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ABSTRACT

We give a categorical formulation of the p-adic local Langlands correspondence for
GL2(Qp) as an embedding of the derived category of locally admissible representa-
tions into the category of Ind-coherent sheaves on the moduli stack of two-dimensional
representations of Gal(@p /Qp). The Montréal functor appears as the ‘Whittaker coef-
ficient’ for the universal Galois representation, in the sense of the geometric Langlands
program. Moreover, we relate our version of the p-adic local Langlands correspondence
for GL2(Q,) to the cohomology of modular curves through a local-global compatibility

formula.
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1. Introduction

The main goal of this paper is to give a categorical formulation of the p-adic local Langlands
correspondence for GL2(Q)), in the spirit of the geometric Langlands program. Moreover, we
relate our version of the p-adic local Langlands correspondence for GL2(Q)) to the Montréal
functor and to the cohomology of modular curves through a ‘local-global compatibility’ formula.
Throughout the paper, we let p be a prime number and assume p > 5.

1.1 Local results

Before describing our results in detail, let us give some context for the shape of our results. Let
G be a connected reductive group over the global function field F' of a curve X, which we assume
to be split for simplicity. Roughly speaking, the geometric Langlands program proposes a link
between the quasicoherent sheaf theory on the moduli stack X5 of G-local systems on X (the
stack of Langlands parameters) and the ‘constructible’ sheaf theory of the moduli stack Bung of
G-torsors on X. Replacing F' by a non-archimedean local field (of mixed or equal characteristic),
these ideas have been transposed to the setting of the local Langlands correspondence in recent
work of Fargues and Scholze [FS24], with Bung the stack of G-torsors on the Fargues—Fontaine
curve.!

A consequence of the main conjecture in [FS24], which was conjectured independently by
Hellmann [Hel23] and Ben, Zvi, Chen, Helm and Nadler [BZC'24] (who also proved it for
G = GL,), is the existence of a fully faithful embedding

D (G) — IndCoh(X5), (1.1)

'There is also the work of Zhu [Zhu25, Zhu25], which instead uses the stack of G-isocrystals.
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where Dgn(G) is the (oo-categorical) unbounded derived category of smooth G(F)-
representations and IndCoh(X5) is the Ind-completion of the bounded derived category
Dé’oh(%a) of coherent sheaves on the moduli stack X5 of G-valued Weil-Deligne representations.

The main theorem of this paper is a version of the embedding (1.1) in the context of the p-adic
local Langlands correspondence for GL2(Q)). To state it precisely, we need some more notation.
Let G = GL2(Q,). We fix a finite extension L/Q,, (which we think of as large) and let O = Oy, be
its ring of integers with residue field F. Furthermore, we fix a smooth character ¢ : Q,™ — O* and
consider the abelian category Modgz((’)) of smooth and locally finite (or, equivalently, locally
admissible) representations of G on O-modules, with central character (. We let X, denote the
algebraized moduli stack of two-dimensional continuous representations of I'g, := Gal(Q,/Q,)
over O with fixed determinant (e (where ¢ is the p-adic cyclotomic character); we refer to §2

for the precise definitions. Our main theorem is the following.
THEOREM 1.1. There exists a fully faithful embedding D(Modgfé((’))) — IndCoh(X.).

We also prove a ‘dual’ version; we refer to §5.1 for the precise statement of the main theorem
and its dual version. Our results are related to conjectures discussed in [EGH25] (with proofs
announced in the case of GL2(Q)) in a forthcoming paper (with proofs announced in the case
of GL2(Q,), appearing in work of Dotto, Emerton and Gee which was made public whilst this
article was in proof [DEG26]); see §1.6 for a discussion about the relation with [EGH25].

1.2 The proof of local results

We now give an outline of the proof, which is Morita-theoretic. The category Modlcf,ifZ(O) has
been computed explicitly by Paskunas [Pas13]. In particular, it has a block decomposition

Modé%(0) = | [ Mod % (0)ss
B

and the blocks B are in bijection with Gal(F/F)-orbits of two-dimensional semisimple I'g, -
representations over F with determinant (e; we choose a representative pg with minimal
field of definition. Explicitly, there are four types of blocks containing absolutely irreducible
representations:?

(1) B ={~r}, where 7 is supersingular;

(2) B = {Ind%(6; @ dow 1), IndG (62 ® S1w™)} with dpd; 1 # 1, wt;

(3) B ={Ind%(s ® dw™1)};

(4) B = {0 odet, St ® (¢ o det), Ind% (6w & dw")},
where w denotes the modulo-p cyclotomic character (and the corresponding character of Q,~
under Artin reciprocity). Following [Pas13], we refer to case (1) as the supersingular blocks, case
(2) as the generic principal series blocks, and cases (3) and (4) as the non-generic blocks, where

case (3) is labeled as ‘non-generic case I’ and case (4) as ‘non-generic case II'. The py are in
bijection with the connected components of X¢., and hence give a decomposition

Xee=| | X,
B

which induces a decomposition IndCoh(X.) = []g IndCoh(Xg). Thus, we may construct the
functor block by block.

2The remaining blocks can be handled by extending the coefficient field L.
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Each Modlg’%((’))% has an injective generator Iy and Fog := Endg(I5)°P is a compact ring.
The theory of locally finite categories [Gab62] gives an equivalence

Modl({;ifz (O)s = LModgise (Fss)

between MOdgE(O)% and the category LModgisc(Fss) of discrete left Eg-modules. The functor
in one direction is given by sending a G-representation o to the left Fyg-module Homg (o, Is )V,
where (—)V denotes the Pontryagin dual. The rings Fy have been computed explicitly by
Paskunas [Pasl13], using Colmez’s Montréal functor [Coll0]. In particular, the center of such
Eg is the universal pseudodeformation ring of pg, and in fact the whole Fg is often (but not
always) isomorphic to the universal Cayley—Hamilton algebra of py (see §2.1 for the precise
definition).
Thus, by Morita theory, constructing a fully faithful functor

Fy : Mod 8% (0)s — IndCoh(X )
essentially amounts to exhibiting an object Xy € Dgoh(.’f%) satisfying
RHom(Xss, Xos) = Ess,

i.e. End(Xp)= Ep and Ext’(Xp, Xs) =0 for i > 1. The functor is then (essentially) given as
the derived tensor product
o= Xg ©f, Homg(o, Is)", (1.2)

where X§, denotes the coherent dual of Xg3. We note that for generic blocks, the target category
IndCoh(Xap) is equivalent to the quasicoherent derived category (Lemma 4.20), but this is not
the case for non-generic blocks. The source category for Fy is compactly generated by its full
subcategory of finite-length objects, so IndCoh(Xg), which is compactly generated by Db, (X ),
is the natural target category. The functor Fis preserves compact objects.

Finding the objects Xg and verifying that they satisfy RHom(Xwy, Xo) = Egs takes up the
bulk of the work in this paper. In particular, we rely on being able to compute the stacks X
explicitly, using the machinery developed in [WE18, WE20] (building on work of Bellaiche and
Chenevier [BC09, Chel4]), explicit descriptions of the quotients of I'g, relevant to the non-
generic cases developed by Bockle and Paskunas [Boc00, Pas13], invariant theory, and modular
representation theory.

Let us describe the shape of Xo for the different blocks. We remark that the properties we
require of Xog do not uniquely determine it. Nevertheless, they seem to be natural and we expect
that further work on categorical p-adic local Langlands will clarify the situation.

For supersingular blocks, pa is irreducible and Xo is the stack quotient [SpecR/pus], where
R is a deformation ring of pg. The sheaf X is then the twisted structure sheaf of X (i.e. R,
viewed as a Z/2-graded R-module in degree 1), and verifying that this has the correct properties
is immediate from the results of [Pas13].

For the generic principal series blocks and non-generic case I, Pasktinas has shown that Fg is
the universal Cayley—Hamilton algebra (cf. Definition 2.3) associated to the universal pseudode-
formation of py. In these cases, we let X be the vector bundle underlying the universal Galois
representation on Xo. The general theory of the stacks Xg3 gives a canonical ring homomorphism

Eyg — End(X%).

In the generic principal series case, it is relatively straightforward to show that this homomor-
phism is an isomorphism and that Ext?(Xg, Xg) =0 for i >1; this essentially goes back to
[BC09]. We prove this in the non-generic case I as well, but the proof (given in §3.3) is more
involved, using tools from modular representation theory and invariant theory together with the
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explicit nature of Xo. This complication is caused by the fact that non-generic case I is the
only case in which pg is not multiplicity free, which means that Xy cannot be written as the
quotient of an affine scheme by a linearly reductive group.

The final type of block, non-generic case II, has the most complicated Xo. We construct it
as the direct sum of the universal vector bundle and an explicit maximal Cohen—-Macaulay (but
not locally free!) coherent sheaf, and verifying that RHom(Xy, X5) = Es is computationally
demanding (a short glance at §3.5, where this is done, should convince the reader of this). On
the other hand, this gives an explicit ‘Galois-theoretic’ description of Eg in this case, something
which is not done in [Pas13] (although a less explicit Galois-theoretic description can be obtained
easily from the results of [PT21]). The non-projective part of Xos has an endomorphism algebra
which matches the (opposite) endomorphism algebra of the injective envelope of an irreducible
one-dimensional representation of GG. This keeps track of information which is lost by applying
the Montréal functor, whose kernel in B is generated by this one-dimensional representation
of G.

In the supersingular and generic principal series cases, our functors can be directly con-
structed already at the level of abelian categories, but this is not true for the non-generic cases.
In non-generic case I, we show a posteriori that the functor is t-exact,® but in non-generic case
IT we show that Fiy sends the trivial representation to a complex concentrated in (homolog-
ical) degree 1. More generally, we compute Fig(7) explicitly for all blocks and all irreducible
representations 7. In particular, we show that Fig(7) is concentrated in homological degree 0
(respectively, degree 1) when 7 is infinite-dimensional (respectively, finite-dimensional).

1.3 The assumption that p > 5

We have made the running assumption that p > 5 so that we can appeal to the results of [Pas13].
The authors expect (but have not checked) that the results would extend smoothly to generic
blocks for p =2, 3, using the results of [Pas16]. More recent work of Paskunas and Tung [PT21]
reproves many of the main results of Paskiinas’s earlier work in a way which handles all blocks
for all primes. However, they do not compute the ring Eg (see their Section 1.2), which we need
in order to explicitly compare with an endomorphism algebra on the Galois side.

1.4 The Montréal functor

Colmez’s Montréal functor plays an essential role in proving the results of [Pasl3]. Having used
Paskiinas’s results to construct the functor of Theorem 1.1, a natural question (asked of us by
Pasktnas) is whether we can recover the Montréal functor from the embedding of categories. The
answer is yes: we show in § 6.2 that we can recover the Montréal functor from our embedding by
tensoring with the universal Galois representation on X, and taking global sections. This says
that the Montréal functor is the ‘Whittaker coefficient’ for the universal Galois representation,
in the sense of the geometric Langlands program (cf. e.g. [FR25, §1.2.3]).

1.5 Local—global compatibility

As an application, we connect our functors Fis to the (co)homology of modular curves through
a ‘local-global compatibility’ result. For this, we need to enlarge the domain of Fis. Let O[G]
be the ring defined by Kohlhaase [Koh17] (over a field; see [Sho20] for a definition over O) and

3While this means that Ho(Fy) gives a fully faithful embedding at the level of abelian categories, Fiy is not simply
the derived functor of Ho(Fp) in this case, though it is closely related to it. See Remark 5.11 for more details.
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let O[G]¢ be the largest quotient of O[G] on which the center of G acts as (. We show that the
defining formula (1.2) for Fis can be rewritten as

T Xy Oy I @Gpap, 0 = (X Q5 13) @y,
and use this formula to extend the domain of Fis to all left O[G]-modules (here the Pontryagin
dual Iy of I is flat over Egy). We note that the extended functor is no longer fully faithful.
The setup for our local-global compatibility result is then as follows. For simplicity, we work
with PGLy g, and write G* .= PGL2(Qp) (in particular, we look at the trivial central character).
Let I'g := Gal(Q/Q) with decomposition subgroups I'g, for primes £. Let r: T'g — GL2(F,) be a
continuous representation. We assume that det(r) =w and that:

(1) 7|y, is indecomposable, and not a twist of an extension of the form 0 —w — 7, =1 — 0;
(2) if 7|rg, is ramified for some £ # p, then £ is not a vexing prime in the sense of [Dia97];

(3) 7rg,, has adequate image, in the sense of [Thol2, Definition 2.3].

We let N be the Artin conductor of r, choose a sufficiently large coefficient field L, and let
B be the block such that pg is isomorphic to the semisimplification of r|pr. We consider
the algebraized moduli stack X, of continuous I'g-representations with determinant e, with
reduction r, and which are minimally ramified at primes £# p. A key role is played by the
restriction map

FiX, o Xy

We set Rg n to be the global sections of the structure sheaf of X,; this is simply the universal
deformation ring of r (with conditions as above).

Instead of formulating and proving our results for homology of PGLy/g-modular curves, it
turns out to be better, both from a conceptual and a practical point of view, to work with
(adelic) p-arithmetic homology, as in e.g. [Tar23|. Thus, letting Yo = PGL2(R)/PSO2(R) and
letting Y, be the Bruhat-Tits tree of G2, we look at the double coset space

Y i= PGLy(Q)\Yao X ¥, x PGLy(4%)/KT(N)G™,

where K¥(N) C PGLy (ZP) consists of matrices whose second row is congruent to (0 1) modulo N
(modulo scalars). Every (abstract) left O[G*!]-module o (and, hence, every left O[G?4]-module)
gives rise to a local system on Yy. If o is the compact induction o = indf(:dT of some O[K)|-
module 7, for K, C G*! a compact open subgroup, then the homology H.(Yy, o) is canonically
isomorphic to the homology of 7, viewed as a local system on the PGLs-modular curve of level
KP(N)K,. If M is an O[G*]-module, then the Hecke action on the homology H.(Yxy, o) gives
it an Rg y-module structure. Our local-global compatibility theorem is then the following.

THEOREM 1.2. Let V be the vector bundle underlying the universal Galois representation on X,.
Then, if o is a O[G*!]-module, we have an isomorphism

H,(Yy,0), = Ho(RT(%,,V © f'(Fs(0))[-2])
of Rg,ny-modules which is functorial in o.

The act of tensoring with V should be seen as ‘applying a Hecke operator’ (on the spectral
side) in the sense of [F'S24]. We further note that both sides may be given actions of I'g, and the
isomorphism is equivariant with respect to these actions. For the proof, one reduces to the case
o =0[G*], in which case we prove that H,(Yy, O[G*]), is completed homology for PGLy/q
(with tame level K7(N), localized at 7). The proof then amounts to computing the right-hand
side and comparing the result with the local-global compatibility results for completed homology
from [CEG'18, GN22]. A key step of this computation is to show that f is relative complete

373



C. JOHANSSON, J. NEWTON AND C. WANG-ERICKSON

intersection, which follows from the patching techniques of [CEGT18] and [GN22|. Along the
way we also need to prove a big R =T theorem, which appears to be new when T\GQP is a twist
of an extension of w by 1.

Theorem 1.2 has many interesting special cases, concerning coefficient systems well known
in the theory of modular forms. In particular, if K, CPGLy(Z,) is a compact open sub-
group, then setting o = O[G*] @k, (Sym*~242)(det)>~*)/2 for k > 2 even recovers the usual
(adelic) arithmetic homology of PGLyq at level K{(N)K), with coefficients in SymF—242 @

det(2=F)/2 (where A can be any O-algebra), and Poincaré duality relates this to cohomology.
Another interesting case concerns the PGLy g-eigencurves constructed in [Hanl7, Tar23]; see
Corollary 6.32.

We note here that it should be possible to remove the restriction to trivial central character in
our local-global statement, and indeed the restriction to fixed central character in Theorem 1.1,
by using the results of [CEGT18, §6].

1.6 Motivation and relation to other work

This project originated from an attempt to understand Ludwig’s non-classical overconvergent
eigenforms for SLy/q (see [Lud18]), the idea being that the structure of a hypothetical p-adic
local Langlands correspondence in families for SLy(Q,) would explain the existence of such forms
and their relation to non-automorphic members of L-packets* (and could be used to show similar
phenomena in the completed cohomology of SL, /@). However, direct attempts to formulate a
p-adic local Langlands correspondence in families for SL2(Q)), in the spirit of [Kis10], ran into
issues of dimensions of Ext-groups not matching up. Instead, our calculations of the structure
of supersingular blocks for SL2(Q,) (in the sense of [Pasl13]), together with the first version of
[Hel23], strongly suggested to us the formulation of p-adic local Langlands as an embedding of
categories. Since our intended strategy for proving results about SL2(Q,) was to deduce them
from the case of GL2(Qy), we decided to work those out first. The goal was to show that a
categorical formulation of the p-adic local Langlands for GL2(Q,) was possible, and might point
the way towards the long-sought-after generalization to other groups.

Since we started to develop these ideas, a lot has happened in the field. In particular, the
notes [EGH25]| state a general p-adic local Langlands conjecture for GL,, over p-adic fields F, as
(very roughly speaking) a categorical embedding

A=AgL, (r) : D(Modgy, (7)(0)) = IndCoh(EGn, r),

where EG,, p denotes the Emerton-Gee stack of étale (¢, I')-modules of rank n for F', with an
announcement of a proof for GL2(Q,) which appeared whilst this article was in proof [DEG26].
See [EGH25, Conjecture 6.1.14] for a more precise statement. Moreover, they also conjecture
the existence of a similar functor "8 = nggLn( F) (perhaps not an embedding) linking the locally
analytic representation theory of GL,(F') to quasicoherent sheaves on moduli stacks of (not
necessarily étale) (¢, I')-modules of rank n over the Robba ring [EGH25, Conjecture 6.2.4]. The
extended version of the functor Fiys that we discussed in § 1.5 should be related to both of these
functors. In particular, we expect® that Fy, restricted to D(Mo GlLo(0,),c (D)), is equal (or at

*A more direct approach to the existence of non-classical overconvergent eigenforms and their relation to non-
automorphic members of L-packets, still morally using ideas of geometrization of the p-adic local Langlands
correspondence, was given in [JL24].

®Some evidence for this is given in the proof of [EGH25, Theorem 7.3.5].
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least very closely related) to the composition of the functor in [DEG26] with pullback along
36% — EGQ@F

where X7 is the completion of X along the maximal ideal of the universal pseudodeformation
ring of py.® We also expect that Fy, when applied to left modules for the distribution algebra
2(GL2(Qy)), is closely related to the conjectural functor A% or rather its version with

) GL2(Qp) (
a fixed determinant). Indeed, Aar, (7 and eréi (p) are expected to be related in general (see
[EGH25, §6.2.11]), and Fy is related to the coherent sheaf on the PGL2(Q))-eigencurve via
Theorem 1.2 in the same way that "8 is expected to be [EGH25, Conjecture 9.6.31].

The main impact of [EGH25] and [DEG26] on this paper is the focus on the functors Fig,
as opposed to their dual versions. We originally discovered the dual functors, which arise more
naturally in our framework, but shifted our focus after discussions with Toby Gee on the image
of irreducible representations under the functors given in [DEG26]. Moreover, we refer the reader
to [EGH25] for an excellent and thorough introduction to the p-adic Langlands program with a
view towards categorification.

We expect that Theorem 1.1 should have an extension to all GL,,(F). Part of this expectation
is based on the observation that the relation between the Emerton—Gee stack and the moduli
stack of Galois representations resembles the relation between the stacks of local systems and
their versions with restricted variation in the geometric Langlands program [AGKT22, §1].
Moreover, the geometric Langlands correspondence has a version with restricted variation, which
is very closely related to the ‘standard’ version [AGK™22, §21]. Nevertheless, we refrain from
attempting to formulate a precise conjecture generalizing Theorem 1.1. The most subtle part
appears to be to figure out the source category. Since the Galois stacks decompose according
to residual pseudocharacters in full generality, one might expect the source category to have a
corresponding block decomposition. A naive guess for such a category is the (Ind-completion of
the derived category of) smooth representations that are locally both of finite length and finitely
presented. However, in general, this category seems unlikely to contain irreducible supersingular
representations (which are not of finite presentation [Sch15, Wu21)).

1.7 Outline of the paper

Let us briefly outline the contents of this paper. Section 2 recalls generalities of deformation and
moduli theory of representations of profinite groups, mainly from [BC09, Chel4, WEI18], and
gives our conventions on quasicoherent sheaves on stacks. In §3, we compute explicit presenta-
tions of the stacks X, construct all the Xg, and prove all their relevant properties. Section 4
then recalls the (absolutely irreducible) blocks for GL2(Q,) and sets up a category-theoretic
framework for Theorem 1.1. Section 5 proves our main results, by comparing our results from § 3
with those of [Pas13]. Finally, § 6 extends the domain of Fi to all left O[G]¢-modules, discusses
p-arithmetic homology, and proves Theorem 1.2.

1.8 Notation and conventions

We collect some notation that is used throughout this paper. We let p be a prime number and
assume p > 5 throughout the paper. If K is a field, then ' denotes the absolute Galois group
of K. Let € denote the p-adic cyclotomic character of I'c and let w denote its reduction modulo
p. We normalize local class field theory so that uniformizers correspond to geometric Frobenii;

5Note that a priori our Fy gives sheaves on ¥p, not ¥4. However, pullback along the natural map X4 — ¥»
induces an equivalence for all B except non-generic I, by [AHR25, Theorem 1.6]. For a non-generic I block, we
expect that the methods of § 3.3 imply that pullback along X% — X is fully faithful on the essential image of Fis.
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this is the same convention as in [Pas13]. Moreover, for K/Q, a finite extension and A a profinite
ring, we view any continuous character y : ' — A* as a continuous character y : K* — A*, by
local class field theory, without changing the notation (and vice versa).

Many of our objects are defined over O, the ring of integers in a finite extension L/Q,, with
a uniformizer w. Its residue field is denoted by F.

If A is a (not necessarily commutative) ring, then LMod(A) and RMod(A) denote the abelian
categories of left and right A-modules, respectively. If A is commutative, we simply write Mod(A).
If A is a topological ring, then LModgjsc(A) and LModcp(A) denote the abelian categories of
left discrete and compact A-modules, respectively, and we use RMod with similar decorations
for right modules.

Since we predominantly deal with left exact functors and homology of topological spaces, our
conventions in homological algebra are homological (as opposed to cohomological). In particular,
our complexes are mostly chain complexes, with —, denoting the index in a chain complex. Our
shift convention is that if C4 is a chain complex, then C,[d] is the chain complex satisfying

Celd]n, = Cptq. In particular, if C, is concentrated in degree 0, then C,[d] is concentrated in
(homological) degree —d. We use the notation
H.(CS)

to denote the homology of C,, where we regard —, as a generic index. Alternatively, the reader
may interpret H,(C,) as the total homology of C,, viewed as a graded abelian group, and
morphisms H,(Ce) — H.(D,) as graded morphisms; either interpretation is fine.

Our conventions and notation for derived categories and their co-categorical enhancements
are given mainly in §2.4, with some additions in §4.2. We do note that, despite using chain
complexes throughout, our conventions for bounded below and bounded above follow those used
for cochain complexes. Thus, for us C, is bounded above (respectively, below) if C;, =0 for n < 0
(respectively, n > 0) and the notation —~ (respectively, —") is applied to categories of bounded
above (respectively, below) chain complexes, though we hasten to say that we mainly work with
categories of bounded or unbounded chain complexes.

Throughout the paper, we write —* for linear duals, and —V for Pontryagin duals. The
internal Hom in a monoidal category (if it exists) with be denoted by Hom, and its (total and
individual) derived functors are denoted by RHom and Ext’.

We need to do many calculations with graded modules; these will either be Z- or Z/2-graded.
If M is a graded module, then M}, denotes its degree-k part. Moreover, M (n) denotes the graded
module defined by M (n)r = M, 1. If R is a graded ring, then the category of graded R-modules
is symmetric monoidal under the tensor product (over R), and has an internal Hom. If M
is finitely generated as an R-module and N is arbitrary, then the internal Hom is given by
Hom(M, N)=Hompg(M, N), with grading Hom(M, N);, = Hom(M, N (k)).

2. Stacks of representations and coherent sheaves

The goal of this section is to recall generalities on the moduli theory and deformation theory
of profinite groups, along with algebraizations of their moduli. We also include discussions of
derived categories of coherent sheaves on algebraic stacks.

2.1 Deformation theory generalities

Let I" be a profinite group satisfying the ®,-finiteness condition of Mazur [Maz89, §1.1]. We
recall fundamental facts about SpfZ,-formal schemes and stacks of two-dimensional represen-
tations, following [WE18] in part. The reader is presumed to be familiar with the theory of
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pseudorepresentations and their deformation theory, which is developed in [Chel4]. Sometimes
we take the liberty of discussing a pseudorepresentation as a ‘trace function’, using the theory
of pseudocharacters, but these amount to the same thing by [Chel4, Proposition 1.29].

DEFINITION 2.1. Let B denote a topologically finitely generated Z,-algebra. We establish the
following moduli functors and stacks in groupoids, over topologically finite type SpfZ,-formal
schemes with the fppf topology, in terms of their value on B.

— O3 : .
— Let Rep ¥ denote the moduli functor of homomorphisms I' — GLa(B).

— Let %w denote the moduli groupoid of rank-2 projective B-modules V' equipped with a
homomorphism I' = Aut (V') and a trivialization of the determinant of V, NV EB.

— Let PsRY denote the moduli functor of two-dimensional pseudorepresentations D : ' — B.

= D? ) 1) ) .
These moduli spaces admit natural morphisms Rep v — R~epw — PsRY, where the first arrow is

compatible with a presentation of the stack ITeY)w as [ﬁe\pu’w /SLsa]. Here, the action of SLy arises
from its adjoint action on GLo. The second arrow arises from associating a pseudorepresentation
D(p) to the action of I' on the B-module V' by p, using the characteristic polynomial coefficients
of this action.

Remark 2.2. We are adopting the somewhat awkward notation with superscripts (—)QZ since
we reserve the unadorned notation for those with a fixed determinant ¢ : I" — O*. Thus, we are
thinking of ‘¢’ as standing implicitly for the universal p-adic character of I'.

A two-dimensional pseudorepresentation D :I" — B is called reducible when it has the form
D(p) for some p of the form p~wv; &1y for characters v; : ' — B*. Reducibility is a Zariski
closed condition on each of these moduli spaces. From now on, we drop ‘two-dimensional’ from
our terminology for pseudorepresentations.

The moduli functor PsRY is known to be the disjoint union of formal spectra representing
deformation functors of finite field-valued pseudorepresentations D :1'— F over their minimal
field of definition F, a finite extension of F, (see [Chel4, Theorem F]). That is, if we write

Def% = Spr% as the formal spectrum of the complete Noetherian local ring R% representing
the deformation functor for D, the decomposition is expressible as

PsRY = ] [ Def.
D

We write E&)g’w and Iie\pqg for the substack/subspace of Iie\pmﬂp and ﬁe\pw over Def%.

Any residual pseudorepresentation is induced by a unique (up to isomorphism) semisimple
representation pp:I'— GLa(F) over the same field of definition F as D. After a possible at
most quadratic extension, we may assume that the irreducible summands of this semisimple
representation are absolutely irreducible. In what follows, we replace F with a minimal such
extension.

A residual pseudorepresentation D :I' = T is called multiplicity free when the irreducible
summands of pp are pairwise distinct. This includes the case that pp is irreducible, in which
case we also call D irreducible.

Next we introduce Cayley—Hamilton algebras; see [Cheld, §1] for a reference. We refer to
a Cayley—Hamilton algebra over A (or with scalar ring A) as an A-algebra E equipped with
a pseudorepresentation Dp: E — A satisfying the Cayley—Hamilton property; concisely, this
property means that every element of E satisfies the characteristic polynomial determined by Dpg.
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DEFINITION 2.3. Let E}g denote the wuniversal Cayley—Hamilton algebra over D, which is
given by

where CH(D%“Z) denotes the minimal two-sided ideal that factors the universal deforma-
tion D“’fb :R%[[F]] —>R% and makes it satisfy the Qaylenyamilton property. We also write
D oy :E}g — R% for the pseudorepresentation that E}g is equipped with. The Cayley—Hamilton
representation i
TRV Y
p"":TI'—= Ep

is universal in the sense that for any Cayley—Hamilton representation p:[' — E with scalar ring
A, if the induced pseudorepresentation Dgop:I'— A has constant residual pseudorepresenta-

tion D, then there exists a morphism of Cayley—Hamilton algebras (f : E}g — b, R% — A) such
that p= f o p*¥ and the map R% — A equals the map coming from the moduli interpretation
of R% applied to Dg o p.

In this paper, we almost always want to restrict the determinant of representations and
pseudorepresentations. Writing;:

— 1 :T'— O for a character deforming det D :T" — F*;

— —
— Repp, Repp, PsRp for moduli functors;
along with the following objects representing moduli problems with fixed determinant :

— Ep for the universal Cayley—Hamilton algebra;
— with scalar ring Rp; and
— universal representation p":I' — E5 over D.

In what follows, we continue with this convention as we introduce new moduli functors and rings.

2.2 Algebraization of moduli functors and groupoids

A main result of [WE18, § 3] is that all of the formal moduli spaces or groupoids of representations
of I with residual pseudorepresentation D have a natural Rp-algebraic model of finite type. The
source of this algebraization is the following finiteness result.

THEOREM 2.4 [WE1S, Proposition 3.6]. The algebra Ep is finitely generated as an Rp-module.

Using the universality of Ep, one can use the moduli Rep”(Ep), Rep(Ep) of (non-
topological) compatible representations of Ep as an Rp-algebraic model for ﬁe\pg, ﬁe\p p- That
is, Rep/D-(\ED) %%E and R@D) %%D, completing with respect to the maximal ideal
of Rp.

