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Fluid-fluid displacement in porous media has been viewed through the lens of Lenor-10

mand’s phase diagram since the late 1980s. This diagram suggests that the character11

of the flow is controlled by two dimensionless parameters: the capillary number and the12

viscosity ratio. It is by now well known, however, that the wettability of the system13

plays a key role in determining the pore-scale displacement mechanisms and macroscopic14

invasion patterns. Here, we endow Lenormand’s diagram with the impact of wettability15

using dynamic and quasi-static pore-network models. By using the fractal dimension and16

the ratio of characteristic viscous and capillary pressures we delineate the five principal17

displacement regimes within the extended phase diagram: stable displacement, viscous18

fingering, invasion percolation, cooperative pore filling, and corner flow. We discuss19

the results in the context of pattern formation, displacement-front dynamics, pore-scale20

disorder, and displacement efficiency.21

Key words:22

1. Introduction23

Patterns form during fluid-fluid displacement in porous media in many natural and24

industrial processes. As sand castles dry, air percolates into the sand matrix and the in-25

tegrity of the structure depends strongly on the resulting moisture distribution (Richefeu26

et al. 2006; Møller & Bonn 2007). In sugar processing, liquor-saturated charcoal packs are27

periodically cleansed with water, where channeling of the water phase is undesirable (Hill28

1952). In refractory ceramics manufacturing, the ceramic matrix is infiltrated by molten29

metal, where higher degree of infiltration leads to more resilient ceramics (Léger et al.30

2015). In hydrocarbon recovery, oil is produced by displacing it with water and higher31

displacement efficiency is more economically desirable (Datta et al. 2014). Understanding32

morphology of the displacement front during such processes is of great value.33

Lenormand et al. (1988) presented a phase diagram (Fig. 1) to characterize fluid-fluid34

displacement in a porous medium with two dimensionless parameters: the mobility ratio35

M ≡ µi/µd and the capillary number Ca ≡ µiu/γ, where u is the characteristic velocity,36

γ is the interfacial tension, and µi and µd are the dynamic viscosities of the invading and37

defending fluids, respectively. For high Ca, viscous forces dominate over capillary forces.38
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Figure 1. (a) Lenormand’s phase diagram for a nonwetting fluid displacing a wetting fluid
in a porous medium. The displacement front advances through either viscous fingering, stable
displacement, or invasion percolation, depending on the values of Ca and M . Adapted from
Lenormand (1990). We endow Lenormand’s phase diagram with wettability, characterized
through angle θ: (b) θ > 90◦ in drainage, and (c) θ < 90◦ in imbibition.

For M > 1 (favorable displacement) and high Ca, the displacement front is viscously39

stable and the invading fluid sweeps the porous medium compactly (Lenormand et al.40

1988). For M < 1 (unfavorable displacement) and high Ca, the displacement front is41

subject to the Saffman–Taylor instability (1958) and develops a self-similar viscous-42

fingering pattern (Hill 1952; Van Meurs 1957; Chuoke et al. 1959; Paterson 1984; Chen &43

Wilkinson 1985; Måløy et al. 1985; Homsy 1987; Feder et al. 1989; Hinrichsen et al. 1989;44

Meakin et al. 1989; Ben Amar 1991a,b; Li et al. 2009; Patmonoaji et al. 2020). For low45

Ca, capillary forces dominate over viscous forces and the displacement front advances via46

capillary invasion regardless of M (Chandler et al. 1982; Wilkinson & Willemsen 1983;47

Lenormand & Zarcone 1985).48

The wetting properties of the fluid-fluid-solid system are not a part of the original49

Lenormand et al. (1988) diagram, although significance of wettability has been acknowl-50

edged in Lenormand (1990). A number of studies have discussed the importance of51

wettability at both high and low Ca (Stokes et al. 1986; Cieplak & Robbins 1988, 1990;52

Trojer et al. 2015; Holtzman & Segre 2015; Zhao et al. 2016; Jung et al. 2016; Odier et al.53

2017; Singh et al. 2017; Primkulov et al. 2018; Zhao et al. 2019; Primkulov et al. 2019).54

Wettability can be characterized by the contact angle θ at which the fluid-fluid interface55

meets the solid surface, measured from the invading fluid (Fig. 1b-c). For θ < 90◦, a more56

wetting fluid displaces a less wetting fluid and the process is called imbibition; for θ > 90◦,57

a less wetting fluid displaces a more wetting fluid and the process is called drainage. As the58

system transitions from strong drainage to weak imbibition, the displacement becomes59

more compact: for high Ca and M < 1, the viscous fingers become wider (Stokes et al.60

1986; Trojer et al. 2015; Zhao et al. 2016); for low Ca and all M , the displacement61

patterns are very compact (Cieplak & Robbins 1988, 1990; Trojer et al. 2015; Zhao et al.62

2016; Primkulov et al. 2018). When a capillary-dominated system (low Ca) is in strong63

imbibition, the displacement front advances by preferentially filling crevices and corners64

in the pore-space (corner-flow) (Levaché & Bartolo 2014; Zhao et al. 2016; Odier et al.65

2017; Primkulov et al. 2018).66

The invading fluid does not always displace the defending fluid completely from invaded67

pores; corner-flow is one such case. Another instance of incomplete displacement takes68
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place in strong drainage at high Ca (Park & Homsy 1984; Zhao et al. 2016, 2019). Here,69

solid surfaces behind the displacement front remain coated with a film of defending fluid70

(Landau & Levich 1988; Bretherton 1961; Zhao et al. 2016, 2019). The opposite happens71

in strong imbibition for high Ca and M < 1: films of invading fluid advance on the solid72

surfaces ahead of the bulk displacement front (Levaché & Bartolo 2014; Zhao et al. 2016;73

Odier et al. 2017; Zhao et al. 2019).74

Pore-network models are often used to simulate flow in porous media, as they are75

both intuitive and computationally inexpensive (Fatt 1956; Blunt & Scher 1995; Celia76

et al. 1995; Øren et al. 1998; Constantinides & Payatakes 2000; Patzek 2001; Blunt77

2001; Joekar-Niasar & Hassanizadeh 2012). The pore geometry in such models is approx-78

imated by a network of nodes and links, and the flow within each phase is assumed79

to be fully developed Poiseuille flow. The relatively low computational cost of such80

models makes them ideal for exploring full the M–Ca–θ parameter space required for81

extending the original Lenormand diagram. No study to date, pore-network or otherwise,82

has produced a three-dimensional version of the Lenormand phase diagram, capturing83

gradual wettability-induced changes in the displacement patterns. The majority of pore-84

network studies have targeted only a limited range of wettability conditions. While fluid-85

fluid displacement has been extensively studied in separate sections of the M–Ca space86

in drainage (Chandler et al. 1982; Wilkinson & Willemsen 1983; Chen & Wilkinson87

1985; Lenormand et al. 1988; Aker et al. 1998; Joekar-Niasar et al. 2010; Al-Gharbi &88

Blunt 2005; Gjennestad et al. 2018), weak imbibition (Øren et al. 1998; Patzek 2001;89

Valvatne & Blunt 2004), and strong imbibition with precursor wetting film flow through90

crevices and micro-roughness (Blunt & Scher 1995; Vizika et al. 1994; Tzimas et al. 1997;91

Constantinides & Payatakes 2000), only a few pore-network studies have explored the92

continuous transition in displacement patterns due to changes in θ.93

A substantial advance towards capturing continuous wettability-induced changes in94

displacement patterns was made by Cieplak & Robbins (1988, 1990). Their model,95

which was designed for a 2D-porous medium comprised of a cylindrical obstacle array,96

reproduced experimentally observed compaction of the invading fluid as the system97

shifted from drainage to imbibition. This was done by introducing three pore-scale98

invasion mechanisms—burst, touch, and overlap (Fig. 3a-c)—whose relative frequencies99

shaped the displacement patterns at a given wettability. While this model was only valid100

for vanishing injection rates, Holtzman & Segre (2015) extended it by including viscous101

effects for M � 1. The model allowed capturing the experimentally observed stabilization102

of fingering displacement patterns away from Ca → 0 (Trojer et al. 2015; Stokes et al.103

