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Abstract

We explore two distinct topics in the field of topological data analy-
sis: invariants and metrics for multiparameter persistence modules,
and the homology of random geometric simplicial complexes.

We define a computable, stable invariant for multiparameter per-
sistence modules, the multiparameter persistence landscape, and ex-
emplify this invariant to be sensitive to the topology and geometry
of multifiltered data sets. We prove a local bi-Lipschitz equivalence
between two well-studied metrics for multiparameter persistence
modules: the interleaving distance and the matching distance. A conse-
quence of this equivalence result is that the multiparameter persistence
landscape is a locally complete invariant for finitely presented multi-
parameter persistence modules.

Finally we explore the asymptotic properties of Čech complexes
built on compact Riemannian manifolds with non-empty boundary.
We attain homological connectivity thresholds with identical lead-
ing terms. An upper threshold above which the Čech complex has
homology isomorphic to the homology of the underlying manifold
with high probability, and a lower threshold beneath which with high
probability it does not.
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Overview

Let us �rst give an overview of the work contained in this thesis. We
shall give a self-contained high level description of the contents of
each chapter, the author's contribution to the work, and the signi�-
cance of this work to the author's �eld of research.

Contents

This thesis is structured as follows: Chapter 2, Chapter 3 and Chap-
ter 4, each contain a paper written during the author's PhD studies.
The paper associated to Chapter2 has been published in the Jour-
nal of Machine Learning Research, and the papers associated to
Chapter 3 and Chapter 4 are both under review at the �rst journal
to which they were submitted. The author has also worked on a pair
of computational papers 1 during his PhD which in the interest of 1 A topological selection of folding pathways

from native states of knotted proteins
(1), Multiparameter persistent homology
landscapes identify spatial patterns of
immune cells in tumors(2).

length have not been included in this thesis.

Research Context

The author's research lies at the intersection of Topology, Geometry
and Data Science in a �eld called Topological Data Analysis (TDA).
Topological Data Analysis encompasses an emerging set of analytic
tools inspired by concepts from algebraic topology which leverage
the underlying shape data form to provide new insights.

Persistent homology is a commonly used tool in the TDA toolkit.
For those less familiar with persistent homology the author has
written interactive slides 2 which give an intuitive introduction to 2 These slides are best viewed on a PC

rather than a small touch screen device.1-parameter and multiparameter persistent homology, and a demon-
stration of the code written for the paper associated to Chapter 2.

Persistent homology studies the homology groups of a family of
topological spaces built upon data. Homology is an invariant from
algebraic topology which detects different dimensional holes in a

https://jmlr.org/papers/v21/19-054.html
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topological space. Degree zero homology detects connected compo-
nents, degree one homology detects loops, degree two homology de-
tects voids and higher degree homology detects higher dimensional
cavities.

Persistent homology tracks how these homological feature per-
sist throughout the family of topological spaces. The topological
summary for a 1-parameter family is a barcode which marks the pa-
rameter values for births and deaths of homological features. The
barcode can be thought of as a multiset of intervals in R and com-
pletely characterises the homology of the 1-parameter family.

Qualitatively one considers long-lived homological features de-
tected as inherent to the data set and the short-lived features as noise.
In applications it has been noted that sometimes short-lived fea-
tures provide important discriminating information in classi�cation.
Hence an important aspect of the �eld of TDA is to build a statistical
framework in which one can detect statistically signi�cant topological
features of large, medium and small persistence, and in particular
can discriminate genuine short-lived features from noise.

There are natural situations where one may wish to build a richer
structure of topological spaces on a data set and track the changes
to the homology whilst varying multiple parameters. For example,
when studying the topology of chemical compounds one may want
to track both the chemical properties and spatial arrangement of
atoms. The persistent homology theory becomes wildly more com-
plicated when the family of topological spaces on our data set is
indexed by multiple parameters. The associated family of homology
groups is known as a multiparameter persistence module. Unlike
the single parameter case where one may associate a barcode to a
module, there is not an analogous complete discrete invariant in the
multiparameter setting.

Chapter2 Multiparameter Persistence Landscapes

In this work the author tries to resolve the issue that it is not possible
to de�ne a barcode for multiparameter persistence modules. The au-
thor introduces a family of new stable invariants for multiparameter
persistence modules,multiparameter persistence landscapes, naturally
extending a similar construction for 1-parameter persistence modules
to multiparameter persistence modules.

The landscape invariant encodes a multiparameter module M :
Rn ! Vect (Vect-valued functor from the poset category Rn) as a
sequence of 1-Lipschitz landscape functions l : Rn ! R.

Living in Lesbegue p-space, the multiparameter landscapes are
naturally endowed with a distance function and are well suited to
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statistical analysis. There is a uniquely de�ned mean associated to
a collection of landscapes, and considered as Banach space valued
random variables, multiparameter landscapes satisfy the Strong Law
of Large Numbers and a Central Limit Theorem. Furthermore the
natural inner-product structure on the landscape functions gives
rise to a positive-de�nite kernel, which can be leveraged by machine
learning algorithms.

The multiparameter landscape functions are sensitive to homolog-
ical features of large, medium and small persistence. The landscapes
also have the advantage of being interpretable since they are closely
related to another well-known invariant: the rank invariant. More-
over one can derive stable R-valued numeric invariants from the
landscape functions using the linear functionals in the dual space.
We can produce con�dence intervals and perform hypothesis tests
on these numeric invariants which are viewed as R-valued random
variables.

In the 2-parameter case one can visualise multiparameter land-
scapes as a surfacel : R2 ! R. In this work the author presents
computational examples for 2-parameter persistence landscapes.
These examples demonstrate a range of potential applications, show-
ing that the landscapes are sensitive to both the topology and geome-
try of data.

The major, but inevitable, drawback of this work is that the multi-
parameter persistence landscapes are an incomplete invariant in the
sense that distinct multiparameter modules may give rise to the same
landscape function. The extent of this incompleteness is explored in
Chapter3.

The code used for computations in this work is available online.

Author's Contribution

This work was initiated and carried out by the author. He is grateful
to the support from his supervisors Prof Ulrike Tillmann and Prof
Vidit Nanda in the development of the write up of this work and
navigating the publication process.

Chapter3 Local Equivalence of Metrics for Multiparameter
Persistence Modules

The central focus of the work in this section is to compare two met-
rics on multiparameter persistence modules ( Vect-valued functors
from the poset category Rn). The author seeks to compare the in-
terleaving distance, dI , a complete but computationally infeasible
metric, with the matching distance, d0, an ef�ciently computable yet
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incomplete metric. For single parameter persistence modules these
two metrics coincide. The disparity is only apparent for multiparam-
eter persistence modules.

The theoretical properties of the interleaving distance are well-
behaved. The interleaving distance is universal on the space of mul-
tiparameter modules i.e. the most discriminative stable metric. How-
ever, using the interleaving distance in practice is not feasible compu-
tationally, since the interleaving distance is NP-hard to compute and
approximate for multiparameter modules. Hence for practical ap-
plications one must compromise between discriminating power and
computability of multiparameter modules invariants and metrics.

The matching distance has less favourable theoretical properties.
It is incomplete in the sense that it is a pseudo-metric; distinct mod-
ules which are arbitrarily distant in the interleaving distance may
have zero matching distance between them. However this sacri�ce
in discriminating power has the upshot that the matching distance is
ef�ciently computable.

The main technical result of the work in this section shows that the
matching distance d0 distinguishes a �nitely presented ( Rn-indexed)
multiparameter persistence module M from all modules N in a dI -
neighbourhood of M. The author shows there is a dI -open ball, BM ,
centred at M in the space of �nitely presented modules such that for
all N 2 BM :

1
34

dI (M, N ) � d0(M, N ) � dI (M, N ) (1.1)

The radius of the open ball for which ( 1.1) is valid is dependent on
M.

The upper bound d0 � dI is not new and is a constructed property
of the matching distance d0. The local lower bound 1

34dI � d0 is
proven in this work and gives rise to a global equivalence of intrinsic
metrics.

This result for multiparameter modules attains as a simple corol-
lary equivalences of metrics on constructible spaces which can be
embedded into the space of �nitely presented modules. In particu-
lar, interlevel set persistence modules give rise to �nitely presented
2-parameter persistence modules and inherit the local equivalence
result.

This work provides a theoretical justi�cation for using the in-
complete invariant proposed in Chapter 2. The matching distance
has the same discriminating power as the multiparameter persis-
tence landscapes, hence the result (1.1) implies that there is a local
dI -neighbourhood about each multiparameter persistence module
M within which the multiparameter persistence landscapes of M
distinguishes M from all other modules in this neighbourhood.
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The author gave a talk about this work at an online seminar.

Author's Contribution

This work was initiated and carried out by the author. A major in-
spiration for this work was the article of Carriere and Oudot: Local
Equivalence and Intrinsic Metrics Between Reeb Graphs. In this work Car-
riere and Oudot conjecture that similar results to their local equiv-
alence of metrics on Reeb graphs apply to “more general classes of
metric spaces than Reeb graphs". The author is grateful to the sup-
port from his supervisors Prof Ulrike Tillmann and Prof Vidit Nanda,
and useful technical conversations with Jacob Leygonie.

Chapter4 Random�Cech Complexes on Riemannian Manifolds
with Boundary

The work in this section is independent of the previous sections
and studies the asymptotic properties of �Cech complexes built on
Riemannian manifolds. In particular this work considers the random
simplicial complex realised by the �Cech complex associated to a
Poisson point process on a Riemannian manifold and asks: when
does the topology of the simplicial complex approximate that of the
manifold?

The question of recovering the topology of a space from a �nite
sample has been studied previously and in differing contexts. Some
authors consider submanifolds in Euclidean space and use the metric
of the ambient Euclidean space when building the �Cech complex.
They provide explicit conditions to recover the homology of the man-
ifold with high con�dence. Naturally these explicit conditions are
dependent on the curvature and nearness to self-intersection of the
embedded manifold. In contrast this work bases the construction of
the �Cech complex on the intrinsic metric of the manifold independent
of any embedding.

The asymptotic properties and the phase transition for which one
can recover the homology with high probability when increasing the
size of point sample and decreasing the radius over which the as-
sociated complex is constructed. A principal advantage of studying
asymptotics is that results rely on fewer assumptions on the underly-
ing manifold from which the point process is sampled.

As a consequence the main result of this work has dependence
only on the dimension of the underlying manifold and the homolog-
ical dimension one wishes to recover. This work uses some similar
techniques already present in the literature but also develops com-
pletely new arguments to take into account the effect of the bound-
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ary.
The main result is stated with respect to the term L := nwdrd, the

expected number of points of a uniform Poisson process of intensity
n lying in a d-dimensional radius r ball. Depending on the asymp-
totic behaviour of L , the associated �Cech complex at scaler built on
the point process exhibits different behaviours.

There are three distinct regimes of behaviour for L as n ! ¥ , r !
0. In the subcritical regime ( L ! 0) the connectivity of the �Cech
complex is very sparse and mostly disconnected, with the number
of connected components growing at the same rate as the number of
points. In the critical regime ( L ! l 2 (0,¥ )) the �Cech complex
is suf�ciently connected to exhibit non-trivial homology. However
the number of connected components still grows linearly with the
number of points. In the supercritical regime ( L ! ¥ ) for suf�ciently
large L the �Cech complex is connected, and for even larger L the
point cloud covers the underlying manifold with high probability.

Analysis in the supercritical regime yields a sequence of increas-
ing thresholds, (homological connectivity thresholds), such that if L is
greater than the kth threshold the �Cech complex recovers thekth ho-
mology of the underlying closed manifold with high probability. The
intermediate homological connectivity thresholds interpolate between
the thresholds for more commonly studied properties, from the 0 th

homology which detects connectivity up to the dth homology which
detects coverage. We produce homological connectivity thresholds
in the supercritical regime for which the �Cech complex recovers the
homology of a smooth compact manifold with non-trivial boundary.

The non-trivial boundary has a signi�cant impact on the homo-
logical connectivity thresholds. As far as we know, our study of
manifolds with boundary has uncovered a previously unobserved
phenomenon occuring close to the boundary. Our analysis shows
that close to the boundary a large number of spurious k-cycles ap-
pear which are not homological cycles inherent to the kth homology
of the underlying manifold. This phenomenon determines that the
homological connectivity thresholds for manifolds with boundary are
almost twice a big as those for a closed manifold.

Author's Contribution

This work was a collaboration between Prof Ulrike Tillmann, Dr
Henry-Louis de Kergolay and the author. UT and the author have ex-
pertise in the topological aspect of this work and HdK has expertise
in stochastic processes.
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Abstract

An important problem in the �eld of Topological Data Analysis is
de�ning topological summaries which can be combined with tra-
ditional data analytic tools. In recent work Bubenik introduced the
persistence landscape, a stable representation of persistence diagrams
amenable to statistical analysis and machine learning tools. In this
paper we generalise the persistence landscape to multiparameter
persistence modules providing a stable representation of the rank
invariant. We show that multiparameter landscapes are stable with
respect to the interleaving distance and persistence weighted Wasser-
stein distance, and that the collection of multiparameter landscapes
faithfully represents the rank invariant. Finally we provide example
calculations and statistical tests to demonstrate a range of potential
applications and how one can interpret the landscapes associated to a
multiparameter module.

2.1 Introduction

Topological and Geometric Data Analysis (TGDA) describes an
emerging set of analytic tools which leverage the underlying shape
data to produce topological summaries. These techniques have been
particularly successful at providing new insight for high dimensional
data sets, topological data structures and biological data sets (3; 4; 5).
An ideal topological summary should discriminate well between
different spaces, be stable to perturbations of the initial data, and be
amenable to statistical analysis.

Persistent homology (PH) has become a ubiquitous tool in the
TGDA arsenal. PH studies the homology groups of a family of topo-
logical spaces built upon data. Homology is an invariant from alge-
braic topology which detects different dimensional holes in a topo-
logical space. Degree zero homology detects connected components,
degree one homology detects loops, degree two homology detects
voids and higher degree homology detects higher dimensional cavi-
ties.

Persistent homology tracks how these homological feature persist
throughout the family of topological spaces. The associated topolog-
ical summary for a 1-parameter family is given in terms of a persis-
tence diagram marking the parameter values for births and deaths
of homological features. The persistence diagram may equivalently
be thought of as a multiset of points in R2. For an introduction to
persistent homology see (6) and (7).

Qualitatively one considers long-lived homological features de-
tected as inherent to the data set and the short-lived features as noise.
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Nevertheless in various applications it has been revealed that the
short-lived features provide important discriminating information
in classi�cation ( 8). For example in analysing the topology of brain
arteries it was found the 28 th longest persisting feature provided the
most useful discriminating information ( 9). We would like therefore
to have a statistical framework and topological summary in which
one can detect statistically signi�cant topological features of large,
medium and small persistence, and in particular does not discard
short-lived features as noise.

One can equip the collection of persistence diagrams with a nat-
ural pseudo-metric known as the bottleneck distance. The resulting
metric space of persistence diagrams does not enjoy desired prop-
erties for traditional statistical analysis. For example, a collection of
persistence diagrams may not have a well de�ned mean. As a re-
sult there have been various attempts to vectorize the persistence
diagram, in order that the summary is more amenable to statistical
analysis and machine learning techniques.

The article (10) introduces a stable vectorization of the persistence
diagram, the persistence landscape, a function in Lebesgue p-space.
The article (11) explores some further properties of the persistence
landscape. The persistence landscape naturally enjoys unique means
and one can perform traditional hypothesis tests upon the landscape
function and numerical statistics derived from this function. An-
other popular stable vectorization of the persistence diagram is the
persistence image (12) which has been shown to produce favourable
classi�cation results when combined with machine learning tech-
niques.

There are several natural situations where we may wish to build
a richer structure of topological spaces on a data set and track the
changes to the homology whilst varying multiple parameters. For
example in (13) the topology of chemical compounds is studied us-
ing 2-parameter �ltrations. The PH theory becomes wildly more
complicated when the family of topological spaces on our data set is
indexed by multiple parameters. The associated family of homology
groups is known as a multiparameter persistence module. The theory
of multiparameter persistence modules is presented in ( 14) and un-
like the single parameter case where we may associate a persistence
diagram to a module, there is not an analogous complete discrete
invariant in the multiparameter setting.

There exist various approaches to de�ne invariants for multipa-
rameter persistence modules in the literature. The rank invariant of
a module has been studied in the context of H0-modules and shape
matching and has been shown to be stable when endowed with a
matching distance (15; 16). An alternative approach uses algebraic
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geometry to construct numeric functions on multiparameter per-
sistence modules (17), generalizing the ring of algebraic functions
on barcode space for the single parameter case (18). However, as
noted by (19), the disadvantage of both of these approaches is that
equipped with their vector space norms, these invariants are unstable
with respect to the natural distance to consider on multiparameter
modules, the interleaving distance. Another approach is to study al-
gebraic invariants associated to the multigraded algebra structure of
multiparameter persistence modules ( 20; 21).

In this article we introduce a family of new stable invariants for
multiparameter persistence modules, naturally extending the results
of (10) from the setting of single parameter persistence modules to
multiparameter persistence modules. We shall consider persistence
modules indexed by continuous real parameters. Our incomplete in-
variants, the multiparameter persistence landscapes, are derived from the
rank invariant associated to a multiparameter persistence module,
and they are continuous functions in Lesbegue p-space. The multipa-
rameter persistence landscape reduces to a family of single parameter
persistence landscapes: the multiparameter landscape of a persis-
tence module M indexed over Rn is characterized by the fact that it
restricts to the single parameter landscape function of the restriction
of M to every line parallel to the main diagonal vector 1 = ( 1, 1, ..., 1).

Thus, whilst the single parameter persistence landscape faithfully
represents the persistence diagram of a single parameter module (22),
the multiparameter persistence landscape encodes the persistence
diagrams of the family of single parameter persistence submodules
which lie on the lines of slope 1 through the parameter space.

Living in Lesbegue p-space, the multiparameter landscapes are
naturally endowed with a distance function and there is a uniquely
de�ned mean associated to multiple landscapes. Considered as Ba-
nach space valued random variables, multiparameter landscapes
satisfy the Strong Law of Large Numbers and the Central Limit The-
orem and are thus are well suited to statistical analysis. The natural
inner-product structure on the landscape functions gives rise to a
positive-de�nite kernel, which can be leveraged by machine learning
algorithms.

The multiparameter landscape functions are sensitive to homolog-
ical features of large, medium and small persistence. The landscapes
also have the advantage of being interpretable since they are closely
related to the rank invariant. Moreover one can derive stable R-
valued numeric invariants from the landscape functions using the
linear functionals in the dual space. We can produce con�dence inter-
vals and perform hypothesis tests on these numeric invariants which
are viewed as R-valued random variables.
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In the 2-parameter case we visualise a multiparameter landscapes
as a surfacel : R2 ! R. We shall present computational examples
in the 2-parameter case using the RIVET software presented in (23).
These examples will serve a range of potential applications, demon-
strating that the landscapes are sensitive to both the topology and
geometry of data.

2.2 Multiparameter Persistence

The central objects of interest in multiparameter persistence theory
are multiparameter persistence modules. These are algebraic objects
which can be used to encode rich topological and geometric prop-
erties of a data set. The following example gives a construction of a
multiparameter persistence module.

Example 2.2.1 (Sublevel-set Multiparameter Persistence Module).
Let X be a topological space and f: X ! Rn, called a �ltering function.
We can associate a family of topological subspaces indexed by vectorsa =
(a1, ...,an) 2 Rn induced by f :

Xa = f x 2 X : f (x) i < ai 8 i = 1, ...,ng

this is known as the sublevel-set �ltration. For anyb 2 Rn such that
ai � bi for all i = 1, ..,n, we have an inclusion map Xa ,! Xb . If we
let H denote a singular homology functor with coef�cients in a �eld then
applying this functor to the collectionf Xaga2Rn and the appropriate inclu-
sion maps gives rise to a family of vector spacesf H (Xa)ga2Rn and linear
mapsf H (Xa) ! H (Xb )ga� b known as a Sublevel-set Multiparameter
Persistence Module.

In the case of point cloud data in Euclidean space we can capture
the spatial distribution of the points with our �ltering function. Let
P = f p1, ...,png � R N = X denote a point cloud in Euclidean
space. We may de�ne our �ltering function from this point cloud
fP : R N ! Rn to have the �rst parameter be the distance function
from the point cloud fP(x)1 = min p2 P kx � pk, (where k � k denotes
the Euclidean norm). The remaining coordinates can be used to �lter
our space by other parameters of interest. For example, one could
choose the second parameter to be a density function in order to
introduce robustness to outliers of the point cloud. Alternatively
a second parameter could be chosen to track a numeric property
associated to the points of the point cloud such as charge or mass in
the case that the points in the point cloud represent atoms ( 13).

The resulting sublevel-set multiparameter persistence module
will then encode the topology of the spatial distribution of the point
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cloud and its interdependence with other chosen �ltration parame-
ters. We provide such constructions and example computations in
Section 2.6.

We can give a compact mathematical description of multiparame-
ter persistence modules as objects of functor categories following (24)
or as graded modules over polynomial rings following ( 25; 23).

Let Pn denote the monoid ring of the monoid ([0,¥ )n, +) over a
�eld F. Equivalently one may think of Pn as a pseudo-polynomial
ring F [x1, ...,xn] in which exponents are only required to be non-
negative and can be non-integral. Let An denote the polynomial ring
F [x1, ...,xn] or analogously the monoid ring of (N n, +) over F.

Let P denote the category associated to the posetP, so that Rn

and Zn denote the categories associated to the posets(Rn, � ) and
(Z n, � ) under the standard coordinate-wise partial orders. Let Vect
denote the category of vector spaces and linear maps overF, and
vect denote the subcategory of �nite dimensional vector spaces.
Moreover, for a category C, let us denote the C-valued functors on P
by CP.

De�nition 2.2.2 (Multiparameter Persistence Module) . Let M be a
module over the ring Pn. We say M is a persistence module if M is anRn-
graded Pn-module. That is to say M has a decomposition as aF-vector space
M =

L
a2Rn Ma compatible with the action of Pn:

m 2 Ma =) xb � m 2 Ma+ b

We require a morphism ofRn-graded modules f: M ! N to be compatible
with the module structure f(xb � m) = xb � f (m) and respect the grading of
the modules so that m2 Ma implies f(m) 2 Na.

In the setting of a sublevel-set persistence module the vector space
at each grade is H (Xa), and the action of xb on H (Xa) is given by
the linear map of homology groups induced by the inclusion Xa ,!
Xa+ b .

De�nition 2.2.3 (Multiparameter Persistence Module) . Let M be an
element of the functor categoryVectRn

. We say M is a multiparameter
persistence module. A morphism of persistence modules is a natural trans-
formation M ) N.

De�nition 2.2.2 and De�nition 2.2.3 are equivalent as realised by
an equivalence of categories betweenRn-graded Pn-Mod and VectRn

(26).
The theory of persistent homology is well developed for topologi-

cal spaces �ltered by a single parameter. Under appropriate �niteness
conditions, one can record the homological features of the �ltered
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topological space captured by the single parameter persistence mod-
ule in a multiset of intervals known as the barcode. Moreover the
Krull-Schmidt Decomposition Theorem establishes the barcode as
a complete invariant ( 27). No such discrete complete invariant ex-
ists for multiparameter modules. However, associated to a point-
wise �nite dimensional multiparameter module is a family of single
parameter modules whose collection of barcodes is known as the
�bered barcode ( 23). Since we are working with persistence modules
induced by real world �nite data, the pointwise �nite dimensionality
assumption we require for the �bered barcode to exist is not a serious
restriction. We shall see later that we will be able to reduce the com-
putation of our multiparameter module invariant, the multiparameter
persistence landscapes, to queries of the �bered barcode.

De�nition 2.2.4 (Fibered Barcode (23)). Let L denote the subposet of
Rn corresponding to a positively sloped line L� Rn. Let iL : (R, k �
k¥ ) ! (Rn, k � k¥ ) denote the isometric embedding withiL(R) = L and
iL(0) 2 f xn = 0g. For M 2 vectR

n
the composite ML = M � iL is a

pointwise �nite-dimensional single parameter persistence module, and thus
has an associated barcodeB(M L). Let L denote the set of positively sloped
lines. The collectionfB (M L) : L 2 Lg is known as the �bered barcode of
M.

In view of applications of multiparameter persistence to data anal-
ysis we would like a distance function to compare multiparameter
persistence modules. The interleaving distance, dI , is a pseudo-metric
on multiparameter persistence modules and provides a notion of al-
gebraic similarity. Details of the interleaving distance can be found
in the Appendix 2.8.2. This pseudo-metric has been shown to be the
most discriminating, stable metric on multiparameter persistence
modules (26). A comprehensive mathematical formulation of metrics
for generalized persistence modules is presented in (28).

Despite the strong theoretical properties which make the interleav-
ing distance a good candidate to compare multiparameter persistence
modules, it has a couple of undesirable properties for data analysis.
The interleaving distance has been shown to be NP-hard to compute
(29; 30) and so is not computable in applications. Moreover the inter-
leaving distance has the characteristics of an L¥ -style distance, in that
it measures the worst place two modules match up over the parame-
ter space. In contrast, anLp-style distance, for p 2 [1,¥ ), is sensitive
to the difference of two modules over the whole parameter space.

2.2.1 Interval Decomposable Modules

Given the complicated nature of unconstrained multiparameter per-
sistence modules, it is common to consider subclasses of multiparam-
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eter persistence modules. These modules admit a discrete complete
description in analogy with single parameter modules. We can use
the decomposition of this subclass of modules into simple summands
to de�ne matching distances between theses modules. Recall that we
denote the category of �nite dimensional vector spaces as vect.

De�nition 2.2.5 (Interval Decomposable Modules) . We de�ne a sub-
poset I � Rn to be an interval if s, t 2 I , s � r � t implies r 2 I and
for any s, t 2 I 9 r i 2 I connecting s and t, s= r0 � r1 � r2 � r3 �
... � rn = t. The interval module1 I 2 vectR

n
associated to an interval I

has a one dimensional vector space at each a2 I and internal isomorphisms
given by the identity wherever possible. We say a module M2 vectR

n
is

interval decomposable if M�=
L

j2J 1 I j , for some indexed set of intervals
f I j : j 2 J g .

The Krull-Schmidt-Remak-Azumaya Theorem guarantees that the
decomposition of an interval decomposable module is unique up
to reordering. We can thus assign the indexed set of intervals in the
decomposition of a module M to be the barcode B(M ) = f I j : j 2
J g .

De�nition 2.2.6 (#-Matching) . Let f I j : j 2 J g and f Jk : k 2 Kg
be indexed sets of intervals. We say a partial bijections : J 9 K is an#-
matching if dI (1 I j

, 1Js( j)
) � #for matched intervals and dI (1 I j

, 0), dI (0,1Jk) �
#for unmatched intervals.

De�nition 2.2.7 (Bottleneck Distance). Let M and N be interval de-
composable modules. The bottleneck distance between the modules is given
by

dB(M, N ) = inf f # � 0 : B(M ), B(N ) admit an#-matchingg.

One would hope to attain a result analogous to the isometry the-
orem for ordinary one dimensional persistent homology relating
the bottleneck distance and the interleaving distance. In the single
parameter case an#-interleaving induces an #-matching between
summands (31). In contrast, the interleaving distance and bottleneck
distance do not coincide for multiparameter interval decomposable
modules. Certainly the bottleneck distance provides an upper bound
on the interleaving distance. However general interleavings of in-
terval decomposable multiparameter modules do not necessarily
induce a matching of interval summands. This is best illustrated by
an example provided in ( 32) for which the optimal matching between
1-interleaved modules is a 3-matching.

We can further de�ne a Wasserstein distance for interval decom-
posable modules.
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De�nition 2.2.8 (p-Wasserstein Distance). Let M, N be interval decom-
posable persistence modules with barcodesf I j : j 2 J g and f Jk : k 2 Kg
respectively. Append a collection of empty intervals to each barcode of car-
dinality the size of the other barcode. For a matchings : J ! K , let
#j = dI (1 I j

, 1Js( j)
). The p-Wasserstein distance is given by

dWp(M, N ) = inf
s:J !K

2

4å
J

#p
j

3

5

1
p

.

The bottleneck distance is simply the ¥ -Wasserstein distance.
If we wish to place extra emphasis on intervals with large persis-
tence we may use the persistence weighted p-Wasserstein distance
(De�nition 2.2.10). In order to ensure the persistence weighted p-
Wasserstein distance is well de�ned we need to check that intervals
are Lebesgue measurable.

Proposition 2.2.9. If I � Rn is an interval of the partially ordered setRn,
then I is Lebesgue measurable.

Proof. Recall the following characterisation of Lebesgue measurable
sets. A set I � Rn is Lebesgue measurable if and only if for all # > 0
there exists an open setU and a closed setC such that U � I � C,
and the Lebesgue measurem(C n U ) < #.

To establish intervals are measurable it suf�ces to show that for
any interval I � Rn there is some openU � Rn and some closed set
C � Rn (open and closed under the standard Euclidean topology)
such that U � I � C and C n U has zero measure.

Let I and I � denote closure and interior of the subset I � Rn in the
standard Euclidean topology respectively. We shall �rst show that the
interior of the closure of an interval ( I ) � coincides with the interior of
that interval ( I ) � = I � . If x 2 ( I ) � , then there is some ¥ -norm ball
contained in I containing x in its interior. Thus there exist a, b 2 I
with ai < xi < bi for all i = 1, ...,n. The interval I is dense in I so
we can perturb a and b to a0, b0 2 I with a0

i < xi < b0
i . Since I is an

interval containing a0, b0 we have that the open set f y 2 Rn : a0
i <

yi < b0
i g is contained in I , and so x 2 I � .

The set I is closed and so it is Lebesgue measurable and in par-
ticular I n ( I ) � has zero measure. ThusI n I � = I n ( I ) � also has
zero measure and we have found the requisite U = I � and C = I
witnessing that I is measurable.

De�nition 2.2.10 (Persistence Weighted p-Wasserstein Distance). Let
M, N be interval decomposable persistence modules with barcodesf I j : j 2
J g and f Jk : k 2 Kg . For a union of a pair of intervals I[ J � Rn let
j I [ Jj denote the Lebesgue measure. The persistence weighted p-Wasserstein
distance is given by
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dWp
(M, N ) = inf

s:J !K

2

4å
J

j I j [ Js( j) j#
p
j

3

5

1
p

.

