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Abstract

It is well-known that sequential weak lower semicontinuity of a varia-
tional integral

F(u,Q) = /QF(Vu(:r))dx

on the Sobolev space W 7 (€, RY) under a p-growth condition on the
integrand I is equivalent to quasiconvexity in the sense of Morrey. We
show that coercivity on Dirichlet classes likewise is equivalent to a quasi-
convexity condition. We also discuss more general notions of coercivity,
and in the case of positively p~homogeneous integrands F' we establish the
existence of minimizers for a class of non-coercive quasiconvex variational
integrals.

1 Introduction

Let F: RV*" — R be a continuous integrand satisfying for an exponent p €
[1,00) and constant k£ > 0 the growth condition

F(2)] < k(2] +1) (L1)

for all matrices z € RN*™. We consider the corresponding variational integral
F(u, Q) = /F(Vu(x))dx (1.2)
Q

defined for Sobolev mappings u € WHP(R" R”") and bounded open subsets
Q C R™. For a mapping g € WHP(R”,RY) and a non-empty bounded open
subset 2 C R™ we consider §(+,2) on the Dirichlet class

WiP(QRY) ={g+¢: pe WyP(Q,RV)}. (1.3)

We emphasize that this definition of Dirichlet class differs somewhat from the
usual definition, but it is convenient for our purposes here, besides it is equivalent
to the standard definition whenever Q is a W1? extension domain (see [27]). Tt
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is by now well-known (see [14, 30, 28] and compare also [8, Remark 8.5(iii)])
that §(-, Q) is sequentially weakly lower semicontinuous on W;’p(Q, RY) if and
only if F' is quasiconvex (see Sect. 2 for notation and terminology). We shall
generalize this semicontinuity result in the spirit of [26], see Theorem 5.1 in
Section 5.

Fix an exponent ¢ € [1,p]. We say that §(-,2) is L? coercive on W ?(Q, R")

if

F(u, Q) = o0 as ||Vullq,0 — oo through u € W;”(Q,RN). (1.4)
We use this terminology also for ¢ = 1, which is not standard but is convenient
here. The notion of L7 coercivity turns out to be a property of the integrand F'
and thus is independent of both 2 and g, see Proposition 3.1.

There are various ways in which one can ensure that (1.4) holds. The most
obvious one is to require that F' satisfies a pointwise g—coercivity condition:
there exist constants c¢1, ca > 0 such that F(z) > ¢1|z|? — ¢2 holds for all
z € RNX" This however is unnecessarily restrictive in the multi-dimensional
vectorial case n, N > 2 and not satisfied in many interesting cases (see [5] and
also Proposition 2.1 below). Instead a more natural condition ensuring (1.4) is
that of L? mean coercivity: there exist constants ¢; > 0, co € R such that

F(u, Q) > | Vulll o + e (1.5)

for all u € W;’p (Q,RY). It might be a little surprising that the two conditions
(1.4) and (1.5) are in fact equivalent under our assumptions. This and the fact
that they in turn are equivalent to a quasiconvexity condition is our first result:

Proposition 1.1. Let F: RV*X" — R be a continuous integrand satisfying for
an exponent p € [1,00) and constant k > 0 the growth condition (1.1). Then
for an exponent q € [1,p] the following five statements are mutually equivalent:

(i) F is L9 coercive: the condition (1.4) holds for any choice of non-empty,
bounded open subset Q C R™ and any boundary datum g € WHP(R™ RY).

(i) There exist a non-empty bounded open subset Q C R™ and a boundary
datum g € WHP(R™", RN such that condition (1.4) holds.

(i1i) F is LY mean coercive: the condition (1.5) holds for any choice of non-
empty, bounded open subset 2 C R™ and any boundary datum g € WHP(R™, RY).

(iv) There exist a non-empty bounded open subset & C R™ and a boundary
datum g € WHP(R", RYN) such that condition (1.5) holds.

(v) There exist a constant ¢ > 0 and a matriz 2o € RMN*" such that the
integrand z — F(z) — c|z|? is quasiconvex at zo.

We present the elementary proof of Proposition 1.1 in Section 3.

It is not difficult to see that a continuous integrand F': RV*™ — R which is
positively p-homogeneous, that is, F(tz) = t*F(z) holds for all z € R¥*" and
t > 0, is L9 coercive precisely when there exists a constant ¢ > 0 such that

| Pt da > el (16)



holds for all ¢ € Wy*(€,RY). Here we can take = (0,1)" or any other
non-empty bounded open subset of R™. Following [16] we provide in Section 2
non-trivial examples of integrands F' satisfying (1.6) for ¢ = p. We recall that
[32] gave an example of a nonnegative §-homogeneous quasiconvex integrand
on R™ ™ for even dimensions n > 4 which is L coercive for each ¢ < % but
not L coercive. (In fact, in an obvious extension of our terminology the inte-
grand is L2+> coercive, where L3> is the corresponding Marcinkiewicz space.)
However, it remains unclear to us if, for an exponent ¢, € (1,p), there can ex-
ist p-homogeneous integrands that are L7 coercive for each ¢ < g, but not for
q € [40,1]-

Theorem 1.1.

