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Abstract Understanding the mechanisms governing and regulating self-organisation
in the developing embryo is a key challenge that has puzzled and fascinated scientists
for decades. Since its conception in 1952 the Turing model has been a paradigm for
pattern formation, motivating numerous theoretical and experimental studies, though
its verification at the molecular level in biological systems has remained elusive. In
this work, we consider the influence of receptor-mediated dynamics within the frame-
work of Turing models, showing how non-diffusing species impact the conditions for
the emergence of self-organisation. We illustrate our results within the framework of
hair follicle pre-patterning, showing how receptor interaction structures can be con-
strained by the requirement for patterning, without the need for detailed knowledge
of the network dynamics. Finally, in the light of our results, we discuss the ability
of such systems to pattern outside the classical limits of the Turing model, and the
inherent dangers involved in model reduction.
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1 Introduction

Ever since the rejection of the preformationist idea that minute animacules lay es-
sentially fully formed within germ cells, the self-organisation of biological structure
during development has puzzled and fascinated scientists. For instance, recent high
throughput sequencing studies have emphasised that phenotypic diversity emerges
from relatively similar genomes and proteomes, while cross-species genetic rescue
studies (Leuzinger et al. 1998) have highlighted a universality of developmental pro-
cesses via homologous pathways, suggesting that diversity instead arises from differ-
ences in regulatory DNA rather than protein coding sequence evolution (Alberts et al.
2002; Carroll 2005). This biological economy ensures that many aspects of metazoan
development can be analysed from studies of fruit flies and nematode worms and, at
the same time, motivates theoretical modelling to test and explore the detailed conse-
quences of hypothesised universal developmental mechanisms.

One such common theme in developmental processes is the crucial role of cell–cell
communication, in particular long-range range signalling, for orchestrating differen-
tial gene expression and biological morphogenesis over scales which are much larger
than that of a cell. Numerous diffusing biochemical signals, known as morphogens,
have been demonstrated as instigating cell fates in a spatially heterogeneous man-
ner via a differential cellular response to concentration levels, durations, and gradi-
ents (Wolpert 2002; Gilbert 2006). While the characteristic lengthscale of morphogen
signalling typically ranges from tens of microns to millimetres (Alberts et al. 2002;
Gregor et al. 2005; Kicheva et al. 2007), and thus is insufficient at organ scales, com-
plex structures can form via sequential induction, with a cascade of repeated cell fate
differentiation at the morphogen scale inducing ever finer detail (Alberts et al. 2002;
Wolpert 1994).

One of the best examples of a developing organism in which the mechanisms
of spatial organisation have been defined is the Drosophila embryo. In this system
a morphogen called bicoid is produced at the future anterior pole of the embryo and
diffuses from this source to form a concentration gradient across much of the embryo.
Bicoid protein acts in a concentration-dependent manner to control expression of gap
genes, which refine the bicoid morphogen gradient and regulate the expression of
pair rule genes. In this way, a concentration gradient of bicoid ultimately serves as a
positional guide, instructing nuclei of their position relative to the anterior pole and,
via differential interpretation, ultimately defines the 14 parasegments which emerge
in the initially unsegmented embryo. However, in the Drosophila embryo no true
symmetry ever exists to be broken as bicoid localisation to the future anterior pole is
achieved during the formation of the egg by maternal inputs (Wolpert 2002; Gilbert
2006). Thus, by this morphogen gradient system positional information is elaborated,
but importantly in the context of this work, it is not generated de novo.

A fundamentally different mode of pattern formation, and one which is capa-
ble of breaking symmetry without pre-existing positional information, has been
known to be theoretically possible since Turing’s (1952) seminal study. In partic-
ular, periodic patterns with a defined size and spacing can spontaneously emerge
by the amplification of random molecular noise via a crucial combination of diffu-
sion and biochemical reactions, in distinct contrast to elaboration of existing het-
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erogeneity via classical morphogen gradients, as with the bicoid system. The ba-
sic, or vanilla, representation of Turing’s concept requires two morphogens, one of
which, the inhibitor, diffuses rapidly and exhibits self-antagonism while the other,
the activator, diffuses slowly and is auto-catalytic (Gierer and Meinhardt 1972;
Segel and Jackson 1972). A further requirement for self-organisation via the Turing
mechanism is that the activator upregulates the inhibitor, which in turn down reg-
ulates the activator, or the converse cross-morphogen interactions. This elegant and
economical mechanism has driven numerous experimental studies (e.g. Miura and
Shiota 2000a, 2000b; Miura et al. 2006; Harris et al. 2005; Chen and Schier 2002;
Sakuma et al. 2002; Solnica-Krezel 2003) which suggest that Turing-like morphogen
interactions and patterns can occur in developmental systems, though the context
often concerns refining, rather than initiating, spatial heterogeneity. As one exam-
ple, hair follicle and feather patterning studies highlight numerous large scale fea-
tures that are characteristic of Turing’s mechanism, including the insertion of new
pattern elements as the field is stretched (Davidson 1983), and transitions between
spotted and striped patterns upon experimental manipulation (Mou et al. 2011;
Lin et al. 2009). However, a direct verification of Turing’s mechanism at the level
of molecular details has remained elusive.

One biological feature lacking from Turing’s model is the inclusion of cell-level
detail. The compartmentalisation of tissues into discrete cells necessitates complex
modes of intercellular communication and these must be addressed to bridge the gap
between theoretical and experimental studies. Intercellular signalling, known to be
the key driver of vertebrate development, as evidenced by innumerable transplan-
tation and grafting experiments (Wolpert 2002; Gilbert 2006), typically requires a
chain of signalling molecules acting in a pathway to receive and amplify signals
present in the extracellular space (Lodish et al. 2007). Diffusion through a tissue is
limited to extracellular molecules secreted from cells, or those passing though cell-
cell junctions, while the majority of proteins involved in intercellular signalling are
restricted to the cell in which they are synthesised. Thus, translating Turing’s two
morphogen system to a biological context suggests that “activator” and “inhibitor”
functions are each likely to involve a pathway composed of a chain of transiently in-
teracting proteins, with the majority of these proteins not diffusing beyond the plasma
membrane and thereby acting in a strictly cell autonomous manner. Even when re-
garded as pathways rather than individual chemical species, the regulatory interac-
tions between activator and inhibitor described above should hold for the operation
of a Turing system, though the precise points within a pathway at which the recip-
rocal activatory–inhibitory regulatory steps actually occur may be on either diffusing
or non-diffusing species. The latter typically constitute the majority of components
of intercellular signalling pathways, and the preponderance of genes encoding these
non-diffusing entities suggests that much of the reciprocal activator–inhibitor regula-
tory interaction is likely to occur directly on non-diffusible species.

