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1. Introduction and statement of the main
results

The goal of this paper is to give a proof of the following theorem, which
may be regarded as an instance of Schinzel’s Hypothesis; it implies, in par-
ticular, a hypothesis introduced in a recent paper of the first author (see |2,
Hypothesis 4]).

Theorem 1. Let fo(Z) be a binary cubic form with integral rational coeffi-
cients irreducible in Z|T]. For d € Z and 7 € 7?2, let the positive integer o be
chosen so that f(%) = ;' fo(7 + dZ) is a primitive polynomial with integral
rational coefficients. Suppose, moreover, that no prime divides f(a@) for every
a in Z*. Then the set f(Z?) contains infinitely many rational primes.

We shall use the technique developed in [3], and then applied in [4] to treat
a general binary cubic form; consequently, the reader is advised to familiarize
himself with the contents of those papers before studying the present one.
As in [3, 4], we shall actually obtain an asymptotic formula for the relevant
number of primes. Note that we cannot handle every binary cubic polynomial
which splits over Q. In particular our methods do not suffice to treat the
polynomial

No( 93, /0 (T1 + ToV2 + V4) = 2% — 613y + 223 + 4, T = (21, 7).

The reasons for this failure are subtle - the Type I sums can be handled
satisfactorily, but not the Type II sums.



In what follows, we shall retain the notational conventions introduced in
[4, §1]. Let C,R,Q,Z, and N stand for the fields of complex, real, rational
numbers, the ring of rational integers, and the set of positive rational integers,
respectively. Let k be a cubic number field; as in [4], let 0, Z, P, and P denote
respectively the ring of integers of k, the monoid of integral ideals in k, the
set of rational primes, and the set of prime ideals in 0. Given a sequence D
of rational integers and a sequence D of ideals in Z, let D, = {c: ¢ € D, alc}
and Dy = {c¢ : ¢ € D,a|c} for a € N and a € Z. In formulae, we shall
sometimes use the abbreviation (a, b) := h.c.f.(a,b).

Let us fix a Z-submodule F' of 0 of rank 2, an integer d in N, and a vector
5 in Z% Asin [4], let F' = {ajw; + asws : @ € Z*}, so that k = Q(6y) with
Oy = wafl. For @ € 72, we shall sometimes write © = wjw; + Usws; in
particular, 7 = yyw; +Yows. Let 0 = (7, dwy, dws) be the ideal in o generated
by dF and 7, and let

f(@) = Nk(f)/@(f)(’Y + dm)NO‘l. (1.1)

Clearly, f(#) € Z|z] and the polynomial f(Z) is irreducible in Q(Z); moreover,
it follows from the general theory (see, for instance, [7, chapter II]) that f(Z)
is a primitive polynomial. Let £(f) denote the highest common factor of the
integer values {f(@) : @ € Z*} of f. Write, for brevity, n := (log X)~¢, where
¢ is a suitable positive constant defined as in [3, 4], and consider the square

I(X):={u:ueR? X <up,u < X(14+1)}.
Let

([, X)=#{p:peP, p=f(d), daeI(X)}

Let hy := d*N (07 (w1 +wq)), so that f(a@) = hy X3(1+0(n)) for d € I(X), cf.
[4, Lemma 2.3]. Without loss of generality, it may be assumed that sy > 0.
We can now state our main result.

Theorem 2. If ¢(f) =1, then

2v2

Slog X {1+O((loglogX)_1/6)} (1.2)

71—<f7)() :Ul(f)

as X — oo, with o1(f) > 0 given by (3.1).

Theorem 1 follows from Theorem 2 because the polynomial f considered
in Theorem 1 may be defined by an equation of the form (1.1).

Remark 1. In [4, § 2] it has been observed that e(fy) € {1, 2} and
that if e(fy) = 2, then fo(Z) = 2¢9(y), where 1 = 2y;, 25 = yo, and g is a
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binary cubic form irreducible in Z[y] with £(g) = 1. It will be shown here (see
Lemma 2.4) that (f) € {1, 2, 3, 6} and, moreover, e(f) = (fy) if h.c.f.(6,
d)=1.

As an application of our theorem we have the following results about
rational points on cubic surfaces. We remark that unconditional results of
the type given by Corollary 1.2 are few and far between.

Corollary 1.1 Suppose that ai,as,as,aq,as are integers coprime to 3, and
assume that none of them is divisible by the square of any prime p = 2

mod 3. Then if

Z a;v} =0

i=1
has non-zero p-adic solutions for every p, it will have non-zero integral solu-
tions, providing that the Selmer Conjecture holds.

Proof. This follows from [2, Theorem 4], since Hypothesis 4 introduced in
[2] is a special case of Theorem 2 stated above.

Remark 2. For precise formulation of the Selmer (Parity) Conjecture
see [2, Hypothesis 1].

Corollary 1.2 Let a and b be coprime rational integers satisfying one of the
following congruence conditions:

aorb==+2o0r £3 (mod 9), (1.3)

" a==+b (mod9). (1.4)

Then there is a nontrivial rational point on the surface
zg + 223 + axy + by = 0.

