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Abstract. Robust Principal Component Analysis (PCA) (Candès et al., 2011) and low-rank matrix completion5
(Recht et al., 2010) are extensions of PCA that allow for outliers and missing entries respectively.6
It is well-known that solving these problems requires a low coherence between the low-rank matrix7
and the canonical basis, since in the extreme cases – when the low-rank matrix we wish to recover is8
also sparse – there is an inherent ambiguity. However, the well-posedness issue in both problems is9
an even more fundamental one: in some cases, both Robust PCA and matrix completion can fail to10
have any solutions due to the set of low-rank plus sparse matrices not being closed, which in turn is11
equivalent to the notion of the matrix rigidity function not being lower semicontinuous (Kumar et al.,12
2014). By constructing infinite families of matrices, we derive bounds on the rank and sparsity such13
that the set of low-rank plus sparse matrices is not closed. We also demonstrate numerically that a14
wide range of non-convex algorithms for both Robust PCA and matrix completion have diverging15
components when applied to our constructed matrices. An analogy can be drawn to the case of sets16
of higher order tensors not being closed under canonical polyadic (CP) tensor rank, rendering the17
best low-rank tensor approximation unsolvable (De Silva and Lim, 2008) and hence encourage the18
use of multilinear tensor rank (De Lathauwer, 2000).19
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1. Introduction. Principal Component Analysis (PCA) plays a crucial role in the analysis23

of high-dimensional data [45, 40, 1, 19] and is a widely used dimensionality reduction technique24

[24, 27, 38, 34]. It involves solving a low-rank approximation which can be easily computed25

for moderate size problems [13] by computing the singular value decomposition (SVD), or26

for larger problem sizes using notions of sketching to compute leading portions of the SVD27

[23, 14, 49]. Over the last decade PCA has been extended to allow for missing data (matrix28

completion) or data with either corrupted or few entries inconsistent with a low-rank model29

(Robust PCA). In this manuscript we show that the set of matrices which are the sum of low-30

rank and sparse matrices is not closed for a range of rank, sparsity, and matrix dimensions;31

see Theorem 1.1. Moreover there are a number of algorithms that, when given a matrix of32

a specific form and with constraints on the rank and sparsity, seek such a decomposition33

where the constituents diverge while at the same time the sum of the matrices converges to34

a bounded matrix outside of the feasible set of prescribed rank and sparsity, see Section 3.35
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2 J. TANNER, A. THOMPSON, AND S. VARY

We thereby highlight a previously unknown issue practitioners might experience using these36

techniques. The situation is analogous to the lack of closedness for Tensor CP decomposition37

rank [26, 25] which motivates the notions of multilinear rank approximation [11].38

1.1. Prior work. Robust PCA (RPCA) solves a low-rank plus sparse matrix approxi-39

mation with the sparse component allowing for few but arbitrarily large corruptions in the40

low-rank structure; that is, a matrix M ∈ Rm×n is decomposed into a low-rank matrix L plus41

a sparse matrix S42

(1.1) min
X∈Rm×n

‖X −M‖F , s.t. X ∈ LSm,n(r, s),43

where LSm,n(r, s) is the set of m×n matrices that can be expressed as a rank r matrix L plus44

a sparsity s matrix S45

LSm,n(r, s) =
{
L+ S ∈ Rm×n : rank (L) ≤ r, ‖S‖0 ≤ s

}
.46

We omit the subscript and write LS(r, s) where the matrix size is implied from the context47

and use only a single subindex LSn(r, s) to denote sets of square matrices LSn,n(r, s). Al-48

lowing the addition of a sparse matrix to the low-rank matrix can be viewed as modelling49

globally correlated structure in the low-rank component while allowing local inconsistencies,50

innovations, or corruptions. Exemplar applications of this model include image restoration51

[21], hyperspectral image denoising [18, 10, 47], face detection [33, 50], acceleration of dy-52

namic MRI data acquisition [37, 51], analysis of medical imagery [2, 16], separation of moving53

objects in at otherwise static scene [4], and target detection [36, 41] .54

Solving Robust PCA as formulated in (1.1) is an NP-hard problem in general. Provable55

solutions for the problem were first provided in [6, 9] by solving the convex relaxation of the56

problem57

(1.2) min
L∈Rm×n

‖L‖∗ + λ‖S‖1, s.t. M = L+ S,58

where ‖ · ‖∗ denotes the Schatten 1-norm1 of a matrix (sum of its singular values) and ‖ · ‖159

denotes the l1 norm of a vectorised matrix (sum of absolute values of its entries). In [6], authors60

show that exact decomposition of a low-rank plus sparse matrix is possible for randomly61

chosen sparsity locations even for the case of the sparsity level s being a fixed fraction αmn62

with α ∈ (0, 1). The work of [9] takes a deterministic approach in which corrupted entries63

can have arbitrary locations but must be sufficiently spread such that the sparsity fraction64

of each row and column does not exceed α. In both the works of [6] and [9], as well as65

subsequent extensions, it is common to impose conditions on the singular vectors of the low-66

rank component being sufficiently uncorrelated with the canonical basis.67

Robust PCA is closely related to the problem of recovering a low-rank matrix from in-68

complete observations referred to as matrix completion [39]. The main difference between the69

two is that, in the case of a matrix completion, the indices of missing entries are known, and70

