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Modeling of a turbine bladerow with 

stagger angle variation using the multi-

fidelity influence superposition method 

 

ABSTRACT 

Manufacturing variabilities can significantly affect a turbine bladerow’s performance. 

With the push for turbine’s efficiency and reliability more than ever, the understanding of 

manufacturing variability impacts is sought after. It has been shown that a multi-passage 

simulation domain is required to capture the interaction among varied blades. This is a 

challenge for conventional single-passage methods, largely due to the requirement of 

prohibitive computational resources. The present work introduces an attempt to solve this 

challenge by combining the multi-fidelity method and the influence superposition 

approach. The proposed methodology combines the accuracy of a high-fidelity simulation 

and the speed of a low-fidelity simulation. Therefore, the multi-fidelity predictions tend to 

be both accurate and fast. The key enabler is that only a small set of configurations is 

needed to pre-compute the source term. Two representative geometries of a subsonic low-

pressure turbine and a transonic high-pressure turbine have been chosen as the test cases. 

Each test case is subject to two further stagger angle variation patterns, namely alternating 

and sinusoidal pattern. The low-fidelity method has been shown to be inadequate for the 

transonic high-pressure turbine test case, owning to its incapability to capture correctly the 
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shockwave formation and the shockwave/wake interaction. On the other hand, the 

proposed multi-fidelity method has been successful to match qualitatively and 

quantitatively compared to the direct high-fidelity solution. More interestingly, the multi-

fidelity method has a reduced computational overhead of one order of magnitude compared 

to the direct high-fidelity simulation. With an ability to accurately and efficiently predict 

the manufacturing variability effects, this method provides a tool for engineers to explore 

and optimize their blading designs. 

 

Keywords: Turbomachinery, Manufacturing variations, Mis-staggering, Multi-fidelity 

method. 

 

1. Introduction 1 

Aerodynamic design of turbomachinery blades contribute significantly to the 2 

machine’s efficiency and reliability. It is the current industrial standard to design 3 

turbomachinery blades using computational tools such as Computational Fluid Dynamics 4 

(CFD) to meet the aerodynamic as well as other structural requirements. Thanks to the 5 

cyclic periodicity of a turbomachinery bladerow, it is possible to perform a single-passage 6 

Reynolds-Averaged Navier-Stokes (RANS) simulation to estimate the bladerow 7 

aerodynamic performance. Unfortunately, there exist inherent variations of the 8 

turbomachinery blades in practice, which breaks down the periodicity assumption. These 9 

unintended variations change the performance of the design-intent blades. The variations 10 

may have several originalities. It may come from the manufacturing processes. Despite the 11 

cutting-edge manufacturing techniques and facilities, the finished parts still have 12 
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variabilities to some degrees. Controlling a tight tolerance is still unable to remove this 13 

source of uncertainty. The variations can also come during the blades’ service such as wear 14 

and tear or even foreign-object damage. 15 

There have been some past researches in the public domain that examine the effects of 16 

these variations on both compressor and turbine blades. Xia et al. [1] investigated the 17 

effects of flow and geometric variations on a turbine blade. They found that the variations 18 

cause a large drop of the adiabatic efficiency. Wang and Zou [2] studied the impacts of 19 

geometric variations on a low-pressure turbine. They pointed out that the mean total 20 

pressure loss increases by 2.3% and the wake mixing loss variations were responsible for 21 

the performance degradation. Yang et al. [3] examined the effects of blade thickening in a 22 

multi-stage steam turbine. They found that the variations affected both the mass flow rate 23 

and the total-to-static efficiency and the 1st stage stator blade is the most sensitive region. 24 

Voigt et al. [4] examined the effects geometric uncertainties of a representative nozzle 25 

guide vane. They concluded that the stagger angle variation had the biggest impact, while 26 

the profiled endwall variation had a negligible influence. Lee et al. [5] assessed the 27 

performance of high-pressure turbine rotor blades under manufacturing variabilities. They 28 

found that the mean exit flow angle was lowered by 0.250, the mean capacity was increased 29 

by 0.3%, and the mean efficiency was reduced by 0.8. More importantly, they proved that 30 

the multi-passage CFD model is required since the averaging of single-passage models is 31 

not reliable. Regarding the compressor blade, Lejon et al. [6] studied the impacts of 32 

geometric variations of a rotor blade. They found that both mass flow and total pressure 33 

ratio were influenced by the mean shift in geometry. Interestingly, they observed that the 34 

impact of one varied blade can be analyzed using a reduced simulation domain that 35 
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contains the varied blade itself and some of its adjacent blades rather than simulating an 36 

entire blisk. Phan and He [7] investigated the effects of mis-staggering of the compressor 37 

bladerow subject to both clean flow and inlet distortion. They found that the mean blade 38 

loading was changed up to 20% for the clean flow configuration. Mis-staggering changes 39 

the blade unsteady responses [7] and in some particular cases can promote unstable 40 

vibration leading to potential catastrophic failures [8]. Lange et al. [9] studied the impacts 41 

of manufacturing variabilities on a high-pressure compressor stage performance. They 42 

observed that the scatter range of isentropic efficiency can be amplified up to 106% or 43 

reduced to 13% compared to the single-passage result depending on the number of passages 44 

used in the calculation model. Their observation suggested that the multi-passage 45 

calculation is required in the investigation of manufacturing variations. In addition, 46 

distortions from intake geometry [10, 11] and upstream wake [7, 12, 13] would also interact 47 

with the varied blade to create extra complications. 48 

Another important aspect of interest is the modeling fidelity required to examine the 49 

variation effects. Lee et al. [14] compared a variety of modeling fidelity to capture the 50 

variation effects. They found that the RANS multi-passage model is required if the stage 51 

loading and efficiency needs to be accurately captured. An accurate prediction of the multi-52 

passage bladerow performance could improve the optimized design [15, 16] as well as 53 

reducing the scrap rate [17]. Unfortunately, direct high-fidelity RANS computations of 54 

