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The main aim of this thesis is to make some contribution to 

the theory of the tangent bundle of a smooth manifold* We study 

the possibility of reducing the group of the bundle to various 

specific subgroups* Such reduoibility is equivalent to the 

existence of certain 'structures' on the manifold* In particular 

we deal with the trivial subgroup and (for even-dimensional 

manifolds) with a unitary subgroup of maximal rank; the 

corresponding structures are called 'parallelism' and 'almost 

complex structure1 * The method consists of two stages: first 

ask the corresponding question for the stable tangent bundle; 

then find criteria for moving from the stable to the unstable 

range* The first stage uses the oohomology theories dealing 

with stable vector bundles over a space, while the criteria used 

in the second stage arise mainly from work of M.A.Kervaire. 

Throughout, the theory is illustrated by application to the total 

space of a sphere-bundle over a sphere, with its natural smooth 

structure*

We first ask, "For which oriented sphere-bundles over spheres 

is the total space parallelizable?" The answer is given in terms 

of the structural invariants of the bundle. In particular, if



the base dimension is not greater than the fibre dimension, then 

a necessary condition for parallelizability of the total space is 

that the bundle structure be trivial* However, there exist bundles 

in which the total space is parallelizable although the bundle 

structure is not even stably trivial* A complete answer to this 

question ia not yet available* However, the method used applies 

to a wider class of manifolds* For example, it is proved that 

any Stiefel manifold which ia not a sphere, is parallelisable*

Next we investigate the existence of almost complex structures 

on certain even-dimensional manifolds, namely those whose tangent 

bundles can have their groups lifted to the appropriate spinor 

group* In particular we apply this to products of spheres and 

to sphere-bundles over spheres* A product of spheres containing 

an odd-dimensional factor was previously known to be parallelizable, 

hence if such a product is even-diiaenaional, it certainly adults 

an almost complex structure* A necessary condition for a product 

of even-dimensional spheres to admit an almost complex structure 

is that the dimension of each sphere involved should be 2, 4 or 6. 

In particular, we show that the product of a 2-sphere with a t-sphore 

admits an infinite number of distinct almost complex structures. 

For an oriented sphere-bundle over a sphere, we obtain the following: 

if the base and fibre are odd-dimensional, then the total space 

admits an almost complex structure if and only if it is parallelizable;



if the base and fibre are even-dimensional* then a necessary 

condition for the total space to admit an almost complex structure 

ia that the dimensions of the base and fibre should each be 2, 4 

or 6* As observed in the first paragraph, we discuss also the 

corresponding stable questions*

One of the main tools used in the parallelizability question 

is the mod 2 semi-characteristic as defined by 11. A.Kervaire or. 

p*220 of 'Courbure inte'grale generalisee et homotopie 1 (i'.ath. 

Annalen, Bd, 131, (1956) 219-252). We compute this for the total 

space of a differentiable fibre bundle in terms of the homology 

of the base and fibre and the characteristic classes of the bundle, 

in some simple cases* We also express the mod 2 semi-characteristic 

of certain (4k+l) -manifolds in terms of a secondary characteristic 

class of the tangent bundle of the manifold*

In Appendix P  we reprove a theorem of Milnor and Massey on 

the non-existence of almost complex structure on the quaternionic 

protective plane; at the same time we prove the same result for 

certain analogous manifolds derived from multiplications on the 

3-sphere other than the quaternionic multiplication*
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1.
Introduction.

Consider the tangent bundle of a smooth manifold* It may be 

possible to reduce the group of the bundle to a specified subgroup* 

(For the definitions of a bundle and of reducing its group, see 

Chapter I of [ 47 J.) For example if the group of the tangent bundle 

can be reduced to the trivial subgroup the manifold is said to be 

parallelizable } again, if the group of the tangent bundle of an 

even-dimenaional manifold can be reduced to a unitary subgroup of 

maximal rank, the manifold is said to admit an almost coraplex 

structure. The methods of algebraic topology are well suited to 

these questions* The study of specific structures on a manifold, 

and of integrmbility of these where relevant, will not be dealt with 

here*

A preliminary reduction of the group of the tangent bundle 

which can always be effected (nanifolds being assumed paracon$>act) 

is from the full linear group to the corresponding orthogonal group* 

Any two such reductions are equivalent* (See §12.9 of [^J.) 

It will always be assumed that this reduction has already been raade.

An e&rl,y application of algebraic topology to a redaction 

problem was * the group of the fcingont bundle of a smooth closed 

n-diiaensi nal manifold can be reduced to the (n-1,v -~JLmensional 

orthogonal group if and onl\ if the Euler characteristic of the
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manifold is aero. (Sats 111 on p.552 of [ ^ ] }. The general 

reduction problem has been central for raany years j we shall not 

attempt to give a complete list of references. For progress and 

bibliography oefore 1956 sec f **7 ] . An outstanding exnraple of 

recent progress is contained in £ 2. 1 .

Our aim is to study so;:ie of these reduction questions. 

f.o shall describe a general procedure and illustrate how it works. 

This procedure consists of two stages t given a reduoibility 

question for a bundle, first ask the corresponding question for the 

corresponding stable bundle ; then find criteria for coving back 

from the stable into the unstable range. The first stage leads 

naturally to the use of the 'extraordinary1 coho-ology theories 

dealing with the stable vector bundles over a apace, see ;. > [ 6 J . 

The criteria used in the second stage arise mainly from the work 

of M,A*Kervaire in £-&*) and \*A J . Throughout, the method is 

applied to the total space of a sphere-bundle over a sphere, with 

its natural sraooth structure, van here the results are not >et 

complete. On the other hand, the method is applicable to a wider 

class of bundles. For example it is proved that anv classical 

Stiefel raanifold which is not a sphere, is parallel!sable,

In Chapter 1 we establish so >e notati n and describe the class of 

manifolds used as examples throughout. In Chapter II the 

paralleliuabilit,y of these manifolds is studied. The result about
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Stiefel manifolds IB proved in Chapter III j it is shown that the

ootonionic Stiefel manifolda T g defined in §8 of [2-4] 

are sphere-bundles over aphcrea» Chapter 17 contain* a lezoa 

about the extraordinary oohomology theory of certain manifolda* 

In Chapter V we study the existence of almost co. lex atruoturea 

(and of 'generalised' almost o-oplex structures aa defined on p. 126 

of [ ZZ J ) again with sphere-bundles over spheres aa the .sain 

exaqples* In Chapter VI the mod* 2 serai-characteristic of an 

odd-dimensional manifold is computed in soraa cases. Chapter Til 

contains tnisoellaneous results extending considerations of previous 

chapters* The appendices give details concerning Chapter I t 

summaries of work due to various authors which is used centrally 

in the thesis* numerical details for Chapter V, a proof due to 

:.F.Atiyah interesting in oonneotion with Chapter III, and a roof, 

in the spirit of Chapter T, of a known result*

It is a pleasure to acknowledge n& great indebtedness to ay 

supervisor Dr.I. .Janes ; also to Dr, . '. Ati,yab* Specific 

acknowledgements are included at the appro riate stages. I wish 

to thank also the Carnegie Truat for the Universities of Scotland, 

for financial support during tqy first three years of study in Oxford.



Chapter |« Brcliminariqs and. Notation.

§1* Throughout we shall use the terns "smooth" and "differentiable" 

to mean "of olaaa C 00". "Manifold" will raean "compact r^nifolil 

without boundary" unless the oontrary is stated; we may repeat 

"without boundary" when this condition is vital*

Consider a fibre bundle £ with projection tr t B  * M in 

which the fibre F and the base space M are smooth manifolds, 

and the structural group is a Lie group 0 acting differentiably 

on P* Then the total space B may be given the struoture of 

a smooth manifold as follows* First choose an equivalent bundle 

in which the co-ordinate transformations of the bundle structure 

are ssaooth (o*f* footnote on p*5fc. of L 23 3> Row B^m the 

total space of this new bundle a smooth struoture as in § 6,4 of

f 4-7 ~\ , and transfer this struoture to B by the bundle 

equivalence* The resulting smooth manifold B is unique up to 

diffeomorphiani and <r is now a smooth map. If P and M arc 

orientable and <5 acts on P in an orientation-preeervin/r 

fashion, then B is orientable* Appendix A sontains details or 

this procedure* Henceforth we shall consider the total space or 

any such bundle as a smooth manifold in this particular way. Thon

T(B) « /(T(ii)) ® f ... (1.1;,

v

where T denotes tangent vector bundle, w ( ) the induced bundle.



^ ® the Whitney summation, and £ the tangent vector bundle along
the fibres. (see for example section 7 of £ // J.)

Now suppose that the fibre F is a aphere and that the group 
d ia the orthogonal group of the appropriate diraanaion. Let t 
be the vector bundle associated with £ , and auppoae that B ia 
oontained ia the total space of £ as the apaoe of unit apheree 
in the fibres, which ia well-defined since 0 ia the orthogonal 
group* Then (o*f. p*86 of [ 53]) there is a oanonioal linear 
Isomorphism of the fibre of *r*(£^) over each point of B irt.t'; 
the direct aum of a (radial) line and the tangent apaoe to the fibre 
of £ through that point* Thus i*($V } is equivalent to *»hc

A
Whitney sum of £ and a line-bundle. This line-bundle ie trivial; 
for its total apaoe oonaiata of all paira (at,y) where x ir> in 
B and y ia on the line Joining x to the aero 0 of the fibre 
Vx of | through x, and the linear structure on the fibre over 
x of this line-bundle is induced from that on V by the translation 
which takes 0 into x; thus a non-aero oroae-ncotion of the 
line-bundle ia obtained by aending x to (x,0_}. Thus

For any finite CW-ooinplex X let K0(x) denote the 
Grothendieok group of real vector bundles over I and K0(x) 
the oorresponding reduced Grothendieok group (see for example [ 7 J).
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If n is any such vector bundle, its class in K0(x) will bo 

written (c}« For complex vector bundles the oorresronding groups 

are denoted by F(X) and ^(X). with the hypotheses of the 

preceding paragraph, (1*1) and (1.2) show that

• • (1.3).

We shall denote the additive group of the integers by Z, 

the group of integers modulo n by 2 , and the field of rational 

nudbera by Q. The unitary group in n oo> plex variables will be 

denoted by U(n), the rotation group in n real variables by S0(n), 

and their classifying spaces by BU(n) and BSO(n) respectively. 

The direct limits of the U(n) and the S0(n) under the standard 

inclusions U(n)^U(n+1) and S0(n) c S0(nf1) will be written 

U and SO, and the oorresponding olassifying spaces will be written 

BU and BSD* Let S be the total spaoe of an N-universal, 

priDolpal S0(n*1)-bundle (see for exaqple |§ 2 and 18 of [ ^ J ). 

Thus 30(n*1), and its subgroup S0(n), each act on S j we denote 

the corresponding orbit spaces by S/s^n+i) • */&% n) • Por thtt 

disouaeixjn of bundles over complexes of dimension less than N, we 

may take B30(n) m S//t B30(n*1) • ̂ -' and henoe obta;Ul

a fibring

Sn ——— B90(n)

(See for example p»1<24 of U ° J •)



w« shall frequently use the following result* L*t M be 

a smooth, oampaet, (m-1)-oonn8ct«a n-^ieaioional jmriifoia without 

boundary, whor« m^1, Than M way be represented up to horaotopy

AS a CW-oorcylex H* vf e, v^are the atflx»qpl»x M1 ia of 

at moct (n-ta) and

ia th» attadiiiig aa^ of th* n-ooll e* fhis follows for

Ihooi^m C of C ^ 1 whon (n*^) /* (4,2); sinoo M has tho 

t^ype of a CW«ootrjpl0x (Corollary 1 of [4-0] }, it Is

for siupi^=-oonnectecl lu, to take & hooology 

Of M (MM for «nopla § 8 of ( 2< ]). V.twsn this result is 

applied, we shall refer to M» ^ e as tho principal 

of It*

Further notation will bo introduced as the need arises. 

Internal referenoea aro by miJaor of section and nu bar witldn 

Section nuniiers oiaregaixl chM|?t«rs»



Chapter II. Fitf-CLUeligabilit of Sphere-^bundlea over .:-phcres.

In Theor*ne XII on p.247 of I 28 ] it is proved that tho 

product of two or more spheres ia paralleli&able if and only if 

at least one is odd-dimensional. a shall consider oriented 

sphere-bundles over spheres. The total space of such a bundle gets 

a smooth structure from the standard smooth structures on the base 

and fibre and the local product structure of the bundle (see 

Chapter I). We nay ask, "For which oriented sphere-bundles over 

spheres is the total apace parsllelisable ?" The answer will be 

given in terms of the structural invariants of the bundle. 

In particular, if the bass dimension is not greater than the 

fibre i - '#naion, then a necessary cord tion for parallelisability 

of the total space is that the bundle structure be trivial. 

Kcxever, there exist bundles in nhich the total space is 

r arallelizable although the bundle structure is not even stably 

trivial.

be 
A smooth manifold is said to A sn>&ralleliaable if the

Whitney aunt of its tangent bundle with a trivial llne-bundlo is 

trivial. A paralielizable manifold is clearly s- >arallelisable. 

We proceed by asking tv>o questions about the total space of any 

oriented sphere~bi indie over a sphere.
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Question 1. Is it s-paralleUaable ?

duration 2, If so, is it paraUelisable ?

The answer to question 1 is sirjplified ^ a Thorn laonorphisn

theorem ; 1 am indebted Co &.P.Atiyah for suggesting its une here*

The answer to Question 2 is contained in the work of J. -'.Adams, [ ' J,

and of fc./.*Karvisira , f 2* J and ( ^ J .

Kesults ere outlined in §2. In §3 and §k- we give ^noral. 

answers to Questions 1 and 2, and in § 5 we examine particular 

cases*

2, Outline of Results*

Ve use the notation introduced in Chapter I* The following 

preliminary theorem follows from (1«3)*

2*1« Let > be jut, oriented a^here^bundle with jx joction

w ; B  7* M T where U is an a-paralleliraa.bla rngndLfiqld, .-..ot

ba the veo tor bundle associated with s ^ t Thei^ 3 is _8*:>:arallel.iaa...le

if and only AJ. tine stable clasa I I J ... ia_ in OVB kernel of

ir

Now let be an oriented q-sphore bundle over the n-sphere, 

with projection v i B    + Sn. Let 9 in »>n_1 (Sq) be the
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inage of a generator of w (sn) under the toundaiy

in tho homotopy exact sequence for 9 t and let ^ in ar (s 

be the Preudentlial suspension of 6 ,

Theorem 2*2^ .With notatJ^n as ahoya* an4 n. ^groa^er. than; ?.r the 

fesrnel of v* \ K0(8n) ——*• fo( :*} is the iuaae of

»a shaU deduce from [ ' J I £S ] and [ Zl ] ,

Theorem 2*,^ ket the t9<jal ayaoe B of a$. oriented . 

'pundle over the n-sphere tie an)aralle3.igable. T.^n one and only 

one of the follpwijn^ is true : 

(i) B is paralleliaable 

(i|L) both n and <^ are evpn^ 

(lii n ia 8» ia 7 eM the

1» of odd order.

!?• use the notation of I 2. According to section 3 of [27J» 

B has the cell structure 3*1 ^g en \s e"**1. T.et v* be the

restriction of «r to Sq ̂ g en. Consider the injection of the
/^
EO exact sequanoe for if into that for tr :
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ffi(T) ————4——>- ffi(8n) ——s——»• ~(B} —»• . . .

1J _ k*l (3.1)

The Tlia.i complex T of ia the mapping cone of «r. Since n 

is greater than 2, | is a spin bundle anu b: the Thon 

isooorphisra theorem (see Appendix B), i is onto, r>ance ,.-* is 

the projection of the oofibration S*1 ^ Sq »^e en, the loser aequenee 

is tlje KO exact sequence for & (Satz 3 of C4" 3 ]}* "Hua the 

ualaoelled honoa.Brphisi:i in(5.1)iB A , and Theorem 2.2 follows 

oy exactness of the upper sequence in

I* The gtfus\r to question

Tl» . od« 2 aemi-charaoteristic of :^n od<2-dimenoic rid manifold
V-l

M ,. 13 definoi to be b. where b. is the rank of th
r-i i=o i i

2 homology group !L(M;22)» (See p. 220 of [ a8 J).

