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Abstract

In the paper we discuss gap phenomena of three different types related to Ricci (and sectional)
curvature. The first type is about spectral gaps. The second type is about sharp gap metric-rigidity,
originally due to Anderson. The third is about sharp gap topological-rigidity. We also propose open
problems along these directions.
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1. Spectral gap I: Poincaré inequality for functions

Throughout the paper, M" will denote a complete Riemannian manifold of dimension n
without boundary. Moreover we follow standard notations, including Ric = Ric(M"), diam =
diam(M"), and vol = vol(M"), in Riemannian geometry.

In this section, under the standing assumption that M" is compact, we are interested in the
best constant C, denoted by Cp = Cp(M"), in the Poincaré inequality for functions:

/Mn f—][Mnfdvol

where fM,, denotes the average over M". Note that Cp coincides with the inverse of the first
positive eigenvalue, denoted by u = u(M"), of the positive Laplacian —A:

2

dvol < c/ |V f|2dvol, VfeC®(M"), (1.1)
Mn

Cp=—. (1.2)
Let us recall results by Lichnerowicz [36], Li—Yau [35] and Buser [11].
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Theorem 1.1 (Lichnerowicz, Li—Yau and Buser). If

Ric> —(n—1), diam <d (1.3)
then

u>c(n,d) >0, (1.4)
or, equivalently,

Cp <

d (1.5)

Proof. In order to keep the presentation as short as possible, let us provide a proof in the
special case Ric > n — 1 (then we know diam < m by a theorem of Meyers, namely the
dependence of d can be dropped in this case), originally due to Lichnerowicz.

Denoting by f an eigenfunction of — A relative to the first eigenvalue w, Bochner’s formula
gives

%A|Vf|2 = [Hess;|? + (VAF, Vf) + Ric(Vf, Vf)

A 2
> %—mwﬁﬂn—mwﬂ (1.6)

where we used the Cauchy—Schwarz inequality [Hess;| > |Af|//n. Integrating (1.6) over
M" yields the sharp estimate:

nw>n. 0O (1.7)

Note that such a Poincaré inequality (and generalizations) is valid even for non-smooth
metric measure spaces with Ricci curvature bounded below and dimension bounded above
in a synthetic sense, i.e., the so-called CD(K, N) spaces of Lott—-Sturm—Villani (see the
works by Sturm [56,57], Lott—Villani [38,39], Rajala [49], Cavalletti and the second named
author [13,14]).

2. Spectral gap II: Poincaré inequality for differential forms

In this section, under the standing assumption that M" is compact, we deal with a Poincaré
inequality for differential forms with respect to the Hodge energy. Namely, we focus on the
best constant C > 0, denoted by Cp = Cp(M"), such that

k
/ lw — 7| dvol < c/ (ldo|* + (3w)?) dvol, Yw e I' (/\ T*M”) , (2.1
Mn Mn

where 7, is the harmonic part of w. Note that Cp; coincides with the inverse of the first
positive eigenvalue 1, = px(M") of the Hodge Laplacian Ay x = 8d+d$ acting on differential
k-forms:

1
Cpx=—. (2.2)
Mk

Firstly let us provide an easy consequence of Theorem 1.1 on differential forms of top degree.
It should be emphasized that there is no assumption on the volume.

2
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Proposition 2.1. If
Ric > —(n —1), diam <d, 2.3)
then

Cpn < C(n,d). (2.4)

Proof. It is trivial that the conclusion holds if M" is orientable because of the Hodge star
operator and Theorem 1.1.

If M" is not orientable, take the Riemannian double cover 7 : M” — M". For any eigen-n-
form w on M”, consider 7*w on M" which is also an eigen-n-form of the same eigenvalue.
Thus applying the conclusion in the orientable case to m*w completes the proof. [l

Secondly, let us recall a result of Colbois—Courtois in [20] giving an estimate on Cp 4, under
the assumption of bounded sectional curvature.

Theorem 2.2 (Colbois—Courtois). If
|[sec] <1, diam <d, vol> v, 2.5)

then for any k > 1

ux = c(n, k,d,v), (2.6)
or, equivalently,
1
Cpp < —m—. 2.7
Pk = c(n,k,d,v) @7)

Proof. The proof is done by a contradiction argument. If it is not the case, then we can find a
sequence of closed manifolds M with (2.5) and pux(M]') — 0. Thanks to [48] by Peters, with
no loss of generality we can assume that M} Cl“_converge to a C"*-Riemannian manifold
M" for any 0 < o < 1 (in particular M} is diffeomorphic to M" for any sufficiently large ).
Since the spectral convergence for Ay, is trivially satisfied for this sequence, we have

lim sup b (M) < bp(M") (2.8)

i—00

because of the Hodge theory on M". This contradicts the fact that M} is diffeomorphic to
M". O

We refer the reader to the work [42] by Mantuano, for explicit bounds on c(n, k, d, v). It is
worth mentioning that a lower bound on the volume in the assumption of the theorem above
cannot be dropped because of an example in [20].

From the result above, it is natural to ask the following.

Question 2.3. What happens in Theorem 2.2 if we replace sec by Ric?

Note that the case of dimension at most 3 can be covered by Theorem 2.2. Thus a new
situation appears in dimension 4.

We are now in a position to introduce a main result of [30] giving an answer to Question
2.3 in dimension 4.
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Theorem 2.4. If

n=4, |Ricl]<3, diam<d, vol=>v, 2.9)
then
u1 = c(d,v), (2.10)
or, equivalently,
1
Cp1 < —. 2.11
LS ) (2.11)

Sketch of the Proof. As in Theorem 2.2, the proof is performed via a contradiction argument,
exploiting the pre-compactness of the family of Riemannian manifolds satisfying (2.9) and the
regularity theory of the arising limits (see also [16,17]).

Assume by contradiction that (2.10) does not hold. Then we can find a sequence of closed
Riemannian manifolds M;' with |Ric| < 3, u1(M;') — 0 and

mr < xe (2.12)

for some non-collapsed Ricci limit space X*. From [55] by Sormani-Wei, it follows that
bi(M}) = by(X*) for any sufficiently large i. Thanks to works by Anderson, and Cheeger—
Naber [3,4,19], we know that X% is an orbifold. Then the spectral convergence established
in [26] by the first named author together with 1 (M) — 0 allows us to conclude

limsup by (M;) < by(X?) (2.13)

i—00
because of both Hodge theories [24,51] by Satake and Gigli for orbifolds and RCD spaces,
respectively. Thus we have a contradiction. [
Corollary 2.5. Under the same assumptions of Theorem 2.4, it holds
Cpy<C(d,v), Vk=0,1,2,3,4. (2.14)

Proof. Arguing as in the proof of Proposition 2.1, we obtain the result in the case when k = 3
(recall that we already obtained the results in the case when k = 0, 1 and 4). Thus it is enough
to check the assertion for k = 2 when M* is oriented (by the same reason as above). To
this aim, the Hodge decomposition yields the desired spectral gap of the Hodge Laplacian for
2-forms from that of 1-forms (see, for instance, the discussion around [59, (2.1)] by Takahashi.
Thus we conclude. [

Let us recall the following conjecture proposed in [30].