The p-landscape distance we introduce in the following section is
similar to the persistence weighted p-Wasserstein Distance and can
be de�ned for persistence modules which do not admit an interval
decomposition.

In Section 2.4 we will show that our invariant is stable with respect
to interleaving distance and the persistence weighted Wasserstein
distance. In particular the Lp vector space norms on multiparameter
landscapes provide stable, computable distance functions for multi-
parameter persistence modules.

2.3 Persistence Landscapes

In this section we shall recall the de�nition of the single parameter
persistence landscape and its properties. We shall generalize the de�-
nition to multiparameter persistence modules and show which prop-
erties of the single parameter persistence landscape are preserved.

From this point onward all single parameter persistence modules
we consider shall be pointwise �nite dimensional in order that they
admit an interval decomposition ( 27). The multiparameter persis-
tence modules we consider will be pointwise �nite dimensional, but
will not necessarily admit an interval decomposition.

2.3.1 Single Parameter Persistence Landscapes

The persistence landscapeassociated to a single parameter persistence
module is de�ned in ( 10). The persistence landscape is derived from
the rank invariant of a module.

De�nition 2.3.1 (Rank Invariant) . Let M 2 vectR be a persistence
module then for a� b the functionb�,� giving the corresponding Betti
number is the rank invariant of M:

ba,b = dim (Im (M a ! Mb)) .

De�nition 2.3.2 (Rank Function). The rank functionrk : R2 ! R is
given by

rk (b, d) =

8
<

:
bb,d if b � d

0 otherwise.
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De�nition 2.3.3 (Rescaled Rank Function). The rescaled rank function
r : R2 ! R is supported on the upper half plane:

r(m, h) =

8
<

:
bm� h,m+ h if h � 0

0 otherwise.

Observe that the rank function has support contained in the upper
triangular half of the plane with the coordinates corresponding to
“births" and “deaths", whilst the rescaled rank function has support
contained in the upper half plane with coordinates corresponding to
“midpoints" and “half-lifes".

De�nition 2.3.4 (Persistence Landscape (10)). The persistence landscape
is a functionl : N � R ! R, whereR denotes the extended real numbers,
[� ¥ , ¥ ]. The functionl (k, t) : R ! R is de�ned by

l (k, t) = supf h � 0 : bt � h,t+ h � kg.

The value l (k, t) gives the maximal radius of an interval centred
at t that is contained in at least k intervals of the barcode. The persis-
tence landscape and persistence diagram of a suitably well-behaved
single parameter module carry the same information ( 22).

Alternatively the persistence landscape of a single parameter mod-
ule can be derived from the landscape functions of the modules'
interval summands; see Figure 2.1.

De�nition 2.3.5 (Persistence Landscape (10)). Let M be a single pa-
rameter persistence module with associated persistence diagram given by
the indexed setf (bj , dj ) : j 2 J g . The persistence landscape of M may be
equivalently de�ned as:

l (k, t) = kmax j2J f l ((bj , dj ))( 1,t)g

wherekmax denotes the kth largest value of the indexed set andl ((bj , dj ))
is the landscape associated to the interval module1(bj ,dj ) .

Lemma 2.3.6 ((10)). The persistence landscape has the following properties:

1. l (k, t) � 0.

2. l (k, t) � l (k + 1,t).

3. l (k, t) is 1-Lipschitz.

The �rst two properties are immediate from the de�nition and the third
property is proved by (10).
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birth

de
at

h

l (M )(1,x)
l (M )(2,x)
l (M )(3,x)

x

l

Figure 2.1: We show the per-
sistence diagram of a single
parameter module M on the
left and the associated persis-
tence landscapes on the right.
One can see thatl (M )(k, t)
is the kmax of the landscape
functions l ((bj , dj ))( 1,t) of the
interval summands of M.

2.3.2 Multiparameter Persistence Landscapes

Let us de�ne the multiparameter persistence landscape in analogy
with the single parameter case. The rank invariant, rank function
and rescaled rank function de�ned above generalise naturally to
multiparameter persistence modules:

De�nition 2.3.7 (Rank Invariant) . Let M 2 vectR
n

be a multiparameter
persistence module, then fora � b the functionb�,� giving the correspond-
ing Betti number is the rank invariant of M:

ba,b = dim (Im (Ma ! Mb )) .

De�nition 2.3.8 (Multiparameter Rank Function) . The rank function
rk : R2n ! R is given by

rk (b, d) =

8
<

:
bb,d if b � d

0 otherwise.

De�nition 2.3.9 (Rescaled Multiparameter Rank Function) . The
rescaled rank function r: R2n ! R

r(m, h) =

8
<

:
bm � h,m+ h if h � 0

0 otherwise.

One could perform statistical analysis directly to the rank function
and rescaled rank function. Endowed with the Lp normed vector
space structure these functions are not stable with respect to the
interleaving distance for all p 2 [1,¥ ].

Example 2.3.10 (Rank Function Instability) . For # > 0 and N 2 N
consider the multiparameter persistence module M with presentation M=
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hf(ai , 0)gi= 1,...,N j f x# � aigi= 1,...,N i . The persistence module M is such that
k rk M k¥ = N,k rk M kp = ¥ for all p 2 [1,¥ ), and dI (M, 0) = #.
Details of presentations and the interleaving distance dI for multiparameter
persistence modules can be found in Appendix2.8.

We wish to de�ne a stable invariant and we derive a landscape
function from the rank invariant.

De�nition 2.3.11 (Multiparameter Persistence Landscape). The multi-
parameter persistence landscape considers the maximal radius over which k
features persist in every (positive) direction throughx in the parameter space
l : N � Rn ! R.

l (k, x) = supf # � 0 : bx� h,x+ h � k for all h � 0 with khk¥ � #g.

It is worth noting that when restricted to a single parameter per-
sistence module this de�nition coincides with the single parameter
persistence landscape (10). If there are multiple persistence mod-
ules under consideration we shall denote the landscape associated to
module M as l (M )(k, x).

Lemma 2.3.12. The multiparameter persistence landscape has the following
properties:

1. l (k, x) � 0.

2. l (k, x) � l (k + 1,x).

3. l (k, x) is 1-Lipschitz.

Proof. The �rst two properties follow immediately from the de�ni-
tion. Let x, y 2 Rn and let k 2 N . Without loss of generality assume
that l (k, x) � l (k, y) and that also r = l (k, x) � k x � yk¥ = d. We
seek to show that l (k, y) � l (k, x) � k x � yk¥ .

For any # � 0 such that k#k¥ � r � d let us de�ne h = ( jxi � yi j +
#i ) i . We observe that khk¥ � k x � yk¥ + k#k¥ � r and in particular
that:

x � h � y � # � y + # � x + h.

Thus khk¥ � r means the map M (x � h � x + h) which factors
through M (y � # � y + #) has rank at least k. Since#was arbitrary we
see that l (k, y) � r � d.

In extending the persistence landscape de�nition to multiparam-
eter persistence modules we encountered a choice ofp-norm for the
ball in Rn over which we ask features persist. Whilst Lemma 2.3.12
holds for all choices of p-norm it transpires that the most natural
choice is the ¥ -norm. This choice considerably simpli�es computa-
tion of the multiparameter persistence landscape and gives rise to a
number of further properties which we explore in this section.
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Lemma 2.3.13. Let M be a multiparameter persistence module with rank
invariant b�,�

M . For all h � 0 with khk¥ = h we have thatbx� h1,x+ h1
M �

bx� h,x+ h
M .

Proof. For all h � 0 with khk¥ = h we have that x � h1 � x � h �
x + h � x + h1. Hence the linear map M (x � h1 � x + h1) factors
through the map M (x � h � x + h) and thus the result follows.

In view of Lemma 2.3.13, we see that in order to compute the
value of a multiparameter persistence landscape l (k, x) at the point
x = x0, we only need to compute sup f # � 0 : bx0� #1,x0+ #1 � kg. Thus
we only need to compute a single barcode in the �bered barcode to
compute the landscape value at a point.

Proposition 2.3.14. Let M be a persistence module and letL be a line of
slope1 through the parameter spaceRn. Let iL : (R, k � k¥ ) ! (Rn, k � k¥ )
denote the isometric embedding withiL(R) = L and iL(0) 2 f xn = 0g.
The restriction of the multiparameter landscape of M to L and the single
parameter persistence landscape of the persistence module ML coincide,
l (M L)(k, t) = l (M )(k, iL(t)) .

Proof. Following the landscape de�nitions we see that if l (M )(k, iL(t)) >

h then we have that biL(t)� h1,iL(t)+ h1
M = bt � h,t+ h

M L � k and so l (M L)(k, t) >
h thus l (M L)(k, t) � l (M )(k, iL(t)) . Conversely, if l (M L)(k, t) > h

then biL(t)� h1,iL(t)+ h1
M � k, and so by Lemma 2.3.13 we have that

biL(t)� h,iL(t)+ h
M � biL(t)� h1,iL(t)+ h1

M � k for all h � 0 with khk¥ = h and
thus l (M L)(k, t) � l (M )(k, iL(t)) .

Let kmax denote the function on �nite multisets mapping a �nite
multiset S to the kth largest value of the multiset if jSj � k and 0
otherwise. An immediate consequence of Proposition 2.3.14 is that
like the single parameter persistence landscape, the multiparameter
persistence landscape also admits a decomposition as the kmax of
a series of simple landscape functions when our module is interval
decomposable.

Proposition 2.3.15. The multiparameter persistence landscape of an inter-
val decomposable module M�=

L
j 1 I j

can be equivalently de�ned as:

l (M )(k, x) = kmax j f l (1 I j
)(1,x)g.

Proposition 2.3.16 follows from Proposition 2.3.14 and the fact
that the map from persistence diagram to persistence landscape is
invertible for �nitely presented single parameter persistence modules
(22). For completeness, we provide a proof of Propostion 2.3.16. See
Appendix 2.8.1 and De�nition 2.8.4 for multiparameter persistence
module presentations.
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Proposition 2.3.16. Let M 2 vectR
n

�n be a �nitely presented multipa-
rameter persistence module and letl : N � Rn ! R be the associated
multiparameter persistence landscape. Usingl we can recover the rank
invariant of M on the set of pairs of parameter values which lie on lines of
slope1, f (a, a + r1) : a 2 Rn, r � 0g.

Proof. The rank invariant on the set f (a, a + r1) : a 2 Rn, r � 0g is
derived from the landscape as follows:

ba,a+ r1 = lim sup
d! 0+

max

(

k 2 N : l (k, a +
(r + d)

2
1) �

r + d
2

)

.

Consider a pair of parameter values (a, a + r1). If ba,a+ r1 � k, since
M is �nitely presented, ba,a+( r+ d)1 � k for all suf�ciently small d. Let
cd = a + (r+ d)

2 1. By Lemma 2.3.13 bcd� h,cd+ h
M � k for all h � 0 with

khk¥ � (r+ d)
2 , and thus we have that l (k, cd) � (r+ d)

2 for suf�ciently
small d.

Conversely, suppose that l (k, cd) � (r+ d)
2 for some small postitive

d. This implies that ba,a+ r1 � ba,a+( r+ d
2 )1 � k.

The following example illustrates two modules with distinct rank
invariants which are not distinguished by their multiparameter per-
sistence landscapes.

Example 2.3.17. Denote by[a, b] the rectangular interval module with
opposite verticesa, b. Let M = [( 0, 1), (10, 2)] � [(4, 1), (6, 2)] and
N = [( 0, 1), (6, 2)] � [(4, 1), (10, 2)] be interval decomposable2-parameter
persistence modules. These two modules have different rank invariant

(b(0,1),(10,2)
M = 1 6= 0 = b(0,1),(10,2)

N ) but the same multiparameter per-
sistence landscapes, see Figure2.2.

One would hope that a multiparameter module invariant could
distinguish the modules in the previous example. The multiparame-
ter persistence landscape fails to distinguish these modules since the
rank invariants of these modules coincide on all pairs of parameter
values lying on lines of slope 1. This in turn occurs since the over-
lap between the summands in the x1-coordinate is greater than their
persistence in the x2-coordinate. Thus altering x1, x2 at the same rate
we cannot detect the interaction between the summands with the
multiparameter persistence landscape. A simple reparametrisation
scaling parameters xi appropriately would allow us to distinguish
these modules and motivates the following de�nition.

De�nition 2.3.18 (w-Weighted Persistence Landscape). Let w 2
f u 2 Rn : ui > 0,kuk¥ = 1g be a weighting vector corresponding to a
rescaling of the parameter spaceRn. De�ne thew-weighted in�nity norm
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x1

x 2

M = [( 0, 1), (10, 2)] � [(4, 1), (6, 2)]

x1

x 2

N = [( 0, 1), (6, 2)] � [(4, 1), (10, 2)]

Figure 2.2: We illustrate a pair
of interval decomposable multi-
parameter persistence modules,
M, N 2 vectR

2
, which have

distinct rank invariants but the
same multiparameter persis-
tence landscapes. Each module
is the direct sum of two rect-
angular intervals. The �rst
summand of each module is
shaded with green dots and the
second summand is shaded in
solid red.

to bekhkw
¥ = k(wi hi ) ik¥ . Thew-Weighted Persistence Landscape is a

function l w : N � Rn ! R.

l w (k, x) = supf # � 0 : bx� h,x+ h � k for all h � 0 with khkw
¥ � #g.

Remark2.3.19. The ordinary multiparameter persistence landscape is
the 1-weighted persistence landscape.

The example illustrated in Figure 2.2 exhibits the dependence
on the relative scaling of the signi�cant parameter values in a mul-
tiparameter persistence module and highlights the importance of
normalisation or choice of weighting vectors w in practical applica-
tions. Consider the weighted landscape with weighting w = ( 1

10, 1)
for the examples in Figure 2.2. This weighted landscape distin-
guishes the two modules, indeed l w (M )(1,(5, 1.5)) = 0.5 and
= l w (N )(1,(5, 1.5)) = 0.1.

The weighting hyperparameter for multiparameter persistence
landscapes is analogous to the Poisson parameter used for the
Poisson-weighted persistence landscape kernel introduced in (11),
and the Weighting Function for persistence images introduced in
(12). Determining an appropriate choice of these hyperparameters is
dependent on a given applied setting.

In the case that your multiparameter persistence module is a sub-
level set �ltration of a simplicial complex K with �ltration function
f = Õ n

i= 1 fi : K ! Rn, it may be desirable to choose a weighting such
that the distributions of �ltration values in each coordinate have sim-
ilar variance. For example, in Section 2.6.2 we apply a log transform
to the bandwidth parameter to ensure the distributions of �ltration
values in our bi�ltration have similar variance in each coordinate. For
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convenience of notation let us use shorthand notation for component
wise multiplication a � b = ( aibi ) i .

De�nition 2.3.20 (w-Rescaling). Let j w 2 Aut (Rn) denote the invertible
rescalingj w (x) = w � xi for w 2 f u 2 Rn : ui > 0g.

The following proposition makes precise the relationship between
the weighted landscape and rescaling the parameter space.

Proposition 2.3.21. Let w be a rescaling vector and letl w denote the func-
tion taking a module to itsw-weighted persistence landscape. Let( j w ) �

denote the pull back ofj w . Thew-weighted persistence landscape is given
by l w = ( id � j w � 1) � � l 1 � ( j w ) � and so the following diagram com-
mutes:

vectR
n

vectR
n

Lp(N � Rn) Lp(N � Rn).

l 1

( j w ) �

l w

( id � j w � 1) �

Proof. Let M 2 vectR
n
. It is a straight forward de�nition chase to see

the diagram commutes. Direct computation yields the result:

l w (M )(k, x) = supf # � 0 : bx� h,x+ h
M � k, for all h � 0 with khkw

¥ � #g

= supf # � 0 : bw � 1� (x� h),w � 1� (x+ h)
M � j w

� k, for all h � 0 with kw � 1 � hkw
¥ � #g

= supf # � 0 : bw � 1� x� t,w � 1� x+ t
M � j w

� k, for all t � 0 with ktk¥ � #g

= l 1(M � j w )(k, w � 1 � x) = ( id � j w � 1) � � l 1 � ( j w ) � (M )(k, x).

2.4 Stability and Injectivity

In this section we shall show that the multiparameter landscapes
are stable with respect to the interleaving distance and persistence-
weighted Wasserstein distance. We will then provide an injectivity
result that shows the collection of weighted persistence landscapes
derived from a persistence module contains almost all the informa-
tion in the rank invariant of that module.

For each p 2 [1,¥ ] let us de�ne a p-distance on the space of multi-
parameter landscapes completely analogously with the de�nition as
in (10) where we implicitly are viewing our landscapes as elements of
Lebesgue spaceLp(N � Rn). Our landscapes are all measurable since
they are continuous; however they may be unbounded. We can either
choose to permit in�nite distances or alternatively truncate our land-
scapes to a bounded region if we wish to ensure that our distances
are �nite.



32

De�nition 2.4.1 (p-Landscape Distance). Let M, N be multiparam-
eter persistence modules. The p-landscape distance between M and N,

d(p)
l (M, N ), is de�ned to be:

d(p)
l (M, N ) = kl (M ) � l (N )kp.

2.4.1 Stability

Unlike the in�nity norm of rank function and rank invariant, the
in�nity norm of multiparameter persistence landscapes is stable with
respect to the interleaving distance.

Theorem 2.4.2 (Multiparameter Persistence Landscape Stability).
If M , N 2 vectR

n
are multiparameter persistence modules then the¥ -

landscape distance of the multiparameter persistence landscapes is bounded
by the interleaving distance dI .

d(¥ )
l (M, N ) � dI (M, N ).

Proof. Suppose M, N are #-interleaved. Let x 2 Rn and assume
without loss of generality that r = l (M )(k, x) � l (N )(k, x) and that
also l (M )(k, x) � #.

For any h � 0 with khk¥ < r � #we have that kh + #1k¥ < r.
Sincer = l (M )(k, x) we know that the map M (x � (h + #1) �
x + ( h + #1)) has rank at least k.

An #-interleaving gives rise to commutative diagram:

M (x � (h + #1)) M (x + ( h + #1))

N (x � h) N (x + h)

Thus we see that the map N (x � h � x + h) has rank at least k.
Hence l (N )(k, x) � r � #and thus the in�nity norm distance between
l (M ) and l (N ) is at most #.

Corollary 2.4.3 (Multiparameter Sublevel-set Landscape Stability
Theorem). Let f, g : X ! Rn be �ltering functions and let M( f ), M (g)
denote the induced sublevel-set multiparameter persistence modules. The
sublevel-set persistence modules satisfy:

d(¥ )
l (M ( f ), M (g)) � k f � gk¥ .
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Proof. M( f ), M (g) are k f � gk¥ -interleaved.

In practical applications we may wish to truncate our landscapes
to a bounded region of the parameter space R � Rn. Sincekh1Rkp �
jRjkh1Rk¥ , the ¥ -landscape distance stability result yields a coarse
bound for the p-landscape distance.

Corollary 2.4.4. Let M, N be multiparameter persistence modules and
R � N � Rn a Lebesgue measurable subset of the parameter space. The
p-landscape distance restricted to the region R is stable with respect to the
interleaving distance:

k( l (M ) � l (N ))1Rkp � j RjdI (M, N ).

The weighted landscapes also satisfy stability with respect to the
interleaving distance. This can be shown directly or using Proposi-
tion 2.3.21 and the stability result in the unweighted case.

Corollary 2.4.5 (Multiparameter w-Weighted Landscape Stability) .
Let M, N be multiparameter persistence modules. For unit weightings
w 2 f u 2 Rn : ui > 0,kuk¥ = 1g the¥ -Landscape distance of
the weighted Multiparameter Persistence Landscapes is bounded by the
interleaving distance.

kl w (M ) � l w (N )k¥ � dI (M, N ).

Proof. Suppose that M, N are #-interleaved and that w is a unit
weighting. Since w is a unit weighting ( j w ) � (M ), ( j w ) � (N ) are also
#-interleaved. We attain that:

kl w (M ) � l w (N )k¥ = k( id � j w � 1) � � l 1 � ( j w ) � (M ) � ( id � j w � 1) � � l 1 � ( j w ) � (N )k¥

= kl 1 � ( j w ) � (M ) � l 1 � ( j w ) � (N )k¥

� dI (( j w ) � (M ), ( j w ) � (N )) � dI (M, N ).

The �rst equality is a result of Proposition 2.3.21 and the penultimate
inequality is a direct application of Theorem 2.4.2.

The p-landscape distance restricted to interval decomposable mod-
ules is stable with respect to the persistence weighted p-Wasserstein
distance.

Proposition 2.4.6 (p-Landscape Distance Stability of Interval De-
composable Modules). Let M, N be interval decomposable multipa-
rameter modules with barcodes consisting of �nitely many intervals. The
p-landscape distance is stable with respect to the persistence weighted p-
Wasserstein distance:

d(p)
l (M, N ) � dWp

(M, N ).
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Proof. Let us use the shorthand notation l M = l (M ), and suppose
M, N have barcodes f I j : j 2 J g and f Jk : k 2 Kg with equal
cardinality by appending a set of empty intervals of the cardinality
of the other set. Recall that the landscape for M can be expressed as
a pointwise maximum, l M (k, x) = kmaxJ l 1 I j

(1,x). Let s : J ! K

be any bijection realising the persistence weighted p-Wasserstein
distance, and let #j = dI (1 I j

, 1Js j
).

d(p)
l ¥

(M, N )p = kl M � l N kp
p =

¥

å
k= 1

Z

Rn
j l M (k, x) � l N (k, x)jpdm

=
Z

Rn

¥

å
k= 1

j kmaxJ l 1 I j
(1,x) � kmaxK l 1 Jk

(1,x)jpdm

�
Z

Rn
å
j2J

j l 1 I j
(1,x) � l 1 Js( j)

(1,x)jpdm

�
Z

Rn
å
j2J

#p
j 1f I j [ Js( j) g

dm

= å
j2J

j I j [ Js( j) j#
p
j = dWp

(M, N )p.

The inequality between the second and third line follows from the
general fact that for any u, v 2 Rn the sum å jui � vi jq is minimized
by ordering the components of each tuple. The fourth line bounds
the third line by Theorem 2.4.2 applied to the matched interval sum-
mands.

2.4.2 Injectivity

We now show that the collection of weighted landscapes associ-
ated to a module preserves almost all the information contained in
the rank invariant of �nitely presented persistence modules. See
Appendix 2.8.1 and De�nition 2.8.4 for multiparameter persistence
module presentations.

De�nition 2.4.7 (Weighted Landscape Space). Let W := f u 2 Rn :
ui > 0,kuk¥ = 1g denote the set of unit weights. Each multiparameter
module M gives rise to a functionl W (M ) : W ! L¥ (N � Rn) mapping
each unit weight to the associated weighted landscape of that module. We
de�ne weighted landscape space to be this function space equipped with the
metric:

dW ( l W (M ), l W (N )) = kl W (M ) � l W (N )k¥ = sup
w2W

fk l w (M ) � l w (N )k¥ g.

Proposition 2.4.8. Let vectR
n

�n denote the space of �nitely presented mul-
tiparameter persistence modules. Let us de�ne an equivalence relation on
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vectR
n

�n identifying M � N if the rank invariant of M and N coincide.
Denote the quotient space of �nitely presented multiparameter persis-
tence modules under this equivalence relation byvectR

n

�n / � . The map
l W : M 7! f (w, l w (M )) : wi > 0,kwk¥ = 1g is injective and
1-Lipschitz onvectR

n

�n / � , where we equip the quotient space with the dis-
tance induced by the interleaving distance, and the weighted landscape space
with the metric dW .

Proof. We shall �rst show that the map l is injective. Let M 2 vectR
n

�n
and recall Proposition 2.3.16. For all a < b there is some unit rescal-
ing vector w such that the pair of parameter values ( j w (a), j w (b))
lie on a line of slope 1. Thus we can recover the rank invariant of
M from the collection f (w, l w (M )) g. The fact that the map l W is
1-Lipschitz is an immediate consequence of Corollary 2.4.5 Multipa-
rameter w-Weighted Landscape Stability.

Since l W is 1-Lipschitz we can compute a lower bound on the in-
terleaving distance between modules from the collection of weighted
landscapes. We would be interested to investigate further the rela-
tionship between the landscape distance and the interleaving distance
to understand when the landscape distance provides a good lower
bound for the interleaving distance.

2.5 Statistics on Multiparameter Landscapes

A principal advantage of working with landscapes as a summary
statistic for our data is that we are always able to take the pointwise
mean of a collection of landscapes. Whilst the mean of a collection
of landscapes is not necessarily the landscape of some module, one
can still interpret the mean landscape. The location of local maxima
of the mean landscape correspond to the parameter values above
which signi�cant features of the sample landscapes live, which in
turn correspond to signi�cant topological features of the data set
from which the sample landscapes have been derived.

The space of persistence landscapes endowed with thep-landscape
distance naturally spans a subspace of Lebesgue space, a Banach
space. We would like to perform statistical analysis on a set land-
scapes produced from data sets to distinguish signi�cant topological
signals from sampling noise. In Appendix 2.9 we review relevant
results from the theory of Banach Space valued random variables.
In this section we apply these results to multiparameter persistence
landscapes. We attain the same collection of results enjoyed by the
single parameter persistence landscape established in (10).
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2.5.1 Convergence Results for Multiparameter Landscapes

We shall take the same probabilistic approach as in (10) in viewing
multiparameter landscapes derived from a data set as a Banach space
valued random variable. The model for applying statistical analysis
to persistence landscapes will trace the following general setup.

Suppose X is a Borel measurable random variable on some proba-
bility space (W, F ,P) thought of as sampling data from some distri-
bution. Further let L = L (X) denote the multiparameter persistence
landscape associated to some multi�ltration of the data X, so that in
summary L : (W, F ,P) ! Lp(N � Rn) for 1 � p < ¥ is a random
variable taking values in a real, separable Banach Space.

Let f X ig be i.i.d copies of X and f L ig their associated landscapes.
Denoting the pointwise mean of the �rst n landscapes by L

n
and ap-

plying the general theory of probability in Banach spaces presented
in Appendix 2.9 we attain several results. Observe that in practice
we may be required to truncate our multiparameter landscapes to a
bounded region in order to satisfy the �niteness criteria in the con-
vergence results.

Associated to a well-behaved Banach space valued random vari-
able L : (W, F ,P) ! Lp(N � Rn) is a set function IL : F ! B
called the Pettis Integral of L . This can be thought of as the expecta-
tion of a Banach space valued random variable. For more details see
Appendix 2.9 and (33).

Theorem 2.5.1 (Strong Law of Large Numbers) . With our notation as
in the above discussionL

n
! IL (W) almost surely if and only ifE [kL k] <

¥ .

Theorem 2.5.2 (Central Limit Theorem) . Let us consider the landscapes
endowed with the p-landscape distance for p� 2. If E [kL k] < ¥ and
E [kL 2k] < ¥ , then

p
n(L

n
� IL (W)) converges weakly to a Gaussian

random variable G(L ) with the same covariance structure asL .

The central limit theorem for the landscapes induces a central limit
theorem for associated real valued random variables and facilitates
the computation of approximate con�dence intervals.

Corollary 2.5.3. Let us consider the landscapes endowed with the p-
landscape distance for p� 2. SupposeE [kL k] < ¥ andE [kL 2k] < ¥ . If
f 2 Lp(N � Rn) � , so that Y= f (L ) is a real valued random variable, then
p

n(Y
n

� E [Y]) ! N (0,Var(Y)) converges in distribution.

Corollary 2.5.4 (Approximate Con�dence Intervals) . Suppose Y is
a real-valued random variable attained from a functional applied to the
multiparameter landscapeL satisfying the conditions of Corollary2.5.3. Let
f Yign

i= 1 be i.i.d. instances of this random variable and S2
n = 1

n� 1 å n
i= 1(Yi �



multiparameter persistent homology of data 37

Yn)2 the sample variance. An approximate(1 � a) con�dence interval for
E [Y] is given by:[Yn � za

2

Snp
n
,Yn + za

2

Snp
n
], where za

2
is the a

2 critical value
for the normal distribution.

In practice, a functional of choice could be given by integrating
the landscapes over a subsetR of the parameter domain fR(L ) =R

R L dm. These functionals can be used to establish the signi�cance of
homological features in different regions of the parameter space.

We remark that recent work has attained con�dence bands for
single parameter persistence landscapes (34; 35). It is shown in ( 34)
that the single parameter persistence landscapes satisfy a uniform
central limit theorem, and moreover the rate of convergence is com-
puted. It would be interesting to see similar analysis performed in
the multiparameter setting.

2.6 Example Computations and Machine Learning Applications

In this section we shall present example computations of multiparam-
eter persistence landscapes and demonstrate a simple application of
machine learning to the persistence landscapes. We use the RIVET
software (36) for computations of 2-parameter persistence modules
presented in (23) together with ( 37) to compute multiparameter
persistence landscapes from the2-parameter persistence modules.
RIVET supports the fast computation of multigraded Betti numbers
(see De�nition 2.8.5) and an interactive visualisation for 2-parameter
persistence modules. The software computes a data structure asso-
ciated to a module which facilitates real time queries of the �bered
barcode. As far as we know, RIVET is the only publicly available
TDA software package supporting multiparameter persistent homol-
ogy calculations.

The software supports a range of input formats including: point
cloud, metric space, algebraic chain complex, and explicit bi�ltered
complex. In particular we shall use the software to calculate and
query the �bered barcode associated to a module along a selection of
one dimensional slices of the parameter space.

In order to reduce computational cost, RIVET approximates mul-
tiparameter modules with a discretization. These approximations
can be taken to arbitrary accuracy with respect to the interleaving
distance, see Appendix 2.8.3. Discretization is not the only approach
one can take in computations involving continuous multiparame-
ter modules. In contrast (21) develops a primary decomposition of
modules which facilitates a �nite description of a wide class of per-
sistence modules which would require in�nitely many generators
if discretized. Our only obstruction to using this approach rather
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than discretization is the lack of available software to cope with these
presentations.

Computation of the module with RIVET is the most computation-
ally expensive procedure in our calculations. Details of the time and
space complexity of the algorithm may be found in ( 23), loosely if m
denotes the size of the �ltered complex associated to the input data,
in the worst case one requires time O(m5) and spaceO(m5) to com-
pute the data structure which admits fast queries of the �bered bar-
code. Further details of the software and complexity may be found in
(23).