. (rv&ire ,&nd ...^..a^e), ijgt M be an a-pa

n~dif.<ensijpr^I ganifold wit'r c ;t b 

lUl^ Whejn n is e^Mt« H IK j:aralle3.igabjLe if and .only if its 

Euler ckj.racteriatic i

When n is odd. M is parallel liable If and only if either

n is 1«3 or 7. or the rood* g send~oharaoteristic of M J3 even.
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_ roof. The n<^arallelizable[ manifolds are exactly those which

can be embedded in Euclidean apace Rg. 1 with & continuous field 

of normal (d+l)-frs»»s, (Se« e.g. p.10 of [>?*].) Thus K.I is 

Thooreme IX of [as ] , «hile K.2 follow from Theorem XI of [*»] 

lensaa 1.2 of [ Z<* ] , Theorem 1.1.1 of [ ' ] , Theorem p.3 of 

[ S.t ] and 1'heoresne VIII of [** ] • (3ee Appendix C for 

details.)

This theorem is used to deduce Theorem 2.3 aa follow. 

Let B be the total space of an oriented q-sphera bundle over 

the n-aphere and suppose that B is s-parallelizable. If B is 

even-cliiaensional, our assertion in (2.3) is a corollary of K.I. 

If B la odd-dimensional, we distinguish two coses.

(a) The raod. 2 horaology of B is the same aa that of T»n X Sq. 

Than B le parollelisable by K.2.

(b) Otherwise q is n-1 and the n-cell in B must be

attached t the (n-l)-sphere by a &n of odd degree. (He

again use the cell structure on B given in section 3

of I S7 J •) But the homotopy class of this nap is i: the
^4of ~

(see 3,4 of [^7 ])« «ence p is onto. Thus S n~ is

paralleliaable, so n is 1 t 2,4 or 8 (see e.g. [5S J ). 

By K.2t if n is 1,2 or 4» then B is parallelisable while 

if n is 8, then B is not parallelisable.



» articular Cases*

e continue the discussion of oriented sphere-toun lea over 

spheres with the notation introduced in $2* If the base dimension 

is not greater than the fibre dimension, then the bundle has a cross 

section and so ar * t KQ(sn) ———— ̂ KO(B) is raonomorphio. 

\?e use Theorem 2,2 to study the kernel of v* in unstable coses,
'^** m

For n>1, RO(S ) is isonorphic to IT (B30). fe use freely the 

information in section 1 of [ '* J on the homctopy of both 90 and U,

e". 5«1« lifit q » n*1^ and »..,>_?•

(i) If ..,fi. As not a roiltiplf '.of 4« then y ia ooao:rorphio«

If n is a inultiple of 4. so that ^(3nj ja infinite cyclic.

the ordttP of H /

Proof, (i). If n is congruent to 3» 5, 6 or 7 --xl. 9, then ir.(3SC) 

is aero end there is nothing to prove. If n ia congruent to 1 

mod. 8, tlon wCsOdi)) is finite (p,t6t o:'[3oj; so t: at

p : w^CaoU)) ————— «rn^1 (Sn"1 ) is so- and the A of

Theorera £«2 i-/. ceit>. If n ia congruent to 2 roc. , A is in

2sr (S11) while *r 1 (B30) is of order 2 and hence is annihilated by
** Q^

ocRcpoaition with )\ •

(ii)» If n is a Multiple of 4* then a- (BSO) is infinite cyclic

and A is & f tiiJSB a generator of w (S ) f where © is the



order of HBfZ). Thus the Image of A* is

The result now follows in all cases by Theorem 2«2*

j^
5»2» Let 3*1 < o« Than nr i« taonomorphic excet

when _.r o. la oon^ruont tpj?^ end Q is eojagyruent i_.tp 1 or 2Ar ..raod« fi Q»_ 

*rQqf» e use the cow -ut«,tive diagram

q*1 l>*
<r (BO) ————

K4^
-^-» «r fBaji O—————— ̂

u lil

Here Ac is induoed by composing with A 5 r and o ara 

induced by the Inclusion homooarphia is TXp) c OO(^p) <m& 

^C(q) c U(q)» First observe that Ac is zero whenever n and 

q^l ore u. equal* For if oithcr n or q*1 is odd there IB 

nothing to pitjve ; while if n and q+1 are one qua!. arv3. both even,

thcsn 5r ^3) is finite (iropoaition 5 on p.498 of ** ); u

ir (BIJ) ia topsionfree so AC is

Let qf1 ba less than n, First let q be congruent to

1 or 3 nod. 8. 3y 1.7 of [ /*] , ir(3&/y) is isonoiphio

to «r 4(90) which in this case is aero. Hence from, the homotopy q+1
exact secjuenee of the fibring U —— * SO — > S0/y , it

follov/s that the upper r in ( 3«3) ia onto. l-'or. X is ssero

A«- 
-rf ».w -~. , -».«. -^ ——— — >^.-., ——— C. i:" "Qi"'-»

Next let q be congruent to 7 road. 3, and let n be a multiple
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of 4. In this oaae the lower o of (5*3) is sonotnorphio (see

e.g. the first 12 lines on p.281 of [s? J ) and 00 A is aero

A * *. 
—.„ Q is sero. By Theorem 2.2, ir is oncr'orpbic in the

above cases. Finally let q be a multiple of 0. Then «r * is 

•ncm lornl ic "by Theorem 1 of [_ ^ J . The nature of the honiotopy 

groups of Pr?r shown that the proof of Theorem 5.2 is no*- complete*

Theorems 5»1 and 5.2 together with Theorems T.I and 2.2 give 

information on which oriented sphere-bundles over opheres have 

e>-p&rallelisable total apace. Theorem ,,3 t*lla vlii h of th - 

surviving candldateo are parallelizable. Thus usuall v the total 

space ia paralleliaable if end only if the bundle in stably trivial 

and either the base or the fibre in ocM-Jiiasnaional. Hcnever 

there exist bundles in vh ch the total space ir paralleliaable 

although the bundle structar© is not stably trivial j exajsples 

are provided by Theorem 5»1 (ii) and Theoreia 5.2 (sec below).

The following is a genuine exception of the typo allowed
\et ft

by Theorsca 5*2* T at p be the Hopf fibring of S J over S 

with fibre S , and let S be the bundle induced from /9 by 

the essential map froa S^ t ; S . Then the total space of

is i>aralleli3ablet and ie not stably trivial. h;- latter 

assertion follows from Lensaa 2 of t 3o J • »ino<^ the 

claeeifiing element for /" in «g(Bao(0)) injects to a 

generator of *Tg(BSG) (see e.g. j^ S6 ^ )» Now label
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of Theore . 2*2 by a subscript denoting the bundle for which it is 

defined. Then A - generates rQ(S8) so X is the 

non-aero element of arJS )» Thus the stable classifying element 

of 5 in rrg(BSO) is the image u der ^> of a 

generator of wg(B30). Hence by Theorems 2*1 and 2.2 the total 

apace of 5 is a-paralleliaable, and now by Theorem 2*3 it 

is parallelicable*

Similar examples exist whenever q is oongruant to 7 

mod* 8 and n is o> 2 or q*% First let q. be 8e*7 and let 

n be 88*9 for soioe integer a ^ 1. Then «• ^(^(q*1)) la

isocaorphio to Z^Q ^S9Z2 ' and 8lnoe "n-l 1^ 8^ i8 finito and 

«rn.2(ao(q)} is torsionfree, p^ j ^^(gcKq^l)) —— *- 

is non-aero. (See p*161 of [ 3o j.) The injections

both onto* since the last two groves are finite while ^ 

and ^n.^3 ) are toraionfree. Hence the injection 

i j v ,.(SO(q*-1/) ——— *- v ^(30) is non-sero* Consider 

w .(S0(qt-1)} as a three-di enaional vector apace over Z • 

Then i. and p are non-aero vectors in the dual space, 30
7T $$•

each has a null -space of dimension at saost two* Hence there is

X in «rn-<| (30(q+1^) with i^(X) and p^(X) both non-«eit>, 

By Lezmoa 2 of ^ 3° ] » and Theorems 2.1, 2*2, and 2.3» the 

bundle with characteristic eleu<ent X haB paralleliaable 

total space, although its stable class is non-zero* A si ! liar
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argu ent deala with the case q congruent to 7 mod. 8 and n 

equal to q+3,

Again, euoh exanples exist when q is 7 and n is 17 or 18* 

This follows from information on the 2*eoirtponents of hoznotopy groups 

of spheres in e.g. Chapter XIV of [ 4-1 J . More general results 

are clearly desirable* The problem may be broken into two stages t

1) For which r is there an element in the stable r-atom of 

horaotopy groups of spheres, inducing by composition a non-aero 

map of KO* ?

2) When such an element exists* can it arise in the particular 

way required to give exceptions of the type allowed by Theorem 5*2 ? 

Dr. J,F. Adams has kindly coiOKunieated by letter that the anawer 

to 1) may be, "All r congruent to 1 or 2 mod. 8". And that this 

may appear in a forthcoming paper on the J-homoaorpbisnw

Let OQ be V} , the generator of the stable 1-ateta of

hoiaoLo;y groups of spheres, and let o fl e <^rs^» 21, 8<r^ where
15 3 

cr is the class of the Hopf fibring of 3 over 3 , I is the

class of the identity, and :ueana the Toda secondary

c snpoaition as in [ 4-q \ • One might conjecture that a
# 

(and also e yi ) induces by co position a non-zero map of KG .

If this were trfte, then examples of the type allowed b, Theorem 3*2 

exist at least whenever <j ie ? and n is congruent to 1 or 2 od*



1').

Heaarka. For n less than 5t parallelisability may be decided by 

special arguments* When n is 1, all oriented bundles are products, 

and have parallelissble total qpaoe by Theorems XII of [ 2 5 J • 

When n is 2 and q is at least 2, the opening remark of f 5 applies* 

When n is 2 and q is 1, either ap eal to the theorem that all
3~

ooqpaet orientable^nanifolda are parallelisable, or else note that the 

bundle is prinoip&l, so the bundle along the fibres is trivial* Thus 

r (B), which is the ihitney sum of r(a2) lifted up and a trivial 

line-bundle, is trivial*

Suppose that the differentiable structures on Sn and 8^ are 

changed. Then the tangent! bundles remain unohanged by "(4) ~* (3)" on 

p.135 of [ 31 ] , and e.g. p.8 of [ 34- J . Thus the results of 

this chapter renain unchanged* I do not know what happens if the 

differentiable structure on the total space is changed without 

respecting the bundle structure*



of Stiefel Manifolds*

In § 6 we show that the classical 3tief al sonifolds are 

s^arallelizable, and deduce that any Stiefel manifold which is not 

a sphere, is parallelisable, We show in § ? that the same method 

applies to the ootonionio Stiefel -r-anifolds defined in § 8 of •

§£• The classical Stiefel manifolds.

W« adopt the notation of section 1 of [ 2 $ ] in order to 

treat the real, complex and quaternionio oases simultaneously.

Thus let 0 _, denote the Stiefel mnifold of orthonorml r-fraiaes »,r
in n-dimensional co-ordinate space over any one of these fields* 

Consider the ladder

where d is the dimension of the base field over the reals* Any 

ooB&aot Lie group* in particular O R, is paralleliaable j and 3 

is parallelizable only when dn is 1»2»4 or 8*

Theorem 6*1* The Stiefel manifold 0 . is a-paralleliaable.a. ——— ff'^'i'Tli., —— ——————————— S5 ————————— H ———— j^y ———————— K —————— 585= ——————

Corollary 6*2* If r is greater than 1. then O r r Tis parallelisable*-™-7 "- "-I-L r-:ir — .r-:n.-. ._• .1 . - _.r. J :>r «.-....- r.._i_...

The corollary follows using Theorem 4«1» since whenever r is



greater than 1, the mod, 2 horaology of 0 ia the same as thatn»r
of a product of two or more sphere*, at leaat one of which ia

of 6«1« Let X be greater than |n(n+1) and let

denote the N-diaaensional co-ordinate apace over the buee field F* 

Let Pp c FJJ be the aubapaoe of vectora whoae last N -r 

components are aero* and let '» -.' be the aubapaoe of vectora 

whose first n components are aero* Let Qf and 0^^ be the 

corresponding subgroups of OK« Denote by B the homogeneous

apace CL./O ^ Q , where a ia any poaitive integer up to n,
'a K-n 

Consider the oomtautative diagram

0 —£* 0 .^!» . . -^0 _ 
n,r n,r-1 n»2

I P
1~-' V.. . —— . . __. . . _

n-2 n~1 n. * —> o_ ——>- *._^4 -^-^ » • —^ B - ———*• B

Here Tw is indoo^d by the incluaion of OD in 0^, py is
r

obtained b\/ suppressing the first vector of each r-fraoe, and q_ 

ia induced by the ainilar projection of 0R K<i|^r to

Then T ia a classifying raap for the vector bundle

associated with the (n-r-1)-B chore bundle ?^hose projection is
V 

p^1 j and q^oq^o . .^o-r^ ia a classifying map for § ® dr

(.Mtney sun with dr trivial real line-bundles). But

, and <I«T

is the constant raapf hence the stable class | | \ is aero.



We now prove the theorem by induction on r • Piret 0 4 is
Hfl

the (dn-1)~ephere, which is s-yarallalisable. Assume that 0 

ia s-parallelimble. Then from (1.3), {T(0 t ) j is equal 

te prTl < I 7"*0*.*)} * ^r) > which is aero by

inductive hypotheais and the above* Thus 0 ^ ia 

s~parallelisable and the induction ia couplets*

An alternative proof due to K.P.Atiyah, of a stronger reault, 

sketched in Appendix S«

Reaexk> For any r » 0 aleo bounds a paralleliaable

manifold* For r • 1 this ia clear* 'hen r ia gx-e&ter than 1,
V

consider the ball bundle over 0 - associated with . * 

Its total space is a-paralleliaable as for 0 ; and hence 

paralleliaable since it is a nanifold with boundary* This boundary

*• °« * • n»r

Let Y n denote the octonionio Stiefel manifold defined in fflf 2
§ 8 of f 2^ 1 . In the next section it will be shown that 1 0

J M, f,

is the total space of an oriented (3m-9) -sphere bundle over the 

(aH*»1)-apliere. Since *r.(B30) is «ero, and by (1,3), (2.3),

it will thien follow that T g is paralleliaable,



§?• ?!>§ ootoaionAo Stiefel manifold Y , . as a aphare-bundle•%* -
over a sphere*

Recall the definition of ootonionio Stiefel spaces from § 8 of 

2*J * Let t be the Cayley algebra of ootoniona (see e.g* 

20,5 of [ *7 J ) and 1»* Fffl be the »-fold Cartesian product of 

P with Itself, where ra Z 1. A point of ?ffl, say x * (x1>x2, . • , 

with x £ F, is referred to as an m»vector» The inner product of 

m-vectors x and y is defined to be the ootonico x^y. > , . + 

where y denotes the oonjugate of y. Length and orthogonality 

are now defined as in a proper vector space* By a k-frane in F we 

mean an ordered orthonoxtaal sot of k u-veotora* Let -. . denote
iA.fcii

the spaoe of k-fraaes in F0 (with the obvious topology). The projection

of I . into X . f where 1 < 1 4 k, io defined.b./ suppresaing the

first k-1 vectors of each k-frame. In particular for k a 2 and

1 • 1 t and m ̂  2, we denote this projeoti n by p » I « —*" Yaul*

Za § 8 of [ W J it is indicated how to prove that Y 2 has

a local product structure relative to p •

Proposition 7.1. The Stiefel manifold .Jf - is the total apace of 

an oriented sphere-bundle with projection P, .

