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Abstract

The joint moments of the derivatives of the characteristic polynomial of a random
unitary matrix, and also a variant of the characteristic polynomial that is real on the unit
circle, in the large matrix size limit, have been studied intensively in the past twenty
five years, partly in relation to conjectural connections to the Riemann zeta-function
and Hardy’s function. We completely settle the most general version of the problem
of convergence of these joint moments, after they are suitably rescaled, for an arbitrary
number of derivatives and with arbitrary positive real exponents. Our approach
relies on a hidden, higher-order exchangeable structure, that of an exchangeable array,
which, as far as we know, had never been used before in the study of characteristic
polynomials of random matrices. We then develop a systematic method, based on a
class of Hankel determinants shifted by partitions, that allows us for the first time to
give an exact representation of all these joint moments, for finite matrix size, in terms
of derivatives of g- Painlevé V transcendents. As an application, we can also represent
all the joint moments of power sum linear statistics of a certain determinantal point
process behind this problem in terms of derivatives of g-Painlevé III" transcendents.
This gives an efficient way to compute all these quantities explicitly. Our methods can
be used to obtain analogous results for a number of other models sharing the same
features.
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1 INTRODUCTION AND MAIN RESULTS

1.1 RaNpoMm MaTrix THEORY AND RIEMANN (-FUNCTION

Over the past fifty years, there has been significant interest in the surprising duality
between problems in analytic number theory and analogous ones in random matrix
theory. This connection dates back to the work of Montgomery [76], who conjectured
that the eigenvalues of N X N unitary matrices, as the matrix size tends to infinity, can
be used to model the behaviour of the zeros of the Riemann C-function, {(z), high up the
critical line, R(z) = 1/2; see [20, 22, 21, 85, 43] for subsequent extensions of Montgomery’s
work. It is natural to ask whether this connection between the zeros of the Riemann (-
function and those of the characteristic polynomials of random unitary matrices (i.e. the
eigenvalues) extends to the values of these two functions. Keating and Snaith [70]
suggested that the value distribution of the Riemann C-function high on the critical line
can be modeled by the value of the characteristic polynomial of a random unitary matrix
at1, when the matrix size is large enough. As an application, they conjectured the leading-
order asymptotics of the moments of the (-function on the critical line by considering the
analogous moments for the characteristic polynomials of unitary random matrices.

To be more precise, let A € U(N), where, here and throughout this paper, U(N) denotes
the group of N x N unitary matrices, and let ¢'%1,...,¢l% denote the eigenvalues of A.
Consider the characteristic polynomial V4 (0) of A on the unit circle 0 € [0, 27), given by,

N
Va(0) = det(1- e A) = [ [ (1-¢@77)
j=1

It was conjectured in [70] (see also [35, 36] for s = 3,4), that the T — oo asymptotics of

NI

can be obtained from the N — oo asymptotics of

2s

dt

f |VA(O)|2s d[JHaar (A)/
U(N)

where [Haar is the Haar measure on U(N). This conjecture was extended to later terms in
the asymptotic expansion of the moments in [32, 33], and has been verified heuristically
using correlations of divisor functions in [37, 38, 39, 40, 41].

Inspired by this, Hughes [60] considered a related quantity, aiming to obtain conjec-
tural values for joint moments of the Riemann C-function and its derivative. For a unitary
matrix A, instead of the characteristic polynomial itself, he considered the associated
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function

Za(0) = exp | iNEET

N 0,
- IZ = |Va©)
j=1

which has the property that for 0 € [0,27), Z5(0) € R and |Z5(0)| = |V 4(0)|. This relation
between Va and Z, is analogous to the relation between the C function and Hardy’s
Z-function, defined as follows,

T(1/4 +it/2)

_ o —it)2
2O = a2

C(1/2 +1t),
which also satisfies | Z(t)| = ‘C (% + it) ,and Z(t) € R for all t € R. Hughes conjectured in

[60] that, for arbitrary real parameters s,k such thats + 1/2 > h > —1/2, one should have
asymptotic convergence of the joint moments as follows,

1
Ii 7 2s—2h
N, N&+2h L(N)| A0l

for some positive P(s, h), a claim he was able to prove for s, h € N, deriving an expression
for P(s, h) for these values of s, h. This, in turn, leads to the conjectural asymptotics for
the analogous joint moments of Z(t), introduced by Ingham in 1926 [61],

2h

9Zal 7 i (A) = P(s, ), (1)

do |,

T
% j; |Z(t)|2sf2h |Z/(t)|2h dt ~ (log T)s+2h17(5)7)(5, h)

where

S Tk+s) |
”(S)zprgsp(l a SZO.P [F(k+1)F(S)]

We note that even though his initial work, and the majority of subsequent works, are
centered around the joint moments of Z,, Hughes also conjectured analogous results for

Vaand C (% + it). Our goal in this paper is to completely solve the most general version of
this problem on the random matrix side, by considering moments involving an arbitrary
number of derivatives and positive real exponents, for both Vs and Z4. First, we briefly
review the literature.

1.2 A BRIEF HISTORY OF THE PROBLEM

Over the years, there has been significant interest and progress in both proving the
convergence in (1), and also obtaining explicit formulae for the leading order coefficient
P(s, h). After Hughes’ proof for the case s, i € N, Conrey, Rubenstein and Snaith [42] gave
an alternative proof for the case s = h € N, using representations of these moments via
multiple contour integrals from [32, 33]. They also gave an alternative expression for the
coefficient P(s, s) in terms of a determinant of Bessel functions, which was later shown
to be related to the Painlevé equations by Forrester and Witte in [49]. Dehaye [44, 45]
gave an independent proof for s,i € N, and gave another representation of #(s, /) as a
certain combinatorial sum. Winn [89] gave an explicit expression for s € N,/ € N in
terms of certain sums over partitions. Basor et al. in [19] used Riemann-Hilbert problem



EXCHANGEABILITY AND INTEGRABLE SYSTEMS FOR RANDOM CHARACTERISTIC POLYNOMIALS

techniques to obtain a representation for $(s, 1) in terms of Painlevé transcendents for
s,h € N. Bailey et al [17] extended the methods developed in [42] to obtain the same
Painlevé-representation of P(s,i). In [6], Altug et al extended the method of [42] to
the orthogonal and symplectic groups, including to moments of higher derivatives, and
used the results to formulate conjectures for the corresponding moments of families of
number-theoretic L-functions, along the lines of [69]. In [14], Assiotis, Keating and Warren
succeeded in proving the existence of P(s, /) for general positive real parameters s, h.
Finally, we note that for the case where Z4 (0) is replaced by the characteristic polynomial
Va(0), which models the C-function itself, Hughes’ conjecture remained unproven until
now outside the parameter range s,k € N.

1.3 JOINT MOMENTS OF HIGHER ORDER DERIVATIVES

One of the main purposes of the present paper is to establish the N — co asymptotics, and
study in detail the leading order coefficient, of the joint moments for arbitrary numbers of
higher order derivatives for both Vo(0) and Z4 (0) with arbitrary positive real exponents.
The other main purpose is to build a new connection between the general joint moments
for finite matrix size N and o- Painlevé V transcendents.

Definition 1.1. Letny > -+ > nx € NU {0}, and hy, ..., hx € Ry. Then, we define:

k
11, def nj 2hj
Gy, hy) E f [0 dusara), )
U(N) =1
(11,--,11) def £ (1) 2h;
S0, ) S [ T dpa(A). )
UN) g

Here, the superscript nj in VX'f) or ZX”) means the nj-th derivative of V. or Z.

Observe, that (1) is simply a statement for the asymptotics of ’{9(;]’0) (h,s = h). Barhoumi

hi, ..., € N, using an approach based on symmetric function theory. More recently, the
asymptotics for k = 2, for hy, hy € N, for both (ﬁg'""l)(hl,hz) and 8%]’”2)(%,}12), were ob-
tained in [71] using an intricate analysis of multiple contour integrals and an expression,
different to the one in [18], for the leading order coefficient that was shown in [72], in

the special case of 85\2]’0)(h1,h2), to be connected to Painlevé equations. We note that the
expressions for the leading order coefficients given in [18, 72, 71] do not make sense for
generic real exponents ;.

Our first main result gives the convergence of both of these quantities, after appro-
priate rescalings, for the full parameter range (in particular without the integrality re-
strictions), and gives a probabilistic expression for the leading coefficient in terms of joint
moments of certain natural random variables that are defined through a determinantal
point process. Thus, in order to state our result, we need some definitions.

A determinantal point process on a Borel set X € R with correlation kernel K : ¥xX —
C is a probability measure P on Conf(¥X), the space of locally finite collections of points
in X, endowed with a certain topology and corresponding Borel o-algebra, see [23, 63]
for the details, such that for any k > 1 and any measurable and bounded F : X¥ — R with
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compact support, we have

Lonf(.’é) o Z

1 ,...,ﬂ,‘kEE

F(a,, ..., a;)dB(E) = f F(xy,...,x) det [K(x;x))|dx - dx.
xk 1<i,j<k

We will be interested in specific determinantal point processes defined via their cor-
relation kernels €® (we note here that by results of [24, 74], the kernels €O, completely
determine their corresponding point processes), where s > 0 is a parameter.

Definition 1.2. Let s € Ryg. Then, we define P® to be the determinantal point process on
(—00,0) X (0, 00) with the correlation kernel € given by,

1 (T6+1)°  GOHO(y) - GOy)H®)(x)
27t T(2s + 1)I(2s + 2) x—y ’

€(x,y) =
where the functions G®(x), H®)(x) are given by the formulae

1 1 1 1 3 1 1
G(S) x :225—%1“(S+_)._ _ (_), H(S) Y)=s nx225+il-(s+_)' ( ),
(%) > |X|%]S 12\ (x) = sgn(x) 2 —lxﬁ]su/z o

where |, denotes the Bessel function with parameter v.

This random point process first appeared, in a completely different setting, in influ-
ential work of Borodin and Olshanski [24] (see also the subsequent work of Bourgade-
Nikeghbali-Rouault [25]), and we will say more in the sequel. Moving on, certain ele-
mentary symmetric functions, the power sums and elementary symmetric functions, of
the random points of P©) will be one of the main ingredients in our first main result.

Definition 1.3. Let s > 0. Associated to the determinantal point process P®, we define random
variables {Q,(s)}u=1 by, where the random point configuration E is distributed according to P®,

ai(s) = 1}52 Z Xjypsk-2, 4)
xeE
Qu(s) = Z x", forn > 2. 5)
xeE

Moreover, define random variables {Y ,,(s)} =0 by letting Yo(s) = 1, Y1(s) = —qu(s) and inductively,

forn =2,
=1

Yu(s) = ~(n - 1)! ]Z; TG SAC! ©)

It is not immediately obvious that these infinite sums are P®-a.s. finite but this follows

from the results of [24, 83]. We note that the principal value sum in the definition of g;(s)

is required, otherwise the series does not converge. The random variables {Y,(s)},>1 are

really just the elementary symmetric functions of P® (up to explicit universal constants);

the formula (6) is simply Newton’s identity, in that it expresses the elementary symmetric
functions in terms of power sums. We could have defined them directly by writing

— (1" 1 e 1
Yu(s) = (1) ng{lo Xiy *** X, Iingy, .. i, D>k
11 <ip<--<iy
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However, this would then require us to show directly from this definition that these
random variables are almost surely finite, which would add technical details that are
orthogonal to the analysis carried out in this paper. It is also worth noting that here, the
normalization factor (—1)"n! is introduced to make the presentation of both Theorem 1.4
and its proof clearer (in particular, see Section 3).

Both families of random variables will appear in the results below, as in some cases
one choice is better suited than the other. Below we normally denote by the symbol E
the expectation with respect to the underlying probability law, which will be clear from
context.

With these definitions athand, our first main result gives the leading order asymptotics
of both quantities introduced in Definition 1.1 for the full parameter range.

Theorem 1.4. Letny >ny > --->n, € NU{0}. Let hy,... hy € Ry and s = Zl;ﬂ hj > 0. Then,
we have the following finite limits,

(1,1, "k)(h h) 2 k
. N IVERRNYL _ G(S+ ].) _ZZ’f: hin; 2hj
NI N T cas+n. ¢ H|Ym(s)| : )
S, ., he) G(s+1)? K L n; 2
lim —% = 2 2L kg (_i)mj( ])Y -m @), (8)
N—oo st+22j§:1 n,‘h] G(ZS + 1) ]];!: V;_O m/ nj—m;

where G(z) is the Barnes G-function, with y the Euler-Mascheroni constant,

2 © i
G(1+2) = (2n)% exp (—%H)/))H (1 + ;) exp(;—j, —z).

=1

Note that similar to the case of joint moments with the first order derivative, one
can define the quantities in (2) and (3) for negative exponents {/;} as long as for all j,
hj > —1/2. However, the essential results from Section 2 that we use to deduce Theorem
1.4 require slight restrictions. Indeed, the use of the martingale argument requires an
L'-integrability condition (see Proposition 2.11) which only holds when s = 21;:1 hj > 0.
Furthermore, the uniform integrability we need, in order to obtain joint convergence as in
Proposition 2.8, requires positivity of each /1 that corresponds to ann; # 0. Itis also worth
observing that Theorem 1.4, in the more natural case of the characteristic polynomial V4,
is new whenever the exponent on any of the derivatives of V4 is non-integer. Even in the
simplest possible case of k = 2, n; = 1,1, = 0, this confirms the prediction of Hughes [60]
from more than 20 years ago; the somewhat simpler case of the asymptotics of 8(;,’0) (h1, ho),
also conjectured by Hughes, was in fact only proven in the last few years as well, see [14].
The probabilistic expressions in (7) and (8) in terms of the random variables {Y(s)},>1 are
aesthetically rather pleasing and, although initially may seem to come out of nowhere, it
will be clear from the proof that they are rather natural. On the other hand, using them to
compute quantities more explicitly is far from trivial. In proving the results that follow
we will not make direct use of these expressions. Nevertheless, we stress that (7) and
(8) are the only expressions for the leading order coefficients available in the literature
which make sense for generic non-integer exponents #;, even in the simplest case of the
moments of a single derivative.

Towards our goal of computing the leading order coefficient more explicitly, our next
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main result gives a representation of the expectation on the right-hand side of (7), for
hi, ..., h € N, as a finite linear combination of explicit finite-dimensional integrals. These
integrals can all be computed explicitly (one simply expands the Vandermonde deter-
minant and these integrals boil down to one-dimensional integrals which are basically
moments of a Student’s t-distribution) but writing down a general expression becomes
very tedious and we will not attempt to do it here; we will instead discuss an alternative
recursive way to obtain such expressions via connections to integrable systems below. In
particular, the formula in Theorem 1.5 gives a concrete expression for the joint moments
whenever the exponent on the characteristic polynomial itself is a real number and the
exponents on its derivatives are integers.

These finite-dimensional averages will be taken with respect to the Cauchy [50, 90]
(also called Hua-Pickrell [24]) measures Mf]), with s > 0, which are probability measures
supported on the Weyl chamber,

def
Wy = {x:(xl,x2,...,xN)€RN:x1 2x22-~2xN}

that are given by:

N
def 1
MY (dxy, ..., dxy) = & || . s+NAZ(xl,...,xN)olxl..-clxN, 9)
i= +x

where we denote by A the Vandermonde determinant,

A(xq, ..., xN) & H (i = xx),

1<i<k<N

and the normalization constant C;f,) is given explicitly by

N-1

~ j'T2s+ N - ])

(5) _ ._Nn—N(N+2s-1)

Cy=m"2 || TG+ N ])2.
j=0

For the rest of the paper, we denote averages taken with respect to these measures as:

s def s
EQ Ao, ... x{)] = fw f@r,. ., x)MO(dxy, .., dy).
N

Note that, whenever the function f is invariant under permutations of indices, and this
is the case for all functions we will consider in this paper, one can equivalently write:

EQ [, ..., x0)] = le fer, )M (A, ., dy). (10)

We also observe that by analytic continuation the function s Ef,) [¢] is holomorphic
whenever the integrand is holomorphic in s and the integral on the right hand side of (10)
exists. We note that although for s € C\R the probabilistic interpretation breaks down,
abusing notation we will still use the expectation sign E;\s]) below. As the discussion
preceding Theorem 1.4 suggests, throughout the rest of the paper, we will commonly use
elementary symmetric polynomials and power sum polynomials, which we will denote
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bY (e = Po = 1)

e, (X1, X2, Xp) = Z Xiy Xiy * - Xy,
1<iy <ip<-+<iy<m
m

def
pn (x1/x2/-~-/xm) :e x?'
i=1
We are now in a position to state our second main result.
Theorem 1.5. Let ny > --- > n, € NU {0}, andh € 2,forj =1,...,k. Moreover, define
L =Y.;2hjn;. Then, for any real number s > }.;h; — 5, we have

: 2| (m)P - nk')”“ - ( ) olT (X, X0, 2
Yn]( ) = ( 1 Em seeer X .
[T067] 5 corfoe[ [T b o0)

j=1 m=mn

E

In particular, we obtain that the map

s— E

k
H (Y"z‘(s))Zhj}
j=1

is a rational function.

