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1 Introduction

Topological Quantum Field Theories are an important theoretical tool in physics and math-

ematics. A celebrated use of two-dimensional TQFT is Kontsevich’s work on deformation

quantization [1, 2]. In physical terms, that work proves two results about a certain “free

B-model” 2d TQFT:

• The space of formal deformations of the theory receives no quantum corrections and

coincides with the space of Poisson bivectors on the target space of the B-model.
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• The formal deformations of the theory induce a deformation of the algebra of local

operators at “Neumann” boundary conditions for the 2d TQFT. Quantum corrections

produce the full deformation quantization of the algebra of functions on the target

space of the B-model.

Both sets of quantum corrections are given by certain 2d Feynman integrals. The first point

is proven by a careful algebraic-geometric analysis of the Feynman integrals in position

space. Introducing Schwinger/Feynman parameters and integrating over positions, the

remaining integrands take the form αΓ ∧αΓ for a 1-form αΓ defined below and a “Laman”

graph Γ [3, 4].

In this note we give an explicit construction of αΓ (theorem 1)1, which then leads

to a combinatorial proof of αΓ ∧ αΓ = 0 for all graphs Γ that are not trees (theorem 2).

In particular, this gives a direct combinatorial proof of the vanishing of the quantum

corrections to the space of formal deformations of the free 2d B-model. Furthermore,

the result for non-Laman graphs Γ implies a similar result for certain higher-dimensional

generalizations of the 2d B-model we now briefly review.

An independent proof of αΓ ∧ αΓ = 0, based on 2-dimensional complex integration,

has been given recently by Wang and Williams [5]. Our work differs from that approach

in that we construct explicit formulas for an individual factor αΓ, not only the product

(αΓ ∧ αΓ). In the follow-up article [6], the first author together with Simone Hu develops

an alternative algebraic formula for αΓ, which implies yet another proof for αΓ ∧ αΓ = 0.

1.1 Generalized B-models

The 2d free B-model can be generalized to a collection of free QFTs which depends

topologically on T directions of a RT+2H space-time and holomorphically on the remain-

ing 2H directions. These theories and their deformations include 3d Chern-Simons the-

ory, holomorphic-topological variants thereof with applications to integrability [7] and W-

algebras [8], as well as the “twist” of many super-symmetric QFTs of theoretical interest

[9]. The space of formal deformations of such QFTs is also of interest. The authors of [4]

concluded that quantum corrections should be absent whenever T ≥ 2, by a comparison

of the Feynman diagrams which appear in a QFT with a RT ×CH splitting of RT+2H and

one with a RT−2 × CH+1 splitting.

The authors of [4] also defined a certain form αΓ, which is of homogeneous degree

on the space of Feynman parameters for any graph Γ, and captures the contribution of a

single topological direction to the problem. They conjectured the combinatorial identity

theorem 2,

αΓ ∧ αΓ = 0 for all graphs Γ except for trees. (1.1)

We show below (lemma 5) that αΓ = 0 when it is of odd degree. The identity equation (1.1)

is non-trivial for cases where αΓ is of even degree, and it implies a simple combinatorial

1A Mathematica ® implementation of this formula, and all examples in the present article, is attached

to the online version and available from the first author’s website paulbalduf.com/research.
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proof of the vanishing of quantum corrections for all the aforementioned theories with

T ≥ 2.2

1.2 The definition of αΓ

Let Γ be a graph with edges EΓ and vertices VΓ. There is only one type of edges, and there

is no restriction on the valence of vertices. The graph is assumed to be connected3, and it

is not necessarily a simple graph (multi-edges are allowed), and it might or might not be a

tree.

For each edge e ∈ EΓ, introduce a Schwinger parameter ae. We are interested in

computing an integrand in the space of Schwinger parameters, so we treat ae it as a

formal real variable, assuming ae ̸= 0. All edges have an arbitrary, but fixed, direction,

e = (v−(e) → v+(e)) where v±(e) are vertices. For each vertex v ∈ VΓ, introduce a position

variable xv ∈ R. We let x+e , x
−
e be the position variables of the end vertices v+(e), v−(e) of

an edge e. Using ae and xv, we define the edge variable

se :=
x+e − x−e√

ae
∈ R. (1.2)

The object of interest of the present article is the differential form introduced in [3, 4],

αΓ :=

∫
· · ·
∫

R|VΓ|−1

∧
e∈EΓ

e−s2e dse. (1.3)

αΓ is a constant (0-form) for tree graphs, and, unless it vanishes, it is a non-trival differential

form in the Schwinger parameters {ae} when Γ has loops. In order to prove theorem 2

(equation (1.1)), we proceed in three steps: Firstly, in section 3, we establish a formula

for the integrand of αΓ as a sum of spanning trees, taking into account all signs that can

arise from (arbitrary) choices of labeling or edge directions in Γ. Secondly, in section 4,

we compute the integral in equation (1.3) in terms of Dodgson polynomials. Thirdly, in

section 5, we show that αΓ ∧ αΓ = 0 for all graphs except trees.

Our constructions make heavy use of graph matrices, a reminder of their definitions

is appendix A. In appendix B, we review the definitions of Dodgson polynomials and

prove technical lemmas that are used in the main text. Some of our constructions are

analogous to the derivation of parametric Feynman rules from momentum-space Feynman

rules, reviewed in appendix C.
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2 Setup

2.1 Edge variables and vertex variables

To make equation (1.3) amenable to a mathematical analysis, we express the edge variable

of equation (1.2) in terms of the graph matrices (appendix A). We collect all |VΓ| vertex
coordinates into one vector x⃗. The difference in the numerator of equation (1.2) is then

the eth entry of the signed incidence matrix Ī (definition 1) applied to the vector x⃗,

se =
1

√
ae

(
Īx⃗
)
e
, s⃗ :=

1√
a⃗
Īx⃗. (2.1)

Equation (2.1) involves a component-wise product between the vectors Īx⃗ and a⃗, not a dot

product. One can rewrite this as a matrix product if one introduces a |EΓ| × |EΓ| diagonal
matrix according to equation (A.1):

D := diag(⃗a) = diag
(
a1, . . . , a|EΓ|

)
.

This leads us to the fully “vectorized” form of equation (1.2),

s⃗ = D− 1
2 Īx⃗. (2.2)

Example 1. The incidence matrix (definition 1) depends on the labeling and

direction of edges and labeling of vertices. One possible choice for the 1-loop multiedge

(“bubble” or “fish”) graph is

Γ = v1 v2

e1

e2

Ī =

(
−1 1

−1 1

)
, D =

(
a1 0

0 a2

)
.

The vector s⃗ from equation (2.2) has the form expected from equation (1.2),

s⃗ =

(
1√
a1

0

0 1√
a2

)(
−1 1

−1 1

)(
x1
x2

)
=

(
x2−x1√

a1
x2−x1√

a2

)
.

In what follows, we will be integrating over the vertex positions dxv. Due to Lorentz

invariance, we can set any one of these positions to zero instead of integrating. We choose

the last index, v⋆ = v|VΓ|, hence we set x|VΓ| = 0. Effectively, this can be reached already at

the level of equation (2.2) by leaving out the last column of the incidence matrix Ī, turning
it into the reduced incidence matrix I (definition 2). Unless mentioned otherwise, we will

from now on assume that the vector x⃗ does not contain x|VΓ|, and that

s⃗ = D− 1
2 Ix⃗. (2.3)
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Example 2. The dunce’s cap is a graph on 3 vertices and 4 edges.

Γ = v1

v2

v3

e1

e2

e3 e4

We choose v3 = v⋆ as the vertex to remove, then

I =


1 −1

1 0

0 1

0 1

 , D =


a1 0 0 0

0 a2 0 0

0 0 a3 0

0 0 0 a4

 .

Again, we obtain the expected quantities se from equation (2.3),

s⃗ =


1√
a1

0 0 0

0 1√
a2

0 0

0 0 1√
a3

0

0 0 0 1√
a4



1 −1

1 0

0 1

0 1


(
x1
x2

)
=


x1−x2√

a1
x1√
a2
x2√
a3
x2√
a4

 .

Alternatively, if we had used the non-reduced incidence matrix and equation (2.2),

we would have obtained functions involving x3. Setting x3 = 0 then reproduces the

present result.

The integrand in equation (1.3) involves the quantity
∏

e∈EΓ
e−s2e = e−

∑
e s

2
e . The sum

in the exponent is the norm squared of the vector s⃗ (equation (2.3)):∑
e∈EΓ

s2e = s⃗ · s⃗ =
(
D− 1

2 Ix⃗
)T (

D
1
2 Ix⃗
)
= x⃗T ITD−1Ix⃗ = x⃗TLx⃗. (2.4)

We have identified the reduced labeled Laplacian L (definition 3). Note that e−x⃗TLx⃗ is

familiar from the ordinary scalar Feynman rules in parametric space, see appendix C.

Example 3. The reduced Laplacian (definition 3) of the dunce’s cap (example 2)

is

L = ITD−1I =

(
1
a1

+ 1
a2

− 1
a1

− 1
a1

1
a1

+ 1
a3

+ 1
a4

)
.

The square of the s⃗-vector is, after sorting the terms, the sum over the s2e for all edges
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e, as one should expect.

s⃗ 2 = x⃗TLx⃗ =
(x1 − x2)

2

a1
+
x21
a2

+
x22
a3

+
x22
a4
.

2.2 Edge Differentials and integral

The differential form part dse is the main difference between our calculation and more

conventional Feynman integrals in parametric space, compare appendix C. We differentiate

equation (1.2):

dse = d

(
a
− 1

2
e

(
xv+(e) − xv−(e)

))
= −1

2
a
− 3

2
e

(
xv+(e) − xv−(e)

)
dae + a

− 1
2

e

(
dxv+(e) − dxv−(e)

)
= −1

2
a
− 3

2
e (Ix⃗)e dae + a

− 1
2

e d (Ix⃗)e . (2.5)

Using

dD := diag ( da⃗) = diag
(
da1, . . . , da|EΓ|

)
and equation (2.1), the differential of the entire vector s⃗ is

ds⃗ = −1

2
D− 3

2 dD Ix⃗+ D− 1
2 I dx⃗. (2.6)

Recall that we have set x|VΓ| = x⋆ = 0, consequently, the vectors x⃗ and dx⃗ have only

(|VΓ| − 1) components.

Example 4. For the multiedge of example 1, one finds

ds⃗ = −1

2

a− 3
2

1 0

0 a
− 3

2
2

(da1 0

0 da2

)(
−1

−1

)(
x1

)
+

a− 1
2

1 0

0 a
− 1

2
2

(−1

−1

)(
dx1

)

=


x1 da1

2a
3
2
1

x1 da2

2a
3
2
2

+


− dx1

a
1
2
1

− dx1

a
1
2
2

 =

−1
2a

− 3
2

1

(
− x1 da1 + 2a1 dx1

)
−1

2a
− 3

2
2

(
− x1 da2 + 2a2 dx1

)
 .

To remove trivial scalar factors from ds⃗ (equation (2.6)), we introduce 1-forms ρ⃗

according to −2 ds⃗ = D− 3
2 ρ⃗, or equivalently ρ⃗ := dD Ix⃗− 2DI dx⃗. For a single edge e,

ρe = (Ix⃗)e dae − 2ae (I dx⃗)e . (2.7)
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Example 5. For the dunce’s cap (example 2), one finds equation (2.6)

ds⃗ = −1

2



(x1−x2) da1

a
3
2
1

x1 da2

a
3
2
2

x2 da3

a
3
2
3

x2 da4

a
3
2
4


+



dx1− dx2

a
1
2
1

dx1

a
1
2
2

dx2

a
1
2
3

dx2

a
1
2
4


.

Equation (2.7) then is

ρ1 = (x1 − x2) da1 − 2a1 ( dx1 − dx2)

ρ2 = x1 da2 − 2a2 dx1

ρ3 = x2 da3 − 2a3 dx2

ρ4 = x2 da4 − 2a4 dx2.

We have now at our disposal all ingredients to define the integration measure associated

with the graph Γ in equation (2.9),
∧

e∈EΓ
e−s2e dse. It proves valuable to introduce the

form

P̄Γ := ρ1 ∧ ρ2 ∧ . . . ∧ ρ|EΓ| =
∧

e∈EΓ

ρe. (2.8)

Expanding the product P̄Γ gives a sum of terms, where each term is a choice of assigning

to each edge of the graph one of the two summands in equation (2.7). In that sense, the

two terms in ρe (equation (2.7)) can be interpreted as Feynman rules for two distinct types

of edges, and P̄Γ is the sum over all possibilities to assign these types to the edges of Γ.