As an auxiliary for the proof, let Y ' be the space of ordera:'-» K
orthogonal sets of k m-vectors» in which the first vector is non-eero 

and the others are of unit length* In particular Y ,' consists of all
Qlf 1



non-s«ro m-veotora* Note that Y . la contained In Y '•••

The projection p* i Y 2» —— »- Y 1 la defined as for p • 

Let GL(8jtt-8tR) denote the full linear group of dimension 8ca-8 

over the veal lumbers*

Lees* 7.2. iVith the above notation.?,. • is the total epaoa"-" -— - -— - -- —— ' ' ' ™U1 «B§Z L-nvu 1 r.-l -r niT-:

of a fibre bundle «ith fibre Y' ""I

Following f 8 of [ i« J , let 7. c Yr . be the
W -J , J^ i^J^ I

aribapaoe of all x * (x^ t • ,3^) auoh that a^ /£ 0, For 

eaoh i define

where (y,x) e p| (V4) and (y1t . ,y±9 . ,ym) is the 

la-vector obtained from y by omitting y.,^ • Then

a ' • For et foa« it

the aero vector* f hen since £ x y is aexo, x^ would be

zero* But x4 / 0» and the Caylej nurberc form a division 

algebra, so y. 9 and hence y. , would be zero* Then y would 

be the aero vector, which is false since (y»x) £ 

By its definition J/. is continuous* Let

*'



toe defined sy

^ A(»,x) • ((a,,, . » ai«i» /t(»» 

where

Since x e V^, ^(a^x) ia well-defined ; and cj} (i-.,x) ie 

an orthogonal pair, for the inner product of ite m-^vectoro is

i

This is aero since the subalgebra of F generated by ar\y two

elements is associative. The first vector in the pair <^> i

is non-zero since s is non-zero* Continuity of <£. follows
w*

from its definition. Clearly ^± $ i is the identity u» 

of '^ . If (y,x) ep'^C?, then

where

(- y.:X, )x,"" since y is orthogonal to x

y, since the subalgebra of F generated by 

two elecxints is associative*
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Thus <> ± ia a hoBeoaorphism with inverse . Now suppose

i / J* For any x in 7± n V. , let ««(*) denote the coniposition

' > -1,1 *

/ ssune for definiteneaa that J ia 

lass than i • Than g«(«) ie the homeo orphism sending

Using Leia & 7»3i this explicit formula will show that g.. is aJ*
continuous function of V. n V into GL(3m-^tH}. The pr-xjf of 

Leoaaa 7»2 will then be ooopleta*

?•,?• .Let A be a Jiaear algebra of dlatenaion d over a 

field K. Denote by Am the .-a-fold Cartesian

A. thit»tl,9^A.—^ be

6 (a^n *.... .a ) » r|ft^ •- « a*) , ^;ere ai - •......-. ^/__.a.b.. for
<> 

fixed b,. 6 A • Suppose that 0 is ono-one onto* Identify V^
dra

tranafonaatiiOnlof ^ ...jfocfeoafl by fl ia in (»L.(tl..^;'.;«

Proqf* By the e^licit form of 6 and the fact that A is a
*

linear algebra* 0 is K-linear* It is non-singular since & 

ia one-one onto*



To obtain the desire reult about the g ^ above, apply Lesna 7.3 

With F for A , R f or K , and with 6 1 and 0 where

groof of 7*1 • Apply the first part of the theorem in § 12*9 

of [ *7 J to the bundle J" of Lemom 7.2. This gives a 

co-ordinate bundle with projection v* \ B* — * T i • 

oo-ordinate neighbourhoods | U.j aay, oo-t>rdinate funetiona

Pj'- 1 ^ni* X °d — " ^"^V and ®r°l* Offcfr-M) I and 

a linear bundle equivalence

Since the group of the new bundle ia 0(.m~u,R> there is an 

associated unit-aphere bundle, with total space

B - V f p ̂  1 X U ) ,
J f J ..•!«• I ,1 J

and projection «r and co-ordinate functions *f>. the restrictions 

of «r* and f>\' • I claim that there ia a horaeoraorphisn h 

making the following diagram ooacoutative j -



2V.

Such an h will induce a sphere-bund!* structure on 1 

relative to p . To define h , identify P with B~ *
ZQ on

For any * in I 4 , let K"1" be the (6»-8) -dimensional »»i
subspftoe of R orthogonal to x in the Cayley sense, and let

be obtained by suppressing the second vector of each 2-frarae. 

Then for each x in V, o U .»

* i Y ' _____ »X c*-1 »1 ————

are restrlotlons of linear traaaitorfaatlone of R;^,^ (the first

by definition of <f> , » the second since h* is a linear•ij*
bundle equivalence), hence so is

h1 f •
X / 4

takes 
**

onto a aubapace f(V)] of p*** (x),

G is a compact auospaoe of x1 euc., that any ray in x" 

from the origin i:«ets C in exactly one point* Thus there



2?

a fibrewiae hon»onioiphi«aiof ^ HM> x)j r onto I - •* i y\-H. s%*
Then k °(h'JB) ia the required hc*aecwa>rphiam h .

If hj* i B 1 — » •'m.o' ia another bundle equivalence

giving a fibrewiee horaeomorphism h4 J B — » If . , then
I Hj c

h| h* is * bundle equivalence of the two sphere-bundle atructures
./ on I _ • Any two choices of reduction of the group of § are

equivalent in 0(8m-8tR), by the aecond port of the theorem in

§12»9 of [*-7 ]* Thua the sphere-bundle structure on Y 2 

defined above ie independent of choioes* Sinoe the baae Y 1 ia 

homeocoxphio to the ( ̂ »-1 )-ephere» the bundle ia orientajble, and 

we get an oriented aphere*bundle structure on Y „ relative 

to p j this structure ia unique up to orientation*



2S.

Chapter IV A Leama an Coha.ioloyy Theories of Certain Manifolda,

§3* let M be a ataooth, connected^ compact, n-diioenaional 

Biaxiifold without boundary, and let V be a stable normal vector 

bundle of 11 | ao that if k ia the dioenaion of the fibre in "V , 

k > n . Let Uv denote tha Thora oocplex of V (eee o.29 of L^8 ])« 

Throughout thia eection, ordinary hooology will be token with integer 

or ood B ooefficienta at?trcr4LiiiT ay '^ it *^p l.a W^F 'fyifur^fi'^lT i*) 

the elaaniool aanaa» By a 'saultiplioatiTe oohojrology theory* we 

ahall nean the aaraa aa in [ / 8 J • (Sea also Appendix B.) 

If h ia auoh a theory and P ia a point, then there ia a unit 1 

in h (P)» then h ia defined on a category of paira of apacea in 

which each apaoe X haa a baao-point XQ, we denote by h the 

*re<tue«cl* Uwory, hr(X) • h^X,^). We eay that M ia
r+t Lr •>«

h-orjleotable if there ia a fundamental claaa U in h (M ) auoh 

that ^i(i) (U) e o\1) where e denotes k-fold suapension

and i I Sk —— *- Hv ia induced by the inclusion of a fibre in 

the total apace of V • (Sea for exac^la p»8 of [ '^ J.)

Conaidar the principal deocrapoaition tt f f̂ a of M (aee §1), 

^ With notation af ajbovau euppoge that M ia h«orientable.

Then h^f) i hV) — h^S1**1 } ^a aero for any i .

or tha proof we require the following le «aa :
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Leiaaa 8«2» The generator of *>.».» (MV ) is a apherioal class*

This leraaa Is wall-known* For completeness a sketch proof follows. 

Suppose that M la smoothly embedded in * sphere S*1* with 

k 2 n+1. Let A be a tubular neighbourhood of U in 3m>k»
•

Let A denote the boundary of A * and B the closure of the
ttfrk of A in 3 • Mow A i» diffeomorphic to a

neighbourhood of the aero crosa-section in the normal bundle V of
•y

the given embedding of M, so we cay take M to be A/I »

Ccnslder the map > i 8°** — •• S = V obtained by 

collapsing B to a point* f hla induces

-v- n^t 
But j is an iaomorphiam ainoe B is contractible in S 9

and the lemsna follows.

Proof of 8«1« Sinee the arguoent will be at the hoaotopy level, we 

aha31 identify II with M*"e and ~v with the bundle over M*w e 

induced from it b> sorae fixed homotopy equivalence of M1 v e with 

M* Subdivide U to obtain a CW-comjdex X such that the restriction 

of "V to the closure of any cell of X is trivial* Let d be an 

open /(cell of X contained in e . 'rite » » X - d and let 

g t 3n"1 —— "- 1* be the attaching usap for d in X . e have a



N

M»

where J ia the inclusion, r a deformation retraction, and 

r»g la hotaotopio to f » It is thus sufficient to prove that 

h(g) Is aero* Now give the Thorn oosplex Mv a oell atruoture 

in which there la one (l*)c)-cell correapondlng to each i-cell of 

X, and one 0*cell« Let o c M be the (n+k)-cell corresponding to 

d , write L a Mv - o, and let It S**^1 ——" L be the

attaching map for e • Then 1 la the Thorn ooa(&ex of "V[ H, 

and 0°+*** is the Thorn complex of the trivial bundle over S 

induced from "V | H by g • Since "V ia h-orientablo so are

V | H and g*( ̂  | N) • Applying the Thorn isomorphism for h theory, 

( see Appendix B) we get the ooarautative diagram

~hi+*(L)

n-1 
a

It 10 not? sufficiant to show that h(l) is sero. By Lenraa 9.2 

the con^joaition

la the identity, where \ la the collapsing nap used In 8,2 and



'Jr.

p collapses L* Hence h(p) is nsonoaaorphio. Consider the exact 

h sequence of It

The triangle commites where or means suspension, ainoo the h exact 

sequence of 1 is that of p laoved two places along (see Sate 5 of 

f ^" s f )• Ho* einoo h(p) ia tnonocflorphiot h(l) ia aoro, aa 

required*

A manlfftld is KO-orientable if the group of its tangent

bundle stay be lifted to the appropriate apinor group, or e<juivialontly 

if ita first and second uod 2 Stief el-Whitney olaaaea are aero ( aee 

Appendix B and § 26.3 of (^ // } ).

The hypothesis of h-orientability cannot be removed from 8,1, 

For example if h ie ordinary integral oohoraology and K is 

non-orientabla, then the lemma would liply that the pinching map 

M —* Sn induces a znonoiaorphism Hn(sn,Z) —> H^M.Z), vliioh 

is false* Again, let P denote tho coniplex protective piano*

This is orientable but cot KQ-orientable* Consider the KO exact
3 2aequ&nee of the llopi' nep fj '• S —>- S i

i ft* -~l~1, ^, ^~--'
r--\ I Jff, J.q^! ______k. VC

Here ia non-soro when i B -«5» b^r Lensaa 2 of / ^^ /•
!•• ••—'
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L*t [X, X ] denote the sot of hoootopy clAsaea of siapa from 

X to T * Let S denote suapenaion.

fret V3| t^/t gaft^^
M* ^» e * Than

Sf* * [«% BSO(aa)] ————— ̂  [S2®, BSO(2m)J

Proof. Write n « 2n » The f Ibring Sn -^S30(n) 

(o*f» §1) gives rise to a ooBRaitatlve diagram

—— ̂ ^ [;a«,BSO(B)J — ̂_

vitiere each horizontal sequence is exact at the middle stage*
y

Let a e [a, »,B30(»)] . Then Sf i^(o) »0 by 8,1, ao 

a . Sf • k° ^ for aome ^ t[sBt3nJ . Now

Sf* t H^SM'.Z) —————— -

is sore (for example by 3*1) ao k- p inducea the zero

fjor o Torphiaa on n-dlraenaioaal oohon»Xogy* But k^ ie non-aero

on the imivwrsal Suler olaaa, henee ft is trivial and the result

follows.



Chantey Y Almost Complex and Stably Alapat Complex Structures.

Given en n-plaaa bundle £ over an n-manifold Mt which 

n-plane bundlaa over It are stably equivalent to i ? The 

answer ia aaay t apaoialiaing to even-dinensional apin

manifolds we obtain an effective answer which extends Thaorane IX 

of [ 2.8 ]. Wa uaa thia together with K and KO theory to atudy 

tha exlatanoa of alaoat oooplax atruoturaa on even-diiaenaicnal apin 

aaxdfolda* in particular oa produota of apharaa and on ephere-*undlee 

over apheraa*

The l foznal anavear* ia oontainad in §9* In §10 we study 

Euler olaaaaa in tha aatting of § 9* Wa recall in §11 the 

claaaification of 2m-plane bundlaa on tha 2m-aphere and in ,§12 

Y/C extend Theorerae U of [ ^8 ]. The relavanoe to alnoat oonplax 

atructuraa ia shown in §13» and in §14 and §15 we deal with 

produota of spherea and with aphara^bundlaa over spheraa.

§9* Stably Eqftij.TBa.ent B

Let M be a <L topologioal apace (aee 11.3 of t 4""7 J )
v

having tha honotopy type of a finite CW-conplex M* ̂  e * where

the dimension of the aubooiaplex M* ia at moat n-1 , and

f t s11"1 — *- M1 attaches the n-cell e . We ahall identify



M with M» ^f e by some fiaed hotaotopy equivalence* Aa in 19.3 

°* L ^7 J » ( equivalence olaMMm of) bundle* over it may toe 

identified with hcxrotopy classes of naps of M into an apt ropriate 

classifying apace*

Consider the following commutative diagram of Puppe sequences t

Pf* > [M',B30(n)]

The notation here laaain § 1 of [4?]: thus 

Pf « M* ——- M is the inclusion , and Qf » M —>- Sn 

oollapsae M*. Suppose that a»b ^ [M,B30(n)J . '-e aaj that 

a and b are almost equivalent if Pf (a) • Pf*(b), and that

a and b are atably equivalent if i (a) « i (b). Since the#- *
right^iand 1 in (9*1) is moncaaorphic, stable equivalence iraplles*&

aliaoet eqjuivalencc. By 4,5 of ^sj f a and b are aliaost 

ecguivalent if and only if there exists an a <• £snf J3c(n)J 

with o.a u b* where the dot denotes the action defined in 4*3 

of [+3 J • Let I <= [sn,3HG(n)] denote the kernel of Qf*i^

Lecma 9«2« Let a*b^ [M,BS(Xn}J » Then a and b are stably 

ormivalent if and only if b « r »a for some c..£!•



Suppose that a and b are stably equivalent. Then 

by the above, c.a - b for some a e [sn,BaO(n)J • By naturality 

of the action, 1^(0).i^(a) • i^(»). But by 15.7 of [ *' 

for wcanple, i (e).i (a) • Qf*i ,(a) * i^(a). Benos
7*" -9\ * <Jfr

Conversely if .a » b for some a e I, than i (a) « i 

§10« A Remark on £uler Classes.

la this section hoaology and oohoraology will be taken with 

coefficients in a field P* Let M be as in § 9, and suppose 

in addition that H (M) has rank 1. Let t be any apace, and 

let y e H°(Y) be represented by the asp y » Y ——*- Kn, where 

K denotes an 2ilenberg-€aolane spaoe of type 0?,n)« Let 

c & C® »^J an<a a ̂  0''»XJ ^ represented bv naps of the aaoe 

nanies* A« before let Qf I'M—»-Sn collapse M 1 . Let 

p : M —> MvSn pinoh the boundary of an n-diso in the interior 

of the n-cell of M. Consider the following horaoto/•„ -coixwtative 

disgnu&t

x M

wliore A is the diagonal map, i and J are inclusions, m 

is tho lailtiplioation on K and V is the folding map*
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Thu» (o.f« second part of proof of Theorem 15,7 of [ * ' ] ),

. . . (10,1). 

We observe that since H^M*) is aero, Qf * ia non-aero,

For any orientable n-plane bundle £ over M , let 

B( | ) « H^M) denote the Buler olaaa of ^ t where the ooefflcienta 

are now rational* Apply (10,1) and the succeeding observation 

with n even, B30(n) for Y, rational coefficients, and y the 

universal Staler olaaa. Tola yields j

Leqaa 10.2^ With the abova notation. S(a.a) • S(a) if and 

only if S(c) m 0»

iBuadlea over S *

We recall the following theorem, for exasple from I 3 " J 

Theorero 11*1« A 2a>-plane bundle over the 2a-»sphere ia

Proof* L«t i » »",. XaXaa)) ——*- »,w.,(30(2E»1)) denote
**•*""**• j$ GEBfw {SEP* I

the standard injection and p j ^o-^tCsoC^); ——^ «r^,
jt fctB1* I f - - - i**

standard projection* ie have to show that any X 6 v>



30,

is detewdwNi by i^(X) and ^(X). When m la even, 

fr2itt-1^30^aa^ ** ***• Abollan of rank 2, and 1 and p are
•^" "^

nonotaorpliianai of the auwaand*. When m la oongruont to 3 mod 4, 

^j^^C^KSn}) i« infinite oyclio and p IB oonomorphio. hen
7\

a ia congruent to 1 mod 4, consider the following diagram i

I
SToia [ 30 3> ^2^^80(20)) ia iaoraorphic to 2®',.

