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 A B S T R A C T

The Augmented Kalman Filter (AKF) has been applied previously for input-state estimation of 
offshore wind turbines (OWT). However, the accuracy of the estimated results depend on the 
chosen model, for which various complexities exist, making this a challenging task. Two of 
which are the lack of information required to model the Rotor-Nacelle Assembly (RNA), and 
the high uncertainty associated with the soil–structure-interaction (SSI). Therefore, the primary 
focus of this work is to avoid these limitations by considering a suitable substructure which 
eliminates the need to model the RNA and the SSI, thus significantly reducing uncertainties. 
The substructure is obtained by ‘cutting’ the OWT at the top of the tower and at the ground 
level. To define the model, the resulting substructure then only requires geometries and material 
properties for the monopile and tower; information which is often known with greater certainty. 
A numerical case study is presented to investigate the accuracy of the proposed approach 
for input-state estimation of a 15 MW OWT. A series of commonly used setups involving 
accelerometers and inclinometers are used and the effects on the predicted fatigue life of the 
structure are discussed. Additionally, a simple approximation of the wave loading is considered 
to estimate and account for its contribution to the dynamics of the substructure. The proposed 
approach is shown to be an effective solution for input-state estimation of OWTs when the RNA 
or SSI are unknown or associated with significant uncertainty.

. Introduction

The increased urgency to reduce carbon emissions and maximise clean energy production has led many nations to turn to offshore 
ind energy as a crucial player in their clean energy strategies. For example, the UK has set an ambitious target of reaching 50GW
f installed offshore wind by 2030 [1]. However, the operational availability for offshore wind turbines can be considerably lower 
han their onshore counterparts [2], primarily due to location based challenges. As the dependence on offshore wind energy grows, 
ddressing these operational challenges becomes increasingly important.
To help mitigate the risk of downtime, measured data from installed sensors and structural health monitoring (SHM) techniques 

an be utilised to provide ongoing assessment of an offshore wind turbine’s condition. A SHM technique, which can provide insight 
nto the condition of a structure, beyond the location of typically sparsely deployed sensors, is virtual sensing [3]. Here, the idea 
s to make use of observed data, complemented with a system model, which supplies sufficient information for estimating the 
esponse at unmeasured locations [4,5]. This is particularly useful for offshore structures, since installing sensors at submerged or 
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foundation-embedded locations can be both costly and lead to poor data quality. Therefore, virtual sensing provides a means to 
estimate the response at these challenging locations based on a limited set of measurements.

Various approaches have been explored within the domain of virtual sensing, which can be broadly categorised as deterministic 
and probabilistic. Amongst the deterministic approaches, modal decomposition and expansion (MD&E) is one of the most popular 
schemes [6]. In this approach, the response at unmeasured locations is estimated based on a system model and a decomposition of 
the measured data into the contribution of each mode. Examples of MD&E being applied to offshore structures include the work 
by Song et al. [7], where it has been used to predict the strain response of an offshore platform and the works by Henkel [8] for 
estimating the subsoil and submerged response of offshore wind turbines. Additionally, Nabiyan et al. [9] successfully applied an 
MD&E approach to accurately estimate the moment time history at the mudline of a 2 MW offshore wind turbine.

However, since MD&E is a deterministic approach, it does not consider any measurement or modelling uncertainty. This can be 
a significant limitation for offshore wind turbine structures, since there is often major modelling uncertainty due to the necessary 
simplifying assumptions. To overcome this limitation, focus has shifted towards probabilistic approaches. One such option is found in 
Bayesian schemes, where the model and measurement uncertainties are incorporated into the framework. If the target is to achieve 
online estimation (real-time or near real-time), such schemes are often implemented in variants of the Kalman filter [10]. In this 
framework, the prior knowledge of a state is predicted in a time update step, before computing the innovation (discrepancy) between 
measurements and estimated quantities, to estimate the posterior of the entire state vector. Alternative Bayesian estimators have 
also been proposed. For example, Ebrahimian et al. [11] introduced a Bayesian inference-based framework for output-only system 
identification of civil structures, which can estimate unknown model parameters simultaneously with the unmeasured response.

The classical Kalman filter has been widely used for state estimation in various disciplines. However, for large scale engineering 
structures, the inputs which excite the system are often unknown. These unknown inputs can be accounted for within the 
measurement and modelling uncertainty terms, which are often (although not necessarily) assumed to be Gaussian noise sources 
but are not estimated. Recent works have tackled the theoretical problem of estimating the observability of systems under the 
presence of unmeasured inputs [12,13], for deducing sensor setups that would allow estimating not only the states and parameters 
of the systems but also the unmeasured inputs or the corresponding Lie symmetries [14]. Since such knowledge can be valuable, the 
targeted estimation of inputs can been dealt with under joint input-state estimation frameworks. For this task, many variations of the 
classical Kalman filter have been developed, a selection of them include the Augmented Kalman Filter (AKF) [15], the Dual Kalman 
Filter (DKF) [16] and the Gilligns De Moor Filter (GDF) [17,18]. Additionally, in [19], a scheme is introduced which implements 
modal expansion in an augmented Kalman Filter (ME-AKF).

Each approach has its own advantages and the suitability often depends on the application at hand. For example, the GDF offers 
the advantage of not placing any assumptions on the input(s), since the filter satisfies the conditions of minimum variance and 
unbiasedness. On the other hand, the AKF and DKF often assume a random walk model for the to-be-estimated inputs. Nevertheless, 
in the literature, the random walk model has been shown to perform well. For example, Tatsis and Lourens [20] compared the DKF 
and GDF in a numerical investigation for the state estimation of an offshore wind turbine supported by a jacket foundation. They 
observed similar performance between the DKF and the GDF, but conclude that the GDF slightly outperforms the DKF due to the 
DKF’s need for a regularisation parameter.

One common challenge across many of these filtering methods is the need to tune the process and measurement noise covariance 
matrices. This tuning process can significantly influence the filter’s performance, particularly when estimating a large number of 
inputs. A few methodologies have been developed to address this issue. For example the L-curve [21] has been used in many works 
for virtual sensing [20,22,23], which aids the user by providing information about the regularisation properties. However, the 
L-curve becomes more complicated when multiple parameters require tuning. Moreover, in practice it has been shown to produce 
curves which do not exhibit a clear L shape, rendering the selection of optimal parameter values difficult [15,24]. This shortcoming 
led Vettori et al. [25] to develop the adaptive-AKF, in which the process noise is adaptively tuned based on a set of optimal 
parameters for a given batch of data. This approach also has the advantage of tuning in an online manner, in contrast to the L-curve, 
which has to be carried out offline in a preliminary step. While these methods can help to alleviate the challenges associated with 
tuning, they still have their own limitations. As a result, a trial-and-error approach to tuning can often achieve satisfactory results 
in less time.

In the context of wind turbines, Tatsis et al. [26] applied the AKF for estimating the response of an onshore wind turbine, which 
they use to provide a probabilistic estimate of accumulated fatigue damage. Branlard et al. [27] also used the AKF to estimate tower 
loads on an onshore wind turbine from simulated data. Maes et al. [28,29] compared a Kalman filter, GDF, and MD&E methods to 
estimate the dynamic strain of a real world 3 MW offshore wind turbine with a monopile foundation. They conclude that in general, 
the three methods perform competitively for this task. The AKF has also been applied for estimating the response of an experimental 
wind turbine blade by Vettori et al. [25]. Mehrjoo et al. [30] introduced a Bayesian method to recursively estimate the wind load 
on an offshore wind turbine, validating it both numerically and experimentally.

The literature highlights the potential benefits that virtual sensing can have on the wind industry. However, its performance can 
strongly depend on the accuracy of the system model, emphasising the importance of employing a model that accurately captures 
the underlying physics of the structure of interest. This task is particularly challenging for offshore wind turbines due to various 
inherent complexities. One such complexity exists due to the lack of detailed modelling information provided by manufacturers 
regarding the rotor-nacelle assembly (RNA). This typically leads to the use of simplified models, where the RNA is considered as a 
lumped mass applied to the top of the tower. For example, the works by the OWI-lab [6,31,32] applied this approach for fatigue 
and input estimation on a real world offshore wind turbine. However, these simplified models risk introducing errors as they do not 
consider the flexibility of the blades, thus failing to capture the coupled tower-blade dynamics.
2
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Tatsis et al. [22] presented a solution to this challenge by developing a general substructuring framework for input-state 
estimation. Their work includes a numerical case study using an onshore wind turbine, where a ‘cut’ is applied at the top of the 
tower and the AKF is used to estimate the tower substructure’s response. The advantage of this approach is that the RNA does not 
need to be modelled, thus requiring no design details from the manufacturer. However, it does introduce the task of estimating the 
interface inputs instead of directly modelling the RNA.