1986).104

At the same time, both pore-network models fell short of capturing three-dimensional105

effects that become important in strong imbibition. When θ < 45◦, the Laplace pressure106

of a wetting fluid in the corner between a post and a plate can be negative (Fig. 3d).107

Therefore, a strongly wetting invading fluid can advance predominantly through crevices108

between the top/bottom plates and the cylindrical obstacles. We account for this three-109

dimensional mode of invasion by introducing a corner-flow event to the quasi-static110

model of Cieplak and Robbins (Primkulov et al. 2018). Specifically, we incorporate111

the corner flow event in the “moving-capacitor” framework (Primkulov et al. 2019),112

where we treat local fluid-fluid interfaces within a micromodel as analogs to capacitors113

in electrical circuits. Our approach in strong imbibition is similar to models by Blunt &114

Scher (1995) and Constantinides & Payatakes (2000), where displacement patterns are115

determined by competing flow through crevices and pore centers. However, unlike the116

model of Blunt & Scher (1995), our model fully accounts for viscous pressure gradients117

and is therefore not limited to small length scales. Furthermore, our model does not118
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pre-assign a distribution of micro-channels like the work of Constantinides & Payatakes119

(2000); instead, connectivity of the invading fluid through crevices is determined by120

local micromodel geometry, and this connectivity evolves with the sequence of corner121

flow events. Ours is the first pore-network model to capture the continuous change in122

displacement patterns across all wettability conditions at arbitrary Ca and M . This123

feature, along with its computational efficiency, allows conducting an extensive parameter124

sweep over the entirety of M–Ca–θ space. We utilize this model to build the first picture125

of a three-dimensional version of Lenormand’s diagram, including an axis that represents126

wettability.127

Recent studies have made strides in this direction, but stopped short of producing the128

full 3D diagram. Holtzman & Segre (2015) outlined the changes in displacement patterns129

within Ca–θ space for M � 1 using a pore-network model, excluding the possibility130

of corner flow. Hu et al. (2018) subsequently used continuum simulations to explore131

boundaries between viscous-dominated and capillary-dominated regimes for M ≈ 26.132

This study was complemented by Lan et al. (2020), who used a dynamic pore-network133

model to explore the interplay between wettability and Ca for M ≈ 3 · 10−3 which, like134

the model of Holtzman & Segre (2015), neglected corner flow and was therefore limited135

to θ > 45◦. The phase diagrams produced in these studies correspond to a set of partial136

Ca–θ slices of the M–Ca–θ diagram we present in our manuscript.137

In §2, we present our “moving-capacitor” pore-network framework in detail (Primkulov138

et al. 2019), which has been extended to all θ by incorporating corner flow events. Our139

model is based on the analogy between flow in porous media and currents in electrical140

circuits (Fatt 1956), and it treats the local fluid-fluid interfaces as a combination of141

batteries and capacitors. The model builds on many existing ideas in the porous-media142

community (Aker et al. 1998; Holtzman & Segre 2015; Cieplak & Robbins 1988, 1990;143

Blunt & Scher 1995; Constantinides & Payatakes 2000; Primkulov et al. 2018, 2019)144

and combines them into a single framework that is able to handle M–Ca space over all145

wettability conditions (0◦ < θ < 180◦). The model is built for the quasi-two-dimensional,146

paradigmatic case of randomly placed cylindrical pillars between the flat plates of a147

Hele-Shaw cell. We use the model to explore the principal flow regimes of fluid-fluid148

displacement in porous media (§3). We then discuss the crossover from capillary invasion149

to viscous fingering under unfavorable displacement (M < 1) through pore-scale event150

statistics, symmetry of the displacement front, and autocorrelation of the flow field (§4).151

Finally, we synthesize the results of over 7000 dynamic simulations into an extension of152

Lenormand’s phase diagram that accounts for arbitrary wettability in §5.153

2. Method154

The model presented below builds on the analogy originally suggested by Fatt (1956),155

who pointed to the similarities between flow of a single fluid through a porous medium156

and flow of electrical current through a network of resistors. In this analogy, Ohm’s and157

Kirchhoff’s laws of electricity are analogous to the Hagen-Poiseuille law and conservation158

of mass for incompressible fluids, respectively. Therefore, resolving the viscous pressure159

drop due to flow through a particular network of tubes is equivalent to resolving the160

potential drop through an electrical circuit with identical topology.161

This picture can be extended to two-phase flow by recognizing the similarities between162

local fluid-fluid interfaces and electrical capacitors. Electrical capacitors are traditionally163

used to store electrical charge: current builds up opposing charges across the capaci-164

tor plates, resulting in a step-change in electrical potential across the capacitor. This165

potential difference builds with current until a maximum is reached, which may result166
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in dielectric breakdown of the capacitor. Similarly, when one fluid displaces another167

within a porous medium, the curvature of fluid-fluid interfaces increase as they advance168

into narrow sections of the pore geometry (i.e., pore throats), corresponding to higher169

Laplace pressure across the interface. Overcoming the maximum Laplace pressure (i.e.,170

the capillary entry pressure) results in rapid invasion of the pore space ahead. This171

invasion is analogous to dielectric breakdown; however, unlike capacitors, the fluid-fluid172

interface will subsequently find the nearest pore throat and start re-building the Laplace173

pressure (thus curvature). We therefore refer to the model presented here as a “moving-174

capacitor” model.175

We use the paradigmatic case of cylindrical obstacles in a Hele-Shaw cell as a quasi-2D176

porous medium (Cieplak & Robbins 1988, 1990; Holtzman & Segre 2015; Zhao et al. 2016;177

Jung et al. 2016; Holtzman 2016; Primkulov et al. 2018, 2019; Borgman et al. 2019; Hu178

et al. 2019). In this case, there is also an out-of-plane contribution to the Laplace pressure179

that is analogous to a battery at the displacement front. This “battery” represents the180

overall affinity of the porous medium to the invading fluid. For a constant and uniform181

gap between the plates, we assume that this out-of-plane curvature is fixed by the value182

of the contact angle, and is positive in drainage and negative in imbibition. By doing so,183

we neglect the effect of dynamic contact angle (Hoffman 1975; Voinov 1977; Cox 1986).184

We organize the remainder of this discussion into three subsections. We begin by185

explaining how we construct the pore network in §2.1. Then, we discuss the single-phase-186

flow model in §2.2. Finally we present the details of the two-phase-flow model (i.e., the187

moving-capacitor model) in §2.3.188

2.1. Pore-Network Construction189

Unless otherwise specified, simulations are conducted in the geometry of a benchmark190

flow cell: a circular, patterned Hele-Shaw cell with a pore-throat size distribution that191

has a mean of 665 µm and a standard deviation of 337 µm. The cell is 30 cm in diameter192

and has a centered injection port. We set the gap between the two plates of our flow cell193

to 100 µm. The benchmark flow geometry is constructed using MATLAB’s pdemesh tool194

with meshing parameters tuned to match the pore-throat size distribution reported in195

Zhao et al. (2016). In this construction, posts are centered at the nodes of the triangular196

mesh, and their radii are set to 45% of the length of the shortest adjacent edge.197

Each mesh triangle represents a pore [Fig. 2(a)], so we can build the pore-network198

incidence matrix (Strang 2007) by examining the adjacency of the triangles. We number199

all pores and adopt the convention that pore connections are oriented in the direction200

of increasing pore number. As such, the incidence matrix of the network presented in201

Fig. 2(a) is202

A =

−1 1 0 0
0 −1 1 0
−1 0 0 1

 , (2.1)203

where rows and columns of A represent edges and nodes, respectively. Here, 1 and -1204

indicate entering and leaving the node, respectively. For example, edge 1 in eq. (2.1) is205

directed from node 1 to node 2.206

We also make use of the diagonal conductance matrix C, whose elements are the207

hydraulic conductivities of the network edges. The elements of C can be calculated as208

c = πr4/8µL, assuming fully developed Hagen-Poiseuille flow through a rectangular209

tube with hydraulic radius r and length L, which correspond to pore-throat radius and210

distance between pore centers in a micromodel geometry, respectively.211
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(c)

Figure 2. Schematic of flow through a porous medium and the analog electrical circuit for
(a) single-phase flow and (b) two-phase flow. Nodes of the electrical circuit correspond to pore
centres. Viscous pressure drop is analogous to potential drop through resistors, and fluid-fluid
interfaces are analogous to a combination of a capacitor and a battery. (c) Schematic of the
dynamic pore-network model in strong imbibition (θ < 45◦), where capacitors are placed at the
fluid-fluid interfaces. Nodes are placed at pore and post centers; black, orange, and green edges
correspond to pore-to-pore, post-to-post, and pore-to-post edges respectively.

