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Abstract

Modelling and simulation are essential to modern research in cell biology. This the-
sis follows a journey starting from the construction of new stochastic methods for
discrete biochemical systems to using them to simulate a population of interacting
haematopoietic stem cell lineages.

The first part of this thesis is on discrete stochastic methods. We develop two new
methods, the stochastic extrapolation framework and the Stochastic Bulirsch-Stoer
methods. These are based on the Richardson extrapolation technique, which is widely
used in ordinary differential equation solvers. We believed that it would also be useful
in the stochastic regime, and this turned out to be true.

The stochastic extrapolation framework is a scheme that admits any stochastic
method with a fixed stepsize and known global error expansion. It can improve the
weak order of the moments of these methods by cancelling the leading terms in the
global error. Using numerical simulations, we demonstrate that this is the case up to
second order, and postulate that this also follows for higher order. Our simulations
show that extrapolation can greatly improve the accuracy of a numerical method.

The Stochastic Bulirsch-Stoer method is another highly accurate stochastic solver.
Furthermore, using numerical simulations we find that it is able to better retain
its high accuracy for larger timesteps than competing methods, meaning it remains
accurate even when simulation time is speeded up. This is a useful property for
simulating the complex systems that researchers are often interested in today.

The second part of the thesis is concerned with modelling a haematopoietic stem
cell system, which consists of many interacting niche lineages. We use a vectorised
7-leap method to examine the differences between a deterministic and a stochastic
model of the system, and investigate how coupling niche lineages affects the dynamics
of the system at the homeostatic state as well as after a perturbation. We find that
larger coupling allows the system to find the optimal steady state blood cell levels.
In addition, when the perturbation is applied randomly to the entire system, larger
coupling also results in smaller post-perturbation cell fluctuations compared to non-
coupled cells.

In brief, this thesis contains four main sets of contributions: two new high-accuracy
discrete stochastic methods that have been numerically tested, an improvement that
can be used with any leaping method that introduces vectorisation as well as how to
use a common stepsize adapting scheme, and an investigation of the effects of coupling
lineages in a heterogeneous population of haematopoietic stem cell niche lineages.
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INTRODUCTION

1.1 Background

Mathematical modelling and computational simulation are essential components of
biology (Gunawardena, 2014). Theoretical results guide experimentalists, help us to
understand experimental results, and can explore scenarios that are not possible ex-
perimentally (Mangel, 2006). In recent years, especially since the turn of this century,
the field of stochastic modelling has experienced an explosion of interest. Worldwide,
there are now many groups in engineering, computer science, mathematics, physics
and chemistry, as well as biology, working on such methods.

In large part, this has come about because of concurrent advances in imaging
and experimental techniques. We can now see more of the microscopic world than
ever before. Whereas with a basic light microscope it is possible to see down to the
resolution of an entire cell and make out individual intracellular components, there
are now techniques that allow us to look at single proteins in real-time, as well as even
higher-resolution methods to image individual atoms (Kherlopian et al., 2008). At
such microscopic scales, noise dominates. Indeed, this is true for many, if not most,

problems in cell biology. Although this noise has been common knowledge in physics
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for over a century as Brownian motion, or thermal diffusion, it has only recent come
to the forefront in biology (Fedoroff and Fontana, 2002). With this observation has
come the realisation that stochastic, that is random, effects should be accounted for in
the mathematical models and computer simulations that theorists employ (Wilkinson,
2011).

However, classical deterministic methods, such as ordinary differential equation
models, which theoretical biologists have relied on for decades, are unable to account
for stochasticity: indeed one of their key assumptions is to ignore it (Wilkinson, 2009).
This is why stochastic methods are important. They are, as the name suggests,
mathematical and computational methods that are based directly on the assumption

that noise exists, and plays an important role in the system.

1.2 Motivation

These days, stochastic methods are becoming widespread in biology, and have been
applied to many research questions, such as gene and protein expression (Barrio et al.,
2006; McAdams and Arkin, 1997), intracellular signal transduction networks (Shimizu
et al., 2003; Tian et al., 2007) and cell dynamics (Rodriguez-Brenes et al., 2013). In-
deed, as they are increasingly being applied to more and more complex systems, it has
become apparent that their strength also leads to one key weakness: slow computa-
tional performance. Because of their inherent randomness, stochastic methods must
generate many random numbers, which is computationally expensive. In systems with
many frequent reactions, simulating these can slow down the method considerably,
making it prohibitively slow (Gillespie, 2007). This is often the case in systems of
biological relevance. For instance in a gene expression model, the number of genes
would be small, hence the necessity for a stochastic method; however, there could be
thousands of proteins, slowing down the performance of the simulations.

For this reason, it is important to develop new stochastic methods that are able to
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cope with such systems. There are many possible ways of attacking this problem, and
indeed, many different types of new methods have been proposed: for instance, faster
variants of known methods (e.g., improvements to Gillespie’s stochastic simulation
algorithm), more accurate methods (e.g., the 7-leap and higher-order leap methods),
methods with better stability (e.g., the Runge-Kutta 7-leap), and multiscale methods
that can simulate such disparate populations simultaneously (reviewed in Chapter 3,
as well as by Székely and Burrage, 2014; Wilkinson, 2011 and Goutsias and Jenkinson,
2013).

1.3 Aim

This leads on to the research aims at the heart of this thesis:

1. the construction of new stochastic methods to address the gaps in

current methods;

2. the application of such methods to an important current problem
in cell biology, namely the investigation of haematopoietic stem cell

population dynamics.

1.4 Introduction to models in cell biology

What are cells composed of? How long do they live? How do they regulate their
inner workings? These are some of the questions cell biology attempts to answer.
Cells are the fundamental building block of every living creature. The smallest, such
as bacteria and other prokaryotes, are just composed of one cell; the most complex
contain many trillions (that is, 10'?; Faller and Schiinke, 2004). Nevertheless, even
the simplest cells have remarkable abilities; a classic and well-investigated example
is bacterial chemotaxis, the ability of bacterial cells to sense chemical gradients and

move towards favourable locations and away from unfavourable ones (Wadhams and
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Armitage, 2004). The cell regulates its many functions and senses and responds to
its environment via signal transduction pathways, which can often interact with gene
regulatory networks that control the process of gene expression. These two complex
and interconnected processes perform many of the key functions of the cell (Cooper
and Hausman, 2009).

Signal transduction pathways, biochemical reactions initiated by a signal to a re-
ceptor on the cell’s surface that successively activate each other, mediate the responses
of the cell to a stimulus in order to produce a desired change in the cell (Gomperts
et al., 2009). Many signal transduction pathways exist, each controlling a different
aspect of the cell’s response. They are typically very complex and consist of many
reactions, some of which can feed back on to their own or another signalling pathway:.
They can affect the cell in various ways, such as altering its life cycle, metabolism and
locomotion.

Gene expression starts at the level of the genome and can result in complex changes
to the cell, as it dictates the levels of proteins, many of which control physiological
processes in the cell. It involves two major steps: transcription, the copying of a
length of DNA to mRNA, and translation, the production of a chain of amino acids
from the mRNA, which then folds into its final form as a protein. This sequence
of information transfer is known as the central dogma of molecular genetics (Crick,
1958, 1970). In the decades since its conception, this original concept of a one-way
flow of information has been supplemented and revised, and we now know that the
picture is far more complicated, with for instance, feedback from proteins on to both
genes and RNA, as well as the discovery and mainstream acceptance of epigenetic
inheritance, non-coding RNA and prions (Ball, 2013; Shapiro, 2009). The numbers
of genes that initiate the process of gene expression are very low (typically one copy
per cell); mRNA numbers are higher, as many genes are transcribed continuously,
but still of a similar order (several mRNA molecules per gene; Alberts et al., 2002)

and protein numbers are higher still, as each section of mRNA can be translated



CHAPTER 1. INTRODUCTION )

many times (resulting in many identical proteins). The numbers of different species
of proteins can vary: for instance, in cells of the bacterium Escherichia coli, 90%
of the total protein numbers are made up by about 15% of the protein species, as
these species produce many proteins each (O’Farrell, 1975; Pedersen et al., 1978).
The rest of the proteins are present in lower abundances, of under 100 proteins per
species. Proteins interact with each other and with the other components of the gene
expression process.

One well-known gene regulatory model is that of the bacteriophage A. This is
a virus that infects cells of the bacterium Fscherichia coli. Normally, once inside
the bacterium it releases and copies its DNA many times over and uses the gene
expression pathway of the host cell to construct many copies of the virus. Then it
breaks out of the bacterium, destroying it in the process, and releases new virions.
This is known as the lytic pathway (Dodd et al., 2005). However, upon infecting
a bacterium, sometimes it will enter the lysogenic pathway. In this case, the virus
incorporates its DNA into the bacterial cell’s own DNA and lies dormant until the
host cell encounters some form of damage, when it switches to its lytic phase. This
behaviour is governed by its gene regulatory network: upon entering the host cell,
the virus ‘decides’ which pathway to follow depending on the host cell’s condition
(McGrath and van Sinderen, 2007) (although, of course, this is affected by intrinsic
noise; Kaern et al., 2005). If it enters this lysogenic pathway, the virus forces the
host cell to make proteins that repress the expression of the genes for the lytic phase.
When the host cell encounters a stressor, these repressor proteins are broken down
and the phage enters the lytic phase. The A phage is a good example of how a simple
gene regulation network can demonstrate the ability to make decisions, in this case
between lysis or lysogeny.

In short, although the cell is often regarded as the building block of life, it consti-
tutes an entire environment, full of intracellular machinery that have complex inter-

actions with each other. These machinery often have low numbers and, being inside
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the cell, are also generally very small, and as such subject to noise. Thus the inside

of the cell is a noisy environment.

1.4.1 Noise in cell biology

The presence of noise inside the cell can give rise to heterogeneity in cell populations:
for instance, even populations of genetically identical cells can be phenotypically dif-
ferent (Blake et al., 2003; Spudich and Koshland, 1976). There are three sources of
heterogeneity affecting natural systems such as cell populations: genetic, environmen-
tal and random (or stochastic) (Huang, 2009; Székely and Burrage, 2014). In clonal
populations and at the level of the individual cell, there is no genetic heterogeneity
so we are left with non-genetic contributions. When talking about gene expression,
these two contributions are usually labelled extrinsic and intrinsic, respectively (that
is, either the heterogeneity is caused by other sources, or it is due to the random
fluctuations intrinsic to any physical process; Elowitz et al., 2002; Pedraza and van
Oudenaarden, 2005).

Extrinsic heterogeneity arises due to differences in the state of the system (that is, a
cell): for instance, different quantities, locations and activities of various intracellular
components that carry out gene expression, or other factors from outside the cell such
as chemical signals. In contrast, there is also variation arising even when all of these
factors are identical in each cell, and the cells in a clonal population can still end up
different (known as phenotypic heterogeneity). This is because they are affected by
thermal fluctuations, altering the order and timing of the biochemical reactions inside
the cell. This “noise that cannot be controlled for” (Wilkinson, 2009) is known as
intrinsic heterogeneity.

The difference between the two sources of noise is shown clearly by Elowitz et al.
(2002). They inserted the reporter genes for the fluorescent proteins ¢fp and yfp (cyan
and yellow, respectively) into cells of the bacteria Fscherichia coli so both of them

would be transcribed together. The colour of the cells then reveals the sources of noise



CHAPTER 1. INTRODUCTION 7

that are present: with no intrinsic noise to introduce variation in gene expression, the
cells should all be the same colour as extrinsic noise affects the levels of both proteins
equally. However, in the presense of intrisic noise the variation in protein levels is
different in each cell, leading to them being different colours. Elowitz et al. (2002)
found that the cells’ colours varied considerably, confirming that both intrinsic and
extrinsic noise have an effect on gene expression. This technique is known as a two-
reporter assay, and is a useful tool to estimate the magnitude of intrinsic versus
extrinsic noise (Swain et al., 2002).

Intrinsic noise is often ignored, as its direct effects tend to be weak at higher
particle numbers, concentrations and temperatures, and can be averaged out (Rosen-
feld et al., 2005). However, small variations in critical microscopic particles, such as
key genes or transcription factors in a gene regulatory network, can create dramatic
changes at macroscopic levels (Elowitz et al., 2002; Raser and O’Shea, 2005).

This stochasticity is generally detrimental to the proper functioning of a cell be-
cause of its interference with regulatory and signalling pathways (Barkai and Leibler,
2000; Rosenfeld et al., 2005), hence its alternative name of ‘noise’, borrowed from
engineering. This is confirmed by the fact that (at least in yeast) natural selection to
reduce noise is stronger on genes which encode critical proteins (Fraser et al., 2004;
Lehner, 2008). However, it has now been demonstrated that sometimes noise can
also be useful to the cell (Avery, 2006; Fraser and Kaern, 2009). Intrinsic noise en-
ables phenotypic heterogeneity to arise at the population level (Blake et al., 2003).
In microbial populations, this is particularly important as phenotypic heterogeneity
allows the population to survive rapidly changing environments (Arkin et al., 1998;
Thattai and van Oudenaarden, 2004). With several different phenotypes present in
a single microbial culture with the same genetic code, the population has effectively
multiplied its chances of surviving (Kaern et al., 2005). This is favourable compared
to evolutionarily adapting to a specific environment, as evolution is a slow and costly

process and microbial environments can change rapidly.
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1.4.2 Modelling regimes

There are many ways of classifying biological processes. From a modelling perspective,
one of the most obvious and useful ways is to categorise them depending on their
size. In this sense, size refers to the number of component particles (interchangeably
referred to as molecules in this thesis) in the system. In small systems (generally
< 100 or 1000 particles), ideally every constituent particle must be accounted for,
as a change of even one unit can have important consequences on the evolution of
the system; this requires discrete stochastic modelling. In large systems with many
molecules (of the order of millions), approximating discrete numbers of particles as
continuous concentrations does not make a significant difference and tracking each
particle would be too computationally intensive, so continuous deterministic models
are much more ideal. A key difference is their representation of system state: in a
deterministic model we would have a concentration of, say, 0.6 of species A, whereas
in a discrete stochastic model we would have, say, 6 particles of species A. Another
useful way of grouping systems is by the frequency of their constituent reactions. This
is often similar to grouping by population size (particles in low-population systems
collide only rarely, implying a low frequency of reactive collisions, and vice versa
for high-population systems), except in cases where the reaction rate constants are
unusually high or low.

Due to their underlying assumptions, models are implicitly based on one particular
scale (unless they are multiscale models which, by their nature, attempt to incorporate
several different scales). It is not a simple matter to model systems that span several
ranges of population size or length scales effectively (for instance, Burrage et al.,
2004b present several methods for modelling chemical reactions at various scales and
discuss how to link these).

Scale considerations play an important role in modelling in cell biology (Mogilner

et al., 2006). Intracellular components vary considerably in number and size. For
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instance, genes, mRNA and membrane proteins tend to be rare. Even small changes
in these critical components can have dramatic effects on the entire system (such as
a gene switching on or off), thus the effects of noise on the system must be accounted
for (McAdams and Arkin, 1997). In contrast, cytoplasmic proteins and chemicals
tend to be relatively abundant and in this case stochasticity can usually be ignored
by looking only at their average behaviour (Kaern et al., 2005). However, there are
examples where, at least over certain scales, increasing particle numbers do not imply
decreasing noise (Grima, 2014).

We can classify biochemical modelling/simulation approaches into three groups:
continuous deterministic, continuous stochastic and discrete stochastic, which ap-
proximately correspond to the hierarchy of scales of natural systems and their models
(large to medium to small, respectively). Wilkinson (2009) gives a nice introduction
to these regimes and their respective modelling/simulation techniques, and discusses
the differences between them. We also describe them in further detail in Chapters
2 and 3. There are also discrete deterministic models (Geritz and Kisdi, 2004), typ-
ically used in population dynamics and ecology to model populations with distinct
generations such as fish; however, they discretise time rather than populations, and
so in the above hierarchy they would also fall in the same category as continuous
deterministic models (which are also continuous in the populations). To start, in the

following section we use a simple example to graphically illustrate these ideas.

1.4.3 An example problem

A useful system to demonstrate the differences between modelling methods based
on the deterministic and stochastic regimes is the Schlogl system (Schlogl, 1972),

consisting of four reactions which take the form

A+2X 23X
“ (1.1)
B=X

C4
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where A, B and X are three chemical species and the concentrations of A and B
are held constant at 10° and 2 x 10° respectively, so only the concentration of X
can change. The rate constants we used are ¢ = [3 x 1077,107%,1073,3.5]. The
units used here, and in the rest of this thesis, are non-dimensional. Note that one
of the reactions is third-order, and so follows a third-order mass-action rate law.
Actual third-order reactions are very rare, as they require three particles to collide in
order for the reaction to occur; more often, they are an approximate representation
of multiple elementary reactions (Clayden et al., 2012). That said, the distinction
does not especially matter here as the above reactions are intended only as model
reaction set for illustrative purposes. Indeed, this is a common benchmark system
for computational algorithms, and is also used later in this thesis for testing the
performance of the new stochastic methods we have worked on.

Under certain parameter configurations, this system has two stable states at finite
time, one high and one low (their exact values depend on the parameter values used).
We perform simulations using both a stochastic simulation algorithm (see Section
3.3.2) and an ordinary differential equation (ODE; see Section 2.2). Using a stochas-
tic algorithm yields probabilistic results: the system behaves differently during each
simulation run (Fig. 1.1, coloured lines). When the initial population of X (X)) is
small, the system usually settles in the lower state, and vice versa when X is large.
However, the system often finishes in the other state to that found by the deterministic
solution, especially when X is between the two states (Fig. 1.1B,C). In contrast, the
ODE model is deterministic: each X always produces the same final concentration
of X (Fig. 1.1 black lines). In the bistable parameter configuration, the system also
has a third equilibrium state: an unstable state between the two stable ones (around
Xo = 250 for our parameters). If the ODE solution was started in this state exactly,
it would remain in this state indefinitely. However, in practice we can never set X
exactly to this value, and as X, approaches it, the ODE trajectory stays constant for

longer and longer periods of time, but always eventually goes to either the high or
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low stable state. This unstable state is also the point at which the ODE solution flips
from going to one steady state to the other. Note that in our example we look at
T =10, i.e. a finite time. The number and position of peaks (stable states) is given
by the parameters, not Xy, and if the stochastic simulations were run for a very long
time, the resulting PDF would look something like Figs. 1.1B,C and be identical for
all Xj.

This is an explicit illustration of the differences between stochastic and determin-
istic methods, and of the limitations of ODEs. Running many stochastic simulations
will give a full picture of the distribution, asymptotically approaching the exact dis-
tribution as simulation number is increased, whereas the ODEs can only ever find
one point on the distribution. When all reactions are zeroth- or first-order (i.e.,
the propensity functions are linear) this would be the mean of the system, but for
higher-order reactions involving more than one chemical species, this is not always
so. Moreover, when the system is strongly bimodal, as in Fig. 1.1, the ODE solution
only finds one of the peaks and so is not representative of the true behaviour of the
system. On the other hand, in many cases the ODE result does represent some useful
statistic of the system (for instance, the mean of a symmetric, unimodal distribution
— but unless there are no higher-order reactions, this can only be determined after
comparison with stochastic results). In addition, the ODEs are faster to solve than
the stochastic method (here, < 1 second compared to an average of 5.5 seconds for
the stochastic method). Hence ODEs remain useful tools, and in the next chapter we

introduce ODEs and some common ODE solvers.
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Figure 1.1: The Schlégl reactions. Dynamics of the Schlégl system (1.1) for
four different initial conditions (noted on each plot). The ODE solution is shown in
black, and the coloured lines show four representative stochastic trajectories over time
t € [0,10]. The true distribution at 7" = 10, given by the Chemical Master Equation,
is shown on the right plots. The Chemical Master Equation was solved using Matlab
code written by Shev MacNamara and Kevin Burrage that is based on a Krylov Finite
State Projection algorithm (MacNamara et al., 2008b).
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1.5 Thesis structure

This thesis is structured as follows.

Chapter 2 gives the deterministic modelling background. We describe some de-
terministic concepts as well as some common numerical methods. We also introduce
the powerful idea of Richardson extrapolation in a deterministic setting, and describe
two common solvers that rely on it: the Romberg integration method for evaluat-
ing definite integrals, and the Bulirsch-Stoer method for solving ordinary differential
equations. Both of these will be built upon later in this thesis.

Chapter 3 is the stochastic modelling background chapter. We briefly cover
stochastic differential equations before moving on to discrete stochastic simulation
methods. We focus on discrete stochastic methods that track the biochemical popu-
lations of the system over time. We give a reasonable level of detail, as some of these
methods will also be built upon later in this thesis.

Chapter 4 details the first stochastic method we developed, the extrapolated 7-
leap, and the wider stochastic extrapolation framework. We perform a basic numerical
analysis of the mean and second moment of the Euler 7-leap of a linear system to
show that even in the stochastic case, extrapolation also increases the weak order of
a method. The global error expansion of a weak first order method is also found,
and it is demonstrated how to apply this in practice. We then show numerically that
for several example systems, stochastic extrapolation decreases the error of the Euler
T-leap, midpoint 7-leap and #-trapezoidal 7-leap methods in every instance, and in
cases where the Monte Carlo error is not too high, we can also see the improvement
in weak order.

Chapter 5 describes the Stochastic Bulirsch-Stoer (SBS) method, a powerful stochas-
tic method inspired by its deterministic namesake. It also incorporates the idea of
extrapolation, but this happens at every step. This allows it to generate a Poisson

random number of reactions at each step, and when enough simulations are run, re-
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turn a full probability density function (PDF). It also allows for adaptive stepsize,
and this is an area where the SBS excels. It chooses large stepsizes, thus speeding up
simulations. We also introduce a second variant of the SBS called the SBS-DA. We
again show using numerical tests that the SBS has excellent accuracy; what is more,
it retains this accuracy well even as timesteps are increased, implying that it has high
efficiency. By quantifying the efficiency, we show that this is the case for both the
SBS and SBS-DA, and one or other variant has the highest efficiency in every test.
Chapter 6 focusses on a haematopoietic stem cell model. We first describe a
computational method to efficiently run a large number of SSA or leaping method
simulations at once. It involves running them simultaneously, using a state matrix
rather than a set of state vectors simulated in series. In the software package Matlab,
the matrix method is far more efficient, as it is optimised for matrix calculations.
Although this is not necessarily the case in other programming languages, the inherent
simplicity of the technique is still an advantage. This is even more so when the
individual simulations (that is, state vectors) interact with each other, as is the case
in the stem cell model. To our knowledge, so far this state matrix framework has only
been used with a fixed timestep; adaptively calculating the timestep for an entire set
of simulations at once would be too computationally difficult. However, we introduce
a simple idea: the entire set of simulations can evolve at the same pace by all using
the same adaptive timestep. This step is calculated from the simulation with largest
total propensity, that is, the one most likely to serve as a bottleneck for the entire
system. Once the step is calculated, the entire system can be evolved simultaneously.
In fact, this idea can be fitted into any scheme that adaptively selects the timestep.
Using this methodology, we synchronously simulate a heterogeneous metapopulation
of haematopoietic stem cell niche lineages that differentiate from stem to progenitor
to blood cells. We examine whether coupling the niche lineages has any effect on the
dynamics of the system, as well as its response to three different perturbation types:

even, uneven and random. We find that coupling lineages allows each individual
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lineage greater variation in its blood cell levels. However, the distribution of the
entire group is centred on the optimal homeostatic state. In addition, there is a
difference in the response to a perturbation between coupled and uncoupled niche
lineages. For a random perturbation, which is spread across all blood cells, we find
that the more lineages are coupled, the better the response.

Finally, we summarise our work in Chapter 7 and highlight some promising direc-

tions for further work.

1.6 Contributions

The contributions from this DPhil, listed explicitly, are:

1. (Chapter 4) Development of a high-order stochastic simulation frame-
work, the extrapolated 7-leap/stochastic extrapolation. The power of
this framework is that any method with a known weak order can be extrap-
olated and its order increased. Moreover, the extrapolation is very simple to
carry out. Its drawbacks are that this can only be done for the moments, and

fixed timesteps must be used.

2. (Chapter 5) Development of a highly efficient stochastic simulation
method, the Stochastic Bulirsch-Stoer method. This is a complementary
method to the stochastic extrapolation. It overcomes both the drawbacks of the
latter, as it uses an optimised adaptive stepsize, as well as being able to give a
full PDF (if run multiple times, of course). In some situations, it is also able to
achieve higher weak order in the moments. Its only drawback, as far as we can

tell, is its complexity.

3. (Chapter 6) Introduction of an efficient and conceptually simple way,
using a state matrix rather than individual state vectors, of simulating

an entire set of 7-leaps. This is akin to running a 7-leap in series that many
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times, and can be used to generate a full PDF of the system. When used in
an alternative way (explained in Section 6.3), it can be regarded as simulating
an entire heterogeneous metapopulation of interacting systems. In addition,
we introduce a simple way of adaptively selecting a timestep for this

entire matrix of simulations.

4. (Chapter 6) Finally, we use the above state matrix formulation to
simulate a population of interacting haematopoietic stem cell niche
lineages. We investigate the effects of varying the feedback parameters, and of
coupling niche lineages together, and how this varies for three different types of

perturbation.

All of the work that forms the core of this thesis has been written up into journal
papers, referenced in this thesis as Székely et al. (2012, 2013a,b). Naturally, much of
it has been of a collaborative nature, and this is reflected in the multiple authorship
of the papers. We detail below the supervisors and collaborators for each chapter,
including their roles, any joint work, and any explicit contributions of others (all other

aspects of the research were performed by this author).

1. Chapter 4: This work was jointly supervised by Konstantinos Zygalakis, Kevin
Burrage and Radek Erban. The main ideas in this chapter were jointly dis-
cussed and developed by all four authors. The calculations in Section 4.3.1 were
performed with the help of Kevin Burrage, Konstantinos Zygalakis and Radek
Erban. Sections 4.3.2 and 4.3.3 were the work of Konstantinos Zygalakis, with
help from Kevin Burrage and Radek Erban. In addition, the calculations in

Section 4.5 were performed jointly with Konstantinos Zygalakis.

2. Chapter 5: this work was supervised by Manuel Barrio, with collaboration from
Kevin Burrage and Konstantinos Zygalakis. The SBS method described in Sec-

tions 5.1 and 5.2 was jointly developed by Manuel Barrio and Tamés Székely Jr.
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3.

Chapter 6: this work was supervised by Michael Bonsall and Marc Mangel,
with collaboration from Kevin Burrage. Michael Bonsall, Marc Mangel and
Tamaés Székely Jr. conceived the work. Kevin Burrage and Taméas Székely Jr.

developed the simulation methods.

1.7 Notation

In this thesis, we have attempted to use consistent notation wherever possible. The

following are standard conventions observed throughout this thesis:

Bold font indicates any vector or matrix-valued function.
Y refers to a species-indexed deterministic function, thatisY =Y;,e=1,..., N.

In contrast, X denotes a species-indexed stochastic function, i.e. a random

variable. & = X (¢) indicates a specific instance of this random variable.
Y (t) and X (t) indicate true solutions of those functions at time ¢.

Y and X7 (also with the stepsize sometimes omitted as Y;, and X,,) denote
approximate solutions of a solver using stepsize h or 7 to the true solution at
time t,,,. Y and X7 are approximate solutions at time 7". This notation ensures

there is no confusion between n and m subscripts.

Time t and t,, = mh or t,, = m7 (we set ¢t(0) = 0) indicate some unspecified

time, whereas time T' = nh or T' = n1 refer to the end of the simulation time.

Unless otherwise indicated, N refers to number of chemical species, M refers to

number of chemical reactions, and ¢t =1,... . N, j=1,..., M.
h always denotes a timestep for a continuous solver, i.e. differential equations.

T always denotes a timestep for a discrete stochastic method.
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As sometimes different regimes must be discussed in the same chapter, or even sen-
tence, we switch between Y and X, as well as A and 7 regardless of chapter, and
usage is dictated purely by the context of the method to which reference is being

made; each of these variables always sticks to the definition above.



DETERMINISTIC MODELLING AND SIMULATION

2.1 Introduction

Large systems with frequent reactions are usually modelled using ODEs. They are a
very common modelling tool and are used for a vast array of different applications.
Historically, there has been much work on ODE analysis and numerical methods, and
today there are very fast and accurate solvers readily available for ODE systems, such
as the ubiquitous Runge-Kutta methods, linear multistep methods and the highly-
accurate Bulirsch-Stoer method. ODEs are deterministic and continuous, that is they
ignore fluctuations and regard their variables as continuous concentrations, rather
than actual particle numbers. To represent a biochemical system with an ODE model,

two assumptions must be made:

1. particle populations are very large compared to integral changes of a few parti-

cles and
2. reactions are very frequent.

When both these assumptions are fulfilled, to a close approximation the system is

continuous and deterministic (Arkin et al., 1998). Otherwise, although ODE models

19



CHAPTER 2. DETERMINISTIC MODELLING AND SIMULATION 20

can in some cases be used to give a qualitative idea of the mean behaviour of the
system, this is not always the case. This is especially so in systems whose distributions
do not have a monostable and symmetrical shape. For instance in a bistable system,
the ODE solution may not be representative of either of the stable states the system
actually adopts, or may only find one of them, as demonstrated by Fig. 1.1.

ODEs are equations of the form

Y = .f(t’ Y(t))v Y(O) = }IO (2'1)

Here f(¢t,Y (t)) is an N x 1 vector-valued function. ODEs have been extensively
studied for many years, so there exist many methods for analysing and numerically
solving them (Kincaid and Cheney, 2002). Here we only give an overview of ODE
numerical solvers; their analysis is outside the scope of this thesis. The simplest nu-
merical methods are one-step first-order methods such as the Euler method, but many
more complicated schemes have been developed. ODEs are ubiquitous in mathemat-
ical and computational modelling, and are used for diverse applications ranging from

modelling oil fields to weather prediction (Braun, 1993).

2.1.1 Convergence and order of accuracy

A general method for solving ODEs calculates a solution to the equation at each step
t1,ts,...,t,. By definition, this solution is not exact for any step after the initial
value. However, a solver will converge to the true solution of Eq. (2.1) as h — 0 if it
is both consistent and stable. We use the Euler method to illustrate these ideas.
The forward Euler method is probably the simplest ODE solver, and its solution

at step m + 1 depends only on the solution at step m:

Y =Y+ hf(tnY)). (2.2)
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Here, Y," is the approximate solution to Eq. (2.1) at timestep m with stepsize h, and
tm = mh. Eq.(2.2) is a one-step, one-stage explicit solver, meaning that it takes
only a single sample of the gradient f to calculate the next step, and Y, , does not
depend on itself, but only on Y, .

The local truncation error of the Euler method, the difference between the true

solution and the numerical approximation over one timestep, is

e(tm-H — tm, h) = Y(tm-i-l) - Yrs—f—l

= Y(tm-i-l) - Y(tm) - hf(tﬂ"w Yniml)a (23)

as by definition, at the start of the step, Y (¢,,) = Y;*. Taylor expanding Y (t) about

tm, We can write

__ dY (t,)  h*d*Y (t,)
Y(tm) =Y (tn) +h—p =+ 5~

This leaves us with the one-step error expansion of the Euler method,

P 3PY (tn)

E(tm+1 — tm, h) = 5 a2 (24)

Thus the Euler method has a local error of O(h?).
A method can be said to be consistent if its local error tends to zero as the stepsize
is decreased,

1t ety — i, )] = 0.

In addition, it is said to be (zero-)stable if
Y- Y < Co,

for all steps m, where C is a constant and Yn}; is a numerical solution using the

same method and stepsize as Y,» but whose initial condition was Y(O) =Yy+0. In
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other words, an initial perturbation to the numerical solution must only increase in a
controlled fashion over [0, T]. Depending on the problem and the solver, small errors
in the numerical solution can be amplified, leading to large errors. In general this
places a limitation on the stepsize of the solver to avoid instability. Stability issues
are avoided by implicit methods such as the implicit (or backward) Euler method,
but they are more difficult and computationally intensive to solve.

If a method is both consistent and stable, then it is also convergent, defined as

lim max |Y (¢,,) — Y| = 0.

h—0 m m

Such a method has global order of accuracy w, i.e. converges with order w, if

Y(T) - Y| < O, (2.5)

where C' is again a constant, and 1" = nh is the final time. The global error of a
convergent method is one power of h less than its local error: a rough way of thinking
about this is that the local error is O(h**!) at each step, and there are n = % steps
over [0, T]. More rigorously, a limit on the global error can be calculated by backward
iteration, using the local error at each step, a bound for the maximum local error and
the assumption that the function f(¢,Y (¢)) is Lipschitz continuous. For instance, we
know that the local error of the Euler method is O(h?) (Eq. (2.4)), so if the Lipschitz
assumption holds for the function f(¢,Y(¢)), we also know that its global error is
O(h) and thus its order is one.

