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Abstract

Observations of behaviour usually associated with micron-scale living systems and
self-propelled particles in enzymatic systems have been attributed to their catalytic
activity. In light of the conformational changes that accompany the catalytic cycle,
the exciting possibility that an enzyme molecule can generate enough mechanical
work to overcome the noisy conditions inside a cell is being investigated, due to
its implications on biological self-organisation and intracellular transport. To this
end, we develop a theoretical framework for studying the effect of catalytic activity
on the dynamics of catalysing enzymes.

Using a simple generic model of an asymmetric dumbbell made of two subunits
that are coupled through hydrodynamic interactions, we study the effect of con-
formational fluctuations of modular macromolecules, such as enzymes, on their
dynamical properties. We show that thermal fluctuations can lead to an interplay
between the internal and external degrees of freedom, with the consequence of a
negative fluctuation-induced correction to the overall diffusion coefficient of the
asymmetric dumbbell compared to a rigid symmetric object. This result is directly
applicable to studying the effect of the catalytic cycle on the diffusion of the
model enzyme, by considering the internal fluctuations in the presence of substrate
molecules which can bind and unbind to the enzyme.

We investigate the effect of the modular structure and internal fluctuations on
the dynamics of the model enzyme in a concentration gradient of its substrate. The
model enzyme is shown to have three types of response to the chemical gradient,
including a drift velocity that is modified by hydrodynamic interactions between its
constituents, and alignment. In addition to the chemically induced alignment, we
predict a second alignment mechanism in response to density gradients.

Finally, we study the effect of hydrodynamic coupling of a pair of our model
enzymes on their internal dynamics and show that the sign and strength of the
coupling depend on their separation and proximity to a symmetry-breaking region
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CHAPTER 1

Introduction

The peculiarities of non-equilibrium systems are as beautiful as they are perplexing.

In active matter, where time-reversal symmetry is broken by local energy input, such

as at the level of individual particles where each active particle converts the available

free-energy into motion, rather than at the boundaries of the system [1], there

are emergent phenomena that are impossible in equilibrium systems. Intrinsically

non-equilibrium behaviour in active systems include pattern formation, order-

disorder transitions, atypical mechanical and rheological properties, the formation

of structures with collective behaviour that is different from that of the individual

constituents and dynamical instabilities [1]. These are the result of complex

interactions between individual constituents and with the surrounding medium. An

interesting observation is that many of the macroscopic phenomena are universal–

even across length scales.

Living systems provide the foremost example of active matter. Arguably,

the primary goal of research in active matter is to understand the mechanics

and statistical properties of living matter: from the subcellular biofilaments and

molecular motors that make up the cytoskeleton of eukaryotic cells to swarms

of bacteria and animal flocks. A theoretical description of the general principles

governing the behaviour of living systems is so far unavailable due to their complexity.

A good understanding of these systems feeds into the second goal of successfully

1
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imitating natural machinery to create synthetic engines (particularly at the smallest

scales) that can replicate the behaviour of nature’s machines and are controllable

as need be. The approach that is being taken is to study the most promising

natural systems along these lines.

1.1 Enzymes

Due to their ability to perform specialised and sophisticated tasks with high efficiency

in crowded, noisy, and viscous environments such as the interior of cells, enzymes

have recently attracted a lot of attention as possible biocompatible nanoengines.

Enzymatic systems are ubiquitous in nature and their catalytic cycles are an

apparent example of non-equilibrium phenomena that is commonly studied in

statistical physics and non-linear dynamics.

Over the last decade, there have been many innovative demonstrations of

enzyme-powered micro- and nanomachines, that convert chemical free-energy into

motion and are capable of cargo transport and nanoscale assembly. These synthetic

systems typically rely on the combined activity of many enzymes to provide the

necessary power to achieve their intended purpose. Some notable examples are

illustrated in Fig. 1.1, including enzyme-powered DNA motors such as DNA-based

rolling motors that hybridise to RNA tracks, whose motion is based on selective

hydrolysis by the enzyme RNase H [2]; enzymes entrapped in nanoscale polymer

bowl-like structures [3]; Janus hollow microcapsules [4]; microengines powered by

catalase covalently bonded to the inside surface of a rolled-up microtube, which self-

propel due to the release of bubbles from one end of the tube [5]; enzyme-powered

micropumps, where the activity of enzymes immobilised to a surface changes the

flow rate of the nearby fluid [6]; and enzyme coated microparticles, which can

perform directed motion in substrate concentration gradients [7].

The mechanism (or indeed mechanisms) that is responsible for the enzyme

motion that drives these motors is still a topic of much debate. Perhaps the

most intriguing and bewildering suggestion for a motor that is depicted in Fig 1.1

is a single enzyme molecule. If truly realisable, it opens the possibility that a
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single nanoscale molecule can replicate the behaviour of active systems that are

typically orders of magnitude larger.

In order to fully understand the dynamics of the synthetic enzyme-powered

systems that have been mentioned and realise the potential applications of enzymes

as nanoengines, we must understand the mechanism for the dynamics of the

apparent motor-like dynamics of single enzyme molecules. Before describing the

Figure 1.1. Schematic illustrations of micro- and nanomachines powered by enzymes:
(a) a single catalytically active enzyme molecule, (b) an enzyme-powered DNA based
motor, (c) an enzyme-driven supramolecular nanomotor [3], (d) a Janus hollow
microcapsule [4], (e) a microengine powered by catalase covalently bonded to the inside
surafce of a rolled-up microtube [5], (f) an enzyme-powered micropump [6] and (g) an
enzyme coated microparticle [7]. Adapted with permission from ref. [8]. Copyright 2020
American Chemical Society.

remarkable observations that have led to the inclusion of a single enzyme molecule

in Fig 1.1, we mention some properties of enzymes that will be important for

our forthcoming discussions.

1.1.1 Function

Enzymes are biomolecules, typically proteins, that catalyse biochemical reactions–

including almost all of the chemical reactions that occur inside living cells. The

complex environment inside a cell is maintained by many enzymes working in concert.
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The chemical activity of the enzymes maintains the non-equilibrium stationary state

of the cell. For instance, through signal transduction, cargo transportation as part

of the cell’s cytoskeleton and ion pumping in the cell membrane. The molecular

motors required for intracellular motility, namely myosins and kinesins and dyenins,

generate energy to move from the hydrolysis of ATP by enzymes such as ATPase [9,

10]. Enzymes are also responsible for assembling other structures inside a cell: DNA

is synthesised by the enzyme DNA Polymerase [11]. Incredibly, they are even capable

of detecting and correcting errors during biosynthesis [11]. Additionally, enzymes

also have the crucial role of breaking down large molecules in the digestive system.

Possibly their most important and interesting role is in metabolism, where

they are essential for ensuring that the series of chemical reactions that make

up metabolic pathways are sustainable in the cell environment [12]. A metabolic

pathway typically consists of many different enzymes working collectively and

interacting through the exchange of substrate (the reactants in enzymatic reactions)

and product molecules in a way that the product of one enzyme is a substrate for

another enzyme in the pathway. The combinations of enzymes and enzyme activity

in metabolic pathways can lead to very complex collective behaviour.

1.1.2 Structure

Enzymes are generally globe-like structures consisting of many individual com-

ponents. In their equilibrium state, their sizes are in the range of several nm–

generally much larger than their substrates. The functional part of an enzyme

is known as the active site and includes the catalytic site, where catalysis of

substrate into product takes place and one or more binding sites which orient

substrate molecules for catalysis. The rest of the enzyme works to maintain the

functionality of the binding site [13]. An enzyme may also contain allosteric sites

that bind small molecules (and are not the same as the binding site), inducing

conformational changes or changes in the enzyme’s dynamics that regulate catalytic

activity through a dynamical feedback loop [14].
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1.1.3 Mechanism

Substrate must bind to the enzyme’s binding site before catalysis can take place.

Once in place, enzymes increase the rate of reactions involving their substrates

by lowering the free-energy barrier required for the reactions to occur. This can

be understood in terms of a Kramers escape process in the reaction space: The

substrate correspond to higher energy states and chemical reactions are transitions

to the lower energy product states, which must overcome an energy barrier that

is much larger than kBT (see Fig. 1.2) [15] . Enzymes can lower the energy

barrier to speed up reactions in a number of ways: by destabilising substrate

states or stabilising the product states to make transitions more thermodynamically

favourable or by providing alternative pathways for reactions with lower energy

barriers than in the uncatalysed reaction [16–19].

E+S

ES

E+P

EP

ES

S

Figure 1.2. The free-energy profile of the alternative routes for a biochemical reaction:
the uncatalysed reaction (solid blue line) has a higher free-energy barrier between the
initial reactant state and the final product state than the catalysed reaction (dashed red
line). Also note that the reactant state has a higher energy than the products. Figure
adapted from ref. [20].

An interesting feature of the thermodynamics of enzyme catalysis is that

reactions that are thermodynamically unfavourable can be driven through coupling

to thermodynamically favourable reactions, if overall the product state has lower

energy than the substrates [21].
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1.1.4 Kinetics

Enzyme kinetics describes the process of substrate binding and conversion into

products. Although a typical enzyme cycle may involve several steps and reaction

intermediates, it can be reduced to a minimal description of just three steps, known

as Michaelis-Menten kinetics. We will assume Michaelis-Menten kinetics throughout

the thesis. In the simplified description, a free enzyme (E) binds reversibly to its

substrate (S), forming an enzyme-substrate complex (ES) that is subsequently

converted into an enzyme-product complex (EP) in the catalytic step (which

typically has an associated heat transfer ∆Q). In the final step the product (P) is

released from the enzyme-product complex. Each step occurs at a specific rate seen in

E + S kon−−⇀↽−−
koff

ES kcat−−→ EP −⇀↽− E + P, (1.1)

where kon and koff are the rates of substrate binding and unbinding respectively,

and kcat, the catalytic rate constant, is the number of substrate molecules that

are turned-over in one active site each second. The catalytic rate constant is

determined by the Michaelis-Menten equation:

dP
dt = kcatE0

S
KM + S , (1.2)

where E0 is the initial enzyme concentration and KM is the Michaelis constant,

the substrate concentration when the reaction rate is at half-maximum. In (1.1),

dissociation of the product is also assumed to be reversible, with rates that are

generally different to those associated to substrate binding. It should also be

mentioned that enzymes are not consumed by catalysis so that their total number

is conserved, although some may be bound in a complex. Finally, the steps in the

catalytic cycle are typically accompanied by conformational changes in the enzyme.

This is a feature that we exploit and will therefore be discussed in detail.

1.1.5 Single enzyme dynamics

To be able to harness their functionality for applications outside of their usual

environment, it is important to go beyond questions related to the structure and
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kinetics of enzymes, which have been well studied, to probe their mechanical

response to the biochemical environment and its effect on their functionality. The

goal at the forefront of this line of research is to be able to control and manipulate

the dynamics of enzymatic systems externally. The question that is being asked

is whether enzyme molecules undergoing catalytic turnover can exhibit similar

behaviour to synthetic self-propelled particles. In addition to the importance of

understanding mechanical and dynamical response for applications outside the

cell, there could also be important implications for cellular processes such as self-

organisation in metabolic pathways [22–25]. Furthermore, other major components

of the cell such as the cytoskeleton, have been well studied.

Positive results along this line include experimental reports that the diffusion

coefficient of catalytically active enzymes is enhanced in the presence of their

substrate. The increase in diffusion coefficient has a Michaelis-Menten dependence

on substrate concentration: increasing linearly for low substrate concentration

and reaching a maximum– typically of the same order of magnitude as the dif-

fusion coefficient in the absence of substrate– at which it plateaus at substrate

saturation [26–31]. More recent experiments have reported directed motion, or

“chemotaxis”, of catalytically active enzymes when the substrate concentration

is non-uniform so that there is a concentration gradient. The effect has been

observed for a number of enzymes, and has typically been seen to cause movement

in the direction of increasing concentration (reported for the enzymes catalase and

urease [29, 32], RNA polymerase [27], DNA polymerase [30], and hexokinase and

aldolase [22]). The opposite has also been reported, where enzymes (so far urease

and acetylcholinesterase) have been seen to move in the direction of decreasing

substrate concentration [33].

Despite the many proposals that have been made for the underlying mechanisms

responsible for enhanced enzyme diffusion and chemotaxis, the two effects are

still far from being fully understood [34]. Initial theories to explain enhanced

diffusion relied on the non-equilibrium aspects of enzyme activity [31, 35–38].

Specifically, the effect was typically linked to the heat released in the catalytic
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cycle (as is the case for enzymes that catalyse exothermic reactions) or the rate

of catalysis, favouring “fast” enzymes that catalyse fast reactions and have a high

turn-over rate. These initial theories will be discussed in detail in Chapter 3

but have been shown to be individually incapable of reproducing the level of

enhancement reported from experiments [37]. The effect of enzyme chemotaxis

has proven to be more of a curiosity.

The observation of enhanced diffusion for the slow enzyme aldolase, which has a

low turn-over rate and catalyses endothermic reactions that take in heat rather than

releasing it, in the presence of its substrate but also in the presence of an inhibitor

(which is not a reactant but binds to an enzyme’s binding site), further justified

the need for a new paradigm that is independent of catalytic activity. Indeed, we

should also question the role of non-equilibrium activity in enzyme chemotaxis. A

better understanding of these two phenomena could justify the inclusion of single

enzyme molecules in Fig. 1.1. The intrigue, but also complication is increased by

the variety of enzyme molecules, meaning that there are many possible applications,

but that their physical properties do not obviously fit into one universality class.

1.2 Overview

In Chapter 2 we provide a theoretical background to the thesis. We briefly discuss

hydrodynamic theories in active matter as a method for deriving the long-time

statistical properties of active systems. We motivate our use of the moment

expansion for deriving the hydrodynamic equations for an active enzyme suspension.

The moment expansion is introduced with the simple example of active Brownian

particles, which highlights the key principles of the method. In Chapter 3 the

method is extended to study the effect of catalytic activity on the long-time

diffusion of a model enzyme. With our minimal model, we study the role of thermal

fluctuations on the diffusion of an enzyme in suspension. The result is placed

in the context of substrate-driven enhanced enzyme diffusion by considering the

effect of catalytic activity in the model. Following the results of Chapter 3 for the

long-time dynamics of an enzyme in a uniform substrate concentration, in Chapter 4
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we investigate the effect of a substrate concentration gradient on the dynamics

of our model enzyme. In Chapter 5 we begin to explore collective behaviour in

enzymatic systems by studying the hydrodynamic coupling of a pair of our model

enzymes. The thesis concludes with a summary of our findings and some open

questions that we would like to explore.



CHAPTER 2

Moment expansion

2.1 Hydrodynamic theories in active matter

To understand the collective behaviour and transport properties of active systems

such as diffusion, it is necessary to study their dynamics on length scales that are

larger than the size of individual agents and at times greater than the time it takes

for their microscopic dynamics to equilibrate. In this continuum limit, also referred

to as the “hydrodynamic” limit, dynamics is controlled by the interplay between

local energy consumption, interactions, and thermal fluctuations. The aim of a

generalised hydrodynamic theory is to identify the relevant fields and mean field

equations for a description of a system in the large wavelength and large timescale

limit. These are the fields for which perturbations away from an equilibrium value

are long lasting. More precisely, their relaxation time grows infinitely large at large

wavelength [39]. These are the “slow” modes of a system, and all other modes with

fast relaxing perturbations, that are seen as damped in the equations of motion are

“fast” modes, with variations that do not extend to the macroscopic scale. Hence,

the slow variables are the conserved quantities in the macroscopic limit and broken

symmetry variables whose fluctuations relax infinitely slowly at large wavelength.

The symmetry we will be interested in is rotational symmetry, due to the

importance of orientation in active and driven systems: active particles have a

10
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direction of self-propulsion due to non-equilibrium driving or are elongated so that

they have an intrinsic orientation. On the macroscopic scale we can ask questions

about emergent rotational order and identify a rotational order parameter– indeed

active matter systems have been classified by the behaviour of their rotational

order parameter. There are interesting examples of long-range rotational order

emerging spontaneously from local interactions [40–43]– even in two dimensional

systems where, in equilibrium, the spontaneous breaking of a continuous symmetry

is prohibited due to long wavelength modes [44]. A situation in which spontaneous

breakdown of discrete symmetry induces collective motion has been described [45].

Several methods have been used to derive the continuum limit for active

systems. From the purely phenomenological approach, where the equations for the

hydrodynamic fields are constructed from symmetry considerations and conservation

laws. Since the system is out of equilibrium, the forces in the equation of motion are

not necessarily derived from a free-energy so all the terms allowed by symmetry and

conservation laws– which may not be present in an equilibrium system– must be

included in the theory [41, 43, 46]. For example, a nematic system should be invariant

under rotation by angle π so all the possible terms in the equation of motion with

this symmetry should be included. This method has the advantage that the theory

is universal and independent of microscopic details. Hence, it is straightforward

to identify phenomena that are derived purely from non-equilibrium activity as

opposed to a unique property of the microscopic system. However, the parameters

of the continuum equations derived in this way are typically undetermined and

are difficult to obtain experimentally [1].

A more systematic approach relies on an expansion of the active system close to

equilibrium, where linear response is assumed. The hydrodynamic equations are

then derived using the Onsager reciprocal relations for thermodynamic systems,

that relate fluxes in thermodynamic variables to conjugate forces [47]. The method

requires first writing conservation laws for the thermodynamic variables of the

problem. From the First law of thermodynamics, the rate of entropy production in

the system is given by generalised fluxes in the thermodynamic variables and the
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conjugate forces that produce the fluxes. The sign of each contribution is determined

by the behaviour of the forces and fluxes under time-reversal. To construct the

dynamical equations, phenomenological equations are written for the generalised

fluxes in terms of the conjugate forces at the level of linear response, which include

all the terms that are allowed by symmetry. Again, the method is generic and

has been widely used to describe complex fluids such as “active gels” and active

liquid crystals [48–50]. However, it comes with the shortcoming that the biological

systems we would like to describe are generally far from equilibrium and thus not

faithfully represented by a near equilibrium approximation.

Finally, it is possible to derive the hydrodynamic equations for an active system

systematically from a microscopic description of the system. This can at least be

done for simple models where the dynamics of individuals can be described by

simple equations and in the limit of low-density, where the hydrodynamic equations

should not be strongly dependent on details of local interactions. For “dry” systems1

with aligning interactions [40], the hydrodynamic equations have been derived from

microscopic models. Notably by coarse-graining the Smoluchowksi description

for the stochastic dynamics [51, 52] and the Boltzmann equation [53–55], and

these two methods have been compared [56]. The result is that the parameters

of the derived macroscopic dynamics are found in terms of the parameters of

the microscopic model which are experimentally accessible, as opposed to the

undetermined parameters of the phenomenological methods. This means that

phenomena arising in the macroscopic limit can be understood from the level of the

underlying microscopic mechanisms. Furthermore, knowledge of the parameter space

is necessary to study the stability of the emergent macroscopic states. Ultimately,

the hydrodynamic equations that are derived from different microscopic models

with the same symmetries have the same structure and are distinguished only

by parameter values. This is the case for the coarse-grained dynamics of active

filament mixtures [57, 58] and self-propelled particles [59, 60]. The topic of this

chapter is one of the methods in this class.
1Systems that are modelled as non-momentum conserving.
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2.2 From fluctuating microscopic dynamics to
macroscopic dynamics

2.2.1 Overview

In what follows we describe in detail, a generic analytical method for deriving the

hydrodynamic equations for fluctuating systems– active or not– where translational

and rotational dynamics are coupled. It is easily extendable to studying collective

dynamics [61] in the active systems previously mentioned [53, 58–60, 62–64]. We

limit our discussion in this chapter to dilute systems, neglecting interactions to

provide the most basic illustration of the theory. However, the method has been

applied to systems with long- and short-range interactions [65, 66]. The inclusion

of long-range interactions will be a principal feature in subsequent chapters.

2.2.2 The multipole expansion

Another reason one may turn to a hydrodynamic description of fluctuating systems

is due to the difficulty of solving the stochastic microscopic equations for all length-

and timescale regimes. In the probabilistic description of stochastic dynamics, it is

in general difficult to find the full probability distribution function everywhere for all

times. In fact, there are few cases for which it can be found exactly (the exceptions

being highly symmetric systems). Otherwise, approximations can be made to extract

only the information required whilst preserving the symmetries of the system. The

approximation we will use will be to consider the probability distribution at large

scales and, Maxwell’s multipole expansion provides a mathematical framework to

study rotational symmetry. After the large-time approximation has been taken, we

can identify the hydrodynamic variables and eliminate the remaining fast variables

with large decay rates.

Like the multipole expansion for the potential outside a charge distribution

in electrostatics [67] and the velocity field of a particle in ambient flow [68], the

probability of finding a particle in a particular configuration can be written as a

multipole expansion, where the expansion coefficients are the “multipole moments”
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and, the complete set of moments uniquely specifies the function. Indeed the

moments of the probability distribution are comparable to the same quantities for

the charge distribution: the zeroth moment (the monopole in electrostatics and drag

force in hydrodynamics) is a density field; the first moment (the dipole and Stokes

dipole) gives the average orientation and changes sign upon rotation by an angle

π; the second moment (the quadrupole and Stokes quadrupole) gives information

about the spread of orientations and is an order parameter for rotational symmetry,

and so on. In standard notation, the expansion is written in terms of the spherical

harmonics in three dimensions and a Fourier series in two dimensions. We will use the

irreducible tensor formalism which is equivalent and has become standard in active

matter. In this tensorial description, a suitable order parameter is easily identified.

Briefly, the moment expansion can be summarised as the following procedure:

starting from the probabilistic description of the microscopic dynamics (Fokker-

Planck or Smoluchowksi equations), we expand the equations about the isotropic

state of the system, which yields an infinite hierarchy of equations in the fields

that parameterise perturbations from this state i.e., the multipole moments. The

infinite hierarchy can either be solved numerically for a large (but finite) number

of the moments or, for an analytic solution, we need a closure strategy to extract

the hydrodynamic modes. Firstly, a separation of timescales gives an equation for

the linear dependence of the hierarchy so that not all the fields are independent.

Using the large wavelength approximation, we can neglect high order derivatives

to find closed expressions for the remaining fields, and finally express the higher

order moments in terms of the lowest order moments which are the hydrodynamic

fields. We consider diffusive motion, where time and space are not on equal footing

so that the hydrodynamic limit is equivalent to taking an expansion in ε with

∇ ∼ ε, ∂t ∼ ε2 for ε � 12. We can then write the dynamical coefficients of the

system explicitly in terms of their field dependence.

For the remainder of this chapter we will formulate the multipole moment

expansion in irreducible tensors. The method will be illustrated for the simple
2This is only true if there is no ballistic regime.
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example of an active Brownian particle (ABP), a commonly studied toy model

of self-propelled particles. But first, in the next section, we briefly discuss an

explicit example of adiabatic elimination of a fast variable as a method for solving

the Fokker-Planck equation. The procedure is intimately related to the moment

expansion, but the generality reveals some important and useful properties that

are also found in the hydrodynamic equations we will encounter.

2.3 Adiabatic elimination by eigenfunction
expansion

2.3.1 Overview

A common method for solving the Fokker-Planck equation is to expand the

probability distribution in the eigenfunctions of an auxiliary problem, assuming that

the set of eigenfunctions is complete and forms an orthonormal basis. The classic

book by Risken, on methods for solving Fokker-Planck equations [69], shows how such

an expansion can be used to eliminate rapidly decaying variables in a multivariate

system, to obtain a reduced equation for the evolution of the probability distribution

of the remaining slow variables, which are the relevant variables in the hydrodynamic

limit. The method is illustrated below with the example of a bivariate system [69].