2.2. Single-Phase Flow212

The difference in potential across the network edges can be obtained from the incidence
matrix as e = −Ap (Strang 2007). Here, p is an array of node potentials, which in the
example of Fig. 2a would read as p = (p1, p2, p3, p4)T . The network currents can be
calculated from the potential difference as q = Ce, where the example of Fig. 2a would
have q = (q1, q2, q3)T and

C =

c1 0 0
0 c2 0
0 0 c3

 .
At the same time, currents must obey Kirchhoff’s current law (or mass conservation in
fluid flow), ATq = f , where f is the array of current sources at the nodes and would
read f = (f, 0, 0, 0)T for the example in Fig. 2a. After eliminating e, single-phase flow
through the network is captured by the following system of equations:

q = −CAp, (2.2)

ATq = f . (2.3)

Eliminating q, the node potentials are given by213

p = −(ATCA)−1f . (2.4)214

We set constant-flow boundary conditions at the inlet pores (at the center of the flow215

cell) and zero-pressure boundary conditions at the outlet pores (at the edges of the flow216

cell).217

2.3. Two-Phase Flow: Moving Capacitors218

To extend the model to two-phase flow, we take advantage of the analogy between219

a capacitor and a fluid-fluid interface, where the drop in potential across the capacitor220
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plates is analogous to the Laplace pressure. Consider the network diagram in Fig. 2(b).221

Initially, the capacitor is between nodes 1 and 2. As the current flows through the network,222

the capacitor accumulates charge and the potential difference across its plates builds.223

Capacitors with high accumulated potential difference hinder further flow, redirecting it224

elsewhere. Once the capacitor is filled to its maximum capacity, we allow it to advance225

to the next stable configuration at the neighboring edges (between nodes 2 and 3).226

Our previous work on quasi-static fluid-fluid displacement (Primkulov et al. 2018)227

provides a framework for deciding how and when capacitors move. For any given config-228

uration of the fluid-fluid interface (capacitor locations), the quasi-static model predicts229

both the critical Laplace pressures (∆pcrit) and the type of interface instability. The type230

of instability event (i.e., burst, touch, overlap, or corner flow ; see Fig. 3) determines231

the next stable interface configuration (Cieplak & Robbins 1990, 1988; Primkulov et al.232

2018). The critical Laplace pressure for burst, touch, and overlap events can be written233

as234

∆pcrit = γ

(
1

rin
+

1

rout

)
, (2.5)235

where 1/rout = 2 cos θ/h is the out-of-plane curvature of the fluid-fluid interface and 1/rin236

is the in-plane curvature that corresponds to either burst, touch, or overlap configuration237

(Fig. 3a-c). Burst events correspond to the highest stable in-plane curvature of the238

interface between two posts (Fig. 3a). Touch events correspond to the interface coming239

in contact with a nearby post (Fig. 3b). Overlap events occur when two neighboring240

interfaces coalesce within the pore space (Fig. 3c). When θ < 45◦, the invading fluid241

tends to coat the corners between the posts and top/bottom plates. Corner-flow events242

occur when the horizontal extent of such meniscus reaches the nearest uncoated post243

(Fig. 3d). If these corner menisci instead overlap mid-post, they form a capillary bridge244

that expands spontaneously to the nearest post (Fig. 3e). The value of ∆pcrit for corner-245

flow and capillary bridge events is calculated from the total curvature of the meniscus246

configurations depicted in Fig. 3d-e. A more detailed description of all pore-scale events247

is given in Primkulov et al. (2018).248

We assume that the pressure drop across a capacitor at time t can be written as249

∆pcritΦ(t) + ∆pmin(1 − Φ(t)), where the filling ratio Φ(t) measures the fraction of the250

throat filled with invading fluid (Holtzman & Segre 2015). A throat volume is defined251

as 2rLh. We chose ∆pmin so that it is equal to the smallest value of ∆pcrit minus the252

standard deviation of ∆pcrit within the network. This choice ensures that all menisci have253

the same Laplace pressure when corresponding throats are empty. Taking into account the254

direction of the edges (an array d(t) consisting of 1 and −1 for edges directed towards and255

away from the defending fluid, respectively), the total pressure drop across the network256

edges can be written as e = b−Ap, where non-zero components of pressure drop array257

b(t) are written as −d(t)[∆pcritΦ(t)+∆pmin(1−Φ(t))]. Therefore, the equations governing258

two-phase flow through the network are259 [
C−1(t) A

AT 0

] [
q(t)
p(t)

]
=

[
b(t)
f

]
. (2.6)260

We now discuss time-stepping method in our two-phase flow model. After we initialize261

the interface locations within the “circuit”, we use adaptive Forward Euler time-stepping262

to update the filling ratios of the network edges at the interface, Φ(t). We ensure that no263

pore throat is filled in a single time step (Aker et al. 1998). After every time step, we use264

the effective viscosity (Aker et al. 1998; Holtzman & Segre 2015) µ = µiΦ(t)+µd(1−Φ(t))265
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 3. (a) A burst event occurs when the interface pushes past its highest stable curvature.
(b) A touch event occurs when the interface touches the post ahead; (c) An overlap event
occurs when two neighboring interfaces touch and coalesce, filling the pore cooperatively; (d) A
corner-flow event occurs when a corner meniscus touches and coats the neighbouring post; (e) A
capillary-bridge event occurs when corner menisci coalesce mid-post before reaching the next
post; (f) A sequence of interface configurations before and after pore-invasion event at t = tevent
in capillary-dominated displacement. Figure adapted from Primkulov et al. (2018).

to update the conductivity matrix C(t) and resolve the flow via Eq. (2.6) with updated266

pressure drops across capacitors.267

Whenever we encounter a time step (∆t) where one of the components of Φ(t) is268

greater than 1 we repeat the time step with an adjusted ∆t until the unstable edge is269

exactly filled. Then, we remove the filled capacitor and replace it with empty capacitors270

at locations based on the type of instability that the quasi-static model outputs for271

the corresponding network edge (Primkulov et al. 2018). Newly added capacitors are272

initialized with Φ = 0 and accumulate potential drop as the above steps are repeated.273

The typical solution of equation (2.6) in capillary-dominated regime produces the274

invasion sequence depicted in Fig. 3f, which can be separated into three steps: (i) interface275

curvatures build slowly across the displacement front (t < tevent); (ii) one of the interfaces276

reaches a “burst”, “touch”, or “overlap” configuration, and the corresponding pore277

is instantaneously invaded with new interfaces having zero in-plane curvature and Φ278

(t = tevent); (iii) the invading fluid redistributes to equalize the Laplace pressures at the279

displacement front (t > tevent). The displacement front spends the majority of its time in280

step (i). Since capturing the short-time dynamics of invasion events (e.g., Haines 1930)281

was not the primary objective of this work, we chose to make step (ii) instantaneous,282

and chose a relatively coarse ∆t, with (iii) taking up only a few time steps between283

pore-invasion events. As a result, having Φ = 0 correspond to zero in-plane curvature284

(our model) and having Φ = 0 correspond to a negative in-plane curvature (expected285

experimentally) would only make an appreciable difference in the short-time single-pore286

dynamics, which is outside the scope of interest of this study. Indeed, it is likely that a287

fully resolved model of the interface at the pore level is needed to capture these short-288

timescale dynamics.289

While our model of two-phase flow allows for re-emptying of network edges at the290

interface (Fig. 3f), our current implementation prohibits instability events in the reverse291

direction for simplicity of bookkeeping.292
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2.4. Moving-capacitor Model in Strong Imbibition293

