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Abstract—Frequency estimation, especially with sampling rates
below the Nyquist rate, has abundant applications in engineer-
ing. Recently, Chinese remainder theorem(CRT)-based frequency
reconstruction from undersampled complex-value waveforms be-
comes one of the frontier focuses in the fields of signal processing,
electromagnetism and optics etc. In this paper, we present several
CRT-based algorithms for determining multiple frequencies via
symmetric polynomials. The computational complexity of these
algorithms is in the polynomial class (P).

Index Terms—Chinese Remainder Theorem (CRT), Symmetric
Polynomial, Frequency Determination, Dynamic Range.

I. INTRODUCTION

T HE Chinese Remainder Theorem (CRT) has been widely
used in digital signal processing [18], coding theory [14],

[22] and cryptography [19], [20]. It provides a distributed
number representation for a large integer in terms of its
residues modulo several co-prime moduli. During the last two
decades, Xia et. al. have contributed significantly to the CRT-
based algorithms for determining multiple frequencies from
undersampled complex-valued waveforms [1]-[11]. This work
has applications in synthetic aperture radar (SAR) imaging of
moving targets [17], polynomial phase detection [21] and so on.
The problem can be stated as follows: given co-prime moduli,
m1,m2, . . . ,mL, reconstruct integers, X1, X2, . . . , XN , from
the L residue sets Rl = {〈Xi〉ml = ril|i = 1, 2, . . . , N}
for 1 ≤ l ≤ L, without knowing the corresponding relation
between the residues and the integers. Let 〈X〉m denote the
residue of X modulo m; Xi, i = 1, 2, . . . , N , represent
frequencies to be determined and ml, l = 1, 2, . . . , L, represent
the sampling frequencies in the model. Here {Xi} and {ml}
are both assumed to be arranged in an ascending order without
loss of generality. The dynamic range in this paper is defined as
the range for multiple integers/frequencies that can be uniquely
computed from their residue sets.

Research concerning the problem falls into three categories:
a) Exploring efficient algorithms. Determination algorithms

in general cases have been studied in [1], [3]. The main idea
is to enumerate the L-dimensional sets of residues, which
are constructed by selecting one residue from each set Rl,

l = 1, 2, . . . , L, and then to check whether the reconstructed
integer by CRT is within the dynamic range. In order to reduce
the computational complexity, a look-up table (LUT) is used in
[1] with space complexity O(NLCNG ), where G is the upper
bound of Xi and C denotes the combinatorial number, which
may be quite tedious when N and L are large. A search-based
CRT, instead of LUT, is used in [3], where the time complexity
is still exponential. In particular, O(NL) ≈ O(NN logm̄(X̄))
of CRT operations are required in [3], where m̄ and X̄
denote the average of moduli and integers to be determined,
respectively. The total calculation amount of this search-based
CRT algorithm is very intensive as numerous multiplication and
matching operations are required. It is difficult to implement it
in real-time signal processing systems due to the exponential
growth of computational complexity with N and L increasing.

Computational algorithms for two integers or integers with
small differences have been studied in [2], [5], [10], [11].
Compared to [1], [3], the algorithm in [2] is significantly more
efficient. It only requires one CRT operation with an additional
constraint that XN −X1 <

1
2m1. Recently, a new solution was

proposed in [5] under a weaker constraint, XN−X1 < m1, and
some restrictions on the values of N and ml. The complexity in
[5] is reduced to one CRT operation, the search range is within
O(NL) and the dynamic range is given by XN <

∏L
l=1ml.

A special case of two integers is studied in [10], [11].
b) Sharpening the dynamic range for given moduli. Given

sampling rates, the bigger dynamic range implies moving
objects with higher velocities are detectable [3], [23]. To this
end, an algorithm of sharpening dynamic ranges in general
cases is proposed in [4]. Recently, the upper bound of a dynamic
range for two integers is proved in [10] for given moduli.

c) Developing robust CRT. The contribution in [6]-[9], [24],
[25] is to reduce the error-sensibility of traditional CRT since
small errors in residues may lead to a great deviation in the
CRT reconstruction. The works in [6]-[9],[24],[25] achieve
error control via introducing remainder redundancy.