Conjecture 2.6. If

Ric> —(n —1), diam <d, vol=>v, (2.15)
then

Cp1 =C(n,d,v). (2.16)

Two sub-conjectures already of interest would be:

4
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e Establish Conjecture 2.6 under the stronger assumption that Sec > —1 (see also
Conjecture 5.5 for a stronger statement);
e Establish Conjecture 2.6 under the stronger assumption that |Ric| <n — 1;

We are able to give a partial answer to the conjecture.
Proposition 2.7. Conjecture 2.6 holds in dimension 2. More strongly, the dependence on
v > 0 can be dropped; namely, if
n=2, Ric> -1, diam <d, (2.17)
then

Cp1 < C(d). (2.18)

Proof. If M2 is orientable, classical Hodge theory in dimension 2 (see for instance [59,
Proposition 2.4] by Takahashi) implies that Cp; = Cp. Thus (2.18) is a direct consequence
of Theorem 1.1.

If M? is not orientable, one can take the orientable double cover and argue as in the proof
of Proposition 2.1. [

3. Gap metric-rigidity for Einstein manifolds

In this section, we deal with gap theorems for Ricci-flat and positive Einstein manifolds.
3.1. Anderson’s gap theorem for Ricci-flat manifolds

If Ric > 0, then the asymptotic volume ratio (AVR) of M" is defined by

AVR = AVR(M") i= Tim Y2HED)

r—00 wy, 1"

€ [0, 1], 3.1

where the existence of the limit comes from the Bishop—Gromov inequality (moreover it does
not depend on the choice of x € M") and the upper bound 1 is a direct consequence of the
Bishop inequality.

Let us start this section by recalling the following well known fact.

Proposition 3.1. Assume Ric > 0. Then M" is isometric to R" if and only if AVR = 1.
Proof. We only discuss the “if” implication, as the converse is trivial. If AVR = 1, then the
Bishop and the Bishop—Gromov inequalities show

vol(B,(x)) = w,r", Vr >0, VxeM" 3.2)

This easily implies that any ball in M” is isometric to a ball of the same radius in R". The
conclusion follows. [J

From this proposition, it is natural to ask what happens if AVR is close to 1. The following
gives an answer to the question.

Theorem 3.2 (Colding, Cheeger—Colding). The following holds:
5
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1. Assume Ric > 0. Then M" is isometric to R" if and only if a tangent cone at infinity of
M™" is isometric to R".

2. For any n > 2, there exists €(n) > 0 such that if Ric > 0 and AVR > 1 — €(n), then
M™" is diffeomorphic to R".

Sketch of the Proof. (1) is a direct consequence of Proposition 3.1 and the volume
convergence established in [16,22] by Cheeger—Colding and Colding.

For (2), under the assumptions, we know that any ball of radius R > 0 in M" is (8, R)-
Gromov—Hausdorff close to a ball of radius R > 0 in R”". The conclusion follows from the
intrinsic Reifenberg method established in [16]. O

From now on let us focus on Ricci flat manifolds. The following is classical.

Proposition 3.3. If
n<3 Ric=0, AVR >0, 3.3)

then M" is isometric to R".

Proof. If n < 3, then Ric = 0 implies that Sec = 0, which in turn implies that M" is locally
isometric to R”. This means that there is a discrete free subgroup I of the isometry group
of R” such that M is isometric to the quotient R"/I". Since M" is smooth, I" cannot contain
rotations, which have fixed point and would create singularities in the quotient. Moreover,
I'\ {id} cannot consist only of a reflection, as in this case R" /I is a half-space, contradicting
that M" is without boundary. Thus, if I"\ {id} is non-empty, then it must contain at least a non-
trivial translation. This implies that AVR(R"/I") = 0, contradicting (3.3). We thus conclude
that I is trivial, yielding that M" is isometric to R". [

We are now in position to introduce the main focus of this section, called Anderson’s gap
theorem. The following should be compared with Theorem 3.2.

Theorem 3.4 (Anderson). For any n > 2, there exists €(n) > 0 such that if Ric = 0 and
AVR > 1 —€(n), then AVR = 1, namely M" is isometric to R".

Sketch of the Proof. Step 1. Both the injectivity and harmonic radii at some point are infinite
if AVR is close to 1, quantitatively.

The proof is done by a contradiction argument. For simplicity we focus only on the case of
the harmonic radius. If it is not the case, then there exists a sequence M} of Ricci flat manifolds
with finite harmonic radius r; at some points x; € M and AVR — 1. Consider the rescaled
manifolds ri_lMl." whose harmonic radius at x; is equal to 1 by definition. After passing to a
subsequence, we have for some pointed metric space (X", x)

(rlflMi",x,-) ng (X", x). 3.4)

Since X" is n-dimensional with non-negative Ricci and its AVR is equal to 1, it follows that X"

is isometric to R". Note that the smooth regularity of X" is a direct consequence of the elliptic

regularity theory together with the Einstein equation Ric = 0. Moreover the same reason on the

regularity allows us to improve the convergence (3.4) to smooth convergence. In particular, we

know that the harmonic radius of X" must be 1 because so is ri_lMi”. This is a contradiction.
Step 2. Conclusion.
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Thanks to Step 1 together with [5] by Anderson—Cheeger, we can construct a globally
bi-Lipschitz embedding harmonic map @ : M" — R". Take a blow-down of &;

$:C(Z)—> R" (3.5)

where C(Z) is a tangent cone at infinity of M". Then @ is a linear bi-Lipschitz embedding.
Since C(Z) is n-dimensional, this shows that C(Z) is isometric to R". Thus the conclusion
follows from Theorem 3.2. [J

Based on this result, let us define the Anderson constant as follows.

Definition 3.5. For any n > 2, define C4 ¢(n) as the infimum of € > 0 satisfying that if a
complete Ricci flat manifold M" satisfies AVR > ¢, then M" is isometric to R".

The following question is natural.

Question 3.6. Determine C4 o(n) explicitly.
Note that Proposition 3.3 yields
CAqo(l’l) =0, ifn<3. (3.6)

Thus, we focus on the case when n > 4. The first simple observation is in dimension 4. Though
the following seems to be well-known to experts, let us give a proof for readers’ convenience.

