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A. Convergence Behaviours
All models described in the main text achieved full epoch convergence as indicated in figures A-1
and A-2 below. The training of the CNN estimator took approximately 1 hour for 5,000 epochs
while each STEP estimator took 17 minutes for 10,000 epochs on an AMD Ryzen 5 3500u CPU.
Note that while the STEP method loss seems to converge significantly before 10,000 epochs (Fig.
A-2), further training allows the estimator to capture the fine structure of a given DoS better, and
was therefore maintained.

Figure A-1: End-to-end estimator training and validation loss as a function of epochs. The
validation consisted of another 45 DoS generated using the same routine as those in the training
set. Some overfitting was observed, this worsened significantly for more than 10,000 epochs.
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Figure A-2: STEP loss as a function of epochs, averaged over all the 6 DoS, shown with the
standard deviation across the different DoS.
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B. RIXS Details

B.1 Scattering Theory
An interesting technique for investigations in high energy density science is resonant inelastic
X-ray scattering (RIXS) [1,2]. In this process, incoming photons with energy ℏω1 are inelastically
scattered by a material, yielding photons with a different energy ℏω2 (ω1 ̸= ω2). The difference
in energy is deposited in the material, specifically in one of its electrons. An illustration of this
process can be seen in figure B-1. From now on we set ℏ= 1, meaning that the energy of a photon
is equivalent to its angular frequency ω.
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Figure B-1: An illustration of the RIXS scattering, adapted from [2]. The solid black line indicates
the state of the probed system, with the labels i, n and f denoting the initial, intermediate and
final states respectively. Dashed arrows indicate incoming and outgoing photons, labelled with
their energy ωp, wave vector kp and polarization ηp for p= 1, 2.

The RIXS scattering process can be split, at least conceptually, in an absorption instantaneously
followed by an emission: first the incoming photon is absorbed by an inner core electron that is
promoted to an excited empty state, then another electron from a different excited state decays
filling the vacancy in the core state and emitting the outgoing photon. Both these subprocesses
are individually not-energy conserving (the intermediate state n is virtual), but in a way that the
overall scattering process conserves energy, as required by general physical laws. It is therefore
intuitive from this qualitative description that RIXS allows us to probe the structure of the empty
excited states of the system.
The differential cross-section for RIXS [2], proportional to the intensity of scattered radiation
measured at energy ω2 over the whole solid angle, reads in full

∂ω2σ= 4π

(
e

mec

)4
ω2

ω1
δ(Ef − Ei + ω2 − ω1)

∣∣∣∣∣∑
n

⟨f |p(k2) · η2|n⟩⟨n|p(−k1) · η1|i⟩
En + iΓnf − Ei − ω1

∣∣∣∣∣
2

. (A 1)

Here, e, me, and c take their usual meaning, whereas |i⟩, |n⟩, and |f⟩ indicate initial, intermediate,
and final electronic states of the system, with respective energies Ei, En and Ef . While
the δ function ensures overall energy conservation, the amplitude squared of the sum over
intermediate states n depends on the quantum mechanical details of the electronic transitions
and its discussion is outside the scope of this work. Suffice it to say that, under reasonable
conditions [2,3] we may rewrite this cross-section as

∂ω2σ=C
ω2

ω1

∑
f

[1− FD(∆f ;T )]ρ(∆f )Af |M(∆f )|2

[ω2 − (ϵf − ϵi)]2 + Γ 2
f

. (A 2)
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Here, ϵi and ϵf are the initial energies of the electron that is excited and of the one that decays,
respectively. Af and Γf are physical parameters of the system as defined in [2].
We shall now proceed through the components of this equation one by one and obtain the form
of the scattering equations seen in the main text.

(i) We have used ∆f = ω1 − ω2 + ϵf for conciseness.
(ii) FD(∆f ;T ) is the Fermi-Dirac distribution at temperature T .

(iii) ρ(∆f ) is the electronic density of states of the material under investigation.
(iv) |M(∆f )|2 is the square of the matrix element for a given transition. This term

includes quantum effects regulating the probability of different transitions occurring, and
therefore regulating their contribution to scattering.

(v) We may now group items (ii), (iii) and (iv) to obtain the effective density of states as seen
in the main text,

ρeff(∆f ) = [1− FD(∆f ;T )]ρ(∆f )|M(∆f )|2. (A 3)

This step is necessary, as we have no way of measuring and discerning the individual
contributions of these terms. However, if we are able to obtain an independent
measurement of T , we can split off the thermal distribution and extract ρ(∆f )|M(∆f )|2.

