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1. Introduction and statement of the main

results

The goal of this paper is to give a proof of the following theorem, which
may be regarded as an instance of Schinzel’s Hypothesis; it implies, in par-
ticular, a hypothesis introduced in a recent paper of the first author (see [2,
Hypothesis 4]).

Theorem 1. Let f0(~x) be a binary cubic form with integral rational coeffi-
cients irreducible in Z[~x]. For d ∈ Z and ~γ ∈ Z2, let the positive integer γ0 be
chosen so that f(~x) = γ−1

0 f0(~γ + d~x) is a primitive polynomial with integral
rational coefficients. Suppose, moreover, that no prime divides f(~a) for every
~a in Z2. Then the set f(Z2) contains infinitely many rational primes.

We shall use the technique developed in [3], and then applied in [4] to treat
a general binary cubic form; consequently, the reader is advised to familiarize
himself with the contents of those papers before studying the present one.
As in [3, 4], we shall actually obtain an asymptotic formula for the relevant
number of primes. Note that we cannot handle every binary cubic polynomial
which splits over Q̄. In particular our methods do not suffice to treat the
polynomial

NQ( 3√2, ~x)/Q(~x)(x1 + x2
3
√

2 +
3
√

4) = x3
1 − 6x1x2 + 2x3

2 + 4, ~x := (x1, x2).

The reasons for this failure are subtle - the Type I sums can be handled
satisfactorily, but not the Type II sums.
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In what follows, we shall retain the notational conventions introduced in
[4, § 1]. Let C,R,Q,Z, and N stand for the fields of complex, real, rational
numbers, the ring of rational integers, and the set of positive rational integers,
respectively. Let k be a cubic number field; as in [4], let o, I, P , and P denote
respectively the ring of integers of k, the monoid of integral ideals in k, the
set of rational primes, and the set of prime ideals in o. Given a sequence D
of rational integers and a sequence D of ideals in I, let Da = {c : c ∈ D, a|c}
and Da = {c : c ∈ D, a|c} for a ∈ N and a ∈ I. In formulae, we shall
sometimes use the abbreviation (a, b) := h.c.f.(a, b).

Let us fix a Z-submodule F of o of rank 2, an integer d in N, and a vector
~γ in Z2. As in [4], let F = {a1ω1 + a2ω2 : ~a ∈ Z2}, so that k = Q(θ0) with
θ0 := ω2ω

−1
1 . For ~u ∈ Z2, we shall sometimes write u = u1ω1 + u2ω2; in

particular, γ = γ1ω1 +γ2ω2. Let d = (γ, dω1, dω2) be the ideal in o generated
by dF and γ, and let

f(~x) = Nk(~x)/Q(~x)(γ + dx)Nd−1. (1.1)

Clearly, f(~x) ∈ Z[~x] and the polynomial f(~x) is irreducible inQ(~x); moreover,
it follows from the general theory (see, for instance, [7, chapter II]) that f(~x)
is a primitive polynomial. Let ε(f) denote the highest common factor of the
integer values {f(~a) : ~a ∈ Z2} of f . Write, for brevity, η := (logX)−c, where
c is a suitable positive constant defined as in [3, 4], and consider the square

I(X) := {~u : ~u ∈ R2, X < u1, u2 ≤ X(1 + η)}.

Let
π(f,X) := # {p : p ∈ P, p = f(~a), ~a ∈ I(X)}.

Let hf := d3N(d−1(ω1+ω2)), so that f(~a) = hfX
3(1+O(η)) for ~a ∈ I(X), cf.

[4, Lemma 2.3]. Without loss of generality, it may be assumed that hf > 0.
We can now state our main result.

Theorem 2. If ε(f) = 1, then

π(f,X) = σ1(f)
η2X2

3 logX
{1 +O((log logX)−1/6)} (1.2)

as X →∞, with σ1(f) > 0 given by (3.1).

Theorem 1 follows from Theorem 2 because the polynomial f considered
in Theorem 1 may be defined by an equation of the form (1.1).

Remark 1. In [4, § 2] it has been observed that ε(f0) ∈ {1, 2} and
that if ε(f0) = 2, then f0(~x) = 2g(~y), where x1 = 2y1, x2 = y2, and g is a
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binary cubic form irreducible in Z[~y] with ε(g) = 1. It will be shown here (see
Lemma 2.4) that ε(f) ∈ {1, 2, 3, 6} and, moreover, ε(f) = ε(f0) if h.c.f.(6,
d)=1.

As an application of our theorem we have the following results about
rational points on cubic surfaces. We remark that unconditional results of
the type given by Corollary 1.2 are few and far between.

Corollary 1.1 Suppose that a1, a2, a3, a4, a5 are integers coprime to 3, and
assume that none of them is divisible by the square of any prime p = 2
mod 3. Then if

5∑
i=1

aix
3
i = 0

has non-zero p-adic solutions for every p, it will have non-zero integral solu-
tions, providing that the Selmer Conjecture holds.

Proof. This follows from [2, Theorem 4], since Hypothesis 4 introduced in
[2] is a special case of Theorem 2 stated above.

Remark 2. For precise formulation of the Selmer (Parity) Conjecture
see [2, Hypothesis 1].

Corollary 1.2 Let a and b be coprime rational integers satisfying one of the
following congruence conditions:

a or b = ±2 or ± 3 (mod 9), (1.3)

or
a = ±b (mod 9). (1.4)

Then there is a nontrivial rational point on the surface

x3
0 + 2x3

1 + ax3
2 + bx3

3 = 0.

Proof. The result is trivial if a/b is a rational cube. Otherwise the corol-
lary will be an easy consequence of our theorem and a result of Satgé [6,
Proposition 3.3]. The latter states that the curve

x3
0 + 2x3

1 = pZ3

has a non-trivial rational point for any prime p = 2 (mod 9). Under the
hypotheses of the corollary we can find integers a0, b0 such that either aa3

0 +
bb30 = 2 (mod 9), in the case of (1.3), or 27|aa3

0 + bb30 and (aa3
0 + bb30)/27 = 2

(mod 9) in case (1.4). If we choose

f(x, y) = a(a0 + 3x)3 + b(b0 + 3y)3
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or

f(x, y) =
a(a0 + 81x)3 + b(b0 + 81y)3

27

in the two cases, our Theorem 2 produces a prime p = f(x, y); by construction
p = 2 (mod 9), and the result follows.

Remark 3. The reader will note that neither Corollary 1, nor Corollary
2 can be deduced from our previous results on representation of primes by
binary cubic forms obtained in [4]. In both cases the applications require
congruence conditions on the primes to be represented.

