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2 Experimental1 and Numerical Investigation on the Dynamic
3 Failure Envelope and Cracking Mechanism of Precompressed
4 Rock under Compression-Shear Loads
5 Yuan Xu1; Antonio Pellegrino2; Feng Dai3; and Hongbo Du4

6 Abstract: The complex response of underground geomaterials subjected to dynamic disturbance arises from the microstructure redistribu-
7 tion under high in- situ stress and the resulting fracture behaviors at multiaxial stress states. Inclined specimens were employed in an axially
8 constrained split Hopkinson pressure bar (SHPB) system to achieve a combination of compression-shear stress states and static-dynamic
9 2 loads. The loading rate under investigation ranged from 500 to 4,000 GPa/s, along with the axial prestress of 7, 21, 35, 49, and 63 MPa

10 on specimens with an inclination of 0°, 3°, 5°, and 7°. The modified SHPB experimentation and discrete-element method modeling were
11 implemented to unravel the combined effects of the loading rate, preload, and stress path on the failure mechanism of sandstone specimens
12 involving the failure strength and envelope, fracturing pattern, fragmentation, and microcracking process. The positive rate dependence of the
13 failure strength and Drucker–Prager envelope was observed. The preload showed double effects on the failure strength, indicated by an upper
14 bound of the failure envelope as it expanded with the increasing preload. The microdamage accumulated during preloading and the global
15 stress field collectively influenced the failure pattern of the inclined specimen, altering from a shear fracturing mode under dynamic loading or
16 high-preload static-dynamic loading to an axial splitting mode near the specimen surface under low-preload static-dynamic loading.
17 DOI: 10.1061/(ASCE)GM.1943-5622.0002196. © 2021 American Society of Civil Engineers.

18 Author keywords: Static-dynamic; Compression-shear; SHPB; Failure envelope; Microcracking.

19 Introduction

20 With the development of deep underground engineering involving
21 resource exploitation, transportation, and safety defense, an in-
22 creasing number of phenomena (e.g., rockbursts) that are barely ob-
23 served in shallow rock engineering have been largely reported
24 (Ranjith et al. 2017; Khosravi and Simon 2018; Jiang et al.
25 2021). Resulting from the locked-in stress of tectonic activities
26 and the weight of the overlying strata, rock at depth is under vary-
27 ing in situ stress that scales with the depth of the site (Hoek and
28 Brown 1980; Chattaraj et al. 2013). Additional engineering or nat-
29 ural dynamic disturbances, such as drilling and blasting, ballistic
30 impact, faulting, and earthquake, can be coupled with the initial ge-
31 ostress, resulting in rock mass subjected to combined
32 static-dynamic loads (Weng et al. 2018). Owing to geological

33discontinuities that locally transform the stress state (Paliwal and
34Ramesh 2008), rock mass is commonly at compression-shear stress
35states rather than true uniaxial conditions. The complex response of
36deep underground rock subjected to dynamic disturbance arises
37from the high in situ stress and multiaxial stress states. Knowledge
38of the dynamic behaviors and failure mechanism of precompressed
39rock at compression-shear stress states is of fundamental signifi-
40cance to understanding constitutive models and practical impor-
41tance to optimizing engineering designs.
42Simulations of the combined static-dynamic loads imposed on rock
43at multiaxial stress states in a laboratory environment can be traced
44back to the research by Christensen et al. (1972) and Lindholm et al.
45(1974). The split Hopkinson pressure bar (SHPB), which has been ex-
46tensively developed up to date for material characterization at a high
47strain rate range of 101–104 s−1 (Field et al. 2004; Gama et al. 2004;
48Zhang and Zhao 2014), was modified with a hydrostatic confining
49chamber to simulate one type of rockburst caused by the superposition
50of the exterior dynamic disturbance with the interior stress of rock. Fol-
51lowing this, a variety of experimental approaches based on SHPB tech-
52niques have been developed to address the multiaxial static-dynamic
53loading events, but they mainly focus on the confining techniques by
54means of hydraulic pressure chamber (Li et al. 2008; Frew et al.
552010; Hokka et al. 2016; Gong et al. 2019; Du et al. 2020), metallic
56ring (Chen and Ravichandran 1997; Forquin et al. 2008), or screw-
57driven platens (Paliwal et al. 2008; Farbaniec et al. 2017). Such studies
58simplified the dynamic load to coincide with one principal stress of the
59static confinement and hence failed to reflect the realistic complexity of
60the stress state of rockmass at depth. Recently, Cadoni et al. (2015) and
61Liu et al. (2020) extend the SHPB techniques to build a true triaxial
62dynamic testing system, where a cubic specimen, which has been in-
63stalled in an axially confined SHPB system, is additionally constrained
64on the remaining faces by another four transmitted bars. The triaxial
65dynamic load is thus composed of the axial stress wave launched by
66SHPB and the spontaneous lateral stress waves resulting from the
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67 lateral expansion and confining. Inclination is another approach to
68 achieve compression-induced multiaxial loading. By inclining the
69 specimen-loading interface with respect to the loading direction, a
70 shear component can be introduced and thus complicate the stress
71 path. This technique has been implemented in SHPB by means of in-
72 clined specimens (Nie et al. 2007; Xu and Dai 2018) or bevel bar ends
73 (Zhou et al. 2018) and in a gas gun via oblique targets (Abou-Sayed
74 et al. 1976; Gupta 1983) for high-rate testing, but very few studies
75 (Xu et al. 2020) have been undertaken in the regime of combined
76 static-dynamic loading.
77 Most computational models of rock for engineering purposes ide-
78 alize the rock material as a continuum and represent microstructural
79 damage by averaged material degradation in the macroscopic consti-
80 tutive relationships. In contrast to these phenomenological ap-
81 proaches to describing the mechanical behaviors of rock, the
82 discrete-element method (DEM) provides a direct way to understand
83 the behaviors by focusing on the grain-scale microstructure of the
84 rock material and representing damage via the formation and interac-
85 tion of microcracks (Jing 2003; Potyondy and Cundall 2004). The mi-
86 cromechanical basis of DEM allows the synthetic material to possess
87 much disorder in the microstructural complexity, including the size
88 and shape of the grains, the deformability and strength of the grains
89 and cements, the degree of packing and cementation, and heteroge-
90 neous force chain transmission. All of these microscopic features,
91 many of which evolve under loading, collectively influence and reg-
92 ulate the macroscopic behaviors of rock and thereby allow the hy-
93 potheses of the effects of the microstructure to be examined. DEM
94 has been successfully developed to reproduce the fracture and failure
95 behaviors of rock in terms of, for example, crack nucleation (Hazzard
96 et al. 2000), acoustic emission (Hazzard and Young 2000), cohesive
97 damage-plasticity (Nguyen et al. 2017), grain interlocking (Scholtès
98 and Donzé 2013), and multiscale fracturing (Li et al. 20183 ).
99 Experimental and numerical simulations of sandstone subjected
100 to combined static-dynamic loads at multiaxial stress states are con-
101 ducted in this study. The far-field one-dimensionally combined
102 static-dynamic load is implemented by an axially confined SHPB
103 system. The inclined specimen method is utilized in the modified
104 SHPB to introduce different combinations of compression-shear
105 loads and thus to unravel the combined effects of the loading
106 rate, preload, and stress path on the multiaxial failure mechanism
107 of sandstone specimens. It is a further study of the previous re-
108 search where the validity of a particular 7° inclined specimen in ax-
109 ially constrained SHPB testing was critically addressed involving
110 dynamic equilibrium, stress uniform, and interfacial friction effects
111 (Xu et al. 2020). This study examines three more inclinations so as
112 to generalize the data reduction method for inclined specimens to
113 accommodate a wide range of inclinations and to assess the stress
114 path dependence of the failure strength and fracturing process
115 under combined static-dynamic loading. The Drucker–Prager fail-
116 ure envelope is therefore constructed to reveal the influence of the
117 loading rate and preload. The DEM-based micromechanical mod-
118 eling demonstrates its ability to reproduce the failure pattern and
119 the fragmentation of compression-shear specimens under com-
120 bined static-dynamic loading. The interior microcracking process
121 of the specimen under complex loading conditions is captured
122 and contributes to revealing the intrinsic microdamage mechanism.