Example 6. For the multiedge, we have computed ds⃗ in example 4, and therefore

∧
e∈EΓ

e−s2e dse = e
− (−x1)

2

a1 ds1 ∧ e
− (−x1)

2

a2 ds2 = e
− (−x1)

2

a1
− (−x1)

2

a2 ds1 ∧ ds2

=
e
− (−x1)

2

a1
− (−x1)

2

a2

4a
3
2
1 a

3
2
2

·
(
− x1 da1 + 2a1 dx1

)
∧
(
− x1 da2 + 2a2 dx1

)

=
e
−x1

(
1
a1

+ 1
a2

)
x1

4a
3
2
1 a

3
2
2︸ ︷︷ ︸

scalar

x21 ( da1 ∧ da2) + 2x1a1 ( da2 ∧ dx1)− 2x1a2 ( da1 ∧ dx1)︸ ︷︷ ︸
P̄Γ

.

In the last line, we have identified the factor P̄Γ according to equation (2.8).
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Example 7. For the dunce’s cap, starting from example 5, a tedious but straight-

forward calculation produces

P̄Γ = x2

(
4a1a4x1 ( da2 ∧ da3 ∧ dx1 ∧ dx2) − 4a1a3x1 ( da2 ∧ da4 ∧ dx1 ∧ dx2)

− 4a2a4x1 ( da1 ∧ da3 ∧ dx1 ∧ dx2) − 4a2a3x2 ( da1 ∧ da4 ∧ dx1 ∧ dx2)

+ 4a2a4x2 ( da1 ∧ da3 ∧ dx1 ∧ dx2) + 4a2a3x1 ( da1 ∧ da4 ∧ dx1 ∧ dx2)

+ 4a1a2x2 ( da3 ∧ da4 ∧ dx1 ∧ dx2) + 2a3x
2
1 ( da1 ∧ da2 ∧ da4 ∧ dx2)

− 2a4x
2
1 ( da1 ∧ da2 ∧ da3 ∧ dx2) + 2a1x1x2 ( da2 ∧ da3 ∧ da4 ∧ dx1)

− 2a1x1x2 ( da2 ∧ da3 ∧ da4 ∧ dx2) − 2a2x1x2 ( da1 ∧ da3 ∧ da4 ∧ dx1)

− 2a3x1x2 ( da1 ∧ da2 ∧ da4 ∧ dx2) + 2a4x1x2 ( da1 ∧ da2 ∧ da3 ∧ dx2)

+ 2a2x
2
2 ( da1 ∧ da3 ∧ da4 ∧ dx1) − x1x

2
2 ( da1 ∧ da2 ∧ da3 ∧ da4)

+ x21x2 ( da1 ∧ da2 ∧ da3 ∧ da4)
)
.

We note that each of the summands contains four differentials, reflecting the four edges

of Γ. Some terms contain all four edge differentials dae while others contain up to two

vertex differentials dxv.

Knowing P̄Γ from equation (2.8), we now recall that x|VΓ| = 0, and we integrate the

remaining |VΓ| − 1 vertex coordinates xv over all R according to equation (1.3). The

resulting expression,

αΓ =
1

(−2)|EΓ|
∏

e a
3
2
e

∫
· · ·
∫

R|VΓ|−1

e−x⃗TLx⃗ P̄Γ, (2.9)

is a function of |EΓ| Schwinger parameters ae and their differentials dae, that is, it is a

differential form itself.

Example 8. For the multiedge (example 6), we integrate over only a single variable,

x1. Explicitly, the integral is

αΓ =
1

2|EΓ|
∏

e a
3
2
e

∞∫
−∞

e−x⃗TLx⃗ P̄Γ =

∞∫
−∞

e
−x1

(
1
a1

+ 1
a2

)
x1

4a
3
2
1 a

3
2
2

x1x1 ( da1 ∧ da2)

+

∞∫
−∞

e
−x1

(
1
a1

+ 1
a2

)
x1

4a
3
2
1 a

3
2
2

x12a1 ( da2 ∧ dx1)−
∞∫

−∞

e
−x1

(
1
a1

+ 1
a2

)
x1

4a
3
2
1 a

3
2
2

x12a2 ( da1 ∧ dx1) .

The first integral vanishes because it is supposed to be over x1, but the integrand does
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not contain dx1. The remaining two integrals are

αΓ =
a1

2a
3
2
1 a

3
2
2

da2 ∧
∞∫

−∞

e
−x1

(
1
a1

+ 1
a2

)
x1x1 dx1

− a2

2a
3
2
1 a

3
2
2

da1 ∧
∞∫

−∞

e
−x1

(
1
a1

+ 1
a2

)
x1x1 dx1

= 0.

Each of the two remaining integrals vanishes individually because its integrand is

antisymmetric under x1 ↔ −x1, while the integration domain is symmetric.

3 Integrand in terms of trees

The polynomial P̄Γ from equation (2.8),

P̄Γ := ρ1 ∧ ρ2 ∧ . . . ∧ ρ|EΓ|, (3.1)

contains many summands, most of which vanish under the integral equation (2.9). Only

such terms survive which have exactly (|VΓ| − 1) factors of dxj . Clearly, P̄Γ has no sum-

mands with more than (|VΓ| − 1) differentials dxi because this is the number of vertices,

and due to the antisymmetry of the wedge product no vertex can appear twice. But there

will be summands in P̄Γ with less than (|VΓ| − 1) vertex differentials.

Knowing that the latter vanish under the integral, we will from now on leave out these

terms and define

PΓ := P̄Γ

∣∣∣
only terms containing (|VΓ| − 1) vertex differentials dxj

. (3.2)

On the other hand, we can use equation (2.7) for ρe in equation (3.1) and obtain

P̄Γ =
(
da1(Ix⃗)1 − 2a1(I dx⃗)1

)
∧ . . . ∧

(
da|EΓ|(Ix⃗)|EΓ| − 2a|EΓ|(Idx⃗)|EΓ|

)
. (3.3)

In this form, we see that exactly (|VΓ| − 1) factors contribute their dx part, and the

remaining

|EΓ| − (|VΓ| − 1) = LΓ (3.4)

factors contribute their dae(Ix⃗)e. This integer LΓ ≥ 0 is the loop number4 of Γ. We will

later see that the integral in equation (2.9) can vanish for non-zero PΓ, but we can already

state:

Lemma 1. The integrand PΓ is homogeneous of degree LΓ in the differentials dae of

Schwinger parameters. Therefore, unless it vanishes, αΓ is a LΓ-form.

4Recall that we assumed Γ to be connected. LΓ is the dimension of the cycle space of Γ, known as first

Betti number in the mathematical literature.
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Let T be a set of exactly (|VΓ| − 1) edges T ⊂ EΓ. The terms in PΓ which have a

chance of not vanishing under the integral in equation (2.9) are then a subset of the sum

over all such sets E, namely the edges in T should contribute their dx term,

PΓ =
∑

T⊆EΓ
|T |=|VΓ|−1

sgn(T )

(∏
e/∈T

(Ix⃗)e

)(∏
e∈T

−2ae

)(∧
e/∈T

dae

)( ∧
v∈VΓ

dxv

)
. (3.5)

Here, sgn(T ) is a sign which will be discussed in section 3.1. A special case of graph Γ is

a tree (that is, a connected graph without cycles, or with loop number LΓ = 0). A tree

has exactly |VΓ| − 1 edges. Consequently, for a tree every edge contributes its dxv factors

and there are no terms proportional to dae or to xv. If Γ is a tree then there is only one

choice of selecting the edges T in equation (3.5), namely T = EΓ, and no differentials dae
appear at all:

PΓ = sgn(EΓ)

∏
e∈EΓ

−2ae

 ∧
v∈VΓ

dx⃗v

 (if Γ is a tree). (3.6)

Example 9. We gave P̄Γ for the dunce’s cap in example 7. We now leave out all

summands which do not contain both dx1 and dx2. The result is

PΓ = 4x2x1

(
− a1a3 ( da2 ∧ da4) + a1a4 ( da2 ∧ da3)

− a2a4 ( da1 ∧ da3) + a2a3 ( da1 ∧ da4)
)
∧ dx1 ∧ dx2

+ 4x22

(
− a2a3 ( da1 ∧ da4) + a1a2 ( da3 ∧ da4) + a2a4 ( da1 ∧ da3)

)
∧ dx1 ∧ dx2.

One could be tempted to assume that the first summand vanishes upon integration

due to being linear in x1 and x2, similar to example 8. But this is not so. The reason is

that the Laplacian L in e−x⃗TLx⃗ is not diagonal. Changing the variables of integration

such that the matrix becomes diagonal, the factor x1x2 transforms into non-vanishing

terms proportional to x21 or x22.

We do not yet know in general how many summands there are in equation (3.5) because

each of the factors (I dx⃗)e and (Ix⃗)e can consist of one or two terms. We now examine how

these factors interact.

v1
v2

v3

e1
e2

Figure 1: Two edges e1, e2 adjacent to the same vertex v2.
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For a given edge e, the factor (Ix⃗)e is the difference of the two vertices adjacent to e.

Assume that two edges e1 = (v2 → v1) and e2 = (v3 → v2) share one vertex as in figure 1.

Then

(Ix⃗)1 (Ix⃗)2 = (x1 − x2) (x2 − x3) = x1x2 − x22 − x1x3 + x2x3.

For the differentials, the quadratic term vanishes:

(Idx⃗)1 ∧ (I dx⃗)2 = (dx1 − dx2) ∧ ( dx2 − dx3)

= dx1 ∧ dx2 − dx1 ∧ dx3 + dx2 ∧ dx3.

This phenomenon can be interpreted graphically. We have the two edges adjacent to

the vertex v2, and the non-vanishing terms in the product of differentials are exactly the

choices of two distinct vertices. The possible choices are {v1, v2} or {v1, v3} or {v2, v3}.
Equivalently: For every edge e, select exactly one of the two adjacent vertices, and don’t

select any vertex twice.

On the other hand, for the integral equation (2.9) to be non-zero, every vertex except

for the special vertex v⋆ must be selected. Hence, for every vertex except v⋆, we must

select one of the adjacent edges. These pairs (v, e) of a vertex and one of its adjacent edges

are “flags”, or equivalently, half-edges. In a set T of the sum equation (3.5), every edge

appears at most once, hence, none of the pairs (v, e) can include the same edge more than

once.

Example 10. Recall the dunce’s cap from example 2,

Γ = v1

v2

v3

e1

e2

e3 e4

Fixing x3 = x⋆ = 0, the two remaining vertices allow for five different selections

of flags:

{(v1, e1), (v2, e3)} , {(v1, e1), (v2, e4)}
{(v1, e2), (v2, e1)} , {(v1, e2), (v2, e3)} , {(v1, e2), (v2, e4)} .

In example 10, the five possible ways to select T correspond to the five spanning trees of

Γ, and selecting the set of edges T already implies the choice of flags, but that is coincidence

because the graph is so small. In general, a fixed set T of edges in equation (3.5) may allow

for several choices of flags. In particular, it might be possible to select a cycle of edges

which does not include the special vertex v⋆ (it is impossible to select a cycle containing

v⋆ because there is no dx⋆, and hence no pair (v⋆, e) for any edge e).
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Lemma 2. Fix a set of edges T ⊆ EΓ in the sum in equation (3.5) for PΓ. When selecting

flags, it is permissible to select flags such that they form a cycle, but the two possible

directions of flags in a cycle will always cancel in the integrand. Consequently, one can

leave out all flags that form a cycle.

Proof. Let C := {e1, . . . , en} ⊂ T be a n-edge cycle in the set T of selected edges, where

{va, vb, . . . , vf} are the vertices in the cycle (these vertices might be adjacent to additional

edges not in the cycle). There are two ways of selecting the flags in the cycle, namely, the

two directions of the cycle. The first direction of selecting flags produces an expression

proportional to

dxa ∧ dxb ∧ . . . ∧ dxe ∧ dxf ,

where there are n factors in the wedge product. The second choice of direction means that

for every edge, the other one of the two end vertices is chosen. Since the signs of vertices in

an edge are opposite, this gives a (−1) for each edge. Additionally, the order of differentials

is altered because if we select the other vertex at every edge, then, keeping the order of

edges the same, all vertex indices get shifted by one. We obtain

(−dxf ) ∧ (−dxa) ∧ . . . ∧ (−dxe).

