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Abstract

The joint moments of the derivatives of the characteristic polynomial of a random
unitary matrix, and also a variant of the characteristic polynomial that is real on the unit
circle, in the large matrix size limit, have been studied intensively in the past twenty
five years, partly in relation to conjectural connections to the Riemann zeta-function
and Hardy’s function. We completely settle the most general version of the problem
of convergence of these joint moments, after they are suitably rescaled, for an arbitrary
number of derivatives and with arbitrary positive real exponents. Our approach
relies on a hidden, higher-order exchangeable structure, that of an exchangeable array,
which, as far as we know, had never been used before in the study of characteristic
polynomials of random matrices. We then develop a systematic method, based on a
class of Hankel determinants shifted by partitions, that allows us for the first time to
give an exact representation of all these joint moments, for finite matrix size, in terms
of derivatives of σ- Painlevé V transcendents. As an application, we can also represent
all the joint moments of power sum linear statistics of a certain determinantal point
process behind this problem in terms of derivatives of σ-Painlevé III’ transcendents.
This gives an efficient way to compute all these quantities explicitly. Our methods can
be used to obtain analogous results for a number of other models sharing the same
features.

Keywords: Joint moments, Random unitary matrices, Exchangeable arrays, Painlevé
equations.
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1 Introduction and main results

1.1 RandomMatrix Theory and Riemann ζ-function

Over the past fifty years, there has been significant interest in the surprising duality
between problems in analytic number theory and analogous ones in random matrix
theory. This connection dates back to the work of Montgomery [76], who conjectured
that the eigenvalues of N × N unitary matrices, as the matrix size tends to infinity, can
be used to model the behaviour of the zeros of the Riemann ζ-function, ζ(z), high up the
critical line,ℜ(z) = 1/2; see [20, 22, 21, 85, 43] for subsequent extensions of Montgomery’s
work. It is natural to ask whether this connection between the zeros of the Riemann ζ-
function and those of the characteristic polynomials of random unitary matrices (i.e. the
eigenvalues) extends to the values of these two functions. Keating and Snaith [70]
suggested that the value distribution of the Riemann ζ-function high on the critical line
can be modeled by the value of the characteristic polynomial of a random unitary matrix
at 1, when the matrix size is large enough. As an application, they conjectured the leading-
order asymptotics of the moments of the ζ-function on the critical line by considering the
analogous moments for the characteristic polynomials of unitary random matrices.

To be more precise, let A ∈ U(N), where, here and throughout this paper, U(N) denotes
the group of N × N unitary matrices, and let eiθ1 , . . . , eiθN denote the eigenvalues of A.
Consider the characteristic polynomial VA(θ) of A on the unit circle θ ∈ [0, 2π), given by,

VA(θ) = det
(
I − e−iθA

)
=

N∏
j=1

(
1 − ei(θ j−θ)

)
.

It was conjectured in [70] (see also [35, 36] for s = 3, 4), that the T→∞ asymptotics of

1
T

∫ T

0

∣∣∣∣∣ζ (1
2
+ it

)∣∣∣∣∣2s

dt

can be obtained from the N→∞ asymptotics of∫
U(N)
|VA(0)|2s dµHaar(A),

where µHaar is the Haar measure on U(N). This conjecture was extended to later terms in
the asymptotic expansion of the moments in [32, 33], and has been verified heuristically
using correlations of divisor functions in [37, 38, 39, 40, 41].

Inspired by this, Hughes [60] considered a related quantity, aiming to obtain conjec-
tural values for joint moments of the Riemann ζ-function and its derivative. For a unitary
matrix A, instead of the characteristic polynomial itself, he considered the associated
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function

ZA(θ) = exp

iN
θ + π

2
− i

N∑
j=1

θ j

2

 VA(θ)

which has the property that for θ ∈ [0, 2π), ZA(θ) ∈ R and |ZA(θ)| = |VA(θ)|. This relation
between VA and ZA is analogous to the relation between the ζ function and Hardy’s
Z-function, defined as follows,

Z(t) = π−it/2 Γ(1/4 + it/2)
|Γ(1/4 + it/2)|

ζ(1/2 + it),

which also satisfies |Z(t)| =
∣∣∣∣ζ ( 1

2 + it
)∣∣∣∣, andZ(t) ∈ R for all t ∈ R. Hughes conjectured in

[60] that, for arbitrary real parameters s, h such that s + 1/2 > h > −1/2, one should have
asymptotic convergence of the joint moments as follows,

lim
N→∞

1
Ns2+2h

∫
U(N)
|ZA(0)|2s−2h

∣∣∣∣∣dZA

dθ

∣∣∣∣∣
θ=0

∣∣∣∣∣2h

dµHaar(A) = P(s, h), (1)

for some positive P(s, h), a claim he was able to prove for s, h ∈ N, deriving an expression
for P(s, h) for these values of s, h. This, in turn, leads to the conjectural asymptotics for
the analogous joint moments ofZ(t), introduced by Ingham in 1926 [61],

1
T

∫ T

0
|Z(t)|2s−2h

|Z
′(t)|2h dt ∼ (log T)s+2hη(s)P(s, h)

where

η(s) =
∏

primes p

(1 − p−1)s2
∞∑

k=0

p−k
[
Γ(k + s)
Γ(k + 1)Γ(s)

]2

.

We note that even though his initial work, and the majority of subsequent works, are
centered around the joint moments of ZA, Hughes also conjectured analogous results for
VA and ζ

(
1
2 + it

)
. Our goal in this paper is to completely solve the most general version of

this problem on the random matrix side, by considering moments involving an arbitrary
number of derivatives and positive real exponents, for both VA and ZA. First, we briefly
review the literature.

1.2 A brief history of the problem

Over the years, there has been significant interest and progress in both proving the
convergence in (1), and also obtaining explicit formulae for the leading order coefficient
P(s, h). After Hughes’ proof for the case s, h ∈ N, Conrey, Rubenstein and Snaith [42] gave
an alternative proof for the case s = h ∈ N, using representations of these moments via
multiple contour integrals from [32, 33]. They also gave an alternative expression for the
coefficient P(s, s) in terms of a determinant of Bessel functions, which was later shown
to be related to the Painlevé equations by Forrester and Witte in [49]. Dehaye [44, 45]
gave an independent proof for s, h ∈ N, and gave another representation of P(s, h) as a
certain combinatorial sum. Winn [89] gave an explicit expression for s ∈ N, h ∈ 1

2 N in
terms of certain sums over partitions. Basor et al. in [19] used Riemann-Hilbert problem
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techniques to obtain a representation for P(s, h) in terms of Painlevé transcendents for
s, h ∈ N. Bailey et al [17] extended the methods developed in [42] to obtain the same
Painlevé-representation of P(s, h). In [6], Altuğ et al extended the method of [42] to
the orthogonal and symplectic groups, including to moments of higher derivatives, and
used the results to formulate conjectures for the corresponding moments of families of
number-theoretic L-functions, along the lines of [69]. In [14], Assiotis, Keating and Warren
succeeded in proving the existence of P(s, h) for general positive real parameters s, h.
Finally, we note that for the case where ZA(θ) is replaced by the characteristic polynomial
VA(θ), which models the ζ-function itself, Hughes’ conjecture remained unproven until
now outside the parameter range s, h ∈ N.

1.3 Joint moments of higher order derivatives

One of the main purposes of the present paper is to establish the N→∞ asymptotics, and
study in detail the leading order coefficient, of the joint moments for arbitrary numbers of
higher order derivatives for both VA(θ) and ZA(θ) with arbitrary positive real exponents.
The other main purpose is to build a new connection between the general joint moments
for finite matrix size N and σ- Painlevé V transcendents.

Definition 1.1. Let n1 > · · · > nk ∈ N ∪ {0}, and h1, . . . , hk ∈ R+. Then, we define:

G
(n1,...,nk)
N (h1, . . . , hk) def

=

∫
U(N)

k∏
j=1

∣∣∣∣V(n j)
A (0)

∣∣∣∣2h j

dµHaar(A), (2)

F
(n1,...,nk)
N (h1, . . . , hk) def

=

∫
U(N)

k∏
j=1

∣∣∣∣Z(n j)
A (0)

∣∣∣∣2h j

dµHaar(A). (3)

Here, the superscript n j in V(n j)
A or Z(n j)

A means the n j-th derivative of VA or ZA.

Observe, that (1) is simply a statement for the asymptotics of F(1,0)
N (h, s− h). Barhoumi

in his monograph [18] established an asymptotic formula for G(n1,...,nk)
N (h1, . . . , hk) for

h1, . . . , hk ∈ N, using an approach based on symmetric function theory. More recently, the
asymptotics for k = 2, for h1, h2 ∈ N, for both G(n1,n1)

N (h1, h2) and F(n1,n2)
N (h1, h2), were ob-

tained in [71] using an intricate analysis of multiple contour integrals and an expression,
different to the one in [18], for the leading order coefficient that was shown in [72], in
the special case of F(2,0)

N (h1, h2), to be connected to Painlevé equations. We note that the
expressions for the leading order coefficients given in [18, 72, 71] do not make sense for
generic real exponents hi.

Our first main result gives the convergence of both of these quantities, after appro-
priate rescalings, for the full parameter range (in particular without the integrality re-
strictions), and gives a probabilistic expression for the leading coefficient in terms of joint
moments of certain natural random variables that are defined through a determinantal
point process. Thus, in order to state our result, we need some definitions.

A determinantal point process on a Borel setX ⊂ R with correlation kernelK : X×X→
C is a probability measure P on Conf(X), the space of locally finite collections of points
in X, endowed with a certain topology and corresponding Borel σ-algebra, see [23, 63]
for the details, such that for any k ≥ 1 and any measurable and bounded F : Xk

→ R with
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compact support, we have∫
Conf(X)

∑
ai1 ,...,aik∈E

F(ai1 , . . . , aik )dP(E) =
∫
Xk

F(x1, . . . , xk) det
1≤i, j≤k

[
K (xi, x j)

]
dx1 · · ·dxk.

We will be interested in specific determinantal point processes defined via their cor-
relation kernels E(s) (we note here that by results of [24, 74], the kernels E(s), completely
determine their corresponding point processes), where s ≥ 0 is a parameter.

Definition 1.2. Let s ∈ R≥0. Then, we define P(s) to be the determinantal point process on
(−∞, 0) × (0,∞) with the correlation kernel E(s) given by,

E(s)(x, y) =
1

2π
(Γ(s + 1))2

Γ(2s + 1)Γ(2s + 2)
G(s)(x)H(s)(y) − G(s)(y)H(s)(x)

x − y
,

where the functions G(s)(x),H(s)(x) are given by the formulae

G(s)(x) = 22s− 1
2 Γ

(
s +

1
2

)
·

1

|x|
1
2

Js−1/2

( 1
|x|

)
, H(s)(x) = sgn(x)22s+ 1

2 Γ
(
s +

3
2

)
·

1

|x|
1
2

Js+1/2

( 1
|x|

)
,

where Jν denotes the Bessel function with parameter ν.

This random point process first appeared, in a completely different setting, in influ-
ential work of Borodin and Olshanski [24] (see also the subsequent work of Bourgade-
Nikeghbali-Rouault [25]), and we will say more in the sequel. Moving on, certain ele-
mentary symmetric functions, the power sums and elementary symmetric functions, of
the random points of P(s) will be one of the main ingredients in our first main result.

Definition 1.3. Let s ≥ 0. Associated to the determinantal point process P(s), we define random
variables {qn(s)}n≥1 by, where the random point configuration E is distributed according to P(s),

q1(s) = lim
k→∞

∑
x∈E

x1|x|>k−2 , (4)

qn(s) =
∑
x∈E

xn, for n ≥ 2. (5)

Moreover, define random variables {Yn(s)}n≥0 by letting Y0(s) ≡ 1, Y1(s) = −q1(s) and inductively,
for n ≥ 2,

Yn(s) = −(n − 1)!
n∑

j=1

1
(n − j)!

Yn− j(s)q j(s). (6)

It is not immediately obvious that these infinite sums are P(s)-a.s. finite but this follows
from the results of [24, 83]. We note that the principal value sum in the definition of q1(s)
is required, otherwise the series does not converge. The random variables {Yn(s)}n≥1 are
really just the elementary symmetric functions of P(s) (up to explicit universal constants);
the formula (6) is simply Newton’s identity, in that it expresses the elementary symmetric
functions in terms of power sums. We could have defined them directly by writing

Yn(s) = (−1)nn! lim
k→∞

∑
i1<i2<···<in
xi1 ,...,xin∈E

xi1 · · · xin 1min(|xi1 |,...,|xin |)>k−2 .
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However, this would then require us to show directly from this definition that these
random variables are almost surely finite, which would add technical details that are
orthogonal to the analysis carried out in this paper. It is also worth noting that here, the
normalization factor (−1)nn! is introduced to make the presentation of both Theorem 1.4
and its proof clearer (in particular, see Section 3).

Both families of random variables will appear in the results below, as in some cases
one choice is better suited than the other. Below we normally denote by the symbol E
the expectation with respect to the underlying probability law, which will be clear from
context.

With these definitions at hand, our first main result gives the leading order asymptotics
of both quantities introduced in Definition 1.1 for the full parameter range.

Theorem 1.4. Let n1 > n2 > · · · > nk ∈ N ∪ {0}. Let h1, . . . hk ∈ R+ and s =
∑k

j=1 h j > 0. Then,
we have the following finite limits,

lim
N→∞

F
(n1,...,nk)
N (h1, . . . , hk)

Ns2+2
∑k

j=1 n jh j
=

G(s + 1)2

G(2s + 1)
2−2

∑k
j=1 h jn jE

 k∏
j=1

∣∣∣Yn j (s)
∣∣∣2h j

 , (7)

lim
N→∞

G
(n1,...,nk)
N (h1, . . . , hk)

Ns2+2
∑k

j=1 n jh j
=

G(s + 1)2

G(2s + 1)
2−2

∑k
j=1 h jn jE

 k∏
j=1

∣∣∣∣∣∣
n j∑

m j=0

(−i)m j

(
n j

m j

)
Yn j−m j (s)

∣∣∣∣∣∣
2h j

 , (8)

where G(z) is the Barnes G-function, with γ the Euler-Mascheroni constant,

G(1 + z) = (2π)
z
2 exp

(
−

z + z2(1 + γ)
2

) ∞∏
j=1

(
1 +

z
j

) j

exp
(

z2

2 j
− z

)
.

Note that similar to the case of joint moments with the first order derivative, one
can define the quantities in (2) and (3) for negative exponents {h j} as long as for all j,
h j > −1/2. However, the essential results from Section 2 that we use to deduce Theorem
1.4 require slight restrictions. Indeed, the use of the martingale argument requires an
L1-integrability condition (see Proposition 2.11) which only holds when s =

∑k
j=1 h j > 0.

Furthermore, the uniform integrability we need, in order to obtain joint convergence as in
Proposition 2.8, requires positivity of each h j that corresponds to an n j , 0. It is also worth
observing that Theorem 1.4, in the more natural case of the characteristic polynomial VA,
is new whenever the exponent on any of the derivatives of VA is non-integer. Even in the
simplest possible case of k = 2, n1 = 1,n2 = 0, this confirms the prediction of Hughes [60]
from more than 20 years ago; the somewhat simpler case of the asymptotics ofF(1,0)

N (h1, h2),
also conjectured by Hughes, was in fact only proven in the last few years as well, see [14].
The probabilistic expressions in (7) and (8) in terms of the random variables {Yn(s)}n≥1 are
aesthetically rather pleasing and, although initially may seem to come out of nowhere, it
will be clear from the proof that they are rather natural. On the other hand, using them to
compute quantities more explicitly is far from trivial. In proving the results that follow
we will not make direct use of these expressions. Nevertheless, we stress that (7) and
(8) are the only expressions for the leading order coefficients available in the literature
which make sense for generic non-integer exponents hi, even in the simplest case of the
moments of a single derivative.

Towards our goal of computing the leading order coefficient more explicitly, our next
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main result gives a representation of the expectation on the right-hand side of (7), for
h1, . . . , hk ∈ N, as a finite linear combination of explicit finite-dimensional integrals. These
integrals can all be computed explicitly (one simply expands the Vandermonde deter-
minant and these integrals boil down to one-dimensional integrals which are basically
moments of a Student’s t-distribution) but writing down a general expression becomes
very tedious and we will not attempt to do it here; we will instead discuss an alternative
recursive way to obtain such expressions via connections to integrable systems below. In
particular, the formula in Theorem 1.5 gives a concrete expression for the joint moments
whenever the exponent on the characteristic polynomial itself is a real number and the
exponents on its derivatives are integers.

These finite-dimensional averages will be taken with respect to the Cauchy [50, 90]
(also called Hua-Pickrell [24]) measures M(s)

N , with s ≥ 0, which are probability measures
supported on the Weyl chamber,

WN
def
=

{
x = (x1, x2, . . . , xN) ∈ RN : x1 ≥ x2 ≥ · · · ≥ xN

}
that are given by:

M(s)
N (dx1, . . . ,dxN) def

=
1

C̃(s)
N

N∏
i=1

1(
1 + x2

i

)s+N∆
2(x1, . . . , xN)dx1 · · ·dxN, (9)

where we denote by ∆ the Vandermonde determinant,

∆(x1, . . . , xN) def
=

∏
1≤i<k≤N

(xi − xk),

and the normalization constant C̃(s)
N is given explicitly by

C̃(s)
N = π

N2−N(N+2s−1)
N−1∏
j=0

j!Γ(2s +N − j)
Γ(s +N − j)2 .

For the rest of the paper, we denote averages taken with respect to these measures as:

E(s)
N

[
f (x(N)

1 , . . . , x(N)
N )

] def
=

∫
WN

f (x1, . . . , xN)M(s)
N (dx1, . . . ,dxN).

Note that, whenever the function f is invariant under permutations of indices, and this
is the case for all functions we will consider in this paper, one can equivalently write:

E(s)
N

[
f (x(N)

1 , . . . , x(N)
N )

]
=

1
N!

∫
RN

f (x1, . . . , xN)M(s)
N (dx1, . . . ,dxN). (10)

We also observe that by analytic continuation the function s 7→ E(s)
N [•] is holomorphic

whenever the integrand is holomorphic in s and the integral on the right hand side of (10)
exists. We note that although for s ∈ C\R the probabilistic interpretation breaks down,
abusing notation we will still use the expectation sign E(s)

N below. As the discussion
preceding Theorem 1.4 suggests, throughout the rest of the paper, we will commonly use
elementary symmetric polynomials and power sum polynomials, which we will denote

7
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by (e0 = p0 ≡ 1)

en (x1, x2, . . . , xm) def
=

∑
1≤i1<i2<···<in≤m

xi1 xi2 · · · xin ,

pn (x1, x2, . . . , xm) def
=

m∑
i=1

xn
i .

We are now in a position to state our second main result.

Theorem 1.5. Let n1 > · · · > nk ∈ N ∪ {0}, and h j ∈
N
2 , for j = 1, . . . , k. Moreover, define

L =
∑

j 2h jn j. Then, for any real number s >
∑

j h j −
1
2 , we have

E

 k∏
j=1

(
Yn j (s)

)2h j

 = (n1!)2h1 · · · (nk!)2hk

L!

L∑
m=n1

(−1)m
(

L
m

)
E(s)

m

 k∏
j=1

(
en j

(
x(m)

1 , x(m)
2 , . . . , x(m)

m

))2h j

 .
In particular, we obtain that the map

s 7→ E

 k∏
j=1

(
Yn j (s)

)2h j


is a rational function.

The above result also has the following application. A priori, it is not clear that the
limiting random variables Yn(s) are almost surely non-zero. Although it may seem highly
unlikely that they are almost surely zero, by some extreme coincidence it could happen.
If this were the case, the asymptotics we established earlier would give a bound on the
growth of the joint moments, but not the true order. In fact, in the literature on this
problem, the proof that the leading coefficient in such asymptotics is non-zero is omitted
(even when this coefficient is given as an explicit sum it is non-trivial to see that it is
strictly positive as the sum involves both positive and negative terms), with the only
exception, as far as we are aware, being [14]. In may be possible to use the determinantal
point process representation of the random variables Yn(s) to conclude that they are
not a.s. zero but this is most likely challenging. Instead, we simply obtain an explicit
expression for the second moment of Yn(s) for any n ∈ N, and show that it is non-zero and
similarly for the expression appearing in the asymptotics in (8). Despite their simplicity,
the expressions below are new for any choice of the parameter s. It is interesting to note
that the expression for VA and ζ is much simpler than the one for ZA andZ, even though
its probabilistic expression is more complicated.

Corollary 1.6. Let n ∈ N, and s ∈
(

1
2 ,∞

)
. Then we have,

E
[
|Yn(s)|2

]
= 22n 2s − 1∏n

l=1(2s − 2 + l)2

n∑
i, j=0

(
n
i

)(
n
j

)
(−2)−2n+i+ j

2s − 1 + i + j
Γ(s + i)Γ(s + j)Γ(2s + n − 1)2

Γ(2s + i − 1)Γ(2s + j − 1)Γ(s)2 ,

E


∣∣∣∣∣∣ n∑

m=0

(−i)m
(

n
m

)
Yn−m(s)

∣∣∣∣∣∣
2 = 22n 2s − 1

2s − 1 + 2n

n∏
l=1

(
l + s − 1
l + 2s − 2

)2

. (11)
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Moreover, we have that,

P


∣∣∣∣∣∣∣

n∑
m=0

(−i)m
(

n
m

)
Yn−m(s)

∣∣∣∣∣∣∣ > 0

 > 0 and P (|Yn(s)| > 0) > 0.

Although up until now we have restricted our attention to a rather special random
matrix model, the Haar-distributed unitary matrices, as an immediate by-product of the
methods we use to prove Theorems 1.4 and 1.5 we obtain the following general result on
characteristic polynomials of infinite permutation-invariant random matrices (we refer
to Section 2 for a precise explanation of what is meant by an infinite random matrix). In
some sense, and this will be clear in the sequel, parts of Theorem 1.4 and Theorem 1.5 are
special cases of the theorem below for a specific choice of infinite random matrix H.