DEFINITION 2.5. Let (E, B) be a Cayley-Hamilton algebra with scalar ring B and pseudorep-
resentation Dg: F — B. Let C' be a commutative B-algebra. A C-valued compatible represen-
tation of E is a homomorphism of B-algebras F — My(C') such that the following diagram
commutes.
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E—— My(C)
DE idet
B C

— Let RepD(E) be the SpecB-functor of compatible representations of E.
— Let Rep(FE) be the SpecB-groupoid which associates to a B-algebra C' a projective rank-2
C-module V, an isomorphism A2V5C, and a compatible representation of E on V, as

follows.
E ——End¢(V)
o
B C

As in Definition 2.1, Rep(E) 2 [Rep™(F)/SLy] under the adjoint action of SLy.

PROPOSITION 2.6. Assume that E is finitely generated as a B-algebra. Here Rep™(E) is an
affine B-scheme of finite type and Rep(FE) is a SpecB-algebraic stack of finite type.

Proof. A standard ‘generic matrices’ argument shows that Rep”™ (E) is of finite type over SpecB.
See e.g. [BIP23, §3.1]. O

We also record the self-duality of the universal vector bundle on Rep(FE).

PRrOPOSITION 2.7. Let V be the vector bundle underlying the universal representation of E.
There is a canonical isomorphism V =2 V*.

Proof. Since we have a trivialization of A2V over Rep(FE), the proposition follows from the
standard fact that any rank-2 vector bundle F on any algebraic stack admits a canonical iso-
morphism F¥ ® A2F = F (this follows from the fact that the wedge product is a perfect pairing
Fx F—NLF). O

2.3 GMAs and adapted representations in the multiplicity-free reducible case
When D is multiplicity free and reducible, arising from the representation x; @ x2 : I' = GLa(F),
any lift of the two canonical orthogonal ordered idempotents of F x F over Ep — F x F amounts
to a 2 x 2 generalized matrix Rp-algebra (Rp-GMA) structure on Ep (see [Chel4, Theorem
2.22]). We simply use the term ‘GMA’ to refer to a 2 x 2 GMA.

See [BC09, §1.3] for generalities on GMAs. In particular, using coordinates coming from
these ordered idempotents, we get an isomorphism

Ep— (Ep)i1 (Ep)i2) o (Bp Bp (2.1)
(Ep)2,1 (Ep)22 Cp Rp)’ '
where there is an implicit Rp-bilinear cross-diagonal multiplication with corresponding map
Bp ®r, Cp — Rp

giving rise to an Rp-algebra structure on Ep. The pseudorepresentation £p — Rp naturally
arising from the GMA structure is equal to D, : Ep — Rp (see [WE18, Proposition 2.23]) and
is Cayley—Hamilton, making any GMA a Cayley—Hamilton algebra. And the reducibility ideal of
Rp, which cuts out the locus of reducible pseudorepresentations in SpecRp, equals the image
of the cross-diagonal multiplication map.
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We recall the following general notions from [BC09, §1.3], where B is a commutative ring
and F is a B-GMA.

DEFINITION 2.8. Let E be a B-GMA. An adapted representation of E valued in a B-algebra
C'is an B-algebra homomorphism E — M>(C) that preserves the GMA structure (i.e. maps the
idempotents defining the GMA structure on E to the standard idempotents in M(C)).

— Let RepD’Ad(E) denote the SpecB-functor of adapted representations of E.

— Let RepAd(E) denote the SpecB-groupoid whose value on C consists of an ordered pair
of rank-1 projective C-modules (V1,Vz2) equipped with an isomorphism Vi ® VoC and
a homomorphism of B-GMAs (so, in particular, they preserve the ordered idempotents)
E — Ende (Vi @ Va).

One may check that Rep”d(F) = [Rep="A4(E)/T], where T is the standard diagonal torus in
SLs, acting via the adjoint representation on M. We fix the isomorphism 7T = (G,,, that makes
Gy, act on the B (upper-right) coordinate by 2 € X*(G,,) = Z and the C coordinate by —2.

In the following theorem, we let A denote the B-algebra representing RepD(E) and likewise
let S represent Rep™A4(E).

THEOREM 2.9 [WEL1S, BC09]. Let E be a B-GMA, hence also a Cayley—Hamilton algebra
over B.
(1) Adapted representations of E are compatible representations.

(2) The resulting map Rep="*4(E) < Rep"(E) is a closed immersion of affine B-schemes; we
have the corresponding surjection A — S.

(3) The morphism of part (2) descends to an isomorphism of algebraic stacks
Rep(B) = [Rep™(E) /T] = [Rep™(E) /SLo] = Rep(E).
(4) The GIT quotient scheme Rep™*%(E)//G,, is naturally isomorphic to SpecB.
Equivalently, in ring-theoretic terms, there are natural isomorphisms

B2 A8z o2 GG,

(5) Moreover, the natural action of SLa on Ma(A) (respectively, G, on M(S)) and the natural
maps E — My(A) — Ms(S) produce isomorphisms

E 2 My(A)3"2 = My(S)®r.

(6) If E is finitely generated as a B-algebra, then all of these schemes and stacks are of finite
type over SpecB.

Proof. See [WE18, Proposition 2.23] and the comments after its proof for the proof of part (1).
Part (2) is easily checkable. Part (3) is [WEL1S8, Proposition 2.24], but SLg replaces GLg and T'
replaces the diagonal torus in GLso. Since the invariant theory is reduced to a linearly reductive
case, and GLy and SL9 are each surjective onto PGLs via the adjoint action, the result remains in
this case. Part (4) is [WE18, Corollary 2.25], and part (5) follows quickly from Proposition 2.10.
(The results above also closely follow after [BC09, §1.3].) Part (6) follows from the standard
construction using generic matrices. O

We also use the following result of Bellaiche and Chenevier.

PropOSITION 2.10 [BC09, Proposition 1.3.13, Remark 1.3.15]. Writing E;; for the R-GMA
coordinates of FE as in (2.1), 1<i,j<2, there are canonical isomorphisms of graded
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R-modules

Eij = Sa(j-i)

such that the coordinate-wise multiplication maps FE; ;j Qg E; — E; . are compatible with the
multiplication law of S. In particular, So = R= F11 = F»2, and S is generated as an R-algebra
by E12 and F> .

Next, we apply these equivalences to the case of the universal Cayley—Hamilton algebra Ep
with scalar ring being the universal pseudorepresentation ring Rp. First, we set up notation.

Notation 2.11. Let Ap denote the finitely generated Rp-algebra representing RepD(E D), with
mp-adic completion Ap. When D is reducible and multiplicity free, let us write Sp as the
ring representing the Rp-algebraic moduli functor Rep™»*4 (Ep), and let Sp denote its mp-adic
completion. (We remark that Ap and Sp are not local, in general.) We have the following
diagram of rings and moduli functors (and the top row of vertical arrows in the left diagram are
pseudorepresentations).

Ep —— My(Ap) — My(Sp) Rep(Ep) <—~—Rep™d(Ep)
lDu \Ldet det / Tstaek /SL2 Tstaek /T
@ Rp Ap Sp SpecRDHRepD(ED) <—RepD’Ad(ED)
lz J{(—)Q.D i(—)an T(—)QD T(—)QD T(—)Q,D
Rp Ap Sp SpfRp ﬁe\P?) ﬁe\ng

We use the T = G,,-action on SpecSp to consider Sp to be a Z-graded algebra Sp=
@,z Spi- In fact, it is a Z-graded Rp-algebra because characteristic polynomial functions
are adjoint invariants, moreover Rp = Sp o, by Theorem 2.9.

From now on, our notational convention is that the subscript ‘D’ is dropped.

2.3.1 Irreducible case. When D and p = pp are irreducible, it is well known that deforma-
tion theory of p is identical to that of D (see e.g. [Chel4, Theorem 2.22]). That is, the natural
homomorphism R — R,, where R, is the universal deformation ring of R,, is an isomorphism;
also, E ~ Ms(R).

In this case, the stacks above can be expressed in terms of the universal deformation ring R,
and the universal lifting ring RE as follows:

— —0
Rep = [SpfR,/u2], Rep = SprpD, Rep(F) = [SpecR,/ 112],

where the implicit adjoint action of ps C Gy, =T C SLy is trivial. In general, RE is a further

completion of A at the maximal ideal of A associated to p; in the irreducible case, RE and A
are isomorphic.

Remark 2.12. The remaining trivial action of ug reflects the kernel of the adjoint action of SLo,
making Rep(E) a po-gerbe. It reflects that the collection of rank-2 vector bundles V' (over scalar
ring C) with a fixed isomorphism A%V 5C, such that Endg(V) ~ Ma(C), admits a twisting
action by the group of isomorphism classes of line bundles whose squares are trivial.
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2.4 Coherent sheaves on stacks, and duality

In § 3 we describe the stacks Rep(FE) for the four different types of finite field-valued pseudorep-
resentations of I'g, that are of interest to us, as well as the coherent sheaves on Rep(E) that
we use. For this reason, we record a few general recollections about coherent sheaves on stacks,
specialized to the situation we encounter.

2.4.1 Setup for stacks. Our basic setup is the following: let G be a reductive group scheme
over O and let A be a commutative Noetherian O-algebra with an action of G. Set X = Spec(A)
and let X be the quotient stack [X7/G]. We let QCoh(X) and Coh(X) be the abelian categories
of quasicoherent and coherent sheaves, respectively. These may be defined in different ways
(e.g. using the lisse-étale site on X), but they all coincide with the categories of G-equivariant
A-modules and G-equivariant finitely generated A-modules, respectively; we take this as our
definition (see e.g. [AB10, Example 2.3]). As a special case, if G =G, (or G = ug), then the
G-action on A is (equivalent to) a Z-grading of A as an O-algebra (or a Z/2-grading), and
G-equivariant A-modules are the same as Z-graded A-modules (or Z/2-graded modules). We
use this without further comment.

2.4.2 Conventions for derived categories and stable co-categories. We also need to consider
various derived categories, including their co-categorical enhancements. The stable co-categories
that we consider can be constructed from differential graded (dg) categories by means of the dif-
ferential graded nerve construction, cf. [Lurl9, §1.3.1]. All ‘usual’ derived categories are denoted
by D and their co-categorical enhancements are denoted by D.

For an abelian category A with enough injectives, the bounded-below derived oo-category
DT (A) is constructed in [Lurl9, Variant 1.3.2.8] as the dg nerve of the dg category Ch™ (An;)
of bounded-below complexes of injectives in A. It is also shown in (the dual version of) [Lurl9,
Proposition 1.3.4.6] that Dt (A) may be obtained by taking the dg nerve of the dg category
Ch*(A) of all bounded-below complexes in A, and then inverting quasi-isomorphisms. Dually,
if A has enough projectives, D~ (.A) can be constructed as the dg nerve of the dg category
Ch™ (A)proj of all bounded-above complexes of projectives [Lurl9, Definition 1.3.2.7], or equiv-
alently by taking the dg nerve of the dg category Ch™(A) of all bounded-below complexes and
then inverting quasi-isomorphisms [Lurl9, Proposition 1.3.4.6].

When A is a Grothendieck abelian category, the unbounded derived oo-category D(A) is
constructed in [Lurl9, Definition 1.3.5.8], and it has D1 (A) sitting inside it as a full subcategory
[Lurl9, Remark 1.3.5.10]. If, in addition, A has enough projectives, then D~ (.A) sits inside D(.A)
fully faithfully as the full subcategory of complexes whose cohomology is bounded above [Lurl9,
Proposition 1.3.5.24]. We note that the definition of D(A) in [Lurl9, Definition 1.3.5.8] is in
terms of a model structure on the underlying category of the dg category Ch(.A) of all chain
complexes in A (see [Lurl9, Proposition 1.3.5.3] for the definition of this model structure). Then
D(A) is by definition the dg nerve of the full dg subcategory Ch(A)gp of Ch(A) consisting of all
fibrant objects. Alternatively, D(A) can be described as the underlying oo-category associated
with the model structure on the underlying category of Ch(.A), see [Lurl9, Proposition 1.3.5.15].

We finish with a remark about fully faithful functors of oco-categories. By definition (see
[Lur09, Definition 1.2.10.1]), a functor F':C — D of co-categories is fully faithful if it induces
an equivalence of mapping spaces Hom(X,Y) — Hom(F(X), F(Y)) for all objects X,Y €C.
When C and D are stable and F is exact, it suffices to check that mo(Hom(X,Y))—
mo(Hom(F (X), F(Y))) is a bijection for all X, Y € C, i.e. that F induces a fully faithful functor of
the underlying triangulated categories. When the stable co-categories arise as dg nerves (which
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they do in all cases of interest to us), this is easy to see from the alternative construction of the
dg nerve in [Lurl9, Construction 1.3.1.16].

2.4.3 Categories of sheaves on X. We now apply this to coherent and quasicoherent sheaves
on X. Recall that QCoh(X) is a Grothendieck abelian category; see e.g. [Stal8, Tag 0781]

(though one can give a much more direct proof in this special case). We then define D(Jlrcoh(X )

and Dycon(X) as DT (QCoh(X)) and D(QCoh(X)), respectively. We also define D’ (X) as the
full subcategory of DT (QCoh(X)) of complexes whose cohomology is bounded, and coherent in
each degree.

Remark 2.13. A different, perhaps more standard, definition of the unbounded derived category
of quasicoherent sheaves on X is as the unbounded derived category of complexes of lisse-étale
Ox-modules with quasicoherent cohomology. Unlike the situation of abelian categories, these
different definitions can produce genuinely different categories, as we now recall. Let us use
Décoh(X ) to denote the category constructed using the lisse-étale site; Dacoh(X ) is not used
anywhere else in this paper. The relationship between Dycon(X) and Dj, (X) is as follows:
there is a natural functor Dycon (X) — Dj .o, (X) which identifies D, (X) as the left completion
of Dycon(X); see [HNR19, Remark C.4]. This functor can fail to be an equivalence. Indeed, in
the situation of § 3.3, where G' = SLy, the functor is not full by [HNR19, Theorem 1.3]. Moreover,
in this situation, the category Dgcon(X) is not compactly generated (this also follows from the
results of [HNR19]). These issues do not arise for the bounded-below derived category, cf. e.g.
[AB10, Claim 2.7].

Remark 2.14. The following remarks about coherent duality are useful. Assume that A is
Gorenstein. This is the case, for example, when A is regular or equal to B/(f) where B is
regular and f is a non-zero divisor [Stal8, Tags 0AWX and 0BJJ]; this covers all cases we
encounter. Assume further that A has a dualizing complex (in all cases we consider, this easily
follows from the explicit descriptions of the rings that we give, together with [Stal8, Tag 0BFR]).
Since we assumed that A is Gorenstein, A itself (in degree 0) is a dualizing complex for A (see
[Stal8, Tag 0DWO]). If M and N are G-equivariant A-modules, let Hom 4 (M, N) denote the (not
necessarily G-equivariant) A-module homomorphisms from M to N, with its induced G-action.
This is the internal Hom in QCoh(X) and we use the notation

Hom(M, N):=Homu4 (M, N).

Indeed, Hom(—, —) denotes the internal Hom in any category where it exists. Moreover, we let
RHom(M, N):=RHomu4 (M, N) denote the derived functors of Hom. Then

RHom(—, Ox) =RHomy(—, A) : D2, (X) = Db, (X)

coh

is an exact” involution,® i.e. an antiequivalence whose square is naturally isomorphic to the

identity. Here A is viewed as a G-equivariant A-module. In particular, we obtain an exact?
involution

Hom(—, Ox)=Homg(—, A) : MCM(X) - MCM(X),

where MCM(X) C Coh(X) is the exact full subcategory of maximal Cohen-Macaulay modules
(a G-equivariant finitely generated A-module is (maximal) Cohen—Macaulay if the underlying

“In the sense of stable co-categories.
8In other words, Ox is a dualizing complex for X; cf. [AB10, Definition 2.16].
9In the sense of exact categories.
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A-module is (maximal) Cohen-Macaulay). To simplify the notation, we write
M*:=Hom(M, Ox)
for the coherent dual of M € MCM(X).

3. Stacks of Galois representations for GL2/Q),

The first goal of this section is to specify explicit presentations for the stack of Langlands
parameters for GL2/Q,, which we take to be representations of I':=Tg, = Gal(Q,/Qp). We
put emphasis on the comparison of the moduli stack of representations with the moduli space
of pseudorepresentations, which equals the coarse moduli space of representations in the sense
of geometric invariant theory. Then, we compute all of these objects. We break up into cases
according to block type.

As far as notation, we make the following adjustments from Notation 2.11, with the
main adjustment being that we drop the subscript D that denoted the choice of residual
pseudorepresentation.

Notation 3.1. Denote the algebraized stack of Galois representations with residual pseudorepre-
sentation D and constant determinant (e as X := Rep(F), where E = Ep is the Cayley—Hamilton

algebra associated to the semisimple representation p = pp. Likewise, Xi= R?p(\E), where the
completions refer to m = mp-adic completion; here, (R, m) = (Rp, mp) is the (local) pseudode-
formation ring of D, which is the scalar ring of E. We also drop the subscript D from each object
mentioned in Notation 2.11.

The goal is then to explicitly describe X for each of four types of p, which match the four
types of block for G = GL2(Q)) (enumerated in §1.2):
(1) p is irreducible (the supersingular case);
(2) pis reducible such that p = x1 @ x2 with x1x5 " % 1, w*! (the generic principal series case);
(3) pis a scalar representation (non-generic principal series case I or ‘non-generic I');
(4) pis a twist of w@® 1 (non-generic principal series case II or ‘non-generic II’).

Using these explicit descriptions, for p of types (2)—(4) (no further work being required in
the supersingular case), we describe certain coherent sheaves X on X and compute the Ext
groups Ext’(X, X) (in particular, showing they vanish for i # 0). These coherent sheaves are
used to define functors as sketched in § 1.2. In order to compute these functors, we use projective

resolutions of the simple End(X, X )-modules, which we write down in this section.
We now proceed to consider each case (1)—(4) in turn.

3.1 Supersingular case
In the supersingular case, we know from the discussion of §2.3.1 that:
~ R=R,~ S5,
- A— A< RZ;
— E ~ Ms(R);
— X = [SpecR/ 2], where ug acts trivially.
THEOREM 3.2. There are isomorphisms

R=R,~O[Xy, X2, X3],
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and a choice of isomorphism E = My(R) gives rise to an isomorphism between the maps
R— A— S and

O[Xy, Xo, X3] = O[ X1, X9, X3][PGLo] — O[ X1, X2, X3][G],
where the implicit closed immersion G, — PGLs is the standard torus.

Proof. The first claimed isomorphism follows from the fact that H? (Qp, Adop) =0 according to
standard deformation-theoretic arguments, as this H? is the obstruction space [Maz89, §1.6].
Upon a choice of identification = M(R), the isomorphism A~ R[PGLy] arises from interpreting
PGLy as the group scheme of ring scheme automorphisms of Ms,. Then, the interpretation of
A — S amounts to observation that the standard torus in PGLy is cut out by the condition that
an automorphism of Ms fixes its two standard idempotents. ]

Remark 3.3. The proof relies on the running assumption that p > 5. For instance, when p =3
and p is induced from a character of Gal(Q3/Q3((3)), R, can be obstructed.

3.2 Generic principal series

In this case, p~x1 & x2 where X1X2—1 #1,w*l. Because Y1 # x2, we may and do choose the
additional structures discussed in §2.3, such as a GMA structure on £ and the resulting
adapted moduli functor represented by .S. In particular, we use a Z-grading of S to represent the
T = G,,-action on the moduli scheme SpecS = RepAd’D(E) of adapted representations.

THEOREM 3.4. There is an isomorphism of Z-graded rings
S = Olao, a1, be][b, ¢,

where b has graded degree 2, ¢ has graded degree —2, and the remaining generators have
degree 0. The pseudodeformation ring R is the degree-0 subring R= Sy C S,

R=0OJap, a1, b,
and its reducibility ideal is generated by bc. The universal Cayley—Hamilton algebra admits

R-GMA form
(R Rb
E= (Rc R )

where the cross-diagonal multiplication is given by

Rbx Rc— Rbc C R, (zb,yc) — xybe.

Remark 3.5. For clarity in the proofs of Theorems 3.4 and 3.20, we point out that S denotes
the m-adic completion of S, where m C R is the maximal ideal of the pseudodeformation ring
of D. In terms of the usual variable names a;, b;, ¢ we use to denote generators of R, a set of
generators of m comprises terms of the form a; and bj;c.

Proof. We know from Theorem 2.9 that R =S5y. Straightforward calculations in local Galois
cohomology yield that

H*(Qp, x2x1")  H*(Qp,F)

by the genericity assumption x1x5 141, w*!. Therefore, the deformation theory of p is
unobstructed. Likewise, the tangent space (mod w) of X at p decomposes as

Hl((@pa adop) = Hl(Qp: Xle_l) D Hl(va F) @ Hl(Qpa X2X1_1)a
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whose summands have F-dimensions 1®2@® 1. Then, [WE20, Theorem 11.3.3] (see
Proposition 3.25) establishes an explicit presentation of S / @S as

S /w8 =F(b, c|[ag, ai, bé],
where {b}, {@o, a1}, and {¢} are dual bases to the summands of H'(Q,, ad’p), respectively, and
where these bases have graded degrees 2, 0, and —2, respectively. In this way, S /wS’ is the
coordinate ring of a formal algebraic stack in which each element of its defining colimit is a
quotient stack of S/(w, (ag, a1, be)™) by the action of G,,.

By Proposition 2.10 and Nakayama’s lemma, F has off-diagonal summands generated by
lifts b of b and ¢ of &, respectively, of identical graded degrees. Likewise, denote by a; € R lifts
of @; € R for i =0, 1. Thus (again using Proposition 2.10), we arrive at a presentation of graded
rings O[ag, a1, bc][b, ¢] - S that we wish to show is an isomorphism.

The vanishing of H? implies that the completion A;,\ of A at its maximal ideal corresponding
to p is formally smooth over SpfZ,, since A,/o\ is the framed deformation ring at p. Therefore, %Q
and SpecS;\ (the respective completions at the point corresponding to p) are formally smooth
at p as well, since these spaces are connected by smooth presentations SpecA — X < SpecS as
quotient stacks by SLo and G,;,, respectively. Because S IQ is formally smooth, then so is S, because
X is coherently complete at p (by [AHR25, Theorem 1.6]). Indeed, the equivalence of categories of
coherent sheaves of [AHR25], i.e. a ‘formal GAGA’ result, implies an equivalence of ideal sheaves
under completion and therefore an equivalence of closed subschemes; this implication is just like
the classical case for formal schemes, in which an equivalence of closed subschemes [Gro61,
Corollary 5.1.8] is deduced from a formal GAGA result [Gro61, Corollary 5.1.3]. Therefore, the
presentation map is an isomorphism, as desired. O

We wish to discuss some line bundles on X = Rep(F), which we present, by Theorem 2.9,
as X = [SpecS/Gy,). In particular, coherent sheaves (respectively, vector bundles) on X are
equivalent to finitely generated Z-graded S-modules (respectively, finitely generated Z-graded
S-modules, which are projective as S-modules), where we regard S as a graded ring as in
Theorem 3.4. We refer back to §1.8 for our notational conventions regarding graded rings and
modules. For m € Z, we define the graded S-module L,, as S(m), i.e.

This is a line bundle on X. If V is the vector bundle on X underlying the universal representation,
then we observe that its corresponding graded S-module is Ly & L_;. From this, we get the
following theorem.

THEOREM 3.6. We have End(V) = E as rings. Moreover, any locally free object of QCoh(X) is
projective in QCoh(X). In particular, V is projective.

Proof. We equate QCoh(X) with the category of graded S-modules. That M is locally free means
that M is projective as an S-module, i.e. that Mi(M, N) =0 for all i > 1 and all N. The global
sections functor is then M ~— My, and is hence exact, so we see that Ext!(M, N) = Ext!(M, N)y =
0 for locally free M (with N arbitrary and ¢ > 1), proving the assertions about projectivity.
The claim about End(V) amounts to the conclusion of Theorem 2.9. To make this clear, we
compute
HomS(Lma Ln)O = HOIIlS(S, Ln—m)O =Sn—m

for all m,n € Z to see that

Ly L R Rb
Endg(Ly & L-1)o= <L 02 L(2)> - <Rc R)
- 0

and one easily checks that the multiplication matches. O
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Remark 3.7. The isomorphism End()V) = E when the automorphism group is linearly reductive,
another version of which is Theorem 2.9(5), goes back at least to Procesi [Pro87, Theorem 2.6].

3.3 Non-generic case 1

In this case, the underlying pseudorepresentations are deformations of the trivial pseudorepre-
sentation, and the determinant is trivial, after twisting. The pseudodeformation ring R and the
Cayley—Hamilton algebra E were studied by Paskunas [Pasl13, Appendix A and §9], where it
was shown that they are equal to the corresponding object for the maximal pro-p quotient G of
I' (see [Pasl3, Corollaries A.3 and A.4]). It is well known that G is a free pro-p group on two
generators, which greatly helps in the study of R and E. Continue denoting by V the vector
bundle of the universal representation on X. We let SpecA be the affine scheme representing
RepD (E). In this section, we prove the following result.

THEOREM 3.8. The natural map R — A" is an isomorphism, and Ext*(V,V) =0 for all i > 1.
Moreover, the natural map

E — My (A)S™ = End(V)
is an isomorphism.

Remark 3.9. Bellaiche-Chenevier highlighted the question of whether E always embeds in the
adjoint invariants of Ms(A) for some A (an ‘embedding problem’ [BC09, §1.3.4]), as in the final
statement of Theorem 3.8. Recently, Jinyue Luo constructed a counterexample to the analogous
question addressed by the first statement of Theorem 3.8 [Luo23]: in this case, R — A5 has a
non-trivial kernel. This shows that the pseudodeformation ring is sometimes not isomorphic to
the adjoint invariant subring of A in non-multiplicity-free cases, unlike the multiplicity free case
described in Theorem 2.9. Luo’s counterexample occurs in characteristic 2 where I' is a finite
2-group and p is the trivial two-dimensional representation, but the embedding problem remains
open, at the moment. In particular, we emphasize that the validity of Theorem 3.8 does not
follow from some general theory that applies to all groups I' and all residual representations p.

We prove the statements in Theorem 3.8 in the order they are mentioned. For the first
and second part, we make use of the notion of a good filtration on algebraic representations
of reductive groups over F,, which is summarized briefly in [FS24, § VIIL.5.1]. For details on
standard constructions in the representation theory of algebraic groups we refer to [Jan03].

Let H /E, be a connected reductive group and let T'C B C H be a maximal torus and a
Borel subgroup of H, respectively. For a dominant weight A, let O()) denote the corresponding
standard line bundle on H/B and set

Va:=H(H/B,O(\).

A descending filtration (V;) (i € Z) of H-subrepresentations of an H-representation V is said
to be good if the successive quotients V;/V;_1 are isomorphic to direct sums of V). Given a
total ordering 0 = A\, A1, ... of the dominant weights, compatible with the dominance ordering,
we can choose V; to be the maximal subrepresentation of V' with weights A; for j <4, and V/
has a good filtration if and only if V;/V;_; is isomorphic to a direct sum of copies of V},. An
H-representation V has a good filtration if and only if H*(H,V ® V) =0 for all i > 1 and all A
(see [Don81]). In particular, H'(H,V)=0 for all i > 1 if V has a good filtration.

To prove that R= A" we begin by recalling the following result of Donkin [Don92, §3.1].
For simplicity, we specialize to GL2, which is the case we need. For any r € Z> and any function
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o:{1,...,r} —{1,2}, define a function
tro(g1, 92) == trace(go(1) - - - Go(r))
on GL%. Moreover, set d;(g1, g2) = det(g;) for i =1, 2.

THEOREM 3.10 (Donkin [Don92]). Let GLg act on GL2 by diagonal conjugation, and let O[GL3]
be the ring of functions of the group scheme GL3 over O. Then the ring of invariants O[GL3]G%
is generated by the functions t, , together with d%ﬂ and d;tl.

From this, we deduce the following corollary.

COROLLARY 3.11. Let SLy act on SL% by diagonal conjugation, and let O[SL3] be the ring of
functions of the group scheme SL3 over O. Then the ring of invariants O[SL3]%" is generated
by the functions t, ;.

Proof. We may regard (’)[SL%] as a GLo-representation, acting by diagonal conjugation; clearly
O[SL3]GL2 = O[SL3]5". The restriction map O[GL3] — O[SL3] is surjective, and is the first part
of a Koszul resolution

0— O[GL3] — O[GL3]* — O[GL3] — O[SL3] — 0,

since SL2 is a complete intersection in GLZ cut out by the equations dj =dy =1. If O[GLZ]
has vanishing higher cohomology, the Koszul resolution together with elementary considera-
tions of long exact sequences in cohomology shows that O[GL3]%% — O[SL3]4L= is surjective,
and the result then follows from Theorem 3.10. Therefore, it remains to show that O[GLZ]
has vanishing higher cohomology. By [vdK15, Theorem 10.5], each H*(GLy, O[GL2]) is a
finitely generated module over the finitely generated O-algebra O[GL3]SM2 so it suffices
to show that H'(GLg, O[GL3]) ®0 L =0 and H!(GLg, O[GL3]) @0 F=0 for i>1. We have
H¥(GLg, O[GL3]) ®0 L = H(GLgy, L[GL3]) =0 for i>1, where the first equality comes from
[Jan03, Proposition 1.4.18] and the second comes from GLsg being reductive and L having charac-
teristic 0. Finally, we also have H*(GLg, O[GL3]) ®0 F < H*(GLq, F[GL3]) =0 for i > 1, where
the injection comes from [Jan03, Proposition 1.4.18] and the equality H*(GLg, F[GL2]) = 0 holds
because F[GL3] has a good filtration, by [FS24, Corollary VIIL5.7]. O

Let F' be the free group on two generators; its pro-p completion is G. Attached to F', we
have its SLy-representation variety, which is isomorphic to SL2 = SpecAp, its character variety
SpecA%LQ (i.e. the GIT quotient SL3//SLz), and its moduli variety of pseudorepresentations
SpecRp, all taken over the base O. There is a canonical map Rp — A%LQ, which is an adequate
homeomorphism by [Emel8, Theorem 6.0.5(iv)] (cf. the GL4 case in [WE18, Theorem 2.20]).
By Theorem 3.10, it is also surjective. To show that Rp — A%LQ is an isomorphism, it therefore
suffices to prove that Ry is reduced. In fact, we may compute Rp.

