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Abstract

Functional magnetic resonance imaging (fMRI) is a medical imaging technique that measures brain
activity non-invasively. One of the fundamental quandaries in fMRI is the balance that must be
struck between spatial fidelity and temporal resolution. An increase in sampling efficiency could
improve either or both of these metrics, allowing images to be created from fewer data points than
would otherwise be required. This process is referred to as acceleration.

Some degree of acceleration is already standard in fMRI scans. The most common acceleration
methods are parallel imaging methods, which utilise the spatial sensitivity profiles of the receiver
coils in order to separate the aliased artefacts that result from using fewer data to create each
image. However, there are other mathematical properties which can also be incorporated into the
reconstruction process in order to allow a higher degree of acceleration.

One such property is the inherently low-rank nature of fMRI data, which was introduced by Chiew
et al. in 2015 as the k-t FASTER method (fMRI Accelerated in Space-Time via Truncation of
Effective Rank). The authors also demonstrated in 2016 that the low-rank information could
be combined with the coil sensitivity profiles to achieve a higher acceleration factor than either
low-rank information or coil profiles could achieve alone.

In this thesis, the k-t FASTER approach is expanded upon by incorporating additional, subspace-
specific constraints into the reconstruction process. First, k-t FASTER will be reformulated as
an alternating minimisation problem in order to more easily allow subspace-specific regularisation
terms. Then, a variety of constraints will be explored in an artificial framework. The constraints be-
ing tested are: Tikhonov constraints (which encourage the subspaces to take more minimal energy
forms), low-resolution priors (which more greatly weight the oversampled central k-space in radial
sampling), and a temporal subspace smoothing constraint (which minimises the variation between
frames). These constraints will be applied to real fMRI data acquired with a TURBINE trajec-
tory (Trajectory Using Radially Batched Internal Navigator Echoes), a hybrid radial-Cartesian 3D
trajectory with Golden Ratio angle increments in the radial orientation.

The aforementioned subspace-constrained approaches could be seen to achieve better classification
of the underlying functional activation over a k-t FASTER reconstruction in real data at R=16,
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or TRvol=0.5s. Ultimately, Tikhonov constraints are found to provide consistently high-quality
reconstructions at a range of acceleration factors and SNR values, but in real data with a slow-
paradigm task fMRI experiment at high acceleration (R=26, TRvol=0.3s), the temporal subspace
smoothing constraints can outperform Tikhonov constraints.
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1 | Introduction

Contents
1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Thesis Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.1 Motivation

Magnetic Resonance Imaging (MRI) is a non-invasive imaging technique that can produce de-
tailed internal images of an object, most notably human anatomy. These images can be explicitly
weighted by biological function. Dynamic MRI is a broad term that refers to MRI techniques that
take multiple images in order to observe the changes in anatomy or biological function over time.
fMRI (functional MRI) is a non-invasive, dynamic functional imaging technique that is used to
spatially and temporally localise brain activity.

fMRI must balance the temporal resolution and the spatial resolution when reconstructing the dy-
namic image dataset from the acquired scanner data. Acceleration aims to increase the temporal
resolution through higher spatial sampling efficiency in conjunction with advanced image recon-
struction techniques that leverage additional information and/or constraints, without harming the
image quality at the chosen spatial resolution. An increased sampling efficiency will allow a smaller
set of samples to reconstruct the same underlying information with less loss in image fidelity than
would be expected compared to conventional reconstruction techniques. By providing increased
temporal degrees of freedom in a given scan duration, acceleration can: improve sensitivity to
temporal features; reduce physiological noise aliasing; and improve statistical power. Depending
on the application, the increased sampling efficiency garnered from acceleration could also be used
to reduce scan times, or to increase the spatial resolution (by capturing higher spatial frequencies
using the same number of samples per frame, rather than by reducing the number of samples per
frame to increase the temporal resolution).

Various acceleration techniques have been widely adopted in fMRI data acquisition. Parallel
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imaging methods rely on the spatial variation of sensitivity profiles of multi-channel receiver coils,
which provide additional spatial information in image reconstruction. This can occur in the image
domain (e.g. SENSE [1]) or in the sampling domain (e.g. GRAPPA [2]). These original methods
accelerated within a given slice while reducing the impact of the resulting image distortions and
aliasing artefacts. Simultaneous Multi-Slice imaging extends these techniques [3, 4] to accelerate
across slices, thereby increasing the achievable temporal resolution.

The aforementioned coil sensitivity methods are timepoint-by-timepoint approaches to reconstruc-
tion that do not leverage any temporal information for increased acceleration. Methods that do
jointly consider k-space and time (k-t methods) can take many forms [5, 6, 7, 8, 9, 10, 11]. By fo-
cusing on redundancies and/or structural information in k-t space, k-t methods have the potential
for much greater degrees of acceleration than time-independent methods.

One of the exploitable structures in k-t space is the inherent low-rank nature of fMRI [12], which
can be understood as the combination of a few spatially coherent temporal processes (i.e. activa-
tion maps that identify voxels with a common time-series). fMRI often applies a dimensionality
reduction [13] which explicitly enforces a low-rank representation of the system prior to resting-
state analysis methods such as independent component analysis (ICA) [14]. It should be noted
that various noise sources (e.g. thermal noise, physiological noise, etc.), motion and image arte-
facts make the system only approximately low rank, although some of the temporally-coherent
confounds can be estimated as low-rank processes. This dimensionality reduction gives the final
dataset a naturally low mathematical rank, and direct reconstruction of this low-rank represen-
tation of the dataset will require far fewer degrees of freedom, representing a high potential for
acceleration.

Low-rank methods often split the dataset into a spatial subspace and a temporal subspace, and
try to estimate one and then the other. An early such approach in fMRI is Partially Separable
Functions (k-t PSF) [15, 16], a data-driven method which rigidly defines the temporal subspace
with a hard constraint (taken from a low spatial resolution and high temporal resolution acquisi-
tion), before reconstructing the spatial subspace using a simultaneously acquired trajectory with
high spatial resolution and low temporal resolution. An alternative approach to combining fMRI
reconstruction with a rank-constrained approach was k-t FASTER (fMRI Accelerated in Space-
Time via Truncation of Effective Rank [12, 17]), which did not constrain either subspace in order
to allow the reconstruction to map the subspaces which best describes the entirety of the acquired
data. The rank constraint alone was enough to achieve notable acceleration over other k-t methods
[12], but rank-constrained methods may also be combined with coil sensitivity information [17] for
increased acceleration.

In addition to the rank and coil sensitivity constraints, other information may also be incorporated
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into the reconstruction. Tikhonov regularisation enacts a basic overfitting restriction on the tempo-
ral and spatial domains, and serves as a way to regularise the energy content of the reconstruction.
Regularisation applied to more greatly weight central k-space will utilise the uneven distribution
of information in radially acquired k-t datasets. Radial trajectories have a higher spatial sampling
density in central k-space than the outer k-space, and so a stronger weighting on low-resolution
k-space will allow the reconstruction to be more strongly constrained in the densely sampled region
of k-space. The importance of central k-space more generally in MRI reconstruction has previously
been used in approaches such as keyhole [10], k-t SPARSE [9], and k-t PCA [7]. The use of central
k-space specifically as a soft subspace constraint with radial trajectories in fMRI is novel, as is the
use of Tikhonov subspace constraints in fMRI reconstruction (although Tikhonov weighting would
not require radial sampling). Temporal smoothing regularisation of some form has previously been
incorporated into fMRI reconstruction [18, 19], as temporal smoothing can help remove some of
the higher temporal frequency components. If Golden Ratio angle radial sampling is used (such as
in TURBINE [20]), the spokes will never overlap and the resulting sampling point spread function
will vary between frames. This should produce artefacts which will be especially susceptible to
removal by temporal smoothing.

In this thesis, k-t FASTER is reformulated to fit an alternating minimisation framework with incor-
porated coil sensitivity maps. The alternating minimisation framework allows for straightforward
incorporation of subspace constraints without the need for SVDs (Singular Value Decompositions).
Tikhonov constraints, low-resolution priors, and temporal subspace smoothing constraints all are
explored within that framework as soft constraints. These constrained-subspace low-rank fMRI
reconstructions are compared to unconstrained-subspace k-t FASTER and rigidly-constrained k-t
PSF reconstructions of retrospectively and prospectively sampled datasets. In particular, these
methods are evaluated with regards to accurate representations of the spatial and temporal com-
ponents, and the accuracy of the recovered statistical parameter maps. The ultimate goal of
this thesis is to demonstrate the feasibility of high fidelity reconstructions using the subspace-
constrained k-t FASTER reconstruction at a high undersampling factor, rather than to consider
the extent of the statistical benefit gained by such a highly accelerated reconstruction.

1.2 Thesis Outline

The work presented in the thesis aims to explore and develop the idea of subspace-constrained low-
rank reconstruction of undersampled fMRI data in an alternating minimisation framework. The
body of this thesis contains two background chapters which will lay out the motivation behind
this approach by examining the current state of the field, and three research chapters which will
expand on current approaches (notably k-t FASTER) in order to examine the limits of accelera-
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tion achievable in a constrained low-rank framework. Introduction and conclusion chapters will
introduce and conclude the thesis respectively, with the conclusion chapter containing any notes
regarding future work.

Background Chapters

Chapter 2: MRI will introduce the reader to the basic concepts of MRI signal formation,
acquisition, reconstruction, and within-volume acceleration. Then, the core concepts behind how
fMRI data is acquired, processed, and accelerated will also be discussed (with more advanced
acceleration techniques saved for the next chapter).

Chapter 3: Advanced Image Reconstruction Techniques provides a mathematical ground-
ing to the mathematics of regularised optimisation, and explains how mathematical structures
(sparsity and low-rank) can be incorporated into fMRI reconstruction for acceleration purposes.

Research Chapters

In Chapter 4: Updating the Formulation of k-t FASTER, the concepts behind the low-
rank fMRI approach k-t FASTER are adapted for use in an alternating minimisation framework.
Various parameters are explored to ensure an optimal solution is reached while limiting the com-
putation time required. The alternating minimisation framework is better suited for incorporating
constraints in the reconstruction, and is tested to ensure that it performs equivalently to the
original k-t FASTER approach.

Chapter 5: Exploring Constrained Low-Rank Reconstruction takes the alternating min-
imisation framework of the previous chapter and applies additional constraints to the reconstruc-
tion of an artificial dataset. Tikhonov regularisation, low-resolution priors, and temporal subspace
smoothing are implemented, tested, and analysed for the effect they impose on the reconstructed
data. This includes a variety of Tikhonov and low-resolution prior implementations that seek to
gain further insight into the impact of these constraints on the reconstruction process.

Chapter 6: Implementing Constrained Low-Rank Reconstruction, the subspace-constraints
of the previous chapter are tested in realistic fMRI datasets to evaluate the potential use in actual
reconstruction. The nature of optimal weightings for the different constraints is also investigated.
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2.1 Data Acquisition and Signal Formation

2.1.1 Origin of the Signal

Nuclei with an odd number of neutrons and/or protons possess nuclear spin angular momentum,
a property more commonly known as spin. The most abundant source of spin signal in human
biology is 1Hydrogen, a magnetically-sensitive nucleus which is most commonly found in water
as H2O. Spin (S) is linearly proportional to the magnetic dipole moment µ. This proportional
relation is linked by the gyromagnetic ratio γ, a fundamental nuclei-specific constant which relates
the ratio between the magnetic moment and the angular momentum of a system. For hydrogen,
γH = 267.5 Mrad s−1 T−1.

µ = γS (2.1)

In the absence of an external magnetic field, spins are randomly orientated and the net magnetic
moment is zero. If a sample containing hydrogen is placed in an external magnetic field, a net
magnetic moment is formed in that sample in the direction of that field. In MRI, the static external
field (B0) is generated by a large external magnet; typical B0 field strengths are 1.5T or 3T. The
direction of the B0 field defines the longitudinal axis (or z-axis), which the nuclei rotate around
in an act known as precession. The rate of change of angular momentum (dS

dt
) is defined as the

product between the magnetic moment and the combined magnetic influence of all external fields
(B):

dS

dt
= µ×B (2.2)

Physically, equation 2.2 states that the axis of precession will never change unless an external field
is applied in any direction that is neither parallel nor anti-parallel to µ. Multiplying both sides of
equation 2.2 by the gyromagnetic ratio γ and summing over a unit volume produces a relationship
between M (the net magnetic moment) and the rate of change of M . This new equation is a
dynamic macroscopic description of the relationship between the external magnetic field B and
the net magnetic moment.

dM

dt
= M × γB (2.3)

The solution produced by equation 2.3 defines the characteristic frequency known as the Larmor
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frequency (ω). The Larmor frequency is the natural precession frequency for nuclear spins in a
given magnetic field, with the proportionality again characterised by the gyromagnetic ratio.

ω = γB (2.4)

Equation 2.4 is known as the Larmor equation, and was derived in 1897 [1] to explain the split-
ting of optical spectral lines due to electron resonance (rather than Nuclear Magnetic Resonance,
which would not be described until 1938 by Rabi et al. [2]). Regardless, Larmor demonstrated
that electrons should precess in the direction of a magnetic field and while laying out the math-
ematical basis that later MRI research would build on. Appreciating how varying the magnetic
field can modulate the characteristic frequency ω is vital to understanding how magnetisation can
be manipulated to produce an MR image.

2.1.2 RF Pulses

Radio Frequency (RF) energy is typically defined by a frequency range of 104 to 1011 rad s−1, and
a magnetic pulse which oscillates within the RF frequency range is called an RF pulse. RF pulses
at the Larmor frequency can be used to “excite” the magnetisation, provided that the applied
pulse has a non-zero magnitude in the transverse direction to the current axis of spin, causing the
spin to be “tipped” away from the current precession angle (see equation 2.3). The pulse can be
thought of as a torque being applied to the system. The angle at which the net magnetic moment
is tipped is referred to as the flip angle. The temporal spacing between RF pulses is referred to as
the repetition time (TR).

After the RF pulse is applied, the system will recover slowly into an equilibrium state of realignment
with the B0 field. The longitudinal magnetisation recoveryMz(t) and the transverse magnetisation
decay Mxy(t) are respectively governed by the T1 and T2 time constants, or equivalently by the
R1 and R2 rate constants. The equilibrium magnetisation conditions for a fully relaxed system are
Mz = M0 and Mxy = 0. A 90◦ RF pulse would result in the field being fully tipped: Mz = 0 and
Mxy = M0. Other flip angles and initial magnetisation states result in intermediate magnetisation
conditions for Mxy and Mz.

The longitudinal magnetisation recovery Mz(t) is defined by the rate at which the longitudinal
component of the magnetisation Mz can recover to the equilibrium state M0 from the post-tip
magnetisation Mz(0). The T1 time lengthens as field strength increases.

Mz(t) = M0 + (Mz(0)−M0)e−t/T1 (2.5)
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The transverse magnetisation decay describes the degeneration of the transverse component of the
tipped magnetisation. This decay occurs due to the loss of phase coherence (dephasing), and is
weakly dependent on the field strength.

Mxy(t) = M0e
−t/T2 (2.6)

It can be assumed for all tissues that T2 ≤ T1, i.e. that transverse decay occurs quicker than
longitudinal recovery. Typical values at 3T define T1 on the order of 1000ms, and T2 on the order
of 100ms for grey and white matter (with the precise value dependent on tissue type and many
other factors) [3]. These dynamics can be combined to describe the nuclear magnetisation of the
full system with the Bloch equation, observed phenomenologically by Bloch in 1946 [4] (i and j
are transverse axes, k is the longitudinal axis).

dM

dt
= M × γB − Mx(t)i +My(t)j

T2

− (Mz(t)−M0)k
T1

(2.7)

The Bloch equation is sometimes referred to as the equation of motion for nuclear magnetisation.
In the absence of relaxation, equation 2.7 reduces to equation 2.3, which defines the dynamic
properties of M through simple precession in the presence of an external magnetic field. For
most situations, the Bloch equation accurately describes the system, although extensions exist
to capture additional dynamic magnetisation properties where required (e.g. Bloch-McConnell [5]
which encodes chemical exchange).

2.1.3 Detecting the Signal

A receiver RF coil tuned to the appropriate frequency will measure locally-generated magnetic
signal as an induced electrical current via Faraday’s law. There are typically many receiver coils,
with each coil receiving a slightly different signal through receptive fields that are distributed over
the whole object in unique but overlapping spatial sensitivity profiles. These coil spatial sensitivity
distributions can be exploited in parallel imaging (section 2.2.2).

Nuclei which are perturbed by a weak oscillating magnetic pulse produce an electromagnetic sig-
nal response at a characteristic frequency, a phenomenon known as Nuclear Magnetic Resonance
(NMR). The signal is generated purely through the naturally decaying precession in the transverse
plane (equation 2.6), and is known as the Free Induction Decay (FID, figure 2.1). FID is the most
basic signal in MRI and was first described by Erwin Hahn in 1949 [6].

Additional gradient fields and RF pulses can be used to generate signals with a peak after the



CHAPTER 2. MRI 11

Figure 2.1: The FID pulse sequence and signal. An initial 90◦ RF pulse tips the magnetisation to form
a signal in the transverse domain, which decays according to a T2* constant.

initial excitation (an echo). The time between the initial excitation and the peak is called the
Echo Time (TE). The precise timings of RF and gradient pulses are collectively referred to as a
pulse sequence.

2.1.3.1 Gradient Echo

The Gradient Recalled Echo (GRE) sequence (first explicitly described by Abragam in 1961 [7])
applies a linearly varying field known as a dephasing gradient after the RF pulse. The gradient
systematically dephases and rephases the spins to allow an image to form. After the signal is
received the remaining magnetisation can be either RF-spoiled or gradient-spoiled to destroy any
remaining transverse magnetisation and reduce the overall TR.

A small flip angle is typically used in GRE imaging, allowing for short TRs since the longitudinal
magnetisation is mostly preserved and so requires a shorter recovery time. The optimal flip angle
(in terms of Signal-to-Noise Ratio) for a given TR and T1 is defined by the Ernst angle [8]:

θE = acos(e−TR/T1) (2.8)

A GRE sequence is susceptible to field inhomogeneities giving rise to an effective T2 value known
as T2*; sequences that are more susceptible to field inhomogeneities will have a T2* that diverges
further from T2 value. The influence of the inhomogeneities on the transverse decay can be
equivalently referred to as T2’ or 1/γ∆B0 (the difference in local field strength). Inhomogeneities
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can be caused by both macroscopic and microscopic sources.

1

T2∗
=

1

T2
+

1

T2’
(2.9)

2.1.3.2 Spin Echo

The Spin Echo sequence (SE) uses a 180◦ RF pulse to flip the magnetisation. Up until the TE/2
mark where the pulse is applied, field inhomogeneity will cause the magnetisation to dephase (figure
2.2). The RF pulse flips the spins, which causes the spins to rephase at the same rate they were
previously dephasing, as all local inhomogeneity effects are reversed. This causes the spins to form
a coherent echo at TE seconds after the RF pulse. The coherent echoes make SE sequences a true
measure of T2-weighted images. SE was discovered by Hahn in 1950 [9]. Subsequent refocusing
pulses can also be used to form secondary echoes (still working on the tipped excitation from the
original 90◦ RF pulse).

Figure 2.2: The SE pulse sequence and signal. An initial 90◦ tips the magnetisation to form a signal,
which slowly decays. A 180◦ RF pulse after TE/2 seconds reverses the spins, which form a coherent
echo and then decay again. The time between 90◦ pulses is the TR. The reduction in the echo peak
compared to the initial signal magnitude is caused by T2 decay.
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2.1.4 Spatial Encoding

The previous sections discussed how to create a non-selective signal from an object in a magnetic
field. A non-selective sequence excites all the tissue, and so all the tissue is generating signal. This
section will deal with creating spatial localisation within the tissue, with the spatial localisation
information then being used to form an image.

Gradient coils are loops of wire within an MR scanner that are capable of producing spatially
varying magnetic fields, resulting in a spatially varying precession frequency. This pattern of spin
variation can be used to encode physical location into the MR signal detected by the receiver coils.
Linear gradient coils are assumed here.

The expression of the Larmor equation (equation 2.4) in the presence of gradient fields is:

ω = γB0 + γG.r = γB0 + γ(Gx.x+Gy.y + γGz.z) (2.10)

G refers to the gradient field and is often recorded in units of mT m−1. G is a three-element vector
made up of the orthogonal elements Gx, Gy, and Gz, with Gz orientated in the direction of B0. r
is a three-element vector of location (x, y, and z).

2.1.4.1 Slice Selection

In non-selective excitation, a homogenous B will produce identical precession in all locations, as
all locations are excited by the excitation pulse. Once tipped, all locations will produce a signal at
the same frequency. By applying a gradient along a given direction while transmitting an RF pulse
at a specific frequency, only a slice of the object (which is perpendicular to the applied gradient)
will still be precessing near enough to the RF frequency that it will be excited. The thickness
of the slice is proportional to the RF pulse bandwidth and inversely proportional to the applied
gradient strength. The rest of the tissue will be precessing at either higher or lower frequencies,
and so the spins will not be tipped. This general process of exciting only a specific area is called
“selective excitation”, with the term “slice selection” referring specifically to selective excitation
used to excite a thin plane.

By convention, the slice direction is often designated as the z-axis, but any axis of excitation can
be achieved through the correct combination of the three gradients. After the excitation process
described above, the entire excited plane is producing the same signal. This makes it impossible to
distinguish contrast within this plane. Using gradients after the excitation can help by producing
a set of spatial frequency coefficients which collectively describe the excited plane. In MRI, the
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spatial frequency domain is referred to as k-space.

2.1.4.2 k-Space

The concepts of time and frequency are mathematically linked through a Fourier Transform (FT).
The frequency content of any time-based signal can be uncovered with a 1D FT.

G(f) = F (g(t)) =

∫ ∞
−∞

g(t)e−i.2π.t.fdt (2.11)

F represents the FT, g(t) is an arbitrary time-based signal, and G(f) is the frequency spectra
which characterises g(t). The FT is reversible, meaning the inverse FT can yield a time signal
from a frequency-based signal.

g(t) = F−1(G(f)) =

∫ ∞
−∞

G(f)e+i.2π.t.fdf (2.12)

The FT is a continuous linear transform with the following properties worth noting among many
interesting features of the transform:

• F (g(t− t0)) = G(f)e−i.2π.f.t0 : A linear shift in one domain is a phase shift in the other

• F (g(t)∗h(t)) = G(f)×H(f): A convolution operation between two functions in one domain
is a multiplication operation in the other

• F (G(t)) = g(−f): The duality property

The mapping of the 1D relationship between time and temporal frequency represents a common
use of Fourier analyses, although the FT can be used to analyse any parameter and the equivalent
reciprocal domain. The FT can also be applied across more than one dimension, e.g. a 2D FT
applied to a two-dimensional spatial domain produces a representation of 2D k-space (spatial
frequencies). Equation 2.13 shows a continuous 2D FT and equation 2.14 shows a continuous 2D
inverse FT.

G(kx, ky) = F (g(x, y)) =

∫ ∞
−∞

∫ ∞
−∞

g(x, y)e−i.2π.(x.kx+y.ky)dxdy (2.13)

g(x, y) = F−1(G(kx, ky)) =

∫ ∞
−∞

G(kx, ky)e
+i.2π.(x.kx+y.ky)dkxdky (2.14)
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The common use of the letter k in the algebra led to the representation of spatial frequencies
being called “k-space”. kx and ky represent orthogonal spatial frequencies in the x and y directions
respectively. The coefficients of G(kx,ky) corresponds to the degree that a given spatial frequency
(kx,ky) is represented in the spatial signal g(x, y). This is equivalent to the coefficients of g(x, y)

reflecting the signal energy at location (x,y). All of the 1D properties of the Fourier transform
hold in two or more dimensions.

A discrete representation of the Fourier transform is required for MRI. However, the discretisation
of a continuous signal will typically lead to an inherent loss. The spatial resolution is a sampling
property which defines the distance at which two peaks in the continuous signal can be distin-
guished. The image resolution ( 1

∆x
) is the resolution at which the sampled signal is displayed, and

is defined by the range of k-space sampled (2kmax).

2kmax =
1

∆x
(2.15)

Relatedly, the resolution in k-space (∆k) will define the field of view (FOV ) of the final image.
The chosen k-space resolution ∆k must be small enough to encompass the desired FOV (e.g. that
the FOV is wide enough to capture the whole brain if one is attempting to image the whole head).

1

∆k
= FOV (2.16)

The sampling process acquires a finite set of data that attempts to represent the underlying contin-
uous truth. The continuous k-space signal s(kx, ky) is sampled by a 2D Dirac comb 2DIII( kx

∆kx
, ky

∆ky
),

an infinite string of equally spaced delta functions in 2D k-space separated by repeated distances
of ∆kx and ∆ky. A finite sampling extent is represented by multiplication with a 2D box function
2Du ( kx

Wkx
, ky
Wky

) which is designed to extend half a sampling period beyond the highest k-space
frequencies in each dimension (e.g. the box width in x is Wkx = 2(kx max + ∆kx

2
)).

Ssampled(kx, ky) = s(kx, ky)

(
1

∆kx∆ky

)2
2DIII

(
kx

∆kx
,
ky

∆ky

)
2Du

(
kx
Wkx

,
ky
Wky

)
(2.17)

In fully-sampled Cartesian MRI, k-space is sampled using Nfe lines in the x-direction and Npe lines
in the y-direction. The fully-sampled k-space can then be transformed into an image through an
inverse Discrete Fourier Transform (inverse DFT).

sx,y =

Nfe/2∑
kx=−Nfe/2+1

Npe/2∑
ky=−Npe/2+1

Ssampled(kx, ky)e
−i.2π.(kx.x/Nfe+ky .y/Npe) (2.18)
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The sampled k-space signal can also be formulated as the inverse problem, where the signal sampled
in k-space (S) is formed by a DFT (E) applied to some underlying unknown true image I. Given
that this equation deals with discrete variables, this linear equation can be presented more neatly
in matrix form.

S = EI (2.19)

In a 1D example for a vector of length N , the DFT-encoding E for fully-sampled k-space is an N
by N matrix, whose entries are defined as Ej,k = e−i2π

jk
N ,−N/2 + 1 ≥ j, k ≥ N/2. E can then be

represented as the following matrix:

E =
1√
N



e−i2π
(N/2−1)(N/2−1)

N · · · e−i2π
N/2−1

N 1 e+i2π
N/2−1

N e+i2π
(2)(N/2−1)

N · · · e+i2π
(N/2)(N/2−1)

N

... . . . ...
...

...
... . . . ...

e−i2π
N/2−1

N · · · e−i2π
1
N 1 e+i2π 1

N e+i2π 2
N · · · e+i2π

N/2
N

1 · · · 1 1 1 1 · · · 1

e+i2π
N/2−1

N · · · e+i2π 1
N 1 e−i2π

1
N e−i2π

2
N · · · e−i2π

N/2
N

e+i2π
(N/2−1)(2)

N · · · e+i2π 2
N 1 e−i2π

2
N e−i2π

(2)(2)
N · · · e+i2π

(2)(N/2)
N

... . . . ...
...

...
... . . . ...

e+i2π
(N/2−1)(N/2)

N · · · e+i2π
N/2
N 1 e−i2π

N/2
N e−i2π

(N/2)(2)
N · · · e−i2π

(N/2)(N/2)
N


(2.20)

I and S in equation 2.19 are typically vectorised versions of 2D matrices (of size xy × 1 and
kxky × 1). E then requires some rearranging, but can still represent a 2D DFT in matrix form (of
size kxky × xy). Practically, the most efficient way of implementing a discrete Fourier transform
is the Fast Fourier transform (FFT), which factorises the encoding matrix E into a set of factors,
many of which are zero (this representation is called sparse). This sparse representation simplifies
the DFT complexity from O(N2) to O(N logN).

2.1.4.3 Aliasing

Aliasing is the mismapping of multiple signals onto the same image space location due to missing
information in the k-space domain. The minimum sampling rate required is defined by the Nyquist-
Shannon criterion, which states that sampling must occur at twice the rate of the maximum
frequency in the underlying truth that the sampler is hoping to represent. That is, from equation
2.16, Nyquist is satisfied along the x-axis if ∆kx ≥ 1

Nfe∆x
for an image with Nfe lines.

In general, aliasing in k-space can be represented as the convolution of the image with the point
spread function (PSF) of a given sampling pattern. For many patterns, such as those depicted in
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figure 2.3, the PSF can be readily derived using an FT of the sampling pattern. However, PSFs are
an entirely generalisable way of representing the resulting artefacts from a broad range of sampling
patterns. Artefacts are any feature which appear in an image but are not present in the original
object.

Figure 2.3 shows some characteristic sampling patterns, their corresponding PSFs, and a phantom
image sampled with the equivalent sampling patterns. Undersampling leads to replications of
the underlying image (Nyquist ghosts), which overlap with the main image (leading aliasing to
also be known as wrap-around). Aliasing can be represented as repeated peak intensities in the
corresponding point spread function, which define the centre for each aliased copy. The very central
point in k-space represents the mean intensity of an image.

Undersampling will not necessarily produce the aliasing artefacts of figure 2.3, a fact demonstrated
in figure 2.4. The centre of k-space defines the low-frequency information of an image and, if
isolated, will produce a blurred version of that image. The outer portion of k-space defines the
high-frequency information (the detail) of an image and represents rapid changes such as edges
within the image.



CHAPTER 2. MRI 18

Figure 2.3: A representation of common Cartesian aliasing patterns. The first column shows sampling
patterns, where a white pixel represents a sample, and a black pixel represents an unsampled k-space
location. The second column displays the corresponding PSF in image space. The final column shows a
visual representation of a phantom image being sampled by the associated sampling pattern in k-space.
Top row: A fully sampled representation of k-space. 2nd row: Only the central frequency in k-space is
sampled. 3rd row: Only 1/3 of the required points are sampled (an undersampling factor of 3 in kx).
Bottom row: Only 1/4 of the required points are sampled (an undersampling factor of 2 in both kx and
ky)
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Figure 2.4: A demonstration of the separate contributions of high and low spatial frequencies within
an image. The first column shows sampling patterns, where a white pixel represents a sample, and a
black pixel represents an unsampled k-space location. The second column displays the log10 transform
of the PSF in image space. The final column shows a visual representation of a phantom image being
sampled by the associated sampling pattern in k-space. Top row: A fully sampled representation of
k-space. Middle row: Only the central low-resolution frequencies are sampled. Bottom row: Only the
outer high-resolution frequencies are sampled.
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2.1.4.4 Spatial Phase Encoding

At the start of section 2.1.4, it was demonstrated that a linear gradient applied during the RF
excitation pulse can ensure only spins within a desired plane are excited. In this section, we
describe how linear gradients can be applied after the RF excitation pulse to produce k-space
information.

Once the spins are excited, they will all start precessing at the same frequency. If a linear gradient
is applied, then a linearly-varying frequency pattern is generated in the subject via equation 2.4.
This means that nuclei on the higher end of the gradient field will spin at a faster frequency than
nuclei located in a position to experience a lower field strength. The phase (Φ) accumulates over
time, but the amount of phase-accumulation is frequency-dependent.

Φ(t) =

∫ t

0

ω(τ)dτ (2.21)

A greater frequency will then result in a greater amount of phase accumulation over a well-defined
spatial pattern, and this phase accumulation is then used to encode additional spatial information
in the signal. The measured signal in the coil S(kx,ky,t) is phase-dependent.

S(kx, ky, t) =

∫
x

∫
y

m(x, y)e−t/T2e−i.2π.Φ(x,y,t)dxdy (2.22)

The phase at a particular point in time is expressed as the integral of the applied gradients over
time by noting the relationship between ω at a given location (x,y) and the applied transverse
gradient field.

Φ(x, y, t) =

∫ t

0

(
ω(x, y, τ)

)
dτ = γ

∫ t

0

(
xGx(τ) + yGy(τ)

)
dτ (2.23)

The following substitutions can be used to represent the signal in k-space:

kx(t) =
γ

2π

∫ t

0

Gx(τ)dτ

ky(t) =
γ

2π

∫ t

0

Gy(τ)dτ

(2.24)

Which transforms equation 2.22 into the form of a forward Fourier transform:
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S(kx, ky, t) =

∫
x

∫
y

m(x, y)e−t/T2e−i.2π.(kx(t).x+ky(t).y)dxdy (2.25)

The substitution equations 2.24 are important because they allow the integral of Gx or Gy to define
a point in k-space, meaning a non-zero gradient will change the k-space co-ordinate which is being
represented. The signal in the receiver coil at that particular point in time then represents the
k-space coefficient across the excited tissue. A simplification of the signal equation (equation 2.25)
can present the signal as the inner product of the object magnetisation and the encoding by the
gradients.

The key outcome of equation 2.25 is that varying gradients can create a spatially encoded signal. A
simple demonstration of this is shown in figures 2.5 and 2.6 to demonstrate GRE and SE imaging
respectively. A dephasing gradient is initially needed so that the k-space coefficient locations
covered are symmetric in the readout direction.

Figure 2.5: The GRE pulse sequence and signal. An initial 90◦ tips the magnetisation to form a signal,
with which an echo is rapidly formed through a linear gradient, which could allow for a rapid TR
(especially compared with figure 2.6.
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Figure 2.6: The SE pulse sequence and signal, with readout gradients included. An extension of figure
2.2.

2.1.5 k-Space Encoding

k-Space coverage can be broken down into two major types of trajectory – Cartesian and non-
Cartesian. The key features a user has to consider in selecting a trajectory are: a) the simplicity
of the reconstruction, b) the types of artefacts produced, c) the uniformity of k-space coverage,
and d) the time required to acquire the data necessary to produce an image. There is variation
within Cartesian and non-Cartesian trajectories for these choices, but in general non-Cartesian
reconstructions use a more complicated reconstruction in exchange for more incoherent artefacts.

2.1.5.1 Cartesian

Cartesian sampling collects samples on a Cartesian grid, with the grid axes split into a frequency/readout-
encoding axis and a phase-encoding axis (see figure 2.7). The frequency-encode direction is defined
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by the straight lines along which data is sequentially acquired in k-space. All non-frequency-
encoding axes are called phase-encode axes. The readout is achieved with a constant gradient that
is applied along this direction while signal is collected. For example, if Gx is constant and Gy is
zero, equation 2.24 states that there will be a linear increase in kx over time. Before a frequency-
encoding line is collected, gradient/s in the phase-encode direction/s are applied to move the
readout location from the centre of k-space to the starting point of a frequency-encode line. A grid
of k-space coefficients is then collected line by line.

Figure 2.7: A Cartesian single-shot EPI trajectory. The x-axis is known as the frequency-encoding axis,
and the y-axis is known as the phase-encoding axis. The trajectory starts in the centre of k-space,
traverses to the upper-left corner, and collects data along the frequency-encode direction. The dots
represent the collected k-space coefficients.

EPI

An Echo-Planar Imaging (EPI) trajectory is a Cartesian k-space approach that collects multiple
parallel lines in a single RF excitation pulse/shot. An EPI sequence which acquires the entire plane
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of k-space that the user intends to collect after a single RF excitation is known as “single-shot EPI”
(see figure 2.7). If more than one excitation is needed, the sequence is labelled as “multi-shot EPI”.
Multi-shot EPI has reduced artefacts, but an increased overall acquisition time [10]. In EPI, the
frequency-encoding gradient is turned on while the others are turned off (to collect one line),
before a phase-encoding gradient is turned on briefly to “blip” the trajectory to a different k-space
location, at which point the frequency-encoding gradient is turned on to collect a new line.

EPI was first proposed by Sir Peter Mansfield in 1977 [11], and is now common in many imaging
applications [10]. EPI is highly favoured among Cartesian trajectories for its short acquisition times
(40-50 ms for a full frame), but is susceptible to off-resonance effects due to the long trajectory.
Ghosting can occur in the phase-encode direction due to phase shifts between the odd and even
echos, and is caused by many sources (e.g. timing errors, eddy currents, gradient imperfections
[12]). An odd/even phase error of zeroth-order (a constant shift) will cause discrete ghosts, and
a first-order phase error (a linear shift) will lead to more non-uniform ghosts. It is fairly simple
to undersample in EPI (simply by skipping lines), and desirable to do so to ensure a reduced
signal decay during acquisition. The undersampling (or acceleration) factor is defined in EPI as
the ratio of sampling lines in fully sample k-space (Nfull) to the number of sampling lines acquired
(Nsampled):

R =
Nfull

Nsampled

(2.26)

Echo Volumar Imaging (EVI) is a 3D formulation of EPI (EPI here will refer to 2D EPI). The
main advantages of EVI over EPI are the theoretical reduction in thermal noise and the ability
to undersample in multiple spatial dimensions [13]. EVI is particularly favoured for high spatial
resolution + high field applications. Single-shot EVI is very sensitive to distortion and blurring
[14]. Segmented EVI improves these issues [15], but is still very sensitive to physiological noise
and motion [16].

2.1.5.2 Non-Cartesian

Non-Cartesian trajectories come in many forms. Typically they aim to do one or more of the
following: oversample central k-space (as most MRI typically has a greater density of information
in the central frequencies); collect a large amount of k-space information with each shot; sample
central k-space with a very short (or sometimes very long) echo time; and/or create more incoherent
artefacts if undersampled. More incoherent artefacts are less likely to be confused for signal in an
accelerated reconstruction, and so are more desirable than coherent artefacts, see figure 2.8. Non-
Cartesian trajectories may also have secondary goals such as reducing the trajectory duration or
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being more resistant to motion. The trade-off is a more complicated trajectory and reconstruction
(see section 2.2.1 for details). Radial and spiral trajectories are common, but more complicated
trajectories like rosettes [17, 18] have been attempted too.

Figure 2.8: A demonstration of different trajectory artefacts at equivalent levels of undersampling. EPI
artefacts have the Cartesian ghosting artefacts demonstrated in figure 2.3. The two radial trajectories
both show characteristic radial streaking with only minor differences. The spiral undersampling shows
a characteristic smearing pattern.

Radial

Radial trajectories consist of straight lines which all pass through central k-space. Rather than
sampling over a Cartesian grid, the radial trajectories will instead fill a central “disc” of k-space,
not covering the outer corners covered in a Cartesian grid. The incoherence properties of radial
sampling (see figure 2.8) are very good for undersampling [19, 20]. Due to repeatedly sampling the
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centre of k-space, radial trajectories also tend to be more resistant to motion as the redundancy
can be used to detect object movement.

Typically each radial spoke satisfies Nyquist along the line of the acquisition [21]. However, because
the gaps in k-space between spokes are not uniform, a greater number of lines are needed in radial
sampling compared to Cartesian sampling. Specifically, π

2
more lines are needed to define the

acceleration factor R through Nfull in equation 2.26 [22] (e.g. 157 radial lines are needed for a
100×100 image).

The most basic approach to radial trajectories is a uniform angle approach that uses an equal
angle between all lines for a predetermined number of lines per image. An alternative approach
spaces the radial projections at constant azimuthal increments of 180◦

Φ
≈ 111.25◦ [23], known as

a Golden Ratio angle profile. This scheme ensures near-uniform coverage of k-space from any
arbitrary retrospective combination of consecutive projections, allowing for a flexible approach to
acceleration [24] which trades the reduction of image artefacts (favouring lower acceleration) against
an increased temporal resolution (favouring higher acceleration). Adding small perturbations to
the spoke angle can also promote the incoherence [25].

2D Golden Ratio angle radial imaging can be used to gather a 3D cylinder of k-space through a
Golden Ratio angle stack-of-stars approach [26, 27], or the same theory can be used to gather a
3D Golden Ratio angle sphere [28].