There are also theoretical difficulties, at least with the vanilla Turing mecha-
nism. In particular, it is notoriously sensitive to changes in molecular parameter
values and to variations in initial conditions. This is inappropriate given the con-
straints of development, as first noted in the context of initial conditions where
small fluctuations could induce different outcomes (Bard and Lauder 1974). How-
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ever, domain growth has since been theoretically demonstrated as a potential mech-
anism to alleviate such sensitivity by conferring an evolving geometric constraint
which induces a robust, sequential, instigation of self-organisation (Crampin et al.
1999). Such geometrical constraints may also ameliorate concerns about the sensi-
tivity of Turing’s mechanism to domain boundary perturbations (Bunow et al. 1980)
though this is unexplored at present. However, the theoretical sensitivity of Turing’s
mechanism with respect to gene expression dynamics (Gaffney and Monk 2006;
Seirin-Lee and Gaffney 2010; Seirin-Lee et al. 2010, 2011) defies the classical stabil-
ising mechanism of growth though the prospect of amelioration via cellular, chemo-
tactic, or feedback dynamics within networks of interacting of morphogens and sig-
nalling pathways remains to be considered.

More generally, this highlights that generalisations of Turing’s mechanism, with
the spontaneous emergence of self-organisation driven by fluctuations, is under-
explored in biological networks as opposed to two-species systems. Mathematical
studies have been limited to the derivation of conditions for self-organisation given
three interacting morphogens or recursive conditions for networks or larger number
of molecular components (White and Gilligan 1998; Satnoianu et al. 2000; Qian and
Murray 2001), with relatively limited numbers of modelling studies that also include
other mechanisms, such as haptotaxis and developmental waves (e.g. Lin et al. 2009;
Hentschel et al. 2004; Alber et al. 2008).

However, advances within developmental molecular biology have explicitly high-
lighted in-vivo biological self-organisation morphogen networks in hair follicle and
feather bud patterning with features of the long-range activation and short-range in-
hibition that characterise the vanilla Turing mechanism (Jung et al. 1998; Mou et al.
2006, 2011). Such features appear to be supplemented and regulated by morphogen-
receptor interactions. However, the receptors are not subject to transport on the ob-
served wavelengths of periodic patterning, which must be much larger than cellular
scales since both feather and hair primordia contain many cells at their inception,
with multiple cell diameters intervening between these pattern elements (see Sengel
1990 or Schmidt-Ullrich and Paus 2005 for reviews).

Nonetheless, a fundamental study of receptor dynamics within the context of Tur-
ing’s mechanism is underexplored in that traditionally all species are assumed to
be subject to long-range transport across the domain. In contrast receptors, being
constrained to an individual cell, should be treated as non-diffusing species; such
generalisations of the standard Turing model could also be considered in the con-
text of intracellular proteins. Ermentrout and Lewis’s (1997) study considered only
two non-diffusing species together with one diffusing biochemical, in ecological and
neurological contexts. This is too restrictive for the interactions of multiple diffus-
ing activatory and inhibitory morphogens, such as those found in Mou et al.’s (2006)
model, for example. A more recent investigation by Rauch and Millonas (2004) was
considered in the context of receptor and protein dynamics, but introduced a small
diffusion rate for intracellular proteins to avoid “mathematical difficulties” with a
biological justification of cell membrane leakiness. However, transmembrane recep-
tors and intracellular signal transducing proteins function only within specific sub-
cellular compartments (e.g. the plasma membrane, the cytoplasm or the nucleus)
and any leaked receptor protein would not have a signalling function in the extra-
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cellular space. Thus, below we instead utilise the complications associated with non-
diffusing species within biological pattern formation models containing multiple dif-
fusing morphogens, enabling a restriction of possible interaction networks.

Our first objective is therefore to explore how non-diffusing receptor dynamics
within networks of receptors and diffusing morphogens impact the conditions for the
emergence of self-organisation. Further, we will also specifically explore Mou et al.’s
(2006) model for hair follicle patterning as this simple network offers a well moti-
vated and tractable case study for assessing the extent to which features of the clas-
sical Turing model are retained by more complex interacting systems with receptors.
In particular, our second objective will be to assess whether morphogen and receptor
interaction networks can be constrained by the requirement of self-organisation in a
biologically relevant setting. In turn, this will highlight the extent to which analyti-
cal methods can inform our understanding of more complex morphogen and receptor
systems of patterning formation based upon Turing’s concepts, including the extent
to which they can be represented by the vanilla, two-species, Turing model.

We begin, in Sect. 2, by summarising the requirements for a Turing instability in
networks of diffusible morphogens, before considering receptor dynamics in detail,
whereby the diffusion coefficients of some network species are set to zero. In Sect. 3,
we then explore conditions for self-organisation for Mou et al.’s model in detail,
before discussing our findings and drawing conclusions in Sect. 4.

2 A Linear Stability Analysis of Patterning in Multi-species Models

Given a system of n interacting biochemical species, we use u(x, t) to denote the
vector of chemical concentrations (u1(x, t), u2(x, t), . . . , un(x, t)). In this case, the
evolution of chemical concentration over time can be derived from conservation prin-
ciples and shown to be given by the following system of reaction-diffusion equa-
tions:

∂

∂t
u = D∇2u + f(u), (1)

where the vector f(u) describes the interactions taking place between biochemi-
cals (including production and decay) and the diagonal matrix D consists of the
constant diffusion coefficients Dj , j ∈ 1, . . . , n for the n biochemicals. A ho-
mogeneous steady state, u∗, is assumed to exist and is given by f(u∗) = 0.
Boundary conditions and initial conditions are also required; we assume the for-
mer are zero flux and the latter are perturbations of the homogeneous steady
state.