When θ < 45◦, a total curvatures of corner a meniscus (Fig. 3d,e) can be negative. This294

means that at some θ < 45◦, invading fluid may advance by coating post corners instead295

of filling pore volumes. This was demonstrated in strong imbibition experiments of Zhao296

et al. (2016). Our treatment of strong imbibition fits naturally into the two-phase model297

described above, where the lowest ∆pcrit corresponds to either corner-flow (Fig. 3d) or298

capillary bridge event (Fig. 3e). Below, we highlight a few distinguishing features of the299

“moving-capacitor” model for θ < 45◦.300

The overall flow network accounts for three distinct components: (i) a pore network,301

where nodes are pore centers and edges are pore-to-pore channels (black network in302

Fig. 2c), (ii) a post corner network, where nodes are placed at the centers of posts303

and edges are post-to-post connections (orange network in Fig. 2c), and (iii) a network304

connecting post centers to pore centers (green network in Fig. 2c).305

Hydraulic radii of post-to-post and pore-to-post connections are taken as twice the306

ratio of channel cross sectional area to its wetted perimeter, which are calculated from307

the shape of the corner meniscus at its critical Laplace pressure (Fig. 3d,e). Volume308

assigned to a corner meniscus is defined to be 2πrpostπr
2
hydr, where rpost and rhydr are309

radius of the post and hydraulic radius of the meniscus respectively.310

In post-to-post and pore-to-post capacitors, the value of Φ is assigned to a post, so311

that capacitors belonging to the same post have identical Laplace pressures at any given312

time. When a new post is coated, only one capacitor is removed from the network, the313

capacitor at the post-to-post connection (Fig. 2c), and new capacitors are added at the314

fluid-fluid boundaries of the new post.315

Another distinction between the model we present here from the original “moving-316

capacitor” model is that the corner events depicted in Fig. 3d,e can trigger pore invasion.317

The volume of each pore in our network is bounded by three posts. Therefore, if all three318

posts experience corner events, the oil phase within the pore space pinches off and pore319

gets filled with invading fluid (Odier et al. 2017).320

Finally, our model assumes perfectly smooth surfaces and leaves out the role that321

surface roughness, dynamic contact angle, and potential precursor films may play in the322

fluid-fluid displacement experiments. While our model on this idealized substrate predicts323

no corner flow when h = 100 µm (Primkulov et al. 2018), experiments detect the onset324

of corner flow for θ somewhere between 7◦ and 60◦ (Zhao et al. 2016). This discrepancy325

between experiment and the model is reconciled through a fitting parameter that we326

discuss in detail in Appendix A.327

3. Principal Flow Regimes328

We begin our discussion by exploring the five principal regimes of fluid-fluid dis-329

placement in porous media: (i) viscous fingering, (ii) stable displacement, (iii) invasion330

percolation, (iv) cooperative pore filling, and (v) corner flow. We anchor our discussion of331

principal flow regimes around a few key metrics that help to characterize and distinguish332

the regimes:333

• Fractal dimension Df is a measure of how a pattern fills the space in which it is334

embedded. For a two-dimensional pattern, Df varies between 1 (for a line) and 2 (for335

a compact object). We calculate Df with the box-counting method (Kenkel & Walker336

1996). Following this method, we tile our flow patterns with boxes of size ε and count337

the number of boxes N of that size needed to cover the pattern. We repeat this process338
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for a sequence of ε and take Df to be the slope of N against ε on a log-log plot (see339

Primkulov et al. (2018) for more details).340

• Finger width w/a is the ratio of mean finger width to mean pore size. We estimate341

w/a following a scheme detailed in Primkulov et al. (2018), which is an adaptation of342

an approach by Cieplak & Robbins (1988, 1990). Briefly, we divide our images into343

slices and record the mean size w of one-dimensional clusters containing the pattern.344

We repeat the same process for an image where we treat the entire pore space as a345

pattern and record the mean pore throat size as a.346

• Modified capillary number (Ca∗) measures the fraction of characteristic viscous to347

capillary pressures in our setup. We take348

Ca∗ =
∆pvisc
∆pcap

=
max(Ca,Ca/M)

|∆pcrit|
γR

ah
, (3.1)349

after expanding the characteristic pressure drop as ∆pvisc = max(µi, µd)uR/ah, where350

R is the radius of the Hele-Shaw cell. The term max(Ca,Ca/M) ensures that the351

greater viscous forces are taken into account, and the magnitude of critical Laplace352

pressure |∆pcrit| is taken directly from simulations.353

All of these metrics are time-dependent. We evaluate Df and w/a at the moment of354

breakthrough, when the invading fluid first reaches the outer boundary of the flow cell.355

The characteristic velocity u used in calculating Ca and Ca∗ is taken as Q/2πrmin, where356

rmin is the radial distance of the post closest to center of the Hele-Shaw cell. Additionally,357

we define a directional flow rate as the mean flow rate along different directions of the358

radial flow cell. We do so by dividing the flow cell into 10◦ sectors and calculating the359

mean flow rate for each sector as time progresses.360

3.1. Stable Displacement (Df = 1.93, w/a = 37, Ca∗ > 1)361

When a more viscous fluid displaces a less viscous fluid (M > 1), the displacement362

front is hydrodynamically stable (Saffman & Taylor 1958) because viscous forces smooth363

perturbations.364

Simulations at M = 103, Ca = 10−1, θ ∈ [46◦, 180◦] produce nearly perfectly365

circular patterns (Fig. 4). The injection pressure increases as the displacement progresses366

(Fig. 4a), with most of the pressure drop taking place in the invading fluid (Fig. 4d). The367

flow rate is radially symmetric, decreasing with radius (Fig. 4b,e), and pattern symmetry368

is maintained throughout (Fig. 4c).369

3.2. Viscous Fingering (Df = 1.63, w/a = 2.1, Ca∗ > 1)370

Stable displacement is often desirable, but not always attainable in industrial appli-371

cations like oil recovery (Chuoke et al. 1959) and sugar processing (Hill 1952). Viscous372

fingers develop under potential flow when a less-viscous fluid displaces a more viscous373

one (M < 1).374

In Fig. 5, we highlight the signatures of viscous fingering for the benchmark pore375

geometry. The simulation in Fig. 5 is conducted for Ca = 10−1, M = 10−3, θ = 170◦. As376

the displacement advances, the injection pressure decreases (Fig. 5a) because the majority377

of the pressure drop takes place in the defending fluid (Fig. 5d). Although the pressure378

appears to decrease smoothly in time, removing the global trend from the signal would379

expose fluctuations due to intermittent activity at the displacement front (Primkulov380

et al. 2019). As the fingers develop and grow, they focus the flow along their main381

branches (Fig. 5b,e). The displacement pattern remains radially symmetric throughout382

(Fig. 5c). In fact, the diffusive signature of the pressure field in the defending fluid is what383
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Figure 4. Stable displacement in the benchmark geometry for Ca = 10−1, M = 103, and
θ = 170◦; (a) the injection pressure increases monotonically (tb is the breakthrough time);
(b) flow rates within the network show radial symmetry and radially-decreasing intensity
(max(q) is the largest local flowrate at given t); (c) pore-invasion times reflect the radial
symmetry in pattern growth; (d) pore-pressure distribution, where pressure gradients are
significant only in the invading fluid (max(p) is the largest local pressure at given t); (e) the
evolution of the directional flow rate is indicative of continuous compact flow, where apparent
ridges are artifacts due to discrete pore throats with high flow rates near the cell center.

(a)

(b) (c) (d)

(e)

Normalized 

Directional Flow Rate

0 1

Figure 5. Viscous fingering in the benchmark geometry for Ca = 10−1, M = 10−3, and
θ = 170◦; (a) the injection pressure decreases monotonically in time (tb is the breakthrough
time); (b) flowrates within the network are pronounced along the main branches of the viscous
fingers (max(q) is the largest local flowrate at given t); (c) pore-invasion times reflect the radial
symmetry in pattern growth; (d) pore-pressure distribution, where most pressure changes occur
within the defending fluid (max(p) is the largest local pressure at given t); (e) the evolution of
the directional flow rate shows persistent (rather than sporadic) growth of viscous fingers.

generates the striking similarity between viscous fingering and other patterns in nature,384

such as diffusion-limited aggregation (DLA) (Meakin et al. 1989), dielectric breakdown385

of materials (Niemeyer et al. 1984), and spreading of fire fronts (Conti & Marconi 2010).386

The diffusive pressure field arises from Darcy flow and incompressibility, which lead to387
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Figure 6. Invasion percolation in the benchmark geometry for Ca = 10−7, M = 1, and θ = 170◦;
(a) the injection pressure fluctuates sharply due to pore-invasion events (tb is the breakthrough
time); (b) flowrates within the network are very localized, only a small fraction of the pore
space is hydrodynamically active at any given time (max(q) is the largest local flowrate at
given t); (c) pore-invasion times show asymmetric pore invasion clusters; (d) the pore-pressure
distribution is uniform within each fluid (max(p) is the largest local pressure at given t); (e) the
evolution of the directional flow rate shows intermittency in flow direction.