ProPOSITION 3.12. The ring Rp is isomorphic to a polynomial ring over O in three variables.
In particular, Rp is reduced and the map Rrp — A%LQ is an isomorphism.

Proof. The second part follows from the first part and the discussion above, so it remains to
prove the first part. We obtain a map ¢ : O[s1, s2, s3] — Rp by sending, at the level of B-points
for B an arbitrary O-algebra, a pseudorepresentation 7" : F' — B to the tuple (T'(v), T'(d), T'(v9)),
where v and § are generators of F'. Since a two-dimensional pseudorepresentation 17" over O with
trivial determinant satisfies the identity

T(g~"h) = T(9)T(h) +T(gh) =0 (3.1)
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(see [Chel4, Lemma 1.9])!° for any g, h € F, [Pas13, Lemma 9.10] implies that ¢ induces an
injection f — f o ¢ at the level of functors of points (cf. [Pasl3, Corollary 9.11]). Proving that f
f o ¢ is surjective on B-points for any O-algebra B (and, hence, that ¢ is an isomorphism) is then
equivalent to showing that there is a map 1 : Rp — O[s1, S2, s3] such that ¢ o ¢ is the identity.
In terms of the moduli problem, this means that we need to construct a pseudorepresentation
T ;. B — Olsy, 89, s3] with T(y) = s1, T(§) = s9, and T'(76) = s3.

For the sake of brevity,'! we construct 7%V from the representation p:G — SLa(C) con-
structed in [Pasl3, Proposition 9.8]. Here, C is a ring that is finite over O[t1, ta, 3], and the
trace T, = tr(p) satisfies T, (y) =2+ 2t1, T,(8) =2 + 2to, and T),(y0) = 2 + 2t3. Let 7" denote the
restriction of T}, from G to F. By (3.1) and [Pas13, Lemma 9.10], 7" takes values in O[t1, t2, t3].
A simple change of variables then gives the desired pseudorepresentation 7™V, ]

LEMMA 3.13.

(1) The completed local ring of Rp at the trivial pseudorepresentation is isomorphic to R. In
particular, the natural map Rp = A%LQ — R is flat.

(2) Let B be an R-algebra and let pp:R[F]— M(B) be a representation whose pseu-
dorepresentation is equal to the universal pseudorepresentation of F' composed with the
composition Rp — R — B. Then pp factors through the natural map R[F]— R|[J].

Proof. The first part follows from the proof of Proposition 3.12 and Pasktinas’s analogous result
for R (see [Pasl13, Corollary 9.13]).

For the second part, we first note that pp factors through the Cayley—Hamilton quotient
EpR of R[F] with respect to the specialization of the universal pseudorepresentation to R. Since
R[F] is finitely generated over R, Er is a finite R-module [WE18, Proposition 2.13], and is
in particular mp-adically complete. For each n > 1, the quotient Er ® g R/m’, is a finite-length
R-module, so the map R[F] — Er @ R/mY}, factors through R[F/H] for a finite quotient F'//H of
F (consider the induced map F' — (Er ®g R/m%)*). The proof of [Chel4, Lemma 3.8] now shows
that we can take F'/H to be a p-group. Indeed, we have a Cayley—Hamilton pseudorepresentation
D, : Er ®p R/m, — R/m’, and [Chel4, Lemma 2.10 and Theorem 2.16] implies that the radical
R of Er ®r R/m’, satisfies (EFr ®r R/m%)/R = Ma(k), with the induced representation of F'
equal to the trivial representation. In particular, the image of F'/H in Er ® g R/m’, liesin 1 + R,
which is a p-group. Taking the limit over n shows that the map R[F] — Eg factors through R[],
and we are done. O

COROLLARY 3.14. We have A= Ar ®g, R.

Proof. From the definitions, Ap is the representation ring for the Cayley—Hamilton quotient
Er of Rp[F| with respect to the universal pseudorepresentation Rp[F|— Rp, and A is the
representation ring for the Cayley-Hamilton quotient E of R[G] — R. By compatibility of
Cayley—Hamilton quotients with base change [Chel4, §1.17], Ar ®pg, R is the representation
ring for the Cayley—Hamilton quotient Er ®p, R of R[F] with respect to the pseudorepresen-
tation R[F| — R. In particular, to show that A= Ap ®p, R it suffices to show that the natural
R-linear map Er ®p, R — E induces bijections

15 : Rep” (E)(B) = Rep” (Er @, R)(B)

10T his identity follows from the pseudorepresentation identity applied to the three elements g, g, and g~ 'h.
1 One can also construct T"™ directly, as the trace of an ‘algebraic’ version of the representation p from [Pa313,
Proposition 9.8].
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for all R-algebras B. Since F' is dense in G, the map Fr ®pg, R — E has dense image, which
implies that it is surjective since both sides are finite R-modules. This gives injectivity of ¢p,
and surjectivity then follows from Lemma 3.13(2). O]

Next we record some properties of cohomology that we need.

LEMMA 3.15. Let V be a finitely generated Ap-module on which SLs acts compatibly.
Then H'(SLy,V ®g, R) = H*(SLy, V) ®g, R for all i >0. In particular, R = AS". Moreover,
Hi(SLg, V) is a finitely generated Rp-module and H'(SLy,V ®g, R) is a finitely generated
R-module.

Proof. Since R is flat over Rp, we may write R = ligj R;” as a direct limit of finitely generated

free modules by Lazard’s theorem. Since cohomology commutes with direct limits [Jan03, Lemma
1.4.17], we see that

H'(SLz,V ®p, R)=H'(SLy, lim V @g, Ry’) =lim H'(SLy, V ®R, Ry’)
J

= @H@'(SLQ, V) ®r, Ry’ = H(SLy, V) @p, R,

as desired. That R = A5 then follows by setting V = Ap, i = 0, and using Proposition 3.12 and
Corollary 3.14. Finally, by [vdK15, Theorem 10.5], H*(SLa, V) is a finitely generated Rpr-module,
and hence H'(SLy, V ®g, R) = H'(SL2, V) ®g, R is a finitely generated R-module. O

This proves that R = A%"2 as desired. We can now prove that Ext‘(V, V) =0 for i > 1.
PROPOSITION 3.16. We have Ext'(V, V) =0 for i > 1.

Proof. Let ad denote the adjoint representation of GLg, restricted to SLgo, which is a direct sum
of induced representations. Then we have

Ext!(V,V) = H(SLy, A® ad) = H(SLy, Ar ® ad) ®r, R,

where the last isomorphism follows from Lemma 3.15, and it is a finitely generated R-module.
Since R is local, it suffices to prove that H*(SLg, Ar ® ad) ®o F =0 for i > 1. This cohomology
group injects into H'(SLg, (Ar ® ad) ®o ) by [Jan03, Proposition 1.4.18], and H*(SLs, (Ar ®
ad) ®p F) =0 since Ar ®o F has a good filtration by [FS24, Corollary VIIL5.7]. O

It remains to prove that £ — End()) is an isomorphism. As above,
End(V) = (A ® ad)5t2 = My(A)Ste,

We start by looking at the problem after inverting w. Then A[l/w] is the representation ring
for the Cayley—Hamilton algebra E[1/w] and hence, by [Pro87, Theorem 2.6], the natural map

E[1/w] — Ma(A[L/w])>

is an isomorphism. Since My (A[l/w])5" = My(A)2[1/w], we see that E — My(A)S is an
isomorphism after inverting w. To prove that it is an isomorphism on the nose, we need to study
the map more explicitly.

We begin this by recalling the structure of R and E from [Pasl3, §9.2]. Let v and § be two
generators of F. By [Pasl3, Proposition 9.12, Corollary 9.13] we have R = O[t1, t2, t3], where
2 + 2t1 is the trace of v, 2 4 25 is the trace of §, and 2 + 2t3 is the trace of v. The ring F is a
free R-module of rank 4 by [Pasl3, Corollary 9.25], with a basis given by elements 1, u, v, and
uv — vu, where

u=vy—1—1t;, v=0—-1—1y;
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recall that E' is a quotient of R[G]. The ring A may be described as a quotient of R[a;, b;, ¢;, d; |
i =1, 2], where the universal representation E — My(A) sends

14a1 1+0; dy
’7'—>< Co 1—|-CL2>7 5}_>< dg 1+b2)'

We have five relations. The first four come from the trace and determinant of the image of v
and 9, and amount to

a1 +as=2t1, by+by=2ts, a;+as+ajas—cica=0, by +by+biby—dido=0.
The fifth comes from the trace of vJ, and is
a1+ ag + by + by + ai1by + agbs + c1ds + cody = 2t3.

Let us now write the map E — My(A) explicitly as an R-module map, using the basis 1,
v—1,0—1, and uv — vu =~ — . Clearly 1 gets sent to the identity matrix, and from the
descriptions above we see that

al C1 bldl
7—1»—><C2 a2>, 5—1»—><d2 b2>’

c1da — cady ardy + bacy — azdy — bicy
azda 4 bica — arda — bacy cody — cyda '

and hence
UV — VU > (

Now consider a general element X = A; + Aa(y — 1) + A3(d — 1) + Aa(v0 — dv) € E[1/w]. It gets
sent to

A1+ Aoar + A3by + Ma(cida — cady) A2ct + Azdy + Aa(ardy + bact — agdy — bicy)
AoCo + Agdo + )\4(a2d2 +bicg — a1dy — bQCQ) A1+ Aoag + Azbo + )\4(62(11 — Cldg) '
These expressions are somewhat unwieldy to analyze. We instead consider the quotient C of A,
introduced in [Pas13, Definition 9.7], which is given by setting
61:1, CQZO, d1 :0, d2:2t3—2t1—2t2—a1b1—a2b2.
With this, one gets the presentation
Rlay, az, b1, bo
(a1 4+ ag — 2t1, aras + 2t1, by + by — 2ta, b1by + 2t2)
(we have changed some signs compared with [Pasl13], correcting apparent typos), which may be
further simplified to

_ R[al, bl]
(CL% — 2t1a1 — 2t1, b% — 2t2b2 — 2t2) '

In particular, we see that C' is a biquadratic extension of R and we get the following.
LEMMA 3.17. The quotient C' is a free R-module of rank 4, with basis 1, a1, b1, a1b;.

Proof. We can view C' as a quotient of the flat local R-algebra R[ay, b1]. Since a3, b7 is a regular
sequence in kfai, b1], [Stal8, Tag 00MG] shows that C is flat over R. Here C'is also clearly finite
over R, so it is free and we can check for a basis modulo the maximal ideal of R. O
The composition of E[1/w]| — Ma(A[l/w]) with Ma(A[1l/w]) — M2(C[1/w]) is then given by
sending the general element X = A; + Aa(y — 1) + A\3(d — 1) + Aa(y0 — §7) € E[1/w] to
A1+ A2aq + Azbr + Aada A2+ Aa(b2 — by)
Agdo + /\4(a2d2 — a1d2) A1+ Agag + Azby — Agda )

With these preparations, we now prove the main theorem of this subsection.
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THEOREM 3.18. The map j: E — My(A)S™ is an isomorphism.

Proof. We know that E[1/w] — Ma(A)S™[1/w] is an isomorphism and E is w-torsion free, since
it is free over R. In particular, j is injective, so it remains to prove surjectivity. Note that A
is w-torsion free as well, so by surjectivity of j after inverting o, it suffices to show that if an
element X = A1 + Aou + A3v + Mg (uv — vu) € E[1/w]| as above has image j(X) € My(A), then we
must have \; € Rfor i =1,...,4. If j(X) € M3(A), then its image in My(C[1/w]) lies in M>(C),
ie.
()\1 + Agaq1 + A3by + Aygds A9 + )\4(52 — bl) ) c M (C)
Azds + >\4(a2d2 — a1d2) A1+ Aoag + Azbs — Agdo 2 )

Looking at the top-right corner, we see that
A2 + Ag(by — by) = (A2 + 2ta\y) — 2M4b1 € C.

By Lemma 3.17, we deduce first that Ay € R and then that Ay € R. Applying this to the top-left
corner, we see that A\ + A3b; € C and hence, by Lemma 3.17 again, we see that A1, A3 € R. This
finishes the proof. O

We finish this section by describing a free resolution of the left E-module O; given by the

quotient (of O-algebras) E 1, 0 with flg—1)=0for all ge G and f(t;) =0 for 1 <i<3.
We have already recalled the R-basis of E given by 1, u, v, uv — vu. We set w :=uv — vu. The
squares u?, v? lie in R, the center of E.

ProproSITION 3.19. The following gives a free resolution of the left E-module Oy:
(5 ), e ()

with the matrices acting from the right on row vectors.

(vu)

0= E E®2 E®? N p Lo, 50 (3.2)

Proof. First we need to check that the left ideal generated by wu, v coincides with the kernel of f.
Since this left ideal contains Ru, Rv, and Rw, it suffices to show that it also contains the prime
ideal (t1,t2,t3). In fact, we have (u?, v, uv + vu) = (t1, t2, t3), which is useful later. This follows
from the identities

u? =2t — 12,

v? =2ty — t3,

uv +vu = 2(t3 — 11—ty — tltg).

The first two of these identities are [Pasl3, Equation (159)]. The third can be checked
by rewriting uv + vu — 2t3 using the identities u= (y —y~1)/2,v=(§ —671)/2, and 2t3+2=
(Tp(v0) +Tp(67))/2.

Next we need to show that the kernel of (7)) is contained in the image of ( 7,
(A1 + A2t + A3v + Aqw, py + pou + p3v + pygw) € E? is in the kernel. Applying the map (%) and
comparing coefficients tells us that this boils down to the following equalities in R:

_uq:f ). Suppose

A = =202y — My(uv + vu), (3.3)
1 = 2u g + pug(uv + vu), (3.4)
Az = iz, (3.5)

0= Xou? + pzv? + \3(uv + vu). (3.6)
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Translating by (—2A4, 2u4)( “}% ;Zf )= (A1 + Mw, g1 + paw), we may assume that A\ = pg =
Ai =gy =0. Now we consider Equation (3.6). Since u?,v2, (uv +vu) form a regular sequence

in R, we can use the Koszul complex to write

0 —(uv + vu) v?
()\2,#3,)\3):($,y,2) *(’U/U‘FUU) 0 u2
—v? u? 0

2

for some z,y, z € R. Then, noting that vuv = (uv + vu)v — v2u and uvu = (uv + vu)u — u?v, the

reader can check that we have
VU —U

2
(—yu, zu — zv) < 9 ) = (Aou + A3v, Azu + usv).

—U” uv

To check exactness at the next step of the sequence, we consider the condition that
(A1 + A2t + A3v + Aqw, p + pou + p3v + pgw) € E? is in the kernel of ( %2 ). Again, comparing
coefficients gives some equalities in R. One of them is

_)\2u2 = ,U’3U27

which tells us that there is an x € R with pu3 = zu? and Ay = —zv?. Translating by

(—zuv) (_”;g) = (Aou, p3v — z(uv + vu)u),

we may assume that Ay = pu3 =0. Now the condition that (A1 + Ag3v + A\qw, 1 + pou + pgw) is
in the kernel of ( “}2) boils down to the equalities
A = —20% g + A (uv + vu),
1 =2u?\, — g (uv + vu),
Az = 12,
which means we have
A1+ A3v 4+ Aqw = (240 — 2p40 + A3)v

and
p1 + pow + praw = (2240 — 20140 + A3)u.

This shows that we do have something in the image of (v ). Finally, the map F M E®? is

injective because v? is a non-zero divisor. O

3.4 Non-generic case 11

In this case, p~x1 B x2 = x® (wd 1) for some character x:I'—F*. Unlike all other cases,
the moduli of representations X is not smooth. Paskiinas has computed some deformation
rings of representations with semisimplification isomorphic to p (see [Pasl3, §B]), relying on
a presentation due to Bockle [B6c00]. We adapt these results to describe the entire moduli
space X.

THEOREM 3.20. There is an isomorphism of graded rings
O[[ao, ay, boC, blc]] [bo, bl, C]
(pbo + a1bo + aob1)

where b; has degree 2 for i1 =0,1, ¢ has degree —2, and a; has degree 0 for i=0,1. The
isomorphism S =S’ induces an isomorphism of subrings of degree 0, R=Sy=R =5} of

S=8 .=
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degree 0,
Olag, a1, boc,bic]  Olag, a1, Yo, Y1]

R=R = = .
(pboc + arbpc + apbic)  (pYo + a1Yo + apYr)

The universal Cayley—Hamilton algebra E has R-GMA form

R Rbo@Rbl
((p+a1)bo+aobi1)
Re R

with cross-diagonal multiplication given by
((zobo, £1b1), yc) = zoyboc + z1yb1c.

The claim that S’ is a model for S is the main new statement and is developed in
Theorem 3.24. For the moment, we deduce Theorem 3.20 from Theorem 3.24 using facts about
the residually multiplicity-free case summarized in §2.3.

Proof of Theorem 3.20 given Theorem 3.24. We know that R =Sy and E = End(V) = My(S)®n
from Theorem 2.9. What remains is to deduce the claimed presentations of R by R’ and of E as
above. This follows directly from Proposition 2.10, which implies that

E12=5, FEy1 =S5 9

and that the cross-diagonal multiplication map is compatible with the multiplication map
S9 x S_9—5y=R. Then the form of F given in Theorem 3.20 follows from straightforward
calculations of Sio given the isomorphism S =S’ proved in Theorem 3.24. OJ

The proof that S =5’ is what remains. Without loss of generality, we write this proof in the
case that x and v are trivial and O = Z,; the general case follows by twisting. We begin this with
Paskunas’s description in [Pas13, § B] of a certain quotient group of I'. It requires the following
data and notation.

— Let F denote a free pro-p group on p + 1 generators o, . .., Tp.
— Given a profinite group H, let H(p) denote its maximal pro-p quotient.
— Given a pro-p group H, there is a p-lower central series filtration defined inductively as

Hi=H, H; :HZP[HZ,H] fOFiEZZl.

— Because FQp(Cp)(p) is a Demuskin group with invariants n =p+ 1 and ¢ = p (for a reference,
see e.g. [NSW08, §3.9]), there exists a surjection ¢: F —T'g (c,)(p) with kernel generated
by a single element 7.

We quote this lemma from [Pas13, Appendix B].

LEMMA 3.21 (Bockle, Paskunas [Pas13, Lemma B.1]). There exists an action of Gal(Qp((p)/Qp)
on F and a choice of ¢ such that ¢ is equivariant for the natural actions of Gal(Qp((p)/Qp):

(1) grig~t= xf’(g)’i for all g € Gal(Q,((p)/Qp) and 0 <i < p; and
(2) the image of r in gryJF is equal to the image of

' =i (w1, 2pi][w2, 2p—2] - - [x(p—l)/% x(p+1)/2] [2p, o]

Next we produce a representation of F with coefficients in the ring S’ of Theorem 3.20.
Afterward we show that it factors through ¢ and is universal, producing the isomorphism S—5".
This is a straightforward adaptation of the construction in [Pasl13, p. 180] from a deformation
ring to the whole moduli stack of representations.
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DEFINITION 3.22. Denote by «:F x Gal(Q,((y)/Qp) — GL2(S’) the homomorphism deter-
mined by

Gal(Qp(¢p)/Qp) 29— <‘7JE)9) [1))
fOri:2,3,...,p—3’ xi— 1,

. 10
Tp—2 cl)’

for ] = 0, 1, xl-{—j(p—l) <(1) b1>
1+ aj)_l/ 2 0 )
0 (1+ay)'/?
where the semidirect product structure is as in Lemma 3.21. The fact that these images of
generators define a homomorphism can be read off from the semidirect product structure.

for 7=0,1, Tj(p—1) — <(

Let I be the Galois group over @, of the maximal pro-p extension of Qp((,). Let T b ) C I’
denote the subgroup fixing Q,((,). Thus, we naturally have a quotient map 7:I' — I, and the
universal adapted representation pg: ' — GL2(S) factors through I".

ProprosiTiION 3.23 (Following [Pasl3, Proposition B.2]). There exists a continuous group
homomorphism

@ F x Gal(Qyp(Cp)/Qp) — r

such that ¢'= ¢ (mod (I, © ))3) and there exists a factor p of a producing the following
commuting diagram.

F 2 Gal(Qp(¢p) /Qp) —— GLa(S")
\ Tﬁ
©
PI
In addition, there exists r1 € F such that Gal(Qp((,)/Qp) acts on r1 by @ and ker ¢’ equals the

closed normal subgroup of F generated by ry.

Proof. First we observe that r’ € ker ¢/, where 1’ was defined in Lemma 3.21. Indeed, for j =0, 1,

1 ai—jb;
[ (@14 p-1)): ¢ (@ p-1)1-1))] = <0 1 1] ])7

whereas [¢'(2;), ¢/ (zp—i)] =1 for i#1,0 (mod p — 1), and therefore

(r—1)/2
¢ =gy TT ol o) ') = (67") (") (o).
which vanishes in GL2(S”) due to the presence of the relation pby + a1bg + agb;.

By Lemma 3.21(2), =7' (mod F3), and therefore «(r) € a(F3). The rest of the proof fol-
lows exactly as in [Pasl3, Proof of Proposition B.2], producing r € F, equivalent to r and r’/
(mod F3), such that r; € Ker @ and the conjugation action of Gal(Q,((,)/Qp) on F acts on rq
by the character @. O

Because pom:T'— GLy(S’) has residual pseudorepresentation v (w & 1), the universal prop-
erty of the universal Cayley—Hamilton algebra (E, R, Dg : E — R) (see Definition 2.3) produces:

— a ring homomorphism R — S|, = R' C ;
— an R-algebra homomorphism 7 : E — Ms(S’) such that
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* (E,R,Dg) — (M(S"), S’,det : My(S") — S’) is a morphism of Cayley—Hamilton algebras
and
*x o~ _ u
p=mnop".
We impose the R-GMA structure on FE arising from the idempotents arising from pullback
over 1,

(58D m ((§9))-

(These idempotents lie in 7(E) because they are Z,-linear combinations of the image of
Gal(Qp(¢p)/Qp) specified in Definition 3.22.) Now that E has been endowed with an R-GMA
structure, we write S for the graded R-algebra representing its adapted representation moduli
functor. Thus, its universal property along with 7 induce a graded R-algebra homomorphism

¢: S8 — S with 0-degree part R= Sy — R =S|,
where R is the pseudodeformation ring.

THEOREM 3.24. The homomorphisms ¢ : S — S’ and ¢o: R — R’ are isomorphisms.

To prove the theorem, we import a description of S / pS from [WE20]. We remind the reader
that the completion S of S is not local: see Remark 3.5. Because p~w @ 1, we can apply the
decomposition Ad%p = w 1@ w .

PROPOSITION 3.25 [WE20]. There exists a presentation of S/pS of the form

* * A
(Symg, H'(T, Ad°p)*)

o (T, ATy | oS

where we have the following.

(1) The completion denoted [---]" is at the ideal generated by H'(I',1)*, H'(I',w)* ®F
HYT,w™)*.

(2) The presentation is G,,-equivariant, as expressed by a Z-grading (of each constituent of
the limit that is the completion) where the degrees of the modules of generators and
relations are given by:
~deg H{(T,w)*=2 fori=1,2;

— deg HY(T', 1)* =0;
~deg H}(T,w™H)* = -2.

(3) The m* is Gy,-equivariant.

P

(4) The image of m* lies in the ideal Sym=2, and the quadratic term (modulo Sym=3) m} is
the F)-linear dual of the composite of the cup product and the Lie bracket map

HY(T, Ad%) ®p HY(T, Ad%p) — H(, Ad°p @z, Ad%p) 1% H2(, Ad¥p).

(5) The wuniversal representation pg:I'— Ms(S) has the following form modulo
(p, Sym=*H'(—)"):

(50,2
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where
BeZz' I w) e H'(T,w),
AeZ'(T,F,) @ H'(T,F,)*,
Cez T, wH)®HY,w )
are choices of lift of id € Endg, (H'(—)) 2 H'(—) ®r, H'(—)* under the natural projection
ZY (=)@ H (=) - H'(-) @ H'(-)".

Proof. This is mostly a description of the objects set up to state the main theorem [WE20,
Theorem 11.3.3]. The following references in this proof refer to [WE20]. Part (1) appears in
Definition 11.3.1. The G,,-equivariance of parts (2) and (3) corresponds to the F, x F,-algebra
structure of the presentation: letting e; = (§9), e2=(99), the Gy,-action (i.e. the adjoint action
of conjugation of the torus of SL9) is by the character 2 € X*(G,,) on e1Ses, the character 0
on e;Se; (for i=1,2), and —2 on egSe;. Part (4) follows from a description of the quadratic
term m3 of m* appearing in Corollary 5.2.6, where here we use the Lie algebra version produced
by the associative version there. (Indeed, Ad’p C Endp and the Lie bracket is the commutator.)
Part (5) appears in the construction of pg appearing in Corollary 7.4.5. In particular, the section
of Z'(—) — H'(—) appearing in part (5) is denoted by f; in Corollary 7.4.5. O

In order to work explicitly with this presentation of S/pS, we use the following choice of
basis of H'(I', Ad®p). To specify this basis, we use generators z; € IV, 0 <i < p, produced by
Definition 3.22 and Proposition 3.23. (This is a slight abuse of notation, since these generators
are actually in F and we use x; to refer to ¢'(x;) € I”.) The basis is labeled so that it matches
the deformations to F,[e]/(¢?) of p that arise from using each non-identity matrix listed in
Definition 3.22, as follows.

LEMMA 3.26. There exists a set of choices of bases of the F-vector spaces:
—{bg, b3} C HY(T, w);
—{ag, ai} C HY(I', Fp);
B { } - Hl(rvwil);

characterized by the property that for each yeY = {by, b1, ao,a1,c} CS’, the lift p,:T' —
GLy(Fple]/(€%)) of p given by specializing the coefficients of pom:T'— GLg(S’) along the map
vy: S —TFplel/(e?) given by

y—e, 2z+—0 forallzeY ~{y}

realizes the cohomology class §* under the standard bijection between lifts of p to F,[e]/(€?) and
ZY (', Ad%).

Proof. As is well known, lifts of p to Fp[e]/(¢?) with fixed determinant biject with Z'(T', Ad°p),
and they have non-trivial projection to H'(T, Adop) if and only if they are not conjugate by
1+ ¢e- My(Fp) to the trivial lift. By Proposition 3.23, and in particular by applying ¢, the
specified lifts p, of p produce the three subsets {b, b}, {a},ai}, and {&*} of Z(T,Ad"p).
Viewing Definition 3.22, we observe that they are:

— concentrated in the summand of Z'(Ad"p) named in the lemma (e.g. py, € Z'(T,w)) under
the standard decomposition Ad%p~w & 1@ w™!; and

— linearly independent after projection to H!(F x Gal(Q,(¢,)/Qp), —), and therefore also
linearly independent subsets of the cohomology groups H'(I', —) named in the lemma.
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Finally, by standard Tate local duality and Euler characteristic formulas using the assumption
p > 5, the dimension of these H(T', —) equals the cardinality of each linearly independent subset
named in the lemma. O

In the following, ‘Kum’ refers to a Kummer class (under the standard bijection of Kummer
theory between the first cohomology valued in a cyclotomic character and the unit group of Q,),
and Qp»/Q, denotes the unique unramified degree-p extension of Q.

Remark 3.27. It is possible, but not necessary for the proof, to directly prove the following
equalities up to F -scalar:

- by =Kum(1 +p) € H(Qp, w);

— bj =Kum(p) € H'(Qp, w);

— g € Hom(Gal(Qp (G5)/Q(6p)), Fp) € HY(Qp(Gp), IF]D)WOOg HY (T, Fy);

— aj € Hom(Gal(Qp(¢p2)/Qp(Cp)), Fp) C H' (Qp(Gp), Fp) = HY(T, Fp).
In particular, the perfect Tate duality pairing is realized by the standard cup product H*(T', F,,) x
H'(T,w) — H*(T,w) 2 F, and satisfies (a, bi_;) =d;; for i,j €{0,1}, which explains the form
‘apb1 + a1by’ of the relation (mod p) presenting S’ in Theorem 3.20: it arises by evaluating the
m* of Proposition 3.25.

We only need the following weaker implication of Remark 3.27. Let
{ao,a1} C HY(T,Fp)*,  {bo,b1} C HY(T,w)*, {¢}c H'(T,w )*
denote dual bases to the bases listed in Lemma 3.26.

COROLLARY 3.28. There is an isomorphism of limits of graded rings (where the graded degree
of HY(T',w)* is 2, the graded degree of H'(I',F,) is 0, and the graded degree of H'(I',w™!)
is —2) o o
IE‘p[b(b b17 C] IIa/Oa a17 b()é,_blé]] :) S,/ps,j
(F + Zogi,jglai,jdibj>

where F € (Fp[l_)o, 51, C] [[@0, ai, (_)05, 515]])2 N (C_lo, ai, Z_)o, 51, 5)3 and (Oém‘) € GLQ(FP).

In words, the condition on F' means that it is of graded degree 2 and is a power series in
monomials of degree at least 3 in the variables a;, b;, c.

Proof. This is a particular application of our knowledge of the dimensions of the Galois coho-
mology groups arising in Proposition 3.25, along with the appearance of the Lie bracket and cup
product in Proposition 3.25(4). As mentioned in Remark 3.27, the only non-trivial summand of
this cup product is non-degenerate as a bilinear form; the dual of its factorization through the
tensor product is mj: H*(I',w)* — H'(I', Fp,)* @, H'(I',w)*. This non-degeneracy is reflected,
equivalently, in the conclusion that det(a; ;) # 0. O

Now we can prove Theorem 3.24.