2.3.2 Adiabatic elimination for a two-variable system

The system to be reduced is a two-dimensional stochastic process in the vari-

ables x and y with a probability distribution P (x, y; t) that obeys the Fokker-

Planck equation

∂P

∂t
= [Lx(x, y) + γLy(x, y)]P (2.1)

and has no boundaries except at infinity. The operators Lx and Ly are given by

Lx(x, y) = − ∂

∂x
D(1)
x (x, y) + ∂2

∂x2D
(2)
x (x, y), (2.2)

Ly(x, y) = − ∂

∂y
D(1)
y (x, y) + ∂2

∂y2D
(2)
y (x, y). (2.3)
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The coefficients D(1)
x (x, y) and D(2)

x (x, y) are the drift and diffusion coefficients in x

and D(1)
y (x, y) and D(2)

y (x, y) are the equivalent coefficients for y, and derivatives act

on everything to their right. It is assumed that the y variable decays much faster

than x. This is indicated by the decay rate γ which characterises the difference

in timescales between the two terms on the right-hand side of (2.1) and separates

the dynamics of the two variables. At times large compared to the decay time

(γ−1) of the variable y, the process described by (2.1) will be determined by the

dynamics of the slow variable x, as y will have relaxed to an equilibrium value.

The equation of motion for the distribution of the slow variable is derived with

this assumption. The derivation relies on the expansion of the joint distribution

for x, y and t into a complete set with respect to y.

The auxiliary problem that provides a suitable basis for expansion is the

eigenvalue problem for the operator Ly:

Ly(x, y)φn(y, x) = −λn(x)φn(y, x), (2.4)

with eigenvalues λn(x) and eigenfunctions φn(y, x) that may depend on x. If the

eigenfunctions are assumed to be normalised, they are orthonormal:∫
φ†n(x, y)φm(x, y)dy = δnm, (2.5)

where φ†n(x, y) are the eigenfunctions of the adjoint operator L†y. The set of

eigenfunctions is assumed to be complete so that
∞∑
n=0

φ†n(x, y)φn(x, y′) = δ(y − y′). (2.6)

It is also assumed that a stationary distribution exists for every x. Then λ0 = 0

and the n = 0 eigenfunction gives the stationary solution

φ0(x, y) = Pst(x, y); φ†0(x, y) = 1. (2.7)

In order to eliminate y from the Fokker-Planck equation (2.1), the probability

distribution is expanded in a series of the eigenfunctions of the operator Ly as

P (x, y; t) =
∞∑
n=0

cn(x, t)φn(x, y). (2.8)
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This amounts to an expansion about the stationary state at n = 0. Substituting this

expansion into (2.1), then multiplying the result by φ†n and integrating over y, yields

an infinite system of coupled differential equations for the expansion coefficients[
∂

∂t
+ γλn(x)

]
cn =

∞∑
m=0
Ln,mcm(x, t), (2.9)

where

Ln,m =
∫
φ†n(x, y)Lx(x, y)φm(x, y)dy (2.10)

are operators with respect to x. Note that the set of equations (2.9) is ex-

act. For n = 0,

ċ0 =
∞∑
m=0
L0,mcm. (2.11)

Already from the exact equations (2.9) and (2.11), it can be seen that c0(x, t)

is a conserved quantity, as the right-hand-side of (2.11) only contains spatial

derivatives. In (2.9) we see that for n ≥ 1, since λn(x) > 0, there is necessarily

damping for these coefficients.

From (2.5), (2.7) and (2.8), one sees that c0 is the distribution function for

the slow variable

c0(x, t) =
∫
P (x, y, t)dy ≡ ρ(x, t). (2.12)

For n ≥ 1, the time derivative in (2.9) is neglected by considering timescales that

are large compared to the relaxation time (γλ)−1. This gives

cn = [γλn]−1
∞∑
m=0
Ln,mcm. (2.13)

Clearly, not all the expansion coefficients are independent. Finally, using (2.13)

in (2.11), keeping only the leading order contribution to (2.13), which comes

from the m = 0 term, as all other terms contribute an additional factor of γ−1

and setting c0 → ρ, the equation of motion for the distribution function for the

remaining slow variable is then

ρ̇ =
[
L0,0 + γ−1

∞∑
n=1
L0,n [λn(x)]−1 Ln,0 +O(γ−2)

]
ρ. (2.14)
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It is straightforward to determine the operator L0,0 from (2.10), given that φ0(x, y) =

Pst(x, y) and φ†0(x, y) = 1. The second term on the right-hand-side requires

knowledge of the remaining eigenvalues and eigenfunctions of Ly(x, y) and analytic

calculation of the matrix elements. Nonetheless, this simple example demonstrates

how the infinite hierarchy of equations for the expansion coefficients can be truncated

in the large time limit.

It is possible that due to the structure of the system of coupled equations that

only a finite number of nearest-neighbour coefficients are coupled. This is generally

the case if the drift and diffusion coefficients are rational functions of x. In the

example that follows, we will find that the coupling is tridiagonal so that each

coefficient is only coupled to the neighbouring one above and below.

2.4 Expansion in irreducible tensors

2.4.1 Overview

In this section we will discuss the series expansion of the joint probability distribution

for a stochastic system with coupled position r and orientation n̂ vectors. The

expansion will be in the basis of eigenfunctions of the rotational Laplacian (to be

compared to Ly). This is a harmonic expansion: in 3d, the eigenfunctions are the

spherical harmonics and in 2d the eigenfunctions are the Fourier sine and cosine

series. However, we will use their Cartesian tensorial equivalents, which have useful

tensorial properties that will simplify our calculations.

2.4.2 The basis of irreducible tensors

Any function of orientation parameterised by angles (θ, φ) can be written as a

power series in the orientation unit vector n̂ as

F (n̂) = Q(0) +Q
(1)
i n̂i +Q

(2)
i1i2n̂i1n̂i2 + · · ·+Q

(l)
i1i2···iln̂i1n̂i2 · · · n̂il

=
∞∑
l=0

Q
(l)
i1i2···iln̂i1n̂i2 · · · n̂il (2.15)
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[70]. In 2 and 3d, n̂ is given by

n̂ = sin θe1 + cos θe2; n̂ = sin θ cosφe1 + sin θ sinφe2 + cos θe3. (2.16)

The summation convention is used so that repeated indices are summed from 1 to the

dimensionality d of the underlying Cartesian basis, and Q(l)
i1i2···il are the components

of a rank l irreducible tensor. The zeroth order irreducible tensor Q(0) is a scalar,

the first order tensor Q(1)
i is a vector and the second order tensor Q(2)

i1i2 is a matrix.

The construction of (2.15) in terms of irreducible tensors is allowed because any

generic tensor of rank l can be decomposed into a linear combination of irreducible

tensors of rank no higher than l [71]. The tensors are symmetric in all indices so that

Q
(l)
i1i2···il = Q

(l)
j1j2···jl ,

where {j1j2 · · · jl} is any permutation of {i1i2 · · · il}. They are traceless in the sense

that if any two indices are set equal and summed, the result is equal to zero:

Q
(l)
i1i2···il−2jj

= 0.

Hence, the tensors are irreducible, as a tensor of lower order cannot be formed

by contraction of their indices.

As in the example in the previous section, each term in (2.15) is an eigenfunction

of the rotational Laplacian R2 with eigenvalue −l(l + 1) in 3d and −l2 in 2d,

where the rotational gradient is defined as R ≡ n̂× ∂
∂n̂

[72] and satisfies Rin̂j =

−εijknk in 3d. To show that

R2
[
Q

(l)
i1i2···iln̂i1n̂i2 · · · n̂il

]
= −l(l + 1)Q(l)

i1i2···iln̂i1n̂i2 · · · n̂il (2.17)

in 3d, we calculate the action of the rotational Laplacian on the third term in (2.15)

and deduce the action on all other terms. The rotational gradient of n̂jn̂k is

Rin̂jn̂k = −εijln̂ln̂k − εikln̂jn̂l, (2.18)

leading to the Laplacian

R2n̂jn̂k = −6
(
n̂jn̂k −

1
3δjk

)
. (2.19)
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Hence

R2
[
Q

(2)
jk n̂jn̂k

]
= −6Q(2)

jk n̂jn̂k, (2.20)

since Q(2)
jk δjk = 0. Given that any symmetric tensor can be written as the sum

of a diagonal tensor and an irreducible tensor as in the following example for

the matrix Aij:

1
2(Aij + Aji) = [Aij]TS + 1

d
Akkδij (2.21)

where the first time on the right-hand-side is the irreducible part, and that the

product n̂jn̂k is a component of a symmetric matrix, we have that the right-hand-side

of (2.19) is proportional to an irreducible matrix. Similarly, the product n̂i1n̂i2 . . . n̂il
is a component of a rank l symmetric tensor, and thus, it can be decomposed

into an irreducible part and a diagonal part. As in (2.20), the product of the

coefficients Q(l)
i1i2···il with the diagonal contributions vanishes, since the coefficients

are irreducible tensors. Thus, we have the result that the rotational Laplacian

must be proportional to Q(l)
i1i2···iln̂i1n̂i2 . . . n̂il for all l. The numerical prefactor is

determined from a counting argument: from the example it is clear that in 3d,

the rotational gradient of n̂i1n̂i2 . . . n̂il will produce l terms similar to (2.18) as

the gradient acts on l independent components. For the Laplacian, the second

Ri acts on the (l + 1) independent components to the right of it for each of the

l terms, including the n̂ from the first rotational gradient, giving a prefactor

of −l(l + 1). A similar consideration gives the prefactor of −l2 in 2d. Putting

everything together gives the result (2.17).

The spherical harmonics and Fourier sine and cosine series are eigenfunctions of

R2 with the same eigenvalues as the terms in the expansion (2.15). Furthermore,

a counting argument shows that there are 2l + 1 irreducible tensors of rank l in

3d, which is the same as the number of spherical harmonics. It follows that the

standard harmonic expansion is equivalent to (2.15) where a choice of basis for

the 2l + 1 independent irreducible tensors leads to the spherical harmonics [70].
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When there is azimuthal symmetry, the irreducible tensors are proportional to

the Legendre polynomials.

We now construct some irreducible tensors. Generalising (2.21), a rank l

irreducible tensor can be constructed from the symmetric tensors n̂i1n̂i2 . . . n̂il by

subtracting the diagonal part. Following this protocol, the first six irreducible

tensors in d = 2 or 3 are:

D(0) = 1; (2.22)

D
(1)
i = n̂i; (2.23)

D
(2)
ij = n̂in̂j −

1
d
δij; (2.24)

D
(3)
ijk = n̂in̂jn̂k −

1
d+ 2 (n̂iδjk + n̂jδik + n̂kδij) ; (2.25)

D
(4)
ijkl = n̂in̂jn̂kn̂l + 1

(d+ 2)(d+ 4)∆ijkl (2.26)

− 1
d+ 4 (n̂in̂jδkl + n̂in̂kδjl + n̂in̂lδjk + n̂jn̂kδil + n̂jn̂lδik + n̂kn̂lδij) ;

D
(5)
ijklm = n̂in̂jn̂kn̂ln̂m

− 1
d+ 6 (n̂in̂jn̂kδlm + n̂in̂jn̂lδkm + n̂in̂jn̂mδlk + n̂jn̂kn̂lδim

+n̂jn̂ln̂mδik + n̂kn̂ln̂mδij + n̂kn̂ln̂iδjm + n̂kn̂mn̂iδjl + n̂kn̂mn̂jδil + n̂ln̂mn̂iδjk)

+ 1
(d+ 4)(d+ 6) (n̂i∆jklm + n̂j∆iklm + n̂k∆ijlm + n̂l∆ijkm

+n̂m∆ijkl) , (2.27)

where D(l) is an irreducible tensor of rank l and

∆ijkl = (δijδkl + δikδjl + δilδjk) (2.28)

satisfies ∆iijk = (d + 2)δjk and ∆iijj = d(d + 2).

2.4.3 The general moment expansion

Using (2.15), the joint distribution for position, orientation and time has an exact

expansion in the basis of irreducible tensors, given by

P (r, n̂; t) =
∞∑
l=0

Q
(l)
i1i2···il(r, t)n̂i1n̂i2 · · · n̂il . (2.29)
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In (2.29), the irreducible tensors are now tensor-valued functions of position and

time. An important property of irreducible tensors is the following:

ABTS = ATSB = ATSBTS, (2.30)

where A and B are tensors of the same dimensionality and ATS, BTS are their

irreducible parts. Using this, we are free to choose the product n̂i1n̂i2 . . . n̂il in (2.29)

to be the irreducible part.

Finally, from the orthogonality and completeness of the irreducible tensors, the

expansion coefficients of (2.29) are given by

Q
(l)
j1j2···jl(r, t)

∫
dn̂D(l)

j1j2···jl(n̂)D(l)
i1i2···il(n̂) =

∫
dn̂D(l)

i1i2···ilP (r, n̂; t) =
(
D

(m)
i1i2···im , P

)
(2.31)

[58]. The scalar product of orientation-dependent functions is defined as

(A,B) =
∫

dn̂A(n̂)B(n̂), (2.32)

where the integral is over a sphere of unit radius [73]. In this notation, we have

the following relations

(n̂i, n̂j) = Ω
d
δij

(n̂in̂j, n̂kn̂l) = Ω
d(d+ 2)∆ijkl,(

D
(2)
ij , D

(2)
kl

)
= Ω
d(d+ 2)

(
δikδjl + δilδjk −

2
d
δijδkl

)
, (2.33)

where Ω is the solid angle of the unit d-dimensional sphere [60]. Thus, the first

three moments of the probability distribution are given by

(1, P (r, n̂; t)) = Ωρ(r, t),

(n̂i, P (r, n̂; t)) = Ω
d
pi(r, t),(

D
(2)
ij , P (r, n̂; t)

)
= Ω
d

2
d+ 2Qij(r, t). (2.34)

The coefficients ρ, p and Q are the renamed scalar, vector and matrix multipole

moments Q(0), Q(1)
i and Q

(2)
ij .



2. Moment expansion 23

2.5 Example: Active Brownian Particles

As a first complete example, we now describe the moment expansion for the simple

case of ABPs using the results of Sections 2.3 and 2.4. In the idealised spherical

ABP model, each particle is driven by a constant external force along its swimming

direction and undergoes continuous reorientation due to rotational diffusion. In the

absence of any aligning interactions, it is clear that the particles exert no torque

and, if there are no other particles or the particle density is low, the propulsion

force is equal and opposite to the drag force on a moving particle so that they also

experience no net force. In the basic model, as in this example, the drag force

acts on a single particle– interactions between particles and the hydrodynamics

of a solvent are not considered.

The translations and rotations of a single ABP with constant propulsion speed

v are given by the following Langevin equations

d
dtr(t) = vn̂(t) + ξ(t); d

dtn̂(t) = χ(t) (2.35)

where r(t) and the unit vector n̂(t) are the position and orientation of the particle.

The first equation is both deterministic and random, while the second equation

describes purely random motion on the surface of a d-dimensional unit sphere.

The stochastic dynamics due to thermal fluctuations is characterised by zero-mean

Gaussian white noises ξ(t) and χ(t), whose correlations are given by

〈ξi(t)ξj(t′)〉 = 2Dtδijδ(t−t′); 〈χi(t)χj(t′)〉 = 2Drδijδ(t−t′) and 〈χi(t)ξj(t′)〉 = 0,

(2.36)

where Dt and Dr are respectively the translational and rotational diffusivities

of the particle and the average is over the stochastic trajectories. For spherical

particles of radius a, the diffusivities are given by the Einstein relation: Dt =

kBT/6πηa and Dr = kBT/8πηa3, where T is the temperature of the suspending

medium and η its viscosity.
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We define the probability of finding the particle at position r moving in direction

n̂ at time t by the distribution

P (r, n̂; t) = 〈δ(r − r(t))δ(n̂− n̂(t))〉 , (2.37)

where the average is again over the stochastic trajectories and the distribution is

normalised by
∫
dr dn̂P (r, n̂; t) = 1. Then eq. (2.35) corresponds to the following

Smoluchowski equation

∂

∂t
P (r, n̂; t) = −∇ · [vn̂P ] +∇ · [Dt∇P ] + R · [DrRP ], (2.38)

describing the evolution of the probability distribution. In (2.38), ∇ is the gradient

with respect to position r. The first term on the right-hand-side is the divergence

of the advective current due to self-propulsion and the last two terms are due

to translational and rotational diffusion.

2.5.1 Moment expansion

The following derivation of the hydrodynamic equations for ABPs using the moment

expansion of the probability distribution follows [59, 60, 73]. For an unconfined

particle, the relevant length- and timescales beyond which this is a valid continuum

description is at distances larger than the particle size and for times greater than

the angular reorientation time 1/Dr.

In the basis of irreducible tensors, the probability distribution has the fol-

lowing expansion

P (r, n̂; t) ' ρ(r, t) + pi(r, t)n̂i +Qij(r, t)(n̂in̂j − δij/d), (2.39)

with only the first three terms of (2.29) being shown. The evolution equations for

the three moments are obtained by the same procedure as was used to derive (2.9):

substituting eq. (2.39) for P in the Fokker-Planck equation (2.38) and taking the

scalar product with the first three irreducible tensors.

From the definitions of the moments in eq. (2.34) and using orthogonality of

the irreducible tensors, the equation for the zeroth moment is

ρ̇(r, t) = −1
d
∇ · [vp] +∇ · [Dt∇ρ]. (2.40)
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This is an expression of the local conservation of probability density.

The scalar product of (2.38) with n̂ gives

Ω
d
ṗ(r, t) = − (n̂,∇ · [vn̂P ]) +Dr

(
n̂,R2P

)
+∇ · [Dt∇ (n̂, P )]. (2.41)

Since the diffusion coefficients are independent of the local orientation. We evaluate

the scalar products individually. For the first term on the right-hand-side

(n̂i, ∂j[vn̂jP ]) = ∂jv (n̂i, n̂jP )

= ∂jv (Dij, P ) + 1
d
∂jvδij (1, P )

= Ω
d

2
d+ 2∂jvQij + Ω

d
∂ivρ, (2.42)

using the definition of Dij to obtain the second line. ∂i is the ith component of the

gradient with respect to r. For the second term, we use the fact that irreducible

tensors are eigenvectors of R2 and orthogonality of the basis. In d = 2 or 3 this gives

Dr

(
n̂,R2P

)
= −Dr(d− 1)Ω

d
p, (2.43)

since l(l + 1) = d − 1. Finally,

∇ · [Dt∇ (n̂, P )] = Ω
d
∇ · [Dt∇p]. (2.44)

Altogether, we find that

ṗi = −∂i(vρ)−Dr(d− 1)pi + ∂j[Dt∂jpi]−
2

d+ 2∂j(vQij). (2.45)

The first term on the right-hand-side can be interpreted as a pressure gradient

and, it is this term that is responsible for density instabilities in the collective

dynamics of self-propelled systems, that are caused by the growth of fluctuations in

the density field δρ(r, t) [62, 63]. The case of a density dependent self-propulsion

speed– specifically where the speed is a decreasing function of the local density–

has been studied and shown to lead to pattern formation and phase separation [62,

74]. From the second term we see that the first moment is not conserved. Note the

hierarchical structure of the moment equations: It is clear from the independence
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of the drift and diffusion coefficients on orientation that the first moment should

only be coupled to the zeroth and second order moments.

Similarly, the scalar product of (2.38) with Dij is

Ω
d

2
d+ 2Q̇ij = −

(
D

(2)
ij ,∇ · [vn̂P ]

)
+Dr

(
D

(2)
ij ,R2P

)
+∇ ·

[
Dt∇

(
D

(2)
ij , P

)]
.

(2.46)

The first term on the right-hand-side evaluates to

(
D

(2)
ij ,∇ · [vn̂P ]

)
= ∂kv

(
D

(2)
ij , nkP

)
= Ω
d

1
d+ 2∂kv

(
piδjk + pjδik −

2
d
pkδij

)
+ Ω
d
∂kv

(
D

(3)
ijk, P

)
,

(2.47)

where the second line follows from the definition of the rank 3 irreducible tensor

D
(3)
ijk. For the second term

Dr

(
D

(2)
ij ,R2P

)
= −2dDr

Ω
d

2
d+ 2Qij, (2.48)

since Dij is an eigenvector of R2 with eigenvalue −2d in d = 2 and 3. The

final term to be evaluated is

∇ ·
[
Dt∇

(
D

(2)
ij , P

)]
= Ω
d

2
d+ 2∇ · [Dt∇Qij]. (2.49)

Finally, combining the results for the scalar products gives

Q̇ij =− 1
2∂kv

(
piδjk + pjδik −

2
d
pkδij

)
− d+ 2

2 ∂k
[
v
(
D

(3)
ijk, P

)]
− 2dDrQij

+∇ · [Dt∇Qij], (2.50)

where the scalar product
(
D

(3)
ijk, P

)
is proportional to the third harmonic, Qijk.

So far, eqs. (2.40), (2.45) and (2.50) are the exact evolution equations for the

first three moments of the probability distribution. To describe the dynamics

of an ABP in the continuum limit, we perform a coarse graining of the moment

equations. From eq. (2.40) we see that ρ is a hydrodynamic variable as density

fluctuations are not damped by the dynamics. p and Q however, are damped

and their relaxation times are of the order of the reorientation time, 1/Dr. Hence,

at times much larger than 1/Dr, we assume that the first and second moments
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have equilibrated so that ṗ = Q̇ = 0, as are the time derivatives for all higher

order moments (as in (2.13)). The large length-scale assumption allows us to

neglect higher order derivatives in eqs. (2.45) and (2.50). In this limit, we have

the following closed expressions for p and Q

Qij = − 1
4dDr

∂kv
(
piδjk + pjδik −

2
d
pkδij

)
, (2.51)

pi = − ∂i(vρ)
Dr(d− 1) . (2.52)

The derivation of Qij has been included for completeness, in the absence of aligning

forces that can provide a mechanism for nematic ordering, we can set Qij = 0.

Finally, inserting (2.52) into the continuity equation (2.40) gives the following

diffusion equation for the large length- and timescale dynamics

ρ̇ = −∇ · [−Deff∇ρ+ veffρ] , (2.53)

with effective diffusion coefficient and velocity

Deff = Dt + v2

Drd(d− 1); veff = − v∇v
Drd(d− 1) . (2.54)

In the hydrodynamic limit, the translational diffusion of the ABP is enhanced

by an amount that is proportional to the square of the constant self-propulsion

velocity. To resolve the dynamics below the large length-scale approximation used

to close the hierarchy in the moment equations, higher order gradients must be

included in the expressions for the moments. While the moment equations can

be solved numerically, it should be highlighted that the analytic approach has

some advantages. Firstly, the analytic equations provide a route to studying the

stability of stationary states against perturbations. Furthermore, the hydrodynamic

equations could be numerically integrated to study larger systems than are accessible

with direct simulations of particles.

In the next chapter we will consider the more general case of dynamics that is

not isotropic. With our model enzyme we provide an example of a system where the

transport coefficients depend on the local orientation n̂. This dependence arises not
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because of an external force but rather because of the geometric complexity of the

enzyme and fluid-mediated hydrodynamic interactions, which also couple its position

and orientation variables. In addition to the position r and orientation n̂, the

model includes other microscopic degrees of freedom which represent the internal

dynamics of a real enzyme. We must therefore extend the moment expansion

to multiple domains.