2 Preliminaries

In this paper we follow the usual convention and denote by c a general constant
that may vary on different occasions, even within the same line of estimates.
Relevant dependencies on parameters and special constants will be suitably
emphasized using parentheses or subscripts. All the norms we use on R”, RV
and RV*" will be the standard euclidean ones and denoted by | - | in all cases.
In particular, for matrices z, w € RV*" we write 2z - w = (z,w) := trace(z”w)
for the usual inner product of z and w, and |z| := (z,2)? for the corresponding
euclidean norm. When a € RY and b € R" we write a®b € RV*™ for the tensor
product defined as the matrix that has the element a,.bs in its r-th row and s-th
column. Observe that (a ® b)x = (b- x)a for z € R™, and |a ® b| = |a||b].

Our references for function spaces and measure theory are [2, 11, 17, 27,
39] and for calculus of variations [2, 8, 31], and the reader can find further
background and explanations there if required.

For z € RVM*" and a non-empty, bounded open subset 2 C R™ we define a
class of special gradient distributions with centre of mass at z:

G. = G2 = {(z N ch)#( L7 Q ) o: R* - RN Lipschitz. and }
L7(82) compactly supported in 2
Lemma 2.1. G, is independent of the set Q: if w C R™ is another non-empty,
bounded open subset, then G¥ = G}

Proof. This is done by a standard exhaustion argument. Without loss of gener-
ality we assume that z = 0 and fix a Lipschitz map ¢: R" — RY with compact
suport contained in Q. Select ' € §2 such that ¢ = 0 off ' and L™(0Q') = 0.

Take o' € w with £™(w') = S22 £7(Q) and L™ (9w') = 0. Write

Ww'=MU U(Z‘j""f'jﬁ)
Jje€J

as a disjoint union, where £"(M) = 0. Define for each z € R",

Y(x) = er@(x — mj)-

r
jeJ J




Then for instance by checking the absolute convergence of the defining series
in Wy'' we conclude that 1 € Wy (w', RY), whereas clearly ¢ = 0 almost
everywhere off w’. Next, for almost all z we have

_ T
Vi(e) = Vi( )
jed
so in particular [V¢)(z)| < Lip(p) and ¢ is Lipschitz on R". Clearly ¢ is
supported in w’ and for ® € Cy(RN*") we calculate using the choice of w’ that

]L{(I)(Vdj) dz = ][ (V) de.

Q
O

We state the definition of quasiconvexity in terms of the gradient distributions

in G,:

Definition 2.1. A continuous integrand F: RN*™ — R is said to be quasicon-
vex at z € RNX" 4f

Fl2) < /RN Fdpu (2.1)

for every u € G,. The integrand F is quasiconvez if it is quasiconvez at every
z € RVxn,

It is not difficult to check that this definition is equivalent to Morrey’s orig-
inal definition in [30]. In the presence of the growth condition (1.1) one can
strengthen the quasiconvexity inequality (2.1) and show by a routine approxi-
mation argument that if F' is quasiconvex at a matrix z € RV*"_ then

][F(2+ch) dr > F(z)
Q

holds for any non-empty bounded and open subset 2 of R® and any mapping
© € WpP(Q,RN).

On several occasions we shall also require the quasiconvex envelope. Recall
(see [7, 8]) that for a continuous integrand F' its quasiconvex envelope, F9¢ is
by definition

F9(z) :=sup{G(z): G < F and G quasiconvex}.

It follows that either F % = —oo on RV*™ or F9° is real-valued everywhere.
In the latter case it is then not difficult to see that F9°¢ is quasiconvex and
so in particular is locally Lipschitz (see [8]). The following formula for the
quasiconvex envelope is due to Dacorogna and is frequently useful.

Lemma 2.2. Let F: RV*" — R be a continuous integrand. Then for each
2z € RVX™ the quasiconvex envelope is given by

Fqc(z):inf{/ qu:,uGGZ}.
RNXn
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See [7, 8] and, for the general case where the integrand admits no lower bound,
see the appendix of [20]. When F satisfies the growth condition (1.1) and F° is
real-valued, then it is not difficult to show that F9° also satisfies (1.1), though
possibly with a larger constant k. See for instance [23, Lemma 2.5].

It is a convenient fact that quasiconvex integrands F' are rank one convex
(see [2, 8, 31]): F((1—A)zo+ Az1) < (1 —N)F(z0) + AF(z1) for all matrices 2o,
2 € RNX" with rank(z; — 29) = 1 and all A € (0,1). The following result is
well-known and allows us to get pointwise bounds from integral bounds.

Lemma 2.3. If F': RNV*" 5 R is rank one convez, then there exists zo € RV*™
such that
F(z)>F(0)+ 2% -2

holds for all z of rank one.

Proof. Assume first that F' is differentiable at 0. In this case we are forced to
take zp = F’(0). In turn, we can use convexity of the function R 5 ¢ +— F'(tz) for
z of rank one to deduce that F(z) > F(0)+zg-z as required. In the general case
we take a standard smooth mollifier (®.).~o on RN*" and put F. = &, x F.
Then F. is smooth and rank one convex, so by the above argument we have
F.(z) > F.(0) + F/(0) - z for z of rank one. Because F' as a real-valueed rank
one convex function must be locally Lipschitz we have that F. converges locally
uniformly to F' and that (F7(0)).¢(0,1) is bounded in RN*" - Consequently, any
limit point for F!(0) as ¢ N\, 0 will do as z. O

Proposition 2.1. Let F, G: RV*" — R be two continuous integrands satisfy-
ing (1.1) for a 1 < p < co. Assume that

/QF(V@) dz > /QG(VQD) dz

holds for all ¢ € WyP(Q,RN). Then there exists zo € RN*™ such that
F(z)>G(z)+ 2 -2
for all z € RNX™ with rank(z) < 1.