The order of accuracy is an important property of a numerical method, as it
dictates how fast its solutions converge to the true solution. An order of accuracy of
one indicates that halving the stepsize also halves the global error, whereas with an
order of two halving the stepsize reduces the error by a factor of four, and so on. Thus
it is desirable to use higher-order methods whenever possible, as a small reduction in

stepsize can reap large rewards in error reduction.
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While it is a useful concept, one must be careful to bear in mind that the order of
accuracy is only an idealised mathematical property of a computational method: it
only truly exists in the limit h — 0, which is clearly never reached. Thus when used
with practical stepsizes, a method may not achieve its theoretical order of accuracy,

and the concept becomes meaningless once large enough stepsizes are used.

2.2 Deterministic methods

Although it is simple and fast to run, the Euler method is not often used in practice
because of its low accuracy. To achieve a higher accuracy, the solution for each step
should sample the function more times. There are two obvious ways of doing this: to
find Y, ,, we can either evaluate the function Y and its derivatives at several points
between Y, ; and Y, (suchas Y, +h/2,Y, +h/4, etc) (one-step multistage method),
or use the solutions and derivatives of previous steps, e.g. Y, ;Y . (multistep

method). The difference between the two approaches is illustrated in Fig. 2.1.

2.2.1 Omne-step methods

Although one-step methods such as the Euler method use information from only a
single previous step, they can also take additional samples within that step; these are
called multistage methods (Fig. 2.1). The simplest multistage method is the midpoint
method. The form of the midpoint method is similar to Eq. (2.2), but the gradient is
also sampled halfway between t,, and t,,11, i.e. at t =, + %:

Y =Y +hf(tn+ 2 Y+ 2f(1,Y)).
This gives a more accurate estimate of the gradient, resulting in an order of accuracy

of two — albeit at the cost of a second function evaluation, which is often the largest

computational cost in an ODE solver.
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Figure 2.1: ODE solvers. The difference between (A) one-step and (B) multistep
numerical integration methods. One-step methods only use information between steps
m and m + 1 to calculate the solution at step m + 1, whereas multistep methods use
information from previous steps.

In fact, the midpoint method is the simplest member of the Runge-Kutta family
of numerical solvers. This is an important group of one-step (multistage) methods,
which use extra samples between the current and previous steps (Burrage, 1995). The
most commonly-used method of the family is the so-called RK4 algorithm, which is a
fourth order Runge-Kutta method and makes three intermediate function evaluations,
two on the gradient at the midpoint between the two steps and one on the gradient

at the end (as well as the one at the start of the step, for a total of four):
Y =Yk (k2 4 2kt
m+l = m+6(1+ 2+ 2kz + k),

where the function evaluations ki, ks, k3, k4 have been omitted for brevity and can be
found in any standard textbook (e.g., Burrage, 1995). This is an explicit method, so
suffers from similar issues with stability as other explicit methods (Burrage, 1995).
However when combined with an adaptive stepsize, it is fast to run, as well as being
accurate and easy to code. It also performs well for a large variety of problems,
including non-smooth ones. For all these reasons, it is a popular ‘workhorse’ numerical

solver (Press et al., 2007).
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2.2.2 Multistep methods

One problem with one-step methods is that they carry out several evaluations at each
step, which they then discard for the next step. Intuitively, if an algorithm keeps the
solutions it has calculated at previous steps and uses those at the next step instead
of doing several new calculations, it should be more efficient. Methods of this kind
are called multistep methods. They store the values from previous steps to use for
the current step (Fig.2.1). For example, an obvious extension of the one-step Euler
method is the two-step Adams-Bashforth method, which is explicit and has order of
accuracy two (Burrage, 1995). Using more previous solutions increases the order of
the method. In addition, explicit and implicit solvers can be combined into predictor-
corrector methods: the explicit method gives a prediction for Y;”, | and the implicit
corrector then uses that to interpolate a more accurate solution. However, multistep
methods do not have as good stability properties as one-step methods and they also

experience problems when the stepsize is varied.

2.3 Richardson extrapolation

Richardson extrapolation is a technique for increasing the order of accuracy of a de-
terministic numerical method by eliminating the leading term(s) in its error expansion
(Hairer et al., 1993; Richardson, 1911). It involves numerically solving some deter-
ministic function Y (¢) at a given time 7" = nh using the same solver with different
stepsizes, where as usual we define Y;! as an approximation to Y (T') at time T using

stepsize h. Y (T') can be written as
Y(T) = Y7 +e(T,h),

where (T, h) is the (global) error of the approximate solution compared to the true

one. For a general numerical solver, (T, h) can be written in terms of powers of the



CHAPTER 2. DETERMINISTIC MODELLING AND SIMULATION 26

A : : : L Yi=Y()

0 T/4 T/2 3T/4 T
time

Figure 2.2: Richardson extrapolation basic principle I. Three numerical solu-

tions, with stepsizes hy = T, hy = %,hg = % find estimates closer and closer to the

true solution Y (T') = Y7, i.e. the numerical solution in the limit of zero stepsize.
They can be extrapolated to find an estimate very close to Y;? (dashed line).

stepsize h:

e(T,h) = ey, " + e, h* + e, h™ + ..., (2.6)

where the ey are constant vectors and depend only on the final integration time 7" and
k1 < ky < ks,.... Eq.(2.6) is known as the global error expansion for this method,
similar to the local error expansion in Eq. (2.4); it tells us that the method has order of
accuracy ki. The existence of such an expansion is key to constructing a higher-order
approximation.

Essentially, Richardson extrapolation employs polynomial extrapolation of approx-
imations YThq,q = 1,2,... and hy > hy > ..., to estimate Y}, i.e. the numerical
solution in the limit of zero stepsize, which corresponds to Y (T') (Fig. 2.2). Without
having to calculate the constants ey, each successive extrapolation removes the next
leading error term, which is the largest contribution to the error, thereby increasing
the accuracy of the numerical solution and allowing it to better estimate Y (7). Vi-
sualising this in an alternative way, we can make a plot of stepsize h versus Y;: our
aim is to find Y} = Y/(T), and we can do this by extrapolating the points at known

h to h = 0 (Fig. 2.3, the dashed line indicates extrapolation).
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stepsize

Figure 2.3: Richardson extrapolation basic principle II. Four numerical so-

lutions, with stepsizes h, %, %,% find estimates closer and closer to the true solution

Y(T) = YC,Q , i.e. the numerical solution in the limit of zero stepsize. They can be
extrapolated to find an estimate very close to Y (dashed line section). The axes are

chosen to highlight the dependence of the approximate solution on the stepsize.

To demonstrate, we take a numerical solver with stepsize h and global error ex-
pansion

Y(T) - Y} =eh+eh?+0Oh)+...

For instance, the Euler method has such an error expansion. Now instead of h, if we

use a stepsize h/2, the error expansion is

ho R
Y (T) - Y;}/? =eis +er -+ O+ (2.7)

We can take Y;f’h/Q = ZYYI}/2 — Y}, giving

h2
Y (T) - Y? = —er o+ O(I) + ... (2.8)

The leading error term has been removed, resulting in a higher-order approximation.
This can be repeated to obtain an even higher order of accuracy by using more initial
approximations YThl, e YTh ‘, where ¢ can be any integer and h; > hy > ... hy. We
define YTh 2l as the extrapolated solution using initial approximations YThl, e Yzil ‘.

The easiest way of visualising this is to build a Neville table (also called a Romberg
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Table 2.1: Neville table built from ¢ initial approximations Yr}”, e ,Yi,]} ? with order
ki (first column) and extrapolated to find a solution of order k,, that is Y;f vha,
Order k1 ko ks o Ky
Y/
Yhhhz
T
. ha hi,h3
Approximate Y Y,
solutions Yy : . ij”’hq
Y} : Yot
. hg—1,h
: Y, ot
Y '
T

table) from the initial approximations (Table 2.1).

The first column of the table contains the initial numerical approximations. These
are then extrapolated to find the next column, and so on. For instance, with three
initial solutions YI@,Y;M,YThM, then Y;’hﬂl = %Y;/Z’h/4 — %YTh’h/Q (this is easily
calculated by first writing down a similar formula to Eq. (2.7) for Yi,il / 4, then one
similar to Eq. (2.8) for Y} /2h/% " and once more for Y/ b/ ). At each subsequent
column, the next leading error term is cancelled, giving a yet higher-order solution.
The correct coefficients to calculate each new term of the Neville table can be found

from

k hq—r+1,hq hg—r;hq-1
yha-rha _ P Yr ~Yr
T =

o , (2.9)

where p = hy—,/hy—r11 and k, is the order of the solution at column g. This can
be generalised to any order method with any appropriate error expansion. The only
condition for extrapolation is the existence of an error expansion of the form Eq. (2.6).

Two major practical applications of Richardson’s method are Romberg integration,
which is an extrapolation technique for the trapezium rule that approximates integrals,
and the Bulirsch-Stoer algorithm, a very powerful and accurate ODE solver that relies

on using extrapolation inside each step.
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2.4 Extrapolated deterministic methods

2.4.1 Romberg integration

Suppose that we want to find the value of the integral

/b f(t)dt. (2.10)

One common method for evaluating this is the composite trapezium rule. With

pP= b_T"“ intervals, the integral can be approximated as

/ f(t)dt = h (M + if(a —l—ph)) + O(h?).

We can repeat this using 2P intervals, 4P intervals, etc. to get successively more
accurate solutions, just as in the previous section, and then extrapolate them exactly
as before. This is known as Romberg integration. A key property of the composite
trapezoidal rule is that its error expansion has the form >, O(h%*), k =1,2,..., that
is it only contains terms with even powers of h (Gragg, 1965; Romberg, 1955). Thus,
putting the successive solutions into a table of the form Table 2.1 (a Romberg table,
in this case) allows us to remove two orders of accuracy per extrapolation, to very

quickly converge to the true solution to the integral in Eq. (2.10).

2.4.2 Bulirsh-Stoer method

The Bulirsch-Stoer method is an accurate ODE solver based on Richardson extrapola-
tion (Bulirsch and Stoer, 1966; Deuflhard, 1985). A Neville table is built by repeated
extrapolation of a set of initial approximations with stepsizes that are different subin-
tervals of a larger overall step h, and is then used to find a very accurate solution.

This happens inside each timestep, allowing h to be varied between steps. A modified
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midpoint method (MMP, Algorithm 2.1) is used to generate the initial approximations
in the first column of the table. This lends itself well to an extrapolation framework,
as the MMP subdivides each step h into m substeps h = h/m. Furthermore, just as
the composite trapezoidal rule, the error expansion of the MMP contains only even

powers of h, resulting in fast convergence (Gragg, 1965).

Algorithm 2.1. Modified midpoint method (MMP)

With f(t,Y (t)) = dl;t(t) and Y (0) = yo, assuming the system is in state Yy, =Y (t,,)

at time t,, and a substep h = h/m:
1. Set zp = Y.
2. Calculate first intermediate stage 2, = 2o + Af (tm, Z0)-
3. Evaluate next intermediate stages z;,1 = zl,1—|—2fzf(tm+lﬁ, z), l=1,...,m—1.
1 .
4. Update Y1 = 5 (zm + 21 + hf(tm + A, zm)> and t,,41 =ty + h.

At each step, a column of the Neville table, k, in which we expect the approximate
solutions to have converged, as well as an overall stepsize h are selected (see Chapter 5
for full details). The Neville table is then built by running & MMPs, with stepsizes
hy = h/2,.. .,iLq = h/my, where m, = 2¢,q = 1,2,...,k and successively extrapo-
lating the appropriate numerical approximations. The convergence of the solutions is
evaluated based on the internal consistency of the Neville table, that is, the difference
between the most accurate solution in column & and that in column k—1: from Table
2.1, thisis AY (k,k— 1) = Y}f“’ﬁ’“ — Y,'fz’h’“. As successive initial approximations Yhhq
are added to the first column, the extrapolated results in each new column converge
to the true solution and AY (k, k—1) shrinks. The final approximation at column £ is
acceptable if erry < 1, where erry, is a scaled version of AY (k,k — 1) (see Algorithm
5.2 for more detail). If err, > 1, the step is rejected and redone with h = %

In a practical implementation, the first step of the simulation tests over ¢ =

1, ..., Emaz, Where k., is usually set as eight, in order to establish the k necessary
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to achieve the required accuracy and ensure the stepsize is reasonable; subsequent
steps then test for convergence only in columns k — 1,k and k+ 1 (Press et al., 2007).
Because of its accuracy, the steps taken by the Bulirsch-Stoer method can be relatively
large compared to other numerical solvers. h is changed adaptively at each step, and
is chosen to minimise the amount of work done (i.e. function evaluations 7+ 1 of the
MMP) per unit stepsize. In this way the Bulirsch-Stoer method adapts its order and
stepsize to maximise both accuracy and computational efficiency.

In this chapter, we have given an introduction to ODEs and ODE methods in
general. We have also covered Richardson extrapolation, one of the key ideas in this
thesis that will be applied later to the discrete stochastic regime. Finally, we gave
a brief overview of the Bulirsch-Stoer method, which we will adapt into an efficient

stochastic method in Chapter 5.



STOCHASTIC MODELLING AND SIMULATION

ODEs are used widely in biological and physical modelling, and have many advantages.
They are intuitive and easy to set up, very fast to solve computationally and have been
studied extensively, so the techniques for solving them are well-known. For problems
where noise has a negligible effect they are very useful.

However, it is often necessary to take proper account of the stochasticity in a
system. For instance, when close to a bifurcation regime, ODE approximations cannot
reproduce the behaviour of the system for some parameter values (Erban et al., 2009).
In such cases, stochastic modelling and simulation methods must be used. Because
of the presence of noise, the functions X (t) are random variables instead of the
deterministic variables Y (). In this notation, X indicates the variable itself, whereas
a specific instance of it is written @ = X(¢). Another notation change is the re-
labelling of the continuous method timestep h to the discrete one, 7.

ODEs (also known as reaction rate equations, RRE, in a chemical kinetics context)
and stochastic models are inherently linked: a useful way to think about ODEs is as
one type of conditioned mean of the stochastic process. In fact, they can be called
the continuously-conditioned average of the random process X, that is, the mean

of X (t) assuming that the value of X at all previous steps was its mean value and

32



CHAPTER 3. STOCHASTIC MODELLING AND SIMULATION 33

X (0) = @ (Gillespie and Mangel, 1981). In contrast, what we would usually call the
mean of X, E(X(t)), is the initially-conditioned average of X, i.e. it is conditioned
only upon the requirement X (0) = xg. The ODE reaction rates, which have of-
ten been found phenomenologically, actually arise from the stochastic rate constants,
which are based on microphysical principles (Gillespie, 2007). The relationship be-
tween the RREs and stochastic approaches is further discussed by Higham (2008). In
addition, this direct link between the microscopic (master equation-based) individual
models and macroscopic (differential equation-based) population model approaches
was nicely illustrated by Erban and Othmer (2004) and Erban and Othmer (2005)
(and generalised further by Xue and Othmer, 2009). Using the bacterial chemotaxis
model as an example, they showed that by deriving the macroscopic model from its
microscopic basis, the ad-hoc macroscopic parameters could be linked to known mi-
croscopic properties of the bacteria. These papers highlight that the individual-based,
microscopic, exact approach gives rise to the approximate, macroscopic, population-
based equations that have been known for a long time. It is comforting to see that the
two approaches can be reconciled in the limit of large populations. In Section 3.3.6,
we show how, in a similar fashion, we can transition between models for the discrete

stochastic and deterministic regimes in the case of chemical kinetics.

3.1 Strong and weak order

In a stochastic setting, the term ‘order’ must be redefined; the presence of noise means
that two simulations started in the same initial state will often end in different states.
Thus, rather than a single unique solution, we must compare different properties of
the simulation to the true solution. We can define two different concepts of order:
strong and weak (Kloeden and Platen, 1999).

Strong order compares the trajectories of simulations to the true solution. For a
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sample stochastic trajectory X of X (T) at time T = nh,

E|X(T) - X7| < CW

gives the strong order v > 0 of the simulation method.

As the name implies, weak order requires a weaker connection between the true
solution and the approximate one than strong order. When looking at weak order,
it is only the distribution of the solution (i.e. its moments) that matters. We say
that the approximation X2 converges weakly with order 5 > 0 to the solution X (T)
if for any suitably smooth functional f(X (7')) up to an appropriate order there is a

positive constant D such that

[E(f(X(T)) - E(f(X7))| < Dh”.

Together, these two definitions are the equivalents to the concept of order in the
deterministic sense. Every stochastic method has both a strong and weak order. Most
have low strong order (for instance, one half for the Euler-Maruyama and Euler 7-
leap methods, described later) but weak order varies more, starting at one (again, the
Euler-Maruyama and Euler 7-leap methods), increasing to two (some 7-leap variants,
see Section 3.3.4) and possibly higher (extrapolated 7-leap), although this has not

been proved analytically.

3.2 Continuous stochastic methods

Systems with fewer particles (typically of the order of thousands to tens of thousands)
are affected correspondingly more by fluctuations. Particle populations are still large
enough to be approximated as concentrations; however, they are not large enough
that stochasticity can be neglected.

A useful way of representing such systems is with stochastic differential equa-



CHAPTER 3. STOCHASTIC MODELLING AND SIMULATION 35

tions (SDEs). These are based on the assumption that the underlying Markov jump
process governing the behaviour of the system can be approximated by a continu-
ous Markov process that is equivalent to certain diffusion processes described by the
chemical Langevin equation (CLE, a class of SDEs; Gillespie, 2000). This ‘diffusion
approximation’ is reasonable in a system with relatively frequent reactions.

A general SDE is identical in form to an ODE with an added noise term (in its

Ito formulation, shown here; Kloeden and Platen, 1989):

dX (1) = a(t, X (t))dt + b(t, X (1)) dW (), X (0) = X. (3.1)

Here a is an N x 1 vector-valued function, b is an N x M matrix-valued function and
dW (t) is a vector of M independent Wiener noise terms. Each Wiener increment from
step n to n+1 is a sample from a Gaussian distribution, given by W,(t+h) —W;(t) =
N(0,h),7 =1,...M. Eq.(3.1) consists of a deterministic (drift) term that governs
the mean behaviour of the system, and a stochastic (diffusion) term that accounts
for the effects of noise. The diffusion term represents variables not explicitly taken
into account by the drift term, but which nonetheless contribute to the state of the
system.

SDEs form an intermediate regime between the discrete stochastic and determin-
istic regimes (Burrage et al., 2004b; Mélykiti et al., 2010). In the limit of large
population, a discrete stochastic method can converge to an SDE. Furthermore, when
the populations are very large, the deterministic part of the SDE is much larger than
the stochastic part, and the diffusion term can be ignored, leaving an ODE, i.e. a
purely deterministic description of the system (Gillespie, 2000, 2001).

How do we numerically solve an SDE? One way is to take the Ito stochastic Taylor

expansion and truncate it at various points. The easiest place to start is by using
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only the first term. This gives the Euler-Maruyama method (Maruyama, 1955):
X1 = X, + ha(t, X)) + AW,b(t, X)),

where AW,, = W,,.; — W,, and W, is a sample from the normal distribution
N(0,hll), with T the M x 1 identity matrix. We notice that this is just the Euler
method of Eq. (2.2) with an added noise term. The Euler-Maruyama scheme has
strong order one half and weak order one.

In many cases, the trajectories of the individual simulations need to closely ap-
proximate the true solution. This is important in many applications, such as the
dynamics of physical systems with phase transitions and cell biology (Burrage et al.,
2004a). One method that presents considerable improvement on the Euler-Maruyama
method is the stochastic Runge-Kutta algorithm. This family of algorithms is partic-
ularly good at getting high strong order (in general, one to two) approximations; thus
they are particularly suitable for modelling the types of problems described above.
Burrage and Burrage (1996) developed several new classes of stochastic Runge-Kutta
methods, in particular one with strong order two. Abdulle and Cirilli (2007) and
Rué et al. (2010) have also constructed new stochastic Runge-Kutta methods. These
have strong order one, but have good stability, allowing for large timesteps, and are
especially useful for stiff systems that would otherwise be very computationally costly

to simulate.

3.3 Discrete stochastic methods

Going down to the smallest scales, small systems that contain few individual compo-
nents compared to their containing volume, reactions are rare. It is obvious that in
such systems we must account for every single particle, as changes in the molecular
populations are always by integer amounts — i.e. they are discrete. Since there are so

few particles, any change in their numbers is noticeable with respect to the popula-
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tion size. Thus they are highly stochastic systems: the states of two initially identical
systems may diverge significantly.

Two popular approaches to simulating stochastic chemical systems are the chem-
ical master equation and stochastic simulation algorithms. We focus on these non-
spatial methods that only count the populations of molecular species over time. There
are many other types of stochastic methods that we do not describe here. For instance,
popular methods such as molecular dynamics and Brownian dynamics simulations,
and compartment-based algorithms that include both time and space considerations.
Some of these approaches are introduced by Erban et al. (2007) (and further com-
pared by Erban and Chapman (2007, 2009)). Specifically, the group of methods we

focus on in this thesis assumes that:

1. individual molecules in the system are not explicitly tracked, only the number

of each chemical species, and

2. non-reactive collisions occur between particles much more often than reactive

ones.

As a consequence, we can assume that the system is well-mixed and spatially ho-
mogeneous (uniformly-distributed). The waiting time between reactive collisions is

exponentially-distributed. The chain of reasoning for this is as follows:
Frequent non-reactive collisions imply that the system is well-mixed;

— This implies that we can write the probability of a reaction j occurring in

infinitesimal time dt as a;(x)dt = cjh;(x)dt + o(dt) (see below);

— The probability of a reaction j occurring over time [t,t + 7 + dt) is given
by the probability of no reactions over [t,¢ + 7), then one reaction j over

[t +7,t+ 7+ dt); from above thisis (1 — > a;(x)dt + O(dt))é - (a;(x)dt + o(dt));

— In the limit dt — 0, this gives Eq. (3.3), which is exponentially-distributed.
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The above justifies our assumption of exponentially-distributed waiting times (the
notation is set out below). This assumption, as well as the fact that particles are not
individually tracked, in turn implies that such systems can be modelled by Markov
jump processes (Gillespie, 1992a). This group of stochastic simulation methods de-
scribes the evolution of the chemical populations through time, where only the state
of the system is recorded as it undergoes a number of chemical reactions. Wilkinson
(2011) provides an accessible introduction to such stochastic methods.

We are interested in a system of biochemical reactions with N species and M reac-
tions inside some fixed volume V', each of which can involve different species and occur
at different rates. The populations of chemical species are represented as state vectors
X(t) = X;(t),1 = 1,...,N; crucially, these values are actual numbers of molecules
and not concentrations as in ODE methods. The reactions are represented by a sto-
ichiometric matrix v = ;5,4 = 1,...,N,j = 1,..., M, composed of the individual
stoichiometric vectors v;. v; represents the change in state due to j occurring and
the system going from X, to X1, that is X (¢) to X (¢t + 7). Each reaction occurs
with probability a;(x)dt+o(dt) in the infinitesimal time interval dt, given that it is in
state @x; this is known as the fundamental hypothesis of the stochastic formulation of
chemical kinetics (Gillespie, 1976). It represents a key difference between the stochas-
tic and deterministic approaches to chemical kinetics: ODEs assume that reactions
happen with a certain rate, whereas stochastic methods consider the probability of
reactions occurring. This is also the factor that allows stochastic methods to be ex-
act, whereas ODE methods are by definition approximations. a;(x) is known as the
propensity function of reaction j. Propensity functions are given by the mass-action
kinetics of the reactant chemical species. For instance in the reaction X; + Xs 5 X3,
a=cX1Xy and v = [-1,—-1,1]7, and for X; + X; > X5, a = cX (X, — 1)/2 (the
factor of % arises because we are effectively choosing two particles from a total of X;
without replacement) and v = [-2,1]T. X (¢),v and a(X (t)) fully characterise the

system at each time point ¢.
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3.3.1 Chemical Master Equation

The chemical master equation (CME) (Gillespie, 1992b) takes a ‘distribution’ view
of the system, keeping track of every possible state at once. It is an exact method
for tracking the behaviour of a stochastic system over time by enumerating all the
possible states in which the system can be at any time. For a system in state x at

time ¢,

P(x;t+dt) = P(x;t) (1 - Z aj(a:)dt> + Z a;(x — vj)P(x — v;; t)dt + o(dt),

Jj=1

where dt is sufficiently small that, to first order, at most one reaction takes place in
the time interval [¢,t + dt). In words, this states that the probability that the system
is in state x at time t+dt is given by the probability that it is in state & at time ¢ and
does not change (first term), plus the probability that it is in another state at time ¢
and changes to state @ during [t,t + dt) (second term). Rearranging then taking the

limit dt — 0, this can be written as a system of ODEs,

dPE;§t) _ Z aj(iB _ yj)P(ag — Vj; t) — P(:IZ; t) Zaj(w). (3'2)

The main difference between the CME and a deterministic model is that the CME
is based on probabilities, rather than rates of change. It describes the probabilities
of the system being in each state at different time points. Solving the CME consists
of evaluating Eq. (3.2) at certain time points, somewhat like an ODE; however, the
CME solution is an entire PDF.

Thus the CME seems to be the ideal way of finding the evolution in time of a
stochastic system: it is exact and returns the full PDF of the system. However, only
in the case of very simple systems can it be analytically solved; for the vast majority
of cases, a numerical approach is necessary. For this reason, in practice, solutions of

the CME are generally not actually exact. In addition, as each possible state has to
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be evaluated at each time point and the number of states can grow non-linearly, each
solution is very computationally-intensive. This can be an obstacle, and the CME
approach could initially only be effectively used to simulate simple systems for short
periods of time. However, in recent years there has been considerable progress on CME
solver methods: for instance MacNamara et al. (2008b) used an adapted finite state
projection algorithm (originally introduced by Munsky and Khammash, 2006) that
could detect when the system was at equilibrium to show that for some problems the
CME approach was faster at computing moments than both the stochastic simulation
algorithm and even the much faster 7-leap. By using the total quasi-steady-state
approximation with a CME solver, they were able to speed up the CME solver even
more (MacNamara et al., 2008a; MacNamara and Burrage, 2009). More recently,
MacNamara and Burrage (2010) were able to solve the CME for even larger systems,
as well as for time-dependent rate constants. This shows that the CME is now a useful
tool for finding exact distributions of stochastic systems. Comparatively, even the
stochastic simulation algorithm is less accurate, as it generally needs many simulations
before its distribution is close enough to the true one. Nevertheless, when populations
and propensities grow too large to be calculated using the CME, trajectory-based

simulations must be used instead.

3.3.2 Stochastic simulation algorithm

The most basic trajectory-based approach that exactly simulates individual paths
from the full distribution given by the CME is the stochastic simulation algorithm
(SSA; Gillespie, 1977). The SSA is a statistically exact method for generating Monte
Carlo paths; that is, a PDF built up from an infinite number of simulations of the
SSA will be identical to the true distribution of the system, as given by the CME.
Clearly this limit is never reached, but a satisfactorily accurate PDF can be achieved
by a moderately high number of repeats of the SSA: between 10* and 108, depending

on the system and the type of application.
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The SSA steps along in time reaction-by-reaction, governed by the reaction prob-

ability density function (Gillespie, 1976)
P(r. 1) = a(@)exp(—ao(@)7), (33)

for time 0 < 7 < oo and reaction types 1 < p < M and ao(x) = Z;‘il aj(z). Note
that here and below, we now do not explicitly state the o(dt) term, as it is typically
assumed to be negligible; however it is worth keeping this in mind. Eq. (3.3) is a
joint probability density of the variables 7 and u: P(7, p)dt gives the probability of
when the next reaction will occur (in the infinitesimal time interval between ¢ + 7 and
t+7+dt) and what type of reaction it will be (type x). In order to determine specific

quantities for these variables at each step, we can write
P(r, 1) = Pi(7) - Po(pul7). (3.4)

Py (1), which gives the time until next reaction regardless of reaction type, can be
found by summing P(7, ) over all p, and then substituted into Eq. (3.4) to find
Py(u|7), which gives the reaction type given that the reaction occurs at ¢t 4+ 7. This
leads us to the simplest SSA scheme, the direct method, which samples one new
random number each from P;(7) and P,(p|7) and thus calculates the time until the
next reaction 7, and the reaction j’ that will occur (Gillespie, 1976). The time until

the next reaction is given by

S aogw) In (%) , (3.5)

where r; is a uniform random number on [0, 1]. Eq. (3.5) generates a random number
from the probability distribution P(7) = ao(x)exp(—ao(x)7) (Gillespie, 1976). This
is actually the minimum time until the next reaction over the entire set of reactions.

The separate probability of each reaction j occurring is P(7) = a;(x)exp(—a;(x)7),



CHAPTER 3. STOCHASTIC MODELLING AND SIMULATION 42

but the direct method finds the one that happens first, hence the sum over a;(x).
Notice that P(7) has an exponential distribution with parameter ag(x), confirming
that the reaction times are exponentially-distributed as assumed. The index j' of the

next reaction is given by
§'—1 M

Z Qyy, < ATy < Z s (3.6)
m=1 m=j’

where 7y is a uniform random number on [0, 1]. Thus the relative probability of each

reaction j occurring is Zég; The state vector is evolved in time according to the

update equation

M 1 ifj=j,
Xy =X+ > viK;, K;= (3.7)
j=1

0 otherwise.

Algorithm 3.1. SSA (Direct method)

With the system in state X,, at time t,,:
1. Sample r; and 75 from the unit-interval uniform distribution.

2. Find time until next reaction 7 = m In (%), where ag(X,,) = Z]Nil a;j(Xm).

3. Next reaction j" is the smallest integer such that o ag(X,,) < Z;;l a;j(Xom).
4. Update tp, 11 =t + 7 and X,,, 11 = X, + v,

The SSA is derived directly from microphysical principles; this is its key advantage,
and it is a very important factor. It also has several other, less significant, advantages.
For instance, it is very easy to program and can be run in parallel across simulations
or on the graphical processing units of modern graphics cards.

Its main drawback is the time it takes for simulations of more complicated systems
to run. For instance, a single simulation in the software package Matlab on a complex
problem can sometimes take of the order of a day to run. This is clearly not ideal.

Moreover, in order to learn about the typical behaviour of the system, for instance to
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find accurate values for statistical quantities such as the mean and standard deviation,
many simulations are necessary. This may take a prohibitively long time. Several
variants of the SSA have been proposed that attempt to speed up the simulations. The
first reaction method, also proposed by Gillespie (1976) instead found a ‘tentative’
waiting time for each reaction and then chose the one that occurred soonest. The
next reaction method (Gibson and Bruck, 2000) built upon this by recycling random
variables and by only updating those propensity functions that have changed over
each step. The optimised direct method improved the original direct method to be
competitive with the next reaction method (Cao et al., 2004). More recently, Yates
and Klingbeil (2013) introduced the concept of recycling random numbers to the
direct method to give significant gains in efficiency, whilst minimising changes to the

implementation by adding only one new line of code.

3.3.3 7-leap method

Despite these advances, in many cases even the fastest SSA implementations are not
fast enough, and in these circumstances an approximate method must be used. The
first method to attempt to speed up the SSA by sacrificing its exactness was the
7-leap method (Gillespie, 2001). As with the SSA, it evolves the state vector of the
system through time by simulating a series of chemical reactions. However, at each
step it computes the effects of many reactions at once. This allows each timestep to be
longer, resulting in fewer calculations over the length of the simulation. Using a 7-leap
method can dramatically reduce the number of calculations, and so the computational
time, as compared to the SSA. For instance, a simple decay process with 10° initial
particles obviously took an SSA 10° steps to reach zero population. In contrast, it took
a 7T-leap of the order of one to several hundred steps, whilst maintaining reasonable
accuracy (Gillespie, 2001). This can often translate into a reduction in computational
time of several orders of magnitude, although this varies for each system.

The obvious problem is that the accuracy of our simulation is compromised: we
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can no longer tell exactly when each reaction occurs, only in which timestep; moreover,
we can only estimate the number of reactions itself. A careful balance must be struck
between this loss of information and the gain in speed. If we choose the timestep to
be too large, the results are useless because of the loss of accuracy. If, on the other
hand, the step size is too small, we are essentially reverting back to the SSA and
losing computational time.