Spiral

Spiral sampling [29, 30] is the other common non-Cartesian trajectory. Unlike radial sampling,
spiral sampling does not require the sampling to be straight lines which span k-space – instead,
spirals either traverse from the centre to the edge of k-space (spiral-out) or from the edge to the
centre (spiral-in) in a curved trajectory. Spiral trajectories reduce the downtime that the signal is
not measured when traversing k-space. This leads to a shorter overall scan time, despite requiring a
longer time per shot than radial acquisitions as fewer shots are required to cover k-space. This scan
time reduction is ideal for real-time imaging [30]. Like EPI, single-shot and multi-shot variants of
spiral imaging exist [31]. Spiral sampling artefacts are incoherent and typically akin to blurring;
adjacent points in k-space are acquired with a smaller temporal gap which helps reduce artefact
strength (see figure 2.8).

A common example of spiral sampling is the Archimedes spiral, which uses a radius which is
linearly proportional to the angle (with angle θ(t) defined over the range 0◦ → 360◦×Nturns). The
trajectory to cover all of k-space is then the characterised purely by the number of interleaving
spiral spokes Nint, the FOV, and the angle over time θ(t):
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k(t) = kx(t) + iky(t) =
Nintθ(t)

FOV
eiθ(t) (2.27)

A variable density spiral [32] can follow a more unconventional curve to ensure greater oversampling
of central k-space. Approximate analytic formulas for designing spiral trajectories are readily
available [33]. Spiral 3D sampling is typically a stack-of-spirals scan, which scans in-plane spirals
and stacks the results vertically.

2.1.5.3 Hybrid Trajectories

Hybrid trajectories collect samples in a manner that combines Cartesian and non-Cartesian tra-
jectories. PROPELLER (Periodically Rotated Overlapping ParalEL Lines with Enhanced Recon-
struction) is a 2D hybrid trajectory [34] which takes a mini EPI plane covering central k-space,
and then rotates that EPI trajectory within the plane to cover a k-space disc. Sampling central
k-space in each acquisition allows for basic position/rotation correction, recognition and rejection
of acquisitions acquired in heavy motion, and an averaging of low-spatial frequencies to further
decrease motion artefacts.

TURBINE (Trajectory Using Radially Batched Internal Navigator Echoes) [35] is a hybrid 3D
radial-Cartesian k-space cylinder which acquires an EPI blade that is rotated around the phase
encoding axis at constant azimuthal increments. This captures a 3D k-space cylinder. The TUR-
BINE sequence is beneficial for many reasons. The hybrid of radial and Cartesian sampling com-
bines the benefits of both methods by ensuring constant oversampling of k-space to enable motion
correction, while maintaining the encoding efficiency achieved by EPI. The radial aspect ensures
increased incoherence compared with 3D EPI imaging alone.

As with radial sampling, a Golden Ratio angle approach can be used in TURBINE as an alternative
to uniform angles [36] (see figure 2.9). The flexibility of acceleration that the Golden Ratio angle
allows for the final reconstruction is one benefit (see section 2.1.5.2). Additionally, the blades can
be batched to form a high temporal resolution navigator time series which can be used to estimate
rigid body parameters for motion correction [37]. A navigator is a secondary signal which is used to
derive some sort of image property (typically motion) for the purpose of correction. In TURBINE,
the navigator can be derived without the need for any additional RF pulses.
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Figure 2.9: A demonstration of the rotation of EPI blades using the Golden Ratio angle in a TURBINE
trajectory. Each subsequent blade is rotated by θrot ≈ 111.25◦ around the phase-encode axis to ensure
the next blade lies in the biggest remaining gap. The blade colour encodes θblade, the absolute angle of
each blade. The blades will never overlap, and collectively fill out a cylinder in k-space.

2.1.6 SNR

The Signal-to-Noise Ratio (SNR) is a very important concept in MRI, as it defines how reliable the
useful information (signal) is for a given acquisition. SNR is defined in many ways [38] with the
most straight-forward definition being the mean of the signal divided by the standard deviation of
the noise :

SNR =
µsignal
σNoise

(2.28)

Many factors influence the underlying SNR [39]. In terms of acquisition parameters, the SNR is
directly proportional to the square root of total measurement time. The resulting time relation
encompasses an increase of the signal averaging factor Nave (acquiring the same k-space region
more than once and averaging the results), and a reduction of the temporal sampling rate 1

∆t
(this

reduces the signal bandwidth, and so the reduces the noise variance per sample, increasing the
SNR). If these factors double the signal amplitude, they will also double the noise variance and
therefore increase the noise standard deviation by

√
2.

SNR is directly proportional to the voxel volume (∆x ∆y ∆z), as the amount of signal in a voxel
is proportional to the volume, while the noise variance present in different voxel sizes is equal if all
other factors are held constant. Combining voxels together would only yield a square root increase
in SNR, and so acquiring at high resolution and combining voxels would be less efficient than an
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acquisition at that combined voxel size.

The relationship of SNR to all of these parameters can be combined as follows:

SNR ∝ ∆x∆y∆z

√
Nave

∆t
(2.29)

SNR is also roughly proportional to the main magnetic field B0. The signal is directly proportional
to B2

0 , but the subject-based noise variance also grows roughly proportionally to B2
0 [40]. Very high

field strengths begin to show a greater than linear relation. It should be noted that at very low field
strengths (<0.05T) the coil-based noise variance begins to dominate and grows proportionally to
√
B0 [41]. The SNR alone doesn’t capture the other factors which are also affected by increasing

field strength, such as increasing T1 (leading to less recovery per TR and reduced contrast) or
increased field inhomogeneities [40].

Special care must be taken when calculating equation 2.28. Typically the mean is taken only
over the desired signal region (ignoring any pixels containing only close-to-zero background noise),
and the variance calculated from an area that does not contain the active subject. The SNR is
multiplied by 0.65 to account for the underestimation of the noise standard deviation in magnitude
images. This SNR calculation holds as long as the noise is spatially homogeneous and follows a
Rayleigh distribution [42]. The Contrast-to-Noise Ratio (CNR) is also commonly used. The
difference between the two signals of interest ∆Signal used in place of the signal mean. ∆Signal

represents how distinct two signals are and could be calculated between the mean signal of two
separate tissues, or between a peak signal and signal baseline.

CNR =
∆Signal

σNoise
(2.30)

An additional SNR definition is temporal SNR (tSNR), which accounts for varying noise over time
in dynamic MRI (e.g. from cardiac and respiratory sources in the subject). tSNR is calculated by
dividing the mean signal intensity by the standard deviation over time, and is used to evaluate
the quality of the time series (whereas SNR evaluates the quality of a single image/volume). The
physiological noise is more impactful in large voxel sizes and at high field strength [43].

2.2 Image Reconstruction

An acquired signal must be converted from k-space into image space. Solving equation 2.19 given
a known S (a sampled signal vector) will provide I, the desired image vector. The simplest way
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to do this is by fully sampling over one coil on a Cartesian grid and simply reconstructing the
image with an inverse 2D FT applied to the collected k-space. The mathematics behind more
complicated reconstructions will be covered in chapter 3.

In reality, MRI often undersamples k-space in order to reduce the scan time required to produce
each image. Acceleration can often reduce the SNR (signal-to-noise ratio) in exchange for faster
sampling. As mentioned in subsection 2.1.5.2, non-Cartesian sampling produces more incoherent
aliasing artefacts in acceleration but requires a more complicated reconstruction approach. If the
signal is received in multiple coils with overlapping sensitivity profiles, these can be used to de-alias
accelerated signal. This coil information can be incorporated in image space (section 2.2.2.1) or
k-space (section 2.2.2.2). Partial Fourier is also included briefly as a final common in-plane image
reconstruction method in this section.

2.2.1 Non-Cartesian Reconstruction

Non-Cartesian sampling methods (such as radial) will produce discrete samples that do not lie on
a Cartesian grid. A Fourier transform can be directly calculated from the acquired sample points,
or a process known as gridding can be applied which interpolates the data onto a Cartesian grid
so that the computationally efficient Fast Fourier Transform (FFT) algorithm can be used. Other
methods (e.g. nearest neighbour) have been attempted, but are not common. Whichever approach
is taken is incorporated in equation 2.19 into the encoding operator E.

2.2.1.1 Gridding

Gridding [44, 45] is the interpolation of arbitrarily located data onto a uniform Cartesian grid, after
density pre-compensation is applied to account for sampling density being non-uniform in k-space
[46]. This interpolation is done by convolution with a gridding kernel, with many options of kernel
available [21]. The optimal kernel is an infinite sinc function, but the Kaiser-Bessel kernel is an
appropriately finite kernel equivalent with a reasonable computation time [21]. Once the gridding
is complete, an inverse FFT can convert the gridded k-space into an image.

The inverse gridding process must compute the non-uniform k-space data from the Cartesian
sampled image. This inverse process is very important for iterative reconstruction algorithms,
which must alternate between image and k-space.
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2.2.1.2 NUFFT

The NUFFT is a generalised version of the gridding algorithm with a fast implementation that
better suits iterative algorithms [47, 48], and a common toolbox is provided by Fessler et al. [49].
Different approaches to speeding up the NUFFT are still being explored [50, 51], but the most
significant addition may be Toeplitz Embedding [52, 53]. A practical walkthrough of Toeplitz
Embedding is provided in appendix 2.A. Briefly, Toeplitz Embedding exploits the diagonalisation
properties of Toeplitz matrices in order to provide a more computationally efficient implemen-
tation, and the NUFFT Gram matrix E ′NUFFTENUFFT contains a block Toeplitz structure which
encourages a Toeplitz Embedding approach.

2.2.2 Parallel Imaging

Parallel Imaging (PI) aims to only acquire a subset of k-space data, and then estimate the unac-
quired samples based on the spatial profiles of multi-channel receive coils. Equation 2.19 can be
updated to include C, a full set of coil sensitivities which multiplexes the vector I into c copies. c
is the number of coil channels and each image copy is weighted by the individual coil profile. Coil
sensitivity maps are smooth and non-uniform (coils are more sensitive to closer magnetisation). E
now operates on all c coil images in order to produce a set of k-space samples at the same locations
for each coil [54]. I and S are both vectors. Figure 2.10 shows a basic coil multiplication applied
in image space, where the effect of the individual coil weighting can be clearly seen.

S = ECI (2.31)

The coil sensitivity maps are not orthogonal. This gives them some compressibility, and in fact C
is often reduced to the few most dominant components [55, 56]. The compression does not funda-
mentally change equation 2.31, merely reduces the dimensionality of C (and of the combination
operator in E). This, in turn, reduces the computation power required to find a solution. The dif-
fering coil profiles allow for recovery of the ’true’ signal through de-aliasing of the acquired signal.
This recovery can occur in both the image domain and the k-space sampling domain. Additionally,
the coil sensitivity information can be used to separate multiple slices that were collected in the
same RF pulse. A generalised overview shown in figure 2.11, and will be described more fully in
the upcoming sections.

The g-factor (geometry factor) is a PI-specific cost to acceleration. The g-factor is a spatially-
varying noise amplification term which encompasses the number, size, and orientation of surface
coils, but also reflects the corresponding image geometry (location of the imaging plane, FOV,
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Figure 2.10: A demonstration of how the coil sensitivities (represented with C in equation 2.31) weight
the underlying magnetisation through a unique spatial profile, which then each generates a different
coil image. These coil images can then be combined into a full image using a least squares operator.

etc.) and the k-space sampling pattern (with the distance between k-space samples affecting noise
distribution). A high g-factor term arises from an ill-conditioned matrix with coil sensitivities that
are too similar. The g-factor is combined with the square root of the acceleration factor R to
represent the reduction in SNR which arises from PI.

SNRacc(x, y) =
SNRfull(x, y)

g(x, y)
√
R

(2.32)

2.2.2.1 Applying Coil Sensitivities in Image Space

The most common approach to applying coil sensitivities in image space is SENSE (SENSitvity
Encoding) [57] which seeks to unfold overlapping pixels in the image domain. As long as the accel-
eration factor does not exceed the number of linearly-independent coils, the image is theoretically
recoverable (although typically R factors of 2-4 are used, as the coil spatial sensitivity maps are
not orthogonal and the achievable acceleration is much lower).

Again, c will represent the number of coils. A pixel at the same sampled image location for all
of the coils (a, a c-element vector) will contain an aliased (replicated) signal from R points of the
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Figure 2.11: A demonstration of the different paths of parallel imaging. Both approaches generate an
undersampled k-space pattern for each coil (here the undersampling is shown as zero-filled for clarity,
but this is not always the case). Image-based methods will transform the undersampled k-space into
image space, and use aliasing location knowledge to recover the image. Methods that are k-space based
will attempt to recover the missing k-space directly (often with a kernel calculated from a fully sampled
centre of k-space, not shown here). This recovered k-space is then transformed into image space.

true underlying image (b, an R-element vector). These points are multiplied by the R sampled
points for each coil sensitivity map (Cvox, a c × R matrix representing the coil sensitivity matrix
for a single voxel).

a = Cvoxb (2.33)

a is detected output, and Cvox must be pre-calculated. b is the underlying unknown truth. Equa-
tion 2.33 can be solved through standard least-squares techniques (see section 3.2). Additional
regularisation in an iterative reconstruction can also improve the reconstruction power of SENSE.
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2.2.2.2 Applying Coil Sensitivities in k-Space

PI can also be applied in k-space (see figure 2.11). GRAPPA (GeneRalized Partially Parallel
Acquisitions) [58] is the most common approach in the field, although alternate approaches such
as SMASH [59] are also used. GRAPPA synthesises the missing k-space data directly for each coil.
In image space, the sampled magnetisation is multiplied by each of the coil profiles (figure 2.10).
This means that the samples and coil profiles are convolved together in k-space, and a sampled
k-space point will contain information about the surrounding k-space.

The amount of spread occurring for each sample is calculated from a set of autocalibration signal
lines which fully sample a central band of the underlying k-space [60]. The value at a chosen
point (a target) is estimated as the weighted combination of the point’s sampled surroundings
(the sources). The combination of spatially-arranged weights required to match the sources to
the target is the GRAPPA kernel. This process is repeated for all known target points in which
the kernel is calculated from a set of fully known source points. The same kernel is then used
throughout all of k-space for each coil. Typically a 2D kernel is favoured (even in 3D MRI) [61].

The kernel weights w for a target coil ct are calculated as the optimal fit for a given set of Nc

source coils, and k-space spacings (∆kx,∆ky), given a known signal at a specific k-space location
starget and a known source signal ssource .

starget(ct, kx, ky) =
Nc∑
cs=1

∑
kx

∑
ky

w(ct, cs,∆kx,∆ky)ssource(cs, kx + ∆kx, ky + ∆ky) (2.34)

The above equation can also be formulated as a matrix of GRAPPA weightsW . The same equation
can be used once W is formed to calculate unknown starget locations.

starget = Wssource (2.35)

The GRAPPA reconstruction can be visualised as a sliding kernel convolution with all the unac-
quired k-space locations to fill out a k-space matrix for every coil. These can be transformed into
individual coil images, which are then combined using a sum-of-squares approach. As GRAPPA
does not require explicit knowledge of coil sensitivities, it is more robust than SENSE in the case
of slight inaccuracies in the coil sensitivity maps.
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2.2.2.3 Simultaneous Multi-Slice

Simultaneous Multi-Slice (SMS) [62] methods seek to spatially accelerate between planes. SMS
imaging excites multiple slices concurrently with multiband RF excitation pulses. A linearly vary-
ing slice selection gradient is applied, and a composite multiband pulse composed of a standard
pulse and slice dependent phase modulations will tip the magnetisation in all the excited slices.
The slices will then be acquired simultaneously with a single k-space trajectory, and are then sep-
arated in image reconstruction using parallel imaging techniques. The number of slices excited by
this pulse is known as the multiband factor (MB). A 1√

MB
improvement in SNR efficiency is found

compared with single slice acquisition, although a g-factor penalty will still apply. Many techniques
for de-aliasing the slices exist [63, 64], including both SENSE and GRAPPA-based approaches.

CAIPIRINHA (Controlled Aliasing In Parallel Imaging Results In Higher Acceleration), more com-
monly known as CAIPI, is a modified trajectory that is very common in 2D multi-slice approaches
[65]. CAIPI shifts the sampling lines to better separate the aliased copies without requiring any
additional sampling. By shifting the aliased copies, CAIPI achieves better separation between im-
ages (and a more unique projection onto each coil profile), which reduces error in reconstruction.
An example is shown in figure 2.12.

2.2.3 Partial Fourier

Coil-independent in-plane acceleration is also possible. Partial Fourier (PF) uses knowledge of k-
space possessing conjugate (Hermitian) symmetry - rather than the coil sensitivity information of
PI - to recover the missing k-space signal. If the data was acquired with no phase errors, diagonally
opposed points from the centre of k-space will be the complex conjugate of one another (i.e. they
will share the same amplitude but opposite phase). Theoretically, this means only half of k-space
needs to be acquired, and the rest of k-space can be estimated by conjugation [66]. In reality, a
certain amount of central k-space beyond the halfway line must be sampled in order to account
for field inhomogeneities and phase shifts [67]. Note that PF produces blurring artefacts, rather
than the aliasing artefacts of section 2.2.2. Various types of Partial Fourier reconstruction exist
[68], including conjugate synthesis, Homodyne [69], Margosian [70], and Projection Onto Convex
Sets [71].
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Figure 2.12: A demonstration of CAIPI in 2D. Each white dot in the sampling pattern represents a single
sample in 2D, or a sampling line which is orthogonal to the plane in 3D. The PSF shows an increased
spread of the ghosting artefact for CAIPI sampling, a fact that can be visualised in the example aliased
image. The k-space of the aliased image was also sampled with similar R=3 undersampling patterns,
but is shown at a higher resolution for visual clarity.

2.2.4 Conclusion

Reconstruction of a single clean MR image (or volume) from an undersampled signal can be
achieved through the use of coil sensitivity maps or k-space knowledge. In dynamic MRI, multiple
images are collected and acceleration can also be applied through a variety of methods to account
for redundancies in the temporal information too. This next section will introduce functional MRI
as a dynamic imaging method, explain how the data is commonly processed to provide functional
information, and then address the advantages of acceleration in fMRI.
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2.3 fMRI

The term MRI captures a wide range of approaches that can be used to non-invasively image soft
tissue anatomy. Different imaging parameters and magnetisation preparation can yield different
biological information of a subject. Dynamic MRI takes multiple MRI images/volumes over a
short period of time in order to observe changes in the subject, creating a time-series. Functional
MRI (fMRI) is a form of dynamic MRI which detects local changes in biological parameters (such
as blood flow) which correspond with brain function [72, 73, 74, 75].

The BOLD (Blood Oxygen Level Dependent) signal [76, 77] is the most common form of fMRI and
measures varying oxygenation levels of the blood as a proxy for the functional activity. Other fMRI
methods such as VASO (measuring Cerebral Blood Volume: CBV) [78] and ASL (measuring Cere-
bral Blood Flow: CBF) [79] are not uncommon and provide alternative insights into the workings
of the brain. These methods have lower SNR than BOLD fMRI (SNRBOLD >SNRVASO >SNRASL),
and have a lower temporal resolution [80]. However, ASL/VASO give more specific detail regarding
biological functions (ASL is fully quantitative), and the signals are better localised to the neuronal
activity [81, 82].

2.3.1 The BOLD Signal

The main link between oxygen and fMRI relates to the generation of the main energy molecule,
adenosine triphosphate (ATP). ATP provides the energy needed to drive many active processes
in living cells, including neuron signaling [83]. When oxygen is present, glucose can be broken
down into ≈34 ATP molecules via aerobic metabolism. When oxygen is absent, the body must
resort to anaerobic metabolism, which produces just 2 ATP molecules from a glucose molecule. O2

molecules are transported by the haemoglobin molecule in blood to the parts of the body which
require energy.

Haemoglobin is an assembly of four globular protein subunits which each contain a haem group
– an iron ion in a ring which can each reversibly bind to one of the oxygen atoms in an O2

molecule (the other atom in O2 is unbound). Oxyhaemoglobin is a weakly diamagnetic molecule
[84] (repulsive in magnetic fields) that is formed by oxygen molecules binding to the haem groups
of haemoglobin during respiration. The oxygen binding curve of haemoglobin is sigmoidal – once
one O2 molecule is bound, the binding affinities of subsequent heme groups are increased by the
first binding [85]. Oxyhaemoglobin molecules are carried in the blood through the cardiovascular
system; they are able to release their oxygen to create deoxyhaemoglobin, which is a paramagnetic
molecule (attractive to magnetic fields). In the brain, astrocytes (a star-shaped non-neuronal cell)
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are able to transport the O2 molecule across the blood-brain barrier through passive diffusion and
are strongly linked to blood flow [86, 87].

In 1990, BOLD contrast was observed in an accentuated manner under conditions that were
induced by inspired gases [76]. This led to studies using the BOLD signal to detect brain activity
under more natural conditions [72, 73, 74, 75]. While the precise origins of the signal are still being
studied [88], the general pathway is known with reasonable certainty (figure 2.13). An increase
in neuronal activity causes a change in the oxygenation of the blood and blood flow [89], in a
process known as neuronal coupling [90]. The main cause of these physiological changes is driven
by neurotransmitter signalling which is mediated by astrocytes [91, 92]. The relative decrease in
deoxyhaemoglobin concentration also reduces the susceptibility difference between the vessel and
the surrounding tissue. Through equation 2.9, a reduction in local inhomogeneities will also reduce
the amount of dephasing, and increases the local T2* values. This effect can be visualised with
T2* imaging (n.b. small vessels like capillaries can also be visualised with T2 imaging [93]). Setting
the TE equal to T2* will capture the maximum BOLD signal change between the baseline and
activated states.

Figure 2.13: A schematic of the interactions involved in generating the BOLD signal. Positive/green and
negative/red arrows indicate a corresponding proportional change. The bold arrows signify the most
dominant pathway. Adapted from figures by Springer [94] and Noll [95], and updated with information
from Logothetis [91].

This increase in blood oxygenation occurs on a slight delay relative to the onset of neural activity,
due to the time required for chemical signalling to instantiate the physiological effect changes.
The curve characterising this rise and fall is known as the Haemodynamic Response Function
(HRF, figure 2.14), which maps the signal that occurs during a single instance of neuronal activity.
The combination of hundreds of thousands of neurons lying within each voxel [96] and the broad
spatial PSF of the BOLD signal [97] mean that fMRI can only capture mass neuronal activity. The
dynamic expression of the BOLD signal in T2*-weighted images can give fundamental insight into
deducing the spatially distributed, functionally active regions of the brain (within the limitations
of resolution for fMRI).
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Figure 2.14: The Haemodynamic Response Function. The signal produced in response to neuronal
activity. The curve was created through adapting code from the VBA Toolbox [98].

2.3.2 Types of BOLD fMRI

fMRI enables neuroscientists to detect brain activity, which can be used to delineate brain regions
and identify temporally correlated responses. This helps elucidate the computational mechanisms
underpinning cognition. fMRI provides benefits in many areas of research, such as the examina-
tion of connectivity diseases [99] like Alzheimer’s disease, dementia, schizophrenia, and multiple
sclerosis; or in studies of altered brain circulation such as traumatic brain injury [100].

2.3.2.1 Task fMRI

Task fMRI (tfMRI) presents a subject with a stimulus or cognitive task in order to study the
resulting cognitive process. In a simple block design approach, the stimulus is presented contin-
uously for a set period and then taken away for a set period. This stimulus on/off pattern is
then repeated, in order to provide a contrast between background levels of neuronal activation and
neuronal activation in response to a stimulus. More complicated block design approaches can use
multiple tasks (e.g. a “task 1 on/all tasks off/task 2 on/all tasks off” approach). Event-based ap-
proaches measure the response to discrete and short-duration events and have increased flexibility
in terms of randomisation of stimuli.

A General Linear Model (GLM) is used to statistically analyse tfMRI approaches. The fMRI sig-
nal vector for each voxel Y is formulated by the multiplication of a vector of parameter estimates
β and a set of linearly independent regressors X (a.k.a. explanatory variables). These regressors
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are a combination of regressors of interest and nuisance regressors. Regressors of interest repre-
sent convolutions of the expected on/off response to certain stimuli with the HRF. The nuisance
regressors are additional measures that may confound the analysis such as: white matter signal,
cerebrospinal fluid signal, temporal derivatives of those signals, and signal from the edge of the
brain. A separate noise term ε can be used to represent additional factors not modelled in the
GLM.

Y = Xβ + ε (2.36)

An estimate of the weighting vector β̂ can then be generated through a simple least squares model
of the known regressors and voxel-specific signal [101]:

β̂ = (X ′X)−1X ′Y (2.37)

A set of t-statistics can be calculated to test the null hypothesis. A contrast vector b is used to
select the relevant columns of β. In the simplest block case b = [1, 0] and X is a matrix with two
columns. The first column measures the expected response to the task if activation is occurring
and the second measures the expected response with no reaction to the task. The t-statistic
distribution can then be calculated as follows.

ti =
bβ√

σ2b(X ′X)−1b′
(2.38)

The denominator in equation 2.38 represents the standard error, and σ represents the mean squared
residual for each voxel (Y − βX)′(Y − βX)/NDoF . NDoF represents the degrees of freedom, which
are the number of time points minus the number of parameter estimates for a voxel. The t-
statistic scores for each voxel can be arranged into a statistical parameter map as a visual measure
of significance. z-statistic maps are often used to display the same underlying p-scores as the
t-map, but with zero mean and unit variance. Each voxel in a z-score statistical parameter map
states how many standard deviations away from the mean a particular observation is, indicating
likely areas of activation in the brain [101]. A voxel with an appropriately high z-score to reject
the null hypothesis is then deemed to show BOLD activation (e.g. z>1.7 is p<0.05, or z>2.3 is
p<0.01).

The abundance of voxels in a dataset can lead a p<0.05 threshold to still select a large number
of false positive voxels (known as family-wise errors), and so some multiple-comparison correction
is needed. Many approaches have been tried to account for these errors including: a Bonferroni
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correction, which divides the p-threshold by the number of voxels; a false discovery rate approach
which controls for the expected number of false positives [102]); or a clusterwise approach which
accounts for activation typically occurring in groups of voxels [103]. The GLM is a univariate
approach that assumes all voxel signals are independent. Another assumption is that the residuals
are independent and random, with a Gaussian distribution and a mean of zero [104]. Preprocessing
can increase the validity of these assumptions, if not satisfy them entirely.

2.3.2.2 Resting State fMRI

tfMRI is typically used to investigate an explicit cognitive process, whereas resting-state fMRI
(rsfMRI) [99] is an important tool in calculating Functional Connectivity (FC). FC is the temporal
covariance of neuronal activation patterns from anatomically separated brain regions [105]. rsfMRI
measures spontaneous neuronal co-activation between brain regions, in the absence of any external
stimuli (i.e. in a subject at rest). One of the most common connectivity patterns found is in the
default mode network, a region that is highly active until the subject engages in an explicit task,
at which point the activity is reduced [106]. The default mode network is just one of the various
networks which are active at rest; these various networks are collectively termed the resting state
network [107]. It should not be inferred from that name that those same networks can not also be
active during tasks [108].

The methods most often used to identify connectivity in rsfMRI data are an independent compo-
nent analysis (ICA) approach and seed-based methods [109]. Seed-based methods identify time-
series correlation between a region of interest and the entire brain, and thresholds the correlation
score to identify connected regions. ICA is a multivariate signal analysis tool the separates a signal
into non-Gaussian sources of maximal statistically independent patterns of activity [110, 111], and
requires an assumption of linear constant mixing of signals in fMRI [112]. All components are
equally weighted in ICA, and are not necessarily orthogonal. Uninteresting sources may then be
discarded in ICA as a way of cleaning the data. ICA applied to rsfMRI divides the entire brain
into statistically independent spatial components to identify regions with similar temporal pat-
terns, and can also be used for denoising (n.b. this is specifically spatial ICA; temporal ICA splits
the brain into statistically independent temporal patterns and is less common in fMRI [113]).

Temporal resolution is a limiting factor in rsfMRI, using acceleration to increase temporal resolu-
tion also improves the statistical degrees of freedom for both methods. Acceleration is particularly
useful in ICA analysis which is more likely to form a mathematically underdetermined equation.
rsfMRI requires pre-processing to clean the signal before analysis, just like tfMRI.
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2.3.2.3 Common Processing Steps

As mentioned in both the tfMRI and rsfMRI analysis, the BOLD signal is susceptible to corruption
by a number of instrumental, physiological, or subject-specific factors [114]. Confounding factors
can appear signal-like and lead to uncertainty in interpreting results. There are many actions
that can be taken to clean an fMRI signal [115]. These actions are referred to as preprocessing.
Preprocessing occurs after acquisition and before the signal analysis.

Autocorrelation is the self-similarity of a signal, and typically indicates that elements within the
signal are changing at a slower pace than the sampling rate. Autocorrelation can occur from many
sources, and will bias the error estimations (and in fact, are a significant contributor to the error
term ε in equation 2.36 [116]). Noise autocorrelation can be removed either by “pre-colouring” the
signal (trying to model the unknown covariance structure within the model) or “pre-whitening”
(modelling and removing the signal prior to analysis) [117]. The modelling of autocorrelation
is done through an autoregressive model (AR). Autocorrelation bias can be diminished by null-
correction through mixture models (part of the functionality of tools like MELODIC [118]). High-
pass temporal filtering can remove low-frequency artefacts to limit autocorrelation.

Motion is a major source of artefacts in MRI [119], and specifically in fMRI [120]. This can be
addressed by rigid linear correction between frames in cases of small motion (using robust affine
registration tools like MCFLIRT [121]), by using navigators in methods like TURBINE which
oversample central k-space and produce a low spatial resolution image for registration [34, 37],
and/or by estimating the motion within the scan using a motion tracking system (e.g. cameras
[122]). Motion correction methods will either aim to detect motion, then either: undo the effects
of motion, remove the artefacts created by those effects, or discard corrupted images.

Many image artefacts (including some artefacts from motion) can be removed via an ICA. ICA
is the principal functionality of tools like MELODIC [123]. These ICA components are hand
classified as artefact or signal [124], or classified automatically by tools like FIX [125]. A wide
variety of artefacts can be removed in this fashion, including hardware artefacts, physiological
noise, and spin history effects. Principal Component Analysis (PCA) is first used to reduce the
number of components required to be extracted (as another denoising method). ICA can be done
on a subject-level or group-level [126].

Of course, there are many extra pre-processing techniques that are also used to clean up a dataset.
RETROICOR [127] fits a low order temporal Fourier series to the data in order to correct for
respiratory and cardiac effects. Extracting the brain (with a tool like BET) removes any con-
founding signal that will occur in an anatomically impossible location (outside the brain). Slice
timing correction is an operation which shifts each slice to halfway through a volume TR using in-



CHAPTER 2. MRI 43

terpolation. Volume-wise spatial smoothing can remove noise and improve Gaussianity. Low-pass
filtering can help smooth the signal but may remove frequencies of interest. These and more are
all functionality of the FEAT [128] tool.

2.3.2.4 Acceleration

fMRI data requires both good image fidelity (conferring spatial specificity), and high temporal
resolution (conferring statistical robustness). Without acceleration, fMRI scans can localise ac-
tivity to within millimetres in the spatial domain and no better than a TR of a few seconds on
a temporal scale [96]. A GRE-EPI scan will generate a T2* image (capturing the BOLD signal)
with high temporal efficiency and good resistance to motion [129].

The Nyquist-Shannon criterion would seem to be a fundamental limit on the minimal limit of
acquired data that can be used to reconstruct an fMRI scan. However, the benefits of acceleration
within an image volume by parallel imaging [130, 131] (section 2.2.2) and partial Fourier (section
2.2.3) have already been noted, with both approaches able to produce high fidelity images using
fewer data samples than Nyquist-Shannon dictates as necessary. More generally, the field of
acceleration research aims to maximise the level of undersampling achievable while using the
remaining data in an optimal manner to avoid undue sacrifice of SNR and CNR [132]. Increasing
sampling efficiency in such a fashion could decrease scan times, improve the signal robustness, and
increase the information density (see figure 2.15). This could help distinguish the slowly varying
BOLD signal [133, 134, 135, 136, 137], improve statistical power in the GLM [138], and allow
more defined separation of functional networks [139]. Acceleration can also encode additional
information within the signal [140].

Acceleration in fMRI is fundamentally limited by more than Nyquist-Shannon. The temporal
resolution of fMRI is fundamentally limited by the HRF [141], which occurs on the scale of seconds
(see figure 2.14). More rapid sampling could better characterise the HRF, but will be unable to
represent the brain activity occurring at a shorter timescale (which other methods such as EEG
are able to do). Shorter TR can also lead to more complicated autocorrelation, and a higher-order
AR model or increased white noise modelling is needed to adjust [138]. This increases the model
complexity, which increases the chance of overfitting.

However, temporal acceleration could also help produce a cleaner signal by reducing the amount
of T2* blurring in an EPI signal (depending on how the signal is undersampled), or by better
characterising other features such as physiological noise. These physiological processes can be
clearly resolved (i.e. they no longer alias temporally) with a TR<0.5s [138]. An increased temporal
resolution leads to higher statistical scores in task fMRI [142] (particularly with a faster task
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Figure 2.15: An example of some of the benefits of acceleration for dynamic MRI. Collecting fewer points
per image could allow increased temporal degrees of freedom (collecting more images over the same time
period) and/or temporal resolution. By exchanging fewer lines in k-space for covering a greater range
in k-space (and estimating the missing points), the spatial resolution can also be improved. Figure
adapted with permission from an original Mark Chiew image.

paradigm), and is good for ICA analysis of rsfMRI (showing enhanced network detection and peak
z-scores), although acceleration is less beneficial for seed-based regression [130, 143].

The spatial resolution is limited by a number of factors. In 3T with GRE-EPI, the PSF of BOLD
has a Full-Width Half Maximum (FWHM) of 3.9mm [97]. The functional FWHM can be reduced
(and better localised) by using: higher field strength, SE imaging (which favours capillaries), or
other fMRI approaches like ASL or VASO [93]. Increasing the spatial resolution will also allow
better imaging of the underlying structure, especially if the image can resolve functional subunits
of the brain which have been previously identified by invasive methods [144]. High field scans
particular favour increased spatial resolution due to increased SNR, despite the related distortion
increase from T2* decay in high fields (though this distortion is helped by in-plane acceleration)
[145].

Small levels of acceleration are now typical in fMRI scans of all types [146, 147]. The most common
type of acceleration is PI (see section 2.2.2). However, there are also approaches to acceleration
which exploit the dynamic information in a dataset. These will be covered in section 3.5.
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2.4 Conclusion

Creating an MRI image is a time-consuming process, fundamentally constrained by many factors.
Producing a sequence of images for an fMRI scan will then be restricted by those same factors,
limiting the achievable temporal resolution. By using acceleration techniques, less data needs to be
collected for each scan. While there is a technical limit to the fMRI resolution benefits achievable
with acceleration (defined by the spatial PSF of the BOLD signal and the temporal resolution
of the HRF), the increased statistical benefits and improved signal/noise characterisation can be
used to better inform the subsequent fMRI analysis.

2.A Toeplitz Embedding

Toeplitz embedding seeks to replace the matrix multiplications typically required for a Gram matrix
A′A with more computationally efficient calculations (FFTs and a diagonal matrix multiplication).
Assuming A was not already diagonal, Toeplitz embedding dramatically decreases computation
time needed to calculate A′A, particularly for large matrices.

2.A.1 Theory

A Toeplitz matrix is defined as any matrix containing only constant coefficient diagonals (descend-
ing from left to right). The matrix does not have to be square, but must have constant diagonals.
An n× n Toeplitz matrix takes the form:

T =



a0 a1 a2 · · · an−2 an−1

a−1 a0 a1
. . . an−2

a−2 a−1
. . . . . . . . . ...

... . . . . . . . . . a1 a2

a2−n)
. . . a−1 a0 a1

a1−n a2−n · · · a−2 a−1 a0


(2.39)

An n× n Toeplitz matrix (such as matrix 2.39) has 2n - 1 degrees of freedom, rather than the n2

degrees of freedom that would be assumed in a non-Toeplitz matrix of equivalent size. A square
Toeplitz matrix can be fully defined by the first and last column (coefficients a1−n → an−1). A
Toeplitz system is defined as follows. T is a Toeplitz matrix, and y and x are placeholder vectors.
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y = Tx (2.40)

A circulant matrix is a special case of the Toeplitz matrix. It is a matrix which not only has
constant diagonals, but the diagonals can be considered to wrap around once they reach the edge
of the matrix. An n× n circulant matrix takes the form:

C =



c0 cn−1 cn−2 · · · c2 c1

c1 c0 cn−1
. . . c2

c2 c1
. . . . . . . . . ...

... . . . . . . . . . cn−1 cn−2

cn−2
. . . c1 c0 cn−1

cn−1 cn−2 · · · c2 c1 c0


(2.41)

An n x n circulant matrix only has n degrees of freedom. Circulant matrices often appear as the
integration kernel for a convolution operation. Any circulant matrix can be fully described by its
first column c, after being diagonalised by the DFT matrix F (see equation 2.20).

C = F−1ΛF (2.42)

Where Λ is the following diagonal matrix:

Λ = diag(Fc) (2.43)

A square Toeplitz matrix of size n × n can be embedded into a circulant matrix of size 2n × 2n,
with some simple manipulation.
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A =



a0 a1 a2 · · · an−2 an−1 0 a−n+1 a−n+2 · · · a−2 a−1

a−1 a0 a1
. . . an−2 an−1 0 a−n+1

. . . a−2

a−2 a−1
. . . . . . . . . ... an−2 an−1

. . . . . . . . . ...
... . . . . . . . . . a1 a2

... . . . . . . . . . an+1 a−n+2

a−n+2
. . . a−1 a0 a1 a2

. . . an−1 0 a−n+1

a−n+1 a−n+2 · · · a−2 a−1 a0 a1 a2 · · · an−2 an−1 0
0 a−n+1 a−n+2 · · · a−2 a−1 a0 a1 a2 · · · an−2 an−1

an−1 0 a−n+1
. . . a−2 a−1 a0 a1

. . . an−2

an−2 an−1
. . . . . . . . . ... a−2 a−1

. . . . . . . . . ...
... . . . . . . . . . an+1 a−n+2

... . . . . . . . . . a1 a2

a2
. . . an−1 0 a−n+1 a−n+2

. . . a−1 a0 a1

a1 a2 · · · an−2 an−1 0 a−n+1 a−n+2 · · · a−2 a−1 a0


(2.44)

The same matrix can be more simply portrayed in block matrix form:

A =

(
T Q
Q T

)
(2.45)

T is a Toeplitz matrix (see equation 2.39), and Q is an embedding matrix, which can be generated
using the first and last column of T . Any number can be used on the diagonal of Q, with 0 a
common choice for the sake of simplicity. This circulant matrix is also described as a block-Toeplitz
matrix (although not all block Toeplitz matrices are circulant - Q could be a different Toeplitz
matrix, and A would always be a block-Toeplitz matrix, while not necessarily being circulant). A
matrix-vector product can be formed using the following relation:

(
Tx
Qx

)
= A

(
x
0n

)
(2.46)

Where x represents an arbitrary vector in a typical y = Tx system, and A is the circulant matrix.
Qx represents an irrelevant noisy vector. 0n in the right-hand vector indicates that x is zero-
padded. Combining equations 2.40, 2.42, 2.43, and 2.46 gives the following equation.

