Robust positively invariant sets for state dependent and scaled disturbances
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Abstract— This paper introduces methods of deriving and
computing maximal robust positively invariant sets for lin-
ear discrete time systems with additive model uncertainty.
Two types of uncertainty are considered: state dependent
uncertainty, which can handle multiplicative parametric model
uncertainty as well as linearisation errors for nonlinear systems,
and scaled sets of uncertainty. We provide a framework for
analysing both types of uncertainty with illustrative examples.

Index Terms— constrained control, positively invariant sets,
robust control

I. INTRODUCTION

The analytic properties of disturbance invariant sets have
been widely studied (e.g. [1]) since their introduction in [2],
[3]. A disturbance invariant set .2~ is a subset of the state
constraint set Xy C R™ containing states x of the perturbed
linear system

2t =Uz 4w (D

(where W is Hurwitz, z,zT € X, and v € ¥), such that the
successor state ™ is contained in 2" for all possible real-
isations of the unknown disturbance v. Thus a disturbance
invariant set is a type of robust positively invariant (RPI) set.
This is summarised in the implicit definition

X ={x:Vr+ve X YveV} (2)

In many applications we are interested in the largest such
set, denoted X'°°, which is given by the union of all RPI sets
Z C X°°. This set is known as the maximal robust posi-
tively invariant (MRPI) set and has been used extensively,
for example, to define terminal regions in robust model
predictive control [4]. Although analytical properties of these
sets were derived at the time of their introduction, algorithms
for numerically computing MRPI sets were introduced much
later [5]-[7]. Earlier algorithms did not guarantee finite
determinability of X'°°, see e.g. [8], or were not guaranteed
to produce the maximal RPI set, e.g. [9]. However for the
case of disturbances belonging to a fixed set #', methods of
computing X'*° are now well established [1].

This paper considers sets of disturbances that depend on
parameters. First we consider state-dependent sets with the
irredundant representation

V(z) ={v:Gv < H(z)}, 3)

where G is a real matrix, H(z) is a convex piecewise affine
function, and the inequality applies elementwise. For the
case that ¥ = V(z) we provide conditions for convexity
and finite determination of X*° and discuss computation of
X°°. The case of disturbances depending on states (or control
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inputs) is considered in [10], [11] but the convexity analysis
of this paper and the associated computational approach are
novel. State dependent disturbance constraints can account
for linearisation errors, as shown in section IV, as well as
more general multiplicative parametric model uncertainty.

The second case considered is that of scaled disturbance
sets of the form

V(@) ={v:Gv<(1+6)1}, 4)

for scalar § > —1. For ¥ = V(0) we compute sets Z°° in
(x x @)-space with the property that the intersection, Z°°|;,
with the subspace on which § = 6 for given 6 is an MRPI set.
To our best knowledge, this setup has not been considered
in the literature. This type of disturbance constraint can be
used to study the sensitivity of the MRPI set to changes in
the disturbance strength.

The structure of the paper is as follows: We introduce the
notion of parametric convexity In Section II and discuss its
implications, in particular as a condition for convexity of the
MREPI set. The algorithm to compute the MRPI set for state
dependent disturbance constraints and its finite determinabil-
ity are discussed in Section III. Section IV illustrates the
algorithm using a nonlinear model of a magnetically levitated
ball. The case of scaled disturbance constraints is discussed
in Section V, which gives the algorithm for computing the
parametrised MRPI set and proves its finite determinability.
Section VI illustrates the use of parametrised MRPI sets
using the levitating ball example, and illustrates a robustness
analysis of the parametrised MRPI sets with a numerical
example. Section VII provides conclusions.

Throughout this paper we refer to sets that can be rep-
resented as intersections of finite numbers of half spaces
as polyhedra, and to bounded polyhedra as polytopic sets.
For sets A, B C R™, the Minkowski set addition is denoted
AeB={c:c=a+bVaec A be B}. We denote the
column vector of ones in appropriate dimensions as 1, the
logical AND operator as A, and index sets as Z C N.