What is the best way to ensure this balance? We can require that the timestep 7
is so small that the propensities do not change ‘significantly’ during one step. This
is known as the leap condition, and is another way of saying that the change in the
probability of each reaction occuring is infinitesimal (Gillespie, 2001). The number
of times K each reaction occurs during every timestep is drawn from a Poisson

distribution, and approximated by the 7-leap as (Gillespie, 2001)
Ki(t;z,t) = P(a;(x)T), (3.8)
and the 7-leap algorithm evolves the system through time as
M
X1 = X+ > _ VK. (3.9)
j=1

This is identical to the SSA except for the form of K, which is given for the 7-leap
by Eq. (3.8) and Eq. (3.7) for the SSA.

Algorithm 3.2. Euler 7-leap method (ETL)

With the system in state X,, at time t,,, and a timestep 7:

1. Generate M Poisson random numbers K; = P(a;(X,,)7), j=1,..., M.

2. Update t,41 =t +7and X, 1 = X, + Z;\il v, K;.

This most basic 7-leap method is also known as the Euler 7-leap method (ETL),
as the form of Eq. (3.9) resembles the Euler method for solving ODEs. Similar to the

Euler method, the ETL has weak order one, as well as strong order half (Li, 2007).
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Algorithm 3.2 does not specify how to choose 7, and an obvious first choice is to
manually set it to a fixed value. However, this is yet another trade-off between speed
(large timesteps, possibly even resulting in negative populations and thus simulation
failure) and accuracy (small timesteps, possibly resulting in slow simulations like
the SSA), and is of no real practical use unless simplicity is the most important
consideration or 7 must be fixed, as is the case when used in the context of Richardson
extrapolation (see Chapter 4 and Székely et al. (2012)) or the multilevel Monte Carlo
method (Anderson and Higham, 2012). Adaptively changing 7 at each step can give
far greater gains in speed and accuracy: 7 can be made as large as possible given the
state of the system at that point, resulting in faster computational times. Moreover,
higher accuracy is obtained as 7 can also be kept small enough to adhere to the leap
condition. When 7 has a similar size to the expected SSA step, @, a good simulation
algorithm should temporarily switch to the SSA, for two reasons: firstly, there is
computational overhead involved in calculating 7; secondly, and more importantly,
the SSA only needs one or two uniform random numbers per step (depending on the
implementation), but the 7-leap needs M Poisson random numbers, requiring much
more computational effort.

One way of enforcing the leap condition is to bound the change in propensity
functions over each step by a small percentage of their sum. Of course, we cannot know

in advance how the propensities will vary, so we must take the change in propensities

assuming the system changes by its expectation over that step (Gillespie, 2001), i.e.

|aj(® + Tvj0;(x)) — a;(®)| < eao(),

where ¢ < 1, usually somewhere around 0.01 to 0.05. But when the propensities
for each reaction have different sizes, the 7 selected in this way could be suitable
for one reaction channel but far too large for another, and the leap condition is not

always obeyed closely enough. This was noted by Gillespie and Petzold (2003), who
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also introduced the size of the variance of the change in propensities, on top of their
mean, as a restriction upon 7. Ideally, we would calculate the optimal 7 for each
reaction channel,

|aj(x + Tvja5(x)) — aj(x)| < eaj(x),

then choose the smallest one, as this is where substantial accuracy can be lost. The
reason this solution is not practical is that when one of the species goes to zero,
the chosen 7 would also go to zero, stopping the simulation prematurely. However,
we know that aj(x) = ¢;f(z;),i = 1,..., N, where f is a smooth function of the
species, for example z; (unimolecular reactions), x;z; or z;(x;—1)/2 (both bimolecular
reactions). Since the smallest change in z; is one, the smallest possible change in a;(x)

is ¢;. As outlined by Cao et al. (2006), we can now take

|aj(x + Tvja5(x)) — a;(x)| < max{ea;(x),c;},

i.e. the minimum 7 chosen will always be greater than zero. However, this method
can still be improved, by employing a further approximation. This time the change
in propensities from one step to the next is approximated by the change in molecular
populations instead. Since this involves some complications, we do not discuss the
procedure further here, and leave it to Cao et al. (2006). The accuracy of this last
procedure is similar to the previous one, but its computational cost is lower: the num-
ber of calculations of earlier T-leaping schemes increases quadratically with chemical
species, but is linear for this version of the algorithm (Cao et al., 2006).

There is an additional problem with the initial formulation of the 7-leap: when the
stepsize is chosen too large, the molecular species can sometimes go negative. Tian
and Burrage (2004) and Chatterjee et al. (2005) addressed this problem by sampling
K from a binomial distribution. The binomial distribution is bounded on [0,S5] (where
S is sample size), so as long as S is set to the number of particles in the least populous

species the problem of negativity is avoided. The most recent method of Cao et al.
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(2006) also alleviates this problem by using a critical reaction parameter n. which is
set to a low integer value. Any reaction channel whose reacting populations are less
than n. switches to using a modified SSA for that timestep. There have been two more
recent variations of the binomial 7-leap: a new binomial 7-leap method (Peng et al.,
2007), which changes the restrictions on the sampling of binomial numbers to allow
larger steps whilst still retaining accuracy, and one that uses multinomial random
variables (Pettigrew and Resat, 2007), which has improved efficiency by both grouping
reactions together into larger groups and using a different stepsize selection scheme
to the one proposed by Gillespie and colleagues. Even more recently, also sampling
Poisson random variables, Yates and Burrage (2011) developed a method that is
somewhat similar to that of Cao et al. (2006), but more robust and efficient. Instead
of using a critical reaction parameter, they calculate the probability of each chemical
species becoming negative in the next step. This improves efficiency by ensuring that
species that are unlikely to become negative are not overcautiously classed as critical
and do not unnecessarily slow down simulations. Moreover, robustness is improved
as chemical species with populations above n. that may undergo many reactions can
thus possibly go negative in the standard 7-leap; in contrast, the formulation of Yates
and Burrage (2011) can catch this by noticing that that species has a high probability

of becoming negative.

3.3.4 Higher-order leaping methods

In recent years, there has been an effort to improve the 7-leap by formulating higher-
order leaping methods, rather than improving the stepsize selection itself. This is
somewhat inspired by higher-order methods for ODEs, such as the popular Runge-
Kutta (see Section 2.2.1) and Bulirsch-Stoer (see Section 2.4.2) methods. These meth-
ods are useful for the same reason as with ODEs: in theory, they reduce the error of
the results for a given stepsize. Because of this, they can use larger timesteps for a

desired error level, reducing processing time.
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We will refer to two different approaches for finding the order of these methods: the
‘classical’” scaling 7 — 0 and the ‘large-volume’ scaling V' — oco. We introduce these
concepts here. Rathinam et al. (2005) were the first to analyse the order properties
of 7-leap methods. They showed that for linear propensity functions (that is, at most
first-order reactions), the ETL has weak order of accuracy one in the moments under
the scaling 7 — 0. This is the scaling traditionally used in ODE analysis to find order
of accuracy. This analysis was extended to non-linear propensities by Li (2007), by
considering 7-leap methods as SDEs driven by Poisson random measures (see also
Burrage and Tian (2004)). He showed that the ETL is precisely the Euler method
applied to this SDE and hence inherits the properties of strong order half and weak
order one. However, the problem with using the scaling condition 7 — 0 for 7-leaping
methods is that this is directly at odds with the regime under which 7-leaping is useful:
the stepsize should be large compared to the waiting time between each reaction, or
more precisely, ag(x)T > 1, otherwise one loses efficiency compared to the SSA.

Anderson et al. (2011) got around this by considering order under a large-volume
scaling V' — oo. Here, one normalises the populations by the volume V' such that
X/V =0(1) and sets 7 = V7,0 < 8 < 1. Then in the limit V — oo, global strong
and weak order convergence can be established, both of which they found to be one for
the ETL. Hu et al. (2011a) investigate these issues in greater detail through the use of
rooted tree expansions of the local truncation errors for the moments and covariance,
thus generalising the approach first applied to SDEs by Burrage and Burrage (2000).
They note that the large-volume scaling also has its own problem, in that the system
size should not need to change as stepsize is varied to find order of convergence. Thus
the classical and large-volume scalings approach the problem of finding convergence
from two different angles. Their analysis shows that while some 7-leap methods may
have higher-order moments (for instance, the midpoint 7-leap method has order two
moments for linear systems), their covariance is invariably of unit order, unless this is

specially taken into consideration (as with the #-trapezoidal 7-leap method, which has
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order two moments and covariance). As Hu et al. (2011a) point out, these issues arise
as a consequence of the differences between the infinitesimal generators for ODEs and
jump processes.

Gillespie proposed the first higher-order 7-leaping method, the midpoint 7-leap
(MPTL), in his seminal paper (Gillespie, 2001). He based it directly on the well-
known midpoint method for ODEs, a second-order Runge-Kutta method. Instead
of using the gradient at time ¢ to estimate X (¢ + 7), as the Euler method does,
the midpoint method uses it to find X (¢ + %), and then uses the gradient at this
‘midpoint’ to find X (¢t + 7). In its 7-leap incarnation, the actual change in X is, of
course, a random variable, so Gillespie suggested using the expected midpoint value,

X', instead. Then the Poisson update becomes K = P(a(X')7).

Algorithm 3.3. Midpoint 7-leap method (MPTL)

With the system in state X,, at time t,,, and a timestep T:
1. Calculate expected midpoint value X’ = X, + i1 Z]Ai1 vja;j(X,,).
2. Generate M Poisson random numbers K; = P(a;(X')7), j=1,..., M.
3. Update t,,s1 =t,, + 7 and X, = X, + ij‘il v, K;.

It was subsequently found that the MPTL is not fully weak order two, unlike its
ODE cousin. It has weak order two moments in the large-volume scaling, but in the
classical scaling they have weak order one, like the ETL (Anderson et al., 2011; Hu
et al., 2011b). Its variance also has weak order one, again as the ETL.

Two more recent higher-order methods are the random-corrected 7-leap, which has
no deterministic analogue, and the f-trapezoidal 7-leap, which is similar to Heun’s
method for ODEs. The random-corrected 7-leap method is based on the ETL, with a
(randomly-sampled) correction term applied at each step (Hu and Li, 2009). If chosen
properly, this has the effect of increasing the order of the method, as the correction

terms cancel with the leading terms in the local truncation error. Hu and Li (2009)
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introduce a Poisson correction, as well as two types of Gaussian corrections; the former
is able to achieve weak second order in the mean but only first order in the variance,
while the latter two achieve weak second order in both the mean and the variance.
The 0-trapezoidal 7-leap method (TTTL) is based on the similarly-named SDE
method of Anderson and Mattingly (2011), and has both higher-order moments and
covariance (Anderson and Koyama, 2012; Hu et al., 2011b). The method consists of
two steps, a predictor step with stepsize 7 and a corrector step with stepsize (1 —60)7
that aims to cancel any errors made in the first step. In a general sense, its form is

similar to the random-corrected 7-leap, as the update formula of both can be written
M
X1 =Xn+ Y VK, K'=K+K,
j=1

where K is the usual 7-leap update, i.e. the predictor, and K is the corrector term.
The main difference is that the random-corrected 7-leap takes a full step and attempts
to correct for the error at the end, whereas the TT'TL only uses the initial predictor
stage to solve for a fraction of the timestep, 7. The corrector stage then attempts

to correct the error in the predictor stage until 7 is reached (Hu et al., 2011b).

Algorithm 3.4. f-trapezoidal T-leap method (TTTL)

For a specified 0 € (0,1), oy = 2(1—i9)0,062 = %. With the system in state X,,

at time t,,, and a timestep T:

M.

*

1. Generate M Poisson random numbers K = P(a;(X,,)07), j =1, ..
2. Calculate predicting step X' = X,,, + Zj\il v K.

3. Calculate [; = max (aya;(X’) — aga;(X,,),0).

4. Generate M Poisson random numbers K; = P([;(1 —0)7), j=1,..., M.

5. Update t,o1 =t +7 and X, = X' + ijvil v, K.
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The moments of the TTTL were shown to have weak order of convergence two,
and its covariance has local truncation error O(73V"1). 7=V 0 < B < 1 and
in the analysis V' — oo, but in simulations the system volume is kept constant; thus
it seems that in practice this also results in weak second-order convergence in the
covariance (Anderson and Koyama, 2012; Hu et al., 2011b).

The unbiased 7-leap method (UBTL), in theory, should not fit into this section, as
the idea is that it has zero bias error, and therefore should not have a defined order of
accuracy (Xu and Cai, 2008). In order to construct such a method, the authors begin
with a CME for K, the number of reactions occurring per step, rather than the usual
one for X. They then find an expression for the mean of this CME, which constitues
the Poisson parameter for the step, as well as its variance (explained further below).
At this point the method is indeed unbiased. Unfortunately, in general, the moment
equations derived from the CME contain higher moments, except in the case where
all the reactions are zeroth- or first-order, meaning the propensities are linear and
E(aj(x)) = aj(E(x)). The ODEs for the higher moments contain yet higher moments,
and so on ad infinitum. Thus it is not possible to solve for the mean and variance
in the general case of non-linear propensities, and a moment closure approximation
must be made. For instance, the equation for the mean of K is % =E(a(K)). To
be applicable in the general case, we can Taylor expand the propensities and truncate
the expansion at first order, that is a(K) = a(0) + F K, where F is defined below.
Taking a similar approach for the variance, we get Egs. (3.10) and (3.11) (Xu and Cali,
2008). This clearly introduces a bias error into the method, which one would expect
to then be weak first order.

The method involves solving, at each timestep, two ODEs for the quantities g (%)
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and C(t), the mean and variance of K, respectively:

dua;iS) - ijﬂ"(‘”)”j'(s)+aj(w), p;(t) =0, (3.10)
GO oot gmeo

where s € [t,t + 7), € = X(t) is the value of the state vector at the start of the
step and f;;(x) = - &%;w)mj/,jd’ = 1,..., M are the elements of the M x M
matrix F'. Note th;?Eq. (3.11) only contains the diagonal elements f;; and C is
the variance of K, as we assume that the reactions are independent and so the non-
diagonal elements of the covariance matrix are zero. Egs. (3.10) and (3.11) must be
solved simultaneously with initial conditions u(t) = C(t) = 0 to find u(t + 7) and
C(t+r).

In Section 5.5, we run numerical tests to find the order of a restricted SBS-DA
method, which uses Egs. (3.10) and (3.11) to find the number of reactions at each
step. As this implementation was purposely restricted to both fixed stepsize and zero
(or one) extrapolations, in effect it reduced down to the UBTL with fixed stepsize.
Unexpectedly, we found that it actually has weak second order in the moments and
first order in the variance for the stepsizes used, which were chosen to be large to
avoid Monte Carlo error. Although the large stepsizes could also affect the order of
the method (see Section 5.5 for a discussion), the order would either be unaffected or
reduced; this shows that the maximum weak order one can probably obtain from the

UBTL with a first-order truncation of the Taylor series of the propensity functions is

two.

Algorithm 3.5. Unbiased 7-leap method (UBTL)

With the system in state X,, at time t,,, and a timestep 7:

1. Solve Egs. (3.10) and (3.11) using a standard ODE solver to find mean and

variance of number of reactions at time ¢ + 7.
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2. Choose K as given by Eq. (3.12).
3. Update t,,u1 = t,, + 7 and X, = X, + Z]]Vil VK.

In fact, Eq. (3.11) is only necessary because Eq. (3.10) is not exact in the general
case; when all propensities are linear, only Eq. (3.10) is necessary to find an exact
value for the Poisson parameter. For larger timesteps, the loss of exactness may lead
to a sizeable error, so we must approximate the true, Poisson, distribution of K with

a Gaussian whose variance has been corrected. This leads to the update scheme

K (s (t47), 0, (147)) = Pp;(t+ 1)) if p;(t+7) < 10, (312)

W(“J‘(HTL Cj(t+T)ﬂ if p;(t +7) > 10,

where | | denote rounding to the nearest integer (this is done to keep particle numbers
as integers, and since the normal sample is taken when p; > 10, it should not introduce
excessive error). Here the value ten has been chosen heuristically as above this value
a Poisson sample can be well-represented by a Gaussian sample with the appropriate
mean and variance. Moreover, Xu and Cai (2008) also introduce a switch to binomial

variables when p;(t) is small and differs significantly from C}(t).

3.3.5 Multiscale methods

Lastly, we will briefly cover multiscale methods. These are useful for simulating sys-
tems that have large differences in the frequency of their reactions (i.e. propensities),
due to large variations in the populations of their various species and/or their fast re-
action rates. In practice, this occurs in many systems, but standard leaping methods
are often able to satisfactorily simulate them. In the more extreme cases, specialised
multiscale methods must be used. The general form of the implementation is often
similar between these methods: a set of approximate equations, usually ODEs, CME

moment equations, or SDEs, is coupled with a stochastic method, either a set of
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SDEs or a Monte Carlo simulator, each representing different scales. The fast (high-
propensity) reactions are simulated approximately, and separately from the slower
reactions, potentially resulting in a large increase in speed: it is the frequent reac-
tions that slow down stochastic simulations, as they require small timesteps and thus
many computations. Additionally, these fast reactions are often not even important,
as they introduce transient dynamics that settle down very quickly.

The main problem is that often, the two sets of reactions both involve the same
chemical species, making them dependent on each other. Each method differs slightly
in its solution to this problem. As there are too many multiscale methods to detail
individually, we merely stick to general descriptions here. One group of methods uses
CME equations for the fast states, and calculates the slow timestep by drawing random
numbers like the SSA (Cao et al., 2005; Goutsias, 2005; Haseltine and Rawlings, 2002;
Rao and Arkin, 2003). These make the assumption that the fast species settle very
quickly to a steady state, on a time-scale very much shorter than the slow species.
Kiehl et al. (2004) instead approximate the fast reactions with ODEs, and select the
slow timesteps as above. Attempting to retain even more accuracy, E et al. (2005)
use an SSA for both fast and slow reactions, with one nested inside the other. Finally,
Salis and Kaznessis (2005) use a chemical Langevin equation, an SDE, for the fast
reactions, that they couple to jump equations to find the slow-scale timesteps.

Thus the idea behind all of these methods is somewhat similar: simulate the fast
reactions separately and approximately, while the slow ones are generally simulated
using a Monte-Carlo-type method. This has the effect of speeding up simulations, as
fast reactions are the bottleneck for a standard stochastic method that must simulate
all reactions. In contrast to these approaches, the method of Cotter et al. (2011)
simulates the fast reactions with a constrained SSA and uses this to then estimate
the parameters of a Fokker-Planck equation (which returns a full probability density)
to approximate the dynamics of the slow reactions. The reason this improves compu-

tational time is that only one SSA must be run to obtain the Fokker-Planck equation
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parameters for each value of the slow variable, rather than the many SSA simulations

typically used in multiscale methods.

3.3.6 Crossing regimes: from the 7-leap to the ODE

Finally, we end this section with a nice observation by Gillespie (2001, 2007). The
7-leap method exists in an intermediate regime, somewhere between the SSA and the
SDE approach to chemical reactions. Gillespie shows how, as the populations under
consideration are increased, the 7-leap segues smoothly into the SDE regime, which,
as the populations tend to infinity, then transitions to an ODE.

We start with the 7-leap formula
M
X1 = X+ > _vjP(aj(X0)7). (3.13)
j=1

We know that P(a;(x)7) has mean and variance a;(x)7. As we increase the pop-
ulations and Zj aj(x)T > 1, a well-known result in probability theory says that
P(aj(x)7) =~ N(aj(x)7,a;(x)T). Since a normal variable N (u,0?) = p+ oN(0,1),

this can be written as

N(a;(x)7,a;(x)7) = a;(x)T + \/a;(x)TN(0,1).

We can write the last term as \/a;(x)TAW;, where AW} is a sample from N (0,1).
Substituting back into Eq. (3.13), we arrive at a 7-leap method for large propensities

(which is valid as long as the leap condition is satisfied, as well as } . a;(x)7 > 1),

M M
X1 = X+ Y v50;(Xn)7+ > vjy[a; (X)) TAW;.
j=1 j=1
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But this is just the Euler-Maruyama method applied to the CLE,

dX(t) = Z vja; (X (t)))dt + Z vir/a;( X (t))dW;. (3.14)

Thus when the propensities are large, the 7-leap is equivalent to the CLE. The next
step is obvious: what happens when we increase the populations even further? This
is known as the thermodynamic limit as X — oo (as well as the volume V' — oo, thus
ensuring X /V does not change). In this case, the first term on the right-hand side of
Eq. (3.14) grows faster than the square root term, meaning that Eq. (3.14) reduces to

simply

dX (t) = i via;(X (t)))dt. (3.15)

Eq. (3.15) should be easily recognisable as the ODE form of chemical kinetics, the
RRE, comparable to Eq. (2.1). This section has demonstrated, using the reasoning of
Gillespie (2001, 2007), that the CLE and RRE formulations of chemical kinetics arise
naturally as large-population limits of the 7-leap, which is formulated based on the
fundamental hypothesis of stochastic chemical kinetics.

We have now covered both deterministic and stochastic methods in enough detail
to establish the background, as well as to put the work in the following chapters into
context. Next, we build on and draw together both the deterministic and stochastic

branches of methods described thus far.



STOCHASTIC EXTRAPOLATION

In this chapter, we now synthesise the ideas from the previous chapters to develop
the stochastic extrapolation framework. This is an important advance, as 1) it shows
that we can adapt techniques from the deterministic regime to work in the discrete
stochastic regime, 2) it allows us to increase the weak order of an approximation with
minimal effort, something that up to this point methods had to be specifically and
painstakingly designed to do, and 3) in theory it can be applied to any method any
number of times, thus raising the possibility of extremely accurate methods. We begin
with a short review of extrapolation for SDEs, as some of the ideas will be useful later,

then progress on to the work we have done on 7-leap extrapolation.

4.1 Extrapolation for SDEs

The ideas in Section 2.3 can be extended to the stochastic regime. This is more
complicated than the deterministic case: the main problem is that in the stochastic
Taylor expansion of the error, there are additional cross-terms. It is not clear that
these will cancel fully when extrapolated, as in the deterministic case. This did not

present a problem in the analysis of Talay and Tubaro (1990), although they ignored

o7
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third-order and higher terms in the expansion. In this section, we give an overview
of the work of Talay and Tubaro (1990) on SDE extrapolation. We again define the

global weak error of a stochastic numerical scheme to be

e(T.h, f) = E(f(X(T))) - E(f(X7)), (4.1)

where X7 is our approximation to the true solution X (T) at time T = nh with
stepsize h. Note that the error expansion depends on the suitable smooth function f,
although the order itself does not. To extrapolate this scheme, we want to obtain an

expression of the form

T, ) = e+ e+ a1

Talay and Tubaro (1990) do this by using the scalar-valued function w in the equations

(known as the Kolmogorov backward equation)

ou

— 4+ Lu=0

o (4.2)
u(T,x) = f(x),

where f is a homogeneous scalar-valued function and
u(t, ) = E(f(X(T))|X(t) = ), (4.3)

i.e. u is (one component of) the expectation of the true solutions X at final time T,
given that at time ¢, the system was in state @, and X is the solution of Eq. (3.1)

with initial conditions X (0) = X. £ is the generator of the general SDE Eq. (3.1),

1
L= a,(t,X) . VX + §b(t,X)bT(t,X) : vax,
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with A: B =}, A;;B;;. Using Eq. (4.3), we rewrite Eq. (4.1) as
(T, h, f) = Bu(0, o) — Bu(T, z%). (4.4)

The first term is known. To find the second, we first perform a stochastic Taylor

expansion of u about the point ((n — 1)h,x"_,), to find
EU(T, ml%) = EU((?’L - 1)h7 w2_1> + h2E¢e((n - 1)h7 m?L—l) + h3R%7

where 1.(t,x) is an error function that is well-behaved and specific to each nu-
merical method, and |R%:| < C(T), with C' a constant. We can now, in a simi-
lar way, recursively calculate the error between u evaluated at adjacent timesteps

(n —1)h, (n —2)h,.... Doing this for all steps gives

n—1
Eu(T, ) = Bu(0, @) + h* Y Bape(kh, @pt) + h* R

k=0

For the case of the Euler-Maruyama and Milstein methods, the second term actually
evaluates to O(h). Now substituting back into Eq. (4.4), we find the global weak error

of these two methods to be (Talay and Tubaro, 1990)

S(T.h, f) = —h/o B, (¢, @(s))ds + O(h?), (4.5)

where 1. (t, x) is a long expression, independent of h, containing several of the Taylor
expansion terms (Talay and Tubaro, 1990). Eq. (4.5) contains the first term of the
global error expansion of the Euler-Maruyama and Milstein methods; it confirms that
both have global weak order one. From here, extrapolation is a simple matter of
applying the ideas in Section 2.3, and it is clear that extrapolating the two methods

leads to solutions with global weak order two.
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4.2 Discrete stochastic extrapolation

The extrapolation framework can be now be extended further, to the T-leaping meth-
ods of the discrete stochastic regime. Since it requires two or more sets of approxi-
mations with given stepsizes (e.g. 7 and 7/2), extrapolation can only be used with a
fixed-step method: as more complex 7-leap methods vary 7 at each step, it is not clear
how to extrapolate them. However, this has the advantage of making the method very
easy to program, as there is no complex programming overhead. We use extrapola-
tion to obtain higher-order approximations to the moments of the system (or their
combinations, such as the covariance). In principle, given enough of the moments, the
full probability distribution at some given time could be constructed. This is known
as the Hamburger moment problem (Shohat and Tamarkin, 1943) and in general is a
difficult problem to solve, as it might admit an infinite number of solutions. However,
in some cases it is possible to reconstruct the full distribution from the extrapolated
moments, as we have a priori knowledge about its shape. For instance, when the
final distribution of states is known to be binomial, only the mean and variance are
necessary for constructing the full extrapolated distribution (see Section 4.4.1).

We first focus on the ETL, since this choice simplifies the explanation and basic
analysis, but in principle, any fixed-stepsize method can be extrapolated. The only
requirement for a single extrapolation is knowledge of the weak order of the method
(that is, the leading error term in the global error expansion); each successive extrap-
olation requires knowledge of the corresponding error terms in line. We later show
numerical results for the ETL, MPTL and TTTL methods. Extrapolating the ETL
is very similar to extrapolating an ODE solver. The extrapolated ETL, which we call

xETL from here on, involves running two sets of S ETL simulations for time 7' = nr.
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Algorithm 4.1. Extrapolated Euler 7-leap method (xETL)
1. Run S ETL simulations with stepsize 7, to get ( X7,s=1,...,5.
2. Calculate desired moments Eg(f(X7)) = %25:1 FXT).
3. Repeat steps 1 and 2 using stepsize 7/2 to get Es(f(X}/Q)).

4. Take <2E5(f(X;/2)) - Eg(f(X}))> as the extrapolated approximation to the

desired moment.

Note that Step 4 is a linear extrapolation to cancel the leading term of the error
expansion. Algorithm 4.1 can be easily modified for use with any other fixed-step
method, by replacing the ETL in Step 1 with the chosen method, and by choosing
appropriate coefficients in Step 4 (given by Eq. (2.9)). As discussed before, one limi-
tation of our approach is that only specific characteristics of the particle distribution
can be extrapolated, rather than the full distribution. Typically these are chosen to be
the first and second moments, as for many systems these are the quantities of interest.
However, in some cases the moments do not take values relevant to the actual dy-
namics of the system (Marquez-Lago and Stelling, 2010; Shahrezaei and Swain, 2008).
This occurs, for instance, in bimodal or multimodal systems, which have two or more
stable states. Nevertheless, the method can be easily generalised to accommodate

multimodal distributions as follows.
Algorithm 4.2. Extrapolated Euler 7-leap method (xETL) for multimodal systems
1. Run S ETL simulations with stepsize 7, to get ( X7,s=1,...,5.

2. Plot histograms of the particle populations at time 7" and identify the stable

states.

3. Choose point(s) at which to partition the S simulations into p subsets of S;, ..., S,
simulations clustered around each stable state, where p is the number of stable

states.
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4. Calculate desired moments over the subsets of simulations,

Es,(f(X7) =+ 30 f(.X7),i=1,....p.

i

5. Repeat steps 1 and 4 using stepsize 7/2 to get Esi(f(X;ﬂ)),i =1,...,p.

6. Take (ZESi(f(X;m)) — E&(f(X%))) ,i=1,...,p as the extrapolated approx-

imation to the desired moment for each of the p subsets of simulations.

Algorithm 4.2 is also simple to code and does not require significant extra com-
putational time compared to Algorithm 4.1 because the dynamics of the system are
found from the original simulations that are necessary for the extrapolation anyway.
The point(s) at which the simulations are split into subsets can affect the accuracy
of the results, so must be chosen with some care. In Section 4.4.5, we apply Algo-
rithm 4.2 to the Schlogl system, a bimodal system, and investigate the effects of the
choice of splitting point. We have done this manually for an example with clearly-
separated peaks. However in practice, the distribution could in many cases involve
peaks very close together or even indistinguishable from each other, for instance given
by a mixture distribution. In such cases a manual approach is clearly inappropriate,
and clustering methods developed specifically for discriminating such datasets must
be used to find the splitting point(s) (e.g., Fraley and Raftery, 1998; Press et al.,
2007).

4.3 Theoretical analysis

4.3.1 Derivation for zeroth- and first-order reactions

It is instructive to use a simple example to see analytically the effects of extrap-
olating the ETL. When the propensity functions are linear (i.e. the system only
contains zeroth-order and first-order reactions), the equations for the moments are

closed (Gadgil et al., 2005; Jahnke and Huisinga, 2007) and we can find explicitly
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the global error expansion for the first moment of our numerical solution (i.e. choose

f(x) = ). The propensity functions can be written as

a(x) =Cx +d, (4.6)

where C'is an M x N matrix and d is an M x 1 vector, and we define W = vC, i.e.

W is an N x N matrix. Thus at some timestep m, m7 < T, the ETL gives

X = X5, +VP(r(CX], + d)).

Here, and for the rest of this chapter, we switch to matrix notation to avoid writing
out the numerous sum symbols. Taking the expectation of both sides, the ETL evolves

the mean over one step as

E(Xn) = E(X5) +vE(P(T(CXF, +d)))
= E(X])+ vEEP(r(CX], +d))|X],)) (4.7)

= (I+7W)E(X],,) + Tvd,

where I is the N x N identity matrix. Note that we cannot take the expectation
of P(r(CX] +d)) directly, because X, is a random variable and an expectation
cannot be equal to a random variable. To get around this, we use the law of total
expectation and condition on X taking a specific value, thus ending up with the
expectation of a random variable.

The PDF of the SSA at time ¢ is given by the CME (Gillespie, 1992b; McQuarrie,
1967). The mean p(t) = E(X (t)) can be found from the CME (van Kampen, 2007);
it evolves as

dp(t)

Rt A2 t) + vd.
o = W) +v
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The solution of this is
t
w(t) = e"'u(0) + eWt/ e svd ds. (4.8)
0
Using a Taylor expansion and basic manipulation, at ¢t = 7 this evaluates to
p(r) = [+7W + 32°W?2 + ) p(0) + (14 37°W + .. vd. (4.9)
Thus, taking (4.9) - (4.7) we find the local error on the first timestep to be
p(r) —E(XI) = (37°W?+ 0(7°)) u(0) + (37°W + O(7°)) vd. (4.10)

This implies that the global weak error on the mean of the ETL is O(7). Extrapolating

Eq. (4.7) at time t = 7, we find
2E(XT/?) —E(X7) = (I+7W + 372°W?) u(0) + (7 + 37°W) vd,
which gives a local error of

p(r) — 2E(XI?) - E(XI)) = (W3 + O(7h)) w(0) + (A7°W? + O(71)) vd.

(4.11)
Thus the mean of the xETL has local error O(73). As we have assumed that all the
reactions are zeroth- or first-order (implying linear propensities), we can write the
propensities as Eq. (4.6). This allows us to derive closed formulae for the (analytical)
mean and second moment of the CME (i.e., the Kolmogorov forward equation), as
well as explicitly write out the formulae for the development of the numerical solution
over time. Thus we can explicitly calculate the global error as well as the local error
(by iterating the numerical method equations forwards and evaluating the analytical

equations at final time T or one-step time 7). When higher-order reactions are present,
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the propensities are non-linear and this cannot be done, so we must resort to backward
iteration of the local errors to find the global error using the Kolmogorov backward
equation (see Section 4.3.2).

