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ABSTRACT: This review article presents the progress made over the last decade, since the
introduction of effective field theories (EFTs) into post-Newtonian (PN) Gravity. These
have been put forward in the context of gravitational waves (GWs) from the compact binary
inspiral. The mature development of this interdisciplinary field has resulted in significant
advances of wide interest to physics at several levels serving various purposes. The field
has firmly demonstrated, that seemingly disparate physical domains, such as quantum
field theory (QFT) and classical Gravity, are related, and that the EFT framework is a
universal one, where it has proved to supply a robust methodology to boost the progress in
PN theory. In this review emphasis was put on an accessible pedagogic presentation of the
field theoretic aspects of the subject, with the view, that these are in fact common across
the whole of theoretical physics, rather than in their original narrow quantum context. The
review is aimed at a broad audience, from general readers new to the field, to specialists
and experts in related subjects.

The review begins with an overview of the introduction of EFTs into classical Gravity
and their development. Then, the basic ideas, which form the conceptual foundation of
EFTs, are provided, and the strategy of a multi-stage EFT framework, which is deployed
for the PN binary inspiral problem, is outlined. The main body of the review is then
dedicated to presenting in detail the study of each of the effective theories at each of the
intermediate scales in the problem, up to the actual GW observables. First, the EFT for
a single compact object is considered, from which one proceeds to the EFT of a compact
binary system, viewed as a composite particle with internal binding interactions. Finally,
one arrives at the effective theory of the time dependent multipole moments of the radiating
system. The review is concluded with the multiple prospects of building on the field, and
using further modern field theory insights and tools, to address specifically the study of
GWs, as well as to broadly expand our fundamental understanding of gauge and Gravity
theories across the classical and quantum regimes.
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1 EFTs in Classical Gravity

Gravitational radiation is a probing prediction of any candidate complete theory of Gravity.
As a relativistic field theory of Gravity, the general theory of relativity (GR), which was
formulated in 1915 by Einstein, indeed led him soon after to predict in 1916 gravitational
waves (GWs) within GR. Yet, the first evidence of GWs arrived only with the discovery of
the first binary pulsar by Hulse and Taylor in 1974 [1], where in the analysis, done in the
following years, the decay of the orbital period fitted with the loss of energy and angular
momentum due to gravitational radiation, as expected from GR [2-4]. In the following
decades laser interferometers were developed for the purpose of observing GWs directly
and making GW astronomy a reality, which ended up in the construction of a few ground-
based GW detectors, all at a frequency range of about 10 — 10* Hz, appropriate for the
detection of comparable mass compact binary coalescence (CBC) events: TAMA in Japan,
the twin LIGO detectors in USA [5], as well as GEO600 [6] and Virgo [7] in Europe. TAMA
started operating in 1999, with both LIGO and GEO600 joining in 2002. Later, TAMA
went off and Virgo joined in 2007. For a decade none of these detectors has accomplished



any detection, and subsequently, LIGO and Virgo were shut down for major upgrades into
second generation GW detectors to reach higher sensitivities.

The first observation of GWs, labeled “GW150914” [8], was indeed realized in 2015
with the Advanced LIGO detectors, only four days before the operation of LIGO’s advanced
version officially commenced. Three further detections - GW151226 [9], GW170104 [10],
and GW170608 [11] - by Advanced LIGO followed, before the Advanced Virgo detector
joined the observations in 2017. The first joint detection by these three advanced detectors
in USA and Europe, GW170814 [12], arrived shortly after, enabling to localize the source
and test GW polarizations for the first time. Moreover, a second joint detection, GW170817
[13], was attained back to back, this time involving a neutron star (NS) binary merger,
after all previous five GW events featured only black hole (BH) binaries. Thus, this was
the first multi-messenger detection of a NS merger, with electromagnetic counterparts, in
particular the gamma ray burst (GRB) GRB 170817A, which confirmed the longstanding
conjecture, that short GRBs originate from NS mergers [14, 15].

These first earthshaking GW detections already proved to be even more telling than
expected, see e.g. also [16, 17|, and paved the way for further plans of advanced GW detec-
tors to multiply worldwide. In particular, second generation ground-based GW detectors,
such as KAGRA, the successor of TAMA in Japan [18], and IndiGO in India [19], are
expected to start operating in the coming years [20], complementing the distribution of
the worldwide network!. Furthermore, there are already specific plans for third generation
ground-based detectors, such as the Einstein telescope in Europe [21], and the Cosmic
Explorer in USA [22]. Additionally, the space-based GW detector LISA [23] is designed
to operate in a complementary frequency range of about 10~° — 1 Hz, appropriate for the
detection of extreme mass ratio inspirals (EMRIs). Moreover, further GW detectors, such
as the ground-based SOGRO [24], or the space-based Japanese DECIGO [25] and Chinese
TianQin [26], in complementary intermediate frequency ranges, are being proposed for the
future.

The GW detections made so far, all involved the CBC signal, where constituents of
comparable mass are concerned. The evolution of such a compact binary is comprised of
three consecutive yet distinguishable phases [27]: 1. The inspiral, where the components of
the binary are still moving in non-relativistic (NR) velocities, and their orbital separation is
slowly decaying; 2. The merger, when the separation between the components falls roughly
below the innermost stable orbit of a BH, and the objects reach relativistic velocities,
and merge into a single compact object; 3. For BH binaries there is then the ringdown
phase , where spacetime settles down to that of a rotating Kerr BH via quasinormal mode
oscillations [28, 29]2. Each of these phases is properly studied with a distinct methodology,
as the physical conditions circa the peak amplitude of the CBC event rapidly switch. The
initial inspiral phase, where the NR approximation holds, is ideally treated with post-
Newtonian (PN) theory [30, 31], whereas in entering the merger phase and the strong

"We note however, that it would be desirable to further extend the distribution of the worldwide network
to the Southern Hemisphere in the future.

2For a binary of NSs, there is likely an intermediate stage of a hypermassive metastable NS as the merger
product.
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Figure 1. The various elementary analytical and numerical methodologies to study CBCs, de-
pending on the mass ratio, 0 < m;/mo < 1, of the components of the binary, and the compactness
of the system, evaluated by the parameter M/r, where M = mj + mq is the total mass, and r the
typical size of the system. Yet, in order to model the complete CBC signal, one needs to resort to
the comprehensive EOB framework, which enables to integrate them into the full theoretical GW
templates, currently used in the GW detectors. Note that BH perturbation theory also accounts
for the case of EMRIs, targeted by the future space-based GW detector LISA. Reproduced with
permission from Le Tiec [33].

field regime, PN theory, in principle, breaks down. The merger and ringdown phases
are currently studied in detail via numerical simulations, which solve for the fully exact
relativistic evolution of the binary [32]. Finally, the ringdown phase can also be analytically
treated with BH perturbation theory and self-force formalism, where the BH spacetime is
considered as slightly deformed by a mass much smaller than the mass of the remnant
compact object.

It is important to stress, that while currently numerical simulations exclusively treat
in full detail the strong field regime, covering the merger and ringdown phases of the CBC
signal, they inherently can not handle the inspiral phase. The long inspiral phase makes
up the major portion of the CBC signal if observed in its entirety, and depending on the
masses in the binary can be the only observed signal falling within the frequency band
of the detectors. The inspiral phase also constitutes a uniquely telling one, providing
exclusive input on gravity theories in the PN regime, and on the individual components
of the binary, yet it can not be treated numerically due to the intrinsic long time scale,
which characterizes the evolution at this stage. The regimes of validity of the different
and complementary elementary physical methodologies to study the CBC event, and their
overlap, are illustrated in figure 1, depending on the mass ratio of the components of the
binary, and the compactness of the system [33]. The latter is evaluated by the ratio of the
total mass of the system to its typical size, i.e. M /r, where M = mj + msg is the total mass
of the binary, and r is its orbital separation.

Remarkably, even prior to the breakthrough in numerical relativity, which enabled



the first exact treatment of the CBC event in the strong field regime [32], an inclusive
theoretical framework, which tackles and models the complete evolution of the compact
binary, was already devised by Buonanno and Damour [34-36]. This framework, dubbed as
the “effective one-body” (EOB) approach, provided the first complete theoretical waveform
templates for the CBC signal. The idea behind the EOB approach was to relate the first
and last phases of the evolution, where analytical control has been feasible, via a mapping
of the two-body problem to an effective one-body problem, in the spirit of Newtonian
physics. This mapping, which thus enables to fully track the evolution of the system, as it
continuously transforms from having two compact objects to a single one, is non-trivially
constructed in curved spacetime [36]. Therefore, the EOB framework currently enables to
extract the desirable ingredients from all the abovementioned elementary methodologies,
and to integrate them into the full theoretical CBC template models, which are currently
used in the GW detectors. There are more phenomenological models, which similar to EOB
ones, also combine analytical and numerical results into complete inspiral-merger-ringdown
waveform models [37, 38]. An elaborate discussion of the various methodologies to study
and model the CBC signal, and their multiple interfaces, can be found in [33].

As the CBC signal is weak with respect to the sensitivities and various noise sources
of current ground based GW detectors, matched filtering is utilized for the detection of
GW events, which places high demands on the accuracy of theoretical waveform templates.
Moreover, with the expected increasing influx of even more detailed and telling GW data,
we have truly entered a new era of high precision Gravity. To that end, the framework
of effective field theories (EFTs) comes up as a powerful means to step up the theoretical
progress, as was put forward by Goldberger et al. [39—41]. In particular, EFTs, which
are designed for high precision computation, can be applied for the inspiral and ringdown
phases of the CBC, where multiple widely separated physical scales are involved, and the
evolution is amenable to analytical perturbative treatment. Yet, the concept of EFTs is
inextricably tied with that of renormalization, historically devised in the realm of quantum
field theory (QFT) and particle physics, where these and classical Gravity are considered
as disparate branches of physics. For all that, the novel EFT approach for gravitational
radiation presented in [39-41] soon incited the use of the EFT framework in some modern
problems in classical Gravity, where a clear hierarchy of scales also exists. Notably, EFTs
were applied for higher dimensional Gravity with compact dimensions, inspired by string
theory [42-46], or for weak ultra-relativistic scattering [47].

Following the introduction of the EFT formulation for the compact binary inspiral,
where the small parameter, controlling the hierarchy of scales, is the NR orbital velocity,
v < 13, consistent progress was made along this research program in PN theory. After
the first PN (1PN) order* correction in the conservative orbital dynamics was reproduced®

3Throughout this review the speed of light, ¢, and the reduced Planck constant, 4, are taken as ¢ = h = 1,
such that the Planck mass, mp, and the gravitational constant, G, are normalized via mZ = ﬁ

“The nPN order is the (v/c)*" order correction in GR to Newtonian Gravity.

5A comprehensive account of PN theory methodologies and results can be found in the seminal review
by Blanchet [30], as well as the recent review by Schéfer and Jaranowski [31], whose focus was solely on the

Hamiltonian formulations and results. Though the progress made in the EFT field presented here belongs



[39, 41], and shown to simplify with a useful Kaluza-Klein reduction of the spacetime met-
ric [48-50], higher PN order corrections in the point mass sector were reproduced: The
2PN order [51, 52|, where in [52] it was first considered within a generic n-body problem,
and an automatization of the computations was put forward, as well as the 3PN order [53].
Subsequently, the current state of the art at the 4PN order was approached in [54], and in
parallel to the progress and completion of this sector, attained via other PN methodologies
[30], it was partly computed in [55], making use of the analogy with amplitudes of massless
gauge theory. Moreover, after the introduction of the effective worldline mass-induced ac-
tion of a single compact object in [39—41], its non-minimal coupling part has been extended
in [56]. Furthermore, the Wilson coefficients of this part of the effective action were studied
for BHs in an arbitrary dimension in [57], where a classical renormalization group (RG)
flow was found at higher dimensions.

Yet, the knowledge of spin effects in the compact binary inspiral is also of crucial
importance for Gravity, quantum chromodynamics (QCD), as well as for astrophysics,
see e.g. [58, 59]. Spin is one of the two unique features of BHs in nature, along with
the mass, whereas spin effects in NSs are required in order to learn on their internal
structure [60], which in turn is also expected to tell on QCD and strong Gravity. Indeed,
spin effects in the orbital dynamics were first tackled within the EFT approach in [61],
where leading order (LO) corrections at the 1.5PN and 2PN orders® were reproduced.
Subsequently, next-to-leading order (NLO) corrections at the 3PN order were approached
in [62-65], and reproduced in [66-68] at the 2.5PN order, where in [65] finite size effects
were tackled, and in [64, 68] the explicit relations to corresponding Hamiltonians were
provided. Moreover, next-to-next-to-leading order (NNLO) corrections [69-72] as well as
LO ones [73] at the 4PN order were obtained. Further, NNLO corrections [74] and LO ones
[73] at the 3.5PN order were reproduced, where in [71-73] finite size effects were considered.
This state of the art PN accuracy in the spin sector was based on the EFT formulation
for spinning objects presented in [75, 76], building on [39, 41, 64, 68, 70], where in [75] all
spin effects to NLO were consistently reproduced. It should be noted, that a distinct EF'T
formulation for general gravitating rotating objects was provided in [77], which is formally
and phenomenologically complementary to that in [75], and was not specified in the PN
context.

Dissipative effects of the components of the inspiraling compact binary, such as the
absorption of gravitational energy by the horizon of BHs, or the dissipative tidal defor-
mations of NSs, also have an effect on the GW emission. For astrophysical objects both
finite size and dissipative effects provide an indirect probe of the microphysics of their
internal structure. Thus, the absorption by BH horizons was considered and reproduced
in the EFT framework in [78-80], where the leading PN dissipative effect is superradiance
for rotating BHs at the 5PN order. More general dissipative effects for arbitrary rotating

to the advances in PN theory, the latter constitutes a monumental body of work, which is beyond the
limited scope of this review.

5The explicit PN order of spin effects is evaluated, in accordance with the standard practice in the
templates for the LIGO/Virgo detectors, for rapidly rotating compact objects, particularly for near extremal
Kerr BHs.



gravitating objects were considered in [81, 82], based on the EFT formulation in [77], which
are expected to contribute at higher PN orders. Tidal deformations of non-rotating gravi-
tating objects were also treated in [56] via an effective action approach. Finally, dynamical
tidal deformations of non-rotating objects, in particular resonances in NSs, were treated in
[83—85].

The direct effects of the gravitational radiation, emitted from the binary system, were
first formulated and treated in detail in the EFT framework in [86], within an effective
theory with a set of multipole moments of the system, which source the radiation. Next,
general expressions for the multipole moments, radiated power, and GW amplitude, were
derived from a general multipole expansion of the action in [87]. The 1PN order correction
to an infinite subset of the multipoles was derived explicitly in [88, 89], and NLO multipole
moments, that depend on the spins of the compact components of the binary, were tackled
in [90, 91]. Hereditary tail effects, where the radiation emitted from the binary is scattered
by its own generated gravitational background, were studied and reproduced in [86], where
a classical RG flow of the mass quadrupole of the binary was found. A subleading RG flow
of the total mass of the system was uncovered in [92].

Subsequently, radiation reaction, which is the backreaction of the gravitational radia-
tion, emitted from the system, on the system itself, should also be taken into account. In
fact, the treatment of PN radiation reaction in compact binary inspirals is in close analogy
with the self-force in EMRIs, where there is a small mass, m, moving in the gravitational
background of a large mass, M, see e.g., a recent review in [93]. EMRIs are studied per-
turbatively in terms of the small mass ratio, m/M < 1, where one considers the self-forces
acting on the small mass due to its own effect on the gravitational background, gener-
ated by the large mass. Moreover, the test particle limit is similar to considering EMRIs
with BH perturbation theory and self-force, and it provides information on the ringdown
phase of the comparable mass CBC in the strong field regime. Self-force in EMRIs was
first studied in an EFT approach in [94], where the LO correction was reproduced’. The
self-force in EMRIs was further studied within the EFT framework at higher orders in the
mass ratio in a non-linear scalar theory model in [95, 96]. Moreover, the self-forces in the
ultra-relativistic limit, and in non-vacuum spacetimes, were investigated within an EFT
approach in [97], and [98], respectively.

Radiation reaction in the compact binary inspiral with components of comparable mass
was then tackled in an EFT approach in [99], where the LO effect at the 2.5PN order was
reproduced. Next, the NLO correction at the 3.5PN order, an effect still linear in G, was
reproduced in [100]. The leading non-linear tail effect, which yields a radiation reaction
effect at the 4PN order, was first approached in [101], and further studied in [102], using
a formulation for classical causal actions of generic dissipative systems, which was put
forward in [103, 104]. An independent formulation for classical causal actions for the study
of radiation and radiation reaction, which can also be generally applied at the level of the
EOMs, was devised in [88, 89], and extended for a general spacetime dimension in [105, 106].

"However, the primary obstacle here is that the relevant Green’s functions in the BH spacetime back-
ground are highly non-trivial, and require numerical computation, so one would have to figure out how to
implement a semi-analytic EFT.



The leading non-linear radiation reaction effect contributes logarithmic corrections to the
binding energy, which were first derived via the EFT approach in [92], though not through
an analysis of the radiation reaction. Lastly, the leading radiation reaction correction linear
in the spin of the objects at the 4PN order was reproduced in [107], where the related LO
spin-orbit tail effect was previously reproduced in [91]. The leading radiation reaction
correction quadratic in the spins at the 4.5PN order, including spin-squared finite size
effects, was derived in [108].