(vi) The remaining components of the equation now depend solely on the material, its final
state f and ω2. These terms may be regrouped and written as

Lf (ω2) =Cω2
Af

[ω2 − (ϵf − ϵi)]2 + Γ 2
f

. (A 4)

Finally, we combine all these steps to obtain

∂ω2σ=
∑
f

Lf (ω2)

ω1
ρeff(ω1 − ω2 + ϵf ). (A 5)

Notice that the Lorentzian factor on Lf suppresses the RIXS signal far from the energy (ϵf −
ϵi). This fact, in turn, implies that the reconstruction of ρeff is unreliable in the regions contributing
to the suppressed parts in the RIXS spectra. This can be seen in Fig. 5, where the error bars on the
reconstructions increase for ∆f > 100eV .
The material parameters used for our models can be seen in table B.I.

Parameter[units] f Value

ϵi[eV ] 1, 2 -7112

ϵf [eV ]
1 -723

2 -708.5

Af
1 50

2 100

Γf [eV ]
1 3

2 2.55

Table B.I: Physical parameters used for the simulations.

B.2 Realistic RIXS Measurements
Note that equation (A 5) only applies to monochromatic light, but that we measure high
energy density science RIXS processes using x-ray free electron lasers (XFELs), whose radiation
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is generated using self-amplified spontaneous emission (SASE) [4,5]. While useful to probe
matter in regimes of interest, SASE pulses generally exhibit broad and highly irregular spectral
profiles [6–8] Φk(ω1) varying for each shot k, which we need to incorporate into our analysis. To
do so, we may first insert a Dirac δ function to write equation (A 5) as

∂ω2σ=
∑
f

Lf (ω2)

∞∫
−∞

dω′
1

ω′
1

δ(ω1 − ω′
1)ρeff(ω

′
1 − ω2 + ϵf ). (A 6)

Note that this equation now has the characteristic form of a convolution. By replacing
δ(ω1 − ω′

1) with our spectral pulse shape ϕk(ω
′
1), and using the weighted pulse shape Φk(ω

′
1) =

ϕk(ω
′
1)/ω

′
1, as well as taking ω′

1 → ω1, we obtain

∂ω2σk =
∑
f

Lf (ω2)

∞∫
−∞

dω1Φk(ω1)ρeff(ω1 − ω2 + ϵf ), (A 7)

exactly as seen in equation (6) of the main text. Note that we have now moved from a
description that looked nothing like a convolution to one that obviously corresponds to a
convolution with a dynamically varying kernel Φk.

C. Estimator Hyperparametrizations

C.1 CNN Hyperparameters
The detailed hyperparameters found for the CNN estimator are listed in table C below.

Hyperparameter Optimal Value Space

Optimizer Adam Adam
Loss MSE MSE, MAE

L2 Regularization 0 0, 1e-5, 5e-5, 1e-4
# conv. Layers 4 1, 2, 3, 4, 5

# conv. Channels 8 2, 4, 8, 16
# FFNN layers 4 1, 2, 4, 8
# Nodes FFNN (200, 200, 100, 100) 20, 50, 100, 200, or 500 in each layer.

Table C.II: Hyperparameters for the CNN estimator. The # Nodes FFNN parameter is restricted
to flat (equal number of nodes) or tapered (decreasing along forward axis) architectures.

C.2 STEP Hyperparametrization
The hyperparameter choice for STEP estimators on the results presented in section ??(a) was
investigated thoroughly and found to have no meaningful impact. Neural network depths
between 4 and 10 layers, with 40 to 80 nodes per layer, activation and loss functions were varied
with no impact on predictions. However, larger estimators caused significantly longer training
times. This led us to use the minimal estimator size, consisting of 4 layers of 40 nodes each. The
final estimator was therefore a simple feed-forward neural network with that architecture.
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D. Chemical Potential
The chemical potential was calculated using numerical fits of the form

µ/T =≃ a+ b ∗ log(T/EF ) +
c ∗ (T/EF )d + e ∗ (T/EF )f

1 + g ∗ (T/EF )h
. (A 1)

Here, T is the temperature, EF is the Fermi energy (calculated through numerical optimzation),
and the fit parameters a through h were found using the "curve_fit" function of the SciPy
package [9]. For the DoS used in our analysis, they took the values indicated in table D.III below.
This fit was used to improve performance of the analysis, as µ would otherwise have to be
optimized for at each training epoch.

Parameter Value
a 0.60944891
b -0.99060934
c 0.16701814
d -2.92018411
e -0.05744572
f 0.70358151
g 0.40826049
h -1.64569649

Table D.III: Tabulated fit parameters for the chemical potential

E. Data, Code, and Models
All files are available under https://github.com/OxfordHED/rixs_nn_analysis.
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