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The main aim of this thesis iz to make some contribution to

ABSTRACT,

the theory of the tangent bundle of a smooth manifolds We study
the poasibility of reducing the group of the bundle to various
specific subgroups., Such reducibility is equiwvalent to the
existence of certain 'structures' on the manifold, In particular
we deal with the trivial subgroup and (for even-dimensional
manifolds) with a unitary subgroup of maximal rank; the
corresponding structures are called 'parallelism' and 'almost
complex structure's The method consists of two stages: first
ask the gorresponding question for the stable tangent bundle;
then find criteria for moving from the stable to the unstable
range. The first stage uses the oohomology theories dealing
with stable vector bundles over a space, while the criteria used
in the second stage arise mainly from work of M. A.Kervaire,
Throughout, the theory ie illustrated by application to the total
space of a sphere~bundle over a sphere, with its natural smooth

structure,

We first ask, "For which oriented sphere-bundles over spheres
is the total space parallelizable?  The answer is given in terms

of the structural invariants of the bundle, In particular, if



the base dimension is not greater than the fibre dimension, tiien

a necessary condition for parallelizability of the total spacc is
that the bundle structure be trivial, However, there exist bundles
in which the total space is parallelizsble although the bundle
structure is not even stably trivials A complete answer to this
question 1s not yet available. However, the method used applies

to a wider class of manifolds, For example, it is proved that

any Stiefel manifold which is not a sphere, is parallelireble,

Next we investigate the existence of almost complex structures
on certain even~dimensional manifolds, namely those whose tangent
bundles can have their groups lifted to the appropriate spiner
groupe In particular we apply this to products of spheres and
to sphere~bundles over spheres, A product of spheres containing
an odd-dimenaional factor was previously known to be paralielizable,
hence if such a produét is even-dinensional, it certainly wdrits
an almost complex structures A necessary condition for a product
of even-dimensional spheres to admit an almost complex structure
is that the dimension of each sphere involved should be 2, 4 or 6.
In partioular, we show that the product of a 2-sphere with a L-svhere
admits an infinite number of distinct almost complex structures,

For an oriented sphere-bundle over a sphere, we obtain the following:
if the base and fibre are odd-dimensional, then the total space

admits an almost complex structure if and only if it is parallelizsble;



if the base and fibre are even~dimensional, then a necessary
condition for the total space to admit an almost complex structure
is that the dimensions of the base and fibre should each be 2y 4
or 6. As observed in the first parsgraph, we discuss also the

corresponding stable questions.

One of the main tools used in the paralleligability question
is the mod 2 semi~-characteristic as defined by li. A.Kervaire on
P¢220 of 'Courbure intégrale généralisée et homotopie' (liati.
Annalen, Bd, 131, (1956) 219-252). We compute this for the total
space of a differentiable fibre bundle in terms of the homology
of the base and fibre and the characteristic classes of the bundle,
in some simple cases. We also express the mod 2 semi-characteristic
of certain (4k+1)-manifolds in terms of a secondary characteristic
class of the tangent bundle of the manifold,

In Appendix F we reprove a theorem of Milnor and Massey on
the non-existence of almost complex structure on the quaternionic
projective plane; at the same time we prove the same result for
certain analogous manifolds derived from multiplications on the
3-sphere other than the quaternionic multiplication.
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1
Introduction.

Consider the tangent Hundle of a simooth mnniféld. It may be
possible to reduce the group of the bunile to a specified subgroup,.
(For the definitions of a bundle and of reducing its group, see
Chapter I of [ 47 }.) For example if the group of the tangent bundle
can be reduced to ths trivial subgroup the manifold is said to be
parallelizable ; again, if the group of the tangent hundle of an
even-dimensional manifold can be reduced to a unitary subgroup of
maximal rank, the manifold is said to admit an almost complex
structure. The mathods of algebraio topology are well suited to
these questions. The study of specific structures on a manifold,
and of integrability of these where relevant, will not be dsalt with

hereo,

A preliminary reduction of the group of the tangent bundle
which can always be effected (menifolds being ussused paracompact)
is from the full linear group to the corresponding orthogonal group.
iny two suoh reductions are equivalent. (See §12.9 of [47].)

It will alvays be assumed that this reduction has already heen rade,

An esrly application of algebraic topology to a reducticn
problem was ¢ the group of the tangent bundle of a smooth clossd
n~dimensi-nal manifold can be educed to tic (n~1,~- imensional

orthogonal gzroup if and o:ly if the Euler characteristic of the
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manifold is sero. (3ats IIl on p.552 of [ 4 ] Je The general
reduction problem has heen ventral for nany yeurs ; we shall not
attempt to give a complete list of references. For progress and

bibldiography nefore 1956 sec [ 4-'7] e n outstanding exmmple of
recent progress is contained in [ ZJ .

Our aim 1s to study some of these reduction quesiions,
e shall describe a general procedure and illustrate how it works.
This procedure consists of two steges : given a redusibility
question for a hbundle, first ask the corresponding question for the
corresponding stable bundle ; then find criteria for moving back
from the stable into the unstable range. The first stege leads
naturally to the use of ths 'extraordinary' coho:uology theories
dealing with the stable vector bundles over a space, see :.- | 6 ] .
The criteria used in the second stuge arise mainl, from the work
of M.AKervaire in (28] and [29] . Throur:ut, the method is
arplied to the total space of a sphere-bundle over a sphere, with
its natural smooth structure, .ven here the results are not jyet
coiplete, Cn the other hand, the method is appliocable to a wider
class of bundles, For example it is proved that any classical
Stiefel manifold which is not a sphere, is parallelizable,

In Chapter I we establish so.w notati n and describe the clagss of
manifolds used as exanples throughout, In Chapter II the
parallelizability of these manifolds is studied. The result about



e
3tiefel manifolds is proved in Chapter II1 ; it is shown that the

cotonionic Stiefel manifolds Y . defined in §8 or (24)

2
are sphere-bundles over sphores, Chapter IV contaeins a le:ua
about the sxtraordinary cohomology theory of certain manifolds,

In Chapter V wo study the existence of almost coulex structures
(and of 'generalised' almost o-mplex structures as defined on pe126
of [ 22.} ) again with sphere~bundles over spheres as the :ain
oxazples, In Chapter VI the mod,2 semi~characteristic of an
odd-dimensional manifold is comnouted in some cases, Chapter VII
contains riscellaneous results extending ccnsideratioms of previous
chapters, The appendiices give detalls concerning Chapter I,
sunmaries of work dus to various authors which is used centrally
in the thesis, nunerical details for Chapter ¥V, a proof due to

;e Fo Atiyah interesting in connection with Chapter III, and a -roof,
in the spirit of Ciapter V, of a known result,

It is a pleasure to acknowledge my great indebtedness to my
supervisor Dr.I. .Jamee ; also to Drei. .Atiyahe Specific
acknowledgements are inoluded at the ap,ro-riate stages. 1 wish
to thank also the Carnegie Trust for the Uniwersities of Scotland,

for financial support during my first three years of study in Oxford.



Chapter J.  Prelininaries and Notations

. 81, Throughout we shall use the terms “smooth” and "diffcrentisble”
to mean "of olass ™", "Manifold" will mean "compact :anifold
yithont boundary" unless the contrary is stated; we may repeat
"without boundary® when this condition i vitale

Consider a fibre bundle £ with projection o ¢ B— M in
which the fibre P and the base space M are smooth manifolds,
and the structural group is a Lie group ¢ acting differentisbly
on F, Then the total space B may be given the structure of
a swooth manifold as follows, Pirast choose an equivalent bundle
in which tis co-ordinate tranaformations of the bundle structure
are mwoth (0.fa footnote on peSh of [ 22 ).  Now give the
total spooe of this new bundle a smooth structure as in § 6.4 of

([ 477 , and transfer this structure to B by the bundle
equivalanoces The resulting smooth manifold B is unique up to
diffeomorphism and # 3s now a smooth mape If P and ¥ are
orientable and G aots on F in an orientation-preserving
fashion, then B is orientables Appendix A contains details o
this procedure, Henceforth we shall consider the total space o
any such bundle as a suwooth nanifold in this partioular way. 2lLon

T(B) = zr*('r(;,;))e/ﬁ\ e o o (1e1),

where T denotes tangent veotor bundle, u'*( )} the induced bundle,



A .
@ the Vhitney sumration, and & the tangent veotor bundle along
the fibres. (See for example sectiom 7 of [ 1/ ].)

Kow suppose that the fibre F 1saapheromdthatthegroup
G 1a the orthogonal group of the aprropriats dimansion, Let &
be the vector bundle associated with £, and suppose that B is
contained in the total space of §V as the space of unit spheres
in the fibres, which 1s well=defined since G 4s the orthoponal
grouwpe  Then (0efe peB6 of [ 53 ) there is a canonical Iinear
isomorphism of the fidre of tr*(§v) over each point of B vl
the direct sum of a (radial) line ana the tangent space to t.¢ [ibre
of £ through that pointe Thua '(}Y) 1s equivalent to iic
“hitney sum of £ and a line-bundle., This line-bundle is trivial;
for its totel space conaists of all pairs (x,y) where x it in
B and y is on the line joining x to the szero 0 of the fibre
V. of £V through =x, andthelmearntructmmtlnﬁbreom
x ofthnwoisimodfmmtm V’x by the tranalation
which takes Oz into x; thus a nonezero crosa=scotion of the
line-bundle is cbtained by sending x to (x.Ox). Thus

FE) = £ o1 . . . (12200

For any finite Ci-complex X let KO{X) denote the
Grothendieak group of real veotor bundles over X and 1’15(1()
the corresponding reduced Grothendieck group (see for exmnple[ 7 ]}.
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If « 4s any such veotor bundle, ite olase in KO(X) will be
written {a]s Por complex vector bundles the corressonding groups
are denoted by I'(X) and F(X)e 'ith the hypothsses of the
preceding peragraph, (1.1) and (1.2) show that

{'T(B)} = wf{’T(M)} + w*{fv}. o (1.3)e

We shall denote the additive group of the integers by 2,
tie group of integers modulo n by zn. and the field of rational
numbers by Qe The unitary group in n oco:plex variables will be
dsnoted by U(n), the rotation group in n real varisbles by S0(n),
and their olassifying speces by 3U(n) and BSO{n) respectively,
The direct limits of the U(n) end the S0(n) th standard
inolusions U(n) c U(ne1) and S0(n) < SO(n¢?) will be written
U and 80, and the corresponding classifying spaces will be written
BU and DSOs Lst E be the total space of an N-iniversal,
principal 8S0(n+1)-bundle (see for example &§ 2 and 18 of [q ] Je
Thus 50(ms1), and its subgroup 8S0(n), each ect on B : we denote
the corresponding orbit spaces by E/so(m‘l ) » E/St}(n) e For the

disoussion of bundles over complexes of dimension lesas than N, we
may take B3O(n) = E/so(n)' B30(net) = E/SO(nﬂ)’ and hence cbtain

a {ibring
s —% . Bso(n) —2 - Bso(net) .

(See for example pei2, of [ T 1.
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We shall frequently use the following result, ILet ¥ Lo
a smooth, compact, (n+1)eacunscted n-dicensional manifold without
boundary, where m>1. Then ¥ wmay be represented up to homotopy
type as a CWeocomplex M’vre. where the siboomplex ' is of
dimsaaion at moct (n-m) and

f:SM —_

is the attaching mep of the n-cell es This follows for exmple
fron Theoven G of [ 46} when (n,m) & (4,2); sinoe 1 has the
homotopy type of a CWeocuplex (Carollary 1 of [ 40 ) ), it is
suiiioient, for sumply-connected i, to take a homology desomposition
of M (see for exanmple §8 of {2/ ) ihen this result is
applisd, we shall refexr to M'u!,e as the principal deoamnonition
of M,

Further notation will be introduced as the need arises,
Intornal references aro by muber of seotion and nu ber within
saction. Section nurbers dimvegard chuptecrs,



Chapter 17, EParplleligability of Sphere-bundles over “nphercoe

In Thécreme XII on pe2k7 of |28 |1t is proved that the
product of two or more spheres is parallelizable if and only if
at least one is odd-dimensional, o shall consider criented
sphere=-bundles over spherese The total space of such a bundle gets
a smocth astructure from the standard amooth structures on the base
and fibre and the local product structurs of the bundle (see
Chapter 1) ¥Ye may ask, "For which oriented sphere~bundles over
spheres is the total space parallelizable 7" The anawer will be
given in terms of the structural invariants of the bundle,

In particular, if the base dimension is not greater than the
£ibre « . ension, then a necessary corid:tion for parallelizability
of the total space is that the bundle structure be trivial,
Ecwever, there exist bundles in which the total space is
rarallelizable although tle bundle structure is not even atably

trivial,.

» smooth menifold is said toX sperallelisable :f the
¥hitney sum of its tangent bundle with a trivial line~bundle 1is
trivisl. A parallelizable manifold is clearly c~ arallelizables
¥e proceed by asking twc questions about the total space of any

oriented sphere~bundle over a spheres
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Guestion 1, Is it s~pareallelizable ?

“ueation 2, If 3o, is it parallelisable ?

The answer to question 1 is simplified b, a Thom isomorphism

theorenm ; 1 am indebted fo M.F.Atiyah for suggesting its use here,
The answer to Question 2 is contained in the work of J. - Adams,|[ ! J,
and of L.i.Kervaire , [ 28] ana (27].

Fesults are cutlined in §2, In §3 and Sk we give ;eneral
ansvers to Quostions 1 and 2, and in § 5 we examine particular

cases,

Ze UDutline ~f Results.

ve uas the notation introduced in Chapter I. The fcllowing
prelinminary theoren follows from (1.3).

Theoren: 2.1, iet § be an oriented sphere-bundle with > jsction

w_ 3 B—> M, where i dis an s-parallelizadle manifold, . .ct §v
be_the westor bundle associated with & , Then B is s-sarulleliza le

Vv
i and omly ¢ tue atable class {5')  ie in e vernel of

X ) — ).

Now lst § be an oriented g~sphere bundle over the n-sphere,

with projection # 1 B— s, tet 0 in wn__1(sq) be the
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inage of a generator of wn(i.’.“) uncer the boundary ho-omorphism
in the homotopy exact sequence for § s and let A in wn(i;q“)
be the Preudenthal suspension of 6.

pundle over the n-sphere be s-parallelisable. Then one and only

one of the following is true :
{4) B is parallelizable
(11) both n and g are even
(134) n is 8, q is 7 and the integral homology group
1.(8;2) is of odd order,

%a use the notation of § 2+ Acoording to scctiion 3 of [2'7],
B has the cell structure 8% “e o' el Tet ' be the
restriction of 7 to $3vge". Consider the injection of the

H.NO exact sequence for 7 into that for o' :
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r~

N PO(T) '———d*_" I:'.B(Bn) —_'*_’ ’?'(B) — o s o

l ' . | (3e1)

e oo —BB(sM®) — (8™ — T £O(sT ™) e

"%

“he Tho. complex T of § is the mapping cone of w#. 3ince n
is greater than 2, § is & spin bundle an’ b; the Thom
igomorphiam theorem (see Appendix B), 1 is ontos fSince ' is
the projection of the cofibraticon glc o2 Vo en, the lower sequence
is the 1O exact secuemce for © (Sataz 5 of (43]). Thus the
wilooelled homonor Bisi dn (3e1) 48 )\, and Theorem 2.2 follows

2y exmctness of the upper sequence in (3e1)e

le ZIhs answer to . ucs:ion Ze
The 0le 2 semiecharacteristic of -n cdd-dimensicnz) uanifold

[itad| i i
mode 2 honology growp B (;2,)e (See p.220 of [28 ).

=i
M. . i3 definsi to be Z; b, whers b, is the rank of th.
1:

Thoore: .

2 adr

41, (Kervaire and faisje Lot M be an s-ourallolizable
n—dimnsioz-al_;m___nifold withieot boundacye

%ele ¥hem n is evem, W s parelleidsavle if and only if its
Euler characteristic iy ©cie
tel2e ¥hen n is gdd, X I8 ‘Qm;elimb;e if and only if glther

1 T or the 2 senl=c ristic of ¥ 1s even,




o~
'roof, The s-»pnrallelizablel\mnifoma are exactly those which

can be embedded in Euclidean space R with a continuous field

’
of normal (d+1)=frames. (Ses e.g. p.f?of [3¢].) Thus Ke1 is
Théordme IX of (23], while Ke2 follows from Théoréme XI of (22]
Lema 1.2 of [ 29 | , Theoreu fefst of [ ! |, Theore: o3 of
(27] and Théorswe VILI of [ 22] . (Seo ippendix C for

detaile.)

This theorem is used to deduce Theorem 243 as followe,

L.et B be the total space of an oriented g-sphere bundle over

the n-sphere and suppose that B is s=parellelizable. 1 3 is

even-dimenaional, our assertion in (2.3) is a corollary of K.tle

If B 1s odd-dimensional, we distinguish two cases,

(a) The mode 2 horology of B 4is the same as that of 3" x 89,
Than B 4is parallelizable by K. 2.

