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Abstract

The study of nanoscale systems opens up exciting new opportunities for exploring the
fundamental limits of thermodynamics. Recent theoretical and experimental progress
has considerably advanced our understanding of the thermodynamics of small systems.
In this thesis I build on this work by using semiconducting quantum dots (QD) de-
vices to examine the nanoscale thermodynamics of two fundamental physical processes:
timekeeping and information processing. The primary contribution of this thesis is an
investigation of the thermodynamics of information erasure in a QD defined in a Ge/SiGe
heterostructure. Landauer’s principle sets a fundamental lower bound on the energy re-
quired to erase a single bit of information, achieved only in the quasistatic limit and in
the context of a single thermal reservoir. I show that this bound can be approached
in the QD system in the absence of an applied bias and when the erasure process is
carried out sufficiently slowly. I then go on to investigate how the cost of erasure is
modified as the idealised constraints (quasistatic driving and a single thermal reservoir)
underlying Landauer’s bound are relaxed. My results reveal that under finite-time driv-
ing and in the presence of an applied bias, intrinsic properties of the system, such as
spin degeneracy and tunnelling rates, introduce asymmetries in the work required to
erase to logical one versus logical zero. This work is the first experimental investigation
of the thermodynamics of information erasure in a multi-reservoir system. Given that
transistors, the fundamental building blocks of modern information-processing technol-
ogy, require a bias to operate, this represents an important step toward understanding
the thermodynamic limits of real-world information processing devices. This thesis also
makes progress towards the realisation of a platform to study the thermodynamics of
timekeeping in a nanoelectromechanical device. Like all physical processes, timekeeping
is governed by thermodynamic constraints. Recent theoretical work has shown how the
accuracy with which we are able to measure time can only be increased at the expense
of greater entropy production. I focus on a device comprising of a QD defined within a
suspended carbon nanotube (CNT). The QD-CNT system functions as a clock, with the
mechanical oscillations of the CNT generating ticks. Single-electron transport through
the QD enables readout of these ticks whilst simultaneously exerting a back-action force
on the CNT, giving rise to self-sustained oscillations. The result is a fully autonomous
nanomechanical clock driven, in part, by quantum noise. I experimentally characterise
this system, develop a theoretical analysis of the measured signal that accounts for the
amplifier chain coupled to the clock, and establish an experimental framework that en-
ables measurement of the entropy production as a function of the clock’s accuracy. My
work paves the way for future experiments by providing a clear methodology for the first
experimental investigation of the thermodynamics of a fully autonomous nanomechanical
clock.
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Introduction and Overview

The theory of thermodynamics stands as one of the supreme achievements of the scientific
endeavour. From its humble origins during the industrial revolution, when the first
glimpse of the theory was provided by engineers seeking to understand the factors limiting
the efficiency of steam engines, the scope of thermodynamics has expanded considerably,
now finding applications across physics, chemistry, biology and beyond. The second law,
which states that the entropy of a closed system can never decrease, provides a breadth
of explanatory power that far exceeds our most powerful physical theories. Whereas the
theories of quantum mechanics and general relativity are restricted to their respective
domains, the second law applies equally at the largest and smallest scales, governing the
collective behaviour of subatomic particles, the evolution of galaxies and everything in
between. Despite its enormous success, thermodynamics remains an enigmatic theory.
The dynamical laws governing the microscopic constituents of matter are time-reversal
symmetric, yet the second law is time-reversal asymmetric: entropy always increases into
the future. The question of how, in a world governed by time-symmetric microscopic
laws, the time-asymmetric laws of thermodynamics emerge remains a topic of debate

for physicists and philosophers alike [19]. Insight has recently come from extending the



theory’s scope. Thermodynamics is traditionally a theory of systems with vast number
of degrees of freedom (a gas in a box being the canonical example); however, in the past
few decades thermodynamics has been extended to encompass systems with only a few
degrees of freedom [58]. In such small systems, fluctuations play a significant role and
violations of the second law are possible [16,22,58].

The two processes studied in this thesis, information processing and timekeeping, are
of fundamental importance to our everyday lives. Like all physical processes they are
governed by the laws of thermodynamics, and it has been shown that the efficiency with
which we are able to process information and the accuracy that we can keep time are
limited by the second law [71,[79]. The work detailed in this thesis uses semiconducting
nanoscale devices to probe the thermodynamics of these two processes. Typically, a
device is classified as nanoscale if its dimensions lie between 1nm and 1pum. Devices
at this scale may also be referred to a mesoscopic. Meso is the Greek word for ‘in
the middle’, emphasising the fact that these devices operate in an intermediate regime
between the atomic, where quantum mechanics dominates, and the macroscopic, where

classical physics applies. The devices used in this thesis, a Ge/SiGe heterostructure and

a suspended |carbon nanotube (CN'T)| lie firmly within this regime. The semiconducting

nature of these devices combined with their small size allows for the formation of quantum
dots, which, as we shall see, play an integral part in the experimental realisation of the
small, controllable systems necessary for the study of thermodynamics at this scale.
Chapter [2| describes the thermodynamic background relevant to the experiments pre-
sented later in the thesis, with particular emphasis on the thermodynamics of informa-
tion processing and on the thermodynamics of clocks and timekeeping. In Chapter [3]
the experimental methods used in this thesis are described. The chapter begins with an
overview of single-electron transport through quantum dots, followed by a description
of the experimental devices and the techniques used to manipulate and measure them.
An account of the fabrication process for CNT devices is also included (with detailed
recipes provided in the Appendix). In Chapter , a Ge/SiGe device is used to study

the thermodynamics of information erasure. A single bit of information is encoded in



the charge occupancy of a single [quantum dot (QD)|and the work cost associated with

erasing this information measured. Traditionally, erasure has been studied in systems
coupled to a single thermodynamic reservoir. In this study, the effect of adding a sec-
ond reservoir is investigated, representing an advance on previous experimental work. In
Chapter 5] the focus shifts to the thermodynamics of timekeeping, with a suspended CNT
device proposed as a novel experimental platform. The system is characterised, and a
framework is developed for extracting metrics of the clock’s performance from measured
signals, accounting for noise introduced by the measurement chain. This chapter lays
the groundwork for a full experimental realisation in future work. Finally, Chapter [f

summarises the work presented.



Thermodynamic Background

Contents
[2.1  Stochastic Thermodynamics| . . . . . . . . ... ... ... ...... 9
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Originally developed to optimise the efficiency of steam engines, thermodynamics was
conceived as a macroscopic theory to describe the collective behaviour of systems with
vast numbers of degrees of freedom []EI] It is only recently, however, that theoretical and
experimental advances have allowed for a more detailed understanding of the thermody-
namics of microscopic systems . In this chapter, we provide a brief overview of the

thermodynamic background relevant to the experiments presented in Chapters [4] and

2.1 Stochastic Thermodynamics

To illustrate how the thermodynamics of microscopic systems can differ from that of

macroscopic systems, consider the example, taken from Ref. , of a gas in a cylinder



with a piston. The system is macroscopic such that the gas contains of order N ~ 10%*
particles. We imagine quickly pushing the piston into the cylinder and compressing the
gas. If this process is carried out adiabatically the internal energy of the gas will increase.
The first law then gives

W >0, (2.1)

where W is the work done by the piston on the gas. This inequality is not mandated by
the underlying dynamics, there exist physically viable N-particle trajectories for which
W < 0. However, for a macroscopic number of particles, the chances of observing these
trajectories is vanishingly small. By contrast, for a gas consisting of only a few particles,
although Eq. holds on average the chance of observing a trajectory for which W < 0 is
no longer negligible. The above example illustrates how, as the size of a system is reduced,
fluctuations become increasingly important. It is temping to dismiss these fluctuations as
noise; however, one of the key results of stochastic thermodynamics is that fluctuations
associated with the response of a system driven away from equilibrium encode information
concerning the equilibrium states of the system [58].

To make this distinction between macroscopic and microscopic thermodynamics more
explicit consider a system with a discrete set of microstates each with energy F;. The

Gibbs entropy of the system is given by

Sq(t) = —kp Zpi(t) In p;(t), (2.2)

where p;(t) is the probability of observing the system in the ith microstate at time ¢. The
Gibbs entropy is a property of the ensemble of microstates that can be adopted by the
system. It quantifies our uncertainty concerning which microstate the system is adopting

at a given time. Now consider the expression

r
Astot = kB lny, (23)

p[l]

where I' is the trajectory taken by a system as it undergoes some kind of spontaneous
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or driven evolution and T its time reversed counterpart. p[I'] and p[I] are then the
probabilities of observing these two trajectories. The quantity Asi is known as the
stochastic entropy production, and, in contrast to the Gibbs entropy, it is a property of
an individual trajectory taken by the system rather than an ensemble of microstates. The

stochastic entropy production can be shown to satisfy

<67A8tot/k‘B> =1, (2.4)
known as the integral fluctuation theorem [104], from which it follows that
(Asior) >0, (2.5)

an expression of the second law. The stochastic entropy production is interpreted as
being the total entropy production associated with the trajectory I'. Macroscopically,
the second law tells us that the total entropy always increases; however, Eq. can be
negative. Taken together Egs. and show that at the second law can be violated
for individual trajectories of a system but never on average.

Equation recasts a thermodynamic inequality (the second law) as an equality. A
further example of this inequality to equality transformation is provided by the
[57]. Consider performing work on a system by manipulating some exter-
nally controlled parameter according to a set protocol. If the initial and final states of
the system are in equilibrium with an environment at temperature T" the work performed

during this process is bound by the inequality
W > AF, (2.6)

where AF' is the change in free energy between the initial and final states of the system.

The JE translates this inequality into the equality

<€,W/kBT> — o AF/EST (2.7)

11



where T is the initial temperature of the system and the average is over all possible
realisations of the protocol. As long as the system is initially prepared in equilibrium,
the JE holds regardless of how far the system is driven from equilibrium and for arbitrary
driving protocols. Its significance lies in the fact that equilibrium free energy changes of
a system can be recovered from measurements of non-equilibrium work.

Equations and are examples of fluctuation theorems [26,39,/45, 56,57, a set
of relations concerned with the statistical fluctuations of quantities associated with ther-
modynamic processes [104]. As well as constraining these fluctuations to satisfy specific
requirements, and providing some of the few analytical expressions with which to describe
non-equilibrium systems [101], fluctuation theorems also shed light on the longstanding
conceptual puzzle at the heart of thermodynamics: the emergence of an arrow of time in
a theory whose underlying dynamics are time-reversal symmetric [18]. Light is shed on
this paradox, which has been debated since the time of Boltzmann and Loschmidt |19],
by showing that time-reversed trajectories do occur, but that their probability becomes
vanishingly small for macroscopic systems.

This work details the experimental realisation of systems whose size is small enough
for fluctuations to become important. In particular, we will be examining the thermo-
dynamics of information processing in a nanoscale system where macroscopic bounds on
the work cost required to erase information can be broken. We therefore take as our next

topic the thermodynamics of information.

2.2 The Thermodynamics of Information

In 1961 Rolf Landauer showed that the logical irreversible manipulation of information
is a dissipative process. In particular, he showed that the logically irreversible RESET
TO ONE operation is necessarily accompanied by the dissipation of at least kg7 In 2 of
heat, where kp is Boltzmann’s constant and 7' the temperature of the environment into
which the heat is dissipated [71]. The process of performing RESET TO ONE (or equiv-

alently RESET TO ZERO) so as to dissipate the minimum possible heat has come to

12



be known as [Landauer erasure (LE)|, and kT In 2 the [Landauer bound (LB)| Landauer’s

work demonstrated a profound connection between the two previously unconnected dis-
ciplines of information theory and thermodynamics. Landauer showed that information
is physical [72], and in doing so demonstrated that the processing and manipulation of
information are governed by the laws of physics.

An understanding of the concept of information is often taken for granted in discus-
sions of Landauer’s work. However, its definition is subtle with confusions often arising
in the literature [2]. Before we examine Landauer’s result, we therefore briefly discuss
the concept of information in a more general sense.

Consider a system consisting of a particle in a partitioned box. In the context of [LE]it
is important that we quantify how much information is contained within this system. In
understanding what it means for a system to contain information, it is important to realise
that information is not an intrinsic property of the system, it is subjective, depending
on the observer’s state of knowledge of the system [2]. The concept of Shannon entropy

provides a quantitative way to formalise this idea. It is defined as

H(X) = _ipilogpia (2.8)

=1

where X is a random variable that can take N possible values, each occurring with prob-
ability p;. The Shannon entropy quantifies our uncertainty about the state of a system.
It tells us how much it is possible to know about the system and can be interpreted as a
measure of ‘potential information’ [2]. If nothing is known about the state of the system

we assume all states are equally likely, our uncertainty is maximised and Eq. becomes
Hpox (X) =log N. (2.9)

When the logarithm is taken to base 2, the Shannon entropy is measured in bits. For
a system with two states, such as the partitioned box, the maximum uncertainty is
therefore 1 bit. Conversely, if we are certain of the state of the system, our uncertainty is

minimised and the Shannon entropy reduces to zero. If the Shannon entropy quantifies
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our uncertainty regarding the state of a system, information quantifies how much we
know about the state of a system. Consider the following expression, which defines the

information content of a random variable X [2]

[(X) = Hypae — H(X). (2.10)

Intuitively, this expression makes sense: as our uncertainty regarding the state of a system
decreases from its maximum value, our information about the system increases. When
we know nothing about the state of the system we have H(X) = Hp,x giving I1(X) = 0.
We can only learn more about the system, and from our perspective the amount of
information contained within the system is then maximised. On the other hand, when
we are certain of the state of the system we have H(X) = 0 giving I(X) = Hpax.
We cannot learn anything further about the system, meaning, from our perspective, its
information content is zero. To erase information contained in a system we must therefore
reduce our uncertainty regarding its state. This reduction in uncertainty is accompanied
by a gain of information regarding the state of the system. The information gained is not,
however, the information initially stored in the system. This information is irreversibly
lost in the erasure process.

To see why this is the case we proceed by examining a physical realisation of the
RESET TO ONE (ZERO) operation. We take as our starting point the partitioned box
and particle system described above. We encode information in the system by associating
the particle being in the left and right hand sides of the box with logical zero and logical
one respectively. A piston is added to the right hand side of the box and the whole system
is coupled to an environment with temperature T'. Initially, no information is available
concerning the location of the particle such that one bit of information is encoded in
the system. Erasure proceeds by removing the partition then quasistatically compressing
the piston, forcing the particle to the left hand side of the box. The partition is then
reinserted, trapping the particle in the left hand side of the box. The idea is illustrated
in Fig. 2.1} Crucially, the particle ends up in the left hand side of the box regardless

of which side it initially occupied making the process is logically irreversible. At the
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(b)

Figure 2.1: Schematic representation of (a) The particle is initiated in the right
hand side of the box, the partition is removed and the piston quasistatically pushes
the particle to the left hand side of the box. The partition is then reinserted trapping
the particle in the left hand side of the box. (b) Same as (a), but now the particle is
initiated in the left hand side of the box. The final state of the system is the same as
(a), demonstrating that the erasure process results in the same final state regardless of
the unital state of the system.

15



end of the process we know the location of the particle with complete certainty, and the
information initially encoded in the system has been erased.

We can use simple thermodynamic arguments to compute the work cost associated
with this process. We assume that the energy of the system is the same regardless of
which side of the box the particle is located. The internal energy of the system at the
conclusion of the erasure process is then equal to its initial value. The first law then

allows us to write

AW = —AQ = —TAS, (2.11)

where AW is the work done on the system and AS is the change in entropy of the system.

Using the expression for Gibbs entropy given by Eq. we have

where S; and S are the initial and final entropies of the system. We therefore have

AW = kpTIn2. (2.13)

Since the erasure process is carried out quasistatically, this is the minium amount of
work required to perform the protocol and erase a bit of information. From Eq. we
see that this work is accompanied by an equivalent amount of heat dissipated into the
environment. We can now understand what has happened to the information initially
encoded in the system. As heat is dissipated into the environment, information concerning
the position of the particle is dispersed amongst the vast number of environmental degrees
of freedom. In principle, an all-knowing entity who could time-reverse the combined box-
environment system could establish the initial location of the particle once erasure has
concluded; however, the impracticability of such a scheme means that the information
initially stored in the box is irretrievably lost.

Landauer’s work shows how thermodynamics constrains the manipulation of informa-

tion. In the next section, we see how thermodynamics constrains a similarly fundamental
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physical process: timekeeping.

2.3 The Thermodynamics of Clocks and Timekeep-
ing

The ability to keep time is an essential part of every day life. Clocks, the tools that
allow us to do this, are physical systems and, as such, are bound by the laws of physics.
As well as being relied upon by all of us to carry out our daily lives, clocks, as both
practical instruments and as conceptual elements in physical theories, are of fundamental
importance to the physical sciences. Understanding their physical limitations is therefore
a problem of deep significance. Much work has been achieved in this regard, particularly
in relation to the thermodynamics of timekeeping [2838,(77,79,86,117] . In this section
we will briefly review the main results of this work.

We begin by answering the seemingly simple question: what is a clock? One answer
to this question might be simply that a clock is a device for measuring time. However,
this just kicks the can down the road. We now need to answer the question: what is time?
Rather than attempting to resolve a question that has puzzled scientists and philosophers
for thousands of years [37], we follow Ref. |[79] and define a clock as “a physical device used
to coordinate local coincidences of physical events”. An alternative way of stating this
definition is that clocks are devices that enable us to keep appointments. For example,
consider a case where Bob has agreed to meet Alice at the train station when her train
arrives at 2 pm. In order to achieve this Bob, who is in possession of a clock, adjusts his
location in order to ensure that his arrival on the platform and his clock reading 2 pm
happen simultaneously. In other words he has adjusted his location in order to coordinate
a local coincidence of a specific state of his clock with the arrival of Alice’s train. Of course,
the meeting could only take place if Alice and the train operator were also in possession
of clocks. This highlights an often overlooked aspect of clocks and timekeeping, namely,
that the act of keeping time is relational. A single clock is only useful to the extent that

its readings can be synchronised and compared with other clocks [5].
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In the above example, in order for Bob to successfully meet Alice at the station, it
is important that the clocks carried by all parties are accurate. Intuitively, we tend to
think of an accurate clock as one that allows us to keep appointments. We can make
this intuition more precise by adopting the following definition for the accuracy N of a
ticking clock [28}38,86]

N == (2.14)

where p is the average time between ticks of the clock, and o is the standard deviation
of this interval. The expression for N represents the expected number of ticks that occur
before the clock’s reading is off by one tick. To see this we model the waiting time
between ticks of the clocks as a random variable with mean ;1 and standard deviation o.

In simple models of ticking clocks it is generally assumed that the waiting times between

ticks are [independent and identically distributed (i.i.d)| [28]. If the time between the ith

and (i + 1)th tick is 7;, then after n ticks a total time ¢, = Y7 7; has elapsed. The mean
and standard deviation of this interval are E[t,,] = nu and At,, = \/no respectively, where
the expression At, follows from the i.i.d assumption. The clock is off by one tick when
the typical timing error is equal to the average time between ticks. In our notation this
gives At,, = p, from which we obtain the expression for the accuracy given by Eq. 2.14
In positing this definition, we are implicitly assuming the existence of a secondary clock
whose accuracy is far greater than that of the clock whose accuracy we wish to quantify,
an example of the relational nature of timekeeping.

It is tempting to think that any time dependent dynamical system can function as
a clock. However, this is not the case; for a clock to be of practical use it must con-
tinually provide a time reference to an external observer [38]. This leads to the concept
of clocks as bipartite systems consisting of two distinct parts: a clockwork and a reg-
ister [28,138,190,/123]. The clockwork is a non-equilibrium system whose dynamics are
dictated by the passage of time, while the register stores information concerning the evo-
lution of the clockwork, providing the external time reference. Ideally, the mechanism
by which information is transferred from the clockwork to the register should not affect

the dynamics of the clockwork [123]. For a classical system this is typically achievable.
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However, a measurement of a quantum system necessarily disturbs its state, placing
fundamental limits on the accuracy of quantum clocks [90].
Thermodynamically, a clock is an irreversible system pushed away from equilibrium.
A clock seeks to establish equilibrium with its environment with the resulting dynamics
used to mark the passage of time. Once a clock has established equilibrium its state
becomes independent of time and it is no longer useful. Therefore, in order to ensure a
clock continually provides a time reference, it must have access to a supply of free energy
given by
AF =AU — TAS, (2.15)

where AU is a change in the internal energy of the clock, AS a change in its entropy
and 7' the temperature of the environment to which it is coupled. Eq. shows that
there are two ways to drive a clock: by performing work on it to increase its internal
energy, or by performing measurements to decrease its entropy. An example of the first
is provided by a pendulum clock with a falling mass, where an escapement mechanism
delivers a continual series of kicks to the pendulum preventing it from coming to rest [79)].
An example of the second is the thermal clock discussed in Ref. [86], where the normal
mode of a membrane, excited by thermal fluctuations in the environment, is continuously
measured to extract a signal that can be used to mark the passage of time.

The process of a system attempting to establish equilibrium with its environment
is necessarily accompanied by a dissipation of heat into the environment [52,99]. The
operation of a clock is therefore associated with the production of entropy. Indeed, for
a clock the production of entropy is essential to ensure that forward transitions of the
clockwork are biased in favour reverse transitions - we do not want our clocks to tick
backwards [38]. A number of theoretical [28,38|77,[79] and experimental [86,117] studies
have related the entropy production associated with a clock’s operation with its accuracy.
A consistent outcome of these studies is that increasing the accuracy of a clock can only be
achieved at the expense of increased entropy production. Unlike the case of information
erasure detailed above, no relation currently exists to quantify this relationship in general

terms. However, the idea that increased accuracy requires increased entropy production
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has become a well established principle in the study of the thermodynamics of clocks and

timekeeping.
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In this chapter we provide an outline of the methods used to perform the experiments
detailed in chapters 4| and [5| of this work. We begin with a general theoretical overview of
electron transport through before proceeding with a description of the devices used
in the work: a Ge/SiGe heterostructure and a suspended CNT device. This is followed
by a discussion of the techniques used to perform the measurements presented in this
thesis. Finally, we give a detailed description of the fabrication process used to create

suspended CNT devices.

3.1 Quantum Dots

The experiments described in this work utilise the transport properties of electrostatically
defined to investigate the thermodynamics of timekeeping and information erasure
at the nanoscale. Specifically, the thermodynamics of timekeeping is studied in a one
dimensional system, where use is made of the coupling between the the mechanical
motion of the CNT and single electron transport through a defined along its length.
Information erasure, on the other hand, is studied in a Ge/SiGe heterostructure device in
which a[@D]is formed through the electrostatic confinement of a two-dimensional hole gas
(2DHG). In this section we provide a brief overview of and their transport properties
in a general, device-independent way. In Section we present more detailed overviews

of the in the specific platforms used in this work.

