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Abstract

The dissertation is built on the paper “Backward Stochastic Dynamics on a filtered
probability Space” done by G. Liang, T. Lyons and Z. Qian [27]. They demonstrate that
backward stochastic differential equations (BSDE) may be reformulated as ordinary
functional equations on certain path spaces. In this dissertation, we use the new
approach to study the following general type of backward stochastic differential
equations

dy] = —fi(t,Y, L(M),)dt + dM]

with Y = &, on a general filtered probability space (Q, F, F;, P), wher L is a prescribed
non-linear mapping which sends M to an adapted process L(M), and M, a correction
term, is a martingale to be determined.

In G. Liang, T. Lyons and Z. Qian’s paper, the existence and uniqueness of .2 solutions
were proved under certain technical conditions. We extended the results to ILP

solutions and proved the existence and uniqueness of IL? solutions under these
conditions. Furthermore, we established the Comparison Theorem for this type of

BSDEs under LL? solutions. Last, based on the idea in G. Liang, T. Lyons and Z. Qian’s
paper, we revisited the Malliavin derivatives of L2 solutions of BSDEs in the typical form:

dYt = _f(t, Yt'Zt) + Z;dBt, YT = f.

Based on our theorems, some standard and famous theorems in the literature were
revisited and proved. For example, the existence and uniqueness L solution [3] and the
Comparison Theorem [9] for the typical BSDEs in the above form.

Last but not least, we briefly illustrated how the backward stochastic dynamics problem
is to determine the price of a standard European contingent claim ¢ > 0 of maturity T in
a complete market, which pays an amount ¢ at time T'. In addition, the pricing problem
of a contingent claim in a constrained case was studied by the Malliavin derivatives of
solutions of BSDEs.

Key words: Brownian motion, backward SDE, SDE, semimartingale, comparison theorem,
Malliavin derivative
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Chapter 1

Introduction

Backward stochastic differential equations (BSDEs) are a new class of stochastic
differential equations, whose value is prescribed at the terminal time T. BSDEs have
received considerable attention in the probability literature in last 20 years because
BSDEs provide a probabilistic formula for the solution of certain classes of quasilinear
parabolic PDEs of second order, and have connection with viscosity solutions of PDEs.
The theory of BSDEs has found wide applications in areas such as stochastic control,
theoretical economics and mathematical finance problems. Especially in mathematical
finance, the theory of the hedging and pricing of a contingent claim is typically
expressed in terms of a linear BSDE.

In the introduction chapter, we would like to start with the following type of BSDEs and
provide you a main idea about how BSDEs may be reformulated as ordinary functional
equations. Certainly, this main idea is the essence of the paper, and greatly applied
through the paper.

The important class of backward stochastic differential equations considered in the
literature introduced by (Pardoux and Peng, 1990) [3] are Itd’s type equations such as

dY, = —f(t, Y, Z)dt + Z;dB, Yr=£& (1.1)

where B=(By)¢( is Brownian motion in R", {Y,: t € [0, T]} is a continuous R%-valued
adapted process, {Z:t € [0, T]} is an R™*%-valued predictable process and £ € LZ(RY),
and (Fi)tso is the Brownian filtration. Equation (1.1) is equivalent to

n
dYl, = —fi(t, Y, Z,)dt + z Z'dBL, Y.=¥¢ (1.2)

i=1

where j = 1, ..., d. For simplicity, we eliminate the superscript j and equation (1.2)
becomes

n
dY, = —f(t, Y, Z)dt + z 71 dB, Yy =& (13)

1=1

The differential equation (1.3) can be interpreted as the integral equation

T n T . .
E— Y, = —f f(s, Ys, Zs)dS+Zf ZldBL. (1.4)
t i=0 "t
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Our main idea is based on the following simple observation. Suppose that {Y.: t € [T, T]}
is a solution of (1.4) back to time T < T, then Y must be a special semimartingale whose
variation part is continuous. Let Y; = M; — V; be the Doob-Meyer’s decomposition into

its martingale part M and its finite variation part - V. The decomposition is unique up to
a random variable measurable with respect to F;. Let us assume that local martingale
part M is indeed a martingale up to T. We have Y = &, which implies § = Mt — Vr. Since
M is a true martingale, it follows that