many varied multi-passage configurations are prohibitively expensive. A large number of 55 

past researches used reduced-order modeling such as polynomial-chaos and Monte-Carlo 56 

approaches [1, 2, 4]. Nevertheless, similarly to many other data-driven methods, these 57 

methods’ accuracy depends heavily on the number and quality of input data. Another 58 
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efficient method that can be used for blade variabilities investigation is the spatial Fourier-59 

based method [18, 19]. This method aims to represent the flow field solution of the blade 60 

variabilities as a Fourier series. Thus, the truncated harmonic flow solution can be solved 61 

for, which is less expensive than a full model. This method is sensitive to the choice of 62 

chosen harmonics. For a complicated flow field where a large number of harmonics is 63 

required, the efficiency of this method is reduced. 64 

With the background of issues and interests introduced so far, it is clear that we need 65 

to have an efficient and accurate method that can capture the multi-passage bladerow 66 

performance with manufacturing variations. In the present paper, we introduce the multi-67 

fidelity approach combined with the influence superposition method (ISM) in an attempt 68 

to tackle this challenge. The multi-fidelity approach aims to establish a relationship 69 

between a low-fidelity and a high-fidelity simulation for the same bladerow geometry and 70 

setup. The objective is to be able to predict a high-fidelity solution with computing 71 

resources comparable to a low-fidelity simulation. On the other hand, the influence 72 

superposition method is the physics-based method that aims to estimate the effects of blade 73 

variations by superimposing each individual blade’s contribution. This is based on the 74 

observation that the effects of a blade variation will be felt by its adjacent blades in a 75 

bladerow and the total influence can be superimposed. Thus, the stochastic influence of the 76 

blade variabilities can be estimated using a deterministic model. The observation has been 77 

confirmed in both experimental and numerical investigations [6, 20]. As a result, the 78 

proposed method can satisfy both the modeling efficiency and accuracy requirement for 79 

the blade variability problem. 80 
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In the following sections, we will firstly outline the multi-fidelity approach and the 81 

influence superposition method. Then, we will apply the method to two test cases of 82 

interest to turbomachinery designers: a subsonic low-pressure turbine and a transonic high-83 

pressure turbine. The stagger angle variation will be studied due to its significant impact 84 

as noted from the literature. Two specific patterns will be examined: an alternating and a 85 

sinusoidal stagger variation pattern. The effects of mis-staggering will be analysed and the 86 

accuracy of the new method will be compared against the direct high-fidelity solution. 87 

 88 

2. The multi-fidelity influence superposition method 89 

2.1. Method overview 90 

Fig. 1 presents the overview of the combined multi-fidelity influence superposition 91 

method to efficiently model the turbine bladerow with stagger angle variation. The method 92 

starts with the training stage, where a small number of training sets is required. The data 93 

would include both the high-fidelity and low-fidelity calculation of the same training 94 

configurations. The high-fidelity results are then projected onto the low-fidelity 95 

simulations, creating the sets of source term. Note that the source terms computed in the 96 

training stage are the decomposed source terms, which are the individual constituents. In 97 

the prediction stage, these source terms can be superposed to approximate an infinite 98 

combination of variation patterns and number of blades in the row, given that the amount 99 

of mis-staggering is present in the training stage. When combining a superposed source 100 

term and a low-fidelity simulation, a multi-fidelity prediction is effectively realized. The 101 

proposed methodology combines the accuracy of the high-fidelity simulation and the speed 102 

of the low-fidelity simulation. Therefore, the multi-fidelity predictions tend to be both 103 
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accurate and fast. Note that the interaction among varied blades will also be captured in the 104 

multi-fidelity computations.  105 

In the next sections, the source term-based multi-fidelity method and the influence 106 

superposition approach will be described in more details. The objective of the source term-107 

based multi-fidelity method description (section 2.2) is to show that a comparable accuracy 108 

of the high-fidelity result can be predicted on the low-fidelity configuration if appropriate 109 

source terms are introduced to the equations. On the other hand, the description of the 110 

influence superposition approach (section 2.3) shows how a small number of training 111 

configurations can be used to approximate the required source terms for a large number of 112 

variation patterns.  113 

 114 

Fig. 1. Overview of the combined multi-fidelity influence superposition method. 115 

 116 

2.2. Source term-based multi-fidelity method 117 

The multi-fidelity method used in the present work is the source term-based approach. 118 

It stems from the work of He [21, 22], which was developed initially to deal with aero-119 
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thermal problems with disparate length and time scales. The use of this method in the 120 

manufacturing variation problems is original. The following section introduces the basis of 121 

the source term-based multi-fidelity method. 122 

The governing Navier-Stokes equations for the steady fluid flow can be expressed in a 123 

semi-discrete form: 124 

𝑅(𝑼) = 0       (1) 125 

where 𝑼 is the conservative flow variables. 𝑅(𝑼) is the lumped advection and diffusion 126 

terms. 127 

We begin with a high-fidelity mesh as in a classical simulation. The mesh is sufficiently 128 

fine to resolve all the flow characteristics of interest (e.g. boundary layer, wake, etc.). If 129 

the simulation converges, the governing equations are satisfied: 130 

𝑅𝑓(𝑼𝑓) = 0      (2) 131 

Supposing the same flow domain is now discretized with a low-fidelity discretization. 132 

The poorly resolved but converged coarse mesh solution still satisfies the equations: 133 