II. PARAMETRICALLY CONVEX SET OPERATIONS

This section discusses sets that depend on a parameter
such as the state of (1) (so called point-to-set maps, see [12]),
and extends the existing set algebra [1] to accommodate such
sets. We present the general case first, then illustrate it with
the example of a pointwise polyhedral set in the form of (3)

Definition 2.1 (Parametric Convexity): Let X CR™ Y C
R™, let P(Y) denote the power set of Y, and T : X —
PY), X 5 s+~ T(s) CY be a continuous point-to-set
map. The map T is called parametrically convex if it satisfies

T()\Sl + (1 — )\)52) - /\T(S1) D (1 — /\)T(Sg) 5



for all s1,s2 € X and A € [0, 1].

The difference of sets can be defined for parametrised sets

analogously to the Pontryagin difference [7] as follows:
Definition 2.2 (Parametric Pontryagin Difference): Let

SCX andletT: X — P(X) be a continuous point-to-set

map, then the parametric Pontryagin difference S ©T(S) is

SeT(S)={recX:{z}aT(z)C S}, (6)

where T'(S) denotes the image of S under the map 7T
Notice that, for a constant map 7', the definition (6) is
equivalent to the well-known Pontryagin difference. For the
parametric Pontryagin difference of a convex set and a
parametrically convex map we have the following result.

Lemma 2.3: Let S C X be aconvex setandlet T : X —
P(X) be a parametrically convex point-to-set map, then S S
T(S) is convex.

Proof: Define Z = SST(S) and let z1, 25 € Z, then by

definition of the parametric Pontryagin difference, we have

To see that Z is convex we show that line segments between
all possible z; and 25 are subsets of Z, i.e. for all A € [0, 1],

{Az1 + (1=N22} @ T (Az1 + (1 — N)zo)
C{z1+ (1 =Nz} @ AT(21) & (1 — N)T(22)
CA ({21} (S5) T(Z1)) @(1 — /\) ({22} (&) T(Zz)) cs
cs cs

where the last inclusion follows from the convexity of S. H
Now consider a parametrically convex set of the form of (3).
Lemma 2.4: The point-to-set map V(x) defined by (3) is
parametrically convex for all x € X C R™ if H(x) is ele-
mentwise convex in z € A (i.e. each element H;(z) of H(z)
satisfies Hl(/\.’L‘l + (1 — )\)IL‘Q) < /\Hl(xl) + (1 — A)Hl(fEQ)
for all A € [0,1] and z1,22 € X) and the representation
{v:Gv < H(x)} is irredundant for all z € X.
Proof: To show that V(Az1 + (1 — AN)z2) C ANV (z1) ®
(I —=X)V(x2) for all A € [0,1] and z1, 22 € X we note that

V(Az1 + (1 — X)z2)

={v: Gv < H(Az1+ (1 — N)z2)}

C{v: Gv<AH(z1) + (1 —N)H(z2)}

={v: Gv<AH(x1)} ®{v: Gv<(1—-XNH(z2)}

:)\V(,Tl) D (1 — )\)V(.’Eg) u
Lemmas 2.3 and 2.4 imply that, if V(x) is defined by (3)
in terms of an elementwise convex function H (z), then the
parametric Pontryagin difference X ©V(X) is a convex set.
As we show in the next section, if X" is polytopic and V(z)
is pointwise polytopic, then X © V(X) is also a polytope.