Proof of Theorem 3.24. We begin with some reduction steps. Because S’ is p-torsion free, it
suffices to prove that ¢/p:S/pS — S’/pS’ is an isomorphism. We fix some presentation of S / pS
as in Corollary 3.28. Like the end of the proof of Theorem 3.4, we appeal to [AHR25, Theorem 1.6]
to say that it suffices to prove that the local homomorphism ¢, : (S/pS )p — (8'/pS"), defined
to be the completion of ¢/p at the maximal ideals m, C S/pS and mj, C S’/pS’ corresponding
to p, is an isomorphism of limits of graded rings.
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By Lemma 3.26 and Proposition 3.25(5), and the fact that ggp arises from applying the moduli
interpretation of S to pom, we see that ¢, gives rise to an isomorphism of cotangent spaces
mp/m%:ml; /m;? preserving the bases of these cotangent spaces that arise from the generators

we have designated. Namely, gZ;p sends
(ZASPZ ap— ag, a1+ aq, l_)oi—>b0, Bli—>bl, ¢—c (mod m’i)

In particular, we now know that (;ASP is surjective.

We can say, equivalent to the matching of bases above, that ngSp((zo) —ag Em’g, and simi-
larly for each of the other four matching pairs of basis elements. Therefore, by reading off the
presentation of S’ in Theorem 3.20, the kernel of the composite map

o Do
Fylao, ai, bo, b1, & - (S/pS)) = (S'/pS'))

is a principal ideal with generator agb; + a1bo. Consequently, this generator divides any generator
of the kernel of the surjection labeled 7, which by Corollary 3.28 is

(@061 + @160) ’ <F + Z ai,jaibj>
0<:,5<1
in F,[ao, a1, bo, b1, €], a divisibility of power series that are in m? and non-zero modulo m3.
Therefore, the quotient is a unit and ¢, is an isomorphism. O

3.5 Coherent sheaves on Rep(FE) in non-generic case II

We wish to describe some coherent sheaves on Rep(E) and compute their Ext-groups.
Computationally, the situation is most similar to § 3.2, but we need more than line bundles,
so the computations become far more involved. Nevertheless, we start as in §3.2. We simplify
the notation by letting X denote the stack Rep(E). By Theorem 3.20, we may present X as

x = [Rep™*7(E)/T] = [SpecS/T),

and coherent sheaves on X are equivalent to finitely generated graded S-modules. We write
Homy, Extx for Hom and Ext groups in Coh(X).

As in §3.2, we define L,, = S(m) for m € Z. This is a line bundle on X and again the vector
bundle ¥V on X underlying the universal representation corresponds to the graded S-module
L1 ® L_4. As in Theorem 3.6, we obtain the following theorem.

THEOREM 3.29. All vector bundles on X are projective objects in the category of quasicoherent
sheaves. Moreover, Endx (V) = E as rings.

In addition to L; and L_;, we need a third coherent sheaf () on X, which we now describe,
and which is not a vector bundle. To shorten the notation somewhat, we set aj = a; + p; the
presentation of S in Theorem 3.20 then becomes
Olao, @}, boc, bic][bo, b1, ]

(afbo + aobr) ’

S =

Suppose now that T is any integral domain, that f €’ T is non- zero, and that M and N are
n X n-matrices with entries in 7' satisfying MN=NM = fI (Where I is the identity matrix).
Set T = T/ (f) and let M and N be the reductions of M and N modulo f, respectively. Then
MN = NM =0 and one easily checks that

qn Mopn Nogn and 7 X Mo
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are both exact, where we view T" as column vectors.'? Having said this, we consider the matrices

—~ ~ I —_—
M = < bo b}) and N = (al bl)
—ag ay ao bo

with entries in Ofag, a}][bo, b1, ¢]. We have MN = NM = (a),bo + agby )1, so the discussion above
applies for the reductions M and N to S. We can even view M and N as homomorphisms of
graded S-modules in the following way. We have

M:Ly& Ly — Lpso® Ly,

and
N:L,®L, o—L,®L,,

for any n € Z. Here, and in the rest of §3.5, when writing homomorphisms between graded
S-modules we view elements of direct sums as column vectors and represent maps as matrices
acting from the left.

The graded S-module @ is defined as

Q= Coker(M L1 ®L 1—L1 Lfl)

and there is a ‘periodic’ projective resolution of () of period 2 given by
B ser ¥ er s 8L e Mo Q0. (3.7)
The definition of ) was originally motivated by considering the short exact sequence (234) in
[Pas13]; see Remark 5.13 for more details.
In the rest of this section, we compute various Hom and Ext expressions involving ). Our

first goal is to show that ‘
EXth(L_l L1 PQ, L 1L Q) =0

for all 1> 1. We start by observing that Extég(L_l ® L1, L1 Ly D Q) =0, since the L, are
projective, so it remains to show that Ext% (Q, L_1) = Ext%(Q, L1) = Ext%(Q, Q) = 0. We then
have:

PROPOSITION 3.30. As (ungraded) S-modules, Extls(Q, S) =0 for all i >1 (so Q is a maximal
Cohen—Macaulay module, since S is Gorenstein). In particular, Ext% (Q, L,) =0 for all i > 1 and
allneZ.

Proof. The resolution (3.7), viewed as ungraded S-modules, is simply
LN M2 N gaMer o .
Applying Homg(—, S) to the resolution, we get
g2 M g2 Ny g2 Mg Ny
where we are still regarding S? as column vectors, and —! denotes matrix transpose. This is
exact in degrees i > 1, as desired. O

It remains to show that Ext%(Q,Q)=0. To do this, we start by considering the graded
morphism L_; — ), which is the composition L_1 — L1 & L_1 — @, where the first map sends
x to (2) and the second map is the quotient map from the definition of ). The composite is
injective and the cokernel @ is isomorphic to Li/(bo, b1)L—1, i.e. S/(bo, b1) with grading shifted

by 1. In particular, (Q)r =0 for k> 0. As a consequence, Homx (L,,, @) =0 for n <0.

120r row vectors; the choice does not matter.
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PROPOSITION 3.31. We have Ext%(Q, Q) =0 fori> 1.

Proof. Consider the short exact sequence 0 — L_1 — Q — Q — 0. Taking the long exact sequence
for Extx(Q, —) and using Proposition 3.30, we see that Ext%(Q, Q) = Ext%(Q, Q) for i > 1, so
it suffices to prove that Ext%(Q, Q) =0. However, since Homx (L, Q) =0 for n <0, applying

Homy(—, Q) to the resolution of @ from (3.7), we simply get

Homx(L1,Q) —>0—0—--- .
In particular, Extg(Q, Q) =0 for i > 1, as desired. O

Our remaining task in this section is to compute Endx(L_; & L1 & @) as an R-algebra, which
we treat as a 3 x 3 GMA with scalar ring R:

Endx (L_l) Homx (Ll, L_l) HOITlx(Q, L_l)
HOH’lx(L_l, Ll) Endx(Ll) I‘IOII]x(C?7 Ll) . (38)
Homy(L-1,Q) Homx(L1,Q)  Endx(Q)

As we show later, it turns out to coincide with the endomorphism algebra Eq; computed in
[Pas13, §10.5]. We already know that Endx(L_1 & L1) = E, so we start by computing the remain-
ing entries as R-modules. We start by computing Homx(Q, L1). Applying Homx(—, L1) to the
presentation

L_1@L_1A—/I>L1@L_1—>Q—>O

we get a left exact sequence

0— HOHIx(Q, Ll) — Homx(Ll ®L_q, Ll) — Homx(L_l ®L_q, Ll),
so upon identifying Homyx (L1 ® L_1,L1)=R® (bpR+ b1 R) and Homx(L_1® L_1,L1)=
(bR + b1 R) & (bR + b1 R) as row vectors, we see that Homx(Q, L1) is the kernel of the map
R® (boR + blR) — (b()R + blR) ©® (boR -+ blR) given by

@) o) (20 0.

—ag a}

The kernel is isomorphic to boR + b1 R via (x, y) — y; if y = bpa + b1 8 (with «, § € R) and (z, y) is
in the kernel, then one sees easily that © = apae — a) 8, and one can check that = only depends on
y and not the choice of a and § (e.g. by computing in the fraction field of S). In particular, when
viewed as a subspace of R® (bR + b1 R), Homx (Q, L1) is generated by (ao, bp) and (—a/, b1) as
an R-module.

The computation of Homx(Q, L_1) is entirely analogous; we see that it is the kernel of the
map Homx (L1 ® L_1, L_1) - Homx(L_1 & L_1, L_1) given by the same formula as above when
identifying Homx (L1 @ L_1, L_1) with ¢R @ R. By computations analogous to those above, we
see that y — (z,y) defines an injection of bpcR + bicR into the kernel where, if y = byca + b1cf3,
x = apca — ajcf (and, as above, z only depends on y). It remains to show that this is the entire
kernel. One of the conditions for (z,y) to be in the kernel is bpx = apy; we wish to show that
this forces y € bgcR + bi1cR. As x € cR, we may write x = zc with z € R and consider zbyc = agy
as an identity in R. Lifting y and z to z,y € Ofao, a}, boc, bic], the identity becomes an identity

bocZ = aoy + (apbic + ayboc) f

in Ofag, a}, boc, bic], which we may rewrite as ag(y + bicf) =boc(Z — @ f). Since byc is a prime
in Olag, a}, boc, bic], we deduce that bpc divides g+ bicf, which implies that y € bocR + bicR
as desired. Summing up, we see that when viewed as a subspace of cR® R, Homx(Q, L1) is
generated by (agc, boc) and (—ajc, bic) as an R-module.
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Next, we compute Homy (L_1, Q). Before Proposition 3.31, we constructed an inclusion map
L_1— Q. Let us call this map ¢; we wish to show that Homy(L_1, Q) is a free R-module of

rank 1 generated by ¢. Applying Homx(L_1,—) to L_1 & L_1 M L1®L_1—Q—0, we get
Homx(L_l, L1 L_l) — Homx(L_l, Lo L_l) — HOHIx(L_l, Q) — 0,
so Homy(L_1, Q) is the cokernel of the map R% — (bpR + b1 R) ® R given by

()= () (2)

Since ¢ is the map in the cokernel represented by ((1)), it is clear that ¢ generates the cokernel,
and it is then clear that Homx(L_1, @) is free since ¢ is an inclusion and L_; is R-torsion free.
This gives the desired result.
Next up is Homx (L1, @). The strategy is similar to the previous case; we have a right exact
sequence
HOIle(Ll, L1 L_l) — HOHIx(Ll, L& L_l) — Homx(Ll, Q) —0

which identifies Homy (L1, Q) with the cokernel of the map (cR)? — R @ cR given by the same
formula as above. This means that the cokernel is generated by (é) and (2), with relations
boc(t) = a0(?) and be(2) =~ (9.

Finally, we come to End(Q). Applying Homx(—, Q) to the short exact sequence 0—
L 1—Q—Q—0 we get an injection End(Q) — Homx(L_1, Q), since Homx(Q, Q) =0 (even
as ungraded S-modules, since @ is torsion free, being maximal Cohen—-Macaulay). But
Homy(L_1,Q) is freely generated by ¢ (by above) and End(Q) — Homy(L_1, Q) maps the
identity on @ to ¢, so we conclude that End(Q) = R.

We now summarize the results above (including the fact that F=FEndx(L_; ® L1)) in a
theorem, where we also give names to the generators, foreshadowing the comparison of our
results here with those of [Pas13, §10].

THEOREM 3.32. The following hold:

(1) Endx(L-1), Endx(L1), and Endx(Q) are all free R-modules of rank 1 generated by the
respective identity functions;
we have Homx (L1, L_1) =cR, and we let p19 denote the generator c € cRR;

2) we have Homz (L1, L R, and we let 12 d h R

(3) Homx(Q,L_1) is the subspace of cR® R generated by ¢Y5= (apc,boc) and @iy =
(—aje, bic); the map bocR+ bicR— Homx(Q, L_1) given by bocx + bicy — (apcx —
aycy, bocx + bicy) is an isomorphism;

(4) we have Homx(L_1, L1) =boR + by R, and we let ©3, =bo and @i, = by;

(5) Homyx(Q, L1) is the subspace of R® (boR + b1 R) generated by 3; = (ag, bp) and ¢is =
(—a}, b1); the map byR + b1 R — Homx (Q, L1) given by box + by — (apz — a}y, box + b1y)
is an isomorphism;

(6) Homx(L_1,Q) is a free R-module of rank 1, generated by the inclusion p31 = (;

(7) Homx (L1, Q) is a quotient of R @ cR, generated by /3 = ((1)) and @39 = (2) under the rela-
tions boc = appse and bicf = —a)ps2; The map R@® cR — R given by (z,y) — apx + by
gives an isomorphism Homzx (L1, Q) = (ag, boc).

It remains to compute the ring structure on Endx(L_; & L; ® ). We do this by computing
the individual composition maps

HOHIx(B,C)XHOInx(A,B)%HOInx(A,C), (fag)Hfog7
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for A,B,Ce€{L_1,L1,Q}. These are mostly straightforward but somewhat tedious compu-
tations. By the description in Theorem 3.32(1), when A = B the composition map is simply
the R-module structure on Homx (B, C'), and similarly when B =C, so that leaves the cases
when A# B and B # C. By Theorem 3.29, we also have Endx(L_1 ® L) = E. In terms of the
generators in Theorem 3.32, this means that

@12 0 Phy =bic € R=TEndx(L_1)
and .
v 0 w12 =b;c € R=FEndx(Ly),
for i € {0,1}. Let us now move on to the composition maps involving @, starting with
Homx(Q, L_1) x Homx(L_1, Q) — Endx(L_1)
and

Homx(Q, Ll) X Homx(L_l, Q) — HOIH;{(L_l, Ll).

Here Homx (L_1, @) is generated by the inclusion @31, and Homx(Q, L_1) has two generators
@?3 and @%3, whose compositions with Ly & L_1 — @ are given by (aoc, bpc) and (—a)e, bic) in
cR® R=Homx (L1 ® L_1, L_1). From this we see that

¢13 0 31 = bic € R=Endz(L_1)
for i=0,1. Next, Homx(Q, L1) is the subspace of R® (bgR+ b1 R) =Homx (L1 ® L_1, Ly)
generated by ¢9; = (ao, bo) and @i, = (—a), b1), so we see that

b3 0 031 = by € Homx (L1, L1)

for i =0, 1. Using that pre-composition with (31 is an isomorphism Endy(Q) — Homx(L_1, @),
we can now compute

Homy (L-1,Q) x Homx(Q, L—1) = Endx(Q) and Homgx (L1, Q) x Homx(Q, L1) — Endx(Q).
Starting with Homx(L_1, Q) x Homx(Q, L_1) — Endx(Q), consider the following diagram.
Homy(L-1, Q) x Homx(Q, L—1) ——Endx(Q)

l |

Homy(L-1,Q) x Endx(L—1) Homy(L-1, Q)
Since ¢i4 0 @31 = bic, we see that (31 0 p%5 031 = bicps; and hence
310 p13 = bic € End(Q),
for i =0, 1. For Homx (L1, Q) x Homx(Q, L1) — Endx(Q), consider the following diagram.
Homx (L1, Q) X Homx(Q, L) Endx(Q)

| |

HOII]x(Ll, Q) X HOH]%(Lfl, Ll) I HOII]x(Lfl, Q)

By Theorem 3.32, Homgx(L1,Q) is a quotient of Homx (L1, L1 ® L_1) = R® cR, generated
by 8= ((1)) and @39 = (2), Homz(L_1, L1) =boR+ b1 R, with b, =b; by definition. In addi-
tion, recall that Homx(L_1, Q) is a quotient of Homxy(L_1, L1 & L_1) = (boR + b1 R) & R, that
P31 = ((1)), and that (fgo) = (b}) =0 in Homy(L_1, Q). In particular, we see that

ay

(P32 0 by = bicps
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and
Bowy =aopst, Bopy =—dip3.
From diagram (3.9), we then see that
Bowds=ag, Bopss=—a), and @330 4 =bc,

using that @b 0 031 = pb,. Next, let us consider

Homzx(L_1, Q) x Homx (L1, L_;) — Homx (L1, Q).
Since @31 = ((1)) and @12 = c are the generators, we see that we only need

¥31 © P12 = P32

to describe this composition. We next consider

Homyx (L1, L—1) x Homx(Q, L1) X Homx(Q, L_1);
from the descriptions of these Hom-sets one sees directly that

P12 0 Phy = Pls.

Similarly, one sees that the composition

Homx(L_1,L1) x Homx(Q, L_1) x Homx(Q, L1)
is given by the relations

hy o 80{3 = biC‘P%:)n

for ¢, 7 =0, 1. Finally, we compute

Homx(Q, L_1) x Homx (L1, Q) — Homx (L1, L_1)
and

Homx(Q, L1) x Homx (L1, Q) — Endx(Lq).
For the first, by looking at the composition
Homy (L1 ® L1, L_1) x Homx (L1, L1 ® L_1) = Homx (L1, L_1)
we see that
Pls0B=aop1a, @izof=—ajp12, and @iz 0 @32 =bicp.
For the second, we look at the composition
Homy (L1 & L_1,L1) x Homx (L1, L1 ® L_1) — Endx (L)
and see that
©Js0B=uap, @rz0fB=—ay, and hso w3 =Dic.

This finishes the computation of the ring structure of Endx(L_1 ® L1 & Q). For ease of reference,
we summarize the result in the following theorem.

THEOREM 3.33. With notation as in Theorem 3.32, the R-algebra structure on E:=
Endx(L_1 ® L1 ® Q) is determined by the following relations (for i,j=0,1):

(1) 120y =bic;
(2) 120053 = pi3;
(3) ¢i30p31 =bic;
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(4) @by 012 =bic;

(5) @hyo ¢]i3 = bicgpég;

(6) 8053 0 Y31 = @%17’

(7) p310p12 = p32;

(8) w3109t =bic;

(9) ¥i50 P32 =bicpiz, ¢35 0 B=aopiz and pizo f=—ajpi2;

—_

(10) b 0 w32 = bic, 950 B=ag and piz o f=—ad};
(11) ¥32 0 90121 = biC(pgl, Bo 8081 = apps1 and 3o 80%1 _ —0/19031;
(12) 32 0 phs =bic, Bo 93 =ag and B o pis=—aj.

Later on we also need to consider the dual Q* = Hom(Q, 5), so we now compute Q* explicitly.
Since @ is the cokernel of M : L_1 ® L_; — L1 ® L_1, Q* is the kernel of M*: L_1 ® L1 — L1 @
L; by duality. Consider the projective resolution (3.7)

U O P AP O P JE. O S SR O N SRy BN
of Q). We can remove ) and continue the resolution to the right to obtain an acyclic complex
LB e Bner dnenBen S
Dualizing this complex, we obtain an acyclic complex
8L ser B e S e nenS.

From the acyclicity of this complex, we see that

Ker(L 1@ L1 ™5 Ly @ L) =2Im(L 1 &L 5 L1 @ Ly) = Coker(L_s® L1 5 L1 @ L_y),
showing that Q* is the cokernel of M': L_3@® L_1 — L_1 @® L_1. We record this as a proposition.

PROPOSITION 3.34. We may explicitly describe Q* as the cokernel of M*: L_3® L_1 — L_1®
L_1, where we recall that M? = (Z‘; _a‘zo ) and that we view L_3® L_1 and L_1 & L_; as column
vectors.

3.6 Resolutions of simple modules in non-generic case II
There are three isomorphism classes of simple left modules for the algebra E. They are of the
form E/(w, J;) for i =1, 2,3, where J; denotes one of the following two-sided ideals in E:

(ao, a’l, boc, blc)Endx(L_l) Homx(Ll, L_l) Homx(Q, L_l)

Jy = Homx (L1, L1) Endx(L1) Homx(Q, L1) |,
Homzx(L-1, Q) Homx (L1, Q) Endx(Q)
Endx (L_l) Homx(Ll, L_l) HOIH;{(Q, L_l)
Jo:= | Homx(L_1,L1) (ao,a},boc,bic)Endx(L1) Homx(Q,L1) |,
Homzx (L_1,Q) Homzx (L1, Q) Endx(Q)
Endx(L-1) Homy (L1, L-1) Homx(Q, L-1)
J3:= | Homx(L_1, L) Endx (L) Homx (Q, L1)

Homyx(L_1,Q)  Homx(L1,Q)  (ao,ay,boc, bic)Endx(Q)

_ We also consider the columns (from left to right) C1, Ca, C3 of E, which are projective left
FE-modules.
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ProrosiTiON 3.35. The following complexes give projective resolutions of E/Jz fori=1,2,3.
The maps are written as matrices acting by right multiplication on row vectors (we act on the
right so that we get maps of left E-modules):

—aj ap 0 ao
) <5081 0 a?> (ai )
O3 ) 0 g Gy 0~ L e Cle O~ G s B (3.10)

. (7o) (o 5) (%), 6
Oy 22 02@01%01@01#01@03%02_>E/J2; (3.11)

ay —bic
10 ¢34 <a0 boc ) M= boc 51,0 e —¥33

(258 o, () oen(e) L oo(2)
Proof. The computations required to check that these complexes are acyclic are similar in the
three cases. We just explain the third, as an example. To check that the image of 7 is equal to the
kernel in Cj of the projection to E/.J3, we use the facts that Homx (L1, Q)95 = (ao, boc)Endx (Q)
and Homgy (L1, Q)pls = (a}, bic)Endx(Q), Homx(Q,L1) is spanned by the maps @b, and
Homy (Q, L—1) is spanned by the maps ¢12 0 @b = 5.

We next check that the image of M’ is the kernel of 7. Thinking about the various columns
row-by-row, we need to check exactness of the following:

(o)
M’ ao bo
cR®&cR— cR®cR—> cR® R,
(o)
M’ ao bo
R®R— R®R— 5 R® (byR+ b1 R);
— P33
( ©93 >

Homzx (L1, Q)%2 255 Homy (L1, Q)%2 ~ 2225 R,

52 CP? @ Oy o2 Cs— E/Js. (3.12)

The exactness of the first two rows can be shown in exactly the same way as for the resolution
(3.7). For the first row, we use the fact that ¢ is not a zero divisor.

For the third row, we first compute the kernel of the final map, recalling that Homx (L1, Q)
is spanned by ¢32 and 8. The kernel is given by things of the form (z1p32 + 115, 2032 + y23)
with 2;, y; € R and —z1b1¢c+ y1a) + 22boc + y2a9 = 0. Considering the relations in Homy (L1, @),
we may assume that z; € O[boc, bic] C R for i =1, 2. But then the element yia} + yaao = z1b1c —
xaboc € Olboc, bic] N (ag, a}) ={0}. We deduce from this that x1 = zbyc and xo = xbic for some
x € Olboc, bic], and (y1,y2) = (f, g) M’ for some f, g € R. Putting things together, we see that

(z1932 + Y18, 2232 + y28) = (xp32 + [ 3, gB)M’

is in the image of M’.

To show exactness of the third row in the next degree, we argue similarly: assume that
x; € Olboc, bic], and suppose v = (x1p32 + Y13, T2p32 + y2/3) is in the kernel of M’. We quickly
deduce that 1 =0 and (x2 — y1, —y2) M’ =0, so (y1 — x2, y2) = (x,y) N’ for 2,y € R, where N' =
( @ —bie ). Now we have v = (3, yB) N’ + (223, 22¢32), as desired. Checking exactness everywhere

aop g)oc .
else is straightforward. O
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4. Representation theory preliminaries

4.1 Blocks for GL2(Q)p)

In this subsection we recall some material regarding the classification of smooth admissible
irreducible F,-representations of GL2(Q)), describing only what we need in this paper. The
irreducibles fall into two groups, one consisting of the subquotients of principal series represen-
tations, and the other consisting of the supersingular representations. For simplicity of notation,
set G =GL2(Qp).

We begin by describing the former. Let B be the subgroup of upper-triangular matrices in
GL2(Q)). Given two smooth characters x1, x2 : pr — F;, we obtain a character x1 ® x2: B —

F; by the formula

(6) = @

Welet 1:Q,* — F; denote the trivial character. The smooth parabolic induction Indg (x1 ® x2)
is irreducible unless y1 = xo, in which case it is a non-split extension

0— x — Ind%(x ® x) = St ® (x o det) — 0

of irreducible representations, where St :Indg(l ® 1)/1 is the Steinberg representation, and
det : G — Q,™ denotes the determinant. This describes all irreducibles that arise as subquotients
of principal series representations. We remark that this parametrization is unique; Indg (x1® x2)
and Indg (X} ® x%) have no common irreducible subquotients unless y; = x} for i =1, 2.

The remaining irreducibles are the supersingular ones, which may be constructed as follows.
Let F? be the standard representation of GL2(Z,), and let o, = Sym"F? for r € {0,1,...,p — 1}.
Extend o, to a representation of K = Z.GLy(Z,), where Z denotes the center of G, by letting
(p 0) act trivially. The compact induction ind%ar has endomorphism ring isomorphic to a

Op
polynomial ring F[T], with T being a certain Hecke operator, and the quotient

Tr = (ind%a,n)/(T)

is an irreducible supersingular representation. More generally, we can consider 7, ® (x o det)
for some 7€ {0,1,...,p—1} and some smooth x:@Q,* —>ﬁ;. In this case, the data (r, x) are
not uniquely determined by the (isomorphism class of the) representation m, ® (x o det). First,
twisting the character x by the unique non-trivial unramified quadratic character does not change
the isomorphism class. Second, we have 7, =2 7)_1_, ® (w" o det).

Next, we recall from the introduction the partition of irreducible representations of GL2(Qp)
into blocks, as described in [Pagl4] (recall that we are assuming p > 5). The blocks of Modgz((’))
containing absolutely irreducible representations are:

(1) B ={r}, where 7 is supersingular;
(2) B = {Ind%(6; ® dow™"), IndG (62 ® S1w™ 1)} with dpd; ' # 1, Wt
(3) B ={Ind%(s ®dw1)};
(4) B ={dodet, St ® (¢ o det), Ind%(dw @ dw=")}.
In accordance with the terminology used in [Pas13], we refer to the blocks of type (1) as
supersingular, blocks of type (2) as generic principal series (or gemeric residually reducible),
blocks of type (3) as non-generic case I, and blocks of type (4) as non-generic case II. These

blocks are in bijective correspondence with isomorphism classes of semisimple continuous Galois
representations I'g, — GL2(IF), which are either reducible or absolutely irreducible. We recall
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this briefly, using Colmez’s Montréal functor [Col10]; we follow the notation in [Pas13, §5.7]. Let
Mod%g (O) be the category of continuous I'g,-representations on finite-length O-modules. Let

Modfg}Z(O) be the full subcategory of Modg"(O) consisting of representations of finite length
with a central character. The Montréal functor is an exact functor

V : Modg!z(0) — Modf, (O).

If 6:Qp," — O is a continuous character, then V(7 ® (6 odet)) = V(7) ® § naturally for all 7
in Modfgfz(O). Following Paskiinas, we also use the renormalization

V(r)=V(m)" ®elr,

where ¢, denotes the central character of . The functor V is contravariant, exact, and still
satisfies V(m ® (6 odet)) =V (7) ® 6 . It has the following values:

V(m) =Indp w5, V(Ind§(5 @ dw)) =01,

Here, wy:Q), —F ), is given by wa(2) =2 [z[ mod p. Note that the induced representation
r :
Indrg" w§+1 descends to a representation defined over [Fy,.
2

We can then define a map
B — py

from blocks containing an absolutely irreducible representation to semisimple reducible or abso-
lutely irreducible two-dimensional representations of I'g, over F, by sending a supersingular
block B = {m,} to V(=) and sending a block B of type (2), (3), or (4) above to

01 6y = V(Ind$ (01 ® dow ™) @ IndG (6, @ 6107 1)),

where 0; and d2 are the two characters defining the block (with d; =dy for blocks of type
(3), i.e. non-generic case I). This map is a bijection. Extending scalars to a splitting field
[Pas13, Proposition 5.3] shows that we have a bijection between arbitrary blocks in Modgr’lz((’))
and Gal(F/F)-orbits of isomorphism classes of semisimple continuous Galois representations
I'g, = GL2(F). We can moreover identify this set with the set of two-dimensional residual
pseudorepresentations (relative to @), defined as in [Chel4, Definition 3.11].

4.2 Categorical constructions

We now prove some results that allow us to interpret the p-adic local Langlands correspondence
for GL2(Qp) as a fully faithful embedding of derived (and sometimes abelian) categories, by
abstracting the main properties of the situation. In this subsection, a finite module always
means a module with finite cardinality.

Our starting point is a (not necessarily commutative) O-algebra FE.

AssuMPTION 4.1. Throughout this subsection, we make the following assumptions on E:

(1) the center of E, which we denote by R, is a complete Noetherian local ring whose maximal
ideal we denote by m, and whose residue field we assume to be finite;

(2) E is a finitely generated R-module;

(3) every simple right E-module has finite projective dimension.

These properties abstract the main properties of the endomorphism rings appearing in
[Pas13]. Note that every simple right E-module is killed by m, by Nakayama’s lemma, and
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is therefore finite. We equip every finitely generated R-module (and, hence, every finitely gener-
ated left or right E-module) with its m-adic topology. With respect to this, all finitely generated
R-modules are profinite, and all R-linear maps are automatically continuous and closed. Note
that the first two assumptions imply that F is (left and right) Noetherian. We start by noting
that E has finite global dimension.

PROPOSITION 4.2. The ring E has finite global dimension.

Proof. Since E is Noetherian, the left and right global dimensions agree and are equal to the
weak global dimension (cf. e.g. [Coh03, Corollaries 2.6.7 and 2.6.8]), so it suffices to show that
the weak global dimension is finite. Since Tor” (lim, M;, ligj N;) = hg” Tor” (M;, N;), it suffices
to consider finitely generated left and right E-modules.