𝑅𝑐(𝑼𝑐) = 0      (3) 134 

The low-fidelity discretization would not predict correctly the flow features having a 135 

fine scale that could be obtained otherwise by the high-fidelity computation. Thus, the loss 136 

of accuracy by the low-fidelity computation is obvious. However, it is possible to predict 137 

the high-fidelity results on a low-fidelity base discretization, which is the objective of the 138 

multi-fidelity method. 139 

In order to recover the high-fidelity solution, the solution will be transferred to the low-140 

fidelity discretization through volume-weighted averaging: 141 

𝑼𝑓→𝑐 =
1

∆𝑉𝑐
∑𝑼𝑓∆𝑉𝑓     (4) 142 
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where the summation is taken for all the fine mesh cells of volume ∆𝑉𝑓 corresponding to a 143 

coarse mesh cell of  ∆𝑉𝑐. 144 

The volume-weighted averaging solution 𝑼𝑓→𝑐 to be recovered in the coarse mesh 145 

simulation must also satisfy the governing equations. However, due to the difference 146 

between the volume-averaged solution 𝑼𝑓→𝑐 and the low-fidelity solution 𝑼𝑐, the 147 

governing equations can only be balanced if a source term is introduced to the right-hand 148 

side of the equations: 149 

𝑅𝑐(𝑼𝑓→𝑐) ≠ 0     (5) 150 

𝑅𝑐(𝑼𝑓→𝑐) = 𝑺     (6) 151 

where 𝑺 is the source term arisen due to the difference between the high- and low-fidelity 152 

results.  153 

Therefore, it can be concluded that the high-fidelity solution can be predicted on the 154 

low-fidelity discretization if an appropriate source term is available to compensate for the 155 

errors. Appendix A describes an iterative method to compute the source term in a 156 

commercial solver framework.  The next section discusses how the influence superposition 157 

method can be adopted to estimate the required source term in the context of a mis-158 

staggered turbine bladerow. 159 

 160 

2.3. Influence superposition method 161 

Firstly, it should be noted that a change in stagger angle of a reference blade can be felt 162 

across the neighbor blades. In light of the superposition theory, the influence of neighbor 163 

blades on the reference blade is also the same as that induced by the reference blade onto 164 

the neighbor blades. In the current source term-based multi-fidelity framework, the 165 
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influence is analogous to the source term since both represent the change in flow field. 166 

Thus, the superposition theory can be interpreted as: 167 

𝑺𝑡𝑜𝑡𝑎𝑙 = ∑ 𝑺𝑚
+𝑁/2
𝑚=−𝑁/2      (7) 168 

where 𝑚 is the passage number index. 𝑁 is the number of passages in the multi-passage 169 

assembly for which its influence is taken into account. 𝑺𝑡𝑜𝑡𝑎𝑙 is the total source term acting 170 

on a reference passage that needs to be approximated to predict the high-fidelity projected 171 

solution on the low-fidelity configuration. 𝑺𝑚 is the source term contributed from passage 172 

index 𝑚 including the reference passage itself (𝑚 = 0), the passages in the positive 173 

direction (𝑚 = 1,2,… ,𝑁/2), and the passages in the negative direction (𝑚 =174 

−1,−2, … , −𝑁/2). Note that the positive/negative direction is just the convention for blade 175 

numbering and it has no physical meaning in the present work. 176 

Eq. 7 states that the total influence felt by the reference blade is the sum of the influence 177 

induced by the change in stagger angle of the reference blade itself as well as the neighbor 178 

blades. Fig. 2 shows a simple illustration of the superposition principle. On the left hand 179 

side, there is the total effects felt by all mis-staggered blades in the row of 3 blades. The 180 

uniformly-staggered blades are plotted as black line, while the mis-staggered blades are 181 

plotted in red. On the right hand side, it can be seen that the total effects can be decomposed 182 

into three separate contributions. In each contribution, only an individual mis-staggered 183 

blade is considered, whereas the rest of the bladerow is uniformly-staggered. Three 184 

constituent contributions represent the influence of each individual mis-staggered blade.  185 
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       186 

— uniformly-staggered  — mis-staggered 187 

Fig. 2. Superposition principle illustration. 188 

 189 

Having understood the basic superposition principle, we will apply this to the source 190 

term-based framework. At first, the direct high-fidelity simulation of an ISM truncated-191 

domain needs to be carried out in the pre-computing stage. Notably, only the middle blade 192 

is mis-staggered, while the adjacent blades are at the nominal stagger angle as shown in 193 

Fig. 3. A five-blade configuration is shown for an illustration purpose. At each re-194 

staggering step of the central blade, the influences on itself and on the adjacent blades are 195 

recorded. Then, the ISM truncated-domain high-fidelity flow field solution is volume-196 

weighted averaged and transferred onto the low-fidelity discretization domain. As a result, 197 

the source term 𝑺𝑚 for an individual blade passage m can be sampled. 198 

 199 

Fig. 3. Source term decomposition method illustration. 200 

 201 
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Next, in the multi-passage assembly, each blade can be mis-staggered in an irregular 202 

pattern. The total source term applied to a reference passage 𝑺𝑡𝑜𝑡𝑎𝑙 is a superposition of 203 

each individual passage’s source term. Fig. 4 shows the schematic illustration of the source 204 

term superposition technique in the mis-staggered bladerow. In this example, only effects 205 

of the two closest adjacent blades on each side are shown, in accordance with the way the 206 

source term is calculated in the pre-computing stage.  207 

 208 

Fig. 4. Source term superimposition method illustration. 209 

Up to this point, it has been clear that the mis-staggering effects can be estimated from 210 

a set of deterministic ISM data. Combining the influence superposition method with the 211 

multi-fidelity approach thus enables an efficient way to predict the effects of a mis-212 

staggered bladerow. In the rest of the paper, we will apply the newly developed framework 213 

to two test cases: a subsonic low-pressure turbine and a transonic high-pressure turbine. 214 

3. Computational setup 215 

3.1. Numerical method 216 

The commercial solver ANSYS CFX is used in the present work. The steady Navier-217 

Stokes equations are solved iteratively in an implicit manner: 218 

∇ ∙ (𝜌𝑼) = 0 219 
 220 

∇ ∙ (𝜌𝑼⨂𝑼) = −∇𝑝 + ∇ ∙ 𝜏 221 
 222 

∇ ∙ (𝜌𝑼𝐻) = ∇ ∙ (𝜆∇𝑇) + ∇ ∙ (𝑼 ∙ 𝜏) 223 
     (8) 224 
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The governing equations represent the conservation of mass, momentum, and energy. 225 