(b) Otherwise q 4is n~1 and the n-cell in B must be
attached t. the (ne1)=sphere by a un of odd degres. (Ve
again ugse the cell structure on B given in section 5
of ( 27].) But the homotopy olass of this map is i:. the
isage of p 3 vn_1(5()(n)) _— :rn_,'(:}nﬂ)

{see J¢4 of [27]). kence p, is ontos Thus 5?1 4
parallelizable, so n is 1,2,4 or 8 (see e.gs [33 ] Ve

By Le2y if n is 1,2 or 4, then B is parallelizable while
if n is 8, then B 4is not paralleliczable,



£5 _articular Cases.

ve continue the discussion of orientsd sphere~bunles over
spheres with the notation introduoed 4n §2, 1If the base dimension
is not greater than the fidre dimenaion, then the bundle has a cross
section and so a* g E'O(Sn)———" ;B(B) is monomorphics
Y6 uge Theorem 2,2 to study the kernel of 7* in unsteble cases.
For n>1, RO(S®) 1s Lecmorphic to 7 (B10), +e use freely the
infornation in section 1 of [ /4 | on the homotopy of both S0 and U

Thecre: 5.l Lot gqan-i, and n> 2.
(1) If n s yot a pultiple of L4, then @’ 3a momo-orphice
(48) If n e s maitiple of 4, so that _ (c", 4g infinite cyclis

¢ ¥ o™ consists of ell intesral -ultinles of
the order of ¥ ‘5H:7.

Proofe (1) If n is congruent to 3,5,6 or 7 =2d, 8, then f.vrn(as;c)
is zero end there is nothing to proves If n  is cong:ruani to 1
mods Gy tton @ _,(50(n)) 3 finite (p.161 o [30] so tiat

. y —_——— n‘.." LY . A
P, un_’(sﬁ(n,) ﬂ'n_1(5 ) is ze: . and the of
Theorem Z.2 i Eexve If n i3 congruent t¢ 2 m0ls 'y A 48 in
2 (57) while 7,,4(BS0) 18 of order 2 and hence is annitilated by
compegition with )\
(ii)e If n is a mdtiglc of 4, then n'h(BSG) 1s infinite cyclic

and A\ is 0’ tines a generator of wn(s“), where O s the
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*
order of H__,(B;Z)e Thus the image of A s e/ﬂn(ﬁﬂﬁ).
The result now follows in all cases by Theoren 242

Zheorew 5e2e Let gel < n, Then ™ is monomorphic ezcest possibly
¥hep g 1s congrucnt to 7 , and n is comgruent to 1 or 2, mods 8,

;xoofs € use the com.utative diagrua

ffq._,'(BU) _ vrqn(BSO) —°——->-:rq”(x;:‘;£}
+*
> l,\" B
7 (BU) - T, # (B50) —

Here }\: iaimlmadbyowg,osingwithAi r and ¢ are
induced by the imolusion homerworphis:s Ulp) < o0{2p) and

(g « ¥qge Firat vbserve that X: is zero whenever n and
1 are wequal., For if either n or @t is odd there is
noihing $o prove ; while 4f n and @1 are asequal ond both even,
then irq"(ﬁn) ig finite (Lroposition 5 on pe498 of [44] }3 wut

wn(BU) is torsionfree =0 /\: is zerce

.et 1 be less than n, PFirst let q be congruent to
1or 3mde 8¢ 32y 1.7 of [/ 4‘] , vrq(SO/U) is iscmorphic
to ww(so) which in this casc is zero. Hence from the homotopy
exact secquence of the fibring g —s 0 —s 5~;-':w/U s it
follovs that the upper r 4in {3.3) iz onto. jow XN is zero
by the left-hand square of (5¢3) sircc )\: in cerc.

Next let q be congruent to 7 mods B, and let n be a maltiple



of 4 In this case the lower o of (5.3) is sonororphic (see
Gsge the first 12 lines on p.281 of [33J) and so /\* is asro
since /\C* is zero, By Theorem 2,2, w * is onororrhic in the
above cases. Pinally let q be a multiple of 8. Then o is
mer: oot ie By Thecrem 1 of [ (6 J e The nature of the homotopy
groups of BT ghows that the pro-f of Theorem 5e2 18 now completes

Theorems 51 and 5.2 together with Theorers (.t and 2.2 give
information on which oriented sphere~vundles over spheres have
s~parallelizable total space. Theore~ .3 ta2lla whi h of th-
surviving candidates are parallelizsbles Thus usuzllv the total
space is parallelizable if end only if the bundle is stebly trivial
and either the base or the fibre is odd~-limensional. Fovwever
there exist bundles in which the total space ir paralleliszable
although the bundle structure 1z not atebly triviol ; exanples
are provided by Theorem %1 (i1) and Theorem 5.2 (see below).

The following is a genuine cxception of the type allowed

£
by Theores 52 "ot [ be the Hopf fibring of 51" over 38

with fibre S', and let ¢ Dbe the bundle induced from £ by

-

5 ¢ 85 chen the total spaee of §

the essential map froz §
1s jarallelizable, and &  4s not stably trivial, L. latter
assertion follows from Lemua 2 of [ 30 ) » oinoc the
clasgifying element for [ in va(BSO( 8)) injects to a

generator of 7 (B5C) (see wege [ §6 |)s Now label the A
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of Theore:: 2,2 by a subscript denoting the bundle for which it is
defined, Then N\ g Bencrates arB(sa) 80 /\g is the
non~sero element of ﬂ'g(sa). Thua the stable classifying element
of § in :rg(aso) is the image u der /\; of a
gonerator of w,(B30), Hence by Theorems 2,1 and 2,2 the total
2pace of 5  is s-parallelisable, and now by Theoren 2.3 it
is parallelizadble,

Similar exacples exist whenever q 4s congruemt to 7
» 8and n 18 @2or qede First let g be 8847 and lot
n be 8s+9 for soue integer s > 1o Then w__,(i(qe1)) is

isomorphic to 2,90 7,032

2 "2 "2
frn_z(so(q)) is torsionfree, P, rrn_‘(so(qn)} — nn_1(sq)

is non~gero, (See p,161 of[_ 30 }.) The injections

and since an_1(s“) is finite and

7pq(50(@1)) —— 7 (30(qe2)) ——— o _,(50(qe3)) are
both onto, sinoe the last two groups are finite while nn_1(s‘1")
and 7 _(8%2) are torsionfres. Hence the injection
SO vn_1(so( qe1j) — o, _,(50) 1s non-sero. Consicer
vrn_1(so( q+1)) as a thres-di ensional vector space over Zoe
Then i, and p = are non-zero vectors in the dual space, oo
each has a nullespace of diension at most two, Hence there is

X 4n arn_1(:‘~}0( q+1)) with i*( X) and p*(X) both nonesero,
By Lemm 2 of [ 3¢ |, and Theorens 2.1, 2,2, and 2,3, the
bundle with characteristic ele.ont X has parallelizsble

total space, although its atable class is non-zero, A siiilar
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argu.ent deals with the case q ocongruent to 7 mod, 8 and n
equal to q¢de

Again, such exanples exist when q 1s 7 and n is 17 or 18,
This follows from information on the 2=coumponents of horotopy groups
of spheres in e.g. Chapter XIV of [ 49 ] o More general results
are olearly desirable, The problem may be broken into two stages @
1)~ Por which z 4s there an element in the stuble restem of
homotopy groups of spheres, inducing by occuposition a non=zero
map of KO ?

2) ¥hen such an element exists, can it arise in the particular

way required to give exceptions of the type allowed by Theorem 5,2 ?
Dre JoFoAdams has kindly cozainicated by letter that the answer

to 1) may be, "4ll r congruent to 1 or 2 mods 8" And that this

may eppear in a forthcouming paper on the J~homomorphisme

Let @, be Y) , the generator of the stable 1estem of
homo Lo, y groups of spheres, and let o ¢ <as_1, 21, 86) where
o 1is the class of the Hopf fibring of 8'2 over 3%, 1 1s the
class of the identity, and { >  ueans the Toda secondary
camposition as in [ 49 ] « One might conjecture that 0y
(and also a 1 ) induces by co position a non-zerc map of vo
If this were trke, then exarples of the type allowed b. Theorem 52

exiat at least whengver q is 7 and n is congruent to 1 or 2 =0de s



Remprkee For n less than 3, parallelisability may be decided by
special argunents. ¥hen n is 4, all oriented bundles are products,
and have parallelizable total spacs by Theoreme XII of | 2% ] .

When n 3is 2 and q is at least 2, the opening remark of &5 spplies.
then n is 2 and q 4is 1, either ap eal to the theorem that all
compact orhnhbioz;mnirolda are parallelizsble, or elss note that the
bundle is prinaipal, so the bundle along the fibres is trivial, Thus
T(B), which is the Whitney sun of T(8%) 1ifted up and a trivial
line-bundle, is trivial,

Suppose that the differentiable structures on 8" and 8% are
changed, Then the tangent bundies remain unchanged by "(4) —> (3)" on
pet350r [ 3/ ] , and euge peBof [ 3%] . Thus the results of
this chapter remain unchanged, I do not know what happens if the
differentiable structurc on the total space is ohanged without
respecting the bundle structure,
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Chapter IXI  paralleliesbility of Stiefel Manifoldss

In §6 we phow that the classical Stiefel manifolds are
s-parallelizable, and deduce that any Stiefel manifold which is not
& sphere, is parallelisable. Ve show in § 7 that the same method
applies to the ootonionic Stiafel ranifolds defined in & 8 of-[24 |.

86, The classical Stiefel menifolds,

We adopt the notation of section 1 of [ 25| in order to
treat the real, complex and quaternionic cases simultaneously,
Thus let on.r denote the Stlefel manifold of orthonormal refreces
in n~dimensional co-ordinate space over any one of these fields,

Consider the ladder

L] [} [} —> 0O —_0 = Bdn.1

(4] s O — 0 ny? n,1

a n,n nyn~1

where & 1s the dimension of the basc field over the reals., Any

dn~1
oommtbiem,inpartwnaron, is parallelisable ; and S
is paralleiizable only when dn is 1,2,4 or 8,

Theorem 6:1s The Stiefel manifold © a,r is s-parallelizeblc,
Corollaxy 6e2¢ I r As greater than 1, then O . _1is parallelisable,

The corollary follows using Theorem 441, since whenever r s



greater than 1, the mod, 2 homology of On.r is the sane as that
of a product of two or more spheres, at least one of which is

odd=-dimonsional,

Exoof of Goie Lot N Dbe greater than {n(nel) and let Py
dencte the Nedimensional oo~ordinate space over the buse ficld Fe
Let F,. C Fy be tho subspace of vectors whose last N -r
components are mero, andi let '8 -n’ be the sudspace of vectors
whose firet n components are sero, Let Or and O!Mx' be the
corresponding subgroups of 0“- Denote by BB the homogensous
space oﬂ/bax on.n, where 8 1s any positive integer up to ne
Consider the ocmmutative dlagras

Pfl Pf ‘a‘f" P3 E’ -y

e o —+’°n,r - On,r-i__> * —>°n,2—_*"'n,1
R |= =
2] ‘Lr 1 Qs 2 QU

« » —B s B rt o« B, B B

Here Tr is induc:d by the incluaion of 0n in OB’ . is
obtained by suppressing the first vector of each r~frame, and q,

ig induced by the similar projection of ol‘%,ﬁ-mr to OM,N-mr-V
Then ’rr ias & classifying map for the vector bdundle g:’
associated with the (nere1)-svhere bundle whose projection is

Py § 808 Qoo o ecQ T, is a claesif;ing map for §: & ar
(ihitney sun with dr trivial real line-bundles). But

CPEL LR 0°Q.° T, is equal to q,-’(‘,-pze. *Pp s and q1=’t‘1

i the constant tap, hemoe the stable class | 5} 1 sero.



A

¥e now prove the thecrem dy induction on r . First C is

ny 4

the (dn-1)=sphere, which is separellelizable, Assume that on.’

i3 s-parallelizable, Then from (1.3), {T(on.ui)} is equal
* Vv

to  p.4 ( {T(On")} + {gr} ) which 4s zero by

inductive hypothesis and the above, Thus On.”‘ is

s~parallelissble and the induction is complete.

An alternative proof due to ¥.F, Atiyah, of a stronger result,
is aketched 4n Appendix E,

Demmxke Forany r, on,r also bounds a parallelizable

manifolde For r = 1 this 1s clear, ‘hen r is greater than 1,
v

asscolated with E r-1*

conaider the ball bundle over 0n,r-1

Its total spece is s-parallelizable as for On.r;azﬁhenoe

parallelizable since it is amenifold with boundary. This boundary

is Qn‘ro

Let Im’ 2 denote the ooctonionic Stisfel manifold defined in

§8 of [24 ] « In the next section it will be shomn that ¥
i

is the total space of an oriented (Sme9)-sphere bundle over the
(8m-1)~sphere. Sinoe w, ,(B30) is sero, and by (143), (23),
it will then follow that Ym, 2 is paralleligsble,



Recall the definition of ocotonlonic Stiefel spaces fxrom & 8 of

[ 24 ] o Let F be the Cayley algebra of cotonicns (sec e.ge

§ 2045 of [ 47 ] ) and 108 F, be the m=fold Cartesian produst of
P with itself, vhere m > 1, Apointof P, say x = (X;,X ¢ o+ %),
with x, € F, 18 referred to as an mevector., The imner product of
mevectors x and y 4e defined to be the ootonion :t{;r‘1 + ¢ o * x"ir'-
vhere Yy r denotes the conjugate of Yy Length and orthogonality
are now defined as in a proper veoctor spuce. By e k=frane in Fm we
mean an ordered orthonormal set of k ww-wectors. Let \";‘,k denote
the space of keframes in F (with the cbviocus topology)e The projection
of xm,k into xn,l’ where 1 <1 <€k, ic dafined b, suppresaing the
firet k-1 vectors of each keframe., In particular for k = 2 and
l=1, and m> 2, we denote this projecti n by P 3 Ym'z ——>—Ym.,.
In §8of [ 24 ] it 1s inalcated how to prove that Y, p bas
a local product structure relative to p .

Zroposition Jels Ihe Sticfel nenifold ¥ . _is the total space of
e wi ) 32) .

As an auxiliary for the proof, let Y k. be the spece of ordere:
]
orthogonal sets of k m-vectors, in whioh the first vector is nonegero
and the others are of unit length, In particular !m 1' consiasts of all
»



non-zero m-vectora. Note that Y is contained in Y ‘Y.

myk tet
The projection p' !m'a' —_— Ym’1 1, defined as for p
Let GL(8a~8,R) denote the full linear group of dimension Bme3

over the real meibers,

Lomms 7.2+ iith the abowe notation, Im.a' is the total space
P :

of a fibre bundie ¢ with fibre !m_‘.1',_m_xm.1 and

sxoup  G(Bn-5,7),

Erofs Following T8 or [14 ]‘. let ViC!m’1 be the
subspace of all x = (x,, + ,X) such that 11140. For
each 1 define

by 4/1(1.3) g ((y1! e ‘l§1l . ‘lym)l 1)

where (7,%) € (V) and (yys o 45,0 o ay) is the
mevector obtained from y by onitting Y, o Then

(790 o .91, . .ym) is in ‘x"“_;“1‘ « Por sup;ose it vere
the zero vector, Then sinoce Z:xj;?:] is sero, xi§1 would be
geros But x, £ 0, and the Cayle; nurbers form a divislon
algsbra, so ii » and hsnce Vg0 would be zeroe Then y would
be the serc vector, which is false since (y,x) € ¥ 2'.

my
By its definitin ) ; 1= continuous, Let

-t
. L} [}
¢, : L' x Vg —— 0 (V)



be defined by

q)i("x) = ((313 . 0“1,13/""(59‘).510 . nmmﬂ}’ x)
where

Max) = = (aFe o em (T ea® e . "“w-ﬁm)if

Since x €V,, Jt(z,x) is well-defined ; and Fpi_(::,x) is
an orthogonal peir, for the inner product of ite m-vectors is

R W A /u( z")xi"”ixiu* RS SPE or

it b MRSRGI T L PR A b PRMR S e T
- - - — = -
= (o Re o vz (K gom® g0 0 0n X077 )y

Thig is zerc since the subalgebre of P zonerated by any two
elements is associative, The firat vector in the pair 4’& (z,x)
is non=zero since s is non-zero, Continuity of - ¢Ji foliows

from its definitiom. Clearly Y, P, is the identity -a-

' -1
of Im—1,‘| xVyo If (Jyx) € p' (Vi), then

¢i L/Ji(yﬂx) = ((}10 L] lyi,s‘l/"l' 'yi+1. . ’:)1'..’.;)’ x)
— - _ e =
where /M a - (3’111* ¢ Pt ®i a1 Y1018t *y-:xx;‘l)xi
e - (- :y-_.il)fz;‘.b"1 since y 4s orthogonal to x

a Yy since the subalgebra of F generated by

two elements 1ia asaociative,
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Thus <P1 is a homeoucrphism with inverse *(/i o liow suppose
143 PForany x in v, n VJ s let 8.11(:) denote the composition

-1
¢

-1 .
Ym_,'1' ¢i.x—> ' (x) -—Ep.i.xq Yo e

where c#i’x(s) s ¢,(2,x)s kasume for definitences that J is
less than 4 . Then 3,51(‘) is the homeo orphism sending

('1. * '85;1—1) to
/N -— - -
(a', . 93 . 21.1.-(51114' RTINS AR TP x )I:l"i’ . 33 1).