This is essentially in [5], see also [3] for the case p = 1. However, when p = 1
one can say much more and this is the contents of Lemma 4.2 below, that in
turn follows from [21]. We deduce Proposition 2.1 from Lemmas 2.2, 2.3 and
the fact that rank one convexity is a necessary condition for quasiconvexity.

Proof. Put H(z) = F(z) — G(z) for = € R¥*". The assumption and Lemma
2.2 yields H9°(0) > 0, and hence that H9° is real-valued and quasiconvex. But
then H is also rank one convex, so by Lemma 2.3 we find zp € RV*" such
that

H(z) > H®(z) > H*(0)+ 2z0- 2 > 20 - 2

for all z of rank one. This is the assertion. O



A closely related result concerns invariant integrals. We state it for comparison,
but emphasize that it is in fact a consequence of more general results found in
the literature, see [8] and the references given there.

Lemma 2.4. Let F, G: RV*" — R be two continuous integrands satisfying
(1.1). Assume that for some non-empty, bounded and open subset  C R™ and
a mapping g € WHP(R™, RN) we have

/QF(Vu) dx:/QG(Vu) dz

for all u € W;’p(Q,RN), Then F = G + N, where N is a null Lagrangian
satisfying (1.1) (so N'(2) is an affine function of minors of z of order at most

p)

Proof. Put H = F—G. Assume first that H is smooth. For any u € W} (%, RM)
and ¢ € WyP(Q, RY) we have

/H(Vu +tVyp)de =0 VteR. (2.2)
Q

Fix 2 € RV*". Take B,(7) € Q and a standard cut-off function: p € W°°(Q)
and 1p () < p < 1lg. Take u(z) = (1 — p(z))g(z) + p(x)z(x — 2¢) and let
© € Wy (B,(z0), RY). We extend ¢ by 0 € RV off B,(z0) and obtain then by
differentiation of (2.2) twice at ¢t = 0 that

/ H"(2)[Vy,V]dz = 0.
Br(x(l)

Consequently, the quadratic form H"(z) is quasi-affine, and hence rank one
affine for all z. But then H is rank one affine, and therefore must be an affine
function of the minors (see [8, Theorem 5.20]). That the minors must all be
of order at most p follows easily from (1.1). The general case is dealt with by
mollification as in the proof of Lemma 2.3. O

3 Characterization of coercivity

In this section we give the proof of Proposition 1.1, and in the process of doing
that we also collect a few elementary observations on coercivity. But let us start
by displaying our definition of coercivity.

Definition 3.1. Let 1 < ¢ < p < o0 and F: RVN*" 5 R be a continuous
integrand satisfying the growth condition (1.1). We say that F is LY coercive if
for all non-empty, bounded and open Q@ C R™ and any g € WHP(Q, RY) we have

/F(Vu(x)) dz — o0 as ||Vullq,0 = oo through u € W;Z’(Q,RN).
Q



As already mentioned in the introduction there is a natural variant of the co-
ercivity condition involving the Marcinkiewicz space LP'*° that turn up in a
concrete example. The definition is the obvious one where one replaces the L¢
norm in Definition 3.1 by the LP:*°-quasinorm:

7l = sup (1£7({z € Q2 | (@) > 1))7) .

Most of the results that we prove for L? coercivity in fact carry over to LP»*°
coercivity, but here we will refrain from stating these results explicitly and
instead focus the exposition on the former.

In order to verify the L? coercivity condition it suffices to do so for any
convenient choice of , g:

Proposition 3.1. Let 1 < ¢ < p < oo and F: RNX" — R be a continuous
integrand satisfying the growth condition (1.1). Let Qo C R™ be a non-empty,
bounded and open subset and gy € WHP(R™ RN). Then F is LY coercive if and

only if

/ F(Vou(z))dz — 00 as ||Vv|lq,0, = 00 through v € W;(’)”(QO,RN).
Qo

Proof. This is straight forward. Assume the condition holds for the given g,
go, and let  C R™ be non-empty, bounded and open and g € WL”(Q,RN).
Take Bgr(l‘o) c QO and ¢ S Wé’oo(BgT(])o)) with 137.(10) < (Z) < 1B27v($0)7 and
likewise take Br(0) ® Q and p € W™ (Bg(0)) with 1o < p < 15,00 Now
for u € WiP(Q,RY) we consider u € WHP(R",RY) with the extension u = g
off  (which is possible by our definition of Dirichlet class). Put @ = pu and
w(z) = w(Rr)/R, x € R", so that w|p, (o) € W(l)’p(Bl(O),RN). Next, let

v(@) = (1= 6(x))go() +rw(*=22), z € Qo.
Then v € Wi?(Qo, RY) and by calculation we find
Vollt, = [ W(@-am)ltas+(R)" [ [
Q0\Br(z0) Br(0)\Q
+(%)" IVullgo (3.1)

and

F(Vv)dr = /Q\B( )F(v((1—¢)go))dx+(;)"/ F(V(pg))dx

Qo Br\Q

+(%)" /QF(Vu) dz. (3.2)

It follows that F is L7 coercive. O

In view of the above observation, that coercivity is independent of the data €2,
g, we may conveniently express it through the following auxiliary function.



Definition 3.2. Let F: RVX" — R be a continuous integrand satisfying the
growth condition (1.1). For q € [1,p] and a non-empty bounded and open subset
Q C R™ we define for each t > 0,

O(t) = ©7(t) = inf {ﬁF(V@) dz : ¢ € WiP(Q,RN), ]{2|ch|qdm > t} .