Since E/mFE is finite (as a set), there are only finitely many simple right E-modules. In
particular, we may find a d € Z>; such that every simple right F-module has projective dimension
<d. By dévissage, it follows that any finite right E-module has projective dimension < d. Now,
let M be a finitely generated right F-module and let N be a finitely generated left E-module.
Choose a (possibly infinite) resolution Py — N by finitely generated free left E-modules, and
set M,, = M /m"M; we then have M :@n M,,. By exactness of inverse limits in the abelian
category of compact Hausdorff abelian groups, we see that

Torf (M, N) = H;(lim My, @ Pa) = lim H;(M, @5 Ps) = lim Tor,/ (M,, N)
n n n

(we use finite freeness of the terms in P, to equate @n(Mn ®g P,) and (mn M,) ®g P,). Since
each M, is a finite right EF-module and hence has projective dimension < d, we may deduce that
Tor? (M, N) =0 for all i > d. It follows that the weak global dimension of E is <d, as desired,
finishing the proof. O

We consider the abelian categories LModgisc(E£) and RModept(E) of discrete topo-
logical left E-modules and compact topological right FE-modules, respectively. Note that
LModgisc(E) and RModcpt (E) are anti-equivalent to each other via Pontryagin duality (where
MY =Hom@*(M, L/O)). We have the following well-known descriptions of LModgis.(E) and
RModep(E):

PROPOSITION 4.3. Any discrete left E-module is the direct limit of its finite E-submodules.
Dually, every compact right E-module is an inverse limit of finite E-modules. In addition,
this holds categorically, i.e. if LModg,(E) and RModg,(E) are the categories of finite'3 left
and right E-modules (respectively), then LModgisc(E) = Ind(LModg, (£)) and RModey (E) =
Pro(RMods, (E)).

Proof. Since Pontryagin duality preserves finiteness, the statements about compact E-modules
follow from those for discrete E-modules. To prove the first part, let M € LModgisc.(F) and
m € M. By discreteness, the annihilator of m is open, and hence the E-submodule of M generated
by m is finite. It is also clear that if My, My C M are finite submodules, then M; + My is finite
as well. This finishes the proof at the level of objects, and at the level of morphisms the first
assertion follows from (categorical) compactness of finite E-modules (which is obvious). O

If M is an abstract E-module, we let M[m>] denote the submodule of m*-torsion ele-
ments, i.e. those elements that are killed by some power of m. Proposition 4.3 then shows that

3Note that finite E-modules are automatically discrete, since they are Artinian finitely generated R-modules and
hence killed by a power of m. In particular, an E-module is finite if and only if it is finitely generated and discrete.
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LModgisc(E) is the full subcategory of m*>-torsion modules in the category LMod(FE) of all left
E-modules. In particular, LModgis.(F) is a Grothendieck abelian category (a generator is given
by @, E/m"E).

As mentioned previously, our goal is to produce embeddings of LModgisc(£) and RModcp (E)
into categories of quasicoherent sheaves (roughly speaking), as well as derived analogues. For
quasicoherent sheaves, we use the setup of § 2.4, with a few additional assumptions. In particular,
we let G be a reductive group scheme over O and let A be a commutative Noetherian O-algebra
with an action of G. Moreover, we also assume that A® is isomorphic to R (which we treat
as an equality R =A%) and that A is Gorenstein. As in §2.4, we set T =SpecA and let X
be the quotient stack [T/G]. We then have Coh(X) and QCoh(X), as defined in §2.4. We let
Cohn(X) and QCoh,,(X) denote the full subcategories of Coh(X) and QCoh(X), respectively,
whose objects are m®°-torsion.

In the abelian category setting, our starting point to produce functors is an object V in
Coh(X).

ASSUMPTION 4.4 (Abelian setting). We make the following assumptions on V' in the abelian
setting:

(1) E=End(V);

(2) V and its coherent dual V* = Hom(V, Ox) are projective in QCoh(X) (cf. Remark 2.14 on
duality);

(3) V is a flat left E-module and V* is a flat right E-module.

Recall that we have defined QCoh(X) as the category of G-equivariant A-modules, so its
objects may be viewed as A-modules (and, in particular, abelian groups). This allows us to
view V' above as a left F-module, and V* (whose underlying A-module is Hom4(V, A)) as a
right F-module. We may then define functors F': LMod(E) — QCoh(X) and F’':RMod(E) —
QCoh(X) by

N—F(N):=V*®gN and Mw— F'(M):=M®gV.

Both functors are exact by flatness of V and V*.

THEOREM 4.5. The functors F and F' are fully faithful. Moreover, F sends LModg,(FE) into
Cohy(X) and F’ sends RModg, (F) into Cohy(X). In particular, restriction of F gives a fully
faithful functor Fgis : LModgisc(E) — QCoh,, (X) and F' induces a fully faithful functor Fep :
RModpt (E) — Pro(Cohy (X)).

Proof. We prove the first two statements for F: the proofs for F’ are exactly the same. We prove
full faithfulness first. Let LModf4(FE) C LMod(E) be the full subcategory of finitely generated left
E-modules. Note that F' sends LModf4(E) into Coh(X), that it commutes with direct limits, that
LMod(E) =Ind(LMod¢4(E)), and finally that QCoh(X) =Ind(Coh(X)) by [AB10, Lemma 2.9].
It therefore suffices to prove that F' is fully faithful on LMod4(E). Thus, let M, N € LMod4(E)
and consider the map

Hom(M, N) — Hom(F (M), F(N)).

For objects of the form M = E™, N = E™ we obtain an isomorphism by the assumption that
End(V)=FE. Next, assume that M = E™ but let N be arbitrary and choose a presentation
E"— E’— N —0. Applying F' we get a presentation (V*)" — (V*)* - F(N)—0 and an
induced commutative diagram.
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Hom(E™, E) Hom(E™, E¥) Hom(E™, N)

| | ]

Hom((V*)™, (V*)") ——Hom((V*)™, (V*)*) —— Hom((V*)™, F(N)) —0

The bottom row is exact by projectivity of V* and the two leftmost vertical arrows are isomor-
phisms, so by the five lemma the third vertical arrow is an isomorphism, as desired. It remains
to deal with the case when both M and N are arbitrary. This is proved by the same type of
argument, choosing a presentation for M. This finishes the proof of fully faithfulness.

For the final part, it is clear that m®-torsion E-modules are sent to m®-torsion sheaves, so
F and F’ send LModg,(F) and RModg, (F)) fully faithfully into Cohy,(X). The final part is
then proved by Ind-extension and Pro-extension, respectively. O

From now on, we no longer talk about F” (it is entirely parallel to F, and its main purpose was
just to define Fipt). For completeness, we record that the functors we construct have adjoints (see
also Proposition 4.16 and the discussion following it). While we do not make use of these adjoints
in this paper, they should play an interesting role in the categorical p-adic local Langlands
program. For more motivation and a sample of this, we refer to [EGH25, §7.8].

PROPOSITION 4.6. The functors F', Fyisc, and Fpy have the following adjoints:

(1) F has a right adjoint G : QCoh(X) — LMod(FE) given by G(W) = Hom(V*, W); moreover,
G is exact and commutes with limits and colimits;

(2) Faise has a right adjoint Ggis : QCohy, (X ) — LModgisc(E) given by Gaisc(W) =
Hom(V*, W); moreover, Ggis. Is exact and commutes with limits and colimits;

(3) Fept has a left adjoint Gepy, : Pro(Cohy (X)) = RModcpt (E); moreover, G, commutes with
colimits and cofiltered limits.

Proof. We start with part (1). The adjunction between F' and G is the usual hom—tensor adjunc-
tion (one checks easily that it is compatible with G-equivariance). Exactness of G is then precisely
projectivity of V*. Finally, G commutes with limits by definition, and it commutes with colimits
since V* is compact in QCoh(X) and projective.

Given part (1), the statement in part (2) is that the restriction of G to QCoh,,(X) lands
inside LModgis.(E). Since G commutes with colimits, it suffices to check that if W € Cohy, (X)
is m”-torsion, then Hom(V, W) is m”-torsion, but this is clear (by compatibility of the two
R-module structures we have on V).

Finally, for part (3), the existence of Gy follows from the (special) adjoint functor theorem
(see e.g. [ML98, § V.8, Corollary]), since Fgp¢ commutes with limits (it is exact, and commutes
with cofiltered limits by definition). Being a left adjoint, Gy automatically commutes with
colimits. We now show that it commutes with cofiltered limits. Let (W;) be a cofiltered diagram
in Pro(Cohy,(X)). Consider the natural map GCthiLni Wi) — lim, Gept (W;). To prove that it is
an isomorphism, it suffices to show that the induced map

Hom(l'Lm Gept(W3), M) — Hom(GCpt(@ Wi), M)

is an isomorphism for all M € RModcpt(£). Since RModept (E) = Pro(RModg, (E)), we may
assume that M € RModg,(F) and hence is cocompact. Then, observing that Fpe preserves
cocompact objects (since Cohy(X) C Pro(Cohy (X)) are precisely the cocompact objects by
construction), we see that
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Hom(@ Gept(Wi), M) = hﬂ Hom(Gept(W;), M) = hﬂ Hom(W;, Fepe (M)

= Hom(@l Wi, Fept (M) = Hom(GCpt(@ W), M),
as desired. O

Remark 4.7. Note that, by the adjoint functor theorem, G and Ggjsc also have right adjoints.
It is not clear to us if Gept has a left adjoint (but its derived analogue has a left adjoint, see
Remark 4.17).

This gives us what we need for embeddings of abelian categories, and this setup allows us to
construct functors for the supersingular and generic blocks. For the non-generic blocks, we can
only produce embeddings of derived categories (at least a priori), using objects V' with weaker
properties than projectivity (and flatness).

For the formulation we want, we need some more categorical preliminaries. We start by
observing that, by [EGH25, Corollary B.1.16], injective objects in LModgis.(F) are also injective
in LMod(E).1* We use the conventions for derived (oo-)categories that we set up in § 2.4, with
the following additions: set D¥(E) :=D(LMod(E)), D»*(E):=D*(LMod(E)), and DE(E):=
D(RMod(E)). By [EGH25, Proposition B.1.17] the natural map D+ (LModgisc(E)) — DX+ (E) is
fully faithful and its essential image, which we denote by Dgi’;g (E), has objects the complexes in
DL+ (E) whose cohomology groups are in LModgise(E). In fact, we may extend full faithfulness
to unbounded derived categories.

LEMMA 4.8. The natural map D(LModgisc(E)) — DY (E) is fully faithful.

Proof. Consider the inclusion LModgis.(E) € LMod(E). As noted above, Dt (LModgis.(E)) —
DL (E) is fully faithful. To check that D(LModgisc(E)) — DX(E) is fully faithful, it suffices to
check that the derived functors of the right adjoint of LModgis.(E) C LMod(E) have bounded
cohomological dimension by [EGH25, Proposition A.7.3]. This right adjoint is M — M[m>]. It
can be written as

M — M[m®™] = lim Homp(E/m"E, M),

so its derived functors are M — lim | Ext’(E/m"E, M). Since E has finite global dimension by
Proposition 4.2, the derived functors vanish for ¢ sufficiently large, as desired. O

We denote the essential image of D(LModgisc(E)) — DL(E) by Dk, (F) and conflate it with
D(LModgis.(E)). Now consider the dg category Proj”(E) consisting of bounded complexes of
finitely generated projective left E-modules. Its dg nerve Perf” (E) is the stable co-category of
perfect (left) complexes. We recall that Perf”(E) is equal to the full subcategory of compact
objects of DL (E). Moreover, it generates DY(E), so we have IndPerf!(F) = DL(FE). We define
Perf5 . (E) to be the full subcategory of D¥(E) whose objects are contained in both D% (E)

and Perfl(E).

PROPOSITION 4.9. We have an equivalence Ind(Perfk.  (E)) = Dk

disc disc

(E).

Proof. This follows if we show that Perfl  (FE) generates DL (E) and consists of compact

objects. First, note that the objects of Perf_ (E) are compact in DL (E) since they are compact

“The ‘Artin-Rees property’ needed to apply [EGH25, Corollary B.1.16] just reduces to the usual Artin-Rees
lemma for R-modules in our setup.
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in the larger stable co-category DY (E). It remains to show that Perf%_ (E) generates D% (E). To

disc

show this, first note that E/m"E € Perf}, (F) by Proposition 4.2. It suffices to show that for any
non-zero C* € DL (E), there exists an n € Z>( and m € Z such that Hom(E/m"E[—m], C*) # 0.

Since C*® # 0, there is an m such that H™(C®) #0. Then we can find an element x € C™ which
maps to a non-zero element in H™(C*®). Since C™ is an m*-torsion E-module (we can always
choose C* to have terms in LModgisc(F)), we can find an n and a map E/m"E — C™ sending
1 to z. This induces a non-zero map E/m"E[—m] — C*® in Dk (E), as desired. O

We can now start the construction of the derived analogue of Theorem 4.5. Our start-
ing point is now a maximal Cohen—Macaulay sheaf V' on X and an assumption analogous to
Assumption 4.4.

AssumMPTION 4.10 (Derived setting). We make the following assumptions on V € MCM(X) in
the derived setting:

(1) E=End(V);
(2) Ext!(V,V) =0 for all i > 1.

By duality, E°P = End(V*) and Ext’(V*, V*) = 0 as well; note that V* € MCM(X) as well. Let
Proj’(E) and Proj®(E) be the (strongly pretriangulated) dg categories of bounded chain com-
plexes of finitely generated projective left and right E-modules, respectively, and let Ch®(Coh(%))
be the (strongly pretriangulated) dg category of bounded chain complexes in Coh(X). The
sheaves V and V* give dg functors

F :Projl(E) — Ch®(Coh(X)), F(P.,)=V*®g Ps;

F':Projf{(E) — Ch%(Coh(X)), F'(Qs)= Q.5 V.

Taking dg nerves and inverting the quasi-isomorphisms on the right-hand side, we get induced
exact functors

F:Perf?(E) =Dl (%) and F':Perf?(F)— D5, (X). (4.1)

coh coh

To check full faithfulness, by a standard argument (cf. the proof of [Hel23, Theorem 4.30]) it
suffices to check that these functors induce isomorphisms on Ext groups when applied to finite
projective F-modules. This follows from our assumptions on V.

Note that this construction does give us Dé’oh(%) on the right-hand side; this follows from
[AB10, Corollary 2.11]. Here (and throughout this subsection) we have used the remark in §2.4
that, for the oco-categories we consider here, full faithfulness can be checked on the underlying

homotopy category.

PROPOSITION 4.11. The functors F and F' map Perfk_ (E) and Pert% (E) into the full sub-co-

disc disc
category Dgoh’m(.’f) of D, (X) whose objects are those whose cohomology groups are m*-torsion.

Proof. We prove it for F; the argument for F” is identical. Assume that P, € Proj’(FE) has
m®-torsion cohomology; we need to show that V* ®g P, has m®-torsion cohomology. This
follows from the hypertor spectral sequence (see e.g. [Wei%4, Application 5.7.8]). We have a
spectral sequence

EZ2J = TOF?(V*v H;(P,)) = Hi+;(V* ®g P),

and hence if all H;(P,) are m*>-torsion it follows that all H;;(V* ®f P,) are m®™-torsion as
well. This finishes the proof. O
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Summing up, we have fully faithful embeddings F : Perf”(E) — Db , (X) and F’: Perf?(E) —

Db (X) which restrict to fully faithful embeddings F:Perfk (E )%Dgohm(%) and F’:
Perfil (E )—)Dgohm(.’{). Taking Ind-completions of the functors F, we obtain fully faithful
embeddings

F:DY(E) =Ind(Perf! (E)) — IndCoh(X%) := IndD?%_, (¥)

and (using Proposition 4.9)
Fiise : Dl (E) = Ind(Perfli (E)) — IndCohy (X) := IndDEy, ,, (X).

This gives two out of the three functors that we want. For the third, we need some more
preparation.

LEMMA 4.12. Every P, € Perfk (E) is quasi-isomorphic to a bounded complex of injectives
Jo in LModgisc(F) such that the Pontryagin dual J, is a finitely generated projective right
E-module for all n. Conversely, every bounded complex Jo in LModgisc(E) of injectives with J,
a finitely generated projective right E-module for all n and with finite cohomology groups is
perfect.

Proof. We prove this by induction on the amplitude of P,. When the homology of P, is concen-
trated in a single degree n, then P, is quasi-isomorphic to M := H,(P,)[—n| and the latter is
finite. Consider MV, which is a finite discrete right E-module. By Proposition 4.2, F has finite
global dimension, so M"Y has a finite resolution by finitely generated projective right E-modules.
Taking Pontryagin duals, we obtain the desired resolution of M. For the induction step, we may
choose P, € Projl(E) with discrete cohomology and P, # 0 only if n € [r, 5], and with H,.(P*) # 0.
Consider the truncations 7, Ps and 7<,Ps = H,(P,)[—7]. We know that H,(P,)[—r] is perfect
since E has finite global dimension, so it follows that 7, P, is perfect as well, since it is the cone
of Py[—1] = 7<,Py[—1]. We can therefore apply the induction hypothesis to 7~,P, and 7<, P,
and get the result for P, by writing it as the cone of 7<,Py[—1] — 7, P,. This gives the first
statement, and the proof of the converse is entirely dual. O

The following corollary is then immediate.
COROLLARY 4.13. Pontryagin duality induces an equivalence Perfil (E) = Perfk (F)°P.

If A is a Grothendieck abelian category, then we recalled in § 2.4 that the unbounded derived
oo-category D(A) is defined in [Lurl9, §1.3.5]. If A is an abelian category such that A is
a Grothendieck abelian category, we may define D(A):=D(AP)°P. Note that this is a sta-
ble co-category by [Lurl9, Remark 1.1.1.3], and that one already has a canonical equivalence
D~ (A) 2 DT (A)P (see [Lurl9, Variant 1.3.2.8]), so this definition of D(A) is reasonable.

COROLLARY 4.14. We have a natural equivalence D(RModepi(E)) = Pro(Perff . (E)).

Proof. Corollary 4.13 gives an equivalence Pro(Perff. (E)) = Pro((Perfi, .(F))°P), and the right-
hand side here is equivalent to (Ind(Perfk  (E)))°P, which is equivalent to D(LModgisc(E))°P
by Proposition 4.9. We then have D(LModgisc(F))°P = D(LModgisc(E)°P) by definition, and the
latter is equivalent to D(RModept(E)) by Pontryagin duality. O

To simplify our notation, we write D (E) for D(RModcpt(E)). We can now define our third
functor by taking Pro of F': Perff, (F) — DL, (%) to get

Coh,m
Pro(Perff, . (E)) — ProCohy (%) := Pro(DbCOh m(X)).

Applying Corollary 4.14, we get a fully faithful embedding Fep : DE,(E) — ProCohy (X), as

desired. We summarize these results in a theorem.

cpt
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THEOREM 4.15. There are fully faithful exact functors F:DY(E)— IndCoh(X), Fyisc:
Dk o(E) = IndCohw (X), and Fup : DE (E) — ProCohw (X) induced by F : Perf"(E) — Db | (X)
in the first two cases and F' : Perf®(E) — DP (%) in the third case (these functors are defined

coh
in (4.1)).
As in the abelian case, we also have adjoint functors.

PROPOSITION 4.16. The functors F, Fyisc, and Fepy from Theorem 4.15 have the following
adjoints:

(1) F has a right adjoint G : IndCoh(X) — D¥(E) given by G(W) = RHom(V, W); moreover,
G commutes with limits and colimits;
(2) Fyisc has a right adjoint Ggis. : IndCohy, (X) — DC%SC(E) given by Ggisc(W) = RHom(V, W);

Moreover, Ggisc commutes with limits and colimits;

(3) Fept has a left adjoint Gepy : ProCohy (X) — DR

ept (£); moreover, Gepy commutes with limits

and colimits.

Proof. We start with part (1). The adjunction between F' and G can be checked directly; it is a
hom-tensor adjunction. It is clear that G commutes with limits, and it commutes with colimits
since V is compact in IndCoh(X) (by definition, since it lies in Db, (X)).

For part (2), it suffices to prove that G(WW) has m®-torsion cohomology when W €
IndCohy, (X). Since G commutes with colimits, it suffices to check this for W e Db, (X). By
induction on the amplitude and shifting, we may assume that W € Cohy (X). Then it is clear
that Exti(V, W) is killed by any power of m that kills W, independent of i. This finishes the
proof.

Finally, existence of G¢py in part (3) follows from Lurie’s adjoint functor theorem [Lur09,
Corollary 5.5.2.9] (note that this applies to oco-categories whose opposites are presentable as
well), and the fact that it commutes with cofiltered limits is proved in exactly the same way as
in Proposition 4.6(3). Since it is exact (by [Lurl9, Proposition 1.1.4.1]), it then commutes with
all limits. g

Remark 4.17. As in the abelian case, Lurie’s adjoint functor theorem implies that the functors
G and Ggisc have right adjoints and G¢py has a left adjoint. Perhaps more interestingly, the
adjoint pairs (F, G), (Fyisc, Gdisc), and (Gept, Fept) also induce semiorthogonal decompositions
on IndCoh(X), IndCohy, (X), and ProCohy, (X). Let us spell this out for (F, G); the details for
(Fisc, Gaisc) are identical and the details for (Gept, Fept) are dual. We refer to [EGH25, § A.§]
for generalities on semiorthogonal decompositions. Write A for the kernel of G (i.e. the full sub-
category of IndCoh(X) of objects W satisfying RHom(V, W) =0) and let B denote the essential
image of F. Then (B,.A) is easily seen to be a semiorthogonal decomposition for IndCoh(X)
(cf. [EGH25, Lemma A.8.4]).

In the case when V satisfies the hypotheses in the abelian situation, we now have two a priori
different definitions of functors at the level of derived categories: those given by Theorem 4.15
and those given by deriving the functors in Theorem 4.5. As expected, they agree, in a suitable
sense. In our discussion of this (only), we use F, Fyis, and Fgp to denote the functors from
Theorem 4.5, and F, Fyisc, and Fept to denote the functors from Theorem 4.15. From these, we
can form new functors in the following way. First, by composing F with the natural functor

IHdCOh(%) — choh (%) )
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we obtain a functor F:DL(E) — Dyeon(X)). Similarly, we obtain functors Faisc: DL (E) —
Dycohm(X) and 7cpt:Dggt(E) — D(Pro(Cohy(X))). On the other hand, we may derive the
functors F', Fyis, and Fept. For this we use the model-theoretic framework, for which we refer
to [Cis19, §7.5]: our functors, as well as their adjoints G, Ggisc, and Gept, extend to functors
on the abelian categories of chain complexes in the corresponding abelian categories, and these

have model structures described by [Lurl9, Proposition 1.3.5.3] (or its dual).

LEMMA 4.18. The pairs (F,G), (Faisc, Gdisc), and (Gept, Fept) are Quillen adjunctions. In par-
ticular, they induce adjunctions (LF, RG), (LFgisc, RGaisc), and (LGcpt, RFcpt) at the level of
derived oco-categories.

Proof. Since F' and Fyjsc are exact, they preserve cofibrations and weak equivalences (directly
from the definitions of the model relevant structures), and hence (F,G) and (Fyisc, Gdisc) are
Quillen adjunctions. Similarly, exactness of F,; means that it preserves fibrations and weak
equivalences, making (Gept, Fept) a Quillen adjunction. The second statement is then [Cis19,
Theorem 7.5.30]. O

We can now formulate and prove the compatibility between our abelian and derived
embeddings, in the abstract setting of this subsection.

PROPOSITION 4.19. We have natural equivalences of functors F = LF, Faisc = LFyisc, and
Foept = RFops.

Proof. We give the proof that F = LF; the proof that Fgisc = LFyis. is identical and the proof
that fcpt = RFpt is dual. First, we observe that cofibrant replacement is not needed to define
RF, since F' is exact and hence preserves all weak equivalences. In particular, it follows from the
defining formulas that RF and F agree on Perf” (E). Since they also commute with colimits, they
have to agree on all of D*(E) (to see that they commute with colimits, one can e.g. use that LF
is a left adjoint by Lemma 4.18, and for F that F and the natural map IndCoh(X) — Dqcon(X)
commute with colimits). O

In the situations when we wish to apply the abelian construction, we can give a slightly more
precise result. For this, we need the following lemma.

LEMMA 4.20. Assume that G is linearly reductive over . Assume moreover that A has
finite global dimension. Then every complex in ch’oh(%) is perfect, and the natural functors

IndCoh(X) — Dgcon(X) and IndCohy, (X) = Dyconm (X) are equivalences.

Proof. First, we show that Coh(X) has enough projectives. The first step is to show that
QCoh([SpecO/G]) has enough projectives. Since G is linearly reductive, V' € QCoh([SpecO/G]) is
projective if and only if its underlying O-module is projective. If G is diagonalizable with Cartier
dual M, then QCoh([SpecO/@G]) is the category of M-graded O-modules (cf. [Jan03, §1.2.11]),
which visibly has enough projectives. This is the only case we need in applications, so we only
sketch how the general case follows. First, one checks that the claim may be checked after a finite
étale extension of 0. Thus, by [AOV08, Lemma 2.20], we may assume that G is an extension
of a finite constant group scheme of order prime to p by a diagonalizable group scheme. Using
induction from the diagonalizable subgroup (which is now a left adjoint as well to the restriction
functor), one reduces to the diagonal case. We then deduce that Coh([SpecO/@G]) also has enough
projectives using [Jan03, § 1.2.13]. To show that Coh(X) has enough projectives, pick W € Coh(X)
and choose (by [Jan03, §1.2.13] again) a G-equivariant finitely generated O-submodule W’ C W
which generates W as an A-module. We may then choose a surjection V' — W' from a projective

416



MODULI STACKS OF (GALOIS REPRESENTATIONS

V € Coh([SpecO/G]), and from this we obtain a surjection V4:=V ®n A— W. Note V4 is
projective in Coh(X) since its underlying A-module is projective.
Next, we show that every complex in Dgoh(%) is perfect. It suffices to show that every

M € Coh(X) is perfect. Since Coh(X) has enough projectives, we may find resolutions
(1 R e A 3 1 =X

for all s> 0, with V7 € Coh(X) projective for all j. Since the global dimension of A is finite,
Ws41 is automatically projective as an A-module for large enough s, and hence as an object of
Coh(X). This shows that W is perfect, as desired.

To show that IndCoh(X) 2 Dyeon(X), it suffices to show that objects of DY, (X) are compact
and generate Dyeon(X). Since Coh(X) has enough projectives, we see ([Jan03, §1.2.13] again)
that these projectives generate Dycon(X). Since (in our situation) every perfect complex is quasi-
isomorphic to a bounded complex of projective objects, the usual proof for rings (see e.g. [Stal8,
Tag 07LQ]) shows that perfect complexes are compact in Dgyeon(X). Putting this together, we
have shown that IndCoh(X) — Dgycon(X) is an equivalence.

Finally, to show that IndCohu (X) — Dgcon,m(X) is an equivalence, it suffices to show that
Dgoh’m(.’{) generates Dyconm(X). In fact, the objects Va/m"Vy € Dgoh’m(.’{) forr€Z>; and V €
Coh([SpecO/G]) generate Dyconm(X); this follows by essentially the same argument as in the
proof of Proposition 4.9. O

Remark 4.21. Assume that A has a maximal ideal fixed by G, so that G occurs as the stabilizer
of a point of X. Then the assumption that G is linearly reductive is essential for compact
generation of Dyeon(X) (see Remark 2.13) and hence for IndCoh(X) — Dyeon(X) (or even for
IndPerf(X) — Dqcon(X)) to have a chance of being an equivalence). In particular, IndCoh(X) —
Dycon(X) is not an equivalence in the ‘non-generic case I’ situation considered in §3.3, even
though the A there has finite global dimension.

COROLLARY 4.22. Assume that G is linearly reductive and that A has finite global dimension.
Then we have natural equivalences F = LF and Fgisc = LFgisc. Moreover, the RG and RG gisc
are naturally equivalent to the adjoints G and Ggisc from Proposition 4.16.

Proof. The first statement follows directly from Lemma 4.20 and Proposition 4.19. The final
statements then follow from Lemma 4.18 by uniqueness of adjoints. O

5. Geometric interpretation of p-adic local Langlands for GL2(Qp)

5.1 The p-adic local Langlands correspondence for GL2(Qp) as an embedding of
categories

In this section we apply the material of §4.2 to give our interpretation of p-adic local Langlands
as an embedding of (oo-)categories. We freely use the notation used there for categories of
modules and sheaves (but our notation for rings, groups, and stacks might be slightly different),
as well as the notation for blocks, etc. from §4.1. Recall that we have fixed a determinant ) and
the corresponding central character (. For each block 95 with corresponding semisimple Galois

representation py with pseudorepresentation Dy, we set X 1= Rep%%. Set G = GL2(Q,) and

recall from [Pas13, Proposition 5.34] that the category ModléiZ(O) has a decomposition

Mod{%(0) = [ [ Mod% (0)ss
B
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according to blocks. On the dual side, we get a decomposition

¢0)=]]¢0)s.
B

Recall that if Py is a projective envelope of 7y in €(O)g, then we have an equivalence
C(O)p = RModcpt (E), where Eg :=End(Pyg). Since Modgz((’))% is equivalent to €(0)3} (via
Pontryagin duality), Mong(O)% is equivalent to LModdiSC(Eg). We let Ry denote the center

of E‘% and recall that, by [Pasl3, Theorem 1.5], Rg is naturally isomorphic to the universal
deformation ring of the pseudorepresentation Dy . Let m C Ry denote the maximal ideal of Rs.
We now formulate the main results of this section, which are our main results on p-adic local
Langlands for GL2(Q)). We start with a general result, applying to all blocks (although we recall
our running assumption that p >5).