Using Len a 7.3, this explicit formala will show that E,ji is a

continuous function of V. n V, into GL(8n~8,R)e The prvof of

J
Lemua 72 will then be complete.

Leuma 7eJe Let A be a linear alpebra of dimension 4 over a
( pommutative) field i, Denote by A" the a~fold Cartesjian
produot of A with itself, Let 6: A" — a" be given by
G_(_h. P nﬂm) = (ﬁ". ® ;&:‘_) Whﬂ_!_’g___&i = %‘ Ajbu_flg_!_:

- s O
fixed b,, €A o Suppose that € is one-one onto, Identify A~

Proofs By the explicit form of € and the fact that 4 is a
linear algebra, O is K-linear, It iz mon-singular since O

is one-one onto,
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To obtain the desire: reult about the 854 above, apply Lemaa 7.3
with F for A, R for K, asdwith 0, ana 6, where

91(.1’ . .'m") = ('1. . ’QJ. ° '31.1.(11%4‘ . *zrx«ﬂim)"i’ ° .‘w')

_-
82('1' « 28, 4) = (5 185 0078y 4% 10840 ¢ 024 )e

Ercof of 7s1s Apply the first part of the theorem in 3 12,9
of [ %7 ] tothe tuntte 2’ of Lemma 7.2, This gives a
co=ordinate bundle with projection «* 3 B* —— !m.1 N
co-ordinate neighbourhoods | U,} say, co-ordimate functions
f).'j" !m-1,1' x UJ — r‘"(UJ) and group O{8m=-8,R) ; and
a linsar bdundle equivalence

[ ] [ ]
o —— r
K / ot
!m,‘l

Since the group of the new bundle is O(.m=i,?, there is an
assocliated unit-sphere bundle, with total space

B e Yo Laxuy,

and projection # and co-ordinste functions f 3 the restrictions
of = and P:i' I claim that there is a homeomorphism h

making ths following dlagram commutative 3 -



h

B — T,

\ /p
I

Such an h will induce a sphere-bundle structure on !m,a
relative to p . To dofine h, identify P_with Ry .
For any x 4n !m.‘.let x* be the (8m~8)edimensional

subspace of R&orthogomlu x in the Cayley sense, and let

gt p"‘(x) — xt

be cbtained by suppressing the second vector of each 2-frame.
Then for each x in vinu‘,,

A
[ ]
Pyxd Yoty — F and

-1
Cpi.x hx fj,x : Y::x-‘l 24 —_>'Yn14-1.1

are restrictions of linear transformations of R. . (the first

by definition of ¢i’z. the second since h' is a linear
vundle equivalencve), hence so is

R
| L

Now fjx a1, 1) is w (x). Thus h} takes a"‘(x)

homecmorphically onto a subapace {(y.x)} of p* (x).

Gx is & compact susspace of xt suca thnt any ray in x+

fxom the oriiin meets cx in exactly one point. Thus there in



i
e
L 4

k
a fibrewise homeomorphism/of \z{(u,x)}scc onto X 5.

Then k(h'|B) is the required homeomorphism b .

i h,' s B ——>Ym'2' is another bundle equivalence

giving & fibrewise homecmorphisn h, 1 B —> Y, o then

By 1™ 15 a bundle equivalence of the two sphere-bundle structures
on Im.z ¢ Any two choices of reduction of the group of §/are
equivalent in 0(8m-3,R), by the second part of the theorem in

81249 of [4"71. Thus the sphere-bundle structure on Ym’g

defined above is independent of choices. Sinoe the base Y is

my 1
homeomorphic to the (8m=1)egphers, the bundle is orientable, and

we get an oriented sphere~bundle structure on Ym.z

to p ; this structure is unique up to orientation,

relative
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Chapter IV A Lema on Coho:ology Theories of Certaim Manifoldss

§8, let M ve a smooth, connocted, compect, n-dimensional
manifold without boundary, and let 7V be a stable normal vector
bundle of M 3 so that Af k isthedimmsionofthot‘i‘brein v,
k>n. Let u” denote the Thom complex of V (sse 429 of [ 48 ]).
Throughout this secticn, ordinary homology will be taken with integer
op-nod-—2 mqtﬁcimta.mwxw-wh—h
the-elassical-senss, By a 'umultiplicative oohomology theory' we
shall nean the same as in [ 18 }. (See also Appendix B.)

If h 4a such a theory and P isapoinf, thon there is a unit 1
in h°(P). Yhen h 4s dcfined on a category of rairs of spaces in
which cech space X has a base-point x,, we denote by h the
‘reduced’ iheory, B'(X) = hT(X,xy)e We say that M is
heorieptable Af there is & fundamental class U in h'(s”) such
that (1) (U) = (1) where ¥ denotes k-fold suspension

and 438 — Y is induced by the inclusion of a fibre in

the total space of VvV o (See for exau,le p.8 of [ ‘XJ.)

Consider the prinoipal deccuposition '\, e of M (see 81)e

then  Bi(£) 1+ Biu) — FHs™") ssseroforeny 1.

ror the proof we requiée the following lewia 3



Lemua 8,2,

This lemna is well~-known, For completensss a sketch proof follows.

Supposs that ¥ 4is smooShly embedded in a sphere S5™* with

k> nefe Lot A be a tubular neighbourhood of M in 8™,

Let A denote the boundary of A , and B the alosure of the

complement of A in S™%, Now A 1s diffecaorphic to a

neighbourhood of the zero cross-section in the normal bundle » of
the given embedding of 1, so we vay take Mv to be A/A’

Consider the mp X 1 8™F . s™/

[11]

A/;\ obtained by
collapsing B to a pointe This induces

mk J* nek x g
Bad8™ ) — = B (8708) Goigmn  FaadMhe

But j* is an isomorphism since B is contractible in smk.

andthnlemitoum

Proof of Se1s Sinoce the arguvent will be at the homotopy level, we
ghall identify M with M've end Vv with the bundle over k've
induced from it by some fixed homotopy equivalence of M've with

¥, Subdivide M to obtain a CWecomplex X such that the restriction
of ¥ to the closure of any cell of X is trivial, Let 4 be an
open/cell of X oontained in e . ‘rite N =X ~d and let

g3 8" —~ N be the attaching usp for 4 in X. o havea

dlagram :



e

wvhere J is the inclusion, r a deformation retraction, and

reg is homotopleo to £, It is thus sufficient to prove that
Wg) is mero. Now give the Thom complex ¥~ a oell structure
in which there is one {i+k)-cell correspondiing to each i-cell of
X, and one O~cell, Let o c M’ ba the (nek)=cell corresponding to
A, write Lak =0, andlet 131 S™ 1 — L be the
atteching mep for ¢« Then L 4s the Thom complex of V| N,

and sntk-d

irduced from Y|R by g. Since v is h-orientable so are

is the Thom complex of the trivial bundle over S™

VIR and g (»|N) . Applying the Thom isororphism for h theory,
(see Appendix B) we get the commutative diagram

RL) N1) Tk g1,
b2d | r2d
nim) hg) ni(s?:,

It is now sufficient to show that h(1) is zero. By Letma 8,2
the composition
smk A MV P M7L - sm-k

is the identity, vhere )\ is the collapsing mep used in 8,2 and



P ooihpau Le Henoe Ah'(p) is monomorphics Consider the exact
h sequonce of 13

e o i) WL Gty gy
Ul e p)
. /ﬁ'

The triangle ocmmtes where ¢ means suspension, since the h exaot
sequence of 1 is that of p moved two places along (see Sate 5 of
[4-5 ]). Now eince Hp) is moncmorphio, 1) 4s zero, as
required,

Remarkse A manifold is KOe-orientabls if the group of ite tangent
bundle may be lifted to the appropriate spinor group, or equivalently
if its firet and seocond nod 2 Stisfel-Whitney classes are zero (see
Appendix B and §26.50f [ /1 ])e

Tho hypothesis of h-orientablility cannot be removed from 8.1,
For example if h is ordinery integral cohomology end ¥ is
non-crientebls, then the lemna would irply that the pinching map
% —» S® induces & monomorphism K(S",2) —> H'(K,2), sldch
is falge. Again, let P denote the conplex projective plance

Thic is orientable but not AD-orientablees Coneider the KO oxact
sequence of the Lopl mep n: 33—» 32
o ﬂi 1 ) _L ﬁcini(sa) _s x’( (P; — ¢

Here 7* is ron-zaro when i = -5, by Lemaa 2 of [30_7.

an
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Let 4[1,'!] denote the set of homotopy classes of maps {rom

X % Y, Let S8 denote suspension.

Proofs Vrite n=2m. The fibring 5° —SrB50(n) —-eB30(net)
(cefe &1) gives rise to a commtative diagram

[m6',5%) —%= [ae,ps0(n) —3= [me,Bo0(me1)] = Ko=)
13:" | lsf* lsr*

[s“,s“) —ka, ‘[s“,aﬁo( n)] A, [s“,nsn( ne )] = To(s%

where sach horisontal sequence is exact at the middle stage,

tad .
Let o<[3.,5%0(n)] » Then SF1(a) =0 by 81, s
no3f m= kef for some S c[s”,s“} o Now

se* ¢ Wiar,z) ——— HY(8%3)

is zexrc (for example by 3,1) so k-7 induces the zero
oo prphisn on nedimensionsl cohomologye But ¥"* ie nonezero
on the wdversal Suler class, hence £ is trivial and the result

followss



Shapter V Almost Complex epd Stably Almost Complex Structures.

Given en n~plans bundle ¢ over an n-manifold M, which
n-plane buniles over M are stably equivalent to 5 ? The
formal answer is easy : specialising to even-dinensional spin
manifolds we obtain an effeotive answer which extends Théoreme IX
of | 22 ]. ve use this together with K and KO theory to study
the existence of almost complex struotures on even-dimensicnal apin
ranifolds, in partioular om products of spheres and on sphere-bundles
over spheres.

The 'formal answer' is contained in  §9 In §10 we study
Buler olasses in the setting of § 9¢ Ve recall in §11 the
classification of 2neplane bundles on the 2me-sphere and 4in  § 12
we oxtend Thécrems IX of | 28 |, The relevance to almost complex
structures io shown in §13, and 4n  $14 and §15 we deal with
produsts of spheres end with sphere-bundles over spheres.

§9+ Stebly Equivalent Bundles.

Let & be s C_ topologicel space (see 11.3 of [47])
baving the homotopy type of a finite CW-complex H'ufe » Where
the dimension of the subcomplex X' 12 at most nel , and

£ 5% . '  attaches the n=cell e . We shall identify



Sle

M with M'U, e by some fized homotopy equivalenos. 4s in 19,3
of [4-’7] » (oquivalence olasses of) bundles over X may be
identified with houotopy classes of saps of M into an sporopriate
olassifying space,

Consider the following commutative diagram of Puppe sequences :
#
[s%mo0(n)] —F— [u,o0(n)] —F— [ur,50(n))

1, Jz* 11* (Set)
¥ *
[s%80(m1)] —3£— (,B90(me1)] —EF— (u+,B30(ne1)] .

The notation here is as in §1 of [ 43 ]: thus
Pe ¢ ¥ M is the inclusion , end Qf 1 M —> §°
collapses X's Suppose that asb < [1,B0(n)] . ‘e say that

a and b are almost equivalent if Pf (a) = PE(b), and that

a and b are stably equivalent if 1*(.) = i (b)e Since the
right«hand i in (9+1) is monomorphic, stable oquivalence implies
almost equivalencce BY 4e5of [43], a and b are aluost
equivalent if and only if there exists an o ¢ [s“, ?zSL(n))

with cea = b, where the dot denotes the action defined in 4.3

of [ 43 ] o ret I < [8%530(n)] aencte the kernel of Qf*i*.

Lemme 9s2s Let g,bE[m,Bso(nﬂ » Then a and b are stably
oquivalent A end only 4f b = cen for some ocl,




PIoofs Supposs that a and b are stably equivalent. Then

by the above, c.a=b for some oc [5%,890(n)] . By naturality
of the aotion, 1,(c)ei (a) w1,(b)s But by 157 of [ 2! |
for emmmle, 1 (c)et (a) =1, (a) & 4 _(a)s Honos acI,
Conversely if c.a=b for some acI, then 1 (a) = i,(b)e

§10, A Remaric on Euler Classen.

In this section homology and cohomology will be taken with
cocfficients in a rield F, Let M be as in £ 9, and suppose
in addition that H (M) has Tenk 1o Lot Y be any space, and
lot y ¢ HYY) be represented by the map y s Y —— K , vhere
K, Uenotes an Eilenberg-taclane spece of type {7,n). Let
e e(8%Y] anmd ac (/,Y) be represented by maps of the sace
naness  Ag before let QF ¥ — 8% coli.zpase M's Let
pi: M —> Mv8® pinoh the boundary of an ndisc in the interior

of the n~cell of M. Consider the following homolo. . ~cormmutative

N

yxy SXQL . g® __YBxyr  y xg

whore /\ is the disgonel map, i and J are inclusions, m
is the mltiplication on Kn end vV is the folding mep.
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Thus (cefs second part of proof of Theorem 15.7 of [2' ] )"

(0o0) (3) = @E%a*(3) + 2% (3) o « o (1061)s
%e cbserve that since H"(M') is sero, Qf* is nonezero.

For any orientable neplans bundle £ over ¥ , let
B(£)c HM) denote the Zuler class of ¢ , where the coefficients
are now rational, Apply (10.1) and the succeeding observatiocn
with n even, BSO(n) for Y, rational coefficients, and y the
universal Euler olass, This ylelds :

only i€ ®(o) = O,
Q 11 Zzplane Bundles over s2%

e recall the following theorem, for example from [30 ] :

Lroofs Let 1 T peq(80( 20)) — 7oy (30(241))  denote

the standard injecticn and p 1 7, 4(80(2m); — a, (s®)

the standard projection. Ve have to show that any X ¢ "291-1(30( 23))
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is doternined by 4(X) amd p(X)e When u 1s even,
,4(3(28)) 15 free Abelisnm of rank 2, and 1_and p, are
monomorphisms of the sumnands, When m dis congruent to 3 mod &,
#py(50(20)) 48 infinite ayclic and p s monomorphic, ~ “hen
m is congruent %o 1 mod &, consider the following diagram 3

'an(“zm) _° w,m_‘(so(am)) T ¥ oo (300 2041))
P*

21
v2m-1(s ; )

Fren [ 30, w, ,(s0(2m)) 1 tsororphie to 2@ .

Then p 4s a moncmorphism of the firet summand; while b; exaciness
»*

of the horisontal sequence, i  is non-zero on the second summands

Thus the theorenm follows in all cases,

§12. The General Casc,

Let U = K' U, ¢® be asin 810, with rational cosfficients
and n = 2m,
Theovem 12,3+ Let 5 and 71 be stably equivalent orientsble
mlmbundloaomazn—dimmioml i _as above, Supposs that

one of follo holds @



. p
e

Then % epd 7 are squiwelent if andomlyir E(Z) e B(71).

Proofe If £ and 7 are squivalent thelr “uler classes
are certainly cuul. Consider the following dlagram :

(6%,6%) —ka— [ s?,ps0(2m)) —2= [ 5*,550(2m1))
as™ l as* l&f" (12.2)
[ ,o2) %5 (u,530(zm)] 1 fu,gso(zm.ﬁ]

where notations are as in (941)s Lot a,be (i,850(2m))
represent stebly equivalent & , ! . s in 89, then
cea=b for sowe o ¢ [8%,B30(20))] with of 4,(a) = O,
Supposs that E(£) = (/] )e Then by (10.2), E(e) = O, and
in view of Theorem 14,1 it is sufficient to show that 1*((:) = O,
If o= 3wmodl, then [52,B50(2m1)] 1s zero and the result
follows. If (1i) holds, then & end b arc in k [4,5%), so
a ey be chosen in k (8%,5%] ana 1 (o) =0, If (111) nolas,
then by le.na 8.4 Qf” is monoworphic so 4 (o) = 0  Fimally
puppogse that m 1s even. Consider the diagram following, where
¢ denotes complexification, ch denotes Chern character (see 9.1
of (//]), and cobomology is taken with rational coefficients :



4O,

Ro(:') —2—  Klar) —B . ®Y(@)

l“* se™ seX (12:3)
~ ~ ~

o(e®) —o— Fs™ — ., s,

The lower ¢ and oh are both monomorphic (see for example the
First 12 lines on pe28t of [ 22 ], anapa9or [ ¢ ).