For offshore wind turbines, a second complexity stems from the uncertainty surrounding the soil–structure interaction (SSI). For 
turbines supported by monopile foundations, the PISA design method [33] is the current state-of-the-art for modelling SSI. In this 
method, the SSI is represented by four soil reaction components: a distributed lateral load, a distributed moment, a lateral base 
force and a base moment. Compared to traditional p-y design methods [34], originally developed for the oil and gas industry with 
slender monopiles, the PISA method has been shown to perform better for offshore wind turbines.

Although the PISA method offers a more suitable model for the offshore wind industry, the modelling of SSI still remains 
inherently challenging, often requiring the use of large safety factors. Furthermore, additional research is needed to address the 
PISA design method for cyclic loading [35] and to accommodate layered soil profiles [36]. Moreover, offshore site investigations are 
both challenging and costly [37], making it impractical to obtain accurate and reliable soil profiles for every turbine within a wind 
farm. These factors collectively contribute to significant uncertainty regarding SSI models, inevitably resulting in large modelling 
errors and potentially leading to inaccurate response estimates.

This paper will aim to address the aforementioned challenges by employing a substructuring approach for input-state estimation 
that alleviates the need to model the soil–structure interaction and the RNA. To obtain an appropriate model, the structure is ‘cut’ at 
two locations: one at the top of the tower and another at the ground level, as illustrated in Fig.  1. For situations where wave loading 
is present, the unmeasured wave excitations on the tower are also considered as inputs to be identified. The resulting substructure 
comprises the non-embedded portion of the monopile and the tower. However, for simplicity, it will be referred to as the ‘tower 
substructure’ in this work. Since the considered substructure requires fewer modelling assumptions, it is expected to be associated 
with significantly reduced model uncertainty, thus offering an advantage over modelling the entire wind turbine system.

To the best of our knowledge, this approach has not been previously attempted. However, it is worth noting that while virtual 
sensing was successfully applied to the monopile-tower substructure of a 3.3 MW offshore wind turbine in [38], this method requires 
either a numerical model for the soil–structure interaction or measurements at submerged locations—both of which are assumed to 
be unavailable in this work.

This paper is structured as follows. First, in Section 2, the mathematical model for a substructure is presented, followed by an 
overview of the AKF algorithm in Section 3. In Section 4, the nonlinear offshore wind turbine model used to generate synthetic data 
is described. Section 5 then presents two numerical case studies involving a 15MW offshore wind turbine with a monopile foundation 
to evaluate the proposed approach. The first considers a case where only wind loading is applied, and the second considers a case 
study with combined wind and wave loading. Finally, conclusions are drawn in Section 6.

2. Mathematical model for a substructure

Offshore wind turbines are complex dynamical systems, with inputs arising from aerodynamics, hydrodynamics, and the 
controller that govern their response. Despite this complexity, the system can be divided into various substructures to alleviate 
specific challenges. For example, Fig.  1(a) shows an offshore wind turbine separated into three substructures: the RNA substructure, 
the tower substructure and the foundation substructure. By focussing only on the tower substructure, beam-type finite elements 
can be used, which require no detailed knowledge of the rest of the system. However, the coupled interaction with the adjacent 
substructures must be taken into account in the analysis to accurately capture the overall system’s behaviour. This section outlines 
the mathematical framework for developing a reduced order model for the tower substructure. The presented theory can be applied 
generally to other systems when substructuring is of interest. Furthermore, since this substructure is unconstrained, rigid body modes 
are present, and a method for handling these modes is also described in this section.

The second order equation of motion for a linear time invariant system with two substructures, denoted with superscripts 𝛼 and 
𝛽, can be represented in the following form: 

[

𝐌𝛼 𝟎
𝟎 𝐌𝛽

] [

𝐮̈𝛼(𝑡)
𝐮̈𝛽 (𝑡)

]

+
[

𝐂𝛼 𝟎
𝟎 𝐂𝛽

] [

𝐮̇𝛼(𝑡)
𝐮̇𝛽 (𝑡)

]

+
[

𝐊𝛼 𝟎
𝟎 𝐊𝛽

] [

𝐮𝛼(𝑡)
𝐮𝛽 (𝑡)

]

=
[

𝐒𝛼𝑝 𝐒𝛽𝑝
]

[

𝐩𝛼(𝑡)
𝐩𝛽 (𝑡)

]

, (1)

where 𝐌, 𝐂, and 𝐊 are the mass, damping and stiffness matrices respectively and 𝐮(𝑡) is the displacement vector at time 𝑡. The inputs 
applied to the system are denoted by 𝐩(𝑡) and 𝐒𝑝 is a selection matrix, which maps the input signal(s) to the degrees of freedom 
(DOFs) at which they act. Eq. (1) represents the uncoupled equation of motion, where each substructure contains the DOFs relevant 
to that substructure, including the shared DOFs at the interface between adjacent substructures. Note that in the form presented 
here, 𝐩(𝑡) contains both the externally applied loads and the internal forces. The interface forces are required so that compatibility 
between the two components is ensured [39].

To relate the notation within the context of this study, 𝛼 may denote the primary substructure of interest (e.g. the tower 
substructure, as shown in Fig.  1), while 𝛽 represents the substructure(s) that are to be disregarded (e.g. the RNA and foundation 
substructures, as shown in Fig.  1). Since only substructure 𝛼 is being modelled, the superscripts 𝛼 and 𝛽 in Eq. (1) will be omitted 
going forward to simplify the notation.
3
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Fig. 1. Overview of substructuring method for an offshore wind turbine. The structure is ‘cut’ at the dashed lines, which introduces three substructures: the 
Rotor-Nacelle Assembly (RNA), the tower, and the foundation. This figure provides a simplified 2D representation, whereas the model used in this study is 3D.

2.1. Reduced order model

Eq. (1) presents the equation of motion in physical coordinates. In this form, the model can be associated with a large number 
of system states, making input-state estimation a challenging task. However, in practice, the system’s response is often dominated 
by only a limited number of modes. Therefore, it is often advantageous to apply model reduction techniques to approximate the 
original full-order model. While several methods exist for model reduction [40], this work uses a free-interface approach from the 
class of component mode synthesis techniques [41,42], which allows for the reduction to be applied at the substructure level.

To apply this reduction, a transformation is introduced to convert Eq. (1) from physical coordinates to modal coordinates: 
𝐮(𝑡) = Φ𝐳(𝑡), (2)

where 𝐳(𝑡) ∈ R𝑛𝑚×1 is the displacement vector in modal coordinates and Φ ∈ R𝑛𝑑𝑜𝑓×𝑛𝑚  is the reduction basis. 𝑛𝑚 and 𝑛𝑑𝑜𝑓  are the 
number of modes in the reduction basis and the number of degrees of freedom for the considered substructure, respectively.

After substituting Eq. (2) into Eq. (1), the following equation of motion in modal coordinates can be obtained: 
𝐌̃𝐳̈(𝑡) + 𝐂̃𝐳̇(𝑡) + 𝐊̃𝐳(𝑡) = Φ𝑇 𝐒𝑝𝐩(𝑡), (3)

where the reduced order system matrices are computed as: 𝐌̃ = Φ𝑇𝐌Φ, 𝐂̃ = Φ𝑇𝐂Φ and 𝐊̃ = Φ𝑇𝐊Φ.

2.1.1. Reduction basis: Φ
In this work, the reduction basis, Φ, consists of the retained free-interface normal modes, 𝝓𝑛 ∈ R𝑛𝑑𝑜𝑓×𝑛𝑟 , the attachment modes, 

𝝓𝑎 ∈ R𝑛𝑑𝑜𝑓×𝑛𝑎 , and rigid body modes, 𝝓𝑟𝑏 ∈ R𝑛𝑑𝑜𝑓×𝑛𝑟𝑏 , where 𝑛𝑟, 𝑛𝑎, and 𝑛𝑟𝑏 are the number of retained normal modes, attachment 
modes and rigid body modes, respectively. Consequently, the size of the reduction basis can be calculated as 𝑛𝑚 = 𝑛𝑟 + 𝑛𝑎 + 𝑛𝑟𝑏 and: 

Φ =
[

𝝓𝑟𝑏 𝝓𝑛 𝝓𝑎
]

. (4)

The retained free-interface normal modes, 𝝓𝑛, attachment modes, 𝝓𝑎, and rigid body modes, 𝝓𝑟𝑏 are defined as follows.
The rigid body modes, 𝝓𝑟𝑏, represent the substructure’s motion without deformation [41], and their number correspond to the 

unconstrained DOFs of the substructure. In free-interface methods, the normal modes are obtained by placing no constraints at the 
interface DOFs. These modes capture the internal dynamics of the substructure, and by retaining only those that correspond to the 
dominant frequency range, the model size can be reduced without compromising accuracy [40]. To compute 𝝓𝑟𝑏 and 𝝓𝑛, a free-free 
model of the substructure is first assembled, followed by an eigenvalue analysis: 

𝐊Ψ = 𝐌ΨΣ, (5)

where Ψ is a matrix whose columns correspond to the eigenvectors and Σ is a diagonal matrix containing the associated eigenvalues. 
The matrix Ψ includes both the rigid body modes and all free-interface normal modes. Therefore, 𝝓𝑟𝑏 is defined as the eigenvectors 
associated with zero eigenvalues and 𝝓  comprises the retained subset of remaining eigenvectors.
4

𝑛



Journal of Sound and Vibration 612 (2025) 119153H.A. Simpson et al.
The attachment modes, 𝝓𝑎, are defined as the static displacement response to an imposed unit force at an interface DOF, with 
zero force applied elsewhere. These are obtained by solving the static equilibrium equation: 

𝐊𝝓𝑎 =
[

𝟎
𝐈𝐬

]

, (6)

where 𝐈𝐬 ∈ R𝑛𝑎×𝑛𝑎  is an identity matrix corresponding to the interface DOFs, and the zero matrix is of size (𝑛𝑑𝑜𝑓 − 𝑛𝑎) × 𝑛𝑎 to ensure 
compatibility.