the aim is to solve71

(1.3) min
L∈Rm×n

‖PΩ (L)− PΩ (M) ‖F , s.t. L ∈ LSm,n(r, 0), |Ωc| = s,72

1The Schatten 1-norm is often also referred to as the nuclear norm [39].
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MATRIX RIGIDITY & ILL-POSEDNESS OF ROBUST PCA 3

where PΩ is entry-wise subsampling of observed entries of M with indices in Ω.73

Similarly to the case of Robust PCA, matrix completion can be approached by solving74

a convex relaxation formulation of the problem [7, 8, 39], but there are also a number of75

algorithms that solve the non-convex formulation directly while also providing recovery guar-76

antees [5, 22, 30, 31, 42, 43, 48]. Such non-convex methods are typically observed to be able77

to recover matrices with higher ranks than is possible by solving the convex relaxed problem78

[42].79

1.2. Main contribution. It is well known that the model LSm,n(r, s) from (1.1) need not80

have a unique solution without further constraints, such as the singular vectors of the low-81

rank component being uncorrelated with the canonical basis as quantified by the incoherence82

condition with parameter µ83

max
i∈{1,...,r}

‖U∗ei‖2 ≤
√
µr

m
, max

i∈{1,...,r}
‖V ∗ei‖2 ≤

√
µr

n
,(1.4)84

85

where L = UΣV ∗ is the singular value decomposition of the rank r component L of size m×n.86

The incoherence condition for small values of µ ensures that left and right singular vectors87

are well spread out and not sparse [7, 39].88

Trivial examples of matrices with non-unique decompositions in LS(r, s) include any ma-89

trix with two nonzero entries in differing rows and columns as they are in LS(r, s) for any r90

and s such that r + s = 2 with the entries of the matrix assigned to the sparse or low-rank91

components selected arbitrarily. Moreover, completion of a low-rank matrix is impossible for92

sampling patterns PΩ that are disjoint from the support of the matrix M , which can be likely93

for matrices that have few nonzeros. Both of the aforementioned problems are overcome by94

imposing a low coherence which ensures the singular vectors of the low-rank matrix have most95

entries being nonzero [9].96

Herein we highlight the presence of a more fundamental difficulty: There are matrices97

for which Robust PCA and matrix completion have no solution in that iterative algorithms98

that attempt to solve them can generate sequences of iterates (Lt, St) for which limt→∞ ‖M −99

(Lt + St)‖F = 0 and Lt + St ∈ LS(r, s) for all t, but M∗ = limt→∞ L
t + St 6∈ LS(r, s).100

This is not because of the ambiguity between possible solutions or lack of information about101

the matrix, but instead because LSm,n(r, s) is not a closed set. Moreover, this is not an102

isolated phenomenon, as sequences of LSm,n(r, s) matrices converging outside of the set can103

be constructed for a wide range of ranks, sparsities and matrix sizes.104

Theorem 1.1 (LSn(r, s) is not closed). The set of low-rank plus sparse matrices LSn(r, s)105

is not closed for r ≥ 1, s ≥ 1 provided (r+ 1)(s+ 2) ≤ n, or provided (r+ 2)3/2s1/2 ≤ n where106

s is of the form s = p2r for an integer p ≥ 1.107

Proof. By Theorem 2.5 and Theorem 2.8.108

Theorem 1.1 implies that there are matrices M such that problem (1.1) is ill-posed in that109

there are sequencesM t = Lt+St: for whichM t ∈ LSn(r, s) for all t but for which limt→∞M
t =110

M /∈ LSn(r, s); moreover, the proof of Theorem 2.5 and Theorem 2.8 is constructive in that111

we design the matrices Lt and St to satisfy the aforementioned property. The problem size112

bounds in Theorem 1.1 allow for matrices with r = O(nl) to have number of corruptions of113

This manuscript is for review purposes only.



4 J. TANNER, A. THOMPSON, AND S. VARY

order s = O(n2−3l) for l ∈ [0, 1/2], which for constant rank allows s to be quadratic in n, and114

for l ∈ (1/2, 1] to have the number of corruptions of order s = O(n(1−l)). In Section 1.2.1 we115

illustrate the non-closedness of LS3(1, 1) and the consequent ill-posedness of the corresponding116

Robust PCA and low-rank matrix completion problems.117

1.2.1. Simple example of LS3(1, 1) not being closed. Consider solving for the optimal118

LS(1, 1) approximation to the following 3 × 3 matrix, which is a special case of construction119

given in [28] in the context of the matrix rigidity function not being lower semicontinuous.120

