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Structural heterogeneity constitutes one of the main substrates influencing impulse propagation
in living tissues. In cardiac muscle, improved understanding on its role is key to advancing our
interpretation of cell-to-cell coupling, and how tissue structure modulates electrical propagation
and arrhythmogenesis in the intact and diseased heart. We propose fractional diffusion models as a
novel mathematical description of structurally heterogeneous excitable media, as a mean of repre-
senting the modulation of the total electric field by the secondary electrical sources associated with
tissue inhomogeneities. Our results, validated against in-vivo human recordings and experimen-
tal data of different animal species, indicate that structural heterogeneity underlies many relevant
characteristics of cardiac propagation, including the shortening of action potential duration along
the activation pathway, and the progressive modulation by premature beats of spatial patterns of
dispersion of repolarization. The proposed approach may also have important implications in other
research fields involving excitable complex media.
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I. INTRODUCTION12

In biological tissues, the extent to which electrical propagation is influenced by the complex topology of the un-13

derlying media remains unclear. The spatial complexity of a medium can impose geometric constraints on transport14

processes on all length scales, which can fundamentally alter the laws of standard diffusion [1, 2]. However, conven-15

tional modeling techniques represent these tissues as continuum media with spaced averaged properties, assuming a16

negligible contribution of their composite microstructure in modulating electrical conduction. In the particular case17

of cardiac muscle, and while many mechanistic findings have been obtained using these traditional approaches, their18

limitations to characterize tissue structure are well acknowledged, especially under pathological conditions [3]. New19

modeling techniques are thus needed to promote our current understanding on the influence of tissue heterogeneity20

on cardiac wavefront propagation, and therefore on its role in the initiation and maintenance of cardiac arrhythmias,21

as to investigate novel methods and therapies for their termination.22

The fundamental modeling unit in understanding the propagation of electrical excitation is the cable equation. It23

describes the electrical propagation of an axial current along a thin fiber consisting of a homogeneous collection of24

excitable cells connected via gap junctions [4]. The model is constructed via an electrical circuit representation of a25

small path of the cellular membrane and the principle of homogenization to derive a continuous equation of the form26

χ (Cm∂tVm + Iion)−∇ · (σ∇Vm)− Istim = 0,

where Vm is the cellular transmembrane potential, and Iion and Istim the total transmembrane and stimulus currents,27

respectively. Model parameters are the tissue conductivity tensor, σ, the cell surface-to-volume ratio, χ, and the28

membrane capacitance, Cm.29

Through electric potential theory, it is known that an excitable membrane will induce electric fields through all30

components of the surrounding tissue. This then forms the basis of the bidomain model of cardiac electrophysiology,31

that has been used extensively since its initial development by Tung [5],32

∇ · (σi∇φi) = χ (Cm∂tVm + Iion)− Istim,i, in Ωi,

∇ · (σe∇φe) = −χ (Cm∂tVm + Iion)− Istim,e, in Ωe.

The bidomain model assumes that the tissue consists of two overlapping spaces: the intracellular, Ωi, and the extra-33

cellular, Ωe, domains, respectively characterized by their corresponding conductivity tensors, σi and σe. Electrical34

propagation is described by the scalar potentials in Ωi and Ωe, φi and φe, where Vm = φi − φe.35

The reasoning behind this model is that cardiac myocytes form collections of thin fibers that are arranged into36

sheet-like structures [3, 6]. Gap junctions between the myocytes preserve the cytosolic continuity, and so at a larger37

scale this structure can be viewed from some aspects as a homogeneous domain. On the other hand, gap junctions are38

known to have a much larger resistance compared to cytoplasm, and may be a source of discontinuous propagation39

on a local scale [7]. Remodeling in gap junctions distribution and connexin expression may also occur under disease40

conditions [8, 9], thus affecting propagation. In addition, the brick wall structure of the myocyte sheets has a marked41

effect on propagation. The delay in conduction depends on the number of adjacent cells connected to any given42

myocyte. For example, in healed infarcted canine tissue it is suggested that there exists a difference between the43

average number of cells connected to surrounding cells of six rather than nine or more in healthy tissue [8]. Thus44

the argument for treating the intracellular domain as homogeneous is questionable at least, and in the case of the45

extracellular space, even more doubts can be raised.46

The extracellular domain is a complex mix of different tissue types, including fibrous tissue, blood vessels, collagen,47

fat, and interstitial pores [6]. As a particular case in point, it is known that functional fibroblasts-myocytes coupling48

allows fibroblasts to transduce activity between otherwise unconnected myocytes [10]. Ephaptic coupling in the49

narrow extracellular regions between cells may also cause large changes in ionic concentrations, that vary the electrical50