In theory, since our landscape is derived solely from the rank in-
variant, we need not calculate the full module and �bered barcode.
Recall that the value of the multiparameter persistence landscape
at each point can be calculated using the single parameter persis-
tence landscape associated to the line of slope1 passing through that
point. Thus we could reduce the computation of the multiparameter
landscape in any dimension to repeated single parameter persistent
homology calculations. This reduction would be highly parallelizable
and likely to provide signi�cant speedup.

Proposition 2.6.1. Let M 2 vectR
2

be a multiparameter persistence
module derived from a simplicial complex with m simplices. Let# > 0 be
some tolerance value and[0,R] � [0,R] � R2 a subset of our parameter
space. We can compute an#-approximationl (M )(#) to the persistence
landscapel (M ) of M on the region[0,R] � [0,R] in time O(m3 R

# ). Our
approximation is with respect to the in�nity norm, that iskl (M )(#) �
l (M )k¥ � #.

Proof. Divide the region [0,R] � [0,R] into a grid of spacing #. It
suf�ces to calculate the values of the landscape on this grid since
the landscape functions are 1-Lipschitz and so we can extend the
grid values to an #-approximate function on [0,R] � [0,R]. Thus we
reduce our computation to the computation of 2R

# single parameter
landscapes corresponding to the collection of 2R

# slope 1 lines passing
through the points of the grid.

Given birth-death pairs, ( 38) provide an algorithm to compute the
persistence landscapes in timeO(m2). It is well known from ( 6) that
one can produce birth-death pairs from a �ltration of size m in time
O(m3). Hence the result follows.

It is possible that the above time estimate for the landscape com-
putation could be improved by using vineyard style updates between
the single parameter landscapes (39). Moreover it may be that in
practical applications, computing the module with RIVET is signif-
icantly faster than the worst time bound O(m5) and thus using the
�bered barcode queries will be faster than the computation of a series
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of single parameter landscapes. Note also that the 2R
# single parame-

ter landscape calculations are independent and so can be computed
in parallel. We postpone comparisons of different computational al-
gorithms, benchmarking, and ef�cient implementation to follow up
work.

One may want to utilise machine learning algorithms with land-
scape functions as a collection of features for a data set. Recall that
if we consider the persistence landscapes associated with the2-
landscape distance then we are naturally in the setting of a Hilbert
Space. The inner product on this space is positive de�nite on the
space of persistence landscapes. As such we may use this kernel to
learn non-linear relationships in our data and then apply convex
optimisation techniques to an SVM.

Another point to note is that we can discretize the landscape to
give an n-dimensional array as a summary of our data to which
one could apply a convolutional neural network. This transform
from landscape to multidimensional array will satisfy stability with
respect to the landscape distance. A similar approach is used by (12)
to produce a persistence imagefrom a persistence diagram.

We provide three computational examples together with the ap-
plication of a basic statistical test and standard SVM classi�er. Our
examples demonstrate that the multiparameter landscape is sensitive
to both topology and geometry. We do not claim that the multipa-
rameter landscape is the optimal analytic tool to perform the various
tasks in our examples, rather we demonstrate a range of potential
applications.

2.6.1 Concentric Circles

Our �rst example will look at points sampled from densities concen-
trated around a pair of concentric circles with radii 1 and 3 respec-
tively. We colour the points from each circle in two distinct ways.
Colouring A assigns the large circle colour parameter 0.5 and the
small circle colour parameter 1.5. Colouring B assigns the small circle
colour parameter 0.5 and the large circle colour parameter 1.5. We
examine how the multiparameter landscapes differ depending on the
colouring of the circles. For each colouring we perform 30 samples,
each sample consisting of 100 points uniformly sampled from each
circle Figure 2.3(a).

We produce a �ltration on each pointcloud with the Rips �ltra-
tion in the �rst parameter and the colour parameter in the second
parameter. Thus at parameter value (r, c) 2 R2, we have the space
X(r,c) = VR(Pc, r) where Pc denotes the sampled points with colour
parameter no more than c. We apply the degree one homology func-
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tor H1 to produce a multiparameter persistence module which de-
tects the loops in our �ltered topological space.

We compute the average landscapes of theH1-modules for the
two different colourings, Figure 2.3. When the large circle has the
smaller colour parameter value, the �rst landscape (k = 1) can
detect the large circle Figure 2.3(b). We see the large circle in the �rst
landscape as the large mountain spanning the parameter subspace
[1, 5.4] � [0.5, 1.5]. When the large circle has the higher parameter
value, the persistence in the Rips �ltration parameter is diminished
by the presence of the small circle with smaller colour parameter. In
both colourings, the second landscape (k = 2) exhibits the range of
parameter values for which both circles are detected Figure 2.3(c).

We test the robustness of the landscape by repeating the sampling
this time with only 50 points per circle and perturbing both the lo-
cation and colour of the sampled points with the addition of i.i.d.
normals N (0, 0.3), Figure 2.4(a). We illustrate in Figure 2.4(b) and
Figure 2.4(c) the average landscapes taken over 30 noisy samples.
The resulting landscapes are similar to those of the larger samples
without noise.

Let us perform a statistical test to determine whether the multi-
parameter landscapes can detect that the noisy samples are drawn
from different distributions. Let mdenote the Lebesgue measure on
R2 and consider the functional fR( l ) =

R
R l dm. Using the results

of Section 2.5 we �nd approximate con�dence intervals for fR( l )
with R = f 1g � ([2, 6] � [0, 1.5]) � N � R2. We attain approxi-
mate 99%-con�dence intervals on the noisy samples: for Colouring
A [0.400, 0.474], and for Colouring B [0.00556, 0.00809]. A two sample
t-test on the values of this functional on the two sets of colourings
attains a p-value of 0.00629. Thus we reject the null hypothesis that
the functional values on the landscapes of the two colourings have
the same mean.

We also perform a permutation test for the test statistic kl̄ A � l̄ Bk4

(with norm taken for the �rst landscape over the whole parameter
space[0, 6] � [0, 3]). We apply 10,000random permutations to the
collection of landscapes randomly assigning 30 landscapes to group
A and 30 landscapes to group B and then computing the test statis-
tic. Each of the sampled permutations attained a smaller test statistic
than the observed test statistic, (indicating an approximate p-value
of 0), and identifying that the landscapes for Colouring A have been
drawn from a distinct distribution than the landscapes for Colouring
B.
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(a) An example point cloud sample from each colouring.

(b) The mean �rst landscape for each colouring taken over the 30 samples, l (1,x).

(c) The mean second landscape for each colouring taken over the 30 samples,l (2,x).

Figure 2.3: The �rst column
shows the plots for Colour-
ing A and the second column
Colouring B.



42

(a) An example point cloud sample from each colouring with noise added.

(b) The mean �rst landscape l (1,x) taken over the 30 noisy samples.

(c) The mean second landscapel (2,x) taken over the 30 noisy samples.

Figure 2.4: The �rst column
shows the plots for Colour-
ing A and the second column
Colouring B.
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2.6.2 Modal Estimation

For this example we work on meteorite data which we have lifted
from ( 40). The data set consists of values of the proportion of sil-
ica measured in 22 samples. Our task is to infer how many modes
there are in the distribution from which this data has been sampled.
Various statistical techniques for assessing the number of modes in
empirical data have previously been explored ( 41; 42; 43).

A standard approach to this task is kernel density estimation
(KDE). With data f xig � Rn one estimates the probability density
function (pdf) of the distribution using a sum of normalized kernels:

f (x) =
1
n

n

å
i= 1

Ks (x � xi )

Here Ks is a density function with mass concentrated about the
origin, for example a Gaussian centred at the origin. There are two
natural parameters in this KDE setup. The log bandwidthparameter
s of the kernel function Ks , and a thresholdparameter which dictates
how large a peak in the estimated distribution must be to be consid-
ered a mode. The choice of these parameters will dramatically alter
our inferred number of modes (see Figure 2.5).

Figure 2.6 is a surface plot of the KDEs ranging over various
bandwidth parameters, demonstrating the change in the number
of modes as we change the bandwidth. The surface has been tri-
angulated using a triangulation subordinate to a regular grid on
our parameter space. To each 2-simplext in the triangulation we
attach two parameters; the mean bandwidth s(t ), and the mean
probability density value p(t ), (averages taken over the vertices
of the simplex). We produce a bi�ltration by taking the simpli-
cial closure of the 2-simplices with appropriate parameter values,
X(s0,p0) = SC(f t : s(t ) � s0, p(t ) � 1 � p0g).

The multiparameter landscape detects that three modes appear in
the KDEs for a range of parameter values. Looking at the landscapes
associated to the H0-module we see that the in�nity norm of the �rst
three landscapes is constant but decreases signi�cantly between the

Figure 2.5: We plot kernel
density estimates on the mete-
orite data (red) for a range of
bandwidth parameters. As we
increase the bandwidth param-
eter we yield fewer modes in
our kernel density estimate.
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Figure 2.6: A triangulated sur-
face plot of the KDE for a range
of bandwidth parameters. We
observe three modes in the
KDE estimate for a large range
of bandwidth values.
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third and fourth landscapes, Figure 2.7. This indicates that within
this setup, three modes are seen across a signi�cantly wider range
of parameter values than four modes, suggesting the data is drawn
from a tri-modal distribution which coincides with our expected
result. Whilst in this simple example one could suggest there are
three modes from inspection, the landscape analysis can equally be
applied to higher dimensional data sets for which visualisation is not
possible.

This basic example can be generalized to detect other properties
of KDEs robust to changes in parameter values. For example one
could detect signi�cant i-dimensional holes in the distribution by
considering the Hi module in a similar setup. For related work see
Persistence Terraces (44).

Figure 2.7: The �rst to �fth
multiparameter persistence
landscapes associated to theH0

module for the KDE surface.
The in�nity norm of the �rst
three landscapes is constant
kl (1,x)k¥ = kl (2,x)k¥ =
kl (3,x)k¥ = 0.283 but
drops signi�cantly between
the third and fourth land-
scapekl (4,x)k¥ = 0.120,
kl (5,x)k¥ = 0.106. This indi-
cates that there are three modes
in the KDE for a wide range of
bandwidth parameters.

2.6.3 Curvature

In this subsection we shall work with a synthetic data set sampled
from spaces of different curvature. Single parameter persistence
landscapes have been used to detect curvature (8). This example is
used to emphasise the ability of the multiparameter landscapes to
detect geometric differences between point samples. The samples
consist of 100 points chosen uniformly with respect to the volume
measure from discs of radius 1 in the hyperbolic plane, the surface of
the unit sphere and Euclidean space so that the spaces have constant
curvature of � 1, 1, 0 respectively. Topologically these disks are all
trivial, our landscapes are detecting geometric differences induced by
the distribution of points.

We would like to show that the multiparameter landscape is able
to detect the curvature of the space from which a sample is drawn
given only the pairwise distances between points. A multi�ltered
complex is built on the sampled points by �ltering the Rips complex
with the third nearest neighbour density function r on the points.
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Explicitly, if P denotes our sampled points and (r, r 0) 2 R2 then
X(r,r 0) = VR(Pr 0, r) where Pr 0 = f p 2 P : r (p) � r 0g for the
third nearest neighbour density function r . We take 100 samples of
100 points in each space and investigate the resulting multiparameter
landscapes for dimension 1 homology.

We plot the average �rst multiparameter landscapes in Figure 2.8(a)
and the differences between the average landscapes in Figure2.8(b).
We observe that the persistence of cycles is affected by the curvature
of the space. The more negative the curvature the longer the one
dimensional cycles persist.

Let us now apply a simple machine learning algorithm to the
multiparameter landscapes to see if we can reliably distinguish the
curvature of the space from which our small samples have been
drawn.

Using the Python package LinearSVC, we train a Support Vector
Machine (SVM) with linear kernel on discretizations of the �rst 10
landscapes for the samples of the hyperbolic discs and elliptic discs,
using l2 penalty and squared hinge loss function. We randomly par-
tition our samples into 160 training samples and 40 test samples and
evaluate the accuracy by the proportion of test samples correctly clas-
si�ed. Repeating this process 100 times we attain an average classi�-
cation score of 85.78% (3.70% standard deviation). Thus we see that
the multiparameter landscapes are able to reliably detect curvature
given a relatively small local sample. It is possible that alternative
choices of �ltration parameters may be better suited to detecting
curvature.

2.7 Discussion

Multiparameter persistence landscapes provide a stable representa-
tion of the rank invariant of a persistence module whilst retaining the
discriminating power of the rank invariant. Moreover the landscape
distance provides a computable lower bound for the optimal stable
distance on persistence modules, the interleaving distance.

The multiparameter landscape also offers a bridge from topo-
logical data analysis to machine learning and statistical analysis of
multiparameter modules. The multiparameter landscapes, although
hard to visualize in dimensions higher than 2, are interpretable in
any dimension with large landscape values indicating features robust
to changes in the �ltration parameters, and non-zero landscapes for
large k indicating a large number of homological features.

An important question to address in practical applications of mul-
tiparameter persistence landscapes is how to determine the optimal
weighting w of the parameter space to be used in any given applica-
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(a) The mean �rst landscape l̄ (1,x) of the H1 module for the hyperbolic, Euclidean and
elliptic discs taken over 100 samples.

(b) The pointwise difference between the mean landscapes l̄ (1,x).

Figure 2.8: Multiparameter
persistence landscapes for uni-
form samples of discs of unit
radius from spaces of different
curvature.

tion. The optimal choice of weighting is likely to be highly dependent
on the application in mind. The need to choose a hyperparameter is
not unique to multiparameter persistence and similar challenges are
presented in choosing hyperparameters for various vectorizations of
single parameter persistence applications (11; 12; 34). We note that
multiparameter persistence landscapes depend continuously on the
choice of weighting vector w, and so given suf�cient training data
one could tune this parameter to maximize discriminatory power.

The multiparameter landscapes highlight several open questions
and challenges in the development of the theory and applications of
multiparameter persistent homology that we would be interested to
see addressed.

1. We would like to understand the relationship between the inter-
leaving distance and landscape distance associated to modules to
understand when the landscape distance provides a good lower
bound estimate.

2. We have restricted our invariant to the discriminating power of
the rank invariant. We would be interested to see if we could com-
bine our landscapes with invariants that capture the more subtle
relationships between features born at incomparable parameter
values.
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3. With respect to applications there is a question as to whether the
increased complexity of multiparameter persistence is necessary,
or whether single parameter persistence may be suf�cient. One
could possibly substitute a multiparameter persistence landscape
for a vectorization of a well-chosen single parameter persistence
module without signi�cant loss of information.

4. The Bootstrap Method has been used to compute con�dence bands
for single parameter persistence landscapes (34). We would be
interested in applying similar analysis for multiparameter land-
scapes.

Finally it is worth remarking that the construction of multiparame-
ter persistence landscapes from multiparameter persistence modules
can be generalized to produce stable invariants of generalized per-
sistence modules indexed over other posets. Providing the indexing
poset P is equipped with a superlinear family of translations W, one
can derive a landscape function l : N � P ! R from the rank func-
tion rk : P � P ! N . This landscape equipped with the supremum
norm is stable with respect to the interleaving distance induced by
the superlinear family, and provides an interpretable, stable repre-
sentation of the rank function. This vectorization may prove a useful
invariant should the computation of generalized persistence modules
be developed in future work.
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Appendix

2.8 Multiparameter Persistence Theory

For completeness we present the multiparameter persistence theory,
de�ning presentations and interleavings of multiparameter persis-
tence modules.

2.8.1 Presentations

De�nition 2.8.1 (Translation Endofunctors ( 28)). Let P be the category
associated to a preordered set (proset) and letG : P ! P be an endofunctor.
We say thatGis a translation. SinceGis a functorGis monotone x� y
implies thatG(x) � G(y). We say thatGis increasing if x� G(x) for all
x 2 P.

Let TransP denote the set of increasing translations ofP and observe that
TransP is a monoid with respect to composition.

It is straight forward to see that TransP also has a natural proset
structure with preorder G � K , G(x) � K(x) for all x . This
preorder is compatible with the monoid structure of TransP and
G � K implies there is a unique natural transformation hG

K : G) K. If
P is a poset then so isTransP.

De�nition 2.8.2 (Shift Functor) . Let C be a category, F an element of
the functor categoryCP, andGa translation endofunctor. Let F(G) denote
F � G2 CP, we call this functor theGshift of F.

For a multiparameter persistence module M 2 VectRn
we shall

write M (a) to denote the shift by the translation in Rn, Ga(x) = x + a.
We de�ne an Rn-graded set to be some setX together with a map
gr : X ! Rn. For an element j 2 X , we shall refer to gr ( j) = a 2 Rn

as the grade of j. Let Pn denote the Rn-graded monoid ring of the
monoid ([0,¥ )n, +) over a �eld F.

De�nition 2.8.3 (Free Module). Let X be anRn-graded set. The free
module onX is denoted as Free[X ], and de�ned to be:

Free[X ] =
M

j2X

Pn(� gr( j)) .

Note that each element of the graded set gives rise to an inde-
pendent copy of the Rn-graded ring Pn, and the negative shift deter-
mines that the elements of grade a in Pn are shifted to be elements of
grade a + gr( j) in the shifted copy Pn(� gr( j)) . The notion of a free
module on a graded set can equivalently be de�ned using a univeral
property characterisation.

We say a subsetR � M, of a persistence module is homogeneous
if R � [ a2Rn Ma, that is to say each element has a well de�ned grade.



50

De�nition 2.8.4 (Presentations). Let X be a graded set andR a homo-
geneous subset of the free module onX generating the submodulehRi . We
say that a persistence module M has presentationhX jRi if:

M �=
Free[X ]

hRi
.

We say that a presentation is �nite if bothX andR are �nite. Let I denote
the ideal of Pn generated by the elementsf xa : a > 0g and letF hX jRi :
Free[R ] ! Free[X ] be the map induced by the inclusionR ,! Free[X ]. We
say that a presentation of M is minimal ifR � I � Free[X ] andkerF hX jRi

�
I � Free[R ].

De�nition 2.8.5 (Multigraded Betti Numbers) . Let M be a persistence
module. The associated multigraded Betti numbers are mapsxi (M ) : Rn !
N de�ned by:

xi (M )(a) = dim F (TorPn
i (M, Pn/ IPn)a).

Standard homological algebra arguments establish that the multigraded Betti
numbers are well de�ned (see (23) for details). IfhX jRi is a minimal pre-
sentation for M thenx0(M )(a) = jgr� 1

X (a)j andx1(M )(a) = jgr� 1
R (a)j,

where grX : J ! Rn, so thatjgr� 1
X (a)j gives the cardinality of the collection

of elements ofX with grading a.

The multigraded Betti numbers are related to the initial topolog-
ical space with x0(M ) marking the �ltration values for the birth of
homological features, and x1(M ) marking the �ltration values for
relations between features.

2.8.2 Generalized Interleavings

We adopt the notion of a generalized interleaving from ( 28) to de�ne
interleaving distances on multiparameter persistence modules.

De�nition 2.8.6 (Interleaving ( 28)). Let P be a proset andC be a cate-
gory. Let F, G 2 CP be modules andG, K 2 TransP. We say that F, G
are(G, K)-interleaved if there exist natural transformationsj : F ) GG,
y : G ) FK satisfying the coherence criteria that(y G) j = Fhid

KG,
( j K)y = Ghid

GK wherehid
a denotes the unique natural transformation

between the translationsid � a.

An interleaving may be thought of as an approximate isomor-
phism. Indeed if we take G= K = id then F, G are (G, K)-interleaved
if and only if F, G are isomorphic. By warping the proset with trans-
lations G, K we admit �exibility to the rigid notion of isomorphism.
In order to introduce an associated distance we must assign a weight
to the translations to quantify how close the interleaving is to an
isomorphism.
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M = [( 1, 1), (4, 4)] � [(2, 0), (4, 2)] N = [( 2, 2), (3, 3)]

Figure 2.9: A pair of interval
decomposable modules M, N
with interleaving distance
dI (M, N ) = 1.

De�nition 2.8.7 (Superlinear Family ( 28)). Let W : [0,¥ ) ! TransP be
a superlinear function:W#1+ #2 � W#1W#2. We say thatW is a superlinear
family.

De�nition 2.8.8 (#-Interleaving ( 28)). Let F, G 2 CP be modules andW
a superlinear family. We say F and G are#-interleaved with respect toW if
they are(W#, W#)-interleaved.

Proposition 2.8.9 (Induced Interleaving Distance ( 28)). Given a super-
linear familyW and modules F, G 2 CP, we have an induced interleaving
distance given by:

dW(F, G) = inf f # � 0 : F, G are#-interleaved with respect toWg.

The most common superlinear family to consider for persistence
modules indexed by Rn is given by the translation in the diagonal
direction, W#(x) = x + #1. We refer to the interleaving distance
induced by this superlinear family as simply the interleaving distance
and denote this distance by dI .

Example 2.8.10. Let M, N 2 vectR
2

be interval decomposable mod-
ules with M = [( 1, 1), (4, 4)] � [(2, 0), (4, 2)] and N = [( 2, 2), (3, 3)].
There is a1 + d-interleaving between M and N for alld > 0 obtained
by matching the �rst summand of M with the summand of N. Explicitly,
the natural transformationj : M ! NW1+ d is zero everywhere except
at gradesa 2 R2 such thata lies in the support of the �rst summand of
M and W1+ d(a) lies in the support of N, for which it is an isomorphism.
The natural transformationy : N ! M W1+ d is de�ned similarly.
There is no1-interleaving between this pair of modules. For example, the
morphism M(2,0) ! M (4,2) is non-zero and so cannot factor through
NW1(2,0) = N(3,1) = 0. Hence the interleaving distance between these
modules is dI (M, N ) = 1.
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2.8.3 Discretization and Continuous Extension

In Section 2.6 our computations were simpli�ed by restricting a con-
tinuous module to a �nite grid and then dealing with the continuous
extension of this discretization. We will show that restricting to a
�nite grid gives us a suitable approximation to our module with
respect to the interleaving distance between modules.

De�nition 2.8.11 (Grid Function) . Let G : Z n ! Rn be de�ned by
component-wise strictly increasing functionsGi : Z ! R with sup Gi =
sup �G i = ¥ . We sayG is a grid function. Let us de�ne the size ofG to be

jGj = max
i :1� i � n

sup
z2Z

jGi (z) � G i (z + 1)j.

De�nition 2.8.12 (Discretization) . Let M 2 VectRn
be a persistence

module andG a grid function. We say that M� G 2 VectZn
is theG-

discretization of M.

De�nition 2.8.13 (Continuous Extension (23)). Let Q 2 VectZn
be a

discrete persistence module andG a grid function. Forx 2 Rn let us de�ne
�oor and ceiling functions:

bxcG = maxf z 2 Im G : z � xg anddxeG = min f z 2 Im G : z � xg.

We de�ne the continuous extension EG(Q) 2 VectRn
to be the persis-

tence module with:

EG(Q)a = QG� 1(bacG) and EG(Q)(a � b) = Q(G� 1(bacG) � G � 1(bbcG))

with the obvious action on the morphisms ofVectZn
. We have de�ned a

functor EG : VectZn
! VectRn

.

The following proposition shows that discretization is stable with
respect to the interleaving distance, and so we may produce an arbi-
trarily close approximation to a persistence module by restricting the
module to a grid of suf�ciently small size.

Proposition 2.8.14. Let M 2 VectRn
be a persistence module andG a grid

function, we have that:

dI (M, EG(M � G )) � jGj .

Proof. The modules M, EG(M � G ) are (d�eG, id )-interleaved with
natural transformations given by the appropriate internal morphisms
of M.

2.9 Probability in Banach Spaces

We shall present the general theory of Probability for Banach space
valued random variables from which we derive the convergence
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results of Section 2.5. Let us begin by de�ning some notation. Let
(B, k � k) denote a real, separable Banach Space with topological
dual space B� . Let V : (W, F ,P) ! B denote a Borel measurable
random variable. The covariance structure of such a random variable
is de�ned to be the set of expectations

f E [( f (V ) � E [ f (V )])( g(V ) � E [g(V )])] : f , g 2 B � g.

In order to take expected values of Banach valued random vari-
ables we require the notion of the Pettis Integral, which is an exten-
sion of the Lebesgue integral to functions on measure spaces taking
values in normed spaces. We shall brie�y introduce the properties of
this integral and existence criteria, the essence of which is built upon
reducing the problem to integrability of R-valued functions.

De�nition 2.9.1 (Scalarly Integrable (45)). A function V : (W, F , m) !
B is scalarly integrable if for all f2 B � we have that f(V ) is measurable
and f(V ) 2 L1(m).

De�nition 2.9.2 (Pettis Integrable (45)). A scalarly integrable function
V : (W, F , m) ! B is Pettis integrable if for all E2 F there is an element
IV (E) 2 B such that:

Z

E
f (V )dm= f ( IV (E)) for all f 2 B � .

The set function IV : F ! B is called the Pettis Integral of V with
respect tom. We may also refer to IV (W) as the Pettis Integral of V and
denote this by IV .

De�nition 2.9.3 (Strong and Weak Measurability ( 46)). A function V :
(W, F , m) ! B is simple if there exist v1, ...,vm 2 B and E1, ...,Em 2 F
such that f= å m

i= 1 vi1Ei
.

A function V : (W, F , m) ! B is stronglym-measurable if there
exists a sequence of simple functions Vn : (W, F , m) ! B such that
lim n! ¥ kVn(w) � V (w)k = 0 m-almost everywhere.

A function V : (W, F , m) ! B is weaklym-measurable if for all function-
als in the dual space v� 2 B � the real-valued function v� V : (W, F , m) !
R is m-measurable.

We shall suppress the pre�xmif the measure is clear from context.

Theorem 2.9.4 (Pettis Measurability Theorem ( 46, Theorem 3.1)). A
function V : (W, F , m) ! B is strongly measurable if and only if:

1. V is weakly measurable.

2. There exists am-null set E such that V(Wn E) is a separable subset ofB.
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Proposition 2.9.5 ((46, Proposition 5.1)). A strongly measurableB-
valued function V : (W, F , m) ! B with Em[kVk] < ¥ is Pettis Inte-
grable.

A consequence of the Pettis Measurablilty Theorem is that if the
codomain is a separable Banach Space then the notions of weak and
strong measurability coincide. Thus Proposition 2.9.5 gives a suf�-
cient criterion for Pettis Integrability in the setting of multiparameter
persistence landscapes endowed with the p-norm for p 2 [1,¥ ) for
which the underlying Banach space is separable.

Corollary 2.9.6. Let V : (W, F , m) ! B be measurable withB real and
separable. IfEm[kVk] < ¥ , then V is Pettis Integrable andkIV (W)k �
Em[kVk].

Proof. By assumption V is measurable. Moreover, Em[kVk] < ¥ im-
plies that for any linear functional v� 2 B � we have Em[kv� Vk] �
kv� kEm[kVk] < ¥ and so V is scalarly integrable. Hence by Proposi-
tion 2.9.5 V is Pettis Integrable. A straight forward application of the
Hahn-Banach theorem establishes thatkIV (W)k � Em[kVk].

Theorem 2.9.7 (Strong Law of Large Numbers ( 33, Corollary 7.10)).
Let Vi be i.i.d copies of V: (W, F ,P) ! B and let Sn = å n

i= 1 Vi . It follows
that IV = 0 andE [kVk] < ¥ if and only if:

Sn

n
! 0 almost surely as n! ¥ .

Corollary 2.9.8. Let Vi be i.i.d copies of V: (W, F ,P) ! B . If V has
Pettis integral IV andE [kVk] < ¥ and Sn = å n

i= 1(Vi ) then:

Sn

n
! IV almost surely as n! ¥ .

Proof. Apply Theorem 2.9.7 to the random variable V � IV .

De�nition 2.9.9. We say aB-valued random variable X is Gaussian if
for all f 2 B � the real valued random variable f(X) is Gaussian with
mean zero. Note that such a Gaussian random variable is determined by its
covariance structure (33).

The next result only applies for a certain class of Banach spaces.
The type and cotype of a Banach space can be thought loosely of as a
measure of how close that Banach space is to a Hilbert space, see (33)
for more details. For p 2 [1, 2] the Lebesgue spaceLp has type p and
cotype 2, and for p 2 [2,¥ ) the Lebesgue spaceLp has type 2 and
cotype p.

Proposition 2.9.10 ((33, Proposition 9.24)). Let B be a Banach space. If
B is of type2 then every mean zero Radon random variable V with values in
B such thatE [kVk2] < ¥ is pregaussian.
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Theorem 2.9.11 (Central Limit Theorem ( 47)). Let B be a Banach space
of type2 and V : (W, F ,P) ! B a Radon random variable. If IV = 0,
E [kVk2] < ¥ and V is pregaussian then1p

n
Sn converges weakly to a

Gaussian random variable with the same covariance structure as V.

Corollary 2.9.12. Let B be a separable Banach space of type2 and V :
(W, F ,P) ! B . If IV = 0, E [kVk2] < ¥ then 1p

n
Sn converges weakly to

a Gaussian random variable with the same covariance structure as V.

Proof. Note that since B is a Polish space any probability measure on
B is tight and hence V is a Radon random variable. Moreover Propo-
sition 2.9.10 implies that V is pregaussian and hence the hypotheses
of Theorem 2.9.11 are satis�ed and the result follows.
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Abstract

An ideal invariant for multiparameter persistence would be discrim-
inative, computableand stable. In this work we analyse the discrim-
inative power of a stable, computable invariant of multiparameter
persistence modules: the �bered barcode. The �bered barcode is
equivalent to the rank invariant and encodes the barcodes of the 1-
parameter restrictions of a multiparameter module. This invariant
is well known to be globally incomplete. However in this work we
show that the �bered barcode is locally complete for �nitely pre-
sented modules by showing a local equivalence of metrics between
the interleaving distance (which is complete on �nitely-presented
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modules) and the matching distance on �bered barcodes. More pre-
cisely, we show that: for a �nitely-presented multiparameter module
M there is a neighbourhood of M, in the interleaving distance dI , for
which the matching distance, d0, satis�es the following bi-Lipschitz
inequalities 1

34dI (M, N ) � d0(M, N ) � dI (M, N ) for all N in this
neighbourhood about M. As a consequence no other module in this
neighbourhood has the same �bered barcode as M.