Proposition 3.7. If
. 1
n=4, Ric=0, AVR > 7 3.7

then M* is isometric to R

Proof. Take a tangent cone at infinity, denoted by C(Z3), where C(Z?) is the metric cone
over Z3 by a result of Cheeger—Colding [15]. Thanks to a result of Cheeger—Naber [19], Z3 is
smooth Einstein with Ric = 3, up to a codimension 4 singular set which thus must be empty
since Z3 is 3-dimensional. Thus Z? is smooth with Ric = 2, since dim(Z?) = 3 again, Z3
has constant sectional curvature 1. Thus Z? is isometric to S?/I" for some finite subgroup I’
of O(4). On the other hand, AVR > 1 implies

vol(Z3) > %VOI(S?’). (3.8)

This also implies #I° < 2, namely I is trivial. Thus Z2 is isometric to S3. Therefore the
conclusion follows from Theorem 3.2. [

The theorem above is sharp in the sense that the Eguchi-Hanson metric on TS?, which is
Ricci flat, satisfies AVR = % Thus:

Corollary 3.8. It holds
1

Cao(4) = 7 (3.9)

Note that for higher dimensions, taking the product of R* and the Eguchi—-Hanson metric,
it holds that

—_

Cao(n+1)=Cao(n) > 3 Vn > 5. (3.10)
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Similarly, we can also obtain the following result.

Proposition 3.9. Let
(M7, ) "5 (X7, ) (3.11)

be a non-collapsed pointed Gromov—Hausdorff convergent sequence of pointed Riemannian
manifolds M} with |Ric| < n— 1. Assume that a tangent cone at x splits off R"4. Then x is a
regular point if and only if D, (x) > % holds, where the n-dimensional volume density D,(x)
is defined by
1(B,
D,(x) = lim vol(B(x)) (3.12)

r—0 w,r"
3.2. Gap metric-rigidity for positive Einstein manifolds

In this subsection we deal with a positive Einstein analogue of the previous section. Firstly
let us recall the following fundamental result in Riemannian geometry, which follows by
analyzing the equality case in the Bishop—Gromov inequality.

Theorem 3.10. If

Ric>n —1, (3.13)
then

vol < vol(S"). (3.14)
Moreover the equality in (3.14) holds if and only if M" is isometric to S".

Theorem 3.11 (Cheeger—Colding). For any n > 2, there exists €, > 0 such that if
Ric>n—1, vol> (1—¢,)vol(S"), (3.15)
then M" is diffeomorphic to S".

The following, proved in [29] by Mondello and the first named author, gives a positive
Einstein analogue of Theorem 3.4.

Theorem 3.12. For any n > 2, there exists €, > 0 such that if
Ric=n—1, vol> (1—¢,)vol(S"), (3.16)

then M" is isometric to S".

Proof. Let us provide a proof along [29], where another proof can be found by applying
the local analytic structure of the moduli space of Einstein metrics, due to [7, Chapter 12] by
Besse.

The proof is obtained by a contradiction argument. If it is not the case, then applying [16,21],
there exists a sequence of closed manifolds M with Ric = n — 1 and vol(M") — vol(S")

1 L
such that M smoothly converge to S". In particular the curvature operator of M is positive
for any sufficiently large i. Then, a result of Tachibana in [58] yields that M has constant
sectional curvature 1. Since M/ is diffeomorphic to S”, M must be isometric to S”. This is a

contradiction. [
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Based on this result, let us define the Anderson constant for positive Einstein manifolds as
follows.

Definition 3.13. For any n > 2, define C4 1(n) as the infimum of € > 0 satisfying that if a
closed Einstein manifold M" with Ric = n — 1 satisfies vol > € vol(S"), then M”" is isometric
to S".

The following question is rather natural.

Question 3.14. Determine C4 1(n) explicitly.

Note that considering the standard projective space of dimension n, we know

1
Carln)= 5. Vnz2. (3.17)

Let us provide a simple observation in dimension 3, which is already essentially observed in
the proof of Proposition 3.7.

Proposition 3.15. If

1
n=3, Ric=2, vol> §VOI(S3), (3.18)
then M3 is isometric to S3. With (3.17),
1
Can1(3) = 5 (3.19)

Proof. Since we are in dimension 3, M3 has constant sectional curvature 1, namely M 3 is
isometric to S*/I" for some finite subgroup I" of O(4). However, the last assumption in (3.18)
shows f#I" < 2, namely I is trivial. Thus we conclude. [

Finally, we ask the following question.

Question 3.16. Is it true that
Caon+1)=Cx1(n) (3.20)
for any n > 3?
As already observed, we know that (3.20) is correct if n = 3, and that (3.20) is incorrect if

n=2.

Remark 3.17. It is natural to ask whether C41(4) = 1 holds. In fact, it was pointed out
by Shengxuan Zhou to the authors that this fails due to the Fubini-Study metric on CP?. The
precise description is as follows.

Let us denote by gpg the Fubini-Study metric on CPP?, constructed by the Hopf fibration:

S' - S§° - CP?, (3.21)
where each fiber is a great circle in S°. It is possible to compute the volume by
1(S° 1
vol(Cp?) = YD _ Lo (3.22)
2 2
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On the other hand, it is well-known that gpg is a positive Einstein metric whose Einstein
constant is equal to 6.

Therefore, considering the normalization 2 grps, we obtain an FEinstein 4-manifold with
Ric = 3 and vol = 272, Since vol(S*) = (872)/3, the above discussion yields

3 3
Car(4) = 5 <= 22 . 872) . (3.23)

In connection with Question 3.16, let us provide two partial results.

Proposition 3.18. If
n=25, Ric=0, AVR > C,41(4) (3.24)
then M® is isometric to R®. In other words,

Ca0(5) < Can(4). (3.25)

Proof. Let us take a tangent cone at infinity, denoted by C(Z*), where Z* is smooth 4-
dimensional Einstein with Ric = 3 on the regular set because of [16]. Firstly let us prove that
Z* is smooth. It is enough to show that no singular point exists.

Take a point z € Z* and a tangent cone at z of Z*, denoted by C(W?). Applying [16] again,
we know that W3 is smooth 3-dimensional Einstein with Ric = 2 on the regular set. Since W3
is 3-dimensional, then W3 has no singular points because of the same reason as observed in
the proof of Proposition 3.7, due to [19].

On the other hand, we regard z as a point in dB;(p), where p is the pole of C(Z*), and
we consider a minimal geodesic y from z to p in C(Z%). Note that the 5-dimensional volume
density Dj is lower semicontinuous along y because of the Bishop—Gromov inequality. Since
D5 is constant on y \ {p} and D5(p) = AVR > Ca.1(4) > %, we have

D5(Z) > CA1(4) > % (3.26)

which shows that the volume of W3 is greater than %VO](Sg). Therefore Proposition 3.15 shows
that W3 is isometric to S3. Thus z is a regular point, namely Z* is smooth.

Moreover the observation above also allows us to conclude that the volume of Z* is greater
than C, 1(4) - vol(S*). Thus by definition of Cy1(4), Z* is isometric to S*. Therefore we
conclude by Proposition 3.1. O

The next proposition tells us that there are not so many examples of positive Einstein
4-manifolds whose volume is greater than the half of the volume of the unit 4-sphere.