THEOREM 5.1. For each block ‘B, there are exact fully faithful embeddings Fygisc:
D(Mong((’))%) — IndCohy (X9s) and Fept : D(€(O)gs ) — ProCohy, (X)) of stable co-categories.
They satisfy the following properties:

(1) The functor Fgs. commutes with colimits and preserves compact objects. It has a right
adjoint Ggisc which commutes with colimits. It is induced by the functor

Fiisc : Perfl(Eg) — Db, (X3)

coh

Py X @ P

for a coherent sheaf Xo € MCM (%) equipped with an isomorphism Eg = End(Xgs ).

(2) The functor Fey commutes with limits and preserves cocompact objects. It has a left
adjoint Gcpy which commutes with limits. It is induced by the functor

Fopt - Perf®(Eg) — DY) (X)
Po — Po ®E% X%

When the block 5 is supersingular or reducible generic, we get embeddings at the level of
abelian categories as follows.

THEOREM 5.2. Assume that B is supersingular or reducible generic. Then there are exact fully
faithful embeddings Fy;sc : Modgz((’))% — QCoh,, (X) and Fpt : €(O)p — Pro(Cohy (Xp)) of
abelian categories. They satisfy the following properties.

(1) The functor Fyis. commutes with colimits and preserves compact objects. It has a right
adjoint Ggisc which commutes with colimits.

(2) The functor Fg,, commutes with limits and preserves cocompact objects. It has a left
adjoint G¢py which commutes with cofiltered limits.

Moreover, the derived functor of Fyis. agrees with the functor Fyisc from Theorem 5.1, and the
derived functor of Fip agrees with the functor Fep, from Theorem 5.1, after composing the latter
with the canonical functor ProCohy (X) — D(Pro(Cohn(X))).

Remark 5.3. These functors are constructed by applying the material from §4.2, i.e. by
constructing suitable objects Xo3 € MCM(Xss) satisfying the conditions given there and then
applying Theorems 4.5 and 4.15. In particular, we make no claims about our functors being
‘canonical’ (whatever the reader might read into this word), or unique. Indeed, given an X,
any twist of this Xg by a line bundle has the same properties. We do remark, however, that
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the objects Xo that we present seem rather natural; they are closely related to the vector
bundle underlying the universal representation on Xg. To us, this seems unlikely to be a
coincidence. On the other hand, it is not the case that the Xy are uniform in 98 either (but
see Remark 6.13). We note that our Xo, at least for supersingular and generic principal series
blocks, occur in the description of the functor of [DEG26]; see [EGH25, Theorem 7.3.5].

We now start the proof of Theorems 5.1 and 5.2 by pointing out the general steps; we then
finish the proof on a block-by-block basis. The strategy is to construct an object Xo5 € MCM(Xs3)
which satisfies Assumption 4.10 (and the stronger Assumption 4.4 when B8 is supersingular or
generic principal series). Using the coherent dual X, we then obtain a fully faithful embedding

Fiise : D(Modfi% (0)es) = DYy (B ) — IndCohn (X3)

from Theorem 4.15 (and the abelian version from Theorem 4.5 when B is supersingular or
generic principal series). On the other hand, using the object X, we obtain a fully faithful
embedding

Fept : D(€(O)s) = Depi (B ) = ProCohy (X)

from Theorem 4.15 (and the abelian version from Theorem 4.5 when B is supersingular or generic
principal series) again. The statements about adjoints are then provided by Propositions 4.6 and
4.16, and the statement in Theorem 5.2 about compatibility between the abelian and derived
functors follows from Proposition 4.19 for F¢y¢, and the stronger compatibility for Fgis. follows
from Corollary 4.22 (we verify the assumptions needed for this statement in our discussion of
the blocks).

It therefore remains to describe Xg. In essence, this has already been done in § 3, so all we
have to do is to collect the results. As indicated above, we do this block by block. We place added
emphasis on the functor Fyis., since its formulation is closest to the formulation of categorical
p-adic local Langlands conjecture from [EGH25]. In particular, we also use the calculations from
§ 3 to describe where the irreducible objects in Modlgz-(O);B go under Fjyjs.. For simplicity, we
mostly drop the subscript —g from the notation since it is fixed at the start of the discussion of
each block.

Remark 5.4. In what follows, we compute Fyis.(7) for irreducible representations m. We can
also consider Fypi(m"). Our computations suggest that we have Fyise(m) = Fept((Sm)Y), where S
is a shift of the (derived) smooth dual introduced by Kohlhaase [Koh17] (this is an easy check
in the supersingular and generic principal series cases).

We note that this is different to the compatibility with duality functors in [EGH25, Conjecture
6.1.14]; the difference between Fepy and Fyise comes from Pontryagin duality and coherent duality,
whilst the duality in [EGH25] involves coherent duality and the ‘dual Galois representation’
involution on the Galois stack.

5.2 Supersingular blocks

In the supersingular case, we recall from §3.1 that X = [SpecR/uz], with R= O[X1, Xs, X3]
and pg acting trivially on R. In particular, R is a regular local ring (and so has finite global
dimension) and QCoh(X) is the category of Z/2-graded R-modules. On the GL2(Q)) side, we
have E >R by [Pas13, Proposition 6.2]. It is the clear that E = R satisfies Assumption 4.1.
We then see that there are two obvious candidates for X: Ly or Ly, where L,, denotes the R-
module R, with grading concentrated in degree n. We note that these are both self-dual and
projective in QCoh(X), and flat as R-modules (and so satisfy Assumption 4.4). For concreteness,
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we pick X = Ly (one motivation for this choice is Theorem 6.28). Then we get functors
Faise : Mod# (0)as = QCohy, (X),  Fepe : €(O)ss — Pro(Cohp (X)).

The functor Fyis. identifies the source with the summand of Z/2-graded modules concentrated
in degree 1 of the target. In particular, Fy;s. sends the (unique) supersingular representation 7
in B to the skyscraper sheaf L1 ® g R/m on X (i.e. R/m but concentrated in degree 1).

5.3 Generic principal series blocks

In this case, we recall from §3.2 that X has a presentation [SpecS/G,,], where S =
Olao, a1, be][b, ¢] with ap and a; in degree 0, b in degree 2, and ¢ in degree —2. The pseudo-
deformation ring R is the subring Ofag, a1, bc] of degree-0 elements. We also know that the
Cayley—Hamilton algebra F is
R Rb
E= (Rc R)’

and it is equal to End(V), where V is the vector bundle underlying the universal Galois repre-
sentation. Moreover, V is a projective object in QCoh(X) (all this is Theorem 3.6). Note also
that V is self-dual by Proposition 2.7. We prove the last few things we need about these objects.

PRrROPOSITION 5.5. The global dimension of S is finite, V is a projective left E-module, and V*
is a projective right F-module.

Proof. We have an isomorphism S = Rz, y|/(zy — bc), where we note that be is a prime element
in the regular local ring R (which has Krull dimension 4). It then follows easily that S is regular
of dimension 5, and hence has global dimension 5. We now prove projectivity of V; the proof
of projectivity of V* is entirely analogous (using row vectors and right actions). Note that the
underlying S-module of V is simply S?, and that E acts via the embedding E C M5(S), with
the usual left action of My(S) on S2. The decomposition of V into graded pieces is then

(@ ()= (@ ()

which is a left E-module decomposition, so projectivity of V is equivalent to projectivity of all
of these summands. For this, note that

"R R 4 (VIRY o (bR
IR crR) vrR )\ R

as left E-modules and that the right-hand sides of these isomorphisms are direct summands of
FE itself. This finishes the proof. O

1%

Let us now compare this with the GLy(Q)) side. The block B consists of two irreducible
representations m; = Ind% (0] ® dow™!) and my = Ind%(dy ® 61w~ !). Let P; be the projective enve-
lope of ), for i =1, 2. We use the decomposition Py = P, ® P;, to match with the local-global
considerations in § 6. By [Pas13, Corollary 8.7, Lemma 8.10 and Proposition B.26], we have

~g R Rq)gl
E= <R<I>12 R )

with @19 0 $9; =¢ and Pyy 0 P19 =¢, where ¢ is a generator of the reducibility ideal in R (¢ is
called ¢ in [Pas13]) and ®;; € Hom(P;, P;) is a generator. Looking at this, we set X =V . Since bc
also generates the reducibility ideal (by Theorem 3.4), we see that £~ E as desired, matching
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up the matrix entries (in particular, P» corresponds to L; and Pj corresponds to L_1). Let us
now verify that E satisfies Assumption 4.1:

PROPOSITION 5.6. The ring E (or equivalently E) satisfies Assumption 4.1.

Proof. From the description above, one sees that R is the center of E (see also [Pasl3,
Corollary 8.11]), and that E is finitely generated over R. Finally, we need to verify that every
simple right E-module has finite projective dimension. By the equivalence RModcp(E)°P =
Modgz((’))%, this translates into showing that every irreducible 7 € 8 has finite injective dimen-

sion. By [Pas13, Remark 10.11], this is equivalent to Extac(w, 7') vanishing for all 7/ € B and
all sufficiently large ¢. Since all members of B are induced, this follows from the general fact
that Extag (IndGU, V) =0 for all i > 4, all representations U of the diagonal torus T and V of
G (both with central character ¢); this is contained in the discussion in [Pas13, §7.1], preceding
Proposition 7.1 there. O

This then gives us our functors
Fuise : Moddi (O)gs — QCohy (X),  Fept : €(O)ss — Pro(Cohp (X)).

Here, we note that the target category is much larger than the source: the essential image is
anything that can be built from V = L; & L_;, whereas one needs all the L,, n € Z to generate
the whole of QCoh(X). We finish our discussion of this case by computing Fgis(m;) for i =1, 2.
Note that the definition of Fyjs. uses V*=L_1 @ Ly, viewed as row vectors acted on from the
right by E.
PROPOSITION 5.7. We have (canonical) isomorphisms Fyis.(m1)=L1/(w,ap,a1,b) and
Faise(me) = L-1/(w, ap, a1, ¢).
Proof. The two simple right E-modules o}, i=1,2, are both isomorphic to k=R/m as
R-modules, with action given by
Ty Y2b\ _
U <y1b 961> = z;u,

for u € k and z1, 2, y1, y2 € R. Letting o; be the Pontryagin dual of o}, we see that o; is the left
E-module with action given by

1 yib SU = T

YaC X2

This action defines a surjection E — o; and its kernel is the (in fact, two-sided) ideal I; = {A €
E|z; e m}, where A= (22, %"). By the definition of Fyjs. we then have

Yyic 1
Faise(m) =V* @p (E/L;) =V*/L,V",
so it remains to make the right-hand side explicit. Consider the decomposition

yr = (é (1R c”R)) & (é (bR bn+lR)>

into its graded pieces, which are right E-modules. Note that V,,; = (b"R b""'R) and Vj_,, =
("R ¢"R) for n € Z>g. By direct computation we observe that

("R "R) I = ("R ¢"m), ("R "R) L= (""'R "R),

("RO™IR) I = ("R b"'R),  (0"RO™'R) I = (b"m b" 1 R).
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From this, we deduce that

VLV @ (0ck) and V/LYV = (K 0)
n=0 n=0

and hence that we have isomorphisms Fyise(m)=L1/(w,ap,a1,b) and Fyis(m2)=
L_1/(w,ag,a1,c), as desired. O]

Note, in particular, that these are not skyscraper sheaves. As S-modules their supports are
one-dimensional, their union being the two lines that make up S/mS =k[b, c|/(bc).

5.4 Non-generic case 1

In this case, the block consists of a single irreducible representation of the form = =Ind%(f ®
dw™1). The ring F, while not as explicit as for previous blocks, is studied in detail by
Paskunas [Pas13, §9]. By (the proof of) [Pas13, Corollary 9.33|, E' is isomorphic to the Cayley—
Hamilton algebra E. On the other hand, Proposition 3.16 says that Ext’(V,V) =0 for i > 1,
and Theorem 3.18 says that £ =End(V), so Assumption 4.10 is satisfied. Therefore, we may set
X =YV for this block as well. Recall that V* =V, so this gives us our functors

Fise : D(Modg%(’))%) — IndCohn (X), Fept : D(€(O)s) = ProCohy (%),

now directly at the derived level,’® if we can verify that F satisfies Assumption 4.1. We now
verify this.

PROPOSITION 5.8. The ring E (or equivalently E) satisfies Assumption 4.1.

Proof. First, R is the center of E by [Pasl3, Corollaries 9.13, 9.24, and 9.27], and F is finitely
generated over R by [Pas13, Corollary 9.25]. Finally, that every simple right E-module has finite
projective dimension follows exactly as in the proof of Proposition 5.6, since 7 is induced. [

We now compute Fyise(m). We recall from §3.3 that «, § are pro-generators for the maximal
pro-p quotient G of T', and 2(1 + ¢1), 2(1 4 t2), 2(1 + t3) are the traces of 7, d, and ~J, respectively,
under the universal pseudorepresentation G — R.

PROPOSITION 5.9. We have Fyisc(7) = V*/(w, im(u*), im(v*))[0], where u, v € End(}V) are as in
§ 3.3, and u*,v* are the dual endomorphisms of V*.

The (scheme-theoretic) support of Fyis.(m) on X ®p O/w is cut out by the equations
(=10 -1)=0—-1)(y—1)=0andt;=0 fori=1,2,3.
Proof. We use the resolution (3.2) to compute Fyis.(7). Indeed, we have a perfect complex of
left F-modules

vu —u?
(—'u2 uv )

(%)

(vu)

Po=|[E E®? E®? E]
such that 7 corresponds to the mapping cone of Py X% Py in PerfL(E).

Now we must understand the complex V* ®g Po in Coh(X). We do this after pulling back
by the map m:SpecA — X, where SpecA represents Rep(E)D. We have 7*(V*) = A% and we
can write explicit matrices for each map in the complex Co :=7*(V*®p Pp). To prove the

proposition, it suffices to show that Cp is acyclic and that Hy(Cp) is w-torsion free with support

15We cannot apply the abelian construction since we do not know if V* is projective, or if it is flat as a right
FE-module. However, we still get a result at the level of abelian categories; see Proposition 5.10.
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in SpecA cut out by the equations
=10 -1)=0-1)(y=—1)=0, t;=0 fori=1,2,3.

In §3.3, we described an explicit presentation of A as an R-algebra. In fact, the complex Cp
descends to a perfect complex of Ap-modules, and we can even replace the coefficient ring O
with Z. At this point we have a finite type Z-algebra Arz and a perfect complex Cryz of Apz-
modules with Crz ®zj, 4,.+,] B = Co. We used Macaulay2 [GS] to check that Cpyz has H;(Crz) =
0 for i#0. The annihilator of Ho(Crz) is given by the equations (y—1)(0 —1)=(d —1)(y —
1)=0 and t; =0 for i=1,2,3, once we invert 2 and t; +2 for i=1,2,3 (since p# 2, these
elements are invertible in R). The Macaulay2 commands for these verifications can be found at
https://github.com/jjmnewton/p-adic-LLC.

It remains to show that M = Hy(Cp) is w-torsion free. It suffices to show that w is not
contained in an associated prime of M. For a contradiction, suppose w € p € Ass(M). Let m be
a maximal ideal of A containing p. We necessarily have mp C m. We note that A is a locally
complete intersection of relative dimension 6 over O (hence, Cohen-Macaulay). This follows
from [BIP23, §3], and it can also be deduced directly from the presentation for A in §3.3.
Using Auslander—Buchsbaum and the projective resolution Co for M, we have depth(My,) =4 <
dim(A/p). On the other hand, A/p is a quotient of the ring A/Ann(M), which is finite over
Fle1, 2, d1, d2]/(c1d2 — cady). Hence, dim(A/p) <3, a contradiction. O

From this, we can actually deduce that Fgis.(7) induces a fully faithful embedding of abelian
categories. For this, we need some quick recollections on the natural t-structure on IndCohy, (X).
We refer to [EGH25, § A.6] and the references therein for more details (see also [Gail3, §1.2]).
The inclusion of Dgohm(%) into Dyeon(X) endows Df:’ohm(%) with its natural ¢-structure, and
this extends to a t-structure on IndCohy, (%) characterized by the properties that the truncation
functors on IndCohy,(X) extend those of D’ (X) and commute with filtered colimits. The
natural map IndCohy, (X) = Dgcon,m (X) is then t-exact and induces an equivalence of hearts, so

the heart of the natural ¢-structure on IndCohy, (%) is QCoh,, (X).

ProposiTioN 5.10. If V € Modgz((’))% then Fgisc(V) € IndCohw(X) is concentrated in
degree 0, hence lies in QCoh,,(X). In particular, Fyis. Is t-exact and the resulting functor
Modgflg((’))% — QCoh,, (%) is an exact fully faithful embedding of abelian categories.

Proof. The second part is a straightforward consequence of the first. For the first statement,
recall that 7 is the unique irreducible object in the block Modg{%(O)% and that Fgis.(m) is con-
centrated in degree 0 by Proposition 5.9. By dévissage and exactness of Fyis. (in the triangulated

sense), Fyisc(V') is concentrated in degree 0 for any finite-length representation V' € Modg%((’))%.

Finally, any V € Modgz((?)% is a filtered colimit of finite-length objects, so Fyisc(V') is concen-

trated in degree 0 since Fyisc and the truncation functors on both sides commute with filtered
colimits (for D(Modgz((’))%), see [Lurl9, Proposition 1.3.5.21, Remark 1.3.5.23]). O

Remark 5.11. In this remark, let us write F2> for the exact embedding Modgf‘C(O)% —

disc
QCoh,, (X) given by Proposition 5.10. Deriving F# produces a functor

disc

LFab : D(MOng(O)‘B) — choh,m (%)7

disc

which is not equal to Fgis. for the simple reason that their codomains differ (by Remark 4.21).
While the difference does matter (e.g. LF3> is probably not an embedding), it is also not

disc
that big. Indeed, LF3> is the composition of Fyi. with the natural map IndCohy(X) —

disc
Dgcoh,m(X). Moreover, Fyisc can be reconstructed from LFC%};C by first restricting the domain
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(X), and then taking the Ind-completion. Let

us emphasize, however, that we do not know how to construct Fjlzc directly (i.e. without
constructing Fgis. and showing that it is t-exact).

coh,m

to Db(Modg{‘C((’))%) and the codomain to D?

5.5 Non-generic case II

Up to twist, the block is given by B ={1,St,Ind%(w®w™!)}. The ring E is described in
[Pas13, §10]; we now recall this in detail. To make the comparison easier, we try to follow
Paskunas’s notation for the representation-theoretic objects (we continue to write R for the
pseudodeformation ring; Paskiinas writes R¥). Pagkiinas denotes 1, St, and IndG(w ®w!) by
1g, Sp, and | ma, respectively; their Pontryagin duals are denoted by 1% , SpY, and 7. Let Py,

Psp ;. and Pﬂv be prOJectlve envelopes in €(O)gp of 1Y, Sp¥, and ./, respectively. The ring
E=Ey= End( v D Pspv o Plv) is the 3 x 3 GMA

N End(Pry) Hom(Ps,v, Prv)  Hom(Piy, Pry)
Ey = Hom(%g, IiSpV) Encfiv(PSpQ Hom(Plé, Pspv) | (5.1)
Hom(Prv, P1y,) Hom(Ps,v, Pry) End(Pyy)
which has the following description (see just after [Pasl3, Corollary 10.94]):
N Req Rp12 RoY3 + Ry
Ey = | RpY) + Rpy Rey Ryp9s + Rpss |- (5.2)
Rps: Ripso + R Res

ProproSITION 5.12. The ring E satisfies Assumption 4.1.

Proof. The center of E is R and E is finitely generated over R by [Pzié13, Theorem 10.87,
Lemma 10.90], respectively. It remains to show that every simple right F-module has a finite
injective resolution. Again (as in the proof of Proposition 5.6), this follows from vanishing of
Ext’(my, m2) for all sufficiently large i and all 71, o € 9B. This vanishing (for 4 > 5) is proved in
[Pas13, §10.1]; see the table on p. 128 there. O

We now compare E with the Galois side. We use the notation of §3.5 freely, and we set
X=L 1®L &Q. We have Ext’(X, X)=0 for i > 1 by Propositions 3.30 and 3.31, so to verify
Assumption 4.10 it remains to show that £=End(X). In our embedding of categories, the
individual coherent sheaves L_j, L1, and @ correspond to Prv, Ps,v, and Py, respectively.
Comparing Equation (5.5) with Equation (3.8) and Theorem 3.32, we see that we have matched
up the R-module generators of End(X) and Ewy by giving them the same name (the identity
morphisms e; match up with 1 € R in each case). It remains to check the relations, first for the
R-module structure and then for the ring structure.

To make these comparisons we need to compare the notation used for the elements in R in
§ 3.4 with that used by Pagktuinas. In our presentation, we have

R = O[ao, ai, boC, b1c]]/(pb()c + albgc + aoblc),

and recall that we had set a} = ag + p. In [Pa313, Lemma 10.93], Paskiinas has a presentation'6

R = Olcy, c1,do, d1]/(codr — c1dyp).

The comparison between the two presentations is that ag corresponds to dy, a1 +p=a}
corresponds to —dq, and b;c corresponds to ¢; for ¢ =0, 1.

6Note that [Pas13, Corollary B.5] gives a slightly different presentation using the same variables, but the one we
use is the one that is used in [Pas13, §10].
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Let us now compare the R-module structures. There are five entries in the presentation (5.5)
that are free of rank 1, and the corresponding entries in (5.1) are also free of rank 1 by [Pas13,
Corollary 10.78 and Lemma 10.74, Equations (237) and (238)]. That leaves four entries, and
we start with Hom(Q, L_1), which corresponds to Hom(Pyy,, Prv). By [Pas13, Lemma 10.74,
Equation (241)], we have an injection

Hom(Pyy, Pry) < End(Pyy)

given by postcomposition with (31, and by [Pas13, Equation (246)] we have (31 0 p%5 = c;es for
i=0,1. This shows that Hom(]glé, Igﬂg) is isomorphic to ¢oR + c1 R C R with %5 mapping to
¢i, which matches with the structure of Hom(Q, L_;) from Theorem 3.32(3). Next, we look at
Hom(ércvy, ﬁspv) where we have an injection

HOm(ﬁﬂg R f)SpV) — End(ﬁﬁg)

by [Pas13, Lemma 10.74, Equation (240)], given by postcomposing with (12, and by [Pas13,
Equation (246)] we have @13 0 ¢}, = ¢;eq for i =0, 1. This again shows that Hom(Pyyv, Pspv) is iso-
morphic to cgR + ¢1 R with gpél mapping to ¢;, which matches with the structure of Hom(L_1, L1)
from Theorem 3.32(4) (note that boR + by R is isomorphic to coR + ¢ R via multiplication by ¢
inside ). Next up is Hom(Pyy, Pspv). By [Pas13, Lemma 10.74, Equation (239)], we have an
isomorphism

Hom(ﬁlé, ]Bspv) = Hom(]slé, ]Sﬂx)

given by postcomposing with (12, which satisfies @12 0 @b = ¢t5. Hence, Hom(ﬁlé,ﬁspv) is
isomorphic to ¢oR + ¢ R with ¢hs mapping to ¢;, matching the structure of Hom(Q, L) from
Theorem 3.32(5) (with the same remark as in the previous case). The final case is to compare
Hom(Pspv, P1y,) and Hom(L1, Q). They both have generators ¢33 and 3, so we need to check that
the relations match. In the case of Hom(ﬁspv, ﬁlé) the relations are ¢;8 = d;p32 for i =0,1 by
[Pas13, Lemma 10.92],'7 and this matches the result for Hom(L1, Q) given in Theorem 3.32(7).
This finishes the discussion of the R-module structure, so it remains to verify that the ring
structures match; i.e. that composing the generators gives the same results in both cases. For
End(L_; ¢ L1 ¢ Q) this was computed in (the twelve parts of) Theorem 3.33. Parts (1) and
(8), and the first identity in (12) correspond to [Pasl3, Equation (246)]. Parts (3) and (4), and
the first identity in (10) correspond to [Pasl3, Equation (247)]. Parts (2) and (7) correspond to
[Pas13, Equation (248)]. Part (5) and the first identity in (11) correspond to [Pasl3, Equation
(249)]. Part (6) and the first identity in (9) correspond to [Pasl3, Equation (250)]. Finally, the
last two identities in parts (9), (10), (11), and (12) correspond to [Pasl13, Equation (251)].
This finishes the verification that E 2 End(X) as R-algebras, and gives us our functors

Flisc : D(Modgz((’))%) — IndCohp (X), Fept : D(€(O)) = ProCohy (%)
at the derived level.

Remark 5.13. At this point we can explain our motivation for the definition of X. We started
out with the hypothesis that Fipi(Pryv) and Fep(Pspv) should be L_; and Ly, respectively; the
correct assignment is determined by the fact that Hom(Lq, L) is a cyclic R-module. See also
Proposition 6.14.

1"Note that this reference has a typo.
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Then we considered the short exact sequences (234) and (235) in [Pasl13]. The cokernel
L_;1/cL; is supported on a substack of reducible Galois representations (cut out by the con-
dition ¢=0). This is, at least heuristically, compatible with the fact that the cokernel of the
corresponding map 12 € Hom(Pg,v, Prv) is (dual to) a parabolic induction (sequence (235)).

Looking at sequence (234), we were then naturally led to guess that the cokernel of the map

Fept(Pry) 2% Fopt(Pyy)

would be supported on the reducible substack cut out by by = by = 0. This led us to consider the
module @ as a candidate for Fip(Pry). It is an extension of Q=L1/(bo,b1)L_1 by L_1. It is
not hard to check that Ext'(Q, L_;) is a cyclic R-module (isomorphic to R/(byc, bic)) and the
extension class of @ is a generator for this module.

PROPOSITION 5.14. We have

Faise(ma) = k[c][0] = L1/ (ao, a}, bo, b1, @)[0] (c in graded degree —3), (5.3)
Faisc(Sp) = k[bo, b1][0] = L_1/(ag, a}, ¢, @)[0] (bo, by in graded degree 3), (5.4)
Faisc(1e) = k[bo, b1][—1] = L—3/(ao, ai, ¢, w)[~1]  (bo, b1 in graded degree 5). (5.5)

Proof. We explain the details of the third case, which is most interesting. The first two are
established in a very similar way. From Proposition 3.35, we have a perfect complex of left

FE-modules
L a} —bic )
(1 0 @28 ) ao boc e boc bic o 74@23
01 —¢p B8 ¢ T\ —ao a; : @
Pos= |C$? 2L 0P @ 2y P2 5 2

C3

such that 1 corresponds to the mapping cone of Pp 3 X2, Po 3 in Perf” (E) We deduce that
Fyise(1¢) is the mapping cone of X* @z Po 3 RNy ' ®z Pos in Di’oh(%). This leaves us needing
to understand the complex X* ® z Po 3, which is

aji —bic
(31285 (5 &)
Cos=L 1L~ " /1 or 0@ -2 % 0 oL YL oL,

( —(p33)" )
Note that here our maps are again given by matrices acting on row vectors from the right.
Comparing with the description of Q* in Proposition 3.34 and switching to column vectors,

we see that
Hy(Cos3)=0and H1(Co3)=M"(L_3®L_1)/(M")(L-1® L_1).

We claim that the map
L,3 — H1 (C@73)

box
zs (b1x>

induces an isomorphism O[bg, b1] = L_3/(ao, a}, ¢) = H1(Co 3).
The map is clearly surjective, and factors through the specified quotient of L_3, since

boao —b ag boa’1 —b —Qag
biag) — °\=d, ) \ba) T\, )
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The surviving graded pieces in L_3/(ao, a}, ¢) map to O[bg, b1]( ZT ), which has trivial intersection
with (M')Y(L_1 & L_1). To complete the computation of Fyis.(1¢), it remains to check acyclicity
of Co 3 in degree 2 and 3. This can be checked with Macaulay2 [GS], which computes over the
Z-algebra

Z[ao, a’l, bo, b1, C]/(aobl + allbo).

See https://github.com/jjmnewton/p-adic-LLC for the relevant Macaulay2 commands. Because
S is flat over this Z-algebra, we deduce acyclicity for our complex of S-modules by base change.
It is also not too difficult to check acyclicity of Cp 3 in degree 2 and 3 by hand. O

Remark 5.15. Since Fyjsc(1) is concentrated in homological degree 1, we see that Fyis does not
come from deriving an embedding Modgz((’))% — QCoh, (X).

Remark 5.16. Categorical formulations of the local Langlands correspondence have introduced
the condition of nilpotent singular support [AG15] (cf. also [FS24, § VIII.2.2]). In non-generic
case II, the singularity stack Sing(X/0) is given by [Spec(SymgO|[c])/T], where O|c| is the cyclic
S-module S/(ao, al, b, b1), with T-action corresponding to ¢ being in graded degree —2. We
have a zero section X — Sing(X/0) with complement [G,, o/T]. Its image in X is the closed
substack [SpecO[c]|/T] cut out by a; =b; =0, which is, as expected, the singular locus. Without
making a general definition of nilpotent singular support, it seems clear in this situation that
any member of IndCoh,(X) has nilpotent singular support, since ¢ corresponds to a unipotent
deformation.

6. The Montréal functor and local-global compatibility

In this section we show how to recover the Montréal functor from our functors, and prove a local—
global compatibility formula relating the singular homology of modular curves to the output of
our functor, in the spirit of [EGH25, Exp. Theorem 9.4.2]. We remark that the construction which
recovers the Montréal functor is a familiar and important construction in geometric Langlands;
a Whittaker coefficient (cf. e.g. [FR25]). As for local-global compatibility, the most general
statements of such formulas involve the analogous functors for £ # p, as considered in [BZC*24,
Hel23, Zhu25]. Our goal here is only to illustrate how our functors fit in with such statements,
rather than proving the strongest possible results. For this reason, we prove our results in the
simplified setting of [CEGT18, § 7] and [GN22, §5] (with F'=Q), where one ultimately does not
need to worry about contributions from ramified primes £ # p. We make one conceptual addition
in that we work with p-arithmetic (co)homology,'® as defined for example in [Tar23], instead of
the (co)homology of modular curves. This matches very well with our functors (and those of
[EGH25]) and allows us to extend our formula to spaces of interest in the theory of eigenvarieties
as well.