These modes complement 𝝓𝑟𝑏 and 𝝓𝑛 by capturing the static displacement induced by unit interface forces between coupled 
substructures [42,43]. By including attachment modes in the reduction basis, the reduced-order model preserves the effect of 
interface forces, ensuring an accurate representation of the dynamic coupling between adjacent substructures.

To obtain 𝝓𝑎, the stiffness matrix 𝐊 needs to be inverted and therefore must be non-singular. However, in the case of 
unconstrained components, such as the tower substructure considered here, 𝐊 will be a singular matrix and cannot be inverted.

To overcome this difficulty, the Residual Inertia-Relief Attachment (RIRA) modes 𝝓𝑅𝐼𝑅𝐴 can be used instead. A brief overview 
of their computation is presented next. However, for further information, the interested reader is referred to the review of 
substructuring methods in [44] or the paper by Vettori et al. [45], in which the following methodology is applied to estimate 
the response of a box assembly with a removable component.

1. Obtain the rigid body modes 𝝓𝑟𝑏 and the retained free-interface normal modes 𝝓𝑛;
2. Calculate the reduced order stiffness matrix: 𝜦 = 𝝓𝑇

𝑛 𝐊𝝓𝑛;
3. Calculate the inertia-relief projector: 𝐏𝑟 = 𝐈 −𝐌𝝓𝑟𝑏𝝓𝑇

𝑟𝑏;
4. Arbitrarily choose 𝑛𝑎 DOFs to constrain, so that 𝐊 becomes non-singular. Then compute the Inertia-Relief Attachment modes 

𝝓𝐼𝑅𝐴: 

𝐊𝝓𝐼𝑅𝐴 = 𝐏𝑟

[

𝟎
𝐈𝐬

]

(7)

5. Finally, calculate 𝝓𝑅𝐼𝑅𝐴: 

𝝓𝑅𝐼𝑅𝐴 = 𝐏𝑇
𝑟 𝝓𝐼𝑅𝐴 − 𝝓𝑛𝜦−1𝝓𝑇

𝑛

[

𝟎
𝐈𝐬

]

(8)

2.2. State space model

A state space model can be used to replace the second order differential equation of motion (Eq. (3)) with 2 first order differential 
equations, so that the mathematics are compatible with the Augmented Kalman Filter. This results in a system described by two 
equations:

𝐱̇(𝑡) = 𝐀𝐱(𝑡) + 𝐁𝐩(𝑡) (9)

𝐲(𝑡) = 𝐆𝐱(𝑡) + 𝐉𝐩(𝑡). (10)

Eq. (9) is the state equation, with state vector 𝐱(𝑡) ∈ R𝑛𝑠×1 and the number of states 𝑛𝑠. 𝐀 ∈ R𝑛𝑠×𝑛𝑠  is known as the state matrix and 
𝐁 ∈ R𝑛𝑠×𝑛𝑝  is the input matrix, with 𝑛𝑝 being the number of inputs to the system. After defining the state vector as 𝐱(𝑡) =

[

𝐳(𝑡) 𝐳̇(𝑡)
]𝑇 , 

Eq. (3) can be rearranged so that 𝐀 and 𝐁 take the following form: 

𝐀 =
[

𝟎 𝐈
−𝐌̃−1𝐊̃ −𝐌̃−1𝐂̃

]

, 𝐁 =
[

𝟎
𝐌̃−1Φ𝑇 𝐒𝑝

]

. (11)

Eq. (10) is known as the output equation, where 𝐲(𝑡) ∈ R𝑛𝑜×1 is the measurement vector and 𝑛𝑜 is the number of measured quantities: 

𝐲(𝑡) =
⎡

⎢

⎢

⎣

𝐒𝑑 𝟎 𝟎
𝟎 𝐒𝑣 𝟎
𝟎 𝟎 𝐒𝑎

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

𝐮(𝑡)
𝐮̇(𝑡)
𝐮̈(𝑡)

⎤

⎥

⎥

⎦

. (12)

𝐒𝑑 , 𝐒𝑣 and 𝐒𝑎 are selection matrices for the displacements, velocities and accelerations respectively, and are used to map the physical 
degrees of freedom of the system to the measured degrees of freedom. 𝐆 ∈ R𝑛𝑜×𝑛𝑠  is the output matrix and 𝐉 ∈ R𝑛𝑜×𝑛𝑝  is the 
feedthrough matrix. After substituting Eq. (12) and rearranging Eq. (3), it can be shown that 𝐆 and 𝐉 take the following form: 

𝐆 =
⎡

⎢

⎢

⎣

𝐒𝑑Φ 𝟎
𝟎 𝐒𝑣Φ

−𝐒𝑎Φ𝐌̃−1𝐊̃ −𝐒𝑎Φ𝐌̃−1𝐂̃

⎤

⎥

⎥

⎦

, 𝐉 =
⎡

⎢

⎢

⎣

𝟎
𝟎

𝐒𝑎Φ𝐌̃−1Φ𝑇 𝐒𝑝

⎤

⎥

⎥

⎦

. (13)

Eqs. (9) & (10) represent the continuous time state space model. However, because the measurements are typically only available 
at discrete times, the continuous system needs to be transformed into its equivalent discrete-time representation:

𝐱 = 𝐀 𝐱 + 𝐁 𝐩 (14)
5
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𝐲𝑘 = 𝐆𝐱𝑘 + 𝐉𝐩𝑘, (15)

where 𝐀𝑑 and 𝐁𝑑 are the discrete versions of 𝐀 and 𝐁, respectively. 𝑘 denotes the current time step, such that 𝑡 = 𝑘∕𝑓𝑠 for a sampling 
frequency of 𝑓𝑠. If a zero-order hold scheme is used for the discretisation, then 𝐀𝑑 and 𝐁𝑑 can be computed as: 

𝐀𝑑 = exp
(

𝐀∕𝑓𝑠
)

and 𝐁𝑑 = 𝐀−1 [𝐀𝑑 − 𝐈
]

𝐁. (16)

Note that exp in this equation denotes the matrix exponential.

3. Augmented Kalman filter for input-state estimation

The Augmented Kalman Filter (AKF) [15] is a recursive Bayesian filter that allows for the joint estimation of inputs and states. 
In the AKF, the unknown inputs 𝐩𝑘 are included in an augmented state vector 𝐱𝑎𝑘: 

𝐱𝑎𝑘 =
[

𝐱𝑘
𝐩𝑘

]

. (17)

Having defined Eq. (17), Eqs. (14)–(15) can be developed to take the following stochastic form:

𝐱̇𝑎𝑘 = 𝐀𝑎
𝑑𝐱

𝑎
𝑘−1 + 𝐰𝑘−1 (18)

𝐲𝑘 = 𝐆𝑎𝐱𝑎𝑘 + 𝐯𝑘, (19)

where 𝐰𝑘 and 𝐯𝑘 are independent zero-mean random variables. They represent the process noise and measurement noise, 
respectively, with normal probability distributions:

𝑝(𝐰) ∼  (0, 𝐐𝑎) (20)

𝑝(𝐯) ∼  (0, 𝐑), (21)

where 𝐑 ∈ R𝑛𝑜×𝑛𝑜  is the measurement covariance matrix and 𝐐𝑎 ∈ R(𝑛𝑠+𝑛𝑝)×(𝑛𝑠+𝑛𝑝) is the augmented process noise covariance matrix. 
The augmented state matrix 𝐀𝑎

𝑑 and output matrix 𝐆𝑎 then become: 

𝐀𝑎
𝑑 =

[

𝐀𝑑 𝐁𝑑
𝟎 𝐈

]

, 𝐆𝑎 =
[

𝐆 𝐉
]

. (22)

It should be noted that Eq. (22) assumes a discrete-time random walk model for the unknown dynamics of the inputs, where: 

𝐩𝑘 = 𝐩𝑘−1 + 𝐰𝐩
𝑘−1, (23)

with superscript 𝐩 denoting the components of 𝐰𝑘−1 which relate to the inputs. While this random walk assumption was found to 
be sufficient in this work, it could be replaced by a Gaussian Process Latent Force Model (GPLFM), which allows for more advanced 
modelling of the input dynamics [46].