In order to close the equations, the Shear Stress Transport (SST) model is adopted. The 226 

turbulence model is used with default options. The detailed implementation of the k-omega 227 

SST turbulence model is described in the ANSYS theory manual [23]. 228 

At the inlet, total pressure, total temperature, and flow angle are specified. Inlet 229 

turbulence properties include the turbulence intensity and turbulent length scale. At the 230 

outlet, static pressure is used. The solid walls including the blade, hub, and shroud surfaces 231 

are modelled as an adiabatic no-slip wall. At two outermost interfaces, a direct periodic 232 

condition is applied. 233 

 234 

3.2. Meshing 235 

The flow domain is meshed with hexahedral elements. In the high-fidelity mesh, a 236 

typical fine mesh for viscous flow simulation is used. The boundary layer is resolved with 237 

about 30 elements and the near-wall spacing has 𝑦+ < 1. The high-fidelity mesh is also 238 

resolved in the wake region. For the transonic test case, attention is paid to the region where 239 

the shockwave emanates. On the other hand, the low-fidelity mesh is coarsened in both 240 

axial and circumferential direction. In the boundary layer region, there are only few 241 

elements with large spacing. Note that the simulation with multi-fidelity method is 242 

performed on the low-fidelity mesh. Fig. 5 compares the high- and low-fidelity mesh for 243 

the subsonic low-pressure turbine case, whereas Fig. 6 compares that for the transonic high-244 

pressure turbine case. 245 

 246 
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   247 

(a)      (b) 248 

Fig. 5. Different mesh fidelity configurations for the subsonic LPT test case: (a) High-249 

fidelity mesh; (b) Low-fidelity mesh (also base mesh for multi-fidelity computation). 250 

 251 

   252 

(a)      (b) 253 

Fig. 6. Different mesh fidelity configurations for the transonic HPT test case: (a) High-254 

fidelity mesh; (b) Low-fidelity mesh (also base mesh for multi-fidelity computation). 255 

 256 

Table 1 summarizes the cell count for different simulation fidelities per two-257 

dimensional blade passage. The total cell count for a given simulation can be scaled 258 

accordingly based on the number of passages. It can be seen that both cases can have a 259 

reduction factor of one order of magnitude. The lower mesh count can improve the 260 
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computing time as well as the flow data storage. Since the multi-fidelity computation is 261 

built upon the low-fidelity configuration, this factor also reflects the gain in computational 262 

speed for each case. 263 

Table 1 Mesh size comparison per two-dimensional passage. 

Case High-fidelity Low-fidelity Reduction factor 

Subsonic LPT 30.8k 4.3k 7  

Transonic HPT 48.4k 5.3k 9 

 264 

4. Test case descriptions and validations 265 

4.1. Validation of the subsonic low-pressure turbine 266 

The subsonic low-pressure turbine test case was designed and tested in Durham 267 

University [24]. Experiments were performed in a low-speed test facility. Table 2 shows 268 

the operating conditions for the LPT test case. 269 

Table 2 Operating conditions for the subsonic low-pressure turbine test case. 

Conditions Experimental Numerical 

Inlet flow angle 𝛽1, deg 0.0 0.0 

Reynolds number 𝑅𝑒 (based on blade chord 

and exit velocity) × 105 

2.2 2.21 

Isentropic outlet velocity 𝑉𝑟𝑒𝑓, ms-1 23.2 23.3 

 270 

Fig. 7 shows the steady pressure on the blade surfaces predicted by the present 271 

simulation with different fidelities compared to the experiment for the subsonic LPT test 272 

case. The high-fidelity computation is well-matched with the experiment. The low-fidelity 273 
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simulation slightly over-predicts the suction surface pressure thus the blade loading. 274 

However, it is still in good agreement with the experiment despite of a poor mesh 275 

resolution.   276 

 277 

Fig. 7. Steady pressure comparison for LPT test case. 278 

 279 

Fig. 8 presents the Mach number contour of the bladerow predicted by the high-fidelity 280 

configuration. There is a small separation bubble on the pressure surface at this condition. 281 

At off-design condition (negative flow incidence), where the pressure surface separation 282 

bubble is expected to grow in size, the difference among computations with various 283 

fidelities will be more prominent. 284 

   285 

Fig. 8. Mach number contour of the LPT test case. 286 
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4.2. Validation of the transonic high-pressure turbine 287 

The transonic high-pressure turbine test case geometry was designed in von Karman 288 

Institute [25]. It has been a popular test case for high-pressure turbine aerodynamic and 289 

aero-thermal study [25, 26]. The chosen case condition is the MUR47 case. Experiments 290 

were performed in the Light Piston Compression Tube facility CT-2, which is a stationary 291 

blow-down facility. The test rig comprised of three main parts: a five-meter and one-meter 292 

diameter cylinder, the test section and a downstream dump tank. Table 3 compares 293 

experimental and numerical operating conditions for the HPT test case.  294 

Table 3 Operating conditions for the transonic high-pressure turbine test case. 

Conditions Experimental Numerical 

Inlet flow angle 𝛽1, deg 0.0 0.0 

Reynolds number 𝑅𝑒 (based on blade chord 

and exit velocity) × 106 

1.0 1.13 

Isentropic outlet Mach number 𝑀2,𝑖𝑠
 1.0200 1.0201 

 295 

Fig. 9 shows the isentropic Mach number on the blade surfaces predicted by the present 296 

simulation with different fidelities compared to the experiment for the transonic HPT test 297 

case. The rear part of the suction surface from about 60% chord to the trailing edge is in a 298 

transonic flow regime with local Mach number larger than unity. A shockwave is formed 299 

on the suction surface around the isentropic Mach number peak at roughly 80% chord. The 300 

high-fidelity CFD simulation captures well the location and the strength of the shockwave 301 

compared to the experiment. Other RANS computation [27] and the scale-resolved LES 302 

computation [28] show a comparable degree of accuracy expected for this test case. On the 303 
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other hand, the low-fidelity simulation predicts an erroneous shockwave location, which is 304 

about 20% chord upstream compared to the experiment. 305 

 306 

Fig. 9. Isentropic Mach number comparison for the HPT test case. 307 

 308 

Fig. 10 presents the Mach number contour of the bladerow predicted by the high-309 

fidelity configuration. The shockwave at 80% chord can be seen, in agreement with the 310 

finding using an isentropic Mach number analysis. Moreover, the interaction between 311 

shockwaves and wakes of the adjacent blade can also be observed. 312 

   313 

Fig. 10. Mach number contour of the HPT test case. 314 

 315 
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In order to analyse further the shockwave/wake interaction, we might look at the 316 