Clearly ©: [0,00) — R U {—oc0} is non-decreasing. Under the given assump-
tions it is also independent of the subset {2, and in fact it only depends on the
quasiconvex envelope of the integrand:

Lemma 3.1. Let w, 2 C R" be non-empty bounded open subsets, and define
the corresponding auziliary function ©F as above. Define also for each t > 0,

©%(t) = inf {][ F¥(Vp)dz: p € Wé’p(Q,RN),][ [Vol|?dx > t} (3.3)
Q Q

which is of course just 95; (t) for the quasiconvex envelope of F'. Then ©F = ©9°.

In particular, F' is L? coercive if and only if its quasiconvex envelope F'9° is L¢
coercive. Furthermore, we always have ©(t) > F°(0) for all ¢ > 0 and equality
holds at ¢t = 0.

Proof. From Lemma 2.2 we infer that ©¢(0) = F9°(0) = ©9°(0), and so only the
case t > 0 remains. If F'9° = —oo, then an argument based on Lemma 2.2 again
shows that ©¢(t) = —oco. Since, in this situation, clearly also ©9°(t) = —o0
we can in the remainder of the proof focus on the case where t > 0 and F9° is
real-valued. Let ¢ > 0 and take ¢ € C°(Q, RY) with

]l|V<p|qu >t and ©9°(t) + ¢ >]quC(Vg0) dz.
Q Q

Because FU€ is locally Lipschitz continuous and ¢ is smooth we can use Lagrange
interpolation on a suitably fine uniform and regular triangulation 7 of R” to find
a piecewise affine Lipschitz mapping a: R"® — R, which is compactly supported
in Q,

][ |Va|?dz > ¢ and ][FqC(Vgo) dz >][FqC(Va) dz —e.
Q Q Q
More precisely, first we select ¢ > 1 close to 1 so that
][FqC(Vgo) dz > ][ F¥oVp)de —e/2.
Q Q

1
Next, select § € (0, (0 — 1)t4] and a suitably fine uniform and regular triangu-

lation 7 of R™ such that the Lagrange interpolant a for oy on 7 satisfies

][ oV — ValP dz < 67
Q



and

][FqC(Vgo) dz > ][ FI(Va)dz —e.
Q Q

The imposed upper bound on ¢ yields in a routine manner

][ |Val?dz > t.
Q

Finally, to ensure that a is compactly supported in 2 we might have to refine the
triangulation. Indeed, since the distance from the support of ¢ to the boundary
of  is strictly positive we obtain by a suitable refinement of 7 that each simplex
T € 7 with TNspt(p) # 0 has closure T C Q. Put 7q = {T € 7 : TNspt(p) # 0},
and note that a is supported in the closure of | J7q, which in turn is compact
and contained in €.

Having established the existence of the piecewise affine approximating map-
ping a we proceed using Lemma 2.2 on each simplex T € 7 to find pp €
C°(T,RYN) with

][F(Va +Vor)de < F¥(Va) +e.
T

Put

¢=a+ ZWT

TeTq

and note that the sum is finite, so ¢ is Lipschitz and compactly supported in

Urer, T+ Furthermore,

07 (t) + 2 >][

F9(Va)dz >][F(Vq§) dz —¢
Q Q

and the convexity of z — |z|? yields by Jensen’s inequality for each simplex
T e TQ,

][|Va+ Ver|?dz 2][ |Val|? dz,
T T

and therefore

/|V¢\qu = Y /|Va+chT|qu
Q

TeTq T

> Z /|Va|qda:
TeTq T

= /|Va|qd:1:
Q

> 1L (Q).

Finally we realize the distribution of V¢ on w by use of Lemma 2.1. The proof
is complete. O



We can exploit the resemblance of the definition of ©(t) with the Dacorogna
formula for the quasiconvex envelope further, and copying the relevant proofs
we easily get the following result which is the key to the proof of Proposition
1.1. Note also that the proof actually works in a much more general situation.
In particular one could relax the growth condition (1.1) on F' and merely require
that F(z) > —k(]z|P + 1) for all z.

Proposition 3.2. Under the assumptions of Definition 3.2 the auxiliary func-

tion © = B,: [0,00) = RU{—o0} is convez.

Proof. We may assume that F' is quasiconvex so that ©(t) > F(0) > —oo for
all ¢ > 0. Let to, t; > 0 and A € (0,1). Denote @ = (0,1)” and let € > 0. Take
@i € WoP(Q,RN) such that

/ |[V;|?de > t; and /F(Vgpi) de < O(t;) +e.
Q Q

Put Qo = (A, 1) x (0,1)"1, Q1 = (0,A) x (0,1)"~! and write Q; = U5, (z;; +

_ J=1
;@) (disjoint union). If we let

> X — X4
¢i($)_z7"i,j90i< ’J) , T EQ;
j=1

Ti,j

then ¢; € W(l)’p (Qi, RY) (for instance by checking absolute convergence of the
series),
][ [Vg;|7dx > ¢; and ][ F(V¢;)dx < O(t;) +e.