potential and can induce an electrical signal [11]. Furthermore, this extracellular space may change under pathological51

conditions, and factors as the relative volumes of intracellular and extracellular space also affect the resistance and52

distribution of cell-to-cell coupling [12].53

Even from a mathematical point of view, the applicability of a homogenization process to cardiac tissue can be54

questioned. In its simplest form, homogenization assumes the domain is defined at a macroscopic scale, L, whereas55

the characteristic length of the heterogeneities defines a microscopic scale, ε ≪ L. Given a conductivity tensor σ(x/ε),56

homogenization studies the solution of the underlying equations as ε → 0 (i.e., as heterogeneities become vanishingly57

small), aiming to replace the rapidly oscillating coefficients σ(x/ε) by an effective domain characterized by constant58

coefficients, σ̃. It is possible to apply these ideas to multiple scales and layered domains, but homogenization becomes59

increasingly difficult [13] and assumptions have to be made about the regularity of σ. However, when the number of60

scales becomes large, without clear separation, homogenization fails.61
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In this setting, fractional (non-integer) models are an appropriate alternative modeling framework [14]. Fractional62

spatial differential operators have been shown to incorporate the multiscale effects of transport processes taking place63

in heterogeneous media. Applications include the filtration of solutes in porous soils [15], diffusion of water molecules64

in brain tissue [16], or electrical charge transport in polymer networks [17]. It is in this context of extended structures65

with spatially intricate patterns that fractional models can offer insights that traditional approaches do not offer.66

In particular, the structural characteristics of cardiac tissue suggest fractional diffusion as an appropriate modeling67

framework.68

In this paper, we propose a family of fractional diffusion models to describe electrical propagation in heterogeneous69

excitable media, analyzing their application to cardiac muscle as a representative case of composite biological tissue.70

These models, which represent the modulation of the electric field of an homogeneous conductor by the secondary71

electrical sources associated with its inhomogeneities (see Methods), are encapsulated by the general formulation72

∂tVm = −Dα(−∆)α/2Vm −
1

Cm
(Iion − Istim), 1 < α ≤ 2, (1)

73

∂ty = f(Vm,y), Iion = g(Vm,y), (2)

where (−∆)α/2 is the fractional Laplacian operator. For the ease of presentation of these novel ideas, we concentrate74

on the case of isotropic conduction, so that for α = 2 it recovers the standard monodomain formulation. This can be75

modified appropriately in terms of Riesz fractional derivatives, which allow for consideration of anisotropy [18]. The76

propagation model given by equation (1) for the transmembrane potential Vm is coupled to the system of ordinary77

differential equations (2), describing the cellular electrophysiological dynamics. We will focus our analysis on the78

upper part of the 1 < α ≤ 2 range, since we hypothesize this represents a tissue with a moderate-to-medium level of79

structural heterogeneity.80

Our fractional models of electrical propagation in cardiac tissue are validated against in-vivo human recordings and81

experimental data of different animal species, offering novel insights on clinically relevant mechanisms of wavefront82

conduction, namely action potential (AP) shortening along the pathway of activation and the modulated dispersion83

of repolarization. Whereas the former is considered a protective mechanism of the intact heart [19, 20], the latter84

relates how recovery patterns are affected by a premature stimulation of the tissue [19, 21, 22]. Hence, our results85

indicate the use of fractional diffusion models as a powerful tool to promote our current interpretation of the role of86

tissue inhomogeneities in modulating cardiac electrophysiology. The proposed approach may have, as well, impor-87

tant implications in unraveling the many facets of structural heterogeneity in other research fields where electrical88

propagation is highly influenced by complex media, such as soft muscle or neural tissue.89

II. RESULTS90

A. Role of Tissue Inhomogeneities in Myocardial Depolarization91

The depolarization of a cardiomyocyte is characterized by an initial deviation from its resting membrane potential,92

known as the AP foot, then followed by the rapid AP upstroke. Probably the most comprehensive experimental study93

to date on the effects of tissue structure in this AP phase is still the work of Spach et al. [23], where the authors94

investigated the impact of wavefront propagation in the depolarization of canine cardiac tissue.95

Figure 1A illustrates the depolarization wavefront presented in the aforementioned study during longitudinal prop-96

agation (black dashed line), compared to simulated waveforms using a biophysically detailed canine AP model [24].97

Standard diffusion (α = 2, red) yields the narrowest AP foot, with increasing foot width for decreasing fractional98

powers (α = 1.75, green; α = 1.5, blue). In particular, the value of α = 1.75 nicely replicates the observed experi-99

mental AP foot of this ventricular preparation, whereas standard diffusion underestimates its width and morphology.100