2. Some subsidiary estimates

As in [4], let θ = θ0N(ω1(ω1, ω2)
−1); write i(θ) = (o : Z[θ]). From now

on we shall assume, without loss of generality, that h.c.f.(γ1, γ2, d) = 1 and
let C = i(θ)N(ω1ω2)d. For ~u ∈ Z2, let Au(γ) := (γ + ud)d−1, so that
f(~x) = Nk(~x)/Q(~x)Ax(γ). Let

A = {Aa(γ) : ~a ∈ I(X) ∩ Z2, h.c.f.(γ1 + a1d, γ2 + a2d) = 1}.

Let further

R = {R : R ∈ I, µ(R)2 = 1, µ(
NR

N((R,C))
)2 = 1}.

By [4, Lemma 2.2] (cf. also [3, Lemma 3.1]), if pi|B, pi|p, pi ∈ P , i = 1, 2,
for some B in A and some p in P and if p is non-singular, that is if p does
not divide i(θ)N(ω1ω2), then p1 = p2 and Np1 = p. Therefore, as it has been
remarked in [4, p.261],

({R : R ∈ I, µ(R)2 = 1} ∩ A) ⊆ R.

Let A = {Na | a ∈ A}, then

A = {f(~a) : ~a ∈ I(X) ∩ Z2, h.c.f.(γ1 + a1d, γ2 + a2d) = 1}.

For R ∈ R, let r := NR and

σ(R,X; γ, ~β) = # {~u : ~u ∈ Z2 ∩ I(X, ~β), R|Au(γ)}, (2.1)

where I(X, ~β) := {~u : ~u+ ~β ∈ I(X)}, so that I(X) = I(X, ~0). Further, let

m(R, γ) = {~u : ~u ∈ Z2, ~u mod r, R|Au(γ)},
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m(R, γ) =
1

r
# m(R, γ),

and
σ0(R, a; γ) =

∑

~u∈m(R,γ)

er(~a~u),

so that

m(R, γ) =
σ0(R, 0; γ)

r
.

As in [3, pp.28-29] and [4, p.261], it follows that

σ(R,X; γ, ~β) = r−2
∑

~a mod r, ~x∈I(X, ~β)

~u∈m(R,γ)

er(~a(~u− ~x))

and therefore

σ(R,X; γ, ~β) = r−2
∑

~a mod r

~x∈I(X, ~β)

σ0(R, a; γ)er(−~a~x). (2.2)

Lemma 2.1. The sum σ0(R, a; γ) is weakly multiplicative, that is

σ0(ST, a; γ) = σ0(S, a; γ)σ0(T, a; γ)

as soon as h.c.f.(Nk/QS,Nk/QT ) = 1.

Proof. Suppose that h.c.f.(Nk/QS,Nk/QT ) = 1. By the Chinese Remain-
der Theorem,

m(ST, γ) = m(S, γ)×m(T, γ).

The assertion of the lemma follows from this relation and the definition of
σ0(R, a; γ).

By definition,

AR = {Aa : ~a ∈ I(X) ∩ Z2, h.c.f.(γ1 + a1d, γ2 + a2d) = 1, R|Aa(γ)}.
For R ∈ R, let

[AR] :=
η2X2m(R, γ)

r

∑

(δ,d)=1, δ∈N

µ(δ)

δ2
· N((R, δ))

m((R, δ), γ)
, (2.3)

and let
# AR = [AR] + ρ1(R,X). (2.4)
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Lemma 2.2. For any positive integer l, there is a constant c(l) such that
∑

Q<NR≤2Q

R∈R

τ(R)l|ρ1(R,X)| ¿ (Q+XQ1/2 +X3/2)(logQX)c(l).

Proof. Clearly,

# AR =
∑

δ∈N
µ(δ)# A(δ)

R , (2.5)

where

A(δ)
R := {~a : ~a ∈ I(X) ∩ Z2, δ|h.c.f.(γ1 + a1d, γ2 + a2d), R|Aa(γ)}.

Since h.c.f.(γ1, γ2, d) = 1, the summation in (2.5) may be restricted by the
condition h.c.f.(δ, d) = 1.

Suppose that R ∈ R and let R
(δ)
1 = R

(R,δ)
for δ ∈ N. It follows from

Lemma 2.1 that
m(R, γ) = m((R, δ), γ)m(R

(δ)
1 , γ). (2.6)

Assuming further that h.c.f.(δ, d) = 1 and µ(δ)2 = 1, let ~β(δ) be defined by
the conditions:

δ|(~γ + ~β(δ)d), 0 ≤ β
(δ)
1 , β

(δ)
2 < δ.

It can be easily seen that

m(R
(δ)
1 , γ) = m(R

(δ)
1 ,

γ + β(δ)d

δ
). (2.7)

On substituting equations (2.6) and (2.7) in (2.3), one obtains

[AR] :=
η2X2

r

∑

(δ,d)=1, δ∈N

µ(δ)

δ2
m(R

(δ)
1 ,

γ + β(δ)d

δ
)N((R, δ)). (2.8)

Moreover, equation (2.5) may be rewritten as follows

# AR =
∑

δ∈N, (δ,d)=1

µ(δ)# B(δ)
R ,

where

B(δ)
R := {~b : ~b ∈ I(X

δ
,
~β(δ)

δ
) ∩ Z2, R|δAb(

γ + β(δ)d

δ
)}.

In view of (2.1), this gives

# AR =
∑

δ∈N, (δ,d)=1

µ(δ)σ(R
(δ)
1 ,

X

δ
;
γ + β(δ)d

δ
,
~β(δ)

δ
). (2.9)
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As in [3, p.29] and [4, p.261], it follows from (2.2) that

σ(R,X; γ, ~β) =
η2X2m(R, γ)

r
+ ρ(R,X; γ, ~β), (2.10)

with

ρ(R,X; γ, ~β) = r−2
∑

~a mod r, ~a6=~0

~x∈I(X, ~β)

σ0(R, a; γ)er(−~a~x) +O(
Xm(R, γ)

r
).

In view of (2.8) and (2.9), we conclude that (2.4) holds with

ρ1(R,X) =
∑

δ∈N, (δ,d)=1

µ(δ)ρ(R
(δ)
1 ,

X

δ
;
γ + β(δ)d

δ
,
~β(δ)

δ
). (2.11)

Since m(S, γ) = 1 as soon as h.c.f.(S,C) = 1, it follows from (2.6) that
m(R, γ) = m((R,C), γ) = O(1). Therefore

ρ(R,X; γ, ~β)) = Σ0 +O(
X

r
), (2.12)

with
Σ0 = r−2

∑

~a mod r, ~a6=~0

~x∈I(X, ~β)

σ0(R, a; γ)er(−~a~x).