Standard linear analysis (Murray 2003) of the system about the homogeneous
steady state can be used to test for linear instability. Perturbing about u∗ by letting
u = u∗ + ũ where |ũ| � 1 gives rise to the linearised system

∂

∂t
ũ = D∇2ũ + Jũ, (2)
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where the matrix J is the matrix of partial derivatives

Jij = ∂fi

∂uj

, (3)

evaluated at the steady state u∗.
Let wk(x) denote the eigenmodes of the Laplacian operator, ∇2, given zero flux

boundary conditions. Thus, by definition,

∇2wk = ηkwk, (4)

and, noting the boundary conditions, one can show that ηk ≤ 0 is real (Baker et al.
2008); hence, we denote it by −k2. Furthermore, only a countably infinite set of
values of k2 are permitted, as illustrated by the simple case of a one dimensional
domain, x ∈ [0,L], with zero flux boundary conditions where

wk(x) = cos

(
kπx

L

)
, k ∈ {0,1,2, . . .}. (5)

This form of wk also highlights that k can be considered to correspond to the
wavenumber of the eigenmode.

Seeking solutions in terms of series expansions of the eigenmodes, and invoking
linearity to consider each eigenmode individually, leads one to consider the form

ũ = a exp(λt)wk(x), (6)

with a �= 0 constant and λ in general complex. One can readily deduce that (2) sub-
sequently demands (

λI + k2D − J
)
a = 0, (7)

which gives rise to the dispersion relation:

p
(
λ, k2) = det

(
λI + k2D − J

) = 0. (8)

It is often convenient to interpret (8) as defining λ∗(k2), the roots of the dis-
persion relation for λ as a function of k2, via the implicit function theorem.
Note that Re(λ∗(k2)) < 0 corresponds to linear stability for wavenumber k while
Re(λ∗(k2)) > 0 corresponds to linear instability.

A Turing instability requires stability in the spatially homogeneous system, k2 =
0, as only spatially constant perturbations are allowed in this case, and instability for
some k2 > 0, that is also minus an eigenvalue of the Laplacian. Numerical simula-
tions consistently indicate that linear stability is sufficient to pinpoint when a Turing
instability occurs, despite the fact dynamical systems can exhibit more complex non-
linear behaviours (Murray 2003).

However, note that caution is required in the case of Turing–Hopf instabilities,
where

Re
(
λ∗

(
k2)) > 0, Im

(
λ∗

(
k2)) �= 0, (9)

as the concomitant oscillations necessitate a further fast-acting mechanism to arrest
the temporal oscillations once the system is away from the homogeneous steady state.
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2.1 Behaviour of the Dispersion Relation at Large Wavenumbers

An important consistency constraint for Turing patterning is that the system is sta-
ble for sufficiently large wavenumbers: otherwise, arbitrarily small wavelengths can
destabilise the system at lengthscales smaller than the cell, leading to a breakdown
in the continuum approximation. This constraint is automatically satisfied for two-
species Turing models, as can be deduced from textbook analyses (Murray 2003).
However, it has not been considered in general, as illustrated in the related context
of mechanochemical models of vasculogenesis (Moreo et al. 2010). In particular,
the loss of stability at large wavenumbers was observed to agree with the inexorable
breakdown of continuum theory as eigenmodes of smaller and smaller wavelengths
manifested within the solution. As the continuum approximation lost validity, het-
erogeneity on increasingly smaller lengthscales would lead to an emergence of salt
and pepper patterning on the cellular scale, though whether such dynamics continues
to emerge and stabilise as the continuum approximation becomes invalid requires a
discrete framework and is unexplored.

For patterning on lengthscales much larger than the cell, this behaviour is not
relevant and leads to the constraint of stability at large wavenumbers. Given this is
a restrictive and informative constraint, we therefore firstly explore the potential for
instabilities at arbitrarily high values of the wavenumber, or equivalently k2, in Turing
networks of diffusible morphogens.

2.1.1 Large Wavenumber Behaviour of the Dispersion Relation for Networks of
Diffusible Morphogens

Given all species diffuse, we have that det(k2D) �= 0. In this case the dispersion rela-
tion, (8), gives

det
(
k2D

)
det

[(
λ

k2
D−1 + I

)
− 1

k2
D−1J

]
= 0 (10)

⇐⇒ det

[
I + 1

k2

(
λD−1 − D−1J

)] = 0, (11)

which can be rewritten as

1 + 1

k2

[
λ

n∑
j=1

1

Dj

−
n∑

j=1

1

Dj

Jjj

]
+ O

(
1

k4

)
= 0. (12)

Firstly, we note that if |λ| ∼ O(1) there is no solution for k2 � 1 in the (biologi-
cally relevant) case that Jij is bounded. Secondly, if |λ| � O(k2) there is no solution
for k2 � 1 as we have (denoting ε = k2/λ � 1)

0 = det

(
I + 1

ε
D−1 − 1

k2
D−1J

)

= detD−1

εn

[
det

(
I + εD − ε

k2
J
)]
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≈ detD−1

εn

(
1 + εtr D − ε

k2
tr J

)

≈ detD−1

εn
�= 0.

Now consider the case where the roots of the dispersion relation are such that
λ∗(k2) = μk2 with μ ∼ O(1). Then (10) gives

det

(
I + μD−1 − 1

k2
D−1J

)
= det

(
I + μD−1) + O

(
1

k2

)
. (13)

Recalling that D, and hence its inverse, are diagonal we have that when k2 is suffi-
ciently large equation (13) has roots μ = −Di , i ∈ 1, . . . , n, which gives the corre-
sponding roots of the dispersion relation:

λ∗
(
k2) ≈ −k2D1,−k2D2, . . . ,−k2Dn, (14)

when k is sufficiently large and Di > 0, i ∈ 1, . . . , n.
In summary, the requirement of stability at sufficiently large wavenumbers is guar-

anteed in Turing models when all species diffuse.