Proposition 3.19. For any € > 0, the set of all Einstein manifolds M* of dimension 4 with
Ric =3 and

vol > (1+¢€) - %VO](S") (3.27)

is compact with respect to the C*-convergence.

Proof. Take a sequence Mi4 of Einstein manifolds with Ric = 3 and satisfying (3.27). After
passing to a subsequence, we have

M S x (3.28)
10
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for some compact non-collapsed Ricci limit space X*. Since X* also satisfies (3.27), in
particular Dy(x) > % by the Bishop—Gromov inequality. Thus X* has no singular points by
Proposition 3.9 (or by just applying [3,4] by Anderson). It follows from [16] that (3.28) can
be improved to the smooth convergence. [

See, for instance, [53] by Si—Xu for an analogous gap metric-rigidity result for negative
Einstein manifolds.

4. Gap topological-rigidity under lower curvature bounds

4.1. Lower sectional curvature bounds

Let us start by recalling a classical result due to Marenich and Topogonov [43] (see
also [44]).

Theorem 4.1 (Marenich—Topogonov). Let M" be a complete Riemannian n-dimensional
manifold with

sec > 0 and AVR > 0.
Then M" is diffeomorphic to R".

To put Theorem 4.1 in perspective, recall that Cheeger—Gromoll-Perelman soul Theorem
implies that if M” is a complete non-compact n-dimensional Riemannian manifold with non-
negative sectional curvature, admitting a point X such that all sectional curvatures at x are
positive, then M" is diffeomorphic to R".

Note also that Theorem 4.1 does not generalize to the non-smooth setting of Alexandrov
spaces with non-negative curvature. Indeed the Euclidean cone over RP?, that we denote by
C(RP?), is an example of a 3-dimensional Alexandrov space with non-negative curvature, with
AVR = 1/2, but it is not homeomorphic to R3.

In Theorem 4.3, we will show that as soon as AVR > 1/2 then the topological rigidity
holds.

The following result is a consequence of Grove—Petersen radius sphere theorem [25].

Theorem 4.2. Let XV be an N-dimensional Alexandrov space with
1
curv > 1 and HY (XV) > ivol(SN).
Then X" is homeomorphic to SV.

Proof. Bishop—Gromov inequality in Alexandrov spaces, combined with the assumption that
HN(XN) > HN(SV)/2 imply that the radius of X* is strictly larger than 7 /2. Grove—Petersen
radius sphere theorem [25] gives that X" is homeomorphic to SV. O

The next result is a consequence of Theorem 4.2, the Bishop—Gromov inequality, and
Perelman’s stability theorem.
Theorem 4.3. Let XV be an N-dimensional Alexandrov space with
curv > 0 and AVR > 1/2.

Then XV is homeomorphic to RY.
11
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Proof. Let YV be a tangent cone at infinity of X"V. It is easily checked that also YV has
AVR > 1/2.

Step 1. YV is homeomorphic to RY.

We know that YV = C(Z¥~1) is the metric cone over an (N — 1)-dimensional Alexan-
drov space ZN-1 with curv > 1. Moreover, since YV has AVR > 1/2, it follows that
HN=L(ZN=Y) > HN(SN1) /2. Therefore, Theorem 4.2 gives that Z¥~! is homeomorphic to
SN=1. Therefore, YV = C(Z"~1) is homeomorphic to RY.

Step 2. X" is homeomorphic to RY.

Let xg € XV. By Perelman’s stability theorem, for any € > 0, for every R > 0 large
enough, an open subset U C X, with B(1_¢)r(x0) C U C B(11¢)r(x0), is homeomorphic to
Bg(yo) C Y which, in turn, is homeomorphic to Bx C RY, thanks to Step 1. At this point,
arguing verbatim as in the proof of [32, Theorem 3.5] by Kapovitch and the second named
author, it is possible to glue such local homeomorphisms into a global homeomorphism from
X" to RY by using Siebenmann’s deformation of homeomorphisms theory [54]. [

The constant 1/2 in the AVR is sharp, as the aforementioned example of C(RP?) shows.
Note that C (R}P’Q) x R gives an example in every dimension n = 3 + k.

In case of a 2-dimensional Alexandrov space X2 without boundary, with non-negative
curvature and AVR > 0, the classical Cohn-Vossen theorem implies that X2 is homeomorphic
to R2.

4.2. Lower Ricci curvature bounds

Throughout the section, we assume the reader is familiar with the notations and terminology
of RCD(K, N) spaces, i.e. possibly non-smooth metric measure spaces with Ricci curvature
bounded below by K € R and dimension bounded above by N € [1, oo] in a synthetic sense.
Let us just recall that, thanks to the work of Cavalletti-Milman [12] (see also [34] by Li) the
conditions RCD(K, N) and RCD*(K, N) are equivalent, so we make no distinction between
the two and adopt the notation RCD(K, N).

In connection with Theorem 4.1 let us start by introducing a recent beautiful result due to
Brue-Pigati-Semola in [9, Theorem 1.9].

Theorem 4.4 (Brue-Pigati-Semola). Let X* be a non-collapsed RCD(0, 3) manifold with
AVR > 0. Then X3 is homeomorphic to R3. In particular any complete 3-manifold with
nonnegative Ricci curvature and AVR > 0 is diffeomorphic to R>.

The following is a consequence of the Bishop—Gromov inequality, Brue—Pigati—-Semola
manifold recognition theorem for RCD spaces, and Perelman’s proof of the Poincaré con-
jecture.

Theorem 4.5. Let N = 2,3 and let (XV,d, H") be a non-collapsed RCD(N — 1, N) space
with HY (X) > vol(SV)/2. Then XV is homeomorphic to SV.

Proof. 2-dimensional case. By Lytchack-Stadler [40], X2 is an Alexandrov space with
curv > 1. The claim then follows from Theorem 4.2.
3-dimensional case By Perelman’s proof of the Poincaré conjecture, it is enough to show
that X3 is homeomorphic to a simply connected topological 3-manifold without boundary.
Step 1. X3 is homeomorphic to a topological 3-manifold.

12
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For every x € X3, every tangent cone at x is a metric cone C(Y?). By a result of Ketterer
in [33], Y2 is a non-collapsed RCD(1, 2) space. The Bishop-Gromov volume monotonicity
implies that H?(Y?) > vol(S?)/2. Thus, from the 2-dimensional case discussed above, it
follows that ¥2 is homeomorphic to S2. Thus, we just proved that every tangent cone to every
point of X is homeomorphic to the cone over S2. The recent result proved in [9, Theorem
1.8] gives that X2 is homeomorphic to a topological 3-manifold.

Step 2. X? is simply connected.