Let
Σ1 =

∑

Q<NR≤2Q

R∈R

τ(R)l|ρ(R,X; γ, ~β))|.

It follows from (2.12) that

Σ1 ¿ Σ11 +O(X(logQ)c(l)), (2.13)

where
Σ11 :=

∑

Q<NR≤2Q

R∈R

τ(R)A|Σ0|.

Clearly,

|Σ0| ≤ r−2
∑

~a mod r, ~a6=0

|σ0(R, a; γ)| |
∑

~x∈I(X, ~β)

er(−~a~x)|;
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therefore it follows from Lemma 2.1 that

|Σ0| ¿
∑

~a∈Π1

fX(R, a; γ),

where

fX(R, a; γ) :=
|σ0(R1, a; γ)|

r2
min{X, r

|a1|}min{X, r

|a2|}, R1 :=
R

(R,C)
,

and
Π1 = {~a : ~a ∈ Z2, ~a 6= 0, |a1|, |a2| ≤ r/2},

cf. [4, (3.6)]. This gives
Σ11 ¿ Σ12 + Σ13, (2.14)

with
Σ1j =

∑

Q<r≤2Q

R∈R, ~a∈Πj

τ(R)lfX(R, a; γ), j = 2, 3,

where

Π2 = {~a : ~a ∈ Π1, a1a2 = 0}, Π3 = {~a : ~a ∈ Π1, a1a2 6= 0}.

As in [3, p.30] and [4, p.262], it follows that

Σ12 ¿ X
∑

0<a≤Q

1

a

∑

Q<r≤2Q

R1|a

τ(R)l ¿ X
∑

0<a≤Q

τ(a)c1(l)

a
;

thus
Σ12 ¿ X (logQ)c(l). (2.15)

Clearly,

Σ13 ≤
∑

Q<r≤2Q

R∈R, ~a∈Π3

τ(R)l |σ0(R1, a; γ)|
|a1a2| .

Suppose that p ∈ R, Np = p, p ∈ P , and C 6= 0 mod p, then

|σ0(p, a; γ)| = |
∑

~u mod p, p|γ+ud

ep(~u~a)| = |
∑

~v mod p, p|v
ep(~v~a)|.
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Therefore the scaling argument in [3, § 5; 4, § 3] shows that

σ0(R1,~a; γ) 6= 0 ⇒ a2ω1 = a1ω2 mod R1,

cf. [4, (3.7)]. This gives

Σ13 ≤
∑

Q<r≤2Q

R∈R, ~a∈Ω

τ(R)l |σ0(R1, a; γ)|
|a1a2| ,

where

Ω = {~a : ~a ∈ Z2, 1 ≤ |a1|, |a2| ≤ Q, a2ω1 = a1ω2 mod R1};

since
|σ0(R1, a; γ)| ¿ m(R1, γ)r ¿ Q,

it follows that

Σ13 ≤ Q
∑

Q<r≤2Q

R∈R, ~a∈Ω

τ(R)l

|a1a2| .

Thus
Σ13 ¿ Q (logQ)c(l), (2.16)

as in [3, p.30] and [4, pp.262-263]. Relations (2.13-16) give

Σ1 ¿ (X +Q) (logQ)c(l). (2.17)

Let
Σ2 =

∑

Q<NR≤2Q

R∈R

τ(R)l|ρ1(R,X)|

and

gX(R, δ; γ) := |ρ(R(δ)
1 ,

X

δ
;
γ + β(δ)d

δ
,
~β(δ)

δ
)|.

In view of (2.11),

Σ2 ≤
∑

Q<r≤2Q

R∈R, δ∈Ω1

τ(R)lgX(R, δ; γ), (2.18)
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where
Ω1 := {δ : δ ∈ N, h.c.f.(δ, d) = 1}.

For ∆ > 0, let

Ω+
1 := {δ : δ ∈ Ω1, δ > ∆}, Ω−

1 := Ω1 \ Ω+
1 .

It follows from (2.18) that

Σ2 ≤ Σ21 + Σ22, (2.19)

where
Σ21 =

∑

Q<r≤2Q

R∈R, δ∈Ω+
1

τ(R)lgX(R, δ; γ)

and
Σ22 =

∑

Q<r≤2Q

R∈R, δ∈Ω−1

τ(R)lgX(R, δ; γ).

Further, it follows from (2.10) that

Σ21 ≤ Σ23 + Σ24, (2.20)

with

Σ23 =
∑

Q<r≤2Q

R∈R, δ∈Ω+
1

τ(R)lσ(R
(δ)
1 ,

X

δ
;
γ + β(δ)d

δ
,
~β(δ)

δ
)

and

Σ24 =
∑

Q<r≤2Q

R∈R, δ∈Ω+
1

τ(R)l η2X2

δ2NR
(δ)
1

m(R
(δ)
1 ,

γ + β(δ)d

δ
).

Since m(R, γ) = O(1), we have

Σ24 ¿ η2X2
∑

Q<r≤2Q

R∈R, δ>∆

τ(R)lN((R, δ))

δ2NR
.

The argument proceeds as in [4, p.264]. One first obtains the following
estimate

Σ24 ¿ η2X2∆−1(logQ)c(l). (2.21)
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Then we let

R0 := h.c.f.(R,C), R = R1R0, A1 = h.c.f.(R1, δ), R1 = A1A2

and conclude that

Σ23 ¿
∑

δ∈Ω+
1 , NA1|δ

τ(A1)
lΣ25(A1), (2.22)

where

Σ25(A1) =
∑

Q<N(A1A2R0)≤2Q

τ(A2)
lσ(A2,

X

δ
;
γ + β(δ)d

δ
,
~β(δ)

δ
).

Moreover, the definition (2.1) of σ(R,X; γ, ~β) shows that, as in [4, p.264],
one may apply relation [4, (3.8)] to obtain the following upper bound:

Σ25(A1) ¿ X2δ−2(logX)c1(l).

Therefore (2.22) gives

Σ23 ¿
∑

δ>∆, NA1|δ
τ(A1)

lX2δ−2(logX)c1(l);

thus
Σ23 ¿ X2∆−1(logX)c(l). (2.23)

On the other hand (cf. [4, p.264]),

Σ22 ¿
∑

δ∈Ω−1 , NR1|δ
τ(R)lΣ26(R), (2.24)

with

Σ26(R) =
∑

Q<N(RS)≤2Q,

RS∈R

τ(S)l|ρ(S, X
δ

;
γ + β(δ)d

δ
,
~β(δ)

δ
)|.