All in all, as outlined above, the mature development over the last decade of this
interdisciplinary field, initiated in [39, 41], has resulted in significant advances of wide
interest to physics at several levels serving various purposes. First, the field has brought
novel perspectives to such important concepts of theoretical physics as renormalization,
and the RG. The most fundamental lesson, which this field has validated, is how much
the EFT framework is in fact a universal one, apt to describe an unprecedented scope
of physical phenomena. As long as a hierarchy of scales, widely-separated by a small
ratio parameter, is identified in a problem prone to non-linear perturbations, EFTs can
be put to work, whether the non-linear coupling involves the quantum parameter, A, or
any other parameter. The EFT scheme provides a systematic methodology to construct
an effective theory, which describes the physics at some relevant scale to arbitrarily high
accuracy. It organizes the perturbative calculation efficiently by employing powerful tools,
which are standard in QFT, such as Feynman diagrams and calculus. It also provides
a natural framework to handle the regularization required at higher order perturbative
corrections within the standard renormalization scheme. Thus, the universality of the
EFT framework is extremely useful, as multi-scale problems are abundant across all of
physics. Consequently, the field has instigated a widespread use of the EFT framework in
classical Gravity in several modern problems, which are in fact motivated from high energy
physics, and also address the attempt to arrive at a complete theory of Gravity across all
scales.

The impact of the field within the definite domain of PN theory and GWs has also
been established, and varied. Goldberger et al. have put forward an original self-contained
EFT program to tackle the intricate PN binary inspiral problem; Albeit some ingredients,
which are inherently included in the EFT methodology, appeared in some form, which
bears a resemblance, in past work [109], or specifically in the domain, e.g. [110, 111]. In
the EFT formulation a manifest power counting in the small PN expansion parameter was
achieved by performing a decomposition of the gravitational field into modes with definite
scaling properties, at the level of the action. Further, the use of the action formalism and
symmetries, intrinsic in the EFT framework, was invigorated in the various traditional PN
methodologies. The tackling of several PN effects via the EFT framework propelled further
progress in other PN methodologies in parallel. Notable within the progress made in the
field is the improvement in the general understanding of classical spins in Gravity, and con-
sequently also several new results in the spinning sectors, some of which so far exclusively
obtained via the EFT methodology. Of the remarkable findings within the field are also the
classical RG flows, and related higher PN order logarithm corrections, which also constitute
a unique prediction arising from the EFT framework. The final marked advance in the field



is the “EF TofPNG” public code, which incorporates the EFT framework for high precision
computation in PN Gravity, including spin effects [112]. Beyond its contribution at the
strict level of computational and mathematical physics, it is an accessible tool to serve the
broad community, and practically fill in the current analytic gap for this significant part
of the gravitational waveform models. Notably, this is the first comprehensive code in PN
theory made public, and hence complements current public codes for GWs, which include
numerical codes, codes for BH perturbation theory [113], and codes for data analysis.

Yet, the field continues to develop. In particular, further progress is desirable in the
non-conservative sectors of PN theory. Building on the progress in the field, the various
aspects to be pushed within the context of GWs, as well as the abundant prospects to
use additional timely field theory advances to improve our understanding of Gravity at all
scales, are elaborately discussed in section 6.

This review article is aimed at a broad audience, from general readers new to the
field, to specialists and experts in related subjects. In this review emphasis was put on
an accessible pedagogic presentation of the field theoretic aspects of the subject, with the
view, that these are in fact common across the whole of theoretical physics, rather than in
their original narrow quantum context. The review presents the progress made in the field
since the introduction of the EFT approach to the PN binary inspiral, where works that
served as mileposts are spelled out in more detail. Previous different reviews in the field
of EFTs in PN Gravity, which highlight various aspects of it from several perspectives, are
found in [40, 41, 114-116].

The outline of this review is as follows. Section 2 provides the basic ideas, which
form the conceptual foundation of EFTs, and outlines the strategy of a multi-stage EFT
framework, which is deployed in the PN binary inspiral problem. This section actually
serves as the formal complement of the introductory section. The main body of the review
is then dedicated to presenting in detail the study of each of the effective theories at each
of the intermediate scales in the problem, up to the actual GW observables: From the EFT
of the single compact object in section 3, on to that of the binary, viewed as a composite
particle with internal binding interactions, in section 4, to the final effective theory of
the time dependent multipole moments of the radiating system in section 5. The review
is concluded in section 6 with the multiple prospects of building on the field, and using
further modern field theory insights and tools, to specifically address the study of GWs, as
well as expand our fundamental understanding of gauge and Gravity theories at all scales.

2 Tower of EFTs

Let us first establish the hierarchy of scales in the binary inspiral problem, as depicted in
figure 2 [39, 41]. Since each isolated object in the binary is compact, with a characteristic
mass m, it holds that its gravitational radius, Gm, is of the order of the characteristic scale
of its internal structure, 75, i.e. rs ~ Gm. For a PN binary system, namely a gravitationally
bound one, where the motion of the components has typical NR velocities, v < 1, the
Virial theorem holds, such that Gm/r ~ v?, where r is the typical orbital separation of
the bound system. The binary system emits gravitational radiation, e.g. the quadrupole
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Figure 2. The hierarchy of scales in the binary inspiral problem: r,, the scale of the single
compact object; 7, the scale of the orbital separation between the components of the binary; And
A, the wavelength of radiation, emitted from the inspiraling binary; It holds that ry << r < A.
To eliminate the smallest scale of the single object, we construct the one-particle EFT. Next, we
explicitly integrate out the field modes at the orbital separation scale to match to the EFT of
the composite particle, that is the binary system. Finally, we eliminate the scale of radiation by
explicitly integrating out the radiation field modes.

radiation at LO, and so the radiation frequency is fixed by the orbital frequency of the
binary, w. Since the observed radiation consists of on-shell field modes, i.e. such that their
momentum, (ko,/z), satisfies kg = \l_ﬂ = k, it holds that the radiation wavelength, A, satisfies
At~k ~w~wv/r. Allin all, the 3 characteristic scales, s, 7, and \, satisfy the following
hierarchy:

s ~ 0% ~ AU, (2.1)

such that the mass, m, is the only scale in the full theory, where the NR velocity, v, is the
small parameter, that controls the effective theories at different scales. It should also be
noted, that once spin is also taken into account, there is an additional scalar, that is the
spin length, S2, and yet it holds that S < m?.

To get to the orbital dynamics and GW emission observables, we eliminate each of the
scales in our problem, one at a time, by constructing an effective theory, where each scale
is integrated out, such that we go through three intermediate stages in a tower of effective
theories. There are in fact two generic procedures to construct an EFT, referred to as the
“bottom-up” and “top-down” approaches. They differ in how the effective action, which
formally represents the EFT, is obtained. In the bottom-up approach the effective action
is constructed from scratch as an infinite series of operators, which consist of the degrees
of freedom (DOFSs), and constrained by the symmetries, identified at the relevant scale.
The top-down approach, on the other hand, arrives at the effective action by explicitly
eliminating DOFs from the full action of the small scale (high energy) theory.

In the binary inspiral problem we apply both of these procedures to construct the
effective theories in our tower, as detailed in sections 3, 4, and 5. Indeed, in section 2.2
we outline the general strategy, which is deployed in this problem, to ultimately arrive
at the orbital dynamics and GW emission observables through three intermediate stages.
Yet, before we do that, let us open with a simple QFT prelude in section 2.1, which gives
an idea of how a tower of EFTs works, and the fundamental concepts involved [117]. We
assume familiarity with the basics of QFT.
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Figure 3. A ¢* EFT through Wilson’s approach: (5, the high momentum field component is
represented by a double line, while ¢, the low momentum component, is represented by a single
line. Note that the former will always appear as an internal line, whereas the latter will always
appear as external. Diagram (a) is evaluated as % p@?, where the new coefficient, p, gives a correction

to the mass parameter, m?. Diagram (b) is evaluated as 3;(¢* at LO, where ( is a correction to

the coupling A\. Diagram (c) generates a new ¢% interaction with a new coupling constant, x; And
SO on.

2.1 EFTs for pedestrians

Let us consider the interacting ¢* theory, given by the following Lagrangian:

A
£(6) = 5 (00)° + 5?6 + 0, (22)

with some sharp ultraviolet (UV) momentum cutoff, A, and find the EFT, which corre-
sponds to lowering the cutoff of the theory to bA, where b is some parameter, such that
0<b< 1

To this end, we proceed to apply Wilson’s approach to renormalization on this simple
theory, and integrate over the momentum shell. Let us first redefine the field according
to its Fourier modes, ¢(k), which would become the integration variable in a functional
integral, in the following manner:

o) Ik <bA o fot) BA<IH <A
ok) = { 0 |k| > bA ’ P(k) = { 0 Otherwise ’ (2:3)

where we have also defined gg, which represents the high momentum DOFs, that we want to
integrate out, and the original field, ¢, has been decomposed into two distinct orthogonal
momentum components by transforming ¢ — ¢ + gZ; Let us then rewrite the theory in
terms of the two distinct components of field modes:

£6.0) = £(6) + 5 (d) + ym?
1 37 1 272 1 23 1 74
+/\<6¢¢+4¢¢ —i-g(ﬁ(ﬁ +4!<;5>. (2.4)

We can now carry out the integration over the high momentum DOFs to arrive at an EFT
with the cutoff bA, where Log(¢) is actually defined by a functional integral, as follows:

[ Po exo <— / ddxﬁeff(qﬁ)) = / D6 [ D6 exp (— [tz qB)), (2.5)

where the functional integral is considered in the Euclidean form, i.e. after Wick rotation.
The integral over the Fourier component ¢ is performed using the standard QFT
perturbative method, involving the extraction of Feynman rules from the action, followed
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by a diagrammatic expansion of the exponential on the right hand side (RHS) of eq. (2.5).
Thus we read off the propagator (¢ ¢) from the kinetic term of ¢ in eq. (2.4), and all the
following terms in this equation are regarded as perturbations. Note that this also includes
the mass term, since the situation considered here is m? < A2. Then, there would be
Feynman graphs as depicted® in figure 3. Integrating over gZ; in such a manner leads to the
following theory for ¢ with |k| < bA:

Lan(0) = 5 0,00 +

+ (sum of connected diagrams)

= @+ 5 (W4 ) B Ak Q6+ 06 (06 + w4, (26)

A
2 .2 4
m-¢ +a¢

where the sum is only over connected diagrams, since those are exponentiated to also
yield the disconnected ones in the expansion of eq. (2.5). The diagrammatic contributions
include corrections to the original coupling constants, m? and A, as well as operators of
higher mass dimension with new interactions and coupling constants. It should be noted,
that there are also derivative interactions from taking into account the external momenta of
the diagrams via their Taylor expansion. Indeed, one finds, that the effective Lagrangian,
Leg(¢), equals the original Lagrangian, £(¢), plus new interaction terms, which compensate
for the removal of the high momentum field DOF's.

In general, the procedure of explicitly integrating out the high momentum compo-
nent, qg, generates all possible interactions of the low momentum field modes, ¢, and their
derivatives, allowed by the symmetries of the effective theory. This means, that one can
arrive at the same result, i.e. EFT, by just augmenting the form of the original Lagrangian
through writing down an infinite series of all possible operators of higher mass dimension,
which satisfy the symmetries, that hold below the new cutoff scale. The original and new
operators will be preceded by new coupling constants, which encapsulate the UV informa-
tion, that has been suppressed from the new effective theory, like the coefficients, which
are computed explicitly in figure 3, of the operators ¢?, ¢*, ¢#°, and so on. In the EFT
terminology these coupling constants are referred to as Wilson coefficients. What we have
just described, in fact, constitutes the content of the decoupling theorem, which states that
physics at different scales factorizes, and that the UV physics can be safely suppressed and
accounted for in a systematic manner [121].

One can now recognize the two approaches to go about an EFT, that were alluded to
in the introduction of this section: The top-down procedure, which corresponds to Wilson’s
approach, where one explicitly integrates out high momentum DOFs from a small scale
theory, as outlined above, and the bottom-up approach, which relies on the universality
of the decoupling theorem. The latter can always be deployed, whereas for the top-down
approach, the full theory at the small scale should be known, and amenable to a per-
turbative treatment. If possible, then the two approaches can be applied in parallel, as
is actually demonstrated in our problem here, in what is described in section 2.2 as the

8 All Feynman graphs in this manuscript were created using JaxoDraw [118, 119], based on Axodraw
[120].
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second stage in the tower of EFTs, where we construct an EFT for the binary system
as a composite particle. Using the two approaches can, in fact, be one way of fixing the
Wilson coefficients, which encode the coupling to the UV scales, a procedure referred to as
matching. Otherwise, the matching of the Wilson coefficients can be done by using data
from experiments.

Let us further consider the new action in eq. (2.6) by rescaling distances and momenta
according to 2’ = xb, k¥’ = k/b, with the new cutoff parameter, b. Then the field, ¢, can
also be rescaled, such that the unperturbed action returns to its initial form, while the
various perturbations undergo a transformation, that changes the coupling parameters of
the Lagrangian. Hence the combination of integrating out high momentum DOF's with the
rescaling of distances and momenta can be rewritten as a transformation of the Lagrangian.
One can then further lower the cutoff, and repeat a similar procedure iteratively. Such con-
tinuously generated transformations of Lagrangians are referred to as the renormalization
group (RG). They do not form a group in the strict mathematical sense, since the oper-
ation of integrating out DOF's is not invertible (resolution is lost). Yet, they renormalize
the fields and coupling constants of the theory. There is a universal function, 3, related
to the shift in the field strength and coupling constants, that compensates for the shift in
the renormalization scale of the theory, . The S function is just the rate of the RG flow
of the coupling constants. For the coupling parameter A in our example here, e.g., the

function reads:
_ d -
A) = pu—A\ 2.
5O = g M), (27)

where ) is referred to as the running coupling constant, and this is the RG equation.

2.2 Tower of EFTs for GWs

Equipped with the basic concepts of renormalization and EFTs, let us now get back to
the compact binary inspiral problem. Having identified the problem as a multi-scale one,
with three widely separated scales, we now realize that it is ideal to employ the EFT
framework to remove each of these scales, one at a time: We can integrate them out in
three stages, thereby constructing a tower of EFTs, that eventually lead to the orbital
dynamics and GW emission observables. At the first stage we construct the one-particle
EFT to remove the small scale of the single isolated compact object. At the next stage
we integrate out the orbital scale in order to arrive at the EFT of a composite particle,
namely the binary system. Finally, in order to obtain the effects, that involve the radiation
directly, we integrate out the radiation scale, which yields an effective theory of dynamical
multipole moments. Let us describe here briefly each of these three stages, on which each
of the following detailed sections 3, 4, and 5, respectively, elaborate.

Stage 1: One-particle EFT

As we noted, the first goal is to remove the scale of the single compact object, 7, from
the purely gravitational action of an isolated compact object (i.e. outside of its interior).
For the theory of GR this means starting from the following full theory, given by the
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Einstein-Hilbert action for the gravitational field, g, (z):

Slow) =~ 150 | oV Rlg). ©8)

To this end we take the bottom-up approach to attain a one-particle EFT, where we
decompose the metric into two distinct momentum components, g, = g5, + gu, and
g, denotes the strong field modes to be removed from the theory. Thus, we construct
the one-particle EFT to describe the single object at the orbital scale by introducing an
infinite series of worldline operators, which contain new worldline DOF's, that depend on a
worldline parameter, o. These operators are added to the initial action form in eq. (2.8),
as additional interactions of the new DOFs with the gravitational field component, g,
such that the new action is of the form:

Seﬁ[g;uz (33)7 yﬂ(g)’ 6%(0)] = S[guu] + Spp [guu (y)7 yﬂ(o-)’ 6"2(0’)]
1

= o [ 4oV ol + 3 i) [is0i0).  29)

In this action we noted the generic new worldline DOFs, y*, and eff‘, corresponding to
the position, and rotation of the object, respectively, and we refer to the new part of the
effective action, which is localized on the worldline as the point particle action, Spp.

In the point particle action all the UV physics goes into the Wilson coefficients, Cj,
which depend on the only scale in the full theory, rs ~ m, and precede the worldline
operators J;, which depend only on the scale of the effective theory, i.e. r. The terms in
the point particle action in eq. (2.9) are thus inserted in increasing orders of the ratio rs/r,
i.e. according to their PN relevance. Hence, the crucial task at this stage is to correctly
identify the DOFs, and the symmetries, both of spacetime and of the object, which pertain
at this scale, and to construct all possible worldline operators, which couple the DOF's in
all ways allowed by the symmetries. Yet, we note that the initial theory in eq. (2.8) is the
full theory for a BH, but for generic compact objects, one should actually add a matter
action, i.e. some fluid description of matter. This part of the initial action would also be
integrated out, leading to a point particle action augmented by harmonic oscillator matter
DOFs, which couple to tidal forces [75]. Finally, the Wilson coefficients are to be matched
from the full theory to the one-particle EFT, where the detailed construction of the point
particle action in its explicit form is presented in section 3.

Stage 2: Composite particle EFT

At this subsequent stage we construct the EFT of a composite particle, namely the binary
system, and remove the orbital separation scale, r. To reach this goal, both the top-
down and bottom-up approaches to construct EFTs, which are mentioned in section 2.1,
are deployed here. We can write the gravitational field, g,., as an expansion on the
asymptotic flat spacetime, g, = N + Hu + EW, where H,, denotes the orbital or
“potential” modes, and %W denotes the radiation modes. The orbital modes are those,
that mediate the gravitational interaction between the two objects, whereas the radiation
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modes consist of the on-shell gravitons emitted from the system, and measured by the
asymptotic observer, i.e. the GW detectors. Let us note then the scale dependence of these
two different components, which is given by

v~

1 ~
Hu, Ouhyw ~ =hu, (2.10)

r

(Y
H;,Ll/a ain/ ~

r

O H,,, ~ -
so the orbital modes are hard momentum modes with respect to the radiation modes.