The above result also has the following application. A priori, it is not clear that the
limiting random variables Y, (s) are almost surely non-zero. Although it may seem highly
unlikely that they are almost surely zero, by some extreme coincidence it could happen.
If this were the case, the asymptotics we established earlier would give a bound on the
growth of the joint moments, but not the true order. In fact, in the literature on this
problem, the proof that the leading coefficient in such asymptotics is non-zero is omitted
(even when this coefficient is given as an explicit sum it is non-trivial to see that it is
strictly positive as the sum involves both positive and negative terms), with the only
exception, as far as we are aware, being [14]. In may be possible to use the determinantal
point process representation of the random variables Y,(s) to conclude that they are
not a.s. zero but this is most likely challenging. Instead, we simply obtain an explicit
expression for the second moment of Y,,(s) for any n € N, and show that it is non-zero and
similarly for the expression appearing in the asymptotics in (8). Despite their simplicity,
the expressions below are new for any choice of the parameter s. It is interesting to note
that the expression for V and C is much simpler than the one for Z and Z, even though
its probabilistic expression is more complicated.

Corollary 1.6. Letn € N, and s € (%, oo). Then we have,

21 oom 25 -1 5 (n\(n) (=2)2 ) T(s +)T(s + HT(2s +n — 1)2
E[lY"(S)| ] =2 1), (25 — 2 + )2 Z ( ')(j)Zs —1+i+jT(@2s+i—1)[(2s + j— 1)[(s)?’
i

Sl

m=0

25-1 ta(l+s-1Y
2n
=2 25—1+2ng(l+25—2)' (1)
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Moreover, we have that,

P —i)m(”)vn_r,l(s)
[ m=0 m

Although up until now we have restricted our attention to a rather special random
matrix model, the Haar-distributed unitary matrices, as an immediate by-product of the
methods we use to prove Theorems 1.4 and 1.5 we obtain the following general result on
characteristic polynomials of infinite permutation-invariant random matrices (we refer
to Section 2 for a precise explanation of what is meant by an infinite random matrix). In
some sense, and this will be clear in the sequel, parts of Theorem 1.4 and Theorem 1.5 are
special cases of the theorem below for a specific choice of infinite random matrix H.

> O] >0 and P(Y,(s)|>0)>0.

Theorem 1.7. Let H be an infinite Hermitian random matrix so that for any permutation t of N
that fixes all but finitely many elements,

Law(H) = Law(P.HP}),

where Py is the permutation matrix that corresponds to T, and Law(X) denotes the law of a random
variable X. Consider, for each N € N, the N X N top-left corner of H, Hy = [H;j]; j=1,...n, and its
rescaled (reverse) characteristic polynomial,

N
_ _Z _ (k) k
pn(z) = det (1 NHN) —1+ ; al)(m)2
Then, whenever there exists m € N, p € [1, 00) such that
P
EHdet(Hk)‘ ] <o
fork =1,...,m, then there exists random variables {ak(H)},'f:1 such that, fork =1,...,m,

N—oo

¢ (H) — a(H)

in LV and almost surely with respect to Law(H). Furthermore, if r1,...,1y € Rso, are such that
Y1 = p, then we have

Ehj a8 () r’} R [H ) |.

Moreover, ifr1,...,1 € N,m > ky > -+ > k; > 1 and if we define L def erjkj, we then have

! 1 ! r
[ e ) g (e [H ()’
=1

m=k, j=1
We remark that it was recently proven in [11] that for a subclass of infinite permutation-
invariant random matrices, the class of unitarily-invariant ones, which have been classi-
fied in [81, 82], pn(z) itself converges almost surely with respect to Law(H), uniformly on
compact sets in C, to a random analytic function pe(z). The theorem above extends this

(12)
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convergence to convergence of the moments of Taylor coefficients and gives a formula
for the joint moments of the limiting coefficients in terms of the pre-limit ones.

1.4 NUMBER THEORY CONJECTURES

Following the philosophy set out in [70, 69], our results stated thus far give rise to the
following conjecture, which generalises all previous conjectures on this problem. Here,
we write out the special case of Corollary 1.6 separately since the leading order coefficient
admits a surprisingly simple new formula.

Conjecture 1.8. Letny > -+ >mn e NU{O}, hy, ..., I € (0,00) and s = Z]]le hj. Then, we have

LTI ]

where

k

dt - (log T)SZ+2Z§:1 hjn; ‘B(S)E [H

j=1

G Yo
ERET

m,-:O

(”f 1t)

def G(s +1)? = Tk+s) \
PO = Gas+1 )prgpl a Z;p (r(k+1r(s))

In particular, for any n € N and s > § we have

1 (7 1 1 252 2 25—1 Prfl+s—1)\
- n) | = . - . -~ s°+2n
Tfo ¢ ( +1t) C(2“’5) dt ~ (log T) ﬁ(s)zs—1+2ng(l+25—2)'

2
Similarly, we have the analogous relations:

2

f H |Z(n/)(t)| dt ~ (lo gT)S 202 %5 Bs)2" 255y g

HIY ©f }

j=1

1 5— s2+2n 25 -1
= (n\(n\ [ 1\
{Z(i)(]‘)(_i) 25_1+Z+]H(l+s H(1+S)H (1+25-2) H(l+25—2)}

i,j=0 I=i+1 I=j+1

For the original moment conjecture proposed by Keating and Snaith, specifically
Conjecture 1.8 with k = 1,17 = 0, has been verified for exponents ; = 1 and 2, but
remains open for any exponent ; > 3. Conjecture 1.8 extends the original conjecture
by generalizing the order of derivatives from 0 to any positive integer. This extension
introduces additional parameters ny, ..., ng, thereby providing a broader framework for
investigating the moment conjecture. Specifically, for small exponents /;, the validity of
Conjecture 1.8 should be provable for various choices of 7, the order of the derivatives.
We shall list some verified cases below. Furthermore, Conjecture 1.8 is closely related to
the distribution of the zeros of Hardy’s Z-function, which we will elaborate on below.

Some special cases of Conjecture 1.8 for higher orders of the derivative and small
exponents have been verified in the past. For k = 1,n; = n,h; = 1, it was proved by

10
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Ingham [61] for the Riemann zeta function and by Hall [55] for Hardy’s Z-function. For
k=2,n =1,n; =0, for the Riemann zeta function, the following special exponents h1, hp
were proven by: Conrey [31] for iy = 1,h, =2, and by = 0,h; = 2; Conrey and Ghosh [34]
for iy = 1/2,h = 1/2 (in this case, assuming the Riemann hypothesis); and Hall [55] for
hi=2,hh=0,and hy =1, hy = 1. Fork = 2,n; = 2,n, = 0, for Hardy’s Z-function, the
following special exponents 1, h; were proven by: Hall [55] for iy = 1,h, = 1, and Hall
[57] for hy = 2,h, = 0. For k = 2,n = 2,n, = 1, for Hardy’s Z-function, the exponents
hy =1,h; = 1 was shown by Hall [55].

Conjecture 1.8 is closely related to problems in number theory concerning large gaps
between zeros of the higher-order derivatives of Hardy’s Z-function. Let

t(m) _ t(m)
A =limsup 2"
n—oo 271/ log tg,m)

where {t{")} is the sequence of non-negative zeros of Z"(t), counted according to mul-
tiplicity. For m = 0, the quantity A®) was introduced by Hall [55]. Under the Riemann
hypothesis,

) _ BT Vu+l — Vn
A=A =S Tog

where {y,} is the non-decreasing sequence of imaginary parts of the zeros of the Riemann
zeta function in the upper half-plane, counted with multiplicity. The quantity A was
introduced by Selberg [86], who proved that A > 1. Note that A and A™ have an
average value of 1 under the Riemann hypothesis. This has motivated number theorists
to investigate how large these quantities can be. Conrey, Ghosh, and Gonek showed
that A > 2.337 under the Riemann hypothesis [29] and A > 2.68 under the Generalized
Riemann hypothesis [30]. Bui and Milinovich showed that A > 3.18 under the Riemann
hypothesis [26]. In [56], Hall did not assume the Riemann hypothesis, but instead
assumed the truth of Conjecture 1.8 for k = 2, n; = 1,ny = 0, by + hp < 6, and proved
that A© > 429 times the average gap length. It is widely believed that A© = oo,
but this problem remains open even under the assumption of the Generalized Riemann
hypothesis. As far as we know, there is no specific connection between the Riemann
hypothesis and the moments conjecture. Thus it is interesting to explore whether one
can achieve A® = oo under Conjecture 1.8 or under the combined assumptions of the
Riemann hypothesis and Conjecture 1.8. Recently, Bui and Hall [27] obtained lower
bounds of A™ for some integers m with m > 1. It is hopeful to generalize Hall’s method
in [56] and assume Conjecture 1.8 for some special cases to obtain a sharper lower bound
of A™. We leave this to future research.

Finally, it is worth noting that some hard number-theoretic conjectures originating
from random matrix theory considerations have been proved in the past. For example,
see [9, 10, 8, 77] for recent proofs of a conjecture [53, 54] concerning the maximum of the
Riemann zeta function in typical short intervals on the critical line. We also point out that
the aforementioned conjectures become theorems in the function field setting over F; in
the limit 4 — oo, using equidistribution results due to Deligne and Katz [68].

1.5 CONNECTION TO INTEGRABLE SYSTEMS

As remarked in Section 1.2, over the past two decades, the problem of joint moments was
realized to be closely related to the theory of the Painlevé equations (see [19, 17, 14, 12]).

11



EXCHANGEABILITY AND INTEGRABLE SYSTEMS FOR RANDOM CHARACTERISTIC POLYNOMIALS

In the case of joint moments with only the first derivative, it was discovered only recently
that the random variable Y;(s) = —Q;(s) is in fact responsible for this connection between
joint moments and integrable systems. To be more precise, it was shown in [14] and [12]
that, for any s > 0, the function 7 defined by,

t T(S)(t) d:ef t% log E I:eitle(s)]

satisfies the following form of the o-Painlevé III" equation:

2,.(s)\2 )3 ()\2 ©)
(o) () sG] e

for any t € R\ {0}, along with the initial conditions:

7)(0) = 0, fors >0,
(14)
%T(S)(t)L:O =0, fors>1.

Here, we note that for the derivatives to exist at t = 0, one requires further conditions on

the parameter s. That is, in order to guarantee that

ar
dtm

Y1

i1
Ele" 2 < 00
t=0

one needs to have s > ’”T_l Moving on, we note that the result above can be useful in

many ways. First of all, we can see immediately that all the even integer moments (when
they exist) of Y1(s) = —qi(s) have a representation in terms of the o-Painlevé III" equation,
since we have,

2h t(s)
E[(vi(s)™] = 22h<—1>h% |exp ( fo S du)]

But more ambitiously, if one can show that the characteristic function of Y;(s) is in L}(R)
and if it admits an explicit expression (and this is a highly non-trivial, being connected to
deep results on classical solutions of Painlevé equations; see [87, 88] for what is meant by
a classical solution in the context of Painlevé equations), then the expression for 7¢(t) can
be used, by means of Fourier inversion, to recover an explicit density for Y;(s). This is
precisely what is done in [12], for s € N, where the density is then used to give an explicit
expression for any finite (including complex) moments of Y;(s).

Given the previous results presented in our paper, it is then natural to wonder whether
certain joint moments of the random variables {Y(s)},>1 admit representations in terms of
Painlevé transcendents. We answer this question in the affirmative in Theorem 1.11 below
by representing such joint moments as linear combinations, with polynomial coefficients,
of derivatives of solutions to the o-Painlevé III" equation. This is presented in terms of the
allied family of random variables {q,(s)},>1 which is more convenient. In fact, we show
a more general result, related to a richer object, a certain one-dimensional function, from
which the joint moments can be recovered.

Proving Theorem 1.11 directly from the definition of the {Q,(s)},>1 appears to be
difficult. Instead, we prove it by an approximation from finite N. In order to do this, we

t=0
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first need to find the correct finite-dimensional analogue of the expression on the left hand
side of (16) below. We then develop a method involving a class of Hankel determinants
shifted by partitions (this will be given precise meaning below) that allows us, after rather
long and intricate computations, to obtain the following structure theorem for finite N.

Recall that, fors € C, El(f]) [e] is interpreted as explained below display (10).

Theorem 1.9. Let k > 2, ny,...,mx € NU (0} and Y.n; > 0. Let s € C with R(s) >
2_1(22:2 qng — 1). Then, for all t; > 0,

(N k N g
(=2i)" L2 O pmin T ™) _ o\
N2+ Exie™ 1_! Z(Xj _1)

j=1
1 L=y " .
_ 1p(s,N) s) —ity YN X
S L gl
o m=0

1
(15)

where tg”‘leZ’N)(tl) are polynomials of t1 of degree at most 22:2 gng — 1, respectively. Moreover,
the coefficients of these polynomials are polynomials in N, s, and with degrees in terms of N or s
no more than Zgzz(q - Dn,.

Analogously to Yi(s) = —qi(s), whose characteristic function can be represented in
terms of the o-Painlevé III" equation, its pre-limit version also admits a Painlevé repre-
sentation. More precisely, it was shown in [12] that the function defined by, for s > —%,

[N i’i IOg E(s)[ 1ZN Z/l §N):|,

which we denote here by T (t) satisfies, for all t € R\ {0}, the following form of the
o-Painlevé V equation,

2 <s> s) $)\2 ©) ©)
d —4t dr + [ 4s? +4T(S) tz dr i +t|1+ 2 _ _2TN _dTN
dt2 dt Tt N N2 | dt

()
2s TN (s)
—[1 + N - W]TN .

Now, we demonstrate an application of Theorem 1.9. By the integral representation
of joint moments for any order of derivatives that we prove in Proposition 3.1, we see
that general joint moments are a linear combination of derivatives of certain orders of the
function appearing in the left hand-side of (15) at t; = 0. Thus, Theorem 1.9 gives an exact
representation at the finite-N level for the joint moments of the characteristic polynomial
and its derivatives, expressed in terms of derivatives of a o-Painlevé V transcendent. The
result holds for arbitrary non-negative real exponents of the characteristic polynomial
itself and for its derivatives of any order with positive integer exponents. This result is
new, and as far as we can tell, it is inaccessible by other methods. Before our work, it
was only known that the joint moments of the first order derivative for finite matrix size
can be represented in terms of a g-Painlevé V transcendent [19, 12]. Using the above
representation and some properties of the o-Painlevé V transcendents, we obtain, for

13
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the first time, an explicit recursive method to compute all the finite dimensional joint
moments exactly.

It is worth pointing out that having an explicit finite-N expression is valuable in its
own right: firstly, having an exact formula at the finite-N level allows one to conjecture
lower order terms in the asymptotics of the joint moments of , as in [33] (although we
do not do this here). More importantly, the connection between random matrix theory
and the C-function extends to other L-functions. For example, Katz and Sarnak [68]
proved several results and provide heuristic evidence, that various statistics in families
of L-functions (including moments over the families) can be modelled by considering
analogous statistics over Haar-distributed unitary, orthogonal and symplectic matrices,
depending on the symmetry type of the family (see [62, 84, 69] for a number of related
results). It follows from the work of Katz and Sarnak that the explicit finite-N expressions
for joint moments of characteristic polynomials of random matrices correspond precisely
to the joint moments of (-functions associated with curves over finite fields of 4 elements
in the limit 4 — co. Hence, the relation between the finite-N expression and Painlevé-V
gives a direct connection between analytic number theory and integrable systems in this
context. To give the reader a flavour of the explicit finite-N expressions we can obtain,
the following is a consequence of the machinery developed in Section 4.

Proposition 1.10. Foralls € (3, ),

3(0) s 4 3
Fe01, 1) = N (s) N N 4sN'
N 16 \(2s+3)2s—-1) (2s+3)2s-1)
4(2s3 + s> — 1)N? 8sN

T2 +3) s —D2s+1) 25+3)B-D2s+1))

Returning to our main goal, the following is our main result on connections to inte-
grable systems; again recall the characteristic function of g;(s) = —Y1(s) is given in terms
of o-Painlevé III" transcendents. In the simplest possible case: with k = 2, s € N, and after
taking the derivative with respect to ¢; and evaluating at t; = 0, Theorem 1.11 recovers
(in equivalent form; the connection to the random variables {g,(s)},>1 was not clear yet
in [72]) the main result of [72]. The following result will be proven by a limit transition
as N — oo of the various quantities involved in Theorem 1.9. Making these N — oo lim-
its rigorous from their explicit N X N (generalised) determinant representations is very
difficult, but fortunately we can use our earlier probabilistic limit results as input.

Theorem 1.11. Let k > 2, np,...,n € NU {0} and Y n; > 0 and suppose s € R with s >
2‘1(Z’é:2 tng —1). Then, fort; >0,

) k 1 Y= g
_n; _Z{:Z i —ithl(s) . n - - m—1 (s) - —ithl(s)
(2i) Tt | gq](s)f = mz_o A0 g€l ), a9
_ ; =

where tT‘lﬂff,)(tl) are polynomials in t; of degree at most Z’;zz(f —1)n,—1 and whose coefficients
are polynomials themselves of s, with degree in s at most Y 5_,(€ — 1)ng.

Even though we state Theorems 1.9 and 1.11 for ¢; > 0, by noting that

Law( - ng), —x(zN) e, —x(bl]\])) = Law(ng), X(ZN) ... ,xx\”)
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one immediately gets analogous results, both for finite N and in the N — oo limit, for
t; < 0. We omit the statements.