Furthermore, fractional diffusion only induced a small decrease in AP amplitude when compared to standard diffusion101

(≈ 2.4 mV for both α = 1.75 and α = 1.5).102

Spach et al. further characterized the role of wavefront conduction in depolarization by analyzing the Vm − dVm/dt103

phase-plane trajectories (Fig. 1B, inset). During longitudinal propagation, the majority of their ventricular and atrial104

impalements exhibited concave trajectories in the phase portrait (n = 40, 80%), indicating a deviation of the AP foot105

from exponential growth (that is, a linear Vm − dVm/dt relationship). The rest of the preparations displayed mixed106

concave/convex trajectories, but all deviated from linearity. Figure 1B shows the phase-plane trajectories in the107

canine model obtained for different α. Whilst standard diffusion produces a completely linear phase portrait (α = 2,108

red), fractional diffusion yields profiles with increasing degree of concavity for decreasing α (α = 1.75, green; α = 1.5,109

blue). The mean experimental deviation of maximum dVm/dt from linearity was -15.1 V/s in ventricular muscle.110
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This separation was quantified for the fractional diffusion models, resulting in -14.5 V/s for α = 1.75 and -34.9 V/s111

for α = 1.5. These results indicate that the depolarization dynamics of this particular experiment can be very well112

approximated by a fractional power close to α = 1.75. Moreover, although the actual range of deviation from linearity113

was not provided in their study, the authors classified their ventricular impalements as exhibiting “minor”, “moderate”,114

and “considerable” concavity degrees (respectively, 9%, 27% and 64% of ventricular preparations, n = 22). This115

classification suggests that fractional powers α < 1.75 (resulting in more pronounced concavities) can also be viable116

in healthy myocardium. In this regard, neonatal monolayers and newborn tissues, richer in microvasculature and117

discontinuities, exhibited even larger degrees of concavity than adult myocardium [23].118

Peak value distributions for the three principal currents during depolarization are depicted in Fig. 2 for human [25]119

and canine [24] cell models. Despite model specific magnitudes, almost constant profiles are found for all currents120

in the case of standard diffusion (α = 2, red), only influenced by the stimulus and distal boundary sites. However,121

the effects of fractional diffusion (α = 1.75, green; α = 1.5, blue) on the AP foot yield a wider range of influence for122

these regions. Peak magnitudes of the fast sodium, INa, and the transient outward current, Ito, were reduced in both123

models, thus leaving upstroke amplitude almost unaffected through the tissue. These results were also consistent with124

those in the description of rabbit electrophysiology [26]. Conversely, the behavior of the L-type calcium current, ICaL,125

was model dependent, exhibiting a modest decrease in dog, whilst a small increase in human and rabbit models. No126

significant changes were observed in the rest of transmembrane currents.127

B. The Inverse AT-APD Relationship128

Due to its tight association with the onset of proarrhythmic substrates, the understanding of spatial patterns of AP129

duration (APD) is a major concern in cardiac electrophysiology. A compelling mechanism of the intact heart, reported130

in multiple studies and different species, is the shortening of APD during propagation, also known as the inverse AT-131

APD relationship. To better illustrate this aspect, the left column of Fig. 3 provides representative experimental data132

for in-vivo human [19], dog [20], and isolated rabbit hearts [27].133

The contribution of tissue inhomogeneities, as modeled by fractional diffusion, to APD dispersion (∆APD) was134

investigated in tissue cables for biophysically detailed models of human [25], dog [24] and rabbit [26], as shown in the135

right column of Fig. 3. Standard diffusion (α = 2, red) yields moderate ∆APD values, regardless of cell type. More136

remarkable is the fact that, for all cell models, ∆APD distributions turn into nearly constant profiles once the domain137

size becomes comparable to the AP wavelength [28]. On the other hand, ∆APD increasingly grows for decreasing138

fractional power (α = 1.75, green; α = 1.5, blue), more closely resembling the ∆APD profiles reported experimentally.139

Two mechanisms are responsible for the larger extent of APD shortening associated with the fractional diffusion140

models. First, cell-to-cell electrotonic load is substantially larger at all sites for fractional compared to standard141

diffusion, as illustrated in Fig. 4 for the human and canine cellular models. Within the stimulated region (Fig. 4 A,B),142

the current is large and positive, which lengthens APD. At the boundary (Fig. 4 E,F), the current is large and negative,143

contributing to APD shortening [28]. Electrotonic currents are also larger for cell models with a sharper repolarization144

phase (see individual APs in Fig. 3), in agreement with previous results [28]. Despite specific AP morphology, the145

influence of fractional diffusion in increasing repolarization effects was consistent for all the studied cell models.146