CHAPTER 3

Enhanced diffusion and fluctuation-induced hydrodynamic
coupling

3.1 Introduction

3.1.1 Experimental Observations

In vitro experiments on suspensions of the enzyme urease, using fluorescence

correlation spectroscopy (FCS)1, revealed that its diffusion coefficient is enhanced

when placed in a uniform concentration of its substrate. Furthermore, that

the enhancement increases with increasing substrate concentration– following a

Michaelis-Menten-like dependence on the concentration [28]. Similar experiments

followed for several other enzymes such as catalase [29], DNA polymerase [30] and

alkaline phosphatase [31], with the same outcome of the diffusion coefficient of the

enzymes being up to 80% higher in a solution containing their substrate. Enhanced

diffusion in the presence of substrate has also been observed in nano particles that

are decorated with the enzymes urease, catalase and glucose oxidase [76]. A study

of the dynamics of enzymes in the Krebs cycle, an essential series of chemical

reactions for metabolism, opens up the possibility of a role for the phenomenon

in biological self-organisation such as the formation of metabolic structures [23].
1A method that is used to measure the diffusion coefficient of molecules in typically dilute

conditions using fluorescent labelling [75].

29
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All the enzymes mentioned so far have the common features that they catalyse

exothermic reactions and have a high catalytic rate.

Following a suggestion by Riedel et al. that the enhancement in diffusivity

could be linked to the enthalpy of the reaction catalysed by the enzyme [31], FCS

experiments on the enzyme aldolase, which catalyses endothermic reactions and has

a low catalytic rate, reported enhanced diffusion for it also in the presence of its

substrate [26]. Even more remarkable, was the observation that the diffusivity of

aldolase also increased in the presence of an inhibitor which binds reversibly to the

active site without being converted into product. The measurements on aldolase put

into question the necessity of the catalytic step for observing enhanced diffusion and

the role of thermodynamics and kinetics in enhanced enzyme diffusion. Table 3.1

shows the range in the thermodynamic and kinetic properties of some of the enzymes

that have been reported to display substrate-driven enhanced diffusion.

Enzyme kcat (s−1) ∆Q (kJ mol−1) D0 (µm2/s) ∆D/D0 Ref.
Urease 2× 104 -59.6 31.8 0.28 [28, 31]
Catalase 5.8× 104 -100 61 0.3 [31]

Alkaline phosphatase 1.4× 104 -43.5 NM 0.8 [31]
Acetylcholinesterase NM NM 22 0.23 [77]

Hexokinase 200 NM 72.4 0.46 [22, 78]
Aldolase 5 30-60 42.6 0.31 [26]

Table 3.1. Experimental data on enzymes that have been reported to show significant
enhanced diffusion. Adapted from ref. [31, 79]. NM: not mentioned.

3.1.2 Models of Enhanced Diffusion

A number of suggestions have been put forward as possible mechanisms to explain

the substrate-driven enhanced diffusion of enzymes, broadly falling into the two

categories of active and passive mechanisms. Initial proposals favoured active

mechanisms which rely on the non-equilibrium step of the catalytic cycle. These

have been reviewed by Golestanian [37]. For the first mechanism which depends on

the heat released in exothermic reactions, Riedel et al. suggested that the heat from

the catalytic cycle is converted into a boost in kinetic energy through the generation
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of asymmetric compressions of the enzyme [31]. However, this disproportionate

partitioning of the energy from the reaction into only some of the degrees of freedom

of the enzyme is not justified, and an estimate of the relative change in diffusion

coefficient is four orders of magnitude below the reported values [37]. The possibility

that the intrinsic asymmetry of an enzyme creates gradients in temperature (due

to the heat released during the catalytic cycle) and substrate concentration across

the enzyme that can induce self-phoresis has also been studied. However, the

contribution from such a phoretic mechanism was again shown to produce an

enhancement of many orders of magnitude below the reported values due to the

large rotational diffusion coefficient of nm-size enzymes [37]. Also relying on the

heat released in catalytic reactions is the suggestion that enhanced diffusion is due

to collective heating of the suspension causing increased fluctuations and a decrease

in the viscosity of the suspending fluid [37]. Although the mechanism leads to

enhancement values that are comparable to experimental figures, no evidence of

collective heating was found in experiments with urease [7].

In a proposal where the enhancement in diffusivity is not related to the

exothermicity of enzymatic reactions, an enzyme is modelled as a stochastic

swimmer [37]. In the model, conformational changes in the enzyme due to the

catalytic cycle, leads to stochastic swimming, with an increase in the diffusion

coefficient of the enzyme that is proportional to the amplitude of the conformational

changes and to the catalytic rate [36, 37].

It has also been suggested that the enhanced diffusion of enzymes in the presence

of substrate can be explained by their directed self-propulsion due to a stochastic

force at each catalytic step, with an enhancement in diffusivity that is proportional

to the catalytic rate [77]. This suggestion is comparable to that of Riedel et al. [31],

with the improvement that the predicted boost is sustained over a longer period

so that the predicted increase in diffusivity is more substantial. The same study

also reported the observation of enhanced diffusion in the presence of inhibitors but

without the ballistic behaviour of the enzymes that was observed for the substrate-

driven case. A conclusion that can be drawn from the experimental reports is
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that while the effect appears to follow the Michaelis-Menten kinetics for substrate

dependence, it has not been shown to be dependent on the catalytic rate [79].

In a different direction, a theory based on collective effects was put forward by

Mikhailov and Kapral. In their description, catalytically active enzymes are modelled

as fluctuating force dipoles that are coupled through fluid-mediated hydrodynamic

interactions. It is suggested that the resulting fluctuating hydrodynamic flows lead

to enhanced diffusion of all objects in the suspension [35]. However, the low volume

fraction of enzymes required for FCS experiments would not yield a sufficient flow

in this way for enhancement that is comparable to the reported values.

In this chapter, we discuss a theoretical model for a catalytically active enzyme

that has been used to demonstrate the possibility of increasing the translational

diffusion coefficient without appealing to any non-equilibrium aspect of the catalytic

cycle. By considering the fluid-mediated hydrodynamic interactions between the

different parts of a single enzyme, we show how the internal degrees of freedom

affect its overall diffusivity. We show that the diffusion coefficient of the model

enzyme, after a sufficiently long time, has the generic form

Deff = Dave − δDfluc, (3.1)

where the first term is the equilibrium average of the contributions due to its

translational modes and the second term represents fluctuation-induced corrections

due to internal elongations and rotations. In the context of a mechanism for

substrate-driven enhanced enzyme diffusion, we describe a proposal based on the

mechanical aspect of the catalytic cycle which is an application of this model [26, 80].

3.1.3 Protein dynamics

It is generally accepted that proteins are not rigid objects but exist in a number

of conformational states which are determined by environmental factors such as

temperature, pH, ion concentration, or the binding of a ligand. The conformational

states of a given protein can be described by a complex energy landscape [81] and

has been credited to their modular structure [82]. Many highly flexible enzymes
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transition to more constrained states upon binding to a substrate or inhibitor [83].

The observation of different fluorescence emission spectra for the enzyme aldolase in

the presence of different substrates (see Fig.3.1), at different concentrations, signals

a substrate-driven response in the observed conformational changes [84]. Transitions

of the enzyme urease between open and closed states, through the motion of a

“flap” in a substrate dependent manner has also been observed [85]. Conformational

change can cause a change in size of up to the order of the original size of the

protein [82], with the transition taking place over timescales in the range of ns to

s so that statistical properties such as the diffusion coefficient, that are measured

in experiments are averages over different conformations.

Figure 3.1. (a) Fluorescence emission spectra of the enzyme aldolase in the presence of
the substrates Fructose 1,6-(bis)phosphate (red) and Fructose 1-phosphate (teal) at
substrate saturation. (b) A schematic of the conformational change in the enzyme after
binding to the two substrates. Reprinted with permission from ref. [84]. Copyright 2020
American Chemical Society.

There is much experimental evidence to suggest that protein dynamics has an

important role in regulating the activity of enzymes [86]. It is known that some

regions in proteins are more constrained than others, and the more dynamic regions

have been linked to functionally and regulation [82, 87]: Flexible linkers that connect

domains allow the domains to rotate in order to aid binding, and their binding

induced fluctuations can propagate information of a binding event across domains [82,

88]. In addition to the effect of linkers, transitions between states can become

correlated for different domains by direct interactions between the domains [89].

Given that the global fluctuations and conformational changes that accompany

ligand binding at the allosteric site of an enzyme can transmit information of
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the binding event to other sites, models of allosteric effects, which describes this

propagation of information, typically appeal to the coordinated dynamics of enzyme

subunits. In one of these models, it is assumed that subunits can exist in two

conformations in which they are tensed or relaxed, and that conformational changes

in the subunits away from an equilibrium state (which can be shifted by the binding

of a ligand to the allosteric site) are necessarily symmetric. The affinity for substrate

is presumed to be different for the different states, with binding typically favouring

the conformation in which the subunits are relaxed and able to move freely [90].

In other models, while the conformations of subunits are correlated, they are not

necessarily symmetric [91]. Hawkins and McLeish have proposed a theoretical

model in which coupling of local and global modes leads to amplification of entropic

allostery [92]. They show that when coupled to the global dynamics, the local

modes can contribute to entropic allostery.

3.1.4 Modelling protein dynamics

To describe the diffusion properties of catalytically active enzymes in suspension,

our model must include at least some of the properties of the dynamics of proteins

that were mentioned in the previous section. We would like to describe a flexible

object with distinct domains that is suspended in a fluid environment. Due to

the large number of domains and linkers, an enzyme has many degrees of freedom.

Since enzymatic environments are subject to thermal fluctuations, these degrees of

freedom should be considered as random variables. Hence, statistical mechanics is

required to describe the time evolution of the distribution function of the different

conformational states. In the presence of a fluid, there are hydrodynamic interactions

between the constituents of the enzyme. The complex and highly asymmetric

geometry will result in the coupling of translational and rotational motion and the

global and local modes of the enzyme are also expected to be coupled [93]. We note

that these properties are generic to other macromolecules and polymer suspensions

and so comparisons can be made with previous models in the polymer literature.
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In the standard microscopic descriptions of the dynamics of flexible polymers,

including macromolecules, each polymer is modelled as a system of spherical

Brownian beads of equal size that are connected along a chain. The first model of

this type was proposed by Rouse [94]. In the Rouse model, interactions between

beads are localised and the Langevin equation is linear in the position of the

beads. The model does not include excluded volume interactions nor the long-range

hydrodynamic interactions that are important for dynamics in solution. This leads

to an inconsistency between the dynamical coefficients (specifically, the translational

and rotational diffusion coefficients) that are calculated in the Rouse model and

the experimental values [72]. Nonetheless, it is the basis from which subsequent

models of polymer dynamics have been built because of its simplicity.

The Zimm model is the extension of the Rouse model to include fluid-mediated

hydrodynamic interactions between the beads that make up the polymer. They are

introduced into the dynamical equations through the generalised mobility tensor,

which relates the forces exerted by the beads on the fluid to the instantaneous

velocity of the beads. The mobility tensor is an intrinsic property of the beads

which depends only on their size and the instantaneous configuration of the polymer.

Since hydrodynamic interactions are non-linear, the mobility tensor is a non-linear

function of the position of the beads.

To simplify the analysis, the mobility tensor is approximated by its equilibrium

configurational average in the “preaveraging” approximation [95]. This method,

initially proposed by Kirkwood and Riseman [96], was used by Zimm to approximate

the average statistics of a flexible chain by considering the average of many

instantaneous rigid conformations. It is assumed that the distribution of the

orientation vector separating two beads and the distribution of the size of the

relative spacing are independent so that the mobility tensor can be linearized, and its

orientation-dependence averaged. This leads to dynamics that is linear but non-local.

In the original model the mobility tensor is approximated by the equilibrium-

averaged Oseen tensor, the Green’s function for fluid motion due to a point force [72].

This provides the simplest description of the hydrodynamic interactions, as the
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geometric dependence on particles is omitted. However, it may not be a very good

description if the particles are too close, as the tensor may become negative, which

cannot be the case as it is essentially a generalised diffusion coefficient [97]. The

breakdown of the Oseen tensor at small separations is remedied by the Rotne-Prager-

Yamakawa tensor (RPY) which accounts for the finite size of the particles [98].

The Zimm model has been extended to include such effects as the coupling

between the motion of an entire polymer chain and its internal configuration and

the effect of a constant external force on the configurations of a polymer [99].

Fluctuations in the hydrodynamic interactions of a model polymer were introduced

by assuming a Gaussian form for the configurational distribution of the polymer [100,

101]. The distribution of configurations has been studied numerically to examine,

in addition to diffusion properties, the rheology of model polymers, such as their

behaviour under shear [72], and cyclization kinetics [102, 103].

The preaveraging approximation has been reviewed and compared to some other

common methods for calculating the hydrodynamic properties of macromolecules

in solution [104]; including the diagonal approximation, introduced by Garcia de la

Torre and Bloomfield [105], which neglects the off-diagonal terms of the mobility

tensor that couple forces and velocities along different axes2; and double-sum

formulas, where hydrodynamic properties are calculated by taking a double sum

of the friction matrix [106]. The preaveraging approximation is found to lead to

typically higher errors for the diffusion coefficient and the intrinsic viscosity of

rigid macromolecules.

We now propose a model to investigate effects that were previously overlooked

but are expected to play a role in the dynamics of suspensions of enzyme molecules.

We study the effect of fluctuation-induced hydrodynamic coupling between the

domains of a model enzyme and show that it leads to a change in the diffusion

coefficient in the presence of asymmetry, which is a feature of real enzyme molecules.

We also study the effect of fluctuations of the orientations of the domains of the

enzyme and finally, the effect of the catalytic cycle, which is expected to induce
2Since those terms have a higher order dependence on the inverse distance between interacting

particles than the diagonal terms.
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significant changes in the conformational landscape of the enzyme. To this end,

we develop a theoretical framework that produces simple analytical results and

is easily extendable to more elaborate models.

3.2 Model

In order to study the role of fluid-mediated hydrodynamic interactions between

domains on the dynamics of an enzyme, we consider a simple model that encompasses

some of the key features that were described in Section 3.1.3. The large number of

internal degrees of freedom of a modular enzyme is reduced to the set of coordinates

that describe the local modes of fluctuation. These are compressions due to elasticity

and rotations of the domains. We construct a model that exhibits these fluctuations

with a minimal number of degrees of freedom. In line with the protein models

discussed in Section 3.1.4, we model an enzyme as a generalised dumbbell, which

reduces the complex geometry of a real enzyme to a minimal object with two

geometrically distinct subunits, which are not necessarily spherical but are assumed

to be rigid. The dumbbell is suspended in an incompressible fluid that is unbounded

(or we can assume that the boundaries are very far away) and the system is assumed

to be at low Reynolds number, owing to the nm size of enzymes and the viscous

conditions in which they function. In addition to fluid-mediated hydrodynamic

coupling, the subunits are coupled through a potential U that represents steric

constraints in real enzymes and sets a preferred separation between them. The

instantaneous configuration of a dumbbell is specified by the positions R1 and

R2 of its two subunits relative to a fixed origin, and their orientations û1 and

û2, which undergo thermal fluctuations and are thus random variables. The

model is depicted in Fig. 3.2.

3.2.1 Hydrodynamic interactions

Motion at low Reynolds number in an incompressible fluid can be described by

Stokes flow. In active suspensions, coupling to the fluid has typically been treated

in one of two ways. One method is to couple the equation for the fluid velocity
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(a) (b) (c)

Figure 3.2. (a) A generalised dumbbell, with a typical size a in its relaxed state. It is
composed of two fluctuating nonidentical subunits with positions Rα and orientations ûα.
A constraint U(R1,R2, û

1, û2) between the subunits is represented by a spring. R and l
are the centre-of-mass and relative coordinates of the dumbbell. (b) A representation of
the compressional modes of the dumbbell about its equilibrium elongation. (c) A
representation of orientation fluctuations about the equilibrium configuration [80, 107].

field, the Stokes equation, to the equations of motion or Smoluchowksi equation

for the rest of the system. In the second method, the fluid velocity field is not

included explicitly, but is considered to mediate effective two-body hydrodynamic

interactions. In this thesis we use the second approach.

Fluid-mediated hydrodynamic interactions are governed by linear relations

between the forces Fα and torques Tα exerted by the interacting particles on the

fluid and their instantaneous linear and angular velocities. For our dumbbell, the

response of a subunit to the disturbance of the fluid due to the force or torque

exerted by the other subunit is what we refer to as the hydrodynamic interaction

between them. The interaction is long-ranged, falling off with the inverse-distance

between the subunits. The mobility tensor, which determines the nature of the

response, is a function of the geometry and configuration of the subunits (and the

non-slip boundary condition at their surface), and is determined by the relation

between the generalised forces and velocities. In tensorial notation

Ṙ1
Ṙ2
ω1
ω2

 =


M11

TT M12
TT M11

TR M12
TR

M21
TT M22

TT M21
TR M22

TR
M11

RT M12
RT M11

RR M12
RR

M21
RT M22

RT M21
RR M22

RR



F1
F2
T1
T2

 , (3.2)

where Ṙα is the instantaneous velocity at position Rα and ωα is the angular

velocity at the same position.
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The diagonal blocks of the mobility tensor, denoted by Mαβ
TT and Mαβ

RR, are the

translational and rotational tensors which, respectively, describe the translational

response of the subunits to the forces exerted on the fluid and their rotational

response to the torques on the fluid. The off-diagonal blocks, denoted by Mαβ
RT

and Mαβ
TR, which are non-vanishing because of the asymmetry of the subunits,

represent a coupling of translational and rotational modes. Each of the terms

in Mαβ
AB (with A,B = T,R) represents a 3 × 3-matrix. Elements with repeated

superscripts Mαα
AB correspond to the self-mobilities of subunit α in the presence of

the other subunit, reducing to the classic Stokes law equations in the absence of

hydrodynamic interaction. The off-diagonal terms, Mαβ
AB, with mixed superscripts,

describe the two-body hydrodynamic interaction. The hydrodynamic interaction

is a manifestation of multiplicative noise as the response to fluctuations depends

on the dynamical variables of the system.

Determining the generalised mobility tensor is a problem of fundamental im-

portance for establishing the motion of particles in viscous fluids. In theory it

can be determined from hydrodynamic calculations, but in practice the mobility

tensor is not easily found, as hydrodynamic interactions have a complex non-linear

dependence on the relative positions, relative motion, and the geometries of the

interacting particles. Progress in hydrodynamic calculations, particularly analytic,

relies on symmetries of the mobility tensor.

For any geometry of the subunits, it is symmetric and positive definite in

its exact form so that

Mαβ
AB =

(
Mβα

BA

)T
(3.3)

2∑
α,β=1

FαMαβ
ABFβ ≥ 0 and

2∑
α,β=1

TαMαβ
ABTβ ≥ 0 for all Fα and Tα (3.4)

[72]. It is straightforward to show (3.3) using the Lorentz reciprocal theorem for

two solutions of the Stokes equation and the definitions of the generalised forces

exerted by the fluid on the subunits as they translate and rotate in the fluid [108].

The number of independent components of the mobility tensor in (3.2) is reduced

even further for axisymmetric geometries. In [109], the translational diffusion
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tensor, which is related to the translational mobility tensor, is calculated for two

unequal freely rotating spheres as a series expansion in the inverse-distance between

the spheres. Numerical methods for computing the hydrodynamic properties of

configurations of non-identical spheres are presented in [105, 110, 111].

Hydrodynamic interactions can also be simplified by assuming that the interact-

ing particles are well-separated i.e., that the distance between the closest points on

their surfaces is greater than the particle sizes. In this limit, the mobility tensor is

given by the Oseen tensor. For translational motion, the Oseen tensor is

Mαα
TT = 1

6πηaα
1; Mαβ

TT = 1
8πηl (1 + n̂n̂) for α 6= β. (3.5)

In (3.5), 1 is the 3 × 3 identity matrix, η is the viscosity of the fluid, aα is the

radius of the subunits (so that the combination 6πηaα is the friction coefficient of

subunit α) and their relative coordinate is l = R2 −R1 = ln̂, where n̂ is a unit

vector along the axis of the dumbbell and l is the elongation of the dumbbell. The

finite size of the subunits is included in the hydrodynamic interaction tensor in the

Rotne-Prager-Yamakawa tensor. For translational motion, the RPY tensor is

Mαβ
TT = 1

8πηl

[(
1 +

a2
α + a2

β

3l2

)
1 +

(
1−

a2
α + a2

β

l2

)
n̂n̂

]
(3.6)

[105]. Corrections to (3.6) and the mobility tensors for rotational motion and motion

due to translation-rotation coupling can be calculated using the the multipole

expansion described in [110].

3.2.2 Smoluchowski equation

To describe the evolution of the dumbbell in phase space a description of the

stochastic dynamics is required. There are two possibilities which are essentially

equivalent: we can construct the Langevin equation, which describes the evolution

of the dynamical variables or the Smoluchowski equation, which describes the

evolution of the configurational distribution function. For the asymmetric dumbbell

we define the distribution function as P (R1,R2, û
1, û2; t), which is the probability

of finding the subunits at positions R1 and R2 with orientations û1 and û2 at time
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t. For our calculation, we start from the probabilistic description for the following

reasons; the phenomenological Smoluchowski equation for polymer solutions in

equilibrium is well established [72] and can be applied directly to our model; it

provides a direct route to calculating the configuration-averaged properties of the

dumbbell; the stochastic equations of motion in the Langevin description necessarily

lead to ambiguity in the solution due to the multiplicative nature of the noise,

which requires careful consideration of the stochastic calculus and may result in

the introduction of “spurious drift” terms [15].

The Smoluchowski equation is derived from the continuity equation

∂P

∂t
= −

∑
α=1,2

[∇α · (JαT + J α
C ) + Rα · (J α

R + JαC)] , (3.7)

where ∇α and Rα ≡ ûα × ∂
∂ûα

are the gradient operator and rotational gradient

operator with respect to the position and orientation variables of subunit α. We

have defined the following four probability currents: JαT is a translational current

due to translational motion; similarly, J α
R is a rotational current due to rotational

motion; J α
C is a translational current from rotational motion and finally; JαC is a

rotational current due to translational motion. The two coupling currents J α
C and

JαC are non-vanishing because of the asymmetry of the dumbbell. Since the positions

and orientations of the subunits undergo Brownian motion, all four currents have

diffusive contributions as well as contributions due to the potential U . We note

that the currents that enter (3.7) include the effect of hydrodynamic interactions,

which are incorporated through the mobility tensor.

Combining (3.2) and (3.7), the Smoluchowski equation for a dilute suspension of

our model enzymes, including the hydrodynamic interactions between the subunits is

∂tP = LTP + LRP, (3.8)

where we have split the equation into translational and rotational parts that are given

by

LTP (R1,R2, û
1, û2; t) =

∑
α,β=1,2

∇α ·Mαβ
TT · [(∇βU)P + kBT∇βP ] (3.9)
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and

LRP (R1,R2, û
1, û2; t) =

∑
α,β=1,2

{
∇α ·Mαβ

TR ·
[
(RβU)P + kBTRβP

]
+Rα ·Mαβ

RR ·
[
(RβU)P + kBTRβP

]
+Rα ·Mαβ

RT · [(∇βU)P + kBT∇βP ]
}
. (3.10)

It is convenient to rewrite (3.9) and (3.10) in the centre-of-mass (com) and relative

coordinates R = (R1 + R2)/2 and l. We find

LTP (R, l, û1, û2; t) = kBT

4 ∇R ·M · ∇RP + kBT

2 ∇l · Γ · ∇RP

+ 1
2∇R · Γ · [kBT∇lP + (∇lU)P ] +∇l ·W · [kBT∇lP + (∇lU)P ] (3.11)

and

LRP (R, l, û1, û2; t) =
∑

α,β=1,2

{
kBT

2 Rα ·Φ(α) · ∇RP

+ 1
2∇R ·Φ

(α) · [kBTRαP + (RαU)P ]

+ (−1)α∇l ·Λ(α) · [kBTRαP + (RαU)P ]

+ (−1)αRα ·Λ(α) · [kBT∇lP + (∇lU)P ]

+ Rα ·Mαβ
RR ·

[
kBTRβP + (RβU)P

] }
, (3.12)

where the gradient operators act on everything to their right, and we have defined

new mobility matrices from linear combinations of the old ones using the symmetry

of the mobility tensor. The new tensors are defined as follows:

M = M11
TT + M22

TT + 2M12
TT; W = M11

TT + M22
TT − 2M12

TT; Γ = M22
TT −M11

TT;

Λ(1) = M11
TR −M21

TR; Λ(2) = M22
TR −M12

TR; Ψ(1) = M11
RR; Ψ(2) = M22

RR;

Φ(1) = M11
TR + M21

TR; Φ(2) = M22
TR + M12

TR; Ψ(12) = M12
RR. (3.13)

The physical significance of the new mobility tensors can be read from the

Smoluchowski equation. From (3.11), M is the average mobility of the translational

modes, W is coupled to rotations of the dumbbell and Γ is a measure of the

asymmetry of the dumbbell as it couples its rotational and translational motion.
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From (3.12), the remaining tensors in (3.13) couple translational and rotational

modes of the subunits.