∇2p = 0 in the defending fluid, which is identical to the diffusive solute concentration388

field in DLA (Paterson 1984).389

3.3. Invasion Percolation (Df = 1.8, w/a = 3, Ca∗ < 1)390

When the invading fluid advances very slowly and viscous forces are negligible (Ca→391

0), the flow is governed exclusively by capillary forces. In drainage (θ > 90◦), the invading392

fluid advances mainly through burst events and the flow is well captured by the invasion-393

percolation model (Chandler et al. 1982; Wilkinson & Willemsen 1983; Lenormand &394

Zarcone 1985).395

We explore the characteristics of invasion percolation by simulating fluid-fluid displace-396

ment at Ca = 10−7, M = 1, and θ = 170◦ on the benchmark pore geometry (Fig. 6).397

The pressure distribution in the invasion-percolation regime is spatially uniform within398

each fluid (Fig. 6d), with the two fluid pressures differing by the Laplace pressure. As399

the displacement front advances, the pressure in the invading fluid is modulated by the400

sequence of lowest capillary entry pressures, and fluctuates sharply (Fig. 6a) (Måløy et al.401

1992; Furuberg et al. 1996). This intermittency is also reflected in the flow field: only402

a small fraction of the pore space is active at any given time (Fig. 6b), and the flow403

direction changes frequently (Fig. 6e). As a result, the emerging flow pattern lacks radial404

symmetry throughout the displacement, with invasion-time patches reflecting invasion405

avalanches (Fig. 6c).406

3.4. Cooperative Pore Filling (Df = 1.93, w/a = 15, and Ca∗ < 1)407

Cooperative pore filling is a capillary-dominated regime that produces compact dis-408

placement patterns. Although cooperative pore filling can take place in viscous flow409

regimes, they are most prominent in weak imbibition and can dominate the displacement410

pattern when viscous forces are small. During cooperative pore filling, the displacement411

front advances mainly through overlap and touch events (see §2), and the increased412
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Figure 7. Cooperative pore filling in the benchmark geometry for Ca = 10−7, M = 1,
and θ = 46◦; (a) the injection pressure is highly intermittent (tb is the breakthrough time);
(b) flowrates within the network are localized, and only a small fraction of them have appreciable
flow; (c) pore-invasion times reveal pore-invasion clusters (max(q) is the largest local flowrate
at given t); (d) the pore-pressure distribution is uniform within each fluid phase (max(p) is the
largest local pressure at given t); (e) the evolution of the directional flow rate shows a high
degree of intermittency in the flow direction.

fraction of overlap events smooths the displacement front (Cieplak & Robbins 1988,413

1990; Holtzman & Segre 2015; Primkulov et al. 2018). As a result, the displacement414

front sweeps the defending fluid completely, producing compact displacement patterns415

(Fig. 17).416

Cooperative pore-filling simulations on the benchmark pore geometry at Ca = 10−7,417

M = 1, and θ = 46◦ (Fig. 7) show many similarities to invasion percolation (§3.3).418

The pressure is uniform in each fluid phase (Fig. 7d), but exhibits sharp fluctuations419

in time (Fig. 7a). The flow field is highly intermittent (Fig. 7e), with only a small420

fraction of pores active at any given moment (Fig. 7b). This intermittency results in421

asymmetric and patch-like growth of the displacement pattern (Fig. 7c). Unlike invasion422

percolation, cooperative pore filling produces compact displacement patterns with no423

trapped patches of defending fluid. The difference stems from the nature of pore-scale424

invasion events: invasion percolation is dominated by burst events while cooperative425

pore filling is dominated by overlap and touch events (Cieplak & Robbins 1988, 1990;426

Holtzman & Segre 2015; Primkulov et al. 2018).427

3.5. Corner Flow (Df = 1.54, w/a = 0.8, Ca∗ < 1)428

In strong imbibition, the invading fluid no longer advances by filling the pores429

completely—instead, the invading fluid advances mainly through corner-flow events430

where it coats the corners at the intersection of posts with the top and bottom plates of431

the Hele-Shaw cell (Fig. 2c).432

Fig. 8 explores corner flow through simulations at Ca = 5 · 10−7, M = 0.1, and433

θ = 4◦ on the benchmark pore geometry. Corner flow shares many similarities with434

other capillary-dominated regimes. The spatial distribution of pressure is uniform within435

each fluid (Fig. 8d), while the injection pressure shows intermittency characteristic of436

capillary-dominated displacements (Fig. 8a). Only a small fraction of the pore space has437
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Figure 8. Corner flow in the benchmark geometry for Ca = 5 · 10−7, M = 0.1, and θ = 4◦;
(a) the injection pressure is highly intermittent (tb is the breakthrough time); (b) flowrates within
the network are localized, and only a small fraction of them have appreciable flow (max(q) is
the largest local flowrate at given t); (c) pore-invasion times show radial asymmetry; (d) the
pore-pressure distribution is uniform within each fluid phase (max(p) is the largest local pressure
at given t); (e) the evolution of the directional flow rate shows a high degree of intermittency in
the flow direction.

appreciable flow (Fig. 8b), and flow changes direction frequently (Fig. 8e). The resulting438

pattern grows asymmetrically throughout the displacement (Fig. 8c).439

4. Crossover from Viscous-Dominated to Capillary-Dominated Flow440

We examine the difference in the invasion dynamics between high and low Ca through441

the spatial and temporal distributions of pore-invasion events. In this section, we focus442

on unfavorable viscosity contrast displacement, M = 1/340 (Zhao et al. 2016, 2019).443

The effective ratio of viscous to capillary forces is therefore Ca/M , which we use in this444

section. Fig. 9a shows histograms of the Euclidean distance ∆s between consecutive pore-445

invasion events. The distribution of∆s indicates that consecutive pore-invasion events are446

significantly more likely to take place near each other for low Ca/M than for high Ca/M .447

Furthermore, the time ∆tinv between consecutive pore-invasion events at Ca/M = 10−7448

shows that the median ∆tinv increases as θ → 46◦ (Fig. 9b). As the wettability of the449

substrate changes from strong drainage to weak imbibition, the relative frequency of450

cooperative pore-filling events increases (Cieplak & Robbins 1990, 1988; Primkulov et al.451

2018). The increase in ∆tinv is chiefly due to the increase in relative frequency of overlap452

events, which result in rapid invasion of several neighboring pores. This in turn leads to453

significant retraction of the invading fluid from all of the throats at the displacement front454

(see video S2 in supplementary materials). Thus, more time is needed to refill the pores455

at the displacement front, which results in the steady increase in ∆tinv as θ decreases456

(Fig. 9b).457

The velocity distribution within the porous medium is also strikingly different at low458

and high Ca/M . We plot the temporal evolution of the directional flow rate for θ = 46◦459

in Fig. 9(d-f). At Ca/M = 10−3, the invading fluid forms high velocity flow channels460

that persist until breakthrough (Fig. 9d). The pressure gradients in the defending fluid461

dominate the dynamics, and the invading fluid flows through growing viscous fingers.462

The displacement front advances with strong radial symmetry (Fig. 9d and video S3),463
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Figure 9. (a) Histogram of the distance (∆s) between consecutive pore-invasion events.
(b) Median time (∆tinv) between consecutive pore-invasion events as a function of θ.
(c) Spatiotemporal autocorrelation of the normalized directional flow rate fields for θ = 46◦.
(d-f) Temporal evolution of the normalized directional-flow-rate fields for θ = 46◦ and
(d) Ca/M = 10−3, (e) Ca/M = 10−6, (f) Ca/M = 10−7. The plots are complemented with
the pore invasion time diagrams (insets).