Theorem 1.7. Let H be an infinite Hermitian random matrix so that for any permutation τ of N
that fixes all but finitely many elements,

Law(H) = Law(PτHP∗τ),

where Pτ is the permutation matrix that corresponds to τ, and Law(X) denotes the law of a random
variable X. Consider, for each N ∈ N, the N ×N top-left corner of H, HN = [Hi j]i, j=1,...,N, and its
rescaled (reverse) characteristic polynomial,

pN(z) = det
(
I −

z
N

HN

)
= 1 +

N∑
k=1

a(k)
N (H)zk.

Then, whenever there exists m ∈ N, p ∈ [1,∞) such that

E
[∣∣∣∣ det (Hk)

∣∣∣∣p] < ∞
for k = 1, . . . ,m, then there exists random variables {ak(H)}mk=1 such that, for k = 1, . . . ,m,

a(k)
N (H) N→∞

−−−−→ ak(H)

in Lp and almost surely with respect to Law(H). Furthermore, if r1, . . . , rm ∈ R≥0, are such that∑
j r j = p, then we have

E

 m∏
k=1

∣∣∣∣a(k)
N (H)

∣∣∣∣r j

 N→∞
−−−−→ E

 m∏
k=1

∣∣∣∣ak(H)
∣∣∣∣r j

 .
Moreover, if r1, . . . , rl ∈ N, m ≥ k1 > · · · > kl ≥ 1 and if we define L def

=
∑

j r jk j, we then have

E

 l∏
j=1

(
ak j (H)

)r j

 = (k1!)r1 · · · (kl!)rl

L!

L∑
m=k1

(−1)m+L
(

L
m

)
E

 l∏
j=1

(
a(k j)

m (H)
)r j

 . (12)

We remark that it was recently proven in [11] that for a subclass of infinite permutation-
invariant random matrices, the class of unitarily-invariant ones, which have been classi-
fied in [81, 82], pN(z) itself converges almost surely with respect to Law(H), uniformly on
compact sets in C, to a random analytic function p∞(z). The theorem above extends this

9
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convergence to convergence of the moments of Taylor coefficients and gives a formula
for the joint moments of the limiting coefficients in terms of the pre-limit ones.

1.4 Number theory conjectures

Following the philosophy set out in [70, 69], our results stated thus far give rise to the
following conjecture, which generalises all previous conjectures on this problem. Here,
we write out the special case of Corollary 1.6 separately since the leading order coefficient
admits a surprisingly simple new formula.

Conjecture 1.8. Let n1 > · · · > nk ∈ N∪ {0}, h1, . . . , hk ∈ (0,∞) and s =
∑k

j=1 h j. Then, we have
that

1
T

∫ T

0

k∏
j=1

∣∣∣∣∣ζ(n j)
(1

2
+ it

)∣∣∣∣∣2h j

dt ∼
(
log T

)s2+2
∑k

j=1 h jn j β(s)E

 k∏
j=1

∣∣∣∣∣∣
n j∑

m j=0

(−i)m j

(
n j

m j

)Yn j−m j (s)

2n j

∣∣∣∣∣∣
2h j


where

β(s) def
=

G(s + 1)2

G(2s + 1)

∏
primes p

(
1 − p−1

)s2 ∞∑
k=0

p−k
(
Γ(k + s)
Γ(k + 1)Γ(s)

)2

.

In particular, for any n ∈ N and s > 1
2 we have

1
T

∫ T

0

∣∣∣∣∣ζ(n)
(1

2
+ it

)∣∣∣∣∣2 ∣∣∣∣∣ζ (1
2
+ it

)∣∣∣∣∣2s−2

dt ∼
(
log T

)s2+2n β(s)
2s − 1

2s − 1 + 2n

n∏
l=1

(
l + s − 1

l + 2s − 2

)2

.

Similarly, we have the analogous relations:

1
T

∫ T

0

k∏
j=1

∣∣∣Z(n j)(t)
∣∣∣2h j dt ∼

(
log T

)s2+2
∑k

j=1 h jn j β(s)2−2
∑k

j=1 h jn jE

 k∏
j=1

∣∣∣Yn j (s)
∣∣∣2h j

 ,
1
T

∫ T

0

∣∣∣Z(n)(t)
∣∣∣2 |Z(t)|2s−2 dt ∼

(
log T

)s2+2n β(s)
2s − 1∏n

l=1(2s − 2 + l)2{ n∑
i, j=0

(
n
i

)(
n
j

) (
−

1
2

)2n−i− j 1
2s − 1 + i + j

i−1∏
l=0

(l + s)
j−1∏
l=0

(l + s)
n∏

l=i+1

(l + 2s − 2)
n∏

l= j+1

(l + 2s − 2)
}
.

For the original moment conjecture proposed by Keating and Snaith, specifically
Conjecture 1.8 with k = 1,n1 = 0, has been verified for exponents h1 = 1 and 2, but
remains open for any exponent h1 ≥ 3. Conjecture 1.8 extends the original conjecture
by generalizing the order of derivatives from 0 to any positive integer. This extension
introduces additional parameters n1, . . . ,nk, thereby providing a broader framework for
investigating the moment conjecture. Specifically, for small exponents h j, the validity of
Conjecture 1.8 should be provable for various choices of n j, the order of the derivatives.
We shall list some verified cases below. Furthermore, Conjecture 1.8 is closely related to
the distribution of the zeros of Hardy’sZ-function, which we will elaborate on below.

Some special cases of Conjecture 1.8 for higher orders of the derivative and small
exponents have been verified in the past. For k = 1, n1 = n, h1 = 1, it was proved by

10
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Ingham [61] for the Riemann zeta function and by Hall [55] for Hardy’sZ-function. For
k = 2,n1 = 1,n2 = 0, for the Riemann zeta function, the following special exponents h1, h2
were proven by: Conrey [31] for h1 = 1, h2 = 2, and h1 = 0, h2 = 2; Conrey and Ghosh [34]
for h1 = 1/2, h2 = 1/2 (in this case, assuming the Riemann hypothesis); and Hall [55] for
h1 = 2, h2 = 0, and h1 = 1, h2 = 1. For k = 2,n1 = 2, n2 = 0, for Hardy’s Z-function, the
following special exponents h1, h2 were proven by: Hall [55] for h1 = 1, h2 = 1, and Hall
[57] for h1 = 2, h2 = 0. For k = 2, n1 = 2, n2 = 1, for Hardy’s Z-function, the exponents
h1 = 1, h2 = 1 was shown by Hall [55].

Conjecture 1.8 is closely related to problems in number theory concerning large gaps
between zeros of the higher-order derivatives of Hardy’sZ-function. Let

Λ(m) = lim sup
n→∞

t(m)
n+1 − t(m)

n

2π/ log t(m)
n

,

where {t(m)
n } is the sequence of non-negative zeros of Z(m)(t), counted according to mul-

tiplicity. For m = 0, the quantity Λ(0) was introduced by Hall [55]. Under the Riemann
hypothesis,

Λ(0) = Λ := lim sup
n→∞

γn+1 − γn

2π/ logγn
,

where {γn} is the non-decreasing sequence of imaginary parts of the zeros of the Riemann
zeta function in the upper half-plane, counted with multiplicity. The quantity Λ was
introduced by Selberg [86], who proved that Λ > 1. Note that Λ and Λ(m) have an
average value of 1 under the Riemann hypothesis. This has motivated number theorists
to investigate how large these quantities can be. Conrey, Ghosh, and Gonek showed
that Λ > 2.337 under the Riemann hypothesis [29] and Λ > 2.68 under the Generalized
Riemann hypothesis [30]. Bui and Milinovich showed that Λ > 3.18 under the Riemann
hypothesis [26]. In [56], Hall did not assume the Riemann hypothesis, but instead
assumed the truth of Conjecture 1.8 for k = 2, n1 = 1,n2 = 0, h1 + h2 ≤ 6, and proved
that Λ(0) > 4.29 times the average gap length. It is widely believed that Λ(0) = ∞,
but this problem remains open even under the assumption of the Generalized Riemann
hypothesis. As far as we know, there is no specific connection between the Riemann
hypothesis and the moments conjecture. Thus it is interesting to explore whether one
can achieve Λ(0) = ∞ under Conjecture 1.8 or under the combined assumptions of the
Riemann hypothesis and Conjecture 1.8. Recently, Bui and Hall [27] obtained lower
bounds of Λ(m) for some integers m with m ≥ 1. It is hopeful to generalize Hall’s method
in [56] and assume Conjecture 1.8 for some special cases to obtain a sharper lower bound
of Λ(m). We leave this to future research.

Finally, it is worth noting that some hard number-theoretic conjectures originating
from random matrix theory considerations have been proved in the past. For example,
see [9, 10, 8, 77] for recent proofs of a conjecture [53, 54] concerning the maximum of the
Riemann zeta function in typical short intervals on the critical line. We also point out that
the aforementioned conjectures become theorems in the function field setting over Fq in
the limit q→∞, using equidistribution results due to Deligne and Katz [68].

1.5 Connection to integrable systems

As remarked in Section 1.2, over the past two decades, the problem of joint moments was
realized to be closely related to the theory of the Painlevé equations (see [19, 17, 14, 12]).

11
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In the case of joint moments with only the first derivative, it was discovered only recently
that the random variable Y1(s) = −q1(s) is in fact responsible for this connection between
joint moments and integrable systems. To be more precise, it was shown in [14] and [12]
that, for any s ≥ 0, the function τ(s) defined by,

t 7→ τ(s)(t) def
= t

d
dt

log E
[
eit Y1(s)

2

]
satisfies the following form of the σ-Painlevé III’ equation:(

t
d2τ(s)

dt2

)2

= −4t
(

dτ(s)

dt

)3

+
(
4s2 + 4τ(s)

) (dτ(s)

dt

)2

+ t
dτ(s)

dt
− τ(s), (13)

for any t ∈ R \ {0}, along with the initial conditions:
τ(s)(0) = 0, for s > 0,

d
dtτ

(s)(t)
∣∣∣∣
t=0
= 0, for s > 1

2 .

(14)

Here, we note that for the derivatives to exist at t = 0, one requires further conditions on
the parameter s. That is, in order to guarantee that

dm

dtm E
[
eit Y1(s)

2

] ∣∣∣∣
t=0
< ∞

one needs to have s > m−1
2 . Moving on, we note that the result above can be useful in

many ways. First of all, we can see immediately that all the even integer moments (when
they exist) of Y1(s) = −q1(s) have a representation in terms of the σ-Painlevé III’ equation,
since we have,

E
[
(Y1(s))2h

]
= 22h(−1)h d2h

dt2h

[
exp

(∫ t

0

τ(s)(u)
u

du
)] ∣∣∣∣∣∣

t=0

.

But more ambitiously, if one can show that the characteristic function of Y1(s) is in L1(R)
and if it admits an explicit expression (and this is a highly non-trivial, being connected to
deep results on classical solutions of Painlevé equations; see [87, 88] for what is meant by
a classical solution in the context of Painlevé equations), then the expression for τ(s)(t) can
be used, by means of Fourier inversion, to recover an explicit density for Y1(s). This is
precisely what is done in [12], for s ∈ N, where the density is then used to give an explicit
expression for any finite (including complex) moments of Y1(s).

Given the previous results presented in our paper, it is then natural to wonder whether
certain joint moments of the random variables {Yn(s)}n≥1 admit representations in terms of
Painlevé transcendents. We answer this question in the affirmative in Theorem 1.11 below
by representing such joint moments as linear combinations, with polynomial coefficients,
of derivatives of solutions to the σ-Painlevé III’ equation. This is presented in terms of the
allied family of random variables {qn(s)}n≥1 which is more convenient. In fact, we show
a more general result, related to a richer object, a certain one-dimensional function, from
which the joint moments can be recovered.

Proving Theorem 1.11 directly from the definition of the {qn(s)}n≥1 appears to be
difficult. Instead, we prove it by an approximation from finite N. In order to do this, we

12
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first need to find the correct finite-dimensional analogue of the expression on the left hand
side of (16) below. We then develop a method involving a class of Hankel determinants
shifted by partitions (this will be given precise meaning below) that allows us, after rather
long and intricate computations, to obtain the following structure theorem for finite N.
Recall that, for s ∈ C, E(s)

N [•] is interpreted as explained below display (10).

Theorem 1.9. Let k ≥ 2, n2, . . . ,nk ∈ N ∪ {0} and
∑

n j > 0. Let s ∈ C with ℜ(s) >
2−1(

∑k
q=2 qnq − 1). Then, for all t1 ≥ 0,

(−2i)−
∑k

q=2 qnq

Nn2+···+nk
E(s)

N

[
e−it1

∑N
j=1

x(N)
j
N

k∏
q=2

 N∑
j=1

(
x(N)

j − i
)q


nq ]

=
1

t
∑k

q=2 qnq−1
1

∑k
q=2(q−1)nq∑

m=0

tm−1
1 P(s,N)

m (t1)
dm

dtm
1

E(s)
N

[
e−it1

1
N

∑N
j=1 x(N)

j

]
,

(15)

where tm−1
1 P(s,N)

m (t1) are polynomials of t1 of degree at most
∑k

q=2 qnq − 1, respectively. Moreover,
the coefficients of these polynomials are polynomials in N, s, and with degrees in terms of N or s
no more than

∑k
q=2(q − 1)nq.

Analogously to Y1(s) = −q1(s), whose characteristic function can be represented in
terms of the σ-Painlevé III’ equation, its pre-limit version also admits a Painlevé repre-
sentation. More precisely, it was shown in [12] that the function defined by, for s > − 1

2 ,

t 7→ t
d
dt

log E(s)
N

[
e−i t

2N
∑N

j=1 x(N)
j

]
,

which we denote here by τ(s)
N (t), satisfies, for all t ∈ R \ {0}, the following form of the

σ-Painlevé V equation,t
d2τ(s)

N

dt2


2

= −4t

dτ(s)
N

dt


3

+

(
4s2 + 4τ(s)

N +
t2

N2

) dτ(s)
N

dt


2

+ t

1 +
2s
N
−

2τ(s)
N

N2

 dτ(s)
N

dt

−

1 +
2s
N
−
τ(s)

N

N2

 τ(s)
N .

Now, we demonstrate an application of Theorem 1.9. By the integral representation
of joint moments for any order of derivatives that we prove in Proposition 3.1, we see
that general joint moments are a linear combination of derivatives of certain orders of the
function appearing in the left hand-side of (15) at t1 = 0. Thus, Theorem 1.9 gives an exact
representation at the finite-N level for the joint moments of the characteristic polynomial
and its derivatives, expressed in terms of derivatives of a σ-Painlevé V transcendent. The
result holds for arbitrary non-negative real exponents of the characteristic polynomial
itself and for its derivatives of any order with positive integer exponents. This result is
new, and as far as we can tell, it is inaccessible by other methods. Before our work, it
was only known that the joint moments of the first order derivative for finite matrix size
can be represented in terms of a σ-Painlevé V transcendent [19, 12]. Using the above
representation and some properties of the σ-Painlevé V transcendents, we obtain, for
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the first time, an explicit recursive method to compute all the finite dimensional joint
moments exactly.

It is worth pointing out that having an explicit finite-N expression is valuable in its
own right: firstly, having an exact formula at the finite-N level allows one to conjecture
lower order terms in the asymptotics of the joint moments of ζ, as in [33] (although we
do not do this here). More importantly, the connection between random matrix theory
and the ζ-function extends to other L-functions. For example, Katz and Sarnak [68]
proved several results and provide heuristic evidence, that various statistics in families
of L-functions (including moments over the families) can be modelled by considering
analogous statistics over Haar-distributed unitary, orthogonal and symplectic matrices,
depending on the symmetry type of the family (see [62, 84, 69] for a number of related
results). It follows from the work of Katz and Sarnak that the explicit finite-N expressions
for joint moments of characteristic polynomials of random matrices correspond precisely
to the joint moments of ζ-functions associated with curves over finite fields of q elements
in the limit q → ∞. Hence, the relation between the finite-N expression and Painlevé-V
gives a direct connection between analytic number theory and integrable systems in this
context. To give the reader a flavour of the explicit finite-N expressions we can obtain,
the following is a consequence of the machinery developed in Section 4.

Proposition 1.10. For all s ∈ ( 1
2 ,∞),

F
(2,0)
N (1, s − 1) =

F
(0)
N (s)

16

(
N4

(2s + 3)(2s − 1)
+

4sN3

(2s + 3)(2s − 1)

+
4(2s3 + s2

− 1)N2

(2s + 3)(2s − 1)(2s + 1)
−

8sN
(2s + 3)(2s − 1)(2s + 1)

)
.

Returning to our main goal, the following is our main result on connections to inte-
grable systems; again recall the characteristic function of q1(s) = −Y1(s) is given in terms
of σ-Painlevé III’ transcendents. In the simplest possible case: with k = 2, s ∈ N, and after
taking the derivative with respect to t1 and evaluating at t1 = 0, Theorem 1.11 recovers
(in equivalent form; the connection to the random variables {qn(s)}n≥1 was not clear yet
in [72]) the main result of [72]. The following result will be proven by a limit transition
as N → ∞ of the various quantities involved in Theorem 1.9. Making these N → ∞ lim-
its rigorous from their explicit N × N (generalised) determinant representations is very
difficult, but fortunately we can use our earlier probabilistic limit results as input.

Theorem 1.11. Let k ≥ 2, n2, . . . ,nk ∈ N ∪ {0} and
∑

n j > 0 and suppose s ∈ R with s >
2−1(

∑k
ℓ=2 ℓnℓ − 1). Then, for t1 ≥ 0,

(−2i)−
∑k
ℓ=2 ℓnℓE

e−it1q1(s)
k∏

j=2

q j(s)n j

 = 1

t
∑k
ℓ=2 ℓnℓ−1

1

∑k
ℓ=2(ℓ−1)nℓ∑

m=0

tm−1
1 A

(s)
m (t1)

dm

dtm
1

E
[
e−it1q1(s)

]
, (16)

where tm−1
1 A

(s)
m (t1) are polynomials in t1 of degree at most

∑k
ℓ=2(ℓ−1)nℓ−1 and whose coefficients

are polynomials themselves of s, with degree in s at most
∑k
ℓ=2(ℓ − 1)nℓ.

Even though we state Theorems 1.9 and 1.11 for t1 ≥ 0, by noting that

Law
(
− x(N)

1 ,−x(N)
2 . . . ,−x(N)

N

)
= Law

(
x(N)

1 , x(N)
2 . . . , x(N)

N

)
14
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one immediately gets analogous results, both for finite N and in the N → ∞ limit, for
t1 < 0. We omit the statements.

Moving on, the final piece of the puzzle to get Theorem 1.11, or more precisely
Theorem 1.9, is an intricate induction on the indices n2, . . . ,nk. As alluded to above,
the arguments we use for the inductive step will give us a recursive way to obtain
explicit formulae for the polynomialsA(s)

m (t1), and hence for joint moments of the random
variables q j(s) (or equivalently, Y j(s)). Namely, one can consider the asymptotic expansion
of the characteristic function of q1(s), as t1 → 0, and make use of its relation to the σ-
Painlevé III’ equation to obtain integer moments of q1(s) (see for instance [19]), allowing
one, by virtue of (16), to compute all the integer joint moments recursively and express
them as rational functions of s efficiently. We give a few examples of these formulae
in the corollary below. Despite their simplicity, these formulae are new and seem hard
to obtain in any other way (and also do not follow from Theorem 1.5 since this only
involves joint moments and not the characteristic function itself which is a richer object).
In particular, they seem very challenging to prove directly from the determinantal point
process definition.

Corollary 1.12. For all s ∈ ( 1
2 ,∞), we have

E
[
e−it1q1(s)q2(s)

]
= −

2s
t1

d
dt1

E
[
e−it1q1(s)

]
,

and for all s ∈ ( 3
2 ,∞),

E
[
e−it1q1(s)q2(s)2

]
=

4s2 + 2
t2
1

d2

dt2
1

E
[
e−it1q1(s)

]
−

12s2

t3
1

d
dt1

E
[
e−it1q1(s)

]
−

2
t2
1

E
[
e−it1q1(s)

]
.

The above formulae looks at first sight to be singular when t1 = 0, but this is not the
case: the moments of q1(s) and q2(s) satisfy certain relations and this guarantees that the
singular t1 powers in the denominator cancel out at t1 = 0. In particular, evaluating at
t1 = 0 allows one to get, for instance, the following simple formulae:

E[q2(s)] = 2s E
[
q2

1(s)
]
=

2s
4s2 − 1

.

Finally, we would like to emphasize that Theorem 1.11 and Corollary 1.12 not only give
Painlevé representations for integer joint moments of qn(s), but also for joint moments
where the power of q1(s) is any (suitable) real number via the elementary identity

|y|p = Cp

∫
∞

0

1 − cos(ty)
tp+1 dt, (17)

which holds for all y ∈ R, p ∈ (0, 2) with

1
Cp
=

∫
∞

0

1 − cos(t)
tp+1 dt =

1
p

cos
(πp

2

)
Γ(1 − p), (18)

where the integral is computed via a generalized Fresnel integral. Indeed, using this one
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immediately gets that if h = n1 + p, where n1 ∈ 2N, p ∈ (0, 2), then

E

|q1(s)|h
k∏

j=2

q j(s)n j

 = Cp

∫
∞

0

ℜ

{
E
[∏k

j=1 q j(s)n j
(
1 − e−itq1(s)

)]}
tp+1 dt,

where the interchange of the expectation and the integral is justified by use of the trivial
inequality 1 − cos(x) ≤ min(2, x2). In particular, the average inside the integral can be
written, via Theorem 1.11, in terms of Painlevé transcendents. Furthermore, using the
explicit formula obtained in [12, Proposition 2.6] for s ∈ N,

φs(t)
def
=

(−1)s(s−1)/2

2s2/2

G(2s + 1)
G(s + 1)2 ×

det0≤ j,k≤s−1

[
I j+k+1

(
2
√
|2t|

)]
e|t||t|s2/2

= E
[
e−itq1(s)

]
, (19)

where Iα denotes the modified Bessel function of the first kind, one can recover even
further explicit formulae for joint moments of qn(s), and hence of Yn(s), which do not
follow from the probabilistic techniques we develop to prove the results of Section 1.3.
Here, we write out this formula for the cases where the polynomialsA(s)

m (t) admit rather
simple expressions; namely, the cases given in Corollary 1.12. To keep our final expression
relatively simple, we will assume that n1 = 0 in the setting described above. Then for all
p ∈ (0, 2), and s ≥ 2, s ∈ N,

E
[
|q1(s)|pq2(s)2

]
= Cp

∫
∞

0

Dsφs(0) −Dsφs(t)
tp+1 dt,

whereφs is as in (19), Ds is the differential operator defined, for each f ∈ C2(R) as,

Ds f (t) def
=

4s2 + 2
t2

d2 f
dt2 −

12s2

t3

d f
dt
−

2
t2 f ,

and the constant Cp is as in (18).