2.1.2 The Inclusion of Receptors and the Large Wavenumber Behaviour of the
Dispersion Relation

Suppose now that m < n species within the model represent receptors, which there-
fore do not undergo transport on the scale of long-range cell signalling but instead
are restricted to a cell. Thus, they have zero diffusion coefficients and, without loss
of generality, we take D1, . . . ,Dm = 0.

First, we consider the dispersion relation, (8), which takes the form

0 = det
[
λI + k2D − J

] =

det

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

λ − J11 −J1,m −J1,m+1 −J1,m+2 −J1,n

−J21 −J2,m −J2,m+1 −J2,m+2 −J2,n

−J31 −J3,m −J3,m+1 −J3,m+2 −J3,n

.

.

. · · ·
.
.
.

.

.

.
.
.
. · · ·

.

.

.

−Jm,1 λ − Jm,m −Jm,m+1 −Jm,m+2 −Jm,n

−Jm+1,1 −Jm+1,m λ + k2Dm+1 − Jm+1,m+1 −Jm+1,m+2 −Jm+1,n

−Jm+2,1 −Jm+2,m −Jm+2,m+1 λ + k2Dm+2 − Jm+2,m+2 −Jm+2,n

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(15)

Case 1 For solutions of the dispersion relation satisfying λ∗(k2) ∼ O(1) as k2 → ∞,
(15) reduces to

0 = k2(n−m)

(
q=n∏

q=m+1

Dq

)
det

(
λI − Ĵ

)(
1 + O

(
1

k2

))
, (16)
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where

Ĵ =

⎛
⎜⎜⎝

J11 · · · J1m

...
...

Jm1 · · · Jmm

⎞
⎟⎟⎠ (17)

is the Jacobian associated with the receptor kinetics. Hence, we have m roots of the
dispersion relation for k sufficiently large, given by the eigenvalues of the Jacobian
associated with the receptor dynamics.

Case 2 We consider potential roots of the dispersion relation of the form λ∗(k2) =
μk2 with μ ∼ O(1) as k2 → ∞. The dispersion relation becomes

0 = k2nμm

{
n∏

q=m+1

(μ + Dq)

}(
1 + O

(
1

k2

))
, (18)

which yields n−m approximate roots associated with μ ≈ −Dq , q ∈ {m+1, . . . , n},
and thus

λ∗
(
k2) ≈ −k2Dm+1,−k2Dm+2, . . . ,−k2Dn. (19)

The combination of Case 1 and Case 2 reveals n solutions for the dispersion re-
lation, which has no further roots as it is a polynomial of degree n in λ. Therefore,
in the presence of receptors, the constraint that the system is stable to sufficiently
high wavenumbers in order to prevent a breakdown of the continuum approximation
requires that the Jacobian of the receptor kinetics has negative eigenvalues. In other
words, the spatially homogeneous receptor dynamics must be linearly stable. In the
special case of one receptor, we therefore require that it is self-inhibitory. Such con-
straints are not apparent when all species are freely diffusing and thus are a distinct
feature of incorporating receptor dynamics. Finally, note that analogous comments
immediately apply for intracellular protein dynamics.

3 Exploration of a Proposed Patterning Network

A detailed analysis of the biological interactions that lead to the emergence of hair
follicle patterns in mouse is given by Mou et al. (2006). Moreover, the authors pro-
pose a model for the generation of the primary hair follicle pattern based on the inter-
actions of three species: a non-diffusing, generic receptor Edar (E), connective tissue
growth factor CTGF (C), and bone morphogenetic protein BMP (B). The model is
based on the following observations: (1) Edar shows rapid positive feedback (which
is thought to be crucial for the patterning mechanism) and induces activation of both
BMP and CTGF; (2) production of Edar is regulated by BMP through inhibition;
(3) BMP is allowed to act only at a distance from its site of synthesis. This cor-
responds to long-range diffusion of BMP and short-range diffusion of CTGF. The
proposed model can be described as in Fig. 1(a).
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Fig. 1 (a) The model proposed by Mou et al. (2006). (b) The corresponding diagram of molecular inter-
actions proposed to give rise to patterning

3.1 Model for Hair Follicle Patterning

The interactions of these three species are summarised in Fig. 1(b) and can be de-
scribed by the following system of partial differential equations (PDEs):

∂E

∂t
= F(E,B),

∂C

∂t
= G(E,C) + DC∇2C, (20)

∂B

∂t
= H(E,C,B) + DB∇2B,

where the functions F , G and H describe the kinetics of the molecular interactions,
and DC and DB are the diffusion coefficients of CTGF and BMP, respectively.

From Sect. 2, we know that in a system where there is one non-diffusible com-
ponent, this component needs to down-regulate itself in the vicinity of the stationary
state to prevent instabilities on arbitrarily small scales and a breakdown of the con-
tinuum approximation. Thus, the model proposed by Mou et al. (2006) for primary
hair follicle patterning based on the presence of a Turing instability cannot lead to
patterning. This is because Edar, the supposed key driver in the generation of pattern-
ing is fixed in cells and cannot diffuse, and Edar undergoes local auto-regulation and
signal amplification.

Even when the kinetic terms of the model are modified to meet the required con-
dition for large wavenumber behaviour, i.e. ∂F/∂E < 0 at the homogeneous steady
state, a stable pattern still cannot be formed, as we shall now show.

The observed interactions among Edar, CTGF and BMP hypothesised by Mou
et al. (2006), with the required modification that Edar is self-inhibitory, can be charac-
terised using the following conditions on the kinetic terms evaluated at the stationary
state; see Fig. 1(b):

DC > 0, DB > DC, FE < 0, FB < 0,

(21)
HE > 0, HC < 0, GE > 0.
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Here, the subscripts of kinetic functions F, G, H represent partial derivatives eval-
uated at the steady state, for instance, FE := ∂F/∂E, DC and DB denote diffusion
coefficients of CTGF and BMP, respectively.