Additionally, the above described effects of fractional diffusion on tissue depolarization also leave a smaller bulk147

of depolarizing current opposed to the increased electrotonic load over a wider extent of the domain, hence also148

contributing to APD shortening at distal locations of the tissue.149

The interplay between these two mechanisms is better illustrated in Fig. 5, where experimental APD patterns in150

neonatal rat monolayers [29] are analyzed against standard and fractional models of wavefront propagation. The151

neonatal rat parameterization [30] for the phenomenological model in [31] was used as cellular model, and a value152

of α = 1.5 was chosen for the fractional diffusion model due to the substantial degree of tissue inhomogeneities in153

cell cultures, as previously mentioned [23]. Although standard diffusion correctly reproduces the activation sequence,154

the resulting APD distribution is almost constant through the tissue (Fig. 5, second column). Instead, the increased155

electrotonic load plus the modulation of depolarizing currents in fractional diffusion result in a larger extent of APD156

shortening, as depicted in the third column of Fig. 5.157

To further appreciate the contribution of the depolarization phase to APD shortening, we also explored a modified158

model parameterization yielding a supplementary reduction in the model total inward current during its AP foot (see159

Methods). Results for fractional diffusion are contained in the last column of Fig. 5, showing a closer agreement in160

replicating the APD profile, whereas standard diffusion still yields an almost constant APD distribution (data not161

shown). Therefore, and even though these results do not exclude additional factors in the observed experimental APD162

patterns, they highlight the possible role that myocardial structure may have in modulating membrane currents and163

APD dispersion at tissue level.164
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C. The Modulated Dispersion of Repolarization165

Another important characteristic of cardiac tissue, due to its implications in arrhythmogenesis, is the nonlinear166

response referred to as APD restitution. Among existing protocols, the most clinically relevant is the standard or167

S1-S2 restitution. For steady-state conditions at a fixed S1 pacing cycle length, this protocol relates APD at any168

tissue point as a function of their preceding diastolic interval, APDn=f(DIn−1), under a premature S2 stimulus.169

Here DIn−1=CI-APDn−1 and CI is the coupling interval (time difference between S1 and S2 stimulations), whereas170

superscripts refer to the beat number.171

Due to the shortening of APD during propagation, a range of restitution profiles may also exist along the path172

of activation. Such an effect in APD restitution has been reported in human [19] and animal [21, 22] studies.173

Experimental evidence for one patient with healthy ventricles is presented in Fig. 6A. For each coupling interval,174

local APDs from numerous ventricular sites are plotted against their preceding DIs, and a local regression line is175

drawn. For test beats close to the basic cycle length (right side of the panel), the regression line has a slope of -1.176

As the coupling interval is shortened, DIs decreased and the restitution curve acted to reduce APD dispersion. This177

results in the progressive flattening of regression lines known as modulated dispersion of repolarization, with electrode178

sites having shorter DIs exhibiting a larger APD reduction compared to electrodes sites with longer DIs [19].179

The ability of the different propagation models in reproducing the modulated dispersion of repolarization was in-180

spected for human electrophysiology [25]. Figure 6B shows results for standard diffusion (α = 2). The APD difference181

between early and late activating sites is small in this case, due to the minimum role of standard diffusion in the182

inverse AT-APD relationship. More intriguing is the rapid inversion of DI-APD regression lines at medium and short183

coupling intervals, not observed in the in vivo data. Results for fractional diffusion models are also presented, for184

α = 1.75 (Fig. 6C) and α = 1.5 (Fig. 6D). As the fractional order α is decreased, not only does the APD difference185

between early and late activating sites increase, but the progressive flattening of regression lines is also recovered.186

Two factors are involved in the recovery of this gradual flattening. First, the APD decreases along the activation187

pathway; and secondly, there is an increased dispersion of local DIs in the tissue, as can be observed by comparison188

of Figs. 6B-D. Both factors are interrelated, since DIn−1=CI-APDn−1. Thus, the larger the APD dispersion in the189

basic beat, the bigger the resulting dispersion of DIs preceding the premature stimulus.190

An additional property known to interact with APD restitution in the modulation of APD patterns is conduction191

velocity (CV) restitution [32, 33]. Equivalently to APD restitution, this relates CV as a function of their preceding DIs,192

CVn=f(DIn−1). Fractional diffusion effects on CV restitution are investigated in Fig. 7. Only slight modifications in193

CV restitution profiles are observed at short DIs for decreasing α, due to the increased dispersion of local DIs for the194

fractional diffusion models. Therefore, fractional diffusion allows the reproduction of key properties in the dispersion195

of repolarization in cardiac tissue, without altering other important properties of cardiac conduction.196