3.1 Introduction

The theory and application of multiparameter persistent homology is
a topic of signi�cant interest in the �eld of Topological Data Analysis.
Current work has studied invariants and metrics of multiparameter
persistence modules, together with algorithms for their ef�cient
computation ( 48; 49; 50; 51).

Compared to single parameter persistence, studying data sets �l-
tered over multiple parameters yields a richer class of topological
invariants: multiparameter persistence modules. A distinct difference
between multiparameter and single parameter persistence modules
is that multiparameter modules do not admit a discrete complete
invariant analogous to the barcode for single parameter persistence
modules (25). Another upshot of the increased complexity of mul-
tiparameter modules, is that the analogous interleaving distance is
not equivalent to a matching distance as in the single parameter case
and is thus harder to compute ( 52). An ideal invariant for multipa-
rameter persistence would be discriminative, computableand stable.
In earlier work studying invariants for multiparameter persistence,
it is common to sacri�ce the discriminating power of an invariant
in order to achieve computability ( 48; 53; 54). Also it is common to
study subclasses of persistence modules to tame the wild behaviour
of arbitrary multiparameter modules. Such subclasses include: exact
(55), interval decomposable (32; 50), block decomposable (56; 55; 52)
and rectangular interval decomposable ( 57) multiparameter persis-
tence modules. For data science applications, stability is an essential
property of a multiparameter module invariant; indeed most data is
susceptible to noise and so we desire that our invariants be robust to
small perturbations.

A discriminative, stable metric one could choose to study multi-
parameter persistence modules is the interleaving distance (58). The
theoretical properties of the interleaving distance are well-behaved.
Lesnick showed that the interleaving distance is universal on the
space of multiparameter modules over prime �elds, and thus the
most discriminative stable metric ( 58). In recent work, it has been
shown that this approach presents computational challenges. Bjerke-



multiparameter persistent homology of data 59

vik, Botnan and Kerber showed that the interleaving distance is NP-
hard to compute and approximate for multiparameter modules ( 52).
We therefore must �nd a compromise between discriminating power
and computability of multiparameter modules invariants and met-
rics.

Recently a wealth of computable invariants and metrics have been
proposed and studied: ( 59; 16; 48; 53; 60; 54; 61). Several of these pro-
posed invariants and metrics have the same discriminating power as
the �bered barcode ( 48; 53; 54). The �bered barcode, introduced in
(16), encodes all of the single parameter modules realised as restric-
tions of the multiparameter module to a positively sloped line, and
discards higher order interactions. The �bered barcode is well known
to be an incomplete invariant, what's more, there exist modules ar-
bitrarily distant in the interleaving distance which have the same
�bered barcode. However the �bered barcode and derived invariants
are computable, stable and admit a range of desired features for data
analysis: Lp-norms, averaging, statistical analysis (48; 62; 54).

Our contributions

This work relates the local behaviour of the theoretically well-behaved
interleaving distance dI to the computable yet incomplete matching
distance d0 (59; 16; 49). We provide a positive result that shows a
local equivalence between these two metrics.

A signi�cant strength of our work is that the results apply to a
constructible subclass of multiparameter modules, those which are
�nitely presented. This restriction is relevant to data analysis appli-
cations, since the sublevel-set persistence module of a �nite multi�l-
tered simplicial complex arising from �nite data will give rise to such
a constructible module. Hence our results apply to the multiparame-
ter modules one is likely to encounter in applications.

The main technical result of our paper shows that the match-
ing distance d0 distinguishes a �nitely presented ( Rn-indexed)
multiparameter persistence module M from all modules N in a
dI -neighbourhood of M (Theorem 3.4.1). We show that there is a
dI -open ball, BM , centred at M in the space of �nitely presented mod-
ules such that for all N 2 BM :

1
34

dI (M, N ) � d0(M, N ) � dI (M, N ) (3.2)

The fraction 1
34 is likely not optimal and is a consequence of the

proof methodology.
The radius of the open ball for which ( 3.2) is valid is dependent

on M. Moreover the statement is anchored about M, the inequalities
of (3.2) hold in the ball BM when the �rst argument of the distance
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functions is �xed to be M. Indeed there exist N, N0 2 BM such that
1
34dI (N0, N ) 6� d0(N0, N ).

The upper bound d0 � dI is not new and is a constructed property
of the matching distance d0. The local lower bound 1

34dI � d0 is
proven in this work and gives rise to a global equivalence of intrinsic
metrics Theorem 3.5.6.

We observe that the space ofRn-indexed �nitely presented multi-
parameter persistence modules is a path metric space when equipped
with the interleaving distance. This property follows from the char-
acterisation of interleavings proven by Lesnick ( 58). However, to the
best of the author's knowledge, the fact that dI is an intrinsic met-
ric has not been explored nor formally stated in the multiparameter
persistence literature to date.

The local result (3.2) extends to a global result for the induced path
metric d̂0 (De�nition 3.5.2). This says that d̂0 and dI are bi-Lipschitz
equivalent as metrics on the whole space of �nitely presented mul-
tiparameter persistence modules (Theorem 3.5.6). For any pair of
�nitely presented multiparameter modules M, N we attain:

1
34

dI (M, N ) � d̂0(M, N ) � dI (M, N ) (3.3)

Whilst dI is an intrinsic metric (Corollary 3.5.5), the collection of
geodesics between any pair of distinct modules is highly non-unique.
This is a consequence of the interleaving distance behaving as an
L¥ -style norm. The matching distance d0 also behaves like an L¥ -
style norm, however there are Lp-style norms de�ned on faithful
invariants derived from the �bered barcode ( 48; 54). TheseLp-style
metrics constrain the collection of geodesics between modules. This
local equivalence result is the �rst step towards a sensible notion of
interpolation between multiparameter modules compatible with the
interleaving distance.

As a simple corollary, we attain equivalences of metrics on con-
structible spaces which can be embedded into the space of �nitely
presented modules. In particular we show how interlevel set persis-
tence modules give rise to �nitely presented 2-parameter persistence
modules.

Related work

A major inspiration for this work was the article of Carriere and
Oudot: Local Equivalence and Intrinsic Metrics Between Reeb Graphs
(63). In this work Carriere and Oudot conjecture that similar results
to their local equivalence of metrics on Reeb graphs apply to “more
general classes of metric spaces than Reeb graphs". Indeed in Sec-
tion 3.6 we show that our local equivalence result for multiparameter
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modules induces a similar but weaker result to the main result of
(63) for Reeb graphs (induced by embedding Reeb graphs into mul-
tiparameter persistence modules). In our proof of Theorem 3.4.1 we
employ similar techniques to those used in ( 63).

The work of Lesnick and Wright has been fundamental to the
author's understanding of �nitely presented multiparameter persis-
tence modules and the interleaving distance (58; 51; 23). In particular
we have used in this work that a free resolution of a multiparame-
ter module induces a free resolution of the 1-parameter restrictions,
the characterisation of interleavings (Theorem 3.5.3), and the push
function of ( 23).

In extending our local equivalence result Theorem 3.4.1 to a global
equivalence Theorem 3.5.6 we consider paths in the space of multi-
parameter persistence modules in order to induce intrinsic metrics.
The resulting intrinsic metric is similar in nature to the Wasserstein
distance in (64), which is de�ned via a path of simple morphisms.

Outline of Content

In Section 3.2 we introduce multiparameter persistence theory includ-
ing the two metrics which we wish to compare: the interleaving dis-
tance (De�nition 3.2.5) and the matching distance (De�nition 3.2.8).
In Section 3.3 we de�ne Merge and Simpli�cation Functors which we
shall use to manipulate �nitely presented multiparameter persistence
modules and establish their effect on the presentation of a �nitely
presented multiparameter persistence module. Section 3.4 is the tech-
nical heart of the paper within which we prove the local equivalence
of the interleaving distance and matching distance (Theorem 3.4.1).
The proof of this result makes heavy use of the functors de�ned and
established in Section 3.3. In Section 3.5 we recall the de�nition of
intrinsic metrics. We show that the space of �nitely presented multi-
parameter persistence modules has geodesic paths with respect to the
interleaving distance, and thus our local equivalence result induces a
global equivalence between the interleaving distance and the intrin-
sic matching distance. Finally in Section 3.6 we show that our local
equivalence of metrics result for multiparameter persistence modules
induces a local equivalence of metrics for Reeb graphs analogous to
the result attained in ( 63).

3.2 Preliminaries

In this section we tersely introduce the key multiparameter persis-
tence de�nitions we require to develop the functors in Section 3.3
and prove the main results in Section 3.4 and Section 3.5. For a more
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complete introduction see (25; 23).

3.2.1 Multiparameter Persistence Modules

Notation

Let Pn denote the monoid ring of the monoid ([0,¥ )n, +) over a �eld
F. One can think of Pn as a pseudo-polynomial ring F [x1, ...,xn] in
which exponents are only required to be non-negative and can be
non-integral. We shall denote the monomial P n

i= 1xai
i 2 Pn as xa.

Let Rn denotes the category associated to the poset(Rn, � ) under
the standard coordinate-wise partial order, and more generally let P
denote the category associated to the posetP. Let Vect denote the
category of vector spaces and linear maps over F, and vect denote
the subcategory of �nite dimensional vector spaces. For a category C
and a poset category P let us denote the functor category of C-valued
functors on P by CP. For a poset P we shall use _ to denote the join
of elements.

De�nition 3.2.1 (Multiparameter Persistence Module) . A multiparame-
ter persistence module is anRn-graded Pn-module, normally denoted by M.
That is to say M has a decomposition as aF-vector space M=

L
a2Rn Ma

compatible with the action of Pn: if a 2 Rn, xb 2 Pn and m 2 Ma then
xb � m 2 Ma+ b . A morphism of graded modules is required to respect the
grading and be compatible with the module structure i.e. if f: M ! N,
r 2 Pn and m2 Ma then f(m) 2 Na and r � f (m) = f (r � m).

For the statement of some results it is more convenient to use the
following equivalent category-theoretic de�nition.

De�nition 3.2.2 (Multiparameter Persistence Module) . A multipa-
rameter persistence module is an element of the functor categoryVectRn

. A
morphism of multiparameter persistence modules is a natural transformation
M ) M 0.

The equivalence of the two perspectives is simply saying that
we have an equivalence of categories betweenRn-graded Pn-Mod
and VectRn

(58). We shall freely switch between these equivalent
perspectives throughout.

Let T# : Rn ! Rn via T#(a) = a + #(1, ..., 1) and T�
# : VectRn

!
VectRn

denote the pullback ( T�
# (M ) = M � T�

# ).

De�nition 3.2.3 (Internal Translation) . The internal translation of a
module M is the morphism denote byj M

# : M ! T�
# (M ) given by the

action of the ring elementx#1 2 Pn on M, j M
# (m) = x#1 � m.

De�nition 3.2.4 (Interval Decomposable Modules) . Let I � Rn be a
connected subposet3 such thata, b 2 I and a � p � b impliesp 2 I, 3 Connected as a poset so that for any

a, b 2 I there is a �nite sequence
of comparable elements connecting
a and b. More precisely there exists
k 2 N and x1, ...,xk 2 I such that
a � x1 � x2 � x3 � ... � xk� 1 � xk � b.
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then we say I is an interval. Let1 I denote thevect-valued functor with
domainRn for whichdim 1 I (a) = 1f a 2 Ig and such that the internal
morphisms1 I (a � b) are isomorphisms wherever possible. We say that1 I

is an interval module, and any module M which is isomorphic to the direct
sum of interval modules is interval decomposable.

We shall regularly use interval decomposable modules in our exam-
ples and �gures. However one should keep in mind that our results
are not constrained to this subclass of modules.

Let us now de�ne the interleaving distance, the most discrimina-
tive stable metric one can consider on multiparameter persistence
modules alluded to in the introduction. We shall adopt the notation
of (24). Let T# : Rn ! Rn denote the translation endofunctor given
by T#(a) = a + #1 where 1 = ( 1, 1, ..., 1). Observe that this translation
induces an endofunctor T�

# : VectRn
! VectRn

where T�
# (M ) = M � T#

with the obvious action on morphisms.

De�nition 3.2.5 (Interleaving Distance) . Let M, N 2 VectRn
be multipa-

rameter persistence modules and# � 0. We say that M, N are#-interleaved
if there exist natural transformations f: M ) NT#, g : N ) MT#

satisfying the coherence criteria that T�
# (g) f = j M

2#, T�
# ( f )g = j N

2#. We
de�ne the interleaving distance to be the in�mum of#for which M, N are
#-interleaved:

dI (M, N ) = inf f # � 0 : M, N are#-interleavedg

An interleaving may be thought of as an approximate isomor-
phism. Modules are 0-interleaved if and only if they are isomorphic.
By blurring the poset with translations T# we admit �exibility to the
rigid notion of isomorphism. The interleaving distance is universal
amongst stable distances on persistence modules over prime �elds,
that is to say any other stable distance is bounded above by the in-
terleaving distance (58). However, the interleaving distance has been
shown to be NP-hard to compute and approximate ( 52).

Associated to a multiparameter module is a family of single pa-
rameter modules whose collection of barcodes is known as the
�bered barcode. A line in Rn with equation L (t) = tm + c is said
to be positively sloped if each coordinate of the gradient m is strictly
positive ( mi > 0 for all i).

De�nition 3.2.6 (Fibered Barcode (16)). Let L denote the subposet of
Rn corresponding to a positively sloped lineL � Rn. Let iL : (R, k �
k¥ ) ! (Rn, k � k¥ ) denote the order preserving isometric embedding with
iL (R) = L and iL (0) 2 f x 2 Rn : xn = 0g. Then for M 2 VectRn

the
composite ML = M � iL is a single parameter persistence module, and thus
has an associated barcodeB(M L ). The �bered barcode of M is the collection
fB (M L ) : L 2 L g whereL denotes the set of positively sloped lines.
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In contrast to the interleaving distance, the �bered barcode is
computable for a (�nitely-presented) multiparameter persistence
module. The RIVET software (62) ef�ciently computes the �bered
barcode for a 2-parameter �nitely presented module, and has been
used in (65; 48).

(a) A visualisation of the morphisms
comprising an #-interleaving for 2-
parameter persistence modules. The
interleaving morphisms f : M ! NT#

and g : N ! MT# knit together the
persistence modules M and N so that
the diagram commutes.

(b) A barcode B(M L ) in the �bered bar-
code of a 2-parameter interval module
M. We depict the multiparameter Betti
numbers of the 2-parameter interval
module, using green for generators, red
for relations and amber for second order
relations.

Figure 3.1: An illustration of an
#-interleaving and the �bered
barcode, for 2-parameter persis-
tence modules.

De�nition 3.2.7 (Push Function (23)). Let L : R ! Rn be a strictly
positively sloped line inRn isometrically embedded with respect tok � k¥ .
The map pushL : Rn ! Im L is de�ned as pushL (p) = min f a 2 Im L :
a � pg, and is a partial order preserving map, pushing every element ofRn

to the lineL .

Using the bottleneck distance for 1-parameter persistence modules
on each 1-parameter restriction we induce a matching distance on
the �bered barcode. The matching distance was de�ned for multipa-
rameter persistence modules in (16), and the stability of the matching
distance with respect to the interleaving distance explicitly shown in
(59).

De�nition 3.2.8 (Matching Distance (16)). Let M, N 2 vectR
2

the
matching distance is taken to be the supremum of the bottleneck distance
over1-dimensional restrictions:

d0(M, N ) = sup
L2 L

w(L ) � dB(M L , NL )

where the weighting is w(L ) := ( kpushL (L (0) + 1) � L (0)k¥ ) � 1

An #-interleaving of multiparameter persistence modules M, N in-
duces an #-interleaving between the single parameter modules along
the line L , (hence a#-matching between their barcodes), and thus
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dB(M L , NL ) � dI (M, N ) (59; 16) (see Figure3.2). We can generalise
the matching distance de�ned on vectR

2
to a matching distance on

vectR
n
. That is, for M, N 2 vectR

n
we de�ne the matching distance

between M and N to be:

d0(M, N ) = sup
L2 L

w(L ) � dB(M L , NL )

where the weighting w(L ) of the line L is such that an #-interleaving
of the module M, N induces a #

w(L ) -interleaving between the modules
restricted to the line L . For example, a line L of slope 1 has weight-
ing w(L ) = 1, and the weighting for the line L : x2 = mx1 + c � R2 is
given by:

w(L ) =

8
<

:
m for m � 1
1
m for m < 1

In the proof of our main result we only use the barcodes along
slope 1 lines to bound the matching distance from below and so our
weighting on the bottleneck distance is always equal to 1. Exact com-
putation of the matching distance for bimodules has been studied
and proven to be computable in polynomial time ( 49; 66).

Figure 3.2: An #-interleaving
morphism f : M ! NT#

for 2-parameter persistence
modules M and N induces
an m#-interleaving morphism
f L : M L ! NL Tm# for the
line L : x2 = m � x1 + c with
slope m � 1. The interleav-
ing morphism f L is realised
as a composition of the inter-
leaving morphism f and an
internal morphism of N: f L

a =
N (a + #1 � pushL (a + #1)) � fa.

3.2.2 Presentations

Let us now develop the theory required to de�ne presentations of
multiparameter persistence modules.

We de�ne an Rn-graded set to be an indexing set X together with
a grading map gr : X ! Rn. For an element j of a graded set with
gr( j) = a, we shall refer to a as the grade of j. For a graded set
(X , gr) we will use X (#) to denote the graded set (X , T� # � gr). We
will use T�

� gr( j) Pn to denote the the ring Pn with grading shifted by
gr( j) so that the multiplicative identity of T�

� gr( j) Pn lives at grade
gr( j).

De�nition 3.2.9 (Free Module). The free module onX , anRn-graded set,
is de�ned to be:

Free[X ] =
M

j2X

T�
� gr( j) Pn

A free module on a graded set can equivalently be de�ned us-
ing a universal property characterisation ( 25), and it is clear that a
morphism from a free module is determined by its image on the
generating set.

We say a subsetR � M of a persistence module is homogeneous if
R �

S
a2Rn Ma. That is to say each element has a well-de�ned grade.
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De�nition 3.2.10 (Presentations). Let X be a graded set andR a homo-
geneous subset of the free module onX generating the submodulehRi . We
say that a persistence module M has presentationhX jRi if:

M �=
Free[X ]

hRi

A presentation is �nite if both X and R are �nite. We shall denote
the subspace of �nitely presented multiparameter modules as vect Rn

�n .
Let Imax denote the maximal ideal of Pn generated by the elements
f xa j a > 0g and let F hX jRi : Free[R ] ! Free[X ] be the map induced
by the inclusion R ,! Free[X ]. We say that a presentation of M is
minimal if R � Imax � Free[X ] and kerF hX jRi

� Imax � Free[R ].
More generally we say that a free resolution (F� , ¶� ) of M is min-

imal if Fi = Free[X i ] and ker(¶i ) � I � Free[X i ] for all i 2 N . If M
is �nitely generated, then a minimal resolution exists and is unique
up to isomorphism ( 67). A minimal resolution can be constructed se-
quentially by choosing a minimal set of generators to surject onto the
kernel of the previous map in the resolution. Further results about
minimal free resolutions can be found in ( 67).

Figure 3.3: Non-isomorphic
interval decomposable 2-
parameter persistence modules
N and O, dI (N,O) = # > 0
Example 3.2.11. The �bered
barcodes of N and O are iden-
tical and thus the matching
distance between N and O is
zero, d0(N,O) = 0.

Example 3.2.11 (Incompleteness of the Matching Distance). Let us
de�ne the following graded sets and homogeneous subset:

XN = f (a, (#, 0)) , (b, (0,#)) g

XO = XN [ f (c, (#, #)) g

R N = f x9#
1 � a, x9#

2 � b, x10#
2 � a, x10#

1 � bg � Free[XN ]

R O = R N [ f x#
1 � b � x#

2 � a, x9#
1 � c, x9#

2 � cg � Free[XO]

Let N,O denote the2-parameter persistence modules with presentations
hXN jR N i , hXO jR O i respectively (see Figure3.3). The �bered barcode of N
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and O are indistinguishable, d0(N,O) = 0, yet dI (N,O) = #. We also have
that dI (N, 0), dI (O, 0) � 5#. Hence for any �nitely presented2-parameter
module M, d0(M � N, M � O) = 0, dI (M, M � N ), dI (M, M � O) � 5#.
Moreover since M� N and M � O are not isomorphic dI (M � N, M �
O) > 0. This example witnesses the incompleteness of the matching distance
and shows that our local equivalence of metrics between dI and d0 (3.2) is
necessarily anchored about M.

De�nition 3.2.12 (Multiparameter Betti Numbers) . Let M be a multi-
parameter persistence module. The multiparameter Betti numbers are maps
xi (M ) : Rn ! N de�ned by:

xi (M )(a) = dim F (TorPn
i (M, Pn/ IPn)a)

If M is �nitely generated and hX jRi is a minimal presentation
of M, then x0(M )(a) = jgr � 1

X (a)j and x1(M )(a) = jgr � 1
R (a)j. More

generally the support of the maps xi (M ) are the locations of the
generators of Fi in a minimal free resolution (F� , ¶� ) of M (up to
multiplicity) ( 67).

Figure 3.4: A minimal free res-
olution for a 2 dimensional
interval module M 2 vectR

2

�n .

See Figure3.1(b) for an illustration of the multiparameter Betti
numbers of a 2-parameter interval module, and Figure 3.4 for a mini-
mal resolution realising the multiparameter Betti numbers.

For convenience we will refer to xi (M ) as a multiset, by which
we mean the support of the map xi (M ). That is, when we refer to
a multiparameter Betti number a 2 xi (M ) we mean that a is in the
support of xi (M ) and thus there is a generator at grade a in any
minimal free resolution.

For a �nitely presented module we can break up Rn into cells
within which the module is constant (the internal morphisms are
isomorphisms). The boundaries of these cells are determined by the
positions of the multiparameter Betti numbers.

De�nition 3.2.13 (Grid Function) . Let [k] denote the setf 1, ...,kg and
p j : Rn ! R the canonical projection onto the jth coordinate. A grid
function is a mapG = P n

j= 1Gj : P n
j= 1[kj ] ! Rn. We shall useH G to
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(a) A grid function G : [k1] � [k2] ! R2

together with the associated collection
of axis aligned lines H G.

(b) A grid function G : [k1] � [k2] �
[k3] ! R3 together with the associated
collection of axis aligned hyperplanes
H G.

Figure 3.5: Example grid func-
tions with their associated
collection of axis aligned hyper-
planes.

denote the collection of axis aligned hyperplanes which passes through the
image of this map:

H G := f a 2 Rn : p j (a) 2 Im Gj for some j2 [n]g

De�nition 3.2.14 (Controlling Constant) . For a grid functionG :
P n

j= 1[kj ] ! Rn we de�ne the controlling constant c(G) to be:

c(G) := min fk a � bk¥ : a 6= b, a, b 2 Im Gg

In the edge cases for whichIm G is empty or a singleton, we de�ne the
controlling constant to be in�nite.

De�nition 3.2.15 (Multiparameter Betti Grid) . Suppose M2 vectR
n

�n
is a �nitely presented multiparameter persistence module and that the mul-
tiparameter Betti numbers

S
i xi (M ) have kj distinct gradings in the jth-

coordinate; (notejx0(M ) [ x1(M )j < ¥ in conjunction with Lemma3.2.16
guarantees that kj are indeed �nite). LetGM = P n

j= 1Gj
M : P n

j= 1[kj ] ! Rn

be the map such that
S

i xi (M ) � Im GM . The mapGM shall be referred
to as the multiparameter Betti grid of M and the image of this map denoted
Im GM .

The hyperplanes H GM
mark the boundaries of the cells within

which the module M does not change.
For a �nitely presented module M 2 vectR

n

�n we de�ne the control-
ling constant cM to be the controlling constant of the multiparameter
Betti grid of M, cM = c(GM ). This is the minimum non-zero differ-
ence between coordinates of the collection of multiparameter Betti
numbers

S
i xi (M ).

Lemma 3.2.16 (Betti Grid is Determined by Generators and Rela-
tions). Let M 2 vectR

n

�n be a �nitely presented multiparameter persistence
module. For all j� 1 if s 2 xj+ 1(M ) then there existr i 2 xj (M ) such
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(a) Multiparameter Betti numbers of

some 2-parameter module M 2 vectR
2

�n
together with the collection of axis
aligned lines H GM

.

(b) Multiparameter Betti numbers of

some 3-parameter module M 2 vectR
3

�n
together with the collection of axis
aligned hyperplanes H GM

.

Figure 3.6: Multiparameter Betti
numbers of multiparameter
persistence modules together
with their associated collection
of axis aligned hyperplanes.

that s =
W

i r i . Thus the multiparameter Betti grid of M is determined by
x0(M ) [ x1(M ).

Proof. We will just prove the result for j = 1, since the result for j > 1
follows identically. Let F� be a minimal resolution of M 2 vectR

n

�n .
So that in particular F2 � ker(¶1) = ker(F1 ! F0). Let F1 have
generating set f r ig

k1
i= 1 with gr (r i ) = r i . Supposes is a generator of

F2 with grade s. SinceF� is minimal the s has non-zero image under
¶2. Suppose¶2(s) = å i mixs� r i � r i 2 ker(¶1). Note that we must have
s �

W
k:mk6= 0 rk. Assume seeking contradiction that s >

W
k:mk6= 0 rk. We

observe that:

0 = ¶1(¶2(s)) = ¶1(xs�
W

k:mk6= 0 rk � å
i

mix
W

k:mk6= 0 rk� r i � r i )

= xs�
W

k:mk6= 0 rk � ¶1(å
i

mix
W

k:mk6= 0 rk� r i � r i )

Since F0 is free it follows that ¶1(å i mix
W

k:mk6= 0 rk� r i � r i ) = 0 and
hence (by exactness) there is some elementm 2 F2 with ¶2(m) =
å i mix

W
k:mk6= 0 rk� r i � r i . Thus s � xs�

W
k:mk6= 0 rk � m 2 ker(¶2) and we contra-

dict minimality of the resolution F� . Therefore s =
W

k:mk6= 0 rk and the
multiparameter Betti grid of M is determined by x0(M ) [ x1(M ).

The following Lemma 3.2.17 gives a simple criterion for identi-
fying redundant generators in a free resolution. For convenience
let us de�ne the following notation. If (F� , ¶� ) is a free resolution
with Fi generated by the graded set f bjg and Fi+ 1 generated by the
graded set f rkg, let h¶i+ 1(rk), bj i 2 F denote the scalar such that
¶i+ 1(rk) = å jh¶i+ 1(rk), bj i xrk� b j � bj .

If we are working over a �eld for which inner products exist, h�, �i
denotes the point-wise vector space inner product of a �nitely gen-
erated free module which makes its generating set an orthonormal
set.
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Lemma 3.2.17 (Cancellation Lemma). Let M 2 vectR
n

�n be a �nitely
presented multiparameter persistence module. Suppose F� ! M is a free
resolution such that there exists a generator b of Fi , and a generator r of
Fi+ 1 with gr(b) = b = r = gr(r) andh¶i+ 1(r), bi 6= 0, then F� is
not a minimal resolution, and there is a free resolution F0

� ! M with
x0(F0

i+ 1) = x0(Fi+ 1) n f rg, x0(F0
i ) = x0(Fi ) n f bg andx0(F0

j ) = x0(Fj ) for
all j < i.

Proof. We will explicitly construct the free resolution (F0
� , d) satisfying

x0(F0
i+ 1) = x0(Fi+ 1) n f rg, x0(F0

i ) = x0(Fi ) n f bg and x0(F0
j ) = x0(Fj )

for all j < i . For j < i set F0
j = Fj and dj = ¶j . SupposeFi is generated

by the graded set f bjg [ f bg and Fi+ 1 is generated by the graded set
f rkg [ f rg. SetF0

i to be the submodule of Fi generated by f bjg and
di = ¶i jF0

i
. Since gr(b) = b = r = gr(r):

¶i+ 1(r) = h¶i+ 1(r), bi � b+ å
j

h¶i+ 1(r), bj i xr � b j � bj .

Moreover 0 = ¶i¶i+ 1(r) implies

¶i (b) =
� 1

h¶i+ 1(r), bi å
j

h¶i+ 1(r), bj i xb � b j � ¶i (bj )

=
� 1

h¶i+ 1(r), bi å
j

h¶i+ 1(r), bj i xb � b j � di (bj ) 2 Im di

and so di surjects onto ker di � 1 = ker ¶i � 1. Further we may de�ne
F0

i+ 1 to be the submodule of Fi+ 1 generated by f rkg and de�ne di+ 1

on generators of F0
i+ 1 by

di+ 1(rk) = å
j

h¶i+ 1(rk), bj i xrk� b j � bj �
h¶i+ 1(rk), bi
h¶i+ 1(r), bi å

j
h¶i+ 1(r), bj i xrk� b j � bj .

By construction didi+ 1(rk) = 0 and di+ 1 surjects onto ker di . We may
complete the free resolution F0

� arbitrarily, to achieve free resolution
with the desired properties.

3.3 Merge and Simpli�cation Functors

In this section we de�ne two families of endofunctors acting on
vectR

n

�n . These functors will be used in the proof of our main result
Theorem 3.4.1. We shall show that these functors are well-de�ned
and explain the effect of these functors on the presentation of a mod-
ule.

Notation

Let us establish some notation conventions for this section. We shall
denote free multigraded module resolutions as (F� , ¶� ) where ¶i :
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Fi ! Fi � 1. We shall denote generators of F0 using the letter b for
“births" and we shall denote generators of F1 using the letter r for
“relations". We shall use gr (b) = b, gr(r) = r to denote the grading of
generators. Given an element a 2 Rn we will denote the slope 1 line
through a as L a with L a(0) = a and the isometric embedding with
respect to k � k¥ . For a setS � Rn and a 2 Rn we use the shorthand
ka � Sk¥ := inf s2S ka � sk¥ , and say a is d-close to S if ka � Sk¥ � d.

3.3.1 Merge Functor

The �rst family of functors we de�ne we call merge functors. These
are analogous to the merge operations de�ned in ( 68) for Reeb
graphs which are heavily used in ( 63). Figure 3.7 gives a pictorial
description of the action of a merge functor on a multiparameter
module. The merge functor moves the grades of multiparameter Betti
numbers lying close to a grid to lie on that grid. Moving the multipa-
rameter Betti numbers may cause cancellations (Lemma3.2.17).