123 Experimental Methodology

124 Specimen Preparation

125 The rock material under investigation was sandstone drilled out of
126 the same rock block quarried at an active earthquake region

127(Neijiang, Sichuan province, China). The sandstone was homoge-
128neous and isotropic in texture without visible discontinuities.
129Petrologic studies showed that the sandstone comprised feldspar
130(43%), quartz (35%), fragments (20%), and clay (2%), and the min-
131eral size ranges from 200 to 300 µm (Du et al. 2020). Quasi-static
132unconfined compression tests were conducted on specimens with a
133slenderness ratio of 2:1 using a hydraulic servo controlled MTS815
134testing system at Sichuan University to measure typical mechanical
135properties at a loading rate 0.56 MPa/s, including Young’s modulus
1368.0 GPa, Poisson’s ratio 0.23, and uniaxial compressive strength
13770 MPa. The overall density was measured as 2,320 kg/m3.
138A total of 160 sandstone specimens were prepared for the axi-
139ally constrained dynamic compression-shear tests [Figs. 1(a–d)].
140As shown in Fig. 1(e), the inclined cylinder specimen had a nom-
141inal diameter Ds of 38 mm from core drilling. The same set of the
142tilting angle θ of 0°, 3°, 5°, and 7° was considered in the experi-
143mentation herein, as in the previous study on the dynamic
144compression-shear loading without confinement (Xu and Dai
1452018), in order to allow direct comparison of different axial pre-
146loads. The specimen length ls, defined as the distance between
147two parallel loading surfaces, was chosen as 38 mm in order to sat-
148isfy the slender ratio of 1.0 for rock dynamic compression tests sug-
149gested by the International Society for Rock Mechanics (ISRM)
150(Zhou et al. 2012). Both ends of the specimens are carefully pol-
151ished while guaranteeing the parallelism within 8′.

152Experiment Setup

153Tests were conducted using a modified SHPB system with an axial
154confining unit. This testing system essentially consists of a striker
155bar, an incident bar, and a transmitted bar with a specimen

(a) (b)

(c) (d)

(e) (f)

F1:1Fig. 1. Prepared specimens with a tilting angle of (a) 0°; (b) 3°; (c) 5°;
F1:2and (d) 7°; (e) specimen geometry (Ds, θ and ls are the diameter, the
F1:3tilting angle, and the distance between the two parallel end surfaces, re-
F1:4spectively); and (f) schematic of the specimen in SHPB testing.
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156 sandwiched in between, a data acquisition system, and additionally
157 the axial confining system [Fig. 2(a)]. The striker is powered by a
158 gas gun and then travels along a barrier before impacting upon the
159 incident bar. A pair of rubber-copper stacked discs each with a di-
160 mension of 10× 2 mm (diameter × thickness) is placed at the free
161 end of the incident bar as a pulse shaper to reduce high-frequency
162 oscillations of the incident wave and the dispersion effects (Gama
163 et al. 2004; Dai et al. 2010). The incident bar and the transmitted
164 bar are supported by multiple ball bearing supporters to allow free
165 sliding and rotating about their axis and to reduce sagging. The
166 free end of the transmitted bar is equipped with a hydraulic actuator
167 [Fig. 2(c)] that is connected further to a reaction plate [Fig. 2(b)] near
168 the impinge end of the incident bar via four tie rods. The tie-rod
169 framework enables the initial axial hydraulic load applied to the
170 bars between the actuator and the reaction plate, and it prevents po-
171 tential buckling of the bars under compressive axial load.
172 The modified SHPB system is built up at State Key Laboratory
173 of Hydraulics and Mountain River Engineering, Sichuan Univer-
174 sity, and dedicated for high-rate tests on rock-like materials. The di-
175 ameter of the striker bar, incident bar, and transmitted bar is 50 mm
176 to accommodate the mechanically representative dimension of the
177 geomaterial bulk (Armstrong 1961, 2001), and the length is 300,
178 3,000, 2,000 mm, respectively. All bars are made from low-alloy
179 ultrahigh strength steel, with a Young’s modulus of 211 GPa and
180 density of 7,800 kg/m3. The incident and the transmitted bars are
181 equipped with resistive strain gauges at appropriate positions to
182 allow direct measurement of wave signals without superposition.
183 Particular attention was additionally paid to the strain gauge on
184 the incident bar to avoid the interference of a detachment wave
185 in the measurement, which was due to the relaxation and the sub-
186 sequent resumption of the axial preload during the incident pulse
187 propagation (Chen et al. 2018). The hydraulic vessel provides an
188 axial preload up to 78 KN.

189Once a constant prestress state of the specimen is achieved
190under the initial preload (σpre), the striker is launched and impacts
191on the free end of the incident bar. With the pulse shaper tailoring
192the stress wave upon the impinge, a ramped nondispersive incident
193wave is generated and propagates toward the specimen, which par-
194tially transmits through and then travels along the transmitted bar
195and partially reflects back. The recorded strain signals of the so-
196called incident wave (ϵi), reflected wave (ϵr), and transmitted
197wave (ϵt) can be analyzed using one-dimensional stress wave
198theory based on the D’Alembert solution to calculate the mechan-
199ical response of the specimen as

P1 = AE(εi + εr) + Aσpre

P2 = AEεt + Aσpre (1)

200where P1 and P2= forces imposed on the incident and transmitted
201ends of the specimen, respectively; and A and E= cross-section
202area and Young’s modulus of the bar, respectively. More details
203of the operation of the axially constrained dynamic testing system
204and the data processing method can be found in previous work (Xu
205et al. 2020).
206In order to unravel the coupling effect of the loading rate, the
207axial preload, and the combined compression-shear, a cross combi-
208nation of these three factors was implemented. Eight grades were
209considered in the stress rate range from 500 to 4,000 GPa/s to
210cover typical damage levels of the sandstone specimen from
211unbroken-splitting transition to pulverization (Xu and Dai 2018).
212A preload ratio ∅ that described the relative magnitude of the
213axial confining pressure p with respect to the static compressive
214strength σsc of Neijiang sandstone was defined to characterize the
215preload level as

∅ =
p

σsc
(2)

(a)

(b) (c)

F2:1 Fig. 2. The axially constrained SHPB system: (a) schematic (not to scale); and (b and c) the axial confining system.
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216 Five levels of the preload ratio were chosen from 0.1 to 0.9 with
217 a step of 0.2, before which a preliminary set for variable-controlling
218 tests were conducted under an approximately identical loading rate
219 but different preload ratios ranging from 0.1 to 0.9 with a smaller
220 step of 0.1. The achieved absolute axial precompression on speci-
221 mens ranged from 7 to 63 MPa. Such a stress range covered the ex-
222 treme in situ stress conditions that had been encountered in major
223 underground rock engineering projects, for instance, Houziyan
224 (Li et al. 2019), Baihetan (Dai et al. 2016a), and Wudongde
225 (Li et al. 20184 ) hydropower stations in southwest China, whose
226 maximum principal stress was measured as 22–36, 19–23, and
227 12–16 MPa, respectively. Distinct combinations of the compression-
228 shear loads produced by the specimen inclination of 0°, 3°, 5°, and
229 7° were considered. The variance of the combined stress state and
230 the mechanical characterization and approximation are elaborated in
231 the next section.

232 Data Reduction Method

233 Stress and strain uniformity are critical for material characteriza-
234 tion. Practically in lab-scale experimentation, however, the as-
235 sumption of homogeneous stress or strain field is questionable
236 even for simple specimen configurations (Pierron and Grédiac
237 2012). Complex geometry inevitably induces stress or strain sin-
238 gularity. In this respect, some compromises are made without
239 losing uniformity at the critical material point. The Brazilian
240 disk test (Fairbairn and Ulm 2002) is a classic example for char-
241 acterizing brittle materials whose tensile strength is much less
242 than its compressive counterpart, which is also the ISRM sug-
243 gested method for characterizing the dynamic tensile strength
244 of rock materials (Zhou et al. 2012). The Brazilian disk test is
245 valid as long as cracking and failure initiate from the critical
246 zone where homogeneity of the tensile stress is achieved, even
247 though the biaxial stress state varies along the diametrical load-
248 ing direction. This concept has been applied to studies involving
249 the complex stress state (Dorogoy and Rittel 2005a, b). By