Hence with

¢ — { ¢0 on QO
' ¢1 on @

we have ¢ € WyP(Q,RYN) satisfying

/|v¢|qu _ /|v¢o|qu+/ Vén | dz
Q 0 Q1

> to(1—\) + 4\
and
/QF(W)) de = /OF(V¢0)dx+/1F(V¢1)dx
< (1=X)O(to) + XO(t1) +e.
Consequently, ©((1 — A)tg + At1) < (1 — N)O(tg) + AO(t1). O

The next result shows that coercivity is preserved under mollification. An
inspection of the easy proof reveals that in order to establish L? coercivity one
may always assume that the integrand is smooth.
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Lemma 3.2. Let ® € C°(RY*"), & >0 and ® # 0. Then under the assump-
tions of Definition 3.2 we have that F' is LY coercive if and only if ® x F is LY
coercive.

Proof. With Q@ = (0,1)" and ¢ € Wé’p(Q, RY) we have by Fubini’s theorem

/Q @ P)(Ve)do= [ /Q F(Vole) — ) ded(z) dz.

The proof is easily completed using (3.1), (3.2) and that the support of @ is
bounded. We leave the details to the interested reader. O

With the above observations in place we finally turn to the main task of this
section.

Proof of Proposition 1.1. First note that the implications (i) = (ii), (iii) =
(iv), (iii) = (i), (iv) = (ii) are all obvious. That (ii) = (i) is the content of
Proposition 3.1. The proof of (iv) = (iii) is similar, but simpler, and so is
omitted here. There are 3 implications left to prove.

(i) = (iv): Assume F is L7 coercive and consider the auxiliary function O(¢)
from Definition 3.2. The coercivity means that O(t) — oo as ¢t — oo, and since
according to Proposition 3.2 the function © is convex we can find ¢; > 0, co € R
0 O(t) > eit 4 ¢ for all £ > 0. If o € WP (Q,RY) we may take t = IVelld o
to conclude that F' is L? mean coercive.

(v) = (iii): If F — |- |9 is quasiconvex at zg € RV*" | then

Flz0) — 0207 < ]{2(F(zo + Vi(2)) — |20 + Ve(x)[?) de

for all ¢ € C°(Q,RY). This is the L mean coercivity condition (1.5) on the
Dirichlet class WP (Q,RY) corresponding to g(z) = 20w, ¢1 = § and ¢; =
f(Zo) — §|Zo|q.

(iii) = (v): We assume that (1.5) holds with g = 0. Take any ¢ € (0,¢q)
and put G(z) = F(2) — §|z|? for 2 € RV*". From Lemma 3.1 we infer that

][G(Vgo) dz szqC(Vgo) dz > (e — 5)][ [Vpl?dz + co
Q Q Q

for all ¢ € WP (Q,RY). Take a minimizing sequence (pj) € CZ(RY) for
G(0):

Gee(0) < ]{2 G(Vp;) dar < ]{2 G(Ve,) de \, G*(0).

The probability distributions

v = (V@j)# (ﬁﬁ:(gz))

all have centre of mass at 0 and uniformly bounded g-th moments. Passing to
a subsequence if necessary we can assume that v; — v weakly* in Co(RY*")*,
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where v is a probability measure on RV *" with a finite ¢-th moment (and centre
of mass at 0 provided ¢ > 1). Note that H(z) = G(z) — G%(2) is continuous
and nonnegative, so by standard results we get

Og/ Hdv < liminf Hdv; =0.

RN xn J—0  JRNxn

But then G = G on the support spt(v), that is, ' — J| - |9 is quasiconvex at
each zp € spt(v). For ¢ > 1, where v has centre of mass at 0, it then follows
in a routine manner that 0 belongs to the closed convex hull of spt(v). In fact,
since we could have started at any z € RNY*" instead of at 0, we infer that in
the case ¢ > 1 the integrand F' — §] - |7 is quasiconvex at each point 2z of a set
whose closed convex hull contains z, and therefore that the set where F' — §] - |
is quasiconvex has RV*" as its closed convex hull. (In the obvious terminology
the set where F'—§|-|7 is quasiconvex has RV*" as its L? quasiconvex hull when
qg>1) O

4 Examples of L? coercive integrands

In this section we investigate coercivity in the context of nonnegative positively
p-homogeneous integrands F'. In this case the LP coercivity, as noted in [32, 38],
only depends on the zero set {F = 0} and not on other features of F:

Lemma 4.1. Let F', G: RVX™ — R be nonnegative and positively p-homogeneous
continuous integrands for an exponent p > 1. Then we have {F = 0} C {G = 0}
if and only if

Ve > 03c < 0o such that G(z) < g|z|P + cF(z) Vz € RV*™,

We leave the easy verification of the lemma to the reader. For a nonnegative
positively p-homogeneous integrand F we let Zp = {z € RV*" : F(z) =0} and
note that Zr is a closed cone in R¥*”. Now by Lemma 4.1, F' is L? coercive
if and only if the p-th power of the euclidean distance function to the zero
set Zp, z — dist’(z, Zp), is LP coercive. Here we recall that the p-th power
distance function is quasiconvex (in fact, is rank one convex) if and only if Zp
is a convex set (see [41] and [9]). Hence to get the geometric flavour of the p-th
power distance function we must necessarily, when Zp is nonconvex, work with
non-rank one convex integrands. Let us also recall that when F'is a nonnegative,
positively p-homogeneous and convex integrand, then z — F' (z)% is convex too:
it is the Minkowski functional for the set {z € RV*" : F(2) < 1}. Such a result
is false for general quasiconvex nonnegative positively p-homogeneous integrands
F where z — F(z)* need not be rank one convex for any exponent o € (0,1).
Indeed, that integrands F' for which F# is L' coercive are special can be seen
from the following result.