Given the reaction-diffusion system described by (20), the dispersion relation (8)
takes the following form:

p
(
λ, k2) = det

(
λI + k2D − J

)
= −FEGCHB − FBGEHC + FBGCHE

+ [
(DBFEGC + DCFEHB − DCFBHE)k2 − DBDCFEk4]

+ λ
[
FEGC + FEHB + GCHB − FBHE

+ (−DBFE − DCFE − DBGC − DCHB)k2 + DBDCk4]
+ λ2[−FE − GC − HB + (DB + DC)k2] + λ3. (22)

Noting we have FE < 0 and thus stability at large wavenumbers, the Turing in-
stability can occur once two conditions are met: the homogeneous steady state is (1)
stable in the absence of diffusion and (2) unstable for finite wavenumbers k2 > 0
associated with eigenvalues of the Laplacian and its boundary conditions.

The first condition, stability of the spatially uniform steady state, can be equiva-
lently stated using the Routh–Hurwitz conditions which in our case (20) read:

−(FE + GC + HB) > 0,

−FEGCHB − FBGEHC + FBGCHE > 0, (23)

FBGEHC − (FE + HB)
(
(FE + GC)(GC + HB) − FBHE

)
> 0,

where all terms are evaluated at the spatially uniform steady state, u∗ = (E∗,C∗,B∗).
After some algebraic manipulation, it can be shown that these constraints can be
satisfied only if GC < 0, a necessary condition. Thus, we see that HB has an upper
limit. Notice that the terms GC and HB represent self-regulation of CTGF and BMP,
respectively, via mechanisms such as degradation or auto-catalysis. Thus, CTGF is
required to be down-regulated by itself near the stationary state.

To determine whether the spatially uniform stationary state becomes unstable for
non-zero wave-numbers, k2 > 0, one finds λ∗(k2), the roots of the dispersion rela-
tion, p(λ, k2) = 0, for any given k2 > 0. If Re(λ∗(k2)) > 0 for any k2 > 0 that is
also minus an eigenvalue of the Laplacian, the system is linearly unstable. However,
finding λ∗(k2) via the dispersion relation is difficult, even in the case when there are
three interacting species and p(λ, k2) is a cubic polynomial.

To proceed, note that

0 = dp

dk2

(
λ∗

(
k2), k2), (24)

as p(λ∗(k2), k2) = 0 for all k2. Given Re(λ∗(k2)) < 0 for k2 = 0, by stability of the
homogeneous steady state and for k2 sufficiently large, an instability requires that
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Re(λ∗(k2)) > 0 at a turning point in Re(λ∗(k2)) as k2 is varied. This is analytically
more tractable as

dp

dk2

(
λ∗

(
k2), k)∣∣∣∣ dRe(λ∗(k2))

dk2 =0
= 0, (25)

yields quadratic polynomials for λ∗(k2) in our case.

3.1.1 Case 1: Im(λ∗(k2)) = 0

Let λ∗∗ denote the value of λ∗(k2) at the turning point. We have

0 = dp

dk2

(
λ∗

(
k2), k)∣∣∣∣ dRe(λ∗(k2))

dk2 =0

= DBFEGC︸ ︷︷ ︸
>0

+DCFEHB −DCFBHE︸ ︷︷ ︸
>0

−2DBDCFEk2︸ ︷︷ ︸
>0

+
(
(DB + DC)(−FE)︸ ︷︷ ︸

>0

−DBGC︸ ︷︷ ︸
>0

−DCHB + 2DBDCk2︸ ︷︷ ︸
>0

)
λ∗∗

+ (DB + DC)︸ ︷︷ ︸
>0

λ2∗∗, (26)

where the inequalities follow from (21) and the Routh–Hurwitz conditions (23).
Using Descartes’ rule of signs, one can easily show that HB > 0 since otherwise
λ∗∗ < 0. One can further show that, even when HB > 0, all the coefficients in (26)
are positive via further use of Descartes’ rule of signs, once all the Routh–Hurwitz
conditions are met together with (21) and (23).

Thus, in summary, when considering real solutions of the dispersion relation,
which correspond to non-oscillatory self-organisation, the Turing instability cannot
occur.

3.1.2 Case 2: Im(λ∗(k2)) �= 0

The more general case, when λ∗(k2) has non-zero imaginary part, needs more careful
attention. However, it is still possible to show that there is no Turing instability for
HB < 0 using an analogous procedure to the preceding one. Again, a Turing instabil-
ity requires Re(λ∗(k2)) > 0 at its turning point.

Since we have already considered real roots, we focus on complex roots of the
dispersion relation and, in particular, note that complex roots occur in conjugate pairs.
For λ∗∗, a complex solution of the dispersion relation at a turning point of Re(λ∗(k2)),
let the two conjugate roots be denoted by

λ∗∗,1 = μ∗∗ + iν∗∗, λ∗∗,2 = μ∗∗ − iν∗∗. (27)

If these expressions are substituted back into the derivative of the dispersion re-
lation, (25), at a turning point of Re(λ∗(k2)) the resulting implicit relation for the
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unknown real part of λ, Re(λ∗∗) = μ∗∗, contains not only the imaginary part ν∗∗ but
also

ν′∗∗ := dν

dk2

∣∣∣∣
ν=ν∗∗

. (28)

Instead of substituting these conjugate roots into the derivative of the dispersion
relation (25), where we would have to deal with the term ν′∗∗, we consider the dif-
ference of the dispersion relation (22) for the conjugate pair of roots, and Vieta’s
relations

0 = 1

2iν∗∗
(
p
(
λ∗∗, k2)∣∣

λ∗∗=μ∗∗+iν∗∗ − p
(
λ∗∗, k2)∣∣

λ∗∗=μ∗∗−iν∗∗
)

= FEGC + FEHB + GCHB − FBHE︸ ︷︷ ︸
>0

+ (−DBFE − DCFE − DBGC − DCHB)k2︸ ︷︷ ︸
>0

+DBDCk4︸ ︷︷ ︸
>0

+ (−2FE − 2GC − 2HB + (2DB + 2DC)k2)︸ ︷︷ ︸
>0

μ∗∗ + 3μ2∗∗ − ν2∗∗, (29)

where the inequalities hold from the Routh–Hurwitz conditions (23).
Notice the only negative term that may lead to the existence of positive μ∗∗ is

the negative square of the imaginary part, ν∗∗. To get the final conclusion as to the
existence of μ > 0 for HB < 0 at a turning point, we need to find a relation between
the real and imaginary parts of λ, μ and ν. This can be easily deduced from Vieta’s
relations and, if substituted back into the equation for μ (29), it can be shown that all
the coefficients in this relation are positive again once we require HB < 0, and the
Routh–Hurwitz conditions together with the required and necessary conditions. Thus,
for HB < 0 there can be no Turing pattern formation since all the possible values of
Re(λ) = μ are negative for any wave-number, k2.