Moving on, the final piece of the puzzle to get Theorem 1.11, or more precisely
Theorem 1.9, is an intricate induction on the indices n,,...,n,. As alluded to above,
the arguments we use for the inductive step will give us a recursive way to obtain

explicit formulae for the polynomials AY)(t1), and hence for joint moments of the random
variables g;(s) (or equivalently, Y ;(s)). Namely, one can consider the asymptotic expansion
of the characteristic function of qi(s), as t; — 0, and make use of its relation to the o-
Painlevé III” equation to obtain integer moments of g (s) (see for instance [19]), allowing
one, by virtue of (16), to compute all the integer joint moments recursively and express
them as rational functions of s efficiently. We give a few examples of these formulae
in the corollary below. Despite their simplicity, these formulae are new and seem hard
to obtain in any other way (and also do not follow from Theorem 1.5 since this only
involves joint moments and not the characteristic function itself which is a richer object).
In particular, they seem very challenging to prove directly from the determinantal point
process definition.

Corollary 1.12. For all s € (%, ), we have

Ele190g,(5)] = —?%E[e‘“lql@],
1 1

and for all s € (3, ),

: 452 +2 d? : 122 d , 2 1

E €—1f1Q1(5)q2(s)2 = Elemiham®) | — Ele ih®m®) [ - ZE|pmihin) |
2 2 3 2

[ ] tl dtl [ ] tl d# [ ] tl [ ]

The above formulae looks at first sight to be singular when #; = 0, but this is not the
case: the moments of q;(s) and Qx(s) satisfy certain relations and this guarantees that the
singular #; powers in the denominator cancel out at t; = 0. In particular, evaluating at
t1 = 0 allows one to get, for instance, the following simple formulae:

2s
452 —1°

Elaa(s)] = 25E [0l(s)] =

Finally, we would like to emphasize that Theorem 1.11 and Corollary 1.12 not only give
Painlevé representations for integer joint moments of g,(s), but also for joint moments
where the power of q;(s) is any (suitable) real number via the elementary identity

1 — cos(ty)
lyl =G, j(; Tdt’ (17)
which holds for all y € R, p € (0,2) with
1 (T1-cos(t) 6 1 Tp
C_p = j(; i dt = l;COS(?)r(l -p), (18)

where the integral is computed via a generalized Fresnel integral. Indeed, using this one
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immediately gets that if i = 1; + p, where n; € 2N, p € (0,2), then
- ~ R{E Hk:1 Qj(e)" (1 - e itai(s)
E[|Q1(S)|thj(s)”f = Cpf { [ j ( )]}
j=2 0

tp+1
where the interchange of the expectation and the integral is justified by use of the trivial
inequality 1 — cos(x) < min(2,x?). In particular, the average inside the integral can be
written, via Theorem 1.11, in terms of Painlevé transcendents. Furthermore, using the
explicit formula obtained in [12, Proposition 2.6] for s € N,

dt,

def (_1)5(571)/2 G(2s+1) detogj/kgs_l [Ij+k+1 (2 V|2t|)]
= X

= —itqu(s)
P00 % s Cer 1y g =E[e™O], 9

where I, denotes the modified Bessel function of the first kind, one can recover even
further explicit formulae for joint moments of q,(s), and hence of Y,(s), which do not
follow from the probabilistic techniques we develop to prove the results of Section 1.3.
Here, we write out this formula for the cases where the polynomials AY(t) admit rather
simple expressions; namely, the cases given in Corollary 1.12. To keep our final expression
relatively simple, we will assume that r; = 0 in the setting described above. Then for all
pe(0,2),ands>2,s €N,

* D 0) — Ds t

where @, is as in (19), D; is the differential operator defined, for each f € C%(R) as,

def 452 +2d%f  12s2df 2
D = - _ oS_z
S0 2 de B dt £ f

and the constant C, is as in (18).

1.6 STRATEGY OF PROOF

We give here an outline of the proofs of our main theorems and the difficulties that
arise. We first note that the multiple-contour integral expressions used in [72, 71] and
the symmetric function theory framework of [18] cannot be used to attack the joint
moments problem in complete generality as the formulae therein do not make sense
for non-integer exponents ;. Thus, we need a different starting point. The first step is
to transform the problem into one of moments over Hermitian matrices, with averages
taken with respect to the Cauchy random matrix ensemble whose law of eigenvalues
is given by (9). In the simplest case of joint moments with only the first derivative,
namely with k = 2, n, = 1,n; = 0, this connection was implicit in Winn’s work [89]
and brought to center stage in [14]. It is not hard to prove that it extends to arbitrary
joint moments. More precisely, a computation, given in Proposition 3.1, establishes that

explicit symmetric polynomials in the eigenvalues of a N X N Cauchy random matrix Hy,
see (32).

At this stage it can be shown (this allowed us to guess the form of our first main result),
by putting together general results from [81, 24, 15], that symmetric polynomials in the
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eigenvalues of Hy converge jointly in distribution. We stress however that convergence
of the moments does not follow from the general arguments of [81, 24, 15] and one needs
non-trivial estimates for this. The crux of the problem is that, in order to obtain joint
moment convergence for elementary symmetric polynomials,
(V)= Y X,
1<iy<ip<-<iy <N

in points (X(lN), ey X;I,\f)) distributed with respect to the eigenvalues of a Cauchy random
matrix (32), one needs to take into account a crucial cancellation due to symmetry around
0. This is due to the fact that the maximal in absolute value points of (XgN), ey X;f;l)) grow
linearly with N ([24, 15]) and it can be shown that naive moment bounds that bring the
absolute value inside the sum will be an order of magnitude larger than what is needed.
One may attempt to exploit this cancellation due to symmetry while using the determi-
nantal structure behind the Cauchy ensemble (32) (see [24]). However, as one considers
joint moments with higher-order derivatives, or higher powers on the derivatives, the
estimates one obtains this way become both more technical and importantly, suboptimal.

To take care of this issue, we take a different approach: if one looks at the problem
through the lens of a hidden exchangeable structure, all technical difficulties that one
would encounter using the determinantal property for the eigenvalues disappear entirely.
To be more precise, we firstly observe that Cauchy random matrices can be realized as
the top-left N X N corner of an infinite unitarily invariant random matrix H, see Sections
2 and 3, which, when combined with unitary invariance of H, allows us to reach the
following new observation. Suppose | € N®, where N® is the set of subsets of N of size at
most k, with | having elements i1 < i; < --- < i. Then, if we define the random variables
X i by

def
XI = det (Hj’m)j,n1=i1,...,i, ’

then (X));exw forms an exchangeable array in the sense of Definition 2.1. Furthermore,
elementary symmetric polynomials in the eigenvalues (X(lN),X;N), ... ,xg]\”) of Hy can be

rewritten in terms of these random variables via the linear-algebraic identity:

ek(ng),ng),...,xgy)): Z X, (20)
Je(l,.N}®

where {1,...,N}® denotes subsets of {1,..., N} of size exactly k. We observe here that
this readily brings us closer to the goal of circumventing the issue of taking into account
cancellations around 0. Indeed, while the elementary symmetric polynomials, when
written in terms of the eigenvalues, are sums where both the number of summands, and
the summands themselves (see [24, 15]) grow with N, the distribution of the summands
on the right-hand side of (20) crucially has no N-dependence: the X;’s are, importantly,
identically distributed for different | despite not being independent! Exploiting the
exchangeable structure further, this allows us to prove convergence of all joint moments
(and almost sure convergence) via a backward martingale convergence argument with
respect to the exchangeable filtration (see Definition 2.2) (En)ys1 and o-algebra & = NNEn,
see Section 2 for more details. Finally, in order to identify the limiting moments with the
joint moments of the random variables Y, (s) we make use of the results of [24, 83]. The
main tool employed in [24, 83] is the theory of determinantal point processes and using
the determinantal structure in this part of the argument does seem unavoidable.
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The more interesting use of exchangeability, however, is in proving Theorem 1.5. Our
starting point is a new (as far as we can tell) formula for the joint moments of limiting
U-statistics in terms of joint moments of elements in the array indexed by disjoint sets.
This is given in Proposition 2.9. By taking into account certain non-trivial combinatorial
cancellations it is possible to show further that this formula is equal to the formula in
Theorem 1.5 in the more general Proposition 2.12. Now, in order to prove the formula in
Proposition 2.9 one needs the following higher-dimensional generalisation of de-Finetti’s
theorem, which we were surprised not to find anywhere in the literature. The statement
is simple: elements of the array indexed by disjoint sets are conditionally independent
given the exchangeable ¢-algebra &. This statement is likely known to experts and in fact
can be reduced to some deep structural results on exchangeable arrays, known as the
Aldous-Hoover-Kallenberg representation theorems [67], which give a representation of
the array in terms of independent uniform random variables. However, in order to make
the paper self-contained and accessible to non-experts we give a direct proof from first
principles which appears to be new.

Proving Theorem 1.11 on connections to integrable systems is the most challenging
part of the paper, with all the machinery we built earlier along with key new ideas coming
together. The method is partly inspired by the computation in [72] which treats the
special case k = 2 and s € N (after taking the derivative with respect to t; and evaluating
att; = 0), in a more ad-hoc way. This method essentially boils down to establishing exact
relations within a class of Hankel determinants shifted (the precise meaning of this will be
explained in Section 4) by partitions. However, our proof is not simply a generalisation
of the computation in [72] as there are some fundamental differences. First of all, the
computation in [72] is done directly in the limit and it is heavily reliant on the fact that (a
weighted version of) the characteristic function of Y;(s) = —q1(s) is explicit (we note that
neither Y1 (s) nor its characteristic function appear explicitly in [72], nor it is easy to guess
this connection from the working in [72], but this is morally the reason the computation
there works), for s € N, in terms of s X s determinants involving Bessel functions, see (19).
For non-integer s this is no longer the case; as far as we know, there is no explicit formula
of any kind for this characteristic function.

Because of this fundamental obstacle we must take a different approach. We go back
to the finite matrix setting and work with N-dimensional integrals that approximate the
desired quantities in the large N-limit. We first need to find what the right analogue of the
left hand side of (16) is for finite N, a task for which we are inspired by the probabilistic
connection to the random variables {,(s)},;. There are of course many choices that will
approximate the left hand side of (16) in the large-N limit but a judicious choice needs
to be made that will have all the exact solvability properties that we require and that is
the one presented in Theorem 1.9. These exact relations that we are alluding to we first
obtained by formally expanding the exponential in the characteristic function of certain
random variables and proceeded to exchange sums and expectations to perform explicit
computations. However, these computations are completely formal, as not only does such
a series expansion not converge but in fact only finitely many terms in it even make sense,
as these random variables (the reader should simply think of these as generalisations of
the Cauchy random variable) have finitely many moments. Nevertheless, once we know
what these relations should be, we prove them rigorously by a completely different and
highly non-trivial argument. By initially restricting to s € N, we introduce a Hankel
matrix, whose elements are given by a type of multivariate generating function of the
Fourier transform of certain Cauchy-like weights. That is to say, we construct functions
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€ C*(R,R) such that if we define their Hankel determinant by,
y Y,
Wy(t, ... t) = 13’%\] ["I}i+j(t1/ ey fk)] ,

then the relations we desire to obtain at the finite-N level boil down instead to proving a
relation of the form:

ﬁa

Cm
m=2 &tﬂi

U

dm
‘PN(tl,...,tk)'tz . Zm“pm(tl,N)@wN(tl,o, ...,0),

,,,,,,

for certain polynomials P,(-; N). We then prove this relation by a delicate induction
argument on the order of the derivatives ¢, ..., {y. However, to perform this induction,
it transpires that we are required to introduce a generalization of the determinants Wy,
indexed by integer partitions A denoted by Wy 1. Then, we develop a systematic way to
perform the daunting computations needed for the induction argument, which requires
delicate information on the N-dependence of the functions P (-; N), simultaneously for
Wy and also Wy 4 as A ranges over a specific class of partitions. To conclude the proof of
the result at the finite-N level we remove the restriction on s by an analytic continuation
argument to obtain Theorem 1.9. Finally, by virtue of our previous probabilistic results,
we are able to take the rigorous large-N limit of all the quantities involved in Theorem
1.9, while paying attention to which terms vanish in the limit, which from the explicit
N-dimensional integral expressions is not obvious at all.

1.7 CONNECTIONS TO VARIOUS AREAS

The theory of exchangeability plays a central role in our arguments. This theory begins
with de-Finetti’s classical theorem [3] on sequences of random variables. The higher-
dimensional structure, that of an exchangeable array and its variations, originates with the
seminal works of Hoover [59] and Aldous [2, 3]. It was later developed by Kallenberg [64,
65], whose monograph [67] contains the state of the art of the general theory. There are also
many interesting extensions of the notion of exchangeability in different directions, see
for example [47, 46]. Through the decades exchangeability has found many applications,
see [5, 4, 16]. Our work presents a novel, concrete, and rather surprising, application of
exchangeability and connects this branch of probability theory to some deep questions
in analytic number theory and to integrable systems. Finally, there is a body of work on
exchangeability and random matrices and on permutation-invariant ensembles, see [28]
and [75] for representative examples, but both the questions asked and techniques used
to answer them, are different from ours.

Another area, which although we do not use techniques from directly, provided
important intuition is the study of measures invariant under the action of inductive limit
groups, see [81]. The point process P® first appeared in this setting in the work of Borodin
and Olshanski [24]. There is already a detailed exposition of this connection in [13, 14]
and so we will be brief. The probability measures on the space of infinite Hermitian
matrices H(co) which are ergodic under the action of the infinite-dimensional unitary
group U(co) were classified in [81, 82] and are parametrized by an infinite-dimensional
space Q. Any invariant, not necessarily ergodic, measure on H(e0), by general results,
decomposes into ergodic measures via an abstract probability measure m on €, see [24].
The problem of ergodic decomposition amounts to finding an explicit description of the
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probability measure m (see [80] for a nice exposition in a related setting). The Cauchy
measures on H(co), with parameter s, are invariant, and Borodin and Olshanski began
the study of their ergodic decomposition measure, denoted by m®, in [24]. In the same
paper they gave a partial description of m® in terms of P®. The description of m® was
then finally completed by Qiu in [83] and we remark that this also where the interesting
random variable Y1(s) = —qi(s) first appeared.

Finally, let us say a word on relations to previous works in integrable systems. As far
as we are aware, no analogue of the method we present here appeared before, beyond the
special case in [72]. Nevertheless, the computations are influenced, on a conceptual level
at least, by the Japanese school of integrable systems that studies Hankel determinants as
t-functions of Painlevé equations, see [78, 79], a circle of ideas that was later developed
in the context of gap probabilities for random matrices by Forrester and Witte in [51, 52].
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2 EXCHANGEABLE ARRAYS AND RANDOM MATRICES

2.1 EXCHANGEABLE ARRAYS

We present some general results on exchangeable arrays that will be applied to moments
of random matrices in the sequel, this application being the main novel contribution of
this part of the paper. The techniques we use are (unsurprisingly) rooted in the general
theory of exchangeability [67]. We first fix some notation. For eachd € N, and | C N, let
J@ denote the set of subsets of ] of size d. Also, let J® = U, J@. Let[N] = {1,2,...,N}and
denote by Symy; the symmetric group acting on [N]. Finally, recall that for an arbitrary
random variable X taking values in a standard Borel space we write Law(X) for its law.
An exchangeable array will be our main object of study and is defined as follows.

Definition 2.1. Let k > 1. A collection of random variables (X;) JeN®, with X; taking values in
a standard Borel space (V, D), is called an exchangeable array if for any permutation t of N that
fixes all but finitely many elements, we have that

Law {(X])]EN()()} = Law {(XT(I))]EN(k)} ’ (21)

where if | = {ay, ...,a4}, we define ©(J) = {t(a1), ..., t(a5)}.

Let us comment on some features of this definition; for more details see Kallenberg’s
monograph [67]. First, for k = 1 the definition is exactly that of an exchangeable sequence
of random variables. In higher dimensions it is most common in the literature to index the
random variables X; by sets | of size exactly k instead of size at most k. However, the richer
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object indexed by sets of sizes at most k is required if one wants to study joint moments.
Finally, a more common terminology in the literature is that of a “jointly-exchangeable
array” indicating that we are using a single permutation 7 to act on the elements of . This
is to distinguish from a “separately-exchangeable array” for which each element is acted
on by a different permutation. Since separately-exchangeable arrays will not appear in
this paper we have dropped this extra word from the terminology.

Initially our random variables (X)) ,cy» are defined on some abstract probability space
(Q, B,Q). It will, however, be more convenient for our proofs to define them instead on

the canonical space,
=, def o KO

V=P,
endowed with the o-algebra ¥ generated by all sets of the form

where all but finitely many A; € 8 equal V, as follows. For I € N®, define the measurable
function X; from ((V, %) to (V,B) by:

Xi ((UI)IEN(]‘)) =0

Then, we consider the probability space (V, 8, P), with P the unique probability measure
on ((V P 53) defined via the relation:

P(A;, X Aj XX Ay) d=efQ({Xh €Ay}n {Xlz EAJZ} n---nN {XI", GAJm}),

for J1i,...,Jm € N® and A}, ..., A}, € B. By construction, for any measurable B € B we
have,

P((X))e0 € B) = Q((X))jere € B).

Thus, from now on we assume that we are working on the canonical space <(V, B, P). We
denote by E, the averages taken with respect to P. The following definition is fundamental
for our purposes.