Proof. The result is trivial if a/b is a rational cube. Otherwise the corol-
lary will be an easy consequence of our theorem and a result of Satgé |6,
Proposition 3.3]. The latter states that the curve

xy + 215 = pZ°

has a non-trivial rational point for any prime p = 2 (mod 9). Under the
hypotheses of the corollary we can find integers ag, by such that either aad +
bby =2 (mod 9), in the case of (1.3), or 27|aay + bb3 and (aaj + bb3) /27 = 2
(mod 9) in case (1.4). If we choose

f(z,y) = alag + 3x)* + b(bo + 3y)°
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or
ala +81{L‘3—|—bb —|—81y3

in the two cases, our Theorem 2 produces a prime p = f(z,y); by construction
p =2 (mod 9), and the result follows.

Remark 3. The reader will note that neither Corollary 1, nor Corollary
2 can be deduced from our previous results on representation of primes by
binary cubic forms obtained in [4]. In both cases the applications require
congruence conditions on the primes to be represented.

2. Some subsidiary estimates
As in [4], let 6 = Oy N (wy(wr,wq)™"); write i(6) = (o : Z[f]). From now
on we shall assume, without loss of generality, that h.c.f.(7y,72,d) = 1 and
let C = i(0)N(wiwq)d. For @ € Z2, let A, (y) = (v + ud)o™!, so that
f(%) = Ni@)o@@a(7). Let

A={A.(7): @€ I(X)NZ* hcf.(y +ad, v + axd) = 1}.

Let further

R={R:ReZ,uR)?= 1,/1(%)2 =1}

By [4, Lemma 2.2] (cf. also [3, Lemma 3.1]), if p;|B, pi|p, p; € P, i = 1,2,
for some B in A and some p in P and if p is non-singular, that is if p does
not divide ()N (wjws), then p; = po and Np; = p. Therefore, as it has been
remarked in [4, p.261],

({R:ReZ u(R?*=1}Nn A CR.
Let A={Na|ac A}, then
A={f@):acI(X)N Z* hctf.(y +ad, v, + axd) = 1}.
For R € R, let r := NR and
o(R, Xy, f)=#{i:ieZ’n I(X, ), RIA.(7)}, (2.1)
where I(X, 3):={@: @+ € I(X)}, so that I(X) = I(X, (). Further, let

m(R,7) = {i: @ € 22, i mod r, RI2,(7)},



1
m<R7 7) = ; # m(Rv 7)7

and
UO(Ra Q; 7) = Z 67“(&‘_‘),
uem(R,y)
so that (R.0:7)
ool L1, U5y
m(R,v) = %

As in [3, pp.28-29] and [4, p.261], it follows that

o(R, X, B)=r"2 > e (@@ — 7))
d mod r, Zel (X, E)
uem(R,y)

and therefore

o(R. X7, B)y=r" Y oo(R a;7)e (—ad). (2.2)

a mod r

Zel(X, f)
Lemma 2.1. The sum oo(R, a;7) is weakly multiplicative, that is
00(ST, a;7) = 0o(S, a;7)oo(T, a; )
as soon as h.c.f. (NS, NyoT') = 1.

Proof. Suppose that h.c.f.(Ny/gS, Ni/oT') = 1. By the Chinese Remain-
der Theorem,
m(ST,v) =m(S,v) x m(T,7).
The assertion of the lemma follows from this relation and the definition of

UO<R7 a; ’7)
By definition,

Ar={%,:ad € [(X)NZ* hecf.(y+ad, v+ axd) =1, R, (7)}.

For R e R, let
2X*m(R, v) 1)  N((R,9))
[Ap] = L2000 i , (2.3)
" r ()Z 02 m((R,0),7)
and let
# Ag = [.AR] + pl(R, X) (2.4)



Lemma 2.2. For any positive integer I, there is a constant c(l) such that

> T(®)pu(R,X)| < (Q+ XQY* + X*?)(log QX).
Q<NR<L2Q

ReER

Proof. Clearly,
#Ar = u(0)# AY, (2.5)

SEN
where

AY ={a:de I(X)NZ2 dhct. (v +ad, 72+ azd), RUa(7)}.

Since h.c.f.(y1,72,d) = 1, the summation in (2.5) may be restricted by the
condition h.c.f.(6,d) = 1.

Suppose that R € R and let Rgd) = % for 6 € N. It follows from
Lemma 2.1 that 5
m(R,7) = m((R.8),7)m(Ry", 7). (2.6)

Assuming further that h.c.f.(6,d) = 1 and p(6)? = 1, let 66) be defined by
the conditions: .
0|(F + 8®d), 0 < 8, 8 < 0.

It can be easily seen that

5 5 7+ 69d
m(Ry,7) = m(RY, ).

On substituting equations (2.6) and (2.7) in (2.3), one obtains

2 Y2 5 ) g
A = 28y 00 T Ny (29
(5,d)=1, 6N

Moreover, equation (2.5) may be rewritten as follows

#An= > )4 BY.

€N, (6,d)=1
where .
L. X 80 oF
BY = {b:be I 57) Nz, R[dﬂb(%)}.