Then p ia a mononorphiam of the firat maaaandj while bj exactness

of the horieontal oequenoe, i ia non-zero on the second aunraand*
*f"

Tlaia the theorem fellows in all oaaea*

§12* The General Caa<s»

aLet M a M* wf e be aa in 10, with rational coefficients 

and n **

Theorem 12«1. Let and ,^7 be stably eqaivalent orientable

^r> î345ne. buiyllea over a ZaWligypjaAqnal M ae aiX3fve» Sup^qoe that 

one of the following holda i



(i) a M 1 mod 4. 

(ii) -f is stably trivia.

M IMK the hogtotofiy type of a spin. nt&nifold.

. Zf I" and ^ are equivalent their 'uler classes 

are certainly qual. Consider the following diagram :

[sa>0(2»)J

I <

where notations are as in (9*1)* l»*t

represent stably equivalent £ , *f • As in i 9» then

rt«a • b for soj:» o € sBSG^) with ^f 4(o) * 0,

Suppose that E(£ ) « sCj )* Then by (10.2), S(a) = 0,

ia view of Theorem 11*1 it ia sufficient to show that i («} • 0.
7\

If n = 3 jaod 4, than [s^^BSCKaaflj) is zero and the result 

follows. If (ii) holds, then a and to arc in ^^,3 J, so 
o my be ohosen in ^[s^S2*] and i^U) • 0. If (iii) holds, 
then by T,e- -na 8.1 Qf * is aonoiaorphio ao i^(«) « 0. " n-xlly 
expose that a is even. Consider the diagram following, where 
c denotes co^leadfication, oh denotes Ghern character (see 9.1 
of [// 1 ), and oohofflology is taken with rational coefficients :



|Sf
#- at Sf* (12.5)

The lower o and oh are both nonomorphio (aee for example the

first 12 lima on p.281 of f * 3 J , and p.19 of f 6 J ).

The right-hand Sf *" ia aero; for H2^^'} i« eero so

Of j H^S ) —— *- KT^M), being an epimorphiom tsetween v»otor

apace* of the same finite dlnenaion, ia snonomorphio. Henoe the

left-hand Sf * in (12.3) 1« aero, so Qf* in (12.2) i»

vaontxaorphio and i (c) » 0.

Jj L .aatiaf^ the h|yix)theai» of Theorem 12.1.

Letrr H c 30(2flt) be .a. cloaed subgroup QjF rank less than m» 

Leit.. Tr_|lir ...j bi a 2n>»plane bundle over r iy which As s.taKly^ equl.val.ejat 

to ey^ ^p^jt^dle. Then u | r jUs equivalent to an^^Tb .indie if and 

only if S( £ ) » 0»

SupjTOse that ^ is equivalent to an H-bundle* Then 

oince ranlt H < a, E( £ ) * 0. Let $ ; B_ — - BSO( 2m) denote 

the injection of classifying spaces. Suppose that S( £ ) « Ot 

and that | ia stably equivalent to ^( *] ) for so::* ^ ^ r:i, 

Then B( ^ ) • 0 * ( j^( t )), and the result follows by (1i:,1).



.'.1.

A^jcnoat Complex Structures*

Let M be a smooth oriented an-dinensional -anlfold. 

L*t T(M) denote the tangent bundle of M, and (T(JI)] 

ita etable das* Let r i X(ll) —— - KQ(I«) be induced b^ the 

lisdt of the standard inclusions U(p) c 90(^»)» if the group 

of T(M) oan be reduced to the subgroup U(m), then M la 

aaid to adpjftt an almost oocglcx structure (a»c«s. )• If {T(M)T 

is in the image of r§ then M is said to admit a stably 

nlnost ooaoleae structure (a»&«c.a»)» (other namea for a»a*o.a* : 

'ceneralieed almost oorcplex structure*, p. 126 of [ 2z ] . 

almost complex struo^re', p»493 of [ '2. J ,)

Since the Chern ol&eaea of stably etfuivalent unita y bundles 

ore equal, we oan define the oth, Chern olasa c («) for 

x € K(M)«

Theorem 13«1« t M be_ .a. eoooth

^ is a

,.i ftdcdts an a«e«a« if ^r»i crO.^ if t;h^ro existB an

x € r"1 { T (M)l with o( «) • a( T(ai))>m

o For the necessity of the condition see § M«3 of L47 !• 

Suppose that such an x exists in r |T(M) J • Consider 

tlio following cora;nutative diagram t



(13.2) 

(l'.,B90(2»)J

whara i and J aro injection*. Since If ia £s»-diraenaional, 

i ia onto* Kenee thara ia a >e|M,BU(m)] with

The reault now follow by Theorem 12,1, Since i in (13*2)

ia iaoraarphic* thare oonraaponda at moat one a»c*a» to each a*a*c«a«

§14* Alaoat Complax Struoturaa on Produota of Spheres.

Sinea Sp xsq ia a-parallaliemblat it adndta a s«a«c.s« 

If p and q are odd, then SP * S q ia parallelissable by 

Theorama XXX of [ 283 * ao 3PA S q ackaits an a+o,a. Now 

consider S^^s • Lat

2p V 2p2q ——— * 2q

denote tha projectiona, and 1 t S x s q ——— ̂  8AP+q) 

tha nap collapaing the axes. Write a a wq. Then K(s^x 3 ^) 

ia iaoraorphio to K(32a) ® TlS^*) ® K(S2<1) whara the direct 

deoosipoaition ia induce^ by ^ , ir^ and w2. Lat

x S q) be x® ^ ® z. with reapoct to thia direct aura.



Then by the multiplicative property of the total Chern class*

08(t) .7

How for an} *eiT(S ), o ta) is divisible* ni
(by the corollary on p*56 of [ >3 ^r). Thus c (t) is divisible 

by the highest coimon factor (h.c.f,j ox\B*1)' «nd 

['>-!)! .(q-t)! Now the Buler characteristic of 3^* S2<1 is '* 

Hence by Theorem 13*1* if 3 •* 3 q adroito an a.c.s», then p

and q ssust belong to the set /1,2,31 o ,.l * J . Since S2 and s°
adait a*o»s« (see 41*^1 of f 47^ /, ao do S ^3 , 3 xg

and S X S . The direct sura clecoai^siticos of K(S^x g "^) .jjod
-^ /*_. rt^

*) given by the maps r| , ar^ and rg are

with r s K( ) ——- W( )• Thus sine© S*x B2q

is s-5>araneli«bl«, r*j {rCs^x S2<1}) is the set of 
an x<ey©a in K(S^ 3 >q) with each of x»yfa in the 

kernel of the appropriate r.

Caae 1 :

If t « x®y© a is a s,a*c.s,, then x is divisible o. 2,

and y • 0. Hence O5(t) is divisible t: 2.4! , and ao 

not adait an a,c,s,



Her* r » K(S4* S4) —— » K0(s4x 34) is aonojnorphio. ao 

the only s.euo.5. is sero, which doe* not have the oorreot o, •
L. L. T!at» S*XS* does not admit an a.c.s.

The o.a.c. structures are, all *®y®0 with x 

and jr£K(S2} divisible *y 2. If x' guDeratee K(S6), then 

c3(2x*®y©0) « t S(T (S2x s4)). Thua tyr Theorem 1 5.1 there 

exist on infinite number of distinct a»o,s. on S2x s\

7»o note that the a.c.s. on S2x 32f S2x S6 and 36* S 

are ani<jae up to bundle equivalence, for a fixed olioice of 

orientation of these aanifolds*

Next let P be any product of aphores. Then P admits 

a e*a*c*a« since it is a-parallelisable; and if any one of the 

opiiares is odd-Oisienftional, then P is parallelisable*

14* 2« Let P docote ths produpt S^ x 3 0 x % t x 3.~j — - • L j — - ' i ' ——— j - -» j - - ---.-T.I i •— ^ — -- n

4 --M a *iiei^aional sphere, and, d» 1» 3uppoae

* a . admits. an a»Q.«.,»».. Then for each i« d^^ ( 1.2.^ !•

Observe that K(P) is isomorphic to ZL K(3'^v ' ^) 

the summation is over all non~enf>ty subsets cr of
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46".

of r « It

If £ e £(S) and »f « ^8) are in the kernel
f~*»

» KO, then o,,( |) and o ( *| ) are diviaible by 2*

The result now follows b considering the way a of choosing x 

copiea of S2 and y oopiaa of 3 from the collection of

fual on Shore'^aundlea over 3

Yheorero 15»1» Let B be the total spaoa of an oriented 

Ipa^e ^.1 oy«r the B^8Bheryr> with q ajad ft both odd , andr a . 

Than B a(teiitB a* Af and onl if, ia

L*t the projection of £ to «r : B — * SB.

that B adodta a ,a,c.a. Let |^ be the vector bundle 

associated with £ . Then by (1.3), «r*{^ v] is in the 

itaage of v $ £{B) — »- KO(B)» Consider the following 

oormrutative diagram i

(15.2)

Here we use the call structure B » Sq ^ •n ^enfq (section 3



of [ 27 ]/ , a-* » r|sq ^e en, > la the auspenaion 

of 0 , and p oollapaea 3*1 v^ an. Since q and n are 

odd, the right-hand p* ia onto. Since n ? 3, B ia a spin 

manifold, and by Lemma 8,1, aach p*in (15,2) ia aonoraorphio, 

Honee «r *[£"}* I««e p* , »o k<V{ £ v] « Q, It folio*. 

that { £ v } e ^ ROCS^1 ), ao by Theorama 2,1, 2,2 and 2.3, 

B ia paralleliaable,

The quaetiona of axiatenoe of a*o,a, and of a,a,o,a» for 

such a B ooincide, aince if B ia parall disable, than it 

adraita an a«o,a,

15»3» Let B be the tota.1 aoaoa of an ctrientable 

bundle > &jer__tMi n-sphei'e, J JP oae that either

p ffi*,-1B .-irot ia even, an^ th»t n> 2» '*.hwi ^^..axi.-d.tiB a o»a«qT a« 

opJlv il* one of the

thq aqsooiatod vector uundl^ ie , 

of

(ii) n £ 0.1 raod 8;

(iii) n s 0 or 1 aod 8. a = 6 ffod 3. and ^t (see §2)

of .....KO*> •

If either (i) or (ii) holds, then { £ v] ia in the image 

of r : K(Sn) —— K0(3n), heaMje ir *{ £ v] is in r(^(B}) and 

by (1,3) B admits a a.a,o.a. Let ^ ^ rn^ sV ) ^G as in § 2, 

let p s B — * 3 ^ be th« nutp collapaing S v-£ e » and 

let i J Sq — * B be the inclusion. Then B/gq has the



homotopy type of 8nV Q**\ and for any space ¥ we haw an exact 
sequence as follows (o.f.

wh«r« /X. j S°** —— i. S9*1 is the attaching map of the (n*qt*V)-ceU 
in the Thorn oooplex of £ * Hence when I is BU or BSD, /<*« 0 
by the Them iaomarphlaa theorem (o.f. 5)* Consider the fibring 
U — ?-* 0 -£-> O/^ By 1.7 of £1*"], 0/tf has the weak horaotony 
type of the loop space on Ot and so we have the oonmutatlve diagram 
of exaot sequences following*

q *** 3 KOCS^CS^) -Uj £CB) -J JB^si; -^ (15.4)
-

Suppose that n =-Q or 1 ood 8. If x sanerates KD(3 ), : 
s(x) generates K5" (S ) t and fron (15«A)» "^(x) is in the ^ 
of r : KU')-*KO<B) if and caal.;, if a(x) is in the image of 
A": 'Xf ~2(Sq) --> KO~1(Sn). The reoult follows using Theorem

QRemarks on [Qi)* -An «zacsple of a 6-sphore bundle over S7 with total 
space admitting a s.a.o*s. althou^i it is not s^a^aLleliisable nay 
be obtained ao follows! sinoe the

«r8(8) ———— > r?(SO(6)) 

in the honotopy sequence of the



standard projection p i 30(7) —— > tf i» aero (aea for 

eawaple p,162 of [30 ]), p^ , *-Q(30(7)) ^»g(36) ia non-aero. 

Also the Injection i i r8(so(7)) — > 03(30) ia non-aero since 

«g of the real Stiefel manifold 0, Q ia zero (aee for exa-^le 

£,.13J of [ *0 J ), Thisa there eadsta a X -in ffg(SO(7)) 

'^ith i (X) and p (% } both non-aero, By (iii) above and
•* "A

Loam 2 of f30 J, the bundle with oharacteriatio eleaont X is 

ae required,

Xe there an (8rv6)-aphere bundle over the Ss-sphere 

t,lth | ^ J generating K0(3 *) and total space admitting a 

s.a.G.8* ? For r » a-1 the answer is, "No", for

p : *, O»- —— > "' is zero

i>^- Theorem 1 on r.162 of [^°J» while any olenaent of »7(SK)(7)) 

has stable claaa * multiple of two (see for eatable [5"o J). 

If 8>2r+1f than OQ ,.(SO(8r4.7) ia finite (see for exaznole 

. jx>ponition 10.2 cat p.lW of L 4 J and Corollary 2 on p,289 

Of [ 4~S J ) so that any ( Gr^6)-aphere bundle over the Sa-sphere 

io than etably trivial. For fixed r, esaniplea of the t^ype 

aal;ad for exist for at rnost one a in the range r+1 < s ^2r+1» 

Stor vuippoM X e •*cia(_1 (SO(;ir+7jj ia such that i#(^) and 

P (X; are non-aoio. Let X * •^i^CaX^w-?)). Then

i (X) ia a tsultiple of two if a1 ^a while p (X*) is zero* *-
if »*<»•
Tht Ubl« <v, [iO^ S^c^s tkat TT, ,

^*



15»5« Lot B be the total space of an oriented

bundle over the n-aphere. with q and n even. If B admits

an ts. en ....... q»a e 2.4.6 .

The proof will use an integrality property of the Chern 

character of any element of K(B)» For any prime p, and any 

integer r, let "V (p) denote the highest power of p dividing 

r* Let a(r) be 2 if r is odd; if r ie even let a(rj 

b* 2 N p -"P'+ where the product ia over ell primes p suoh 

that p-1 divides r» The following theorem is a mild extension 

of Theorem 9*7 of [3 j j

Theorem 13»6» ^et r X be a C??<-ooaplex with cell structure 

e,- ^*^ • • ... .^ e wjiere the dJLaension of e. _is an. and

n ? i\^4 > •-.. »--> *n m °* Let h^ denote a generator of ther r^1 •™*~1^ w ••»••• 3^ «I««IMM«"*»« i _ «•>•••_•.. - .-•••iMiM*
.a*.C|f H i(X .2^) in K JlCx >g^t yhen there exist generators

f^f

auoh that

oli

ohl, - ht *

the X are rational numbers suoh that•-•—

I I fflCn -n, ;• \^- is an integer for each pair
*" *^ V — "" — ~r > k ?



,1.

1«L7- Lot B tot the total Of an oriented

lib r < t. Let <f

Then the following elements of * H*(B.Q.) lie In the ims» of the

for a sphere-bundle over a sphere, we can ircpro-w on Theorem 1

Theorem 15*3.

r.j( t ) .» ch .( ^

the hypotheaeii of Corollagy 15»7.

of tij

____of ISit&i $e use a two-fold induction* when r « 1 the 

result is well-known. Let X]>1 uenote the subooaplex 

« w e w . , ^ e ^ of X and suppose that generators

£» . . . ^.* , for K(X .) have &een chosen to >\* • ^r»1 T-V
tlieoren for X 4 » Consider the X exact sequence of

) and K (X_/Y } are aero, we obtain a short^Ar-1 

©sact seouenoe, to which we apply tlie Chern character t

KC ) 0

Oil

/(S^r.Q)

oh



Sinoe oh is monocoorphic on 3 r and on X 4 , it ia olear that 

chooae generators £,» • . , £p for K(Xp) such that :

*r •**

oh

the \ 4 for J ± r-1 are tiiooe given bv induotive *»a
and A^ , • * , A^ r are so « rational

nuatoera. We ahall prove that the oonoluaion of the theorem ::ol is 

for A by decreasing Induction on a* Recall that

oh -d7k = kq.ohq
k"\I/" k ia dafined on p. 61 5 oi'[ 2, ]» Suppose first that

wiiere the a. are thua integers* Then applying oh, we obtain

Hence a1 » • . . • a^g • 0, art-1 « kn^'' , and

Thus /\ - (kni~ - ^n^"' ) *» an intoger for all k, and by



53.

the result from number theory recalled in Appendix 0,

i» *a integer. Suppose inductively that

d r *

Let Xf1 g • bf t • • • «• br r whera the bt are 

integers* Applying oh and equating oooponenta we obtain

Kow the right-hand side multiplied by

an integer b^ inductive assumption, Henoe

" ni) iB

f°r 

and the inductive step follows by Appendix D.