𝐑 reflects the uncertainty in the measurements and is often assumed to be a diagonal matrix, where each diagonal element 
represents the variance in the corresponding sensor. As a starting point, this is often defined based on the known uncertainty 
provided by the sensor specification sheet.

𝐐𝑎 reflects the uncertainty in both the unknown states and inputs. It is usually assumed that the uncertainty in the states and 
inputs are independent, so that the following form can be adopted: 

𝐐𝑎 =
[

𝐐 𝟎
𝟎 𝐒

]

, (24)

where 𝐐 ∈ R𝑛𝑠×𝑛𝑠  is the covariance matrix for the unknown states and 𝐒 ∈ R𝑛𝑝×𝑛𝑝  is the covariance matrix for unknown inputs. In 
contrast with 𝐑, there is typically very little information available about 𝐐 and 𝐒. As a result, these parameters tend to require tuning 
when using the AKF for input-state estimation. Although more sophisticated methods, discussed in Section 1, could be applied for 
this task, a trial and error method was chosen in this work. This decision was made because satisfactory results were achieved in a 
short time frame, making the more complex tuning methods unnecessary.

With the augmented state space model described as above, the AKF algorithm (see Alg. 1) can be used to recursively estimate the 
mean augmented state vector 𝐱̂𝑎𝑘 and its associated covariance matrix 𝐏𝑘. This algorithm iteratively updates 𝐱̂𝑎𝑘 and 𝐏𝑘 in two stages: 
a time update and a measurement update. During the time update stage, the process model (Eq. (14)) is employed to predict the 
state vector mean and covariance matrix for the current time step, based on the updated values from the previous time step. These 
predicted values form the a priori estimate of the state vector and covariance matrix, which are then passed to the measurement 
update stage. The measurement update stage utilises the output equation (Eq. (15)) to compute the a posteriori estimate of the state 
vector and covariance matrix. In summary, the time update stage provides a prior belief for the unknown states, which are then 
updated using the measurements, to obtain a posterior belief.
6
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Algorithm 1 AKF
Given: 𝐀𝑎

𝑑 , 𝐆
𝑎, 𝐐𝑎, 𝐑

Initialise: 𝐱̂𝑎0 , 𝐏0
for 𝑘 = 1, 2, ... do
 (1) Time Update:
 𝐱̂𝑎−𝑘 = 𝐀𝑎

𝑑 𝐱̂
𝑎
𝑘−1 ⊳ Predict state vector

 𝐏−
𝑘 = 𝐀𝑎

𝑑𝐏𝑘−1𝐀𝑎𝑇
𝑎 +𝐐𝑎 ⊳ Predict state covariance matrix

 (2) Measurement Update:
 𝐊𝑘 = 𝐏−

𝑘𝐆
𝑎𝑇 (𝐆𝑎𝐏−

𝑘𝐆
𝑎𝑇 + 𝐑)−1 ⊳ Compute Kalman gain 𝐊𝑘

 𝐱̂𝑎𝑘 = 𝐱̂𝑎−𝑘 +𝐊𝑘(𝐲𝑘 −𝐆𝑎𝐱̂𝑎−𝑘 ) ⊳ Update state vector
 𝐏𝑘 = (𝐈 −𝐊𝑘𝐆𝑎)𝐏−1

𝑘 ⊳ Update state covariance matrix
end for

Result: Augmented state mean 𝐱̂𝑎 and covariance 𝐏

Fig. 2. Overview of the coupled servo-hydro-aero-elastic Simulink model used for generating synthetic data.

4. Forward simulator

This section provides an overview of the numerical model used to generate synthetic data for the case studies presented in 
Section 5. To ensure a robust numerical investigation, realistic measurements that capture the coupled interaction between the 
foundation, tower, and flexible rotor-nacelle assembly are essential. To achieve this, a 3D coupled servo-hydro-aero-elastic model 
of the entire wind turbine system was developed in the Matlab/Simulink environment [47,48]. This model accounts for the full 
dynamics of the system, incorporating hydrodynamics, aerodynamics and controller dynamics to generate synthetic data that 
accurately reflects the complex behaviour of the wind turbine structure.

The wind turbine used to generate realistic measurements is based on NREL’s 15 MW reference offshore wind turbine with a 
monopile foundation [49]. The main features of this model are depicted in Fig.  2, along with the Simulink user interface.

The tower and monopile are modelled using flexible cylindrical Euler–Bernoulli beam elements, made from steel with an elastic 
modulus of 210 GPa and Poisson’s ratio of 0.3. The diameter and wall thickness distributions for both the tower and monopile can 
be found in the reference document [49]. The monopile extends 15 m above the mean water level (MWL), which is set at 30m, with 
a material density of 7850 kg∕m3. The tower sits on top of the monopile and extends to a height of 145m above the mean water 
level, with a material density of 8500 kg∕m3.

To model the soil–structure interaction, a macro-stiffness element at the ground level was used. This type of foundation comprises 
three coupled linear springs: a lateral spring 𝑘11, a rotational spring 𝑘22, and a cross-coupling spring 𝑘12. These springs relate the 
ground level lateral force 𝐻𝑔𝑙 and moment 𝑀𝑔𝑙, to the ground level displacement 𝑥𝑔𝑙 and rotation 𝜃𝑔𝑙: 

[

𝐻𝑔𝑙
𝑀𝑔𝑙

]

=
[

𝑘11 𝑘12
𝑘12 𝑘22

] [

𝑥𝑔𝑙
𝜃𝑔𝑙

]

. (25)

This SSI model replaces the embedded foundation model with statically equivalent coupled linear springs. It assumes that the 
mass and inertia of the embedded foundation are negligible and that the torsional and axial responses can be ignored. The stiffness 
7
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Table 1
List of user-defined inputs required to model the tower substructure.
 Model input Value/reference for 15MW wind turbine
 Diameter profile Provided in the reference document [49]  
 Wall thickness profile Provided in the reference document [49]  
 Young’s modulus 210GPa  
 Poisson’s ratio 0.3  
 Material density 8500 kg/m3 for tower elements & 7850 kg/m3 for monopile elements 

parameters 𝑘11, 𝑘22, and 𝑘12, were calculated by applying the PISA design method to obtain a depthwise stiffness matrix for a 
monopile in Cowden clay [33], with an embedded length of 22.5 m and a diameter of 10 m. Once the depthwise stiffness matrix 
was obtained, the ground-level macro-element stiffness matrix, 𝑲0, was calculated as the set of statically equivalent springs: 

𝑲0 =
[

0.0532 0.3224
0.3224 5.1368

]

× 1011, (26)

where the units of 𝑘11, 𝑘22 and 𝑘12 are N∕m, N m∕rad and N m∕m, respectively. As the soil conditions in this study are homogeneous, 
and due to the symmetry of the monopile, the macro-element stiffness matrix was assumed to be axisymmetric about the vertical 
axis.

For the RNA, the hub and nacelle were modelled as lumped masses with inertia. However, the blades were modelled using flexible 
beam elements. Based on the blade geometry, mass, and stiffness distributions defined in [49], 1D Euler–Bernoulli beam theory was 
used to assemble stiffness and mass matrices for each blade element. To reduce the computational complexity, Craig–Bampton 
reduction [50] was then applied to calculate the reduced order mass and stiffness matrices. Each blade was divided into 10 reduced 
order elements, each containing 2 external nodes and retaining 2 internal modes. Using multiple reduced-order elements for each 
blade allows the model to capture potential nonlinear deflections in the blades.

It is worth emphasising that the SSI and RNA modelling presented here is solely for generating data for the numerical case studies 
in Section 5. For the reverse problem, a separate model—introduced later—is used, which only requires the tower and monopile to 
be modelled.

In Section 5, two case studies are considered: one with wind loading only, and a second with both wind and wave loading. 
To generate data with wind loading, the aerodynamic forces acting on the blades are computed based on unsteady blade element 
momentum theory [51]. The calculation of these forces requires a 3-D velocity wind field covering the rotor-plane, which was 
generated using Turbsim [52] in this work.

For the case study with wind and wave loading, the Morison equation [53] was used to calculate the forces on submerged 
elements. Linear wave theory was used to generate unidirectional irregular wave kinematics, based on a JONSWAP spectrum [54].

The hyperparameters for calculating the turbulent wind and irregular wave loading are defined later, when introducing each 
case study. However, both case studies consider the turbine in an operational state, where the wind turbine controller regulates 
the generator torque and blade pitch angle. Therefore, to account for the dynamics introduced by the controller, the Simulink 
implementation of the ROSCO controller [55] was incorporated into the model.