Definition 2.2. For each N > 1, we define the o-algebras Ey on (V, D) by,
En = {A edB: <U]>]€N(") €A== (UT(]))]GN(k) € A for every T € SymN}

and hence define the exchangeable g-algebra & = (s EN.

We then have the following natural higher-dimensional extension of De-Finetti’s The-
orem [66]. Surprisingly, as already mentioned in the introduction, we were not able to
locate the precise statement in the literature.

Theorem 2.3. Let (X)) exw be an exchangeable array, and let ()72, € N® be disjoint sets. Then,
conditioned on &, (X},);2, are independent.

We will prove Theorem 2.3 in two steps. First, we will show the claimed result when
& is replaced by the tail o-algebra G we define below. Then, we will show that even
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though G ¢ &, they coincide up to sets of measure zero. For the first step, we need some
definitions.

Definition 2.4 (Tail o-algebra). Consider the map

S:N® 5 {®
{7/1,---,)/1} = {7/1 + 1,---,)/1 + 1}/

and with a slight abuse of notation, denote

m def
S"((Xyero) = (Xsmg)yeso-

Then, for each N > 1, define the auxiliary o-algebras:

QN Clzef o (SN ((X])]eﬂ(k)))

and the associated tail o-algebra G by,

G=( )6
N

Observe that in proving Theorem 2.3, there is no loss of generality in assuming that
each J; is given by

=i +1...,0-17l (22)

for some increasing sequence (j;);>1. Indeed, if one proves the result for this special form
of Ji’s then using exchangeability, it follows that it holds for any disjoint sequence of J;’s.
Next, to simplify the presentation, we define the random vector:

def

XS Xp:1c))

for each ] € N® and also write
LUH,
%

whenever the g-algebras £ and H are independent conditioned on the g-algebra K. That
is to say, whenever A € L, B € H, we have:

El1a1p | KT =E[1a | K]E[15 | K].
We also consider the previously defined map S as a map on V, defined by:
S: V-V,
©Djerm = (Vs)) jeno-

Lemma 2.5. Let (ji);2, be a strictly increasing sequence of integers and define the corresponding
Ji as in (22). Then, (X,);2, are independent conditioned on G.

Proof. Firstly, note that by exchangeability, we have, for each [ and N > jj, the distribu-
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tional equality of the random vectors
(R S (Rpgesan) < (R S¥ (Xjen)

(with 4 denoting equality in distribution) which, by means of Corollary 8.10 in [66], gives
that

X]/ %gﬁ'

In particular, for every A € 6(X},), and all N > j;, we have that

N—oo

E[1416;] = E[1a 168] = El14 161,

where for the equality we used Theorem 8.9 from [66]. Since the first term appearing
above is independent of N, we then have that it is precisely equal to the limit, which then
implies that

)A<]1 Jé-g Jie
Hence, applying this iteratively, we get that
G()A(h, .. ,)A(]/)Jéng/,

for each [, from which the result follows. m]

Next, we show that G coincides with & up to sets of measure 0 with respect to P, thus
proving Theorem 2.3.

Proposition 2.6. Let A € &. Then, there exists B € G such that
P(AAB) =0,

where A A B denotes the symmetric difference between the sets A and B.

Proof. We first claim that for each A € &, we have that

P(AAST(4)=0.

To prove the claim, we start by fixing 6 > 0 and noting that since A € 8, by means of
Lemma 4.16 in [66], there exists m € N and a set W € ¥ of the form

W =Z x VKn (23)

where K,, © (] € N® : max(J) > m}, such that

P(AAW) <.
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Here, Z is a Borel subset of VI where L,, def @ \ K, Next, define the map
Pu: Vo>V
©Djenw P (©z,,())ene,

where 7,, € Sym,,,; is the (m + 1)—cycle: (m+1 m --- 2 1).
Then, note that P, is a bijection such that for any A € &, $,,(A) = A. In particular, we
have

Pu(W)AA = Pu(W) APu(A) = Pru(WAA).

Combining this with the fact that P is invariant under #,,, we get that
PP.(W)AA)=P(WAA) <.

Now, note that if | € L, then
S() = 7, (])-

Hence, one easily sees that

STW) = {©@)jero : ©@s))jeL € Z} = {@)jerw 1 ©@zzp)set € Z} = Pun(W)
Thus, we get

P(ST(W)AW) =P (Pu(W) AW) < P (Pu(W) A A) + P(AAW) < 25.

Combining these, and using that P(S™'(E)) = P(E) for any E € B, we get that

P(STA)AA)<PAAW)+P(WAS (W) +P (S W) AST(A)) < 45,
which proves the claim since 6 > 0 was arbitrary. Now, define inductively

S(A) E ST (ST (A)),

and the corresponding set,

B % lim sup ST(A).

m—o0

Note that, B € G. Also note that,
P(AAS™(A)) < P(AAS " D(A)) + P(S " D(A) AST(A))
=P(AAS ™ D(A) +P(AAS(A) =0,

where we used induction in the last step. Hence,

P(AAB) = P(AA Nzt UpenST(A) < ) P(AAS™(A)) =0,

m>1
which completes the proof. o

From now on we assume that V = R, namely the random variables X; are real-
valued. We use the results above to first prove an analogue of the law of large numbers
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for statistics of exchangeable arrays (which should not be surpsising), and then give a
formula for joint moments of the limiting random variables in terms of finitely many
random variables in the array. This general moments formula appears to be new.

Proposition 2.7. Let (X)) JeN® be an exchangeable array, and let Ey, & be defined as before. Then,
for each d < k and fixed I € N@, we have that

d! as., L!
5 2 XD EXE]
JEIN]@
whenever X; € LY. If we further have X; € L for p > 1 then convergence takes place in L as well.

Proojlc. Define the partial sums, noting that we may change I;L!d to (I;[ ) without affecting the
result,

1

(d) _

T -5 ) X (24)
d’ Je[N]@

Then, note that Ty is Ey-measurable, and for every I, L € [N]® and A € &y,
E[Xi14] = E[Xi14],
so that we get
E[X; | En] =E[XL [ EN].
In particular, we have
T =E[T¢ 1 &) = EIXi | &x]

Thus, we see that T forms a backwards martingale with respect to Ey. Combining this

N
with the assumed integrability of X; and using the backwards martingale convergence
theorem, the result follows. O

Proposition 2.8. Let (X])]EN(k) be an exchangeable array, and define, for d < k, the random
variables

dy def .. (d)
TG = 1\1]1_1)130 TN
where Tg) is defined as in (24). Then, ifforri,...,11 > 0and ky,..., ki€ {1,...,k},
P
E [lx[kf]| ] < 00
forall j=1,...,1, where we define p def Y iTir then we have that

/
-E [H [T®|”

=1

1

[T

=1

li E
Nl—rgo NZj 7ik;

Proof. Note that under the given conditions, almost sure convergence holds via Proposi-
tion 2.7. Thus, to prove the convergence of moments, it suffices to show that the sequence

{ [ } 25)
=1

N>max(k;)
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is uniformly integrable. To see that this follows from the assumptions, note that first
applying Young’s inequality, and then applying Holder’s inequality with exponents rﬁ,» in
both cases, we get that
T ! ri
’ZR} [T {|T(k'") }
j=1

ﬁ |T$f)|rj 1{ ﬁ ‘Tgf) < sgjp ZI‘ E
j=1 j=1 m=1
ml, )
STl e
j#Em

supE
N

I
< sup Z E [(Tﬁ’”) ’ 1{ |T$’”) a
N m=1

By Proposition 2.7, we know that for each m,

T(km) T(knz) (27)
N—oo
and hence, the sequence
T(km) P 28
) N ) N2=max(k;) ( )

is uniformly integrable. Thus, taking R — oo in (26), we see that the sequence in (25) is
also uniformly integrable, concluding the proof. O

Next, we give a seemingly new formula for the joint moments of the random variables
T@ in terms of joint moments of finitely many X;’s. Its usefulness will be clear in the
sequel.

Proposition 2.9. Fixk € N. Letk; > --- >k €{l,...,klandhy,..., h € N. Define L = Z,]- hik;
and p = }.; hj. Suppose {Jn }51:1 is a partition of the set {1, ..., L} such that for each j, it contains
exactly h;j sets of size kj; and further assume that

E [)X[kj])p] < o0,

Then, with the random variables T@ defined as in Proposition 2.8, we have that,

[l"[ T(") =E f‘[x]m .
j=1 m=1

Proof. Note that combining the integrability assumption with the fact that J,, are disjoint,
we have that

E

1

& :ﬁE[XLn IS] HTUWI) H T(k)

m=1 m=1 j=1

E ﬁ X,
m=1

Taking the expectation of both sides and using tower law gives the desired result. O

2.2 CONSISTENT PERMUTATION-INVARIANT ENSEMBLES

In this section, we prove a number of new results for consistent permutation-invariant
ensembles using the theory of exchangeable arrays discussed in the previous subsection.
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We restrict our attention to complex Hermitian matrices because this is what we need
for our applications to the problem of joint moments. However, essentially all our
arguments go through verbatim if we consider ensembles over the reals or quaternions,
or if we drop the self-adjoint constraint, as long as we have permutation-invariance.
Before we formally define the class of permutation-invariant random matrix ensembles,
let us introduce some notation that will be used throughout.

Let H(N) denote the space of N x N Hermitian matrices, equipped with the Borel
o-algebra B(H(N)) and the Lebesgue measure,

N
dH = [ | dH; [ [ dRH,dIH;
i=1 i<j
Define the projection maps,

AN H(N +1) - HIN),

mapping each H € H(N + 1) to its top-left N X N corner. Next, define H(c0) to be the
projective limit of H(N) under these maps, endowed with the projective limit topology,
whose Borel sigma algebra we denote by B(H(c0)). Finally, consider the corresponding
natural projections:

Ay : H(eo) = H(N),

We have the following definition.

Definition 2.10. A sequence of probability measures {un}n=1, with uy on (H(N), B(H(N))), is
called a consistent permutation-invariant ensemble if:

e Foreach N > 1, T € Symy, and B € B(H(N)),
u (H € B) = uy (P.HP; € B),
where recall that Py is the permutation matrix associated to t.
e Foreach N > 1, the pushforward of un.1 under AN* is .

We denote by e the unique probability measure on (H(co), B(H(c0))) such that for all N > 1,
the pushforward image of ue under AY is un. Note that such a measure is unique, since it is
determined by the consistent finite-dimensional marginals {un}n=1 on the generating family of
sets

{H € H(c0) : AS(H) € B},
for N > 1 and B € B(H(N)), which generates the -algebra B(H(c0)).

Throughout this section, we will be considering arbitrary consistent permutation-
invariant ensembles {uy}n>1, associated with the measure (. which couples them. We
denote expectation with respect to 1., by E. We let H denote an infinite random matrix
sampled according to pie and also define Hy = AYj(H) which is distributed according to
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tn. We denote the random eigenvalues of Hy by ( X(ZN), .., (N)) how we order the

eigenvalues will not be important as we will only cons1der symmetric functions of them.
We now prove two general results on such matrices.

Proposition 2.11. Let k € N. If
E[| det(Hy)|] < o0

then there exists a random variable T® such that

k! N) L(N) (N)) Nooo iy
I\?ek(xl Xy e Xy )—>T

almost surely and in L, where ey denotes the k-th elementary symmetric polynomial. If we further
have that

E [Idet (H['] < oo,

for some r > 1, then convergence takes place in L as well. Furthemore, if for r1,...,r; > 0 and
ki,...,k € N, we have

E Hdet (Hk])'s] < 0o
forall1 < j<I wheres =} r;j then

(k Ve X K
Nkr/ H| o)

Proof. We start by defining, for each | € N®, the random variables

)
Noe g H|T<kf>|”' . (29)

=1

X; = det (1),
where if m; < --- < my are the elements of |, with d < k, we denote:

H] def [H ]

1 ] mi,..., mg

Then, note that by permutation invariance of the law of H, if 7 is any permutation of N
fixing all but finitely many elements, then

Law(H) = Law(P.HP}).

Write H,; = P.HP;. Now, observe that for any | described as above, we have that

so that H, and H*() are two matrices that can be obtained by one another after a reordering
of their indices. In particular, they are equivalent under unitary conjugation and hence
have the same determinant. Combining these two observations, we see that (X)) exw is
an exchangeable array.

Next, observe that the elementary symmetric polynomials in the eigenvalues can be
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rewritten as:
d!
e

N) () wy _ 4!
L%y )_W Z det H] Z Xj.
JEINT® NT o

Note that the first equality above easily follows by considering the characteristic poly-
nomial det(tI — H). Indeed, by means of Vieta’s formulas, one easily sees that the d-th
symmetric polynomial in eigenvalues equals the coefficient of tN~¢, which then also equals
the sum of the determinants given above that one sees by expanding the characteristic
polynomial as a sum over the symmetric group. Combining all of these observations, we
see that the result now follows by applications of Propositions 2.7 and 2.8. o

Proposition 2.12. Letky > --- >k, and r1,..., 1 € N,and L = ijjrj. Then, under the same
assumptions as Proposition 2.11,

(kl!)ﬁ ,L,|.(k1!)n ZL:(—l)erL( ) [ﬁ (m) (m) “,XET)))W'

1

H <k>

=1

E

m:k1

Proof. We start by noting that if we let
), (30)

be a partition of [L] such that for each j,m, I,(f;) contains k; elements; then by means of
Proposition 2.9, we get that our claim amounts to showing:

i

... N r
=M Z(_l)m+L( ) H Y, det(®)| |. @D

m=ky j=1 ]G[m](k)

E [H det (Hlf»’?)
jm

To prove the formula above, we will expand the right-hand side of the equation, and use
permutation-invariance to note cancellations. With this aim, for each k € {ky, ..., L} define
the sets

Akz{jz(gl)/-“/]i(’ll)/ §2>/'-' rz/ . ](l/ o I(l)) (]1)€[L](k7)r U]Er]t) :k}

jm

Let the symmetric group Sym; act on A, such that for any © € Sym;, we have

1) 1 72 @) U] U]
(", . )

L D S EVERRYD SO ERRDD L RVERRYY i

(e (1), (1), (1) e (02, (1), e (1)),

Next, consider the terms appearing on the expansion of the right-hand side of (31) that
are given, for any J € Ué:kl Ay, by:

My E [det (Hfi“) . det (Hff?) .. det (Hfi”) . det (H’fﬁ’ )] .
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Then, note that by permutation-invariance we have that for any t € Sym;, the average
defining M 4 remains unchanged if the random matrix H is replaced by H, = P.HP;. In
addition, noting that for any | C [L], H/ and H) are two matrices that are equal up to
re-ordering of the indices, we see that they are equivalent under unitary conjugation and
hence have the same determinant. Combining these two observations, we easily see that
for any 7 € Sym;, we have that My = M;(q). Next, with a slight abuse of notation, for

any J € Ui:kl Ay, let Orb,,(J) denote the number of times an average corresponding to
the Sym; -orbit of J appears on the expansion of the m-th summand on the right-hand
side of (31), where m = kq,...,L. Then, realize that if J € Ay, it follows that the terms of
the form M;(q) as T runs over Sym; only appear on the expansion of the m-th summand
on the right-hand side of (31) if k < m < L, and we have the equality

Orb,(F) = (’Z)Orbk(ﬂ').

Thus, if k # L, we have that the contribution coming from the Sym; -orbit of J equals

L
MzOrb() Y (,fq)<—1>"1(’,f) 0.
m=k

Furthermore, note that if J € Ay, then { ,(1],)} forms a partition of [L]. In particular, we
jm

get by permutation-invariance that

Mg =E Hdet(Hlfi)) ,

jm

for all such J. Next, observe that the terms corresponding to A; only appear in the sum
in (31) when m = L, in which case the coefficient that multiplies the average is simply 1.
Hence, combining these observations with the simple combinatorial formula

A L!
A= Ty

gives the desired result. m]
Remark 2.13. Proposition 2.12 can be generalised to the setting of arbitrary real-valued exchange-

X, x)
7'm

able arrays and the proof is the same. In the final formula one simply replaces ey, (X1 Xy

by Z]e[m](k/) X].

Proof of Theorem 1.7. This is a direct consequence of Propositions 2.11 and 2.12 above by
virtue of Vieta’s formulae. m]

3 PROOFS OF CONVERGENCE AND EXPLICIT FORMULAE

3.1 CAUCHY ENSEMBLE AND CONVERGENCE OF MOMENTS

The main results of this section will be obtained by using various results from the last
section on consistent permutation-invariant ensembles. The specific ensemble that will be
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used here is called the Cauchy [50, 90] (also Hua-Pickrell [24]) random matrix ensemble,
which is a sequence of probability measures py on H(N) given by

yﬁ)(d ) & const - det (I + HZ)_S_N dH, (32)

where s > 0, and the explicit expression of the normalization constant will be ommitted
as it will not play a role in what follows. Note that, via Weyl’s integration formula, one
can compute that the eigenvalue distribution of a random matrix H sampled according
to yf]) is given by Mg\s[) from the introduction as defined in (9).

The reason these measures are closely related to the Haar measure on U(N) is that
under the transformation x; = cot(0;/2), averages over the eigenvalues of a Haar-unitary

random matrix can be written as an average against Mg\s]).