(
y
Qx

)
=

(
Tx
Qx

)
= F−1diag(Fa)F

(
x
0n

)
(2.47)

a is the first column of the block Toeplitz matrix in equation 2.44. F and F−1 can be replaced
by an FFT and inverse FFT respectively, and may be point-multiplied (shown with .∗) to more
efficiently calculate the diagonal matrix. The Qx is not needed, so truncation is used for efficiency.
This leads to the final equation for an efficient Toeplitz system calculation.
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y = Tx = truncate

(
ifft

(
fft(a). ∗ fft

(
x
0n

)))
(2.48)

2.A.2 Applying Toeplitz Embedding to MRI

Let’s assume a simple MRI scan with Cartesian k-space samples (see section 2.1.5.1). The discre-
tised k-space grid can be transformed into a discretised image space grid through a DFT (equation
2.49). E is the 2D DFT encoding matrix, y is a generic k-space signal input defined on Cartesian
coordinates, and x is the output image (also defined on Cartesian coordinates). x and y are vectors,
and E has been subsequently reshaped to still perform a 2D DFT.

y = Ex (2.49)

The problem of solving equation 2.49 for a known x and unknown y can be approached in many
ways (see section 3.2). Solving an iterative reconstruction method with a method such as conjugate
gradients will lead to the gradient of the squared L2 norm of equation 2.49 being used in the update
step in every cycle of the optimisation function.

∇xi(‖y − Exi‖2
2) = 2E ′y − 2E ′Exi (2.50)

E ′y is consistent for every optimisation cycle, so needs only to be calculated once. An important
property of the DFT matrix is that its Gram matrix (E ′E) contains a block Toeplitz structure.

E ′Exi = TExi (2.51)

The block Toeplitz within the DFT can be combined with the formulation in equation 2.48.

TExi = truncate

(
ifft

(
fft(cE). ∗ fft

(
xi
0n

)))
(2.52)

cE can be formed straight from the first and last columns of the Toeplitz matrix TE = E ′E, and
so at no point does the circulant matrix actually need to be formed. Given E is the DFT matrix,
cE represents the Point Spread Function (PSF ) of the transform.

TExi = truncate

(
ifft

(
fft(PSF ). ∗ fft

(
xi
0n

)))
(2.53)
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Using c to represent the PSF helps expand the formulation to non-Cartesian k-space sampling.
The underlying image x remains Cartesian, and so the diagonalisation of the circulant matrix
by FFTs also remains constant. The main difference now is that the PSF cannot be created
by simply taking the first column of a Toeplitz matrix. Instead, the PSF is created from the
NUFFT operator (section 2.2.1.2) to characterise the sampling pattern. Once the PSF is acquired,
a straightforward FFT can be applied to the PSF. It should be noted that using a NUFFT (rather
than FFTs) will proportionally increase the overall time taken to optimise by a constant, related to
the interpolation time required to map the non-Cartesian sampling onto a Cartesian grid. Equation
2.53 can then be combined with equation 2.50 to form a calculation of the gradient which is far
more computationally efficient than the equivalent calculation of E ′E using two NUFFT matrices.

∇xi(‖y − Exi‖2
2) = E ′y − truncate

(
ifft

(
fft(PSF ). ∗ fft

(
xi
0n

)))
(2.54)
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[81] T. Q. Duong, D. S. Kim, K. Uǧurbil, and S. G. Kim. Localized cerebral blood flow response
at submillimeter columnar resolution. Proceedings of the National Academy of Sciences of
the United States of America, 98(19):10904–10909, 2001.

[82] Tao Jin and Seong Gi Kim. Cortical layer-dependent dynamic blood oxygenation, cerebral
blood flow and cerebral blood volume responses during visual stimulation. NeuroImage,
43(1):1–9, 2008.

[83] R. Douglas Fields and Beth Stevens. ATP: An extracellular signaling molecule between
neurons and glia. Trends in Neurosciences, 23(12):625–633, 2000.

[84] Linus Pauling and Charles D. Coryell. The Magnetic Properties and Structure of Hemoglobin,
Oxyhemoglobin and Carbonmonoxyhemoglobin. Proceedings of the National Academy of
Sciences, 22(4):210–216, 1936.

[85] Max F. Perutz. Stereochemistry of cooperative effects in haemoglobin: Haem-Haem interac-
tion and the problem of allostery. Nature, 228(5273):726–734, 1970.

[86] Arthur M. Butt. ATP: A ubiquitous gliotransmitter integrating neuron-glial networks. Sem-
inars in Cell and Developmental Biology, 22(2):205–213, 2011.

[87] Cameron Rink and Savita Khanna. Significance of brain tissue oxygenation and the arachi-
donic acid cascade in stroke. Antioxidants and Redox Signaling, 14(10):1889–1903, 2011.

[88] Seong-Gi Kim and Seiji Ogawa. Biophysical and physiological origins of blood oxygenation
level-dependent fMRI signals. Journal of Cerebral Blood Flow and Metabolism, 32(7):1188–
1206, 2012.

[89] Richard D. Hoge, Jeff Atkinson, Brad Gill, Gérard R. Crelier, G. Bruce Pike, and Sean
Marrett. Linear coupling between cerebral blood flow and oxygen consumption in activated
human cortex. Proceedings of the National Academy of Sciences of the United States of
America, 96:9403–9408, 1999.

[90] Nikos K. Logothetis. Neurovascular uncoupling: Much ado about nothing. Frontiers in
Neuroenergetics, 2(June):1–4, 2010.



BIBLIOGRAPHY 57

[91] Nikos K. Logothetis and Josef Pfeuffer. On the nature of the BOLD fMRI contrast mecha-
nism. Magnetic Resonance Imaging, 22(10 SPEC. ISS.):1517–1531, 2004.

[92] Dinesh G. Nair. About being BOLD. Brain Research Reviews, 50(2):229–243, 2005.

[93] Peter J. Koopmans and Essa Yacoub. Strategies and prospects for cortical depth dependent
T2 and T2* weighted BOLD fMRI studies. NeuroImage, 197(February 2018):668–676, 2019.

[94] Charles S. Springer Jr., Clifford S. Patlak, Ildiko Palyka, and Wei Huang. Principles of
Susceptibility Contrast-Based Functional MRI: The Sign of the Functional MRI Response.
In Chrit T.W. Moonen and P. A. Bandetttini, editors, Functional MRI, chapter 9, pages
91–102. Springer-Verlag, 1999.

[95] Douglas C. Noll. A primer on MRI and functional MRI, 2001.

[96] Peter A. Bandettini. Seven Topics In Functional Magnetic Resonance Imaging. Journal of
Integrative Neuroscience, 8(3), 2009.

[97] Laura M. Parkes, Jens V. Schwarzbach, Annemieke A. Bouts, Roel H.R. Deckers, Pim Pul-
lens, Christian M. Kerskens, and David G. Norris. Quantifying the spatial resolution of the
gradient echo and spin echo BOLD response at 3 Tesla. Magnetic Resonance in Medicine,
54(6):1465–1472, 2005.

[98] Jean Daunizeau. MBB-team/VBA-toolbox, 2018.

[99] Martijn P. van den Heuvel and Hilleke E. Hulshoff Pol. Exploring the brain network: A
review on resting-state fMRI functional connectivity. European Neuropsychopharmacology,
20(8):519–534, 2010.

[100] Max Wintermark, Pina C. Sanelli, Yoshimi Anzai, Apostolos J. Tsiouris, and Christopher T.
Whitlow. Imaging Evidence and Recommendations for Traumatic Brain Injury: Advanced
Neuro- and Neurovascular Imaging Techniques. American Journal of Neuroradiology, 36:1–
11, 2014.

[101] Karl J. Friston, Andrew P. Holmes, Keith J. Worsley, Jean-Baptiste P. Poline, Chris D.
Frith, and Richard S. J. Frackowiak. Statistical Parametric Maps in Functional Imaging: A
General Linear Approach. Human Brain Mapping, 2:189–210, 1995.

[102] Christopher R. Genovese, Nicole A. Lazar, and Thomas Nichols. Thresholding of statistical
maps in functional neuroimaging using the false discovery rate. NeuroImage, 15(4):870–878,
2002.



BIBLIOGRAPHY 58

[103] K. J. Worsley, A. C. Evans, S. Marrett, and P. Neelin. A three-dimensional statistical analysis
for CBF activation studies in human brain. Journal of Cerebral Blood Flow and Metabolism,
12(6):900–918, 1992.

[104] Martin M. Monti. Statistical analysis of fMRI time-series: A critical review of the GLM
approach. Frontiers in Human Neuroscience, 5(MARCH):1–13, 2011.

[105] Bharat Biswal, F. Zerrin Yetkin, Victor M. Haughton, and James S. Hyde. Functional
connectivity in the motor cortex of resting human brain using echo-planar mri. Magnetic
Resonance in Medicine, 34(4):537–541, 1995.

[106] Michael D. Greicius, Ben Krasnow, Allan L. Reiss, and Vinod Menon. Functional connec-
tivity in the resting brain: A network analysis of the default mode hypothesis. Proceedings
of the National Academy of Sciences of the United States of America, 100(1):253–258, 2003.

[107] Marcus E Raichle. The restless brain. Brain Connectivity, 1(1):3–12, 2011.

[108] Stephen M. Smith, Peter T. Fox, Karla L. Miller, David C. Glahn, P. Mickle Fox, Clare E.
Mackay, Nicola Filippini, Kate E. Watkins, Roberto Toro, Angela R. Laird, and Christian F.
Beckmann. Correspondence of the brain’s functional architecture during activation and
rest. Proceedings of the National Academy of Sciences of the United States of America,
106(31):13040–13045, 2009.

[109] Neha and Tapan K. Gandhi. Resting state fMRI analysis using Seed based and ICA methods.
IEEE, 16:2551–2554, 2016.

[110] Aapo Hyvärinen. Fast and Robust Fixed-Point Algorithms for Independent Component
Analysis. IEEE Transactions on Neural Networks, 10:626–634, 1999.

[111] Aapo Hyvärinen and Erkki Oja. Independent Component Analysis : Algorithms and Appli-
cations. Neural Networks, 13(4-5):411–430, 2000.

[112] Martin J. McKeown and Terrence J. Sejnowski. Independent component analysis of fMRI
data: examining the assumptions. Human Brain Mapping, 6(5-6):368–372, 1998.

[113] Xin Gao, Tao Zhang, and Jinhu Xiong. Comparison between spatial and temporal indepen-
dent component analysis for blind source separation in fMRI data. Proceedings - 2011 4th
International Conference on Biomedical Engineering and Informatics, BMEI 2011, 2:690–
692, 2011.

[114] César Caballero-Gaudes and Richard C. Reynolds. Methods for cleaning the BOLD fMRI
signal. NeuroImage, 154(December 2016):128–149, 2017.



BIBLIOGRAPHY 59

[115] Keith J. Worsley. Statistical Analysis of Activation Images. In Peter Jezzard, P. M.
Matthews, and Stephen M. Smith, editors, Functional MRI: An introduction to methods,
chapter 14, pages 251–270. Oxford University Press, Oxford, 2001.

[116] Edward Bullmore, Michael Brammer, Steve C.R. Williams, Sophia Rabe-Hesketh, Nicolas
Janot, Anthony David, John Mellers, Robert Howard, and Pak Sham. Statistical methods of
estimation and inference for functional MR image analysis. Magnetic Resonance in Medicine,
35(2):261–277, 1996.

[117] Mark W. Woolrich, Brian D. Ripley, J. Michael Brady, and Stephen M. Smith. Temporal
autocorrelation in univariate linear modeling of FMRI data. NeuroImage, 14(6):1370–1386,
2001.

[118] Christian F. Beckmann and Stephen M. Smith. Probabilistic Independent Component Anal-
ysis for Functional Magnetic Resonance Imaging. IEEE Transactions on Medical Imaging,
23(2):137–152, 2004.

[119] Julian Maclaren, Michael Herbst, Oliver Speck, and Maxim Zaitsev. Prospective motion
correction in brain imaging: A review. Magnetic Resonance in Medicine, 69(3):621–636,
2013.

[120] Karl J. Friston, Steven Williams, Robert Howard, Richard S. J. Frackowiak, and Robert
Turner. Movement-related effects in fMRI time-series. Magnetic Resonance in Medicine,
35(3):346–355, 1996.

[121] Mark Jenkinson, Peter R. Bannister, J. Michael Brady, and Stephen M. Smith. Improved
Optimization for the Robust and Accurate Linear Registration and Motion Correction of
Brain Images. NeuroImage, 17(2):825–841, 2002.

[122] Lei Qin, Peter van Gelderen, John Andrew Derbyshire, Fenghua Jin, Jongho Lee, Jacco A.
de Zwart, Yang Tao, and Jeff H. Duyn. Prospective head-movement correction for high-
resolution MRI using an in-bore optical tracking system. Magnetic Resonance in Medicine,
62(4):924–934, oct 2009.

[123] Thomas P Minka. Automatic choice of dimensionality for PCA, 2000.

[124] Ludovica Griffanti, Gwenaëlle Douaud, Janine Bijsterbosch, Stefania Evangelisti, Fidel
Alfaro-Almagro, Matthew F. Glasser, Eugene P. Duff, Sean Fitzgibbon, Robert Westphal,
Davide Carone, Christian F. Beckmann, and Stephen M. Smith. Hand classification of fMRI
ICA noise components. NeuroImage, 2017.

[125] Gholamreza Salimi-khorshidi, Gwenaëlle Douaud, Christian F. Beckmann, Matthew F.
Glasser, Ludovica Griffanti, and Stephen M. Smith. Automatic Denoising of Functional MRI



BIBLIOGRAPHY 60

Data: Combining Independent Component Analysis and Hierarchical Fusion of Classifiers.
NeuroImage, 44(0):449–468, apr 2015.

[126] Christian F. Beckmann, Clare E. Mackay, Nicola Filippini, and Stephen M. Smith. Group
comparison of resting-state FMRI data using multi-subject ICA and dual regression. Neu-
roImage, 47(Suppl 1):S148, 2009.

[127] Gary H. Glover, Tie-qiang Li, and David B. Ress. Image-Based Method for Retrospective
Correction of Physiological Motion Effects in fMRI : RETROICOR. Magnetic Resonance in
Medicine, 44:162–167, 2000.

[128] Stephen M. Smith, Mark Jenkinson, Mark W. Woolrich, Christian F. Beckmann, Timothy
E. J. Behrens, Heidi Johansen-Berg, Peter R. Bannister, Marilena De Luca, Ivana Drobnjak,
David E. Flitney, Rami K. Niazy, James Saunders, John Vickers, Yongyue Zhang, Nicola De
Stefano, J. Michael Brady, and Paul M. Matthews. Advances in functional and structural
MR image analysis and implementation as FSL. NeuroImage, 23(SUPPL. 1):208–219, 2004.

[129] Jacco A. De Zwart, Peter Van Gelderen, Peter Kellman, and Jeff H. Duyn. Application of
sensitivity-encoded echo-planar imaging for blood oxygen level-dependent functional brain
imaging. Magnetic Resonance in Medicine, 48(6):1011–1020, 2002.

[130] Lysia Demetriou, Oliwia S. Kowalczyk, Gabriella Tyson, Thomas Bello, Rexford D. New-
bould, and Matthew B. Wall. A comprehensive evaluation of increasing temporal resolution
with multiband-accelerated protocols and effects on statistical outcome measures in fMRI.
NeuroImage, 176(May):404–416, 2018.

[131] Benjamin B. Risk, Mary C. Kociuba, and Daniel B. Rowe. Impacts of simultaneous multislice
acquisition on sensitivity and specificity in fMRI. NeuroImage, 172(January):538–553, 2018.

[132] Todd B. Parrish, Darren R. Gitelman, Kevin S. LaBar, and M. Marsel Mesulam. Impact of
signal-to-noise on functional MRI. Magnetic Resonance in Medicine, 44(6):925–932, 2000.

[133] Bixente Dilharreguy, Richard A. Jones, and Chrit T.W. Moonen. Influence of fMRI data
sampling on the temporal characterization of the hemodynamic response. NeuroImage,
19(4):1820–1828, 2003.

[134] Jozien Goense, Hellmut Merkle, and Nikos K. Logothetis. High-Resolution fMRI Reveals
Laminar Differences in Neurovascular Coupling between Positive and Negative BOLD Re-
sponses. Neuron, 76(3):629–639, 2012.

[135] Catie Chang, Moriah E. Thomason, and Gary H. Glover. Mapping and correction of vascular
hemodynamic latency in the BOLD signal. NeuroImage, 43(1):90–102, 2008.



BIBLIOGRAPHY 61
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3.1 Introduction

In 1929, surrealist painter Renè Magritte painted a very ordinary-looking pipe, and captioned his
painting “Ceci n’est pas une pipe”, which translates as: “This is not a pipe”. He titled the piece “The
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Treachery of Images” with his point being thus - that all images are merely a flawed representation
of the object they are hoping to represent, rather than a direct replication of the object. The act
of representing an object as an image will undoubtedly cause some corruption in how the object
looks and behaves. In Magritte’s case, he regretted the two-dimensionality of the representation
which meant he was unable to stuff his representation of a pipe with tobacco [1].

The act of reconstructing a representation of the human brain from an MRI signal (particularly
the functional representation of a BOLD fMRI signal) is, similar to Magritte’s pipe, filled with
challenges.

The first challenge is that sampling occurs in a domain (k-space) which is different from the domain
which will be used to represent the data (an image space representation). A transform is required
between the two domains in order to visualise the image. This first challenge is surmountable with
a perfect transform, but certain issues (e.g. field inhomogeneity, T2* readout decay, motion) mean
that some distortion in the representation of the underlying object will likely occur during the act
of sampling.

The second challenge is that the discrete voxels used to represent the data will never be able to
precisely represent the continuous nature of the real world. The sampling point spread function
in MRI is unable to resolve down to a neuronal level, meaning each voxel contains a mixture of
signals from various indistinguishable sources.

Additionally, fMRI seeks to represent a functional image of the brain using the BOLD signal as a
proxy for local brain function. While the BOLD signal is a good proxy for mass neuronal activity,
it can be influenced by other factors while also introducing an inherent time lag [2]. Various noise
factors and confounding physiological artefacts provide extra challenges that may muddy both the
signal and the subsequent image reconstruction further.

The act of reconstructing an image representation of the brain is a difficult task, even in the best
possible scenario. Further to this, section 2.3.2.4 highlighted the desire to undersample in k-space
while still producing an accurate representation of the functional information in the brain. In
image reconstruction, the undersampling limit set by Nyquist-Shannon (see section 2.1.4.3) states
that the sampling rate in each direction (i.e. ∆kx in the x-direction) must not be less than the
number of rows of the image Nx multiplied by the distance between each row ∆x:

∆kx ≥
1

∆xNx

(3.1)

Reconstruction of a signal which has violated the Nyquist-Shannon sampling requirement will lead
to aliasing unless additional information is incorporated into the reconstruction. This additional
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information can take many forms, e.g. spatial variation in coil sensitivity maps, or mathematical
dataset structures such as low rank and sparsity. The act of incorporating the mathematical
dataset structure information into image reconstruction in order to sample below the Nyquist-
Shannon limit (without leading to aliasing) will be the focus of this chapter. The physics behind
image reconstruction were covered in sections 2.1.4, 2.1.5, and 2.2. This chapter will instead focus
on the mathematics behind image reconstruction in an undersampled domain, before finishing with
a discussion on popular dynamic undersampling approaches.

3.2 Optimisation

Optimisation is the process of selecting the best solution from a set of possible solutions. The
best solution is defined with respect to some criteria, which can be captured inside the objective
function. The objective function maps a set of input parameters onto a single real value, with that
value defining how well that particular set of parameters fits the outlined criteria. If the objective
function is to be minimised by the optimisation process it is called a cost function.

Optimisation can be split into two approaches: direct optimisation methods, and iterative optimi-
sation methods. If a solution is computationally expensive or mathematically impossible to find
through the direct approach, then an iterative approach is used. The precise dividing line between
direct and iterative methods is not well defined. Here, direct methods are defined as methods with
a fixed number of steps, whereas iterative methods contain a convergence criterion. The following
section will work through the motivation behind optimisation, and outline a typical formulation
to solve an optimisation problem through iteration.

For this section, x will refer to a ground truth vector (e.g. the image of a brain in MRI), A is an
operator matrix (e.g. the Fourier/Coil encoding in MRI) that acts upon x, and y is a vectorised
set of the set of measurements (e.g. the k-space signal). A′ is the adjoint of A. e refers to the
noise, which is assumed here to have a zero-mean random Gaussian distribution. They are related
as follows:

y = Ax+ e (3.2)

3.2.1 Forming the Optimisation Problem

There are two sets of approaches to solving the cost function - direct approaches and iterative
approaches. For now, only one input variable into the cost function will be considered.
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3.2.1.1 Direct Methods

Direct methods take an analytic approach in order to find an optimal solution to a defined problem.
The forward problem is a simple example of a direct method, as it solves for an unknown signal
(yunknown) by multiplying two known variables (the transform A and a known MRI image xknown).

yunknown = Axknown (3.3)

The inverse problem is more complicated to solve. Here, we solve for xunknown (the image of the
brain) using yknown (the sampled signal) and A (the transform):

yknown = Axunknown (3.4)

The most straightforward approach to solving the inverse problem is to pre-multiply each side of
equation 3.4 by the transform inverse A−1, forming the solution x = A−1y. If A is either not square
or has a zero determinant, then it is non-invertible and a different approach must be taken.

If A is non-square then a solution can be found by using a Moore-Penrose pseudoinverse matrix
[3, 4], which forms x = (A′A)−1A′y as a solution. If A has more rows than columns, the system
is overdetermined and many solutions exist. If A has more columns than rows, the system is
underdetermined and no true solution exists. The solution provided by the pseudoinverse is the
least-squares solution, which minimises the Euclidean distance ε (a.k.a. the error) between the
transformed estimate Ax and the observation y. This distance can be alternatively stated as the
L2 norm of the difference between the two terms (for more on norms see section 3.A).

‖y − Ax‖2 = ε (3.5)

Squaring both sides of equation 3.5 removes the need for a square root calculation in the L2
norm, and also allows the function to be represented through simple matrix algebra: ‖y−Ax‖2

2 =

(y − Ax)′(y − Ax). This formulation is also known as the sum of squares, and can form a cost
function ‖y − Ax‖2

2 inside an optimisation formulation:

x̂ = argminx

(
‖y − Ax‖2

2

)
(3.6)

argmin( ) states that the x parameter chosen as the output x̂ provides the smallest possible output
of the cost function ‖y − Ax‖2

2. If the min( ) function is used, the output is the minimum value
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of the cost function, rather than the parameter which provides that solution. The use of the L2
norm ensures a single stable solution which minimises the overall energy in the error term. The
cost function in equation 3.6 is typically referred to as a “data consistency” term, and is often used
in conjunction with other terms. In order to solve the optimisation problem in equation 3.6, we
will start by finding the gradient.

∇x(‖Ax− y‖2
2) = ∇x

(
(Ax− y)′(Ax− y)

)
= ∇x

(
(x′A′ − y′)(Ax− y)

)
= ∇x

(
(y′y − x′A′y − y′Ax+ x′A′Ax)

)
= (−2A′y + 2A′Ax)

(3.7)

If the gradient is zero then the optimal solution is x̂ = (A′A)−1A′y, which is the pseudoinverse
matrix. The Hessian matrix (the second differential of the cost function with respect to x) is a
positive definite matrix (∇x∇x(‖Ax − y‖2

2) = A′A), provided that A has full column rank. If
the Hessian is positive definite, the solution x̂ at ∇x(‖Ax − y‖2

2) = 0 is a minimum solution,
and therefore the optimum solution to the cost function. The derivation in equation 3.7 uses the
following definitions:

‖Ax‖2
2 = x′A′Ax (3.8)

∇x(Ax) = A (3.9)

∇x(x
′A′) = A′ (3.10)

∇x(x
′A′Ax) = 2A′Ax (3.11)

The inversion approach x̂ = A−1y will find the exact solution, and the pseudoinverse will provide
the minimum distance solution defined by equation 3.6. However, both approaches contain a
matrix inversion of some kind, which can be extremely costly from a computational perspective.
Other approaches (such as matrix decomposition) can also be used as a way to more efficiently
implement matrix algorithms, including matrix inversion.

3.2.1.2 Iterative Methods

A major issue with inversion approaches in problems with a large truth and/or a large number of
measurements is that inverting a large matrix takes a huge amount of calculations. This requires
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a lot of time and computing power, even with the more efficient inversion techniques.

Instead, iterative approaches are often a more attractive option for solving optimisation problems.
Unlike direct approaches, iterative reconstructions contain an initially unknown number of steps.
Iterative methods vary the unknown parameter x to try to find a minimum solution to the cost
function. The parameter must be initialised, and then an update to that parameter is required
(equation 3.12). This update is then applied multiple times in order to improve the cost function
compared to the initial estimate (not necessarily monotonically).

xi+1 ← f(xi) (3.12)

xi is the initial guess, and xi+1 is the updated guess. The precise form of the update can take many
forms, all of which trade-off between accuracy, robustness, and speed. Many approaches involve
finding the gradient of the cost function (e.g. conjugate gradients), although there are also many
that don’t (e.g Nelder-Mead, Monte Carlo methods). The gradient can be found for a simple data
consistency term using the approach in equation 3.7.

From this point, an iterative solution to the inverse problem can be found. Given an observed
dataset y, a known transform A, a cost function formulation, an update step, and an initial guess
of x; a reasonable approximate value of x can be calculated by iterating between cost function
calculation and update steps. Once the value of x is deemed to have converged with respect to
some criteria, the iterative problem is solved.

3.2.2 Regularisation

As previously defined, optimisation is the process of finding the best solution to a problem (given
a set of constraints). The form of the best solution can be altered by changing the form of the
cost function. While the cost function can be just a data consistency term (as outlined in equation
3.6), solving the cost function in such a form can lead to undesirable solutions, particularly where
the noise is significant.

Regularisation is the practice of adding additional terms to the cost function and is typically
used either where the problem is ill-conditioned or where the problem is susceptible to overfitting.
Adding a regularisation term changes the form that x is likely to take as a solution, with the
precise nature of restriction being dependent on the type of regularisation.

One common approach is to try to find the minimal energy form of x which still minimises the
errors arising from the data consistency term.
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minimise ‖x‖2
2 such that ‖Ax− y‖2

2 < ε (3.13)

These terms can be combined into one cost function, known as Lagrangian form.

x̂ = argminx

(
‖y − Ax‖2

2 + λ‖x‖2
2

)
(3.14)

The relative weightings within a cost function are controlled with λ parameters (a.k.a. Lagrangian
Multipliers). Separate norm terms within a cost function tend to be controlled by a separate λ
weighting parameters. The relative λ size between different terms will control the influence of
those terms. The first term usually has an implicit weighting of 1 or an explicit weighting of 1

2
.

The solution of regularised optimisation is always a saddle point of the Lagrangian [5]. Iterative
reconstructions can be quite slow, therefore careful choices must be made regarding the form of
the update step and the cost function if an iterative approach is taken (although a direct approach
can be taken to solve equation 3.14 if appropriate). Forming the regularised optimisation problem
to use the L2 norm of a parameter (as in equation 3.14) is referred to as Tikhonov regularisation
(or ridge regression), and is often used to prevent overfitting. The λ‖x‖2 term is referred to as a
Tikhonov constraint. Other ‖x‖p terms in a cost function will guide x towards other characteristic
forms (e.g. an L1 term will maximise sparsity).

3.2.3 Optimisation and Image Reconstruction

This section has served as a guide to the basic principle behind optimisation. The building blocks of
norms, regularisation, and iterative optimisation methods are vital in understanding how advanced
image reconstruction methods can incorporate a variety of mathematical information into the
construction of different optimisation problems.

It is good at this point to take a small step back and relate this framework back to the previously
stated equations. Equation 2.19 states that S = EI, where S is the signal obtained from the
scanner, I is an unknown image, and E is an operator which multiplies the images by coil sensitivity
maps, and then transform the output from image space into k-space. This directly relates to the
y = Ax problem outlined in this section, as S and E are known and can be used to solve for I.
An undersampled signal will begin to produce aliasing artefacts in I. While coil sensitivities can
help to limit the impact of the artefacts (see section 2.2.2), including additional regularisation in
the optimisation problem can help constrain the problem, allowing for additional undersampling.
The next sections will walk through how sparsity and low-rank information respectively can be
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incorporated into an optimisation problem.

3.3 Compressed Sensing

Compressed Sensing (CS) is a way of exploiting structure to reconstruct a signal with less informa-
tion than is dictated by Nyquist-Shannon. In order to comprehend CS there are two key concepts
that need to be fully grasped: compression and sparsity. The general principles behind CS will be
discussed first, before applying CS to an MRI framework.

Compressibility

The first concept involved in CS is compressibility. A compressed dataset aims to capture the same
information as an uncompressed dataset - but to do so with far fewer bits of data. The fewer bits
of data you need, the more compressible a dataset is. Compression can be lossless (all information
is preserved) or lossy (information is irreplaceably lost). Lossy compression algorithms aim to lose
information that is irrelevant to the user while focusing on preserving the information that defines
the usefulness of the dataset.

To introduce a simple example of compressibility, let’s form a numberline N of the numbers 1, 3,
5, 7, 9, 11, 13, 15, 17, 19 (figure 3.1).

Figure 3.1: A number line of odd numbers between 1 and 20.

Now, while this set of numbers could be referred to by the full set of elements every time, there are
other more efficient ways to express this information requiring far fewer coefficients. For example,
the following ways to define N are all equivalent in MATLAB:

N = [1 3 5 7 9 11 13 15 17 19]

N = [1 : 10] ∗ 2− 1

N = [0 : 9] ∗ 2 + 1

N = 1 : 2 : 20
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This final expression (N = 1 : 2 : 20) is probably the closest to the way a person would naturally
describe N - the odd numbers between 1 and 20. It is far easier to remember N in that form than
as each of the 10 individual numbers, as it only requires three coefficients (1, 2, 20) and knowledge
of the structure that relates them.

This is an example of lossless compression - a more efficient representation of the same underlying
information. Sometimes loss is considered acceptable if it enables significant compression. A
numberline of all odd numbers between 1 and 10,000 - but also the number 14.37 - would lose
comparatively little information by expressing it only as N = 1 : 2 : 10, 000. Rather than stating
5001 numbers, instead only 3 numbers are used in combination with a specific operator, and yet
only 0.02% of the information is lost in doing so. Outliers in a structure are often noise, but are
occasionally the most desirable knowledge in a dataset. In our example, 14.37 is an outlier, not
because it lies outside of the range described, but because it does not fit the pattern that we wish to
enforce on the data. Knowledge about the nature of non-zero coefficients within a dataset is vital
in discerning which type of information is likely to be lost in a particular mode of compression.

For a more visual example, consider the field of compression in images. JPEG is a well-known
image compression format first proposed in 1972 [6]. JPEG uses a Discrete Cosine Transform
(DCT), which is a discrete Fourier transform that only uses real numbers (i.e. as a weighted sum
of cosine functions at different frequencies). As many of the weights on the basis functions in the
DCT will be very small, they can be set to zero without much loss in image quality. The locations
of the more abundant coefficients in the DCT are efficiently stored through Huffman encoding [7],
compressing the image. Natural images are often highly compressible [8].

The effect of compression (and specifically overcompression) can be seen in figure 3.2. At 50%
compression there is almost zero loss in image quality which is visible to the naked eye when
compared to the uncompressed image. This is because JPEG specifically aims to compress the
image in ways that are hard to detect in the human eye (e.g. the human eye struggles to detect
differences in brightness of <1%, the eye detects brightness on a logarithmic scale) [9].

At 90% compression, a significant amount of data has been lost due to these assumptions being
pushed too far. Smooth backgrounds are transformed into visually discrete blocks of colour with
sharp boundaries, and the streaky ray of light in the detailed image has lost its clearly defined
edges. However, if the only signal of interest in the patterned image was the zigzag pattern, then
the relevant information of the first image would still be recoverable. Compression applied to an
already formulated dataset is typically done for data storage reasons.

Compressed sensing is compression that occurs at the point of sensing (gathering the signal),
as opposed to compression applied to an already sampled image. CS requires prior knowledge
regarding the domain in which compression can occur, which leads to the second key concept in
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Figure 3.2: A demonstration of JPEG compression of two separate images. Top row: an image with a
simple pattern. Bottom row: an image with more detailed features. The images are displayed with
zero compression, 50% compression, and 90% compression. Compression was done using the JPEG
algorithm on hnet.com.

CS: sparsity.

Sparsity

Sparsity is defined as the number of zero elements in a dataset compared to the overall number of
elements. Any matrix with a large ratio of zero elements to non-zero elements is known as a sparse
matrix (otherwise it is known as a dense matrix). An alternate definition could state: in a sparse
signal, all of the energy is concentrated in a few coefficients. A distinction is also sometimes made
between strong sparsity (very few non-zero elements) and weak sparsity (more non-zero coefficients
while still being sparse), although these terms do not have a strict definition. Sparsity is a very
desirable property in CS, as it defines a domain in which a dataset may be compressible. Once a
dataset is compressed, it can be represented by fewer coefficients. Sparsity is commonly maximised,
although since absolute maximal sparsity would zero all coefficients, a data consistency term is
also needed to ensure that the underlying measurements are captured with some accuracy within
the sparse solution.

Sparsity is not necessarily the same in different domains; a dataset may be very sparse and com-
pressible in one domain but be dense in another. Figure 3.3 demonstrates this principle. If only
the 10% largest image space coefficients are kept, the image degrades heavily. However, the 2D
Fourier transform is dominated by a relatively small number of coefficients (the biggest coefficient
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is 50,000x bigger than the median). Retaining only the top 10% of the Fourier coefficients and
removing the rest still produces a visually identical dataset in image space, despite the fact that
the Fourier compression retained the same number of coefficients as the image space compression.
Finding a particular sparse domain is then vital in CS, but is not the only condition that must be
satisfied when carrying out a CS reconstruction.

Figure 3.3: A representation of domain-specific sparsity. The patterned image is very dense in the image
domain (top left), but very close to sparse in k-space (top right). The bottom images show the effect
of enforcing sparsity in image space (bottom left) and k-space (bottom right).

3.3.1 CS Implementation

3.3.1.1 Conditions

CS has two conditions that must be satisfied to allow for equivalent reconstruction between a
fully sampled signal and a signal acquired at a sampling rate below that required by Nyquist-
Shannon [10]. A third condition is sometimes also included to explicitly state that sparsity must
be promoted in a relevant domain in the reconstruction process, while still ensuring reconstruction
consistency with the acquired samples.
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The two core conditions are:

1. The dataset is sparse in some domain which is accessible via a mathematical transform

2. The sampling domain and the sparse domain must be incoherent with each other

Condition 1 is satisfied by finding a domain in which the desired dataset is sparse. Common
domains include image space, spatial/temporal frequency domains, wavelet domains, or gradient
domains, the latter of which has sparsity promoted through total variation norms (TV) [11]. The
isotropic spatial TV norm of an image I could be represented as ‖I‖TV or TVx(I), and is defined
as follows:

TVx(I) = ‖I‖TV =
N−1∑
i=1

M−1∑
j=1

√
|Ii+1,j − Ii,j|2 + |Ii,j+1 − Ii,j|2 (3.15)

Condition 2 is difficult to calculate precisely, but broadly states that a CS reconstruction requires
some degree of incoherence between the sparse domain and the domain in which sampling occurs.
As a domain cannot be incoherent with itself, it is worth emphasising that the sparse domain
cannot be the sampling domain (and so k-space sparsity is not used in MRI).

More strict attempts to define condition two are the Null Space Property (NSP) and the Restricted
Isometry Property (RIP). The NSP is a necessary and sufficient fulfilment of condition 2 in the
absence of noise [12], and roughly states that two uniquely sparse vectors cannot be subtracted
from each other and lie in the operator null space (for more on null spaces, see section 3.4.2). The
Restricted Isometry Property (RIP) is an alternate test of incoherence which works with noise and
also satisfies the NSP [13]. The RIP states that, for a vector x, encoding matrix G there exists a
constant spacing 0 < δs < 1 where δs satisfies the following equation for all x:

(1− δs)‖x‖2
2 ≤ ‖Gx‖2

2 ≤ (1 + δs)‖x‖2
2 (3.16)

In MRI, the user has a very limited choice of G, and the RIP is best defined for random Gaussian
matrices [14] (which are impossible to construct as a sensing matrix in MRI). As such, rather than
satisfy condition 2 with these formal properties, the accepted solution in MRI is simply to make
G as incoherent as possible. The coherence is defined as the maximum inner product between any
two columns of G:

Coherence = max( 〈 G(:, i), G(:, j) 〉 ) for i = 1 : N, j = 1 : N. (3.17)
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Maximising incoherence (or minimising coherence) is done by minimising the maximum column-
wise inner product in the operator. Practically, this is done by measuring the maximum off-
diagonal value in a normalised point spread function of the samples. Incoherence should spread
energy as uniformly as possible across the image. Non-Cartesian sampling such as radial [15] and
variable-density spirals [16, 17] are commonly used due to their favourable incoherence properties.
Incoherence is far easier to calculate than the RIP and still produces satisfactory results. The
satisfaction of condition 2 is required for the L1 norm to serve as an accurate substitution for the
L0 norm when calculating sparsity [18].

3.3.1.2 L1 Norm

In order to incorporate a sparsity-enforcing term into the reconstruction, a particular type of
regularisation is required.

The L0 norm is strictly a count of non-zero elements, and is the basic definition of the sparsity of a
vector. However, the L0 norm is not by nature convex, which is a desirable property when forming
cost functions. Practically, the L1 norm can be used instead of the L0 norm as an alternate measure
of sparsity [19], as long as the Restrictive Isometry Property (RIP) is obeyed [20]. The L1 norm is
an acceptable substitute because it has a tendency to select solutions with fewer coefficients when
used in a cost function. The L1 norm is defined as the sum of the absolute element values of x:

‖x‖1 =

( n∑
i=1

|xi|
)

(3.18)

The L1 norm is less sensitive to outliers than the L2 norm. While the L1 norm is convex, it is not
smooth. A small positive perturbation µ (1× 10−15 < µ < 1× 10−6) can be added to the absolute
function to form an approximation to the L1 norm which is smooth and differentiable [21]:

|x| ≈
√
x′x+ µ (3.19)

The L1 norm is used as a sparsity-enforcing regularisation term by adding a transform into a sparse
domain (ψ)

λ‖ψx‖1 (3.20)

The precise manner in which the L1 norm is minimised by enforcement of sparsity is implementable
in many ways.
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3.3.1.3 Solving a CS Optimisation Problem

The implementation of a simple CS cost function can be done most straightforwardly with a
conjugate gradient method on the combined equation with an L2 norm and an L1 norm. Here, E
represents the transform between k-space and image space.

CFCS = ‖Ex− y‖2
2 + λ‖ψx‖1 (3.21)

Using the adapted L1 norm [21] defined in equation 3.19, the gradient can then be defined as:

∇CFCS = 2E ′(Ex− y) + λψ′W−1ψx (3.22)

Where W is a diagonal weighting matrix with elements wi,i =
√

(ψxi)′(ψxi) + µ.

Other approaches to CS have gained traction and overtaken simple convex optimisation as the
preferred methodology. One such approach is ISTA (Iterative Shrinkage-Thresholding Algorithm)
[22], which applies a shrinking soft threshold to a gradient of the cost function in the iterative
step. FISTA (Fast ISTA) [23], seeks to do the same thing as ISTA, but achieve convergence
at a much faster rate by applying a threshold to a linear combination of previous guesses. An
Iterative Reweighted Least Squares (IRLS) algorithm [24] uses a weighted L2 norm minimisation
on x instead of L1, with elementwise weights of wi =

√
|xi|2 + γ

−1
, where γ is a stabilisation

parameter. The Split Bregman method [25] decouples the L1 and L2 elements of the optimisation,
allowing for the L1 portion to be solved by thresholding and shrinking the number of non-zero
elements and for the data consistency L2 portion to be solved analytically.