Corollary 15*7 follows by the oell structure on 3,

Proof of Theorem 15.8. W« have the foUowing cotaaBitative 

diagram (o«f« § 23) »

0

oh

K(B)

oh oh

Thus there exist generators , *J 9 

oh 

oh 

oh? " » *

for K(B) with



for none rational A, yU. Suppose that

Ap: lying oh and equating components we obtain

a -

Thus by Appendix D, the result follows* 

Lenna 15.9. With the hypotheses of Coro" ' '" " ——' 1!- '- •••"••• -'

ia divioible by Kr.t) ufaere i

(1) ir ..ret.. rx£ t/^ ^ r. t) • h. o. fw. .df ,. |i»t-t ) !/ / ^

(2) if r • t/2. l(r>t) « h.cT f. of ( 3r-D

rUat-l)!/^; ^. [(r-1)!] 3/6 J 

(^ if r m t- l(r.t) » h.o.f. of (2t~l)!/ , t ) and [(t-1)!]2/2 ;

(4) if r » 2t. Kr.t) » (r»^l)l j

(5) if r>t- jf £ 2^. Kr^t) •.n.Oj.f. of (r»1)l(t-1)v and 

( r+t-1 ) •/ fttiqre ID ^a t^e .:r ,l»o«ia«_.of ^y,) apd {t,} »

gEffpg* Apply Kewton'e relations to Theorem 15,8 an^ to th© 

corresponding result for r^t, ecall that if the total Chern 

class o(£) la (1 -f x.j^}, then oh £ is 2ex.1 Thus Newton's 

^lold betvseen the Chern classes ( elementary st, : .';i,!iotrio 

cr. in ^ie x) and the Cliern clj^-actor oonponents



( symmetric power sum » in the x, 141 to a numerical factor)* 

For $ f the only possibly non-zero o, are c . <», o. t o .• 

Suppose first that r < t. Then the relevant Newton1 a relations are:

Case (a,)i t / 2r.

"r

st * (-1)Vt « O

Caoa (b); I m 2r.

8t

ron (a),

»»« • (-«"**%«{ Vt

(b),

How reinterpreting these in tor *s of Chern classes and Chern 

oharaoter oorponentm, and applying Theorem 15»8t we obteOn (1) 

and (2) of : a a 15,9. ^hen r^t, the oell structure of B 

ic (B^v S2*) ^ e2^ 3^*^; the oethod of proof of Theorem 15.6



and 15.8 ehowo that for £ e K(B), the fallowing elements of
#. 

H (B,Q) cojae from integral olaasaa:

whaire ra ia the I.e. aw of ra(r) and m(t)» Newton* s relations 

now give (3) and (5) of Le^e 15*9* the oonoluaion (4) followa 

from a method o/ lioable wuenever the fibi« dimenaion is divisible 

by 4» and which ia illustrated in Appendix r. This appendix 

contains detail a of how Theorem 15» & followa fromLeoBaa 15.9 in 

moat casee, and special arguments required for some low-diiaenaional 

ca&es*



VI. Reroarka on ti*. ; ;od 2 neaii«<rimraotariotic.

We confute the mod 2 •e.-ul-choracterlBtic of the total space 

of a differentiable fibre bundle in tense of the hoiBology of the 

base and fibre and the characteristic classes of the bundle, in 

single oases* Throughout the chapter, neurology and oohonology 

will be taken with mod 2 coefficients. We eaphasise that 

"aanifold" will laean "oooDOot manifold without boundary**

^16, Fibre Totally »on«4io!aolofpoua to &$$•

Conaidor a differentiable fibre bundle $> with fibre 

P and projection v t B — ̂  M, (7»4 of [ " ] }, where P and 

M are evaooth connected manifolda of di^iansion q, n, respectively, 

with q*-n odd* Suppose tliat F ie totally non-homologoua to 

aero, mod 2 (aee for exaicple pi. 170-1 71 of £ to ] ;• fe.her.aver 

it ie defined, denote the Suler characteristic of a apace A 

by X ( 0»

Yhaorea 16»1» Pith h^ix>lhesos as above, 

(i) if q is even, then X

( ii) if q JL» odd, then _____ X^B) ^ X(M)X^(F) rood 2. 

Proof* Let fA, m^ ^ denote the ranks of H^P;, H^M), ^^



respectively* Note that f., a. f b. are zero when i<0. 

Since the fiber* is totally roav-tooologoua to zero,

b. * 2ai<w a fj (•«<» fw example p«1?0 of [ 1° \ }• 
J

(i) Suppoae q « 2s*

By mod 2 Poineare duality in P, f . « f . » so
WT«J 9"*^

iience

X(B) • 
* i«o

•ilow fs = X (^) '«a £» •» S

Also, for an# J,
, ( ***

(a, . * mWT^> * S-N i-J X-iq-J/ k» «-j

iaod 2,

= 0 mod 2t b, od 2 Poinoare

duality ^ ^9 

n



-••9.

(ii; Suppose n » 2«+1.

As in tlie proof of (i),

-w
X<») mod 2, sinoe for

= Y fi-j — /\. \^j

Let | oe a q-sphero bundle with projection » : B — >•;,,

M ie a amootb connected &«-di ension&l tuanifold* : >unr c/se 

that m-q m 2a*1. Let ^ ; a1 "'3"1^) —— H 1! 0 denote the 

horaoirorphiara obtained by ta in : the oup-produot with the 3tiefel- 

Whitney class w** ( ^ ). Bj the rank of a haaoaiorpfcisfcs of vector 

erpaoes we i«an the diraenaion of the irrage sub @ ace.

Thoorem _1/.« .1 • Wit-h the

.rank ^

» Since the h . .Taologj groups of M and B are finita- 

dicionelonal vector si >.* QB over the coefficient field, their ranks 

are equal to the ranks of the corresponding co:.u ology groups* 

Consider the raod 2 coiio ol g, Gtysin ae<.j..'Qnc.: for ^ i



* H*(B)

The raises of HA(«ij, H^B) will be denoted by m. f b., and the 

rank of <|>t by v±. (So i^ » o whenever JUq-1.) Prom the 

Gyain exact aequenoe,

b. B m. - r. * m. - r. i i i i-q.

Hence

7ho firat auEitnation is congruent to X(«0 J"10^ ^> and the aecond 

is oongpra«at to r 1 oaod 2.

(l) ;°or the tangent aphere bundle to a connected n->wilfcld 

the haronjors*iaia conoerned la ^w^M) : H°(M) — 

which has rank 0 or 1 according as wr\i> is aero or

not, due* according aa X(^/ is even or odd. Hence 

ia even.

(ii; Let £ be the Hopf bundle S1*"1— » sa*"1— »-Sn v/ s .ere n

ia 2,4 or ii. Then w*\ £ ) ^0, while X(Sn) is even, 

ao 17.1 oa^a that X ( s *" ) ^ odd» ''iuch ia correct.
rf

It would be sufficient for Theorea 17.1 to have a locally

trivial fibre apace with a sphere aa fibre.



Whan £ is a principal 3Q( q*l )-bundl« with total apsoe Bt 

we write Bt(£) « Vg, (o.f. £l ; .

Coronary 17.2* Let.. be a ..grjaaj^al, go((^t j bundle oyar a 
smooth manifold M, such that • jg*****^ § ) «L£

If ...B^C £ ) i» otfttHUapaajonq, then ^(B^ £ )1_J£J2X2B»

. Let v t %± —— > H b« th* 

natural projection. Let i\ . >e the bundle with projection

pi J Bl — ̂ B4-1 and fibre s<3^*1 obtained fre>j the Inclusion 

*>U-1*1) <= ao(q-i*2;. Then w9^*^ ^ « ^(w**"4*^ ^ )) = 0, 

and Theorem 17.1 applied to T« yields

ch l8
Corollary 1V, 5« L_e.t>. be a •tab.i.y trivial p.-it^

n- 
bundle ogjr aa B^a^aUe^j^Mble/iflanifoM JijL_^3ien _ p A f ) .le*""™'™" -- — - - •••"•---•-•-- Tr ' ^^ A -^ • - -— ~

paralleliaable idtoneryar,^ JL.^.^; _ ondrn . B ^( ^ 1 , ̂ fjjarulJ eli|8able 

unleaa either

( ii ) %($} ar^L . Tg i .arj^^^and^j^a .^ not ^1^3^ o?,_,7

ProQlV By Ctxrollai^ 17*2 and Theorem 4.1, it is sufficient to 

check that B.(£ } is always /parallelisablo. This will follow
* n

from (19.3J.
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013. One More Case.

Let | be a differentiable principal fibre bundle with fibre 
S0(q»1) and projection «r s t> — >• . , where X is a smooth 
connected n-diiuenuional manifold, Let B- •><-' t ue total space 
of the associated bundle with fibre t. e real Stiefel rmnifold
0 4 _• Let n » 2st so tliat the dimension of B ia 2o+2q-1« q*1 *.* »-
lot

be the hor-toiuorphiams obtained b^ taking the oup-produot with

respectively. Let a1**1 c B^} denote
the iaage of w*. Let Si+q cr H^^M; denote the iraage under 
w of the kernel of v*. Let T^cH^XM} denote the intersection 
of the kernels of w und w*. whenever xeH^), yt' 
and stH i(M; are such that x^y and y^e are aero, let 
(xty,ay denote the aaae^ triple protiuct (see ->>V of L^ 
wi»o»e value is a ooset in IT** ~ (M) of t..e suagroup 
K i+j-1^M ^ u z ^ x u.^'1 ^}. Prom lines -12 on p.X . of [ fi ] , 
the union of all the oosets ^w^ £ ), v, w^ ( £ )^ as v ranges 
over T1 is a subgroup of H**^M); we deiote it bj <w, T4"



-I*

Theorem 18,1, With notation aa 

^x( B2^= rank <w. T8"2 w') + rank H**q + rank 3* mod 2.

iroof. Let >^ 2 be the bundle with projectioo p2 » B2 — >• BI and 
fibre Sq"\ aa in (17.2;. Thu» w^ fj) « rw*^ ^), Since

i» ^(S)/t(M) whitfj is even, xtj[B2) i» congruent mod 2 
to the rank of

•^Mf) - : H8(Bl ) ——— -H*"^)

by Theorem 17.1. Conaid«r the flyaln sequenoe for £, t

to §3 of [.36J : if x e -v> f ^^HtB^, then

while if u«iiU/ and vtK(M) with u vv = 0, and v/qt1 (£ )«v • 4, 
then

Denote the aubgiw^ «r*(wa< f .)> w H^T^; by X. Then from (1) 
and the Gyein exact sequence, *(x) « 3s, It remains to add the 
rank of X n kernel *. "ow a. exactneas or the Jyein sequence,

-(X o -rernel t) . "Cw )



Hence X n kernel * is iaomorphio to the quotient of <w,

by <w, T*"? w») * H**q. But R**q Is part of the indeterminacy

eubgroup fbr all the ooaeta in <^ w, T*""^ w*^ , ao

E***1 c {w, T*~? w») , and rank(X n kernel *) ia equal to

rank ̂ w, T**J w») - rank R**q. The wault now ftonowa,

Corollary 16, 2» With the hypotheses of Theorem 18.1. aosuma in 

**( t ) ia aero. Thenaddition that

) »npd 2._i>m___«v_>_.

T
8*"

is equal to thei roof • In this case, the rank of

rank of the indeterainaoy mbgzt>up w^( ^ ) ^ HS(M/. Corollary 18*

could also be deduced ita.iediately fro^ > «urt II of L 2<*J«

Let ^ be a prirjcipal diiferentiable 3C)(q*1 ; -jun lo o/er & 

smooth manifold M of di^rjenaion n* "ith the notation of ^1/ t 

write B. » B (^ *. <ecall that ^ ia the ('q«-1-4)-«,.•:.ore bundle 

with projecticn p. : B. —»- B.^ induced b^ the incluaion

30(q4t-i)« e obtain a ooiirautative diagraca as followo*

B
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AB before, let £ be the vector bundle associated with £, t 

[£ VJ its stable class, and £ the bundle along the fibres.

Ler.cia 19«1« ftith the above notation^ *| . _ ie equJvalent

We first observe that J] ± is equivalent to 

For, writing B * B j, oonaiaar the

V. •
where B, r refer to the oundle assocdated with , with

sphere fibre. Since the top line it (1;. .') describes the
a*-1»i tangent sphere-bundle to 3 ̂  t Toy definition we h

a B/SO( cri)

and w coincides with p^^ 2he result now follows 

iraoediately from i^ats 5,4»4 of [ a3 J •



By induction on i it follow that

For i m 1 this IB (1.3;. Sup ose inductively that it holds 

for i * k»1. Th«n

by inductive hypothesis and Lea a 19.1. In particular if ir is 

the projection of | , then (q*1) <r (ic( )) i» aero, since i 

is trivial. Suppose now that M is an almost parallolieable 

raanifold and that i is its tangent bundle. Let „ denote

the 3th rontr^a&Jn class of ;••.. Then B , is parallelizable 

if either

( i; i is odd and n ^ 0 :jo<3 4, or 

(ii) n • 4m, and (i*1)i m(M) = 0 inod aj2m-))!JE( ̂  },

where a * 1 or 2 according as m is even or cxl .•.:. 'or
/^^* •% » x^-* y\

in case (i), !o(3 ) la aero or Z^t so (i+1) >. '•>(?• ) is sets, 

and if p : M — *• S collapses the ( n-1 } -o al cton of , then 

(TCB^} is in r^p^ifl) ">{ ; n;) b: ( iy.3). Thus BI is 

a-paralleliaable, BO by Theorem ̂ .1 it is ' -.-wall '.rli^i ->la. In 

case (ii)» the criterion named ensures that |T(B.. .j ia in tl c
*. ^ y_ /^w* »-i /"^^

image under «r. p of the kernel of w : w ( > } —— » ( > .y,



where rg is the projection of a aphoro-bundlo over 3n auoh that 

there ia a bundle •%»

•*• BM

w..

(See Learaa 1.1 of [zi], and Theorem 5.1.) it would be 

interesting to find necaos&i^ oonditiona here.



Chapter VII. jaiaoellaneoua Reaultg*

»e obtuin partial results related to previous chapters s 

an analogue of Theorem 12*1 for certain (4k*1/-jaanifoldst and a 

1. united relation between the mod 2 set A-oharactariatlc and a 

certain seconder.; oharacteristio class; preliminary rema. :a on 

vector fields on sphere-bundles j and an approach, based on L* 6 

to the additive KO t -eor^ of a 'bundle over a suspension* 

Manifolds will be sr-ooth, coiapaot, and witliout boundary, throughout,

If the standard n-sphore has r linearly independent tangent 

vector fields, then so has any n-diiaensional s-paral.1 eliaable 

manifold* This may be proved following pp*2li.f:«2.v6 of L^ 8 J » 

by substituting horootopies into s aller Gros^mnniano for 

hotnotopieo to & point* It also follows icrsediat^l,y b. the 

method of proof of the next lemma, which la a partial converse :

Lemma 20* 1« 1.0^ M ..,_!><> aj^i>oojnneoted

(2ai»1) "manifold «dth /£f(MJ odd* If :; ad-aits r linearllf

independent .tangent, vector fields the« go does the (gta»1) "

.roof* Let the principal decorjpositlon of M be M 1 ^^ e 

(aee $1) so that dia M* < 1, where 1 = 2fi*1-r. e obtain 

the following commutative diagram of iAJpp« soquencea :



where i ia the injection. If m a 0,1 or 3, tne le :» in 

trivially true s^noe tt;en 3 is paralleliaable, fcup. oae 

now that m/0,1,% Let Te= [,-,i!j.X2n*.1)] repreaent the 

tangent bundle of V. Since It ia a-paraliellaable, T = ,/( 

for aoi;* x t (3 , iQ(2m«-l)J • ^ Le a c-,1, x ia etably 

trivial* Hence x roust repreaent the tangent bundle of 3" * , 

otherwiae M would be parallaliaable* contradicting Theorem 

By h^potheaia, T « i(T') for acane

•.iiinM*<lt T'« Qf (y) for «'%ie y c Cs »^(lj] • By 

atrengthened exactneaa of the lower i uppe sequence in (20.2)»

for aaae » t QT •.:', c*(2r .i«-1/] . But the 

left-hand i^ in (20.2) is onto since dim vi *-l, bonce 

X£ i^ [S2"*1 ,-^ <!)] aa required.

