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Abstract We consider the transport of vapour caused by the evaporation of a thin, axisymmetric, partially wetting
drop into an inert gas. We take kinetic effects into account through a linear constitutive law that states that the mass
flux through the drop surface is proportional to the difference between the vapour concentration in equilibrium
and that at the interface. Provided that the vapour concentration is finite, our model leads to a finite mass flux in
contrast to the contact-line singularity in the mass flux that is observed in more standard models that neglect kinetic
effects. We perform a local analysis near the contact line to investigate the way in which kinetic effects regularize
the mass-flux singularity at the contact line. An explicit expression is derived for the mass flux through the free
surface of the drop. A matched-asymptotic analysis is used to further investigate the regularization of the mass-flux
singularity in the physically relevant regime in which the kinetic timescale is much smaller than the diffusive one.
We find that the effect of kinetics is limited to an inner region near the contact line, in which kinetic effects enter at
leading order and regularize the mass-flux singularity. The inner problem is solved explicitly using the Wiener—Hopf
method and a uniformly valid composite expansion is derived for the mass flux in this asymptotic limit.
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1 Introduction

The evaporation of a liquid drop on a solid substrate has many important biomedical, geophysical, and industrial
applications. Such applications include DNA mapping and gene-expression analysis, the water cycle, and the
manufacture of semiconductor and micro-fluidic devices (see, for example, [1-7] and references therein). Modelling
mass transfer from a partially wetting liquid drop is complicated because one must consider the transport of mass,
momentum, and energy within and between three phases: the solid substrate, the liquid, and the surrounding
atmosphere (assumed here to be a mixture of the liquid vapour and an inert gas). A key ingredient of any such
model is an expression for the mass flux across the liquid—gas interface.

A commonly used model of a drop evaporating into an inert gas is the ‘lens’ model [2,5,8-12]. The lens model
is based on the assumptions that the drop is axisymmetric, the vapour concentration field is stationary, and the
vapour immediately above the liquid—gas interface is at thermodynamic equilibrium, with the equilibrium vapour
concentration being constant. These assumptions imply that evaporation is limited by the diffusion of vapour away
from the interface. Notably, however, the lens model is thought not to apply to water [2,11].

The ‘lens’ model is so-called because the mixed-boundary-value problem for the vapour concentration is mathe-
matically equivalent to that of finding the electric potential around a lens-shaped conductor [10, 13]. Furthermore, if
the drop is thin, this problem reduces to one equivalent to that of finding the electric potential around a disc charged to
a uniform potential. The analytical solution of this electrostatic problem [14], translated to the evaporation problem,
shows that the mass flux E* per unit area per unit time has the form

1

where R is the radius of the circular contact set and r* is the distance from the axis of symmetry of the thin drop. The
expression (1) for the mass flux has an inverse-square-root singularity at the contact line. Since this singularity is
integrable, the total mass flux out of the drop is not singular, and physically reasonable predictions for the evolution
of the drop volume are obtained even without regularization of the mass-flux singularity [10, 12]. However, the need
to supply a diverging mass flux means that there is a singularity in the depth-averaged radial velocity of the liquid
flow within the drop [10, 12]. Such a divergent velocity is clearly unphysical. In reality the mass flux at the contact
line must be finite. Relaxing the assumption that the vapour concentration is stationary affects only the coefficient of
the singularity. Instead, the assumption that the vapour immediately above the liquid—gas interface is at equilibrium
must be invalid in the vicinity of the contact line.

If the gas phase surrounding the drop instead consists of its vapour only (and no inert gas), an alternative boundary
condition to apply on the liquid—gas interface is the Hertz—Knudsen relation, derived from the kinetic theory of
gases [15]. The Hertz—Knudsen relation states that the mass flux across the drop surface per unit area per unit time
is proportional to the difference between the equilibrium vapour density and the density of the vapour immediately
above the drop. Formulated in terms of the vapour concentration (rather than the vapour density), on the free surface
of the drop, we have

E* = Mu(ck — c"), ()

where M is the molar mass of the liquid vapour, vy is a typical kinetic velocity (which we define later in the paper),
c} is the equilibrium vapour concentration, and ¢* is the vapour concentration at the interface. It is immediately
apparent from the expression (2) that, provided the vapour concentration c¢* is finite, the mass flux is non-singular.
The Hertz—Knudsen relation or the modified versions formulated in terms of vapour pressure, density, or temperature,
have previously been used to model the evaporation of thin films [16], vapour bubbles in microchannels [17], and
droplet evaporation on a precursor film [18]. While the assumptions required to derive the Hertz—Knudsen relation
are not strictly satisfied when an inert gas is present, there is some experimental evidence that the Hertz—Knudsen
relation is valid in such situations [19]. A possible explanation for this is that immediately above the drop, the
gas phase is almost entirely vapour. It may therefore be reasonable to use the Hertz—Knudsen relation to model
evaporation into an inert gas [20,21].
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Mass-flux singularity of a thin evaporating drop 49

To close a model based upon the Hertz—Knudsen relation (2), it is necessary to prescribe a constitutive law
for the equilibrium vapour concentration ¢ (of course, such a constitutive law is also necessary if one makes the
equilibrium assumption that ¢* = ¢} on the liquid—gas interface). The simplest choice of constitutive law is to
assume that the equilibrium vapour concentration is constant (as in the lens model). For a constant equilibrium
vapour concentration, a kinetics-based model has the major advantage that, to leading order in the thin-film limit,
the vapour transport problem depends on the liquid flow solely through the geometry of the contact set (and not
through the drop thickness). This means that the vapour transport problem may be solved independently of the
liquid problem. In this study, we shall exploit the simplicity of a kinetics-based model with a constant equilibrium
vapour concentration to perform a mathematical analysis of the model and investigate the way in which kinetic
effects regularize the mass-flux singularity.

Another possible constitutive law for the equilibrium vapour concentration is Kelvin’s equation; this takes into
account the variation in vapour pressure due to the curvature of the liquid—gas interface [22]. This approach has
been used to model the evaporation of liquid drops in the presence of an ultra-thin precursor film that wets the
substrate ahead of the drop [8,23]. In the bulk of the drop (away from the contact line), the dominant term in a
linearized version of Kelvin’s equation is independent of the drop thickness. As a result, in an outer region away
from the contact line, a constant vapour concentration is prescribed on the liquid—gas interface and the mass flux
appears to have a singularity at the contact line [23]. This singularity is in fact regularized in an inner region in
the vicinity of the contact line, in which the other terms in Kelvin’s equation become important [24]. In problems
with a moving contact line, this evaporation model has the significant advantage that it also regularizes the stress
singularity at the contact line [25,26]. Another advantage is the compatibility of the model with a precursor film;
there is experimental evidence that such films exist in at least some parameter regimes [27,28]. We shall neglect
the Kelvin effect in this paper, and establish a posteriori the regimes in which it is appropriate to do so (see
Appendix 6).

In this paper, we adopt a linear, kinetics-based constitutive law for the mass flux across the liquid—gas interface,
inspired by the Hertz—Knudsen relation (2); we assume that the equilibrium vapour concentration is constant. We will
have two main goals. The first is to investigate the way in which kinetic effects regularize the mass-flux singularity
at the contact line. The second is to derive an explicit expression for the evaporation rate. In Sect. 2, we formulate
and non-dimensionalize the mixed-boundary-value problem for the vapour concentration. In Sect. 3, we perform a
local analysis of both the lens evaporation model and the kinetics-based model to investigate the regularization of
the mass-flux singularity at the contact line. In Sect. 4, we solve the mixed-boundary-value problem formulated in
Sect. 2 to obtain an explicit expression for the evaporation rate. In Sect. 5, we perform an asymptotic analysis in
the physically relevant limit in which the timescale of vapour diffusion is much longer than the timescale of kinetic
effects to gain further insight into how kinetic effects regularize the mass-flux singularity. We find that there is an
outer region away from the contact line where the equilibrium assumption (which leads to the mass-flux singularity)
is recovered from our constitutive law and an inner region near the contact line where kinetic effects regularize the
mass-flux singularity. The inner problem is solved explicitly using the Wiener—Hopf method, allowing us to derive
a uniformly valid composite expansion for the mass flux in this asymptotic limit. In Sect. 6, we summarize our
results and outline some possible directions for future work.

2 Formulation

We consider a three-dimensional, axisymmetric drop on arigid, flat, impermeable substrate. We introduce cylindrical
polar coordinates (r*, z*) measuring the radial distance from the axis of symmetry of the drop and the normal distance
from the substrate, respectively (here and hereafter, starred variables denote dimensional quantities). The contact
set of the drop is 0 < r* < R, so that (r*, z*) = (R, 0) is the location of the contact line (at which the drop
thickness vanishes). A mixture of liquid vapour and an inert gas occupies the region above the drop and substrate.
A definition sketch is shown in Fig. 1. We assume that the drop is thin: the slope everywhere is comparable to the
microscopic contact angle, @ < 1. Thus, the vertical extent of the drop is much smaller than the radius of the
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Fig. 1 Definition sketch. z
Cylindrical polar
coordinates (r*, z*)
measure the radial distance
from the axis of symmetry
of the drop and the normal
distance from the substrate,
respectively. The location of
the contact line is

(r*, 7%) = (R, 0).