(1.5)

min
X∈R3×3

‖X −M‖F , s.t. X ∈ LS(1, 1),

M =

0 1 1
1 0 0
1 0 0

121

Consider the following sequence of matrices Xε122

Xε =

0 1 1
1 ε ε
1 ε ε

 ∈ LS(1, 1)123

=

1/ε 1 1
1 ε ε
1 ε ε


︸ ︷︷ ︸

Lε

+

−1/ε 0 0
0 0 0
0 0 0


︸ ︷︷ ︸

Sε

,124

125

which can decrease the objective function ‖Xε − M‖F = 2ε to zero as ε → 0, but at the126

cost of the constituents Lε and Sε diverging with unbounded energy. Moreover, the sequence127

which minimizes the error converges to a matrix M lying outside of the feasible set LS(1, 1)128

and is in the set LS(1, 2) instead. By the fact that M 6∈ LS(1, 1), we have that zero objective129

value cannot be attained and therefore one cannot construct sequences that yield the desired130

solution. Therefore Robust PCA as posed in (1.5) does not have a global minimum. As the131

objective function is decreased towards zero, the energy of both the low-rank and the sparse132

components diverge to infinity. Likewise, we could consider an instance of the matrix comple-133

tion problem (1.3) in which the top left entry of M is missing and a rank 1 approximation is134

sought. We see that a rank 1 solution cannot be obtained as there does not exist a choice for135

the top left entry that would reduce the rank of M to 1. However, the sequence Lε decreases136

the objective arbitrarily close to zero while the energy of the iterates grows without bounds,137

‖Lε‖F →∞.138

1.3. Connection with matrix rigidity. Robust PCA is closely related to the notion of the139

matrix rigidity function which was originally introduced in complexity theory by Valiant [44]140

and refers to the minimum number of entries of M that must be changed in order to reduce141
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it to rank r or lower.142

Rig(M, r) = min
S∈Rm×n

‖S‖0, s.t. rank(M − S) ≤ r.2143

Matrix rigidity is upper bounded for any M ∈ Rn×n and rank r as144

(1.6) Rig(M, r) ≤ (n− r)2.145

due to elementary matrix properties [44]. Matrices which achieve this upper bound for every146

r are referred to as maximally rigid and it was only recently showed in [28] how to construct147

them explicitly, which was a long standing open question originally posed by Valiant in 1977.148

Matrix rigidity has important consequences for complexity of linear algebraic circuits but149

is also of interest for its mathematical properties. The work of [28] also provides an example150

of the rigidity function not being lower semicontinuous, which implies the set LSm,n(1, 1)151

is not closed. Here, we generalize the result, providing non-closedness examples for many152

ranks, sparsities and matrix sizes, and discuss consequences for Robust PCA and matrix153

completion problems. In Section 2 we prove Theorem 1.1 and in Section 3 we illustrate how154

this phenomenon can cause several Robust PCA and matrix completion algorithms to diverge.155

2. Main result. We extend the example of LS3(1, 1) with M3 ∈ R3×3 given in (1.5)156

by constructing Mn, Nn 6∈ LSn(r, s) and yet for which there exists a sequence of matrices157

M
(i)
n (ε) which are in LSn(r, s) and limε→0 ‖M (i)

n −M (i)
n (ε)‖F = 0. Matrix Mn(ε) as in (2.5)158

demonstrates that LSn(r, s) is not closed for r ≤ s (Lemma 2.3) and matrix Nn(ε) as in (2.11)159

is constructed for r > s (Lemma 2.4). In both cases we require n to be sufficiently large in160

terms of r and s.161

For the case r ≤ s, consider Mn and Mn(ε) of the following general form162

(2.1) Mn =

(
0r,r A
B 0n−r,n−r

)
, Mn(ε) =

(
0r,r A
B εB A

)
,163

where A,BT ∈ Rr×(n−r) and 0k,k denotes the k × k matrix with all zero entries. These164

constructed matrices satisfy the following properties.165

Lemma 2.1 (General form of Mn). Let Mn and Mn(ε) be as defined in (2.1). Then166

Mn(ε) ∈ LS(r, r). Furthermore167

(2.2) lim
ε→0
‖Mn(ε)−Mn‖F = 0.168

Proof. We can write Mn(ε) in the form169

(2.3)

(
1
ε Ir
B

)(
Ir εA

)
+

(
−1
ε Ir 0
0 0

)
,170

which shows that Mn(ε) ∈ LSn(r, r). It also follows trivially from the definition (2.1) that171

(2.2) is satisfied.172

2Note that the original definition [44] works with rank(M + S) ≤ r. Here, we change the sign to be
consistent with RPCA notation, M = L + S and rank(L) ≤ r.
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6 J. TANNER, A. THOMPSON, AND S. VARY

Remark 2.2 (Nested property of LS(r, s) sets). Note that LS(r, s) sets form a partially173

ordered set174

(2.4) LS(r, s) ⊆ LS(r′, s′),175

for any r′ ≥ r and s′ ≥ s. As a consequence Mn(ε) ∈ LSn(r, r) implies that also Mn(ε) ∈176

LSn(r, s) for s ≥ r.177

With Lemma 2.1 we give the general form of Mn and Mn(ε) such that Mn(ε) ∈ LSn(r, s)178

for s ≥ r. It remains to show that, for a more specific choice of A and B, we also have179

Mn 6∈ LSn(r, s). In particular, we construct Mn and Mn(ε) as follows.180

(2.5)

Mn =


0r,r β A(1) . . . A(l)

αT 0k,k . . . . . . 0k,r

B(1)
...

. . .
...

...
...

. . .
...

B(l) 0r,k . . . . . . 0r,r

 ,

Mn(ε) =


0r,r β A(1) . . . A(l)

αT εαTβ . . . . . . εαTA(l)

B(1)
...

. . .
...

...
...

. . .
...

