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Abstract

One of the fundamental features that separates quantum physics from

classical physics is the idea of quantum superposition, also known as co-

herence. This thesis concentrates on understanding quantum coherence

in the mathematical framework of resource theories, viewing it both as

a resource to be harnessed and as a way to quantitatively characterise

quantum states in contrast to classical states.

We first examine the type of coherence resource theory which has emerged

recently to cope with general settings where the physical nature of the

medium encoding information is not crucial, such as computation. We

identify the set of quantum processes in which coherence is neither created

nor used, and use these to provide a physically motivated resource theory

pictured in terms of interferometry. Using the same concepts, we then find

connections between coherence and discord, a type of quantum correlation.

In particular, we show how coherence can be used to generate discord, and

explore basis-dependent discord as an intermediate quantity.

The second part of the thesis applies the resource theory framework to

quantify quantum macroscopicity, taken here to mean the extent to which

coherence exists in a system on a macroscopic scale. We find the appro-

priate type of resource theory for this purpose, giving criteria for good

measures of macroscopic coherence. We use these criteria to evaluate

some previously proposed measures and highlight the role of the quantum

Fisher information. Next, we build up measures based on the concept

of macroscopic distinguishability and use them to show that macroscopic

quantum states are fragile to noise induced by interaction with an envi-

ronment. Finally, we apply measures based on the Fisher information to

a range of experiments involving mechanical degrees of freedom, in order

to compare their macroscopicity.
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thank Florian Fröwis for hosting a productive visit to Geneva and for

many resulting discussions. For proof-reading, I am particularly indebted

to Felix Tennie, Reevu, and Davide. I gratefully acknowledge funding

from the EPSRC and Wolfson College in connection with the scholarship

from Simon Harrison.

Finally, I can’t thank my family enough, in particular my brother and

parents, for their continued support and generosity, and especially Vera

for managing to put up with me every day.



Contents

1 Overview 1

2 Introduction 6

2.1 Quantum states and observables . . . . . . . . . . . . . . . . . . . . . . . 6

2.1.1 Basics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.1.2 Qubits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.1.3 Continuous variables . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.2 Quantum operations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.2.1 Closed systems – unitary evolution . . . . . . . . . . . . . . . . . 12

2.2.2 Projective measurements . . . . . . . . . . . . . . . . . . . . . . . 13

2.2.3 Gates and circuits . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.2.4 General quantum operations . . . . . . . . . . . . . . . . . . . . . 14

2.2.5 Master equations . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.3 Information theory – classical and quantum . . . . . . . . . . . . . . . . 17

2.3.1 Entropy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.3.2 Distinguishability . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.3.3 Fisher Information . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.4 Resource theories . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.4.1 Basic structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.4.2 State transformations . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.4.3 Measures of resources . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.5 Quantum macroscopicity . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.5.1 Model-independent tests . . . . . . . . . . . . . . . . . . . . . . . 26

2.5.2 Collapse models . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.5.3 Quantum properties . . . . . . . . . . . . . . . . . . . . . . . . . . 27

i



3 Free operations for speakable coherence 29

3.1 Incoherent operations – first attempt . . . . . . . . . . . . . . . . . . . . 30

3.2 Incoherent operations which do not use

coherence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

3.3 Physical meaning of SI operations . . . . . . . . . . . . . . . . . . . . . . 35

3.3.1 Operations in an interferometer . . . . . . . . . . . . . . . . . . . 35

3.3.2 Dilation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.4 Monotones . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3.5 Comparison with other incoherent operations . . . . . . . . . . . . . . . 43

3.5.1 Translationally invariant operations . . . . . . . . . . . . . . . . 43

3.5.2 Genuinely and fully incoherent operations . . . . . . . . . . . . 45

3.5.3 Physical incoherent operations . . . . . . . . . . . . . . . . . . . 48

3.5.4 Dephasing-covariant incoherent operations . . . . . . . . . . . . 49

3.5.5 Coherent transport and cooling maps . . . . . . . . . . . . . . . 51

3.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

4 Relating coherence and discord 55

4.1 Basics of quantum discord . . . . . . . . . . . . . . . . . . . . . . . . . . 56

4.2 Creating discord from coherence . . . . . . . . . . . . . . . . . . . . . . . 59

4.2.1 Measures of multipartite coherence and discord . . . . . . . . . 59

4.2.2 General bounds . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

4.2.3 Application to DQC1 algorithm . . . . . . . . . . . . . . . . . . 66

4.3 Incoherent operations and discord . . . . . . . . . . . . . . . . . . . . . . 68

4.3.1 Basis-dependent discord (BDD) . . . . . . . . . . . . . . . . . . . 68

4.3.2 Vanishing BDD . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

4.3.3 Behaviour under local operations . . . . . . . . . . . . . . . . . . 73

4.3.4 Recovery from local dephasing . . . . . . . . . . . . . . . . . . . 78

4.3.5 Implications for basis-independent discord . . . . . . . . . . . . 81

4.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

5 Quantifying macroscopic coherence 88

5.1 Defining the problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

5.2 Digression: asymmetry and reference frames . . . . . . . . . . . . . . . 90

ii



5.3 Monotones . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

5.3.1 Distance-based measures . . . . . . . . . . . . . . . . . . . . . . . 92

5.3.2 Variance and QFI . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

5.3.3 Generalised QFI . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

5.4 QFI as an asymptotic preparation cost . . . . . . . . . . . . . . . . . . . 95

5.4.1 Continuous spectrum . . . . . . . . . . . . . . . . . . . . . . . . . 96

5.4.2 Harmonic spectrum . . . . . . . . . . . . . . . . . . . . . . . . . . 97

5.4.3 Arbitrary discrete spectrum . . . . . . . . . . . . . . . . . . . . . 98

5.4.4 Formation of mixed states . . . . . . . . . . . . . . . . . . . . . . 99

5.5 From coherence to macroscopicity . . . . . . . . . . . . . . . . . . . . . . 100
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Chapter 1

Overview

During the development of quantum theory in the early twentieth century, it became

evident that certain distinguishing features set the new theory far apart from its

classical predecessor. The “quantisation” that provides the theory with its name refers

to the fact that certain quantities, such as energy, have to be discrete in situations

where they would classically be continuous. This was the foundation of Einstein’s

explanation of the photoelectric effect [8] in terms of particles of light (photons) and

the Bohr-Sommerfeld model of the atom [9,10]. On the other hand, as hypothesised by

de Broglie and first experimentally shown for electrons by Davisson and Germer [11],

objects that previously would have been envisaged as discrete particles also have

a wave-like character. As had been understood much earlier, the observation of

interference in classical optics requires coherence. In general (there are spatial and

temporal versions), coherence means that different parts of a wave have a fixed phase

relationship [12]. The same applies to interference of quantum particles, although now

the phase is an intrinsic property of the wavefunction, rather than a classical field. If

quantum coherence exists between two points in the wavefunction of a particle, then

it can be understood as being in a superposition of both locations simultaneously.

More generally, quantum coherence in an arbitrary system can be taken to mean

the existence of a superposition of at least two different states. Note that quantum

coherence is understood to mean something subtly different (though definitely related)

in quantum optics, referring to correlations between fields at different points that

cannot exist with classical light [13,14]. While the concept of coherence, and various

measures to quantify it, have been ubiquitous for decades, it is only recently that a full

rigorous mathematical framework for axiomatising such measures in great generality
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has been sought [15].

The framework at its core regards quantum coherence as a resource – something

which can be exploited to perform a task. This perspective has a long and successful

history throughout the development of quantum information theory and quantum

technologies, in which genuinely quantum features are utilised as resources to provide

an advantage (such as greater speed, efficiency or precision) over classical resources.

The plethora of developing and potential quantum technologies could be said to orig-

inate with Feynman’s visionary proposal that the high complexity of quantum pro-

cesses is best simulated by quantum systems rather than classical computers [16,17].

The work of Deutsch [18] and others similarly led to the subject of quantum comput-

ing, whose aim is to identify quantum algorithms for a range of computational prob-

lems [19]. While a universal quantum computer has not yet been realised, a number of

systems including superconducting devices, trapped ions, and photons are promising

candidates [20]. Beyond computing, there are possibilities for using quantum systems

in cryptography [21–23] and other communication tasks [24]. Quantum metrology is

the science of using quantum states as probes of physical quantities or parameters in

order to attain a level of statistical precision beyond classical limits [25–27]. Most

recently, there has been theoretical and experimental evidence to suggest that coher-

ence plays a crucial role in accounting for the efficiency of some biological processes,

including energy transport in photosynthesis and magneto-reception in birds [28–32].

Of all quantum resources, arguably none has been explored more than entangle-

ment [33]. It is known to be a resource in (pure state) quantum computation [34],

dense coding [35] and state teleportation [36], to name just a few cases. The math-

ematical structures for rigorously defining measures of entanglement were developed

with its role as a resource in mind [37,38]. This has led to the pervasive view that fun-

damental quantum properties can be understood and quantified by thinking about

how they might be useful. Therefore the motivation for a resource theory is not

only practical: we expect that this approach can tell us something deeper about the

structure of quantum states. For example, considerations about reversibility have

uncovered parallels between entanglement theory and the second law of thermody-

namics [39].

In Chapter 3, we consider how to build a resource theory of coherence of a type

first suggested recently by Baumgratz et al. [40]. This has been termed a theory
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of “speakable” coherence by Marvian and Spekkens [41], referring to its envisaged

applicability in situations typically considered as “information-theoretic”, where the

exact nature of the physical system encoding information is not important. The

strength of this proposal is its attempt at great generality; its weakness is that its

physical relevance is not immediately clear. We propose a modification of the original

resource theory which we argue properly takes into account the resources needed to

perform operations in which coherence is not created. We give a physical basis for

this theory by relating it to interferometry, and make a detailed comparison with

similar recent proposals.

In Chapter 4, we connect this theory of coherence to a kind of quantum correlation

known as discord [42–44]. We show how the coherence of individual subsystems can be

traded for discord between subsystems. Furthermore, we give some new perspectives

on the status of discord as a resource, including a critical analysis of whether either

coherence or discord is the crucial resource for a noisy model of computation [45].

In addition, while discord has no known resource theory, we offer some insights for

potential progress in this direction by studying its behaviour under processes where

coherence is valuable.

In the latter part of the thesis, we change perspective to view coherence as a way

of distinguishing quantum states from classical states, in particular at large scales.

Thanks to extensive experimental testing of quantum theory to high precision, the

superposition principle has been shown to hold at least for microscopic systems. In

principle, there is nothing in the theory that prevents this from being true up to

the macroscopic scale. However, that is at odds with our experience of the classical

macroscopic world. The apparent absurdity of macroscopic superpositions was fa-

mously highlighted by Schrödinger’s thought experiment [46] of a cat inside a box,

whose fate is determined by a nucleus decaying probabilistically via a coherent quan-

tum process. Before being disturbed by an outside entity such as an observer, if

quantum theory holds fully, the state of the contents of the box should be a superpo-

sition of two “branches” which are macroscopically distinct (a dead cat versus a live

cat).

One way of explaining why such states are never seen is to realise that the box

is never truly isolated: there is always an interaction with the environment. Such

interactions typically result in decoherence, whereby quantum effects are diluted. The
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need for increasingly high precision in the control of ever larger and more complex

systems, in order to avoid decoherence, is responsible for the great experimental

challenge of quantum technologies [47,48]. Similar arguments attribute the difficulty

of observing macroscopic superpositions to limited precision in measurements [49–51].

However, arguments of this type do not explain why we only see one branch of the

superposition. A number of more extreme proposals posit new physical laws, including

fundamental modifications to quantum mechanics and possible effects due to quantum

gravity [52–54]. These predict negligible changes to the dynamics of microscopic

systems but a fast collapse of macroscopic superpositions.

The matter can only be settled by experimental tests – in recent decades, quantum

superpositions have been pushed to ever larger scales [55–57]. While none of these

could yet be described as macroscopic, the term mesoscopic might be appropriate.

Early breakthroughs were made in the demonstration of wave-like behaviour of C60

molecules [58], and of the superposition of electrical currents differing by the order

of µA in superconducting devices [59–61]. Since then, progress has been made in

these systems and in others, including photonic systems [62,63] and micro-mechanical

oscillators [64].

With such a variety of systems and types of states, it is desirable to have a way of

quantifying and comparing how well each experiment tests the superposition principle

at the macroscopic scale. In the literature, a large number of such measures have

been proposed [54,55,65–70] – typically these are referred to measures of macroscopic

quantumness or quantum “macroscopicity”. This proliferation of measures, for which

it is often hard to see a relation between any two, shows that deciding on a consistent

definition of a “macroscopic quantum state” is no trivial task.

Chapter 5 proposes a general formal structure for deciding what quantities are ap-

propriate for measuring macroscopicity. This is another resource theory of coherence

– of the “unspeakable” type, in that the physical basis for the information storage is

crucial. We give criteria for good measures of macroscopic coherence and test some

previous proposals against these criteria, highlighting the importance of one measure

based on the quantum Fisher information.

In Chapter 6, we explore the concept of macroscopic distinguishability phrased

in terms of the measurement precision needed to discriminate between branches of a

superposition. We construct coherence measures from this principle and show that
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they satisfy the resource theory criteria of Chapter 5. As a consequence, we find new

results about the susceptibility of entanglement to decoherence when a microscopic

system is coupled to a macroscopic one.

Finally, in Chapter 7, we analyse a range of experiments involving superpositions

of states which are distinct with respect to position or momentum variables, in par-

ticular, diffracting molecules and mechanical oscillators. We find two complementary

measures for such systems – one which is extensive the system size, and another which

measures the number of atoms which are genuinely entangled – and compare their

values in the experiments.

Publications

All the results and presentation here are the author’s own, although often developed

in collaboration with others. It is stated explicitly where a result or idea is entirely

due to another person but included for completeness. The work in Chapters 3 and

4 is a rearrangement of the papers [3, 4], with some additional results. Chapter 5 is

based on [2], and Chapter 6 is a collection of the parts of [6] which were derived by

the author. Chapter 7 is based on a manuscript in preparation.
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Chapter 2

Introduction

The purpose of this chapter is to introduce the background material that is relevant

for understanding the context and main concepts of the research presented through-

out the thesis. We start here with the basic machinery of quantum mechanics and

quantum information – this is mainly to establish terminology and notation. Next,

we introduce the general structure of quantum resource theories and the types of

quantities they usually deal with. Finally, we give some background to the subject

of quantifying quantum macroscopicity, with an overview of the types of approaches

taken and measures proposed in previous literature. Some more specialised and tech-

nical background also appears in each of the later chapters. In particular, the fun-

damentals of coherence resource theories are discussed at the start of Chapter 3 as a

way of building up to the main point of the chapter.

Some general remarks about notation and conventions: we write operators without

“hats”, for example Q instead of Q̂ – the only exception is the bosonic mode number

operator n̂ which we distinguish from the integer variable n. After this introduction,

we also use natural units in which h̵ = kB = 1, apart from in Chapter 7 where the SI

unit values of quantities become important. We use the term “iff” as an abbreviation

for “if and only if”.

2.1 Quantum states and observables

2.1.1 Basics

In this thesis, we adopt the Dirac notation [71] for quantum mechanics that has

become standard among much of the physics community. The reader is referred to
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standard texts such as [72,73]. In a closed quantum system, full knowledge about the

state of the system is described by a state vector, or ket ∣ψ⟩ which is an element of a

Hilbert space H, often referred to as a state space. For a given physical state, there

is a global phase freedom under which ∣ψ⟩ and eiθ ∣ψ⟩ are equivalent for any θ ∈ R. To

every ∣ψ⟩ there corresponds a unique dual vector, or bra, ⟨ψ∣, such that ⟨ψ∣φ⟩ is the

Hilbert space inner product between ∣ψ⟩ and ∣φ⟩. While the amplitude ⟨ψ∣φ⟩ is a

complex number, ∣⟨ψ∣φ⟩∣2 ≥ 0 and is interpreted as the probability of obtaining a “yes”

outcome if we perform a measurement that asks “is the system in state ∣ψ⟩ after being

prepared in ∣φ⟩?” – this is known as the Born rule. Such an interpretation is only

possible if we impose a normalisation constraint ⟨ψ∣ψ⟩ = 1 for all state vectors. Unless

otherwise stated explicitly, we will assume that every state vector is normalised.

Two orthogonal states (satisfying ⟨ψ∣φ⟩ = 0) can be regarded as mutually exclusive

and thus fully distinguishable. Given a basis {∣i⟩} consisting of mutually orthogonal

states (i.e. ⟨i∣j⟩ = δi,j, using the Kronecker delta) which span the entire state space

H, every state can be expressed in the form

∣ψ⟩ = ∑
i

ci ∣i⟩ , ci ∈ C, (2.1)

where the normalisation constraint is equivalent to ∑i∣ci∣
2 = 1. (Although we have

used discrete, possibly infinite, sums here, there are situations in which an integral is

appropriate – see Section 2.1.3.) The corresponding expansion for the dual vector is

⟨ψ∣ = ∑i c
∗
i ⟨i∣.

While ∣ci∣2 is the probability of measuring ∣ψ⟩ to be in state ∣i⟩, we are emphatically

not to think of the superposition (2.1) as the description of a system of whose state

we are merely uncertain. Indeed, the use of the complex amplitudes ci in place

of probabilities is often argued to be the fundamental difference between quantum

and classical physics [74]. That adding amplitudes is quite distinct from adding

probabilities can be seen from the following example. Let there be two basis states

∣0⟩ , ∣1⟩ and define

∣±⟩ ∶=
1

√
2
( ∣0⟩± ∣1⟩). (2.2)

Both ∣+⟩ and ∣−⟩ have an equal probability of being found in each of ∣0⟩ and ∣1⟩.

However, their superposition is (∣+⟩+∣−⟩)/
√

2 = ∣0⟩ – this answer would not be obtained

by using the rules of classical probability. This phenomenon is at the heart of quantum

interference and wave-particle duality.
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In order to accommodate classical probabilities into the formalism, we represent

a general quantum state by a density operator ρ, which is a linear operator on

H that satisfies ρ� = ρ (i.e., is hermitian), ρ ≥ 0, and the normalisation condition

Trρ = 1. A pure state ∣ψ⟩ corresponds to the outer product ρ = ∣ψ⟩⟨ψ∣, while a

classical probabilistic mixture of a set of pure states {∣ψα⟩} with probabilities {pα}

is

ρ = ∑
α

pα ∣ψα⟩⟨ψα∣ . (2.3)

A sum of this form – as contrasted with a superposition such as (2.1) – will be referred

to here as a mixture, and may in some places be called a convex sum. For a given

ρ, such a decomposition is typically not unique, and in fact can be done in infinitely

many different ways [72]. In a measurement which asks if ρ is in a state ∣φ⟩, the

probability of “yes” is ⟨φ∣ρ∣φ⟩ – which is consistent with both the Born rule and the

classical probabilities of (2.3).

Let us now describe how to treat composite systems. For two subsystems A and B

with respective Hilbert spaces HA and HB, the state space of the combined system is

the tensor product HA ⊗HB. Similarly, two completely independent states ∣ψ⟩A, ∣φ⟩B

are described in the combined system by the tensor product ∣ψ⟩A∣φ⟩B ∶= ∣ψ⟩A ⊗ ∣φ⟩B.

An arbitrary state of AB will typically be written as a sum of terms of this type.

Likewise, for density operators, two independent states ρA, σB are represented by

ρA ⊗ σB.

The density operator formalism is particularly useful for describing smaller parts

of a larger system. For a state ρAB of a bipartite system AB, the state of A on its

own is described by the reduced density operator

ρA ∶= TrB ρAB = ∑
i

⟨i∣BρAB ∣i⟩B, (2.4)

where the sum can be over any basis of HB.

Finally, any physically measurable quantity in quantum mechanics is associated

with an observable, which is represented by a hermitian operator on H. Writing an

observable Q in a spectral decomposition, Q = ∑i qi ∣i⟩⟨i∣, where each eigenvector ∣i⟩ is

a state for which measuring Q yields the value qi. From the Born rule, it can be seen

that the expectation value of Q (i.e., its statistical average from a measurement in
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the {∣i⟩} basis) in a state ρ reads

⟨Q⟩ρ ∶= ∑
i

qi ⟨i∣ρ∣i⟩ = Tr(Qρ). (2.5)

In a composite system (say, AB), an operator acting non-trivially on a single part A

is of the form QA ⊗ IB – we will often write this as QA for brevity.

A projector Π is a particular kind of observable which corresponds to a “yes/no”

measurement – mathematically, it is characterised by Π2 = Π, and so has eigenvalues

0 and 1. When an observable Q is degenerate, each distinct eigenvalue q is associated

with a projector Πq = ∑i∶qi=q ∣i⟩⟨i∣. Thus we can also write Q = ∑q qΠq. These projec-

tors are orthogonal, meaning that ΠqΠq′ = Πqδq,q′ . They are also complete, such that

∑q Πq = I.

In general, two projectors Π,Π′ might not commute, so their commutator [Π,Π′] ∶=

ΠΠ′ −Π′Π is non-zero. Physically, this means that the two measurements cannot si-

multaneously have definite outcomes in every state. Similarly, two non-commuting

observables cannot always have simultaneously well-defined values. One way to ex-

press this quantitatively is via the Heisenberg-Robertson uncertainty principle [75]

V (ρ,A)V (ρ,B) ≥
1

4
∣⟨[A,B]⟩ρ∣

2, (2.6)

where V (ρ,A) ∶= ⟨A2⟩ρ − ⟨A⟩
2
ρ is the variance (a measure of uncertainty) of A in the

state ρ.

2.1.2 Qubits

The simplest quantum system is the qubit, which has a Hilbert space of dimension

two. It is standard to refer to the basis {∣0⟩ , ∣1⟩} as the computational basis. Along

with the identity operator, the Pauli operators provide a basis for all observables;

written as matrices in the computational basis, these are

I = (
1 0
0 1

) , σx = (
0 1
1 0

) , σy = (
0 −i
i 0

) , σz = (
1 0
0 −1

) . (2.7)

Every qubit state can be written in the form ρ = 1
2(I + ∑k=x,y,z rkσ

k), where r =

(rx, ry, rz) is a real vector of modulus ∣r∣ ≤ 1. Considering r as a direction in Euclidean

space, the state space can be pictured as a ball of unit radius centred at the origin –

the Bloch sphere. The set of pure states corresponds to the surface of the sphere,

while the maximally mixed state ρ = I/2 lies at the origin.

9



The computational basis is also the eigenbasis of σz, and the states lying on the

z-axis consist of all mixtures p ∣0⟩⟨0∣ + (1 − p) ∣1⟩⟨1∣ where p ∈ [0,1]. By contrast, the

eigenstates of σx, ∣±⟩, and of σy, (∣0⟩ ± i ∣1⟩)/
√

2, are superpositions of the computa-

tional basis states.

2.1.3 Continuous variables

Please see a reference such as [76] for a full exposition of this subject. First we outline

the mathematical tools suitable for describing the (non-relativistic) motion of massive

particles. A single particle of mass m has position and momentum variables x,p

satisfying the commutation relation [xi, pj] = ih̵δi,j (i = 1,2,3 for three-dimensional

space) – we refer to these variables as quadratures. In free space, its Hamiltonian

is H =
p2

2m . Let us concentrate for now on one spatial dimension; when there is a

harmonic trapping potential of frequency ω, the Hamiltonian becomes

H =
p2

2m
+

1

2
mω2x2. (2.8)

By introducing the annihilation and creation operators a, a�, this may be rewrit-

ten as

H = h̵ω (a�a +
1

2
) , where a ∶=

mωx + ip
√

2mh̵ω
. (2.9)

These satisfy the bosonic commutation relation [a, a�] = 1; with multiple modes ai in

play, one would have [ai, a
�
j] = δi,j. The number operator n̂ ∶= a�a has eigenstates

∣n⟩ , n = 0,1,2, . . . which each contain a definite number of vibrational quanta. In

particular, the vacuum state ∣0⟩ has no quanta but still has zero-point motion,

referring to the fact that V (∣0⟩⟨0∣ , x) and V (∣0⟩⟨0∣ , p) are non-zero, so the particle

cannot be thought of as standing still. The creation operator can be used to construct

all number states from the vacuum state via

∣n⟩ =
a�
n

√
n!

∣0⟩ . (2.10)

As photons are bosonic particles, the same machinery is used in quantum optics

– photonic modes are mathematically described as harmonic oscillators, only with

electromagnetic field components in place of position and momentum. For a single

mode, the Hamiltonian has the same form H = h̵ω(a�a + 1
2), where ω is the mode

frequency. Number states are described in this context as having a definite number of
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photons. The quadratures are formally the same as above, but are now related linearly

to components of the electric and magnetic fields; we express them in dimensionless

form as1

x =
1

√
2
(a + a�), p =

1

i
√

2
(a − a�). (2.11)

Apart from the number states, there are some other families of states that are

frequently encountered in both mechanical and optical systems. A coherent state2

with the parameter α ∈ C is defined by the eigenvalue equation a ∣α⟩ = α ∣α⟩. By

introducing the displacement operator D(α), this can be related to the vacuum

state:

∣α⟩ =D(α) ∣0⟩ , where D(α) ∶= eαa
�−α∗a. (2.12)

The word “displacement” stems from the action on the quadratures

D(α)�xD(α) = x +
√

2Re(α), D(α)�pD(α) = p +
√

2Im(α). (2.13)

Note that the average photon number is given by ⟨n⟩ = ∣α∣2. Large-amplitude coherent

states (and mixtures thereof) are typically considered as good models of classical light.

Part of the reason for this is that the (quantum) fluctuations in number (O(
√

⟨n⟩))

and in the quadratures (O(1)) are negligible compared with the expected photon

number ⟨n⟩. Coherent laser light may be modelled by a pure coherent state for which

argα is the fixed phase of the laser.

Similarly, the squeezing operator S(ξ) lets us construct quadrature-squeezed

coherent states

∣α; ξ⟩ ∶=D(α)S(ξ) ∣0⟩ , where S(ξ) ∶= e
1
2
(ξ∗a2−ξa�

2
). (2.14)

In the case ξ ∈ R, we have S(ξ)�xS(ξ) = e−ξx, S(ξ)�pS(ξ) = eξp, corresponding to

a shrinking scale in one quadrature and an expansion in the conjugate direction

(changing the phase of ξ simply rotates the axes of squeezing). Squeezed light may

be generated by passing coherent laser light through a non-linear medium involving

a process called degenerate parametric down-conversion.

1Note that different conventions exist in the literature, with varying factors of 2 or
√

2.
2It is unfortunate that this long-established terminology conflicts with our later usage of “coherent

state” as meaning “any state that is not incoherent”. In quantum optics, the point is to emphasise
that ∣α⟩ is a superposition of number states. Matters are made worse by our assessment in Chapter
5 that the states ∣α⟩ can be regarded in a sense as the least coherent pure states.
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When a (generic) system with Hamiltonian H is in contact with a heat bath at

temperature T , and has come to equilibrium, it is described by a thermal state

ρth ∶=
e−βH

Tr e−βH
, β ∶=

1

kBT
. (2.15)

For a bosonic mode, this implies that

ρth =
∞

∑
n=0

e−βh̵ω(n+1/2)

Z
∣n⟩⟨n∣ , (2.16)

where Z = ∑
∞
n=0 e

−βh̵ω(n+1/2).

Finally, we introduce a representation of continuous-variable systems in phase

space. Classically, the state of a system is specified by a point in phase space (which

uses positions and momenta as its coordinates) – or in general by a probability distri-

bution over such points. In quantum mechanics, since x and p are not simultaneously

measurable, it is impossible for a system to exist at an exact point in phase space,

and there is some inherent uncertainty in its location. One way (amongst a number

of alternatives) to picture a quantum state in phase space is with the Wigner func-

tion, also known as a quasi-probability distribution. This can be defined via an

integral over position-space matrix elements as

Wρ(q, s) ∶=
1

2πh̵ ∫
∞

−∞
dr eirs/h̵ ⟨q + r/2∣ρ∣q − r/2⟩ . (2.17)

Its marginals recover the probability distribution in any quadrature, for example

∫
∞

−∞
ds Wρ(q, s) = ⟨q∣ρ∣q⟩ (where ∣q⟩ is a position eigenstate). However, unlike a

probability distribution, Wρ can be negative. For example, the Wigner function

of a coherent state ∣α⟩ , α = (q0 + is0)/
√

2 is a Gaussian W(q, s) = 2
πe

−(q−q0)
2−(s−s0)

2
,

which is positive everywhere. On the other hand, for a number state ∣n⟩, we have

W(q, s) = 2
π(−1)nLn(2q2 + 2s2)e−q

2−s2 (where Ln is the nth Laguerre polynomial),

which is much more oscillatory and goes below zero. See Fig. 2.1 for plots of these

two cases.

2.2 Quantum operations

2.2.1 Closed systems – unitary evolution

Having discussed states at single instances in time, let us now focus on how systems

evolve. It is a postulate of quantum mechanics that the state of a closed system
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Figure 2.1: Wigner function plots for (a) the vacuum state ∣0⟩ and (b) a number state
∣3⟩.

changes from one time to another by a unitary transformation, such that ∣ψ⟩ →

∣ψ′⟩ = U ∣ψ⟩, where UU � = U �U = I. At the level of density operators, this is written

as ρ → ρ′ = UρU �. The time-dependent Schrödinger equation defines how this

evolution is generated by the Hamiltonian operator H, the observable corresponding

to energy:

ih̵
d ∣ψ⟩

dt
=H ∣ψ⟩ or ih̵

dρ

dt
= [H,ρ]. (2.18)

Assuming that H is time-independent, the unitary operator giving evolution over a

time t is Ut = e−itH/h̵; we say that H generates the evolution Ut.

2.2.2 Projective measurements

We have already described how to calculate the probabilities of outcomes of simple

“yes/no” measurements, but have not stated how such a measurement affects the

state. This is the content of a separate postulate of quantum mechanics. Let us

state this for a measurement defined by a complete set of mutually commuting pro-

jectors {Πi}: the outcome i occurs with probability pi = Tr(Πiρ) and results in the

transformation

ρ→ ρ′i =
ΠiρΠi

pi
, (2.19)

where the denominator ensures that ρi is normalised. An experimenter who knows

that a measurement has been performed, but is ignorant of the outcome, will instead
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describe the final state as the mixture

ρ→ ρ′ = ∑
i

piρ
′
i = ∑

i

ΠiρΠi. (2.20)

2.2.3 Gates and circuits

In the subject of quantum computation and algorithms (with which we make brief

contact in Chapter 4), discrete unitary transformations are referred to as gates.

Sequences of gates in combination with measurements are known as circuits, and may

be depicted in diagrams using wires to represent subsystems and boxes to represent

operations – the reader is directed to a standard text such as [72] for the conventions

of such diagrams. Common single-qubit gates include the Pauli operators σα, as well

as the Hadamard gate,

H =
1

√
2
(

1 1
1 −1

) , (2.21)

written in the computational basis. Note that σx can also be referred to as a NOT

gate, since its action on the computational basis is the same as a classical NOT gate,

i.e. σx ∣0⟩ = ∣1⟩ , σx ∣1⟩ = ∣0⟩. Interesting computations also require gates that interact

subsystems. One such entangling gate is the two-qubit controlled-NOT, or C-NOT,

which can be written as

∣0⟩⟨0∣ ⊗ I + ∣1⟩⟨1∣ ⊗ σx. (2.22)

This performs a σx gate on the second (or “target”) qubit based on the state of the

first (or “control”) qubit.

2.2.4 General quantum operations

The main ingredients of unitary evolution and projective measurements as defined

above can be combined into a formalism describing a large class of processes in quan-

tum systems. These are so general and ubiquitous in descriptions of open-system

dynamics that they are typically referred to as quantum operations. We first pro-

vide the physical picture, and next give the mathematical details. Suppose we have a

system S and an ancilla α (which may play the role of an environment when the oper-

ation describes some kind of noise). The initial state is uncorrelated, i.e. ρS⊗σα, and

undergoes closed-system dynamics described by some unitary U . Upon discarding
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the ancilla, the resulting transformation on the system is

ρS → E(ρS) ∶= Trα[U(ρS ⊗ σα)U
�]. (2.23)

The operation E is called a channel, and is easily seen to be a linear transforma-

tion in the sense that E (∑i piρi) = ∑i piE(ρi) for any set of states ρi and probabilities

pi. It is also trace-preserving, such that TrE(ρ) = Trρ, and positive, so that

E(X) ≥ 0 for any operator X ≥ 0. These conditions are physically important, as they

ensure that E is consistent with classical probabilistic mixing and that it preserves the

set of physical states. Moreover, E is completely positive (CP): for any additional

system R and a positive operator XRS, ES(XRS) ≥ 0.3 A stronger condition than

positivity, this ensures that E keeps a state physical even when acting only on part

of it.

A channel can be very usefully represented by a set of Kraus operators [77]

{Kµ}:

E(ρ) = ∑
µ

KµρK
�
µ, where ∑

µ

K�
µKµ = I. (2.24)

Importantly, a linear operation is trace-preserving and CP iff it has a Kraus operator

representation (2.24), and iff there exists a state σα and unitary U providing a rep-

resentation (2.23) – referred to as a dilation for the channel [78, 79]. Note that it is

always sufficient to take σα to be a pure state, say ∣0⟩. Given a basis {∣φµ⟩} for Hα,

a set of Kraus operators can be constructed by

Kµ = ⟨φµ∣αU ∣0⟩α. (2.25)

For a single channel, the Kraus operator representation is not generally unique: the

dilation is fixed up to a change of basis on α, and correspondingly each basis choice

gives a different set of Kraus operators.

A channel is a deterministic operation; by allowing for CP maps that are trace-

non-increasing, i.e. TrE(ρ) ≤ Trρ, we can account for operations that are non-

deterministic. Then TrE(ρ) is the probability that E is successfully applied to ρ.

In terms of Kraus operators, we just alter (2.24) to the condition ∑µK
�
µKµ ≤ I. In the

dilation picture, this corresponds to making a projective measurement on α instead

of tracing it out.

3We use ES as shorthand for IR ⊗ ES , where IR is the identity operation on R.
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For any CP map E(ρ) = ∑µKµρK
�
µ, we can define the adjoint map by conjugating

the Kraus operators: E�(ρ) = ∑µK
�
µρKµ.

As another variant, let us suppose that a measurement on α is made by a com-

plete set of projectors {Πµ}. Selecting each outcome µ leads to a generally non-

deterministic operation Eµ. However, the sum ∑µ Eµ is a channel, and results from

losing all information about which outcome was obtained. We refer to the set {Eµ}

as a quantum instrument [80]. In general, many different instruments can be com-

patible with the same channel. In the case where each Eµ has a single Kraus operator

Kµ, each selected outcome occurs with probability pµ = Tr(K�
µKµρ) and has the effect

ρ→ ρ′µ =
KµρK

�
µ

pµ
, (2.26)

which is a generalisation of the projective measurement (2.19). The set of observables

Eµ ∶=K
�
µKµ is said to define a kind of generalised measurement known as a positive

operator-valued measure (POVM).

Note that all the above statements may be extended to account for operations

that have different input and output state spaces. We will not make use of this

generalisation here – but note that the simple cases of tracing out a subsystem and

adding an uncorrelated subsystem can also be treated as quantum channels. Another

way of having a different output space is to perform a quantum instrument with a

classical memory [81]. For this, the memory X is modelled as an additional system

which encodes a label of the outcome µ into a set of orthogonal basis states {∣µ⟩}.

Thus the instrument {Eµ} on a system S is associated with a channel

FS(ρ) = ∑
µ

∣µ⟩⟨µ∣X ⊗ EµS(ρ). (2.27)

2.2.5 Master equations

Instead of using discretely applied operations, one can describe many noise processes

in continuous time by using a master equation. This is a modification of the time-

dependent Schrödinger equation in the following way:

dρ

dt
= −

i

h̵
[H,ρ] +∑

µ

2LµρL
�
µ − {L�

µLµ, ρ}, (2.28)

where {A,B} ∶= AB +BA is the anticommutator, and the Lµ are known as Lindblad

operators [82]. Such a description is appropriate for describing a system interacting
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with an environment, under the Born and Markov approximations, which state that

the system and environment only become weakly correlated, and that the environment

has no memory effects [83]. Common cases include environment-induced decoherence,

for instance from dephasing processes, and dissipation, for example from spontaneous

emission.

2.3 Information theory – classical and quantum

2.3.1 Entropy

One of the most fundamental quantities in classical information theory is the entropy

introduced by Shannon [84]. This is defined for a discrete probability distribution

{pi} by4

H({pi}) ∶= −∑
i

pi log pi. (2.29)

This attains a minimum of zero for distributions having unit probability of a single

outcome. For a distribution with support on a set of size d, the maximum of log d

is achieved by the uniform distribution pi = 1/d∀i. Hence, one can think of the

Shannon entropy as measuring the uncertainty that an observer has about a random

variable when they know its distribution but not its value. In thermodynamics, it

takes on physical relevance in the form of the Gibbs entropy (which is essentially the

same) [85]; Shannon gave it an operational interpretation as the optimal compression

rate for a signal composed of many identically distributed and independent instances

of a random variable. In Chapter 6 we will make use of the differential entropy

H(p(x)), defined for a continuous random variable by replacing pi with the density

p(x), and the sum with an integral. One must take some care with interpreting this,

however, as it can be negative [86]. Let us also mention an alternative notation: if

a random variable X has values xi with probabilities pi, we can write its Shannon

entropy as H(X).

The analogous quantity for quantum states is the von Neumann entropy

S(ρ) ∶= −Tr(ρ log ρ) =H({λi}), (2.30)

where the second equality shows that this is the same as the Shannon entropy of the

eigenvalues of ρ. This is non-negative, zero iff ρ is pure, and, on a Hilbert space of

4Unless stated explicitly otherwise, we will always take the logarithm with base 2.

17



dimension d, maximised at log d for the maximally mixed state ρ = I/d. It is then

plausible that S(ρ) measures the degree of “mixedness” of ρ. Along similar lines, the

quantity Tr(ρ2) is often called the purity of ρ, being maximised at unity for pure

states and minimised at 1/d for maximally mixed states. Both S(ρ) and Tr(ρ2) are

invariant under unitary transformations ρ → UρU �. Similarly to the classical case,

the von Neumann entropy was first given an interpretation as a compression rate in

a communication protocol by Schumacher [87].

2.3.2 Distinguishability

Given two probability distributions {pi}, {qi}, one can ask how to quantify how dis-

tinct they are. We give three notable examples: these are the trace distance

Dtr({pi},{qi}) ∶=
1

2
∑
i

∣pi − qi∣, (2.31)

the fidelity

F ({pi},{qi}) ∶= ∑
i

√
piqi, (2.32)

and the relative entropy (or Kullback-Leibler divergence)

H({pi}∣∣{qi}) ∶= ∑
i

pi (log pi − log qi) . (2.33)

All three quantities are non-negative, and for identical distributions (and only for

identical distributions), we have Dtr({pi},{pi}) =H({pi}∣∣{pi}) = 0, F ({pi},{pi}) = 1.

Note that the relative entropy is formally defined to be infinite whenever the support

of {pi} is not contained in the support of {qi}. Each quantity can also be generalised

to continuous random variables (and in fact the relative entropy is better behaved

than the differential entropy in this situation, being non-negative).

They can all be extended to quantify the distinguishability of two quantum states:

Dtr(ρ, σ) ∶=
1

2
∥ρ − σ∥tr, (2.34)

F (ρ, σ) ∶= ∥
√
ρ
√
σ∥tr, (2.35)

S(ρ∣∣σ) ∶= Tr(ρ log ρ − ρ logσ), (2.36)

where ∥X∥tr ∶= Tr(
√
X�X) is the trace norm of the operator X. Again note that

S(ρ∣∣σ) is formally infinite unless suppρ ⊆ suppσ. Each has a connection to its
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classical counterpart, equalling it when ρ and σ are diagonal in the same basis. Fur-

thermore, Dtr(ρ, σ) equals the maximal classical trace distance between the proba-

bility distributions obtained from ρ and σ, optimising over all generalised (POVM)

measurements [88]. F (ρ, σ) is similarly the minimal classical fidelity over all POVM

measurements. The analogous statement for the relative entropy is more complex,

relating to the discrimination of ρ⊗n and σ⊗n in the limit of large n [89].