However, when HB > 0 a Turing instability can occur. Classifying the unstable re-
gion of parameter space is not insightful given the analytical complexity. Instead, we
simply seek parameter values which exhibit a Turing instability, or rather a Turing–
Hopf instability, as here only temporally oscillating instabilities are possible.

If Vieta’s relations are substituted into (29), we obtain a cubic polynomial in μ

where the only negative term is 2HB [DB(FE + GC) + DC(FE + GC)] in the coeffi-
cient of μ1. From Descarte’s rule of signs, this term needs to dominate to induce a root
with positive real part. Motivated by this observation, we assumed further constraints
on the kinetic terms and diffusion coefficients to simplify the dispersion relation. In
this way, it is possible to find a set of parameter values that lead to a Turing–Hopf
instability. If we assume DC � 1,HB � 1, many terms can be neglected and the
following example reveals oscillatory self-organisation:

DC = 10−8, DB = 10−3, FE = −4, FB = −19, GE = 21

512
,

GC = −1, HE = 1, HC = −1, HB = 9

2
.

(30)
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Fig. 2 (Colour online) Even when the model with network structure predicted by Mou et al. (2006) is
modified to fit the constraints found in this work (FE < 0, GC < 0, HB > 0) emergent self-organisation
is only possible via an oscillatory Turing–Hopf bifurcation. The example from (30) demonstrates theo-
retically found results. (a) The real part of the dispersion relation’s roots. (b) Instability occurs once the
critical region of wavenumbers is reached. Notice the temporal variation of the pattern as Im(λ) �= 0

The dispersion relation behaves as expected and numerical solution of the PDE sys-
tem shows the emergence of spatio-temporal pattern, as illustrated in Fig. 2.

To summarise, even when the model with experimentally predicted network struc-
ture (F = F(E,B), G = G(E,C), H = H(E,C,B)) is modified to fit the con-
straints found in this work (FE < 0, GC < 0, HB > 0) emergent self-organisation is
only possible via an oscillatory Turing–Hopf bifurcation. However, as mentioned pre-
viously, this type of patterning additionally requires the existence of a further mech-
anism to stop the temporal oscillations that are concomitant with the emergence of
spatial structure. Moreover, if the desired interactions among Edar, CTGF, and BMP
satisfy DC > 0, DB > DC , FB < 0, HE > 0, HC < 0, GE > 0, as suggested by Mou
et al. (2006), then one necessarily requires FE < 0, GC < 0, HB > 0 for even this
possibility of temporally oscillating spatial heterogeneity. Finally, we remark that if
CTGF is omitted from the model, one can show that considering BMP and Edar in
isolation does not give rise to patterning in a reaction diffusion model regardless of
whether Edar is self-inhibitory or otherwise.

3.2 CTGF Inhibits the Effect of BMP, Not BMP Production

One can also interpret the kinetics of CTGF from the study by Mou et al. (2006) in
a different way: CTGF could be considered to down-regulate “the effect” of BMP
inhibition. In this context, one could consider CTGF binding to BMP, preventing its
action, at least temporarily. Hence, in the presence of CTGF the gross BMP level does
not drop, only its activity. In this scenario, the action of CTGF would be represented
by CTGF down-regulation of the inhibition of Edar by BMP. This is because CTGF
protein binds to and, at least temporarily, inactivates BMP protein in the extracellular
space. Moreover, biochemical evidence suggests that CTGF should inhibit BMP’s
effects, not BMP production (Abreu et al. 2002).

The kinetic terms considered in the previous analysis did not include this inter-
action among Edar, CTGF and BMP. However, the action of CTGF down-regulating
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the inhibition of Edar by BMP can be represented by a term of the form

F(E,C,B) = · · · − k2
EB

k3 + C
+ · · · , (31)

which entails the function F should be monotonic increasing with levels of CTGF.

3.2.1 One Example of a Turing Instability

A stability analysis can be carried out using the same techniques though with the dif-
ficulty of increased generality, as F = F(E,C,B), G = G(E,C), H = H(E,C,B).
Nonetheless, the requirement remains that the non-diffusing species, Edar, must be
self-inhibitory to avoid a breakdown of the continuum approximation. Further, it
can be shown that if CTGF down-regulates the inhibition of Edar by BMP, a non-
oscillatory Turing instability, whereby the roots of the dispersion relation are real,
remains possible. To illustrate this, two simplifications are made: (1) BMP is not in-
fluenced directly by CTGF, HC = 0; and (2) BMP does not regulate itself, HB = 0.
With these simplifications, the constraints imposed by the empirical observations of
Mou et al. (2006), together with those imposed by a Turing stability with no temporal
oscillation and stability at large wavenumbers, gives rises to the following:

1. DC > 0, DB ≥ DC , FB < 0, HE > 0, GE > 0, FC > 0, imposed by empirical
observation from Mou et al.’s (2006) study;

2. HC = HB = 0, additionally imposed simplifications to facilitate the search for a
Turing instability;

3. FE < 0, required from a consideration of the large wavenumber behaviour;
4. GC < 0, FEGC − FCGE < 0 and −FBGCHE − (FE + GC)(FEGC − FCGE −

FBHE) > 0, a consequence of the Routh–Hurwitz conditions, for stability in the
absence of diffusion;

5. 0 < HE < DB

DC(−FB)
(
√

FCGE −√
FEGC )2, from the need for instability at a non-

zero wavenumber.

Note that the final condition can always be satisfied for sufficiently large values of
DB/DC once the first four conditions are fulfilled.