Vapour +
inert gas

circular contact set of the drop; since the latter is the relevant lengthscale for the transport of liquid vapour, the gas
phase occupies the region z* > 0 to leading order in the limit of a thin drop.

We assume that the dynamics of the vapour may be reduced to a diffusion equation for the vapour concentration
¢*, with constant diffusion coefficient D. We further assume that the timescale of vapour diffusion is much shorter
than the timescale of the liquid flow (a common assumption in the literature [9,10,12]). Thus, transport of the
vapour is governed to leading order in the thin-film limit by Laplace’s equation, with

V2e* =0 forz* > 0. 3)
We assume that the vapour concentration in the far field takes a constant value c, so that
> oo asr? 472 > 00, ¥ > 0. 4

The inert gas is assumed to be insoluble in the liquid, so that the mass flux E* across the interface per unit area
per unit time is entirely accounted for by the mass flux of liquid vapour. Since the substrate is impermeable, we
have a condition of no flux of vapour through the substrate. After linearizing the boundary condition on the surface
of the drop onto z* = 0, we obtain, to leading order in the thin-film limit, the boundary conditions

ac* k * *
—DM =FE" onz=0,0<r" <R, 5)
daz*
a k
% _o onz*=0, r* > R, (6)
az*

where M is the molar mass of the liquid vapour.
We assume that the mass flux out of the drop is governed by a linear constitutive law, given by

E* = Mv(ce — ™), @)

where the equilibrium vapour concentration c. is a constant. The constitutive law (7) is inspired by the Hertz—
Knudsen relation [15]. As discussed in Sect. 1, the Hertz—Knudsen relation is strictly only valid when the gas phase
consists of pure vapour. However, there is experimental evidence that it may be valid for a vapour—inert gas mixture
[19], and it has previously been used to model such situations [20,21]. The constant vy is a typical kinetic velocity,
given by
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Mass-flux singularity of a thin evaporating drop 51

R.T 1/2
n=o(p) ®

where R, is the universal gas constant and Tij is the interfacial temperature. The (dimensionless) evaporation coef-
ficient o is the fraction of the maximum possible evaporating flow rate that actually occurs [15]. One disadvantage
of the constitutive law (7) is that the evaporation coefficient o, is difficult to estimate; although a value of unity has
been reported for many standard liquids, smaller values (anywhere between about 10~# and 1) have been reported
in other cases.

A quantity of interest is the surface-integrated flux out of the drop Q*, given by

R
0 = 271/0 r*E*(r*)dr*. 9)

The quantity Q* is needed to determine the evolution of the volume of the drop and thus the extinction time (at which
the drop volume vanishes), even in models that do not consider the detailed hydrodynamics of motion [29,30].

We see that if the contact line is pinned (so that the contact-set radius R is constant) the model (3)—(7) is
independent of time—i.e. the problem is steady. If instead the contact line is allowed to move (so that R depends
on time), then the problem is quasi-steady; the time dependence would become important if the expression that we
ultimately derive for the mass flux were to be used as an input for a model for the evolution of the liquid drop.
We shall use the contact-set radius R as a typical lengthscale on which to non-dimensionalize, suppressing the
dependence of R on time in the case that the contact line is allowed to move. Thus, the expression that we shall
ultimately derive for the evaporation rate will be valid for drops with either pinned or moving contact lines.

We non-dimensionalize (3)—(7) by scaling r* = Rr, z* = Rz, ¢* = cx + (ce — ¢0)c, and E* =
DM (ce — cxo) E/R. We obtain thereby the following mixed-boundary-value problem for the dimensionless vapour
concentration c¢(r, z):

V¢ =0 forz >0, (10)

c—0 asr2+z2—>oo,z>0, (11)
0

—a—C=Pek(1—C) onz=0,0<r<l, a2
z

0

0 onz=0r>1, (13)

0z

where non-dimensionalization has introduced a dimensionless parameter, namely the kinetic Péclet number,

Pey = —=. (14)
The kinetic Péclet number is the ratio of the timescales of diffusive and kinetic effects (over the radius of the circular
contact set of the drop: R?/D and R /vy, respectively) and is the only parameter remaining in the problem following
non-dimensionalization. We note the physical significance of two extreme cases: Pex = 0 corresponds to the case
of no mass transfer, while Pey = oo corresponds to the case in which the vapour immediately above the free surface
is at thermodynamic equilibrium, so thatc = 1 onz = 0, 0 < r < 1. Since this is the limit used in the lens model,
we expect to obtain a diverging mass flux at the contact line as Pey — oo (as will be discussed in Sect. 3.1). In
Table 1, we give typical values of the relevant physical parameters for various liquids and various drop radii. We
see that the kinetic Péclet number may take a wide range of values, but that it is at least moderately large for all but
very small drops.
The key quantity of interest, the dimensionless evaporation rate E (r), is given by

a
E(r)=—5|  =Pe[l —c(r,0)] for0<r<1. (15)
9z z=0
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Table 1 Values of the physical parameters used in the model for hexane, isopropanol, and HFE-7100 at 25°C and 1atm [11,21,31,32]

Hexane Isopropanol HFE-7100
D (cm?2, s 1) 0.03 0.096 0.061
M (gmol ™) 86.2 60.1 250
¢ (molm™3) 0.02 22 10.9
v (ms™!) 67.6 81.0 28.1
Pey,R = 1 mm (-) 2.2 x 10* 8.4 x 103 4.6 x 103
Pex, R = 10 um (-) 220 84 46

The equilibrium vapour concentration c. is evaluated using the saturation vapour pressure. In calculating the typical kinetic velocity vk
from (8), we assume that the evaporation coefficient o. = 1 and that the interfacial temperature Tj, is constant at 25°C. We assume
that coo = 0 for each of the liquids in the table. The kinetic Péclet number Pey = Ruvg /D is given for (thin) drops with contact-set radii
R =I1mmand R = 10 pum

A related quantity of interest, and a useful proxy, is the evaporation rate at the contact line, £(17); the liquid motion
has a strong dependence upon the size of this quantity [33]. We note that with Pex = oo, E(17) is not defined.
Non-dimensionalization implies that Q* = DM (ce — co) R Q, where the total (dimensionless) flux out of the drop
Q is given by

1
0= 271/0 rE@r)dr. (16)

We emphasize that the three quantities E(r), E(17), and Q are all functions of the kinetic Péclet number Pey. They
therefore depend on the contact-set radius R (but not, in the thin-film limit, on the drop thickness).

3 Local analysis near the contact line

In this section, we perform a local analysis near the contact line of both the lens model and the kinetics-based
model (considering the former puts the latter into context). This will demonstrate explicitly that the lens model has
a mass-flux singularity at the contact line, while the kinetics-based model does not. Comparing the local expansions
for the two models should also give us some insight into the way in which the kinetics-based model regularizes the
mass-flux singularity.

3.1 Lens model

For the lens model, the boundary condition (12) is replaced by
c=1 on z=0,0<r<1. (17)

As noted earlier, this may be viewed as a special case of (12) with Pex = oo. Recall that the lens model (10), (11),
(13), and (17) is mathematically equivalent to the problem of finding the electric potential around a disc charged
to a uniform potential [14]. Assuming continuity of ¢ at r = 1, this electrostatic problem has an exact solution
[34,35], given by

- —1 2
s — . (18
(.2 = sin («r_1>z+zz>l/2+<<r+1>2+z2>“2> |
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We deduce from (18) that the evaporation rate is given by

E(r) = forO<r < 1. (19)

7(1l —r2)l/2
We note from (19) that the total flux, Q = 4, is finite.
From the exact solution (18), we deduce that the local expansion of the solution near the contact line is given by

23/2 0
c(r,z) ~1— —p1/2 cos(—), (20)
b4 2

as p — 07, 0 < 6 < m, where (p, 0) are local polar coordinates defined by r = 1 4 pcosf, z = psinf. The
corresponding evaporation rate near the contact line has the local expansion

2 1/2
E(}’)"’m asr — 17. (21)
Thus, we see clearly that there is an inverse-square-root singularity in the evaporation rate at the contact line, » = 1.
In Appendix 1, we show how this singularity leads to a singularity in the depth-averaged radial velocity of the liquid
drop, which is unphysical.