250analogy, the validity of the inclined specimen for material char-
251acterization under compression-shear loads has been addressed
252in previous work (Xu et al. 2020) by means of finite-element
253method (FEM) and DEM, regarding the dynamic equilibrium,
254stress uniformity, and interfacial friction effects. Critically, a
255high degree of stress homogeneity within the material failure
256area was verified. An approximation of von Mises equivalent
257stress and strain from the far-field measurement of a 7°-inclined
258specimen was subsequently established.
259The same strategy was employed herein to approximate the
260equivalent stress and hydrostatic stress at the material failure
261point/area from the far-field nominal compressive stress σ̂c. A
262commercial code ABAQUS was utilized to implement the FEM
263analysis. The numerical model of 0°, 3°, 7°, and 15° specimens
264in conventional SHPB testing was set up as shown in Fig. 3(a),
265driven by a nondispersive ramped wave measured from experi-
266ments. The material behavior is simplified as linear elastic with suf-
267ficient strength since its prepeak elastic behavior is of interest in the
268FEM simulations. The normal behavior of the bar-specimen contact
269is assumed to be hard, while the tangential behavior considers the
270interfacial friction. Parameters and material properties of the FEM
271model are detailed in Table 1. The distribution of the equivalent
272stress on four slices [Fig. 3(b)], which were equally spaced within
273half of the specimen and parallel to the maximum inclined section,
274are presented in Fig. 3(c). Homogeneous stress distribution was
275roughly achieved across the short diagonal of the inclined speci-
276mens, apart from the local stress concentration near the obtuse cor-
277ners. The stress variance along this preferential failure path was
278quantified in Figs. 4(a and b). The equivalent stress σe and the hy-
279drostatic stress σ0 were further averaged by the path length s as σ̂e
280and σ̂0, respectively, in the following to characterize the stress level
281and its uniformity:

σ̂e =
1

s

∫
s
σeds (3a)

(a)

(b) (c)

F3:1 Fig. 3. (a) An example of the FEM model (partially shown) – a 7° specimen sandwiched between the incident bar (on the right) and the transmitted
F3:2 bar; (b) slicing strategy; and (c) equivalent stress distribution of 0°, 3°, 7°, and 15° specimens.
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σ̂0 =
1

s

∫
s
σ0ds (3b)

282 Although the stress distribution tended to be less homogeneous
283 as the inclination increased, most of the area along the path expe-
284 rienced stress variation within 5% when the tilting angle was no
285 more than 7°. Subsequently, the averaged equivalent stress σ̂e
286 and hydrostatic stress σ̂0 can be correlated with the nominal com-
287 pressive stress σ̂c via linear regression [Fig. 4(c)] as

σ̂e = f (θ) σ̂c (4a)

σ̂0 = g(θ) σ̂c (4b)

σ̂c = P/As (4c)

288 where P= far-field load on the specimen; and As= contact area of
289 the bar–specimen interface5 . The coefficients f (θ) and g(θ), deter-
290 mined by specimen geometries, can be approximated as follows
291 provided the FEM simulated results of the tilting angles under
292 investigation:

f (θ) = 0.98984 + 0.91597 tan (θ) (5a)

g(θ) = 0.35742 + 0.45241 tan (θ) (5b)

293 The inclination is normalized by trigonometric function tangent
294 to reflect the effect of the shear stress component.
295 Given dynamic equilibrium, Eq. (4) is valid in a range of load-
296 ing regimes including the combined static-dynamic loading since

297the rule of linear superposition applies to the preload and the dy-
298namic counterparts (Xu et al. 2020). The averaged equivalent stress
299σ̂e was employed to characterize the complex stress state of the in-
300clined specimen and to allow direct comparisons among different
301combinations of the compressive and shear loads. The loading
302rate σ̇e was defined as the slope of the linear prepeak portion of
303the time-varying σ̂e(t), while the failure strength the peak value 6.
304Depending on whether the preload is counted, 7the failure strength
305can refer to the dynamic strength, that is, the resistance of a pre-
306loaded sample to further dynamic loads, or total strength, that is,
307the overall capacity of the sample subjected to combined
308static-dynamic loads. The hydrostatic stress σ̂0 contributed to de-
309picting the failure envelope in deviatoric versus hydrostatic stress
310space. The FEM analysis also shows that the lateral confining pres-
311sure is significantly small with respect to the equivalent stress and
312the hydrostatic stress. This is because the bar–specimen interfaces
313are well lubricated thanks to the negligible interfacial friction ef-
314fects on characterizing the stress and strain of interest (Xu et al.
3152020). Hence, the friction-induced confining effects is significantly
316minimized and thus neglected in this study.

317Experimental Results

318Dynamic Force Equilibrium

319The dynamic force equilibrium of the specimens was checked in
320order to assess the validity of the high loading rate test prior to further
321data interpretation. Fig. 5 displays the time histories of the force on
322specimens of four tilting angles at different static-dynamic loading
323conditions. The incident wave, reflected wave, and transmitted
324wave recorded on the bars were superposed onto their associated
325baselines due to the preload and its relaxation and resumption, and
326they then shifted to the corresponding specimen–bar interfaces.
327The dynamic force on the incident side of the specimen was the
328sum of the incident and reflected waves, while the force on the trans-
329mitted side directly the transmitted wave [Eq. (1)]. 8A good agreement
330of the forces on both ends of the specimen was observed, despite the
331small discrepancy during the early loading stage in a few cases. Dy-
332namic equilibrium was satisfied, especially during the steady rising
333of loading force until the peak force, which was the critical dynamic
334loading process related to the loading rate and the collapse strength of
335the specimen, respectively. We conclude that the stress measurement
336of the inclined specimens in the axially constrained high-rate tests

Table 1. Parameters and material properties of the FEM model14

T1:1 Specimen Bar

T1:2 Constitutive model Linear elasticity Linear elasticity

T1:3 Density (kg/m3) 2,320 7,800

T1:4 Young’s modulus (GPa) 8 211

T1:5 Poisson’s ratio 0.23 0.33

T1:6 Element type C3D8R C3D8R

T1:7 Number of elements 337,218 (0° specimen) 588,027 (incident bar)
T1:8 392,018 (transmitted bar)348,254 (3° specimen)

317,268 (7° specimen)
T1:9 374,400 (15° specimen)

(a) (b) (c)

F4:1 Fig. 4. Stress distribution along the preferential failure path: (a) equivalent stress; (b) hydrostatic stress; and (c) least-squares linear approximation of
F4:2 the averaged equivalent stress and hydrostatic stress from the nominal compressive stress.
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337 and the processing method proposed are valid by virtue of pulse-
338 shaping techniques.

339 Failure Strength and Envelope

340 Representative equivalent stress time histories of the specimens
341 with four inclinations in the axially constrained SHPB tests are pre-
342 sented in Figs. 6 and 7. Results of 7° specimens are retrieved from
343 the previous study (Xu et al. 2020). An identical preload is reached
344 for each specimen geometry in Fig. 6 to reveal the rate sensitivity,
345 whereas the dynamic load is approximately fixed in Fig. 7 to high-
346 light the effect of the axial constraint. The response of the sand-
347 stone under axially constrained impact consists of the initial
348 steady preloading state and the subsequent dynamic loading upon
349 the arrival of the stress wave that included the linear growth, non-
350 linear variation, and stress peak followed by the catastrophic fail-
351 ure. Positive dependence of the equivalent stress on the imposed
352 loading rate can be observed at any preload level under investiga-
353 tion (Fig. 6). The axial preload, however, has a more complicated
354 effect on the failure strength and the loading rate (Fig. 7). As the
355 preload increases, the failure strength rises markedly and then ex-
356 periences a certain stress drop or plateau at a preload ratio around
357 0.7. A slight decrease of the loading rate is also associated with the

358increasing preload, indicating material deterioration induced by the
359axial preload.
360A summary of the dependence of the failure strength on the im-
361posed loading rate and the axial preload is given in Figs. 8 and 9
362and Tables 2–4. Results of the unconstrained dynamic
363compression-shear tests (Xu and Dai 2018) and the axially con-
364strained dynamic tests on 7° specimens (Xu et al. 2020) were re-
365trieved from previous work and included to allow for a
366comprehensive comparison of the effects of the loading rate and
367the preload. Fig. 8 shows the approximately linear rate dependence
368of the dynamic equivalent strength, which is also influenced by the
369preload as indicated by the more pronounced rate sensitivity with
370the higher preload. Furthermore, material deterioration induced
371by the preload is clearly demonstrated by the dynamic equivalent
372strength decreasing with the increasing preload. Fig. 9 depicts the
373linear dependence of the total equivalent strength positively on
374the loading rate, which is, however, insensitive to the preload. Non-
375monotonic enhancement of the total strength can be observed as the
376preload increased. The maximum total strength appears at a preload
377ratio around 0.7, followed by a plateau or a slight decrease with the
378increasing preload. Comparison with existing studies on the com-
379bined static-dynamic behavior of rock (Li et al. 2008) indicates
380that this turning point varies with rock materials and might be

(a) (b)

(c) (d)

F5:1 Fig. 5.Dynamic forces on both ends of the specimens with a tilting angle of (a) 0°; (b) 3°; (c) 5°; and (d) 7°. Curves I, R, and T represent the incident,
F5:2 reflected, and transmitted waves, respectively. Legend 0–0.4–1,741 denotes the test on a 0° specimen, at a preload ratio of 0.4 and a loading rate of
F5:3 1,741 GPa/s.
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(a) (b)

(c) (d)

F6:1 Fig. 6. Equivalent stress histories of (a) 0°; (b) 3°; (c) 5°; and (d) 7° specimens under different loading rates. Legend 0–0.3 denotes the test on a 0°
F6:2 specimen at a preload ratio of 0.3.