Eq. (4.11) implies that the global error of the xETL is O(72). In the linear case
we can verify this analytically. Taylor expanding Eq. (4.8) again, the true mean at

time t =T is

u(T) = (I+TW + 3T°W? + 5T°W? ) p(0) + (T + 3 T°W + gT°W? ) vd.
(4.12)

Iterating (4.7), we see that at time 7' = n7 the mean of the ETL is
E(X7) = (I+7W)" u(0) + (I — (I + 7W)") vdW . (4.13)

Both of the brackets can be expanded out using the binomial theorem. However,
because each yields n 4+ 1 terms, which themselves can be expanded further, this is
a long expression consisting of many terms. In particular, with an unspecified n, we
can expect there to be n —3 (un-expanded) terms that each contribute an O(7) term

when expanded. Thus we have

n

E(X7) = <]1 W+ (2

)T2W2 +.. ) p(0) + (nr + (Z) PW . vd. (4.14)
Now taking (4.12) - (4.14), we see that the global error is

p(T) — E(X7)
(4.15)

=(—37TW? = L7T*W? + ) pu(0) + (—37TW + —L7T°W? + .. ) vd,
where only the leading two O(7) terms have been written out for convenience. Of

course, this does not affect the fact that the global error is O(7).

Furthermore, extrapolating as usual, the O(7) terms in Eq. (4.14) are cancelled,
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leaving only terms I, TW | %T2W2, %T?’W?’, ..., as well as terms of O(7?) and higher
as expected, i.e. the approximation becomes global second order. The extrapolated

global error is
ulT) — (2E(X]%) ~ B(XD)) = (r2TW 4. ) w(0) + (3 TW* + ) vd,

where again only the leading O(7?) terms are written out for clarity. Such a calculation
would also apply for the MPTL. The difference is that for linear systems the MPTL
is second-order convergent with respect to the mean (Hu et al., 2011a), and similarly
for the TTTL (Hu et al., 2011b). This should be taken into account in order to choose
the correct extrapolation coefficients.

We can repeat the above for the second moment. The ETL evolves the second

moment in time as

E(X 0 (X)00)") =E [(XTZ +VP(r(CX;, +d))) (X, + vP(r(CX], +d))' | .
(4.16)
Using the law of total expectation and writing S7 = E(X[ (X")7),

B] = diag(CE(X])))) and D = diag(d), we obtain

S =8, +TWS, + 7S, W +rur d"v + rvd(pl) + TPW ST W
+7Wul d'vh + PPud(pl )W+ rPudd' v + B v + rvDut.

(4.17)

The B7, and D terms arise because the second moment of P()) is A2+ \. We then use
the law of total expectation again. We can now iterate this formula in order to obtain

the numerical approximation for the second moment of the ETL at any timestep.
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The behaviour of the second moment in time as given by the CME,

S(t) =E(X () XT(t)), is (Gadgil et al., 2005; Mélyktiti et al., 2010)

%ﬁt) =WS(t)+ SOWT + put)d"v" + vdu” (t) + vB(t)w! +vDVT,  (4.18)

where B(t) = diag(Cu(t)). We cannot solve this analytically, so making the simple
= 1(S(t+7)— S(t)), (4.18) becomes

approximation |, i

St+7)=80t)+7WS({t)+7SOWT +rut)d v’ + rvdu’ (t)

+TmvB(t)v" +vDv" + O(7).

It is easy to see that the local error S(¢t + 7) — S7, ., is O(7?). However, a higher-
order approximation to Eq. (4.18) is necessary to reveal the higher-order errors of the
extrapolated second moment. Using the Heun method, a second-order method, we

can write (4.18) as

S(t+7)=58(t) +TWS(t) +SOW" + jrvd(p’ () +p' (t+ 7))
+ 3 (u) + pt+7)d"v" + irv(B(t) + B(t + 7)v" + r7vDv’ + LPW?S(1)
+12SHWT)?2 + PPWSHWT + LeWuduT (1) + LW p(t)d v’
+3mvdp" OWT 4 3 d VW T WY By + T v BT W

+ %TQWUDVT + %T2VDVTWT +O(7%).

Extrapolating (4.17), we arrive at

2872 — 87, =82+ WS+ 78 *WT + W ST/PWT + rvDuT

+ %TQWQS;/Q + %TQWVd(uZn/z)T + %TQWVB:”/QVT + i*WvDv"

+ %7’25’:”/2(WT)2 + %TQ;L;{QdTVTWT + %TZVB;/QVTWT + %TQI/DVTWT

m

+ru2d v+ rvd ()T + 5P Wnd YT+ jrtvd(u )WY

+ TVB;/EVT.
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Here the subscript mx indicates time ¢,. = ¢, + 7 that is only reached by the
approximation with stepsize 7. The local error is S(t + 1) — (25;/ 2 S,Tn). For

simplicity, we evaluate it at time ¢ = 7. Most of the terms cancel, leaving

rvd (S (0) + 1" (7)) = ()7) + 7 (3(0) + p(r)) = (1)) A"
+ v (5(B(0) + B(r)) = B ) v + 47 W (u(0) - i*)d" "

+ 57vd(p! (0) = (") )W +0(°).

The first term equals Tvd (u” (0)(;72W? + O(7%)) + d"vT (37°W + O(7?))) and sim-
ilarly for the next two. The last two terms equal —37*W (37W p(0) + srvd)d"v”.
Thus all terms in the local error are O(73). Using a similar argument as before, this
implies a global weak error of O(72) in the case of zeroth- and first-order reactions. We
believe that this result also applies in the case of higher-order reactions, as we showed

for the mean above. However, we have stopped short of showing this analytically.

4.3.2 Global error expansion

The analysis in the previous section only applies for the mean and second moment of
the ETL for a linear system, a very restricted case, but it is useful for demonstrating
the basic principles of stochastic extrapolation. In this section, a similar approach to
Talay and Tubaro (1990) and Liu and Li (2000) is employed to derive a global error
expansion like Eq. (2.6) for the numerical approximation of the moments of a weak
first-order discrete stochastic method, such as the ETL and MPTL. Once the form of
the error expansion is known, it is clear which extrapolation coefficients can be used
and extrapolation is simple. In Section 4.3.3 this is evaluated explicitly for a particle

decay system, and it is shown that it is equivalent to Eq. (4.15) in this case.



CHAPTER 4. STOCHASTIC EXTRAPOLATION 69

As in the case of SDEs, we start with the Kolmogorov backward equation

ou

i Lu=0 in ZY x [0,T), (4.19a)
uw(T,x) = f(x) on ZY x {T}. (4.19Db)
Here
Eu—Za] (u(x +v;) — u(x))
and

u(t,x) =E(f(X(T))|X (1) = z).

Using semigroup notation it is possible to formally denote the solution of (4.19) as
u(t,z) = I f (),

which can be useful for quantifying the local error of a numerical approximation. By
applying a stochastic Taylor expansion (Réfler, 2004) to jump processes (Hu et al.,
2011a), the one-step expansion for the expectation of f calculated with a first-order

numerical method should satisfy
E(f(X7)|X5 = @) = A f(2) = f(z) + TLf(2) + Z .A fla (4.20)

where A; are difference operators associated with the numerical method in hand.

Furthermore we have for the true one-step expansion
E(f(X(7)|X5 = z) = e f(z) = f(x) + 7Lf (@ Z ey (4.21)

An important element in our derivation of a global error expansion relates to the
boundedness of u(t, x), and its discrete derivative. This boundedess is guaranteed (Li,

2007) when the number of molecules in the chemical system is conserved or decreases



CHAPTER 4. STOCHASTIC EXTRAPOLATION 70

with time. Proving this in the general case where zeroth-order reactions can add
molecules to the system is a non-trivial task. One way around this problem is to set
the propensity functions a;(x) to zero outside a large but finite domain (Li, 2007);
this is the approach followed here.

Now if we let (T, 7, f) define the global error in the numerical approximation of

E(f(X(T))) at time T'= n7 by a first-order numerical method with timestep 7,

e(T,7, ) = E(f(X(T))|X(0) = =) - E(f(X7)[ X§ = )

=u(0,xz) — E(u(T, X7)|X] = x)

(]

E(u((m — 1)1, X, 1)) — E(u(mr, X7,0))

? mT

= Z E(u(mr, X,.)) — E(u(mr, X7,.)),

m=1

where we have used the result in Fig. 4.1, and for simplicity omitted the dependence of

the expectations on the initial conditions. Taking g,.(y) = u(mr,y) = £ f(y),

E(u(mr, X5,..)) = E(u(m7, X)) = E(gm(X,,,) = E(gm(X,)).

mT

Applying Egs. (4.20) and (4.21) to g,

n 2

]
() = 3B | T A (X )+ R

m=1 |:
n 2
= Y E |G A s (X )| + PR
m=1
n 2

= S TE[(£2 - A)emFu((m — 1), X],y),)] + TE(RY,),
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Figure 4.1: Illustration of the local error. Representation of the local error in

terms of the function u(t, z) = E(f(X %)), from the Kolmogorov backward equations.
This figure illustrates the relationship between two evolutions of the function when

started from different starting points.

where we have used the fact that g, = e "*¢,,_1. We thus obtain

e(T,7, f) = Z#E — 1), X[, ) + TE(RY), (4.22)

where
U(t,x) = % (£2 — Ag) u(t, ), (4.23)

and

E(Ry) < C(T),

from our assumptions on the boundedness of u(t, ). Furthemore it is easy to see that
> B ((m = )7, X)) < O(T).
m=1

Using this and results from Talay and Tubaro (1990) we find that

e(T,r,f) = —7-/0 E(¢y(s, X (s)))ds + O(7?),
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where (¢, x) is dependent on the numerical method and given by Eq. (4.23). Again
note that although the error expansion depends on the function f, the order does not.
Thus, we have the global error expansion for a general weak first order method. The
difficult task is again finding this expansion. To extrapolate a solution given by this

method now consists of some simple arithmetic.

4.3.3 Example explicit calculation of the global error

In Eq. (4.15) the global error on the mean of the ETL was calculated for a linear system
using the equations for its true and numerical solutions, i.e. the forward approach
based on the Kolmogorov forward equation. This approach is now connected to the
general formulation of the errors given by Eq. (4.22) (the backward approach using the
Kolmogorov backward equation), using the particle decay system as an example. This
example is one-dimensional and linear, allowing us to find the error using the forward
approach, and is simple enough that the global error Eq. (4.15) can be calculated

explicitly from the general formulation. We define the discrete difference as

f" = +v) = fl2),

with the assumption that we have only one chemical species subject to only one

chemical reaction. For this particular case,

£2f — a2fyy+aaufuu+aayfz/’

where f*” = (f")", and for the ETL

AQf — CLQfVV.
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We want to find ¢ (t, z) from Eq. (4.23), i.e. the first term of the local error. This is

ot ) = %(a(w)(a(m + 1) — a(@)(ult,  +20) — 2u(t,x + v) + ult, 7))
(4.24)

1
+ §a(x)(a(x +v) —a(z))(u(t,xr +v) —ult,x)).
For particle decay, v = —1 and a(z) = kx. For g(x) = x, the solution to (4.19) is

u(t,z) = ze "I,

so (4.24) becomes

1
P(t,x) = §/f2xe_”(T_t).

Thus the global error given by the general formulation is

N 2,2 N
, . KT . i1
ZTQEW((Z_ 1>7—’X(ifl)T)) - 2 ZE<X(Z'71)T)6 (T=(=1)m)
=1 i—1
272 N - .
= A= R e TE(G)
i=1
277 [([(1 = kr)er N =1 e T
= E(X]
2 (1—/17')6'”_1 N ( 0)
k2T

= 2R+ 00,

which agrees exactly with the result obtained by calculating Eq. (4.15) for the particle

decay problem (i.e. setting d = 0, W = —k).

4.4 Numerical results

To numerically verify the stochastic extrapolation method, we simulate some exam-
ple systems for various stepsizes over time t = [0, 7] using three fixed-step numerical
methods: the ETL, MPTL and TTTL methods (with § = 0.55), and their extrapo-
lated versions, the xETL, xMPTL and xTTTL. We plot the absolute weak errors in
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the mean and second moment, that is,
[E(X(T)) - Es(X7)],  [E(X(T)XN(T)) - Es(X7(X7)")] (4.25a)
for the ETL, MPTL and TTTL methods and

[E(X(T)) — 2Es(X7”) + Es(XF)],
(4.25b)
E(X (T)X'(T)) - 2Es(X7/2(X7/*)) + Es(X7(X7)1)]

for the extrapolated methods. Here X (T') is the analytical solution at time 7" and
Es(f(X7)) are the moments of its approximations given by S simulations of a fixed-
step method with stepsize 7 run for n steps. In addition, to avoid confusing notation,
we have temporarily relabelled the matrix transpose X7 as XT for the rest of this
chapter. For the linear systems, the true solution is calculated analytically; for the
non-linear systems we use the value given by 10% or 107 repeats of the SSA, depending
on the system. The error of a weak order @ method with stepsize 7 is approximately
C7*, where C' is an unknown constant. We plot all the errors versus timesteps on
log-log plots so the order of accuracy can be read off as the gradient. Gradients are
calculated using a least squares fit through the points. The highest level of Monte
Carlo error, which can be calculated for the linear systems, is marked on the appro-
priate plots as a straight black line. Below this level, the absolute error results are, at
least in part, essentially random (see Section 4.5). Note that in all example systems,
the timesteps used were all in the useful 7-leaping regime: Poisson counts for each

reaction channel varied between tens to hundreds.

4.4.1 Particle decay system

A simple example is a particle decay,

xko k=01
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Table 4.1: Gradients estimated from log-log plots of the absolute error on
the mean for all example systems. This is the weak order of accuracy we observe
numerically for the mean of the methods tested. Gradients were estimated using a least
squares fit through all points. The number of simulations is listed for each system.

System Sims Gradient
ETL xETL xxETL MPTL xMPTL |TTTL xTTTL

Particle decay 108 | 1.0 1.9 - 1.9 0.5 2.0 1.5
Chain decay 108 | 1.3 2.4 3.7 1.2 1.6 1.1 1.9
Michaelis-Menten| 108 1.0 2.0 2.3 1.6 3.3 1.6 1.2
Enzymes 107 | 1.3 2.6 - 1.9 2.3 1.7 2.7
Schlégl (low) 108 | 0.9 0.06 — 0.8 -0.3 0.4 0.0
Schlogl (high) 108 | 1.2 0.9 — 1.6 1.9 1.0 0.4

The initial particle number was X (0) = 10* and the simulation time was T' = 10.4.

The final time here (and below) was chosen to exactly divide the timesteps used. This

system is useful only as a test problem, but is first-order and easily tractable. The

analytical mean and second moment are

The average final particle numbers, calculated as above, were E(X (10.4)) = 3534.5.

We ran 10° simulations using timesteps 7 = 0.05,0.1,0.2,0.4,0.8. The errors on the

Table 4.2: Gradients estimated from log-log plots of the absolute error on
the second moment for all example systems. This is the weak order of accuracy
we observe numerically for the second moment of the methods tested. Gradients were
estimated using a least squares fit through all points. The number of simulations is
listed for each system.

System Sims Gradient
ETL xETL xxETL MPTL xMPTL |TTTL xTTTL

Particle decay 108 | 1.0 1.6 - 1.9 0.5 2.0 1.5
Chain decay 108 | 1.3 2.4 3.8 1.6 1.7 1.0 2.0
Michaelis-Menten| 108 1.0 2.0 2.1 1.6 3.3 1.6 1.2
Enzymes 107 | 1.3 2.6 - 2.0 2.3 1.7 2.9
Schlégl (low) 108 | 0.9 -0.1 — 0.8 -0.6 0.3 0.0
Schlogl (high) 108 | 1.2 0.9 — 1.3 1.8 1.2 0.5
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Figure 4.2: Particle decay system absolute error versus timestep. Absolute
error of X from Eq. (4.25) on (A) the mean and (B) the second moment for all 7-leap
and extrapolated 7-leap methods. The maximum Monte Carlo error levels are marked
with black straight lines. Results from 10% simulations, each run for 7' = 10.4.

mean and second moment are shown in Fig. 4.2. Tables 4.1 and 4.2 contain the order
of accuracy estimates for each method, read off as the gradient of the error curves.
For both mean and second moment, the ETL gives first-order errors and the xETL
gives approximately second-order errors. The MPTL and TTTL also converge with
second order, as expected. The errors of the xMPTL and xTTTL are very small,
although they do not converge with any noticeable order. This is because the values
of the absolute error for these methods are effectively given by their Monte Carlo
error, rather than the bias (this is a recurring theme in stochastic simulations - see
Section 4.5). The maximum level of Monte Carlo error was 0.0148 for the mean and
104.8 for the second moment.

Because the final distribution of this system is known to be binomial (Gillespie,
2001), we can construct the distribution of the extrapolated solutions from just the
mean and variance (Fig. 4.3). The dashed lines are the distributions of ETL simula-
tions with 7 = 0.05 (blue) and 7 = 0.8 (red), calculated from their histograms, and the
circles are the full distributions of the xETL using 7 = 0.05 (blue) and 7 = 0.8 (red).
The solution of the CME (black line) is the true distribution. The ETL with 7 = 0.8

has significant error; in contrast, the xETL with the same 7 is indistinguishable from
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Figure 4.3: Constructing full extrapolated distributions of the particle de-
cay system. Distribution of states at time 7' = 10.4 for ETL with 7 = 0.05,0.8 and
xETL with 7 = 0.05,0.8. The analytical solution is given by the CME (black line).

the true PDF, with similar accuracy to the ETL (and xETL) with 7 = 0.05. This

shows that, regardless of whether the order itself is improved, extrapolation greatly

improves the accuracy of the solutions.

4.4.2 Chain decay system
This system consists of five chemical species, each undergoing a first-order reaction.

It forms a closed chain of linear reactions, and is intended as a more complicated, but

still linear, example system.
X16—1>XQC—2>X36—3>X4C—4>X5C—5>X1, Cj:0.3,j:1,...,5.
The initial populations were X (0) = [2500, 1875, 1875, 1875, 1875]" and simulation
time was 1" = 16. Since this system is linear, its mean and variance can be calculated
analytically, as shown by Jahnke and Huisinga (2007); these were used to calculate
the true second moment. The average final particle numbers, given by the analytical

mean, were E(X (16)) = [1971.3,1996.7,2025.1, 2020.9, 1986.1]7. We ran 10® simula-
tions with 7 = 0.1,0.2,0.4,0.8,1.6. Fig. 4.4 shows the absolute errors for the mean
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Figure 4.4: Chain decay system absolute error versus timestep. Absolute
error of X; from Eq. (4.25) on (A) the mean and (B) the second moment for all 7-
leap and extrapolated 7-leap methods. The maximum Monte Carlo error levels are
marked with black straight lines. Results from 10% simulations, each run for 7' = 16.

and second moment of X; (here and below, the pattern was similar for the other
species, hence only X is shown for brevity). The ETL is again approximately weak
order one and the xETL weak order two (Tables 4.1 and 4.2). Neither the MPTL
nor TTTL, nor their extrapolated versions, converge with the expected order in the
mean (although the MPTL almost manages in the second moment), because the er-
rors are very low (mostly below the Monte Carlo error, as evidenced from Fig. 4.4).
However, in almost all cases, the extrapolated methods are still more accurate than
their non-extrapolated versions. The maximum Monte Carlo error level was 0.0132
for the mean and 52.8 for the second moment, which are high relative to the bias

CITors.

4.4.3 Michaelis-Menten system

The Michaelis-Menten is a common non-linear example system, and represents an
enzyme (X5) reacting with a substrate (X;) to make a product (X4). The enzyme

and substrate form a complex (X3), which can either dissociate or undergo a reaction
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Figure 4.5: Michaelis-Menten system absolute error versus timestep. Abso-
lute error of X; from Eq. (4.25) on (A) the mean and (B) the second moment for all
7-leap and extrapolated 7-leap methods. Results from 10® simulations, each run for

T = 16.

to a product plus the original enzyme. It has four chemical species in three reactions:

X1+ Xy
X3

X3

Here we have used a parameter

C_1> X3, Cc1 = 10_5,
2) X1—|—X2, 62—0.2,
2) X2 -+ X4, C3 = 0.2

set with relatively large initial populations, that is

X (0) = [10%,2 x 10,2 x 10%, 0], in order to push the results above the Monte Carlo

error level as much as possible. Simulation time was T" = 16 and we ran 10® simulations

with 7 = 0.1,0.2,0.4,0.8,1.6. There is no analytical solution, so in this case we

approximated it with 107 SSA simulations. The average final state, given by the

SSA, was E(X (16)) = [5927.0, 18716.2, 3283.8,20789.2]. The errors in the mean and

second moment for X; are shown in Fig. 4.5. The ETL converges with order one, and

the xETL with order two (Tables 4.1 and 4.2). The MPTL and TTTL have a similar

accuracy to the xETL, with approximate order two, with the xMPTL of approximate

order three, although the xXTTTL does not show an improvement in gradient. The

errors of all extrapolated methods were lower than their non-extrapolated versions.
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We investigated the effects of the coefficient of variation (CV, standard deviation
divided by mean) on this system. The CVs of each species, averaged across all T,
in Michaelis-Menten system at 7" = 16 were CV (X (16)) = [0.01,0.003,0.02,0.004].
In general, a higher CV indicates that the system is more noisy. We chose a new
set of parameters for the Michaelis-Menten system to give higher CVs: X . (0) =
[100,50,200,0]" and rate constants cpew = [107%,0.05,0.07]". The CVs using these
parameters were CV(X ey (16)) = [0.05,0.03,0.1,0.07]7, very different from the orig-
inal CVs. However the relative errors (absolute error divided by average SSA state)
at 7 = 0.1 were very similar: error,, (X (16)) = [0.004,0.0005,0.003,0.001]" for the
original system and error,(Xpew(16)) = [0.001,0.0002,0.0007,0.002]" with the new
parameters (note that it is not useful to average the errors across all 7). This shows
that higher CV does not necessarily mean higher errors, and the two are indicators of
different characteristics of the system. We have focussed on the errors as this is the

characteristic that we want to improve.

4.4.4 Mutually inhibiting enzymes system

This is a more realistic system involving 8 chemical species and 12 reactions (Elf and
Ehrenberg, 2004; Marquez-Lago and Burrage, 2007). It represents two enzymes, F 4
and Epg, which catalyse the production of compounds A and B, respectively. In a
classic example of double-negative feedback, each product inhibits the activity of the
other enzyme. For this reason, the system is bistable in A and B: when there are

many particles of A, few particles of B can be produced, and vice versa. The reactions
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are

Erx 3 E 4+ A, ¢ =15,
Ep B Eg+ B, c=15,
Es+ B % ELB, c3=5x 1074, ¢, =2,
E.B+ B \:: EaBs,  c5=10"3 c5 =6,
A 50, cr =5,
Ep+A = ERA, s =5 x 1074, ¢ = 2,

Using this parameter set, the system is actually unimodal. However, these param-
eters were necessary to again attempt to push the levels of total error far above
the Monte Carlo error. We simulated this system for 7" = 3.2 using initial popu-
lations of X (0) = [2 x 10%, 1.5 x 10%,9500, 9500, 2000, 500, 2000, 500]", where X =
[A,B,Ea, Ep, EAB, E4By, EgA, EgAs]T. We ran 107 simulations of the 7-leap using
7 = 0.005,0.01,0.02,0.04,0.08. 10° SSA simulations were used as an approximation
to the analytical values. The final state of the system as given by the SSA mean was
E(X(3.2)) = [10420.5,4884.4,3594.7,1528.0, 4592.7, 3812.6, 3853.8, 6618.2]". The er-
rors for species A are shown in Fig. 4.6. The ETL and xETL were approximate order
one and two, respectively (Tables 4.1 and 4.2). The MPTL and TTTL were again
approximate order two; the xMPTL had errors very similar to those of the xETL,

and the xXTTTL had very low errors and approximate order 2.5.

4.4.5 Schlogl system

The last example illustrates how the stochastic extrapolation method could work

for systems that have multimodal distributions. The Schlogl system consists of four
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Figure 4.6: Mutually inhibiting enzymes system absolute error versus
timestep. Absolute error of A from Eq. (4.25) on (A) the mean and (B) the second
moment for all 7-leap and extrapolated 7-leap methods. Results from 107 simulations,
each run for T' = 3.2.

reactions (Schlogl, 1972) and is bimodal:

A+2X 2 3X, ¢ =3x10"¢cp=10""
Cc2
Cc3

B = X, c3 =1073 ¢, = 3.5,

Cq

where the populations of species A and B are held constant at 10° and 2 x 10° respec-
tively, so only the numbers of X can change. Under certain parameter configurations,
this system has two stable states for X, one high and one low (Figs. 1.1 and 4.9).
When X (0) is low, the system usually settles in the lower stable state, and vice versa
for high X (0). We used X (0) = 250, an intermediate value. We ran 10® simulations
until 7' = 5 using 7 = 0.0125,0.025,0.05,0.1,0.2. Because of the bimodality, we sep-
arated the data into two sets. As the Schlogl system is simple enough to be solved
using a CME solver (see e.g. MacNamara et al., 2008b), we could calculate the PDF
of X at T'=5. When simulating more complicated systems, this can be approximated
by a normalised histogram at T calculated from the initial ETL simulations to get a
reasonable idea of its shape. Average final particle number was calculated from the

CME to be E(X(5)) = 101.3 for the low peak (stable state) and E(X(5)) = 546.2 for
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Figure 4.7: Shl6gl system low peak absolute error versus timestep. Absolute

error of X from Eq. (4.25) on (A) the mean and (B) the second moment for all 7-leap

and extrapolated 7-leap methods. Results from 108 simulations, each run for 7' = 5.
the high peak. Figs. 4.7 and 4.8 show the absolute errors for this system (low and
high peaks, respectively). The error levels seem to be roughly similar in both cases,
with those of the high peak being lower. The ETL converges with order one, and
the MPTL with one or higher (see next paragraph; Tables 4.1 and 4.2). The TTTL
errors in particular are very low, and its reported order is lower than expected for
this reason. The errors of the extrapolated methods are also very low for both high
and low peaks, although again we cannot make out a clear order of convergence. It
is clear that in this case also, the Monte Carlo error is interfering with our ability to
see a clear order of convergence.

The gradient of the MPTL mean error seems to change from around one (Fig. 4.7)
to 1.5 (Fig. 4.8). It is unlikely that this is due to Monte Carlo error, as even for the
high peak, the top of the MPTL error curve is large enough that this should not be
an issue (although this is not the case for the lower half). In fact, this may be due
to the large volume limit behaviour of the MPTL, discussed after Algorithm 3.3. As
the mean of the high peak is several times higher than the mean of the low peak, the
system is closer to the large volume limit and the weak order of the MPTL increases.
Once in the large volume limit, the gradient is expected to be two.

The point at which the data is separated must be chosen carefully, as it can
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Figure 4.8: Shlogl system high peak absolute error versus timestep. Absolute
error of X from Eq. (4.25) on (A) the mean and (B) the second moment for all 7-leap
and extrapolated 7-leap methods. Results from 10® simulations, each run for 7' = 5.

influence the error results. Fig. 4.9 shows the distribution of X at T' = 5 calculated

using a CME solver, marked with the three choices of splitting points that we compare.

We chose X = 300; this is a fairly obvious splitting point in our case. To support

this, we tested the effects of splitting the data given by the ETL at X = 250 and
X = 350. We calculated the relative change in mean, second moment and variance
between these two splitting values, averaged over all simulations of the ETL and all
five timesteps: Table 4.3 shows that the percentage difference is relatively small for
the mean, becomes larger for the second moment, and is very high for the variance.
This implies that the choice of splitting point is important in the case of the Schlogl

system, and should be carefully considered.

Table 4.3: Relative differences in moments for different splitting values of
Schlogl system. Relative differences in moments E(f(X)) for data split at X = 250
and X = 350 for the Schlogl system as percentages of their values when split at
X =300, i.e. 100 x [E(f(X))splitaso — E(f(X))spit2s0]/E(f (X))split300-

Moment | Low peak High peak
Mean 6.4% 1.6%
Second moment 21.8% 2.5%
Variance 81.6% 50.5%
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Figure 4.9: Schlogl system full distribution. The distribution of the Schlogl
system calculated using a CME solver for T' = 5. The three splitting points we have
compared are illustrated.

4.4.6 Higher extrapolation

In principle it is possible to use extrapolation in conjunction with some fixed-step
method such as the ETL to obtain increasingly higher-order approximations using
the appropriate extrapolation coefficients from the Neville table. In practice, the
usefulness of repeated extrapolations is debatable, as each adds extra computational
overhead and the higher accuracy can be obscured by Monte Carlo fluctuations. Fur-
thermore, there is also the possible problem of cross-terms not cancelling fully, as
mentioned in Section 4.1. However it might be possible to create up to third or
fourth-order methods in this way. We tried double-extrapolating the ETL on our ex-
ample systems, with reasonable success. Fig. 4.10 shows the ETL, xE'TL and double-
extrapolated Euler 7-leap (xxETL) errors on species X of the chain decay system; in
this case we can see that the xxETL results are approximately order three (or higher;
Tables 4.1 and 4.2). Double-extrapolating gave substantially lower errors in almost
every system, but it was not always easy to determine the order of convergence. A
good example of this is the Michaelis-Menten system in Fig. 4.11. In such systems

with relatively high Monte Carlo error, the approximate solutions from the xxETL
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Figure 4.10: Chain decay system, double-extrapolated absolute error versus
timestep. Absolute error of X; on (A) the mean and (B) the second moment of ETL,
xETL and xxETL methods. Results from 10® simulations.

were obscured by these fluctuations. The order of accuracy of the xxETL could be
successfully seen for most molecular species of the chain decay system, but it was
not possible for the other systems as this would require a significant increase in the

number of simulations, in order to further reduce the Monte Carlo error.

4.5 Monte Carlo error

We have repeatedly mentioned the Monte Carlo error in the last few sections, so here

we discuss this subject in more detail. The weak error we calculate numerically is

[E(f(X(T))) = Es(f(X7)). (4.26)

This error can be separated into two parts

[E(f(X(T))) = Eoo(f(X7))] + [Eoo (f(X7)) — Es(F(X7))], (4.27)

where E(f(X7)) are the theoretical values of the moments calculated by an infinite

number of simulations with stepsize 7. The first term is the truncation error of the
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Figure 4.11: Michaelis-Menten system, double-extrapolated absolute error
versus timestep. Absolute error of X; on (A) the mean and (B) the second moment
of ETL, xETL and xxETL methods. Results from 10® simulations.

moments from their analytical solutions, i.e. the bias of the numerical method, which
depends only on the choice of timestep. The second term is the Monte Carlo error,
which depends only on the number of simulations and is given by \%, where C'is some
constant and S the number of simulations. The Monte Carlo error can be so large
that it overwhelms the bias of the underlying numerical method completely; in this
case all of the numerical results are due to random fluctuations, as we have observed
in some of our error plots. This is not necessarily a bad thing — all it means is that
the numerical method is so accurate that its error is smaller than that arising from
the randomness inherent in stochastic simulations, that is, the Monte Carlo error.
The formulation in Eq. (4.27) is useful when the propensity functions are linear.
In this case, the moment equations are closed, so E.(f(X7)) can be calculated for
the appropriate numerical method. As an example, consider the mean of the ETL: its
true value is given by Eq. (4.8) and the value of its numerical approximation can be
found by iterating Eq. (4.7). Unfortunately, this is not possible for non-linear systems,
since in this case the equations describing the evolution of the moments are not closed
any more (e.g., Mélykuti et al., 2010). In such cases, though, we can still make an
educated guess about the Monte Carlo error level based on when the absolute error

curves start losing their convergence.
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Figure 4.12: Split total error of particle decay system using ETL. Split errors
from Eq. (4.27) versus timestep for particle decay system for (A) the mean and (B)
the second moment. Results are from 10% simulations.

Such a breakdown of the errors (for each error point) of the particle decay system
with the ETL method is shown in Fig. 4.12, using results from 10® simulations. We
see that for the case of the ETL and xETL, the bias can easily be seen as the Monte
Carlo errors are low in comparison. However, when we extrapolate a second time,
the bias of the resulting estimator is so low that Monte Carlo fluctuations completely
obscure it (except for 7 = 0.8), even with 10% simulations. Thus the total error is
made up largely of Monte Carlo error. The only way to reduce Monte Carlo error is to
run more simulations or use variance reduction methods. This is a good illustration
of why it is important to perform a suitable number of simulations to get accurate
estimates of the moments.