Contributions. We propose several theorems and algorithms
based on symmetric polynomials that have polynomial time
complexity to deal with different application cases. We propose



Theorem 1 and Algorithm 1 based on the Viete theorem
to solve the problem in general cases. Moreover, another
group of symmetric polynomials is developed in Theorem
2 and Algorithm 2, which further enlarges the dynamic
range of Algorithm 1 when the maximum difference of the
frequencies/integers, XN −X1, is relatively small. Corollary 1
is aimed at the two-integer case. Another special case, where
XN −X1 < mL, is dealt with in Corollary 2 and Algorithm 3.

This paper is organized as follows. In section II, some
background assumptions and notations are briefly described.
In section III, we present several algorithms dealing with the
optimization of dynamic ranges and computational efficiency.
We conclude in section IV.

II. PRELIMINARIES

We begin with the problem of determining multiple-frequencies
from multiple undersampled waveforms as introduced in [1].
We aim to determine N integer frequencies {X1, X2, . . . , XN}
in Hz in a superpositioned waveform x(t), i.e.,

x(t) =

N∑
i=1

Aie
2πjXit (1)

where Ai are nonzero complex coefficients, 1 ≤ i ≤ N . Let
{m1,m2, . . . ,mL} be L relatively co-prime sampling rates
that may be much smaller than the frequencies and j =

√
−1.

In this case the undersampled waveform becomes

xml [n] =

N∑
i=1

Aie
2πjXin

ml , n ∈ Z (2)

under a sampling rate fs = ml Hz. Applying the ml-point
Discrete Fourier Transform (DFT) to xml [n], we obtain

DFTml(xml [n]) =

N∑
i=1

Aiδ(k − 〈Xi〉ml) (3)

where δ(x) = 1 when x = 0, otherwise it is 0.
If {Ai}, i = 1, 2, . . . , N , and 〈Xi〉ml , l ∈ {1, 2, . . . , L},

are different from each other, respectively, the detected peak
values of amplitude-frequency response will be {Ai}. Indeed,
the repeated residues with different sampling frequencies occur
rarely in real systems when m1 � N , which can be verified by
simple probability analysis. Thus the corresponding relations
between the residues and the amplitudes Ai can be established
when no two Ai are the same. This can also be used to establish
the relations between the frequencies and the residues. In cases
where the difference of any two amplitudes Ai is small enough,
the corresponding relations may not be established as easily as
that in above case. However, we may still be able to determine
repeat times of residues in Rl, l = 1, 2, . . . , L, according
to the peak values. For example, there are 3 frequencies,
{X1, X2, X3}, and we already get 3 distinct peaks in amplitude-
frequency response as

Re{A1} = Re{A2} = Re{A3} = 1

Im{A1} = Im{A2} = Im{A3} = 1
(4)

Here Re(A) and Im(A) denote the real and imaginary part
of A respectively, where A is a complex number. Under a
sampling rating ml, α = 〈X1〉ml = 〈X2〉ml and β = 〈X3〉ml ,
it indicates that there are two frequencies with the same residue
α modulo ml, since the real parts of peaks in the amplitude-
frequency response are 2 in α and turn to be 1 in β. The
previous works assume that all sampling frequencies with
same residues are such that their combined amplitude is non-
zero. We now recall some well-known results.
Lemma 1. (Viete Theorem) Any N -degree polynomial

P (x) = aNx
N + aN−1x

N−1 + · · ·+ a1x+ a0 (5)

is known to have N roots {X1, X2, . . . , XN} by the funda-
mental theorem of algebra and relations between roots and
coefficients are:

∑N
i=1Xi = −aN−1

aN
= c1∑

1≤g<h≤N XgXh = aN−2

aN
= c2

· · ·∏N
i=1Xi = (−1)N a0

aN
= cN

(6)

The converse theorem of Lemma 1 is also true.
Lemma 2. (Viete-Newton Theorem) Given N integers
{X1, X2, . . . , XN}, let Sk =