3.4 Low Rank

Rank, like sparsity; is an exploitable structure in a dataset; there are many parallels that can
be drawn between a CS and a low-rank reconstruction [26]. While the fields of CS methods and
low-rank reconstruction methods are both relatively recent, the application of low-rank methods
to MRI (and specifically fMRI) is still in its infancy, despite the inherently low-rank nature of
fMRI. Much of the grounding and principles behind the slightly more developed CS field can then
be applied to low-rank approaches.
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3.4.1 Rank and Decomposition

The rank of a matrix is defined as the dimension of vector space spanned by matrix’s columns, or
alternately as the number of linearly independent columns (or linearly independent rows, as the
row rank and column rank of a matrix are the same [27]). An m× n matrix A with m > n has a
maximum rank of n. A matrix that has a rank equal to the maximum rank is called a full rank
matrix, otherwise it is rank deficient. A matrix that is rank deficient also has reduced Degrees of
Freedom (DoF).

Because a low-rank approximation to a dataset contains a dramatic reduction in DoF, it can be
expressed in far fewer coefficients than the original dataset. Typical fMRI analysis will apply a
matrix decomposition to form a low-rank estimation to the dataset. In a similar manner to how CS
methods can use a reduced set of samples to directly approximate a sparse representation of the
data, low-rank methods can also use a reduced set of samples to directly reconstruct the low-rank
estimation that would have been produced by the analysis process anyway. In addition, matrix
decomposition is often used to reduce the dimensionality of the set of coil sensitivity matrices
[28, 29], a vital tool in speeding up the optimisation process.

According to the fundamental matrix decomposition theorem [30], any m×n matrix of rank r can
be decomposed as follows by Singular Value Decomposition (SVD).

A = UΣV ′ (3.23)

U and V are orthogonal matrices, i.e. U ′U = I. Σ is a diagonal matrix with r non-zero diagonal
elements (σ) which are conventionally ordered to be non-ascending (i.e. σi ≥ σi+1). If A is rank
deficient then the decomposed matrices (U , Σ, and V ) can be shrunk so that Σ is an r× r matrix.
SVD decomposition can be used to visualise the reduction of DoF in a rank-deficient matrix (figure
3.4), defined in equation 3.24.

DoF (Arank=r) = r(m+ n− r) (3.24)

Some matrices with a high rank contain many singular values which are relatively low in magnitude.
If these low-magnitude singular values are set to zero, a new low-rank approximation is created.
The distribution of singular values is a vital tool in deciding the extent to which the rank can
be reduced; the greater the proportion of the curve integral covered by the initial values, the
more compressible the data is. Figure 3.5 shows the rank compression of a 1600×1600 natural
image. The first 25 components of the image contain 41% of the total energy, compared to 61%
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Figure 3.4: The reduction in DoF in a rank deficient matrix. A full-rank matrix A has m × n DoF.
If matrix A is rank deficient, the reduction in DoF can be most clearly seen through an SVD. The
columns of U form an orthonormal set, so one coefficient per column is fixed to make ‖ui,1:m‖2 = 1,
and an additional coefficient in each column is fixed to ensure an inner product of zero with previous
columns 〈ui,1:m, ui−j,1:m〉 = 0. This equates to an r(r+1)

2 non-independent DoF in U (and V by the
same principles). Matrix Σ only has r independent diagonal elements. DoFA can be found by summing
the DoF across U , Σ, and V . If r = n, then DoFA = m× n, as expected.

of the total energy in the first 100 components. The associated images show the impact of the
different compression levels. The cross-like artefact in the overcompressed image belies the nature
of rank compression: underlying relationships between the two dimensions are required in order
to adequately express the matrix. Although the rank in the 100 component image is reasonably
large, there is still an 88% reduction in the DoF compared to the full rank original image.

The following relations are extensions of equation 3.23, and show eigenvalue decomposition:

A′A = UΣ2U ′ (3.25)

AA′ = V Σ2V ′ (3.26)

Matrices A′A and AA′ are square, which is a necessary condition for eigenvalue decomposition
(but not for SVD). Eigenvalue decomposition can be carried out by Principal Component Analysis
(PCA), which is a transform that maximises the remaining variance explained in successive eigen-
vectors. The eigenvectors of A′A are defined by U , and the eigenvectors of AA′ are defined by V .
The eigenvalues of A′A and AA′ are both defined by the matrix Σ2. The elements of Σ represent
both the singular values of A and the square roots of the eigenvalues of A′A and AA′. V can be
used to reduce the dimensionality of A through post-multiplication by V .
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Figure 3.5: A demonstration of overcompression of singular values. The original full rank image and
the corresponding SVD curve is shown in the top row. The first 25/100 components were preserved to
form the left-hand/right-hand images in the bottom row.

Acompressed = AV = UΣV ′V = UΣ (3.27)

PCA and SVD both produce a data-driven basis set, which is more adaptable to the data than a
specific transform basis set such as the FFT or a wavelet transform. The decomposition approaches
define a new orthogonal coordinate system that optimally describes the variance in a single dataset.
This means that if there is a low-rank approximation to the data, the PCA/SVD will find it. This
stands in contrast to the CS approaches, where prior knowledge regarding the sparse basis set is
required.
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3.4.2 Subspace Analysis

A subspace is defined by the span of the set of vectors, and each subspace is a subset of a larger
vector space. For example, the component vectors in decomposed matrices U and V define the
column subspace and row subspace of the full matrix A in equation 3.23. The subspace dimen-
sionality is the rank of A. If A is invertible (e.g. A is full rank and square), row space and column
space are equivalent.

3.4.2.1 Canonical Correlation

Image reconstruction quality can be inherently difficult to determine, with conventional methods
such as root mean square error (RMSE) or structural similarity index giving great weight to the first
component and not considering underlying patterns [31]. As such, when judging the reconstruction
quality of subspaces, a separate image quality metric is required.

Canonical correlation (CC) [32] is a multivariate analysis of correlation that is a good way of
comparing the similarity of two subspaces, and so will be used extensively in this thesis (particularly
when normalised, which will be referred to as the CC score). CC calculates the cosine of the angles
between two subspaces [33] (figure 3.6), which is a good measure of subspace similarity [34]. These
angles are referred to as principal (or canonical) angles, defined by the range 0◦ ≤ θ ≤ 180◦. The
angle between two unit vectors x and y is defined as follows:

cos(θ) = |x′y| (3.28)

The set of principal angles between two subspaces χ and Υ are defined recursively between or-
thogonal principal components x and y which span the subspace [35]. This process orders the
principal components from most aligned to least aligned, or equivalently from smallest angle to
biggest. The recursive condition assumes that each subsequent principal component is orthogonal
to the components already acquired.

cos(θi) = max
x∈χ

max
y∈Υ
|x′y| (3.29)

A CC calculation between matrices A and B searches for two vectors (c, d), such that c′A and d′B
are maximally correlated. This finds the principal components in the subspace defined by A and
B.
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Figure 3.6: A visual demonstration of a principal angle between two simple subspaces.

ĉ, d̂ = argmaxc,d
(
corr(c′A, d′B)

)
= argmaxc,d

(
c′ΣABd√

c′ΣAAc
√
d′ΣBBd

) (3.30)

ΣA,A is the variance matrix of A, and ΣA,B is the covariance matrix between A and B. This
CC calculation is not affected by the scaling vectors c or d, and so no priority is given to larger
components, yielding an absolute score of 0→ 1 for each component. This process is repeated to
find a new set of canonical vectors which are completely uncorrelated with the previously found
sets, also creating a set of r correlation coefficients sorted by maximal alignment (where r =
min(rank(A),rank(B))). In this way, CC analysis will find the optimal orientation between the
two datasets (analogous to SVD/PCA finding the optimal orientation of a single dataset).

By summing the angles and dividing by r, a normalised Canonical Correlation Score (CCS) can
be defined. CCS provides a single value measure between the alignment of two subspaces, and so
provides a good way to either compare reconstruction of an underlying subspace with a known
truth or to comparing two separate reconstructions.

3.4.2.2 Null Space

In addition to the row and column subspaces, two other fundamental subspaces can be defined:
the null space and the left null space. The null space of matrix A is termed N(A), and can be
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defined as the set of unit vectors x which satisfy the following equation:

N(A) : Ax = 0 (3.31)

The row space, column space, null space, and left null space are the four fundamental subspaces
of an m × n matrix, and are linked by orthogonal complements. The orthogonal complement
of A is A⊥ and is defined as the set of vectors that are orthogonal to every vector in A. An
additional property of the orthogonal complement is that (A⊥)⊥ = A. The left null space is the
orthogonal complement to row space, and the null space is the orthogonal complement to column
space. The orthogonality properties of null space will later be exploited as an alternative method
of regularisation.

3.4.3 Different Approaches to Low-Rank Reconstruction

One of the main motivations behind choosing a low-rank solution is the dramatic reduction in
the number of unknowns, as shown in equation 3.24. In the same manner that sparsity may be
enforced through an L1 constraint which minimises the number of coefficients in a solution, a
rank constraint may also be used to minimise the number of singular values (and so the number
of DoF). While both methods reduce the dimensionality of the problem, CS methods use a pre-
specified basis, and low-rank methods find a basis that is tailored to the data. In the presence of
noise or incomplete datasets, direct decomposition methods like PCA can struggle. A low-rank
estimation with only a few corrupted signal points formed using PCA will be very different from a
low-rank estimation without those points [36]. Iterative methods can be used to ensure the robust
reconstruction of these decomposed matrices, whilst still enforcing a low-rank structure [37].

The rank constraint can either be a hard constraint which fixes the rank of the system or a relaxed
constraint which allows flexibility of rank in reconstruction. They are known as rank-specification
problems or rank-minimisation problems respectively, and there exist numerous approaches for
both problems [38].

The Nuclear norm (‖A‖∗) is the sum of all n of A’s singular values σ(A) (equation 3.32). In a
similar manner to how the L1-norm - the sum of all coefficients - can be used in CS can be used
to find sparse solutions, the Nuclear norm can find a sparse encoding of singular values if the RIP
is satisfied [26, 39].

‖A‖∗ =
n∑
i=1

σi(A) (3.32)
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Relaxed rank approaches typically seek to minimise the nuclear norm [40]. Fixed-rank methods
will try to encode the rank in the dimensionality of the matrices, or use an adapted version of
thresholding in combination with the nuclear norm.

3.4.3.1 Matrix Completion

Matrix completion takes an undersampled depiction of a low-rank system, and reconstructs a low-
rank representation of the undersampled dataset using only the limited data available. Explicitly,
matrix completion fills in the missing gaps in the sampled matrix.

Matrix completion has applications in many fields, with the most famous being the Netflix Problem
[41, 42] in the domain of collaborative filtering. The problem was this: given a sparsely sampled
movie-ratings matrix of users and movies, can an algorithm be found to estimate what rating a
user would give a movie they haven’t seen yet? The matrix of users and movies is heavily sparse
(due to a large number of users, and the existence of far more movies than any person can/should
watch). The matrix is also low rank, as users are likely to consistently enjoy movies that are
defined by certain underlying categories, and movies are likely enjoyed by a similar set of people.
Filling out this sparse matrix using rank information to find new recommendations is a matrix
completion problem, and the principle of predicted movie ratings can be extended to reconstruct
any matrix defined by relatively few underlying components.

Conditions

In order to apply matrix completion algorithms, the following conditions are often defined [43]:

1. Observed entries are sampled uniformly at random

2. Sampling must exceed a lower bound on the number of observed entries

3. Decomposed matrices must not be overly sparse

Condition 1: In order to predict the missing information in a row/column, some information is
needed regarding all underlying patterns. As such, the samples are usually spread between the
columns and the rows. This is a commonly-stated sufficient (but not necessary) condition and
does not cover the application of matrix completion to MRI (which typically has non-uniform
sampling), despite the successful application of matrix completion within MRI [44]. Instead, an
isometric condition [45] can be used which combines properties of rank and incoherence.
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Condition 2: A low-rank matrix of size m× n will have r(m+ n− r) DoF (equation 3.24). With
a sampling level below this DoF limit, it is highly improbable that a single complete matrix can
be inferred from the partial set of samples. This condition contains the assumption that the
underlying matrix is not full rank, otherwise the lower bound for sampling would be every element
in the matrix.

Condition 3 can alternatively be stated that the singular vectors must be incoherent with respect
to the standard basis set (the unit vectors pointing in the direction of Cartesian axes), and it is here
that low-rank methods really differ from CS. Most sparse matrices are low rank, but are unsuitable
for matrix completion as a randomly-sampled sparse matrix is likely to produce a matrix of zeros
from which it is hard to infer relations. As such, the coherence µ of the projection of decomposed
matrix (PU) onto the standard basis set ei must be less than some positive value µ0.

µ(U) =
n

r
max
1≤i≤n

(‖PUei‖2
2) (3.33)

Just as CS was searching for incoherence with respect to coefficients (because it was searching for
sparsity), low-rank methods are seeking to maximise incoherence with the basis functions.

Solving Matrix Completion Problems

Matrix completion can be calculated with a relaxed rank constraint or a fixed rank constraint.
Section 4.2 walks through the mathematics behind two common approaches.

Relaxed rank constraints usually involve or approximate the Nuclear norm (often requiring an
SVD to calculate/truncate the singular values). A soft shrinkage operator on the singular values
[46] is a way to slowly reduce matrix rank (analogous to the CS shrinking operator [22] that
applies shrinkage on the number of non-zero coefficients). An IRLS minimisation method [47]
can be used to approximate the Nuclear norm with a reweighted version of the Frobenius norm
(W =

√
AA′ + γI

−1 ), analogous to the approximation of L1 norms using L2 norms in CS [24].

Some fixed-rank methods apply hard singular value thresholds while also using a nuclear norm [48,
49], although other methods can also apply a fixed norm while using a Frobenius norm minimisation
approach. Alternating minimisation is a category of fixed rank methods that compute a partial
SVD of an undersampled matrix A = UV ′, and solve for U and V :

argminU,V

(
1

2
‖A− UV ′‖2

F

)
(3.34)
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PowerFactorization [50] is one such alternating method which alternately updates U and V with
conjugate gradients. This introduced nonconvexity into the problem, but drastically improves
computation efficiency. Alternating Steepest Descent [51] also uses the same cost function as
PowerFactorization but updates with steepest gradient descent, and the Low-rank Matrix Fitting
algorithm [52] uses the undersampled matrix A as an initialisation but updates the unsampled
locations with the matching locations in the current estimate of UV ′. The AltMinComplete [53]
splits the observed samples into subsets and solves the problem on a subset level. These alternating
algorithms work with smaller matrices than other approaches and often avoid the need for an SVD
computation - making them relatively efficient from a computation perspective. As such they are
very popular, despite not being as robust as convex methods.

3.4.3.2 Limitations of Matrix Completion

Matrix completion requires the reconstruction to take place in the domain of the sampled matrix.
Many of the methods mentioned above can be adapted for use with respect to an undersampled
dataset d with the incorporation of an additional encoding matrix E applied to A, containing some
sort of rank constraint (represented by ‖ ‖∗, even if the nuclear norm is not strictly calculated).

Â = argminA

(
‖d− EA‖2

F + λ‖A‖∗
)

(3.35)

This encoding matrix can incorporate non-Cartesian sampling trajectories and sensitivity map
encoding for fMRI. As such, it may not be directly evident that these incoherence and sampling
conditions required for matrix completion are fulfilled (e.g. in point 1, often the k-space sampling
is far from random). As such, the robustness of reconstruction will have to be monitored closely
when the limits of acceleration are pushed.

Many of the outlined matrix completion conditions are tough to guarantee in a practical setting,
and so low-rank methods must be validated through constant testing. This is especially true where
the matrix is only approximately low rank. The number of samples needed to define a low-rank
matrix contains some uncertainty depending on the assumptions made [54, 55]. The DoF defined
by equation 3.24 is a minimum sampling level, but non-Cartesian sampling may further render
that limit imprecise. It does, however, indicate a likely fundamental limit regarding the minimum
number of samples - with a sampling level below the DoF limit it is highly improbable that an
accurate complete matrix can be reconstructed. Finding the intrinsic lowest rank [56, 57] of a
matrix is also difficult, and so an estimation will have to be made.
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3.4.4 Limitations of Low Rank approaches to fMRI

The low-rank assumption asserts that a low-rank representation of the fMRI dataset will capture
the underlying functional information within a reconstruction. The enforced rank chosen during re-
construction must be large enough to contain some leeway, in order to allow for confounding factors
arising from increase acceleration (e.g. motion, physiological noise, or increased serial correlation).
However, the rank is fundamentally limited for a given acceleration factor in a dataset of a certain
size. Equation 3.24 serves as a theoretical limit, although other factors (such as parallel imaging)
render this limit imprecise. Petrov and Otazo [58, 59] both showed that the physiological noise is
already represented in a low-rank reconstruction, and so can be dealt with in post-processing.

Increased serial correlation could result from sub-second TRs, and an increased fractional contri-
bution from white noise can result from the reduced SNR per time frame (which manifests as a
sharp peak in the autocorrelation at 0s lag). On a voxelwise level, this additional information can
be modelled either as a higher order autoregression model or as a single order autoregression +
white noise model [60], although both of these models assume that fluctuations from physiological
noise have been accounted for [61]. However, it is more difficult to judge how autocorrelation
jointly affects the spatial and temporal structures. Increased autocorrelation is known to reduce
the effective degrees of freedom [62], a fact which would make the system more approximately
low rank (see equation 3.24). Nevertheless, autocorrelation structures are known to be spatially
heterogeneous in rsfMRI [62], and so a more full investigation into the relationship between rank
and autocorrelation may be required for more definitive analysis.

Increased motion may introduce confounding factors, and extreme motion will violate the low-rank
assumption. However, such strong motion will likely render the functional information irretrievable
regardless of the method. Low/moderate motion (that is not removed prior to reconstruction) will
introduce confounds, but these will be common confounds that can be represented by a couple of
components. As the motion increases, the complexity required to represent the motion artefacts
will also increase. This could drown out the functional information and also reorder components,
potentially violating the low rank assumption.

To summarise: while various factors will introduce confounds, a low-rank reconstruction can still
capture the functional information provided the enforced rank is high enough (and doesn’t surpass
the practical application of some theoretical upper limit). If the confounds are captured, then they
will be removed post-reconstruction and prior to analysis, and have the same impact they would
on any reconstruction. However, large confounds (particularly heavy motion) can drown out the
functional information and must be monitored.
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3.5 Dynamic Reconstruction Methods

In section 2.3.2.4, the importance of acceleration in fMRI was demonstrated. This section outlines
the approaches used for acceleration of dynamic MRI, and specifically acceleration of fMRI where
methods exist. In-plane acceleration of static MRI images (such as PI) do not incorporate any
temporal information but can be used in tandem with methods that do.

3.5.1 Dynamic k-t Methods

Methods that jointly consider k-space and time are called k-t methods. By focusing on redundan-
cies and/or structural information in k-t space, k-t methods have the potential for much greater
degrees of acceleration than those methods limited to the gains achievable with coil geometry alone
and have sprung up in many forms of dynamic MRI.

Keyhole methods were the first k-t acceleration approach [63, 64], and work by frequently resam-
pling a central ‘keyhole’ band in k-space which provide the majority of contrast in an image, and
carry an explicit assumption that outer k-space can be shared between multiple images over time.
However, keyhole methods have a limited acceleratory capacity, and also produce a reconstructed
dataset where the time frames are not fully independent, which violates frame-independence as-
sumptions needed for statistical analysis. As an intuitive example, interpolating a whole extra
image between each frame of a dataset would also increase the temporal resolution, but provide
no new information (and indeed may be providing false information compared to the truth).

Keyhole methods are not the only approaches that rely on the temporal redundancy in k-t space
acceleration. DIME [65] aims to model the time variation and only fit a set of parameters to
that model rather than reconstruct a whole time series, assuming that the dynamic elements can
be effectively modelled. k-t GRAPPA [66, 67] includes a time dimension to the GRAPPA kernel
(section 2.2.2.2), but in doing so breaks the assumption of time-frame independence.

UNFOLD [68, 69, 70] obtains Fourier data in a grid which is sheared over time. This linear shift
in k-t space produces additional phase shifts of all points in the sampling PSF except the central
peak in x-f space. As can be seen for a linear undersampling example in from figure 2.3, the
non-central points represent aliased copies, and so the aliased signal within a given voxel will then
be modulated onto a higher frequency than the non-aliased signal. The aliased signal can then
be removed with an anti-aliasing filter applied in x-f space after reconstruction. Conceptually,
UNFOLD can be seen as similar to 2D CAIPI, but the sampling grid is sheared temporally rather
than over kz, and CAIPI seeks to maximise the distance between aliased copies whereas UNFOLD
seeks to fully separate them. The limitation of UNFOLD depends on the dynamic FOV, as a larger
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FOV would require a greater temporal shear in order to allow aliasing filters to separate out the
copies [71].

k-t BLAST [72] uses the same lattice sampling pattern of UNFOLD, but does not require the
sheer to fully separate the aliased copies. Instead, k-t BLAST also acquires an initial set of low
spatial resolution training data from central k-space immediately before the main acquisition. The
expected magnetisation covariance matrix from the low-resolution estimate is combined with the
expected aliasing contribution in every voxel in order to filter the aliased information from the
accelerated data. k-t SENSE [72] is k-t BLAST with coil sensitivity information also incorporated,
and coil sensitivity profiles were also included in all subsequent extensions of k-t BLAST (e.g. k-t
FOCUSS [73], which incorporated sparsity and is discussed in section 3.5.2; and k-t PCA [74] which
additionally applied a decomposition while acquiring the low-resolution prior and final acquisition
simultaneously, see section 3.5.3).

k-t PCA and k-t FOCUSS are not unique in incorporating underlying mathematical structures
such as sparsity and low-rank information into the reconstruction. The ability to incorporate
sparse and low-rank information into a dynamic reconstruction method led to great advancements
in the field, as well as allowing more fMRI-specific approaches to reconstruction.

3.5.2 Compressed Sensing in BOLD fMRI

MRI datasets are known to be sparse in many domains [11, 75, 76]. However, different forms of
MR imaging exhibit different forms of sparsity. Angiograms are sparse in the image domain [77],
as the vessels take up a small fraction of the total brain volume. Cardiac MRI is sparse in temporal
frequency (and can use wavelet transforms in image space with k-t SPARSE) [78], as the heartbeat
strongly dictates as the main dynamic pattern. Less intuitive CS approaches also exist, e.g. breast
images are typically sparse in a wavelet domain [15].

In fMRI, the BOLD signal comprises a small portion of the overall signal energy, meaning CS
approaches must be handled with caution lest the compression remove the actual signal of interest.
The following section outlines different approaches used for CS fMRI of the brain. Throughout
this section, m is the 4D estimate of the dynamic image-space dataset, E is the encoding operator
(which incorporates the Fourier transform and spatial coils), and y is the undersampled k-t space
dataset. ΨWx and ΨWt are spatial and temporal wavelet transforms respectively. Similarly, TVx
and TVt refers to total variation applied in space and time respectively.

The achievable acceleration factor (R) recorded by each paper will be noted in each case. It is
worth stating that the criteria by which an achievable R is judged are very subjective. As such,
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these should be taken as indications of the approximate acceleration at which reasonable data
fidelity is achieved, rather than as a hard and fast guide by which to rank the methods.

The method by Holland et al. [16] represents one of the most straightforward approaches to CS
fMRI. They focused on promoting sparsity through Daubechies wavelet transforms on a spiral
trajectory, with the sparsity being promoted in each image independently. Holland et al. found
reductions in noise and improvements in mean z-score at R=4 (equation 3.36).

m̂Holland = argminm

(
‖y − EΨWxm‖2

2 + λ‖ΨWm‖1

)
(3.36)

This approach of Daubechies wavelet sparsity and spiral trajectories was continued by Jeromin
et al. [17] albeit with an additional spatial TV term. When outlining reasonable values of the
parameter weightings λ1 and λ2 (equation 3.37), they found different weightings for optimal tfMRI
and rsfMRI. Additionally, they appeared to optimise in the domain of wavelet coefficients (c, where
ΨW c = m), achieving high peak SNR (57.6) in spiral low-pass geometry at R=5. The inclusion of
an additional TV term appears to allow for increased acceleration.

ĉJeromin = argminc

(
‖y − EΨW c‖2

2 + λ1‖TVx(ΨW c)‖1 + λ2‖c‖1

)
(3.37)

Other fMRI methods focussing on spatial sparsity also incorporate additional structural informa-
tion. PICCS [79] demonstrates this by using the average spatial signal over time (the temporal
mean) as a spatial prior mprior. The PICCS cost function (see equation 3.38) used two separate
spatial TV terms: the TV of the estimate x, and a TV term of difference between the estimate
and the temporal mean (in addition to a data consistency term and an L1 stability term). A split
Bregman approach was used, and acceleration factors of up to R=8 were suggested due to PICCS’s
success in low SNR scenarios.

m̂PICCS = argminx

(
‖y −Em‖2

2 + γ‖m‖1 + α‖TV x(m−mprior)‖1 + (1− α)‖TV x(m)‖1

)
(3.38)

Similar to PICCS, k-t FOCUSS [73] also attempts to incorporate additional structural information
into the reconstruction. k-t FOCUSS is an expansion of the k-t BLAST/SENSE method covered
in section 2.3.2.4. k-t FOCUSS begins with a low-resolution estimation of a sparse signal, which
is then sparsified with pruning. Pruning ensures any coefficients which are turned to zero then
fixed as zero, meaning the “solution” will only become sparser. The cost function is described in
equation 3.39 and solves for the residual signal ∆m, defined as the difference between the unknown
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signal m and the pruned low-resolution estimate signal m0. Ft is used to represent the temporal
Fourier transform, and W is a diagonal weighting matrix that is updated each cycle. k-t FOCUSS
was demonstrated at acceleration factors of 6.5 when fully sampled reference frames bookended
the acquisition [80].

∆m̂FOCUSS = argmin∆m

(
‖y − Em− EFtW∆m‖2

2 + λ‖∆m‖2
2

)
, m = m0 + FtW∆m (3.39)

All of the methods so far have enforced transformed spatial sparsity of some form. However, tem-
poral sparsity has also been explored. Double Temporal Sparsity-based Reconstruction (DTSR)
[81] minimises temporal TV sparsity through the assumption that brain volumes are similar be-
tween frames, in addition to sparsity in the voxel temporal frequency domain. DTSR demonstrated
radial retrospective undersampling at R=13, and an improvement in peak SNR at R=3.

m̂DTR = argminm

(
‖y − Em‖2

2 + λ1‖Ftm‖1 + λ2‖TVt(m)‖1

)
(3.40)

Dual TRACER [82] is an adapted version of the TRACER [83] method that assumed minimal spa-
tial change in consecutive frames with an L2 norm (temporal smoothing). While Dual TRACER
is not technically a CS method, it is conceptually very similar. TRACER performed the execution
of minimal spatial change by iterating forward and minimising the error between frames, meaning
errors were liable to propagate. Dual TRACER executed the reconstruction twice: once forwards
(equation 3.41), once backwards (equation 3.42), and subsequently averaged the two reconstruc-
tions. i is the iteration factor and n represents the frame. Dual TRACER was demonstrated at
an acceleration factor of 20.

m̂forward = argminm

(
‖yn − Emn,i‖2

2 + λ‖mn,i −mn−1,i‖2
2

)
(3.41)

m̂backward = argminm

(
‖yn − Emn,i‖2

2 + λ‖mn,i −mn+1,i‖2
2

)
(3.42)

Dual TRACER also demonstrated that a Golden Ratio angle approach is particularly suited for
temporal smoothing approaches, due to the non-uniform distribution of aliasing artefacts in sep-
arate frames (see figure 3.7). Golden Ratio angles never overlap, resulting in a unique trajectory
or every frame in the dataset. The sampling for each frame has an associated unique PSF, and
making the undersampling artefacts induced by those PSFs unique as well. These rapidly chang-
ing artefacts are exactly the type of signal which a temporal smoothing constraint will target. An
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fMRI signal at high TR should be comparatively smooth, and so will be more unaffected by a
temporal smoothing constraint as long as the weighting is not too high.

Figure 3.7: A demonstration of aliasing patterns in consecutive Golden Ratio angle frames. Each
trajectory is formed of five Golden Ratio Angle spokes, and their corresponding PSF functions in
image-space is shown on the bottom row (shown on a log scale for visual clarity).

Finally, a couple of methods incorporate both spatial and temporal sparsity constraints. The
first such method is HSPARSE [84], which uses a modified version of k-t SPARSE. HSPARSE
enforces in-frame spatial sparsity using either DCT or discrete wavelet transforms. The temporal
sparsity is enforced either through discrete wavelet transforms/the Karhunen-Loeve transform for
temporally complicated experiment designs such as event-related fMRI, or the DCT transform for
block designs. HSPARSE compresses the temporal domain as a separate term (equation 3.43),
and achieves reduction factors of roughly R=6.

ˆmHSPARSE = argminm

(
‖y − Em‖2

2 + λ1‖ΨWtm‖1 + λ2‖ΨWxm‖1

)
(3.43)

As an alternate combined spatial/temporal sparsity approach, the Spatiotemporal Total Varia-
tion (TTV) approach applied to fMRI [79] used separate TV terms in space and time (equation
3.44). TTV was evaluated in the same paper as PICCS, with TTV being found to produce image
degradation at acceleration factors that PICCS succeeded (R=8), but worked well at R=5.

ˆmTTV = argminm

(
‖y − Em‖2

2 + α‖TV xm‖1 + (1− α)‖TV tm‖1

)
(3.44)
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There are many potential combinations of sparsity constraints and approaches that could be ex-
plored. It is worth noting that the reported acceleration factors in papers must obviously be read
with nuance due to the different conditions under which they were obtained. With that in mind,
the methods which focussed on a temporal form of sparsity - dual TRACER and DTSR - both
contained the highest reported acceleration factors. Perhaps notable is that both temporal meth-
ods encouraged smoothness in the temporal domain by minimising the difference between frames
in some manner. It should also be noted that those spatial sparsity methods which incorporated
additional information (PICCS/k-t FOCUSS) appeared to achieve better acceleration than those
methods which relied on more traditional constraints (Jeromin/Holland).

3.5.3 Low-Rank BOLD fMRI

Partially Separable Functions [85] is a low-rank approach in dynamic MRI that collects two datasets
to estimate the different components - one with a high temporal resolution (and poor spatial), and
one with a high spatial resolution (and poor temporal). An SVD can be used to estimate the
temporal basis set, which is then fixed and projected onto the other dataset to estimate the spatial
basis. This method will be referred to as k-t PSF (so as not to confuse the reader with the
point spread function). k-t PSF was used in cardiac MRI [86] and breast MRI [87] before being
demonstrated at R=5 in tfMRI in 2013 [88] (in combination with a sparsity constraint). k-t PSF
will be explored more in chapters 5 and 6.

k-t PCA [74] is an extension to the k-t BLAST [72] method covered in section 2.3.2.4. k-t BLAST,
similar to k-t PSF, can use a high temporal-resolution/low spatial-resolution acquisition in re-
construction (although k-t BLAST used the low spatial resolution prior’s signal spatial covariance
matrix for the purpose of dealiasing). The reconstruction problem in k-t BLAST is always underde-
termined. The inclusion of sensitivity matrices allows k-t SENSE to be either under- or overdeter-
mined (depending on the number of coils and the acceleration factor), but k-t PCA applies a PCA
to reduce the dimensionality of the problem and ensure the problem can be overdetermined. Addi-
tionally, k-t PCA uses the temporal frequency components from the high temporal-resolution/low
spatial-resolution acquisition portion of x-f space as the basis in the final reconstruction. The spa-
tial components are then used to form the signal covariance matrix for the purpose of dealiasing.
While k-t PCA has not been demonstrated in fMRI to our knowledge, its use of low-rank methods
to improve a dynamic MRI dataset was considered sufficiently relevant to be worth including.

k-t FASTER (fMRI Accelerated in Space-Time via Truncation of Effective Rank) was the first
known method to purely exploit the low-rank nature of fMRI [44], which can be understood as the
combination of a few spatially coherent temporal processes (i.e. the activation maps which indicate
distinct time-series occurring at certain voxels). fMRI often applies a dimensionality reduction [89]
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which explicitly enforces a low-rank representation of the system prior to analysis methods such
as ICA. It should be noted that various noise sources (e.g. thermal noise, physiological noise, etc.)
make the system only approximately low rank, although some of the coherent physiological noise
can be estimated as low-rank processes. The rank constraint of k-t FASTER alone was enough
to achieve notable acceleration in rsfMRI (R=4.3) but was simply combined with coil sensitivity
information and a TURBINE trajectory for further acceleration in rsfMRI (R=5) [90]. Additional
acceleration was achieved with the same set up in tfMRI (R=12.5), with the high signal variance
of tfMRI allowing the dataset to be described with a lower rank than the rsfMRI approach. k-t
FASTER uses an iterative hard thresholding algorithm with matrix shrinkage, and will be explored
in much greater detail in chapter 4.

Both k-t PSF and k-t PCA estimate the spatial and temporal subproblems separately, using sepa-
rate data subsets to solve each subproblem. Additionally, k-t PSF and k-t PCA both incorporate
additional information: k-t PSF can use a sparsity constraint, and k-t PCA uses a signal covariance
matrix. A version of k-t FASTER for tfMRI which incorporates a GLM constraint to help inform
the temporal subspace has been demonstrated at R=16 [91]. The motivation of including GLM
information in the reconstruction process mirrors the motivation of including a low-rank constraint
to mirror the PCA/ICA subspace decomposition: the more directly the sampled information can
reflect the final dataset which is used for analysis, the more efficient the use of sampled data is for
image reconstruction.

k-t PSF and k-t FASTER will be tested more thoroughly in future chapters, although k-t PSF will
estimate the temporal basis with an iterative-based framework (rather than SVD framework). A
fuller comparison between the efficacy of these two methods will be carried out at that point.

3.5.4 Low Rank plus Sparse Reconstruction of BOLD fMRI

The relative brevity of the previous section should highlight how young the field of low-rank
fMRI is. Surprisingly more developed is the field of combined low-rank and sparse (L+S) fMRI
optimisation [36]. The lack of a clear sparse transform for fMRI in section 3.5.2 has prevented
CS approaches from taking off in fMRI as they have in other MRI reconstruction problems. L+S
approaches typically use a (very) low-rank approach approximation of the more static components
of a dataset, in order to allow a sparse approach to fit the perturbations around the low-rank
estimation [92]. This is not to say that low-rank problems cannot also represent the dynamic
portion of the dataset, as was shown in section 3.5.3.

Incoherence is needed between the acquisition and both the low-rank component and the sparse
component of the L+S reconstruction to allow removal of aliasing artefacts [93]. The low-rank and
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sparse components should also be incoherent with each other to allow separation of the domains,
i.e. the low-rank components should not be sparse and the sparse components should not be low-
rank [92]. Radial [94] and spiral [58] acquisitions are good sampling trajectories to encourage this
incoherence. Exploratory analysis by Karker et al. [95] recently demonstrated reduced mean g-
factor using Possion-PROPELLER - a novel sequence which combined PROPELLER-style blades
and Poisson disc sampling to Golden Ratio angle rotation.

Various L+S approaches have been explored, many direct extensions to low-rank methods for
fMRI. The aforementioned k-t PSF approach was investigated with sparsity on the spatial com-
ponents at R=5 [88]. fLORA (functional LOw Rank Approximation) [96] is an extension to k-t
PSF that estimates the temporal components from an SVD of the data, then estimates the spatial
components with additional wavelet sparsity and component-wise regularisation. fLORA used a
variable-density spiral acquisition on tfMRI, and was demonstrated in a retrospectively under-
samped dataset at R=4 [97]. Both of these k-t PSF-based approaches only applied the sparsity to
the spatial domain, directly estimating the temporal basis set with no additional constraints.

Three approaches used a soft singular value iterative threshold with soft sparsity thresholds. Otazo
et al. first demonstrated the formulation in dynamic MRI [92], applying an iterative hard threshold
to the sparse transform and an iterative hard threshold to the singular values. A data consistency
term was applied to remove the residual, and then the process was iterated. In exploratory rsfMRI
analysis, Otazo et al. then demonstrated that this L+S approach could be used for separating sub-
sampled physiological noise in a manner comparable with retrospective methods (using an identity
transform for sparsity and an EPI acquisition) [59]. Singh et al. [98] used a spiral acquisition and
applied the soft iterative thresholds in the temporal Fourier domain to a block-design of retrospec-
tively undersampled tfMRI. They showed results at R=3 with higher CNR than the pure CS or
low-rank version of their approach [98]. Petrov et al. [58] expanded on this paper using a stack-
of-spirals approach, and prospectively undersampled in the kz-t domain. Petrov expanded on the
block-design approach of Singh and also demonstrated their L+S approach in slow event-related
designs, also using temporal Fourier sparsity but noting that it may not hold in fast event-related
designs. They also increased the acceleration factor relative to Singh, displaying results at R=4.

The OptShrink method [99] (Optimal singular value Shrinkage denoising algorithm) was an ap-
proach introduced to improve soft singular value iterative threshold techniques. OptShrink uses a
truncated SVD to provide a denoised estimate of the low-rank portion of the algorithm. Sparsity
is still applied in the temporal Fourier domain. The authors demonstrated the reconstructions at
R=6, and compared directly against soft singular value iterative thresholding, as well as CS with
wavelet sparsity. tfMRI and rsfMRI datasets were retrospectively undersampled using uniform ra-
dial trajectories, and showed that OptShrink reduced the normalised mean square error compared
to soft singular value iterative threshold techniques in acceleration factors up to R=6, while also
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improving z-scores.

PEAR [100] (an extension to k-t FASTER) used a fixed-rank approach with temporal Fourier
sparsity. They observed that the low-rank component of other methods was very low rank, and
that the important information tended to be focussed in the sparse domain. By forcing the rank to
be slightly higher, they aimed to allow broader-band signals to be captured in the reconstruction. In
retrospectively undersampled rsfMRI with radial trajectories at R=10, PEAR was compared with
both soft singular value iterative threshold techniques and k-t FASTER reconstructions, showing
slightly improved classification (judged through an ROC curve) of the ground-truth functional
maps.

3.6 Conclusion

Regularisation in iterative reconstruction can guide the solution of an optimisation problem to
take a specific form. By using prior knowledge about the mathematical structure of the dataset
(such as sparsity or rank), the sampling limits set out by Nyquist-Shannon may be broken while
still leading to high fidelity reconstructions.

As section 3.5 laid out, there are many attempts to exploit temporal structure in order to push
the limits of acceleration. However, dynamic methods without sparsity/low-rank constraints have
only demonstrated limited acceleratory capacity. CS methods, which have proven very effective in
other fields, have been unable to find a naturally sparse domain in fMRI through which to apply
compression.

In fMRI, the field of pure low-rank optimisation is still relatively ripe for innovation, and so appears
to be one of the most promising fields to examine further. Various constrained methods (PICCS
[79], k-t PSF [85], k-t PCA [74], k-t FOCUSS [101], low rank with GLM-based constraints [91])
have successfully incorporated addition structural information beyond the sparsity and rank con-
straints. In addition, the Dual TRACER approach (which encouraged temporal smoothness) was
demonstrated at the highest acceleration factor of the CS approaches [82]. If the low-rank problem
can be framed in such a way as to easily allow additional structural or smoothness constraints (e.g.
on the subspaces), then there is potential for a novel approach to accelerated reconstruction.
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3.A Norms

The mathematical family of norms are commonly used as the building blocks of a cost function. A
norm is a strictly non-negative measure defining the size of a vector or matrix. Norms are typically
used either to define the strength of a signal, or the size of an error. A norm is any function p( )

acting on any vector (a or b) which fulfils the following set of conditions:

1. p(a+ b) ≤ p(a) + p(b) (Triangle Inequality)

2. p(λa) = |λ|p(a) (Absolutely Homogeneous, λ is any constant)

3. if p(a) = 0, a is the zero-vector

While the above is a strict set of definitions for a norm, many functions that fulfill only part of the
conditions are still called norms for convenience (e.g. TV norms or L0-norms). Norms can take
many forms, the most common of which is known either as the vector p-norm or the Lp norm:

‖x‖p =

( n∑
i=1

|xi|p
)1/p

(3.45)

The choice of p in equation 3.45 defines different measures of the same underlying vector x. Any
value of p ≥ 1 fulfils the conditions of a norm. Choosing 0 < p < 1 yields a quasinorm which only
fulfils conditions 2 and 3 (an adapted version of condition 1 is needed: p(a+ b) ≤ K(p(a) + p(b)),
with 0 < K < 1). The larger p is, the more the norm of x will be characterized by x’s higher
magnitude elements.