We start from the full theory at small scales, which is at this stage the one-particle
EFT in eq. (2.9), that we constructed in the previous stage. As we write the theory here
for the two objects, we include a copy of the point particle action in eq. (2.9) for each of
the objects in the initial action, namely a two-particle theory:

2
Seff[guuayiia yg’ eluA’ eQMA] = S[gw] + Z Spp[gw(ya)v (ya)", (ea)x] (0a)- (2.11)

a=1

We integrate out explicitly the orbital modes from the full two-particle theory in eq. (2.11)
by using standard perturbative methods in QFT, with a diagrammatic expansion. Then,
the effective action of the composite particle is defined, similar to eq. (2.5), by the following
functional integral:

¢ Senlun(ve)"(ec) §] = / DH,,, Sl vl v elaedul (2.12)

where g, = M + %W, and the subscript ‘¢’ denotes the generic worldline DOFs of the
composite object, similar to the worldline DOFs of a single object in eq. (2.9). The func-
tional integral is considered here only in the classical limit, where the relevant Feynman
diagrams to evaluate in the expansion are graphs, which are tree level in the fields®.

At the same time a bottom-up approach is taken, and the effective action of a single
composite particle, coupled to the gravitational radiation field, g,,, is written as follows
(86, 87]:

~ 1 = o~ ~
Seff[g,ul/v (yC)Ma (ec)iﬂ = _@ d4l'\/§R [g,ul/] + Spp(comp) [g,uua (yc)ua (ec)z](ac)a (2'13)
where Sy, comp) 18 the effective worldline action at the radiation scale, which describes the

composite object with a suitable ‘center of object’ coordinate, (y.)*, and a tetrad (e.).

The explicit form of the effective worldline action, Syp(comp):

to the generic structure in eq. (2.9), where the multipole moments of the composite object

is given in section 5.1, similar

are regarded as the Wilson coefficients of the theory.
The matching of the Wilson coefficients of the EFT of the composite particle in
eq. (2.13) is done by explicit perturbative computation from the full two-particle theory as

9A graph with a graviton loop is down by a factor of the ratio /L ~ (m,/me)?> ~ 1077, where L
is the angular momentum of a compact object, and me is the solar mass. Hence graviton loops can be
safely neglected, see also figure 4. Yet, it should be stressed that the diagrammatic expansion involves loop
integrals due to the non-linearity of GR in the gravitational constant, (7, i.e. the self-interaction of the field
in classical Gravity.
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in eq. (2.12). This perturbative computation consists of two types of Feynman diagrams:
Graphs, which contain only internal orbital field modes between the two objects, with no
external radiation field modes, and account for the conservative sector of the theory, from
which the orbital dynamics is derived, and which is presented in detail in section 4; And
graphs, which contain a single external radiation field mode, that are matched onto the
radiative sector of the theory, and are discussed in the beginning of section 5.1.

Stage 3: Effective theory of dynamical multipoles

At this final stage we are concerned with effects, involving the radiation directly. In the
conservative sector, where no radiation modes, E, are present, the EFT progression is
actually done after the two previous stages: One just needs to further process the resulting
set of interaction potentials, which enable to derive the EOMs for the constituents of
the binary, the Hamiltonian potentials, the binding energy, and other gauge invariant
observables, as discussed in sections 4.3 and 5.2. Otherwise, where radiation modes are
involved, explicit perturbative computations are carried out, essentially taking the top-
down approach. Here one starts with the full theory from the previous stage in eq. (2.13),
of a composite particle with a set of multipole moments at the radiation scale, A.

These computations involve Feynman graphs with a single worldline of the composite
particle, where radiation modes are integrated out, such that eventually there are no field
DOFs s left in the theory. Yet, since at this stage the system is dissipative, and time reversal
no longer holds, the action in eq. (2.13) should in fact be adjusted in order to describe
the non-conservative evolution. This is indeed attained via the closed time path (CTP)
formalism, and the corresponding use of retarded propagators, which is presented in detail
in section 5.1. With this developed formulation of the action, one can compute the GW
energy flux, gravitational waveform, tail effects, radiation reaction forces, and RG flows
of the time dependent multipole moments. Thus, after all radiation modes are integrated
out, one is left with an effective theory of the set of dynamical multipole moments of the
binary system. This eventual stage of the tower is discussed in detail in section 5.

3 One-particle EFT

In this section we discuss in detail the construction of the one-particle EFT, which was
presented in eq. (2.9). This EFT removes the short scale of the internal structure of the
isolated compact object, s, and provides a description for a single object coupled to gravity,
that holds at the orbital scale, r. As we noted in section 2.2, this task is tackled with the
bottom-up approach, where the challenging aspect is to properly identify the relevant
DOFs and symmetries at this scale. Accordingly, we start by considering in section 3.1 the
addition of worldline coordinate DOF's, which enter the point particle action in eq. (2.9),
and account for the simplified case of a non-rotating point mass coupled to gravity.

Next, we proceed in section 3.2 to take into account the actual case of a rotating object
coupled to gravity by adding rotational worldline DOFs to the point particle action. As
it turns out, the extension of the point particle formulation to describe a spinning particle
is quite challenging. This is due to the fundamental conflict between an actual rotating
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gravitating object, which must have an extended finite size for its rotational velocity to
not surpass the speed of light, and its view in the EFT as a point particle.

Finally, dissipative effects, which occur at the small scale of the single object, such
as the absorption of gravitational radiation on the horizon of BHs, or the dynamical tidal
deformations of NSs, should also be taken into account. Therefore, in section 3.3 we discuss
the addition of new worldline DOF's to the point particle action, which are dissipative and
hence dynamical.

3.1 Point mass

We consider first the basic case of a non-spinning massive object [39, 41]. In this case the
only DOFs to add to the gravitational field modes are the worldline coordinates, y*, and
the relevant symmetries of the theory are the following:

1. General coordinate invariance, including parity invariance, where the latter plays a
key role beyond minimal coupling;

2. Worldline reparametrization invariance.
3. Internal Lorentz invariance of the local frame field.

The latter is an additional gauge freedom of the tetrad field that covers the spacetime
manifold, and it is further considered in the gauge choices discussed in section 4.1.

Let us first consider the minimal coupling in the point particle action. Then we have
the following term:

—m/dT = —m/\/gw,dy“dy”
dy* dy”
= —m/da guyi - —m/da\/u2, (3.1)
do do

where 7 is the proper time along the worldline, and u* = ‘%ﬂ is the coordinate velocity.

This leading term includes the Newtonian interaction at the OPN order, and provides higher
order PN corrections. Though usually the term “point-mass” refers to the approximation,
that consists only of this leading term, in the EFT context it refers to all terms in the
action, which are induced by the presence of the mass, considered as a point particle.
Hence, we proceed to the non-minimal coupling terms in the point particle action,
namely to mass-induced higher multipoles, which account for finite size effects, where
the internal structure of the objects starts to play a role. Considering operators with
some dependence on the Riemann tensor and covariant derivatives, the first option that
arises involves the Ricci tensor, R,,,. Yet, the leading EOMs of the gravitational field are
sourceless, i.e. of a vacuum spacetime, so R, = 0. Therefore, operators constructed with
the Ricci tensor are what is referred to in the EFT terminology as redundant operators,
and can be practically omitted from the effective action. Formally, one can redefine the
field in the operator, such that its Wilson coefficient is made to vanish. Suppose, e.g., that
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we consider the operator cg [ dr R. Then we can redefine the metric, which also appears
in the Einstein-Hilbert term, according to g,, — guv + 09, as follows:

3y — y(r))

V9

where ep is some unfixed coefficient. Plugging this redefinition of the field into the gravita-

09w = —167G -eR/dT s (3.2)

tional action results in a shift of the Wilson coefficient, cg — cgr+e€g, so by adjusting eg we
can make cg vanish. This well-known property in EFTs is analogous to the well-known ap-
plication of leading EOMs of coordinates in higher order perturbative Lagrangians, e.g. in
PN ones, which is also found to be formally equivalent to redefinitions of coordinates, as
is further discussed in detail in section 4.3. The property, that operators, which vanish
“on-shell”, can be omitted from the effective action, is very general, and is repeatedly used
throughout the construction of the point particle action.

Subsequently, we consider operators that contain the Riemann tensor. The curvature
tensor is thus decomposed into its electric and magnetic components of definite parity,
which are defined as follows:

Eu = Ryapu®u”, (3.3)
1
B, = ieaﬁwRaﬁéuuvuﬁ, (3.4)

that is of even and odd parity, respectively. These tensors are usually defined with the Weyl
tensor, which due to the Ricci flatness is equivalent in our case to the Riemann tensor.
The leading mass-induced higher order operators are thus quadratic in the Riemann tensor,
such that the point particle action takes the following form:

E2 (4o B2 (v
Sppz—m/dam+ CE/dU“E/\ZJTZ](S)) + cB/dU“[V\Z%](g)). (3.5)

These new operators stand for the mass-induced quadrupolar tidal deformation of the
extended object by the gravitational field. Each added derivative in an operator scales as
1/r, and is preceded by a Wilson coefficient with the proper power of r,, so that overall
each term scales as powers of rs/r = v2. Thus, from dimensional analysis one easily finds,
that the leading Wilson coefficients cg p in eq. (3.5), which are equivalent to the “Love
numbers” originally defined in Newtonian Gravity, scale as r2 at LO, and that these finite
size operators enter at the 5PN order. For NSs however, 72 > (Gm)?, so the PN scaling
breaks down, and the numerical value of the Wilson coefficients of tidal couplings can be
large. This is also discussed in section 3.3, where dissipative effects at the scale of the
single object are considered.

More generally, an effective action for mass-induced tidal deformations has been con-
structed in [56]. Furthermore, the electric Love numbers of static BHs, including the cg
coefficient in eq. (3.5), have been studied in the EFT framework in an arbitrary dimension
in [57]. There, it was found that these Wilson coefficients, including cg, vanish for BHs
at d = 4, where d is the number of spacetime dimensions. Note that these coefficients are
gauge invariant, though their matching is always done in some specific gauge, which implies
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that when they vanish, then they vanish at all scales, and there is no RG running of this
coupling. Interestingly, it was also found in [57], that at higher dimensions, i.e. at d > 4,
these coupling constants do not vanish, and that for a half integral value of ﬁ, where [ is
the multipole exponent, e.g. for the case of cg(4—7), the couplings exhibit a (classical) RG
flow, consistent with the divergences of the one-particle EFT.

All in all, we conclude that for the non-spinning case of a massive particle the effective
action is given by eq. (3.5) up to the 5PN order.

3.2 Spinning particle

Let us now proceed to consider the actual case in reality of a spinning gravitating object,
which is much more challenging to handle. Unlike the mass of the object, which is a feature
readily compatible with the EFT perspective of a point particle, incorporating the spin of
the object into the EFT framework is far from evident. This is essentially since a spinning
object in relativity must be an extended one, i.e. it has a non-vanishing finite size, with the
lower bound for its size being the radius of the ring singularity of a Kerr BH, below which
the rotational velocity of the spinning object would have exceeded the speed of light. This
conflict with the point particle perspective is actually related to the fundamental problem
of how to define a sensible “center” of object in relativistic physics, since the unique notion
of the “center of mass” becomes ambiguous once we leave Newtonian physics.

Thus, there is in fact in this case an important additional gauge freedom, that should
be carefully taken into account: the choice of an internal point within the extended object,
whose trajectory along the linear motion would be followed, and would designate the evolv-
ing position of the spinning object. Worldline tetrads, as well as tetrad fields equivalent to
the metric field, need to be invoked to describe the rotation of the object in curved space-
time. We define all multipoles of the single object beyond the mass monopole, namely its
spin dipole and higher spin-induced multipoles, coupled to the gravitational field, through
the rotating DOF's of the object. As was explicitly shown in [75], the choice of the timelike
vector of the worldline tetrad of the object is equivalent to the above mentioned choice
of the internal point within the object, and in turn equivalent to the choice of the spin
variable of the object.

Therefore, from an EFT viewpoint, there are additional DOF's and related symmetries,
that need to be properly identified and correctly considered in order to construct the
effective action, beyond those which are mentioned in section 3.1 for the point mass case.
First, it is assumed that the isolated object has no intrinsic permanent multipole moments
beyond the spin dipole. Then, for the DOFs related with the rotation of the object, which
are discussed in detail in what follows, the following symmetries are formulated [75]:

1. SO(3) rotational invariance of the worldline spatial triad.

2. Spin gauge invariance, that is an invariance under the choice of a completion to a
tetrad of the worldline spatial triad through a timelike vector.

The action for a spinning particle in relativity was already considered decades ago in
both flat and curved spacetimes, e.g. in [122] and [123], respectively, though not within an
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EFT framework. It was first tackled with an EFT approach in [61] to reproduce PN effects
at LO, and approach effects at NLO, linear in the spins of the objects [62]. To that end,
a Routhian approach from [124], devised for up to quadratic order in the spin, was later
adopted in [63, 65] in order to produce the EOMs of the objects at NLO.

An independent application within the EFT approach was made in [64, 68] for spin
effects up to NLO, where it was explicitly noted that the spin gauge can be fixed at the level
of the one-particle EFT, and then one would be left only with the physical SO(3) rotational
DOFs. Following these works, and the first treatment of spin effects at NNLO within the
EFT approach in [69], further formal clarifications for a proper treatment of spin within
an EFT framework were made in [70], and an EFT for a spinning particle was presented in
[75]. The latter enabled to properly reproduce all spin effects in the conservative sector up
to NLO, and obtain further effects up to quartic order in the spin [73], as well as complete
the effects up to quadratic order in the spins at NNLO [71, 72, 74]. These constitute the
current state of the art in the conservative sector with spins, namely at the level of the
EFT of the composite particle, where the additional ingredients that make up the advances
at this subsequent level are the topic of section 4.

It should be noted that yet another independent formulation to handle arbitrary grav-
itating spinning objects, based on a coset construction for spacetime symmetries, was put
forward in [77]. The effective action developed in the latter contains only physical rota-
tional DOF's. Yet, this action is an expansion in vyt /cs, where vy is the rotational velocity,
and cg, the speed of sound, which scales as ¢; ~ ¢ for relativistic matter. For this reason
this formulation is ideal for slowly rotating objects, i.e. whenever the angular frequency is
smaller than the characteristic frequencies of the object, such as for NSs. This formulation
was applied to tackle dissipative effects, which are discussed in section 3.3, for spinning
objects in an EFT approach in [81, 82], though these effects were not specified for the PN
context.

Let us then proceed to outline the construction of the effective action of a spinning
particle starting from the minimal coupling part, as already formulated in [122, 123], and
pressing on to the formal EFT developments provided in [75, 76] for both the minimal and
non-minimal coupling parts of the effective action.

Minimal coupling

We start by adding to the worldline DOFs of the single object the tetrad, ey(o), an
orthonormal set consisting of a timelike future-oriented vector and three spacelike vectors,

which satisfies nBes#(0)ep”(0) = g*¥. From the coordinate of the object, y*(o), we
already have the four-velocity, u* = 42 " and from the tetrad we further define the angular

do ?
velocity tensor, QM = efy DB?”, which generalizes the flat spacetime definition, Q% =

a dAA? : : a
A #5—, with Lorentz transformations, A9.

Since the action is reparametrization invariant, the Lagrangian is required to be a
homogeneous function of degree 1 in the velocities u* and Q#”. Therefore if we define the
linear momentum, p,,, and the antisymmetric spin tensor, S, as follows:

— aLpp

(3.6)
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OLpp

S = =250

(3.7)

where the sign is fixed according to the NR, limit, then from Euler’s theorem we get the
following form for the minimal coupling part of the action [122, 123]:

1
Lyp = —puut — iSWQ“V, (3.8)

ut
Vu2
for the rotational DOFs, e’y(c). In fact, a unique covariant gauge, which eliminates the

where the linear momentum satisfies p* = m +0(5?), independent of the gauge chosen
unphysical DOFs from the rotational DOF's, was provided by Tulczyjew in [125]. This

gauge reads as follows:
ph

Vit

which corresponds to what is referred to as a “spin supplementary condition” (SSC), that

el = (3.9)

is given by
Swp” =0, (3.10)

so we see that this unique gauge fixes the spin to be a spatial SO(3) tensor in the body-fixed
tetrad frame.

Therefore, we highlight that the spin is considered as a further dynamical worldline
DOF, which serves as a classical source from a QFT perspective. Hence, the starting point
for the whole action of a spinning particle reads [75]:

1
Spp [guy(y“),u“,ei,sﬂy] (0) = /dU [—mm— §S;WQW + Lnmce [gw(y“),u”,SW@ )

(3.11)
where the label “NMC” here refers to the non-minimal coupling part of the action induced
by the presence of spin, and the covariant gauge is implied.

First, we would like to restore to the action the gauge freedom of the rotational variables
[75], in the spirit of the Stueckelberg action, see e.g. [126]. Rather than resorting to changing
the gauge of the spin variable on a later stage, we apply a generic transformation to the
worldline tetrad in order to make the action manifestly gauge invariant to the choice of
gauge of rotational variables. We do this by applying an effectively covariant boost to the
worldline tetrad, and consider how the rotational minimal coupling term, %SWQW , and
the non-minimal coupling part of the action, are affected.