Schlieren visualization. Fig. 11a shows the Schlieren visualization predicted by the high-317 

fidelity computation, whereas Fig. 11b shows that predicted by the low-fidelity 318 

configuration. It is apparent that the shockwave propagation and interaction with wake of 319 

the adjacent blade cannot be observed with the low-fidelity computation (note the red 320 

circle). Since the high-fidelity Schlieren image is in agreement with that of experiment 321 

[25], it can be concluded that the low-fidelity does not only predict an erroneous blade 322 

loading but also mask the important flow physics. The under-resolved flow field leads to a 323 

wrong prediction of the bladerow’s performance. 324 

   325 

(a)      (b) 326 

Fig. 11. Schlieren visualization of the shockwave/wake interaction by different prediction 327 

fidelities: (a) High-fidelity; (b) Low-fidelity. 328 

 329 

5. Results and discussion 330 

In the main part of the present study, we will apply the combined multi-fidelity 331 

approach and influence superposition method to study the effects of mis-stagger angle 332 

variations on the bladerow performance. One of the important objective is to assess the 333 
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accuracy of the proposed method against the direct high-fidelity simulation results. Two 334 

mis-stagger variation pattern will be studied, namely the alternating and sinusoidal pattern. 335 

Fig. 12 illustrates the mis-stagger angle variation patterns against the uniform bladerow. 336 

The blades are mis-staggered within ±10 from the uniform value. This limit is larger than 337 

a typical modern manufacturing uncertainty. However, since variabilities will be amplified 338 

during its service life, we use a larger value of deviation to take this into account. 339 

 340 

Fig. 12. Stagger angle variation patterns. 341 

 342 

5.1. Subsonic low-pressure turbine 343 

5.1.1. Alternating mis-stagger 344 

Fig. 13 shows the steady pressure distribution for the alternating mis-stagger of the 345 

low-pressure turbine test case. There are two different responses to alternating mis-stagger 346 

depending on the direction of stagger angle change. Fig. 13a presents the pressure 347 

distribution for positively mis-staggered blade, whereas Fig. 13b presents that for the 348 

negatively mis-staggered blade. In Fig. 13a, the front region near the leading edge on the 349 

pressure surface has a lower pressure level. This results in a loss of blade loading in the 350 

front part. On the other hand, the front region in Fig. 13b becomes highly loaded with an 351 
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increase of pressure level on the pressure surface. In addition, the rear region on the suction 352 

surface of Blade 2 (Fig. 13b) has a much flatter pressure distribution. This part is thus prone 353 

to separation bubble if the blade loading keeps increasing. More importantly, the multi-354 

fidelity predictions are in good agreement with the high-fidelity simulation results for both 355 

blades in the alternatingly mis-staggered LPT case. 356 

  357 

(a)      (b) 358 

Fig. 13. Steady pressure distribution for the alternating mis-stagger of the subsonic LPT 359 

test case: (a) Blade 1 (positively mis-staggered); (b) Blade 2 (negatively mis-staggered). 360 

 361 

5.1.2 Sinusoidal mis-stagger 362 

Fig. 14a shows the pressure distribution of the most positively mis-staggered blade of 363 

the LPT test case with sinusoidal variation pattern, while Fig. 14b shows that for the most 364 

negatively mis-staggered blade. Unlike the previous alternating mis-stagger test case, the 365 

pressure distribution changes due to the sinusoidal variation pattern are less significant. 366 

This is somewhat expected since the step change in sinusoidal variation pattern is smooth 367 

while that in the alternating pattern is more abrupt. Nevertheless, the multi-fidelity 368 

predictions of blade loading are in good agreement with the high-fidelity simulation results 369 

for both blades in the sinusoidally mis-staggered LPT case. 370 
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  371 

(a)      (b) 372 

Fig. 14. Steady pressure distribution for the sinusoidal mis-stagger of the subsonic LPT 373 

test case: (a) Blade 4 (most positively mis-staggered); (b) Blade 10 (most negatively mis-374 

staggered). 375 

 376 

Fig. 15 presents the flow deflection angle in the circumferential direction. It is apparent 377 

the effects of sinusoidal blade mis-staggering propagates further downstream, creating a 378 

sinusoidal-like variation in the flow angle distribution. More interestingly, the predictions 379 

of multi-fidelity method are well-matched with that of the high-fidelity simulation.  380 

 381 

Fig. 15. Exit flow deflection angle of the sinusoidally mis-staggered LPT predicted by 382 

different fidelities. 383 
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5.1.3. Aerodynamic loss analyses 384 

In this section, we will perform analyses of the low-pressure turbine aerodynamic 385 

performance predicted by different modeling fidelities. The aerodynamic loss may come 386 

from different sources such as boundary layer loss, trailing edge loss, shock loss (for 387 

transonic and supersonic cases), endwall and tip leakage loss (for three-dimensional cases) 388 