1.6 Strategy of Proof

We give here an outline of the proofs of our main theorems and the difficulties that
arise. We first note that the multiple-contour integral expressions used in [72, 71] and
the symmetric function theory framework of [18] cannot be used to attack the joint
moments problem in complete generality as the formulae therein do not make sense
for non-integer exponents hi. Thus, we need a different starting point. The first step is
to transform the problem into one of moments over Hermitian matrices, with averages
taken with respect to the Cauchy random matrix ensemble whose law of eigenvalues
is given by (9). In the simplest case of joint moments with only the first derivative,
namely with k = 2, n2 = 1, n1 = 0, this connection was implicit in Winn’s work [89]
and brought to center stage in [14]. It is not hard to prove that it extends to arbitrary
joint moments. More precisely, a computation, given in Proposition 3.1, establishes that
both G(n1,...,nk)

N (h1, . . . , hk) and F(n1,...,nk)
N (h1, . . . , hk) can be written as expectations of certain

explicit symmetric polynomials in the eigenvalues of a N×N Cauchy random matrix HN,
see (32).

At this stage it can be shown (this allowed us to guess the form of our first main result),
by putting together general results from [81, 24, 15], that symmetric polynomials in the
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eigenvalues of HN converge jointly in distribution. We stress however that convergence
of the moments does not follow from the general arguments of [81, 24, 15] and one needs
non-trivial estimates for this. The crux of the problem is that, in order to obtain joint
moment convergence for elementary symmetric polynomials,

ek

(
x(N)

1 , . . . , x(N)
N

)
=

∑
1≤i1<i2<···<ik ≤N

x(N)
i1

x(N)
i2
· · · x(N)

ik
,

in points (x(N)
1 , . . . , x(N)

N ) distributed with respect to the eigenvalues of a Cauchy random
matrix (32), one needs to take into account a crucial cancellation due to symmetry around
0. This is due to the fact that the maximal in absolute value points of (x(N)

1 , . . . , x(N)
N ) grow

linearly with N ([24, 15]) and it can be shown that naive moment bounds that bring the
absolute value inside the sum will be an order of magnitude larger than what is needed.
One may attempt to exploit this cancellation due to symmetry while using the determi-
nantal structure behind the Cauchy ensemble (32) (see [24]). However, as one considers
joint moments with higher-order derivatives, or higher powers on the derivatives, the
estimates one obtains this way become both more technical and importantly, suboptimal.

To take care of this issue, we take a different approach: if one looks at the problem
through the lens of a hidden exchangeable structure, all technical difficulties that one
would encounter using the determinantal property for the eigenvalues disappear entirely.
To be more precise, we firstly observe that Cauchy random matrices can be realized as
the top-left N ×N corner of an infinite unitarily invariant random matrix H, see Sections
2 and 3, which, when combined with unitary invariance of H, allows us to reach the
following new observation. Suppose J ∈ Ñ(k), where Ñ(k) is the set of subsets of N of size at
most k, with J having elements i1 < i2 < · · · < il. Then, if we define the random variables
XJ by

XJ
def
= det

(
H j,m

)
j,m=i1,...,il

,

then (XJ)J∈Ñ(k) forms an exchangeable array in the sense of Definition 2.1. Furthermore,
elementary symmetric polynomials in the eigenvalues (x(N)

1 , x(N)
2 , . . . , x(N)

N ) of HN can be
rewritten in terms of these random variables via the linear-algebraic identity:

ek

(
x(N)

1 , x(N)
2 , . . . , x(N)

N

)
=

∑
J∈{1,...,N}(k)

XJ, (20)

where {1, . . . ,N}(k) denotes subsets of {1, . . . ,N} of size exactly k. We observe here that
this readily brings us closer to the goal of circumventing the issue of taking into account
cancellations around 0. Indeed, while the elementary symmetric polynomials, when
written in terms of the eigenvalues, are sums where both the number of summands, and
the summands themselves (see [24, 15]) grow with N, the distribution of the summands
on the right-hand side of (20) crucially has no N-dependence: the XJ’s are, importantly,
identically distributed for different J despite not being independent! Exploiting the
exchangeable structure further, this allows us to prove convergence of all joint moments
(and almost sure convergence) via a backward martingale convergence argument with
respect to the exchangeable filtration (see Definition 2.2) (EN)N≥1 and σ-algebraE = ∩NEN,
see Section 2 for more details. Finally, in order to identify the limiting moments with the
joint moments of the random variables Yn(s) we make use of the results of [24, 83]. The
main tool employed in [24, 83] is the theory of determinantal point processes and using
the determinantal structure in this part of the argument does seem unavoidable.
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The more interesting use of exchangeability, however, is in proving Theorem 1.5. Our
starting point is a new (as far as we can tell) formula for the joint moments of limiting
U-statistics in terms of joint moments of elements in the array indexed by disjoint sets.
This is given in Proposition 2.9. By taking into account certain non-trivial combinatorial
cancellations it is possible to show further that this formula is equal to the formula in
Theorem 1.5 in the more general Proposition 2.12. Now, in order to prove the formula in
Proposition 2.9 one needs the following higher-dimensional generalisation of de-Finetti’s
theorem, which we were surprised not to find anywhere in the literature. The statement
is simple: elements of the array indexed by disjoint sets are conditionally independent
given the exchangeable σ-algebra E. This statement is likely known to experts and in fact
can be reduced to some deep structural results on exchangeable arrays, known as the
Aldous-Hoover-Kallenberg representation theorems [67], which give a representation of
the array in terms of independent uniform random variables. However, in order to make
the paper self-contained and accessible to non-experts we give a direct proof from first
principles which appears to be new.

Proving Theorem 1.11 on connections to integrable systems is the most challenging
part of the paper, with all the machinery we built earlier along with key new ideas coming
together. The method is partly inspired by the computation in [72] which treats the
special case k = 2 and s ∈ N (after taking the derivative with respect to t1 and evaluating
at t1 = 0), in a more ad-hoc way. This method essentially boils down to establishing exact
relations within a class of Hankel determinants shifted (the precise meaning of this will be
explained in Section 4) by partitions. However, our proof is not simply a generalisation
of the computation in [72] as there are some fundamental differences. First of all, the
computation in [72] is done directly in the limit and it is heavily reliant on the fact that (a
weighted version of) the characteristic function of Y1(s) = −q1(s) is explicit (we note that
neither Y1(s) nor its characteristic function appear explicitly in [72], nor it is easy to guess
this connection from the working in [72], but this is morally the reason the computation
there works), for s ∈ N, in terms of s× s determinants involving Bessel functions, see (19).
For non-integer s this is no longer the case; as far as we know, there is no explicit formula
of any kind for this characteristic function.

Because of this fundamental obstacle we must take a different approach. We go back
to the finite matrix setting and work with N-dimensional integrals that approximate the
desired quantities in the large N-limit. We first need to find what the right analogue of the
left hand side of (16) is for finite N, a task for which we are inspired by the probabilistic
connection to the random variables {qn(s)}n≥1. There are of course many choices that will
approximate the left hand side of (16) in the large-N limit but a judicious choice needs
to be made that will have all the exact solvability properties that we require and that is
the one presented in Theorem 1.9. These exact relations that we are alluding to we first
obtained by formally expanding the exponential in the characteristic function of certain
random variables and proceeded to exchange sums and expectations to perform explicit
computations. However, these computations are completely formal, as not only does such
a series expansion not converge but in fact only finitely many terms in it even make sense,
as these random variables (the reader should simply think of these as generalisations of
the Cauchy random variable) have finitely many moments. Nevertheless, once we know
what these relations should be, we prove them rigorously by a completely different and
highly non-trivial argument. By initially restricting to s ∈ N, we introduce a Hankel
matrix, whose elements are given by a type of multivariate generating function of the
Fourier transform of certain Cauchy-like weights. That is to say, we construct functions
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ψγ ∈ C∞(Rk,R) such that if we define their Hankel determinant by,

ΨN(t1, . . . , tk) = det
1≤i, j≤N

[
ψi+ j(t1, . . . , tk)

]
,

then the relations we desire to obtain at the finite-N level boil down instead to proving a
relation of the form:

k∏
m=2

∂ℓm

∂tℓm
m

ΨN(t1, . . . , tk)
∣∣∣∣
t2,...,tk=0

=
∑

m

Pm(t1; N)
dm

dtm
1
ΨN(t1, 0, . . . , 0),

for certain polynomials Pm(·; N). We then prove this relation by a delicate induction
argument on the order of the derivatives ℓ2, . . . , ℓk. However, to perform this induction,
it transpires that we are required to introduce a generalization of the determinants ΨN,
indexed by integer partitions λ denoted byΨN,λ. Then, we develop a systematic way to
perform the daunting computations needed for the induction argument, which requires
delicate information on the N-dependence of the functions Pm(·; N), simultaneously for
ΨN and alsoΨN,λ as λ ranges over a specific class of partitions. To conclude the proof of
the result at the finite-N level we remove the restriction on s by an analytic continuation
argument to obtain Theorem 1.9. Finally, by virtue of our previous probabilistic results,
we are able to take the rigorous large-N limit of all the quantities involved in Theorem
1.9, while paying attention to which terms vanish in the limit, which from the explicit
N-dimensional integral expressions is not obvious at all.

1.7 Connections to various areas

The theory of exchangeability plays a central role in our arguments. This theory begins
with de-Finetti’s classical theorem [3] on sequences of random variables. The higher-
dimensional structure, that of an exchangeable array and its variations, originates with the
seminal works of Hoover [59] and Aldous [2, 3]. It was later developed by Kallenberg [64,
65], whose monograph [67] contains the state of the art of the general theory. There are also
many interesting extensions of the notion of exchangeability in different directions, see
for example [47, 46]. Through the decades exchangeability has found many applications,
see [5, 4, 16]. Our work presents a novel, concrete, and rather surprising, application of
exchangeability and connects this branch of probability theory to some deep questions
in analytic number theory and to integrable systems. Finally, there is a body of work on
exchangeability and random matrices and on permutation-invariant ensembles, see [28]
and [75] for representative examples, but both the questions asked and techniques used
to answer them, are different from ours.

Another area, which although we do not use techniques from directly, provided
important intuition is the study of measures invariant under the action of inductive limit
groups, see [81]. The point process P(s) first appeared in this setting in the work of Borodin
and Olshanski [24]. There is already a detailed exposition of this connection in [13, 14]
and so we will be brief. The probability measures on the space of infinite Hermitian
matrices H(∞) which are ergodic under the action of the infinite-dimensional unitary
group U(∞) were classified in [81, 82] and are parametrized by an infinite-dimensional
space Ω. Any invariant, not necessarily ergodic, measure on H(∞), by general results,
decomposes into ergodic measures via an abstract probability measure m on Ω, see [24].
The problem of ergodic decomposition amounts to finding an explicit description of the
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probability measure m (see [80] for a nice exposition in a related setting). The Cauchy
measures on H(∞), with parameter s, are invariant, and Borodin and Olshanski began
the study of their ergodic decomposition measure, denoted by m(s), in [24]. In the same
paper they gave a partial description of m(s) in terms of P(s). The description of m(s) was
then finally completed by Qiu in [83] and we remark that this also where the interesting
random variable Y1(s) = −q1(s) first appeared.

Finally, let us say a word on relations to previous works in integrable systems. As far
as we are aware, no analogue of the method we present here appeared before, beyond the
special case in [72]. Nevertheless, the computations are influenced, on a conceptual level
at least, by the Japanese school of integrable systems that studies Hankel determinants as
τ-functions of Painlevé equations, see [78, 79], a circle of ideas that was later developed
in the context of gap probabilities for random matrices by Forrester and Witte in [51, 52].
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2 Exchangeable arrays and random matrices

2.1 Exchangeable arrays

We present some general results on exchangeable arrays that will be applied to moments
of random matrices in the sequel, this application being the main novel contribution of
this part of the paper. The techniques we use are (unsurprisingly) rooted in the general
theory of exchangeability [67]. We first fix some notation. For each d ∈ N, and J ⊆ N, let
J(d) denote the set of subsets of J of size d. Also, let J̃(k) = ∪d≤k J(d). Let [N] = {1, 2, . . . ,N} and
denote by SymN the symmetric group acting on [N]. Finally, recall that for an arbitrary
random variable X taking values in a standard Borel space we write Law(X) for its law.

An exchangeable array will be our main object of study and is defined as follows.

Definition 2.1. Let k ≥ 1. A collection of random variables (XJ)J∈Ñ(k) , with XJ taking values in
a standard Borel space (V,V), is called an exchangeable array if for any permutation τ of N that
fixes all but finitely many elements, we have that

Law
{
(XJ)J∈Ñ(k)

}
= Law

{(
Xτ(J)

)
J∈Ñ(k)

}
, (21)

where if J = {a1, . . . , ad}, we define τ(J) = {τ(a1), . . . , τ(ad)}.

Let us comment on some features of this definition; for more details see Kallenberg’s
monograph [67]. First, for k = 1 the definition is exactly that of an exchangeable sequence
of random variables. In higher dimensions it is most common in the literature to index the
random variables XJ by sets J of size exactly k instead of size at most k. However, the richer

20



T. Assiotis, M. A. Gunes, J. P. Keating and F. Wei

object indexed by sets of sizes at most k is required if one wants to study joint moments.
Finally, a more common terminology in the literature is that of a “jointly-exchangeable
array” indicating that we are using a single permutation τ to act on the elements of J. This
is to distinguish from a “separately-exchangeable array” for which each element is acted
on by a different permutation. Since separately-exchangeable arrays will not appear in
this paper we have dropped this extra word from the terminology.

Initially our random variables (XJ)J∈Ñ(k) are defined on some abstract probability space
(Ω,B,Q). It will, however, be more convenient for our proofs to define them instead on
the canonical space,

Ṽ
def
= VÑ(k)

,

endowed with the σ-algebra Ṽ generated by all sets of the form∏
J∈Ñ(k)

AJ,

where all but finitely many AJ ∈ V equalV, as follows. For I ∈ Ñ(k), define the measurable
function XI from

(
Ṽ, B̃

)
to (V,B) by:

XI

(
(vJ)J∈Ñ(k)

)
= vI.

Then, we consider the probability space (Ṽ, Ṽ,P), with P the unique probability measure
on

(
Ṽ, B̃

)
defined via the relation:

P
(
AJ1 × AJ2 × · · · × AJm

) def
= Q

({
XJ1 ∈ AJ1

}
∩

{
XJ2 ∈ AJ2

}
∩ · · · ∩

{
XJm ∈ AJm

})
,

for J1, . . . , Jm ∈ Ñ(k) and AJ1 , . . . ,AJm ∈ V. By construction, for any measurable B ∈ Ṽ we
have,

P
(
(XJ)J∈Ñ(k) ∈ B

)
= Q

(
(XJ)J∈Ñ(k) ∈ B

)
.

Thus, from now on we assume that we are working on the canonical space
(
Ṽ, Ṽ,P

)
. We

denote by E, the averages taken with respect to P. The following definition is fundamental
for our purposes.

Definition 2.2. For each N ≥ 1, we define the σ-algebras EN on (Ṽ, Ṽ) by,

EN =
{
A ∈ Ṽ :

(
vJ

)
J∈Ñ(k)

∈ A⇒
(
vτ(J)

)
J∈Ñ(k)

∈ A for every τ ∈ SymN

}
and hence define the exchangeable σ-algebra E =

⋂
N≥1 EN.

We then have the following natural higher-dimensional extension of De-Finetti’s The-
orem [66]. Surprisingly, as already mentioned in the introduction, we were not able to
locate the precise statement in the literature.

Theorem 2.3. Let (XJ)J∈Ñ(k) be an exchangeable array, and let (Jl)∞l=1 ⊂ Ñ(k) be disjoint sets. Then,
conditioned on E, (XJl )

∞

l=1 are independent.

We will prove Theorem 2.3 in two steps. First, we will show the claimed result when
E is replaced by the tail σ-algebra G we define below. Then, we will show that even
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though G ⊊ E, they coincide up to sets of measure zero. For the first step, we need some
definitions.

Definition 2.4 (Tail σ-algebra). Consider the map

S : Ñ(k)
→ Ñ(k),

{γ1, . . . , γl} 7→ {γ1 + 1, . . . , γl + 1},

and with a slight abuse of notation, denote

S
m
(
(XJ)J∈Ñ(k)

) def
= (XSm(J))J∈Ñ(k) .

Then, for each N ≥ 1, define the auxiliary σ-algebras:

GN
def
= σ

(
S

N
(
(XJ)J∈Ñ(k)

))
and the associated tail σ-algebra G by,

G =
⋂

N

GN.

Observe that in proving Theorem 2.3, there is no loss of generality in assuming that
each Jl is given by

Jl = { jl−1 + 1, . . . , jl − 1, jl}, (22)

for some increasing sequence ( jl)l≥1. Indeed, if one proves the result for this special form
of Jl’s then using exchangeability, it follows that it holds for any disjoint sequence of Jl’s.

Next, to simplify the presentation, we define the random vector:

X̂J
def
= (XI : I ⊂ J)

for each J ∈ Ñ(k) and also write

L ⊥⊥
K

H ,

whenever the σ-algebrasL andH are independent conditioned on the σ-algebraK . That
is to say, whenever A ∈ L,B ∈ H , we have:

E [1A1B | K ] = E [1A | K ] E [1B | K ] .

We also consider the previously defined map S as a map on Ṽ, defined by:

S : Ṽ → Ṽ,
(vJ)J∈Ñ(k) 7→ (vS(J))J∈Ñ(k) .

Lemma 2.5. Let ( jl)∞l=1 be a strictly increasing sequence of integers and define the corresponding
Jl as in (22). Then, (XJl )

∞

l=1 are independent conditioned on G.

Proof. Firstly, note that by exchangeability, we have, for each l and N ≥ jl, the distribu-
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tional equality of the random vectors(
X̂Jl ,S

jl
(
(XJ)J∈Ñ(k)

)) d
=

(
X̂Jl ,S

N
(
(XJ)J∈Ñ(k)

))
,

(with d
= denoting equality in distribution) which, by means of Corollary 8.10 in [66], gives

that

X̂Jl ⊥⊥
GN
G jl .

In particular, for every A ∈ σ(X̂Jl ), and all N ≥ jl, we have that

E
[
1A | G jl

]
= E

[
1A | GN

] N→∞
−−−−→

a.s.
E [1A | G] ,

where for the equality we used Theorem 8.9 from [66]. Since the first term appearing
above is independent of N, we then have that it is precisely equal to the limit, which then
implies that

X̂Jl ⊥⊥
G

G jl .

Hence, applying this iteratively, we get that

σ(X̂J1 , . . . , X̂Jl ) ⊥⊥
G

G jl ,

for each l, from which the result follows. □

Next, we show that G coincides with E up to sets of measure 0 with respect to P, thus
proving Theorem 2.3.

Proposition 2.6. Let A ∈ E. Then, there exists B ∈ G such that

P (A∆ B) = 0,

where A∆ B denotes the symmetric difference between the sets A and B.

Proof. We first claim that for each A ∈ E, we have that

P
(
A∆S−1(A)

)
= 0.

To prove the claim, we start by fixing δ > 0 and noting that since A ∈ Ṽ, by means of
Lemma 4.16 in [66], there exists m ∈ N and a set W ∈ Ṽ of the form

W = Z ×VKm (23)

where Km
def
= {J ∈ Ñ(k) : max(J) > m}, such that

P (A∆W) < δ.
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Here, Z is a Borel subset ofVLm where Lm
def
= Ñ(k)

\ Km. Next, define the map

Pm : Ṽ → Ṽ
(vJ)J∈Ñ(k) 7→ (vτm(J))J∈Ñ(k) ,

where τm ∈ Symm+1 is the (m + 1)−cycle: (m + 1 m · · · 2 1).
Then, note that Pm is a bijection such that for any A ∈ E, Pm(A) = A. In particular, we

have

Pm(W)∆A = Pm(W)∆Pm(A) = Pm(W ∆A).

Combining this with the fact that P is invariant under Pm, we get that

P (Pm(W)∆A) = P (W ∆A) < δ.

Now, note that if J ∈ Lm, then

S(J) = τ−1
m (J).

Hence, one easily sees that

S
−1(W) =

{
(vJ)J∈Ñ(k) : (vS(J))J∈Lm ∈ Z

}
=

{
(vJ)J∈Ñ(k) : (vτ−1

m (J))J∈Lm ∈ Z
}
= Pm(W)

Thus, we get

P
(
S
−1(W)∆W

)
= P (Pm(W)∆W) ≤ P (Pm(W)∆A) + P (A∆W) < 2δ.

Combining these, and using that P(S−1(E)) = P(E) for any E ∈ B̃, we get that

P
(
S
−1(A)∆A

)
≤ P (A∆W) + P

(
W ∆S−1(W)

)
+ P

(
S
−1(W)∆S−1(A)

)
< 4δ,

which proves the claim since δ > 0 was arbitrary. Now, define inductively

S
−m(A) def

= S−1
(
S
−(m−1)(A)

)
,

and the corresponding set,

B def
= lim sup

m→∞
S
−m(A).