III. DISCUSSION197

Clinical, experimental, and theoretical studies have suggested that structural heterogeneity may actively modulate198

the course of impulse propagation and recovery of excitability in cardiac tissue [12, 23, 30, 34]. However, limita-199

tions of conventional modeling techniques hamper our ability to provide novel insights into the influence of tissue200

microstructure in these regards. The new modeling framework presented in this contribution aims to probe math-201

ematical descriptions of cardiac tissue with the macroscopic effects of such structural heterogeneity. Our findings,202

analyzed in cellular models of human, dog, rabbit and neonatal rat electrophysiology, indicate that the secondary203

electrical sources created by myocardial inhomogeneities, as modeled by fractional diffusion, play a significant role in204

explaining a number of relevant characteristics of cardiac repolarization.205

Shortening of APD along the activation path has been reported in human and different animal species [19–21, 27].206

Importantly, this inverse AT-APD relationship is considered a natural protective mechanism of the intact heart207

[19], since as APD shortens, so does dispersion of repolarization, which is widely accepted as being arrhythmogenic208

[20, 35]. However, this property of wavefront propagation is not accurately reproduced by standard diffusion models209

of cardiac tissue, which yield almost entirely constant AT-APD distributions (Fig. 3). Our results suggest that tissue210

inhomogeneities assert a crucial role in the mode of action of electrotonic current flow, thus explaining the inverse211

AT-APD coupling and highlighting its implications as the underlying mechanism regulating the modulated dispersion212

of repolarization. They also indicate a tissue modulation of ionic currents acting during AP depolarization. Moreover,213

experimental evidences indicating a structural role of the tissue on membrane currents, and on the morphology of the214

initial part of the depolarizing phase, have been also reported [12, 23].215

On the other hand, several guinea pig studies have suggested that regional differences in the expression of ionic216

currents may underlie APD shortening during propagation [21, 22]. Whereas we cannot exclude their possible contri-217

bution to total APD dispersion, other experimental studies have shown electrotonic modulation of APD dominates218
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the effects of intrinsic differences in cellular repolarization characteristics [36]. Although the main goal of this work219

was to characterize the role of tissue heterogeneities in cardiac repolarization, it will be interesting to analyze how220

fractional diffusion modulates existing ionic gradients in cardiac tissue, and their contribution, for instance, to the221

body-surface electrocardiogram.222

The proposed models also represent a flexible approach to characterize the role of cardiac microstructure in electrical223

propagation in terms of computational tractability, since spatial discretization is retained at a mesoscopic and not224

subcellular scale. However, their numerical resolution can impose a number of constraints when compared to standard225

diffusion, since the fractional Laplacian yields full, instead of sparse, matrices. Nevertheless, new efficient techniques,226

that avoid the explicit calculation of the fractional operator, have been recently proposed for these types of systems [18,227

37]. In particular, and for sufficiently regular geometries, the methods presented in [18] achieve the same computational228

cost as associated to standard diffusion.229

Therefore, fractional diffusion models may have potential implications in advancing our understanding on the230

mechanisms of dispersion of repolarization and its modulation by premature beats, and thus vulnerability to and231

initiation of lethal arrhythmias. Finally, our findings indicate that fractional powers α < 2 reproduce many interesting232

tissue properties in a variety of human and animal cellular models. Although we have concentrated our analysis in233

the upper part of its allowable range, lower values of α are nevertheless admissible. This may represent, for example,234

disease conditions such as fibrotic tissue, but this remains to be analyzed in much greater detail, and a rigorous235

methodology needs to be developed to properly estimate these values. Different imaging modalities have been recently236

proposed to characterize fractional diffusion transport in neural tissue [16, 38], and they might be extended as well for237

their application to cardiac tissue. Importantly, we are not suggesting that there should be a unique value to represent238

heterogeneities. Rather, we suggest that there are ranges of suitable values of α in different settings (such as healthy239

or diseased states), and this is consistent with important new modeling approaches centered around the concept of240

populations of models to represent biological variability [39, 40]. All these points will be addressed in future work.241

IV. METHODS242

A. Biophysical Justification of Fractional Diffusion Models in Excitable Media243

Both the monodomain and the bidomain formulations of the cable equation are well accepted methodologies to244

describe the spread of electrical activity in excitable media [3]. The only difference between these modeling approaches245

and our proposed fractional diffusion models for heterogenous excitable media is the replacement of the diffusive term246

(which describes tissue coupling) in equation (1) by the fractional Laplacian, (−∆)α/2. None of the remaining terms247

are subject to additional changes or affected by any spatial dependence. In this section, we aim to provide a biophysical248

interpretation for this new coupling term, which captures the degree of structural heterogeneity in the tissue.249