(a) (b)

(c) (d)

F7:1 Fig. 7. Equivalent stress histories of (a) 0°; (b) 3°; (c) 5°; and (d) 7° specimens at varied preloads. The identical dynamic load was approximately
F7:2 achieved at an impact velocity of approximately 10 m/s.
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(a) (b)

(c) (d)

F8:1 Fig. 8. Rate dependence of the dynamic strength of (a) 0°; (b) 3°; (c) 5°; and (d) 7° specimens under varied preloads.

(a) (b)

(c) (d)

F9:1 Fig. 9. Rate dependence of the total strength of (a) 0°; (b) 3°; (c) 5°; and (d) 7° specimens under varied preloads.
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381 associated with the elastic-to-plastic deformation of the material. In
382 addition, the sensitivity of the equivalent strength to the loading
383 rate and the preload is independent of the different combinations
384 of the compression-shear loads. Further explanation of the effect

385of the preload on the failure strength and the loading rate will be
386given in the section “Progressive Failure Process,” from the per-
387spective of the evolution of microcracks.
388We proceed to establish the approximation of the failure
389strength from the loading rate and the preload via least square

Table 2. Strength of 0° specimens under combined static-dynamic loading

Specimen no.
Preload Equivalent stress rate

T2:1 Equivalent
T2:2 strength

T2:3 Dynamic Total
T2:4 MPa (/UCS) GPa/s MPa MPa

T2:5 0-D11 0 565 112.5 112.5
T2:6 0-D9 589 108.0 108.0
T2:7 0-D10 657 111.8 111.8
T2:8 0-D12 928 107.0 107.0
T2:9 0-D4 1,097 113.9 113.9

T2:10 0-D2 1,276 122.4 122.4
T2:11 0-D3 1,758 117.9 117.9
T2:12 0-D14 1,838 122.6 122.6
T2:13 0-D7 1,878 126.6 126.6
T2:14 0-D8 2,081 137.5 137.5
T2:15 0-D5 2,544 133.0 133.0
T2:16 0-D13 3,187 141.1 141.1
T2:17 0-D15 3,245 144.4 144.4
T2:18 0-D1 3,357 154.5 154.5
T2:19 0-D6 4,568 191.5 191.5

T2:20 0-SD37 7 (0.1) 782 97.2 104.2
T2:21 0-SD11 934 102.5 109.4
T2:22 0-SD16 1,314 108.8 115.8
T2:23 0-SD9 1,804 124.0 131.0
T2:24 0-SD20 2,060 124.4 131.4
T2:25 0-SD42 2,215 123.7 130.7
T2:26 0-SD33 2,435 125.1 132.1
T2:27 0-SD27 2,616 128.4 135.3
T2:28 0-SD47 3,312 161.0 144.8

T2:29 0-SD12 21 (0.3) 592 94.8 115.7
T2:30 0-SD38 727 104.8 125.7
T2:31 0-SD25 1,054 107.7 128.6
T2:32 0-SD18 1,166 98.3 119.1
T2:33 0-SD30 1,903 121.1 142.0
T2:34 0-SD43 2,285 122.9 143.8
T2:35 0-SD32 2,669 137.5 158.4
T2:36 0-SD4 2,789 132.1 152.9
T2:37 0-SD48 3,897 144.8 165.6

T2:38 0-SD13 35 (0.5) 550 91.4 126.2
T2:39 0-SD39 701 90.2 124.9
T2:40 0-SD19 1,120 98.5 133.2
T2:41 0-SD6 1,389 112.4 147.1
T2:42 0-SD21 1,930 118.9 153.7
T2:43 0-SD31 2,065 116.2 150.9
T2:44 0-SD44 2,103 117.6 152.3
T2:45 0-SD35 2,129 122.2 157.0

T2:46 0-SD40 49 (0.7) 643 78.3 127.0
T2:47 0-SD15 686 86.7 135.3
T2:48 0-SD22 925 91.7 140.4
T2:49 0-SD26 1,206 92.8 141.5
T2:50 0-SD7 1,262 105.9 154.6
T2:51 0-SD37 1,660 104.8 153.5
T2:52 0-SD28 2,213 103.4 152.0
T2:53 0-SD45 2,356 121.1 169.8

T2:54 0-SD41 63 (0.9) 519 67.8 130.4
T2:55 0-SD17 886 71.8 134.3
T2:56 0-SD29 988 85.2 146.1
T2:57 0-SD23 1,030 82.3 144.9
T2:58 0-SD10 1,373 77.6 140.2
T2:59 0-SD36 1,768 85.6 146.5
T2:60 0-SD34 2,414 100.5 161.2
T2:61 0-SD46 2,831 110.6 173.2

Table 3. Strength of 3° inclined specimens under combined static-dynamic
loading

Specimen no.
Preload Equivalent stress rate

T3:1Equivalent
T3:2strength

T3:3Dynamic Total
T3:4MPa (/UCS) GPa/s MPa MPa

T3:53-D8 0 656 83.5 83.5
T3:63-D9 775 116.5 116.5
T3:73-D4 1,235 118.6 118.6
T3:83-D1 1,651 130.4 130.4
T3:93-D10 1,678 122.5 122.5
T3:103-D7 1,776 109.8 109.8
T3:113-D12 2,190 134.9 134.9
T3:123-D5 2,532 124.4 124.4
T3:133-D3 2,683 140.4 140.4
T3:143-D13 2,951 142.1 142.1
T3:153-D6 3,341 145.8 145.8
T3:163-D11 3,662 154.4 154.4
T3:173-D2 4,449 175.1 175.1

T3:183-SD36 7 (0.1) 853 110.8 118.0
T3:193-SD10 1,208 114.6 121.8
T3:203-SD21 1,716 131.5 138.7
T3:213-SD1 2,002 134.1 141.3
T3:223-SD18 2,136 130.4 137.6
T3:233-SD26 2,360 144.6 151.8
T3:243-SD40 2,663 148.4 155.6
T3:253-SD31 3,321 150.7 157.9

T3:263-SD39 21 (0.3) 814 105.1 126.8
T3:273-SD11 971 110.5 132.1
T3:283-SD16 1,452 113.1 134.7
T3:293-SD22 1,627 116.5 138.1
T3:303-SD3 2,133 122.5 144.1
T3:313-SD32 2,245 135.2 156.8
T3:323-SD27 2,595 136.8 158.4
T3:333-SD41 3,187 156.3 178.0

T3:343-SD12 35 (0.5) 565 95.8 131.8
T3:353-SD13 847 102.2 138.2
T3:363-SD23 1,148 102.2 138.2
T3:373-SD17 1,459 114.2 150.3
T3:383-SD28 2,174 131.5 167.6
T3:393-SD5 2,198 121.7 157.8
T3:403-SD33 2,393 129.7 165.7
T3:413-SD42 2,858 128.5 164.6

T3:423-SD38 49 (0.7) 762 81.9 132.3
T3:433-SD14 828 100.7 151.2
T3:443-SD19 1,298 102.2 152.6
T3:453-SD7 1,506 110.1 160.6
T3:463-SD24 1,575 101.4 151.9
T3:473-SD29 2,138 113.8 164.3
T3:483-SD34 2,489 134.5 185.0