Note that, B ∈ G. Also note that,

P(A∆S−m(A)) ≤ P(A∆S−(m−1)(A)) + P(S−(m−1)(A)∆S−m(A))

= P(A∆S−(m−1)(A)) + P(A∆S−1(A)) = 0,

where we used induction in the last step. Hence,

P(A∆ B) = P(A∆ ∩n≥1 ∪m≥nS
−m(A)) ≤

∑
m≥1

P(A∆S−m(A)) = 0,

which completes the proof. □

From now on we assume that V = R, namely the random variables XJ are real-
valued. We use the results above to first prove an analogue of the law of large numbers
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for statistics of exchangeable arrays (which should not be surpsising), and then give a
formula for joint moments of the limiting random variables in terms of finitely many
random variables in the array. This general moments formula appears to be new.

Proposition 2.7. Let (XJ)J∈Ñ(k) be an exchangeable array, and let EN, E be defined as before. Then,
for each d ≤ k and fixed I ∈ N(d), we have that

d!
Nd

∑
J∈[N](d)

XJ
a.s., L1

−−−−→
N→∞

E [XI | E]

whenever XI ∈ L1. If we further have XI ∈ Lp for p > 1 then convergence takes place in Lp as well.

Proof. Define the partial sums, noting that we may change Nd

d! to
(N

d
)

without affecting the
result,

T(d)
N =

1(N
d
) ∑

J∈[N](d)

XJ. (24)

Then, note that TN is EN-measurable, and for every I, L ∈ [N](d) and A ∈ EN,

E [XI1A] = E [XL1A] ,

so that we get

E [XI | EN] = E [XL | EN] .

In particular, we have

T(d)
N = E

[
T(d)

N | EN

]
= E[XI | EN].

Thus, we see that T(d)
N forms a backwards martingale with respect to EN. Combining this

with the assumed integrability of XI and using the backwards martingale convergence
theorem, the result follows. □

Proposition 2.8. Let (XJ)J∈Ñ(k) be an exchangeable array, and define, for d ≤ k, the random
variables

T(d) def
= lim

N→∞
T(d)

N

where T(d)
N is defined as in (24). Then, if for r1, . . . , rl > 0 and k1, . . . , kl ∈ {1, . . . , k},

E
[∣∣∣X[k j]

∣∣∣p] < ∞
for all j = 1, . . . , l, where we define p def

=
∑

j r j, then we have that

lim
N→∞

1

N
∑

j r jk j
E

 l∏
j=1

∣∣∣T(kl)
N

∣∣∣r j

 = E

 l∏
j=1

∣∣∣T(kl)
∣∣∣r j

 .
Proof. Note that under the given conditions, almost sure convergence holds via Proposi-
tion 2.7. Thus, to prove the convergence of moments, it suffices to show that the sequence{ l∏

j=1

∣∣∣∣T(k j)
N

∣∣∣∣r j
}

N≥max(k j)

(25)
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is uniformly integrable. To see that this follows from the assumptions, note that first
applying Young’s inequality, and then applying Holder’s inequality with exponents p

r j
in

both cases, we get that

sup
N

E

 l∏
j=1

∣∣∣∣T(k j)
N

∣∣∣∣r j

1
{ l∏

j=1

∣∣∣∣T(k j)
N

∣∣∣∣r j

≥ R
} ≤ sup

N

l∑
m=1

E

 l∏
j=1

∣∣∣∣T(k j)
N

∣∣∣∣r j

1
{ ∣∣∣T(km)

N

∣∣∣p ≥ pR
lrm

}
≤ sup

N

l∑
m=1

E

[∣∣∣T(km)
N

∣∣∣p 1
{ ∣∣∣T(km)

N

∣∣∣p ≥ pR
lrm

}]rm/p ∏
j,m

E
[∣∣∣∣T(k j)

N

∣∣∣∣p]r j/p
. (26)

By Proposition 2.7, we know that for each m,

T(km)
N

Lp

−−−−→
N→∞

T(km) (27)

and hence, the sequence {∣∣∣T(km)
N

∣∣∣p}N≥max(k j) (28)

is uniformly integrable. Thus, taking R → ∞ in (26), we see that the sequence in (25) is
also uniformly integrable, concluding the proof. □

Next, we give a seemingly new formula for the joint moments of the random variables
T(d) in terms of joint moments of finitely many XJ’s. Its usefulness will be clear in the
sequel.

Proposition 2.9. Fix k ∈ N. Let k1 > · · · > kl ∈ {1, . . . , k} and h1, . . . , hl ∈ N. Define L =
∑

j h jk j

and p =
∑

j h j. Suppose {Jm}
p
m=1 is a partition of the set {1, . . . ,L} such that for each j, it contains

exactly h j sets of size k j; and further assume that

E
[∣∣∣X[k j]

∣∣∣p] < ∞.
Then, with the random variables T(d) defined as in Proposition 2.8, we have that,

E

 l∏
j=1

(
T(k j)

)h j

 = E

 p∏
m=1

XJm

 .
Proof. Note that combining the integrability assumption with the fact that Jm are disjoint,
we have that

E

 p∏
m=1

XJm

∣∣∣∣ E = p∏
m=1

E
[
XJm | E

]
=

p∏
m=1

T(|Jm |) =

l∏
j=1

(
T(k j)

)h j
.

Taking the expectation of both sides and using tower law gives the desired result. □

2.2 Consistent permutation-invariant ensembles

In this section, we prove a number of new results for consistent permutation-invariant
ensembles using the theory of exchangeable arrays discussed in the previous subsection.
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We restrict our attention to complex Hermitian matrices because this is what we need
for our applications to the problem of joint moments. However, essentially all our
arguments go through verbatim if we consider ensembles over the reals or quaternions,
or if we drop the self-adjoint constraint, as long as we have permutation-invariance.
Before we formally define the class of permutation-invariant random matrix ensembles,
let us introduce some notation that will be used throughout.

Let H(N) denote the space of N × N Hermitian matrices, equipped with the Borel
σ-algebra B(H(N)) and the Lebesgue measure,

dH =
N∏

i=1

dHii

∏
i< j

dℜHi jdℑHi j.

Define the projection maps,

ΛN+1
N : H(N + 1)→ H(N),[

Hi j

]
i, j=1,...,N+1

7→

[
Hi j

]
i, j=1,...,N

,

mapping each H ∈ H(N + 1) to its top-left N × N corner. Next, define H(∞) to be the
projective limit of H(N) under these maps, endowed with the projective limit topology,
whose Borel sigma algebra we denote by B(H(∞)). Finally, consider the corresponding
natural projections:

Λ∞N : H(∞)→ H(N),[
Hi j

]
i, j∈N
7→

[
Hi j

]
i, j=1,...,N

.

We have the following definition.

Definition 2.10. A sequence of probability measures {µN}N≥1, with µN on (H(N),B (H(N))), is
called a consistent permutation-invariant ensemble if:

• For each N ≥ 1, τ ∈ SymN, and B ∈ B(H(N)),

µN (H ∈ B) = µN
(
PτHP∗τ ∈ B

)
,

where recall that Pτ is the permutation matrix associated to τ.

• For each N ≥ 1, the pushforward of µN+1 under ΛN+1
N is µN.

We denote by µ∞ the unique probability measure on (H(∞),B(H(∞))) such that for all N ≥ 1,
the pushforward image of µ∞ under Λ∞N is µN. Note that such a measure is unique, since it is
determined by the consistent finite-dimensional marginals {µN}N≥1 on the generating family of
sets

{H ∈ H(∞) : Λ∞N (H) ∈ B },

for N ≥ 1 and B ∈ B(H(N)), which generates the σ-algebra B(H(∞)).

Throughout this section, we will be considering arbitrary consistent permutation-
invariant ensembles {µN}N≥1, associated with the measure µ∞ which couples them. We
denote expectation with respect to µ∞ by E. We let H denote an infinite random matrix
sampled according to µ∞ and also define HN = Λ

∞

N (H) which is distributed according to
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µN. We denote the random eigenvalues of HN by
(
x(N)

1 , x(N)
2 , . . . , x(N)

N

)
; how we order the

eigenvalues will not be important as we will only consider symmetric functions of them.
We now prove two general results on such matrices.

Proposition 2.11. Let k ∈ N. If

E [|det(Hk)|] < ∞

then there exists a random variable T(k) such that

k!
Nk

ek

(
x(N)

1 , x(N)
2 , . . . , x(N)

N

) N→∞
−−−−→ T(k)

almost surely and in L1, where ek denotes the k-th elementary symmetric polynomial. If we further
have that

E
[
|det (Hk)|r

]
< ∞,

for some r > 1, then convergence takes place in Lr as well. Furthemore, if for r1, . . . , rl > 0 and
k1, . . . , kl ∈ N, we have

E
[∣∣∣∣det

(
Hk j

)∣∣∣∣s] < ∞
for all 1 ≤ j ≤ l, where s =

∑
r j, then

l∏
j=1

(k j!)r j

Nk jr j
E

 l∏
j=1

∣∣∣∣ek j

(
x(N)

1 , x(N)
2 , . . . , x(N)

N

)∣∣∣∣r j

 N→∞
−−−−→ E

 l∏
j=1

∣∣∣T(k j)
∣∣∣r j

 . (29)

Proof. We start by defining, for each J ∈ Ñ(k), the random variables

XJ
def
= det

(
HJ

)
,

where if m1 < · · · < md are the elements of J, with d ≤ k, we denote:

HJ def
=

[
Hi j

]
i, j=m1,...,md

.

Then, note that by permutation invariance of the law of H, if τ is any permutation of N
fixing all but finitely many elements, then

Law(H) = Law(PτHP∗τ).

Write Hτ = PτHP∗τ. Now, observe that for any J described as above, we have that

HJ
τ =

[
Hi j

]
i, j=τ(m1),...,τ(md)

so that HJ
τ and Hτ(J) are two matrices that can be obtained by one another after a reordering

of their indices. In particular, they are equivalent under unitary conjugation and hence
have the same determinant. Combining these two observations, we see that (XJ)J∈Ñ(k) is
an exchangeable array.

Next, observe that the elementary symmetric polynomials in the eigenvalues can be
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rewritten as:

d!
Nd

ed

(
x(N)

1 , x(N)
2 , . . . , x(N)

N

)
=

d!
Nd

∑
J∈[N](d)

det
(
HJ

)
=

d!
Nd

∑
J∈[N](d)

XJ.

Note that the first equality above easily follows by considering the characteristic poly-
nomial det(tI − H). Indeed, by means of Vieta’s formulas, one easily sees that the d-th
symmetric polynomial in eigenvalues equals the coefficient of tN−d, which then also equals
the sum of the determinants given above that one sees by expanding the characteristic
polynomial as a sum over the symmetric group. Combining all of these observations, we
see that the result now follows by applications of Propositions 2.7 and 2.8. □

Proposition 2.12. Let k1 ≥ · · · ≥ kl, and r1, . . . , rl ∈ N, and L =
∑

j k jr j. Then, under the same
assumptions as Proposition 2.11,

E

 l∏
j=1

(
T(k j)

)r j

 = (k1!)r1 · · · (kl!)rl

L!

L∑
m=k1

(−1)m+L
(

L
m

)
E

 l∏
j=1

(
ek j

(
x(m)

1 , x(m)
2 , . . . , x(m)

m

))r j

 .
Proof. We start by noting that if we let {

I( j)
m

}
j,m

(30)

be a partition of [L] such that for each j,m, I( j)
m contains k j elements; then by means of

Proposition 2.9, we get that our claim amounts to showing:

E

∏
j,m

det
(
HI( j)

m

) = (k1!)r1 · · · (kl!)rl

L!

L∑
m=k1

(−1)m+L
(

L
m

)
E


l∏

j=1

 ∑
J∈[m](kj )

det
(
HJ

)
r j
 . (31)

To prove the formula above, we will expand the right-hand side of the equation, and use
permutation-invariance to note cancellations. With this aim, for each k ∈ {k1, . . . ,L} define
the sets

Ak =

{
J =

(
J(1)
1 , . . . , J

(1)
r1
, J(2)

1 , . . . , J
(2)
r2
, . . . , J(l)

1 , . . . , J
(l)
rl

)
: J( j)

m ∈ [L](k j),

∣∣∣∣∣∣∣∣
⋃
j,m

J( j)
m

∣∣∣∣∣∣∣∣ = k
}
.

Let the symmetric group SymL act on Ak such that for any τ ∈ SymL, we have

τ
(
J(1)
1 , . . . , J

(1)
r1
, J(2)

1 , . . . , J
(2)
r2
, . . . , J(l)

1 , . . . , J
(l)
rl

)
=

(
τ
(
J(1)
1

)
, . . . , τ

(
J(1)
r1

)
, τ

(
J(2)
1

)
, . . . , τ

(
J(2)
r2

)
, . . . , τ

(
J(l)
1

)
, . . . , τ

(
J(l)
rl

))
.

Next, consider the terms appearing on the expansion of the right-hand side of (31) that
are given, for any J ∈

⋃L
k=k1

Ak, by:

MJ

def
= E

[
det

(
HJ(1)

1

)
· · ·det

(
HJ(1)

r1

)
· · ·det

(
HJ(l)

1

)
· · ·det

(
HJ(l)

rl

)]
.
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Then, note that by permutation-invariance we have that for any τ ∈ SymL, the average
defining MJ remains unchanged if the random matrix H is replaced by Hτ = PτHP∗τ. In
addition, noting that for any J ⊆ [L], HJ

τ and Hτ(J) are two matrices that are equal up to
re-ordering of the indices, we see that they are equivalent under unitary conjugation and
hence have the same determinant. Combining these two observations, we easily see that
for any τ ∈ SymL, we have that MJ = Mτ(J). Next, with a slight abuse of notation, for
any J ∈

⋃L
k=k1

Ak, let Orbm(J) denote the number of times an average corresponding to
the SymL-orbit of J appears on the expansion of the m-th summand on the right-hand
side of (31), where m = k1, . . . ,L. Then, realize that if J ∈ Ak, it follows that the terms of
the form Mτ(J) as τ runs over SymL only appear on the expansion of the m-th summand
on the right-hand side of (31) if k ≤ m ≤ L, and we have the equality

Orbm(J) =
(
m
k

)
Orbk(J).

Thus, if k , L, we have that the contribution coming from the SymL-orbit of J equals

MJOrbk(J)
L∑

m=k

(
L
m

)
(−1)m

(
m
k

)
= 0.

Furthermore, note that if J ∈ AL, then
{
J( j)
m

}
j,m

forms a partition of [L]. In particular, we

get by permutation-invariance that

MJ = E

∏
j,m

det
(
HI( j)

m

) ,
for all such J . Next, observe that the terms corresponding to AL only appear in the sum
in (31) when m = L, in which case the coefficient that multiplies the average is simply 1.
Hence, combining these observations with the simple combinatorial formula

|AL| =
L!

(k1!)r1 · · · (kl!)rl
,

gives the desired result. □

Remark 2.13. Proposition 2.12 can be generalised to the setting of arbitrary real-valued exchange-
able arrays and the proof is the same. In the final formula one simply replaces ek j

(
x(m)

1 , x(m)
2 , . . . , x(m)

m

)
by

∑
J∈[m](kj ) XJ.

Proof of Theorem 1.7. This is a direct consequence of Propositions 2.11 and 2.12 above by
virtue of Vieta’s formulae. □

3 Proofs of convergence and explicit formulae

3.1 Cauchy ensemble and convergence of moments

The main results of this section will be obtained by using various results from the last
section on consistent permutation-invariant ensembles. The specific ensemble that will be
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used here is called the Cauchy [50, 90] (also Hua-Pickrell [24]) random matrix ensemble,
which is a sequence of probability measures µN on H(N) given by

µ(s)
N (dH) def

= const · det
(
I +H2

)−s−N
dH, (32)

where s ≥ 0, and the explicit expression of the normalization constant will be ommitted
as it will not play a role in what follows. Note that, via Weyl’s integration formula, one
can compute that the eigenvalue distribution of a random matrix H sampled according
to µ(s)

N is given by M(s)
N from the introduction as defined in (9).

The reason these measures are closely related to the Haar measure on U(N) is that
under the transformation x j = cot(θ j/2), averages over the eigenvalues of a Haar-unitary
random matrix can be written as an average against M(s)

N .

Proposition 3.1. Let n1 > · · · > nk ≥ 0 be integers. Let h1, . . . , hk ∈ (0,∞) and s =
∑k

j=1 h j.

Then, we have the following expression for F(n1,...,nk)
N (h1, . . . , hk),

F
(n1,...,nk)
N (h1, . . . , hk)

F
(0)
N (s)

= 2−
∑k

j=1 2h jn jE(s)
N

 k∏
j=1

∣∣∣∣Ξn j

(
x(N)

1 , x(N)
2 , . . . , x(N)

N

)∣∣∣∣2h j

 ,
and for G(n1,...,nk)

N (h1, . . . , hk),

G
(n1,...,nk)
N (h1, . . . , hk)

G
(0)
N (s)

= 2−
∑k

j=1 2h jn jE(s)
N


k∏

j=1

∣∣∣∣∣∣∣∣
n j∑

m j=0

(−i)m jΞ̃n j−m j

∣∣∣∣∣∣∣∣
2h j

 ,
where the polynomials Ξm and Ξ̃m are given by,

Ξn j (x1, x2 . . . , xN) =
n j∑

l=0

an j,lel(x1, x2, . . . , xN), (33)

Ξ̃n j−m j (x1, x2, . . . , xN) = Nm j

(
n j

m j

)
Ξn j−m j (x1, x2, . . . , xN),

with the constants an,l given as follows,

an,l
def
= (−1)

n+l
2

∑
∑N

i=1 mi=n
only m1,m2,...,ml are odd integers

(
n

m1, . . . ,mN

)
. (34)

Proof. By the definition of ZA(θ), we have

ZA(θ) = (−2)N
N∏

n=1

sin
(
θ − θn

2

)
. (35)

Note that, for l ≥ 1,

dl

dθl
sin

(
θ − θn

2

)
= 2−l(−1)

l−1
2 cos

(
θ − θn

2

)
= 2−l(−1)

l−1
2 sin

(
θ − θn

2

)
cot

(
θ − θn

2

)
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when l is an odd integer; and

dl

dθl
sin

(
θ − θn

2

)
= 2−l(−1)

l
2 sin

(
θ − θn

2

)
when l is an even integer. So we can compute:

d(n j)ZA(θ)
dθn j

∣∣∣∣
θ=0
= (−2)N

∑
m1+···+mN=n j

(
n j

m1, . . . ,mN

) N∏
n=1

dmn sin(θ−θn
2 )

dθmn

∣∣∣∣
θ=0

=
ZA(0)

2n j

∑
m1+···+mN=n j

(
n j

m1, . . . ,mN

) N∏
n=1

mn is even

(−1)
mn
2

N∏
n=1

mn is odd

(−1)
mn+1

2 cot
(
θn

2

)
.

(36)

Note that, if m1 + · · · + mN = n j, then #{i : mi is odd} ≤ n j. Hence, the above can be
simplified to

d(n j)ZA(θ)
dθn j

∣∣∣∣
θ=0
=

ZA(0)
2n j

n j∑
l=0

N∑
i1,...,il=1
i1<···<il

ci1,...,il cot
(
θi1

2

)
· · · cot

(
θil

2

)
, (37)

where the constants ci1,...,il are given by,

ci1,...,il = (−1)
nj+l

2

∑
∑N

i=1 mi=n j
only mi1 ,mi2 ,...,mil are odd integers

(
n j

m1, . . . ,mN

)
. (38)

But then one immediately sees that ci1,...,il = an j,l for any i1 < · · · < il so that we have,

d(n j)ZA(θ)
dθn j

∣∣∣∣
θ=0
=

ZA(0)
2n j

n j∑
l=0

an j,lel

(
cot

(
θ1

2

)
, . . . , cot

(
θN

2

) )
=

ZA(0)
2n j
Ξn j

(
cot

(
θ1

2

)
, . . . , cot

(
θN

2

))
.

Next, by applying Weyl’s integration formula for the Haar measure on U(N), we see that

F
(n1,...,nk)
N (h1, . . . , hk) =

∫
U(N)

k∏
j=1

∣∣∣Z(n j)
A (0)

∣∣∣2h j dµHaar(A)

=
1

2
∑k

j=1 2h jn j (2π)NN!

∫
[0,2π]N

∏
1≤ j<m≤N

|eiθ j − eiθm |
2

N∏
n=1

|1 − eiθn |
2s

k∏
j=1

∣∣∣∣∣∣Ξn j

(
cot

(
θ1

2

)
, . . . , cot

(
θN

2

)) ∣∣∣∣∣∣
2h j

dθ1 · · ·dθN.
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Then, applying the transformation x j = cot(θ j/2) gives that

F
(n1,...,nk)
N (h1, . . . , hk) =

KN(s)

2
∑k

j=1 2h jn j
E(s)

N

[ k∏
j=1

∣∣∣∣∣∣Ξn j

(
x(N)

1 , x(N)
2 , . . . , x(N)

N

) ∣∣∣∣∣∣
2h j]
,

for some constant KN(s) that is independent of h1, . . . , hk. Plugging in h j = 0 for all j to
both sides of the equation now gives the desired result for F(n1,...,nk)

N (h1, . . . , hk). To get the
second part, simply note that

V(n j)
A (0) = e−iN π

2 +i
∑N

n=1
θn
2

n j∑
m j=0

(
n j

m j

) (
−

iN
2

)m j d(n j−m j)ZA(θ)
dθn j−m j

∣∣∣∣∣∣
θ=0

,

which gives the desired conclusion. □

We can now prove Theorem 1.4.