Variance reduction methods, which aim to decrease the Monte Carlo error, are
another useful way of reducing computational time: because the Monte Carlo error
is lower, fewer simulations need to be run for a given accuracy, saving time. This
is an important topic in its own right and we do not address it here; we refer the
interested reader to e.g. Liu (2001). It is an active research area: recently Anderson
and Higham (2012) were able to significantly reduce the overal computational cost
associated with the stochastic simulation of chemical kinetics, by extending the idea

of multilevel Monte Carlo for SDEs (Giles, 2008; Kebaier, 2005).
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Table 4.4: Processing times of the particle decay system. Processing times (in
thousands of seconds) of 108 simulations of the particle decay system for all methods.
Absolute errors in the mean are in brackets. For comparison, implementation of 108
simulations of an SSA using the direct method would take approximately 1.2 x 10°
seconds. Entries in grey are at/below the maximum Monte Carlo error level (here,
0.0148); green entries are faster than the un/single-extrapolated versions with similar
error level (i.e. compare with one row above).

Method T

0.05 0.1 0.2 0.4 0.8
ETL 21.3 (9.2) 13.3 (18.4) 7.63 (37.1) 4.08 (74.7)  2.21 (152.0)
xETL — 34.3 (0.05)
xxETL - - 42.1 (0.015) 25 (0.016)
MPTL 21.3 (0.024) 13.4 (0.070)  7.65 (0.25) 4.18 (1.0) 2.24 (4.2)
xMPTL — 34.7 (0.0088) 21.1 (0.0082) 11.8 (0.0026)
xxMPTL — — 42.4 (0.0089) 25.2 (0.0090) 14 (0.0088)
TTTL 40.8 (0.017) 21.1 (0.063)  13.3 (0.26) 7.65 (1.1) 4.17 (4.2)
xTTTL — 62.1 (0.0016) 34.6 (0.0022) 20.9 (0.0044)
xxTTTL — — 75.4 (0.0022) 42.2 (0.0031) 25.1 (0.011)

4.6 Discussion

Throughout this thesis, we have given reduced computational time as a motivation
for using the stochastic extrapolation framework. As this is an important issue, here
we support the claim that extrapolation speeds up simulations at a given error level.
Although twice as many simulations must be run in the extrapolation framework,
the loss in computational time from more simulations is compensated for by the
significant reduction in error. This is important, as slow runtime is often a limitation
of stochastic methods. Total computational times and the corresponding errors in the
mean (in brackets) of all three methods used in this chapter and their extrapolated
and double-extrapolated versions are shown in Tables 4.4 and 4.5 for the particle
decay and mutually inhibiting enzymes example systems (108 and 107 simulations,
respectively). Unfortunately, although ideally we would keep either runtime or error
fixed and compare the other, this was not practical here; instead, we kept simulation

number fixed and compared both runtime and error. The estimated time to run
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Table 4.5: Processing times of mutually inhibiting enzymes system. Pro-
cessing times (in thousands of seconds) of 107 simulations of the mutually inhibiting
enzymes system for all methods. Absolute errors in the mean of X in brackets. Run-
ning 107 simulations of an SSA using the direct method would take approximately
1.47 x 107 seconds. Entries in grey are thought to be below the Monte Carlo error
level; green entries are faster than the un/single-extrapolated versions with similar
error level (i.e. compare with one row above), and red entries are slower.

Method T

0.005 0.01 0.02 0.04 0.08
ETL 191 (16.7) 82.3 34 5 (76.1)  32.6 (188.5) 19.7 (630.1)
xETL — 293 (
xxETL - 152 80.1 (36.0)
MPTL 165 (1.3) (3.6 44.9 (15.0) 24.1 ( 12.3 257 1
xMPTL - ( )
xxMPTL — — 289 (1.2) 153 (1.5)
TTTL 277 (1.2) 155 (3.5) 824 ( 3. 5) 44.6 (58.1) 23.3 (90.0)
ST a0 0an) 209 (0.15) (012 1) -
xxTTTL — 515 (0 45) 283 (0.37) 151 (16.9)

the same number of SSA simulations is given for comparison. It should be noted
that all the extrapolated and double-extrapolated 7-leap times are estimates: the
time-consuming part of the extrapolation method is the two sets of simulations of
the original method that must be run (and possibly the operation of finding the
moments, but this must be performed whether or not extrapolation is used); the
extrapolation itself is a fast arithmetic operation. The times for an extrapolation are
calculated as [runtime(r; = 7) + runtime(r, = )], and for a double-extrapolation as
[runtime(r; = 7) 4 runtime(r, = Z) + runtime(7s = Z)]. The extrapolated methods
take several times longer to run, but the errors they give are several to hundreds of
times lower. Most of the exceptions are where the error has clearly reached the Monte
Carlo level (Tables 4.4 and 4.5, grey entries). Besides extrapolation, the other obvious
way to reduce error is to use a smaller timestep, so the real test for the effectiveness
of extrapolation is to compare the runtimes of cases with similar error values. In
Tables 4.4 and 4.5, we have marked in green the extrapolated errors that can be

directly compared to the base method (i.e. read up one row) and take less time to
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run and in red the ones that take longer, and similarly for double-extrapolated errors
as compared to single-extrapolated ones. The rest are either suspected to be faster
(light green) or slower (light red) but lack unequivocal verification, not comparable to
any other results (unextrapolated methods), or have too high a level of Monte Carlo
error to say anything useful about (grey). Although there is considerable variation for
each system and simulation method, adding up the greens and reds shows that the
general trend is that extrapolation takes less time to give a similar level of error (this
pattern was similar for our other example systems). Thus we found that in general,
extrapolation is a worthwhile procedure.

Monte Carlo error is an unavoidable problem when using stochastic simulations.
The statistical fluctuations inherent in stochastic systems can obscure the bias error
(i.e. order of convergence) of the numerical method if their size relative to the bias is
large, as the total error is made up of these two contributions. A large number S of
simulations must be run, as the Monte Carlo error scales as \/Lg This error varies for
each system. Figs. 4.10 and 4.11, and especially 4.12, show this clearly: both of the
xxETLs have total errors of similar size for the same 7, but the chain decay system
has relatively low Monte Carlo error, allowing us to see the bias of the xxETL for
that system. However, Fig. 4.11 seems to indicate that the Michaelis-Menten system
has relatively high Monte Carlo error compared to the bias of the xxETL, implying
that the xxETL errors we see in the figure could be completely due to statistical
fluctuations. It should be noted that this also happens to varying degrees for the
other example problems we use. The reason for this is that the extrapolated methods
(and even the MPTL and TTTL, in some cases) have very high accuracy (i.e. low
bias error). Since it is only possible to run a limited number of simulations, when the
bias is very small, the total error will be given almost completely by the contribution
from the Monte Carlo error.

A contrasting approach to reducing numerical errors is the multilevel Monte Carlo

method. Originally developed for SDEs (Giles, 2008; Kebaier, 2005), it has recently
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been extended to discrete chemical kinetics (Anderson and Higham, 2012). By consid-
ering a formulation of the total error similar to Eq. (4.27), the multilevel Monte-Carlo
method aims to reduce it by decreasing the Monte Carlo error. Here also many approx-
imate solutions are generated with a variety of different timesteps. By intelligently
combining many coarse-grained simulations with few fine-grained ones, it is possible
to find a similar level of accuracy to just using fine-grained simulations. In contrast,
extrapolation uses the same number of coarse and fine-scale solutions and gives results
that are more accurate than the fine-scale solution, by reducing the bias instead of
the Monte Carlo error. In cases where the bias is obscured by statistical errors, using
a combination of both extrapolation and the multilevel Monte Carlo method would
be ideal, as it would reduce both sources of error. This is an interesting possibility

for further work.

4.7 Conclusions

In this chapter, we have extended the extrapolation framework, which can increase
the weak order of accuracy of existing numerical methods, to the discrete stochastic
regime. To demonstrate the concept, we have applied it to three fixed-step 7-leap
methods, the ETL, MPTL and TTTL methods. We found that extrapolation reduced
the total error of the moments in all cases, except where both the original method and
the extrapolated method clearly had errors below the Monte Carlo error level. The
extrapolated methods had very low errors; in the rare cases where they were above the
Monte Carlo error level, extrapolating seems to have increased the weak order of the
solutions. Thus we have demonstrated numerically the effectiveness of extrapolation
on a range of discrete stochastic numerical methods with different orders of accuracy
for a variety of problems.

The main requirement to use extrapolation with a numerical method is the exis-

tence of an expression for the global error in terms of the stepsize. To extrapolate
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once, only the leading error term need be known; further extrapolation requires knowl-
edge of higher-order terms. This is the real power of this approach: it can be applied
to any fixed-step numerical method. Moreover, further extrapolations may be able
to raise the order of accuracy of the method indefinitely, although there is a possible
problem with the Taylor expansion cross terms, plus beyond a certain point the lower
bias errors will be overtaken by Monte Carlo errors. We expect this method to be
useful for more complex biochemical systems, for instance where frequent reactions

must be simulated fast but accuracy is still important.



STOCHASTIC BULIRSCH-STOER METHOD

5.1 Introduction

Stochastic extrapolation is a powerful framework for increasing the weak order of
accuracy of any method. Despite this, it has its limitations: only fixed-step methods
can be used, and only moments can be extrapolated. In this chapter, we develop
a sister method that complements the extrapolated 7-leap methods and overcomes
these limitations. Furthermore, it is both very accurate, capable of reaching a higher
deterministic order of accuracy that translates to higher weak order in the moments
in low-noise settings, as well as efficient, retaining its accuracy even as stepsize is
increased. This is the Stochastic Bulirsch-Stoer method (SBS).

The SBS is based on its deterministic counterpart described in Section 2.4.2. There
are some key issues that must be addressed in order to successfully adapt it into a
stochastic method. The two most important ones are interlinked: first, what quantity
should be calculated at each step, and second, how can stochasticity be introduced
into the picture? The deterministic Bulirsch-Stoer method calculates X, from X,,
using the MMP to find the intermediate stages over [t,t 4 7). However, stochasticity

cannot simply be added to this scheme either inside or outside the MMP, as this would

94
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interfere with the extrapolation necessary for the Neville table. In order to update
the state vector as in Eq. (3.7), we must find the number of reactions per step.
Looking at the formula for the evolution of the underlying Markov jump process

(known as the random time-change representation; Kurtz, 1978),

X1 = X+ P ( /:H a(X(t))dt) , (5.1)

it is clear that the quantity we must calculate is f;:lﬂ a(X(t))dt, in order to then
take a Poisson sample for the state vector update (the 7-leap method approximates
this as a(X (t,,,))7). Thus, rather than calculating X, directly using the MMP, we
need an accurate way to find the integral of the propensity functions over each step.
Proceeding in a somewhat similar way to the MMP (Algorithm 2.1), we arrive at
Algorithm 5.1, which is actually a Romberg-integrated approximation of the desired
integral above: the intermediate stages of the state are found using the MMP, and
the propensities calculated at each stage. These intermediate propensities are then
fed into a composite trapezoidal method to give an accurate estimate of the integral
over the timestep 7. The order of accuracy of this integral is identical to that of

the deterministic Bulirsch-Stoer method, as the composite trapezoidal rule has an

T
m’

error expansion that starts with 72 and only contains even powers of 7, where 7 =
m = 2,4,6, ... is the stochastic equivalent of h (Section 2.4.1).

The intermediate stages are given by the reaction rate equations (Steps 1, 3, 5 of
Algorithm 5.1), which are equivalent to the expectation of the stochastic trajectories
over each step provided both are started in state X,, at time ¢,, and the reactions
are zeroth- or first-order (in the case of higher-order reactions, i.e. non-linear a;(x),
there may be some error introduced by the fact that E(a;(x)) # a;(E(z))). Thus we
find the ezpected fti:ﬁT a(X (t))dt using Romberg integration, and use this to sample
a Poisson distribution in order to increment X,,. This method is both extremely

accurate at finding the mean and fully stochastic, that is each simulation gives a
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different stochastic realisation and the full probability density can be found from a
histogram of many simulations. There is still the question of whether the higher order
of accuracy from the Romberg integral for the Poisson parameter also translates into
higher weak order. Although our numerical simulations showed that this is the case
for large 7 and X (see Section 5.5), this issue still needs further investigation in the

general case.

Algorithm 5.1. Integration of propensities over each step using composite trape-
zoidal rule

Assuming the system is in state X,, at time t,,, and a substep T = T/1h:
1. Set zy = x,,.
2. Calculate initial propensity, aj = a(zy).
3. Calculate first intermediate stage z; = 2y + Tvay,.
4. Calculate first intermediate propensity, @} = a(z1).
5. Calculate next intermediate stages z;.1 = z;-1 + 27va;, [=1,...,m — 1.
6. Calculate next intermediate propensities a;,, = a(z+1), [=1,...,m — 1L

7. Calculate integral of propensities using the composite trapezoidal rule,

NG (ts b+ 7) = § (@ + 75" 2a) + ) ~ 17T a(X (1)t

tm

8. Update t,,01 =t + 7.

We have now arrived at the implementation of the SBS. First, we must calculate
Aa(tm,tm + 7), the expected integral of the propensities over [t,,,t,, + 7) (with the
intermediate stages calculated using the reaction rate equations), using Algorithm 5.1
with multiple stepsizes 71, 7o, . . .. Next, we Romberg integrate these using the Neville

(Romberg) table to arrive at the extrapolated solutions Aa®**" (t,,, t,,+7). Once these
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are sufficiently accurate, we sample the number of reactions as

X1 =X, + VP (Aaextr(tm, t, + 7')) : (5.2)

This is our approximation to the Markov jump process at each step. Combined with
the extrapolation mechanism described previously and a way to adapt the stepsize,
we have the full SBS method.

The stepsize is chosen by calculating the quantity

1
2(qg—1)+1
Tqg = TSl < SQ ) X y (53)

where 7 is current timestep, 7, is a hypothetical candidate next timestep necessary for
convergence in Romberg table column k, (7, is the full step, which is then divided into
substeps of size 7, = %; as the Romberg table is constructed locally, it is the substeps
7, that are comparable to h, in Table 2.1) and S; and S, are safety parameters,
introduced in the next paragraph. Here err, is the local error relative to a mixed
tolerance, with order O(724~V+1)  Tts ideal value is exactly one: if it is any smaller
than this the step could have been made bigger, and if it is any larger it means our
error bound is exceeded and the step must be redone using a smaller 7. At each step,
a candidate next timestep is selected for each Romberg table column k£, according
to Eq. (5.3). As we know some measure of the work done for each k, (the number
of function evaluations of the MMP), we can calculate the efficiency of each of the
g candidate timesteps as the work per unit 7. We then select the candidate 7, that
gives the highest efficiency. We leave the detailed step-by-step implementation until
the next section in order to first finish the current discussion.

The SBS uses several different parameters (see Algorithm 5.2), all of which have
some effect on the results. S; and Sy are both safety factors that resize the next

timestep by some amount: the smaller they are, the smaller the timestep and the more
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accurate the solution. As always, however, there is a compromise between stepsize
and speed, so one must be careful to optimise the parameters for maximum efficiency.
The same is also true for the error tolerances a,,;, the absolute error tolerance, and ry,;,
the relative error tolerance. These are used to scale the error that is calculated from
the internal consistency of the Romberg table. They are usually set fairly low: around
107 is common. They can be vectors, with a different tolerance for each reaction, but
for simplicity we always refer to them as scalars. There is an additional consideration
with the SBS, namely that of the column of convergence, k. Even when the safety
factors are set high (implying larger timesteps), the SBS can still achieve very high
accuracy by simply doing another extrapolation, and going to a higher Romberg table
column. For this reason, the relationship between the safety factors and accuracy is
not a direct one, and it is advisable to check the timesteps and column of convergence

for each new set of parameters.

5.2 Implementation

Here we give a detailed description of the SBS and its implementation. The aim of
the stepsize-adapting mechanism of the SBS (shared with the deterministic Bulirsch-
Stoer method) is to select the optimal column k of the Romberg table (Table 2.1)
that will give an acceptably low error while requiring as little computational work as
possible. We define the error of each Romberg table column ¢ as

Aa™7 — Aa™

Aol + Trol X AaTv7a |’

(5.4)

erry =

where Aa®™ = Aa’ (t,,t,, + 7) as given in Algorithm 5.1 and Aa™™ is extrapolated
using stepsizes 7; and 75, as explained in Section 2.3, and | | denote the L? norm.
The most ideal situation is if the error of the k-th column, errp = 1: if it is larger
than one, accuracy has been lost because 7 was too large; if it is smaller than one,

computational time has been lost because 7 was unnecessarily small. Below, we follow
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Press et al. (2007) and Hairer et al. (1993) in our exposition. An idea of how 7 can

be adjusted to its optimal value for the next step is given by

1
S, '\ FaDF
Tq:7'51< 2) , g=1,...,k,

€rry

where 7, is a set of hypothetical new stepsizes adjusted from the current stepsize 7.
S1 and Sy are safety factors 0 < Sy, Sy < 1, that ensure 7 is not set too large because
of errors in the MMP and composite trapezoidal rule approximations.

We want the column that minimises the work done per unit step. This is defined

for column ¢ as

where A, is the work done in computing the ¢g-th Romberg table row and is assumed
to be the number of function evaluations inside the MMP. An MMP with stepsize
7 = 7/2 needs three evaluations, i.e. A; = 3 using our scheme; this can be generalised
to

Agr1 = Ag + ng1a,

where n, = 2¢. The optimal column k for the next timestep is given by the lowest W,
and the optimal stepsize by the corresponding 7,. In reality, after the initial step only
columns k — 1, k and k+ 1 are tested for convergence, as otherwise the convergence is
likely to be an artifact or the timestep is far off its optimal size. This helps reduce the
runtime but makes the implementation more complicated. Now that the reasoning
behind the adaptive mechanism is clear, we set out a detailed algorithm for a practical

implementation of the SBS method.

Algorithm 5.2. Stochastic Bulirsch-Stoer method (SBS)

With the system in state X,, at time t,,, set values for Si,Sa, i and 1y, and ¢ = 0:

1. Compute up to Romberg table column k — 1:

(a) Set g =q+ 1.
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(b) Run Algorithm 5.1 with n, = 2q substeps to find Aa™ (t,,, t,, + 7). If
X, +vAa™ (ty,, t, +7) <0, set 7 = 7/2 and redo step by returning to
the start of Step 1. Otherwise, add Aa™(t,,,t,, + 7) to the end of the first

column of the Romberg table.

(c) If ¢ > 1, starting with the first column, extrapolate the final row of each
Romberg table column in succession to eventually find the first row of col-
umn q. Set this as Aa“"" (t,,, t,, + 7), the current most accurate estimate

for the Poisson parameter.

(d) If ¢ < k — 1, return to Step 1(a); otherwise continue.
2. Check convergence at column k — 1:

(a) Find errg_; using Eq. (5.4).

(b) If errr_; <1, accept step (go to Step 5) and set
Xy = Xy + VP (Aa™" (t,t 4+ 7)), as in Eq. (5.2), and set k and 73, for the

next step as

k— 2, Tkpew if Wk,Q S O.SWk,1

knewa Thnew — k, Tk_lAI:il if Wk—l < O.QW]C_Q

k—1, 7., otherwise.
\

(c) If erry_1 > 1, estimate erry,; to check for convergence by column k + 1:
2 2
if errp_; > <”—’“> <M> , reject the step, set k and 75 as in Step 2(b), set

ni ni

q = 0 and return to Step 1. Otherwise, continue.
3. Compute and check column k:

(a) Run Algorithm 5.1 with n;, = 2k substeps to give Aa™ (t,,, t, + 7). Add
Aa™ (ty, t, + 7) to the end of the first column of the Romberg table, and

extrapolate to give Aa*" (t,,, t, + 7).
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(b) Find erry using Eq. (5.4). If err, < 1, accept step (go to Step 5) and set

Xy = Xy + VP (Aa™" (L, + 7)), and set k and 73, for the next step as

k — 1, Tknew if Wk—l S O8VV/C

Tnews Tknew — \ k + 1, TkAjZ_-kH if Wk < O-Qkal

k, Thnew  Otherwise.

(c) If erry > 1, estimate erryyq to check for convergence by column k + 1: if

2
erry > ("’““) , reject the step, set k and 7 as in Step 3(b), set ¢ = 0 and

ni

return to Step 1. Otherwise, continue.
4. Compute and check column k + 1:

(a) Run Algorithm 5.1 with ng; = 2(k+1) substeps to give Aa™+1(t,,, t,,, +7).
Add Aa™+1(t,,, t,, +7) to the end of the first column of the Romberg table,
and extrapolate to give Aa®*" (t,,,t,, + 7).

(b) Find errgy; using Eq. (5.4). If errgy; < 1, accept step (go to Step 5) and
set Xy = X, + VP (A" (t,t + 7)), and optimal &k and 73, for next step
as

k — 1, Tkpew if Wk,1 S OSWk

knewa Thnew — Y k + 17 7'kM if Wk+1 < 09Wk

Agq1

k, Tk  Otherwise.
\

(c) If errgey > 1, reject the step, set k and 74 as in Step 4(b), set ¢ = 0 and

return to Step 1. Otherwise, continue.

5. If any species of Xy, is negative, reject the step, set 7 = 7/2, ¢ = 0 and go
back to Step 1. Otherwise update t,,4+1 = t,, + 7 and X,,,41 = X4y, set ¢ =0

and continue (either return to Step 1 or finish).
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5.3 Extension: SBS-DA

There is an alternative scheme to Eq. (5.2) for finding the stochastic update to the
state vector: this is the ‘degree of advancement’, or DA approach, and we call the
resulting method the SBS-DA. Its focus is the M x 1 random process Z(t) = Z;(t),j =
1,..., M, the number of times that each reaction occurs over [0,t) (Goutsias and

Jenkinson, 2013; van Kampen, 2007). Z(t) is related to the state vector X (t) by

X(t) = X(0)+ Y _vZ(1)

In fact, X (¢) is uniquely determined by Z(t) (Goutsias and Jenkinson, 2013). This
allows us to use the DA approach to calculate the number of reactions per step, then

return to the population approach to update the state vector, using
X(t+7)= jtz:uJ (t,t + 7)), (5.5)

where we define Z;([t,t 4+ 7)) as the number of reactions of type j occurring over
[t,t + 7). Notice that Eq. (5.5) has the same form as Eq. (3.7),(3.9) and (5.2). In
fact, K; = Z;([t,t + 7)): in the case of the SSA, the timestep tends to be very small
and only one reaction occurs, but for the 7-leap and SBS it is much larger so more

reactions can occur. Similarly to Eq. (5.1), we know that (Kurtz, 1980)

K—7p (/tm a(Z(s))ds) | (5.6)

In order to find the update of the state vector, we must solve for the mean (and
variance, see below) of K, and sample according to Eq. (5.6). The 7-leap approximates
the mean relatively inaccurately as a(Z(t))r, but the SBS aims to calculate a far
more accurate estimate. The equations for the evolution of the mean and variance of

K, pu(s) and C(s), respectively (where s runs only over one step [t,,, tm + 7)), can be
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derived from its master equation, and take the same form as for the UBTL (Xu and

Cai, 2008; see also Goutsias and Jenkinson, 2013):

Ats) Zf” 9+ ay(@), (t) =0, (5.7)
%” = 20,Ci(s) + d“d—“ Cy(t) =0, (55)

where s € [t ty + 7') x = X (t) is the value of the state vector at the start of the

aa]( )
ox;

matrix. Again we on_ly take the diagonal elements f;; due to the independence of

step and fj;(x) = ———;p,j,7 = 1,..., M are the elements of an M x M
the reactions. Again, we must solve Egs. (5.7) and (5.8) simultaneously with initial
conditions p(t) = C(t) = 0 to arrive at p(t + 7) and C(t + 7). When implemented
as the SBS-DA, we evaluate them using the MMP with a number of different sub-
timesteps, and these solutions are then extrapolated as usual.

We do not repeat here the discussion of Egs. (5.7) and (5.8), and why we actually
need Eq. (5.8); the reader is referred to Section 3.3.4. The number of reactions over

the timestep is then given by

P(psr(t+ 1)) if p™(t+ 1) < 10,
K (ujxtr<t+7_)’ ‘/jemtT(t—i—T)) — J

WV (gt + 7, JOgtr (e m)) | g (4 7) = 10,
(5.9)

where | | denote rounding to the nearest integer. Eq. (5.9) now replaces the Poisson
term in Eq. (5.2). To implement the SBS-DA instead of the standard SBS, Algo-
rithm 5.1 should be replaced with Algorithm 2.1, which is used to calculate the mean
and variance of K according to Egs. (5.7) and (5.8). In addition, there should be two
Neville tables (these are Neville tables rather than Romberg tables, as we are now
directly evaluating the quantities using the MMP rather than integrating), one to find
p* and one for ijt’”. Finally, the trial step update is given by X, = X,, + v K,
with K defined in Eq. (5.9).
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The approach in Eq. (5.9) is similar to the unbiased 7-leap (Xu and Cai, 2008).
The key difference is that Xu and Cai (2008) use this scheme in the context of a fixed-
stepsize 7-leap method, basing the entire method around this scheme. In contrast,
the SBS-DA is grounded in the Bulirsch-Stoer method, which it uses for its stepsize
selection and combination of MMP and Richardson extrapolation to find the Poisson
increment. The DA approach is only one part of the whole SBS-DA, and is only
used as an alternative to Eq. (5.2), in order to also find the variance of the number of
reactions occurring over each step.

The SBS and SBS-DA methods are very similar: both calculate the parameter of
the Poisson sample but they take different approaches to this. The two key differences
are that 1) the SBS-DA attempts to correct using the variance of the sampled distri-
bution in order to better approximate the true Poisson parameter when the stepsize is
large, but 2) it sacrifices some of its possible higher weak order because of the inherent

inaccuracies of Egs. (5.7) and (5.8) (see Section 5.5).

5.4 Numerical results

We apply the SBS and SBS-DA methods to four example problems of varying degrees
of complexity, comparing them with the popular benchmark of the ETL (Cao et al.,
2006), as well as two newer methods that are intended to be representative of the most
current, fastest and most accurate methods. These are the TTTL and the UBTL (see
Section 3.3.4). Although the authors of these methods have used fixed stepsizes in
their works, we have implemented their methods using the same 7-adapting scheme
as the ETL. This actually makes them more advanced than originally described, but
we believe this ensures a fairer comparison with the SBS.

We use four example problems: a simple chain decay, the Michaelis-Menten re-
actions, the Schlogl system and the mutually inhibiting enzyme system. All the

methods we tested have parameters that can be varied: for the SBS methods these
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are Ty, Ayop, S1 and Sy, and for the 7-leap methods it is € (and 6 for the TTTL, which
was always set as 0.55). In the former case, we chose to focus attention on 7y, as it
plays a somewhat similar role to € in the latter ones, i.e. as a bound for the relative
errors. For each system, we produced a plot of the ‘PDF error’ (see below) versus
runtime for several values of r,,; and e. We only varied these single parameters, listed
in Table 5.1: the other parameters of the SBS were chosen to maximise the overlap
between the runtimes of the five methods, and kept constant. This was solely to
facilitate comparison between the different methods, and these values do not neces-
sarily fall in the normally useful ranges of those parameters. In order to discriminate
between the methods, the plots could be used to choose a CPU time and check which
method has the lowest error at that point, or to find which method takes less time to
run for a set error level.

The same number of simulations were run with all methods. We plotted PDF's
for each species and compared them to ones obtained from a reference set of 10° SSA
simulations, all generated from histograms using identical bins. We calculated the
PDF error by summing the absolute values of the differences between the probability
density of each method and the SSA in each bin, that is we took the L!-distance
between the PDF's of the SSA and the other methods. The runtime is the time taken
to run a single simulation, obtained by dividing the total runtime by the number of
simulations.

We show the probability distributions of all the simulation methods, as well as
plots of PDF error versus (single) runtime. We refer to the latter as ‘efficiency’ plots,
as they clearly indicate some measure of computational efficiency. If a method is both
fast and has low error, it is efficient: its points are concentrated towards the origin.
In contrast, points to the top right indicate low efficiency (i.e. a slow and inaccurate

method).
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Table 5.1: Error tolerance parameters used in each method. Parameters
varied for SBS, SBS-DA, ETL, TTTL and UBTL for each example system in order from
fastest to slowest (left to right in efficiency plots). For SBS methods, the parameter is
T4o1; for T-leap methods it is e.

System |Method Parameters
SBS 1075 5x 1076 107 5x1077 25x 1077 1077
Chain SBS-DA | 107° 5x 1076 107% 5% 1077 10~ 1078
decay ETL 0.125 0.1 0.075 0.05 0.04 0.03
TTTL 0.2 0.15 0.1 0.075 0.05 0.04
UBTL 4 2 1 0.8 0.6 0.5
SBS 102 1073 10~4 1075 1076 1077
Michaclis. SBS-DA | 1073 10~ 107° 106 10~ 1078
Menten ETL 0.2 0.15 0.1 0.07 0.05 0.04
TTTL 0.3 0.25 0.2 0.1 0.075 0.06
UBTL 7 5 3 2 1.5 1
SBS 1075 8x107% 4x10¢ 107 5x 1077 1077
SBS-DA [2x 107 1.5 x 107 107* 9x10° 8x 10 6x107°
Schlogl ETL 0.046 0.044 0.042 0.04 0.0375 0.035
TTTL 0.06 0.056 0.052 0.048 0.046 0.044
UBTL 0.3 0.28 0.26 0.24 0.22 0.2
SBS 1075 106 107 10~8 107 10710
SBS-DA | 107° 106 10~ 1078 1079 1010
Enzymes ETL 0.15 0.1 0.07 0.05 0.03 0.02
TTTL 0.3 0.2 0.12 0.08 0.06 0.04
UBTL 5 3 1.5 0.8 0.4 0.3

5.4.1 Chain decay system

We start with a variant of the chain decay system from Section 4.4.2. This system

was chosen to be identical to one of the examples used by Cao et al. (2006). It has

three species that are converted into each other by the reactions

LiN

ko,

X X

Xo X,

2

Y

3

C1:1,

02:1.

The simulations were started in initial state X (0) = [10000, 1, 0]” and simulation time

was T' = 5. We ran 5x 10° simulations. The SBS safety factors were S; = 0.2, .S, = 0.4,
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Figure 5.1: Chain decay system. (A) PDFs of X; generated from 5 x 10° simula-
tions. Only the PDFs using the most and least accurate error parameters are shown.
(B) PDF error of each method as compared to the PDF of X; simulated with the
SSA. Parameters varied are listed in Table 5.1.

those for the SBS-DA were S; = 0.15, S5 = 0.2, and as,; = 1076 for both. Probability
distributions of the simulation results are shown in Fig. 5.1A for X;. For clarity, the
figure shows only the results for the most and least accurate parameter values. The
UBTL and SBS methods’ PDFs both match the SSA very closely; the other methods
are less accurate. This is quantified in Fig. 5.1B, which shows the efficiency plots:
the UBTL returns the lowest errors, followed by the SBS-DA and SBS. This is not
surprising: for linear systems, the UBTL (and both SBS methods) are exact. For
this system, taking into account all three chemical species, the SBS methods and the
UBTL are the most efficient (Table 5.2). We show the efficiency plots for all species

and define a quantity to estimate the total measure of efficiency across all species in

Section 5.4.5.

5.4.2 Michaelis-Menten system

This is a variant of the Michaelis-Menten system from Section 4.4.3 with ¢; = 1074,
co = 0.5, c3 = 0.5. It was also chosen to be identical to other examples from the
literature (e.g., Hu et al., 2011b). The initial state was X (0) = [1000, 200, 2000, 0"

and the simulation time was 7' = 10. We ran 10° simulations. The SBS safety factors
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Figure 5.2: Michaelis-Menten system. (A) PDFs of X; generated from 10° sim-
ulations, and (B) PDF error of each method as compared to the PDF of X; simulated
with the SSA. Parameters varied are listed in Table 5.1.

were set as S; = Sy = 0.35, and those of the SBS-DA as S; = Sy = 0.33, with
atyy = 1079 for both. The PDFs and efficiency plot for X; are shown in Fig. 5.2.
The SBS, SBS-DA and TTTL all achieve high accuracy. The TTTL becomes more
accurate than the SBS methods at higher runtimes, but the SBS methods have the
advantage at shorter runtimes. Thus when it is important to minimise runtime, the

SBS methods are preferable. Overall, the SBS-DA has the highest efficiency, with the
TTTL second and SBS a close third (Table 5.2).

5.4.3 Schlogl system

The Schlogl system is useful as an example system that is both bimodal and non-
linear, while at the same time being very simple. It is detailed in Section 4.4.5. As
before, parameters A and B are held constant at 10% and 2 x 10° units, respectively,
and we used the initial condition X (0) = 250. The simulation time was 7" = 10, and
we ran 10° simulations for each method. The SBS safety factors were S; = S, = 0.05,
those for the SBS-DA as S; = Sy = 0.125, and as,; = 107% for both.