By a result of Wang in [60], RCD(K, N) spaces are semi-locally simply connected, thus
the fundamental group coincides with the revised fundamental group. If X3 is not simply
connected, by the work of Wei and the second named author [45], we know that the universal
cover X3 of X? is an RCD(2, 3) space, and it must hold

H3(X3) = 2H3(X3) > vol(S?),

contradicting the Bishop—Gromov monotonicity. Thus X? is simply connected.

Step 3. Conclusion.

From Steps 2 and 3 we know that X? is homeomorphic to a simply connected 3-
dimensional topological manifold. Perelman’s proof of the Poincaré conjecture gives that X3
is homeomorphic to S3. [

Theorem 4.6. Let (XV,d, H") be a non-collapsed RCD(0, N) space, for some N < 4, with
AVR > 1/2. Then every tangent cone at infinity, and every tangent cone at any point, are
homeomorphic to RV,

Proof. Let us discuss only the case N = 4, the others being analogous (actually easier).

Let Y* be any tangent cone at infinity. Then Y* is an RCD(0, 4) space with AVR > 1/2.
It is easily seen that Y* achieves equality in the Bishop-Gromov monotonicity and thus,
by De Philippis—Gigli and Ketterer [23,33], Y* = C(Z3) is the metric cone over a non-
collapsed RCD(2, 3) space Z3. By the Bishop—Gromov monotonicity, it is easily seen that
H3(Z3) > vol(S?)/2. Recalling Theorem 4.5, we infer that Z® is homeomorphic to S3. It
follows that Y* = C(Z?) is homeomorphic to R?, as claimed.

Similarly we obtain the corresponding result for tangent cones at any point. [J

See also interesting examples constructed [46] by Pan—Wei in the smooth case with AVR =
0.
5. Open problems

5.1. Related to the Poincaré inequality
Firstly we provide the following, related to Conjecture 2.6.

Conjecture 5.1. Let
My S5 xn (5.1)
be a non-collapsed sequence of closed Riemannian manifolds M} with Ric > —(n — 1),

converging in GH-sense to a compact Ricci limit space X". Then

1. b1 (M) = by 1(X") for any sufficiently large i, where by 1(X") denotes the dimension
of the space of harmonic 1-forms in the sense of [24] by Gigli;

13
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2. by (X") = by (X").

Note that if the conjecture above is valid, then Conjecture 2.6 is too, because of the same
arguments as in the proof of Theorem 2.4 (together with a result of Sormani—Wei in [55]).
We provide a progress along this direction, yielding that the only remaining step is to prove
bH_l(Xn) < bl(Xn).

Proposition 5.2. Under the same setting (5.1) as in the conjecture above, it holds
bi(M]') <by1(X"), for any sufficiently large i. 5.2)
In particular if by 1(X") < by (X"), then by 1(X™) = by (X").

Proof. Let us take a sequence of harmonic 1-forms w; on M with |lw;|| 2 = 1. Thanks to a
result of the first named author in [27], since (w;); has an L?-strong convergent subsequence,
with no loss of generality we can assume that (w;); is L>-strongly converging to some
w € L2(T*X"). 1t follows from [27] that @ € W *(T*X") N L™(T*X") holds with dw = 0
and dw = 0. Therefore in order to conclude, it is enough to check w € H, 111‘2(T*X ).

To this end, we use ideas appeared in a paper [28] by Ketterer—Mondello—Perales—Rigoni
and the first named author. We assume the readers are familiar with the standard notations
about this topic, including the definitions of e-regular set R” and (e, k)-singular stratum S¥.

Step 1. There exists €, > 0 such that for any x € R{ there exist r > 0 and f €
D(A, B,(x)) such that @ = df on B,(x).

This is done by following the proof of [28, Theorem 3.1] based on the intrinsic Reifenberg
method with the Poincaré lemma on M.

Step 2. For any Lipschitz function ¢ on X" with suppe C X"\ Sgn’z, we have pw €
H2(T*X™).

This is a direct consequence of Step 1 and a partition of unity argument: indeed, writing
w = df on a small ball B, (x), we easily get that pdf € Hj;*(T*X"), for any p € Lip, (B, (x)).

Step 3. Conclusion.

For any small » > 0, find a cut-off Lipschitz function ¢, with supp(¢,) C X" \
B, (8" %), ¢, = 1 on X"\ By,(8"2) and |Vg,| < % Recalling a result proved in [18] by
Cheeger—Jiang—Naber:

H"(B;(S'7%)) < C(n, €, diam(X"))s?, Vs >0, (5.3)
we have
/ Vo, |2dH" < C(n, €, diam(X")).
XVl
After choosing € = ¢, as in Step 1, letting r — 0 for g, € H ,11’2(T*X”) with Mazur’s lemma

allows to conclude that Lym g2 € H,11’2(T*X"). Since 8”2 is 7" -negligible (for example
recall (5.3)), we conclude. [

Question 5.3. What is the sharp upper bound on Cp 1 under Ric > K, diam < d and vol > v?

Question 5.4. Prove Conjecture 2.6 is sharp in the sense that there exists a sequence M}
with Ric > —(n — 1), diam < d and vol > v such that Cp ;(M!') — oo for some k > 2.

14
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Conjecture 5.5. If

sec > —1, diam <d, vol>wv, 5.4
then for any k > 1

Cpip <C(n,d, k,v). (5.5)

In connection with Conjecture 5.5, let us recall a renowned conjecture by Perelman.

Conjecture 5.6 (Perelman’s Bi-Lipschitz Stability Conjecture). Let
xr G xn (5.6)

be a non-collapsed GH-convergent sequence of compact Alexandrov spaces' of dimension n
with curv > —1. Then there exists C > 1 such that X} is C-bi-Lipschitz equivalent to X" for
any sufficiently large i.

It is worth mentioning that if Conjecture 5.6 holds, then, by a standard contradiction
argument, the above C > 1 can be taken as a constant depending only on the dimension n, a
uniform upper bound of the diameters of X! and a uniform positive lower bound of vol(X).

The following gives a connection between the conjectures above.

Proposition 5.7. Assume Conjecture 5.6 holds in the special case when X} is a sequence of
smooth Riemannian manifolds. Then Conjecture 5.5 holds true.

Proof. The proof is done by a contradiction argument. If it is not the case, then there
exists a sequence M;" satisfying (5.4) such that M/ Gromov—Hausdorff converge to a compact
Alexandrov space X" of dimension n and that Cpx(M]') — oo. Thus pui (M) — 0. On the
other hand, [37, Lemma 4.2 ] by Lott yields

lim inf g (M?) > 0, 5.7
11— 00
which is a contradiction. [

In connection with the observation above, let us prove the following.

Theorem 5.8. Conjecture 5.6 is valid if n = 2 and each X? is smooth.

In order to prove this, let us prepare a couple of technical results. In the sequel we assume
that the readers are familiar with the fundamental results on Alexandrov surfaces X2, including
the curvature measure wy2 = w = ot — w~. We refer to [1,6,8,10,41,50,52] for more details.