Proof of Theorem 1.4. The fact that {µ(s)
N }N≥1 forms a consistent permutation-invariant (in

fact it is unitarily invariant) ensemble was shown in Proposition 3.1 in [24]. We write µ(s)
∞

for the corresponding measure coupling them on infinite matrices, with respect to which
all almost-sure statements below are understood. Now, using the fact that

E(s)
[∣∣∣ det(Hn j )

∣∣∣2s]
= E(s)

n j

[ n j∏
m=1

∣∣∣x(n j)
m

∣∣∣2s]
< ∞,

where E(s) denotes expectation with respect to µ(s)
∞ , we obtain, by means of Proposition

2.11, there is a sequence of random variables {Ỹ j(s)} j≥0 with Ỹ0(s) = 1 such that

Ỹ j(s) = lim
N→∞

(−1) j j! e j

(
x(N)

1 , . . . , x(N)
N

)
N j (39)

holds in L2s(µ(s)
∞ ) and almost surely. Now we claim that

Ξn j

(
x(N)

1 , . . . , x(N)
N

)
Nn j

N→∞
−−−−→ Ỹn j (s) (40)

in L2s(µ(s)
∞ ) and almost surely. To derive this, note that it suffices to show that the highest-

order contribution in the sum defining Ξn j comes from the term with l = n j. This is seen
using (39) together with the combinatorial bound

an j,l =

O
(
N

nj−l

2

)
, if n j − l is even,

0, otherwise,

and an j,n j = (−1)n j n j!.
Below, we explain how one can obtain the above estimate for an j,l. By the definition

of an j,l in (34), it is a sum (with coefficients depending only on n j) over all nonnegative
integer tuples (m1, . . . ,mN) satisfying

∑N
i=1 mi = n j and for which exactly m1, . . . ,ml are

odd. In this case one necessarily has that n j − l is even. Fix k ≥ l and a k-tuple of
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positive integers λ = (λ1, . . . , λk) with the first l entries odd, the remaining entries even,
and

∑k
i=1 λi = n j. A corresponding N-tuple is understood to be any m = (m1, . . . ,mN)

whose multiset of nonzero entries is exactly {λ1, . . . , λk}; equivalently, k positions of m
are assigned the values λ1, . . . , λk, while the remaining N − k coordinates are 0. To form
such an N-tuple, the odd entries must occupy the first l coordinates, and we choose k − l
locations for the even entries among the remaining N − l positions. Hence the number of
such N-tuples is at most

l!
(
N − l
k − l

)
(k − l)! =

l!(N − l)!
(N − k)!

≤ C(n j) N k−l.

Since λ1, . . . , λl ≥ 1 and λl+1, . . . , λk ≥ 2, we have k− l ≤ (n j − l)/2, independently of N. As
the number of such λ depends only on n j, summing over all of them yields

|an j,l| ≤ C(n j) N
nj−l

2 .

In particular, this shows that the term with l = n j dominates. As claimed earlier, we thus
obtain (40).

Hence, combining Proposition 3.1 with the asymptotic formula in [70, Eq. (15)],

G
(0)
N (s) = F(0)

N (s) ∼ Ns2 G(s + 1)2

G(2s + 1)
,

and arguing as in Proposition 2.8, we obtain convergence of all joint moments

lim
N→∞

F
(n1,...,nk)
N (h1, . . . , hk)

Ns2+2
∑k

j=1 n jh j
=

G(s + 1)2

G(2s + 1)
2−2

∑k
j=1 h jn jE

 k∏
j=1

∣∣∣∣Ỹn j (s)
∣∣∣∣2h j

 ,
lim

N→∞

G
(n1,...,nk)
N (h1, . . . , hk)

Ns2+2
∑k

j=1 n jh j
=

G(s + 1)2

G(2s + 1)
2−2

∑k
j=1 h jn jE

 k∏
j=1

∣∣∣∣∣∣
n j∑

m j=0

(−i)m j

(
n j

m j

)
Ỹn j−m j (s)

∣∣∣∣∣∣
2h j

 .
It only remains to identify the random variables Ỹ j(s) with the random variables Y j(s)
from Definition 1.3. For this we make use of some results from the integrable probability
literature. Note that by the definition of Y j(s) and Newton’s identities, it suffices to show
that, for any M ≥ 1, we have the convergence in distribution,(

N− jp j

(
x(N)

1 , x(N)
2 , . . . , x(N)

N

))M

j=1

d
−→

(
q j(s)

)M

j=1
. (41)

In order to prove (41), let us first define the locally compact space Ω ⊂ R2∞+2 (not to be
confused with the abstract probability space used in the previous section) as follows

Ω
def
=

{
ω =

((
x+i

)∞
i=1
,
(
x−i

)∞
i=1
, γ, δ

)
∈ R∞

≥0 × R∞
≥0 × R × R≥0 : x+1 ≥ x+2 ≥ · · · ≥ 0;

x−1 ≥ x−2 ≥ · · · ≥ 0;
∞∑

i=1

(
x+i

)2
+

(
x−i

)2
≤ δ

}
,

which is endowed with the topology of coordinate-wise convergence. As we explain
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more precisely below, we consider the Ω-valued random variables

ω(s)
N

def
=

(N−1 max
{
x(N)

i , 0
})∞

i=1
,
(
N−1 max

{
−x(N)

N+1−i, 0
})∞

i=1
,N−1

N∑
i=1

x(N)
i ,N−2

N∑
i=1

(
x(N)

i

)2
 ,

where
(
x(N)

1 , . . . , x(N)
N

)
∈ WN denote the eigenvalues of the top-left N×N corner of the infinite

random matrix whose distribution is given by µ(s)
∞ (that is, they follow the distribution

M(s)
N ). We adhere to the convention x(N)

i ≡ 0 for i < 1 or i > N. Then, as N −→ ∞,

ω(s)
N −→ω

(s) def
=

(α+i )∞i=1
,
(
α−i

)∞
i=1
, lim

k→∞

∞∑
i=1

1
|α±i |>k−2

(
α+i − α

−

i

)
,
∞∑

i=1

[(
α+i

)2
+

(
α−i

)2
] , (42)

µ(s)
∞ -almost surely, where {α+i } ⊔ {−α

−

i }
d
= P(s). Indeed, the almost sure (a.s.) convergence

of N−1 max
{
x(N)

i , 0
}

and N−1 max
{
−x(N)

N+1−i, 0
}

to the corresponding α±i is a consequence of
[24] (see Theorem IV and the results of Section 5 therein), whereas the a.s. convergence

of N−1 ∑N
i=1 x(N)

i and N−2 ∑N
i=1

(
x(N)

i

)2
to the corresponding sums in (42) is established in

Theorem 2.1 and Theorem 2.3 in [83], respectively. Now, by virtue of Proposition 2.3 and
its proof in [15], we have that coordinate-wise convergence in the space Ω,

ω(N) =
((

y+,(N)
i

)∞
i=1
,
(
y−,(N)

i

)∞
i=1
, γ(N), δ(N)

)
−→ ω =

((
y+i

)∞
i=1
,
(
y−i

)∞
i=1
, γ, δ

)
,

is equivalent to the convergence of the following, as N −→ ∞,

γ(N)
−→ γ, δ(N)

−→ δ,
∞∑

i=1

[(
y+,(N)

i

)k
+

(
−y−,(N)

i

)k
]
−→

∞∑
i=1

[(
y+i

)k
+

(
−y−i

)k
]
, for k ≥ 3. (43)

Hence, applying this to the convergence given in (42), on the full µ(s)
∞ -measure set where

the above convergence holds, we can identify the corresponding limiting power sums
with the q j’s, thereby obtaining (41). This concludes the proof. □

3.2 Explicit formulae

Next, we apply the combinatorial formulae proved in Section 2 for the even-integer
moments of the limiting random variables to our current setting. Via this representation,
we further deduce that our random variables {Yn(s)}n≥1 are non-trivial.

Proof of Theorem 1.5. The first part of the result is a direct application of Proposition 2.12.
Since m ≥ n1 > · · · > nk, we simply expand

k∏
j=1

(
en j

(
x(m)

1 , x(m)
2 , . . . , x(m)

m

))2h j

as a linear combination of polynomials in x(m)
1 , . . . , x(m)

m , with coefficients independent of s.
Therefore, by the first part of the theorem and by the definition of E(s)

m [·], to prove the
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rationality of

s 7→ E

 k∏
j=1

(
Yn j (s)

)2h j

 ,
it suffices to show that

1

C̃(s)
m

∫
∞

−∞

· · ·

∫
∞

−∞

xr1
1

(1 + x2
1)m+s

· · ·
xrm

m

(1 + x2
m)m+s

dx1 · · ·dxm, ri ∈ N ∪ {0}, ri ≤ 2m − 2 + 2
k∑

j=1

h j

is a rational function of s. Moreover, by symmetry, the above integral vanishes whenever
at least one exponent ri is odd, so it remains to consider the case where all ri, i = 1, . . . ,m,
are even. Note that

∑k
j=1 h j < s + 1

2 . The desired rationality of the above integral follows
directly from the argument for the same quantity as in [14, pp. 14595–14596], with N in
that reference replaced by m here. □

The rationality claim of Theorem 1.5 turns out to be very useful in proving Corollary
1.6. The strategy to prove the result above will be as follows: we will initially restrict to
s ∈ N and compute the averages in (11) by calculating the corresponding integrals over
U(N) and taking N → ∞. We will then show that the expressions we obtain extend to
rational functions, which, when combined with Theorem 1.5, will give us two rational
functions that agree on integers, which then implies they must agree everywhere. We
will then show that the explicit expressions that appear in (11) are strictly positive, and
conclude the final claim of the corollary.

To complete the aforementioned first step, we state and prove a sequence of lemmas
regarding certain averages of eigenvalues of Haar-unitary random matrices. Recall that
via Weyl’s integration formula, it is known that if λ1, . . . , λN denote the eigenvalues of a
Haar-unitary random matrix, ordered so that

λ j = eiθ j with θ j ∈ [0, 2π), θ1 ≤ · · · ≤ θN,

then the law of the θ j’s is given by:

dνHaar(θ1, . . . , θN) def
=

1
(2π)N

∏
1≤ j<k≤N

∣∣∣eiθ j − eiθk
∣∣∣2 dθ1 · · ·dθN.

Thus, for the rest of this section, we denote

EU(N)
[

f (λ1, . . . , λN)
] def
=

∫
f
(
eiθ1 , . . . , eiθN

)
dνHaar(θ1, . . . , θN).

Lemma 3.2. Let s, n ∈ N. Then, as N→∞, we have

F
(n,0)
N (1, s − 1) ∼

∂n

∂zn
1

∂n

∂wn
1

EU(N)

 s∏
i=1

(ziwi)−
N
2

N∏
j=1

s∏
i=1

(λ j − zi)(λ̄ j − wi)


∣∣∣∣∣∣ z1=···=zs=1
w1=···=ws=1

, (44)

G
(n,0)
N (1, s − 1) ∼

∂n

∂zn
1

∂n

∂wn
1

EU(N)

 N∏
j=1

s∏
i=1

(λ j − zi)(λ̄ j − wi)


∣∣∣∣∣∣ z1=···=zs=1
w1=···=ws=1

, (45)

36



T. Assiotis, M. A. Gunes, J. P. Keating and F. Wei

where λ1, . . . , λN are the random eigenvalues of a Haar-distributed A ∈ U(N).

Proof. Let A ∈ U(N) and let (eiθ1 , . . . , eiθN ) = (λ1, . . . , λN) denote its eigenvalues. Then,
define the characteristic polynomial, this time as a function on the unit circle instead of
[0, 2π) by:

ṼA(z) def
=

N∏
j=1

(1 − ze−iθ j ) =
N∏

j=1

(1 − zλ̄ j) =
N∏

j=1

λ̄ j(λ j − z)

and its corresponding rescaled version:

Z̃A(z) = e−iN π
2 +i

∑N
n=1

θn
2 z−

N
2 ṼA(z).

Then, direct computation gives that:

Z̃(n)
A∗ (1) = (−1)NZ̃(n)

A (1).

In particular, one may compute,

∂n

∂zn
1

∂n

∂wn
1

s∏
i=1

(ziwi)−
N
2

N∏
j=1

s∏
i=1

(λ j − zi)(λ̄ j − wi)
∣∣∣∣ z1=···=zs=1
w1=···=ws=1

=
∂n

∂zn
1

z−
N
2

1

N∏
j=1

(λ j − z1)
∂n

∂wn
1

w−
N
2

1

N∏
j=1

(λ̄ j − w1)
s∏

i=2

(ziwi)−
N
2

N∏
j=1

s∏
i=2

(λ j − zi)(λ̄ j − wi)
∣∣∣∣ z1=···=zs=1
w1=···=ws=1

= (−1)NsZ̃(n)
A∗ (1)Z̃(n)

A (1)
(
Z̃A∗ (1)

)s−1 (
Z̃A(1)

)s−1
=

∣∣∣Z̃(n)
A (1)

∣∣∣2 ∣∣∣Z̃A(1)
∣∣∣2s−2

.

In particular, taking the average of both sides and moving the differentiation outside the
integral (since all derivatives are uniformly bounded as the λ′js range over the unit circle):

∂n

∂zn
1

∂n

∂wn
1

EU(N)

[ s∏
i=1

(ziwi)−
N
2

N∏
j=1

s∏
i=1

(λ j − zi)(λ̄ j−wi)
]∣∣∣∣∣ z1=···=zs=1

w1=···=ws=1

=

∫
U(N)

∣∣∣Z̃(n)
A (1)

∣∣∣2 ∣∣∣Z̃A(1)
∣∣∣2s−2

dµHaar(A).

Now, the leading coefficient in the asymptotics of∫
U(N)

∣∣∣Z̃(n)
A (1)

∣∣∣2 ∣∣∣Z̃A(1)
∣∣∣2s−2

dµHaar(A) and F(n,0)
N (1, s − 1),

are the same, since plugging in z = eiθ and differentiating with respect to θ would only
add terms of lower order derivatives, which, by Theorem 1.4 has strictly lower order
growth. This completes the proof of the first part of the lemma. The proof of the second
part follows similarly. □

The next lemma has appeared previously in the literature; see, for instance, [1, Theo-
rem 1] and [73, p. 2607].
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Lemma 3.3. For every s ∈ N, we have

EU(N)

 N∏
j=1

s∏
i=1

(λ j − zi)(λ̄ j − wi)

 = det1≤i, j≤s

[∑N+s−1
l=0 (ziw j)l

]
∏

1≤i< j≤s(z j − zi)
∏

1≤i< j≤s(w j − wi)
,

where λ1, . . . , λN are the random eigenvalues of a Haar-distributed A ∈ U(N).

Lemma 3.4. For s ∈ N,m, n ∈ N ∪ {0}, with λ1, . . . , λN the random eigenvalues of a Haar-
distributed A ∈ U(N), we have,

∂n

∂zn
1

∂m

∂wm
1

EU(N)

 N∏
j=1

s∏
i=1

(λ j − zi)(λ̄ j − wi)


∣∣∣∣∣∣
z1=···=zs=w1=···=ws=1

= n!m!
1

(s − 1 + n)!
1

(s − 1 +m)!

s∏
j=2

1
((s − j)!)2 Ns2+n+m det

1≤i, j≤s

[
1

pi + q j + 1

]
+O(Ns2+n+m−1),

where p1 = s − 1 + n, q1 = s − 1 +m, pi = qi = s − i, i = 2, . . . , s.

Proof. By Lemma 3.3, we have

EU(N)

 N∏
j=1

s∏
i=1

(λ j − zi)(λ̄ j − wi)

 = det1≤i, j≤s

[∑N+s−1
l=0 (ziw j)l

]∏
1≤i< j≤s(z j − zi)

∏
1≤i< j≤s(w j − wi)

.

Thus, letting zs = ws = 1, we then get:

lim
ws−1→1

lim
zs−1→1

det1≤i, j≤s

[∑N+s−1
l=0 (ziw j)l

]∏
1≤i< j≤s−1(z j − zi)

∏
1≤i< j≤s−1(w j − wi)

∏
1≤i≤s−1(1 − zi)(1 − wi)

= lim
ws−1→1

lim
zs−1→1

det1≤i, j≤s

[∑N+s−1
l=0 (ziw j)l

]
(1 − zs−1)(1 − ws−1)

∏
1≤i< j≤s−2(z j − zi)(w j − wi)

∏
1≤i≤s−2(1 − zi)2(1 − wi)2

=
1∏

1≤i< j≤s−2(z j − zi)(w j − wi)
∏

1≤i≤s−2(1 − zi)2(1 − wi)2

×
∂

∂zs−1

∂
∂ws−1

det
1≤i, j≤s

N+s−1∑
l=0

(ziw j)l


∣∣∣∣∣∣ws−1=ws=1

zs−1=zs=1

.

Continuing the process above where for each j = s, s − 1, . . . , 1, we are getting a factor of
(1 − z j)s− j in the denominator at the j-th step, we finally obtain:

∂n

∂zn
1

∂m

∂wm
1

det1≤i, j≤s

[∑N+s−1
l=0 (ziw j)l

]∏
1≤i< j≤s(z j − zi)

∏
1≤i< j≤s(w j − wi)

∣∣∣∣∣∣w1=···=ws=1
z1=···=zs=1

= (n!)(m!)
1

(s − 1 + n)!(s − 1 +m)!

s∏
j=2

1
((s − j)!)2

∂n+s−1

∂zn+s−1
1

∂m+s−1

∂wm+s−1
1

s∏
i=2

( ∂∂zi

)s−i(
∂
∂wi

)s−i det
1≤i, j≤s

N+s−1∑
l=0

(ziw j)l


∣∣∣∣∣∣w1=···=ws=1

z1=···=zs=1

.
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Then, one can compute:

∂n+s−1

∂zn+s−1
1

∂m+s−1

∂wm+s−1
1

s∏
i=2

(( ∂
∂zi

)s−i( ∂
∂wi

)s−i
)

det
1≤i, j≤s

N+s−1∑
l=0

(ziw j)l


∣∣∣∣∣∣w1=···=ws=1

z1=···=zs=1

= det
1≤i, j≤s

 ∂pi+q j

∂zpi

i ∂wq j

j

N+s−1∑
l=0

(ziw j)l


∣∣∣∣∣∣w1=···=ws=1

z1=···=zs=1

= det
1≤i, j≤s

(∫ N

0
xpi+q j dx

)
+O(Ns2+m+n−1),

where the last equality is obtained by a standard application of the Euler-Maclaurin
formula. The result follows from the above. □

Proof of Corollary 1.6. We start by proving the second equality in (11). Note that by Theo-
rem 1.5, we know that

s 7→ E


∣∣∣∣∣∣ n∑

m=0

(−i)m
(

n
m

)
Yn−m(s)

∣∣∣∣∣∣
2

is rational on s > 1
2 . Furthermore, by a combination of Lemmas 3.2, 3.3 and 3.4, one can

see that for s ∈ N, s ≥ 2

E


∣∣∣∣∣∣ n∑

m=0

(−i)m
(

n
m

)
Yn−m(s)

∣∣∣∣∣∣
2 = 22n G(2s + 1)

G(s + 1)2

(n!)2

((s − 1 + n)!)2

s∏
j=2

1
((s − j)!)2 det

1≤i, j≤s

[
1

pi + p j + 1

]
,

where p1 = s − 1 + n and pi = s − i, for i = 2, . . . , s. Thus, if one shows that the right-hand
side of the above equation extends to a rational function on s > 1

2 , then we have an
equality of two rational functions on the real line that agree on infinitely many points,
and hence they must agree for all s > 1

2 . To see that this holds, note that by the general
formula for Cauchy matrices, we have that

det
1≤i, j≤s

[
1

pi + p j + 1

]
=

∏
1≤i< j≤s(p j − pi)2∏

1≤i, j≤s(pi + p j + 1)

=
1

2s − 1 + 2n

s∏
i=2

(n + i − 1)2

(2s + n − i)2

∏s
i=2((s − i)!)2∏

2≤i, j≤s(2s + 1 − i − j)
.

Substituting this into the above expression and simplifying it, we obtain that

E


∣∣∣∣∣∣ n∑

m=0

(−i)m
(

n
m

)
Yn−m(s)

∣∣∣∣∣∣
2 = 22n 2s − 1

2s − 1 + 2n

n∏
l=1

(
l + s − 1

l + 2s − 2

)2

for s ∈ N, s ≥ 2 and hence for all s > 1
2 . This gives the second equality in (11). For the first

equality, note that

∂n

∂zn
1

∂n

∂wn
1

EU(N)

 s∏
i=1

(ziwi)−
N
2

N∏
j=1

s∏
i=1

(λ j − zi)(λ̄ j − wi)


∣∣∣∣∣∣ z1=···=zs=1
w1=···=ws=1

=

n∑
i, j=0

(
n
i

)(
n
j

) n−i−1∏
l=0

(
−

N
2
− l

) n− j−1∏
l=0

(
−

N
2
− l

)
∂i

∂zi
1

∂ j

∂w j
1

EU(N)

 N∏
j=1

s∏
i=1

(λ j − zi)(λ̄ j − wi)


∣∣∣∣∣∣ z1=···=zs=1
w1=···=ws=1

.
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Hence, arguing similarly as above, we obtain the first equality in (11). Note that for the
second part of the Corollary, one only needs to show positivity of the expressions that
appear in (11) for s > 1

2 . Positivity of the second equation is obvious. To see the positivity
of the first one, we use the result that a symmetric Cauchy matrix

M =
[

1
qi + q j

]
i, j=0,...,n

is positive definite if and only if all the qi’s are positive and mutually distinct (see e.g.,
[48, Theorem A]). In particular, if we let qi = s − 1

2 + i, i = 0, . . . , n, then

M =
[

1
2s − 1 + i + j

]
i, j=0,...,n

is positive definite. Now, consider the vector x = (x0, x1, . . . , xn)T with

xi =

(
n
i

) (
−

1
2

)n−i i−1∏
l=0

(l + s)
n∏

l=i+1

(l + 2s − 2).

Then, we see that

lim
N→∞

F
(n,0)
N (1, s − 1)

Ns2+2n
=

G2(s + 1)
G(2s + 1)

2s − 1∏n
l=1(2s − 2 + l)2

xTMx > 0,

which completes the proof of the result. □

4 Connections to integrable systems

4.1 Reduction to finite N and s ∈ N

As explained in the introduction, Theorem 1.11 will be proven by a limiting argument:
we obtain the analogue of the differential relation in (16) at the finite-N level in Theorem
1.9, and then take the N → ∞ limit. It turns out that by virtue of the following analytic
continuation argument, we do not lose generality by restricting to s ∈ N in Theorem 1.9.
This, in turn, will allow us to represent the quantities of interest as derivatives of smooth
functions, which, from their original definition, is not at all obvious. In particular, from
now on we will restrict our attention to s ∈ N in proving Theorem 1.9.