III. MAXIMAL ROBUST POSITIVELY INVARIANT SETS
FOR STATE DEPENDENT DISTURBANCE

In this section we describe an iterative algorithm to
compute the MRPI set (2) for a linear system (1) subject
to disturbances v € V(x) where V(x) is a parametrically
convex point-to-set map defined by (3) in terms of a convex

piecewise affine function H(x). We assume (without loss
of generality) that the set V(z) is pointwise compact and
polytopic for finite z € A; and can hence be represented as
the convex hull of its vertices V(x) = conv{v;(z)}. Since
V(z) has a piecewise affine dependence on x the vertices
v;(z) are also piecewise affine in x. The set X' as defined
in (2) is required to satisfy x4+ v € X' for all z € X'
and v € V(x). To compute the MRPI set we start from the
given state constraint set

Xo=A{x: Egx <&, VieTIy}

and recursively cut off points that cannot satisfy the in-
variance condition (2) by iteratively introducing constraints
that exclude all points for which the successor state can lie
outside Xy. The first iteration enforces the constraint:

!
E0,:(¥z +v) < &, Yu € conv{v;(z)}

Z0,:¥Yx + max Eg v < &o
veV(x)

EO’Z‘\IJZ‘ + mjax Eo’i’l)j ({E) < foﬂ‘.
—_———

:véyi (x)

for each i € Zy. Here vg ;() is not necessarily given by a
unique maximiser, but is the solution of a multi-parametric
linear program and hence is given by a vertex v;(z) of V(z)
for each = on that facet. Since each vertex is a piece-wise
affine function of x, the maximum v ; () is also piece-wise
affine so the set X1 = XN {x : Zo; Vo +vg ;(x) < §o:Vi €
To} has representation Xy = {x : Eq1 ;2 < & ; Vi € Iy }. The
next iterate is defined by

Xy = X1N
{720, ¥ (Y +v) + v (7) < 6o Vi € To,v € V(x)}
=X N {.’)3 : Eo,i\I/Z.%‘ + vi"i(x) + US,Z‘(‘I) < 60,1‘ Vi € Io}
and at the (k + 1)st iteration we have

k—1
Xiy1 = X N {S(} : Eoﬁilllkx + Z Ul*,i(x) < fO,i Vi € Io},
=1

where
uy;() = max 5071“1’[_11)]‘(33) = max

J v
st. 0eUY(a)

0,4V

Remark 3.1: Determining the map v; ;(x) for all admissi-
ble x € A} in general poses a great classification challenge.
Notice that in our calculations we can avoid determining the
particular vertex vy ;(z) explicitly, it suffices to determine
the vertex determining a supporting hyperplane of X1,
Le. v ;(x). This can be done by adding all possible inequal-
ities and applying a inequality reduction algorithm.

In closed form the iterates can be expressed as

X1 =X N (T2, © TF1V(X,)) = A, N Dy,

= N (xp—lxo ) \I/iV(Xl_1)>. )

0<i<k+1 lsisi—l



Notice that we do not require ¥ to be invertible, in (7)
U—1X), merely denotes the preimage of X} under the linear
map ¥. We will use (7) to prove the finite determinability
of X°°, namely that there exists a finite number N such that
x € Xy implies ¥z + v € Xy for all v € V(z) and hence
Xy is robustly positively invariant.

Lemma 3.2: Let the state constraint set X;; be contained
inaband: Xy C B={z:Tex <1A-Tz <1}, let the pair
(T, T") be observable and let V(x) be defined by (3) in terms
of a piecewise affine function H(z). Then Xy C Xy 41 for
a finite N, and hence the MRPI set X¥>° = Xy is a polytope.

Proof: From (7) it is clear that X*° = 0 if X}, =
for any £ > 0. For the remainder of the proof we assume
that the MRPI set X'*° is non-empty. For this we require that
Uses V(s) is bounded on any bounded set S C R™.

The proof has two main steps: First we prove that &), is
bounded for p < n where n is the dimension of the state
x. The second step is to prove that in (7) the set Dy grows
exponentially, i.e. that for any given bounded set C there
exists finite N such that C C Dy. The proof is concluded
by setting C = Xy and deducing that X'*° = Xy.