Using eq. (3.6) in the definitions above, it is clear that Γ vanishes for a symmetric

dumbbell. For freely rotating spherical subunits, Φ(α) and Mαβ
RR also vanish. Since

the com coordinate R is the coordinate for the global dynamics of the dumbbell

and the relative coordinate l characterises the local internal dynamics, from (3.11)

we see that M is the mobility for the global dynamics. Similarly, W is the mobility

for the local dynamics and the mobility matrix Γ couples local and global motion.

From (3.12), Φ(α) couple global translations to the rotational modes of the subunits

and Λ(α) couple local compressions to the rotational modes of the subunits. We

note that the terms that couple global and local modes vanish for a symmetric

dumbbell with spherical subunits.

To write the Smoluchowski equation more explicitly, we must specify a form

for the interaction potential between the subunits. In the absence of external

fields, the potential U can only depend on the internal degrees of freedom of the

dumbbell. Assuming that fluctuations are sufficiently small, it can be expanded

in the fluctuating degrees of freedom as follows

U(q1, q2, q3, . . . ) ' Umin + 1
2

N∑
i=1

N∑
j=1

(
∂2U

∂qi∂qj

)
qiqj, (3.14)

where the qi are generalised coordinates and Umin is the potential in the equilibrium

state so that fluctuations in different coordinates are correlated and the energies of

the different configurations only slightly vary from the energy in the equilibrium

state. The stiffness of the potential is defined as kij ≡ ∂2U
∂qi∂qj

, and anharmonic

terms have been neglected for simplicity.

For small fluctuations, the potential of the generalised dumbbell is expanded

in the fluctuating angles between the orientation vectors of the subunits û1 and

û2 and the orientation vector of the axis of the dumbbell n̂, given by the relative

coordinate l = R2 − R1 = ln̂, as

U ' V0(l) + V1(l) n̂ · û1 + V2(l) n̂ · û2 + V12(l) û1 · û2. (3.15)
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We assume that in the lowest energy state only the compressional modes of

fluctuation are constrained, and the subunits can rotate freely, hence, the minimum of

the potential is just V0(l). The functions Vα(l) and V12(l) quantify the strength of the

constraints on rotational fluctuations. The exact functional form of the potential will

depend on the enzyme being modelled, and in the presence of substrate molecules,

on the effect of substrate on fluctuations.

3.2.3 Averaging procedure

We will now calculate the effective translational diffusion coefficient of the com

of the dumbbell, which is defined as the mean-square displacement of the com

coordinate due to Brownian forces

Deff = lim
t→∞

1
6
d
dt

∫
R

∫
l

∫
û1

∫
û2
R2P (R, l, û1, û2; t), (3.16)

where integrals over the dynamical variables are denoted with a subscript. We

emphasise that the effective diffusion coefficient corresponds to the motion of the

entire dumbbell in real space, whereas the diffusive motion described by eqs. (3.11)

and (3.12) is the evolution of the configurational distribution function in the

phase space of the dumbbell.

Even for a simpler model where the subunits are axisymmetric and allowed to

rotate freely so that P = P (R, l; t), an attempt to find the mean-square displacement

directly by naive integration using eqs. (3.11) and (3.12) leads to a hierarchy of

correlation functions of the dynamical variables. We will instead deduce the

effective diffusion coefficient from the diffusion equation in the hydrodynamic limit

as discussed in Chapter 2. This way, the hierarchy of correlation functions can

be truncated by an averaging procedure which involves the careful ordering of

the integrals in (3.16) to reflect the hierarchy of the characteristic timescales

of the dynamical variables.

There are three characteristic timescales associated with the dumbbell: the

slowest is associated to the com motion, followed by the reorientation time of the

rotational degrees of freedom and finally the relaxation time for internal compressions.



3. Enhanced diffusion and fluctuation-induced hydrodynamic coupling 45

Assuming that the l dependence of (3.15) has a Taylor expansion around the

minimum of the potential, as in (3.14), the quadratic term gives a spring constant k

from which we define the characteristic relaxation time, τl = ξ/k, for fluctuations in

l, where ξ is an estimate of the friction coefficient of the dumbbell. The reorientation

time of the dumbbell τr is the time is takes to loose memory of its orientation,

which is given by the correlation 〈n̂(t) · n̂(0)〉 ∼ exp(−|t|/τr), and is of the order

ξa2/kBT . The ratio τl/τr goes as ε2 = kBT/ka
2 ∼ (δl/a)2, where δl is the amplitude

of a typical deformation due to fluctuations in l and ε is the relative amplitude of

thermal fluctuations about the equilibrium elongation of the dumbbell. Since δl

is expected to be much smaller than the equilibrium separation of the subunits,

we expect τl/τr � 1 so that reorientation of the dumbbell is much slower than the

relaxation of its elongation fluctuations. The reorientation time of each subunit

(the times associated with the diffusion of û1 and û2) will be of the order of τr if

the size of the subunits is of the order of the size of the dumbbell.

Following the ordering of the dynamical timescales in (3.16), a closed-form

expression for the effective diffusion coefficient is achieved by first performing the

average over the separation of the subunits assuming fixed n̂, û1 and û2. The

elongation-averaged configurational distribution function is defined as

P(R, n̂, û1, û2; t) =
∫ ∞
a1+a2

dl l2P, (3.17)

so that the average of an l-dependent function is given by

〈·〉 = 1
P

∫ ∞
a1+a2

dl l2 · P. (3.18)

To calculate the elongation averaged Smoluchowski equation we need the

divergence of the hydrodynamic tensors and the gradients of the distribution

function and of the interaction potential with respect to the radial coordinate l.

Hence, we need gradients and divergences of the form ∇lA and ∇l ·A, where A

is a scalar function and A a tensor function of l. By applying the gradient with

respect to l in spherical coordinates ∇l = n̂∂l − 1
l
n̂ ×R, we find

∇lA = ∂A

∂l
n̂− 1

l
n̂×RA (3.19)
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and

∇l ·A = 1
l2
∂(l2A · n̂)

∂l2
+ 1
l
R · (n̂×A) (3.20)

in terms of the rotational gradient operator and the derivative with respect to l.

Specifically, for the gradients of the interaction potential ∇lU and RαU , we have

∇lU = n̂U ′ + (1− n̂n̂) ·
(
V1(l)
l
û1 + V2(l)

l
û2
)
, (3.21)

using expansion (3.15), where the prime denotes a derivative with respect to l.

Applying Rα to (3.15) gives

RαU = Vα(l)ûα × n̂+ V12(l)ûα × ûβ. (3.22)

Inserting expressions (3.21) and (3.22) along with the divergences of the hydro-

dynamic tensors and the gradient of the distribution function given by (3.20)

and (3.19) into the Smoluchowski equation, the average of eq. (3.11) over the radial

coordinate, with the orientations fixed is

LTP =kBT

4 ∇R · 〈M〉 · ∇RP −
kBT

2 n̂×R · (1− n̂n̂) ·
〈Γ
l

〉
· ∇RP

− kBT

2 ∇R ·
[
n̂×R ·

〈Γ
l

〉
P
]

+ kBT

2 ∇R ·
[〈
n̂×R · Γ

l

〉
P
]

+ 1
2∇R ·

〈ΓV1

l

〉
· (1− n̂n̂) · û1P + 1

2∇R ·
〈ΓV2

l

〉
· (1− n̂n̂) · û2P

+ kBT n̂×R · (1− n̂n̂) ·
[
n̂×R ·

〈W
l2

〉
P
]

− kBT n̂×R · (1− n̂n̂) ·
[〈
n̂×R ·W

l2

〉
P
]

+ n̂×R · (1− n̂n̂) ·
〈WV1

l2

〉
· û1P + n̂×R · (1− n̂n̂) ·

〈WV2

l2

〉
· û2P
(3.23)

and for (3.12)

LRP =
∑

α,β=1,2

{
kBT

2 Rα ·
〈
Φ(α)

〉
· ∇RP

+kBT

2 ∇R ·
[
Rα ·

〈
Φ(α)

〉
P
]
− kBT

2 ∇R ·
[〈

Rα ·Φ(α)
〉
P
]

+1
2∇R ·

〈
Φ(α)Vα

〉
· ûα × n̂P + 1

2∇R ·
〈
Φ(α)V12

〉
· ûα × ûβP

−(−1)αkBT n̂×R · (1− n̂n̂) ·
[
Rα ·

〈
Λ(α)

l

〉
P
]
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+(−1)αkBT n̂×R · (1− n̂n̂) ·
[〈

Rα · Λ
(α)

l

〉
P
]

−(−1)αn̂×R · (1− n̂n̂) ·
[〈

Λ(α)Vα
l

〉
· ûα × n̂P

]

−(−1)αn̂×R · (1− n̂n̂) ·
[〈

Λ(α)V12

l

〉
· ûα × ûβP

]

+(−1)αkBTRα ·
[
n̂×R ·

〈
Λ(α)

l

〉
P
]
− (−1)αkBTRα ·

[〈
n̂×R · Λ

(α)

l

〉
P
]

+(−1)αRα ·
〈

Λ(α)V1

l

〉
· (1− n̂n̂) · û1P + (−1)αRα ·

〈
Λ(α)V2

l

〉
· (1− n̂n̂) · û2P

+kBTRα ·
[
Rβ ·

〈
Mαβ

RR

〉
P
]
− kBTRα ·

[〈
Rβ ·Mαβ

RR

〉
P
]}
, (3.24)

with all gradients acting on everything to their right. The following relation has

been used to simplify terms involving the derivative of U with respect to l

〈U ′φ(l)〉 = kBT

〈
φ′(l) + 2 φ(l)

l

〉
, (3.25)

which is valid for any function φ(l) of the radial coordinate, assuming that the

distribution has a Boltzmann-like l-dependence so that P ∝ e−U/kBT .

3.2.4 Moment expansion

For the orientation dependence of eqs. (3.23) and (3.24), we perform the moment

expansion as described in Chapter 2, with respect to the three orientation unit

vectors n̂, û1 and û2. Similarly to the irreducible tensors defined in Chapter 2,

a rank l irreducible tensor can be constructed from symmetric tensors which are

mixed products of components of û1 and û2. For a tensor with respect to only one

of the ûα, the irreducible tensors are defined exactly as in Chapter 2. For tensors

which are constructed from a combination of the three orientations, we define the

following, up to the order that will be encountered in the current moment expansion

Dα
i = ûαi ; (3.26)

Dαβ
ij = ûαi û

β
j −

1
3δijδ

αβ; (3.27)

Dαβγ
(ij)k = Dαβ

ij û
γ
k; (3.28)

Dαβγδ
(ij)(kl) = Dαβ

ij D
γδ
kl ; (3.29)
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Dαβγδε
(ijkl)m = Dαβγδ

ijkl û
ε
m; Dαβγδε

(ijk)(lm) = Dαβγ
ijk D

αβ
kl ; Dαβγδε

(ij)(kl)m = Dαβ
ij D

γδ
kl û

ε
m, (3.30)

which are symmetric in the indices in parenthesis and traceless upon contraction

of the same indices. Dαβγ
ijk and Dαβγδ

ijkl are defined as in Chapter 2. Defining the

scalar product of two orientation-dependent functions as

(A,B) =
∫ dn̂

Ωn̂

∫ dû1

Ωû1

∫ dû2

Ωû2
A(n̂, û1, û2)B(n̂, û1, û2) (3.31)

gives the following scalar products of the unit vectors

(n̂i, n̂j) = 1
3δij;

(
ûαi , û

β
j

)
= 1

3δijδ
αβ; (3.32)

(n̂in̂j, n̂kn̂l) = 1
15∆ijkl;

(
ûαi û

β
j , û

γ
kû

δ
l

)
= 1

9δijδklδ
αβδγδ; (3.33)(

ûαi û
β
j , û

γ
kû

δ
l

)
= 1

15∆ijklδ
αβγδ.

The elongation-averaged distribution function P(R, n̂, û1, û2; t) can be ex-

panded as follows

P(R, n̂, û1, û2; t) ' 1
Ωρ(R, t) + 3

Ωpi(R, t)n̂i + 3
Ωp

1
i (R, t)û1

i + 3
Ωp

2
i (R, t)û2

i

+ 3(3 + 2)
2Ω Qij(R, t)Dij + 3(3 + 2)

2Ω Qαβ
ij (R, t)Dαβ

ij + . . . ,

(3.34)

up to third order in the moment expansion, where we have defined Ω = Ωn̂Ωû1Ωû2 .

Using the relations in (3.32) and (3.33) and expansion (3.34), the zeroth, first and sec-

ond order moments of the elongation-averaged distribution function are, respectively

(
1,P(R, n̂, û1, û2; t)

)
= ρ(R, t); (3.35)(

n̂,P(R, n̂, û1, û2; t)
)

= p(R, t); (3.36)(
ûα,P(R, n̂, û1, û2; t)

)
= pα(R, t); (3.37)(

Dij,P(R, n̂, û1, û2; t)
)

= Qij(R, t); (3.38)(
Dαβ
ij ,P(R, n̂, û1, û2; t)

)
= Qαβ

ij (R, t). (3.39)

In order to find the evolution equations for the moments (3.35)-(3.39) of

the elongation-averaged distribution function, we need an approximation for the
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orientation dependence of the mobility tensors. We expand the mobility tensors

in powers of the orientation unit vectors as follows:

M ' [m0(l) +m1(l)û1 · n̂+m2(l)û2 · n̂+m12(l)û1 · û2]1; (3.40)

W ' [w0(l) + w1(l)û1 · n̂+ w2(l)û2 · n̂+ w12(l)û1 · û2]1; (3.41)

Γ ' [γ0(l) + γ1(l)û1 · n̂+ γ2(l)û2 · n̂+ γ12(l)û1 · û2]1; (3.42)

Λ(1) ' [λ(1)
0 (l) + λ

(1)
1 (l)û1 · n̂+ λ

(1)
2 (l)û2 · n̂+ λ

(1)
12 (l)û1 · û2]1; (3.43)

Λ(2) ' [λ(2)
0 (l) + λ

(2)
1 (l)û1 · n̂+ λ

(2)
2 (l)û2 · n̂+ λ

(2)
12 (l)û1 · û2]1; (3.44)

Φ(1) ' [φ(1)
0 (l) + φ

(1)
1 (l)û1 · n̂+ φ

(1)
2 (l)û2 · n̂+ φ

(1)
12 (l)û1 · û2]1; (3.45)

Φ(2) ' [φ(2)
0 (l) + φ

(2)
1 (l)û1 · n̂+ φ

(2)
2 (l)û2 · n̂+ φ

(2)
12 (l)û1 · û2]1; (3.46)

Ψ(1) ' [ψ(1)
0 (l) + ψ

(1)
1 (l)û1 · n̂+ ψ

(1)
2 (l)û2 · n̂+ ψ

(1)
12 (l)û1 · û2]1; (3.47)

Ψ(2) ' [ψ(2)
0 (l) + ψ

(2)
1 (l)û1 · n̂+ ψ

(2)
2 (l)û2 · n̂+ ψ

(2)
12 (l)û1 · û2]1; (3.48)

Ψ(12) ' [ψ(12)
0 (l) + ψ

(12)
1 (l)û1 · n̂+ ψ

(12)
2 (l)û2 · n̂+ ψ

(12)
12 (l)û1 · û2]1. (3.49)

The coefficients in these expressions are non-linear functions of the radial coordi-

nate, their exact form depending on the geometry of the subunits and boundary

conditions. As previously mentioned, for spherical subunits they can be calculated

numerically using methods such as the one described by Jeffrey and Onishi [110].

For asymmetric subunits, they are not easily determined. It is possible to calculate

the functions numerically for non-axisymmetric geometries made of spherical beads

as in the Kirkwood construction [105, 111]. However, this would require further

approximations to describe the interactions between the beads, so we do not pursue

the explicit calculation of the hydrodynamic functions. The expansions (3.40)-(3.49)

have been truncated at second order as beyond this, additional terms only contribute

quantitatively to the final result. As a further simplification, we have also used the

diagonal approximation A ' 1
3tr(A)1 [104]. For an axisymmetric dumbbell whose

hydrodynamic tensors can be written as the sum of isotropic and directional parts

as A = AI(l)1 + AD(l)n̂n̂, contributions from the directional parts vanish after

averaging over the radial coordinate in the equation for the translational motion for
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all the hydrodynamic tensors except M. It can be seen from eqs. (3.23) and (3.24)

that the directional part of the tensors W, Γ, and Λ do not contribute.

The dynamical equations for ρ, p and pα are determined similarly to the moment

expansion for the ABP example in Chapter 2, leading to the closed set of equations:

∂tρ =kBT

4 〈m0〉∇2
Rρ+ kBT

〈
γ0

l

〉
∇R · p

+ 1
3

2∑
α 6=β=1

[〈
γ0Vα
l

〉
∇R · pα + 1

3

〈
γ12Vα
l

〉
∇R · pβ

]
; (3.50)

∂tp =− kBT

3

〈
γ0

l

〉
∇Rρ− 2kBT

〈
w0

l2

〉
p

− 2
3

2∑
α 6=β=1

[〈
w0Vα
l2

〉
pα + 1

3

〈
w12Vα
l2

〉
pβ
]

; (3.51)

∂tp
α =1

9

[〈
γ0Vα
l

〉
+ 1

3

〈
γ12Vβ
l

〉]
∇Rρ

− 2
3

[〈
ψ

(α)
0 Vα

〉
+ 1

3
〈
(ψ(α)

β − ψ
(12)
β )V12

〉
+ 1

3
〈
ψ

(12)
12 Vβ

〉]
p for α 6= β

− 2
3

[〈
(ψ(α)

0 − ψ(12)
0 )V12

〉
− 1

3
〈
ψ(12)
α Vβ

〉
+ kBT

〈
ψ

(12)
12

〉]
pβ

− 2kBT
〈
ψ

(α)
0

〉
pα. (3.52)

From eq. (3.50), ρ is locally conserved and is thus a hydrodynamic mode. However,

p and pα are fast modes with finite relaxation times. In the absence of constraints on

the rotational motion of the subunits the relaxation time of p is 1/ (2kBT 〈w0/l
2〉).

By comparison to the ABP example, this corresponds to an average rotational

diffusion coefficient of kBT 〈w0/l
2〉 for the dumbbell in the absence of rotational

constraints on the subunits. If the subunits are unconstrained and not hydrodynam-

ically coupled, each rotates freely with rate 1/
(
2kBT

〈
ψ

(α)
0

〉)
. The reorientation

times for p and pα will not be much slower for weakly constrained subunits.

In deriving the hydrodynamic equations (3.50)-(3.52), we have already performed

a gradient expansion and neglected terms that are higher order derivatives than

∇2
Rρ, ∇R ·p and ∇R ·pα. Furthermore, the inevitable hierarchy in which ρ, p and pα

are coupled to higher order moments has been truncated by re-expressing the higher

order moments in terms of ρ, p and pα using (3.26)-(3.30)’(3.32) and (3.33). This

approximation is checked in Appendix A. We also find that these terms would anyway
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not survive the gradient expansion. We note that the coupling between the moments

of the configurational distribution function of the dumbbell is not tridiagonal as in

the ABP example, precisely because the diffusion of the dumbbell is anisotropic.

The coupling between ρ and the first order moments is due to a non-vanishing

Γ; for a flexible symmetric dumbbell, eq. (3.50) would be a closed equation for the

effective diffusion. The coupling between ρ and the first moments of the distribution

with respect to the individual subunits pα would also vanish if the subunits are

freely rotating. The absence of the tensors Φ(α) and Λ(α) in the hydrodynamic

equations signifies that the effect of chirality of the individual subunits is no longer

present at this coarse-grained level.

Finally, at times greater than the reorientation times of p and pα we can take

the stationary limit of eqs. (3.51) and (3.52) to find expressions for these fields

in terms of the gradient of ρ. From ∂tp = 0 and ∂tpα = 0 we find the following

expressions for the first moments:

pα =1
6
〈γ0/l〉
〈w0/l2〉

gα + 1
3g12,β −

1
3gβ

〈
ψ

(12)
12

〉
〈
ψ

(α)
0

〉 + 1
9kBT

〈
(ψ(α)

β − ψ
(12)
β )V12

〉
〈
ψ

(α)
0

〉
− 1

3kBT
gβ

〈(
ψ

(α)
0 − ψ(12)

0

)
V12

〉
〈
ψ

(α)
0

〉 + 1
(3kBT )2

〈
ψ

(α)
0 Vα

〉
〈
ψ

(α)
0

〉 ∑
γ=1,2

〈w0Vγ/l
2〉

〈w0/l2〉
gγ

∇Rρ,
(3.53)

for α 6= β and

p =− 1
6
〈γ0/l〉
〈w0/l2〉

∑
α 6=β=1,2

{
1 + 1

3kBT
gα
〈w0Vα/l

2〉
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+ 1
9kBT
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2〉

〈w0/l2〉
g12,β

+ 1
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2〉
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3(3kBT )2

〈w0Vα/l
2〉

〈w0/l2〉

〈
(ψ(α)

β − ψ
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〉
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〈
ψ

(12)
12

〉
〈
ψ

(α)
0

〉 gβ

∇Rρ (3.54)

which has been written to increasing order in the expansions of the potential (3.15)

and hydrodynamic tensors (3.40)-(3.49). We have defined the dimensionless coeffi-

cients

gα = 1
3kBT

〈γ0Vα/l〉
〈γ0/l〉

〈w0/l
2〉〈

ψ
(α)
0

〉 +

〈
ψ

(α)
0 Vα

〉
〈
ψ

(α)
0

〉
 (3.55)
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g12,β = 1
3kBT

〈γ12Vβ/l〉
〈γ0/l〉

〈w0/l
2〉〈

ψ
(α)
0

〉 +

〈
ψ

(12)
12 Vβ

〉
〈
ψ

(α)
0

〉
 . (3.56)

3.3 Results

3.3.1 The diffusion equation

From the moment expansion we find the diffusion equation, ∂tρ(R, t) = Deff∇2
Rρ,

with effective diffusion coefficient

Deff =kBT

4 〈m0〉 −
kBT

6
〈γ0/l〉2

〈w0/l2〉

1−
∑

α 6=β=1,2

[(
ṽα
kBT

)2
Kα +

(
ṽα
kBT

)(
ṽβ
kBT

)
Lαβ

+
(
ṽα
kBT

)(
ṽ12

kBT

)
Mαβ +

(
ṽα
kBT

)(
ṽβ
kBT

)(
ṽ12

kBT

)
Nαβ

]}
. (3.57)

The first term in the effective diffusion coefficient is the equilibrium average of

contributions from the translational modes of the dumbbell. The remaining terms

are corrections due to the fluctuations of the flexible dumbbell and are coupled to

its asymmetry through the function γ0. In (3.57), we have chosen the orientation

constraints to be Vα = ka2vαϕ(l) and V12 = ka2v12ϕ(l), where k is the stiffness of the

interaction potential and vα and v12 are the constant magnitudes of the constraints

on orientations (which have been redefined as ṽα = ka2vα and ṽ12 = ka2v12)

and ϕ(l) = 1
2

(
l
a
− 1

)2
. The geometric coefficients Kα, Lαβ, Mαβ and Nαβ are

dimensionless and of order 1, and are estimated to be positive for a harmonic-like

potential. Hence, a dumbbell with freely rotating subunits (with vα = v12 = 0) has

the largest negative contribution to its effective diffusion coefficient.