6.1 Local considerations

In this subsection we prove all the local preparations needed for the local-global compatibility
statement. To be able to prove a statement valid for homology of modular curves with essentially
arbitrary (p-adic) locally constant coefficients, we need to expand the domain of our functors.

18Tn general, the versions involving local Langlands functors for £+ p should be formulated using S-arithmetic
(co)homology, where S is set of ramified primes and p.
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Fix a block B. Recall that our functor
Fuise : D(Mod g% (0)ss) — IndCohp (Xo3) C IndCoh(Xss)
is the composition of the fully faithful embeddings
F :D(LMod(E)) — IndCoh(Xg)

and
J : D(Modf%(0)g) — D(LMod(Ey)),

where the latter is t-exact and given by
o — Homg(Py, ") =Homg(o, Py)”

already at the level of abelian categories. We expand the domain of Fgsc by expanding the
domain of J. To this end, we wish to show that

Homg (0, Py)" = Py ®o[q]. 0

for all o € Modgnc((’))%. Here we recall that O[G] is the ring of compactly supported measures
on G, originally considered by Kohlhaase [Koh17] (we refer to [Sho20, § 3] and [EGH25, Definition
E.1.1] for the definition in our context). The ring O[G]. is the quotient of O[G] by the two-
sided ideal generated by {z — ((z) | z € Z}. Every smooth G-representation over O with central
character ( is a O[G]¢-module in a unique way by [Sho20, Lemma 3.5], so the tensor product
above makes sense and we may rewrite Homg (o, Py)" as Hompjgy, (0, Py)". Note that we have
a natural transformation i, : Py ®o[g), ¢ — Hompjgy, (0, Py)Y defined by linearly extending the
formula

v ((fro— Py)— f(v)(z)).

1fin

This makes sense not only for o € Mod¢:(O)ss, but also for finitely presented O[G]¢-modules.

LEMMA 6.1. We have Hompq, (0, Py)¥ = Ps ®0[q). 0 as functors from finitely presented
O[G]¢-modules to left E-modules.

Proof. The proof follows a standard pattern: first, i, is an isomorphism for o = O[G]¢, and from
this one gets that it is an isomorphism in general by taking a presentation and using the five
lemma (note that both functors are right exact). O

We then get the formula we want on Modlél?((’))%

PROEOSITION 6.2. We have Hompyq). (0, Py)" = Ps ®0jq]. 0 as functors from Modléiflc((’))gg to
left Es-modules.

Proof. Since both functors commute with direct limits, it suffices to show that we have an
isomorphism for finite-length representation. In view of Lemma 6.1, it therefore suffices to show

that any finite-length representation is finitely presented as an O[G];-module. However, this
follows from [Vigll, Theorem 1.1(2)(i)] and [Sho20, Proposition 3.8]. O

Thus, we see that J(0) = Py ®o|q), o for o € Mod@%(@)%. We can then attempt to expand

the domain of J to all of LMod(O[G]¢) by defining
Jext : LMod(O[G]¢) — LMod(Ess)
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by Jext(0) = Py ®o[q]. ¢ and taking the unbounded left derived functor L.Jex; of Jext-1? Although
we, strictly speaking, do not need it, we prove that LJgy really is an extension of J. We start by
noting that Py is a flat right O[K]¢-module, where K = GL(Zy) and O[K] is the quotient of
O[K] by the two-sided ideal generated by z — ((2), for z€ ZN K. If 7 is a left O[K]-module,
we write ind% ;7 for O[G]¢ ®o[k]. T (if 7 is smooth, this is the usual compact induction with
fixed central character).

LEMMA 6.3. The right O[K]¢-module Py is flat. As a consequence, Tor?'lGﬂc(PsB, ind%,7) =0
for all i > 1 and all left O[K]:-modules .

Proof. By [Pasl13, Corollary 5.18], Py is injective as a smooth G-representation with central
character {. As a consequence, the restriction to K is also injective as a smooth K-representation
with central character ( (compact induction is an exact left adjoint to restriction). Dually, Py is
then projective as a compact right O[K]-module, hence exact for the completed tensor product,
and hence exact for the usual tensor product and finitely generated right O[K]-modules. Hence,
Py is a flat right O[K]-module. The second part then follows since O[G]¢ is flat as a (left and
right) O[K]¢-module. O

PROPOSITION 6.4. Write ¢ for the inclusion Mong(O)% C LMod(O[G]¢) and its unbounded
derived functor. Then Lo ot=J.

Proof. At the level of abelian categories we have Joxt 0 ¢t = J, so we have a natural transformation
J — LJext ot. Both functors commute with colimits, so it suffices to check that the natural
transformation is an isomorphism on irreducible objects, i.e. that Py ®@ojgj. ™= P ®é[G]]< 7 for
irreducible 7. Pick such a 7. Viewed as a smooth representation, 7 is finitely presented, and the
category of finitely presented smooth representations is abelian (see e.g. [Sho20, Theorem 1.2]),
so there is a resolution ind?(ZT. — 7 with the 7; finitely presented smooth K-representations
with central character (. By Lemma 6.3, we have

Py ®é[[G]|< m= Py ®(’)|[G]|4 ind?(ZT..

By Lemma 6.1, we have Py ®ojq]. ind% , 7o = Homg(ind% , 7, Py)Y. Since Py is injective as a
smooth G-representation with central character ¢ (see [Pasl3, Corollary 5.18]) and Pontryagin
duality is exact, the homology of Home(ind% 7, Py)" is concentrated in degree 0, which finishes
the proof. O

Remark 6.5. As a sanity check, we remark that LJe kills the other blocks in Modgl’%((’)).

Indeed, let B’ # B be a block. To show that LJet(c) =0 for o € Modgnc((’))%/, it suffices (as
in the proof above) to show this for irreducible . But then (by Lemma 6.1 again) we have
LJext(0) = Homg (o, Py)Y, which vanishes.

We can now extend Fgisc to D(LMod(O[G]¢)). For simplicity, and since it is the only
functor we need for the local-global formula, we take the codomain of our extension to
be Dycon(Xp) instead of IndCoh(Xgy). Write F for F composed with the natural functor
IndCoh(Xw) — Dgcon (X ), and define

Fext : D(LMOd(O[[G]]C)) — ,choh(:f%)

by Fext=F o LJey. Explicitly, we have Fey(o)= X3 ®%% Py ®él[G]|< o for o€
D(LMod(O[G]¢))-

YRecall that this may be defined since D(LMod(O[G]¢)) has enough K-projective complexes, by [Spa8§].
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In the rest of this subsection, we compute j*Fei(o) for certain open immersions j, as
preparation for the local-global formula. Our starting point is then a continuous representation
p:Tg, = GL2(Fp). We assume that Endr, (p) =F, and that if p is reducible of the form

0—=x2—=p—=x1—0, (6.1)

then ngl_l # w. Note that the assumption on endomorphisms implies that x1 # x2. With p, we
associate an irreducible G-representation 7 via the recipe of [CEG™18, Lemma 2.15(5)] twisted
by w™! (in particular 7 is, up to twist, a quotient of the compact induction of a Serre weight
for p). We make the twist in order to match our normalization of the bijection between blocks
and semisimple two-dimensional I'g, -representation from §4.1; it ensures thavt m lies in the
block 9B corresponding to the semisimplification of p. In particular, 7 satisfies V(7") = p when
p is irreducible; and when p is reducible of the form (6.1), it follows from [BL94, Theorem 30]
that 7 = Ind%(x1 ® xow™).

We let P be the projective envelope of ¥ and let R, be the universal deformation ring
of p (with fixed determinant corresponding to the central character in 8). Writing R for the
universal pseudodeformation ring of the trace of p, we note that the natural map R — R, is an
isomorphism (see § 3.1 for the irreducible case and e.g. [Pas13, Corollary B.16, Proposition B.17]
for the reducible case). In light of this, we simply write R for R,. Any choice of representation
in the strict equivalence class of the universal representation

P : g, — GLa(R)
is a compatible representation, and hence determines a morphism
SpecR — X (6.2)

which is a section to the map Xo — SpecR sending a representation to its pseudorepresentation.
Moreover, the map in (6.2) is independent of the choice of p™ up to SLa-conjugacy (and hence
the choice in the strict equivalence class), so it factors through a map

J:X,:=[SpecR/u2] = Xas. (6.3)

When p is irreducible (i.e. B is a supersingular block), j is simply the identity map, Xo =
[SpecR/ 2], X5 = R(1) (i.e. the R-module R, viewed as a Z/2-graded R-module concentrated
in degree 1) and P = Py. Thus, we have the following formula:

PROPOSITION 6.6. Assume that B is supersingular. Then we have j*(Fex(0)) = P(1) ®é[[G]I< o
for o € D(LMod(O[G]¢))-

Let us now analyze the map j when p is reducible. Our assumption on p puts us in one of two
cases: either B is generic principal series or non-generic II. While the concrete description of j in
(6.2) and (6.3) characterizes it, it is helpful to realize it as a case of a more general phenomenon
studied in [WE13, §2.2], especially Corollary 2.2.4.3. In [WE13], the R-projectivity?’ of these
substacks of moduli stacks of representations is emphasized, but these subspaces are also open
in Xg3, which is what is more relevant here.

PROPOSITION 6.7. Adopting the notation for coordinates E; ; of E from Proposition 2.10, the
substack of X5 = [SpecS/Gy,] of adapted representations of the form

P11 P1,2 Ei1 Frp
:E— My (B), = ’ ) ’ “ | — Mo (B
r 2(B) P <P2,1 Pz,z) <E2,1 Ez,z) 2(B)

20That is, representability by projective scheme over the pseudodeformation ring.
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such that pa1(FE2,1) generates B (as a B-module) is represented by the fiber product of Projr E2 1
and X over [SpecSympEs 1/Gy,] (where Eg 1 has graded degree —2 € X*(G,y,)). This subspace
of Xo3 is open and is presentable as a SpecR-projective scheme equipped with the trivial action
of 2.

We recall that in our description of the GMA structure, the character y; corresponds to the
top-left entry and x2 to the bottom right. Note that the morphism Xg — [SpecSymyE2 1/Gyy]
arises naturally from the presentation of S stated in Proposition 2.10. We also remark that our
use of Proj refers to the usual notion of a (closed substack of a) weighted projective stack.

Proof. The representability of the stated moduli subgroupoid by the stated fiber product follows
from comparing the condition on ps1(FEs2,1) to the definition of ProjpM as a subgroupoid of
[SpecSymF M /G,y,]. This is open because Projp M is open in [SpecSympi M /G,,|, having arisen
by removing the origin. O

What is common to the generic principal series and non-generic II cases is that Es ; is a free
cyclic R-module generated by c. Therefore, the condition that ps 1(E2 1) generates the (2, 1)-
coordinate amounts to p being conjugate to a deformation of the unique (up to isomorphism of
representations) non-trivial extension p of x1 by x2, and this condition is cut out by inverting c.
Thus, our morphism j is the base change of Xo — [SpecSympEs 1/G,,] along ProjpEs . To
summarize this analysis, we see that ProjzcR = [SpecR/ 2] and state

COROLLARY 6.8. The morphism j:[SpecR/us] — Xo is an open immersion obtained by
adjoining ¢~ 1.

It is helpful to make explicit computations with the graded R-algebra map corresponding to
j as we apply Proposition 6.7, writing it using the generator c as

¢:S — R[c,c”!], uniquely determined by S 3¢+ c.

We begin with the generic principal series case, using the computation of S of §3.2. In odd
degrees, both sides are 0. In degree —2n, for n > 0, ¢ is the identity ¢ R — ¢""R. In degree 2n, for
n>1, ¢ is given by the inclusion b" R — ¢ " R. In particular, ¢ is injective and equates R[c, ¢~ ]
with S[e™1].

To prove the analogue of Proposition 6.6 in the generic principal series case, we also need
to understand P. From our choice of p, we have m = Ind%(x1 ® xaw ™). Recall that we fixed an
isomorphism Eg = ( £, 1) in §5.3, and that under this isomorphism P (the projective envelope

cR R »
of V) corresponds to the right Ee-module (cR R).

PROPOSITION 6.9. The pullback j*(X§ @5 Pw) is P(1) (viewed as a Z/2-graded R-module).

Proof. First note that j*(Xg ®p Pw)=j"(X3)®p, Ps. Recall from §5.3 that Xo is the

graded module L; & L1, in the notation of §3.2; the left E‘%-module structure is then obtained
by viewing L1 ® L_1 as column vectors. The right Eg-module Xg is therefore L_; @ Ly, now
viewed as row vectors. We have a decomposition

LiaL = <é (b"R b”+1R)> ® < é ("R c”R))

into graded pieces, and these pieces are right E’%—modules. It follows that j*(Xg) is the graded
S[c™1 = Rle, ¢~ !]-module

(L1 ® Ly)[c '] = (é ("R c—n—lR)> @ < é ("R c”R)).

431



C. JOHANSSON, J. NEWTON AND C. WANG-ERICKSON

Applying — ®p Py, we see that j*(X§ ®p Px) is the graded R|c, ¢ Y-module Ple, c1](1).
This corresponds to the Z/2-graded R-module in the statement of the proposition. O

In general, we have the following formula.
COROLLARY 6.10. We have j*(Fext(0)) = P(1) ®py¢y, o for all o € D(LMod(O[G])).
Proof. Since j* is exact at the level of abelian categories, we have
7 (Fot(0)) = 5* (X2 © 5, Pw) ey, ) = 5" (X 95, P)) @iy, o
The result then follows from Proposition 6.9. O

Finally, we come to the non-generic case II. Recall from §3.4 the presentation Xy =
[SpecS/Gyy,] with S = Olag, a}, boc, bic][bo, b1, ¢]/(apb1 + a’bp). As in the generic principal series
case, X, is the open substack of X given by the condition ¢ # 0 according to Corollary 6.8, and
moreover m =1, =Ind%(w ®w™!). Let us explicate the map ¢:S — S[c~'] = Rc, ¢ '] like we
did in the generic principal series case. In odd degrees, both sides are 0. In degrees —2n, n >0,
it is the identity ¢"R — ¢" R, and in degrees 2n, n > 0, it is the inclusion (bgR + b1 R)" — ¢ "R.

We now aim to prove the analogue of Proposition 6.9. The object Xg is defined to be
L_1 & L1 &Q, in the notation of §3.5. First, recall from §§3.5 and 5.5 that

N End(L_;) Hom(L;,L_;) Hom(Q,L_1)
E% = HOHI(L_l, Ll) EHd(Ll) HOIH(Q, Ll)
Hom(L_1,Q) Hom(Ly, Q) End(Q)
As recalled in § 1.8, if M is a finitely generated graded S-module, then its dual M* has grading
given by (M*)=Hom(M, L). In particular, we see that the first row in Eq is the grade
—1 part of X5 =(L1®@L1®Q)*=L1®L_1 ®Q". As a right Fx-module, it corresponds to
P = P,v € €(O)g under the equivalence €(O0)p = RMod (Eg ).

We now show that the maps Ly — Li[c™!], L1 — L_1[c7!] and Q* — Q*[c™!] are isomor-
phisms in degree —1. For completeness, we say a bit more about them. First, note that they
are all 0 in even degrees, because both sides are 0. Let n be odd. From the description of the
map S — S[c™Y], we see that L, — L,[c™!] is a non-zero isomorphism in odd degrees < —n and
injective but not an isomorphism in odd degrees > —n. In particular, both L; — L1[c™!] and
L_1— L_1[c™!] are isomorphisms in degree —1. For Q* — Q*[c™!], recall from Proposition 3.34
that Q* is the cokernel of

<b0 _C,LO> L 3s®L 1 —>L 1L_4.
b1 aj
From the remark above about the map L, — Ly[c™!], it then follows that Q* — Q*[c™!] is an
isomorphism in odd degrees <1. In particular, we now see that X3 — j*Xg = X3 [c71] is an
isomorphism in degree —1. We can now prove the analogue of Proposition 6.9.

PROPOSITION 6.11. The pullback j*(Xg ®p5  Pw) is P(1) (viewed as a Z/2-graded R-module).

Proof. Since Xg§ ® Bos Py is concentrated in odd degrees, we know that j*(X3 ® Bos Py) is
concentrated in the non-zero degree (as a Z/2-graded module), so it suffices to prove that
(J" (X% ®p, Ps))-1=P. But we have

7 (Xy @, Ps)=("Xg) ©p, Ps
and above we have shown that X} — j*Xj, is an isomorphism in degree —1, and that (Xg)—1
is the right Fg-module corresponding to P. The result follows. OJ

We then get the analogue of Corollary 6.10 from Proposition 6.11, with the same proof.
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Remark 6.13. Propositions 6.9 and 6.11 suggest that the ‘kernel’ X§ ® Fas Py used to define
Fext is an interpolation of the projective envelopes of the irreducibles over the moduli stack of
Galois representations. In particular, it appears to be more ‘canonical’ than Xg itself.

6.2 Recovering the Montréal functor

This subsection contains a result that is proved using similar considerations to the previous sub-
section. It answers a question raised by Pasktinas in correspondence with us. We use the covariant
functor V: €(0) — Mod?g (O) to continuous I'g,-representations on compact O-modules intro-

duced in [Pa3l13, §5.7]. On finite-length objects it is defined as V(M) =V (M), in terms of
the renormalized Montréal functor on smooth representations we recalled in §4.1. It extends to
¢(O) by taking limits.

Our first proposition describes the Montréal functor applied to projective envelopes in €(O),
in terms of our functor Fepe. In fact, we compose

Fept : D(€(O)) — ProCoh(Xap)
with the functor ProCoh(Xsg) — Dgycon(Xes) given by taking limits to get

FCpt : D(Q:(O)%) — choh(x%)-
For the projective envelope ETV of the dual of an absolutely irreducible representation, we have
prescribed the image Fept(Prv) in §5. When 7 is infinite-dimensional, Fept(Prv) is a vector
bundle.

ProPOSITION 6.14. Fix a block B containing an absolutely irreducible representation m, and
assume that 7 is infinite-dimensional. Let V be the vector bundle on X3 carrying the universal
Galois representation. Then we have an R[I'q, |-equivariant isomorphism

RI'(Xq,V Q0 Fcptujﬂv)) = \V/-(P7r ).
Proof. We split up into cases based on the type of block 8.

First, suppose we are in the supersingular case. So X = [SpecR, /2] for an irreducible p,
R=R,, and Fcpt(érv) = R(1). We can identify V with p"™V(1) (i.e. p"V concentrated in the
non-zero degree). This identifies RI'(Xx,V ®0x, Fcpt(ﬁ,rv)) with p"™V. On the other hand,
V(Pyv) is also isomorphic to p™V (see [Pas13, Proposition 6.3]).

Now suppose we are in the generic principal series case with 7 =Ind%(x; ® yow™"). As in

the previous subsection, we let p:I'g, — GL2(IF,) be a non-split extension of the form
0=x2—=p—=>x1—0,

and consider the open immersion j : X, — Xg given by inverting ¢ (which has graded degree —2).
We have Fcpt(Pﬂv) =L_1 and V=L ® L_q. The tensor product is Lo® L_o and the map
Lo®L_o— (Lo® L_3)[c™'] is an isomorphism in graded degree 0. Thus, we can identify

RT'(X,V ®0x,, Fept(Prv)) with RI'([Spec(R,)/p2], j*V @ Ry(1)). As in the supersingular case,
this gives the universal deformation of p and we conclude by [Pas13, Corollary 8.7].

Next, suppose we are in the non-generic case I1. After twisting, we can assume that 8 contains
the trivial representation. Suppose ™ = 7, = Indg (w® iu_l). The same argument as in the generic
principal series case identifies RI'(Xp,V ®0, Fept(Pry)) with the universal deformation of p,
a non-split extension of w by the trivial character. Now we apply [Pas13, Corollary 10.72], which

shows that V(wa) has the same description. The other possibility for 7 is m = Sp. Here we
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can follow the strategy of [Pasl3, Remark 10.97], which computes V(ﬁspv) using knowledge of
V(PW;) and a short exact sequence

0— V(Pspv) = V(Pry) = Ny — 0,

where N, is a deformation of w to the reducible locus R,/(boc, bic) given by the ‘lower-right’
entry of the universal reducible deformation of p. We have a completely parallel story for our
functor: there is a short exact sequence

0—L= Fcpt(ﬁSpV) i) L 1= Fcpt(]sﬂx) — L_1/6L1 —0
which, after tensoring with V and taking global sections, gives a short exact sequence
0—T(Xs,V®0,, L1) = p"™ =N =0

where N is a free rank-1 module over R,/(boc, bic). Moreover, N comes from the first component
Ly in V. This means that the Galois action on N deforms w. We deduce that the surjective
map p™V @ R, Ry/(boc,bic) = N factors through a surjective map from N,,. We deduce from
the freeness of N that this map is an isomorphism. This finally shows that I'(Xy, V @0z Ly)

isomorphic to V(ﬁspv). There are no higher cohomology groups, since Xo is quotient of an affine
scheme by a linearly reductive group.
The remaining case is non-generic I. We have Fcp(m) =V = V*. Thus, we have

RT (Xg,V D0z, V*)=End(V)=F,
the Cayley-Hamilton algebra. The action of I'g, is via left multiplication on E (recall that we
have a universal representation I'g, — E*). On the other hand, Paskiinas shows that V(]Bﬂv) is
a (non-commutative) deformation of a one-dimensional representation of I'g, over k to E , and

uses this to produce a map O[G]°P — E which factors through an isomorphism from E°P to E
(see [Pasl3, §9]). After twisting, we may assume that the one-dimensional Galois representation
is trivial. Then its universal (non-commutative) deformation is given by O[G], viewed as a left
O[G]°P-module by the right regular action, and with left regular I'g, -action. We may now identify
V(Py) with E°P ®ojgper OlG], with T'g, -action given by the left regular action on O[G]. This
can, in turn, be identified with F, with the left regular action of I'g,. O

When 7 is finite-dimensional, one can show that RI'(Xs,V ®o,, F ept(mY)) =0 by direct
computation. From this and Proposition 6.14, one can deduce that

T(Xm,V @0y, Fept(0")) = R0 (X, V ®0x,, Fepi(0”)) = V(0")

for all 0¥ € €(O)ss. In particular, this recovers the renormalized Montréal functor V from the
categorical embedding as a (spectral) Whittaker coefficient (with extra structure) in the sense
of the geometric Langlands program. In keeping with our focus on the discrete functor, we
do not give the details of the above assertions for Fip, but instead prove a version relating
Fyisc and the original Montréal functor V. To start with, we give a (partial) reinterpretation of
Proposition 6.14. Let E be the universal Cayley—Hamilton algebra for a block 2. The canonical
isomorphism V =2 V* ® det(V), for any two-dimensional representation V', induces an isomor-
phism F — E°P which makes the following diagram commute, where the left vertical map sends

v€Tq, to (e)(V)y "

O[l'g,] T
O[l'g, [P —— E?
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COROLLARY 6.15. Write P%lf for the direct sum of the projective envelopes of the Pontryagin
duals of the infinite-dimensional irreducible representations in %5. When ‘B is not supersingular,
we have End(P!) = E, and V (PYY) is isomorphic to E as a (I'g,, E°P)-bimodule, where I'g, acts
on E via the left E-action. As a consequence, we have V(PIH)*(e¢) 2 E as (I'g,, E)-bimodules
as well.

Proof. The second statement follows from the first, so it suffices to prove the first state-
ment. When B is of type non-generic I, this follows from the last sentence of the proof of
Proposition 6.14. For the other two cases, it follows from the fact that fcpt(P%)inf =y=p*
and, hence,

V(PR = RI(X%,V ®0,,, Fept(PR)) = R (X%,V ®0,, V') =End(V) =E
by Proposition 6.14, and one checks that the actions match. ]

Now let B be any block and consider the functor
H :TndCoh(Xp) — D*(E)

given by H(F)=RI'(Xs,V ®o,, F), with the E-action coming from the left E-action on V.
Alternatively, we may write the functor as H(F)=RHom(V*, F). In particular, H commutes
with all colimits.

LEMMA 6.16. The composition H o Fyj.: D(Modgng((’))%) — DE(E) is t-exact, and hence
induces an exact functor Ho(H o Fyisc) Modgfz(O)sB — LMod(E).

Proof. When 8 is supersingular or generic principal series, the individual functors are t-exact
and the lemma follows. Assume that 9B is of type non-generic I. Then, by our definition of Fjyjsc,
we may write H o Fygjsc as a composition

D(Modd%(0)s) — D (E) — IndCoh(Xs) — D" (E)

and the first functor is t-exact, so it suffices to show that the composition D*(E)—
IndCoh(Xp) — D¥(E) is t-exact. This composition is given by the formula

M — RHom(V*, V* @& M) =~ RHom(V*, V*) @k M.

By Theorem 3.8, RHom(V*, V*) = E as an (E, E)-bimodule (using the involution E = E°P), so
we see that the composition is the identity functor, and hence t-exact.

It remains to treat the case when B is of type non-generic II (as always, we twist so that ( is
trivial). In this case, H is t-exact, though Fyis. is not. However, by Proposition 5.14, H (Fgisc(7a))
and H (Fyisc(Sp)) are concentrated in degree 0, and (by a short computation) H (Fyisc(1¢)) =0.
Thus, all the irreducibles get sent to complexes concentrated in degree 0, and H o Fy;sc commutes
with all colimits. By the argument in the proof of Proposition 5.10, H o Fy;s. is t-exact, as
desired. O

By composing Ho(H o Fgisc) with the map LMod(E) — Modr,, (O) coming from O[I'g, | — FE,
we get an exact functor W : Modgfé((’))% — Mod%ﬁc((’)), where Modl‘ig’c(O) is the category of
discrete O-modules with a continuous I'g, -action. We may extend the Montréal functor V :
Modfgjc(O)% %Modggp((’)) to an exact functor V: Modgnc(O)% — Mod%E:((’)) by taking the
Ind-extension. Before proceeding, we note that the equivalence

Moddi%(0)gs 2 LModgisc(Es) (6.4)

is given by the functors o — Py ®o[g) o and M — Hompg (Pys, M). We then have the following
comparison theorem.
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THEOREM 6.17. For any o € MOdIg’HC(O)%, we have V(o) 2W(o).

Proof. We use the equivalence (6.4) to view V and W as functors on LModdiSC(E%) whenever
convenient (and similarly for V). We start with the case when B is supersingular. Using notation
as in the proof of Proposition 6.14, the functor W is given by

M = RT(Xm,V @0, Oxy (1) @r M) = R* @ M,
where R? is the universal deformation of pgs. By Proposition 6.14, we get W (M) = V(Py) @ M,

so it remains to show that V(M) =V (Py)®r M. By definition and [Pasl3, Lemma 5.53], we
have
V(M) =V (M")"(e€) = (M &RV (P))" () = Homp(V (Py), M)(e¢) = V(Py)*(e¢) ®r M,

and the result then follows since V(Py)*(e¢) =V (Pxy).

The proofs of the remaining cases are similar. Assume first that B is a generic principal
series or non-generic I block, and identify Fe and E. In both cases, arguing as in the case of
non-generic I in the proof of Lemma 6.16 and using Corollary 6.15, we have

W (M) = RHom(V*, V*) @ M 2 V(Py)*(e¢) ®p M.
As in the supersingular case, one then computes that V(M) 2 V(Py)*(e¢) ®r M to conclude.

This leaves the non-generic II case. The projective object Pif = Ps,v @ Py corresponds

to N :=Hom(Py, Piit) GRModet(E%), which carries a left action of E. Consider the Serre
subcategory of Modfgfc((’))% consisting of finite-dimensional representations, and take its closure

S under filtered colimits in Mong(O)%. Under the equivalence Modg{%((’))% = LModdiSC(E’%),
the quotient category Modgg((’))%/ S corresponds to LModgisc(£) under the functor

M~ Nz M

by the dual of [Pas13, Lemma 10.84, Corollary 10.85]. Since V and W both kill 15 (see the proof
of Lemma 6.16 for W), they factor through LModgis.(E). The proof that V=W then follows
the same pattern as above: since V and W factor through LModgisc(E), we may treat them as
functors on LModgisc(F) and conflate LModgise(F) with its image in LModgisc(Fsas) under the
right adjoint

M +— Hom$* (N, M).

Because N is a finitely generated F-module, this functor commutes with filtered colimits. Then
one computes that, for M € LModg,(F),
W (M) =Hom(V*, X ®p, Homp(N, M)) =Hom(V", X§ ®5 Homp(N, E) ®p M)
~Hom(V*,V*®r M) 2 Hom(V*, V") ®@p M,
and the formula extends to all M € LModgis.(E) since both sides commute with filtered col-

imits. As before, one computes that V(M)=V(Pyg)*(e() ®g M for LModgis.(E), and then
Corollary 6.15 finishes the proof as before. O

6.3 Recollections on p-arithmetic homology

In this subsection we recall p-arithmetic (co)homology in the adelic setting and its comparison
with arithmetic homology from [Tar23], and prove a formula computing completed homology as
a p-arithmetic homology group.

Let G be a connected reductive group over Q. In this subsection only, we set G = G(Q)) and
let X, be the Bruhat-Tits building of G' over Q,. We recall a few facts about X,, that we need.
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First, X, carries a left action of G and a G-invariant metric d; also, X, is contractible and any
two points in X, are connected by a unique geodesic?! [BT72, §2.5]. In particular, for a,b € Xp,
we may consider the renormalized geodesic j,p : [0, 1] = X, from a to b. Finally, given a compact
subgroup K, C G, there is a point o € X, which is fixed by all elements of .