Lemma 4.2. Let G be a nonnegative positively 1-homogeneous integrand. Then
G is L' coercive if and only if G is demicoercive: there erist zo € RN*" and
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e > 0 such that G(2) > zy - z + €|z| for all 2 € RN*". If we strengthen the
assumptions on G and require that it is 1-homogeneous (so G(tz) = [t|G(z) for

allt € R), then G is L coercive if and only if it is 1-coercive: there exists € > 0
such that G(z) > €|z| for all z € RN*™,

This is a special case of [21, Theorems 1.1 and 5.1], and so we omit the proof
here.
As in [38] we adopt the following terminology:

Definition 4.1. A closed cone K in RN*" is called LP coercive if z + dist”(z, K)
1s LP coercive.

It is shown in [38, Theorem 2.3] that the set of exponents p > 1 for which a
given closed cone K is L? coercive is an open subset of [1,00). The proof makes
use of the celebrated stability result of [19]. The situation for L7, ¢ < p, and
LP>*° coercivity seems more complicated and is bound to depend also on other
features of the positively p-homogeneous integrand F', than merely its zero set.

Note that Proposition 2.1 yields that a necessary condition for a closed cone
to be LP coercive for an exponent p > 1 is that it contains no rank one matrices.
This condition will in general not suffice and there are many interesting open
questions to address in this regard, but here we shall confine ourselves to give a
few elementary examples in the situation where the cone is in addition assumed
convex.

Proposition 4.1. Let K be a closed convex cone in RN*™. Then K is L2
coercive if and only if IC contains no rank one matrices.

Proof. We have already remarked on the only if direction, so consider a closed
convex cone K with rank(z) # 1 for all z € K. Put

a = inf{dist?(2,K) : |z| = 1 = rank(z)}.

Clearly, dist?(z,K) > alz|? for all z with rank(z) < 1. Since z — rank(z)
is lower semicontinuous the set {z : |z| = 1 = rank(z)} is easily seen to be
compact, hence the infimum defining « is attained and therefore @ > 0. Put
Y = (0,1)" and let ¢ be an R¥-valued trigonometric polynomial on Y: ¢p(x) =
doics cje*™I* where J C Z" is a finite non-empty set and ¢; = ci+ic] € CN. 1If
F(iz) = dist(z, K), then F is convex and positively 1-homogeneous and so admits
the representation F'(2) = sup,.cgp(g) 2" - 2, where F(0) is the subdifferential
of F' at 0. Consequently, to € € (0,a) we may find 27, ...z}, € dF(0), m =
me € N such that

dist?(z,K) < elz|* + sup (z} - z)2
1<k<m

holds for all z € RVX". Put

Ay = {z € RV*"™ : dist®(2,K) < elz* + (2 - 2)2}

13



and note that RN*" = |, Ay. Now Vo(x) = 3, ¢; ® (2mij)e*™ " and so
we may estimate

/distQ(Vgo,lC) de > sup /(z,j~V<p)2dx
1% Y

1<k<m
T s 3l @ (i)
1<k<m 575
1 m
= YD e @ @)l
k=1jeJ
= 1 N * / -\ (2 * " (2
= =3 (@ @m)P + I - @ (2m)P)
jed k=1
— / -\ (2 " N2
= Sl @ @af)? + |¢) © 2m)?)
jeJ
Par;eval a_g/‘V(dex’
m.Jy
as required. .

Remark 4.1. One may use the above proof to establish the following variant.
Let IC be a closed convex cone and fix zg € K. Then there exists a constant
B > 0 such that

/distQ(vgo+zo,IC)d:c Zﬁ/ Vel da,
Y Y

holds for all v € W(l)’Z(Y, RN) if and only if rank(z — zo) # 1 for all z € K.
Note that the convexity of K means that if the above condition holds for a
2o € K\ {0}, then K does not contain any rank one matrices.

We elaborate on the remark and strengthen the assumption on the convex cone
and require that the condition in Remark 4.1 holds at all matrices zg of the
cone:

Theorem 4.1. Let K be a closed convex cone in RN*™. If KC contains no rank
one connections, that is, if for all zg, z1 € K we have rank(zq — 29) # 1, then
K is LP coercive for all p € (1,00).

While we are not aware of any proof for the above result in the literature, the
result is hardly new. The second author was told by Kewei Zhang that such a
result holds and can be proved using a Fourier multiplier theorem a while ago
[42]. Our proof here avoids multipliers but is of course related with such a proof
and we are grateful to Kewei Zhang for comments and discussions.

Proof. We start with the observation that a closed convex cone K contains no
rank one connections precisely when the linear subspace L = span(K) contains
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no rank one matrices. Now obviously we have dist?(z,K) > dist?(z, L) for
all z € RV*" 5o the sought LP coercivity follows trivially if we prove that
dist?(z, L) is LP coercive. This is what we will do and from now on we assume
that K is a linear subspace of RV *™ that contains no rank one matrices.

Let m denote orthogonal projection of RV*™ onto K+, the orthogonal com-
plement of K in RV*". Then we have F(z) = |r(2)|P, and for proving the L?
coercivity we shall consider the operator P: Wy ?(Y,RY) — LP(Y,RY) given
by P(¢) = m(Ve), where we denoted ¥ = (0,1)™.

The assumption that I contains no rank one matrices now translates to injec-
tivity of P: kerP = {0}. To see this we first extend the linear transformation 7
to a linear mapping of CV*™ in a standard manner: 7 (2’ +iz") := m(2') +ir(2").
Now if for some ¢ € Wé’p we have P(yp) = 0, then we compare Fourier coeffi-
cients: for j € Z™ let

) s Mo —27ij-x
cj =c;+ic] = /Ygo(:v)e da.