The PDFs and efficiencies of each method are shown in Fig. 5.3 for X. For this
system, the ETL is surprisingly accurate compared to the other methods. The SBS

and TTTL have approximately the same efficiency as the ETL, with the SBS-DA
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Figure 5.3: Schlégl system. (A) PDFs of X generated from 10° simulations, and
(B) PDF error of each method as compared to the PDF of X simulated with the SSA.
Parameters varied are listed in Table 5.1.

being somewhat less efficient and the UBTL the least (Table 5.2).

5.4.4 Mutually inhibiting enzymes system

This is identical to the system in Section 4.4.4, but this time we simulated it 2 x 10°
times for final time 7' = 2 (to reduce simulation time). We used safety factors of
S; = Sy = 0.4 for the SBS and S; = 0.55, Sy = 0.7 for the SBS-DA, with a;,; = 1076.
The PDFs and efficiencies for X; are shown in Fig. 5.4; again the ETL is unexpectedly
efficient, with only the SBS and SBS-DA more efficient overall (see Table 5.2). At the
longest runtimes, both the TTTL and TL are more accurate than the SBS-DA and
similar to the SBS. However, as runtime is decreased, the SBS remains very accurate
whilst the TTTL and ETL quickly lose accuracy, and for shorter runtimes the SBS-DA
is also more accurate than them (Fig. 5.4). Taking into consideration all eight species,

it is, in fact, the SBS-DA that is most efficient, followed by the SBS (Table 5.2).

5.4.5 Further comparisons

Three of the example systems have more than one species, and so far we have only

presented results for X;. This can often be unrepresentative of the full picture. The
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Figure 5.4: Mutually inhibiting enzymes system. (A) PDFs of X; generated
from 2 x 10° simulations, (B) PDF error of each method as compared to the PDF of
X1 simulated with the SSA. Parameters varied are listed in Table 5.1.

chain decay system is a clear example of this. Fig. 5.5 shows the efficiency plots for all
three species. Only looking at X; could lead one to think that the UBTL is the most
efficient method for simulating this system. But including the other two species reveals
that the SBS-DA is, in fact, the most efficient overall. This is important, because it is
clear that factors such as linear /non-linear propensities, population size and stiffness
all affect each reaction and species in a different way. It is overall performance we are
interested in.

To overcome this problem, we came up with a way of quantifying the overall
efficiency of each method over all species. This follows directly on from the previous
definition of efficiency: low error and low runtime implies an efficient method, high
error and high runtime implies an inefficient method, and a combination of the two,
for instance high error but low runtime, clearly lies somewhere between the two. We

define ‘efficiency’ n as

(sum(total error over all histogram bins and all species.))f1 (5.10)
0= ' '

sum (single-simulation runtime over all error parameters)

This varies for each system, and is comparable only when the bins used to calculate

errors are identical. In other words, the values are a direct comparison of the efficiency
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Figure 5.5: Chain decay system PDF error for all species. PDF errors of all
three species versus runtime.

of each method for each example system, but should not be used across different
example systems. Table 5.2 compares the efficiencies of each simulation method for
every example system.

Figs. 5.5 to 5.7 contain a full picture of our computational results for three of the
four example systems and all simulation methods (the Schlégl system is omitted, as
Fig. 5.3 already contains the full information for the system). The overarching trend
was the following: the SBS methods were the most accurate, with either the SBS or
SBS-DA returning the lowest error for all four examples. The ETL was unexpectedly
efficient for some systems. The TTTL also achieved excellent accuracy in addition to
good efficiency for longer runtimes, but the SBS had a flatter efficiency curve than

Table 5.2: Overall efficiency of methods for each example system. Calculated

according to Eq. (5.10); higher means more efficient. Histogram/PDF bin sizes for
species 1,..., N are listed in order. M-M stands for Michaelis-Menten.

System SBS SBS-DA ETL TTTL UBTL | Bin sizes

Chain decay | 14.7 22.3 0.4 4.4 14.1 [2,5,5

M-M 7.1 11.7 2.3 7.7 1.2 |5,5,5,5

Schlogl 19.1 7.1 18.8 18.8 0.3 |10

Enzymes 21.9 50.5 126 6.3 3.0 100, 100, 50, 50, 50, 50, 50, 50
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Figure 5.6: Michaelis-Menten system PDF error for all species. PDF errors
of all four species versus runtime.

the TTTL, with the TTTL quickly losing accuracy at lower runtimes even when it
was more accurate than the SBS at higher runtimes. Thus we have shown that the
SBS is a very accurate method. More importantly, it is the most efficient method we
tested, maintaining its accuracy well even at low runtimes.

SBS methods excel when we want a short runtime with high accuracy. In this case,
we can set the safety factors high, allowing large steps and a corresponding increase
in extrapolations. This retains a high accuracy, whilst reducing runtime because of
the large timesteps. In contrast, when we allow a longer runtime, we set the safety
factors low, restricting the stepsize and removing the need for higher extrapolation. In
most of our examples, we have seen the SBS only using one extrapolation throughout
the simulation. This is a waste of the extrapolation capability of the SBS, and it is
no surprise that in these cases it loses efficiency, especially as the complex stepsize

adaptation scheme adds extra overhead to each step.
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Figure 5.7: Mutually inhibiting enzymes system PDF error for all species.
PDF errors of all eight species versus runtime.

5.5 Higher order of accuracy and robustness

It is well-known that the Bulirsch-Stoer method has a high order of accuracy: this

is the reason it is able to use large steps whilst still finding very accurate solutions.

This is because of the Richardson extrapolation that is used at each step on the MMP

solutions (which themselves have order two as well as an error expansion containing

only even powers of 7, resulting in very high order solutions with little work). In

contrast, rather than the MMP solutions for X, the SBS instead extrapolates at each
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step the deterministic quantity Aa(t,t 4+ 7) (or the mean and variance of K given
by Egs. (5.7) and (5.8) in the case of the SBS-DA), calculated using the composite
trapezoidal rule, which also has a known error expansion. Thus the extrapolation is
performed on a deterministic variable, the mean of the Poisson update, and it is not
clear how its higher order translates into the stochastic sense.

We explored the behaviour of the SBS and SBS-DA methods using numerical
simulations of two simple systems: a first-order chemical reaction X — 2X, with
X(0) = 1000, and a bimolecular reaction X +Y — 0, X(0) = Y(0) = 10000. As
the SBS changes both stepsize and Romberg table column k& adaptively, we used
a restricted version that fixed stepsize and k. We ran simulations with both SBS
and SBS-DA, for £ = 1 and k£ = 2, that is no extrapolation and one extrapolation,
respectively. In addition, we also used the ETL and TT'TL methods for comparison, as
they have known weak orders of accuracy (one and two, respectively). The relatively
large values that we have taken for 7 are due to the fact that we do not want the results
to be contaminated by the Monte Carlo error. As only a finite number of simulations
is possible, we chose to use a large stepsize to stay above this level. The gradients
of the errors for the different methods are computed based on a linear least-squares
regression of all the data points.

Figs. 5.8 and 5.9 confirm that both the SBS and SBS-DA are able to reach high
weak order in the mean and higher-order moments in some settings (such as large
timesteps and populations, as discussed below). For the first-order reaction, both
methods have weak order approximately two and four in both the mean and the second
moment (not shown) for k = 1 and k = 2, respectively (Fig. 5.8A). However, there is
a difference in behaviour between the SBS and SBS-DA for the bimolecular reaction
(Fig. 5.9A). Here, the SBS-DA only has weak order two in the first two moments, even
when extrapolated. In contrast, the SBS increases its order to four when extrapolated.
This shows the limitations of Eqs. (5.7) and (5.8): for non-linear systems, they limit

the maximum order of accuracy of the first two (and likely higher) moments of the
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Figure 5.8: Order of accuracy for first-order reaction. Error versus stepsize
for (A) the mean, and (B) variance of the first-order reaction X — 2X, with ¢ = 0.2,
X (0) = 1000, T'= 12. The gra dients of linear regression lines fitted to the points are
shown in the legend. Note that in these figures, the SBS (blue triangles) and SBS-DA
results (cyan diamonds) cover each other.

SBS-DA to two. This is not the case for linear systems, as here Eq. (5.7) is exact, so
the order of the SBS and SBS-DA is identical.

Thus the message from Figs. 5.8 and 5.9 seems to be that under ideal conditions,
the SBS can indeed achieve higher-order (in the moments), and this order increases
as the Romberg table column (that is, number of extrapolations) is increased. It is
not possible to tell whether this trend continues to higher extrapolations as these are
so accurate that Monte Carlo error interferes with our ability to find the order. The
SBS-DA has at most weak order two in the mean for non-linear systems, but this
restriction in weak order is compensated for by the use of an appropriate Gaussian
sample when the Poisson parameter is large, and generally it is similarly, or even more,
efficient than the SBS. It is also worth noting that in the case of neither reaction does
extrapolation increase the weak order of the variance beyond one (Figs. 5.8B, 5.9B).
This seems to be an issue inherent to the SBS formulation.

However, it is important to clarify that the behaviour we have observed in Figs. 5.8
and 5.9 should not be generalised to all systems, and in many cases the SBS will not
be able to achieve such a high weak order in practice. To try to explain this, let us

briefly consider SDEs again. Talay and Tubaro (1990) derived the global weak error
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for (A) the mean, and (B) variance of the bimolecular reaction X +Y — 0, with
c=107%, X(0) = Y(0) = [10000, 10000]%, T = 12. The gradients of linear regression
lines fitted to the points are shown in the legend. The first three points of the SBS
with k = 2 are omitted from the regression line, as they are clearly affected by Monte
Carlo error.

of a general numerical solver for an SDE of the form Eq. (3.1), as an expansion in
powers of timestep h like Eq. (2.6). For instance, the Euler-Maruyama method has
an expansion given by Eq. (4.5). Later, Milstein and Tretyakov (1997b) investigated

the case of SDEs with small noise that take the form
dX (t) = a(t, X (t))dt + eb(t, X (t))dW (t), X(0)= X, (5.11)

where we have defined ¢ > 0 as a small-noise term. They derived the global weak
error as an expansion in both the stepsize h and the small-noise parameter €. As
£ X \/L)? (Gillespie, 2007), being in this small-noise limit is not unusual, especially
for SDEs, which are used to simulate relatively large populations (loosely defined, of
the order of thousands up to millions) that nevertheless are still too small to ignore
noise completely. Milstein and Tretyakov (1997b) showed that the global weak order
of numerical methods to solve SDEs of the form Eq. (5.11) has the general form
O(h? + hie"), where ¢ < p. When noise is ignored (¢ = 0), the SDE becomes an

ODE and the weak order of its approximate solution becomes just the deterministic
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order term O(h?). Milstein and Tretyakov (1997a) also performed such an analysis
in the strong sense, and again found the general form of the global strong error to
be O(h? + hi%"),q < p. In addition, Buckwar et al. (2010) also examined small-
noise SDEs in a strong sense. They found that varying ¢ and h also varied the order
behaviour of the methods they examined.

The implication of the extra term in the stochastic order is that although the
underlying deterministic order of the method may be high, the stochastic order is
restricted by the noise term. However, when the noise is small, this term will also
become small, thus allowing the order to increase, possibly even up to O(h?). This
is also the case if the stepsize is large. In fact, it occurs over a range of values of h
and ¢; it is trivial to see that the condition for the deterministic term to dominate is
h > 51ﬁ1.

It is well-known that SDEs form an intermediate regime between the discrete
stochastic and the deterministic regimes. Indeed, a standard way of mathematically
investigating discrete stochastic methods is to look at SDEs with jumps; this is the
approach of Li (2007), as well as Liu and Li (2000). In particular, Li (2007) shows that
the Euler discretisation of such an SDE is the ETL method. Our hypothesis is that
the analysis of Milstein and Tretyakov (1997b) is also applicable to SDEs with jumps.
The SBS is especially useful for systems that include larger populations, even up to
similar levels as SDEs; otherwise, if all molecular populations are low, it would be
preferable to use an SSA, which can simulate such small numbers quickly and exactly.
Thus it is not unreasonable to expect that many of the systems simulated by the SBS
would, in fact, have medium or small levels of noise. Although we have not performed
similar analysis to Milstein and Tretyakov (1997b) for the SBS, we conjecture that
their small-noise error expansion with both 7 and ¢ terms also exists for the SBS
when noise is relatively low. Combined with the fact that the SBS often uses large
stepsizes, this implies that in many systems of interest, the weak order of the SBS

may, in fact, not be far from its deterministic (high) order. This also explains the
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behaviour of the SBS in our numerical tests (Figs. 5.8 and 5.9). Here, we used large
timesteps to ensure that the total errors would be above the Monte Carlo error level;
an unintentional consequence was that in this regime, it is very likely that the weak
order was dominated by the high deterministic order of the SBS. In the general case,
the SBS would not necessarily behave like this, and its overall order would possibly
be reduced by the presence of sufficient noise in the system.

Thus one can legitimately ask whether our approach offers any advantage over,
for example, the TTTL, which has been analytically shown to have weak order two
in both the moments and the variance. This can be addressed by perusal of Figs. 5.1
to 5.4, where we compare the distances of the PDFs of the numerical methods and
the exact solution (as computed by the SSA) as a function of the runtime. Of the
methods tested, the SBS appears to be the most robust and efficient, even though
the TTTL has weak order two in the variance, which is higher than our numerical
results indicate for the SBS. It is the criteria of efficiency and robustness that are the
most important properties of any good numerical method. This property of the SBS
may be a consequence of the higher deterministic order of the moments, as well as
the ability to adaptively select the timestep and number of extrapolations to carry

out, thus maximising efficiency whilst keeping accuracy high.

5.6 Implementation issues

The speed of the SBS is due to the large steps it takes compared to other solvers. It
can do this as the extrapolation finds accurate estimates for the mean and variance
of K;. We compare the stepsizes for all five methods used in this chapter on the
Michaelis-Menten system (Fig. 5.10). Clearly, the stepsizes are influenced by our
choice of error parameters. We attempted to control for this by using parameters
that gave similar (or as close as possible) error levels, regardless of runtime. Fig. 5.10

shows that the largest steps were taken by the SBS methods and the UBTL, with
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Figure 5.10: Stepsizes over time. Evolution in time of stepsizes of all the stochastic
solvers we have compared in the case of the Michaelis-Menten system. Parameters used
were: S1 = Sy = 0.8, azop = 1076, 7,5 = 1074 for the SBS methods, and € = 0.04,0.1, 1
for the ETL, TTTL and UBTL, respectively.
the stepsizes being very similar, followed by the other two methods. This is not very
surprising: the UBTL is in some respects similar to the SBS-DA | in that it also finds
very accurate solutions for the moments of K at each step. However, the stepsize is
controlled using a completely different mechanism, so it is interesting to see that both
employ a similar stepsize for a similar error level in this case.

One peculiarity of the SBS is that it can settle into one of several different ‘regimes’:
because it builds the Romberg table adaptively, it can achieve the same accuracy using
a larger step and higher extrapolation (i.e. higher Romberg table column) or smaller
step and lower extrapolation. The regime into which the particular simulation falls is
strongly influenced by the initial stepsize 7(0), but often changes mid-simulation. For
instance, a smaller 7(0) is more likely to fall into the smaller-7 (and lower extrapola-
tion) regime, and vice versa. Fig. 5.11 shows how 7 changes with time in chain decay
system simulations using several different 7(0). It is clear that there are two regimes,
one high-7 and one low-7. When 7(0) is very small, 7 settles down to the low regime,

and only the second Romberg table column is used; as 7(0) is increased, 7 settles in
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Figure 5.11: SBS stepsize regimes for chain decay example. Evolution in

time of (A) stepsize using different initial stepsizes 7(0), and (B) the column of the

Romberg table at which the solutions converge sufficiently (this is not necessarily k,

as the error level could be accepted at only k — 1 or even k + 1). SBS parameters are

S1 =Sy = 0.5, a4, = 11y = 1076, For clarity not every point has been given a marker.
the high regime and uses the third column. When 7(0) = 1, 7 initially enters an even
higher-7 regime using the fourth column, but eventually settles into the high regime
with the third column. In practice, it is advisable to bear this in mind, and choose
7(0) accordingly: low-7, low-k simulations are more computationally expensive and
if the same accuracy can be achieved with a larger timestep then efficiency can be
improved even further.

There are two distinct approaches to determining 7(0): first, as described previ-
ously, we could set 7(0) to an arbitrary value and run the initial step through as many
columns as necessary (up to ky,q,) until it finds the required accuracy. Should 7(0) be
so large that it drives the populations negative, it would also be reduced here until it
reaches a more suitable size for the given problem. In addition, if 7(0) is still larger
than its optimum value, it is reduced over the next several steps until it has reached
this optimum value (and vice versa if it is too small). This is the standard approach
for the deterministic Bulirsch-Stoer method, and it is the one we have taken in the
simulations. However, in the stochastic regime there is another approach: we could

set 7(0) as some multiple of m (the expected size of an SSA step in state X (0)

(Gillespie, 2001)), along with an initial guess of the Romberg table column to aim
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for. As m is very small, this is a more conservative approach, but 7 is increased
to its optimum value over the first few steps. It could be useful for systems that are
stiff, or that oscillate, whose timestep must be very small at certain parts of the so-
lution domain and larger timesteps could result in large errors. There seems to be no

substantial difference in accuracy between the two approaches, and we believe both

are equally valid.

5.7 Discussion

Our results have shown that the SBS is, under ideal stepsize and noise level conditions,
able to achieve a high order of accuracy in the mean and higher moments, at least
comparable to or, in most cases, better than its competitors. In practice, we have
observed that this translates into good accuracy for our example problems. While its
variance remains order one, the real strength of the SBS is this accuracy, combined
with the fact that its efficiency curve has a low gradient; in other words, it is an
accurate method that loses little of its accuracy as it is speeded up, allowing for fast,
robust and accurate simulations. This is because as runtime is shortened, the SBS
uses more and more extrapolations to maintain its accuracy. At the same time, the use
of larger timesteps means less overhead overall, allowing the SBS to be very efficient.
It is in such parameter regimes that the SBS can achieve its full potential.

As the SBS is an explicit method, it is not necessarily suited for solving especially
stiff problems. In such cases, Runge-Kutta methods with larger regions of stability,
such as the stochastic Runge-Kutta method (Rué et al., 2010), are more ideal, as well
as implicit or multiscale methods (Cao et al., 2007; Goutsias, 2005; MacNamara et al.,
2008b). The initial stepsize of the SBS should be chosen appropriately, as it may be
possible for the SBS to settle in a higher-stepsize regime, which could affect accuracy,
or a low-stepsize regime, which could affect runtime. In addition, 7(0) should be

chosen such that it is within the stability region of the modified midpoint method.
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Running a few preliminary simulations can help choose 7(0).

In previous work, we have extended Richardson extrapolation into the discrete
stochastic regime (Chapter 4 and Székely et al., 2012). In this framework, full simu-
lations with fixed stepsize are run over t = [0, T|, and their moments are extrapolated
to find accurate approximations to the moments at time 7T". In contrast, the SBS uses
extrapolation within each timestep and varies 7 to optimise efficiency. Thus the SBS
is a complementary approach to extrapolated 7-leap methods that has two advan-
tages: first, the stepsize can be adapted to lower runtime and eliminate the need for
manually finding a suitable range of fixed stepsizes; second, the SBS returns an entire
PDF, rather than just the moments. This can be desirable in many cases, especially
if the solutions do not follow a simple distribution such as a Gaussian or Poisson, or

have multiple stable states.

5.8 Conclusions

In this chapter, we have introduced a second new method for simulating discrete chem-
ical kinetics, the Stochastic Bulirsch-Stoer method. It is inspired by the deterministic
method of the same name, and as such it also boasts the two main advantages of that
method: its speed and its high accuracy. Using numerical tests, we have shown that
it and its variant, the SBS-DA, are at least as accurate as three other methods that
were chosen to be the current state-of-the-art, and robustly maintain this accuracy
even using larger steps.

As the deterministic Bulirsch-Stoer method has higher order, we expect this prop-
erty to be passed on to its stochastic cousin, to some degree. Indeed, we showed
using numerical simulations that this is certainly a possibility, at least for the simple
systems and large stepsizes used. Unfortunately, this need not be the case in general,
as analysis on SDEs with small noise has shown that their weak order consists of both

a deterministic and a noise term, which gives a lower overall order than just the deter-
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ministic term. Thus when the noise on the system is large compared to the stepsize,
the weak order is dominated by the noise term. On the other hand, when the noise
is small or the stepsize is large, it is the deterministic order term that dominates. It
is likely that our numerical simulations revealed this deterministic scenario, as the
stepsizes were large. Nevertheless, we believe that the SBS could indeed have higher
weak order in many practical problems. This is especially the case as the SBS is ideal
for larger systems for which the SSA is too slow (thus noise is likely to be lower), and
it also often uses a large stepsize.

Finally, even if the weak order of the SBS is not higher, our results have shown that
the SBS is just as, if not more, accurate than the comparison methods. Furthermore,
and most importantly, this accuracy is maintained well even when the stepsize is
increased, allowing for high computational efficiency. Thus the SBS is a promising

new method to address the need for fast and efficient discrete stochastic methods.



HAEMATOPOIETIC STEM CELL MODELLING

This chapter is somewhat different from the previous two, which were on constructing
new discrete stochastic methods. Here we focus on a biological problem, simulating
the dynamics of a population of haematopoietic stem cell niche lineages, which we
approach using the ideas and knowledge developed in the previous chapters. In order
to do this, we first devised a vectorised leaping method that can use adaptive stepsizes.
This method solves two problems in one go: it gives a large improvement in runtime
as compared to an SSA, and furthermore it allows the inclusion of interactions in the
population that is simulated. This second point is essential for the biological focus of
this work, which we discuss later.

To begin, we justify the reasons why we used a vectorised 7-leap, rather than the
extrapolated 7-leap or SBS from the previous chapters. First, we needed a full PDF,
so the extrapolated 7-leap was not an option. The SBS would have been ideal for just
such a system, where some of the species go into the tends of thousands. We originally
experimented with it, but encountered problems with the extrapolation during each
step. The main reason for this seemed to be the variable rate ‘constants’, which do
not occur in chemical kinetics. In addition, we needed many simulations to be run

fast, as we were simulating an entire population of niche lineages. Furthermore, we
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wanted each member of the population (that is, each individual simulation) to stay
in step, in order to add interactions between them.

Finally, we needed the method to be simple, since we were introducing extra
complexity (in the form of couplings) to an already non-trivial system. The logical
choice was therefore a 7-leap method, and the simulations were actually performed
with a much-simplified 7-leap that used only a few lines of code to select 7. Initial
simulations showed that it would give good accuracy without taking too long to run.
However, it is important to bear in mind that this vectorised scheme can be used in
conjunction with any solver, because the timestep is found using only one member of
the population. Accordingly, it can easily be slotted into existing non-vectorised code

if even higher computational efficiency is important.

6.1 Introduction

Stem cells offer exciting potential for regenerative therapy, with ultimate possibilities
being the ability to regenerate limbs and heal genetic diseases (Mason and Dunnill,
2008; Wagers, 2012). Although we have already begun the long journey to reach
these goals, much work remains to be done (Gurtner et al., 2007; Weissman, 2000b).
Indeed, much of our knowledge of stem cells is derived from in witro experiments,
where the stem cells have been relocated from their native environment. For instance,
in haematopoietic (blood-producing) stem cell experiments the stem cells are often
isolated from a donor, expanded in vitro, and transplanted into a lethally irradiated
host, with the question of interest being how the stem cells respond to this new
environment (e.g., Till et al., 1964). However, it is difficult to draw conclusions about
the role and behaviour of stem cells in their native environments when we must
investigate them in foreign ones (Fuchs et al., 2004; Metcalf, 2007).

In vivo, stem cells are generally found in special microenvironments, or niches,

which are defined by a complex set of biochemical and physical conditions that feed
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back on each other (Scadden, 2006; Wagers, 2012). Niches play a critical role in the
function and behaviour of stem cells and their role should not be underestimated
(Lander, 2009; Wagers, 2012). For instance, experimentally changing certain niche
attributes affects the dynamics of the resident stem cells (Peerani et al., 2007). Indeed,
Moore and Lemischka (2006) noted that an important step for the future is “the
development of in wvitro systems that accurately recapitulate the in vivo functions of
niches”. In addition, stem cells are often not single entities that exist independently
of each other, instead forming an interacting population that includes stem cells and
their more differentiated products, both within and outside the niche (Hsu and Fuchs,
2012; Stine and Matunis, 2013). Moreover, even separate niches can affect each other,
through the effects of their daughter cells or migration (e.g., Takeda et al., 2011).
We focus on the haematopoietic stem cell system, for two reasons: first, it is prob-
ably the most well-characterised stem cell system. Second, it is representative of stem
cell systems in general, incorporating their essential properties such as self-renewal,
differentiation, multiple lineage choices and feedbacks to regulate cell levels (Lander,
2009; Orkin and Zon, 2008). This allows us to start thinking about heterogeneity and
the introduction of population interactions in a comparatively simple setting. The
haematopoietic system consists of the bone marrow, blood, spleen, liver and lymph
nodes, with haematopoietic stem cells (HSCs) mostly located in the bone marrow.
So far, two niche types have been observed in bone marrow, although their relation-
ship to each other and to HSCs is not clear, and it is possible that there is further
complexity to come (Kiel and Morrison, 208; Lo Celso and Scadden, 2011; Morrison
and Spradling, 2008; Yin and Li, 2006). Spatially, however, it is likely that the HSCs
themselves are spread throughout the bone marrow, each in its own individual ‘facul-
tative niche’ (Hawkins and Lo Celso, 2013; Kiel et al., 2005; Morrison and Spradling,
2008; Sugiyama et al., 2006; Wang et al., 2013). To be precise in our definition,
henceforth we refer only to these facultative niches as ‘niches’. Bone marrow thus

contains an entire population of niches, each niche containing small numbers of HSC,
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and inside each niche, the stem cell differentiates into blood cells, which eventually
join the bloodstream.

The haematopoietic system operates by demand control: there is a target level
of differentiated blood cells, the homeostatic level, which is set by natural selection
(Mangel and Bonsall, 2007, 2008, 2013), and which the organism attains by differen-
tiation of the HSC and blood progenitor cells into appropriate lineages (Lander et al.,
2009; Mangel and Bonsall, 2013). This seems to be achieved by feedback from the
fully-differentiated progeny of the HSC in the bloodstream (e.g., Cheshier et al., 2007;
de Graaf et al., 2010; Lander et al., 2009). In addition, there is also feedback from
differentiated progeny that have not entered the bloodstream, but remain localised to
the niche (Hsu and Fuchs, 2012). The HSC system must respond rapidly to pertur-
bations such as wounding or infection, and even under normal conditions the blood
cell turnover of an average human being is around one trillion cells per day (Ogawa,
1993). Such enormous numbers mean that it is important to have a robust feedback
mechanism for proper functioning of the system.

The complex nature of the HSC system, with many different feedbacks and lineage
choices, as well as many spatially separate niches, means that it is very difficult to
model. In general, current models of stem cell dynamics involve either only one focal
stem cell, or a homogeneous population of each cell type, and are modelled using
ODEs (Mangel and Bonsall, 2007). Although such models can give useful results,
it is important to include heterogeneity in the picture (Huang, 2011). For example,
there is considerable heterogeneity between individual stem cell clones (Osafune et al.,
2008; Sieburg et al., 2011); this heterogeneity is also present within clonal cell lines
(Huang, 2009; Lander, 2011), and was even observed many years ago by Till et al.
(1964), as well as by Suda et al. (1983). However, in the intervening decades the
deterministic view of stem cell differentiation has taken hold with great success and has
led towards understanding the feedback between differentiated and stem/progenitor

cells (Lander et al., 2009; Marciniak-Czochra et al., 2009). More recently there has
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been a shift in emphasis, with stochastic models being used to examine the dynamics
and the evolution of mutations in a stem cell population (Dingli and Pacheco, 2011),
phenotypic equilibrium in a population of cancer cells (Gupta et al., 2011), and the
effects of different control mechanisms on stem cell populations (Komarova, 2013; Sun
and Komarova, 2012),

Mangel and Bonsall (2008, 2013) have already proposed a population biology
framework for stem cell dynamics, with the theme “stem cell biology is population
biology”. They used a differential equation model of one niche lineage to show how
evolution affects the decision of whether to differentiate into myeloid or lymphoid
cells. In addition, they started to explore how stochasticity enters the picture. Here,
we further expand on this framework by considering the stochastic evolution of a
heterogeneous metapopulation of niche lineages, comprised of stem, progenitor and
differentiated blood cells. We also take into account the further consideration that
while the niches (containing the primitive cells) may be distinct, the blood cells are
mixed in the bloodstream, and the niche lineages could be controlled by feedback
from the entire bloodstream rather than just their own, possibly localised, descen-
dants. Thus, the separate lineages in the population are coupled together through
their differentiated progeny. Our main aims here are to 1) establish the stochas-
tic framework, 2) investigate the dynamics of the stochastic system, 3) explore how
coupling niche lineages together into niche groups affects the system dynamics, and
4) whether it has any effect on the response of the entire system to a perturbation.

We first develop the stochastic modelling framework. Since stochastic simulations
can be slow, especially for complicated models such as ours, we introduce a fast,
approximate method for simulating an entire metapopulation of HSC niche lineages
(each of which forms a population itself). We then describe how to take into account
the interactions from the blood cells on to the primitive cells in the niche in our sim-
ulations. We simulate a metapopulation of lineages, which first settles to homeostasis

and is then perturbed by reducing blood cell numbers. After the perturbation, there
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is a peak in blood cell numbers as the stem and progenitor cells replenish them. We
investigate the effects of coupling niche lineages together: that is, what happens when
the feedbacks are averaged across many niche lineages. We find that 1) coupling niche
lineages shifts the mean cell populations at steady state, and changes the shape of the
cells’ distributions; 2) as more lineages are coupled together, the total blood cells in
each coupled niche group approach the target steady state of the system; 3) different
perturbation types elicit a different response from the system, and when blood cells
are perturbed randomly, niche lineages coupled into larger groups respond better than
smaller groups and uncoupled lineages. Taken together, these results imply that for
the organism, connecting the individual niche lineages into larger niche groups is ad-
vantageous, both for attaining homeostasis of the overall system and for responding

to random perturbations.

6.2 HSC model

We start with the model of the HSC system as developed by Mangel and Bonsall
(2013), which characterises the stem cell niche and its products as a control system
driven ultimately by demand from the organism (Fig. 6.1 and Appendix A.1). The
system consists of one niche lineage: an HSC niche and its fully-differentiated product
cells in the bloodstream. The demand from the organism occurs via changes in the
levels of differentiated blood cells, which feed back this demand to the primitive cells
(that is, stem and progenitor cells).

Specifically, the model is comprised of the populations of stem cells (.S), multi-
potent progenitor cells (MPP), common lymphoid and common myeloid progenitor
cells (CLP, CMP, respectively) and their fully-differentiated products, lymphoid and
myeloid blood cells (L, M, respectively). Although clearly there are many blood cell
types (more details in, e.g., Orkin and Zon, 2008), here they have all been classi-

fied under myeloid and lymphoid types for the sake of simplicity. Thus our model
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Figure 6.1: One niche lineage of the stochastic system, with all state tran-
sitions and feedbacks shown. Functions ®g, ®g,, and ®p are feedbacks on to the
activity of 9, differentiation rate of S and activity of MPP, respectively, and p is the
so-called MPCR, which determines the probability of an MPP transitioning to either
the lymphoid or myeloid lineages, and is defined in Eq. (6.2).
has six state variables, with the possible transitions: S self-renewal via either sym-
metric or asymmetric division; S (symmetric) differentiation; MPP multiplication or
differentiation into CLP or CMP, i.e. either lymphoid or myeloid route, with relative
probabilities p and (1—p), respectively (see below); CLP and CMP differentiation into
L or M, respectively; in addition to this, all cell types can die. In Mangel and Bonsall
(2013) and Appendix A.1, these transitions are written down as a set of ODEs, which
give the rate of change of each state in time as a function of the current state. Here, we

use the stochastic version of the model, where the transitions occur probabilistically

(Table 6.1).
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The model also incorporates four different feedbacks from the blood cells L, M on

to the S and MPP cells. Three of these, &g, ®gs,,, Pp take the form

1
(1 + BrsL(t) + BusM(t))

Do (L(t), M(t)) = (6.1)

with their respective parameters  defined in Table 6.2. These inhibit the activity of .S
and MPP when blood cell levels are high. Specifically, ®¢ inhibits all S activity (both
self-renewal and differentiation), ®g, inhibits S differentiation only and ®p inhibits
all MPP activity. The form of Eq. (6.1) is deliberately general to make no assumptions
about the underlying mechanisms and is based on earlier studies (Lander et al., 2009;
Marciniak-Czochra et al., 2009); it conforms to the assumptions that: 1) numbers
of both blood cell types have an effect on S and MPP activity, 2) their effects are
additive, 3) its strength is different for L, M cells, and 4) when numbers of either fall,

the activity of S and MPP increases again. Note that feedbacks ® always take values

on (0, 1].