5. Numerical case studies

In this section, numerical case studies are presented to assess the accuracy of the proposed substructuring approach on a 15MW
offshore wind turbine with a monopile foundation. First, a description is provided of the linear finite element model of the tower 
substructure used for the reverse problem. Results are then presented for two case studies; one with wind loading only and a second 
with both wind and wave loading.

5.1. Linear finite element model

To provide separation between the forward and reverse problems, a different model to that presented in Section 4 was used 
for input-state estimation. For this model, 1D Euler–Bernoulli beam elements were used to assemble FE mass and stiffness matrices 
for the tower substructure, which was discretised into 19 element using the mesh shown in Fig.  3(a). The geometric and material 
properties are provided in Table  1. Note that these values are the same as those used for the tower and monopile substructure in 
the Simulink model to generate data.

Since this substructure is obtained by applying a cut just below the nacelle and another at the ground level, the user is not required 
to make assumptions about the RNA or soil–structure interaction. To introduce structural damping into the model, a proportional 
damping approach was employed [56], with a 0.8% damping ratio for the first mode. The damping matrix was then computed in 
proportion to the mass and stiffness matrices. It was also assumed that the response in the fore–aft (FA) and side–side (SS) directions 
were dominant, so that the axial and torsional degrees of freedom could be neglected.

Once the mass 𝐌, stiffness 𝐊, and damping 𝐂 matrices were assembled, the approach outlined in Section 2.1 was applied to 
obtain a reduced order model. In the case studies considered here, a reduced order model with 4 retained normal modes was used, 
corresponding to the first 2 bending modes in the FA and SS directions. This resulted in a reduction basis comprising 16 modes; 
4 rigid body modes, 4 retained normal modes and 8 attachment modes. The rigid body modes and retained free-interface normal 
modes are graphically presented in Fig.  4. Each of the 8 attachment modes correspond to one of the interface forces to be estimated, 
which include shear forces and bending moments at both the ground level and tower top, as shown in Fig.  3(a).
8
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Fig. 3. (a) Linear finite element model with interface forces & moments used for input-state estimation, (b) ‘Sparse: 𝜃-𝚊’ sensor set-up.

Fig. 4. Graphical representation of the rigid body modes and retained normal modes for the tower substructure. Each column represents an individual mode, 
with the top and bottom rows displaying the projections in the fore–aft (FA) and side–side (SS) directions, respectively.

5.1.1. Sensor set-up
Three different sensor setups were considered for the numerical case studies and are summarised in Table  2. In this paper, unless 

stated otherwise, all inputs, states and measurements are denoted using the notation 𝛼𝛽𝛾 , where 𝛼 refers to the signal type (𝙵: shear 
force, 𝙼: bending moment, 𝚊: acceleration, 𝚡: displacement, 𝜃: rotation), 𝛽 refers to the signal’s location in metres above ground 
level and 𝛾 denotes the signal’s direction (𝙵𝙰: fore–aft, 𝚂𝚂: side–side).
9
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Table 2
Summary of sensor configurations considered in the numerical case studies. Note that at each sensor location, 
the response in both the fore–aft and side–side directions are used in the measurement set.
 Sensor set-up label Number/Type of sensors Sensor Locations  
 Dense: 𝚡-𝚊 40 displacement sensors at: Every node (see Fig.  3(a))  
 40 accelerometers at: Every node (see Fig.  3(a))  
 Dense: 𝜃-𝚊 40 inclinometers at: Every node (see Fig.  3(a))  
 40 accelerometers at: Every node (see Fig.  3(a))  
 Sparse: 𝜃-𝚊 10 inclinometers at: 0 m, 30 m, 58 m, 149 m, 175 m (see Fig.  3(b)) 
 10 accelerometers at: 0 m, 35 m, 40 m, 84 m, 175 m (see Fig.  3(b))  

Two of the considered set-ups assume that sensors are installed at every node in the FE model. These sensor configurations are 
labelled ‘Dense: 𝚡-𝚊’ and ‘Dense: 𝜃-𝚊’ and consist of either accelerometers and displacements or accelerometers and inclinometers, 
respectively. Displacement sensors are mostly here used as a reference; in reality, displacement information is rare and costly to 
extract. To the contrary, acceleration measurements, usually delivered by means of MEMs technologies at low costs are the common 
option. In addition, tilt-meter (inclinometer) measurements can also be made available via such low cost technologies, delivering 
a quantity that is linked to deformation, and not its derivatives (velocity or acceleration). The latter is highly useful for improving 
filter estimates in virtual sensing schemes.

Although it is unlikely to be provided with such a heavily instrumented structure in practice, these dense sensor configurations 
were initially considered so that a comparison could be made between displacement and inclinometer measurements, without the 
influence of sensor placement affecting the results.

A more realistic sensor configuration is further considered and is referred to as the ‘Sparse: 𝜃-𝚊’ set-up. For this sensor set-up, only 
inclinometers and accelerometers are considered, since these types of sensors are more likely to be installed in practice. Moreover, 
it was desired to keep the number of sensors to a minimum. Following the guidance in [57], to achieve stable input estimation, 
the number of displacement sensors (or inclinometers) has to be greater than or equal to the number of inputs. In the case studies 
considered here, the maximum number of inputs to be estimated is 10 (for Case Study 2). As a result, the sparse set-up includes 10 
inclinometers.

To improve the invertibility conditions for input estimation, accelerometers were also included, with their count limited to 10. 
Furthermore, due to the higher installation cost associated with submerged sensors, an additional restriction was imposed, which 
only allowed one submerged location in the sensor configuration.

With the above restrictions defined, the 10 accelerometers and 10 inclinometers were distributed as shown in Fig.  3(b) and Table 
2. Note that at each sensor location, the response in both the FA and SS directions are included in the measurement set. To replicate 
practical noise inherent in real sensors, zero mean white noise with standard deviation equal to 1% of the true signal was added to 
each measurement.

5.2. Comparison metrics

In order to evaluate the performance of the proposed approach, the following metrics were used:

1. The Time Response Assurance Criterion (𝑇𝑅𝐴𝐶) for two signals in the time domain, 𝜎1(𝑡) and 𝜎2(𝑡): 

𝑇𝑅𝐴𝐶 =

[

𝜎1(𝑡)𝑇 𝜎2(𝑡)
]2

[

𝜎1(𝑡)𝑇 𝜎1(𝑡)
] [

𝜎𝑇2 (𝑡)𝜎2(𝑡)
] (27)

2. The Frequency Response Assurance Criterion (𝐹𝑅𝐴𝐶) for two signals in the frequency domain, 𝜎1(𝑓 ) and 𝜎2(𝑓 ): 

𝐹𝑅𝐴𝐶 =

[

𝜎1(𝑓 )𝑇 𝜎2(𝑓 )
]2

[

𝜎1(𝑓 )𝑇 𝜎1(𝑓 )
] [

𝜎𝑇2 (𝑓 )𝜎2(𝑓 )
] (28)

3. The Mean Absolute Error between two signals in the time domain, 𝜎1(𝑡) and 𝜎2(𝑡): 

𝑀𝐴𝐸 = 1
𝑛𝑡

𝑛𝑡
∑

𝑖
|𝜎1(𝑡𝑖) − 𝜎2(𝑡𝑖)|, (29)

where 𝑛𝑡 is the number of data points and 𝑖 indicates the time step.

The 𝑇𝑅𝐴𝐶 value allows for a comparison of two signals in the time domain and can take a value between 0 and 1, where a value 
of 1 indicates that two signals are perfectly in phase and value of 0 suggests that two signals are out of phase. Similar to the 𝑇𝑅𝐴𝐶, 
the 𝐹𝑅𝐴𝐶 takes a value between 0 and 1 and provides insight into the similarity of two signals in the frequency domain. In this 
work, all three metrics are used in combination to evaluate the performance of the estimated results. However, various scenarios 
exist where these metrics alone can lead to misleading conclusions. Therefore, these criteria were always complimented by a visual 
inspection of the results presented.
10



Journal of Sound and Vibration 612 (2025) 119153H.A. Simpson et al.
5.2.1. Calculating accumulated fatigue damage
In addition to the metrics described above, the estimated response was also used to calculate the accumulate fatigue damage. 

In this work, the damage was estimated based on the stress response and the widely used rainflow counting method [58], which 
determines the number of cycles at corresponding mean stress and stress range levels. Miner’s rule was then subsequently used to 
compute the accumulate fatigue damage, 𝐷: 

𝐷 =
𝑘
∑

𝑖=1

𝑛𝑖
𝑁𝑖

, (30)

where 𝑛𝑖 is the number of cycles in the stress time history at the 𝑖th stress range and 𝑁𝑖 is the number of cycles to failure for the 
𝑖th stress range.