There is a crucial property of these distinguishability measures: they respect the

intuition saying that no noisy operation (i.e., one that gains no new information about

the state) should be able to make two states more distinguishable. Stated precisely,

for any quantum channel E ,

Dtr(E(ρ),E(σ)) ≤Dtr(ρ, σ), F (E(ρ),E(σ)) ≥ F (ρ, σ), S(E(ρ)∣∣E(σ)) ≤ S(ρ, σ).

(2.37)

Using geometrical terminology, these concepts can be generalised to distance

measures, or metrics. There are various properties we might demand of a distance

measure D:

(a) D(ρ, σ) ≥ 0 and D(ρ, σ) = 0 iff ρ = σ;

(b) symmetry, D(ρ, σ) =D(σ, ρ);

(c) triangle inequality, D(ρ, τ) ≤D(ρ, σ) +D(σ, τ).

For some cases such as the relative entropy, (b) and (c) are not satisfied – without

requiring these, we refer to D as a pseudo-distance. We say that D is contrac-

tive whenever it is non-increasing under an arbitrary channel E applied to ρ and σ:

D(E(ρ),E(σ)) ≤ D(ρ, σ). A distance measure satisfying all these conditions can be

defined from the fidelity: the Bures distance

DB(ρ, σ) ∶=
√

2 (1 − F (ρ, σ)). (2.38)

A class of distance measures (including Dtr) may be derived from an operator norm

via D(ρ, σ) ∝ ∥ρ−σ∥ – whether or not this is contractive will depend on the properties

of the chosen norm.
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2.3.3 Fisher Information

Closely related to the concept of distinguishability is the quantity known as Fisher

information. Originally defined within classical statistics, this is a central quantity

in the subject of parameter estimation. Suppose that there is a family of probability

distributions pt(x) depending on a real parameter t (we assume a continuous distribu-

tion here, but most of the statements carry through to the discrete case). In general,

there may be multiple parameters, but we only need the single parameter case here.

The task is to determine the value of t from a number M of independent samples

from the distribution. Denote the estimated value extracted from the measurements

by t̃, and assume that this is unbiased in the sense that ⟨t̃⟩t = t, where the expectation

value is taken with respect to pt(x). The Cramér-Rao bound sets a fundamental

lower limit on the uncertainty with which t can be estimated:

(∆t)2 ∶= ⟨(t̃ − t0)
2⟩t0 ≥

1

MFc(pt(x))∣t0

, (2.39)

where the (classical) Fisher information of pt(x) at t = t0 is defined by

Fc(pt(x))∣t0
∶= ∫

∞

−∞
dx

[∂tpt(x)]
2

pt(x)
∣
t0

. (2.40)

Importantly, the bound can be asymptotically saturated in the limit of large M .

So Fc is a measure of the achievable accuracy in parameter estimation. One often

encounters the case in which the parameter shifts the distribution, so pt(x) is replaced

by p(x − t). Then the translational Fisher information (which is independent of t) is

given by

Fc(p(x)) = ∫
∞

−∞
dx

p′(x)2

p(x)
. (2.41)

In the subject of quantum metrology [25, 27], a parameter can instead be en-

coded into a family of states ρt. Compared with the classical case, there is an added

complication that different measurements will result in different performances. Then

quantum Fisher information (QFI) can then be defined by optimising over all POVM

measurements; remarkably, this has a closed analytic expression [90]:

F(ρt) ∶= max
POVM {E(x)}

Fc (Tr[E(x)ρt]) (2.42)

= 2∑
i,j

∣⟨ψi∣∂tρt∣ψj⟩∣2

λi + λj
, (2.43)
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where ρt = ∑i λi ∣ψi⟩⟨ψi∣ is a spectral decomposition with λi, ∣ψi⟩ implicitly functions

of t. For M independent copies of the state ρt, we then have the quantum Cramér-Rao

bound

(∆t)2 ≥
1

MF(ρt)∣t0

. (2.44)

In the limit of large M , this can also be saturated – the optimal measurement is

determined by the symmetric logarithmic derivative (SLD) Lt, which may be

defined implicitly by ∂tρt =
1
2{Lt, ρt}. The required estimator is then the expectation

value of the observable t0 +Lt0/F(ρt)t0 . It is important to note that this depends on

t0. This means that the QFI measures the performance of a state in local parameter

estimation, where some information is already known that localises the parameter

somewhat, and the task is to determine small fluctuations of t.

Often in metrology, one has N subsystems, each of which can be thought of

as a “probe” of some process defined by a channel Et. If these are all produced

independently, then the precision is determined by the QFI of Et(ρ)⊗N , which is

proportional to N . This then gives the standard scaling (sometimes called shot-

noise scaling) ∆t ∼ 1/
√
N . However, if the probes can be in a correlated state ρN ,

then the QFI of (E⊗Nt )(ρN) can scale up to N2. The resulting Heisenberg scaling

∆t ∼ 1/N is often taken as a signature of a quantum advantage in metrology.5

Finally, we remark that the QFI is connected to the Bures distance [90]:

F(ρt)∣t0
= 4∂2

tD
2
B(ρt0 , ρt)∣t0

, (2.45)

so it can be thought of as the rate at which ρt becomes distinguishable from the initial

state with increasing t.

2.4 Resource theories

2.4.1 Basic structure

The idea of a resource theory has grown out of retrospectively analysing the gen-

eral mathematical structures behind well-established areas of science. The formalism

takes a practical perspective, aiming to describe what tasks, or transformations of a

physical system, can be achieved by an experimenter when certain constraints exist

5In quantum optics, it is common to use a single mode and instead define these scaling limits
with respect to N being the expected photon number.
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on the available states and dynamics. Anything that overcomes these restrictions is

considered a resource. Notable examples include thermodynamics, in which systems

out of thermal equilibrium can be used to work, and chemistry, where one is inter-

ested in the amounts of each reactant required to reach a certain product. Situations

as broad as these can indeed be formalised mathematically as resource theories [91].

However, here we are concerned with quantum resource theories, phrased in terms

of the basic elements of states and operations. A quantum resource theory is defined

once we specify the following:

� the set of free states – those which are considered freely available at no cost;

� the set of free operations – any quantum operations which respect some given

experimental restriction.

In order to arrive at a consistent theory, we must assume that the set of free states is

closed under all free operations – otherwise, resource states could be created for free.

It also makes sense to include the preparation of all free states in the free operations.

Some other assumptions are both typical and often reasonable on the set of free states:

it is closed under tensor products, classical mixing, and tracing out subsystems [92].

Note that later we often refer to “the set of free states/operations” as those defined

on a single system.

The resource theory approach has been used to study a large variety of quantum

phenomena, including purity [93], thermodynamics [94], and steering [95] – not to

mention coherence and asymmetry, which we discuss in detail throughout the thesis.

These all follow the example of entanglement [39, 96], which is the longest-studied

and most successful quantum resource theory (though by no means the simplest).

We therefore use this as an archetypal example of a resource theory; let us de-

fine entanglement in a bipartite system AB, although the extension to an arbitrary

number of parties is trivial. The first decision to make is the partition between sub-

systems – this is often naturally given when A and B are spatially distant parties.

By definition, a state is said to have no entanglement when it is separable, meaning

that it can be expressed in the form

ρAB = ∑
i

piρ
(i)
A ⊗ ρ

(i)
B . (2.46)
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For pure states, this reduces to being a product ∣ψ⟩A∣φ⟩B. The free operations are

those that can be performed by two distant labs who individually have full quantum

control but can only send each other classical information: these are known as local

operations and classical communication (LOCC). This set is very hard to

completely describe mathematically [97], but we can at least say that there must

be a set of Kraus operators of the product form Kµ = Lµ ⊗Mµ. However, the full

set of operations with this property are known as separable operations, a strictly

larger set [38, 98]. The largest possible set, defined solely by the inability to create

entanglement from separable states, comprises non-entangling operations [39].

LOCC is considered the most practically relevant set, thanks to its clear physical

motivation.

2.4.2 State transformations

One of the most fundamental questions one can ask in a resource theory context is

whether one state can be transformed into another by using free operations. We

write ρ → σ when there exists a free operation E such that E(ρ) = σ. This is a

deterministic transformation; for a stochastic transformation, we can say that ρ → σ

succeeds with some probability p. For example, a major result by Nielsen [99] gives a

simple condition for pure state deterministic transformations ∣ψ⟩ → ∣φ⟩ under bipartite

LOCC.

There may also be a maximal resource state from which it is possible to produce

any other state (perhaps stochastically). This exists in bipartite entanglement: for

two systems of dimension d, a maximally entangled state is of the form ∑
d−1
i=0 d

−1/2 ∣i⟩∣i⟩

(using any basis on each party). However, it is also possible for two states to be

incomparable, meaning that there is no transformation taking one to the other – either

way – with nonzero probability. In such a situation, the two states contain genuinely

different resources. This phenomenon occurs in multipartite entanglement [100].

The general mixed state case is typically much harder to deal with, but concrete

statements can be made for asymptotic transformations. Here, one considers the

transformation of a large number N of copies of a state ρ into M copies of σ. Let us

suppose that this is deterministic, but might have some error ε. Then we write

ρ⊗N → ρ′N
ε
≈ σ⊗M , i.e. Dtr(ρ

′
N , σ

⊗M) ≤ ε. (2.47)
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We say that ρ can be asymptotically transformed to σ at a rate R if the above

transformation is achievable with M/N = R such that ε→ 0 as N →∞.

After designating some chosen (non-free) state Ψ as a “resource unit”, this kind of

transformation can be viewed in two ways, as either the preparation of many copies

of a given state ρ from resource units, or the distillation of many copies of ρ into

units. The distillation rate from ρ is defined as the maximal rate R at which ρ is

asymptotically transformed to Ψ. Similarly, the cost of preparing ρ is the minimal

inverse rate 1/R at which Ψ can be asymptotically transformed to ρ. For example,

in bipartite entanglement theory, the cost Ec and distillation rate Ed utilise the Bell

state, or “e-bit”, ∣φ+⟩ = (∣0⟩∣0⟩+∣1⟩∣1⟩)/
√

2 as the resource unit. For pure states, both

of these quantities reduce to the entanglement entropy

EE(∣ψ⟩⟨ψ∣AB) ∶= S (TrB ∣ψ⟩⟨ψ∣AB) . (2.48)

In general, the distillation rate cannot exceed the cost – this follows because one

cannot get more resource units out of a state than used to prepare it. A resource

theory for which these quantities are equal is called asymptotically reversible – a

sufficient condition for this is that the set of free operations is the maximal possible

one preserving the set of free states [92]. In contrast, it may happen (as is the case in

mixed state entanglement) that some resource states are not distillable. This feature

is described as a resource being bound.

2.4.3 Measures of resources

Costs and distillation rates are ways to quantify the amount of resource in a state.

This idea can be generalised in an axiomatic way to give criteria to be satisfied by any

genuine measure of a resource. The first axiom simply says that a measure should

be a function from states to non-negative real numbers, vanishing iff the state is free.

Next, a measure is required to be non-increasing under free operations – this

property is known as monotonicity. Hence, we might also refer to good measures

as monotones. Fundamentally, this comes from wanting to capture the fact that free

operations never add any resource to the system. This point can also be given an

operational meaning: we expect a valid measure to give the optimal figure of merit

for some task performed within the scope of the resource theory (although there are

certainly measures for which such an interpretation is not known). Since the optimal
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sequence of operations for the task must be within the set of free operations, incor-

porating another free operation cannot aid the task further. Costs and distillation

rates are clear examples of this. For a full discussion, see [101].

We give the mathematical details and various flavours of monotonicity in context

in Chapter 3. We will also see there that other non-essential criteria can be given,

such as convexity.

One particularly powerful way of constructing measures is geometrical in nature,

quantifying the distance from a given state to the set of free states:

min
free σ

D(ρ, σ). (2.49)

By definition, this vanishes exactly on free states. WhenD is contractive, this measure

can be proven to be a monotone under free operations [37].

2.5 Quantum macroscopicity

In order to assess how well a given experiment really probes quantum mechanics at

the macroscopic scale, we must first decide exactly what it means for quantum ef-

fects to exist at the macroscopic scale. Early thoughts on this matter were expressed

by Leggett [55,65], who made the distinction between genuine macroscopic quantum

phenomena and what we might call microscopic quantum effects accumulating to the

macroscopic scale. For an example of the latter, consider the stability of solid matter,

which certainly manifests itself at the macroscopic scale and cannot be understood

with classical mechanics. However, it is explained well by quantum models which

extend over microscopic scales with distant atoms being effectively independent. In

contrast, an experiment confirming the quantum nature of a macroscopic superposi-

tion such as Schrödinger’s cat would require a model treating all parts of the system

simultaneously in the quantum formalism.

Very roughly, then, the quantum macroscopicity of a state means the degree to

which genuinely quantum effects exist at the macroscopic scale. Of course, this is

an extremely vague statement, so there is no surprise that it has been interpreted

in a large variety of ways in previous works. In order to identify and motivate a

precise approach, we start by categorising past approaches into three main divisions:

model-independent tests, collapse models, and quantum properties.
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2.5.1 Model-independent tests

Ideally, one would want to measure macroscopicity using as few assumptions as pos-

sible about the system and its dynamics. This is arguably desirable if one believes

that some new, unknown post-quantum physics is responsible for the macroscopic

emergence of classical behaviour.

One approach which has been well studied concerns Leggett-Garg inequalities

(LGIs) [102,103], which aim to provide a test of single-system non-classicality along

the lines of Bell inequalities [104]. While violation of a Bell inequality rules out local

realistic theories, LGIs are derived from two assumptions named macro-realism and

non-invasive measurability. Both of these are properties obeyed by the apparently

classical phenomena of the everyday macroscopic world. Macro-realism (MR) means

that any macroscopic quantity always has a well-defined value (although an exper-

imenter may have some uncertainty about that value). Non-invasive measurability

(NIM) says that it is in principle possible to measure the value of such an observable

without disturbing the state. An LGI experiment involves making measurements

at different times. For example, suppose the three quantities Qi (i = 1,2,3), with

possible values ±1, are measured at respective times t1 < t2 < t3. In any given run

of the experiment, only two of these are measured. Assuming MR and NIM, it is

straightforward to show the following inequality:

⟨Q1Q2⟩3̄ + ⟨Q1Q3⟩2̄ + ⟨Q2Q3⟩1̄ ≥ −1, (2.50)

where ⟨⋅⟩ī denotes the expectation value when Qi is not measured.

An observed violation of the inequality is hoped to rule out MR. However, one

runs into a major obstacle known as the “clumsiness loophole” [103], which is the

need to believe that the measurement would not be disturbing even if MR were true.

There have been some attempts to address this, including a scheme set up such that

a violation under MR would require two apparently non-disturbing measurements to

“collude” in order to result in an overall disturbance [105]. Another option is to use

“null result measurements”, where the measurement device interacts with the system

only when, say Q = +1, but not when Q = −1, post-selecting the latter cases [102].

Unfortunately, these options never fully remove the loophole, as they still require

some additional model-dependent assumptions. A recent analysis [106] attempts to

rigorously pin down exactly what an LGI violation rules out. This is phrased in a
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fully model-independent way in terms of operational elements: state preparations,

transformations and measurements. It is found that LGIs in fact only test a weaker

hypothesis than MR, named “operational eigenstate mixture MR”. An operational

eigenstate is essentially a state (or preparation) that always results in a definite value

for some Q. The hypothesis then says that the only accessible states are classical

mixtures of operational eigenstates. What this means in practice is shown in a recent

experiment with superconducting qubits [107]. One first verifies that an intermediate

measurement Q2 of operational eigenstates of Q1 does not affect the measurement

outcomes of Q3. Then the usual LGI experiment is performed; the hypothesis is

ruled out when a Q2 measurement is found to disturb the final Q3 measurement.

In our view, this significantly reduces the utility of LGIs, as the need for additional

assumptions weakens what they can demonstrate in a model-independent way.

2.5.2 Collapse models

Alternatively, experimental tests of the superposition principle at macroscopic scales

can also be viewed as tests of theories which modify quantum mechanics [53]. Typi-

cally, such models predict a rate of “classicalisation” which grows with the difference

between branches of a superposition. Then a macroscopic superposition is so short-

lived that it is practically never seen. The basis in which decoherence happens differs

between models: for example, it could be in the position [52], momentum [108] or en-

ergy eigenbasis [109]. In addition, different models predict different scaling behaviour

with respect to the size of a superposition in the preferred basis.

A measure of macroscopicity can be associated with each experiment, according to

how well its demonstration of a coherence time for a certain size of system enables one

to rule out parameters in the model [54, 56]. The more macroscopically quantum a

state is, and the longer it is maintained, the better it tests a model. While a measure

of this type is appealing in its direct connection to experimental physics, it has the

disadvantage of being tied to a specific model.

2.5.3 Quantum properties

Finally, a large number of works on macroscopicity stay within the quantum formal-

ism. The general aim is to identify some characteristic quantum feature, and find a
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measure which captures the degree to which this is evident on a macroscopic scale.

Often, this works by examining a simple model of a Schrödinger’s cat state, such as

the N -qubit Greenberger-Horne-Zeilinger (GHZ) state [110],

1
√

2
( ∣0⟩

⊗N
+ ∣1⟩

⊗N
), (2.51)

and identifying its characteristic features. We give a brief overview of the past liter-

ature in this area.

A number of measures assume that a given state is a superposition of the form

(∣ψ0⟩+ ∣ψ1⟩)/
√

2, where there is usually an implicit assumption that the two branches

are individually not macroscopically quantum, and try to quantify the extent to which

they are macroscopically distinct. Korsbakken et al. [111] ask how many qubits must

be measured in order to distinguish between the branches with high probability. In

a similar spirit, Marquardt et al. [68] count the average number of operations on

single subsystems needed to transform ∣ψ0⟩ into ∣ψ1⟩. Björk and Mana [66] quantify

the relative improvement in the utility of the superposition, over a single branch, for

interferometry. Sekatski et al. [112] instead quantify the distinctness of the branches

by the resolution required to distinguish them by a measurement of some macroscopic

observable. The main problem with such measures is that they only apply to a very

specific form of state; in Chapter 6 we show how the latter measure can be extended.

Other proposals are able to treat arbitrary states. Leggett’s “disconnectivity” [65]

is one such attempt, aiming to count the number of quantum-correlated particles in

a system. Shimizu and Morimae [67], restricting to pure states, suggested that the

variance of a macroscopic observable could be used as a measure of macroscopic quan-

tum fluctuations. This was later extended to mixed states by Fröwis and Dür using

the quantum Fisher information. For CV systems, Lee and Jeong [70] proposed a

quantity that measures non-classicality by the frequency of oscillations in the Wigner

function – this was later extended by a related mathematical construction to systems

of qubits [113]. Apart from Leggett’s disconnectivity (which is rather tricky to calcu-

late, and has not been well studied), we discuss these measures in detail in Chapters

5 and 7.
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Chapter 3

Free operations for speakable
coherence

In order to discuss the relevance of coherence for a wide range of quantum information

processing tasks, we have to be able to account for situations involving the type of

information which has been termed “speakable” [114,115]. In these cases, information

is considered fungible, meaning that one is not concerned about the physical medium

in which it is stored. In other words, when expressing a state in terms of a basis

∣0⟩ , ∣1⟩, one considers “0” and “1” to merely be abstract labels. This is the view

taken in classical information theory, and is adopted in very many descriptions of

quantum computation and communication.

The seminal work discussing speakable coherence in a resource-theoretic frame-

work is by Baumgratz et al. [40]. Similar ideas were presented earlier by Åberg [116],

but without formulating a full resource theory. The crucial elements to be pinned

down in that work are the free states and free operations. Rather like determin-

ing the relevant partition in entanglement theory, a preferred set of basis states

must be given at the start. The free states are easily motivated as probabilistic

mixtures of the preferred basis states, and are known as incoherent states in all

subsequent literature. The free operations are correspondingly named incoherent

operations, and are defined such that they can never create coherence from an in-

coherent state. There have been numerous following works using this framework to

study operational aspects of coherence involving state transformations and commu-

nication protocols [117–120,120–122]. Measures derived from this theory have begun

to be applied in, for example, state discrimination problems [123], coherent transport

phenomena [124,125] and phase transitions in condensed matter systems [126–128].
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However, this particular choice of free operations has come under scrutiny. Apart

from the work on which this chapter is based, a number of different authors have

proposed alternative definitions [41,129–132]. We shall refer to all classes generically

as incoherent operations, naming the original proposal in [40] after the authors as

BCP operations. With such a variety of approaches, it is clear that an examination

of the physical principles and operational interpretations of incoherent operations is

necessary in order to arrive at a well-motivated resource theory of speakable coherence.

Here, we define a set of operations within the BCP class with an extra operational

restriction, which we refer to as the inability to use coherence. We assume that the

required outputs are measurements in the incoherent basis; these operations are then

such that coherence of the initial state has no effect on the outputs.

Firstly, we find a mathematical characterisation of these operations, showing them

to be equivalent to the strictly incoherent (SI) operations which were originally

defined in [117]. Next, we prove a dilation theorem showing how the SI operations

result from a set of basic incoherent processes including interactions with an ancillary

system, and argue that this provides a strong reason for considering the SI set to give

a physically justified resource theory of coherence. We also demonstrate the meaning

of this dilation picture in terms of interferometry. After giving a new set of measures

within this resource theory, we explore relations with the collection of other proposals

for speakable coherence.

3.1 Incoherent operations – first attempt

We start by reviewing the earlier proposals for incoherent operations. We work with

a d-dimensional Hilbert space H, where d is finite (although many of the concepts

can be generalised to infinite dimensions), and specify an orthonormal basis {∣i⟩ ∣ i =

0, . . . , d − 1} which we call the incoherent basis. Common to all approaches is the

assertion that the set I of free states, or incoherent states, is given by probabilistic

mixtures of the incoherent basis states:

I = {
d−1

∑
i=0

pi ∣i⟩⟨i∣ ∣ pi ≥ 0,
d−1

∑
i=0

pi = 1} . (3.1)
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This sets the most primitive notion of a resource in the theory: we say that every

state ρ ∈ I has no coherence, while conversely every ρ ∉ I has coherence.1

Turning to the free operations, note that in general, these could map the Hilbert

space H to a different one H′. However, we focus here on the case H = H′. In order

to arrive at a consistent resource theory, the most fundamental constraint which we

must impose on the free operations is that they cannot take a state in I to one

outside I. Let us first examine what this implies for incoherent unitary operations

ρ → UρU �, U �U = I. U must take any incoherent basis state to another one, up to a

global phase factor, so that U ∣i⟩ = eiφi ∣f(i)⟩, where f ∶ {0, . . . , d − 1} → {0, . . . , d − 1}

and φi ∈ R. Moreover, it is easy to see that f must be an invertible function, i.e. a

permutation. Therefore we can define:

Definition 1. An operator U is an incoherent unitary iff it takes the form

U =
d−1

∑
i=0

eiφi ∣f(i)⟩⟨i∣ . (3.2)

Such an operation is composed of two ingredients: permutations of the incoherent

basis states and phase rotations ∣i⟩ → eiφi ∣i⟩. Both are generally seen as essential

elements of the free operations in a resource theory of speakable coherence, so this

set of incoherent unitary operations is included in (almost) all proposals.

The situation is more complex for general quantum operations. Working at the

level of quantum channels, the weakest constraint can be formulated as follows [116,

117,132]:

Definition 2. A quantum channel E is said to be a maximally incoherent (MI)

operation iff

E(I) ⊆ I. (3.3)

For a quantum instrument {Eµ}, one can demand that Eµ(I) ⊆ I for each µ. This

ensures that coherence is guaranteed never to be generated. Recall that a channel

can generally be associated with many different possible instruments via E = ∑µ Eµ.

The most fine-grained way of doing this is where each element of the instrument

is associated with a single Kraus operator, Eµ(ρ) = KµρK
�
µ. Therefore a stronger

condition can be placed on the free operations, as done in [40]:

1Here we can see another possible generalisation – alternatively, one could specify incoherent
subspaces with associated projectors Πi, satisfying ΠiΠj = δi,jΠi and ∑d−1

i=0 Πi = I. The set of
incoherent states would then be block-diagonal with respect to this partition of H [116,117].
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Definition 3. A quantum operation E is said to be a BCP incoherent operation

iff there exists some Kraus operator decomposition E(ρ) = ∑µKµρK
�
µ such that

KµIK
�
µ ⊆ I. (3.4)

Convexity of the set I ensures that condition (3.4) is stronger than (3.3), although

it is not immediately clear whether these sets of operations are necessarily different.

Winter and Yang [117] demonstrate that indeed BCP ⊂ MI by showing that their

respective asymptotic costs are different.

As with unitary operations, it is straightforward to find the form of Kraus op-

erators satisfying (3.4) by looking at the action on incoherent basis states. This

motivates the following definition:

Definition 4. K is an incoherent Kraus operator iff it satisfies (3.4), or equiv-

alently, iff it is of the form

K =
d−1

∑
i=0

ci ∣f(i)⟩⟨i∣ , (3.5)

where ci ∈ C and f ∶ {0, . . . , d − 1} → {0, . . . , d − 1}.

This form is similar to (3.2). It is important to note that, unlike the unitary case,

f need not be invertible here.

3.2 Incoherent operations which do not use

coherence

Incoherent unitaries and Kraus operators have been defined by the principle that

they cannot create coherence. However, we shall see in this section that incoherent

unitaries also have another important feature lacking in general incoherent Kraus

operators. We term this the inability to use coherence – we shall first motivate and

define this.

Consider a situation where a protocol involves transforming a state ρ → σ and

the outputs of interest are determined by measurements in the incoherent basis, i.e.

by the probabilities ⟨i∣σ∣i⟩. This is relevant in, for instance, transport mechanisms

[30, 133], where an excitation travels around a network of sites. If we denote by ∣i⟩

the state when the excitation is localised at site i, then one is typically interested

in the probability ⟨i∣ρ(t)∣i⟩ that it ends up at a certain site i after a given length of
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time t. Similarly, in quantum thermodynamics, a natural preferred basis is set by the

eigenbasis of the Hamiltonian. Statements about energy transformations (changes in

heat and work) can then be made in terms of the probabilities of the system existing

in each energy eigenstate [94,134,135].

We say that an operation does not use coherence whenever these incoherent out-

puts are determined only by the incoherent inputs, independent of the coherence. To

formalise this, observe that the results of an incoherent measurement on a state ρ are

encoded in the “dephased” state Φ(ρ) ∈ I defined by:

Definition 5. The dephasing operation is Φ∶ρ→ ∑
d−1
i=0 ⟨i∣ρ∣i⟩ ∣i⟩⟨i∣.

This is seen to be a channel with {∣i⟩⟨i∣ ∣ i = 0, . . . , d − 1} as a set of Kraus

operators. The result of applying Φ is to remove all coherence from a state while

leaving the incoherent measurement probabilities unchanged. One can also think

of it as a “measure and forget” operation, where a projective measurement in the

incoherent basis is made but a particular outcome is not selected. Therefore, the

statement of our principle for an operation with a single Kraus operator becomes:

Definition 6. A Kraus operator K does not use coherence iff

Φ(KρK�) = Φ[KΦ(ρ)K�] ∀ρ. (3.6)

A characterisation can be found by comparison with condition (3.4) – letting

E(ρ) =KρK�, both can be written as

(3.4)⇔ E ○Φ = Φ ○ E ○Φ, (3.7)

(3.6)⇔ Φ ○ E = Φ ○ E ○Φ (3.8)

Taking the adjoint of the latter, and using Φ� = Φ, we have E� ○ Φ = Φ ○ E� ○ Φ.

Comparing against (3.4), we see that K satisfies (3.6) iff K� satisfies (3.7). In this

sense, “not creating coherence” and “not using coherence” are dual to each other.

From (3.2), an incoherent unitary has the property

U � = ∑
i

e−iφi ∣i⟩⟨f(i)∣ = ∑
j

e−iφf−1(j) ∣f−1(j)⟩⟨j∣ , (3.9)

since f is invertible, so U � is also incoherent. Thus, for unitaries, Definitions 3 and 6

are equivalent. We can now ask for the general case satisfying both conditions. This
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is when K and K� are both incoherent – corresponding to (3.4) with the restriction

that f is invertible. Interestingly, this form of Kraus operator was already defined in

Appendix C of [117]; hence, we adopt their naming.

Result 1. A Kraus operator K neither creates nor uses coherence iff it is of the form

K =
d−1

∑
i=0

ci ∣f(i)⟩⟨i∣ , (3.10)

where ci ∈ C and f ∶ {0, . . . , d − 1} → {0, . . . , d − 1} is invertible. Following [117], we

call K strictly incoherent (SI).

A concise way of expressing the condition for K to be SI can be derived by setting

(3.7) to equal (3.8) – this gives [E ,Φ] = 0, where E(ρ) =KρK�.

As with the BCP incoherent operations, we can upgrade this to the level of quan-

tum operations:

Definition 7. A quantum operation is strictly incoherent (SI) – it neither creates

nor uses coherence – iff it has a set of SI Kraus operators.

By virtue of the corresponding property for its SI Kraus operators, an SI operation

E must satisfy [E ,Φ] = 0. By looking at the conditions (3.7) and (3.8), such an

operation can be seen to map diagonal density matrix elements (in the incoherent

basis) to diagonals and off-diagonals to off-diagonals. The transformation induced on

the diagonal elements ⟨i∣ρ∣i⟩ → ⟨i∣E(ρ)∣i⟩ is characterised by the following:

Result 2. Under an SI operation, the probabilities pi = ⟨i∣ρ∣i⟩ transform as

pi → p′i = ∑
j

Ti,jpj, (3.11)

where Ti,j is a substochastic matrix, meaning that Ti,j ≥ 0 and ∑j Ti,j ≤ 1 ∀i.

In addition, for any substochastic Ti,j, there exists an SI operation inducing the

transformation (3.11). For an SI channel, replace “substochastic” with “stochastic”,

so that ∑j Ti,j = 1∀i.

Proof. Suppose that the operation is SI, so it has a set of Kraus operators of the form

Kµ = ∑i c
µ
i ∣fµ(i)⟩⟨i∣, where each fµ is invertible. From this, we have

Ti,j = ∑
µ

∣cµi ∣
2δi,fµ(j) (3.12)
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and so ∑j Ti,j = ∑µ∣c
µ
i ∣

2. The Kraus operators must satisfy ∑µK
�
µKµ ≤ I, which can

be written as

∑
µ

K�
µKµ = ∑

µ,i,j

(cµi )
∗cµj ∣i⟩⟨fµ(i)∣fµ(j)⟩ ⟨j∣ (3.13)

= ∑
µ,i

∣cµi ∣
2 ∣i⟩⟨i∣

!
≤ I, (3.14)

equivalent to ∑µ∣c
µ
i ∣

2 ≤ 1 ∀i. This proves the first statement.

For the second statement, we define the diagonal matrix S = diag(s0, . . . , sd−1),

where sj = ∑i Ti,j. This has a pseudo-inverse S−1 where only the non-zero diagonals

are inverted. Observe that the matrix T ′ ∶= TS−1 has row sums ∑i Ti,j equal to 0 or

1. It therefore satisfies the condition of being doubly substochastic, i.e. both T ′ and

T ′T are substochastic.

Theorem 3.2.6 of [136] states that every doubly substochastic matrix can be

written as a finite convex combination of partial permutation matrices – that is,

T ′ = ∑µ pµPµ, where each Pµ is a matrix such that every row and column contains at

most a single 1 and otherwise all zeros (essentially a permutation matrix with deleted

elements). Hence, we have T = ∑µ pµPµS and Ti,j = ∑µ pµ(Pµ)i,jsj, where each (Pµ)i,j

is 0 or 1. Associating Pµ with the permutation fµ, it may then be seen that the

matrix T can be constructed by using the SI Kraus operators

Kµ = ∑
i

√
pµ(Pµ)i,fµ(i)sfµ(i) ∣fµ(i)⟩⟨i∣ . (3.15)

As depicted in Fig. 3.1, it is interesting to observe that an SI operation contains

an effectively classical stochastic process inside a genuine quantum process. In the

next section we describe the physical meaning of SI operations and how they differ

from BCP incoherent operations.

3.3 Physical meaning of SI operations

3.3.1 Operations in an interferometer

In this section, we show that the SI operations have a simple physical interpretation,

and that it is natural to take both conditions (3.4) and (3.6) for free operations. A

full formal discussion is presented in the next section.
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input state

input statistics output statistics

output state

measure measure

quantum process

classical process

ρ

Φ(ρ)

E(ρ)

Φ(E(ρ)) = E(Φ(ρ))
Figure 3.1: Incoherent operations cannot create coherence; strictly incoherent oper-
ations in addition cannot use coherence. We depict here an SI operation E , showing
that all the initial coherence in the input ρ can be removed with a measurement Φ
(in the incoherent basis) without affecting the final measurement outcomes.

Consider an interferometer with a finite number of branches, and suppose that a

particle with some internal degrees of freedom passes through it. Writing the Hilbert

spaces for the branch and internal degrees of freedom as HB and HI respectively,

the total Hilbert space is H = HB ⊗HI . The resource for interferometry is coherence

between branches, so we choose the incoherent basis to be the set of ∣i⟩B denoting

localisation in a branch i. The SI operations then correspond to any combination of

path-dependent unitaries on HI , projective measurements on HI , and permutations

of the paths, followed by tracing out I. This fact will be proved in the next section.

See Fig. 3.2 for an illustration.

∣0⟩
∣1⟩
⋮

U0

U1

Figure 3.2: Strictly incoherent operations viewed as operations on a particle travelling
through an interferometer. The different branches ∣i⟩ span the Hilbert spaceHB, while
the internal state of the particle has Hilbert space HI . The operations are built up by
combining path-dependent unitary operations Ui on and measurements of the internal
state of the particle, and permutations of the paths.

A typical interferometer is set up with an initial beam splitter, some path-dependent

gates encoding phase information, a second beam splitter, and a which-path mea-

surement. The first beam splitter – not considered a free operation here – creates
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coherence between branches, while the second enables an informative measurement

revealing something about the intermediate phase encoding. While the first beam

splitter creates the necessary resource, the second is also crucial, as a direct which-

path measurement would give no information at all.

For example, on two branches, a beam splitter followed by a which-path measure-

ment would in combination generate the operation with Kraus operators (acting on

HB)

K0 = ∣0⟩⟨+∣ , K1 = ∣1⟩⟨−∣ , (3.16)

where ∣±⟩ = (∣0⟩ ± ∣1⟩)/
√

2. Thus the beam splitter enables a measurement in the

coherent {∣±⟩} basis. This is a BCP incoherent operation, but not SI, as SI operations

allow measurements to be only in the incoherent basis.

The lesson is that, within the BCP framework, some resource costs may be hidden

within the free operations. Treating the SI operations as the free ones, preparation of

coherent states and measurements in a coherent basis are treated on an equal footing.

3.3.2 Dilation

Recall that every quantum operation on a system S can be constructed by taking an

initially uncorrelated ancilla α, interacting both parts with a unitary operation, and

measuring the ancilla. More precisely, given a set of Kraus operators {Kµ}, there

exists an initial state ∣0⟩α, a global unitary U , and an orthonormal basis {∣φµ⟩α} such

that

KµρK
�
µ = ⟨φµ∣αU(ρS ⊗ ∣0⟩⟨0∣α)U

�∣φµ⟩α ∀µ, ρ (3.17)

While this holds for a BCP incoherent operation, we cannot say anything a priori

about the nature of the corresponding U . Here, we motivate a dilation picture and

show that it recovers exactly the SI operations.

We assume that the ancilla α is an additional quantum system for which full

control is possible – so restrictions are only placed upon what can be done to the

system S. We want to constrain the interaction U such that coherence can never be

created on S, even with subsequent operations on α. Suppose the initial state is a

pure product state ∣i⟩S ∣ψ⟩α. After applying a general U , the resulting state can be

written as

U ∣i⟩S ∣ψ⟩α =
d−1

∑
j=0

cj ∣j⟩S ∣ψ
′
j⟩α
, (3.18)
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where the ∣ψ′j⟩ are normalised but not necessarily orthogonal. We wish to guarantee

that no measurement on α can project out a coherent state on S – the following

Lemma shows when this is the case.

Lemma 1. For a pure state ∣Ψ⟩Sα, the projected state ⟨φ∣α∣Ψ⟩Sα is incoherent for

every ∣φ⟩α if and only if we can write ∣Ψ⟩Sα = ∣j⟩S ∣ψ
′
j⟩α

.

Proof. If ∣Ψ⟩Sα is of the desired form, then it is clear that the projected state is always

proportional to ∣j⟩S. Conversely, suppose that ∣Ψ⟩Sα = ∑j cj ∣j⟩S ∣ψ
′
j⟩α

, where at least

two distinct cj are non-zero – without loss of generality, we take these to be c0 and

c1. Now define the (unnormalised) state

∣φ⟩ = ∣ψ′0⟩+ e
iθ ∣ψ′1⟩ . (3.19)

We have ⟨ψ′0∣φ⟩ = 1 + eiθ⟨ψ′0∣ψ
′
1⟩. It is easy to see that there always exists θ ∈ R such

that this inner product is non-zero. Since ⟨ψ′1∣φ⟩ = e
iθ + ⟨ψ′1∣ψ

′
0⟩ = e

2iθ⟨φ∣ψ′0⟩, we also

have ⟨ψ′1∣φ⟩ ≠ 0. It follows that

⟨φ∣α∣Ψ⟩Sα = c0⟨φ∣ψ
′
0⟩ ∣0⟩+ c1⟨φ∣ψ

′
1⟩ ∣1⟩+ . . . , (3.20)

where the first two terms are guaranteed to be non-zero, so this state is coherent.

Applying this, we find that the unitary must have the action U ∣i⟩S ∣ψ⟩α = ∣f(i)⟩S ∣ψ
′
f(i)

⟩
α

for some function f . It follows that

U =
d−1

∑
i=0

∣f(i)⟩⟨i∣S ⊗ (Ui)α, (3.21)

and it can be verified that f must be invertible and U �
i Ui = I in order for U �U = I.

Apart from this interaction, we allow measurements on α – whose outcomes can be

recorded and conditioned upon – as well as incoherent unitary operations on S. Note

that the function f in (3.21) can always be absorbed into an incoherent unitary on S.

Our main result is that these ingredients are necessary and sufficient for performing

an SI operation on S.

Result 3. An operation on a system S is SI iff it can be constructed from the following

elementary operations involving an ancilla α:

1. Unitary operations on α controlled by the incoherent basis of S: ∑i ∣i⟩⟨i∣S⊗(Ui)α;
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∣0⟩⟨0∣
ρ

Ui

Vµ

α

S KµρK
�
µ

∣φµ⟩

Figure 3.3: Strictly incoherent operations on system S constructed by an incoherent
unitary interaction with an ancilla α. An operation is split into a controlled unitary

∑i ∣i⟩⟨i∣S ⊗ (Ui)α followed by a measurement on the ancilla in a basis ∣φµ⟩ and an
incoherent unitary Vµ on the system conditioned on the measurement outcome µ.

2. Projective measurements on α in any basis, where selection of outcomes is al-

lowed;

3. Incoherent unitary operations on S: ∑i e
iθi ∣f(i)⟩⟨i∣.

Proof. Firstly, we show that these elementary operations always result in an SI oper-

ation. Suppose a protocol is formed by applying an arbitrary number of these in any

order. To simplify this, note the following:

a. Consecutive incoherent unitaries V = ∑i e
iθi ∣f(i)⟩⟨i∣ can be grouped together,

as can consecutive controlled-unitaries U = ∑i ∣i⟩⟨i∣S ⊗ (Ui)α.

b. V U = U ′V , where U ′ = ∑i ∣i⟩⟨i∣S ⊗ (Uf−1(i))α. Therefore we can reorder these

processes without loss of generality.

c. Incoherent unitaries on S commute with measurements on α.

As a result, any such protocol can be reduced to a concatenation of sub-processes

(of the type shown in Fig. 3.3) consisting of a controlled unitary U followed by a

measurement, and an incoherent unitary V at the end – each operation may depend

on the results of all previous measurements. Hence, we need only check each sub-

process (it is clear the final incoherent unitary is SI).