[29, 30]. To quantify the aerodynamic loss for comparison, we shall use the total pressure 389 

loss coefficient as shown in Eq. 9 for a turbine cascade: 390 

𝑌𝑝 =
1

𝑠
∫ (𝑃01 − 𝑃0) (𝑃02 − 𝑃2)⁄
𝑠

0
𝑑𝑦     (9) 391 

where 𝑌𝑝 is the total pressure loss coefficient. 𝑠 is the blade pitch. 𝑃01 is the inlet total 392 

pressure. 𝑃02 is the outlet total pressure. 𝑃2 is the outlet static pressure. 𝑃0 is the total 393 

pressure at the traverse plane. 394 

 395 

Fig. 16 shows the total pressure loss coefficient predicted by different modeling 396 

fidelities. Interestingly, this test case highlights a useful note/observation for the use of the 397 

multi-fidelity method in predicting the aerodynamic performance. At the baseline mesh 398 

size about 4 × 103 cells, the multi-fidelity method seems to show a significant error 399 

compared to the high-fidelity solution. The difference between the high- and multi-fidelity 400 

solutions reduces as the mesh is refined. Note that only the mesh in the wake region is 401 

refined, we will explain this later when looking at the total pressure profiles. On the other 402 

hand, the low-fidelity’s total pressure loss coefficient remains almost constant with mesh 403 

refinement in the wake region. 404 
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 405 

Fig. 16. Total pressure loss coefficient variation with mesh refinement in the wake 406 

region. 407 

 408 

Because the total pressure loss coefficient is an averaged quantity, we shall look at the 409 

total pressure distribution in the wake region to analyse the underlying reasons behind the 410 

discrepancy. Fig. 17a shows the effects of mesh refinement in the wake for the low-fidelity 411 

configurations. At the baseline mesh size of 4 × 103 cells, it can be seen that the clustered 412 

mesh zone does not coincide with the physical wake core. Instead only a few mesh point 413 

is available in the wake core region. To better capture the wake, one can either adjust the 414 

mesh such that the mesh is refined in the physical wake core or just simply increase the 415 

number of mesh points inside the physical wake core. In this section, we will use the latter 416 

method for simplicity to investigate the effects of mesh refinement on the aerodynamic 417 

performance predictions by different modeling fidelities. In Fig. 17a, as the mesh is refined, 418 

the wake converges to a solution although the converged solution is wrong with a wider 419 

wake core and a lower total pressure loss in the wake. This is what we expect because only 420 

the wake region mesh is refined and the upstream low-fidelity zones (e.g. under-resolved 421 

boundary layer, under-resolved trailing edge) remain similar to the baseline mesh size. On 422 
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the other hand, Fig. 17b shows the effects of mesh refinement in the wake for the multi-423 

fidelity configurations. At the baseline mesh size, it is again clear that a few mesh points 424 

in the physical wake cannot capture correctly the total pressure deficit, although the multi-425 

fidelity can be seen to be trying to recover the wake shape. Refining the mesh in the wake 426 

region has a significant effect on the prediction accuracy of the multi-fidelity method. The 427 

improved solution converges to the targeted high-fidelity results. 428 

 429 

(a)      (b) 430 

Fig. 17. Traversed total pressure loss profile with mesh refinement in the wake region 431 

across 1 blade pitch: (a) Low-fidelity; (b) Multi-fidelity + ISM. 432 

 433 

Combining the findings from Fig. 16 and Fig. 17, we can make some important 434 

observations on this interesting test case. About the low-fidelity solutions, although the 435 

total pressure loss coefficient at a baseline mesh has a small difference compared to the 436 

high-fidelity results, it is due to the wrong reasons. Detailed examination of the total 437 

pressure distribution at the traversed plane reveals a significantly erroneous wake profile. 438 

Despite refining the mesh in the wake region, the low-fidelity converges to a wrong 439 

solution. Regarding the multi-fidelity method, although the total pressure loss coefficient 440 

at the baseline mesh has a considerable discrepancy, detailed examination of the total 441 
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pressure distribution reveals a qualitatively better wake profile compared to that predicted 442 

by the low-fidelity computation. The under-resolved mesh in the physical wake core is 443 

found to be responsible for the discrepancy in the multi-fidelity solutions. By simply 444 

refining the local mesh in the physical wake core, we can achieve a significant 445 

improvement in both qualitative and quantitative comparisons to the high-fidelity 446 

solutions. 447 

Because the low-fidelity solution does not present a correct physics mechanism (e.g. 448 

wake formation), one should exercise cautious when attempting to use it for aerodynamic 449 

investigations. Although the total pressure loss coefficient appears to be good at first sight, 450 

it is due to wrong reasons. On the other hand, the multi-fidelity still shows a good capability 451 

to reproduce the high-fidelity physical mechanism on the base coarse mesh. This test case 452 

also highlights a useful note for future practitioners of the multi-fidelity method: the base 453 

coarse mesh should have sufficient mesh points in the regions of interest. One should avoid 454 

aggressive coarsening in the regions of interest. It has also been shown that the multi-455 

fidelity has a rapid convergence rate with mesh refinement in high spatial gradient areas.  456 

 457 

5.2. Transonic high-pressure turbine 458 

5.2.1. Alternating mis-stagger 459 

Fig. 18 shows the isentropic Mach number distribution for the alternating mis-stagger 460 

of the high-pressure turbine test case. Fig. 18a presents the result of the positively mis-461 

staggered blade while Fig. 18b presents that of the negatively mis-staggered blade. The 462 

most significant change is observed in the negatively mis-staggered blade (Fig. 18b). The 463 

shockwave emanating from this blade has a higher strength, indicating by a higher peak of 464 
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Mach number. The low-fidelity simulation always predict erroneous shockwave strength 465 

and location for all blades. On the other hand, the multi-fidelity predictions are in good 466 

agreement with the high-fidelity simulation results for both blades in the alternatingly mis-467 

staggered HPT case. 468 

  469 

(a)      (b) 470 

Fig. 18. Isentropic Mach number distribution for the alternating mis-stagger of the 471 

transonic HPT test case: (a) Blade 1 (positively mis-staggered); (b) Blade 2 (negatively 472 

mis-staggered). 473 

 474 

5.2.2. Sinusoidal mis-stagger 475 

Fig. 19a shows the isentropic Mach number distribution of the most positively mis-476 

staggered blade of the HPT test case with the sinusoidal variation pattern, while Fig. 19b 477 

shows that for the most negatively mis-staggered blade. Similarly to the finding from the 478 