3.1.1 Single quantum dots

Fig. shows a typical energy space representation of a single [(QD] A |QD| with elec-
trochemical potential p is coupled to source and drain electrodes with electrochemical

potentials ugs and up. We define the difference between source and drain electrochemical
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source gate drain

Figure 3.1: Energy space schematic of a single @ with electrochemical potential .
The dot is coupled to source and drain electrodes with electrochemical potentials jg and
up and temperature 7. The dot exchanges electrons with the source and drain at rates
I's and I'p. Broadening of the dot level due to coupling to the leads is characterized by
a width A, where I' =T'g + I'p.

potentials Apg p = pg—pp. The electrochemical potential of the dot can be manipulated
by applying a voltage, Vg, to a gate electrode. The source and drain electrodes serve as
electron reservoirs with electronic occupation given by the Fermi-Dirac distribution

1
= 1+ e(B-psp)/kpT>

fs,p(E) (3.1)

where kg is Boltzmann’s constant and 1" the temperature of the electrons of the reservoir.
It is assumed for the remainder of this work that the temperatures of the source and drain
electrodes are equal. The dot exchanges electrons with the source and drain electrodes.
The rate at which this exchange occurs is dictated by the strength of the coupling between
the dot and the electrodes, which, in turn, is quantified by the intrinsic tunnelling rates I'g
and I'p. The coupling of the to the source and drain electrodes causes a broadening
of the energy level of the dot whose origin can be traced to the energy-time uncertainty
relation. The broadening is characterised by a width Al', where I' = I's + I'p . A
for which kgT > Al is said to be thermally broadened, and the effects of lifetime
broadening can be ignored when studying transport through the dot. Conversely, when
hI' > kpT the dot is said to be lifetime broadened and the effects of lifetime broadening

must be taken into account.
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An important quantity in the characterisation of is the charging energy given by

Eoc=—, (3.2)

where C' is the total capacitance of the dot. The charging energy is an entirely classical
concept and quantifies the energetic cost of adding an additional electron to the dot in the
presence of Coulomb repulsion. Specifically, the energy required to add the Nth electron
given by [83]

Engm = Ec(2N —1). (3.3)

A necessary condition for the formation of a is

Ec > kgT, hl. (34)

Eq. ensures that thermal fluctuations do not cause random transitions of electrons
between the source and drain and that the broadening of the dot’s energy level is small
enough to ensure that individual energy levels are well separated. A further restriction on

the formation of a can be derived by considering the energy-time uncertainty relation

AtAE > h. (3.5)

Charging a dot with capacitance C' takes a time At = RC', where R is the tunnelling

resistance of the dot. If we wish to resolve the charging energy of the dot we have

2

e
RC— > h 3.6
which leads to the condition
h
R > o2 (3.7)

which implies that in order to resolve discrete charging events the resistance of the tunnel

barriers should be greater than the |quantum of resistance (QOR)| h/e?.

Given that the capacitance of a scales with its physical size, the inequality of Eq.
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o ——— quantum dot

Figure 3.2: Schematic representation of the for a @ The dot is tunnel-coupled

to source and drain electrodes and capacitively coupled to a gate electrode.

demonstrates the need for small devices and low temperatures if single electron effects
are to be resolved experimentally. For example, the charging energy of a metallic island
with diameter 100 nm is of the order of 1 meV, which corresponds to a temperature of
roughly 12 K [83]. In this work, the creation of with dimensions on the order of tens
of nanometres is achieved electrostatically by applying voltages to gate electrodes incor-
porated into the device architecture. In Section |3.1.5, we will examine the mechanisms
used to achieve this in the experimental platforms employed in this thesis.

We note briefly that can be combined in series to create chains of double, triple
or more dots [113]. Although the physics of these multiple systems is rich, this work

makes exclusive use of single (QDk and we do not discuss the multiple dot case further.

3.1.2 Constant interaction model

An approximate description of the electronic state of a [QD] of the type shown in Fig.

is provided by the constant interaction model (CIM)[[67,68]. The model is based on

two assumptions. First, the Coulomb interactions between an electron on the dot and all
other electrons both on and off the dot can be parametrised by a single capacitance C'.
Second, the single particle energy level structure of the electrons on the dot is unaffected
by interactions between electrons. The CIM models the dot as an island capacitively
coupled to a gate electrodes and tunnel coupled to source and drain electrodes. The
idea is illustrated in Fig. [3.2] Source and drain tunnel junctions are parametrised by
resistances Rgp and capacitances Cgp, and the capacitive coupling to the gate by a

capacitance C'g. With the drain grounded, voltages Vg and Vi can be applied to the

25



source and gate electrodes. Simple electrostatic arguments then lead to the following

expression for the electrostatic energy of the island

(Ne)?

N
50~ NVeVex + > B, (3.8)

n=1

U(N) =

where C = Cg + Cp + Cg is the total capacitance, N is the number of electrons on the
island and F, the energy of the nth single particle energy. V.. is an effective external
potential given by

Vext = (CsVs + CpVp + CeVe)/C. (3.9)

The electrochemical potential of the dot p(N) is defined to be the energy required to add
the Nth electron to the dot. If the dot initially contains N — 1 electrons, p(N) is given
by

W(N)=U(N)—-U(N —1)=Ec (2N + 1) — eV + En. (3.10)

Thermodynamically the electrochemical potential dictates the flow of particles in or
out of a system. A difference in electrochemical potential between two coupled systems
will drive in an exchange of particles until equilibrium is established and the combined
system can be characterised by a single electrochemical potential. As will be discussed in
Section [3.1.3], in the context of electron transport through a quantum dot, the definition
of the electrochemical potential provided by Eq. fulfils this role.

However, this definition, although widely used in the mesoscopic transport literature

[49,/54,68,83], is not identical to the chemical potential in the strict thermodynamic sense,

w= (8U/8N)57V7

since, for a small system N is discrete and the derivative is defined for a continuous
variable. A common resolution is to define a finite-difference chemical potential in terms

of the Helmholtz free energy [64],

u(T,V,N) = F(T,V,N)— F(T,V,N —1). (3.11)
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However, given the free energy of a system is defined as
F=U-TS,

the definition given by Eq[3.10] is only compatible with Eq. if neither the temper-
ature or entropy of a quantum dot are changed by the addition or removal of a single
electron. However, in Ref [89] it is argued that changing the number of electrons on
the dot necessarily changes its entropy. To account for this Ref [89] consider the mean

population of the dot N defined as

N = N +n,

where N is the base population of the dot, which remains unchanged, and n the average
excess population of the dot, which varies smoothly between 0 and 1. The mean free

energy of the dot is then given by

F=U(N)+en—TS§,

where ¢ is referred to as the dot’s single particle energy level defined according to Eq.

[3.10, From these definition the following expression is derived

s
= (5),

which makes explicit the entropic contribution to the chemical potential. Although this
definition is more thermodynamically rigorous than the one provided by Eq. [3.10, in
this work we will use the definition provided by Eq. |3.10| since, by dictating the flow of

electrons through the dot, it fulfils the role required for analysis presented here.
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3.1.3 Electron transport through quantum dots

With the drain grounded, applying a bias voltage Vg to the source shifts ug relative to
pp resulting in a non-zero value of Aug p resulting in the flow of current through the dot.
This current can be understood as the source and drain electrodes attempting to bring
the dot into diffusive equilibrium with themselves [33]. For pus > > up the source seeks
to bring the dot into equilibrium with itself by adding electrons to the dot. Equilibrium
is never achieved, however, since the drain simultaneously removes electrons from the dot
in its own attempt to establish equilibrium. The dot is driven into a non-equilibrium
steady state and a net current flows from source to drain. For kgT > AI" this current is

given by [33]
I's'p
= e—
I's+TIp

(fs() = fo(n))- (3.12)
From Eq. we see that when p is above the source fg(u) = fp(r) = 0 and no current
flows. Similarly, no current flows when p is below the drain and fs(u) = fp(p) = 1.
Current does flow when fs(u) # fp(u). The values of p for which g > p > pp is known
as the bias window.

A transition between N and N+1 electrons represents a channel through which current

can flow. These charge transitions constitute a ladder of transport channels separated by

an addition energy given by

2

Eada = p(N) = p(N — 1) = % + (Eny1— En). (3.13)

This ladder of transport channels can be shifted up or down by adjusting the gate voltage
Ve. If the bias across the device is small such that Apgp < E,qq then no more than one
transport channel can fit in the bias window. Sweeping Vi and measuring the current
through the dot then results in a series of Coulomb peaks. The idea is illustrated in Fig.
3.3l Each Coulomb peak corresponds to a given transport channel moving through the
bias window. In the regions of zero current between the peaks the number of electrons

on the dot is fixed and the dot is said to be in Coulomb blockade.
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Figure 3.3: Current through a @ as a function of gate voltage. Current only flows
when a transport channel resides in the bias window resulting in a series of peaks between
which the number of electrons on the dot is fixed.

A measurement of the current through the dot as a function of Vi and Vsp results in
the diamond pattern shown in Fig. |3.4

The grey regions of this plot, known as Coulomb diamonds, represent combinations of
bias and gate voltage for which the dot is in Coulomb blockade. The red and blue edges
of the diamonds correspond to the electrochemical potential of the dot being aligned with
the source and drain respectively.

Eq. applies in the case that kgT > hI'. When Al' > kgT the effects of lifetime

broadening must be taken into account and the expression for the current becomes

_ eri—r?[y / ;w dED(E)[fs(E) — fo(E)]. (3.14)

Here D(E), typically a Lorentzian with width A" [33][75,[116], is a normalized density of
states describing the lifetime-broadened energy level of the dot as a function of electron

energy F.
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Figure 3.4: Current through the @ as function of V; and Vgp. In the grey diamonds
transport is blocked and the number of electrons on the dot is fixed. Outside of the
diamonds current flows. The red and blue edges of the diamonds correspond the electro-
chemical potential of the dot being aligned with the source and drain respectively.

3.1.4 Classical master equations for single electron transport

For small source-drain bias, such that only one transport channel sits within the bias
window, Coulomb blockade dictates that electrons tunnel through the dot one at a time.
In Chapter 4| we assume the dynamics of this single electron transport to be Markovian
and model them using a set of classical master equations. Given that the quantum dot
system is inherently quantum mechanical a complete description of its dynamics would
require a quantum master equation governing the evolution of its reduced density ma-
trix. Adopting a classical approach therefore requires us to make additional assumptions
regrading the transport process.

Firstly, we assume that the coherence time of any superposition of empty and occu-
pied states of the dot is extremely short compared to the tunnelling rates of the dot.
As a result, we can describe the occupation of the quantum dot in terms of classical
probabilities rather than a reduced density matrix.

Secondly, we treat the source and drain reservoirs as macroscopic particle reservoirs
with an effectively infinite number of degrees of freedom and and correlation times that
are extremely short compared to the tunnelling rates of the dot. The result of this is that
electron tunnelling events can be treated as being effectively memoryless, once the dot
becomes empty or occupied, the probability per unit time for a tunnelling event to occur

depends only on the instantaneous state of the dot and not its history. Taken together,
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these assumptions.
As we shall see in Chapter [4] these assumptions are borne out by the close agreement
between the experimental data and the theoretical predictions obtained using a classical

master equation framework.

3.1.5 Experimental platforms

In this section, we provide a brief overview of the two experimental platforms studied in
this work: a gate defined in a Ge/SiGe heterostructure and a suspended device.
Although the analysis of Section applies to both systems, they differ in a number of
important ways. At a superficial level the semiconducting host material in which QDs
are defined differs between the two systems, as does the device architecture. At a more
fundamental level, while both devices use a gate architecture to facilitate electrostatic
confinement and create [QDp, the physical mechanism responsible for this confinement
differs between the devices. Charge carriers in CN'Ts can be tuned via the application
of appropriate gate voltages to be either electrons or holes [69]; however, in the Ge/SiGe
device studied in this work transport was exclusively hole based. Throughout this work we
are primarily concerned with transport through QDs in the so-called sequential tunnelling
regime [42,48], where charge moves through QDs one-by-one via a series of discrete

tunnelling events between the source, drain and dot.

3.1.6 Gate defined quantum dot devices in Ge/SiGe

In recent years germanium has emerged as a leading platform for the realisation of high-
quality QDs. A high hole mobility results in ultra-clean tunable devices, while a low
hole effective mass relaxes fabrication constraints resulting in QDs with large energy
level spacing [95]. The specific platform utilised in this work consisted of a Ge/SiGe
heterostructure a schematic of which is shown in Fig. [3.10] A 20nm layer of Ge is
sandwiched between layers of SiGe. Valence band offsets at the interfaces between the
Ge and SiGe layers confine holes to a narrow region just below the surface of the Ge

layer [95]. While holes are free to move in the in-plane directions, they are tightly confined
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Figure 3.5: Schematic of the gate defined Ge/SiGe heterostructure device used
in this work. A 2DHG forms just below the surface of the Ge layer. Positive voltages
applied to TiPd gates control the potential landscape within the 2DHG and allow for the
formation of QDs.

in the growth direction, resulting in the formation of a so-called two-dimensional hole gas
(2DHG). The Ge/SiGe heterostructure is capped by a 20 nm layer of Al,O3 acting as a

gate dielectric. Metallic gates are then patterned on the surface using a combination of

lelectron beam lithography (EBL)|and thermal evaporation. Figure shows a

lelectron microscope (SEM)|image of the device used in this work. The gate architecture

defines two arrays of QDs, two in the top half of the device and five in the lower half. An
account of how the gate architecture is used to define and measure is given in Section
below. The device used in this work was fabricated in the Nanofabrication Facility
at IST Austria by the Katsaros Group. A full description of the fabrication process can
be found in Ref. [60].

3.1.7 Suspended carbon nanotube devices

The electronic properties of are favourable to the formation of electrostatically de-
fined . They exhibit semiconducting behaviour , support ballistic transport over
micrometer scales ,, and, when incorporated into a device with a gate architecture,
allow for a high degree of control over the electrostatic potential responsible for confining
electrons and holes in QDs ﬂgﬂ In addition they exhibit remarkable mechanical prop-
erties. A combination of low mass, high tensile strength and high elastic modulus

mean CNTs make excellent nanomechanical resonators, with quality factors as high as 5
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Figure 3.6: An SEM of the Ge/SiGe device used in this work showing the gate archi-
tecture. Five can be formed in the lower half of the device and two in the upper
half.

Figure 3.7: Schematic of the CNT device used in this work. A CNT is suspended
between source and gate electrodes and above five gate electrodes. A voltage Vsp applied
at the source results in a current through the CNT which can be measured at the drain.
An ac voltage can be applied to a gate electrode to drive the mechanical motion of the

CNT.

million being reported [80].

Figure shows a schematic of the suspended CNT device used in this work. A CNT
is suspended between metallic source and drain electrodes and above five gate electrodes.
A bias can be applied across the CNT via the application of a voltage Vsp to the source
with the resulting current measured at the drain.

Suspended CNT devices of the kind shown in Fig. [3.7have been shown to demonstrate
coupling between single electron transport through a defined within the CNT and
its mechanical motion @,, ,. Specifically, a modulation in the position
of the CNT changes the capacitance between the gate and the CNT, which via Eq.

[3.10) modulates the electrochemical potential of the dot. This, in turn, has the effect of
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modulating the current through the dot as we will now show. The CNT can be driven
into motion by applying an oscillating voltage to a gate below the CNT at its mechanical

resonance frequency wy. The resulting oscillation of the CNT is described by

u(t) = up cos(wot), (3.15)

where w is the displacement of the CNT from it equilibrium position and ug the amplitude
of the oscillations. A change in the position of the CNT du changes the capacitance

between the gate and Cg, by an amount dCq such that

Ctot == CG + dCG, (316)

where Cl is the total gate capacitance. For small ug the capacitance oscillates at wy
with amplitdue
dC,
ACg = —& (3.17)

Uug-.
du

The capacitive coupling between the dot and gate allows us to write

dg = d(CGvg) = CadVg + dCq Vg, (318)

where ¢ is the charge on the dot. The first term of Eq. occurs at all frequencies and
represents a change in the charge on the dot due to a change in the gate voltage. Here we
are interested in the current through the CNT as a result of its mechanical motion, we
therefore ignore this term. The second term is non-zero only when the CNT is oscillating
and the capacitance is periodically modulated. The change in the induced charge on the

CNT due to mechanical motion alone is therefore

dq = dCGVG. (319)

The change in the induced charge on the CN'T as a result of the change in the capacitance

can be imagined to be the result of an effective change in the gate voltage V& allowing
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us to write

dq dOGVG
AVt = = = : 3.20
G~ Co (3.20)
The effective gate voltage oscillates at wy with amplitude
ACGVG VG dCG
AVET = = 3.21
Ca Co du (3.21)
such that
VEE(t) = AVET cos(wt). (3.22)

The dc current through the CNT is a function of Vi (see Fig. [3.3)), which is now modified

by V&E(t). Taylor expanding gives

oI
(Ve + VER (1)) = 1(Ve) + e AVET cos(wot)

L1
20V2
1031

- 60V3

(AVGeH cos(wot))2 (3.23)

(AVGeH cos(wot))3 + O(ug).

Low pass filtering in the cryogenic lines carrying the current from the CNT to the mea-
surement apparatus averages out all periodic terms in the expansion giving and average
measured current [

. u2 <VGdCG>2 21

_ =0 - 4
I(ug, Vi) = 1(V) + 1 \ Oy du 8V5+O(u ). (3.24)

We see that the mechanical motion of the CNT modifies the measured DC current through
the dot, adding a correction proportional to u3 that depends on the second derivative of

the current with respect to gate voltage.

Further signatures of the electromechanical coupling in [carbon nanotube quantum)|

ldot (CNTQD)|devices are a softening of the mechanical resonance frequency of the CNT

as the electrochemical potential of the dot is swept through a Coulomb peak and a
modification of the mechanical resonance frequency with gate voltage. The first of these

is the result of an additional position dependent force experienced by the CN'T caused by
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average number of electrons on the dot changing with its position. This additional force
results in a modification of the CNT’s spring constant and a decrease in the mechanical
resonance frequency [73,(105,/116]. The second results from a gradual tensioning of the
CNT as the gate voltage is swept and the electrostatic force on the dot changed. Examples
of these two phenomena will be given in Section [5.5.2]

Of particular importance to this work is the ability of a CNTQD system to support self
sustained oscillations [122]. The origin of these oscillations can be traced to back-action
forces on the CNT from electron tunnelling events perturbing its motion. Despite the
stochastic nature of these forces, in the right regime they give rise to the formation of a
limit cycle where the energy lost to dissipation over the course of a single oscillation period
is balanced by injections of energy into the CNT system by the back action forces [122]. In
Appendix [D]we describe this mechanism in more detail including a theoretical description
due to Ref. |28].

Two mechanisms are responsible for the creation of single in semiconducting
devices. Firstly, Schottky barriers form at the interface between a semiconducting
CNT and the metal source-drain contacts |13] spatially confining electrons along the
length of the CNT. Secondly, gate electrodes can be used to electrostatically dope the
CNT [9,/69,[118]. The idea is illustrated in Fig. [3.8 where the region of the above
the gate electrodes has been n-doped through the application of positive gate voltages.
The flow of current through a is determined by the availability of states around the
dot’s electrochemical potential [33]. Electrostatic doping of the CNT therefore allows the

conductance of the to be controlled via the application of gate voltages.

3.2 Measurement and readout

3.2.1 Tuning quantum dots

In order to establish the configuration shown in Fig. [3.1)in a real device, it is necessary to
tune gate voltages to bring the device into a regime where a can form. A simplified
schematic of one of the QDs shown in Fig is given in Fig. [3.9] Three gates (two
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Figure 3.8: Schematic showing the band diagram of a CNT and the formation of a @
in a suspended CNT device. A positive voltage Vs applied to a gate electrode bends the

valence and conduction bands, causing the region above the gate electrodes to become
n-doped.

o
[
)
8

T

[21]

Barrier gate 2

Figure 3.9: Simplified schematic of one of the QDs shown in Fig. Voltages Vg1, Vga

and Vp can be applied to two barrier gates and a plunger gate to form a|QD| A bias Vsp
can be applied across the device and the current through the QD] measured.
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Figure 3.10: Schematic showing the use of gates to create a [QD| within a 2DHG.
Positive voltages applied to barrier gates deplete the 2DHG and create potential barriers
that confine holes and create a [QD]

barrier gates and a plunger gate) are available to tune the electrostatic landscape of the
2DHG and create a The primary role of the barrier gates is to create and tune
the tunnel barriers that confine the dot. The idea is illustrated in Fig When no
external voltage is applied to gates the device’s 2DHG is undisturbed and current can flow
freely. Applying positive voltages to the barrier gates depletes the region of the 2DHG
below the gates creating potential barriers, which, when appropriately resistive (see Eq.
form a . Ideally, once a is formed the plunger gate can be used to control
the electrochemical potential of the dot. However, the electric field generated by the
gates is not confined to the regions below the gates, meaning barrier gates can affect the
electrochemical potential and the plunger gate the width of the barriers, a phenomenon
known as crosstalk. Together, the voltages applied to the gates define a three-dimensional
voltage space. The process of tuning a then involves finding a region within this space
where a well defined dot can form. Fig. shows a measurement of current through the
dot as a function of the two barrier for two different plunger gate voltages. The data was
taken using the Ge/SiGe device described in Section [3.1.6] In the lower left regions of
these so called charge stability diagrams the resistance of the tunnel barriers is low such
that the condition given by Eq. is not met and the is not well defined. Current
flows freely and the device is said to be open. In the black regions the resistance of one,
other or both of the tunnel barriers is too high for a measurable current to flow, and the
device is said to be closed. Between Fig. and Fig[3.11p we raise the plunger gate

from 0.4 V to 0.5 V. In doing so we move the device into a region of gate voltage space
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Figure 3.11: Example charge stability diagrams measured in a Ge/SiGe device showing
current through the device as a function of barrier gate voltages. A bias of 0.1 mV
was applied across the device. Between (a) and (b) the plunger gate of the device was
increased from 0.4 V to 0.5 V revealing periodic peaks characteristic of a @

favourable to the formation of a [QD] The emergence of a series of parallel peaks in the
current signifies the formation of the dot, as crosstalk from the two barrier gates sweeps

the dot’s electrochemical potential through the bias window.

3.2.2 DC and rf readout of quantum dots

The experiments presented in this work were carried out at millikelvin temperatures in
a dilution refrigerator, using a combination of dc¢ and rf measurement techniques. Dc
transport measurements were performed by routing the current from the
through dedicated dc lines in the fridge to a room-temperature current ampli-
fier. A dc setup is well suited to measuring features such a Coulomb peaks and Coulomb
diamonds, where time-averaged measurements are sufficient to resolve the features of
interest. However, the bandwidth of a standard dc transport setup is limited by the
RC low-pass filter formed by the resistance of the DUT and current amplifier and the
capacitance of the dc lines connecting the DUT to the room temperature measurement
instruments [115]. Quantum devices typically have a resistance of the order of the
h/e? ~ 25.8kS), with the capacitance of the cables between ranging between 0.1 and 1
nF, leading to a typical bandwidth of a few kilohertz [115]. As a result, rf techniques are

required to measure phenomena occurring on timescales shorter than a few milliseconds.
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In this work we study two such processes, namely the mechanical oscillations of a sus-
pended CNT and the real-time tunnelling of electrons through a[QD] The first of these is
measured via a transmission measurement the details of which are explained in Section
5.3.1} The second is measured using rf-reflectometry. Here we give a brief overview of
the principles of rf-reflectometry. A full schematic of the measurement setup used to

implement the technique is provided in Section [£.3.1]

Reflectometry working principles

RF reflectometry is based on the principle that a portion of a signal propagating along
a transmission line will be reflected if it encounters an impedance mismatch |96} 115].
Therefore, in principle, information regarding the impedance of a DUT can be obtained
by placing it at the end of a transmission line and measuring the reflected signal. Consider
a DUT with a load impedance Z,,q, connected to a transmission line with characteristic
impedance Zy. The reflection coefficient, corresponding to the fraction of the input signal

reflected at the impedance mismatch, is given by

- Zload - ZO

- ) 3.25
Zioad + Lo ( )

In Fig. m we plot the magnitude of I as a function of Zoaq/Zy. As Zjoaq increases the
dependence of |I'| on Zj,aq decreases. For |Zigaq| > Zp the dependence is minimal. Given
QOR > Zj, simply placing the DUT at the end of a transmission line does not provide
sufficient sensitivity to variations in the device impedance. The solution to this problem
is to embed the DUT into an LC circuit resulting in a matching circuit whose overall

impedance can be adjusted to be close to Z.