For the first step, notice that observability of (U,T") is
equivalent to the observability matrix 2 having full rank,
ie. rank(Q) = rank([I'" --- (T¥""1)T]) = n. But this
implies that the set

(| v'B

0<I<n—1

Po={z: Qe <1A-Qr<1}=

is bounded, and since X}, C P}, for all k, the set X, is also
bounded. To show that Dj grows exponentially we use the
boundedness of V(X,,). Let K7 denote the smallest ball that
contains V(X),) and let p denote the spectral radius of V.
Furthermore, let K5 be the biggest ball that is contained in
Xy. From (7), Dy, has the representation

oF) W(X@) : (8)

1<i<k—1

D, =0"*x,0 <
N——
=8

=S,

Since W is asymptotically stable we have p < 1 and therefore
pPKy C UFK, C U~*kX, = Sy, implying exponential
growth of Dy, provided S, is bounded. To bound S, we note
that for k > n we have So C @, .,;_, p' K1 C ﬁKl.
Thus Dy, grows exponentially, whereas X} is contained in a
ball of finite radius, and we conclude from (7) that Xy, =
X, for all £k > N and hence Xy = X*° for finite N. |
We have seen that we can compute the maximal robust
positively invariant set X' for linear systems with state
dependent constraints. In the next section we will illustrate
the concept with an example.

1V. EXAMPLE

This section discusses the calculation of the MRPI set for a
linearised, simplified model of the magnetic levitation system
depicted in figure 1. Thg system dynamics for the ball are
given by my = mg — c;?, where m, g, ¢, and y denote the
mass of the ball, the gravitational constant, a constant factor,

I
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C )
C D)
- D
2
“?
Y
myg
Fig. 1. Levitating ball system.

the current and the distance between the coil and the centre
of the ball respectively. For illustration purposes we neglect
inductive dynamics, using the current u = ¢ as the control
input and the position y and its first derivative 3 as the states:
x = (y,9)T. We find that any equilibrium has ¢ = 0 and
U = \/@y for any positive position y > 0. Linearising
the nonlinear differential equation & = f(z,u) around an
equilibrium point (Z, %) gives the approximate linear model

) 0 1 0
A= ou2 0 Ax+ | 2 Au )]
mad ma?
—_—————
f (3.4 9f (#,a
a5 (2,7) o (2,a)

where Au = u — @ and Az ~ x — Z. We derive the discrete
time dynamics with sampling rate 7 using the Euler formula
ot =2+ T,f(x,u) = f(z,u) giving Azt = AAz+BAu,
A=1+ ng—i(;ﬁ,a), B = Ts%(i,a)
Although this system has a control input, the algorithm for
computing the MRPI set is applicable since we consider the
closed loop system under linear feedback v = Kz, where
K satisfies the robust Lyapunov condition V(z) — V((A +
BK)x4v) < y*vTv with V(z) = 27 Pz > 0, i.e. 27 Pz —
(A+BEK)z+v)TP((A+BK)z+v) > 2T (Q+ KT RK )z —
v2vTv for a minimum ~2, see e.g. [13]. A representation of
additive disturbances acting on the linearised model due to
linearisation errors, i.e. a system representation z+ = Ax +
Bu+wv with an additive disturbance v, can be obtained using
the Mean Value Theorem (e.g. [14]).

Lemma 4.1 (Mean Value Theorem): Let g : X — R™ be
continuously differentiable, X C R™ be open, and = € X,
h € R™ be such that x + th € X for all ¢ € [0, 1]. Then

1

dg

gz +h)=g(z)+ %(ax +th)dt ) - h. (10)

. 0 . L.
Using the Mean Value Theorem and the linearisation around
(Z,4), and defining & = x — &, @ = u — 4, we obtain the

successor state ¥ = f(& + 2,0 + @) as
. Lof
" = f(2,4) +/ (T +tZ, 0+ tu)dt- T
0 al’

1 ~
+/ g(@ﬂ:&,ﬂﬂﬂ)dt-a
0 3u

and hence
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Fig. 2. The maximal robust positively invariant set for the levitating ball.