In view of (2.1), this gives

—

X y+% 50
5’ 5 67

# A= u®o(RY,

5EN, (5,d4)=1

(2.9)



As in [3, p.29] and [4, p.261], it follows from (2.2) that

2 2X?m(R, -
o(R, X7, B) = w +p(R, X5, ), (2.10)
with
3 e Xm(R,
pBX H=r? Y a(Raye-an + o- D)
@ mod r, @£0
zel(X, B)

In view of (2.8) and (2.9), we conclude that (2.4) holds with

X v+ 30d 3o
pRX) = Y u@pr?, D o)

SEN, (6,d)=1

Since m(S,y) = 1 as soon as h.c.f.(S,C) = 1, it follows from (2.6) that
m(R,v) = m((R,C),7v) = O(1). Therefore

- X
p(R.X:7, ) = 5o +0(7), (2.12)
with
So=r2 Y oo(R,a;y)e (~ad).
@ mod r, @40
zel(X, B)
Let .
Z1 = Z T<R)l’p(R7X>77 ﬁ))‘
Q<NR<2Q
ReR

It follows from (2.12) that

Y1 < Xy + O(X (log Q)°"), (2.13)
where
Y= Z T(R)A|EO|-
Q<NR<2Q
RER
Clearly,

Lol <r 2 > oo(Roa;)| | D e(—ad));
zel(X, B)

a mod r, a#0
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therefore it follows from Lemma 2.1 that

Sl < 3 Fx(Roai),

aell;
where
loo(R1, a;77)| . r . r R
Ra~) =—"-"2"1"7 X, — X, —} R i=—
fX( , A5 7) 7’2 IIlll’l{ ) |a1|}m1n{ ) |a2|}7 1 (R, C)a
and
I, ={a:ade 72, a#0, lai|, |as| < r/2},
cf. [4, (3.6)]. This gives
Y K g+ X3, (2.14)
with
Siy= Y, TR fx(Rav), j=2,3
Q<r<2Q
RER, Gell;
where

ng{c?:c_ieﬂl, alagz()}, ng{d’:JEHl, alag%O}.
As in [3, p.30] and [4, p.262], it follows that

)01 (l)

Sp<X Y % YR <X ) T(“a

0<a<@ Q<r<20Q 0<a<@
Rila
thus
Yo € X (logQ)V. (2.15)
Clearly,
|UO(R17 a; ’V)|
Y < R —— 7
e Z 78 |a1as]
Q<r<2Q
RER, Gell;

Suppose that p € R, Np =p, p € P, and C # 0 mod p, then

oop.asl =1 Y @@=l Y elwa)l

4 mod p, p|y+ud ¥ mod p, plv



Therefore the scaling argument in [3, § 5; 4, § 3] shows that
O'Q(Rl, C_i, ")/) 7é 0 = asw; = ajwy mod Rl,

cf. [4, (3.7)]. This gives

R .
213 S Z T(R)l |0-0( 1,(1,,’}/)|’

|ayay]
Q<r<2Q
RER, GEN
where
QO={a:acZ 1<|al||as] £Q, asw; = arw, mod Ry};
since

|o0( Ry, a;7)| < m(Ry,y)r < Q,
it follows that

Q<r<2Q
RER, GEN

Thus
B3 < Q (log Q)Y (2.16)
as in [3, p.30] and [4, pp.262-263]. Relations (2.13-16) give

2 < (X + Q) (log Q). (2.17)

Let
e Y AR X))

Q<NR<2Q
RER

and

X ~1 80 36)
ox(R.5:7) = |o(R?, 5 T T,

In view of (2.11),

Sa< Y T(R)gx(R,6;7), (2.18)

Q<r<2Q
ReR, 6ey



where

O :={6:6€N, hef(,d) =1}
For A > 0, let
QF =1{0:5€Qy, 6> A}, Q7 =0\ Q.
It follows from (2.18) that
Yo < Yog + Yoo, (2.19)
where

Y1 = Z T(R)ng(R, d5y)

Q<r<2Q
RER, €0

and
Yo = Z 7(R)'gx (R, 5;7).

Q<r<2Q
RER, §€Q]

Further, it follows from (2.10) that

Yior < Yoz + Doy, (2.20)
with .
X v+ 89q o
! @ .7
z23 - Z T(R) U(Rl 77) 5 ) 5 )
Q<r<2Q
RER, 6}
and - )
n-X @) 7+ 89d
E — !
24 Z ( ) 52NR(6) ( 1 > 6 )
Q<r<2Q
RER, €0

Since m(R,~y) = O(1), we have

7(R)'N((R,0))
0NR

224 <K 772X2 Z
Q<r<2Q
RER, >A

The argument proceeds as in [4, p.264]. One first obtains the following

estimate
Yoy € P2 X2A  (log Q)V. (2.21)
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Then we let
R() = th(R, C), R = RlRo, Q[l = h.C.f.(Rl, (S), Rl = 9[122[2
and conclude that

223 < Z T(Q[l)lz%(g[l), (222)

seQf, N2 |6

where

X v+ 89dq 5@5))

Z%@‘l) = Z T(Qb)la(gb, g, S TS

Q<N((2422R0)<2Q

Moreover, the definition (2.1) of o(R, X;~, 5) shows that, as in [4, p.264],
one may apply relation [4, (3.8)] to obtain the following upper bound:

os(2h) < X262 (log X)),
Therefore (2.22) gives

Tos < Y. T()' X265 (log X)) O;

5>, N2 |5
thus
Yo < X2A  (log X)), (2.23)
On the other hand (cf. [4, p.264]),
S Y T(R)Sx(R), (2.24)
50T, NR1|8
with .
X v+ 69 p©
SR = Y (9els, 5 T T
Q<N(RS)<2Q,
RSER
It follows from the relations (2.24) and (2.17) that
X  Q
> % c2(l)

§<A, NRy|5
where in the above notation R = Ry Ry. As in [3, § 5], this gives

Sar € A(X + Q) (log Q) (2.25)
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for A < X. Put
A=1+min{XV? XQ V%,

the asserted estimate
Uy < (Q + XQY? + X*?)(log QX))

follows from relations (2.19)-(2.21), (2.23), and (2.25). This concludes the
proof of Lemma 2.2.