Impedance matching

Fig. [3.13h shows a schematic of the matching circuit used to perform reflectometry in
this work.
The DUT, with resistance Rg, is embedded within an LC circuit comprising an in-

ductor of inductance L, and capacitors with capacitances C'p and Cs. The impedance of
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Figure 3.12: Magnitude of the reflection coefficient |I'| plotted as a function of Zjy.q/Z0
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Figure 3.13: (a) Schematic of the matching circuit described in Section . The device
with a resistance Rg is incorporated into an LC circuit consisting of an inductor L and
capacitors C's and C'p. The circuit is coupled to a transmission line with characteristic
impedance Zy. (b) Schematic of a charge sensing setup. Device and sensor dots can
be tuned using using a combination of barrier and plunger gate voltages. Capacitive
coupling between the dots is controlled by applying a voltage Vsp to a splitter gate. The
device dot can be biased with a voltage Vsp and the sensor dot with a voltage Vg sp.
The sensor dot is incorporated into and LC circuit for impedance matching.
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the circuit is given by

_ By
1+ jUJCSRS‘

Zload = + ]wL + (326)

JwCp
For the circuit used in this work we have Cp > Cs and Rg > 1 such that we can drop
the first term of Eq. giving

Rg

Lioad = JWL + ———F——.
foad T 1+]WCSRS

(3.27)

In the limit of wRgC > 1, which is true for the circuit used in this work, the angular

resonance frequency of the circuit is given by

1
VLCs

(3.28)

Wy —

As shown in Appendix [A] on resonance the impedance of the circuit then simplifies to

that of a series LCR circuit with impedance

1
Zload ~ Re jwlL + ———, 3.29
load f+ Jwl + GwCs ( )
where R.g is an effective resistance given by
L
Reg = ) 3.30
"= RaCs (3.30)

Matching is then achieved by choosing L and Cg such that R.g = Zp, with maximum
sensitivity achieved by driving the circuit at its resonance frequency wy such that its
impedance is reduced to R.s and matching is perfect. For the circuit used in this work

we have L = 220nH, Cp = 82pF and Cs = 10 pF.

RF charge sensing

For the experiment detailed in Chapter 4] of this work it was necessary to measure the

real-time occupation of a [@QD] A well established technique for carrying out such a mea-
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Figure 3.14: Comparison of charge stability diagrams measured using DC transport
and rf charge sensing. (a) DC current through the device as a function of the barrier
gate voltages. (b) Reflected voltage Vg, measured via rf charge sensing, plotted against
the same gate voltages. The data was acquired using the Ge/SiGe device described in
Section with both the device and sensor dots biased at 0.1 mV.

surement is rf charge sensing [3,/51,66,93117]. In a charge sensing measurement a sensor is
capacitively coupled to the of interest such that its impedance depends sensitively on
the charge state of the Typically, the sensor is either a quantum point contact [41}91]
or a second [82,/127]. In this work we employed a charge sensor. A simplified
schematic of the charge sensing setup is shown in Fig. [3.13p. The device and sensor dots
are positioned in close proximity to one another and can be tuned using a combination
of barrier and plunger gates. Capacitive coupling between the dots is controlled by a
voltage Vs applied to a splitter gate. Due to this coupling, a change in the charge state
of the device dot induces a shift in the electrostatic potential environment felt by the
sensor dot, which acts as an effective change in its gate voltage. The gate voltage of the
sensor dot is biased to the edge of a Coulomb peak where its impedance is most sensitive
to changes in gate voltage. By embedding the sensor dot in a matching circuit, changes
in its impedance can be measured using rf charge sensing. In Fig. we show the same
charge stability diagram measured using dc current through the device dot (Fig. )
and reflectometry of a sensor dot ) When measured in dc, Coulomb peaks are
visible as sharp peaks in the current. When measured using rf charge sensing, Coulomb
peaks show up as abrupt changes in the reflected signal. The gradual background shift
observed in Fig. is caused by the barrier gate voltages of the device affecting the
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Figure 3.15: Real-time measurement of the reflected signal V,,; obtained using charge
sensing reflectometry of a The two discrete levels, labeled n = 0 and n = 1, corre-
spond to the absence and presence of an additional electron on the dot, respectively. The
data was acquired using the Ge/SiGe device described in Section .

electrostatic environment of the sensor dot. A further example of cross-talk, this effect
can be understood as the barrier gates contributing to the effective gate voltage of the
sensor dot, causing the position of the sensor’s Coulomb peak to shift in response to
changes in the voltages applied to the device dot.

If transport through the device dot is sufficiently slow, such that changes in the
occupation of the dot happen on a time scale that is longer than the response time of
the dc measurement circuit, charge sensing can be performed using a dc setup, with the
current through the sensor dot reflecting the occupation of the device dot . In this
thesis, transport was too fast to be resolved by a DC measurement setup. We therefore
employed reflectometry to measure changes in the impedance of the sensor resulting from
the changes in the charge state of the device dot. An example of such a measurement
is shown in Fig |3.15|, which shows a real-time measurement of the signal V,,; reflected
from the matching circuit. As an electron tunnels on or off the device dot, the impedance
of the matching circuit changes, giving rise to a noisy random telegraph signal. In the
figure, the two levels labelled n = 0 and n = 1 correspond to the absence and presence

of an additional electron on the dot, respectively.
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3.3 Carbon Nanotube Fabrication

3.3.1 Introduction

The development of techniques for the fabrication of devices is motivated by two
guiding principles. Firstly, devices should be clean, meaning that the potential landscape
within which the are formed is free of disorder and environmental interference.
Secondly, the potential landscape used to create and manipulate the should be
precisely and predictably controllable - they should be tunable. The fabrication of clean
and tunable CN'T devices is particularly challenging. Unlike heterostructure devices, such
as the one introduced in Section [3.1.6] where charge carriers are isolated from the device’s
surface by an atomically clean buffer layer, charge carriers in CNTs reside on the surface
on the nanotube. As a result, the fabrication process can easily introduce disorder [69).

Three main fabrication methods exist for the creation of CNT devices. In the simplest
of these, top gating, gates are patterned using on top of CNTs. Early single electron
transistors [15] as well as the first double [74] were fabricated in this way. However,
exposing CNTs to the fabrication process renders devices fabricated using top gating
particularly susceptible to disorder. An alternative approach is bottom gating, where
CNTE are grown over a prefabricated gate architecture [20,[108]. Although this method
offers improved tunability and reduced disorder compared to top gating, it requires ex-
posing the device to the high temperatures necessary for CNT growth (approximately
900°C), imposing constraints on material and design choices. Mechanical transfer tech-
niques overcome this limitation by growing CNTs on a separate chip and subsequently
transferring them onto a device chip that has been independently fabricated with the
desired gate architecture. The most straightforward form of transfer, and the one used
in this thesis, is known as stamping [124]. In this method, the CNT growth chip and
the device chip are brought into close proximity, causing the CNTs to adhere to the
device chip at points of contact (typically source and drain electrodes). A more sophis-

ticated variant of this method involves precisely aligning and contacting the growth and
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Figure 3.16: Schematic of a suspended CNT device. Source, drain, and gate electrodes
are patterned onto a SiO, substrate using a combination of optical lithography and [EBI]
A CNT spans the source and drain electrodes and is integrated into the device using the
stamping technique.

device chips using piezoelectric motors, followed by the application of a large current to

sever the [CNTp [27,[118]. This process can be performed under vacuum and at cryogenic

temperatures, allowing the electronic cleanliness of the devices to be tested in situ.

The following sections outline the fabrication process used to create the suspended
[CNT]devices described in Section[3.1.7] The procedure follows the stamping method, with
recipes and techniques adapted and optimized from Ref. to suit the specific capa-
bilities of the available fabrication facilities. The stamping method had been successfully
employed within our group over several years to fabricate CNT-based devices ,.
However, by the time this work was carried out, fabrication within the group had paused.
The following therefore reflects the efforts of myself and postdoctoral researcher Dr. Yikai
Yang to re-establish a CN'T fabrication pipeline within the group. The work presented in
this chapter marks a significant step forward in the realisation of the experiments detailed
in Section [ of this thesis.

Fig. |3.16| shows a schematic of the device. Gold source, drain and gate electrodes
are patterned on a SiO, substrate with a CN'T suspended between the source and drain.
The fabrication process for this device proceeds in three stages. Firstly, a device chip is
fabricated, incorporating source, drain and gate electrodes. Secondly, CNTs are grown
on a separate quartz chip, suspended between pairs of pillars. Finally, the CNTs are
transferred to the base chip using the stamping technique. Each of these stages will be
discussed in detail below.

Fig. [3.17 provides an overview of the nanofabrication equipment used throughout the

fabrication process described in this section.
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Figure 3.17: Overview of the nanofabrication machines used in this thesis. (a) Hitachi S-
4300 microscope. (b) Plassys MEB550S ebeam evaporator. (c¢) JEOL JBX-5500ZC
system. (d) Henniker Plasma HPT-200 plasma treatment system. (e) Oxford Instruments
PlasmaPro 80 Cobra ICP RIE. (f) SUSS Mircortech MU84 mask aligner. (g) Kulicke and
Soffa Model 4526 wirebonder. (h) Karl Suss mask aligner. (i) Everbeing C Series probe
station. (j) Chemical vapor deposition system: Cabolite EVT12300B-23SN tube furnace,
equipped with one Alicat MC-2SLPM-D/5M/5IN mass flow controller for argon, and
three MC-1SLPM-D/5M/5IN mass flow controllers for hydrogen and methane.
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Figure 3.18: Schematic of the mask design used to pattern bonding pads and global
markers. The design includes 64 devices as well as global alignment markers. The inset
shows a magnified view of one of the devices.

3.3.2 Device Chip Fabrication
Lithography

The device chip was fabricated using designs adapted from Ref. [120]. A 10 mm x 10 mm
silicon chip with a 300 nm thermally grown layer of SiO, served as the base substrate for
the fabrication process. Each chip contained 64 devices.

Bonding pads and global markers were created using standard photolithographic tech-
niques. The full recipe including the deposition and lift-off stages can be found in Ap-
pendix [B] Fig. shows the photolithography mask design used to define the chip’s
bonding pads and global alignment markers. Fig[3.19%h shows an optical microscope image
of a single device chip following photolithography, deposition and lift-off. Ti/Au (5/35
nm) gates are clearly visible on the SiOy substrate. The gates and source and drain
electrodes were patterned using EBL. This stage of the fabrication process was carried

out exclusively by Dr. Yikai Yang; however, a description of the process is included here
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Figure 3.19: Optical and ebeam lithography (a) An optical microscope image of the
bonding pads of a device patterned using the optical lithography process described in
Section [3.3.2l (b) An SEM image of the source, drain and gate of a device patterned
using the EBL process described in Section [3.3.2]

Figure 3.20: Pattern used to expose source, drain and gates during EBL. Source, drain
and contact pads are in blue and gates in red.

for completeness. The recipes used are given in Appendix [B, and details of the specific
equipment (E-beam, mask aligner, plasma cleaner and ebeam evaporator) used can be
found in Fig. and its associated caption. The pattern used to expose the gates and
source drain electrodes is shown in Fig. |3.20] Gates are shown in red and source and
drain electrodes are shown in blue. An SEM image of the device following the EBL stage

is shown in Fig. [3.19pb.
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This image has been removed the publicly available version of this thesis due to
copyright restrictions

Figure 3.21: Schematic showing the bi-layer lift-off process. (a) Coat and soft-bake
LOR. (b) Coat and soft-bake photoresist. (c¢) Expose the resist. (d) Develop imaging
photoresist and LOR creating an undercut sidewall profile. (e) Deposit metals. Undercut
profile results in discontinuous deposition. (f) Perform lift-off leaving a clean realisation
of the desired pattern. Figure adapted from Ref. [63]

Refining lift-off

In refining the lithography recipes described above, we found the lift-off process to require
significant optimisation. Initial attempts often resulted in the destruction of smaller fea-
tures. To address this, we investigated the use of a bi-layer lift-off technique. Ultimately,
we were able to achieve successful lift-off using a single layer of resist in combination of
warm acetone and gentle sonication. Nevertheless, a description of the bi-layer method
is included here for completeness. A schematic of the process is shown in Fig. [3.21]
In bi-layer lift-off, the substrate is coated with two different resists that are immiscible
with one another. The bottom resist is chosen for its slower and controllable dissolution
rate, which allows for the formation of an undercut profile. This undercut plays a critical
role during metal deposition by preventing the metal from forming continuous sidewalls
between the patterned features and the surrounding resist. As a result, the metal is more
cleanly separated during lift-off, reducing the likelihood of features being pulled off the

substrate. An example bi-layer lift-off recipe is detailed in Appendix [B]

3.3.3 Carbon Nanotube Growth

CNTs were grown using the well established chemical vapor deposition (CVD) method
[65,70]. During a typical CVD process for growth, a catalyst material is heated
to high temperatures, generally in the range of 500 to 1000 °C, within a tube furnace.
During this process, a hydrocarbon gas is introduced into the reaction chamber and
flows over the catalyst for a given duration. The catalyst typically consists of transition
metal nanoparticles such as Ni, Co, Fe or metal salts [84], which are often dispersed

on high-surface-area support materials such as porous alumina (Al;O3). The growth
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mechanism involves catalytic decomposition of the hydrocarbon molecules at the surface
of the metal particles. Carbon atoms resulting from this decomposition dissolve into the
metal, gradually saturating the particle. Once saturated, carbon precipitates out of the

nanoparticle and assembles into tubular graphitic structures forming the [31].

Catalyst preparation

The catalyst used in this work was adapted from Ref. [120] and consisted of a methanol
suspension of AlyO3 nanoparticles (0.375 mg/mL), Fe(NO3);-9H,0O (0.5mg/mL), and
MoOy(acac)s (0.113 mg/mL). The high temperatures attained during CVD causes Fe(NO3)3
-‘9H50 to undergo thermal decomposition to form iron oxide (Fe2O3) nanoparticles [84,
106, which act as the active catalytic sites from which the CNTs grow. The Al O3
nanoparticles serve as a support material for the catalyst. Their primary role is to ensure
uniform distribution of the catalyst over the substrate surface and to suppress sintering
during the high-temperature CVD process [55]. The inclusion of MoOs(acac), improves
the dispersion of the iron catalyst and contributes to more uniform and higher-yield CNT

growth [62].

Patterning quartz chip

CNTs were grown on polished quartz chips. Quartz was used as a substrate for two
reasons. Firstly, it is transparent, allowing it to be aligned with the device chip during the
stamping process (see Section below). Secondly, quartz is composed of crystalline
SiO,, which has been shown to promote the reduction of iron oxide in an Fe-Al,O3 catalyst
aiding the generation of Fe nanoparticles on the surface of the substrate [125].

Quartz chips were patterned with 6 pum pillars using reactive ion etching. Starting
from a 4 inch wafer, a negative photoresist was applied. The wafer was exposed through a
photomask containing a grid of 10 mm by 10 mm chips, each comprising 64 sets of pillars
as well as a set of markers positioned to align with the global markers on the device chip.
The chip geometry was designed to ensure compatibility with device chips during the

stamping process (see Fig. [3.24). The pillars were then etched using Inductively Coupled
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Figure 3.22: SEM image showing quartz pillars protruding from the substrate following
ICP-RIE etching.

Plasma Reactive Ion Etching (ICP-RIE) (see Fig. [3.17|(e)) using the recipe detailed in
Appendix[B] Fig. shows an SEM image of quartz pillars protruding from the substrate
following the ICP-RIE process.

Catalyst deposition

Growing CNTs between the pillars of the quartz chip requires the catalyst to be deposited
exclusively on the tops of the pillars. This was accomplished by first coating the chip
with a layer of resist thinner than the pillar height then depositing the catalyst across
the entire chip. Finally, the resist was removed, resulting in a coating of catalyst on the

tops of the pillars and nowhere else. The full recipe is detailed in Appendix [B]

Chemical vapour deposition

CNTs were grown via [chemical vapour deposition (CVD)|in a tube furnace (see Fig.

j)) using CHy as a source of carbon. As described above, the CVD process promotes
the vertical growth of CN'Ts from iron nanoparticle catalysts. To ensure that the CNTs
bridge two adjacent pillars, the quartz chip was aligned such that the direction of gas flow
in the furnace was parallel to the axis connecting each pair of pillars. Initially, the CNTs

grow vertically from the catalyst particles. As growth continues, they fall over in the
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CH, flow rate (sccm) | Single CNT devices (%)
400 14
300 18
220 33
210 28
200 21

Table 3.1: Percentage of single CN'T devices obtained at different CH, flow rates. Fach
value corresponds to a single CVD growth run with a growth time of 1 hour.

Figure 3.23: SEM images showing the growth of CNTs between quartz pillars. (a), A
single CN'T suspended between pillars following growth with a CH4 flow rate of 220 sccm
for 1 hour. (b), Two CNTs suspended between pillars following growth with a CHy flow
rate of 1300 sccm for 1 hour.

direction of the gas flow, forming suspended bridges between neighbouring pillars [120].

A single quartz chip contains 64 pairs of pillars. During growth it is not uncommon
for pillars to be spanned by multiple CNTs. The resulting devices, which can also consist
of multiple suspended CN'Ts, are unsuitable for experiments. Moreover, the stamping
process does not guarantee that a CN'T suspended between two pillars will be successfully
transferred to a device chip. The number of CNTs suspended between each pair of pillars
can be controlled by adjusting the flow rate of CH4 during the CVD process. Table
details the affect of flow rate on the percentage of single CNT devices on a given chip.
From these results we concluded a CHy flow rate of 220 sccm to be optimal. The number
of CNTs per pillar pair was quantified by imaging the samples in an SEM. Fig. [3.23
shows examples of both single and multiple suspended CNTs. The CVD process consists
of two main stages. Firstly, with the furnace at 950°C, the quartz chip is exposed to a

Hy/Ar gas mixture, which reduces the Fe;O3 formed by the thermal decomposition of
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Figure 3.24: Schematics of the stamping process. (a), The device and quartz chips are
aligned using global markers patterned on both chips. (b), The device chip is raised until
it makes contact with the quartz chip. At this point, the [CNT|adheres to the source and
drain electrodes, and its ends are severed by the edges of the quartz chip.

Fe(NOj3)3 to metallic Fe via the reaction:

F8203 -+ 3H2 — 2Fe + 3H20 (331)

Secondly, the gas is switched to a CH,/Hy mixture, to precipitate the growth of [CNTk.

The complete CVD recipe, including optimised flow rates and growth duration, is detailed

in Appendix

3.3.4 Stamping

CNTs were transferred from the quartz growth chip to the device chip using the stamping
method described in Refs. ,. To improve electrical contact quality, the device
chips were cleaned using an oxygen plasma treatment prior to stamping. The stamping
process was performed using an optical mask aligner (see Fig. |3.17h). The quartz chip
containing CN'Ts was mounted onto a blank glass mask using PMMA as an adhesive,
while the device chip was secured to the sample stage with a vacuum. The sample stage
was gradually raised whilst the chips were brought into precise alignment using the global
makers on the quartz and device chips. Fig. shows a schematic of this process. The
height of the quartz pillars (6 um) was greater than the height of the source and drain
contacts on the device chip (100 nm), and the spacing between adjacent pillars (5 pm)
exceeded the width of the gate structure (2.4 pm). This geometry ensured that initial

contact occurred between the suspended CNTs and the source/drain electrodes. Upon
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Figure 3.25: SEM of suspended CNT device. The image shows a CNT suspended
between source and drain electrodes positioned above underlying gate electrodes. The
CNT was transferred using the stamping method described above.

contact, the CNTs adhere to the metal electrodes through van der Waals interactions.
Further upward motion of the sample stage caused the quartz pillars to contact the
substrate, effectively “clipping” the CNTs at the pillar edges and completing the transfer.
A schematic illustration of the process is shown in Fig. [3.24]and an SEM image of a CNT

suspended above the gate architecture is shown in Fig. [3.25

3.3.5 Device Characterisation

Once stamped, the resistance of the 64 individual devices of a device chip were measured
using a probe station (Fig. |3.17}) via a two probe resistance measurement. Previous work
in the group found that tunable devices typically exhibited room-temperature resistances
of ~ 100 k{2, consistent with values reported in Ref. , where this resistance is at-
tributed primarily to the contact resistance between the and the gold source/drain
electrodes. Devices displaying resistance in this range, typically no more than 10% of
those stamped, were subsequently imaged using an SEM to verify that the observed
resistance was not due to multiple CN'Ts spanning the device or defects in the gate archi-

tecture. It has been shown that low-energy electron beams do not introduce disorder into
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the electronic spectrum a CNT [2127]. However, bombarding the substrate of the device
chip can lead to trapped charge, which may have a detrimental effect on the electrostatic
potential landscape experienced by the CNT. Indeed, disorder in the substrate is believed
to be a primary source of charge noise in CNT devices [27,/69]. To minimize these effects,
imaging was performed at a low accelerating voltage of 2 kV and conducted as quickly as
possible. Following room-temperature characterization, a promising device was selected
from the chip, loaded into a cryostat and cooled to a base temperature of approximately
20 mK for further testing.

Unfortunately, the time constraints imposed by my DPhil required that I transition
away from CNT fabrication before an experimentally viable device could be obtained, in
order to focus on the experiment detailed in Chapter [4. However, at the time of writing,

fabrication efforts are ongoing, and usable devices are beginning to be produced.
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In the following chapter, the derivation leading up to Eq. represents the author’s
extension of the model presented in Ref. to the case of a two-fold degenerate . The
derivation leading to Egs. and was originally formulated by Joe Dunlop, with
the derivations leading to equations and representing the author’s extension of

this work to the two-fold degenerate case.

4.1 Introduction

We saw in Section how Rolf Landauer argued that the logically irreversible manip-
ulation of information is a dissipative process. We saw that the process of performing
the logically irreversible RESET TO ONE operation (or equivalently RESET TO ZERO
operation) must be accompanied by the dissipation of at least kT In2 of heat, where T
is the temperature of the environment into which the heat is dissipated. We noted that
performing the RESET TO ONE and RESET TO ZERO operations so as to dissipate
the minimum possible heat has come to be known as Landauer erasure (LE) and this
minimum, kg7 In2, as the Landauer bound (LB). In addition we showed that at least
kT In 2 of work must be performed in order to carry out LE.

Today, the energetic cost of computation is of increasing practical concern. Informa-

tion technology accounts for approximately five percent of the global energy supply, with
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data centres alone consuming more energy than many individual nations [47]. While the
LB provides a theoretical minimum for the energy cost of erasing a bit of information, cur-
rent silicon-based digital circuits operate at energy scales many orders of magnitude above
this limit, typically requiring hundreds of kgT per logic operation [32]. Nonetheless, re-
ducing the energetic cost of computation is an active area of research. Novel approaches,
such as reversible [43,44] and thermodynamic [78] computing, have been proposed as
ways to drastically reduce the cost of computation and recent advances in semiconductor
technology have enabled transistors to operate with 30% less power consumption than
the minimum predicted for traditional silicon-based chips [59].

The LB is reached when the system encoding the information remains in equilibrium
with its environment as erasure is performed. At a minimum, maintaining equilibrium
requires any manipulation of the system to be performed quasistatically, rendering any
information processing device operating at the LB impractical for real-world applications.
Finite-time erasure has been studied experimentally in a number of physical systems
including an underdamped micromechanical oscillator [30] and an overdamped colloidal
particle in a double well potential [10,/12,61]. Theoretical studies of finite-time erasure
have been conducted across a range of settings, including systems governed by classical
Langevin dynamics [100], strong system—environment coupling [92], and regimes where
quantum coherence plays a role [114]. Additionally, a number of studies have focused on
designing optimal protocols for finite-time erasure [1}34,87,88.94}12§].

Although finite-time erasure is necessary for practical information processing, it is
not sufficient. Electronic components typically require a potential difference to operate.
Thermodynamically, this requires the device to be coupled to reservoirs with different
electrochemical potentials, introducing non-equilibrium processes beyond those present
in the finite-time case. An experimental investigation into the effect of multiple reservoirs
on the work cost of erasure was hitherto absent.

In this Chapter, we address this gap by measuring the work cost of erasing a single
bit of information encoded in the charge occupancy of a coupled to source and drain

electrodes whose relative electrochemical potentials can be tuned. We investigate how

29



the work cost changes as the erasure process departs from the idealised quasistatic, single
reservoir case considered by Landauer. Our results show how intrinsic physical properties
of the system, such as tunnel rates and energy level degeneracy, introduce asymmetries in
the work cost to erase to zero and one, with these asymmetries becoming more pronounced
as erasure departs from the idealised case. We observe a finite-time correction to the work
cost that scales inversely with the erasure time in line with previous studies. Extending
these results to include an additional reservoir, we find that the finite-time correction

remains independent of the relative electrochemical potential of the two reservoirs.