Using a boost in its 4-dimensional covariant form, L} (w, q), we transform the tetrad,
ey, from some gauge e = ¢/ to a generic gauge for the tetrad as follows:

el = wh, (3.12)

with the transformation é% = Li(w, q)e%. Then, starting from the covariant gauge, i.e. tak-
ing g# = \1/’—%, the generic gauge for the tetrad in eq. (3.12) satisfies the following generic
p

SSC:
S (p, + \/p®én,) = 0. (3.13)
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The generic spin variable, S““’, is then related to S* by

SHY = SHY — §zHpY + 62V pH, (3.14)
where 0z# = ZH — y#, so that we see that indeed this gauge freedom also corresponds to a
choice of an object’s “center”, Z. Assuming then, that we started from the covariant gauge,

we get the following for the minimal coupling term:

1, A S p¥ Dpt
=8, Q" p e
2 + p? Do

%S,WQW = (3.15)
The new extra term on the RHS of eq. (3.15) contributes to finite size effects with spin,
yet it carries no Wilson coefficient. This is since this term is not encapsulating any UV
physics of the structure of the object, rather it just accounts for the fact that a spinning
object is of a finite size. An elaborate discussion of this extra term is found in [75].

We note that for a maximally rotating object, i.e. which rotates at the speed of light,
the spin of the compact object scales as S ~ mrs. With the spin being derivatively coupled,
the leading PN spin contribution from eq. (3.15) then enters at order rs/r relative to the
Newtonian term in eq. (3.1), i.e. at the 1PN order for a rapidly rotating compact object. We
will see in section 4.2 that this term actually starts contributing at the leading spin-orbit
interaction of the composite particle, which enters only at the 1.5PN order.

As for the effect of restoring gauge invariance to the action in eq. (3.11) in its non-
minimal coupling part (that we analyze in detail below), which depends only on the spin,
S, we just use the following transformation to the generic spin variable:
S,uppppu 4 guppppu

Suw = Spw = 2 2

(3.16)

Non-minimal coupling

Let us then proceed to consider how to construct the non-minimal coupling part of the
action of a spinning particle [75]. We begin by noting that parity invariance plays a key
role in fixing the non-minimal couplings. Hence, in order to construct the spin-induced
ones in terms of ingredients of definite parity, let us first define the spin vector, S¥, using
the dual to the spin tensor, *S,3 = %eagu,,S“”
pl/ uV
M = ILL ~ —_—
S _*SV\/Z?_*SV\/UT. (3.17)
From this spacelike vector the spin length, S2, is defined as S? = —S,S" = %S’WSW.
From the Cayley-Hamilton theorem higher powers of the spin tensor are expected to

be dependent. Indeed, considering higher powers of the spin tensor in the sense of matrix
multiplication, one finds that the minimal polynomial of the spin tensor is of order 3:
z(x+145)(z —1iS) = 0 (as both the spin vector, S*, and the 4-velocity, u*, are eigenvectors
of the spin tensor, corresponding to the degenerate eigenvalue 0). Since we also find that a
contraction of two spin tensors is equivalent to the direct product of two spin vectors S5
(when contracted with traceless tensors, which are also orthogonal to u*), we conclude that
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in order to construct the higher order spin-induced operators, we should use direct products
of the spin vector, ¢, which will have alternating parity. The spin length scalar, S?, would
be absorbed in the mass parameter, and renormalize the Wilson coefficients. Considered in
the body-fixed frame, the spin-induced multipoles are SO(3) irrep tensors, since we recall
that we start from the covariant gauge, e} ~ \”71%, so that ef'u, = 0. It is thus inferred
that the spin-induced multipoles are symmetric, traceless, and spatial constant tensors in
the body-fixed frame.

The even and odd spin-induced higher multipoles then couple to the even and odd

parity electric and magnetic curvature components, E,,, and B,,, from egs. (3.3), (3.4),
respectively, and their covariant derivatives. Here, we consider only operators linear in
the Riemann tensor, namely we do not take into account dissipative tidal effects (these
are discussed in section 3.3, and are found in general to contribute at higher PN orders).
From the symmetries of the Riemann tensor, the first Bianchi identity, and the leading
vacuum field solution, it is easy to find, that E,, and B, are both symmetric, traceless,
and orthogonal to u*. Hence, like the spin-induced higher multipoles, these are SO(3)
tensors, that we consider in the body-fixed frame, where they are spatial.

The covariant derivatives are also projected to the body-fixed frame, D; = €t'D,,, and
the time derivatives, Dy ~ u#*D,, = D/Do, can be ignored to linear order in the Riemann
tensor [75]. The indices of the covariant derivatives are also symmetric among themselves,
and with respect to the indices of the electric and magnetic curvature tensors. The latter
symmetry can be deduced from the differential Bianchi identity, where one obtains the
following, in analogy to Maxwell’s equations:

€ Dby = Bij, (3.18)
emDp By = —Eij, (3.19)

and as we noted above regarding the time derivatives, the RHS can then be taken as
vanishing. From further contracting the last equations we also find that traces involving
the covariant derivatives vanish, i.e.

D;E;j = D;B;; =0, (3.20)

and similarly
OFE;; = UB;; = 0. (3.21)

Therefore, all in all, the electric and magnetic curvature tensors and their covariant deriva-
tives form SO(3) tensors like the spin-induced higher multipoles, to which they couple.

Based on the above analysis we can write down the LO spin-induced non-minimal
couplings to all orders in spin as follows:

L i (—1)” CE52n D D E,LL1,M2 S;“Suz SMQn—lsﬂzn
NMC = nt T s T o o
2 @u)lman T e

+ i (=1)" Cpgen+ D ...D By o SH1GH2 ... GHan Glantl (3 92)
(2n + 1)1 m2n THEnEt Va2 o
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with new spin-induced Wilson coefficients, which are identified as unity for Kerr BHs, but
should in fact be properly matched using the full UV theory.

In particular, let us extract from the general sum in eq. (3.22) the three leading terms,
which contribute to finite size effects, due to the spin-induced quadrupole, octupole, and
hexadecapole, given by the following, respectively

_ CE5'2 E“l,

Lps = =g —ELs”, (3.23)
CBSB B v
Lpss = <25 DA\/;L’;S“S S, (3.24)
o CES4 E/W QU QA QK
LES4 - 24m3D)\DH\/1?S S S S . (325)

Again, it is easy to see, that for each spin-induced higher multipole a spin vector (divided by
a mass factor) is added along with an additional derivative. Hence, for a maximally rotating
compact object the additional relative factor scales as rs/r, and thus the quadrupole,
octupole, and hexadecapole, enter at the 2PN, 3PN, and 4PN orders, respectively. Yet,
similar to what we noted above for the odd parity spin dipole, and as we will see in section
4.2, the odd parity spin-induced octupole starts contributing at the leading spin-induced
octupole-orbit interaction of the composite particle, which actually enters only at the 3.5PN
order.

To conclude, we see that spin-induced finite size effects significantly dominate over
finite size effects, which are induced by the mass.

3.3 Dissipative DOF's

In order to capture dissipative effects, which take place at the scales of the single object,
such as the absorption of gravitational energy by the horizons of BHs, or the dissipative
tidal deformations of NSs, further worldline DOF's should be added to the EFT beyond the
coordinate and rotational DOF's [78]. In principle the complete theory would also contain
a part, which specifies the theory of the microscopic DOFs associated with the dissipation.
Yet, even if the underlying detailed nature of these DOF's is unknown, it is possible to
use the symmetries of spacetime and of the object to construct the related infinite set of
operators of non-minimal coupling in the point particle action.

For BHs these DOF's would be localized on the horizon to account for horizon absorp-
tion effects, which is related to fundamental questions on the nature of the BH horizon
and the microphysics of BH entropy. To begin with, using the SO(3) symmetry of a static
spacetime, the couplings of the horizon modes to gravity read as follows [78]:

Spp(diss) = — / dr QE B — / drQEB® + ... (3.26)

where E% B are the electric and magnetic curvature components from egs. (3.3), (3.4),

respectively, projected onto the locally flat frames, and QaEb, QB | are quadrupolar composite

ab’
operators formed in some manner from the horizon DOFs. We note that it was suggested

in [80] to decompose the metric field at this stage into three (rather than two) components
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hor
py
the low frequency modes of the field at the near horizon zone, and is identified as the

of Fourier modes, g, = g;,, + ghor + guv, where the additional component, g represents
dissipative DOFs on the horizon.

According to the classical optical theorem, see e.g. [127], or [117] for the quantum
counterpart, it turns out that the power loss of the composite binary system is related to
the imaginary part of its effective action, as follows [39]:

P
2Im eff comp) / / o d (327)

where Seg(comp) 15 the effective action of the composite particle from eqs. (2.12), (2.13),
on which we elaborate in sections 4, 5, and dP/dw is the power spectrum observable.
The power spectrum, dP,ps/dw, which gets absorbed by the single objects through their
dissipative DOFs in eq. (3.26), can be directly related to the absorption cross section,
Tabs(W).

Let us see then how this relation transpires. Since be’B are dissipative DOF's, they are
dynamically propagating along the worldline. Due to the rotational invariance, (Q5), e.g.,
vanishes, and the LO contribution of the worldline operators in eq. (3.26) to the absorption
cross section, as well as to eq. (3.27), would then involve the correlators of these operators.
One should then consider the two-point function along the worldline, which can be written
as follows:

4 1 2
/ dre”“T(T Q%P (1)Q%P (0)) = =5 |0acOha + Saadoe — 3 dabded| F(w)- (3.28)

Here, F(w) is identified as the response function, that encodes the propagator of the dis-
sipative DOF's (namely it encodes aspects of strong gravity), and it arises in the graviton
absorption cross section as follows [78]:

Tabs(w) = 167G w? Im[F(w)], (3.29)

which is also known from purely classical gravitational physics, such that the response
function is found to be given by

Im[F(w)] = i—gG5m6 |w] . (3.30)

Hence, the propagator in eq. (3.28) also enters the leading dissipative interaction poten-
tial of the binary composite, and then from eq. (3.27) the power loss due to the absorption
on the horizon is found. From power counting the response function, recalling that w ~ v/r,
and the operators in eq. (3.26), it is easily found that this leading dissipative interaction
potential enters only at the 6.5PN order. Having found the power loss, we can now infer a
generic relation between the power spectrum and the cross section of the absorption, where
the cross section can be explicitly computed given a model for the internal structure of the
single compact objects.

The generalization of [78] for absorption by rotating BHs was approached in [79]. For
rotating BHs, superradiance, that is a radiation enhancement due to interaction with a
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rotating object, yields the leading PN dissipative effect, which was reproduced in [79], and
is enhanced by v with respect to the non-rotating case, namely enters at the 5PN order.
Dissipative effects for arbitrary gravitating rotating objects were treated more generally in
[81] and [82], following the effective action developed in [77], while also adding dissipative
DOFs. In this approach, which followed [77], the tidal distortions and superradiance of
rotating objects are both governed by the same dissipative couplings, and furthermore the
matching procedure in the non-rotating case also holds with spin.

To treat dynamical tidal deformations of NSs, in particular resonances in non-rotating
extended objects, a similar approach to [78] was invoked in [83-85], which captures effects
such as tidal heating, tidal disruption, tidal locking, and resonances in bound binaries.
The worldline action is supplemented with gravitational multipoles as dissipative DOFs,
for which the dynamics is encoded in the propagator, i.e some response function. Yet, for
generic stars the tower of effective theories, presented in section 2.2, actually starts from
also having a fluid description of matter, that is, a theory for the matter should be added to
eq. (2.8), e.g. an ideal fluid action. For idealized Newtonian stars [84], and approximately
also for stars in GR [83], the scale of the object can then be explicitly integrated out.
This leads to a point mass action augmented by harmonic oscillator DOFs, corresponding
to oscillation modes of the star, which gives rise to resonances. Other dynamical tidal
deformations are described by terms in the worldline action such as (E",lb)2 = (u”DuEab)Q.

4 Composite particle EFT

In this section we discuss in detail the obtainment of the EFT of the composite particle,
as defined in eq. (2.12), namely via the top-down procedure, using standard perturbative
QFT methods, involving a diagrammatic expansion and Feynman calculus. This EFT
removes the scale of orbital separation between the components of the binary, r. It is
then matched onto the effective action constructed bottom-up, as presented in eq. (2.13),
with the point particle action now being that of the composite particle, in terms of mul-
tipole moments. More precisely, in this section we focus on the conservative sector, where
one is concerned with the computation of two-particle interactions, which make up the
mass/energy monopole of the composite particle. We also discuss how to work out these
two-body interactions into standard results and observables. The matching from the full
two-particle theory at the orbital scale onto the effective theory of the composite particle
with multipole moments, involving the radiative sector, is discussed in the beginning of
section 5.1.

We open in section 4.1 by describing all the choices, and gauges, that are made in
order to facilitate the computations. Then, in section 4.2 we detail and review the Feynman
rules, which are extracted from the two-particle theory in eq. (2.11), the Feynman diagrams
corresponding to various interaction sectors, and the main issues in the Feynman calculus
required for their evaluation. We review the buildup of these computations tackled in the
works [39, 48, 51-55, 128, 129] for the two-particle point mass sector, which involves only
the non-minimal coupling from section 3.1, as of the 1PN order to the recently attained
state of the art at the 4PN order. We note here related works, which discussed further

— 95—



aspects of tackling the computations [130, 131], or their interpretation [132]. Moreover,
we note the progress made in the computations in the two-particle sector with spins from
section 3.2, which involve both minimal and non-minimal couplings, in the works [61-76],
where the state of the art in PN theory was actually pushed.

Finally, in section 4.3 we discuss how to process the outcome of integrating out the
orbital modes for the EFT of the composite particle in the conservative sector. In order
to bring the effective action into a standard form, higher order time derivatives should be
handled. EOMs should be derived for the positions and spins of the constituents of the
binary. Moreover, the Hamiltonian, which is the crucial input for the EOB framework,
as well as other conserved integrals of motion, should be derived. The developments in
the EFT formulation, computations, and their outcome, as well as further gauge invariant
relations, e.g. among the binding energy of the binary and its total angular momentum,
have been all put into a public code, dubbed “EFTofPNG”, in [112]. We elaborate on this
public PN code later in section 5.2.

It should be stressed in particular for the sector including spins, that the resulting
effective action should contain no remaining potential field DOFs [64, 68, 70, 75]. The
observation, that this key aspect of an EFT should be upheld, was crucial in order to push
the state of the art in this sector formally and computationally, and pertains to having a
clear identification and separation between field and particle DOF's. Hence, to prepare for
this second stage EFT, where we get the two-particle interactions by explicitly integrating
over the orbital field modes, we need to disentangle the field DOFs from the particle DOFs,
and to fix all relevant rotational gauges.

First, we have for the worldline tetrad the following factorization:

éh = Ayer, (4.1)

so that the worldline tetrad is decomposed into rotational particle DOFs and field DOFs,
namely the Lorentz matrices in the locally flat frames, defined by nABA%A% = 7™, and
the tetrad field, which covers the manifold, defined by nabéZél; = Guv, respectively. For
the latter an additional internal Lorentz invariance should be noted. Then, we rewrite the
minimal coupling rotational term in terms of the new DOFs as follows [68]:

S5 = 8+ Sl (42)
~ RaAdAy . . ~ ~
where Qﬁ% = AaAd—UA is the locally flat angular velocity, and wzb = ef’,D“ea” are the
Ricci rotation coefficients, so that the eventual particle rotational variables are the Lorentz
matrices, f\fﬁl, and the spin, gab, in the locally flat frame.
Our generic gauge from egs. (3.12), (3.13), for the rotational variables then reads [75]:

~

I (4.3)

Gab (pb n \/1?[\%) —0. (4.4)

a
o

and the temporal spin components, S0 contain further field dependence. It is, in fact, not

Therefore, the separation of field and particle DOF's is not yet complete, since w® = e¢w",
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surprising from the EFT viewpoint, that specifying the point particle action necessitates
to fix the gauge of rotational variables at the level of the one-particle action. This is since
it is only once this choice is made, that the view of the extended object as a point particle
is actualized. Hence, only once the gauge of the rotational variables is fixed, the field could
be completely disentangled from the particle DOFs, and all orbital field modes can be
explicitly integrated out, as required at this stage [64, 70, 75].

4.1 KK metric and gauge fixing

First, let us recall from eq. (2.10), that for the orbital field modes we have kg ~ v/r,
whereas |k| ~ 1/r, so that for the propagator in momentum space, given by

d*k o1 d*k ’ 2o 1
/ - e—zkaci2 _ / 4e—zk0t+zk-x — (4'5)
(2m) k (2m) k3 — k2

the denominator can be expanded in the PN approximation as follows [41]:

1 1 k2 1
— = = — = 1+_,0+"'>:—_, 1+OU2 ’ 4.6
K2—-K2 k2 < k2 g oW o

and we get the following for the propagator of the orbital component of the field:

[ [ AR [T )
27 (27)° k2 (2m)” k2

so that the propagator is instantaneous, and the relativistic time corrections to the prop-

agator are considered as quadratic perturbations [41].

Thus, in the context of the NR regime of Gravity it is useful to switch to a unique
space+time parametrization of the metric, since in the NR limit the time dimension can be
regarded as compact in comparison to the spatial dimensions [48, 50]. Therefore it makes
sense to reduce over the time coordinate in the metric in a Kaluza-Klein (KK) fashion, so
that the metric is rewritten as follows:

ds? = g datdz” = *? (dt — Aidﬂfi)z — e *0;ydatda’, (4.8)

which defines the KK fields: ¢, A;, and 7;; = d;; + 0y, identified as the Newtonian scalar,
the gravito-magnetic vector, and the tensor fields, respectively, where fyij'yjk = 5,@, and
Al = A1 A0,

Let us then proceed to fix the gauge of the various DOFs. For the purely gravitational
action, Sy, the (fully) harmonic gauge is chosen, so that the action reads:

Sg = Sgg + Sgr

1 4 1 4
_ - DTV, 4,
orc | TeVIR+ G [ Vo9 (4.9)

where I'" = T'f,¢”. Working in the background field method, on which we elaborate in
section 5.1, covariant derivatives are taken with respect to the background field [39, 117].