In a statistical sense, the fractional reaction-diffusion process given by equation (1) can be viewed as describing250

the probability density function of an ensemble of particles undergoing a Lévy (jump) process [1, 2]. However, a251

further biophysical motivation is needed for our fractional diffusion models in our context of excitable media. In252

order to make our justification beyond Lévy walks, we resort to potential theory. Consider a homogeneous domain in253

three-dimensional space with conductivity σ and a source I at point (x, y, z). Then, the electric potential φ satisfies254

the solution of255

−∆φ =
I

σ
,

which at a field point (x′, y′, z′) is given by256

φ(x′, y′, z′) =
1

4πσ

∫

Ω

I

r
dV,

where r =
[
(x− x′)2 + (y − y′)2 + (z − z′)2

]1/2
. Thus the electric potential of a monopole I = I0δ(r) is given by257

φm(r) =
I0

4πσr
. (3)

Equivalently, the electric potential associated with a dipole (two adjacent monopoles of equal and opposite sign,258

separated by a small distance d) is, for r ≫ d259

φd(r) =
I0
4πσ

d cos θ

r2
, (4)
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where θ is the polar angle between the dipole and the field point.260

It is known that biological tissue gives rise to volume conductors that are inhomogeneous in essence, so that261

inhomogeneities can drive secondary sources once a primary source has established a field and current flows across262

the interface separating regions of different conductivities [4]. The contribution from those secondary sources can be263

written as264

φp(r) =
1

4πσp

∑

i

∮

Si

δσi · φi
~ar · d~S

r2
,

where Si denotes the i-th surface on which a discontinuity in conductivity, δσi, occurs. Here, ~ar is the unit radius265

vector from source to field and
∮
Si

represents the integral over surface Si.266

These secondary sources arising due to tissue inhomogeneities can be seen as a dipole modulation of a monopole,267

in that by letting the δσi go to zero we recover the original monopole, but at the other extreme we retrieve a dipole.268

This suggests a dependence on r ranging from 1/r to 1/r2. This insight allows to make the connection to fractional269

models in terms of Riesz potential theory [41, 42]. In R
N , the fractional Laplacian can be written as270

(−∆)α/2φ = Cα

∫

RN

φ(r)− φ(r′)

‖r − r′‖N+α
dr′

on a bounded domain with zero Dirichlet boundary conditions, while the case of reflecting boundary conditions has271

recently been considered [43]. Now, the solution of272

(−∆)α/2φ = f,

under the assumption that f is sufficiently regular and has compact support (so that it vanishes at infinity), can be273

written as274

φ(r) = (−∆)−α/2f =
1

Cα

∫

RN

f(r′)

‖r − r′‖N−α
dr′,

where275

Cα =
πN/2 2α Γ(α

2
)

Γ
(
N−α

2

)

and Γ(·) denotes the Gamma function. So, for N = 3 and f = I0δ(r)/σ, then for α = 2, Cα = 4π and φ(r) ∼ 1/r,276

which is consistent with the monopole described in equation (3). Equivalently, for α = 1 the dipole dependence277

φ(r) ∼ 1/r2 in equation (4) is recovered. Intermediate values 1 < α ≤ 2 can thus be interpreted as a smooth278

transition between these two types of electric potentials, representing a biological tissue with increasing degree of279

inhomogeneities as α approaches its ballistic lower limit. Analogous continuity arguments have been used in other280

applications of fractional calculus to electrostatic theory [44–46]. Similarly, fractional models have been effectively281

applied to describe the presence of impurities in semiconductor heterostructures [47], where the generalization of282

fractal conductance, depending on restrain conditions in charge movement, has been also proposed [48, 49].283

B. Parameterization of Models284

Macroscopic properties of cardiac tissue, such as CV, must be captured by the specific propagation model regardless285

of its mathematical description. The diffusion coefficient Dα in equation (1) was thus adjusted for the fractional286

models to match the CV in standard diffusion (α = 2), as measured in the center of tissue cables of 2 cm length. For287

standard diffusion, a diffusion coefficient of 0.1 cm2/s was used for neonatal rat models [30], whereas values of 1.2,288