The right«hand 8¢ 4is zero; for Han(si.') is zero so

et Iim(a‘s&) e Ha'(u), being an epimorphism between veator
spaces of the same finite dinension, is monomorphic, Henoe tlw
left=hand Sf* in (12.3) 4s sero, so Qf in (12.2) is
nonomorphic and 1 () = O

Corollary 12.4e Let & satisfy the hypothesis of Theorem 12,1,

Let B < 30(2m) be a closed subgroup of rank less than me

Let ¢ be a 2m-planc bundle over i which is stably equivalent
to en H-bupdle, Then ° is equivalent to an H-b.ndle if and
only 82 =(%) = O

Propfs Suppose that £ 48 equivalent %o sn H-bundles Then

gince vank M < m, E(3) = 0 Let J: By — B30(2m) denote

the injection of classifying spaces. Suppose that X( ¢) =0,

and that g ias atably equivalent to .1*(') J for sone 1€ [Z’:’.,EH] .
Then B( L) = 0= (J,( 1)), and the result follows oy (12s1)s



§13. Almost Complex Structures.

Let M Dbe a smooth oriented 2me~dinensional zanifold.
Let T (i) denote the tangent bundle of M, and {fr(u)}
its stable class, Let r s K(M) — KO(K) be induced by the
1imit of the standard inclusions U{p) < S0(2p)s Ir the group
of T(M) oan be reduced to the subgroup U(m), then M dis
sald to adnl ptructure (seces.)s If {T(H)}
is in the lmage of r, then ¥ is said to admit a stebly
alrost complex strusture (sea.c.s.,. (CUther names fOr Se8acess 3

'generalised almost complex structure', pe126 of [ 22 |;

'weakly almost complex struoture', pe493 of [ 12z ] o)

Since the Chern classes of atably equivalent unita y bundles
are equal, we can define the mthe Chern class °,;;(’) for
z € E(ll)o

Iheoresm 13.1. Lat X be a swoth oricnted 2u--anifold, and

Pzoofs For the necessity of the condition see 8 41,3 of [4'7].
Suppose that such an x exists in e {T(M)} « Consider
the Pfollowing commtative diagram @



Ll

fﬂ.BU(m)] 3 > [4yBU |

l” l‘r (13.2)
( ,B50( 2m) ] [ ]
where 1 and J are injeotionse Since M is ?medimensional,

1 is onto, Hence there isa y E[H,Bu(m)] with

3r(z) = 3(v(w)y GME,((:( ().Y) = o(x) = B(T(M))

The result now follows by Theorem 12,1s Since i 4in (13.2)

is isocuorphic, there corresponds at most one 8,Ce8. to each B.8sCoBe

&1,

Since 8Pxs% 1e s-parallelicgable, it admits a s8.a.Ce8.
If p and q are odd, then 8Px 7 1s parallelizmable by
Théorene XI1 of [23] » 80 8°x 87 aduits an asc.ss Now
constder 8% x8%%, Let

s Ty g % | %

denote the projections, and 4 Spr s(q —_—_ 32(9""@)

the map collapeing the axess Virite 8 = piqe Then /f('( SZPX saq)
is isomorphic to K(5°%) @ S (%) ®K(5%3) wrere the direct
s decomposition is induce’ by 7 » Wy and e Let

tc K(s%x5%Y) be xo,0z with respoct to this direct sum



Then by the mltiplicative property of the total Chern class,
oft) = 7 (x) + vi*(op(y)).r; (o.()e

Hiow for any ue!’?(Sa“). om(a)' is Alviaidle by (m.-d)!

(by the corollary on peS6 of [13 }). Thus o (t) is dtvisible
by the highest comion factor (hec.fs) of\s-1)!  and

(=1)! «(q4)]  Now the Buter characteristic or 3%x 82 44 1,
Hence by Theorem 1341, if 5Px3°0 adnits an m.cess, then p

-

Sinee 82 ang °
&d.mit aﬂclll (m ‘b1'21 “ [4"7] FY) a0 (% 82"32. Bzx 36

ol 36)( 36. The direct sunm decoupositicns of i(s xlszq) and

and q st belong to the set {%2’5}

o~

ﬁ)(s@xs“‘) given by tho maps 1 , ¥, and %, are
ocrpatible with r 1 K( ) —= 720( Je Thus sinse 3°Px ;24
is s-parallelisable, ' {T{5%x3™H} is the set or

all xoyez 4n ﬁ(s'@x S‘Oq) with each of x,y,& in the

kernel of the ap ropriste r,

Case 1: gtxgb

If ¢t = X®7©0% 18 8 BeteCeBs, then x is diviaible b, 2,
and y = 0, Hence 95( t) 4s divisible t; 2.(1»!) » and 8o

3%x 3% does not ednit an asces.



J,
Came 2 : 3'xs™.

liexe 1 E(S"’x sl") — !::B( 8"x 3‘") is monomorphic, so
the only s.8+Ce8, is sero, which does not have the ocorrect o,°
Thua s"x s" does not adnit an a.Cets

Game 3 : s2xg".

The 8.8.0, struotures are, all xoy®0 with x¢ ﬁ(sﬁ),
and ye7(S%) aivisible by 2, If x' genorates (%), then
oj(2x'@y00) = *&(T (5°x 3%))s  Thus by Thoorem 1341 there

exist on infirdte number of distinot a.c.s. on 5°x S%

%o note that the ascess on 82x 32, 82x 56 ana a6« g

are unique up to bundle equivalence, for a fixed choice of
orientation of these manifialds.

Next let P be any product of spheress Then P admits
B BeBeCofle Bince it is s~parsllelissble; and if any one of the
gpheres is odd=dimenaional, then P is parallelisable.

0}

lLern a2 Lot P _derote the product S, X8, X » X n?
shere S, is & zdioaimensioml sphere, and 4.7 e Suppose
that P _eduits an a.cess Thon for each i, 4, ¢ {1,2,3}.

o200l Observe that E(P) 1is isomorphic to ZG, ';?(‘;;‘-“JU”))

wiere the sumnation is over all non-eupty subscts o of



45

{102 o« ;n} amd ¥) = 2 4. (This follows for
exemple from § 3 of [5 2-].) As bvefore, the top Chern class
of P is therefore divisible by (di-‘l) ! for any 1+ The

result now follows since the Puler characteristic of 7 4s 2° .

Theorem 4% Let P be the product of 1 of 82,

A copiesof S° and n _oopies of S o Then i edmitas an
Y such tiat

X+3y = 1e

miore the binoudel coefrficient ()_is dsfined to be sero if 1<3

Lroofs Let u, denote the fundamental horology class of P,
Consider the expansion i(i’) = %ﬁ(sa"(” )) as in the previous
proofs AN a.ces. exlate for P if and only if we can select
(a) a set {cgs o « piy ) oOF subsets of (1,2, . . ) such

tat Koyt o o +J(cr“) & Zlelmebn (t_no dimension of P), and
(b)a 5, ¢ fc’(sﬁ("i)), for 1 = 1,2, « + ,N, in the kernel of
r o (sogly 75(32995)) guch that

<°j(c"1)( §1). PO .OJ(“'}J}( §N) N uP> = zl*mﬂ!

wmore D denotes the Kyonecker bracket, Thus each J(c,j
st be dn {1,2,3}. since rsK(s*) — i5(s*) 1e
soremorphic, ;j(c'i) must be 1 or 3. The pumber of ¢, with
3(0‘1) =1 is 1, and the number of ¢, with J(cri) =3 1is



mlx»(],‘). i &« E(SZ) and 7 ¢ Tfas) are in the kernel
of rt ¥ — Ko, then 0,(4) and o,(7) are divisidle by 2
The vesult now follows b, considering the ways of choosing x

cories of 82 and y oopies of 36 from the oollection of 32"(“1) .

§15. As0e®s_and BeneCess on Sphere-bundies over spheres,

Pyoofe Let the projection of £ ve w:B— 8%  uppose

that B adnits & "e8eCe8. Let §V be the vector bunile
aseccisted with & o Themby (1.3), « {£") 1s in the
inage of © t K(B)— KO(B), Consider the following

comutative diagran 3

flere we use the cell struocture B = 59 Ve a®ue™? (section 3



Lo

of [ 27 J) i o aw|s?U e% ) 1s the suspenaion

of 6 ,and p collapses 8%\, 6" Since q and n ar
odd, the right~hand p* is onte, Since n> 3, B 1is a spin
manifold, and by Lemra 8,1, sach p*in (15.2) 4is zonomorphic.
Henoe o "{{'}cInage p*, s Ko*{t'}e O, It follows
that £V /\*R'E(sq“), 80 by Theorems 2,1, 2.2 and 2,3,

B 4s parsllelisable,

The questions of existence of a.cess and of s.a.0ene for
sach &8 B ooincide, aince 4f B 1s paralielizabie, then it

admites an GeCeBe

Proofe If either (1) or (11) holds, then { £V} is in the image

of r: K(3D) — #o{8™), hence vr*{f"} is in  x{* (%)) and

by (1.3) B aduits & sca.ces. Let < v (s¥') veasin §2,
lot p:B —> 33 be the map collapsing S e, and

let 131 87— B be the inclusion, Then B/jq has the



11““.) [ ]

homotopy type of 8 Vsm-q snd for any space ¥ we have an exact
sequence as follows (c.f, §23):

[s“"’,r] ——L[ 8",Y] & [s™9,y] —L [B,Y] ﬁ_,[s ,1]

whore it 1 8™, 9B i the attaching map of the (neqet)-cell
in the Thom oomplex of £, Hemce when ¥ is BU or BSO, A*= 0
by the Thom isomorphism theorem (o.f. 3)s Consider the fibring
v—X,0 -8, O/g» BY 1.7 0f (147, 0/ has the weak homotony
type of the loop space on O uﬂsomhmthomtatiwdiagvm

of exaot sequences following:

~ ot q A* ~, N ~ neq ”-; * ~ 1* ~ q
—# K (8%) ——— X(s"® (s ) 2By %(B) —25 R(8%) —

~ rl ol ~ rl Ao ¥ E‘; * rl'
—9K0.1(3q) 4} RO(S“)@E?O(BMQ) Zop; KO(B)—ia RO(s%, — (15a4)
4 d L
80 HsY) —2 . 5 (s pio(s Pea) L"P:'B"(B 430y,

Suppose that n Z0or 1t mod 8. If =x genoratea é?)”(s‘""‘),

s(x) generafes #~'(s™), and from (154)s (%) 45 4n the i w-o
of r: ¥(1)—x0(B) 4if and onl; if a(x) dis in the image of
AR Y 7™ (sP). e recult follows using Theorem Se2,

Remarks on (131)s An example of a G-sphere bundle over S° with total
space aduitting a s.m.c.as. although it is not s~parallelisable riay

be cbtained as follows: aince the boundary
d 1 my(89) —— 5 a(s0(6)
in the homotopy sequence of the



standard projection p i 30(7) —> 8° s sero (see for
example pa162 of [ 30 ), P, ! "8(_90(7)) —»va(aG) 18 NON=~26Y0.
4iso the injection 1 '8(80(7)) _ crs(so) is non-zero since
#g of the real std.gfel manifold 010,.3 is zerv (see for exa: ie
Bel133 ot'[ 20 _]f).. Thus there exists a X in qB(SO('?))
with 1 (X) end p (X both nonesero, By (111) above and
Leara 2 of (30], the bundle with charucteristic element X 4s
ag requireds

Is there an (8r+6)-gphere bundle £ over the Bs=sphere
with { 3 v} generating KG( 385) and total space admitting a
Sa20eBe ? For r s s-1 the answer is, "No", for
P, : wg‘.'(so(as—n) - "aw(saw) is zero whenever s>2
5, Theovem 1 on ;4162 of [ 30 ], while any clement of u-7(szo(7))
has stable class a miltiple of two (see for example [ 50 ] ).

If s>2re1, then w88_1(30(8m-7) is finite (sec for example
“roposition 10.2 on pe147 of [ 4 ) and Corollary 2 on pe283

of [ ¢s ] ) o that any {ire6)-sphere bundle over the Sa=sphere
is then stably triviale For fixed r, examles of the type
aas:od for exist for at most one 8 in the range rel< s <2rei,
vor supvose X € wy. ,(SO(ire7)) is such that i ( X) and
;*-ﬁ( X, are nonwsero. Let X e "8;'-1(30( ire7))e Then
1*()(/) is a multiple of two if &' s while p*(X/) is zero

ir s'<se

The table n [a.o] shows thot Wy (Oq,z N'Zz; the retui'rel result  viow .
from the bhometeopy <wxact sequence of tue ‘f"""""‘j O:o,s —asl

§ ollews eq.

and Theorem 2.1 of [4.7],



il

Zheorem 1595+ Let B be the total space of an oriented g-sphiore
b the n with n If B t
A0 BeCemas then gunc{2,4,61.

The proof will use an integrality property of the Chern
character of any element of K(B)s For any prime p, and any
intezer r, let V r(") dencte the highest power of p dividing
re Let o{r) be 2 if r is 0dd; if r is oven let m(r)
be 2 ';' Jp‘p"u’)"1 where the product is over all primes p such
that p-t divides r, The following theoren is a mdld extensicn
of Theorem 9.7 of [ 3 ] 8

Theorem 15,6, Let X _be a CW-oomplex with cell structure

e(;’\:_a"va . uer where the diuension of °1 iazni and

nr’“r—1> o » >no-0. Leat h1 dcmtea&eneratorof‘tha

igajye of H‘?niixr,g)_ in H%&'(X Qs Then there exist gemerators
§1l 523 « s §r for K(Xr) such that

oh é‘r o hr

oh §r~1‘ hr-i * Ar-1,rhr

L

b fy = By e Ay v e e w2 R

m__m___)si 3 are rational numbers such that
»

ﬂ u(nr-nk;. AS,’ is an intozer for each pair Sr.s}.

r>kz8



e

For a sphere~bundle over a sphere, we can improve on Theoren ..t

Theorem 158 with the hypotheses of Corollary 157,
{#)soh (£, ie in the inage of t.s intopra) cobonologys

Eroof of 15,6, We use a two-fold induction. ‘them r = 1 the
reault is welleknown. Let xr_‘ aenote the subcomplex
e, v e, Ve o Ve, of xr and suppose that generators

’ X b
Elo o - br 4 for x(xp,) have veen chosen to satisfy the
theoren for X, 4o Consider the & exact sequence of (X r,xM).

nince ’,"(xr__‘) and 'ﬁ’(xr/x 1) are zero, we obtain a short
Lo

exnot sequence, to which we apply ths Chern character
X ¥4 ~

oy |
l ch l ch ‘\' ch

* * . x A
H(PrQ) — H(Xa) — (X 400



3ince ch 4is monomorphiec on 32nr and on xr_", it is clear that

we may chooss generators §1. ooy §r for 'i(xr) such that :

¢h §r ™ hr
oh;r-d = By ¢ )r-i,r'hr

.Gh§1 - h1 + )\1’21'12 ¢ o o + A1,!"h!‘

where the /\i g for 3¢ r-1 are tiose given b, inductive
»

assu-ption, and /\11" o o 3 A are so e rational
’

r=i,r
numberss We sbhall prove that the conolusion of the thecren iolis

for ) ar by decreasing induction on s, Kecall that
k q
ok, qf = klen,

where qfk is dofined on p.615 oz“[ 2 ]. Suppose first that

\.[/k( §r-1)"“‘l §1+. ¢ *‘r§r

where the a

, 8re thus integers. Then applying ch, we obtain

nr n
kot hl"" + ,\r-—i,rk fhr = ‘1'31 ¥ e 0 '.'(8‘ >\1.r + e 0 Mr).hr .

W
ilonoce a..'. ¢ a‘r.zaoj ar.1=“f'|.m

ny Ry B
o, = Ar-".!‘(k - ar.1) a Ar_‘."r(k k Yo

Phus N\ x_.4”:,‘.(18‘* - k™) s an integer for all k, and by



the result from number theory recalled in Appendix D, ,
wn, -0 ) >\ 1,r is an integer, Suppose induotively that
Ad,r’ 1'[;-1’ dnr - ,‘) is an integor for all J with r>j> s,
Let \{lk( §.) = b, §1+ o o *brgr' where the b, are
integers. Applying oh and equating components we obtain
n,; n
(k k s) AI.!‘ o b“’ A”".l‘* s o *br
. 1 -

Now the right~hand side pmltiplied by rrizmel mi{nr ni) is
an integer by inductive assumption, Henoce

r (K77 k“")._,‘:,J;lm1 m(nr - ni) is an integer for all k,

and the inductive atep follows by Appendix D.