3.2 Kinetics-based model

We now return to the mixed-boundary-value problem (10)—(13) for finite Pex. We assume that ¢ is continuous at the
contact line and takes the value cr (Pey) there, with ¢, (Peg) not equal to 0 or 1. Under these assumptions, a local
analysis near the contact line implies that

c(r,z) ~ cL(Pey) + wp[(cos 0)(log p) — 0 sin O], (22)

as p — 0T for 0 < 6 < 7, where ¢ (Pey) is a degree of freedom. We then use (15) to find that the local expansion
for the evaporation rate E (r) near the contact line is given by

E(r) ~ Peg[l — cL(Pek)][l + Pn&(l —r)log(l — r)j| asr — 17. (23)

In particular, this implies that the evaporation rate at the contact line E(17) is given by
E(17) = Peg[1 — cL(Peg)]. 24)

Thus, the evaporation rate at the contact line (and everywhere else) is finite. In Appendix 1, we show that the
depth-averaged radial velocity of the liquid drop is also finite.

We recall that the lens model is a special case of the kinetics-based model with Pex = oo. Thus, for the local
expansions (20) and (22) to be in agreement, it must be the case that

cL(Pey) — 1 as Pey — oo, (25)

but with ¢, < 1 for finite Pey. Hence, we will be interested in determining the degree of freedom c|_ (Pey) by solving
the mixed-boundary-value problem (10)—(13).

4 Explicit expression for the evaporation rate

We shall now solve the mixed-boundary-value problem (10)-(13). An important aim of this calculation is to
determine the degree of freedom cr. (Pey), appearing in (22), which will put the results of Sect. 3 in context. We will
also obtain an explicit expression for the evaporation rate; this expression would be a key ingredient in investigations
of the evolution of the drop.
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4.1 Solution of the mixed-boundary-value problem

We note that the mixed-boundary-value problem (10)—(13) is mathematically equivalent to that of finding the
temperature around a partially thermally insulated disc whose exterior is completely insulated; this problem was
solved by Gladwell et al. [36] using Hankel, Fourier cosine, and Abel transforms, as well as properties of Legendre
polynomials. The solution is given by

00 1
c(r,z) = / / f(x)cos(kx)Jy (kr)e % dx dk, (26)
0 0

where Jo(kr) is the Bessel function of first kind of order zero, and the function f(x) satisfies the Abel integral
equation given by

L1d b xf) W
_ a;d_r o dx +/0 RN dx =1 forO<r < 1. 27

By writing f(x) = fo;o ay sin[(2n 4+ 1) cos~ ! (x)] and expanding (27) in Legendre polynomials [36], we obtain

0 o) 1
c(r,z) = Zan(Pek) / / sin[(2n + 1) cos ™! x] cos(kx)e X Jo (kr) dx dk, (28)
=0 0 0

where the coefficients a, (Pey) satisfy a system of infinitely many linear algebraic equations, given by

Qn+ D ad
——a, (Pex) + Z bpnay, (Pex) = 8o, forn=0,1,2,..., (29)
2Pey
m=0
where
b 1 1 n 1 1 1 (30)
" 2\2m42n+1 0 2m—2n+1 2m4+2n+3 2m—2n—1)
and J,, is the Kronecker delta.
Using (15) we deduce that, for 0 < r < 1, the evaporation rate is given by
0 oo prl
E(r) = Z a, (Pey) / / sin[(2n + 1) cos™! (x)]k cos(kx)Jo(kr) dx dk. 31
0 0

n=0
We integrate by parts once with respect to x and then change the order of integration. The resulting integral with
respect to k may be evaluated explicitly, yielding

cos[(2n + 1) cos~L(x)]
(x2 _ r2)1/2(1 _ x2)1/2

00 1
E(r) = Z(Zn + Day (Pey) f dx, (32)

n=0

for 0 < r < 1. From this expression it is not clear, without further analysis, how E behaves as the contact line is
approached, i.e. asr — 17.
In Appendix 2, we analyse (32) as ¥ — 17 to find that the evaporation rate at the contact line E(17) is given by

E(17) = T i(Zn + 1)a, (Pex) (33)
= ) n k)-

n=0
By comparing the expression (33) for the evaporation rate at the contact line to the earlier expression (24) for the

same quantity in terms of the concentration cr (Pey) at the contact line, we deduce that

E(17)

P =1-
cL(Pey) Pey

T o0
1— per ,gagn + Day, (Pey). (34)
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In practical applications, we may be interested in the total flux out of the drop, Q, given by

00 1 1 —1
0 =27 2n + Da(Per) / / reosl@n+ heos” Iy g, (35)
=0 0 Jr

(x2 _ r2)1/2(1 _ x2)1/2

We switch the order of integration since the integral with respect to r can be evaluated analytically. We then evaluate
the remaining integral via the substitution x = cos(6) to obtain

72ag(Pey)

0="—2—. (36)

which is finite (as is also the case for infinite kinetic Péclet number).

4.2 Computing the evaporation rate

We have now deduced expressions for the evaporation rate E(r) for 0 < r < 1, the concentration cy. (Pey) at the
contact line, the evaporation rate at the contact line £ (17), and the total flux out of the drop Q in terms of a set of
coefficients a, (Pey) that satisfy a system of infinitely many linear algebraic equations (29). We shall now describe
how to solve numerically this algebraic system and thus how to compute the evaporation rate in practice.

Previous work has shown that the system is regular [37] (in the sense that a,+1 < a, as n — 00) and may
therefore be solved by truncation. In Fig. 2a, we plot a, (Pey) as a function of n for several values of Pey. We observe
that @, = O(n™*) as n — oo; this rapid decay confirms that truncating the system (at a suitably large value of 1)
is appropriate.

It remains to determine a suitable value of n at which to truncate the system (29). We define the truncation error
Ty (Pey) in the evaporation rate at the contact line by

Eaum (Pey) — Epr(Pey) u
Ty (Pey) = . Em(Pey) = Y (2n + Day(Pey), 37
m (Pey) Exn (Pev) m (Pey) n=0( n + Da, (Pey) (37)

where the coefficients a, satisfy the system (29) truncated at n = M. We define M*(Pey) to be the smallest value of
M for which Ty (Pey) < 10~*. We calculate M* for a range of values of Pe to create a lookup table, and then the
value of M* for general Pey is determined by spline interpolation (rounding up to the nearest integer). We plot M*
as a function of Pey in Fig. 2b. Thus, to compute the coefficients a, (Pex) in practice, we first use a lookup table and
spline interpolation to determine a suitable value n = M*(Pey) at which to truncate the system (29). The resulting
finite linear algebraic system is then solved using MATLAB’s backslash command (since the system is symmetric
positive definite, this uses Cholesky factorization).

(a) 10° (b) 104 (c) 1
08 fF == == = = === o
1074 .
- ~ 103 =
& & 0.6 Pey increasing
& 108 & a
3 ¥ T
N = 02 o)
10712 A
Pey increasing
-16 1 J
10 0 1 2 3 s 105 1 2 3 4 0
10 10 10 10 10 10 10 10 10 10 0 02 04 06 08 1
n Pey r
Fig. 2 a The coefficients a,(Pey) that solve the algebraic system (29) truncated at n = 10%, as a function of n for Pey =

10', 102,103, 10*. b The value n = M*(Pey) at which the algebraic system (29) should be truncated so that the truncation error
(37) is below 107, ¢ Scaled evaporation rate Pey"1/2E (r) as a function of r for Pey = 101, 102, 103, 10*. The dashed line shows the
apparent large-Pey asymptote (38) for the evaporation rate at the contact line (details in text)
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Once the coefficients a, (Pex) have been determined numerically, the evaporation rate E(r) is approximated by
(32) with the sum truncated at n = M*(Pey). The integral in (32) is evaluated numerically using the integral
command in MATLAB. We check convergence in the usual way by reducing the error tolerances. We plot a scaled
evaporation rate Pey ~!/2 E(r) as a function of r for several values of Pey in Fig. 2c. We see that the evaporation rate
is everywhere finite for the values of Pey plotted (which we note from Table 1 covers physically realistic values).

We note from Fig. 2c that for large values of Pey there appears to be a boundary layer near to the contact line
in which the evaporation rate is much larger. We also observe from Fig. 2c¢ that there appears to be a large-Pey
asymptote for the evaporation rate at the contact line of the form

E(17)~ ozPekl/2 as Pex — oo, (38)

for some constant @ &~ 0.798 (with this asymptote presented as the dashed line in Fig. 2¢). We deduce from (34)
that cp (Pex) < 1 for finite Peg and that c;, — 17 as Pex — o0, in agreement with our local analysis. Together with
the fact that Pey is typically large in practice (see Table 1), this motivates us to undertake an asymptotic analysis
of the limit Pey — oo. It is not obvious how to find the coefficients a, (Pex) as Pex — oo in the algebraic system
(29), nor is it obvious how to analyse the integral equation (27) as Pex — o0, so we instead proceed by analysing
the mixed-boundary-value problem (10)—(13) rather than the exact solution (32).

5 Asymptotic analysis in the limit of large kinetic Péclet number

In this section, we perform a matched-asymptotic analysis of the limit Pex — oo to gain further insight into the
way in which kinetic effects regularize the mass-flux singularity at the contact line. This is a singular perturbation
problem; the asymptotic structure consists of an outer region in which |1 — r|, z = O(1) as Pex — o0, and an
inner region near the contact line in which there is a full balance of terms in the boundary condition (12) on the
free surface of the drop. We see that this happens when z = O(Pey ') and that to keep a full balance of terms in
Laplace’s equation (10) we require |1 — r| = O(Pek_l) as Pex — oo.