Equation (3.57) can be understood by considering the force dipole that the

dumbbell exerts on the fluid. The force F2 = −∇2U on a subunit 2 (similarly for

subunit 1) after a time when the separation coordinate has equilibrated but the

orientation of the dumbbell is constant is 〈F2〉 = −〈U ′〉 n̂. Hence, the dumbbell

will have a nonzero average dipole if 〈U ′〉 6= 0. With the assumption that the

distribution-function has a Boltzmann-like dependence on the radial coordinate,

〈U ′〉 = −kBT

P

∫
a
dl ld−1 d

dl
(
e−U/kBT

)
(3.58)
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where d is the dimensionality of space. This does not vanish in any dimension

other than one (even though U ′|l=a = 0) due to the entropic contributions in

dimensions greater than one. Due to asymmetry, this fluctuating dipole results

in a net drift velocity. This does not hold at times before the radial coordinate

has relaxed when 〈U ′〉 may vanish. The negative sign of the correction is a generic

feature of fluctuation-induced interactions [112] and its proportionality to −〈U ′〉2

highlights a similarity to dispersion forces [113].

We note that the relatively simple form of (3.57) is furnished by approxima-

tions (3.15) for the interaction between the subunits and (3.40)-(3.49) for the

hydrodynamic tensors. The contribution of higher order terms in these expansions

is to modify the numerical coefficients of the existing terms.

With the quasi-stationary approximation that was used to close the moment

expansion to allow us to write the diffusion equation for ρ(R, t), eq. (3.57) is the

diffusion coefficient of the com after a sufficiently long time. The time evolution of the

dumbbell can be obtained by treating the stochastic dynamics in the path integral

formulation [80, 114]. For freely rotating subunits with hydrodynamic tensors

approximated by A '
〈
AI + 1

3AD
〉
≡ 〈A〉1, using the diagonal approximation

as well as orientation preaveraging, the path integral treatment following the

Martin-Siggia-Rose method [115], leads to two regimes for the effective diffusion

coefficient: At early times, the diffusion coefficient is just the average of the

translational modes but at times larger than the rotational diffusion time, it has

the same form as (3.57) [80].

3.3.2 Example: An axisymmetric dumbbell

For a more quantitative analysis of the role of thermal fluctuations on the dif-

fusive dynamics of the generalised dumbbell, we consider the simpler case of an

axisymmetric dumbbell with spherical subunits of radii a1 and a2 (and a2 > a1).

The harmonic interaction potential is

U = 1
2k(l − a)2

[
1 + v1 n̂ · û1 + v2 n̂ · û2 + v12 û

1 · û2
]

(3.59)
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Figure 3.3. The effective diffusion coefficient of two axisymmetric dumbbells with
asymmetries ζ = 2 and ζ = 1.5 as a function of relative fluctuations ε, with v1 = 0.1,
v2 = 0.13, v12 = 0.15 and a1/a = 0.3. Dave is the first term of Deff; Dave +O(2) is the
sum of the first two terms; Dave +O(3) includes all but the last correction; and
Dave +O(4) includes all the terms shown [107].

for l > a1 + a2 and ∞ otherwise, and the constant constraint parameters satisfy

vα, v12 � 1. The mobility functions are calculated using the method of Jeffrey

and Onishi [110], for two unequal rigid spheres in an unbounded fluid, in terms

of the ratio of subunits sizes ζ = a2/a1 and the non-dimensionalised distance

between the subunits.

In Fig. 3.3, we have plotted the effective diffusion coefficient Deff against the

relative amplitude of thermal fluctuations of the dumbbell ε =
√
kBT/ka2, for

different values of ζ. As expected, the diffusion coefficient of the dumbbell decreases

with increasing asymmetry. The figure also shows that Deff increases with the

stiffness of the potential, with its maximum value in the limit of a rigid potential.

Finally, since the mobility functions scale as powers of 1/l a small deformation in

the dumbbell will have an amplified contribution to the diffusion coefficient.

3.3.3 Fluctuation-dissipation theorem

To verify the validity of the averaging scheme, we check that the effective diffusion

equation for the com motion obtained with the method we have described satisfies the

fluctuation dissipation theorem, specifically, the Einstein relation µeff = Deff/kBT ,

where µeff is the effective mobility of the dumbbell. The calculation is performed

for a simplified case where the potential has no orientation dependence, and the
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effect of anisotropy is neglected. In order to establish the presence of the Einstein

relation, the diffusion equation is derived for the suspended dumbbell subjected

to a constant external force f = f e, with magnitude f in the direction e, through

the application of a force of f/2 to each subunit.

Under the influence of the external force, the probability distribution Pf (R, l; t)

for R and l satisfies the Smoluchowski equation

∂tPf (R, l; t) = LEPf −
1
4∇R · [M · ePf ]−∇l · [Γ · ePf ] (3.60)

[80], where LEPf is the equilibrium contribution, which is independent of f. After

averaging over the radial coordinate l at fixed orientation, to find the equation

satisfied by Pf =
∫
dl l2Pf and performing the moment expansion of the separation-

averaged Smoluchowski equation, with the same closure scheme as was used to

derive the diffusion coefficient (3.57), the drift-diffusion equation for the driven

system is found to be

∂tρf = Deff∇2ρf − µefff · ∇ρf . (3.61)

Indeed, the diffusion and mobility coefficients in this equation are related by

the Einstein relation.

3.3.4 Enzyme kinetics

Up to now, we have not considered the effect of kinetics, which describes the process

of catalysis of a real enzyme. For this, the three-step Michaelis-Menten kinetics

that was described in the introduction is simplified to a discrete two-state model.

It is assumed that the enzyme exists in one of two equilibrium states: either it

is free, or it is bounded in a complex to a substrate (or product) molecule. The

two states are characterised by their interaction potentials, Uf and Ub, in the free

and bound states respectively, which are generally different. The catalytic cycle of

an enzyme is then reduced to transitions between these two states, neglecting the

non-equilibrium step of substrate being converted into product molecules. This is

motivated by the assumption that there is a separation of time scales between the
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binding interaction and the chemical step, and the binding interaction is assumed

to be faster of the two processes.

To include the effect of kinetics in the result for the long-time effective diffusion

coefficient, the equilibrium weight function is redefined for the two-state equilibrium

so that the average of a conformation-dependent function becomes

〈φ〉MM = 〈φ〉f + f(S,P)[〈φ〉b − 〈φ〉f] (3.62)

[80], where 〈·〉f and 〈·〉b are the averages with respect to the free and bound

state Boltzmann weights respectively, and f(S, P ) is the probability for transi-

tioning between the two states and is therefore a function of the substrate and

product concentrations, with limiting values corresponding to different stages

in the chemical reaction.

Generically,

f(S,P) = S0

K + S0
(3.63)

[80], where S0 is the initial substrate concentration and K is the equilibrium constant

that depends on the concentration of substrate and product. At early times, when

it can be assumed that the substrate concentration has not substantially deviated

from its initial value (as not many of the substrate molecules will have been

converted into product), K = KS, where KS is the effective equilibrium constant

for substrate binding and is proportional to the ratio of the rates of binding (kon)

and unbinding (koff) of substrate molecules. After chemical equilibrium has been

reached, K = 1
2 (KS + KP), where KP is the effective equilibrium constant for

product binding, which is proportional to the ratio of the rates of binding and

unbinding of product molecules.

3.3.5 The effect of substrate binding on the diffusion
coefficient

From the discussion in Section 3.1.3, we expect for the catalytic cycle to be

accompanied by conformational changes in the enzyme from its free equilibrium

state. The effect of the reduced catalytic cycle due to the presence of substrate
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molecules is introduced into the generalised dumbbell model by replacing the

averages in eq. (3.57) by (3.62), which leads to a substrate-dependent diffusion

coefficient D(S). Neglecting the effect of the rotational constraints for simplicity,

the change in diffusion coefficient due to binding interactions is given by

∆D = D(S)−D(S = 0)

= kBT

4 〈m0〉MM −
kBT

6
〈γ0/l〉2MM
〈w0/l2〉MM

− kBT

4 〈m0〉f −
kBT

6
〈γ0/l〉2f
〈w0/l2〉f

. (3.64)

Assuming that the relative difference in the configurational averages of the mobility

functions in the free and bounds states, [〈φ〉b − 〈φ〉f]/ 〈φ〉b, is small, the relative

change in diffusion coefficient is then

∆D
D0

= 〈µb〉 − 〈µf〉
〈µf〉

≡ A S0

S0 + K (3.65)

[26, 80], where D0 = D(S = 0) and A is a dimensionless function of the average

mobility functions in the two states, which is independent of substrate concentra-

tion. Equation (3.65) has two main features; firstly, the dependence on substrate

concentration is the same as in the Michealis-Menten equation and secondly, since

A is a ratio of averages of similar functions, it is expected to be of order one. Both

features are consistent with the experimental observations for the change in the

diffusion coefficient of an enzyme in the presence of its substrate (or inhibitor) [26].

Specific examples of the conformational changes that may occur in an enzyme

due to substrate binding have been considered [80], and estimates are provided for

the contribution from each to the change in diffusion coefficient given by eq. (3.65).

For this, the interaction potential is again assumed to be harmonic and written as

Ui = 1
2ki(l − xi)

2
[
1 + v1,i n̂ · û1 + v2,i n̂ · û2 + v12,i û

1 · û2
]

(3.66)

where the index i = f,b is given to parameters that are conformation dependent. ki
is the stiffness of the potential in state i, xi is the equilibrium distance between the

subunits in either state and vα,i and v12,i are the constraints on the rotational degrees

of freedom in either state. For the first two examples, the rotational constraints

are set to zero to facilitate the analytic calculations. In all cases the potential is
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assumed to be sufficiently stiff (ε� 1) that the subunits are unlikely to touch so

that the lower limit of (3.17) and (3.18) can be extended to −∞ and the averages

over the radial coordinate can be approximated.

As discussed in the introduction to this chapter, substrate binding can cause

a change in the size of the enzyme on the scale of nm. Correspondingly, in the

interaction potentials given by (3.66), xf = a and xb = a− δl, where δl is the change

in the distance between the subunits upon binding. For a small deformation δl � a

and assuming kf = kb, A is expanded to first order in δl to give

Ac = G δl
a

(3.67)

[80], the contribution to A due to the change in equilibrium size. G is a new

dimensionless number that is the ratio of the mobility functions and their derivatives

and is again of order one. From eq. (3.67), the change in diffusion coefficient (3.65),

will be of the order of the relative deformation and for a positive δl, an enzyme

in the bound state will diffuse faster than when it is free.

Another possibility is that substrate binding changes the stiffness of the inter-

action between the domains of an enzyme. In this case, the associated potentials

have kf 6= kb. Supposing that xf = xb, A is expanded to first order in the change

in stiffness δk = kb − kf to give

As = Hε2 δk

kf
(3.68)

[80], where H is another ratio of the mobility functions and their derivatives. In

this case, the change in diffusion coefficient is proportional to the relative change in

the stiffness of the interaction between the subunits of the generalised dumbbell.

The dumbbell diffuses faster in the bound state if binding increases the stiffness

of the interaction between its domains i.e., for kb > kf.

Finally, in the introduction to this chapter, we also discussed the possibility

of a flexible enzyme becoming more constrained after substrate binding. The

contribution to A from varying the constraint on rotational fluctuations is given by

Ar = ε2 ∑
α=1,2

vα,f(vα,b − vα,f)Jα (3.69)
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[80], where Jα is a dimensionless number which is again composed of the mobility

functions and their derivatives and is unique for each subunit.

In the Oseen limit, the mobility functions in (3.57) can be approximated as

m0 '
1

6πη

( 1
a1

+ 1
a2

)
+ 1

3πηl , (3.70)

w0 '
1

6πη

( 1
a1

+ 1
a2

)
− 1

4πηl , (3.71)

γ0 = 1
6πη

( 1
a2
− 1
a1

)
. (3.72)

In (3.70) we have considered that m0 includes a contribution from the directional

part of the tensor M. Using (3.70)-(3.72), an order of magnitude estimate for the

leading order contribution to the relative change in effective diffusion coefficient

due to binding interactions is

∆D
D0
' 2 a1a2

a1 + a2

(〈1
l

〉
b
−
〈1
l

〉
f

)
. (3.73)

This shows that the leading order contribution from the reduced catalytic cycle

comes from the change in the average length of the dumbbell upon binding. In the

case that the bound state of the dumbbell has a smaller average length, which can

happen through δl > 0 or δk > 0, binding interactions result in enhanced diffusion.

Due to the fluctuation-induced contribution to the effective diffusion coefficient,

the next order contribution to (3.73) is due to changes in the fluctuations of the

dumbbell upon binding [116]. Therefore, even if the average length of the dumbbell

is the same in its free and bound states, the difference in fluctuations in the two

states will also result in a change in diffusion coefficient.

3.4 Discussion

Taylor dispersion theory:

The result (3.57) for the long-time diffusion coefficient is not exact, but relies

on the averaging procedure described in Section 3.2.3 and on the expansions (3.14)

and (3.40)-(3.49) for the interaction between the domains of the model enzyme
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and the hydrodynamic functions. An exact expression has been derived by Agudo-

Canalejo and Golestanian for the dumbbell with freely rotating subunits [116],

using generalised Taylor dispersion theory [93, 117, 118], which turns out to be

very similar to eq. (3.57). The difference being that the exact result includes an

additional fluctuation-induced term, which comes from the directional parts of

the rotation and translation-rotation tensors and has a different structure for the

average over the separation coordinate, which is the result of avoiding the averaging

procedure. However, our approximate method appears to have a wider range of

applicability. For instance, the exact method cannot be used to find the effective

transport coefficients for the system in the presence of a substrate concentration

gradient, as is done in the Chapter 4.

Hydrodynamic interaction:

In Section 3.3.2 we have given quantitative results for the effective diffusion

coefficient of an axisymmetric dumbbell with spherical subunits, for which the

hydrodynamic mobility functions can be calculated relatively easily [110]. It remains

to provide a quantitative description for a truly asymmetric dumbbell without an

axis of symmetry. Some progress has been made on determining the properties

of the hydrodynamic interaction between two arbitrary shaped objects. It has

been shown that asymmetry leads significant two-body hydrodynamic effects that

is not present for spheres [119].

We also note that the complex environment in which enzymes exist would

be more realistically described by a viscoelastic theory which could include, for

example, the material that makes up the extracellular matrix.

Further questions on enhanced diffusion:

As new experimental results are being reported, it is apparent that substrate-

driven enhanced enzyme diffusion is still not fully understood. With regards to

experiments, there are questions on the validity of FCS as a method for measuring

the diffusivity of enzymes. There have been suggestions that results from FCS

experiments could contain the effects of experimental artefacts that could lead

to observations which may be falsely interpreted as enhanced diffusion [120–122].
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The complication of performing true single-molecule experiments is also being

discussed [123].

Due the variety of enzymes and their range of physical and thermodynamic

properties, it is likely that enhanced enzyme diffusion is a combination of active

mechanisms, such as those described in the introduction, and passive mechanisms

like ours. The effects of non-equilibrium activity could be important for fast,

exothermic enzymes. Further experiments and theoretical studies (to include

simulations) are necessary to establish the importance of each mechanism and any

other contributions which have so far been missed. We note that a similar model

to ours was recently studied with Brownian dynamics simulations [124].

Oligomeric enzymes:

Most enzymes exist as oligomers or polymers3 (see Fig.3.4). Some of these

oligomeric enzymes can dissociate and re-associate reversibly in response to a

stimulus such as enzyme or substrate concentration and temperature, typically with

reduced catalytic activity in the dissociated state so that dissociation regulates enzy-

matic activity. It was recently suggested that enhanced enzyme diffusion in the pres-

ence of substrate could be the result of dissociation of enzyme oligomers [120, 125].

In a recent publication, Agudo-Canalejo et al. investigated the diffusion and

reaction times of dissociating oligomeric proteins. By comparing the diffusion of

dissociating and non-dissociating proteins, they show that dissociation leads to

enhanced diffusion, and furthermore can increase catalytic activity in a concentration-

dependent way.

For a dimeric protein, which has two monomer subunits, we have shown that

the diffusion coefficients of the dimer and monomer are related by

Ddim = 1
2Dmon − δDfluc, (3.74)

where Ddim is the diffusion coefficient of the dimer and Dmon of the monomer, so that

the dimer is expected to diffuse considerably more slowly than the monomer [126].

Hence, the effective diffusion coefficient of a system of proteins is increased if they can
3These are structures composed of two or more subunits.
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Figure 3.4. The structure of (a) Catalase, (b) Urease, (c) Alkaline phosphatase, and (d)
Triose phosphate isomerase. Each region in a different shade of grey is a different
monomer. Reprinted by permission from Springer Nature: Nature [31], 2020.

dissociate. However, in the dissociated state, the catalytic activity of the enzymes

may be compromised so that enhanced diffusion due to dissociation comes at the cost

of a reduction in catalytic activity. A positive interplay between fast diffusion of the

monomer, which is prevalent at low protein concentration, and fast re-association

into the catalytic dimer at sufficiently high concentration, leads to an increased

reactivity of the dissociating enzyme compared to a non-dissociating enzyme.

The reaction time, which is defined as the first passage time for a protein to diffuse

to a target, is determined numerically. It is possible that with our probabilistic

description we may be able to obtain an analytic result, at least for a simpler system.



CHAPTER 4

Hydrodynamic contribution to chemotaxis

4.1 Introduction

4.1.1 Chemotaxis

It has been known for several decades that bacteria and eukaryotic cells are

able to direct their motion in response to local field gradients of, for example,

chemicals, temperature, or light intensity [127]. The response could be in the form

of an increased translational velocity in a given direction or an angular velocity.

This ability has evolved to aid search processes, like finding an optimal region

to thrive [128]. In the case of a chemical field, the effect is generically known

as chemotaxis and causes the chemotactic object to move towards or away from

the chemical gradient. It has been suggested that chemotaxis is used in living

organisms for signalling [129]: In addition to swimming with flagella, chemotaxis

of spermatozoa in response to chemical gradients released by the oocyte has been

established in many species [130], and theoretical descriptions of the underlying

physics have been given [131]. It is generally accepted that chemotactic bacteria

perform a preferential random walk with memory of the chemical gradient [128,

132, 133], while cells are able to use their size to determine the direction of a

gradient across their body [134].

63
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Recently, chemotaxis has been reported for single enzyme molecules, which do

not have the motility and sensory machinery of bacteria and eukaryotic cells. Dey et

al. have made a proposal for a micromotor that is fully powered by enzyme catalysis

and their ability to chemotax up a chemical gradient [7]. In that scenario the size

of the motor could be used to draw a comparison with a chemotactic cell. However,

for a single enzyme molecule, the ability to respond to a chemical gradient is a

very surprising observation because of its size and its implication on the necessary

timescale of such a gradient response. A perceivable response of an enzyme to a

local gradient would be the culmination of overcoming thermal fluctuations and

viscous effects that are expected to be significant for dynamics at molecular length

scales and are amplified in cellular environments.

4.1.2 Experimental observations of enzyme chemotaxis

In the past decade there have been reports of chemotactic behaviour of catalytically

active enzymes in gradients of their substrate, where enzymes move preferentially

up [7, 22, 23, 27, 29, 30, 32, 78, 135] or down [33] a substrate concentration

gradient, with speeds of up to the order of µm/s [29]. This includes many of

the enzymes that have also been reported to exhibit enhanced diffusion in a

uniform concentration of their substrate. Notably the enzyme urease has been

reported to move up [29] and down [33] a substrate concentration gradient in

conflicting observations. Experiments have been performed to show that the motion

in concentration gradients is due to a directed and preferential drift rather than

enhanced diffusion [22, 78]. Experiments have also suggested that chemotaxis may

be observed for enzymes that are prevented from catalysing substrate molecules into

product [23] and for molecular dyes in the direction of an increasing concentration

of a polymer to which they bind reversibly [136].

Very recently, similar experiments with vesicles decorated with catalytically

active enzymes have reported chemotaxis and anti-chemotaxis (towards decreasing

substrate concentration) depending on the enzyme that is attached to the vesicle–

one of the enzymes is reported to lead to both types of chemical response of the
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vesicle [137]. The observation of chemotaxis was attributed to enzyme catalysis,

while anti-chemotaxis was described as the result of repulsive interactions between

the lipids of the vesicle to which enzymes are attached and substrate molecules.

These chemotaxis experiments are commonly performed in microfluidic devices,

typically with two inlets, through which solutions with different compositions of

enzyme, substrate and buffer are injected. An example of the setup is shown in

Fig. 4.1. The intensity profile of the enzymes (which are labelled with fluorescence)

is measured across the channels over time to determine their motion. As shown in

Fig. 4.1, if a solution containing substrate molecules is injected into one inlet and

a solution of enzymes into the other, chemotaxis up the substrate concentration

gradient would result in a drift of the enzymes in the direction of the substrate

when compared to a situation in which a solution with no substrate is injected

into the inlet. It has been suggested that the concentrations [138] and initial

concentration profiles [139] that are injected into the microfluidic channels could

be significant for the steady-state profile of the enzyme. It has been shown

that it is possible to separate catalytically active enzyme molecules from inactive

molecules with similar physical properties by exploiting the effect of chemotaxis

in a microfluidic network [32].

Figure 4.1. A two-inlet microfluidics device, showing chemotaxis of an enzyme towards
increasing substrate concentration. This figure has been reproduced from Sengupta et
al. [29].
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4.1.3 Models of enzyme chemotaxis

As is the case for enhanced diffusion, there is still no consensus on the mechanism

(or mechanisms) that is responsible for the observation of enzyme chemotaxis in sub-

strate concentration gradients. Classical descriptions of chemotaxis do not include

the effect of the catalytic cycle, and therefore cannot fully describe chemotaxis in

catalytically active enzymes. As discussed in the review by Feng and Gilson, the

alternative suggestions put forward so far broadly fall into two groups [139].

On one side are the theories that predict the existence of an average force on an

enzyme that is directed towards or away from the substrate (or ligand) gradient.

The initial proposal for this mechanism was provided by Schurr et al. [140], to

explain the chemotaxis of macromolecules which are not enzymes but has since

been used to explain the observation of chemotaxis of enzymes [22, 136]. The

theory relies on the thermodynamics of binding, specifically, the difference in the

free energies of the free and bound state enzyme or macromolecule. Subsequent

theories of this type have incorporated substrate-driven enhanced diffusion [78] (on

the basis that experimental observations suggest a link between the two), in an

attempt to reconcile the high speeds of chemotaxis reported in experiments with

the predictions of the original theory of Schurr et al..

The second group consists of mechanisms that are based on a position dependent

diffusion coefficient, which is inferred phenomenologically from the dependence of

an enzyme’s diffusion coefficient on a uniform substrate concentration that has been

widely observed in the context of enhanced diffusion. But as discussed by Schnitzer

et al. [134], determining the correct form for the dynamical equations of such systems

with position dependent diffusion coefficients requires some amount of care.