Let the number of edges n in the cycle be even, then the number of vertices is even, too

and there is an even number of minus signs. They cancel, leaving us with

dxf ∧ dxa ∧ dxb ∧ . . . = (−1)n−1 dxa ∧ dxb ∧ . . . ∧ dxb

= −dxa ∧ dxb ∧ . . . ∧ dxb.

This is the same term as for the first choice of flag direction, but with opposite sign. As the

remaining parts of the integrand are unaffected by this choice, the two flags with opposite

directions cancel out each other.

If the number n of edges in the cycle is odd, the same mechanism is at work, but this

time, an overall factor (−1) remains from changing sign of all differentials. Conversely, one

now needs an even number of permutations to restore the original order, and again, the

two choices of cycle direction contribute the same term, but with opposite signs.

Lemma 3. 1. If Γ is an arbitrary connected graph, then only those sets of flags con-

tribute where their edges T in equation (3.5) form a spanning tree of Γ.

2. For every such spanning tree T , there is exactly one choice of flags that contributes

to equation (3.5). That is, selecting the edges T is equivalent to fixing the flags.

Proof. 1. We know that the relevant flags are those without cycles, hence they are forests.

For a graph on |VΓ| vertices, these flags contain (|VΓ| − 1) edges because every edge con-

tributes the dxv of one vertex, and they must cover every vertex except v⋆. A forest with

(|VΓ|−1) edges is necessarily adjacent to at least |VΓ| distinct vertices. But the graph does
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not have more vertices than that, hence, the forest is adjacent to exactly |VΓ| vertices. A

forest with (|VΓ| − 1) edges and |VΓ| vertices can not be disconnected, it is necessarily a

tree. Hence, the edges T of the flag form a tree that is adjacent to every vertex of Γ, that

is, a spanning tree.

2. Every vertex of Γ, even the special one v⋆, is incident to at least one edge of the

flag. On the other hand, the coordinate x⋆ is not being integrated, hence, there is no dx⋆.

All edges of the tree which is adjacent to v⋆ must therefore contribute their other vertex

differential, say dxi, not dx⋆. Hence, for these edges, there is only one choice to select

the flag. But now, the differential of xi has been used, and none of the other edges of T

which are adjacent to vi can contribute dxi. Consequently, each of these edges has only

one possible choice of flag. This argument continues until the flags of all edges are fixed.

Equivalently, one can interpret a choice of flag as a choice of direction for every edge.

The special vertex v⋆ fixes the direction of all edges adjacent to it, say, oriented towards v⋆.

Recursively, this fixes the directions of all edges in the tree, and T is a directed spanning

tree where all edges are oriented towards v⋆.

We can now write PΓ (equation (3.2)) as a sum over spanning trees T . Rewriting

equation (3.5), we have

PΓ =
∑

T spanning

sgn(T )

(∏
e/∈T

(Ix⃗)e

)
︸ ︷︷ ︸

=:XT

(∏
e∈T

−2ae

)(∧
e/∈T

dae

)( ∧
v∈VΓ

dxv

)
. (3.7)

As expected from lemma 1, there are exactly LΓ (equation (3.4)) edge differentials dae in

equation (3.7). At the same time, PΓ is a polynomial in {xi} of degree LΓ, because every

edge not in the spanning tree produces a linear term (Ix⃗)e, and they form the polynomial

XT . The sum over the edges not in a spanning tree appears in the definition of the first

Symanzik polynomial ψΓ (definition 5), so PΓ can be interpreted as a non-commuting

version of ψΓ.

Example 11. For the dunce’s cap with our choice of fixed vertex, we saw in

example 10 that it is not even possible to select a flag which contains a cycle, but that

is coincidence for this small example. Using x3 = 0, the sum equation (3.7) contains

five summands, which are

4a1a3 (x1 − 0) (x2 − 0) ( da2 ∧ da4) ( dx1 ∧ dx2) ,

4a1a4 (x1 − 0) (x2 − 0) ( da2 ∧ da3) ( dx1 ∧ dx2) ,

4a1a2 (x2 − 0) (x2 − 0) ( da3 ∧ da4) ( dx1 ∧ dx2) ,

4a2a3 (x1 − x2) (x2 − 0) ( da1 ∧ da4) ( dx1 ∧ dx2) ,

4a2a4 (x1 − x2) (x2 − 0) ( da1 ∧ da3) ( dx1 ∧ dx2) .

This reproduces the terms of PΓ from example 9. Their signs will be discussed in

section 3.1.
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3.1 Signs

We now turn to the signs in equation (3.7). Note that in each summand, the factors dae
in the wedge product are sorted in increasing order by equation (2.8). There are three

contributions to the sign sgn(T ):

1. Permuting the wedge products such that all dae come before all dxv.

2. The dxv come in an order that is implied by the labeling of edges, namely (I dx⃗)e.
They need to be brought into increasing order.

3. The dxv themselves potentially carry a minus sign, depending on whether they are

the start or the end of an edge.

Note that the latter two points only concern those edges which are in the tree T . Conversely,

the edges not in the tree make the factor XT in equation (3.7), which also carries some

sign, but that sign is not included in sgn(T ).

3.1.1 Permuting da out of dx

The first point in the above list is relatively straightforward. We know that daj appears

at position j in the original wedge product equation (2.8), so it acquires a sign (−1)k−j

when it is moved into position k. The daj were initially ordered, and we want them to

stay ordered, so they never cross each other. The only thing that matters is how many

dxv they need to pass when they are moved in front of all the dx’s.

In the simplest case, the tree T consists of exactly the last (|EΓ| − LΓ) edges. Then

the first LΓ edges are not in the tree, and the first LΓ factors in the wedge product are daj
and they never need to cross any dx. These daj have indices {1, 2, . . . , LΓ}, and the sum

of their indices j is LΓ(LΓ+1)
2 .

Every move of a single element daj by one step flips the sign. Simultaneously, when

an element of T is moved by one, the sum of the indices occupied by T changes by one.

We want the da’s to be in front of all dx’s, hence, for an arbitrary T , the number of

permutation steps is given by the sum of indices in T . Overall, the sign produced by

moving the da’s in front of the dx’s is

(−1)
∑

ej /∈T j−LΓ(LΓ+1)

2 .

If LΓ is even, then LΓ
2 is an integer and hence

L2
Γ
4 is an integer and therefore

L2
Γ
2 is even.

An even number does not change the sign, so we may write

(−1)
∑

ej /∈T j−LΓ
2 for even LΓ. (3.8)

Having done these permutations, all da’s are in front of all dx’s, and the da’s are still

ordered increasingly. But the dx’s may be in any order, as implied by the incidence matrix.
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3.1.2 Signs arising from the incidence matrix

The remaining sign arises from two effects that are closely related: The relative ordering

of the dxj , and the signs they obtain from being at the beginning or the end of an edge.

Both are directly given by the incidence matrix I (definition 1) since we are considering∏
e∈T (I dx⃗)e. We want to bring these dx into increasing order. By I[T ], we denote the

incidence matrix I restricted to the rows that correspond to edges in T , compare equa-

tion (B.1). Now observe that if I[T ] had no zeroes on the diagonal, the factors dxv would

be sorted increasingly and the sign would be given by the product of the diagonal entries

of I[T ] (there is no contribution by off-diagonal elements because the requirement that T

is a tree exactly means that there is only one choice of edges in T , namely T itself, that

connects all vertices).

If I[T ] has zeroes on the diagonal, we obtain an additional sign from the permutation

of rows that is required to produce a main diagonal without zero entries. But this sign

is exactly what a determinant computes: det(I[T ]) equals the product of diagonal entries

for a diagonal matrix, and otherwise the sign of the required row permutation times the

product of the would-be diagonal entries. Hence, the sign generated from permuting the

dxv, and from their individual signs, is given by det (I[T ]). Another way to see this is to

start from the axiomatic definition of the determinant: det(I[T ]) will flip its sign when two

rows are exchanged, or when any row in I[T ] is multiplied by −1. The first case amounts

to exchanging two factors in the wedge product of the dxv, the second case amounts to

flipping the direction of any one edge in T .

Combining this result with equation (3.8), we have established:

Lemma 4. Let Γ be a graph of even loop order LΓ. Let T ⊆ EΓ be a spanning tree

(where the edges are ordered increasingly with respect to their label). Let I[T ] be the reduced

incidence matrix, restricted to the edges in T . Then the sign of the differential
∧

daΓ\T in

equation (3.7) is

sgn(T ) = (−1)
∑

ei /∈T i−LΓ
2 det

(
I[T ]

)
.

Example 12. From example 2 we have for the dunce’s cap

I =


1 −1

1 0

0 1

0 1

 .

The graph has five distinct spanning trees T , each of which consists of two edges.
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Plugging this into lemma 4, we find:

T : {1, 3} {1, 4} {1, 2} {2, 3} {2, 4}

I[T ] :

(
1 −1

0 1

) (
1 −1

0 1

) (
1 −1

1 0

) (
1 0

0 1

) (
1 0

0 1

)
det
(
I[T ]

)
: 1 1 1 1 1

(−1)
∑

ei /∈T i−LΓ
2 : (−1)2+4−1 (−1)2+3−1 (−1)3+4−1 (−1)1+4−1 (−1)1+3−1

sgn(T ) : −1 + 1 + 1 + 1 − 1

It is coincidence that for our choice of labels and directions, det(I[T ]) = +1 for all

spanning trees. Writing the summands from example 11 together with the so-obtained

signs, we find

PΓ = (−1) · 4a1a3x1x2 · ( da2 ∧ da4) ( dx1 ∧ dx2)

+ (+1) · 4a1a4x1x2 · ( da2 ∧ da3) ( dx1 ∧ dx2)

+ (+1) · 4a1a2x22 · ( da3 ∧ da4) ( dx1 ∧ dx2)

+ (+1) · 4a2a3 (x1 − x2)x2 · ( da1 ∧ da4) ( dx1 ∧ dx2)

+ (−1) · 4a2a4 (x1 − x2)x2 · ( da1 ∧ da3) ( dx1 ∧ dx2) .

Upon expanding the parentheses, this result coincides with the brute-force computation

of example 9, as expected.

4 Integration

By lemma 4, the sign of the contribution of a tree T to PΓ is given by the determinant of

I[T ], which vanishes when T is not a tree. So, we may rewrite equation (3.7) as a sum over

all sets of (|VΓ| − 1) edges, and have

PΓ =
∑

|T |=|VΓ|−1

(−1)
∑

ei /∈T i−L
2 det

(
I[T ]

)(∏
e∈T

−2ae

)(∏
e/∈T

(Ix⃗)e

)(∧
e/∈T

dae

)
︸ ︷︷ ︸

=:WΓ(x⃗)

∧
v∈VΓ\{v⋆}

dxv.

(4.1)

In this sum, all non-commuting factors are understood to be in their unique increasing

order. From now on, we will leave out the index Γ from the loop order LΓ (equation (3.4)).

The integral we want to solve is given by equations (2.9) and (3.2),

αΓ :=
1

(−2)|EΓ|
∏

e a
3
2
e

∫
· · ·
∫

R|VΓ|−1

e−x⃗TLx⃗ WΓ(x⃗)
∧

v∈VΓ\{v⋆}

dxv. (4.2)

Before we analyze this integral in detail, the structure of the integrand equation (4.1)

immediately implies two useful lemmas.
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Lemma 5. If Γ has an odd loop number L (equation (3.4)), then αΓ = 0.

Proof. The polynomial WΓ (equation (4.1)) is homogeneous of degree L in the variables

x⃗. When L is odd, it might be that this polynomial contains even powers of individual

variables xv, but the overall degree is still odd. Therefore, every summand in WΓ contains

at least one variable with an odd power, which means it will vanish when all the xv are

being integrated in a symmetric domain.

Lemma 6. Let Γ1 and Γ2 be distinct (but possibly isomorphic) graphs.