It follows from the relations (2.24) and (2.17) that

Σ22 ¿
∑

δ≤∆, NR1|δ
τ(R)l(

X

δ
+

Q

NR
)(logQ)c2(l);

where in the above notation R = R1R0. As in [3, § 5], this gives

Σ22 ¿ ∆(X +Q)(logQ)c(l) (2.25)
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for ∆ ¿ X. Put
∆ = 1 + min{X1/2 , XQ−1/2};

the asserted estimate

Σ2 ¿ (Q+XQ1/2 +X3/2)(logQX)c(l)

follows from relations (2.19)-(2.21), (2.23), and (2.25). This concludes the
proof of Lemma 2.2.

Let now
[Aq] = µ(q)

∑

R|q, q|NR

R∈R

µ(R) [AR] (2.26)

and
ρ2(q,X) = µ(q)

∑

R|q, q|NR

R∈R

µ(R)ρ1(R,X)

for q ∈ N.

Lemma 2.3 If µ(q)2 = 1, then

# Aq = [Aq] + ρ2(q,X); (2.27)

moreover, for any positive integer l, there is a constant c(l) such that
∑

Q<q≤2Q

τ(q)Aµ(q)2|ρ2(q,X)| ¿ (Q+XQ1/2 +X3/2)(logQX)c(l). (2.28)

Proof. As in [3, pp.32-33] and [4, p.265], assuming q be square-free, we
deduce from the identity

µ(q)
∑

R|A, R|q
q|NR

µ(R) =

{
1, q|NA,
0, otherwise

that
# Aq = µ(q)

∑

R|q, q|NR

R∈R

µ(R) # AR.

Therefore equation (2.27) follows from (2.4). The estimate (2.28) follows
from Lemma 2.2 in exactly the same way as the corresponding estimate in
[4, Lemma 3.3].
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Let

ζd(s) = ζ(s)
∏

p∈P, p|d
(1− 1

ps
)

for s ∈ C. As in [3, p.5] and [4, p.266], let νp := {p : p ∈ P , Np = p} stand
for the number of prime ideals of the first degree in k lying above p.

Lemma 2.4 There are a multiplicative function Γ(q) and a positive real
number c0 satisfying the following conditions:
(i) 0 ≤ Γ(p) ≤ 1 for p ∈ P ;
(ii) 1− Γ(p) ≥ c0 as soon as p > 3, p ∈ P ;
(iii) if µ(q)2 = 1, then

[Aq] =
η2X2

ζd(2)
Γ(q). (2.29)

(iv) if C 6= 0 mod p, then

Γ(p) =
νp

p+ 1
.

Moreover, ε(f) ∈ {1, 2, 3, 6} and

1− Γ(p) = 0 ⇔ p|ε(f)

for p = 2, 3.

Proof. Let R ∈ R. Since m(R, γ) = m(R0, γ), it follows from the definition
(2.3) that

[AR] =
η2X2

ζd(2) NR
m̃(R, γ) (2.30)

with

m̃(R, γ) = m(R0, γ)
∏

p∈P0(R, d)

(1− 1

p2
)−1(1− N((R, p))

p2m((R, p), γ)
), (2.31)

where
P0(R, d) = {p : p ∈ P, p|NR, d 6= 0 mod p}.

On letting

Γ(q) = µ(q)
∑

R|q, q|NR

R∈R

µ(R)

NR
m̃(R, γ),

one deduces equation (2.29) from relations (2.26) and (2.30). Clearly,

Γ(q) =
∏

p∈P, p|q
Γ(p)
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and

Γ(p) = −
∑

R|p, p|NR

R∈R

µ(R)

NR
m̃(R, γ) (2.32)

for p ∈ P . Let
b(R) := p2m(R, γ)NR−1 (2.33)

and note that

b(R) = # {~u : ~u ∈ Z2, 0 ≤ u1, u2 < p, R|Au(γ)}, (2.34)

if R|p, p ∈ P ; in particular, b(1) = p2. One concludes from (2.34) that

∑

R|p
µ(R)b(R) = # {~u : ~u ∈ Z2, 0 ≤ u1, u2 < p, h.c.f.(Au(γ), p) = 1}.

(2.35)
Suppose first C 6= 0 mod p. Then

Γ(p) =
νp

p+ 1

and, consequently, 0 ≤ Γ(p) ≤ 3/4 for p ∈ P since ν2 ≤ 2 when 2 does not
divide i(θ) (cf. [5]).

Suppose now that p|C but d 6= 0 mod p; then it follows from (2.31-33)
that

Γ(p) =
1

1− p2

∑

R|p, R 6=1

R∈R

µ(R)(b(R)− 1).

Since b(1) = p2, the last equation may be rewritten as follows:

Γ(p) =
1

1− p2

∑

R|p
µ(R)b(R) + 1.

Moreover, since d 6= 0 mod p, it follows from (2.35) that

∑

R|p
µ(R)b(R) = # {~u : ~u ∈ Z2, 0 ≤ u1, u2 < p, h.c.f.(Ãu(γ), p) = 1},

where
Ãu(γ) := (u1ω1 + u2ω2)(h.c.f.(ω1, ω2))

−1.

Hence Γ(p) depends neither on d, nor on γ, if p does not divide d; therefore
all the assertions of the lemma follow from [4, Lemma 3.4] in this case.

14



Let now p|d, then it follows from (2.31) that m̃(R, γ) = m(R0, γ) for R|p;
therefore equation (2.32) may be rewritten as follows:

Γ(p) = −
∑

R|p, p|NR

R∈R

µ(R)
m(R, γ)

NR
,

or

1− Γ(p) =
1

p2

∑

R|p
µ(R)b(R). (2.36)

Hence 0 ≤ 1− Γ(p) ≤ 1, in view of (2.35); this proves (i). Let

d = pµ0d0, p = peq, γ = pµ1b1, h.c.f.(ω1, ω2) = pµ2b2

with p ∈ P , d0b1b2q 6= 0 mod p. Then h.c.f.(Au(γ), p) = 1 unless µ1 ≥
eµ0 + µ2; moreover, if µ1 ≥ eµ0 + µ2, then

# {~u : ~u ∈ Z2, 0 ≤ u1, u2 < p, p|Au(γ)} ≤ p.

Hence

# {~u : ~u ∈ Z2, 0 ≤ u1, u2 < p, h.c.f.(Au(γ), p) 6= 1} ≤ 3p;

therefore it follows from (2.35) and (2.36) that

1− Γ(p) ≥ 1− 3

p
> 0

for p > 3; this proves (ii). Moreover, it is clear also that Γ(p) = 1 if and
only if h.c.f.(Au(γ), p) 6= 1 for every ~u in Z2. Thus ε(f) is divisible by no
prime p > 3. An analogous argument shows that ε(f) is square-free. This
completes the proof of Lemma 2.4.