We also need some considerations at co. Let G(R)™ denote the identity component of G(R)
and set G(Q)T=G(Q)NG(R)". We let Ko, CG(R)" be a maximal compact subgroup and
let A be the maximal Q-split torus in the center of G. Set Xoo = G(R)"/(A(R)" K«), and let
X be the Borel-Serre bordification of X, (see [BS73]), which carries a left action by G(Q)™.
Given a compact open subgroup K? C G(AP*), we define

X = G(Q) N\ Xoo x G(A®)/KP, X :=G(Q)"\X s x G(A®)/K?

and
%= G(Q) "\ Xow X X x G(A™)/K?, Ty i= G(Q)\Koc x X, x G(AT)/KP.

Here we equip G(A*°) with the discrete topology rather than its locally profinite topology, so that
the maps Xoo X G(A™®) — X, etc. are all covering maps. The action of G(Q)™" is always diagonal
(from the left) and KP acts by right translation on G(A>°) and trivially on the other components.
We remark that X, X, X, and X, all carry right actions of G, induced by right translation on
G(A™>). If Y is any topological space, we let Co(Y) denote the complex of singular chains of Y.
Since X o \ Xoo is the boundary of the topological manifold with boundary X ., the inclusion
Xoo = X oo is a homotopy equivalence. It follows that Ce(X) — Ce(X) and Ce(X,) — Co(X,)
are GG-chain homotopy equivalences. Moreover, they are also equivariant for the action of Hecke
operators away from p. Let us indicate this (standard) construction on Ce(X); the actions on the
other complexes are similar. We may think of X as the quotient of X’ := G(Q)"\ X x G(A>)
by the free action of K?. The natural map

Co(X,) ®Z[Kp] 7 — C.(X)

is then an isomorphism,?? and since Co(X’) carries a right action of G(A™) we get a (right)
Hecke action on Ce(X') by the standard recipe, cf. [Tar23, Lemma 2.6.1].

Let K, CG be a compact open subgroup. We recall the construction of a Hecke- and
K -equivariant chain homotopy equivalence between Co(X') and Co (X)) from [Tar23, §5.2]. First,
we have the projection map

[ Xoo X Xp X G(A™) = Xoo x G(A™),

which is G(Q)T x G(A™)-equivariant. Now choose a € X,,, which is fixed by all elements of K,
and consider the map

ha : Xoo X G(A®) = X0 X X, x G(A™)

given by hqo(z, g) = (2, gpa, g), where g, is the p-component of g. One checks directly that this is
G(Q)" x G(AP*>®) x Kp-equivariant. We see directly that f o h, is the identity. Moreover, the
map

Hy: Xoo X Xp X G(A™) x [0,1] = Xoo X X, x G(A™)

given by Ho(2,q,9,t) = (2,jga(t), g) is a G(Q)T x G(AP*°) x Kp-equivariant homotopy from
the identity to hq o f. It follows that f induces a Hecke- and K)-equivariant chain homotopy

21We recall that if (X, d) is a metric space and z,y € X, then a geodesic from z to y is an isometric embedding
f:10,d(x,y)] — X satisfying f(0) =z and f(d(z,y))=1y.

22Tn general, if X is a topological space with a free right action of a discrete group K, then Co(X/K) = Co(X) ®z(K]
Z. We use this without further comment.
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equivalence from C, (X)) to Ce(X'), with inverse (induced by) hy. We can then define p-arithmetic
(co)homology.

DEFINITION 6.18. Let M be a complex of left G-modules, and let N be a complex of right
G-modules.

(1) We define the p-arithmetic homology of M to be the homology H,(KP, M) of the complex
Co(KP, M) := Co(X,) @51 M.

(2) We define the p-arithmetic cohomology of N to be the cohomology H*(KP?, N) of the
complex C*(K?, N) := RHomyq(Ce (X)), N).

For completeness, we also recall the definition of arithmetic (co)homology.

DEFINITION 6.19. Let M be a complex of left Kj,-modules, and let N be a complex of right
Kp-modules. Set K = KPK),.

(1) We define the arithmetic homology of M to be the homology H.(K, M) of the complex
C.(K, M) = C.(X) ®é[Kp} M.

(2) We define the arithmetic cohomology of N to be the cohomology H*(K, N) of the complex
C.(K, N) = RHOHIZ[KP} (C.(X), N)

We make no assumption on the action of G on &), or K, on X, being free. If G acts freely
on X, then Co(A),) is a (bounded above) complex of free Z[G]-modules (this is true for K?
sufficiently small). Similarly, if K, acts freely on &, then Co(X) is a (bounded above) complex
of free Z[K,]-modules. When the actions are free, we use Co(KP, M) to denote the actual complex
Co(X}) ®z(q) M, and similarly for the other notations. Continue to set K = K?Kj,. We have the
following comparison, which is a special case of [Tar23, Proposition 5.2.2].

PROPOSITION 6.20. Let M be a complex of left Kp-modules and let N be a complex
of right Kp-modules. Then we have canonical Hecke-equivariant isomorphisms Co (K, M) =
Co(KP, Z|G] @gik,) M) and C*(K, N) = C*(K?, Homy g, |(Z[G], N)) in the derived category of
abelian groups (note that Z|G] is free over Z[K))).

Proof. These follow from the definitions, the chain homotopy equivalence Co(X},) — Co(X), and
standard manipulations/adjunctions. O

In particular, all arithmetic (co)homology groups occur naturally as p-arithmetic
(co)homology groups. Before discussing completed homology, we discuss finiteness properties
of arithmetic (co)homology.?? Choose K, small enough that the action on X is free. Then X is
a compact topological manifold with boundary, and hence may be triangulated. We fix such a
triangulation. Refining it if necessary, we pull it back to X’ to obtain a K-equivariant triangula-
tion of X. The corresponding complex CES(X) of simplicial chains is a bounded complex whose
terms are finite free Z[K,]-modules, and it is Kp-equivariantly chain homotopic to Cq(X). We
fix a K-equivariant chain homotopy equivalence Cy(X) — CP5(X). Given a left K,-module, we
write CPS(K, M) := CBS(Xx) ®z(k,] M. The formation of CBS(K, M) is obviously functorial in
M. We record the following lemma.

LEMMA 6.21. Assume that K, acts freely on X. Let (M;);c; be an inverse system of left
Kp-modules with inverse limit M. Then the canonical map Ce(K, M) —lim Co(K, M;) is a
chain homotopy equivalence. Moreover, if the M; are finite (as sets), then the induced map
H.(K,M)— m, H, (K, M;) is an isomorphism.

23p-arithmetic (co)homology satisfies similar finiteness properties by the main result of [BS76].
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Proof. Using the fixed chain homotopy equivalence C,(X)— CES(X) we have a commutative
square.

C’(Ka M) H@Z C’(Ka Ml)

| |

CBS (K, M) —lim, CBS (K, M;)

The vertical maps are chain homotopy equivalences. The lower horizontal map is an isomorphism
of complexes, since the terms in CP%(X) are finite free Z[K,]-modules. It follows that the upper

horizontal map is a chain homotopy equivalence, as desired. To prove the last part, note that we
have H, (1&1Z CBS(K, M) = lim, H,(CPS(K, M;)), since the terms in the complexes CPS (K, M;)
are finite (as sets). O

Let us now discuss completed homology. By definition, completed homology for G with tame
level KP (and Z,-coefficients) is

Q_H (KPK., Zy),

where K, runs over all compact open subgroups of G. It is a right Z,[G]-module. In fact, our goal

here is to prove that H,(KP)= H,(K?,Z,[G]) as right Z,[G]-modules, with the right Z,[G]-
module structure on H,(K?,Z,[G]) induced from the right Z,[G]-module structure on Z,[G]
itself. This is a p-arithmetic version of a theorem of Hill [Hil10], and is due to one of us (CJ)
and Guillem Tarrach.

From now on, fix K, C G acting freely on X'. We only consider compact open normal sub-
groups Kzla C K,; these are cofinal, so it suffices to consider only these. Write K' = K pKI’). The

G-action on H, (KP) may be described as follows. Let g € G. To simplify notation, if H C G(A>),
we set 9H := g~ 'Hg. The action of ¢ on X induces isomorphisms

Co(K', Zy) = Co(UK', Z.) (6.5)

given by the formula 0 @ A— 0g ® A. Taking the inverse limit at the level of homology, we get
the G-action on H,(K?). We may rewrite the left-hand side of (6.5) as

Co(K', Zp) = Co(X) @(i;) Lp = Co(X) D1ix,) Lp| Kp/ K] = Co (K, Zp[Kp /K7 ))
and similarly for the right-hand side. The action of g from (6.5) then becomes an isomorphism
Co(K, Zp[Kp/K;]) — Co(UK, Zp[ng/gK;/)])
given by 0 @ k+ 09 ® ¢~ 'kg. Now consider the isomorphism
Co(K, Zp[Kp]) = Co (UK, Zp[ K] (6.6)

given by 0 @ urog® g 'ug, for peZ,[K,]. Note that if g€ K, then this is equal to the
action of K, induced from the right Z,[Kp]-module structure on Z,[K,]. We have the fol-
lowing commutative square, where the horizontal maps are chain homotopy equivalences by
Lemma 6.21.

Co(K, Zp[Kyp]) Co(K, Zp[Kp/ Ky])

.

ColVK, [ K, ]) —= lim Cu(OK, Z,[ K, /9K
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The lemma also gives us that H.(K,Zy[K,]) = H.(K?). By Proposition 6.20, we have chain
homotopy equivalences Cy(KP, Zy[G]) = Co(K, Zp[Kp]) and C(KP, Zy[G]) = Co(V K, Zp[ Kp)).
Tracing through the definitions, it is tedious but straightforward to show that the ‘action’ of g
from (6.6) is the natural right action of g on Cy(KP?, Z,[G]) (up to chain homotopy equivalence).
We state our conclusion in the following result.

PROPOSITION 6.22. The complex Co(K?, Z,[G]) with its natural right Z,[G]-module structure
(and Hecke action) computes H,(KP) with its right Z,]|G]-module structure (and Hecke action).

Remark 6.23. We note that Ce(X)) ®zq) Zp[G] = Ce (X)) ®§[G] Zp[G], regardless of whether G
acts freely on X, or not, so it makes sense to talk of C\(K?,Z,[G]) as a specific complex and
not ‘just’ an object in a derived category. Indeed, for K, as above, we see that

Co (%) ®F101 Zp[G = Co(Xy) @5 ZIG) @i ) Lol Kp] == Co(Xy) g Zp[ K-
The right-hand side is equal to Ce (X)) ®z(x,) Zp[K)p] since K), acts freely on X}, and this is just
C-(Xp) ®Z[G] Zp[[G]]-

Let us now work over O. In light of the remark above, we may set

Co := Co(AXp) ®zc1 OIGT;

this computes completed homology H,(K?, ©) = H,(KP) ®z, O with coefficients in O. By the

construction in [GN22, §2.1.10], the unramified Hecke action on C,, viewed as endomorphisms
in the derived category, factors through the action of a ‘big’ Hecke algebra T = T(KP?). The
following result shows that completed homology is universal for p-arithmetic (co)homology of
O[G]-modules.

PROPOSITION 6.24. Let M be a complex of left O[G]-modules, and let N be a complex of right
O[G]-modules.

(1) We have Co(KP, M) C, ®é|[G]I M . Moreover, the unramified Hecke action factors through
a homomorphism T — End p(vioq(0)) (Ce(K?, M)).

(2) We have C*(KP,N)= RHomO[G]I(é., N). Moreover, the unramified Hecke action factors
through a homomorphism T — End poq(0)) (C*(K?, N)).

Proof. We prove the first part; the second is similar. The formula for Ce(K?, M) follows from
the computation

Co(KP, M) = Co(X) @71y M = (Co(Xy) @161 O[G]) @61 M

(which relies on Remark 6.23) and the statement about the Hecke action follows directly from
the formula. O

6.4 The local—global formula

We now prove a formula for p-arithmetic homology of modular curves as the global sections of a

sheaf on the moduli stack of global Galois representations. Let r : I'g — GL2(F,) be a continuous
representation. If £ is any prime (including p), we write r, for 7|r,,. We assume that r satisfies
the following hypotheses:

(1) detr =w;
(2) rp is indecomposable, and not a twist of an extension of the form 0 — w —r, =1 0;

(3) if ry is ramified for some ¢ # p, then £ is not a vexing prime in the sense of [Dia97];
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(4) 7|rg,, has adequate image (in particular, r is irreducible), in the sense of [Thol2,
Definition 2.3].

In particular, r is odd and hence modular [KW09a, KW09b, Kis09], and we are in the setting
of [CEGT18, §7] (except that we have a fixed determinant) and [GN22, §5] (except that we
allow twists of extensions of w by 1). The reason for our local assumptions is so that r, admits
a universal deformation ring and we can work over a formally smooth quotient of the universal
lifting ring for r; at ramified primes [ # p.

Let N be the prime-to-p Artin conductor of r. We let R, denote the deformation ring of
rp with determinant €. We let Rg n denote the deformation ring of deformations of r with
determinant ¢ which are minimally ramified at all primes ¢ # p. We remark that, by [AC14,
Theorem 1], the natural map R, — Rg v is finite.

We consider arithmetic and p-arithmetic (co)homology for G = PGL, /@ as recalled in § 6.3,
with tame level KV(N)C PGLy(ZP) (consisting of matrices whose bottom row is congruent to
(01) modulo N and modulo center). When setting out our conventions and simplifications of
notation we only explicitly mention homology, but the analogous conventions are in place for
cohomology as well. We write G® for PGL2(Qp). We only consider p-arithmetic homology of
left O[G*]-modules o (or complexes of such), and to simplify the notation we write H,(N, o)
for H.(K¥(N), o). Similarly, we write H,(N, Q) for completed homology of tame level K7(N)
and O-coefficients. Consider the big Hecke algebra T as in [GN22, §2.1.10]. The representation
r defines a maximal ideal of T, which we denote by m, and we have a surjection Rg n — Tn.
The localized completed homology j:I*(N , O)m is concentrated in degree 1, and is a faithful
Tw-module [GN22, Lemma 3.4.20]. Since the homology is isomorphic to étale homology, we
also have an action of I'g on H.(N, O) and H,(N, O)n. Let 7"V : Tg — GL2(Rg, n) denote the
universal deformation. As in § 6.1, we let 7 be the admissible G®-representation corresponding
to 7, and we let P be the projective envelope of m¥. We then have the following description of
completed homology.

THEOREM 6.25. We have an isomorphism ﬁl(N, O)m = P ®p, Y of Ro n[G2 x Tg)-
modules.

Proof. This is essentially [CEGT18, Theorem 7.4], but with fixed central character and the
added observation that R, — Rg y is finite, so we do not need a completed tensor product. The
difference is that, in the setting of [CEG'18] (but with our notation), detr =w=!. Thus, our
deformation problem is obtained from theirs by tensoring with e. If we denote their universal
deformation by p"™V, then this means that
,runiv — puniv Re= (puniv)*,

where (—)* denotes the Rg y-linear dual, since det p""V =¢~! (and we are dealing with two-
dimensional representations). This explains why the dual occurs in [CEG'18] but not in our
formulation. O

To go further, we also need the following result, which appears to be new when r,, is a twist
of an extension of w by 1.

PROPOSITION 6.26. The map Rg n — Ty is an isomorphism of complete intersection rings, and
both rings have Krull dimension 3.

Proof. When 1, is not a twist of an extension of w by 1, this follows from [GN22,
Proposition 5.1.4]. We give a different proof that works uniformly for all cases. For this, we
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need the output of the patching construction from [CEGT18, §7], so we recall this briefly. At
the end of the patching procedure we have:

—rings O =O[y1, . .., Y] and Ro = Rp[x1, ..., x4] and a local ring map Oxe — Roo;

— a surjection Ry /aRs — Ro N, where a=(y1,...,¥q) € Ou;

— an Roo[G?]-module M, which lies in €(O)y;

— the action of Ry /aRs on My, /aMy factors through Ty, and we have an isomorphism

(Moo /aMso) @R (p")* =2 ﬁl(N7 O)m
of Rg n[G* x I'g]-modules.

Moreover, by the proof of [CEGT18, Theorem 7.4], Mo = PR®p Roo as Roo[G*!]-modules. In
addition, if K, is a sufficiently small compact open subgroup of G* then M, is a finitely
generated free Ouo[Kp]-module (this is essentially [CEGT16, Proposition 2.10]), and hence a
flat Os-module. We now prove that (the images of) y1,...,y, form a regular sequence in
Roo. For this, we need to check that the augmented Koszul complex Kg"8(y, ... ,Ygs Roo) 18
acyclic. Consider the (non-augmented) Koszul complex Ko(y1,...,Yq, Moo). Since yi,...,Y,
form a regular sequence in Ou, Ko(y1, ..., Yy, M) computes (O /a) ®éw M. Since M is
Ouo-flat, we conclude that the augmented Koszul complex Kq" ¢ (y1, .. ., yg, M) is acyclic. Now
apply Homg (o) (P, =) to K" (y1, ..., yg, Moo); this gives us the augmented Koszul complex

K?ug(yl) < Yg HOYHQ(()) (P7 Moo))
of Homg(p)(P, Mw). Since Homg (o) (P, —) is exact, this complex is acyclic. Moreover, we have
Home o) (P, Mo) = Homg (o) (P, PR R, Roc) = Roo

as Roo-modules, using that Endg (o) (P) = R,. So this is the augmented Koszul complex for R,
and hence y1, ...,y form a regular sequence in R as desired. Since Homg (o) (P, M) = Reo,
we have Home (o) (P, Moo) @R, Roo/0 o0 = Roo/aRs. But

HOHI@(O) (P, Moo) RR., ROO/CLROO = Home(@) (P, Moo/aMoo)

by exactness of Homg o) (P, —), and the action of Re/aR on the right-hand side factors through
Tw. It follows that R /aRe = Rg,n = T, proving that Rg y = T and that both are complete
intersections. Finally, the statement about the dimension of Rg x then follows as usual from the
known values of d, g, and the dimension of R,. O

We now rewrite the isomorphism of Theorem 6.25 using the material from §6.1. Let X, denote
the algebraization of the moduli stack of continuous I'g-representations with (semisimplified)
reduction r. Explicitly, we just have X, = [SpecRg n/p2]. We let B be the block corresponding
to r;°; we then freely use the objects and notation established in §6.1. Restriction to I'g, gives
us a morphism

f X, = Xy
which factors through the algebraic stack X,, = [SpecR,/pz]. Our goal now is to show that

F(X§ ®g, Ps) = (Ron ©r, P()L], (6.7)

where, as usual, we view quasicoherent sheaves on X, as Z/2-graded Rg n-modules. Let g : X, —
X, be the restriction map and let j: X, — X9 denote the open immersion. Then fl=g'oj
and j'=j*. By Propositions 6.9 and 6.11, we have 7 X5 Dy Py)=P(1), so it remains to
show that ¢'(P(1)) = (Rgn ®r, P(1))[1]. The map g is the descent (modulo ) of the finite
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map R, = Rg v, and the exceptional pullback D(R,,) = D(Rq, n) is given by
C— RHOH]RP(RQ,N, C),

as it is the right adjoint to pushforward. Note that Rg n is a perfect complex of R,-modules
since Rg v is a relative complete intersection over R,.2* Thus, the natural map

C ®% RHomp, (Rg N, Ry) = RHompg, (Rg,n, C)

is an isomorphism (since both sides are exact functors that commute with filtered colimits, it is
enough to check this for C' = R,). Since R, is a complete intersection of Krull dimension 4, R, is
a dualizing complex for R, and R,[—4] is a normalized dualizing complex. It then follows that
RHompg (Rg,n, Rp[—4]) is a normalized dualizing complex for Rg y (see [Stal8, Tag 0AX1]).
Since Ry n is a complete intersection of dimension 3, we deduce that RHompg (Rq N, Ry[—4]) =
Rg n[—3] by uniqueness of normalized dualizing complexes (over Noetherian local rings),
and hence RHomp (Ro,n, R,) = Ro n[1]. Thus, the exceptional pullback along R, — Rg n is
given by

C— C@]Lgp RQ’N[l].
Descending, it follows that ¢'(P(1)) = (Ro.n ®l%,, P(1))[1].

PROPOSITION 6.27. We have Rg N ®ﬁp P=RgnN®g, P, ie. Torﬁ” (Ro,n,P)=0 for i>1. In
particular, (6.7) holds.

Proof. If r, is not a twist of an extension of w by 1, then P is a flat R,-module; this follows
from [Pas13, Corollary 3.12] (the formalism of [Pas13, §3] applies by [Pas13, Propositions 6.1
and 8.3]). In general, one may argue as follows. Recall that the completed tensor product on the
category of compact R,-modules has derived functors, which we denote by '7'07“;Lz ?(—,—) (see
[Bru66]). We also denote the corresponding total derived functor by —@ép—, and we use similar
notation for other rings. Note that both Rg ny and P are compact R,-modules. Since Rg n is
finite over R, and R, is Noetherian, it follows that TorZRp (Ro,n, P) = Tor,LR "(Ro,n, P) for all 1.
In particular, it suffices to prove that TOT‘ZRP(RQ, N, P)=0 for all i > 1.

To do this, we use the notation and facts established in the proof of Proposition 6.26
freely. Since Ro/aRs = Ron and yi,...,y, is a regular sequence in R, the Koszul com-
plex Ko(y1,...,Yg, Roo) is a resolution of Rg n by finite free Roc-modules, hence by pro-free

R,-modules, so Ko(y1, ..., Yg, Roo@)}zpp) computes RQ’N@)épP. But Ke(y1,---, Y, Roo@)RpP)
also computes (Ooo/a)@)éoo(Roo@RpP), since y1,...,¥y, is a regular sequence in Oy. We have
Roo@f)RpP%Moo and we know that M, is a finite free Ox[K,]-module for small K, hence

a pro-free On-module. Tt follows that Tor®>(Ou/a, Ms) =0 for i >1, which finishes the
proof. O

We can now prove the following local-global formula, which is modeled on the statement of
[Zhu25, Conjecture 4.7.9] and [EGH25, Exp. Theorem 9.4.2]. Unsurprisingly, our proof is also
similar to the proof sketched in [EGH25]. Recall the functor Feyy from §6.1.

2Indeed, it is the quotient of Ro, by a regular sequence. In particular, the corresponding Koszul complex is a finite
resolution of Rg n by finite free Ro-modules, and hence by flat Rp-modules. It follows that the flat dimension
of Rg,n as an Rp-module is finite, and since R, is Noetherian this implies that Rg n~ has a finite resolution by
finitely generated projective R,-modules.
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THEOREM 6.28. Let o be a complex of left O[G*!]-modules.
(1) We have f'(Fext(0)) 2 (Rg,n ®r, P ®é|[Gad]] o)(1)[1] in Dgeon (%), functorially in o.
(2) We have Co(N,0)m = RI(X,, "V (1) ®p, [ (Fext(0))[~2]) in D(Rgn), functorially

in o.
(3) Ifo € D(Mod{i (O)ss), then we have Co(N, o) = RT (X, 7"V (1) ®py [ (Fuise(0))[—2])
in D(Rg n), functorially in o.

Here we use the notation Ce(N, o) for Co(KV(N),0), and we clarify that —(1) always
denotes a grading shift (and never a Tate twist). We also remark that »*V(1) is the universal
representation on X,.

Proof. We start with part (1). By definition, we have Fexi(0) = (X§ @5, P») ®é|[Gad]] o and by
our calculations in this subsection, we have f'(F) = f*(F)[1] for F € Dyeon(Xss). It follows that
F(Fexe(0) 2 f1(X5 Rp, 5) ®é|[Gad]l o= (RonN ®r, P ®é|[Gad]] o)(1)[1]

as desired, using (6.7). For part (2), we have
Co(N, 0)m = Hi(N, O)m[~1] ®(goa) 7 Z 7" (1) @Ry x Ro,n @r, P(1)[~1] @gea 0

by Proposition 6.24(1) and Theorem 6.25. Part (2) then follows from part (1) (note that global
sections of a quasicoherent sheaf on X, i.e. a Z/2-graded Rg y-module, is just the grade-0 part).
Finally, part (3) follows from part (2) and Proposition 6.4. O

From Proposition 6.20, we also get a formula for arithmetic homology. Using Poincaré duality,
we can get a formula for arithmetic cohomology. It would be more canonical to formulate it using
compactly supported cohomology, but since compactly supported cohomology agrees with usual
cohomology after localization at m, we can phrase it in terms of usual cohomology to avoid
introducing extra notation.

COROLLARY 6.29. Let K, C G?! be a compact open subgroup and let T be a left O[K,]-module.
Then we have

H' (KT (N)Ep, T = Hoi (X0, 7" (1) @, f (Fext (O[G™] @01, 7))
as Rg n-modules for all i, and both sides vanish if i # 1.

Proof. Vanishing on the left-hand side when i # 1 is well known, and vanishing on the right-hand
side follows from O[K]-flatness of P. The isomorphism then follows from Theorem 6.28(2) and
the general form of Poincaré duality for local systems; see e.g. [Bel21, Theorem I11.3.11]. O

Remark 6.30. Let o be a complex of left O[G*!]-modules. Proposition 6.24(1) equips Ce(N, o)
(and hence H,(N,o)m) with a I'g-action, functorial in o, via the action on H{(N,O) (even
though these are not even the homology of a manifold in general). With this I'g-action, the iso-
morphism in Theorem 6.28(2) is I'g-equivariant when the right-hand side is given the I'g-action
coming from V. When o = O[G*] ®o[Kk,] T for some profinite O[Kp]-module, this action
agrees with the usual one defined via the Artin comparison isomorphism with étale homology
(since the action on completed homology is defined via Artin comparison).

Remark 6.31. We have elected to use f' instead of f* in our formulas to get the shifts to match
up in Corollary 6.29, and because this is used in [EGH25, Conjecture 9.3.2, Exp. Theorem 9.4.2]
and in [Zhu25| (see e.g. Example 4.7.14 of [Zhu25]).
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Theorem 6.28 and Corollary 6.29 have many interesting special cases, including o=
0[G2] ROIK,] (Sym*~242)(det)>=%)/2 (or 7= (Sym*~242)(det)>~#)/2), for k>2 even® and
A any O-algebra. Other interesting cases involve taking ¢ to be a representation correspond-
ing to a two-dimensional mod p or p-adic representation of Gg, via the mod p or p-adic local
Langlands correspondence. We refer to [Tar25] for a direct approach in the mod p situation,
which does not use local-global compatibility for completed homology.

Finally, a different set of interesting coefficient systems are those appearing in the theory
of eigenvarieties. We spell this out for the eigenvarieties constructed in [Hanl7] (using locally
analytic functions instead of distributions) and [Tar23]. Consider the upper-triangular Borel
subgroup B2 C G* and its diagonal torus 7. We may then look at the moduli space 2
of continuous characters of 7% over L, as in e.g. [Tar23, Lemma 6.11]. For every open affinoid
U C Zpaa, let ki : T2 — O(U)* denote the corresponding character and let Ind de(/iU)la be the
locally analytic induction to G*d. Tarrach shows that the assignment

U — H, (N, Ind%s (kp)'?)

defines a (graded) coherent sheaf #H, on T2 which agrees with the coherent sheaf on the
eigencurve (implicitly) constructed using modules of locally analytic functions in [Hanl7]
(cf. [Tar23, §§6.3 and 6.4]). We can then obtain the following.

COROLLARY 6.32. With notation as above, we have
Hy(N, Tnd s (k)" m 2 Hy(X,, 7™V (1) @ g ! (Fext(IndFua (50)')) [~2])
for all i and all affinoid U (with both sides being 0 unless i=1) as Rg n ®o O(U)-modules.
Setting ./ =R lim Indg:j (ky)'®, the global sections of H, are
lim H. (N, Tnds (50)"*)m 2 Ho(N, A )i = Ho (X7, 7 (1) @y (Fest(4))[-2)),
U
viewed as an Rg ny ®o O(Z=a)-module.

Proof. We need to prove the isomorphism lim , H, (N, IndBad (ky)®)m = Hy(N, A ) ; the rest
follows from Theorem 6.28. It suffices to prove this before localizing at m. For simplicity,
set ///U:Indg:: (kp)'®. The complex Co(X,) ®0 L is a perfect complex of L[G®!]-modules
by [BS76, Theorem 6.2] (this shows that Ce(&,) is a perfect complex of O[G®!]-modules for
sufﬁciently small (K?)" < KP; taking K?/(KP)'-coinvariants gives the statement we need). So

Co RLU (N, ///U Since H.(N,.#y) form a coherent sheaf on Z7.a, we have
R I&n H (N, #y)=0 for all i > 1, and the hypercohomology spectral sequence then gives the
desired isomorphism lim  H, (N, M) = H.N, ). O

Remark 6.33. This can be viewed as a version of [EGH25, Conjecture 9.6.27] for G* (and after
localizing at m). With a few extra arguments (using [Pan25]), we expect that one can upgrade
this to an isomorphism of O(Spf(Rg, n)"8)®1O(Z7aq)-modules. Moreover, we expect that the
representation .# can be computed more explicitly in terms of the universal character of Z7aa.

Remark 6.34. We have used [CEG'16, Theorem 7.4] as the basis for our results here, but one
could also use the local-global compatibility results of [Emell] instead, and we expect that
similar arguments to the above would prove a different version of Theorem 6.28 that allows for
non-minimal ramification at places dividing N. The reason that we do not carry this out here is

25Since we have restricted ourselves to PGLs /@, we need to have k even.
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that the main extra work, compared with what we have done here, would be at the places ¢ | N,
which is orthogonal to the main subject of this paper. In that case, as remarked in [CEGT18,
Remark 7.2], one should work with infinite level at places dividing N as well, and consider
the universal deformation ring R(‘é‘:‘jg" for all continuous Gg, g-deformations of r (S is the set of
places dividing Np). On the automorphic side, this means looking at S-arithmetic homology, and
using coefficient systems that are (external) tensor products of O[G?d]-modules with modules
for the Hecke algebras H7° of compactly supported locally constant functions on PGL2(Qy), for
all £| N. The universal S-arithmetic homology group for these coefficient systems, in the sense
of generalizing Proposition 6.24, is completed homology with infinite level at primes ¢| N as
well.
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