De�nition 3.3.1 (Merge Function) . Let G : [k] ! R be a �nite grid
with controlling constant c, and letd < c

2. De�ne the merge function
MG

d : R ! R as follows:

MG
d (x) =

8
<

:
G( i) if x 2 [G( i) � d, G( i) + d]

x if x 2 R n
S

i [G( i) � d, G( i) + d]

For a multiparameter grid functionG = G1 � ... � G n with controlling
constant c andd < c

2, the functionMG
d : Rn ! Rn is de�ned using the

merge functionsMGi
d coordinate-wise.

Note that the merge function is a morphism of posets and so pre-
serves the partial order of a pair of elements in Rn. That is to say
a � b implies MG

d (a) � MG
d (b). We �rst de�ne the action of the merge

functor on free modules.

De�nition 3.3.2 (Merge Functor for Free Modules) . Let G = P n
i= 1Gi :

P n
i= 1[ki ] ! Rn be a grid with separation constant c, and letd < c

2. We
de�ne thed-merge of the free module F= Free[X ] with respect to the grid
G to be the free module with grading set regraded via the merge function:
MergeG

d (F) = Free[MG
d (X )], together with the obvious action on morphisms

of free modules.

The action of MergeG
d on morphisms is well de�ned on free mod-

ules since the merge function is a poset endomorphism of (Rn, � ). It
is straight forward to check that MergeG

d is an additive and exact func-
tor since it acts independently on the summands of free modules.
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(a)

(b)

Figure 3.7: An example of a
module under a Merge func-
tor. In (a) we depict an interval
module N overlayed on the
d-neighbourhood of the grid
H GM

, with the multiparameter
Betti numbers of N marked.
We observe cancellations of the
multiparameter Betti numbers
under the Merge functor MGM

d ,
and the multiparameter Betti
numbers of N lying d-close to
the grid are merged to lie on
the grid.
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We extend the merge functor to arbitrary �nitely presented multi-
parameter persistence modules.4 Let ProjResol : vectR

n

�n ! Kb(vectR
n

�n ) 4 The de�nition of the merge functor,
whilst mathematically unchanged, was
substantially improved in clarity based
on the suggestion of an anonymous
reviewer. The author would like to ex-
plicitly thank and credit the anonymous
reviewer here.

denote the functor from �nitely presented multiparameter persis-
tence modules to the bounded homotopy category, taking a �nitely
presented multiparameter persistence module M to a complex of free
modules (F� , ¶� ) with homology concentrated in degree 0 isomorphic
to M, (H0(F� ) �= M and Hi (F� ) �= 0 for i 6= 0). Let Kb(MergeG

d ) denote
the degree-wise application of MergeG

d to a complex of free modules,
which is well de�ned since MergeG

d is additive and exact.

De�nition 3.3.3 (Merge Functor). Let M 2 vectR
n

�n andG = P n
i= 1Gi :

P n
i= 1[ki ] ! Rn a grid with separation constant c, and letd < c

2. We de�ne
thed-merge functor with respect to the gridG to be the composition:

MG
d = H0 � Kb(MergeG

d ) � ProjResol

Note that if F1 ! F0 ! M ! 0 is a presentation of M then MG
d (M )

has presentation: MergeG
d (F1) ! MergeG

d (F0) ! MG
d (M ) ! 0.

Proposition 3.3.4 (MG
d is Exact). The merge functorMG

d is an exact functor
on vectR

n

�n .

Proof. Let A, B, C 2 vectR
n

�n and 0 ! A ! B ! C ! 0 be a short exact
sequence. The horseshoe lemma implies thatProjResol(0 ! A !
B ! C ! 0) is a short exact sequence of free resolutions. Exactness
of the functor MergeG

d implies that Kb(MergeG
d ) � ProjResol(0 ! A !

B ! C ! 0) is also a short exact sequence. The homology long exact
sequence applied to this short exact sequence yields the short exact
sequence: 0! MG

d (A) ! MG
d (B) ! MG

d (C) ! 0 since the homology of
each complex is concentrated in degree zero.

Another important property of the family of merge endofunctors
is that MG

d perturbs multiparameter persistence modules by no more
than d in the interleaving distance.

Proposition 3.3.5 (dI (MG
d (M ), M ) � d (69, Lemma 5.13)). For any grid

G andd < c(G)
2 , if M 2 vectR

n

�n then dI (MG
d (M ), M ) � d.

Proof. Let (F� , ¶� ) be a free resolution of M. Note that any free mod-
ule F is d-interleaved with MergeG

d (F) via morphisms which map
each summand of F independently to the corresponding shifted
summand of MergeG

d and vice versa. We may therefore construct
degree-wise interleavings of F� and Kb(MergeG

d )( F� ) which are chain
maps, and so F� and Kb(MergeG

d )( F� ) are d-interleaved. Hence by (69,
Lemma 5.13) MG

d (M ) �= H0(Kb(MergeG
d )( F� )) and M �= H0(F� ) are also

d-interleaved.
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(a) A 2-parameter interval decompos-
able module M.

(b) The image of the internal morphism
Im j M

# = S#(M ).

Figure 3.8: A 2-parameter in-
terval decomposable module
M under the #-simpli�cation
functor S# (De�nition 3.3.6).

3.3.2 Simpli�cation Functor

The second family of functors we de�ne simplify a module by re-
moving “ #-small features" of the module. A pictorial description
of a simpli�cation functor applied to an interval decomposable 2-
parameter persistence module is depicted in Figure 3.8.

De�nition 3.3.6 (Simpli�cation Functor) . If M 2 vectR
n

�n de�ne the
#-simpli�cation of M, denotedS#(M ), to be the image under the internal
translation j M

# of M:

S#(M ) = Im j M
# .

Proposition 3.3.7 (dI (M, S#(M )) � #). S# is an endofunctor ofVectRn

and perturbs modules by no more than#in the interleaving distance, that is
dI (M, S#(M )) � #.

Proof. We can explicitly de�ne the interleaving morphisms realising
the upper bound dI (M, S#(M )) � #: f : M ) S#(M ) � T#, g : S#(M ) )
M � T#. Taking f = j M

2# and g = Im j M
# ,! M � T# we see that

T�
# (g) � f = j M

2# and T�
# ( f ) � g = j M

2# � T# = j S#(M )
2# .

We explicit the effect of the simpli�cation functor on a multipa-
rameter presentation and on the barcode of a single parameter mod-
ule.

Lemma 3.3.8 (Presentation Change under Simpli�cation) . Suppose F�
is a free resolution of M2 vectR

n

�n and let F1 and F0 have generating sets
f r ig and f bjg respectively. There is a corresponding free resolution F0

� of
S#(M ), such that F01 and F0

0 have generating setsf r0
i g and f b0

jg in bijective
correspondence with the generating sets of F0 and F1, with the following
relationship between the gradings:

gr(b0) = gr(b)
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gr(r0) =

0

B
@(gr(r) � #1) _

_

j :l j 6= 0

gr(bj )

1

C
A where¶1(r) = å

j
l jx

r � b j � bj

together with the obvious inherited differentials.

Proof. Let F0
1 and F0

0 have generating sets f r0
i g and f b0

jg. De�ne

¶0
0(b0) = x#1 � ¶0(b) so that ¶0

0 : F0
0 ! Im j M

# is clearly surjective.

For every relation r0 de�ne ¶0
1(r0) = å j l jx

r0� b0
j � b0

j . We have that:

¶0
0 � ¶0

1(r0) = ¶0
0(å

j
l jx

r0� b0
j � b0

j ) = å
j

l jx
r0+ #1� b0

j � ¶0(bj )

= xr0� r � å
j

l jx
r � b j � ¶0(bj ) = xr0� r � ¶0 � ¶1(r) = 0

and so Im ¶0
1 � ker ¶0

0. Moreover suppose that å j l jx
s� b0

j � b0
j 2 ker ¶0

0

then å j l jx
s+ #1� b j � bj 2 ker ¶0 = Im ¶1, hence there exists relationsr j

and scalars mj such that ¶1(å j mjx
s� r j � r j ) = å j l jx

s+ #1� b j � bj and thus

¶0
1(å j mjx

s� r0
j � r0

j ) = å j l jx
s� b0

j � b0
j 2 Im ¶0

1. We have shown exactness

of F0
1 ! F0

0 ! Im j M
# ! 0.

Lemma 3.3.9 (Barcode Simpli�cation ( 70, Proposition 5.18)). Let
M 2 vectR have interval decomposition

L
j2J 1 I j , where Ij = [ bj , dj ).

De�ne the#-simpli�cation of the intervals Ij by:

S#( I j ) =

8
>>><

>>>:

[bj , ¥ ) if dj = ¥

[bj , dj � #) if dj � bj > #

Æ otherwise.

The moduleS#(M ) �=
L

j2J 1S#( I j ) .

Proof. Consider the minimal free resolution of M where F0 is free on
the graded set f bjgj2J , F1 is free on the graded set f dj 6= ¥ gj2J ,
and ¶1(dj ) = xdj � bj � bj . By Lemma 3.3.8, S#(M ) has a corresponding
resolution F0

� . Moreover F0
0 is free on the graded set f b0

jgj2J with
gr(b0

j ) = bj , F1 is free on the graded set f d0
jgj2J with gr (d0

j ) = bj _

(dj � #), and ¶0
1(d0

j ) = xd0
j � b0

j � b0
j . As claimed, we have coker(¶0

1) �=
L

j2J 1S#( I j ) .

The simpli�cation functor naturally restricts to the 1-parameter
restrictions of a multiparameter persistence modules. For slope 1
lines L a, the #-simpli�cation functor commutes with the restriction to
the line L a:

S#jL a
(M L a) = S#(M )L a (3.4)
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Thus using Lemma 3.3.9 we can track how the simpli�cation func-
tor S# applied to a multiparameter module affects barcodes in the
�bered barcode of that module.

3.4 Local Equivalence

In this section we prove the main result of this article Theorem 3.4.1.
We make use of the merge and simpli�cation functors de�ned in
Section 3.3 and their effect on the presentation and �bered barcode
of multiparameter persistence modules. After a series of technical
lemmas we establish the following local equivalence result:

Theorem 3.4.1 (Local Equivalence). Suppose M2 vectR
n

�n is a �nitely
presented multiparameter persistence module, M has controlling constant
cM = c(GM ), and B(M, cM

4 ) � (vectR
n

�n , dI ) is the open ball centred at M

of radius cM
4 . For all N 2 B(M, cM

4 ) we have:

1
34

dI (M, N ) � d0(M, N ) � dI (M, N )

Since the interleaving distance is a metric on isomorphism classes
in vectR

n

�n , Theorem 3.4.1 implies that the �bered barcode of M is
distinct from the �bered barcode of any N 2 B(M, cM

4 ) n f Mg, and
thus is a locally complete invariant for M. Theorem 3.4.1 follows
immediately from the following proposition:

Proposition 3.4.2. Suppose M, N 2 vectR
n

�n are �nitely presented multipa-
rameter persistence modules, and M has controlling constant cM = c(GM ).
For all k 2 [0, 1

34), if 0 < dI (M, N ) = # < cM
2(34k+ 1) then the matching

distance is bounded below: d0(M, N ) > k#.

The proof of Proposition 3.4.2 is built using a series of auxiliary
lemmas. The holistic idea for the proof of Proposition 3.4.2 follows
the same structure as the proof of the local equivalence result in (63).
We assume, seeking contradiction, that two modules M and N have
a small matching distance in comparison to one of their controlling
constants d0(M, N ) = k# < cM and in comparison to their inter-
leaving distance d0(M, N ) = k# < # = dI (M, N ). We use the small
matching distance d0(M, N ) = k# < cM to deduce that the multi-
parameter Betti numbers of N either lie close to the grid Im GM or
can be cancelled with a nearby multiparameter Betti number. After
applying a series of merges and simpli�cations we attain a nearby
module Ñ, (dI (N, Ñ ) � const � k#), such that the multiparameter Betti
numbers of Ñ are contained in the grid Im GM . Finally we note that
if Ñ and M are d-interleaved for some d < cM

2 then Lemma 3.4.12



multiparameter persistent homology of data 77

implies that Ñ and M are isomorphic. Hence if k is too small these
results violate the triangle inequality for the interleaving distance,
and thus we deduce a lower bound for d0(M, N ) = k#.

Let us �rst recall the push function De�nition 3.2.7. Note that the
�bre of the push map push L for an element a 2 L is the boundary of
the downset of a:

push� 1
L (a) = ¶f p 2 Rn : p � ag (3.5)

Lemma 3.4.3 (Induced 1-Parameter Resolution). Let L : R ! Rn

be a positively sloped line and suppose M2 VectRn
has a free resolution

F� ! M. The1-parameter restriction ML := M � L 2 VectR has a
corresponding free resolution FL

� , where the generators of Fi are in bijection
with the generators of FLi ; in particular a generatora of Fi corresponds to a
generatoraL of FL

i with R-grading given byL � 1 � pushL (a).

Proof. For any p 2 Rn at least one coordinate of p is preserved by the
push function i.e. there is some i 2 [n] such that pushL (p) i = pi . The
push function push L collapsesRn to the line L whilst preserving the
partial order. It is straightforward to check that the pullback functor
L � : VectRn

! VectR preserves free modules, and preserves exactness
since exactness of a sequence of persistence modules may be checked
pointwise. Thus given a resolution of a multiparameter module M
the push function induces a resolution of M L .

Free Resolutions to Barcodes

Let M 2 vectR�n be a single parameter persistence module with �nite
free resolution F� ! M. SupposeF0 has generating set f bjgj2 [i0]

and F1 has generating set f rkgk2 [i1] with the indexing respecting the
grading ( j1 < j2 implies gr (bj1) � gr(bj2)). We may represent the
map ¶1 : F1 ! F0 of the free resolution using an i0 � i1 matrix D with
D j,k = h¶1(rk), bj i .
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Algorithm 1: Graded Smith Normal Form ( 71)

Result: Given a matrix D representing a map between single
parameter free modules ¶1 : F1 ! F0 (where the
indexing of the bases of F0 and F1 respects the grading),
reduce D into Graded Smith Normal Form.

while There exists an untreated row or columndo
if There exists i, j such that Di ,j 6= 0 and Dk,l 6= 0 implies i < k
or j < l then

Let i, j satisfy the if statement with j minimal and row i
or column j untreated;

Clear the non-zero entries to the right of D i ,j in row i
with elementary column operations;

Clear the non-zero entries in column j above D i ,j with
elementary row operations;

Mark row i and column j as treated;

else
break

end

end

Using Algorithm 1 (detailed in ( 71)) we may perform grade-
respecting column and row operations clearing non-zero entries
upwards and to the right, to reduce the matrix D into graded Smith
Normal Form D̃. In this form, each row of the matrix has at most one
non-zero entry and moreover D̃ j,k 6= 0 implies that D j,k0 6= 0 for some
k0 � k. We can read off the isomorphism class of coker(¶1) as:

coker(¶1) �=
M

j2 [i0]

1 I j

where I j = [ gr(bj ), gr(rk)) if D̃ j,k 6= 0 and I j = [ gr(bj ), ¥ ) if the j th

row of D̃ is zero. In either case we say the barbj generates the bar
I j , and in the former case we say that the bar rk kills the bar I j . Note
that the graded Smith Normal Form and the correspondence between
bars and generators depends only on the choice of grade respecting
indexing and the entries of the matrix D.

For M 2 vectR
n

�n a multiparameter persistence module with free
resolution F� ! M, recall that there is a corresponding free resolution
FL

� of M L for each positively sloped line L . Given grade respecting
indexings of the generating sets of FL

0 and FL
1 for each positively

sloped lines L , we say that b (a generator of F0) generates the bar I j

in M L if bL generates I j in M L . Similarly we say that the relation r (a
generator of F1) kills the bar I j , if rL kills the bar I j in M L .

Recall the merge and simpli�cation functors from Section 3.3.
A key property of these functors is that: given a free resolution for
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M 2 vectR
n

�n , we yield free resolutions of the image of M under these
functors by appropriately shifting the gradings of the generators in
the free modules of the free resolution of M. Moreover the grading
shifts respect the partial order on Rn. Thus any grade respecting in-
dexing along a positively sloped line L remains a grade respecting
indexing under these grading shifts, and thus the graded Smith Nor-
mal Form along the line L is preserved under these grade shiftings.
Hence we can track the bar generated by a generatorb as the grade
of b is shifted by the merge and simpli�cation functors and similarly
track a bar killed by a relation r.

Our next lemma identi�es the �bre of the push map.

Lemma 3.4.4 (Fibre of the Push Map). If a = ( a1, ...,an), b =
(b1, ...,bn) are such thatkpushL b

(a) � bk¥ � d thenmin i2 [n] jai � bi j �
d. In particular, if a 2 Im G thenb is d-close toH G.

Proof. At least one of the coordinates ai is preserved by the push
map.

Suppose modules M and N satisfy the assumptions of Proposi-
tion 3.4.2. Lemma 3.4.4 will be used to identify that the multiparam-
eter Betti numbers inducing births of long bars in the �bered barcode
of N must lie close to the grid of M.

In Lemma 3.4.9 we use the positions of births of bars in the �bered
barcode of M to limit the positions of generators of N. Lemma 3.4.5
establishes that every non trivial generator of N generates some non-
empty bar in the �bered barcode of N.

Lemma 3.4.5 (Non-trivial Generators Generate Non-zero Bars) . Let
M 2 vectR

n

�n be a �nitely presented multiparameter persistence module with
minimal free resolution(F� , ¶� ). If b is a generator of F0 then for any choice
of grade respecting indexing of generating sets, bL b generates a non-trivial
bar in ML b .

Proof. Suppose that M has minimal free resolution (F� , ¶� ) the gen-
erators of FL b

0 and FL b
1 are given any grade respecting indexing, and

D̃ is the graded Smith Normal Form of the matrix representing the
map ¶L b

1 . If bL b generates a trivial bar and is assigned index j then

D̃ j,k 6= 0 for some index k for which gr (rL b
k ) = gr(bL b ). D̃ j,k 6= 0

implies that D j,k0 = h¶1(rL b
k0 ), bL b i 6= 0 for some k0 < k, and 3.4.3

implies h¶1(rk0), bi 6= 0. Since the indexing respects the grading
gr(rL b

k0 ) � gr(rL b
k ) = gr(bL b ). The non-zero coef�cient h¶1(rk0), bi 6= 0

implies that gr (rk0) � gr(b) and in combination: gr (rk0) � gr(b),
gr(rL b

k0 ) � gr(bL b ) and Equation (3.5) imply gr (rk0) = gr(b). Hence
rk0 and b satisfy the hypotheses of Lemma 3.2.17, contradicting the
minimality of (F� , ¶� ).
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Similarly, in Lemma 3.4.10 we use the positions of deaths of bars
in the �bered barcode of M to determine the positions of relations of
N. Lemma 3.4.6 establishes that every non-trivial relation of N kills
some (possibly trivial) bar in the �bered barcode of N.

Lemma 3.4.6 (Non-trivial Relations Kill) . Let M 2 vectR
n

�n be a �nitely
presented multiparameter persistence module with minimal free resolution
(F� , ¶� ). If r is a generator of F1 then for any choice of grade respecting
indexing of generating sets, r kills a (possibly trivial) bar in ML r .

Proof. Suppose that M has minimal free resolution (F� , ¶� ), the gen-
erators of FL r

0 and FL r
1 are given any grade respecting indexing,

and D̃ is the graded Smith Normal Form of the matrix represent-
ing the map ¶L r

1 . SupposerL r is given index k. If r does not kill a bar
then the kth column of D̃ is zero. Hence ¶1(r) 2 Imh¶1(rk)i k0< k and
ker ¶1 6� Imax � F1 contradicting minimality of the free resolution.

Through the proof of Lemma 3.4.6, we observe that if a relation r
does not kill a bar in the barcode along the line L then there must be
a second order relation s for which gr (sL ) = gr(rL ) and h¶2(s), r i 6=
0. This fact will be used in the proof of Lemma 3.4.11.

De�nition 3.4.7 (Unmerge Function) . Let G = P Gi be a grid,d < c(G)
2 ,

and letei denote the standard basis vector ofRn. The unmerge function
UG

d maps points lying onH G to lie d far away from the grid:UG
d : H G !

Rn. For a 2 H G let I a be the indices of the coordinates ofa such that
jai � Im Gi j � d and letei denote the ith standard basis vector. We de�ne
thed-unmerge ofa as follows:

UG
d (a) = MG

d (a) + d å
i2I a

ei

By construction the unmerge function takes a and returns the
maximum element in the poset Rn which merges to same point as a,
that is:

UG
d (a) = maxf p 2 Rn : MG

d (p) = MG
d (a)g

Thus for all a 2 H G we have kUG
d (a) � H Gk¥ = d. Another property

of the unmerge function is that if a coordinate of a 2 Rn is preserved
by the merge MG

d (say the i th -coordinate), then:

pushL
UG

d MG
d (a)

(a) = UG
d MG

d (a) (3.6)

This follows since UG
d MG

d (a) � a, and UG
d MG

d (a) and a share the same
i th -coordinate. Thus UG

d MG
d (a) the minimal element of and L

UG
d MG

d (a)
greater than a. See Figure3.9 for examples of the unmerge function.

The following result, Lemma 3.4.8, will be used to show that the
grades of multiparameter Betti numbers of N merge to the same
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(a) UG
d applied to points p, q 2 R2. (b) UG

d applied to points p, q, s 2 R3.

Figure 3.9: Examples of the
unmerge function UG

d moving
points from H G to lie d-far
away from H G.

grade and satisfy the hypotheses of Lemma 3.2.17 and thus cancel
each other out.

Lemma 3.4.8 (Suf�cient Conditions for Grades to Merge) . Let a, b 2
(Rn, � ) andG be a grid function such that:ka � H Gk¥ � d andb � a. If
pushL

UG
d MG

d (a)
(a) = pushL

UG
d MG

d (a)
(b), thenMG

d (a) = MG
d (b).

Proof. Note that by construction of the unmerge function UG
d MG

d (a) �
a and pushL

UG
d MG

d (a)
(a) = UG

d MG
d (a). The assumption that pushL

UG
d MG

d (a)
(b) =

pushL
UG

d MG
d (a)

(a) thus implies b � UG
d MG

d (a). In combination with

the assumption b � a, we have a � b � UG
d MG

d (a). By de�nition
of the unmerge function, the coordinate values of a which are un-
changed by MG

d are also unchanged when applying UG
d to MG

d (a).
Thus a and b share coordinate values for all the coordinate values
of a which are unchanged by MG

d . SincekUG
d MG

d (a) � H Gk¥ = d,
then kb � H Gk¥ � d, and so the remaining coordinates of b are
merged to the same coordinate values of MG

d (a), thus it follows that
MG

d (a) = MG
d (b).

In the following Lemma we assume that �nitely presented mod-
ules M, N are closer in the matching distance than half the control-
ling constant of M. For each minimal generator b of N we consider
the bars generated by b in the slope 1 lines nearby to gr (b) = b, and
deduce that each generator either lies close to ImGM or generates a
small bar. See Figure3.10(a) for an illustration.

Lemma 3.4.9 (Properties of Generators). Suppose that M, N 2 vectR
n

�n ,
d0(M, N ) < k#and cM > 2k#. Let (F� , ¶� ) be a minimal free resolution of
N. For any generator b of F0 with corresponding grade gr(b) = b 2 x0(N ),
at least one of the following properties holds:

B.1 b lies2k#-close toIm GM

B.2 b liesk#-close toH GM
and b generates a bar of length less than2k#in

the module N
L

U
GM
k# M

GM
k# (b)
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B.3 b generates a bar of length less than2k#in the module NL b

Proof. Fix any generator b and consider the module NL b . Since
b is a non-trivial generator, b generates a non-trivial bar in NL b

(Lemma 3.4.5). Suppose the bar in NL b generated by b has length
< 2k#, then we satisfy property B. 3.

Else the bar generated byb in NL b has length � 2k#and must be
k#-matched with a bar in the module M L b since we assumed that
d0(M, N ) < k#. Hence by Lemma 3.4.4, b is k#-close to H GM

. If b is
2k#-close to Im GM we satisfy B.1, elseb is > 2k#from all grid points
of M.

In the latter case, MGM
k# (b) lies on H GM

but is not in the image of
GM . Using the fact that cM > 2k#and at least one of the coordinates
of b is unchanged by MGM

k# , we have that the 2k#-close line L
U

GM
k# M

GM
k# (b)

is such that:

kpushL
U

GM
k# M

GM
k# (b)

(b) � pushL
U

GM
k# M

GM
k# (b)

(Im GM )k¥ � k#.

To see this claim is true, note that Equation (3.6) implies that
pushL

U
GM
k# M

GM
k# (b)

(b) = UGM
k# MGM

k# (b), pushL
U

GM
k# M

GM
k# (b)

(Im GM ) � H GM

since the push map preserves at least one coordinate, and by con-
struction kUGM

k# MGM
k# (b) � H GM

k = k#.
Since pushL

U
GM
k# M

GM
k# (b)

(b) is k#far from all points of push L
U

GM
k# M

GM
k# (b)

(Im GM )

and d0(M, N ) < k#, then the bar generated by b in N
L

U
GM
k# M

GM
k# (b)

cannot be matched to bars in M
L

U
GM
k# M

GM
k# (b) and so must be length

< 2k#.

The next Lemma assumes that a module N̂ is close to M in the
matching distance, and the generators of N̂ lie on the grid points
Im GM . For each minimal relation r of N̂ we consider the bars killed
by r in the slope 1 lines nearby to gr (r) = r. We deduce that each
relation lies close to H M , and if a relation is not close to Im GM then
there is a nearby line such that if the relation kills a bar in the mod-
ule along this line, then it is a small bar. See Figure 3.10(b) for an
illustration.

Lemma 3.4.10 (Properties of Relations). Suppose M, N̂ 2 vectR
n

�n

are such that d0(M, N̂ ) < k#, x0( N̂ ) � Im GM and cM > 8k#. Let
( F̂� , ¶̂� ) be a minimal free resolution for̂N and S2k#(r), S2k#(r) denote the
relation and grade of the relation corresponding to r in the free resolution of
S2k#( N̂ ) induced by( F̂� , ¶̂� ) as outlined in Lemma3.3.8. For any relation r,
(a generator of̂F1), with corresponding grade gr(r) = r 2 x1( N̂ ), one of the
following properties holds:
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R.1 r is 2k#-close toIm GM or S2k#(r) is 4k#-close toIm GM

R.2 r is 2k#-close toH GM
and if r kills a bar in the modulêN

L
U

GM
4k# M

GM
4k# (S2k#(r))

that bar is of length less than2k#

Proof. Fix any relation r and consider the module N̂L r . Sincer is a
non-trivial relation, there is a (possibly empty) bar killed by r in the
module N̂L r (Lemma 3.4.6). If the bar killed by r has length > 2k#,
as d0(M, N̂ ) < k#, the bar killed by r is k#-matched to a bar of M L r

and thus r is k#-close to H GM
(by Lemma 3.4.4). Else the bar is 2k#-

trivial and unmatched, in which case it is 2 k#-close to a coordinate of
a generator of N̂ . By assumption x0( N̂ ) � Im GM and so r is 2k#-close
to H GM

. In either case r is 2k#-close to H GM
.

If kS2k#(r) � Im GM k¥ > 4k#then at least one coordinate of S2k#(r)
is unchanged by MGM

4k#. Consider the line L 0 = L
U

GM
4k# M

GM
4k# (S2k#(r))

and

note that by Equation ( 3.6) pushL 0(S2k#(r)) = UGM
4k#MGM

4k#(S2k#(r)) .

Moreover kUGM
4k#MGM

4k#(S2k#(r)) � pushL 0(Im GM )k¥ � 4k#since

UGM
4k#MGM

4k#(S2k#(r)) is at least 4k#far in each coordinate from ev-
ery grid point of M. Furthermore kr � S2k#(r)k¥ � 2k#implies
that kpushL 0(r) � pushL 0(S2k#(r)) k¥ � 2k#and so: kpushL 0(r) �
pushL 0(Im GM )k¥ � 2k#. Hence any bar killed by r in the mod-
ule N̂L 0

is unmatched and so of length less than 2k#as d0(M, N̂ ) <
k#.

(a) A generator at grade b which is
k#far from Im GM but k#close to H GM
must generate an unmatched bar in
the nearby line L

U
GM
k# M

GM
k# (b)

of length

� 2k#.

(b) A relation at grade r which is such
that S2k#(r) is not 4k#-close to Im GM is
2k#far from all points of Im GM when
pushed to the line L

U
GM
4k# M

GM
4k# (S2k#(r))

, and

so if it kills a bar in this line it must be
unmatched and of length � 2k#.

Figure 3.10: Illustrations to
support Lemma 3.4.9 and
Lemma 3.4.10.

Using information about the location of the generators and rela-
tions of N together with which generators and relations birth or kill
small bars, we �nd a nearby module Ñ whose multiparameter Betti
Numbers all lie on the grid points of M.
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Lemma 3.4.11 (
S

i xi ( Ñ ) � Im GM ). Suppose M, N 2 vectR
n

�n ,
d0(M, N ) < k#, dI (M, N ) = #and cM > 80k#. There exists a module
Ñ such that

S
i xi ( Ñ ) � Im GM , and dI (N, Ñ ) � 34k#.

Proof. We �rst give an overview of the strategy of the proof. The
nearby module Ñ is attained by a series of merges and simpli�cations
applied to N. We �rst use Lemma 3.4.9 to perturb N to a module
N̂ whose generators all lie on the grid points of M. Next we use
Lemma 3.4.10 to perturb N̂ to a module Ñ whose generators and
relations all lie on the grid points of M. Finally, Lemma 3.2.16 implies
that all the multiparameter Betti numbers of Ñ must now lie on the
grid points of M.