Let now
(A =p(@) Y u(R)[Ag] (2.26)
Rlg, q|NR
RER
and
p2(. X)=plq) > u(R)pi(R,X)
Rlg, ¢INR
RER
for ¢ € N.
Lemma 2.3 If u(q)* =1, then
# Ag = [Ag] + pa(q, X); (2.27)

moreover, for any positive integer [, there is a constant c(l) such that

> (@) (0)e2(a, X)| < (Q + XQY? + X3/?)(log QX)W (2.28)

Q<q<2Q

Proof. As in [3, pp.32-33] and [4, p.265|, assuming ¢ be square-free, we
deduce from the identity

wla) D M(R):{(l): 7V,

otherwise
R|%, R|q
qNR
that
# A, =ple) Y, pR)# Ag.
Rlgq, q/NR
RER

Therefore equation (2.27) follows from (2.4). The estimate (2.28) follows
from Lemma 2.2 in exactly the same way as the corresponding estimate in
[4, Lemma 3.3].
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Let
1

Gals) =<¢s) J] 0==)
pEP, pld p
for s € C. Asin [3, p.5] and [4, p.266], let v, ;= {p : p € P, Np = p} stand
for the number of prime ideals of the first degree in k£ lying above p.

Lemma 2.4 There are a multiplicative function I'(q) and a positive real
number cqo satisfying the following conditions:

(i) 0<TI'(p) <1 forpeP;

(ii)) 1 —T(p) > ¢y as soon asp >3, p € P;

(1) if u(q)® =1, then

B n2X2
(iv) if C'# 0 mod p, then
I'(p) = pfl

Moreover, e(f) € {1, 2, 3, 6} and
1=T(p) =0 ple(f)
forp=2,3.

Proof. Let R € R. Since m(R,~) = m(Ry,), it follows from the definition
(2.3) that

772){2
Ag] = ————= m(R, 2.30
with
- 1 - N((R,p))
i P pP*m((R,p),7)
where
Po(R, d)={p:p € P, p|NR, d # 0 mod p}.
On letting
_ wR)
D(q) =pule) Y. NE R,
Rlq, | NR
RER
one deduces equation (2.29) from relations (2.26) and (2.30). Clearly,
I'(q)= [] T
pEP, plg
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and

p(R)
T'(p) = — LA 2.32
(p) > NE TUR7) (2.32)
R|p, p|NR
RER

for p e P. Let
b(R) :=p*m(R,y)NR™* (2.33)

and note that
b(R) = # {ﬁ : ﬁ S Z270 S Uy, U2 < D, R|Qlu(/y)}7 (234)

if R|p, p € P; in particular, b(1) = p*. One concludes from (2.34) that

> u(R)b(R) = # {ii: i € Z*,0 <y, up < p, hef(Au(y),p) = 1}.
Rlp

(2.35)
Suppose first C' # 0 mod p. Then

[(p)

W
p+1

and, consequently, 0 < I'(p) < 3/4 for p € P since v < 2 when 2 does not
divide i(0) (cf. [5]).
Suppose now that p|C' but d # 0 mod p; then it follows from (2.31-33)

that ]
I'(p) = 5 > u(R)(b(R)—1).

1—p

R|p, R#1
ReR

Since b(1) = p?, the last equation may be rewritten as follows:
1
L) =1 > u(R)b(R) + 1.

Rlp

Moreover, since d # 0 mod p, it follows from (2.35) that
> " (R)B(R) = # {7 € Z2,0 < uy, uy < p, hoef. (A (7),p) = 1},
Rlp

where .
Qlu(’y> = (u1w1 + UQWQ)(h.C.f.(wl,CUQ))_l.

Hence I'(p) depends neither on d, nor on =, if p does not divide d; therefore
all the assertions of the lemma follow from [4, Lemma 3.4] in this case.
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Let now p|d, then it follows from (2.31) that m(R,~y) = m(Ry,~) for R|p;
therefore equation (2.32) may be rewritten as follows:

M= Y ur) M)
Rlp, pINR
1=T) = - > nRINR). (2.36)
Rlp

Hence 0 < 1 —TI'(p) < 1, in view of (2.35); this proves (i). Let
d = p"do, p=p°q, v =p"b1, h.cf(wi,w2) = p"by

with p € P, dobibag # 0mod p. Then h.c.f.(A,(7),p) = 1 unless p; >
epo + fio; moreover, if (1 > e + o, then

# {’[_[276 ZQvo S Uy, U2 < D, p|Q(u(’7)} Sp
Hence
#{u:ueZ0<up, uy <p, hoed.(A,(7),p) # 1} < 3p;

therefore it follows from (2.35) and (2.36) that
3
LT 2 1= >0

for p > 3; this proves (ii). Moreover, it is clear also that I'(p) = 1 if and
only if h.c.f.(2,(7),p) # 1 for every @ in Z*. Thus (f) is divisible by no
prime p > 3. An analogous argument shows that e(f) is square-free. This
completes the proof of Lemma 2.4.