Proposition 3.1. Let ny > --- > ny > 0 be integers. Let hy,..., I € (0,00) and s = Z’;Zl h;.
Then, we have the following expression for {(;%1""’"”(}11, oo he),

(11,.,1%) k
Sy ) = 2 Zia Zimg® H Z,, (X, X X<N>)|2hf
0 —n; 1 / 7 AN 7
F ) i 1

and for (Y)(A’;l """ "(hy, ... h),

o hy) ; Ly _
_ _Z.: 2hin;=(s) - i=
65(0)(5) =2 2Ry I | Z( 0" By |
N

j=1 ijO

where the polynomials &, and B, are given by,

nj

B (x1,%2...,XN) = Zﬂnj,lel(xl,xm ) (33)
1=0

[

1N\
n/'—m/'(xll-xZI' . .,XN) = Ni’l’l]( ]):Jnl—m,(xlrxL' . '/xN)/
mj

with the constants a,,; given as follows,

def n+l ,
B L ( ) (34)
Zf\ilmz:l’l mi,..., MmN

only my,my,...,m; are odd integers

Proof. By the definition of ZA(0), we have

N
Za(6) = (-2 [ [ sin ( 0 _29” ) . (35)
n=1

Note that, for [ > 1,

d 000\ o 2 (0700 1y g (0= O (0= O
@Sm( 2 ) 1 ( 2 )‘2 1) Sm( 2 )COt( 2 )
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when [/ is an odd integer; and

d . (0-0,\ ., 1. (0-0,
qasn(75) = 27wt sin (55

when [ is an even integer. So we can compute:

d(”f)ZA(G)

N
dm sm(—
_ (N
dem 9=0_( 2) Z (ml, .., m )H dom =0

my +"'+I11N=l’l/‘ n=

ZA(0 ' a w T mpt "
- ZA”(I) Z (ml,.l.q{,mN) H (=)= H b= (%)

m1+~~+mN=nj ;1:1 n.:l
my, is even my is odd

(36)

Note that, if m; + --- + my = nj, then #{i : m; is odd} < n;. Hence, the above can be
simplified to

dmz (0 ZA0) Yo Oi, 0
dgj,-( )9=0= gn(]) Z Cil,..,,i,COt(7)---cot(7”), (37)

where the constants ¢;,, . ; are given by,

.....

i "
Ciy,oiy = (_1) 2 Z (mlr“{rmN). (38)

N
Z,‘:l mi=n;
only iy M, ..., 1M, are odd integers

But then one immediately sees thatc;,, ; = ) for any i; < --- < i so that we have,

d"ZA(0) ZA(O) 01 On
demi ‘9 0 2% L u"’ lel(COt( 2 ) ""COt(T))

-0 (r() e 3)
21 T 2) 2 1))

Next, by applying Weyl’s integration formula for the Haar measure on U(N), we see that

1 N
f H |eie,- . eie,,,lz H In- 619”'25
0,2r]N n=1

2& 1281 ()N NI 1<j<m<N

k
= (w0 (3) ()
E “”f(COt(z)’ ’COt( 2

2h;

do; ---don.
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Then, applying the transformation x; = cot(0;/2) gives that

|

for some constant Ky(s) that is independent of hy, ..., h. Plugging in h; = 0 for all j to

™)

= ‘(X(N) Xo'yeei Xy )

nj 1 7

ni,...,n, I: S S
8;} " k)(h e .,hk) —N( ) Eg\])
]

k
S
25j=1 0% =1

both sides of the equation now gives the desired result for ‘&ﬁl """ "(hy,..., ). To get the
second part, simply note that

ni

] . . m; 3(nj—m;)
() ey _ ANZHEN, n; iNY" AT Z A (O)
Va0 =R Z( )(‘?) —do

m;j=0
which gives the desired conclusion. O
We can now prove Theorem 1.4.

Proof of Theorem 1.4. The fact that {yl(\s])}Nzl forms a consistent permutation-invariant (in

fact it is unitarily invariant) ensemble was shown in Proposition 3.1 in [24]. We write pfi,)
for the corresponding measure coupling them on infinite matrices, with respect to which
all almost-sure statements below are understood. Now, using the fact that

E(s)“ det(Hnl.)|zs] = Eff],)[ H |xfjjf’)2s] < o,
m=1

where E® denotes expectation with respect to yff;,), we obtain, by means of Proposition
2.11, there is a sequence of random variables {Y (s)} ;>0 with Yy(s) = 1 such that

j (N) (N)
— (—1)1]!e]-(x1 soee s Xy )

Yi(s) = lim = (39)
holds in Lzs(yff,)) and almost surely. Now we claim that
= N) N)
B, L, x e~
i v) Y, (5) (40)

N"i

in Lzs(yf,so)) and almost surely. To derive this, note that it suffices to show that the highest-
order contribution in the sum defining E,; comes from the term with | = n;. This is seen
using (39) together with the combinatorial bound

n;—l
] . .
O(N 2 ), if nj —lis even,
an/',l =
0, otherwise,

and a,, »; = (=1)"n;!.

Below, we explain how one can obtain the above estimate for a,,;. By the definition
of a,,; in (34), it is a sum (with coefficients depending only on 7;) over all nonnegative
integer tuples (m;, ..., my) satisfying Z‘f\il m; = nj and for which exactly m, ..., m; are
odd. In this case one necessarily has that n; — [ is even. Fix k > [ and a k-tuple of
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positive integers A = (A4,..., A) with the first / entries odd, the remaining entries even,
and ):f:l Ai = nj. A corresponding N-tuple is understood to be any m = (my, ..., my)
whose multiset of nonzero entries is exactly {A4,...,A}; equivalently, k positions of m
are assigned the values A4, ..., Ay, while the remaining N — k coordinates are 0. To form
such an N-tuple, the odd entries must occupy the first I coordinates, and we choose k — |
locations for the even entries among the remaining N — [ positions. Hence the number of
such N-tuples is at most

! (N =Dt e
ll( l)(k D=y —pr < CON

Since Ay,...,A; 2 1and Ay, ..., Ay 2 2, we have k—1 < (n; —1)/2, independently of N. As
the number of such A depends only on 7;, summing over all of them yields
ni=l
@4 < Cl)N=.

In particular, this shows that the term with [ = n; dominates. As claimed earlier, we thus
obtain (40).
Hence, combining Proposition 3.1 with the asymptotic formula in [70, Eq. (15)],

N G+ 1)

56 =0~ N oy

and arguing as in Proposition 2.8, we obtain convergence of all joint moments

() 2 [
lim Sn ( 1 2 _ GG+ 22T H Yn.(s)| 1,
N—oo N52+22j:1 njh; G(ZS + 1) ],_1 !
(ﬁ(m ,,,,, ”k)(h ) G(S + 1)2 . 2hj
. _ 2L hinj g n; .
AIIIE; N5z+zzj:1n,, TGEs+n H ,;( 0 ( ) = )

It only remains to identify the random variables Y(s) with the random variables Y(s)
from Definition 1.3. For this we make use of some results from the integrable probability
literature. Note that by the definition of Y;(s) and Newton’s identities, it suffices to show
that, for any M > 1, we have the convergence in distribution,

(Np; (X, X, x <N>))] - (a6s ))M (41)

In order to prove (41), let us first define the locally compact space Q2 C R?**2 (not to be
confused with the abstract probability space used in the previous section) as follows

0% fu= ()7 ()7 20) € R R R xRy 222

T2 20; i(xf)2+(x,.—)2s6},

i=1

X; =X

which is endowed with the topology of coordinate-wise convergence. As we explain
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more precisely below, we consider the Q-valued random variables

a);\s]) def [(N I max {X(N ,O})Z1 ,(N*1 max{ x%l 01 _ ZX(N) N2 Z (N)) ]

( (N) (N))

where (x € Wy denote the eigenvalues of the top-left NXN corner of the infinite

random matrix whose distribution is given by y(s) (that is, they follow the distribution
N =0fori<1lori>N. Then, as N — oo,

]] (42)
(s)

Jteo -almost surely, where {a} U {—a;} = 4 pe), Indeed, the almost sure (a.s.) convergence

s)) We adhere to the convention X;

©) def 0
wy—w® = [(a;)izl : lim Z 1|ai|>k 2o —ar

l’lk—mo

~Eg

of N"! max {Xl(.N), 0} and N7! max{ M 0} to the corresponding af is a consequence of
[24] (see Theorem IV and the results of Section 5 therein), whereas the a.s. convergence

of N7! Zf\:’l X; ) and N2 Yy ( N)) to the corresponding sums in (42) is established in
Theorem 2.1 and Theorem 2.3 in [83], respectively. Now, by virtue of Proposition 2.3 and
its proof in [15], we have that coordinate-wise convergence in the space Q,

o™ = (v ) () ™ 6®) — w0 = (), (), 7:8).

is equivalent to the convergence of the following, as N — oo,

SN 5N g, i (72 + (=57 — i |(57) + ()|, fork=3. 43
i=1 :

Hence, applying this to the convergence given in (42), on the full yfi,)—measure set where
the above convergence holds, we can identify the corresponding limiting power sums
with the q;’s, thereby obtaining (41). This concludes the proof. O

3.2 EXPLICIT FORMULAE

Next, we apply the combinatorial formulae proved in Section 2 for the even-integer
moments of the limiting random variables to our current setting. Via this representation,
we further deduce that our random variables {Y,(s)},>1 are non-trivial.

Proof of Theorem 1.5. The first part of the result is a direct application of Proposition 2.12.
Since m > ny > --- > n, we simply expand

ﬁ (e, (X0, _.ngza)))zhf
=

mxm

as a linear combination of polynomials in x ), with coefficients independent of s.

Therefore, by the first part of the theorem and by the definition of EYL, to prove the
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rationality of

s— E

f[ (Yn,(s))”f] ,

=1

it suffices to show that

1 0o 00 x71'1 x:;ln k
- dxq---dxy,, rneNU0}, n<2m—-2+2) h;
C;Sl) j:oo f:oo (1+x%)m+s (1 +x51)m+s 1 mn ! 0}, i ; ]

is a rational function of s. Moreover, by symmetry, the above integral vanishes whenever
at least one exponent r; is odd, so it remains to consider the case where allr;,i=1,...,m,
are even. Note that Z’;Zl hj <s+ 3. The desired rationality of the above integral follows
directly from the argument for the same quantity as in [14, pp. 14595-14596], with N in
that reference replaced by m here. ]

The rationality claim of Theorem 1.5 turns out to be very useful in proving Corollary
1.6. The strategy to prove the result above will be as follows: we will initially restrict to
s € N and compute the averages in (11) by calculating the corresponding integrals over
U(N) and taking N — co. We will then show that the expressions we obtain extend to
rational functions, which, when combined with Theorem 1.5, will give us two rational
functions that agree on integers, which then implies they must agree everywhere. We
will then show that the explicit expressions that appear in (11) are strictly positive, and
conclude the final claim of the corollary.

To complete the aforementioned first step, we state and prove a sequence of lemmas
regarding certain averages of eigenvalues of Haar-unitary random matrices. Recall that
via Weyl’s integration formula, it is known that if A4, ..., Ay denote the eigenvalues of a
Haar-unitary random matrix, ordered so that

Aj=€% with 6;€[0,2n), 6;<-- <6y,

then the law of the 0;’s is given by:

def 1 i0; i 2
dvHaar(01,...,0N) = N | | |€6/ —€6k| do, ---dOoy.
1<j<k<N

Thus, for the rest of this section, we denote
EU(N) [f(Al, ey /\N)] =e ff(elsl, e ,elHN) deaar(Ql, ey 9[\])
Lemma 3.2. Lets,n € N. Then, as N — oo, we have
(1,0 " J" e TIT .
s =1~ SB[ [ [ [ -=d-wi|| @
19" | i=1 =1 i=1 e

, (45)

9" [ N s -
6"V(1,5-1) ~ =5 5 Euaw (Aj = z)(Aj —wy)
N 92! ' H H 1 /

| ],:1 =1 z1=-=zs=1

wy=-=ws=1
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where A1, ..., AN are the random eigenvalues of a Haar-distributed A € U(N).

Proof. Let A € U(N) and let (¢%,...,el%) = (A4,...,Ay) denote its eigenvalues. Then,
define the characteristic polynomial, this time as a function on the unit circle instead of
[0,27) by:

A (A]‘ —Z)

=

N N
Va(z) & [Ja-z=]]a-z1)=
=1 =1

and its corresponding rescaled version:

j=1

Za(z) = e N3t T %271V, (2).
Then, direct computation gives that:
Z{) = )NZP().

In particular, one may compute,

g o S I N s N i
Jz} Jw} H(lei) [TT1¢ -2 -

L i
_N N N N
H(A A nw ) H -—wl)H(Zw,) ¥ HH(A —z)(Aj = W), -
=1 j=1 i=2 Wy="=Ws=

=<—1>st§:3<1>251“<1>(zA*a)) HZa) T = 20 |Za[.

In particular, taking the average of both sides and moving the differentiation outside the
integral (since all derivatives are uniformly bounded as the )\;.s range over the unit circle):

&a: &ann Eom [H (ziw;) > HH(/\ ), w)” N

] 1 =1 wy=-=ws=1
— 2 1~ 252
- f Z0 W Za@ ™ dpsane(A).
UN)

Now, the leading coefficient in the asymptotics of
~(n) 2|1~ 25-2 (TI,O)
S O AP dtt8) and 5715,

are the same, since plugging in z = ¢! and differentiating with respect to 6 would only
add terms of lower order derivatives, which, by Theorem 1.4 has strictly lower order
growth. This completes the proof of the first part of the lemma. The proof of the second
part follows similarly. ]

The next lemma has appeared previously in the literature; see, for instance, [1, Theo-
rem 1] and [73, p. 2607].
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Lemma 3.3. For every s € N, we have

N s B _ detlgil]'gs [ N+S 1( Zj ]) ]
Eua [H H(/\j —z)(Aj = wi)} - [Th<icj<s(zj — zi) Hls«/ss(w/’ —w)’

=1 =1
where Ay, ..., Ay are the random eigenvalues of a Haar-distributed A € U(N).

Lemma 3.4. For s € N,m,n € NU {0}, with Ay,..., Ay the random eigenvalues of a Haar-
distributed A € U(N), we have,

82 8w’” Eum [HH j =z _wl)]

j=1 i=1 z)==Zg=wWq =-=wWs=1

1 1 1 ) 1 )
— iyl 57 +n+m 57 +n+m—1
T ST+ ) 5= 1+ m)! g G- 13335[pi+q1+1] +OWN )

wherepy =s—1+n,g=s-1+m,pi=qi=s—i,i=2,...,s.

Proof. By Lemma 3.3, we have

deJf1<z ,j<s [Zl s~ 1(Ziw]‘)l:|
Euw [H [T -0 - )} Moot ot

j=1 i=1

Thus, letting z; = w; = 1, we then get:

de’flsi,jg [ +s 1(le]) ]

Iim lim
ws—1—1 2511 Hl<l<]<s 1(2] Zi) H1§i<j§s—l(wj - w) H1<i<s 1(]- - Zi)(l - wi)

NI deti; j<s[ Vet ziwj)l]
= lim lim

wy 1121 (1 — 2521)(1 — ws—1) H1<,<]<s 2(zj = z)(Wj — wi) [T1<jes0(1 = zi)2(1 — w;)?
B 1

[Th<icjcs—(zj = zi)(W; — wi) [T <ics—n(1 = z0)*(1 — w;)?

N+s-1
J J det Z (Zin)ll

325 1 3ws 1 1<i,j<s =

Ws—1=ws=1
z5-1=25=1

Continuing the process above where for each j =s,5s —1,...,1, we are getting a factor of
(1 - z;)*”7 in the denominator at the j-th step, we finally obtain:

o o det1<,]<s [Zl I 1(Ziwj)l]

az;l awT Hlsi<jss(zj zi) H1§i<j§s(wj - w)

w1 =--=ws=1
z1==zs=1

s gn+s—1 gm+s—1

1 1
= O T G T m)! g (s = I 92T g1

s 9 s—i 9 s—i N+s-1
[1(2) (2] ) e[ 5o

i=2
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Then, one can compute:

gnts—1 - gm+s—1 5 9 s—i s
az—(;w—H((z) (5)) et

N+s-1
Z (zi w])}

wW1="""=Ws =1
z1=-=zs=1

gpita; NE N .
= det TR Z (Z,-w]-)l = det f KPitdidx +O(NS +m+n—1),
1<ijj<s | 9z duw = w=-zwe=1  1<ij<s \ Jo
! ] - z1=-=zs=1

where the last equality is obtained by a standard application of the Euler-Maclaurin
formula. The result follows from the above. ]

Proof of Corollary 1.6. We start by proving the second equality in (11). Note that by Theo-

rem 1.5, we know that
" 2
—1\" n
Y (=) (m)vn_m(s> l

m=0
is rational on s > % Furthermore, by a combination of Lemmas 3.2, 3.3 and 3.4, one can
see that fors e N,s > 2

2
= (n o GRs+1)  (n)? s 1
E[ 2 (m)Y”"”(S)‘ l‘z Gls + 172 (s—1+n)'>2H<(s—]>')2 1<11<S[P1+P1+1]

m=0
wherep; =s—1+nandp; =s—i, fori=2,...,s. Thus, if one shows that the right-hand
side of the above equation extends to a rational function on s > 1, then we have an
equality of two rational functions on the real line that agree on infinitely many points,
and hence they must agree for all s > 1. To see that this holds, note that by the general
formula for Cauchy matrices, we have that

[ 1 ] B Hlsi<jgs(Pj -pi)?
pit+pjt 1 H1<i/’<s(Pi +pj+ 1)

SHE{

det

1<i,j<s

- H (n+i-1? Tl —9Y
B s—1+2n (25 +n =i [hejjes(@s + 1 =i~ j)
Substituting this into the above expression and simplifying it, we obtain that
n 2
251 I+s-1
— 22n
( ) won(®) 25—1+2n£[(1+2s—2)

fors € N,s > 2 and hence for all s > 1. This gives the second equality in (11). For the first
equality, note that

a&: (987;” Eumy [H (ziw;)~ 2 HH(/\ )]

2

j=1 i=1 zﬁi::ié;ﬂ
n n—i—1 n- ] 1
R (505
= A - - UN) (Aj—z)(A; — w))
;) (z j IO[ 2 )V 2 oz oul HH =
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Hence, arguing similarly as above, we obtain the first equality in (11). Note that for the
second part of the Corollary, one only needs to show positivity of the expressions that
appear in (11) for s > 1. Positivity of the second equation is obvious. To see the positivity
of the first one, we use the result that a symmetric Cauchy matrix

M-l
ql+q] i,j=0

is positive definite if and only if all the g;’s are positive and mutually distinct (see e.g.,
[48, Theorem A]). In particular, if we let g, = s — % +i,i=0,...,n, then

.....