∑N
i=1X

k
i , k = 1, 2, . . . , N ,

denote the power sum symmetric polynomials. To solve the
equations Sk = pk, where pk is a constant, k = 1, 2, . . . , N ,
is equivalent to solving

P (x) = xN − c1xN−1 + · · ·+ (−1)NcN = 0 (7)

where c0 = 1 and

ci =
1

i

i∑
k=1

(−1)k−1pkci−k, 1 ≤ i ≤ N (8)

III. PROPOSED ALGORITHMS AND
CORRESPONDING DYNAMIC RANGES

With the analysis in the section II, we always assume that each
Rl contains N elements in the following, where some of them
may be same. Inspired by Lemma 1, we develop Theorem 1
as follows.
Theorem 1. X = {X1, X2, . . . , XN} can be uniquely
determined from the residue sets Rl = {〈Xi〉ml , i =
1, 2, . . . , N}, l = 1, 2, . . . , L, if

M =

L∏
l=1

ml > max
i∈{1,2,...,N}

CiNG
i (9)

where G is the upper bound of Xi for i = 1, 2, . . . , N .
To prove Theorem 1, we firstly present Algorithm 1 below to

determine the frequencies. Note that due to the symmetry, we
need not to know the corresponding relations between residues
and frequencies, i.e., 〈c1〉ml = 〈

∑N
i=1 ril〉ml , 〈c2〉ml =

〈
∑

1≤g<h≤N rglrhl〉ml , . . . , 〈cN 〉ml = 〈
∏N
i=1 ril〉ml . Now we

prove the solution derived from Algorithm 1 is unique.
Proof. Assuming that there exists another solution with the
same residue sets, following Algorithm 1, it would yield the
same {ci, i = 0, 1 . . . , N}. However, according to the converse



Algorithm 1:

1. Calculate the residues of c0 = 1, c1 =
∑N
i=1Xi, c2 =∑

1≤g<h≤N XgXh, . . . , cN =
∏N
i=1Xi modulo each

ml, l = 1, 2, . . . , L.
2. Recover c0, c1, . . . , cN with CRT.
3. Construct the polynomial P (x) =

∑N
i=0(−1)icix

N−i.
4. Solve the equation P (x) = 0 and get N distinct integer

roots, {X1, X2, . . . , XN}, which are the frequencies.

theorem of Lemma 1, the roots of P (x) = 0 can be uniquely
determined by the coefficients {ci, i = 0, 1 . . . , N}, which
causes contradiction. Q.E.D.

Therefore we reduce the problem in polynomial time to
solving an N -degree polynomial equation and the factorization
of the polynomial, which have been extensively studied in [12],
[13], [15]. The well-known LLL-algorithm [15] guarantees that
the factorization can be solved in polynomial time. Solutions
have been developed successfully with numerical analysis to
find zeros of a polynomial as well, especially in our case that all
roots of P (x) = 0 are distinct integers, like Newton-Raphson
method with Steffensen Acceleration [12], [13]. Using such
methods, Algorithm 1 can be ran in polynomial time.
Example 1. Assume there are 3 frequencies {32, 24, 28} to
be determined, where the residue sets of frequencies modulo
m1 = 4,m2 = 5,m3 = 7,m4 = 17 and m5 = 19 are R1 =
{0, 0, 0}, R2 = {2, 4, 3}, R3 = {4, 3, 0}, R4 = {15, 7, 11}
and R5 = {13, 5, 9}, respectively. Then we calculate the
residue vectors of {c1, c2, c3} modulo {4, 5, 7, 17, 19}. For
instance, the residue of c1 modulo m1 is 〈0 + 0 + 0 = 0〉4 = 0
and the residue of c2 modulo m3 is 〈0× 3 + 0× 4 + 3× 4 =
12〉7 = 5. Next {c1, c2, c3} are recovered with CRT, i.e.,
c1 = 84 ← (0, 4, 0, 16, 8), c2 = 2336 ← (0, 1, 5, 7, 18) and
c3 = 21504 ← (0, 4, 0, 16, 15). Finally, {32, 28, 24} can be
obtained by solving x3 − 84x2 + 2336x− 21504 = 0.