3. The sieve bounds

Asin [4, (3.17)], let
o(f) =[]0+ %)(1 _TO));

in view of Lemma 2.4(iv), the product o(f) converges (cf. [4, Lemma 3.4]).
Let

n(f)=alf) I] -5 (3.1)



hi, = fo(1,1), hy = d®hy,, and k = o1 (f)n(hX) ™" In what follows, it will
be assumed that o(f) # 0 (and therefore xk # 0).
Let
B={2:A€ZT hX®<NA<h;X*(1+n)},
and B = {N2 : 2 € B}. Write, for brevity, 7 := (loglog X)~/6. The
asymptotic formula (1.2) of Theorem 2 is equivalent to the following estimate
to be proved along the lines of [3, 4]:

772)(2
log X

7(A) = rkr(B) + O( 7). (3.2)
Lemmata 3.5, 3.6, and 4.1 in [4] can be taken over verbatim. Let us prove
the analogue of [4, Lemma 4.2] (cf. also [3, Lemma 3.5]). We adopt the sieve
notation introduced in [4, § 4].

Lemma 3.1 We have

2X2

3 TW(A) — kTO(B)| < 7!

i log X
Proof. Without loss of generality, it may be assumed that
p> X" = C #0mod p. (3.3)

Let

i =ntwa ¥ BP o [T a- ] 0=,

Rlg, q|NR PEPplg PEP,plp
cf. [4, Lemma 3.6]. Equation [4, (4.9)] gives

TOB) = e(khmx® J] JB)y50 (1 1 Ofexp(—r 1))}

p<XT

+ O(X3*T/3), (3.4)

where ¢(k) stands for the residue of the zeta-function (x(s) of k at s = 1 (cf.
[4, p.258]) and

() _ J(p1--Pn)
X"<pn<...<p1< X7

pl---pn<X1+T
In view of (3.3), it follows from [4, Lemma 2.2] that

S(A)\(E)7 XT) - S(Apl---pnv XT)
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for p € J,(A) with Np; = p;, p; € P, 1 < i < n, and A\(p) = [, p:.
Therefore
T™(A) = > S(Apy.p X7), TO(A) = S(A,X7). (3.5)
XT<pp<..<p1<X1—7

pl---pn<X1+T

By the ‘Fundamental Lemma’, [1, Theorem 7.1}, with ‘w(p)'= pI'(p), ‘X'=

%, ‘©=X6 and ‘z’= X7, it follows from Lemmata 2.3 and 2.4 that

S(Ag, X7) = M(q){1+ O(exp(—7"))} + O(E(q)),

where 252
n
M(qg)=T(q 1-T'(p))———
@ =rto) TT 0 -1,
and
E(g)= Y p6)°7(6)*|p2(qd, X)|.
§<Xx1/3
p|d=p<XT
This gives
(n) _ X (n) ~1
T(A) = [] 0 =T®)E" 1+ Ofexp(—r1)))
C(2) 2%
+ p3(X) (3.6)
with
£ = > T(pr---Pn)
XT<pp<..<p1<X1—7
P1-~-Pn<X1+T
and

ps(X) = Y wa)’m(@)’lpa(a, X)|.

q<X4/3+T

It follows from (2.28) that p3(X) < X™/*(log X)¢. Moreover, as in [3, p.67],
it follows from (2.28) that

[T 0-Tw)=o(fce [[0- ]19)(1 L O((log X7) %)),

p<XT p<XT
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cf. [3, (6.7)], and
Ilu—%?wzwm1[10—§u+0m%xw2»

cf. [3, (6.9)]. Combining these estimates, one deduces from (3.6) and (3.4)
that

TM(A) =
" X*0(f)¢(2) _Lom S e
G L1 R Otem(=r )1+ 0((os X7)72)
+ O(X"*(log X)°) (3.7)
and

T™B) = hmX* [T (1~ %)Eén)(l +O(exp(—=771)))(1 + O((log X7)7%))

p<XT

+O(X37/3), (3.8)

The assertion of the lemma can be deduced from the relations (3.7) and (3.8)
in exactly the same way as the analogous estimate in [3, § 6].

Neither the formulation, nor the proof of the analogues of [3, Lemmata
3.6 and 3.7] (cf. also [4, Lemmata 4.4 and 5.1]) need be changed. For the
reader’s convenience, we reproduce the assertions of these Lemmata to be
deduced as in [3, § 7] from a variant of Selberg’s upper bound sieve, see [1,
Theorem 4.1].

Lemma 3.2 We have
2x2

n
Si(A) + RS, (B) < i

for 7 =3,5,6 or 7.

Lemma 3.3 We have

R 2X2
> IU(D) - 0(D)] <« er,

= log
2 y2
™Dy _ 7O Dy <« T ¢ -3
U@ - 00 (D)] < e
form=1 and 2,
2 2
& X", s
D) — S4(D —
151(D) = $u(D)] < L

18



and
272

Wy ) n"Xc .y
Uy (D) — U, (D)!<<10gX£T 7

where D stands for either of the sequences A, BB.