4.2 Information Processing in a Quantum Dot

In this section we derive expressions for the work cost of erasure in a two-fold degenerate
system. The is coupled to source and drain reservoirs whose relative electro-
chemical potentials can be tuned, allowing the effect of an additional reservoir on the
work cost of erasure to be studied. The derivations build on the work of Ref. [36], where
the impact of an additional reservoir on the work cost of erasure was examined in the
context of a non-degenerate [QD] system under quasistatic driving. Here, we extend these
results by considering the impact of both an additional reservoir and finite-time driving

on a two-fold degenerate system.

4.2.1 Landauer erasure in a quantum dot

We can encode a single bit of information in the charge occupancy of a with unoc-
cupied and occupied states of the dot encoding logical zero and logical one respectively.
An energy space representation of the is shown in Fig. .1} In line with the de-

scription given in Section [3.1.1] the |[QD| with electrochemical potential u is coupled to
p g b p % p

source and drain electrodes whose electronic occupancies are described by Fermi func-
tions parametrised by a temperature 7" and electrochemical potentials pg and pp. The
coupling between the and reservoirs is parametrised by tunnelling rates I's and I'p.

The electrochemical potential of the dot can be manipulated by applying a voltage Vg to
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Figure 4.1: Energy space representation of a @ A spin degenerate energy level y is
coupled to source and drain electrodes with electrochemical potentials pug and pp, and
temperatures T'. The dot exchanges charge with the source and drain at rates I'g and I'p.
The energy level of the dot can be adjusted using a voltage applied to a gate electrode.

a nearby gate electrode. In Section below we will show that, for the experimental
device considered in this work, the energy level of the is two-fold degenerate. In ad-
dition we will see that Al' < kgT', where I' = I's +I'p, allowing us to neglect the effect of
lifetime broadening in the following analysis. The bias across the Apsp = s — ip
and the thermal broadening of the source and drain electrodes, kg7 define two charac-
teristic energy scales, Fhas and Einerm, Which, as we shall see, can be used to characterise

erasure in the system. We follow and introduce the following protocol for erasing

the information encoded in the charge occupancy of the [QD

1. Prime the dot for erasure by initialising p at a value 1 such that the steady-state

occupation probability of the dot pss(p1) = 0.5.

1
2

2. Erase to zero (one) by linearly ramping p from f1 to puo (p1) over a time Tyamp,

such that the steady state occupation probability of the dot becomes py(19) = 0

(pss(:ul) = 1)

3. Reset the dot to its initial configuration by ramping p back to u 1 from pg (po1). This
reset must be performed sufficiently quickly to ensure that the charge occupation
of the dot does not change and the |Q_D| returns to fi1 with a well defined charge

occupation.
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4.2.2 Quasistatic erasure

The erasure protocol described above is carried out quasistatically when the duration of
the linear ramp, Tyamp, is much longer than the characteristic equilibration time of the
dot Teq = % Here, 7oq represents the time taken for the charge occupancy of the to
reach a steady state. In this regime the dot remains in a steady-state throughout the
second stage of the erasure process, with its charge occupation tracking its steady-state
value. If the dot is occupied, work must be performed by the external circuit to change
Vi and effect a change of its electrochemical potential. Specifically, for an occupied dot,
a change in the electrochemical potential du corresponds to an amount of work dI being
performed. Conversely, if the dot is unoccupied no work is done. When erasing to zero,

the work done over the second stage of the erasure protocol is therefore given by

W = /MO Pss(p)dpr. (4.1)

The final reset stage of the erasure process takes p from gy to p 1 with the dot unoccupied
throughout. No work is done during this process such that the total work done when
erasing to zero is given by Eq. [£.1] When erasing to one the work done during the second

stage of the erasure protocol is given by

W = / " bl (4.2)

The reset phase of the erasure protocol takes p from py to p 1 with the dot occupied

throughout. The total work done when erasing to one is therefore given by

(4.3)
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For a with a two-fold degenerate level and electrochemical potential x, the electron

currents in and out of the dot are given by

Fg'l = 2FSfS(/JJ>(1 _pss(lu’))a

Pg" =Ts(1 = fs(p))pas(p),

(4.4)
Fg = QFDfD(:LL)<1 - psS(M))?
F(but = FD(]- - fD(/J“))pss<,U/))7
where fs p(u) are the Fermi functions of the source and drain electrodes given by
= L 4.5
fs.p(p) = 11 ePlunsp)’ (4.5)

where 37! = kgT'. The factor of 2 in the expressions for I'# and I'§ account for the fact
that, in a two-fold degenerate system, there are two channels by which an electron can
tunnel into the dot. The factor of 2 is missing in the expressions for I'¢" and I'{)" since
Coulomb blockade dictates that only one electron can occupy the dot at a time. Once
occupied, there is only one electron available to tunnel out, and therefore only a single

outgoing channel. Steady-state occupation is achieved when the condition

| R R (4.6)

is satisfied, which allows us to write

s
pss(pt) = 200 fs(p) + 00 fo(w), (4.7)
where
() =Ts(1 + fs(w) + Tp(L+ fo(w))- (4.8)
For Apsp =0 Eq. reduces to
i) = 210 (19)
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Figure 4.2: Eq. H plotted for increasing values Apug p. Red regions represent the work
required to erase to one and blue regions the work required to erasure to zero. (a), (b),

(c), 11:—1; = 0.25, giving n < 0.5, (d) %’ =1, giving n > 0.5.

and erasure takes place in the context of the conventional Landauer framework of a system
coupled to a single thermal reservoir. The system is in equilibrium throughout the erasure
process and Egs. and recover the familiar with W% = W' = kgT'In2. In Fig.
1.2 we set up = 0 and plot pss(p) for four values of pug. Red regions represent the work
cost to reset to one, W', and blue regions represent the work cost to reset to zero, W°.
For |us| > 0 the system is coupled to two reservoirs at different chemical potentials, the
system is no longer in equilibrium as erasure is performed and both W% and W' are
greater than kg7 In2. If the tunnelling rates I's and I'p are not equal an asymmetry
develops between W° and W' as pg is increased. Since efficient information encoding
requires zeros and ones to occur with equal frequency [102], we follow [36] in taking the
average work cost, W = %(VV0 + W), as a suitable measure of the work cost in the
presence of this asymmetry.

The origin of the asymmetry becomes apparent if we consider ps(p) when Apgp >

kgT. In this regime pys (1) resembles the sum of two step functions with a plateau at
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pss = 1 where

n= (4.10)

This is approximately the case in Fig. where where pgs(p) is plotted for Apgp =
35kgT. In the figure we have n < 0.5 and up ~ g such that the work required to erase to
one is small (W' ~ 0). Conversely, erasure to zero involves rasing u from approximately
ip to ps with a near constant occupation probability of n = 0.25, giving W = n(up—pis)-
In contrast, when n > 0.5 ) we have W' ~ 0 and W° ~ n(us — pp). In the limit

that T" — 0 these approximations become exact, as we will now show.

4.2.3 Erasure classification and the zero temperature limit

In the limit that 7" — 0 the steady state occupation probability of the QD (Eq.

becomes

lim pys (1) = 205 O (s — 1) + 20p O(pup — 1)
T—0 FS{l‘F@(Ms—u)} +FD[1+®(/~LD—M)}

where © is the Heaviside step function. Eq. is the sum of two step functions with a

: (4.11)

plateau at 7

I, p<up,
i pe(p) = 4, pp < p < ps, (4.12)
0, n> ps,
where
= +21;§' (4.13)

For n < 0.5, p112 approaches pup as T — 0, implying that W' — 0. If we define
i as the value of p for which pg(p,) = 7, then in the limit 77 — 0 the points j/2
and p, coincide, such that W% — nApugp. The average erasure cost then becomes
W = inAps,p. Conversely for n > 0.5 we have W — 0 and W' — (1 —n)Aus,p, giving

W = %(1 —n)Apsp. As Apgp becomes increasingly large compared to kgT', we can

approximate pgs(p) with its value at the zero temperature limit. In this bias dominated
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regime we have s > Fiperm, and the average work cost can be approximated by

— 5L D forn < 0.5
Whias(Apis,p) = (4.14)

L1 —n)Apsp forn>0.5.

We classify erasure in the QD system according to whether temperature or bias dominate
the erasure process. When Wi,,s > kg7 In2 we consider erasure to be bias dominated.
Conversely, since kg7 In2 represents a lower bound on the work cost of erasure, when
Whias < kpT'In2 the zero temperature approximation breaks down and we consider

erasure to be temperature dominated.

4.2.4 Finite time erasure

In the previous section we derived expressions for the work cost of erasure in a two-fold
degenerate system when erasure is carried out quasistatically. We now examine the
effect of finite time driving on the work cost of erasure. Specifically, we show that the
two-fold degeneracy of the @ system results in a further asymmetry between W° and
W1 when erasure is carried out in finite time. This prediction is a new theoretical result
and constitutes an original contribution of this thesis.

To perform erasure to zero (one) we assume the electrochemical potential of the dot
is ramped from f1 to o (p1) between t = 0 and ¢ = Tyamp at a constant rate. The rates

1o and fi; at which erasure to zero and erasure to one are carried out are therefore given
by
R e 1 N (e VP!
o=, = "%, (4.15)
Tramp Tramp

where p; < p 1 < flo. We also assume that the magnitude of the change in p is the same

when erasing to zero and one such that

Ap

Tramp

fo = —pi1 = (4.16)

Eq. describes the ramps used to perform erasure in the experimental portion of this
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work making the following analysis applicable to the experimental protocol described
in Section below. The linear nature of the ramps mean that p is in one-to-one
correspondence with ¢. In the absence of spin degeneracy, the master equation describing

the occupation of the can therefore be written

dp

= = ()1 = p(1)) = Yo (t)p(t), (4.17)

where i, /ous are effective tunnelling rates, given by

Y =Tsfs(t) +nfo(t),  You =Ts(l = fs(t) + (1l = fp(1)). (4.18)

Here I'g p the tunnelling rates of the source and drain electrodes and fg p(t) are the source

and drain Fermi functions evaluated at the time-dependent electrochemical potential z(t).

Eq. simplifies to

d r r
diz _T ?S Fs(t) + ?D Folt) — p®)] (4.19)

Where I' = I's 4+ I'p. From Eq. [4.19 we see that % = 0 when

_Ts, o Do

p(t) = 5 fs(t) + = o(t), (4.20)

such that the steady state occupation of the dot pss(t) is given by
r r
Pss(t) = ?st(t) + ?DfD(t)- (4.21)

The master equation then becomes

D Pputt) - (1), (4.2

The one-to-one correspondence between p and ¢ allows us to write ‘fl—f = ﬂoj—z. Rewriting
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Eq. 4.17] as a function of 1 and rearranging we therefore have

fo dp
p(,u) = pss(:u) - T g (423)
' du
The work cost of erasing to zero is given by
0 Ho
W" = / p(u)dp. (4.24)
)
From Eq. we therefore have
WO—/MO (1) d /“/Wch?d (4.25)
- " Pss\ H F u d/L e :

[
NI=

The first term in this expression is simply the quasistatic work cost Wgzs- Moreover, in
erasing to zero we have taken the occupation of the dot from p = % to p = 0. The work

cost therefore becomes _
WO = W+ £2
es ot
Ap
— WO = 4.26
Qs+ 2I'r (4.26)

— kpTIn2+ by + 2,
-

A . . .
where a = £ and by is the excess work required to erase to zero in the presence of a

bias. The work cost of erasing to one is given by

M1
W= ["E = )y (4.27)
H1
Substituting this in Eq.
B1 i1 [P d
W= [ e an+ 2 [ L (4.28)
H1 U Jw dp

The first term of Eq. is the quasistatic work cost Wc,lgs- In erasing to one the
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occupation of the dot is taken from p = % to p = 1 such that the work cost becomes

251
wt=w}l.,— =
Q5 9r
1 Mo
:WQS_’—i
2T 49
! (4.29)
_Wl ,LL
= Was*op;

— kpTIn2+b + 2,
-

where b; is the excess work required to erase to one in the presence of a bias. At zero
bias we have by = by = 0. In the absence of a bias, when erasure is carried out in finite
time, Eqs. 4.26[and therefore predict that there should be no difference in the work
costs required to erase to zero and one.

Taking into account spin degeneracy the master equation takes the same form as Eq.

417

dp

L = (1= p(0) — Yo (1) (4:30)

with the effective tunnelling rates v;, and 7., now given by

Y =2[Tsfs(t) + Tnfo®)],  You =Ts(l = fs(t) +T'n(l = fp(t)), (4.31)

where the factor of 2 in front of +;, accounts for the fact that there are now two states
into which electrons can tunnel. At zero bias where fs(t) = fp(t) the effective tunnelling

rates become

Yin = 2Ff(t)7 Yout = F(l - f(t))7 (432)

where we now imagine the dot to be coupled a a single Fermionic reservoir with Fermi
function f(¢). Substituting the zero bias effective tunnelling rates into Eq. and
rearranging gives

dp

< = 20F() = T(L+ F(1))p(). (4.33)

Adding and subtracting the term I'(1+ f(¢))pss(t) to the left hand side of Eq. allows
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us to write

Cj;; =T(1+ f)(pss —p) +2T'f —T(1 + f)pss, (4.34)

where we have dropped the dependence on t for clarity. The occupation of the reaches
a steady state when % = 0. From Eq. m we see that a necessary condition for this to
occur is p = pss from which we associate ps, with the steady state solution. The steady

state solution also requires that

2 f — T (1 + f)pss =0, (4.35)
from which we obtain
2f
s = — . 4.36
p 1+ f ( )

Substituting this into Eq. we arrive at the following master equation for the occu-

pancy of the |QD] at zero bias in the presence of spin degeneracy

dp _

T =T+ s ) (4.3)

Considering erasure to zero, using the same argument used to derive Eq. [4.23] we can

write
po 1 dp
=pss(p) — =———, 4.
(i) = pss() = T 1 700 i (4.38)
We can rewrite Eq. as
eg(m)p'(p) + p(p) = pss(p), (4.39)
where
Flo 1
£ ==, gp) = ——. 4.40
I (k) L+ f(w) (440)

We note that as fig — 0 the solution of Eq. tends towards the steady state solution

pss(pt). We therefore seek a perturbative solution to Eq. of the form

p(p) = po() + ep1 () + %pa(pa)... (4.41)
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Plugging Eq. [4.41]into Eq. 4.39 and comparing coefficients gives

Po(p) = pss(1t) (4.42)

pr(p) = —g()pls (). (4.43)

To first order in € the work cost of erasing to zero is then given by

wo = / U pesl) == [ gGopl(mdp + O(). (4.44)

3 "3
The first term of Eq. is the quasistatic work cost W3g. From Eq. we have

ooy —28F ()1 — f(w)

where 3 = kE%T We therefore have

WO = Wg + 28¢ A A ((‘i)(jf_( i)(;;)) dp+ O(?). (4.46)

1
2

The integral can be solved by noting that

d
L) (147
I
giving
0 0 1 " 2
W =Woe+ e7—F7—| + O(e7). 4.48
@ty O 9
f1 and pg are defined such that
1
pSS(/J%) 9 Pss(po) = 0 (4.49)

from which we see that f(u 1 ) =3 and f(uo) = 0. We therefore have

Qo

WO =Wgg + +0(e%), (4.50)

Tramp
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Figure 4.3: Dot occupation probability as a function of its electrochemical potential
for erasure to zero. Blue and orange curves are computed via a numerical integration of
Eq. .37 The orange curve represents the quasistatic case with Tiamp = 507eq. The blue
curve represents the finite time case with Tyamp = 507¢q.

Ap

where ag = 1—76?. A similar analysis shows that

W' = Whs + — + O(e?), (4.51)

Tramp

Ap

where a; = 1%?. The form of Egs. |4.50| and |4.51| are consistent with previous work

[10,30,187,(92,|1004|114], where a terms proportional to Tr;}np plus higher order corrections
account for the additional work required to overcome dissipation that arises outside the
quasistatic limit. In our system this excess work originates from the deviation of the
dot’s occupation probability from its steady-state value. The idea is illustrated in Fig.
4.3, where the dot occupation probability is plotted as a function of its electrochemical
potential for erasure to zero for two different ramp lengths. We see that the occupation
probability of the faster ramp (Tyamp = 57eq) lags the occupation probability of the slower
ramp (Tramp = 507eq), resulting in a larger work cost.

Since ayg # a1, Eqs. 4.50] and predict an asymmetry between the work cost to

erase to zero and the work cost to erase to one. This asymmetry was absent in the
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spin-degenerate case and can therefore be attributed to the presence of spin degeneracy.

Physically we can understand this asymmetry as follows. We saw above that when
erasure is carried out quasistatically, such that the occupation of the dot tracks its steady
state occupation, the work cost of erasing to zero and one are equal. Now consider a
situation where erasure is carried out in finite time. Specifically, consider a case where
erasure is carried out at a rate 4" such that over a time t* < 7,4 the electrochemical
potential of the dot changes by an amount Ap* > kgT', where 7., is the characteristic
relaxation time of the dot.

Consider erasure to zero. By ramping at pu* we are ensuring that after a time t*,
corresponding to a change in p of Au*, there are effectively zero states in the source or
drain available from which an electron can tunnel into the dot. If the ramp was initialised
with the dot unoccupied, then we have succeeded in erasing to zero. However, if the ramp
was initialised with the dot occupied we need to continue to ramp for a time t° until the
electron leaves the dot. We call the distance over which this ramp takes place Au°.
Therefore, in order to ensure that erasure to zero has taken place we need to ramp u by
a total amount Aud, = Ap* + Ap®.

Now consider erasure to one. By ramping at ;* for a time ¢* we have ensured that
there are effectively zero states in the source or drain into which an electron initially on
the dot can leave. As a result we can be certain that erasure has taken place is the dot
was initially occupied. If the dot was initially unoccupied, we continue to ramp for a
time ¢! until an electron tunnels into the dot. The distance over which yu travels in this
time we call Aut. Therefore in order to ensure erasure to one has taken place we need
to ramp g by an amount Aul = Ap* + Apt.

Crucially, in the presence of spin degeneracy there are two states into which electrons
can tunnel into the dot, but only one from which the electrons leave. As a result, the
time required for the electron to leave the dot when erasing to zero is greater than the
time required for an electron to enter the dot when erasing to one, i.e. t° > t!. Given the
ramps are linear and symmetric this implies that Aud . > Apl,, which in turn implies

that W0 > Wt
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500 nm

Figure 4.4: SEM image of the device used in the experiment. @1 encodes the in-
formation erased in the experiment and is defined using voltages Vg1 g3 with a bias
Vsp applied via ohmic contact O;. The charge-sensing [QDR, is tuned using gates
Vesi—css and coupled to an RF cavity for charge sensing reflectometry. Couping between
[QD[l and [QDR is controlled using the splitter gate voltage Vsg. The cavity is probed with
an RF signal V,, and the reflected portion, V., is demodulated and measured to extract
information concerning the occupancy of |Q_D|1.

4.3 Methods

In the previous section we saw how a|(QD|can be used as a platform to investigate LE, with
a focus on showing how the work cost of erasure deviates from the LB in the presence
of an applied bias and finite time driving. In this section we present an experimental

realisation of LE that allows these predictions to be tested.

4.3.1 Experimental setup

The device used in the experiment is shown in Fig. A Ge/SiGe heterostructure con-
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Figure 4.5: Demodulated voltage as a function of time from a charge sensing reflectom-
etry measurement of [QDR. The signal exhibits two distinct levels corresponding to the
occupied (n = 1) and unoccupied (n = 0) charge states of.

fines charge in a plane perpendicular to the growth direction, forming a two-dimensional
hole gas (2DHG). Positive voltages applied to gates patterned on the surface of the het-
erostructure further confine the 2DHG allowing the formation of [QDE in the lower (QD]1)
and upper ) arrays of the device. The occupancy n € {0, 1} of a two-fold degenerate
energy level in [QD]l, encodes the bit of information to be erased in the experiment. We
manipulate the electrochemical potential of [QD[L, p, with the plunger gate voltage Vi,
which has a lever arm of o = 0.048 eV/V. 1 is tunnel-coupled to two large regions of
the 2DHG across which a bias Vsp can be applied. The result is the system shown in Fig.
4.1} a two-fold degenerate energy level coupled to fermionic source and drain reservoirs
at temperature T' = 195 mK, and electrochemical potentials pg and pp. A description
of the methods used to extract o and T is provided in Section [5.5.1] A charge sensing
) is integrated into an rf cavity and capacitively coupled to . The cavity is
probed with a reference signal Vi,. The reflected signal V,; is sensitive to the occupation
of 1, giving a real-time measurement of n [115] (see section for a full description
of this measurement). Fig. shows a typical time trace of the reflected signal after
demodulation. A simplified schematic of the full experimental setup used to perform
charge sensing reflectometry on QD2 is shown in Fig. A lock-in amplifier generates

the reference signal V. The reflected signal, Vi is transferred, via a directional cou-
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pler, to the input port of the lock-in amplifier, where it is mixed with the reference signal

and low pass filtered to give the demodulated outputs V%, and V. The bias across the
device dot (QD1) and sensor dot (QD2) are controlled using voltage sources Vsp and Vg
generated by a Delft IVVI rack. The current through the sensor dot can be measured
using the current amplifier Iog. Gate voltages are also generated using the IVVI rack;

however, the lines directing these voltages to the sample are omitted from the figure for

simplicity.

4.3.2 Parameter extraction

Occupation probability

Several key experimental parameters are determined by measuring the dot’s occupation
probability as a function of V. Here we describe the procedure for performing this
measurement.

To measure the occupation probability of [QDJl, transport must be slowed sufficiently
for individual tunnelling events to be resolved by the measurement set up. This is achieved
in the so called latched regime, where individual charge transport events are detected
within the integration time of the charge sensing measurement. The latched regime is
reached by adjusting the barrier gates V5; and V3 until individual tunnelling events can
be resolved. Fig. shows a transition between the occupied and unoccupied states of
the dot in this regime. Once the device is tuned to a sufficiently slow regime, we proceed
by sweeping Vo across the transition, driving the dot from an occupied to an unoccupied
state. At each gate voltage in the sweep, we measure the dot’s charge occupation for
two seconds. Fig. shows a typical measurement. The measured voltages, Vpur,
correspond to demodulated signals obtained via charge sensing reflectometry performed
on [QDR. The occupation probability of the dot at a given value of Vi is estimated from

the corresponding time trace using

tocc (VG2>

ttot

p(Vaa) = (4.52)

Y
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Figure 4.7: (a) Charge sensing reflectometry measurement of , showing a transition
between unoccupied and occupied states. The demodulated voltage, Vpy, is plotted as
a function of the barrier gate voltages VG1 and VG3. The transition appears noisy
due to the switching events occurring within the bandwidth of the measurement setup.
(b), Occupation of the erasure dot as a function of Vs, measured using charge sensing
reflectometry. The sweep is taken across the transition shown in (a), with each value of
Vo representing a two-second time trace.
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Figure 4.8: (a) Histogram of the demodulated voltages measured in Fig. @b Red
curve is a fit to a bimodal Gaussian distribution described by Eq. The two peaks of
the distribution represent occupied and unoccupied states of the dot. (b) Dot occupation
probability as a function of Vizo. Blue dots are measured probabilities computed from the
time traces of Fig. 4.7b. The red curve is a fit to Eq. from the main text, yielding
a =0.048 eV/V.

where t,; is the duration of the time trace and ¢,.. the total time that the dot is occupied
during the time trace. Extracting t,.. is achieved by creating a histogram of the time

trace’s voltages which is then fitted to a bimodal Gaussian distribution

2

p(Vom) = th’ N (Vo i, 05), (4.53)

i=1

where p; and o; are the mean and standard deviations of the ith Gaussian. The prefactor
h; accounts for the relative probabilities of the occupied and unoccupied states of the
dot. An example of this fit is shown in Fig. [4.8h, where the two peaks correspond to the
occupied and unoccupied states of the dot. To classify the charge occupation at a given
time, we compare each measured value of Vpy against the fitted Gaussian distributions
and assign it to the state (occupied or unoccupied) whose distribution it most likely
belongs to. Measurements are performed at a sampling rate of f; = 50 kHz. For a given

time trace, t,c. is computed as

Noce
toce = s 4.54
7. (4.54)

where nee is the number of samples for which the dot is occupied. The first stage of

the erasure protocol described in Section requires the [QD] to be initialised with its
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electrochemical potential at 1 such that pgs(p1) = 0.5. Fig. shows a typical plot

of the steady state occupation probability pss as a function of Vo obtained using the

1
2

method described above. From this plot it is straight forward to extract the value of Vo
corresponding to pss = 0.5. In order to extract the value of u 1, we convert voltages to
electrochemical potentials using

u=—eaVgo, (4.55)

where « is the lever arm of gate G2. We obtain « from Fig. by using Eq. to
rewrite Eq. in terms of the plunger gate voltage and performing a least squares fit,
with I'g, I'p and « as fitting parameters. An example of this fit is shown in Fig. [4.8b

from which we obtain o = 0.048 eV /V.