T3:493-SD37 63 (0.9) 743 62.7 127.6
T3:503-SD20 1,182 86.8 151.7
T3:513-SD25 1,446 94.3 159.2
T3:523-SD15 1,602 89.8 154.7
T3:533-SD9 1,804 86.4 151.3
T3:543-SD30 2,001 96.2 161.1
T3:553-SD44 2,339 99.2 164.1
T3:563-SD35 2,471 109.4 174.3
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390 optimization, as illustrated in Fig. 10. A robust algorithm Trust
391 Region Reflective is utilized to implement the minimization
392 (Branch et al. 1999). The approximation equation, by employing
393 the logarithmic loading rate dependence, and its coupled effect

394with the axial prestress is proposed as

σsd
σs

= eA∅(∅−B) 1 + C log10
σ̇e
σ̇s

( )D
[ ]

(6)

395where the nominal total failure strength σsd is normalized by the
396quasi-static compressive strength σs of the sandstone, and the
397equivalent stress rate σ̇e (GPa/s) by the quasi-static loading rate
398σ̇s; ∅= preload ratio. A and B are constants that reflects the influ-
399ence of the axial prestress, while C and D are related to the
400loading-rate dependence. Optimization convergence is achieved
401in all cases with a tolerance of 1 × 10−8 satisfied. The constants
402that minimize the cost function for the four inclined specimens
403are summarized in Table 5. Hence, the failure strength of sandstone
404under combined static-dynamic loading can be approximated via
405Eq. (6) and Table 5.
406Given three typical loading rates of 1,000, 2,000, and
4073,000 GPa/s associated with the specimen damage level of
408unbroken-splitting transition, fragmentation, and pulverization,
409the nominal compressive strength is approximated at a different preload
410ratio varying from 0.0 to 0.9. The equivalent stress and hydrostatic
411stress at failure point are then deduced from the interpolated compres-
412sive strength via Eqs. (4) and (5) and plotted as scatters in deviatoric
413versus hydrostatic stress space (Fig. 11) to assess the evolution of
414the combined static-dynamic failure envelope as the preload increases.
415Drucker–Prager (D–P) criterion (Drucker and Prager 1952; Alejano
416and Bobet 2012) is employed to construct the failure envelopes,
417shown as lines in Fig. 11, via least square optimization. Convergence
418of the cost minimization is satisfied in all cases at a tolerance of 1×
41910−8. It can be seen that, given a loading rate, the D–P failure surface
420expands as the preload increases. The expansion approaches its upper
421bound when the preload ratio approximates 0.8. The extreme D–P fail-
422ure surfaces at the three loading rates are σ̂e = 44.9 + 1.86 σ̂o,
423σ̂e = 49.1 + 1.90 σ̂o, and σ̂e = 46.8 + 2.01 σ̂o, respectively. Appar-
424ent rate dependence of the failure envelope of the sandstone is also
425observed.

426Failure Pattern

427The axially constrained SHPB tests at a high loading rate around
4283,000 GPa/s were instrumented with a Fastcam SA-Z high-speed
429digital camera in order to capture the progressive failure process
430of the four compression-shear specimens under combined
431static-dynamic loads. The camera was set at 160,000 frames per
432second with an average exposure time of 4.6 μs. Fig. 12 shows rep-
433resentative high-speed photographs depicting the crack evolution at
434a preload ratio of 0.7, since this preloading condition appears to be
435a critical point of the influence of the axial prestress on the failure
436strength and failure envelope. Five typical moments mark the ar-
437rival of the stress wave, crack initiation, crack growth, pervasive
438damage, and fragment detaching, respectively. Axial compression
439and lateral dilation were observed prior to random crack initiation
440within the specimen 40–60 μs after the arrival of the incident wave.
441The cracks in the 0° specimen subsequently grew along the axial
442loading direction, forming typical wing-cracks as expected for brit-
443tle materials in compression. By contrast, extensive bifurcation was
444discerned for the three inclined specimens, as both the global shear
445failure and the local tensile damage were happening. The local ten-
446sile cracks initiated along the core axis of the inclined specimen,
447while the global crack coalescence was predominated by the
448shear band oriented along the short diagonal. As a consequence,
449the inclined specimens were penetrated by a wide shear band
450where secondary tensile cracks largely developed. The detaching
451and popping of the resulted fragments helped to better identify

Table 4. Strength of 5° inclined specimens under combined static-dynamic
loading

Specimen no.
Preload Equivalent stress rate

T4:1 Equivalent
T4:2 strength

T4:3 Dynamic Total
T4:4 MPa (/UCS) GPa/s MPa MPa

T4:5 5-D8 0 669 104.1 104.1
T4:6 5-D10 788 114.7 114.7
T4:7 5-D13 952 115.1 115.1
T4:8 5-D5 1,084 122.3 122.3
T4:9 5-D12 1,213 111.4 111.4

T4:10 5-D11 1,285 123.5 123.5
T4:11 5-D9 1,521 127.0 127.0
T4:12 5-D4 1,728 125.0 125.0
T4:13 5-D3 1,910 137.7 137.7
T4:14 5-D15 2,116 127.6 127.6
T4:15 5-D7 3,080 130.4 130.4
T4:16 5-D1 3,303 147.2 147.2
T4:17 5-D14 3,361 161.2 161.2
T4:18 5-D6 3,526 151.1 151.1
T4:19 5-D2 3,624 173.0 173.0

T4:20 5-SD36 7 (0.1) 981 113.7 121.2
T4:21 5-SD15 1,447 134.4 141.9
T4:22 5-SD10 1,810 123.5 131.0
T4:23 5-SD21 1,864 131.6 139.1
T4:24 5-SD26 2,551 130.9 138.3
T4:25 5-SD1 3,050 133.2 140.7
T4:26 5-SD31 3,214 150.7 158.1
T4:27 5-SD40 3,424 163.2 170.7

T4:28 5-SD11 21 (0.3) 934 114.5 137.0
T4:29 5-SD16 1,066 111.0 133.4
T4:30 5-SD17 1,267 119.2 141.7
T4:31 5-SD3 1,529 128.5 151.0
T4:32 5-SD22 1,904 121.4 143.9
T4:33 5-SD27 2,191 136.3 158.8
T4:34 5-SD41 2,363 141.8 164.2
T4:35 5-SD32 2,566 141.3 163.8

T4:36 5-SD37 35 (0.5) 859 95.4 132.9
T4:37 5-SD12 948 109.8 147.2
T4:38 5-SD18 1,411 114.1 151.5
T4:39 5-SD23 1,531 115.2 152.7
T4:40 5-SD5 2,413 125.7 163.2
T4:41 5-SD28 2,563 124.2 161.7
T4:42 5-SD33 2,843 130.4 167.9
T4:43 5-SD42 3,144 145.6 183.1

T4:44 5-SD38 49 (0.7) 764 86.0 138.5
T4:45 5-SD13 843 94.3 146.7
T4:46 5-SD24 1,282 105.9 158.4
T4:47 5-SD19 1,283 101.6 154.1
T4:48 5-SD29 1,751 109.5 161.9
T4:49 5-SD34 2,243 107.9 160.3
T4:50 5-SD7 2,848 124.2 176.7
T4:51 5-SD43 3,108 134.4 186.8

T4:52 5-SD14 63 (0.9) 754 81.4 148.8
T4:53 5-SD39 918 76.7 144.1
T4:54 5-SD20 1,158 85.7 153.1
T4:55 5-SD33 1,423 93.4 160.8
T4:56 5-SD25 1,511 87.6 155.0
T4:57 5-SD30 1,866 104.0 171.4
T4:58 5-SD9 2,160 102.8 170.2
T4:59 5-SD44 3,154 129.3 196.7
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452 the predominant failure pattern of the 0°, 3°, 5°, and 7° specimens
453 as (1) axial wing-cracking, (2) double-S shear accompanied by per-
454 vasive bifurcation, (3) feather-like fracture band, and (4) twisted
455 fracture band, respectively. It is concluded that the compression-
456 shear specimen failed prevailingly by shear coupled with local ten-
457 sile cracking in axially constrained SHPB testing at a preload ratio
458 of 0.7.
459 A summary of the dynamic failure pattern of the compression-
460 shear specimens under different preloading conditions is given in
461 Fig. 13. At a given preload level, shear failure became more pro-
462 nounced with the increasing inclination, as demonstrated by the
463 axial splitting failure mode of 0° specimens in contrast to the diag-
464 onal shearing of 7° specimens. The influence of the axial constraint
465 was more complex on the failure mode. For each inclined speci-
466 men, the higher preload induced the more local tensile damage as
467 indicated by the pervasively growing secondary axial cracks, but
468 the less shear failure as shown by the significantly reduced surface
469 spalling and the smaller inclination of the shear fracture band. A
470 consequence of the extensive local tensile fractures was a higher

471degree of fragmentation that would require more surface energy
472to generate cracks. On the other hand, this explained the positive
473dependence of the failure strength on the axial preload. An interest-
474ing phenomenon was observed at a low preload that the inclined
475specimen failed by axial or subaxial throughgoing fractures instead
476of a pronounced shear band that happened at high preloads. Possi-
477ble explanations are further elaborated in the section “Progressive
478Failure Process,” regarding the influence of the preload on the mi-
479crostructures of the sandstone specimen.