Remark 4. Lemmata 3.1-3 may be regarded as formal corollaries of
Lemmata 2.3 and 2.4, defining the ‘level of distribution’ of the sequence A.
We expect analogous assertions to be provable for other sequences of ideals
in k£ with the same level of distributon, in particular, for the sequence arising
if a general cubic polynomial in Z[zy, 23] completely decomposable over C is
studied. As it has been stressed in [3, § 2], the real novelty of the method
developed in [3] is the ‘Type IT’ estimates to be treated in the next section.

4. The Type II estimates

The strategy of the Type II estimates was outlined in [3, pp.9-10] and
explained in detail in [3, pp.14-21]. Let us retain the notations introduced
in [4, pp.271-273]; in particular, each of the relevant sums U(A), V(A) is
decomposed as follows (cf. [4, p.273]):

U(A) = Ue(A) + Ug(A), V(A) = Ve(A) + Vi (A).

We start with following analogue of [3, Lemma 3.9; 4, Lemma 5.2].
Lemma 4.1 In notation of [4, § 5], suppose that m € v(n) and v € 11(n).
Then there is a constant ¢, depending at most on f and such that

U.(A) — kU(B) <« M~ '°2X%(log X),

1
where M =[] m;. Moreover,

V.(A) = kV(B) = O(n”*X*(log X)),

and X A
D UMA) = kU™(B)| = O(n* X>(log X)°).

n>3
Proof. For n > 0, let m € «(n) and v € 1(n). Asin [3, § 10] and [4, p.274],

one can deduce from [3, (8.3)] and [4, (3.8)] in the case n > 0 and from (2.30)
in conjunction with Lemma 2.2 when n = 0 that, for a suitable constant ¢y,

775/2 2
UA)= > a@,D)# Auo + O i

ADER,ND<L

(log X)), (4.1)
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where L = X™/2 and

w'(hy X3 /N (1)) L

M(eTog Xyt M8 55

It follows from the definitions that
w(t) #£0 = X7 <t < X3

since
n+1

1+t <> mi< C-me -+

when 71 € «(n) v € 1t1(n), cf. [4, § 5]. Therefore it may be assumed that the
summation in (4.1) is subject to the additional condition

NERD) < X272, (4.2)
It follows from (2.4) and (2.30) that

772X2

#Aw = 6 N@o)

m(AD, v) + p1(AD, X). (4.3)

As in [3, p.62] and [4, p.274], one deduces from (4.1)-(4.3) and Lemma 2.2
that, for some ¢y,

B 172X2 w’(th?’/NQl) _
Ul = Cd(Q)M(flogX)"HQ{EZRbm N ) s
5/2 2
+ 0T (log X))

with ®) I
] N
D D =
DER,NDL

As in [3, p.62-63] and [4, p.274], it follows now from Perron’s formula that

S = [ (1= )7 (1= T(p) + Ofexp(—callog 1)),

with ¢z > 0. In view of (3.1), one concludes that

Hn*X2¢(2)

0.) = DT 1+ Ofenpl—clog )

20



+ O(M~ "2 X?(log X)),

where

_ Y /N )

M (€ log X)r1 N ()~ m(2, 7).

AER

Since

m@y) = [ C+NE)™H!

peP,pl2A

when by # 0, one can conclude the proof of the lemma along the lines of [3,
§10; 4, §5].

As a consequence of Lemmata 3.1-3.3, Lemma 4.1, and the analogue of
[4, Lemma 4.1], one obtains the following analogue of [4, Proposition 5.1].

Proposition 4.1 We have

2

77X2 5/2 2 c
— X(log X
m(A) — kr(B) < TlogX—H? (log X)
+ UM+ DT A)] + [Sag(A)] + U5 (A)].
n>3 n=1,2

As has been explained at the end of [3, § 3] and noted in [4, p.287],
Theorem 2 and therefore Theorem 1 can be deduced from Proposition 4.1
and the following analogue of [4, Proposition 6.1].

Proposition 4.2 In the notation of [4, § 6], let C C R? be a cube of side
So > L?, and suppose that ¢; < V13,1 <i <3, and Né>V forceC.

(i) There is a positive constant c¢ depending at most on [ and such that
the following estimate

Z g3 K Vexp(—cy/log L)

B=a mod ¢q
Bec, Be A

holds uniformly in a range 1 < q < (log X)! for any | > 0, any class A of
ideal numbers, and any ideal number o in A.
(1 )If a bound of the form

Z g < Vexp(—cy/logL), ¢ >0, (4.4)

B=a mod ¢
pec, peA©)
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holds uniformly in a range

1 <q<@Q <exp(y/logX)
for any class A of ideal numbers and any ideal number o in A, then
ST bage < X2Q7 ™ (log X)°

abe A
VN2V

for X' <« V <« X327 with a suitable positive constant ¢ depending at
most on f.

Only the second assertion (ii) needs a new proof. Choose V' as in (ii),

and let
Y(V) = Z bage-

abeA, V<Nb<2V
We have
S = Y bagel(@),

ab=A, (7), GER
V<Nb<2V

where ¥ : R? — {0, 1} is the characteristic function of the square I(X) and
R:={d: a€Z? hcf.(y+ad, v+ axd) = 1}.

As in [4], let Q stand for the set of those integral ideals in o which are not
divisible by a rational prime; then

S = Y bav@ S )

ab=2A, (), GEZ2 b€Aq(X)
V<Nb<2V, {a,6}CO

with
Ag(X):={b: beN, b X, b| h.cf.(y1 + ard,y2 + agd) }.