o
)
#T = Ai + B+ (/ —f(:a+t:z,a+ta)dt—A)az~
o Ox
o
B
+ (/ —f(:f;+t5:,a+ta)dt—3)a
0 8u
This implies the dynamics
&+ = A% + Ba+ H%F + H'4,

where H” and H" can be determined by integration. If
f(x,u) is continuously differentiable for all x € X and
u € U, where X, U are compact sets, then we can bound
the values of H*Z + H"u by a finite convex combination
of extremal values, i.e. H*Z + H"u € conv,{ HF &+ H'u}.
Thus we can introduce the elementwise disturbance bound

V(z,a) = {v : mkin{H,f’i:fc + Hya} <wviA
v; < m’?x{H,f,i:E + Hyal,i=1,. .. m}. (11)

Therefore + = AZ + B+ v accounts for all nonlinearities
within X x U if v € V(Z, @). For general nonlinear systems
finding the extremal values of (H*, H") is non-trivial. To
obtain values for (HY, Hy) we sample X' x U and evaluate
the integral expressions defining (HY, H}) pointwise. This
leads to an inner approximation of the linearisation error set,
however we can make it as tight as necessary by increasing
the number of samples. For this we use the numerical values
for the example of the levitating ball: 75, = 30ms, C' = 1,
m = 100g, #; = 50mm and X = {z : |z; — 31| <
Imm A |zg| < 105mm/s}, U = {u : Ju—a| < 10mA}.
Using a total of 25 samples for the computation of (H*, H%)
we obtain the invariant set shown in figure 2, which is less
conservative than using fixed bounds on the nonlinearities
(this will be shown in Section VI). The algorithm for
computing the MRPI set terminates after 3 iterations.

V. MAXIMAL ROBUST POSITIVELY INVARIANT SETS FOR
PARAMETRISED DISTURBANCE

In this section we describe the computation of the MRPI
set for (1) with a disturbance set parametrised by a scalar 6:

V@)={v:Gv<(1+6)1} =(1+6)V(0), 6>-1.

For input constrained systems under a given feedback law,
we combine the uniform scaling of the disturbance set V(6)
with non-uniform scaling of the input constraint set

U(a) ={u: Fu < (I +diag(as,...,ap)) 1}

The necessity of uniform scaling of the disturbance con-
straints is due to the method we use to avoid solving multi-
parametric linear programs in every step of the proposed
iteration. A representation of the MRPI set of a system
parametrised with respect to a scaling parameter allows us
to study the system’s sensitivity to stronger/weaker distur-
bances; similarly analysing the sensitivity to scaling of input
constraints can be useful to choose particular actuators.

Remark 5.1: The set V(6) is non-empty and contains the
origin for all # > —1 and hence the maximum

0< max cfv
v

st. Gu< (1+6)1

is positive for any non-zero c.

In the following we describe an algorithm to compute the
MRPI set 2 contained in Z = {(z,0) : F,x + G;0 <
1,Vi € T}. As in the state dependent case we iteratively
introduce constraints separating points for which the suc-
cessor state can lie outside the previous set, i.e. starting
from Zy = Z we determine the first iterate by enforcing
all individual constraints onto all possible successor states:
Z1 = Zo N Dy where Dy is defined by

Do ={Fi(¥z 4+ v) + Gif < 1VYv € V(0), i € Iy}

_{f-'i\llx—l— max Fv +G0<1Vie IO}
st. Gu<(1+0)1

max Fv

v
st. Gv<1
—_— ——
V5,

={FiVz+ (Gi +v5,:)0 <1—v5, Vi€ Lo}

—{]:7,\1/1'4“(14’0) +g¢0§1Vi€ZO}

(12)