Lemma 4.1. Assume the statement of Theorem 1.9 holds for all s ∈ N, with s > 2−1(
∑k

q=2 qnq−1).
Then, the same statement holds for all s ∈ C withℜ(s) > 2−1(

∑k
q=2 qnq − 1).

Proof. Let l ∈ N be the smallest integer so that l > 2−1(
∑k

q=2 qnq − 1). Then, we have for all
s ∈ C withℜ(s) ≥ l that∣∣∣∣∣∣∣∣∣

dm

dtm
1

∫
RN

N∏
j=1

e−i
t1
N x j(

1 + x2
j

)s+N∆
2(x)dx

∣∣∣∣∣∣∣∣∣ ≤
1

Nm

∫
RN

∣∣∣∣∣∣ N∑
j=1

x j

∣∣∣∣∣∣
m N∏

j=1

1(
1 + x2

j

)l+N
∆2(x)dx,
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for m = 0, . . . ,
∑k

q=2(q − 1)nq and also that∣∣∣∣∣∣
∫

RN

k∏
q=2

 N∑
j=1

(x j − i)q


nq N∏

j=1

e−i
t1
N x j(

1 + x2
j

)s+N∆
2(x)dx

∣∣∣∣∣∣
≤

∫
RN

k∏
q=2

 N∑
j=1

(
1 + x2

j

)q/2


nq N∏

j=1

1(
1 + x2

j

)l+N
∆2(x)dx.

Now, observe that proving (15) amounts to showing the equality after the averages are
replaced by these integrals, due to the cancellation of the normalization constants of M(s)

N .
Thus, using the bounds for the integrals above and the fact that P(s,N)

m (t1) are polynomials
in s, we see that both sides satisfy the conditions of Carlson’s lemma. Therefore, if they
agree for s ∈ N, s ≥ l, then they agree for all s with ℜ(s) ≥ l. Hence, noting that both
sides are analytic onℜ(s) > 2−1(

∑k
q=2 qnq − 1) and using the identity theorem, we get the

desired result. □

The vast majority of the rest of this section will be devoted to proving Theorem 1.9. In
the end, we will show that taking the N →∞ limit indeed implies Theorem 1.11, which,
without the machinery we developed earlier, is highly non-trivial.

Here, we stress again that in proving Theorem 1.9, by virtue of Lemma 4.1, one may
restrict to s ∈ N, which we henceforth do. The strategy we will adopt can then be
summarized in the following steps:

• Step 1: We will write the averages of the form

E(s)
N

e−it1
∑N

j=1 x(N)
j

 N∑
j=1

(
x(N)

j − i
)2


ℓ2

· · ·

 N∑
j=1

(
x(N)

j − i
)k


ℓk
 , (46)

in terms of derivatives of Hankel-determinants. To be more precise, up to a power
of N, we will show that the above average can be given as

k∏
m=2

∂ℓm

∂tℓm
m

det
0≤i, j≤N−1

[
ψi+ j(t1, . . . , tk)

] ∣∣∣∣
t2,...,tk=0

=

k∏
m=2

∂ℓm

∂tℓm
m

ΨN(t1, . . . , tk)
∣∣∣∣
t2,...,tk=0

,

for some explicit functions ψγ(t1, . . . , tk) with ΨN(t1, . . . , tk) denoting their Hankel
determinant. This is given in Proposition 4.2.

• Step 2: Next, in Section 4.3, we will introduce the associated functionsΨN,λ where λ
are integer partitions. These are basically generalizations of the Hankel determinant
on the left hand-side of the equation above, such thatΨN,∅ = ΨN. In Lemma 4.14,
we will then show that the tm-derivatives of ΨN, where m = 2, . . . , k are given
as linear combinations of ΨN,λ where λ ranges over a specific class of partitions.
Hence, to study these derivatives, it suffices to understand the properties ofΨN,λ,
which will be studied in the next step.

• Step 3: In Proposition 4.11, we show that the quantitiesΨN,λ satisfy certain recursive
relations as λ ranges over a specific class of integer partitions.
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• Step 4: Finally, in Section 4.4 we use the results in Steps 2 and 3 to prove Theorems
1.9 and 1.11 by a delicate induction argument.

It is also worth noting that even though considering power sums after shifting the eigen-
values by −i might look unnatural, it is done to ensure that we are able to write the
relations between Hankel determinants and their shifted versions in a concise manner.
Indeed, the joint moments of power sums without such shifts can be written as linear
combinations of the averages in (46). In addition, due to our earlier results, the additional
terms one obtains from this shift do not make any contribution in the large-N limit.

4.2 Joint moments and Hankel determinants

Our starting point is the following proposition.

Proposition 4.2. Let N ≥ 1, k ≥ 2 and l2, . . . , lk ≥ 0 be integers, and let s > (
∑k

m=2 mlm − 1)/2
be an integer. Let U(a, b; z) be the confluent hypergeometric function of the second kind, and let

ϕm(t1) def
= exp(−t1)U(1 −N − s, 2 − 2N − 2s +m; 2t1). (47)

Then, for t1 ≥ 0, we have

(46) = C(s)
N (−2i)

∑k
m=2 mℓm

k∏
m=2

∂ℓm

∂tℓm
m

det
0≤i, j≤N−1

 ∞∑
m2,...,mk=0

tm2
2 · · · t

mk
k

m2! · · ·mk!
ϕi+ j+

∑k
l=2 lml

(t1)


∣∣∣∣∣∣
t2=···=tk=0

for some constant C(s)
N , whose explicit value will not play a role in what follows.

It will be clear, while proving the result above, that the earlier restriction to s ∈ N
guarantees that the power sum considered above is well-defined, and has derivatives of
all orders. This will then allow us to use the recursive relations for ϕγ to obtain desired
relations for these series, which will be one of the main ingredients in proving various
relations between Hankel determinants of concern. Moving on, to prove the proposition
above, we will need two elementary lemmas.

Lemma 4.3. Let g(t1, . . . , tN) be a symmetric function of the form

g(t1, . . . , tN) =
R∑

r=1

ar

N∏
i=1

fr,i(ti)

for functions fr,i ∈ C2N−2(R). Then,

∏
1≤i< j≤n

(
∂
∂t j
−
∂
∂ti

)2

g(t1, . . . , tN)
∣∣∣∣
t1=···=tN=t

= N!
R∑

r=1

ar det
0≤i, j≤N−1

[
f (i+ j)
r,i+1 (t)

]
.

Lemma 4.4. Let N ≥ 1, s ∈ N, and let I ⊂ R be a compact set. Then, there exists a constant
K = KN,I,s so that for all t ∈ I, ∣∣∣ϕm(t)

∣∣∣ ≤ KN,I,smN+s (48)

where ϕm is defined as in (47).
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Proof. Using the well-known relation between the confluent hypergeometric function U
and generalised Laguerre polynomials (see, for instance, [7, p. 755]), we have

U(1 −N − s, 2 − 2N − 2s +m; 2t1) = (−1)N+s−1(N + s − 1)! L(1−2N−2s+m)
N+s−1 (2t1),

where the generalised Laguerre polynomial L(α)
n is given by

L(α)
n (z) =

z−αez

n!
dn

dzn

(
e−zzn+α) .

Computing the derivative explicitly gives the desired bound immediately. □

Proof of Proposition 4.2. We start by noting that (from here on the constant C(s)
N might

change from line to line)

(46) = C(s)
N eNt1

∫
RN

N∏
j=1

e−it1(x j−i)(
1 + x2

j

)s+N

k∏
m=2

 N∑
j=1

(x j − i)m


ℓm

∆2(x1, . . . , xN)dx

= C(s)
N eNt1

∏
1≤i< j≤N

(
∂
∂w j
−

∂
∂wi

)2 ∫
RN

N∏
j=1

e−iw j(x j−i)(
1 + x2

j

)s+N

k∏
m=2

 N∑
j=1

(x j − i)m


ℓm

dx
∣∣∣∣
w1=···=wN=t1

.

We now use g(w1, . . . ,wN) to denote the integral

∫
RN

N∏
j=1

e−iw j(x j−i)(
1 + x2

j

)s+N

k∏
m=2

 N∑
j=1

(x j − i)m


ℓm

dx.

Then g(w1, . . . ,wN) is a symmetric function. Expanding the powers of
∑

j(x j − i)m in the
product over m, we obtain

g(w1, . . . ,wN) =
∑

µ2,1+···+µ2,N=ℓ2...
µk,1+···+µk,N=ℓk

k∏
m=2

(
ℓm

µm,1, . . . , µm,N

) ∫
RN

N∏
j=1

e−iw j(x j−i)(x j − i)
∑k

m=2 mµm, j(
1 + x2

j

)s+N dx.

By Lemma 4.3, we obtain that

(46) = C(s)
N i

∑k
m=2 mℓm eNt1

∑
µ2,1+···+µ2,N=ℓ2...
µk,1+···+µk,N=ℓk

k∏
m=2

(
ℓm

µm,1, . . . , µm,N

)
det

0≤i, j≤N−1

[
f (i+ j+

∑k
m=2 mµm, j+1)(t1)

]

where the function f is given, for t ≥ 0, as

f (t) def
=

∫
R

e−it(x−i)

(1 + x2)s+N dx =
2π

22N+2s−1Γ(N + s)
e−2tU(1 −N − s, 2 − 2N − 2s; 2t),

(see [91, p.349 formula (9)]). Furthermore, by the differential relation (see [58, p. 258
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formula (14)])

dm

dtm

(
e−2tU(1 −N − s, 2 − 2N − 2s; 2t)

)
= (−2)me−2tU(1 −N − s, 2 − 2N − 2s +m; 2t),

we can rewrite (46) as follows:

(46) = C(s)
N (−2i)

∑k
m=2 mℓm

∑
µ2,1+···+µ2,N=ℓ2...
µk,1+···+µk,N=ℓk

k∏
m=2

(
ℓm

µm,1, . . . , µm,N

)
det

0≤i, j≤N−1

[
ϕi+ j+

∑k
m=2 mµm, j+1

(t1)
]

(49)

with ϕn(t1) as in (47). By the growth condition in Lemma 4.4, we have that, for fixed
nonnegative integers n2, . . . ,nk, the series

∞∑
m2,...,mk=0

k∏
m=2

∂nm

∂tnm
m

 tm2
2 · · · t

mk
k

m2! · · ·mk!

ϕi+ j+
∑k

l=2 lml
(t1) =

∞∑
m2,...,mk=0

k∏
m=2

tm2
2 · · · t

mk
k

m2! · · ·mk!
ϕi+ j+

∑k
l=2 l(ml+nl)

(t1)

is uniformly convergent on compact subsets of Rk−1 as a function of t2, . . . , tk. Hence, the
differential operator

∏k
m=2

∂nm

∂tnm
m

and the infinite sum
∑
∞

m2,...,mk=0 can be interchanged. Now,
by applying [71, Lemma 2.5] on derivatives of determinants of functions, we have

k∏
m=2

∂ℓm

∂tℓm
m

det
0≤i, j≤N−1

 ∞∑
m2,...,mk=0

tm2
2 · · · t

mk
k

m2! · · ·mk!
ϕi+ j+

∑k
l=2 lml

(t1)


=

∑
µ2,1+···+µ2,N=ℓ2...
µk,1+···+µk,N=ℓk

k∏
m=2

(
ℓm

µm,1, . . . , µm,N

)
det

0≤i, j≤N−1

 k∏
m=2

∂µm, j+1

∂tµm, j+1
m

∞∑
m2,...,mk=0

tm2
2 · · · t

mk
k

m2! · · ·mk!
ϕi+ j+

∑k
l=2 lml

(t1)

 .

By exchanging the differential operators and the infinite sum on the right-hand side of
the above equation, and then evaluating both sides at t2 = · · · = tk = 0, the right-hand
side becomes exactly that of (49), up to the constant factor C(s)

N (−2i)
∑k

m=2 mℓm . Therefore, the
desired result follows. □

4.3 Hankel determinants shifted by partitions

Following the strategy sketched earlier we define the Hankel determinants:

ΨN(t1, . . . , tk) = det
0≤i, j≤N−1

 ∞∑
m2,...,mk=0

tm2
2 · · · t

mk
k

m2! · · ·mk!
ϕi+ j+

∑k
l=2 lml

(t1)

 . (50)

Next, to make the presentation clearer, we fix some notation that will be used throughout
the rest of this section. Firstly, let

ψγ(t1, . . . , tk) def
=

∞∑
m2,...,mk=0

tm2
2 · · · t

mk
k

m2! · · ·mk!
ϕγ+∑k

l=2 lml
(t1),
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for any γ ∈ N. Indeed, since we are mostly concerned about the N → ∞ behaviour of
these determinants, it becomes more natural to consider the determinant given in (50)
with the replacement t1 → t1/N, . . . , tk → tk/N. Hence, we introduce

ψγ(t1, . . . , tk) def
= ψγ

( t1

N
, . . . ,

tk

N

)
,

and accordingly define,

ΨN(t1, . . . , tk) = det
0≤i, j≤N−1

[
ψi+ j(t1, . . . , tk)

]
.

Note that these functions are all well-defined due to Lemma 4.4. Next, we define shifted
and weighted versions of the Hankel matrix whose determinant defines ΨN. For each
integer partition λ = (λ1 ≥ · · · ≥ λp > 0), we let

AN,λ(t1, . . . , tk) def
=

[
ψi+ j+λN− j

(t1, . . . , tk)
]

i, j=0,...,N−1
,

where if p ≤ N − 1, we let λp+1 = · · · = λN = 0. When p > N, we define AN,λ(t1, . . . , tk) = 0.
Accordingly, we let

ΨN,λ(t1, . . . , tk) def
= det[AN,λ].

Note that in the special case, λ = ∅ = (0, 0, . . . , 0), one has ΨN,∅ = ΨN. Related to these
matrices, we also define their weighted version:

A(w)
N,λ(t1, . . . , tk) def

=
[
(i + j + λN− j)ψi+ j+λN− j

(t1, . . . , tk)
]

i, j=0,...,N−1
,

and let

Ψ
(w)
N,λ(t1, . . . , tk) = det[A(w)

N,λ].

Finally, we define the main objects that will allow us to obtain recurrences for derivatives
ofΨN,λ, which will become very crucial for our induction argument.

Definition 4.5. Let h ∈ N ∪ {0}. For each integer partition λ = (λ1, . . . , λp) with p ≤ N, define
its translated version:

Shλ = (λ1 + h, . . . , λp + h, h, . . . , h).

Hence, we define the functionsΨN,λ,h by,

ΨN,λ,h(t1, t2, . . . , tk) def
= Tr

[
adj(AN,λ)AN,Shλ

]
,

andΨ(w)
N,λ,h by,

Ψ
(w)
N,λ,h(t1, t2, . . . , tk) def

= Tr
[
adj

(
AN,λ

)
A(w)

N,Shλ

]
,

where adj denotes the adjugate of a matrix.

It turns out that in most of our computations we will have expressions which involve
a certain distinguished partition. These partitions are defined as follows:

Definition 4.6. Let 1 ≤ q ≤ n. Define the partition λn,q of n to be the partition (n−q+1, 1, . . . , 1)
where the number of 1’s that appear at the end is q − 1.
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In what follows, we will first show certain recursive and differential relations satisfied
by the functions ψγ, and then leverage these to obtain relations between derivatives of
ΨN and its shifted versions defined above.

Lemma 4.7. For each γ ≥ 0, we have that

ψγ+1 =
ψγ
2
−

N
2

∂ψγ
∂t1

, (51)

and also

ψγ+2 =
N(N + s − 1 − γ)

2(t1 + t2)
ψγ +

(
N(2 − 2N − 2s + γ)

2(t1 + t2)
+

t1

t1 + t2

)
ψγ+1

+
1

2(t1 + t2)

k∑
q=3

(
(q − 1)tq−1 − qtq

)
ψγ+q +

ktk

2(t1 + t2)
ψγ+1+k. (52)

Proof. This follows from the properties of the confluent hypergeometric functions

(b − a − 1)U(a, b − 1; t) − (b − 1 + t)U(a, b; t) + tU(a, b + 1; t) = 0, (53)
dU(a, b; t)

dt
= U(a, b; t) − U(a, b + 1; t), (54)

which can be found in [58, p.257 formula (5) and p.258 formula (10)]. Indeed, the first
claim is immediate from the second identity above, whereas using the first one, we obtain:

ψγ+2(t1, . . . , tk) =
N(N + s − 1 − γ)

2t1
ψγ(t1, . . . , tk) −

1
2t1

k∑
q=2

qtqψγ+q(t1, . . . , tk)

+

(
N(2 − 2N − 2s + γ)

2t1
+ 1

)
ψγ+1(t1, . . . , tk) +

1
2t1

k∑
q=2

qtqψγ+1+q(t1, . . . , tk).

Now, note that the only term ψγ+2 appearing on the right-hand side above is the q = 2
term of the first sum. Moving that to the left-hand side we get the desired result. □

Lemma 4.8. Let k ≥ 2 and q ≥ 2. Let λ be a partition. Then we have:

ΨN,λ,q(t1, . . . , tk) =
N(N + s − 1)

2(t1 + t2)
ΨN,λ,q−2(t1, . . . , tk) −

N
2(t1 + t2)

Ψ
(w)
N,λ,q−2(t1, . . . , tk)

+
N(1 − 2N − 2s)

2(t1 + t2)
ΨN,λ,q−1(t1, . . . , tk) +

N
2(t1 + t2)

Ψ
(w)
N,λ,q−1(t1, . . . , tk)

+
t1

t1 + t2
ΨN,λ,q−1(t1, . . . , tk) +

ktk

2(t1 + t2)
ΨN,λ,q+k−1(t1, . . . , tk)

+
1

2(t1 + t2)

k∑
l=3

(
(l − 1)tl−1 − ltl

)
ΨN,λ,q+l−2(t1, . . . , tk). (55)

Proof. The claim follows by applying the second recursive relation in Lemma 4.7 toΨN,λ,q
and the linearity of the trace. □
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Lemma 4.9. For each q = 2, . . . , k we have that

∂ΨN,λ

∂tq
=

1
N
ΨN,λ,q

and also that

ΨN,λ,1 = −
N
2
∂ΨN,λ

∂t1
+

N
2
ΨN,λ. (56)

Proof. The first claim follows by noting that

∂ψγ
∂tq
=

1
N
ψγ+q

whereas the second claim follows from (51). □

Next, we give recursive formulae forΨN,λ. To do this in a compact way, we first need
some notation.

Definition 4.10. For integers r ≥ 0, b ≥ 1 and p with 1 ≤ p ≤ b, we define

Ψ
(r)
N [b; p] def

=
(
ΨN,λb,p ,ΨN,λb,p+1 , . . . ,ΨN,λb,b , 0, . . . , 0

)T
,

where r specifies the number of 0’s that appear.

Next, we give recursive formulae for the vectors defined above. These recursions
will represent certain vectors as linear combinations of other allied vectors after they are
multiplied by suitable matrices. These matrices do have explicit expressions, which we
give in the Appendix.

Proposition 4.11. Let N, k, l be integers with N ≥ 1, k ≥ 2, l ≥ 3. Then, there are matrices B(l)

and Q(l)
m with m = 0, 1, . . . , k + 1, all of which, except Q(l)

2 , have all entries independent of N, so
that:

Ψ
(0)
N [l; 1] =

ktk(−1)k+1B(l)

2(t1 + t2)

(
−

N
2
∂
∂t1
+

N
2

)
Ψ

(1)
N [l + k − 2; k]

+ B(l)
(

N
2
∂
∂t1
−

N
2
+

N
2(t1 + t2)

( k∑
m=3

diffm−1,m
∂

∂tm−1
+ ktk

∂
∂tk

))
Ψ

(1)
N [l − 1; 1]

+
1

2(t1 + t2)

k−2∑
m=1

diffm+1,m+2(−1)mQ(l)
m+2Ψ

(0)
N [l +m; 1]

+

(
t1

t1 + t2
Q(l)

1 +
N

2(t1 + t2)
Q(l)

0

)
Ψ

(0)
N [l − 1; 1] +

N
2(t1 + t2)

Q(l)
2 Ψ

(0)
N [l − 2; 1]

−
B(l)

2(t1 + t2)

k−3∑
m=0

diffm+2,m+3(−1)m(−
N
2
∂
∂t1
+

N
2

)Ψ(1)
N [l +m; m + 2]

+
1

2(t1 + t2)
(−1)k−1ktkQ(l)

k+1Ψ
(0)
N [l + k − 1; 1]
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+
B(l)Nktk

2(t1 + t2)

k−1∑
h=2

(−1)k+h ∂
∂th
Ψ

(1)
N [l + k − 1 − h; k + 1 − h]

+
B(l)N

2(t1 + t2)

k∑
m=4

(−1)m−1diffm−1,m

m−2∑
h=2

(−1)h ∂
∂th
Ψ

(1)
N [l +m − 2 − h; m − h],

where we denote

diffp,q = diffp,q(t1, . . . , tk) def
= ptp − qtq.

Proof. We start by noting that after a straightforward but lengthy computation, where we
use Lemma 4.8 and [72, Theorem 17], we obtain:

Ψ
(0)
N [l; 1] =B(l)

(
− R0 +

N(N + s − 1)
2(t1 + t2)

R2 +
(1 − 2N − 2s)N + 2t1

2(t1 + t2)
R1

−
N

2(t1 + t2)
R

(w)
2 +

N
2(t1 + t2)

R
(w)
1 +

1
2(t1 + t2)

k∑
m=3

diffm−1,mRm +
ktk

2(t1 + t2)
Rk+1

)

where R0 =
(
ΨN,λl−1,1,1, . . . ,ΨN,λl−1,l−1,1, 0

)T
with a zero appended as the last entry and for

m ≥ 1, Rm ∈ Rl are given by:

(Rm) j
def
=



0, j = 1,
j∑

h=2

(−1)hΨN,λl−h, j+1−h,h+α(m)−2 j = 2, . . . , l − 1,

ΨN,∅,l+α(m)−2 j = l,

with α(2) = 0, and α(m) = m for all other m. We also denote by R(w)
1 , and R(w)

2 the vectors
in Rl defined in the same way as R1,R2 above with Ψ replaced by its weighted version
Ψ(w). Next, for m = 3, . . . , k + 1, we decompose Rm = R

′
m + R

∗
m ∈ Rl where these latter

vectors are given as:

(R′m) j
def
=


j+m−2∑

h=1

(−1)h+m−2ΨN,λl+m−2−h, j+m−1−h,h j = 1, . . . , l − 1,

ΨN,∅,l+m−2 j = l,

(R∗m) j
def
=


m−1∑
h=1

(−1)h+m−1ΨN,λl+m−2−h, j+m−1−h,h j = 1, . . . , l − 1,

0 j = l.