Suppose a previous measurement has left the ancilla in a state ∣φµ⟩α. Applying

a controlled unitary U before projecting onto a state ∣φν⟩α corresponds to the Kraus

operator

Kν∣µ =
d−1

∑
i=0

⟨φν ∣Ui∣φµ⟩ ∣i⟩⟨i∣ . (3.22)

This is SI by inspection, and clearly a combination of these is also SI.
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For the converse, suppose an SI operation has a set of Kraus operators {Kµ =

∑i c
µ
i ∣fµ(i)⟩⟨i∣ ∣ µ = 0, . . . , k − 1}. We construct an appropriate controlled unitary,

ancilla measurement and set of incoherent unitaries to recover this set.

As shown in the proof of Result 2, the condition for an SI operation to be trace-

non-increasing is equivalent to ∑µ∣c
µ
i ∣

2 ≤ 1 ∀i. We can always assume that ∑µK
�
µKµ =

I by including another Kk = ∑i c
k
i ∣i⟩⟨i∣ (which may be zero if the equality is already

satisfied).

Since we now have k + 1 Kraus operators, we choose an ancilla of dimension k + 1.

Given an arbitrary basis set {∣φµ⟩ ∣ µ = 0, . . . , k} and an arbitrary initial state ∣0⟩ for

α, we let Ui be such that Ui ∣0⟩ = ∑i c
µ
i ∣φµ⟩. After applying U and measuring ∣φµ⟩, we

conditionally apply Vµ = ∑i ∣fµ(i)⟩⟨i∣ on S. (See Fig. 3.3 for a circuit representation.)

This is seen to reproduce the Kraus operator Kµ.

This lends weight to the intuitive arguments in the previous section: any operation

outside the SI set must involve a global process capable of generating coherence, even

if the action on the system happens to be BCP incoherent. Relating back to the

interferometer picture, the branch degree of freedom maps onto the system S, and the

internal state of the particle acts as the ancilla α. The controlled unitary encapsulates

the path-dependent unitaries Ui, while permutations of the branches are represented

by incoherent unitaries.

3.4 Monotones

As described in the introduction, in any resource theory, measures of a resource

are determined by certain criteria expressed in terms of free states and operations.

Baumgratz et al. [40] first stated these for coherence; we do the same here, replacing

BCP incoherent operations with SI operations.

A measure C(ρ) must be a non-negative real-valued function of the state. The

first condition states that a good measure should respect our choice of zero versus

non-zero coherence:

(C1) C(ρ) = 0 iff ρ ∈ I

The condition for monotonicity under free operations can be given in two different

ways, corresponding to quantum channels and instruments, respectively. The first
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states that coherence cannot increase in a deterministic free process; the second that

coherence cannot increase on average whenever there is an ensemble of probabilistic

outcomes. (In some works the latter version is called “strong monotonicity”.)

(C2a) C is a deterministic monotone under any SI channel E :

C(E(ρ)) ≤ C(ρ) ∀ρ. (3.23)

(C2b) C is an ensemble monotone under any SI instrument {Eµ}:

∑
µ

pµC(ρµ) ≤ C(ρ) ∀ρ where pµ = Tr[Eµ(ρ)], pµρµ = Eµ(ρ). (3.24)

These are typically considered the most important criteria. There are others which

may be seen as desirable, but are not always satisfied for measures of interest. For

example:

(C2c) C is a monotone under an SI instrument with a classical flag:

C (∑
µ

pµ ∣µ⟩⟨µ∣ ⊗ Eµ) ≤ C(ρ) ∀ρ. (3.25)

(C3) C is convex: for any set of states and probabilities {ρµ, pµ} with ∑µ pµ = 1, we

have

C (∑
µ

pµρµ) ≤ ∑
µ

pµC(ρµ). (3.26)

Note that (C2b) and (C2c) are also often typically stated in terms of the most fine-

grained instrument for a given channel, i.e. taking a single Kraus operator Eµ(ρ) =

KµρK
�
µ. In addition, these conditions are not all independent – for instance, (C2b)

and (C3) together imply (C2a).

A number of valid measures are given in [40]. A significant one is the relative

entropy of coherence:

CR(ρ) ∶= min
σ∈I

S(ρ∣∣σ) (3.27)

= S(Φ(ρ)) − S(ρ), (3.28)

where the second line shows that CR(ρ) can be expressed as the difference between

the von Neumann entropy of ρ and the classical (Shannon) entropy of its diagonal
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entries (the minimising incoherent state is σ = Φ(ρ)). This satisfies all of the above

conditions (C1-3).

A large class of coherence measures can be defined in terms of distance mea-

sures. For any contractive pseudo-distance D, we can define the associated coherence

measure [40]

CD(ρ) ∶= min
σ∈I

D(ρ, σ). (3.29)

Straightforwardly from the definition, this satisfies (C1) and (C2a); (C3) also holds

if D is jointly convex, i.e. if D(∑µ pµρµ,∑µ pµσµ) ≤ ∑µ pµD(ρµ, σµ).

To assess whether the resource theories defined by BCP and SI operations are

different, we can ask whether they have the same set of monotones. SI operations are

a strict subset of the BCP operations, so any quantity which is a monotone under

BCP operations is automatically a monotone under SI operations. However, it is

possible that there exist quantities with monotonicity only under SI operations.

We present a class of distance-based measures which are monotonic under SI

operations (using the same assumptions on D as for the measure CD):

C ′
D(ρ) ∶=D(ρ,Φ(ρ)). (3.30)

It is clear that this satisfies (C1); in addition, (C2a) follows from the fact that an SI

operation E is such that [E ,Φ] = 0:

C ′
D(E(ρ)) =D(E(ρ),Φ ○ E(ρ))

=D(E(ρ),E ○Φ(ρ))

≤D(ρ,Φ(ρ))

≤ C ′
D(ρ). (3.31)

In some cases, we may find C ′
D = CD. For example, this is true for the measure

derived from the distance using the l1 norm, Dl1(ρ, σ) = ∥ρ − σ∥l1 = ∑i,j ∣ρi,j − σi,j ∣ [40]

(where ρi,j = ⟨i∣ρ∣j⟩):

Cl1(ρ) ∶= min
σ∈I

Dl1(ρ, σ) =Dl1(ρ,Φ(ρ)) = ∑
i≠j

∣ρi,j ∣. (3.32)

On the other hand, the measures based on the fidelity CF (ρ) ∶= minσ∈I[1 − F (ρ, σ)2]

[40, 137, 138] and the trace norm Ctr(ρ) ∶= minσ∈I ∥ρ − σ∥tr [40, 139] do not generally

have Φ(ρ) as the closest incoherent state. (Note that some variations upon CF exist
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in the literature, including minσ∈I[1 − F (ρ, σ)], which fails (C2b) [137].) Hence C ′
F

and C ′
tr are SI monotones but not necessarily BCP monotones. However, we have

been unable to find examples where these measures are able to increase under BCP

operations. As no proof of monotonicity exists so far, it remains an open question

whether these are also monotonic under BCP, and therefore whether SI operations

admit a strictly larger set of monotones.

One might want to search for examples of BCP operations where C ′
F fails (C2a)

– however, note that this can never happen for d = 2 dimensions. Chitambar and

Gour [130] have shown that, for qubits, any deterministic transformation ρ→ σ which

can be done by BCP operations can also be done by SI operations. It follows that

any deterministic monotone under SI operations is a deterministic monotone under

BCP operations in this case.

3.5 Comparison with other incoherent operations

In this section, we examine the relation between SI operations and other classes

of incoherent operations which have been proposed. These are all subsets of the

previously mentioned MI operations at the top of the hierarchy.

3.5.1 Translationally invariant operations

Given an observable A = ∑i ai ∣i⟩⟨i∣ whose eigenbasis is chosen to coincide with the

incoherent basis, we have the following [41,115]:

Definition 8. A quantum operation E is translationally invariant (TI) iff

e−itAE(ρ)eitA = E (e−itAρeitA) ∀t ∈ R, ρ. (3.33)

Equivalently, one may say that E is covariant with respect to the unitary transforma-

tions Ut(ρ) = e−itAρeitA generated by A. This can also be expressed as [E ,Ut] = 0 ∀t.

As will be discussed in detail in Chapter 5, TI operations strictly speaking give

rise to a resource theory of unspeakable coherence; however, we include them here

since the comparison is illuminating. We have chosen here not to allow incoherent

subspaces for speakable coherence, so we similarly assume that the spectrum of A is

non-degenerate. Unlike BCP and SI operations, the definition of TI operations at the
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level of total quantum channels actually implies the existence of a set of incoherent

Kraus operators of the form [101]

Kδ = ∑
i,j∶ai−aj=δ

ci,j ∣i⟩⟨j∣ . (3.34)

Comparing with (3.10), we see that these Kraus operators are in the SI set, and are

restricted such that the function f maps i to j satisfying aj = ai + δ, where δ is a

constant for each Kraus operator. Because A is non-degenerate, there is at most one

such value of j for any given i. An arbitrary reshuffling of basis states is not allowed

– each Kraus operator may only rigidly shift states up or down in the spectrum of A.

Coherence associated with off-diagonal elements ∣i⟩⟨j∣ for different values of ai − aj

constitute separate resources which cannot be interconverted under TI operations.

This makes TI operations a strict subset of SI. They do not include the full set of

incoherent unitaries that we require for a speakable coherence resource theory – only

U = ∑i e
iθi ∣i⟩⟨i∣ is possible (it mat also be possible to shift states in the spectrum of

A unitarily if this spectrum is unbounded from above and below).

The physical motivation for TI operations is very strong, deriving from conserva-

tion laws and considerations about reference frames – see Chapter 5. Importantly,

they have a dilation theorem [41, 101, 140]. This invokes an ancilla α with an as-

sociated observable B = ∑j bj ∣j⟩⟨j∣ defining its own incoherent basis. Then any TI

operation E can be constructed via

E(ρS) = Trα [(IS ⊗Eα)U(ρS ⊗ σα)U
�] , (3.35)

where the state σα and POVM element Eα are both incoherent (with respect to

{∣j⟩}), and U is covariant with respect to transformations generated by A⊗ I + I ⊗B.

Physically, U corresponds to an interaction conserving the global additive quantity

A⊗ I + I ⊗B; no coherent resources are needed to prepare the initial ancilla state or

to perform its final measurement.

Unlike the SI dilation, where full control of the ancilla is assumed for free, here

the ancilla can be used as a resource in the following sense. The TI set captures

all operations which can be performed without access to a reference for the phase

conjugate to A. However, a coherent ancilla acts as a phase reference, and thus can

be used to overcome the restriction imposed by a covariant interaction U [141–144].

The reason for this difference is that the free interaction U in the SI case is of the
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form (3.21), which can never generate a superposition of incoherent basis states (even

before tracing out the ancilla). However, for the TI case, the free U can generate such

superpositions. Consider, for instance, that A and B are both number observables;

then, U is allowed to create a state such as ∣0⟩∣1⟩+ ∣1⟩∣0⟩. In the TI resource theory,

it is assumed that, when systems are combined, the global observable A ⊗ I + I ⊗B

is the one which defines incoherent states – and this may have degenerate subspaces

in which superpositions are considered free.

A significant subset of TI operations is commonly considered in quantum ther-

modynamics. Given a Hamiltonian H and a heat bath at temperature T = 1/(kBβ),

a resource theory can be defined with a single free state: the thermal (or Gibbs)

state γ = e−βH/Tr[e−βH]. The set of thermal operations is generated by energy-

conserving interactions between the system and an ancilla initially in a thermal

state [94, 134, 145]. These are a strict subset of TI operations with respect to the

energy eigenbasis. This framework therefore allows for the discussion of coherence as

resource in quantum thermodynamics [135,146,147].

3.5.2 Genuinely and fully incoherent operations

Streltsov [129] proposed a set of incoherent operations as follows:

Definition 9. A quantum channel E is genuinely incoherent (GI) iff it preserves

every incoherent state:

E(ρ) = ρ ∀ρ ∈ I. (3.36)

These have the property that every possible set of Kraus operators is diagonal in

the incoherent basis: Kµ = ∑i c
µ
i ∣i⟩⟨i∣. As such, the GI set is a strict subset of TI

operations. Their power is very limited, since even different incoherent pure states

cannot generally be interchanged. The associated dilation is the same as in Result 3,

but without the ability to perform incoherent unitaries on the system – GI operations

are SI operations without permutations.

A number of results about pure and mixed state transformations under GI opera-

tions is given in [131]. There, the authors aim to construct a more powerful set which

keeps the property that all Kraus operator representations are incoherent. Therefore

they define:
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Definition 10. A quantum operation is fully incoherent (FI) iff every set of

corresponding Kraus operators is incoherent.

Equivalently, they prove that these are such that all Kraus operators are all inco-

herent and of the same form (i.e., have the same pattern of non-zero matrix elements

in the incoherent basis). Rather strangely, the FI set is not convex, casting doubt on

its physical consistency. This is demonstrated in [131] via the qubit example

E(ρ) = pσxρσx + (1 − p)σzρσz, (3.37)

which is not FI for p ∈ (0,1), while each of the two terms is FI. This example also

shows that an SI operation is not necessarily FI.

Conversely, it is clear that not every FI operation is SI – consider, for example,

the operation with a single Kraus operator of the form K = a ∣0⟩⟨0∣ + b ∣0⟩⟨1∣. This

fact is stated in [131]; however, a subtlety is missed there that FI channels can be a

subset of SI channels, which involves imposing ∑µK
�
µKµ = I. We prove that exact

relation depends on the dimension:

Result 4. For d = 2 or 3, the FI channels are a subset of the SI channels. For d ≥ 4,

there exist FI channels which are not SI.

Proof. We begin by identifying a useful way of expressing FI Kraus operators. Note

firstly that any incoherent Kraus operator can be written as

Kµ = ∑
i

∣i⟩⟨ψµi ∣ , (3.38)

where each ∣ψµi ⟩ need not be normalised. In the FI case, the statement that all Kµ are

of the same form amounts to the following: Let {Si ∣ i = 0, . . . , d−1} be a collection of

disjoint (possibly empty) subsets of {0, . . . , d − 1} such their union covers the whole

set. Defining Hi = span{∣j⟩ ∣ j ∈ Si}, we have ∣ψµi ⟩ ∈ Hi ∀µ.

For an FI channel, I = ∑µK
�
µKµ = ∑µ,i,j ∣ψ

µ
i ⟩⟨i∣j⟩ ⟨ψ

µ
j ∣ = ∑µ,i ∣ψ

µ
i ⟩⟨ψ

µ
i ∣ . Since the

∣ψµi ⟩ belong to the subspaces Hi, which are orthogonal for different i, it follows that

∑
µ

∣ψµi ⟩⟨ψ
µ
i ∣ = ∑

j∈Si

∣j⟩⟨j∣ ∀i. (3.39)

Considering the rank of both sides of this equation, note that it requires the number

of µ values to be at least ∣Si∣. We now apply this to cases of specific dimensions.
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� d = 2: Up to a relabelling of the incoherent basis, the only Kraus operator form,

that is FI but not SI, is Kµ = ∣0⟩⟨ψµ∣. At least two values of µ are needed to

satisfy (3.39). There always exists a minimal Kraus representation in which the

Kµ are linearly independent (Exercise 6.14 of [148]), and so the ∣ψµ⟩ are also

linearly independent. Therefore two values µ = 0,1 are sufficient.

We now use Theorem 2.6 of [72], which says that two sets {∣αi⟩}, {∣βj⟩} generate

the same Hermitian operator, i.e. ∑i ∣αi⟩⟨αi∣ = ∑j ∣βj⟩⟨βj ∣, iff there exists a

unitary matrix uij such that ∣αi⟩ = ∑j uij ∣βj⟩. (If the sets are different sizes,

then we just pad the smaller one with zero entries to equal the length of the

other.) Given (3.39), we can therefore write ∣µ⟩ = ∑ν uµν ∣ψ
ν⟩.

If we now let Lµ = ∣0⟩⟨µ∣ (µ = 0,1), then it can be seen that Lµ = ∑ν u
∗
µνKν . Two

sets of Kraus operators are related by a unitary remixing in this way iff they

generate the same channel. This is Theorem 8.2 of [72], and is a consequence of

the previously used Theorem (the same comment about the length of the two

sets applies).

Hence we have shown that Lµ are a valid set of Kraus operators for the channel,

and they are clearly SI.

� d = 3: There are now two FI Kraus operator forms that are not SI. The first is

Kµ =
⎛
⎜
⎝

∗ ∗ ∗

0 0 0
0 0 0

⎞
⎟
⎠
= ∣0⟩⟨ψµ∣ , (3.40)

where ∗ denotes any potentially non-zero element. The logic is exactly as for

d = 2: we can always assume a channel decomposition with three values µ =

0,1,2. As before, this leads to an equivalent set of three SI Kraus operators

Lµ = ∣0⟩⟨µ∣.

Secondly, there is the form

Kµ =
⎛
⎜
⎝

∗ ∗ 0
0 0 ∗

0 0 0

⎞
⎟
⎠
= ∣0⟩⟨ψµ∣ + cµ ∣1⟩⟨2∣ , ∣ψµ⟩ ∈ span{∣0⟩ , ∣1⟩}. (3.41)

We can generally assume three Kraus operators of this form (due to linear

independence of the minimal set). Equation (3.39) states that ∑
2
µ=0 ∣ψ

µ⟩⟨ψµ∣ =

∣0⟩⟨0∣ + ∣1⟩⟨1∣. As before, this guarantees the existence of a unitary matrix uµν
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such that ∣0⟩ = ∑µ u0µ ∣ψµ⟩ , ∣1⟩ = ∑µ u1µ ∣ψµ⟩ , 0 = ∑µ u2µ ∣ψµ⟩ . The corresponding

new set of Kraus operators Lµ = ∑ν u
∗
µνKν can be written as

L0 =
⎛
⎜
⎝

1 0 0
0 0 ∗

0 0 0

⎞
⎟
⎠
, L1 =

⎛
⎜
⎝

0 1 0
0 0 ∗

0 0 0

⎞
⎟
⎠
, L2 =

⎛
⎜
⎝

0 0 0
0 0 ∗

0 0 0

⎞
⎟
⎠
, (3.42)

which are SI.

� d ≥ 4: We give a counter-example for d = 4 (which also exists in higher dimen-

sions by embedding). Define a channel with two Kraus operators

K0 =

⎛
⎜
⎜
⎜
⎜
⎝

1√
2

1√
2

0 0

0 0 1 0
0 0 0 0
0 0 0 0

⎞
⎟
⎟
⎟
⎟
⎠

, K1 =

⎛
⎜
⎜
⎜
⎜
⎝

1√
2

− 1√
2

0 0

0 0 0 1
0 0 0 0
0 0 0 0

⎞
⎟
⎟
⎟
⎟
⎠

. (3.43)

It is easily verified that these satisfy K�
0K0 +K

�
1K1 = I. There are only two

possible linear combinations that leave a single non-zero element in the first

row, namely K0±K1 (up to a constant). However, the second row then contains

two non-zero elements. Therefore no linear combination can generate a set of

SI Kraus operators.

3.5.3 Physical incoherent operations

Chitambar and Gour also address the physical meaning of incoherent operations by

considering their dilation [130]. However, they ask for a type of dilation which is

more restricted than that in Result 3. Similarly to the TI dilation, the ancilla α also

has its own incoherent basis {∣j⟩}. The global incoherent basis for HS ⊗Hα is then

defined to be the product basis {∣i⟩S ∣j⟩α ∣ i = 0, . . . , dS − 1; j = 0, . . . , dα − 1}2. The

interaction U is assumed to be incoherent with respect to this basis; one can then

perform incoherent projective measurements on α. The resulting operations are called

physical incoherent (PI) operations, and always have a set Kraus operators of

the form

Kµ = ∑
i

eiθi ∣fµ(i)⟩⟨i∣Pµ, (3.44)

where each fµ is invertible and the Pµ form a complete and orthogonal set of inco-

herent projectors.
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PI operations are a strict subset of SI operations; moreover, they are rather re-

stricted in the transformations they can perform. For example, a pure state ∣ψ⟩

can be converted to ∣φ⟩ under PI operations with non-zero probability only if ∣ψ⟩

and ∣φ⟩ are connected by an incoherent unitary [130]. This rules out, for instance,

(∣0⟩ + ∣1⟩)/
√

2 →
√
p ∣0⟩ +

√
1 − p ∣1⟩ for any p ≠ 1/2, while this is possible under SI

operations [117,130].

Analogously to Result 2, we note that the transformation on the diagonal elements

of a state pi → p′i = ∑j Ti,jpj is associated with a doubly substochastic matrix Ti,j. By a

simpler version of the previous proof (without using the matrix S), it also follows that

every such doubly substochastic transformation can be achieved with a PI operation.

3.5.4 Dephasing-covariant incoherent operations

Looking for a set of operations more powerful than PI, a new set is suggested in [130]

– the same set is independently proposed by Marvian and Spekkens [41]. This can

be seen as moving Definition 6 about “not using coherence” to the level of operations

rather than Kraus operators:

Definition 11. A quantum operation E is a dephasing-covariant incoherent

(DI) operation iff it commutes with dephasing: [E ,Φ] = 0.

Evidently every SI operation is also DI. We first show that the converse holds for

qubits.

Result 5. For d = 2, the sets of SI and DI operations are the same.

Proof. It has already been shown that SI ⊆ DI. For the converse, we use the Choi-

Jamiolkowski isomorphism [72] (Chapter 8) which associates every quantum operation

on S with a (sub-normalised) state on RS, where R is another system with the same

2It is claimed in [130] that this form for the global incoherent states is fixed by the “no super-
activation postulate”: if ρ and σ are both free states for their respective subsystems, then ρ ⊗ σ is
free. This claim is false, as shown by the TI dilation picture. The postulate only determines that
the global incoherent states must contain ∣i⟩ ∣j⟩. In order to rule out the existence of a larger set, we
would have to assume a postulate such as the following: all global free states can be obtained from
statistical mixtures of states of the form ρ⊗ σ, where ρ and σ are free. This arises naturally when
the set of global free operations is given by local free operations and classical communication.
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dimension as S:

σ ∶= (IR ⊗ ES)(∣α⟩⟨α∣) (3.45)

= ∑
i,j

∣i⟩⟨j∣R ⊗ ES (∣i⟩⟨j∣) , (3.46)

where ∣α⟩ = ∑i ∣i⟩R∣i⟩S. The condition σ ≥ 0 is equivalent to saying that E is CP.

Given that a DI operation must map diagonals to diagonals and off-diagonals to

off-diagonals, the most general form for σ in the basis {∣00⟩ , ∣01⟩ , ∣10⟩ , ∣11⟩} is

σ =

⎛
⎜
⎜
⎜
⎝

a 0 0 b
0 c d 0
0 d∗ e 0
b∗ 0 0 f

⎞
⎟
⎟
⎟
⎠

, (3.47)

where a, c, e, f ≥ 0 and b, d ∈ C. This is block-diagonal and hence can be written

as σ = ∑
3
µ=0 ∣ψµ⟩⟨ψµ∣, where ∣ψ0,1⟩ ∈ span{∣00⟩ , ∣11⟩} and ∣ψ2,3⟩ ∈ span{∣01⟩ , ∣10⟩} (not

normalised). We can write ∣ψ0⟩ = x0 ∣00⟩+ y0 ∣11⟩, so

∣ψ0⟩⟨ψ0∣ =

⎛
⎜
⎜
⎜
⎝

∣x0∣
2 0 0 x0y∗0

0 0 0 0
0 0 0 0

x∗0y0 0 0 ∣y0∣
2

⎞
⎟
⎟
⎟
⎠

. (3.48)

Note that this corresponds to the Choi-Jamiolkowski form of the operation ρ →

K0ρK
�
0, where

K0 = (
x0 0
0 y0

) . (3.49)

Similarly we can associate the remaining ∣ψµ⟩ with

K1 = (
x1 0
0 y1

) , K2 = (
0 x2

y2 0
) , K3 = (

0 x3

y3 0.
) . (3.50)

Therefore E has a set of SI Kraus operators.

The proof method is blocked for higher dimensions because the Choi matrix σ

no longer has a block-diagonal form. In fact, we have an example that disproves the

converse for d ≥ 4. Unfortunately, the case of d = 3 is left unanswered.

Result 6. For d ≥ 4, there exist channels that are DI but not SI.

Proof. The statement is proved by the FI example (3.43), which we have shown does

not represent an SI channel. In [131] it is stated that every FI operation is DI. To be
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precise, this is in fact not true at the level of quantum operations (consider a single

incoherent Kraus operator) – but is true for channels. We repeat the proof here,

using our terminology. We write a set of FI Kraus operators as Kµ = ∑i ∣i⟩⟨ψ
µ
i ∣ in the

notation of the proof of Result 4. Then we calculate the matrix element

⟨k∣ (∑
µ

Kµ ∣i⟩⟨j∣K
�
µ) ∣k⟩ = ∑

µ,l,m

⟨k∣l⟩⟨ψµl ∣i⟩⟨j∣ψ
µ
m⟩⟨m∣k⟩

= ∑
µ

⟨ψµk ∣i⟩⟨j∣ψ
µ
k ⟩

= ⟨j∣ (∑
µ

∣ψµk ⟩⟨ψ
µ
k ∣) ∣i⟩ . (3.51)

Using (3.39), which expresses ∑µK
�
µKµ = I, this vanishes whenever i ≠ j. Hence the

channel is DI.

In [41], an attempt is made for the physical justification of the DI set via a dilation

theorem. They show that, given a dilation with an incoherent ancilla, a dephasing-

covariant global unitary, and an incoherent ancilla measurement, the resulting oper-

ation is DI. They leave the converse as an open question. In fact, we can see that a

dephasing-covariant global unitary U is in general of the same form (3.21) as used in

our SI dilation. However, their dilation does not allow for a conditional incoherent

unitary Vµ on the system. Therefore, such a dilation necessarily gives an SI operation

in which the permutations fµ performed by all Kraus operators are the same. This

is a strict subset of SI, so their dilation cannot recover the full DI set.

3.5.5 Coherent transport and cooling maps

One of the bodies of work calling for rigorously defined measures of coherence is the

study of coherent transport processes. Working in this area, Levi and Mintert [133]

propose a quantitative measure of coherent delocalisation. Without defining a full

resource theory, they justify this measure by proving its monotonicity under a set of

incoherent processes. They assume that a single excitation is present; denoting by ∣i⟩

the state of an excitation localised at site i, their incoherent processes fall into two

classes:3

1. “Modification of phase coherence”: Kraus operators Ai = u1 ∣i⟩⟨i∣ +u2∑j≠i ∣j⟩⟨j∣.

2. “Incoherent hopping”: Kraus operators Bji = ∣j⟩⟨i∣.
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These clearly form a strict subset of SI operations. The Kraus operators of the

form Ai are simply diagonal – it is also evident that, by composing A
(1)
i A

(2)
j . . . with

different values of u1,2, the full set of diagonal SI Kraus operators ∑i c
µ
i ∣i⟩⟨i∣ can be

generated. However, the Bji are too restrictive to recover the full SI set, or even the

PI set. Each Bji corresponds physically to a projective measurement onto a single

site i, which is then transferred to site j. With general SI operations, it is possible to

simultaneously interchange two pairs of sites while retaining coherence. For example,

the transformation ∣0⟩+ ∣1⟩ → ∣1⟩+ ∣2⟩ can be done with an SI operation but not with

any application of B10 or B21.

Almost the same set of operations appears in a different physical context. The

authors of [149] show that thermal operations with a low-temperature bath take on

a certain form. The Kraus operators are either of the form K = ∑i λj ∣Ei⟩⟨Ei∣ or

Jjk = µjk ∣Ej⟩⟨Ek∣, where j and k are such that Ej < Ek. The set of “cooling maps” is

defined to contain all channels whose Kraus operators can be written in this way. As

compared with the above set, the only difference is the order imposed on the allowed

Jjk.

3.6 Conclusions

In this chapter, we have defined the condition that states when a quantum operation

does not use coherence, and have seen that this can be viewed as dual to the condition

that an operation does not create coherence. Asking for both conditions to be satisfied

simultaneously gives the set of SI operations. These constitute a set of processes living

somehow on the boundary between quantum and classical, where coherence can be

present but does not contribute to the measured outcomes.

We have shown that SI operations admit a description with basic incoherent uni-

tary gates and measurements involving interactions with an ancilla, and that there is

a corresponding intuitive interpretation in terms of operations on an interferometer.

We argue that this makes the SI operations the strongest physically motivated set

of incoherent operations so far. We have seen that other sets can also be proposed

3In [133], these processes are argued to be determined by two conditions: they preserve the
number of excitations, and an initially localised state is kept localised. The first condition simply
ensures that we can consistently work in the single-excitation subspace; the second can be recognised
as the inability to create coherence. Since we know that the largest such set (determined by Kraus
operators) is the BCP incoherent set, the authors’ logic must be flawed.
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Figure 3.4: Schematic representation of the relations between some sets of incoherent
operations, at the level of channels rather than Kraus operators. It is unknown
whether the region shaded with bars is empty.

from physical considerations (for example, translationally invariant operations, ther-

mal operations, and incoherent transport processes), but these do not include the full

set of incoherent unitaries which are desired of a resource theory of speakable coher-

ence. The set of PI operations, while physically consistent in the sense of having an

incoherent dilation, is also too restrictive for a well-behaved theory.

Another proposal in the literature, namely DI operations, is very close to SI,

defined as whole maps (without restrictions on individual Kraus operators) which

can neither create nor use coherence. However, we have shown that the DI set is

in general (for dimension greater than three) strictly larger than SI. Therefore our

dilation cannot be applied, and it is not known whether there is some more general

dilation giving rise to the DI set. It is at least hard to see how to construct a physically

reasonable dilation even “larger” than the one we have given.

There are a number of open resource-theoretic questions pertaining to SI oper-

ations. Firstly, while we have found an additional set of SI monotones, it is still
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unknown whether or not these are strictly a new set – i.e., whether they are also

monotones under the BCP set. An interesting possibility remains that the mono-

tones for the two sets of operations are actually the same. Either outcome would

have intriguing implications for the operational differences between BCP and SI op-

erations.

Similarly, one can compare the state transformations possible under both SI and

BCP operations. Winter and Yang [117] have shown that the pure state transforma-

tions are identical, as are the rates of formation. The only one of their results which

has not been extended to SI operations is distillation from mixed states. Their proof

of the distillation rate for BCP operations makes explicit and non-trivial use of mea-

surements in a coherent basis. A set of desirable characteristics for a resource theory

of speakable coherence is given in [15]. The last of these is “no bound coherence”,

meaning that every coherent state should be (asymptotically) distillable at a non-zero

rate – which is an open question for SI operations.

Finally, it remains to be seen whether our results hold for the possible generali-

sations mentioned earlier, namely for incoherent subspaces and for operations which

map between different state spaces. In addition, there is much to be discussed about

distributed scenarios in which separated observers are restricted to local incoherent

operations and classical communication: so far, only BCP operations have been used

in this context [118–120].
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Chapter 4

Relating coherence and discord

This chapter explores properties of quantum coherence in multipartite systems (com-

posed of two subsystems or more). In settings of this type, one can discuss corre-

lations and the extent to which they are useful resources. Relations between the

resource theories of coherence and entanglement have been studied in a number of

works [118, 138, 150], but here we focus on another quantum correlation known as

quantum discord [44, 151]. As we explain below, this was originally introduced in

two independent works [42, 43] which noticed that there is generally a gap between

the quantum mutual information, a measure of the degree of correlation between two

subsystems, and the classical correlations between local measurement outcomes. The

states for which such a gap exists have a quantum-correlated character that includes

but goes beyond entanglement.

Discord is a potentially exciting candidate as a quantum resource in part because

it is far less fragile [152] than entanglement, which can often vanish under noise in

a phenomenon known as “sudden death” [153]. It is known to signal a quantum

advantage in a number of protocols including state merging [154, 155], remote state

preparation [156], cryptography [157], and the encoding of information in a bipartite

state [158, 159]; it also plays a role in quantum locking of classical correlations [160]

and non-local effects in thermodynamics [161,162].

Therefore it is pertinent to ask to what extent coherence and discord are inter-

changeable – when can one resource be traded for the other? In Section 4.2, we

provide some answers by giving bounds on the discord which can be created between

subsystems under incoherent operations, in terms of the coherence of the subsystems.

We also use this to aid the discussion of coherence and discord as resources for a type
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of noisy quantum computation [45,163].

Despite the operational interpretations which have been found for discord, its

general status as a resource lacks a firm footing because there is no known resource

theory. The difficulty is that the appropriate set of free operations is unclear; sur-

prisingly, discord can increase under some local operations [164]. We attempt to offer

some insight into this problem in Section 4.3.3 by studying the behaviour of discord

under the free operations for coherence. To do this, we work with a simpler basis-

dependent version of discord. We demonstrate monotonicity properties under the SI

operations introduced in Chapter 3, with increases in discord being attributed to the

loss of a classical memory. Finally, we find a new connection between free operations

for coherence and discord by considering operations that are SI with respect to every

basis.

4.1 Basics of quantum discord

As was noted in [42,43] that while the classical mutual information can be defined in

two equivalent ways, these two expressions do not always agree in the quantum case.

The quantum mutual information between two subsystems A and B is defined as

I(A ∶ B)ρ ∶= S(ρA) + S(ρB) − S(ρAB). (4.1)

This can be thought of as the amount of information stored in the state that is shared

jointly between the subsystems. It vanishes exactly for product states and is max-

imised for the maximally entangled state. In the case of two classical random variables

X and Y , the analogous expression takes the same form but with the Shannon entropy

in place of the von Neumann entropy, i.e. Icl(X ∶ Y ) =H(Y )+H(Y )−H(X,Y ). It is

simple to show that this may be rewritten as Icl(X ∶ Y ) =H(X) −∑x pxH(Y ∣X = x),

where px is the marginal distribution of X and H(Y ∣X = x) is the Shannon entropy

of the Y distribution py∣x = px,y/px obtained when the outcome X = x is measured.

In the quantum case, suppose a measurement is made with POVM elements

{Aa} on A. When the outcome Aa is obtained, the state of B is projected to

ρB∣a = TrA(AaρAB)/pa, where pa = TrAB(AaρAB). Using the same construction as

the classical quantity, we can define

J(B∣{Aa})ρ ∶= S(ρB) −∑
a

paS(ρB∣a). (4.2)
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However, this is in general less than I(A ∶ B)ρ. Even after maximising over all

possible POVMs, the resulting quantity

J(B∣A)ρ ∶= max
{Aa}

J(B∣{Aa})ρ (4.3)

is still less than I(A ∶ B)ρ. Following [42]:

Definition 12. The discord of a bipartite state ρAB is defined as the gap

δ(B∣A)ρ ∶= I(A ∶ B)ρ − J(B∣A)ρ. (4.4)

The rationale behind this definition is that it neatly expresses the “total corre-

lations” I(A ∶ B) as a sum of a quantum part δ(B∣A) and a classical part J(B∣A).

Such a splitting is reasonable because δ(B∣A) ≥ 0; this follows from the fact that the

mutual information cannot increase under a local measurement [165].

In [42], the measurement on A was assumed to be a set of rank-one projectors – it

was shown later that the minimum value in the definition of δ(B∣A) (corresponding

to the maximum in J(B∣A)) is in fact achieved by rank-one projectors (Theorem

5 of [166]). In some literature, and in the results presented below, the POVM ele-

ments may be further restricted to a set of orthogonal one-dimensional projectors.

In this case, the optimisation does not generally achieve the value given by general

measurements [167,168].

This quantity is generally asymmetric in the sense that δ(B∣A) ≠ δ(A∣B); instead,

a symmetric version of discord has been proposed by using measurements on both

subsystems [167,169]. The symmetric classical mutual information is

J(A ∶ B)ρ ∶= max
{Aa,Bb}

J({Aa} ∶ {Bb}) (4.5)

∶= max
{Aa,Bb}

H({pAa }) +H({pBb }) −H({pABab }), (4.6)

where pABab = TrAB[(Aa ⊗Bb)ρAB] and pAa , p
B
b are the marginals. The corresponding

discord quantifier is then:

Definition 13. The symmetric discord of a bipartite state ρAB is

δ(A ∶ B)ρ ∶= I(A ∶ B)ρ − J(A ∶ B)ρ (4.7)

One of the main properties of discord, which opens up a number of ways to

interpret it, is the set of states for which it vanishes:
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Definition 14. A bipartite state ρAB is called classical-quantum (CQ) iff δ(B∣A)ρ =

0; equivalently, iff it has the form

ρAB = ∑
a

λa ∣ψa⟩⟨ψa∣ ⊗ ρB∣a, (4.8)

where {∣ψa⟩} is an orthonormal basis for HA.

Similarly, ρAB is called classical-classical (CC) iff δ(A ∶ B)ρ = 0; equivalently,

iff

ρAB = ∑
a,b

λab ∣ψa⟩⟨ψa∣ ⊗ ∣φb⟩⟨φb∣ , (4.9)

where {∣φb⟩} is also an orthonormal basis for HB.

From this, one can see that a zero-discord state is such that there exists some

local basis with the property that a local measurement on A in this basis does not

perturb the global state. When such a basis exists, it is the eigenbasis of the local

state ρA (an analogous statement is true for symmetric discord).

It is also clear that a CQ or CC state is necessarily separable, but the converse is

not true. A simple example of a state with discord but no entanglement is 1
2 ∣0⟩⟨0∣ ⊗

∣0⟩⟨0∣ + 1
2 ∣+⟩⟨+∣ ⊗ ∣1⟩⟨1∣. Therefore one often says that discord is a more general,

or weaker, type of correlation than entanglement, in that it exists for a larger set

of states. In fact, almost all states (in a measure-theoretic sense) have non-zero

discord [152]. More quantitative statements can also be made by showing that every

entanglement measure E has an associated discord-like measure QE such that QE ≥ E

[170].

The measures of classical correlations have a number of important properties,

as outlined in [43]. Namely, classical correlations vanish for product states, cannot

increase under local operations (therefore are unchanged under local unitaries, which

are reversible), and equal S(ρA) = S(ρB) for pure states. Monotonicity under local

operations is also shared by the total correlations I(A ∶ B). However, we cannot

conclude that the difference between them, the discord, is similarly monotonic – this

is the subject of the discussion in Section 4.3.3. It is at least true that δ(B∣A) is

non-increasing under local operations on the unmeasured system B [44].
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4.2 Creating discord from coherence

4.2.1 Measures of multipartite coherence and discord

We first introduce the terminology needed to extend the resource theory of speak-

able coherence to multipartite cases. Suppose the whole system is composed of

n subsystems Ak of finite dimension dk, and that each has a preferred incoher-

ent basis {∣ik⟩ ∣ ik = 0, . . . , dk − 1}. For speakable coherence, it is often natural to

assume [5, 118, 138, 150, 171] that the combined system has a corresponding inco-

herent basis given by tensor products of the individual incoherent basis states, i.e.

∣i⟩ ∶= ∣i1⟩∣i2⟩ . . . ∣in⟩, where i = (i1, i2, . . . , in). Then the full set of incoherent states is

IA1...An ∶= {∑
i

pi ∣i⟩⟨i∣} , (4.10)

with the usual condition on the pi being normalised probabilities. Alternatively, we

might treat the subsystems asymmetrically by considering coherence to be a resource

only on some set of m subsystems Ak, denoting the remaining subsystems by Bk. The

relevant free states are then of the form

IB1...Bn−m∣A1...Am ∶=

⎧⎪⎪
⎨
⎪⎪⎩

∑
i=(i1,...,im)

pi∣i⟩⟨i∣A1...Am
⊗ σB1...Bn−m∣i

⎫⎪⎪
⎬
⎪⎪⎭

. (4.11)

We call these A1 . . .Am-incoherent states; in the bipartite case treated in [118],

they are called incoherent-quantum (IQ). For notational simplicity, from now on

we contract the sets of Ak and Bk to A and B. We also only use the definition (4.11),

as the set (4.10) is a special case where there are no Bk.