480DEM Modeling

481Brief Description of DEM

482The classical granular DEMmodel treats rock as an assembly of de-
483formable particles that interact with each other at contact points by
484proper constitutive models of contact. The problem can be solved
485two ways. First, through iterations by updating the force and posi-
486tion of the varying contacts as

Fn
ij = Kn

ijU
n
ij (7a)

Fs
ij ← Fs

ij + ksijΔU
s
ij (7b)

487where the normal force Fn
ij is related to the total relative normal dis-

488placement Un
ij via the normal stiffness Kn

ij (secant stiffness); while
489the shear force Fs

ij is updated by the increment of shear

(a) (b)

(c) (d)

F10:1 Fig. 10. Approximation16 of the failure strength from the loading rate and the axial prestress.

Table 5. Constants of the approximation of the failure strength from the
loading rate and preload

T5:1 Parameters 0° specimen 3° specimen 5° specimen 7° specimen

T5:2 A −0.192 −0.436 −0.250 −0.419
T5:3 B 2.141 1.495 1.983 1.544
T5:4 C 1.29 × 10−06 1.10 × 10−07 8.26 × 10−07 2.93 × 10−07

T5:5 D 7.121 8.394 7.314 7.762
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(a)

(b)

(c)

F11:1 Fig. 11. Failure envelopes of sandstone under combined static-dynamic loading at three typical loading rates: (a) 1,000 GPa/s; (b) 2,000 GPa/s; and
F11:2 (c) 3,000 GPa/s.
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490 displacement ΔU s
ij via the shear stiffness ksij (tangential stiffness).

491 The subscript ij indicates the entity refers9 to the contact between
492 the ith and jth particles.
493 Second, through integrating the equations of motion of the constit-
494 uent structural units which are governed by Newton’s second law as

üi =
Fi

mi
+ g (8a)

θ̈i =
M i

Ii
(8b)

495 where üi and θ̈i = translational and rotational accelerations, respec-
496 tively. The resultant force Fi is calculated as the vectorial summa-
497 tion of all the forces on the ith particle Fi =

∑
j (F

n
ij + Fs

ij) + Fext
i ,

498 and the resultant momentMi the vectorial summation of all the mo-
499 mentsM i =

∑
j F

s
ijrij +M ext

i , where Fext
i andM ext

i = external force
500 and moment acting on the ith particle, respectively; and rij = dis-
501 tance between contact point and the particle centroid.
502 As the most popular contact model for simulating intact rocks,
503 the bonded-particle model (BPM) developed by Potyondy and
504 Cundall (2004) approximates rock as a cemented granular material
505 by introducing additional bond contacts between particles. The in-
506 tergranular behavior is assumed to be perfectly brittle. A bond
507 breaks if the local force and/or displacement meet a specified break-
508 age criterion; for example, the maximum stress criterion, which can
509 be represented as

σmax = −
Fn
k

Ak
+
|M s

k |
Ik

Rk ≥ σc (9a)

τmax =
|Fs

k |
Ak

+
|Mn

k |
Jk

Rk ≥ τc (9b)

510where σmax and τmax=maximum tensile and shear stress of the kth
511bond, respectively; σc and τc= tensile and shear strength, respec-
512tively; and Rk, Ak, Ik, and Jk= radius, area, moment of inertia,
513and polar moment of inertia of the cross section of the bond disk,
514respectively. A cohesionless frictional sliding behavior is imposed
515following the bond breakage as

Fs
max = μ|Fn

i | (10a)

Fs
i ←

Fs
i

[Fs
i ]
Fs
max (10b)

516The slip is allowed to occur if the shear force exceeds the max-
517imum admissible shear contact force Fs

max that is related to the nor-
518mal force via the friction coefficient μ.

519Model Setup and Calibration

520The open DEM source code ESyS-Particle (Weatherley et al. 2011;
521Zhao et al. 2015) was employed herein to investigate the fracturing
522mechanism of the prestressed inclined specimen subjected to dy-
523namic loading. The three-dimensional model of specimens with
524an inclination of 0°, 7°, 15°, and 30° in SHPB testing were set
525up [Fig. 14(a)]. The synthetic specimen was created using a well-
526developed dense-packing method (Potyondy and Cundall 2004;
527Weatherley et al. 2011), and the bar model via a novel mirror-
528bonding method (Dai et al. 2016b) that was dedicated to creating

F12:1 Fig. 12. Progressive failure process of compression-shear specimens in axially constrained SHPB testing at a preload ratio of 0.7 and loading rate of
F12:2 approximately 3,000 GPa/s, demonstrated via high-speed photographs. The incident bar is on the right.
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F13:1 Fig. 13. A collection of the failure pattern of compression-shear specimens under different preloading conditions, demonstrated via high-speed pho-
F13:2 tographs. The loading rate approximates 3,000 GPa/s; the incident bar is on the right.

(a)

(b)

(c)

F14:1 Fig. 14. (a) DEM model setup; (b) calibration of the stress history; and (c) the stress–strain relationship of a 0° specimen.

© ASCE 14 Int. J. Geomech.



529 compact solids of large slenderness ratio from randomly distributed
530 particles. This method has been employed in numerical studies on
531 SHPB testing of three-dimensional specimens such as cracked
532 chevron-notched Brazilian disk (Dai et al. 2016b) and cylindrical
533 specimen additionally subjected to hydrostatic confining pressure
534 (Du et al. 2018). Valid stress wave propagation was recorded.
535 Dynamic forces on both ends of the specimen deduced from the
536 three-wave method matched those directly measured on the
537 bar–specimen interface by tracking and summing the contact
538 force vectors through the uniform layers of the particles between
539 the bars and the specimen (Dai et al. 2016b). By virtue of this direct
540 measuring method, the length of the numerical bars can be largely
541 reduced while preventing stress wave superposition at the specimen
542 boundaries. The simulation covers different combinations of the
543 loading rate from 700 to 4,000 GPa/s at eight grades and the pre-
544 load ratio from 0.0 to 0.9 at six levels.
545 A linear elastic bond model is employed as the constitutive
546 model of the contact between particles, where the bond can resist
547 normal and shear forces, as well as bending moments, in a linear
548 elastic manner. The bond breakage is determined via the maximum
549 stress criterion as described by Eq. (9), after which the cohesionless
550 frictional sliding behavior [Eq. (10)] is activated. The micropara-
551 meters of the DEM model were carefully calibrated via a
552 trial-and-error method, according to the physical and mechanical
553 properties of the sandstone specimen and the bars. For the sake
554 of computational efficiency, the incident wave signal recorded
555 from the experiment using the pulse-shaping techniques was ex-
556 plicitly applied on the boundary particles of the numerical incident
557 bar to initiate the impact. Most importantly, the microscopic
558 strength and stiffness of the bonds were precisely regulated by
559 matching the stress histories and the stress–strain relationships of
560 the model with the experimental measurements. A good agreement
561 of the prepeak stress–time curves [Fig. 14(b)] indicates that the se-
562 lected parameters can reasonably reproduce the dynamic failure
563 strength at the loading rate determined by the incident stress
564 wave; the consistency of the prepeak stress–strain curves
565 [Fig. 14(c)] suggests that the dynamic Young’s modulus and the
566 failure strain of the sample can be well described. The calibrated
567 microscopic parameters are summarized in Tables 6 and 7, which
568 are consistent with those calibrated in the previous study on 7°
569 specimens under combined dynamic loading (Xu et al. 2020).
570 The dynamic equilibrium of the inclined specimens under com-
571 bined static-dynamic loading was assessed to validate the numeri-
572 cal simulations. Fig. 15 presents examples of the dynamic balance
573 check under various loading regimes. The forces on the incident
574 end FI and on the transmitted end FT of the specimen were mea-
575 sured as the vectorial summation of the contact forces between
576 the respective bar-specimen interfacial particles. An equilibrium
577 coefficient μ= ((FI−FT)/(FI+FT)/2) was defined to quantify the
578 level of the dynamic balance. After a few wave reverberations in-
579 side the specimen during the early stage of the loading, the dynamic
580 forces on the specimen boundaries started approaching each other.
581 Meanwhile, the equilibrium coefficient oscillated within ±10%
582 after the initial unbalance, indicating reasonable dynamic equilib-
583 rium was achieved throughout the dynamic loading process. It is
584 noted that the preload does not adversely affect the dynamic equi-
585 librium while the extremely high loading rate and inclination make
586 it difficult to reach the balance. This is because either a high loading
587 rate or a complex specimen geometry leads to insufficient wave re-
588 verberations to reach dynamic equilibrium before the failure of the
589 rock specimen. Moreover, simulations demonstrated that the max-
590 imum compression load that the inclined specimen can sustain de-
591 creased with the inclination, which meant that the specimens with a
592 large inclination would fail during the initial axial preloading. No

593further simulated results of 15° and 30° specimens are provided
594in the following sections.