B(l) εB(l)β . . . . . . εB(l)A(l)

 ,

181

where α, β ∈ Rr×k are matrices with all non-zero entries, A(i), B(i) ∈ Rr×r are arbitrary non-182

singular matrices which may, but need not, be the same, 0a,b and 1a,b denote a × b matrices183

with all entries equal to zero or one respectively, and we set l = d(s+ 1)/2e, k = dl/re.184

By construction, the matrix size is n = r(l+ 1) +k, due to the l matrices A(i) and B(i) for185

i = 1, . . . , l each being of size r × r, the top left r × r zero matrix and k columns of α and β.186

Lemma 2.3. LSn(r, s) is not closed for 1 ≤ r ≤ s provided187

(2.6) n ≥ r
(⌈

s+ 1

2

⌉
+ 1

)
+

⌈
d(s+ 1)/2e

r

⌉
.188

Proof. Take Mn as in (2.5). By Lemma 2.1 there exists a matrix sequence Mn(ε) ∈189

LSn(r, r) such that ‖Mn(ε)−Mn‖F → 0 as ε→ 0. Since for r ≤ s we have LSn(r, r) ⊆ LSn(r, s),190

it follows also that Mn(ε) ∈ LSn(r, s).191

It remains to prove that Mn 6∈ LSn(r, s), which is equivalent to showing Rig(Mn, r) > s.192

We show that having a sparse component ‖S‖0 ≤ s is insufficient for rank(Mn − S) ≤ r,193

because for any choice of such S with at most s non-zero entries, the matrix Mn − S must194

have a (r + 1)× (r + 1) minor with nonzero determinant implying rank(Mn − S) ≥ r + 1.195

In order to establish rank(Mn − S) ≥ r + 1 we consider 2l minors of Mn each of size196

(r + 1)× (r + 1). For l of these we select minors that include A(i), i = 1, . . . , l, along with an197

additional column from the first r columns and an additional row entry from row index r+ 1198
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to k+ r from Mn; and for the remaining l minors we similarly choose a B(i) and an additional199

row and column as before.200

These minors Ci are constructed as (2.7)201

Ci =



(
0r,1 A(i)

αi 01,r

)
, i = 1, . . . , l,(

01,r βi−l

B(i−l) 0r,1

)
, i = l + 1, . . . , 2l,

(2.7)202

203

where 0u,v denotes the u× v matrix with all entries equal to zero, αi, βi 6= 0 are chosen to be204

different entries from α, β ∈ Rr×k for each i = 1, . . . , l with k = dl/re, and A(i), B(i) are each205

full rank. Note that matrices Ci do not have disjoint supports as they they share the left r206

zero entries in the first row of Ci for i = 1, . . . , l and the top r zero entries in the first column207

of Ci for i = (l + 1, . . . , 2l). We refer to these entries as the intersecting part of Ci.208

The S such that rank(Mn − S) = r must have at least 2l nonzeros, thus Rig(Mn, r) ≥ 2l,209

by noting that although the Ci have intersecting portions, S restricted to the ith subminor210

associated with Ci will have at least one distinct nonzero per i. Consider the Ci for i = 1, . . . , l211

associated with αi and A(i) and let Si be the corresponding (r+ 1)× (r+ 1) sparsity mask of212

S. It follows that Si must have at least one entry in the non-intersecting set otherwise Ci+Si213

is of the form214

(2.8) Ci + Si =

∣∣∣∣∣∣∣∣
si A(i)

αi 0 . . . 0

∣∣∣∣∣∣∣∣ = αi|A(i)| 6= 0,215

which is insufficient for the rank of Ci to become rank deficient; similarly for i = l+ 1, . . . , 2l.216

With Rig(Mn, r) ≥ 2l we set l = d(s+ 1)/2e, which then implies that Mn 6∈ LSn(r, s) and217

by the construction of Mn218

(2.9) n ≥ r(l + 1) + k.219

Substituting l = d(s+ 1)/2e and k = dl/re, we conclude that LSn(r, s) is not a closed set for220

s ≥ r ≥ 1 provided221

(2.10) n ≥ r
(⌈

s+ 1

2

⌉
+ 1

)
+

⌈
d(s+ 1)/2e

r

⌉
.222

223

Turning to the r > s case, we now build upon Lemma 2.4 by constructing matrices Nn224
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and Nn(ε) as225

(2.11)

Nn =


M̂n′ 0 . . . 0

0 E(1,1) . . . E(1,s+1)

...
...

. . .

0 E(s+1,1) E(s+1,s+1)

 =

(
M̂n′ 0n′, (s+1)(r−s)

0(s+1)(r−s), n′ E

)

Nn(ε) =

(
M̂n′(ε) 0n′, (s+1)(r−s)

0(s+1)(r−s), n′ E

) ,226

where E(i,j) ∈ R(r−s)×(r−s) are identical full rank matrices and227

(2.12)

M̂n′ =


0s,s β A(1) . . . A(l)

αT 0 . . . . . . 01,s

B(1)
...

. . .
...

...
...

. . .
...

B(l) 0s,1 . . . . . . 0s,s

 , M̂n′(ε) =


0s,s β A(1) . . . A(l)

αT εαTβ . . . . . . εαTA(l)

B(1)
...

. . .
...

...
...

. . .
...