Firstly let us provide a quantitative way to construct a disk, whose boundary is a given
(short) simple closed curve.

Lemma 5.9. If
n=2, sec>-1, diam<d, vol>v (5.8)

then there exists T = t(d, v) > 0 such that if a simple closed curve y in M? satisfies £(y) < T,
then the interior D, of y makes sense and it is a disk. In this case, set D; = M?\ (yU D,).

! Note that, since X" is also assumed to be compact, then the diameters of X' are uniformly bounded.
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Proof. This is a direct consequence of Perelman’s topological stability theorem [47] (see
also [31] by Kapovitch) and the Jordan curve theorem, via a contradiction argument. We omit
the details. [

Theorem 5.8 is essentially a direct consequence of the following technical lemma, together
with a result of Burago [10].

Lemma 5.10. Under the same assumptions as in Lemma 5.9, there exist £ = £(d, v) > 0 and
€ = €(d,v) > 0 such that if a simple closed curve y in M? satisfies £(y) < ¢, then y bounds
a disk D, with ™ (D,) < 2w — €.

Proof. The proof is done by a contradiction argument. If it is not the case, then there exist:

1. a sequence of closed smooth surfaces Mi2 with curvature bounded below by —1,
satisfying

m? <L x2 (5.9)

for some compact Alexandrov space X2 of dimension 2;
2. a sequence of simple closed curves y; in M? with £(y;) — 0 and ] (D,,) — 2.

In order to keep notation short, we assume that Ml.2 and X? are isometrically embedded in
an ambient metric space Z realizing the GH-convergence, i.e. M7 converge to X? in Hausdorff
distance sense, as subsets of Z.

Up to a subsequence, we can assume that y; — xo € X2. Let us divide the proof into the
following cases:

(I) The case when limsup;_, o, diam(D,,) > 0 and limsup;_, ., diam(D}}) > 0.

Then after passing to a subsequence we can find a sequence of points x; € D,,,y; € D;;
with

liminfd,2(x;,y) >0 and liminfd,2(y;,y) > 0.
i—00 i i—00 i

With no loss of generality, we can assume x; — x € X2 and y; — y € X? with respect to
the metric of Z. Then by definition of xg, for all » < min{dy2(x, xo), dy2(y, x0)}, z € B,(x)
and w € B,(y), we see that any geodesic from z to w contains xo as an interior point. This
contradicts the non-branching property for geodesics in X2, which is a consequence of the
Alexandrov lower sectional curvature bound on X?2.

(Il) The case when lim;_, o diam(D,,) = 0 and limsup;_, o, diam(D}") > 0.

Fix ¢ € C(X?) with 0 < ¢ < 1, ¢|p,, (x) = 1 and supp(¢) C Ba,(x0). For any i, fix

2

X; € y;, and then find a uniformly convergent sequence ¢; € C (M?) top with 0 < ¢; <1,
®ilB.(x;) =1 and supp ¢; C Bz, (x;). The weak convergence of the curvature measures gives

/ pidw,2 — / pdwy2 =/ pdwye (5.10)
Mi2 ! X Bar(x0)

On the other hand, as i — oo,

/ pidw,,2 =/ (p,-devol—/ @; K.~ dvol
M? ! Boy(x;) By (xi)

z(/D

(p,~K{*dV01) —vol(Ba,r(x;)), (by £(y;) — 0),
Vi
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— 21 — #*(Ba(x0)), (by o (D)) — 27), (5.11)

where, to obtain the second line, we exploited the assumption that the sectional curvatures are
bounded below by —1. Also, it holds that

/ pdwy2 =/ pdo}, —f pdo, 5/ pdo,
Bar(x0) Bay(x0) Bay(x0) Bay(x0)

< s (Bar (x0)). (5.12)

Combining (5.10), (5.11), and (5.12), we obtain that w;Q(BQ,(xO)) — 27 as r — 0, that is
a);Q({xo}) = 2m. As observed in [41] (see also page 287 of [2] by Ambrosio—Bertrand), this
is in contradiction with the fact that X2 is 2-dimensional Alexandrov space with curvature
bounded below.

(Ill) Remaining cases.

The remaining cases lead to a contradiction by analogous arguments. The proof is thus
complete. [l

We are now in a position to prove Theorem 5.8.
Proof of Theorem 5.8. This is a direct consequence of [10, Theorem 1] and Lemma 5.10. [
5.2. Related to the gap metric-rigidity
Question 5.11.  If a complete 4-manifold M* with non-negative Ricci curvature satisfies
AVR = % then is M* isometric to the Eguchi-Hanson metric?

Note that the answer to Question 5.11 is affirmative if the Riemannian metric is Kéhler.

Question 5.12. [t is possible to classify Einstein 4-manifolds with Ric = 3 and vol >
vol(S*) /22

5.3. Related to the gap topological-rigidity

Question 5.13. Let X* be as in Theorem 4.6. Is it true X* is homeomorphic to R*?

Even the smooth counterpart of such a question seems to be an interesting problem:

Question 5.14. Let M* be a 4-dimensional smooth complete Riemannian manifold with
Ric>0 and AVR > 1/2.

Is it true M* is homeomorphic to R*?
In the affirmative case, is M* diffeomorphic to R*?

Question 5.15. For each n > 4, determine the minimal constant Cs 1(n) with the following
property. If M" is an n-dimensional smooth closed Riemannian manifold with

Ric>=n—1 and vol > Cs 1(n)vol(S"),
then M" is homeomorphic (resp. diffeomorphic) to S".

Note that Remark 3.17 implies that Cs 1(4) > 3/4.
Finally it is of course very interesting to investigate whether the corresponding non-smooth
analogues of all of the above are valid or not.

17



S. Honda and A. Mondino Indagationes Mathematicae xxx (xxxx) xxx

Acknowledgments

This work was conducted during the event, School and Conference on Metric Measure
Spaces, Ricci Curvature, and Optimal Transport, at Villa Monastero, Lake Como. We would
like to express our gratitude to the organizers of the conference for the beautiful and stimulating
environment, and to Gilles Carron for suggesting useful references. Moreover, we wish to thank
John Lott for pointing out the current Proposition 2.7, with its simple proof, and Shengxuan
Zhou for pointing out Remark 3.17. The first named author expresses his appreciation to Kota
Hattori for his suggestions on the validity of Corollary 2.5 for 2-forms. Finally, we wish to
thank the referee for his/her careful readying with valuable comments for a revision.

The first named author acknowledges support of the Grant-in-Aid for Scientific Research
(B), Japan of 20H01799, the Grant-in-Aid for Scientific Research (B), Japan of 21H00977 and
Grant-in-Aid for Transformative Research Areas (A), Japan of 22H05105.

The second named author acknowledges support by the European Research Council (ERC),
under the European Union Horizon 2020 research and innovation programme, via the ERC
Starting Grant “CURVATURE”, grant agreement No. 802689.