as observed experimentally (Måløy et al. 1985; Løvoll et al. 2004; Holtzman et al. 2012).464

As Ca/M decreases (Fig. 9e-f), the front velocity becomes increasingly intermittent.465

The pressure gradients within the fluids are negligible, and the pressure changes in the466

network are due almost exclusively to the Laplace pressure at the displacement front.467

Only portions of the displacement front are active at any given time (Holtzman et al.468

2012; Ferer et al. 2004), and the front advances in asymmetric patches (Fig. 9e-f and469

video S1).470

This transition from viscous-dominated to capillary-dominated flow can be quan-471

tified through the spatiotemporal autocorrelation of the normalized directional flow472

rate (Fig. 9c). The autocorrelation is calculated as C(α, τ) = 〈q(α,t)q(α,t+τ)〉
〈q(α,t)q(α,t)〉 , where 〈·〉473

indicates the ensemble average over time, α is the direction, and τ is the time separation474

between the directional flow rate profiles. The average of C(α, τ) over all α is shown in475

Fig. 9c for θ = 46◦. The flow field becomes increasingly uncorrelated at low Ca/M , with476

a qualitative transition taking place below Ca/M = 10−5.477

5. Extending Lenormand’s Phase Diagram478

We extend Lenormand’s diagram by simulating fluid-fluid displacement over a wide479

range of θ, Ca, M on the benchmark pore geometry (7560 simulations in total). This480

thorough sweep of the parameter space is possible due to the relatively low computational481

cost of our model. For each simulation, we measure Df , w/a, and Ca∗ at the moment of482

breakthrough. We use these variables to delineate regions corresponding to the different483

principal flow regimes.484

First, we use the fractal dimension Df to separate compact patterns from non-compact485

patterns. Compact patterns include stable displacement and cooperative pore filling, both486

of which have Df > 1.92 (maroon isosurface in Fig. 10d). A threshold based on w/a487

provides similar results (not shown).488
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Figure 10. Evolution of Df in M–Ca–θ space. Slices of the simulation data in (a) drainage,
(b) weak imbibition, and (c) strong imbibition. (d) The maroon isosurface corresponding to
Df = 1.92 is used to draw the boundary between compact and non-compact displacement
patterns. The black lines are the intersections of the isosurface with the cross-sections.

capillary-dominated

viscous-dominated

capillary-dominated

Figure 11. Viscous-dominated and capillary-dominated regions of M–Ca–θ space are separated
by setting Ca∗ = 1 in equation (3.1). This is depicted with a dark grey surface in this figure.

Next, we use Ca∗ to separate viscous-dominated flow regions (stable displacement489

and viscous fingering) from capillary-dominated flow regions (cooperative pore filling,490

invasion percolation, and corner flow). The surface resulting from Ca∗ = 1 in Eq. (3.1)491

is depicted in Figure 11 in dark grey: the space above this surface is viscous-dominated,492

the space below it is capillary-dominated. The crease on the Ca∗ = 1 surface originates493

from vanishing out-of-plane contribution to Laplace pressure near θ = 90◦.494

The combination of the maroon and gray isosurfaces from Figs. 10-11 is sufficient for495

delineating the principal flow regimes:496

• invasion percolation is capillary dominated (Ca∗ < 1) and non-compact (Df < 1.92);497

• cooperative pore filling is capillary dominated (Ca∗ < 1) and compact (Df > 1.92);498

• corner flow is capillary dominated (Ca∗ < 1) and non-compact (Df < 1.92);499

• viscous fingering is viscous dominated (Ca∗ > 1) and non-compact (Df < 1.92);500

• stable displacement is viscous dominated (Ca∗ > 1) and compact (Df > 1.92).501

Although we use sharp boundaries to outline regions that belong to different flow regimes,502

the transitions from one regime to another are smooth, as is evident from the cross-section503

images in Figs. 10–11.504

Our extension of Lenormand’s diagram with added wettability axis is presented in505

Fig. 12. Our model faithfully reproduces the original diagram in drainage (cross-section506

θ = 180◦ in Fig. 12), but reveals a more complete picture of the fluid-fluid displacement507

in porous media by augmenting the phase diagram with a wettability (θ) axis.508

To assess the influence of pore-scale disorder on the displacement pattern, we run509

simulations on a pore geometry in which we can precisely define, and tune, the degree510
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of geometric variability among realizations. To do so, we generate a regular triangular511

lattice with 2.8 mm spacing between vertices and place posts on its vertices. The radii of512

the posts are drawn from a uniform distribution (r0− ξrv, r0 + ξrv), where r0 = 1100 µm513

and rv = 300 µm are selected to match the mean post size of the benchmark geometry514

and ξ ∈ [0, 1] is the index of disorder. When ξ = 0, the medium is ordered and anisotropic;515

when ξ = 1, the medium is disordered and isotropic. As demonstrated in Appendix B, the516

values of Df and w/a do not change significantly with the degree of disorder ξ. Therefore,517

although the data in Fig. 12 were collected from simulations on a single benchmark pore518

geometry, the results apply generally to porous media with varying degree of disorder.519

The capillary-dominated region of the phase diagram (Ca∗ < 1) is divided into invasion520

percolation, cooperative pore filling, and corner flow. The boundary between compact521

and non-compact flow in the capillary-dominated region of Fig. 12 changes significantly522

with Ca: the upper and lower bounds (in θ) of the cooperative pore filling region move523

apart as Ca approaches the grey surface. When M > 1, viscous forces stabilize the524

displacement front and aid cooperative pore filling events in making the patterns more525

compact (Hu et al. 2018).526

The shape of the extended Lenormand diagram can be inferred outside the M–Ca–θ527

parameter space probed with the “moving-capacitor” model in Fig. 12. In particular, the528

cooperative pore filling region extends further into the M < 1 region as Ca decreases.529

This is evident from the quasi-static limit of the model, where cooperative pore filling530

boundaries are independent of M .531

The extended Lenormand diagram in Fig. 12 is generated for a single pore geometry.532

While the overall shape of the diagram is expected to hold across different micromodels533

with a wide range of pore-scale disorder, spacing between the posts, and gap thickness534

h, the boundaries between the principal flow regimes are likely to shift depending on535

the pore structure. For example, increasing the spacing between the post centers would536

bring the onset of cooperative pore filling to higher θ (Primkulov et al. 2018). Larger537

spacing between the posts would also make corner flow less dominant in strong imbibition,538

as higher critical pressures would be needed to coat post corners. Therefore, compact539

displacement would occupy a greater proportion of the overall space in Fig. 12. The540

degree of disorder is also known to roughen the displacement front and shift the boundary541

between invasion percolation and viscous fingering (Holtzman & Juanes 2010; Holtzman542

2016; Hu et al. 2019). Given that the pore geometry used in Figure 12 is similar to543

one with ξ = 0.99 in Appendix B, a pore space with smaller degree of disorder would544

make compact displacement more favorable, which in turn would enlarge the compact545

displacement region in Fig. 12 (stable displacement and cooperative pore filling).546

One should not think of the boundaries between the principal flow regimes in Fig. 12547

as sharp, because transitions from one regime to another are gradual. Regions of the M–548

θ–Ca space near the maroon and grey boundaries correspond to crossover zones between549

principal flow regimes.550

We summarize the findings from our comprehensive study with a schematic (Fig. 13).551

The classic phase diagram of Lenormand was developed for strong drainage (Fig. 13a),552

where displacement patterns advance through either viscous fingering, stable displace-553

ment, or invasion percolation. This diagram undergoes a qualitative change when the554

system moves to weak imbibition (Fig. 13b), in which viscous fingers become significantly555

wider and invasion percolation is replaced by cooperative pore filling. Therefore, the556

majority of the M–Ca space leads to compact displacement patterns. Strong imbibition557

has only been sparsely studied (Zhao et al. 2016; Odier et al. 2017; Primkulov et al.558