Corollary 15,7 follows by the osll structure on 3.
Ergof of Theorem 15,8  We have the following comrmtative
diagranm (cefs £23) 3
0 —> 'fi(sz‘v s?‘”"‘%) — X(B) — ) — 0
loh lch 1@1’1
g(s? v s —— #(,q) — B(5T,Q)
Thus there =xist generatoxs §, ?]. g for g(B) with
ch§ = ht
ch!? = hwt

chg shr+Aht #/Ahﬂt



Sloe

for mome rational }\, Me  Suppose that w:p“g‘ ™ a'§+ b7+ o0 ;-
&p.lying oh and equating components we obtain

a s At
v e u (kM- ),

Thus by Appendix D, the result followe,

L 1 With nypotheses of Corollary ‘51. P ( £
Lemma 15,9, the hypo f Coro 1 et
divieible by 1({r,t) wh 1 ‘

(1) &L x<ty s A Y/, M.‘!M”!/dz)
(=) el o

2) 4 rat/p Unt)sheeot (3r-0)l/pyo
r N/, am (e=010%

(3) AL = 80 UF.$) = heoefs of (21:-1)!/‘2“) and_ t(h1)!]2/2 ;

(&) ifrezt Mpths (=)l

(5 ALE28s £ 42t Hrt) =hof of (rt)!(e) apa
(r+t—1)!/m where m is the l.Cens of m{x) apd {tie

e

Eroofe Apply Rewton's relations to Thecrem 15.8 ant to the
corresponding result for r2>t, ecall that if the total Chern
clnss o(g) is (1 + xi), then ch § is %etx.i Thus Newton's
selotions hold between the Chern classes (elementary s nuetrie

funotiors c, in the xi) and the Chern chuiucter components



( syrmetric power sums I'J in the x,, wp to a nuvericsl factor).
for § s the only possibly non-gero °3 are O,y O, Opy O 40
Suppose first that r<ts Then the relevant Newton's relations are:

Case (o): t4 2v.

b S
lr+(~1)!trn 0

: t
By + (=) %, = ©

.. * (--1)!'0"::t * (d)tcrta‘_ . (-1)mt(“t)gwt m O
R
s, + (-1)1‘-9‘?81‘ + (-1}ttc'fta 0
8., * (-1)rc:'rst + (-1}%‘::!. * (--1)r"t(rd:}umt = O
“vo (a)y
Tt ® ("”mhkmt){swt- (("’”/r}'rse}‘
From (b),

{ 3’” - I jl 7
Oy ® {=1) /5:'{ S3p ()/eragr . ()) op” }.
How reinterprsting these in ter s of Chern classes and Chern
character corponents, and aprlying Theorem 1543, we obtain (1)
and (2) of “c..n 159 %hen rt, the oell structure of B

ic (Szrv S%) v ez(r“); the method of proof of Theorem 15,6



and 15,8 shows that for £ ¢ F(B), the followinz slements of
H*(B.Q) cowe froo integral olasses:

wrgv °ht§ ’ m"ohntg ’

vhere m 4is the l.ceme of m(r) and m(t)s Newton's relations
now give (3) and (5) of i.e..a 159Ys  The conclualon (4) follows
from a method o -licable waenever the fihrve dimension is divisible
by 4 and which 1s illustrated in Appendix 7'y This appendix
contains details of how Theorem 15,5 follows from Lemon 159 in
most cases, and special arguments required {or some low-dimensional

cascs



Chapter VI,  Rewaris on tie iiod 2 Semi-characteristice

We compute the mod 2 seniw-characteristic of the total space
of a differentiable fibre bundle in terms of the howology of the
base and fibtwe and the characteristic classss of the bundle, in
simple cagses. Throughout the chapter, homology and eohomology
will be taken with mod 2 coefficients. We emphasise that
"oanifold® will mean "oompact manifold without boundary”,

Considor a differentiavle fiore bundle &  with fibre
¥ and projection @i B — 4, (7ehof (! ]), where F ana
¥ are smooth connected manifolds of dinension q, n, respectively,
with @n odds Swpose that P is totally non~homologous to
zero, mod 2 (see for example pre170-171 of [ 10 ] Je  Ehenover
it is def'ined, denote the Fuler charsoteristic of a spyace A

by X (4.

Theorem 161 With hypoiheses as above,
(i) ir q 4is even, then X (B}

{(ii) 4f q is odd, then X (B)

m

X4u) X(F) =04 2,
X(u) X (F) moad 2,

Proofe Let f., m;, b, derote the ranks of Hi(F” !!i(u), ni(B)



A

reaspectivelys Note that ri, Sy l;:1 are zero when 1< 0,
Since the fibre is totally non~homologous to sero,

bi = Zj;mi-.i f.! (see for example p,170 of [ /0 ] Je

(1) Suppose q = 28,

By mod 2 oincard duality in P, f_ 3= Ty ®
> Sy
b B m + o e
i =0 -3 f f ey ey
llence y
% Joid 2
X (B) = Z bi
* im0
neg-1/, B g1/
‘ 2
= i%: B e f“ - Z f'. ( “(mi._ 3 + mi_( ft’j/)).
n+ge1/ >

Ay -— . - /v‘\‘, /;:;‘\ md_ :1:.
Heow t" = X(F) 08 2 80 i-OE ' Ty oy fa = X\L,X*\ J

Also, for any J,

negel/, (Deget/ ) =3 (n=ge1/,)4J
= gt o)) Ty e = &
1/ =]
= (n"‘q /L; mod 2’
neqet/ J¢d

nl

0 med 2, b -od 2 Poincare

duality i ¥, since
n - (meg=1/,=3 = (n-ge1/,)+3 «



(41, Supposs q = 2met.
A8 in the proof of (1),

_ mq-1/
X*(B) = §f3(§ 2("‘1-3 + :f;:i*‘j_q) ‘0d 2,

= X, (B) X(w) mod 2, since for any J,

“ mk?.': X (i) mod 2,

§1/s Case of a Sphere~bundle,

Let £ wve a g-sphere bundle with projection w# : B— [,
wiro M is a smooth comnected n-di ensional menifold, Gunnose
that mq o 28+, Let CP:I : Eil”q"1(lt) E—— tzi(:.&) denote the
homonorphism obtained by tarin: the cupeproduct with the Stiefel~
Whitney class 'q-ﬂ( £)e By the rank of a homomorptis.. of vector

spaces we ean the dimension of the inage subs: ace.

Theorem 1js1s ¥ith the above notation,
X0y = X)) x“a__lg_lll_(h!_'_1 ___od 2

“roofe Since the b mology groups of ¥ and B are finite-
dimensional vector s, ..cs over the coeff'icient {ield, their ranks
are equal to the ranks of the corresponding co.. Ology groups.

Consider the mod 2 cohu ol g, Gysin segenc. for &



> pd () B, H (u) B T ili»zx“‘“(rx) &*1, .

The rerks of H(ii), H(B) will be denoted by Bys g

rank of 4’1 by rie (So r, =m0 whenever 1<g-1,) From the

s b,y and the
Gyain exact secuence,

b = m

3 4 = F

iomi_q-r

iet *

Hence

X (8) = ; my + mi-q) - ZJ Ty 4Ty

“he first surcation is oongruent to X (i) mod 7, and the second

is congruent to Toed mod e

(i) ror the tangent sphere bundle tc a connected n-manifcld ',
the hosocorphism conoerned is VW (M) : BO(M) — 1Y,
which has rank O or 1 according as w (i, is seroc or
not, de0. according as X (ii, is even or odd. lemce
X (B) is even.

(11 1et £ be the fopf bundle S™ s s™"_5® iore n
is 244 or . Then w{ &) 40, wile X(s") is even,
8o 17.1 says that X*(ﬂznd) is odd, mich is correct.

Hemarks It would be sufficient for “heoren 17«1 to have a looally

trivial fibre space with a sphere as fibre,



/i,“1 )

When ¢ is a principal 90(qet)-bundle with total space B,
we write Bi(g) = B/SO(q-iM) (Cofc §',‘n

Sorollary 17,2, Let { _be a princiral 30{qe1)=bundie over a
manifold K, such that w¥3*%(£) 4 0 for some 4>1,

1f£ B,(£)_4s od-disensi-nal, then Xy(5,(£)) 1is oven.

Lroofe Vrite B, = B.(£). Let 7.t B, —> K De the

natural projection, Lot 7} gy e the bundle with projection

p; + By — B, , and fibre 5947 oteined fro. the inclusion
©o(q-ae1) < 8(q-4+2je  Then wIME ) 2 gF (W 2)) 2o,
and Theorem 17/.1 applied to 1’)1 yields

XJSB,) = X(8,_4) moaz;
but X8y 47 = X()X(0 4 ; 4) which is even,

Corollery 17e3. Let & bea stably trivial p.drcipal %{ge =
bundle over an ge-perallelissble/nanifold iis _Then REPIET
parsllelisanle whenever 1>2; oand B,(&] is paraliclisable
unless either

(i) m and g are mlr;év_z_x_‘uxw_g X (i4) is ron~zero, or

(41) X epd g areoddand neg 3smot 1,3 or 7.

Froofe By Corcllary 17.2 and Theorem 4.1, it is sufficient to
s-
check that B(£) is always parallelisable. This will follow

fromn (19-3)0



813  One iore Case,

Lot § be a differentiable principal fibre bundle with fibwe
80(qe1) and projection w : b —s .y vhere X 4is a samooth
connected n-diwensional manifold, Let 52 e tie total spaoco
of the asso-iated bundle with fibre t.e real Stiefel munifold

0 Let n = 23, so that the dimension of B, is 28+2q=1,

Q0r1 .2.
Lot

Bh'q(kd) w H (m\ w! Hi+q+1(

be the homomorphisms obtainsd b; taking tle cup=product with

wi £), wq”( § ) respectively, Let RI*3*! . pltat i, denote
the iuage of w'. Let s ¢ Hi'q(hi) denote the image under

w of the kernel of w', Let e Hi(il} denote the intersection
of' the kernels of w und w', “henever xeﬂi(t{), yeﬁi;‘d(u)
and seﬁk(iﬂ,‘ are such that xvy and yvs are sero, let

< x,y,z) denote the .anse; triple product (see .. 30. of [5 / ] J

et () of tie subgroup

wihose value 48 a coset in H""’J
B0 o 20 NG, Prom lines 12 on pusof [ s1),
the union of all the ocosets <'q( § Jo Y vq*i( I3 )> as v ranges

over T is a subgroup of HY“Uu); we derote it by (m T, W .



Zheorem 15,1, Yith notetion as avove,

X%(Bz) = rank <‘".. TB-E W'> + _ran nd+a +  renk 3° mod s

L£roofs let P bc the bundle with projection P Dz — B, and
fibre ¥, as in (17,20 Thus wX Ng) = " wY( £).  Since
X(B1) ie X(8Y X (M) whioh is even, /t‘(nz) is congruent mod 2
to the rank of

v i) v B%,) — Ea )
by Theorem 17,1 Consider the Gysin sequence for &1 :

- »® 2 z
. oouttetiyy W, ui(u)’ 4 B 1)——»" e, %

icoordinug to §3 of f_aé]: if xei.,, ;eH(B“), then

v (ug (v sl = xows, .. (1)
while if uwe€i(i, and veB(M} with uvv = 0, and WQ?1{§)"V’H 'y
thon

7 (o ve™(w)] = Game™'(£)) L L (2

Denote the subgroup ﬂ:(wG( §..),1 v 35(1%1) by %. Then from (1)
and the Gysin exect sequence, #(X) = 5% It remains to add the
rank of X nkernel ve ow oy exactness o the Syein sequence,

- - 'y 4 | n
w*‘ 1(JVC n rernel ¢) = 171 1(1‘1’:(wq(§ )V (0T,

= <W. TB—? 'W.> Sy (2/0



CI"\
i

Hence X N kernel v is isomorphie to the quotient of (w, T87% .

by <, T Fw) o ™4 tut ®®9 is part of the indeterminacy
subgroup for all the cosets in (w, '1‘"3 v'> » 80

RV cn, 3 w) , and  rank(X nkernel v) is equal to

rank <w, T"? v'> - rank R*%  The result now follows.

Corollary 18,2. Hith the hypotheses of Theorem 13,1, assume in
ssiition that w¥'(¢) 30 sero, Then
Xp) = rendoX E) v RTN0) + ren(wd(E) v AY00) med 2

irxoofe In this omse, the renk of (w, T"’?w’) is squal to the
rank of the indeterminacy subgroup wX &) v HP(M). Corollary 18.:
could aleo be deduced imiediately fro.. vart II of [2¢ ).

819, . plications

Lof § be a principal diiferentiable 30( qe,-oun. 1e over a
suocth menifold M of dimension n. Tith the notation of S17,
write B, = Bi(g ‘e tecall that 71 is the (qel=i)~-u  vre bundlo
with projecticn p, : B 3 B jot induced by the inclusion
SO( qel=t) C 30(qe &=i)e e obtain u courmtative diagram as folloun;

B, <«—P2_ B, L3 ﬁlu
£ et



g
As Defore, let  be the vestor bundle associated with ¢

A

v
{2"} its stable class, and £ the bundle alang the fibres.

: A
Leums 19,1, %ith the alove notation, 7 -is equivalent
v
.‘2...": L9

14
£roof. Ve first observe that ﬁi is equivalent to "}1‘_1 .

For, writing B = Bqﬁ’ congider the diarraa

90(q242)/ 55 goga; < B0 q4+z)/m( T gt

l ’
A
w

B — g

o
A

i
?il (19,:)

Bl-‘ ’

where 3, @ refer to the sundle aasociated with ﬁi » wWith
sphere fibre., Since the top line in (1), ) desaribes the
tangent sphere-bundle to sq*"z, by definition we have

BB Xggaet) S082gnoy)

B/%( i)

. Bi+1 ’

and 7 coincides with p, ,  The result now follows
imnediately frowm Satz Jelel of [ 23 ] .



By induotion on i 4t folliows that
{T(Ba)} = w ({Tn) « 13} L. (9.3

For 1 =1 this ie (1.3). Sup ose induotively that it holds
for iak2>1, Then

(T} = onh fre) 0]
o g (LT« G {t'h

by inductive hypothesis and Lem & 1),1s In particular if v is
the projection of £ , then {qet) v*(z%(- })) 4s» zero, since g
is trivial, Suppose now that M is an almost paralielizable
manifold and that £ is its tangent bundle. J.ot i denote
the 4th rontryasin class of i« Then B i is parallelizable
if either
(1) 4 1socddamd n%0:00 4, or
(1) n = 4m, and (iet) P (M) = Omd a m-z)!)s@;,
where a = {or 2 according as m is even or od, or
in case (1), !,':!(Sn) is zero or Z,, #0 (161 702" is ze o,
and A" p : ¥ — s? collapses the (n-1. -s cicton of |, then
{T(Bi)} is in tr;p"(hi) z?;(ﬁ“) by (iVe3)s Thus B, is
s=~paralleliszable, so by Theorem /.1 it is r.rull-lizanles  In
case (41), the oriterion named cnsures that {T(Bi;} is in tie

*x ~,.n ~
image under v:l'-‘* of the kernel of o~ : K{3, —= (u..,



LN ]

where g is the projection of a sphere~bundle over S® such that
there is a bundle map

P
.‘81 —_— 5 53
v,l [
l _—2_—'} 3n Y

(See Lemma 1.1 of (32 |, and Theorem 5e1.) It would be

intereating to find necessar; conditions here,



Chapter VII, Migcellaneous Resultss

¥8 obtuin partial results related to previcus chapters:
an analogue of Theorem 12,1 for ocertain (4k+1,-manifolds, and a
lisited relation between the mod 2 serd-characteristic and a
certain secondar, characteristic clasa; pmmry rema; s on
vector fields on sphere-bundles; and an approach, based on [ 2¢7,
to the additive KO t:eory of a “undle over a suspension.
Yanifolds will be scooth, cumpaot, and without boundary, throughout,

520,

If the standa:d nesphere has r limearly independent tangent
veotor fields, then so has any n-dimensioral s-parallelizable
manifold. This may be proved following rp.2u5-26 of [28 ],
by subatituting howotopies into s .aller Grossmannians for
homotop:ies o a point, It also follows irmediately b the
method of proof of the next lemma, which is s partial converse :

Lemma 20,1 Iet ¥ be an r-connected s-narallelisable
(2me1)=manifold with X.(¥) odd aduits _r _linearl,

EMendcnt tangent vector fields tien so does the Sam-‘l Z-Qhwe.