Let £ be an (n-1) -plane bundle over an n-raanifold M ( 

and auppoae that L^ £ } * 0, Then the obatruotion to tho 

exiatenoe of a non-aero croae section of £ is the secondary 

characteristic class <J2( |) , wi-lch liee in tiw quotient

i w )
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20. ,5. With the fjboy^i notation, auppoae that M i»

and that £® 1 is trivial* Then 3L( £) » Q«---- - ---• —- -~ — - -

Proof. Consider the Pqppa sequences of the principal

M» ^f « of M Into the flbring tf* — BSO(n-1) -- Bsso(ny 

(o.f. gl) t

JQf

Since 1 ( |) - 0, £ » k (x) «tor sane at <M,3n"*1]. Since
^ T»

dim M» < (»»1)» « » Qf (y) for acme y * Cs^fS1*" J» Coneider
n-1 

the homotopy Boquenoe of the standard pvojeotion 0R g- — »- 3 :

since Irnw|^0iu2^ haa * Z2 BttBmand and a^U" ) 1

the injection Vl^1*^^ — * *n-1^°nt2^ ** non"aero» henoe the

boundary r (31**1 ) — » "'n-l^ 31**2^ ** B0r°s i*e* tho ooinPoaitio0

•* ——

the boundary in the horaotopy sequence of the standard projection 

S0(n) _,. a13"1 and p i S0(n-1) —»- S1*"2 is the standard projection, 

Henoe k (y) e J fs^BSOCn-S)] ^iere J : BSO(n-2)——?B30(n-1)
^ *

is the injection, Thus £ e ^ [M»B3O(n-2)], so
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!HM>orom **«t M be a 2-oonnected. s-paralleligable n-raanifold. 

1. Denote the fundaaental olaas of M by

Xdftt the, .tangent..bundle..of....p., Lby ^(M),...... ,j^?V..L ._- ;&«t »r.6i....Trr .. .
be in the ooaet determined by €.(!')• Then <iuu)g*U(M) mod 2n

Sinoo M la a spin oaiuufold, tne indeterminacy aubgroup of 

) is sero. If §.,£%) is non-aero, then T(l,*> in non-trivial 
by Lemma 20,3, BO X^{M) i« odd by Thee vaa 4*1. If A^(M) ia 
odd, then by Lenma 20*1 and Theorem 27.11 of [<4-7 ]) , il does not

adnit 2 linearly indepandent tangent veotor fields, so 

non-aero,

( I } is

Thoortta 20»5»

sia be atably equivalent apin(4ic»1)»t>unaiea

if there eadat

If >?- and are equivalent, »uoh $.. ajtid 5 exi&tj

for oince V 4 is ail odd-^imensixanal bundle, B( "^^) ic of order 2*

But B( n^) £ I* (i.i,z) which is toreif-«froe, lienoo S( ^; = 0»

Suppose that ouch /,,, |"g exist, STite n = -VU1. Let 

the prinoipal deoaaposition of M be ' ^f e, Conaid«i' the 

folloT/ing ooramtative diagram of Puppe
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-^ [Sn.KSO(n}J

V*

-^ O.B30(n)] 
Pf*

-(20.6)

where J and k are inclusions. Since k *( |J • k j ( L/
* A I A •** t

and dita:;«<n-1. If ( $^j = Pf ( £ 2), ao ^ = <u. ^ for aomo 

a t [S , ;.(n-1)] . By natunality and Lemaa - .1, « is ataibly 

trivial, so «it*»r J (o) i» tri^dal, or j (a) « T(:,nj.

Sinoe , it that a) = 0 (by

(tO.1) and the universal definition of §g in [*i ] ), 

hence a adudts a cross-aeotion, But 3 does not ad'rlt 2 

linearly independent tangent vector fields when n o ^;J:+1

(Theoresu 2;. 11 of 

trivial, and >]

) so J i • 11T(o;. Henoe is

Ke:.sark« If M is a 2-oonneoted (We*1) -manifold, and 

are yt-j>lane bundles over M with ^ ® 1 and

equivaleanct, then $2^1^ * ^2^ ^* Thla follow8 frora 

next la rm s

T.amtan M

Then / is trivial.
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For, under the hypotheses of the remark, and referring to (S3.6),

ths leirctt, then 4^(0) is trivial. Henos by (20,3), f2(«) « 0, 

and $.( £.) * §.( I ) as claimed.
*•* ' •» a»

Broof of I4aiip|a 20.7. We refer to [ 8 ] . Let the principal 

deocnposition of U be U* w e* Choose the K on p.57 of 
[ g ] to be M*, the L to be 21, ser^C-l1 ) the class of 

f, and u t II* —>- B80(4fc+1) any nap extending to K* Our 
assertion ia (20*7) is a corollary of Theorem 3*3 of [ S ] , 
provided that the Barous-Barratt

. u) ——— »

is aero. For any x £ fr,|(BSO(4k+1f% u), TW have a oorresponcling 
homotopy class of maps represented by, say,

F » S1 A M* —————— > B3(<4kf1) v

where P(S x # ) • * and F(*,m) « u(m) for any me,: ', 

^ denoting any baae^>oint» Since the dimension of S A K 1 

is at most (4k-1), there is a map F* i S1 *;i'

making the following diagram oon^ute vq> to hotnotopyj
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«*iere i ia the injection. Consider the composition

Thia la trivial on S x * . on * x 3** ita hototo.- y clase 

la stably trivial by Lemma .1, henoe trivial in B9D(4k) by 

Theorem 12.1 (since it factors through * X >«')» henoe trivial 

in BSO(Wc-l) since ^: w^-"1 ) __^. .

aero (aee for exeu-^ple p*l62 of \?° J ), Thus if
1 l»k 4k+1p i S x s — ?• 3 denotes the nap oollapsing the axes,

there is a nap S1 : S* —— > 3SO("'-1) ,^J 'nr the following 

diagram oouraute up to homotopy :

Jlp. 4

and auoh that i*^1 : S — >• nsf<4k+i) represents " 

Kow in tlie notation of [ g J • ^ X ia an H-epaoe then 

;) « ; *[3K,X] , »o fl^fas) ia stably trivial by 

/dao, *.« u(x) ^ T(S^*1 ) since i»0' factc;rs 

through -sc(4k-1). Henoe ou(x) ia tri^dal aa required,

a
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§21. Vector Fields can Sphere-bundles.

Let £ be an oriented q-sphere bundle over a 

op-dimensional oanifold M, with projection «r s B — > U. 

If q IB even and X(M) is non-aero, then X(B) io non-aero 

ao B admits no tangent vector fields which are everywhere 

non-sero*

Hanartc 1« Let M be a-paralleliaable. Let r be the least 

integer such that the group of ^ is reducible to 90(p), to 30* 

Suppose that either 

(l) X (M) a 0, and th» bundle of 2-fraca03 associated vdth ^

adndta a oroBO-eeotion, or

(ii) q is odd, X (M) X» 0, and ^ adndte a oross-seotion, 

Then B admits exactly (n+q-r) linearly independent tangent 

v«ctor fields. For if (i) holds, then T(tt) is c ® 1 f r so-te 

a t and

T(B) - v*(aj ® r*(| l/ ) by (1.1) and (Uk', 

a ir*(«) ft trt($Q2j for soiae f,

t> nrr (l' V }®(n»1} since M is s-i aralleliaable,

whence the result* If (ii) holds, then the Euler class of
* o. 

«r*(T(M)) ia non-aero. Consider T(B) * JT T(M) ® § .

The :ulcr class is uailtiplicative with respect to ^ . Thus if 

) t 0*** follows by oriented Poinoare duality in B that
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A(B) is non-eero, which is false since q ie odd* Thua
/\

£" ® 1 for some £ , «nd

T(B) • (rw1)3» C since M io a-paral J elizable, 

« (n-1) ® sr'd^) and the result follow*.

As a weak analogue of Corollary 12.4 and Theorem 20.3, we 

observe the following j

Remark 2. Let tt be an (r+1) -connected spinCn^-conifold, 

r IB the marlt.-mm number oi' linearly independent tangent vector 

field* on the n-sphere. J et | ^e an n-plane "bundle over :' t 

rtiose group is reducible to °v (n«-r-1j. I»et H be a closed 

subgroup of S0(n-r-1>. Then the group of £ is reducible to 

H if and onl> if the group of £®1 is reducible to K. -'or 

let the principal deoouiposition of M be M 1 v e. Let B 

denote the classifying apace for II. . e ootain the following 

diagraov of Fuppe sequences »

n)] Ji^

Of

where a, J* k are injections. If the group of £ car,



reduced to H, so oan that of £ © 1, Now suppose the group of

£© 1 is reducible to H. Then k^( £ ) « k^J i (*) 'or 

rv.-ae x in [^B^]* Also £* J*(y) for **» y in 

[M,BaQ{n-r-1)J . Thus since dim M'< n-r-1, P/*(y) • i'f^U). 

fend BO y e fi.i^U) for s«se o * [sn,«30(n-r-1;J . This « is 

stably trivial by eixj* >.1 f and henou j (a) is trivial since

S does not admit (r+1) linearly independent tangent vector 

fields, Thua 7 ̂(y) = dxi^(x) as retired.

3 22* The ^dditiyeL^ ,KO.. Theory of gt 3^heye~bugidle over t__

v.e use the notation of §3* If the bundle adnita a 

cross-section, then the exact sequence of §3 splits, and 

K> (3) is the direct sum of ~ "(Sn) and %Ql~\§ns» The 

next simplest cose is that of the tangent oundle of & 2m« 

Here 8 has the S-tiype (see eg. fc*]} of 3'" ""(i y v 3"**"" 

where P denotes the real protective plane. Thus (3; is 

known. In the general case § 3 gives the c act sequence

where the right-tiand A* has doDMdn ^T 1* (S*5*" )• The analogous 

emct sequence obtained by first "asmahlng" every space with P

solves the group extension problems posed, (The Thorn iscaaorphism
*^N~y ^f-

still holds, o.f. Appendix D.) Thus ed.itivcly *f> (B) depends



\ on A . I au indebted to T .v.vvood for the following remarks

on A * 1 , s"l? — »- S^ 1P i given a map A » Sm —— ̂ 3 k, then 

.#• naturality of the teneor product, and Bott periodicity in the 

for?;: given in [^ }» there is a coomutative diagram as follows i

J= h^
^ 3m).

X ie *ny finite u.—ca^lex. The effect of (J^'V io
,v

therefore the sarue as the module action of A(l) on i.-./(X;. 

Thus to ot&gmte

(I* A)* : ^(S^1P) ———— > KC^SM

ve noed only know A on aphoree and the uodule action oi1 KO ( point)

on , ;;(P). to do not pursue this, baoau»e of the gap in
\*

knowledge of n on spheres*

V;e foliow [ 26 ]. ?,© work in the category of special 

complexes with base-point s thus each objeot is a countable 

Cw-co, .piex with only one 0-cell, situated at the base-point, 

wops and horaotopias are to respect base-^ointa. We denote, 

tjyploally» the base-point in a OOIT lox A by a . The cone
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on A is denoted by GA and the suspension of A by OA. 

In both oases points ore represented by pairs (a,t) where 

a £ A and 0<t *1. To form CA we identify

(*»0) » a,j * (e^it), (a,1) « a

so that A ^ CAj to form SA wo further identify A with ^ • 

Consider a G-bundle | over SA with projection «r » B — »-SA 

and fibre Y, where 0 is on effective topologiosl transformation 

group of I. Let the characteristic map for I be u*e A— >0 

(o*f. 1 18 of [ 47 ] ) and let u : A X Y — ̂ T be defined by 

u(a»y) - u*(a)»y for a^A, yet. fhen ( §} of [26~]) 

B iaay be fonaod from the disjoint union (l A CA)^? by 

identifying (yf(at 1/) a u(y,a}« Write I* A a 3(¥^v 

where Y>* A denotes the space obtained from Y vA by oollapaing 

to a point ZQ the subspaoe Y v A = T ̂ a^ ̂  yQ x A. Let 

^ i XVA — > SY be the 'Hopf constiucticM* on u, and 

\ s Sf\ —— >. sy be the suspension of u Jy * A ( see § § 2 and 7 

of [^6 "] )• Let i be the composition of the identification 

with the embedding of X as the ri^ht-hand component in

/X. Write B/^ « B/i(Y)' Th0n B/^ has the haaotopy 

type of Y^-A v SA, and the pair (B,Y) yields the following 

£6 exact sequence i

\x *- 
It is not dear in general how to compute A t yu and their

2 analogues.



3Q&3L&* The Total Space of ft Bundle as a Smooth Manifold.

Consider a fibre bundle £ with projection w t B —> Xt 

fibre P and group G. Suppose that X and P are staooth 

manifolds and that Q is a contact connected Lie group acting 

snoothly on F. Se wish to give B the structure of a aaooth 

manifold ir a canonical way (up to diffeotaorphism) arising from 

the smooth structures on X and P and the bundle structure of I. 

It is well-known that this can be done* .-e sketch one ap -each.

Much of Fart I of (4?] holds for a sub-category of co-ordinate 

bundles, which we call 'pre-differentiable co-ordinate yunules 1 

(p*o*b*)* By a p*o*b* w<r> mean a co-ordinate bundle aa in 2,3 

of [ 47! , with the following additional assignations t the base 

space X and the fibre F are ao th manifolds, the RTOup G is 

a connected coup-'.ct Lie group acting smoothly on *', and the

co-ordinate transformations g.. a** s. outii. Strict on dvolenoe

of p.c«b.s is defined as in 2*4 of [*7 ) with smooth 

A nap h * 8 —*-$ of ono po.b. into another is defined as 

a continuous ^;ap of total spaces, satisfying (16),(1,r; and (18) 

of 2*ii of [ f?] , with trie h : X-^X* of (16) and the gfc^ 

of (1t5J Gaiooth. Lermcas 2,6, 2.7, the definition of equivalence 

of .c.b.o, Lstona 2. , L«nsa 2*10 and the theore*:, in :5.2 (all 

rcfertmces to (4-71) PP throu^i with the obvious raodii'icutir<r-n.



In the bundle structure theorem corresponding to /•>> of [ * 

ire assume a and B to be Lie groups and that f is a a-nooth 

local section. Then the conclusion is that we can assign a ?>.c»b. 

structure to B/H relative to the projection p i B/ _^- B/ . 

Induced p,c.b.s are dealt with as in §10 of [47], A honotopy 

of two rasps of p.c.b.8 B and B is a map of (B*Z to 8', 

hence induces a smooth nap of X xi to X». The first covering 

horaotopy theorem is stated for p»e*b*s by analogy with 11.3 of 

T 47 J } h is a sraooth honotopy of h • So e modification 

of the proof is required s the subsets of X-*I over which the 

induction proceeds should be a noth* One requires a sequence of 

anooth aaps , : X ——> H (non-negative real numbers) such that 

0 *s ,r s .-. « . * ^«>2 ^1 f and if (Xx K ) denotes the set of
\J I JT *P Jt

pairs («»t) in Xxi such that <r._Jx)< t ̂ t (x), tJien for 

each i, h(X xp } should be contained in some co-ordinate 

neighbourhood of X* • One may obtain these sno th --. 

inductively t following the proof on ;.5l of ( 4t7 J . First 

* shrink* the cover |li*" (V*.) j of XAI once, and then use a 

refinement of the new cover, of the form |W;\X lx\de»eribed in

f^?^) . Now procead as in (4V), out ttaoothly instead - 

at the first stag* use a s ootii Uryaohn function o'j, and at the 

itfa stage aootto out kazC^.^ T±; to a s ooth fur.otion ^



which ia nowhere lose than ax (o^, T^, but which is still 

aueh that h (XxR^ Is contained In sane V% (This assy bo 

done since the cover waa shrunk*; Also we ;nay ensure that 

(XxR^ is contained in l^Cl^-!„.,) in tho iteenrod 

notation. We observe that h may be extended smoothly over 

X*R^ b defining h\x,t} « h(x,1) whenever t£l, oo that there 

is no trouble at the end of the inductive process. Hence 11. V 

and 11,5 of [ *7 ] hold for p.o.b»e. Low t-^e universal 

bundles IB 19*6 of [V?] for a compact Lie group Q arc; r.c* .a 

b^ the bundle structure theorem for :-.o«o,;-,. Thus if 

f t X —* B- is a claaoif; ing raap for a bundle ^ Ov*o • >., 

wo may approximate f b^ a a ooth map, and the induced bunUe 

is then a ; .cub. '.oreover if t «a atoooth claMifying maps are 

continuously houxrtopic, tlien they are etaoothly noraotopio and 

hence using 11*5 of [4-7]) for p.c.b*sf we sec that the induced 

p.c.b.8 are equivalent.