Then, we apply (56) to R0. For m = 3, . . . , k + 1, we apply Lemma 4.9 to R∗m, where we
set tq = th for the h-th summand with h ≥ 2, and apply (56) to the first summand in the
entries of R∗m. For the remaining terms, by virtue of [72, Theorem 17, Proposition 20 ],
for each j = 1, . . . , l, the entries (Rm) j, (R(w)

m ) j for m = 1, 2, and (R′m) j for m = 3, . . . , k + 1
are linear combinations ofΨN,λl+α(m)−2,q , q = 1, . . . , l + α(m) − 2, with explicitly computable
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linear coefficients. This implies the identities:

B(l)
R1 = Q(l)

1 Ψ
(0)
N [l − 1; 1] , B(l)

R
(w)
1 = Q̃(l)

1 Ψ
(0)
N [l − 1; 1],

B(l)
R2 = Q̂(l)

2 Ψ
(0)
N [l − 2; 1] , B(l)

R
(w)
2 = Q̃(l)

2 Ψ
(0)
N [l − 2; 1],

B(l)
R
′

m = Q(l)
mΨ

(0)
N [l +m − 2; 1].

All matrices involved above are given in the Appendix. Hence, defining

Q(l)
0

def
= −2NQ(l)

1 + Q̃(l)
1 + (1 − 2s)Q(l)

1 , and Q(l)
2

def
= (N + s − 1)Q̂(l)

2 − Q̃(l)
2 ,

we obtain the desired result. We note that even though both −2NQ(l)
1 and Q̃(l)

1 contain
terms linear in N, Q(l)

0 is independent of N due to cancellations. Similarly, although both
Q̃(l)

2 and (N + s − 1)Q̂(l)
2 contain terms of order N2, these exactly cancel out so that entries

of Q(l)
2 are O(N). □

The cancellations that take place at the end of the above proof, and the consequent
bounds on the entries of the matrices therein will be very crucial while obtaining the
desired order of N for the polynomials appearing in Theorem 1.9.

In order to be able to use the recursion above successively, we will also require suitable
initial conditions.

Lemma 4.12. For each N ≥ 1, we have that

ΨN,λ2,1 =
N2

8
∂2ΨN

∂t2
1

−
N2

4
∂ΨN

∂t1
+

N2

8
ΨN +

N
2
∂ΨN

∂t2
,

ΨN,λ2,2 =
N2

8
∂2ΨN

∂t2
1

−
N2

4
∂ΨN

∂t1
+

N2

8
ΨN −

N
2
∂ΨN

∂t2
.

Proof. By the definition ofΨN,λ,h, we have

ΨN,λ1,1,1 =ΨN,λ2,1 +ΨN,λ2,2 , ΨN,∅,2 =ΨN,λ2,1 −ΨN,λ2,2 .

Noting thatΨN,∅,1 =ΨN,λ1,1 , the result then follows by virtue of Lemma 4.9. □

We then arrive at the following proposition.

Proposition 4.13. Let l ≥ 3 and 1 ≤ q ≤ l. Let k ≥ 2 and i2, n3, . . . ,nk be non-negative integers.
Then define,

L
(i2,n3,...,nk)
N,l,q (t1) def

=
∂i2

∂ti2
2

∂n3

∂tn3
3

· · ·
∂nk

∂tnk
k

ΨN,λl,q

∣∣∣∣∣∣
t2=···=tk=0

, (57)

L
(i2,n3,...,nk)
N (t1) def

=
∂i2

∂ti2
2

∂n3

∂tn3
3

· · ·
∂nk

∂tnk
k

ΨN

∣∣∣∣∣∣
t2=···=tk=0

. (58)

Let m ≥ 0 be an integer. Denote

L(i2,n3,...,nk)
l =

(
L

(i2,n3,...,nk)
N,l,1 (t1), . . . ,L(i2,n3,...,nk)

N,l,l (t1)
)T

49



Exchangeability and integrable systems for random characteristic polynomials

and

L̂(i2,n3,...,nk)
l,m =

(
L

(i2,n3,...,nk)
N,l+m,m+2(t1), . . . ,L(i2,n3,...,nk)

N,l+m,l+m (t1), 0
)T
.

Then, we have that

L(i2,n3,...,nk)
l = B(l)

(N
2

d
dt1
−

N
2

) (
L(i2,n3,...,nk)

l−1
0

)
+

i2∑
n2=0

(−1)i2−n2
( i2

i2−n2

)
(i2 − n2)!

2ti2−n2+1
1

V(n2,n3,...,nk)
l . (59)

Here the notation
(
L(i2,n3,...,nk)

l−1
0

)
denotes a vector with 0 appended in the last entry and V(n2,n3,...,nk)

l

is given by the complicated explicit expression

V(n2,n3,...,nk)
l = B(l)N

( k∑
m=3

(m − 1)nm−1

(
L(n2,n3,...,nk)

l−1
0

)
−

k∑
m=3

mnm

(
L(n2,...,nm−1+1,nm−1,...,nk)

l−1
0

)
+ knk

(
L(n2,n3,...,nk)

l−1
0

) )
+ (2t1Q(l)

1 +NQ(l)
0 )L(n2,n3,...,nk)

l−1 +NQ(l)
2 L(n2,n3,...,nk)

l−2

+

k−2∑
m=1

(m + 1)nm+1(−1)mQ(l)
m+2L(n2,...,nm+1−1,...,nk)

l+m + (−1)k−1knkQ(l)
k+1L(n2,n3,...,nk−1)

l+k−1

−

k−2∑
m=1

(m + 2)nm+2(−1)mQ(l)
m+2L(n2,...,nm+2−1,...,nk)

l+m − B(l)
(
−

N
2

d
dt1
+

N
2

){ k−3∑
m=0

[
(m + 2)nm+2(−1)m

L̂(n2,...,nm+2−1,...,nk)
l,m − (m + 3)nm+3(−1)mL̂(n2,...,nm+3−1,...,nk)

l,m

]
+ (−1)kknkL̂(n2,n3,...,nk−1)

l,k−2

}

+ B(l)N
k∑

m=4

[
(−1)m−1(m − 1)nm−1

m−2∑
h=2

(−1)hL̂(n2,...,nh+1,...,nm−1−1,...,nk)
l,m−2−h

− (−1)m−1mnm

m−2∑
h=2

(−1)hL̂(n2,...,nh+1,...,nm−1,...,nk)
l,m−2−h

]
+ B(l)Nknk

k−1∑
h=2

(−1)k+hL̂(n2,...,nh+1,...,nk−1)
l,k−1−h .

Furthermore, the following initial conditions are satisfied, where we drop dependence on t1 in the
notation,

L
(n2,...,nk)
N,1,1 = −

N
2

dL(n2,...,nk)
N

dt1
+

NL(n2,...,nk)
N

2
,

L
(n2,...,nk)
N,2,1 =

N2

8

d2
L

(n2,...,nk)
N

dt2
1

−
N2

4

dL(n2,...,nk)
N

dt1
+

N2
L

(n2,...,nk)
N

8
+

NL(n2+1,...,nk)
N

2
,

L
(n2,...,nk)
N,2,2 =

N2

8

d2
L

(n2,...,nk)
N

dt2
1

−
N2

4

dL(n2,...,nk)
N

dt1
+

N2
L

(n2,...,nk)
N

8
−

NL(n2+1,...,nk)
N

2
. (60)

Proof. The result follows via a direct but long explicit computation where we differentiate
both sides of the recursion in Proposition 4.11 and the initial condition (56) and Lemma
4.12 with respect to t2, . . . , tk and let t2 = · · · = tk = 0.

In this computation, we use the following two facts. First, when taking the i2-th
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partial derivative with respect to t2 of both sides of the equation in Proposition 4.11 and
evaluating at t2 = 0, all the terms, except for the term B(l)( N

2
∂
∂t1
−

N
2 )Ψ(1)

N [l − 1; 1], contain
the multiplicative factor 1

t1+t2
. Hence, applying the product rule yields the formula (59).

Second, there are terms of the form tmF(t1, . . . , tk), m = 2, . . . , k, for some smooth function
F of t1, . . . , tk. When we take the nm-th partial derivative with respect to tm of these terms
appearing on the right-hand side of the equation in Proposition 4.11, and then evaluate
at tm = 0, such terms become nm

∂nm−1

∂tnm−1
m

F(t1, . . . , tk)
∣∣∣
tm=0

. □

Let us make a few comments on the specific features of the recursion above that will
aid the inductive process in Section 4.4. Note that for fixed l, n2, . . . ,nk; all vectors L(m2,...,mk)

b
appearing therein can be classified as:

• m j = n j for j = 2, . . . , k, and b < l,

• m j ≤ n j for j = 2, . . . , k with strict inequality for some j,

• There exist 2 ≤ j < i ≤ k such that m j > n j, but ni > mi.

Our inductive assumption will be defined via the upper indices (n2, . . . ,nk), in a way
that for any tuple (m2, . . . ,mk) given as in the second and third bullet points above, the
corresponding vectors will have the desired properties for any b. Then, we will iterate
over the sub-indices l, which will be possible due to the first bullet point above. For more
details, see Section 4.4.

We also note, that in the above expression for V(n2,n3,...,nk)
l , certain terms include nega-

tive integers in their upper index. Even though these are not defined, this only happens
when n j = 0 for some j, and this term is pre-multiplied by n j, so that these terms disappear
automatically. Of course, one can just define such terms to be 0, and end up with the same
statement, but noting that their coefficients are 0 explains how these terms never appear
when one runs through the computation for an index for which this situation occurs.

As discussed earlier, our main goal is to obtain an invertible way to go between the
t2, . . . , tq-derivatives ofΨN andΨN,λ. To write their relation in a more compact way, we
now introduce the following functions:

Di(t1, . . . , tk) = N
{
(N + s − 1)ΨN,∅,i −Ψ

(w)
N,∅,i + (1 − 2N − 2s)ΨN,∅,i+1 +Ψ

(w)
N,∅,i+1 + 2

t1

N
ΨN,∅,i+1

}
.

where the parameter s in the above is the same parameter that is used to define ΨN,λ,h

andΨ(w)
N,λ,h. As before, we will be considering the t2, . . . , tk derivatives of these functions

evaluated at t2 = · · · = tk = 0. Thus, we define

D(n2,...,nk)
i (t1) def

=
∂n2

∂tn2
2

· · ·
∂nk

∂tnk
k

Di(t1, . . . , tk)
∣∣∣∣
t2=···=tk=0

.

Then, using the following identities, which can be proved directly through their defini-
tion,

ΨN,∅,h =

h∑
j=1

(−1) j−1ΨN,λh, j , Ψ
(w)
N,∅,h =

h∑
j=1

(−1) j−1(2N − 2 j + h)ΨN,λh, j , (h ≥ 1),
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ΨN,λ,0 = NΨN,λ, Ψ
(w)
N,λ,0 = (N(N − 1) + n)ΨN,λ, (λ is a partition of n),

we have the expressions

D(n2,...,nk)
0 = N2sL(n2,...,nk)

N − 2sNL(n2,...,nk)
N,1,1 + 2t1L

(n2,...,nk)
N,1,1 (61)

= (sN2
−Nt1)

dL(n2,...,nk)
N

dt1
+Nt1L

(n2,...,nk)
N ,

and, for j ≥ 1,

D(n2,...,nk)
j =

j+1∑
i=1

(−1)i−1

(
(2 − 2s + j − 2i)NL(n2,...,nk)

N, j+1,i + 2t1L
(n2,...,nk)
N, j+1,i

)

+

j∑
i=1

(−1)i−1(−N + s + 2i − j − 1)NL(n2,...,nk)
N, j,i . (62)

Lemma 4.14. Let N ≥ 1. If k = 2, then for any m ∈ N, we have

N
∂ΨN

∂t2
=

D0

2(t1 + t2)
+

m∑
i=2

Di−1ti−1
2

2(t1 + t2)i +
tm
2

(t1 + t2)mΨN,∅,m+2, (63)

If k ≥ 3, then whenever 2 ≤ q ≤ k, m ∈ N we have:

N
∂ΨN

∂tq
=

q−1∑
i=2

ti

(t1 + t2)m Ri(t1, . . . , tk) +
Dq−2

2(t1 + t2)
+

m∑
i=2

1
(2(t1 + t2))i

i−1∑
j=0

(
i − 1

j

)
(ktk) j

∑
h2+···+hk=i−1− j

h2=···=hq−1=0
hq≥0,...,hk≥0

k∏
n=q

(ntn)hn

( ∑
h′3≤h3
...

h′k−1≤hk−1

a(i, j)
h2,h′3,...,h

′

k−1,hk
Dq+

∑k−2
n=1 nhn+1+(k−2)hk−

∑k−1
n=3 h′n+(k−1) j−2

)
+

1
(2(t1 + t2))m

m∑
j=0

(
m
j

)
(ktk) j

∑
h2+···+hk=m− j
h2=···=hq−1=0
hq≥0,...,hk≥0

k∏
n=q

(ntn)hn

( ∑
h′3≤h3
...

h′k−1≤hk−1

a(m+1, j)
h2,h′3,...,h

′

k−1,hk
ΨN,∅,q+

∑k−2
n=1 nhn+1+(k−2)hk−

∑k−1
n=3 h′n+(k−1) j

)
,

where R2, . . . ,Rq−1 are smooth functions of t1, . . . , tk whose explicit forms are not relevant in what
follows, and

a(i, j)
h2,h′3,...,h

′

k−1,hk
=

(i − 1 − j)!(−1)h′3+···+h′k−1+hk

h2!hk!
∏k−1

n=3(hn − h′n)!h′n!
. (64)

Proof. We set λ = ∅ and iteratively replace ΨN,λ,l+q−2 for l = 3, . . . , k + 1 via formula (55).
Then also making use of Lemma 4.9, we obtain for q = 2, . . . , k and for m ≥ 1,

N
∂ΨN

∂tq
= ΨN,∅,q
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=
Dq−2

2(t1 + t2)
+

m∑
i=2

1
(2(t1 + t2))i

i−1∑
j=0

(
i − 1

j

)
(ktk) j

k−2∑
l1=1

k−2∑
l2=1

· · ·

k−2∑
li−1− j=1

( i−1− j∏
n=1

(
(ln + 1)tln+1 − (ln + 2)tln+2

))
Dq+l1+···+li−1− j+(k−1) j−2

+
1

(2(t1 + t2))m

m∑
j=0

(
m
j

)
(ktk) j

k−2∑
l1=1

k−2∑
l2=1

· · ·

k−2∑
lm− j=1

( m− j∏
n=1

(
(ln + 1)tln+1 − (ln + 2)tln+2

))
ΨN,∅,q+l1+···+lm− j+(k−1) j.

Here, we use the convention that when j = m,

k−2∑
l1=1

k−2∑
l2=1

· · ·

k−2∑
lm− j=1

( m− j∏
n=1

(
(ln + 1)tln+1 − (ln + 2)tln+2

))
ΨN,∅,q+l1+···+lm− j+(k−1) j =ΨN,∅,q+(k−1)m,

and when j ≤ m − 1 and k = 2,

k−2∑
l1=1

k−2∑
l2=1

· · ·

k−2∑
lm− j=1

m− j∏
n=1

(
(ln + 1)tln+1 − (ln + 2)tln+2

)
ΨN,∅,q+l1+···+lm− j+(k−1) j = 0.

We also use a similar convention for the second summand in terms of Db’s. Then, it is not
hard to check that

k−2∑
l1=1

k−2∑
l2=1

· · ·

k−2∑
li−1− j=1

( i−1− j∏
n=1

(
(ln + 1)tln+1 − (ln + 2)tln+2

))
Dq+l1+···+li−1− j+(k−1) j−2

=
∑

h2+···+hk=i−1− j
h2≥0,...,hk≥0

k∏
n=2

(ntn)hn

( ∑
h′3≤h3
...

h′k−1≤hk−1

a(i, j)
h2,h′3,...,h

′

k−1,hk
Dq+

∑k−2
n=1 nhn+1+(k−2)hk−

∑k−1
n=3 h′n+(k−1) j−2

)
,

and also that

k−2∑
l1=1

k−2∑
l2=1

· · ·

k−2∑
lm− j=1

( m− j∏
n=1

(
(ln + 1)tln+1 − (ln + 2)tln+2

))
ΨN,∅,q+l1+···+lm− j+(k−1) j

=
∑

h2+···+hk=m− j
h2≥0,...,hk≥0

k∏
n=2

(ntn)hn

( ∑
h′3≤h3
...

h′k−1≤hk−1

a(m+1, j)
h2,h′3,...,h

′

k−1,hk
ΨN,∅,q+

∑k−2
n=1 nhn+1+(k−2)hk−

∑k−1
n=3 h′n+(k−1) j

)
,

where a(i, j)
h2,h′3,...,h

′

k−1,hk
is given as in (64). The above two equalities do not exist when k = 2, so

we state the case k = 2 separately. In addition, we move all terms appearing in the above
two equalities, except when h2 = 0, . . . , hq−1 = 0, into Ri(t1, . . . , tk) with i = 2, . . . , q − 1.
Combining these observations, the result follows. □
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As in for the previous relations, we will take appropriate t2, . . . , tk-derivatives of the
above result. But first, let us note that writing the tq derivative ofΨN in the specific way
above, as linear combinations of D j and ΨN,∅,l with coefficients that are powers of tn for
n = q, . . . , k; allows one to have control over which of these terms appear with which
upper indices after suitable derivatives are evaluated at t2 = . . . = tk = 0. In particular,
when one evaluates these derivatives after choosing m suitably in the above result, only
the D j’s with upper indices having desirable features will remain. Namely, during the
inductive process, the upper and lower indices on the remaining terms will help ensure
the specific degree conditions on the polynomials P(s,N)

m (t1) given in Theorem 1.9.

Proposition 4.15. Let a(i, j)
h2,h′3,...,h

′

k−1,hk
be given as in (64). Then we have, for k = 2, n2 ≥ 1, that

L
(n2)
N (t1) =

1
2N

n2−1∑
i=0

(n2 − 1)!
n2−1−i∑

j=0

(
n2 − 1 − j

i

)
(−1)n2−1−i− j

j!
D( j)

i (t1)

tn2− j
1

, (65)

and for k ≥ 3, n2 ≥ 1, that

L
(n2,...,nk)
N (t1) =

1
2N

n2−1∑
i2=0

(−1)n2−1−i2 (n2 − 1)!
i2!

D(i2,n3,...,nk)
0 (t1)

tn2−i2
1

+

n2+···+nk−1∑
i=1

1
2i+1N

i∑
j=0

(
i
j

) ∑
h2+···+hk=i− j

(
n2 − 1

h2

)(
nk

hk + j

)(
n3

h3

)
. . .

(
nk−1

hk−1

)
(hk + j)!

k j+hk

k−1∏
n=2

nhn hn!
n2−1−h2∑

i2=0

(
n2 − 1 − h2

i2

)
(i + n2 − 1 − h2 − i2)!(−1)n2−1−h2−i2

ti+n2−h2−i2
1 i!∑

h′3≤h3
...

h′k−1≤hk−1

a(i+1, j)
h2,h′3,...,h

′

k−1,hk
D(i2,n3−h3,...,nk−1−hk−1,nk− j−hk)∑k−2

n=1 nhn+1+(k−2)hk−
∑k−1

n=3 h′n+(k−1) j
(t1). (66)

When n2 = · · · = nq−1 = 0 and nq ≥ 1 for some 3 ≤ q ≤ k − 1, we have:

L
(0,...,0,nq,...,nk)
N (t1) =

D(0,...,0,nq−1,...,nk)
q−2 (t1)

2Nt1
+

nq+···+nk−1∑
i=1

1
(2t1)i+1N

i∑
j=0

(
i
j

)
∑

hq+···+hk=i− j

(
nq − 1

hq

)(
nk

hk + j

)(
nq+1

hq+1

)
· · ·

(
nk−1

hk−1

)
k j+hk (hk + j)!

k−1∏
n=q

nhn hn!

∑
h′q≤hq
···

h′k−1≤hk−1

a(i+1, j)
0,...,0,h′q,...,h′k−1,hk

D(0,...,0,nq−1−hq,nq+1−hq+1,...,nk−1−hk−1,nk− j−hk)

q−2+
∑k−2

n=q−1 nhn+1+(k−2)hk−
∑k−1

n=q h′n+(k−1) j
(t1).

When n2 = . . . = nk−1 = 0 and nk ≥ 1, we have

L
(0,...,0,nk)
N (t1) =

D(0,...,0,nk−1)
k−2 (t1)

2Nt1
+

nk−1∑
i=1

ki

(2t1)i+1N
(nk − 1)!