Let (F� , ¶� ) be a minimal free resolution of N. Lemma 3.4.9 estab-
lishes that for any generator b of F0 with grade b 2 x0(N ) at least one
of the following holds:

B.1 b lies 2k#-close to Im GM

B.2 b lies k#-close to H GM
and b generates a bar of length less than 2k#

in the module N
L

U
GM
k# M

GM
k# (b)

B.3 b generates a bar of length less than 2k#in the module NL b

Consider N0 = S2k#(N ). By Lemma 3.3.9 every generator b which
satis�ed B. 3 now generates a bar of zero length in the module N0Lb .
Consider the free resolution (F0

� , ¶0
� ) of N0 induced by shifting the

gradings of (F� , ¶� ) according to Lemma 3.3.8. For every generator b0

of F0
0 with grade b0 at least one of the following holds:

B'.1 b0 lies 2k#-close to Im GM

B'.2 b0 lies k#-close to H GM
and generates a bar of zero-length in the

module N
0L

U
GM
k# M

GM
k# (b0)

B'.3 b0 generates a bar of zero-length in the module NL b0

Consider N̂ = MGM
2k#(N0). Every generator b0 satisfying B'.1 is

moved to grade MGM
2k#(b0) 2 Im GM . Every generator b0 satisfying B'.2

lies k#-close to H GM
and there is a relation r0 which kills the zero bar

generated by b0 in N0
L

U
GM
k# M

GM
k# (b0) . Lemma 3.4.8 implies that under

MGM
2k# the generator b0 and relation r0 are brought to the same grade.

Consider the free resolution ( F̂� , ¶̂� ) of N̂, induced by shifting the
gradings of (F0

� , ¶0
� ) with the merge function. Any generator b̂ of F̂0

which corresponds to a generator b0 of F0
0 which satis�ed B'. 2 or B'.3

generates a trivial bar in the line L b̂ and thus is not a non-trivial
generator of N̂ (Lemma 3.4.5). Hence all non-trivial generators of
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N̂ lie on the grid points of M, x0( N̂ ) � Im GM , and by construction
dI (M, N̂ ) < k#+ 2k#+ 2k# � 5k#.

Now let ( F̂� , ¶̂� ) be a minimal free resolution for N̂ . For each rela-
tion r with grade r 2 x1( N̂ ) the hypotheses of Lemma 3.4.10 hold
(replacing k#with 5 k#), thus r is 10k#-close to H GM

. More precisely
for each relation r at least one of the following holds:

R.1 r is 10k#-close to Im GM or S10k#(r) is 20k#-close to Im GM

R.2 r is 10k#-close to H GM
and if r kills a bar in the module N̂

L
U

GM
20k#M

GM
20k#(S10k#(r))

that bar is of length less than 10k#

Consider Ñ = MGM
20k# � S10k#( N̂ ). Note that the grades of the genera-

tors of N̂ remain unchanged under these functors. We will show that
the grades of the non-trivial relations of Ñ all lie on Im GM .

Any relation satisfying R. 1 is shifted in grading by no more than
10k#by the functor S10k# and thus lies on a grid point of GM after
applying MGM

20k#. Consider instead a relation r with grade r 2 x1( N̂ )
satisfying R.2 and not R.1. We will denote by S10k#(r) and S10k#(r)
the relation and grading of the relation corresponding to r in the free
resolution induced by shifting the gradings of ( F̂� , ¶̂� ) according to
Lemma 3.3.8. Property R.2 implies that if r kills a bar in the module

N̂
L

U
GM
20k#M

GM
20k#(S10k#(r)) it is of length less than 10k#. For notational conve-

nience let L 0 = L
U

GM
20k#M

GM
20k#(S10k#(r))

. The effect of the simpli�cation

functor on barcodes (Lemma 3.3.9) implies that if r killed a bar in the
module N̂L 0

then S10k#(r) kills a bar in the module S10k#( N̂ )L 0
and

that bar is of length zero. However, it is not possible for S10k#(r) to
kill a zero length bar in S10k#( N̂ )L 0

since

kpushL 0(S10k#(r)) � pushL 0(Im GM )k¥ � 20k#

and hence S10k#(r) cannot be pushed to the same value as a generator
in the line L 0.

By considering the free resolution (S10k#( F̂L 0
� ), S10k#( ¶̂L 0

� )) of
S10k#( N̂ )L 0

, we note that there is a second order relation s, a generator
of S10k#( F̂2), with push L 0(s) = pushL 0(S10k#(r)) and h¶̂2(s), S10k#(r)i 6=
0. We note that s � S10k#(r), kS10k#(r) � H GM

k¥ � 20k#and

hence Lemma 3.4.8 implies that under the merge MGM
20k# the relation

S10k#(r) and second order relation s are brought to the same grade,
MGM

20k#S10k#(r) = MGM
20k#(s). If there are multiple relations of S10k#( N̂ )

brought to the grade MGM
20k#S10k#(r) under the merge then all of these

relations are pushed to the same grade under pushL 0 (Equation (3.6))
and all do not kill a bar in the module S10k#( N̂ )L 0

. By again consider-
ing the free resolution (S10k#( F̂L 0

� ), S10k#( ¶̂L 0
� )) we see that there must

be a collection of second order relations equinumerous with these re-
lations, such that the collection of second order relations surject onto
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the span of the relations in S10k#( F̂L 0

1 ). Thus all these relations are
trivial after the merge and all non-trivial relations of Ñ lie on Im GM .

In total we observe that Ñ = MGM
20k# � S10k# � MGM

2k# � S2k#(N ) is such
that x0( Ñ ) [ x1( Ñ ) � Im GM and Lemma 3.2.16 implies that in fact
S

i xi ( Ñ ) � G M . Since the simpli�cation functor Sd and merge func-
tor MG

d each perturb a module by no more that d in the interleaving
distance we have that dI (N, Ñ ) � 20k#+ 10k#+ 2k#+ 2k#= 34k#.

The �nal auxilliary lemma we require, Lemma 3.4.12, is a spe-
cialised version of (58, Lemma 6.7).

Lemma 3.4.12 (Suf�cient Conditions for a Small Interleaving to In-
duce an Isomorphism (58, Lemma 6.7)). Suppose M, N 2 vectR

n

�n are#-
interleaved and that for alla 2

S
i xi (M ) [ xi (N ) the transition morphisms

(Ma ! Ma+ #) ,(Ma ! Ma+ 2#), (Na ! Na+ #) and (Na ! Na+ 2#) are
isomorphisms of vector spaces, then M, N are isomorphic.

Combining the results of this section we attain a short proof of our
main result.

Proof. (Theorem3.4.1) Suppose (seeking contradiction) that d0(M, N ) <
k#while dI (M, N ) = #. Then by Lemma 3.4.11 there is a mod-
ule Ñ with

S
i xi ( Ñ ) � Im GM , and dI (N, Ñ ) � 34k#. By the tri-

angle inequality dI ( Ñ , M ) � #+ 34k#. SincecM > 2#+ 68k#,
the internal morphisms ( Ña ! Ña+ #+ 34k#), ( Ña ! Ña+ 2#+ 68k#),
(Ma ! Ma+ #+ 34k#) and (Ma ! Ma+ 2#+ 68k#) are isomorphisms for all
a 2

S
i xi ( Ñ ) [

S
i xi (M ) � Im GM . Hence Lemma 3.4.12 implies that

dI (M, Ñ ) = 0. This leads to a contradiction for all k 2 [0, 1
34):

#= dI (M, N ) � dI (M, Ñ ) + dI ( Ñ , N ) � 34k#< #= dI (M, N ).

3.5 Equivalence of Intrinsic Metrics

In this section we show that the local equivalence result in the pre-
vious section induces a global equivalence of intrinsic metrics. A
consequence of the Characterisation Theorem in (58, Theorem 4.4)
(which characterises the presentations of #-interleaved multiparame-
ter persistence modules), is that the space of �nitely presented mul-
tiparameter persistence modules equipped with the interleaving
distance is a path metric space. That is to say a pair of �nitely pre-
sented modules at distance # in the interleaving distance are joined
by an #-length path. Consequently, we deduce a global equivalence of
intrinsic metrics between the induced intrinsic matching distance d̂0

and the interleaving distance (Theorem 3.5.6).
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In a metric space (X, d) one can de�ne the length of a continuous
path g. For a more thorough introduction to path metric spaces and
induced intrinsic metrics see ( 72).

De�nition 3.5.1 (Length of a Path (72)). De�ne the length of a path
g : [0, 1] ! X continuous with respect to the metric d to be given by:

`d(g) = sup
0= t0< t1< ...< tn= 1

n2N

n

å
i= 1

d(g(t i � 1), g(t i ))

From the de�nition of the length of a path we can construct intrin-
sic metrics on (vectR

n

�n , dI ).

De�nition 3.5.2 (Intrinsic Metric) . Given a metric d on the space of
multiparameter modules we de�ne an associated intrinsic metricd̂ with
respect to a collection of admissable pathsC (whereC contains all constant
paths and is closed under concatenations of paths).

d̂(M, N ) = inf
g2C

g(0)= M
g(1)= N

`d(g) (3.7)

Let us recall the characterisation of interleavings proved by Lesnick:

Theorem 3.5.3 (Interleaving Characterisation ( 58, Theorem 4.4)). Let
M, N 2 VectRn

then M, N are#-interleaved if and only if there exist
presentations:

M �= hXM , XN (� #)jR M , R N (� #)i

N �= hXM (� #), XN jR M (� #), R N i

Moreover if M and N are �nitely presented these presentations may be
chosen to be �nite.

Remark3.5.4. The presentations in the result of Theorem 3.5.3 are con-
structed using the data of the interleaving morphisms. We note that
in this construction each relation in R M is a homogeneous element of
the free module Free[XM t X N (� #)]. Similarly, each relation in R N

is a homogeneous element of the free module Free[XM (� #) t X N ].
This means that hXM (� t#), XN (( t � 1)#)jR M (� t#), R N (( t � 1)#)) i is
a well-de�ned presentation for all t 2 [0, 1].

A straight forward consequence of the characterisation of inter-
leavings is the following result:

Corollary 3.5.5 ((vectR
n

�n , dI ) is a Path Metric Space). The extended met-
ric space of �nitely presented multiparameter persistence modules equipped
with the interleaving distance,(vectR

n

�n , dI ), is a path metric space.
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Proof. Given a pair of �nitely presented modules M, N with dI (M, N ) =
#, since the modules are �nitely presented, the interleaving distance
is realised and so they are #-interleaved (58, Theorem 6.1). Theo-
rem 3.5.3 implies that there exist presentations M �= hXM , XN (� #)jR M , R N (� #)i ,
N �= hXM (� #), XN jR M (� #), R N i . Consider the path g : [0, 1] !
vectR

n

�n de�ned by:

g(t) = hXM (� t#), XN (( t � 1)#)jR M (� t#), R N (t � 1)#)i

The path g is well-de�ned by Remark 3.5.4. Let t < s and X t =
XM (� t#), Xs = XN ((s � 1)#), R t = R M (� t#), and R s = R N ((s � 1)#).
Observe that:

g(t) = hXt , Xs(( t � s)#)jR t , R s(( t � s)#)i

g(s) = hXt (( t � s)#), XsjR t (( t � s)#), R si

Hence using Theorem 3.5.3 we see that dI (g(t), g(s)) � j s� t j#.

Since the space of �nitely presented multiparameter modules
equipped with the interleaving distance is a path metric space (Corol-
lary 3.5.5) there exists a distance realising path between each pair
of modules and so d̂I = dI . Thus the local result of Theorem 3.4.1
extends to a global result about intrinsic metrics.

Theorem 3.5.6 (Equivalence of Intrinsic Metrics) . Let d̂0 denote the
intrinsic matching distance with respect to the collection of admissable paths
C = f g : [0, 1] ! (vectR

n

�n , dI ) : g is dI -continuousg. The intrinsic metrics

d̂0 and dI are globally bi-Lipschitz equivalent so that for all M, N 2 vectR
n

�n :

1
34

dI (M, N ) � d̂0(M, N ) � dI (M, N )

Proof. The upper bound d̂0 � dI follows from d0 � dI . Indeed for any
path g we have that between modules M and N

`d0
(g) = sup

0= t0< t1< ...< tn= 1
n2N

n

å
i= 1

d0(g(t i � 1), g(t i ))

� sup
0= t0< t1< ...< tn= 1

n2N

n

å
i= 1

dI (g(t i � 1), g(t i )) = `dI
(g).

d̂0 = inf g `d0
(g) and Corollary 3.5.5 implies that dI = inf g `dI

(g) thus
d̂0 � dI .

For the lower bound we will show the length of any path between
M and N is bounded below by 1

34dI (M, N ). Let g 2 C with g(0) = M
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and g(1) = N. For every t 2 [0, 1] let It � g � 1B(g(t),
cg(t)

4 ), be the
largest interval containing t in the preimage of the radius

cg(t)
4 ball

about the module g(t) in vectR
n

�n . By compactness of[0, 1] there is
a minimal �nite subcover f It1, ..., It2k+ 1, ..., It2n+ 1g. Let t2k 2 It2k� 1 \
It2k+ 1. Then by the local result Theorem 3.4.1 d0(g(t2k), g(t2k� 1)) �
1
34dI (g(t2k), g(t2k� 1)) . Hence we observe that ` (g) � 1

34dI (M, N ).

3.6 Application to Interlevel Set Persistence and Reeb Graphs

In this section we outline an application of Theorem 3.4.1 and Theo-
rem 3.5.6 to interlevel set persistence modules (73; 56; 74) and Reeb
Graphs. This section is intended to illustrate the generality of The-
orem 3.4.1 and its applicability to data structures which arise in
topological data analysis, even those which a priori do not have the
structure of �nitely presented multiparameter persistence modules.

Reeb graphs are a commonly studied object in data science and
can be viewed as a particular instance of interlevel set persistence
modules. Metrics on Reeb Graphs have been studied extensively
(63; 75; 76; 77) and there is a trade off between discriminating power
and computability of these metrics. Theoretically sound but com-
putably infeasible metrics exist for Reeb Graphs, such as the func-
tional distortion distance, dFD and the Reeb Graph interleaving dis-
tance dReeb

I . It is shown in ( 76) that dReeb
I and dFD are bi-Lipschitz

equivalent. Computable, yet incomplete pseudo-metrics on Reeb
Graphs include the bottleneck distance dB (77). A comparison of the
bottleneck distance and functional distortion distance is studied in
(63), and a global equivalence of intrinsic metrics is established.

We can associate a 2-parameter persistence module to an inter-
level set persistence module. However, the 2-parameter persistence
module associated to a non-trivial interlevel set persistence module
is not �nitely presented. Naively embedding interlevel set persis-
tence modules into R2-indexed persistence modules gives rise to
2-parameter persistence modules with an uncountable number of
generators. However, using the block decomposition of interlevel
set persistence modules (56; 55; 52) we may extend the 2-parameter
persistence modules interlevel set persistence modules so that they
are amenable to the arguments in Section3.4 which apply to �nitely
presented multiparameter persistence modules.

De�nition 3.6.1 (Interlevel Set Persistence Module). An interlevel set
persistence module is an element of the functor categoryvectInt (R) , where
Int (R) denotes the poset of non-empty bounded open intervals inR.

Example 3.6.2 (Interlevel Set Persistence Modules). Interlevel set per-
sistence modules naturally arise from real valued functions on a topological
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space. Let f: X ! R and let H denote a homology functor with coef�-
cients in a �eld. The functor(a, b) 7! H ( f � 1(( a, b))) is an interlevel set
persistence module.

One can de�ne an interleaving distance for interlevel set persis-
tence modules analogously to the interleaving distance for multi-
parameter modules De�nition 3.2.5. In this setting the translation
endofunctors T# : Int (R) ! Int (R) augment the intervals by #:
T#((b, d)) = ( b � #, d + #). It is straight forward to show that inter-
level set persistence modules isometrically embed as2-parameter
persistence modules.

Lemma 3.6.3 (Interlevel Set Persistence Module Embedding (56)).
Let U denote the subposetf x2 > � x1g � R2. The space of interlevel
set persistence modulesvectInt (R) equipped with the interleaving distance
embeds isometrically intovectU , using the identi�cationU �= Int (R) via
(x1, x2) $ (� x1, x2)

If we hope to associate a �nitely presented module to an interlevel
set persistence module we need to control the behaviour of inter-
level set persistence modules. De�nition 3.6.4 provides the necessary
criteria to control interlevel set persistence modules.

De�nition 3.6.4 (Finitely Determined) . A module M 2 vectR
n

is
�nitely determined if there exists a grid functionG : [k1] � [k2] ! R2

such that for alla � b with a, b 2 (G( i), G( i + 1)) � (G( j), G( j +
1)) = : Celli ,j the internal morphism M(a � b) is an isomorphism, and
for all a 6� G((1, 1)) , M (a) = 0. For a subset A� R2 we shall say a
module M 2 vectA is �nitely determined if there exists a grid function
G : [k1] � [k2] ! R2 such that for alla � b with a, b 2 (G( i), G( i + 1)) �
(G( j), G( j + 1)) \ A the internal morphism M(a � b) is an isomorphism
and for alla 6� G((1, 1)) , M (a) = 0.

Following De�nition 3.6.4 we will say that an interlevel set persis-
tence modules M 2 vectInt (R) is �nitely determined if the associated
module M 0 2 vectU is �nitely determined. We will denote the col-
lection of �nitely determined interlevel set persistence modules by

vectInt (R)
�n . We believe that this constructibility criterion is not too

restrictive. For example, the interlevel set persistence module associ-
ated to a scalar function f : X ! R will be �nitely determined if X
is a compact manifold and f is Morse (Example 3.6.2); alternatively if
X is a compact semi-algebraic subset ofRn and f is a projection onto
one of the coordinate values (75).

De�nition 3.6.5 (Block Decomposable (56)). Let us de�ne the following
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notation for intervals ofU which we shall callU-blocks:

(a, b)BL = f (x, y) 2 U : x 2 (� b, � a), y 2 (a, b)g

[a, b)BL = f (x, y) 2 U : y 2 [a, b)g

(a, b]BL = f (x, y) 2 U : x 2 [� b, a)g

[a, b]BL = f (x, y) 2 U : x 2 [� b, ¥ ), y 2 [a, ¥ )g

We say a module M2 vectR
2

is U-block decomposable is it is interval
decomposable and each of the intervals in the decomposition is aU-block.

We want to work in the subclass of �nitely presented persistence
modules. To this end, we de�ne the extension of U-blocks, which
takes eachU-block to a �nitely presented interval of R2.

De�nition 3.6.6 (U -Block Extension). We de�ne the following extensions
of U-blocks to intervals ofR2:

(a, b)BL = f (x, y) 2 R2 : x 2 [� b, � a), y 2 [a, b)g

[a, b)BL = f (x, y) 2 R2 : x 2 [� b, ¥ ), y 2 [a, b)g

(a, b]BL = f (x, y) 2 R2 : x 2 [� b, a), y 2 [a, ¥ )g

[a, b]BL = f (x, y) 2 R2 : x 2 [� b, ¥ ), y 2 [a, ¥ )g

Using this extension we can assign a �nitely presented module
M 2 vectR

2

�n to every U-block decomposable module M 2 vectR
2
.

Explicitly if M �=
L

j 1 I j (with I j all U-blocks) we take M �=
L

j 1 I j .
The interleaving distance between U-block decomposable modules

can be computed by matching the blocks in their decomposition ( 32).
More precisely, given U-block decomposable modules M �=

L
j 1 I j

and N �=
L

k 1Jk if dI (M, N ) = #then there is a matching between
the barcodes f I jg and f Jkg such that if I j is matched to Jk then I j and
Jk are of the same type, dI (1

I j , 1Jk) � #and any unmatched block is
#-interleaved with the zero module ( 32).

It is straight forward to check that if I j and Jk are the same type
then:

dI (1
I j , 1Jk) � dI (1

I j , 1Jk) � 2dI (1
I j , 1Jk)

and so for U-block decomposable modules M, N:

dI (M, N ) � dI (M, N ) � 2dI (M, N )

We can derive an interlevel set persistence module from a Reeb
Graph. In Figure 3.11 we sketch the 2-parameter U-block decom-
posable module associated to a simple Reeb Graph together with
its extension to a �nitely presented 2-parameter module. Since we
can extend interlevel set persistence modules to �nitely presented
2-parameter persistence modules we yield the following result as an
application of Proposition 3.4.2:
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Figure 3.11: An illustration
of the Reeb graph X f , where
X = T 2 is the 2-torus equipped
with the projection f to the real
line. The Reeb graph X f has an
associatedvect valued-cosheaf
on the real line which isomet-
rically embedded into vectU

(both spaces equipped with the
interleaving distance). Using
the block decomposition of an
interlevel set persistence mod-
ule M 2 vectU we may extend
M to M 2 vectR

2

�n .

Corollary 3.6.7 (Local Equivalence of Interlevel Set Persistence Mod-

ule Metrics) . Suppose M, N 2 vectInt (R)
�n andk 2 [0, 1

34) are such that

dI (M, N ) = #and
cM

4(34k+ 1) > #then the matching distance between their

extended modules is bounded below d0(M, N ) > k#.

Proof. Apply Proposition 3.4.2 to the modules M and N using the
fact that dI (M, N ) � 2dI (M, N ).

Corollary 3.6.7 provides an example of a local equivalence result
which may be derived from our general result Proposition 3.4.2. We
relied on the fact that the poset Int (R) naturally includes into R2

and that sensible constructibility criteria for interlevel set persistence
modules give rise to �nitely presented 2-parameter persistence mod-
ules. In this particular instance, interlevel set persistence modules
and Reeb Graphs have been well studied and have additional struc-
ture which has been exploited to yield sharper results than Corol-
lary 3.6.7 (32; 74; 56; 63; 76). We would be interested to explore other
posets P which naturally include into Rn for some n, and the cor-
responding constructibility criteria of modules vectP for which this
inclusion would give rise to �nitely presented modules. This would
take advantage of the generality of our main result Theorem 3.4.1
and yield results for more complicated topological data structures
than Reeb Graphs. A starting point would be to explore Reeb Spaces.
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Abstract

Let M be a compact, unit volume, Riemannian manifold with bound-
ary. In this paper we study the homology of a random �Cech-complex
generated by a homogeneous Poisson process inM. Our main results
are two asymptotic threshold formulas, an upper threshold above
which the �Cech complex recovers thek-th homology of M with high
probability, and a lower threshold below which it almost certainly
does not. These thresholds are close together in the sense that they
have the same leading term. Here k is positive and strictly less than
the dimension d of the manifold.

This extends work of Bobrowski and Weinberger in ( 78) and Bo-
browski and Oliveira ( 79) who establish similar formulas when M is
a torus and, more generally, is closed and has no boundary. We note
that the cases with and without boundary lead to different answers:
The corresponding common leading terms for the upper and lower
thresholds differ being log (n) when M is closed and (2 � 2/ d) log(n)
when M has boundary; here n is the expected number of sample
points. Our analysis identi�es a special type of homological cy-
cle, which we call a Q-like-cycle, which occur close to the bound-
ary and establish that the �rst order term of the lower threshold is
(2 � 2/ d) log(n).

4.1 Introduction

Randomly generated simplicial complexes and their topology have
recently attracted a lot of attention. The survey article by Bobrowski
and Kahle (80) collects together results and provides a wealth of
open problems in this �eld. Here we focus on understanding the
homology of random geometric complexes. While this topic was �rst
studied in ( 81) (see also (82)) our results build directly on ( 79) and
(78).

Much of the current interest in the topology of random simplicial
complexes is due to applications to topological data analysis, where
random complexes can serve as null models when interpreting the
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topology of complexes on data sets. In the context of manifold learn-
ing, a non-linear dimension reduction technique, one is interested
in recovering the structure of low dimensional manifolds embedded
in high dimensional space. Studying topological properties of the
underlying manifold, such as homology, can inform the choices of
hyperparameters in this dimension reduction technique ( 83; 84). For
example, one can measure the change in the topology of a manifold
(represented by a point cloud) under a dimension reduction proce-
dure by measuring the change in the homology of the manifold, and
thus tune the dimension reduction procedure to minimise this change
(83).

In the speci�c context of persistent homology, one of the main
tools of topological data analysis, one adopts a multiscale approach
to the study of the homology of randomly sampled data from a man-
ifold. Understanding the conditions for which the topology of a
complex built from a random sample coincides with the homology
of the underlying manifold informs which bars in the multiscale bar-
code invariant relate to inherent features of the underlying manifold.
For surveys of persistent homology see (85; 86; 87) and for work in
stochastic persistent homology (88).

Various �avours of random simplicial complexes are present in the
literature, which can include or exclude geometric considerations.
Random simplicial complexes that extend the notion of a random
graph in the sense of Erdös-Rényi to higher dimensional complexes
are not constrained by an underlying geometry ( 89). In contrast,
we shall work with the random simplicial complex realised by the
�Cech complex associated to a Poisson point process on a Riemannian
manifold and ask the question when the topology of the simplicial
complex approximates that of the manifold.

The question of recovering the topology of a space from a �nite
sample has been studied in (90; 91; 92) and (79; 78) in differing con-
texts. In (90) the authors consider submanifolds in Euclidean space
and use the metric of the ambient Euclidean space when building
the �Cech complex. They provide explicit conditions to recover the
homology of the manifold with high con�dence. Naturally these
explicit conditions are dependent on the curvature and nearness to
self-intersection of the embedded manifold. This theory has been
extended to manifolds with boundary in ( 92) and more general com-
pact subset in (91). In contrast, as in the context of (79; 78), we base
the construction of the �Cech complex on an intrinsic metric of the
manifold independent of any embedding. Our work studies asymp-
totic properties and the phase transition for which one can recover
the homology with high probability when increasing the size of point
sample and decreasing the radius over which the associated complex
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is constructed. Speci�cally, we will give an answer to the problem
posed in the survey article ( 80) about extending the homological con-
nectivity theory established for closed Riemannian manifolds in ( 79),
to Riemannian manifolds with boundary.

A principal advantage of studying asymptotics is that results rely
on fewer assumptions on the underlying manifold from which the
point process is sampled. Our main result like that of ( 79) thus only
has dependence on the dimension of the underlying manifold and
the homological dimension one wishes to recover. Our argument
follows a similar framework to the argument presented in ( 79) and
(78). We will need to develop completely new arguments to take into
account the effect of the boundary.

Our main result is stated with respect to the term L := nwdrd, the
expected number of points of a uniform Poisson process of intensity
n lying in a d-dimensional radius r ball. Depending on the asymp-
totic behaviour of the L , the associated �Cech complex at scaler built
on the point process exhibits different behaviours.

There are three distinct regimes of behaviour for L as n ! ¥ , r !
0. In the subcritical regime ( L ! 0) the connectivity of the �Cech
complex is very sparse and mostly disconnected, with the number
of connected components growing at the same rate as the number of
points. In the critical regime ( L ! l 2 (0,¥ )) the �Cech complex
is suf�ciently connected to exhibit non-trivial homology. However
the number of connected components still grows linearly with the
number of points. In the supercritical regime ( L ! ¥ ) for suf�ciently
large L the �Cech complex is connected, and for even larger L the
point cloud covers the underlying manifold with high probability.

Analysis in the supercritical regime yields a sequence of increas-
ing thresholds, (homological connectivity thresholds), such that if L is
greater than the kth threshold the �Cech complex recovers thekth ho-
mology of the underlying closed manifold with high probability. The
intermediate homological connectivity thresholds interpolate between
the thresholds for more commonly studied properties, from the 0 th

homology which detects connectivity up to the dth homology which
detects coverage. We produce homological connectivity thresholds
in the supercritical regime for which the �Cech complex recovers the
homology of a smooth compact manifold with non-trivial boundary.

The non-trivial boundary has a signi�cant impact on the homo-
logical connectivity thresholds. As far as we know, our study of
manifolds with boundary has uncovered a previously unobserved
phenomenon occuring close to the boundary. Our analysis shows
that close to the boundary a large number of spurious k-cycles ap-
pear which are not homological cycles inherent to the kth homology
of the underlying manifold. This phenomenon determines that the
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homological connectivity thresholds for manifolds with boundary
are larger than those for a closed manifold. We attain the following
result:

Theorem. (Homological Connectivity of a Riemannian Manifold with
Boundary)

Let M be a unit volume compact Riemannian manifold with smooth non-
empty boundary. Let d� 2 be the dimension of M,L = wdnrd andPn

a Poisson process of intensity n on M. Suppose w(n) is any function with
w(n) ! ¥ as n! ¥ . Then for1 � k � d � 1

lim
n! ¥

P(Hk(C(n, r)) �= Hk(M )) =

8
<

:
1 L = ( 2 � 2

d) log n + 2k log log n + w(n),

0 L = ( 2 � 2
d) log n + 2(k � 2 � (k + 1 � 1

d)) log log n � w(n),

Note that when simpli�ed the coef�cient of the second order term
in the lower threshold, 2 ( 1

d � 3), is independent of the homological
dimension k. We state the coef�cient of the second order term of the
lower threshold of our theorem in unsimpli�ed form to make an
easy comparison to the lower thresholds established by Bobrowski
and Weinberger in ( 78) and by Bobrowski and Oliveira in ( 79), who
studied the case when M is a d-dimensional torus and when M is an
arbitrary compact closed Riemannian manifold respectively. With the
same setup as our Theorem but on a closed Riemannian manifold the
corresponding thresholds for 1 � k � d � 1 are computed to be:

lim
n! ¥

P(Hk(C(n, r)) �= Hk(M )) =

8
<

:
1 L = log n + k log log n + w(n),

0 L = log n + ( k � 2) log log n � w(n),

We see that the leading term for both the upper and lower bounds
are nearly twice as large as in the case of manifolds with boundaries
and large dimension d. At the end of the paper we provide an in-
tuitive explanation as to why the presence of a boundary results in
differences in the homological connectivity thresholds.

4.1.1 Outline

Our argument follows the same structure as the arguments presented
in (79; 78). There are several key ideas in this framework. The �rst
essential idea is to bound the number of homological cycles of a com-
plex by counting the critical points of an associated Morse function.
This simpli�es the task of counting global phenomena of homologi-
cal cycles to the purely local considerations which determine critical
points of a Morse function.
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In order to compute bounds for the number of critical points
we require a change of variables integral formula, the Blaschke-
Petkantschin formula. This change of variable formula facilitates
computing the expected number of critical points induced by the
distance function of a Poisson point process.

Within our argument we adapt results which apply to closed man-
ifolds to manifolds with boundary. We use the double manifold as a
canonical closed manifold in which our manifold with boundary is
embedded. This trick allows us to translate results for closed mani-
folds to manifolds with boundary.

In Section 4.2 we collate results from the theory of point processes,
de�ne our asymptotic notation and also collect Riemannian volume
estimates which we use in order to produce bounds in the later sec-
tions.