Recently, Agudo-Canalejo et al. introduced a microscopic model for the

chemotaxis of enzymes in which enhanced diffusion, the dependence of the diffusion

coefficient on substrate concentration and the possibility of anti-chemotaxis are

natural consequences of the model [138]. The main idea is that a careful consideration

of enzyme kinetics leads to two types of drift velocity for an enzyme in a solute

concentration gradient which are in competition: a phoretic velocity due to surface



4. Hydrodynamic contribution to chemotaxis 67

interactions between the substrate molecules and the enzyme and a “binding-induced”

velocity which arises because of the difference in the diffusion coefficient of the free

enzyme and enzyme-substrate complex. We will discuss the model in detail, as we

extend it to include the effect of fluctuations to investigate the relationship between

an externally imposed chemical gradient and the structure and function of an enzyme.

4.1.4 Diffusiophoresis

Before introducing our model, we briefly discuss the physics of phoretic motion,

a force-free and torque-free propulsion mechanism that is driven by interfacial

interactions between a microscopic (or nanoscopic) particle in a fluid and local

gradients of fields such as an electrostatic potential (electrophoresis), temperature

(thermophoresis) and solute concentration (diffusiophoresis) [141]. The field gradient

may be externally imposed (as will be the case in our discussion) or it can be

generated by the particle itself if it is suitably asymmetric [142, 143], and the

resulting propulsion velocity depends on the microscopic details of the system.

Phoresis is an intrinsically non-equilibrium mechanism due to the continuous

conversion of energy from local interactions.

The propulsion velocity due to diffusiophoresis can be found by solving the

Stokes’ equation for the parallel component of the flow velocity, due to the solute

concentration gradient within the interaction range of the phoretic particle [141].

This is the so called “slip” velocity:

vs = µ (1− n̂n̂) · ∇ρs, (4.1)

which holds when the thickness of the interfacial layer is small compared to the

radius of the particle [142]. In (4.1), n̂ is the unit normal to the surface of the

particle, ρs is the solute concentration field and µ is a mobility for the motion. In a

fluid of viscosity η and temperature T the phoretic mobility is given by

µ = kBT

η

∫ ∞
a

dz z
[
1− e−φ(z)/kBT

]
, (4.2)
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where a is the radius of the phoretic particle, z is the normal coordinate from its

surface and φ(z) is the interaction between the solute particles and the surface of

the phoretic particle. The sign of µ is determined by the sign of the interaction φ(z).

Using the Lorentz reciprocal theorem [108] to relate the slip velocity (4.1) from

the force-free and torque-free motion of the particle to the velocity of the disturbance

field due to an object of the same shape with an instantaneous velocity V due

to the action of an external force, the translational phoretic velocity due to the

distribution of slip velocities on the surface of a spherical particle is

V = − 1
4πa2

∫
S
dS vs (4.3)

[144]. A similar consideration for the torque-free rotational motion gives the

rotational phoretic velocity

Ω = − 3
8πa3

∫
S
dS n̂× vs (4.4)

[144]. This angular velocity leads to an alignment response for a polarisable particle.

We will derive the translational and rotational phoretic velocities explicitly from a

microscopic description of our system starting from the Smoluchowski equation.

4.1.5 Overview

In this chapter, we study the response of our model enzyme to an externally

imposed substrate concentration gradient. A coupling between hydrodynamics

and the concentration gradient arises naturally in our asymmetric dumbbell model.

Our model predicts that an enzyme will present complex alignment dynamics in

response to the substrate concentration gradient, in addition to a response to a

hydrodynamic density gradient– even at the level of a single enzyme molecule.

We start from a microscopic description of the system in Section 4.2 and present

the steps for deriving the phoretic mobilities associated with the subunits of the

asymmetric dumbbell. In Section 4.3, we derive and discuss the drift-diffusion

equation for the dynamics of the system in the hydrodynamic limit. The alignment

mechanisms are examined in detail. We also study the effect of the reduced catalytic
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Figure 4.2. (a) Our model enzyme in a concentration gradient ∇ρs of substrate
molecules. The free enzyme interacts with substrate molecules in the bulk through
pairwise hydrodynamic and surface interactions. (b) Additionally, the free enzyme can
bind to a substrate molecule to form a complex with rate kon which unbinds with rate
koff [145].

cycle. Finally, we conclude with a discussion of the possible implications of our

results and suggestions for improvements to our model.

4.2 Model

To study the response of an enzyme to a substrate concentration gradient we

consider our asymmetric dumbbell in a bath of substrate molecules. Again, we

assume that all boundaries are far enough from the dumbbell that we can neglect

boundary effects. For simplicity, we consider an axisymmetric dumbbell with

spherical subunits which may be of different sizes and can have different surface

properties. In addition to the binding interactions, which are attractive and short-

ranged (typically non-covalent interactions such as hydrogen bonds and hydrophobic

interactions), we also consider non-specific interactions between the surface of the

dumbbell and substrate molecules. These can be different for the two subunits. The

non-specific interactions are the non-binding interactions that can be attractive

or repulsive between the dumbbell and substrate molecules that are sufficiently
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close, and include van der Waals, electrostatic and steric interactions. We also

consider hydrodynamic interactions between the subunits of the dumbbell and

the substrate molecules in the bulk.

4.2.1 Smoluchowski equation for N + 2 particles

The system consists of the subunits of the dumbbell that are located at positions

R1 and R2 and substrate molecules S at positions Xi, with i = 1, . . . , N . The

configuration, including the dumbbell and substrate molecules, is characterised

by the (N + 2)-particle distribution ρN+2(R1,R2,X1, . . . ,XN ; t), whose stochastic

dynamics evolves under the Smoluchowski equation

∂tρN+2 =
2∑

i,j=1
∇Ri ·

(
µij · [kBT∇RjρN+2 + (∇RjφN+2)ρN+2]

)

+
N∑
i=1

{ 2∑
j=1

[
∇Rj ·

(
µjs · [kBT∇XiρN+2 + (∇XiφN+2)ρN+2]

)
+∇Xi ·

(
µsj · [kBT∇RjρN+2 + (∇RjφN+2)ρN+2]

) ]
+∇Xi ·

(
µss · [kBT∇XiρN+2 + (∇XiφN+2)ρN+2]

)}
. (4.5)

Where µij = Mij
TT are the hydrodynamic mobility tensors due to the translational

modes of the subunits, µjs are the hydrodynamic mobility tensors due to the

coupling of translational modes of the subunits with substrate molecules and µss

is the self-mobility tensor of a substrate molecule in the presence of the other

molecules and the dumbbell. Strictly, the hydrodynamic tensors as well as the

interaction potential φN+2 depend on the position of all N + 2 particles. We assume

that the suspension is dilute to avoid this complication.

In a sufficiently dilute solution, where three-body and higher order interactions

are rare, the interaction potential φN+2 can be approximated as the sum of pair

potentials between the dumbbell subunits and the pair potentials between each

subunit and a substrate molecule with

φN+2(R1,R2,X1, . . . ,XN) = U(R1,R2) +
2∑
j=1

N∑
i=1

φjs(Rj −Xi), (4.6)
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where U is again the pair interaction between the dumbbell subunits and φjs is

the pair interaction between subunit j and a substrate molecule. Furthermore, if

the substrate molecules are small (which is typically the case), we can assume that

the subunit self-mobilities µii are constant, and for i 6= j, the cross-mobilities µij

contain only the effect of pair interactions between the subunits.

Since we are only interested in the dynamics of the dumbbell, we define the

two-particle distribution ρe for the dumbbell by integrating over the N degrees

of freedom of the substrate molecules such that

ρe(R1,R2; t) =
∫

dX1 . . . dXN ρN+2(R1,R2,X1, . . . ,XN ; t). (4.7)

Integrating over the substrate degrees of freedom in the Smoluchowksi equation (4.5)

for the N + 2 particle distribution, we obtain

∂tρe(R1,R2; t) =
2∑

i,j=1

{
∇Ri ·

(
µij ·

[
kBT∇Rjρe + (∇RjU)ρe

])
+N∇Ri ·

∫
X

(µis − µij)(∇Xφjs)ρes
}
,

(4.8)

after using the relation ∇RjφN+2 = ∇RjU −
∑N
i=1∇Xiφjs(Rj,Xi) and ignoring

boundary terms, using the fact that the mobility tensors are divergence-free (so

that ∇Xµij = ∇Xµjs = 01). The equation for the two-particle distribution

is not closed as it retains information of higher order interactions through the

three-particle distribution ρes(R1,R2,X; t), which is coupled to the four-particle

distribution and so on, so that a closure approximation is needed to write a closed

equation for evolution of ρe.

4.2.2 Closure and no-overlap approximation

For a dilute solution with the assumption that substrate molecules are much smaller

than the dumbbell so that the substrate concentration field relaxes quickly, a
1The divergences vanish if the substrate molecules are assumed to be point-like and if the

substrate molecules are not point-like, for the hydrodynamic tensors expanded to order O(1/r6)
in the distance between the subunits and substrate molecules [109].



4. Hydrodynamic contribution to chemotaxis 72

natural closure approximation is

ρes(R1,R2,X; t) ≈ ρe(R1,R2)ρs(X; t)
N

e−
φ1s+φ2s
kBT . (4.9)

Where ρs(X; t) is an externally controlled substrate concentration field with dif-

fusivity Ds, that satisfies the Laplace equation with no normal flux boundary

conditions on the surface of the subunits:

Ds∇2ρs = 0 and −Ds∂⊥ρs = 0. (4.10)

We have used the fact that the typically smaller substrate molecules diffuse more

quickly than an enzyme so that the substrate concentration relaxes quickly, and

we can neglect its time derivative. The gradient and normal derivative are with

respect to spherical coordinates (ri, θi, ϕi) centred on each subunit i, with unit

vectors (r̂i, θ̂i, ϕ̂i) and a common zenith ẑ for the two subunits. The substrate

concentration in the vicinity of a subunit of radius ai, assuming that far from the

subunit there is a concentration gradient ∇ρ∞s = |∇ρ∞s |ẑ of substrate molecules

pointing in the ẑ-direction, is thus given by the following solution to (4.10)

ρs(ri, θi, ϕi) = ρ∞s + |∇ρ∞s |
(
ri + 1

2
a3
i

r2
i

)
cos θi. (4.11)

The radial coordinate ri is related to the original coordinates throughX = Ri+rir̂i.

Using eq. (4.9), the coupling term in the Smoluchowski equation for the

dumbbell (4.8) becomes

N
∫
X

(µis − µij)(∇Xφ
js)ρes ≈ ρe

∫
X

(µis − µij)(∇Xφ
js)ρse−

φ1s+φ2s
kBT . (4.12)

A second approximation is needed to be able to write the remaining integral over

the substrate position into a manifestly phoretic form that it proportional to the

gradient of the substrate concentration. In eq. (4.12), there is still a coupling of

the interactions φ1s and φ2s between the two subunits and the substrate molecules

through the Boltzmann weight. We assume that the range of these potentials

is much shorter than the typical distance between the subunits so that the two
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potentials do not overlap and a substrate molecule never “feels” both subunits

simultaneously. In this limit, we have

ρe

∫
X

(µis − µij)(∇Xφ
js)ρse−

φ1s+φ2s
kBT ≈ρe

∫
X

(µis − µij)(∇Xφ
js)ρse−

φjs

kBT

= kBTρe

∫
X

(µis − µij)(e−
φjs

kBT − 1)∇Xρs,
(4.13)

since the gradient will only contribute to the integral in the region near subunit

j, where a substrate molecule does not feel the potential from the other subunit.

The final step comes from integration by parts, ignoring boundary terms and using

the fact that the hydrodynamic tensors are divergence-free.

Finally, the Smoluchowski equation for the distribution of the dumbbell (4.7)

can be written as

∂tρe(R1,R2; t) =
2∑

i,j=1

∇Ri · {µij · [kBT∇Rjρe + (∇RjU)ρe
]}

+∇Ri ·
[
kBTρe

∫
X

(µis − µij)(e−
φjs

kBT − 1)∇Xρs
]. (4.14)

The first line of this equation is the contribution from the isolated enzyme that we

have studied in detail in Chapter 3, and the second line corresponds to phoretic

response to the gradient of substrate molecules. Since we define µii to be the

self-mobility of a single subunit i, for i = j it describes diffusiophoresis of a single

particle, whereas for i 6= j, the term is unique to the geometry of the dumbbell.

4.2.3 Integration of phoretic terms
4.2.3.1 Self-type phoretic terms

We first calculate the integrals for the phoretic response of the individual subunits
∫
X

(µis − µii)(e−
φis

kBT − 1)∇Xρs. (4.15)

Assuming that substrate molecules are point-like, we have the hydrodynamic

mobility tensor

µis = 1
6πηai

[
1
4

(
3ai
ri

+ a3
i

r3
i

)
1 + 3

4

(
ai
ri
− a3

i

r3
i

)
r̂ir̂i

]
(4.16)
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[109] between subunit i and a substrate molecule. Combining this with expres-

sion (3.5) for the self-mobility tensor of a subunit, we have

µis − µii = 1
6πηai

(−1 + 3
4
ai
ri

+ 1
4
a3
i

r3
i

)
(1− r̂ir̂i) +

(
−1 + 3

2
ai
ri
− 1

2
a3
i

r3
i

)
r̂ir̂i

.
(4.17)

Using the gradient operator in spherical coordinates

∇f = ∂rf r̂ + 1
r
∂θf θ̂ + 1

r sin θ∂ϕfϕ̂, (4.18)

the gradient of the substrate field in the coordinates centred at each subunit is

∇ρs = |∇ρ∞s |
[(

1− a3
i

r3
i

)
cos θir̂i −

(
1 + 1

2
a3
i

r3
i

)
sin θiθ̂i

]
. (4.19)

To evaluate (4.15), we need

(1− r̂ir̂i)∇ρs = −|∇ρ∞s |
(

1 + 1
2
a3
i

r3
i

)
sin θiθ̂i

(r̂ir̂i)∇ρs = |∇ρ∞s |
(

1− a3
i

r3
i

)
cos θir̂i. (4.20)

Using the definition of the radial unit vectors in Cartesian coordinates:

r̂ = sin θ cosϕx̂+sin θ sinϕŷ+cos θẑ and θ̂ = cos θ cosϕx̂+cos θ sinϕŷ−sin θẑ,

(4.21)

we calculate the integrals generated by (4.20) over the solid angle∫
dΩ sin θθ̂ = −8π

3 ẑ and
∫

dΩ cos θr̂ = 4π
3 ẑ. (4.22)

Finally, we obtain the following expression for (4.15)∫
X

(µis − µii)(e−
φis

kBT − 1)∇Xρs = −Ai
η
∇Rρ∞s , (4.23)

where

Ai ≡
1

6ai

∫ ∞
ai

dri r2
i (e−

φis

kBT − 1)
(

4− 4ai
ri

+ a4
i

r4
i

− a6
i

r6
i

)
(4.24)

and the substrate gradient is no longer inside the integral. For very short-ranged

interactions, we can use the approximation ri = ai + δ with δ � ai. The

terms inside the rightmost parenthesis in the integral (4.24) become 6δ/ai to

the lowest order, giving

Ai ≈
∫ ∞

0
dδ δ(e−

φis(δ)
kBT − 1) ≡ λ2

i (4.25)

where λi is the Derjaguin length, the interaction range of subunit i [141, 146, 147].
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4.2.3.2 Cross-type phoretic terms

We also need to evaluate integrals of the type∫
X

(µis − µ12)(e−
φjs

kBT − 1)∇Xρs (4.26)

with i 6= j. Firstly, we use the following approximation for the hydrodynamic

mobility tensor between the subunits

µ12 ' 1
8πη

[(
1
l

+ a2
1 + a2

2
3l3

)
1 +

(
1
l
− a2

1 + a2
2

l3

)
n̂n̂

]
(4.27)

which is equal to (µ21)T by the Lorentz reciprocal theorem [108]. We also need

expressions for µ2s near subunit 1, and µ1s near subunit 2. Using the relation

r2 = r1 − l, and expanding in powers of r1/l up to order O(r2
1/l

2) ∼ O(a2
1/l

2),

which is of the same order as µ12, we can write µ2s as

µ2s ' 1
8πη

{[
1
l

(
1 + α1

r1

l
+ 1

2(3α2
1 − 1)r

2
1
l2

)
+ 1

3
a2

2
l3

]
1

+
[

1
l

(
1 + 3α1

r1

l
+ 3

2(5α2
1 − 1)r

2
1
l2

)
− a2

2
l3

]
n̂n̂

− r1

l2

[
1 + 3α1

r1

l

]
(r̂1n̂+ n̂r̂1) + r2

1
l3
r̂1r̂1

}
, (4.28)

with α1 ≡ n̂ · r̂i. A similar expression can be obtained for µ1s near of subunit 2

µ1s ' 1
8πη

{[
1
l

(
1− α2

r2

l
+ 1

2(3α2
2 − 1)r

2
2
l2

)
+ 1

3
a2

1
l3

]
1

+
[

1
l

(
1− 3α2

r2

l
+ 3

2(5α2
2 − 1)r

2
2
l2

)
− a2

1
l3

]
n̂n̂

+ r2

l2

[
1− 3α2

r2

l

]
(r̂2n̂+ n̂r̂2) + r2

2
l3
r̂2r̂2

}
, (4.29)

with α2 ≡ n̂ · r̂2.

With the same assumptions as in the previous case, the concentration gradient

can be extracted from the integral in the same way, giving∫
X

(µis − µ12)(e−
φjs

kBT − 1)∇Xρs = −
a3
j

l3
Bj

η

(
n̂n̂− 1

3

)
∇Rρ∞s (4.30)

where

Bi ≡
1
10

∫ ∞
ai

dri ri (e−
φis

kBT − 1)
(

1− 5 ri
ai

+ 5r
3
i

a3
i

)
. (4.31)
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For very short-ranged interactions we find

Bi ≈
ai
10

∫ ∞
0

dδ (e−
φis(δ)
kBT − 1) ≡ ai

10γi (4.32)

where we have defined γi, another length scale of the order of the interaction range

that is distinct from the Derjaguin length. It is equivalent to Anderson’s adsorption

length, which represents the amount of substrate adsorbed, per area of surface,

divided by the bulk concentration at equilibrium [141]. Comparing (4.25) and (4.32)

we should expect Bi � Ai, given that Ai is of the order of the interaction range

squared but Bi is of the order of the product of particle size and the interaction

range. Typically, the Derjaguin length is of the order of a few angstroms [141], an

order of magnitude less than the hydrodynamic radius of an enzyme.

4.2.3.3 Higher order corrections due to the perturbation of the
substrate concentration field by the second subunit

In calculating the phoretic terms Ai and Bi, it was assumed that the concentration

of substrate molecules around a subunit is unaffected by the presence of the other

subunit. Here we show that this is not the case and calculate the lowest order

correction to the concentration field and its effect on the phoretic terms.

From eq. (4.19) for the substrate concentration gradient around a single particle

of radius a, if we did a naive superposition of the fields around two particles of

radii a1 and a2, we would write it as

∇ρnaives = ρ(0)
s + ρ(1)

s + ρ(2)
s , (4.33)

with

∇ρ(0)
s = |∇ρ∞s |

[
cos θ1r̂1 − sin θ1θ̂1

]
= |∇ρ∞s |

[
cos θ2r̂2 − sin θ2θ̂2

]
= |∇ρ∞s |ẑ,

(4.34)

∇ρ(1)
s = −|∇ρ∞s |

a3
1
r3

1

[
cos θ1r̂1 + 1

2 sin θ1θ̂1

]
= |∇ρ∞s |

a3
1
r3

1

[
−r̂1r̂1 + 1

2 θ̂1θ̂1

]
ẑ, (4.35)

and

∇ρ(2)
s = −|∇ρ∞s |

a3
2
r3

2

[
cos θ2r̂2 + 1

2 sin θ2θ̂2

]
= |∇ρ∞s |

a3
2
r3

2

[
−r̂2r̂2 + 1

2 θ̂2θ̂2

]
ẑ. (4.36)
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The naive superposition is a solution of the Laplace equation which satisfies the

boundary condition at infinity but does not satisfy the no normal flux boundary

condition at the surface of the particles. Indeed, the contribution ∇ρ(2)
s in the

proximity of particle 1 is, to lowest order in 1/l,

∇ρ(2)
s = ∇ρ(2)

s (r1 = 0) +O

(
|∇ρ∞s |

a3
2r1

l4

)

= |∇ρ∞s |
3
2
a3

2
l3

[1
3 − n̂n̂

]
ẑ +O

(
|∇ρ∞s |

a3
2r1

l4

)
, (4.37)

where we have used the fact that at the centre of particle 1 we have r2 = l,

r̂2r̂2 · ẑ = n̂n̂ · ẑ, and θ̂2θ̂2 · ẑ = (1− n̂n̂) · ẑ. Therefore, to order 1/l3, the effect

of the presence of particle 2 is that it generates a uniform gradient around particle

1, that violates the no flux boundary condition. To cancel out this gradient while

still satisfying the Laplace equation, we need to add a new term of the form

∇ρ(1,n)
s = |∇ρ∞s |

3
2
a3

2
l3
a3

1
r3

1

[
−r̂1r̂1 + 1

2 θ̂
′
1θ̂
′
1

] [1
3 − n̂n̂

]
ẑ, (4.38)

where the unit vector θ̂′1 corresponds to spherical coordinates centred at particle 1,

but with the zenith direction parallel to [1/3− n̂n̂] ẑ. It is easy to see that (4.38)

will cancel out the contribution of (4.37) to the radial gradient at the surface of

particle 1 in the exact same way that (4.35) cancels out the contribution of (4.34).

The same reasoning can be applied to the gradient generated by particle 1 in the

proximity of particle two, resulting in a new term of the form

∇ρ(2,n)
s = |∇ρ∞s |

3
2
a3

1
l3
a3

2
r3

2

[
−r̂2r̂2 + 1

2 θ̂
′
2θ̂
′
2

] [1
3 − n̂n̂

]
ẑ, (4.39)

where the unit vector θ̂′2 corresponds to spherical coordinates centred at particle

2 with the zenith direction parallel to [1/3− n̂n̂] ẑ.

Overall, the solute concentration gradient can therefore be written to order a3
i /l

3

as

∇ρs ≈ ρ(0)
s + ρ(1)

s + ρ(2)
s + ρ(1,n)

s + ρ(2,n)
s . (4.40)

This expression satisfies the Laplace equation, the boundary condition at infinity

and the no normal flux boundary conditions at the surface of the particles up

to order a3
i /l

3.
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The a3
i /l

3 corrections to ∇ρs just described have an effect on the A-type contri-

butions to the phoretic velocity. The integral (4.23) picks up a correction, becoming∫
X

(
µis − µii

)
· (e−

φis

kBT − 1)∇Xρs = −Ai
η

[
1 + 3

2
a3
j

l3

(1
3 − n̂n̂

)]
∇ρ∞s . (4.41)

The B-type contribution (4.30) is however unchanged to order a3
i /l

3 because the

corresponding corrections would be of order a6
i /l

6.