In many applications such as narrow-band communication,
the maximum difference between any two frequencies, d =
XN −X1, will be much smaller than any Xi itself. Therefore,
we develop another type of symmetric polynomial to sharpen
the dynamic range. For brevity, let

∑
denote

∑
1≤g<h≤N in

the following. Consider a group of symmetric polynomials
below

Γ =
{ N∑
i=1

Xi,
∑

(Xg −Xh)2ρ,
∑

(Xg +Xh)(Xg −Xh)2ρ

∣∣∣ 1 ≤ ρ ≤
⌊N

2

⌋}
(10)

Now we prove that Sk =
∑N
i=1X

k
i , k = 1, 2, . . . , N , can

be derived iteratively with the elements in Γ. It is obvious
that when k = 1, S1 =

∑N
i=1Xi and when k = 2, S2 =∑

(Xg−Xh)2+S2
1

N . For general cases, we first introduce a well-
known identity

∑θ
i=0(−1)iCiθ = 0, where θ is a positive

integer. Especially, when θ is replaced by 2ρ, we can obtain
that

∑ρ−1
i=0 (−1)iCi2ρ + (−1)ρ

2 Cρ2ρ = 0.

In the following, we prove the claim by induction and assume
that Sk (1 ≤ k ≤ K − 1) have already been derived. Assume
K = 2ρ, where ρ is an integer larger than 1. Then

∑
(Xg −

Xh)2ρ can be rewritten as[ N∑
l=1

[
(N − 1)X2ρ

l − C
1
2ρX

2ρ−1
l (S1 −Xl) + . . .+ (−1)ρ−1

Cρ−1
2ρ Xρ+1

l (Sρ−1 −Xρ−1
l )

]]
+ (−1)ρCρ2ρ

[∑
Xρ
gX

ρ
h

]
.

(11)
Replacing Cρ2ρ

∑
Xρ
gX

ρ
h with (Cρ2ρ(S

2
ρ − S2ρ))/2, we get[ρ−1∑

l=0

(−1)l+1Cl2ρ + (−1)ρ+1
Cρ2ρ
2

+N
]
S2ρ + Λ = NS2ρ + Λ

(12)
where Λ is a parameter which can be expressed by Sk , 1 ≤
k ≤ K − 1.

With the same idea for K = 2ρ+ 1, we obtain∑
(Xg +Xh)(Xg −Xh)2ρ =

N∑
l=1

[
(N − 1)X2ρ+1

l −

C1
2ρX

2ρ
l (S1 −Xl) + . . .+ (−1)2ρC2ρ

2ρXl(S2ρ −X2ρ
l )
]

=(
N +

2ρ∑
l=0

(−1)l+1Cl2ρ

)
S2ρ+1 + Λ′ = NS2ρ+1 + Λ′

(13)
where Λ′ is a parameter which can be expressed by Sk , 1 ≤
k ≤ K − 1.

Therefore, we can derive Sk, 1 ≤ k ≤ N , iteratively. Using
Lemma 2, the problem is converted to solve an N -degree
polynomial equation similar to Algorithm 1. We conclude the
above analysis as the following theorem:
Theorem 2. X = {X1, X2, . . . , XN} can be uniquely
determined from the residue sets Rl = {〈Xi〉ml , i =
1, 2, . . . , N}, l = 1, 2, . . . , L, if

M =

L∏
l=1

ml > 2C2
Nd

N−1G (14)

where d = max1≤g<h≤N{|Xg −Xh|} = XN −X1.
Proof. Similar to the proof of Theorem 1, we first develop the

Algorithm 2:
1. Calculate the corresponding residues of
δ1 =

∑N
i=1Xi, δ2 =

∑
1≤g<h≤N (Xg −Xh)2,

. . . , δN =
∑

1≤g<h≤N (Xg −Xh)N−1(Xg −Xh) (if N
is odd) or δN =

∑
1≤g<h≤N (Xg −Xh)N (if N is even)

modulo each ml , l = 1, 2, . . . , L.
2. Recover δ1, δ2, . . . , δN with CRT.
3. Calculate pk = Sk , k = 1, 2, . . . , N with
δ1, δ2, . . . , δN iteratively according to (11)-(13).