The most commonly used Lp norm is the L2 norm (also known as the Euclidean norm), which is
defined as the square root of the sum of the square of all elements. The L2 norm is also equivalent
to the square root of an inner product, and can be used to calculate the energy of a signal. Large
values dominate the characteristic L2 value of x.

‖x‖2 =

( n∑
i=1

|xi|2
)1/2

(3.46)

“Entrywise” matrix norms treat the m× n matrix A as a (m× n)× 1 vector (represented through
vec(A)), and then apply the previously defined vector norm calculations. The Frobenius norm is
the entrywise matrix equivalent of the L2 norm, and is the most common entrywise norm.
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‖A‖F = ‖vec(A)‖F =

( m∑
i=1

n∑
j=1

|ai,j|2
)1/2

(3.47)

Norms are very valuable functions in optimisation for producing a single value representation of
the “size” of a vector or matrix. Different norms will yield different representations of the size of
that vector/matrix. Optimisation will aim to shrink the size of a cost function, which is often
defined by norms. The use of different norms will cause the underlying vector/matrix to shrink in
different ways during the optimisation process.
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4.1 Introduction

k-t FASTER (fMRI Accelerated in Space-Time via Truncation of Effective Rank) is a reconstruc-
tion method that was designed to exploit the low-rank nature of fMRI. In the first k-t FASTER
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paper [1], an acceleration factor of R=4.27 was achieved in rsfMRI through the use of low-rank
information alone, using a single (uniform) coil Cartesian sampling framework and solving with
a matrix completion approach. A subsequent k-t FASTER paper [2] achieved an acceleration of
R=12.5 by using a TURBINE [3] (hybrid radial-Cartesian) trajectory on tfMRI which incorporated
coil spatial sensitivity information into the reconstruction [4]. Both papers used an iterative-hard
threshold + matrix shrinkage (IHT+MS) approach to enforcing rank. The practicalities of thresh-
olding and shrinkage will be covered in detail in this chapter.

There is a long history of using constraints to improve reconstructions in accelerated MR imaging
[5]. There is also a history of combining different constraints together [6, 7, 8, 9]. By reformulat-
ing k-t FASTER as an Alternating Minimisation (AM) approach which decomposes the dataset
into spatial and temporal component matrices, subspace-specific constraints can be incorporated
alongside the low-rank constraint and the coil sensitivity information to help accelerate the re-
construction further. The ability to easily incorporate subspace-specific constraints is the main
motivation for the AM approach, as it will also avoid the need for multiple potentially expensive
SVD calculations (as SVDs get very computationally expensive as dataset size increases). It should
be noted that it is possible to incorporate constraints into an SVD framework [10]).

This chapter will walk through the formulation of an AM approach to k-t FASTER. For the sake of
clarity, AM k-t FASTER will refer to an alternating minimisation approach applied to k-t FASTER,
and SVD k-t FASTER will refer to the original k-t FASTER approach using IHT+MS. Optimal
reconstruction parameters, convergence criteria, and a variety of AM-based approaches will be
investigated to deduce the ideal implementation of AM k-t FASTER for fMRI reconstruction.
We will then demonstrate the applicability of AM k-t FASTER on Cartesian trajectories, before
showing the general effectiveness on non-Cartesian trajectories, both in comparison with SVD k-t
FASTER.

Throughout the chapter, A will refer to the dynamic image space optimisation variable as a full
matrix (e.g. in SVD k-t FASTER). X and T will be used to represent the spatial and temporal
domain respectively (where A = XT ′), to represent the two matrices used as optimisation param-
eters in AM k-t FASTER. X and T will not be normalised nor necessarily be orthogonal, and so
are distinct from the decomposed matrices produced by an SVD.

4.2 SVD k-t FASTER

Typical fMRI analyses represent data as specific time courses (either as brain activity, or as other
coherent temporal processes e.g. physiological noise) with associated spatial maps showing which
voxels have those time series. The creation of k-t FASTER as a low-rank approach to fMRI was
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motivated by the observation that PCA is often used to apply data compression to fMRI data,
before ICA is applied as a denoising tool to generate a cleaner signal of brain activity [11]. Both
decompositions make the spatial map vs. temporal process representation inherently low-rank. In a
similar manner to how CS approaches seek to acquire a compressed signal at the point of “sensing”
(rather than acquire a full signal and then compress), k-t FASTER aims to acquire a low-rank
representation of the data without acquiring information that will later be discarded in the PCA.
This maximises the sampling efficiency, as low-rank methods attempt to avoid acquiring data that
provide no value to the final analysis (figure 4.1).

Figure 4.1: A demonstration of the increased sampling efficiency of k-t FASTER. The standard approach
to fMRI reconstruction will often discard information through PCA-based dimensionality reduction.
k-t FASTER directly approximates in the low-rank form of the desired final output representing a more
efficient approach which does not require full initial sampling.

The first k-t FASTER paper showed that > 80% of the signal can be captured in the first 25
components of a space-time matrix in an average scan (see figure 4.2). It is this inherent low-rank
nature of the space-time dataset which validates the use of low-rank approaches in fMRI.

The original Cartesian formulation of SVD k-t FASTER [1] and the updated non-Cartesian for-
mulation [2] use slightly different algorithms. The Cartesian SVD k-t FASTER approach uses a
low-rank matrix completion strategy [12] (see section 3.4.3.1) as a robust way to enforce a low-rank
structure during reconstruction. Matrix d will represent the sampled data, and matrix Ai is the
current estimate of the system in k-t space. Data consistency between the sampled data points
in k-space and the current estimate is defined by an update step size (0 ≥ µ ≥ 1) and a Boolean
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Figure 4.2: A normalised singular value curve produced from fMRI data with 512 time points from
six different subjects (dotted: individual distributions, solid: mean distribution). Figure used with
permission of Mark Chiew [1].

mask defining the location of the sampled points (Ω) which is applied through elementwise matrix
multiplication (.∗).

Ai+1 = S

(
Ai + µ

(
Ω. ∗ (d− Ai)

))
(4.1)

S is a shrinkage operator which can be implemented in a variety of ways. A hard thresholding
approach enforces a fixed rank on the system by performing an SVD on the current estimate of
the dataset and setting all components beyond an arbitrary number of singular values to zero:

Shardr =

{
σj = σj, j ≤ r

σj = 0, j > r
(4.2)

Alternatively, a soft thresholding approach could apply a value-based threshold, setting all singular
values less than a certain value τ to zero. This approach does not impose a fixed rank on the system,
instead imposing a general low-rank nature with no strictly defined limit on the number of singular
values. Additionally, the singular values which are not removed could still be shrunk by τ within
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the shrinkage operator.

Ssoftτ =

{
σj = σj − τ ; σj ≥ τ

σj = 0; σj < τ
(4.3)

SVD k-t FASTER uses a hybrid of the two shrinkage approaches called Iterative Hard Thresholding
with Matrix Shrinkage (IHT+MS). IHT+MS imposes a hard upper limit on the number of singular
values (r), but shrinks the remaining values by the multiple of the fixed shrinkage coefficient (c)
and the (r+ 1)th singular value (the largest singular value that is cut by the hard threshold). This
is a variant of the fixed point continuation algorithm [13], which also uses a hybrid approach. The
floating shrinkage parameter is similar to a non-convex spectral penalty introduced by Lingala et
al. [14]. This process is repeated for q iterations, or until a convergence criterion ε is reached.

Sr,c =

{
σj = σj − cσr+1 j ≤ r

σj = 0 j > r
(4.4)

The IHT+MS can be integrated into an overall matrix completion algorithm for k-t FASTER to
produce pseudocode algorithms 1 and 2 for the Cartesian and non-Cartesian formulation respec-
tively. In the Cartesian case, one single uniform coil is assumed. In the non-Cartesian [3] multicoil
[4] framework, Ω can be replaced by E, which incorporates the NUFFT operator and the coil
sensitivity information into the reconstruction.
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Algorithm 1 Cartesian single-coil SVD k-t FASTER Pseudocode
Parameters
d: Undersampled k-t fMRI data
Ω: A mask of 1s and 0s to indicate sampling locations
A: The low-rank matrix estimate of the dataset with potential maximum rank n
r: The maximum desired rank
µ: The update step size
c: The shrinkage coefficient
q: Number of iterations
ε: The convergence threshold
σj: The jth singular value in Σ

Algorithm
for i = 1 : q do

if ‖Ai − Ai−1‖F < ε then

UΣV ′ = SVD

(
Ai + µ

(
Ω. ∗ (d− Ai)

))
for j = 1 : n do

if j ≤ r then
σ̃j = σj − cσr+1

else if j > r then
σ̃j = 0

Ai+1 = UΣ̃V ′
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Algorithm 2 Non-Cartesian SVD k-t FASTER Pseudocode
Parameters
d: Multicoil undersampled k-t fMRI data
E: Non-Uniform Fast Fourier Transform (NUFFT) and multi-coil encoding operator
A: The low-rank matrix estimate of the dataset with potential maximum rank n
r: The maximum desired rank
µ: The update step size
c: The shrinkage coefficient
q: Number of iterations
ε: The convergence threshold
σj: The jth singular value in Σ

Algorithm
for i = 1 : q do

if ‖Ai − Ai−1‖F < ε then

UΣV ′ = SVD

(
Ai + µE ′(d− EAi)

)
for j = 1 : n do

if j ≤ r then
σ̃j = σj − cσr+1

else if j > r then
σ̃j = 0

Ai+1 = UΣ̃V ′
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4.3 Formulating AM k-t FASTER

In SVD k-t FASTER, only matrix A is estimated. In AM k-t FASTER, two separate matrices (X
and T ) must be jointly estimated. X and T represent the spatial and temporal domain respectively.
Data consistency in the AM optimisation problem can be formulated with respect to a transform
operator E and the undersampled dataset d as follows:

X̂, T̂ = argminX,T

(
‖EXT ′ − d‖2

2

)
(4.5)

To solve equation 4.5, one parameter is fixed while the other is updated to minimise ‖EXT ′−d‖2
2,

the general cost function. Then, that parameter is fixed and the other parameter is updated.
This process of alternating the active variable in the cost function is the defining characteristic
of alternating minimisation. Equation 4.5 can be broken down into two convex subproblems: the
spatial subproblem which optimises for X, and the temporal subproblem which optimises for T .

The maximum rank of the reconstructed dataset in an AM implementation is encoded in the
dimensionality of the decomposed matrices X and T , rather than through the singular value
thresholding of section 4.2. X is x × r (x - number of voxels) and T is t × r (t - number of
frames/time points). If r < (x, t), then the maximum rank of the final reconstruction can be
clearly stated as r through the following properties:

rank(X) ≤ min(x, r)

rank(T ) ≤ min(t, r)

rank(XT ′) ≤ min(rank(X), rank(T ))

(4.6)

A visual breakdown of the matrix decomposition and enforcement can be seen in figure 4.3.

4.3.1 Different AM Implementations

The goal of an AM implementation is to identify the matrices X and T that achieve maximal
data consistency with a target rank r. Two approaches were considered. The first approach
was Incremented-Rank PowerFactorisation (IRPF) [15], which has previously been shown to be
effective at recovering low-rank matrices from undersampled data. IRPF uses two nested loops.
The outer loop increments from a rank-1 optimisation to a rank-r optimisation. The inner loop
fully optimises X and T at the selected rank. Each outer loop is initialised based on optimisation
from the previous iteration’s inner loop. This approach is shown in pseudocode 3.
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Figure 4.3: The matrix decomposition and low-rank enforcement of an fMRI dataset (a third spatial
dimension could also be contained in the first dimension of Xfull/X).

The second approach directly calculates a rank-r representation of the final dataset. This is equiv-
alent to an IRPF approach which jumps straight to the final iteration of the outer loop, and so
doesn’t have the benefit of the IRPF initialisation in that loop from the rank-(r-1) optimisation.
This approach is termed “All Components” (AC), and is shown in pseudocode 4. For both ap-
proaches, the issue of convergence and initialisation will be discussed in section 4.3.2. For now, χ
represents the convergence criterion and ε represents the convergence threshold.

Both methods were tested on a retrospectively undersampled dataset and evaluated based on
a) how well they represent the underlying truth, b) how aligned the subspaces are between the
different methods, and c) length of time taken to converge.

4.3.2 Convergence

There are a number of different choices available when considering a convergence criterion. SVD
k-t FASTER is optimised over a single parameter (matrix A), and uses the change in Frobenius
norm of that parameter as the criterion.

‖Ai − Ai−1‖F < ε (4.7)

The IRPF paper [15] defines their convergence criterion as the relative error between the transform
of the estimate and the undersampled dataset. This is formulated as the Frobenius norm of the
data consistency term normalised by the Frobenius norm of the undersampled dataset. It is
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Algorithm 3 IRPF Pseudocode
Parameters

d: Multicoil undersampled k-t fMRI data
E: Non-Uniform Fast Fourier Transform (NUFFT) and multi-coil encoding operator
X: The spatial component matrix
T : The temporal component matrix

X1:j,i: The ith optimisation cycle of X containing components 1→ j
r: The maximum desired rank
χ: The convergence criterion function

CFj,i: The overall cost function for the ith cycle in the jth loop
q: The maximum number of cycles

Algorithm
initialise(X1,0, T1,0)
for j = 1 : r do

rank(X) = rank(T ) = j
X1:j−1,0 = X1:j−1,q

T1:j−1,0 = T1:j−1,q

for i = 1 : q do
while χ(Xi, Ti) < ε do

X1:j,i+1 = argminX1:j
‖EX1:jT

′
1:j,i − d‖2

2

T1:j,i+1 = argminT1:j‖EX1:j,i+1T
′
1:j − d‖2

2

CFj,i+1 = ||EX1:j,i+1T
′
1:j,i+1 − d‖2

2

Algorithm 4 All Components Pseudocode
Parameters

d: Multicoil undersampled k-t fMRI data
E: Non-Uniform Fast Fourier Transform (NUFFT) and multi-coil encoding operator
X: The spatial component matrix
T : The temporal component matrix

X1:r,i: The ith optimisation cycle of X containing all r components
r: The maximum desired rank
χ: The convergence criterion function

CFi: The overall cost function for the ith cycle
q: The maximum number of cycles

Algorithm
initialise(X1:r,0, T1:r,0)
for j = r do

rank(X) = rank(T ) = r
for i = 1 : q do

while χ(X1:r,i, T1:r,i) < ε do
X1:r,i+1 = argminX1:r‖EX1:rT

′
1:r,i − d‖2

2

T1:r,i+1 = argminT1:r‖EX1:r,i+1T
′
1:r − d‖2

2

CFi+1 = ||EX1:r,i+1T
′
1:r,i+1 − d‖2

2



CHAPTER 4. ALTERNATING MINIMISATION FORMULATION OF K-T FASTER 116

calculated at the end of an optimisation cycle, after both the spatial subproblem and the temporal
subproblem have been optimised.

‖EXT ′ − d‖2

‖d‖2

< ε (4.8)

As a main motivation for the AM k-t FASTER approach is tied into the addition of extra con-
straints, a criterion is needed which can be easily extended beyond a cost function containing just
a data consistency term. As such, the AM k-t FASTER convergence criterion will be defined as
the absolute change in cost function and normalise by the updated cost function. It will be termed
the normalised cost function gradient (equation 4.9); the algorithm will check to see if the criterion
is satisfied after the temporal subproblem.

|CFi − CFi−1|
CFi

< ε (4.9)

The choice of ε will be determined empirically on a retrospective undersampled dataset as the value
representing the point at which randomly initialised subspaces have converged (i.e. have a CCS
score ≈ 1). It should be noted that the individual X and T subproblem cost functions will always
decrease, as both the X and T subproblems are convex optimisation problems. However, there is
no guarantee of the overall cost function decreasing between optimisation cycles once constraints
are added.

4.3.3 Iterations

Alternately optimising two variables at once can be a lengthy procedure. Each subproblem optimi-
sation must be long enough that Xi can change significantly, but not too long that time is wasted
moving incrementally towards a solution that will change in the next cycle. For the purpose of
clarity, one “cycle” will be defined as one optimisation of both the spatial and temporal subprob-
lem, and one “iteration” will refer to the number of updates within a subproblem. The number of
internal iterations will affect the total change in cost function during a cycle, and so will require a
stricter ε in the convergence criterion.

4.3.4 Initialisation

The overall AM formulation of the low-rank problem is non-convex, despite containing two convex
subproblems [15]. One result of this fact is that certain initialisations can lead to undesirable
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solutions. The most obvious example is that initialising T as zero-filled will allow an infinitely-
varied expression of X to yield the exact same solution, since the cost functions are only defined
by the product XT ′, and not (in this version without subspace constraints) by any standalone X
and T terms.

The temporal mean is an image formed by concatenating the blades across all time frames into a
single reconstruction, and is an intuitive choice for the first component of X as the mean spatial
map is very likely to approximate closely to the most dominant spatial component (relatedly,
the first temporal component will be roughly constant over time). The initialisation of other
components is less clear. Some basic initialisations will be evaluated based on whether they form
component matrices X and T which consistently converge to map the same underlying subspaces.
The initialisations tested will be: fully randomised matrices, fully randomised and orthogonalised
matrices, and fully randomised and orthogonalised matrices which contain the temporal mean as
the first component. From this set of initialisations, we should be able to draw conclusions about
the form of initialisations as a whole.

4.4 Methodology

All results in this chapter will use an acquired task fMRI dataset which has been retrospectively
sampled. This dataset will be referred to as the “retrospective dataset”. All datasets in this thesis
will go through the same analysis, with any variations clearly stated where applicable. As such,
this section will then be used to outline a standard pipeline for data processing that other chapters
will mimic for the purpose of brevity.

4.4.1 Retrospective Dataset

The retrospective dataset consisted of a single slice (100×100) over 300 frames (TRframe:1s) that
was generated from five blocks of a 30s/30s on/off finger-tapping task. The original data was
acquired as a full volume through a TURBINE acquisition with 20 blades/frame (TRblade:50ms,
TEblade:30ms), and the single axial slice was chosen to contain a large amount of activation. The
32-channel coil dataset was compressed using an SVD to retain the 8 most dominant components
for speed/memory purposes [16, 17]. The resolution was 2mm × 2mm × 2mm for each voxel. The
dataset only contained magnitude information, with no added noise or phase variation.
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4.4.2 Trajectory

Unless a Cartesian trajectory is specified, all data in the retrospective dataset were resampled from
a ground truth using a Golden Ratio angle radial sequence which rotated a blade around the phase
encoding axis at constant azimuthal increments of π/Φ ≈ 111.25◦ [18] (mimicking a cross-section
of the TURBINE [3] trajectory, see section 2.1.5.3). The angle was not reset at the start of each
frame (e.g. each frame had a uniquely oriented set of blades).

4.4.3 Reconstruction Parameters

The reconstruction rank was chosen as 16 in all cases (a value used in recent literature for low-rank
tfMRI [10]). A minimum residual algorithm (minres.m) [19] was executed in MATLAB, with a
subproblem tolerance set at 1× 10−15 (n.b. this tolerance was used for the separate optimisations
of X and T and is distinct from ε, the overall convergence criterion). Each reconstruction used four
parallel threads with an 8GB maximum of RAM. Reconstructions were computed using MATLAB
R2019a [20]. Computation used the Oxford Biomedical Research Computing (BMRC) facility.

4.4.4 Processing Pipeline

Prior to reconstruction, the retrospective dataset was precleaned with motion correction tools
and FIX in order to ensure a clean signal for all reconstructions. All task fMRI analysis was
performed in FEAT [21] (part of the FSL package). No registration or spatial smoothing was used,
but temporal high-pass filtering was enabled. An on/off block set-up was selected for the model
window to generate the GLM. To account for residual autocorrelation, the resulting z-statistic maps
were null-corrected using mixture modelling [22], which is part of the MELODIC functionality in
FSL (see section 2.3.2.3 for more details).

4.4.5 Image Quality

Reconstruction image quality can be difficult to determine [23]. Incoherent artefacts are usually
preferable to coherent artefacts, a factor which can be difficult to capture in a single value metric.
Most common image quality metrics (e.g. root mean square error or structural similarity index)
are based on signal power, and so are dominated by the first component in a component matrix
(see figure 4.2). The low-rank reconstructions are attempting to directly reconstruct a reduced
subspace representation of the functional information, and so the image quality metrics chosen
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must reflect that.

Canonical Correlations (CC) represent the alignment of two subspaces (see section 3.4.2). The
CC between two viable matrices is an ordered r-element vector, with each subsequent element
representing the cosine of the smallest remaining angle between the subspaces mapped by each
matrix. The Canonical Correlation Score (CCS) is the normalised sum of those r elements, forming
a 0→ 1 score. The CCS is used to compare the two subspaces mapped by two separate component
matrices. The CCS is calculated between the reconstruction and the first r components of the
decomposed retrospective ground truth unless otherwise stated. The spatial CCS will be referred
to as “X CCS” and the temporal CCS as “T CCS”. In order to provide an accurate comparison
for radial trajectories, spatial subspaces will be windowed by a Tukey window of radius kmax. The
CC vectors curves may also be plotted to show a visualisation of subspace alignment, with the
correlation coefficients ordered by alignment (rather than by singular value magnitude).

Receiver Operator Characteristic (ROC) curves plot a False Positive Rate (FPR) against a True
Positive Rate (TPR) (equations 4.10 and 4.11). Here, the ROC curves compare the z-statistic
maps from reconstructions against the z-statistic map of a fully sampled reconstruction. This
demonstrates the correct classification power of those reconstructed z-statistic maps. A threshold
of z>3.1 was used to classify true positives in the retrospective dataset, the binary map of which
is shown in figure 4.4 (any voxels in the reference dataset with a z-stat above this threshold are
true positives and are labelled in green). The Area Under the Curve (AUC) of the ROC provides
a simple comparison of many reconstructions, but the underlying z-statistic maps also provide
valuable information as to the spatial location of false positives (which will be labelled in red)
and false negatives (labelled in blue). Here we are strictly measuring how well the reconstructions
are trying to strictly represent a ground truth, rather than the underlying activation. As such,
all voxels which pass the threshold are considered as true positives, whereas a standard fMRI
analysis might deem these as false positives because they lie outside of the sensorimotor cortex.
All z-stat maps (aside from the truth) will be thresholded at the z-statistic corresponding to an
FPR of 0.0015, as this was judged to be an approximate balance of allowing the reader to identify
the location of likely false identification while not swarming the picture with too many negative
points. The z-stat map is shown atop the mean brain image in the reconstruction.

The ROC AUC score is a standard metric for characterising an ROC curve, which evaluates the
classification power of a model. However, there are some caveats that are needed when considering
these ROC AUC values in fMRI. The nature of desirable z-statistic thresholds in fMRI lead to
only the low FPR portion of the ROC curve being of practical interest. If a TPR of 1 is reached
at a low FPR (as is the case with almost all ROC curves in this thesis), the ROC AUC score
holds as a comparative metric. As there are only eighty-six true positive voxels in the ground
truth (figure 4.4), failing to capture only one or two voxels until a high FPR can give a drastically
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decreased ROC AUC score, while not having any effect on the region of an ROC curve that reflects
classification thresholds that are used for analysis. The two cases where a TPR of 1 is not reached
at a low FPR are in IRPF reconstructions and Cartesian SVD k-t FASTER reconstructions, a fact
which will also be explicitly stated in the text. The shape of the ROC curve in the relevant region
and the z-stat parameter maps will still serve as a means of comparing estimated brain activity in
these instances.

Figure 4.4: The true retrospective z-stat map. The pixels fulfilling a z-statistic significance >3.1 in the
retrospective truth activation maps are shown in green. The background is the mean brain intensity of
the truth.

FPR =
FP

FP + TN
(4.10)

TPR =
TP

TP + FN
(4.11)

It is very important to consider all of the relevant metrics concurrently (i.e. canonical correlation
curves/scores, ROC curves/ROC AUC scores, quantitative visualisation of the z-statistic maps),
as no metric alone is able to capture the full strength of the reconstruction. Combining the
visualisations of these metrics ensures that reconstructions are comparable, although this means a
lot of information has to be represented in a relatively small space. Where possible, the format of
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the figures will be kept consistent, with figure 4.5 providing a schematic for one of the most dense
representations of reconstruction quality that will be used in this thesis.

Figure 4.5: A comparison figure schematic. Each column represents a different method, with summative
bar graphs on the bottom row. The z-stat maps (full and zoomed) are thresholded at the FPR shown
with a dotted line on the ROC graph in row 3. On the z-stat maps, green pixels indicate true positives,
red pixels indicate false positives, and blue pixels are false negatives. The full CC curves for space
and time are shown in rows 4 and 5. Row 6 contains the ROC AUC, the X CCS score, and the T
CCS score moving from left to right (the bar chart colour and line plots will correspond to a particular
reconstruction). The bar chart labels will list the precise score shown in each plot.

In addition to image quality, the reconstruction time is also an important parameter that must
be considered, especially in cases where differences in reconstruction quality are minimal. Recon-
struction time will be displayed in a separate graph or table.

4.4.6 Colourmaps

Many standard colourmaps are deceiving to the eye, and lead to difficult-to-interpret results [24]. A
good colourmap should be perceptually uniform, leading to natural conclusions based on perceived
intensity. As an additional benefit, these colourmaps should also be colour-blind friendly, allowing
the results to be visually accessible to a wide audience.

To that end, line graphs (and data grids) displaying more information than a single line used the
inferno colourmap [25], in addition to distinct marker shapes where possible. Where figures contain
a single plot with only one line, a black line is used.
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4.5 Results & Discussion

The following subsection will work through a selection of graphs to demonstrate how the recon-
struction parameters were chosen. This process was highly dimensional, with many factors that
are not necessarily independent having to be jointly considered. In order to make a concise case for
the set of parameters chosen for AM k-t FASTER, the figures will be limited to those that clearly
show the effect of varying one parameter with other parameters fixed to their optimal setting. The
varying parameter was optimised over a range of acceleration factors to demonstrate the effect of
undersampling. Once the optimal AM k-t FASTER parameters have been selected, a comparison
will be made with SVD k-t FASTER

4.5.1 Selecting AM parameters

IRPF vs AC Implementation Method

The first AM “parameter” that will be considered is the implementation method. The IRPF
and AC methods were used for reconstructions at R = 31.42 (5 blades/frame), R=15.71 (10
blades/frame) and R = 1.57 (100 blades/frame). The R calculation represents the number of lines
used relative to the total number of lines needed to fully sample k-space from a radial perspective
(see equation 2.26). The acceleration factors used collectively represent: a high acceleration at
which the reconstruction starts to break down, a reasonable acceleration at which most of the
information is preserved, and a near fully sampled reconstruction.

Figure 4.6 shows a comparison between both reconstruction methods at different acceleration
factors. The CCS scores record the alignment between the reconstructed component matrix and
the ground truth. The CC curves display the ordered alignment of principal angles between
the subspaces mapped by those matrices. The ROC curves and z-statistic maps represent the
functional information in the comparison figure, with the ROC AUC bar chart representing the
integral of the whole ROC curve. The z-statistic maps are shown at the threshold defined by the
dotted line in the ROC curves. The zoom of the ROC graph may also lead to ROC AUC scores
which can be easy to misinterpret. The TPR of IRPF methods doesn’t reach 1 until FPR>0.8
for all R, whereas the TPR reaches 1 at an FPR<0.05 for all the AC methods (meaning the ROC
AUC metric is unreliable in this instance). Despite this, a more qualitative assessment of the
shape of the ROC curves and the z-stat map at a realistic threshold shows that the AC and IRPF
reconstructions both approximately represent the same functional information for a given R over
the range of practical z-stat thresholds.
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Even more so than the ROC curve shape and z-stat map, the X/T CCS scores for the IRPF and
AC reconstructions are nearly identical within each acceleration factor, meaning the reconstructed
matrices map subspaces which are equally aligned with the underlying truth. This can be further
seen in figure 4.7, which shows the alignment between the IRPF and AC reconstructions. The
temporal subspace is fully aligned between both approaches, and the spatial subspaces are close
to aligned (although the alignment decreases as R increases). Even though the spatial subspace is
not fully aligned, the subspaces mapped by the spatial component matrices XAC and XIRPF are
still more aligned with each other than with the underlying truth.
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Figure 4.7: The Canonical Correlation Scores between different reconstructed subspaces for AC and
IRPF reconstructions. A and B are placeholders for labelled matrices in the CCS(A,B) colourbar. All
CCS scores shown are either calculated within an acceleration factor or compared against a ground
truth. A CCS score of 1 represents total alignment, and 0 is zero alignment. Within each 2x2 grid, the
diagonal values show perfect self-correlation, and the off-diagonal values both represent the alignment
between IRPF and AC reconstructions at the specified acceleration factor.

The interpretation of figures 4.6 and 4.7 can be summarised as followed - either an AC or IRPF
approach can be used to reconstruct the chosen retrospective dataset without any relative loss in
reconstruction fidelity in choosing one method over the other, as both methods map roughly the
same underlying subspace and capture approximately equal functional information over the range
of relevant thresholds. If an advantage is to be given, then the AC method appears to slightly
outperform the IRPF approach.

The more practical metric of calculation time is a more clear differentiator between AC and IRPF
for use implementation purposes. Figure 4.8 shows the time taken to reach convergence for all
methods, with IRPF taking dramatically longer than the AC formulation. This increased time
to convergence is not unexpected, as the IRPF method must fully optimise for each component
matrix at an incremented rank, whereas the AC method jumps straight to the optimisation at
the desired final rank. When the decreased convergence time is combined with the either equal
or slightly improved reconstruction performance of the AC approach, AC is left as the natural
implementation of choice for AM k-t FASTER.
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Figure 4.8: The time taken (in seconds) to converge for the different implementation methods at different
acceleration factors. In all cases, IRPF took the longest time to converge.

Optimal Iteration Number

In order to select a number of internal iterations to use for each subproblem, it was found that the
system converged faster when more iterations occurred in the spatial domain than the temporal
domain. A value of 10× more iterations was chosen. With that relationship set, figure 4.9 shows
the relationship between the number of iterations in the temporal subproblem, and the X CCS,
T CCS, cost function, and time taken for three different acceleration factors over different cycle
numbers. A value of 50 temporal subproblem iterations (and 500 spatial subproblem iterations)
was chosen to represent a value at which the reconstructions would find a rough optimum each full
cycle, in terms of CCS and cost. An increased number of iterations did not yield any additional
benefit, and may have led to overfitting (e.g. more precisely fitting the current spatial estimate
Xi to the imperfect current temporal estimate Ti and vice versa, which can be seen in the first
few cycles of the 100 iteration results). A smaller number of iterations started to yield equivalent
results over more cycles, and this could be an area in which the reconstruction speed is increased
in future implementations. The iteration parameter optimisation was carried out with an AC
formulation.

Convergence & Initialisation

For convergence, the normalised cost function gradient (equation 4.9) was used to determine the
stopping point through some predetermined threshold ε. This section evaluates three different
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Figure 4.9: Various criteria (Row 1: X CCS, Row 2: T CCS, Row 3: Cost, Row 4: Time) are used
to judge the reconstruction performance with varying iteration numbers in the subproblems. Three
different acceleration factors are shown (R=31.42, 5 blades/frame; R=15.71, 10 blades/frame; R=10.47,
15 blades/frame) across a range of cycles (shown in each column). The number of iterations in the
spatial subproblem was 10× higher.

ε thresholds for the initialisation approaches outlined in section 4.3.2. For each initialisation
approach, five different instantiations were reconstructed at five different acceleration factors. The
spatial CCS between each final reconstructed subspace were then compared, to determine how
closely aligned the final reconstructions were despite the different initial starting points. A robust
initialisation will lead to matrices that map the same subspace, with the ε parameter used to
determine the degree of alignment that could sufficiently be labeled as converged.

The acceleration factors chosen were: R=31.42 (5 blades/frame), R=39.27 (4 blades/frame),
R=52.36 (3 blades/frame), R=78.54 (2 blades/frame), and R=157.08 (1 blade/frame). The choice
of highly unrealistic acceleration factors was made to determine the breaking point of acceleration
for this clean retrospective dataset. As a general observation, the temporal subspaces were always
more closely aligned than the spatial subspaces, while demonstrating similar distributions, and so
the spatial CCS scores alone are considered representative of the worst-case scenario.

Figure 4.10 shows the effect of purely random initialisation, where the numbers in the initialised
component matrices were generated by a normalised Gaussian distribution (MATLAB’s randn.m
function). Even at the lowest acceleration factor (R=15.71), the final matrices were only approxi-
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mately aligned with the final reconstructions from other randomly initialised matrices, with 0.39
being the peak spatial CCS alignment for any reconstruction. While the reconstruction align-
ment improved with a more conservative conversion criterion and subsequent longer runtime, the
improvement was notably slight.

Figure 4.10: A demonstration of the final subspace reconstruction for different instantiations of random,
normally-distributed numbers. Each mini grid compares five different reconstructions.

The issue of the final matrices being unaligned in figure 4.10 appears to be solved simply by or-
thogonalising the components during initialisation. Practically, this was tested by applying an
orthogonalisation algorithm to randomised normally distributed entries, leading to the initialisa-
tion used for figure 4.11). Although the non-orthogonalised matrices initialised in figure 4.10 were
full rank, the final solutions (also full rank) were noticeably less orthogonal (i.e. had higher inner
products between components) than solutions from an initialisation with orthogonalised compo-
nents. The conclusion can be drawn that any initialisation should have orthogonal components.
Further testing confirmed that it is specifically the component matrix which is fixed first in the
AM optimisation process that should contain orthogonal components. In this formulation, it is the
T matrix that must contain orthogonal components. No other factor seems to have much impact
on convergence. For example, an initialisation with the temporal mean is shown in supplementary
figure 4.17, and shows a similar distribution to figure 4.11 despite having a first component which
is already closely aligned to the ground truth. It is worth noting that the alignment is slightly
higher in the high acceleration reconstructions with the temporal mean initialisation (R=157.08,
R=78.54), but that the cut-off point (R=52.36, 3 blades/frame) remains the same.
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Figure 4.11: A demonstration of the final subspace reconstruction for different instantiations of random
normally-distributed components which were orthogonalised before the reconstruction. Each mini grid
compares five different reconstructions.

The aforementioned figure 4.11 can also be used to determine the maximum R and candidates
for ε (ε is defined by equation 4.9). Full alignment of the final subspaces can be reached for ap-
proximately R≤50 in this particular retrospective dataset, regardless of the form of orthogonalised
random initialisation. The minimum CCS for each ε value at R=52.36 were: 0.82 (ε = 1× 10−3),
0.93 (ε = 1 × 10−4) and 0.98 (ε = 1 × 10−5). R=52.36 appears to be the limit that a rank-16
coil-constrained radial-trajectory reconstruction will consistently cover the same subspace, with
the reduced DoF in a low-rank matrix likely a limiting factor. This limit occurs at a slightly
higher acceleration factor than might be expected from the reduction in DoF achievable from the
rank constraint alone (equation 3.24). Reconstructing a 10000×300 matrix at rank 16 with a
radial trajectory should lead to a hypothetical maximum acceleration of R=28.64, approximately
5.5 blades/frame (equation 2.26, R = 10000×300×π/2

16×(10000+300−16)
). The addition of coils appears to increase

the theoretical capacity for acceleration by a factor of roughly 2, which is a common acceleration
factor in parallel imaging.

All reconstructions initialised with orthogonal components were able to produce similar graphs to
figure 4.11. Using a temporal mean as the first component sped up reconstructions slightly, and
so is recommended. A value of ε = 1 × 10−5 will be used for all future reconstructions of the
retrospective dataset, although ε may be varied depending on the dataset.
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AM Parameter Summary

To summarise, the AM reconstruction method was found to be quicker than the IRPF method,
while providing reconstructions of equivalent quality. A convergence threshold of ε = 1 × 10−5

was found to guarantee a high level of subspace alignment from the created component matrices,
provided the initial temporal component matrix had components that were orthogonal. Orthog-
onalised randomised inputs were demonstrated to show robustness, which does not discount the
use of a more informed initialisation that also contains orthogonal components. An internal iter-
ation number of 50 was chosen for the temporal subproblem and 500 for the spatial subproblem,
although the iteration numbers seem to merely determine the speed of reconstruction if enough
full cycles of the optimisation problem occur.

All of the above parameters were defined using the retrospective dataset with coil sensitivity
information and a TURBINE trajectory. Because the temporal degrees of freedom do not increase
with acceleration in this example, it is very possible that the optimal ratio between spatial iterations
and temporal iterations could change in datasets of different dimensionality (although figure 4.9
showed that this factor is likely to affect the speed of convergence, but not the fact of convergence).
Additionally, in a clean dataset with no chance of overfitting, it is possible that the convergence
threshold of ε = 1× 10−5 may be subject to adjustment in other datasets too. Finally, it is worth
noting that changes in dataset parameters (spatial resolution, number of time points, number of
active voxels, SNR, etc.) could potentially change the optimal parameters with which to run the
AM k-t FASTER formulation.

None of these reconstruction parameters take into account the effect of constraints, which will
be covered in chapters 5 and 6. If a prior is also orthogonalised then the prior can be used as
the subspace initialisation. These reconstruction parameters will be kept mostly identical for the
constrained-subspace reconstructions, and any changes to these reconstruction parameters will be
clearly stated.

4.5.2 AM k-t FASTER vs SVD k-t FASTER

Now that optimal parameters for AM k-t FASTER have been determined, a comparison between
AM k-t FASTER and SVD k-t FASTER can be carried out. No significant difference is expected
in terms of reconstruction performance between the two methods, although the form of the so-
lutions are expected to differ. SVD k-t FASTER more strictly enforces orthogonality and the
relative strength of components, whereas AM k-t FASTER contains no such restrictions other
than a maximum rank of the solution. All tests were done on the retrospective dataset, with pro-
cessing techniques outlined in section 4.4. SVD k-t FASTER used an IHT+MS approach with the
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recommended parameter set from [2]: a shrinkage coefficient of 0.5, a step size of 1, a convergence
threshold of 1 × 10−4, and the convergence criterion defined by equation 4.7. These parameters
were originally derived heuristically for whole volume reconstruction, but are not expected to be af-
fected by use in a single slice. The Cartesian single-coil IHT+MS formulation [1] follows algorithm
1, and the non-Cartesian coil-constrained IHT+MS formulation [2] follows algorithm 2.

4.5.2.1 Cartesian

The first test assumed a single uniform coil, and used a set of three Cartesian trajectories to ensure
that AM k-t FASTER can match the Cartesian reconstruction power demonstrated by SVD k-t
FASTER in the first paper [1]. Figure 4.12 shows a cross-section of the three trajectories across
each slice for all frames. Figure 4.12a shows the moderately undersampled trajectory (R=5.0, 20
lines/frame), figure 4.12b is a slightly undersampled trajectory (R=3.1, 32 line/frame), and figure
4.12c is fully sampled (R=1.0, 100 lines/frame). The ten central lines were fully sampled for all
trajectories, with the remaining lines pseudo-randomly distributed in each frame for the undersam-
pled reconstructions. The pseudo-random sampling was chosen to establish a basic performance
comparison, and is not practically used for fMRI acquisition.