: roofe Let the principal decoposition of i be H' v e ©
see 51) so that dimi'<1, where 1 = 2rwler, e cbtain
(see § ,

the followin; comuutative diegram of Puppe sequences :



o % 3% *
Lait,350(2)) — L (82 is0(2)) —5 [, nsd 1)) —2F (e, 530(1)]
Jt" Y 1* li" (ie2)

- * ¥
(s ,B30( 2me 1)) -8 [sm" ! o 0l omet)] L5 [18y 384 2204 )] H, [i.tsB5(2me1)]

where 4 4is the injection, Iif m = 0,1 or 3, tne le.m is

trivially true s:nce then 5%1 is parallelizable, Gup ose

now that m £ O,1,3 Let Te [ 2. 2m1)] represent the

tangent bundle of ¥, Since X 4is s-paralieliasable, T = ;i'*(x:

2med

for sove x¢€(S o0 0(2me1)] + By le. a dul, x is stably

(AN
3:32 +1

trivial. Hencc x must represent the tangent bundle of ’
otherwise ¥ would be paralleligable, contradiocting Theoren Le1e
By hypothesis, T = i (T} for some 7'¢(:,63(1,]. Since
€ (3%1,‘%&;(1)] . By

strengthened oxactness of the lower Fuppe sequence in (:C.2),

Gn#'<l, T'a «f(y) for sme y

%,
1 y) -x = 3f(s) for soue me(Tf, A 2#1,) o But the
left-hand i, in (50.2) i onto since dim 3 '<1, hence

xe i [8%1,;)‘:3' { 1)] as requireds

.et ¢ be an (n-1)-plane bundle over an n-menifold M,
and suppose that (%) = O Then the obatruotion to tho
existenoe of a non-zero cross section of £ is the secondary
characteristic clasgs @ 2( §) s Widch lies in the quotient

SPou) a"(u,z;,f)/(sqa . Wd(ﬁ) v Hnoz(m. *c/ e (3ee for

exacple [ 42 ] o)
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almply-comnected and that £@ 1 is trivial, Then F.(3%) =0

Exoofs Consider the Pupps sequences of the prinoipal deccoposition
u* Cp © of N .'mt_o the fibring g™ '_.k» BSO(n=1) A, B n,
(cefs §1) 4

[Bn n={ ks [8“,330( et )]
qu* 1Qr*
(4,8™1] — %, [x,B80(n~1)] —2%. (%,B80(n]] .

Sinoe 1(5).0, §=k(x) for some ze[u,s""1] 3inoce
aim M' <(n1), x = Qf (y) for some y < (87 ”"J. Consider
the honotopy sequence of the standard projestion Oy ;—> ; _, g1,

swaand and W 1(8 ) is froe,

ainoe "m-i(on,z) has & Z,

the injeotion ww(s )__>sr1( )ismn—zm,honoethe
boundary 0'(3 )———>¢r1(3 2y 1s pero; 4ees the composition

w( )——>v1(30(n)) — P, L (S ) is sero, where O is
the boundary in the homotopy sequence of the standerd projection
s0(n) —> g™ ama p : 0(n-1) — g2
Hence k(y)e 3 [8°,830(n-2)] where 3 : B30(n-2) — B30(n~1)

is the injection, Thus {c J (#,850(n-2)), 80 ¢ y- Os

is the standard projeotion.



T(w) = @1, Let x¢ 2,)

Proofs Sinoe ¥ is a spin manifold, ine indeterminaoy subgroup of

$AE) 15 zero. 1 $£%) 1s non-zero, then T() 1o nonetrivial
by Lemma 20s3, 80 X (M) 41s 0dd by Theo:un hele If X, (M) 18
odd, then by Leumn 20e1 and Theorem 27,11 of [47 ] , ki does not
adnit 2 linearly indspendent tangent vestor fields, so Q. (5) 1s

NON~Par'Os

_.Wﬂ 52’ with "4 ”5191 -72“ §2@1, and
 FEA PR TE I

ircofs I€ 7, and 7'22 are equivalent, such f‘ and §'2 exiat;

for since 1, is an odd-dimensional bundle, E("],) dis of order 2,
But EB( Vz,,) € Iil"k“(m,z) which is torsi:nfree, hence #( 711)* = Oy

Suppose that ouch f1, §2 exist, +vrite n ='ixl, let
ths prinoipal decomposition of M be . Cp G Conoider the

following commtative diagram of Puppe scquences :



(52,75 (ne1 ] —Jx , [g" nso( n)]

" o™

[n,ns‘;(nﬂ)*} 3, [n.z;so(n)] ks [1,830(m1)] —— - (2046,
Pt pe* | lj?f*

[H'.Bso(M)] e, [, m80(m)] —Er [0, 0(me )]

“here J and I are inclusions. Simce k3 (&) =k i ( &,
and aim.'<nel, i‘i’*( §1) = PP ( §2), 80 §1 = e §2 for aomo
a ¢[8®, (n=1)] + By naturality and Lemma Jo1, « is stably
trivial, so either (o) 4s trivial, or §(e) = T

Since cfa( 51) = @2( §2). it folicws that @2(0) = 0 (by
(10s1) and the universal definitionof ¢, in [42]),
hence a admts a cross-section. But 8" does not acuit 2
linearly indejpendent tangent vector {ields when n e lLi+i
(Theoren 2,413 of [47) ) so 3 () & T(5")s Hence J(-) is
trivial, and 1), = Joe Ty Mo

segrk. I M is & 2-connected (kkel)-manifold, and 5., 5,
are iLke-plane bundles over ¥ with 5 @1 and & &1
equivalent, then P ( §1) s P §2). This follows from the

next lama 3

Lemos 20o7» Let i Dve s 2-compected (Lkel)-manifold, Let
Ve [uupso(uet)] o p e ¥ pmo(uet)) with 07 =Y
Then [ is trivial.
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For, under the hypotheses of the remark, and referring to (20.6),
§4 m 00 £, and 3 (a)ed ( 52) = 3.(5) =3(8) asmuming
the lomna, then J (o) 4s trivial, Henoe by (20,3), @2(0) = Oy
and B §) « $(2) as claimeds

Excof of Lema 20,7, ¥e refer to [ ¥ ]. Let the prinoipal
decomposition of ¥ be W' Ve O Choose the K on pe57 of

( 8] tobe u', the L tobe ¥, aem (i') the class of
f, and u ¢ M' —» BSO(4ke!) any map extending to M. Our
assertion in (20,7) 1s a covollary of Theorem 3s3 of [ 8 ],
provided that the Barcus-Barratt homomorphimn

2, ! w,(ﬁm(l.lwl)w, u) —— wm1(330(l¢k*1))

| ]
is Bero, For any x ¢ vr1(Bm(:.k»1)l, u), ve have a corresponding
homotopy class of maps represented by, cay,

P s'x M ————— B3({4kel),

where }!‘(s'| x % )am % and F(*x,m) s Wm) for any mei',
%  denoting any base-point, Sinoe the dimension of s’xw
is at most (4k=1), there is a msp P : 31

making the following diagram com:ute up to homotopy:

X 30— B30(4ke1)



8! x M LANN BEO( 4k=1)
\ l i
Bm(m»1)

where i is the injection, Copsider the composition

g! x gk __ixe 31 x gt — BAO( 4k~ ;.

This 4s trivial on 38' x *, on «x g

is stably trivial by Lemma 3.4, hence trivial in BS0(4k) by

its houoto y olass

Theorem 12,1 (since it factors through » X '), hence trivial

(30 &=1;) im

. r’;'.;.k."'
in B80(L4ke1) since d: vru(» ) — L/
zero {see for exarple p.162 of |30 } Je  Thus if

P S‘X S“g—> 8m1
there is a map &' : S¥*V ., 380(i1-1) iaiin- the following

diagram comwute up to homotopy :

denotes the map oollapaing the axes,

1 4k 1x¢ 1 o

8 x 8% — — 5 8 xu ——— nso{ie-1)

, g
/
5;1‘,1'1-0-1

and such that 1-%' s"k'"——r 150{ 4ke1) represents rzu( X/

Now in the notation of [ g ] s 3 X 48 an l-grace then

au(ur1(a;“,u)) - "[m,x] » 80 « [x) is stebly trivial by
41

Lo g Bele ilso, “u(x) A T{S#+) since 4-G' facturs

through .5((4k=1). Henoe au( xj is trivial as required,

The
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§21, Yegtor Fields on Sphere~bundles.

Let § be an oriented gesphere bundle over a suooth
n-dinensional munifold M, with projection w s B — U,
If q 4s even and X(M) 4e non-sero, then X (B) is non-gexo
s0 B admits no tangent veotor fields which are everywhere

non=-gexOe

Bemark 1. Let M be s-parallelisables Let r be the least
integer such that the group of ¢ 4s reducible to 50(r), in 50,
Suppose that either
(4) X (M) = O, and the bundle of 2«frames associated with &

aimits a croms-seotion, or
(31) q iso0ad, X (M) 40, and & aduits a oross-section.
Then B adnits exactly (meqer) linearly independent tangent
vector fields, For if (i) holds, then T(¥) 1s c@® 1 £'r sume
a, and

T(B) = «(aj ® o(£Y) vy (1a1) ana (1.2

a ola)e a(862, for some [,

a #( T()e1)e «(h)

e n(fY) ®(ne1) since ¥ is s-jarallelizable,
whence the results If (4i) holds, them the Euler class of
#(T(M}) ies non-zero, Consider T(B) = a T(X) e/§\ .
The u'er class is maltiplicative with reepect to @& ., Thus if
= g) # 0,it follows by oriented ioincare duality in B that



X(B) is ron-sero, which is false since q is odd. Thus
ga @1 for some [, amd
T(B) = (ne1)® { eince ¥ 4is a-parallelisable,
n(n-i) @ w*(gv) and the result follows.

As a weak analogue of Corollary 12.4 and Theorea 20,5, we
observe the following

(s

Rewark 2, lLet ¥ be an (r+1)-comnected spin(n)=munifold, where

r 1is the maxiium number o’ linearly independent tangen$ vector
fields on the nesphere. /et £ Le an n-plame bundle over :i,
whose group is reducible to 3 (ner-1j, Let H be a closed
subgroup of S0{n-r-1,s Then thc group of ¢ is reducible to
H if and only if the group of (@1 4is reducisle to . Jor
let the principal decoinpogition of M be H' Ve O Let ‘i}H
dsnote the olassifying space for I, ~@ obtain the following

commutative diegram of Fuppe sequences i

(8%, =0 neret)) 35 [57, 7 m)) 25 (87, 50

3 * s

Luvf . "f i

v

(4,2, —2— [ 130(nere1)] 22 (1, “50(n}) —2(, >70)

: 'fx Irf’r
L

[Ei ' 1 { pexet )J ke Ju R Ea ’, 7’3}‘;]

whore i, J, k are injections, If the group of & can .e
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veduced to H, 80 can that of @1, Now suppose the group of

£® 1 is reducitle to H. Then k(§) = kJ4(x) cor
some x in [::,BB]. Also (= 3.(y) for some y in
(4,880(n—r~1)] . Thua since aimM'<neret, PE(3) = 0f"L (x),
nd 80 ¥y ® el (x) for some e ¢ [Sn,Bm(n-r-‘l)J ¢« This a is
stably trivial by exa s.1, and heno: §(e) is trivial since
s" aoes rot admit {r+1) linearly independent tangent vector

fields. mﬁia*(y) s 3,4 (%) as required,

§22, The ‘dditive XC Theory of a Sphere-bundle over a Tphere,

t.e use the notation of §3, If the bundle aduits a
cross-section, then the exact sequence of 3 s»lits, ard
oM8) 4s tho ddrect sum of L (5%) ana KOUUs™.  The
next sinpleat casc is that of the tangent Hundle of a 2uegphaero,
Here B has the S-type (seeegf+), of §° ~(i,v s+~
where P denotes ths real projective planee Thus ~(3) 1s

knowne In the general case § 3 gives tie ¢ act sequence
0 —-» @"(s")/x gy — TdB) — ™Y kernel i— 0

whore the right-hand X has domain 7 >*'(s%').  The analopous
exact sequsnce cbtained by first "ssashing” every space with P

solves the group extension problers poseds {The Thom isomorphism
still holds, cof. Appendix D.) Thus e itively ¥ (B) derends



oaly on A”e I wa indebted to M.¥,Wood for the following remarks
on Ax1,; 5" — Sq“l’ s givch arap N1 8 —> 3"%, then
¥y naturality of the tensor product, and Bott periodicity in the
for: given in [/5]. thers is a commutative diagram as follows 3

* :
~ ~ 3} ;. ’ - A ~ o~
r:r:i(x) ® o8 )y ——— zci(x) ® ro{s™)

l= Ly

GHaae® OV g e,

where X 4e any finite C.-co plex. The effect of (l&))*m
therefore the saue as the module action of A*(t) on 1 MXje
Thus to ocmpute

(=N THeM —— kM)
we noed only know /\*on spheres and the wodule action o %*5_ point)
on .5(P)s te do mot pursus this, bscauss of the gap in

¥*
knowledge of N on spheres.

§23. hundles over a Suspensions

ve tol.ow [ 26 Jo te work in the category of special
ooplexss with base-point : thus each objeot is a ocountable
Cu-cu.piex with only one O=cell, situated at the base=pointe
jiaps and howotopiocs are to respect base-ioiniz., Ve denote,

typically, the base-point in a coniox A by a . The cone
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on A 1is denoted by CA and the suspension of A by 32
In both cases points are represented by pairs (a,t) where
a ¢A and 0<t <4, To form CA we identify
(840) = a,s (‘O't)a (a)%) = a

80 that A < CiA; to form SA we further identify A with 8.
Consider a G-bundle £ over SA with projection w ; B—sA
and fibre Y, where G is an effective topological transformation
group of Y. Lot the characteristic map for £ be u': A —G
(cefs £E180f [ 47 ] ) andlet u: A XY — Y be defined by
u(ayy) = u'(ajey for a <A, y<Y, Then(E30f[2])

B umay be formed from the disjoint undon (I X CA)VY by
identifying (y,(2,1)) = wW(y,ajs Write YT x A = 8(Y X,

- where Y A denotes the space obtained froau ¥ xA by oollapaing
to a point z, the subgpace YvA = I*aov yoxA. Let

Mo I¥A — 8Y be the 'Hopf const:ructic:' on u, und
As 8% —— SY be the suspension of u‘yQXA (see §§2 und 7
of [26 J)e Let 1 be the compos:tion of the identification
map with the embedding of ¥ as the ». hit~hand component in

(Y xCA)v¥.  sirite By = B/ ay)e Then B/, has the houotopy

type of YXA v 8A, and the pair (B,Y) yields the ‘ollowing

KO exact sequence i
S~ x o T~ . ;\ S~ o~ 1
.o 1*;{.;"(5:{)’11@ RO5(¥ » nj®EUT(SA) — KO (B)— KOV (SY)~ & &

*
It is not clear in gensral how to compute Ay /u*and their

pod 2 analogues.



aprend.x A. The Total Space of & Bundlo as a Smooth Hanifolde

Consider s fibre bundle £ with projection i B — X,
{'ibre F and group G. Suppose that X and F are suooth
anifolds and that G is a compact connected L.ie group acting
aoothly on F, 5e wish to give B the structure of a amoth
menifold ir a ocanonical way (up to diffeomorphism) ariaing from
the siooth structures on X and P and the bundle struoture of £,

It is welleknown that this cen be dones e sketaoh: ono ap oachs

Nuch of Part I of [47)holds for a sub-category of co-ordinato
bundles, vwhich we call 'pre~differentiable oo-ordinate sundles®
(peGabe)s BY & jeGebe Wws mean a co=ordinate bundle as in 2.3
of [4—’)] , with the following additional sssuptions : the base
space X and the fibre F are 8 0 .th manifolds, the sxoup G is
a connected cou ot Lie group acting srnoothly on oy and the
co-ordinate transformations g, 3 are s outhi. Strict cq ivalence
OF peCebes is dofined as in 24 of [%7) with suooth g, 5o
Anap h1t B-——*B/ of onc pce.de into another is defined as
a continuous :ap of total spaces, satisfying (16),(1/,, and (18)
of 2.5 of | 47] , with tre h: X-~X' of (16) end the g,
of (1d) suoothe Lemcas 2.6, 2+7, the definition of equivalence
of sGebes, Lemma 2¢ 5 Louma 2,10 and the theore: in 3.2 (all

roferences to [4-7]) /o through with the cbvious modii'icutirrte

3Ce
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In the bundle structure theorem correspunding %o (h of [ 47 )
we asguie G and B to be Lie grours and that £ 4is a smooth
looal section. Then the conclusion is that we can assigh a peCebs
structure to n/H relative to the projection p @ n/H —_— B/G.
Induced pecebes are dealt with as in 510 of (47} A homotopy
of two maps of pecebes & and B s a map of BxI to 8B,
henos induces a smooth map of X XI to X', The first covering
homotopy theore: is stated for pe.csbss by analogy with 11,3 of
[47 ] 3+ h 1s a sncoth homotopy of he So.e modification
of the proof is required : the subsets oif X XI over which the
induction proceeds should be s il One requires a sequence of
scoth maps , : X —> R_(non-negative real numbers) such that
Oeags 7ys o o s.»:mz‘l, and if (xxe‘i*)idem:tos the set of
pairs (x,t) in Xx1 such that ai_l(x)<tg“i(’:)', then for
each 1, KX xR ), should be contained in sone co-ordinate
neighbourhood of X's  Une may obtain these mwo th ¢ N
inductively, following the proof on :o51 of (47 ). First
*ghrink' the oover {T{"(vs}) of XXI orce, and then use a
refinement of the new cover, of thc forn {U A% Iksdeocribed in
(47] « Now proceed as in [4—‘7), ovut smoothly instead «
at the firet stage use a & coth Uryschn function Cyr and at the

ith stage siwooth out !‘""‘x(‘ri-i’ Tj_) to a a.ocoth furction



vhich is novhere loss than ..ax (¢, 4, 7,), but which is still
ouch that h (XxR ), is comtained in sane Vie (This zay be
done sinoe the cover was shrunk,) Also we ay ensure that

(X<R ), is contained in Xx(I, -1I, ) in the iteenrod
notation. We obasrve that h may be extended smoothly over
XxR_ b, &efining h x,t) = h{x,1) whenever t21, 80 that there
is no trouble at tic end of the inductive vrocess. Hence 11,4
and 11,5 of [ 47 ] hold for pecebase liow tie universal

bundles in 19,6 of [‘f’?] for a compact .16 group G are eCe..so
3, the bundle structure theorem for ..C.bsns Thus if

f1X— B, isa classif;ing map for a bundle § ocve: X,

G
we may approxicate £ b, a s.octh map, and the induced bunile
is then a 1.0eDe ‘Oreover if two smooth classifying maps are
continuously hovotopie, then they are smcothly homotopio and
henoe using 11.5 of [47]  for pec.bes, we sec that the induced

PeCebed ave equivalent.