1. If Γ = Γ1 ◦v Γ2 are connected at exactly one vertex v, then αΓ = ±αΓ1 ∧ αΓ2.

2. If Γ = Γ1 ∪ e ∪ Γ2 are connected through exactly one edge e, then

αΓ = ±2ae αΓ1 ∧ αΓ2.

Proof. 1. Assume that v⋆ ∈ Γ1 for the combined graph Γ. If Γ1 and Γ2 are connected

through only one vertex v, then every spanning tree emenating from v⋆ is a spanning tree

in Γ1, and it enters Γ2 through v. Hence, the vertex v ∈ Γ2 takes the role of v⋆ for Γ2 in

the sense that every spanning treee is directed towards v. Which spanning tree is chosen

in Γ2 is independent of the tree chosen in Γ1, all combinations are possible. The sum over

all spanning trees factorizes into a sum over all spanning trees in Γ1 times a sum over all

spanning trees in Γ2. The integrand for αΓ first contains all factors corresponding to Γ1,

and then all factors corresponding to Γ2. To form αΓ according to equation (4.1), we need

to put all dx to the right and all da to the left. That is, the factors dx of Γ1 have to

cross the factors da of Γ2. The number of these da is even because otherwise, by lemma 5,

αΓ = 0. Crossing an even number of terms introduces no extra sign and we indeed obtain

αΓ. However, sorting the dx might introduce a sign (joining two sequences which had

already been sorted does not imply that the concatenation of the two sequences is sorted).

2. Analogous to point 2, but every spanning tree T contains the edge e. Hence, there is an

overall factor 2ae in the sum equation (4.1). The edge e can never give rise to a dae, and

therefore the combinatorics of the wedge product is not altered by the presence of e.

By lemmas 5 and 6, in all what follows we will assume that Γ is a 1PI, or 2-connected,

graph of even loop number. By lemma 1, the resulting αΓ is then a form of even degree.

4.1 Solving the Gaussian integral

The well-known general formula for the solution of a n-fold Gaussian integral is∫
· · ·
∫
e−x⃗TLx⃗ WΓ(x⃗) dnx⃗ =

π
n
2

√
detL

exp

(
1

4

(
L−1

)
jk
∂xj∂xk

)
WΓ(x⃗)

∣∣∣
x⃗=0⃗

. (4.3)

Recall that by definition 5, the determinant of the Laplacian
∏

e ae · detL = ψ is propor-

tional the Symanzik polynomial of Γ.
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Example 13. For the dunce’s cap, the Laplacian was given in example 3, this

leads to the Symanzik polynomial

ψ =
∏
e

ae · detL = a1a3 + a2a3 + a1a4 + a2a4 + a3a4.

We have computed WΓ in example 9 or in example 12. Using this in equation (4.3),

leaving out the factor π
2
2 but including the prefactors from equation (4.2), one finds

αΓ =
a4 ( da1 ∧ da3 + da2 ∧ da3)− a3 ( da1 ∧ da4 + da2 ∧ da4) + (a1 + a2) da3 ∧ da4

8 (a1a3 + a2a3 + a1a4 + a2a4 + a3a4)
3
2

.

We write the polynomial that corresponds to a single spanning tree in equation (4.1)

as a sum over monomials,

XT :=
∏
e/∈T

(Ix⃗)e =
≤2L∑
s=1

XT,s. (4.4)

The number of distinct monomials can be smaller than 2L because not necessarily all x’s

are distinct, and one of them can be the special vertex whose coordinate is set to zero.

Note that XT , and the individual XT,s, can contain higher than first powers of some xv.

Example 14. The dunce’s cap has five different polynomials XT , corresponding

to the five spanning trees we discussed already in example 11, namely

X{1,3} = (Ix⃗)2 (Ix⃗)4 = (x1 − 0) (x2 − 0) = x1x2,

X{1,4} = (Ix⃗)2 (Ix⃗)3 = (x1 − 0) (x2 − 0) = x1x2,

X{1,2} = (Ix⃗)3 (Ix⃗)4 = (x2 − 0) (x2 − 0) = x2x2,

X{2,3} = (Ix⃗)1 (Ix⃗)4 = (x1 − x2) (x2 − 0) = x1x2 − x2x2,

X{2,4} = (Ix⃗)1 (Ix⃗)3 = (x1 − x2) (x2 − 0) = x1x2 − x2x2.

In this case, only the last two XT have more than one summand XT,s (equation (4.4)).

This is coincidence because the graph is so small and one in the edges not in the

spanning tree always touches the zero vertex x⋆ = x3 = 0.

The exponential function in equation (4.3),

exp

(
1

4

(
L−1

)
jk
∂xj∂xk

)
WΓ(x⃗)

∣∣∣
x⃗=0⃗

, (4.5)

is a priori a series of infinitely many terms, given by its series expansion. The derivatives ∂xj

imply that only those summands are non-zero where a factor xj appears in WΓ(x⃗). Every

monomial XT,j is of degree L. Consequently, the only non-zero terms in the exponential
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function equation (4.5) are those with exactly L derivatives. By lemma 5, L is even. Only

one summand of the exponential contributes to equation (4.5), namely

1(
L
2

)
!

(
1

4

(
L−1

)
jk
∂xj∂xk

)L
2

=
1

2L
(
L
2

)
!

((
L−1

)
jk
∂xj∂xk

)L
2
.

By lemma 9, the (j, k)-coefficient of the inverse Laplacian is given by the Dodgson polyno-

mial ψj,k (definition 6):

(
L−1

)
jk

=
(−1)j+kψj,k

ψ
. (4.6)

The Laplacian L is symmetric and so is ψj+k under exchange j ↔ k. The Symanzik

polynomial ψ is homogeneous of degree L, the ψj,k are homogeneous of degree L+ 1.

Example 15. For the Dunces’s cap as introduced in example 2, vertex v3 =

v⋆ is special, so there are only two non-special vertices which can appear as indices

(equivalently,WΓ is a polynomial in the two variables x1 and x2). One has the Dodgson

polynomials

ψ1,1 = (a1a3 + a1a4 + a3a4)a2 = ψΓ|v1=v⋆=v3 ,

ψ1,2 = ψ2,1 = −a2a3a4,
ψ2,2 = (a1 + a2)a3a4 = ψΓ|v2=v⋆=v3 .

We see that when two indices coincide, the Dodgson polynomial reduces to Symanzik

polynomial of a graph where the corresponding vertex is identified with v⋆. This

property is well known, but not relevant for our current work.

If we include the prefactor from equation (4.2), introduce ψ = detL ·
∏

e ae, and specify

n = |VΓ| − 1, the formula of equation (4.3) for a graph with even loop number L becomes

αΓ =
π
|VΓ|−1

2 (−1)|EΓ|

2L+|EΓ|
(
L
2

)
! ·
∏

e ae · ψ
L+1
2

 ∑
i,j∈VΓ

(−1)i+jψj,k∂xj∂xk

L
2

WΓ(x⃗). (4.7)

It is no longer necessary to specify x⃗ = 0⃗ because after carrying out L derivatives, the

result is independent of x⃗.

4.2 Derivatives as permutations of factors

The sum of derivatives appearing in equation (4.7) is very similar to terms that usually

appear in Feynman integrals. It is well known that such sums of derivatives evaluate to a

sum over all matchings of indices, as we will discuss now.
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Example 16. Consider a monomial X = x1x2x3x4, assuming all x’s are different.

Such a monomial arises in 4-loop graphs. Evaluating the derivative once, we get

(Aij∂i∂j)X = (A12 +A21)x3x4 + (A13 +A31)x2x4 + . . . ,

with a total of 12 summands. Now, evaluate the remaining derivatives to obtain

(Aij∂i∂j)
2X = (A12 +A21) (A34 +A43) + (A13 +A31) (A24 +A42) + . . . .

If we expand all parentheses, we obtain 24=4! summands. These summands can be

identified with the 4! permutations of the factors inX. A partition of each permutation

into sets of size 2 will determine the indices of A:

{x1, x2, x3, x4} 7→ {{x1, x2} , {x3, x4}} 7→ A12A34,

{x1, x2, x4, x3} 7→ {{x1, x2} , {x4, x3}} 7→ A12A43,

{x1, x3, x2, x4} 7→ {{x1, x3} , {x2, x4}} 7→ A13A24.

If Aij = Aji and AijAkl = AklAij , only three are truly distinct:

(Aij∂i∂j)
2X = 8A12A34 + 8A13A24 + 8A14A23.

These are the familiar three possibilities for a perfect matching of four elements. One

can easily verify that one would still obtain these 24 summands if not all four factors

in X were distinct.

Example 17. Following example 14, the dunce’s cap has only two distinct

monomials XT,j , namely x1x2 and x22. Each of them gives rise to 2! = 2 terms,

x1x2 → ψ1,2 + ψ2,1 = 2ψ1,2,

x2x2 → ψ22 + ψ2,2 = 2ψ2,2.

In this simple example, every sum collapses to just a single term, in general, there will

be a non-trivial sum remaining.

Going back to equation (4.1), a tree T contributes to αΓ with a term proportional

to the dae for e /∈ T . To extract this contribution, we define the coefficient extraction

operator

[
dT̄
]
αΓ :=

[∧
e/∈T

dae

]
αΓ = αΓ

∣∣∣
Terms proportional to

∧
e/∈T dae

. (4.8)

The sum WΓ (equation (4.1)) involves a sign
∏

e∈T (−1) = (−1)|T | = (−1)|VG|−1. Together

with equation (4.7), this gives rise to a sign (−1)|EΓ|+|VΓ|−1 = (−1)L = +1 since L is even.
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We thus find

[
dT̄
]
αΓ =

π
|VΓ|−1

2 sgn(T )
(∏

e∈T 2ae
)

2L+|EΓ|
(
L
2

)
! ·
∏

e ae · ψ
L+1
2

∑
s

(
(−1)j+kψj,k∂xj∂xk

)L
2
XT,s. (4.9)

Here, sgn(T ) is given by lemma 4, and XT,s is defined in equation (4.4). The individual

summands in equation (4.9) are polynomials

YT,s :=
(
(−1)j+kψj,k∂xj∂xk

)L
2
XT,s. (4.10)

Each YT,s is a polynomial in Schwinger parameters ae, homogeneous of degree (L + 1)
L
2 .

It inherits the sign of XT,s.

Lemma 7 (Wick/Isserlis theorem). Fix T , then the contribution PT,s (equation (4.10)),

contributing to the differential equation (4.9) of all edges e /∈ T , is a sum of all permutations

σ ∈ SL of its L factors xi,

YT,s = sgn(XT,s)(−1)
∑

xk∈XT,s
k ∑
σ∈SL

ψσ(xi1
),σ(xi2

) · · ·ψσ(xiL−1
),σ(xiL

).

Proof. This statement is well-known, we have illustrated it in example 16. It is a general

property of higher moments of Gaussian distributions, known as Isserlis’ theorem [10]. The

equivalent statement for higher moments of free quantum field theories is called Wick’s

theorem [11].

Note that all terms in the sum on the right hand side in lemma 7 appear with the same

sign because they all involve the same set of indices, the factor (−1)i+j from equation (4.6)

is the same for all of them, and appears in front of the sum.

In lemma 7, due to the symmetry ψi,j = ψj,i, many terms are actually equal. Con-

cretely, there are L
2 factors ψi,j , and hence, summing over all permutations, at least 2

L
2 of

the summands are equal upon using the symmetry. Even more might be equal if some of

the indices coincide. With lemma 7, equation (4.8) becomes

[
dT̄
]
αΓ =

π
|VΓ|−1

2 sgn(T )

4L
(
L
2

)
! ·
∏

e/∈T ae · ψ
L+1
2

(4.11)

·
∑
s

sgn (XT,s) (−1)
∑

xk∈XT,s
k ∑
σ∈SL

ψσ(xi1
),σ(xi2

) · · ·ψσ(xiL−1
),σ(xiL

).

Here, we have canceled the |T | = |VΓ|−1 factors of 2 from the numerator of equation (4.9)

against L + |EΓ| = 2 |EΓ| − (|VΓ| − 1) factors of 2 in the denominator. Moreover, the

monomial XT,s = {xi1 , . . . , xiL} (equation (4.4)) is interpreted as a set of its L factors, not

all of which are necessarily distinct.
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Example 18. Consider the first spanning tree, T = {1, 3}, of the dunce’s

cap in example 14. There is only a single monomial XT,1 = XT = x1x2 with sign

sgn(XT,1) = 1. By examples 15 and 17, this term gives rise to∑
σ∈SL

ψσ(xi1
),σ(xi2

) · · ·ψσ(xiL−1
),σ(xiL

) = 2ψ1,2 = −2a2a3a4.