Section 4.3 provides a brief introduction to classical Morse theory.
Since the distance function induced by a point process is not neces-
sarily smooth we also provide the necessary results from ( 93) which
describe Morse theory for a wider class of functions to which the
distance function belongs, the so-called min-type functions.

In Section 4.4 we derive a coverage result for Riemannian mani-
folds with boundary. This coverage result is required to establish the
upper homological connectivity thresholds.

We introduce in Section 4.5 the change of variables formulae we
require in later sections to compute bounds on the number of criti-
cal points. These formulae are also used in Section4.10 in order to
bound the variance of the number of critical points.

Section 4.6 is dedicated to computing an upper bound for the ex-
pected number of critical points using the tools and results provided
in previous sections. This upper bound on the number of critical
points is used to produce an upper threshold for the homological
connectivity in terms of L .

In Section 4.7 we identify a special class of critical point which
induce erroneous homological cycles, (homological cycles which are
not inherent to the underlying manifold). We produce a lower bound
for the expected number of this type of critical points. This lower
bound is used to produce a lower threshold for the homological
connectivity in terms of L .

In Section 4.8 we calculate homological connectivity thresholds
given the computed bounds on the number of critical points. Finally
in Section 4.9 we compare and contrast the homological connectivity
thresholds for Riemannian manifolds with boundary we have cal-
culated to those in (79) for closed manifolds. We indicate how the
geometric difference in the two situations inform the difference in the
thresholds.
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For completeness we include an Appendix containing proofs
which are similar in structure to their analogues in the case that
the manifold is closed. In Section 4.10 we bound the variance of the
number of occurences of the special type of homological cycles es-
tablished in Section 4.7. We show that the variance is small and so
with high probability the number of erroneous cycles behaves like the
expected number of erroneous cycles.
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4.2 Background

In this section we shall provide a summary of the background theory
on which we build our proofs. Results in this section are well docu-
mented so will mostly be stated without proof although references
are provided for those who seek further details.

4.2.1 Homology and Complexes

Homology is a measure of complexity of a topological space. It is
an algebraic invariant that has proved a powerful tool in the study
of geometry. A thorough introduction can be found in ( 94) far more
comprehensive than the brief overview of basic homology theory we
present for the unfamiliar reader.

At it's most basic level, the homology of a space can be thought
of as a sequence of abelian groups, where thekth group summarises
topological information about the k-dimensional subspaces. This
algebraic summary is an incomplete invariant for homotopic spaces,
that is to say, homotopic spaces have isomorphic homology groups,
although it is possible for non-homotopic spaces to have isomorphic
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homology groups.
For the purposes of this paper we shall consider homology over

coef�cients in a �eld, in which case the algebraic summary is a se-
quence of vector spaces. Equally in this setting one can consider our
algebraic summary as a sequence of integers corresponding to the
dimensions of these vector spaces, known as the Betti numbers of the
space.

In order to make a topological space amenable to computation, we
introduce a purely combinatorial object known as an abstract simpli-
cial complex, or simplicial complex for short. A simplicial complex
prescribes the construction of a space out of simplices in which one
glues together vertices, edges, triangles, tetrahedra and their higher
dimensional analogues. The following de�nition describes a simpli-
cial complex constructed from a point process on a metric space.

De�nition 4.2.1 ( �Cech Complex). Let P be a collection of points in a
metric space(M, r ). De�ne a one parameter familyC(P , r) of simplicial
complexes on vertex setP associated to this collection of points as follows:
For r 2 [0,¥ ),

s = [ p0, ...,pk] 2 C(P , r) ()
k\

j= 0

Br (pj ) 6= Æ.

Here Br (p) denotes the open ball in M of radius r and with centre
p.

Lemma 4.2.2 (Nerve Lemma). Let U = f Br (p) : p 2 Pg be an open
cover of the metric space(M, r ). Suppose that the �nite intersections of sets
in U are empty or contractible, then the�Cech complexC(P , r) is homotopy
equivalent to M.

The Nerve Lemma gives us a guarantee that for a suitably dense
point process on a metric space and a well chosen radius r we will be
able to recover the homology of the underlying space.

4.2.2 Poisson Point Processes

We shall introduce in this section the notion of a general Poisson
point process. Let us remark here that although later discussions will
use uniformly distributed processes (with respect to the volume mea-
sure), this is merely a point of convenience. Since we are considering
compact manifolds, more general distributions will only effect our
results up to some constant factor.

De�nition 4.2.3 (General Poisson Point Process (95)). Let (M, F , m) be
a measure space with M a compact metric space,F a collection of measur-
able sets, and measuremwhich is �nite on compact sets and with no atoms.
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The Poisson process on M of intensity measuremis a point process on M
such that:

1. For every compact set K� M the number of points N(K) lying in K
follows a Poisson distribution with meanm(K);

2. If Ki � M are disjoint and compact then N(Ki ) are independent.

In our setting we shall consider uniform Poisson point processes
on a Riemannian manifold (M, g) with measure m = vol g the Rie-
mannian volume form. A Poisson process of intensity n on M is thus
a Poisson process onM of intensity measure n vol g.

A salient feature of Poisson point processes is the following in-
dependence result, Theorem 4.2.4. We shall use this result in our
calculations to compute bounds on the number of critical points of
the distance function from the point process which correspond to
simplices of the associated �Cech complex. Intuitively the result fol-
lows from the memoryless property of the Poisson distribution and
the spatial independence property of Poisson point processes. Condi-
tioning on the position of k + 1 points of the process P , the remaining
points follow the same distribution as P .

Theorem 4.2.4 (Palm Theory (96)). Let (X, r ) be a metric space5, f : 5 This result is stated in (96) for the
special case thatX = Rn equipped with
the usual Euclidean metric. Provided
a Poisson point process exists on
the metric space X the proof follows
identically. For the existence of a
Poisson point process with intensity
measure l it is suf�cient for l to be an
s-�nite measure (see for example (97,
Existence Theorem3.6)).

X ! R a probability density andPn a Poisson process on X with intensity
l n = n f . If h(Y , X ) is a measurable function for all �nite subsetsY , X �
X, with Y � X and jY j = k + 1 then:

EPn

2

6
6
6
4 å

Y�P n
jY j= k+ 1

h(Y , Pn)

3

7
7
7
5

=
nk+ 1

(k + 1)!
EPn,Y0[h(Y0, Y0[ P n)]

whereY0 is a set of k+ 1 i.i.d points in X with density f independent ofPn.

4.2.3 Asymptotic Notation

We shall use the following set of notation to denote different asymp-
totic behaviours of functions f , g:

1. f (n) = O(g(n)) if there is a constant C and n0 2 N such that
j f (n)j � Cjg(n)j for all n > n0.

2. f (n) = o(g(n)) if lim n! ¥
j f (n)j
jg(n)j = 0.

3. f (n) = W(g(n)) if there is a constant C and n0 2 N such that
j f (n)j � Cjg(n)j for all n > n0.

4. f (n) � g(n) if f (n) = O(g(n)) and f (n) = W(g(n)) .
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4.2.4 Riemannian Volumes

A major portion of our later proofs require us to bound various Rie-
mannian volumes by their Euclidean counterparts in order to control
the asymptotic behaviour of the Betti numbers. In this section we
shall provide these approximations of Riemannian volumes. Let us
denote a smooth Riemannian manifold as the pair (M, g) and con-
sider the case when M is compact, of dimension d, and the metric g
is smooth. An introduction to Riemannian Geometry can be found
for example in ( 98).

A smooth metric is a smoothly varying inner product on the tan-
gent spaceg : TpM � TpM ! R and therefore endows the tangent
space at each point with a norm. We de�ne the length of a path using
g by integrating over the norm of its velocity. We shall use r (p1, p2)
to denote the shortest path length between two points p1, p2 on our
manifold.

Let us denote the open ball of radius r about a point p on our
manifold as Br (p) If we are considering a collection of points P then
we denote the union of open balls of radius r centred at each point as
Br (P ) :=

S
p2P Br (p).

The exponential map expp : TpM ! M is de�ned by exp p(v) =
g(1) where g is the unique geodesic in M with g(0) = p and �g(0) =
v. Since expp is a local diffeomorphism, an orthonormal basis of
TpM induces local coordinates about p, which we shall denote as
(x1, x2, ...,xd) and are called geodesic normal coordinates. Using
the Taylor expansion we can write the metric g in terms of these
coordinates where Rikl j is known as the Riemann curvature tensor:

g = å
i ,j

gi j dxi 
 dxj with gi j = di j +
1
3 å

k,l

Rikl j x
kxl + O(jxj3) (4.8)

The Euclidean metric on M = Rd is the simple case where gi j = di j .
Given a point p of a Riemannian manifold (M, g) with local neigh-
bourhood U and geodesic normal coordinates (x1, ...,xd) in the neigh-
bourhood U, for suf�ciently small radius r we can consider the in-
trinsic Euclidean ball BE

r (p) as the radius r ball with respect to the
metric gE on U where gE = å i ,j di j dxi 
 dxj .

The canonical measure induced by the Riemannian density on
the manifold M can be expressed in terms of the Euclidean measure
jdvol gE j associated to the Euclidean metric:

jdvol gj =
q

j det(gi j )jjdvol gE j.

The Ricci curvature tensor at a point p is given by Rici j = � å k Rikkj,
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and we can calculate that:
q

j det(gi j )j = 1 �
Rici j

3
xi x j + O(jxj3).

Our �rst volume approximations apply to balls within a manifold
with boundary which are wholly contained within the manifold, that
is the centres lie far enough from the boundary. The proofs of these
approximations can be found in the Appendix of ( 79).

Lemma 4.2.5 ((79)). Let s(p) = å i Ricii denote the scalar curvature at p
and de�ne smin(n) = inf p2 M

s(p)
6(d+ 2) � n, smax(n) = supp2 M

s(p)
6(d+ 2) + n.

Then for alln > 0 there is a continuous choice of rn > 0 such that for all
r � rn

wdrd(1 � smax(n)r2) � Vol(Br (p)) � wdrd(1 � smin(n)r2)

Lemma 4.2.6 ((79)). Let (M, g) be a compact Riemannian manifold of
dimension d. Then there is somen > 0 and rn > 0 such that for all r< rn

and any two point with dist(p1, p2) < 2r we have:
�

BE
(1� nr)r (p1) [ BE

(1� nr)r (p2)
�

� (Br (p1) [ Br (p2)) �
�

BE
(1+ nr)r (p1) [ BE

(1+ nr)r (p2)
�

Let us now consider how we must adapt these approximations for
balls intersecting the boundary. We may consider our manifold to be
embedded in RD , for some D. Indeed, Nash's Imbedding Theorem
(99) guarantees existence of an isometric embedding.

De�nition 4.2.7 (Reach of a Manifold). Let the medial axis Med(M ) of a
manifold M embedded inRD , be the set of points inRD which do not have
a unique nearest element in M. The reacht M of a manifold is de�ned to be
t M = inf p2Med(M ) dist(M, p).

Figure 4.1: We sketch the
distances involved in Theo-
rem 4.2.8 for which we can
calculate the reach of a man-
ifold embedded in Euclidean
space.

Theorem 4.2.8 ((100, Theorem 4.18)). Let M be a submanifold ofRD and
t M the reach of M. Then the reach is realised as:

t M = inf
q6= p2 M

kq � pk2

2dist(q, TpM )
,

wherejj .jj denotes the standard Euclidean norm inRD . See Figure4.1.

The manifolds we consider are smooth and compact and so in
particular the reach of our manifolds is non-zero. We shall frequently
consider the double manifold DM = M [ ¶M M 0 where M 0 is a
copy of M, and the two copies of M are glued along their common
boundary. This gives us a canonical compact closed manifold in
which M is embedded. The following result provides an estimate for
the volume of a ball centred near the boundary.
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Proposition 4.2.9. Let BDM
r (c) be a ball of radius r centred at c2 M in

the double manifold DM, and letd denote the distance from the centre c to
the boundary. Let BMr (c) = BDM

r (c) \ M denote the portion of this ball
contained in M. Then the volume of BM

r (c) can be expressed as:

Vol(BM
r (c)) = (

1
2

+ a1 + a2)Vol(BDM
r (c))

wherea1 = O( d
r ), a1 � 0 anda2 = O(r).

Proof. Let us assume that the Riemannian metric is Euclidean, since
we have seen above that this will only change the volume of our ball
by a factor of order (1 + O(r2)) . Let p denote the closest point on the
boundary to c. We shall �rst bound the volume of the ball BDM

r (c)
capped by the tangent plane TpM, so that we are dealing with a
Euclidean ball from which we have removed a hemispherical cap.
The volume of a d-dimensional ball of radius r capped at height h,
Bh

r , can be expressed as a fraction of the volume of the full ball wdrd:

Vol (Bh
r ) = wdrd 1

2

 

1 +
Gd(q)
Gd(1)

!

= : wdrd(
1
2

+ a1),

where Gd(u) =
Ru

0 (1 � t2)(d� 1)/2 dt, q = d
r , and d = r � h. For

suf�ciently small q we have the trivial bounds 1
2q � Gd(q) � q, and

so we see that:

a1 = O
�

d
r

�
and a1 � 0.

Let us now estimate the error volume bounded between the bound-
ary and TpM. For all q 2 M Theorem 4.2.8 implies that dist (q, TpM ) �
kq � pk2/ t M . Hence we can bound the error volume between TpM
and a parallel hyperplane at distance O(r2) from TpM. Thus the er-

ror volume is bounded by Vol (B(d� 1)
r ) � r2 = O(rd+ 1) (where B(d� 1)

r

denotes the radius r, (d � 1)-dimensional ball). We attain the desired
result that:

Vol (BM
r (c)) = (

1
2

+ a1 + a2)Vol (BDM
r (c))

where a1 = O( d
r ), a1 � 0 and a2 = O(r).

We can combine this result with Lemma 4.2.6 to similarly estimate
the volume of intersecting balls lying close to the boundary.

If M is a smooth manifold with non-empty boundary then we call
a neighbourhood of the boundary ¶M a collar neighbourhoodif it is the
image of a smooth embedding ¶M � [0, 1) ! M and the embedding
restricts to the identi�cation ¶M � f 0g ! ¶M. A standard result
(sometimes called the Collar Neighbourhood Theorem ( 98)) guar-
antees any smooth manifold with non-empty boundary has a collar
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neighbourhood. For small r the r-neighbourhood of the boundary de-
noted ¶M r , is a collar neighbourhood. It is straight forward to show
that the volume of this collar neighbourhood Vol (¶M r ) � rVol (¶M ).

4.3 Morse Theory

4.3.1 Morse Theory on Manifolds with Boundary

We start with a terse summary of Morse theory for manifolds with
boundary. The upshot of this section is that given a suitable smooth
function on the manifold we de�ne the Morse complex in the same
manner as in (101). This complex will compute relative homology
H� (M, ¶M ) if the function attains a minimum on the boundary, and
will compute absolute homology H� (M ) if the function attains a
maximum on the boundary.

De�nition 4.3.1 (Non-Degenerate Critical Point ( 101)). Let M be a
smooth d-manifold with boundary and f: M ! R a smooth function. A
point p 2 M is critical if r f (p) = 0. A critical point is non-degenerate if
the Hessian H(p) is non-singular.

De�nition 4.3.2 (Smooth Manifold Triad ( 101)). We say(M; V0, V1)
is a smooth manifold triad if M is a smooth manifold with boundary, and
the boundary¶M is the disjoint union of the open and closed submanifolds6 6 V0, V1 are open and closed when

viewed as submanifolds of ¶MV0, V1.

De�nition 4.3.3 (Morse Function (101)). A smooth function f: (M; V0, V1) !
[a, b] is a Morse function on a smooth manifold triad if f� 1(a) = V0, f � 1(b) =
V1 and all the critical points of f lie in the interior of M, (int(M ) =
M n ¶M).

In this setting we still have the classical Morse Lemma ( 102) for
closed manifolds that asserts the existence of a coordinate system
about each critical point for which the Morse function has a diagonal
quadratic form. The index of a critical point is again given by the
dimension of the negative eigenspace of the Hessian matrix H (p).

Theorem 4.3.4 ((101, Theorem 7.4)). There is a chain complex C� , where
Ck is the free abelian group on the set of index k critical points of f , and
moreover Hk(C� ) �= Hk(M, V0).

In particular we will be interested in the case where we decom-
pose the boundary trivially and so recover either Hk(M ) or Hk(M, ¶M ).
The use of Morse theory in our arguments will not rely on any
knowledge of the boundary maps, and will solely be used to bound
Betti numbers.
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4.3.2 Morse Theory for Min Type Functions

Whilst regular Morse theory is concerned with smooth functions,
the distance function associated to a point cloud on a Riemannian
manifold is generally not smooth. However, the square of such a
distance function is a min-type function for which a version of Morse
theory has been developed (93).

De�nition 4.3.5 (Min-type function ( 93)). Let f : Rd ! R be a germ of
a continuous function at p2 Rd. Then f is a germ of a min-type function
at p if there exist germs of smooth functionsai at p such that locally around
p we have that f= min m

i= 1 ai . A function on a d-manifold f: M ! R is
min-type if for all p2 M the germ at p is a germ of a min-type function.

A couple of technical Lemmas allow us to show that each germ
of a min-type function has an essentially unique minimal represen-
tation. We use this canonical minimal representation to build the
min-type version of Morse Theory.

De�nition 4.3.6 (Non-degenerate regular point ( 93)). Let f : Rd ! R
be a germ of a min-type function. The point p2 Rd is a non-degenerate
regular (NDR) point if f has a minimal representation at p, f= min m

i= 1 ai ,
such that:

1. fr (ai � ai+ 1)( p)gm� 1
i= 1 is linearly independent

2. 0 /2 Grad( f ) := Convfr ai (p)gm
i= 1 where Conv denotes the convex hull

3. f jGf
is a germ of a Morse function on the boundary setGf := f x :

a1(x) = ... = am(x)g

4. Any m � 1 gradients amongfr ai (p)gm
i= 1 are linearly independent

Condition 1 ensures that Gf is a smooth (d � m + 1)-submanifold.
If the gradients fr ai (p)gm

i= 1 are linearly dependent then the convex
hull Conv fr ai (p)gm

i= 1 = Grad( f ) can be thought of as an (m � 1)-
simplex in the tangent space.

De�nition 4.3.7 (Non-degenerate critical point ( 93)). Let f : Rd ! R
be a germ of a min-type function. The point p2 Rd is a non-degenerate
critical (NDC) point if f has a minimal representation at p, f= min m

i= 1 ai ,
such that:

1. fr (ai � ai+ 1)( p)gm� 1
i= 1 is linearly independent

2. 0 2 Grad( f ) = Convfr ai (p)gm
i= 1

3. f jGf
is a germ of a Morse function on the boundary setGf = f x :

a1(x) = ... = am(x)g
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4. Any m � 1 gradients amongfr ai (p)gm
i= 1 are linearly independent

De�nition 4.3.8 (Morse min-type function) . We say that a min-type
function f : M ! R is a Morse min-type function if every point is either an
NDR or an NDC point.

If p is an NDC point of f : M ! R then p is an NDC point of
the smooth Morse function f jGf

in the usual Morse theoretic sense.
Consequently we de�ne the index of an NDC point as follows:

De�nition 4.3.9 (Index (93)). Let f : Rn ! R be a Morse min-type
function with NDC point p and associated minimal representation f=
min m

i= 1 ai . The index of p is de�ned to be Indp( f ) = ( m � 1) + Indp( f jGf
)

One of the main results from ( 93) relates Morse min-type functions
to smooth Morse functions. In essence the following Theorem says
that a Morse min-type function can be #-approximated by a classical
smooth Morse function with the same number of critical points of
the same index, and these points are arbitrarily close to the original
critical points.

Theorem 4.3.10 (Morse Min-Type Approximation Theorem ( 93)). Let
f be a Morse min-type function on a compact closed Riemannian manifold
(M, g) with critical points y1, ...,ym and corresponding indices q1, ...,qm.
For any# > 0 there is a smooth Morse function f# satisfying the following
properties:

1. f# is an#-approximation of f in the C0- metric

2. f# is an#-approximation of f in the C2- metric for any neighbourhood
where f is smooth

3. f# has the same number of critical points y#
1, ...,y#

m with Indyi ( f ) =
Indy#

i
( f#)

4. r (yi , y#
i ) � #

4.3.3 Morse Theory for the Distance Function on a Compact Manifold
with Boundary

In this section we seek to recover a Morse function on the triad
(M, Æ, ¶M ) induced by the distance function of a point cloud on
M. For x, y 2 M and P a �nite subset of M de�ne distance functions

r 2
x(y) := r 2(x, y) and r 2

P (y) := min
x2P

r 2
x(y).

Lemma 4.3.11 ((79)). Let (M, g) be a compact Riemannian manifold with
boundary, then there exists a positive real number rmt > 0 such that for
every �nite sample of pointsP � M n ¶M the distance functionr 2

P is a
Morse min-type function on the rmt neighbourhood of these points Brmt (P ).
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Proof. Given any point x 2 M the distance function r 2
x is smooth,

Morse, and strictly convex on some neighbourhood Brx (x). Since our
metric g is smooth, rx may be chosen continuously. By compactness
there is some positive rmt � rx for all x 2 M.

Proposition 4.3.12. Let (M, g) be a compact Riemannian manifold with
boundary and letP be a �nite subset of M such that M� Br (P ) for some
r < rmt

2 . Then the critical points of the Morse min-type distance functionr 2
P

are in one to one index preserving correspondence with the critical points of
a Morse function on the smooth manifold triad(M; Æ, ¶M ).

Proof. Consider the double DM = M [ ¶M M 0 of the manifold M. Let
P 0 � M 0 be a �nite set of points in M 0 such that:

dist (p, ¶M 0) >
rmt

2
for all p 2 P 0 and Brmt (P [ P 0) = DM .

Then the distance function r 2
P[P 0 is of Morse min-type on all of DM

and hence, by Theorem 4.3.10, has an #-approximation by a smooth
Morse function f on DM .

Let h : [0, 1) � ¶M ! M be a diffeomorphism onto a collar
neighbourhood of ¶M. SinceP is �nite there is some d 2 (0, 1) such
that h([0,d] � ¶M ) \ P = Æ. Let us de�ne Md := M n h([0,d) � ¶M )
and ¶Md = h(f dg � ¶M ).

As P 0 is bounded away from the common boundary ¶M = ¶M 0

by rmt
2 and M � Br (P ) with r < rmt

2 , the distance function r 2
P[P 0,

and thus also f , increases on¶Md in the direction of the normal
pointing into M 0. Hence f jMd

can be extended to a smooth Morse
function F on M, such that F attains its maximum on the boundary
¶M and has no critical points on the collar h([0,d) � ¶M ). F is a
smooth Morse function on the smooth manifold triad (M; Æ, ¶M )
with critical points in one to one correspondence with the critical
points of r 2

P as required.

Corollary 4.3.13. Let Pn be a Poisson process on M a compact Riemannian
manifold with boundary. Then with high probability the distance function
r 2

Pn
induces a Morse function on the smooth manifold triad(M; Æ, ¶M ).

That is to sayP(f r 2
Pn

induces a Morse functiong) ! 1 as n! ¥ .

Proof. Observe that for a Poisson processPn on M and �xed r < rmt
2 ,

P(M � Br (Pn)) ! 1 asn ! ¥ . Hence using Proposition 4.3.12
the point process Pn induces a Morse min-type distance function r 2

Pn

whose critical points recover the homology of M with high probabil-
ity.

Let us consider the conditions for which a point of M is a k-critical
point or non-degenerate regular point of the distance function in-
duced by a �nite set P � M.
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For y 2 P the local behaviour of r 2
P close to y coincides with

r 2
y(x) = r 2(x, y). Thus the minimal representation of r 2

P at y is
r 2(�, y), the submanifold Gf is just M, and r r 2

y(y) = 0. Soy is an
NDC point of index 0.

For any p 2 M n P, if there is a point y 2 P strictly closer to p
than any other point in P , then locally about p we have that r 2

P (x) =
r 2

y(x) and r r 2
y(p) 6= 0. Sop is an NDR point.

Let p 2 M be such a point with min y2P r (p, y) achieved precisely
at all y 2 Y = f y0, ...,ykg � P . Then locally about p we have
the minimal representation r 2

P (x) = min k
i= 0 r 2

yi
(x). In order for p

to be critical we require linear independence of the set fr (r 2
yi

�

r 2
yi+ 1

)( p)gk� 1
i= 0 which corresponds to saying that the set f y0, ...,ykg

is generic. Further we require that at p we have 0 2 Grad( f ). This
corresponds to p lying in exp p(Conv(f exp� 1

p (y0), ..., exp� 1
p (yk)g)) ,

which can be thought of as the convex hull of the set f y0, ...,ykg. If
these conditions are met, p is critical and the index of such a critical
point will be k, as the point p attains a minimum of the distance
function restricted to the submanifold Gf at p.

In terms of the �Cech complex construction built on P , an index
k NDC point with critical value r occurs at the point x 2 M if x is
the point of intersection of closed radius r balls about k + 1 points of
P , and lies in their convex hull. We can thus identify index k critical
points of the distance function with the introduction of k simplices to
the �Cech complex at their respective critical values.

Let Y = f y0, ...,ykg � M and de�ne the Y-equidistant sets:

E(Y) := f x 2 M j r y0(x) = ... = r yk(x)g , Er (Y) := E(Y) \ Br (Y).

The following result is a generalisation to Riemannian manifolds of
the fact that k + 1 generic points in Euclidean space lie on a sphere of
dimension k � 1. In particular we can associate a centre and radius to
a collection of points which are suf�ciently close together.

Lemma 4.3.14 ((79)). There is a positive rmax < rmt such that ifY is
generic with Ermax(Y) 6= Æ, then the setY has a unique point c(Y) 2 M
such that for all p2 Y

r p(c(Y)) = inf
x2 E(Y)

r Y (x).

In this case, we will refer to the point c(Y) as the centreof Y and
to r (Y) := r Y (c(Y)) as its radius. The setY = f y0, ...,ykg corresponds
to an index k critical point of the distance function r 2

P with critical
value r 2(Y).
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4.4 Asymptotic Coverage

In forming the upper threshold we need to understand the asymp-
totic coverage of a Riemannian manifold with boundary. We would
like to understand the conditions under which Br (P ) covers M w.h.p.

The paper Random Coverings (103) gives a comprehensive treat-
ment of the asymptotic behaviour of the number of randomly chosen
radius r balls required to cover a compact closedRiemannian mani-
fold m times. The result is translated into a sharp coverage threshold
in (78), but again this result applies only to closedRiemannian man-
ifolds. We use the coverage result of (78) to derive conditions (not
necessarily sharp) for asymptotic coverage of a compact Riemannian
manifold with boundary. A sharp coverage result for manifolds with
boundary found in ( 104) has come to our attention. Nevertheless,
we include our coverage result which is suf�ciently strong for our
purposes and arises from a natural geometric argument.

Theorem 4.4.1 (Sharp Coverage Threshold (78)). Let M be a compact,
closed, �nite volume Riemannian manifold. LetPn be a uniform Poisson
process on M of intensity n. Let Br (Pn) denote the r neighbourhood of the
pointsPn and w(n) ! ¥ , then we yield:

lim
n! ¥

P(M � Br (Pn)) =

8
<

:
1 L = log n + ( d � 1) log log n + w(n),

0 L = log n + ( d � 1) log log n � w(n).

Our coverage result below is not proposed as a sharp threshold
but merely a threshold that suits our needs in subsequent proofs.

Corollary 4.4.2 (Coverage of Compact Manifold with Boundary) .
Let M be a compact Riemannian manifold with boundary and letQn be
a uniform Poisson process on M with intensity n. IfL = log n + ( d �
1) log log n + w(n) with w(n) ! ¥ , then the2r neighbourhood of the
Poisson process covers M w.h.p:

lim
n! ¥

P(M � B2r (Qn)) = 1.

Proof. Our proof will be an application of the sharp threshold devel-
oped in (78). Let us form the double manifold DM = M [ ¶M M 0,
which has double the volume of M. Now consider a uniform Pois-
son processPn on DM with intensity n. This restricts to a uniform
Poisson processQn = Pn \ M on M with intensity n.

Then for L = log n + ( d � 1) log log n + w(n) Theorem 4.4.1 implies
that

lim
n! ¥

P(DM � Br (PCn)) = 1
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Let us de�ne the following notation: M r = M n (¶M � [0,r)) = f x 2
M : min y2¶M r M (x, y) � rg, and the r-neighbourhoods:

B(M )
r (P ) = f x 2 M : min

p2P
r M (x, p) < rg and B(DM )

r (P ) = f x 2 DM : min
p2P

r DM (x, p) < rg.

For any point x 2 M r the r-neighbourhood of x 2 DM coincides with

the r-neighbourhood of x 2 M, B(M )
r (f xg) = B(DM )

r (f xg) . For points
in the collar ¶M � [0,r) we cannot make the same statement, however
the result follows immediately from the observation that:

DM � B(DM )
r (Pn) =) M r � B(DM )

r (Pn \ M ) =) M r � B(M )
r (Qn) =) M � B(M )

2r (Qn).

The last implication follows since for any x 2 M there is a y 2 M r

and q 2 Q n such that r M (x, y) < r and y 2 B(M )
r (q). Hence x 2

B(M )
2r (q).

4.5 Blaschke-Petkantschin Formulae

A key component of our later arguments and the arguments found
in (79) is an integral formula which facilitates calculating bounds on
the expected number of critical points of a distance function associ-
ated to a Poisson process on a Riemannian manifold. In this section
we explain this change of variables formula and make appropriate
adaptations to the case for Riemannian manifolds with boundary.

4.5.1 The Blaschke-Petkantschin formula in the Euclidean case

We �rst recall a derivation of the classical Blaschke-Petkantschin
formula in the Euclidean case. Our derivation and Proposition 4.5.1,
roughly follow Sections 2 and 3 of ( 105).

Let Ed be a d-dimensional Euclidean space, and let (ei )d
i= 1 be an

orthonormal moving frame in Ed, where for an in�nitesimal rotation
of the frame,

ei � dei = 0, 8i 2 [d];

and set
wi j := ei � dej = � w ji , 8i , j 2 [d].

Given r points f xi : i 2 [r ]g � Ed, Miles derives heuristically the
associated volume form

r̂

j= 1

dV(xj ) =
d̂

i= 1

r̂

j= 1

ei .dxj .