B(l) εB(l)β . . . . . . εB(l)A(l)

 ,228

have the same structure as in (2.5) but with r replaced by s and as a result A(i,j), B(i,j) ∈ Rs×s,229

α, β ∈ Rs, l = d(s+ 1)/2e, so M̂n′ 6∈ LSn′(s, s) while M̂n′(ε) ∈ LSn′(s, s).230

By construction, the size of M̂n′ is n′ = s(l+1)+1 and the size ofNn is n = n′+(s+1)(r−s).231

Lemma 2.4. LSn(r, s) is not closed for r > s ≥ 1 provided232

(2.13) n ≥ s
(⌈

s+ 1

2

⌉
+ 1

)
+ 1 + (s+ 1)(r − s).233

Proof. Consider Nn and Nn(ε) from (2.11). By additivity of rank for block diagonal234

matrices, rank (E) = (r − s) and M̂n′(ε) ∈ LSn′(s, s), we have that Nn(ε) ∈ LSn(r, s).235

That Nn 6∈ LSn(r, s) follows from Rig(Nn, r) > s which we show via ‖S‖0 ≤ s being236

insufficient for rank(Nn−S) ≤ r, because for any such S, matrix (Nn−S) must have at least237

one (r + 1)× (r + 1) minor with non-zero determinant, implying rank(Nn − S) ≥ r + 1.238

We consider minors Di of size (r + 1) × (r + 1) by diagonally appending a minor Ĉi ∈239

R(s+1)×(s+1) of M̂n′ of a similar structure as in (2.7) and the whole ith diagonal block E(i,i) ∈240

R(r−s)×(r−s)241

(2.14) Di =

(
Ĉi 0

0 E(i,i)

)
, i = 1, . . . , s+ 1.242

The intersecting supports between Di come from the intersecting parts between individual243

Ĉi as explained in (2.7) in the proof of Lemma 2.3 due to matrices E(i,i) being selected from244

the block diagonal. In order that rank (Di) ≤ r requires Si to have at least one non-zero in245

a part of Di that is disjoint from Dj for j 6= i. Either Si has at least one non-zero on a zero246

block or E(i,j) or Ĉi. If the non-zero is in a zero block or E(i,j), then these are disjoint which247

implies at least s + 1 non-zero entries. On the other hand, if the non-zero is in Ĉ(i) then at248
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least one entry of E must be changed in the non-intersecting part of Ĉi as argued following249

equation (2.7). Therefore for every Di at least one distinct entry per i must be changed using250

the corresponding sparsity component Si, and since i = 1, . . . , s + 1, we must also change at251

least s+ 1 entries of Nn; that is Rig(Nn, r) ≥ s+ 1.252

By the construction of Nn in this argument we have253

(2.15) n ≥ s(l + 1) + 1︸ ︷︷ ︸
n′, size of M̂n′

+ (s+ 1)(r − s)︸ ︷︷ ︸
size of 1s+1⊗N

,254

where the size of M̂n′ comes from l times repeating the matrices A(i) and B(i) each of size255

s × s, the top left s × s matrix 0s,s, the β column and α row respectively and s + 1 times256

repeating matrix E of size (r − s). By zero padding of the matrix we can arbitrarily increase257

its size. Substituting l = d(s+ 1)/2e gives that LSn(r, s) is not a closed set for r > s provided258

(2.16) n ≥ s
(⌈

s+ 1

2

⌉
+ 1

)
+ 1 + (s+ 1)(r − s).259

The following theorem gives a sufficient lower bound on the matrix size such that both260

size requirements derived in Lemma 2.3 and Lemma 2.4 are met, thus unifying both results.261

Theorem 2.5. The low-rank plus sparse set LSn(r, s) is not closed provided n ≥ (r+1)(s+2)262

and r ≥ 1, s ≥ 1.263

Proof. Suppose n ≥ (r + 1)(s + 2). We show that this is a sufficient condition for the264

matrix size requirements in (2.6) in Lemma 2.3 and (2.13) in Lemma 2.4 to hold.265

We first obtain a sufficient condition on the matrix size in (2.6) in Lemma 2.3, bounding266

r

(⌈
s+ 1

2
+ 1

⌉)
+

⌈
d(s+ 1)/2e

r

⌉
267

≤ r
(
s+ 1

2
+ 2

)
+

(
1

r

)(
s+ 1

2
+ 1

)
+ 1268

≤ r
(
s+ 5

2

)
+

(
s+ 5

2

)
= (r + 1)

(
s+ 5

2

)
269

≤ (r + 1)(s+ 2),(2.17)270271

where the first inequality in (2.17) comes from an upper bound on the ceiling function dxe ≤272

x+ 1, the second inequality follows from r ≥ 1 and the last inequality holds for s ≥ 1.273

We also obtain a sufficient bound condition on the matrix size in (2.13) in Lemma 2.4 of274

the form275

s

(⌈
s+ 1

2
+ 1

⌉)
+ 1 + (s+ 1)(r − s)276

≤ s
(
s+ 1

2
+ 2

)
+ (s+ 1)(r − s) = −s

2

2
+

3

2
+ rs+ 1277

≤ (r + 1)(s+ 1) ≤ (r + 1)(s+ 2).(2.18)278279
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10 J. TANNER, A. THOMPSON, AND S. VARY