LPT test case, the changes of blade loading in the sinusoidal variation pattern are less 479 

pronounced compared to that in the alternating pattern. The low-fidelity simulation keeps 480 

predict erroneous shockwave strength and location for all blades. In contrast, the multi-481 

fidelity predictions are in good agreement with the high-fidelity simulation results for all 482 

blades in the sinusoidally mis-staggered HPT case. 483 
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  484 

(a)      (b) 485 

Fig. 19. Isentropic Mach number distribution for the sinusoidal mis-stagger of the 486 

transonic HPT test case: (a) Blade 4 (most positively mis-staggered); (b) Blade 10 (most 487 

negatively mis-staggered). 488 

 489 

Fig. 20 presents the flow deflection angle in the circumferential direction. Similarly to 490 

the LPT case, the effects of mis-staggering propagates further downstream the bladerow, 491 

creating a sinusoidal-like variation in the flow angle distribution. The flow angle is 492 

significantly affected in the wake region, creating a series of peaks and troughs. However, 493 

the magnitude of flow angle variation is much less significant in the low-fidelity simulation 494 

results. This finding reinforces the conclusions that the wake mixing and propagation are 495 

under-predicted in the low-fidelity simulation. On the other hand, the multi-fidelity 496 

simulation shows a good qualitative and quantitative comparison with the high-fidelity 497 

simulation. 498 
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 499 

Fig. 20. Exit flow deflection angle of the sinusoidally mis-staggered HPT predicted by 500 

different fidelities. 501 

 502 

Fig. 21 shows the visualization of local static pressure errors (normalized by the inlet 503 

total pressure) between the low- and multi-fidelity simulation in comparison to the 504 

reference high-fidelity solution in the sinusoidally mis-staggered HPT test case. The first 505 

observation to be made is related to the magnitude of errors. It is clear that the low-fidelity 506 

solution has high error level compared to that of the multi-fidelity solution. This finding 507 

means that the multi-fidelity solution is closer to the high-fidelity solution compared to the 508 

low-fidelity solution. Thus, the multi-fidelity solution has an accuracy that is as good as 509 

the direct high-fidelity solution. In addition, another striking observation is the local 510 

distribution of errors in the low-fidelity configuration. There are two contrasting zones: 511 

one with maximum positive pressure difference and one with maximum negative pressure 512 

difference. The 1st zone is on the front region of the suction surface. This corresponds to 513 

the location of shockwave formation in the low-fidelity simulation. However, the high-514 

fidelity predicted shockwave does not take place at this region, thus creating a large 515 

positive pressure difference (equivalent to negative isentropic Mach number difference, 516 
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see Fig. 9 for example). Vice versa, the 2nd zone at the rear part of the suction surface 517 

corresponds to the shockwave formation in the high-fidelity simulation. In conclusion, the 518 

mismatch of the shockwave location between the high- and low-fidelity simulation is 519 

responsible for the alternating pattern of local pressure errors. 520 

 521 

(a)  522 

 523 

(b)  524 

 525 

Fig. 21. Static pressure discrepancy (normalized by the inlet total pressure) from the 526 

direct high-fidelity solution for: (a) low-fidelity; (b) multi-fidelity computation. 527 

 528 

5.2.3. Aerodynamic loss analyses 529 

In this section, we will perform analyses of the high-pressure turbine aerodynamic 530 

performance predicted by different modeling fidelities. The total pressure loss coefficient 531 

is again used to quantify the aerodynamic loss. Table 4 presents the total pressure loss 532 

coefficient calculated at the traversed plane for different modeling configurations. Both the 533 

low- and multi-fidelity method overpredicts the total pressure loss coefficient compared to 534 
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the high-fidelity solution. However, the low-fidelity computation show a significant error 535 

up to 21.6%. The multi-fidelity solution has an improved result with only 6.22% deviation 536 

from the targeted high-fidelity solution.  537 

 538 

Table 4 Comparison of total pressure loss coefficient predicted by different fidelities. 

Configurations 𝑌𝑝 Error 

High-fidelity 0.0599234 0% 

Low-fidelity 0.0728677 +21.6% 

Multi-fidelity + ISM 0.0636515 +6.22% 

 539 

From the previous low-pressure turbine test case, we have learned that the overall loss 540 

coefficient might not be a good indicator to judge the success of different modeling 541 

fidelities. Thus we need to examine also the total pressure profile at the wake in Fig. 22. 542 

Fortunately, the accuracy of the overall loss coefficient is well-reflected in the total 543 

pressure distribution in this test case thanks to the correctly clustered mesh in the physical 544 

wake core. This finding confirms the capability of the multi-fidelity method for assessing 545 

the aerodynamic performance. In addition, it also consolidates the discussion of the mesh 546 

requirement in the physical wake core in the previous low-pressure turbine test case. 547 
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 548 

Fig. 22. Traversed total pressure profile across 1 blade pitch predicted by different 549 

modeling fidelities. 550 

 551 

6. Influence decay map 552 

In Section 2, we have mentioned that a five-passage bladerow domain is used in the 553 

training stage. It is naturally of interest to ask how the choice of number of training 554 

passages would affect the computed source terms. To answer that question, we shall 555 

investigate the circumferential distribution of the source terms using a nine-passage 556 

domain. All of the steps in the training stage are repeated. Fig. 23 presents the influence 557 

map of the x-momentum source terms. It is clear that the source terms decay rapidly in the 558 

circumferential direction. Most of the “energy” is contained within a five-passage zone 559 

(from B+2 to B-2). There is no significant contribution beyond the ±2 passages away from 560 

the reference source at the middle. Therefore, it can be concluded that a five-passage 561 

domain is sufficient in the training stage. This finding is in line with previous observations 562 

in the literature for different applications [6, 20], where the term “influence” represents 563 

different kinds of perturbation (e.g. steady and unsteady pressures).  564 
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 565 