19We note that an exponential parametrization of the metric coefficients was also introduced in [133].

—97 —



Yet, in the conservative sector, that we are now considering, no background radiation
modes are present, and so the covariant derivative is just the standard one, i.e. taken
with respect to the asymptotic flat spacetime. Using Cartan’s method of two-forms, the
full gravitational action can be computed in terms of the KK parametrization [49], and
the propagators and self-interaction vertices, which we present in section 4.2, are readily
obtained from the action in this parametrization.

We still have to fix the internal Lorentz gauge of the tetrad field, which couples to the
worldline multipoles. Again, in the NR regime, where the time direction is singled out, it
is convenient to choose Schwinger’s time gauge [134], which reads as follows:

&d(x) =0, (4.10)

so that in terms of the KK fields from eq. (4.8), the tetrad field reads as follows [75]:

N (4.11)
€ u= 0 e_¢\/’7ij s .

where  /7;; is the symmetric square root of ;.

For the worldline parameter we choose the time coordinate, ¢ = yY, such that o = t,
u? =1, and u* = % = v'. Hence in terms of the KK metric in eq. (4.8) the mass coupling
in eq. (3.1) is rewritten as follows:

dxt dxv : .
—m/dt QW%% = —m/dt {e‘b\/(l — Ajvi)? R TR (4.12)

which is then expanded in the velocity, v, and the KK fields.

Finally, for the rotational variables we recall that one starts by assuming the covariant

gauge, namely Ag, = \73 for the Lorentz matrix, yet it is found to be beneficial to switch
P

to the “canonical gauge” [75]. The latter is the general relativistic generalization to what
is known as the ”Pryce-Newton-Wigner” SSC in special relativity [135, 136], and it reads:

Ag =58, (4.13)
— Gab (p,, n \/p250b> —0. (4.14)
This gauge enables to completely integrate out the orbital field modes as required at this
stage, and leads to physical spin variables, 5”7, which eventually satisfy canonical Poisson
brackets, as we further discuss in section 4.3.
4.2 Feynman graphs and calculus

After we applied a beneficial parametrization for the metric and fixed all gauges in the
previous section, we can proceed to extract the Feynman rules from the gauge-fixed two-
particle effective action. These rules constitute the building blocks of the Feynman graphs,
which make up the perturbative expansion of the exponent in the functional integral in
eq. (2.12). The Feynman rules can also be generated automatically in a comprehensive
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manner using the “EFTofPNG” public code, on which we elaborate in section 5.2. All
Feynman rules are given in position space in what follows.

Following from eq. (4.7) we start by extracting the propagators from the quadratic time
independent part of the gravitational action in terms of the KK metric. The propagators
of the KK fields then read:

—

6ik-(fl—fz)

(6(01) 6(an)) =——— = 4nGx ot —ta) [ (4.15)
ik (F1—72)

(Ai(z1) Aj(z2)) = = —167G x §(t1 — t2)/’;]¥2 dij, (4.16)
ik (#1—2)

(0ij(1)opi(22)) = ——— = 320G x 6(t1 - 752)/’2];2 Pijiga, (4.17)

where we abbreviate [ AT Ji» and Py = 3 (0inj1 + 6udjk — 26:011). Hence, the KK

27)3
decomposition allows to use simplified propagators, which reduce the overload of tensor

indices. For the relativistic time correction vertices on the propagators from eq. (4.6) we
then have the following:

1

T T &G / d'z (99)° (4.18)
1

o =- g [ A (B4, (4.19)
1

< = 1287T_C:/d‘l:]'j [2(8150-”)2 _ (8t0-ii)2j|, (420)

where the crosses represent these quadratic self-gravitational vertices, containing two time
derivatives.

Yet, in GR there are also non-linear self-interaction vertices, which give rise to loop
integrals, where n-graviton vertices correspond to (n—2)-loops. For example, the following
cubic vertices can be easily read from the static part of the gravitational action in eq. (4.9)
in terms of the KK parametrization:

s 1
ﬁ\\ = ]_67'['G/d4x [2aij8i¢8j¢—aii8j¢8j¢}, (421)
I S A (DA — DA, 42

T =5z / d'e 604, (9:4; - 0,45) + (i4)] . (4.22)

Next, we proceed to consider the worldline graviton couplings, which arise from the
point particle action. From eq. (4.12) we get the following one-graviton couplings for the
mass couplings of the objects:

= —m/dt b [1 + gqﬂ - O(U‘*)} : (4.23)
¢ = m/dt At 1 —l—O(UQ)} , (4.24)
— = % /dt Uijvivj [1 + 0(212)] ) (4.25)
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where a bold vertical line represents a worldline, a mass coupling is represented by a black
circle, and there is an infinite expansion in v2. We can already see from these couplings one
of the benefits of the KK decomposition, for example, in organizing the PN hierarchy of the
coupling to the mass of the graviton field components. From further expanding eq. (4.12)
in the fields the n-graviton mass couplings are obtained, e.g., the following leading two-

K = —;m/dt ¢* [1+0(?)]. (4.26)

For the spin couplings from egs. (3.15), (4.2), which originate from the minimal cou-

graviton mass coupling;:

pling, it should be stressed first, that just as the mass sector contains kinetic terms with no
field couplings, see eq. (4.12), then there are also kinematic contributions involving spin,
given by

Lppisqam) = =S - 2+ 55 -7 x d <1 + 07+ 0(#)) , (4.27)
where ' = ¢, and all indices are Euclidean. We also recall that at this stage there are
only physical spin and angular velocity components, namely S; = %eiijjk, O, = %eijkﬁjk,
where ¢, is the 3-dimensional Levi-Civita symbol, and €;; = —A;; Ay, where the Lorentz
matrices are now the SO(3) rotation matrices. Then, there are the following one-graviton
spin couplings, e.g.:

1 . )
- = /dt eiijk (28iAj + %’Uzvl (8lAj — 8jAl) + UzatAj + .- ) , (4.28)
= /dt 26,69k (V' Oj0+ -+ ), (4.29)

where the gray oval represents a spin coupling, and the ellipsis stands for higher PN order
terms.

Proceeding to the non-minimal coupling, we get from eq. (3.23) the following one-
graviton spin-squared coupling, e.g.:

_ Cps? iging oo .
% /dt[QmSS&@(b—i— ] (4.30)

where the black square box represents the spin-squared quadrupole. From eq. (3.24) we
get, for example, the following couplings to the spin-induced octupole:

éﬂ = / dt [—%:;Sisjeklmsmaiajam+---], (4.31)
Cgs3 cigj m l
= | dt WS S7 erimS 64%8]4}51] +-, (4.32)

where the gray rectangular boxes represent the octupole. Finally, from eq. (3.25) the
coupling to the quartic spin hexadecapole reads:

% :/dt [—CES“Sisjs’fslaiajakalwr---], (4.33)

24m3

— 30 —



(a) (®) (©

Figure 4. Graph topologies that are excluded from the diagrammatic expansion of the two-particle
interaction for the composite particle EFT [39, 41]: (a) Graph with more than a single connectivity
component (where worldlines are stripped off); (b) Graph that contains a graviton loop; (¢) Graph
that renormalizes the UV divergence related with the Wilson coefficients of the one-particle EFT,
e.g. the mass. We note that the bold vertical lines represent the worldlines, where time flows up,
rather than from left to right as is customary in particle physics.

where the black crossed box represents the hexadecapole.

We are now in a position to consider the construction of the Feynman graphs, which
contribute to the various two-particle interactions [39, 41]. All such graphs would contain
the two worldlines of the components of the binary, and gravitons, which propagate and
mediate the interaction between them. In addition, the worldlines are to be interchanged,
as the interaction is symmetric under the exchange of the two particles. Next, we note
that there are some graph topologies, which would be excluded from the diagrammatic
expansion, as in the examples displayed in figure 4: 1. Graphs that contain more than
a single connectivity component (where worldlines are stripped off the graph), since by
definition the effective action is the exponent in eq. (2.12); 2. Graphs that contain graviton
loops (i.e. again, worldlines stripped off), as we are concerned here with classical Gravity,
hence only tree graphs are relevant. 3. Graphs that UV renormalize the Wilson coeflicients
of the one-particle EFT, i.e. the mass, spin, or the coefficients of the higher induced mul-
tipoles''. We note that in figure 4 and henceforth we draw graphs with the time flowing
up in accordance with the way spacetime is drawn in Relativity (unlike in figure 3, or in
many works in the field, where time flows from left to right, according to the convention
in particle physics).

Next, let us consider the bare graph topologies at each order of the gravitational
constant, G. To this end we consider the generic power counting of the fields as inferred
from the Feynman rules for the propagators, where at first each n-graviton self-interaction
vertex scales as G2 1, and each n-graviton worldline coupling scales as Gz [51]. Therefore
at the order of G' there is only a single possible topology of a one-graviton exchange, as
can be seen in figure 5. At the order of G? there are two possible topologies, where there
is already one topology with a cubic self-interaction, namely a one-loop graph, as can be
seen in figure 6. Generally, at the order of G", which corresponds to the (n—1)PN order,
we first encounter (n—1)-loop topologies.

We then proceed to dress these bare topologies with actual vertices from the Feynman
rules, that are PN-weighed according to their power in v. The evaluation of the resulting

HThese would be power-divergent diagrams, which are set to zero in dimensional regularization.
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Figure 5. The single topology at O(G'): One-graviton exchange with no gravitational self-
interaction [51].

(@ (b)

Figure 6. The topologies at O(G?): (a) Two-graviton exchange; (b) Single cubic self-interaction.
This is a one-loop topology. When using the KK metric only topology (a) enters at the 1PN order
[48], see figure 7. Both topologies enter at the 2PN order of the point mass sector [51].

(a0)

(a) (b) (©

(d)

Figure 7. The Newtonian (OPN) and first post-Newtonian (1PN) order interactions [39, 48]: (a0)
The Newtonian interaction is mediated by the scalar field, ¢, of the KK metric; (a)-(c) At the
1PN order we start to take into account higher order mass couplings, as in (a) and (c), and the
relativistic correction to the instantaneous propagator in (b); (d) At the non-linear level we expect
in general to also have a one-loop graph [39], but with the KK metric it is deferred to the next PN
order, and there is only a single diagram of two-graviton exchange [48, 51].

Feynman diagrams involves the usual Wick contractions, symmetry factors, and Feynman
integrals, familiar from QFT. For example, the Newtonian interaction, which appears in
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figure 7(a0), is evaluated as follows:

| |
Figure 7(a0) = —my /dt1 P(y1) x (—mg2) /dt2 P(y2)

R (1 (1)~ G2 (t2))
= 471G X mlmg/dtldtg (5(t1 — tg)/ =
i k2
= [ at m (4.34)

where r = |F| = |§1 — 72|, and the action of the familiar Newtonian interaction is obtained.
After Wick contracting the scalar fields using the propagator in eq. (4.15), we integrate
over time with the delta function, and for the Fourier integral the following scalar master

_ A% R 1 ¢ -a) ﬁ )
I‘/@ﬂ%@w_@mﬂ t (1) (439

where dimensional regularization is always used throughout, and eventually the limit d — 3

integral is needed:

[N]ISH

is taken. This master integral can be easily derived using Schwinger parameters [137]. In
general, the master integral in eq. (4.35) is required for all computations, where the related
tensorial integrals are simply obtained by differentiating the scalar integral with respect to
T

The diagrams that make up the 1PN order interaction are shown in figure 7(a)-(d),
where the KK metric is used [48]. These contain higher order mass couplings and the
leading relativistic correction to the Newtonian instantaneous propagators. In general, a
one-loop graph enters at the 1PN order [39, 128]. Yet, if the KK metric is used, a one-
loop graph implies that all mass couplings must be of the scalar field, ¢, since only these
couplings scale as ~ v", and the cubic self-interaction should be a static one, with only ¢
fields. Yet, in the KK metric the cubic vertex with ¢ fields is of the form ¢(9;4)?, i.e. it is

time dependent, and since each time derivative scales as v!

, one-loop graphs are postponed
to the 2PN order [48, 51]. In general, the nPN order in the point mass sector requires
a computation at the n-loop level, but using the KK metric only the 2|n/2]-loop level is
required. For the sector with spins the n-loop computation is shifted to the (n+1.5)PN
order or higher for rapidly rotating objects.

A crucial component in the evaluation of diagrams is the treatment of the time deriva-
tives, which appear already at the 1PN order, see figure 7(b). To this end the following

generic identity is central:

/ b1t 5 (1 — t2) F (1) g(ts) = — / At a0, 6(t1 — t2) f(t1)g(ts), (4.36)

where repeated integration by parts (IBP) is used to drop the time derivatives on the world-
line couplings. Each integral in position space coming from the bulk vertices transforms as
usual into a delta function conserving momentum in the vertex, and for a one-loop integral
the following scalar master integral is used:

[ dik 1
7= | oo
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Figure 8. The LO PN interactions up to quadratic order in the spins: (al)-(a2) The LO spin-orbit
interaction. This is the leading PN correction with spins, which contributes at the 1.5PN order
for rapidly rotating compact objects [61, 68, 75]; (b) The LO spinl-spin2 interaction between the
spins of the two objects [61, 64]; (c) The LO spin-squared interaction, containing the spin-induced
quadrupole of the object. This is the leading PN interaction from finite size effects, which contains a
nontrivial Wilson coefficient, that should be matched [65, 73]. The interactions, which are quadratic
in the spins, contribute at the 2PN order for rapidly rotating compact objects.

L_Dlat B = dj2)N(d/2— o)l (d/2 = ) ( ayafo-as (4.37)

(4m)d/2 T()T(B) I'(d—a-p)

This formula can easily be derived using Feynman and Schwinger parameters [137], and
the related tensor integrals are similarly derived.

Let us press on and consider interactions involving the spins of the objects in the binary.
These interactions enter as of the 1.5PN order for rapidly rotating objects, i.e. it is the next
PN correction, after the 1PN order from the point mass sector of figure 7, with the spin-
orbit interaction being the leading one in the sector with spins. The LO PN interactions up
to quadratic order in the spins can be seen in figure 8 [61, 64, 65, 68, 73, 75]. It is important
to note that already at the LO spin-orbit interaction, shown in graphs (al)-(a2) of figure 8,
the gauge of the rotational variables needs to be addressed, unlike the subleading LO spinl-
spin2 and spin-squared interactions, shown in graphs (b) and (c) of figure 8, respectively,
which contribute at the 2PN order for rapidly rotating compact objects. Also noteworthy
is that as of the LO spin-orbit interaction (and as of the 2PN order correction in the point
mass sector), one encounters accelerations, and higher order time derivatives, which should
be properly removed via variable redefinitions, as we elaborate in section 4.3.

The leading nontrivial finite size effect is thus spin-induced, namely the LO spin-
squared interaction with the spin-induced quadrupole in figure 8(c), and it is preceded by
a Wilson coefficient, which encapsulates the internal physics of the compact object, and
should be matched. Further spin-induced finite size effects at LO are shown in figures 9
and 10, corresponding to interactions at cubic and quartic order in the spins, respectively,
including also the spin-induced octupoles and hexadecapoles [73, 75], and further Wilson
coefficients to be matched. The interactions at cubic and quartic order in the spins con-
tribute at the 3.5PN and 4PN orders, respectively, for rapidly rotating compact objects.
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Figure 9. The LO interaction at cubic order in the spins, which contributes at the 3.5PN order
for rapidly rotating compact objects [73, 75]. This interaction is in analogy with the LO spin-
orbit interaction in figure 8(al)-(a2) according to the parity of the spin-induced multipoles: (a)-(b)
The spin-induced quadrupole interacting with the spin dipole; (¢)-(d) The spin-induced octupole
interacting with the mass monopole.

@ ) ©

Figure 10. The LO interaction at quartic order in the spins, which contributes at the 4PN order
for rapidly rotating compact objects [73, 75]: (a) and (¢) Two spin-induced quadrupoles interacting
and a spin-induced hexadecapole interacting with a mass monopole, respectively, both in analogy
with the LO spin-squared interaction in figure 8(c); (b) Spin-induced octupole interacting with a
spin dipole in analogy with the LO spinl-spin2 interaction in figure 8(b).

It is easy to see the analogy of these interactions with those in figure 8, which are lower in
the order of the spins, corresponding to the parity of the spin-induced multipoles.

Let us proceed to the order of G2 to gain more insight on the topologies and compu-
tations that arise at higher PN orders. The topologies at the order of G® are shown in
figure 11 [42, 51]. We encounter new topologies up to the one-loop level, which can be
clearly factorized into topologies that appeared in lower orders, as in graphs 11(al)-(b2),
whereas graphs 11(c1)-(d2) display two-loop topologies. Nevertheless, it can be easily seen
that graphs (c1) and (d1) can be factorized into two one-loops, and that in graphs (¢2) and
(d2) there is a one-loop nested within a one-loop. The topology, which appears in graph
11(c3) thus remains the only topology at this order that represents a new computational
feature. Hence there is only one kind of two-loop integral, corresponding to graph (c3),
which cannot be readily broken down to a one-loop computation [51, 69, 130]. In such
topologies we encounter two-loop integrals, which contain products of five propagators,
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Figure 11. The topologies at O(G?) [51, 52]: (a) Up to three-graviton exchanges; (b) One cubic
self-interaction with a two-graviton exchange; (¢) Two cubic self-interactions; (d) One quartic self-
interaction. The graphs in (¢) and (d) are the two-loop topologies. The analogy in the evaluation of
graphs (cl) and (c2), with graphs (d1) and (d2), respectively, can be easily seen from the topologies.
It can also be easily seen that graph (cl) is factorizable, i.e. it factorizes into two one-loops, and
that graph (¢2) is nested, i.e. it consists of a one-loop nested within a one-loop. On the other hand,
graph (¢3) is not trivially reducible to one-loops. When using the KK metric only the five topologies
in graphs (a) and (c) enter at the 2PN order of the point mass sector [51]. All of the topologies
enter at the 3PN order [53].

that cannot be trivially disentangled.