;
2s=1+i+7]]

is positive definite. Now, consider the vector x = (xo, x1, ..., x,)T with

x,-—( )( ) Zﬁ(l+s)H(l+25—2)

I=i+1

Then, we see that

S O(s—1)  Gs+1)  25-1

li = T
NDe T N Cs + ) T @s—2 2 >0
which completes the proof of the result. m]

4 CONNECTIONS TO INTEGRABLE SYSTEMS

4.1 RepucTION TO FINITE N AND S € N

As explained in the introduction, Theorem 1.11 will be proven by a limiting argument:
we obtain the analogue of the differential relation in (16) at the finite-N level in Theorem
1.9, and then take the N — oo limit. It turns out that by virtue of the following analytic
continuation argument, we do not lose generality by restricting to s € N in Theorem 1.9.
This, in turn, will allow us to represent the quantities of interest as derivatives of smooth
functions, which, from their original definition, is not at all obvious. In particular, from
now on we will restrict our attention to s € N in proving Theorem 1.9.

Lemma4.1. Assume the statement of Theorem 1.9 holds for all s € N, withs > 27} (Z::z qng—1).
Then, the same statement holds for all s € C with R(s) > 2‘1(2522 qng — 1).

Proof. Let! € N be the smallest integer so that / > 2‘1(2522 gng —1). Then, we have for all
s € C with R(s) > [ that

WZ N *1 ‘(/ 1
. — A()dX| < f
df f}\] H 1 +X N™ Jan
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form=0,..., Zgzz(q — 1)n,; and also that

kK (N "N ik,
z(x,- -y [[——=5A%0dx
=2 =1 1 2.)

j:l( +X
kK (N MoN
< [.I1 [Z (1+x ””] o
q=2 \ j=1 ]:1 -

Now, observe that proving (15) amounts to showing the equality after the averages are

replaced by these integrals, due to the cancellation of the normalization constants of M;f,).

Thus, using the bounds for the integrals above and the fact that PEN(t) are polynomials
in s, we see that both sides satisfy the conditions of Carlson’s lemma. Therefore, if they
agree for s € N, s > |, then they agree for all s with R(s) > I. Hence, noting that both
sides are analytic on R(s) > 2‘1(2522 gny — 1) and using the identity theorem, we get the
desired result. m]

The vast majority of the rest of this section will be devoted to proving Theorem 1.9. In
the end, we will show that taking the N — oo limit indeed implies Theorem 1.11, which,
without the machinery we developed earlier, is highly non-trivial.

Here, we stress again that in proving Theorem 1.9, by virtue of Lemma 4.1, one may
restrict to s € N, which we henceforth do. The strategy we will adopt can then be
summarized in the following steps:

e Step 1: We will write the averages of the form

143 51(

N N
. )
EQ [ T Y (W i) || Y (x , (46)

j=1 j=1

in terms of derivatives of Hankel-determinants. To be more precise, up to a power
of N, we will show that the above average can be given as