To demonstrate the validity of our conclusions, and the existence of a Turing insta-
bility note firstly that the above constraints are satisfied by the following parameter
choices:

DC = 1, DB = 10, FE = −0.5, FC = 2.25, FB = −6,

GE = 1, GC = −1, HE = 1, HC = 0, HB = 0.
(32)

Furthermore, a simulation of the linearised PDEs corresponding to this parameter
regime exhibits the Turing instability; see Fig 3.

3.2.2 A Second Example of a Turing Instability Without the Need for Short-Range
Activation and Long-Range Inhibition

The previous example was obtained in the simplified setting HB = HC = 0, where
the analysis led to the conclusion that a large enough ratio DB/DC is needed in order
to obtain stable pattern through Turing instability; see Sect. 3.2.1.
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Fig. 3 (Colour online) If the interactions between CTGF and BMP from Mou et al.’s empirical model are
interpreted differently, diffusion-driven pattern formation can take place. (a) The real part of the dispersion
relation’s roots for the case in which HB = 0. (b), (c) Example simulations for parameter values: (b) a
stable case with low wavenumbers, (c) a diffusion-driven instability occurs. Notice that the size of the
domain restricts pattern formation. Parameter values are as given in (32)

However, a Turing instability can also arise even without the standard demand
for short-range activation and long-range inhibition which stems from analysis of the
two-species model. In the context of the constraints from Mou et al. (2006), though
without the simplifying imposition of HC = HB = 0, consider the following param-
eter set:

DC = 1, DB = 1, FE = −6, FC = 5, FB = −7

2
,

GE = 479

64
, GC = −4, HE = 1, HC = 0, HB = −1.

(33)

In particular, note the diffusion coefficients are equal so that there is no differential
range of the diffusible signals. The corresponding dispersion relation highlighting the
existence of the Turing instability can be seen in Fig. 4.

3.3 The Dangers of Model Reductionism

These studies of the interactions within hair follicle patterning (Mou et al. 2006) also
highlight more general difficulties in the use of reductionism in modelling morphogen
networks. We now outline our claim in more detail.

3.3.1 The Three-Species Model Does Not Pattern but the Two-Species, Reduced
Model Does

There are three possible reasons why patterning due to a Turing instability does not
occur: (1) instability of the spatially uniform stationary state; (2) a structural insta-
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Fig. 4 (Colour online) In the three-species model shown in Fig. 3, a Turing instability may occur even
without short-range activation and long-range inhibition. In this figure, an example resulting in pattern
formation even when diffusion coefficients are equal is presented. Parameters are given in (33). (a) The
real parts of the dispersion relation roots for the case in which HB = 0. (b), (c) Numerical solutions of the
system. Notice that the size of the domain restricts pattern formation

bility or continuum approximation breakdown (as discussed in Sect. 2.1.1); and (3)
no instability occurs for non-zero wavenumbers, k2. We will show that for all these
cases one can find many examples when three three-species model does not pattern
whereas the two-species, reduced model does.

Instability of the Spatially Uniform Stationary State The stationary state in a two-
species representation of the model is stable once it fulfils the Routh–Hurwitz con-
ditions, namely −(GC + HB) > 0, GCHB − GBHC > 0, where we use the nota-
tion from the three-species model discussed in this work (considering only the two
non-diffusing species). This stable stationary state can very easily become unsta-
ble in the corresponding three-species model. In particular, one necessary condition
reads −(FE + GC + HB) > 0, and this can be violated simply by large enough
FE > −(GC + HB) > 0.

A Structural Instability Consider a system of diffusible morphogens undergoing a
Turing instability via the vanilla mechanism of short-range activation and long-range
inhibition, and introduce a non-diffusing receptor that interacts with this system and
possesses auto-catalytic dynamics. The three component system will destabilise on
arbitrarily small lengthscales (this holds for any system since the necessary condition
for the additional non-diffusing species is independent of the interactions between
other species, as shown in Sect. 2.1.1). The result is a breakdown of the continuum
approximation, whereas a two component approximation of the system, neglecting
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receptor dynamics, will yield a system with large scale patterning. In other words,
whatever the interactions between the two diffusing species, there can be no stable
pattern formation once a non-diffusive morphogen with auto-catalytic regulation is
added to the system (due to structural instability). Thus, if the kinetics between the
two diffusing species are such that they meet the classical two-species Turing in-
stability conditions, we see that the three-species system, which does not pattern, is
reduced by omitting the non-diffusive species (and the accompanying interactions)
into a two-species model that does pattern.

No Instability for Non-zero Wavenumbers The network structure of the system itself
can be such that there is no Turing driven instability in the three-species system (and
not due to a breakdown of the continuum approximation) and still the two-species
reduced model does pattern; see Fig. 6 and the parameter values are listed below:

DE = 0, DC = 1

4
, DB = 1,

FE = −3, FC = 24, FB = −45,

GE = −4, GC = 1, GB = −17

8
,

HE = −1, HC = 1, HB = −2.

(34)

One can easily check that the two-species system G, B with the parameters under-
lined in (34) has a stationary steady state, and for

k2 ∈
(

1 − 1√
2
,1 + 1√

2

)
, (35)

instability occurs as λ > 0. Meanwhile, the dispersion relation for the three-species
model with parameter values from (34) is

p
(
λ, k2) = 51

8
+ 333k2

4
+ 3k4

4
+

(
433

8
+ 13k2

4
+ k4

4

)
λ +

(
4 + 5k2

4

)
λ2 + λ3,

(36)

which has all coefficients positive and hence no real positive root. Moreover, it can
be shown that even the real part of the conjugate roots remain negative for all k2 > 0.
Notice that FE < 0, thereby guaranteeing stability for large wavenumbers.