5.1 Outer region

We expand ¢ ~ ¢ as Pex — oco. We find that the leading-order vapour concentration co(r, z) satisfies (10), (11),
and (13), but the boundary condition (12) is replaced by

co=1 onz=0,0<r<1. (39)
The leading-order vapour concentration therefore satisfies the mixed-boundary-value problem considered in Sect.
3.1 and we deduce that as Pexy — oo with (1 —r) = O(1),

aco 2

E(r)~——

are

We see that this outer evaporation rate has an inverse-square-root singularity as r — 17 ; we expect this singularity
to be regularized in an inner region close to r = 1.

5.2 Inner region
5.2.1 The leading-order-inner problem
In an inner region near the contact line, we set r = 1 + Pek_lX , 72 = Pek_lY, and expand c(r,z) ~ 1 —

Pex"'/2C(X,Y) as Pexy — oo. To leading order, the vapour transport equation (10) and the mixed-boundary
conditions (12) and (13) become

@ Springer



Mass-flux singularity of a thin evaporating drop 57

3°C  9°C
aC
—=C onY =0, X <0, (42)
oY
aC
— =0 onY =0, X >0. (43)
oY
Finally, matching with the leading-order-outer solution (18) gives the conditions
23/2
—p1/2cos§ for0 <6 <,
c~l 7 (44)
21/2
- pl2 for 0 = m,
b4

as p — 00, where (p, 6) are now plane polar coordinates related to (X, Y) by X = pcos6,Y = psinf.
A local analysis of (41) subject to (42) and (43), assuming C to be continuous and non-zero at the contact line,
implies that

1 ) —6sin0
C(X,Y) ~ CO{I _ pldog p)(cosf) = O sin ]} asp— 0, 0<6 <. (45)
T
The value of the leading-order-inner solution at the contact line, Cp := C(0, 0), is a degree of freedom in this

expansion and we note that it is related to the degree of freedom cy (Pey) in the local expansion (23) of the full
problem by

cL(Pex) ~ 1 — CoPex /% as Pey — oo. (46)
The expression (24) for the evaporation rate at the contact line in terms of cr (Pey) then tells us that
E(17) ~ CoPex'’? as Pe — oo. 47

We shall solve the mixed-boundary-value problem (41)—(44) using the Wiener—Hopf method. The methodology
employed is analogous to that used by Thompson [38] to solve a similar problem (known as the ‘dock problem’)
consisting of (41) and (43), but with a sign change to the right-hand side of (42) and with different far-field
behaviours.

5.2.2 Regularized inner problem

We begin by defining the functions

0 for X < 0, C(X,0) forX <O,
C(X) = C-(X) = (48)
C(X,0) forX >0, for X > 0,
with corresponding one-sided Fourier transforms C (k) given by
00 0
Co(k) = / Co(X)e*™dx, C_(k) = / C_(X)e* X ax. (49)
0 —00

We shall assume (and verify a posteriori) that C (X, 0) is infinitely differentiable on (—oo, 0) and (0, co). Then,
using the far-field behaviour (44) and the local expansion (45), the Abelian Theorem in Appendix 3 tells us that
C (k) is holomorphic in Jm(k) > 0, with

— iCo ~

Cy(k) ~ = as k — oo, Jm(k) > 0, 50)
and C_ (k) is holomorphic in Jm(k) < 0, with

— 1 C

c,(k)fv—lTO as k — oo, Jm(k) < 0. (51)
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Moreover, a standard asymptotic analysis implies that the behaviour of C.(k) as k — 0 is dominated by the
behaviour of C(X, 0) as X — Fo0, with

o oo 23/2 ) 21/263711'/4
Ci(k) ~ / = x"eMdx == ——— ask — 0, Jm(k) > 0, (52)
0 T n‘/2k+/
. 0 o172 . 21/2e—im/4
C_(k) ~ / S (—x)" VR gx = e—lz ask — 0, Jm(k) < 0, (53)
o0 T 7T1/2k_/
where ki/ 2 and kl_/ 2 are defined as follows:
. 3
ki/z = k|23 ae®/2 | for — % < arg(k) < 77[ (54)
. 3
K2 = g2t e ®2 ) for 7” < arg(k) < % (55)

Here, ki/ ? has a branch cut along the negative imaginary axis, while Kk 2

1/2

has a branch cut along the positive
imaginary axis. The choice of branch is such that both ki/ 2 and k/? are real and positive when £ is real and positive,
so that C (k) is real and positive on the positive imaginary axis and C_ (k) is real and positive on the negative
imaginary axis.

The Abelian Theorem tells us that there is no value of k for which both 6+ (k) and C_ (k) exist, so we are unable
to apply the Wiener—Hopf method to the problem as it stands. Instead, we consider in the usual way [39,40] the
regularized problem for the function C*(X, Y), given by

azce  ice
8X2 =+ W = SZC“E forY > 0, (56)
aCe .

=C® onY=0, X <0, (57
Y
aCe

=0 onY =0, X>0. (58)
Y

We shall subsequently take the limit ¢ — 07 to recover the leading-order-inner solution C(X,Y) =
lim,_, o+ C5(X,Y).

A local analysis of (56) subject to (57) and (58), assuming C?® to be continuous and non-zero at the contact
line, implies that C*(X, Y) has the same local expansion (45) at the origin as C(X, Y), but with C¢ replaced by
Co = C%(0, 0). A far-field analysis, admitting only exponentially decaying separable solutions, implies that we
require

Afe—tP
9C¢ ~ 1—/20055 for0 <0 < m, 59
ox ] At

S for6 =,

2p

as p — oo, where in order to recover (44) in the limit ¢ — O, it is necessary for the constant A® to satisfy the
condition

lim A® = = —. (60)

We now define F¢(X) = dC*/3dX (X, 0). Using (59), we deduce from the Abelian Theorem in Appendix 3 that
fi_ (k) is holomorphic in Jm(k) > —e, while F (k) is holomorphic in IJm(k) < e. Moreover, we have
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FoL(k) = —ikC', (k) — C% for Jm(k) > 0, (61)
F (k) = —ikC" (k) + C%, for TJm(k) <0, (62)

where the functions C4 (X) and their Fourier transforms 61 (k) are defined analogously to (48) and (49). By applying
analytic continuation, we deduce that Ei (k) is holomorphic in Jm(k) > —e except for a simple pole at k = 0 and
C° (k) is holomorphic in Jm(k) < & except for a simple pole at k = 0. The presence of a simple pole at the origin
in both fi_ (k) and ct (k) is consistent with the constants a4 being non-zero in the far-field expansion

AeeaX
. a_ — —28(—X)3/2 as X — —oo,
C(X,0) ~ Aea—eX (63)
ay — 8)(—]/2 as X — —+00,

which follows from (59). We shall therefore apply the Wiener—Hopf method to the functions f‘l (k). This is
equivalent to applying it to the functions kC (k) due to (61) and (62), since fi (k) is holomorphic in Jm(k) > —¢
and F-_ (k) is holomorphic in IJm(k) < &, so that these functions are both holomorphic in the overlap strip —¢ <
Jm(k) < e. Before proceeding with the Wiener—Hopf method in the next section, we note that the Abelian Theorem
in Appendix 3, together with the identities (61) and (62) (extended to Jm(k) > —e and Jm(k) < e, respectively),
gives the far-field behaviour

KCL (k) ~ iC, FL(k)— 0, ask— oo, Jm(k) > —e, (64)
kC" (k) ~ —iC%, F-_(k)— 0, ask— oo, Jm(k) <. (65)

5.2.3 Wiener—Hopf method
We begin by defining branches of the square roots (k & ig)!/?:
. \1)2 - 11720 arg(k+ig)/2 T : 3
(k+ig)' = |k+ig|'/e 8 , for — ) <arg(k +ie) < - (66)
. . 3
(k —ie)\/2 = |k — ig|1/2ei wek=ie)/2 for _ 7” < arg(k — ie) < % (67)
Thus, the square root (k + ig)'/2 has branch cut S_ = {k € C : Re(k) = 0, IJm(k) < —e}, while (k — i¢)'/? has
branch cut 4 = {k € C: Re(k) = 0, IJm(k) > e}. We then define
K+ = (k+ie)!*k —ie)'/?, (68)

which has positive real part everywhere on the cut plane C \ (S U S_).
Now we define the Fourier transform in X of C*(X, Y) by

o

C'(k,Y) = / Ce(X, Y)ekX dx. (69)
—0o0

Taking a Fourier transform in X of (56), we find that

12y
9

C(k, v) = B(kye®F*+e) B(k) = C*.(k) + C"_(k). (70)

We therefore expect C*(k,Y)tobe holomorphic in the strip —e < Jm(k) < ¢ except for a simple pole at the origin.
The boundary conditions (57) and (58) imply that