Furthermore, given the Grassmannian manifold Gr (r, d) with invari-
ant measure dmr,d(V ), Miles also derives

dmr,d =
r̂

i= 1

d̂

j= r+ 1

wi j .
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Using the above, the Blaschke-Petkantschin formula expresses the
Euclidean volume form dV(xd

i ) on f xi : i 2 [r ]g in terms of the
volume element associated to the r-plane containing f xi : i 2 [r ]g,
denoted by dV(xr

i ).

Proposition 4.5.1 (Blaschke-Petkantschin Formula Euclidean Case
((105))). Let f xi j i 2 [r ]g be a linearly independent set of vectors spanning
V = Span(f ei j i 2 [r ]g) 2 Gr(r, d). For each j2 [r ], let ( l jk)k2 [r ] 2 Er be
such that

xj =
r

å
k= 1

l jkek, and letU :=
�
�
�det( l jk)

�
�
� > 0.

Then
r̂

i= 1

dV(xd
i ) = Ud� rdmr,d

r̂

i= 1

dV(xr
i ).

Proof. Given j 2 [r ] and i 2 f r + 1, . . . ,ng, we have

dxj =
r

å
k= 1

(dl jkek + l jkdek)

ei .dxj =
r

å
k= 1

l jkwik

r̂

j= 1

ei .dxj =
�
�
�det( l jk)

�
�
�

r̂

k= 1

wik

d̂

i= r+ 1

r̂

j= 1

ei .dxj = Ud� r
d̂

i= r+ 1

r̂

k= 1

wik

d̂

i= r+ 1

r̂

j= 1

ei .dxj = Ud� rdmr,d,

and multiplying on both sides above by
V r

i= 1
V r

j= 1 ei .dxj =
V r

j= 1 dV(xr
j ),

we obtain the desired result.

4.5.2 Blaschke-Petkantschin formula for Riemannian Manifolds

Following ( 79), we obtain a Riemannian generalization of the Blaschke-
Petkantschin formula. The formula is valid for functions with sup-
port close to the diagonal of M k+ 1. It enables us to reparametrise a
(k + 1)-tuple of points near the diagonal of M k+ 1 into local coordi-
nates about their centre. We shall use bold face notation for (k+1)-
tuples y = ( y0, ...,yk) 2 M k+ 1 and as before denote the centre and
radius of the corresponding collection of points Y = f y0, ...,ykg as
c(y) and r (y) respectively. The change of variables has the following
form:

M k+ 1  ! M � R � Gr(k, d) � (S(k� 1) )k+ 1

y  ! (c(y), u, V, w )
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A (k + 1)-tuple of points in y 2 M k+ 1, is reparametrised by the
centre of this tuple c(y), the distance of the points from their centre
u, the k-plane in which the pre-image of the points lie in the tangent
space at the centreV, and the k + 1 points of the (k � 1)-sphere upon
which they lie w. This change of variables enables us to compute
bounds for the number of critical points, since it separates variables
and decomposes the integral over M k+ 1 into components which can
be estimated independently.

Suppose that M � Rd is a closed Riemannian manifold and let
y = ( yi )

k+ 1
i= 1 2 M k+ 1, with centre c = c(y), with radius r (y) � r, and

local normal coordinates (x1, . . . ,xd). For suf�ciently small r, we can
write for all i 2 [k + 1]

yi = expc(vi ),

with

vi =
d

å
j= 1

x j (yi )
�

¶
¶xi

�

c
.

Let 1r (y) = 1f Ermax (y0, ...,yk) 6= Æand r (y) � rg. Note that this
indicator function has support near to the diagonal of M k+ 1 and each
tuple in the support of this function has a unique centre. It is shown
in (79), that f vi : i 2 [k + 1]g have linear dependency and span a
k-dimensional subspace V � Tc(y) M when c(y) is a critical point. We
yield the following change of variable formula.

Lemma 4.5.2 ((79)). Let M be a compact closed Riemannian manifold
with M 0 � M a submanifold with or without boundary. Let rmax be as
in Lemma4.3.14, and r < rmax. Then there exists an invariant measure
dmk,d(V ) on Gr(k, TcM ) = Gr(k, d), such that for every f2 C¥ (M k+ 1;R)
Z

M k+ 1
f (y)1r (y)1f c(y) 2 M 0g

�
�
� dvol g(y)

�
�
� =

Z

M 0

�
�
� dvol g(c)

�
�
�

Z r

0
duudk� 1

Z

Gr(k,TcM )
dmk,d(V )

�

 Z

(S1)k+ 1
Ud� k

1 (w) f (expc(uw))
k+ 1

Õ
i= 1

q
det(gexpc(uwi ) )

�
�
� dvol S1(V ) (wi )

�
�
�

!

.

Proof. First note that if M 0 has positive codimension then both ex-
pressions are zero, so assumeM 0 has zero codimension. If y 2 M k+ 1

is such that Ermax (y) 6= Æ, then the induced centre c(y) is uniquely
de�ned (Lemma 4.3.14); hence:

f y 2 M k+ 1 j c(y) 2 M 0 and Ermax (y) 6= Æg =
[

c2 M 0

Y(c),

where Y(c) := f y 2 M k+ 1 j Ermax (y) 6= Æand c(y) = cg, and this
union is disjoint (by uniqueness of the centre).
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Thus
Z

M k+ 1
f (y)1r (y)1f c(y) 2 M 0g

�
�
� dvol g(y)

�
�
� =

Z

M 0

�
�
� dvol g(c)

�
�
�

Z

Y(c)
f (y)1f r (Y) � rg

�
�
� dvol g(y)

�
�
� .

Now �x c 2 M 0 with local normal coordinates (x1, . . . ,xd); for y 2
Y(c) with r (y) � r < rmax (this last condition ensures that yi can be
written as exp c(vi ), vi 2 TcM and jvi j = u � r, for all i 2 [k + 1]), we
�nd:

�
�
� dvol g(y)

�
�
� =

�
�
�
�
�
�

k+ 1^

i= 1

dvol g(yi )

�
�
�
�
�
�

=

�
�
�
�
�
�

k+ 1^

i= 1

r �
�
�det(gyi )

�
�
�dx1(yi ) ^ � � � ^ dxd(yi )

�
�
�
�
�
�

=
k+ 1

Õ
i= 1

r �
�
�det(gyi )

�
�
�

�
�
�
�
�
�

k+ 1^

i= 1

dx1(yi ) ^ � � � ^ dxd(yi )

�
�
�
�
�
�

=
k+ 1

Õ
i= 1

r �
�
�det(gyi )

�
�
�

�
�
�
�
�
�

k+ 1^

i= 1

dvol gEd
(vi )

�
�
�
�
�
�

=
k+ 1

Õ
i= 1

r �
�
�det(gyi )

�
�
�
�
�
� dvol gEd

(v)
�
�
� ,

Note that we have the polar decomposition:
�
�
� dvol gEd

(v)
�
�
� = du

�
�
� dvol Su(Ed)(v)

�
�
� ,

and so by the Blaschke-Petkantschin formula, since f vi : i 2 [k + 1]g
lies in a k-dimensional subspace V � TcM, we have

�
�
� dvol Su(Ed) (v)

�
�
� = Uu(v)d� kdmk,d(V )

�
�
� dvol Su(V ) (v)

�
�
� ,

hence, we deduce that

�
�
� dvol g(y)

�
�
� =

k+ 1

Õ
i= 1

r �
�
�det(gyi )

�
�
�duUu(v)d� kdmk,d(V )

�
�
� dvol Su(V ) (v)

�
�
� .

This shows that for c 2 M 0

Z

Y(c)
f (y)1f r (Y) � rg

�
�
� dvol g(y)

�
�
� =

Z r

0
duudk� 1

Z

Gr(k,TcM )
dmk,d(V )

�

 Z

(S1)k+ 1
Ud� k

1 (w ) f (expc(uw ))
k+ 1

Õ
i= 1

q
det(gexpc(uwi ) )

�
�
� dvol S1(V ) (wi )

�
�
�

!

,

and thus the result follows.
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4.5.3 Blaschke-Petkantschin formula for Compact Riemannian Man-
ifolds with Non-Empty Boundary

Using the change of variable formula established in Lemma 4.5.2
for compact closed Riemannian manifolds we attain a formula for
Riemannian manifolds with non-empty boundary. We note that our
formula is altered near the boundary since we must restrict our in-
tegral in the tangent space to those points whose image under the
exponential map remain in the manifold.

Lemma 4.5.3. Suppose that M is a compact Riemannian manifold with
non-empty boundary, let DM be its double manifold and let M0 � M be a
submanifold. Then we have:
Z

M k+ 1
f (y)1r (y)1f c(y) 2 M 0gj dvol g(y)j

=
Z

c2 M 0
j dvol g(c)j

Z r

0
du

Z

Gr(k,TcDM )
dmk,d(V )

�
Z

(Su(V )\ exp� 1
c (M )) k+ 1

Ud� k
u (v) f (expc(v))

k+ 1

Õ
i= 1

q
j det(gexpc(vi ) )jj dvol Su(V )k+ 1(vi )j.

Proof. We have
Z

M k+ 1
f (y)1r (y)1f c(y) 2 M 0gj dvol g(y)j

=
Z

DM k+ 1
f (y)1f y 2 M k+ 1g1r (y)1f c(y) 2 M 0gj dvol g(y)j;

the double manifold DM is closed, hence applying the change of
variables formula in Lemma 4.5.2 to the function

y 7�! f (y)1f y 2 M k+ 1g,

we �nd
Z

DM k+ 1
f (y)1f y 2 M k+ 1g1r (y)1f c(y) 2 M 0gj dvol g(y)j =

Z

c2 M 0
j dvol g(c)j

Z r

0
du

Z

Gr(k,TcDM )
dmk,d(V )

�
Z

Su(V )k+ 1
Ud� k

u (v) f (expc(v))1f expc(v) 2 M k+ 1g
k+ 1

Õ
i= 1

q
j det(gexpc(vi ) )jj dvol Su(V )k+ 1(vi )j,

which gives the desired result.

4.6 Upper Threshold

In this section we produce an upper bound on the expected number
of critical points induced by a Poisson process on our manifold. Sim-
ilar to the argument presented in ( 79) we utilise an auxiliary radius
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r0 and count critical points with critical value in the range [r, r0). The
auxiliary radius is chosen to be suf�ciently large so that the r0 neigh-
bourhood of the Poisson process covers the manifold w.h.p., but is
simultaneously suf�ciently small so that the number of critical points
with critical values in the range [r, r0) is asymptotically zero.

Let L = wdnrd denote the expected number of points of a Poisson
process with intensity n inside a d-dimensional ball of radius r. If
we append a subscript to L this corresponds to changing the radius
value in this expectation: L r0 = wdnrd

0. Let bk(r) denote the kth

Betti number of the �Cech complex associated to the submanifold
Br (Pn). We shall count critical points of the associated Morse min-
type function treating points close to the boundary and far from the
boundary separately.

Proposition 4.6.1 (Betti Number Upper Bound) . Let M be a compact
unit volume d-dimensional manifold with boundary. If n! ¥ and r, r0 !
0 such thatL ! ¥ , L r0r ! 0, L r0r2

0 ! 0 and r0 � r( wd
k (1 + j log r j)) 1/ d

(wherek = wd2� (d+ 1) (1 � smaxr2
0)), then for all1 � k � d � 1:

E [bk(r)] � bk(M ) + O(nL ke� L + n1� 1
d L ke� 1

2 L )

To prove the above let us follow ( 79) in attempting to bound the
number of k-critical points of the distance function associated to a
Poisson process onM with critical value in the range [r, r0). Let us
denote this set of critical points by Cr M

k (r, r0).

Lemma 4.6.2. If n ! ¥ and r, r0 ! 0 such thatL ! ¥ , L r0r ! 0,
L r0r2

0 ! 0 and r = o(r0) then for all1 � k � d:

E [Cr M
k (r, r0)] = O(n1� 1

d L k� 1e� 1
2 L + nL k� 1e� L )

The bounding term nL k� 1e� L arises from counting critical points
at distance more than r0 from the boundary of the manifold and the

bounding term n1� 1
d L k� 1e� 1

2 L arises from counting critical points at
distance less thanr0 from the boundary of the manifold.

In what follows let f = 1f x 2 Mg and Pn denote a Poisson
process of intensity n f on DM . Let us use the shorthand notation
¶M r0 for an r0 neighbourhood of the boundary, and M r0 = M n ¶M r0.

Let us de�ne the following indicator functions which we use to
count critical points:

• h(Y) = 1f 0 2 Grad(Y)g

• hr,r0(Y) = h(Y)1f r � r (Y) < r0g
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• gr,r0(Y , Pn) = hr,r0(Y)1f B(Y) \ P n = Æg; where B(Y) is the open
ball Br (Y) (c(Y))

• g
M r0
r,r0 (Y , Pn) = gr,r0(Y , Pn)1f c(Y) 2 M r0g

• g
¶M r0
r,r0 (Y , Pn) = gr,r0(Y , Pn)1f c(Y) 2 ¶M r0g

We can express the number of critical points as the following sum
over generic Y � P n:

jCr M
k (r, r0)j = å

Y�P n
jY j= k+ 1

jg
M r0
r,r0 (Y , Pn)j + jg

¶M r0
r,r0 (Y , Pn)j

We can count the critical points in M r0 and ¶M r0 separately. Let
us denote the critical points in ¶M r0 with critical value in the interval
[r, r0) as C¶M r0

, and the critical points in M r0 with critical value in
the interval [r, r0) as CM r0

. The counting of the critical points CM r0
is

not affected by the presence of a non-trivial boundary and so we can
use the analysis of (79) to bound the term E [jCM r0

j ] by an order of

O(nL k� 1e� L ).
We require new analysis to calculate an upper bound for the ex-

pected number of critical points E [jC¶M r0
j ]. Applying Palm Theory

(Theorem 4.2.4) to the uniform Poisson Process on M with intensity n
we yield:

E [jC¶M r0
j ] = EPn [ å

Y�P n
jY j= k+ 1

g
¶M r0
r,r0 (Y , Pn)]

=
nk+ 1

(k + 1)!
EPn,Y0[g

¶M r0
r,r0 (Y0, Y0[ P n)]

Let us now condition on a given sample Y0 of k + 1 points of M
with a view to then integrating over the whole double manifold.
Recall B(Y0) denotes the ball centred at c(Y0) of radius r (Y0) in DM ,
and that the number of points in a given subset of a uniform Poisson
process has Poisson distribution with parameter proportional to the
volume of the given subset.

Figure 4.2: The contribu-
tions to our lower bound for
Vol (B(y) \ M ), are illustrated
in this �gure. Proposition 4.2.9
establishes that the shaded
region has volume O(rd+ 1).
We note that for d(y) < t M

(t M the reach of the manifold)
then the half-ball of radius d(y)
contributes 1

2wdd(y)d to the
volume.

E [1f B(Y0) \ P n = ÆgjY0] = P(Pn(B(Y0)) = 0jY 0) = e� nVol (B(Y0)\ M )

E [jC¶M r0
j ] =

nk+ 1

(k + 1)!

Z

DM k+ 1
1f c(y) 2 ¶M r0ghr,r0(y)e� nVol (B(y)\ M ) jdvol g(y)j

For suf�ciently small r0 we have the following lower bound for the
volume of a ball with centre at distance d(y) from the boundary via
Proposition 4.2.9:
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Vol (B(y) \ M ) � (
1
2

� O(r))Vol (B(y)) +
1
2

wdd(y)d.

Note that enO(r)Vol (B(y)) = O(1) since L r0r ! 0, and so we have an
upper bound:

E [jC¶M r0
j ] � C

nk+ 1

(k + 1)!

Z

DM k+ 1
1f c(y) 2 ¶M r0ghr,r0(y)e

� n 1
2

�
Vol (B(y))+ wdd(y)d

�

jdvol g(y)j

Using the Blaschke-Petkantschin formula from Section 4.5 with

f (y) = hr,r0(y)e
� n 1

2

�
Vol (B(y))+ wdd(y)d

�

, c = c(y), u = r (y) and
y = expc(uw ) we attain the bound:

E [jC¶M r0
j ] �

nk+ 1

(k + 1)!

Z

¶M r0

jdvol g(c)j
Z r0

r
du udk� 1

Z

Gr(k,TcM )
dmk,d(V )

�
k

Õ
i= 1

 Z

S1(V )

q
jdet(gexpc(uwi ) )jjdvol S1(V ) (wi )j

!

Ud� k
1 (w ) f (expc(uw ))

Using compactness of the Grassmanian we can bound the �nal
integral over (S1(V )) k by some maximising subspace. The parallelo-
gram volume Ud� k

1 (w ) is taken over unit vectors and so bounded.
Since our manifold is compact and g is smooth we may boundq

jdet(gexpc(uwi ) )j by some constant. (For details of the bounding

constants see (79)). Thus we yield for some constant C:

E [jC¶M r0
j ] � Cnk+ 1

Z

¶M r0

jdvol g(c)j
Z r0

r
du udk� 1e

� n 1
2

�
Vol (Bu(c))+ wdd(y)d

�

SinceL r0r2
0 ! 0 we may bound the term e

� n 1
2

�
Vol (Bu(c))+ wdd(y)d

�

using the second order Taylor expansion of exp and Lemma 4.2.5 :

e
� n 1

2

�
Vol (Bu(c))+ wdd(y)d

�

� e
� n 1

2 wd

�
ud+ d(y)d

� �
1 + smaxnwdrd+ 2

0

�

Let us apply a change of variables s = u
r and additionally sepa-

rate our integral to integrate over the distance of the critical point,
d = d(y), to the boundary. We make a change of variables using the
diffeomorphism ¶M r0

�= ¶M � [0,r0) given to us from the Collar
Neighbourhood Theorem. Since our manifold is compact the Jaco-
bian term introduced will be bounded by a constant which we absorb
into the constant term C.

E [jC¶M r0
j ] � Cnk+ 1(1 + smaxnwdrd+ 2

0 )
Z

¶M r0

e� n 1
2 wddd

jdvol g(c)j
Z r0

r

1
ds rdksdk� 1e� n 1

2 wdrdsd

� CnL k(1 + smaxL r0r2
0)

Z r0

0
e� n 1

2 wddd
dd

Z r0
r

1
ds sdk� 1e� 1

2 L sd
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We may bound the �rst integral by a term O(n� 1
d ) by changing

variables (t = 1
2L d) and observing that the integral takes the form of

an upper incomplete gamma function:

Z r0

0
e� n 1

2 wddd
dd = Cn� 1

d

Z 1
2 L r0

0
t

1
d � 1e� tdt � CG(

1
d

)n� 1
d

The last integral also has the form of an upper incomplete gamma
function.

G(k, x) =
Z ¥

x
tk� 1e� tdt = ( k � 1)!e� x

k� 1

å
i= 0

xi

i !

Let t = 1
2L sd

Z r0
r

1

�
1
2

L
� k

sdk� 1e� 1
2 L sd

ds=
1
d

Z 1
2 L r0

1
2 L

tk� 1e� tdt = G(k,
1
2

L ) � G(k,
1
2

L r0)

Absorbing surplus constants into the term C we attain:

E [jC¶M r0
j ] � Cn1� 1

d (1 + smaxL r0r2
0)

0

@e� 1
2 L

k� 1

å
j= 0

( 1
2L ) j

j !
� e� 1

2 L r0

k� 1

å
j= 0

( 1
2L r0) j

j !

1

A

Using the assumptions that L r0r2
0 ! 0, L ! ¥ and r = o(r0)

yields that E [jC¶M r0
j ] = O(n1� 1

d L k� 1e� 1
2 L ). Thus we prove the

Lemma 4.6.2.

Proof. (Proposition 4.6.1)
Having established Lemma 4.6.2 this proof proceeds like the proof

of Proposition 6.1 in (79) mutatis mutandis. Details are provided in
Section 4.9.

4.7 Lower Threshold

In this section we shall �nd a lower bound for the expected Betti
numbers of the �Cech complex C(n, r). We utilise the concept of a
special type of critical point called a Q-cycle de�ned in ( 78). Such a
critical point is guaranteed to induce a non-trivial cycle in the homol-
ogy of the resulting �Cech complex. The lower bound shows that if
the convergence of L ! ¥ is suf�ciently slow then, w.h.p the �Cech
complex will have Betti numbers larger than that of the manifold.
Thus we will attain a lower threshold for L .

The paper (79) counts Q-cycles, a special class of critical points
c(Y) on a general compact closed Riemannian manifold with critical
values in the range (r1, r ]. The radius r1 is chosen to be suf�ciently
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small that there are a large number of critical points with critical
value in the range (r1, r ] but simultaneously suf�ciently large that a
Q-cycle with critical value r1 persists and remains a Q-cycle in the
�Cech complex at radius r.

The conditions that determine a critical point to be a Q-cycle are
all local conditions. As such we can replicate the analysis in ( 79) to
count the Q-cycles in a manifold with boundary which are suf�-
ciently distant from the boundary. It transpires that this lower bound
can be improved by counting a collection of cycles which occur close
to the boundary, which we shall call Q-like-cycles.

Let us proceed to de�ne the conditions given in ( 79) that deter-
mine a critical point to be a Q-cycle. Let Y � P n � M be a generic
subset of a Poisson point process onM inducing centre c(Y) and
#2 (0, 1). Let us denote the closed annulus in M by:

A#(c(Y)) = Br (Y) (c(Y)) n B#r(Y) (c(Y))

Intuitively a Q-cycle is formed at critical point c when an annu-
lus surrounding c is covered and the critical point c introduces a k
simplex which cuts across this annulus and introduces an erroneous
homological cycle. If our centre is close to the boundary, our annulus
will be cut by the boundary and so we must modify the argument in
(79) to apply to this case.

Lemma 4.7.1 is a slight modi�cation of that presented in ( 78) and
having taken into consideration that the critical point lies far from the
boundary the proof follows identically.

Lemma 4.7.1 ((78)). Let Y � P n � M with Y inducing a critical point
c(Y) of index k. Let us de�ne:

f (Y) =
1

2r (Y)
min

v2¶D(Y)
jvj

whereD(Y) = Grad(Y). Supposer (Y) < rmax, dist(c(Y), ¶M ) > r (Y)
and Af (Y) � Br (Y) (Pn), then the critical point c(Y) generates a new
non-trivial cycle in Hk(Br (Y) (Pn)) which we call aQ-cycle.

The following technical Lemma is established by showing that a
Q-cycle with critical value in the range (r1, r ] will remain a Q-cycle
at radius r. We introduce an auxiliary radius r2 > r and require that
Br2 \ P n = Y . This condition ensures that the homology class intro-
duce by a Q-cycle is not annihilated by the introduction of another
critical point with critical value in the range (r1, r ].

Lemma 4.7.2 ((79)). Suppose r2 > r > 0 and that r1 > r
r

1 � 1
c2

g
( r2

r � 1)2.

Let # 2 (0, 1) andQ#
k(r1, r) denote the number ofQ-cycles induced by sub-

sets of(k + 1) pointsY with the properties:

r (Y) 2 (r1, r ], Br2(c(Y)) \ P n = Y , f (Y) � #, dist(c(Y), ¶M ) > r2
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For any#2 (0, 1) we have thatbk(r) � Q#
k(r1, r).

Let us use the following notation for indicator functions which
track when a subset of (k + 1) elements Y � P n induces an element
of Q#

k(r1, r). Recall the de�nition of hr1,r (Y) which indicates when the
collection of points induces a critical point with critical value in the
range (r1, r ].

• h#
r (Y) = hr1,r (Y)1f f (Y) � #g1f dist (c(Y), ¶M ) > r2g

• g#
r (Y , Pn) = h#

r (Y)1f Br2(c(Y)) \ (Pn n Y) = Æg1f A# � Br (Y) (Pn)g

Hence we may write Q#
k(r1, r) as the sum:

Q#
k(r1, r) = å

jY j= k+ 1

g#
r (Y , Pn)

Lemma 4.7.3 ((79)). Suppose# > 0 is suf�ciently small (independent of r
and n), and r> 0 such thatL ! ¥ , L r2 ! 0. Then for suitably chosen
r1, r2 with r 2 > r > r1 > 0 we have that:

E [Q#
k(r1, r)] = W(nL k� 2e� L )

The proof of the above lemma follows almost identically to the
proof supplied in ( 79).

Proposition 4.7.4 ((79)). Suppose# > 0 is suf�ciently small,w(n) ! ¥ ,
g 2 (0, 1) is �xed andL = log n + ( k � 2) log log n � w(n), then for all
1 � k � d � 1:

lim
n! ¥

P(Q#
k(r1, r) > gE [Q#

k(r1, r)]) = 1

This Proposition is proven using a second moment argument
based on Chebyshev's inequality and the details may be found in
(79).

The results from this section yield a lower threshold for L :

Proposition 4.7.5. Let M be a unit volume, compact, Riemannian manifold
with boundary. LetL = log n + ( k � 2) log log n � w(n) then for all
1 � k � d � 1:

lim
n! ¥

P(Hk(C(n, r)) �= Hk(M )) = 0

This threshold is identical to that found in ( 79). We adapted the
proof from ( 79) in order that we only counted Q-cycles suf�ciently
far from the boundary that the local considerations did not detect the
manifold had a boundary.
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4.7.1 Lower Threshold Re�ned

We shall now adapt the argument counting Q-cycles to establish that
a large number of Q-like-cycles are present close to the boundary.
From this we can deduce a greater lower threshold. Let Q#,¶M

k (r1, r)
denote the number Q-like-cycles of index k with critical value in
the range (r1, r ]. This type of critical point induces an erroneous
homological cycle near the boundary and will be de�ned thoroughly
below, (De�nition 4.7.9).

Similarly to the previous section we count Q-like-cycles with crit-
ical values in the range (r1, r ] with auxilliary radius r2 used as in
the previous section to ensure a Q-like-cycle with critical value r1

remains a Q-like-cycle at scale r.

Lemma 4.7.6. Let M be a unit volume compact Riemannian manifold with
boundary. Suppose n! ¥ and r ! 0 such thatL ! ¥ , L r2 ! 0 and
supposea = 1

2 + O(( log n) � 1). Then for all1 � k � d � 1 we have that:

E [jQ#,¶M
k (r1, r)j] = W(nL k� 2e� aL r( log n) � (k+ 1) )

Heuristically a Q-cycle is a critical point lying in the centre of a
surrounding annulus, and thus induces a new cycle. For a critical
point close to the boundary, the whole annulus is not contained in
the manifold and so we de�ne a Q-like-cycle for this correspond-
ing situation. The annuli which are cut by the boundary form a cup
which for certain critical points give rise to non-trivial homological
cycles. We shall identify which critical points introduce new homo-
logical cycles.

The argument to establish Lemma 4.7.6 in this section has the
following structure. We �rst de�ne a special class of critical points,
Q-like-cycles, and establish that these critical points introduce new
spurious homological cycles near the boundary (Lemma 4.7.8). We
then wish to bound from below the expected number of Q-like-
cycles. In order for a critical point to be a Q-like-cycle we require
that both a partial annulus surrounding the critical point is covered
and that the simplex induced by the critical point is approximately

tangential to the boundary. We de�ne the partial annulus A( j )
# (c)

which is constructed in order that if the points inducing the centre all
lie in this annulus then the simplex introduced by the critical point
is approximately tangential to the boundary. Then for suitable j the
partial annulus is covered w.h.p. and so both conditions are met and
the critical point c thus induces a Q-like-cycle.

De�nition 4.7.7 (The Partial Annulus) . Let c be a critical point with
radius r such that dist(¶M, c) 2 (0,r ). Let p be the closest point to c on
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¶M. Let n := exp� 1
c p, which can be thought of as the vector pointing

in the direction of the normal to the boundary at p. We de�ne the partial
annulus:

A( j )
# (c) = f x 2 A#(c) : exp� 1

c x makes angle greater thanp /2 � j with ng

See Figure4.3.

Figure 4.3: A sketch of the

partial annulus A( j )
# (c). Our

calculations in Section 4.7.4
show that if the centre c(Y) is
at distance d � r

log n from the

boundary and j � ( log n) � 1

then A( j )
# (c) is covered w.h.p.

4.7.2 Q-like-cycles Induce Homology

Let us de�ne a function y (Y , j ) for Q-like-cycles that plays the same
role as f did for Q-cycles. Recallf (Y) was de�ned to be half of the
distance from the centre c(Y) to the closest point on ¶D(Y) � Tc(Y) M
the boundary of the k-simplex Conv fr r yi (c)gk

i= 0 � Tc(Y) M di-

vided by r (Y). Let ik : C¶
k(C(Pn, r)) ! Csing

k (Br (Pn)) denote
the natural map between the simplicial k-chains of the �Cech com-
plex and the singular k-chains of the topological space Br (Pn).
The value f (Y) is such that ik� 1(¶Y) 2 Csing

k� 1(A f (c(Y))) . If also
A f (c(Y)) � Br (Y) (Pn) then ik� 1(¶Y) is a boundary of a k-chain g

contained in Csing
k (Br (Y) (Pn)) . As a result, the k-simplex Y intro-

duces a new k-cycle ( ik(Y) � g) at radius r (Y).
In order to prove a k-simplex Y associated to a critical point near

the boundary introduces a new degree k homology class we seek to
show that ¶Y is the boundary of a k-chain g contained in Br (Y) (Pn)
which does not include the simplex Y . In the case a critical point
c(Y) is near the boundary, the full annulus A#(c(Y)) is cut by the
boundary. This has a couple of important implications. The location
of the Y about their centre relative to the boundary is now impor-
tant since the annulus is no longer rotationally symmetric and so
the probability of ful�lling the condition that the boundary of the
simplex Y is covered by Br (Y) (Pn) is dependent on the position of
these points relative to the centre. In short, the location of the points
Y about their centre now impacts whether the simplex introduces a
new homology class.

We de�ne y to ensure that the condition ik� 1(¶Y) � A(b)
y (c(Y))

is ful�lled and thus ¶Y is a boundary of a k-chain contained in

Csing
k (A(b)

y (c(Y))) � Csing
k (Br (Pn)) with high probability:

y (Y , j ) =
1
2

sup
�

f # � 0 j ¶D(Y) � exp� 1
c A( j )

# (c(Y))g [ f 0g
�

Note that like f , the term y (Y , j ), is not sensitive to the scale
r (Y) in the sense that y (Y , j ) is dependent on the distribution of the
points Y on the sphere centred at c(Y)) and so has a lower bound
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