4. Calculate ci = 1
i

∑i
k=1(−1)k−1pkci−k, i = 1, 2, . . . , N

and c0 = 1. Solve the N -degree polynomial equation
P (x) = xN − c1xN−1 + . . .+ (−1)NcN = 0 and get N
distinct roots {X1, X2, . . . , XN}.



Algorithm 2. The uniqueness is the same as that in Theorem
1, which we omit for brevity. Q.E.D.

In Theorem 2, assume d ≤ εm1, where ε > 1. The number
of moduli (sampling frequencies), L, can be estimated as
follows:

L < logm1
2C2

Nd
N−1G

≤ logm1
G+ logm1

N(N − 1) + (logm1
ε+ 1)(N − 1)

(15)

When ε is relatively small compared to m1, |L− logm1
G| is

O(N), where logm1
G can be regarded as the number of moduli

required to achieve the basic requirement G <
∏L
l=1ml.

Example 2. Assuming that there are 3 frequencies
{132, 127, 118} to be determined, we have the following
residue sets modulo {7, 11, 13, 15, 16} as R1 = {6, 1, 6},
R2 = {0, 6, 8}, R3 = {2, 10, 1}, R4 = {12, 7, 13}, and
R5 = {4, 15, 6}, respectively. We therefore obtain the residues
of δ1, δ2, δ3 in each modulus and recover them with CRT,
i.e., δ1 = 377 ← (6, 3, 0, 2, 9), δ2 = 302 ← (1, 5, 3, 2, 14)
and δ3 = 75320 ← (0, 3, 11, 5, 8). Calculate p1 = δ1 =

377, p2 =
p2

1+δ2
3 = 47477 and p3 = p1p2+δ3

3 = 5991383.
At last, we obtain c1 = 377, c2 = 1

2 (p1c1 − p2c0) =
47477 and c3 = 1

3 (p1c2 − p2c1 + p3c0) = 1978152. This
is equivalent to solving the 3-degree polynomial equation
P (x) = x3 − 377x2 + 47326x− 1978152 = 0. Compared to
Algorithm 1, the minimal requirement of M has been reduced
from 1978152 to 75320.

Based on Algorithm 2, we present two corollaries and their
corresponding algorithms for some special cases, which are
recently studied in references [11] and [5] respectively. First,
we consider the two-integer case.
Corollary 1. For two integers X1 and X2, if M =

∏L
l=1ml >

max{2G, d
2

4 }, where d = X2−X1, X1 and X2 can be uniquely
determined from their residue sets.
Proof. From the given conditions, we have M > 2G,
δ1 = X1 + X2 and the residues of b δ12 c modulo each
modulus. Let ω = 〈(X1 − b δ12 c)(X2 − b δ12 c)〉M which
is obtained with the residues of (X1 − b δ12 c)(X2 − b δ12 c)
by CRT. Noticing that (X1 − b δ12 c)(X2 − b δ12 c) ≤ 0 and
|X1 − b δ12 c| · |X2 − b δ12 c| ≤ (X1−X2

2 )2 < M , we have (X1 −
b δ12 c)(X2−b δ12 c) = M−〈(X1−b δ12 c)(X2−b δ12 c)〉M = M−ω.
The uniqueness follows from the fact that the nonnegative
solution of{

X1 +X2 = δ1

X1X2 = M − ω + b δ12 cδ1 − b
δ1
2 c

2
(16)

is unique. We omit the corresponding algorithm flow chart for
brevity. Q.E.D.

The work in [5] assumes that m1 > d. In the following, we
expand on this case, by increasing M while getting rid of
constraints on N , L and {ml}, such as gcd(N,ml) = 1, etc.
We present the corollary and corresponding scheme as follows.
Corollary 2. Assuming that mL > d = XN − X1 and
M =

∏L
l=1ml > NG, the multiple integers, X1, X2, . . . , XN ,

can be uniquely determined from their residue sets.