Given a contractive pseudo-distance D, we can generalise the class of measures

(3.29) to the multipartite setting:

C
B∣A
D (ρAB) ∶= min

σAB∈IB∣A
D(ρAB, σAB). (4.12)

As before, C
B∣A
D vanishes iff a state is A-incoherent. These measures are now mono-

tonic under the set of A-incoherent (or incoherent-quantum) operations, which are

defined by mapping IB∣A to itself [118]. (We work for now with the BCP construc-

tion, leaving aside the distinction between different classes of incoherent operations as

discussed in Chapter 3.) For the case of the relative entropy, the closest A-incoherent

state is given by dephasing in the incoherent basis [118], so

C
B∣A
R (ρAB) = S(ρAB ∣∣ΦA(ρAB)), (4.13)
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where ΦA(ρAB) = ∑i(∣i⟩⟨i∣A ⊗ IB)ρAB(∣i⟩⟨i∣A ⊗ IB).

A strong indication of the connection between coherence and discord is given by

the comparing the forms of the CQ (or CC) states and IQ states. Evidently, a state

is IQ iff it is CQ and such that the basis {∣ψi⟩} coincides with the incoherent basis.

Analogously to the construction of multipartite A-incoherent states, we define the

set of A-classical states to be

CB∣A ∶= {∑
i

pi∣ψi⟩⟨ψi∣A ⊗ σB∣i} , (4.14)

where ∣ψi⟩ = ∣ψ1
i1
⟩∣ψ2

i2
⟩ . . . ∣ψmim⟩ such that {∣ψkik⟩ ∣ ik = 0, . . . , dk − 1} is a basis for Ak. A

set of distance-based measures of discord can then be defined [151,172,173]:

∆
B∣A
D (ρAB) ∶= min

σAB∈CB∣A
D(ρAB, σAB), (4.15)

vanishing iff ρAB is A-classical.

Using the partition of subsystems (A1, . . . ,Am,B) in which all Bk are grouped

together, we write the associated set of separable states as SA1∶⋅⋅⋅∶Am∶B. We can then

quantify the statement that “discord goes beyond entanglement” by observing that

CB∣A ⊂ SA1∶⋅⋅⋅∶Am∶B, so [151,172]

EA1∶⋅⋅⋅∶Am∶B
D (ρAB) ∶= min

σAB∈SA1 ∶⋅⋅⋅∶Am ∶B
D(ρAB, σAB)

≤ ∆
B∣A
D (ρAB). (4.16)

A direct connection with the above coherence measures can be made. Suppose

we denote the A-incoherent states with respect to some product basis b = {∣ψi⟩}

by IB∣A,b. Similarly, we write the corresponding coherence measures as C
B∣A,b
D and

dephasing channel as ΦA,b. Then it is clear that

CB∣A = ⋃
b

IB∣A,b, (4.17)

∆
B∣A
D (ρAB) = min

b
C
B∣A,b
D (ρAB). (4.18)

See Fig. 4.1 for a depiction of the relations between these different sets and measures.

From the relative entropy coherence measure, it follows that

∆
B∣A
R (ρAB) = min

b
S(ρAB ∣∣ΦA,b(ρAB)). (4.19)
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Figure 4.1: Schematic representation of the sets of separable states (S, elliptical area),
classical states (C, solid lines) and incoherent states (line highlighted in blue), as well
as the distance-based measures ED, ∆D, and CD.

More in the spirit of the original discord quantity discussed in the previous section,

one can define a generalisation of δ(B∣A) to multipartite systems, known as global

discord [174]. This relies on rewriting

δ(B∣A)ρ = min
b
S(ρAB ∣∣ΦA,b(ρAB)) − S(ρA∣∣ΦA,b(ρA)), (4.20)

which assumes that the minimisation over measurements on A is restricted to orthog-

onal projectors. This is extended to

δ(B∣A)ρ ∶= min
prod. b

S(ρAB ∣∣ΦA,b(ρAB)) −
m

∑
k=1

S(ρAk ∣∣ΦAk,b(ρAk)), (4.21)

where the minimisation is over all product basis choices. By a simple expansion and

rearrangement of terms, this can be recast as

δ(B∣A)ρ = min
prod. b

I(A1 ∶ ⋅ ⋅ ⋅ ∶ Am ∶ B1 ∶ ⋅ ⋅ ⋅ ∶ Bn−m)ρ−I(A1 ∶ ⋅ ⋅ ⋅ ∶ Am ∶ B1 ∶ ⋅ ⋅ ⋅ ∶ Bn−m)ΦA,b(ρ),

(4.22)

where I(A ∶ B ∶ C ∶ . . . ) ∶= S(ρA) + S(ρB) + S(ρC) + ⋅ ⋅ ⋅ − S(ρABC...) = S(ρABC...∣∣ρA ⊗

ρB ⊗ ρC ⊗ . . . ) is a multipartite version of the mutual information. The second term

on the right hand side of (4.22) is a measure of classical correlations with respect to

a measurement in the basis b on A; thus, the whole expression is a generalisation of

(4.4).
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4.2.2 General bounds

In this section, we give general bounds for the conversion between coherence and

discord. The setting is similar to that introduced in [138]. There, one has a system

S and ancilla A, initially in a product state ρS ⊗ ρA and with ρA assumed to be

incoherent. Their first observation is that, when ρS is also incoherent, a global inco-

herent operation always results in a separable state. When ρS contains coherence, a

global incoherent operation can create entanglement between S and A. This relation

can be made quantitative by giving an upper bound on the attainable entanglement

from a certain amount of coherence. Moreover, it is shown there that this connection

provides a valid coherence measure from any valid entanglement measure.

Here, we show that similar statements can be made for coherence and discord. We

also generalise the setting to allow for multipartite systems as described above. We

suppose that there are m subsystems Ak in which coherence is considered a resource,

and n −m remaining subsystems Bk. The initial state is assumed to be completely

uncorrelated:

ρAB =
m

⊗
k=1

ρAk ⊗
n−m

⊗
k=1

ρBk . (4.23)

A global A-incoherent channel E is then applied to produce the final state E(ρAB)

(see Fig. 4.2).

A1

A2

Am

B1

B2

Bn−m

E

coherence

discord

Figure 4.2: Converting coherence in subsystems A1, . . . ,Am into discord between A
and B using a global A-incoherent channel E . The initial state is fully uncorrelated.

Result 7. For any contractive pseudo-distance D and initial product state (4.23), the

discord created by an A-incoherent channel E is bounded by

∆
B∣A
D (E(ρAB)) ≤ CD(ρA). (4.24)
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(Recall the definition (3.29) of CD(ρA) = minσA∈IA D(ρA, σA).)

If D is the relative entropy or the Bures distance, and if the dimensions of A, B

satisfy dB ≥ dA, then there is always a choice of ρB and E that saturates the inequality.

Proof. Suppose that σB is the closest incoherent state to ρA, such that CD(ρA) =

D(ρA, σA). Two observations are useful here: firstly, note that

D(ρA ⊗ ρB, σA ⊗ ρB) =D(ρA, σA), (4.25)

which holds because the operation of adding an uncorrelated system in the state ρB is

reversible by tracing out B (so that monotonicity holds in both directions). Secondly,

σA ⊗ ρB is A-incoherent, so by the assumption on E ,

σA ⊗ ρB ∈ IB∣A ⇒ E(σA ⊗ ρB) ∈ IB∣A ⊂ CB∣A. (4.26)

Thus, we have the chain of relations

CD(ρA) =D(ρA, σA)

=D(ρA ⊗ ρB, σA ⊗ ρB)

≥D(E(ρA ⊗ ρB),E(σA ⊗ ρB))

≥ min
τAB∈CB∣A

D(E(ρA ⊗ ρB), τAB)

= ∆
B∣A
D (ρAB). (4.27)

For the second statement, we assume for simplicity that dB = dA (the case dB > dA

follows trivially). We choose an arbitrary basis {∣i⟩B} for B, which is not necessarily

a product basis but is labelled in the same way as the incoherent basis for A. Then

we choose the initial state of B to be ρB = ∣0⟩⟨0∣. The A-incoherent operation is

given by a unitary U which generalises the C-NOT to higher dimensions. Without

writing out the gate in full, what is important is that it has the action

U ∣i⟩A∣0⟩B = ∣i⟩A∣i⟩B. (4.28)

It was shown in [138] that in this case, the amount of bipartite entanglement generated

is EA∶BD (U[ρA ⊗ ρB]U �) = CD(ρA), when D is the relative entropy or the Bures

distance. Since everyA-classical state is separable with respect to theA ∶B partition,
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i.e. CB∣A ⊂ SA∶B, we must have

∆
B∣A
D (U[ρA ⊗ ρB]U �) ≥ EA∶BD (U[ρA ⊗ ρB]U �)

= CD(ρA). (4.29)

It follows that the upper bound (4.24) must be saturated. (When dB > dA, there are

additional basis states for B which do not enter into the calculation.)

Since discord is generally greater than entanglement, ∆
B∣A
D ≥ EA∶BD , our bound

is tighter than the entanglement bound in [138]. Hence it is natural to ask whether

coherence can be converted into discord without creating any entanglement. A sim-

ple two-qubit example is given by taking the initial state ∣+⟩⟨+∣A ⊗ ∣0⟩⟨0∣B and the

incoherent global operation

E(ρAB) = pUρABU
� + (

1 − p

4
) I ⊗ I, (4.30)

where p ∈ [0,1] and U is the C-NOT gate. The resulting state is p ∣φ+⟩⟨φ+∣ + (1 −

p)/4I ⊗ I, known as a Werner state (∣φ+⟩ is a Bell state). For p = 1, this is maximally

entangled, while for p ≤ 1/3 it is separable. In contrast, there is non-zero discord for

all p > 0 [42].

In this example, both entanglement and discord reach their maximal values at

p = 1. However, it is unclear whether the upper bound for discord may be saturated

even with a separable final state.

Now we give a bound for the global discord measure δ(B∣A). For this quantity,

the coherence of individual subsystems now plays an important role.

Result 8. For any initial product state (4.23), the global discord created by an A-

incoherent operation E is bounded by

δ(B∣A)ρ′ ≤
m

∑
k=1

CR(ρAk) −CR(ρ
′
Ak

), (4.31)

where ρ′AB = E(ρAB). This is saturated when the optimal basis in the definition of

δ(B∣A) coincides with the incoherent basis, and E is unitary.

Proof. The key observation is that the right-hand side of (4.21) involves a minimisa-
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tion over all basis choices, and by restricting to the incoherent basis, we have

δ(B∣A)ρ′ ≤ S(ρ
′
AB ∣∣ΦA(ρ′AB)) −

m

∑
k=1

S(ρ′Ak ∣∣ΦAk(ρ
′
Ak

))

= C
B∣A
R (ρ′AB) −

m

∑
k=1

CR(ρ
′
Ak

). (4.32)

We then use the fact that E is A-incoherent, which implies C
B∣A
R (ρ′AB) ≤ C

B∣A
R (ρAB),

so

δ(B∣A)ρ′ ≤ C
B∣A
R (ρAB) −

m

∑
k=1

CR(ρ
′
Ak

). (4.33)

Finally, the initial product structure means that C
B∣A
R (ρAB) = ∑

m
k=1CR(ρAk), from

which the result follows. The inequality is saturated exactly when there is equal-

ity in the first line of (4.32), i.e. when the incoherent basis is the optimal one for

measurement, and when the global coherence C
B∣A
R is unchanged.

This shows that, in order to create global discord, the local coherence of subsys-

tems must be consumed.

Some comments can be made about both above results. Firstly, if the discord

quantities were defined by optimising over all local measurements (not just projective

local measurements), then in general lower values would be achieved and the upper

bounds would still apply. In addition, since the global incoherent operations assumed

here are the largest possible set, the upper bounds are also valid for any other class

of incoherent operations. However, the saturation of the bound in Result 7 assumes

that the generalised C-NOT gate is a free operation.

The optimal value in the bound of Result 8 is ∑
m
k=1CR(ρAk) = CR(ρA), the same

as the bound of Result 7. This requires that each final local state ρAk is incoherent. It

is difficult to say in general when this value is achieved; however, it is always possible

in the bipartite case, which reduces to the discord δ(B∣A). To see this, note from

(4.2) and (4.3) that the maximal classical mutual information J(B∣A) is achieved by

minimising pa∑a S(ρB∣a) over all possible measurements on A. By choosing ρB = ∣0⟩⟨0∣

and applying the generalised C-NOT gate U as in Result 7 (again assuming dB ≥ dA),

we have the final state

ρ′AB = ∑
i,j

ρij ∣i⟩⟨j∣A ⊗ ∣i⟩⟨j∣B, (4.34)
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where ρij = ⟨i∣ρA∣j⟩. Choosing to measure A in the incoherent basis, we have ρB∣i =

∣i⟩⟨i∣, with zero entropy. Therefore this is the optimal basis. The reduced states are

ρ′A = ∑i ρii∣i⟩⟨i∣A, ρ
′
B = ∑i ρii∣i⟩⟨i∣B. It is easily seen that J(B∣A) = S(ρ′B) and hence

δ(B∣A) = S(ρ′A) − S(ρ
′
AB) =H({ρii}) − S(ρA) = CR(ρA), as claimed.

4.2.3 Application to DQC1 algorithm

One of the first important studies of the usefulness of discord in quantum information

processing is [45], which looks at its role in a model of quantum computation called

deterministic quantum computation with one quantum bit (DQC1) [163].

It is known for computation with pure states that genuine multipartite entanglement

between an unbounded number of qubits is necessary in order to have an exponential

advantage over classical computation [34]. However, the situation is much less clear

for mixed states. DQC1 provides a striking case of a highly efficient computation

with very little quantumness.

The scheme is depicted in Fig. 4.3. Only one pure qubit ρA = ∣0⟩⟨0∣ is permit-

ted, while the remainder B1, . . . ,Bn are initially maximally mixed, ρB = I⊗n/2n. A

Hadamard gate is first applied to A, followed by a controlled-unitary (C-U) gate

applying U to B conditioned on the state of A: ∣0⟩⟨0∣ ⊗ I⊗n + ∣1⟩⟨1∣ ⊗ U . A subse-

quent measurement of A enables estimation of the normalised trace of U , ⟨σxA + iσ
y
A⟩ =

Tr(U)/2n =∶ τ . The protocol is repeated a number of times to evaluate the expecta-

tion value to a desired precision. Hence τ is determined in bounded (i.e. O(1)) time,

up to a constant factor depending on the precision.

A ∣0⟩⟨0∣ H

U

I/2
I/2

I/2

B1

B1

Bn

Figure 4.3: Circuit diagram for the DQC1 algorithm to evaluate the normalised trace
τ = Tr(U)/2n of a matrix U of dimension 2n. The final measurement is not in the
computational basis, but determines ⟨σxA + iσ

y
A⟩.

Since U encodes a 2n×2n matrix (when written in some basis), it is plausible that

its normalised trace τ may be hard to compute classically, meaning that it takes a
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time exponential in n. Indeed, DQC1 accomplishes the computation exponentially

faster than any known classical algorithm [163], and there is evidence that the model

is hard to simulate on a classical computer [166,175].

Therefore it is somewhat surprising that, with respect to the most natural bi-

partite splitting of A versus B, the state is separable at every stage of the algo-

rithm. This is most easily seen by writing the unitary in a spectral decomposition as

U = ∑
2n

i=1 e
iφi ∣i⟩⟨i∣, so that the C-U gate can be rewritten as

∣0⟩⟨0∣ ⊗ I⊗n + ∣1⟩⟨1∣ ⊗U =
2n

∑
i=1

Rφi ⊗ ∣i⟩⟨i∣ , (4.35)

Rφ ∶= ∣0⟩⟨0∣ + eiφ ∣1⟩⟨1∣ . (4.36)

The state before application of the C-U gate is ∣+⟩⟨+∣ ⊗ ∑
2n

i=1 ∣i⟩⟨i∣ /2
n, which then

becomes

ρ′AB =
2n

∑
i=1

1

2n
Rφi ∣+⟩⟨+∣R

�

φi
⊗ ∣i⟩⟨i∣ , (4.37)

which is explicitly separable. In addition, there is negligible entanglement in any

other bipartite split (measured by the negativity) [176].

Looking for an alternative signature of quantumness, it was shown in [45] that

the discord in the A-B split is generally non-zero. Hence it was conjectured that

discord is the resource for the computation. We also observe that the C-U gate is

A-incoherent, so coherence is only present as a result of the Hadamard gate acting on

A. Result 8 can be directly applied to give δ(B∣A)ρ′ ≤ ∆CA ∶= CR(∣+⟩⟨+∣) −CR(ρ′A).

The final state of A is easily computed as

ρ′A =
1

2
( ∣0⟩⟨0∣ + ∣1⟩⟨1∣ + τ ∣1⟩⟨0∣ + τ∗ ∣0⟩⟨1∣ ), (4.38)

with eigenvalues (1 ± ∣τ ∣)/2. Therefore S(Φ(ρ′A)) = 1, S(ρ′A) = h([1 + ∣τ ∣]/2), where

h(p) = −p log p−(1−p) log(1−p) is the binary Shannon entropy. Given that the state

of A just after the Hadamard gate has CR = 1, we have

δ(B∣A)ρ′ ≤ ∆CA = h(
1 + ∣τ ∣

2
) . (4.39)

Claims about discord being the signature of a quantum advantage in DQC1 have

some problems. For example, for any U = eiφM such that M2 = I⊗n, one finds that

the discord vanishes [177]. This can be seen by examining (4.37). In this case we have

φi = φ or φ+π, from which each term in the sum is of the form Rφ ∣±⟩⟨±∣R
�

φ⊗∣i⟩⟨i∣, so
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ρ′AB is CQ. However, there is still no known efficient classical algorithm to determine

τ for such a U .

On the other hand, coherence is generally still consumed when discord vanishes

(the inequality is not generally saturated). We find that ∆CA = 0 iff ∣τ ∣ = 1, which

is equivalent to U = eiφI⊗n. Given the promise that U is of this form, it is trivial to

determine τ classically – one just reads off the phase of a single diagonal element.

This suggests that the consumption of coherence, rather than the creation of discord,

might be the correct indicator of a quantum speed-up here.

This issue is, however, more subtle than it first appears. The difficulty is in how we

compare the classical and quantum algorithms. The input for DQC1 is not in fact a

matrix representation of U , but is typically considered to be a classical description of

a sequence of elementary (one- and two-qubit) gates of polynomial length in n [176].

The polynomial requirement ensures that the circuit has an efficient implementation;

the input must be classical (rather than a set of physical gates) so that we can compare

the quantum algorithm with a classical one. So the claim we should like to make is:

given a matrix representation of a polynomial sequence of elementary gates promised

to result in an overall unitary U = eiφI⊗n, there exists an efficient classical algorithm

to determine φ. Unfortunately, it is not at all clear whether this is true, so it must

be left as an open problem.

4.3 Incoherent operations and discord

4.3.1 Basis-dependent discord (BDD)

In this section, we change perspective somewhat in connecting coherence and discord.

The main obstacle to understanding discord as a resource is the lack of a full char-

acterisation of the operations under which it cannot increase. Unlike entanglement,

discord can be created by local operations. For example, the classically correlated

state (∣0⟩⟨0∣ ⊗ ∣0⟩⟨0∣ + ∣1⟩⟨1∣ ⊗ ∣1⟩⟨1∣)/2 can be converted into the discordant state

(∣0⟩⟨0∣ ⊗ ∣0⟩⟨0∣ + ∣+⟩⟨+∣ ⊗ ∣1⟩⟨1∣)/2 by a local channel on the first qubit with Kraus op-

erators K0 = ∣0⟩⟨0∣ , K1 = ∣+⟩⟨1∣. The full set of channels which cannot create discord

from zero has been found [164, 178–180]. In that they are defined by preserving the

set of free (classically correlated) states, these stand to discord as do the maximally

incoherent channels (Definition 2) to coherence. Until these channels – or a subset
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thereof – are given a physically sound motivation, we cannot have a resource theory

of discord.

In order to make progress on this issue, we study a simpler version of discord

where the measurement basis is fixed (and also focus on the bipartite case):

Definition 15. For a bipartite state ρAB and a fixed basis b = {∣i⟩A∣i = 0, . . . , dA − 1}

for A, we define the classical correlations with respect to b as

Jb(B∣A)ρ ∶= J(B∣{∣i⟩⟨i∣A})ρ = I(A ∶ B)ΦA,b(ρ). (4.40)

The corresponding basis-dependent discord (BDD) is

δb(B∣A)ρ ∶= I(A ∶ B)ρ − Jb(B∣A)ρ = I(A ∶ B)ρ − I(A ∶ B)ΦA,b(ρ). (4.41)

Analogously, when b = {∣i⟩A∣j⟩B ∣i = 0, . . . , dA − 1; j = 0, . . . , dB − 1} specifies a product

basis for AB, the symmetric versions of these quantities are

Jb(A ∶ B) ∶= J({∣i⟩⟨i∣A} ∶ {∣j⟩⟨j∣B}) = I(A ∶ B)ΦAB,b(ρ) (4.42)

δb(A ∶ B) ∶= I(A ∶ B)ρ − Jb(A ∶ B)ρ = I(A ∶ B)ρ − I(A ∶ B)ΦAB,b(ρ). (4.43)

For the remainder of this chapter, we take the basis b to be the incoherent basis.

(Therefore we can drop the b subscript for the dephasing channel.) As we shall see,

this lets us draw direct connections between BDD and coherence.

Operationally, BDD can be motivated as a quantity of interest by the following

considerations: suppose, as in Chapter 3 when discussing the concept of “using coher-

ence”, that the party in possession of A has access only to incoherent measurements.

The accessible correlations between A and B are then Jb(B∣A). So δb(B∣A) measures

the excess in correlations contributing to the total I(A ∶ B). It is thus reasonable to

describe BDD as measuring the quantumness of correlations with respect to the inco-

herent basis. This qualitative statement will be strengthened by the results presented

below. Also note that the seminal paper [42] initially motivated the basis-dependent

case before discussing δ(B∣A) = minb δb(B∣A).

As an initial connection, we observe that BDD is the difference between measures

of coherence in the global and local states:

δb(B∣A)ρ = C
B∣A
R (ρAB) −CR(ρA), (4.44)

δb(A ∶ B)ρ = C
AB
R (ρAB) −CR(ρA) −CR(ρB), (4.45)

where the proof is the same as for (4.20) and (4.21).
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4.3.2 Vanishing BDD

We can gain some insight into the meaning of BDD by determining the set of states for

which it vanishes. We know that the basis-independent discord δ(B∣A) vanishes ex-

actly for CQ states, which have the form ∑a λa ∣ψa⟩⟨ψa∣⊗ρB∣a. Therefore it is tempting

to guess that δb(B∣A) vanishes only for IQ (or A-incoherent) states ∑i pi ∣i⟩⟨i∣ ⊗ ρB∣i,

since these are the CQ states restricted by setting ∣ψi⟩ = ∣i⟩. In fact, we have the

following:

Result 9. δb(B∣A)ρ = 0 iff it is possible to write

ρAB = ∑
α

pαρ
α
A ⊗ ρ

α
B such that Tr[ΦA(ρ

α
A)ΦA(ρ

α′
A )] = 0 ∀α ≠ α′. (4.46)

Likewise, δb(A ∶ B)ρ = 0 iff it is possible to write

ρAB = ∑
α,β

pαβ ∣ψα⟩⟨ψα∣ ⊗ ∣φβ⟩⟨φβ ∣ (4.47)

such that Tr[ΦA(∣ψα⟩⟨ψα∣)ΦA(∣ψα′⟩⟨ψα′ ∣)] = 0 ∀α ≠ α′and sim. for ΦB(∣φβ⟩⟨φβ ∣).

Before giving the proof, we recall an important theorem by Petz [181]:

Theorem 1 (Petz). For two states ρ, σ, the relative entropy is unchanged under a

quantum channel E , meaning that S(ρ∣∣σ) = S(E(ρ)∣∣E(σ)), iff there exists a channel

R satisfying R ○ E(ρ) = ρ, R ○ E(σ) = σ. Such an R is called a recovery channel.

When recovery is possible, it is achieved by a channel with the explicit formula

R(X) = σ1/2E�[E(σ)−1/2XE(σ)−1/2]σ1/2. (4.48)

Proof of Result 9. We focus first on δb(B∣A). For notational simplicity, we let σAB =

ΦA(ρAB). Writing (4.41) in terms of the relative entropy, we see that

δb(B∣A)ρ = 0⇔ S(ρAB ∣∣ρA ⊗ ρB) = S(σAB ∣∣σA ⊗ ρB). (4.49)

Therefore we can apply Theorem 1 using the channel E = ΦA = Φ�
A. After writing

σAB = ∑
i

pi ∣i⟩⟨i∣ ⊗ ρB,i, (4.50)
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the recovery condition for ρAB, with R given by (4.48), says that

ρAB = R(σAB)

= ∑
i

piR(∣i⟩⟨i∣ ⊗ ρB,i)

= ∑
i

pi(ρA ⊗ ρB)
1/2ΦA[(σA ⊗ ρB)

−1/2(∣i⟩⟨i∣ ⊗ ρB,i)(σA ⊗ ρB)
−1/2](ρA ⊗ ρB)

1/2

= ∑
i

(ρ
1/2
A ∣i⟩⟨i∣ ρ

1/2
A ) ⊗ ρB,i. (4.51)

Since δ(B∣A) ≤ δb(B∣A) = 0, ρAB must be CQ, so we can write

ρAB = ∑
α

λα ∣ψα⟩⟨ψα∣ ⊗ ρB∣α = ∑
i

(ρ
1/2
A ∣i⟩⟨i∣ ρ

1/2
A ) ⊗ ρB,i, (4.52)

where ρA = ∑α λα ∣ψα⟩⟨ψα∣ is a spectral decomposition for ρA. Multiplying this equa-

tion by ρ
−1/2
A ⊗ I on the left and right gives

∑
a

∣ψα⟩⟨ψα∣ ⊗ ρB∣α = ∑
i

∣i⟩⟨i∣ ⊗ ρB,i. (4.53)

Note that we have defined the inverse of ρA as acting only on its support:

ρ
−1/2
A ∶= ∑

α∶λα≠α

λ
−1/2
α ∣ψα⟩⟨ψα∣ . (4.54)

Therefore in (4.53), we have included only the terms that are in the support of ρA.

We now multiply (4.53) on the left by ⟨i∣ and on the right by ∣ψα⟩, giving ⟨i∣ψα⟩ρB∣α =

⟨i∣ψα⟩ρB,i ∀α, i. Therefore either ⟨i∣ψα⟩ = 0 or ρB∣α = ρB,i. This means that any two

∣ψα⟩ either correspond to the same ρB∣α or are in the span of two disjoint sets of

incoherent basis vectors – in which case the two dephased states ΦA(∣ψα⟩⟨ψα∣) are

orthogonal. If we group together all the terms corresponding to the same ρB∣α, we

arrive at the claimed form (4.46).

Conversely, we check via (4.44) that all states of this form do have vanishing

δb(B∣A). We have to show that C
B∣A
R (ρAB) = CR(ρA). Firstly we calculate

S(ρAB) = S (∑
α

pαρ
α
A ⊗ ρ

α
B)

=H({pα}) +∑
α

pα [S(ραA) + S(ρ
α
B)] , (4.55)

using the fact that different ραA are orthogonal. Similarly, writing σαA ∶= ΦA(ραA) and

σAB = ∑α pασ
α
A ⊗ ρ

α
B,

S(σAB) =H({pα}) +∑
α

pα [S(σαA) + S(ρ
α
B)] . (4.56)
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It follows that

C
B∣A
R (ρAB) = [H({pα}) +∑

α

pαS(σ
α
A)] − [H({pα}) +∑

α

pαS(ρ
α
A)]

= S(σA) − S(ρA)

= CR(ρA). (4.57)

For the symmetric discord, note that J(A ∶ B) ≤ J(B∣A) (since ΦAB(ρAB) is

obtained from ΦA(ρAB) by an operation local to B), and so δb(A ∶ B) ≥ δb(B∣A).

Hence δb(A ∶ B) = 0⇒ δb(B∣A) = δb(A∣B) = 0. By the above result, we can write

ρAB = ∑
α

pα ∣ψα⟩⟨ψα∣ ⊗ ρB∣α = ∑
β

qβρA∣β ⊗ ∣φβ⟩⟨φβ ∣ , (4.58)

where the ∣φβ⟩ obey the same conditions as ∣ψα⟩. We multiply this equation by

⟨ψα∣ ⟨φβ ∣ on the left and ∣ψα⟩∣φβ′⟩ on the right. If we take β ≠ β′, this gives

pα ⟨φβ ∣ρB∣α∣φβ′⟩ = 0 ∀α, β ≠ β′. (4.59)

For all α such that pα ≠ 0, this implies that ρB∣α is diagonal in the basis {∣φβ⟩}, and

can therefore be written as ρB∣α = ∑β pβ∣α ∣φβ⟩⟨φβ ∣. Therefore ρAB takes the form

ρAB = ∑
α,β

pαpβ∣α ∣ψα⟩⟨ψα∣ ⊗ ∣φβ⟩⟨φβ ∣ , (4.60)

giving the claimed result by letting pαβ ∶= pαpβ∣α.

States with vanishing BDD can be coherent, but each coherent subspace in the

expansion (4.46) is associated with a product state. Intuitively, in these states, co-

herence is stored independently of correlations. The condition on the different com-

ponents ραA says that they are perfectly distinguishable by a measurement in the

incoherent basis.

While every such state is A-incoherent, the converse is not true. A counterexample

is given by the following qutrit-qubit state:

ρAB =
1

2
∣+01⟩⟨+01∣ ⊗ ∣0⟩⟨0∣ +

1

2
∣2⟩⟨2∣ ⊗ ∣1⟩⟨1∣ , (4.61)

where ∣±ij⟩ ∶= (∣i⟩ ± ∣j⟩)/
√

2. Note that an incorrect claim of the converse is made in

Equation (16) of the seminal paper [42]. We have been unable to find any correction of

this in the literature.1 A-incoherent states are characterised by vanishing C
B∣A
R [118],
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while the remaining set of states with zero BDD have C
B∣A
R (ρAB) = CR(ρA) > 0. This

also includes all product states. In the case of dA = 2, every state with vanishing BDD

is in fact either A-incoherent or a product state; more complex cases such as (4.61)

can only exist for dA ≥ 3. See Fig. 4.4 for a representation of these various sets.

product

CQ

δb(B∣A) = 0

A-inc.

Figure 4.4: Representation of the sets of states for which the following quantities
vanish: δ(B∣A) (CQ states), δb(B∣A) (Result 9), C

B∣A
R (A-incoherent states) and

I(A ∶ B) (product states). This is schematic only, as not all these sets are convex.
For dA = 2, the shaded region is empty.

4.3.3 Behaviour under local operations

We now investigate the behaviour of correlations under local incoherent operations.

We discuss both deterministic and ensemble monotonicity. The mutual information

I(A ∶ B), as a measure of total correlations, is well known to be a deterministic

and ensemble monotone under arbitrary local operations [165]. Therefore one may

expect a similar result to hold for classical correlations under some local incoherent

operations; we have the following:

Result 10. Jb(B∣A) is a deterministic and ensemble monotone under local SI op-

erations on A, as well as under arbitrary operations on B. Jb(A ∶ B) is similarly a

monotone under local SI operations on both A and B.

The set of SI operations is the largest subset of incoherent operations for which

this statement is true.
1One may ask where the mistake is in ‘Proof 3’ on page 4 of [42]. We suspect the error is in the

step where an arbitrary off-diagonal and its complex conjugate are deleted from the density matrix.
This does not in general result in a valid state (i.e. satisfying ρ ≥ 0), and the authors have at least
not shown that it does in this case.
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Proof. First, let {Eµ} be an SI quantum instrument, and let F(ρ) = ∑µ ∣µ⟩⟨µ∣X ⊗

EµA(ρ) be the channel which performs the instrument with a classical memory X.

Applying this to an initial state ρAB, we find

J(B∣A)ρ = S(ΦA(ρAB)∣∣ΦA(ρA) ⊗ ρB)

≥ S(FA ○ΦA(ρAB)∣∣FA ○ΦA(ρA) ⊗ ρB)

= S(ΦA ○ FA(ρAB)∣∣ΦA ○ FA(ρA) ⊗ ρB)

= S (∑
µ

∣µ⟩⟨µ∣X ⊗ΦA ○ EµA(ρAB)∣∣∑
µ

∣µ⟩⟨µ∣X ⊗ EµA(ρA) ⊗ ρB) , (4.62)

having used the contractivity of the relative entropy and the fact that [FA,ΦA] = 0.

The relative entropy is also additive for direct sums [165], giving

Jb(B∣A)ρ ≥ ∑
µ

pµS(∣µ⟩⟨µ∣X ⊗ΦA(ρµAB) ∣∣ ∣µ⟩⟨µ∣X ⊗ΦA(ρµA ⊗ ρB)), (4.63)

where pµρµAB = EµA(ρAB). Since the relative entropy is unchanged under tracing out

an uncorrelated ancilla,

Jb(B∣A)ρ ≥ ∑
µ

pµS(ΦA(ρµAB)∣∣ΦA(ρµA) ⊗ ρB)

= ∑
µ

pµJ(B∣A)ρµ . (4.64)

The same calculation is easily seen to carry through for an arbitrary operation on B,

or if we replace Jb(B∣A) by Jb(A ∶ B).

Conversely, let E be an incoherent operation such that [E ,ΦA] ≠ 0. This means

that there exist i, j, k with i ≠ j such that ⟨k∣E(∣i⟩⟨j∣)∣k⟩ ≠ 0. Let σi ∶= E(∣i⟩⟨i∣), σj ∶=

E(∣j⟩⟨j∣), τ ∶= E(∣i⟩⟨j∣). We construct an initial state with no classical correlations

but which has Jb(B∣A) > 0 after applying E to A. The state is

ρAB =
1

2
(∣φ⟩⟨φ∣ ⊗ ∣0⟩⟨0∣ +

1

2
[∣i⟩⟨i∣ + ∣j⟩⟨j∣] ⊗ ∣1⟩⟨1∣) , (4.65)

where ∣φ⟩ ∶= (∣i⟩+ eiφ ∣j⟩)/
√

2. There are no classical correlations in this state, as

ΦA(ρAB) =
1

2
(∣i⟩⟨i∣ + ∣j⟩⟨j∣) ⊗

1

2
(∣0⟩⟨0∣ + ∣1⟩⟨1∣). (4.66)

Applying EA, the state becomes

ρ′AB ∶= EA(ρAB) =
1

2
(

1

2
[σi + σj + e

−iφτ + eiφτ �] ⊗ ∣0⟩⟨0∣ +
1

2
[σi + σj] ⊗ ∣1⟩⟨1∣) (4.67)

σ′AB ∶= ΦA(ρ
′
AB) =

1

2
(σi + σj +ΦA[e

−iφτ + eiφτ �]) ⊗ ∣0⟩⟨0∣ +
1

2
(σi + σj) ⊗ ∣1⟩⟨1∣ . (4.68)
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We see that J(B∣A)ρ′ = 0 iff ΦA(e−iφτ + eiφτ �) = 0. However, by assumption, there

exists k such that ⟨k∣τ ∣k⟩ ≠ 0. Then a value of φ can be chosen such that

⟨k∣e−iφτ + eiφτ �∣k⟩ = 2 cosφRe[⟨k∣τ ∣k⟩] + 2 sinφ Im[⟨k∣τ ∣k⟩] ≠ 0. (4.69)

In this case, Jb(B∣A)ρ′ > Jb(B∣A)ρ = 0, so classical correlations have been created.

Given the characterisation in Chapter 3 that SI operations do not use coherence,

this result is not surprising: local SI operations cannot convert coherence into corre-

lations in the incoherent basis.

We now look at BDD; as a measure of quantumness of correlations with respect

to the incoherent basis, this might be expected to be a monotone under some suitably

classical local operations. A useful trick [182] in the proof is to write δb(B∣A) in terms

of the quantum conditional mutual information, defined as

I(A ∶ B∣C)ρ ∶= I(AC ∶ B)ρ − I(C ∶ B)ρ

= I(A ∶ BC)ρ − I(A ∶ C)ρ. (4.70)

Let C be a system which makes a measurement of A in the incoherent basis, such that

after tracing out A, the state is ∑i ρii∣i⟩⟨i∣C ⊗ ρB∣i, where ρii are the diagonals of ρA.

This can be accomplished by a unitary U between A and C such as the generalised

C-NOT discussed in Result 7. If we let ρ′ABC ∶= UAC(ρAB ⊗ ∣0⟩⟨0∣C)U
�
AC , then

δb(B∣A)ρ = I(A ∶ B)ρ − I(A ∶ B)ΦA(ρ)

= I(AC ∶ B)ρ′ − I(C ∶ B)ρ′

= I(A ∶ B∣C)ρ′ . (4.71)

Result 11. δb(B∣A) is:

(i) a deterministic and ensemble monotone under arbitrary local operations on B;

(ii) an ensemble monotone under local SI operations on A with subselection on

individual Kraus operators;

(iii) a deterministic and ensemble monotone under local GI operations on A;
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Proof. (i) The proof of the first part is the same as that in [182] for the minimised

discord δ(B∣A), using the quantum conditional mutual information. Note that (4.71)

can be re-expressed as

δb(B∣A)ρ = I(A ∶ BC)ρ′ − I(A ∶ C)ρ′ . (4.72)

The result follows from the monotonicity of the first term I(A ∶ BC)ρ′ under local

operations on B (which commute with the unitary U interacting A and C).

(ii) Let {Eµ} be a quantum instrument such that Eµ(ρ) = KµρK
�
µ where {Kµ} is

a set of SI Kraus operators. Let F be the channel performs this instrument while

keeping a classical memory X of the outcome. We define

σAB ∶= ΦA(ρAB), (4.73)

ρ′XAB ∶= FA(ρAB) = ∑
µ

pµ∣µ⟩⟨µ∣X ⊗ EµA(ρAB) = ∑
µ

pµ∣µ⟩⟨µ∣X ⊗ ρµAB, (4.74)

σ′XAB ∶= ΦA(ρ
′
XAB) = FA(σAB), (4.75)

where the last equality follows from [FA,ΦA] = 0.

The final average BDD is

∑
µ

pµδb(B∣A)ρµ = ∑
µ

pµ [I(A ∶ B)ρµ − I(A ∶ B)σµ] . (4.76)

It is easily verified that I(XA ∶ B)ρ′ = H({pµ}) +∑µ pµI(A ∶ B)ρµ and I(XA ∶ B)σ′ =

H({pµ}) +∑µ pµI(A ∶ B)σµ , so that

∑
µ

pµδb(B∣A)ρµ = I(XA ∶ B)ρ′ − I(XA ∶ B)σ′ . (4.77)

By monotonicity of the mutual information under local operations, I(XA ∶ B)ρ′ ≤

I(A ∶ B)ρ. On the other hand, classical correlations are not lost under the map F .

This is because σAB can be recovered from σ′XAB by a local operation. To show this,

we write σAB = ∑i ρii∣i⟩⟨i∣A ⊗ ρB,i and Kµ = ∑i c
µ
i ∣fµ(i)⟩⟨i∣, so that

σ′XAB = ∑
µ,i

ρii∣c
µ
i ∣

2∣µ⟩⟨µ∣X ⊗ ∣fµ(i)⟩⟨fµ(i)∣A ⊗ ρB,i. (4.78)

We can find a recovery operation T mapping XA→ A such that

T ∶ ∣µ⟩X ∣fµ(i)⟩A → ∣i⟩A ∀i, µ. (4.79)

76



This is possible because of the assumption that Kµ is SI – so fµ is invertible and

hence i can be determined from knowledge of µ and fµ(i). It follows that

TXA(σ
′
XAB) = ∑

µ,i

ρii∣c
µ
i ∣

2∣i⟩⟨i∣A ⊗ ρB,i = σAB, (4.80)

as ∑µ∣c
µ
i ∣

2 = 1 ∀i from ∑µK
�
µKµ = I.

Therefore there is a local channel each way mapping σAB ↔ σ′XAB, and so I(A ∶ B)σ =

I(AX ∶ B)σ′ . From (4.77), we conclude that ∑µ pµδb(B∣A)ρµ ≤ I(A ∶ B)ρ−I(A ∶ B)σ =

δb(B∣A)ρ.

(iii) Ensemble monotonicity under local GI operations follows from (ii), since every

GI operation is SI. A deterministic GI operation always preserves the incoherent part

of the state, so ΦA(ρ′AB) = ΦA(ρAB). Thus Jb(B∣A) is left unchanged, while I(A ∶ B)

cannot increase.