The graph has L = 2 loops, the sign sgn(T ) = −1 has been determined in example 12,

and (−1)
∑

xk∈XT,s
k
= (−1)1+2 = −1. Equation (4.11), leaving out π, yields

[
dT̄
]
αΓ = [ da2 ∧ da4]αΓ =

(−1)

421!a2a4 · ψ
2+1
2

1 · (−1)(−2a2a3a4) =
−a3
8ψ

3
2

.

This coincides with the coefficient from the manual computation in example 13.

4.3 Combinations of vertex Dodgson polynomials

Equation (4.11) holds for an individual tree T , and within this tree it is a sum over the indi-

vidual summands XT,s of the polynomial XT (equation (4.4)). These monomials, however,

have additional structure, namely, we know that the vertices can only be one of the two

end vertices of an edge. Phrased differently: All the possible vertices that make XT,s for a

given T actually correspond to one set of edges. It turns out that this structure guarantees

that the sum over s in XT,s can be computed exactly in terms of Dodgson polynomials.

Finally, we arrive at the following expression for the parametric integrand αΓ:

Theorem 1. Let Γ be a connected graph of even loop number L. For a fixed tree T , the

summand of dT̄ in αΓ is

[
dT̄
]
αΓ =

π
|VΓ|−1

2

4L
(
L
2

)
! · ψ

L+1
2

det
(
I[T ]

) ∑
σ∈SL(T̄ )

ψσ(e1),σ(e2) · · ·ψσ(eL−1),σ(eL).

Here, ψi,j are edge-indexed Dodgson polynomials (definition 6) and the sum goes over all

permutations σ of the L edges in T̄ , and these edges are assumed to be in increasing order

as always.

Proof. The sum in equation (4.11) is a sum of all combinations of vertex-indexed Dodgson

polynomials. The number of edges not in a spanning tree equals the loop number L, which

is even by lemma 5. Pick any two edges e1, e2 /∈ T and select all those terms from the

sum which are vertex Dodgson polynomials where one index is from e1 and one is from e2.

Apply lemma 13 to these terms, they will combine to form an edge-Dodgson polynomial.

As we are summing over all combinations, the resulting expression gets multiplied by a

sum over all vertex Dodgson polynomials that do not arise from e1, e2. Keep selecting

pairs of edges until all vertex Dodgson polynomials have been combined into edge Dodgson

polynomials.

From lemma 13, we obtain a factor
∏

e/∈T ae which cancels the corresponding factor

from equation (4.11).
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Furthermore, note that the sign (−1)
∑

xk∈XT,s
k
means that every ψxi,xj is multiplied by

(−1)i+j as required for lemma 13, and the relative signs in the lemma are exactly the overall

signs sgn(XT,s) that arise from the individual monomials according to equation (4.4). By

lemma 13, these signs combine to form

(−1)
∑

ek /∈T k+L
2 .

But that is just the sign from equation (3.8), hence sgn(T ) from lemma 4 reduces to

det (I[T ]) as claimed.

Example 19. Consider the following large 2-loop graph:

v1

v2 v3 v4 v5

v6 v7 v8 v9
v10

v11 v12 v13 v14

e1

e2 e3 e4

e5

e6 e7 e8 e9 e10

e11

e12 e13 e14

e15

Let the special vertex be v⋆ = v14. Choosing a spanning tree means to choose exactly

two edges not in the tree. If we pick T̄ := {e2, e8}, then the polynomial

XT = (x3 − x2) (x8 − x7) = x3x8 − x2x8 − x3x7 + x2x7

has four monomials, each of them gives two (identical) vertex Dodgson polynomials

due to the exchange of the two factors, and the sum of the terms in lemma 7 is

4∑
s=1

YT,s = (−1)3+82ψ3,8 − (−1)2+82ψ2,8 − (−1)3+72ψ3,7 + (−1)2+72ψ2,7

= −2ψe3,e8 − 2ψe2,e8 − 2ψe3,e7 − 2ψe2,e7 .

By lemma 13, this sum simplifies considerably:

4∑
s=1

YT,s = 2a2a8 (a11 + a12 + a13 + a14 + a15) = −2a2a8ψ
e2,e8 .

This is the result expected from theorem 1, where the factor of 2 again arises from the

sum over permutations ψe2,e8 + ψe8,e2 , and the scalar prefactors of theorem 1 are not

present since we only considered
∑

s YT,s instead of [ dT̄ ]αΓ.
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The choice T̄ = {e2, e8} was special in that it neither involved the special vertex

v⋆ = v14 nor any vertex twice. This restriction is not necessary. For example for

T̄ := {e10, e15}, where both edges are adjacent to v10, one obtains

2∑
s=1

YT,j = 2 (ψv10,v10 + ψv9,v10)

= 2 (a10a15 (a1 + a2 + a3 + a4 + a5)) = 2a10a15ψ
e10,e15 .

The edge-type Dodgson polynomials in theorem 1 are symmetric upon exchanging their

arguments, this means that every summand appears 2
L
2 times. Moreover, the product is

symmetric upon exchanging the factors, this gives another factor
(
L
2

)
!. Hence,

# distinct summands =
L!(

L
2

)
!2

L
2

=
L!

L!!
= (L− 1)!! (4.12)

= {1, 3, 15, 105, 945, 10395, . . .} for L = {2, 4, 6, 8, . . .} .

This makes it possible to compute the sum for typical 6-loop graphs relatively easily with

a computer. An implementation is available1. Moreover, the sum of Dodgson polynomials

in theorem 1 can be interpreted as the Pfaffian of a certain matrix, see [6].

5 Wedge product

We will establish that

αΓ ∧ αΓ = 0

for all 1PI graphs. This implies that αΓ∧αΓ = 0 for all non-tree graphs because by lemma 6,

if Γ is not 1PI then αΓ factorizes, and if αΓ = α1∧α2 then αΓ∧αΓ = ± (α1 ∧ α1)∧(α2 ∧ α2),

which is zero if either of the 1PI factors is zero. In view of lemma 5, we only consider the

case where Γ has even loop number.

Example 20. Notice, first of all, that the claim αΓ ∧ αΓ = 0 is not trivial. The

wedge product is symmetric for even products of differentials, for example(
da1 ∧ da2 + da3 ∧ da4

)
∧
(
da1 ∧ da2 + da3 ∧ da4

)
= 2da1 ∧ da2 ∧ da3 ∧ da4 ̸= 0.

By lemmas 1 and 5, the form αΓ is of even degree in differentials of Schwinger param-

eters, hence it would be conceivable that αΓ ∧ αΓ ̸= 0.

Example 21. We know from example 13 that αΓ for the dunces cap equals

a4 ( da1 ∧ da3 + da2 ∧ da3)− a3 ( da1 ∧ da4 + da2 ∧ da4) + (a1 + a2) da3 ∧ da4

8ψ
3
2

.
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Indeed, explicit calculation shows that αΓ ∧ αΓ = 0 in this case. Firstly, there are

all those terms where a factor dae appears twice, they vanish automatically. What

remains are exactly those combinations where the sets of dae are disjoint. These are

a4(−a3) ( da1 ∧ da3) ∧ ( da2 ∧ da4) + a4(−a3) ( da2 ∧ da3) ∧ ( da1 ∧ da4) = 0.

Even if, by example 20, the wedge product of an even number of differentials is not

trivially zero, there are still some graphs with even loop order where the wedge product

vanishes trivially, namely, if they do not permit sufficiently many distinct edge differentials.

Lemma 8. If 2L > |EΓ|, or equivalently |EΓ| > 2 |VΓ|−2, then αΓ∧αΓ = 0. In particular,

if Γ is a multiedge on 2 vertices, then αΓ ∧ αΓ = 0.

Proof. By lemma 1, each factor αΓ is either zero, or it is of degree L. Hence, the wedge

product αΓ∧αΓ is either trivially zero, or it contains 2L differentials dae. By antisymmetry,

the wedge product αΓ ∧ αΓ vanishes unless all involved dae are distinct. Ignoring any

subtleties, for this to be possible at all, the graph must have at least 2L edges. However,

at a fixed number of vertices, every additional edge increases the loop number, therefore,

this can equivalently be viewed as an upper bound on the number of edges.

Note that the condition of lemma 8 does not restrict the remaining class of graphs

too much. For example, for the special case of r-regular graphs (i.e. each vertex has

valence r), the condition |EΓ| ≤ 2 |VΓ| − 2 is true exactly if r ≤ 4 (these happen to be the

graphs that arise in the renormalizable scalar theories in 4 dimensions, but recall that αΓ

is associated to a 1-dimensional topological integral). As a second example, a n-Laman

graph [4, Sect. 3.3] has n |VΓ| = (n − 1) |EΓ| + n + 1, and hence n
n−1 |VΓ| −

n+1
n−1 = |EΓ|.

These graphs satisfy |EΓ| ≤ 2 |VΓ| − 2 for all n ≥ 2.

By lemma 8, we concentrate on |EΓ| ≤ 2 (|VΓ| − 1). For every spanning tree, there are

L edges not in the tree. If the bound lemma 8 is exhausted, then the two spanning trees

are complements of each other. Otherwise, there is an overlap between the spanning trees,

but still, the edge sets not in the trees are disjoint.

Let now E be the set of exactly 2L distinct edges not in the spanning trees, that is

E = E1 ∪ E2 = T̄1 ∪ T̄2 = (EΓ \ T1) ∪ (EΓ \ T2) = {ei1 , . . . , ei2L} . (5.1)

As in equation (4.8), we let

dE := dai1 ∧ . . . ∧ dai2L . (5.2)

The sought-after wedge product consists of multiple terms of this form, each multiplied by

some polynomial Q̄E in the remaining edge variables {ae}.

αΓ ∧ αΓ =
∑

E⊆EΓ
|E|=2L

Q̄E dE. (5.3)
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Our task is to describe the Q̄E and to establish that they vanish.

Every Q̄E arises from a sum of all ways that produce a differential dE. For a fixed

set E of edges, this amounts to all ways of partitioning E into two disjoint parts according

to equation (5.1). There are exactly
(
2L
L

)
ways to do that. Not for all of these partitions,

the two sets describe spanning trees, but we ignore this restriction for now. We can still

include those partition if we make sure that they give a zero contribution to the sum.

In the set dE (equation (5.2)), all factors dae appeared in increasing order. For a

given partition E = E1 ∪ E2, the factors of E1, which belong to the first αΓ, come before

the factors of E2. Therefore, when computing the wedge product equation (5.3), these

factors will be shuffled and need to be brought into increasing order. On the other hand,

E1 and E2 are individually sorted. The sign that arises from the shuffle is the sign of the

partition, sgn(E1 ⊕ E2). Here we use the notation E1 ⊕ E2 instead of E1 ∪ E2 to indicate

that this object is a concatenation of two disjoint sequences of edges (which keeps a notion

of order), not just the union (which would be the same regardless of which partition had

been used). Phrased differently, we are interpreting E1 and E2 as words (sequences with

specified order) instead of sets (which have no notion of order).

Example 22. Consider E := {e1, e2, e3, e4}, then dE = da1 ∧ da2 ∧ da3 ∧ da4,
where the factors are sorted. In the product equation (5.3), the differential dE can

arise, for example, from

( da1 ∧ da2) ∧ ( da3 ∧ da4) = dE.

But it might as well arise in a product of the form

( da1 ∧ da3) ∧ ( da2 ∧ da4) = (−1) dE.

Note that the factors within the parentheses, corresponding to E1 and E2, are sorted

in all cases, but still in the second case, their order-preserving concatenation E1⊕E2 =

a1a3a2a4 is not sorted.

This sign, sgn(E1 ⊕ E2), is +1 if nothing needs to be permuted, that is, if all letters

of the word E1 ⊕E2 come in increasing order. Otherwise, keep in mind that the words E1

and E2 individually are sorted in order to be used as T̄ in theorem 1. Therefore, the sign

of the shuffle equals the sign of the permutation of the word E1 ⊕ E2,

sgn (E1 ⊕ E2) = sgnperm

(
E1 ⊕ E2

)
when E1 and E2 individually are sorted.