The last feedback is perhaps the most interesting, and is one aspect that differen-

Table 6.1: Transitions in the stochastic HSC model

# Transition Transition probability | Process

1 S — 28 rssIn(%)®s(L,M)S | S symmetric division (self-renewal)
2 S — S+ MPP rs,Ps(L, M)S S asymmetric division (self-renewal)
3 S — 2MPP  |rs,®s, (L, M)Ps(L, M)S |S symmetric differentiation

4 S — 0 psS S death

5| MPP — 2MPP Ap®p(L, M)MPP MPP renewal

6 | MPP — CLP rp®p(L, M)pMPP MPP differentiation to CLP

7| MPP — CMP rp®p(L, M)(1 — p)MPP | MPP differentiation to CMP

8 | MPP — ) wupMPP MPP death

9| CLP — L ropCLP CLP differentiation

10| CLP — 0 perpCLP CLP death

11|CMP — M reup CMP CMP differentiation

12| CMP — () /LCMPCMP CMP death

13 L — 0 pr L L death

4 M — 0 g M M death
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tiates this model from previous work. We refer to it as the Multipotent Progenitor
Commitment Response, or MPCR (Mangel and Bonsall, 2013). This feedback de-
termines the probability of an MPP cell differentiating into either the lymphoid or
myeloid routes (see Eq. (6.2)). The idea behind this is that when blood cell numbers
are not at their homeostatic levels (defined as a specific desired value of p), and S
and MPP activity is high, the MPCR aims to shift the production of new blood cells

to the appropriate cell type. We model the MPCR as

o (MY
p(L(t), M(t)) = (L(t))

=< 6.2
1+« (']‘LJ((t))>7 ( )
t

where o and 7 are positive parameters. When either L(t) or M(t) = 0, they are
simply set to 1 instead; this has the advantage of affecting the value of p by only a
small amount whilst keeping the MPCR pressure towards the correct cell type.

We set the MPCR parameters v, a to give a desired homeostatic blood cell ratio,
which here is 1L : 1000M to loosely correspond to that in humans. As p is defined as

the probability of an M PP differentiating to a CLP, and we know that on average there

will be one CLP produced for every 1000 CMP at homeostasis, then p, = Tlooo =
9.99 x 10~%. We can now substitute these values into Eq. (6.2), choose a value for v
and so calculate the corresponding o. We can do this for different combinations of
v, a, thus varying the strength of the response whilst sticking to the same cell ratio
Ph-

Although many combinations of 7, a can give the same homeostatic ratio of L: M,
they strongly affect the sensitivity of the MPCR to changes in cell levels and its
response to perturbations. Mangel and Bonsall (2013) used this model to examine the
behaviour of the haematopoietic system from an evolutionary perspective. Treating it
as a demand control system, where the demand comes from the entire organism, they

showed that there is varying selection on organisms with different MPCR parameters

v, a.. Different organisms can thus evolve a range of parameters as their environments
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Table 6.2: Constants and parameters in the stochastic HSC model. The
units are non-dimensional as the parameters are not based on any real data. *Note:
these parameters change depending on the niche group size, in order to maintain the
same stable state at homeostasis, thus allowing equal comparison between them.

Parameter Value Description
Sng varies Niche group size
K 10 Niche carrying capacity of stem cells
p Eq. (6.2) | MPCR
¥ varies MPCR parameter (exponent)
« varies MPCR parameter (multiplier)
Og Eq. (6.1) | Feedback from L, M on S activity
O, Eq. (6.1) | Feedback from L, M on S differentiation
Op Eq. (6.1) | Feedback from L, M on MPP activity
rsg 2.5 S symmetric division (self-renewal) rate
TS, 1 S asymmetric division (self-renewal) rate
rsp 0.001 S (symmetric) differentiation rate
rp 0.1 MPP differentiation rate
reLp 0.1 CLP differentiation rate
T oMP 0.1 CMP differentiation rate
Ap 0.25 MPP multiplication rate
s 0.004 S death rate
p 0.02 MPP death rate
Kerp 0.001 CLP death rate
Hemp 0.001 CMP death rate
L 0.028 L death rate
15y, 0.01 M death rate
Brs 2/spy * Feedback parameter of L in ®g
Brp 4/5p4 " Feedback parameter of L in &g,
Brp 0.2/5p4 * Feedback parameter of L in ®p
Bus 0.02/spy * | Feedback parameter of M in &g
Bup 0.04/s,, * | Feedback parameter of M in ®g,
Bup 0.0002/s,, * | Feedback parameter of M in ®p
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vary, and this affects the dynamics of their haematopoietic system as well as its
response to perturbations. This implies that it is important to take into account
the evolutionary background of an organism when examining the dynamics of the
haematopoietic system, and stem cell systems in general. This is consistent with the
idea that stem cells are units of evolution (Laird et al., 2005; Weissman, 2000a).

It is now well-known that ODE models are not able to account for the full range
of dynamics of highly stochastic systems (Goutsias, 2007; Wilkinson, 2009). Thus the
next step is the stochastic formulation of this HSC model. This is similar to the ODE
formulation, with six states and fourteen reactions, i.e. types of transition between
the states. However, rather than occurring with deterministic rates, these transitions
now occur with particular propensities at each step of the simulation. We now adopt
the formulation of discrete stochastic kinetics described in Section 3.3.

This formulation was developed to simulate the interactions of different chemical
species in a dilute gas, and has since been extended to dilute solutions (Gillespie,
2009). Both of these scenarios assume that the system is macroscopically well-stirred
and homogeneous and the usual (mass-action) forms of its propensity functions are
formulated based on these assumptions. In order to use this formulation with the HSC
system, which does not necessarily obey either assumption, we adopt instead a phe-
nomenological approach to definining the propensity functions, as is the custom when
constructing ODE population models. In effect, we simply convert the transition rates
of the ODE system into transition propensities. The form of the propensities depends
on our assumptions regarding the processes involved: thus, the propensities are depen-
dent upon a rate constant, the population of the transitioning cell type, and in the case
of stem and progenitor cells, also the feedbacks that we have assumed exist (Table 6.1).
Note that the propensities give the probability of a reaction occurring per unit time,
and therefore are not required to remain on [0, 1]. For our HSC model simulations,

we define the state vector as X (t) = [S(¢), MPP(t), CLP(t), CMP(t), L(t), M (¢)]*.
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6.3 Stochastic HSC method

6.3.1 Simulating a population of niches

In order to simulate a large number of niche lineages, we now expand the Gillespie
SSA /71-leap approach from just one compartment to many. By including interaction
terms between each individual niche lineage, we can easily simulate an entire inter-
acting heterogeneous metapopulation of niche lineages. The heterogeneity results
from the different stochastic time evolution of each individual niche lineage (i.e., it
is intrinsic heterogeneity). Strictly speaking, we simulate through time a metapop-
ulation of separate, spatially distinct but interacting, isogenic cell populations in an
identical environment that are affected by intrinsic noise only. Thus our method is
somewhat of a mix between the usual SSA method, which does not take into account
spatial considerations and simulates only a single niche lineage, and an individual-
based model, which can include spatial movement as well as allowing each individual
different properties, scaled up to the level of populations.

We take advantage of the native matrix structures of the Matlab programming
language to form a state matrix, with the state vector of each niche lineage forming
one column of the overall state matrix: thus, if there are F' separate niche lineages,
instead of an N x 1 state vector, we now manipulate an N x F state matriz. This
approach is conceptually simple, easily allows for the addition of interactions, and is
especially fast (as Matlab is optimised for matrix calculations, calculating each step
of the SSA scheme on a matrix rather than a vector has little effect on the speed,
whereas doing the same for each niche in turn would be very much slower). This state
matrix approach could easily be implemented in other programming languages, and
although it would not necessarily result in a computational speedup (for instance,
this is likely to be the case in the popular C and C++ languages), we argue that it is

favourable even for its inherent simplicity alone.



CHAPTER 6. HAEMATOPOIETIC STEM CELL MODELLING 136

This matrix scheme can also be used to quickly generate many repeat simulations
of the same system, which is necessary when we are interested in the overall distri-
bution of results at some given time. The difference here is the following: instead of
simulating many repeat trajectories of a single niche lineage, here we simulate a single
trajectory of the entire metapopulation of niche lineages. The aim of the former is to
show the spectrum of possible results (and their probabilities) of a single niche lineage
at some given time, whereas the aim of the latter is to find one instance of the whole
system of sub-populations, allowing the introduction of interactions between them.

Since the SSA chooses timesteps randomly, the metapopulation of niche lineages
will not be simulated in time synchronously, akin to a running race where some
runners are ahead and some lag behind. If we were interested in repeat simulations
of a single lineage this would not be a problem, but since here we are simulating an
interacting metapopulation, all lineages must stay in step otherwise the interactions
would effectively be averaging over time. The solution to this problem is to switch to
the 7-leap method, use it to choose a suitable timestep and evolve every niche lineage
according to one common time frame. It is important to note that this does not bias
our results in any way: we are only selecting a common timestep for all the lineages,
but the reactions that occur in each lineage are then chosen according to the true
Markov process.

To explain this, let us go back to basics: the evolution of each lineage is governed by
a Markov jump process (Kurtz, 1978), which is approximated by the 7-leap method.
If we wanted to simulate a population of F' niche lineages using a standard 7-leap, we
would run F' repeat simulations of a single lineage. This could be done with either a
fixed or an adaptive timestep, and we would sample the Markov process (carry out
the T-leap update) at the time points given by those timesteps. However, the process
itself is independent of the times at which we sample it (although, of course, the
same cannot be said for the solution of our 7-leap method, which approaches the true

Markov process as the timesteps decrease). Thus we are free to sample the Markov
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process at whatever time points we choose, provided we remember the condition on
our approximate solution. Now, a reasonable part of the computational time of a
leaping method is taken up with the overhead of calculating the timestep adaptively.
By simulating the metapopulation simultaneously, our method allows us to choose
just one timestep for all F' niche lineages, reducing this overhead considerably. The
only disadvantage is that if one lineage contains unusually large populations, this
would pose as a bottleneck on the common stepsize.

We must thus find the limiting timestep from the whole metapopulation. First,
the propensities of each transition in each niche lineage are calculated. Then, we
find the one with the largest ag(x), that is the sum of the propensities. Now, we
simply continue with the stepsize selection as if we were only simulating a single niche
lineage, and its propensities were those of the selected one. Once the stepsize has
been chosen, the entire population is evolved over that step using the standard 7-leap

update formula Eq. (3.9). This is described more precisely in Algorithm 6.1.

Algorithm 6.1. Vectorised 7-leap
At time t = 0, with a metapopulation of niche lineages of size F', each taking initial

states of X7(0), f=1,... ,F:

0. Initialise state matrix containing F' niche lineages, each with N distinct cell
types: this is an N x F' matrix containing the initial state vectors

X(0) = [X!0), ..., XF(0)].
With the system in state X (t,,) = [ X (tm), ..., XF ()] at time tp,:

1. Calculate propensities of each niche lineage to get an M x F' matrix of propen-

sities, a(X (t)) = [a; (X (tm)), ..., a;(XF ()], 5 =1,..., M.

2. Find ao(X (tn) = [£) (X} t)). oo S 0,(X ()]

3. Find max; [ao(X/(tm))] . f =1,...,F, ie. the niche lineage with highest total

propensity, and assign its lineage index to f’.
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4. Calculate 7 as described by Cao et al. (2006), using the propensities a(X /' (¢,,))).

5. Update state matrix as X (¢,,41) = X (t;m) +VP(a(X (t,,))7), and t 1 = L +7.
If any cell population in any niche lineage goes negative, redo step using 7 = 3.

Otherwise, return to Step 1.

We select the lineage index of the highest total propensity, as this is the niche
lineage with the most frequent transitions, and thus the limiting factor on the stepsize.
Of course, the actual number of transitions at each step is probabilistic, so if by
chance too many transitions occur for any cell type in any niche and its population
goes negative, the step should be redone with 7 = 7/2. For even tighter control of the
stepsize, instead of selecting a single niche lineage f’ and taking its total propensity as
the limiting factor, we could instead find the lineage index of the maximum propensity
of each transition. This would set a tighter bound on 7, as each transition would
partake in the stepsize-selection process. However we found the current method to be
satisfactory.

Although in this chapter we have used a procedure from Cao et al. (2006) to find
the timestep, we are not restricted to this particular method. The matrix scheme
we have described above is flexible, in that it can easily be fitted into any procedure
for adapting 7, including advanced and efficient methods such as the SBS method
(Székely et al., 2013b) or TTTL method (Hu et al., 2011b). As long as we find
the niche lineage (or simulation index, depending on context) with the most frequent
reactions, we can choose a timestep based on this lineage for the entire metapopulation

using any 7-adapting scheme.

6.3.2 Coupling niches

Each HSC niche does not exist in isolation in the bone marrow; in fact, HSC of-
ten circulate around the bone marrow and bloodstream (Adams and Scadden, 2006;

Wright et al., 2001). Differentiated blood cells are also, in general, ejected from the
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niche and enter the bloodstream, although certain differentiated cell types can remain
localised to the niche (Hsu and Fuchs, 2012). Thus most cells from each niche are,
to some degree, mixed after they have fully differentiated and leave the niche. To
investigate the dynamics of coupling together separate niche lineages, we introduce
the implementation of the coupling.

We assume that there is no interaction between cells that are not fully differenti-
ated (that is, any cell type except for L and M). The coupling comes into effect only
through the feedback functions of the L, M cells on to S and MPP cells. To capture
this, we create ‘niche groups’, where the feedbacks on the stem and progenitor cells
in each niche lineage depend on the total levels of L, M in the entire niche group of
that lineage. In practice, this means that the blood cells L, M in each lineage of a
niche group are replaced in the feedback equations by the total L, M in that niche
group (whilst normalising the parameters by the niche group size). The propensities
for each niche lineage are then calculated as described in the previous section and the
populations of each niche lineage updated separately.

To aid in visualising this, we give an example using a population of four niche
lineages coupled into niche groups of size two, i.e. F'=4,G =2 (Fig. 6.2). When the
lineages are coupled, the feedbacks are taken over the total L, M in the respective niche
group. Then, denoting by L/ the population of L from niche lineage f, and similarly

for M, the feedbacks of the first two niche lineages would be @(Ll(t);LQ(t), Ml(t);rMQ(t) )

and the last two would be @(Lg(t);L4(t), M3(t);rM4(t)). This is the case for all feedback
functions, including the MPCR. The factor of one half is necessary to normalise the

steady states to be directly comparable, regardless of niche group size.

Algorithm 6.2. Coupled vectorised 7-leap
With the system in state X (tn,) = [X'(tw), ..., X (tn)] at time t,,, and F niche

lineages coupled into G niche groups, i.e. niche group size s,, = F/G:

9Sng
1. Find total L, M for each niche group, IA/g = Z Ly/Sng,g=1,...,G,

g'=14+(g—1)sng
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Figure 6.2: A population of four coupled niche lineages with a niche group
size of two. The MPCR from the sum of the L and M cells in the niche group is fed
back to both lineages. This is also the case for the feedbacks ®, which are not shown.

i.e. take sum of all L over each niche group and normalise by niche group size,

and similarly for Mg.

2. Calculate MPCR values p = p(flg, Mg), g=1,...,G, and similarly for feedbacks
® to find dg, D Sps & p. This gives a vector of length GG of values for each feedback

function.

3. Now formulate individual feedback functions for each niche lineage, p, g, g, Pp
by taklng pl,...,sng = ﬁla psng+1,...,25ng = pA27' ) p(Gfl)snqul,...,Gsng = ﬁG) and sim-
ilarly for &g, ®g,,Pp (i.e. assign to each individual niche lineage’s feedbacks

the value of its niche group’s feedbacks). These are vectors of length F'.
4. Now proceed with Steps 1 to 5 of Algorithm 6.1.

This method allows us to evolve an entire metapopulation of niche lineages in
time, and to take into account the interactions between the blood cells of different

lineages in the feedbacks.
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Figure 6.3: Single stochastic trajectories of all cell types over time. Shown
are levels of (A) S, CLP, L, and (B) MPP, CMP, M in a single niche lineage over the
full simulation time. For comparison, ODE trajectories (with no perturbation) have
been included. Yellow dashes show time at which the lineage is perturbed by removing
75% of its M cells.

6.4 Results

We ran simulations of the HSC system using metapopulations of 20000 uncoupled and
20000 coupled niche lineages for each set of parameters. In order to investigate the
coupling between different lineages, this was grouped into sub-populations (for exam-
ple, 200 sub-populations of niche groups of size 100). The model is not parametrised
using any specific data (although we have attempted to estimate those parameters
that we could to be in the rough neighbourhood of human data), since our aim is to
illustrate general principles. For this reason, we have kept the time and parameters
non-dimensional. Between ¢ = 3000 and t = 4000, transitions do not occur faster, as
it may seem from some of the plots; not all transitions are recorded, rather we have
sampled the ones in this time period more often to give an accurate picture of the

system dynamics after a perturbation.
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6.4.1 Stochastic model dynamics

We begin with an elucidation of the dynamics of the model in Fig. 6.3, which shows
a stochastic simulation of a single niche lineage along with the ODE model for com-
parison. We started all our simulations in the state X (0) = [1,0,0,0,0,0]7, i.e. with
one S and no other cells. All cell populations experience an initial surge, which then
dies down to a steady state. At ¢ = 3000, we perturbed the M cells by removing 75%
of them (indicated by yellow dashed line; ODE model not perturbed). The MPP and
CMP surge just after the M are depleted, but there seems to be little response from
the CLP and L cells. Significantly, there is also little response from S cells. After
around ¢t = 4000 the M cells return to their pre-perturbation numbers, and all three
cell types then settle back to their steady states. Although we set the MPCR parame-
ters to reach homeostasis at the ratio 1L:1000M (corresponding to pp, = 9.99 x 1074),
this is not what we see from Fig. 6.3. The homeostatic state of the model using this
particular parameter space is around 0.7L : 1000M, (corresponding to p = 2 x 1073
with v = 2, = 107?), as the transition rates and other parameters of the model affect
the homeostatic state (this is further explored in Appendix A.2). The ODE model
roughly follows the stochastic simulations, with both indicating similar homeostatic
states.

In Fig. 6.4A,B,C we show the time evolution of six separate simulations each, of
both uncoupled and coupled (niche group size 100) niche lineages. The first thing we
notice is that the S cells in some lineages die out (Figs. 6.4A and 6.5), but the rest of
the lineage keeps functioning (Fig. 6.5). Over one quarter of all lineages had lost their
S by t = 3000, and this number went up to over one half by the end of the simulations.
Only in a handful of these cases did the entire lineage die out; the rest were maintained
by the MPP cells. Next, the total M levels per niche group (M , normalised by niche
group size; Fig. 6.4D) are close but not identical for uncoupled and coupled niche

lineages. This is supported by Fig. 6.4F, where colour indicates M levels and which
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Figure 6.4: Trajectories of stochastic simulations of uncoupled and coupled
niche lineages. Shown are six individual lineage (A) S, (B) L and (C) M cell levels
over time, with means superimposed; (D) total M for six uncoupled and six coupled
entire niche groups (s,y = 100) over time; (E) trajectories of 100 simulations of uncou-
pled (top half) and coupled (bottom half), where colour represents the populations of
M in each niche, and similarly for (F), where colour now represents total niche group
M, normalised by niche group size.

shows 100 trajectories each of uncoupled and coupled niche groups. The M levels are
consistent for all niche groups, and there is also little difference between uncoupled
and coupled M levels. In contrast, Fig. 6.4E highlights the differences between M
per individual lineage seen in Fig. 6.4C: uncoupled lineage M levels fluctuate in an
uncorrelated way over time and all lineages behave in a similar way, whereas those
of coupled lineages show a distinct correlation over their own trajectories, as well as

considerable variation between individual niche lineages. Fig. 6.5 demonstrates that

this also happens, to varying degrees, for the other cell types. It is difficult to tell
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Figure 6.5: Trajectories of stochastic simulations of all cell species, with six
uncoupled and six coupled niche lineages. Plots start from ¢ = 2000 to omit the
initial cell level fluctuations. Plots for S, L and M correspond to Fig. 6.4A,B,C.

whether this is also the case for L, where stochastic fluctuations are large compared to
cell numbers, but Fig. 6.6 helps to clarify the issue: the steady states of the uncoupled
and coupled L are also fairly close but not identical (Fig. 6.6A,C), and in Fig. 6.6B we
can make out the distinct lines made by the coupled lineage L levels, implying their
fluctuations are correlated compared to the uncoupled lineages. To sum up so far,
Figs. 6.4, 6.5 and 6.6 tell us that 1) although the MPP have a large surge in numbers,
there is a smaller relative response in numbers of S; 2) there is also a large surge in
CMP numbers to replenish the lost M, which corresponds to a modest drop in CLP
and L numbers followed by a small surge to return to their steady states; 3) cell levels
in individual uncoupled niche lineages fluctuate considerably with time, whereas those

of coupled niche lineages less so; 4) however, cell levels between individual coupled
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Figure 6.6: Trajectories of stochastic simulations of uncoupled and coupled
niche lineages. Shown are six individual lineage (A) total L for six uncoupled
and six coupled entire niche groups (s,y = 100) over time; (B) trajectories of 100
simulations of uncoupled (top half) and coupled (bottom half), where colour represents
the populations of L in each niche lineage, and similarly for (C), where colour now
represents total niche group L, normalised by niche group size.

lineages are much more varied than those of uncoupled lineages, which are all roughly

similar.

6.4.2 Fast stochastic simulations

Although it is not exact, the 7-leap is in general a much faster simulation method than
the SSA. The error parameter € (discussed in Section 3.3.3) indicates the amount of
error we allow into the leaping approximation. Common values for € are of the order
of 0.01, meaning roughly that the timestep selected allows at most a 1% change in
the population of the rarest cell type; a value of 0.01 typically corresponds to high
accuracy and 0.05 to low accuracy, but this can vary.

We ran simulations of a metapopulation of 10000 uncoupled niche lineages with
the vectorised 7-leap method described in Algorithm 6.1 for a wide range of values

of €, as well as with a vectorised SSA, and recorded the average runtimes on a stan-



CHAPTER 6. HAEMATOPOIETIC STEM CELL MODELLING 146

dard desktop computer. The SSA can be regarded as finding the exact solution (for
uncoupled niche lineages only — it loses this exactness when the lineages are coupled,
see Section 6.3.1). Therefore we compared the probability density functions (PDF's)
returned by the 7-leap to the exact PDF given by the SSA to get an idea of how the

errors of the 7-leap simulations changed as the error parameter was varied.

Table 6.3: Runtimes and errors of the vectorised 7-leap method in Algo-
rithm 6.1 compared to the SSA. The errors are calculated by taking the L!-
distance of the weight of each point of the 7-leap PDF (that is, value multiplied by
bin width) from the SSA PDF. The error in the SSA row is the SSA self-distance, i.e.
the error between two different SSA simulations. These simulations are of uncoupled
niche lineages only, hence the SSA can be regarded as the true solution.

Simulation method | Runtime (hours) Total error
SSA 67.4 0.201
T-leap, e = 0.001 44.6 0.173
T-leap, € = 0.005 6.7 0.175
r-leap, € = 0.01 2.9 0.189
T-leap, € = 0.05 0.9 0.214
T-leap, € = 0.1 0.7 0.312

The simulation runtimes are listed in Table 6.3, as is the total error of the 7-leap
results. We calculated these by summing the absolute values of the difference between
the weight of each bin of the 7-leap PDF's (that is, probability density multiplied by
bin width) as compared to the PDF of the SSA, i.e. we took the L!-distance between
the weights of the 7-leap and SSA PDF bins. The runtimes decrease as the error
parameters increase, with the SSA taking the longest, as expected. The self-distance
of two different SSA simulations is relatively large (Table 6.3, row 1), indicating that
the differences in errors between the 7-leap with ¢ = 0.001,0.005 and 0.01 may be
due to Monte Carlo error. This means that the vectorised 7-leap with these error
parameters is about as accurate as the SSA. With ¢ = 0.05 and 0.1, however, the 7-
leap does become substantially less accurate. The difference in runtime between using
e = 0.01 and 0.05 is around 2 hours for some gain in accuracy, meaning that the former
is probably the most efficient error parameter in this case. Accordingly, in the rest of

our simulations, we used ¢ = 0.01. Table 6.3 confirms that the 7-leap is indeed faster
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Figure 6.7: Steady-state PDFs of both uncoupled and coupled total niche
group M, for five different MPCR parameter sets. The parameters v, a were
always set so as to give cell steady state ratios of 1L : 1000M. The plot consists of
ten PDFs, five each of uncoupled and coupled niche lineages. The axes for each PDF
are identical, and quantified on the left and top. MPCR parameters are varied on the
bottom axis. The inset shows the variance of each PDF as a function of v (note the
broken y-axis).
than the SSA; significantly so when the error parameter is increased above ¢ = 0.001.
However, even with ¢ = 0.1, the 7-leap finds remarkably accurate solutions. This
is compounded with the fact that the SSA should not be used to simulate coupled
niche lineages, as each lineage proceeds at its own pace. These factors mean that

approximate, fast methods that can sample the state matrix synchronously are most

ideal for simulating larger, interacting systems such as our HSC model.

6.4.3 HSC steady state distributions

Varying MPCR parameters

Mangel and Bonsall (2013) investigated the dynamics of MPCRs with different pa-
rameters v and « and showed that different values give a different response following

a perturbation; thus they are linked to the evolutionary background of the organism.
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Here, their values were always chosen to give p, = 9.99 x 10~* = 1L : 1000M, to
approximately correspond to the ratio of blood cells in humans. As the choice of
values is constrained to the curve given by p,, we henceforth refer only to v, with the
implication that « is also varied according to this curve. ~ can take on any positive
value; zero implies a non-responsive MPCR, that is it does not react to changes in
L, M; as v increases, so does the strength of the response to non-homeostatic ratios of
L, M. Once 7 gets into the tens, the MPCR is extremely reactive, even creating ex-
tra fast-scale fluctuations in the post-perturbation cell numbers on top of the normal
fluctuations involved in relaxing back to homeostatic levels. Above this, it becomes
impossible to evaluate in practice, as « is too miniscule. Therefore, reasonable values
for v most likely lie somewhere in the range from 0.1 to 5.

Now, we examine the distribution of each cell type at homeostasis and how the
choice of ~,a affects the steady-state behaviour of the HSC system. As ~ is in-

creased, so the mean values of the cell distributions change. For some cell types the
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Figure 6.8: Steady-state PDFs of both uncoupled and coupled individual
niche lineage S, for five different MPCR parameter sets. The axes for each
PDF are identical, and quantified on the left and top. MPCR parameters are varied
on the bottom axis.
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means increase (S, CLP, L), and for others they decrease (MPP, CMP, M), following
the dynamics of the ODE model. Associated with these changes in the mean are
corresponding changes in the variance of the distribution of each cell type: increasing
mean also implies increasing variance, and decreasing mean decreasing variance. As
examples, we highlight M (Fig. 6.7), S (Fig. 6.8) and L cells (Fig. 6.9), and summarise
for all cell types in Fig. 6.10.

p(total L)
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Figure 6.9: Steady-state PDFs of both uncoupled and coupled total niche
group L, for five different MPCR parameter sets. The axes for each PDF are
identical, and quantified on the left and top. MPCR parameters are varied on the
bottom axis.

The distribution mean of the MPCR also increases with increasing v, as does its
variance (Fig.6.11). Although the mean MPCR remains reasonably close for both
coupled and uncoupled lineages, the uncoupled MPCRs have a particularly high vari-
ance, with the bulk of the distribution away from the mean as well as a long tail.
The mean values of the ® feedbacks also increases with ~ (very little in the case of
®p; Fig. 6.12) but their variance does not seem to change consistently. However, it is
possible that we observed this because the variances are very low (between 10~* and

107). The @ feedbacks take values consistent with the L, M cell levels.
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Figure 6.10: Means and variances of total niche group steady-state cell
distributions for various MPCR parameter sets. Distribution means of (A) cell
types with low populations; (B) cell types with high populations. Variances of (C) cell
types with low numbers; (D) cell types with high numbers. ODE solutions have been
added to (A) and (B) to show how closely they follow the means of the stochastic
distributions.

Thus different v (and «) parameters change the MPCR dynamics, which affects
the homeostatic cell levels, which then affects all four feedbacks, which in turn affects
the cell levels, and so on. We find that both coupled and uncoupled niche lineages
behave in a similar way as the MPCR parameters are altered, albeit to varying de-

grees. We explore more fully why the cell levels are affected by MPCR parameters in
Appendix A.2.

Coupling niche lineages

We now fix the MPCR parameters at v = 2 and o = 107, to again correspond to
pn = 9.99 x 107* = 1L : 1000M. These are chosen as indicative MPCR parameter

values and have no special significance. They represent a reactive but not hyperactive
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values in each individual niche lineage, for five different MPCR parameter
sets. The axes for each PDF are identical, and quantified on the left and top. MPCR
parameters are varied on the bottom axis.

MPCR intended to highlight any dynamics arising from varying the niche grouping
size, which we now turn our attention to. When taken individually, it is the uncoupled
niche lineages that are regulated more tightly, with the M levels of the coupled lineages

having a much wider distribution (Fig. 6.13A). In contrast, from a systemic view the

situation is the opposite: when looking at total cell levels per niche group (normalised
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Figure 6.12: Means and variances of total niche group feedback distribu-
tions for various MPCR parameter sets. (A) Distribution means, and (B) vari-
ances for different MPCR parameter sets.
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Figure 6.13: Steady-state PDFs of M cell levels and MPCR and ®g feed-
backs for various niche group sizes. Shown are (A) individual niche lineage M;
(B) total niche group M normalised by niche group size (inset shows the variance
of the PDFs as niche group size is changed); (C) individual niche MPCR, values;
(D) individual niche ®g at steady state, i.e. ¢ = 8000.
by niche group size), the coupled niche group M have narrower distributions compared
to the uncoupled ones (Figs. 6.13B and 6.10). This comes about because when niche
lineages are coupled, blood cell numbers are regulated only at the group level, allowing
the blood cell numbers in individual lineage to vary widely.

A key difference between the distributions of the coupled and uncoupled niche
group cell levels is their mean (Figs. 6.13A,B, 6.14A B and 6.10). Of course, this is
also true for individual lineage cell levels, but is harder to notice visually; when the cell
levels are summed over niche groups, the distributions of the coupled and uncoupled
niche lineages are separated (Figs.6.13B and 6.14B). In all cases, the coupled and
uncoupled lineage cell levels are centred around different values. However, as the

MPCR parameters affect cell steady state levels, it is not trivial to pin down which

distribution is centred around more optimal values. Using a different model parameter
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Figure 6.14: Steady-state distributions of L cell numbers for various niche
group sizes. PDFs of (A) individual niche lineage L and (B) niche group total L,
normalised by niche group size, at t = 8000 for various niche group sizes. Inset shows
the variance of niche group total L PDFs as a function of niche group size.
setup to investigate, we found that it was indeed the coupled niche lineages that
regulated their cell levels to be closer to p, (Appendix A.3).

The corresponding homeostatic distributions of two of the feedback functions are
shown in Fig. 6.13C,D. In contrast to the cell levels, it is the feedbacks of individ-
ual coupled niche lineages that are more tightly-distributed, and this effect becomes
stronger as niche group size is increased. This suggests that it may be due to the
niche lineage grouping, because within each niche group the feedbacks are identical.
To check this, we next calculated the mean feedbacks in each niche group. It turns
out that the distribution of the feedbacks is indeed controlled by the coupling, and the
mean feedbacks per niche group have similar distributions, whether they are coupled
or uncoupled (Fig. 6.15). The figure also shows that the niche group size changes the
feedbacks’ distribution means. This is again a case of the coupled MPCRs affecting
the mean cell levels in each niche group, which then affect the ® feedbacks, which in
turn affect the cell levels.

We find that coupling individual niche lineages together into niche groups, by
pooling the blood cells of the group in the feedbacks, has an effect on the distributions
of the cells as well as of the feedbacks. This effect is positive, in that it allows the
blood cell numbers to be regulated more closely to the homeostatic levels dictated by

the model.
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Figure 6.15: Steady-state distributions of feedbacks for various niche group
sizes. PDFs of (A) niche group mean MPCR and (B) niche group mean &g at
t = 8000 for various niche group sizes.