— (K> + DBy =C° (k), (71)
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so that eliminating B(k) between (70) and (71), and using (62) and (62) gives the following Wiener—Hopf equation
for the functions Fi (k):

[1+ @+ 2| [Flto - 5|+ [ Frth + €5 =0 for -2 < Im@t) <. (72)

In order to apply the Wiener—Hopf method to (72), we must find a product factorization of the function 1+ (k% +

82)_1/2, namely .
_ Py (k)
14+ (246212 = Pl—(k)’ (73)

where P (k) is holomorphic in some upper half-plane Jm(k) > y4, and P? (k) is holomorphic in some lower
half-plane Jm(k) < y_, with —e < y; < y_ < e. The details of this standard factorization are given in Appendix
4 and reveal that suitable P{ (k) may be found with P{ (k) holomorphic in C\ S_ and P? (k) holomorphicin C\ S.
Given the product factorization (73), we may rewrite the Wiener—Hopf equation (72) as

Fl(k)y—C5 Fo(k)+CE

_ o _
0 = Pj(k) for — e < Jm(k) < e. (74)

Since both sides of (74) are equal in the overlap strip —e < Jm(k) < ¢, we deduce from the identity theorem that
the right-hand side is the analytic continuation of the left-hand side into the upper half-plane. In the usual way, this
allows us to define an entire G (k), given by

—%&)CO for Jm(k) < e,
Ghy=1— '~ (75)
M for Jm(k) > —e.
PE (k)

Using the large-k behaviour (64) and (65) of fi (k) and the fact that, by construction, Pi (k) — 1 as k — oo (see
Appendix 4), we deduce that the large-k behaviour of G (k) is given by G (k) ~ C¢, as k — oo. Then applying
Liouville’s theorem — that a bounded, entire function is constant — to G (k) tells us that G(k) = C¢, and we
deduce that

FoL(k) = CHIPL(k) — 1], Fo(k) = CH[1 — PE(K)]. (76)
Solving for fi (k) using (61) and (62), and taking the limit ¢ — 0, we obtain

_ iCoPy(k — i Co P_(k
Cik) = # for Jm(k) > 0, C_(k) = _iCol-B) Jm(k) < 0, (77)
where Py (k) := lim,_, o+ P{(k) and Cop = lim,_, ¢+ Cy,.

We use the behaviour (120) and (121) of P4 (k) near the origin that we derive in Appendix 4 to deduce the

behaviour of C (k) near the origin which is given by

. STilAC,

Ci(k) ~ —p & k— 0, Jm(k) > 0, (78)
kY.

. e~iT/4C,

C_(k) ~ —p o 8 k— 0, Jm(k) <O, (79)
k

with ki/ % and kl,/ % as defined in (54) and (55). We compare (78) and (79) to the asymptotic results (52) and (53) to
deduce that the degree of freedom Cy is given by

o\ 12
Co = (—) . (80)

T
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We note that (80) may also be derived by, for example, inverting fj_ (k) to find F{(X) for X > O (cf. Sect. 5.2.4)

and then using Laplace’s method to deduce that

T l/ZC":O PE(—ig)e eX
(2eX)1/2

Fi(X) ~ as X — oo. (81)

We may then apply (59) and (60), together with the fact that P® (—ig) ~ (2e)1/ 2 as e — 07, to deduce that

A®(2¢)!/2 2)\'/? N
Cgozm’v ; ase —> 07, (82)

5.2.4 Inversion to find the inner mass flux

To find the mass flux in the inner region, we see from (57) that it is sufficient to find C (X, 0) for X < 0. (The full
solution C(X, Y) of the leading-order-inner problem is given for completeness in Appendix 5). Since C(X, 0) =
C_(X) for X < 0, we will invert ct (k) to find C% (X) and take the limit ¢ — 0T. We have

iCé) ][ P (k)e kX
r

Ci(X) =
~(X) o r

dk. (83)

The inversion contour I' lies below the singularities of C* (k) (namely, the branch cut S and the pole at k = 0),
so that for X > 0 we may close I' in the lower half-plane, where Re(—ikX) < 0, and use Cauchy’s Theorem to
obtain

Ct(X)=0 forX > 0. (84)

For X < 0, we deform T into the upper half-plane, where Re(—ikX) < 0, with a ‘keyhole’ incision around S,
writing Pf (k) = P{ (k)/[1+ (k> + 82)_1/ 2] since P, is continuous across S . We note that this encloses the pole
at k = 0. We obtain thereby, for X < 0,

CyHP50) | Cp /oo PE(it) (1% — e)!/2e!X
&

CE(X)y=-9+—-470 T dr. (85)

1+ 1/¢ b4

We take the limit ¢ — O and use the expression (119) for P, (it) derived in Appendix 4, as well as the fact that
P£(0) ~ &'/ as e — 0%, to deduce that

21/2 [os] ](t)etX
73/2 / t1/2(1 + t2)

where the function 7 (¢) is given by

1 ("1 d
I(t)=(1+t2)1/4exp|:—;/ %} fort > 0. (87)
0

C(X,0) =

dr for X <0, (86)

Thus, as Pex — oo with X = Pex(r — 1) = O(1), X < 0, the inner mass flux is given by

E(1 +Pe, "' X) ~ Pe'2C(X, 0). (88)

5.3 Conclusions from the matched-asymptotic analysis

The evaporation rate (40) is of order-unity size in the outer region of order-unity width away from the contact line,
while the evaporation rate (88) is of size O(Pekl/ 2) in the inner region of width O(Pe, 1) at the contact line. We
therefore expect from (16) that the dominant contribution to the total flux out of the drop Q comes from the outer
region, with
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Yordr —1)2 —1)2
Q=4 T + O(Pe %) = 4+ O(Pey, /%) as Pey — oo. (89)
0 —r

(We shall present numerical evidence in Sect. 5.4 that the error term in (89) is in fact of size O(log(Pey)/Pex) as
Pey — o0.)

We recall that the degree of freedom cr, (Pey) belonging to the finite-Pey mixed-boundary-value problem (10)-
(13) is related to the degree of freedom C¢ of the leading-order-inner problem (41)—(44) by the expression (46).
Using the expression (80) for Cp, obtained from our matched-asymptotic analysis, we find that

1/2
c.(Pey) ~1— < ) as Pey — oo. (90)

wPeyx

This result is in agreement with the conclusion (25) (which we made after performing a local analysis of the lens

and kinetics-based models) about the way in which kinetic effects regularize the mass-flux singularity. In particular,

this tells us, via (47), that the evaporation rate at the contact line £(17) is given by

2Pek
b4

1/2

E(17) ~ CoPe,'/? = ( ) as Pey — o0. 91)
Thus our matched-asymptotic expansion is in agreement with the numerics for the exact solution; in our prediction
(38) for the large-Pey behaviour of E(17), we have o = (2 /71)1/ 2 ~ 0.798, which is presented as the horizontal
dashed line in Fig. 2c.

From the expressions (40) and (88) for the evaporation rate in the outer and inner regions, respectively, we deduce
that a leading-order additive composite expansion for the evaporation rate E (r), uniformly valid for0 <r < 1 as
Pex — o0, is given by

2 (2P€k)1/2 00 I(t)e—Pek(l—r)t 21/2
dr — .
(1 —}’2)1/2 73/2 [) l1/2(1+t2) z(1 _r)1/2

E@r)~ — 92)

5.4 Validation of asymptotic results

We shall now validate our leading-order asymptotic predictions against the finite-Pey solutions that we obtained in
Sect. 4. We shall consider the predictions for the total flux out of the drop Q, the evaporation rate at the contact line
E(17), and the evaporation rate E(r) as a function of r.

In Fig. 3a, we take the finite-Pey solution for the total flux Q and plot Pex (4 — Q) as a function of log;,(Pex).
For large values of Pey (between 10% and 10*) we fit a linear relationship, which we plot on the same axes. We see
that for the physically realistic values of Pey (40 and higher; see Table 1), there is very good agreement between
the fit and the data. This gives us confidence that the leading-order asymptotic prediction (89) is correct, but with

Alog(Pex) + B
Pey

0~4

as Pey — o0, (93)

where we find numerically that A ~ 1.28 and B ~ 2.85. We do not investigate further in this paper such higher-order
terms.

We plot the finite-Pey solution for the evaporation rate at the contact line £(17), given by (33), as a function
of Pey in Fig. 3b. On the same axes we plot the leading-order asymptotic prediction (91). We see that there is
good agreement between the solutions even for moderately large values of Pex. We note that both the form of the
asymptote (91) and its validity for moderately large kinetic Péclet numbers are consistent with the observations that
we made about the finite-Pey solution following Fig. 2c.