Tunnelling rates

The tunnelling rates define the characteristic relaxation time of the [QD| through the

expression

Teq =

1

T (4.56)
where I' = I'g + I'p, with I'g p the intrinsic tunnelling rates associated with the dot’s
coupling to the source and drain electrodes, which are assumed to be energy independent.
In a d-fold degenerate the rate at which electrons tunnel into the dot is given by the
sum of the rates into the d degenerate states, while the rate at which electrons tunnel out
of the dot correspond to electrons leaving through a single occupied level. Consequently,
for a d-fold degenerate coupled to source and drain electrodes characterised by Fermi
functions fg(u) and fp(u), the effective tunnelling rates into an empty state and out of

an occupied state are given by

78 =dlsfs(p)
vp =dlpfp(p)
78"t =Ts(l — fs(u))

¥ =Tp(l = fo(n),

(4.57)
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Figure 4.9: Effective tunnelling rates 4™ and 7°" as a function of the dot’s electro-
chemical potential. The rates are extracted via Eq. using time traces measured by
sweeping across the transition shown in Fig. [4.7a at zero bias. Solid curves are weighted
least-mean-square fits to Eq. [£.58 with uncertainties representing the standard error
calculated according to Eq.

At zero bias, where fs(u) = fp(u), the dot is effectively coupled to a single environment
characterised by a Fermi function f(u). In this case, the effective tunnelling rates simplify

to

Vin =T f(w),

¥ = Touw(l = f(n),

(4.58)

where " = I 4 4l qout = Aot 4 Aot and Ty, = dI and Ty, = I'. The effective
tunnelling rates can be estimated from time traces such as those shown in Fig. [4.7b

using the expression [51]

out/in __ 1
! <tocc/unocc>

where <tocc /unocc> represents the average time that the dot is occupied/ unoccupied during

(4.59)

a given time trace [51]. In Fig. [4.9) we use the time traces shown in Fig. to plot
Win/out as a function of the dot’s electrochemical potential at zero bias.

Uncertainties in this plot represent the standard error given by

t
1 Uocc/unocc

.

w

occ/unocc

g

(4.60)

< occ/unocc
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t

oce/unoce 15 the standard deviation of the occupied/unoccupied dwell times, and

where o
N is the number of occupied/unoccupied events. A weighted least-squares fit of Eq.
to these plots gives Iy, = 7 kHz and T'yy = 3.2 kHz from which extract 7., = 0.3
ms. Additionally, given that I'y, &~ 2I',,; we are able to conclude that the dot is 2-fold

degenerate.

Temperature and lifetime broadening

We estimate the temperature 7' characterising the Fermi-Dirac distributions describing
the electronic occupation of the source and drain electrodes by fitting a thermally broad-

ened Coulomb peak of [QD]L to the expression [7]

G = acosh™ ( %) +c, (4.61)

where a, b, and c¢ are fitting constants, and o* the lever arm of the dot. We distinguish
the lever arm o* in Eq. from the lever arm « determined in Section 4.3.2} since,
although they apply to the same dot ), they correspond to different experimental
regimes. The lever arm o was determined in a closed regime where transport was slowed
by raising the barrier gates G1 and G3. In contrast a Coulomb peak described by Eq.
[4.61] is measured using an average current in a more open regime. Given that, in general,

« is defined as

(4.62)

where Cg is the capacitance between the gate and the dot and C' the total capacitance
of the dot. Changes in the electrostatic environment of the dot between the two regimes
therefore lead to different values of the lever arm.

Eq. is valid in the linear response regime where Augp < kg7, and under the
assumption kgT > AI'*, which is met when the conductance of the dot is much smaller
than the conductance quantum e?/h [7]. Once again, we distinguish between T', associated
with the dot in the closed regime and determined in Section [4.3.2] and I'™* associated with

the dot in the open regime used to measure a Coulomb peak.
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Figure 4.10: (a) Current through 1 as a function of Vj,;,s and Ve, showing Coulomb
diamonds indicating that the device is operating in the Coulomb blockade regime. The
solid black lines trace the edge of a diamond, with slopes m; = —0.37010 and my =
0.06470018. Dashed lines represent the uncertainty in the diamond edge position and are
used to compute the uncertainties in m; and mq. (b) Conductance of the erasure dot as
a function of Vg at Vi = 0.015mV. The red curve is a least-squares fit to Eq.
Both (a) and (b) were measured at a fridge temperature of 75 mK.

We extract a* from Coulomb diamonds of [QD]l using the expression [49]

o = X (4.63)

ml_mZ’

where m; and ms are the slopes of the Coulomb diamond edges, as shown in Fig. [£.10h.
The origin of Eq. is described in Appendix [C] From the figure, we obtain m; =
—0.307025 and my = 0.06475018 ) giving o = 0.05470000s. In Fig. [4.10b, we plot a
Coulomb peak of [QD]L along with a fit to Eq. from which we estimate a temperature
of T = 192770 mK. The measurement was taken at a bias of 0.015 mV, corresponding
to Apsp = 2.40 x 1072* J. The fridge temperature was Tr = 75 mK, giving kgTr =
1.04 x 10724 J, such that Apgp ~ kpgTp. Since T > Tp, we conclude that the system
is in the linear response regime. Furthermore, we note that the peak conductance is
0.025 €?/h < €?/h, confirming that the condition kgT > AL'* is satisfied.

From Section [4.3.2] we have 'y, = 3.2 kHz, giving Ay, = 3.37 x 10731 J. A tempera-
ture of 195 mK corresponds to kT = 2.70 x 10724 J. Since kgT > hI'\, we are justified

in neglecting the effects of lifetime broadening in our analysis of LE in Section
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Figure 4.11: Experimental protocol. The dot is primed for erasure by exponentially
ramping p to p 1 over a time Texp > Teq. A linear ramp of duration 7yamp then takes p to

o (erasure to zero) or up (erasure to one).

4.3.3 Experimental protocol

The experimental protocol used to perform LE is illustrated in Fig. .11} We first use
the method detailed in Section to determine the value of Vo corresponding to p 1.
Have established pry we prime the dot for erasure to zero by exponentially ramping u to
[y This ramp takes place over a time 7Ty, > Toq ensuring the dot is in a steady-state
when erasure is initiated. Erasure then proceeds by linearly ramping Vo over a time
Tramp, taking the electrochemical potential of the dot from g 1 to pg for erasure to zero or
i1 for erasure to one. Erasure is performed quasistatically when 7amp > 7eq.
Manipulating the dot’s electrochemical potential requires work to be performed by
the external circuit to change the voltage Vizo. We define the work cost associated with a
change in p of Ay to be W = Aun, where n is the occupancy of the dot. We therefore see
that the work required to perform the final reset stage of the erasure protocol described
in Section is always zero for erasure to zero and Au; = p It for erasure to one.
Experimentally, we therefore choose to focus on the work associated with the linear ramp,
which due to the fluctuating charge occupation of the dot, is a stochastic quantity. To
compute this work we measure the charge occupation of the dot throughout the ramp.

If measurements of the dot’s charge occupation are made at intervals At, then measured
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work associated with a given linear ramp is
W =>"jin;(t)At, (4.64)

where n; is the measured occupation of the dot at time t. Experimentally, we wish to
measure the work cost as a function of Apgp and Tramp. Given that W is a stochastic
quantity, when measuring the work cost for a given combination of Augp and Tramp,
we average over 200 realisations of the protocol. In this regime we understand the LB
as a quantity that can be violated for individual realisations of the protocol but not on

average [35].

4.3.4 Work cost error analysis

Accurately measuring the work cost associated with a given ramp requires the dot to be
correctly initialised at p 1. This is achieved by estimating the occupation probability of
the dot as a function of Vo and selecting the voltage, V%, associated with an occupation
probability of 0.5. Any uncertainty in the estimation of the occupation probability Ap 1
will therefore lead to an uncertainty in V% and, consequently, to an uncertainty in the
work cost. An error in V% can be translated into an error in the initialisation time of the
erasure ramp. The idea is illustrated in Fig. where an error in V% , ﬂ:AV% , leads to
an error in the initialisation time £A#,;.

When erasing to zero an error +At;,;; results in an error =AW in the work cost.
When erasing to one an error +At;,;; leads to an error of FAW. For a given ramp we
can compute £AW by using Eq. to find the amount of work done in the time

+ At We can relate Aty and Ap 1 via

dt dV,
At = 2l Aps. (4.65)
dVee dp | 1 2
p=3
Given the ramp used to perform erasure is linear, j—é is a known constant. The term
% o5 CA1 be computed numerically from the measurement of occupation vs Vo used
p=u.
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Figure 4.12: In the experiment a linear ramp is applied to Vo whilst the occupation
of the dot is measured. An error iAV% in the initialisation voltage V% can be translated
into an error =At;,;; in the initialisation time of the ramp ;.

to extract V% .
In order to compute Ap we model the occupation of the |[QD| as a continuous time
two-state Markov process and the measurement of the occupation of the at a fixed

value of Vo as a sequence of Nz Bernoulli trials, where N.g is the effective sample size

given by [103]
T‘tot

= )
27_int

Neg (4.66)

with Ti the total time of the measurement and 7,y the integrated autocorrelation time
given by

Tint = /OOO p(T)dr, (4.67)

with p(7) the autocorrelation function of the Markov process governing the occupation of
the|QD| Given that the|QD]is in a steady state as the occupation probability is measured,

we can take the Markov process to be stationary. The autocorrelation function is then

given by

_ Cov[X(0), X(?)]
\/Var [X (0)] Var [X (t)]

o(t) (4.68)
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To compute the numerator of this expression we use

Cov [X(0), X (£)] = E[X(0)X(£)] - E [X(0)] E[X (1) (4.69)

Given that the process is stationary we have

o N Yin
E[X(0)]=E[X(t)] = Tt (4.70)
Additionally using
EXOX() = X X - POX(W) =j | X(0) =) PIX(0) =), (4T1)

1€{0,1} j€{0,1}

defining p;; = P(X(¢) =1 | X(0) = 1), we have
E[X(0)X(t)] = p11 P(X(0) = 1). (4.72)
The transition matrix P(t) of a two-state continuous time Markov process is given by [46]

pOO t p01 t 1 /you + ryinef('}’in+')/out)t ’Yin _ ,yinef(’}/in‘i”)/out)t
po - [Po® 0 :

plO (t) pll (t) inn + VOut ,yout _ fyoute_(’yin'i"}/out)t 'Yin _|_ /youte_(ryin“!")’out)t

We therefore have
 YinYout € i Frou)t

Cov[X(0), X(0)] = 22— (4.74)

It is straightforward to see that

Var [X (0)] = Var [X (¢)] = m (4.75)

such that

p(r) = e e, (4.76)
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The effective sample size is then given by

1 N
Neg = §Ttot%ot = ?7 (4-77)

where Yot = Vin + Your and AN is the total number of tunnelling events that occurred
during the measurement. For a given occupation probability p;, the number of occupied
events in Neg Bernoulli trials follows a binomial distribution. We estimate p; from a given
time trace using the sample mean p;, and approximate the uncertainty using the Wald
confidence interval [17,]119]

p(1—pr)

4.
Neff ’ ( 78)

plzﬁliza

where z, is the critical value corresponding to the desired confidence level (2975 = 1.96
for a 95% interval for example). A measurement of the work cost represents the average
over 200 realisation of the protocol. Since the uncertainty in each repetition originates
from the same source (the uncertainty in the value of V%), the errors across repetitions

are correlated. Consequently, the uncertainty in the average work cost is given by

— 1
+AW = iN > AW, (4.79)

4.4 Results and Discussion

We saw above that the LB is an equilibrium constraint, reached when erasure is carried
out quasistatically and in the presence of a single reservoir. In our system this equates
to performing erasure at zero bias (Apsp = 0) and at a rate much slower than the
equilibration time of the dot (Tyamp > Teq). By tuning the values of Augp and Tamp We
can measure how the work cost of erasure departs from the LB when non-equilibrium
effects become significant. The results presented in this section constitute the main results

of this thesis.
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Figure 4.13: (a) Histogram showing the work for 200 quasistatic (Tyamp = 1s with
Teq = 0.3 ms) realisations of the erasure to one and erasure to zero protocols at zero bias
(Apsp = 0). The solid vertical line indicates the LB, while the dotted line represents
the mean work. The black solid curve is a Gaussian scaled to match the mean and
standard deviation of the measured work distribution. (b) Comparison of predicted and
measured work costs for erasure to zero W9, erasure to one W', and their average W for
a quasistatic ramp with 7amp = 1s. Crosses with error bars represent the measured work
cost and solid lines theoretical predictions using Eqgs. and [£.3] The green and red
dashed lines represent Wy, and the LB, respectively. In the blue region Wy;,s < LB and
temperature dominates the erasure process. In the red region Wy;,s > LB and erasure is
bias dominated.

4.4.1 Quasistatic erasure

We begin by examining the equilibrium case. The histogram in Fig. shows the
work cost for 400 realisations of the erasure protocol (200 erasure to zero and 200 erasure
to one realisations) with Apgp = 0 and Tyamp = 15 > 7oq. The average value of the
measured work is within 1% of the LB. Owing to the stochastic nature of the charge
occupation of the dot, the work cost can be below the LB for individual realisations of
the erasure protocol, but not on average [35].

Having demonstrating that our system conforms to the LB in the equilibrium case,
we examine how the presence of a bias affects the work cost when erasure is carried
out quasistatically. In Fig. [4.13b we plot WO W' and W as functions of Augp for
Tramp = 18. The solid curves represent theoretically predicted values of WO W' and
W obtained using Eqs. and Dashed red and green lines represent the LB and

Wiias Tespectively. Crosses with error bars show the measured work cost obtained by
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Figure 4.14: (a) Work cost of erasure to zero (blue) and erasure to one (orange) plotted
as a function of Ty,mp with the device at zero bias (Augp = 0). Crosses with error bars
represent the measured work cost obtained by averaging 200 realisations of the erasure
protocol. Solid curves represent the work cost predicted using Eqs. and with
I' = 3.2kHz. (b) Average cost of erasure W plotted as a function of Tyamp for a range of
biases. Crosses with error bars represent the measured work cost obtained by averaging
over 200 realisations of the erasure protocol. Solid curves represent a fits to Eqgs. [4.80| with
a as a fitting parameter. Inset shows fitted values of a with their associated uncertainties.
Included are a number of points omitted from the main plot for clarity.

averaging over 200 realisations of the erasure protocol. Errors were computed using the
method described in Section . In the pink region of the plot Wy > kg7 In2 and
erasure is bias dominated. In the blue region Wy;,s < kg7 In 2 and erasure is temperature
dominated. In the bias-dominated regime, W exhibits a linear dependence on Ajg p. As
the system moves into the temperature dominated regime this linear dependence is lost
and W tends towards the LB as Apug p tends to zero. We observe good agreement between
the measured and theoretically predicted values of W° W' and W, with the measured
values of W and W' demonstrating the emergence of the predicted asymmetry as Aug p

is increased.

4.4.2 Finite time erasure

We now examine the effect of a finite-time ramp on the work cost. In Fig. f.14h we plot
WO and W' as a function of Tramp With Apg p = 0. Crosses with error bars represent the

measured work cost obtained by averaging over 200 erasure protocols. Solid curves repre-
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sent the theoretically predicted values of W° and W? with I' = 3.2kHz. Good agreement
is found between theory and experiment with the predicted asymmetry between W and
W1 emerging as Tramp 111CTEASES.

Finally, we consider the combined effect of a finite-time ramp and a finite bias on the
work cost. In Fig. we plot W as a function of Ty, for biases ranging between
Apsp =0 and Apgp = 11.9kT. Solid curves represent a weighted least squares fit to

the function

— J— a
W<A,US,D7 7_ramp) = WQS(AMS,D) + ) (480)

Tramp

where Wos(Aps,p) is the average quasistatic work cost at bias Augp computed using
Egs. 4.1]and The inset to Fig. shows the fitted values of a with their associated
uncertainties. A chi-squared test for constant value of a = 0.007 yields a p-value of 0.609,
indicating that the observed variations in a are consistent with statistical noise, from

which we conclude that the finite-time correction - g

is, to first order, independent of
P

bias.

4.5 Additional Results

4.5.1 Relationship to the Jarzynski equality

In this section we examine the relationship between the work cost of erasure in the
system and the If work is performed on a system that is initially in thermal equilibrium
with an environment at inverse temperature [, by varying a control parameter A over a

time interval ¢, then the [JE]| states [56}/57]:

exp(—BAF) = (exp(—BW)) . (4.81)

where (-) denotes an average over the ensemble of realisations of the process, and

AF = F(\) — F(\o) (4.82)
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is the free energy difference between the equilibrium states corresponding to the initial
and final values of the control parameter. When erasure is carried out at zero bias the
dot is initialised in equilibrium and we might expect the JE to hold; however, this is not
the case as we will now show. Following the fast reset stage of the erasure protocol the
QD] system is reset to its initial configuration with a well defined occupation. At this
point erasure has been performed; however, since the reset occurs on a timescale that
is fast compared to the dot’s equilibration time, the final state of the system is not an
equilibrium state. This does not invalidate the JE since for Eq. to hold it is only
necessary that the system be initialised in equilibrium. Nevertheless, the quantity F'()\;)
refers to the free energy of the equilibrium state corresponding to the final value of the
control parameter \;. Since the fast reset returns the system to its initial configuration,

we have FI(\;) = F'()\g), and the JE reduces to
(exp(—=pW)) = 1. (4.83)
Jensen’s inequality, (exp x) > exp (z), then implies
(W) > 0. (4.84)

For LE we expect (W) > kpT In2 and we see that the JE does not describe LE when the
final state of the erasure process is non-equilibrium in nature. In order to describe LE in

this case we utilise the generalised JE given by |11}/112]

(%, A(t))

(exp(=BW(t)) = k)

exp(—BAF), (4.85)

where peq(x, )\(t)) is the equilibrium probability density for the state of the system x cor-
responding to the value of \ at time ¢, and p(x,t) is the actual instantaneous probability

density at time ¢. For erasure in a QD] the control parameter is the dot’s electrochemical
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Figure 4.15: (a) Histogram of the experimentally measured work cost for 200 erasure
to one protocols with Apgp = 0 and 7yamp = 1s. The black curve represents a scaled
Gaussian fit to the data. (b) Histogram showing the distribution of 2000 simulated erasure
to one trajectories. Trajectories were simulated using Eq. with Apusp =0, ' =1
and Tyamp = 5000s. The black curve represents a scaled Gaussian fit to the data.

potential 1 and the state of the system is described by its occupation n we therefore write

pe(n, p(t))

D) exp(—(BAF). (4.86)

(exp(=pW (1)) =

At the conclusion of the erasure process the dot is in a well defined state such that

p(n,t) = 1; however, once the dot has relaxed to equilibrium we have peq(n, ,u(t)) = %

Setting AF = 0 Eq. gives
(exp(—=BW (1)) = -, (4.87)

from which it follows that

(W) > kpTIn2, (4.88)

as expected for LE. In Fig. 4.15h we plot a histogram showing the distribution in the
work cost for 200 erasure to one trajectories with Apgp = 0 and Tamp = 1s. The solid
curve is a Guassian scaled to match the mean and standard deviation of the distribution.

In order to derive an expression for the width of this distribution we use Eq. to
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write

In (exp(—pW (t)) = —In2. (4.89)
We can expand the left hand side of this equation using the cumulant generating function

TL

In {(exp t X) Z (4.90)

where k,, is the n'* cumulant of the random variable X. If we assume the distribution
of W' shown in Fig. [4.15h is Gaussian, only the first two terms of the expansion are

required giving

52
—B (W) + ;00 =-In2 (4.91)
from which we obtain
o =/2((W!) —In2), (4.92)

where we have expressed o and (W?!) in units of kgT. The histogram shown in Fig.
, based on 200 erasure to one trajectories, goes some way to suggesting that W!
follows a Gaussian distribution. The measured values of W' are computed via Eq.
where the work is expressed as the sum of many individual stochastic contributions ac-
cumulated during the ramp. Since the ramps are performed quasistatically, the duration
of the protocol is much longer than the equilibration time of the dot, and successive con-
tributions may be treated as effectively independent. Under these conditions, the central
limit theorem predicts a Gaussian form for the work distribution.

This prediction is borne out in Fig. |4.15b where we plot a histogram showing the
distribution of work costs for 2000 simulated erasure to one trajectories. The trajectories
were simulated using Eq. with Apgp = 0, I' = 1 and Tyamp = 5000s such that
Tramp 3> Teq- 1he black curve represents a fit to a Gaussian. There is a clear convergence
to a Gaussian distribution as the number of trajectories is increased from 200 to 2000.
Expressed in units of kg7, the mean and standard deviation of the distribution shown
in Fig. are 0.77 & 0.015 and 0.21 respectively, where the error in the mean is

computed using the method outlined in Section [£.3.4] This leads to a predicted value of
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Figure 4.16: Occupation probability as a function the dot’s electrochemical potential
for a range of values of Aug p. Black dots represent the occupation probability measured

using the method outlined in Section Red curves are fits to Eq. Grey and
blue regions represent W' and WY respectively.

o = 0.38+0.04. The measured and predicted values of o broadly agree and we attribute

the discrepancy between them to statistical fluctuations in the value of (W1).

4.5.2 Quasistatic bias dependent work cost

The experimental protocol outlined in Section |4.3.3| was designed to enable to the work
cost associated with a realisation of [LE] to be measured directly. Equations and
suggest that the quasistatic work cost can also be measured indirectly by using the
method described in Section to measure the occupation of the dot as a function of
its electrochemical potential and then integrating over the relevant regions of the curve.
Of the two methods, the direct approach is preferable, since it requires erasure to be
performed and can be extended to the finite-time case. However, by comparing the
predictions of Eqgs. and directly to experiment, the indirect method provides a
useful consistency check. In Fig. |4.16[ we plot the occupation probability of the dot as a
function of its electrochemical potential for a range of biases. For a given value of Aug p

the black dots represent the occupation probability measured using the method described
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Figure 4.17: Average work plotted as a function of bias. Black dots represent the

measured work cost computed via numerical integration of the measured occupation

probability vs electrochemical potential plots shown in Fig. [£.16] The red curve represents

the theoretically predicted work cost computed by numerically integrating Eq. with
20

7":?.

in Section with the blue and grey regions representing W° and W' respectively.
We can fit the measured occupation with the theoretical prediction of Eq. by noting

that Eq. can be rewritten in terms of the dimensionless parameter r = l;—fs’ giving

2[fs(p) +7 fp(p)]

T s(u) + L+ Fo(0) (4.9

Dss (,U) = (

The red curves in Fig. [4.16| represent a fit to Eq. with r as a fitting parameter.
There is a good agreement between theory and experiment and the emergence of the
predicted asymmetry between W9 and W is clearly visible as Apug p is increased. In Fig.
we plot the average work cost W as a function of Apug p.

Black dots represent the measured average work computed numerically by integrat-
ing the appropriate regions of the associated occupation probability vs electrochemical
potential plot (blue and grey regions in Fig. . In Fig. we see the emergence of

2

the plateau at n ~ 0.55 giving, via Eq. 4.13|r = 30. The red curve represents the average

work computed using Egs. and [4.3] with this value of r There is excellent agreement
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between theory and experiment, providing strong justification that Eq. [4.93| effectively

captures the steady-state occupation probability of the dot.