1.0 and 1.4 cm2/s were used for human, dog and rabbit models, respectively, to yield a CV of 70, 58 and 67 cm/s as289

experimentally reported.290

All cellular models representing the species dependent Iion term in equation (2) were coded using their curated291

implementations in the CellML repository (http://models.cellml.org/electrophysiology). Model parameters292

were only modified in the neonatal rat model [30, 31], by using τso1 = 45 (+27%) and τo2 = 15 (+50%), in order to293

match experimental APD values close to the stimulus site [29]. The main effect of a wider AP foot in the dynamics of294

this simplified model is to increase the decay of its w gate during depolarization, which controls the model slow inward295

current. To further accentuate this mechanism, we considered an additional model parameterization with faster w296

inactivation. This was achieved by setting w∗

∞
= 0.5 (-41%), u−

w = 0.1 (+90%), τ−w1 = 35 (-34%), k−w = 2.5 (-96%).297

Numbers in parentheses indicate percent of variation with respect the original model parameterization.298
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C. Protocols for Validation against Experimental Data299

Tissue models were initialized with single-cell steady-state conditions at the specified cycle lengths, and paced300

as indicated in the main text until the relative difference in ∆APD was less than 0.5% in two consecutive heart301

beats. AT was determined at the steepest upstroke of the AP, whereas RT was quantified at a specified per cent302

of repolarization (80% for neonatal cell cultures, 90% for the biophysically detailed cell models, matching reported303

experimental conditions). APD was measured as the difference between the repolarization and activation times.304

Dispersion in any of these values was measured as the difference between the maximum and minimum values obtained305

over the entire domain.306

APD restitution curves were calculated in one-dimensional cables of 4 cm length. The cable was paced until steady-307

state at one end with a stimulus of strength 2×diastolic threshold and a cycle length of 1000 ms, then introducing308

test pulses over a range of different coupling intervals. The resulting DI-APD pairs were computed for all points in309

the tissue.310

D. Numerical Techniques311

One-dimensional simulations were performed using a semi-implicit Fourier spectral method [18], whereas a finite dif-312

ferences discretization of the Laplacian in polar coordinates, raised to the fractional power α/2, was used for the numer-313

ical solution of tissue monolayers. Temporal and spatial resolutions of ∆ t = 0.0025 ms and ∆ x = 1/64 cm ≈ 150 µm314

were used in all models. Non-flux boundary conditions were imposed to ensure conservation of charge.315
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[27] Costard-Jäckle A., Goetsch B., Antz M. & Franz M.R. Slow and long-lasting modulation of myocardial repolarization368

produced by ectopic activation in isolated rabbit hearts. Evidence for cardiac “memory”. Circulation 80, 1412–1420 (1989)369

[28] Cherry E.M. & Fenton F.H. Effects of boundaries and geometry on the spatial distribution of action potential duration in370

cardiac tissue. J Theor Biol 285, 164–176 (2011)371

[29] Badie N. & Bursac N. Novel micropatterned cardiac cell cultures with realistic ventricular microstructure. Biophys J 96,372

3873–3885 (2009)373

[30] Kim J.M., Bursac N. & Henriquez C.S. A computer model of engineered cardiac monolayers. Biophys J 98, 1762–1771374

(2010)375

[31] Bueno-Orovio A., Cherry E.M. & Fenton F.H. Minimal model for human ventricular action potentials in tissue. J Theor376

Biol 253, 544–560 (2008)377

[32] Fenton F.H., Cherry E.M., Hastings H.M. & Evans S.J. Multiple mechanisms of spiral wave breakup in a model of cardiac378

electrical activity. Chaos 12, 852–892 (2002)379

[33] Cherry E.M. & Fenton F.H. Suppression of alternans and conduction blocks despite steep APD restitution: electrotonic,380

memory, and conduction velocity restitution effects. Am J Physiol Heart Circ Physiol 286, H2332–H2341 (2004)381

[34] Engelman Z.J., Trew M.L. & Smaill B.H. Structural heterogeneity alone is a sufficient substrate for dynamic instability382

and altered restitution. Circ Arrhythm Electrophysiol 3,195–203 (2010)383

[35] Coronel R., Wilms-Schopman F.J.G., Opthof T. & Janse M.J. Dispersion of repolarization and arrhythmogenesis. Heart384

Rhythm 6, 537–543 (2009)385

[36] Myles R.C., Bernus O., Burton F.L., Cobbe S.M. & Smith G.L. Effect of activation sequence on transmural patterns of386

repolarization and action potential duration in rabbit ventricular myocardium. Am J Physiol Heart Circ Physiol 299,387

H1812–H1822 (2010)388

[37] Burrage K., Hale N. & Kay D. An efficient implicit FEM scheme for fractional-in-space reaction-diffusion equations. SIAM389