Then
/ Ve(z)e ™% dz = ¢; ® (2nij),
Y

and so by linearity of m,

0 = /Yﬁ(Vgo(a:))e_ T dy

Tr(cj ® (27rij))
= (¢ ®2mj) +in(c; @ (—2mj)).

But the kernel of m contains no rank one matrices, so necessarily c; = 0 for
j # 0, and we infer that ¢ = ¢y by uniqueness of Fourier coefficients (see for
instance [36, Theorem 1.7(ii)]). Because ¢ = 0 on 9Y also ¢y = 0 and we have
shown that P is injective.

By the Open Mapping theorem the LP coercivity follows if we show that P
has a closed range. In turn this follows by the Closed Range theorem if we show
that the dual operator P*: L? — W~L? has a closed range. To that end, let
Vi € L* and assume P*(V;) =T in WP Thus uniformly in ¢ € W4? with
ellwee < 1:

(L) = lim (V;,m(Ve))

= lim (n(V}), V)

j—oo
Here n(V;) € L?" and so by Helmholtz decomposition in L¥’,
©(V;) =V, +oj,

where ¢; € W(l)’p and o; € L7, dive; = 0 (row-wise and in distributional sense).
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Integrating by parts this allows us to write P*(V;) = P*(V¢;) and

(Top) = lim (P*(V;),¢)

j—o0

= lim [ V¢;- -Vedz
Y

j—oo

= lim [ V¢, -wdz,

j—o0 v

where w € LP is any field whose L? Helmholtz projection onto gradient fields is
V. If ¢, denotes the operator norm of this Helmholtz projection onto gradients
in L?, then we may take

| Ve,P 2V,

w = wj = o
IVl

above to conclude that V¢; is bounded in L?" and therefore, by reflexivity, up
to a subsequence, is weakly convergent. This completes the proof. O

5 Semicontinuity for signed integrands

Theorem 5.1. Let F: RV*" — R be a quasiconver integrand satisfying the
growth condition (1.1). Fix exponents 1 < q < p such that

(1-p<a (5.1)

If u, uy € WiP(Q,RY), uj = u in L' and sup; |[Vu,llLe < oo, then

liminf [ F(Vu;)dx > /F(Vu) dz.
Q Q

J—0o0

The result is well-known for integrands F' satisfying additionally that

liminf 23 > 0, (5.2)

In view of the many examples of signed and positively p-homogeneous quasi-
convex integrands this does not exhaust all possibilities and so our result here
closes that gap. We do not contribute to the interesting issue of what the gen-
eral optimal bounds for the exponent ¢ might be. The reader will notice that
this must be so when seeing the proof. It relies on several standard facts and
is merely a combination of well-known proofs for lower semicontinuity of quasi-
convex integrals going back to Morrey [30], Meyers [28], Fusco [14], Fonseca &
Maly [12] (see also [23, 34] for ¢ =1 < p < -5 and [14] for p = ¢ > 1 and [25]
for p = ¢ =1). We start with the following consequence of Fubini’s theorem.
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Lemma 5.1. Let ¢ = co{0,e1, ... ,e,} denote the standard simplex in R™
and let e € S*~1 be a unit vector that is not tangent to any of the n+ 1 faces of
o", that is, e-e; # 0 for all 0 < j <n, where eg :=(e1+ ... +e,)/v/n. Fora
nonnegative locally integrable function f: R™ — [0,00) and r > 0 we have that

" 1
/ / fla)dHr < — 2L f(x) da.
0 Jte+0o™ minp<;<n |€ ’ €j| B, (c™)

Proof. Let F; denote the face of o™ opposite the vertex e; for j # 0, and Fy
the face opposite the vertex 0. Then clearly

// f(x)dH”’ldt:Z// Flx) dHm dt.
0 Jtet+do™ =070 Jtet+F;

Write e = (e - ej)e; + ej- in the obvious notation, and use Fubini’s theorem to

estimate . )
/ / flz)dH " tdt < f(z)da.
0 Jtet+F; le - e B..(F)
The conclusion follows immediately from this. O
Lemma 5.2. Let 0™ = co{0,e1, ... ,e,} denote the standard simplex in R™.

Then there exists a linear extension operator E: W?(do™ RN) — WP (R, RN)

loc
with the properties: E(a|pon) = a whenever a: R™ — RN is affine, and for each

r >0,
/ |\VE(v;)[Pdz — 0
B.(0)

whenever v; — 0 in Wh4(90™,RY). Recall that (1 — )p < q. We also have a

bound: .
/ VE@)P de < ¢ (/ V0] cm"—1> ’ (5.3)
Big(o™) Oom

for allv € WHP (o™, RN), where ¢ = ¢(n,p,q). Here V,v denotes the tangential
weak derivative of v on the faces of do™.

The operator E can be constructed by local mollification and a partition of
unity that is subordinate to a suitable Whitney covering of the complement
R™\ do™. We omit the details here, and instead refer the reader to [12] for a
more sophisticated construction and to [22] for related results.