Using the same principle we define Z; 1 = Z; N Dy, with
Dy, given by

Dk—{fiqlk+1$+<gi+ Z ’Uz*,i)efl— Z ”l*,iiezo}

0<I<k 0<I<k
(13)
where we use
v, = max F;Vly (14)
’ v
st. Guv<1
Notice that (14) can be represented in various ways:
max, JF;P'v = maxy; Fib = max; JF;0
st. veV st. Ulgey st. ©e vy



where V = V(0) for notational convenience. For any fixed
6 > —1 we have the closed form description

Ziv1lg = Zils N <\If_12k|@ S Wk_lV(é))

=N (xylzb e qﬂ'V(é)). (>

0<i<k 0<i<i—1

The iteration terminates when Z;, C Zy1. As in section III
we will require Z|; to be contained in an observable band:
Z|é:{x:]:x§l—gé}gl’)’:{xzfxgl/\ff‘zgl}
for all # > —1. We have the following result:

Lemma 5.2: Let the system constraints be contained in
aband Z|; € B = {z : 'z < 1A -T2z < 1} for any
fixed 6, let the pair (U,T) be observable and let V(0) be
bounded, then Zy C Zy 41 for a finite N. Hence the MRPI
set Z°° = Zy is a finite polyhedron.

Proof: The proof is similar to that of Lemma 3.2. First
we argue that for each fixed 6 the set Zj, |4 becomes compact
using the same observability argument as in Lemma 3.2. We
then use the representation (15) to argue that Dy in (13)
grows exponentially and hence contains any compact set after
a finite number of iterations. Fixing 6 = 6 does not affect the
result since our argument is constructed for a fixed matrix
I’ with rows scaled by (1 — gié)*l; clearly we can re-scale
the rows to accommodate any other choice of 6>-1. m

The iterative process described above allows uniform
scaling of the disturbance set. As mentioned earlier, the
algorithm can be extended to the case of non-uniformly
scaled input constraints to accommodate more degrees of
freedom for system analysis simply by using

Z={(z,0,a): Fx+ G0 +Ha < 1}.

This does not affect the algorithm since at each step of the
iteration the elements of H{ remain unchanged.

VI. EXAMPLES

In this section we compute MRPI sets for the levitating
ball system presented in section IV and for a purely numeri-
cal model. These examples illustrate the effectiveness of the
proposed approach for state dependent disturbances and the
use of parametrised MRPI sets as a system analysis tool.

First we present the parametrised MRPI set for the levitat-
ing ball. To obtain results comparable to those in Section IV
we derive fixed bounds on the effect of nonlinearities on each
state by finding a set V that contains V(z, ) in (11) for all
(z,u) € X x U. We also introduce a scaling parameter «
such that ¢(0) = U for aw = 0. The MRPI set then has the
form 2 = {(z,0,a) : A¥x+ A0+ Afa < \; Vi < moo )
Since « was introduced as a scaling parameter for U (o) =
{u: Fu < (1+ )1}, all entries in 7 are non positive and
remain unchanged throughout the computation of Z°°; hence
A“ has only non positive entries, and increasing « enlarges
the parametrised MRPI set Z*°|,, C Z*°|,, for a; < as.

To compare the MRPI set X' for state dependent dis-
turbance constraints with the parametrised set Z°°, we de-
termine <min such that XY*° C Zm\(e:ma:amh,) by solving

i i i i i i i i i

—0.06 —0.05 —0.04 —0.03 —0.02 —0.01 0 0.01 0.02 51

Fig. 3. MRPI sets for the minimally scaled fixed disturbance set and for the
piecewise affine disturbance set. The MRPI set for fixed disturbance bounds
is non-symmetric because the nonlinearities of the system dynamics are not
symmetrical about the equilibrium.