The first inequality in (2.18) comes from an upper bound on the ceiling function and the280

second inequality holds for s ≥ 1.281

Combining (2.17), (2.18) with Lemma 2.3 and Lemma 2.4 gives that LSn(r, s) is not a282

closed set for n ≥ (r + 1)(s+ 2) and r ≥ 1, s ≥ 1.283

2.1. Quadratic sparsity. Note that the condition n ≥ (r + 1)(s + 1) limits the order of284

r and s; in particular if r = O(nl) then s = O(n1−l) which for l ≥ 0 constrains s to be at285

most linear in n, s = O(n). In Lemma 2.6 and Lemma 2.7, we extend the result so that for286

r = O(nl) and l ≤ 1/2 we obtain s = O(n2−3l) which for constant rank, l = 0, allows s to be287

quadratic O(n2).288

Lemma 2.6 establishes a lower bound on the rigidity of block matrices in terms of the289

rigidity of a single block. Lemma 2.7 shows that the sequence K(ε) converging to K is an290

example of LSn(r, p2r) not being closed provided n ≥ p
(
r
(⌈

r+1
2

⌉
+ 1
)

+ 1
)
. Let291

(2.19) K =

M̂
(1,1)
n′ · · · M̂

(1,p)
n′

...
. . .

...

M̂
(p,1)
n′ · · · M̂

(p,p)
n′

 , K(ε) =

M̂
(1,1)
n′ (ε) · · · M̂

(1,p)
n′ (ε)

...
. . .

...

M̂
(p,1)
n′ (ε) · · · M̂

(p,p)
n′ (ε)

292

where matrices M̂
(i,j)
n′ (ε) ∈ LSn′(r, r) and M̂

(i,j)
n′ 6∈ LSn′(r, r) are of the same structure as in293

(2.12) and limε→0K(ε) = K where K ∈ R(n′p)×(n′p) is constructed by repeating M̂n′ in p row294

and column blocks.295

Lemma 2.6. For K as in (2.19)296

(2.20) Rig(K, r) ≥ p2 Rig(M̂n′ , r).297

Proof. Let S be the sparsity matrix corresponding to Rig(K, r), such that298

(2.21)

rank(K − S) ≤ r, ‖S‖0 = Rig(K, r),

and S =

Ŝ
(1,1) · · · Ŝ(1,p)

...
. . .

...

Ŝ(p,1) · · · Ŝ(p,p)

 ,
299

where Ŝ(i,j) ∈ Rn′×n′ denotes the sparsity matrix used in the place of the M̂
(i,j)
n′ block. A300

necessary condition for rank(K −S) ≤ r is that also the rank of individual blocks is less than301

or equal to r, that is302

(2.22) rank(M̂n′ − Ŝ(i,j)) ≤ r, ∀i, j ∈ {1, . . . , p} .303

By definition of the rigidity function as the minimal sparsity of S such that rank(M̂n′−S) ≤ r,304

we have that305

(2.23) ‖Ŝ(i,j)‖0 ≥ Rig(M̂n′ , r).306

Summing over all blocks i, j ∈ {1, . . . , p} yields the result307

(2.24) ‖S‖0 =

p,p∑
i,j

‖Ŝ(i,j)‖0 ≥
p,p∑
i,j

Rig(M̂n′ , r),308
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and consequently that309

(2.25) Rig(K, r) ≥ p2 Rig(M̂n′ , r).310

Lemma 2.7. The low-rank plus sparse set LSn(r, p2r) is not closed provided311

n ≥ p
(
r

(⌈
r + 1

2

⌉
+ 1

)
+ 1

)
312

and r ≥ 1, p ≥ 1.313

Proof. Consider K and K(ε) as in (2.19). Repeating M̂n′ ∈ LSn′(r, r) p times in row and314

column blocks does not increase the rank, so rank (K(ε)) = r and by additivity of sparsity we315

have that K (ε) ∈ LSn(r, p2r). By Lemma 2.6 and Rig(M̂n′ , r) > r we have the strict lower316

bound on the rigidity of K317

(2.26) Rig(K, r) ≥ p2 Rig(M̂n′ , r) > p2r,318

which implies that K 6∈ LSn(r, p2r) while K(ε) ∈ LSn(r, p2r).319

Recall that the size of M̂n′ as defined in (2.12) is n′ = r(l + 1) + 1 and, since M̂n′ is320

repeated p times, we obtain321

n ≥ p (r(l + 1) + 1) = p

(
r

(⌈
r + 1

2

⌉
+ 1

)
+ 1

)
,(2.27)322

323

where the inequality comes from zero padding of the matrix to arbitrarily expand its size.324

Theorem 2.8. The low-rank plus sparse set LSn(r, s) is not closed provided325

n ≥ (r + 2)3/2s1/2
326

and r ≥ 1, and s is of the form s = p2r for an integer p ≥ 1.327

Proof. We weaken the condition of Lemma 2.7 and show that it suffices to have n ≥328

(r + 2)3/2s1/2 for LSn(r, s) not closed by substituting s = p2r329

p

(
r

(⌈
r + 1

2

⌉
+ 1

)
+ 1

)
=
(s
r

) 1
2

(
r

(⌈
r + 1

2

⌉
+ 1

)
+ 1

)
(2.28)330

≤ s1/2

(
r1/2

(
r + 5

2

)
+ 1

)
= s1/2

(
r3/2

2
+ 2r1/2 + r−1/2

)
(2.29)331

≤ s1/2

(
r3/2

2
+ 2r1/2 +

3

2
r−1/2

)
= s1/2 (r + 1)(r + 2)