Conversely, if we allow E1 and E2 to be words with arbitrary order of their elements, we

need a correction factor to put them into increasing order:

sgn (E1 ⊕ E2) = sgnperm (E1 ⊕ E2) · sgnperm (E1) · sgnperm (E2) . (5.4)

Even if in theorem 1 the arguments Ej must be sorted increasingly, we will see later that

it is useful to allow non-sorted Ej as well, which requires equation (5.4).
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Recall that, summing over all partitions, the contribution of a fixed set E of edges to

the wedge product equation (5.3) is

Q̄E =
∑

E=E1∪E2

sgn(E1 ⊕ E2) · [ dE1]αΓ · [ dE2]αΓ. (5.5)

In this formula, all edges in the subsets E1 and E2 are in increasing order such that we can

apply theorem 1 without any further signs. This will give rise to an overall scalar factor

consisting of powers of ψ and other quantities. We leave out this factor since it is irrelevant

for the question whether Q̄E vanishes. The non-trivial part of Q̄E is

Q̃E :=
∑

E=E1⊕E2

sgn(E1 ⊕ E2) det
(
I(E1, ∅)

)
det
(
I(E2, ∅)

)
·
∑

σ∈SL(E1)

ψσ(e1),σ(e2) · · ·ψσ(eL−1),σ(eL)

·
∑

σ∈SL(E2)

ψσ(e1),σ(e2) · · ·ψσ(eL−1),σ(eL). (5.6)

The signs in this sum, arising from lemma 4, are problematic because the determinants

depend on the choice of graph matrix for a given graph, that is, on the choice of labeling

and direction of edges. In equation (5.6), we have introduced the notation I(E1, ∅) of

equation (B.1) to make contact with lemma 11. Concretely, by equation (B.4), this product

of the determinants is a Dodgson polynomial,

det
(
I(E1, ∅)

)
det
(
I(E2, ∅)

)
= ψE1,E2 ∈ {−1, 0,+1} . (5.7)

This identity holds even for the case where E1 and E2 are arbitrary sets of L edges each, but

the expression is non-zero only when both E1 and E2 are complements of spanning trees.

On the other hand, the Dodgson polynomial ψE1,E2 is the determinant of the (|VΓ| − 1)×
(|VΓ| − 1) minor M(E1, E2) ≡ M[T1, T2]. According to lemma 10, this Dodgson polynomial

can be expanded as an alternating sum over Dodgson polynomials ψi,j , where i and j are

individual edges:

ψE1,E2 =
1

(ψ)L−1

∑
m∈M(E1,E2)

sgn(m)
∏

(p1,p2)∈m

ψp1,p2

︸ ︷︷ ︸
L factors

, (5.8)

where M(E1, E2) are the L! matchings of the L-element sets E1 and E2. The Symanzik

polynomial (ψ)L−1 in equation (5.8) is yet another trivial overall factor, we factor it out of

Q̃E (Equation (5.6)) to form QE according to

QE :=
∑

E=E1∪E2

sgn(E1 ⊕ E2)
∑

m∈M(E1,E2)

sgn(m)
∏

(p1,p2)∈m

ψp1,p2

·
∑

σ∈SL(E1)

ψσ(e1),σ(e2) · · ·ψσ(eL−1),σ(eL)

·
∑

σ∈SL(E2)

ψ{σ(e1)},{σ(e2)} · · ·ψσ(eL−1),σ(eL). (5.9)
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Example 23.

Consider an arbitrary 1PI 2-loop graph. Such a graph has the shape of the letter

θ, where the three branches might be arbitrarily long, compare the graph considered

in example 19.

Without loss of generality, let E = {1, 2, 3, 4} be the 2L selected edges. Up to

trivial exchange of the two components, there are three distinct partitions, they have

the following signs:

{1, 2} ⊕ {3, 4} : +1,

{1, 3} ⊕ {2, 4} : −1,

{1, 4} ⊕ {2, 3} : +1.

Equation (5.6), using equation (5.7), reads

QE = +1ψ{1,2},{3,4}ψ1,2ψ3,4 − ψ{1,3},{2,4}ψ1,3ψ2,4 + ψ{1,4},{2,3}ψ1,4ψ2,3.

The Dodgson polynomial with two-component sets as indices are zero or ±1. In partic-

ular, they are zero unless both E1 and E2 are complements of spanning trees. Instead

of examining the combinatorial possibilities of choosing spanning trees, we now use

equation (5.8) to expand these Dodgson polynomials, and we obtain equation (5.9):

ψ ·QE =
(
ψ1,3ψ2,4 − ψ1,4ψ2,3

)
ψ1,2ψ3,4

−
(
ψ1,2ψ3,4 − ψ1,4ψ2,3

)
ψ1,3ψ2,4

+
(
ψ1,2ψ3,4 − ψ1,3ψ2,4

)
ψ1,4ψ2,3

= ψ1,2ψ1,3ψ2,4ψ3,4 − ψ1,2ψ1,4ψ2,3ψ3,4

− ψ1,2ψ1,3ψ2,4ψ3,4 + ψ1,3ψ1,4ψ2,3ψ2,4

+ ψ1,2ψ1,4ψ2,3ψ3,4 − ψ1,3ψ1,4ψ2,3ψ2,4

= 0.

The sum vanishes regardless of the values of the particular Dodgson polynomials.

Already at L = 4, the sums of equation (5.9) are too complicated to do them by hand,

but example 23 is paradigmatic: The fact that the sum vanishes is due to combinatorial

cancellations between the summands. We never need to evaluate any ψi,j explicitly, it does

not even matter if a given ψi,j is zero or not.

Theorem 2. Let Γ be a 1PI graph with L loops where L is even. Let E ⊆ EΓ with |E| = 2L

and let QE be as in equation (5.9). Then

QE = 0.

This implies Q̄E = 0 and therefore αΓ ∧ αΓ = 0 by equation (5.3).

– 28 –



+(1, 2)⊕ (3, 4)

1 2

3 4

+ψ1,3ψ2,4ψ1,2ψ3,4

fix {1, 4}
exchange 2 ↔ 3

−(1, 2)⊕ (4, 3)

1 2

3 4

−ψ1,4ψ2,3ψ1,2ψ3,4

fix {1, 3}
exchange 2 ↔ 4

+(1, 3)⊕ (4, 2)

1 2

3 4

+ψ1,4ψ2,3ψ1,3ψ2,4

fix {1, 2}
exchange 3 ↔ 4

−(1, 3)⊕ (2, 4)

1 2

3 4

−ψ1,2ψ3,4ψ1,3ψ2,4

+(1, 4)⊕ (2, 3)

1 2

3 4

+ψ1,2ψ3,4ψ1,4ψ2,3

−(1, 4)⊕ (3, 2)

1 2

3 4

−ψ1,3ψ2,4ψ1,4ψ2,3

Figure 2: Auxiliary graphs G of six distinct permutations S of E = {1, 2, 3, 4} for a 2-loop

graph used in the proof of theorem 2. These graphs correspond to the six terms comprising QE in

example 23.

The first line of each figure shows the partition sgnperm(e1, e2, e3, e4) · (e1, e2) ⊕ (e3, e4) with its

sign (equation (5.10)). Vertices of E1 are drawn white, vertices of E2 are black. The dashed lines

correspond to Dodgson polynomials in the first block of factors, equation (5.12). They go from E1

to E2, and their position is implied by the chosen permutation S. The bold lines represent the

Dodgson polynomials of the second block of factors, equation (5.13). These are a perfect matchin

within either E1 or E2. In general, the bold edges are not fixed by S alone, but for a 2-loop graph

as shown here, they are.

The cancellation used in theorem 2 occurs within each column. We fix two vertices at opposing

sides, and exchange the remaining vertices. In the 2 loop case, this means to exchange one pair

of vertices. This exchanges dashed and solid lines, but reproduces the same summand in terms of

Dodgson polynomials, just with a flipped sign.

Proof. We examine the sum equation (5.9). It consists of products of 2L edge-indexed

Dodgson polynomials, coming with alternating signs. We will establish that these terms

cancel pairwise. In what follows, we assume that E,E1, E2 are words, that is, sequences

with a fixed order of elements, not unordered sets.

First, consider the sign. By equation (5.4),

sgn (E1 ⊕ E2) = sgnperm (E1 ⊕ E2) · sgnperm (E1) · sgnperm (E2) .

The other sign, sgn(m) from lemma 10, is the sign of the matching of the words E1 and

E2. Phrased differently, this is the relative sign of their permutations,

sgn(m) = sgnperm (E1) · sgnperm (E2) .
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Hence, the overall sign of a given summand in QE is

sgn (E1 ⊕ E2) sgn(m) = sgnperm (E1 ⊕ E2) . (5.10)

This is the ordinary permutation sign for the permutation of the overall word E, where E1

is the first L elements of E and E2 is the second L elements.

Now we examine which summands are present. The key to this is the observation that

the sum over all partitions E1 ⊕ E2, and then over all matchings of the individual Ej ,

is the same as a sum over all permutations S of E, with the convention that the first L

elements, {s1, . . . , sL}, form E1, and the last L elements, {sL+1, . . . , s2L}, form E2. That

is, {s1, s2, . . . , s2L−1, s2L} = S = E1 ⊕ E2, and

QE =
∑

S∈S2L(E)

sgnperm(S) · ψs1,sL+1ψs2,sL+2 · · ·ψsL,s2L

·
∑

σ∈SL(E1)

ψσ(s1),σ(s2) · · ·ψσ(sL−1),σ(sL)

·
∑

σ∈SL(E2)

ψσ(sL+1),σ(sL+2) · · ·ψσ(s2L−1),σ(s2L). (5.11)

There are |E| = 2L edge indices in S and they are all distinct. We let G be an auxiliary

graph on 2L vertices, where each vertex is labeled with one of the indices of E (i.e. the

vertices of G correspond to the selected edges of Γ). The bipartition S = E1 ⊕ E2 can be

encoded by a coloring of the vertices of G. We draw the vertices white when they lie in

E1, and black when they are in E2.

Each summand in equation (5.11) has 2L factors ψi,j , each of which involves exactly

two distinct indices. These summands will be the edges in our auxiliary graph G. The

Dodgson polynomial ψi,j = ψj,i is symmetric under exchange of indices, hence the edges

in G are undirected. The first L factors of a summand in equation (5.11) are

ψs1,sL+1ψs2,sL+2 · · ·ψsL,s2L . (5.12)

Each factor joins one index of E1 to one index of E2. Hence, in the auxiliary graph G, the

factors in equation (5.12) correspond to edges between a black and a white vertex. In fact,

equation (5.12) involves every index exactly once, hence, these edges are a matching of all

black vertices of G with all white vertices of G. We draw these edges as dashed lines in G.

Figure 2 shows auxiliary graphs for the 2-loop case.

For a given permutation of E, the resulting auxiliary graph is unique. A fixed auxiliary

graph can correspond to more than one permutation, namely, it corresponds to exactly all

those permutations where the sets E1, E2 are unaltered, but both words are permuted

in the same way such that the resulting matching is the same. In equation (5.12), those

permutations correspond to a permutation of the individual Dodgson polyonmials ψp1,p2 ,

without changing the matching of indices. There are L! such permutations, each of them

amounts to permuting indices in E1 and simultaneously in E2, hence all these terms con-

tribute with the same sign. Such permutations have no influence on the second block of
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factors in equation (5.11) because they leave the partition S = E1 ⊕ E2 fixed. Hence, we

could multiply by L! and ignore these permutations and demand without a loss of gener-

ality that the set E1 should be sorted increasingly. The remaining partitions would then

be in bijection with auxiliary graphs. However, we do not do this because the next step of

the proof gets slightly easier when there is no additional step of sorting indices.

The other block of L factors in equation (5.11),∑
σ∈SL(E1)

ψσ(s1),σ(s2) · · ·ψσ(sL−1),σ(sL) ·
∑

σ∈SL(E2)

ψσ(sL+1),σ(sL+2) · · ·ψσ(s2L−1),σ(s2L) (5.13)

represents the sum of all possibilities to choose Dodgson polynomials within E1 and E2,

respectively. In the auxiliary graph, these are perfect matchings of the vertices E1, and

of the vertices E2, respectively. We draw these factors as solid edges in G. Note that

equation (5.13) involves an additional summation over permutations, the matching is not

implied by the summation over permutations S = E1 ⊕ E2. Phrased differently: The

permutation S fixes the matching equation (5.12) between E1 and E2, and for each fixed

S, we need to sum over all perfect matchings within E1 and E2. An example for this is

shown in figure 3.