4.2.4 Separation averaging

Introducing the results (4.23) and (4.30) for the integration of the phoretic terms

into (4.14) and changing coordinates to the com and elongation coordinates of the

dumbbell, R = (R1 +R2)/2 and l = R2 −R1, with l = ln̂, the Smoluchowski

equation can be rewritten as

∂tρe(R, l; t) =1
2∇R ·

{1
2M · kBT∇Rρe + Γ · [kBT∇lρe + (∇lU)ρe]

}
+∇l ·

{
W · [kBT∇lρe + (∇lU)ρe] + 1

2Γ · kBT∇Rρe
}

−∇R ·
(
ρe
σ1 + σ2

2 · ∇Rρ∞s
)
−∇l · [ρe(σ2 − σ1) · ∇Rρ∞s ] , (4.42)

where the translation, rotation and coupling tensors are defined as before

M = µ11 + µ22 + 2µ12, (4.43)

W = µ11 + µ22 − 2µ12 (4.44)

Γ = µ22 − µ11. (4.45)

We have also defined

σ1 ≡
kBT

η

[
A11 + a3

2
l3

(
B2 −

3
2A1

)(
n̂n̂− 1

3

)]
(4.46)

and

σ2 ≡
kBT

η

[
A21 + a3

1
l3

(
B1 −

3
2A2

)(
n̂n̂− 1

3

)]
, (4.47)

which are the phoretic mobility tensors of subunits 1 and 2, respectively. In each of

them, the first term corresponds to the mobility of the isolated subunit, whereas

the second term is a correction due to the presence of the other subunit (decaying

as 1/l3 and positive since Bi � Ai).
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We rewrite eq. (4.42) as the following to show explicitly which terms contribute

to the Smoluchowski equation for the separation-averaged distribution

∂tρe(R, n̂, l; t) = 1
4∇R · (kBTM · ∇Rρe)

+ R ·
(
kBT

WI

l2
Rρe

)
+ 1

2R ·
(
kBT

ΓI
l
n̂×∇Rρe

)

− 1
2∇R ·

(
kBT

ΓI
l
n̂×Rρe

)
+ 1

2∇R ·
[
(ΓI + ΓD)

(
kBT

∂ρe
∂l

+ U ′ρe

)
n̂

]

+ 1
2

1
l2
∂

∂l

[
l2kBT (ΓI + ΓD)n̂ · ∇Rρe

]
+ 1
l2
∂

∂l

[
l2(WI +WD)

(
kBT

∂ρe
∂l

+ U ′ρe

)]

−∇R ·
(
ρe
σ1 + σ2

2 · ∇Rρ∞s
)
−R ·

[
n̂× ρe

σ2 − σ1

l
· ∇Rρ∞s

]
− 1
l2
∂

∂l

{
l2ρe [(σ2 − σ1) · ∇Rρ∞s ] · n̂

}
, (4.48)

using the following decomposition of the hydrodynamic mobility tensors into their

isotropic and directional parts

M = MI1 +MDn̂n̂; W = WI1 +WDn̂n̂; Γ = ΓI1 + ΓDn̂n̂. (4.49)

Using the same averaging scheme as in Chapter 3, where now the separation-

averaged enzyme distribution is written as

ρ̃e =
∫ ∞
a1+a2

dl l2ρe (4.50)

and the average of a function that depends on the subunit separation is

〈f〉 = 1
ρ̃e

∫ ∞
a1+a2

dl l2 f(l) ρe. (4.51)

Finally, the average of eq. (4.48) over l, while treating the dumbbell orienta-

tion as constant is

∂tρ̃e(R, n̂; t) = 1
4∇R · (kBT 〈M〉 · ∇Rρ̃e) + R ·

(
kBT

〈
WI

l2

〉
Rρ̃e

)
+ 1

2R ·
(
kBT

〈
ΓI
l

〉
(n̂×∇Rρ̃e)

)
− 1

2∇R ·
(
kBT

〈
ΓI
l

〉
(n̂×Rρ̃e)

)

−∇R ·
(
ρ̃e
〈σ1 + σ2〉

2 · ∇Rρ∞s

)
−R ·

[
ρ̃e

〈
σ2 − σ1

l

〉
· n̂×∇Rρ∞s

]
(4.52)



4. Hydrodynamic contribution to chemotaxis 80

4.3 Results

4.3.1 Drift-diffusion equation

Equation (4.52) for the separation-averaged distribution of the dumbbell ρ̃e can

be written as a drift-diffusion equation as

∂tρ̃e(R, n̂; t) =∇R · [Dt · ∇Rρ̃e − (〈Σv〉 · ∇Rρs)ρ̃e]

+ R · [DrRρ̃e − 〈Σω
I 〉 (n̂×∇Rρs)ρ̃e]

+ R · [Dc · ∇Rρ̃e] +∇R · [(Dc)T ·Rρ̃e]. (4.53)

The superscript of the substrate field has been dropped as we would anyway like

to describe dynamics at length scales much larger than those associated with the

dumbbell. We have defined the average translational diffusion tensor

Dt ≡
1
4kBT 〈M〉 , (4.54)

the average rotational diffusion coefficient

Dr ≡ kBT
〈
WI

l2

〉
, (4.55)

the average translation-rotation coupling tensor

[Dc]ij ≡
kBT

2

〈
ΓI
l

〉
εikjn̂k, (4.56)

with transpose (Dc)T, satisfying (Dc)T = −Dc, the translational phoretic mobility

tensor

Σv ≡ 1
2σ1 + σ2 ≡ Σv

I1 + Σv
Dn̂n̂. (4.57)

and the rotational phoretic mobility tensor, that controls the response of the

orientation vector of the dumbbell to the local substrate

Σω ≡ σ2 − σ1

l
≡ Σω

I 1 + Σω
Dn̂n̂. (4.58)

We will now discuss the terms in eq. (4.53). We note that there are three

independent mechanisms for the response of the dumbbell to the gradient in the
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substrate field as shown by Saha et al. for catalytic colloids in a chemical field [63].

Firstly, the dumbbell has a translational phoretic velocity

v = −〈Σv
I〉∇Rρs − 〈Σv

D〉 n̂n̂ · ∇Rρs, (4.59)

with a phoretic contribution controlled by ΣI that is along the substrate gradient and

a second contribution controlled by ΣD that couples the director of the dumbbell

n̂ to the substrate gradient so that the net motion is biased towards (or away

from) the substrate gradient. The dumbbell also has an angular phoretic velocity

due to the substrate gradient

ω = −〈Σω
I 〉 n̂×∇Rρs, (4.60)

that is controlled by Σω
I , which rotates the dumbbell in a direction that is perpen-

dicular to its instantaneous orientation and the substrate concentration gradient.

The sense of rotation determined by the sign of Σω
I .

Although these terms are generic and not specific to the asymmetric dumbbell

geometry, there are some interesting features that are due to the specific geometry:

Σω
I = 0 if the subunits have the same phoretic mobility, and Σv

I and Σv
D are larger

than they would be were the subunits not hydrodynamically coupled. We also note

that the angular velocity falls off more rapidly with the separation of the subunits

than the translational velocity, since it becomes more difficult to rotate a longer

dumbbell in response to the substrate gradient than to translate it. The final line

of eq. (4.53) are the contributions due to the asymmetric dumbbell geometry and

couple the asymmetry of the dumbbell to its macroscopic dynamics through the

hydrodynamic interactions between the subunits.

4.3.2 Moment expansion: Single molecule alignment

Exactly as in Chapters 2 and 3, eq. (4.53) is expanded in the moments of ρ̃e,

retaining the zeroth and first order moments

c(R; t) =
∫

dn̂ ρ̃e and p(R; t) =
∫

dn̂ n̂ρ̃e, (4.61)
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which again are the relevant fields in the macroscopic limit. From (4.53), we find

∂tc(R; t) = kBT

4

(
〈MI〉+ 1

3 〈MD〉
)
∇2
Rc+ kBT

4 〈MD〉∇R · (∇R ·Q)

+ kBT

〈
ΓI
l

〉
∇R · p−

kBT

2η ∇R · [(A1 + A2) (∇Rρs)c]

− kBT

2η ∇R ·
[〈 1
l3

〉(
a3

1B1 + a3
2B2 −

3
2
(
a3

2A1 + a3
1A2

))
(∇Rρs) ·Q

]
(4.62)

and

∂tp(R; t) = kBT

4

(
〈MI〉+ 1

5 〈MD〉
)
∇2
Rp+ kBT

10 〈MD〉∇R(∇R · p)

+ kBT

4 〈MD〉∇R ·
(
∇R ·Q(3)

)
+ 2kBT

〈
ΓI
l

〉
∇R ·Q−

kBT

3

〈
ΓI
l

〉
∇Rc

− 2kBT
〈
WI

l2

〉
p− kBT

2η ∇R · [(∇Rρs)p] (A1 + A2)

− kBT

2η

〈 1
l3

〉(
a3

1B1 + a3
2B2 −

3
2
(
a3

2A1 + a3
1A2

))
∂Rj

×
[
(∂Rkρs)

(
Q

(3)
ijk + 1

5

(
δijpk + δikpj −

2
3δjkpi

))
ei

]
− 〈Σω

I 〉 (∇Rρs) ·
(
Q− 2

3c1
)
.

(4.63)

As in the previous cases, eqs. (4.62) and (4.63) are coupled to higher order moments

of ρ̃e. The hierarchy is closed in the same way, with a gradient expansion and

by setting Q(R; t) =
∫
dn̂

(
n̂n̂− 1

3

)
ρ̃e and higher order moments to zero. With

these approximations and considering times beyond the rotational diffusion time,

we find the following expression for the first order moment

p = 1
3Dr

[−Dc∇Rc+ 〈Σω
I 〉 (∇Rρs)c] . (4.64)

Equation (4.64) describes polarisation of the dumbbell beyond its rotational diffusion

time. The first term corresponds to a purely hydrodynamic mechanism that is

controlled by the translation-rotation coupling scalar Dc. It tends to align the model

enzyme with a gradient in enzyme concentration ∇Rc, so that the smaller subunit is

in the lower concentration region, and the larger subunit in the higher concentration

region (this is because Dc is positive or negative when subunit 2 is smaller or larger

than subunit 1, respectively). The second term corresponds to a phoretic mechanism

which aligns the enzyme with the gradient in the substrate concentration field ∇Rρs,



4. Hydrodynamic contribution to chemotaxis 83

with positive and negative values of Σω
I resulting in subunit 2 being in the region

of higher or lower substrate concentration, respectively.

We note that to lowest order, the sign of Σω
I is controlled by the sign of (A2−A1),

which leads to the intuitive result that subunit 2 is in the region of higher substrate

concentration when A2 > A1 (i.e., when subunit 2 undergoes a stronger phoretic

attraction towards the substrate than subunit 1), and vice versa when A1 > A2. In

the special case in which the two subunits interact identically with the substrate

(A1 = A2 = A and B1 = B2 = B), the sign of Σω
I is controlled by the sign of the

higher order corrections (a3
2 − a3

1)(B − 3
2A). Because in general we expect B to be

much larger so that B − 3
2A ≈ B, the enzyme will align so that the largest subunit

is in the region of higher or lower substrate concentration if the interactions are

attractive (B > 0) or repulsive (B < 0), respectively.

4.3.3 Effective mobility

Using eq. (4.64) in (4.62), we find the following drift-diffusion equation within

the closure scheme described

∂tc(R; t) = ∇R · [Deff∇Rc− Σeff(∇Rρs)c] , (4.65)

with long-time effective diffusion coefficient as in Chapter 3 (for an axisymmetric

dumbbell) and phoretic mobility

Σeff = 〈Σv
I〉+ 1

3 〈Σ
v
D〉 −

2
3
〈ΓI/l〉
〈WI/l2〉

〈Σω
I 〉 , (4.66)

The effective phoretic mobility has a similar form to the effective diffusion coefficient,

with positive contributions from the average translational modes and a contribution

due to internal fluctuations. The correction will typically have (to the lowest the

order 〈1/l〉) the same sign as AL − AS, where the subscripts L and S indicate

the larger and smaller subunit, respectively.

Defining an average mobility as

Σ̄ = kBT

η

A1 + A2

2 , (4.67)
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the sum of the phoretic mobilities of two non-interacting subunits, the difference

between the effective mobility (4.66) (of two interacting subunits) and the average

mobility is given by

Σeff − Σ̄
Σ̄

=

− 4
3

〈ΓI/l〉
〈WI/l2〉 (1 + Ã)

(Ã− 1)
〈1
l

〉
+ a3

1
3

〈 1
l4

〉 [
α
(
ζ3Ã− 1

)
+ 3

2
(
Ã− ζ3

)],
(4.68)

with relative phoretic mobility Ã = A2/A1, relative size of the subunits ζ = a2/a1,

and where we have taken for simplicity Bi = αAi, with the same proportionality

constant for both subunits. From eqs. (4.25) and (4.32), α is of the order of the

particle size ai divided by the interaction length λi, about an order of magnitude

for nm-size enzymes and angstrom Derjaguin length, and thus we take α ≈ 10.

In Fig. 4.3 we have plotted the corrections (4.68) to the average mobility as a

function of the relative fluctuations of the dumbbell, for some selected values of Ã

and ζ. For ζ = 1 (i.e., subunits of equal size), there is no change in mobility for

interacting subunits in any case. For Ã = 0 (see Fig. 4.3(a)), when the interaction

of subunit 2 with the substrate is negligible, the effective mobility is reduced if

subunit 2 is larger than subunit 1 (ζ > 1), and enhanced if subunit 2 is smaller

(ζ < 1). For Ã = 1 (Fig. 4.3(b)), when the interactions of the two subunits with

the substrate are equal, the corrections are smaller (the correction of order 〈1/l〉

vanishes and only the correction of order 〈1/l4〉 survives) but they always enhance

the effective mobility of the dumbbell, independently of whether subunit 2 is larger

or smaller than subunit 1. For Ã = 2 and Ã = −2 (Figs. 4.3(c) and 4.3(d)), when

the interactions of the subunit 2 with the substrate dominate over the interactions

of subunit 1 with the substrate (no matter the sign, i.e., |Ã| > 1), the effective

mobility is reduced if subunit 2 is smaller than subunit 1 (ζ < 1) and enhanced

if subunit 2 is larger (ζ > 1). Generally, the absolute change in mobility is a

decreasing function of the relative fluctuations of the dumbbell. We note that, in

the previous sentences, “reduced” and “enhanced” refer to the magnitude of the
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Figure 4.3. (Σeff − Σ̄)/Σ̄ from eq. (4.68) for subunits interacting via a harmonic
potential with stiffness k as a function of the fluctuation parameter ε =

√
kBT/ka2,

where a is the typical size of the dumbbell. The lines represent different values of the
ratio between the subunit sizes ζ, and the ratio a1/a = 0.3 is constant in all plots. The
Oseen mobility functions have been used for all plots. In (a) Ã = 0, (b) Ã = 1, (c) Ã = 2,
and (d) Ã = −2 [145].

mobility independently of its sign, i.e., reduction and enhancement of a negative

average mobility imply making its value less and more negative, respectively.

If the two subunits have balancing mobilities (A2 = −A1, where we choose

A1 > 0 without loss of generality), the average mobility is zero (Σ̄ = 0) and

the relative correction given by eq. (4.68) is ill-defined. We can instead define

another dimensionless quantity

Σeff

Σ1
= 2

3
〈ΓI/l〉
〈WI/l2〉

[
2
〈1
l

〉
+ a3

1
3

〈 1
l4

〉(
α + 3

2

) (
1 + ζ3

)]
, (4.69)

where Σi = kBTAi/η is the mobility of subunit i in isolation (which is opposite to

the mobility of subunit 2, i.e., Σ1 = −Σ2). In Fig. 4.4 we have plotted (4.69) as
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a function of the relative fluctuations of the dumbbell. The sign is controlled by

〈ΓI/l〉, which is positive if subunit 1 is larger than subunit 2, and negative if subunit

2 is larger than subunit 1. The sign of the effective mobility is thus governed by

that of the mobility of the largest subunit. Moreover, if the subunits are of equal

size the effective mobility vanishes, as expected from symmetry.
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Figure 4.4. Σeff/Σ1 from eq. (4.69) for subunits with balancing mobilities A2 = −A1
and A1 > 0, interacting via a harmonic potential as a function of the dimensionless
fluctuation parameter ε =

√
kBT/ka2. The effective mobility vanishes for subunits of

equal size, and its sign is determined by the sign of the mobility of the larger
subunit [145].

4.3.4 Enzyme kinetics

In this section we will derive the effective drift-diffusion equation for the dumbbell

which also interacts with substrate molecules through binding interactions in the

reduced catalytic cycle. Both the effective diffusion coefficient and phoretic mobility

depend on the interaction potential U(l) between the subunits of the dumbbell. The

phoretic mobility in addition depends on the interaction φis between the subunits

and substrate molecules nearby. As we have discussed in Chapter 3, we expect

that U(l) will be modified by binding interactions, and now also φis. Therefore,

the phoretic mobility in addition to the diffusion coefficient will also be modified.

We denote the effective diffusion coefficient and phoretic mobility in the free state

by Df and Σf , respectively, and in the bound state by Db and Σb.

Agudo-Canalejo et al. have shown that substrate binding results in an additional

contribution to the drift velocity of an enzyme in a substrate concentration gradient,

due to the difference in diffusion coefficient between the free and bound states of
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the enzyme [138]. The same study also showed that the phoretic drift velocity,

just like the diffusion coefficient [26, 80], has a Michaelis-Menten-like dependence

on substrate concentration. However, they did not consider the effect of internal

fluctuations, as an enzyme was modelled as a single particle. The derivation

of the effective diffusion coefficient presented in this section closely follows their

derivation for a single particle.

Assuming that the rotational diffusion time of an enzyme is faster than the

mean binding time (this could be an attribute of a specific enzyme, or because

the solution is sufficiently dilute that there is a long time between encounters of

an enzyme with a substrate molecule), at a time of the order of the mean binding

time, the enzyme can either be free or bound to a substrate. If Son(R,X) is the

probability that a dumbbell at position R binds to a substrate molecule at position

X, to form a complex at R, and Soff(R,X) is the probability that the complex

at R decomposes into a free dumbbell at position R and a substrate molecule at

X, the densities of the two states obey the following equations:

∂tcf(R; t) =∇R · [Df∇Rcf − Σf(∇Rρs)cf]− cf
∫
X
Son(R,X)ρs(X)e−

φ1s
f +φ2s

f
kBT

+ cb

∫
X
Soff(R,X) (4.70)

and

∂tcb(R; t) =∇R · [Db∇Rcb − Σb(∇Rρs)cb] + cf

∫
X
Son(R,X)ρs(X)e−

φ1s
b +φ2s

b
kBT

− cb
∫
X
Soff(R,X) (4.71)

where

cf(R; t) =
∫

dn̂ ρ̃f and cb(R; t) =
∫

dn̂ ρ̃b (4.72)

are the free and bound state densities, and the ρ̃i with i = f, b are the elongation-

averaged dumbbell distributions in the two states with interaction potentials Uf(l)

and Ub(l), respectively. The non-contact interactions between the dumbbell subunits

and substrate molecules are denoted by φisf and φisb in the free and bound states.
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The integrals over the substrate position X in eqs. (4.70) and (4.71) can be

performed by invoking the approximation of very short-ranged interactions to choose

Son(R,X) = konδ(R−X) and Soff(R,X) = koffδ(R−X). (4.73)

After redefining kon to include the constant exp [−(φ1s
f (0) + φ2s

f (0))/kBT ], (4.70)

and (4.71) become

∂tcf(R; t) = ∇R · [Df∇Rcf − Σf(∇Rρs)cf]− konρs(R)cf + koffcb (4.74)

and

∂tcb(R; t) = ∇R · [Db∇Rcb − Σb(∇Rρs)cb] + konρs(R)cf − koffcb. (4.75)

The experimentally relevant quantity is the total enzyme concentration

ctot(R; t) = cf(R; t) + cb(R; t), (4.76)

since in the experimental set-up the free enzyme is indistinguishable from the

complex. Assuming that the drift-diffusion dynamics of the dumbbell is much slower

than the binding-unbinding time, the stationary limit of eqs. (4.74) and (4.75) gives

koncf(R; t)ρs(R) ≈ koffcb(R; t). (4.77)

Combining the stationary condition (4.77) with eq. (4.76), we find

cf = K

K + ρs
ctot and cb = ρs

K + ρs
ctot. (4.78)

Finally, the sum of (4.74) and (4.75) using (4.78) gives the drift-diffusion equation

for the total enzyme concentration

∂tctot(R; t) = ∇R · {D(R)∇Rctot − [vph(R) + vbi(R)] ctot} , (4.79)

which has the same form as the diffusion equation derived by Agudo-Canalejo [138].

The diffusion coefficient and phoretic velocity are averaged over the two states

with a Michaelis-Menten weight, with

D(R) = Df + (Db −Df)
ρs(R)

K + ρs(R) , (4.80)
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vph(R) =
[
Σf + (Σb − Σf)

ρs(R)
K + ρs(R)

]
∇Rρs, (4.81)

and a binding-induced contribution to the drift velocity that is due to the difference

in diffusion coefficient of the enzyme in the free and bound states

vbi(R) = −(Db −Df)∇R
(

ρs(R)
K + ρs(R)

)
. (4.82)

For attractive interactions φis between the enzyme and substrate molecules, both

the diffusion coefficient and the phoretic velocity are increasing functions of substrate

concentration, which tend to their values in the bound state at substrate saturation.

The direction of the binding induced velocity depends on whether binding enhances

the translational diffusion of the enzyme or diminishes it; if diffusion is enhanced

by binding (so that Db > Df), the velocity is directed towards decreasing substrate

concentration, and if diffusion is diminished upon binding (so that Db < Df), the

velocity is directed towards increasing substrate concentration [138].

As we have discussed in detail, it is expected that binding leads to enhanced

diffusion, so that the enzyme points away from increasing substrate concentration.

In these circumstances, the phoretic and binding induced velocities are in opposite

directions, which leads to competition between the two mechanisms. The conse-

quences are described in detail by Agudo-Canalejo et al. [138], with the interesting

conclusion that the competition between the two velocities, which is linked to

enhanced enzyme diffusion and the sign of the interactions between an enzyme and

substrate molecules can lead to different steady-state distributions for the enzyme.

Another interesting observation from eqs. (4.81) and (4.82) is that the phoretic

velocity is favoured at high substrate concentration, whereas at low concentrations,

the binding-induced velocity is dominant.

The diffusion coefficient and drift velocities in (4.80)-(4.82) include corrections

due to the internal fluctuations of the dumbbell. In (4.80) and (4.82), Df,b are

given by (3.57), with the relevant interaction potential, and in the expression for

the phoretic velocity Σf,b are given by (4.66).

Noting that the binding-induced velocity can be rewritten as

vbi(R) = −∇RD(R), (4.83)
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in the absence of phoresis (if an enzyme only interacts with substrate molecules

through binding so that vph = 0), eq. (4.79) may be rewritten as

∂tctot(R; t) = ∇2
R [D(R)ctot] . (4.84)

The stationary limit of eq. (4.84), gives ctot(R) ∝ 1/D(R) which corresponds to a

tendency to accumulate in regions where the diffusion coefficient is lowest [138].

4.4 Discussion

Timescale ordering:

The form of eq. (4.79) also depends on details of the enzymes’ kinetics in the

following way. We have focused on the case of rotational diffusion being faster than

the mean binding time, which allowed us to follow the steps leading to eq. (4.79) in

the order that has been presented. If instead one assumes that the binding rate is

much faster than rotational diffusion, this final section, where we have considered

the effect of binding, should be performed before the moment expansion. This

reordering would alter the expressions (4.80)-(4.82). Furthermore, vbi could no

longer be written exactly as the derivative of the diffusion coefficient. Generically,

any quantity that depends on the coupling between the local (fast) and global (slow)

dynamics will be determined by this timescale separation.

Collective effects:

We have not considered many-enzyme interactions here, nor in Chapter 3

because of the dilute conditions in which the experiments mentioned were conducted.

However, phoretic and hydrodynamic interactions are long-ranged so the effect of the

two alignment mechanisms are likely to be significant for a system of many interacting

enzymes at higher concentrations [143], for example in metabolic pathways, where

clusters of enzymes interacting by swapping reactants have been observed [24]. The

prediction of clustered phases by Saha et al. for a collection of phoretic colloids [63]

and bound states for an interacting pair [148] in the absence of attractive interactions

and of Mikhailov et al. on collective hydrodynamics of active proteins [35], suggest

that the subtle balance of translational and rotational coupling mediated by both
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hydrodynamic and chemical fields that we have uncovered here for a single enzyme

will lead to interesting collective behaviour. Beyond the closure approximation that

was used to derive (4.64), we expect a non-linear coupling of the two alignment

mechanisms, which could also result in interesting collective behaviour.