4.5.3 Plateau manipulation

In Section we saw how the asymmetry between WY and W' is governed by the
position of a plateau in the plot of occupation probability vs dot electrochemical potential.

We saw that this plateau occurs at an occupation probability n given by

2
2+ 12’

S

n= (4.94)
from which we see that the asymmetry is governed by the relative strength of the tun-
nelling rates I's and I'p. In this section we give an empirical demonstration of this
observation. By manipulating the barrier gate voltage V1 we are able to tune the rel-
ative tunnelling rates. This, in turn, leads to a shift in the position of n and hence the
asymmetry between W and W!. In Fig. we plot the occupation probability of the
dot as a function of the plunger gate Vo for increasing values of V.

The occupation probability is measured using the method outlined in Section [4.3.2]
and the red curve is a fit to Eq. [4.93] Increasing the value of Vi causes the width
of the tunnel barrier between the drain and the dot to increase resulting in a decrease
of the tunnelling rate I'p. This is reflected in the results of Fig. 4.18, where we see
that increasing Vi causes the position of the plateau to shift towards larger occupation

probabilities, which, via Eq. , tells us that %—; is decreasing with increasing V.

4.6 Conclusion

In this work we extended the concept of LE beyond the conventional single-reservoir
framework by experimentally investigating the cost of erasing a single bit of information
encoded in the electronic occupancy of a QD coupled to two Fermionic reservoirs at
different electrochemical potentials. We confirmed that in the single-reservoir, quasistatic

limit when the dot remains in equilibrium throughout the erasure process, the LB can be
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reached with very high accuracy. In addition, in agreement with previous experimental
work, [10,/12,30,61] , we showed that, when erasure is performed in finite time and in the
presence of a single reservoir, the work cost scales inversely with erasure duration, Tr;}np.

Building on these results, we found that as the erasure process departs from equilib-
rium, asymmetries emerge in the work required to erase to zero and to one. Specifically,
we experimentally validated that the inclusion of an additional reservoir introduces such
an asymmetry, which becomes increasingly pronounced as the bias across the device is
increased. In addition, we predicted that the two-fold degeneracy of the

This work represents the first experimental study of LE in a multi-reservoir system.
It emphasises how the intrinsic properties of a physical system, such as energy level
degeneracy and tunnelling rates, influence the cost of erasure as the idealised equilibrium
constraints underlying LE are relaxed. A further example is lifetime broadening. QDs in
regimes where lifetime broadening dominates over thermal broadening have been realized
experimentally [116], and theoretical bounds on the work cost of erasure in this regime
have been derived [36]. Investigating the effect of lifetime broadening on the work cost
of erasure therefore represents an interesting direction for future research.

Further avenues for future work could include extending the model to include ad-
ditional degrees of freedom (three or four fold degenerate levels for example) and un-
derstanding how existing work on protocol optimisation [1}/34,87,88,94,|128] could be
extended to the multi-reservoir case. Our results have implications for information pro-
cessing: minimising dissipation in bipartite systems where the work cost of erasure differs
between states may require an optimised encoding scheme that reduces the use of the

higher-cost state.
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5.1 Introduction

Section [2.3| of this thesis provided an overview of the thermodynamics of clocks and
timekeeping. We saw how clocks can be understood as bipartite systems consisting of a
clockwork and a register. The clockwork being a non-equilibrium system whose dynam-
ics generate a sequence of ticks, while the register is a readout mechanism that allows
these ticks to be observed and used as a reference to measure time. From a thermody-
namic perspective, we also saw that improving a clock’s performance necessarily requires
increased dissipation, highlighting a fundamental trade-off between the clock’s accuracy
and the entropy produced by its operation.

In this chapter, we introduce a clock whose clockwork consists of a suspended [CNTQD|
device of the kind introduced in Section [3.1.7. Using suspended CNT devices to study
the thermodynamics of timekeeping offers a number of advantages. The mechanical
degree of freedom provides a simple dynamical system that can serve as the clock’s
clockwork. Readout of the CNT clock is facilitated by the fact that electron transport

through a [QD] defined in an oscillating CNT results in an oscillating current that tracks
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the mechanical motion of the CNT [116]. By measuring this current, we can extract
a tick record from which the performance of the clock can be assessed. In principle,
therefore, both the clockwork and the readout mechanism can be integrated into a single
experimental platform.

A further advantage is presented by the fact that interactions between the device’s
mechanical degree of freedom and single-electron tunnelling through a defined within
the CNT have been shown to result in self-sustained oscillations [110}[122]. By exhibiting
self-sustained oscillations, the CN'T system enables the study of a fully autonomous clock.
A clock is autonomous if it is self contained and can be operated without any external
control [38]. In particular, an autonomous clock should not require any time dependent
control as this would result in measures of the clock’s performance, such as its accuracy,
depending on the performance of a secondary external clock. Autonomous clocks are
of particular interest in thermodynamic studies of timekeeping, as their self-contained
nature ensures that all resources required for their operation can be precisely accounted
for [38].

Finally, the small size and comparatively simple nature of the suspended CNT system
makes measuring the dissipation associated with its dynamics experimentally possible. As
a result, quantifying the trade-offs inherent in the clock’s operation between dissipation
and accuracy becomes an experimentally achievable goal.

The experimental realisation of a clock based on a suspended CNT would represent
a novel contribution to the literature on the thermodynamics of timekeeping in two im-
portant respects. Firstly, previous experimental work involving clocks with mechanical
degrees of freedom has remained firmly within the classical regime [86]. In contrast,
the clock discussed in this chapter is driven by single-electron tunnelling, and therefore
represents the first mechanical clock to be studied the dynamics of which require a quan-
tum mechanical description. Secondly, the current that forms the basis of the clock’s
readout mechanism originates from the same single-electron tunnelling events that drive
the self-oscillations of the CNT. This means that the clockwork and readout mechanisms

originate from the same dynamical process. This stands in contrast to previous exper-
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imental work, where a clear demarcation exists between the clock’s clockwork and its
readout mechanism [50,[86,117].

In addition to the above, the CNT clock described here would also represent the
first experimental study of a truly autonomous clock. While clocks with autonomous
clockwork have previously been realised [86},117], their readout mechanisms have relied
on the use of a local oscillator for operation. Although the local oscillators used in these
studies were significantly more stable than the clocks under investigation, and therefore
did not affect the performance of the clocks under study, their presence in the readout
process meant that these clocks could not be considered fully autonomous. In principle,
the clock discussed in this work could be operated without the need of any external time
reference, allowing for a genuinely autonomous realisation of both clockwork and readout.

Although the focus of this chapter is the experimental realisation of the CNT clock
described above, we note at the outset that the experiment could not be completed due
to unforeseen technical limitations. Nonetheless, the work presented here makes several
original contributions. In Section [5.4] a comprehensive experimental protocol is outlined
for implementing the CNT clock. This is followed up in Section [5.7, where a method
is proposed for measuring the entropy production associated with the clock’s operation.
In Section [5.6] a theoretical framework is developed for analysing the data that would
be produced by the experiment. This includes the description of an optimal method for
extracting ticks of the clock from the measured signal. While this method has previously
been applied to the analysis of a different clock [86], the proof of its optimality is original
to this work and is presented here for the first time. Also detailed in Section is a
method for determining the accuracy of the clock from the measured signal, taking into
account noise added by its interaction with the cryostat amplifier chain to which it is
coupled. In Section we present initial experimental results characterising a CNTQD
device. Although these results are not themselves novel, they represent an important
step towards realising the proposed experiment.

Taken together, the work presented in this chapter provides a comprehensive frame-

work for the full experimental realisation of a CNT clock, the implementation of which
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would represent an important contribution to the literature on the thermodynamic of

clocks and timekeeping.

5.2 Theoretical Background

5.2.1 Electromechanical model

We saw in Section how suspended CNTQD devices exhibit a coupling between
mechanical motion and single electron transport. This section provides an overview of
a model, introduced in Ref. [116], which will be used in Section to quantity this
electromechanical coupling in a physical device.

The setup is similar to that shown in Fig. of Section [3.1.0] A with electro-
chemical potential p is coupled to source and drain electrodes characterised by Fermi
functions with temperature 1" and electrochemical potentials pug and pp. The electro-
chemical potential, u, can be tuned via the application of a voltage to a gate electrode.
The exchanges electrons with the source and drain at rates I's and ['p, respectively.
Coupling to the leads results in lifetime broadening of the electrochemical potential,
with a characteristic width Al'iy, where I'yoy = I's + I'p.

A simplified model of the electromechanical system consisting of the oscillating CNT
and the coupled to a gate electrode can be constructed by drawing an analogy with

a simple optomechanical system [4,|116]. The resulting Hamiltonian is given by
H = hwoa'a + pb'd — hg,,(a + a’)b'b. (5.1)

Here a'a is the phonon number operator for the vibrational mode of the CNT and
wp /2 its resonance frequency , such that the first term represents the mechanical energy
of the vibrating CNT. The operator b'b corresponds to the occupation number of the
QD, such that the second term describes the electrostatic energy associated with an
electron occupying the dot. The final term represents the electromechanical coupling

between the displacement of the CNT and the charge occupation of the dot, with g,, the
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electromechancial coupling strength.
As will be shown in Section below, the suspended CNT device studied in this

work satisfies Al'io; > kgT'. In this regime the current through the is given by [33]

€F5FD /“D

I(p) = T D(E, n) dE, (5.2)

s

where D(F, 1) is the density of states of the dot, given by [75]

D(E) = — . 5.3
(E) 27 (E — p)? + (hT01/2)? (53)
Defining the effective tunnelling rates as
18 (1) = Ts/pps/n(1) (5.4)
Y$)n (1) = Ts/p (1 — /)S/D(M)) ; (5.5)
where
ps p
pst) = [ DEME  pole) = [ D(E)E, (5.6)
D
Eq. can be written
in out _ Ajin out
() = 8 ()7 (u)F 78" (B (1) (5.7)
tot

Capacitive coupling between the gate electrode and the |QD|causes the mechanical motion
of the CNT to modify the electrochemical potential of the dot. In the regime where
['iot > wy the average occupation of the can be treated as an instantaneous function

of position and is given by

p(u(2)) = vé“(u(Z))thvﬁl(u(Z))7 (5.8)

where p is now written as a function of the CN'T’s displacement z from its equilibrium

position zy. Single-electron tunnelling through the |QD|modifies the mechanical resonance
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frequency of the CNT [75,[105,116]. An effective resonance frequency w&f /27, lower than
the intrinsic frequency wy/27, is observed when p varies within the bias window defined

by ps — pp. The effective resonance frequency is given by

)
W (p19) = Jw?n + 292 I, ai : (5.9)

Ho

where g is the electrochemical potential of the dot with the CNT at rest.

5.2.2 Self sustained oscillations

The self-oscillating CNTQD system can be understood as an example of a limit cycle.
Limit cycles arise in non-linear, dissipative dynamical systems where a balance between
energy dissipated and energy supplied to the system lead to the emergence of stable closed
trajectories in the system’s phase space [107]. Several models exist with the capacity to
capture this behaviour in the context of the suspended CNT system [8,|14}23,|111]. In
this work, we focus on the model developed in Ref. [2§], whose dynamical analysis of the
suspended CNTQD system emphasises the system’s applicability to the study of clocks
and timekeeping. Here we give a brief overview of the main results of this analysis. A
more detailed discussion is presented in Appendix [D]

The CNTQD system will exhibit self sustained oscillations when the following condi-
tion is met

kaT/h, Ftot > wWo, 9m- (510)

When the condition given by [5.10| is met the system is said to be in the quasiadiabatic
regime. The electronic degrees of freedom relax on a timescale much faster than the
characteristic timescale of the oscillator. As a result of the electric field generated by
the gate electrode situated below the suspended CNT, in the quasiadiabatic regime, the
oscillator experiences an average electrostatic force that depends on its instantaneous
position.

When the stochastic nature of electron tunnelling events are taken into account the

dynamics of the oscillating CN'T can be shown to be governed by the Langevin equation
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[28]
mz +my(2) 2+ mwiz = F(R), +/D(2) (1), (5.11)

where m is the mass of the CNT, F' is the force per unit charge experienced by the CNT,
and (1), is the position-dependent average excess charge on the dot. The terms v(z) and
D(z) denote the position-dependent damping and diffusion coefficients, respectively, and
&(t) is a zero-mean Gaussian white-noise process. Self sustained oscillations arise in the
above model when a bias Vsp is applied between the source and drain electrodes, and
the tunnelling rates I'g p are energy dependent. Energy dependent tunnel barriers are a
well established property of CNT devices of the sort discussed in this work [75(116}|122].
When the above conditions are satisfied, the model predicts that the damping coefficient
v(2) becomes negative for small displacements. As the amplitude of oscillation grows,
v(2) increases, eventually becoming positive. This balance between negative and positive
damping over the course of a full cycle enables results in the formation of a limit cycle,

which manifests as self sustained oscillations.

5.3 Experimental Setup

5.3.1 Cryogenic measurement setup

A schematic of the experimental setup is shown in Fig. [5.1] A suspended CNT device of

the kind discussed in Section is wire-bonded to a [printed circuit board (PCB)|and

mounted in a dilution refrigerator with a base temperature of 20 mK.

The electrostatic potential of the CNT can be tuned via gate electrodes G1 to G5
using DC voltages V1 - Vigs , supplied by a Delft IVVI rack, which also provides the
source drain bias Vsp. Low-pass filters are applied to the dc lines at both the room
temperature and 20 mK stages of the cryostat to minimize electrical noise and ensure
good thermal anchoring of the sample. An AC drive signal, used to excite mechanical
motion of the CNT, is delivered to the gate G3 via a bias tee and coaxial line attenuated

at the 4 K, 650 mK and 20 mK stages of the cryostat.
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Figure 5.1: Schematic of the experimental setup, as explained in Section
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The dc component of the current through the CNT is transduced into a voltage using
the IV converter module Vg, of the Delft IVVI rack and subsequently measured using
an RS RSDM-906X multimeter. AC current through the CNT is converted into a voltage
via a resonant tank circuit, constructed on the PCB using chip inductors and capacitors,
and bonded to the drain electrode of the CNT device. The resulting AC voltage is

subject to a 1 GHz low pass filter before passing through an amplifier chain consisting

of a (super conducting quantum interference device (SQUID)|) amplifier mounted on the

20mK stage of the cryostat, a SiGe low noise cryogenic amplifier at 4 K, and a series of
room-temperature amplifiers. The room temperature signal is read out by an AlazarTech
ATS9440 analouge to digital converter. A dedicated SQUID tuning line, Tsquip, can be
used to apply an RF signal directly to the SQUID amplifier for characterisation. The
flux and bias of the SQUID can then be tuned using two low-noise source modules from

the Delft IVVI rack (see Section [5.3.3)).

5.3.2 Tank Circuit Model

The tank circuit transduces the AC current Ia¢ induced by the oscillating CNT into
a voltage V¢ according to Vou = IacZirans Where Zians is the transimpedance of the
circuit. The circuit exhibits maximum sensitivity to changes in current when driven at
its resonance frequency. The frequency of the current generated by the oscillating CN'T
matches the mechanical resonance frequency of the CNT itself. It is therefore essential
that the resonance frequency of the tank circuit closely match that of the CNT. This
section presents a model of the tank circuit that can be used to adjust its component
values to satisfy this condition.

The tank circuit is modelled using a simple lumped element model. A schematic of the
circuit is shown in Fig. [5.2] The self-resonance and loss of the inductor are modelled by
including a parasitic capacitance C;, = 0.091 pF, and two resistive elements: R, = 1.1
and Rc = 24025. These values are taken from the inductor datasheet [24]. Additional
capacitive and resistive values are taken from the on-chip components of the PCB to

which the device is bonded. Also included in the schematic are a resistance R.g and a
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Figure 5.2: Schematic representation of the circuit used to model the tank circuit
response. C, Ry, and Rg are taken from the inductor datasheet. Additional capacative
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Figure 5.3: Room temperature cavity response and model fit. The blue curve shows
the measured reflection coefficient Si; of the cavity at room temperature. The red curve
represents a simulation using the lumped-element model, with Reg and Cpar, as fitting
parameters. The fit yields Reg = 5.4 Q and Cpa = 400 pF. Parasitic elements not
captured by the model are responsible for the difference between the two curves.

parasitic capacitance Cpara, Which represent circuit dissipation and stray capacitances,
respectively. The CNT is not included in the model, as it represents a large parallel
resistance and therefore has minimal impact on the overall impedance of the circuit.

The blue curve in Fig. [5.3| shows a room-temperature measurement of the cavity’s
reflection coefficient S7;. The red curve represents a simulation using the lumped-element
model, with Reg and Clara treated as fitting parameters. The best fit yields values of
Reg = 5.4 Q and Cpara = 400 pF.

Parasitic elements not captured by the model mean the fit is not perfect; however, it is

sufficient for practical purposes. In particular, the model allows the resonance frequency
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of the tank circuit to be tuned by selecting an inductor with an inductance L that yields

the desired response.

5.3.3 SQUID amplifiers

The mechanical amplitude z of driven CNT oscillations in a device with specifications
comparable to those discussed here has previously been estimated as z = 25.2%5}% pm
[121]. The ability of a given measurement setup to resolve small displacements is limited
by the noise performance of the primary amplifier in the amplification chain. To optimise
displacement sensitivity, we therefore employ a SQUID amplifier as the primary means
of amplification.

Compared to semiconductor-based cryogenic amplifiers, such as the one installed at
the 4K stage in the setup shown in Fig. SQUID amplifiers typically provide lower
noise temperatures and lower power dissipation, particularly at frequencies below 1 GHz,
indeed noise temperatures as low as 50 mK have been reported [81]. The SQUID amplifier
integrated into our setup has a measured noise temperature of approximately 600 mK
when operated under conditions similar to those described here [97]. In contrast, the
cryogenic semiconductor amplifier alone is expected to exhibit a noise temperature of
< 3 K when operating at a temperature of 12K [25]. A displacement sensitivity of
1447479 fm /+/Hz has been recorded for a measurement setup comparable to the one
shown in Fig. with a cryogenic amplifier as the primary means of amplification [121].
The incorporation of a SQUID amplifier into the RF measurement chain is expected
to enhance this displacement sensitivity. As we shall see in Section [5.6.2] improved
displacement sensitivity leads directly to an improvement in the readout of the CNT
clock making it an important consideration in the design of the measurement setup.

The central element of the SQUID amplifier is a superconducting loop interrupted by
two parallel Josephson junctions. For operation as an amplifier, the SQUID loop should
be biased with a current Iz exceeding the critical current of the Josephson junctions. In a
typical SQUID amplifier, the input rf signal is first converted into a current [;, which flows

through an input coil inductively coupled to the SQUID loop. The resulting current in the
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Figure 5.4: SQUID schematic and response. (a) Schematic of a dec SQUID amplifier
configuration. (b) Characteristic voltage-flux response V(¢) showing the conversion of
an input magnetic flux I; into an output voltage V,. Figure adapted from Ref. [81].

coil produces a magnetic flux within the SQUID loop, causing a corresponding variation
in the SQUID output voltage, V, (Fig. [5.4(a)). The relationship between the output
voltage and the applied flux is periodic, with the period equal to one flux quantum,
®y (Fig. [p.4b)). To optimize sensitivity, the SQUID must be biased at the point of
maximum slope on the curve V(®). This operating point is typically achieved by adding
a static flux bias of (2n — 1)®y/4 to the input signal. Experimentally, this is achieved by
passing a dc current I through a separate coil that is also tightly coupled to the SQUID
loop. The dc current is then tuned to set the SQUID at its optimal sensitivity point [81].

Optimal operation of the SQUID requires appropriate values of Ig and Is to be
determined. Our measurement setup includes a dedicated rf line, Tyqump, specifically
for this purpose (Fig. . Tuning proceeds by sending a low-power signal such that
approximately —120 dBm reaches the SQUID via Tsqump. The frequency of this signal
should be comparable to the expected frequency of the signal to be measured - the
resonance frequency of the CNT. The output of the amplifier chain is connected to a
spectrum analyser, and the amplitude of the signal peak is measured as a function of
Iz and Ip. Tuning proceeds in two stages. First I is adjusted to ensure the SQUID is
biased above its critical current, then I3 is swept to ensure V, is most sensitive to changes

in [;. Examples of these measurements are shown in Fig. [5.5]

5.4 Measurement Protocol

In order to observe the time dependent nanomechanical current associated with the self-
oscillations of a CN'T| it is necessary to proceed in four stages: identification of electrome-
chanical coupling, rf detection of driven oscillations, observation of self oscillations and

time series measurement of self oscillations. For the reasons detailed in Section [(£.5.3] it
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Figure 5.5: SQUID tuning measurements with the SQUID driven with a 200 MHz
signal, the power incident on the SQUID being —120 dBm. (a) Output signal amplitude
as a function of bias current /g. A sharp increase in signal is observed as the SQUID is
biased above its critical current. (b) Output signal amplitude as a function of flux bias
current I with the SQUID biased at the dashed line in (a). The periodic modulation
reflects the SQUID’s characteristic voltage—flux response.

was not possible to proceed beyond the first of these stages. Nevertheless, presented here
is the complete methodology that would have been followed, with the aim of establishing

a clear protocol for carrying out this experiment in future work.

Identification of electromechanical coupling

We saw in Section how electromechanical coupling in a CNTQD system manifests as
a modulation of the dc current through the CNT at the mechanical resonance frequency,
a softening of the resonance frequency as the transitions in and out of Coulomb
blockade, and a gradual shift in resonance frequency as the gate voltage tensions the
CNT. The first stage of the measurement protocol therefore involves tuning the to a
regime where these features observed. The results of this process are presented in Section
5.5, where the a voltage V3 changes the electrochemical potential of the dot, resulting

in a series of Coulomb peaks.

RF detection of driven oscillations

Driven oscillations of the CNT are detected via the rf measurement chain described

in and illustrated in [5.1} A drive tone is applied to gate G3 via port 1 of the rf
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copyright restrictions

Figure 5.6: Detecting self oscillations via using an RF measurement setup. (a), Mechan-
ical resonance detected via the RF measurement chain. To perform this measurement in
the setup illustrated in Fig. [5.1] a drive tone would be applied to G3 via port 1 with the
power of the resulting signal measured via port 2. Peaks in the power occur when the
drive signal matches the mechanical resonance frequency of the CNT. (b), Self oscillations
detected via the rf measurement chain. Plotted is the power spectral density of the signal
from port 2 in the absence of driving. Peaks in the spectrum signify the onset of self
oscillations. Figure adapted from Ref. [122]

circuit, with the resulting signal measured through port 2 using a vector network analyser.
Driving the CNT on resonance excites its mechanical motion, producing an oscillating
current that is transduced into a voltage by the tank circuit. By recording the output
power from port 2 while sweeping both the drive frequency and V3, sharp peaks appear
in the transmission spectrum when the CNT vibrates on resonance. These peaks are
expected to follow the same trends observed in the dc measurement, confirming their

mechanical origin. An example of this measurement taken from [122] is shown in Fig.

[B.6h.

Observation of self oscillations

To confirm the presence of self oscillations the output power of the rf measurement
chain is measured in the absence of an external drive using a spectrum analyser. If self
oscillations are present, the measured power spectral density as a function of V3 should
exhibit peaks, the positions of which are expected to follow the same trend observed in

the dc and rf measurements. An example of this measurement taken from [122] is shown

in Fig. [5.6p.

Time series measurement of self oscillations

Once the presence of self-oscillations has been confirmed, a real-time measurement of the
nanomechanical current can be performed. This is achieved by tuning the device to a
regime in which self-oscillations are present. The time-dependent current, which forms

the basis of the clock’s tick record, is then monitored by recording the output signal
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from port 2 of the rf circuit using a high speed oscilloscope (See Fig. . The ticks of
the clock can subsequently be extracted from this signal using the procedure detailed in

Section below.