3.3.2 The Three-Species Model Does Pattern and Two-Species Reduced Model
Does Not

In contrast, consider the Edar, CTGF, and BMP system where self-organisation is
observed, as in example (33) of Sect. 3.2. If a modelling simplification is considered
with a neglect of the non-diffusing receptor Edar, leaving only the interactions of
CTGF and BMP, no spatial heterogeneity would emerge, as they have equal diffusion
coefficients which prevents a Turing instability. Further, consider a three-species sys-
tem, as discussed in Sect. 3.2.1, that leads to Turing instability. A typical two-species
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Fig. 5 (Colour online) (b) A
typical simplification of the
interactions among three species
represented in (a) on neglecting
the non-diffusing receptor.
However, these two models
possess a very different
patterning behaviour

Fig. 6 (Colour online) The real parts of the dispersion relation roots associated with the parameter values
listed in (34). These document the disparity of (a) the reduced model leading to pattern formation with
the underlined parameter values listed in (34) and (b) the converse prediction from a model with an extra
species that is stable for all wave-numbers

reduction of such a system (as might be the case when unaware of the presence of
a receptor mediator) would be carried out as described in Fig. 5. However, one can
check that this simplification does not lead to pattern formation via a diffusion-driven
instability since GB < 0 and HC < 0 which contradicts the necessary conditions for
a Turing instability in two-species model as the latter context requires an opposite
sign for these two terms.

Thus, we have two examples when a two-species Turing model approximation
gives opposing predictions to those emerging from networks with more species, fur-
ther highlighting that reducing the interacting dynamics of diffusible morphogens and
their receptors is potentially fraught with difficulty.

4 Discussion and Conclusions

We have explored the influence of non-diffusible receptor dynamics on the prospect
of spontaneous self-organisation within networks of interacting morphogens, firstly
in a general context and then specifically within the framework for hair follicle pre-
patterns suggested by Mou et al.’s (2006) experiments. In this framework, a key reg-
ulatory step is the suppression of production of a receptor, Edar, by diffusible BMP.
In addition to the skin culture experiments described by Mou et al. (2006), similar
phenotypes of mice with increased Edar production (Mou et al. 2008) and those with
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reduced BMP activity (Sharov et al. 2006; Plikus et al. 2008) highlight the importance
of the BMP-Edar regulatory link. However, it is likely that other molecular systems
also operate to pattern hair follicles, particularly given the diversity of hair follicle
types which form at different times and at distinct locations during mammalian em-
bryonic development. For example, Sick et al. (2006) suggested that secreted ligands
of the WNT family act as activators during hair follicle pre-patterning, while secreted
DKK proteins, which compete with WNT for binding to the same receptor, act as in-
hibitors. It is likely that the Edar-BMP and WNT-DKK systems are interlinked based
on emerging cross-regulation observed between these pathways, with Edar signalling
promoting WNT production and vice versa (Zhang et al. 2009). These findings sug-
gest the presence of multiple interlocked regulatory loops that may be important for
patterning at least certain types of hair follicle.

The requirement of stability at arbitrarily large wavenumbers to ensure that there is
no prospective breakdown of the continuum approximation due to instabilities at ever
decreasing lengthscales is redundant for systems of interacting and diffusing mor-
phogens. However, in the presence of non-diffusing species, for instance receptors
which are not subject to transport over the lengthscales of long wavelength patterning
and act in a cell autonomous manner, one finds that the spatially homogeneous inter-
actions of the non-diffusing species must be stable. This is a non-trivial constraint,
for instance highlighting that a single receptor in a morphogen network needs to be
self-inhibitory. Furthermore, this emphasises that interactions can be non-trivially
constrained without the need for detailed parameter estimation or experimentation by
considering the dynamics of the bifurcation to spatial heterogeneity within general
systems. In particular, once receptors or other non-diffusing species are considered,
the constraints are even more stringent. While the main focus of the paper has been
receptor dynamics, it is clear that the analyses and conclusions are also applicable for
considering the coupling between intra-cellular protein dynamics and a network of
interacting and diffusing morphogens.

We additionally considered a specific and empirically led example of hair folli-
cle pre-patterning based on genetic and embryological studies. Here, we have further
demonstrated that network structure alone, without the need for detailed specification
of the kinetic interactions or parameter sweeps, can be used to determine the feasi-
bility of a structural model, as well as providing constraints on possible interactions.
Further demanding constraints emerge on requiring that spatial heterogeneity is not
driven by temporally oscillating morphogen profiles as the system evolves away from
the homogeneous steady state. Significant temporal oscillations of gene activity and
expression are unlikely to occur during hair follicle pre-patterning due to the acquisi-
tion of definitive hair follicle cell fate during this process. Cell lineage tracing studies
show that upon activation of the gene Shh, which appears to be controlled by a thresh-
old of Edar activity (Pummila et al. 2007), cells irreversibly commit to a hair follicle
fate and do not revert to non-follicle (i.e. epidermal) fate (Levy et al. 2005). This
“locking in” of activated regions in the pattern upon local attainment of a threshold
level of activator would avoid oscillations across the entire field. The restrictions we
describe enable a focussing of resources, both modelling and experimental, by reduc-
ing the morphogen and receptor interactions that need be considered for elucidating
how self-organisation emerges, as well as providing testable hypotheses that are not
contingent on the detailed interactions.
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We have also highlighted that, within morphogen networks with receptor dynam-
ics, one does not require the classical picture of short-range activation and long-
range inhibition for the induction of self-organisation, and that spatial heterogene-
ity can emerge with equal diffusion coefficients even within a model with only two
diffusible components. This offers a potential resolution of a further difficulty with
Turing’s picture, namely the reconciliation of the need for differing diffusion rates
with biomolecular diffusion given that, in practice the mechanism is predicted to re-
quire radically different transport coefficients for self-organisation in the absence of
parameter fine-tuning (Baker et al. 2008). Similar observations have also emerged
from the limited studies coupling intra-cellular protein dynamics to interacting and
diffusing morphogens (Rauch and Millonas 2004). Consequently, there is the possi-
bility that a search for a Turing pair of morphogens may be misdirected, in that the
characteristic features of patterning formation in two-species models does not reflect
that of larger networks. Furthermore, we have also highlighted, that taking even a
system of two interacting morphogens and a single receptor, a naive model reduction
to a vanilla Turing model can yield radically different modelling predictions. This
emphasises the fundamental difficulties with model reductionism within biological
self-organisation, especially the concept that Turing’s mechanism can simply be con-
sidered as a caricature of larger biological networks. Thus, the vanilla Turing model
not only suffers from extreme sensitivity, albeit ameliorated in many cases, but not
all, by domain growth; it also can be a very misleading surrogate for the complex
dynamics of real biological systems.
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