Yet, these two-loop integrals can be reduced to a sum of factorizable and nested two-
loop integrals [51, 69, 114], using the IBP method [137], which yields the following useful
reduction relation:

1
F(a17a27a37a47a5):[ = a2 7503, = = o104 > > a
Ff ) [k — k)2 R3] [k — R2)?) [(By — k2)?)
_ ay [F(a1+7a3_) - F(a1+7a’5_) + [1 < 273 < 4] (4 38)
ay + az + 2a5 — d ’ ‘

where we use abbreviated notation, e.g. F'(a1+,a3—) = F(a; + 1,a2,a3 — 1, a4, a5), and
1 < 2 is an exchange of the exponents labels. This reduction relation yields intermediate
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Figure 12. The three-loop topologies at O(G*) (out of the total 32 topologies at this order): (a)
Three cubic vertices; (b) One cubic vertex and one quartic vertex; (c¢) One quintic vertex. As in
figure 11, it can be readily identified which topologies are factorizable and/or nested two-loops.
The few graphs, which are not trivially reduced to one-loops, are reduced in a similar manner to
graph (c3) of figure 11, i.e. by using the IBP relation in eq. (4.38) [114]. Regardless, when using
the KK metric, none of these three-loop topologies enter at the 3PN order of the point mass sector
[53], but they all enter at the 4PN order of the point mass sector [114].

expressions with explicit poles in d = 3, but these cancel out in the dimensional regular-
ization. When using the KK metric only the five topologies in graphs (a) and (c) of figure
11 enter at the 2PN order of the point mass sector [51]. All of the topologies at O(G?)
enter at the 3PN order [53].

As it turns out there are no new computational features that appear at O(G*), and
hence at the 3PN order. The most complex graphs at O(G*) are the three-loop topologies,
which are all shown in figure 12. As in O(G?) in figure 11, the topologies that are fac-
torizable and/or nested two-loops are readily recognized. The few, which are not trivially
reduced to one-loops, are reduced similarly to graph (c3) of figure 11, i.e. by using the IBP
relation in eq. (4.38) [114]. Regardless, when using the KK metric, none of these three-loop
topologies enter at the 3PN order of the point mass sector [53], and they all enter only at
the 4PN order of the point mass sector [114]. Let us underline that notably thus far all of
the topologies up to O(G*), i.e. up to the three-loop level, boil down to one-loop integrals.

Yet, at the 4PN order, which involves four-loop topologies at O(G®), four-loop master
integrals are required [55, 114]. The four-loop topologies at O(G®), which enter at the 4PN
order using the KK metric, are shown in figure 13. Since the computational complexity
at this order goes considerably beyond the one-loop level, it is useful to bring up at this
point an analogy between the graphs in our gravitational two-particle EFT and two-point
functions of massless gauge theory in QFT [55, 131]. Since our classical sources on the
worldlines do not propagate, any graph at O(G") in our EFT can be mapped onto a
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Figure 13. The four-loop topologies at O(G®), which enter at the 4PN order using the KK metric:
(a) Four cubic vertices; (b) Two cubic vertices and one quartic vertex. As in figures 11 and 12, the
topologies, which are factorizable and/or nested, are easily identified. It is also visibly recognizable,
that graphs (a9)-(al6) and (b7)-(b9) have a more complex structure to compute, whereas the few
other graphs, which are not trivially reducible, are reduced to one-loops using IBP [55]. The
complex graphs require the knowledge of certain four-loop master integrals in the limit d — 3. Out
of these, graphs (al6) and (b9) in particular, which are also represented as the two-point graphs in
figure 14, require a specific four-loop master integral, which was evaluated in analytic form in the
GR context in [55] and [129] independently.

(n—1)-loop two-point function with massless internal lines, or pictorially

= @_ : (4.39)

with external momentum p, p? # 0, which is the momentum transfer of the source, i.e. just
the Fourier transform momenta in the EFT. This analogy enables to evaluate the graphs in
figure 13, using standard QFT multiloop techniques based on IBPs, and known four-loop
master integrals.
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Figure 14. The four-loop two-point topologies at the 4PN order using the KK metric, which
correspond to the topologies in figure 13, that contain the four-loop master integral represented by
graph (a), and evaluated in the GR context in analytic form in [55] and [129] independently: (a)
Topology with a quartic vertex, corresponding to graph (b9) in figure 13; (b) Topology with only
cubic vertices, corresponding to graph (al6) in figure 13.

As in figures 11 and 12, the topologies in figure 13, which are factorizable and/or
nested, are easily identified. It is also readily recognized, that graphs (a9)-(al6) and (b7)-
(b9) in figure 13 have a more complex structure, whereas the few other graphs, which are
not trivially reducible, are reduced to one-loops using IBP [55]. As for the complex graphs
(a9)-(al6) and (b7)-(b9) in figure 13, these are reduced, using IBP technology, to linear
combinations of seven specific four-loop master integrals [55]. Of these four-loop master
integrals, one, which actually contributes in the d — 3 limit, and is represented by the
two-point graph (a) in figure 14, was reproduced in analytic form as an expansion in d — 3,
and evaluated in the GR context independently in [55] and [129]. Specifically, graphs (al6)
and (b9) in figure 13, which are also represented as the two-point graphs in figure 14,
require this particular four-loop master integral.

To conclude, the current state of the art in the conservative sector of the EFT of the
composite particle is at the 4PN order. It has been recently tackled and completed in the
point mass sector in multiple works via various methods [30], including the ADM canoni-
cal formalism [138-141], the Fokker action [142, 143], and the EFT approach [54, 55, 129],
where the EFT works have presented partial results up to O(G?), and at O(G®). Ambi-
guities, which appeared between the results obtained via the ADM Hamiltonian approach,
and intermediate results of the Fokker action approach, related to IR divergences, were
further discussed in [132, 144]. In addition to the graph topologies shown in this section
in figures 5, 6, and 11-13, a contribution, that is non-local in time, which also enters at
the conservative 4PN order, and originates from the leading non-linear radiation-reaction
effect, is shown in graph (c) of figure 20. This effect involves interaction with radiation,
and hence its discussion is deferred to section 5.1.

On par with the accuracy attained in the non-spinning case, the 4PN order has also
been completed in the conservative sector with spins, particularly with the completion of
the full LO interaction, which is quartic in the spins, in [73], and of the NNLO spin-squared
interaction in [71]. These interactions were exclusively derived via the EFT approach, and
are based on [75], where the formal developments, which led up to this current state of
the art with spins, were described in section 3.2. Rather than the strictly computational
challenge in the point mass sector, with spins the main hurdle lies at the formal obtainment
of an effective theory for a spinning particle, as discussed in section 3.2, on which the
computations with the two-particle theory rely. At the 4PN order the bump in the point
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mass sector is in the high loop level required in the computations within the two-particle
theory, essentially, in the leap from the one-loop level, practically sufficient for lower PN
orders, to the four-loop level. Notably, contrary to the point mass sector, where the minimal
coupling of the one-particle theory is sufficient for such high PN order, with spins finite
size effects from spin-induced higher multipoles, originating from non-minimal coupling,

have to also be taken into account.

4.3 Standard action, EOMs, and potentials

After the progression presented in section 3 and the current section is carried out, in
particular with the spins of the objects, we obtain interaction potentials, which contain
only physical DOFs, and higher order time derivatives of the variables, similar to the
outcome in the non-spinning sector. From this point on the action is handled in the
standard manner in the PN context. Higher order time derivatives can be eliminated via
redefinitions of the position and spin variables already at the level of the action [75]. The
EOMs of the position and spin variables are then directly obtained via a proper variation
of the action [70, 75]. Furthermore, Hamiltonian potentials are derived in a straightforward
manner with a standard Legendre transform of the position variables [75]. Alternatively, if
higher order time derivatives are not treated at the level of the action, one can also derive
the EOMs first via a proper variation of a generalized action. In this case the higher order
time derivatives can be equivalently removed at the level of the EOMs, so that the EOMs
are eventually well-defined [75].

Indeed, in the PN perturbative scheme the resulting action contains higher order time
derivatives, such as d; = 75’1. A common procedure to reduce the action to a standard
one is to eliminate the higher order time derivatives via their substitution, using EOMs of
lower PN orders, at the level of the action. Such a substitution entails a redefinition of
variables [145-148], which can easily be seen, considering that a small variable shift results
in a variation of the action, which exactly yields the EOM of the variable. In fact, the
same idea applies in any perturbative context, and we note the analogy to the concept of
redundant operators in EFTs [70], which vanish on-shell, as was also noted in section 3.1.
Let us review the procedure to eliminate higher order time derivatives of position variables,
and its extension for a spin variable, which was provided in [70].

A shift of the position, Az, adds to the Lagrangian the EOM multiplied by Ax, where
higher orders in the shift are neglected. Thus, it is clear that we can set the shift to cancel
terms with acceleration in the Lagrangian. This is precisely what we would get from
substituting the EOM directly, with the notable subtlety, that there are also contributions,
which are non-linear in the shift, AL(O(Az)?). These contributions will enter at higher
perturbative orders, and thus one should keep track of them. For further higher order
time derivatives the procedure should be iterated until all higher order time derivatives are
eliminated. As for the rotational variables, the Lorentz rotation matrix, A%, is transformed
with a generator of rotations, w%, and the redefinitions of the spin variables are specified
so as to rotate similarly to the rotation matrices. Then similar to the position variables,
we can fix the rotation generator to cancel terms with a time derivative of the spin, S
so that the shift in the Lagrangian is just what we would get from substituting in the spin
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EOMSs, up to higher order contributions in the rotation generator. Again, one should keep
a record of these non-linear contributions, which will affect higher PN orders.

For the EOMs of the spin variables, we should consider the spin dependent part of the
full action, recalling the rotational kinetic term [68], so that the action has the following
form:

2

2
Seff(comp) = /dt [Z %7}2 - %[Sa]ij [Qalij =V (fa»faafm -y [Salig, [Salig - - )]

a=1 a=1
(4.40)
Such a form for the action is associated with a canonical so(3) algebra for the physical spin
variable. Varying this action independently with respect to the spin, and to its conjugate,
the angular velocity, the following EOMs for the 3-dimensional physical spin variable are
obtained:

c o0 [dtV | oV d oV

Si7 — —455[151”;% = —4GHigll [asgl ~ do%H +.. } . (4.41)
Therefore, similar to the EOMSs for the position, the EOMs for the spin should be obtained
from a variation of the action, in terms of which the EFT is naturally formulated [70, 75].

After time derivatives of the spin (and velocity) have been removed, the EOMs of the

spin take on the following simple form:
1 OVs
Sk

where Vs denotes the potential reduced to standard form, and this is a restricted case of

S = —agkliyl

(4.42)

eq. (4.41). If we impose on the spin variables the equal-time Poisson brackets, namely
{55,551y = Sikolt — Sk + SJle™ — sike, (4.43)
then we can rewrite the EOMs in eq. (4.42) in the following form:
S = {8, Vi) (4.44)

Therefore, after the elimination of time derivatives of the spin, one arrives at canonical
spin variables.

Finally, the conservative action of the composite particle is invariant under global
Poincaré transformations. This invariance gives rise to conserved integrals of motion, see
e.g. in [72], including the Hamiltonian, which is crucially important as an input for the
EOB framework. Since the higher order time derivatives have been eliminated, we can
perform a standard Legendre transform with respect to the position variables to obtain
the Hamiltonian directly from the effective interaction potential. Related to that we note,
that physically equivalent Hamiltonians are obtained using canonical transformations [149],
similar to the addition of total time derivatives to obtain equivalent Lagrangians.

5 Effective theory of dynamical multipoles

In this section we are concerned with the final stage of our EFT scheme, dealing with
effects that take place at the radiation level, and completing the connection of the whole
EFT framework to GW emission observables.
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In section 5.1 we start by considering the EFT of the composite particle in the radiative
sector, i.e. where radiation modes are present, which was first treated in detail in [86]. As
the bottom-up approach was taken to set up the theory in eq. (2.13), we first discuss in
detail the matching of the multipole moments, i.e. the Wilson coefficients, of the EFT of
the composite particle at the radiation scale from the full two-particle theory at the orbital
scale. We then present hereditary tail effects, which were reproduced up to subleading
corrections in [86]. The various singularities, which arise in these tail effects, are noted, of
which a classical RG flow of the effective theory emerges for the mass quadrupole.

We take time to introduce further advanced QFT concepts and tools, required at this
stage, as the radiating system is dissipative, and time reversal no longer holds for the EFT
in the radiative sector. Thus we present the closed time path (CTP) formalism [150-152],
and then we can proceed, via the top-down approach, to integrate out the radiation modes
from the CTP effective action. We go on to present the analysis of the RG flow of the
total mass of the system, as it was recovered in [92], which is related with the leading
tail effect, and is also manifested in the leading non-linear radiation reaction. Thus, the
progress made within the EFT approach in the treatment of radiation reaction, which was
initiated in [99, 100], is then presented.

We end in section 5.2 with an overview of the “EF TofPNG” code, which constitutes
the first public comprehensive automatization of PN theory, and also covers the whole of
the EFT framework, as outlined in this review, from section 3 to the current section. The
code provides high precision computation for PN inspirals, so as to ultimately serve as an
accessible pipeline to GW observables for the diverse Gravity community, and in particular
the GW community.

5.1 Radiation, radiation reaction, and RG flows

The EFT of the composite particle in the presence of radiation modes was first discussed
in [39, 41], and formulated in [86], using the bottom-up approach. The latter work studied
tail effects, which constitute radiative PN corrections, up to the subleading ones, and the
related divergences that arise. This analysis led to the first demonstration of a classical RG
flow in the theory, of the mass quadrupole. Moreover, the matching of the theory at the
radiation scale, i.e. of the multipole moments, to the full two-particle theory at the orbital
scale was formulated and displayed up to NLO, and the effect of the tails on the emitted
power was also derived. Furthermore, in [87] a general multipole expansion at the level of
the action provided general expressions for the mass and current multipole moments, the
radiated power, and the gravitational waveform amplitude.

Let us proceed to outline the primary developments made in [86]. We begin by once
again building on the bottom-up approach presented in eq. (2.13). We assume that the
orbital separation has been integrated out, and can no longer be resolved, and we write
down an effective action, which contains the appropriate DOFs and satisfies the proper
symmetries at the radiation scale. This theory is actually similar to that we encountered
in the one-particle EFT in section 3, only that the remaining field modes at this stage are
the radiation modes, and we now assume higher order multipole moments, [ > 2, which are
sourcing the radiation. In fact, as our system is radiating, time reversal is lost, and later
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on we address this crucial point for the obtainment of the proper effective action. For now
we start by further specifying the theory from eq. (2.13).

We recall that the effective action of the single composite object coupled to the gravi-
tational radiation field, g, = 1 + EW, reads [86, 87]:

- 1 = -
Seff(comp) [QW, y,’f, 60/1;4] = _m d4$\/§R [g,ul/] =+ Spp(comp) [g,ul/(yc); yga 60/1;4](0.6)’ (51)

where S, (comp)

posite object with some ‘center of the object’ coordinate, yk (o.), and tetrad, e, (o.). The

is the effective worldline action at the radiation scale, describing the com-

worldline action of the composite particle is then of the following form [68, 86, 87]:

- 1 G
Spp(comp) [Py YE el ] (1) = — / dtr/ goo [M(t) + §€ijkLk(t) (QLJF + ""ujuu)

(1

-2 (l,fL(t)VL—2Ez‘z_1z‘l
=2

21

(I +1)

where also here the worldline is parametrized in terms of the time coordinate, t. M here

is the total mass of the composite object, and the spin connection, w,ij, couples here to the

JL(t)VL—2Bz‘llil):| . (5.2)

total angular momentum, LY = eijkLk, of the composite object. The SO(3) tensors I*
and J, with the superscript L as an abbreviated notation for iy - - - (I > 2), which are
symmetric and trace free (STF) with respect to the spatial Euclidean metric, are commonly
referred to as the mass and current multipoles, and are of even and odd parity, respectively.

These moments constitute the full set of higher multipole moments of the composite
object, similar to the induced higher multipoles in the non-minimal coupling in the effective
action for a spinning particle, which was constructed in sections 3.1 and 3.2. Yet, since these
DOFs, localized on the worldline, encode the internal physics of the composite particle,
which yields the dissipative radiation, in similarity to the dissipative DOFs in section
3.3, they are dynamical. In particular, the [ = 0,2, multipole moments of the composite
system, i.e. the total mass, M (t), and the mass quadrupole, I;;(t), are the first two “Wilson
coeflicients” of the theory, which exhibit classical RG flows, related with well-known tail
effects, as discussed below. Being the sources of gravitational radiation, the multipole

moments couple to the radiation modes, h,,, where E;, ;, B are as in egs. (3.3),

UU+1
(3.4), the electric and magnetic projections of the Riemann tensor onto its even and odd
parity components, respectively.

At this stage we are concerned with expectation values, hence we proceed to consider
an effective action for the composite particle, which is a functional of the radiation mode,
regarded as a mean field, serving as a fixed background, using the background field method
[39, 117, 152]. In this case the potential modes play the role of the fluctuating “quantum”
field, as the integration variable of the functional integral in the computation of the effective
action, and the radiation modes serve as the “classical” fixed background. The background
field method reflects the spirit of Wilson’s idea of integrating out the high momentum

DOFs, while taking proper care to preserve the gauge invariance of the remaining low
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momentum modes, when we compute the effective action for a slowly varying background
field. Therefore, the gauge-fixing in the background field method is modified in the radiative
sector with respect to the conservative sector. Thus, in eq. (4.9) covariant derivatives,
corresponding to the background radiation field, are used, which preserves the coordinate
invariance with respect to the radiation field. The gauge-fixing condition is covariant with
respect to the background field, so that when we functionally integrate over the fluctuating
field to compute the effective action, the result still has general covariance of the background
field.