The proof of SI ensemble monotonicity is closely related to the dilation picture,

Result 3. Recall that this says that every SI operation can be constructed from an

incoherent measurement by an ancilla, and incoherent unitaries conditioned on mea-

surements performed on the ancilla. The incoherent unitaries cause a “scrambling”

(permutation) of the incoherent basis. The main idea is that, as long as we retain a

(classical) memory X of which measurement outcome on the ancilla was obtained, it

is possible to recover all classical correlations by reversing the effect of the incoherent

unitaries. This implies that I(XA ∶ B)ρ′ ≤ I(A ∶ B)ρ, Jb(B∣XA)ρ′ = Jb(B∣A)ρ. See

Fig. 4.5 for an illustration.

However, importantly, δb(B∣A) is not a deterministic monotone under all SI oper-

ations. When the memory X is lost, different permutations may be mixed, resulting

in a loss of classical correlations. For example, consider the state (4.61), which has

zero BDD. Suppose we apply to subsystem A the SI channel with Kraus operators

K0 = I/
√

2, K1 = (∣0⟩⟨0∣ + ∣1⟩⟨2∣ + ∣2⟩⟨1∣)/
√

2. This results in

ρ′AB =
1

4
[(∣+01⟩⟨+01∣ + ∣+02⟩⟨+02∣) ⊗ ∣0⟩⟨0∣ + (∣1⟩⟨1∣ + ∣2⟩⟨2∣) ⊗ ∣1⟩⟨1∣ ], (4.81)

which has δb(B∣A) = 3
4 log 3 ≈ 0.189 > 0. With GI operations, no permutations are

used and so no classical information is lost.

We may take the view that local SI operations can convert quantumness (as mea-

sured by coherence) into quantumness of correlations. If the initial state is either
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Eµ

X

A

B

µ

I may decrease

J conserved

Figure 4.5: Circuit diagram showing a local SI operation E = ∑µ Eµ on a bipartite

system AB. Each outcome µ corresponds to a sub-selected operation Eµ(ρ) =KµρK
�
µ

with a single SI Kraus operator Kµ. The outcome is stored in a classical memory X
local to A. Without discarding this memory, the total correlations I(XA ∶ B) cannot
increase and the classical correlations Jb(B∣XA) are conserved.

A-incoherent or a product state, then clearly no local incoherent operation can create

non-zero BDD. Therefore local SI creation of BDD from zero requires some initial co-

herence and correlations – this is impossible when A is a qubit. From (4.44), we can

derive a quantitative bound under any local incoherent operation (just as in Section

4.2):

δb(B∣A)ρ′ − δb(B∣A)ρ ≤ CR(ρA) −CR(ρ
′
A), (4.82)

which shows that an increase in BDD comes at the expense of local coherence.

All of the above statements can be seen to hold analogously for the symmetric

BDD δb(A ∶ B), of course apart from part (i) of Result 11.

Finally, suppose that we permit classical communication between the two parties,

meaning that each has access to the measurement outcomes obtained by the other.

It should be clear that ensemble monotonicity as in part (ii) above still holds, where

the sub-selection is based on the measurement outcomes on both sides.

4.3.4 Recovery from local dephasing

Apart from the characterisation given in Section 4.3.2, it is possible to expand upon

the condition for BDD to vanish. From Theorem 1 and the proof of Result 9, we

see that a state ρAB satisfies δb(B∣A)ρ = 0 iff there exists a local operation RA

such that RA ○ ΦA(ρAB) = ρAB. In other words, the global state can be recov-

ered by a local operation, after having lost all coherence locally. This is achieved

by measuring subsystem A via projection onto the supports of ΦA(ραA), and con-

ditionally preparing ραA. Similarly, δb(A ∶ B) = 0 iff there exist RA, RB such that
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(RA ○ ΦA) ⊗ (RB ○ ΦB)(ρAB) = ρAB. The parties at A and B simply project on the

supports of ΦA(∣ψα⟩⟨ψα∣) and ΦB(∣φβ⟩⟨φβ ∣) respectively, and prepare ∣ψα⟩⟨ψα∣ and

∣φβ⟩⟨φβ ∣.

This gives a way of understanding that BDD is coherence shared between subsys-

tems – and as such cannot be restored by a local operation. For non-zero BDD, it is

natural to ask how to quantify the degree of recoverability. This could be expected

to share some properties with δb(B∣A).

Definition 16. Let D be a contractive pseudo-distance. The dephasing recover-

ability (with asymmetric and symmetric versions) is defined as

RD
b (B∣A)ρ ∶= min

RA

D(ρAB,RA ○ΦA(ρAB)), (4.83)

RD
b (A ∶ B)ρ ∶= min

RA,RB
D(ρAB, (RA ○ΦA) ⊗ (RB ○ΦB)(ρAB)), (4.84)

where the minimisation is performed over the set of local quantum channels.2

Note that there is a correspondence with the approach of [183] to (basis-independent)

discord, in which recovery is attempted after an arbitrary local measurement. From

the above discussion, RD
b (B∣A) and δb(B∣A) vanish concurrently, as do RD

b (A ∶ B)

and δb(A ∶ B). In addition, we have the following monotonicity properties:

Result 12. RD
b (B∣A) is:

(i) a monotone under arbitrary local channels on B;

(ii) a monotone under local SI operations on A, retaining a classical memory X

which records the measurement outcome obtained on the ancilla in the SI dila-

tion;

(iii) a deterministic monotone under local GI operations on A.

Proof. (i) Denote the channel on B as EB, and let the optimal recovery channel for

the initial state be R∗
A, such that R(B∣A)ρ = D(ρAB,R∗

A(σAB)). (We use the same

notation as in the proof of Result 11, with σAB = ΦA(ρAB).) With the final state

2Infimum and minimum are equivalent here, as the set of quantum channels is compact and so
the infimum is always attainable.
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ρ′AB = EB(ρAB), we have

RD
b (B∣A)ρ′ ≤D(ρ′AB,R

∗
A(σ

′
AB))

=D(EB(ρAB),R
∗
A ○ EB(σAB))

=D(EB(ρAB),EB ○ R
∗
A(σAB))

≤D(ρAB,R
∗
A(σAB))

= RD
b (B∣A)ρ, (4.85)

where the second inequality follows from the contractivity of D.

(ii) As in the proof of Result 11, we denote by F the channel which performs the

SI operation on A while keeping a classical memory X of the ancilla measurement

outcome. The memory is assumed to be possessed by the party at A, and so the

local recovery is allow to act on X and A together. We also make use of the channel

T from Result 11, which locally recovers the incoherent part of the state using the

memory: T (σ′XAB) = σAB.

The remaining calculation follows part (i), again using the channel R∗ which

optimally locally recovers the initial state ρAB from dephasing. In addition, we choose

the particular recovery channel R ∶= F ○R∗ ○ T for the final state. This gives

RD
b (B∣AX)ρ′ ≤D(F(ρAB),R(σ′AB))

=D(F(ρAB),F ○R∗ ○ T (σ′AB))

=D(F(ρAB),F ○R∗(σAB))

≤D(ρAB,R
∗(σAB))

= RD
b (B∣A)ρ. (4.86)

(iii) This case is simpler, as a local GI channel is such that σ′AB = σAB. Then

RD
b (B∣A)ρ′ ≤D(EA(ρAB),EA ○ R∗

A(σ
′
AB)) ≤D(ρAB,R∗

A(σAB)) = R
D
b (B∣A)ρ.

As in the previous section, parts (ii) and (iii) also hold analogously for RD
b (A ∶ B)

under operations on B. In addition, the same comments regarding classical communi-

cation still apply. Specifically, let the two parties record their measurement outcomes
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in the local classical memories X and Y respectively. Classical communication then

simply entails copying information between X and Y . The crucial step in the proof

of part (ii) – that there exists a local channel T recovering the σAB from σ′XY AB – is

still valid because no classical information has been lost.

4.3.5 Implications for basis-independent discord

In this section, we attempt to link coherence and standard basis-independent discord

via their respective free operations. While there is currently no resource theory of

discord, the full set of channels which cannot create discord is known to be the set

of commutativity-preserving channels [178–180]. These are defined to be such

that commuting pairs of states always remain commuting, i.e. E is commutativity

preserving iff [E(ρ),E(σ)] = 0 for any pair ρ, σ such that [ρ, σ] = 0.

The commutativity-preserving operations can be divided into two classes. Those

in the first class are known as semiclassical [164], and comprise all channels which

completely dephase in some basis. A local semiclassical channel always outputs a

classical-quantum state, thus destroying discord. Hence such channels are of limited

interest.

The second class is the following [178–180]:

Definition 17. In d dimensions, a channel E is called isotropic iff it is of the form

E(ρ) = pUρU � + (1 − p)
I

d
(unitary-isotropic) (4.87)

or

E(ρ) = pUρTU � + (1 − p)
I

d
(antiunitary-isotropic), (4.88)

where U is unitary and p ∈ R is such that E is CP.

For d = 2, this set consists of all unital channels [72], i.e. those preserving the

identity, E(I) = I. Generally, it is tempting to interpret the unitary-isotropic channels

as being constructed from unitaries and mixing with the identity; this is not quite

correct, as p may take on negative values (see Lemma 2 below) and so is not always

a probability. On the other hand, while the operation ρ → ρT is not a CP map

[72], it is possible to obtain a CP map with enough additional noise. However, the

range of allowed p values for the antiunitary-isotropic channels becomes vanishing for
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increasing d [180]. This may give an argument to doubt the physical relevance of such

channels as free operations.

Recall that a state is free for discord (classical-quantum) iff there exists a product

basis in which it is incoherent. On the other hand, given the rather restricted nature

of the commutativity-preserving operations, it is natural to suppose a connection

with operations that are incoherent with respect to every basis. In fact, we have the

following:

Result 13. (i) The only channel which is GI in every basis is the identity.

(ii) A channel E is SI in every basis iff it is depolarising, i.e. of the form E(ρ) =

pρ + (1 − p)I/d.

As a corollary, a channel E is unitary-isotropic iff E = U ○ F , where F is SI in

every basis and U is unitary.

For the proof, we first establish some notation. We denote the set of incoherent

states in basis b by Ib. Similarly, we use SIb, GIb and MIb for the sets of SI, GI

and maximal incoherent operations with respect to b, respectively. D is the set of

depolarising channels.

Let us first prove part (i). The definition of GI operations can be written as

E ∈ GIb⇔∀ρ ∈ Ib, E(ρ) = ρ. (4.89)

For an arbitrary state ρ, if we choose b to be its eigenbasis, then trivially ρ ∈ Ib. Hence

every E ∈ GIb must satisfy E(ρ) = ρ.

Some Lemmas will be useful in establishing statement (ii).

Lemma 2. In dimension d, the set of allowed values for p in the set D is

−1

d2 − 1
≤ p ≤ 1. (4.90)

Proof. We first introduce the entangled states on two copies of the system ∣αkl⟩ ∶=

∑
d−1
j=0

1√
d
ωjk ∣j⟩∣j ⊕ l⟩, where k, l ∈ {0,1, . . . , d − 1}, ω ∶= e2πi/d and j ⊕ l ∶= j + l mod d.

One can check that these form an orthonormal basis for the total dimension-d2 Hilbert

space.
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Recall that a map E is CP iff 0 ≤ σ ∶= (E ⊗I)(∣α00⟩⟨α00∣) [72]. It is straightforward

to see that for E ∈ D,

σ = p ∣α00⟩⟨α00∣ +
(1 − p)

d2
I ⊗ I

= p ∣α00⟩⟨α00∣ +
(1 − p)

d2 ∑
k,l

∣αkl⟩⟨αkl∣

= (
1 + (d2 − 1)p

d2
) ∣α00⟩⟨α00∣ +

(1 − p)

d2 ∑
(k,l)≠(0,0)

∣αkl⟩⟨αkl∣ . (4.91)

This is a spectral decomposition for σ, and all eigenvalues are non-negative if and

only if p ∈ [−1/(d2 − 1),1].

Lemma 3. ⋂bMIb is a subset of the unital channels.

Proof. The maximally mixed state I/d is the unique state which is incoherent in every

basis. So for E ∈ ⋂bMIb, E(I/d) must be incoherent in every basis, and thus equals

I/d.

We proceed to use Lemmas 2 and 3 to prove the main statement, that ⋂b SIb = D.

We do this by proving the inclusions D ⊆ ⋂b SIb and ⋂b SIb ⊆ D.

Firstly, to show that D ⊂ SIb ∀b, we construct a set of SI Kraus operators in an

arbitrary basis b = {∣i⟩}i=0,...,d−1 for every operation in D. For k, l ∈ {0,1, . . . , d − 1},

define

Kkl ∶= κklLkl, (4.92)

Lkl ∶=
d−1

∑
j=0

ωjk ∣j ⊕ l⟩⟨j∣ , (4.93)

κkl ∶=

⎧⎪⎪
⎨
⎪⎪⎩

√
1+(d2−1)p

d k = l = 0,
√

1−p
d otherwise.

(4.94)

The operators Kkl are immediately seen to be SI in the chosen basis. By Lemma 2,

the coeffecients κkl are real since p ∈ [−1/(d2 − 1),1]. We find that K�

klKkl = κ2
klI and

thus

∑
k,l

K�

klKkl = [
1 + (d2 − 1)p

d2
+

(1 − p)

d2
(d2 − 1)] I = I, (4.95)
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as required for a trace-preserving map. Next we verify the action of the Kraus oper-

ators on the matrix elements of any state:

∑
k,l

Kkl ∣j⟩⟨j
′∣K�

kl =K00 ∣j⟩⟨j
′∣K�

00 + ∑
(k,l)≠(0,0)

Kkl ∣j⟩⟨j
′∣K�

kl

=
1 + (d2 − 1)p

d2
L00 ∣j⟩⟨j

′∣L�
00 +

(1 − p)

d2

⎛

⎝
∑
k,l

Lkl ∣j⟩⟨j
′∣L�

kl −L00 ∣j⟩⟨j
′∣L�

00

⎞

⎠

=
1 + (d2 − 1)p − (1 − p)

d2
∣j⟩⟨j′∣ +

(1 − p)

d2 ∑
k,l

ωk(j−j
′) ∣j ⊕ l⟩⟨j′ ⊕ l∣

= p ∣j⟩⟨j′∣ +
(1 − p)

d
δj,j′∑

l

∣j ⊕ l⟩⟨j′ ⊕ l∣

= p ∣j⟩⟨j′∣ + δj,j′(1 − p)
I

d
, (4.96)

such that ∑k,lKklρK
�

kl = pρ + (1 − p)I/d for any state ρ. This establishes that every

element of D admits a set of SI Kraus operators in any basis.

Next, we take an arbitrary member E of ⋂b SIb and show that it has the form of

a depolarising channel. This proceeds in three stages. We show that the action on

any pure state ∣ψ⟩ is E(∣ψ⟩⟨ψ∣) = p ∣ψ⟩⟨ψ∣ + (1 − p)I/d, where p can be a function of

∣ψ⟩. We then narrow this down to p being the same for all elements of a given basis,

so that E(∣i⟩⟨i∣) = p ∣i⟩⟨i∣ + (1 − p)I/d independent of i. Finally, we also deduce that

E(∣i⟩⟨j∣) = p ∣i⟩⟨j∣ for any i ≠ j. This suffices to determine the form of E .

Take an arbitrary pure state ∣ψ⟩, then there exists a basis b = {∣i⟩}i=0,...,d−1 with

∣0⟩ = ∣ψ⟩. Now E ∈ SIb⇒ E ∈MIb⇒ E(∣ψ⟩⟨ψ∣) ∈ Ib, thus

E(∣ψ⟩⟨ψ∣) = ∑
i

qi ∣i⟩⟨i∣ (4.97)

for some probabilities qi. For d = 2, we immediately have E(∣ψ⟩⟨ψ∣) = p ∣ψ⟩⟨ψ∣ + (1 −

p)I/2 for some p which is a function of ∣ψ⟩. For d > 2, take i, j ≠ 0 such that i ≠ j.

Then there is a rotated basis b′ which is equal to b except for the replacement of ∣i⟩ , ∣j⟩

by ∣±ij⟩ ∶=
1√
2
(∣i⟩± ∣j⟩), such that ∣ψ⟩⟨ψ∣ ∈ Ib′ . Now we have

E(∣ψ⟩⟨ψ∣) =
⎛

⎝
∑
k≠i,j

qk ∣k⟩⟨k∣
⎞

⎠

+
1

2
[(qi + qj) ∣+ij⟩⟨+ij ∣ + (qi + qj) ∣−ij⟩⟨−ij ∣

+(qi − qj) ∣+ij⟩⟨−ij ∣ + (qi − qj) ∣−ij⟩⟨+ij ∣] , (4.98)
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so E(∣ψ⟩⟨ψ∣) ∈ Ib′ only if qi = qj. Since E ∈ SIb′ , it follows that all qi for i > 0 are equal

to some q independent of i.

Therefore we can write

E(∣ψ⟩⟨ψ∣) = (1 − q[d − 1]) ∣ψ⟩⟨ψ∣ + q∑
i>0

∣i⟩⟨i∣

= (1 − q[d − 1]) ∣ψ⟩⟨ψ∣ + q (I − ∣ψ⟩⟨ψ∣)

= (1 − qd) ∣ψ⟩⟨ψ∣ + (qd)I/d. (4.99)

Evidently, for any d we can write E(∣ψ⟩⟨ψ∣) = p ∣ψ⟩⟨ψ∣ + (1− p)I/d. However, we must

be careful that p is in principle a function of ∣ψ⟩. The following argument shows that

it must in fact be a constant.

Choose an arbitrary basis b = {∣i⟩}i=0,...,d−1. From above, for any i we can write

E(∣i⟩⟨i∣) = pi ∣i⟩⟨i∣ + (1 − pi)I/d. Using Lemma 3,

I = ∑
i

E(∣i⟩⟨i∣)

= ∑
i

pi ∣i⟩⟨i∣ + (1 − pi)I/d

= (∑
i

pi ∣i⟩⟨i∣) + (1 −
∑i pi
d

) I, (4.100)

which implies pi = const. =∶ p. Note that p still depends implicitly on the choice of

basis.

For any pair i ≠ j, construct the state ∣ψ⟩ ∶=
√
a ∣i⟩ + eiφ

√
1 − a ∣j⟩ as a function of

a ∈ [0,1], φ ∈ [0,2π]. We know from above that

E(∣k⟩⟨k∣) = p ∣k⟩⟨k∣ + (1 − p)I/d ∀k, (4.101)

E(∣ψ⟩⟨ψ∣) = r ∣ψ⟩⟨ψ∣ + (1 − r)I/d, (4.102)

where r is implicitly a function of a and φ. From the definition of ∣ψ⟩,

E(∣ψ⟩⟨ψ∣) = a [p ∣i⟩⟨i∣ + (1 − p)
I

d
] + (1 − a) [p ∣j⟩⟨j∣ + (1 − p)

I

d
]

+
√
a(1 − a)E(e−iφ ∣i⟩⟨j∣ + eiφ ∣j⟩⟨i∣), (4.103)

and from (4.102), we have

E(∣ψ⟩⟨ψ∣) = r [a ∣i⟩⟨i∣ + (1 − a) ∣j⟩⟨j∣ +
√
a(1 − a)(e−iφ ∣i⟩⟨j∣ + eiφ ∣j⟩⟨i∣)] + (1 − r)

I

d
.

(4.104)
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We equate the two previous expressions and take the ∣i⟩⟨i∣ matrix element. Using the

fact that E ∈ SIb implies E(∣i⟩⟨j∣) is fully off-diagonal, we obtain

ap + a(1 − p)/d + (1 − a)(1 − p)/d = ar + (1 − r)/d

⇒ p(a −
1

d
) = r (a −

1

d
) ∀a, φ. (4.105)

This immediately shows that r = p ∀φ, ∀a ≠ 1/d; by continuity of E we must have

equality for all a.

Instead equating the off-diagonal parts of the two expressions for E(∣ψ⟩⟨ψ∣) (again

using E ∈ SIb), we have

√
a(1 − a)E(e−iφ ∣i⟩⟨j∣ + eiφ ∣j⟩⟨i∣) = r

√
a(1 − a)(e−iφ ∣i⟩⟨j∣ + eiφ ∣j⟩⟨i∣) (4.106)

for all φ. Choosing any a ≠ 0,1 and using r = p,

φ = 0 ∶ E(∣i⟩⟨j∣) + E(∣j⟩⟨i∣) = p(∣i⟩⟨j∣ + ∣j⟩⟨i∣) (4.107)

φ = π/2 ∶ − iE(∣i⟩⟨j∣) + iE(∣j⟩⟨i∣) = p(−i ∣i⟩⟨j∣ + i ∣j⟩⟨i∣), (4.108)

so that E(∣i⟩⟨j∣) = p ∣i⟩⟨j∣. Together with E(∣i⟩⟨i∣) = p ∣i⟩⟨i∣ + (1 − p)I/d, this is all we

need to conclude that E(ρ) = pρ + (1 − p)I/d for any state ρ.

4.4 Conclusions

The aim of this chapter was to connect coherence and discord, two fundamentally

quantum resources with historically separate proposals. A strong clue of the existence

of such a link is the similarity in the structures of the states for which these quantities

vanish. Our first set of results describe the creation of discord when restricted to

global incoherent operations; the coherence of the initial state sets a limit on the

amount of producible discord, according to a variety of different measures. Moreover,

for the global discord (which generalises the original proposal of Ollivier and Zurek

to multipartite systems), the creation of discord requires a reduction in coherence of

the individual subsystems. Based on this observation, we have given an argument

to suggest that the quantum speed-up in the DQC1 algorithm is better signified by

the consumption of local coherence than by the creation of discord. Note that a later

work by Matera et al. [184] relates the precision of the computed result to a coherence
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measure. However, there are still open questions here, in particular relating to the

fairest way of comparing the classical and quantum regimes of the algorithm.

Next, we have attempted to better understand the relation between coherence

and discord by restricting the latter to be defined with respect to a fixed basis. This

is natural given the basis-dependent nature of coherence. Rather than being a mere

“special case” of the usual basis-independent discord, we have found that more aspects

of quantum correlations are revealed using the link with coherence. In particular,

BDD can be interpreted as coherence shared between subsystems. Its behaviour

under local incoherent operations is rather subtle – and it may even increase in general

under local SI operations. However, unlike the basis-independent case, where local

creation of discord is somewhat poorly understood, we have given a physical basis

for the increase in BDD under local SI operations. We have shown that such an

increase results from the loss of a memory recording classical information about which

operation was performed. An alternative view has been given by quantifying the

difficulty of recovering a state after complete decoherence, using only local operations.

We have shown measures of this type to have the same properties as the BDD quantity

δb. An interesting question is whether δb can itself be directly related to such a

recovery task.

Finally, we have provided a new connection between the free operations for coher-

ence and the full set of local channels which cannot create discord. Namely, a large

subset of the latter channels is unitarily equivalent to those channels which are SI

with respect to every basis. We hope that this result will help to inform the correct

choice of free operations for a potential resource theory of discord. It might also be

combined with the results on the behaviour of BDD under local operations in order

to derive new results about the behaviour of basis-independent discord. For example,

it is plausible that δ(B∣A) is monotonic under depolarising channels on A, but such

a statement does not exist in the literature.
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Chapter 5

Quantifying macroscopic coherence

This chapter identifies the type of coherence resource theory necessary for distinguish-

ing microscopic from macroscopic superpositions. Starting from a set of axioms, we

show that this resource theory is equivalent to a particular instance of the resource

theory of asymmetry. Our main proposal is that quantum macroscopicity should

be quantified in terms of measures that are valid monotones in this resource theory.

To this end, we identify a particular measure given by the quantum Fisher informa-

tion, showing that it can be interpreted as an asymptotic formation rate. We then

evaluate some previous proposals for measures of macroscopicity, finding connections

with the Fisher information quantity, and pointing out deficiencies such as lack of

monotonicity.

5.1 Defining the problem

In quantifying speakable coherence in the previous chapters, we have assumed pre-

ferred basis states whose mixtures define the incoherent states. Let us now add some

additional structure and consider a preferred observable A. For any given physical

situation to be analysed, we assume that such an observable is one which is justi-

fiably used for the macroscopic scale description of the system. This may seem a

little ill-defined, but an observable of this type is easily found (although perhaps not

uniquely) for the types of system typically considered: for example, the total mo-

mentum of a large diffracting molecule, a field quadrature for a mode of light, or the

current in a superconducting circuit. Importantly, we must agree that a superposition

of states that are sufficiently distinguishable in a measurement of this observable is
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to be considered non-classical.

By its spectral decomposition A = ∑i ai ∣i⟩⟨i∣ – where we make no assumptions

about degeneracy, so two ai may be equal – this also identifies a preferred basis,

but now each ∣i⟩ has an associated real eigenvalue ai. Throughout this section we

use discrete sums, but integrals are necessary for continuous spectra. This lets us

attribute a scale to a superposition of basis states. We say that a superposition of the

form ∣i⟩+ ∣j⟩ contains δ-coherence, where δ = ai − aj. Hence we are able to distinguish

macroscopic and microscopic superpositions by their values of δ. For a general state,

we define:

Definition 18. With respect to a preferred observable A, the δ-coherence of a state

ρ = ∑i,j ρij ∣i⟩⟨j∣ is

ρ(δ) ∶= ∑
(i,j)∼δ

ρij ∣i⟩⟨j∣ , (5.1)

where the notation (i, j) ∼ δ means i, j such that ai − aj = δ.

The state can be expressed as the sum of its parts: ρ = ∑δ∈Ω ρ
(δ), where Ω ∶=

{ai − aj}i,j is the set of all eigenvalue differences of A. Also note that ρ(δ)
�
= ρ(−δ),

so it is not important to be careful about the sign of δ when discussing its size. In

addition, any two elements are orthogonal according to the Hilbert-Schmidt inner

product: Tr[ρ(δ)σ(δ′)] = 0 for any ρ, σ and δ ≠ δ′.

The set of free states in the resource theory is exactly the same as for speakable

coherence: incoherent mixtures of the basis states ∣i⟩. Equivalently, a state is free iff

ρ = ρ(0). The only difference is that now, we allow for coherence within degenerate

subspaces.

We could imagine quantifying the amount of δ-coherence via ∥ρ(δ)∥ with some

suitable norm. Each state will have its own signature distribution of ∥ρ(δ)∥ as a func-

tion of δ; for instance, a cat state is expected to have a peak around a large value of

δ. Therefore we consider δ-coherence for each δ to all be quantities of independent

interest. In order to keep this structure consistent, we must impose that the free oper-

ations cannot turn δ-coherence into δ′-coherence with δ ≠ δ′. Without this constraint,

non-zero δ′-coherence could be created from a state containing only δ-coherence. So

a free operation E must be such that

E(ρ)(δ) = E(ρ(δ)) ∀δ ∈ Ω. (5.2)
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This is the only absolutely necessary assumption on the free operations, and we shall

make no further assumptions. Note that the condition (5.2) for δ = 0 is the same as

saying that E is incoherent – either in the MI sense for channels, or in the BCP sense

if applied to individual Kraus operators.

Just as for speakable coherence, we can give conditions to be satisfied by any valid

measure C of macroscopic coherence:

(M1) C(ρ) = 0 iff ρ ∈ I, or equivalently, ρ = ρ(0);

(M2a) C is a deterministic monotone under free operations;

(M2b) C is an ensemble monotone under free operations;

(M3) C is convex.

Another condition can be given in order to capture the requirement that a more

macroscopic superposition be given a higher value of macroscopic coherence. The

following is one possible way to state this, by imposing a strict order on the simplest

superpositions:

(M4) Let ∣ψ⟩ = (∣i⟩+ ∣j⟩)/
√

2, ∣φ⟩ = (∣k⟩+ ∣l⟩)/
√

2. If ∣ai −aj ∣ > ∣ak −al∣ then C(∣ψ⟩⟨ψ∣) >

C(∣φ⟩⟨φ∣).

We must also define how to combine systems. Given two systems with preferred

observables A1 and A2, what is the corresponding observable for both systems to-

gether? A natural choice is to take the sum A12 = A1 ⊗ I + I ⊗ A2. This can be

justified by noting that observables deemed to be macroscopic are often additive over

different subsystems. Therefore this choice of A12 uniquely selects one member of the

possible global additive observables reducing to A1, A2 on the subsystems.

5.2 Digression: asymmetry and reference frames

We have now built up the required mathematical structure for the resource theory

needed to describe macroscopic coherence. It turns out that this is equivalent to a

resource theory that is already known: that of asymmetry. This was developed to

describe situations in which operations are constrained by symmetries and conserva-

tion laws [101, 115, 185–187]. In its full generality, a resource theory of asymmetry
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is defined with respect to a group G whose elements correspond to unitary trans-

formations of quantum states. The free states and operations are symmetric with

respect to the group action, so asymmetric objects constitute resources. Reference

frames are such objects – for example, a set of Cartesian axes in space breaks the

rotational symmetry group SO(3), and allows for asymmetric operations to be per-

formed with the axes as reference. This formalism has been applied to discussions of

quantum communication protocols between parties who lack full information about

each other’s reference frames [188, 189]. In order to communicate, say, a direction in

space without any shared reference frame, one has to send a physical system; this

kind of information has been termed “unspeakable” [114].

In order to make a connection with coherence, note that the unitary transforma-

tions generated by the observable A, i.e.

Ut(ρ) ∶= e
−itAρeitA, t ∈ R, (5.3)

form a representation of either the group U(1) or the real line under addition (R,+).
The typical case is (R,+), but U(1) is found for example whenever the eigenvalues ai

are all integer multiples of some constant, as the transformation is then periodic. In

this context, the δ-coherence structure (5.1) is known as a decomposition into modes

of asymmetry [187]. It is easily seen that each term acquires a uniformly rotating

phase under the group action:

Ut(ρ
(δ)) = e−itδρ(δ). (5.4)

For this reason, one can think of the decomposition as a kind of Fourier analysis.

The free states of the resource theory are symmetric with respect to these trans-

formations, satisfying Ut(ρ) = ρ∀t. By (5.4), this is equivalent to ρ = ρ(0), as well

as ρ ∈ I. The free operations, known as translationally invariant, are defined by

the following condition (recalling Definition 8): [E ,Ut] = 0∀t. As originally shown

in [187], this is equivalent to our condition (5.2) on free operations for macroscopic

coherence. To see this, write

E ○ Ut(ρ) = ∑
δ

e−itδE(ρ(δ)), (5.5)

Ut ○ E(ρ) = ∑
δ

e−itδ[E(ρ)](δ). (5.6)
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By the linear independence of the functions e−itδ, we have [E ,Ut] = 0 iff these two

expressions are equal term-wise.

Yet another equivalent statement can be made in terms of Kraus operators – recall

the claim in Chapter 3 that an operation is TI iff it has a set of Kraus operators

satisfying Kµ = K
(δµ)
µ (using the presently introduced notation). It is easily verified

that a single such Kraus operator preserves the structure of δ-coherence – i.e., the

operation Eµ(ρ) = KµρK
�
µ satisfies (5.2). This is clearly also true for any mixture of

these Kraus operators. The converse is less simple, and relies on Lemma 1 of [101].

This Lemma applies to any group; it says that a set of Kraus operators can be found

for any TI operations, such the group action applied to the Kraus operators simply

mixes them according to a unitary matrix irreducible representation of G. For U(1)

(as in Equation 41 of [101]) or (R,+), this becomes Ut(Kµ) = e−itδµKµ, as the functions

e−itδµ are the only unitary irreducible representations of these groups.

A connected result gives the full physical relevance of TI operations in the theory

of asymmetry. This is the dilation theorem described in (3.35) of Chapter 3 – any TI

operation on a system can be constructed with an ancilla, using a global unitary and

a measurement on the ancilla, both of which are TI with respect to a global additive

observable.

The theory of U(1) asymmetry has been successfully used to clarify accounts

of phase coherence, notably in quantum optics and condensates [190–193]. Here, a

state which is sensitive to the transformations Ut is said to act as a phase reference

(where the phase is conjugate to the generating observable A). For these reasons,

U(1) asymmetry was suggested as a way to quantify coherence in [187], as a more

physically motivated alternative to the BCP proposal. It was only later that the

notions of speakable and unspeakable coherence were disentangled [41].

5.3 Monotones

5.3.1 Distance-based measures

We can now employ the results and methods of the resource theory of asymmetry to

find valid measures satisfying our criteria. Firstly, we of course find that any monotone

under the largest set of incoherent operations, namely MI, satisfies (M1) and (M2a).

This applies to any distance-based measure of the form CD(ρ) = minσ∈ID(ρ, σ). For
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example, the relative entropy of coherence existed in earlier works under the name of

the relative entropy of asymmetry (or of “frameness”) [194].

Since the TI operations are also a subset of the SI operations, the measures pro-

posed earlier, C ′
D(ρ) =D(ρ,Φ(ρ)), are also valid. Note that the dephasing operation

has to be written a little differently in order to take into account the possible degen-

eracy in the spectrum of A – so Φ(ρ) = ∑a ΠaρΠa, where the sum is over distinct

eigenvalues of A and each Πa is the projector onto the corresponding eigenspace.

While these measures satisfy (M1), (M2a) and, in certain cases (such as the relative

entropy) (M2b) and (M3), they always fail (M4). Indeed, it is a requirement of

the theory of speakable coherence that any two superpositions of the form (∣i⟩ +

∣j⟩)/
√

2 have the same value for any measure. This is because they are related by

a permutation of the incoherent basis, which is a free unitary. Therefore we need a

different approach to construct measures of macroscopic coherence (see also Chapter

6 for another alternative).

5.3.2 Variance and QFI

It was shown in Lemma 8 of [101] that the variance V (ρ,A) = Tr[ρA2]−(Tr[ρA])2 of A

with respect to ρ satisfies (M2a,b) in the U(1) case, as long as we are only concerned

with pure states (for monotonicity, this means that both the input and output states

must be pure). We do not repeat their proof here, but note that it also extends to the

(R,+) case. The only way in which the proof could differ is in the evaluation of the

commutator [A,Kµ]. In that work, the observable A = ∑
∞
n=0 n ∣n⟩⟨n∣ has a harmonic

spectrum, and then [A,Kµ] = kµKµ for some integer kµ. For general A, we know that

we can take Kµ = K
(δµ)
µ . It is then easily verified that [A,Kµ] = δµKµ, and the rest

of the proof continues unaffected by the replacement of kµ by δµ. It is trivial to see

that (M1) (for pure states) and (M4) are satisfied.

To extend this to mixed states, we need a measure which reduces to the variance

for pure states. This is achieved by the quantum Fisher information of the family of

states ρt = Ut(ρ) with the parameter t. Recall from Equation (2.45) that the QFI at

some parameter value t0 is F(ρt)∣t0
= 4∂2

tD
2
B(ρt0 , ρt)∣t0 . This can be expressed as [90]

F(ρ,A) = 2∑
i,j

(λi − λj)2

λi + λj
∣⟨ψi∣A∣ψj⟩∣

2, (5.7)
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where ρ = ∑i λi ∣ψi⟩⟨ψi∣ is a spectral decomposition and the sum neglects terms for

which λi = λj = 0. Note that this is in fact independent of t0, so we omit it. From

now on, we refer to F(ρ,A) as the QFI of ρ with respect to A.

The QFI is always bounded from above by the variance up to a constant factor,

F(ρ,A) ≤ 4V (ρ,A), and equality is achieved in the case of a pure state. For general

states, we have the following:

Result 14. The QFI satisfies the criteria (M1-4).

Proof. (M1) can be seen from the expression (5.7) – each term in the sum is non-

negative, and vanishes iff ⟨ψi∣A∣ψj⟩ = 0 or λi = λj. For λi ≠ λj, the off-diagonal matrix

element ⟨ψi∣A∣ψj⟩ vanishes. In degenerate subspaces, there exists a change of eigen-

basis such that these elements can be made to vanish. Hence, when all terms vanish,

A and ρ are simultaneously diagonalisable, so ρ ∈ I.

For (M2-3), we recall a concept known as a convex roof construction. This is a

way of extending a real-valued function f defined for pure states, to mixed states. A

general state can be expressed in many different ways as an ensemble of pure states,

ρ = ∑α pα ∣ψα⟩⟨ψα∣, where the ∣ψα⟩ need not be orthogonal. The convex roof of f is

given by a minimisation over all possible ensemble decompositions of ρ:

fCR(ρ) ∶= min
{pα,∣ψα⟩}

∑
α

pαf(∣ψα⟩). (5.8)

It was conjectured [195] and later proven [196] that 1
4F(ρ,A) is the convex roof of

V (∣ψ⟩⟨ψ∣ ,A). The convexity of the QFI [195] follows directly from this statement.

Suppose that a TI operation E with Kraus operators Kµ is performed on an ini-

tial state ρ. Choose the optimal ensemble {pα, ∣ψα⟩} in (5.8), so that F(ρ,A) =

4∑α pαV (∣ψα⟩⟨ψα∣ ,A). Also define
√
pµ∣α ∣φµ∣α⟩ = Kµ ∣ψα⟩, with pµ∣α = ∣Kµ ∣ψα⟩∣2. Us-

ing the monotonicity of the variance, we have

F(ρ,A) ≥ 4∑
α

pα∑
µ

pµ∣αV (∣φµ∣α⟩⟨φµ∣α∣ ,A)

= ∑
α,µ

pαpµ∣αF(∣φµ∣α⟩⟨φµ∣α∣ ,A). (5.9)

Let the output states be qµσµ =KµρK
�
µ, then we have

qµσµ = ∑
α

pαKµ ∣ψα⟩⟨ψα∣K
�
µ = ∑

α

pαpµ∣α ∣φµ∣α⟩⟨φµ∣α∣ . (5.10)
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Together with the convexity of the QFI, it follows that F(ρ,A) ≥ ∑µ qµF(σµ,A),

proving (M2b). Finally, (M2a) results from applying convexity once more to give

∑µ qµF(σµ,A) ≥ F(E(ρ),A).

5.3.3 Generalised QFI

In fact, it turns out that the QFI is not uniquely determined by the requirement

of being a monotone and reducing to the variance for pure states. A whole class of

such measures can be constructed. Since this is only tangential to the discussion of

macroscopicity, we just give an outline here and leave the details to Appendix A.

Each measure is associated with a function f (chosen from a particular class) on the

real numbers, and can be written as

If(ρ,A) =
f(0)

2
∥ − i[A,ρ]∥2

ρ,f , (5.11)

where ∥ ⋅∥ρ,f is a norm which depends on both f and ρ. The point is that If measures

the size of the derivative −i[A,ρ] = ∂tUt(ρ) using a norm with the special property of

being monotonic under arbitrary channels, i.e. ∥E(X)∥E(ρ),f ≤ ∥X∥ρ,f .

These metrics and generalised QFI quantities were first studied by Morozova and

Centsov [197] and later by Petz [198, 199]. Whenever f(0) ≠ 0 (a so-called regular

case), we have If(∣ψ⟩⟨ψ∣ ,A) = V (∣ψ⟩⟨ψ∣ ,A). 1
4F is the largest of these measures – as

it must be, given that the convex roof of the variance is the largest convex function

reducing to the variance for pure states [195]. Another notable element is the Wigner-

Yanase-Dyson skew information [200], defined as Isk(ρ,A) ∶= −1
2 Tr([A,

√
ρ]2). This

was proven to be an asymmetry monotone in [201], and is always within a constant

factor of the QFI, Isk(ρ,A) ≤ 1
4F(ρ,A) ≤ 2Isk(ρ,A) [202].

5.4 QFI as an asymptotic preparation cost

In this section, we describe how the QFI plays a distinguished role in the present

resource theory: it quantifies the cost of preparing a general state as a mixture of

pure coherence “units”, in the asymptotic limit. Firstly we look at pure states,

building on the results of [101, 203]. In particular, the latter studied the following

question: when can a large number N ≫ 1 of copies of ∣ψ⟩ be transformed under TI

operations into M ≫ 1 copies of another state ∣φ⟩, and what is the achievable N/M
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in the asymptotic limit N,M → ∞? The ratio N/M turns out to equal the ratio of

the variances. However, different subtleties are encountered according to the nature

of the spectrum of the observable A; we treat the cases separately. In accordance

with the earlier remarks, given N independent copies ∣ψ⟩
⊗N

, each one is associated

with its own copy of the observable A. Then the global free operations are defined

with respect to the additive observable ∑
N
i=1Ai, where Ai acts only on the ith copy.