To evaluate numerically the leading-order composite expansion for the evaporation rate (92), we first write the
function I (¢) as

(1) = (1+H exp[% /Oo %} 4
t
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Fig. 3 Validation of the leading-order asymptotic results (89), (91), and (92) against the finite-Pey solutions. In a, we plot Pex (4 — Q)
as a function of logo(Pex). The solid curve is the finite-Pey solution (36), while the dashed line is a linear fit for large values of Pey
(between 10% and 10%). In b, we plot the evaporation rate at the contact line £(17) as a function of Pex. The solid curve is the finite-Pey
solution (33), while the dashed line is the large-Pey asymptote (91). ¢ Scaled evaporation rate Pey~'/2E(r) as a function of r for
Pex = 10!, 102, 103, 10*. The solid curves are the finite-Pey solution (32) and the dashed curves show the leading-order asymptotic
prediction (95). d The relative error in £(1/2) between the finite-Pey solution (32) and the leading-order asymptotic prediction (95).

so that the integrand in (94) is bounded at the endpoints of the integration range. We then make the substitution

t = 72 in order to remove the integrable singularity in the integrand of the second term in (92); we obtain, as
Pex — o0,
E(r) ~ 2121212 — (14 r)/2]  23/2pg 12 /00 V(rPe

(1l — ,,2)1/2 73/2 0 (1+ .[4)3/4 ’

95)
. [ , 1 /°° log(s) ds]
with V (t; r, Pex) = exp| —Pex(1 — r)t° + — — .
72 1452

The integrals in (95) are computed in MATLAB with the same methods used in the evaluation of (32). We plot the
composite evaporation rate (95) as a function of r for Pey = 101, 102,103, 10% in Fig. 3c. On the same axes we
plot the finite-Pey solutions (32); we see good agreement between the two solutions even for only moderately large
values of Pey. In Fig. 3d, we plot the relative error in E(1/2) between the finite-Pey solution (32) and the leading-
order asymptotic prediction (95). The sharp dip in Fig. 3d is because for Pexy = O(1), the asymptotic prediction is
an overestimate, while for large Pey, it is an underestimate (i.e. the correction changes sign). For physically realistic
values of the kinetic Péclet number (see Table 1), the relative error in E(1/2) is below 2% and is a decreasing
function of Pey, illustrating very good agreement between the two solutions (32) and (95).

6 Discussion

Our first aim in this paper was to investigate how the mass-flux singularity at the contact line of a thin, evaporating
drop is regularized by applying a linear constitutive law on the liquid—gas interface that takes kinetic effects into
account. Our second aim was to derive an explicit expression for the evaporation rate.

In Sect. 2, we formulated a model for the transport of liquid vapour within the gas phase, assuming that the
vapour concentration is steady, there is no flux of vapour through the solid substrate, the mass flux through the
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liquid—gas interface is governed by a linear, kinetics-based constitutive law, and the diffusion coefficient and the
equilibrium and far-field vapour concentrations are all constant. The model was non-dimensionalized, leaving us
with a single dimensionless parameter, the kinetic Péclet number Pey (the ratio of the timescales of diffusive and
kinetic effects). We tabulated the values of the physical parameters for hexane, isopropanol, and HFE-7100 and saw
that Pex was typically large for all but the smallest drops.

In Sect. 3, we performed a local analysis in the vicinity of the contact line on the kinetics-based model and
also on the more standard lens evaporation model (which leads to a mass-flux singularity at the contact line). This
demonstrated that the vapour concentration at the contact line ¢y, (Pey) in the kinetics-based model was key to how
the mass-flux singularity is regularized, with ¢, — 17 as Pex — oo, but with ¢1, < 1 for finite Pey. This motivated
the need to solve the mixed-boundary-value problem formulated in Sect. 2 and determine the degree of freedom cy_.

In Sect. 4, we solved the mixed-boundary-value problem and deduced an expression for the mass flux in terms
of a set of coefficients that satisfy a system of infinitely many linear algebraic equations. Analysis of the expression
for the mass flux confirmed the hypotheses made in Sect. 3 about the degree of freedom cr, and how the mass-flux
singularity is regularized by kinetic effects. Our numerical simulations suggested that there was a boundary layer
close to the contact line in which the evaporation rate was of size O(Pekl/ 2y as Pey — oo. This motivated us to
further analyse the physically relevant limit of large kinetic Péclet number.

In Sect. 5, we performed a matched-asymptotic analysis of our model in the physically relevant regime of large
kinetic Péclet number. We found that the asymptotic structure of the problem consists of an outer region away
from the contact line, in which the vapour immediately above the liquid—gas interface is at equilibrium to leading
order (as is assumed in the lens model). However, there is also an inner region near the contact line, in which
kinetic effects enter at leading order. The leading-order-outer problem is equivalent to the lens model, while the
leading-order-inner problem was solved readily using the Wiener—Hopf method. We found that the assumption that
the vapour immediately above the drop surface is at thermodynamic equilibrium is valid in the outer region, with
the mass-flux singularity being regularized in the inner region. We deduced from our leading-order asymptotic
solution that ¢, ~ 1 — (2/m)/?Pey~1/2 as Pey — oo, quantifying the way in which kinetic effects regularize
the mass-flux singularity. We also constructed a leading-order additive composite expansion and validated this
asymptotic prediction by comparison with the solution found in Sect. 4; we found good agreement for physically
realistic values of the kinetic Péclet number. Thus, for such values of the kinetic Péclet number, either solution for
the mass flux may be used as an input to a model for the evolution of a liquid drop.

The most important direction for future work is to incorporate our expression for the mass flux into a model for
the evolution of the liquid drop. This would allow us to obtain predictions for the evaporation time, the evolution
of the drop volume (or, equivalently, the dynamic contact angle or drop thickness), and, in the case of a moving
contact line, the evolution of the contact-set radius within this model. Previous theoretical work has obtained such
predictions for the lens evaporation model (with a mass-flux singularity at the contact line) [11,12,41,42] and for
other evaporation models [7,11,18,43—-49]. In particular, it would be informative to compare the predictions of
this previous work to the corresponding predictions for the model considered here. This comparison would give us
some indication of what net result the inclusion of kinetic effects has on the liquid motion beyond regularizing the
mass-flux singularity.

For a pinned drop, the evolution of the drop volume is fully described by the global conservation of mass equation
(105). We have seen that, in the physically relevant limit when kinetic effects are weak compared to diffusive effects,
the leading-order total flux out of the drop per unit time is the same for the kinetics-based model and the lens model.

For a drop with a moving contact line, we expect an important factor in determining the effect of kinetics to be
the relative widths of the inner region in which kinetic effects come into play and the region in which the force
singularity at a moving contact line is regularized. If the kinetic region is smaller, presumably the only noticeable
effect of kinetics is to regularize the mass-flux singularity, while the remainder of the drop dynamics is the same
as for the lens model (which we have shown is the leading-order approximation to the kinetics-based model away
from the contact line when kinetic effects are weak compared to diffusive effects). On the other hand, if the kinetic
region is at least as large as the region in which the force singularity is regularized, we expect that kinetics will have
a more significant effect on the drop dynamics. Analysis of the drop dynamics for the lens model [12] suggests that

@ Springer



Mass-flux singularity of a thin evaporating drop 65

this effect may be through an effective microscopic contact angle (different to both the true microscopic contact
angle and the effective one for the lens model) that appears in the contact-line law.

Our analysis assumed that the timescale of vapour diffusion was much shorter than the timescale of interest (set
by the liquid evolution). However, there are some situations in which the timescale of diffusion is comparable to the
shortest timescale on which mass loss is important [12]. In such cases, Laplace’s equation must be replaced by the
unsteady diffusion equation. The resulting problem for the vapour concentration may be solved analytically [50];
we expect the solution on the timescale of vapour diffusion to converge in the long-time limit to the solution of the
steady problem. A more thorough study of vapour transport would therefore be an interesting direction for future
work. This point is particularly relevant for water, for which it is thought that the effect of the atmosphere may be
important [51-53].

‘We made the assumption that the equilibrium vapour concentration is constant. However, there are many exper-
imentally relevant scenarios in which it is more reasonable to assume that the equilibrium vapour concentration
varies with temperature [21,45,54] or with the curvature of the interface [20,24,26]. In these cases, the appropriate
modification of the mass flux is not independent of the drop thickness. A more thorough investigation of these sce-
narios would be of interest. In Appendix 6, we use the analysis of this paper to determine the range of lengthscales
over which it is appropriate to neglect the effect of variations in the equilibrium concentration due to curvature
(i.e. the Kelvin effect) compared to kinetic effects.

We also assumed that the problem is axisymmetric. In the non-axisymmetric case, in the large-Pey limit, we
expect that the details of the inner region would be the same in each plane perpendicular to the contact line, provided
that the contact line is smooth. It would be interesting to investigate this point further and compare the results to
previous work on non-axisymmetric drops [48].

The analysis presented in this paper pertains to thin drops, with a small microscopic contact angle @, and is
only valid to leading order in the thin-film limit. Since we linearized the boundary condition on the free surface of
the drop onto the substrate, the corrections to our analysis are of size O(®). While the leading-order prediction is
independent of the drop profile, the O(@®)-corrections would depend on the shape of the drop. Dependence on the
drop profile is an ingredient in different mass-transfer models, such as those utilizing the Kelvin effect [23,26].