By construction, the auxiliary graph has 2L vertices, 2L edges, and every vertex is incident

to exactly one solid edge and one dashed edge. Hence, the auxiliary graph is either a cycle,

or a union of disjoint cycles. No two edges of the first type or of the second type are adjacent

to each other, therefore they must alternate, therefore each of these cycles contains an even

number of edges. Moreover, in order to match vertices of the same color with the black

edges, the number of vertices of a given color must be even within each cycle (this is

equivalent to saying that the loop number is even, lemma 5). Hence, each cycle has an

even number of black vertices and the same even number of white vertices, and the total

number of vertices is a multiple of four. For two loops, the situation is shown in figure 2.

In that case the auxiliary graph is just one cylce because a cycle with even numbers of

black and white vertices can not have less than four edges. For four loops, it is possible to

have either one or two cycles, see figure 3.

We will now show that the terms in equation (5.11) cancel pairwise. Consider a cycle of

length 4k, where k is integer. Choose arbitrary one of the vertices to be at position 0 in

the cycle, this fixes a vertex at position 2k. Now exchange the labels of all other vertices

pairwise “across the connection line between the two fixed vertices”, that is, exchange

number 1 with number 4k − 1, number 2 with 4k − 2 and so on until number 2k − 1 with

2k + 1. After this operation, the cycle has the same structure, the same vertex labels are

present, the two edge types are still alternating, but the labeling of vertices has changed.

Equivalently, this operation exchanges the two types of edge within the selected cycle, that

is, it moves factors of Dodgson polynomials from the first block (equation (5.12)) to the

second (equation (5.13)) and vice versa. This reordering of factors does not change the value

of a summand because each Dodgson polynomial with the same indices is equivalent, no

matter if it came from the first or the second block of factors. In doing this transformation,

a total of 4k − 2 vertices are exchanged, these are 2k − 1 swaps of indices. This number is
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always odd. Consequently, the permutation sign equation (5.10) flips and we have obtained

a summand in QE which has all the same factors as the original summand, but a flipped

overall sign. Hence, the two summands cancel, the same transformation can be done with

every summand, and QE = 0.

+(1, 5, 2, 7)⊕ (3, 4, 6, 8)

1

2

3

4

5

6

7

8

+ψ1,3ψ4,5ψ2,6ψ7,8ψ1,7ψ2,5ψ3,4ψ6,8

fix {1, 2}
exchange 3 ↔ 7 4 ↔ 8, 5 ↔ 6

+(1, 5, 2, 7)⊕ (3, 4, 6, 8)

1

2

3

4

5

6

7

8

+ψ1,3ψ4,5ψ2,6ψ7,8ψ1,5ψ2,7ψ3,4ψ6,8

fix {1, 4}
exchange 3 ↔ 5

−(1, 6, 2, 3)⊕ (7, 8, 5, 4)

1

2

3

4

5

6

7

8

−ψ1,7ψ6,8ψ2,5ψ3,4ψ1,3ψ2,6ψ7,8ψ4,5

−(1, 3, 2, 7)⊕ (5, 4, 6, 8)

1

2

3

4

5

6

7

8

−ψ1,5ψ3,4ψ2,6ψ7,8ψ1,3ψ2,7ψ4,5ψ6,8

Figure 3: Auxiliary graphs for the cancellation of a summand in QE for a 4-loop graph. Both

columns show the same permutation S of equation (5.11) (hence the coloring of vertices and the

location of dashed lines in the upper row is the same), but they differ in the matching chosen in the

second factor, equation (5.13). On the left side, the edges form one cycle of length 8. The vertex

opposite to 1 is 2, and we exchange three pairs to obtain a canceling term. On the right side, the

auxiliary graph consists of two disjoint cycles, we only manipulate the cycle containing vertex index

1.
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A Graph matrices

Let Γ be a graph where edges e ∈ EΓ are directed, e = (v−(e) → v+(e)) .

Definition 1. The incidence matrix of Γ is a matrix Ī with |EΓ| rows and |VΓ| columns.

Its entry Īe,v has the value −1 if the edge e starts at vertex v, or value +1 if e ends at v.

The entry is zero if e is not incident to v.

The matrix ĪT Ī is a |VΓ| × |VΓ| matrix where both rows and columns are indexed the

vertices of the graph, this is the unlabeled graph Laplacian. We want to be able to identify

particular edges. To this end, we introduce one parameter ae for every edge e. In physics,

these are the Schwinger parameters. From these parameters, we define the “edge variable

matrix”

D := diag(⃗a) =

a1 . . .

a|EΓ|

 . (A.1)

Powers of the matrix D are understood in terms of the matrix exponential, but they

effectively just amount to the corresponding power of the diagonal entries.

D−1 = diag
(

⃗(a−1)
)
.

One now obtains the labeled graph Laplacian L̄ := ĪTD−1Ī. However, the matrix L̄ is not

invertible. One therefore defines a variant of the above matrices where one arbitrary vertex

v⋆ is excluded. To fix notation, we will always choose to remove the last vertex v⋆ = v|VΓ|,

but all results are independent of this choice.

Definition 2. The reduced incidence matrix I of Γ amounts to the incidence matrix Ī
(definition 1), but with the last column, corresponding to v⋆, left out.

Definition 3. The (reduced, labeled) Laplacian of a graph Γ is the matrix

L := ITD−1I = LT .

Definition 3 is sometimes called dual Laplacian because the edge e is labelled with

the inverse parameter, 1
ae
. This is merely convention. Conversions between the dual and

non-dual version of the definitions is always possible by trivial operations.

Definition 4. The expanded Laplacian is a matrix consisting of the reduced incidence

matrix I (definition 2) and the edge matrix (equation (A.1)).

M :=

(
D I

−IT 0

)
.

One finds that the determinants of L and M agree up to an overall factor.

Definition 5. The Symanzik polynomial of the graph Γ is

ψΓ := detM = detL ·
∏
e∈EΓ

ae.

The Symanzik polynomial is alternatively given by the sum of all spanning trees of Γ,

such that each monomial in ψΓ contains the edges not in the tree.
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B Dodgson polynomials

Consider sets A and B of integers between 1 and (|EΓ|+ |VΓ| − 1), not necessarily disjoint.

These sets correspond to sets of rows and columns of M (definition 4), we define two types

of minors:

M(A,B) := M where rows A and colums B have been removed (B.1)

M[A,B] := M where only rows A and colums B are present.

If |A| = |B|, then these matrices are square and hence it makes sense to compute their

determinant.

Definition 6. Let |A| = |B|. The Dodgson polynomial of a graph Γ is the determinant of

the minor of M (definition 4) where rows A and columns B have been removed,

ψA,B
Γ = detM(A,B).

We will often leave out the index Γ from graph polynomials in order to not clutter

notation. Classically, the definition of Dodgson polynomials assumes that A and B are

subsets of edge indices, but the definition and many properties are analogous for vertices

[12]. For our applications, it is sufficient to restrict to the case where A and B are either

both sets of edges, or both sets of vertices. The Dodgson polynomial is symmetric ψA,B =

ψB,A as long as A and B are either both sets of edges or both sets of vertices, but ψe,v =

−ψv,e for exchanging a single edge with a single vertex.

Minors, determinants and Dodgson polynomials have numerous interesting properties

and relations, see for example [12–15]. We will here review the ones that are relevant for

our application, and prove new ones we need in the main text.

In the special case where A and B consist of only one element, we will leave out

braces, ψi,j := ψ
{i},{j}
Γ . In that case, the Dodgson polynomials (definition 6) coincide with

the cofactors of M. We recall that the adjungate of the matrix M is the matrix consisting

of all cofactors,

adj(M) =

 ψ1,1 −ψ1,2 . . .

−ψ2,1 ψ2,2 . . .
...

...
. . .

 (B.2)

The adjungate matrix encodes, up to an overall factor det(M), the inverse matrix M−1.

Due to the special structure of M, the bottom right block in M−1 coincides with L−1.

Lemma 9. The (i, j)-entry of the inverse matrix of the graph Laplacian (definition 3),

where i and j are indices of vertices, is given by Dodgson (definition 6) and the Symanzik

polynomial (definition 5) according to

(
L−1

)
ij
= (−1)i+j ψ

i,j

ψ
.
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Note that in lemma 9 the indices i, j of the Dodgson polynomial refer to vertices, not

edges. To compute these polynomials from the matrix M in definition 4, the indices need

to be shifted by |EΓ|.

Due to their definition as determinants of minors of M (definition 6), the Dodgson

polynomials satisfy various Dodgson identities which typically arise from equating different

ways to expand these determinants. In the main text, we need the following statement.

Lemma 10. Let A,B ⊂ EΓ with |A| = |B| = n. Then

ψA,B =
1

(ψΓ)
n−1

∑
m

sgn(m)
∏

(p1,p2)∈m

ψp1,p2
Γ︸ ︷︷ ︸

n factors

,

where m denotes one of the n! possible matchings of the indices from A with the indices

of B in pairs p. The indices in A,B are assumed in their unique increasing order. If the

matching m matches the ith entry of A to the ith entry of B, then sgn(m) = 1, otherwise

sgn(m) is the relative sign of the permutation of the matching.

Proof. Use Jacobi’s determinant formula [16]. Let (adjM)[A,B] be the adjungate (equa-

tion (B.2)) of the expanded graph Laplacian (definition 4) where only rows A and columns

B are present. Let M(A,B) be the expanded Laplacian where rows A and columns B have

been deleted. Then

det
(
(adjM)[A,B]

)
=
(
det(M)

)|A|−1
det
(
M(A,B)

)
. (B.3)

By definition 5,
(
det(M)

)|A|−1
= ψn−1 is a power of the Symanzik polynomial. By defini-

tion 6, det
(
M(A,B)

)
= ψA,B is the Dodgson polynomial. By equation (B.2), the entries

of the adjungate are the Dodgson polynomials ψi,j , where i ∈ A and j ∈ B. The claimed

formula follows if one applies Laplace expansion to the determinant on the left of equa-

tion (B.3).

Let A ⊂ EΓ be such that the minor I(A, ∅) (equation (B.1)) of the reduced incidence

matrix (definition 2) is square, that is, |A| = |EΓ| − |VΓ| + 1 = LΓ. It is a standard fact

of graph theory that the determinant of this minor is ±1 if the edges EΓ \ A =: T are a

spanning tree of G, and zero otherwise. Eqivalently, det
(
I[T ]

)
is ±1 if and only if T is a

spanning tree, and zero else.

Lemma 11 ([15]). Let A,B with A∩B = ∅ be sets of edges. Let T be the set of subgraphs

of Γ\(A∪B) which have |R| = LΓ−|A| edges. Then the Dodgson polynomial (definition 6)

is an alternating sum over edges not in spanning trees,

ψA,B
Γ =

∑
R∈T

det
(
I(R ∪A, ∅)

)
· det

(
I(R ∪B, ∅)

)∏
e∈R

ae.

Only those terms contribute where both R ∪ A and R ∪ B are spanning tree complements

in Γ.
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The signs in the sum in lemma 11 change when a different labeling or direction of

the edges or vertices is chosen for the same graph. There have been efforts to introduce

polynomials which do not have this ambiguity, such as the spanning forest polynomials

[15] or the Dodgson cycle polynomials [12, 17]. For our application, Dodgson polynomials

are more suitable because of their well-defined relation to the inverse of the Laplacian in

lemma 9.

The total number of edges minus the number of edges in a spanning tree is the loop

number LΓ (=first Betti number, equation (3.4)) of a graph. In the special case where

|A| = |B| = LΓ, the set R in lemma 11 must have size zero. Hence, the sum has only a

single summand, R = ∅, and

ψA,B = det
(
I(A, ∅)

)
· det

(
I(B, ∅)

)
. (B.4)

If both A and B are complements of spanning trees, this quantity is +1 or −1, otherwise

it is zero.

One crucial step for our analysis is relating the vertex-type Dodgson polynomials of

lemma 9 to edge-type Dodgson polynomials.