5.4.1 Continuous spectrum

The simplest case is that of a continuous variable A = ∫
∞

−∞
dxxΠx. The global observ-

able can be written as ∑
N
i=1Ai = ∫ dxxΠN,x, where ΠN,x projects onto the eigenspace

SN,x which contains all states on H⊗N with a total eigenvalue x. Then we can write

∣ψN⟩ ∶= ∣ψ⟩
⊗N

= ∫ dx
√
pN(x) ∣ΨN,x⟩ , (5.12)

where ∣ΨN,x⟩ ∈ SN,x and the coefficients can be assumed to be real and positive without

loss of generality. The same may be done for the final state, i.e. ∣φM⟩ ∶= ∣φ⟩
⊗M

=

∫ dx
√
qM(x) ∣ΦM,x⟩. If N < M , then in order to keep the input and output spaces

the same, we use this notation as shorthand for ∣ψ⟩
⊗N

⊗∣0⟩
M−N

, where ∣0⟩ is some free

pure state with zero eigenvalue. The same remarks apply for ∣φ⟩
⊗M

if N >M .

The main idea of the proof is the central limit theorem in statistics. Loosely

speaking, pN(x), as the probability density function for a sum of N independent

and identically distributed random variables, tends to a Gaussian distribution as N

increases. The same applies to qM(x), and we would like to make the two distributions

match up by controlling their means and variances – the only two parameters needed

to uniquely specify a Gaussian. Denoting the mean and variance of ∣ψ⟩ by µψ =

⟨ψ∣A∣ψ⟩ , Vψ = V (∣ψ⟩⟨ψ∣ ,A), the corresponding parameters for pN(x) are Nµψ, NVψ

(and similarly for ∣φ⟩).

Firstly, we set the variances of pN(x) and qM(x) to be equal; this requires N/M =

Vφ/Vψ. For finite numbers of copies this is not in general possible, but can be approx-

imated arbitrarily well (with an error of size O(1/M)) by taking sufficiently large

N,M . Next, to make the means equal, we will shift pN(x) by s ∶= Mµφ − Nµψ.

This is accomplished by the transformation ∣ΨN,x⟩ → ∣ΦM,x+s⟩ ∀x, which can be done

deterministically by a free operation. Therefore we have the overall transformation

∣ψ⟩
⊗N
→ ∣ψ′N⟩ = ∫ dx

√
pN(x) ∣ΦN,x+s⟩ . (5.13)
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The fidelity with the desired state is ⟨ψ′N ∣φN⟩ = ∫ dx
√
pN(x − s)qM(x), which

is also the classical fidelity between the distributions pN(x − s) and qM(x). For

sufficiently large N and M , each of these is arbitrarily close to a Gaussian distribution

of the same mean and variance. The two Gaussians have the same mean; the O(1)

difference in the variances is much less than their O(N) size. Hence the fidelity

between these Gaussians approaches 1 in the asymptotic limit, as does the fidelity

between ∣ψ′N⟩ and ∣φM⟩.

5.4.2 Harmonic spectrum

Now suppose that A has an equally spaced (or “harmonic”) spectrum; for simplicity,

we assume that it is integer-valued, as the arguments are unchanged under an affine

transformation. So we write A = ∑n nΠn and ∑
N
i=1Ai = ∑n nΠN,n, where the range

of values may be infinite or bounded. The states are expressed in the form ∣ψN⟩ =

∣ψ⟩
⊗N

= ∑n

√
pN(n) ∣ΨN,n⟩ as before.

Compared with the continuous case, there are some additional subtleties. Firstly,

the mean of pN(n) can only be shifted by an integer, so cannot in general exactly

match the mean of qM(n). However, by shifting by an amount s ∶= [Mµφ − Nµψ]

(brackets denoting the nearest integer), the error is only O(1). Again, this error

is negligible compared with the O(N) size of the mean, so presents no obstacle to

the fidelity of the states approaching unity. In addition, these shifts may not be

completely deterministic – if some of the values are trying to be moved outside of the

spectrum of ∑
N
i=1Ai. Nevertheless, the probability of failure is negligible, as the tails

of the Gaussian distribution are exponentially small for large N .

A more difficult problem is encountered when the distribution of n in a state

contains gaps. For this reason, the proof in [101] only stated the result for pure states

with “gapless number spectra”, meaning that p(n) > 0 in some (possibly infinite)

interval, with p(n) = 0 outside this interval. For example, a distribution with support

on {2,3,4,5} is gapless, while one on {2,4,5} is not.

However, with the help of a more powerful version of the central limit theorem, we

can overcome this and give a more general statement. For this, we need to introduce

some terminology: let the span of an integer-valued distribution p(n) be the largest

natural number h such that the support of p(n) is contained in hZ = {0,±h,±2h, . . .}.
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For example, a distribution with support {2,4,6} has a span of 2.

A version of the central limit theorem exists for integer-valued distributions [204]

(Chapter 7, Theorem 1), and guarantees that for p(n) with span h,

pN(n) →
h

√
2πNσ

e−
(nh−Nµ)2

2Nσ2 + o(N−1/2) as N →∞. (5.14)

In words, pN(n) tends to a distribution of the same span h with a Gaussian envelope.

Now it is easy to see that the proof used for the continuous case still holds here,

as long as p(n) and q(n) have the same span – whether or not they are gapless.

What if their spans are different? As noted in [101], the conversion rate may be zero.

For example, if ∣ψ⟩ = (∣0⟩ + ∣2⟩)/
√

2 and ∣φ⟩ = (∣0⟩ + ∣1⟩)
√

2, then ∣ψ⟩
⊗N
→ ∣φ⟩

⊗M
can

never be achieved – to do so would require the creation of new δ-coherence (with

δ = 1). However, the reverse transformation is actually possible. We now prove this

observation in the general case.

Let p(n) have span 1, and q(n) have span h > 1. Then the asymptotic rate of

conversion ∣ψ⟩
⊗N
→ ∣φ⟩

⊗M
is still N/M = Vφ/Vψ. To show this, note that the means

and variances can still be made approximately equal, as before. However, pN and

qM are now discrete distributions with the same Gaussian envelope but with different

spans (1 and h, respectively).

Suppose we perform a measurement on ∣ψ′N⟩ which projects onto the subspaces

Lk, k = 0,1, . . . , h−1, spanned by the eigenstates of ∑
N
i=1Ai with eigenvalues in hZ+k.

For example, with h = 2, L0 contains even numbers and L1 contains odd numbers.

This measurement is a free operation. When the outcome corresponding to Lk is

obtained, we shift the resulting state by −k, i.e. ∣ΦN,n⟩ → ∣ΦN,n−k⟩. So each outcome

k gives rise to a state with a distribution having the same support as qM , and a

Gaussian envelope very close to that of qM . Note that the shift of −k is O(1) and

thus negligible compared with the mean of O(N) in the asymptotic limit. Hence we

have deterministically produced ∣φ⟩
⊗M

to arbitrary accuracy.

5.4.3 Arbitrary discrete spectrum

Finally, we have the case of A = ∑a aΠa, with a discrete spectrum containing arbitrary

values. Unfortunately, it seems that the above proofs no longer work. On one hand,

this is not usually an issue since most of the examples that we encounter fit into the

previous two cases. On the other, we would argue that due to the finite precision of
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real measurements, it is physically reasonable to replace A by another observable Ã

whose eigenvalues are contained in εZ, mapping each eigenvalue of A onto the closest

eigenvalue of Ã. Here, ε must be both below conceivable experimental resolution and

small enough that the eigenvalues are mapped one-to-one. We can then treat A as Ã

for all practical purposes.

5.4.4 Formation of mixed states

To summarise the above results for pure states:

Result 15. There exists a coherence unit ∣ψ0⟩ such that any pure state ∣ψ⟩ can be

prepared in the asymptotic limit deterministically by the TI transformation ∣ψ0⟩
⊗N
→

∣ψ⟩
⊗M

, at a rate

lim
N→∞

N

M
=
V (∣ψ⟩⟨ψ∣ ,A)

V (∣ψ0⟩⟨ψ0∣ ,A)
. (5.15)

We can generally choose ∣ψ0⟩ to be any coherent state. However, when A has a

harmonic spectrum of the form an = a0 + bn, n ∈ Z, we must ensure that there exists

an n such that the amplitudes for an and an+1 are nonzero.

An operational meaning can be given to the QFI by considering the preparation

of mixed states [205]. Suppose we decompose an arbitrary state as an ensemble of

pure states, ρ = ∑µ pµ ∣ψµ⟩⟨ψµ∣. One can then create ρ⊗M from ∣ψ0⟩
⊗N

by preparing

Mpµ copies of each ∣ψµ⟩, and then forgetting the value of the index µ. The total cost

is N = ∑µMpµ × (cost of ∣ψµ⟩). By choosing the least costly ensemble preparation,

we have

lim
N→∞

N

M
= min

{pµ,∣ψµ⟩}
pµ
V (∣ψµ⟩⟨ψµ∣ ,A)

V (∣ψ0⟩⟨ψ0∣ ,A)

=
F(ρ,A)

4V (∣ψ0⟩⟨ψ0∣ ,A)
, (5.16)

using the fact that the QFI is the convex roof of the variance. Hence 1
4F(ρ,A) is the

U(1) or (R,+) asymmetry of formation (as named in [206], without a link to the

QFI).

Note that this is not the same as the asymmetry cost, which would have to be

defined as the optimal rate for ∣ψ0⟩⟨ψ0∣
⊗N
→ ρ⊗M . This might have a lower value, as

the prepare-and-mix strategy may not be the best one. In addition, we do not have
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a result about the distillation of asymmetry. Even in the pure state case this is non-

trivial: recall from the harmonic spectrum discussion that, for instance, (∣0⟩+ ∣2⟩)/
√

2

cannot be distilled into (∣0⟩+ ∣1⟩)
√

2. While a single coherence unit may be sufficient

to prepare arbitrary states, distillation has to result in a set of different units.

5.5 From coherence to macroscopicity

We now discuss how the above concepts and results may be applied to assess quantum

macroscopicity. We evaluate two prominent measures proposed in recent years, and

analyse how they fit into the present resource-theoretic framework.

5.5.1 Measure by Fröwis and Dür

The authors of [69] studied the setting of N qubits, defining a new measure of macro-

scopicity and comparing it against other proposals in the literature. The relevant set

A of macroscopic observables in this situation is chosen to be the set of A = ∑
N
i=1Ai

such that each Ai acts only on qubit i and has eigenvalues ±1 (so can be written in

terms of Pauli operators as Ai = ni.σi = nxi σ
x
i + n

y
i σ

y
i + n

z
iσ

z
i , with ∣ni∣ = 1). Thinking

of each qubit as a spin-1/2 system, such observables could be described as total spins.

The measure proposed in [69] is

NF (ρ) ∶= max
A∈A

F(ρ,A)

4N
. (5.17)

Their motivation came from earlier proposals [67, 207, 208] to regard the variance

V (∣ψ⟩⟨ψ∣ ,A) as a signature of macroscopic quantumness in the case of pure states.

The idea there was to look at the scaling of the variance with N , for any given family

of states defined as a function of N . On one hand, a product state has V ∝ N ,

whereas a macroscopic superposition such as a GHZ state can be expected to have

V ∝ N2, showing macroscopic quantum fluctuations in the value of the observable A.

Fröwis and Dür then suggested the QFI as an extension to mixed states – mainly

based on its ability to distinguish a GHZ state (∣0⟩
⊗N

+ ∣1⟩
⊗N

)
√

2 from the corre-

sponding mixture (∣0⟩⟨0∣
⊗N

+ ∣1⟩⟨1∣
⊗N

)/2. Other motivating factors were its ability

to detect multipartite entanglement (to be discussed in detail in Chapter 7) and the

quantum advantage as described by the Heisenberg limit. The normalisation factor
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of 4N ensures that NF ∈ [0,N], so that it might be regarded in some sense as a

“quantum size”.

From our perspective, the measure NF can be justified as quantifying the maximal

coherence with respect to any macroscopic observable. It is sensible to take the

maximum; this means that a state is described as macroscopically quantum when

there exists some macroscopic observable for which the coherence is large. Here, the

qualifier “large” is defined as being relative to the size N – we will just accept this

for now, and further discuss its meaning in Chapter 7. Note that, by choosing the

eigenvalues of Ai to be ±1, the spectrum of every A ∈ A is harmonic, so the results of

Section 5.4 apply.

In order to provide some intuition for NF , we summarise some known results

for certain important classes of pure states. Firstly, any product state has NF = 1,

i.e. minimal macroscopicity. This can be seen by writing the state as ∣0⟩
⊗N

without

loss of generality, since NF is clearly invariant under local unitaries. One choice

of optimal observable is X ∶= ∑
N
i=1 σ

x
i . At the other extreme, the GHZ state has

maximal macroscopicity NF = N , the optimal observable being Z ∶= ∑
N
i=1 σ

z
i . Finally,

in between these limits we have the family of Dicke states

∣N,k⟩ ∶= (
N

k
)

− 1
2

∑
π

Pπ ∣0⟩
⊗(N−k)

∣1⟩
⊗k
, (5.18)

where Pπ rearranges the subsystems by the permutation π; the sum is over all per-

mutations. We have NF = 1 + 2f(1 − f)N , where f = k/N , with optimal observable

X [69]. f = 0,1 corresponds to a product state, whereas f = 1/2 gives NF ≈ N/2 for

N ≫ 1.

It was later noted that this measure can also be applied to CV systems [209,210].

One now has N bosonic modes, each with annihilation and creation operators ai, a
�
i .

The definition of NF is the same as (5.17), but now the set of macroscopic variables

is chosen to contain sums of quadratures:

xθ ∶=
N

∑
i=1

xθii

xθii ∶= cos(θi)xi + sin(θi)pi. (5.19)

We can justify using quadratures by thinking about the classical limit – it could be

argued that the classical field description of light is most naturally done in terms
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of quadratures. For mechanical oscillators, the classical description is certainly in

terms of position and momentum. If we instead calculated coherence with respect

to the number operator, then large-number Fock states – typically considered highly

non-classical and hard to produce experimentally – would be treated as free.

Since each subsystem is itself an infinite-dimensional system, unlike the case of

qubits, macroscopic quantum behaviour can even be found in the case N = 1. A num-

ber of interesting observations can be made here. Focusing first on a fixed quadrature

x, the free operations with respect to x consist of combinations of two elementary

kinds of operations:

displacements ρ→D(α)ρD(α)�, D(α) = eαa
�−α∗a;

generalised quadrature measurements ρ→MρM �, M = ∫ dx f(x) ∣x⟩⟨x∣ . (5.20)

This can be seen from our earlier result that a free operation has Kraus operators

which shift the spectrum of x along with arbitrary amplitude modification. Displace-

ments are in fact free with respect to every quadrature. The same cannot be said for

the second set of operations – for example, a very fine-grained measurement of x will

project the state onto one with large variance in p.

The pure states with minimal NF are the coherent states ∣α⟩. To see this, the

uncertainty principle (2.6) for any pair of conjugate quadratures x, p says that VxVp ≥

1/4, where Vx, Vp are the corresponding variances. Then max{Vx, Vp} ≥
√
VxVp ≥ 1/2,

so the smallest maximum is achieved when Vx = Vp = 1/2. This also saturates the

uncertainty principle; it can be shown that the only pure states with this property

are Gaussian [211]. Now the Gaussian states with variance of 1/2 in every quadrature

are the coherent states.

For the squeezed vacuum state, the product of variances along the principal axes

(maximum and minimum variances) is still VxVp = 1/4. From the relation x2 + p2 =

2n̂ + 1 and the fact that ⟨x⟩ = ⟨p⟩ = 0, we have Vx + Vp = 2 ⟨n̂⟩ + 1. Solving for the

larger variance, we find NF = 1/2 + ⟨n̂⟩ +
√

⟨n̂⟩ (⟨n̂⟩ + 1). For large ⟨n̂⟩, this scales as

NF ≈ 2 ⟨n̂⟩.

The CV mode analogue of the GHZ state is a superposition of coherent states,

∣ψ⟩ ∝ ∣α⟩ + ∣−α⟩, commonly referred to as a “cat state” [76]. Letting α ∈ R without

loss of generality, the largest quadrature variance is

Vx =
1

2
+

2α2

1 + e−2α2 . (5.21)
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For large α, we have NF ≈ 2α2 ≈ ⟨n̂⟩.

For number states ∣n⟩, the variance is the same for any quadrature, and gives

NF = n + 1/2.

It is worth briefly mentioning the role of the uncertainty relation here. For pure

states, a small variance in one quadrature guarantees a large coherence in the conju-

gate quadrature – this is the case for squeezed states. In fact, this can be generalised

to mixed states by a tighter form of the uncertainty relation [212]

F(ρ,A)V (ρ,B) ≥ ⟨i[A,B]⟩
2
ρ . (5.22)

However, this is not always useful as a witness of large QFI; both cat states and

number states demonstrate this. In general, F(ρ, x) measures the sensitivity of a

state to translations along the conjugate direction p; thus the QFI will be large

whenever the p distribution has narrow features. This is the case for cat states and

number states, without the need for a small variance in p.

5.5.2 Measure by Lee and Jeong

A measure was proposed in [70] to quantify macroscopicity in phase space for CV

variables. Their motivation was rather similar to the intuition discussed at the end of

the previous section: highly non-classical states generally have fast-oscillating features

in their Wigner function. The measure adds up the sizes of each Fourier component

in the Wigner function, giving a higher weight to larger frequencies. For N modes,

we define a displacement operator D(α) ∶= ∏i e
αia

�
i−α

∗
i ai with α = (α1, α2, . . . , αN).

Then the measure is1

NLJ(ρ) ∶=
1

2πN ∫
d2Nα ∣α∣2∣χρ(α)∣2, (5.23)

where ∣α∣2 ∶= ∑
N
i=1∣αi∣

2 and χρ(α) ∶= Tr[ρD(α)]. Note that χρ is the Fourier transform

of the Wigner function [76] (Chapter 3). The following results will be of use later:

Result 16. The measure NLJ has the following properties:

1The original definition used ∣α∣2 −N in place of ∣α∣2. Removing the constant shift ensures that
the measure is non-negative [213].
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(i) It measures the rate of loss of purity under a decoherence model:

NLJ(ρ) = −
1

2
∂t Tr(ρ2), (5.24)

∂tρ = L(ρ) ∶= −
1

4

N

∑
i=1

[xi, [xi, ρ]] + [pi, [pi, ρ]]. (5.25)

(A connection with a slightly different decoherence model was given in [70].)

(ii) Defining the QFI-like quantity IL(ρ,A) ∶= −1
2 Tr([A,ρ]2), we can write

NLJ(ρ) =
1

2

N

∑
i=1

[IL(ρ, xi) + IL(ρ, pi)]. (5.26)

(iii) By averaging IL(ρ, xθ) over all angles θ, we have

NLJ(ρ) =
N

∑
i=1
∫

dθ

2π
IL(ρ, x

θ
i ). (5.27)

Proof. Part (i) follows from first showing that ∂tχρ(α) = −1
2 ∣α∣2χρ(α) under the

given model. The remainder of the straightforward but lengthy calculation is given

in Appendix B.

For (ii), we can use (a) to show NLJ(ρ) = −Tr(ρ∂tρ) = −Tr[ρL(ρ)], and then use

Tr(ρ[A, [A,ρ]]) = Tr([A,ρ]2).

Finally, for (iii), note that the results in (i) and (ii) are isotropic – xi, pi can be

replaced with xθii , p
θi
i for any θi. Then we get the desired equation by averaging both

sides of (5.26) over all angles.

The significance of parts (ii) and (iii) is that we have extracted a QFI-like quantity

from the measure: IL(ρ,A) measures the size of the commutator [A,ρ], just as do

the generalised QFI quantities defined in Section 5.3.3. However, IL is not a member

of that set. In order to make NLJ more similar in form to NF , let us define a refined

version

N ′
LJ(ρ) ∶= max

A∈A

IL(ρ,A)

N
. (5.28)

Here, the maximisation is over all quadratures – but this can be replaced by any other

set of macroscopic observables, such as sums of Pauli operators for N qubits, in order

to generalise to arbitrary systems in the same way as NF . Given that the original

quantity can be expressed as an average coherence over all directions, we have

NLJ(ρ) ≤ NN
′
LJ(ρ). (5.29)
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The normalisation factor of N ensures that N ′
LJ has the same O(1) scaling behaviour

as NF for product states.

We now make a more in-depth comparison between IL and the QFI.

Result 17. Properties of IL:

(i) reduces to the variance for pure states: IL(∣ψ⟩⟨ψ∣ ,A) = V (∣ψ⟩⟨ψ∣ ,A);

(ii) in general is a lower bound to the QFI: IL(ρ,A) ≤ 1
4F(ρ,A);

(iii) can be written in terms of the Hilbert-Schmidt distance DHS(ρ, σ) ∶= Tr[(ρ − σ)2]

as

IL(ρ,A) =
1

4
∂2
tDHS(ρ,Ut(ρ))∣t=0; (5.30)

(iv) satisfies (M1), (M3) and (M4) but not (M2).

Proof. For (i), we simply rearrange IL(ρ,A) = −1
2 Tr(ρAρA + AρAρ − ρA2ρ − Aρ2) =

Tr(ρ2A2) − [Tr(ρA)]2, and then use the fact that pure states satisfy ρ2 = ρ.

For (ii), expanding ρ = ∑i λi ∣ψi⟩⟨ψi∣ in its eigenbasis gives IL(ρ,A) = 1
2 ∑a,b(λa −

λb)2∣⟨ψi∣A∣ψj⟩∣2. This can be compared against the corresponding expression for the

QFI (5.7), using (λi + λj)−1 ≥ 1.

To O(t2), we have Ut(ρ)−ρ ≈ −it[A,ρ]+t2AρA−t2/2{A2, ρ}. Then DHS(ρ,Ut(ρ)) =

−t2 Tr([A,ρ]2) +O(t3), from which (iii) follows.

Condition (M1) is clear since IL(ρ,A) = 0 iff [A,ρ] = 0. (M4) is immediate from

part (i). (M3) requires a calculation for pρ + qσ, where q = 1 − p:

IL(pρ + qσ,A) = p2 Tr(ρ2A2) − p2[Tr(ρA)]2 + q2 Tr(σ2A2) − q2[Tr(σA)]2

+ pqTr({ρ, σ}A) − 2pqTr(ρA)Tr(σB)

= pIL(ρ,A) + qIL(σ,A) − pqTr([ρ2 + σ2 − {ρ, σ}]A2)

− pq[Tr(ρA) −Tr(ρB)]2

= pIL(ρ,A) + qIL(σ,A) − pqIL(ρ − σ,A)

≤ pIL(ρ,A) + qIL(σ,A). (5.31)

The last line follows from observing that IL(X,A) = 1
2 Tr[(−i[A,X])2] ≥ 0 for any

Hermitian operator X, as −i[A,X] is also Hermitian.
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To see that (M2) fails, suppose we start with the system S and an ancilla α in

a state ρS ⊗ σα, taking the observable of interest to be trivial on α, i.e. just AS.

Then IL(ρS ⊗ σα,AS) = IL(ρS,AS)Tr(σ2
α). As long as the ancilla state is not pure,

Tr(σ2
α) < 1. Hence, by tracing out α – which is a free operation – IL increases.

We have shown here that IL is a faithful witness to the QFI. In fact, this lower

bound property (for which the “L” stands) was used in [201] to provide a measurable

witness for the Wigner-Yanase-Dyson skew information. While it equals the QFI for

pure states, we have shown that it fails to be a monotone under the free operations.

This stems from its relation to the Hilbert-Schmidt distance, which is known to be

similarly problematic for defining other resource-theoretic measures, including entan-

glement and discord, because it is not contractive under quantum channels [182,214].2

In the case of N qubits, we have seen that a scaling of O(N2) versus O(N) scaling

of the QFI can be considered a distinction between macroscopic and non-macroscopic

quantumness. Since IL ≤ 1
4F , non-macroscopic scaling of F implies the same for IL.

Is the reverse true? If so, IL could still be useful for distinguishing between these

qualitative behaviours. In fact, we find this is false, giving a counterexample using a

highly mixed state:

Result 18. There exists a family of states on N qubits for which IL(ρN , Z) = O(N)

but F(ρN , Z) = O(N2).

Proof. Let N be even, and define

ρ ∶=
N/2−1

∑
k=0

2

N
∣ψNk ⟩⟨ψNk ∣ ,

∣ψk⟩ ∶=
1

√
2
( ∣0⟩

⊗(N−k)
∣1⟩

⊗k
+ ∣1⟩

⊗(N−k)
∣0⟩

⊗k
). (5.32)

Note that the ∣ψk⟩ are orthogonal; a complete basis can be made by including ∣φk⟩ ∶=

(∣0⟩
⊗(N−k)

∣1⟩
⊗k
− ∣1⟩

⊗(N−k)
∣0⟩

⊗k
)/

√
2. This is also an eigenbasis for ρ. One can easily

verify the following matrix elements:

⟨ψk∣Z ∣ψl⟩ = ⟨φk∣Z ∣φl⟩ = 0

⟨ψk∣Z ∣φl⟩ = δk,l(N − 2k). (5.33)

2A rough fix could be attempted by dividing by the purity Tr(ρ2). However, this has been tried
for NLJ and leads to unsatisfactory results [213].
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Using the expansion (5.7), we have

1

4
F(ρ,Z) =

N/2−1

∑
k=0

2

N
(N − 2k)2

=
1

3
(N + 1)(N + 2) = O(N2). (5.34)

On the other hand, the corresponding expression for IL gives

IL(ρ,Z) =

N/2−1

∑
k=0

(
2

N
)

2

(N − 2k)2

=
2

3N
(N + 1)(N + 2) = O(N). (5.35)

5.5.3 Measure by Nimmrichter and Hornberger

The measure presented in [54] is of a rather different character from those examined so

far; however, we show here that there is a strong connection. The starting premise is

that macroscopic quantum states should be viewed as tools for testing physics beyond

standard quantum mechanics. Without assuming any particular physical mechanism,

the authors argue from a few physical principles3 that the resulting modification to

the Schrödinger equation should take a certain form. Without giving here the exact

(rather complex) form, we state it for a point-like object of mass M moving in one

dimension:

∂tρ = −
i

h̵
[H,ρ] + L1(ρ), (5.36)

L1(ρ) =
1

τ
[∫ dsdq g(s, q)D(s, q)ρD(s, q)� − ρ] , (5.37)

where H is the internal Hamiltonian of the system and D(s, q) ∶= ei(sp−qx)/h̵ is the

displacement operator.

The parameter τ , which is an effective coherence time for the object, and function

g(s, q), both depend on the mass M and structure of the object, as well as some

free parameters. The shape of g(s, q) is set by a fundamental reference distribution

3These are that the modification should (i) be covariant under Galilean transformations (in the
non-relativistic regime), (ii) respect particle exchange symmetry, (iii) be unchanged when adding
an uncorrelated system, and (iv) display scale-invariance (so that a rigid body can be treated as a
point particle).
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ge(s, q), which is used in the description for a single electron – it is chosen to be a

Gaussian for simplicity. The standard deviations of s and q for g(s, q) are me
M σs and

σq respectively, where me (the electron mass), σs and σq are some of the reference

constants. In order to remain in the non-relativistic regime, the restrictions σs ≲

20 pm, h̵/σq ≳ 10 fm are imposed. There is also a final free parameter τe which sets

the coherence time scale for a single electron.

The modification L1 causes the state to “diffuse” in phase space, with a strength

proportional to 1/τ and a range set by g(s, q). This also results in decoherence in x

and p: when the internal dynamics can be neglected (H = 0) we have

∂tχρ(s, q) = −
1

τ
[1 − g̃(q, s)]χρ(s, q), (5.38)

where χρ(s, q) ∶= Tr[ρD(s, q)] and g̃(q, s) ∶= ∫ ds′ dq′ g(s′, q′)e−i(qs
′−sq′)/h̵ [215]. Since

g̃(q, s) is bounded, the decoherence rate saturates at some maximum [54]. Whenever

we are far from saturation (i.e. well within the non-relativistic regime), we have

∂tχρ(s, q) ≈ −
1

2τ
[(
σsme

h̵M
)

2

q2 + (
σq
h̵

)
2

s2]χρ(s, q). (5.39)

Using the results in Appendix B, and the fact that 1
τ ∝M2 [215], it follows that

∂tρ ≈ −const. × ((σsme)
2[p, [p, ρ]] + (σqM)2[x, [x, ρ]]). (5.40)

Note that this is of the same form (up to constants) as the decoherence model given

in Result 16a, for a single subsystem.

The measure proposed by Nimmrichter and Hornberger is not a function of the

state: it is defined for a particular experiment. Suppose an experiment determines

that coherence can be maintained in a macroscopic system for some time. This will

rule out certain values of the unknown parameter τe. Let τmin
e be the minimum value

of τe which is consistent with the experiment (i.e. the strongest possible decoherence

mechanism which has not been ruled out). Then the measure of macroscopicity is

NNH ∶= log10 (
τmin
e

1 s
) . (5.41)

So experiments that rule out more values of τe are assigned a larger macroscopicity

value.

We note that, instead of looking at the range of parameter values excluded by

an experiment, one could focus on the decoherence rate of the state produced in the
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experiment. This now gives a value which is a function of the state; qualitatively,

the idea is the same, as a faster decaying state will be more useful for testing the

possible parameter ranges. A simple quantity to look at is the rate of decay of the

purity Tr(ρ2). Comparing with the results in the previous section, we have

− ∂t Tr(ρ2) ∝ (σqM)2IL(ρ, x) + (σsme)
2IL(ρ, p), (5.42)

which is essentially the same as NLJ for a single mode.

Let us also make a remark about the general approach of [54]. In order to make

estimates for a number of past and proposed experiments, the authors had to esti-

mate the corresponding coherence times under the collapse model. This can be done

unambiguously for a two-branch superposition by taking the decay rate of some ma-

trix element ⟨0∣ρ∣1⟩. However, in general, it is not clear how to uniquely define such

a decoherence rate. Indeed, we would argue that the programme of research into

coherence measures is directed at identifying such quantities.

5.6 Conclusions

We started this chapter from the premise that quantum macroscopicity can be quan-

tified in terms of coherence – defined with respect to a suitable choice of macroscopic

observable. In order to arrive at a resource theory of coherence that respects not just

the eigenbasis of the preferred observable, but also its eigenvalues, the free operations

have to be more restricted than those studied in the previous two chapters. The

resulting theory turned out to be the resource theory of U(1) or (R,+) asymmetry,

where the free operations are those commuting with transformations generated by

the preferred observable.

Having examined some examples of monotones in this theory, we have seen that

the QFI plays a special role as the asymptotic formation cost of many copies of a state

from pure coherence units. Moreover, we have shown that in many physical cases (for

harmonic and continuous spectra), it is possible to find a single pure state coherence

unit from which all other states can be deterministically obtained. Questions about

distillation and asymptotic cost are left open.

These results provide rigorous justification for a recently proposed measure of

macroscopicity NF based on the QFI, which quantifies the maximal coherence with

109



respect to any macroscopic observable in a system. We have applied the same analysis

to another measure NLJ , showing that it can be viewed similarly, using another

function IL in place of the QFI. However, this function is deficient as a measure of

coherence, failing to be monotonic under the free operations. This calls into question

the usefulness of the measure NLJ . The measure NNH is defined rather differently as

a characteristic of an experiment, rather than a state. However, we have shown that

the decoherence model upon which it is based provides a connection with NLJ , which

is the rate of loss of purity under this model.

Certain questions arising from this discussion merit further attention, and we turn

to these in Chapter 7. Specifically, the reason for the normalisation factor of N in the

definition of NF for N subsystems is presently rather ad-hoc. In addition, we have not

yet demonstrated that different systems can really be meaningfully compared with a

measure such as NF .
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Chapter 6

Macroscopic distinguishability

In Chapter 5, we justified the QFI as a measure of macroscopicity via resource-

theoretic notions of state transformations in the asymptotic limit of many copies. As

this is rather abstract, one might prefer to have a measure which has an interpretation

in terms of the kinds of operations which are actually feasible when dealing with large

systems (after all, generating one macroscopic superposition is difficult enough, let

alone arbitrarily many!). Such a measure has been defined recently [51,112], however

it applies only to equally weighted two-branch superpositions (∣ψ0⟩+ ∣ψ1⟩)/
√

2. As in

our general framework, this makes reference to a preferred observable A – and the aim

is to quantify the extent to which the branches are macroscopically distinguishable in

a measurement of this observable. In a sense, the quantumness (purity) is assumed to

be given, while the “size” of the superposition with respect to A is to be quantified.

One considers a noisy measurement of A, such that its distribution is blurred

by the addition of Gaussian noise with variance ∆2. Let us denote by f 0
∆(x) the

probability distribution of such a measurement on ∣ψ0⟩, and similarly for ∣ψ1⟩. Suppose

that one of these two states has been prepared with equal probability of 1/2. The

distinguishability of the distributions can be quantified by the maximal probability

of correctly guessing, in a single shot, which of the two was prepared. This is given

by

P∆(ψ0, ψ1) =
1

2
(1 +

1

2 ∫
dx ∣f 0

∆(x) − f 1
∆(x)∣) . (6.1)

The measure of macroscopicity is then defined to be the maximum tolerable noise ∆

such that the two states are still distinguishable to within some threshold probability

P0, i.e. max{∆ ∣ P∆(ψ0, ψ1) ≥ P0}.

The work [51] then goes on to assess the fragility of macroscopic quantum states
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using this measure. Here, they refer to the fragility of entanglement between a mi-

croscopic system and a macroscopic system under decoherence induced by an inter-

action with an environment. Such a “micro-macro” entangled state occurs in the

original description of Schrödinger’s cat, in which a microscopic system (a decaying

atom) effectively acts as a control qubit for the state of a macroscopic system (a

cat). Instead of just a superposition, we then have an entangled state of the form

(∣0⟩∣ψ0⟩+∣1⟩∣ψ1⟩)/
√

2. Micro-macro entangled states are being pursued in experiments

such as [216], which entangles a single photon to an atomic ensemble. Measuring en-

tanglement is one way of verifying quantumness in these set-ups. The results in [112]

show that, in two-branch versions of these states, the susceptibility of entanglement

to decoherence is directly related to the noisy distinguishability of the branches.

In this chapter, we extend this measure to arbitrary states, retaining the core

principle that macroscopic superpositions are those whose branches are easily distin-

guishable even with a highly noisy measurement. We define two measures along these

lines, one being close to the original proposal, and the other based on the quantum

correlations (namely, basis-dependent discord) established between a system and a

measurement device. After proving that both measures satisfy the criteria of Chapter

5, we demonstrate connections to the QFI in the limit of weak measurements, and

show implications for the fragility of micro-macro entangled states.

6.1 Measurement model

Before defining the measures of coherence and macroscopicity, we discuss a model of a

noisy measurement. The measurement device M is treated as a CV quantum system

with a “pointer observable” x representing the real-valued quantity which one reads

off the device to determine the measurement result. There is a conjugate momentum

p satisfying the canonical commutation relation [x, p] = i. We assume that M is

initially uncorrelated with the system S, in a pure state ρM = ∣χ∆⟩⟨χ∆∣ such that the

pointer distribution is a Gaussian of mean zero and standard deviation ∆:

⟨x∣χ∆⟩ =
√
g∆(x), g∆(x) ∶=

1
√

2π∆
e−

x2

2∆2 . (6.2)

The system and measurement device are coupled by a unitary interaction

ρS ⊗ ρM → ρ′SM = e−itASpM (ρS ⊗ ρM)eitASpM , (6.3)
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which is a controlled shift of the pointer x by an amount tai conditioned on the state

∣i⟩ of the system. In the following, we set the interaction time t = 1 since any other

value may be absorbed into ∆ (using ∆ → ∆/t) without affecting the physics. The

same is true of any interaction strength parameter that might multiply the interacting

Hamiltonian. Therefore ∆ can be thought of equivalently as the measurement noise

(imprecision), or the inverse of the interaction strength or time. In the limit ∆ → 0,

the measurement is perfectly precise, and as ∆→∞ it becomes increasingly weak.

After tracing out the measurement device, the resulting operation on the system

is a partial dephasing channel ρS → Φ∆(ρS) ∶= TrM ρ′SM . For the results below, recall

that we are defining coherence with the free operations as TI operations with respect

to the transformations Uk(ρ) = e−ikAρeikA.

Lemma 4. The partial dephasing channel Φ∆ has the following properties:

(i) Φ∆ = ∫ dk f∆(k)Uk, where f∆(k) =
√

2
π∆e−∆2k2

is the momentum-space proba-

bility distribution for ∣χ∆⟩;

(ii) [E ,Φ∆] = 0 for any TI channel E ;

(iii) Φ∆(∣i⟩⟨j∣) = e−
(ai−aj)2

8∆2 ∣i⟩⟨j∣;

(iv) Φα ○Φβ = Φγ, where γ−2 = α−2 + β−2.

Proof. For (i), we perform the partial trace over M using momentum eigenstates ∣k⟩:

Φ∆(ρS) = ∫ dk ⟨k∣Me
−iAspM (ρS ⊗ ∣χ∆⟩⟨χ∆∣)eiAspM ∣k⟩M

= ∫ dk ∣⟨p∣χ∆⟩∣2e−ikASρSe
ikAS

= ∫ dk f∆(k)Uk(ρS). (6.4)

(ii) then immediately follows, since [E ,Uk] = 0 by definition. Instead tracing out M
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with position eigenstates, we have

Φ∆(∣i⟩⟨j∣) = ∫ dx ⟨x∣Me
−iASpM (∣i⟩⟨j∣S ⊗ ∣χ∆⟩⟨χ∆∣M)eiASpM ∣x⟩M

= ∣i⟩⟨j∣ ∫ dx ⟨x∣e−iaip∣χ∆⟩ ⟨χ∆∣eiajp∣x⟩

= ∣i⟩⟨j∣ ∫ dx ⟨x − ai∣χ∆⟩⟨χ∆∣x − aj⟩

= ∣i⟩⟨j∣ ∫ dx
1

√
2π∆

e−
1

4∆2 [(x−ai)
2+(x−aj)

2]

= e−
(ai−aj)2

8∆2 ∣i⟩⟨j∣ , (6.5)

showing (iii). Part (iv) follows from this expression.

Note that the infinite precision limit ∆ → 0 gives Φ0 = Φ, the fully dephasing

channel used in earlier chapters.

Finally, suppose we set t = ∆−2 – note that this is not the same as the time

parameter in the measurement model. It is easily verified (by taking the ⟨i∣ ∣j⟩ matrix

element) that partial dephasing can be constructed using a master equation with t as

time parameter:

∂tρt = −
1

8
[A, [A,ρt]], ρt = Φ1/

√
t(ρ). (6.6)

6.2 Construction

In order to generalise the above measure, we must first decide how to quantify the

mutual distinguishability of an arbitrary number of branches in a superposition, with

arbitrary weighting. We work with the following proposal by Sekatski [6] (see Fig.

6.1):

Definition 19. Let ∣ψ⟩ = ∑i ci ∣i⟩, then the distinguishability under noise ∆

of the branches of ∣ψ⟩ is defined in the following way. Suppose Alice prepares an

ensemble of eigenstates ∣i⟩ of A with probabilities pi = ∣ci∣2, and sends these to Bob,

who performs a measurement with Gaussian noise ∆. Then

dist∆(∣ψ⟩ ,A) ∶= J(A ∶ B), (6.7)

where J(A ∶ B) is the (classical) mutual information shared between Alice and Bob.
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Figure 6.1: Setting for the definition of dist∆: given a pure state ∣ψ⟩ = ∑i ci ∣i⟩, Alice
sends the corresponding ensemble ∣i⟩ with probabilities ∣ci∣2 to Bob, who performs a
measurement in order to distinguish them. His measurement consists of a Gaussian
pointer of width ∆ which shifts by ai for each ∣i⟩.