Some reconstruction parameter changes were needed compared to the non-Cartesian multicoil
reconstruction used in section 4.5.1, the justification for these changes is discussed with the other
results. The Legendre polynomials were used as the initial temporal component set, while the
spatial component matrix was zero-filled. In addition, 200 spatial iterations were used (rather than
500). Unlike in the previous examples (figures 4.9 and 4.11, coil-constrained radial trajectories), a
specific orthogonal initialisation (in the form of the Legendre polynomials) and a specific iteration
number were found to be required for convergence for the single-coil Cartesian case.
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Figure 4.12: The three cartesian trajectories, where each point represents a line in ky. Trajectory a)
contains 20 lines/frame (including the 10 central lines, with 5 lines on each half of the remaining k-
space), trajectory b) contains 32 lines/frame (including the 10 central lines and 11 lines on each half
of the remaining k-space), trajectory c) is fully sampled and contains 100 lines/frame.
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The results of reconstruction with Cartesian trajectories are shown in figure 4.13 and demonstrate
that both AM and SVD k-t FASTER are capable of achieving accurate reconstruction at reasonable
acceleration factors in this retrospective example. At R=1.0, SVD k-t FASTER has perfect CCS
scores (i.e. the reconstructed component matrices are exactly aligned with the decomposed ground
truth), but an imperfect ROC AUC score. The most likely factor for this is that the SVD k-t
FASTER approach regulates the singular value distribution (via shrinkage relative to the largest
removed value), a factor that would not affect the scale-independent CCS scores but which may
affect the functional information. AM k-t FASTER does not impose any limitations on the singu-
lar value distribution, and so the distribution can more closely resemble the underlying truth (see
figure 4.14). The SVD k-t FASTER singular value distribution is designed to exclude noisy com-
ponents, which, in the case of fully sampled clean data, appears to negatively affect some aspects
of reconstruction. In addition, while both nonlinear reconstruction approaches potentially limit
the DoF available for robust conventional statistics by filtering out low-variance components, this
factor may be exacerbated by SVD k-t FASTER’s explicit shrinkage. Although mixture modelling
helps this problem (e.g. by fitting a null distribution to the available residuals), no perfect solution
for robust statistical inference of nonlinearly reconstructed data currently exists in fMRI. All SVD
reconstructions only reach a TPR of 1 at FPR>0.75, meaning the ROC AUC does not hold as
a comparative metric here. However, a qualitative look at the z-stat parameter maps shows that
there is not a huge loss in reconstruction fidelity between the two methods at these acceleration
factors, although there is still some noticeable improvement with the AM approach.

At increased acceleration both methods still achieve reasonable results, although AM k-t FASTER
outperforms SVD k-t FASTER across all metrics in undersampled reconstructions. The T CCS
scores are still very high for all reconstructions, indicating that the temporal information is mostly
preserved in both methods. As R increases, the spatial alignment metrics indicate a worse per-
formance, with the X CC curves of figure 4.13 indicating increased misalignment for nearly all
components. In the R=3.1 reconstructions, the z-stat maps are still highly similar, with the bad
ROC AUC score likely due to the aforementioned behaviour of the curve at high FPR. At R=5.0
the maps are noticeably worse for the SVD reconstruction, showing a failure to capture the signal
in the supplementary motor area of the brain. This indicates that R=5.0 is likely close to a limit
with this specific set-up in SVD k-t FASTER (and is above the reported value in the literature [1]),
although AM k-t FASTER is still performing well. It should be noted that the AM k-t FASTER
parameters were optimised on this dataset, which may also be a factor leading to the relative
differences in performance.

The AM formulation was far more dependent on parameter selection in this instance than the SVD
approach. In the specific Cartesian formulation for single-coil reconstruction, the AM approach
was very dependent on the form of the initialisation (leading to the use of Legendre polynomials)
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Figure 4.14: A comparison figure for the singular value distributions of the AM and SVD k-t FASTER
at three different acceleration factors, along with the truncated distribution of the ground truth.

and the internal number of spatial iterations. A non-Cartesian single uniform coil reconstruction
did not show this lack of robustness, nor did multicoil data sampled with a Cartesian trajectory.
An additional test of Cartesian single-coil reconstructions with Tikhonov regularisation also proved
robust to parameter selection. The general conclusion is thus - with any form of regularisation (or
with a sampling trajectory which causes incoherent artefacts), the conclusions drawn above about
parameter selection hold. The corollary to this conclusion is that AM k-t FASTER is not robust
if no additional constraints are imposed. The specific set of parameters chosen for the Cartesian
AM reconstructions were found experimentally, as prevention of over/underfitting had to be done
through a number of calculations and a consistent starting point, rather than being a feature of
the algorithm. All subsequent analysis in this thesis will use radial sampling, and much of it will
incorporate coil sensitivity maps, satisfying the conditions for robust AM optimisation.

With the caveats about parameter selection aside, the general conclusion is clear - both the SVD
and AM k-t FASTER approaches can work on Cartesian data. In addition, the AM k-t FASTER
may have more potential at higher acceleration factors.
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4.5.2.2 Non-Cartesian

Further to the Cartesian trajectories, some accelerated reconstructions were carried out for AM k-t
FASTER and SVD k-t FASTER on a TURBINE reconstruction with Golden Ratio angle radial
blades and multicoil acquisition. Acceleration factors of R=15.71, R=31.42 and R=52.36 were
evaluated in figure 4.15. The reconstruction parameters found in section 4.5.1 were used for AM
k-t FASTER, and the SVD k-t FASTER parameters were the same as in the Cartesian case.

The results of the non-Cartesian reconstructions can be seen in figure 4.15, and the spatial and
temporal subspace similarities between reconstructions can be seen in figure 4.16. Collectively,
the results show that the SVD and AM methods both produce similar low-rank solutions to the
undersampled problem, but that those solutions take different forms.

Figure 4.15 compares the reconstructions against a ground truth. The CCS results collectively
indicate that the AM approach forms component matrices which align closer to the subspace
mapped by the ground truth. It should be noted that, while the ROC AUC scores for SVD k-t
FASTER are broadly higher for the non-Cartesian coil-constrained reconstructions (figure 4.15)
than for the Cartesian single-coil reconstructions at a lower acceleration factor (figure 4.13), the
shape of the ROC curve at low FPR show a more accurate and subtle picture of the relative
improvement. Despite this, the improved capacity for acceleration with coils and radial trajectories
motivates the use of coil-constrained radial approaches for future reconstructions.

The comparison between the reconstructions is also worth noting. In figure 4.16, the alignment
between the AM and SVD spatial subspaces within an acceleration factor is approximately equal to
the alignment of each reconstructed spatial subspace with the ground truth - i.e. the reconstructed
subspace not aligned with the truth is also not aligned with the other reconstruction. The temporal
subspaces appear to be more aligned than the spatial subspaces in figure 4.16, but it is still far
from a clear overlap. Contrast this graph with figure 4.7, in which the IRPF and AC approaches
to AM optimisation were both more aligned with each other than the truth, because they mapped
the exact same solution to the problem.
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Figure 4.16: The Canonical Correlation Scores between different reconstructed subspaces of AM and
SVD approaches to optimisation. As CCS(A,B)=CCS(B,A), the individual grids are symmetric along
the downward diagonal. A CCS score of 1 occurs for CCS(A,A) to indicate total alignment. The
right-hand column shows the CCS comparing the reconstructions and the first sixteen components of
an SVD of the true retrospective dataset.

What must be taken into account is that these results were calculated on a single dataset as a
sanity check to ensure that both implementations of k-t FASTER (as low-rank enforcements of
fMRI data) were performing reconstructions with equal predictive power. As such, small variations
in results between the two methods are likely not significant, especially as all of the AM parameters
were all optimised on this dataset. AM and SVD both enforce the same low-rank constraint, but do
it in very different ways, with SVD k-t FASTER having a very strict form for the singular values.
Conversely, SVD k-t FASTER was quicker than AM k-t FASTER to reconstruct the dataset,
achieving reconstruction times roughly 50× faster across high acceleration factors. However, the
poor computational scaling of an SVD with dataset size is worth noting when considering the
time penalty, especially considering that the retrospective dataset was a single slice with only 300
frames.
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4.6 Conclusion

AM k-t FASTER achieves roughly consistent results to SVD k-t FASTER, if not slightly improved
through the metrics chosen. However, the AM parameters were chosen for this dataset, and
a similar SVD k-t FASTER parameter optimisation could improve that method’s performance.
Broadly though, any improvement from further development of AM k-t FASTER by incorporation
of constraints should also demonstrate an improvement over SVD k-t FASTER.

The parameters in this chapter were chosen to guarantee convergence and prove the efficacy of the
AM method, rather than necessarily for optimal computing time. With this dataset, the following
parameters were found to be optimal: the AC implementation, ε = 1 × 10−5 for convergence,
orthogonalised components in initialisation, and 50 iterations per temporal subproblem.

The real advantage of AM k-t FASTER is the ease with which additional regularisation can be in-
corporated into the reconstruction. These parameters were selected by optimising AM k-t FASTER
without the presence of any additional constraints, a factor which may lead to further time saving
by reducing the necessary number of sub-problem iterations or the convergence criterion ε.

4.A Supplementary Figures

Figure 4.17: Subspace reconstruction for different instantiations of random orthogonalised normally-
distributed components, with the temporal mean as the first spatial component. This graph shows that
initialising with the temporal mean does not affect the robustness of the reconstruction.
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5.1 Introduction

In chapter 4, k-t FASTER [1] (an algorithm designed for reconstructing fMRI images using low-
rank constraints) was reformulated as an Alternating Minimisation (AM) algorithm. This new AM
formulation of fMRI separated the spatial (X) and temporal (T ) subspaces in the reconstruction,
optimising over one subspace while fixing the other. A simple schematic of AM k-t FASTER is
shown in figure 5.1.

Figure 5.1: An unconstrained-subspace AM k-t FASTER schematic. A fixed low-rank reinforcement is
applied in the dimensionality ofX and T , and thenX and T are calculated via the optimisation problem
in equation 5.1, which comprises of a single term (data consistency) which uses updated versions of X
when calculating T , and vice versa.

One major advantage of this new AM formulation is the ease with which subspace-specific con-
straints can be incorporated into a low-rank framework. k-t FASTER was already shown to be
improved by the addition of coil sensitivity maps [2], and section 3.5 laid out many existing meth-
ods that exploit more than one type of constraint when reconstructing fMRI data. Within this
chapter the following constraints will be considered:

• Tikhonov (minimise the energy within each component matrix)

• Low-Resolution Priors (LRP) (which exploit variable sampling density information)

• Temporal Subspace Smoothing (minimise the gradients within the temporal components)

The subspace constraints are incorporated into the reconstruction through regularisation. Alter-
nate implementations of the Tikhonov and LRP constraints will also be explored, in order to better
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understand the impact of those constraints on each subspace. This chapter will walk through the
motivation, formulation, and theory of each set of constraints, demonstrating the formulation
through reconstruction on an artificial dataset, and noting any peculiarities encountered either
during the reconstruction process or the analysis. First, however, the generically constrained cost
function will be constructed in order to unify the notation.

To understand how the additional constraints are formulated, we will begin with the AM k-t
FASTER reconstruction cost function with no subspace constraints.

X̂, T̂ = argminX,T

(
‖EXT ′ − d‖2

2

)
(5.1)

E is a non-Cartesian multicoil encoding operator, X is the spatial component matrix, T is the
temporal component matrix, and d is the multicoil data sampled in k-t space. The main advantage
of the AM formulation is the ability to expand equation 5.1 to incorporate subspace-regularisation
constraints. The constraints can be applied to either X and T , with each constraint requiring a
separate weighting term. Initially, no assumption will be made about either the number or form
of the subspace constraints, in order to demonstrate the full potential of the AM formulation
developed in chapter 4. The generically-constrained AM k-t FASTER reconstruction can therefore
be stated as follows:

argminX,T

(
‖EXT ′ − d‖2

2 +
∑
u

λxu‖Ψxu(X −Xprioru)‖pupu +
∑
v

λtv‖Ψtv(T − Tpriorv)‖pvpv

)
(5.2)

In equation 5.2, constraints are added to find more favourable solutions in the temporal and
spatial domains. The operators Ψxu and Ψtv represent transforms into different domains. pu and
pv represent the norms of the spatial and temporal constraints (L2 norms are typically squared
and L1 norms are raised to the power of 1).

From this point on, any reconstruction with additional subspace constraints (i.e. with at least one
non-zero value of λxu or λtv) will be referred to as “constrained-subspace” optimisation, and the
AM formulation of k-t FASTER with no additional constraints (equation 5.1) will be referred to as
“unconstrained-subspace” optimisation. Both unconstrained-subspace (all λ = 0) and constrained-
subspace formulations contain fixed low-rank constraints enforced through the dimensionality of
X and T , and can contain coil sensitivity information in operator E. If the term k-t FASTER is
used for brevity, it will refer to the unconstrained-subspace formulation.

For this thesis, only a limited range of possible interpretations of equation 5.2 will be considered.
Ψu will always be the identity matrix. Ψv will represent either the identity matrix, or the differential
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operator ∇ (see section 5.6). The differential operator on the temporal subspace may also work
concurrently with terms using a Ψv = I operator, and so it will be represented as a distinct
constraint. Here, we will only consider L2 norms, although sparsity L1 norms could fit naturally
into this framework to form either a CS or an L+S approach.

While equation 5.2 represents a wide range of possible constrained-subspace optimisations, a more
useful general formulation going forward for this chapter will define the clear nomenclature for the
constraints that will be covered in the following sections. The more specific formulation covering
the range of constraints considered in the rest of this thesis is then:

X̂, T̂ = argminX,T

(
‖EXT ′ − d‖2

2 + λX‖X −Xprior‖2
2 + λT‖T − Tprior‖2

2 + λ∇‖∇T‖2
2

)
(5.3)

Where λ∇ is the temporal smoothing-specific weighting. Different values of λX , λT , λ∇, Xprior, and
Tprior define the specific constrained-subspace approach that is being explored. For the constrained-
subspace reconstructions, optimal λ values were found using both the AUC/CCS scores and a
qualitative consideration of the z-statistic maps. Chapter 6 will walk through the process of
finding optimal λ values. The results in this chapter will only focus on the optimal constrained-
subspace reconstructions, in order to demonstrate proof-of-concept. The constrained-subspace
reconstruction is laid out in pseudocode algorithm 5.
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Algorithm 5 Constrained-Subspace Pseudocode

Parameters
d: Multicoil undersampled k-t fMRI data
E: Non-Uniform Fast Fourier Transform (NUFFT) and multi-coil encoding operator
λX : Spatial regularisation weighting factor
λT : Temporal regularisation weighting factor
λ∇: Temporal smoothing weighting factor

Constructing Constraints
if creating LRP constraints then

Xprior0 col 1 = Temporal mean (The average image over all frames)
Xprior0 cols 2:r = 0
Tprior0 = Random orthogonal rows

dwin = window(d)
while not converged do

Xprior i+1 = argminXprior

(
‖EXpriorT

′
priori − dwin‖2

2

)
Tprior i+1 = argminTprior

(
‖EXpriori+1T

′
prior − dwin‖2

2

)
X0 = Xprior

T0 = Tprior

else if not creating LRP constraints then
Xprior = 0
Tprior = 0

X0 col 1 = Temporal mean (The average image over all frames)
X0 cols 2:r = 0
T0 = Random orthogonal rows

Final Reconstruction
while not converged do

Xi+1 = argminX

(
‖EXT ′i − d‖2

2 + λX‖X −Xprior‖2
2

)
Ti+1 = argminT

(
‖EXi+1T

′ − d‖2
2 + λT‖T − Tprior‖2

2

)

Output
D = XT ′: Final reconstructed x-t fMRI data
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5.2 Unconstrained-Subspace Reconstruction

If λX , λT , and λ∇ are all set to zero in equation 5.3, the system reduces to the unconstrained-
subspace AM k-t FASTER formulation from chapter 4. Unconstrained-subspace reconstructions
are only constrained by the dimensionality of X and T (enforcing a fixed rank on the system),
and any coil sensitivity information in E (equation 5.1). The processing pipeline shown here to
reconstruct the unconstrained-subspace AM k-t FASTER method in an artificial dataset will also
be followed for all subsequent constrained-subspace formulations. A set of acceleration factors will
be found at which a constrained-subspace method can demonstrate an improved reconstruction
over the unconstrained-subspace approach.

5.2.1 FMRIB Dataset Methodology

As outlined at the end of chapter 4, the “All Components” method of reconstructing X and T was
found to be the most efficient way to enforce a rank constraint in an AM framework (algorithm
4). The convergence criterion (equation 4.9) is defined by the normalised cost function gradient
|CFi−CFi−1

CFi
| dropping below 1× 10−5 between optimisation cycles.

Reconstruction in this chapter will be tested on the “FMRIB” dataset for all constraint formula-
tions. The FMRIB dataset is a highly artificial dataset composed of a brain phantom and five
unique time-courses over five separate spatial patterns (the pattern representing the letters “F”,
“M”, “R”, “I”, and “B” are shown in figure 5.2). The FMRIB dataset contains a single 64×64 slice
over 300 frames, with no coil information. A unique noise pattern was added to form an SNR of
1000 in k-t space during reconstruction (equation 5.4). This level of noise was chosen to distinguish
between the reconstruction power of different methods (n.b. this chapter aims to demonstrate proof
of concept - realistic noise levels are investigated in chapter 6). The maximum rank was restricted
to 16. Sampling was done with a radial Golden Ratio angle scheme. The SNR was defined in
k-space as follows:

SNR =
‖Signal‖2

‖Noise‖2

(5.4)

The preprocessing pipeline for FMRIB dataset is almost identical to the pipeline for the retro-
spective dataset in section 4.4, but the GLM for the FMRIB dataset takes the five distinct time
courses as the basis function in Y = βX, rather than the convolution of the HRF with a stimulus
pattern. As with chapter 4, three key main quantitative metrics will be considered: the spatial
and the temporal Canonical Correlation Scores (X CCS and T CCS), and the AUC of the ROC
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Figure 5.2: A representation of the “FMRIB” dataset. The final dataset can be considered as the
combination of a set of spatial components (which mimic the shape of five letters) multiplied by a set
of unique time courses, with a mean brain intensity and complex noise.

curve. In addition, the z-statistic map will be shown for qualitative comparison (overlain over the
mean brain intensity), along with the ROC and canonical correlation curves.

Unlike with the retrospective dataset of chapter 4, the canonical correlation calculated against
a ground truth for the artificial FMRIB dataset can only define a maximum of six principal
components (figure 5.2, the static component plus the five distinct spatial patterns/time courses),
despite the reconstructions being carried out at rank sixteen. The CCS for this dataset was then
calculated by dividing the sum of the principal angle cosines by six to ensure the CCS scale still
ranges from 0→ 1, a fact which will make smaller changes in the CCS more significant.

The z-statistic parameter map of the noiseless ground truth was thresholded at z > 1.8. The
only reason a threshold was needed in this instance was due to the “F” component having a
non-zero mean, leading to non-zero co-efficients for the static background. There is no practical
difference between a threshold-defined truth and a manual selection of the voxels in the five spatial
components - i.e. the letters F, M, R, I, and B - as a mask of significance. For the retrospective
dataset, z-statistic parameter maps were shown at a z-statistic corresponding to an FPR value
of 0.0015. To account for the smaller relative spatial dimensions of the FMRIB dataset, the
reconstructed z-stat maps are shown at the z-statistic corresponding to an FPR value of 0.005,
meaning that the plotted FMRIB dataset z-statistic map will always contain 20 false positives
voxels. This FPR threshold is shown with a dotted vertical line on any ROC curves.
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5.2.2 Unconstrained-Subspace Results & Discussion

Unconstrained-subspace reconstructions were formed at a range of acceleration factors from R=1.01
(100 blades/frame) to R=50.26 (2 blades/frame). The summative scores across the acceleration
factors are shown in figure 5.3, with more in-depth comparison at certain key acceleration factors
shown in figure 5.4

Figure 5.3: The X CCS, T CCS and ROC AUC results of a selection of acceleration factors from R=1.01
(100 blades/frame) to R=50.26 (2 blades/frame). The 9 most rightward points represent reconstructions
at 10→ 2 blade(s)/frame.

In figure 5.3 the unconstrained-subspace k-t FASTER approach produces effective reconstructions
at reasonably high acceleration factors (up to R≈15), but too strong an acceleration factor will
cause the reconstruction to fail to capture the relevant functional information. The T CCS scores
can be seen to be more robust, only failing to capture all six temporal components at R>20
(e.g. at 5 blades/frame or fewer). Therefore, reconstructions at acceleration factors of R=33.51,
R=25.13 and R=20.11 (3, 4, and 5 blades/frame) will be considered in the constrained-subspace
reconstructions. These factors represent a range where the previous method, pure k-t FASTER,
fails and therefore is the range at which subspace constraints can provide improvement. The high
R factors demonstrated here are achieved in a dataset with high SNR and low intrinsic rank, and
don’t necessarily represent the acceleration factors that would be achievable with in-vivo data.
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Figure 5.4: A comparison between unconstrained-subspace reconstructions of the FMRIB dataset
at R=50.26 (2 blades/frame), R=33.51 (3 blades/frame), R=25.13 (4 blades/frame), R=20.11 (5
blades/frame), and R=16.76 (6 blades/frame). Sample z-stat parameter maps, an ROC curve, and
the CC curves are shown in a columnwise structure for each reconstruction. The z-stat maps are shown
at a threshold corresponding to an FP of 0.005 (the dotted lines on the ROC curves); they show true
positives in green, false positives in red, and false negatives in blue. Summative bar graphs for all
reconstructions are shown on the bottom row. Figure 4.5 contains a detailed schematic of the graph
format.

Figure 5.4 shows a full comparison between these acceleration factors, as well as the immediately
adjacent acceleration factors (i.e. between 2 → 6 blades/frame). It is worth noting that the mean
brain intensity beneath the z-stat maps is fairly accurately reconstructed at all acceleration factors.
The number of true positives displayed in the functional maps can be seen to decay with R, as do
the X CCS and T CCS scores. At acceleration factors of R≤16.76, the X CCS, T CCS, and ROC
AUC indicate practically perfect reconstructions of the FMRIB dataset. The z-statistic threshold
was chosen to always display 20 false positives, but it can be seen from the ROC curve of R=16.76
that even better thresholding is possible in this instance.
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5.2.3 Unconstrained-Subspace Summary

The unconstrained-subspace k-t FASTER approach does a good job in reconstructing the artificial
FMRIB dataset, but at R>16.76 the reconstruction quality starts to decrease. It is in this de-
creased region of reconstruction quality that the constrained-subspace approaches must be shown
to produce improved reconstructions.

5.3 Tikhonov Constraints

In this section, equation 5.3 will be adapted to consider non-zero λX and λT values, but in a case
where Xprior and Tprior are set to be zero matrices. This set-up removes the priors, leaving pure
Tikhonov regularisation terms. λ∇ is set to zero. The formulation can be visualised either in
equation 5.5 or in figure 5.5.

X̂, T̂ = argminX,T

(
‖EXT ′ − d‖2

2 + λX‖X‖2
2 + λT‖T‖2

2

)
(5.5)

Figure 5.5: A schematic of Tikhonov constrained reconstruction. The 0 boxes represent ‖A− 0‖ = ‖A‖
regularisation. X and T iteratively update until a convergence criterion is reached, and XT ′ is accepted
as the final reconstructed dataset.

5.3.1 Tikhonov Theory

A common use of L2 regularisation in optimisation is to prevent overfitting in noisy data. Unconstrained-
subspace AM optimisation has no constraint controlling the individual component matrices, only
requiring that the product of the two component matrices is similar to the sampled data.

Tikhonov regularisation is the easiest and simplest way to constrain the two matrices during an
AM optimisation to avoid an uneven energy distribution. It has the advantage of being both simple
to implement and efficient to compute, while also requiring no prior dataset knowledge.
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Tikhonov regularisation has previously been used in a low-rank context in collaborative filtering
using matrix factorisation [3], which used Tikhonov regularisation on the two component matrices
(X and T ). The use of Tikhonov regularisation on component matrices in fMRI reconstruction is
a novel step that could only be implemented concurrently with a data consistency term through
an AM formulation.

5.3.2 Tikhonov Results & Discussion

Using values of λX = λT = 1×10−5 for the Tikhonov reconstruction and the processing pipeline from
section 5.2.1, the reconstructions shown in figure 5.6 were generated. The Tikhonov-constrained
results consistently outperform unconstrained k-t FASTER within an acceleration factor across
all metrics except T CCS, wherein the difference between the two approaches T CCS was very
small until R=33.51, where the Tikhonov result outperformed k-t FASTER by a large margin.
The R=33.51 result for Tikhonov outperformed the R=20.11 k-t FASTER result for both X CCS
and ROC AUC despite only containing 3 blades/frame. In fact, the ROC curve indicates that
a much stricter threshold could have been used for all Tikhonov reconstructions without loss of
useful information.

The small improvement of the R=33.51 Tikhonov-constrained ROC AUC score (ROC AUC:0.997)
over the R=25.13 and R=20.11 Tikhonov ROC AUC scores (ROC AUC: 0.991 and 0.992) is not
considered large enough to represent a tangible improvement - a visual inspection of the Tikhonov
maps shows that there is only a difference of two/three true positives at the threshold chosen.
When accounting for the existence of some underlying noise in the data, such a small change can
be considered inconsequential. The slightly non-monotonic CCS scores across the acceleration
factors for Tikhonov should also be noted. This non-monotonicity is likely due to almost all of the
reconstructions operating in a near-perfect region, and so small changes in reconstruction quality
due to factors such as the noise distribution can make a more highly accelerated reconstruction
seem better than a less accelerated reconstruction.

Overall it can then be seen in this artificial FMRIB dataset that Tikhonov regularisation outper-
forms the unconstrained-subspace k-t FASTER reconstruction, in both quantitative and qualitative
measures of reconstruction quality.
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5.3.3 Tikhonov Conclusion

It is worth restating that, when compared to an unconstrained-subspace k-t FASTER approach, no
extra structural information is added to a Tikhonov-constrained reconstruction beyond the inherent
Tikhonov assumption that high energy should be penalised. As such, the improved reconstruction
ability at high acceleration factors when compared with the unconstrained-subspace approach (see
the R:33.51 results) make Tikhonov a very attractive constraint for future use.

5.4 Low-Resolution Prior Constraints

In the previous section, Tikhonov-constrained reconstructions imposed a low-energy form onX and
T . In this section, low-resolution priors (LRP) are considered as a way to integrate known struc-
tural information into the k-t FASTER reconstruction process. Equation 5.3 will be adapted to
consider non-zero λX and λT values, where Xprior and Tprior will be constructed from a low spatial-
resolution version of the underlying dataset. This low spatial-resolution dataset is created through
windowing, rather than through a separate acquisition (as is the case with some approaches). λ∇
will be set to zero. Larger λX and λT values will result in stricter adherence to the LRP. k-t
PSF [4] can be calculated using λX = 0 and λT = ∞ to represent a fully unconstrained spatial
subspace and a completely fixed temporal subspace. As a reminder, the unconstrained-subspace
k-t FASTER results from section 5.2 can be represented with λX = 0 and λT = 0.

X̂, T̂ = argminX,T

(
‖EXT ′ − d‖2

2 + λX‖X −Xprior‖2
2 + λT‖T − Tprior‖2

2

)
(5.6)

The term LRP will refer to the use of spatial and temporal priors that are driven from a low spatial-
resolution reconstruction of the same data. Where the term LRP is ambiguous, “generated LRP”
or “generated priors” will refer directly to the constraints, and “LRP-constrained reconstruction”
will refer to a reconstruction that uses the generated LRP as constraints.

5.4.1 LRP Theory

In an accelerated radial k-space trajectory, there exists a central window of k-space which fulfils
the Nyquist sampling criteria in the azimuthal direction due to the non-uniform sampling density.
The k-space radius which satisfies Nyquist is kmax

R
, where R is the acceleration factor defined by

equation 2.26 and kmax is the maximum k-space extent. This relationship is shown in figure 5.7,
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and a schematic demonstrating how this windowing is used to generate an LRP can be seen in
figure 5.8.

Figure 5.7: A demonstration of the changing radius which satisfies Nyquist in accelerated Golden Ratio
angle radial data. The red circle demonstrates the radius at which the Nyquist criteria is fulfilled in
uniform-angle radial trajectories, which is assumed to be similar for the Golden Ratio angle approach.

Figure 5.8: A demonstration of how the changing Nyquist radius can be used in accelerated Golden Ratio
angle radial data to produce an unaliased LRP. An EPI plane (left) is rotated by ≈ 111.25◦ around the
phase encode axis. These rotated planes can then be flexibly combined. If many planes are used (top,
blue) then a clean image is easily generated, but at the cost of temporal resolution. If fewer planes
are used (middle, yellow) then more images are generated per second, but with an increased number
of artefacts. The central part of this undersampled k-space satisfies the Nyquist criterion, even if the
full extent of the undersampled k-space does not. By windowing this central k-space (green, bottom),
an accurate and high temporal resolution - albeit spatially smoothed - set of images can be created.

Windowed priors are produced from a reduced-extent k-space. If those windowed priors are incor-
porated into a final reconstruction, the central portion of k-space will be more greatly weighted in
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the final reconstruction. This will result in the central portion of k-space being more strictly en-
forced, while the outer portion k-space is guided more loosely during reconstruction. More strictly
enforcing the outer k-space which violates Nyquist would lead to the appearance of artefacts. The
importance of central k-space in dynamic MRI reconstruction has been previously exploited in
low-rank methods. k-t PCA [5] and k-t PSF [4] both derive temporal components from low spatial
resolution/high temporal resolution datasets. In both approaches the temporal basis from the
low-spatial resolution dataset is strictly fixed during reconstruction, whereas the LRP-constrained
k-t FASTER approach uses the central k-space information as a soft constraint on both subspaces.

As an aside, a weighted least-squares approach could also be taken to upweight central k-space
(||W (EXT ′− d)||22, where W is an appropriate windowing function). Unlike the LRP approach, a
weighted-least square approach would not require two separate reconstructions, which could dra-
matically reduce reconstruction time. However, Toeplitz embedding (section 2.A) could no longer
be used, which would then add back to the reconstruction time. Additionally, separate k-space
weighting could not be applied to the spatial and temporal subspaces (and indeed this approach
could be done without alternating minimisation, by using the SVD k-t FASTER approach discussed
in chapter 4). Overall, the weighted least-squares approach prioritises a simpler (and potentially
quicker) formulation in exchange for reduced flexibility regarding the subspace weighting. The
LRP-constrained approach will be used in this thesis to explore the benefits of such flexibility (and
to allow easy comparison with the k-t PSF approach), but the weighted least-squares approach
may be worth investigating in future studies.

5.4.2 Forming the LRP Constraints

When windowing the dataset to form priors, it is important to taper the edges of the window in
a process known as apodisation. To that end, a Tukey window was used with α set to 0.4 for
all windowing (α: the proportion of the window which is a sine lobe). Equation 5.7 was used to
define the full-width half maximum (FWHM) for all windows (which begins the tapering just as
Nyquist stops being fulfilled). This equation was chosen to represent the ideal theoretical radii for
a given acceleration factor. Further information regarding the windowing parameters is included
in section 5.A.

FWHM = πkmax

2R
(5.7)

The LRP is generated from the underlying data. This can be done by windowing the dataset with
a Tukey windowW with a FWHM defined by equation 5.7, and then following the standard recon-
struction methods for unconstrained-subspace k-t FASTER. The cost function for the generated
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LRP is formulated as follows:

X̂prior, T̂prior = argminXprior,Tprior

(
‖EXpriorT

′
prior −Wd‖2

2

)
(5.8)

5.4.3 Evaluating the Effect of Windowing

As an initial test of the theory behind LRP-constrained optimisation, a known ground truth was
windowed and decomposed into Xprior and Tprior. While this approach will obviously not work
in a realistic scenario with an unknown truth, it can be used as a gold standard to validate the
assumption that, within a fully-sampled k-space window, an accurate reconstruction of the truth
is possible.

5.4.3.1 Testing the LRP Radii

A set of priors at varying k-space extents were reconstructed at R=20.11 (5 blades/frame) and
R=10.05 (10 blades/frame) to test the effects of windowing. Priors generated at the full k-space
extent match the unconstrained-subspace k-t FASTER results from section 5.2. Figure 5.9 com-
pares the alignment of the generated prior subspaces against both the unwindowed ground truth
(top row) and the ground truth windowed to the same extent as each prior (bottom row).

The truth and the windowed truth have fully aligned temporal subspaces, but their spatial sub-
spaces become more unaligned as windowing increases. The generated priors become less aligned
with the true temporal subspace at small window radii, but are fully matched at high radii.

The spatial subspaces of the priors are only matched with the windowed ground truth in a middle
range of radii. A peak spatial alignment is achieved between the windowed ground truth and the
reconstructed priors at a radius of ≈0.4, although the peak is hard to determine for R=10.05.
The superior reconstruction power of the R=10.05 reconstructions can be easily seen by the close
alignment to the spatial and temporal subspaces at a wide range of radii.

The window radii used in this thesis were defined by equation 5.7, which was chosen so that the
inner radius of the sinusoidal lobes would be placed just inside the Nyquist limit. This can be
interpreted as tapering starting to occur at the red circle in figure 5.7. Equation 5.7 gave radii
of FWHMR=20.11=0.08kmax and FWHMR=10.05=0.16kmax for the acceleration factors used here.
The experimental results show that the reconstructed priors align most closely with the windowed
ground truth at a higher radii than is predicted by the theoretical limit of equation 5.7. The
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Figure 5.9: A comparison of the generated priors against both the windowed and unwindowed truth
at R=20.11 (5 blades/frame) and R=10.05 (10 blades/frame). Where the truth is windowed, it is
windowed to the same extent as the prior (indicated on the x-axis as the radius to the FWHM).

low-rank constraint combined with the incoherence of the artefacts may likely increase the radius
at which a high-fidelity prior can be formed. Additionally, the small size of the artificial FMRIB
dataset may cause overly harsh windowing of central k-space when using the theoretical radii in
this dataset, in a way that would not be as negatively impactful for more realistic dataset sizes
at the same acceleration factor. However, an exploration of priors with a wider radii than that
defined by equation 5.7 may prove useful for future analysis.

5.4.4 LRP-Constrained Reconstruction

Once created, the LRPs are fed into the final reconstruction. The final reconstruction combines
LRP regularisation on the subspaces with a data consistency term using the unwindowed dataset.
The LRP regularisation terms are weighted by λX and λT parameters. This process is shown in
figure 5.10.
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Figure 5.10: A schematic overview of a constrained-subspace reconstruction using priors. The under-
sampled dataset undergoes central k-space windowing and is reconstructed according to only the rank
constraints and coil sensitivity information to create Xprior and Tprior. These priors are then fed as a
regularisation constraint into the final reconstruction, producing the final dataset. The first term of
the equation 5.6 is represented in the “Data Consistency” box, and the influence of the prior terms are
shown via the downwards dotted arrows (weighted by λX and λT ).

5.4.4.1 k-t PSF

k-t PSF [4] (partially separable functions) is a low-rank dynamic imaging approach which fits inside
the framework of an LRP-constrained low-rank fMRI reconstruction, although it should be noted
that this implementation differs from the approach used by Liang et al. (see section 3.5.3). k-t
PSF reconstructs only the spatial coefficients against a predetermined temporal basis, a formulation
which can be modelled by setting λX = 0 and λT = ∞ (see equation 5.9). This predetermined
temporal basis set is formed from a reconstruction which must have a high temporal resolution, but
can have a low spatial resolution. These conditions match the formulation of the generated LRPs
described previously. Setting λt =∞ fixes the Tprior constraint of the final reconstructed temporal
component matrix. The spatial information garnered from the windowed reconstruction (Xprior)
is discarded, and X is regenerated from the full unwindowed dataset. The k-t PSF schematic is
shown in figure 5.11.

T = Tprior

X̂ = argminX

(
‖E(XT ′)− d‖2

2

)
(5.9)
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Figure 5.11: A k-t PSF schematic. Similar to the general LRP-constrained schematic, a set of LRP
constraints are generated to create Xprior and Tprior. The temporal prior is then fed as a hard regular-
isation constraint into the final reconstruction, while X is reproduced through a more straightforward
optimisation process.

5.4.5 LRP Results & Discussion

In figure 5.12, LRP reconstructions using λX = λT = 1×10−5 are compared against unconstrained
subspace k-t FASTER reconstructions. The LRP-constrained results outperform unconstrained
k-t FASTER in both X CCS and ROC AUC. In addition, the false negatives (red pixels) were
highly localised around the region of interest in the LRP z-stat parameter maps when compared
to the false negatives of the unconstrained-subspace k-t FASTER results. This indicates that the
LRP-constrained results will be good at broadly identifying regions of interest, in addition to the
improved overall reconstruction performance at this high acceleration factor. However, the worse
T CCS scores of the LRP-constrained reconstructions should also be taken into consideration, as
they indicate a poor temporal subspace reconstruction. Additionally, the reconstruction times are
roughly twice as long for LRP-constrained reconstructions, due to the time required to generate
the priors.
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Figure 5.13 shows a comparison of soft constrained-subspace reconstructions (Tikhonov-constraints
and LRP-constraints) against unconstrained k-t FASTER reconstructions and the hard constraint
of k-t PSF reconstructions. The overall improvement of the soft constrained-subspace results in X
CCS and ROC AUC is noticeable over k-t FASTER, with the Tikhonov results performing best
at high acceleration factors. The LRP-constrained reconstructions perform almost identically well
until R=50.26, which with only two blades per frame appears to be beyond the realm in which
the assumptions behind LRP-constrained reconstructions hold (although the failure of LRP in this
extreme regime makes the high ROC AUC Tikhonov score very notable).

The poor performance of k-t PSF is also worth dwelling on. k-t PSF only achieves real parity with
the other results at R≈5 (25 blades/frame). At R=12.57 (8 blades/frame) k-t PSF still contains
approximately the same reconstruction power as the other methods, only failing to capture the
“I” spatial component (the plateau in ROC score is consistently due to failing to identify the “I”
component). The “I” component was the most prone to failure across all reconstruction method-
ologies, which may be due to “I” having the most relative power at high temporal frequencies, and
so having the signal most likely to be lost in noise.

Figure 5.13: A comparison of the quantitative reconstruction scores for Tikhonov-constrained, LRP-
constrained, k-t FASTER, and k-t PSF reconstructions at a range of acceleration factors.

R=14.36 (7 blades/frame) appears to represent a particularly bad reconstruction in figure 5.13.
No clear reason could be found for this dip in ROC AUC. Figure 5.14 shows the R=14.36 results,
which show the other three approaches all easily manage to successfully reconstruct the underlying
functional information. k-t PSF successfully captures the “F” component and most of the “M”,
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but the remaining components are completely absent from the z-stat image shown (and are not
procured without many false positives obscuring the image). The shape of the T CC curve indicates
that the remaining components are barely captured in the reconstruction.

Figure 5.14: A comparison between Tikhonov-constrained (Tik), unconstrained-subspace k-t FASTER
(ktF), LRP-constrained (LRP) and k-t PSF (PSF) reconstructions of the FMRIB dataset at R=14.36
(7 blades/frame). Sample z-stat parameter maps, an ROC curve, and the CC curves are shown in a
columnwise structure for each reconstruction. Summative bar graphs for all reconstructions are shown
on the bottom row. Figure 4.5 contains a detailed schematic of the graph format.

A closer look was taken at the temporal information for the R=20.11 reconstructions (5 blades/frame).
The average signal over the spatial mask defined by all 5 maps in the ground truth is plotted in
figure 5.15 (along with the noiseless ground truth, and the background signal at a random pixel).
All k-t PSF time series contain a large amount of high temporal frequency content which is not
present in the ground truth (see section 5.B.3 for more evidence behind this claim). As such, it
is clear that the k-t PSF reconstruction was predestined for poor results with the fixed temporal
subspace, with almost no component recognisable between the generated LRP and the ground
truth. The presence of these high temporal frequency artefacts is somewhat unclear, although
they are certainly linked to higher levels of windowing/acceleration.
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Figure 5.15: A comparison between the mean time courses over a random background pixel, and the
five separate spatial component maps of figure 5.2. These time courses were taken from reconstructions
at an acceleration factor of R=20.11. Each y-axis is normalised to show the shape of the temporal
component.