Lemma 12. Let e = v1 → v2 be an edge in G, and let v ∈ VΓ be not the removed vertex

v⋆, but v is allowed to coincide with either v1 or v2. Then

− (−1)v1 ψv1,v + (−1)v2 ψv2,v = (−1)e+|E| aeψ
e,v.

If v1 or v2 coincide with v⋆, the equation stays true if one leaves out the summand involving

v⋆.

Proof. Note that an edge e = v1 → v2 implies that the incidence matrix (definition 2) has

entries Ie,v1 = −1 and Ie,v2 = +1. We assume for now that v1 < v2, hence row v1 comes

above v2. For our proof, it will be crucial to understand the column e of the expanded

Laplacian M (definition 4), it has the form

M =

(
D I

−IT 0

)
=

(row e)

(row v1)

(row v2)



. . . I

ae
...

. . .
...

. . . −(−1) . . .

. . . . . .

. . . −(+1) . . .


All empty entries in this matrix are zero.

Use definition 6 to compute the Dodgson polynomials. In M(e, v), row e has been

removed. Consequently, the diagonal in the upper left block is missing the entry ae and

column e has only two non-zero entries, namely 1 at row v1 and −1 at row v2. We compute
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ψe,v by expanding the determinant with respect to column e:

det
(
M(e, v)

)
= 1(−1)|EΓ|−1+v1+e det

(
M({e, v1} , {e, v})

)
+ (−1)(−1)|EΓ|−1+v2+e det

(
M({e, v2} , {e, v})

)
(−1)e+|EΓ|aeψ

e,v = −(−1)v1aeψ
{e,v1},{e,v} + (−1)v2aeψ

{e,v2},{e,v}.

Now consider the left hand side of the equation in lemma 12. We compute the de-

terminant det (M(v1, v)) by expanding with respect to column e. Having removed row v1,

column e has only two non-vanishing entries left. We have v1 < v2, so row v2 lies below v1
and the index of v2 gets shifted by one if v1 is removed.

detM(v1, v) = ae(−1)e+e det
(
M({e, v1} , {e, v})

)
+ (−1)(−1)|E|−1+v2+e det

(
M({v1, v2} , {e, v})

)
(−1)v1ψv1,v = (−1)v1aeψ

{e,v1},{e,v} + (−1)|E|+v2+v1+eψ{v1,v2},{e,v}.

The remaining term is expanded analogously, but because v1 < v2, removing v2 does not

alter the row index of v1. However, the entry in row v1 is 1 instead of (−1).

det
(
M(v2, v)

)
= ae(−1)e+e det

(
M({e, v2} , {e, v})

)
+ 1(−1)|EΓ|+v1+e det

(
M ({v1, v2} , {e, v})

)
(−1)v2ψ{v2},{v} = (−1)v2aeψ

{e,v2},{e,v} + (−1)|E|+v1+v2+eψ{v1,v2},{e,v}

Adding the two terms on the left hand side of lemma 12, we find

− (−1)v1 ψv1,v + (−1)v2 ψv2,v

= −(−1)v1aeψ
{e,v1},{e,v} + (−1)|EΓ|+v2+v1+eψ{v1,v2},{e,v}

+ (−1)v2aeψ
{e,v2},{e,v} − (−1)|EΓ|+v1+v2+eψ

{v1,v2},{e,v}
Γ

= −(−1)v1aeψ
{e,v1},{e,v} + (−1)v2aeψ

{e,v2},{e,v} = (−1)e+|EΓ|aeψ
e,v.

If we had assumed v2 < v1, the signs of two terms would have changed, but the end result

would have been the same.

Lemma 12 involves an arbitrary vertex v, but the same statement holds also for an

arbitrary edge e2 ̸= e in place of v. We will need lemma 12 with one particular combination

of indices, namely for a product

(v2 − v1) (v4 − v3) = v2v4 − v1v4 + v1v3 − v2v3.

Lemma 13. Let e1 = v1 → v2 and e2 = v3 → v4 be distinct edges. Then

(−1)v2+v4ψv2,v4 − (−1)v1+v4ψv1,v4 + (−1)v1+v3ψv1,v3 − (−1)v2+v3ψv2,v3

= (−1)e1+e2+1ae1ae2 · ψe1,e2 .
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Proof. Apply lemma 12 :

(−1)v2+v4ψv2,v4 − (−1)v1+v4ψv1,v4 + (−1)v1+v3ψv1,v3 − (−1)v2+v3ψv2,v3

= (−1)e1+|EΓ|+v4ae1ψ
e1,v4 − (−1)e1+|EΓ|+v3ae1ψ

e1,v3

= −(−1)e1+|EΓ|ae1
(
− (−1)v3ψv3,e1 + (−1)v4ψv4,e1

)
.

We have used that the Dodgson polynomial with one edge index and one vertex index flips

sign when the indices are exchanged. The two vertices v3 → v4 are the edge e2, hence we

use lemma 12 again, but this time with the edge e1 in place of the vertex v.

(−1)v2+v4ψv2,v4 − (−1)v1+v4ψv1,v4 + (−1)v1+v3ψv1,v3 − (−1)v2+v3ψv2,v3

= −(−1)e1+|EΓ|ae1(−1)e2+|EΓ|ae2ψ
e1,e2 = (−1)e1+e2+1ae1ae2ψ

e1,e2 .

C Scalar Feynman rules in parametric space

Many of the constructions in our proof are familiar from the derivation of parametric

Feynman rules. This form of the Feynman rules have been known at least since the 1960s,

more details and derivations can be found in [18–21]. In the present appendix, we briefly

review the steps to derive parametric Feynman rules for scalar fields.

We start from a momentum-space Feynman integral in D spacetime dimensions, where

we assume that the vertex Feynman rules are constant factors (such as −iλ), which we

leave out.

F (Γ) =

∏
l∈LΓ

∫
dD kl
(2π)D

∏
e∈EΓ

1

(k2e −m2
e)

νe

 . (C.1)

The parentheses in this expression are unnecessary, but kept for clarity. The loop momenta

kl do not necessarily coincide with edge momenta ke, but they are linear functions of each

other. Explicitly, they are related by momentum conservation at each vertex. Let e ∼ v

denote the edges incident to a vertex v, and let qv be an external momentum at that vertex

(which is zero when the vertex is internal), then

0 =
∑
e∼v

ke + qv =
∑
e∈EΓ

Ie,vke + qv. (C.2)

Here, I is the incidence matrix (definition 1). We can write equation (C.2) as a matrix-

vector-product by introducint the |VΓ|-elements vector q⃗ of external momenta, and the |EΓ|-
element vector k⃗ of edge momenta. The condition equation (C.2) amounts to a product of

|VΓ| delta functions, which we write as Fourier integrals over auxiliary D-vectors xv:∏
v∈VΓ

(2π)Dδ
(
IT k⃗ + q⃗

)
v

 =

∏
v∈VΓ

∞∫
−∞

dDxv

 eik⃗
T Ix⃗+iq⃗T x⃗.
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With this delta function, the momentum-integrals in the Feynman integral of equation (C.1)

can be taken about all edge momenta, not just the independent loop momenta. We obtain

a “hybrid” form between momentum-space and position-space (indeed, we could as well

have started from the position-space formula, but starting from momentum space, it is

more natural to consider external momenta and not fixed external positions of vertices).

F (Γ) =

∏
e∈EΓ

∫
dD ke
(2π)D

∏
v∈VΓ

∞∫
−∞

dDxv

∏
e∈EΓ

1

(k2e −m2
e)

νe

 eik⃗
T Ĩx⃗+iq⃗T x⃗. (C.3)

One of the delta functions expresses overall momentum conservation, by convention, this

delta function is not included in F (Γ). Therefore, we pick one vertex v⋆ and integrate only

over the remaining vertices. From now on, we assume that the vectors x⃗, q⃗ only contain

(|VΓ| − 1) remaining elements, and I is the reduced incidence matrix (definition 2).

Now, we transform each of the propagators to Schwinger parametric space by using

1

(k2e −m2
e)

νe =

∞∫
0

dae a
νe−1
e

Γ(νe)
e−ae(k2e−m2

e).

Here, Γ(νe) is the Euler Gamma function. The product of these expressions give rise to an

exponent which can be written as a matrix-vector product between the vector k⃗ of edge

momenta, the vector m⃗ of edge masses, and the diagonal matrix D (equation (A.1)) of edge

variables ae. The Feynman rules are then

F (Γ) =

∏
e∈EΓ

∞∫
0

dae a
νe−1
e

Γ(νe)

∏
e∈EΓ

∫
dDke
(2π)D

 ∏
v∈(VΓ\v0)

∫
dDxv


exp

(
−k⃗TDk⃗ + m⃗TDm⃗+ ik⃗T Ix⃗+ ix⃗T q⃗.

)
.

We want to integrate over both x⃗ and k⃗, we start with k⃗. This is a Gaussian integral where

the variable k⃗ needs to be shifted by − i
2D

−1Ix⃗ in order to complete the square. Solving the

integral, one obtains a power of detD =
∏

e∈EΓ
ae in the denominator. We ignore powers

of 2π, they can be absorbed by appropriate conventions. The result is

F (Γ) =

∏
e∈EΓ

∞∫
0

dae a
νe−1
e

Γ(νe)

 ∏
v∈(VΓ\v0)

∫
dDxv

 1

(detD)
D
2

e−
1
4
x⃗T ITD−1Ix⃗+ix⃗T q⃗+m⃗TDm⃗.

In the exponent, we recognize the Laplacian L = ITD−1I (definition 3). The remaining

integral over x⃗ is again Gaussian, it produces a power of detL in the denominator.

F (Γ) =

∏
e∈EΓ

∞∫
0

dae a
νe−1
e

Γ(νe)

 1

(detD)
D
2 (detL)

D
2

e−q⃗TL−1q⃗+m⃗TDm⃗. (C.4)
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The denominator is given by the first Symanzik polynomial (definition 5), ψ = detD detL,
and the remaining exponent is defined as the second Symanzik polynomial,

ϕ := ψ · q⃗TL−1q⃗ − ψ ·
∑
e∈EΓ

aem
2
e.

The entries of the inverse Laplacian are vertex-indexed Dodgson polynomials according to

lemma 9. These Dodgson polynomials, up to sign, are spanning 2-forest polynomials [15],

the second Symanzik polynomial is a sum over spanning 2-forests of Γ, see e.g. [22] for

details.

The construction in the main text, in particular section 4, is analogous to the derivation

of equation (C.4). We compute an integral over x⃗ and obtain αΓ, which is the integrand

for parametric Feynman rules (i.e. it is a differential form in dae). The distinctive dif-

ference from the present scalar case is that the integration in the main text involves not

just the exponential e−x⃗Lx⃗, but additionally the non-trivial polynomial WΓ(x⃗) defined in

equation (4.1). Solving a Gaussian integral with polynomial integrand inevitably leads to

factors L−1 in the result, hence, the result αΓ is a function of Dodgson polynomials.

Finally, we remark that in the literature, the term “parametric Feynman integral” often

means a slightly different expression than equation (C.4). That version can be obtained

by using that both Symanzik polynomials are homogeneous, which allows to introduce an

overall scaling of all Schwinger parameters ae 7→ t · ae. One can then solve the t-integral

analytically, it produces an Euler gamma function, and the remaining integral is over the

projective space of Schwinger parameters, where one can e.g. fix the sum to be unity:

F (Γ) = Γ(−dΓ)

∏
e∈EΓ

∞∫
0

dae a
νe−1
e

Γ(νe)

 δ

1−
|EΓ|∑
e=1

ae

 ϕdΓ

ψdΓ+
D
2

. (C.5)

Here, dΓ := |LΓ| D2 −
∑

e∈EΓ
νe is the superficial degree of divergence of the graph Γ,

and the gamma function factor Γ(−dΓ) represents the superficial divergence of the in-

tegral. For a IR-finite graph without UV-subdivergences, assuming a suitable choice of

external momenta, the remaining projective integral is finite. In particular, the form αΓ

(equation (2.9)) used in the main text is well-defined on the projective space of Schwinger

parameters [4, 5].

In general, a projective integral of the form equation (C.5) might involve additional

singularities, corresponding to subdivergences of the Feynman graph. Equation (C.5) is

then the starting point for renormalization in parametric space, see e.g. [23].
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