The motivation for this is the following: the more easily distinguishable the states

are, the more information a noisy measurement gives about which branch was re-

ceived. To be precise, the noisy measurement results in the joint statistics

pAB(i, x) = pi g∆(x − ai), (6.8)

with marginals pA(i) = pi, pB(x) = ∑i pi g∆(x − ai). The mutual information is then

easily shown to give

dist∆(∣ψ⟩ ,A) =H (∑
i

pig∆(x − ai)) −∑
i

piH(g∆(x − ai))

=H (∑
i

pig∆(x − ai)) −
1

2
log(2πe∆2), (6.9)

for which we have no simple analytical expression, but which is easy to calculate

numerically. Some examples for N -qubit states are shown as a function of ∆ in Fig.

6.2.

In order to extend the definition to mixed states, we use the convex roof construc-

tion presented in Chapter 5. This is a sensible approach because it guarantees that

the measure vanishes for incoherent states.
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Figure 6.2: Plots of (a) dist∆(ρ,A) and (b) C∆(ρ,A) as a function of ∆, for N = 100

qubits with A = ∑
N
i=1 σ

z
i in a product state ∣+⟩

⊗N
(red solid line) and a GHZ state

(∣0⟩
⊗N

+∣1⟩
⊗N

)/
√

2 (blue solid line). Also shown (dashed lines) are the approximations
(6.24) and (6.41) for dist∆ and C∆ respectively.

Definition 20. For an arbitrary state ρ, the distinguishability under noise ∆ of the

branches of ρ is defined by

dist∆(ρ,A) ∶= min
{qα,∣ψα⟩}

∑
α

qαdist∆(∣ψα⟩ ,A), (6.10)

where the minimisation is over all pure state ensemble decompositions of ρ.

Now the macroscopicity measure is defined in the following way:

Definition 21. The macroscopic branch distinguishability of ρ is

µε(ρ,A) ∶= min{∆ ∣ dist∆(ρ,A) ≤ ε}, (6.11)
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where ε is a free parameter.

The idea behind this measure is that, as we increase the noise ∆, the branches be-

come less distinguishable (this fact will be proved in the next section). At some point,

the distinguishability drops to the threshold ε; the more macroscopically distinct the

branches, the greater the value of ∆ for which this happens. Note that we could have

instead used the definition max{∆ ∣ dist∆ ≥ ε}, which is basically equivalent except

that we would then have to prescribe µε = 0 in the case that dist∆ < ε ∀∆.

6.3 Properties

6.3.1 Coherence criteria

Here we show that the measures dist∆ and µε satisfy the necessary conditions to be

good measures of macroscopic coherence. First, we give some useful properties of

dist∆.

Lemma 5. dist∆(ρ,A) has the following properties:

(i) strictly decreasing with respect to ∆ (or else zero for all ∆);

(ii) invariant under a change of scale A→ αA, ∆→ α∆.

Proof. Note that both parts need only be shown for pure states, as the corresponding

results for mixed states follow from the convex roof construction. For (i), rewrite

(6.9) as dist∆(∣ψ⟩ ,A) = H(A +∆Z) − 1
2 log(2πe∆2), where Z is the standard normal

distribution of mean zero and unit variance. Defining τ ∶= ∆2, we can apply de

Bruijn’s identity [86] (Theorem 17.7.2), which says

∂τH(A +
√
τZ) =

1

2 ln 2
Fc(A +

√
τZ), (6.12)

where Fc is the classical translational Fisher information (2.41). Now we also use

another result from statistics, derived by Stam [217]: for two random variables X

and Y ,
1

Fc(X + Y )
≥

1

Fc(X)
+

1

Fc(Y )
, (6.13)

with equality iff both have a Gaussian distribution. Letting X = A, Y =
√
τZ, we

see that Fc(A +
√
τZ) ≤ Fc(

√
τZ) = 1

τ , where the final quantity is straightforwardly
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computed from the integral (2.41). There is equality iff the distribution of A is the

limiting case of a Gaussian with zero variance (so that 1/Fc(A) = 0).

So overall, we have ∂τ [H(A+
√
τZ)− 1

2 log(2πeτ)] ≤ 1
2τ ln 2 −

1
2τ ln 2 = 0. When there

is equality, A has zero variance, and so H(A +∆Z) = 1
2 log(2πe∆2) ∀∆.

For (ii), note that if the distribution of A + ∆Z is f(x), then the corresponding

distribution for αA + α∆Z is f(x/α)/α. By a straightforward calculation, we have

H(αA + α∆Z) = H(A + ∆Z) + logα. The extra term cancels with the contribution

from 1
2 log(2πeα2∆2) = 1

2 log(2πe∆2) + logα.

Result 19. dist∆(ρ,A) satisfies all conditions (M1-4).

Proof. We need only check (M1) for pure states, as a mixed state has dist∆(ρ,A) = 0

iff there exists an ensemble decomposition with dist∆(∣ψα⟩ ,A) = 0∀α. Now the

concavity of the entropy tells us that H(∑i pig∆(x−ai)) ≥
1
2 log(2πe∆2) with equality

iff all the functions g∆(x−ai) are the same, i.e. iff all ai are the same for non-zero pi.

This is equivalent to saying that ∣ψ⟩ is incoherent.

(M3) follows immediately from the convex roof definition.

(M2b) can first be shown for pure states. Suppose that a stochastic free operation

takes ∣ψ⟩ → ∣φµ⟩ with probability wµ, where
√
wµ ∣φµ⟩ =Kµ ∣ψ⟩, Kµ being a set of free

Kraus operators of the form (3.34),

Kµ = ∑
i,j∶ai−aj=δµ

cµi,j ∣i⟩⟨j∣ . (6.14)

Define pa ∶= ⟨ψ∣Πa∣ψ⟩ and similarly pµa ∶= ⟨φµ∣Πa+δµ ∣φµ⟩. Then it can be shown that

pa = ∑µwµp
µ
a (see Appendix C for the details); this is because each pµa distribution

is obtained by measuring and shifting pa. The distribution of A + ∆Z for ∣ψ⟩ is

f(x) = ∑a pag∆(x−a) – note that we have grouped together all terms i such that ai = a.

Similarly for ∣φµ⟩ we have fµ(x) = ∑a p
µ
ag∆(x−a). Now f(x) = ∑µwµfµ(x) and so the

concavity of the entropy gives H(f) ≥ ∑µwµH(fµ). It follows that dist∆(∣ψ⟩ ,A) ≥

∑µwµdist∆(∣φµ⟩ ,A), as required.

(M2a,b) are then immediately seen to hold as a consequence of convexity and

(M2b) for pure states, just as argued for the QFI in Chapter 5.

Finally, for (M4), we let ∣ψ⟩ = (∣i⟩+∣j⟩)/
√

2. It is clear that dist∆(∣ψ⟩) is a function

of only ∣ai − aj ∣ and ∆. So the requirement that dist∆(∣ψ⟩ ,A) be strictly increasing

with ∣ai − aj ∣ is equivalent to it being strictly increasing under a replacement A→ αA
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with α > 1. By part (ii) of Lemma 5, this change of scale can be transferred to

∆ → ∆/α. So dist∆(∣ψ⟩ ,A) needs to be strictly decreasing with ∆ – and this was

shown in part (i).

So dist∆ is a full convex monotone under TI operations, and respects the superpo-

sition scale criterion, making it suitable for measuring macroscopic coherence. While

not all of these properties carry through to µε, the most important ones do:

Result 20. µε(ρ,A) satisfies conditions (M2a) and (M4), as well as an ε-version of

(M1):

µε(ρ,A) = 0⇔ dist∆(ρ,A) ≤ ε ∀∆. (6.15)

Proof. For the vanishing criterion, note that either dist0(ρ,A) ≤ ε or else there exists

a unique ∆ > 0 such that dist∆(ρ,A) = 0 – this follows from it being strictly decreasing

with ∆ and from the plausible fact (see Result 21 below) that dist∆ → 0 as ∆→∞.

(M2a) for dist∆ immediately implies the same for µε. This is because dist∆(E(ρ),A) ≤

dist∆(ρ,A) shows that the set of values of ∆ for which dist∆(E(ρ),A) ≤ ε is at least

as big as the corresponding set for ρ.

Similarly, since dist∆(∣ψ⟩ ,A) is an increasing function of ∣ai − aj ∣ for ∣ψ⟩ = (∣i⟩ +

∣j⟩)/
√

2, the same is seen to be true for µε.

6.3.2 Limiting cases

For ∆ → 0, the measurement is infinitely precise and so the mutual information

between Alice and Bob is

dist0(∣ψ⟩ ,A) = J(A ∶ B) =H({pi}) = S(Φ(∣ψ⟩⟨ψ∣)) = CR(∣ψ⟩⟨ψ∣). (6.16)

Thus the convex roof construction gives

dist0(ρ,A) = min
{qα,∣ψα⟩}

∑
α

qαCR(∣ψα⟩⟨ψα∣) = Cf(ρ), (6.17)

which is the (speakable) coherence of formation. As shown in [117], this is equal to

the asymptotic coherence cost. It satisfies Cf(ρ) ≥ CR(ρ) (with equality for a set of

states characterised in [117]). This limit evidently recovers a measure of speakable

coherence.
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We now turn to the opposite limit, where ∆ is large. First we prove a statistical

result which will be used later (this is in a sense dual to de Bruijn’s identity; we have

not seen it anywhere in the literature):

Lemma 6. Let A, X be random variables and B ∶=X + tA. For sufficiently small t,

H(B) =H(X) +
t2

2 ln 2
Fc(X)V (A) +O(t3), (6.18)

where Fc(X) is the classical translational Fisher information (2.41) of X, and V (A)

is the variance of A.

Proof. Denote the density functions ofX, B by g(x), f(x) respectively, and let A have

values ai with probabilities pi (this is easily generalised to a continuous distribution).

From the definition of B, we have

f(x) = ∑
i

pig(x − tai)

≈ ∑
i

pi [g(x) − taig
′(x) +

t2a2
i

2
g′′(x)]

= g(x) − t ⟨A⟩ g′(x) +
t2 ⟨A2⟩

2
g′′(x), (6.19)

where we have done an expansion to O(t2). Similarly, it is easily shown that

f(x) ln f(x) ≈ g(x) ln g(x) + t [− ⟨A⟩ g′(x) − ⟨A⟩ g′(x) ln g(x)]

+ t2 [
⟨A⟩

2
g′(x)2

2g(x)
+

⟨A2⟩

2
g′′(x) +

⟨A2⟩

2
g′′(x) ln g(x)] . (6.20)

In order to find H(Y ), we have to use

∫

∞

−∞
dx g′(x)(1 + ln g(x)) = [g(x)(1 + ln g(x))]

∞

−∞
− ∫

∞

−∞
dx g′(x) = 0, (6.21)

∫

∞

−∞
dx g′′(x)(1 + ln g(x)) = [g′(x)(1 + ln g(x))]

∞

−∞
− ∫

∞

−∞
dx

g′(x)2

g(x)
= −Fc(X),

(6.22)

assuming g is sufficiently regular that limx→±∞ g′(x) ln g(x) = 0. Hence we have

− ∫

∞

−∞
dx f(x) ln f(x) ≈ −∫

∞

−∞
dx g(x) ln g(x) +

t2

2
Fc(X)(⟨A2⟩ − ⟨A⟩

2
), (6.23)

from which the result follows.
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Result 21. For all ∆, we have

dist∆(ρ,A) ≤
F(ρ,A)

(8 ln 2)∆2
(6.24)

and in the limit of large ∆, these quantities become equal. Consequently,

µε(ρ,A) ≤

¿
Á
ÁÀF(ρ,A)

(8 ln 2)ε
, (6.25)

with approximate equality for sufficiently small ε.

Proof. We calculate the relative entropy between the an arbitrary distribution f(x)

and the Gaussian g∆(x − x̄), where x̄ ∶= ⟨x⟩f :

H(f(x)∣∣g∆(x − x̄)) = −H(f) − ∫ dx f(x) log g∆(x − x̄)

= −H(f) +
1

2
log(2π∆2) + ∫ dx f(x)

(x − x̄)2

(2 ln 2)∆2

= −H(f) +
1

2
log(2π∆2) +

⟨(x − x̄)2⟩f

(2 ln 2)∆2
. (6.26)

Choosing f(x) = ∑i∣ci∣
2g∆(x − ai) for a pure state ∣ψ⟩ = ∑i ci ∣i⟩ gives

H(f(x))∣∣g∆(x − x̄)) = −H(f) +
1

2
log(2π∆2) +

V (∣ψ⟩⟨ψ∣ ,A) +∆2

(2 ln 2)∆2

= −dist∆(∣ψ⟩ ,A) +
V (∣ψ⟩⟨ψ∣ ,A)

(2 ln 2)∆2
, (6.27)

where we have used the fact that f(x) is a convolution of pi and g∆(x), under which

the variance is additive. The first inequality (6.24) follows from the non-negativity of

the relative entropy, and the fact that the QFI is the convex roof of the variance.

From Lemma 5, dist∆ in the limit of large ∆ is equivalent to taking small t in

H(tA +Z) − 1
2 log(2πe/t2), where t = 1/∆. Then Lemma 6 gives

dist∆(∣ψ⟩ ,A) ≈
t2

2 ln 2
Fc(Z)V (∣ψ⟩⟨ψ∣ ,A) =

t2V (∣ψ⟩⟨ψ∣ ,A)

(2 ln 2)∆2
. (6.28)

Again, the convex roof gives the desired equation with the QFI.

The inequality (6.24) shows that if dist∆(ρ,A) = ε, then

∆2 ≤
F(ρ,A)

(8 ln 2)ε
, (6.29)

giving the final inequality (6.25). Evidently, when ε is small, the required value of ∆

is large, so the inequality is approximately saturated.
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To summarise, this shows that the square root of the QFI provides an upper

bound to the macroscopic branch distinguishability, and in the limit of a very weak

(noisy) measurement, these quantities are proportional. Also note that the result of

Lemma 6 only depends on Fc(X). So in the limit of a weak measurement, there is an

equivalence between all pointer distributions of the same classical Fisher information.

All of the above statements in this limit could be phrased in terms of an arbitrary

(not just Gaussian) pointer, replacing ∆ with Fc(X)−1/2 – by the classical Cramér-Rao

bound, this quantity could be interpreted as the pointer sensitivity.

6.4 Alternative measure using discord

In this section, we build up an alternative measure with similar properties but a

slightly different motivation. Recall that dist∆(∣ψ⟩ ,A) is defined as the classical

mutual information between Alice, who prepares an ensemble of eigenstates of A,

and Bob, who tries to distinguish them with a noisy measurement. A different but

conceptually similar approach is to look at the correlations between the system S

and measurement device M , using the model of Section 6.1. This could be equally

well applied to initial pure and mixed states ρS. However, it would not distinguish

between superpositions and incoherent mixtures; we must take only the quantum

contribution to the correlations. A natural and simple way to do this is with the

BDD as introduced in Chapter 4.

Definition 22. The measure C∆(ρ,A) is defined as the BDD built up between system

S and measurement device M in the model (6.3):

C∆(ρ,A) ∶= δb(M ∣S)ρ′ = I(S ∶M)ρ′ − Jb(M ∣S)ρ′ . (6.30)

The following result shows that this actually has a simple expression as the von

Neumann entropy generated by partial dephasing:

Result 22. C∆(ρ,A) = S(Φ∆(ρ)) − S(ρ).

Proof. Since the interaction is unitary, we have S(ρ′SM) = S(ρS⊗ρM) = S(ρS)+S(ρM),

thus I(S ∶M)ρ′ = S(ρ′S) + S(ρ
′
M) − S(ρS) − S(ρM). For the classical correlations, we

write Φ(ρ′SM) = ∑a paρS∣a ⊗ ρ′
M ∣a

, where the sum is over distinct eigenvalues of A,

and their corresponding projectors Πa define paρS∣a ∶= ΠaρSΠa such that the ρS∣a
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are normalised. (Note that different ρS∣a are orthogonal.) We have also defined

ρ′
M ∣a

∶= e−iapMρMeiapM , being the state of the measurement device corresponding to

an eigenvalue a of A on the system. It follows that

Jb(M ∣S)ρ′ = S(Φ(ρ′S)) + S(ρ
′
M) − S(Φ(ρ′SM))

=H({pa}) +∑
a

paS(ρS∣a) + S(ρ
′
M) −H({pa}) −∑

a

pa [S(ρS∣a) + S(ρ
′
M ∣a)]

= S(ρ′M) −∑
a

paS(ρ
′
M ∣a). (6.31)

Since ρ′
M ∣a

is unitarily related to ρM , we have Jb(M ∣S)ρ′ = S(ρ′M) − S(ρM). Finally,

δb(M ∣S)ρ′ = S(ρ
′
S) − S(ρS) = S(Φ

∆(ρS)) − S(ρS). (6.32)

In addition, we have:

Lemma 7. C∆ has the following properties:

(i) C∆(ρ,A) ≥ S(ρ∣∣Φ∆/
√

2(ρ));

(ii) C∆(ρ,A) = ∫ dk f∆(k)S(Uk(ρ)∣∣Φ∆(ρ)) (with f∆(k) as in Lemma 5);

(iii) strictly decreasing with respect to ∆ (or else zero for all ∆);

(iv) invariant under a change of scale A→ αA, ∆→ α∆.

Proof. (i) We need to use the fact that, for any quantum channel N , Tr[N(ρ) logσ] ≤

Tr[ρ logN �(σ)], which is a consequence of the concavity of the logarithm [218] (Lemma

3.6). From this, we have

C∆(ρ,A) = −Tr[Φ∆(ρ) log Φ∆(ρ)] − S(ρ)

≥ −Tr[ρ log Φ∆ ○Φ∆(ρ)] − S(ρ)

= −Tr[ρ log Φ∆/
√

2(ρ)] − S(ρ)

= S(ρ∣∣Φ∆/
√

2(ρ)), (6.33)

having used Lemma 4 (iv) for the third line.
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(ii) From Lemma 4(i),

C∆(ρ,A) = −Tr [∫ dk f∆(k)Uk(ρ) log Φ∆(ρ)] − S(ρ)

= ∫ dk f∆(k) (−Tr[Uk(ρ) log Φ∆(ρ)] − S(ρ))

= ∫ dk f∆(k) (−Tr[Uk(ρ) log Φ∆(ρ)] − S(Uk(ρ)))

= ∫ dk f∆(k)S(Uk(ρ)∣∣Φ
∆(ρ)), (6.34)

where for the third line, we have used the fact that Uk leaves the entropy unchanged.

(iii) Given some ∆1 < ∆2, there exists α ∈ (0,∞) such that ∆−2
1 = ∆−2

2 +α−2. Then,

by Lemma 4 (iv), Φ∆1 = Φα○Φ∆2 . Therefore, taking d as the Hilbert space dimension,

S(Φ∆1(ρ)∣∣I/d) = S(Φα ○Φ∆2(ρ)∣∣Φα(I/d)) ≤ S(Φ∆2(ρ)∣∣I/d), (6.35)

using the monotonicity of the relative entropy. Since S(ρ∣∣I/d) = log d − S(ρ), this

implies that S(Φ∆1(ρ)) ≥ S(Φ∆2(ρ)). So C∆ is decreasing with ∆.

Let us examine the case of equality in (6.35), applying the Petz recovery result

(Theorem 1). The Petz recovery channel is simply R = Φα – this follows from using

E = E� = Φα and σ = E(σ) = I/d in Equation (4.48). Then the recovery condition

becomes R[Φα ○ Φ∆2(ρ)] = Φ∆2(ρ), or equivalently (Φα)2 ○ Φ∆2(ρ) = Φ∆2(ρ). This

is clearly satisfied iff Φ∆2(ρ) ∈ I. Therefore equality is attained iff ρ ∈ I (note that

∆2 > 0).

(iv) The scale-invariance is immediate from the fact that Φ∆ multiplies the matrix

element ∣i⟩⟨j∣ by a function of (ai − aj)/∆.

Result 23. C∆ satisfies all criteria (M1-4).

Proof. If ρ ∈ I, then Φ∆(ρ) = ρ, so C∆(ρ,A) = 0. Conversely, Lemma 7 (i) shows that

C∆(ρ,A) = 0⇒ S(ρ∣∣Φ∆/
√

2) = 0 and so ρ = Φ∆/
√

2(ρ). From Lemma 4 (iii), this must

mean that all off-diagonal elements with differing ai, aj vanish – so ρ ∈ I. Therefore

(M1) holds.
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Next, the expression in Lemma 7(ii) shows that, for any TI channel E ,

C∆(E(ρ),A) = ∫ dk f∆(k)S (Uk ○ E(ρ)∣∣Φ
∆ ○ E(ρ))

= ∫ dk f∆(k)S (E ○ Uk(ρ)∣∣E ○Φ∆(ρ))

≤ ∫ dk f∆(k)S (Uk(ρ)∣∣Φ
∆(ρ))

= C∆(ρ,A), (6.36)

having used [E ,Φ∆] = 0 and the monotonicity of the relative entropy. Therefore (M2a)

holds; ensemble monotonicity (M2b) and convexity (M3) are also readily shown to

be true in exactly the same way.

Finally, the argument for (M4) is exactly the same as with dist∆, using the scale-

invariance property and the fact that C∆ is decreasing with ∆.

Just as for dist∆, we can define a corresponding measure of macroscopicity by

µ′ε(ρ,A) ∶= min{∆ ∣ C∆(ρ,A) ≤ ε}. (6.37)

Following exactly the same logic as before, we have:

Result 24. µ′ε(ρ,A) satisfies conditions (M2a), (M4) and an ε-version of (M1):

µ′ε(ρ,A) = 0⇔ C∆(ρ,A) ≤ ε ∀∆. (6.38)

In the strong measurement limit ∆→ 0, we recover the relative entropy of coher-

ence: C0(ρ,A) = S(Φ(ρ)) −S(ρ) = CR(ρ). We can also give a statement for the weak

measurement limit which again gives a connection to the QFI, though not as directly

as before.

Result 25. (i) Assume that ρ is full-rank (no zero eigenvalues). For sufficiently large

∆,

C∆(ρ,A) ≈
FKM(ρ,A)

4∆2
≥
F(ρ,A)

(8 ln 2)∆2
, (6.39)

where FKM is the Kubo-Mori QFI [219] defined as

FKM(ρ,A) ∶=
1

2
∑
i,j

(λi − λj)(logλi − logλj)∣⟨ψi∣A∣ψj⟩∣
2. (6.40)

(ii) If ρ is less than full-rank, then to leading order,

C∆(ρ,A) ≈
h(∆−2)

4
Tr(ρA2 − PρAρA), (6.41)
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where h(t) ∶= −t log t and Pρ is the projector onto the support of ρ. In particular,

when ρ is pure, Tr(ρA2 − PρAρA) = V (ρ,A).

Proof. (i) Let t ∶= ∆−2 be small, and σt ∶= Φ1/
√
t(ρ). Taking t as a time parameter, σt

evolves according to the master equation (6.6). Under this model, there is a quantum

equivalent of the de Bruijn identity for the rate of increase of the von Neumann

entropy [220]:

∂tS(σt)∣t=0
= −Tr[(∂t log ρ) logσt] =

1

4
FKM(ρ,A), (6.42)

noting that σ0 = ρ. From the expression (6.40), this derivative is finite only when all

λi > 0. So for large ∆ (small t), we have

C∆(ρ,A) = S(σt) − S(σ0) ≈
t

4
FKM(ρ,A). (6.43)

This gives the claimed result. For the inequality, we compare the expansion (6.40)

with the same for the usual QFI, (5.7). From an inequality between the so-called

logarithmic mean and the arithmetic mean [221], we have, for any x, y > 0

x − y

lnx − ln y
≤
x + y

2
⇒

1

2
(x − y)(logx − log y) ≥

(x − y)2

(ln 2)(x + y)
, (6.44)

hence FKM(ρ,A) ≥ F(ρ,A)/(2 ln 2).

(ii) We write the spectral decomposition ρ = ∑i λi ∣ψi⟩⟨ψi∣, such that λi > 0 iff

i < r ∶= rank ρ. Let σt = ∑i µi ∣φi⟩⟨φi∣, with its eigenvalues and eigenstates implicitly

functions of t and coinciding with those for ρ at t = 0. We also write their t-derivatives

at t = 0 as µ̇i, ∣φ̇i⟩. To lowest order, µi ≈ λi + tµ̇i, so

S(σt) = −∑
i

µi logµi

≈ −∑
i

(λi + tµ̇i) log(λi + tµ̇i)

= −∑
i<r

(λi + tµ̇i) [logλi + log(1 + tµ̇i/λi)] −∑
i≥r

tµ̇i [log t + log µ̇i] . (6.45)

After the constant term −∑i λi logλi, the leading order is O(t log t), so S(σt) ≈ S(ρ)−

t log t∑i≥r µ̇i. Now,

⟨ψi∣∂tσt∣ψi⟩ = µ̇i + λi(⟨ψi∣φ̇i⟩ + ⟨φ̇i∣ψi⟩)

= µ̇i + λi∂t⟨φi∣φi⟩ = µ̇i. (6.46)
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Since∑i µi = 1 is constant, we have∑i≥r µ̇i = −∑i<r µ̇i = −∑i<r ⟨ψi∣∂tσt∣ψi⟩ = −Tr(Pρ∂tσt).

Using the master equation (6.6), we find

∑
i≥r

µ̇i =
1

8
Tr (Pρ[A

2ρ + ρA2 − 2AρA])

=
1

4
Tr(ρA2 − PρAρA), (6.47)

having used the cyclic property of the trace and the fact that Pρρ = ρPρ = ρ. Putting

these facts together gives the claimed result. For a pure state, ρ = Pρ = ∣ψ⟩⟨ψ∣, so

then Tr(PρAρA) = ⟨ψ∣A∣ψ⟩
2
.

See Fig. 6.2 for examples of C∆ and the weak measurement approximation in the

pure state case, where part (ii) applies.

6.5 Fragility of micro-macro entangled states

We focus on micro-macro entangled pure states of a microscopic system m with a

macroscopic system S, of the form

∣Ψ⟩mS = ∑
i

√
pi∣i⟩m∣i⟩S, (6.48)

where the ∣i⟩m are arbitrary basis vectors for m and ∣i⟩S are eigenstates of AS, as

usual. (Note that the coefficients can be assumed to be real and non-negative by

absorbing phase factors into ∣i⟩m – this form is then the Schmidt decomposition.) We

examine the fragility of the entanglement under partial dephasing on the macroscopic

part S, i.e.

ρmS = ∣Ψ⟩⟨Ψ∣mS → ρ′mS = Φ∆
S (ρmS). (6.49)

As noted earlier, we can also consider this dephasing to be generated by the master

equation (6.6) with the time parameter t = ∆−2. The measurement device M now

plays the role of an environment.

It is clear that such dephasing brings the state towards an S-incoherent state. In

the hierarchy of quantum resources, vanishing coherence implies vanishing discord

and entanglement; here, we provide quantitative statements to this effect.

The first result concerns the entanglement of formation Ef , which is defined as

the convex roof of the entanglement entropy EE:
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Result 26. Under the transformation (6.49),

Ef(ρ
′
mS) ≤ Ef(ρmS) − dist∆(ρmS,AS). (6.50)

This result was proved by Sekatski in [6] – we present the details in Appendix

D for completeness. As a corollary, for any ∆ ≤ µε(ρmS,AS) – equivalently, t ≥

µε(ρmS,AS)−2 – the entanglement of formation is degraded by at least ε. In addition,

using Result 21, for small t (large ∆),

Ef(ρ
′
mS) ≲ Ef(ρmS) −

F(ρmS,AS)

8 ln 2
t. (6.51)

Owing to the way we defined the measure C∆, it is plausible that it should let

us say something about the degradation of coherence and of BDD between m and S.

By a simple rearrangement, it is seen that

C
m∣S
R (ρmS) −C

m∣S
R (ρ′mS) = C∆(ρmS,AS). (6.52)

Statements about quantum correlations are also simple, since ρmS and ρ′mS have

structure of a maximally correlated state:

ρAB = ∑
i,j

ρij ∣i⟩⟨j∣ ⊗ ∣i⟩⟨j∣ . (6.53)

It has been noted [117, 118, 138] that there seems to be a correspondence between

the resource theories of (speakable) coherence and of entanglement of maximally

correlated states. Indeed, for a number of known instances, the entanglement of ρAB

above equals a related measure of coherence of the state ∑i,j ρij ∣i⟩⟨j∣. This is certainly

true for the relative entropies of entanglement and coherence – note that Ef = Ed,

the distillable entanglement, for maximally correlated states [117]. Similarly, we can

also see from (4.42), using the fact that the reduced states are incoherent, that the

BDD of a maximally correlated state is simply δb(B∣A)ρ = C
B∣A
R (ρ).

Partial dephasing of course leaves the diagonal part unchanged, so the change in

both BDD and distillable entanglement between m and S is given by the change in

von Neumann entropy:

δb(m∣S)ρ′ = δb(m∣S)ρ −C∆(ρmS,AS), (6.54)

Ed(ρ
′
mS) = Ed(ρmS) −C∆(ρmS,AS). (6.55)
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Using Result 25 for small t, we also see that the fragility of Ed is directly related to

the QFI of the initial state:

Ed(ρ
′
mS) ≈ Ed(ρmS) −

F(ρmS,AS)

4
h(t), (6.56)

and similarly for δb(m∣S).

6.6 Conclusions

In this chapter we have constructed measures of quantum macroscopicity from oper-

ational principles. This first aims to capture the mutual distinguishability of a set

of branches of a superposition under a noisy measurement, and then is extended to

mixed states in a way that takes into account coherent superpositions versus mixtures.

The first quantity dist∆ measures this distinguishability, using a Gaussian pointer dis-

tribution with uncertainty ∆. The second µε then has an operational interpretation as

the amount of noise ∆ which renders the branches indistinguishable up to a threshold

ε. We have shown that this construction fits well with the resource-theoretic axioms

presented in Chapter 5, so the measures may be trusted as well-behaved unspeakable

coherence quantifiers. In addition, a similar pair of measures C∆, µ′ε have been de-

rived by measuring the quantum correlations (BDD) built up between a system and

measurement device.

By varying the free parameter ∆, we have seen that both dist∆ and C∆ interpolate

between measures of speakable and unspeakable coherence. Strictly speaking, they

are measures of speakable coherence only at ∆ = 0, satisfying condition (M4) for any

∆ > 0. For large ∆, corresponding to a very noisy measurement, dist∆ is proportional

to the QFI. This provides the QFI with a new meaning on top of its exposition in

Chapter 5 as a formation cost. The same interpretation carries over to µε for small

ε. A similar but more complex result was found for C∆ and µ′ε – for full rank states,

a member of the set of generalised QFI quantities is obtained, with the variance for

pure states and a more intricate quantity for other cases.

We should note here that there are close parallels with a measure recently proposed

in [222], based on the disturbance to a state caused by a coarse-grained measurement,

modelled in the same way as we have done with a Gaussian pointer. Their measure

is of the form D(ρ,Φ∆(ρ)), where D is any contractive pseudo-distance. This is
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obviously similar to C∆ in that the latter measures the amount of von Neumann

entropy generated by the channel Φ∆. They also give a similar connection to the QFI,

in the form of a bound DB(ρ,Φ∆(ρ)) ≤ 2(1 − exp[−Isk(ρ,A)/(4∆2)]). Also noting

(albeit in different language) that small ∆ brings the measure closer to speakable

coherence, they argue that this provides a case for showing that the criteria (M1-4)

are not sufficient for ensuring a good measure of macroscopicity.

Finally, we have demonstrated the implications for the fragility of micro-macro

entangled states under dephasing in the form of Φ∆, considered as a measurement

performed by an environment. The quantities µ−2
ε , µ

′
ε
−2 can be interpreted as the

tolerable coupling strength with the environment before an amount ε of entanglement

is lost (as measured by Ef and Ed respectively). Using the earlier results about the

large ∆ limit, this also shows that the QFI is directly related to the fragility of this

entanglement under dephasing. One topic for further work is to see if this can be

generalised to more decoherence models. It would be instructive to characterise what

kind of noise is most destructive, as this would guide our understanding of how to

protect micro-macro entangled states from decoherence. Furthermore, in multipartite

systems, one often encounters uncorrelated noise on each subsystem, in contrast to

the model here where the environment couples globally to the additive observable A.
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Chapter 7

Macroscopic coherence and
entanglement of mechanical
systems

The quantum Fisher information was identified in Chapter 5 as a significant quantity

in discussing the macroscopic-scale quantum coherence of a system. However, the

analysis has so far been rather generic in that we have not needed to specify any

particular physical system. In the present chapter, we study some real experimental

systems, aiming to show how the QFI can provide information about their macro-

scopic quantum behaviour. We specialise to the class of mechanical systems, which

is broad enough to cover a range of recent relevant experiments, but also sufficiently

narrow that meaningful comparisons can be expected to be drawn between different

experiments. This may be seen as complementary to recent work studying photonic

systems, trapped ions and atomic ensembles [223].

We argue that a full description of macroscopicity cannot be captured in a single

number – as is often attempted in the literature. Instead, we define two independent

quantities, both based on the QFI: extensive size and entangled size. The former

is a measure of total coherence in atomic-scale units, while the latter counts the

effective number of entangled subsystems, and is a witness of genuine many-body

entanglement.

We estimate these quantities in systems including a thought experiment by Leggett,

large diffracting molecules and micro-mechanical oscillators. While the numbers we

obtain are order-of-magnitude estimates only, we provide a detailed example in the

case of diffracting molecules to show how the calculations can be performed directly
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from data obtained in the experiments. We compare the values obtained in differ-

ent systems and offer some perspectives on how large macroscopicity values could be

attained in the future.

7.1 Two elements of macroscopicity

7.1.1 General considerations

Given that we are focusing on mechanical systems, the preferred observables are

chosen to be position and momentum. In particular, massive mechanical objects are

most naturally described in terms of their total momentum and centre of mass position

(as well as other possibilities such as angular momentum or the relative positions and

momenta of macroscopic subsystems, which we neglect here). However, recall that

our framework is based on additive observables – this holds for the total momentum

P but not the centre of mass XCM . To obtain an additive position-space variable, we

multiply XCM by the total mass. So for N subsystems of individual masses, positions

and momenta mi, xi, pi, we have the following preferred observables:

Q ∶=
N

∑
i=1

qi =
N

∑
i=1

mixi =MXCM , (7.1)

P ∶=
N

∑
i=1

pi (7.2)

where M = ∑
N
i=1mi is the total mass. In principle, one could also take rotated quadra-

tures as linear combinations of Q and P , but these two observables will be sufficient

here. Note that, while [XCM , P ] = ih̵, we have [Q,P ] = iMh̵.

To begin to identify the different types of macroscopicity quantity, we outline

the main ideas introduced by Leggett [55]. For him, the first important aspect of a

macroscopic superposition is its extensive difference – the difference in expectation

value of some additive variable between two branches, expressed in some typical

atomic-scale units. The first quantity defined below, the extensive size, encapsulates

this idea in the framework of coherence. Moreover, it has the advantages of being

defined for any state (not just a two-branch superposition) and taking into account

the purity of the superposition in a quantitative way.

However, there are superpositions with a large extensive difference which one

might be unwilling to call macroscopically quantum. Leggett gives the example of a
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single neutron passing through an interferometer with branches separated by 10 cm.

In units of �A, this has an extensive difference in position of around 109. However,

only a single particle is involved. He therefore suggests that we look at another

quantity called the disconnectivity. Roughly speaking, this should count the number

of entangled particles. The precise definition given in [65] is, in the words of its

author, “from the point of view of modern quantum information theory. . . no doubt

inelegant and could almost certainly be substantially improved” [55]. We propose an

attempt at such an improvement with the entangled size defined below.

7.1.2 Extensive size

The first measure is a direct consequence of the discussion in Chapter 5 of the QFI as

a macroscopic coherence preparation cost. Recalling Result 15 and Equation (5.16),

the preparation of many copies of ρ from copies of a suitable coherence unit ∣ψ0⟩

costs F(ρ,A)/F(∣ψ0⟩⟨ψ0∣ ,A) per copy of ρ (via a prepare-and-mix strategy). Let us

take ∣ψ0⟩ to have atomic-scale coherence in both position and momentum, so that

V (∣ψ0⟩⟨ψ0∣ ,Q) = Q2
0, V (∣ψ0⟩⟨ψ0∣ , P ) = P 2

0 , with

Q0 ∶=mua0, (7.3)

P0 ∶=
muh̵

Q0

=
h̵

a0

, (7.4)

where mu ≈ 1.66 × 10−27 kg is the unified atomic mass unit and a0 ≈ 5.29 × 10−11 m is

the Bohr radius. Rather than maximising over the set of macroscopic observables, we

will leave the choice of A = Q or P open, and define:

Definition 23. The extensive size of a state ρ with respect to A is

Next(ρ,A) ∶=
F(ρ,A)

4A2
0

. (7.5)

To see the connection with Leggett’s extensive difference, consider a system of

mass M in an equally weighted superposition (∣ψ1⟩+∣ψ2⟩)/
√

2, where the two branches

are localised at positions ±∆x. We assume that in each branch, the system is localised

with uncertainty much less than ∆x. Then we have

Next(ρ,Q) = (
M∆x

mua0

)

2

. (7.6)
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This is proportional to the square of the extensive difference ∆x. This might seem

surprising or undesirable at first, but follows from the fact that Next measures the

total coherence of a state – and is thus additive with respect to independent copies.

The variance (as opposed to the standard deviation) is also additive in this sense, so

the total coherence must scale with (∆x)2 rather than ∆x.

It is worth noting that the decoherence rate in the model of Nimmrichter and

Hornberger is closely related to the extensive size, from Equation (5.42):

−∂t Tr(ρ2) ∝ (2σqM)2IL(ρ,XCM) + (2σsme)
2IL(ρ,P )

≤ (σqQ0)
2Next(ρ,Q) + (σsmeP0)

2Next(ρ,P ). (7.7)

7.1.3 Entangled size

Now we turn to defining a measure which captures the effective number of entangled

particles. In contrast to Next, we of course must first choose a partition of the system

into subsystems. Such a choice is not unique, and in fact can have a substantial

effect on the value of the measure – this was observed for the NF measure in [69].

To motivate the definition, let us first examine the N -qubit measure by Fröwis and

Dür (5.17), NF (ρ) = maxA∈A F(ρ,A)/(4N). As remarked earlier, the normalisation

factor of N ensures that NF ≤ N , attaining the maximum value for a full N -particle

GHZ state. In fact, one major motivation for defining NF is that it acts as a witness

of multipartite entanglement. In order to state this, we must introduce the concept

of a state in which no more than k parts are entangled [224]:

Definition 24. A pure state ∣ψ⟩ is called k-producible iff it can be written in the

form

∣ψ⟩ =
m

⊗
α=1

∣ψα⟩ (7.8)

such that each term ∣ψα⟩ is the state of a block of subsystems of size kα ≤ k. A mixed

state is then called k-producible iff it can be written as a mixture of k-producible pure

states.

A state which is not k-producible is then considered to have genuine (k + 1)-

partite entanglement. It was shown in [225, 226] that every k-producible state of N

qubits satisfies NF (ρ) ≤ k. Thus, finding NF (ρ) > k is a witness of genuine (k + 1)-

partite entanglement. However, note that this really is only a witness: NF ≤ k does
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not rule out genuine (k + 1)-partite entanglement. In the pure state case, one can

see that large QFI is a signature that all the Ai are positively correlated (this kind

of entanglement is sometimes called “metrologically useful entanglement” in that it

enables high precision metrology via the Cramér-Rao bound [227,228]).

It is a non-trivial problem to extend this measure to arbitrary systems. For qubits,

each Ai is a Pauli matrix and so has eigenvalues ±1. If we multiply A by a constant

c, it is clear that the measure should correct for this rescaling by dividing by c2. So

the denominator should include something along the lines of the squared spectral size

of Ai. However, this is undefined in the case of CV modes, for which the spectrum is

infinite. A reasonable guess is to use the local variance V (ρi,Ai) (where ρi = TrN∖i ρ)

as a measure of the (squared) spectral size explored in the state ρ. Therefore we

define:

Definition 25. The entangled size of a state ρ with respect to A is

Nent(ρ,A) ∶=
F(ρ,A)

4∑
N
i=1 V (ρi,Ai)

. (7.9)

We can also give this quantity the following resource-theoretic interpretation. De-

fine a coherence unit ∣ψ0⟩ ∶= ⊗
N
i=1 ∣ψ

i
0⟩, such that each V (∣ψi0⟩⟨ψ

i
0∣ ,Ai) = V (ρi,Ai); then

Nent(ρ,A) is the asymptotic formation cost per copy of ρ from ∣ψ0⟩. In words, the

reference state ∣ψ0⟩ is chosen to have the same local physical resources as ρ, in terms

of the covered spectrum of of Ai – but without any entanglement.