5.5 Experimental results

This section presents the experimental results obtained during the first stage of the mea-
surement protocol described above. The challenges that prevented the completion of the

experiment are discussed at the end of this section.

5.5.1 Parameter extraction

For the electromechanical model described in Section to be valid, the system must
operate in both the lifetime-broadened and quasiadiabatic regimes, characterized by the
conditions Al'yoy > kT and T'yy > wy, respectively. In addition, we saw in Section
5.2.2| that for the CNTQD to exhibit self oscillations the inequality I'ioy > g, must be
satisfied. This section presents the measurements used to extract the parameters I'y, wo
and g,,.

Fig. shows a measurement of the differential conductance of the device as a
function of gate voltage Vg3 and the source-drain bias Vsp. The presence of a single
in the CNT is revealed by the characteristic Coulomb diamond pattern visible in the
measurement from which a lever arm of v = 0.02670305 is extracted (see Appendix for
a detailed account of this measurement). The lever arm relates variations in gate voltage
to changes in the dot’s electrochemical potential g via Apy = —eaAVas.

Figure shows a measurement of the dc current through the CNT as a function of
Vs with a fixed source-drain bias of Vgp = 0.2 mV. A Coulomb peak is observed as the
electrochemical potential of the dot is swept through the bias window. The measurement
was taken with the cryostat at a temperature of 300 mK and a source-drain bias of
Vsp = 0.2mV, corresponding to eVsp = 8 kgT. The width of the peak is ~ 0.02V.

Using the value of the lever arm extracted above this corresponds to =~ 20 kgT'. Given
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Figure 5.7: Differential conductance computed numerically from a measurement of the
dc current through the CNT as a function of Viz3 and source-drain bias. Solid white lines
indicate the estimated edges of a Coulomb diamond and are used to extract the lever arm
of gate G3. Dashed lines represent the uncertainty in the position of these edges and are
used to quantify the corresponding uncertainty in the lever arm.
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Figure 5.8: Coulomb peak and dot occupation probability. (a) Current as a function of
Vs with Vgp = 0.2 mV. Red dots represent the measured current and the blue curve is
a fit to Eq. (b) Occupation of the dot as a function of gate voltage estimated using
Eq. and the tunnelling rates extracted from (a).

116



267.1

25.0

267.0 200

15.0

o]
o
o
o

10.0

1-{1) (pA)

5.0

Frequency (MHz)

)
o
o
tn

0.0

266.7

-5.0

-10.0

266.6

o
0.51 0.53 0.54 0.56 0.58 0.59 0.61

Figure 5.9: Softening of the mechanical resonance frequency of the CNT. The plot
shows the deviation of the dc current through the CNT from its average value, measured
as a function of drive frequency and V3. A drive signal was applied to gate G3 such
that —81dBm reached the gate. The CNT was biased with a source-drain voltage of
Vsp = 1 mV. The white curve is a fit to Eq. using the the estimated occupation
probability show in Fig. (b) and g,,,/2m = 0.16 + 0.04 GHz as a fitting parameter.

that the width of the peak is greater than both the thermal energy scale kg7 and the
bias window eVgp, neither thermal broadening or the bias window can account entirely
for the observed peak width. We therefore assume that the dominant contribution to
the peak width arises from lifetime broadening. Under this assumption we are justified
in fitting Eq. to the observed data with I's and I'p treated as free parameters.
This fit is shown as the solid curve in Fig. and yields I's = 3.23 + 0.35 GHz and
I'p = 436 = 50 GHz. The uncertainties in these values are estimated by fitting the
Coulomb peak using the two extreme values of «, corresponding to the uncertainty in the
lever arm. Determining the tunnelling rates enables an estimate of the dot’s occupation
as a function of its electrochemical potential, using Eq. [5.8, The resulting occupation
probability p(u) is shown in Fig. [5.8b.

Fig. [5.9) shows the effect of applying a drive signal such that -81 dBm reaches the
CNT via gate G3 with Vsp = 1 mV. The plot displays the deviation in current from its

average value (I — (I)) as a function of Vi3 and drive frequency, measured across the
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Coulomb peak shown in Fig. [5.8a. A modification of the current is observed when the
drive frequency matches the mechanical resonance frequency of the CNT, w,, /27 = 266.9
MHz. The modification is most pronounced at the flanks of the Coulomb peak. This is
consistent with Eq. [3.24] where the mechanical motion is shown to modify the current

921
P
vz

according to a term proportional to In addition, a softening of the mechanical
resonance frequency as V3 is swept across the Coulomb peak is visible. The white curve
represents a fit to Eq. [5.9] using the estimated occupation probability shown in Fig. [5.8p.
This fit yields an estimate of the electromechanical coupling strength, g,,, /27 = 0.16+0.04
GHz.

A cryostat temperature of 300 mK corresponds to kT = 0.026 meV. The estimated
tunnel rates yield a total tunnelling rate of I'i,; = 439 GHz, corresponding to Al'y,, =
0.29 meV such that Al'i,; > kT, confirming our expectation that the device is operating
in the lifetime-broadened regime. Furthermore, since I'yo; > wy, /27, the system also

satisfies the condition for the quasiadiabatic regime. Lastly, we have iy > ¢,,/27

confirming that the conditions for self oscillations are met.

5.5.2 Identification of electromechanical coupling

Fig. [5.10]reproduces the measurement shown in Fig. [5.9] but with Vg3 swept over a wider
range so as to span multiple Coulomb peaks. The lower plot displays the dc current as a
function of Vi3, showing the Coulomb peaks corresponding to charge transitions in the
[QD] In addition to the features observed in Fig. [5.9| (the modification of the current when
the CNT is driven on resonance and the softening of the mechanical resonance frequency
at the Coulomb peaks) a gradual increase in the resonance frequency with decreasing
gate voltage is also apparent. The combination of these features confirms the presence
of electromechanical coupling in the system and constitutes the completion of the first

stage of the measurement protocol described in Section |5.4}
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Figure 5.10: Mechanical softening and CNT tensioning. Upper plot: measurement
of the dc current through the CNT, shown as the deviation from its average value and
plotted as a function of drive frequency and V3. The drive signal was applied to gate G3
with a power of —81 dBm reaching the gate. The CNT was biased with a source-drain
voltage of Vsp = 1 mV. Lower plot: A cut through the upper plot at a frequency of
266.5 MHz showing dc current as a function of Vigs.
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5.5.3 RF detection of driven oscillations and challenges

The second stage of the measurement protocol aims to observe driven oscillations of the
CNT via the RF measurement chain. In order to achieve this, the resonance frequencies of
the CNT and cavity must be closely matched. Given that the resonance frequency of the
CNT cannot be determined until it is loaded into the cryostat, this matching necessarily
involves a degree of estimation. Previous CNT devices fabricated by the group showed
resonance frequencies between 250 and 350 MHz [116,/122]. The device was therefore
bonded to a cavity with a room temperature resonance frequency of 325 MHz.

Changes in temperature, along with coupling to the cryostat’s RF measurement chain,
are expected to shift the resonance frequency of the cavity. With the CNT device installed
in the cryostat, an S7; measurement was performed to characterize the cavity response
indicating that the resonance frequency shifted from 325 MHz at room temperature to
363 MHz at base temperature.

As shown in Fig. the mechanical resonance frequency of the CNT was found to
be approximately 267 MHz, detuned from the cavity resonance by nearly 100 MHz. To
evaluate the RF response of the system without the invasive procedure of removing the
CNT device from the cryostat and physically adjusting the cavity, mixing measurements
were performed. A simplified schematic of the experimental setup is shown in Fig. [5.11}

Mixing measurements exploit the nonlinearity of the CN'T conductance to operate it
as a frequency mixer. A low-power voltage signal of frequency wg is applied to the source
electrode, resulting in an AC current through the CNT at frequency wg. Simultaneously,
the CNT is driven at its mechanical resonance frequency wy,;. The resulting electrome-
chanical current mixes with the source-driven current, producing sideband signals in the
current spectrum at frequencies wy; + wg. The frequency wg is chosen such that either
Wy +wg or wy —wg matches the resonance frequency of the cavity, we, allowing the mixed
signal to be coupled to the rf measurement chain. After amplification, the signal is de-
modulated using a lock-in amplifier referenced to we yielding in-phase, I, and quadrature,

Q, components, which are read out using an analogue-to-digital converter. An example
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Figure 5.11: Mixing measurement setup, as described in section m

of this measurement is shown in Fig. [5.12} The main panel shows the dc current through
the CNT, as a function of V3 and drive frequency, with Vg3 swept across a Coulomb
peak. The drive signal was applied with a power of —91 dBm. An electromechanical
modulation of the current is visible at approximately 267.6 MHz. To search for a mixing
signal, a signal at wg = 95.4 MHz with an amplitude of 50 pV was applied to the source
electrode, such that the sum frequency wy; + wg = 267.6MHz + 95.4MHz = 363MHz
matched the cavity resonance frequency we. The inset shows the demodulated signal
measured using a lock-in amplifier referenced to we = 363 MHz. The absence of any fea-
tures in the demodulated output suggests that the mechanically driven current was not
being detected by the rf measurement chain. The reason for this was ultimately traced
to an issue with the rf measurement setup inside of the cryostat. However, during the
troubleshooting process, the CN'T device was damaged, meaning it was not possible to
proceed with the experiment. The experimental focus of the project therefore needed to

revert to the fabrication of devices, as described in Section [3.3]
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Figure 5.12: Electromechanical mixing measurement. Main panel: dc current
through the CNT measured as a function of drive frequency and gate voltage V3, with
Vs swept across a Coulomb peak. The drive power was set to —91 dBm at the gate.
A secondary signal at wg = 95.4 MHz and amplitude 50 pV was applied to the source
electrode, such that the sum frequency w,, +wg = 363 MHz matched the cavity resonance
we. Inset: demodulated signal measured using a lock-in amplifier referenced to we.

5.6 Tick Extraction and Waiting Time Distribution

We saw in Section [2.3]that the performance of a clock can be characterised by its accuracy

ttick
- ()
Attick
1
V= ,
ttick

N and resolution v defined as

(5.12)

where t;q is the mean interval between successive ticks and At the standard deviation
of this interval. To assess the performance of the CNT clock described in the previous
sections, it is therefore necessary to determine t; from the output of the clock’s readout
mechanism. This section derives a method for optimally performing this analysis, along

with an expression for the probability distribution governing the tick-time intervals - the

clock’s waiting time distribution (WTD)|

5.6.1 Optimal tick extraction

The output of the rf measurement chain when the CNT is undergoing self-oscillations

is an oscillating voltage that reflects the motion of the CNT. Ticks are extracted from
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this signal by associating particular events within a cycle, such as zero crossings, with a
tick and then identifying the times in the complete signal when this event occurs. The
noise inherent in the measured signal means a certain amount of uncertainty is always
associated with the identification of ticks. As a result, the choice of tick event as well as
the scheme used to extract the ticks affect the accuracy of the clock. Here we show that

optimal tick events are zero crossings and that the optimal means of extracting the tick

times is a [maximum likelihood estimation (MLE)|

Optimal tick events

The output of the rf measurement chain is modelled according to

y(t) = s(t) +£(1), (5.13)

where s(t) = Asin(wt 4+ ¢) denotes a clean oscillatory signal, and £(t) represents noise
introduced as the signal passes through the amplifier chain of the cryostat. We assume
that the dominant contribution to the noise is thermal in origin and can be modelled as

broadband Johnson noise. We therefore take £(t) to be distributed according to

£(t) ~ N(0,0%), (5.14)

with a correlation time that is much shorter than the period of the oscillating signal. A

tick of the clock occurs when the measured signal satisfies the condition

y(t) = L, (5.15)

for some reference level L. For instance, if ticks are associated with zero crossings, then
L = 0. Let ty be the time at which the clean signal satisfies this condition, so that
s(tg) = L. The actual time ¢;, at which the noisy signal satisfies condition is then
given by

tr, = to + dt, (5.16)
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where dt is the timing error introduced by the noise. By definition, this means

y(to+ 6t) = L. (5.17)

Expanding s(tg + dt) to first order and substituting into Eq. gives

S(to) + S(to)tst + 5(150 + (5t) = L. (518)

Since s(tg) = L, Eq. yields

5t ~ — ) (5.19)
such that
_16()
|0t] _‘é(to) , (5.20)

where we have assumed that the correlation time of the noise is much shorter than dt.
To minimise the timing error, it is therefore necessary to choose L such that the slope of
s(t) at to is maximised. The derivation above is only valid to first order in 6t causing the
timing error to diverge as $(ty) — 0. While this divergence could be removed by including
higher-order terms in the Taylor expansion of s(t), the first-order result is sufficient to
demonstrate that the timing error is minimised at points of maximal slope. Given the

sinusoidal form of s(t), Eq. associates optimal tick locations with zero-crossings.

Optimal tick extraction scheme

In order to identify the optimal method for extracting ticks from the noisy signal we
realise that the determination of a particular tick event is equivalent to the estimation of
the phase of the sinusoid describing the oscillation at the time of the event [86]. The idea
is illustrated in Fig. [5.13| using simulated noisy data. The noisy signal is discretised into

n windows of time 2t, centred around the n expected tick locations, with the n** window
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Figure 5.13: Representation of the tick extraction scheme using simulated data. Ticks
are extracted from noisy data by fitting a sinusoid around zero crossings. Here, tqc
denotes the time between successive ticks, 2t¢, represents the interval over which the
sinusoid is fitted, and V4 is the amplitude of the oscillation.

described by
V(t| on) = Vosin(wt + ¢,) with n Xty —t, <t <n X tix +t. forneZ, (521)

where the ticks have been assigned to both upward and downward zero crossing events
and tiq is the time between ticks. The amplitude V and angular frequency w of the
oscillation associated with the n'" window vary slowly and can therefore be determined
by considering a sequence of oscillations centred around the n'® tick, leaveing ¢, as the
only parameter to be determined. Once this has been achieved it is a simple matter of
extracting the time of the n'" tick using

n NI —Op
tick — .-
1C. w

(5.22)

We now demonstrate that MLE is the optimal method for extracting the phase of the
oscillation in the n'" window from noisy data. MLE is asymptotically efficient, meaning
that in the limit of an infinite number of samples, the variance of the estimator gbAn

saturates the Cramér-Rao (CR) bound, which is given by

Var[g,] > To

(5.23)
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where Z(¢,) denotes the Fisher information of the parameter ¢, given by

I(¢n) =E

5 2
(M log £(¢n)> ] ; (5.24)

where £(¢,) is the likelihood function associated with the phase of the n'® window. By
saturating the CR bound, MLE achieves the minimum possible variance among all unbi-
ased estimators, implying that no other method can estimate ¢ with a lower mean squared
error. While this saturation strictly occurs in the asymptotic limit, it can be approached
in practice with a finite, yet sufficiently large, number of samples. To demonstrate this,
we compare the variance of quS, obtained from simulated noisy data, with Z(¢)™! as a
function of the sample size. The assumption of Johnson noise with a fast correlation time

made above allows us to write the likelihood function for the parameter ¢,, as

exp (—1 (v; — Vo sin(wt; + ¢n))2> , (5.25)

202

where v; is the i*" of the M samples of the n'" window and ¢ is the standard deviation

of the noise. Discarding constants, the log-likelihood becomes

1 M
log L(¢n) = 2—2 — Vysin(wt; + ¢n))?, (5.26)

from which we compute the derivative

dlog L(¢n, M
O%(b(é Z — Vosin(wt; + ¢y,)) cos(wt; + ¢). (5.27)
The Fisher information is then given by

M
Z(opn) =E (‘7/2 > (v — Vosin(wt; + ¢n)) cos(wt; + ¢)| (5.28)

i=1

To evaluate this expectation value, we model the observed data as
= Vosin(wt; + ¢,) +ni,  with  n; ~ N(0,02). (5.29)
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Substituting into Eq. [5.28] we obtain

V2
Z(¢) = E

@4‘1 X,-ﬂ : (5.30)

where
X; = (v; — Vosin(wt; + ¢,,)) cos(wt; + ¢)
(5.31)
= n; cos(wt; + ¢y).
Expanding the squared term in Eq. yields
‘/02 M M
Z(¢n) = —% YEX+ D EXiX)] ] - (5.32)
i=1 i#j
Since the noise is uncorrelated, the cross terms vanish, giving
V2 M
I(¢p,) = pr ZE [ n; cos(wt; + ép)) ]
i=1
V2 M
= ZE E[cos?(wt; + ¢n)] (5.33)
=1
_M Vo2
- 202
so that
20 1 1
T(6,) " = s = (5.34)

= AVE T ' SNR
where SNR denotes the signal-to-noise ratio of the measured signal. Figure|5.14]compares
Z(¢,) " with Var(¢,) as a function of the number of samples M. The variance Var(¢,)
was computed from simulated noisy data with an SNR of 3 dB, with each estimate based
on 100 trials. The figure illustrates that Var(¢,) converges to Z(¢,) ! as the sample size
increases, with good agreement observed beyond approximately 50 samples after which
fluctuations in Var(¢,) die out. We conclude that 50 samples are sufficient for MLE
to achieve near-optimal performance in phase extraction for signals with SNR > 3 dB.
Should the experimental data exhibit an SNR below this threshold a similar analysis

could be carried out to ensure convergence.
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Figure 5.14: Comparison of the variance of the phase estimated from simulated data
with an SNR of 3 dB using MLE, against the asymptotic variance computed via Z(¢)~'.
The variance at each data point is calculated from 100 trials.

5.6.2 Clock waiting time distribution

The expressions for the accuracy and resolution of a clock, given by Eq. [5.12] are statis-
tical properties of the clock’s tick record, constructed to quantify its performance with
two real numbers. Whilst these quantities provide meaningful insights into a clock’s per-
formance, a full characterisation of the statistical properties of the tick record requires
an understanding of the distribution of tick times underlying these two measures. Here
we derive an expression for this distribution which we refer to as the clock’s WTD]

As described in Section [5.2.2] the self-sustained oscillations observed in suspended
CNT devices arise from the formation of a limit cycle, driven by electromechanical cou-
pling. An ideal limit cycle would exhibit time-independent amplitude and phase, with
oscillations described by

V = Vysin(y), (5.35)

where 1) = wot + ¢, with wy/27 the frequency of the oscillator. In Section we saw
how amplitude fluctuations, originating from interaction between the oscillating signal
emerging from the CNT and the rf measurement chain, cause the measured tick time

to deviate from the true tick time ¢y by an amount d¢t. Additionally, we saw in Section
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that the probabilistic nature of electron tunnelling events cause the oscillations of
the CNT to have a stochastic component with their dynamics described by a stochastic
differential equation (Eq. [5.11). In [28], it is shown that this stochasticity translates to

amplitude and phase fluctuations of the limit cycle given by

AV = =y (V = Vi) dt + /Dy dWy,

(5.36)
Ay = wo dt + /Dy AW,

where, vy is the damping coefficient that governs the relaxation of amplitude fluctuations
back to the limit cycle, dWy and dW,, are independent Wiener increments, and Dy and
D, are the corresponding diffusion coefficients. To derive an expression for the clock’s

WTD, we must therefore consider both amplitude and phase noise.

Amplitude noise

Two sources of amplitude noise are present in the system: additive Gaussian noise, of
the form discussed in Section [5.6.1} and fluctuations originating from the clock dynamics,
described by Eq. . It is shown in Ref. [28] that v > D,, suggesting that amplitude
fluctuations originating from the clock’s dynamics are fast and short-lived in comparison
with the phase fluctuations. We therefore make the assumption that the dominant source
of amplitude noise in the tick record is additive Gaussian noise deriving from the signal’s
interaction with the cryostat’s measurement chain.

In order to derive an expression of the WTD of the clock in the presence of amplitude
noise alone, we note that, in Section [5.6.1}, we reformulated the problem of estimating the
time of the n'® tick as one of estimating the phase of the n'" oscillation. An uncertainty
in the phase of the n'® oscillation translates into an uncertainty in the time of the n'®
tick, given by

ot, = % (5.37)

Wo
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From Eq. [5.34] the variance of d¢,, is

202
Var[0¢] = ——, (5.38)
MV
giving
202
If the n'™® tick occurs at time t,, given by
t, =t 45t (5.40)

where (9 is the true crossing time of the n' tick, then the time between consecutive

ticks T}, is given by
Ty =ty — tn = (t0)) + 6tns) — (09 +6t,) = ) —tO) 4 0ty — 0t,).  (5.41)

With ticks assigned to zero-crossings, true ticks are separated by half an oscillation period

such that we can write Eq. as
T, = To + (8tps1 — 0ty), (5.42)

where Tj is the true time between ticks given by 7 /wy. Fluctuations around Tj are then
given by
AT, = 6ty — oty (5.43)

Given we have assumed the noise () to be i.i.d we can write

Var[T,] = Var|ét,1 — dt,,| = Var[ot, 1] + Var[dt,] = 2 Var[dt,,]. (5.44)
Therefore
Varlly] = ~2 (5.45)
[T, = MV .

Eq[5.45]is derived under the assumption that the amplitude noise present in the measured
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signal is thermal in origin and follows a normal distribution given by
£(t) ~ N(0,0%). (5.46)
In the absence of phase noise, the WTD of the clock is therefore given by

20 2
T, ~ N (TO, TV ) (5.47)
oW

Phase noise

From Eq. we see that the evolution of the clock’s phase is described by a Weiner

process

(1) = wodt + /Dy Wiy(t). (5.48)

With ticks assigned to zero-crossings, in the absence of noise we have
wot® = 7. (5.49)
In the presence of noise from this condition becomes
wty, + \ﬁww = nm, (5.50)
where t,, = t) 4 §t,, such that
O+ 6t,) + /Dy Wy (t? + 6t,) = nr. (5.51)

Given that wt(?) = nt we can write Eq. [5.51] as

wodty + /Dy Wy ('Y + 6t,) = 0, (5.52)
giving
\VDu
Oty = —+— W, (t© + 6t,) (5.53)
Wo
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Since the variance of a Weiner process W (t) is ¢, we can write

D
Var[ot,] = =2 (£ + dt,), (5.54)
wo
If t©) > §t, then we can write
D
Var([dt,] = —2 ). (5.55)
wo

Given that the dynamics of ¥ (t) are described by a Weiner process, the variance of the

time between ticks 7T;, is given by

Var[T,] = Var[dt,1] + Var[dt,] — 2 Cov[dt,11,0t,), (5.56)
where
D
Cov[dt, 1, t,] = —2t©), (5.57)
wo
such that D
Var(T,] = — (tn‘)jl + ¢ — 2t;0>)
wo
= D712p (tgg)rl t(0)>
“0 (5.58)
_ Dy m ‘
n (A}g wWo
o 7TD¢
wi

In the absence of amplitude noise, the distribution of tick times becomes a first-passage
time distribution for the phase of the oscillation. When ticks are assigned to zero cross-
ings, this corresponds to the first-passage time for the phase to reach 7. Given a Weiner

process with drift coefficient wy and diffusion coefficient Dy,

Y(t) = wodt + /Dy W, (5.59)
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The first passage of time 7, for a fixed level « is distributed according to an inverse

Gaussian distribution with mean p and shape parameter A
a
To ~ IG(M,A), f=—, A= —. (5.60)

The pdf is given by

Jra(t) = \/; exp[—W], (5.61)

with variance

Var[r,| = a

T (5.62)

We therefore have that the phase noise of the oscillator causes the tick times to be

distributed according to

G (m, =
T, ~1G [Ty, = .
( " Dw) (563)
with
7'('3 D¢ 7TD¢,

which matches the expression for the variance derived above.

Full waiting time distribution

Egs. and describe the WTDs of the clock arising from amplitude and phase
noise respectively, in the absence of the other. To derive the full WTD we assume that
amplitude and phase fluctuations are independent. This assumption is justified by the
fact that the physical origins of amplitude and phase noise are distinct: amplitude noise
arises primarily from interaction between the clock’s signal with the cryostat’s amplifier
chain, while phase noise is a consequence of the stochastic dynamics of the oscillator’s

phase. We therefore introduce zero-mean fluctuations

ATA ~ N(o, ai), ATV =TV —T,, TV ~ IG(TO, M,), (5.65)
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with

202 w2

Ay = —.
Dy

0'2 =
AT MVEW?