k 17’ k
t ..ot ' H ot ,
nl:[ 2 0<1]<N . [1/’z+,( 1 k) 3] bt

~~~~~
m=2

for some explicit functions 1, (ty, ..., t) with Wx(ty, ..., t;) denoting their Hankel
determinant. This is given in Proposition 4.2.

o Step 2: Next, in Section 4.3, we will introduce the associated functions Wy 4, where A
are integer partitions. These are basically generalizations of the Hankel determinant
on the left hand-side of the equation above, such that Wy = Wy. In Lemma 4.14,
we will then show that the t,-derivatives of Wy, where m = 2,...,k are given
as linear combinations of Wy where A ranges over a specific class of partitions.
Hence, to study these derivatives, it suffices to understand the properties of Wy 4,
which will be studied in the next step.

o Step 3: In Proposition4.11, we show that the quantities Wy 1 satisfy certain recursive
relations as A ranges over a specific class of integer partitions.
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o Step 4: Finally, in Section 4.4 we use the results in Steps 2 and 3 to prove Theorems
1.9 and 1.11 by a delicate induction argument.

It is also worth noting that even though considering power sums after shifting the eigen-
values by —i might look unnatural, it is done to ensure that we are able to write the
relations between Hankel determinants and their shifted versions in a concise manner.
Indeed, the joint moments of power sums without such shifts can be written as linear
combinations of the averages in (46). In addition, due to our earlier results, the additional
terms one obtains from this shift do not make any contribution in the large-N limit.

4.2 JoINT MOMENTS AND HANKEL DETERMINANTS

Our starting point is the following proposition.

Proposition 4.2. Let N > 1,k > 2and I,,..., I > 0 be integers, and let s > (Z',;zz ml, —1)/2
be an integer. Let U(a, b; z) be the confluent hypergeometric function of the second kind, and let

Om(t) € exp(—t)U(1 = N = 5,2 — 2N = 25 + m; 21). (47)

Then, for t; > 0, we have

(46) _ C(S)( 21)21(":2 e, k 3&!1 d ‘ i tTZ e t;{”k (t )
- m=2 at,ﬁ” OSi’jSeN_l m =0 Myl 7’1k!(¢)i+j+zlk:2 tm 1 PA———"
=. 200 M= 2= ==

for some constant Cf]), whose explicit value will not play a role in what follows.

It will be clear, while proving the result above, that the earlier restriction to s € N
guarantees that the power sum considered above is well-defined, and has derivatives of
all orders. This will then allow us to use the recursive relations for ¢, to obtain desired
relations for these series, which will be one of the main ingredients in proving various
relations between Hankel determinants of concern. Moving on, to prove the proposition
above, we will need two elementary lemmas.

Lemma 4.3. Let g(t1,...,tn) be a symmetric function of the form

R
g(tll"-/tN) = Zar

r=1 i

fr,i(ti)

N
=1

for functions f,; € C*N"2(R). Then,

o oY X
- _ = — NJI (i+)
| ( 3t 8ti) gl )| NUY et | [F D).
1<i<j<n r=1

Lemma 4.4. Let N > 1,5 € N, and let I C R be a compact set. Then, there exists a constant
K = K5 so that forall t €,

| (D] < Knysm™* (48)
where ¢y is defined as in (47).
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Proof. Using the well-known relation between the confluent hypergeometric function U
and generalised Laguerre polynomials (see, for instance, [7, p. 755]), we have

U1 =N —5,2=2N =25 + n;2t) = (-D)N*UN +5 = DL 2 2n),

where the generalised Laguerre polynomial LY is given by

(@ z¢ d" .
L) = — o (2.

Computing the derivative explicitly gives the desired bound immediately. O

Proof of Proposition 4.2. We start by noting that (from here on the constant CZ(\S]) might
change from line to line)

N
46 :C(s) Ntlf
(46) = Cye NH

/:1 i m=2

P, U
a_wj ) f{\l H 5+N H[Z(x] _l)m] dx wy=

]:1 y m=2\_j=1

—ltl(X]

s+N H (Z(x] - 1);11] Az(xl/ ,xN)dx

j=1

— Cg\b})eNtl

=e=wn=t
1<i<j<N( N=H

We now use g(wy, ..., wy) to denote the integral

N o) ok m
[l ] o

j= m=2\ j=1
Then g(wy, ..., wy) is a symmetric function. Expanding the powers of };(x; — i)" in the
product over m, we obtain

k

N —iwi(x=i) (. _ 3 \EK o i
e j\Aj (x] 1) m=2 M fm, j
o= B, ) LI

poate o = m=2 ! = (1 + xj

i +'"":[Jk,N:€k
By Lemma 4.3, we obtain that

k

¢ vk
46) = C©)j L= Ml Nt " det (i j+ L=z Mgt j1) (4
( ) N Z H Hma, -, Um,N) 0<ij<N-1 [f ( 1)]

‘u2,1+-~+ty2,N=€2 m=2
P+t ey =Ck

where the function f is given, for t > 0, as

def it 27 iy
ft) = j; a+ x2)5+Ndx = SNEIT(N + s)e U(l-N-5s,2—-2N —2s;2t),

(see [91, p.349 formula (9)]). Furthermore, by the differential relation (see [58, p. 258
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formula (14)])

d"

dtm( U1 - N =5,2-2N - 25;2t)) = (<2)"e #U(1 = N = 5,2 = 2N = 25 + m; 2),

we can rewrite (46) as follows:

_ () : };,:2 mly,
(46) - CI\SI (_21)2 Z H (:um 1/ s Hm N) 0<1c]1<15 1 [¢7+]+Z’" 2 i, ’”( 1)] “9)

14+, N_€2 m=2
e+ N =L

with ¢,(t1) as in (47). By the growth condition in Lemma 4.4, we have that, for fixed
nonnegative integers ny, . .., 1y, the series

otm My, Mk mz .
k
Z H atnm ( mk ]¢z+]+}:1 2lml( 1) Z H o ! - ,+]+Z/ zl(m1+”1)( 1)

my,.... =0 m=2 my,..., =0 m=2

is uniformly convergent on compact subsets of R"1 as a function of £, . . ., ty. Hence, the

differential operator Hm ) atnm and the infinite sum Y., . _, can be interchanged. Now,
by applying [71, Lemma 2. 5] on derivatives of determmants of functions, we have

aem 1112 . mk
t
atem 0<i ]<N 1 Z m2 - My |¢l+1+21 zlml( 1)

Ma,..., =0

2. t’”k

k 0
g,um/jﬂ > .
= | | det | | . —_—
Z (uum 1yeer Hm N) 0<i,j<N- 1[ =2 atim'ﬁl Z my!- '¢l+]+z[ Zlml( Uk

U1+t o N=C m=2 my,..., =0

Ui+t N=Ck

By exchanging the differential operators and the infinite sum on the right-hand side of
the above equation, and then evaluating both sides at t, = --- = t; = 0, the right-hand
side becomes exactly that of (49), up to the constant factor C;f,) (—Zi)zvk":2 mtn Therefore, the
desired result follows. m|

4.3 HANKEL DETERMINANTS SHIFTED BY PARTITIONS

Following the strategy sketched earlier we define the Hankel determinants:

e8] th .. tmk
_ 2 k
\I’N(tll ceey tk) - Osi,djﬁels—l z . 7”12! .. mk! ¢i+/‘+2§‘:2 lm,(tl) . (50)
my,..., M=

Next, to make the presentation clearer, we fix some notation that will be used throughout
the rest of this section. Firstly, let

def 00 fne i

e 2 k

Pyt b)) = Z m‘i’yiﬁz 1y (E1);
mz,...,mk:O
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for any y € N. Indeed, since we are mostly concerned about the N — co behaviour of
these determinants, it becomes more natural to consider the determinant given in (50)
with the replacement t; — #/N, ..., t; — t;/N. Hence, we introduce

def t tr
!P}/(tll‘ /tk) - wy (N/ cey ﬁ)/

and accordingly define,

Wy(ty, ... k) = O<l,(}<e;f[_1 [‘Pi+j(t1, ey fk)]-

Note that these functions are all well-defined due to Lemma 4.4. Next, we define shifted
and weighted versions of the Hankel matrix whose determinant defines Wy. For each
integer partition A = (A; > --- > A, > 0), we let

def
Analt, .o t) = [‘I’i+j+AN,,-(t1""’tk)]i,j:o N-17

.....

whereif p <N -1, weletA,;1 =--- = Ay = 0. When p > N, we define Aya(ty, ..., &) = 0.
Accordingly, we let
def
Wya(ty, ..., t) = det[Anal.

Note that in the special case, A = 0 = (0,0, ...,0), one has Wyy = Wy. Related to these
matrices, we also define their weighted version:

def [,. .
At h) = [+ ]+)\N_]-)I,I)H]-MNij(h,...,tk)]ijzo o
and let
Wty k) = det[AT)].

Finally, we define the main objects that will allow us to obtain recurrences for derivatives
of Wy 4, which will become very crucial for our induction argument.

Definition 4.5. Let h € N U {0}. For each integer partition A = (Ay,...,Ay) with p < N, define
its translated version:
Sid=M+h,... Ay +hh,. .. h).

Hence, we define the functions Wy, by,

def .
Wyt by, ) = Tr [ad](AN,/\)AN,S;,A] ,

(w)
and ‘I’N, A by,

def .
‘pg](jz\,h(tl’ to,..., tk) =e Tr [ad] (AN,,\) Aglfgh/\] ’
where adj denotes the adjugate of a matrix.

It turns out that in most of our computations we will have expressions which involve
a certain distinguished partition. These partitions are defined as follows:

Definition 4.6. Let 1 < g < n. Define the partition A, 4 of n to be the partition (n—q+1,1,...,1)
where the number of 1’s that appear at the end is q — 1.
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In what follows, we will first show certain recursive and differential relations satisfied
by the functions ¢, and then leverage these to obtain relations between derivatives of
Wy and its shifted versions defined above.

Lemma 4.7. For each y > 0, we have that

¥, Ny
V=5 "2 1)
l 2 294
and also
_NIN+s-1-7) N(2—2N—25+7/)+ t
ll)y+2 B 2(t + t7) s 2(t + to) t1 + 1t II)V-H
k
1 kty
6T h) qZ:; ((fl — D1 - qfq)ll}y+q + m%+1+k- (52)
Proof. This follows from the properties of the confluent hypergeometric functions
(b—a-1U@b-1;t)- b-1+t)U(@a,b;t)+tU(@a,b+1;t) =0, (53)
% =U(a,b;t) - U(a, b + 1;t), (54)

which can be found in [58, p.257 formula (5) and p.258 formula (10)]. Indeed, the first
claim is immediate from the second identity above, whereas using the first one, we obtain:

N(N+s-1-y)
Pyt 1) = s (b1, 1)~ 5 Z Gttty 1)
N2 —-2N-2s5+7) 1
+ o 1)yt )+ 5 Zz‘ Ggtp 1B ).
q:
Now, note that the only term ¢, appearing on the right-hand side above is the g = 2
term of the first sum. Moving that to the left-hand side we get the desired result. m|

Lemma 4.8. Let k > 2 and q > 2. Let A be a partition. Then we have:

Wyagty, ... k) = %WN,A,q—Z(tlw-wtk) ﬁ ;f;];lq St )
W‘E\qu_l(tl, o b+ ﬁwﬁj’q_l(tl, o h)
+ tl-i \IIN,A,q—l(tlw--/tk)"'%WNMJM 1t -, 1)
2(t1 5 Z Dt _ltl)‘IJNAqH 2t .o B). (55)

Proof. The claim follows by applying the second recursive relation in Lemma 4.7 to Wy 1 4
and the linearity of the trace. o

46



T. Assiotis, M. A. GuNes, ]J. P. KeatinG anD F. WEr

Lemma 4.9. Foreachq=2,...,kwe have that

JWya 1
— ==y
o, N M
and also that
NJWny N
- — - + — .
Wyt 2 on > WA (56)

Proof. The first claim follows by noting that

I, 1
ot N
whereas the second claim follows from (51). |

Next, we give recursive formulae for Wy . To do this in a compact way, we first need
some notation.

Definition 4.10. For integers v > 0,b > 1 and p with 1 < p < b, we define

def T
lp;\?[b/ ] _e (le/\I,pr‘pN/\;,wl/ . r‘pN,Ab,bror“-rO) s

where r specifies the number of 0's that appear.

Next, we give recursive formulae for the vectors defined above. These recursions
will represent certain vectors as linear combinations of other allied vectors after they are
multiplied by suitable matrices. These matrices do have explicit expressions, which we
give in the Appendix.

Proposition 4.11. Let N, k,I be integers with N > 1,k > 2,1 > 3. Then, there are matrices B®

and Qf,? withm =0,1,...,k+ 1, all of which, except Q(zl), have all entries independent of N, so
that:

kt (_1)k+1B(l) N (9 N
Or7.47 _ (=DTBY [N J a
w[1] = 26 28t1 W+ k= 2;k]
A N N i J 9\ _ 1.
+ B! (2 o + 2+ tz)(ZZSd”fm—l,matm] +ktkatk))‘PN [1-1;1]

k,
1
i, 1 0a(=1)"Q% @O .
+ 6 ;ﬂdl +m2(1)"Q, LW [+ m; 1]

DwOr - 2;1]

+( hoqoy N (’))w(0[1—1 17+

t1 +1 1 2(t + to) 2(t; + tp)

k=3

BY ” M

2(t1+t2) E diffyr2 mas(=1)" (- 2 8t +—)‘I’ [l +m;m+2]
1

Y, )( 1)" %t Q" WO +k-1;1]
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BONK S ki 9w
+mh§(—1) S YV k=1 =Jk+ 1 1]
BON k . m-2 \ P o
+ m ;(_1) d|ffm—1,m hZ:Z‘(_l) (Q_th‘PN [l +m-—-2 - h,m _ h],

where we denote
diff, , = diff,(t1, ..., 1) < pt, — gt

Proof. We start by noting that after a straightforward but lengthy computation, where we
use Lemma 4.8 and [72, Theorem 17], we obtain:

CNON+s-1) (12N 29N+ 28
T 2(t + )

wOr;1] :B<’>( - Ry Ry

K
N (w) N (w) 1 . kty
- _ _— diff,,_1 Ry + ——R,
2t +1) 2 2t +h) T 2k + 1) mzzs T o+ 1)

T
where Ry = (WN,Az_u,lr e NALLLL 0) with a zero appended as the last entry and for
m >1, R, € R are given by:

0, i=1,
j
Ru)i E Y D Wna ez =211,
h=2
Wi, 1+ a(m)-2 ji=1

with a(2) = 0, and a(m) = m for all other m. We also denote by R(lw), and ng) the vectors
in R defined in the same way as Ry, R, above with W replaced by its weighted version
W®, Next, for m = 3,...,k + 1, we decompose R,, = R!, + R}, € Rl where these latter
vectors are given as:

j+m=2
h+m—2 .
R’ def Z (-1) ‘erAl+m—2—h,j+m—1—luh j=1... -1,
( m)j = h=1
W o, 1+m—2 j=1
m

1
o« def Z(_1)h+m_1‘pN/AI+m—2—h,j+m—l—h/h ] =1,...,01-1,
(Rm)] = 3 =1

0 j=1

Then, we apply (56) to Ry. For m = 3,...,k + 1, we apply Lemma 4.9 to R;,, where we
set t; = t; for the h-th summand with i > 2, and apply (56) to the first summand in the
entries of R;,. For the remaining terms, by virtue of [72, Theorem 17, Proposition 20 ],
for each j = 1,...,1, the entries (R,);, (RW); for m = 1,2, and (R,,); for m = 3,...,k +1
are linear combinations of Wy a,. ., 4 = 1, ., 1 + a(m) — 2, with explicitly computable
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linear coefficients. This implies the identities:
BOR, = Qw0 -1,1], BORW =Q"w-1;1],
BOR, = QVwO1-2;1], BORYW = Vw1 -2;1),
BOR, = QWO+ m - 2;1].
All matrices involved above are given in the Appendix. Hence, defining

def = def =0 =
0= 2NQV +QV +(1-25)QY, and QY = (N+s5-1)Q) -QY,
we obtain the desired result. We note that even though both —2N le) and 6(11) contain
terms linear in N, Qg) is independent of N due to cancellations. Similarly, although both
(21) and (N +s — 1)Q(21) contain terms of order N?, these exactly cancel out so that entries
of Qg) are O(N). O
The cancellations that take place at the end of the above proof, and the consequent
bounds on the entries of the matrices therein will be very crucial while obtaining the
desired order of N for the polynomials appearing in Theorem 1.9.

In order to be able to use the recursion above successively, we will also require suitable
initial conditions.

Lemma 4.12. For each N > 1, we have that

we - N2 PWy N 9Wy N2‘p N oWy
NA = g P T on T8 NI o
N2PWy  N2oWy N2 N oWy
Wy, = N —

8 atz 4 ot * ? 5 otr ’

Proof. By the definition of Wy 14, we have
W1 = YN, + WNa,, Wnee = Wi, — WPNag,:

Noting that W1 = Wn,a,,, the result then follows by virtue of Lemma 4.9. O

We then arrive at the following proposition.

Proposition 4.13. Let [ >3and1 < q <1l Letk > 2 and iy, n3, ..., ny be non-negative integers.
Then define,

) def azz 8”3 a”k
L(lz,na,m,ﬂk)(t ) = s —Wy , (57)
Nlg atlz 8t”3 ot " bymmty =0
def &12 am ™
'EI\lIZ M3, ”k)( ) = — Wy (58)
& S 8t 3 8tkk PR——
Let m > 0 be an integer. Denote
, T
L) = (Ll ), L)
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and

7 (12,13, ( ) (i ) T

Ll,’zﬂ 3 (szlleism mnfz(tl)' LZ\ZleTm zf;(tl)' O) :
Then, we have that

i3, b=n »)!
L(iz'm'"' ) —po (X N d _ ]l] Lgl_zin,%, k) . Z (1= 2(12 nz)(lz ! V(”z,m,.--,nk) (59)
1 2 dtl 2 0 21,12 ny+1 1 :
ny=0 1
(i2,13,...,1)

Here the notation | ~1-1 0 denotes a vector with 0 appended in the last entry and V;”z’”s""’”")

is given by the complicated explicit expression

(nz 1300 11E) (nz ..... N1 +1,1,—1,...15)
V;Vlz,naw-- k) B(I)N(Z(m - Dy 1( -1 ) mnm( -1 0

e 0) (g (n2,13 O g (ran3i)
+ knk( -1 0 )) + (ZtlQ + NQO )L 2, + NQ2 Ll_zz, 3k
k-2
I mi1= 1., 1 -1
# 20+ a1 Q L 4 () QL L
k-2 ‘3
I m+. N d N
B Ir R I LI P
o 2dt 2
m=1 ~—
L;?:, ..... Ms2—1,..,10k) (m +3)nm+3( 1)mL(n2 ..... Nyaz—1,..., nk)] +( 1)kk kLl(yl,(Z ;3 nk—l)}

m-2
B(I)NZ[( 1)m 1(11’[ 1)7’1;11 12( 1)hLl(rZ ..... np+1,. o1 =1, 0k)

m=4
m—=2 L. ) k-1 1 )
— (_1)m—1mnm Z(_l)hL;’Zl 2”'}:["’ M= d sy ”k)] + B(I)NknkZ( 1)k+hL§711<2r-1-17;1h+ ----- 1= )‘
h=2 h=2

Furthermore, the following initial conditions are satisfied, where we drop dependence on t; in the
notation,

N dL(an,..A,Hk) N‘E(Hz ..... nk)
+

(n2e) _ _ IV N
Ly 2 dy 2 7
2 p(n2,..1) (n2,...,1%) 2 png,...n) (n2:+1,....1x)
gy L NP PLE N2ALE NP NG
N2,1 8 dr 4 dny 8 2 '
2 p(12yet) (1200, 11k) 2 (1, 1k) (n2+1,....1¢)
gy - N2 ELE N2 AL NPLP NLy (60)
A T 4 dn 8 2

Proof. The result follows via a direct but long explicit computation where we differentiate
both sides of the recursion in Proposition 4.11 and the initial condition (56) and Lemma
412 with respectto ty, ..., fyand lett, = --- =, = 0.

In this computation, we use the following two facts. First, when taking the i,-th
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partial derivative with respect to ¢, of both sides of the equation in Proposition 4.11 and

evaluating at t, = 0, all the terms, except for the term B(l)(%ait1 - %)‘I’fl)[l —1;1], contain
the multiplicative factor tli ;- Hence, applying the product rule yields the formula (59).
Second, there are terms of the form t,,F(t,...,t), m = 2,...,k, for some smooth function
Fofty,..., tx. When we take the n,,-th partial derivative with respect to t,, of these terms
appearing on the right-hand side of the equation in Proposition 4.11, and then evaluate

nm—1
at t,, = 0, such terms become nmgtnTF(tl, e, tk)|t -0 m]

Let us make a few comments on the specific features of the recursion above that will
aid the inductive process in Section 4.4. Note that for fixed [, 15, . .., 1; all vectors L;’”z"“’mk)

appearing therein can be classified as:
e mj=njforj=2,...,k,and b <],
e mj <njforj=2,..., kwith strict inequality for some j,
e There exist 2 < j <i < k such that m; > nj, but n; > m;.

Our inductive assumption will be defined via the upper indices (15, ...,n), in a way
that for any tuple (my,...,my) given as in the second and third bullet points above, the
corresponding vectors will have the desired properties for any b. Then, we will iterate
over the sub-indices [, which will be possible due to the first bullet point above. For more
details, see Section 4.4.

We also note, that in the above expression for Vl("z’m""’"k), certain terms include nega-
tive integers in their upper index. Even though these are not defined, this only happens
whenn; = 0 for some j, and this term is pre-multiplied by 7, so that these terms disappear
automatically. Of course, one can just define such terms to be 0, and end up with the same
statement, but noting that their coefficients are 0 explains how these terms never appear
when one runs through the computation for an index for which this situation occurs.

As discussed earlier, our main goal is to obtain an invertible way to go between the
ta, ..., ty-derivatives of Wy and Wy,. To write their relation in a more compact way, we
now introduce the following functions:

b

Di(ty,..., ) =N {(N +5 =)W — W) + (12N = 26)Wyp 01 + W) | +2 N‘PN,@,M} .

where the parameter s in the above is the same parameter that is used to define Wy

and ‘l’ﬁ’j‘ L As before, we will be considering the f,, ..., f; derivatives of these functions

evaluated att, = --- = t; = 0. Thus, we define
om "

RN AA T .

i (t1) gt;z atZk i(h ) ty ==ty =0

Then, using the following identities, which can be proved directly through their defini-
tion,

h

h
Wyg = ) (1) Why,, WO =) ()TN -2 + )Wy, (h>1),
=1 =1
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Wyao = NWyy, p

NAO = (N(N —-1)+n)Wna, (A is a partition of n),

we have the expressions

Df)"z""’"k) = NZSLXII2 """ ) 25N£1\721"'1"” + 2t1£N 1"'1" (61)
(nz ..... nk)
= (SN? = Nt;)——— + Nt; LU,
(s 1) dt1 1Ly
and, for j > 1,
j+1
D) Z( 5 1((2 25+ j = 20ONLY Y + 20 L
i=1
j .
+ Z(_l)z—l(_N +s+2i—j— 1)N_£§\’]‘/zj:;..,nk)' (62)

i=1

Lemma 4.14. Let N > 1. If k = 2, then for any m € N, we have

oW D,_1#1 £
NZE —2 2 Wy 2, (63)

= + -+
oty 2(t + 1) ;‘ 2(t + 1) (b + )"

Ifk > 3, then whenever 2 < g < k, m € N we have:
D2 ¢ 1 S(i-1\
t,..., +y — . |(kty)!
Z e R )+ 5 L aw vy ( j )( K