Let b € Ay(X). Then h.c.f.(b,d) = 1 since, by assumption, h.c.f.(v1,72,d) =
1; therefore b | A, (). Asin [3, § 11; 4, § 6], it follows now that

SV = 3 bage(@) + O(X* R (log X)) (45)

ab=2,(v), {a,6}CQ
daczZ?, V<Nb<2V
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for some ¢. In the notation of [4, § 6], equation (4.5) may be rewritten as
follows:

Ss(V) = > by G(B)¥ (@) + O(X>/?(log X)),

p(@d)=0apB, (a)€Q
aez?, V<NBL2V

where now (@) :==v+d-a and 9 = (§). Proceeding as in [3, pp.67-68] and
[4, p.279], we let

¢<61,52;ﬁ1,/62> = card {Oé : (Oé) € Q, gD(&;) = (SOéﬁZ', 1= 1,2}

and conclude that

Ss(V) < X272 (log X)° + (X3/V)125l/?, (4.6)
where
Yo = Y10 + O(X?(log X)), (4.7)
with
Yo = Z G(B1)G(B2)W (a1 )V (d2)Y(dr, do; B, Ba)- (4.8)

B1#B2, @ €72,
V<NB; <2V, i=1,2

For b € 73, let
D(b) := h.c.f.(by, b, bs), [b] = D(b)~"b.
As in [4, p.279], one concludes that
W(dy, dg; Br,P2) =1 = cl By = cl fs. (4.9)

Let us recall that, for each class A of ideal numbers in k, we have defined [4,
p.277] an invertible Q—linear transformation

ha: B B, ha: A Q@
such that the image h4(A®) of the lattice
AV ={a:ac A, () e Z(k)}

of the integral ideal numbers in A is a sublattice of Z* of finite index (equal
to |det hal). The following lemma is our analogue of [4, Lemma 6.2]. It can
be deduced from relations (4.6)-(4.9) along the lines of [3, § 11; 4, § 6].
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Lemma 4.2 Let 1 < Y < X7/3. There is a constant ¢, depending at most
on f and a class B of ideal numbers, such that

Ss(V) < X2V 72 (log X)°© + X2V 1282, (4.10)
with
Yy = Z G(B1)G(52) W (a1)¥(as)1(ar, ds; Br, B2), (4.11)
B1,B2,d1,d2

subject to the conditions
D(BiAB) >VX 'Y @ ez? 3e BO V< NG <2Vfori=1,2.
Moreover, if ¥(ay, ds; b1, P2) = 1, then
did +7 = vD(By A Bo) " hi(By, o) (4.12)

with v € {£1}, hi = (hi1, hi2), the functions h;; being defined by [4, (6.4)]
fora, 5 =1,2.

Let us substitute relation (4.12) into the definition (4.11). This gives

Su= ) GG w22 hl(gl’ﬂ” ~ TP hQ(fll’ﬁz) —7)

ﬁlvﬁ?vu

(4.13)
subject to the conditions:

DB AB) > VXYt

and
B € BO V< N3 <2V, vy =D"hi(3,3) (mod d)

for v € {£1}, i =1,2; here D := D(Bl A ﬁg) Let

Uly,v) = {(B1,3): 6 €BY, V< NB <2V,
y(Xd—f—'}/J) < I/hl‘j(ﬁl,ﬁg) < y(X(]. +7’])d+’}/]) for Z,] = 1,2}

for y > 0, v € {£1}; further, let

Uo(n,v) = {(51,52) : (31732) € U(n,v),
DGiABy) = n, v7=n"hi(B,05) (mod d) fori=1,2}
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for n € N. As in [3, p.72; 4, p.280], let us subdivide the range of summation
in X7 into subintervals
I = (

m—1 m

A —
T T

Sia(m, A) = ) | > G(B1)G(B32)]- (4.14)
di€lm  (By,62)€ Up(d1,v)
As in the cited works (cf. [4, (6.6), (6.7)]), it follows from equation (4.13)
that

A]l, with T <« X¥3 T <m <27, A< VXL

Y1 < (log X) T Eia(m, A), (4.15)
for at least one triple (m, A, v). Proceeding with our argument, let us cover
the region of summation Up(dy, v) in (4.14) by means of cubes €(77) = C(77) x
Cy(7?) defined as in [4, § 6]. Relations (4.10), (4.14-16) lead to the following
inequality (cf. [3, (12.8); 4, (6.9)]):

Ss(V) < X2V 7V (log X)© + X312V 12V T8 (log X )°

g = Z | Z G(61)G(B2)],

di€lm  (4y,62)€ U1 (€; di,v)

with

where
Ui(€; dy,v) = {(B17B2) : (51732) S D(ﬁl /\62) = dy,
B € BY vy = d7'hi(3, 3) (mod d) for i = 1,2}
and € is a suitable class I cube, in the sense of [3, p.73; 4, p.281]. Let
Us(€; dy,dy,v) = {(31732) : (ﬁl,@) €, did, | By A fa,
B e BO vy = d7'hi(B, B) (mod d) for i = 1,2}
and let
Yy = > G(B1)G(Bz)-
(B1,62)€ Ua(&; dy,da,v)
The argument used in [3, § 12] and [4, pp.281-283] to deduce [3, Lemma 12.2]
and its analogue [4, (6.11)] leads to the following conclusion.