The expression (2) for the mass flux suggests that the inclusion of kinetic effects also ensures a finite mass flux
for thick drops (where the aspect ratio is of order unity). A local analysis of the lens model near the contact line for
0 < @ < [2,55], assuming c to be continuous at the contact line, implies that, asr — 17,

T —2@

E(}’)O((l—}’)_, a:m.

(96)
Thus, there is a mass-flux singularity at the contact line for 0 < @ < 7 /2. The expression (96) is consistent with
the corresponding expression for a thin drop (21) in the limit @ — 0. On the other hand, a local analysis of the
kinetics-based model near the contact line for 0 < @ < 7 reveals that, asr — 17,

Pek
E(r)~Pex(l —c )|l — ——A—=r)|[+...
sin(m — @)
i 97)
— B(1 — )™/ (@=®) ,
B( r) cos p—
where cp, (@, Pey) and B(®, Pey) are degrees of freedom (the ‘. . .” indicating that other terms may impinge between

those given). Thus the mass flux at the contact line is finite for 0 < @ < 7. The expression (97) is consistent with
the corresponding expression for a thin drop (23) in the limit @ — 0, provided that

Per2(1 — cr)

d )

as @ — 0. (98)

It would be interesting to investigate more thoroughly how the mass-flux singularity for 0 < @ < /2, @ = O(1)
is regularized by kinetic effects.
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Appendix 1: The liquid phase
In Sect. 1, we noted that the lens model leads to a singularity in the liquid flow at the contact line. In this appendix,
we give some brief details about the typical mathematical model for the liquid phase, assuming the flow to be

axisymmetric. We use this model to show explicitly that the lens model leads to a singularity in the liquid velocity,
while no such singularity is present for the kinetics-based model.

Formulation

Conservation of mass implies that, in the thin-film limit, the dimensional drop thickness #2*(r*, t*) is governed by

[10,12,56]
oh* 1 0 E*

——*hu*) = —— for0 < r* < R, (99)
at* r* or* P

where t* is time, u* (r*, 1*) is the depth-averaged radial velocity of the liquid flow, and p is the density of the liquid
(assumed to be constant). We assume that there are no body forces, the surface-tension y of the liquid—gas interface
is constant, and the liquid slips on the substrate according to a Navier slip law [57,58]. Under these assumptions,
an expression for u* is given by [12]

v (h*? L @ [d%hr 1 an*
=2 Z— 4 AR* ) — — ), 100
! 3u/( 3t o\ o2 T (100)

where 1 is the viscosity of the liquid and A is the slip length (both assumed to be constant). A typical radial
lengthscale is given by the initial contact-set radius Ry (Ryp = R if the contact line is pinned). A typical timescale t
of capillary action may be identified from a balance of the two terms on the left-hand side of the thin-film equation
(99) [12]. The thin-film approximation required to derive (99) is valid when the microscopic contact angle @ < 1
and the reduced Reynolds number @2 ,oR(% /ut K 1.

We non-dimensionalize by setting r* = Ror, t* = tt, R = Ros, h* = ®Roh, u* = Rou/t, and E* =
DM((ce — coo)f’f /Ro (so that 7 = sr and E=E /). We obtain thereby the dimensionless thin-film equation given

by

oh 120 ~ ~

— + =—Fhu) = —oE for0 <7 <y, (101)
Jat ror

with

9%h 10k
). (102)

_ 2 0

u=(h"+ Ah)ﬁ(ﬁ + 2o,

Non-dimensionalization has introduced two dimensionless parameters: the ratio o of the timescales of capillary

action and mass loss, and the slip coefficient A that measures the ratio of the drop thickness to the slip length. These

dimensionless parameters are given by
3uDM (ce — Cxo) 3A

O=——"7F""", A=

, = —. 103
D4y pRy DRy (103)
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Appropriate boundary conditions subject to which to solve the thin-film equation (101) are given by

oh — . oh ~
—=0,7hu=0atr=0; h=0, ——==latr=s". (104a—d)
ar ar
The two boundary conditions at 7 = 0 (104a, b) are symmetry conditions. The third boundary condition (104c)
states that the drop thickness vanishes at the contact line. The fourth boundary condition (104d) states that the
dimensionless (small) microscopic contact angle is 1. We note that a local analysis of the thin-film equation (101)
and (102) subject to the contact-line boundary conditions (104c, d) implies that there is no flux of liquid through
the contact line [12].

We deduce from the thin-film equation (101) and the no-flux boundary conditions that the expression representing
global conservation of mass of the drop is given by

N N

d—Vz—Q; V:2n/?hd?, Q:znf?fd?, (105)
dr 0 0
where V is the (dimensionless) volume of the drop and Q = sQ is the total (dimensionless) mass flux out of the
drop per unit time.

Local analysis

To put our analysis of the lens and kinetics-based models into context, let us first consider the case of no evaporation
(E = 0). A local analysis of the thin-film equation (101) subject to the boundary conditions (104c, d) reveals that,
for a moving contact line,

uU~S§$ asr— s, (106)
where s = ds/dz.

Let us next consider the lens evaporation model. We write the local expansion (21) for the evaporation rate near
the contact line in terms of liquid variables:

~ 21/2

E’\‘m asr —> s . (107)

A local analysis of the thin-film equation (101) subject to the boundary conditions (104c, d) therefore reveals that
212

ﬁ“m HS?—) S_; (108)

there is an inverse-square-root singularity in the depth-averaged radial velocity at the contact line.
Let us now consider the kinetics-based evaporation model. We write the local expansion (23) for the evaporation
rate near the contact line in terms of liquid variables:

_ Pey[1 — cp (P
F~p = allma®eoll oo - (109)
S

A local analysis of the thin-film Eq. (101) subject to the boundary conditions (104c, d) therefore reveals that
u~s+aoaE, as 7—> s . (110)
Thus, for the kinetics-based model, there is no singularity in the depth-averaged radial velocity at the contact line.

Using the expression for u (102) and the three local expansions (106), (108), and (110), we may make the
following deductions. First, the stress singularity at the contact line in the kinetics-based model has the same
strength as the one for moving contact lines in the absence of mass transfer (see [59] for further details about the
form of the singularity in the latter case). Moreover, this singularity is present for both moving and pinned contact
lines (with a different coefficient in each of the two cases). On the other hand, the lens model has a stress singularity
at the contact line that is stronger than the classical one for a moving contact line in the absence of evaporation, and
this singularity is present even when the contact line is pinned (see [12] for details of the resulting local expansions
for h at the contact line).
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Appendix 2: Evaporation rate at the contact line

To determine the evaporation rate at the contact line £(17), we set x = cos(6X) and r = cos(d) in (32) to obtain

cos[(2n + 1)6X]

9] 1
E(cos(8)) = g(zn + Dan,(Pei) 1,(8), 1,(8) =6 /0 PRI eR— dXx. (111)

We now take the limit § — 0T (corresponding to # — 17) of (111). We use the small-argument expansion for the
cosine terms in the denominator (but not the numerator) to obtain, as § — 07,

1
1.G5) = / cos[(2n + 1)6X]
0

G oxnin o toeY = 3 Jol@n + 131+ 02, (112)

where Jj is the Bessel function of first kind of order zero. Truncating the infinite sum in (111) atn = N(§), where
N () is an integer chosen such that | < N(§) K 872/3 a5 § — 07 (for reasons that will become apparent shortly),
we obtain

N ()
E(cos(d)) = % Z(Zn + Da, (Pey) Jo[(2n + 181+ E() ass — 07, (113)
n=0

where £(8) is an error term that we estimate below. Since SN (§) < 1 as § — 01 with N(8) chosen as described
above, we apply the small-argument expansion of the Bessel function, truncated to its first term, and absorb the
associated error into £(8). We then extend the sum to an infinite number of terms and absorb into £(§) the error
thus introduced; we obtain

E(cos(d)) = % Z(Zn + Da,(Pey) +£(8) asd — 07, (114)
n=0

since Jo(0) = 1. The first term on the right-hand side of (114) is of order-unity size as § — 0. Therefore, provided
that the error term £(8) = o(1) as § — 0T, the evaporation rate at the contact line E(17) is given by (33).

It remains to estimate the error term £(8). The first contribution comes from truncating the infinite sum at
n = N(6). In Sect. 4.2, we present numerical evidence that a, = O(n~*) asn — oo (see Fig. 2a). Assuming this
to be the case, we deduce from the Euler—-Maclaurin formula and the boundedness of the Bessel function Jy that
the truncation error is no larger than O(N ~2)as N — oo. Since N(8) > 1 as § — 0T, this contribution is of
size o(1), as required. The second contribution comes from using only the leading term in the expansion (112) for
1,(8). The error term is of size O(82) as 8§ — 07 and there are N + 1 terms in the sum, so the contribution is of size
O(82N). Since 82N (8) <« 1as§ — 0 with N (8) chosen as described above, the second contribution is of size o(1),
as required. The third contribution comes from truncating the small-argument expansion of the Bessel function at
its first term. This introduces into the n™ term in the sum an error of size O(n282) as § — 0. The contribution
from all (N + 1) terms is therefore no larger than O(N38%) as § — 0%. Since N(8) < 8 %/3 as § — 0T (by
assumption), the third contribution is of size o(1), as required. The final contribution comes from extending the sum
to an infinite number of terms. This contribution is no larger than O(N ~2) as N — oo, for the same reasons as for
the first contribution, and is therefore of size o(1) as § — 0F. We therefore conclude that £(§) = o(1) as § — 07,
as required.