Proof of Theorem 5.1. In view of the growth condition (1.1) we may extract a
subsequence, relabel the subsequence and then assume that

liminf/F(Vuj) de = lim [ F(Vu;)de=¢€cR.
Q

Jj—o0 j—oo Jq

Let ¢ € (0,1). We may consider u, u; € W-P(R",RY) simply by taking u =
g and u; = g outside 2. Then using a standard smooth mollifier we find
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@ € (C®° N WLP)(R® RY) with ||u — @|w1.» < £/2. By the smoothness of
@ we find a § € (0,1) such that for each regular and uniform triangulation 7
of R™ the piecewise affine Lipschitz mapping a = a,: R® — RY obtained by
Lagrange interpolating @ on the nodes of 7 satisfies ||@ — a|lwir(B,y(0)) < €/2
provided all the simplices T' € 7 satisfy diamT < §. Fix such a regular and
uniform triangulation 7 of R™. Because of the regularity and uniformity of 7
each simplex T € 7 is congruent to a finite number of simplices and so there
exists a unit vector e € S"~! which isn’t tangent to any of the faces of any
simplex T' € 7. Consequently, by an affine change of variables in R™ we can
employ Lemma 5.1 whereby we find constants ¢; > 0 and ¢z > 1, depending
only on n, e, 7, such that with 7o = {T"' € 7: TN B1(R) # 0} we have

d Fatou g
Z/ nmmf/ |Vaui[TdH At < limian// |V |7 dH™ 1 dt
0 I JieraT ] 0 Jte

TeT TeETq +0T

|Vu,;|?da

IN
(]
—

IN

climinf/ [Vu;|?de < oo,
B2025(Q)

J—00

where the constant ¢ depends on ¢, ¢, 0 (and it exists because 7q is finite;
in fact, a slightly more refined bound, that we don’t need here, would rely
on the finite overlap property of the dilated simplices). The outcome of the
above string of inequalities is that there exist ¢t € (0,0) and a subsequence of
u; (not relabelled) such that u|or, ujlor € WHP(OT,RY) and ujlar — ulor
in Wh4(9T,RY) for each simplex T € 7. Using an affine change of variables
we are in a position to employ Lemma 5.2 on each translated simplex te 4+ T,
T € 1. Of course, {te+T : T € 1o} is a triangulation of a neighbourhood of O
and henceforth we shall denote it by 7. Likewise, the piecewise affine mapping
obtained by Lagrange interpolating @ on the nodes of 7 is denoted by a, and
using the triangle inequality and the assumptions we have

/ (|Vu = Va|’ + |u — a|?) dz < e. (5.4)
Ure

Fix a simplex T € 7. Let A: R® — R™ be an affine mapping such that A(T) =
o™ Then (uo A™1)|gyn, (uj0 A71)|gon € WHP(do™, RY) and so using Lemma
5.2 we have with w(z) = E(uo A7 g, )(Az), w;j(z) = E(u; o A7 o,n)(Az)
that w = u, w; = u; on T and w; — w in WHP(B1(Q),RY). Let o > 1 and
denote by ¢T the simplex obtained by dilating T' by ¢ about its centre. Define
for a standard cut-off function p between T and o7,

_Jouj+b inT
7 ar+p(wj —ar+b;) inoT\T,

where a7 denotes the affine mapping satisfying a = az on T and b; € RY is
chosen so the integral faT\T('wj —ar+b;)dz = 0. Then v; —ar € Wy (0T, RN)
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and so quasiconvexity at Var and the growth condition (1.1) yield

F(Var)L™(oT) < /TF(ij) dz

/F(VUJ') dx +/ F(V((ZT + p(wj —ar + bj))) dx
T oT\T
= I +1I,

Here the second term can be estimated using (1.1) and the assumptions:

i < c/ (14 [Var + [V (w; — ap) + lw; — ar + b;[P|VoP?) da
oT\T

Poincaré

c(o™ = 1)(1+ [Var[P)L™(T) + c/ |Vw; — Var|P dz
oT\T

Len)ii 5.2 C(O’n _ 1)(1 + ‘vaT|p)[,n(T) —+ C/ |Vw — vaT|P dz
oT\T

c(e™ = 1)(1 + |Var|?)L™(T) + c/ |Vu — ValP dz.
T

Lemma 5.2

It follows that the sequence I; is bounded, and so summing over the (finite
number of) simplices T' € 7 we find

U"/ F(Va)dz < liminf/ F(Vu;)dx
UTta 170 JUma

+c(o™ — 1)/ (1+|Val?) dx
Ure

+c/ |[Vu — Val|P dz
TQ

< liminf | F(Vu;)dz + / F(Vg)dx
I JQ Ume\Q
+ce + (o™ — 1) / (1+|Vul?) da.
Ura

Finally, using that v = g off ), the way a was chosen and the growth condition
(1.1) we estimate

Un/F(Vu) dez < liminf | F(Vu;)de
Q

j—oo Jq

+ce + c(o" — 1)/ (1+ |Vul?) dz,
B2 ()

and the conclusion follows. O

Remark 5.1. Let us note that the usual blow-up method [13] would require
some modification if one wanted to use it here in the signed case. Also note
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that in the non-signed case (5.2) the blow-up method automatically yields lower
semicontinuity when the limit mapping v is in WH9 whereas we here require u
to be in WHP. We have not attempted to extend the variational integral by lower
semicontinuity as in [26] to W9 or BV in case ¢ = 1, as the applications given
here do not seem to require this. But it is easy to imagine scenarios where this
would be necessary, besides it being intrinsically interesting of course.

Finally, let us emphasize that in the signed case (and even forp =q > 1)
the restriction to Dirichlet classes W;’p is essential: the lower semicontinuity
result of Proposition 5.1 fails for sequences u; merely in WY (refer again to
the example [8, Remark 8.5(iii)]).
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