3. The sieve bounds

As in [4, (3.17)], let

σ(f) =
∏
p∈P

(1 +
1

p
)(1− Γ(p));

in view of Lemma 2.4(iv), the product σ(f) converges (cf. [4, Lemma 3.4]).
Let

σ1(f) = σ(f)
∏

p∈P, p|d
(1− 1

p2
)−1, (3.1)
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hf0 = f0(1, 1), hf = d3hf0 , and κ = σ1(f)η(hfX)−1. In what follows, it will
be assumed that σ(f) 6= 0 (and therefore κ 6= 0).

Let
B = {A : A ∈ I, hfX

3 < NA ≤ hfX
3(1 + η)},

and B = {NA : A ∈ B}. Write, for brevity, τ := (log logX)−1/6. The
asymptotic formula (1.2) of Theorem 2 is equivalent to the following estimate
to be proved along the lines of [3, 4]:

π(A) = κπ(B) +O(
η2X2

logX
τ). (3.2)

Lemmata 3.5, 3.6, and 4.1 in [4] can be taken over verbatim. Let us prove
the analogue of [4, Lemma 4.2] (cf. also [3, Lemma 3.5]). We adopt the sieve
notation introduced in [4, § 4].
Lemma 3.1 We have

∑
0≤n≤n0

|T (n)(A)− κT (n)(B)| ¿ τ
η2X2

logX
.

Proof. Without loss of generality, it may be assumed that

p ≥ Xτ ⇒ C 6= 0 mod p. (3.3)

Let

j(q) = µ(q) q
∑

R|q, q|NR

µ(R)

NR
= q

∏

p∈P,p|q
(1−

∏

p∈P,p|p
(1− 1

Np
)),

cf. [4, Lemma 3.6]. Equation [4, (4.9)] gives

T (n)(B) = φ(k)hfηX
3

∏
p<Xτ

(1− j(p)

p
)Σ

(n)
5 {1 +O(exp(−τ−1))}

+O(X3−τ/3), (3.4)

where φ(k) stands for the residue of the zeta-function ζk(s) of k at s = 1 (cf.
[4, p.258]) and

Σ
(n)
5 =

∑

Xτ≤pn<...<p1<X1−τ

p1...pn<X1+τ

j(p1 . . . pn)

p1 . . . pn

.

In view of (3.3), it follows from [4, Lemma 2.2] that

S(Aλ(~p), X
τ ) = S(Ap1...pn , X

τ )

16



for ~p ∈ Jn(A) with Npi = pi, pi ∈ P, 1 ≤ i ≤ n, and λ(~p) =
∏n

i=1 pi.
Therefore

T (n)(A) =
∑

Xτ≤pn<...<p1<X1−τ

p1...pn<X1+τ

S(Ap1...pn , X
τ ), T (0)(A) = S(A, Xτ ). (3.5)

By the ‘Fundamental Lemma’, [1, Theorem 7.1], with ‘ω(p)’= pΓ(p), ‘X’=
η2X2

ζd(2)
, ‘ξ’=X1/6, and ‘z’= Xτ , it follows from Lemmata 2.3 and 2.4 that

S(Aq, X
τ ) = M(q){1 +O(exp(−τ−1))}+O(E(q)),

where

M(q) = Γ(q)
∏

p<Xτ

(1− Γ(p))
η2X2

ζd(2)

and
E(q) =

∑

δ<X1/3

p|δ⇒p<Xτ

µ(δ)2τ(δ)2|ρ2(qδ,X)|.

This gives

T (n)(A) =
η2X2

ζd(2)

∏
p<Xτ

(1− Γ(p))Σ
(n)
4 (1 +O(exp(−τ−1)))

+ ρ3(X) (3.6)

with
Σ

(n)
4 =

∑

Xτ≤pn<...<p1<X1−τ

p1...pn<X1+τ

Γ(p1 . . . pn)

and
ρ3(X) =

∑

q<X4/3+τ

µ(q)2τ(q)2|ρ2(q,X)|.

It follows from (2.28) that ρ3(X) ¿ X7/4(logX)c. Moreover, as in [3, p.67],
it follows from (2.28) that

∏
p<Xτ

(1− Γ(p)) = σ(f)ζ(2)
∏

p<Xτ

(1− 1

p
)(1 +O((logXτ )−2)),

17



cf. [3, (6.7)], and

∏
p<Xτ

(1− j(p)

p
) = φ(k)−1

∏
p<Xτ

(1− 1

p
)(1 +O((logXτ )−2)),

cf. [3, (6.9)]. Combining these estimates, one deduces from (3.6) and (3.4)
that

T (n)(A) =

η2X2σ(f)ζ(2)

ζd(2)

∏
p<Xτ

(1− 1

p
)Σ

(n)
4 (1 +O(exp(−τ−1)))(1 +O((logXτ )−2))

+ O(X7/4(logX)c) (3.7)

and

T (n)(B) = hfηX
3

∏
p<Xτ

(1− 1

p
)Σ

(n)
5 (1 +O(exp(−τ−1)))(1 +O((logXτ )−2))

+O(X3−τ/3). (3.8)

The assertion of the lemma can be deduced from the relations (3.7) and (3.8)
in exactly the same way as the analogous estimate in [3, § 6].

Neither the formulation, nor the proof of the analogues of [3, Lemmata
3.6 and 3.7] (cf. also [4, Lemmata 4.4 and 5.1]) need be changed. For the
reader’s convenience, we reproduce the assertions of these Lemmata to be
deduced as in [3, § 7] from a variant of Selberg’s upper bound sieve, see [1,
Theorem 4.1].

Lemma 3.2 We have

Sj(A) + κSj(B) ¿ τ
η2X2

logX

for j = 3, 5, 6 or 7.

Lemma 3.3 We have

∑
n≥3

|U (n)(D)− Û (n)(D)| ¿ η2X2

logX
ξτ−4,

|U (n)
1 (D)− Û

(n)
1 (D)| ¿ η2X2

logX
ξτ−3

for n = 1 and 2,

|S4(D)− Ŝ4(D)| ¿ η2X2

logX
ξτ−3,
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and

|U (1)
2 (D)− Û

(1)
2 (D)| ¿ η2X2

logX
ξτ−4,

where D stands for either of the sequences A,B.