References

[1] A.D. Aleksandrov, V.A. Zalgaller, Two-dimensional manifolds of bounded curvature, Trudy Mat. Inst. Steklov.
63 (1962) 262; English transl., Intrinsic geometry of surfaces, in: Transl. Math. Monogr., 15, Amer.
Math. Soc., Providence, RI, 1967, p. 327.

[2] L. Ambrosio, J. Bertrand, On the regularity of alexandrov surfaces with curvature bounded below, Anal.
Geom. Metr. Spaces 4 (2016) 282-287.

[3] M. Anderson, Ricci curvature bounds and Einstein metrics on compact manifolds, J. Amer. Math. Soc. 2 (3)
(1989) 455-490.

[4] M. Anderson, Convergence and rigidity of manifolds under Ricci curvature bounds, Invent. Math. 102 (2)
(1990) 429-455.

[5] M. Anderson, J. Cheeger, C*-Compactness for manifolds with Ricci curvature and injectivity radius bounded
below, J. Differential Geom. 35 (1992) 265-281.

[6] A. Belen’kii, Y. Burago, Bi-Lipschitz-equivalent Aleksandrov surfaces I, Algebra I Analiz 16 (4) (2004)

24-40; English transl., St. Petersburg Math. J. 16 (4) (2005) 0.
[71 A.L. Besse, Einstein manifolds, in: Classics in Mathematics, Springer, Berlin, ISBN: 3-540-74120-8, 1987.

[8] M. Bonk, U. Lang, Bi-Lipschitz parametrization of surfaces, Math. Ann. 327 (2003) 135-169.
[9] E. Brue, A. Pigati, D. Semola, Topological regularity and stability of noncollapsed spaces with Ricci curvature

bounded below, 2024, arXiv:2405.03839.

[10] Y. Burago, Bi-Lipschitz-equivalent Aleksandrov surfaces II, St. Petersburg Math. J. 16 (2005) 943-960.

[11] P. Buser, A note on the isoperimetric constant, Ann. Sci. Ecole Norm. Sup. (4) 15 (2) (1982) 213-230.

[12] F. Cavalletti, E. Milman, The globalization theorem for the curvature-dimension condition, Invent. Math. 226
(1) (2021) 1-137.

[13] F. Cavalletti, A. Mondino, Sharp and rigid isoperimetric inequalities in metric-measure spaces with lower
Ricci curvature bounds, Invent. Math. 208 (2017) 803-849.

[14] F. Cavalletti, A. Mondino, Sharp geometric and functional inequalities in metric measure spaces with lower
Ricci curvature bounds, Geom. Topol. 21 (2017) 603-645.

[15] J. Cheeger, T.H. Colding, Lower bounds on Ricci curvature and the almost rigidity of warped products, Ann.
of Math. 144 (1996) 189-237.

[16] J. Cheeger, T.H. Colding, On the structure of spaces with Ricci curvature bounded below. I, J. Differential
Geom. 46 (1997) 406-480.

[17] J. Cheeger, T.H. Colding, On the structure of spaces with Ricci curvature bounded below III, J. Differential
Geom. 54 (2000) 37-74.

[18] J. Cheeger, W. Jiang, A. Naber, Rectifiability of singular sets of non collapsed limit spaces with Ricci curvature
bounded below, Ann. of Math. 193 (2021) 407-538.

[19] J. Cheeger, A. Naber, Regularity of Einstein manifolds and the codimension 4 conjecture, Ann. of Math. 182
(2015) 1093-1165.

18


http://refhub.elsevier.com/S0019-3577(25)00027-8/sb1
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb1
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb1
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb1
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb1
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb1
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb2
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb2
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb2
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb3
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb3
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb3
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb4
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb4
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb4
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb5
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb5
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb5
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb6
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb6
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb6
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb6
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb7
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb8
http://arxiv.org/abs/2405.03839
http://arxiv.org/abs/2405.03839
http://arxiv.org/abs/2405.03839
http://arxiv.org/abs/2405.03839
http://arxiv.org/abs/2405.03839
http://arxiv.org/abs/2405.03839
http://arxiv.org/abs/2405.03839
http://arxiv.org/abs/2405.03839
http://arxiv.org/abs/2405.03839
http://arxiv.org/abs/2405.03839
http://arxiv.org/abs/2405.03839
http://arxiv.org/abs/2405.03839
http://arxiv.org/abs/2405.03839
http://arxiv.org/abs/2405.03839
http://arxiv.org/abs/2405.03839
http://arxiv.org/abs/2405.03839
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb10
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb11
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb12
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb12
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb12
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb13
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb13
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb13
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb14
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb14
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb14
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb15
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb15
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb15
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb16
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb16
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb16
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb17
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb17
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb17
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb18
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb18
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb18
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb19
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb19
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb19

S. Honda and A. Mondino Indagationes Mathematicae xxx (xxxx) xxx

[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]
[28]
[29]
[30]
[31]
[32]
[33]

[34]

[35]

[36]
(37]
[38]
[39]
[40]
[41]
[42]

[43]

[44]
[45]

[46]
[47]
[48]
[49]
[50]

[51]

B. Colbois, G. Courtois, A note on the first nonzero eigenvalue of the Laplacian acting on p-forms,
Manuscripta Math. 68 (1990) 143-160.

T.H. Colding, Shape of manifolds with positive Ricci curvature, Invent. Math. 124 (1996) 175-191.

T.H. Colding, Ricci curvature and volume convergence, Ann. of Math. 145 (1997) 477-501.

G. De Philippis, N. Gigli, From volume cone to metric cone in the nonsmooth setting, Geom. Funct. Anal.
26 (6) (2016) 1526-1587.

N. Gigli, Nonsmooth differential geometry — An approach tailored for spaces with Ricci curvature bounded
from below, Mem. Amer. Math. Soc. 251 (1196) (2018).

K. Grove, P. Petersen, A radius sphere theorem, Invent. Math. 112 (3) (1993) 577-583.

S. Honda, Spectral convergence under bounded Ricci curvature, J. Funct. Anal. 273 (2017) 1577-1662.

S. Honda, Elliptic PDEs on compact Ricci limit spaces and applications, Mem. Amer. Math. Soc. 253 (1211)
(2018) v+92.

S. Honda, C. Ketterer, I. Mondello, R. Perales, C. Rigoni, Gromov-Hausdorff stability of tori under Ricci
and integral scalar curvature bounds, Nonlinear Anal. 249 (2024) 113629.

S. Honda, I. Mondello, Sphere theorems for RCD and stratified spaces, Ann. Sc. Norm. Super. Pisa Cl. Sci.
(5) XXII (2021) 903-923.

S. Honda, A. Mondino, Poincaré inequality for one forms on four manifolds with bounded Ricci curvature,
Arch. Math. (2025) http://dx.doi.org/10.1007/s00013-024-02091-w.