Lemma 4.3 Suppose that 1 <Y < X3, and let dy :== X 'VY'1 4+ V16,
There is a constant c, depending at most on f, such that
S (V) < X2V V2 (log X)° + X2V 12Y"812 (log X)°, (4.16)

where

Sis= Y. Sl (4.17)

d1E€lLny, dida<dp
and € is a suitable class I cube.
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5. Completion of the proof of Proposition 4.2
and Theorem 2

The functions . - . .
hi(ﬁlaﬁQ) = hi(hél(ﬁl), hél(@))

may be regarded as polynomials in 3, and (3, with rational coefficients. We
write them with a common denominator as

Ei(ﬁl,ﬁz) = d*_lﬁi(61762)7

where each H; is a vector of three integral polynomials. We note that the
common denominator d* will only depend on the field & and the choice of the
bases made in [4, p. 277]. Moreover, we note from the definition [4; (6.4)]
that Hi(ﬁ7 M) vanishes identically for ¢ = 1,2, whence

Hi(3,A3) =0 (i=1,2) (5.1)

identically.
The conditions

vy = d; hi(By, o) (mod d) for i=1,2
are now equivalent to a pair of congruences
did*vy = H;(B1, B2) (mod dydd*).

In order to separate the variables in the equation (4.17), let us replace the
condition d;ds | Bl A Bg by the condition that 32 = )\ﬁAl (mod d;dy) for some
integer A, which is necessarily coprime to dyds, cf. [3, pp. 70, 78]; it may
clearly be assumed that 1 < \ < dyds.

Since our conditions are now all modulo di5 := didydd*, we can pick out
the admissible vectors ﬁ, by using orthogonality for the function

el(x) 1= exp(2miz/l)

and taking [ = dy5. In this way we find that
1

Yig = —
14 o,

Y an®i(Br = i) + ba(Bs — 112)) G(B)G(B)

A; Bi, biy M
subject to the conditions:

ne = Ai(mod dids), 1 <X < dydy, (A, dids) =1, 0 < by, 10 < dia,
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did*vy = ﬁi(ﬁl,ﬁz) (mod didd"), 3; € B, B@ € G,

where € = Cl X CQ, 771 = (ﬁil:ﬁi%ﬁiiﬁ), for 1 < ] <3 and i = 1,2 Given
D C R? and o € R3, let

o(a, D) = Z el(af) G(B),

BeDNZ3, BeB©)

whence

with A, 7,72 subject to the same conditions as before. We proceed to write
12 = A1y + dyidon3, where 13 runs over integer vectors modulo dd* for which

dyd*vy = H;(1j1, Mjy + dydarjs) (mod dydd?).

According to (5.1) the right hand side depends only on the congruence classes
of n; and 73 modulo dd*. We therefore put 1, = 14 + dd*ns, where 7, runs
over integer vectors modulo dd* and 7j5; runs over integer vectors modulo
dids. The sum ¥4 now becomes

1 - - - -
iy = 6 § S()‘a b1, b2)0d12 (bl ) Cl)adm (b2 > 62)7 (52)
12 -
\ by

with b_{, 1;2 and A running over the same set as before, and

S()\, 51, 52) = Z 6d1d2 (-(51 -+ )\bé)’f]%) 6d12 (—(51 —+ Ab;)ﬁél — dldggzﬁ;;)

73, 74, 15
with
0 <y <dd*, 0<my<dd', 0<1ns <didy for 1<i<3,
subject to the condition
dyd* vy = H;(1jy, Mjy + dydyrisdydd®) (mod dydd®).
We may therefore perform the summation over 75 to deduce that
S\, b1, ba) =0

unless

by + Aby = 0 (mod dyds)
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in which case we have the trivial bound
S\, by, by) < (dyds)?,

on recalling that dyo < dids.
We now deduce from (5.2) that

Y1y K (didy)™ Z |0, ( bl , C1)0d12(b2, Co)l,
A, b

where the sum is now subject to the condition
1< A< dldg, ()\,dldg) = 1, 0< bij < dp

and

by + Aby = 0 (mod dydy).
An application of Cauchy’s inequality then yields

Y14 < (dydy)” {Z|0d12 b, C)* Ny }1/2{Z|0d12 b, Co)PNo}/?

where N; is the number of pairs A, by which can correspond to a given vector
b:, and similarly for Ny. Clearly we have Ny, Ny < didy, and it therefore
follows that

Yy < (dydy)™ maxz |04, (b, C)J,

where b runs over integer vectors modulo dis.

We then have

214 << dldz {Z|O’d12 b Cl ‘2+Z‘0—d12 b C2 ,

which, in conjunction with (4.17), produces the upper bound

Y5 K Z (dll ) ’ dlz(b CO)‘ (5'3)

d1€1Ly,, dida<dg
b mod diz

with Cy € {C1, Ca}, cf. [3, p.78; 4, p.283]. Proposition 4.2 can be deduced
from Lemma 4.3 and relation (5.3) along the lines of [3, § 13; 4, § 6].

On suitably adjusting the parameters n and @y, [3, p.21; 4, p.287], one
concludes the proof of Theorems 1 and 2 as in the cited works.
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