Remark 4. Lemmata 3.1-3 may be regarded as formal corollaries of
Lemmata 2.3 and 2.4, defining the ‘level of distribution’ of the sequence A.
We expect analogous assertions to be provable for other sequences of ideals
in k with the same level of distributon, in particular, for the sequence arising
if a general cubic polynomial in Z[x1, x2] completely decomposable over C is
studied. As it has been stressed in [3, § 2], the real novelty of the method
developed in [3] is the ‘Type II’ estimates to be treated in the next section.

4. The Type II estimates

The strategy of the Type II estimates was outlined in [3, pp.9-10] and
explained in detail in [3, pp.14-21]. Let us retain the notations introduced
in [4, pp.271-273]; in particular, each of the relevant sums U(A), V (A) is
decomposed as follows (cf. [4, p.273]):

U(A) = Ue(A) + Ug(A), V (A) = Ve(A) + Vg(A).

We start with following analogue of [3, Lemma 3.9; 4, Lemma 5.2].
Lemma 4.1 In notation of [4, § 5], suppose that ~m ∈ ι(n) and ν ∈ ι1(n).
Then there is a constant c, depending at most on f and such that

Ue(A)− κU(B) ¿M−1η5/2X2(logX)c,

where M =
∏n+1

i=1 mi. Moreover,

Ve(A)− κV (B) = O(η5/2X2(logX)c),

and ∑
n≥3

|Û (n)
e (A)− κÛ (n)(B)| = O(η5/2X2(logX)c).

Proof. For n ≥ 0, let ~m ∈ ι(n) and ν ∈ ι1(n). As in [3, § 10] and [4, p.274],
one can deduce from [3, (8.3)] and [4, (3.8)] in the case n > 0 and from (2.30)
in conjunction with Lemma 2.2 when n = 0 that, for a suitable constant c1,

Ue(A) =
∑

AD∈R,ND<L

a(A,D)# AAD +O(
η5/2X2

M
(logX)c1), (4.1)
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where L = Xτ/2 and

a(A,D) = bA
w′(hfX

3/N(A))

M(ξ logX)n+1
µ(D) log

L

ND
.

It follows from the definitions that

w′(t) 6= 0 ⇒ X1+τ ≤ t < X3/2−τ ,

since

(1 + τ)ξ−1 ≤
n+1∑
i=1

mi ≤ (
3

2
− τ)ξ−1 − (n+ 1)

when ~m ∈ ι(n) ν ∈ ι1(n), cf. [4, § 5]. Therefore it may be assumed that the
summation in (4.1) is subject to the additional condition

N(AD) ¿ X2−τ/2. (4.2)

It follows from (2.4) and (2.30) that

# AAD =
η2X2

ζd(2) N(AD)
m̃(AD, γ) + ρ1(AD, X). (4.3)

As in [3, p.62] and [4, p.274], one deduces from (4.1)-(4.3) and Lemma 2.2
that, for some c2,

Ue(A) =
η2X2

ζd(2)M(ξ logX)n+1

∑

A∈R
bA
w′(hfX

3/NA)

NA
m̃(A, γ) Σ6

+ O(
η5/2X2

M
(logX)c2)

with

Σ6 =
∑

D∈R,ND<L

µ(D)

ND
m̃(D, γ) log

L

ND
.

As in [3, p.62-63] and [4, p.274], it follows now from Perron’s formula that

Σ6 =
∏
p∈P

(1− 1

p
)−1(1− Γ(p)) +O(exp(−c3(logL)1/2)),

with c3 > 0. In view of (3.1), one concludes that

Ue(A) =
σ(f)η2X2ζ(2)

ζd(2)
Σ7 (1 +O(exp(−c(logL)1/2)))
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+ O(M−1η5/2X2(logX)c),

where

Σ7 =
∑

A∈R
bA
w′(hfX

3/N(A))

M(ξ logX)n+1
N(A)−1m̃(A, γ).

Since
m̃(A, γ) =

∏

p∈P,p|A
(1 +N(p)−1)−1

when bA 6= 0, one can conclude the proof of the lemma along the lines of [3,
§ 10; 4, § 5].

As a consequence of Lemmata 3.1-3.3, Lemma 4.1, and the analogue of
[4, Lemma 4.1], one obtains the following analogue of [4, Proposition 5.1].

Proposition 4.1 We have

π(A)− κπ(B) ¿ τ
η2X2

logX
+ η5/2X2(logX)c

+
∑
n≥3

|Û (n)
g (A)|+

∑
n=1,2

|Û (n)
1,g (A)|+ |Ŝ4,g(A)|+ |Û (1)

2,g (A)|.

As has been explained at the end of [3, § 3] and noted in [4, p.287],
Theorem 2 and therefore Theorem 1 can be deduced from Proposition 4.1
and the following analogue of [4, Proposition 6.1].

Proposition 4.2 In the notation of [4, § 6], let C ⊆ R3 be a cube of side
S0 ≥ L2, and suppose that ci ¿ V 1/3, 1 ≤ i ≤ 3, and NčÀ V for ~c ∈ C.

(i)There is a positive constant c depending at most on f and such that
the following estimate

∑

β=α mod q

β̂∈C, β∈A(0)

g(β) ¿ V exp(−c
√

logL)

holds uniformly in a range 1 < q ≤ (logX)l for any l > 0, any class A of
ideal numbers, and any ideal number α in A.

(ii)If a bound of the form

∑

β=α mod q

β̂∈C, β∈A(0)

g(β) ¿ V exp(−c
√

logL), c > 0, (4.4)
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holds uniformly in a range

1 < q ≤ Q1 ≤ exp( 3
√

logX)

for any class A of ideal numbers and any ideal number α in A, then

∑

ab∈A
V <Nb≤2V

bagb ¿ X2Q
−1/160
1 (logX)c

for X1+τ ¿ V ¿ X3/2−τ , with a suitable positive constant c depending at
most on f .

Only the second assertion (ii) needs a new proof. Choose V as in (ii),
and let

Σ8(V ) :=
∑

ab∈A, V <Nb≤2V

bagb.