(nk − 1 − i)!

i∑
j=0

(
i
j

)
a(i+1, j)

0,...,0,i− jD
(0,...,0,nk−1−i)
k−2+(k−1)i−(i− j).
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Proof. The result follows, in each case, by first using Lemma 4.14 with m = nq + · · · + nk,
and q being the smallest integer so that nq > 0; and then evaluating the partial derivative
∂nq−1

∂t
nq−1
q

∏k
i=q+1

∂ni

∂tni
i

on both sides of the expressions for N ∂ΨN
∂tq
, q = 2, . . . , k, in Lemma 4.14 at

t2 = · · · = tk = 0.
In fact, on the right-hand side of the expression for N ∂ΨN

∂tq
, the terms involvingΨN,∅,l

are each preceded by a factor tiq
q · · · t

ik
k with iq + · · · + ik = m = nq + · · · + nk. If iq ≤ nq − 1,

then some j ∈ [q + 1, k] satisfies i j ≥ n j + 1. Thus, ∂nq−1

∂t
nq−1
q

∏k
i=q+1

∂ni

∂t ni
i

annihilates such a term

when evaluated at tq = · · · = tk = 0. For iq > nq − 1, the same differential operator also
eliminates the term after setting tq = 0. Moreover, any term involving Ri for i = 2, . . . , q−1
vanishes upon evaluation at t2 = · · · = tq−1 = 0, since it is preceded by a factor of ti.
Consequently, only the D j-terms contribute in the expression for N ∂ΨN

∂tq
. Applying the

above differential operator to these terms and evaluating at t2 = · · · = tk = 0 yields the
desired conclusion. □

4.4 Proofs of Theorems 1.9 & 1.11

We will use induction on k, the number of variables t2, . . . , tk, to prove Theorem 1.9. But
before doing so, we will require some preliminary lemmas to set up the induction. To
this end, let us first fix some notation to make the presentation clearer. Note that our end
goal amounts to showing

L
(n2,...,nk)
N (t1) =

1

t
∑k

q=2 qnq−1
1

∑k
q=2(q−1)nq∑

m=0

tm−1
1 P(s,N)

m (t1)
dm

dtm
1
ΨN(t1, 0, . . . , 0), (67)

for polynomials P(s,N)
m as described in the statement of Theorem 1.9 when t1 ≥ 0. In fact,

this is because, by Proposition 4.2 and by the definition of ΨN(t1, . . . , tk), the left-hand
side and right-hand side of (67) correspond, respectively, to those of (15), up to the same
constant. Note that the left hand-side of above equation is continuous at t1 = 0, so the
right-hand side has a limit when t1 = 0. Thus, it suffices to prove (67) holds for t1 > 0.

The following definition is then crucial for our inductive argument.

Definition 4.16. Let k ≥ 2 be an integer. We defineS(k)
⊂ (N∪ {0})k−1 to be the set consisting of

(0, . . . , 0) and all (n2, . . . ,nk) such that (67) holds for appropriate polynomials P(s,N)
m as described

in the statement of Theorem 1.9. Similarly, we defineS(k)
l, j to be the set consisting of all (n2, . . . ,nk)

such that

L
(n2,n3,...,nk)
N,l, j (t1) =

1

t
l+

∑k
q=2 qnq−1

1

l+
∑k

q=2(q−1)nq∑
m=0

tm−1
1 P(s,N)

l, j,m (t1)
dm

dtm
1
ΨN(t1, 0, . . . , 0)

holds, where P(s,N)
l, j,m (t1), m ≥ 1, and t−1

1 P(s,N)
l, j,0 (t1) are polynomials of t1 of degree at most l+

∑k
q=2 qnq−

m and l +
∑k

q=2 qnq − 1, respectively, and the coefficients of these polynomials are polynomials in
N and s with degrees at most l +

∑k
q=2(q − 1)nq and l +

∑k
q=2(q − 1)nq − 1 respectively. Finally,
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we define the intersection of all these sets:

S̃(k) def
=

⋂
1≤ j≤l

S
(k)
l, j ∩S

(k). (68)

We can now begin the proof.

Lemma 4.17. Let k ≥ 3 be an integer. Suppose (n3, . . . ,nk) ∈ (N∪ {0})k−2
\(0, . . . , 0) is such that

for any j = 3, . . . , k, with n j ≥ 1,

(m2,m3, . . . ,m j−1,m j, n j+1, . . . ,nk) ∈ S̃(k)

for all m2,m3, . . . ,m j−1 ∈ N ∪ {0} and 0 ≤ m j ≤ n j − 1. Then, we also have

(n2, . . . ,nk) ∈ S̃(k), (69)

for all n2 ∈ N ∪ {0}.

Proof. We will prove the claim (69) by inducting on n2. By Definition 4.16, to show that
a (k − 1)-tuple (n2, . . . ,nk) belongs to S̃(k), one needs to verify that the degrees of N, t1,
and s satisfy the required bounds in the definitions of L(n2,...,nk)

N (t1) and L(n2,...,nk)
N,l, j (t1). In

the argument below we check and keep track of only the degree in N, as this determines
the N-leading order of P(s,N)

m (t1), which is crucial for the proof of Theorem 1.11. The
other degree conditions are verified in the same way, with the minor modification that,
whenever degN

(
D(m2,...,m j,n j+1,...,nk)

j

)
is computed, we instead examine the powers of t1 in the

denominator of D(·)
j , the highest derivative order ofΨN(t1, 0, . . . , 0) in its numerator, and

the degrees in t1 and s of the coefficients appearing in front of these derivatives, viewed
as polynomials in t1 and s, respectively.

We start by noting that whenever (n3, . . . ,nk) satisfies the assumptions of the lemma,
D(m2,...,m j,n j+1,...,nk)

j is a polynomial in N for all j ≥ 0, for any such (m2, . . . ,m j, n j+1, . . . ,nk) as
in the statement of the lemma, by virtue of (61) and (62). In particular, whenever this is
the case, we have that

degN

(
D(m2,...,m j,n j+1,...,nk)

j

)
≤ j + 2 +

j∑
q=2

(q − 1)mq +

k∑
q= j+1

(q − 1)nq (70)

where degN(·) denotes the degree of a polynomial in N. Next, we start our induction
by showing that (69) holds in the base case n2 = 0. Indeed, in this case, by means of
Proposition 4.15, and also (70), we have that under the assumptions of the lemma,

(0, n3, . . . ,nk) ∈ S(k). (71)

where we note that the pre-factor N−1 appearing in Proposition 4.15 guarantees that the
degree requirement we imposed previously is satisfied. Next, by (60), we see that

(0, n3, . . . ,nk) ∈ S(k)
1,1. (72)
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Hence, combining (61), (62), (71), (72), and applying (66), it is clear that

(1, n3, . . . ,nk) ∈ S(k),

provided that for all integers h2, h3, . . . , hk, j appearing on the RHS of (66), one has

(0, n3 − h3, . . . ,nk−1 − hk−1, nk − j − hk) ∈ S(k)
l,i ∩S

(k)
l+1,i′

where 1 ≤ i ≤ l, 1 ≤ i′ ≤ l + 1, and

l =
k−2∑
n=2

nhn+1 + (k − 2)hk −

k−1∑
n=3

h′n + (k − 1) j

for integers h′n ≤ hn. Then, note that in case n2 = 1, we must have h2 = 0, so that one
cannot have h3 = · · · = hk−1 = hk = j = 0. Thus, by the assumption of the lemma, we have

(0, n3 − h3, . . . ,nk−1 − hk−1, nk − j − hk) ∈ S̃(k)
⊆ S

(k)
l, j ∩S

(k)
l+1, j.

Here, once again, we use the bound

degN

(
D(0,n3−h3,...,nk−1−hk−1,nk− j−hk)∑k−2

n=1 nhn+1+(k−2)hk−
∑k−1

n=3 h′n+(k−1) j

)
≤ 2 +

k∑
q=3

(q − 1)nq.

for the degree in N, where, as previously, we note the pre-factor N−1 appearing in (66).
From this, it follows, again by means of (60) that

(1, n3, . . . ,nk) ∈ S(k)
1,1

and also

(0, n3, . . . ,nk) ∈ S(k)
2,1 ∩S

(k)
2,2.

Furthermore, applying the recursive relation in (59) iteratively, while using the assump-
tion of the lemma, we see that

(0, n3, . . . ,nk) ∈ S̃(k),

where we crucially use the fact that out of the matrices that appear in equation (59), only
Q(l)

2 has entries that depend on N, whose entries are O(N), and that it only appears as a
multiplicant of L(n2,...,nk)

l−2 . This completes the proof of the base case.

For the inductive step, assume (69) holds for all n2 ≤ a2 − 1 for some a2 ≥ 1. Then,
observe that by means of Proposition 4.15, (60) and the assumption of this lemma, we
immediately have that

(a2, n3, . . . ,nk) ∈ S(k)
∩S

(k)
1,1. (73)

Then, we claim that applying Proposition 4.15, (60) and (73) give that,

(a2 + 1, n3, . . . ,nk) ∈ S(k)
∩S

(k)
1,1. (74)

Indeed, the integer tuples that appear in the upper index of D in the second term on the
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right-hand side of (66) can be classified as:

• (n2, n3, . . . ,nk) with n2 ≤ a2,

• (m2,m3, . . . ,mk) such that there exists j ∈ {3, . . . , k} with m j ≤ n j − 1, ml = nl for all
l = j + 1, . . . , k.

But then observe that (a2, n3, . . . ,nk) does not appear in the upper index of D in the second
sum on the right-hand side of (66) since this is only possible for the terms corresponding
to h2 = · · · = hk = j = 0, in which case we must have i = 0 in (66). So either n2 ≤ a2 − 1 or
the second bullet point above applies. Hence, first combining all these observations with
(61), (62), and then using (60) we obtain (74). Thus, using (60) again, one can then see,

(a2, n3, . . . ,nk) ∈ S(k)
∩S

(k)
1,1 ∩S

(k)
2,1 ∩S

(k)
2,2.

Now, using the above and the recursive relation (59) iteratively as before, while using the
inductive assumption, one sees that

(a2, n3, . . . ,nk) ∈
⋂

1≤m≤l

S
(k)
l,m,

which completes the inductive step and hence the proof of the result. □

Proof of Theorem 1.9. To prove the theorem, we will show that for any integer k ≥ 2,

S̃(k) = (N ∪ {0})k−1.

This will be done by inducting on k. First, we can use a similar argument to the proof
of Lemma 4.17 to prove the case k = 2 by replacing (66) with (65) whenever it appears.
Suppose we have proved the case k − 1 for some k ≥ 3, i.e., S̃(k−1) = (N ∪ {0})k−2. Since
L

(n2,...,nk−1,0)
N = L(n2,...,nk−1)

N and L(n2,...,nk−1,0)
N,l, j = L(n2,...,nk−1)

N,l, j , we have that (n2, . . . ,nk−1, 0) ∈ S̃(k).
Hence, for the sake of induction, suppose

(n2, . . . ,nk) ∈ S̃(k) (75)

for any n2, . . . ,nk−1 ∈ N ∪ {0} and nk ≤ ak − 1 for some ak ≥ 1. Note that combining this
assumption with Lemma 4.17, we have that

(n2, 0, . . . , 0, ak) ∈ S̃(k)

for all n2 ∈ N ∪ {0}. Next, observe that by applying iteratively Lemma 4.17 on the
n3-variable, one gets,

(n2, n3, 0, . . . , 0, ak) ∈ S̃(k) (76)

for all n2, n3 ∈ N ∪ {0}. This, in turn, implies, by virtue of Lemma 4.17, (75) and (76), that

(n2, 0, 1, 0, . . . , 0, ak) ∈ S̃(k).

Hence, again applying the induction and Lemma 4.17 on the n3-variable, we see that

(n2, n3, 1, 0, . . . , 0, ak) ∈ S̃(k)

58



T. Assiotis, M. A. Gunes, J. P. Keating and F. Wei

for any n2, n3 ∈ N ∪ {0}, which then implies

(n2, 0, 2, 0, . . . , 0, ak) ∈ S̃(k).

Continuing this, where we increase the n4-variable by 1 at each step, we conclude that

(n2, n3, n4, 0, . . . , 0, ak) ∈ S̃(k)

for any n2, n3, n4 ∈ N ∪ {0}. This process can then be continued to conclude the inductive
step that was set up in (75), which is best described via the following figure:

(n2, n3, n4, 0, . . . , 0, ak) (n2, 0, 0, 1, 0, . . . , 0, ak)

(n2, n3, 0, 1, 0, . . . , 0, ak) (n2, 0, 1, 1, 0, . . . , 0, ak)

(n2, n3, 1, 1, 0, . . . , 0, ak) (n2, 0, 2, 1, . . . , 0, ak)

(n2, n3, n4, 1, 0, . . . , 0, ak) (n2, 0, 0, 2, 0, . . . , 0, ak)

(n2, n3, n4, n5, 0, . . . , 0, ak)

Figure 1: In the diagram above, any number of integer tuples pointing at a fixed tuple
implies that the latter tuple can be shown to be in S̃(k) via a (potentially iterative)
application of Lemma 4.17, where we assume that all tuples of the form described by
the bases of the arrows are in S̃(k). The dashed arrows further mean that the pointed
tuple is obtained not by a mere iterative application of Lemma 4.17, but rather by an
iterative application of the process described in the figure up to that point.

Continuing this process, we reach at its conclusion that

(n2, n3, n4, n5, . . . ,nk−1, ak) ∈ S̃(k),

which completes the inductive step set up in (75) and hence the proof of the theorem. □

Proof of Theorem 1.11. First, note that by an application of Lemma 4.1, the differential
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equality (15) holds for any s ∈ R with s > 2−1(
∑k

q=2 qnq−1), so that it now suffices to prove
that for all t1 ≥ 0:

1

N
∑k

m=2 mnm
E(s)

N

e−i
t1
N

∑N
j=1 x(N)

j

k∏
m=2

 N∑
j=1

(x(N)
j − i)m


nm

 N→∞
−−−−→ E

e−it1q1(s)
k∏

m=2

(qm(s))nm

 , (77)

dm

dtm
1

E(s)
N

e−it1
∑N

j=1

x(N)
j
N

 N→∞
−−−−→

dm

dtm E
[
e−it1q1(s)

]
.

The second limit follows immediately, for any m < 2s + 1, from our results in Section
3. To prove the first one, on the other hand, note that one can write the power sums in
terms of a combination of smaller power sums and elementary symmetric polynomials
via Newton’s formula:

pm(x1, x2, . . . , xn) = (−1)m−1mem(x1, . . . , xn) +
m−1∑
j=1

(−1)m−1+ jem− j(x1, . . . , xn)p j(x1, . . . , xn).

Hence, using the convergence results from Section 3 for 1
Nk ek(x(N)

1 , x(N)
2 , . . . , x(N)

N ) and ap-
plying the identity above iteratively, we see that for all m = 2, . . . , k,

pm

(
x(N)

1 , x(N)
2 , . . . , x(N)

N

)
Nm

N→∞
−−−−→ qm(s),

almost surely and in Lnm
(
µ(s)
∞

)
. In particular, the relation above still holds if pm(x(N)

1 , . . . , x(N)
N )

is replaced by
∑N

j=1

(
x(N)

j − i
)m

. Thus, arguing as in the proof of Proposition 2.8 we see that

(77) indeed holds, where the polynomialsA(s)
m (t1) are given by,

A
(s)
m (t1) = lim

N→∞

P(s,N)
m (t1)

N
∑k

q=2(q−1)nq
.

This proves the result, except for the justification for the t1-degrees of the polynomials
tm−1
1 A

(s)
m (t1) being at most

∑k
q=2(q − 1)nq − 1 (which is smaller than the maximal degree

that is given immediately by taking the limit of Theorem 1.9). This is simply due to the
fact that certain terms vanish while taking the limit. To be more precise, if one writes the
expansion in N,

L
(n2,...,nk)
N,l,q (t1) = Nl+

∑k
m=2(m−1)nmM

(n2,...,nk)
N,l,q (t1) +O(Nl+

∑k
m=2(m−1)nm−1),

for each 1 ≤ q ≤ l, (and do the same for L(n2,...,nk)
N (t1) and correspondingly denote the

leading coefficients in powers of N by M(n2,...,nk)
N (t1)), then by comparing the leading

order coefficients in N in Propositions 4.13 and 4.15, (61) and (62), one obtains analo-
gous relations forM(n2,...,nk)

N,l,q as well as analogous expressions forM(n2,...,nk)
N (t1) in terms of

M
(n2,...,nk)
N,l,q (t1). Then, by carrying out the same inductive process as in Theorem 1.9, and

noting that some terms vanish because they contribute only to sub-leading orders in N,
we observe that there are no contributions from t1L

(n2,...,nk)
N,1,1 (t1) in (61), and no contribu-

tion from the terms t1L
(n2,...,nk)
N, j+1,i (t1) in (62). This conclusion follows from the degrees in N
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described by formula (68) and from the claim in the second line of the proof of Theorem
1.9. This explains why the degrees in t1 stated in this theorem are smaller than those in
Theorem 1.9. Consequently, the polynomials in t1 appearing inM(n2,...,nk)

N (t1), and hence
inA(s)

m (t1), have the desired degrees described in Theorem 1.11. This completes the proof
of the theorem. □

Remark 4.18. We could have defined M(n2,...,nk)
N,l,q earlier, and have run the inductive argument

specifically for this term. However, we would also like to have a recursive algorithm to compute the
joint moments at the finite-N level, for various reasons explained in the introduction, for which
we need information about the lower-order terms as well.

As mentioned in the introduction, the procedure described above not only proves the
existence of a relation as in Theorem 1.11, but provides a recursive way to compute the
polynomials P(s,N)

m (t1) (and henceA(s)
m (t1)).

Proof of Proposition 1.10 and Corollary 1.12. Both results are mere consequences of the re-
lations

1
N2 E(s)

N

[
e−i

t1
N

∑N
j=1 x(N)

j p2

(
x(N)

1 , . . . , x(N)
N

)]
= −

2s
t1

d
dt1

E(s)
N

[
e−i

t1
N

∑N
j=1 x(N)

j

]
−

1
N

E(s)
N

[
e−i

t1
N

∑N
j=1 x(N)

j

]
.

1
N4 E(s)

N

[
e−i

t1
N

∑N
j=1 x(N)

j p2
2

(
x(N)

1 , . . . , x(N)
N

)]
=

4s2 + 2
t2
1

d2

dt2
1

E(s)
N

[
e−i

t1
N

∑N
j=1 x(N)

j

]
+

 4s
Nt1
−

12s2

t3
1

 d
dt1

E(s)
N

[
e−i

t1
N

∑N
j=1 x(N)

j

]
+

 1
N2 −

2
t2
1

−
4s

Nt2
1

E(s)
N

[
e−i

t1
N

∑N
j=1 x(N)

j

]
.

that hold for s ∈
(

1
2 ,∞

)
and s ∈

(
3
2 ,∞

)
respectively. Indeed, Corollary 1.12 follows

immediately after taking the N → ∞ limit of these relations, whereas Proposition 1.10
follows by evaluating these relations at t = 0, and then using the expressions for the first
few moments of the statistic

∑N
j=1 x(N)

j , which were obtained in [19, Lemma 2]. □
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[73] H. Kösters, On the occurrence of the sine kernel in connection with the shifted moments of
the Riemann zeta function, Journal of Number Theory, 130 (2010), pp. 2596–2609.

[74] A. Lenard, Correlation functions and the uniqueness of the state in classical statistical
mechanics, Communications in Mathematical Physics, 30 (1973), pp. 35–44.

[75] C. Male, Traffic distributions and independence: permutation invariant random matrices
and the three notions of independence, Memoirs of the American Mathematical Society,
267 (2020), pp. v+88.

[76] H. L. Montgomery, The pair correlation of zeros of the zeta function, vol. XXIV of
Proceedings of Symposia in Pure Mathematics, Amer. Math. Soc., Providence, RI,
1973, pp. 181–193.

[77] J. Najnudel, On the extreme values of the riemann zeta function on random intervals of
the critical line, Probability Theory and Related Fields, 172 (2018), pp. 387–452.

[78] K. Okamoto, Studies on the Painlevé equations. II. Fifth Painlevé equation PV, Japanese
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Nagoya Mathematical Journal, 117 (1990), pp. 125–171.

[88] H. Umemura and H. Watanabe, Solutions of the third Painlevé equation. I, Nagoya
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Appendix

As mentioned before, here we give explicit formulae for the matrices that were used in
the proof of Theorem 1.9. Through the rest of this section, we fix l ∈ N. Then, we define,
for i, j = 1, . . . , l,

(
B(l)

)
i j
=


(−1)i+ j−1/ j( j + 1) j ≥ i;
−1/i j = i − 1;
0 j < i − 1;
(−1)i−1/l j = l.

For i = 1, . . . , l, j = 1, . . . , l − 1, we define

(
Q(l)

0

)
i j
=


(−1)i+ j j(l− j−2)+1−2s

j( j+1) if i ≤ j ≤ l − 1;
j( j+2s)−l+1

j+1 if j = i − 1;

0 if j < i − 1.

(
Q(l)

1

)
i j
=


(−1)i+ j 1

j( j+1) if i ≤ j ≤ l − 1;

−
j

j+1 if j = i − 1;

0 if j < i − 1.

(
Q̃(l)

1

)
i j
=


(−1)i+ j

j+1 ( 2N
j − j − 2 + l) i ≤ j ≤ l − 1;

−
j(2N− j)+l− j−1

j+1 j = i − 1;

0 1 ≤ j ≤ i − 2.

For i = 1, . . . , l, j = 1, . . . , l − 2, we define

(
Q(l)

2

)
i j
=


(−1)i+ j (s−2)N+ j( j+3)−( j+2)(l−2)+2(s−1)

( j+1)( j+2) i − 1 ≤ j ≤ l − 2;
( j+s)( j−N)

j+2 j = i − 2;

0 1 ≤ j < i − 2.

(
Q̂(l)

2

)
i j
=


(−1)i+ j N+2

( j+1)( j+2) i − 1 ≤ j ≤ l − 2;
j−N
j+2 j = i − 2;

0 1 ≤ j < i − 2.

(
Q̃(l)

2

)
i j
=


(−1)i+ j N2+3N− j( j+3)+( j+2)(l−2)

( j+1)( j+2) i − 1 ≤ j ≤ l − 2;
−N2+N(2 j+1)− j( j+1)

j+2 j = i − 2;

0 1 ≤ j < i − 2.
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For i = 1, . . . , l, j = 1, . . . , l +m − 2, m ≥ 3, we define

(
Q(l)

m

)
i j
=


(−1)m− j−1 i = 1, j = 1, . . . ,m − 1;

(−1)i+ j+m(2−m)
( j−m+1)( j−m+2) j > i +m − 2;
i+m−2

i i , 1, j = i +m − 2;
0 i , 1, j ≤ i +m − 3.

68


	Introduction and main results
	Exchangeable arrays and random matrices
	Proofs of convergence and explicit formulae
	Connections to integrable systems
	References
	Appendix