V. Kapovitch, Perelman’s stability theorem, in: Surveys in Differential Geometry. XI, in: Surv. Differ. Geom.,
Int. Press, Somerville, MA, 2007, pp. 103-136.

V. Kapovitch, A. Mondino, On the topology and the boundary of N-dimensional RCD(K, N) spaces, Geom.
Topol. 25 (2021) 445-495.

C. Ketterer, Cones over metric measure spaces and the maximal diameter theorem, J. Math. Pures Appl. (9)
103 (5) (2015) 1228-1275.

Z. Li, The globalization theorem for CD(K, N) on locally finite spaces, Ann. Mat. Pura Appl. (4) 203 (1)
(2024) 49-70.

P. Li, S.-T. Yau, Estimates of eigenvalues of a compact Riemannian manifold, in: Geometry of the Laplace
Operator (Proc. Sympos. Pure Math. Univ. Hawaii, Honolulu, Hawaii, 1979), in: Proceedings of Symposia in
Pure Mathematics, vol. XXXVI, American Mathematical Society, Providence, RI, 1980, pp. 205-239.

A. Lichnerowicz, Géométrie des groupes de transformations, in: Travaux et Recherches Mathématiques, III,
Dunod, Paris, 1958.

J. Lott, Eigenvalue estimates and differential form Laplacians on Alexandrov spaces, Math. Ann. 371 (2018)
1737-1767.

J. Lott, C. Villani, Weak curvature conditions and functional inequalities, J. Funct. Anal. 245 (1) (2007)
311-333.

J. Lott, C. Villani, Ricci curvature for metric-measure spaces via optimal transport, Ann. of Math. 169 (2009)
903-991.

A. Lytchak, S. Stadler, Ricci curvature in dimension 2, J. Eur. Math. Soc. (JEMS) 25 (3) (2023) 845-867.

Y. Machigashira, The Gaussian curvature of Alexandrov surfaces, J. Math. Soc. Japan 50 (4) (1998) 859-878.
T. Mantuano, Discretization of Riemannian manifolds applied to the Hodge Laplacian, Amer. J. Math. 130
(6) (2008) 1477-1508.

V.B. Marenich, V.A. Toponogov, Open manifolds of nonnegative Ricci curvature with rapidly growing volume,
Sib. Mat. Zh. 26 191-194, No. 4 (152).

V.B. Marenich, V.A. Toponogov, Open manifolds of nonnegative curvature, J. Math. Sci. 55 (1991) 2115-2130.
A. Mondino, G. Wei, On the universal cover and the fundamental group of an RCD*(K, N)-space, J. Reine
Angew. Math. 753 (2019) 211-237.

J. Pan, G. Wei, Semi-local simple connectedness of noncollapsing Ricci limit spaces, J. Eur. Math. Soc. 22
(2024) 4027-4062.

G. Perelman, Alexandrov spaces with curvatures bounded from below. II, preprint.

S. Peters, Convergence of Riemannian manifolds, Compositio Math. 62 (1987) 3-16.

T. Rajala, Local Poincaré inequalities from stable curvature conditions on metric spaces, Calc. Var. Partial
Differential Equations 44 (3) (2012) 477-494.

Yu.G. Reshetnyak, Two-dimensional manifolds of bounded curvature, in: Geometry, 4, Itogi Nauki I Tekhniki
Ser. Sovrem. Probl. Mat. Fund. Naprav. 70, VINITI, Moscow, 1989, pp. 7-189.

I. Satake, On a generalization of the notion of manifold, Proc. Natl. Acad. Sci. USA 42 (6) (1956) 359-363.

19


http://refhub.elsevier.com/S0019-3577(25)00027-8/sb20
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb20
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb20
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb21
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb22
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb23
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb23
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb23
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb24
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb24
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb24
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb25
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb26
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb27
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb27
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb27
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb28
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb28
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb28
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb29
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb29
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb29
http://dx.doi.org/10.1007/s00013-024-02091-w
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb31
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb31
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb31
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb32
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb32
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb32
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb33
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb33
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb33
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb34
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb34
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb34
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb35
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb35
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb35
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb35
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb35
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb36
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb36
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb36
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb37
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb37
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb37
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb38
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb38
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb38
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb39
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb39
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb39
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb40
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb41
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb42
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb42
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb42
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb43
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb43
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb43
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb44
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb45
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb45
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb45
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb46
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb46
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb46
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb48
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb49
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb49
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb49
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb50
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb50
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb50
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb51

A PRESS |

S. Honda and A. Mondino Indagationes Mathematicae xxx (xxxx) xxx

[52]

[53]
[54]

[55]
[56]
[57]
[58]
[59]

[60]

T. Shioya, The limit spaces of two-dimensional manifolds with uniformly bounded integral curvature, Trans.
Amer. Math. Soc. 351 (1999) 1765-1801.

C. Si, S. Xu, Rigidity for Einstein manifolds under bounded covering geometry, 2024, arXiv:2409.15707.
L.C. Siebenmann, Deformation of homeomorphisms on stratified sets, Comment. Math. Helv. 47 (1972)
123-163.

C. Sormani, G. Wei, Hausdorff convergence and universal covers, Trans. Amer. Math. Soc. 353 (9) (2001)
3585-3602.

K.-T. Sturm, On the geometry of metric measure spaces, I, Acta Math. 196 (2006) 65-131.

K.-T. Sturm, On the geometry of metric measure spaces, II, Acta Math. 196 (2006) 133-177.

S. Tachibana, A theorem on Riemannian manifolds of positive curvature operator, Proc. Japan. Acad. 50
(1974) 301-302.

J. Takahashi, On the gap between the first eigenvalues of the Laplacian on functions and 1-forms, J. Math.
Soc. Japan 53 (2) (2001) 307-320.

J. Wang, RCD*(K, N) spaces are semi locally simply connected, J. Reine Angew. Math. 806 (2024) 1-7.

20


http://refhub.elsevier.com/S0019-3577(25)00027-8/sb52
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb52
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb52
http://arxiv.org/abs/2409.15707
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb54
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb54
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb54
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb55
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb55
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb55
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb56
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb57
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb58
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb58
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb58
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb59
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb59
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb59
http://refhub.elsevier.com/S0019-3577(25)00027-8/sb60

	Gap phenomena under curvature restrictions
	Spectral gap I: Poincare inequality for functions
	Spectral gap II: Poincare inequality for differential forms
	Gap metric-rigidity for Einstein manifolds
	Anderson's gap theorem for Ricci-flat manifolds
	Gap metric-rigidity for positive Einstein manifolds

	Gap topological-rigidity under lower curvature bounds
	Lower sectional curvature bounds
	Lower Ricci curvature bounds

	Open problems
	Related to the Poincare inequality
	Related to the gap metric-rigidity
	Related to the gap topological-rigidity

	Acknowledgments
	References