595Fragmentation

596Following the calibration of the mechanical response of the in-
597clined specimens at the macroscopic level, the DEM model was
598further verified by comparing the reproduced fragmentation with
599the experimental observation. A bond breakage tracking algorithm
600was employed to detect the distribution of the clustered particles,
601which were bonded internally but exhibited the frictional sliding
602behavior externally. These clusters thus represented the fragments
603at the macroscopic level. Fig. 16 shows the comparison between
604the fragmentation obtained from simulations and experiments of
6050° and 7° specimens at a high loading rate around 3,000 GPa/s.
606In simulations, particles that constituted the same cluster were illus-
607trated in an identical color 10, while those of the adjacent clusters were
608distinguished in different colors. In particular, particles in blue
60911denoted orphans of which all the original bonds had broken,
610which represented the experimentally observed debris of the size
611within the submillimeter range. The corresponding experimental
612observations were focused on the specimen end that was retrieved
613from the postmortem examination, and the circumferential free sur-
614face that was captured via the high-speed camera (see section “Fail-
615ure Pattern”). The prevailing fractures and fragments of 0° and 7°
616specimens are additionally sketched from the simulated and exper-
617imental results for a better comparison.
618Fig. 16 demonstrates that the simulated fragmentation of 0° and
6197° specimen was consistent with that observed in experiments at
620a high loading rate, with the effects of the preload being reflected.

Table 6. Calibrated microscopic parameters of the DEM model: specimen 15

T6:1Microscopic parameters Particle Bond Sandstone Model

T6:2Radius (mm) 0.33–
T6:30.55

—

T6:4Density (kg/m3) 3,569 —
T6:5Young’s modulus (GPa) 11 11
T6:6Stiffness ratio kn/ks 2.5 2.5
T6:7Friction coefficient 0.5 —
T6:8Tensile strength σ (MPa) — 58± 0
T6:9Shear strength τ (MPa) — 290±
T6:100
T6:11Macroscopic properties
T6:12Density (Kg/m3) 2,320 2,320
T6:13Young’s modulus (GPa) 8 8.8
T6:14Poisson’s ratio 0.23 0.25
T6:15Uniaxial compressive
T6:16strength (MPa)

70 69.8

Table 7. Calibrated microscopic parameters of the DEM model: bar

T7:1Microscopic parameters Particle Bond Steel Model

T7:2Radius (mm) 1.50–1.67 —
T7:3Density (kg/m3) 12,000 —
T7:4Young’s modulus (GPa) 245 —
T7:5Stiffness ratio kn/ks 3 —
T7:6Friction coefficient 0.5 —
T7:7Tensile strength σ (MPa) — 1 × 10100

T7:8Shear strength τ (MPa) — 1 × 10100

T7:9Macroscopic properties
T7:10Density (kg/m3) 7,800 7,800
T7:11Young’s modulus (GPa) 211 211
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621 As a joint result of radial cracks and circumferential cracks, the
622 fragments at the 0° specimen end were distributed in a concentric
623 rosette form, with its center fully pulverized. The axial fractures
624 split the circumferential free surface into subparallel strips. As
625 the preload increased, more strips were generated, indicating a
626 higher degree of fragmentation. By contrast, an eccentric rosette-
627 like distribution of fragments that deviated toward the obtuse cor-
628 ner was observed at the end of the 7° specimen. This was the result
629 of the shear fracture band that came with the biaxial stress rate,
630 splitting up the inclined specimen along its short diagonal. Note
631 that the cracks along the long diagonal were bifurcated from the
632 main fracture after the specimen failure near the loading end mo-
633 ment. The complex effects of the preload on the failure pattern
634 were accurately reproduced in the simulations showing that the pre-
635 dominant failure pattern varied from the short-diagonal shear frac-
636 ture under no preload, to subaxial splitting at a low preload, and to
637 bifurcated shear band at a high preload. The higher preload was
638 also characterized with a higher degree of fragmentation. Fig. 16
639 validates that the DEMmodel developed herein is capable of repro-
640 ducing the hybrid effects of the combined compression-shear loads
641 and the static-dynamic loads on the fragmentation of the sandstone
642 specimens.

643 Progressive Failure Process

644 The validated DEM model was further exploited to assess the
645 evolving internal damage of the opaque samples, which otherwise
646 remained challenging in dynamic in-situ experiments. The progres-
647 sive cracking process of 0° and 7° specimens under typical

648combined static-dynamic loading conditions are illustrated in
649Figs. 17 and 18, respectively. The three-dimensional spatial distri-
650bution of the microcracks was visualized by the four slices using
651the same slicing strategy as described in Fig. 3(b). The black
652boxes represent the maximum outline of these slices. Six character-
653istic moments from the macroscopic mechanical response were se-
654lected, including preloading tpre, dynamic equilibrium tb, linear–
655nonlinear transition deformation tt, peak force tp, 10% force drop
656after peak tp10, and loading end te.
657The evolving microcracks at these typical moments demon-
658strated the collective influence of the microstructural damage on
659the macroscopic behaviors. At tpre, few microcracks had been ini-
660tiated due to preloading. This agreed with the quasi-static behavior
661of the sandstone specimen where the linear–nonlinear transition
662point of the stress–strain relationship was very close to the failure
663point (Xu and Dai 2018). The insignificant damage cumulation be-
664fore the nonelastic deformation of rocks has also been widely ob-
665served in the literature (Khazaei et al. 2015; Zhang et al. 2020).
666However, more microcracks initiated as the preload increased.
667An embryo of the final shear band that was later observed in in-
668clined specimens had been depicted by the microcracks scattering
669on the short diagonal at the preload ratio of 0.9. At tb, a few
670more microcracks formed on both ends of the specimen. The nearly
671equal amount of the microcracks on the either end indicated suffi-
672cient wave reverberations back and forth from the incident to the
673transmitted bar–specimen interfaces to achieve dynamic equilib-
674rium. Furthermore, as the preload increased, very few microcracks
675initiated during tpre to tb of 0° and 7° specimens. This suggested that
676the preload might facilitate the dynamic equilibrium and agreed

(a) (b)

(c) (d)

F15:1 Fig. 15. Dynamic force balance check of simulations: (a) 0°; (b) 7°; (c) 15°; and (d) 30° specimens under combined static-dynamic loading. Legend
F15:2 0–0.9–960 denotes 0° specimen, preload ratio of 0.9, and loading rate of 960 GPa/s.
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677 with the nonadverse effect of the preload on the dynamic equilib-
678 rium discussed in the previous section. Until tt, a considerable num-
679 ber of microcracks had initiated and coalesced along the
680 preferential failure path. The nucleation of the microcracks induced

681irreversible damage, which marked the transition from the linear
682elastic deformation to nonlinear deformation. At tp, the sample
683was penetrated by the growing nucleation and hence lost its capac-
684ity to resist further load. Thereafter, cracks coalesced and nucleated

(a)

(b)

(c)

(d)

F16:1 Fig. 16. Fragmentation of (a and b) 0°; and (c and d) 7° specimens under combined static-dynamic loading obtained from experiments and simu-
F16:2 lations. The prevailing fractures (black solid lines) and debris (grey area) are sketched in (b) and (d). The loading rate approximates 3,000 GPa/s; the
F16:3 incident bar is on the right.
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685 extensively, manifested as unstable fracture propagation at the
686 macroscopic level. At te, the sample was pervasively damaged. It
687 was noted that the cracks outside the specimen indicate lateral di-
688 lation as well as fragments and debris popping out.
689 The spatiotemporal distribution of the microcracks contributed
690 to understanding the evolving internal damage and to constructing
691 the three-dimensional fracture profiles that were far from simply
692 extending the surface fracture along the depth of the view.
693 Fig. 17 shows that, while the microcracks near the surface of the
694 0° specimen coalesced approximately in the axial direction, those
695 in the central zone were not homogeneously distributed, but
696 slightly aggregated along the two diagonals. The X-shape fracture
697 bands hence formed an hourglass-like fracture profile that split the
698 specimen into cones at the end. As the combined result of the sur-
699 face axial fracture, the detached circumference broke into pieces of
700 lenticels, which presented as strip fragments from the free surface
701 and agreed with what were observed from simulations and experi-
702 ments [Fig. 16(a)].