?;o now describe the functor from r.c.b.8 to araooth manifolds, 

which glv»8 the total space of a p*c*b* its natural aiooth atructure. 

Let ^ be a p.o.b. with projection p : B —>Xt fibre f and 

co-ordinate tranefonaations g^.. J "^^n V —- S* Supj^ose that 

the dimensions of X and f are n,q re^ectively. For any 

b d B, lot V be a co-ordinate neighbours-cod of X containing 

«Kb) and wliich is contained in so*;;© V^. Thus we have a c!.avt



*V ^ —— > R and a hosao-orphlam 6 » p"* (V) — >- V x p» 

Let oy V . x F — > P denote projection on the oecond factor, 

and let ti be « co-ordinate neighbourhood of r_ e.(b) in P, 
with chart }y » -> Kq. Then define hs 6 "1 (f x ?,.) —— * 

to b. the coRipQaition (h^x hg) • 0^ The choice of such an h 

for each b fc B wHi give the atlas for a sraocti. structure on 

L«t h'j Bj'^V 1 A Vv«; — >Rn*1 be anotiser auch chart in a 

noi^ibourhood of b ( conatruoted in a fashion similar to h.

Let A denote the set (7 X ,T) n Q 6 "^v 1 x w), anai J
B the s«t 6^ O^CV X W) n(7» X ',. we check that the 

coqpoaition 

h Xl h2(A) , A > B

ie (saooth. For ©/ S^1 ia defined on (V±nV,)x p and ie

the oougpositlon

(VlnV4' X? ̂ ^ (V VJM71 nTj)x..-^I*(/i nVj)^Oxl.'^(V1 nY >•• 

^ is the diagonal ;..ap and M : QXF — ̂ P is the a ooth action • 

alao g. . -a smooth, ®\®± * A — ̂® ^ s-"00**1* which 

by definition that the ooopoaition ( C ) is a-^ooth*

now that o ad 6 are tvm p.c.b»8 with the sane

and fibre, atid that h ; & —*• 6 ie a . jup of p. c. -. s. 

^ , 2 —^ u* is a ooth with respect to the smooth structures 

defined aoove. For, using the notation of ?.5 of [47 ] , hat 

we have to check ie that h t p"VJnh"'1 (7k l }j — >• P'"1 '^')



la ajooth, and this follows since the gj «*• •' ^ th»

Since thie asaignment of araooth structure to the total space 

of a p.0, b. is funotorial it i» clear that equivalent p.o.b.8 

iiave dif l K> jorphic total spaces.



R. The ThocH*y»io

''eferenoea are s §4 of [ ? ] , the article by A.Dold in 
L fs J , and a&aeographed notes by .-'.Atiyah and -'.riott, to 

appear*

Let to) be the category of pairs of spaces which have the 
horaotopy type of finite CW-oonj>lea««, and hocuotopy claaaea of ;aape* 
A oohornology theory h on ^ with values in an Ab^lian category

(&, is a se<juenoe of oontravoriaat functors h^J ^ — * & 
Cq.eS) together with natural transfer ations SS h^(r./ — » h*^ (X,.H)

1} h(k)j h(A^B, ;i ; — * h(BtBnA) is an iaomorphism, and

is exact, where i»j*k are incluaiorjj, 

ogefficient objeot for h in ^ i the graded object 

h m h(P) irtwire F ia a point. If h is a oohoniology theory 
and w t I — » B is a "«p in €c7 , an exact couple ( ,c) ia 

defined b./

where 3 ^ denotes the p-akeleton of B, and all pairs are assumed 
to be in w • ^he spectral sequence of this earact couple



oonvergs* to

ph(K) is the i-.igo of h( •*, //"""(B^^j in h(i;. 

l»t «r be for example a locally trivial f ibre isap. Then 

in the above spectral sequence,

^i' 4 - C*(B. ^

so ':|» q » HP(B, Ij*1) , wher« hq denotes the local

ooefficlent sjststB given by [h^ir^Cx);) for x e B^v . 

(Thess isooorphisfas follow sinoe «r1(B^)/r-1/ B(p-(l)) i«

a wedge of p-fold suspensions of the fibre. )

A -.iultiplicative oohoraology theory is a cohoaolotry theory
^ i;j ts*iioh It/ is a cats .i.ory or Abeliari groups, together with

a natural map h^tXjA) ^ hj(l»B) —— » h^CxXi, XxB w AX!) 

for all i, j, which is bilinear, aasociative, oom .utative, has 

a unit 1 in h (../'', >, and gives a coiaoutative diagratn

xyf . lX BjhCX x B v A x i.XxBJ^hCX vB wA x i' y -*h*"{ xxi, X*

where the vertical arrows denote the ..lultiplioation and the 

urmansed maps are induced by inclusions* If v : , —— *-a -ivon



a siectral sequence as abovo, and if there exist 

a1»*2* * * *\ fe ^8) whose restrictions to the fibre P 

rtaaa a basis for h(P) as a raoduls over h, then h(S) is 

a free n(B)-.ic<3ulo (ao3ul3 structure defineti using h(«r))j for 

lay napping U.^*^ . • »ar) to 2 K«r)(o1).a1 one defines 

an S^isos.orphiara of C«C®, . ®C (r suiamands) and C', 

where C,C* refer to the exact couples for the identity inap of 

: , and for v respectively. In particular let •:> j B —— »- B 

be the projection of an n-plane bundle* Let SQ denote tho 

ocx^plaacnt i. E of the zero cross-soction, and write F- » Pn;
V

'juppoae that the bundle is h^ria^tablq, i.e. t at there ia a 

U eh°(B,^0) whose restriction gonerates h°(F,P0) ^ h^s", *), 

than by the above applied to the relative fibration (',:,},
w

tlicro follows the Thaa isomorphism » » h^B) ^ h^n( ;,Sf ) 

v/hare *(a) « U.h(*r)(a).

For h. -theory or KO-theory a suitable U ;&y be choaen 

universally for apin-bundlea, using representation theory* 

Tiiua let R0(3pin(nj; denote the arothondieck ring of real 

orthogonal representations of the n-dir-iensional S]>inor group* 

Lot ESpin(n) denote the classifying apace of ?oin(n; 

(or a suitable finite-ciiaensional approackaation to this 

classifying space). A hoBooorphiar. f s :(Spin(n})-^ KOC 

io induced by sending; a representation r to the bundle 

aosooiatad by r with the universal bundle over «pin(n).



universal sphere-bundle over B3pin(n) taay be taken to have 

total spaoe BSpin(n-1), so the Then oodles JASpin(n) of ti.-s 

universal bundle is the quotient space of the oofibration 

B3pin(n~1) c BSpin(n). The unitary representation ring 

r(3pln(2fe)) is generated by tiie exterior power representations 

A , A , . • , A together with the 'half-spinor1 representations 

A t /Ti and the kernel of the reatriction 

R(S;in(ria)}—? R(Spin(2ia-1)) is generated by A*- A*» 

In 3pin(8k) ( &* • A" is a real representation* Also, the 

natural injections o t H0(3pin(n))—»• ("pin;n)> are oonouioiphic* 

7i,us A* - /T is in the kernel of RO(3pin(3k))-*-HO(%in( :k-1)) t 

and so /> (A* - A~) » j*(UR ) for sone l^ in KO(M3pin( )k;;, 

v*iere j is the inclusion* Froi < the contre and ri^t-hand 8<|uares

of the ooznuutative diagram below it follows that J o(UvJ «=^^ ?* '"•

s) ^- KO(Mapi«(ak;)—i ~'— - "~ p
- i c

'pin( Ok) ).

The extreme left-hpud o in this diagrara is nor«on»rphio, ao to
., r^ m.

ohebk that i (»R 3 generates KG(S^) it is aufi'xoicnt to show

that iy«(Va ; generates I^S8*;. For this it is sufficient to
is

ohedt that ch(o(UR }) * <^(1 + id^her tens;, where £ is the 

T;x>m isonorphisa in rational oohoraology, sine© <fe(1) reatoicts 

to a ganelfctor of tj:e image of H(S8kf '5) in Il(3dk,,0. and oh is



nonot;iorphic on spheres. Thus it ia finally auff'ioient to check that 

the character of A* - A* has the correct form, and we obtain a 

Thou laoaorphiaia KG (B; ^ RO (is) for any 3pin(8kJ-bundle 

over B with total apace E, For any apin-bundle, one may add 

trivial line-bundles to tie asaociated vector bundle to raise the 

fibre dimension of the latter to a multiple of 8t and ainoe this 

ouspenda the Thorn complex, we get & rfhoa laooorphiaia 

KO^B) £ •/Ti"*\Bj for a Spln( n)-bundle over B with total 

apace K« A .ore aophlaticated apiroach ia given in the notes 

of Atiyah and Bott, to appear*

Essentially the eatae argument gives a Than iaotaorphiam i 

the theory K0( * P) wt»ere F denote* the real protective plane. 

i'or KO*^(X * P) is a nodule over kO (X), and again 

f(a) » U, vr (a) will yield ttsa neceaaary iaoaorphiao.
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C. The Theory of the l&od g Satal-ohtu aoteriatio.

c a&wraaria* the connection between paralleliaabtlity and 

tho uod 2 aeEoi-choracteriatlo, aa given in [*i ] and [ &s ] .

Let fci be a asooth a-paralleliaablet ocsnpact d -dimensional 

nanlfold without boundary* -u ipoae given an embedding of M in

Euclidean space R. „ and a continuous nonaal n-frarae field IFo+n n
t" tliia a^bedding* Let O n denote the real Stiefel zaanifoldu+nyn
of orthonormal n-frainee in (n*d)-apaoe. Define

4 * M

_ ......... ^ n to the origin of

Let ofeH (0, .2) be the image under <$ of the n a-fnfD *
olaaa in H (k.Z). Thua o is defined aa an integer or as an n
integer nod 2 according as d ia even or odd. Define 

as follows i
(i) if d is even, X ̂  *" hali **** Uuler cliaraeteristic

of M;

(ii) if d ia odd, say d • 2s-1, then ty*) » 

where b. ia the ranti of H (ii,.^.

Now IF specifies a temeojaorphiam of a tubular neighbourhood 

2 of M with 1* X 7° where V11 denotes the unit n-diac.
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Define f i S1* —— » sn by mapping the ooaplamant of T to 

tho baso^point in Snf and making 7 according to tha above 

hcnecwe«phi«a followed toy projection of M xv° onto V11, foUowed

by a relative honeoc»rphieis r « (V11^11") —— » (3B, * },
Let \ be the Bbpf invariant of f. ?hon in [47") and [ 

Kervaire proves ^ a c - ^ i), where thit. is an equation 

of integera if d is oven, mid of Intogero u d % if d is odd*

Since if d ia even y a °» in thla caae tha theorem says

o » IA X^5 )* One first ahowa that o - lA'X ^* an invariant 

of the framed oobordiam olaaa of (Mt IF )• One then oonaidera 

the *oppoaed* pair (i t F" ) obtained by reveraiag the oriontationa 

of M and F« Th«* c - 1/C ** «»e •aue for (M, F)

aa for (Mt f ) since o and X are individually tha aaoe,

But t; a oppoaed pair repreaenta the inverao in the fra^iOd oobordian 

group, and o - 1/2 % givea a hoiaoraorphiam of this group to a 

toraionfr«e jroup, hence c - Vg X(M) is aero,

V/lion d ia odd, one uses relative fitief el-i hitnoy claoreo 

for tho proof* Let ooofficioiita be taken ood 2 for the reraainder 

of thi« appendix, Suppoee given an <X »/-'->«>•: le over a oo £>lex 

E, and a aroaa-aeotian 0 over a auiioa~j>lex 1«, in the aasocii tod 

bundle with fibre - * ^hen 6 induces a crooe~aec;ticn



over L in the asaooiated bundle with fibre 0 whenevern,n-q
qt? r. If one attempts to extend this crcas-section skeleton Toy 

skeleton over K, the first obatruotion occurs in H**(K,L), and 

is by definition the (q+1)th relative Stiefel-Whitney olasa of the 

situation* This relative class baa the uaual naturality properties, 

and the following Whitney duality theorem holds t suppose given 

two orthogonal bundles over a oooplex K, with groups 0(n.) 

(in 1,2) and orose*aectlons 0. defined over subcaaplexae i,

in the aasooiated bundles with fibres 0 _ • Consider tlie
"i'V*

Whitney sum of these bundles, with group 0(n) where n » n.*n_» 

The aaaociated bundle with fibre OD n-r (r * f^r^ b** » 

oroea-aeotion & over L a L^ L^t given oy ^ and & g 

Let w^"^ ̂ H^CK.L.) denote the Stiefel-Whitney olasa relative 

to ^ » whenever q^r., and aleo, by abuae, its image in H^* (K,L). 

Let w? ̂ H ?(K; be the absolute Stiefel-Whitne.y claes of the

ith bundle. Let w t H ( } »-0 be the relative class with 
respect to the sum bundle and B whenever q*r. Then for

any <j?rt

This i» proved by re-interpreting the relative 3tiefel**Mtn*y 

clauses as elementary oyiametrio functions of suitable variables, 

as for exai^ple in [ ' o 3 i>or *ha absolute case.



Let K be a smooth n-oanifold (compact) with non-enpty 

boundary L* Using Lef»chet«-t'oinoare duality one defines a 

class U^B^K) by

Sq^Hat) « Uq.x for an x

Let M be obtained b; joining two copies of K along L| and let 

i t K —— »M be the inclusion. Then Uq « i*(Sq) where Sq 

denotes the absolute Wu olass in H^M), Let T (H) denote the 

tangent bundle of M. By the Wu formula,

vhere w denotes the total Stiefel-Whitney olasa, etc*

Henoe «( T(H) K) « 3q(J. Suppose given a crooa-aeotion over

L in the bundle associated with T (M)| K with fibre e{n), ao tha,t

corresponding relative classes ty € H\!' t T.) are defined ftor all q,»
*- 

Add formally a unit 1 of degree aero to the graded ring I vK,lj t

with Soil) * 1, to form a new ring HI * Then a total relative 

class Wj,»1+tL**.* i» defined in H^, anfl "i is a 

ring autoaxjrphisn of H.» ao one raay define a > u claos u., by

If h » (K,0) —— " ( »£•) ia *&« inclueion, hit3^) • U and 

hence for any x eHn"*q(K,L)
. . .

suppose that n • 2s. Using (0.1) and (C.^) one proves :



Let r be the rank of the cup-product fora H*(F tL) x«i° F,L) 

Afcpty (0,2) to oj expressed in terms of a basis for 3:a( ,1.) with 

respect to which this form becomes diagonal} this leads to

An gonaratmi H^L.L). Define dual relative

^ and tL aa the invaraas of TL and IL in 5L. By 

uniqjwneaa of inverse* and (c.1) t

Using (C,2), (0.5) and the definition of UL, U; , one obtains

and so
,8 T,S

if by (0,3)

Thus by tlefSnition of WT

To prove Y B c - X^(^ ) it is sufficient to oonoidor 

the case of a d-diajeneional M a bedded In .^^ S-AOOO both 

aides of the eojaation are stable under suspension. Tltja let



ii (with d odd) be edbedded in F< 2<M »ith a continuous i'ield 

F^ of normal (d+1}*fxwmn. Let f i 32<S*1 — *- 3d*1 be the 

"Then?1 ctonatruot&on on IF^ ae described above, and let q be the 

baae-poSat on S4*4 . Then )( « f~1 (e). If for any xeM,

denote* the first vector of the frame at ae, and if £>Q

is a all enough, then the manifold M* traced out by £ v

ia f"1 (qf ) for suitable q» on S**1 . Then ^ is the looping

nuotoer of M and M*.