 566 

Fig. 23. Influence decay map for the source term amplitudes of the x-momentum 567 

equation. 568 

 569 

The number of passages used in the training bladerow would affect the training cost 570 

and therefore the efficiency of the newly developed method. The observation in this section 571 

implies that the passage convergence study should be carried out in the training stage, apart 572 

from the conventional mesh convergence study for high-fidelity computations. 573 

Fortunately, it has been shown in various applications that typically a few passages are 574 

needed thanks to the rapid decay of the influence.  575 

 576 

7. Conclusions 577 

Accurate and efficient modeling of the multi-passage blade row with manufacturing 578 

variabilities have posed a challenge for the conventional computational method. As the 579 

technology boundary is pushed more than ever, the performance prediction of 580 

manufacturing variabilities becomes more important. The present work attempts to solve 581 

this challenge by proposing a method built upon the framework of both the multi-fidelity 582 

approach and the influence superposition method. The combined methodology relies on 583 
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the superposition of source terms, whose individual constituents have been pre-computed 584 

in the training stage. The key enabler is that a small set of configurations is needed in the 585 

training stage, while an infinite combination of superposed configurations can be 586 

approximated efficiently in the prediction stage. Therefore, the new method has an 587 

accuracy level comparable to the direct high-fidelity method, while using a computational 588 

resource comparable to the low-fidelity simulation.  589 

In the present work, the method has been applied to a subsonic low-pressure turbine 590 

and a transonic high-pressure turbine bladerow with alternating and sinusoidal stagger 591 

angle variation patterns. The effects of stagger angle variation are summarised below: 592 

 Blade loading, aerodynamic loss and exit flow angle are affected by variations 593 

of stagger angle. 594 

 The mis-staggering effects propagate downstream and create a non-uniform 595 

flow field at the bladerow exit, which would affect the downstream bladerow. 596 

 Alternating variation pattern has a more pronounced effect compared to 597 

sinusoidal pattern. 598 

 599 

In general, the transonic high-pressure turbine case is more sensitive to the simulation 600 

fidelity compared to the subsonic low-pressure turbine case. This is due to the high 601 

resolution needed to resolve the important flow features in the transonic HPT test case, 602 

namely shockwave formation and shockwave/wake interaction. Therefore, the low-fidelity 603 

result is not suitable for analysis of manufacturing variabilities if the high-resolution 604 

features are important as in this case. For the LPT test case, it has been shown that the 605 

overall loss coefficient of the low-fidelity simulation seems to be reasonable at first sight. 606 
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However, the detailed investigation of the wake profile reveals that the physical mechanism 607 

is poorly predicted. 608 

On the other hand, the multi-fidelity solutions agree both qualitatively and 609 

quantitatively to the direct high-fidelity solution. Guidelines on the suitable application of 610 

the multi-fidelity method for aerodynamic performance predictions have been discussed. 611 

It has been noted that sufficient mesh resolution has to be adopted in the wake region for 612 

the multi-fidelity to improve the prediction. Nevertheless, this mesh refinement does not 613 

affect significantly the efficiency of the multi-fidelity method due to the rapid convergence 614 

rate of the method with mesh refinement. Moreover, the number of passages required at 615 

the training stage is also investigated. Thanks to the rapid decay of the influence in the 616 

circumferential direction, one would typically need about a five-passage bladerow domain 617 

to train the source term. In conclusion, the proposed method has been shown to be 618 

successful in providing engineers a tool to explore the variability effects and use it for their 619 

blading designs. 620 

 621 

Nomenclature 622 

𝐶𝑝   steady pressure coefficient; 𝐶𝑝 = (𝑃 − 𝑃2)/(𝑃01 − 𝑃2) 623 

𝑀𝑖𝑠  isentropic Mach number; 624 

𝑀𝑖𝑠 = √ 2

𝛾−1
[(

𝑃01

𝑃
)

𝛾−1
𝛾⁄

− 1]  625 

𝑃01   inlet total pressure, Pa 626 

𝑃02  outlet total pressure, Pa 627 

𝑃2  outlet static pressure, Pa 628 
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𝑌𝑝  total pressure loss coefficient 629 

HPT  high-pressure turbine 630 

ISM  influence superposition method 631 

LPT  low-pressure turbine 632 

𝑐  low-fidelity 633 

𝑓  high-fidelity 634 

𝑓 → 𝑐  multi-fidelity projection 635 

𝑥  axial distance, m 636 

𝑺  source term vector 637 

𝑼  conservative flow variable vector 638 

 639 

Appendix A: Source Term Iterative Computation 640 

Given a high-fidelity and a low-fidelity simulation data, one can find the high-fidelity 641 

filtered solution on the low-fidelity representation 𝑼𝑓→𝑐. We know from the theoretical 642 

framework of the source term-based multi-fidelity method that a source term 𝑺 needs to be 643 

used to satisfy the governing equations: 644 

𝑅𝑐(𝑼𝑓→𝑐) = 𝑺     (A1) 645 

 To compute the source term without knowing the detailed discretization process, we 646 

can use an iterative approach. The iteration marches the solution with a pseudo-timestep 647 

∆𝜏. After a pseudo-timestep n, the difference between the filtered flow solution and the 648 

current flow solution is: 649 

∆𝑺𝑛 =
1

∆𝜏
(𝑼𝑓→𝑐 − 𝑼𝑛)     (A2) 650 
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Starting from an initial value of the source term (typically zero), a new value of the 651 

source term is updated after each pseudo-timestep. An under-relaxation factor 𝛼 is used to 652 

stabilize the iterative calculation: 653 

𝑺 = 𝑺𝑛−1 + 𝛼∆𝑺𝑛     (A3) 654 

The iteration continues until reaching the maximum allowable number of iterations or 655 

the L2-norm of the source term change drops below a specified tolerance. It can be easily 656 

seen that once 𝑼𝑛 approaches 𝑼𝑓→𝑐, the source term change ∆𝑺𝑛 will approach zero and 657 

the source term computation is deemed to converge.  658 

 659 
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