%e now describe the functor from r.c.bes to smoth menifolds,
vhich gives the total space of a peCebs its natural swoth structure,
Tot £ be a peCebs With projection p : B —>X, fibre F and
oo~ordinate transfornations 51.1 3 ?_Ln K g Ge. Suprose that
the dimensions of ¥ and F are n,q respactively. For any
b¢B, let V be a co-ordinate neighbourtond of X containing

2{b) and which is oomtained in soue V.. Thus we have a clant
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hy: V— R®  and a homeo:orphism G;s p“(’!) — VX P,
Let ﬂzs VXEF — P denote projection on the second factor,
apd let i be a co-ordinate neighbourhood of wal' 6,(b) 4n F,
with chart L,; ¥ — 2%  Then define hs ei‘"(v x 1) —s ¥
to b. the composition (h‘x nz) o 91. . The choice of such an h
for each beB will give the utlas for a smmoot. structure on .,
Let h': ej"(v' X i) —R™% be anctier such chart in a
noighbourhocd of i, constructed in a fashion similar to h.
Let A denote the set (VX ) n f, ej"(w X "), and
D theset 0,0, (VAW (V' X "', We cheok that the
composition

hy X h{4) _"J_l‘z‘, A _a_eiis —1—_2_>h1 xh,'(B) (G
is scooths Por 93 91 - is defined cn (Vinv‘j/xr" and ie
the oouposition gy

v nv:’, P ax (l nvV ,X(V nv. )X ——>(J ny )XGx‘« __,(v nv;j/

where O is the dlagenal :eap and s @GxF — P ig the s:ooth action .

Ji
neuns by definition that the composition ( C) is scooth,

Sinoe also 844 .5 gmooth, 0.0 1: A —B ils s.woth, which

/
Suppose now that 8 oaB are two DeCebes with the sans
group and fibre, and that b : Q—-*B/ iz & cap Of LeCeSeSe
Then ht B — B' is s.ooth with respect to the smooth structures

defined sbove, For, using the notation of' 7.5 of [47 ), =iat

-1,

wo have to check is that hsp (vnh (V Vi —s p \g?')



is swooth, and this follows since the gy e 8 the

Sinoe this assignuent of smooth structure to the total spece
Of a peCebs i3 functorial it is clear that equivalent pe.cebes

bave diffao.orphic total spaces.

e



éppendix Be  The ThomG I Bitie

Teferences are 1 &4 of [ 7 ] s the ertiecle by A.Dold in
[ rs ] » and nimecgraphed notes by .-, Atiyah and Celtott, to
appears

Let (0 be the category of pairs of spaces which have the
homotopy type of finite Ckwocmplexes, and houotopy classes of mapse
~ A oohomology theory h on W with valuss in an ibelian category

@ 18 a sequence of contravariunt functors h%: W —
(qec2) together with natural transforiations % h%., — n‘*"(x,.«’;
such tiat
1) Kk):s {(AuBya; —> h(B,BnA) is an isoworphism, and
L Je—>h%(4) s, h“"(.x.a) _n3) h‘*"'(::j ﬂ, hq“(A)—». .

is exact, where 1,J,k are inrclusiora,

The goefficient objeot for h in W i~ the graded object

h o= K(P) where F 4is a point, If h is a cohomology theory
and w3 E—B 4s a vap in ¢/ , an exact couple ( ,o) is
def’ined by

P )

¢t . hp"q(vr-‘(B(p)),ﬂd(B(p-‘);)

where 3(9) denotes the p=akeleton of B, and all pairs are assumed
%o be in f() ¢« The spectral sequence of this emnct couple
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converges to
PP ph"(m)/pnhn( )

where ph(ﬂ) is the L..ge of h(., .,-,'1(3(!3))) in h(:j.
Row let & be for example a locally trivial fibre mep, Then
in the above spectral sequence,

B W of(s, Y

20 2994 & BB, hY) , where h? denotes the local

i
N T

ooefficient system given by {hQ( e :)}} for x e B\,
(These isomorphisns follow since 97‘1(3(1’))/ v’1()3(p.1) ) is

a wodge of p~fold suspensicns of the fibre, )

A sultiplicative oohomology theory is a oohomology theory
i which @/ is a catecry of Abellan groups, together with
a natural map ni(x,4) x h"(y,xa) — 2Maxy, xxB v AxY)
for all i,J, which is bilinear, aassociative, com utative, has

a unit 1 in ha(;f‘;, Js and gives a ocommutative diagram

3 ; g g 3 j
h"‘(A; X njg'x, Ry al > h,Lox nd(y, )

L |

. L it
hi"j(ﬁ XY, 00X B)éh‘”(x XBUAX l,XxB)ehi’J(x XBUA x¥,-h

il

ot

CLAXGy AX VXL

where the vertiocal arrows dencte the .ultiplication and the

unnared maps are induced by inclusions. If o : i—>3 iven
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a grectral sequencc as above, and if there exist

Ges8or o o sa € K(E) whose restriotions to the fibre P

Jorm e basis for h(P) as a module cver h, then h(E) ia

a free R(B)=waulo (moduls structure defined using hiw)); for

by nepping (84,8 » « o3,) to 2 bo)(s,)ea, one defines

an Ejeisoiorphism of COC®, ,@C (r swacends) and €',

vhere C,C' refor to the exact couplea for the identity wap of

i, and for % respectively, ‘In rartioalar let o : B — B

Uc the projection of an n-plane bundle, ILet Eo dencte tho
oplenent i B of the sero croas-soction, and write Fo e Fn e

Surpose that the bundle is heorientable, i.es ¢ at there is a

U en(B,s5,) whose restricticn genorates BL(K,F,) & bY(s", %),

Lhon by the above applisd to the relative fibration (%, J,

ttcro follows the Tham isomorphism v 3 hi(B) = n™%( .,z )

vhere #(2) = U.h{m){z).

For Kk-theory or KO«theory a suitable U ..ay be chosen
universally for spin-bundles, using represantation theorys
Thus let RO(Spin(n); denote the Grothendieck ring of real
orthogonsl representatiocns of the n-dinensicnal spinor groups
Lot ESpin(n) denote the classifying space of pinm n,
(or a suitable finite=dimensional approximation to this
clussifying epace)s 4 homoworphis:. p : (Spin(n))— RO(1ipan(n, )
is induced by eending a represcentation r  to the bundle
aosociated by r with the universal buniie over Mipin{(n)e
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Utoe

The universal aphere~bundle over BSpin{n) :ay be taken to have
total space BSpin(n-1), so the Thom couplex MSpin(n) of ti..s
universal bundle is the quotient epace of tie cofibration

DSpin(n=1) < BSpin(n). The uritary representation ring
E(Spin(2m)) ie generated by thie exterior power representations

/\1, )\2. R together with the 'half-spinor' representations
A*, 3 and tie kernel of the restriction

R(S; in(2m}) —> R(Spin{2a=1); 4s generated by A* = O

In Spin(8k), A* = /A" is a real repressntation, Also, the
natural injectiona ¢ ; RO(Spin(mn)) — "(3pinin), are monouorphice
Ttus A% = /A7 is in the hernal of  20{Spin{3k)) = r0O(sSpin{ k=1)),
and g0 £ (A% = A7) = §(U) for soe Uy in KO(uSpin{ k)j,
vhere J is the inclusion. From the centre and right~hand aquares
of the comutative diagram below it follows that J o(U,) = £{8% - A7),

~ x ~ ¥~ " P . o
7o(8%) L FO(uspin(ax,) —L» KO(BSpin( 7)) ———  RO{3pin(81:;

lc ]c lc l c
~ fx ¥ Jf’ fé

Ty i T(SPM&))——» r{uspin(k)) «——— E( pin{3k,)e

The extreme left-hand ¢ in this diagram is moromorphio, 2o to
chealz that 1*(!1 ) menerates ,\EJ(S&) it is euf :cicent to show
that 1%o(U,; renerates 7ie®,,  ror tnis it 1s suffiolent to
check that ch(o(,U )) = (P(t + higher ter-s,, vhere ‘P is the
 om isomorphism in rational cohomology, since (1) restricts
to a geneFator of tie image of H(sak,z) in xx(sak,,;z), and och is



nmonomorphic on spherss, Thus it is finally suff'icient to oheck that
the charactar of A% « A" has the correct form, and we obtain a
Thow iscoorphisa  KoY(B) = ib”'(m) for any Spin(8k)-bundle
over B with total space E. For gny spin-bundle, one may add
trivial line-bundles to tie asaociated vector bundle to raise the
fibre dimension of the latter to a multiple of 8, and since this
suspends the Thom couplex, we got a [ho: isomorphism

Kﬁi(B) P 'Tiim(E') for a Spin{n)e=vundle over B with total

space e & core sophisticated apyproach is given in the notes

of Atiyah and Bott, to appear.

Essentially the sane argument ;ives a “hou isomorphiem i
the theory KO{ X P) whers P denctes the real srojective plane,
vor KO (X % P) is a uodule over K0°(X), and again

We) = U o7 () will yield the necessary iscmorphisme



<ouendix G The Theory of tie iiod 2 Seui-chsu: acteristice

e swnzarise the connection between parallelisability and
tho 10d 2 semiecharactoristic, as given in [27] ana [27].

Let I Dbe a suooth s-parallelisable, corpact d-dimensional
uanifold without boundary. uspose given an embediing of ¥ in
Euclidean space Rda-n and a continuous noroal n-frame field F;x

t~ this eanbedding, Let O en.n denots the real 3tiefel manifold

n,
of orthonormal neframes in (ned)-space. Define

P IR omn,n

by tranalating each fraze of [ to the originof R .
Lot o<¢H (0, .s7) be the image under <& of the fundasentsl
class in Hn(}a,z). Thus ¢ 4is defined as an integer or as an
integer tod 2 according as d is oven or odde  Define X [(¥)
as follows i “
(1) if & is oven, )(*u,x) is hall the Luicr ciaracteristic
of W; _
(1i) if 4 is odd, say d = 2s=~1, then X (i) = gbi
where bi is the ran: of Hi(a,;saj. *
Now [ specifies a homsonorphiss of a tubular neighbourhood

T of K with nxv“ where Vn denotes the unit n-disc,
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Define £3:8™3 __, 3® by mapping the complement of T to
tho base=point in S”, and mapping T according to the above
homecuorphisn followed by projection of X xV™ onto V7, followed
by a relative hoveoworphis: r (Vn,sn") — (8", x 3,

Let Y be the Hopf invariant of fo  “hun in [27) and (28]
iHervaire proves \ = ¢~ )(*fﬁ.:i), vhere this is an equation
of integers if 4 is oven, and of integero w4 2 4f 4 is odds

8inoe 1f 4 is evon Y = 0, in this case the theore: says
o= 1/2x0-é). One first shows that o - 1/2’)( is an invariant
of the framed ccbordisa olass of (K, F )o One then conaiders
the ‘opposed pair (7, En) cbtained by reversing the orientations
ot%anan. Then 0—1/2)( is the saue for (ﬁ;%ﬂ)
as for (¥, Fn) since ¢ and X are individually the same,
But t.e opposed pair represents the inverse in the fra-ed oobordiam
group, and o-‘l/zX gives a homomorphism of this group to a
toraionfree woup, hence o -1/, X (K is zeroe

Wien @ 1is odd, one uses relative ‘itiefel«hitnoy clusres
for the proofs Let ooofficicnts be taken mod 2 for the remainder
of this appendixze Suppose given an ({n,-Lur le over a co.plex
¥, and a cross-section b over a susoco.plex I, in the associcted

bundle with fibre S ner® Then © induces a crops-section
»



over L 4in the associated bundle with fibre On,n-q vhonever

Q2Te If one attempts to oxtend this cross-section skeleton by
skeleton over K, the first cbatruction ccours in H¥Y(K,L), end

is by definition ths (qe1)th relative Stiefel-vhitnay class of the
situstion, This relative class has thc usual naturality propertiss,
and the following Whitney duality theorem holds : suppose given

two orthogonal bundles over a ooxplex K, with groups D(ni)
(4 = 1,2) and aross-sections 91 defined over suboumplexes ..
in the associated bundles with fibres 0”1‘ n, -ri. Conaider the
Whitnay sun of these bundles, with group O(n) where n = ny4n,

The asscciated bundle with fibre (3n (r = r1+r2) has a
: ]

Dy
crosg-section O over L =L, Lz, given oy 6‘1 and 92.

Let -g::e (k.1 ,) demote the Stiefel-whitney class relative

to 0, whenever q>r,, and aleo, by abuse, its isage in 1k 1),
Let -‘;e H P(X) be the absolute Stiefel~ihitne; class of the

ith bundles Let w¥' e 1®'(:,1.) e the relative elase with
respect to tie sum bundle and € whenever q>r, Then for

any Q27
1 1 q 1 ryel qer 1 .G rq+! Qe
WI?" & %?:1 0-'!%2.1 1!2'0-..0‘[“21 W2 10'1‘:%.2 +* . "h.l"

This is proved b, re-interpreting the relative Stiefel~thitnay
olaz;aea as elementary syometric functions of suitable varisbles,

as for exa:ple in [/O :I ior the absolute casee
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Let K be a smooth necanifold (compast) with noneempty
boundary L. Using Lefscheta-ioincare duality one defines a #u
class Ue k) oy

8¢ x) = U%x for all x KT XI,L)e

Let H be obtained b, joining two copies of K along Lj and let
13 K—>sMN be the inclusion, Then 0% & 1°(s%) where 8%
denotes the sbeolute Wu class in HYM). Let T (M) demote the
tangent bundle of M, By the Wu formula,

o T(M)) = B8qf8)
where w dJdenotes the total Stiefel~¥hitney oim, etoy
Henoe w T(ll)' K) = 3qU. ‘Suppou given a cross-section over
L in the bundle sssoolated with T (K)|K with fibre {n}, so that
corresponding rolative classcs wr ‘€ Hq('r,x.) are definsd for all qe
AQd formal.y a unit 1 of depree zero %o the graded ring 2.*21(,1.),
with 8¢(1) = 1, to form a new riny H,. Then o *otal relative
class wRa1+w;+... is defined in H1,andi*‘.qiﬁa
ring sutomorphism of 31, a0 one may define a vu class u, by

w = S(U ) o o e (1

1f hi (K, @) — (7,%) 4= the inclusior, h*{UR) = U and

henoe for any x eH” X£,L)
3qq(x) = ug‘.x e o o (-P'Z)

iiow suppose that n = 28. Using (0.1) and (Coc) one proves :



n

i, = U;.ﬂ; + Uga * ¢ @ (C.})

Let r be the rark of the oupeproduot form H™¥,L)x' % r,1L) >HYK,L).
Apody (Ce2) to UI: axpressed in terma of a basis for 1°(:,1) with
respect to which this form becomes dlagonaly this leads to

u}:"g = rﬂ-‘n e o & o o (G.b-)
where A“ genorates Kn(lﬂ;,L). Define dual relative clasacs
w, and ER as the inverses of w, and U, in N, By
uniqueness of inversas and (C.1),

% o= 8ol e e e e (G.5) o

Using (Ce2), (C.5) and the definition of U, ’zi:,:, one obtains

LI e e (Ce5),
ond 8o
l‘c&ln @ Uz.U:

4

- w4 U by (Cu3)

= # L ix-; by (('\G{J,‘)o
Thus by definition of ¥,
1'._:‘.n = ‘In".;?j) + o o ¢4 %:ni.,n-‘ e e (f_?.?).