6.4.4 Perturbation analysis

Next, we look more closely at the response of the system to perturbations. We examine
three types of perturbation: even perturbations (37.5% reduction of M from every
niche lineage), uneven perturbations (75% reduction of M from every second lineage
only), and random, or more precisely, probabilistic, where each lineage has a 50%
chance that its M are reduced by 75%. The perturbations were chosen to cause,
on average, an identical change in cell levels across the entire population of niche
lineages, that is the removal of 37.5% of the entire population of M. The actual
values of 37.5% and 75% are illustrative in nature, rather than realistic examples
of blood loss from injury. In the interest of brevity, we first restrict ourselves to a
random-type perturbation only.

The response of the system to perturbations is given by two main indicators: return
time to homeostatic levels, and overshoot/oscillation size, defined as the difference
between the maximum of the post-perturbation spike in cell numbers (and feedbacks)
and their steady states. Return time, much like the homeostatic levels of the system,
is dictated by the model parameters. Moreover, it is difficult to accurately measure,
as even in homeostasis, there is a continuous turnover of cells, leading to fluctuations

in the cell levels. We did not find a substantial difference in return time between
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uncoupled and coupled niche lineages for any type of perturbation, and the ODE

model and the mean of the stochastic system closely matched in this respect.

Varying MPCR parameters

Plotting the trajectories of the mean cell levels in time allows us to easily quantify
the recovery of the entire metapopulation after a perturbation, as opposed to the
complications arising from comparing many PDFs. Fig. 6.16 shows the response of
mean L and M levels, as well as the MPCR and ®g feedbacks for various values
of . As discussed above, the steady states are influenced by the choice of 4. The
post-perturbation fluctuations of both cell levels and feedbacks are also affected, with
no clear trend in overshoot of L but an increase in overshoot of M as ~ is increased;
the overshoot of the MPCR also increases with ~, in contrast to the ® feedbacks,
whose overshoot decreases (Fig. 6.16 insets). As v is increased, the MPCR becomes
more responsive, implying a larger overshoot after changes in cell levels. However,
contrary to expectations, this seems to affect the levels of L and M in a complicated
way. Finally, the one factor that is consistent in Fig. 6.16 is that the coupled lineages

have smaller overshoot than uncoupled ones, both for cell and feedback levels.

Coupling niche lineages

We again fix v = 2 and o = 107?, and focus on niche group size. We have already
seen that the distribution means of both coupled L and M more closely approached
the desired p, as niche group size was increased; this is supported by Fig. 6.17A B,
which show the mean L and M over time. It is important to realise that this is not a
result of the summing process to calculate total niche group L and M. As a control,
we also plot the distribution means of the uncoupled niche lineages, each of which
were summed over niche groups as with their coupled counterparts; their mean levels
are so similar that they are almost indistinguishable from each other in the figures.

In Appendix A.3 we show that the ODE model does give a good indication of the
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Figure 6.16: Trajectories of mean cell and feedback levels over time for
various MPCR parameter sets. Shown are (A) population mean L; (B) mean
M; (C) mean MPCR values; (D) mean ®g during and after the perturbation for
various values of MPCR parameters v (and «). Insets indicate the overshoot of the
mean (as a percentage of the steady states at ¢ = 8000) as a function of MPCR
parameters.

optimal mean cell levels for a given parameter set; the mean L and M approach the

ODE solution as niche group size is increased (Fig. 6.17A,B).

We examine the distributions of L and M at various times throughout a random-

type perturbation and its aftermath (Fig. 6.17C,D; the distribution peaks move in the

directions specified by the arrows). We begin at t = 2950, with the system in its home-

ostatic state. At ¢t = 3000, the perturbation is applied, reducing the M cells of roughly

half the niche lineages by 75%. This results in a bimodal distribution of M (from

unperturbed and perturbed lineages) for both uncoupled and coupled niche lineages

(Fig. 6.17C(ii)); when s,, = 2 the distribution of total niche group M is trimodal,
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group sizes during and after the perturbation. In addition, we plot PDFs of (C)
individual lineage M and (D) total niche group M at the time points labelled with
blue arrows in (B). Arrows indicate which direction the peaks are moving with time.

since the possibilities are either zero, one or two perturbed niches per niche group

(Fig. 6.17D(ii)). By t = 3175, the individual coupled lineages’ M cells had resumed

their previous unimodal shape, but the uncoupled niches retained their bimodality

(Fig. 6.17C(iii)). By t = 3560, the individual uncoupled lineages’ M cells were also

starting to coalesce into a unimodal distribution again (Fig. 6.17C(v)). Throughout,

except for very close to the perturbation time, the distributions of the total niche

group M with Sng = 100 kept their shape, with the coupled niches remaining centred

closer to the optimal homeostatic state (Fig. 6.17D).

Repeating this for the MPCR and &g feedbacks, we see that the response of the

feedbacks after the perturbation is approximately similar, albeit again with small
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Figure 6.18: Evolution of population means and distributions of feedbacks
around the perturbation. Population means of (A) MPCR values and (B) ®g for
various niche group sizes during and after the perturbation. In addition, (C) shows
PDFs of individual MPCR and ®g values at ¢ = 3005, and (D) at ¢ = 3275.

differences in steady state (Fig.6.18). Similarly to M, the uncoupled lineage ®g
take a long time to recover, and even at ¢ = 3275 they have not returned to their

initial unimodal distribution. In contrast, the coupled &g was already re-forming its

unimodal distribution at ¢ = 3005.
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Different perturbation types

Finally, for an overview of the response of the system, we investigate how the over-
shoot of the mean cell/feedback levels change for all three different perturbation types:
even, uneven and random (Fig. 6.19). The overshoot response of the cell levels is dif-
ferent for each perturbation type (Fig. 6.19A,B): even perturbations affect all lineages
equally, with the overshoots of uncoupled lineages slightly lower than coupled ones.
Uneven perturbations, where the M of every second niche lineage are perturbed, re-
sult in a smaller overshoot for coupled lineages than uncoupled ones, but this does
not vary with niche grouping size. In contrast, random perturbations result in both
a difference in overshoot between coupled and uncoupled lineages, with coupled ones
having smaller overshoot, as well as a further decrease in the overshoot of the coupled
lineages as niche grouping size is increased. The feedbacks also respond in a very
similar way (Fig. 6.19C,D). Thus, we see that the response of the system is strongly
dependent on perturbation type, with niche group size having no effect in the case of
even and uneven perturbations, but random perturbations eliciting a more optimal

response when the niches are coupled in larger groups.

6.5 Discussion

A large niche group size indicates that the feedback from the blood cells (L, M) to
the primitive cells (S,MPP) is regulated by a large fraction of the overall blood cell
numbers in the organism. We found that as niche group size was increased, the
mean levels of L, M moved closer to the ODE model solutions. This is not a surprise:
summing the blood cells in each niche group and normalising is equivalent to averaging
over niche groups; the larger the niche group, therefore, the less noise in total cells
per niche group, and the closer the system is to the ODE model. However, the
question remained of whether it was the uncoupled lineages or the coupled ones (and

the ODEs) that represented the more optimal cell levels. From the control system
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perspective that we have taken, optimality is defined as regulation of the cell levels

to the desired ratio 1L:1000M. Given the interactions of the MPCR parameters and

this ratio in setting the cell steady states (see Appendix A.3), the ODE solutions, and

therefore the coupled niche lineages, followed the desired cell levels more closely than

the uncoupled ones. Thus, it seems that on a systemic level, it is advantageous to

connect the feedbacks from the blood cells. This hints at some intriguing possibilities

for understanding the emergence of tissues, which are interacting populations of single

cells.

The difference between the overshoots for the three perturbation types can be
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understood as follows. The even perturbation should result in a similar overshoot
from both uncoupled and coupled niche lineages, since it affects all niches equally.
This is consistent with our results for M, but it is unclear why the overshoot of
the uncoupled L is lower. The uneven perturbation affects uncoupled and coupled
lineages differently, with coupled niches having smaller overshoot, but there is no
variation with niche group size. Because it is a regular perturbation, coupling lineages
(into even-sized groups) reduces the niche group overshoot, and it does not change
with niche group size as in every case 37.5% of the cells in each niche group are lost.
However, random perturbations elicited yet another response. With smaller groups, or
individual lineages, it is more likely that the entire niche group is perturbed, resulting
in a larger overshoot. At the extreme end of the scale, one could conceivably have one
niche group with all niche lineages perturbed, and another with none. As niche group
size is increased the chances of this decrease and the percentage of total niche group M
that is lost tends asymptotically to 37.5%, with the overshoot declining to the same
levels as for an uneven perturbation. This shows that in environments with even
perturbations, it may be advantageous to not couple niche lineages — however such an
environment is unlikely to occur in nature. In contrast, in natural environments with
random perturbations, coupling niche lineages results in a more favourable response.

In previous work, Mangel and Bonsall (2008, 2013) modelled both a general stem
cell system and the haematopoietic system in particular. They employed both ODE
models, to illustrate mean behaviour, as well as stochastic simulations to find the
variation around this mean. In a general setting, they showed that the overdispersed
cell cycle times found by Till et al. (1964) could be reproduced in a stochastic model,
and considered competition within a stem cell niche to find when a resident stem
cell population is replaced by an invading one (Mangel and Bonsall, 2008). In the
HSC setting, they introduced the concept of the MPCR, which sets the probability
of a progenitor cell differentiating into either a myeloid or lymphoid route, and is

controlled by demand from the organism as a whole. They showed that the MPCR
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parameters affect the fitness of the organism in specific environments, and could be a
result of evolution of that organism to its environment (Mangel and Bonsall, 2013).
Here, we have started with this framework and concerned ourselves with simulations
of an entire metapopulation of HSC niche lineages in order to elucidate the stochastic
dynamics of the system as well as how introducing interactions into the feedback from
the differentiated blood cells affects the dynamics of the population.

One interesting result from our model is the large variation we see in cell levels of
coupled lineages between different lineages in the same niche group, and the relatively
low variation over time of the levels in each lineage. This indicates that the activity
of the primitive cells of each lineage varies, with some inactive/less active and others
continuously differentiating to produce more cells, in order to achieve the correct
homeostatic cell levels, somewhat akin to the HSC subsets found by Sieburg et al.
(2006). Although we have not explicitly considered it here, our model naturally
captures the cycling behaviour of HSCs, with periods of quiescence and activity in
each lineage (Cheshier et al., 1999). In addition, after a perturbation, our model finds
a response from both stem and progenitor cells. This is in agreement with studies
finding stem cell activation after injury (e.g., Cheshier et al., 2007), but also supports
the suggestion that at least part of the response is from progenitor cells (Morrison
and Kimble, 2006).

Our results indicate that, in order to regulate blood cell levels tightly and for a less
severe response following random perturbations, it is advantageous to the organism
to couple haematopoietic lineages together via the feedbacks from blood cells on to
primitive cells. There are three biologically-viable possibilities for the nature of this
feedback mechanism: lineage-dependent feedback, where the primitive cells in one
lineage can only sense numbers of their own differentiated progeny; local feedback,
where the primitive cells can sense blood cells of any lineage in proximity to them;
global feedback, where all primitive cells can sense all blood cells in the organism.

Lineage-dependent feedback would require a biochemical mechanism in which niche



CHAPTER 6. HAEMATOPOIETIC STEM CELL MODELLING 163

lineages (or niche groups) can identify signals from their descendants and respond
to the demand control from those cells, but not others in the blood; this implies
an epigenetic process. Indeed, studies have found that stem cell daughters of HSCs
have a similar lifetime to their parents (Sieburg et al., 2011), and such an epigenetic
mechanism could also exist in non-primitive progeny to regulate their feedback. Local
feedback implies a spatial constraint on the feedbacks; although this has already been
found to exist in the case of certain HSC progeny as well as other niche cells (Hsu
and Fuchs, 2012), it is unlikely to be a universal mechanism for the haematopoietic
system because most blood cells enter the bloodstream rather than localising around
the niche. However, in other stem cell systems it is a plausible mode of feedback, and
remains to be investigated (O’Brien and Bilder, 2013). In contrast, global feedback
would require the HSC to sense every blood cell in the bloodstream. Since it is likely
that the feedbacks from the blood cells occur via growth factors (Lander et al., 2009),
which naturally have a limit on their range of action, it does not seem likely that the
HSC system incorporates global feedbacks from all blood cells. More likely is some
combination of the above mechanisms, with HSCs sensing either their own progeny
or all blood cells within some limited spatial range. Looking for groups of epigenetic
markers shared by HSC, progenitor cells and differentiated blood cells could be a
useful avenue for further experimental work. Finally, as evidenced by the dynamics
of our model, the feedbacks are essential for achieving homeostatic cell rates (Lander
et al., 2009). Although we have not explored this issue further, our results also support
the idea that cancers may be a failure of the signalling mechanism and the associated
feedback control (Rodriguez-Brenes et al., 2011).

In ODE models, one can only account for a single, or at best an identical set of
deterministic niche lineages, so that the interactions between a heterogeneous metapop-
ulation of lineages is underexplored theoretically. This is important for two reasons:
first, the dynamics of the entire system cannot be determined just by looking at its

parts, and second, we can take a much broader point of view by looking at an entire
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population (Mangel and Bonsall, 2007). Indeed, Huang (2011) suggests that this is
one of three as-yet-neglected perspectives that should be adopted in stem cell mod-
elling. For example, maintaining homeostasis at the population level can be achieved
by several possible strategies (Morrison and Kimble, 2006); just modelling a single
stem cell restricts consideration to just one strategy, asymmetric division, which does
not reveal the full picture. A stochastic treatment is needed to be able to incorporate
population-level strategies such as a combination of both asymmetric and symmetric
division and differentiation. Our work also links with the idea of a potential land-
scape of cell states (e.g., Wang et al., 2010): one simulation represents a niche lineage
moving along the landscape and falling into a stable state, and many simulations,
as we have done, could allow us to reconstruct the potential landscape by randomly
generating trajectories until we can see its full shape. Thus Monte Carlo simulations

offer a computational way to explore the potential landscape.

6.6 Conclusions

In this chapter, we first introduced a fast method of simulating an entire metapop-
ulation of interacting niche lineages (or cells or biochemical species) synchronously
through time. This is based on a version of the 7-leap method (Gillespie, 2001) and
then generalised to the population level. It compares favourably with the popular
SSA (Gillespie, 1977), both in terms of speed and accuracy — when interactions are
to be included, the stochastic simulation algorithm averages them over time, as each
member of the population proceeds through time at a different pace. The computa-
tional method we have proposed here can be combined with many stochastic method-
ologies in order to allow one to quickly and easily simulate whole metapopulations.
Naturally, it is not limited to HSC metapopulations, and can be used in any con-
text where we would otherwise use Gillespie’s standard SSA to simulate biochemical

populations without tracking individual particles. For instance, with no interactions
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specified, it can be used to simultaneously run many repeat simulations of the same
chemical reaction system (by regarding each state vector as a separate simulation), in
order to find the full distribution possible states, arising from intrinsic noise, at some
time. However, it is especially useful when we are interested in interacting popula-
tions/metapopulations; for instance, this is often the case in ecological systems. It
could also be used in condensed matter and chemical physics and in any biochemical
context with spatial homogeneity. Finally, it is a very short logical step away from a
spatial stochastic model made up of separate compartments (e.g., Hattne et al., 2005;
Marquez-Lago and Burrage, 2007), and this is one obvious extension.

We used this method to build upon the haematopoietic stem cell model intro-
duced by Mangel and Bonsall (2013), to simulate a heterogeneous metapopulation
of haematopoietic stem cell lineages in time. Using this model, we considered the
coupling of individual niche lineages into niche groups. We found that the more niche
lineages are coupled, the more closely the mean blood cell numbers approached the
target cell ratio. Moreover, when perturbations affected each lineage randomly, as
would be the case in a natural environment, the more niche lineages are coupled, the
smaller the overshoot in cell numbers, implying a more ideal response. This suggests
that it is advantageous for an organism to couple haematopoietic lineages in order to
better regulate homeostasis in the haematopoietic system, as well as respond better
to natural perturbations.

This work leads naturally on to questions about linking cells into whole tissues
(O’Brien and Bilder, 2013); for instance, an obvious question is whether these are
evolutionarily favourable compared to single niche lineages (or cells). One advantage
might be the ability of larger systems to ‘average out’ excessive noise, as is the case
with our coupled niche groups. So far, there are few studies investigating whole
populations of stem cells, and even fewer on the consequences of linking them into
tissues. It is well-known that HSCs routinely leave the niche and migrate in the

bloodstream (Bhattacharya et al., 2009; Wright et al., 2001; Yin and Li, 2006). Using
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our current model, an easy modification is to allow for this migration into and out
of the niches (which might mitigate the instances of all stem cells in one lineage
dying out, as we observed). Another obvious extension of our work is to introduce
environmental or even genetic heterogeneity into the picture. Then it becomes possible
to investigate the effects of mutations, for instance by introducing niche lineages with

different parameters, in a similar way to evolutionary invasion analysis.



CONCLUSIONS AND FUTURE DIRECTIONS

This thesis has followed the academic trajectory of the author’s DPhil research. We
started out working on discrete stochastic methodology, constructing new stochastic
methods using the powerful Richardson extrapolation technique for differential equa-
tions. We then transitioned to applying the methods and knowledge we had gained
from this to a current problem in cell biology: stem cell modelling. This follows a
natural progression from constructing a new method to using it in a new setting.

We have discussed the results of our work in each chapter separately. Here, we
briefly review our work and summarise our contributions. The first part of this DPhil
was concerned with constructing new discrete stochastic methods. We have worked
on two: the stochastic extrapolation framework and the Stochastic Bulirsch-Stoer
method. These are important contributions as current stochastic methods are not
fast enough to accurately solve complicated biochemical systems. These two methods
will hopefully help in advancing the field towards this goal.

The stochastic extrapolation framework is a simple yet powerful way of improving
the accuracy of the moments of a set of stochastic simulations. It builds on Richard-
son extrapolation, and involves running several sets of stochastic simulations and

combining their moments intelligently to end up with a very accurate solution. We

167
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demonstrated that it considerably improves the accuracy of any discrete stochastic
method, and provided the first term of the global error expansion is known (and the
Monte Carlo error level is not too high), is able to improve the weak order to at least
second order. We believe this is also possible for higher orders, but this is difficult
to show numerically due to Monte Carlo error. For this reason it may not even be
useful to extrapolate higher, as the results would be flooded by Monte Carlo error
unless a large number of simulations were carried out. We have shown that in general,
although stochastic extrapolation requires extra simulations to be run, it seems to be
worthwhile in terms of improving accuracy for a given runtime.

The Stochastic Bulirsch-Stoer method is a somewhat related discrete stochastic
solver. In contrast, it uses extrapolation within each timestep. This allows it to
both generate full PDFs (when many simulations are run) and use an adaptive step-
size. This greatly increases the efficiency of the SBS. We showed using numerical
simulations that the SBS has very high accuracy and efficiency, and importantly, can
often retain this accuracy when large timesteps are used, meaning it becomes more
efficient. With further numerical simulations, we demonstrated that it can indeed
achieve a higher order of accuracy as a result of its high deterministic order, which
can also translate to higher weak order in the stochastic sense when the noise is small
compared to the timestep. However, this is difficult to show analytically because of
its adaptive stepsize and extrapolation scheme.

The second part of this DPhil is centred on haematopoietic stem cells. The study
of stem cells has exploded in recent years (Lander, 2011), but many questions still
remain, even ones about the very basic properties of stem cells. Modelling such
systems is not trivial, as stem cell systems can consist of many different routes for
differentiation and often have complex feedbacks. Most modelling work to date has
used deterministic methods, thus ruling out many questions that are only accessible
via a stochastic approach, for instance looking at stem cell systems as heterogeneous

populations. Research is sorely lacking in this area, and this is what our work has
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hoped to achieve. We simulate a haematopoietic stem cell system as a heterogeneous
metapopulation of niche lineages, each of which is a population in itself. We show that
coupling niche lineages together affects the distributions of the cells as well as their re-
sponse after a perturbation such as wounding. Thus, incorporating heterogeneity into
the picture introduces more complex dynamics than could previously be investigated
using a deterministic approach. Although we have focussed on the haematopoietic
system, the results are intended to indicate general ideas. In other stem cell settings,
for instance the skin or gut, the coupling could very easily be interpreted as spatial
proximity, with coupled groups being spatially close together.

There are numerous avenues for further work arising from this DPhil. Starting
with stochastic methodology, the three most obvious areas are: 1) show higher-order
convergence analytically, for both the extrapolated 7-leap as well as the SBS. Ex-
tending our global error analysis to higher-order methods would be a possible way
of investigating analytically whether higher extrapolation is possible. In addition, an
analysis of the order of convergence of the SBS would be very useful to improving
our knowledge of the method itself. Currently, we know only that it gives accurate
and efficient solutions numerically in the parameter ranges investigated; the conver-
gence analysis would tell us more about its behaviour in general. However, this is a
complicated issue to consider because of its adaptive stepsize and number of extrap-
olations. 2) Improve the covariance of these methods, or investigate other methods
with improved covariance. Both the extrapolated 7-leap framework that we developed
and the SBS have weak order of one for the covariance. This could be, for instance,
why in some cases the SBS is not able to fully reproduce the width of the target
distribution (see e.g., Fig. 5.2A). Improving its covariance would be useful for making
its approximation to the PDF more accurate, especially if not too much extra com-
putational effort is involved. 3) Investigate variance reduction methods. These were
briefly mentioned in Chapter 4 but no detail was given. They work by reducing the

Monte Carlo error, which was the biggest problem we faced when attempting to show
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the accuracy of the extrapolated 7-leap methods. This is also a problem in general.
If somehow, for instance, a multilevel Monte Carlo method could be combined with
extrapolation, this would make a very popular method indeed. At this point, it is
not clear that this can be done, as the multilevel Monte Carlo relies on a strong order
approach, whereas extrapolation is based on a weak order approach.

Our haematopoietic stem cell work raises many interesting questions. The most
obvious avenues for further work are: 1) as it is well-known that HSCs leave their
niches and migrate around the bloodstream (Bhattacharya et al., 2009; Wright et al.,
2001; Yin and Li, 2006), it would be interesting to introduce migration into the system.
This would be a simple matter using the vectorised approach that we have taken. 2) In
our current model, the individual niches and their cell lines are heterogeneous due to
intrinsic noise only. This restricts possible analogies with real stem cell systems, which
are also affected by environmental heterogeneity (at the very least from intracellular
phenotypic differences), and quite possibly also genetic heterogeneity. Taking our
work to the next logical level would involve incorporating these other two sources
of heterogeneity: in practice, this could be done by giving each lineage different
parameters or allowing them to vary over time. This would effectively turn the model
into something similar to an individual-based model, where each ‘individual’ is now
a population of cells. This could potentially reveal some interesting dynamics: for
instance, do certain parameter regimes dominate over others, akin to an invasion by
a new phenotype or an alien species. It also links very clearly to investigations of
how cancer arises (Rodriguez-Brenes et al., 2013). 3) Explicitly introduce spatial
location into our simulations. We know that the feedback between differentiated
and primitive cells is at least partly based on growth factors (Lander et al., 2009).
However, it is clear that stem cells cannot sense every blood cell in the body, so it is
likely that this is just one facet of a more complex interaction. Further experiments
to investigate the relationship between local and global feedback may reveal more

about this mechanism. It is only a short leap of the imagination to regard each
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sub-simulation in our state matrix as a spatial sub-volume (e.g., Elf and Ehrenberg,
2004; Marquez-Lago and Burrage, 2007); although this is unlikely to be useful for
the haematopoietic system (as the blood cells enter the bloodstream, rather than
localising around the niches), in other stem cell systems it can be a useful modelling
approach. 4) Finally, there should be more thought given to the idea of connecting
single niches into entire tissues. Although we did not explicitly call it this, our method
can be regarded as a rudimentary multiscale simulation, allowing some interaction
between populations of cells. To build it into a proper multiscale method, we would
need to know more about the processes of the cells at other scales: for instance,
their intracellular processes, their spatial interactions and their spatial location. In
addition, we would need other spatial information such as the structure of blood
vessels and migration of cells, again complicating the model. Thus, other stem cell
systems would likely be more amenable to such models, at least for the time being.
However, multiscale modelling is becoming both popular and useful (Martins et al.,
2010; Noble, 2002), and this is a clear avenue for further exploration. In an interesting
combination of ideas, a multiscale approach could possibly lead to examining the role

of tissues versus single cells from an evolutionary perspective.



HSC MODEL SUPPORTING INFORMATION

A.1 Deterministic model of HSC system

In some of our results below and in Chapter 6, we have used the solutions of the
deterministic (ODE) representation of the HSC system. This formulation is thor-
oughly described by Mangel and Bonsall (2013), although we have made some minor

modifications. Using the notation from Chapter 6, the formulae are as follows:

TN — (roatn(fy) — sy s, (D) M) 5L, M(D) - S(0) — psS (1)
PUPTUY _ (1, + 2y s, (L), M (1)) @5(LL1), M(1) - S(0)
+ (Ap = 1) @p(L(8), M(t)) - MPP(t) — 1, MPP(1)
TCURO) — 1oplL(0). M) (L), M(E)) - MPP(E) — rcs CLP(®) — s CLP()
TV — 1 (1 L), M) @(L(0), (1)) - MPP() — rns OMP(E) — picas OMP()
%@ — ronp CLP(t) — pL(t)
d]‘gt(t) — e CMP(t) — jin M(2)

172



APPENDIX A. HSC MODEL SUPPORTING INFORMATION 173

Note that the chemical species here are concentrations, rather than actual population
numbers as in the stochastic model. Their time dependence has been emphasised; the
notation and parameters are described fully in Table 6.2.

These equations can be easily solved using a standard ODE solver to find the cell

species concentrations over time, as well as at steady state.

A.2 MPCR parameters and system steady states

In addition to adjusting the strength of the response to a perturbation, the MPCR
parameters also affect the steady states of both the cell levels and feedbacks. As can be
seen in Figs. 6.7, 6.11, 6.8 and 6.9, and summarised in Fig. 6.10, their distributions are
shifted, either up or down depending on cell or feedback type, as MPCR parameters
~v and « are varied.

This also occurs using the ODE model (Fig. A.1), and the mean values of the
stochastic distributions are very close to the ODE solutions (Fig. 6.10; also Figs. A.4
and A.6). The only cell type whose mean levels are not accurately matched by the
ODE is S, and this is because the ODEs do find the absorbing steady state S = 0,
thus overestimating mean S. Although in general this should not be assumed without
careful testing, here we have sufficient evidence that the ODE solutions represent
meaningful system properties of the stochastic system (that is, the mean values).
Thus in this section, for simplicity we have used the ODE model.

We set the homeostatic ratio that we want the cell levels to reach as p, = 1L:
1000M; thus we also vary « to keep this ratio as ~ is changed. Starting with v=0,
the steady states are at L ~ 855 M =~ 2.39 x 10* (Fig. A.1 black line); this is
clearly nowhere near p,. However, as v is increased, so the L (and CLP) steady
states increase, whilst the M (and CMP) steady states decrease, moving the cell
ratios closer and closer to p,. Fig. A.1 illustrates v, a values used in the main text

plus some extremes on either side. By the time we reach v = 50, a hyper-sensitive
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Figure A.1: Trajectories of ODE model of HSC system for various MPCR
parameters. The parameters were always set to keep the MPCR ratio at 1L:1000M .

response, the steady states have become L ~ 16.09, M =~ 1.64 x 10, very close to py,.

Thus it is clear that the change in steady states comes about as a result of the
pressures exerted on the dynamical system by each parameter. When the MPCR is
invariant, the MPCR behaves as a constant parameter and exerts some base level of
pressure on the system; because all parameters are symmetrical between the lymphoid
and myeloid routes apart from the death rates (Table 6.2), the steady states give a
blood cell ratio of 1L x ur : 1000M X ppr. As pp was set to 2.8 times pups, hence
8.55 x 2.8 = 23.9 and the steady state values result. Once v > 0, the MPCR turns
into a function that responds to the cell levels dynamically by affecting the steady
states in a non-trivial way — but always driving them closer to p,. As 7y is increased,

this response becomes stronger and the cell levels change correspondingly.
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A.3 Optimal homeostatic cell levels

In Section 6.4 of the main text, we discuss the difference in mean cell levels between
the uncoupled and coupled niches for the case v = 2,a = 107°. In a somewhat
similar way to the effects of the MPCR parameters, the distributions of cell levels and
feedbacks are shifted as the niche grouping size is varied. There are also associated
changes in their spread, but here we are interested in elucidating which distribution

is centred around a ‘more correct’ homeostatic state; we explore this in detail below.
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Figure A.2: ODE model of HSC system with death rates for L and M cells
set identical. This allows the system to achieve the same cell levels for all MPCR
parameters. (A) Trajectories of cell types with low numbers, and (B) cell types with
high numbers for various MPCR, parameters (curves overlap because the solutions are
identical). (C) ODE solutions of cell types with low numbers, and (D) cell types with
high numbers for various MPCR parameters.

First, unlike in the above section, we cannot rely on the deterministic model for

help, as without using stochastic simulations we cannot tell whether the ODE solutions
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represent any useful properties of the true distributions (although Figs. A.4 and A.6
show that we would be justified in doing this, as the ODEs approximate the mean of
the stochastic distributions well.)

Unfortunately, stochastic simulations with different niche grouping sizes give dif-
ferent results and we cannot tell which is the most optimal. The solution to this
quandary is to use a set of model parameters where p; = py = 0.01, thus removing
the pressure on the dynamical system from these parameters. Since the other pa-
rameters are all identical between the lymphoid and myeloid routes (Table 6.2), this
means that the optimal steady state levels will exactly follow the ratio 1L : 1000M
(indeed, the ODE system now finds identical steady states for all 7, ; Fig. A.2). We
investigate whether it is the coupled or uncoupled lineages that keep their cell levels
closer to the optimal levels p;, for several different MPCR parameters.

We illustrate stochastic simulation results for this system in Figs. A.3 to A.7.
Figs. A.3 and A.4 show the PDFs, both per individual niche lineage and summed over
niche groups, of steady state L levels for various ~; similarly, Figs. A.5 and A.6 show
levels of M. The corresponding PDF's of p (i.e. the value of the MPCR) are shown

in Fig. A.7. From these five plots, we can make the following observations:

1. Uncoupled niche lineages have tighter cell level distributions individually, but
when summed over niche groups the distributions are similar, with coupled

lineages having a slightly smaller variance in almost all cases.

2. For both L and M the distributions get tighter as 7 increases (albeit the effect

is small for L).

3. The distribution means of the uncoupled lineages vary with 7, whereas those of
the coupled niches change very little. This becomes especially obvious when the
blood cell levels are summed over niche groups (Figs. A.4 and A.6). For easier

comparison, Fig. A.8 shows the mean values of L and M for several values of ~.

4. Although the means of the MPCR distributions stay around the expected p;, =
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9.99 x 10~* both in the uncoupled and coupled cases (Fig. A.7), the coupled
lineages achieve a much tighter MPCR distribution than uncoupled ones. This is
also true for mean niche group mean MPCR, although the difference in variance

is much smaller (Fig. A.9).

5. In addition, as v increases the bulk of the uncoupled MPCR distribution moves
so that it is centred somewhere around 5 x 107*, leaving a long tail to still be

able to achieve a mean value of p;, (Fig. A.7).

6. Finally, taking the ratio of the mean cell levels of the uncoupled lineages at
v = 2 gives an MPCR value of 8.77 x 10™* compared to 9.99 x 10~ for the
coupled lineages. It is easily visible from Figs. A.4 and A.6 that at v = 2,
the distributions of L and M have moved away from the optimal values of

16.25,1.625 x 10%, respectively.

Putting all this together, especially points 4 to 6, we can conclude that coupling niche
lineages allows them to better reach the optimal homeostatic state, as they are able
to keep their blood cell levels very close to the desired 1L : 1000M ratio for all ~,
as well as more tightly-distributed around those values. Furthermore, coupled niches
also keep their MPCR more tightly-distributed around p, than the uncoupled niches.
In addition, as we can see from Figs. A.4 and A.6, the ODE solutions do approximate
the stochastic mean values well, in the case of the HSC model.

Thus, we are now in a position to apply the above results to the stochastic system in
the main text, where the parameters 7, and py; are not equal. As we have concluded
that here the coupled system regulates its cell levels more optimally, we can also
extrapolate that this is the case for the results in the main text. Furthermore, we

have added the ODE solutions to some figures in the main text to support this point.
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Figure A.5: PDFs of both uncoupled and coupled individual niche lineage

M, for five different MPCR parameter sets. The death parameters for L and
M cells are equal.
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