2018), but enough is known to outline the main modes of displacement (Fig. 13c). The559

displacement patterns advance through corner flow at low Ca, where the injected fluid560
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Figure 12. Extended Lenormand diagram constructed using Ca∗ and Df phase boundaries
from Figs. 10-11 to separate the five principal flow regimes within the M–Ca–θ parameter
space: viscous fingering, stable displacement, invasion percolation, and cooperative pore filling.
Results from the “moving-capacitor” model are complemented with results from the quasi-static
model that allows inferring the extent of cooperative pore filling in the limit Ca→ 0.

occupies only a fraction of the pore space (denoted by darker shades in Fig. 13c). This561

mode of displacement has been explored experimentally by Zhao et al. (2016) and Odier562

et al. (2017), and numerically in the quasi-static limit (Primkulov et al. 2018). The563

invasion pattern advances through thin films on the solid surface for high Ca and M < 1564

(Levaché & Bartolo 2014), while maintaining the viscous fingering morphology (Zhao565

et al. 2016).566

The simulations in Fig. 12 reproduce many experimental observations. First, as θ567

changes from 180◦ to 46◦, displacement patterns change from invasion percolation to568

cooperative pore filling (Trojer et al. 2015; Zhao et al. 2016), and finger width increases569

in the viscous-fingering region of the diagram (Stokes et al. 1986; Trojer et al. 2015; Zhao570

et al. 2016). Second, the injection pressure fluctuates sharply in capillary-dominated571

regimes (Måløy et al. 1992; Furuberg et al. 1996), but instead varies monotonically572



Wettability and Lenormand’s Diagram 19

Figure 13. A sketch of Lenormand’s phase diagram in (a) strong drainage, (b) weak imbibition
and (c) strong imbibition. The darker shades in strong imbibition represent partial pore-scale
displacement [art credit: Kamilla Omarova].

with time in viscous-dominated regimes. Third, the model naturally reproduces the573

intermittent flow that is modulated by pore disorder in capillary-dominated flow. Finally,574

the model reproduces the interplay between imposed ordered post lattice and the flow575

morphology: snow flake patterns in viscous fingering (Chen & Wilkinson 1985; Chen576

1987), regular crystal-growth morphology in cooperative pore filling regime (Lenormand577

1990), perfect circles in stable displacement, and disordered morphology in invasion578

percolation (Lenormand & Zarcone 1985; Wilkinson & Willemsen 1983; Måløy et al.579

1992).580

While our “moving-capacitor” model is successful in reproducing the dynamics of the581

principal flow regimes (Fig. 13), it assumes piston-like displacement for burst, touch,582

and overlap events. As a result, the model overestimates the invading fluid saturation583

at high Ca, as pointed out by Zhao et al. (2019). Strong drainage and high Ca features584

residual films of defending fluid (Bretherton 1961; Zhao et al. 2016). In strong imbibition,585

invading fluid films dominate the displacement patterns in viscous fingering and corner586

flow regimes (Levaché & Bartolo 2014; Zhao et al. 2016; Odier et al. 2017). These regimes587

are captured more naturally through pore-scale 3D continuum models (Zhao et al. 2019),588

which are unfortunately still prohibitively expensive for populating significant portions589

of the M–Ca–θ parameter space in Lenormand’s diagram (Fig. 12).590

6. Conclusion591

We have presented the results of a “moving-capacitor” dynamic pore-network model592

that is able to reproduce the full M–Ca space of Lenormand’s phase diagram and extend593

it with a third dimension θ, thus accounting for the system’s wettability. The model594

captures the pressure and flow within the porous medium, and our analysis of the595

model results shows the contrast in pore-scale dynamics between viscous-dominated and596

capillary-dominated flow through pore-invasion-event statistics and autocorrelation of the597

velocity field. The “moving-capacitor” model provides a single framework that captures598

the dynamics of fluid-fluid displacement in micromodels across an unprecedented span of599

M–Ca–θ parameters. The model cannot be directly applied to generic porous materials600

with complex shapes or hierarchical geometries. However, in the spirit of Lenormand601

et al. (1988) and Cieplak & Robbins (1988), here we studied a simpler pore geometry in602

order to learn something general about two-phase displacement in more complex porous603

media. We use our model to build the first three-dimensional version of Lenormand’s604

phase diagram with wettability as the third axis, whose general shape we expect to hold605

for more complex three-dimensional porous materials. We demonstrate that cooperative606
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pore filling can occupy a significant portion of M–Ca–θ space, and that two metrics—607

the classical fractal dimension and modified capillary number Ca∗—are sufficient for608

delineating the five principal displacement regimes. One can use the diagram to design609

efficient fluid-fluid displacement in disordered porous media. Furthermore, the “moving-610

capacitor” model used in this work enables modeling multiphase flow in deformable611

granular media (movable posts) (Jain & Juanes 2009; Sandnes et al. 2011; Lee et al.612

2020), while accounting for the wettability effects, when combined with discrete element613

method (DEM) models (Meng et al. 2020).614
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Appendix A. Fitting parameter for corner flow622

Ideal system. We first highlight how changes in h—the height of posts within our623

micromodel—impact the onset of corner flow. This has been explored in earlier work624

(Primkulov et al. 2018), but we include it here for completeness. We examine the625

transition to corner flow in the quasi-static limit, where we set the outer radius of the626

micromodel to 15 cm.627

The out-of-plane contribution to Laplace pressure for burst, touch, and overlap events628

is a function of h and reads as −γ cos θ
h/2 . Therefore, the total Laplace pressure of burst,629

touch, and overlap decreases with decreasing h. In contrast, the critical Laplace pressure630

of corner-flow event is independent of h (Primkulov et al. 2018). In capillary-dominated631

displacement, events with lowest critical Laplace pressure take precedence. Therefore, the632

onset of corner flow depends on h. The impact of h on the onset of corner flow at Ca = 0633

is summarized in Figure 14. When the posts are infinitely tall (h → ∞), the mode of634

fluid-fluid displacement changes smoothly from invasion percolation to cooperative pore635

filling and then sharply to corner flow as wettability conditions change from drainage to636

weak and then strong imbibition. For h → ∞, θ = 39◦ marks the onset of corner flow.637

Decreasing the value of h moves the onset of corner flow towards lower θ, until corner638

flow disappears altogether. Corner flow does not take place when h = 100 µm in our639

micromodel.640

Alternatively, one can shift the onset of corner flow by changing the spacing between641

the posts: narrower spacing would trigger corner flow at higher θ. The Laplace pressure642

of a corner meniscus is a monotonically increasing function of its size: it increases from643

−∞ to ∆pcrit as the meniscus volume increases from zero to its critical volume (Fig. 3d).644

Therefore, smaller spacing between the posts lowers critical Laplace pressures for corner-645

flow events and shifts the onset of corner flow to higher θ. The changes in the spacing646

between the posts would also shift the transition from invasion percolation to cooperative647

filling (Primkulov et al. 2018), where wider spacing extends the cooperative pore filling648

regime to higher θ.649

Real system. We now compare the model outcomes to experimental data from Zhao650

et al. (2016). The major difference between the model and experiments is in the onset651

of corner flow: corner flow is the primary mode of capillary-dominated displacement in652



Wettability and Lenormand’s Diagram 21

520355080110140170

2

0.1

invasion percolation cooperative pore filling corner flow

Figure 14. Transition to corner-flow regime as a function of post height h. Decreasing h
narrows the range of θ where corner flow dominates.
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Figure 15. (a) Experimental image sequences of corner flow taken from Zhao et al. (2016)
demonstrate instances where post-coating events take place before a circular portion of the
corner meniscus swells to the extend of the nearby post; (b) changes in the fraction of corner
flow events as a function of θ and the fitting parameter cparm are explored through the sweep of
quasi-static simulations. The value of cparm used in this work and corresponding transition to
corner flow are highlighted in red.