J Sci Comput 34, A2145–A2172 (2012)390

[38] Magin R.L., Ingo C., Colon-Perez L., Triplett W. & Mareci T.H. Characterization of anomalous diffu-391

sion in porous biological tissues using fractional order derivatives and entropy. Microporous Mesoporous Mat392

http://dx.doi.org/10.1016/j.micromeso.2013.02.054 (2013)393

[39] Britton O.J. et al. Experimentally-calibrated population of models predicts and explains inter-subject variability in cardiac394

cellular electrophysiology. Proc Natl Acad Sci USA, 10.1073/pnas.1304382110 (2013)395

[40] Walmsley J. et al. mRNA expression levels in failing human hearts predict cellular electrophysiological remodeling: a396

population-based simulation study. PLoS ONE 8, e56359 (2013)397
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FIGURE LEGENDS424

Figure 1. Effects of fractional diffusion on tissue depolarization, recorded in the center of a 4 cm cable in length.425

A: Fractional propagation models (α=1.75, green; α=1.5, blue) significantly increase action potential foot width426

when compared to standard diffusion (α=2, red). Experimental data (dashed black line) illustrate a representative427

depolarization wavefront in healthy canine ventricular myocardium during longitudinal propagation. B: Phase-plane428

trajectories during depolarization for the different values of the fractional power α, indicating a concave deviation429

from linearity in the fractional models as experimentally reported (inset). Experimental data modified from [23].430

Figure 2. Peak value distributions (µA/µF) for the three predominant currents during depolarization for human431

(left) and canine (right) cell models, measured in a tissue cable of 4 cm length stimulated at its boundary. Despite432

displaying the same magnitudes at the distal boundary, fractional propagation models (α=1.75, green; α=1.5, blue)433

significantly increase the range of influence of this region compared to standard diffusion (α=2, red).434

Figure 3. Left: experimental AT-APD relationships in human (A), canine (C) and rabbit (E) cardiac tissue435

(modified from [19, 20, 27]). Linear regression fits indicate an inverse correlation between both magnitudes. Right:436

fractional effects in APD dispersion for human (B), dog (D) and rabbit (F) cell models. Color indicates fractional437

derivative order (α=2, red; α=1.75, green; α=1.5, blue). Solid and dashed lines denote shorter and longer tissue cables438

(2 and 4 cm length, halved for rabbit simulations), stimulated at their left boundary (2×threshold; 2 ms duration;439

1 Hz pacing for human and canine, 2 Hz for rabbit). APD dispersion is substantially larger in the fractional diffusion440

models, closer in magnitude and morphology to the experimental values. Insets show single-cell action potentials for441

the different cell models (horizontal bars scale, 100 ms; vertical bars, 50 mV).442

Figure 4. Diffusive repolarization currents for human and canine cell models at proximal (A,B), intermediate (C,D)443

and distal (E,F) locations from stimulus site, measured in a tissue cable of 4 cm length stimulated at its boundary.444

Coupling currents are substantially increased at all sites for fractional models (α=1.75, green; α=1.5, blue) compared445

to standard diffusion (α=2, red).446

Figure 5. Activation sequence (A1) and APD distribution (B1) in isotropic neonatal rat monolayers (from [29],447

with permission). The experiment consists in a circular isotropic monolayer of 17 mm of diameter, stimulated at its448

center (1.2×threshold; 10 ms duration; 2 Hz pacing). All tissue models are able to replicate the activation map (A2-449

A4). However, standard diffusion produces an almost constant APD distribution (B2). Fractional diffusion models450

yield APD profiles in better agreement with the experimental results (B3-B4). Representative action potential traces451

demonstrate decrease in APD with distance from the pacing site for the fractional models.452

Figure 6. Global DI-APD relationship changing with premature coupling interval in a standard restitution pro-453

tocol. A: Experimental data from multiple recording sites from healthy human endocardium (modified from [19]).454

Linear regression lines are shown for APD versus DI at each test coupling interval, exhibiting a progressive flattening455

of slope as the coupling interval shortens. B: Global DI-APD dependence in a simulated cable of human cardiac456

tissue of 4 cm length using standard diffusion (α=2). Not only is dispersion between early and late APD restitution457

curves small, but regression lines manifest a rapid inversion of slopes at short coupling intervals. C, D: Global DI-458

APD dependence for fractional diffusion models (α=1.75 and α=1.5, respectively). The separation between early and459

late APD restitution curves increases for decreasing fractional order α, also recovering the progressive flattening of460

regression lines.461

Figure 7. Conduction velocity restitution profiles in a human model of cardiac electrophysiology, measured at462

proximal (A), medial (B) and distal (C) locations in a tissue cable of 4 cm length. Recording sites are, respectively,463

located at 1, 2 and 3 cm from the stimulated boundary. Insets provide details of CV restitution at short diastolic464

intervals, whereas color indicates derivative order (α=2, red; α=1.75, green; α=1.5, blue).465
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