The number of cycles to failure, 𝑁𝑖, for a given stress range can be determined using Basquin’s law, 
log(𝑁𝑖) = log(𝑎) − 𝑚 log(𝛥𝜎0), (31)

where 𝛥𝜎0 denotes the stress range for a mean stress of zero, 𝑚 is the Wöhler exponent, and 𝑎 is a constant that is determined from 
the intercept of Eq. (31) on the log(𝑁) axis. In this work, fatigue failure was assumed to occur due to circumferential butt welds 
failing in the axial direction. The fatigue design standards for offshore steel structures [59] suggest using 𝑚 = 5, and log(𝑎) = 13.617
for this type of weld.

For situations when the stress range does not centre around a mean of zero, Goodman’s rule is often applied to find the equivalent 
zero mean stress range, 𝛥𝜎0,𝑒𝑞 : 

𝛥𝜎0,𝑒𝑞 = 𝛥𝜎𝜎∕
[

1 −
𝜎𝑛𝑧
𝜎𝑈𝑇𝑆

]

. (32)

Here, 𝛥𝜎𝜎 is the stress range for the non zero mean stress 𝜎𝑛𝑧, and 𝜎𝑈𝑇𝑆 is the ultimate strength of the material under consideration. 
In this work, 𝜎𝑈𝑇𝑆 = 500MPa, since the substructure is assumed to be composed of S355 steel. As the stresses along the tower are 
inferred, the corresponding fatigue damage calculation will be shown along the tower and not just for the base and will be compared 
to the ‘actual’ fatigue life calculated form the simulations.

5.3. Case study 1: wind loading only

To generate synthetic data for this wind-only case study, a 700 s forward simulation was first carried out using the Simulink 
model. In this simulation, Turbsim was used to generate a turbulent wind field based on a mean wind speed of 8m/s at hub height 
and 10% turbulence intensity. The aerodynamic forces calculated based on this wind field predominantly apply loading in the FA 
direction. However, due to combined effects of the 3D turbulent wind and the aeroelastic interaction, as well as the dynamics 
introduced by the controller, the substructure also experiences excitation in the SS direction. Considering these loading conditions, 
the substructure’s input vector 𝐩 comprises the 8 interface forces and bending moments depicted in Fig.  3(a): 

𝐩1 =
[

𝙵𝟶𝙵𝙰 𝙼𝟶𝙵𝙰 𝙵𝟶𝚂𝚂 𝙼𝟶𝚂𝚂 𝙵𝟷𝟽𝟻𝙵𝙰 𝙼𝟷𝟽𝟻𝙵𝙰 𝙵𝟷𝟽𝟻𝚂𝚂 𝙼𝟷𝟽𝟻𝚂𝚂

]𝑇 (33)

It should be noted that the interface forces and moments at the tower top are due to the combined effects of the external wind 
pressure, the vibration of the blades, the rotation of the rotor and the actions of the controller.

5.3.1. Case study 1 results — state estimation
The performance of the proposed approach for state estimation is assessed by comparing the actual response with the AKF 

estimated response at four representative DOFs. Due to an interest in gaining further insight into the foundation behaviour, the 
ground level displacement and rotation were included in the set to be analysed. However, as this node is collocated with sensors, 
the displacements and rotations were also compared at a submerged location where no sensors were installed (15m). In summary, 
the selected DOFs for comparison include the displacements and rotations at the ground level (0m) and halfway to the mean water 
level (15m): {𝚡0𝙵𝙰, 𝜃0𝙵𝙰, 𝚡𝟷𝟻𝙵𝙰, 𝜃𝟷𝟻𝙵𝙰}.

Fig.  5 compares the AKF results with the actual results for all three sensor set-ups. Focusing first on the results where displacement 
sensors are used to supplement the accelerometers (labelled ‘Dense: 𝚡-𝚊’), the figures show that high accuracy has been achieved 
in the time domain response for the displacements and rotations at both locations. This conclusion is reinforced by the 𝑇𝑅𝐴𝐶 and 
𝐹𝑅𝐴𝐶 scores being close to 1, indicating that the response has been estimated well in both the time domain and frequency domain.

Now considering the results from the set-up with all inclinometers and accelerometers (labelled ‘Dense: 𝜃-𝚊’), it can be seen that 
the rotations were identified with similar accuracy to the case with displacement sensors. However, the time domain response for 
the displacements show that the AKF significantly diverges from the true response, so much so that the response cannot be seen 
in the magnified figures. This is an artefact of the unconstrained substructure, since with only measurements from rotations and 
accelerations, the AKF has no way to penalise the error in the absolute position of the wind turbine, which leads to the observed drift 
in the figures. If displacement sensor are not used, the displacements of this unconstrained structure would be unobservable. This 
drift also contributes to a drop in the 𝑇𝑅𝐴𝐶 values and an increase in the 𝑀𝐴𝐸s which can be seen in Figs.  5(a) & 5(c). However, 
these figures also show that the corresponding 𝐹𝑅𝐴𝐶 values remain high and similar to the values obtained for the sensor set-up 
with displacements, suggesting that the response was still estimated well in the frequency domain. One possible explanation for this 
could be the inability to estimate the substructure’s rigid body motion. To strengthen this argument, Fig.  6 compares the estimated 
11
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Fig. 5. Comparison between actual response and AKF estimated response at selected DOFs for the three sensor set-ups (Case Study 1). From left to right: entire 
response duration, magnified excerpt, 𝑇𝑅𝐴𝐶/𝐹𝑅𝐴𝐶/𝑀𝐴𝐸 values.
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Table 3
𝑇𝑅𝐴𝐶, 𝐹𝑅𝐴𝐶, and 𝑀𝐴𝐸 for selected degrees of freedom in the fore–aft and side–side directions.
 Sensor Metric State identifier
 Set-up 𝚡0𝙵𝙰 𝚡0𝚂𝚂 𝜃0𝙵𝙰 𝜃0𝚂𝚂 𝚡𝟷𝟻𝙵𝙰 𝚡𝟷𝟻𝚂𝚂 𝜃𝟷𝟻𝙵𝙰 𝜃𝟷𝟻𝚂𝚂  
 
Dense: 𝚡-𝚊

𝑇𝑅𝐴𝐶 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 
 𝐹𝑅𝐴𝐶 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 
 𝑀𝐴𝐸 8e−6 1e−6 2e−6 2e−7 1e−5 1e−6 1e−6 2e−7  
 
Dense: 𝜃-𝚊

𝑇𝑅𝐴𝐶 0.909 0.385 1.000 1.000 0.902 0.380 1.000 1.000 
 𝐹𝑅𝐴𝐶 0.990 0.751 1.000 1.000 0.991 0.749 1.000 1.000 
 𝑀𝐴𝐸 0.300 5.346 2e−6 2e−7 0.300 5.346 1e−6 3e−7  
 
Sparse: 𝜃-𝚊

𝑇𝑅𝐴𝐶 0.746 0.430 1.000 1.000 0.750 0.425 1.000 1.000 
 𝐹𝑅𝐴𝐶 0.980 0.785 1.000 1.000 0.979 0.783 1.000 1.000 
 𝑀𝐴𝐸 13.300 27.064 6e−7 2e−7 13.300 27.064 2e−6 5e−7  

response in modal coordinates for the sensor set-up ‘Dense: 𝜃-𝚊’. Figs.  6(a)–6(d) show the estimated and actual rigid body modes, 
whereas Figs.  6(e)–6(p) show the remaining modes (normal and attachment). These figures show that the normal and attachment 
modes have been estimated with high accuracy and it is only the rigid body modes that exhibit the same drift that is observed in 
the displacement response from Figs.  5(a) and 5(c). Therefore, it can be concluded that despite the inability to estimate the absolute 
displacement when inclinometers are used, the contribution of the response from the internal and attachment modes is still captured 
with high accuracy, comparable to that achieved with displacement sensors.

Fig.  5 further indicates that using the sparse sensor set-up yields similar performance and observations as the ‘Dense: 𝜃-𝚊’ sensor 
set-up. It is worth noting that the displacement DOFs exhibit smaller 𝑇𝑅𝐴𝐶 values and larger 𝑀𝐴𝐸s, primarily due to a drift with 
larger magnitude. However, this does not affect the estimated performance in the frequency domain. Interestingly, based on Fig.  5(d) 
(particularly observing the 𝑀𝐴𝐸s), it could be argued that the sparse sensor set-up slightly outperforms the dense sensor set-ups. 
The minor differences observed between the sparse and dense configurations are due to the different observations available for each 
set-up. However, these results show that with well-placed sensors ensuring observability of the desired state, a reduced number of 
sensors can still achieve comparable accuracy to the dense configurations, reinforcing the robustness of the method.

Although Fig.  5 presents only the DOFs in the fore–aft direction, state estimation in the side–side direction showed similar 
trends, as reflected in the performance metrics in Table  3. Furthermore, the damage distributions introduced in Section 5.3.2 provide 
additional insight into state estimation performance for all nodes of the substructure, in both the fore–aft and side–side directions.