Let us briefly illustrate what does the reserved term “effective action”, that we use
here, actually designates, to avoid ambiguity with the various effective actions, synonymous
with effective theories, which are implied throughout [117]. Let us recall, for example, that
for a QFT of a scalar field, ¢, in the presence of an external source, J, the generating
functional, Z[J], is defined as follows:

Z[J] = exp'Vl]

/ D exp [z / Az [L[6] + J(2)()] |, (5.3)

where Z[J] is the basic object of the functional formalism, and is the generating func-
tional of correlation functions, and W = —ilog Z is the generating functional of connected
correlation functions. Thus, the functional derivative of the exponent with respect to the
external source yields the one-point function of the field, as follows:

)
0J(x)

W[‘]] = <¢(1‘)> = QZ)mean(ﬂf); (54)

where we define the one-point function as a mean field. Now, we can proceed to get the
exact one-point function, (¢), in the full quantum theory as the minimum of some function,
as if our field is still only classical. We just define the Legendre transform of W[J] as follows:

[ Gumean] = W[J] — / 0y T () bmean (4), (5.5)

where T'[@mean] is known as the “effective action”, which satisfies

J

————T'[Pmean] = —J(2), 5.6
S oo (@) [¢mean] (z) (5.6)
and then if the external source is set to vanish, the effective action satisfies
Y Tpeun] =0 (5.7)
(qumean (ﬁ) mean . .

Then, the solutions to this equation are the values of the exact one-point function, (¢(z)),
in the full theory.

Now, in order to match for the EFT of the composite particle with multipole moments
of egs. (5.1), (5.2), the specific form of the multipole moments should be computed, given
the details of the short distance gravitational physics of the binary system, which makes
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up the internal structure of the composite particle [86]. This is a standard procedure in
dealing with EFTs, which is carried out explicitly in this case. In order to do the matching,
it is sufficient to consider the single graviton emission amplitudes in the full theory at the
orbital scale. These amplitudes arise in terms of the following term in the effective action:

1 ~
NI -5 / d*z T h,, (5.8)

where T"" is the flat energy-momentum pseudotensor of matter plus gravity, interacting
with the background radiation field. It satisfies the conservation law, 9,7 (z) = 0, due
to the Ward identities for graviton amplitudes.

The multipole expansion is then generated by taking the long wavelength limit, |l_5 | = 0,
or in position space by expanding the radiation field as follows:

NOESS %:E’L Dy, 0y (a0, 0), (5.9)
n=0

where the point Z = 0 is taken to be the center of the composite object. This expansion
is truncated at any finite PN order, as we have that -V ~ r/A ~ v. Substituting
this expansion into eq. (5.8), and decomposing the moments, [ d3xTHZn ... 7 into
irreducible representations of the rotation group, yields the classical multipole moments,
which appear in eq. (5.2). For example, at LO we have the total energy of the isolated binary
system, M = [ d3x T, which is the mass monopole term in eq. (5.2), and at the next
order in the expansion we find the total angular momentum, LY = — [ @3z (T%27 —T% 7).

At the next order in the velocity, v, we then find for the mass (or “electric”) quadrupole

IV = [ / Px (T + T)a'ad | (5.10)
TF
where TF denotes the traceless part of the tensor.

The energy-momentum pseudotensor, T#”, which is essentially the off-shell emission
amplitude, should thus be computed in terms of the orbital DOFs. It is computed as a
sum of Feynman graphs with internal potential gravitons and a single external (off-shell)
radiation graviton, so that the potential modes are integrated out as in eq. (2.12) and in
section 4.2. Figure 15 shows the graphs that contribute up to the 1PN order of the mass
quadrupole, I;;. To compute these diagrams one needs to have the Feynman rules of the
propagators of the potential modes as in section 4.2, but also of the worldline couplings
and self-interaction vertices, which contain modes of the two types, potential and radiation,
such as mHh on the worldline, or the cubic bulk vertex hH?2. The latter would be extracted
from the purely gravitational action with the harmonic gauge fixing, using the background
field method [39].

After this matching of the multipole moments is done, one can proceed to compute
the PN corrections to the radiation observables, such as the GW energy flux (or emitted
power), or GW amplitude. In [86] it was demonstrated how to do this matching of the
multipole moments at the 1PN order as shown in figure 15, and subsequently the 1PN order
correction for the emitted power was reproduced. In [87] a general multipole expansion of
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Figure 15. The Feynman diagrams that contribute up to the 1PN order of the mass quadrupole, I*/
[39, 86]. Unlike the conservative sector of the two-particle EFT, which contains graphs with internal
potential gravitons only, and yields interaction potentials, as in figures 7-10 (and in the topologies of
figures 5, 6, and 11-13), in the radiative sector we consider diagrams with external radiation modes.
The latter are represented here by wiggly lines, where hereafter, all orbital modes are represented
by solid lines. Contributing to the leading orders of the energy-momentum pseudotensor amplitude
are the following diagrams: (a) Contribution to the leading T#" and subleading 7% component; (b)
Contribution to the subleading 7% component; (c) Contribution to the subleading 7% and leading
T% components. Diagram (c), which contains cubic self-interaction, is omitted when using the KK
parametrization [88], similar to the 1PN order correction in the conservative sector, see figure 7.

(a) (b) (©

Figure 16. Radiation and hereditary effects in the EFT of the composite particle. Here the black
square boxes and spherical blobs represent the time dependent mass quadrupole, I;;, and total mass
monopole, M, moments of the binary, respectively: (a) The diagrams in figure 15 match onto this
diagram in the effective composite particle theory, which depicts the quadrupole radiation [39]. (b)
The leading tail effect, which enters at the relative 1.5PN order. The subleading corrections at the
relative 3PN order, shown in figure 17, were also reproduced in [39, 86]; (c) The leading memory
effect, which enters at the relative 2.5PN order, related with the LO radiation reaction, see figures
18(b2), 20(a) in the following [92, 99].

the action linear in the radiation field specified the mass and current multipole moments to
all orders in terms of the energy-momentum pseudotensor, and consequently the radiated
power, and the radiation amplitude. In [88, 89] the 1PN order correction to all mass
multipoles was explicitly derived. In addition, multipole moments at NLO, dependent on
the spins of the compact constituents, were tackled in [90, 91].

The linear coupling of radiation gravitons to the multipole moments, e.g. to the mass
quadrupole, as shown in figure 16(a), has non-linear corrections due to gravitational self-
interactions, as shown in figures 16, 17, commonly referred to as hereditary effects. Not only
are these relevant PN corrections, but they also involve logarithmic singularities, related
with classical RG flows of the multipole moments from the orbital to the radiation scales
[86]. We recall that the relevant expansion parameter of the EFT of a composite particle
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Figure 17. Radiation and subleading tail effects in the EFT of the composite particle. The NLO
corrections to the tail effect in figure 16(b), which enter at the relative 3PN order, and reproduced
in [39, 86]. All of the graphs are logarithmically UV divergent, related with the classical RG flow
of the mass quadrupole moment, I;;, from the orbital to the radiation scales [86].

is /A ~ v, which just amounts to a multipole expansion, where the radiation sourced by
the I-pole moment is suppressed by a relative factor of v!. Yet, tail effects at the radiation
scale, which arise from non-linear interaction with the gravitational potential binding the
composite particle, scale as GM /X ~ v3. Hence, the leading non-linear correction in figure
16(b), which shows the scattering of outgoing radiation gravitons from potential gravitons
sourced by the total mass of the system, enters at the relative 1.5PN order.

Long distance infrared (IR) logarithmic singularities already appear at the leading non-
linear order, but they are seen to explicitly cancel out from physical observables eventually
[86]. Yet the subleading non-linear corrections to the tail effect in figure 16(b), which enter
at the relative 3PN order, dubbed as the “tail of tail”, and are shown in figure 17, involve
also logarithmic short distance UV singularities [86]. The latter represent a real UV diver-
gence of the EFT of the composite particle, and involve renormalization of the theory. All
these UV divergences can be rendered finite by a renormalization of the multipole moments.
The renormalized moments exhibit scale dependence described by a renormalization group
(RG) equation. This RG equation generates the entire series in powers of v of leading UV
logarithms. This set of terms is generic, that is independent of the short distance physics
of the composite particle. It is a prediction of the RG equation that this series of terms
appears in long wavelength gravitational radiation from any compact binary system.

These subleading tail corrections and logarithms were reproduced and further under-
stood via the EFT approach in [86], and amount to a two-loop computation, where graphs
(a) and (b) of figure 17 in fact easily reduce to nested one-loops. A scale dependence for
a renormalized moment was then introduced, in order to compensate for the explicit scale
dependence of the logarithm, through the following RG equation for the mass quadrupole

moment: J 014
2
This equation then has the following solution:
_214 2
Lij(w, 1) = (1/1o) 105 (GMow) Iij(w, po), (5.12)

where the scale pg is taken as the characteristic UV scale of the composite object size, that
is po ~ 1/r, where in the PN regime it holds that p/pg ~ v. Thus we have a running of the

47 -



theory of the composite particle between the scales r and r/v, and a classical RG flow of
physical observables, where the RG analysis is universal, and applies to gravitational radi-
ation from any localized composite particle. The RG flow is shown here for the quadrupole
moment, but would apply similarly to further multipole moments. Yet, let us suspend the
analysis of the subleading RG flow of the total mass of the composite particle [92, 102], in
order to introduce an essential formal progression for this stage.

As we noted the radiating system is dissipative, as there is no incoming radiation at
the asymptotic past, and one should proceed to impose boundary conditions, which are
not symmetric in time, in order to obtain real time observables such as the gravitational
waveform, or radiation reaction effects. Using the effective action of the composite particle
presented in egs. (5.1), (5.2), and the consequent standard Feynman propagators, which
account for a pure in-(out-)going wave at past (future) infinity, would lead to a non-
causal evolution. The related in-out generating functional, Z, as in eq. (5.3), which is
useful for the calculation of scattering amplitudes, yields matrix elements, rather than the
real time expectation values, and the in-out effective action, I', as in eq. (5.5), generates
EOMs for the worldline DOF's, which are in general neither real nor causal, as they should
be [94, 99, 103]. In order to consistently implement retarded boundary conditions, and
proceed to use retarded propagators when integrating out the radiation field, we need to
construct an action, in which time reversal is broken. In fact, there exists a consistent
framework in QFT to define such an action to describe non-conservative evolution, known
as the closed time path (CTP) (or the “in-in”, or Schwinger-Keldysh) formalism [150, 151],
commonly used in non-equilibrium QFT [152].

In the CTP formalism the time contour in the path integral formulation goes from
the asymptotic past hypersurface to some possibly finite time constant hypersurface, and
back to the asymptotic past on another time branch. Therefore in the CTP action the
actions of two different histories of the DOFs are compared by computing their difference,
where in the first history there is forward time evolution, and the second history evolves
backward through time from its final to initial configuration. It is important to stress, that
the values of the DOFs at the final time are set equal, which is referred to as the “equality
condition” (or the “CTP boundary condition”), but that their value is not fixed. Hence,
the CTP formulation is an initial value formulation, as opposed to the in-out formulation,
which is a boundary value formulation, where the paths go from the asymptotic past to the
asymptotic future. Yet, in both formulations there is only one relevant physical history,
so the two histories in the CTP formulation are both set equal to the physical one, after
taking the variations of the CTP action, which is referred to as the “physical limit”.

Let us review the CTP formalism to get a more concrete grasp of how it works, where
here we consider its quantum formulation, and assume that it is eventually applied in
the classical limit. As one would expect, the latter limit is found to be equivalent to
various independent classical formulations, which were made for non-conservative evolution
[88, 103, 104], yet here we want to avoid restricting the discussion to the specific classical
context, but rather to keep it on a more generic fundamental level. Given a general action
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for a scalar field theory, S[¢], the DOFs are doubled, and the following action is defined:

Scrp(o1, p2] = S[o1] — S[ea]". (5.13)

The CTP generating functional of correlation functions of such a scalar field theory, coupled
to a source J; during the forward evolution in time, and a source Jy for the evolution
backward in time, is defined by the following path integral:

ZCTP[Jl, JQ] = expiWCTP[Jlan]

= /D¢1D¢2 exp [iSCTP[<Z51,<Z52] +i/d4x (Jipr — Jag2) |, (5.14)

with the equality condition, tlir? $1(x) — ¢p2(x) = 0, at some final time, t;.
—iy
Two mean fields are considered to be derived from the following variations:

o o

+WWCTP = <¢1($)>, _WWCTP = <¢2<$)>, (5.15)

after which one sets J; = Jo = 0, and then (¢1) = ($2) = Pmean, Which amounts to the
physical constraint, that ¢1 = ¢9 on-shell. We can also introduce the CTP effective action
as the Legendre transform of Worp:

LCerpl(é1), (02)] = Werp[J1, Jo] — /d4x [J1{p1) — J2(b2)] s (5.16)
and for the mean fields we have the equations
olcrp ol ctp
= —Ji, = ], 5.17
Son) ~ T Blew T (517

where we set J; = Jo = 0 to obtain the EOMs for the physical mean field, ¢mpean, and the
two equations turn out to be equivalent.

The propagators between ¢ 4 and ¢, where A, B = 1, 2 denote the time branch within
the time contour, are ordered in the following matrix:

Gr —G_
Gap = (—GF+ [GF]*> : (5.18)

where G is the Feynman propagator given by

Gr(z,2") =0t —t")Ay(z,2) + 0t —t)A_(x,2'), (5.19)
and the propagators G+ = Ay read:
—ik-(Z—&)

-
Ay (z, ) :/d i eFiko(t—t) €

oy o (5.20)

So Gap in eq. (5.18) are the “path-ordered” propagators: Path-ordering is equivalent to

time-ordering for points on the first time branch, anti-time-ordering on the second time
branch, and placing points on the second branch to the left of points on the first branch.
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It is useful to change basis to the Keldysh representation by rewriting the sources and
fields in terms of their average, and relative difference between the two time branches,
namely Jy = (J; + J2)/2, J_ = J1 — Jp, and ¢y = (1 + ¢2)/2, d— = ¢1 — ¢o. The “+”
field variable evolves forward in time, and satisfies the initial conditions, whereas the “—”
field variable evolves backward in time with the equality condition at the final time. When
taking the physical limit, ¢ — ¢, i.e. the average of the two histories is identified with
the physical one, while their difference vanishes, ¢_ — 0. The propagator matrix in the
Keldysh basis, where now A, B take the 4+, — labels, is then given by

Gap = ( 0 _ZGadV> : (5.21)

—iGret %GH
where the retarded and advanced propagators are given by

—iGret(z,2') = 0(t —t') (A (z,2") — A_(z,2')), (5.22)
Gady (7, 7") = Gret (2, 7), (5.23)

and the diagonal entry in the matrix in eq. (5.21) can in fact be disregarded, i.e. taken as
0, in the classical limit.

The generalization of the above formulation from a scalar field theory to our gravi-
tational effective composite particle theory is rather straightforward [99]. In our theory
the generating functional, ZcTp, depends on current densities, J*¥, and j,, which couple
linearly to the radiation field, ?LW, and the particle worldline coordinate, z*, respectively,
where both field and worldline DOF's are doubled. Variation of the corresponding generat-
ing functional, Wcrp, with respect to the current density, J#, gives the one-point function
of the radiation field. A partial Legendre transform of Wcrp with respect to j, gives the
corresponding effective action functional, I'crp, whose variation yields the EOMs for the
orbital motion of the compact objects. For the computation of Feynman diagrams within
the CTP formalism, as in figures 18-20 below: CTP labels should also be included at each
worldline-graviton coupling, with n labels for a worldline coupling with n gravitons, in or-
der to keep track of the time branches in the CTP path integral, where a two-point function
matrix similar to eq. (5.21) should be used, and all CTP indices should be summed over.

As we already noted classical formulations to handle dissipative systems were put
forward, motivated by the radiating binary inspiral problem. Notably, a formulation,
which extends Hamilton’s principle to classical causal actions for generic non-conservative
systems, was introduced in [103], and later extended for generic classical field theories in
[104]. This provided an independent classical formulation, which tested successfully against
the CTP formalism of nonequilibrium QFT in the classical limit. Furthermore, a study of
the classical origin of the quantum CTP formalism at the level of the action, which can also
be generally applied at the level of the EOMs, was carried out independently in [88, 89].
This study was also extended for a general spacetime dimension in [105, 106].

Let us resume the discussion on the renormalization of the total mass of the composite
particle. The classical RG flow induces time dependence, and thus the time evolution of
the renormalized mass can be studied by computing the expectation value of the energy-
momentum pseudotensor, using its conservation from the Ward identities, and the CTP
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Figure 18. The leading time dependence of the mass quadrupole and total mass can be found
by considering the expectation value (T#¥) [92]. These diagrams are not logarithmically divergent,
and they yield the well-known LO quadrupole radiation formula, which also corresponds to the LO
radiation reaction, depicted in figure 20(a) [99].

formalism adapted to the classical system [92]. The RG flow of the total mass can also
be inferred from an analysis of the radiation reaction as in [102], using the purely classical
dissipative formulation devised in [103, 104], see figure 20 and the related discussion below.
Let us outline here the analysis in terms of the stress-energy pseudotensor, following
the work in [92]. First, the metric is expanded into a weak background, g, = nu + iNLW,
and a fluctuating field, iLw, = guw — Juw (note that the weak background, g, is denoted
with a tilde, whereas the total radiation metric, g, is denoted with a wide tilde). Then, the
fluctuations are integrated out according to the CTP formalism to get the effective action
as follows:
excp Tl ho M) /Dﬁﬂ?ﬁ_ excp ST+ MTI=S[G-M.1)] (5.24)

where the field DOF's have been doubled, and transformed into the Keldysh representation,
and the CTP boundary conditions are imposed on the fluctuating modes. Then, the real
time expectation value of the effective energy-momentum pseudotensor is given by

2 or
Vi 034 (z)

where after the variation we set the external graviton, e.g. fur, to 0.