We have
Σ8(V ) =

∑

ab=Aa(γ), ~a∈R

V <Nb≤2V

bagbΨ(~a),

where Ψ : R2 → {0, 1} is the characteristic function of the square I(X) and

R := {~a : ~a ∈ Z2, h.c.f.(γ1 + a1d, γ2 + a2d) = 1}.
As in [4], let Q stand for the set of those integral ideals in o which are not
divisible by a rational prime; then

Σ8(V ) =
∑

ab=Aa(γ), ~a∈Z2

V <Nb≤2V, {a,b}⊂Q

bagbΨ(~a)
∑

b∈∆a(X)

µ(b)

with

∆a(X) := {b : b ∈ N, b¿ X, b | h.c.f.(γ1 + a1d, γ2 + a2d)}.
Let b ∈ ∆a(X). Then h.c.f.(b, d) = 1 since, by assumption, h.c.f.(γ1, γ2, d) =
1; therefore b | Aa(γ). As in [3, § 11; 4, § 6], it follows now that

Σ8(V ) =
∑

ab=Aa(γ), {a,b}⊂Q
~a∈Z2, V <Nb≤2V

bagbΨ(~a) +O(X2−τ/2(logX)c) (4.5)
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for some c. In the notation of [4, § 6], equation (4.5) may be rewritten as
follows:

Σ8(V ) =
∑

ϕ(~a)=δαβ, (α)∈Q
~a∈Z2, V <Nβ≤2V

b(α)G(β)Ψ(~a) +O(X2−τ/2(logX)c),

where now ϕ(~a) := γ + d · a and d = (δ). Proceeding as in [3, pp.67-68] and
[4, p.279], we let

ψ(~a1,~a2; β1, β2) = card {α : (α) ∈ Q, ϕ(~ai) = δαβi, i = 1, 2}
and conclude that

Σ8(V ) ¿ X2−τ/2(logX)c + (X3/V )1/2Σ
1/2
9 , (4.6)

where
Σ9 = Σ10 +O(X2(logX)c), (4.7)

with

Σ10 :=
∑

β1 6=β2, ~ai∈Z2,

V <Nβi≤2V, i=1,2

G(β1)G(β2)Ψ(~a1)Ψ(~a2)ψ(~a1,~a2; β1, β2). (4.8)

For ~b ∈ Z3, let

D(~b) := h.c.f.(b1, b2, b3), [~b] = D(~b)−1~b.

As in [4, p.279], one concludes that

ψ(~a1,~a2; β1, β2) = 1 ⇒ cl β1 = cl β2. (4.9)

Let us recall that, for each class A of ideal numbers in k, we have defined [4,
p.277] an invertible Q−linear transformation

hA : β 7→ β̂, hA : A→ Q3

such that the image hA(A(0)) of the lattice

A(0) = {α : α ∈ A, (α) ∈ I(k)}
of the integral ideal numbers in A is a sublattice of Z3 of finite index (equal
to | dethA|). The following lemma is our analogue of [4, Lemma 6.2]. It can
be deduced from relations (4.6)-(4.9) along the lines of [3, § 11; 4, § 6].

23



Lemma 4.2 Let 1 ¿ Y ¿ Xτ/3. There is a constant c, depending at most
on f and a class B of ideal numbers, such that

Σ8(V ) ¿ X2Y −1/2(logX)c +X3/2V −1/2Σ
1/2
11 , (4.10)

with

Σ11 :=
∑

β1,β2,~a1,~a2

G(β1)G(β2)Ψ(~a1)Ψ(~a2)ψ(~a1,~a2; β1, β2), (4.11)

subject to the conditions

D(β̂1 ∧ β̂2) > VX−1Y −1; ~ai ∈ Z2, βi ∈ B(0), V < Nβi ≤ 2V for i = 1, 2.

Moreover, if ψ(~a1,~a2; β1, β2) = 1, then

~aid+ ~γ = νD(β̂1 ∧ β̂2)
−1~hi(β1, β2) (4.12)

with ν ∈ {±1}, ~hi := (hi1, hi2), the functions hij being defined by [4, (6.4)]
for i, j = 1, 2.

Let us substitute relation (4.12) into the definition (4.11). This gives

Σ11 =
∑

β1,β2,ν

G(β1)G(β2)Ψ(
νD−1~h1(β1, β2)− ~γ

d
)Ψ(

νD−1~h2(β1, β2)− ~γ
d

)

(4.13)
subject to the conditions:

D(β̂1 ∧ β̂2) > VX−1Y −1

and
βi ∈ B(0), V < Nβi ≤ 2V, ν~γ = D−1~hi(β1, β2) (mod d)

for ν ∈ {±1}, i = 1, 2; here D := D(β̂1 ∧ β̂2). Let

U(y, ν) = {(β̂1, β̂2) : βi ∈ B(0), V < Nβi ≤ 2V,

y(Xd+ γj) < νhij(β1, β2) ≤ y(X(1 + η)d+ γj) for i, j = 1, 2}

for y > 0, ν ∈ {±1}; further, let

U0(n, ν) = {(β̂1, β̂2) : (β̂1, β̂2) ∈ U(n, ν),

D(β̂1 ∧ β̂2) = n, ν~γ = n−1~hi(β1, β2) (mod d) for i = 1, 2}
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for n ∈ N. As in [3, p.72; 4, p.280], let us subdivide the range of summation
in Σ11 into subintervals

Im := (
m− 1

T
∆,

m

T
∆], with T ¿ X2τ/3, T < m ≤ 2T, ∆ ¿ V X−1.

Let
Σ12(m,∆) =

∑

d1∈Im

|
∑

(β̂1,β̂2)∈ U0(d1,ν)

G(β1)G(β2)|. (4.14)

As in the cited works (cf. [4, (6.6), (6.7)]), it follows from equation (4.13)
that

Σ11 ¿ (logX) T Σ12(m,∆), (4.15)

for at least one triple (m,∆, ν). Proceeding with our argument, let us cover
the region of summation U0(d1, ν) in (4.14) by means of cubes C(~n) = C1(~n)×
C2(~n) defined as in [4, § 6]. Relations (4.10), (4.14-16) lead to the following
inequality (cf. [3, (12.8); 4, (6.9)]):

Σ8(V ) ¿ X2Y −1/2(logX)c +X3/2V −1/2Y 7Σ
1/2
13 (logX)c

with
Σ13 =

∑

d1∈Im

|
∑

(β̂1,β̂2)∈ U1(C; d1,ν)

G(β1)G(β2)|,

where

U1(C; d1, ν) = {(β̂1, β̂2) : (β̂1, β̂2) ∈ C, D(β̂1 ∧ β̂2) = d1,

βi ∈ B(0), ν~γ = d−1
1
~hi(β1, β2) (mod d) for i = 1, 2}

and C is a suitable class I cube, in the sense of [3, p.73; 4, p.281]. Let

U2(C; d1, d2, ν) = {(β̂1, β̂2) : (β̂1, β̂2) ∈ C, d1d2 | β̂1 ∧ β̂2,

βi ∈ B(0), ν~γ = d−1
1
~hi(β1, β2) (mod d) for i = 1, 2}

and let
Σ14 =

∑

(β̂1,β̂2)∈ U2(C; d1,d2,ν)

G(β1)G(β2).

The argument used in [3, § 12] and [4, pp.281-283] to deduce [3, Lemma 12.2]
and its analogue [4, (6.11)] leads to the following conclusion.