5.3.2. Case study 1 results — fatigue damage
Once the displacements and rotations have been estimated, they can be used to calculate the damage for the corresponding 

node in the FE model, using the approach outlined in Section 5.2.1. This was carried out for every node in the FE model to obtain a 
distribution of the damage along the height of the substructure. According to Miner’s rule (Eq. (30)), failure is assumed to occur when 
the accumulated damage value reaches 1. Therefore, the damage values presented here represent the contribution over a 10 min 
period towards this reference threshold. However, this threshold is an approximation and does not necessarily indicate actual failure, 
as it does not account for load sequence effects or other nonlinear damage accumulation mechanisms [60]. Nonetheless, this damage 
model provides a convenient framework for comparing the predicted and actual fatigue estimates.

Fig.  7 shows the damage distributions for the substructure in both the fore–aft and side–side directions. The fore–aft damage was 
computed from the stress time history at the outer diameter of the tower’s cross-section, aligned with the dominant wind direction 
at each node. Similarly, the side–side damage was calculated in the perpendicular direction to the dominant wind. As a result, the 
fore–aft and side–side damage distributions are only influenced by their corresponding bending moments. Since the estimated nodal 
displacements were required to compute the stresses, the damage distributions shown in Fig.  7 also provide a compact representation 
for comparing the global performance of the proposed approach for state estimation. This figure shows that, despite the previously 
discussed drift due to the lack of displacement measurements, the AKF has accurately captured the fatigue distributions along the 
tower for all three sensor configurations. This is due to the fact that the rigid body motion does not contribute to the accumulated 
fatigue damage, so only the normal modes and attachment modes need to be estimated well to get a good estimate of the accumulated 
damage. Therefore, if the end goal is to estimate accumulated fatigue damage, then displacement sensors are not necessary. This is 
an interesting observation that demonstrates that the occurring lack of observability of the rigid body displacements does not affect 
the model’s fatigue estimates.

Minor differences can be observed between the different sensor set-ups in Fig.  7. For example, between 120 and 150 metres 
above ground level, the Sparse: 𝜃-𝚊 set-up outperforms the dense configurations in the fore–aft direction but shows slightly reduced 
accuracy in the side–side direction. As discussed in Section 5.3.1, these differences mainly arise because different observations result 
in varying levels of performance. However, since the normal and attachments modes are observable for all three configurations, the 
different sensor setups perform comparably for fatigue estimation. This is a case where the use of the additional sensors does not 
result in significant improvement of the estimated quantities. As expected, even if those additional sensors appear to be redundant 
in the cases studied, their use does not practically lead to deteriorating the estimated quantities. The additional information they 
offer could nonetheless be beneficial when dealing with other cases where there would be greater modelling errors and higher noise 
levels.
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Fig. 6. Estimated modal displacements when using ‘Dense: 𝜃-𝚊’ sensor set-up (red-dashed lines) vs. actual response (solid-black line). Sub-figures (a)–(d): rigid 
body modes, sub-figures (e)–(h): normal modes, sub-figures (i)–(p): attachment modes.

Fig. 7. Accumulated damage at each node in the FE model (Left figure: fore–aft damage distribution. Right figure: side–side damage distribution).
14
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5.3.3. Case study 1 results — input estimation
Figs.  8 and 9 compare the estimated inputs at the ground level interface and the tower top interface respectively. Overall, these 

figures show that the AKF has been able to accurately estimate the main trends in the time domain for all sensor setups, which 
is further indicated by 𝑇𝑅𝐴𝐶 values close to 1 for almost all interface inputs. Moreover, the high 𝐹𝑅𝐴𝐶 values indicate that 
the response in the frequency domain has also been accurately estimated. Comparing results between sensor sets ‘Dense: 𝚡-𝚊’ and 
‘Dense: 𝜃-𝚊’, it can be seen that the two sensor setups perform competitively. This suggests that for the task of input estimation, it is 
reasonable to substitute displacement sensors with inclinometers without sacrificing performance. Now considering the results from 
the ‘Sparse: 𝜃-𝚊’ setup, the figures show that all inputs have also been estimated with high performance. However, compared with 
the dense sensor setups, it can be seen that the 𝑀𝐴𝐸s increase for the ground level inputs (Fig.  8). This is mainly due to a time lag 
in the estimated inputs (most noticeable in Fig.  8(a)). This time lag is influenced by various factors, but in this case, one significant 
cause is the number and placement of accelerometers. This affects the terms in the direct feedthrough matrix 𝐉 and consequently 
impacts the input–output coupling. This potentially motivates the use of optimal sensor placement strategies to design sensor set-ups 
for which this time lag is minimised. However, such an investigation is outside the scope of this paper.

An additional observation that can be made from Figs.  8 & 9, is a DC offset in the estimated response for certain inputs and 
sensor setups. This is most noticeable for the fore–aft shear force at the tower top interface (see Fig.  9(a)). One explanation for this 
offset relates to p-delta effects [61]. These effects arise due to the offset between the RNA’s centre of mass and the top of the tower, 
which introduces a non-linear contribution to the lateral response from gravity forces. This non-linearity is captured by the Simulink 
model used to generate data. However, the linear FE model used for identification in the AKF does not account for these nonlinear 
p-delta effects. Consequently, the AKF has to compensate for this in the estimated inputs, resulting in the observed DC offset. To 
verify that this was the dominant cause of the offset, a less realistic forward simulation was run using the Simulink model to obtain 
measurement data without gravity forces included. Fig.  10(a) presents an excerpt of the estimated fore–aft shear force at the tower 
top for the dataset without gravity. A comparison between Figs.  10(a) and 9(a), reveals a significant reduction in the offset to a 
negligible level. Similar observations were made for the remaining 7 inputs, so their time domain responses are not displayed here. 
However, Fig.  10(b) presents a comparison of the 𝑀𝐴𝐸s across all inputs between datasets which either include or exclude gravity 
forces. This figure shows a reduction in the 𝑀𝐴𝐸 for all estimated inputs when gravity forces are omitted from the simulated data. 
Therefore, it is reasonable to conclude that the p-delta effects were a significant cause of this offset. It is interesting to note however, 
that this DC offset in the inputs does not impact the performance for state estimation and fatigue estimates.

5.4. Case study 2: wind and wave loading

In the previous case study, still water conditions were assumed, so that no forces resulted from hydrodynamic wave loading. 
Building upon these results, this case study used simulated data that considered both aerodynamic and hydrodynamic loading. To 
generate this synthetic data, the same turbulent wind field from Case Study 1 was used, with the wind field aligned in the fore–aft 
direction. For the hydrodynamics, unidirectional wave loading was applied, which was calculated based on a JONSWAP spectrum 
defined by a significant wave height of 4.5m and a peak wave period of 11 s. To explore the impact of misaligned wind and waves, 2 
simulations were run: one with a wave yaw angle of 0◦ and another with a wave yaw angle of 30◦. Here, a yaw angle of 0◦ indicates 
that the waves are aligned in the fore–aft direction and a yaw angle of 90◦ indicates that the waves are aligned in the side–side 
direction.

As a result of the wave loading, forces and moments act on each submerged node in the FE model. Attempting to estimate 
each of these forces and moments individually would result in an excessive number of inputs to be estimated for the given sensor 
setups. However, this paper’s focus is not on estimating wave inputs but on interface forces and substructure states. Therefore, two 
approaches were implemented to account for the wave loads, while maintaining high accuracy in the quantities of interest.

In the first approach, the input vector was identical to that of Case Study 1, which included the 8 interface inputs: 
𝐩1 =

[

𝙵𝟶𝙵𝙰 𝙼𝟶𝙵𝙰 𝙵𝟶𝚂𝚂 𝙼𝟶𝚂𝚂 𝙵𝟷𝟽𝟻𝙵𝙰 𝙼𝟷𝟽𝟻𝙵𝙰 𝙵𝟷𝟽𝟻𝚂𝚂 𝙼𝟷𝟽𝟻𝚂𝚂

]𝑇 . (34)

In other words, with this set of inputs, the AKF does not attempt to estimate the wave excitation, which is non-zero for Case Study 
2. This approach was included primarily to investigate the necessity of estimating unmeasured wave inputs.

In the second approach, the force applied on each submerged node followed a triangular distribution. Here, the wave force at 
the ground level was constrained to be 0 and linearly increased to a value of 𝙵𝚠 at the mean water level. This approximation is 
visually represented in Fig.  11.