5.4.6 LRP Conclusion

LRP-constrained reconstructions are clearly worth pursuing further, although the poor temporal
subspace results in both the generated priors and final LRP-constrained reconstructions (and k-t
PSF results) indicate that the temporal constraint may prove a limiting factor for this formulation.
Further investigation of the LRP is needed to fully understand what the constraint is achieving.
The high dimensionality of LRP-constrained reconstruction (window radius, λX , λT ) makes the
pursuit of an optimal LRP-constrained reconstruction somewhat challenging. Investigation of
optimal λX and λT values will occur in chapter 6.
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5.5 Note on Adapted LRP and Tikhonov Constraints

In order to investigate the results of the previous sections, three separate adaptations of the
Tikhonov and LRP-constrained approaches were explored to gain further understanding about the
nature of these constraints and the resulting reconstructions. While some insight was gained, the
adapted constraints did not lead to any tangible improvement in reconstruction. As such, the
formulation and analysis of these constraints can be found in appendix 5.B, and a short summary
of the constraints and key findings will be listed here. The following terms are used to broadly
distinguish between these constraints and the constraints of previous sections:

Pure Tikhonov/LRP The aforementioned Tikhonov and LRP-constrained reconstructions. The
term “pure” is used to represent the formulations discussed in sections 5.3 and 5.4.

Adapted Tikhonov/LRP The general label for constrained-subspace reconstructions which in-
corporate Tikhonov and/or LRP information but do not follow the formulation of the pure
approaches. All of the constraints in this section and section 5.B are adapted constraints.

The following terms will be used to describe specific different adapted methodologies:

Hybrid Constraints One subspace is constrained by Tikhonov and one subspace is constrained
by LRP. The different combinations will be referred to as XT ikT

′
LRP and XLRPT

′
T ik.

Tikhonov-Enhanced LRP (TE LRP) The priors are Tikhonov-constrained during generation.
The final reconstruction is done with the same formulation as pure LRP-constrained recon-
struction.

Null-Enforced LRP (NE LRP) The LRP enforcement is done via minimising the multiplica-
tion of the variable with the orthogonal complement of the prior (which maps the prior
null space), rather than through minimising the euclidean distance between the variable and
prior. This allows for use of a prior which rejects noise-like components.

The central finding of the adapted constraints section was the importance of the temporal subspace
constraint in reconstruction. With the hybrid constraints, all reconstruction scores were found to
be more strongly characterised by the temporal constraint than the spatial constraint (i.e. pure
Tikhonov and XLRPT

′
T ik reconstructions produced similar scores, and pure LRP and XT ikT

′
LRP

produced similar scores). Additional Tikhonov-enhancement in TE LRP did not aid the temporal
subspace generation, and overweighting the Tikhonov constraints makes the components more non-
orthogonal (i.e. have a larger inner product and become more correlated). The null-enforcement
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process for NE LRPs did provide the same regularisation as pure LRP reconstruction, but the
temporal LRP was so bad that the rejection criteria would reject almost all components, leaving
the null-enforcement process no information with which to improve the final result.

5.6 Temporal Subspace Smoothing

This section will investigate the effect of smoothing as a temporal subspace constraint using a
non-zero λ∇, while setting λX and λT to zero in equation 5.3. Implementing these λ conditions
reduces the general equation 5.3 to the optimisation problem laid out in equation 5.10 and figure
5.16.

X̂, T̂ = argminX,T

(
‖EXT ′ − d‖2

2 + λ∇‖∇T‖2
2

)
(5.10)

Figure 5.16: A schematic of the temporally smoothed reconstruction. The ∇ box represents a difference
operator acting in the time direction along the t × r matrix T . X and T iteratively update until a
convergence criterion is reached, and XT ′ is accepted as the final reconstructed dataset.

5.6.1 Smoothing Theory

In equation 5.10, ∇ is a difference operator which carries out the following underlying operation
between each frame for all r components:

∇Ti,1:r = Ti+1,1:r − Ti,1:r (5.11)

This ∇ operator can also be considered as a (t-1)× t matrix with constant diagonals. Matrix 5.12
shows ∇ for t = 6.
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∇ =


−1 1 0 0 0 0
0 −1 1 0 0 0
0 0 −1 1 0 0
0 0 0 −1 1 0
0 0 0 0 −1 1

 (5.12)

As ∇ is a matrix operator, it can be differentiated in a cost function according to standard rules.

d‖∇T‖2
2

dT
= 2∇′∇T (5.13)

The ∇′∇ term creates a t× t matrix, which can be defined as follows for t = 6 (matrix 5.14).

∇′∇ =


1 −1 0 0 0 0
−1 2 −1 0 0 0
0 −1 2 −1 0 0
0 0 −1 2 −1 0
0 0 0 −1 2 −1
0 0 0 0 −1 1

 (5.14)

This approach is not conceptually dissimilar to the other main non-sparsity approaches which
enforce temporal smoothing in fMRI: Dual TRACER [6] and spatially adaptive temporal smoothing
by Chiew et al. [7]. Chiew used the same finite-difference operator ∇ as shown in equation 5.11,
but applied ∇ along the dataset time dimension (rather than the temporal subspace) for each voxel
in SMS reconstructions. Dual TRACER enforced temporal smoothness through data consistency
between frames (as covered in equations 3.41 and 3.42). As noted in section 3.5.2, Golden Ratio
angle approaches are particularly suited to temporal smoothing approaches.

These approaches showed that temporal smoothing in fMRI does not remove the signal of interest
(the BOLD signal). Section 3.5.3 showed that low-rank methods applied to fMRI will also pre-
serve the signal of interest. As a temporal smoothing regularisation term is likely to preserve the
relatively smooth BOLD signal (particularly at high acceleration) and reduce the magnitude of
high frequency noise, it is not expected that the temporal smoothing term will cause the removal
of the functional information through the low-rank enforcement.

5.6.2 Smoothing Results & Discussion

Figures 5.17 and 5.18 show the effect of a smoothing term at R=20.11 (λ∇ = 1 × 10−3) and at
R=33.51 (λ∇ = 1 × 10−4). The temporally smoothed results were compared to other softly con-
strained reconstructions, which used λX = λT = 1× 10−5 for all reconstructions. The temporally
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smoothed results outperformed k-t FASTER across all metrics, and is not shown. The smoothed
reconstructions gave good T CCS scores across both acceleration factors, and at R=20.11 achieved
the best ROC AUC score as well (although the improvement over Tikhonov is not large enough to
draw concrete conclusions). However, while the T CCS smoothing score is still high at R=33.51, the
X CCS score is now notably worse, and artefacts have begun to be introduced into the anatomical
image. These artefacts originate from the first spatial component, which appears to have been par-
ticularly bad in this instance. These artefacts seem counterintuitive, and do not appear elsewhere
in results with temporal smoothing. As such, the cause of these artefacts could not be deduced,
and may simply be due to a poor reconstruction at high acceleration in a heavily artificial dataset.
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All five functional components were identified with relative ease. Figure 5.18 shows the mean
temporal signal over each of the five spatial patterns and a randomly chosen background voxel in the
brain. The temporal smoothing constraint is able to smooth the background noise, while preserving
the spikes at high frequencies in the actual components. The LRP-constrained reconstruction
has already been noted to contain a particularly large proportion of high temporal frequency
information, which could indicate that the LRP constrained-reconstruction (or the generation of
the LRP) would benefit from an additional smoothing constraint.

Figure 5.18: The mean time course over a particular spatial map for five different reconstructions: the
truth (top row), a k-t FASTER reconstruction, (2nd row), Tikhonov/LRP-constrained reconstructions
(3rd/4th row) and a smoothed reconstruction (bottom row). The columns indicate the spatial region
over which the mean time course was calculated. The (non-truth) reconstructions had an acceleration
factor of R=33.51. The y-axes are normalised.

5.6.3 Smoothing Conclusion

While including a smoothing term in the reconstruction did improve the unconstrained-subspace
reconstruction, the effectiveness is dependent on the form of the underlying dataset signal. Testing
temporal smoothing on a real dataset should be informative as to whether smoothing is worth
including as a subspace constraint in fMRI data, or whether temporal subspace smoothing is just
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favourable to the basis functions used in the artificial FMRIB dataset’s GLM.

5.7 Conclusion

The above chapter compared a variety of subspace constraints against the unconstrained-subspace
approach of AM k-t FASTER in an artificial dataset. The Tikhonov, LRP, and smoothing con-
straints all outperformed the unconstrained subspace approach, but must all be validated further
in realistic data before any concrete conclusions can be drawn.

5.A Windowing

This section describes in detail the parameters used to form the LRP. The importance of proper
windowing is highlighted, and the fundamental mathematicals underlying the windows are stated.

5.A.1 Tukey

A Tukey 1D window (also known as a cosine-tapered window) is a composite window. A cosine
lobe split in half and sandwiched around a central rectangular window. The primary design
consideration in a Tukey window is α, a unit interval (0 ≤ α ≤ 1) that defines the proportion of
the window occupied by the sidelobes. α = 0 results in a square window, α=1 is a pure cosine
lobe (see figure 5.19).

Figure 5.19: A demonstration of 1D Tukey windows. Selecting a larger α value will reduce the proportion
of the window represented by the uniform rectangular window. All of these windows have the same
FWHM.

A 1D discrete Tukey window w with N points is defined in equation 5.15. As Tukey windows are
symmetric, wn = w(N+1)−n in all cases. A discrete 2D window Cartesian window can be formed
based on a Cartesian interpolation of a 1D window at each pixel radius.
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wn =
1

2

(
1− cos

(2nπ

Nα

))
; 1 ≤ n <

Nα

2

wn = 1;
Nα

2
≤ n <

N

2

(5.15)

5.A.2 Apodisation

It is important that the edge of any window is tapered, or else additional ringing will occur in the
image. Figure 5.20, demonstrates that a hard window edge more uniformly spreads out the energy
in the PSF, leading to ringing in the image domain. A window with a tapered edge produces less
ringing and is therefore preferred.

Figure 5.20: A demonstration of artefacts in windowing. Top row: a hard Tukey window with α=0.
Bottom Row: a soft Tukey window with α=0.4.

5.B Adapted LRP and Tikhonov Constraints

Three separate adaptations of the Tikhonov-constrained approach (section 5.3) and LRP-constrained
approach (section 5.4) were created in order to gain further understanding about the nature of
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those constraints. The terms which were first defined in the main text summary of section 5.5 are
redefined here:

Pure Tikhonov/LRP The aforementioned Tikhonov and LRP-constrained reconstructions. The
term “pure” is used to represent the formulations discussed in sections 5.3 and 5.4.

Adapted Tikhonov/LRP The general label for constrained-subspace reconstructions which in-
corporate Tikhonov and/or LRP information but do not follow the formulation of the pure
approaches. All of the constraints in this section are adapted constraints.

The terms for the separate adapted constraints are also redefined:

Hybrid Constraints One subspace is constrained by Tikhonov and one subspace is constrained
by LRP. The different combinations will be referred to as XT ikT

′
LRP and XLRPT

′
T ik.

Tikhonov-Enhanced LRP (TE LRP) The priors are Tikhonov-constrained during generation.
The final reconstruction is done with the same formulation as pure LRP-constrained recon-
struction.

Null-Enforced LRP (NE LRP) The LRP enforcement is done via minimising the multiplica-
tion of the variable with the orthogonal complement of the prior (which maps the prior
null space), rather than through minimising the euclidean distance between the variable and
prior. This allows for use of a prior which rejects noise-like components.

5.B.1 Hybrid Constraints

The generic equation 5.3 permits the combination of different constraints within the same recon-
struction. This section explores which constraint dominates in such a combined reconstruction,
and whether this hybrid approach could outperform the pure approaches.

5.B.1.1 Spatial Tikhonov & Temporal LRP Constraints

The motivation behind combining spatial Tikhonov and temporal LRP constraints matches the
motivation of the k-t PSF approach - namely that the temporal components from a densely sam-
pled temporal domain are considered informative in a reconstruction, but the associated spatial
information is not (unless the spatial domain is also densely sampled).
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X̂, T̂ = argminX,T

(
‖EXT ′ − d‖2

2 + λX‖X‖2
2 + λT‖T − Tprior‖2

2

)
(5.16)

5.B.1.2 Spatial LRP & Temporal Tikhonov Constraints

The spatial domain is the source of aliasing when reconstructing an accelerated radial dataset, and
so combining the spatial LRP constraint and the temporal Tikhonov constraint seems a logical
step. The LRP-constrained optimisation aims to more greatly weight central k-space, a goal that
can be theoretically achieved with just a spatial prior. However, a Tikhonov constraint could still
usefully guide the temporal information towards a more favourable solution.

X̂, T̂ = argminX,T

(
‖EXT ′ − d‖2

2 + λX‖X −Xprior‖2
2 + λT‖T‖2

2

)
(5.17)

5.B.1.3 Hybrid Results & Discussion

R=20.11 was chosen to represent an acceleration factor at which both Tikhonov and LRP con-
straints perform equally, while improving upon the unconstrained-subspace results. Optimal values
of λX = λT = 1× 10−6 were used for both hybrid constraints. Values of λX = λT = 1× 10−5 were
used for the pure constraints.

Figure 5.21 shows that, between the two CCS scores, the T CCS scores more strictly correlate with
the ROC AUC score. The temporal-subspace constraint then appears to be the most dominant
factor in characterising the reconstruction quality. It should be noted that the presence of the
spatial constraint does also make an impact, as having an unconstrained spatial subspace performed
worse in all cases (see figures 6.3 and 6.4 in the next chapter). The LRP temporal constraint led
to better X CCS scores and false positives more localised around the true activation area that the
Tikhonov-constrained temporal subspace. However, the Tikhonov-constrained temporal subspace
reconstructions produced almost perfect T CCS scores and better ROC curves (i.e. ROC curves
with a sharper upper-left corner, particularly XLRPT

′
T ik).

The strong influence of the temporal constraint makes sense in the light of the time courses
modelled in figure 5.15, and especially when considering the k-t PSF time course. The temporal
components in the generated priors contain a lot of high-frequency content that is not present in
the ground truth (or even in the k-t FASTER reconstruction). As such, it seems fair to conclude
that the temporal constraint is the dominant underlying factor behind the ROC AUC scores seen
in figure 5.21.
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Figure 5.21: A comparison between different combinations of hybrid and pure Tikhonov/LRP approaches
at R=20.11 (5 blades/frame). Sample z-stat parameter maps, an ROC curve, and the CC curves are
shown in a columnwise structure for each reconstruction. Summative bar graphs for all reconstructions
are shown on the bottom row. Figure 4.5 contains a detailed schematic of the graph format.

5.B.1.4 Hybrid Conclusion

Considering the artificial nature of this dataset, further testing is needed to evaluate whether the
relation between temporal constraint and ROC curves hold in real data (which will be done in
chapter 6). It is also worth noting that only the pure Tikhonov approach does not require an
entire extra reconstruction (of the LRP), making the reconstruction time far shorter than the
other approaches.

5.B.2 Tikhonov-Enhanced LRPs

In this section, the adapted constraint is formed by applying Tikhonov regularisation to the gen-
eration of the LRP. This is termed “Tikhonov-Enhanced LRP” (or TE LRP) to distinguish it from
the pure LRP- and pure Tikhonov-constrained approaches.
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The previous LRP-generation approach of section 5.4 was a windowed unconstrained-subspace
reconstruction. A constrained-subspace reconstruction of the prior may also improve the final
reconstruction. Section 5.3 demonstrated the benefit that adding Tikhonov constraints to a re-
construction can yield. A schematic is shown in figure 5.22 to help keep track of the different
constraints, and the optimisation formulation used to generate TE LRPs is shown in equation
5.18.

Figure 5.22: A schematic of LRP-constrained reconstruction, using Tikhonov-enhanced LRPs. The 0
boxes represent ‖A− 0‖ = ‖A‖ regularisation. Xprior and Tprior iteratively update until a convergence
criterion is reached, and are then fed into the final reconstruction. Then, X and T iteratively update
until a convergence criterion is reached, and XT ′ is accepted as the final reconstructed dataset.

X̂prior, T̂prior = argminXprior,Tprior

(
‖EXpriorT

′
prior −Wd‖2

2 + λXp‖Xprior‖2
2 + λTp‖Tprior‖2

2

)
(5.18)

5.B.2.1 TE LRP Results & Discussion

Figure 5.23 contrasts TE LRP-constrained reconstructions at R=25.13 and R=20.11 (λXp = λTp =

1 × 10−3) against pure Tikhonov and LRP-constrained reconstructions. Values of λX = λT =
1× 10−5 were used for all final reconstructions. The T CCS scores of the TE LRP were far worse
than the other approaches. The R=25.13 TE LRP result did improve the X CCS score and vastly
improved the ROC AUC score (and ROC curve) over the R=25.13 pure LRP approach.

The TE LRP methods have even better localisation of errors around the active region than the
LRP results, but the addition of the Tikhonov constraint to the generation of the LRP guided the
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final reconstruction to a more informative temporal subspace. Additionally, while the functional
information in the R=25.13 TE LRP reconstruction was clearly better than the equivalent LRP-
constrained reconstruction, the anatomical background of the z-stat parameter maps shows that
there are likely some extra issues involved with the reconstruction that the FEAT analysis package
struggled to parse (the RMSE for the TE LRP result was 10× higher than the other results at
R=25.13).
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5.B.2.2 TE LRP Conclusion

While the reduction in temporal CCS in TE LRP-constrained reconstruction is unexpected, the
improved ROC AUC score (with corresponding z-stat maps) and X CCS scores highlight TE LRPs
as a method with some potential, if further understanding can be gained as to why the method
falling short in some aspects.

5.B.3 Null-Enforced LRPs

For this section, an alternate way to implement the similarity terms of the form ‖A−Aprior‖2
2 will

be formulated that allows for forms of Aprior that do not contain the same number of components
as A.

5.B.3.1 NE LRP Theory

The rank subspace and null subspace of a matrix are fundamentally linked by the orthogonal
complement (see section 3.4.2). An equation which forces similarity between a parameter A and
the row space of a hypothetical matrix Aprior is also enforcing dissimilarity with the left null
subspace Null(A′prior). So far, the only term used to enforce similarity has been an L2 error norm.

λA‖A− Aprior‖2
2 (5.19)

An implicit restriction on the Aprior constraint is that it must be the same dimensionality as
A, but what if this were not desirable? The poor temporal information resulting from LRP-
constrained reconstructions has already been demonstrated in the artificial FMRIB dataset, but
the more realistic retrospective fMRI dataset from section 4.4.1 produces the same result. This
can be seen in the frequency content of the temporal components of an unwindowed k-t FASTER
reconstruction (figure 5.24 at R=15.71, 10 blades/frame) when compared to the windowed k-t
FASTER reconstruction of an LRP (figure 5.25, also at R=15.71). This means that the poor
temporal information is likely not a result of the artificial FMRIB dataset time courses, but more
likely a feature of the reconstruction.

In the unwindowed reconstruction, most of the temporal frequency information was concentrated
in the central frequency bands (figure 5.24). In the generated LRP, the temporal frequency infor-
mation was spread over a much greater range (figure 5.25), which might provide further insight
into what was happening in the priors generated at a variety of window sizes (figure 5.9). More
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specifically, it can be seen that at least 40% of the energy was concentrated within a range of
-0.1Hz to 0.1Hz for all components of the final reconstruction, but only four components in the
LRP fulfilled this criterion (components fulfilling the criterion are shown in green, those failing are
shown in red).

Figure 5.24: The normalised power spectrum in the components of an unconstrained-subspace k-t
FASTER reconstruction at R=15.71. The retrospective dataset has a TR of 1s, meaning the max-
imum temporal frequency that can be represented is ±0.5Hz. Within each temporal component (Txx),
the proportion of energy contained within the bounds -0.1 Hz and 0.1 Hz is shown in the sub-figure
title. Where Txx >0.4, the curve is shown in green.

A prior-consistency term assumes that the information in the prior is worth incorporating as
guidance for the final reconstruction. However, in figure 5.25, it can be seen that the energy
in most components are composed of very high-frequency components, with temporal frequency
curves are very spiked (unlike the smoother curves of the k-t FASTER reconstruction of figure 5.24).
Even two of the components which “pass” the threshold test seem to contain some high spikes at
high frequencies. In the components with dispersed energy, the similarity metric of equation 5.6 is
enforcing similarity with an uninformative time-series. This is at best a useless enforcement and
at worst a harmful one. Being able to remove undesirable components and enforce a comparison
only with the remaining useful components would likely be a preferred outcome.

The k-t FASTER reconstruction shows that there are still at least 16 components of useful infor-
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Figure 5.25: The normalised power spectrum in the components of a generated LRP at R=15.71 (win-
dowed with a FWHM at kmax

10 ). The retrospective dataset has a TR of 1s, meaning the maximum
temporal frequency that can be represented is ±0.5Hz. Within each temporal component (Txx), the
proportion of energy contained within the bounds -0.1 Hz and 0.1 Hz is shown in the sub-figure title.
Where Txx >0.4, the curve is shown in green.

mation that can be garnered from the final reconstruction. Trying to apply only the four useful
temporal components in the LRP (using the Txx > 0.4 metric) through a data consistency term
will produce a dimensional mismatch. Given the lack of energy at low temporal frequencies in the
components which fail the threshold, it is not certain that simply applying a low-pass frequency
filter to the LRP temporal subspace would necessarily produce anything more informative.

An alternate way to enforce similarity with a reduced set of components of Tprior is by minimising
the product of T and the orthogonal complement of Tprior (which is calculated as the null of T ′prior):

λT‖T⊥priorT‖2
2 (5.20)

Reformulating the LRP optimisation problem (equation 5.6) in the null-multiplication form speci-
fied by equation 5.20 produces the following formulation, will be termed the “Null-Enforced LRP”
formulation (or NE LRP).
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X̂, T̂ = argminX,T

(
‖EXT ′ − d‖2

2 + λX‖X⊥priorX‖2
2 + λT‖T⊥priorT‖2

2

)
(5.21)

5.B.3.2 NE LRP Methodology

Within the formulation of equation 5.21, there are two tests that should be carried out. The first
test investigates whether the NE LRP formulation enforces similarity in instances where Xprior and
Tprior are the same dimensionality as X and T (e.g. no components are removed). That formulation
should then be compared against the similarity enforced in an ‖X−Xprior‖2

2 system (equation 5.6).
A second test compares reconstructions using the null formulation with a full size prior and with
a reduced prior. The evaluations are carried out concurrently using the artificial FMRIB dataset.

5.B.3.3 NE LRP Results & Discussion

Figure 5.26 shows the results of reconstructions at R=33.51 (3 blades/frame) and R=25.13 (4
blades/frame) for the LRP, the NE LRP using a reduced prior: NRED(LRP), and the NE LRP
using a full prior: NFULL(LRP). In these highly accelerated regimes, only one component of the
LRP was considered significant enough to include in the reduced NE LRP formulations. The full
NE LRP performed equivalently to the typical LRP enforcement through all metrics, satisfying
the first test by confirming that the null-enforcement approach does indeed work as an equivalent
method through which to enforce the prior information.
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Compared to the LRP, The reduced NE LRP marginally improved the T CCS score and the ROC
AUC for R=25.13 (and also for R=20.11, not shown), but dramatically reduced the ROC AUC
score for R=33.51. The z-stat map at R=33.51 shows no noticeable quantitative difference, but
the ROC curve indicates that the low score likely comes from a failure to identify the missing
components beyond the z-stat threshold chosen. The ROC AUC score is even worse than the
equivalent unconstrained-subspace k-t FASTER score at R=33.51, although the ROC curves in
figure 5.26 indicate that the reconstruction is still improved in the range of relevant z-statistic
thresholds in the reduced NE LRP case.

It is worth restating that only the first component in the LRP formulation passes the 40% energy
threshold at all the above acceleration factors. The regime in which the NE LRP formulation would
likely do best is in a low SNR situation where some components of the data are still accurately
reconstructed. This regime does not appear to exist for the artificial FMRIB dataset, unless
changes are made to the LRP formulation (e.g. a wider window size when generating the LRP).

5.B.4 Adapted Constraints Conclusion

In investigating the different forms of the subspace constraints, several interesting discoveries were
made. The first discovery emphasises the importance of the temporal subspace constraint in AM
reconstruction, as it was found that the hybrid constrained-subspace reconstructions were most
strongly characterised by whichever constraint was acting on the temporal subspace.

Additionally, the poor LRP temporal subspace is not aided by additional Tikhonov-enhancement
when generating the LRPs, and in fact overweighting the Tikhonov constraints makes the compo-
nents more non-orthogonal (i.e. have a larger inner product and are more correlated).

Finally, the LRP-constrained reconstruction is not aided by null-enforcement of the LRP (whether
reduced or otherwise). Only one component was deemed to have the energy focused in low temporal
frequency at the acceleration factors where a constrained-subspace reconstruction would be used.
As such, the LRP may need an alteration more fundamental than applying the components in
a different manner. It is important to note that these conclusions are drawn from an artificial
dataset, and not an fMRI dataset.
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In chapter 5, the theoretical basis behind a set of constrained-subspace approaches to low-rank
reconstruction were explored in an artificial dataset. In this chapter, the same set of constraints
will be implemented in an fMRI framework, including the addition of coil sensitivity maps.
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6.1 Introduction

The AM framework proposed in chapter 4 was shown to produce equivalent (if not slightly im-
proved) results on the retrospective dataset when compared to SVD k-t FASTER implemented
with IHT+MS [1]. The main benefit of the AM method is the ease with which additional subspace-
specific constraints can be incorporated into the reconstruction. Chapter 5 outlined a selection
of such constraints and demonstrated their effective power to guide the optimisation algorithm
towards favourable solutions.

These constraints will now be tested on more realistic datasets in order to evaluate their potential
for adoption in actual fMRI data acquisition. In addition to reconstruction quality (evaluated
with ROC AUC, X CCS, T CCS, and a visual assessment of parameter maps), other factors which
may impact the practical implementation of an optimal constrained reconstruction will also be
considered (e.g. reconstruction time, number of design parameters which are scan-dependent, how
independent those design parameters are).

The Tikhonov-constrained reconstructions and LRP-constrained reconstructions will be considered
together, as constraints which operate on both subspaces. The temporal smoothing constraints
will be explored as an alternate spatiotemporal structure that can be exploited for acceleration,
with particular focus on the effectiveness of temporal subspace smoothing in noisy and/or highly
accelerated datasets.

6.2 Methodology

Unless otherwise specified the standard pipeline in section 4.4.1 will be followed, although key
points will be re-outlined and any changes will be explicitly stated.

6.2.1 Datasets

The first dataset used in this chapter is the "retrospective dataset" previously outlined in section
4.4.1, although it will sometimes be referred to as the "clean retrospective dataset" to emphasise
that it contains no noise. As a reminder, the clean retrospective dataset represented a single
slice of fMRI data (100×100) over 300 frames (TRframe:1s) and 8 compressed coils. The original
dataset was generated from five blocks of a 30s/30s on/off finger-tapping task. Resampling was
done through a TURBINE trajectory [2]. A z-statistic threshold of z>3.1 was used to determine
the ground truth.
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The high acceleration factor achieved with constrained-subspace reconstructions in the clean retro-
spective dataset (R=52.36, 3 blades/frame, figure 6.6) was higher than what would be considered
reasonable in vivo. In order to address this, a “noisy retrospective dataset” was created. Complex
Gaussian noise was applied in k-t space to the retrospective dataset at R=31.42 (five blades/frame).
R=31.42 was chosen as the acceleration factor as it represents the undersampling factor at which
the constrained-subspace approaches started clearly outperforming the unconstrained-subspace
approach in the clean retrospective dataset (figure 6.5).

Using the SNR defined in equation 5.4, noise was added at three distinct magnitudes to generate
high SNR data (SNR=100), medium SNR data (SNR=50) and low SNR data (SNR=20). These
values are more representative of actual fMRI SNR values [3] than the artificial dataset SNR of
1000 used in chapter 5. At each SNR, five unique instantiations of complex noise were created
(i.e. 15 different noisy undersampled datasets in total, which are referred to collectively as the
noisy retrospective dataset). This additional Gaussian noise represents thermal fMRI noise, and
merely represents a step towards more realistic data (other noise sources such as physiological
noise and temporal autocorrelation are still not included). Evaluations of reconstruction quality
in this dataset were done against the noiseless ground truth using the same methodology as the
clean retrospective dataset.

The final dataset, which we will term the “prospective dataset”, refers to a short scan time (320s)
experiment that collected task fMRI data across five 30s on/off epochs. The prospectively acceler-
ated reconstructions used real TURBINE data [2] collected across eight slices (100×100), with the
slices covering the primary motor cortex. The short experiment and the long experiment were car-
ried out consecutively on the same subject, and used the same acquisition parameters/experimental
set-up (TRblade = 50ms, TE = 30ms, flip angle = 15◦, BW = 1786 Hz/px).

The sampling was done prospectively and reconstructions were performed on the raw k-space, such
that this dataset represents a real experimental setup (unlike the retrospectively re-sampled data).
As there is no ground truth in real data, an experiment with a long scan time (640s) but otherwise
identical experimental conditions (ten 30s on/off task epochs) was collected to provide a fully
sampled comparison. An R=1.05 reconstruction of the long dataset contains enough temporal
DoF to characterise the underlying functional signal and provide high-quality activation maps.
This serves as a close approximation to the "ground truth" that the accelerated short dataset
is attempting to represent. The different acceleration factors in the short prospective dataset
(R=7.85, R=15.71, R=26.18) will lead to different temporal resolutions and temporal degrees of
freedom, as well as affecting other statistical properties (such as physiological noise variance). The
reconstruction details are listed in table 6.1.

The eight slices of the prospective dataset were reconstructed independently. For both the long
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Dataset Blades TR(s) R Blades
Frame Frames

Long 12,800 7.5s 1.05 150 85
Short 6,400 1.0s 7.85 20 320
Short 6,400 0.5s 15.71 10 640
Short 6,396 0.3s 26.18 6 1066

Table 6.1: The reconstruction details at different acceleration factors for the prospective dataset.

and the short dataset, z-statistic maps were created with FEAT [4], null-corrected using mixture
modelling, and combined for volumetric modelling analysis. The mixture modelling will help
account for the different confounding factors resulting from different temporal resolutions, allowing
the analysis to focus on acceleration factor. A z-statistic threshold of z>4.8 was used on the
reconstructed R=1.05 long prospective dataset to represent the truth in ROC curve comparisons
(figure 6.1). As with the retrospective dataset, this z-stat threshold was chosen heuristically to
match the expected statistical parameter map for a finger-tapping experiment. Short dataset slices
were registered to the equivalent R=1.05 slice of the long dataset with FLIRT [5, 6, 7] (a linear
registration tool) between the FEAT and mixture modelling processing steps. z-stat maps will be
shown at a z threshold corresponding to a FPR of 0.0015 (the same threshold as the retrospective
dataset). While it would be possible to construct the eight slices together to increase the shared
temporal information and therefore improve reconstruction quality, the extra computational power
to do so would greatly increase the reconstruction time.

Figure 6.1: The true z-statistic parameter map for the eight slices of the long prospective dataset. The
voxels with a z-statistic significance >4.8 are shown in green, and lain over the mean brain intensity
image for each slice analysed.
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6.2.2 Evaluating Constraints

Using an equivalent long dataset rather than a ground truth for validation will require some
adjustments to the interpretation of the prospective results. Firstly, the ROC AUC scores are
expected to be worse for an equivalent R in this prospective dataset, due to some inherent mismatch
in the active functional areas that will naturally occur between scans. Without a ground truth
the CCS is a less effective measure of reconstruction quality, particularly the T CCS as temporal
interpolation is required to be able to match temporal components with different DoF. As such,
CCSs will not be considered for the prospective dataset. Finally, a convergence criterion of ε =

1 × 10−3 was found to be optimal for the prospective dataset (the robustness figures in section
4.5.1 can be used to justify that this value of ε will still yield a high level of robustness), although
ε = 1 × 10−5 was still used for the generation of the LRP. This lower convergence criterion was
found to produce improved ROC AUC scores, which may be a result of overfitting occurring at
the more precise criterion. It should be noted that the results which converged to ε = 1 × 10−5

were still reasonable, and that the improved performance at ε = 1×10−3 may be influenced by the
comparison with the ground truth, rather than indicating a tangible reconstruction improvement.

With all methods, the value of the regularisation-weighting term λ was chosen to be optimal with
respect to a combination of the X CCS, the T CCS, the ROC AUC, and a visual inspection of
the activation to ensure a measured selection process (for the prospective dataset, only the ROC
AUC and activation maps were used). A full set of λ grids will be shown in the retrospective
dataset to demonstrate the effect of different λ pairings for the Tikhonov and LRP constraints (a
1D graph will suffice for temporal smoothing). Once the process for selecting optimal λs has been
established, the optimal λ will be simply stated for a particular constraint/dataset/R combination,
rather than restate the process and plot many large dimensionality graphs of similar appearance.

6.3 Tikhonov and LRP-Constrained Reconstructions

In this section, the effectiveness of Tikhonov-constrained reconstructions and LRP constrained
reconstructions are evaluated in realistic data. The constraints will be compared against an
unconstrained-subspace AM k-t FASTER reconstruction and an adapted k-t PSF reconstruction.

The reconstructions were first tested on the clean retrospective dataset at a variety of λ values, the
summative results of which are shown on a grid. The grid search template is shown in figure 6.2 to
demonstrate the range of λ covered, including boundary conditions at λ = 0 (zero influence from
the constraint) and λ = ∞ (the solution is identical to the subspace constraint). In the Tikhonov
λ grid, setting λ = ∞ will set the component matrix coefficients to zero. The special boundary
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case of (λX = 0, λT = ∞) in the LRP λ grid defines k-t PSF, and the special case of (λX = 0,
λT = 0) defines an unconstrained-subspace k-t FASTER approach in both the Tikhonov and LRP
grids.

Figure 6.2: A λ grid template, demonstrating the location of the k-t FASTER result (top left corner) and
the k-t PSF result (top right corner of LRP-grids). Each subplot will follow a logarithmic scale, except
for the edges, which represent extreme values of λ. The left column/top row represents unconstrained
subspaces, and the right column/bottom row represents reconstructions with hard subspace constraints.

6.3.1 Results

Figures 6.3 and 6.4 show the LRP-constrained and the Tikhonov-constrained CCS grids respec-
tively at a range of acceleration factors. Critically, both grids show that improved reconstructions
of the spatial subspaces can be found at λ pairings distinct from the λs which define k-t PSF and
k-t FASTER. The LRP-constrained λ grid is defined by a distinct peak at a certain non-zero λ
pairing, with the peak becoming more pronounced as R increases. The LRP grids are approx-
imately defined by the product of two separable vectors - if a search in one dimension finds a
peak in λX , that will be roughly the optimal λX value. These rough approximations are based on
the search for optimal λ pairings across all datasets for the two constraints, and can reduce the
LRP search from a 2D search to two 1D searches in an ideal setting, although the peak is hard to
distinguish in the flatter parts of the grid.

The Tikhonov-constrained grid is defined by an approximate line of peak values for λXλT = l,
where l is a constant. This indicates a one-dimensional search increasing values of l could suffice in
finding the optimal Tikhonov λ pairing, reducing the number of unknowns that must be accounted
for. An additional observation is that the Tikhonov solution became more low-rank at λ pairings
which were too high, whereas using extreme λ values in the LRP grid did not lead to a reduction in
rank. This is because overly high Tikhonov weighting will force the reconstruction into the most
energetically favourable form, which purely represents the highest energy components. Similar
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Figure 6.3: The spatial (top row) and temporal (bottom row) CCS scores for LRP-constrained recon-
structions in the clean retrospective dataset across acceleration factors of R=52.36 (3 blades/frame),
R=39.27 (4 blades/frame), R=31.42 (5 blades/frame) and 15.71 (10 blades/frame).

Figure 6.4: The spatial (top row) and temporal (bottom row) CCS scores for Tikhonov-constrained re-
constructions in the clean retrospective dataset across acceleration factors of R=52.36 (3 blades/frame),
R=39.27 (4 blades/frame), R=31.42 (5 blades/frame) and 15.71 (10 blades/frame).
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to the LRP-constrained grid conclusions, this conclusion is a rough approximations based on the
search for optimal λ pairings across all datasets.

An optimum λ pairing for the retrospective dataset was found to be approximately λX=λT=1×10−5

for both constraints across all R (except at high R in LRP). Figure 6.5 shows the CCS and ROC
AUC scores across a wide range of R at λX=λT=1 × 10−5 for Tikhonov and LRP-constrained
reconstructions, compared with k-t FASTER and k-t PSF. Under the AM formulation, k-t PSF
performs poorly compared to the other methods (figure 6.5a). This erratic k-t PSF performance
matches the results seen for the artificial dataset in section 5.4.5, with the poor temporal subspace
reconstruction again a major factor in the low reconstruction scores.

The equivalent graph without the k-t PSF plot (figure 6.5b) shows that k-t FASTER and the
constrained-subspace approaches perform similarly until R=15, when some improvements in tem-
poral subspace and ROC curve can be seen in the constrained-subspace approaches. This roughly
matches the expected acceleration from the literature [1]. Beyond R=31.42, Tikhonov-constrained
reconstructions outperform LRP-constrained reconstructions. At R=39.27 and 52.36 the opti-
mal λ pairings for the LRP approach were λX = 1 × 10−4 and λT = 1 × 10−6 respectively, which
yielded scores for the LRP-constrained reconstruction which lay between the Tikhonov-constrained
approaches and k-t FASTER. The temporal CCS is consistently worse for the LRP-constrained
method when compared with k-t FASTER and Tikhonov-constrained reconstructions, reinforcing
the aforementioned temporal subspace issue.

A more qualitative look at the optimal λ pairings for constrained reconstruction are shown in
figure 6.6 at R=52.36 (3 blades/frame), figure 6.7 at R=39.27 (4 blades/frame), and figure 6.8 at
R=31.42 (5 blades/frame).
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Figure 6.5: a) A line plot of Tikhonov-constrained reconstruction (λX = 1 × 10−5, λT = 1 × 10−5),
LRP-constrained reconstruction (λX = 1×10−5, λT = 1×10−5), k-t FASTER and k-t PSF at different
acceleration factors (R) for the Spatial CCS (top), Temporal CCS (middle) and AUC of the ROC curve
(bottom) metrics. k-t PSF is not shown in the b) to allow a more focussed y-axis.
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Figure 6.6: R=52.36 (3 blades/frame) retrospective dataset reconstructions. a) ROC curves, legend lists
full curve AUCs. b)-e) Activation maps using a z-statistic corresponding to an FPR of 0.15%. f)-i)
A medial zoom of the associated activation maps. b/f) Tikhonov: λX = 1 × 10−5, λT = 1 × 10−5,
c/g) LRP: λX = 1× 10−4, λT = 1× 10−6, d/h) k-t FASTER, e/i) k-t PSF. Maps b)-i) use green true
positive pixels, red false positives, and blue false negatives.
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Figure 6.7: R=39.27 (4 blades/frame) retrospective dataset reconstructions. a) ROC curves, legend lists
full curve AUCs. b)-e) Activation maps using a z-statistic corresponding to an FPR of 0.15%. f)-i)
A medial zoom of the associated activation maps. b/f) Tikhonov: λX = 1 × 10−5, λT = 1 × 10−5,
c/g) LRP: λX = 1× 10−4, λT = 1× 10−6, d/h) k-t FASTER, e/i) k-t PSF. Maps b)-i) use green true
positive pixels, red false positives, and blue false negatives.
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Figure 6.8: R=31.42 (5 blades/frame) retrospective dataset reconstructions. a) ROC curves, legend lists
full curve AUC. b)-e) Activation maps using a z-statistic corresponding to an FPR of 0.15%. f)-i) A
medial zoom of the associated activation maps. b/f) Tikhonov: λX = 1 × 10−5, λT = 1 × 10−5, c/g)
LRP: λX = 1×10−5, λT = 1×10−5, d/h) k-t FASTER, e/i) k-t PSF. Maps b)-i) use green true positive
pixels, red false positives, and blue false negatives.
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Tikhonov, LRP and k-t FASTER reconstructions are observed to follow a broadly monotonic rela-
tionship between CCS scores and R (figure 6.5). While some improvement of Tikhonov-constrained
reconstructions is noted over LRP-constrained reconstruction at high very R (figures 6.6 and 6.7,
the improvement is slight and further testing was needed in a dataset with lower SNR to truly
distinguish between the methods. This motivated the production of the noisy retrospective dataset
(see section 6.2) at R=31.42, the highest R at which both constraints performed equivalently (fig-
ure 6.8). The optimal λ pairings in the noisy dataset were found to vary with SNR, but were
optimal for both Tikhonov and LRP constraints (table 6.2).