Boundary effects:

Enzymes will typically be in confinement and may experience interaction with

the confining boundaries, which could be the cell membrane for example. It would

therefore be interesting to consider the effect of a nearby wall on the alignment

dynamics of our model enzyme. We could consider the hydrodynamic interactions

between the dumbbell and the wall by constructing an image dumbbell on the

other side of the wall.

Fluid flow:

Another important point to note is that we have not considered the effect of fluid

flow that is present in the microfluidic devices of the enzyme chemotaxis experiments.

In the presence of flow, both enzyme and substrate molecules are constantly being

advected by the flow. We have assumed that enough time has passed for the fluid

flow and concentration profiles of the enzyme and substrate to have stabilised.



CHAPTER 5

Hydrodynamic correlations of a pair of enzymes

At sufficiently high concentration, it is possible that hydrodynamic interactions

between enzymes indeed become important for the dynamics of individuals as

suggested by Riedel et al. [31]. To investigate this, we consider the simplest case of

a pair of interacting enzymes using our dumbbell model. We derive the dynamical

equations for a pair of identical dumbbells that are coupled by solvent-mediated

hydrodynamic interactions in two cases: firstly, when the dumbbells are freely

suspended and secondly, we consider a situation where the dumbbells are tethered by

a constraint force on one of their subunits. Our focus is on the effect of hydrodynamic

correlations between the dumbbells on the internal dynamics of each dumbbell.

5.1 Model

Assuming no-slip boundary conditions on the surface of the subunits of the two

dumbbells, and that the velocity of the fluid vanishes at infinity, the velocity of each

subunit is equal to the velocity of the fluid at the position of the subunit. Therefore,

their velocities can be determined by solving Stokes’ equation at the position of each

subunit. We have already discussed the linearity of this solution, which comes from

the linearity of Stokes’ equation. Considering the dynamics of one of the dumbbells α
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in the presence of the other, the velocity of its i-th subunit at positionRα
i is given by

Ṙα
i =

∑
β=1,2

∑
j=1,2

G(Rα
i ,R

β
j ) ·

fβj
8πη (5.1)

where superscripts label the dumbbells and subscripts label subunits. The tensor

G(Rα
i ,R

β
j ) is the Green’s function of Stokes’ equation that depends on the viscosity

of the fluid and the geometry of the system, specifically, on local boundary conditions,

and has G(Rα
i ,R

α
i ) ≈ G(ai)1, which is the approximation that the subunits are

sufficiently far from any boundaries so that their friction coefficients can be assumed

to be constant. As before, ai is the radius of the i-th subunit. There is an internal

force (from a potential like eq. (3.15)) fβj on the subunit at position Rβ
j , but we

do not consider the effect of random forces.

5.2 Results

5.2.1 Free enzymes

For freely-suspended enzymes, eq. (5.1) can be recast into the following equations

for the average and relative coordinates

Ṙα =
∑
β=1,2

[
G(Rα − lα,Rβ − lβ) +G(Rα + lα,Rβ − lβ)

−G(Rα − lα,Rβ + lβ)−G(Rα + lα,Rβ + lβ)
]
· f

β

16πη , (5.2)

l̇α =
∑
β=1,2

[
G(Rα + lα,Rβ − lβ)−G(Rα − lα,Rβ − lβ)

−G(Rα + lα,Rβ + lβ) +G(Rα − lα,Rβ + lβ)
]
· f

β

16πη . (5.3)

In eqs. (5.2) and (5.3) we have imposed a force-free condition

fα1 = −fα2 = fα, (5.4)

for each dumbbell in the absence of external forces. For spherical subunits, the

Green’s functions for the hydrodynamic flows can be approximated by the following

G(Rα−lα) = 4
3a1

1; G(Rα+lα) = 4
3a2

1; G(Rα−lα,Rα+lα) = 1
lα

(1 + n̂αn̂α) ,

(5.5)
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which are the leading order contributions for an individual enzyme. The remaining

tensors, which determine the interaction between the two enzymes, are Taylor

expanded about their average positions, giving

G(Rα ± lα,Rβ ± lβ) =G(Rα,Rβ)± lα · ∇αG(Rα,Rβ)± lβ · ∇βG(Rα,Rβ)

+ 1
2 (lα · ∇α)2G(Rα,Rβ) + 1

2
(
lβ · ∇β

)2
G(Rα,Rβ)

+ (lα · ∇α)
(
lβ · ∇β

)
G(Rα,Rβ) . . .

G(Rα ± lα,Rβ ∓ lβ) =G(Rα,Rβ)± lα · ∇αG(Rα,Rβ)∓ lβ · ∇βG(Rα,Rβ)

+ 1
2 (lα · ∇α)2G(Rα,Rβ) + 1

2
(
lβ · ∇β

)2
G(Rα,Rβ)

− (lα · ∇α)
(
lβ · ∇β

)
G(Rα,Rβ) . . . , (5.6)

where ∇α is the gradient with respect to the average position of enzyme α. Using

these approximations, and assuming that the internal dumbbell force is torque-free

so that fα = −fαn̂α, the leading order contributions from the Green’s functions

give, for eqs. (5.2) and (5.3)

Ṙα
i = 1

12πη

( 1
a2
− 1
a1

)
fαnαi + 1

8πη
∑
β 6=α

∂βkGij(Rα,Rβ)lβfβnβkn
β
j (5.7)

and

l̇αi = 1
8πη

[2
3

( 1
a1

+ 1
a2

)
− 1
lα

]
fαnαi + 1

4πη
∑
β 6=α

∂αk ∂
β
mGij(Rα,Rβ)lαlβfβnαknβmn

β
j .

(5.8)

Noting that

l̇αi = lαṅαi + l̇αnαi , (5.9)

equation (5.8) has two parts. For the elongation of a dumbbell, we find

l̇α = µfα + hfβ, (5.10)

with mobility constant

µ ≡ 1
8πη

[2
3

( 1
a1

+ 1
a2

)
− 1
l0

]
, (5.11)
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and hydrodynamic coupling

h ≡ l20
4πη

∑
β 6=α

∂k∂mGij(Rα −Rβ)fβnαknβmn
β
j n

α
i , (5.12)

for small elongations around the equilibrium length l0 of the dumbbells, and having

defined the separation of the dumbbells R = R1 − R2, so that the derivatives

in (5.12) are with respect to R. For the orientation dynamics, we find

ṅαi = 1
4πη

∑
β 6=α

∂l∂kGmj(Rα −Rβ)lβnαl n
β
j n

β
k(δim − nαmnαi )fβ. (5.13)

Equations (5.7) and (5.10)-(5.13) are the dynamical equations with the leading

order contributions from the Green’s functions. Since we are interested in the effect

of hydrodynamic coupling on internal dynamics, we will focus on eq. (5.10)-(5.12).

For now, the nonlinear equation (5.13) for the orientations of the dumbbells are

replaced by simpler conditions.

5.2.1.1 Orientation–averaged coupling

When freely suspended in the bulk, we consider the orientation of each dumbbell to

be uniformly distributed on a sphere so that the orientation average of a function

f(n̂1, n̂2) is given by

f̃ ≡ 1
(4π)2

∫
f(n̂1(θ1, ϕ1), n̂2(θ2, ϕ2)) sin(θ1) sin(θ2)dθ1dϕ1dθ2dϕ2. (5.14)

Therefore, the orientation–averaged hydrodynamic coupling

h̃ = l20
36πη

∑
β 6=α

∂i∂jGij(Rα −Rβ)fβ, (5.15)

is identically zero due to the incompressibility of the fluid, and a surface-induced

alignment is needed to break the spherical symmetry which will result in a non-

vanishing coupling.
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5.2.2 Tethered enzymes

We now consider a situation where the two dumbbells are tethered to a surface

by an external constraint force F α that fixes the position of the largest subunit

(chosen to be subunit 2) and satisfies the force balance fα2 = F α − fα1 . From

equation (5.1), we solve for the constraint forces from the system of equations that

comes from implementing the constraint that the velocity of subunit 2 of each

dumbbell, Ṙα
2 , vanishes. For the constrained system, we describe the dynamics

in terms of the relative coordinate and the position of second subunit which is

fixed, rather than the average coordinate.

In the limit that the dumbbells are well separated (when d > l0, where d is the

distance between the dumbbells), the equation of motion for the relative coordinate is

l̇αi = −(Rα − lα)i
2

=
[
G(a1)δik −G(a2)−1Gij(Rα − lα,Rα + lα)Gjk(Rα + lα,Rα − lα)

] fαk
16πη

+
[
1− lα · ∇α − lβ · ∇β + 1

2(lα · ∇α)2 + 1
2(lβ · ∇β)2 + (lα · ∇α)(lβ · ∇β)

]

×Gij(Rα + lα,Rβ + lβ)
fβj

16πη , (5.16)

where we have used Gij(Rα ± lα) = G(ak)δij with k = 1(2) for the minus(plus)

sign, and the subscript for the subunit has been dropped from the forces with the

understanding that the remaining forces are the forces on subunit 1. As before, (5.16)

is decomposed into the equations for the sizes and orientations of the dumbbells as

l̇α =
{
G(a1)−G(a2)−1 [GI(lα) +GD(lα)]2

} fα

16πη

+
[
1− lα · ∇α − lβ · ∇β + 1

2(lα · ∇α)2 + 1
2(lβ · ∇β)2 + (lα · ∇α)(lβ · ∇β)

]
×Gij(Rα + lα,Rβ + lβ) fβ

16πη n̂
β
j n̂

α
i (5.17)

ṅαi = 1
lα

[
1− lα · ∇α − lβ · ∇β + 1

2(lα · ∇α)2 + 1
2(lβ · ∇β)2 + (lα · ∇α)(lβ · ∇β)

]
×Gmj(Rα + lα,Rβ + lβ)nβj (δim − nαmnαi ) fβ

16πη , (5.18)
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where we have also used the approximation G(Rα − lα,Rα + lα) = GI(lα)1 +

GD(lα)n̂αn̂α, with GI(lα) and GD(lα) that are different to (5.5) due to the proximity

of the dumbbells to a wall. From eq. (5.17) a tethered dumbbell has mobility

µα = G(a1)−G(a2)−1 [GI(lα) +GD(lα)]2 , (5.19)

and the leading contribution to hydrodynamic coupling is

h = 1
16πη n̂

α ·G(Rα + lα,Rβ + lβ) · n̂β. (5.20)

In eq. (5.20), G(Rα + lα,Rβ + lβ) is the Green’s function of the Stokes equation

with the appropriate boundary conditions at the surface to which the enzymes are

tethered. To simplify notation, from here on, we will write Rα + lα = Rα for the

position of the second subunit. Defining R = R1 −R2, where R2 = (x2, y2,−z2)

is the position of the image of the second subunit of the second dumbbell with

respect to the surface, for a no-slip wall,

Gij(R) = 1
8πη

{
δij
| R |

+ RiRj

| R |3
− δij
| R |

− RiRj

| R |3

+ 2z2(δjpδpk − δj3δ3k)
∂

∂Rk

[
z2Ri

| R |3
−
(
δi3
| R |

+ RiR3

| R |3

)]}
, (5.21)

where i, j and k = 1, 2, 3 indices and p = 1, 2 are the Cartesian indices, is the

Blake tensor [149]. We assume that the surface is in the xy-plane, with the x-axis

parallel to the line separating the dumbbells, and the z-axis is perpendicular to

the surface and parallel to the dumbbells. The tensor is simplified by taking the

positions R1 = (0, 0, hz) and R2 = (d, 0, hz). In addition to the change in sign

due to the relative orientation of the enzymes, the sign of the coupling can also

be controlled by varying the ratio of the tethering height hz and the separation

d. Writing the coupling constant h as a function of the ratio H = hz/d, we find

that it is negative up to a value H∗, and above this, the coupling between the

dumbbells is positive. This means that for a positive force fβ, for H < H∗ the

coupling acts to a reduce the length of the coupled enzyme, and for H > H∗,

the coupling leads to an increase in length.
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It is interesting to consider the tethering surface as the interface between two

immiscible liquids, which is perhaps more biologically relevant. In this case, the

Green’s function is the Aderogba-Blake tensor [150]

Gij(R) = δij
| R |

+ RiRj

| R |3
+
(

1− η̂
1 + η̂

δjpδpk − δj3δ3k

)(
δik
| R |

+ RiRk

| R |3

)

+ 2η̂
1 + η̂

z2(δjpδpk − δj3δ3k)
∂

∂Rk

[
z2Ri

| R |3
−
(
δi3
| R |

+ RiR3

| R |3

)]
, (5.22)

where η̂ = η2/η1 is the ratio of the viscosities of the two liquids, and η1 (η in

eq. (5.20)) is the viscosity of the region containing the dumbbells. The limiting

cases of η̂ →∞ and η̂ → 0 give the tensors for a rigid no-slip wall and free surface,

respectively. We find that H∗ decreases with η̂. We also find that the coupling

between the dumbbells increases as η̂ decreases. Note that the case η̂ → 1 does

not reproduce the infinite fluid tensor because there is a distribution of normal

stress over the surface so that the normal velocity is zero.



CHAPTER 6

Summary and outlook

6.1 Summary

We have shown that intrinsically asymmetric objects such as enzymes, display rich

and interesting dynamics at nanoscopically small scales. For catalytically active

enzymes we have developed a theoretical framework for studying the correlations

between their dynamical properties and function of performing catalytic turnover.

We have studied the diffusive motion of a flexible generalised dumbbell as a

minimal model of an enzyme, focusing on the effect of internal asymmetry and the

coupling between internal and external degrees of freedom. In our simple model,

local thermal fluctuations of the dumbbell lead to hydrodynamic coupling of its

components. We have shown that the long-time diffusion coefficient of the dumbbell

has a negative fluctuation-induced correction in the presence of solvent-mediated

hydrodynamic interactions compared to a rigid symmetric structure. The correction

is coupled to asymmetry and vanishes for a symmetric dumbbell. Motivated by the

rotational motion of the domains of real enzyme molecules, we considered the effect

of rotational constraints which limit the rotations of the subunits. As expected, the

inclusion of constraints on the rotational motion reduces the negative fluctuation-

induced correction to the effective diffusion coefficient. Due to the simplicity of the

model, these results are generic and extendable to more complex modular structures.
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In ref. [80], the generalised dumbbell model is used to study the effect of the

catalytic cycle on the diffusive dynamics of a catalytically active enzyme. By

considering a reduced cycle, which is equivalent to studying the dynamics at

timescales much smaller than the rate of product formation for reactions were the

binding interaction is faster than the time for converting a substrate molecule into

product, it is shown that enhanced diffusion of an enzyme molecule in the presence

of its substrate can be explained in a purely equilibrium picture for enzymes that

diffuse faster when bounded to a ligand. The equilibrium model for enhanced

diffusion relies on the conformational changes of the enzyme that accompany the

catalytic cycle, rather than any non-equilibrium aspect of the cycle, making the

results consistent with the observation of enhanced diffusion of enzymes in the

presence of other ligands (such as inhibitors) which bind irreversibly to the active

site but are not catalysed [26]. The contribution to enhanced diffusion coming from

the model is a contribution to the random motion that is present for all substrate

concentrations and it is therefore not limited by the thermodynamic constraints on

the transduction of the free energy of reaction into mechanical work [151].

As an application of our asymmetric dumbbell model, we studied the response

of an enzyme molecule to a concentration gradient of its substrate. By considering

the separate interactions between the domains of the dumbbell with substrate

molecules we have predicted the exciting possibility of aligning a single enzyme

molecule with a concentration gradient of its substrate (or indeed another chemical

other than its substrate with which it interacts) and furthermore, a gradient in

enzyme concentration. The dumbbell is polarised by its subunits having different

interactions with substrate molecules, and by the hydrodynamic coupling between

its translational and rotational modes due to asymmetry.

The interactions of the enzyme with the substrate concentration gradient

produces a drift velocity and a tendency to align parallel or anti-parallel to the

gradient, depending on the sign of the interactions between the enzyme and substrate

molecules. The angular velocity of the dumbbell is determined by the subunit

that interacts most strongly with the substrate. Specifically, the enzyme will
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typically orient so that the subunit that is most attracted to the substrate (or least

repelled from the substrate, if both are repelled) is in the region of higher substrate

concentration. If both subunits have equal interactions with the substrate, the

enzyme will reorient so that the larger subunit is in the region of higher or lower

substrate concentration if the interactions are attractive or repulsive, respectively.

The second alignment mechanism, due to gradients in the concentration field of the

enzyme, that is controlled by the strength of the coupling between the translational

and rotational motion of the enzyme, leads to reorientation so that the larger

subunit is in the region of higher enzyme concentration.

We have also shown that the result from Chapter 3 that the diffusion coefficient

of a modular macromolecule is overestimated if it is considered as a rigid, symmetric

object also applies to the drift velocity in the presence of a substrate concentration

gradient. The drift velocity in a substrate gradient is modified for a flexible

macromolecule in the same way as the diffusion coefficient. Though the form of

the fluctuation-induced corrections we present is specific to the ordering of the

time-scales of the system, specifically the reorientation time of the dumbbell and the

time for binding interactions with substrate molecules, the ordering we considered of

the rotational diffusion being faster than the mean binding time is the most relevant

given that it corresponds to the ordering that is typically observed in enzymes.

Finally, in Chapter 5 we provided some preliminary results on the effect of

hydrodynamic coupling between a pair of our model enzymes on the internal

dynamics of one of them. When the dumbbells are constrained to a surface and

their orientations are fixed, we find that the sign of the coupling depends on the

distance between the dumbbells. Furthermore, the strength of the coupling changes

with the ratio of the viscosities of the suspending and surface regions.

As experimental progress on enzyme dynamics continues, we look forward to

our prediction of single molecule alignment being realised. Furthermore, our simple

model could inspire the design an alignable nano-scale object.
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6.2 Outlook

Although the field is fast garnering interest, still, the interesting results so far

have been on single molecules. As our experimental colleagues are pushing the

frontiers of single-molecule techniques in order to understand the long-contested

observations of enhanced enzyme diffusion and chemotaxis of single enzymes, there is

an opportunity for theoretical research to set the agenda for investigating collective

behaviour in enzymatic systems. Perhaps the most interesting question that is

accessible with our simple model is concerning the collective dynamics of enzymes

that is induced by the typical interactions that one would expect in their cellular

environment. We have already made some progress in this direction.

A specific goal, which would be the culmination of theoretical and experimental

studies, would be to provide a microscopic theory for the assembly of enzyme

structures, such as those in metabolic pathways, that is capable of reproducing the

compositional accuracy of real enzyme assemblies in noisy cellular environments.

There has been some effort to understand the conditions under which protein

assemblies form [24, 152], but to our knowledge, these studies have so far not

included the contributions from the rich dynamics already present at the level

of an individual enzyme.

At the single-molecule level, an understanding of the mechanisms that are

responsible for enhanced enzyme diffusion and chemotaxis could lead to the discovery

of useful design features for nanoengineering.



APPENDIX A

Higher order moments

To check the consistency of the moment expansion in Chapter 3, we consider the

translational motion of an axisymmetric dumbbell, for which the hydrodynamic

tensors can be decomposed into isotropic and directional parts as A = AI(l)1 +

AD(l)n̂n̂. For this example, the separation-averaged Smoluchowski equation is

LTP(R, n̂; t) =kBT

4 ∇R · [〈M〉 · ∇RP ]− kBT

〈
ΓI

l

〉
∇R · [(n̂×RP) + n̂P ]

+ kBT

〈
WI

l2

〉
R2P . (A.1)

The first four moments of this equation are:

∂tρ(R; t) =kBT

4

(
〈MI〉+ 1

3 〈MD〉
)
∇2
Rρ+ kBT

4 〈MD〉 ∂Ri∂RjQij

+ kBT

〈
ΓI

l

〉
∇R · p, (A.2)

∂tpi(R; t) =kBT

4

(
〈MI〉+ 1

5 〈MD〉
)
∇2
Rpi

+ kBT

4 〈MD〉
[2
5∂Ri(∇R · p) + ∂Rj∂RkQ

(3)
ijk

]
− kBT

3

〈
ΓI

l

〉
∂Riρ+ 2kBT

〈
ΓI

l

〉
∂RjQij − 2kBT

〈
WI

l2

〉
pi, (A.3)
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∂tQij(R; t) = kBT

4 〈MI〉∇2
RQij − 6kBT

〈
WI

l2

〉
Qij

+ kBT

4 〈MD〉
[
∂Rk∂RlQ

(4)
ijkl −

1
3∂Rk∂RlQklδij −

2
15

(1
3∇

2
Rcδij − ∂Ri∂Rjc

)]
+ kBT

〈
ΓI

l

〉[
3∂RkQ

(3)
ijk + 4

15∇R · pδij −
2
5
(
∂Ripj + ∂Rjpi

)]
, (A.4)

and

∂tQ
(3)
ijk(R; t) = kBT

4 〈MI〉∇2
RQ

(3)
ijk − 12kBT

〈
WI

l2

〉
Q

(3)
ijk + 4kBT

〈
ΓI

l

〉
∂RlQ

(4)
ijkl

+ kBT

4 〈MD〉
{
∂Rl∂RmQ

(5)
ijklm −

1
5∂Rl∂Rm

(
Q

(3)
lmiδjk +Q

(3)
lmjδik +Q

(3)
lmkδij

)
− 2

175
[
∇2
Rpi + 2∂Ri(∇R · p)

]
δjk −

2
175

[
∇2
Rpj + 2∂Rj(∇R · p)

]
δik

− 2
175

[
∇2
Rpk + 2∂Rk(∇R · p)

]
δij + 2

35
(
∂Ri∂Rjpk + ∂Ri∂Rkpj + ∂Rj∂Rkpi

)}

− kBT

〈
ΓI

l

〉(
∂RiQ

(2)
jk + ∂RjQ

(2)
ik + ∂RkQ

(2)
ij

)
− 2

5

〈
ΓI

l

〉
∂Rl

(
Q

(2)
il δjk +Q

(2)
jl δik +Q

(2)
kl δij

)
. (A.5)

It is straightforward to see that none of the terms in the stationary values of

Q and Q(3) survive the closure scheme. Note also that the coupling between

moments is not tridiagonal.
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Definition of Kα, Lαβ,Mαβ and Nαβ

Kα =1
9

〈γ0ϕ/x〉2

〈γ0/x〉2
〈w0/x

2〉〈
ψ

(α)
0

〉 + 〈γ0ϕ/x〉
〈γ0/x〉

〈
ψ

(α)
0 ϕ

〉
〈
ψ

(α)
0

〉 − 〈γ0ϕ/x〉
〈γ0/x〉

〈w0ϕ/x
2〉〈

ψ
(α)
0

〉
−〈w0ϕ/x

2〉
〈w0/x2〉

〈
ψ

(α)
0 ϕ

〉
〈
ψ

(α)
0

〉
 (B.1)

In the Oseen limit, Kα can be calculated with the mobility functions in the main

text in addition to

ψ
(α)
0 ' 1

8πηa3
α

; (B.2)

ψ
(12)
0 ' 1

16πηx3 . (B.3)

The remaining coefficients are defined as

Lαβ = 1
27

2〈γ12ϕ/x〉
〈γ0/x〉

〈γ0ϕ/x〉
〈γ0/x〉

〈w0/x
2〉〈

ψ
(β)
0

〉 − 〈γ12ϕ/x〉
〈γ0/x〉

〈w0ϕ/x
2〉〈

ψ
(β)
0
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and

Nαβ = − 1
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0

)
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〈
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