It should be noted that in the simulations the spatial distribution of the wave forces along the tower changes over time as it is 
frequency dependent. As such the triangular approximation here corresponds to a simplification of the actual wave distribution that 
generated the data. To account for potential misalignment or spreading of waves, two triangular distributions were estimated: one 
in the fore–aft direction and one in the side–side direction. As a result, the input vector for the second approach, 𝐩2, included two 
additional inputs: 

𝐩2 =
[

𝙵𝟶𝙵𝙰 𝙼𝟶𝙵𝙰 𝙵𝟶𝚂𝚂 𝙼𝟶𝚂𝚂 𝙵𝟷𝟽𝟻𝙵𝙰 𝙼𝟷𝟽𝟻𝙵𝙰 𝙵𝟷𝟽𝟻𝚂𝚂 𝙼𝟷𝟽𝟻𝚂𝚂 𝙵𝚠𝙵𝙰 𝙵𝚠𝚂𝚂

]𝑇 , (35)

where 𝙵𝚠𝙵𝙰 and 𝙵𝚠𝚂𝚂 are the triangular approximation’s forces at the MWL in the fore–aft and side–side directions, respectively. 
It should be noted that the values of the distributions at the top are assumed to be independent for identification purposes, even 
though in the simulation these were the projections of a wave excitation applied at a yaw angle. In other words, the identification 
model is not making use of this additional knowledge.
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Fig. 8. Shear forces and bending moments at the ground level interface for the three sensor set-ups (Case Study 1). From left to right: entire response duration, 
magnified excerpt, 𝑇𝑅𝐴𝐶/𝐹𝑅𝐴𝐶/𝑀𝐴𝐸 values.
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Fig. 9. Shear forces and bending moments at the tower top interface for the three sensor set-ups (Case Study 1). From left to right: entire response duration, 
magnified excerpt, 𝑇𝑅𝐴𝐶/𝐹𝑅𝐴𝐶/𝑀𝐴𝐸 values.
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Fig. 10. Results for input estimation with synthetic data that excludes gravity forces (Case Study 1).

Fig. 11. Triangular wave loading approximation.

5.4.1. Case study 2 results
Regarding the influence of the three sensor set-ups, similar observations and conclusions to those discussed in Case Study 1 were 

also found here. Therefore, results are only presented for the ‘Sparse: 𝜃-𝚊’ sensor set-up. First a discussion is made on the damage 
distributions, before presenting the results from input estimation. A comparison is drawn between the estimated results obtained 
from using the two input vectors 𝐩1 and 𝐩2. Since the damage distributions provide insight into the performance of state estimation 
for the entire substructure, the response at individual DOFs is not presented here.

Fig.  12 shows the damage distributions caused by the two excitations studied in Case study 2, corresponding to wave yaw angles 
of 0◦ and 30◦.

These figures demonstrate that, overall, the fatigue damage has been accurately estimated. However, a drop in performance was 
observed at nodes closer to the ground level interface when the wave inputs were not estimated and were instead assumed to be zero 
(i.e. when using 𝐩1), whereas the triangular approximation achieved a level of accuracy comparable to that of Case Study 1 (see Fig. 
7 vs. Fig.  12). It is interesting to note that when the waves are aligned in the fore–aft direction, the estimated damage distribution 
in the side–side direction is similar for both input vectors 𝐩1 and 𝐩2 (see Fig.  12(a)). This was expected due to the symmetry of the 
substructure, resulting in a reduced order model that is decoupled in the fore–aft and side–side directions. Therefore, when waves 
are aligned in the fore–aft direction, there is minimal impact on the estimated response in the side–side direction, rendering 𝙵𝚠𝚂𝚂
unnecessary. However, when a yaw angle is present, a drop in accuracy was observed when wave inputs were excluded (see Fig. 
12(b)), and the inclusion of 𝙵𝚠𝚂𝚂 in the estimated quantities was required to restore previous levels of accuracy.

Fig.  13 presents the results for input-estimation at the ground level interface. Here it can be seen that when wave inputs are not 
included, the inputs are underestimated. Examining the power spectral densities reveal that although the peaks corresponding to 
18
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Fig. 12. Case Study 2 damage distributions. (solid black line: actual damage, blue dash-dotted line: damage when no wave inputs were considered, red dashed 
line: damage when triangular approximation was used).

the first and second tower modes are estimated at the correct frequencies, the magnitude has been underestimated around the first 
mode, contributing to the errors seen in the time domain. One possible explanation for this is that the interface forces and moments 
have to compensate for the additional loading, which is present due to the waves but not estimated. Therefore, it can be concluded 
that for accurate estimation of the interface inputs, it is important to account for the presence of wave loading in the input vector. 
Moreover, it can be seen that using a simple triangular approximation for this purpose yields highly accurate estimated inputs.

It is worth mentioning that the presence of waves had less impact on the accuracy of the estimated inputs at the tower top 
interface, with results comparable to those of Case Study 1. As a result, they are not included here.

6. Conclusions

In this work, a sub-structuring approach has been applied for input-state estimation of a wind turbine sub-structure. By applying 
a cut at the top of the tower as well as at the ground level, the resulting sub-structure only requires modelling details which relate 
to the tower and monopile. This is advantageous as it significantly reduces the model uncertainty since the rotor-nacelle-assembly 
and soil–structure interaction do not need to be modelled.

The accuracy of the proposed approach was evaluated through numerical case studies conducted on a 15 MW offshore wind 
turbine. A higher fidelity wind turbine simulator was used to generate data, while a reduced order linear finite element model 
was used for identification purposes. These case studies demonstrated the capability of the suggested framework to achieve high 
performance for state and input estimation, as well as predicted fatigue damage. Regarding the interface forces, an offset was 
observed in the estimated interface forces, which was attributed to the linear finite element model not accounting for the non-linear 
p-delta effects due to gravity forces. This was confirmed by simulating a less realistic dataset, where forces due to gravity were not 
considered; for this case, the offset was negligible. Nonetheless, despite this offset, the overall trend in the estimated inputs was still 
found to be captured well, with high accuracy in the frequency domain. Similar results for the inputs were obtained irrespective 
of whether displacement or inclinometer measurements were employed. Moreover, the sparse sensor set-up was shown to produce 
accurate estimates for the interface inputs. However, due to having fewer accelerometers, the response was estimated with a time 
lag, and was attributed to the reduced contribution from terms in the direct feedthrough matrix 𝐉.

The states were also found to be estimated very accurately and were not affected by the aforementioned p-delta effects. 
However, when the displacement sensors were swapped for inclinometers in the measurement set, a drift was observed in the 
estimated displacements. This was attributed to the fact that the considered sub-structure is unconstrained, so that inclinometers 
and accelerometers cannot provide any information on the absolute position of the wind turbine. As a consequence of observability 
of this model and the specific sensor setup, the augmented Kalman filter is not able to estimate the rigid body response of the 
wind turbine. This conclusion was reinforced by examining the estimated modal displacements, where it was shown that all modes 
apart from the rigid body modes were accurately estimated. Note that if one displacement sensor is available to supplement the 
inclinometers and accelerometers, then the rigid body motion can also be estimated. This conclusion could potentially advise future 
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Fig. 13. Ground level interface input estimation for Case Study 2 (wind and wave loading). From left to right: entire response duration, 10 s magnified excerpt, 
power spectral density.
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measurement campaigns to consider installing at least one GPS sensor in each direction, for example in the nacelle, to provide 
this information. However, since the rigid body motion does not contribute to the deformation of the sub-structure, the predicted 
accumulated damage was found to be estimated with equal accuracy regardless of the sensor type.

In a second case study, the influence of both wind and wave loading was investigated. Here it was shown that the performance 
declines if inputs are not considered to account for the wave loading. Consequently, such excitations should be included in the 
inputs to be estimated. Furthermore, it was then demonstrated that a triangular distribution can be used to approximate the wave 
loading. This straightforward approximation only required two additional inputs and was shown to yield results with high accuracy 
in both the estimated damage distributions and the interface inputs.

Due to the significantly reduced model uncertainty, the proposed approach is considered to be a more robust method for 
estimating the states and inputs for the tower substructure, compared with trying to model the entire system. In addition, the 
method is computationally efficient and can be implemented in real-time, making it suitable for online applications.

While a key advantage of the framework lies in its minimal assumptions, meaning that very few would need to be removed 
for real-world applications, it is important to highlight its main limitations. In this study, the substructure model properties were 
assumed to be known. However, in real-world applications, there may exist uncertainties related to the definition of certain 
parameters, such as water level, hydrodynamic added mass coefficient, and modelling of the transition piece. If such parameters 
are thought to introduce significant modelling error, then the framework could be developed to include parameter estimation. In 
addition, accelerometers alone were found to be insufficient to accurately estimate inputs, resulting in a decrease in performance 
for state and fatigue estimation. Consequently, the number of inclinometers required to supplement the accelerometers used in this 
work may be greater than that which is typically available in practice. While collocation at the interface degrees of freedom was 
assumed in this work, this is not a strict requirement for successful input-state estimation; however, such an arrangement may still 
improve performance. An optimal sensor placement strategy was not considered in this work, and further studies are needed to 
explore this aspect.

While including a foundation model could allow for observability of the rigid displacements, the suggested approach allows for 
removing assumptions about the soil–structure-interaction model without consequences for the estimated fatigue life of the structure. 
Future work will look into methods to estimate soil stiffness properties based on the estimated ground level displacements and forces, 
while applying the substructuring approach to field data for real-world monitoring of offshore wind turbines.
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