Noise Level SNR value λX λT
noiseless ∞ 1× 10−5 1× 10−5

high SNR 100 1× 10−4 1× 10−5

medium SNR 50 1× 10−4 1× 10−4

low SNR 20 1× 10−3 1× 10−4

Table 6.2: The optimal λ pairings at different noise levels for the retrospective dataset at R=31.42.

The mean ROC AUCs of the noisy results are summarised in figure 6.9. As expected, all recon-
structions captured a decreasing amount of functional information as SNR decreased. In t-tests
performed between the different constraints within the three non-noiseless SNRs, all reconstruc-
tions within an acceleration factor were significantly separate (p<0.05) except Tikhonov vs LRP
at high SNR and k-t FASTER vs k-t PSF at low SNR.

Figure 6.10 shows the reconstructed z-stat maps at one of the five noise instantiations at each SNR
(the full range of z-stat maps can be seen in section 6.B). An ROC AUC of <0.9 was judged to
be too poor to show any reasonable estimation of the activation area, and so a big variation below
this value (such as in the k-t PSF results of figure 6.9) should not be considered overly meaningful.
The value of 0.9 was derived from observing many z-statistic maps, and represents the point at
which reliably localising activation becomes infeasible (e.g. the low SNR Tikhonov result (AUC:
0.8972) and the medium SNR k-t FASTER result (AUC: 0.8825) in figure 6.10).

Tikhonov-constrained reconstruction outperformed all other methods, identifying plausible activity
even at the lowest SNR tested. LRP-constraints also performed well, with the medium SNR
performing better than k-t FASTER’s high SNR reconstructions. The unconstrained-subspace k-t
FASTER approach appears highly susceptible to noise, with a roughly equivalent noiseless AUC
score to the other methods at R=31.42 (figure 6.9) quickly decaying as SNR decreased. The more
rigid k-t PSF approach failed to capture the activation even for a noiseless reconstruction at this
acceleration. The soft approaches of Tikhonov- and LRP-constrained reconstructions appear to
strike a balance in using constraints to guide the reconstruction towards a favourable solution in
these artificially noisy examples.
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Figure 6.9: A comparison of mean ROC AUCs for noisy retrospective reconstructions. Each bar rep-
resents the mean AUC across the five different instantiations at a specific SNR (the noiseless results
represent a single reconstruction). The error bars show the AUC value range.

Figure 6.10: An example activation map at each noise value for each reconstruction method. Green
pixels represent true positives, red pixels represent false positives, blue pixels represent false negatives.
The z-statistics threshold yielded a false positive rate of 0.15%
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Finally, a round of reconstructions were conducted on the prospective dataset. Due to the flexible
nature of Golden Ratio angle methods such as TURBINE [8], different acceleration factors can be
achieved with the same underlying data. The choice of acceleration factor trades off between more
time frames (and a corresponding increase in the statistical DoF) and the loss of image fidelity
resulting from spatial undersampling, with the overall data quality reflecting the balance of the
two effects. The optimal λ pairings were chosen via grid search for each R and each constraint,
and are stated along with the AUC results and the mean slice reconstruction time in table 6.3.
The corresponding ROC curves are shown in figure 6.11. The λ distribution follows the same
approximate shape in the prospective dataset as the retrospective dataset at each acceleration
factor, although the LRP peak was broader along λT . This importance of correct weighting at
increased R is demonstrated in figure 6.12, which uses the previous finding that equivalent Tikhonov
reconstructions are defined by λXλT = l to present a representative search in one dimension.

R Frames
Blades

Method λX λT Mean Recon Time (h) ROC AUC

26.18 6

Tikhonov 1× 10−2 1× 10−1 11.6 0.9785
LRP 1× 10−3 1× 10−7 (192.3+11.3) 203.6 0.9586

k-t FASTER 0 0 13.0 0.9410
k-t PSF 0 ∞ (192.3+0.3) 192.6 0.4613

15.71 10

Tikhonov 1× 10−1 1× 10−2 6.3 0.9871
LRP 1× 10−1 1× 10−3 (26.9+6.4) 33.3 0.9851

k-t FASTER 0 0 5.8 0.9644
k-t PSF 0 ∞ (26.9+0.3) 27.2 0.9000

7.85 20

Tikhonov 1× 10−1 1× 10−2 2.9 0.9915
LRP 1× 10−1 1× 10−7 (1.7+1.6) 3.3 0.9913

k-t FASTER 0 0 1.4 0.9906
k-t PSF 0 ∞ (1.7+0.3) 2.0 0.9884

Table 6.3: The breakdown of parameters and scores for each approach at each acceleration factor for
the prospective dataset. The mean recon time represents the mean reconstruction time between the
separate slices. For k-t PSF and LRP-constrained reconstructions, the times in brackets indicate the
split between the LRP generation and the final reconstruction.

At the lower acceleration factor (R=7.85, TR=1s) the constrained-subspace approaches and the
unconstrained-subspace k-t FASTER approach produce equivalent reconstructions, and k-t PSF
also produces a reasonable representation of the functional information. At the middle acceleration
factor (R=15.71, TR=0.5s), both constrained-subspace approaches outperform k-t FASTER, but
are indistinguishable from each other (see figure 6.14). These results contrast with the retrospec-
tive dataset at R=15.71, where the constrained-subspace approaches only just began to outper-
form the ROC AUC score of k-t FASTER (figure 6.5b). At R=26.18 (TR=0.3s), the Tikhonov-
constrained reconstructions still provide good localisation of the functional information (see figure
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Figure 6.11: Volumetric ROC curves comparison between Tikhonov, LRP, k-t FASTER and k-t PSF re-
constructions. The ROC curves were calculated over eight slices of the prospective dataset for R=26.18,
R=15.71, and R=7.85. The z-statistic parameter map of the comparative long dataset was thresholded
at z>4.8. The FPR is shown on the x-axis up to 0.02, and the AUC is quoted for the full curve.
The corresponding z-stat maps for the different acceleration factors are in figures 6.13 (R:26.18), 6.14
(R:15.71), and 6.15 (7.85).

6.13), whereas the LRP-constrained approach is now equivalent to a k-t FASTER reconstruction at
the 0.15% FPR threshold plotted (albeit with a higher overall ROC AUC score). k-t PSF performs
noticeably better in the prospective dataset than in the retrospective dataset, but still poorer than
the other approaches. The increased temporal resolution and/or temporal degrees of freedom may
be responsible for this outcome. The full set of z-stat maps are shown in section 6.B.
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Figure 6.12: A comparison of different Tikhonov weightings at three different acceleration factors in the
prospective dataset, with the x-axis showing a logarithmically increasing values of λX × λT .
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Figure 6.13: The activation maps for every second slice of the reconstruction at R=26.18 (TR=0.3s), at
a threshold defined by a volumetric 0.15% FPR shown in figure 6.11. The activation maps of all slices
can be found in Supplementary Figure 6.31.
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Figure 6.14: The activation maps for every second slice of the reconstruction at R=15.71 (TR=0.5s), at
a threshold defined by a volumetric 0.15% FPR shown in figure 6.11. The activation maps of all slices
can be found in Supplementary Figure 6.32.
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Figure 6.15: The activation maps for every second slice of the reconstruction at R=7.85 (TR=1s), at a
threshold defined by a volumetric 0.15% FPR shown in figure 6.11. The activation maps of all slices
can be found in Supplementary Figure 6.33.
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6.3.2 Discussion

Across the different realistic datasets a clear trend emerges: the addition of soft subspace-constraints
to the AM k-t FASTER formulation produces improved CCS and ROC AUC scores at high ac-
celeration/low SNR where fixed subspace constraints (k-t PSF) or unconstrained-subspace recon-
structions begin to break down.

The Tikhonov-constrained reconstructions proved the more effective of the two softly-constrained
methods, producing high fidelity reconstructions even when the system was pushed to the accelera-
tion factors or SNR levels where other methods began to fail (e.g. the prospective R=26.18 results,
or the low SNR retrospective noisy results). LRP-constrained reconstructions recorded similar
reconstruction scores to the Tikhonov-constrained approach outside of these extreme cases. The
LRP-constrained activation maps at low SNR showed reduced fidelity (figure 6.30), but the false
positives were localised close to the area of interest. By comparison, at lower SNR k-t FASTER
produced false positives more broadly distributed across the FOV, not localised to voxels adjacent
to true positive activations.

At high acceleration, the fixed temporal constraint of k-t PSF forced the temporal information
to be equivalent to an LRP temporal subspace. Particularly in the retrospective dataset, this
approach produced poor reconstructions (see figure 6.5a), achieving parity with the other methods
at roughly R=3-5. A wider window size (kmax

4
) at R=31.42 for the noiseless retrospective dataset

was found to produce an improved k-t PSF result (ROC AUC = 0.9329) which was still worse than
the other methods. This poor performance of the temporal subspace in the retrospective dataset
then makes more notable the relative improvement seen in the prospective dataset (achieving good
results at R=7.85, higher than the values reported in the literature [9]).

The optimal λ value varied between datasets, and was dependent on SNR (in the noisy retrospective
dataset) and loosely with R (in the prospective dataset). It is clear that a soft constraint can help
guide the dataset to improved reconstruction scores, but it is unclear yet if there is a concrete
heuristic for deriving the optimal λ parameters. However, the distributions of the reconstruction
scores with respect to the λ parameter were found to be independent of the dataset, although the
sharpness of the peak of the distribution within a dataset did change with acceleration factor. In
the ideal case, the LRP distribution was described by the product of two separable vectors, and
so two 1D searches along each dimension would find an optimal solution. The optimal Tikhonov
λ pairing could be found with a 1D search normal to λXλT = l.
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6.3.3 Tikhonov and LRP Summary

Adding soft constraints to k-t reconstructions has been shown to improve low-rank reconstructions
of highly-undersampled task fMRI data at high acceleration levels. We demonstrate that Tikhonov
and LRP constraints provide higher fidelity reconstructions than existing k-t FASTER and k-t
PSF methods. At R>10-15 (roughly TR<0.8-0.5s), the Tikhonov constraints appear to provide
improved reconstruction with similar computation cost and only one additional design parameter
required. While LRP constraints also demonstrated improvement over k-t FASTER results, they
were not as robust as Tikhonov constraints, while also requiring a longer reconstruction time and
more parameters to optimise.

6.4 Note on Adapted LRP and Tikhonov Constraints in
Realistic Data

As with section 5.5, the “adapted” Tikhonov and LRP constraints were explored (here on realistic
data) in order to better understand the nature of the “pure” Tikhonov and LRP reconstructions,
and the effects caused by varying λ values were explored. These results mostly verified the con-
clusions of the previous chapter. Any results which expanded on the previous findings have been
included in section 6.A, and a short summary is given here. While an exploration was made
with TE LRP constraints (which applied Tikhonov constraints to the generation of the prior), the
results were not found to add anything to the discussion and so are not included here.

The hybrid formulation used different constraints for each subspace (XLRPT
′
T ik andXT ikT

′
LRP ), and

confirmed that the temporal subspace constraint was the more important factor in characterising
the reconstruction. The XLRPT

′
T ik did outperform the pure LRP approach in R=26.18 prospective

reconstructions, and produced an ROC curve roughly equivalent to a pure Tikhonov approach.

The NE LRP approach rejected poor components of the LRP before reconstruction. In prospec-
tive data, the null-enforcement of the reduced LRP improved upon the pure LRP reconstruction,
although not quite enough to make NE LRP reconstructions equivalent to pure Tikhonov regular-
isation.

If the priors can be improved, then both the NE LRP and the hybrid approach may prove to be a
more effective way to integrate LRP constraints (or other priors) into a final reconstruction. How-
ever, without evidence that either adapted approach can improve upon pure Tikhonov methods,
the increased reconstruction times required to generate the priors limits the desirability of both
approaches when compared to a pure Tikhonov reconstruction.
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6.5 Temporal Smoothing

The application of temporal subspace smoothing (with a constraint specifically on the temporal
subspace) is a novel approach to acceleration of fMRI, although as mentioned in section 5.6 it is
conceptually similar to other temporal smoothing approaches. The motivation and formulation
of temporal subspace smoothing were introduced in section 5.6, where temporal smoothing was
shown to be a promising approach when applied to the artificial dataset. The reconstruction is
governed by the following optimisation problem (where ∇ is the differential operator, and λ∇ is
the weighting parameter):

(X̂, T̂ ) = argminX,T

(
||EXT ′ − d||22 + λ∇||∇T ||22

)
(6.1)

The aim of the temporal smoothing term is to exploit a different underlying structure of the
temporal subspace than the Tikhonov or LRP constraints, and could help regularize the final re-
construction (or the generation of a temporal prior) in highly accelerated regimes [10]. Previous
results in this thesis have emphasised the importance of an informed temporal subspace, further
motivating the investigation of incorporating additional temporal information into the reconstruc-
tion where appropriate.

6.5.1 Results & Discussion

A range of reconstructions at varying values of λ∇ were analysed in the clean retrospective dataset
at R=31.42 (5 blades/frame), R=15.71 (10 blades/frame) and R=7.85 (20 blades/frame). The
reconstruction scores are shown in figure 6.16, and broadly show that no clear improvement was
achieved over the unconstrained-subspace k-t FASTER approach in this dataset. The best-case
scenario for temporal subspace smoothing at R=31.42 can be visualised in figure 6.17, emphasising
that no advantage was seen.

There are two features worth exploring in the line plot of figure 6.16, which are the results at
the edge of the main plateau in all plots (λ∇ = 1 × 10−4) and the result at the start of the
second plateau in the CCS plots (λ∇ = 1 × 10−1). The first six temporal components of the
λ∇ = 1 × 10−4 and λ∇ = 1 × 10−1 reconstructions are shown in figure 6.18, along with the k-t
FASTER result and the decomposed ground truth. The λ∇ = 1× 10−4 result clearly has reduced
temporal frequency content when compared to the unconstrained temporal subspace (much more
similar to the first four components of the truth), and yet does not produce a notably improved
reconstruction. The λ∇ = 1× 10−1 result characterises the second plateau, which occurs far above
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Figure 6.16: A comparison of different temporal subspace smoothing strengths at three different accel-
eration factors in the clean retrospective dataset.

a CCS score of zero (the CCS plateau continues to at least λ∇ = 1 × 101, but the ROC AUC
score dropped to 0.9351 for R=31.42, which made other ROC AUC information indiscernable if
the x-axis was expanded to accommodate it). This secondary non-zero plateau is an interesting
curiosity, as it implies that general alignment with the majority of the subspace can be found
in a heavily smoothed dataset, which could be useful information for the forming of a temporal
prior. However, this general alignment of the subspaces came at the cost of representation of the
functional information, meaning it would likely not be useful for fMRI.

Chiew et al. [10] observed that in multiband acceleration, temporal smoothing was found to only
increase GLM efficiency when considering voxels with high noise amplification (i.e. with high g-
factors). In voxels with no noise amplification (i.e. similar to our clean retrospective dataset),
they observed a similar smoothing parameter curve for geometric efficiency in PI to the curve that
we plotted for CCS and ROC AUC in figure 6.16. Therefore, the next step was to verify whether
temporal subspace smoothing in a low-rank framework would also be proven more effective in the
presence of noise (especially as temporal subspace smoothing had proven effective in the more
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Figure 6.17: R=31.42 (5 blades/frame) retrospective dataset comparison. a) ROC curves, legend lists
full curve AUCs. b)-e) Activation maps using a z-statistic corresponding to an FPR of 0.15%. f)-i) A
medial zoom of the associated activation maps. b/f) Tikhonov: λX = 1 × 10−5, λT = 1 × 10−5, c/g)
LRP: λX = 1 × 10−5, λT = 1 × 10−5, d/h) k-t FASTER, e/i) temporally smoothed: λ∇ = 1 × 10−4 .
Maps b)-i) use green true positive pixels, red false positives, and blue false negatives.

noise-laden artificial dataset of chapter 5).
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Figure 6.18: The first six components of the truth (top), an unsmoothed reconstruction (2nd row), a
lightly smoothed reconstruction (third row) and a heavily smoothed reconstruction (bottom). These
were taken from reconstructions at an acceleration factor of R=31.42, and are ordered by relative
strength. Each y-axis is normalised to clearly show the shape of the temporal component.

The noisy retrospective datasets at high, medium, and low SNR (corresponding to SNRs of 100,
50, and 20 - see section 6.2) were reconstructed over five instantiations at a range of smoothing
factors, and are shown in figure 6.19. The most substantial improvement in CCS scores occurred
in the low SNR dataset, where the rightward CCS plateau of figure 6.16 was achievable regardless
of the noise level.

The optimal noisy smoothing results occurred at approximately λ∇ = 1× 10−4 for all acceleration
factors, although all of the results up until λ∇ = 1× 10−1 seem to lie within the range of possible
optimal ROC AUC values. This finding contrasts with the noisy Tikhonov/LRP results, where
the optimal (λX , λT ) pairing clearly changed with SNR value. In all cases, the optimal temporal
subspace smoothing showed a moderate improvement over the unconstrained-subspace approach
(at λ∇ = 0), but none of the averaged smoothing results improved upon the Tikhonov- or LRP-
constrained averaged results, a fact highlighted in figure 6.20. The smoothing results at non-
noiseless SNR are significantly separate (p<0.05) from all other results except LRP-constrained
reconstructions at low SNR.
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Figure 6.19: A comparison of different smoothing strengths for high SNR, medium SNR, and low SNR
(and noiseless) reconstructions, with each line showing the mean score across five instantiations (for
the noiseless reconstruction, only one reconstruction was carried out at each point). At each smoothing
factor, the range of scores amongst the instantiations is shown as error bars.
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Figure 6.20: A comparison of mean ROC AUCs for noisy retrospective reconstructions. Each bar
represents the mean AUC across the five different instantiations at a specific SNR (the noiseless results
represent a single reconstruction). The error bars show the AUC value range. This figure is an extension
of figure 6.9, but containing the optimal smoothing results.
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The prospective dataset is perhaps the most suited to temporal smoothing, given the increased
temporal resolution that arises with acceleration. As the time dimension is more rapidly sampled,
the capacity to express unwanted high temporal frequencies beyond the expected signal increases,
and so temporal smoothing has more potential to inform the reconstructed temporal subspace.

The optimal λ∇ increased as R increased (figure 6.21), which makes intuitive sense due to the
increased temporal degrees of freedom (this finding is notable for the fact that optimal λ∇ did
not change in the noisy retrospective dataset with decreased SNR). The optimal λ∇ values were:
λ∇R=26.18=1× 102, λ∇R=15.71=1× 101, and λ∇R=7.85=1× 10−3.

Optimal results in the prospective dataset (figure 6.22) showed no improvement over k-t FASTER
in the lower acceleration factor (R=7.85, 20 blades/frame, TR=1s), which coincidentally had the
same TRframe (1s) and therefore temporal resolution as the retrospective dataset. As the accel-
eration factor (and the temporal resolution) increased, the temporal subspace smoothing showed
increasingly impressive reconstruction scores, relative to both k-t FASTER and the Tikhonov/LRP-
constrained approaches.

The smoothed results retained approximate parity with the other soft constraints at R=7.85,
achieved the highest ROC AUC score at R=15.71 (but not by a clear margin over the other
soft constraints), and outperformed all other approaches at R=26.18 (6 blades/frame, TR=0.3s,
λ∇ = 1×102, figure 6.23). In fact, within the slices, the false positives in the temporally smoothed
reconstruction mostly lie outside the brain, and so the reconstruction could be further improved
with intelligent masking. These R=26.18 smoothing results are very notable, because these are
the only results which show the smoothing constraint as the definitively best constraint in terms of
reconstruction scores in realistic data. While the increased importance of a smoothing constraint
at high acceleration is not unexpected, the level of improvement over other results occurred to a
degree that no previous result would indicate.

The shape of the prospective λ∇ curve (figure 6.21) is the same as the clean retrospective curve for
R=7.85, but takes on a very different shape as acceleration increases. The existence of a middle
plateau implies a benefit to light smoothing, but only at heavy smoothing (λ∇ > 1 × 10−1) do
the reconstructions improve dramatically in quality. Similar to the Tikhonov results in figure
6.12, the importance of selecting optimal an λ value increases with R. There is also an increased
reconstruction time of the temporally smoothed reconstructions when compared with Tikhonov
reconstruction at high acceleration factors (R=26.18: tT ik = 11.6 hours vs tsmooth = 29.6 hours;
R=15.71, tT ik 6.3 hours vs tsmooth = 11.2 hours; R=7.85, tT ik 2.9 hours vs tsmooth 1.4 hours).
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Figure 6.21: An ROC AUC comparison of different smoothing strengths at three different acceleration
factors in the prospective dataset.

Figure 6.22: An ROC comparison of the optimal results for all different pure constraints at three different
acceleration factors in the prospective dataset.
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Figure 6.23: A comparison between Tikhonov, LRP, k-t FASTER and temporally smoothed reconstruc-
tions (at optimal λ values) in the prospective dataset at R=26.18. A subsection of activation maps at
a z-statistic corresponding to an FPR of 0.0015. The complete set of activation maps can be found in
figure 6.31.

6.5.2 Smoothing Conclusion

The smoothing prospective results achieved at high acceleration are very impressive, far more im-
pressive than would be expected given the relatively poor results in the retrospective test datasets.
The increased temporal degrees of freedom in high acceleration appears to benefit greatly from in-
creased temporal subspace smoothing (possibly due to the less uniform and more rapidly changing
PSF - see figure 3.7). These results are drawn for a slowly varying task, and as such additional
testing would be needed to verify if smoothing would be as beneficial for rsfMRI, or for identifying
and removing rapidly changing physiological noise. However, the results shown here are already
highly promising and certainly warrant further future investigation, especially if a measure can be
found to decrease the reconstruction times without sacrificing reconstruction quality.

6.6 Conclusion

All of the reconstructions here can be considered in the context of the general constrained frame-
work provided in Chapter 5, including the previously proposed approaches of k-t FASTER and
k-t PSF. While the constrained-subspace AM k-t FASTER framework absorbs ideas and expands
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upon the theoretical basis of these two methods, the Tikhonov- and LRP-constrained approaches
exhibited a clear advantage for highly accelerated reconstructions (at R≥15.71 in the retrospec-
tive dataset, and at an acceleration factor between R=7.85 (TR=1s) and R=15.71 (TR=0.5s) in
the prospective dataset). The temporal subspace smoothing constraint only showed clear bene-
fit at high acceleration in the prospective dataset, also beginning to show improvement over the
unconstrained method between R=7.85 (TR=1s) and R=15.71 (TR=0.5s).

The LRP-constrained reconstructions hold the implicit assumption that any reasonable trajec-
tory with a greater sampling density in central k-space will be improved with a prior to more
strictly enforce that central weighting (although this assumption may be somewhat contradicted
by the poor temporal subspace generated by the LRP). The temporally smoothed result holds
best in methods with a unique sampling trajectory in each frame, especially when the underlying
paradigm is slow. The Tikhonov-constrained reconstructions have no explicit limiting assumption.
As such, further testing on prospective datasets with different paradigms and conditions might
yield different conclusions regarding the most favourable constraints (e.g. in rsfMRI, a temporal
smoothing constraint may prove less beneficial than the more general Tikhonov constraint).

While LRP-constrained approaches benefited from various innovations (e.g. null-space enforcement
after thresholding components), Tikhonov results proved more consistently high quality between
the two, even in extreme cases of acceleration or noise. Additionally, Tikhonov-constrained re-
constructions were the quickest to reconstruct and required an optimal λ pairing found through
a 1-D parameter search only - reducing the dimensionality of the design constraints. However,
the smoothing result (also requiring only a 1-D parameter search) demonstrated further improved
performance at very high acceleration factors (R=26.18, TR=0.3), showing that there is potential
for informed constraints to allow drastically improved results fMRI.

6.A Adapted Tikhonov/LRP Constraints

In section 5.B, various different adapted approaches were explored in order to better understand
the impact of the Tikhonov and LRP-constrained approaches on reconstructed subspaces using the
artificial dataset. These different approaches were collectively described as “adapted” constraints
(contrasting to the “pure” constraints). Similarly adapted reconstructions were carried out for the
clean retrospective dataset and on a limited search of the prospective dataset. While most of these
results simply reinforce the conclusions of section 5.B, a small subsection of results are included to
demonstrate their application in more realistic data. A summary of these findings can be found in
the main text in section 6.4. The TE LRP constrained reconstructions in realistic data were not
found to produce any interesting results, and are not included here.
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6.A.1 Hybrid Constraints

In section 5.B.1, the hybrid reconstruction approaches that mixed Tikhonov and LRP constraints
were found to be heavily characterised by whichever constraint was applied to the temporal sub-
space. This finding held in the more realistic datasets, and in particular can be seen in the shape of
the ROC curves in the prospective results (figure 6.24). At R=7.85 and R=15.71, the reconstruc-
tion results are broadly similar (with the pure methods slightly outperforming hybrid methods).
At R=26.18 both reconstructions which use the temporal LRP constraint - pure LRP and the
hybrid XT ikT

′
LRP method - begin to deteriorate, whereas both reconstructions which use the tem-

poral Tikhonov constraint did better. Figure 6.24 emphasises that, even in real data, the temporal
subspace is a defining factor in characterising the functional activity at high acceleration.

Figure 6.24: Volumetric ROC curve comparison for hybrid application of the Tikhonov and LRP con-
straints. The ROC curves were calculated over eight slices of the prospective dataset for R=26.18,
R=15.71, and R=7.85. The z-statistic parameter map of the comparative long dataset was thresholded
at z>4.8. The FPR is shown on the x-axis up to 0.02, and the AUC is quoted for the full curve.

Another interesting observation occurred when generating the hybrid λ CCS grids for the retro-
spective dataset (figure 6.25 shows the R=31.42 reconstructions). The hybrid grids contained a
distribution which was a mix of the two pure distributions, but contained a flatter peak in the
direction that was characterised by the Tikhonov-constrained subspace. The optimum in these
hybrid grids was usually found in a region with a higher Tikhonov weighting than LRP weight-
ing. Given the generally improved reconstruction of Tikhonov-constrained reconstruction in this
dataset, the larger Tikhonov weighting should not be seen as a surprise.

In conclusion, the hybrid approaches highlight the importance of the temporal subspace constraint
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Figure 6.25: The CCS scores for Tikhonov, LRP, and hybrid-constrained reconstructions against a
ground truth in the clean retrospective dataset at R=31.42 (5 blades/frame). The top row represents
the spatial CCS scores, and the bottom row are the temporal CCS scores. Where any Tikhonov
constraint is fixed (λ = ∞), the subspace is identically zero. The X CCS and T CCS grids are shown
at different scales to better highlight the distribution. An extended grid guide is shown in figure 6.2.

in characterising the reconstruction. This logic can be used to make the following deduction:
at high acceleration factors with increased windowing for the LRP, it is the temporal subspace
constraint which drives the reduced reconstruction quality between the pure Tikhonov- and pure
LRP-constrained approaches. It should be noted that this observation does not imply that there are
no inaccuracies in the spatial subspace constraint, merely that the quality of the spatial subspace
constraint is less impactful to the reconstruction process.

6.A.2 Null-Enforced LRPs

In section 5.B.3, NE LRP-constrained reconstructions accounted for the bad information in the
LRP temporal prior by rejecting components that didn’t satisfy an energy threshold in the temporal
frequency domain (rejecting components with ≤40% energy between 0.1Hz and 1Hz).

At high acceleration factors/windowing in the artificial FMRIB dataset, this led to the rejection of
all but the most dominant component. In the clean retrospective dataset at R=31.42, the generated
LRP again only had one non-rejected component and so will not be covered in great detail. NE
LRP λ CCS grids were formed for the retrospective dataset, and found to follow a similar shape
to the pure LRP grid in figure 6.3. A reduced NE LRP reconstruction in the retrospective dataset
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with optimal λ improved upon the X CCS and the T CCS score of optimal pure LRP-constrained
reconstructions, and produced an equivalent ROC AUC score.

An exploratory search with NE LRP was carried out in the prospective dataset (the criteria for
rejection/acceptance was applied on a slice-wise basis). Within the different acceleration factors
R=7.85 LRP contained an average of eleven non-rejected components across the eight slices (±1
component), R=15.71 LRP contained four or five non-rejected components, and all R=26.18 LRPs
had only two non-rejected components.

Figure 6.26: A comparison between Tikhonov, LRP, k-t FASTER and reduced NE LRP reconstructions
(at optimal λ values) in the prospective dataset at R=26.18. Left: The volumetric ROC curves over
eight slices. The false positive rate is shown on the x-axis up to 0.02, and the AUC is quoted for the
full curve. Right: A subsection of activation maps at a z-statistic corresponding to an FPR of 0.0015.

The optimal λ results of the NE LRP R=26.18 (λX = 1× 10−2, λT = 1× 100) reconstruction are
shown in figure 6.26 with previously plotted approaches. At the other acceleration factors (R=15.71
and R=7.85), NE LRP produced equivalent results with the other methods. At R=26.18, the NE
LRP approach outperformed the pure LRP-constrained approach in terms of reconstruction score.
However, a qualitative look at the ROC curve shows that there is little statistical improvement
in the classification for the low FPR region in which an experiment would hope to operate, and a
qualitative look at the z-stat maps show that this acceleration factor is beyond the point at which
reliable analysis can occur in NE LRP reconstructions.

Overall, the null-enforcement of the reduced LRP does appear to improve the pure LRP reconstruc-
tion. The energy threshold was derived heuristically, and so there is potential for some improved
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reconstruction quality with investigations of slightly different thresholds, or with the reduction
done by an alternate metric. However, the Tikhonov-constrained results outperform NE LRP at
high acceleration factors. While null-enforcement is an effective adaptation to a constraint with
a mixture of poor and good components, it is likely only worth revisiting if an approach to LRP
generation can be found which produces better temporal components at high acceleration.

6.B Supplementary Figures

In this chapter, a lot of data and graphs were generated. In many graphs in this chapter, only
a subsection of the results are shown (e.g. one of the noise instantiations in figure 6.10, every
alternate slice in figure 6.13). In order to demonstrate that the data selected in the chapter
are representative and not cherry-picked, more complete graphs are shown here. The optimal
Tikhonov/LRP/k-t FASTER/k-t PSF/smoothing reconstructions are shown in each graph. These
graphs do not seek to draw any new conclusions, merely validate that the summative graphs shown
in the above chapter are representative of the full dataset, and to present a conclusive picture of
all constraints.

From the Tikhonov and LRP constrained noisy retrospective results (section 6.3.1), only the mean
ROC curve (figure 6.9) and the activation maps from one of the five instatiations of the noisy
retrospective dataset (figure 6.10) were shown. The ROC curve for all results across all instan-
tiations are shown here in figure 6.27, along with the activation maps for the high SNR results
(figure 6.28), medium SNR results (figure 6.29), and low SNR results (figure 6.30), along with the
optimal smoothing results (λX = 0, λT = 0, λ∇ = 1× 10−4 for all SNR).

For the prospective dataset, only alternate slices of the eight-slice dataset were shown. The results
with subspace smoothing are also shown here alongside Tikhonov, LRP, k-t FASTER, and k-t
PSF. The full set of slices are shown for R=26.18 (figure 6.31), R=15.71 (figure 6.32), and R=7.85
(figure 6.33).
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Figure 6.27: The individual ROC curves for the five different instantiations of the noisy retrospective
dataset for each noise level and reconstruction method. Figure 6.9 showed the mean ROC curves. In
this figure, the variation within each constraint is more apparent, although the general relationship
between the methods remains the same. While there is a fairly clear distinction between k-t PSF and
k-t FASTER, and between k-t FASTER and the other two methods at each SNR, the Tikhonov and
LRP curves separate clearly at low SNR.
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Figure 6.28: The five activation maps at high SNR (with random noise) for each reconstruction method.
Green pixels represent true positives, red pixels represent false positives, blue pixels represent false
negatives. The z-statistics threshold yielded a false positive rate of 0.15%
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Figure 6.29: The five activation maps at medium SNR (with random noise) for each reconstruction
method. Green pixels represent true positives, red pixels represent false positives, blue pixels represent
false negatives. The z-statistics threshold yielded a false positive rate of 0.15%
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Figure 6.30: The five activation maps at low SNR (with random noise) for each reconstruction method.
Green pixels represent true positives, red pixels represent false positives, blue pixels represent false
negatives. The z-statistics threshold yielded a false positive rate of 0.15%
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Figure 6.31: The activation maps for every slice of the reconstruction at R=26.18, at a threshold defined
by a volumetric 0.15% FPR shown in figure 6.11.
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Figure 6.32: The activation maps for every slice of the reconstruction at R=15.71, at a threshold defined
by a volumetric 0.15% FPR shown in figure 6.11.
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Figure 6.33: The activation maps for every slice of the reconstruction at R=7.85, at a threshold defined
by a volumetric 0.15% FPR shown in figure 6.11.
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In this thesis, an alternating minimisation approach to low-rank fMRI reconstruction with incorpo-
rated coil sensitivity information was formulated, and Tikhonov constraints, low-resolution priors,
and temporal subspace smoothing constraints were tested.

7.1 Main Conclusions

The alternating minimisation approach was shown to perform equivalently to the existing k-t
FASTER implementation of iterative hard thresholding and matrix shrinkage, when no additional
subspace constraints were included. Alternating minimisation takes a longer time to optimise, and
is less robust for Cartesian trajectories that do not incorporate any additional constraints into the
reconstruction. As some form of constraint is nearly always included in modern reconstructions,
the long reconstruction time is the main limiting factor.

The constrained-subspace approaches were then all shown (with appropriate weighting factors) to
improve upon the unconstrained-subspace implementation of alternating minimisation k-t FASTER
in realistic fMRI data, as well as an artificial example dataset.

Tikhonov constrained-subspaces were proven to improve the acceleration over a wide range of ac-
celeration factors. In the prospectively sampled dataset, the temporal subspace smoothing was
also shown to produce very high quality results (measured by successful classification in an ROC
curve). However, in the retrospectively sampled dataset with added noise, the temporal subspace
smoothing did worse than both Tikhonov and LRP-constrained subspaces. As such, further testing
is needed into the types of dataset that temporal subspace smoothing can improve the reconstruc-
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tion at high acceleration. However it is worth restating the specific findings of this thesis: at the
highest acceleration tested in the prospective dataset (R=26.18 with a volumetric TR of 0.3s) the
smoothing constraint yielded the most high-fidelity reconstructions.

The above conclusions were all derived using a qualitative analysis of the images produced, as
well as a set of quantitative reconstruction metrics: canonical correlation scores - which measured
the alignment between the subspace mapped by component matrices, and ROC curves - which
measured the classification of activation characterised by the z-statistic maps. These metrics are
different from conventional image quality metrics (RMSE or SSIM) as they are tailored to favour
reconstructions that provide exactly the required information for fMRI analysis. Collectively, the
qualitative and quantitative metrics reveal that very high acceleration factors are possible with
these constrained-subspace low-rank approaches.

7.2 Future Work

While the constrained-subspace low-rank approaches did improve on the unconstrained-subspace
low-rank approaches for fMRI reconstruction, there are many factors that must be finalised before
they can be adopted in practice. The first and simplest step is further testing of the constrained-
subspace approaches on additional datasets. This would allow more insight into optimal λ values,
as well as validating the results found here. A larger λX was required in the prospective dataset for
both the LRP and Tikhonov constraints compared to the retrospective dataset, and a larger λ∇
was needed for the smoothing constraint. The higher optimal λ at high acceleration may indicate
the presence of increased noise as it did in the retrospective case (i.e. as the propensity for artefacts
increases with increased noise, the amount of required regularisation also increases).

In addition to parameter selection, further dataset testing would allow more precise characterisation
of the response of the system to different confounding factors, especially testing the robustness
of the reconstructions in the presence of motion. Motion can violate the low-rank assumptions
within fMRI, and so adequate motion-correction is required. However, a major challenge with
rank inflation due to motion is that this effect cannot be corrected after reconstruction using
conventional time-series registration. The data collected for this study was performed on healthy
volunteers with very little apparent motion, although the TURBINE k-space trajectory enables
motion correction using low spatial resolution navigators [1]. One solution could involve joint
estimation of the subspaces and motion parameters, on the supposition that a motion-free portion
of reconstruction would have the lowest rank/nuclear norm.

The slow joint-optimisation of two subspaces in alternating minimisation is made worse in the case
of the LRP-constrained reconstruction, which must carry out the join optimisation twice (once for
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the priors, and once for the final reconstruction). A focus of future work must be to speed up
the overall reconstruction regardless of constraint choice (as seen by the long reconstruction time
of table 6.3). There is a strong possibility the convergence criterion ε could be more relaxed in
constrained-subspace optimisations. In addition, a smaller number of internal iterations in each
subproblem (see figure 4.9) could allow for a quicker computation.

Alternatively, there may be more effective approaches to exploit the spatiotemporal information.
Regarding minor alterations to the formation of the LRP, it’s possible that small adjustments to
the k-space window (adjusting the window smoothness or increasing the FWHM) might provide
more optimal results. In addition, all priors were reconstructed using the same acceleration factor
as the final reconstruction, whereas small changes could prove effective. For example, the spatial
prior could be created at a lower R (and so allowing a larger k-space window), while the temporal
prior could be separately created at the same R as the final dataset but with a larger window.
Non-Tukey windows may provide more efficient windowing, and spatial priors based on functional
parcellations could be used to directly relate to the underlying functional networks [2].

An additional constraint that might be considered makes use of the null-enforcement approaches.
One of the main benefits of acceleration is the ability to increase the sampling frequency to a point
that physiological noise may be discerned. Rather than separating such noise in pre-processing,
forcing dissimilarity with known physiological temporal frequencies may allow an increase in sam-
pling efficiency, in a similar manner to the original motivation behind low-rank methods.

The main desirable future focus is likely to be a combined investigation of the smoothing and
Tikhonov constraints, however. As simple, single weighting constraints which produced very im-
pressive results at high acceleration factors in prospective data, they represent a path forward to
greatly accelerated fMRI reconstruction with a low-rank formulation.

7.3 Final Remarks

The field of fMRI is multifaceted, and is filled with many subtleties. The work presented here is
my best attempt at expanding this broad field in some small way. Beyond this point in time, I
have no doubt that the field will expand and evolve further, hopefully swallowing the concepts in
this thesis as small building blocks for a greater structure. I do not know whether the next great
innovation will be so simple that I am amazed that I never thought of it, or so complex that I feel
I could never understand it. I have been blessed enough to work with some fantastic researchers,
young scientists, and mentors in this field. And so I also know that, whatever the problems of the
future of the field may be, there are no finer set of people to try to find the solutions.
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