703The formation and growth of the microcracks in the 7° specimen
704under a low preload showed the similar phenomenon presented by
705the 0° specimen that the surface axial fractures existed alongside
706the internal shear fracture band [Fig. 18(a)]. A micromechanism-
707based hypothesis was previously proposed to understand the ob-
708served axial fracture under the low preload (Xu et al. 2020) that
709the redistribution of the original voids or fissures and their opening-
710closing status due to the preloading tended to influence the preferen-
711tial failure path that would be determined by the dynamic
712compression-shear load. Although the change of the opening–
713closing status is not shown in Fig. 18(a), the progressive cracking
714process of the inclined specimens demonstrates that the microstruc-
715tures reconstructed at a low preload might be able to dominate the
716failure pattern near the specimen surface (Slices III and IV) but not
717enough to change the shear fracture band in the central zone (Slices
718I and II), where the stress level was higher [Fig. 3(c)].
719However, the influence of the reconstructed microstructures
720could be outperformed by extensively accumulated damage under

(a)

(b)

F17:1 Fig. 17. Spatial and temporal distribution of the simulated microcracks of 0° specimens under combined static-dynamic loading, at the preload ratio
F17:2 and equivalent loading rate of (a) 0.3 and 1,927 GPa/s; and (b) 0.9 and 1,961 GPa/s, respectively. The incident bar is on the right.
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721 a high preload. Fig. 18(b) demonstrates that the formation and co-
722 alescence of the dynamic microcracks were guided by the consid-
723 erable number of microcracks that had initiated on the preferential
724 failure path during preloading. Furthermore, since each slice had
725 the fracture band oriented along its short diagonal, the three-
726 dimensional fracture profile of the inclined specimens resembled
727 a pair of centrosymmetric semicones approximately along the
728 short diagonal, rather than a two-dimensional inclined plane across
729 the central short diagonal. It is worth noting that the inclined speci-
730 mens failed by the throughgoing fractures that had formed and
731 grown along the short diagonals independently of the damage lo-
732 cally accumulated within the obtuse corners. This was consistent
733 with the simulated results of the 7° specimen under dynamic load-
734 ing (Xu et al. 2020). Combined with the analysis on stress distribu-
735 tion (see section “Data Reduction Method”), the inclined specimen
736 was verified to comply with the assumption of homogeneous stress
737 distribution within the material failure area.

738The effect of the preload on the failure strength and the loading
739rate, as discussed in the section “Failure Strength and Envelope,”
740was also associated with the micromechanism presented in
741Figs. 17 and 18. Owing to preloading-induced microstructure redis-
742tribution and damage accumulation, the sample material had dete-
743riorated to a certain extent as per the preload ratio before the
744dynamic loading. As a consequence, the dynamic strength and
745the loading rate declined at a higher preload. On the other hand,
746the initial preload contributed to activating the randomly distributed
747intrinsic flaws such as voids, fissures, pores, and inclusions, result-
748ing in chaos of incipient crack networks that coalesced and nested
749prior to the dynamic loading. These nonoriented microcracks en-
750abled more materials to participate in resisting the further dynamic
751loading and required extra energy to generate new surfaces in addi-
752tion to the major fracture that fatally failed the sample. This was
753manifested macroscopically with the reinforced total strength and
754the higher degree of fragmentation under a certain preloading

(a)

(b)

F18:1 Fig. 18. Spatial and temporal distribution of the simulated microcracks of 7° specimens under combined static-dynamic loading, at the preload ratio
F18:2 and equivalent loading rate of (a) 0.3 and 1,942 GPa/s; and (b) 0.9 and 2,020 GPa/s, respectively. The incident bar is on the right.
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755 condition. Since the material deterioration and reinforcement both
756 depended on the preload, there was a turning point of the effect of
757 the preload on the total failure strength.

758 Conclusions

759 Experimental and numerical simulations were conducted to under-
760 stand the compression-shear behaviors of sandstone subjected to
761 combined static-dynamic loads by using inclined specimens in ax-
762 ially constrained SHPB testing. The loading rate of interest ranged
763 from 500 to 4,000 GPa/s, alongside the axial prestress of 7, 21, 35,
764 49, and 63 MPa on specimens with inclinations of 0°, 3°, 5°, and
765 7°. Both the experiments and the simulations verified the dynamic
766 equilibrium of inclined specimens in the axially constrained SHPB
767 tests using pulse-shaping techniques, which validated the data pro-
768 cessing method. The DEM-based micromechanical modeling re-
769 produced the macroscopical stress–strain relationship and the
770 fragmentation of sandstone specimens under such complex loading
771 conditions.
772 The failure strength and the Drucker–Prager envelope showed
773 apparent dependence on the loading rate. The failure strength ini-
774 tially increased with the preload and then started experiencing a
775 plateau or slight drop at the preload ratio around 0.7. This turning
776 point was manifested as the upper bound of the failure envelope
777 that expanded with the increasing preload. The double effects of
778 the preload were also shown on the fracturing process at both the
779 bulk scale and the microscale. The spatiotemporal distribution of
780 the microcracks contributed to constructing the interior fracture
781 profiles, which were, however, different from those observed
782 from the specimen surface. The collective influence of the evolving
783 microdamage and the global stress field altered the shear fracturing
784 mode of inclined specimens under dynamic loading, to the axial
785 splitting mode near the specimen surface under low-preload
786 static-dynamic loading, and back to shear fracturing as the preload
787 increased.
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Queries
1. Please provide the ASCE Membership Grades for all authors who are members.

2. Please confirm whether it is correct for the term ‘static dynamic’ to be hyphenated, or whether ‘static’ and ‘dynamic’ are in fact two
different terms of equal weight and therefore the term should be joined by an en rule throughout.

3. There are two references (Li et al. 2018a, b) in the reference list with identical author surnames and years; hence, to avoid ambiguity, we
have added designators “a” and “b” along with the year in the list. As their citations in the text do not reflect this change, in the sentence
beginning “DEM has been successfully developed…,” please specify whether “Li et al. (2018)” refers to “Li et al. (2018a)” or “Li et al.
(2018b).”

4. There are two references (Li et al. 2018a, b) in the reference list with identical author surnames and years; hence, to avoid ambiguity, we
have added designators “a” and “b” along with the year in the list. As their citations in the text do not reflect this change, in the sentence
beginning “Such a stress range covered the extreme…,” please specify whether “Li et al. (2018)” refers to “Li et al. (2018a)” or “Li et al.
(2018b).”

5. Please confirm whether our amendment of this term throughout is correct for your intended meaning.

6. In sentence starting ‘The loading rate’, the meaning is unclear in the text ‘while the failure strength the peak value’. Is there a word miss-
ing after ‘strength’? Please clarify.

7. We have amended the text here slightly for sense; please confirm whether our changes are correct for your intended meaning.

8. In the sentence starting ‘The dynamic force on the incident side’, meaning unclear in the text ‘while the force on the transmitted side
directly the transmitted wave’. Is there a word missing after ‘directly’?

9. Please clarify the meaning here.

10. Readers of print will only see figures in black and white. Please modify your text accordingly in the sentence beginning “In simulations,
particles that constituted2.

11. Readers of print will only see figures in black and white. Please modify your text accordingly in the sentence beginning “In particular,
particles in blue”.

12. Please provide volume number and page range for reference “Jiang et al. (2021)” references list entry.

13. References “Li et al. (2018a, b)” is listed in the reference list but not cited in the text. Please cite in the text, else delete from the list.

14. Please add a column header to the first column in Table 1.

15. Please note that the format of Tables 6 and 7 has been modified.

16. Please provide the part label descriptions in caption for Fig. 10.
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