h (i) 1
Z H(”t”) ( Z Bt thq+Z’,‘,%nhn+1+<k ~2h— z“h'+<k—1>f—2)+ (2t + )™

h2+"'+hk:i—1—j n=q h/ <hs
hp=-=hy1=0 W <h
hg>0,... >0 k-1=-1

m k
m i T (m+1,j)
Z(].)(ktk)] 2 H(”fn) ( Z ”hz,h;,...,h;1,hk‘pN,@,q+zﬁ_%nhn+1+<k—2>hk—zﬁéh,;+<k—1>j)'

jIO h2+-~-+hk:m—j n=q h/ <hs
I’l2="'=hq,1=0 ’
W <h
hy>0,.... >0 k1=

where Ry, ..., Ry-1 are smooth functions of ty, .. ., ty whose explicit forms are not relevant in what
follows, and

L0 _ i-1- j)!(—1)hg+...+h;71+hk‘ (64)
B W e 1 Ty ! H’:;le’(hn —h))h!

Proof. We set A = () and iteratively replace Wy 142 for [ = 3,...,k + 1 via formula (55).
Then also making use of Lemma 4.9, we obtain for g = 2,...,kand form > 1,

Wy
N, T P
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D U i-1 i
T 2n+ tz) ¥ ; (2(t1 + b)) Z( )(kfk)’
k=2

k=2 k-2 i—=1-j
( ((ln + 1)tl,,+1 - (ln + 2)tl,,+2))Dq+11+~~+li,1,/‘+(k—1)j—2
I=1hL=1 ll‘,l,]:l n=1
Er) (’”)
(ktx)
(2(t1 + fz) )"\
k=2 k-2 k-2 m—
Z (l + Dty — (L + 2)f1n+2))‘1’N,@,q+11+~~+1m,j+(k—1)j~
h=1h=1 I, =1 n=1

Here, we use the convention that when j = m

k=2 k=2 k=2 m-—

Z Z H (l + Dty — (L + Z)tl,,+2))‘PN,(D,qu+---+lm_,+(k—1)j = W 0g+k-1)m

\

We also use a similar convention for the second summand in terms of D;’s. Then, it is not
hard to check that

k=2 k-2 k=2 i-1-j

Z ( H ((ln + 1)tl,1+1 - (ln + 2)tl,,+2))Dq+11+--»+l,_1_,+(k—1)j—2

l1 lz=1 l,'_l_/'=1 n=1

k
— Iy (@)
= 2 H(ntn) ( Z By Dq+2” 2 iy + (=2 h— Y525 T+ (k=1)j—2

hytthy=i=1-j n=2 W,<hs
h2>0,..., >0 h;’(,lghk—l
and also that
k-2 k-2 k-2 m—j
Z ( ((ln + 1)tln+1 - (ln + 2)t1n+2))\er0,q+h+'-~+l,,,,j+(k—1)j
h=15L=1 m—j=1 n=1

k
_ h (m+1,)
= ), o ( Y. By, ENOGHEES iy + (kDT 1)

hy+--+hy=m—j n=2 ]’l’ <hs
h2>0,...,h:>0 I

- 1—hk 1

where ah’];l, w 5 is givenasin (64). The above two equalities do not exist when k = 2, so

(LB
we state the case k = 2 separately. In addition, we move all terms appearing in the above

two equalities, except when h; = 0,...,h;1 = 0, into Ri(ty, ..., () withi =2,...,9 - 1.
Combining these observations, the result follows. m]
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As in for the previous relations, we will take appropriate t, ..., ty-derivatives of the
above result. But first, let us note that writing the ¢, derivative of Wy in the specific way
above, as linear combinations of D; and Wy, with coefficients that are powers of t, for
n =q,...,k; allows one to have control over which of these terms appear with which
upper indices after suitable derivatives are evaluated at t, = ... = t; = 0. In particular,
when one evaluates these derivatives after choosing m suitably in the above result, only
the D;’s with upper indices having desirable features will remain. Namely, during the
inductive process, the upper and lower indices on the remaining terms will help ensure

the specific degree conditions on the polynomials Pf,i’N)(tl) given in Theorem 1.9.

Proposition 4.15. Let ag;j;l, o be given as in (64). Then we have, for k = 2, n, > 1, that
Mgreerllpg/
np—1 np—1—i _ Ha—1—i— ]D(])(f )
(n2) v 7\(=1) 1
L) = 55 2(”2 ! ZO‘ ( 1 ) R (65)
= 1

and fork > 3, np > 1, that

-1 (i2,113,-..,11k)
(n2,...,1%) _ Ho—1—ip (7”12 1)' D (t )
L (t ) 2N ;)( 1) 12! trll 2
. n2+ik 1 Z np — 1 103 n3 k-1 (h + )
. 21+1N B+t hy=i— hy N+ jJ\hs)"" \lin o
i= 2 =iz

1
k-1 ny=1-hy | np—1-hy—ip
i T ny=1—-hy\(i+m—1- hz—lz)( 1)
o [ z( : )
1

Z a(1+1l/]) ) D(lzk/;’l;—hs/w”k—l—hk—l/n}l:_—l]—hk) (tl) (66)
= I e B M SR i+ (k=2 — T B k=)
3

h]: lShk 1

n=2 ip=0 i!

Whenny = -+ =ny1 = 0and ny > 1 for some 3 < q <k — 1, we have:

(Ow»,or”q—l,m,”k) ny+-+m—1
2 (tl) 1 =

2Nk s 2t1)l+1NZ()

i=1

k-1
Z ny — 1)( 1y )(an) (le—1) - . )
) k] k(hk+])]| |Tl”l’l '
hq+~-+hk=i—j( hq hk+] hq+1 hk—l "

Ly ) =

n=q
Z (i+1,)) (0,...,0,ng=1=hg, g1 =hgi1,e i1 —hp_1 15— = hk)(t )
OO By ™ q=24 T8 2 bty +(k=2)h=Yonh i+ (k=1)j )
h’<h
]k 1Shk 1
Whenny = ... = ng_1 = 0and ny > 1, we have

0,...,0,n—1) (tl) n—1 : (1’1 )‘ i .
(0,...,0,1x) _ k=2 k — (i+1,)) (0,...,0,n—1-i)
LN (tl) - 2Nt1 Z (2t1)l+1N (nk -1 = Z)' Z ( )aO, ,0,i— ]Dk—2+(k—1)i—(i—j)'
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Proof. The result follows, in each case, by first using Lemma 4.14 with m = n, +--- + my,
and g being the smallest integer so that n; > 0; and then evaluating the partial derivative
g —1
(9!?,1 1

t2 = =t =0.
In fact, on the right-hand side of the expression for N ti;p_pf]/ the terms involving Wy,

Hl g1 at;’ on both sides of the expressions for N aaitq”,q =2,...,k, in Lemma 4.14 at

tr with i, + +ik=m:nq+---+nk.Ifianq—l,

k
then some j € [q + 1, k] satisfies i; > n; + 1. Thus, ‘9”,2 11

are each preceded by a factor ti" e

]_L g+1 a ”‘ annihilates such a term

when evaluated at t; = -+ = fx = 0. For i; > n; — 1 the same differential operator also
eliminates the term after setting t, = 0. Moreover, any term involving R; fori = 2,...,9-1
vanishes upon evaluation at t, = --- = ;1 = 0, since it is preceded by a factor of ¢;.
Consequently, only the D;-terms contribute in the expression for N . Applying the

above differential operator to these terms and evaluating at ¢, = --- = tk = 0 yields the
desired conclusion. m|

4.4 Proors oF THEOREMS 1.9 & 1.11

We will use induction on k, the number of variables f,, ..., f;, to prove Theorem 1.9. But
before doing so, we will require some preliminary lemmas to set up the induction. To
this end, let us first fix some notation to make the presentation clearer. Note that our end
goal amounts to showing

Thag-1)m,

(Vlz ,,,,, nk) _ m—1 (SN)
L= oo mEO PN (1) dtm%(tl, foves0), (67)
1 -

for polynomials PEN) as described in the statement of Theorem 1.9 when #; > 0. In fact,

this is because, by Proposition 4.2 and by the definition of W(t, ..., ), the left-hand

side and right-hand side of (67) correspond, respectively, to those of (15), up to the same

constant. Note that the left hand-side of above equation is continuous at t; = 0, so the

right-hand side has a limit when t; = 0. Thus, it suffices to prove (67) holds for t; > 0.
The following definition is then crucial for our inductive argument.

Definition 4.16. Let k > 2 be an integer. We define G® c (N U {0}~ to be the set consisting of
©,...,0)and all (ny, ..., ny) such that (67) holds for appropriate polynomials pEN)
in the statement of Theorem 1.9. Similarly, we define 65"]? to be the set consisting of all (n, . .., ny)
such that

as described

1 1+X5 (g1,

(712 113,10, 1k) m—1p(s,N)
= tf P t
Nl] ( ) I+ZS:2 qnq—] Z Ljm ( )
tl m=0

dtm‘PN(tl/ )

holds, where Pgsjlr\ln '(t1), m > 1,and t 1P(S N )(tl) are polynomials of t, of degree at most [+ ¥ g=2 Mg~

mand [ + Z§=2 qng — 1, respectively, and the coefficients of these polynomials are polynomials in

N and s with degrees at most | + 25:2(07 - Dng and [ + Zgzz(q — D)ngy — 1 respectively. Finally,
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we define the intersection of all these sets:

=(k) def k
SHE (M elneh. (68)
1<j<l

We can now begin the proof.

Lemma 4.17. Let k > 3 be an integer. Suppose (n3, ..., ng) € (NU{0})2\(0, ..., 0) is such that
forany j=3,...,k withn; > 1,

(ma,m3,...,mj_1,mj,njsq,...,ng) € s®
forall my,ms,...,mi1 € NU{0}and 0 < m; < nj— 1. Then, we also have
(na,...,m) € GV, (69)

forall n; € N U {0}.

Proof. We will prove the claim (69) by inducting on n,. By Definition 4.16, to show that
a (k — 1)-tuple (ny,...,ni) belongs to S®, one needs to verify that the degrees of N, t1,
and s satisfy the required bounds in the definitions of .[:;\72 """ "")(tl) and L;’,ﬁzl:}"’"k)(tl). In
the argument below we check and keep track of only the degree in N, as this determines
the N-leading order of P,(;’N)(tl), which is crucial for the proof of Theorem 1.11. The
other degree conditions are verified in the same way, with the minor modification that,

whenever degN(Dj,mz""’mf it nk)) is computed, we instead examine the powers of f; in the

denominator of Dﬁ.'), the highest derivative order of Wy(t1,0,...,0) in its numerator, and
the degrees in ¢; and s of the coefficients appearing in front of these derivatives, viewed
as polynomials in ¢; and s, respectively.

We start by noting that whenever (13, ..., 1;) satisfies the assumptions of the lemma,
DUz MMt 1) is a polynomial in N for all j > 0, for any such (my, ..., mj,nj1,...,ng) as
in the statement of the lemma, by virtue of (61) and (62). In particular, whenever this is
the case, we have that

] k
degy (D)"Y < j+ 2+ ) (= Dmy+ Y (=), (70)
q=2

q=j+1

where degy(-) denotes the degree of a polynomial in N. Next, we start our induction
by showing that (69) holds in the base case n, = 0. Indeed, in this case, by means of
Proposition 4.15, and also (70), we have that under the assumptions of the lemma,

0,n3,...,m) e GV, (71)

where we note that the pre-factor N~ appearing in Proposition 4.15 guarantees that the
degree requirement we imposed previously is satisfied. Next, by (60), we see that

k

O,m3,...,m) € S, (72)
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Hence, combining (61), (62), (71), (72), and applying (66), it is clear that
(1/ nz,..., nk) € 6(k)/
provided that for all integers hy, h3, .. ., by, j appearing on the RHS of (66), one has

O3 = ha, ... ey = by, mic = = In) € &) 0 &)

1+1,7

where1 <i<[, 1</ <I+1,and

=
N

k-1

1=Y nhp +(k—2)hk—2h;+(k—1)]’
n=3

||
N

n

for integers h;, < h,. Then, note that in case n, = 1, we must have h, = 0, so that one
cannot have h3 = --- = hy_; = hy = j = 0. Thus, by the assumption of the lemma, we have

. = ~(k k
0,n3 = hs, ..., n_1 — hg_q, ng — ] hy) € c® ¢ \’J;,j) N @](+)1,]..

Here, once again, we use the bound

k

0,n3—h3,... g1 —hg_1 1K= j—hy)

degy, (DO =T ==l <2+Z —1)n,.

NP L2 s k2= 1)) = 3(q i
q:

for the degree in N, where, as previously, we note the pre-factor N~! appearing in (66).
From this, it follows, again by means of (60) that

(k)
(1,ns,...,m) € 61/1

and also

~(k k
0,n3,...,m) € b(zi N 6(2)2

Furthermore, applying the recursive relation in (59) iteratively, while using the assump-
tion of the lemma, we see that

(Or ns,... rnk) € é(k)/

where we crucially use the fact that out of the matrices that appear in equation (59), only
Q(zl) has entries that depend on N, whose entries are O(N), and that it only appears as a

(n2,...1n

multiplicant of L, 9. This completes the proof of the base case.

For the inductive step, assume (69) holds for all n, < a, — 1 for some a, > 1. Then,

observe that by means of Proposition 4.15, (60) and the assumption of this lemma, we
immediately have that

(az,m3, ..., m) € 8V n &l (73)

Then, we claim that applying Proposition 4.15, (60) and (73) give that,
(a2 +1,n3,...,m) € 89 n &l (74)

Indeed, the integer tuples that appear in the upper index of D in the second term on the
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right-hand side of (66) can be classified as:
o (ny,n3,..., 1) withny < ap,

o (my,ms,...,my) such that there exists j € {3,...,k} with m; < n; — 1, m; = n; for all
I=j+1,...,k

But then observe that (a2, 113, . . ., 1) does not appear in the upper index of D in the second
sum on the right-hand side of (66) since this is only possible for the terms corresponding
tohy =--- =h = j = 0, in which case we must have i = 0 in (66). So either n, <a, — 1 or
the second bullet point above applies. Hence, first combining all these observations with
(61), (62), and then using (60) we obtain (74). Thus, using (60) again, one can then see,

(k

)
(az,n3,...,m) € SN 61,

) ~ =k (k)
1N S, N 62/2.

Now, using the above and the recursive relation (59) iteratively as before, while using the
inductive assumption, one sees that

k
(Clz,?lg,...,ﬂk)e m 65/721,

1<m<lI
which completes the inductive step and hence the proof of the result. m]

Proof of Theorem 1.9. To prove the theorem, we will show that for any integer k > 2,
S0 = (N U {0}

This will be done by inducting on k. First, we can use a similar argument to the proof
of Lemma 4.17 to prove the case k = 2 by replacing (66) with (65) whenever it appears.

Suppose we have proved the case k — 1 for some k > 3, i.e,, 3% = (N U {0})*2. Since

LU0 = plizemic) and szl"j"’”k‘l’o) = Lg\’;i’}"”"‘l), we have that (1y,...,1,_1,0) € ¥,

Hence, for the sake of induction, suppose
(na, ..., m) € S® (75)

for any ny,...,n-1 € NU {0} and n; < ar — 1 for some a; > 1. Note that combining this
assumption with Lemma 4.17, we have that

(n2,0,...,0,ax) € c®

for all n, € N U {0}. Next, observe that by applying iteratively Lemma 4.17 on the
ns-variable, one gets,

(n2,13,0,...,0,a,) € G® (76)
for all np,n3 € N U {0}. This, in turn, implies, by virtue of Lemma 4.17, (75) and (76), that

(12,0,1,0,...,0,a;) € G®.
Hence, again applying the induction and Lemma 4.17 on the nz-variable, we see that

(7/12, ns, 1/ 0/ ey 0/ le) € %(k)
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for any ny,n3 € N U {0}, which then implies
(12,0,2,0,...,0,a,) € S%.

Continuing this, where we increase the n4-variable by 1 at each step, we conclude that
(ng,n3,n4,0,...,0,a5) € c®

for any n,,n3,n4 € N U {0}. This process can then be continued to conclude the inductive
step that was set up in (75), which is best described via the following figure:

(7/[2, n3, Ny, O/ ey 0/ ﬂk) _— (7’[2, 0/ O/ 1/ Or oo ,O,ﬂk)

~

(ny,n3,0,1,0,...,0,ay) — (n2,0,1,1,0,...,0,a,)

L

(112,113, 1, 1,0,...,0,ak) _ (n2,0,2,1,...,0,ak)

|
|
|
:
¥ K
(1’12, nz, My, 1/ 0/ sy Orak) % (le, 0/ 0/ 2/ 0/ e rorak)

7
7
7

|
|
: ’
|
| 7
¥ W
(n2,n3,n4,ns,0,...,0,a5)

Figure 1: In the diagram above, any number of integer tuples pointing at a fixed tuple
implies that the latter tuple can be shown to be in S® via a (potentially iterative)
application of Lemma 4.17, where we assume that all tuples of the form described by
the bases of the arrows are in S®. The dashed arrows further mean that the pointed
tuple is obtained not by a mere iterative application of Lemma 4.17, but rather by an
iterative application of the process described in the figure up to that point.

Continuing this process, we reach at its conclusion that
(2,13, 13,15, ..., -1, ) € GO,
which completes the inductive step set up in (75) and hence the proof of the theorem. O

Proof of Theorem 1.11. First, note that by an application of Lemma 4.1, the differential
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equality (15) holds for any s € R with s > 271 (ZI,;:z qng — 1), so that it now suffices to prove
that for all £; > 0:

N

k;EE\S]) e ifl , 1)((1\1) H Z(X N) . m N—)oo
NZm:Z Mhy

m=2\_j=1

_1t1Q1(S) H (q "m} , (77)
)

da” (s){ —it; TN f} Noo d™ _r
~ _E it Lo -y sy — E [6 1f1Q1(S)] .
dtm N dgm

The second limit follows immediately, for any m < 2s + 1, from our results in Section
3. To prove the first one, on the other hand, note that one can write the power sums in
terms of a combination of smaller power sums and elementary symmetric polynomials
via Newton’s formula:

m—1

pm(x1/x2; e /le) = (_1)’n_1mem(x1; e /le) + Z(_l)m_l-'—jem*]‘(xlr e /xn)p]'(xlz e /le)'
j=1

(N) (N)

Hence, using the convergence results from Section 3 for % ek(x Jens Xg\l;])) and ap-

plying the identity above iteratively, we see that for all m = 2

(N)

( (N) (N) X ) Nesos

2 yoees
NWZ

Pm

qm(S),

almost surely and in L™ ( ,uf,so)). In particular, the relation above still holds if p,, (XgN), ey Xﬁj\]))

is replaced by Z;\il (XE.N) - i)m. Thus, arguing as in the proof of Proposition 2.8 we see that
(77) indeed holds, where the polynomials A (1) are given by,

(S,N)
t
At = lim 1
N—oo NZq 2(‘7 1)”{]

This proves the result, except for the justification for the t;-degrees of the polynomials
t’lﬂ‘lﬂﬁ)(tl) being at most ZS:Z(Q — 1)ny; — 1 (which is smaller than the maximal degree
that is given immediately by taking the limit of Theorem 1.9). This is simply due to the
fact that certain terms vanish while taking the limit. To be more precise, if one writes the
expansion in N,

L(”z

N ”k)(t ) NHZ"’ H(m— 1)an(Hz ..... nk)(t )+ O(NHZ"’ H(m— 1)nm—1)

for each 1 < g <], (and do the same for Lg‘z""'"k)(tl) and correspondingly denote the

leading coefficients in powers of N by Mg\']qz"“’”k)(h)), then by comparing the leading

order coefficients in N in Propositions 4.13 and 4.15, (61) and (62), one obtains analo-

)

gous relations for M(”z """ as well as analogous expressions for M;(I'Z""’"k )(tl) in terms of

notmg that some terms vanish because they contribute only to sub-leading orders in N,

we observe that there are no contributions from t1£§\721"i"”k)(t1) in (61), and no contribu-
(n2,...,

tion from the terms t; LN +1”k)(t1) in (62). This conclusion follows from the degrees in N
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described by formula (68) and from the claim in the second line of the proof of Theorem
1.9. This explains why the degrees in t; stated in this theorem are smaller than those in

.....

in AP (1), have the desired degrees described in Theorem 1.11. Thls completes the proof
of the theorem. O

Remark 4.18. We could have defined /\/(('72 9 earlier, and have run the inductive argument

specifically for this term. However, we would also like to have a recursive algorithm to compute the
joint moments at the finite-N level, for various reasons explained in the introduction, for which
we need information about the lower-order terms as well.

As mentioned in the introduction, the procedure described above not only proves the
existence of a relation as in Theorem 1.11, but provides a recursive way to compute the

polynomials PSf,’N)(tl) (and hence ﬂif,)(tl)).

Proof of Proposition 1.10 and Corollary 1.12. Both results are mere consequences of the re-
lations

LE(S [ i% I

N N 2s d ,112 (N) 1 SifLyN
N2 N IPZ( () IX;I))]:___E(S)[E =% ] NE;SI)[ IN =1 ]

R

1 E(S)[eﬂNzylxm ((N) ,X(N))] 4s? +2 d? & e [eﬂﬁzZ/lX ]

P>

N4 N N tz dt2 N
4s 1252] d (S)[ Sy X(N:I [ 1 2 4s ) (S)[ iy X(N)]
+|——-—|+E eNﬂ +|=-=- E =%
N
(Ntl £ )dh N> # N#

that hold for s € (%,oo) and s € (%,oo) respectively. Indeed, Corollary 1.12 follows

immediately after taking the N — oo limit of these relations, whereas Proposition 1.10
follows by evaluating these relations at t = 0, and then using the expressions for the first
few moments of the statistic Z?]zl XE,N), which were obtained in [19, Lemma 2]. O
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APPENDIX

As mentioned before, here we give explicit formulae for the matrices that were used in
the proof of Theorem 1.9. Through the rest of this section, we fix I € N. Then, we define,
fori,j=1,...,],

(1) + 1) j>4;

~1/i j=i-1;

0y —

(B)U 0 j<i-1;
(-1)-1/1 j=L

Fori=1,...,I,j=1,...,1-1, we define

(~1y 22 e <oy,

oy _ gy T i1
( O)i]’_ 5! ifj=i-1;
0 ifj<i—1.
DYy ifi<j<i-1;
Oy _ ) e
(Q1),-]-_ ~th ifj=i-1;
0 ifj<i-1.
(—1)”7(&_._2 i i<i<l—1:
i+1 i J + ) 1=]= ’
S0\ _ ) jeN=j+i-j-1 L
(Ql )ij R S j=i-1
0 1<j<i-2

Fori=1,...,I,j=1,...,1 -2, we define

(s—=2)N+j(j+3)—(j+2)(I-2)+2(s—1)

0 ﬁ;ﬁ;& (Do <_¥S]Sl_2

(Q2)ij: Tz j=i=2

0 1<j<i-2
o0 (jj)lﬂ 02 mlsrsin
( 2 )1’]’ V2 j=i=2

0 1<j<i=-2.

N2 — (1 ; _
B (- IR g < j<l-2;
( (21)) — —N2+N(2j+1)—j(j+1) j=i-2;
ij j+2
0 1<j<i-2.
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Fori=1,...,I,j=1,...,1+m—2,m > 3, we define

(—1)'”‘1"1 i=1j=1,.... m-1;
(_1)i+j+m(2_m)

(Q(l)) — J G-m+D)(j-m+2)
m ). : . ..

i | =2 i#l,j=i+m-2;

0 i#1,j<i+m-3.

j>i+m—2;
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