1+X—4a(17))<< vX H (1_X—4a(P))7

3y P log X . P
p<X14 p<X14
pf2u
and the lemma follows. O

Call a fundamental discriminant d good if the corresponding Dirichlet L-function L(s, x4)
has no zeros in the region {o > 99/100, [¢| < |d|}, and call the discriminant d bad otherwise.
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Lemma 7. Suppose 1 < a < X is an integer, and that the fundamental discriminant a

corresponding to —4a is good. Then

H (1 - X—4pa(p)) < loglog X.

1
p<X1

Proof. By [12, Lemma 2.1], for a good fundamental discriminant @ one has
1 a(p)y 1
L+ —goa)= I (-2 (p)) .
o8 p<(log |al) 100 P
Further

1 B Xa(p)
10gL(1 + m,xa) = Z Zm + O(l)

_ Xa 17p71/logX 1
R T )]

p<X¥ p<Xi p>X1
Using 1 — p~/leg X — O(lfggﬁ) for p < X%, the first error term above is seen to be O(1),
and partial summation shows that the second term is also O(1). Therefore

(5) H(1—Xa(p))xL(l—i—l/logX,Xg)_lx 11 (1—@@).

P p<(log 3])100 p

p<xi
Now write —4a = aa2 for some positive integer as < vV X. Then
_ _ -1
11 (1 3 x_4a(p)) - 11 (1 B xa(p)) I (1 B xa(p)) 7
1 1 1

P p p
p<XT p<XT p<XT

and using (5) this is

6 = 1— Xa(p) 1— X—d<p) 71.
v p<(1olg_[a>1°°( P )xi> 1 _ 100( )
= >p>(log|al)
plaz plaz

The first product in (6) is clearly at most
1 ~
H (1—1—7) < loglog |al.
p<toglapioo P
As for the second product in (6), this is
1\ -1 1\
< I () = [1 (-3
1 p a)100 a)100 2 p
X1>p>(log ‘a‘)loo (log @)190<p<(log @)+ (log X)

plaz

since as has at most log X prime factors, and the product is largest if these prime factors

are the first < log X primes all larger than (loga)!%’. This quantity is easily seen to be
< max(1, llgggllggg I{f ), proving the lemma. O

Applying Lemmas 6 and 7 we see that the number of primes p with up < X and p of
the form a 4+ m? with a € A coming from a good associated fundamental discriminant a is
bounded by

2.

_ac€A
a good

logX 11 ( Xl ))<< Al \/;bglogX

p<X4
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It remains to bound the number of primes arising from bad fundamental discriminants a.
Note that, with —4a = aag,

(-2« I (- =) [T(-5)

1
p<Xi p<Xi plaz

L(1+1/log X, xa) ! < |a

as a2

¢(a2) ¢(az)’
where in the penultimate estimate ¢ denotes the Euler ¢-function, and the final estimate
follows by an obvious modification to Siegel’s Theorem which gives L(1 + 1/log X, xa) >

|a|~€. Thus the number of primes arising from bad fundamental discriminants is

logXZ H( X4; ><<1OgXZHEZ¢

S < i la|<X _da=da 2
a bmdp X a bad a€A

For a given a we may bound the sum over ay above using Cauchy-Schwarz; thus

> S Y e)) e viads
e = ;;ja%) <a2§m<¢<“2>) ) al*

We conclude that the number of primes p arising from bad fundamental discriminants is

\/Y 1 1 |CL| |.A|2X4
7 — A2 X% 6
(7) Ciogx XY D Er <y Z al s
la|<x la|<x
a bad a bad

upon choosing ¢ = 1/12. At this stage we note that bad fundamental discriminants are
rare by a standard zero density result (see for example [7, Theorem 20]): thus there are at
most < Y1/10 bad fundamental discriminants d with Y < |d| < 2Y. Therefore the sum
over bad @ in (7) converges, and we conclude that the quantity in (7) is < [.A[2X % /log X.
This completes the proof of Theorem 2.

4. OPTIMALITY OF THEOREM 2

In this section, we show the existence of a subset A of [1, X] with |A|] < v/ X /loglog X,
and such that a positive proportion of the primes below X may be written as a + m? with
a € Aand m € Z. Since this is only an example to show the optimality of Theorem 2, we
shall be content with sketching the proof.

Set Z = exp((logX)%). Note that loglog Z =< loglog X. Let D be a set of about
VZ/loglog X odd square-free numbers d with Z < d < 2Z and such that L(1, x_4q) =
1/loglog X. Then our set A will consist of all numbers of the form dk? with d € D and
k< \/W . By construction the set A has =< v/X/loglog X elements.

Arguing using a classical zero-free region for class group L-functions, we may see that
for any d € D the number of primes up to X/2 of the form dk? + b? with b,k € N is

m(X X
> h((—4c)l) = V7108 X loglog X,

upon using the class number formula. Thus if r 4(p) denotes the number of ways of writing
p as a + b? with @ € A and b € N, it follows that

> ralp) > At
log X

p<X/2
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By similar methods, we may show that for d; # ds € D, the number of primes up to
X /2 that may be represented as dik? + b? and also as dor? + s? is at most
m(X) _ (
h(—4dy)h(—4ds) ~ Zlog X

< loglog X)2.

It follows that

X
2
E ra(p)® < g X'
p<X/2

By Cauchy-Schwarz it follows that the number of p < X/2 with r4(p) > 0 is > X/log X,
as claimed.

In Theorem 2 we were interested in lower bounds for the size of a set A C {1,..., X}
such that A+ B D C, where B,C C {1,...,X} are given sets (in this case, B is the set
of squares, and C is a set consisting of a positive proportion of the primes). One might
say that A is an additive complement of B relative to C. In the case C = {1,..., X} one
recovers the usual notion of additive complement. To our knowledge the relative case has

not been studied in any generality. A large number of questions suggest themselves.
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