Proof. Similar to Theorem 1 and 2, we firstly propose

Algorithm 3:

1. Calculate the residues of δ1 =
∑N
i=1Xi in each

ml , l = 1, 2, . . . , L, i.e., the sum of residues ril in Rl
denoted by δ1l = 〈

∑N
i=1 ril〉ml .

2. Recover δ1 with CRT and calculate 〈b δ1N c〉mL .
3. Select integers in
A =

{
riL − 〈b δ1N c〉mL , riL − 〈b

δ1
N c〉mL −mL, riL −

〈b δ1N c〉mL +mL

∣∣ i = 1, 2, . . . , N
}

whose absolute value
is smaller than mL. Denote those elements as ξ[l] in an
ascending order, l = 1, 2, . . . , 2N .

4. Define Θk =
∑k+N−1
l=k ξ[l] , k = 1, 2, . . . , N + 1. Then,

use a binary search to find a γ in {1, 2, . . . , N + 1} such
that Θγ = δ1 − b δ1N cN .

5. Compute Xi = b δ1N c+ ξ[γ + i] for i = 1, 2, . . . , N .

Algorithm 3. δ1 =
∑N
i=1Xi can be recovered from the

residues since M > NG. Note that X1 ≤ b δ1N c ≤ XN and
mL > d, then |Xi − b δ1N c| < mL for i = 1, 2, . . . , N .

Considering the set A =
{
riL − 〈 δ1N 〉mL , riL − 〈

δ1
N 〉mL −

mL, riL − 〈 δ1N 〉mL + mL

∣∣ i = 1, 2, . . . , N
}

, which includes
all the possible values of Xi − b δ1N c. Select the elements
from the set A denoted by ξ[l] such that |ξ[l]| < mL. Indeed,
if riL = 〈b δ1N c〉mL , riL − 〈b δ1N c〉mL is within [0,mL), if
riL > 〈b δ1N c〉mL , riL − 〈 δ1N 〉mL and riL − 〈 δ1N 〉mL − mL

are selected and if riL < 〈b δ1N c〉mL , riL − 〈 δ1N 〉mL and
riL − 〈b δ1N c〉mL +mL are selected. Without loss of generality,
we omit the simple case of riL = 〈b δ1N c〉mL . Let the selected
elements ξ[l], l = 1, 2, . . . , 2N , be arranged in an ascending
order. Define Θk =

∑k+N−1
l=k ξ[l], k = 1, 2, . . . , N+1. Clearly,

Θk are also in an ascending order and Θk+1 − Θk = mL.
Then we only need to find a γ in {1, 2, . . . , N + 1},
such that Θγ = δ1 − b δ1N cN and Θγ is just the sum of
{Xi − b δ1N c|i = 1, 2, . . . , N}. The uniqueness is also clear
due to the monotonicity of Θk. Thus a binary search can be
applied here to reduce the complexity to O(log2N). Q.E.D.

In such case, L ≈ logm1
NG = logm1

N + logm1
G, when

N � m1, logm1
N can be neglected.

Example 3. As a continuation of Example 2, notice that
d = 14 < m5 = 16, δ1 = 377 and b δ13 c = 125 with
its residue 13 modulo 16. Since R5 = {4, 15, 6}, we
obtain A={-25,-9,7,-14,2,18,-23,-7,9} and δ1 − b δ1N cN = 2.
Next we select ξ[l] as {−14,−9,−7, 2, 7, 9} and obtain
Θk, k = 1, 2, 3, 4. With a binary search, we first check
Θ2 = −9− 7 + 2 6= 2. Then we check Θ3 = −7 + 2 + 7 = 2.
Finally, we obtain X1 = 125− 7 = 118, X2 = 125 + 2 = 127
and X3 = 125 + 7 = 132.

IV. CONCLUSION

In this paper, we studied several popular cases of CRT-based al-
gorithms for determining multiple frequencies in undersampled
complex-value waveforms. The proposed algorithms achieve



improvements in the dynamic range and efficiency, based on
symmetric polynomials.
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