Moreover, Nent is indeed a witness of genuine multipartite entanglement1:

Result 27. Any k-producible state ρ satisfies Nent(ρ,A) ≤ k.

We break down the proof of this statement into a number of stages.

Lemma 8. (Maximum size) Let ρα be a state of a block α of kα ≤ N subsystems,

and define Aα to be the restriction of A to α. Then

Nent(ρα,Aα) ≤ kα. (7.10)

Proof. By the variance upper-bound to the QFI, we have

Nent(ρα,Aα) ≤
V (ρα,Aα)

∑i∈α V (ρ,Ai)
. (7.11)

1During preparation of this work, we became aware of a recent preprint [229] which defines the
same quantity under the name of a “variance-assisted Fisher density”. However, they do not show
that this is a multipartite entanglement witness, only that it detects entanglement.
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It is simple to show that

V (ρα,Aα) = ∑
i,j∈α

Cov(ρ,Ai,Aj), (7.12)

in terms of the covariance defined by Cov(ρ,Ai,Aj) ∶= Tr(ρAiAj)−Tr(ρ,Ai)Tr(ρ,Aj)

(bearing in mind that [Ai,Aj] = 0). The covariance satisfies the inequality

Cov(ρ,Ai,Aj) ≤
√
V (ρ,Ai)V (ρ,Aj). (7.13)

From this,

V (ρα,Aα) ≤ ∑
i,j∈α

√
V (ρ,Ai)V (ρ,Aj)

= (∑
i∈α

√
V (ρ,Ai))

2

= k2
α (∑

i∈α

1

kα

√
V (ρ,Ai))

2

≤ k2
α∑
i∈α

1

kα
V (ρ,Ai)

= kα∑
i∈α

V (ρ,Ai), (7.14)

where the penultimate line uses the convexity of the square function. The result

follows from putting this into (7.11).

Lemma 9. (Tensor products) Let α, β be disjoint blocks of subsystems. Then

Nent(ρα ⊗ ρβ,Aα +Aβ) ≤ max{Nent(ρα,Aα), Nent(ρβ,Aβ)}. (7.15)

Proof. By the additivity of the QFI and variance,

Nent(ρα ⊗ ρβ,Aα +Aβ) =
1
4F(ρα,Aα) +

1
4F(ρβ,Aβ)

∑i∈α V (ρ,Ai) +∑j∈β V (ρ,Aj)

=
[∑i∈α V (ρ,Ai)]Nent(ρα,Aα) + [∑j∈β V (ρ,Aj)]Nent(ρβ,Aβ)

[∑i∈α V (ρ,Ai)] + [∑j∈β V (ρ,Aj)]
. (7.16)

This takes the form of a weighted average of Nent(ρα,Aα) and Nent(ρβ,Aβ), which

cannot exceed the larger of the two quantities.

Lemma 10. (Mixing) Let ρ, σ be any states of the same system, and p ∈ [0,1].

Then

Nent(pρ + (1 − p)σ,A) ≤ max{Nent(ρ,A), Nent(σ,A)}. (7.17)
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Proof. Simultaneously using the convexity of the QFI and the concavity of the vari-

ance [195], we have

Nent(pρ + (1 − p)σ,A) ≤

1
4pF(ρ,A) + 1

4(1 − p)F(σ,A)

∑i pV (ρ,Ai) + (1 − p)V (σ,Ai)

=
p[∑i V (ρ,A)]Nent(ρ,Ai) + (1 − p)[∑i V (σ,Ai)]Nent(σ,A)

p[∑i V (ρ,Ai)] + (1 − p)[∑i V (σ,Ai)]
. (7.18)

This is again a weighted average of the individual effective sizes, so the result follows

as above.

Now we are able to prove Result 27. From Lemmas 8 and 9, a k-producible pure

state ∣ψ⟩ = ⊗m
α=1 ∣ψα⟩ satisfies

Nent(∣ψ⟩⟨ψ∣ ,A) ≤ max{kα ∣ α = 1, . . . ,m} ≤ k. (7.19)

Lemma 10 then gives the result for mixed k-producible states.

For qubits, Nent can be a much more sensitive multipartite entanglement witness

than NF . For example, take the unbalanced GHZ state ∣ψ⟩ =
√
p ∣0⟩

⊗N
+
√

1 − p ∣1⟩
⊗N

and Ai = σzi . Then we have

NF (∣ψ⟩⟨ψ∣ ,A) = 4p(1 − p)N, Nent(∣ψ⟩⟨ψ∣ ,A) = N. (7.20)

So Nent is able to detect genuine N -partite entanglement even for arbitrarily small p

where NF may fail. Incidentally, this shows that Nent is not a continuous function of

the state – in the limit p→ 0, ∣ψ⟩ approaches a product state but Nent has a constant

value of N . Points of discontinuity are where the denominator vanishes (i.e., all

V (ρi,Ai) = 0), since both the variance and QFI are continuous [230]. This is a set of

vanishing volume, therefore we need not be concerned about the physical robustness

of the measure. Also note that the mixing inequality of Lemma 10 is weaker than

convexity.

7.2 Estimates for physical systems

7.2.1 Leggett’s crystal

First we study a thought experiment in a recent note by Leggett [231] whose purpose

was to demonstrate a deficiency in the measure of macroscopicity by Korsbakken et
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al. [232] which was applied to superconducting qubits. Here, we use it as a toy model

which will be useful in discussing the important concepts in real experiments below.

Leggett wishes to define a state of matter which is just on the limit of what one would

be intuitively comfortable to class as a macroscopic superposition. This is a block

of solid matter – a crystal of LiF for the sake of concreteness – of side length 5µm,

about the smallest size resolvable by the human eye. It is put into a superposition

state (∣ψ0⟩ + ∣ψ1⟩)/
√

2 such that one branch is at rest while the other is moving at a

speed v = 5µms−1. The branches are assumed to have the same spatial distribution

(although they of course separate over time). Our aim here is to demonstrate that

intuition is in fact highly misleading in this case, and the state is far from resembling

a cat state.

For simplicity, we model the crystal as being composed of atoms of a single mass

m ≈ 12.5mu. We also ignore electrons, as the far greater mass of the nuclei means

that they have the dominant contribution to both Q and P . The number of atoms is

N ≈ 1.6 × 1013. The extensive size in P is then Next(ρ,P ) = V (ρ,P )/P 2
0 = (∆P /P0)

2 ≈

6.9 × 1021, where ∆P =Mv/2 = Nmv/2 ≈ 8.3 × 10−19 kgms−1.

However, the entangled size tells a different story. We take single atoms as the

subsystems. Each atom is confined in the crystal such that its position uncertainty is

of the order δx ≈ 10−11 m (see [233] for typical values in solids at room temperature).

The momentum uncertainty in a single branch is then expected to be δp ≈ h̵/δx ≈

1.1 × 10−23 kgms−1. Including the uncertainty as a result of the superposition, we have

V (ρ1, P ) ≈ (δp)2 + (∆p)2, where ∆p = ∆P /N ≈ 5.2 × 10−32 kgms−1. Therefore

Nent(ρ,P ) ≈
(∆P )2

N[(δp)2 + (∆p)2]
= N (

r2

1 + r2
) , r =

∆p

δp
. (7.21)

The entangled size – and thus the degree to which the superposition resembles a cat

state – depends crucially on the ratio r of the momentum change per atom between

branches, to the momentum uncertainty per atom in a single branch. When r is

large, each single-atom state is highly distinguishable between branches and so the

state is well described as an N -particle cat state. At the other extreme – as is the

case here, with r ≈ 5 × 10−9 – each atom barely changes state between branches.2 For

the present example, Nent(ρ,P ) ≈ Nr2 ≈ 4 × 10−4, which is negligible.

2This could be compared with a similar result about variants of N -qubit of GHZ states ∣ψ0⟩⊗N +
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Due to the complete spatial overlap of the branches, bothNext(ρ,Q) andNent(ρ,Q)

are negligible. However, after a time of 1 s, the branches are fully distinguishable and

so Nent(ρ,Q) ≈ N . We argue that this is the reason why the initial state intuitively

(but wrongly) seems to be a macroscopic superposition.

Leggett makes another point which is also relevant here: what if we were to treat

individual nucleons as the subsystems? We would find δp to be much larger (as a

rough estimate, δx ≈ 10−15 m, so δp ≈ h̵/δx ≈ 10−19 kgms−1), and Nent would be reduced

by another eight orders of magnitude. The lesson here is that the choice of subsystems

can have a large impact on Nent.

7.2.2 Molecular diffraction

Now we turn to diffraction experiments of large molecules, using the most recent data

involving the largest masses available. Qualitatively, all such experiments operate on

the same principle of directing a beam of sufficiently collimated molecules at a grating

and observing an interference pattern at some further plane in space. It should be

clear that what one demonstrates by observing interference is that the molecule was

coherently delocalised over a significant length of the grating covering at least a

number of slits. Hence we are interested in the extensive and entangled sizes with

respect to Q. Such experiments may operate in the near- or far-field regimes [235].

In the far-field case, we show how a bound on the QFI can be extracted from an

interference pattern, while in the more complex near-field case, we provide simple

estimates. Regarding the entangled size, we can have in mind the same picture as

the above crystal example, and again take the position uncertainty of a single atom

in a molecule at rest to be δx ≈ 10−11 m. As long as interference is demonstrated, the

coherence length ∆x of the molecule is at least the slit separation (typically 10−7 m),

much larger than δx. So we expect to be in the regime Nent(ρ,Q) ≈ N , modulo a

reduced visibility factor for which we unfortunately do not have enough information,

and will presently ignore.

∣ψ1⟩⊗N , where ∣⟨ψ0∣ψ1⟩∣2 = 1− ε2 with small ε. It was argued in [234] from two perspectives that the
effective size of such a state should be Nε2.
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7.2.2.1 Far-field estimates

Suppose the beam of molecules moving along the positive z-direction encounters the

grating at z = 0, and is detected at z = L. Let us write the propagating state of a

single molecule as a function of z. As is well-known from classical optics [12], the

wavefunction at z = L is related to that at z = 0 by a Fourier transform. In one

dimension:

ψ(x′;L) ∝ ∫ dx ψ(x; 0)e−ikzxx
′/L, (7.22)

where kz is the wavenumber in the z-direction. From this, we see that a phase

transformation at the grating ψ(x; 0) → ψ(x; 0)eisx/h̵ corresponds to a translation of

the interference pattern ψ(x′;L) → ψ(x′ − sL
h̵kz

;L). Therefore the QFI with respect to

XCM at the grating can be expressed as

F(ρ(0),XCM) = (
L

h̵kz
)

2

F(ρ(L), P ) (7.23)

⇒F(ρ(0),Q) = (
ML

h̵kz
)

2

F(ρ(L), P )

= (
L

vz
)

2

F(ρ(L), P ), (7.24)

where vz = h̵kz/M is the velocity in the z-direction.

Note that P /h̵ is the generator of spatial displacements in the x-direction. So

the classical translational Fisher information of the observed probability distribution

p(x) at z = L gives a lower bound to the QFI at z = 0:

F(ρ(0),Q) ≥ (
h̵L

vz
)

2

Fc(p(x)). (7.25)

This lower bound will be the value that we estimate for the QFI.

A recent experiment in the far-field regime was performed by Juffmann et al. [236]

using two types of molecule of mass 514mu and 1298mu. The grating has periodicity

d = 100 nm, the beam has a velocity vz ≈ 150 ms−1, and the distance between the

grating and detection is L = 564 mm. For both molecules, a portion of the interference

pattern is given in Figure S2 of [236], along with a (rather accurate) theoretical

fit. We have taken points from this curve and smoothly interpolated to obtain a

function whose Fisher information can be found numerically. The exact form of the

interpolating function will not make a significant difference to the estimates being

made here.
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For the molecule PcH2 with N = 58, M = 514mu, we find Fc(p(x)) ≈ 1.3 × 1011 m−2,

giving Next(ρ,Q) ≈ 6.8 × 1011. For F24PcH2 with N = 114, M = 1298mu, we have

Fc(p(x)) ≈ 7.7 × 109 m−2 and Next(ρ,Q) ≈ 3.9 × 1010.

It is also interesting to compute an effective “coherence length” at the grating,

defined by

χ(ρ) ∶=

√
F(ρ,Q)

2M
. (7.26)

For PcH2 and F24PcH2 respectively, we find χ ≈ 85 nm and χ ≈ 8 nm. These are

both smaller than the grating periodicity of 100 nm, expressing the reduced visibility

primarily due to the width and finite transverse coherence of the source, as well as a

van der Waals interaction between the molecules and the grating [236].

7.2.2.2 Near-field estimates

The most massive object to have been diffracted so far is the “L12” molecule (chem-

ical formula C284H190F320N4S12) of [237], with N = 810 and M = 10123mu. This

experiment operates in the near-field regime, so there is no simple connection be-

tween F(ρ,Q) at the grating and Fc(p(x)). Instead, we make the crude estimate

that the molecule has a transverse coherence length of the same approximate size

as the grating periodicity, which here is d ≈ 266 nm. Then F(ρ,Q)/4 ≈ (Md)2 and

Next(ρ,Q) ≈ 2.6 × 1015.

If χ is, say, an of magnitude smaller than d, then we would have Next(ρ,Q) ∼

1013. A more precise estimate is not currently possible with the available data and

techniques.

Along the same lines, we also include an estimate from a typical neutron diffrac-

tion experiment [238] for comparison. Here, the slit separation is d = 107µm. Again

assuming unit visibility, we have Next(ρ,Q) ≈ (Md/2Q0)
2 ≈ 1.0 × 1012. Clearly,

Nent(ρ,Q) ≈ 1 with a single subsystem.

7.2.3 Mechanical oscillators

The centre-of-mass motion of a mechanical oscillator is well described as a quantum

harmonic oscillator of some effective mass M and resonance frequency ω. The zero-

point motion of the ground state entails a position uncertainty of ∆X =

√
h̵

2Mω and

a total momentum uncertainty of ∆P =

√
h̵Mω

2 [64]. For a thermal state, the QFI is
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reduced by a factor depending on the temperature (see Appendix E for the proof):

1

4
F(ρ,Q) =

M2∆X2

1 + 2n̄
,

1

4
F(ρ,P ) =

∆P 2

1 + 2n̄
, (7.27)

where n̄ = Tr(ρn̂) = (eβh̵ω − 1)−1 is the expected number of vibrational quanta. The

extensive sizes in Q and P follow by normalising by Q2
0 and P 2

0 respectively.

For the entangled size, we need the single-particle variances. As for the crystal

example, we estimate the position uncertainty of each atom to be δx ≈ 10−11 m,

whenever the whole object is at rest. The variance from the centre-of-mass motion

is (∆X)2(1 + 2n̄) (see Appendix E). Adding these independent contributions gives

V (ρ1,Q) ≈ m2[(δx)2 + (∆X)2(1 + 2n̄)]. The same logic applies to P , using δp ≈ h̵
2δx

and ∆p = ∆P /N . Thus the estimated entangled sizes are

Nent(ρ,Q) =
Nr2

q

f(1 + fr2
q)
, Nent(ρ,P ) =

Nr2
p

f(1 + fr2
p)
, (7.28)

where rq = ∆X/δx, rp = ∆p/δp and f ∶= 1 + 2n̄.

In Table 7.1 we present a survey of these numbers for some recent mechanical

oscillator experiments. In each case, we take m to be an average of all of the atomic

masses in the oscillator. Note that we have not calculated values for Nent(ρ,P ).

This is because the ratio rp, which can be expressed as δx
N∆X , is at most of order

10−7 in each experiment, making the entangled size in P negligible. In the most

recent experiment presented here [239], which is also the most massive, no attempt

at cooling was made and so the large n̄ is due to room temperature. We also include

two proposed experiments.

In the first [240], although the mass is not as great as in previous experiments, the

smaller value of ω would result in larger extensive and entangled sizes with respect to

Q. We present ideal numbers for zero temperature – it is argued in [240] that cooling

close to the ground state should be feasible. The second proposal [241] is for a scheme

to test quantum gravity models predicting alterations to the canonical commutator.

We take the least demanding parameters required in that work, namely the smallest

mass and highest tolerable temperature.

7.2.4 Proposed quantum gravity test

We now include an estimate for a recent proposal to test the non-classicality of gravity

by witnessing its ability to entangle two test masses [245]. This requires each test
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Ref. m (mu) ω/2π (Hz) n̄ N Next(ρ,Q) Next(ρ,P ) Nent(ρ,Q)
[242] 27 1.06 × 107 0.34 1.1 × 1012 3 × 1018 5 × 107 1 × 105

[243] 28 3.90 × 109 0.84 6.7 × 109 3 × 1013 8 × 107 2 × 102

[244] 20 7.80 × 107 1.7 6.0 × 1013 6 × 1018 6 × 109 7 × 103

[239] 20 1.06 × 105 6 × 107 3.0 × 1015 9 × 1015 1 × 101 1 × 10−1

[240] 20 5.0 × 102 ≈ 0 1.5 × 1014 1 × 1025 4 × 105 5 × 109

[241] 20 1.0 × 105 30 3.0 × 1014 2 × 1021 3 × 106 4 × 105

Table 7.1: Experimental parameters and estimated extensive and entangled sizes for
six different mechanical oscillators, the last two being proposals.

mass of M ≈ 10−14 kg to be initially put into a spatial superposition state where the

branches are separated by ∆X ≈ 250µm. As for the above cases, we assume that

each atom has a position uncertainty of δx ≈ 10−11 m when the object is at rest.

Then for one test mass we have Next(ρ,Q) ≈ 8 × 1038, Nent(ρ,Q) ≈ N ≈ 1015, without

decoherence.

7.2.5 Hypothetical Schrödinger’s cat

For comparison with a truly macroscopic system, we estimate the extensive and entan-

gled sizes of a hypothetical cat in a superposition state as envisaged by Schrödinger.

The “dead” and “alive” branches contain an object of mass of order M ≈ 1 kg, cor-

responding to N ≈ 1026 atoms, with a difference in position of around ∆X ≈ 0.1 m.

Then Next(ρ,Q) ≈ 1072 and Nent(ρ,Q) ≈ N ≈ 1026.

7.3 Conclusions

In Fig. 7.1 we have plotted extensive and entangled sizes for the systems studied

above. It is clear that the recent experiments with mechanical oscillators are capable

of leading in both measures over diffracting molecules. As noted above, for mechanical

oscillators, both measures are small with respect to P . Instead for Q, we typically find

an intermediate regime where 1 ≪ Nent(ρ,Q) ≪ N , indicating a degree of similarity

to a cat state in position space. In this regime, it is easily shown that Nent(ρ,Q) ≈

h̵/(2mω(δx)2), demonstrating that smaller frequencies ω provide the path to larger

entangled sizes (since m and δx do not vary greatly). Physically, this corresponds to

weaker trapping in position, so the ground state is delocalised over a greater distance.

The extensive size is similarly Next(ρ,Q) ≈ (Mh̵)/(2ω) – also increasing with the
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total mass. More precise estimates for future experiments could be obtained from

tomography via the Wigner function (a technique for such a measurement was shown

in [239]).

Next

Nent

Marshall 2003

Leggett 2016

Teufel 2011

Verhagen 2012

Ringbauer 2016

Chan 2011
Juffmann 2012

Juffmann 2012

Zeilinger 1982

Eibenberger 2013

Pikovski 2012

Figure 7.1: Extensive and entangled sizes Next, Nent (showing the maximum over
Q and P ) for the following systems: molecular diffraction [236, 237] (blue circles);
neutron diffraction [238] (orange square); mechanical oscillators [239,242–244] (green
diamonds) including proposals [240,241] (green unfilled diamonds); Leggett’s crystal
thought experiment [231] (red triangle).

For diffracting molecules, a more precise estimation method with fewer assump-

tions is needed in the near-field case. Perhaps this could be attempted by a detailed

theoretical model of the system, but it is not presently clear how a more direct cal-

culation from experimental data could be done.

There are other systems often described as macroscopic quantum phenomena

which remain to be analysed. Of particular note are superconducting qubits [59],

which have been the subject of much debate in the macroscopicity literature [65, 66,

231, 232]. These come in a number of varieties [59]; in the earliest works showing

strong experimental evidence for superpositions of mesoscopically distinct states in

such systems, the two branches contain different currents [60, 61]. On one hand, it

is simple to estimate an extensive size for these systems: the total momentum (in-

tegrated along the circuit) in a definite-current branch is P = melI/e, where me and

e are the mass and charge of the electron, l is the length of the circuit, and I is the
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current. Assuming a pure state, the momentum-space extensive size is

Next(ρ,P ) = (
mel∆I

2eP0

)

2

, (7.29)

where ∆I is the difference in current between the branches. From [61], we have

∆I ≈ 2µA, l = 560µm, giving Next(ρ,P ) ≈ 2.5 × 106. This is comparable to the

momentum-space extensive sizes of some of the above systems, but much less than

their position-space sizes. However, it is uncertain how to calculate an appropriate

entangled size, as the choice of subsystems is not obvious. This is a point of contention:

whereas Korsbakken et al. [232, 246] talk about single-electron modes, Leggett [231]

argues that Cooper pairs of electrons are the relevant subsystems. We do not attempt

to settle this issue here, but leave it for future work.

Furthermore, Bose-Einstein condensates are often described as macroscopic quan-

tum states [247]. While a detailed analysis remains to be done, we fully expect that

the entangled size of such states is small. As others have observed [65,248], the prop-

erties of such condensates are well explained by only two-body correlations. It will

also be interesting to look at condensates which are split between two locations while

maintaining phase coherence [249]. Nevertheless, some fundamental questions have

to be answered, such as whether it makes sense to use atoms as subsystems, as here

they are indistinguishable particles.
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Chapter 8

Conclusions and outlook

In this thesis, we have explored a variety of ways of formulating a resource theory

of quantum coherence. In Chapter 3, we examined the foundations of the resource

theory of speakable coherence, and found that restricting the almost canonical BCP

set of incoherent operations to SI operations enables a physical picture to be given

by a dilation involving an ancilla. We argue that this makes the SI set the best

physically motivated set for speakable coherence, since it takes into account the co-

herent resources needed to perform a general non-unitary incoherent operation. Most

results in the literature about state transformations use the BCP set, and so there

are now open questions to be resolved about the operational differences of the SI

set, as outlined at the end of Chapter 3. One feature of the BCP set, that is lost

upon restricting to the SI set, is the ability to use a maximally coherent state to gen-

erate an arbitrary unitary operation on another state. The Kraus operators shown

to accomplish this in [40] are explicitly non-SI. The theory of asymmetry is similar

to the BCP theory in this way – states acting as reference frames can be used to

perform asymmetric operations [141]. In the SI theory, measurements in a coherent

basis are not treated as free, and such operations are not facilitated by the addition

of coherent ancilla states. This suggests that, in the resource theory of speakable

coherence, coherent-basis measurements need to be treated as resources which are

independent of coherent state resources (i.e., the two are not mutually convertible).

A full exploration of these ideas remains to be done.

Many questions remain about the full scope of speakable coherence as a useful re-

source in physical or computational settings. Coherence is obviously necessary for a

quantum advantage, otherwise the dynamics are describable by a classical probabilis-

146



tic model. However, it is less trivial to determine when coherence is also sufficient.

An example of this subtlety is described in [41]: the state injection model of quantum

computation [250]. Here, the only permitted gates are the Hadamard, C-NOT and a

particular phase gate. The Gottesmann-Knill theorem [72] says that the evolution of

certain states (known as stabiliser states) under such gates can be efficiently simulated

on a classical computer – even though the coherence may be arbitrarily large. This

shows that coherence is not sufficient for a speed-up in this particular model. Outside

of computation, the role of coherence in thermodynamics and transport phenomena

remain as open projects in their own right; so far, no concrete link has been given

between these areas and the free operations of speakable coherence. It seems that

such a link would require a physical justification of the free unitaries (in particular,

arbitrary permutations of the incoherent basis) as being “easy” operations.

Next, in Chapter 4, we examined the connections between coherence and quantum

correlations, specifically of the discord type. The main initial result was that the

amount of discord created by incoherent operations is upper bounded by the coherence

initially present. Moreover, the consumption of coherence provides a bound in the

case of discord defined in the manner of Ollivier and Zurek [42]. This is to some extent

a generalisation of previous results linking coherence and entanglement [138]. We gave

evidence to suggest that the consumption of coherence was a better indication than

creation of discord for the speed-up of the DQC1 algorithm. This is still an unsettled

claim, mainly because it is unclear how to fairly compare the quantum algorithm with

a classical version.

The second part of the chapter focused on basis-dependent discord. This is some-

thing that has been avoided in past work on discord; with light shed on coherence

as a resource, we can now appreciate the relevance of basis-dependent quantities.

We have characterised BDD to show that it can indeed be interpreted as the quan-

tumness of correlations with respect to a fixed basis. Unlike the basis-independent

case, it was also possible to say something about the behaviour of BDD under local

incoherent operations. Failure of monotonicity can be associated with the loss of a

classical memory. This might give an indication of how to formulate a resource the-

ory of BDD: tracing out a classical memory must not be treated as a free operation.

Perhaps this can be motivated in a quantum cryptography situation where a party is

unable to guarantee that their classical memory is kept hidden from an eavesdropper.
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If a sensible resource theory of BDD can be found, this may pave the way for a full

resource theory of discord.

In the remaining sections of the thesis, we employed a theory of unspeakable

coherence (a type of asymmetry) as a framework for characterising macroscopic su-

perposition states. We argued why this is an appropriate formalism, and showed that

some previously proposed measures of macroscopicity can be understood as measur-

ing coherence at their core. The monotonicity criterion also enabled us to point out

a flaw in one of these measures. We showed that the quantum Fisher information is a

good candidate for a macroscopicity measure, as it is the asymptotic formation rate

of this resource theory. A natural question is whether the asymptotic cost can be

obtained by regularisation, as works for entanglement [251] – this would again give

the QFI, by additivity. As we have discussed, distillation may be a more complex

issue.

In Chapter 6, we demonstrated how the concept of macroscopic distinguishabil-

ity can be formalised into measures which obey the resource theory criteria. These

are based on the branch-distinguishing power of a measurement device with finite

resolution. By thinking of the environment in a dephasing process as such a mea-

surement device, we showed a direct connection between the coherence measures and

the fragility of micro-macro entangled states. The greater the coherence, the more

fragile the entanglement – this shows one way in which decoherence leads to an ef-

fective quantum-to-classical transition. Furthermore, the intrinsic uncertainty of the

measurement device was found to act as a parameter which interpolates between a

measure of speakable coherence (in the high precision limit) and a measure suitable

for macroscopicity (in the low precision limit). We also found that the QFI is re-

covered in the latter limit. The most interesting prospect for future work here is to

generalise the measurement model and thereby derive results about fragility under a

larger class of decoherence models.

Finally, in Chapter 7, we applied the framework to evaluate the macroscopicity of

past, proposed and hypothetical experiments with mechanical systems. Similarly to

Leggett’s ideas, we argued that macroscopicity may not be given by a single number.

Instead, we proposed two measures based on the QFI. The first, the extensive size,

calculates the total amount of coherence in a system, and manages to capture the

“spread” of coherence with respect to position or momentum. However, it is additive
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with respect to subsystems, so on its own could be misleading for comparing systems

with different numbers of particles. Therefore we also introduced the entangled size,

which describes how coherence is shared between subsystems and acts as a multi-

partite entanglement witness. From experimental estimates, we found that recent

micro-mechanical systems outperformed diffracting molecules in both measures. We

plan to extend this analysis to more systems, including spins and photons, for which

similar initial work has been done recently [223], as well as quantum condensates.

Some thought needs to be put into whether such qualitatively different systems can

really be compared, and in addition how to sensibly define subsystems in cases of

indistinguishable particles.

It is also worth exploring different ways in which the QFI can be measured more

directly in experiments. Recent developments include lower bounds where the number

of required measurements scales exponentially better than tomography [5, 7, 201], a

connection to dynamic susceptibilities (which are routinely measured in condensed

matter physics by neutron scattering) [252], and a technique for overcoming finite

measurement precision [253].

Let us end with a comment about coherence in CV phase space. The approach

we have taken here is to quantify macroscopicity in phase space by maximising the

coherence (QFI) over quadratures. We saw that this evaluated optical coherent states

as the most classical pure states, fitting with expectation. However, one might ask for

a more direct approach with a resource theory where optical coherent states and their

classical mixtures comprise the free states. Some ideas along these lines have been

presented in, for example [254]. The relevant free operations need to be determined;

we can expect this set to at least include displacements and rotations of phase space.

This type of project could lead to a full resource theory of non-classicality in optics.

It may also be possible to generalise this to other systems in which there is a natural

set of classical states but no single preferred basis.
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Appendix A

Generalised QFI

A.1 Background

See [202,219] for a detailed introduction; we follow the notation of [202].

The set of symmetric, normalised operator monotone functions Fop consists

of f ∶ R+ → R+ such that

i) For any hermitian operators A,B such that 0 ≤ A ≤ B, we have 0 ≤ f(A) ≤ f(B);

ii) f(x) = xf(x−1);

iii) f(1) = 1.

These functions can be put into one-to-one correspondence with the set Mop of

matrix means m(A,B); see [202] for a list of defining properties. The link between

the two sets is

mf(A,B) ∶= A
1
2f(A− 1

2BA− 1
2 )A

1
2 , (A.1)

which reduces to mf(A,B) = Af(BA−1) for commuting A,B.

Operator monotone functions and matrix means also have a bijection with the set

of monotone metrics which give rise to norms ∥X∥ρ,f defined by

∥X∥2
ρ,f ∶= Tr (Xmf(Lρ,Rρ)

−1(X)) , (A.2)

where Rρ and Lρ are the right- and left-multiplication superoperators: Rρ(X) =

Xρ, Lρ(X) = ρX. The monotonicity property of these metrics is that, for any channel

E , one has

∥E(X)∥E(ρ),f ≤ ∥X∥ρ,f . (A.3)
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Now the QFI associated with f ∈ Fop is

If(ρ,A) ∶=
f(0)

2
∥ − i[A,ρ]∥2

ρ,f , (A.4)

which is normalised such that for pure states, If(∣ψ⟩⟨ψ∣ ,A) = V (∣ψ⟩⟨ψ∣ ,A) = ⟨ψ∣A2∣ψ⟩−

⟨ψ∣A∣ψ⟩
2
. For an arbitrary state with a spectral decomposition ρ = ∑i λi ∣ψi⟩⟨ψi∣, it

can be shown [198] that

If(ρ,A) =
f(0)

2
∑
i,j

(λi − λj)2

λjf(λi/λj)
∣⟨ψi∣A∣ψj⟩∣

2, (A.5)

where each term in the sum is taken to be zero whenever λi = λj.

We now give a fact which will be useful later.

Lemma 11. For any set of states ρµ and normalised probabilities pµ, and an or-

thonormal set {∣µ⟩},

If(∑
µ

pµρµ ⊗ ∣µ⟩⟨µ∣ ,A⊗ I) = ∑
µ

pµIf(ρµ,A). (A.6)

Proof. Let each ρµ have a spectral decomposition ρµ = ∑i λi∣µ ∣ψµ,i⟩⟨ψµ,i∣. Using (A.5)

and defining λµ,i ∶= pµλi∣µ, we then have

If(∑
µ

pµρµ ⊗ ∣µ⟩⟨µ∣ ,A⊗ I) =
f(0)

2
∑
µ,ν,i,j

(λµ,i − λν,j)2

λν,jf(λµ,i/λν,j)
∣⟨ψµ,i∣ ⟨µ∣ (A⊗ I) ∣ψν,j⟩∣ν⟩∣

2

=
f(0)

2
∑
µ,i,j

(λµ,i − λµ,j)2

λµ,jf(λµ,i/λµ,j)
∣⟨ψµ,i∣A∣ψµ,j⟩∣

2

=
f(0)

2
∑
µ,i,j

p2
µ(λi∣µ − λj∣µ)

2

pµλj∣µf(λi∣µ/λj∣µ)
∣⟨ψµ,i∣A∣ψµ,j⟩∣

2

= ∑
µ

pµIf(ρµ,A). (A.7)

Corollary 1. If(ρ,A) is convex in ρ.

Proof. This follows from Lemma 11 by tracing out the ancillary system, as If must

be monotonically decreasing under partial trace:

∑
µ

pµIf(ρµ,A) = If(∑
µ

pµρµ ⊗ ∣µ⟩⟨µ∣) ≥ If(∑
µ

pµρµ,A). (A.8)
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A.2 Deterministic monotone

The unitary case was shown already in [202]. Noting that −i[A,ρ] = ∂tUt(ρ)∣t=0, we

have from (A.4) that

If(ρ,A) =
f(0)

2
∥∂tUt(ρ)∣0∥

2
ρ,f . (A.9)

The linearity of E and the monotonicity property (A.3) then give

∥∂tUt(E(ρ))∥E(ρ),f = ∥∂tE(Ut(ρ))∥E(ρ),f

= ∥E(∂tUt(ρ))∥E(ρ),f

≤ ∥∂tUt(ρ)∥ρ,f , (A.10)

so that If(E(ρ),A) ≤ If(ρ,A).

A.3 Ensemble monotone

In this case, we now have a quantum instrument defined by a set of TI maps {Eµ}

which are not necessarily trace preserving, while the sum ∑µ Eµ is. For every quantum

instrument, one can construct a channel (i.e., so that trace is preserved) by includ-

ing in the output an ancilla that records which outcome was obtained via a set of

orthonormal states {∣µ⟩}:

E ′(ρ) ∶= ∑
µ

Eµ(ρ) ⊗ ∣µ⟩⟨µ∣ . (A.11)

Tracing out the ancilla results in the channel ∑µ Eµ. It is clear that E ′ is TI whenever

each of the Eµ is. Writing E ′(ρ) = ∑µ pµρµ ⊗ ∣µ⟩⟨µ∣, we can apply Lemma 11 followed

by deterministic monotonicity to find

∑
µ

pµIf(ρµ,A) = If(∑
µ

pµρµ ⊗ ∣µ⟩⟨µ∣ ,A⊗ I)

= If(E
′(ρ),A⊗ I)

≤ If(ρ,A). (A.12)
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Appendix B

NLJ decoherence model

We first assemble some useful facts for a single mode [76]:

⟨β∣α⟩ = e−
1
2
∣β−α∣2+ 1

2
(αβ∗−α∗β), (B.1)

D(α)D(β) = e
1
2
(αβ∗−α∗β)D(α + β), (B.2)

1

π ∫
d2α ∣α⟩⟨α∣ = I. (B.3)

Using these, we have

TrD(α) =
1

π ∫
d2β ⟨β∣D(α)∣β⟩

=
1

π
e−∣α∣

2

∫ d2β eαβ
∗−α∗β

= π δ2(α), (B.4)

from which it follows that we can write (in the N -mode case)

ρ =
1

πN ∫
d2Nα χρ(α)D(−α). (B.5)

Under the model in Result 16(a), using [xi,D(α)] =
√

2Re(αi)D(α) and [pi,D(α)] =
√

2Im(αi)D(α), we have

∂tρ = −
1

4

N

∑
i=1

1

πN ∫
d2Nα (2Re(αi)

2 + 2Im(αi)
2)χρ(α)D(−α)

= −
1

2πN ∫
d2Nα ∣α∣2χρ(α)D(−α), (B.6)

and so ∂tχρ(α) = −1
2 ∣α∣2χρ(α).
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Finally, we calculate the rate of loss of purity:

−
1

2
∂t Tr(ρ2) = −Tr(ρ∂tρ)

= −
1

π2N ∫ d2Nαd2Nβ χρ(α)∂tχρ(β) Tr[D(−α)D(−β)]

= −
1

π2N ∫ d2Nαd2Nβ χρ(α)∗∂tχρ(β) Tr[D(α)D(−β)]

= −
1

π2N ∫ d2Nαd2Nβ χρ(α)∗∂tχρ(β) e
1
2
(−α.β∗+α∗.β) Tr[D(α −β)]

= −
1

π2N ∫ d2Nαd2Nβ χρ(α)∗∂tχρ(β) e
1
2
(−α.β∗+α∗.β)πN δ2N(α −β)

= −
1

πN ∫
d2Nα χρ(α)∗∂tχρ(α)

=
1

2πN ∫
d2Nα ∣α∣2∣χρ(α)∣2

= NLJ(ρ) (B.7)

as required.
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Appendix C

Details of monotonicity of dist∆

We write ∣ψ⟩ = ∑iψi ∣i⟩ , ∣φµ⟩ = ∑i φ
µ
i ∣i⟩. Then

∑
µ

wµp
µ
a = ∑

µ

⟨ψ∣K�
µΠa+δµKµ∣ψ⟩

= ∑
µ

∑
i∶ai=a+δµ

∑
j,k

⟨ψ∣K�
µ ∣i⟩⟨i∣Kµ ∣ψ⟩

= ∑
µ

∑
i∶ai=a+δµ

∑
j,k

ψ∗jψkc
µ
ij
∗
cµik. (C.1)

The condition I = ∑µK
�
µKµ implies (taking the ⟨j∣ ∣k⟩ matrix element) that

δj,k = ∑
µ
∑
i

⟨j∣K�
µ∣i⟩ ⟨i∣Kµ∣k⟩

= ∑
µ
∑
i

cµij
∗
cµik

= ∑
µ

∑
i∶ai−aj=δµ

cµij
∗
cµik, (C.2)

where the last line follows from the form of the Kraus operators (3.34). Putting this

into the previous equation gives

∑
µ

wµp
µ
a = ∑

j,k∶aj=a

δj,kψ
∗
jψk

= ∑
j∶aj=a

∣ψj ∣
2

= pa. (C.3)
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Appendix D

Degradation of entanglement of
formation

Let us consider interacting S with the measurement device (or environment) M , and

then projecting M onto an eigenstate of the pointer observable xM . This occurs with

probability pM(x) and results in

pM(x)ρmS∣x ∶= ⟨x∣Me
−iASpM (ρmS ⊗ ∣χ∆⟩⟨χ∆∣M) eiASpM ∣x⟩M . (D.1)

Now, since ρmS is pure, so is each ρmS∣x. Hence a possible pure state ensemble for the

final state is ρ′mS = ∫ dx pM(x)ρmS∣x, and therefore

Ef(ρ
′
mS) ≤ ∫ dx pM(x)EE(ρmS∣x) = ∫ dx pM(x)S(ρS∣x), (D.2)

where ρS∣x = Trm ρmS∣x. Observe that the right hand side of the above equation is

exactly the conditional entropy H(B∣A) between Alice and Bob in the set-up defining

dist∆ (Definition 19). This can be expressed as H(B)−J(A ∶ B) and H(B) =H({pi}).

Therefore

Ef(ρ
′
mS) ≤H({pi}) − dist∆(ρmS,AS), (D.3)

and furthermore H({pi}) = S(ρS) = Ef(ρmS).
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Appendix E

Quadrature QFI and variance in a
thermal state

A thermal state of a single mode can be written as ρ = ∑
∞
n=0(1 − p)p

n ∣n⟩⟨n∣, where

p = e−βh̵ω. The expression (5.7) for the QFI then gives

F(ρ, x) = 4(1 − p)
∞

∑
n=0

n−1

∑
m=0

(pn − pm)2

pn + pm
∣⟨m∣x∣n⟩∣2. (E.1)

From the matrix element ⟨m∣X ∣n⟩ = ∆X
√
nδn,m+1 for n >m, we obtain

F(ρ, x) =
4∆X2(1 − p)3

1 + p

∞

∑
n=0

(n + 1)pn (E.2)

= 4∆X2 (
1 − p

1 + p
) =

4∆X2

1 + 2n̄
. (E.3)

Similarly, the variance can be calculated using ⟨n∣x∣n⟩ = 0, ⟨n∣x2∣n⟩ = ∆X2(1+2n), so

V (ρ, x) = Tr(ρx2) = ∆X2(1 + 2n̄). (E.4)
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