(5.66)

The random variable representing the waiting time of the clock’s ticks is then given
as

T, =Ty + AT + ATY, (5.67)

which has mean Ty and variance given by

202 D
A Y
Var[T,] = Var[AT?] + Var[ATY] = MV + 5 (5.68)
1 1 7TD¢
~ Ma? SNR @ (569)
The pdf of the clock’s is then given by the convolution
pr(t) = /_ pa(T) py(t —To — 7)) dr, (5.70)
with
2
_ 1 T2 _ Ay A (u>
pa(T) = m exp{—ggﬂ, py(u) = 2m(u+ To)? exp[_w} (5.71)

As discussed in the CNT clock is distinctive in that its readout mechanism, the
oscillating current generated by the self-oscillating is intimately connected to the
clockwork itself. The amplitude of the oscillating current emerging from the CNT is far
too small to be measured directly and therefore requires amplification. The amplitude
noise added to the clock’s signal and its subsequent affect on the performance of the
clock is dependent on the specific measurement setup used to carry out this amplification.
Ultimately, the ability of the measurement setup to extract information from a signal is
constrained by fundamental limits imposed by quantum mechanics. For a continuous

phase preserving measurement of a SHO the displacement sensitivity is bounded by the
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istandard quantum limit (SQL)| [121]

h
VBu(SaL) = [ 12, (5.72)

where () is the quality factor of the oscillator, m its mass, and f its resonance frequency.
In Ref. [121] a displacement sensitivity of roughly 30 times the SQL is achieved with a
measurement setup similar to the one described in [5.3.1], but without the SQUID ampli-
fier. Although the addition of a SQUID amplifier will bring the displacement sensitivity
closer to the SQL, the ultimate displacement sensitivity will still depend on the specifics
of the measurement setup. We therefore choose to focus on how the performance of the
clock is limited by the phase noise intrinsic to the clock’s dynamics. From a given tick
record and a measurement of the clock’s SNR we can use Eq. to compute Var[ATY].

The dependence of the accuracy of the clock on the phase noise alone is then given by

1o

N Var|ATY] (-18)

Ny

5.7 Clock Thermodynamics

Section described the experimental procedures required to observe self-oscillations in
a suspended CNT device and the resulting oscillating current. Section [5.6] outlined how
ticks can be optimally extracted from this signal, as well as a method for isolating the
fluctuations originating from the clock’s dynamics. This section brings these elements
together by describing the measurements that can be performed on the CNT clock to
investigate its thermodynamic properties, along with the expected outcomes of these

measurements.

5.7.1 Entropy production

The primary goal of the experiment is to investigate how the performance of the CNT
clock is related to the dissipation associated with its operation. The clock is driven by a

bias applied between the source and drain electrodes, with the resulting current playing
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a key role in the electromechanical mechanism that causes the clock to tick (see Section
5.2.2)). The entropy production associated with the clock’s operation is proportional to
the power dissipated in the circuit containing the [QD| For a source drain bias of Vgp, the

average entropy production rate is given by [2§]

Z = <I>;f =, (5.74)

where T is the temperature of the electrons in the electrodes (assumed to be the same
for source and drain) and (I) is the average current through the CNT. As we saw in
Section the suspended CNT device cannot operate as a clock in isolation; to provide
a useful reference for measuring time it must be coupled to readout mechanism. For the
setup described here the readout mechanism consists of the cavity to which the CNT
is coupled as well as the amplifier of the cryostat. Clearly, the readout mechanism will
introduce further sources of dissipation. This dissipation depends on the specifics of
the measurement setup and, for small systems, tends to dominate over the dissipation
associated with clock’s clockwork [117]. We therefore ignore these sources of dissipation

and focus exclusively on the dissipation described by Eq. |5.74l

5.7.2 Measurements

We aim to investigate how the performance of the clock is related to the dissipation
associated with its operation. From Eq. [.74] we see that the rate of entropy production
is proportional to Vsp and (I). The appropriate approach is therefore to measure tick
records as a function of Vgp via the rf measurement chain, while simultaneously recording
the average current through the CN'T using the dc measurement setup described in Section
(.31l An indication of the outcomes of these measurements can be obtained from the
model developed in Ref. [28] and outlined in Section [5.2.2] Figure [5.175] taken from
Ref. [28], shows the generated from data simulated using this model for three
different values of Vgp. Dots represent simulated data and solid curves show best fits to

inverse Gaussian distributions described by Eq. with A and p as fitting parameters.
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This image has been removed the publicly available version of this thesis due to
copyright restrictions

Figure 5.15: WTD for the clock described by the model of Ref. [2§]. The figure is taken
from [28]. Dots represent the distribution with data obtained via numerical simulation.
Solid curves are lines of best fit to inverse Gaussian distributions described by Eq.
with fitting parameters A and pu.

This image has been removed the publicly available version of this thesis due to
copyright restrictions

Figure 5.16: Thermodynamic trade-offs present in the clock described by the model
of Ref. |28]. Accuracy (red line) and resolution (blue line) of the clock described by the
model of Ref. [28] as a function of entropy production per tick. Figure adapted from
Ref. 28]

Notably, increasing Vsp causes the variance of the distribution to decrease, indicating
an increase in the accuracy of the clock. To understand this relationship between Vgp
and the clock’s accuracy, we note that the self oscillations of the CNTQD system are
driven by the bias across the [CNT] As a result, increasing Vsp causes the amplitude of
the oscillations to increase [122]. Increasing the amplitude of the oscillations increases
the SNR of the measured signal, which, via Eq. decreases in the variance in the
estimated phase of the oscillation increasing the accuracy of the clock. Figure |5.16] also
taken from Ref [28], shows accuracy and resolution of the clock as a function of entropy
production per tick. An approximately linear relationship between accuracy and entropy
production is initially visible as Vgsp increases; however, as Vsp continues to rise, the
growth in accuracy slows and eventually saturates suggesting that a value of Vsp exists
beyond which the amplitude of the oscillations no long increases. The clock’s resolution
decreases with increasing entropy and eventually saturates. The change in resolution
is minimal however, which is to be expected given the clock’s period is fixed by the
oscillator’s frequency.

Assuming the model presented in Section effectively captures the dynamics of
the self-oscillating CN'T system, figures and demonstrate that the accuracy of
the CNT clock can only be improved at the cost of increased dissipation. Experimental
verification of this trade-off would align with previous studies [86}/117], contributing to a

growing body of work that establishes a fundamental connection between thermodynam-
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ics and timekeeping [38,76,(79}98,126].

5.8 Conclusion

In this chapter, we have introduced a nanomechanical clock based on a suspended CN-
TQD system and established an experimental platform capable of reading out the ticks of
the clock whilst simultaneously measuring the dissipation associated with its operation.

Unfortunately, the failure of the CNT device used in the experiment meant that the
clock could not be fully realised. This chapter has therefore presented a summary of
the progress made to date toward its implementation. Experimentally, this included
the development of the experimental platform, along with measurements of key device
parameters such as tunnelling rates and electromechanical coupling strength. These mea-
surements confirmed that the device operated in the quasiadiabatic regime demonstrating
that, in principle, the self-oscillations, which form the basis of the clock’s operation, could
be observed. A complete measurement protocol was presented for observing real-time self
oscillations of the CN'T and measuring the thermodynamic trade-offs associated with the
operation of the CNTQD system as a nanomechanical clock, thereby establishing a clear
methodology for future experiments.

In support of this experimental work, a set of theoretical results were also derived. It
was shown that the optimal method for extracting ticks from the measured tick record
involves assigning ticks to zero-crossing events and then using an MLE to extract the
phase of the oscillation associated with each zero crossing. Additionally, an expression
was derived for the clock’s WTD. It was shown that the variance of the WTD could be
decomposed into contributions from phase and amplitude fluctuations, originating from
the clock’s dynamics and amplifier noise respectively.

Finally, a framework for quantifying the dissipation associated with the clock’s oper-
ation was outlined, with the entropy production proportional to the power dissipated in
circuit containing the Importantly, the decomposition of the variance of the clock’s

WTD into contributions from the intrinsic clock dynamics and external amplifier noise
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allows the clock’s performance to be assessed solely in terms of the physical processes
responsible for this dissipative behaviour.

Taken together the work presented in this chapter lays the groundwork for the first
experimental study of a truly autonomous quantum electromechanical clock and estab-
lishes a clear methodology for quantifying the connection between its performance and

the thermodynamic resources it consumes.
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Conclusion

In Chapter [4 we saw how the work cost required to erase a bit of information instantiated
in the occupancy of a is affected by the application of bias across the [QD] In the
context of LE this amounted to performing erasure in the presence of two reservoirs with
different electrochemical potentials, a deviation from the conventional approach where a
single reservoir is considered. By varying the relative electrochemical potentials of the
two reservoirs, we were able to measure how the work cost of erasure is modified as
erasure is performed in the context of a non-equilibrium system. We saw that, not only
is the work cost modified, but that the introduction of a second reservoir to the erasure
process introduces an asymmetry in the work cost to erase to zero and work cost to erase
to one. In addition, we saw how the two-fold degeneracy of the energy level of the
introduced a further asymmetry between the work to erase to zero and one, which became
manifest when the rate at which erasure was carried out deviated from the quasistatic
limit. Taken together, these results show how the physical properties of the system
influence the work required to erase information as the idealised constraints underlying
the (a single reservoir and quasistatic erasure) are relaxed.

The [QD] system discussed in this thesis may not represent a practical platform for the
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large scale information processing required for today’s digital technologies. In his 1961
paper Landauer sought to place fundamental thermodynamic limits on all of computa-
tion [71]. Here, by accounting for the effect of an additional reservoir on the work cost of
erasure, we have shown how limits can be placed on the work cost of erasure in a system
whose architecture more closely resembles existing digital technologies than those stud-
ied by Landauer and in previous experimental works. In doing so we have shown that
additional considerations may need to be made as information processing technologies
approach their fundamental limits. For example, we saw that the two fold degeneracy of
our system played an important role in the erasure process and that asymmetries devel-
oped between the work cost to erase to zero and one as erasure in our system departed
from equilibrium. But perhaps more importantly we have shown that fundamental lim-
its can, in principle, be established for systems with relevance to present technologies.
Establishing such limits provides a target for future technologies to aim toward and may
ultimately guide the development of more efficient devices.

In Chapter [0, we presented a complete framework for the experimental realisation
of a nanomechanical clock. The proposed clock would be novel for several reasons: it
would represent the first nanomechanical clock whose theoretical description requires a
quantum mechanical element; the clockwork and readout mechanism, normally distinct
physical systems, are combined into a single mechanism; and it would be the first truly
autonomous clock to be studied in the context of the thermodynamics of timekeeping.
Although technical limitations prevented the completion of the experiment, a full investi-
gation into the thermodynamics associated with the clock’s operation represents, for the
reasons outlined above, a valuable addition to the literature on the thermodynamics of
timekeeping.

The goal of this thesis was to leverage the properties of semiconducting nanoscale
devices to investigate the thermodynamics of information erasure and timekeeping. With
respect to information erasure, this goal was achieved, resulting in the findings sum-
marised above. With respect to timekeeping, only a partial completion of the goal could

be realised. Despite this, the work presented here advances our understanding of the ther-
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modynamic limits of these processes and identifies opportunities for further investigation

in the future.
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Matching Derivation

Here we demonstrate the equivalence between the circuit described by Eq. and a

series LCR circuit. Writing Eq. in terms of its real an imaginary parts we have

iond = miég}% il — %. (A1)
Using the condition wRgC > 1 Eq. reduces to
Zload = 2;2 + jwL + - . (A.2)
wiCeRg JwCy
At the angular resonance frequency wy = ﬁ we have
Tt = RSLCS, (A.3)

such that on resonance we can treat Eq. a series LCR circuit with and effective

resistance
L

Rug — .
T ROy

(A.4)
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Recipes For Carbon Nanotube

Fabrication

Here we provide details of the recipes used in the fabrication of CNTs, as outlined in

Section 3.3

B.1 Lithography

B.1.1 Photolithography

Bonding pads and global markers were fabricated using photolithography according to

the following recipe

1. Clean the silicon chip with Piranha (3:1 mixture of HoSO4 and Hy05)

2. Spin coat a layer of MICOPOSIT S1813 photoresist at 150 rpm for 15 seconds then

4000 rpm for 30 seconds

3. Soft bake at 110°C for 45 seconds
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4. Expose to UV light at 14 mW/ cm? for 15 seconds

5. Develop the photoresist in MF319 developer for 2 minutes
6. Descunfl] using oxygen plasma at 200 W for 2 minutes

7. Deposit metals using ebeam evaporator Ti/Au (10/20 nm)

8. Perform lift off by soaking in acetone warmed to 50°C for 2 minutes then sonicating

on low power for 30 seconds

B.1.2 Electron beam lithography

Gates were fabricated according to the following recipe
1. Spin-coat a layer of PMMA 950 A2 photoresist at 1000 rpm for 1 minute
2. Soft-bake the sample at 180°C for 2 minutes

3. Pattern the resist using the system in EOS mode 4, aperture 1 (beam current:

100 pA)
4. Expose the resist with a dose of 300 uC/cm?

5. Develop the exposed resist in HyO:IPA (3:7) for 30 seconds, followed by a rinse in
IPA

6. Deposit metals using ebeam evaporator Ti/Au (5/35 nm)

7. Perform lift off by soaking in acetone warmed to 50°C for 2 minutes then sonicating

on low power for 30 seconds
Source and drain electrodes were fabricated accoring to the following recipe

1. Spin-coat a layer of PMMA 495 A4 photoresist at 3000 rpm for 1 minute

2. Soft-bake the sample at 180°C for 2 minutes

!'Descumming refers to the process of removing residual resist and organic materials that could inhibit
metal adhesion.
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3. Spin-coat a layer of PMMA 950 A4 photoresist at 5000 rpm for 1 minute
4. Soft-bake the sample at 180°C for 2 minutes

5. Pattern the resist using the system in EOS mode 4, aperture 1 (beam current:

100 pA)
6. Expose the resist with a dose of 340 uC/cm?

7. Develop the exposed resist in HyO:IPA (3:7) for 45 seconds, followed by a rinse in
IPA

8. Deposit metals using ebeam evaporator Ti/Au (5/95 nm)

9. Perform lift off by soaking in acetone warmed to 50°C for 2 minutes then sonicating

on low power for 30 seconds

B.2 Bi-layer Lift-off

We found the following recipe significantly reduced the damage to chips during the lift-off
process. The process is described here for patterning the pads and global markers, but

can easily adapted to pattern the source/ drain and gates.

1. Clean the silicon chip with Piranha (3:1 mixture of H,SO4 and Hy05)

2. Spin-coat a layer of LOR photoresist at 150 rpm for 15 seconds then 4000 rmp for

30 seconds
3. Soft-bake at 150°C for 5 minutes

4. Spin-coat a layer of MICROPOSIT S1813 photoresist at 150 rpm for 15 seconds

then 4000 rpm for 30 seconds
5. Soft-bake at 110°C for 45 seconds

6. Expose with a dose of 210 mJ/cm?
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7. Develop the resist in MF319 for 2 minutes
8. Plasma clean
9. Deposit metals using ebeam evaporator Ti/Au (10/20 nm)

10. Perform lift off by soaking in warm acetone 50°C for 2 minutes then sonicating on

low power for 30 seconds

B.3 Quartz Pillars

Quartz pillars were fabricated using reactive ion etching according to the following recipe,
with the etching parameters chosen according to standard recipes developed in the clean

room facility in which the ICP-RIE machine was based.

1. Clean the wafer by sonicating in acetone then IPA for five minutes then dry with

Ny

2. Spin coat a layer of Ti Prime at 3000 rpm for 30 seconds then bake for 120 seconds

at 110°C - creating an adhesion layer for the photoresist

3. Spin coat a layer of AZ15NXT (450 CPS) photoresist for 30 seconds then bake for
180 seconds at 110°C

4. Expose the wafer through the photomask in mask aligner for 60 seconds with an

iLine filter using
5. Bake for 60 seconds at 120°C

6. Develop the photoresist in AZ726 developer for four minutes, rinse with DI water

and dry with Ny
7. Hardbake at 150°C for 15 minutes
8. ICP etch the wafer using the following parameters:

o Etch time: 25 minutes,
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9.

e RF Power: 250 W,

o ICP power: 600 W,

e Pressure: 10 mTorr,

o He backing pressure: 10 mTorr,
o Table temperature 7°C,

o Gas flow: 25 SCCM Ar/CHF;

Use REM700 resist remover to remove the resist, rinse with acetone then IPA and

dI'y with NQ

B.4 Catalyst Deposition

Catalyst was deposited on the quartz pillars according to the following recipe

1.

10.

11.

Sonicate the catalyst at maximum power for at least 30 minutes

Clean the quartz chip with Piranha (3:1 mixture of H,SO4 and Hy0O,)

Spin coat a layer of PMMA 495 A5 photoresist at 6000 rpm for 30 seconds

Bake at 150°C for 3 minutes

Cool the catalyst to room temperature

Deposit ~ 20 uL of catalyst on top of the quartz chip then dry in air for 10 minutes
Dry out remaining catalyst using No

Bake at 150°C for 10 minutes

. Gently cool the quartz chip to room temperature using Ny

Immerse the quartz chip in a beaker of Acetone warmed to 50°C, sonicate for 1

minute at minium power then transfer to fresh acetone

Remove the quartz chip from the acetone and dry with Ny
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B.5 Carbon Nanotube Growth
CNTs were grown between pillars using according to the following recipe

1. Load: Place the quartz chip into the furnace, ensuring correct alignment.
2. Line Flush: Flush the lines to remove residual gases using the following flow rates:

e Ar: 2000 sccm
e H,: 1000 sccm

« CH,: 1000 scem

3. Warm-Up: Gradually increase the furnace temperature from room temperature

(~ 25°C) to 950°C over 45 minutes. Use:
e Ar: 200 sccm
4. Reduction: Maintain the temperature at 950°C and flow:

e Ar: 145 scem
e Hy: 25 sccm

o Duration: 10 minutes
5. Growth: Introduce methane to initiate CNT growth:

e Hy: 800 scem
e CHy: 220 scem

o Duration: 1 hour
6. Cool Down: Cool the system from 950°C to room temperature while maintaining:

e Ar: 200 scem
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Lever Arm Derivation

In Section the lever arm « of a [QD] was related to the slopes of the Coulomb
diamonds via the expression
Mo

a=—- (C.1)

my — mg’
where m; and my are the slopes of the Coulomb diamonds as shown in Figures m and
of the main text. Here we give a derivation of Eq. [C.I} In Section [3.1.2) we saw that

the electrochemical potential u of a is given by
IM(N) = EC (2N + 1) - G%Xt + EN, (CQ)

where

Vext = (CSVS +CpVp + Cgvg)/o (C?))

From Eq. we see that, for fixed /V a change in the gate voltage V; results in a change
in 4(N) given by
Ap = —eaAVg. (C4)
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Ca

where o = =

from which we see that

Ca
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Powering an Autonomous Clock

with Quantum Electrodynamics

Here we present an overview of a model for an autonomous clock, developed in Ref.
[28], consisting of a nanomechanical system driven onto a limit cycle by single electron
tunnelling which maps well onto the suspended CNTQD system considered in this work.

As described in Section [2.3] clocks are bipartite systems consisting of a clockwork

mechanism and a register. In the model considered here, the clockwork consists of a [(QD]

coupled to a simple harmonic oscillator (SHO)| with resonant frequency wy /27, as well as

to source and drain electrodes characterised by chemical potentials yi;, r and temperatures
Ty, r. Tunnelling in and out of the dot is characterised by tunnelling rates I'y, . The
motion of the SHO drives position-dependent current I(z), which generates a sequence

of ticks recorded by the register. A schematic of the clock is shown in Fig. [D.I} The
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This image has been removed the publicly available version of this thesis due to
copyright restrictions

Figure D.1: Schematic of the autonomous clock described by the model of Ref.
[28]. The clockwork consists of a coupled to electrodes whose relative electrochemical
potentials p7, and pg can be control by the application of voltage. The is coupled to
a SHO, which, under appropriate conditions can exhibit self sustained oscillations. The
measurement of the resulting oscillating current forms the basis of the clocks register.
Figure adapted from Ref. |2§]

Hamiltonian for the clockwork is given by a sum of the following terms

F[S = EZA?TZA),

Hp = Z (QkLéLLékL + QkRéLRék:R) )
k

A A ) ) ) (D.1)
Hr=Y" ()\kL [bTékL + éLLb} + \kr {bTékR + éLRbD ),
k
Ao PP mwg?
HV — o -+ 9 Fnz.

The is modelled as a single fermionic level with energy ¢, represented by the Hamil-
tonian H s, Where b and b are the annihilation and creation operators, respectively. The
leads, described by Hp, are modelled as continua of non-interacting fermionic modes with
energies (i, where a = L, R denotes the left and right leads. Each mode is associated
with an annihilation operator ¢,. Tunnelling between the leads and the is captured
by the Hamiltonian Hy, where A\, is the coupling strength for mode £ in lead . The
SHO is described by the Hamiltonian Hy, with momentum p, position 2, effective mass
m, and resonant frequency wy. The term FnZ in Hy accounts for electromechanical cou-
pling between the oscillator and the [QD] where F is the force per unit charge and 7 the
excess charge n on the dot, defined as n = bih — Ny. Here, Ny = <ZA7WA)> F—o represents the
average occupation in the absence of the coupling force. This coupling can be physically
realized by a nearby gate electrode that applies a static potential, producing a position-
dependent force on the oscillator proportional to the charge occupation of the dot. The
electronic leads are assumed to be in thermal equilibrium, each characterized by the same

inverse temperature § but different chemical potentials, p; # ug, resulting in a bias V
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across the device given by
1

e

4 (ke — pr), (D.2)

where e is the charge of an electron. The mechanical motion of the oscillator is assumed
to be slow in comparison with the rate at which electrons tunnel through the [QD| This

quasiadiabatic regime is reached when
kBT/h‘a Ftot > wo, Gm, (D?))

For the electromechanical model described in Section [5.2.1] it was sufficient that the
condition 'ty > wy be satisfied for the system to operate in the quasiadiabatic regime.
The condition for reaching the quasiadiabatic regime described by Eq. is more
restrictive. From the results of Section we have kgT'/h = 40 GHz, 'y, = 439 GHz,
wo = 1.7 GHz, and ¢, = 1 GHz, indicating that this more restrictive condition can be
satisfied in a physical device.

In the quasiadiabatic regime, the electronic subsystem relaxes to its local steady state
on a timescale much shorter than that of the mechanical motion. As a result, the oscil-
lator experiences an average electrostatic force F'(71), that depends on its instantaneous
position z. Rapid electron tunnelling events give rise to stochastic charge fluctuations,
which both damp the oscillator and contribute a stochastic term to the force felt by the
oscillator. Combining these effects, the dynamics of the oscillator are governed by the

Langevin equation

mi 4+ mA(2) 2 + mwiz = F(a), +/D(2) €(¢), (D.4)

where v(z) and D(z) are position-dependent damping and diffusion coefficients, respec-
tively, and £(¢) is a zero-mean Gaussian white-noise process. For a detailed derivation of
this equation see [29]. Self sustained oscillations arise in the above model when the leads
are out of equilibrium with each other and the tunnelling rates I'y, g are energy depen-

dent. The first of these conditions is achieved experimentally through the application of
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a voltage bias V. The second is a well established property of CNT devices of the sort
discussed in this work [75]/116}/122].

When these conditions are satisfied, the model predicts that the damping coefficient
v(2) becomes negative for small displacements. As the amplitude of oscillation grows,
v(2) increases, eventually becoming positive. This balance between negative and positive
damping over the course of a full cycle enables results in the formation of a limit cycle,
which manifests as self sustained oscillations.

The resulting oscillating current can be computed using Landauer-Biittiker theory via

(.= [ABw(B) [fu(E) ~ falB)]. (D.5)

where (I), is the time average current at the position z, 7,(E) an energy dependent

transmission function and f1 z(E) the fermi functions of the left and right leads.
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