experiments with h = 100 µm and θ = 7◦, while our model anticipates no corner flow653

for h = 100 µm (Fig. 3d). In our model, corner flow is triggered when the horizontal654

radius of a corner meniscus reaches a neighboring uncoated post; this radius is marked655

rn in Fig. 3d. In the experiments, in contrast, neighboring posts are frequently coated656

well before the corner meniscus swells to the radius rn (Fig. 3d). Experiments suggest657

that more complex dynamics at the scale of the contact line can trigger the transition to658

corner flow.659

While our model is strictly applicable for micromodels with ideal surfaces, the model660

can be tuned to match the experimentally observed onset of corner flow at h = 100 µm by661

introducing a fitting parameter. Motivated by the observations in Fig. 15a, we can either662

trigger corner flow before the horizontal radius of a corner meniscus reaches rn or lower663

the critical Laplace pressure of corner flow events by out-of-plane curvature multiplied by664
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coefficient cparm. We chose the latter approach in this study. Setting cparm > 0 triggers665

earlier coating of the nearest posts through corner flow. We explore the sensitivity of our666

model to cparm in Fig. 15b by reporting the fraction of corner-flow events as a function667

of θ and cparm. We set cparm = 1 for the remainder of the discussion, which corresponds668

to a transition from cooperative pore filling to corner flow at θ = 39◦, in agreement with669

known experimental data (Zhao et al. 2016), where the transition from cooperative pore670

filling to corner flow takes place somewhere between 7◦ and 60◦.671

The physical mechanisms behind the earlier onset of corner flow are not yet known.672

We speculate that since UV-treated NOA81 surfaces are highly hydrophilic (Levaché673

et al. 2012) and not ideally smooth, micron-scale water films may be present throughout674

the micromodel—between oil and the solid. This is in line with postulated film flow675

through micro-roughness by Vizika et al. (1994); Tzimas et al. (1997); Constantinides &676

Payatakes (2000). However, since water saturation was tracked through concentration of677

the dye within the injected water phase in experiments of Zhao et al. (2016), detecting678

such films was not trivial. More detailed pore-scale studies are needed to fill this gap,679

where either water-sensitive dye is added to NOA81 or electric conductivity is utilized680

to sense pre-existing water films.681

Appendix B. Impact of Pore-Scale Disorder on Displacement682

Patterns683

Displacement patterns in each principal flow regime outlined in §3 interact with pore-684

scale disorder. We document this dependence briefly below.685

Stable displacement. When Ca is sufficiently high and M � 1, the displacement686

pattern becomes insensitive to both wettability (given θ > 45◦) and disorder. The pattern687

is insensitive to wettability because viscosity dominates capillarity at high Ca, and the688

pattern is insensitive to disorder because viscosity stabilizes the small perturbations from689

disorder.690

Viscous fingering. In a circular Hele-Shaw cell without obstacles, the most unstable691

wavelength λ of the instability follows (Saffman & Taylor 1958)692

λ

h
= π

√
M

Ca(1−M)
, (B 1)693

where h is the spacing between the plates. In a radial Hele-Shaw cell, the number of694

viscous fingers with thickness λ/2 increases with the radial distance from the center as695

the displacement evolves (Chen 1987, 1989).696

Heterogeneity and anisotropy in the pore geometry can control the number of viscous697

fingers. In general, the degree of rotational symmetry of viscous fingers in ordered698

anisotropic media can be controlled by changing the post pattern. For instance, setting699

a rectangular lattice pattern on one plate of a circular Hele-Shaw cell promotes four-fold700

symmetry in finger growth (Chen 1987). A similar pattern occurs when posts are arranged701

on a rectangular lattice (Chen & Wilkinson 1985). The simulations in Fig. 16 reproduce702

the results of the seminal work of Chen & Wilkinson (1985), but on a triangular lattice.703

As ξ increases from 0 to 1, the invasion pattern moves away from the six-fold symmetry704

imposed by the lattice (Fig. 16a) (Holtzman 2016). The fractal dimension remains within705

the range 1.61 < Df < 1.73, consistent with experiments (Chen & Wilkinson 1985; Måløy706

et al. 1985), while the finger width ranges from two to five pores (2 < w/a < 5).707

Whether the flow cell is ordered or disordered, wettability strongly influences the708

invasion patterns. Stokes et al. (1986) were the first to report that viscous fingers in709
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(a) (b) (c)

Figure 16. Viscous-fingering simulations (Ca = 10−1 and M = 10−3) conducted on a regular
triangular lattice with varying degree of disorder ξ. (a) Black invasion patterns are in drainage
(θ = 170◦), blue patterns are in imbibition (θ = 46◦). (b) Fractal dimension Df and (c) finger
width w/a are higher in imbibition across all degrees of disorder ξ. The error bars in (b-c)
represent standard deviation of nine realizations.

imbibition are wider than in drainage. This observation has been confirmed in subsequent710

experimental studies (Trojer et al. 2015; Zhao et al. 2016; Lan et al. 2020). We observe711

the same trend for all degrees of disorder: both the finger width and the fractal dimension712

are consistently higher in imbibition than in drainage (Fig. 16b-c).713

Invasion percolation. In this regime, the invading fluid preferentially enters pores714

with the lowest capillary entry pressures, one at a time. This process results in incomplete715

displacement of the defending fluid, which becomes trapped in clusters (Fig. 17, black).716

Both Df and w/a of the resulting patterns remain nearly unaffected by the degree of717

disorder, with 1.61 < Df < 1.79 and w/a ≈ 3 (Fig. 17b-c). Invasion percolation requires718

disorder in the throat sizes, but the actual degree of disorder does not matter when719

viscous forces are negligible (Ca→ 0). The lack of sensitivity of such invasion-percolation720

patterns to disorder is intuitive, as the pattern is ultimately determined only by the721

sequence in which pores are invaded. Therefore, a porous medium with small variations722

in throat size is equivalent to a porous medium with large variations in throat size—723

only the relative order of the throat sizes and their locations matter in shaping the724

invasion-percolation fronts. Therefore, unlike most fluid-fluid displacement regimes, it is725

very difficult to alter invasion-percolation patterns by imposing the order in the post726

lattice (see Fig. 17, black). This lack of sensitivity to disorder is likely responsible for the727

robustness and universality of the resulting patterns across different kinds of disordered728

media (Wilkinson & Willemsen 1983; Cieplak et al. 1996; Sheppard et al. 1999).729

Cooperative pore filling. Cooperative pore-filling events, which tend to smooth730

local concavities of the displacement front, allows patterns to be controlled by the731

post configuration. Slow injection of a wetting fluid into a porous medium with a732

regular triangular lattice results in a hexagonal invasion pattern (Fig. 17, blue). In733

fact, equivalents to our crystal-like patterns in imbibition and ξ = 0.01 have been734

observed experimentally by Lenormand (1990). One can tune the displacement patterns735

to be squares, triangles (Lenormand 1990), and hexagons (Fig. 17, blue), via the lattice736

structure. Increasing ξ makes the regular structure of the invading fluid become distorted.737

Corner flow. Corner flow is remarkably similar to invasion percolation in how it738

interacts with disorder. While corner flow is sensitive to even mild disorder, it does739

not distinguish between different degrees of disorder, much like invasion percolation.740

Therefore corner flow is, in a sense, an analogue of invasion percolation for strong741

imbibition and may therefore possess universal features—producing robustly similar742

invasion pattern across different kinds of disordered media (Fig. 18).743
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(a) (b) (c)

Figure 17. Capillary-dominated simulations (Ca = 10−7 and M = 1) conducted on a regular
triangular lattice with varying degree of disorder ξ. (a) Black invasion patterns are in drainage
(θ = 170◦) and correspond to invasion percolation, blue patterns are in imbibition (θ = 46◦) and
correspond to cooperative pore filling. (b) Fractal dimension Df and (c) finger width w/a are
higher in imbibition across all degrees of disorder ξ. The error bars in (b-c) represent standard
the deviation of nine realizations.

Figure 18. Quasi-static simulations in strong imbibition (θ = 10◦) in a flow cell with a triangular
post lattice and different degrees of disorder ξ. Dark blue regions represent fully invaded pores;
light blue regions represent partially invaded pores with coated post corners.
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Rahul, Prodanović, Maša, Maes, Julien, Geiger, Sebastian, Vassvik, Morten,949

Hansen, Alex, Segre, Enrico, Holtzman, Ran, Yang, Zhibing, Yuan, Chao,950

Chareyre, Bruno & Juanes, Ruben 2019 Comprehensive comparison of pore-scale951

models for multiphase flow in porous media. Proceedings of the National Academy of952

Sciences of the United States of America 116 (28), 13799–13806.953