Moo linear programs:
vi = max Ajx
x
s.t.x e X

The minimal value for o, is then given by the maximal
o satisfying 77 + A? - 0 + A%a < \;. This gives the
minimal value of a,;, = 1.7555 and the MRPI sets shown in
Figure 3. The computation terminates after seven iterations
and produces a polyhedron Z°° supported by m. = 10
planes. Caution is advised when interpreting o > 0, since
the system is nonlinear, however a.,i, > 0 indicates that the
input constraint set /(0) = U is too small to cope with a
fixed disturbance set bounding the linearisation errors.

In the second example, we compute the parametrised

MREPI set for the system
1 n 1 2
-1 )% 2 1 )"

1 2 1
+ _
x—(01)x+(1

A B D
We use the constraint sets U(a) = {u : Fu < (I +
diag(a))1 A —Fu < (I 4 diag(«))1} and V() = DW(0)

where W(0) = {w : |w1] < 0.1(14+0)A|wz| < 0.15(1+0)}.
The constraint matrix F' is given by

2 2
F=14 0
2 =2

The constraints of this example were chosen for illustra-
tive purposes. We now analyse the effects of changing
individual constraints on the control input (by changing
«) as well as the effect of scaling the perturbations w
(through 6). To initialise the iteration we use Z(z,6,«) =
{(z,0,0) : Kz e U(a) N Ky € W(O) AN, > —1}, for
K and K, satisfying the robust Lyapunov condition 27 Px—
((A+ BK)z + Dw)"P((A + BK)z + Dw) > z7(Q +
KTRK)r — v*wTw, ie. K, = (y> — DTPD)DTP(A +
BK) for @ = diag(2,1) and R = I. Using these numerical
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Fig. 4. The extremal MRPI sets Z°°|(g . oy and 2|, o) con-
taining the unit box.

values we determine the MRPI set Z°°. After 22 iterations
the algorithm terminates producing a total of 61 facets. By
examining the conditions on A and the scaling parameters
«, it is possible to show that A% can have at most one
nonzero entry per row. We can therefore compute which
a; will change the MRPI set the most. This can be done
elementwise by calculating

_Ae

AL

For this example the greatest sensitivity corresponds to o,
i.e. the third input constraint. As for the first example we
might also want to know how much disturbance the closed
loop system can tolerate such that a given set is contained in
the MRPI set C C Z°°|g,9). Although non-positivity of H
implies non-positivity of A%, a similar argument cannot be
applied to AY. Let (A', \') and (A2, \?) denote all rows of
A% such that A? > 0 and A*? < 0. This implies that for
any fixed & the set 2°°|4 is compact, and since Z°°| 5 ;) is
compact, there exist a maximal 6, and likewise a minimal
Omin such that AV"z + AL2& + AP0 < Al can be satisfied.
We can solve the optimisation programs

1,z
vi= max A"z

§; = max A?’zx )
xT xT
st. zeC s.t.

reC

The extremal values for which C is contained in the MRPI
set are given by the smallest 6., satisfying ; + A; a4
A;’aﬁmax < )\} and the largest 0.,;, satisfying d; + Af’ad +
Afﬂemin < )\? The numerical values for the example are
given by [Omin, Omax] = [—0.9999, 6.2582]. Two- and three-
dimensional illustrations of the parametrised MRPI set are
given in Figure 4 and 5 respectively.

VII. CONCLUSIONS

This paper discusses extensions to existing computational
methods for determining MRPI sets for linear systems
subject to additive disturbance for two descriptions of the
sets bounding unknown additive disturbances. The case of
state dependent disturbances was considered, and applied to
the problem of determining approximations to MRPI sets

Fig. 5. The parametrised MRPI set for o = 0. Containing the unit box in
the interior between 0, and Opyax.

for linearised nonlinear systems. This was illustrated using
the example of a magnetic levitation system. Secondly the
computation of MRPI sets for systems with disturbance and
control inputs bounded by scaled sets was considered. This
enables system analyses based on uniform scaling applied to
disturbance sets and non-uniform scaling of input constraints.
A comparison of the two approaches shows the effectiveness
of the method based on state dependent disturbance sets.
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