To prove Y s ¢ = XJ() 1t is sufficient to consider
$he case of & dwdimensional U ebedded in . 4.qe 8inoe Loth

sidss of the equation are stable under suspension. Thus let



i (with 4 o0dd) be exbedded in R,4,q "i8h a continucus i'ield
Fyq Of rorual (8et)eframess Lot £ 820! &1 o .
"Thom” construction on Fan as desoribed sbove, and lot q be the
base-potnt on 8%, Then M atMo)e  If for ay xen,

v4(x) denotes the firat vector of the freme at x, and if £>0
is sall enough, then the menifold ' traced out by & v.'(z)

is £7(q") for suitable ' on 8™*', 7hen | 1s the looping
muber of K and W',

8inoe all Stiefele¥hitney mu:bers of ¥ wvanish, ¥ is a
mod 2 boundarye By standard use of “hitney theorems, one immerses
in R, , & swoth (de1)-menifold X with regular boundery W,
in such a way that X wmeets the hyperplane 3%1 orthogonally
in orecisely K enbedded in the glven fasii n, and the rest of

X lies on one side of R Now add at ine beginning of Fan

24+1°
the unit vector vo( x) in the positive divection of the last
co-ordinate axis in R_ . ., to cbtain a continuous ro: .l (d+2)=frame

—

field F‘h‘? over %, Thus we goet amap ¢ ;: ¥ — 0:;'d+~£5,d+2
by analogy with ¢ , and vy, on the fundamental class of M
gives © timea the generator of ﬁd(().'&d«&ckzj' zqm‘ch
provides a cross-section over X of the principal normal bundle

.

3o the given imcersion of X, so that clamaes Tt;‘ eiﬁ'(x,bt) are
dofined for all 1> 0. Similarly the vector ficld v, rives rise

0 ug“‘ E Hd"1(x,t.). Pinally Fd._z provides a cross-section
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ovar M of the bundle of (&+2)~frazes associated .ith the “hitney

sus of the tangent and normal bundles to X, and this leads to

rolative Stiefel-~thitney classes a? € ﬂi(X,‘ﬁi) whenever 42 d+t,

l'ow by relative Whitney Juality,

d“ = %&1 * 'd._ﬁ? * . o * '1.ﬁ L 4 _'-Rd*1 e » (C.B)'

fiinoe {"" is the obstructiun %o extunding F ae2 over X on

a continuous frave-field,

.R‘wl a c.A“‘ where A'B"1 generates Hd"(z,lé) o (Ca9)e
Also, wgﬂ is the obstruction to exiending v, over X as a
tangent vector field, hence

&‘1 o X (}Q}.ih&&d . . L] (L;Q1o).

=

Finally ;g"‘ 1 is the obestruction to extendiiny v, over X o8
a normal veotor field. This turns out to be conjruent ..od 2 to

the looping nusber of ki and &', thus

;11(:*1 = Y .&&01 *» o 0 ((3011)0

tiow from (Ce7)y (Co8)y (e2), {2410) and (C.11),

a -] X {‘X) + X 4 V » mod 2e « e (C-‘?.)'

By ocnsidering the colamology aequence of (X3} and using
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Lefncheta--oincare duality, ons shows
X, (8 = X (x) + r mod 2,

and now the result follows from (Ce12). By Theorem 1.1,1 of
U ! ] 1t rollows that if d 4s odd and unequal to 1,3 or
7, then e = )(*(u) nod 2

Theoren 4.1 13 a corollary of the above, in the case when
¥ is a d-dimensional s-parallelisadble compact manifold without
boundary, with 4@ odde Por suppose that X, (¥) is even,
First if d = 1,3 or 7, then M 4s parsllelizable by Théoreme
IXof (28 | « DNowsuppose that 4 4 1,37, Let

cp:u—»o be the map given by scme normal framing

2841, 341
of sane exbedding of M in Rwr The only obstruction to

a nullehomotopy of ¢ 4a o timas the generator of Kd(omﬂ,dﬂ)'
But ¢ is now even, while Hd(02m1,m1) is of order two, henoe

be the

— @

¢ is mill=hamotopies lLet w3 02841, et 2,801
map projecting each (d4+1)~frame to the orthogonal d-planc.
Then w-d¢ is also mill-homotopic; but this map classifies

the tangent bundle of M, henoe M 1is parallelizable,

Conversely if M 4s parallelizable, then the claseifying umap

for the tangent bundle of M is nulle-homotopie; 1ift the constant
end of this homotopy into 02&1.&_1 and qpply the hamotopy
oovering theorem to ocbtain a normal framing of i for which the
corresponding ¢ is mull-homotopics Then the o for this

framing is even, and hence if d £1,3,7, then X, (M) is even.
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In $15 we used the following result : For any prime p
and integer r 1let Vr(p) denote the highest power of p
Uviding r. TLet mr) m 24f r 48 0dd; if r is even, let
(r) 5 2 [Tp TE*!  (iorg the product s over all primes p such

P that (p=1) divides »r. Let M be a rational

nuber such that for some fixed integers n ard q and any
integer Kk, (k“-k“)/u is an integers Then m(n-q) M is
an integer, |

Te swmarise the proof, following [ 41 | .
Let ¢ (m) be the mwber of positive integers less than m which
are relatively prime to me If p 4s a prime, ¢ (p) = p~t
and ¢(p°) 2 0" Wpe1) for e¢>1. If n has prime
dscorpsition p,M.p:Q. . . P:r' one shows by induction on r
that P (m) = ¢ (p"Y) ¢ (p,°20 « $(pT)e Puler's
theoren states that if a and m are relatively prime, then
a®(m) _ 4 1odm For any relatively prime a and m dofine

the gmrl‘lof a with respect to m to be the least n such
that 8" =1 modm Then 4f N iz any integer such that

o' =1 modm n divides N; in particular n divides ¢ (m).
If the exponent of a with respect to m is ¢ (m), we call a

a prindtive root for me  Thare exist primitive roots for all
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powers of odd primes, and for 2 and 4., However if m = 2°
with a> 3, the highest exponent is 1/2¢ (m)s Define a
universal exponent for m to be an integer M such that

¥ _
a =1 mod m, for every a relatively prime to m, For oexample

¢(m) is a universsl exponent for m. Let A(m) be the least
universal exponent for ms If m hu' a primitive root, then
A(m) = ¢(m)e s A(p®) = p""Hpe1) for an 0ad prime p,
A(2) = 1, A(4) = 2, and A(2%) = 2°7° whenover a3 3.

Suppose U = a/ﬁpa where this is in loweat terms and p
does not divide /i Then sinoe (k" k%) 4 is an integer for
all integers k, p" mst divide (kn - kq) for all integers k,
hence pi
Thus (n=g) is a universal expoment for p'i, Hence if either

divides (k™9 < 1) for all k not divieible by p,

p is od4, or pi = 2 or 4, then p""'(pd) divides (n-q); while
if p is 2 and 123, then 272 aivides (n-q)e Thus if

(n=q) is 0dd4, the only prime on the denominator of Mo s 3
since {p~1) ia even for odd ps and the highest power of 2

which can appear on the denominator is the first, hence 2 M is

an integer. If (n~q) is even, the primes which can ooccur on the
deroudnator of M are those such that (p~1) advides (n~q).

And if p 1s odd, the highest power of p which can appear is

the ith, where (i~1) is the highest power of p dividing (n-q)ﬁ)‘”;
while the highest power of 2 which can ocour is 2% where
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(n—q)/21~2 is odd (123)s Hence the result. Note that o(r,
divides 2r, gp where again the product is over those primes p
such that (pe1) divides r,

Ereof, of Theorem 15,5, We use the notation of §15, Ve shall

8oy that a rational oohouology olass is integral if it lies in
the image of the integral cohomology under the coefficienmt
homomorphism induced by the inclusion 2Zc Qe Suppose first that
r <% and that ¢ £ 2r. Then the 1(r,t) of Theorem 15.9 ias
the heoefs of (Nt-i).'/m(t) and (r'd)"(t-‘)!/m(t-r) .

Case 1: r even, t odd,

Then n(t) and m{ter) are each 2, and 1(r,t) is a multiple of

Swhenever r or t is at least 4.

Cage 2t r odd, ¢ even,

The only possibly prime p greater tiun (t/2 + 1) and such
that (p~1) divides t 4s (te1). Hence (r+t—1)!/m(t) 1s a
mltiple of (r+t~1),//(t/2 o 1)) (ts1) 2t + Thus vhenever r>1
and t £ 2,6, then 1r,t) is a mitipleof 5 If r>1 and
t = 6, then X(r,t) 4is a multiple of 5 To deal with the case
when r =1 and (t+1) ie price, recall from § 15 the following
relation betwsen the Chern classes and Chern character of any
bundle over the typb of space under disoussion :
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o,y = ()% {(mtﬂ)!chm‘ - (r-1)!(t-1)lchr.oht} .

If (t+1) is prime, then t is not prims (unless r =1, t = 2),
and (1!«--‘1')\4:!1t is integral whenever t:>4, since then (t-1)! is
a tultiple of ={t-1), Thus (n-nm)'!en}M is integral since
ch, and o ot 3F© intogral, Thus 1r,t) : is divisidble by 3
whenever t>8, while if t = 6, then 1(r,t) io diviaible by 5.

Sane 3t r and t even.
By similar arguments, (rd).'(td)!/m(t__r) is a multiple of 3

vhenever r4, or r = 2 and t$10, while (mt—d)!/dt) is
a multiple of 3 under the sane conditions,

Case 4s = and t odds
Then (rete1)}/, 4y 18 divisible by 3, while (=0l
is divisible by 5 whenever r >3 orvhen r e jJand t27.

Vhen r = 1, we arguc as in Case 2 to show that 1(r,t) is a

miltiple of 3 whenever %29, and a mitiple of 5 when ¢ = /.

The ebove anclysis of cascs has left open the possibility
of 8.CeBe in some lowedimensional cases; we@ now el.ninate these.

First suppose r = 2 and t = 3,6 or 8, Consider the following
comrutative diagran (c.fe §23) :
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3" % SN
—4 . ®(B) 2> &(s*)

Pl

{5(13) —_— ]?6(8“)0

K( gt 3“""“)

The righte~hand r is moromorphic, Hence if »( £) = {T(B)} ’
then ¢ ¢ image J*, 80 °x'+t( £) 4is divisible by (r+t-1).’,
which is a multiple of 3.
Next suppose r = 3, ¢t = 5. Consider the standard projection
p,: ﬂ‘9(30(7)) —*ﬂ'g(séj. Since 2.09(80(7)) is gero, and
99(36) is qyclic of order 24, any element of p*_(=r9(80( 7))) is
a :ultiple of 12 times the generator of n-9(s‘}. The uethod of
proof of Theorem 156 now shows that if £ e 7(3), c{§) is
divisible by the h.cef. of 7!/m(2).m(5) and 12.(&!)/1n(2), which
is a miltiple of 3
Now suppose r = 1, ¢ = 5, The attaching ' ap of the 10~cell
tc $°4in B s a composition, hence its e invariant (see Lecture &
of { 37]) is sexo, and by the m%ﬁ of proof of Theorem 15,0,
for any $eK(B), c($) 1is aivieible by tie hecefs oOf

' \ , e
571 ceme of A1), m5) and 4. Thus °6(§) is divisible

by e

Finally suppose r = 1, t = 4 The,n B has the 3-type
of 82v 88\/ 81? for the stuble 5S5=-stem of hamotopy groups of
spheres 1s zero, and J(u'7(80(3))) is stably mero since 1r7(si {3))
is f4nite while v7(30) is torsionfreec, lenos for QG”T(B},
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o5(§ ) s divisible by &

The ‘only if' part of Theorem 13,1 now shows that for the
total space of a <r-sphere bundle over the 2t-sphere to admit
8N 2eCelsy Where r<t and ¢ 4 2r, it is necessary that
vyt € {1,2,3). The proofs of Theorem 15,5 in the other cases
are similar, and we omit the details,
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Appendix E. Alternati f of Theorem Ge1.

The idea for the following alternative preof is due to
.o Fo Atiyahe

Rougllthatir G 4is a ocompact Lie group and H is a closed
subgroup of G, then the tangent bundile of the quotient space
“/a is the bundle asscoiated with the fibring H —¢ —+c/u

by the edjoint represontation of H, £ : H — Aut( &/p)s
where g,h denote the Lie algebrasm of G,H respectively. (See
08 pe33 of [ §]). Thus the total space of T(0/y) 1s

G X, (@/p)s in the notationof [ 7 ] . If ¢ s induced by
& ropresentation o of G, so that we have a commtative diagram

H f
| o3 e

where i denotes the inolusion, then T (G/H) is trivial; for
a buzﬂlefmqp from "(‘(G/H) to the product bundle is defined as

follows: let (g,x} represent an element (E,—z) of & xf(g/h),

and dafine ¢ (gyx) = (g, (pjex)e Similarly if the class of
)4 in the representation ving; RU{H) is the reatriotion of an
clement of RO(G), then the gtable tangent bundle of G/ is trivials
(In fact the firnt property is stronger tlhan the second, and says
that the tangent bundle of G/y is homogsnsously stably trivial,)
Consider also the adjoint representations ¢ : iIl — Aut h end



f1G —Aut g Then (¢ 1s an extension of the rerresentation
n ®p 3 H— Aut(h eg/h) T iut g Thus there is an slement of
H(c) extending the class of £ in RO(H) if e~ only if theve
is an elexent extending the class of aes It can readily be
verdfied by exanmining charscters that this latter condition is
satisfied vhen G is an orthogonal group over tie real, complex
or cquaternionic fields, end H is an orthogonal subgroup over the
sama field,



Appendix F. A Theorem of Milnor and Massey.

Consider the multiplication on 85 given by
(CL"QQ) —_— q1h.q2.q1‘1 where Y and . q2 are quaternions
of unit norm, the dot refers to quaternion multiplication, and
h and J are integers such that hej = 1, Write k = h=j,
We denote by P* the projective plane associated with this
maltiplication (i.es the seoond stage in the comstruction of the
corresponding classifying space, see [ 33 | ). Then P* admits
a differentiable structure if and only if h(h-1) is a multiple
of 56, i.es if and only if k° =1 mod 224 (See [357)).

Proposition. The projective plane Pk does not admit a S.aeCesSe

for any k.

This has been proved by J.Milnor (see p.126 of [ 22] ) and by

V. S.Massey ( 317 ] vhen k = 1,
2n
For any a evrm_1(8 ) let e(ea) denote the invariant
defined in Lecture 6 of [ 3 | .

Lemza. Let o generate the Z,, suunand in 1r7( Sz"). Then

ele) ¥ 1/6 mod 1.

Proofs First e(3) =  mod 1, For 3a is the suspension of

the Toda secondary composition O‘h’ 21, 1) where l, generates
i : o s0 by Lecture 6 of 3 ’
7ri+1(s ); thus % = <']5,<l”'l«> [ J

1066
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o(3) = =2 o 1) o 7); vut o 7.) me(7,) = (7,) =},

Also, o(ha) & ~1/5 mod 1, (Lecture 6 of [3] ) sinee 4o
generates the 3-componsnt of the stable 3-astem. Hemos the lLemia.

It follows that if ﬁew7(a"‘) is the olass of the attaching
map in P* (which has the osll structure S*.e'), then

a(ﬁ); ‘/12 hd J/G wod fe

Proof of Fropositions Consider the following commutative diegram
o —s f(s% —— FFH) —— ®s¥ — o

[
0o —— ﬁ}(sb} — r&i(z;k) — IEE(SL’) — 0 ,

IN
where the horigzontal sequences are for the inclusion 3 < Pk

and r 4is induced by Forgetting the cosplex strugiuc on a complex
voctor bundles #e can choose gemeratars £, ¥ for ' (i'j, by
{iws lemigy such that

hteue (ify, = ¥V

ehr,ﬂ 02.

| OO S R
where u generates the iuage of (P ,2) in H (vl
~ K
Let 4 £ be generators of KO(P') such that
2 n r(’] )
I € PB



Iet o -) denote the total Chern olsss. Then
2

0(7)) a 1 -6u

°( g) 8 1eus 3“20
(These are computed as in  § 15 uasing Newton's relations, )
t'enoo, denoting by p( ) the total Pontryagin claas,

pla) & 1 -

plB) = 1+ 2u¢ (1+2J)u2.

Now fron Lemua 3 on pek02 of [39] , p,(+*) & bu,  Sinoe
the Hopf invarient of £ is 1, the index of Pk is +1, and by
fiirsebruch's index theorem, (see p.85 of [23] Ie

192(1’k ) = (5wRkEl,
, : , . ’ 2
SO p(mo * B/ = 1+ 2raae [n(?,n-‘l; + 2jn - om] U e

ience in order that
L.+ nf = T(Pk)

we st have

n = k
2 )
Gn = n(2n) + 2gn - (45T

whenoe 5 = VY, {kz - (A-5+«‘;k2/?).}

Let K = 2241 + 1 for sc.e integer 1, so that * dces aldt a
swooth structure by (_35') e« Then ma= 16l -1 iuich is odde
iience if wa + o = T(Pk,‘. then m + ng * v (x");’ as required,
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