2
√
r

(2.30)332

≤ s1/2(r + 2)3/2,(2.31)333334

where in the first line we substitute s = p2r, the first inequality comes from an upper bound on335

the ceiling function, the second inequality follows from r−1/2 ≤ 3
2r
−1/2, and the last inequality336

holds for r ≥ 1.337
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2.2. Almost maximally rigid examples of non-closedness. It remains to prove non-338

closedness of LSn(r, s) sets for as high ranks r and sparsities s as possible; partial results339

in this direction are discussed in this section. There cannot be a maximally rigid sequence340

converging outside LS
(
r, (n− r)2

)
because LS

(
r, (n− r)2

)
corresponds to the set of all Rn×n341

matrices. Similarly, it is necessary that both r ≥ 1 and s ≥ 1 hold since sets of rank r matrices342

LS(r, 0) and sets of sparsity s matrices LS(0, s) are both closed. As a consequence, the highest343

possible rank and sparsity for which LSn(r, s) is not closed corresponds to one strictly less than344

the maximal rigidity bound, i.e. LS
(
r, (n− r)2 − 1

)
for r ≥ 1 and also s = (n− r)2 − 1 ≥ 1.345

It is shown in [28] that the matrix rigidity function might not be semicontinuous even for346

maximally rigid matrices. This translates into the set LS3(1, 3) not being closed as we have347

M(ε) ∈ LS3(1, 3) which converges to M 6∈ LS3(1, 3) by choosing348

(2.32) M =

a b c
d e 0
g 0 i

 and M(ε) =

a b c
d e εcd
g εbg i

 .349

It is easy to check that for a general choice of {a, . . . , i}, M is maximally rigid with Rig(M, 1) =350

4. However, Rig (M(ε), 1) = 3 since M(ε) can be expressed in the following way351

(2.33) M(ε) =

ε−1 b c
d εbd εcd
g εbg εcg

+

a− ε−1 0 0
0 e− εbd 0
0 0 i− εcg

 .352

Having established LS3(1, 3) is not a closed set, which is the optimal result with the highest353

possible sparsity for sets of rank 1 matrices of size 3× 3. We pose the question as to whether354

this result can be generalized and the following conjecture holds.355

Conjecture 2.9 (Almost maximally rigid non-closedness). The low-rank plus sparse set356

LSn(r, s) is not closed provided357

(2.34) n ≥ r + (s+ 1)1/2,358

for s ∈ [1, (n− 1)2 − 1] and r ∈ [1, n− 2].359

3. Numerical examples with divergent Robust PCA and matrix completion. Theorem360

1.1 and the constructions in Section 2 indicate that there are matrices for which Robust PCA361

and matrix completion, as stated in (1.1) and (1.3) respectively, are not well defined. In362

particular, the objective can be driven to zero while the components diverge with unbounded363

norms. Herein we give examples of two simple matrices which are of a similar construction to364

M in (1.5),365

M (1) =

 2 −1 −1
−1 0 0
−1 0 0

 , M (2) =

 1 −2 −2
−2 0 0
−2 0 0

 ,366

which are not in LS(1, 1), but can be approximated by an arbitrarily close M
(1)
ε ,M

(2)
ε ∈367

LS(1, 1), and for which popular RPCA and MC algorithms exhibit this divergence. This is368
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(a) FastGD [52] applied to M (1).
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(b) AltMin [20] applied to M (2).
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(c) AltProj [15] applied to M (2).
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(d) GoDec [32] applied to M (2).

Figure 1: Solving for an LS(1, 1) approximation to M (1) and M (2) using four non-convex
Robust PCA algorithms. Despite the norm of the residual ‖M − (Lt + St)‖F converging to
zero, norms of the constituents Lt, St diverge. We set algorithms parameters r = 1, s = 1
where possible. For FastGD we set λ = 3.23 and stepsize η = 1/6 which corresponds to
choosing s = 1. For GoDec we set the low-rank projection precision parameter to be 10.

analogous to the problem of diverging components for CP-rank decomposition of higher order369

tensors which is especially pronounced for algorithms employing alternating search between370

individual components [12].371

Non-convex algorithms for solving the Robust PCA problem (1.1) are typically observed372

to be faster than convex relaxations of the problem and often are able to recover matrices with373

higher ranks than possible by solving the convex relaxation (1.2). We explore the performance374

of four widely considered non-convex Robust PCA algorithms: Fast Robust PCA via Gradi-375

ent Descent (FastGD) [52], Alternating Minimization (AltMin) [20], Alternating Projection376

(AltProj) [15], and Go Decomposition (GoDec) [32] applied to M (1) or M (2) with algorithm377

parameters set to rank r = 1 and sparsity s = 1. The matrices M (1) and M (2) have values cho-378
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(a) PCP [6] applied to M (1).
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(b) IALM [29] applied to M (1).