Sinoe all 3tiefel-*fhltney nucibers of M vanish, M is a 

nod 2 boundary. By standard use of /hltnoy tlieoretas, one immerses 

in ^2aV2 a 8n3octh (d+1)-iT»nifold X isrith regular boundary M, 

in suoh a way that X wests the hyp«rplane Eg. ^ orthogonally 

in irccisely M enibedded in the given f aai i n, and the rest of 

X lies on one side of R* Kow "^ at ttie De®inniniS

the unit vector vo(x) in the positive direction of the last 

coordinate axis in R,. , ^, to obtain a continuous re*-..ial (d+2j-fraiae 

field Fa.o over t.', ^hus we get a mop # s M —*- 0 ,, , n

by analogy with <p , and f on the fundainontal class of M
/ • ^^ cdlvee o times the generator of RJ,(<>O^O ^i'« Now ,1^4

*"*^ " ML <3.Q4* tiSa CKT" •c... ' Cfcv»

provides a cross-section over M of the principal normal bundle
—i . i/ to the givwn araciereion of X, so that classes *^ ^ n ;X,M) ar©

dofined for all i> 0, Similarly the vector field VD «;ivea rise 

*n J?*" 6 HT* (X.* )• Finally i^ „ provides a croas-section



over M of the bundle of (d+2)-fr«t;*s associated with the vhitney 

sura of the tangent and normal bundles to X, and this loads to 

relative Stiefel-fcfcltney olaaaea •* ft H^Xjlt) whenever i 

by relative Hhitney duality,

6*1 d -1 1 _d -d+1*

* E"
Sinoe &. is the obetructi n to extruding f over X as 

« o«-<s

a oozitinuous

c-A^1 ^xere A generates HX,!!) . (C.9)

d*1 Also, HQ is the obstruction to extending v~ over I as a

tangent vector field, hence

^ . 'Xto.A*1 . . . (,.10),

-di.1 Finoll,? nu^ is the obstruction to extending v. over X as
K *

a nonaal vector field. This turns out to bo oonjruent m 2 to 

tho looping number of M and fe 1 , thus

,. ,VL « y •"• • • • 

from (C.7), (US), ( .;), (-.10) and (C.11),

o 3 X W * r •*• V , raod 2. . . 

By oonaiderjjog the colionology aequenoe of (X,M) and using



27.

Lefoohsta-Polnoar© duality, one shows

= X (X) + r mod 2,

and now the result follow* from (C.12). By Theorem 1.1,1 of

C ' 3 It follows that if d ia odd and unequal to 1,3 or 

7, then e H X (M) mod a,*

Theorem 4*1 Is a corollary of the above, in the case when 

M is a d-dimenslonal a-paraUelieabla contact manifold without 

boundary, with d odd* For suppose that X#00 is even* 

Flrut if d « 1,3 or 7, then M ia parelleliaable by Theorine 

IX of ^g J « Now suppose that d /£ 1,3,7. I*et 

d) ) M -» OOAJ.I a*1 ^e *^e ae^> ^•ven ^ Baae "ors&al framing 

of aone ecfoedding of M in Spj.4* ^^® only obstruction to 

a null-hoeaotopy of ^ ia c times the generator of Hd(®2d+1 d*>1 ^* 

But c is now even, while H.,(0 ) ia of order two, Iwnoe

$> ia null«-hoHiotopio« Let ir : Og^^j ^ ——* Oa ^ be the 

nap projecting each (d*1)-frame to the orthogonal d^plano. 

Then v ° cf> ia alao null-hoiaotopic} but thia map classifies 

the tangent bundle of li, henoe U ia parallelisiable* 

Conversely if M is paralleliaable, ttien the oleusaifylng ioap 

for the tangent bundle of M is null-homotopio; lift the constant 

end of thia honotopy lato Q^^ df1 and apply the ijoraotopy 

covering theorem to obtain a normal framing of tt for whioh the 

corresponding o*> ia null-hc^aotopio* Then the c for this 

framing is even, and henoe if d / 1,3f7, then X*.(M) ia even*



X& §15 we used the following result : For any prime p 

and integer r let Vy(p) denote the highest power of p 

dividing r. Let »(r) - 2 if r is oddj if r is even, let

n(r) » 2 l~7p rVP;+ where the product io over all primes p such 
P

chat (p«1 ) divides r. Let yu be a rational

nurtoer suoh that for some fixed integers n and q and any 

integer k, (kn - kq)yW i« an integer. Then mCn-q)^ ie 

on integer*

V?e surzvnarlse the proof, following [ 4 ' j •

Let 41 (K) ae the nutaber of positive integers leas than m whioh 

ore relatively prime to ra. If p io a prime, § (p) = p-1 

and 4> (pa ) « p'1" (p«4) for o»1. If m has prtae 

decso^sition J?* a*,p, G 2» • • P^'t one stows by induction on r 

that dp (m) B <{> ( Pl° 1 ) c|) (p/2;. . ^(p/r). Huler's 

theoreia states that if a and m are relatively prime, then 

<f \ffi/ s ^ jj^ ^ PQJ, ^jy relatively prime a and m definea
n 

the ejqxanent/of a with respect to in to be tlie least n suoh

that an = 1 raod cu Then if N is any integer such that 

a1* = 1 mod m, n divides NJ in particular n divides <£ (m), 

If the exponent of a with respeot to m is <£>(m), we call a 

ft primitive root for ra, Thare exist primitive roots for all



powers of odd prints, and for 2 and 4. However if m * 2° 

with «^3, the highest exponent is f/g 4(m). Define a

ui^versel exponent for ra to be an integer M such that
M _ 
a =. 1 mod m, for every a relatively prime to m. For oxaqple

» is a universal exponent for a. Let A(m) be the least 

universal es^onent for m. If m has a priadtive root, then 

A(®) « 4> (m). Thus A (pa ) * P°"1 (p*1) for an odd prirae p, 

A (2) « 1, ^(4) » 2, and ^(2°) « /"^whenever «?3*

Suppose M * a/Bn^ whetre this is in lowest terms and p 

does not divide / :. Then sinoe (kn -kqj/< is an integer for 

all integers k, p must divide (kn - k^) for all integers k, 

henoe p1 divides (k1*^1 - t) for an k not divisible by p. 

Thus (n-q) is a universal exponent for p * Henoe if cither 

p is Odd, or p m 2 or 4» then p ~ (p-1) divides (n-q); while 

if p ia 2 and 1*3, then 2 divides (n»q)« Thua if 

(n-q) is odd, the only prisae on the denominator of M is 2, 

since (p-1) is even for odd p| and the highest power of 2 

^iioh can appear on the denardnator is the first, hence 2^ is 

an integer. If (n-q) is even, the primes which can ooour on the 

denotoinator of M are those such that (p-1) divides (n-q)» 

And if p is odd, the highest power of p which can appear is 

the 1th, where (i-1) is the highest power of p dividing 

the highest power of 2 which can occur is 2 where
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(n-gj/gl-2 is odd (i£ 3). Hence the result. Note that n<r, 
divides 2r. D p where again the product is over thoae i Tiroes p 
ouch that (p»1) divides r,

Ps-cof of Theorem 1$»5. We use the notation of £ 15, We shall 
•ay that a rational ooho oology olass is integral if it lies in 
the jjtiage of the integral oohomology under the coefficient 
honomorphlam induced by the Jf*«0 "fll of 2 c Q» Suppose first that 
r <tt and that t ^ 2r. Then the l(r,t) of Theorem 15.9 is 
the h.o,f. of («

Case. 1 i r even, t odd*

Then ra(t) and n^t-r) are each 2, and l(r,t) is a multiple of 
3 tvhenever r or t is at least 4«

Case 2; r odd, t even.

The only possibly prime p greater than (t/2 * "0 and o"**1 
that (p-1) divides t is (t+1). Hence (j^t-IJ.'/O^ ^ • 
inultlple of (r+t-1)//^ +l)/(t*1)2t* Thus whenever r>1 

and t 4 2,6, then l(r,t) is a multiple of 3. If r^1 and 
t a 6, then l(r,t) is a multiple of 5* To deal with the case 
when r • 1 and (t+1) is priae, reoall from § 15 the following 
relation between the Chern classes and Chern character of any 
bundle over toe type of space under discussion :
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If (t+1) is prime, then t is not prims (unless r * 1, t » 2), 

and (t~1).eht is integral whenever t^4, since then (t-1) ! is 

a multiple of a(t-1)» Thus (r*t~1)!ofar+t ia integral since 

qh^ ana e^t are integral. Thus l(r,t) ia divisible by 3 

whenever t ̂ 8, while if t • 6, then l(r,t) ie divisible by 5,

r and t evexu

By eimilar arguonents, ^ r*1 ^( t*^)/is(t-r) is 

whenever r^4t or r « 2 and t ̂ 10, uriiile 

a nailtiple of 3 untler the sa:;e conditions.

Case &.{ r and t odd,

Than (»***1 )!/a( t) i« divisible by 3, while

is divisible by 3 whenever r > 3 or when r « 3 and t } 7» 

Whan r a 1, we argue as in Case 2 to show that l(r,t) is a 

Multiple of 3 whenever t £9, and & rsultiple of 5 ***n t » /.

The above analysis of oases has left open the possibility 

of a»c«s» in some low-d&aenaional oases; v?9 now aliininate these, 

First suppose r «• 2 and t = 3,6 or 8, Consider the following 

comnaitative diagram (c,f* §23) J
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KO(B) ——— > KO(S4).

The right-hand r is raonomorphio. Hence if r< |) » Jl"(B)l , 

then £ * image j* so o^Cl) is divisible by (r+t-1)/, 

which is a multiple of 3*

Next suppose r • 3, t « 5, Consider the standard projection 

Py : »g(SO(7)) —— *-w9(S6 j. Since 2.^(30(7)) is aero, and

»rJS ) is cyclic of order 2^ any element of p (vrji 30(7))) is y *- 7
a multiple of 12 tiroes the generator of »* (3 }. The uethod of

proof of Theorem 15«6 now showa that if £ c ('J)* o f,(^) is 

divisible by the h,o.f. of T-'/^^/^ and I2.(4i)/^ 2j, «hich 

is a multiple of 3*

Kow at^ipoae r « 1 , t a 5» Tho attaching ap of tlie 1 0-oell
/j

to 3 in B is a cori?x>sitionf hence its e invariant ( see Lecture 6 

of /^ 3 ^j ) is eero, and by the method of proof of Theorem 1 5» 6, 

for any |feK(3), c^( £ ) is divisible b,y tie h.c«f. of

5»/ . f * and 4\. Thua or( t ) indivisible -1 'l.o.m. of -41), 1*5) «
by 3*

Finally suppose r a 1, t « 4« Then B has the 3-type 

of 82v S v S , for t*i» stable 5-stem of hoiaotopy .qroups of

spheres is aero, and J(«r7(SO(3))) is stably aero since ir^S (3)) 

is finite while ^(30) is torsionfree. Hence for ^e'-.(B} t
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05( £ ) la divisible by 4

The 'only if* part of Theorem 13,1 now shows that for the 

total space of a ^r-aphere bundle over the 2t-8phere to admit 

an euo*8«, where r<t and t i 2rt it is necessary that 

r,t ^ {l t2f3}« The proofs of Theorem 15*5 in the other oases 

are similar, and we omit the details*
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S. Alternative Proof of gheorem 6t 1

The idea for the following alternative proof ia <3ue to 

• F.Atiyah,

Recall that if G is a oorapaot Lie group end H ia a oloaed 

subgroup of Q, then the tangent bundle of the quotient apaoe 

G/JJ Is the bundle associated with the fibring H — >G ->Q/«

by the adjoint representation of H, f i H —— > Aut(g/.)» 

where g,h denote the Lie algebra* of QtH respectively. (see 

e»g* p»33 of [ s J). Thuo the total apace of T(<J/H) *• 

<J \, (|/h)t in the notation of ( ^ ] . It f la induced by 

a representation cr of G, so that we have a oo&sautative diagram

H

inhere i denotes the inclusion, then T(Gr/») ie trivial; for 

a bundle map from T(Q/W) to tt.e product bundle ie defined aa
A II

follows: let (g,x) represent an element (g»x) of <J 

and define <|> (g, xj * (^It <><g)»x). Similarly if the clasa of 

f in the representation ring RC(H) is the reetriotion of an 

element of RO(G), then the gtablo tangent bundle of G/H is trivial, 

(In fact the firnt property ia stronger tlian th© second, and says 

ttet the tangent bundle of &/„ is hpg^eneou^ly stably trivial.) 

Consider also the adjoint representations o : H — >• Aut h and
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& t & —f Aut g. Then /"•* Is an extension of the representation 

« © /> i H ——> Aut(h®8/V) £ Aut g. Thua there is an element of 

PC('j) extending the class of f in RO(H) if and only if tliere 

is on elegant extending the olasa of o» It can readily be 

verified by easaralnlng oharaotera that this latter oondation ia 

satisfied whan d ia an orthogonal group over the real, oossplex 

or quatarnionic fields, end R is an orthogonal subgroup over the 

aanve field*
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Appendix P. A Theorem of Mil nor and Massey.

Consider the multiplication on S^ given by

(^9 02' — — *~ °*j •%* <li where q,. and q_ are quaternions 

of unit norm, the dot refers to quaternion multiplication, and 

h and J are integers such that h+j = 1. Write k = h-J, 

We denote by P^ the protective plane associated with this 

multiplication (i»e, the second stage in the construction of the 

corresponding classifying space, see [ 38 ] ). Then P admits 

a differentiable structure if and only if h(h-l) is a multiple 

of 56, i.e. if and only if k2 = 1 mod 22k. (See fs^]).

Proposition* The pro j active plane P does not admit a a.euo. s» 

for any k»

This has been proved by J«Milnor (see p. 126 of a2 ) and by 

W.S.Massey 37 " i^ien k = 1.

OnFor any a € w oin«.i(S ) let e(a) denote the invariant 

defined in Lecture 6 of L 3 j •

/ 4\ Lemeaju Let a generate the Z12 suinmand in Q--A3 J, Then

e(c) g 1/

Proof* First e(3c) = 1 n«3d 1. For jte is the suspension of

the Toda secondary composition ^*]^' 2Z' *!}) where ^i Senerates
so by Lectvire 6 of f 3 1>

L J
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- -2 e( *J4) e( V6)| but e( ? 6) - «74)

Also, e(fci) 5 -1/3 sod 1, (Lecture 6 of [ 3 ] ) since 4« 

generate* the 3-oocapoi>ent of the stable 3-stem* Henoe the Lom.a.

It follow} that if is the class of the attaching
. map in P (whioh has th« cell structure S^ ̂ e ). then

«(/?) 5 1/12 1.

Prc>ofT e^ Pr9pc)aition» Consider the foUowing oomoutative diagram t

K(Pk) -> 0

i It

v^here the horiaontal sequences are for the inclusion & * •=• P

r io induced \>y forgotting the caaplex strucL-a_-c on a corcplex
, ^/ k vector bundle, i»e can choose generators 5 , ^ for (' "J» by

such that
r>

a U + (1/412

oh u4.

where u generates the iiuage of H' in H

Let generators of KO(P ) such that

!<?).



Lot o( ) denote the total Chern elaae* Then

o< 1 ) « 1 - 6u2

o( |) «

(Theae are computed as in §15 using Newton's relations,} 

-• cnoo, denoting by p( ) the total Pontryagin ola**y

p(o) « 1 - 6u2

» 1 * 2u * (U2J)u2.

Mow fJpota LfflEsaa 3 on p«402 of a<*] » p(i C ; » .'.'Hu Sinoe
_ the Hopf Invariant of £ la 1, the index of F ia >1, and by

llirzebruoh* s index theorem, (aae p»8*> of [*•'$'] ) (

r , A , nA f ~\ 2 <<rv D(IEP + a/0 * 1 * 2rai * |n(2n-1; + 2Jn - <*a u •»s»v^* *r \ ^^i / ^^ J

Hence in order that

we : li'st have

n * k

6m « n(2n-1) * 2jn -

whence & ** V 6
L«t k2 » 22^4 + 1 for aa-ie integer 1, so that F does ad.dt a 
smooth structure b: [3^] . Then m « 161 - 1 which ia odd, 
i.enoe if iaa * nf • T(J^), tiien ra 4- n/ ^ rl" (r j, f as re<judred.
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