(5.25)

(T () = oy —h_ =07

Hence, we find the expectation value (T),,) by considering Feynman graphs with one
(off-shell) external graviton, as can be seen in figures 18 and 19. The first graphs to
consider, shown in figure 18, give the leading contribution to the expectation value, and
yield the time evolution of the total mass, from which one recovers the following well-known
quadrupole radiation formula:

(IO 1y, (5.26)

which accounts for the energy loss of the system into gravitational radiation. This corre-
sponds to the LO radiation reaction depicted in graph (a) of figure 20 [99].

The diagrams in figure 18 are not logarithmically divergent, yet the non-linear correc-
tions in figure 19 yield logarithmic UV divergences, which give rise to the mass renormal-
ization, providing a new time dependent RG equation for the mass. By considering the
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Figure 19. The classical RG flow of the composite mass can be found by considering the expectation
value (T*") [92]. These diagrams are logarithmically UV divergent, and yield classical RG running

of the mass. This RG flow of the mass can also be inferred from the leading non-linear radiation
reaction, corresponding to graph (c) of figure 20 [102].

singular pieces of the graphs in figure 19 as d — 4 — 0 the following RG equation for the
composite mass, M(t), is found:
d - 3) (3

prg M = 261D (), (5.27)
where at this order M(t) is simply replaced by its time average, M. The mass is scale
dependent due to the radiation backscattering off of the static background, as seen in
figures 16(b), 17, 19, and 20(c). The RG running of the composite mass is suppressed with
respect to that of the mass quadrupole, I;;, so the coupled RG equations, egs. (5.27) and

(5.11), may be solved by using the solution in eq. (5.12), assuming M is scale independent.
The solution of the RG equation for the mass then reads:

v (2) 7(2) (2) 7(2)
MS,u) ~ exp (L L7 ) (o) — (L7 157 ) (1) (5.28)
iy e | |

where the mass as defined in eq. (5.2) is the energy of the conservative system, not including
energy in gravitational radiation.

The solution to the coupled RG equations for M and I;; provides the logarithms,
which appear in the low frequency mode, | = 2, distribution of emitted gravitons radiated
from the binary. Thus the logarithms in the running composite mass and mass quadrupole
can be predicted to higher PN orders. Similar to this analysis, which is derived from the
conservation of the expectation value of the stress-energy pseudotensor, 0, (T*"(z)) = 0,
the evolution equation for other multipole moments, such as the total angular momentum
of the system, can also be set up. An alternative analysis can be made by studying the
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Figure 20. Radiation reaction in the effective composite particle theory for the PN binary inspiral,
similar to the self-force in the effective point particle theory for EMRIs [94]: (a) The LO effect at
the 2.5PN order [39, 99]; (bl) and (b2) The NLO effect at the 3.5PN order [100]. Here the black
rectangle represents the mass octupole, I;;x, and the gray squares represent the current quadrupole,
Jij; (c) The leading non-linear effect, which enters at the 4PN order, tackled in [101, 102]. As
opposed to the former linear effects, this has a contribution to the conservative action.

radiation reaction, as in graph (c) of figure 20 for the RG flow of the composite mass, which
was analyzed here through figure 19.

Radiation reaction in the PN binary inspiral was tackled in an EFT approach in [99],
where it is computed by integrating out the radiation field modes from the effective theory
of the composite particle. In this work the LO effect at the 2.5PN order was reproduced,
see also in [39], as shown in graph (a) of figure 20. Next, the NLO effect at the 3.5PN order,
an effect still linear in G, was reproduced in [100], see graphs (b1), (b2), of figure 20*2. The
leading non-linear tail effect, which yields a radiation reaction force at the 4PN order, was
first approached in [101], and further studied in [102], using the above mentioned classical
formulation for dissipative systems from [103, 104]. This non-linear effect, depicted in
figure 20(c), contributes to the effective action of the composite particle in the point mass
sector a piece, which is non-local in time [140], as well as logarithmic corrections to the
binding energy, which were first obtained via the EFT approach in [92]'3. Hence, unlike
the linear effects of radiation reaction in figure 20, the logarithmically divergent part at
order G? from graph (c) is a conservative effect, which affects the orbital dynamics of the
binary.

Graph (c) of figure 20 is a self-energy graph of the theory, i.e. a renormalization graph
of the mass monopole of the effective theory of the composite particle, and thus enables
to infer the RG flow of the composite mass [102]. In fact, the study in [102] indicates,
that the renormalization of the effective composite particle theory can be more efficiently
approached via an analysis of the radiation reaction, rather than via an analysis, which
involves the expectation value of the stress-energy pseudotensor, as in [92]. Moreover,
the analysis in [102] in terms of radiation reaction reveals the subtle interplay between
the radiation (or far), and the potential (or near) zones, where the counterterm for the
UV divergence of the radiation reaction potential originates from an IR singularity in the

12Related with this progress, the LO finite size correction to the radiation reaction in classical electrody-
namics was also found in [153], and see [154, 155].

13The analogy of the leading non-linear tail effect to the well-known Lamb shift and Bethe logarithm
from electrodynamics was also discussed in [156].
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orbital region.

Finally, the leading radiation reaction linear in the spins of the binary components,
which enters at the 4PN order, was reproduced in [107], where the LO spin-orbit tail effect
was also previously reproduced in [91]. The leading radiation reaction quadratic in the
spins, including the backreaction from spin-induced finite size effects, which enters at the
4.5PN order, was computed in [108].

5.2 EFTofPNG public code

Eventually, one would like to capitalize on the outcome of the EFT framework for the PN
binary inspiral to arrive at the practical inclusion of the various results in the GW flux,
and the gravitational waveform amplitude and phase. This was indeed a significant driver
to create “EFTofPNG” — a public Mathematica package, which incorporates the EFT
framework for high precision Feynman computation in PN Gravity [112]. At its current
first version, it is applied in the conservative sector, and covers the current state of the art in
the field. The code was designed to be self-contained and modular with independent units,
including a pipeline unit, in order to serve diverse purposes within the broad community,
for which it was made accessible. An outline of the EFTofPNG package version 1.0 is
depicted in figure 21. This is the first comprehensive code in PN theory made public, so as
to fill in the current analytic gap for the major part of the gravitational waveform models,
and complement current GW public codes, which include numerical codes, codes for BH

perturbation theory [113], and codes for data analysis!4

. Moreover, it is expected that
the code will be continually extended, and publicly developed to cover higher order PN
sectors, as well as non-conservative sectors and further GW observables. Yet, it should be
stressed that beyond its obvious utility for PN gravity, the EFTofPNG is also a useful high
precision Feynman computation tool, which handles the generic perturbative diagrammatic
expansion in a unique and efficient way, and a stand-alone multi-loop computation unit.

As for GW observables from the conservative sector, which are included in the code,
we note that finally, neither the effective interaction potentials, nor the Hamiltonians, are
gauge invariant (GI). Yet, the Hamiltonians are related to the total energy of the binary
system, which is a global GI quantity, like the total angular momentum of the binary. In
addition, for the simplified case of binaries with non-spinning components in quasi-circular
orbits the energy depends only on the magnitude of the orbital angular momentum. This
relation between binding energy and angular momentum is GI, and is thus a useful tool to
evaluate different analytic and numerical descriptions of the binary dynamics [158]. There
is another useful GI relation between the binding energy and the orbital frequency, that
together with the energy flux of the GWs, can be used to derive the GW phasing. All these
GI quantities and relations are also included in the EFTofPNG code. Finally, a further
important GI quantity, useful to evaluate different descriptions of the binary dynamics, to
be possibly considered in the code in the future is the periastron advance [159-161].

14WWe note a recent public numerical code, “PRECESSION”, which specifically studies the dynamics of
spinning BHs in the PN regime [157]. Yet, this code deals with the outcome of a given PN dynamics, rather
than derives the PN theory, like the EFTofPNG code does.
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Figure 21. A sketch of the comprehensive “EFTofPNG” public package version 1.0, which in-
corporates the EFT framework for high precision Feynman computation in PN Gravity, including
spin effects [112]. The code is modular with independent units, and a pipeline unit, where the flow
among these units is shown here. This is the first public code in PN theory, and also serves as a
generic high precision Feynman computation tool.

6 Field Theory for Gravity at all scales

With significant developments over the last decade, since its initiation, the field of EFTs
in PN Gravity has firmly demonstrated that seemingly disparate physical domains, such
as QFT and classical Gravity, are in fact related. This attests to the unity of physics.
The EFT framework for PN Gravity has proved to supply a robust methodology to boost
the progress in PN theory, in particular for the timely study of GWs from the inspiral
of comparable mass compact binaries. GW observations are thereby expected to carry
insightful implications the other way around: For various subjects in theoretical physics,
from QCD and Gravity, to astrophysics and cosmology. As was highlighted in section 1,
PN theory exclusively covers a considerable portion of the CBC GW signal, which must
be accurately modeled in order to extract the utmost possible information from GW data.
Numerical simulations cannot in essence cover the NR regime, and all the more so, when the
spins of the components of the binary are taken into account, and their capacity becomes
extremely limited.

Concerning the output of the EFT methodology for the binary inspiral in the con-
servative sector, there are two key ingredients of the orbital dynamics, which should be
produced in a straightforward manner, in order to improve the accuracy of theoretical GW
templates: The EOMs and the Hamiltonians. This was attained in the EFT framework,
in particular in the realistic, yet much more challenging case, where spins are present [75],
and is incorporated in the pipeline unit of the EFTofPNG code [112]. It should be noted,
that standard Hamiltonians still need to be further worked out into EOB Hamiltonians, in
order to be incorporated into the EOB GW models. This is currently not implemented up
to the level of PN accuracy attained in the spin sectors. Further, more generally, due to
the complexity of spin effects, their incorporation into GW templates falls far behind the
state of the art results of PN theory. As for the EOMs of the components of the binary,
progress should also be made in finding solutions to the EOMs to high PN order, a chal-
lenging task, which again lags behind the state of the art PN theory, and even more so in
the spin sectors. Interestingly, in [162] a dynamical RG method to calculate such closed
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form solutions to a desirable accuracy, without orbit averaging, was put forward.

Despite the notable progress within the EFT approach to the binary inspiral, there
is still much room for further needed developments in the field. First, in general, our
conceptual grasp of classical spins in Gravity should be further improved. In particular,
the EFT framework via coset construction in [77], suitable for slowly rotating gravitating
objects, should be scrutinized, which may possibly lead to a unified formulation, suitable
for both slowly and rapidly rotating objects in the appropriate limits. In any case, building
on the formulation in [77], concrete PN predictions for slowly rotating objects should be
produced. Spin-induced Wilson coefficients, which play a role at least as of the 2PN order,
should be studied via a formal matching procedure. Further, the treatment of the non-
conservative sectors within the EFT approach seems to be underdeveloped with respect
to other methods in PN theory, and with respect to the progress accomplished within the
EFT approach in the conservative sector. In particular, it should be stressed that tail and
dissipative effects manifest in the late inspiral phase, which constitutes the transition into
the strong field regime. Finally, public codes, like the EF TofPNG package, should be further
developed to improve in computational efficiency, but more importantly, extended along
with the formal advancements in the field, especially, so as to cover the non-conservative
sectors.

Whether one is strictly interested to cover analytically the GW CBC signal, also en-
tering the strong field regime, or much more generally, to obtain a complete theory of
Gravity at all scales, it is clear that field theory advances at all levels should be invoked.
First, standard working knowledge in scattering amplitudes can be imported from gauge
theory to Gravity [137], and vice versa, to further push high precision computations, as was
demonstrated in [55, 129]. Furthermore, modern advances in scattering amplitudes, such
as the BCFW on-shell recursion relations [163] and unitarity methods, were demonstrated
to reproduce low order results in classical Gravity [164, 165]. These advances imply, that
tree level data encodes all multiplicity at the integrand level, i.e. that the integrands of
extremely complicated multi-loop predictions can be verified systematically and invariantly
with compact on-shell tree level data. Thus, more generally, it has been shown how to ex-
tract classical higher order loop results for gravitational scattering from advanced on-shell
unitary methods and for higher spin particles in [166-170]. In order to actually go into the
strong field regime of the CBC signal, the gravitational scattering of two BHs, which can be
deduced from the quantum gravitational scattering amplitude of two particles, was mapped
into the EOB framework [171-174]. It was indeed recently discussed how to strategically
get from scattering amplitudes, using generalized unitarity, to the classical scattering of
two BHs [175, 176].

Proceeding to candidate theories of quantum Gravity, i.e. extending Gravity in the
UV, intriguing and powerful duality and correspondence relations have been discovered in
the context of scattering amplitudes, between Supersymmetry and Supergravity theories
[177-180]. The so-called color-kinematics, or BCJ duality, and the related double copy
correspondence, state that e.g., Yang-Mills amplitudes can be mapped onto their Gravity
theory counterparts, by applying a prescribed set of color to kinematics replacement rules
[181]. First, this correspondence provides an exciting opportunity to reveal more on the
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underlying origin of these relations in the fundamental structure of these QFTs, gauge
and Gravity theories, and thus extend our understanding and reach of both. Yet, this
correspondence also offers a compelling novel approach to handle perturbative (and exact)
computations within classical Gravity, in particular also for the study of GWs. In fact, the
exploration of how to formulate the double copy correspondence in the classical perturbative
context has been already initiated in a recent series of works [182-194].

Turning instead to very large scales, we are once again puzzled by the observational
discovery of the accelerated expansion of the Universe, or the threefold equivalence of the
IR structure of gauge and Gravity theories, among soft theorems, memory effects, and
asymptotic symmetry. These have led us to the realization, that our understanding of
Gravity is not only lacking at the quantum regime, but also at the classical IR one. In fact,
the problems of dealing with Gravity in the UV and IR sides may well be tied together.
Let us then discuss first the triple classical and quantum equivalence noted above. Soft
theorems are statements about the universal characteristic behavior of scattering ampli-
tudes at low energies, and they tell us about the IR structure of gauge and Gravity theories
with massless particles, see e.g. [195]. In particular, the equivalence between soft graviton
theorems and gravitational memory effects was recently demonstrated in [196, 197]. The
former concerns momentum space poles in scattering amplitudes, while the latter concerns
a shift in asymptotic data between late and early times, and they are simply connected via a
Fourier transform. Furthermore, there are ongoing developments on gravitational memory
effects and their observable imprint in GWs [198, 199], their manifestation for cosmological
GWs [200, 201], and related to further advancements on soft theorems [202, 203].

Yet, the cosmological constant problem and dark matter puzzle call for alternative
theories of Gravity at large scales, even if only for the classical regime. Indeed, a plethora
of alternative theories of Gravity in the IR has been put forward along the years: Theories
with extra fields, such as massive gravity, see e.g. [204, 205], or Horndeski theories, see
e.g. [206]; Higher derivative and non-local theories, e.g. Galileons, see e.g. [206]; Or higher
dimensional theories, in the context of large extra dimensions in particle physics, or inspired
by string theory; See also the comprehensive reviews in [207, 208]. The theoretical and
phenomenological study of these alternative theories serves to develop general tests of
Gravity, also based on GR, through the extraction of utmost new information from GW
data, see e.g. [209]. Conversely, the ongoing advances in GW and cosmological observations
may largely benefit our ability to pin down the ultimate viable theory of Gravity, see
e.g. [210, 211].

Different aspects of such alternative theories have been already studied by applying
the EFT approach, see e.g. [212, 213]. Preliminary explicit implementations to radiating
binary systems in Galileon theories have been made in [214], and also following the EFT
framework from [39, 41] in [215, 216], and were recently followed up with numerical work
in [217]. Thus, it is desirable to apply the EFT framework, replacing GR with other alter-
native theories of Gravity, to produce possible predictions for the GW signal from binaries.
Furthermore, building on the n-body case initially explored with the EFT approach in
[52], it may be beneficial for the study of such alternative theories, to model GWs from
n-body systems, which may also be facilitated using higher multiplicities from scattering
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amplitudes. Although 2-body systems are much more abundant in nature, if GWs would
possibly be detected, e.g. from 3-body systems, this would provide richer tests of GR, since
the 2-body sector is a degenerate case as far as the nonlinearities of GR are concerned. At
the practical level the EF TofPNG code, currently implemented for binaries in GR, can be
easily accommodated to handle the more generic case in such modified theories of Gravity.

It is noteworthy, that the coupling of the spin to the various fields in each candidate
theory of Gravity, classical or quantum, plays a crucial role in distinguishing among these
theories. This further highlights the vital importance of gaining a profound understanding
of the spin, in particular also in classical Gravity.

To conclude, the myriad prospects of using modern insights and tools from the realm
of field theory to study Gravity, is overwhelming, and will surely be taken advantage of, in
the endeavor to zero in on a complete theory of Gravity across all scales. Indeed, also in
this broader sense, this course of study, which was promoted with the use of EFTs in PN
Gravity, is certain to continue developing in the many years to come, and lead us towards
resolving at least some of the formidable fundamental puzzles, that we currently face.
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