Lemma 4.3 Suppose that 1 ¿ Y ¿ Xτ/3, and let d0 := X−1V Y 15 + V 1/6.
There is a constant c, depending at most on f , such that

Σ8(V ) ¿ X2Y −1/2(logX)c +X3/2V −1/2Y 7Σ
1/2
15 (logX)c, (4.16)

where
Σ15 =

∑

d1∈Im, d1d2<d0

|Σ14| (4.17)

and C is a suitable class I cube.
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5. Completion of the proof of Proposition 4.2

and Theorem 2

The functions
~hi(β1, β2) = ~hi(h

−1
B (β̂1), h

−1
B (β̂2))

may be regarded as polynomials in β̂1 and β̂2 with rational coefficients. We
write them with a common denominator as

~hi(β1, β2) = d∗−1 ~Hi(β̂1, β̂2),

where each ~Hi is a vector of three integral polynomials. We note that the
common denominator d∗ will only depend on the field k and the choice of the
bases made in [4, p. 277]. Moreover, we note from the definition [4; (6.4)]

that ~hi(β, λβ) vanishes identically for i = 1, 2, whence

~Hi(β̂, λβ̂) = 0 (i = 1, 2) (5.1)

identically.
The conditions

ν~γ = d−1
1
~hi(β1, β2) (mod d) for i = 1, 2

are now equivalent to a pair of congruences

d1d
∗ν~γ = ~Hi(β̂1, β̂2) (mod d1dd

∗).

In order to separate the variables in the equation (4.17), let us replace the
condition d1d2 | β̂1 ∧ β̂2 by the condition that β̂2 = λβ̂1 (mod d1d2) for some
integer λ, which is necessarily coprime to d1d2, cf. [3, pp. 70, 78]; it may
clearly be assumed that 1 ≤ λ ≤ d1d2.

Since our conditions are now all modulo d12 := d1d2dd
∗, we can pick out

the admissible vectors β̂i by using orthogonality for the function

el(x) := exp(2πix/l)

and taking l = d12. In this way we find that

Σ14 =
1

d6
12

∑

λ, βi, ~bi, η̂i

ed12(
~b1(β̂1 − η̂1) +~b2(β̂2 − η̂2)) G(β1)G(β2)

subject to the conditions:

η̂2 = λη̂1(mod d1d2), 1 ≤ λ ≤ d1d2, (λ, d1d2) = 1, 0 ≤ bij, η̂ij < d12,
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d1d
∗ν~γ = ~Hi(η̂1, η̂2) (mod d1dd

∗), βi ∈ B(0), β̂i ∈ Ci,

where C = C1 × C2, η̂i = (η̂i1, η̂i2, η̂i3), for 1 ≤ j ≤ 3 and i = 1, 2. Given
D ⊂ R3 and α ∈ R3, let

σl(α , D) =
∑

β̂∈D∩Z3, β∈B(0)

el(αβ̂) G(β),

whence

Σ14 =
1

d6
12

∑

λ, ~bi, η̂i

ed12(−~b1η̂1 −~b2η̂2) σd12(
~b1 , C1)σd12(

~b2 , C2),

with λ, η̂1, η̂2 subject to the same conditions as before. We proceed to write
η̂2 = λη̂1 + d1d2η̂3, where η̂3 runs over integer vectors modulo dd∗ for which

d1d
∗ν~γ = ~Hi(η̂1, λη̂1 + d1d2η̂3) (mod d1dd

∗).

According to (5.1) the right hand side depends only on the congruence classes
of η̂1 and η̂3 modulo dd∗. We therefore put η̂1 = η̂4 + dd∗η̂5, where η̂4i runs
over integer vectors modulo dd∗ and η̂5i runs over integer vectors modulo
d1d2. The sum Σ14 now becomes

Σ14 =
1

d6
12

∑

λ, ~bi

S(λ,~b1,~b2)σd12(
~b1 , C1)σd12(

~b2 , C2), (5.2)

with ~b1, ~b2 and λ running over the same set as before, and

S(λ,~b1,~b2) =
∑

η̂3, η̂4, η̂5

ed1d2

(
−(~b1 + λ~b2)η̂5

)
ed12

(
−(~b1 + λ~b2)η̂4 − d1d2

~b2η̂3

)

with

0 ≤ η̂3i < dd∗, 0 ≤ η̂4i < dd∗, 0 ≤ η̂5i < d1d2 for 1 ≤ i ≤ 3,

subject to the condition

d1d
∗ν~γ = ~Hi(η̂4, λη̂4 + d1d2η̂3d1dd

∗) (mod d1dd
∗).

We may therefore perform the summation over η̂5 to deduce that

S(λ,~b1,~b2) = 0

unless
~b1 + λ~b2 = 0 (mod d1d2)
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in which case we have the trivial bound

S(λ,~b1,~b2) ¿ (d1d2)
3,

on recalling that d12 ¿ d1d2.
We now deduce from (5.2) that

Σ14 ¿ (d1d2)
−3

∑

λ, ~bi

|σd12(
~b1 , C1)σd12(

~b2 , C2)|,

where the sum is now subject to the condition

1 ≤ λ ≤ d1d2, (λ, d1d2) = 1, 0 ≤ bij < d12

and
~b1 + λ~b2 = 0 (mod d1d2).

An application of Cauchy’s inequality then yields

Σ14 ¿ (d1d2)
−3{

∑

~b1

|σd12(
~b1 , C1)|2N1}1/2{

∑

~b2

|σd12(
~b2 , C2)|2N2}1/2

where N1 is the number of pairs λ, ~b2 which can correspond to a given vector
~b1, and similarly for N2. Clearly we have N1, N2 ¿ d1d2, and it therefore
follows that

Σ14 ¿ (d1d2)
−2 max

i=1,2

∑

~b

|σd12(
~b , Ci)|2,

where ~b runs over integer vectors modulo d12.
We then have

Σ14 ¿ (d1d2)
−2{

∑

~b

|σd12(
~b , C1)|2 +

∑

~b

|σd12(
~b , C2)|2},

which, in conjunction with (4.17), produces the upper bound

Σ15 ¿
∑

d1∈Im, d1d2<d0

~b mod d12

1

(d1d2)2
|σd12(

~b , C0)|2 (5.3)

with C0 ∈ {C1, C2}, cf. [3, p.78; 4, p.283]. Proposition 4.2 can be deduced
from Lemma 4.3 and relation (5.3) along the lines of [3, § 13; 4, § 6].

On suitably adjusting the parameters η and Q1, [3, p.21; 4, p.287], one
concludes the proof of Theorems 1 and 2 as in the cited works.
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