Appendix 3: An Abelian Theorem
We are often interested in the domains of holomorphy of the one-sided Fourier transforms of a function f(x) (49),

as well as their behaviour as k — 00. This behaviour is dominated by the behaviour of f(x) as x — 0, as described
by the following two results [60].
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(1) Suppose f(x) = O for x < 0, |f(x)] < Ae™ as x — oo, for some constants A and a, f is infinitely
differentiable for x > 0, and f(x) ~ x* as x — 07, for some A > —1. Then f - (k) is holomorphic in Jm(k) > a,
with
_ 00 ) Al
fo(k) ~ / xtet dx =

0

W as k — oo in Jm(k) > a. (115)
—l

(i1) Suppose f(x) = 0 for x > O, | f(x)| < Beb* as x — —o0, for some constants_B and b, f is infinitely
differentiable for x < 0, and f(x) ~ (—x)* as x — 07, for some u© > —1. Then f_(k) is holomorphic in
Jm(k) < b, with

|

(ik)r+1

0
F_(k) ~ / (—x)Het* dy = as k — oo in Jm(k) < b. (116)

Appendix 4: Wiener-Hopf product factorization

We now outline the details of the Wiener—Hopf product factorization (73). With our choice of branch for (k2+£2)1/2,
defined by (66)—(68), the left-hand side of (73) is holomorphic and non-zero in the strip —e < Jm(k) < ¢, and tends
to unity as k — oo in this strip. Moreover, the image of the strip under the principal branch of the logarithm, which
we denote by log, does not encircle the branch point at the origin. We therefore apply the general method of Carrier
et al. [39] and take logarithms to change the problem from a product decomposition to an additive decomposition.
We find that

1 log[1+ (¢% + &%)~ 1/2]

log P§ (k) = 2 e Tk d¢ foryy < Jm(k) <y, (17

where 'y = {¢ € C : ¢ =x +iy+, x € R}, with the real numbers y+ chosen such that —e < y; < y_ <. We
note that, by construction, P{ (k) — 1 as k — oco. Following [34], we deform I'; into the lower half-plane with a
‘keyhole’ incision around the branch cut S_ and I'_ into the upper half-plane with an incision around the branch
cut S;. We deduce thereby that P§ (k) is holomorphic for k € C\ S¢, with

1 [ 1 1 +i(c2—¢e2)~1/2
& —
Pi(k)_exp<:|:—2ﬂ /g ia:l:kl()g[l—i(az—sz)—l/z do ) forkeC\ Sz. (118)

It follows from (118) that

1

"1
0

14 s2

ds) fort > 0. (119)

By analytic continuation off the imaginary axis, we deduce that

Py(k) ~ ™4 ask — 0, Jm(k) > 0, (120)

P_(k) ~ 42 ask — 0, Jmk) <0, (121)

1/2

where k. '/* = 13/ /&2, with k/* as defined in (54), and k' is defined in (55).

Appendix 5: Inversion to find C(X, Y)

In this appendix, we shall invert the Fourier transform in X of dC?/9X (X, Y), which by (76) is given by
F' (k. Y) = CHPE (k) — P (kyJe™ K+ Y (122)
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Applying the inversion theorem gives
Cc? .
PO T) = S0 P50 = Pl TR g, (123)
r

where the inversion contour I" runs along the real axis.

For X < 0, we deform I into the upper half-plane, where i)ﬁie[—(k2 + 82)1/ 2y —ikXx ] < 0, around the branch
cut S ; we also substitute P{ (k) — P* (k) = P{(k)/[1+ (k% + £2)1/2], since P7 (k) is continuous across S, . After
taking the limit ¢ — 0T, we obtain

f (D[sin(zY) + tcos(tY)]e dr for X <0, (124)
0

—(X,Y) =

BX( ) 73/2 t12(1 +12)
with I (¢) as defined in (87). We then integrate (124) with respect to X and use the far-field condition (44) to deduce
that

CX,Y) = dt for X <O. (125)

2172 o0 [()[sin(tY) + £ cos(tY)]e'X
3/2 /0 3/2(1 4+ 12)
We note that it is readily shown that (125) is in agreement with (86) when ¥ = 0.

For X > 0, we deform I" into the lower half-plane, where ﬁfie[—(k2 + 82) 12y —ikXx ] < 0, around the branch cut
S_; we now substitute P{ (k) — Pf(k) = P®(k)/ (k> + €2)1/2, since PE (k) is continuous across S_. After taking
the limit ¢ — 071, we obtain

21/2 f"o cos(tY)e X
32 J, 210

aC
XN = dt for X > 0. (126)

We then integrate (126) with respect to X from X = 0, demanding continuity of C for X = 0, ¥ > 0, using (125),
to deduce that

C(X,Y)=CO,Y)+

21/2 00 tY)(1 — —tX
/ costU =e7) 4 ror x > 0, (127)
0

732 321(1)

where C (07, Y) is given by (125). Although we have constructed a solution that is continuous across X =0, Y > 0,
we have been unable to verify that C (X, Y) satisfies Laplace’s equation everywhere in ¥ > 0 by a method other
than the constructive one presented above. We note that, given the expression (86) for C(X, 0) for X < 0, the
inner problem (41)—(44) becomes a Neumann problem, so that the solution may be obtained using standard Green’s
function or Fourier Transform methods [61]; however, the resulting form of the solution will inevitably involve a
triple integral and therefore be less amenable to quadrature than the solution presented above. Finally, Laplace’s
method may be used to show that C (X, Y) satisfies the far-field condition (44) for & = 0 and 0 = =, and it is readily
checked that C (X, 0) is infinitely differentiable on (—oo, 0) U (0, co) (as postulated in Sect. 5.2.2) and continuous
and non-zero at X = 0 (as postulated in Sect. 5.2.1).

Appendix 6: When can the Kelvin effect be neglected?

In this appendix, using the results of our analysis in Sect. 5 of the physically relevant limit in which the kinetic Péclet
number Pey is large, we shall answer the question of when it is reasonable to neglect the Kelvin effect compared to
kinetic effects.

In order to incorporate the Kelvin effect into our evaporation model, we would assume that the equilibrium
vapour concentration ce, rather than being constant, is given by Kelvin’s equation [20,24,26],

y Mcs

* *Zh* *,t*, 128
DRAT, < OnF =, 17) (128)

Ce = Cg
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Table 2 Values of the critical radii Ry and R for hexane, isopropanol, and HFE-7100 at 25°C and 1 atm

Hexane Isopropanol HFE-7100
Ry (m) 9.5 x 10~H1 6.4 x 1071 1.8 x 10710
R (m) 0.097 0.40 0.30

Provided that the contact-set radius R is much larger than Rj, the Kelvin effect may be neglected in the outer region. Provided that R
is much smaller than R, the Kelvin effect may be neglected in the inner region

where y is the surface tension of the liquid—gas interface and ¢ is a reference vapour concentration (we may use
the values for ¢ given in Table 1 as values for c¢g). In the thin-film limit, the curvature «* of the liquid—gas interface
is given by

3%h* L Lo
A2 e

The expression (15) for the evaporation rate E is then replaced by

£ =Pee| 1 - ¢) 9%h N 19h N Py Mc (130)
= Pe —c¢)—oc|—5+——1]|, whereo = .
K or? r or PRRTin(cs — coo)

In the outer region, we deduce from (130) that the Kelvin effect may be neglected at leading order provided
that 0 < 1. This is true provided that the contact-set radius R is much larger than a critical value R;. We report
the values of R; for hexane, isopropanol, and HFE-7100 in Table 2, and we see that the assumption R > Rj is
essentially always satisfied in practice.

In the inner region, where (1 — r) = O(Pex '), h = O(Pey "), and (1 — ¢) = O(Pex~'/?) as Pey — oo
(assuming the slope of the drop in the inner region to be of order-unity size), we deduce from (130) that the Kelvin
effect may be neglected at leading order provided that ¢ < Pey ~3/2. This is true provided that the contact-set radius
R is much smaller than a critical value R>. We report the values of R, for hexane, isopropanol, and HFE-7100 in
Table 2, and we see that the assumption R < R» is satisfied for all but very large drops. Thus, for drops with a
contact-set radius R such that R; < R < R (and subject to the caveat on the slope mentioned above), we reach
the conclusion that it is reasonable to neglect the Kelvin effect compared to kinetic effects at leading order. We note
that this conclusion agrees with that made by [20] for a closely related model.

K*

(129)
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