Figure 2: Recovered ranks and sparsities using two convex Robust PCA algorithms applied to
M (1) with varying choice of λ. Both PCP and IALM do not recover the r = 1, s = 1 solution
for any λ. IALM recovers solutions with overspecified degrees of freedom r = 2, s = 5 for λ
roughly 1/2.

sen so that the algorithm default initialization causes divergence. While these are particularly379

simple examples, we would not wish to claim this result is generic in that we do not typically380

observe divergence for randomly sampled instance of α, β in (2.5) unless the initialization of381

the algorithm is adjusted to be near the diverging sequence. In each case Figure 1 shows the382

convergence of the residual minX∈Rm×n ‖X−M‖F to zero while the norms of the constituents383

of M = L+ S diverge.384

A line of work suggests adding a regularization term to the objective [20, 17, 53]. This385

leads to bounding the energy of components resulting in the optimization problem to have a386

global minimum with bounded energies of the constituents. However, the issue of ill-posedness387

is a more fundamental one; the best rank-r and sparsity-s approximation still has no solution.388

We observe in Figure 2 that energy regularizers result in solutions that are not in the desired389

space LS(r, s) for values of (r, s) = (1, 1) where the unregularized solution has unbounded390

energy of its constituents.391

The diverging constituents in Figure 1 follow the selected (r, s) for which M (1),M (2) 6∈392

LS(r, s) but produce a sequence Lt +St ∈ LS(r, s) and limt→∞ L
t +St = M (i) but ‖Lt‖F and393

‖St‖F diverge. This phenomenon does not occur for these matrices if we allow other choices394

of (r, s). In particular, Alternating Projection method [35] has the rank constraint prescribed395

and the sparsity constraint is chosen adaptively based on the parameter β and the largest396

singular value of the low-rank component. Such methods, that do not prescribe both r and s,397

are less susceptible to the diverging constituents problem. Methods such as the Alternating398

Projection [35] typically have a parameter which controls values of (r, s) and can be selected,399

such that when applied to M (1) it gives a local minimum in LS(1, 1).400

Convex relaxations of RPCA such as posed in (1.2) do not suffer from the divergence of401

constituents as shown in Figure 1 due to their explicit minimization of their norms. However,402
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(a) PF [22] applied to M (1).
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(b) LMaFit [48] applied to M (1).
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(c) CGIHT with restarts [3] applied to M (1).
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(d) ASD [43] applied to M (1).

Figure 3: Recovery of M (1) given a rank 1 constraint by four non-convex matrix completion
algorithms. Despite the norm of the residual ‖y − PΩ(Xt)‖F converging to zero, the norm of
the recovered matrix Xt diverges.

they suffer from sub-optimal performance. Figure 2 depicts recovered ranks, sparsities and403

their convex relaxations based on choice for λ of M (1) for Principal Component Pursuit by404

Alternating Directions (PCP) [6] and Inexact Augmented Lagrangian Method (IALM) [29].405

For both PCP and IALM, as the regularization parameter λ is increased from near zero it406

first produced a solution with r = 0 and s = 5, then at approximately λ = 1/2 transitions407

to solutions with overspecified degrees of freedom r = 2 and s = 5, and then for large values408

of λ gives solutions with r = 2 and s = 0. It is interesting to note that for these convex409

relaxations of RPCA there were no values of λ that would produce a solutions with r = 1410

and s = 1 which are the parameters for which the non-convex RPCA algorithms diverge. In411

contrast, the aforementioned non-convex algorithms for RPCA applied to M (1) converge to412

zero residual with bounded constituents for the rank and sparsity parameters generated by413

PCP and IALM.414
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Similar to the divergence of the non-convex RPCA algorithms, non-convex matrix comple-415

tion algorithms applied to M (1) with only the top left, index (1, 1), entry missing can diverge3.416

Figure 3 depicts the residual error converging to zero and energy of the recovered low-rank417

matrix diverging for four exemplar non-convex algorithms: Power Factorization (PF) [22],418

Low-Rank Matrix Fitting (LMaFit) [48], Conjugate Gradient Iterative Hard Thresholding419

(CGIHT) [3] and Alternating Steepest Descent (ASD) [43].420

4. Conclusion. This work brings to attention an overlooked issue in Robust PCA and421

matrix completion: that both problems can be ill-posed because the set of low-rank plus sparse422

matrices is not closed without further conditions being set on the constituent matrices. It423

remains to be determined what fraction of the set Lm,n(r, s) is open, or similarly what fraction424

has constituents whose norm exceeds a prescribed threshold to ensure well conditioning; it425

should be noted that in the case of Tensor CP rank the fraction of the space of tensors with426

unbounded constituent energy is a positive measure [12]. It also remains to determine what427

is the maximal matrix size n, as a function of (r, s), such that the set LSn(r, s) is open. We428

give lower bound of n(r, s) ≥ (r + 1)(s+ 2) and n(r, s) ≥ (r + 2)(3/2)s1/2 in Theorem 1.1 and429

conjecture the best attainable bound is achieved at n(r, s) ≥ r + (s + 1)1/2 using bounds on430

maximum matrix rigidity, see Conjecture 2.9. Moreover, we note that there are references in431

the literature [20, 46] which reference the use of a restricted isometry property for LSn(r, s) in432

order to prove recovery of RPCA using non-convex algorithms. A consequence of our result433

is that the lower RIP bound is not satisfied for some M ∈ LS(r, s) unless further restrictions434

are imposed on the constituents such as bounds on the energy of L and S which compose M .435
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