Hence the integral equation (1.4) can be rewritten as

T 2T
z—Mt+vt=—f f(s,YS,zs)ds+Zf 7idBi,
t 4

for any t € [t, T]. Taking expectations both sides conditional on F;, we obtain

T
]E(Eth) - Mt + Vt =—E [f f(S, YSJ Zs)ds
T

t
J’tl +j f(s, Ys, Zs)ds.
T

By identifying the martingale parts and variational parts on both sides, we have
T
Vi -V, =f f(s,Ys, Zs)ds, (1.5)
T

where Y and Z are considered as functionals of V, namely
Mt = ]E(E + VTI:Ft) and Yt = ]E(E + VTIT'E) - Vt, (16)

and Z is determined uniquely by the martingale representation by

noo.T
MT—Mtzzf ZLldBL.
i=1 "t

Thus, by writing Y and Z as Y(V) and Z(V), we have the functional differential equation
from (1.5)

dv
a = f(t, Y(V)t, Z(V)t)’



which can be solved by Picard iteration applying to V alone, instead of the pair (Y, Z).

Now by setting My — M, = YL, f: ZLdBL, and regarding Z as a function of M, so
denoted by L(M), then equation (1.3) can be rewritten as

dYt = _f(tr Yt; L(M)t)dt + th’ YT = E (17)

which is equivalent to the functional integral equation

T
Ve =V, =f f(s, Y(V)s, L(M(V))s)ds, (1.8)

where Y(V) and M(V) are defined by (1.6).

In this paper, we constraint ourselves the study of the following type of backward
stochastic differential equations

dY) = —fi(t, Y, LOM))dt + dM), Yl =8, (1.9)

on the filtered probability space (Q, F, F,P) andj = 1, ..., d, where g e LP(Q, Fr, P),
fl is locally bounded and Borel measurable, and L is a prescribed mapping which sends a
vector of martingales M = (M)) to a progressively measurable process L(M).



Chapter 2

Literature Review

Backward Stochastic Differential Equations (BSDEs) is an interesting field attracting lots
of well-known researchers’ investigation especially in last twenty years, because BSDEs
have important connections with the pricing of contingent claims and stochastic
optimizations problems in mathematical finance. Therefore, it is quite interesting to
know how the theory of BSDE and its applications is being developed with time.

Started from 1973, the linear Backward stochastic differential equations were first
introduced by (Bismut, 1973) [1], who used these BSDEs to study stochastic optimal
control problems in the stochastic version of the Pontryagin’s maximum principle. 5
years later, (Bismut, 1978) [2] extended his theory and showed the existence of a
unique bounded solution of the Riccati BSDE.

In 1990s, the theory of BSDE was greatly developed by many academic researchers, and
there were a large number of published articles devoted to the theory of BSDE and its
applications. Among these authors, the most famous ones are (Pardoux and Peng, 1990)
[3] who considered general BSDEs in the following form

dY, = —f(t, Y, Z)dt + Z{dB, Yr=¢

and showed the existence and uniqueness of BSDEs under some assumptions such as
the Lipschitz condition of the driver f. Meanwhile, based on the theory of BSDEs, (Peng,
1990) [4] suggested a general stochastic maximum principle with first and second order
adjoint equations. Then Peng’s stochastic optimal control theory was further developed
by (Kohlmann and Zhou, 2000) [5] who interpreted BSDE as equivalent to stochastic
control problems.

In 1992, an important theorem called comparison theorem is introduced by (Peng,
1992b) [6]. This theorem provides a sufficient condition for the wealth process to be
nonnegative. Besides it, several articles were written by Peng or Pardoux and Peng
about BSDEs. For example, (Pardoux and Peng, 1992) [7] showed the solution of the
BSDE in the Markovian case corresponds to a probabilistic solution of a non-linear PDE,
and gave a generalization of the Feynman Kac formula. Furthermore, Peng (1991, 19923,
1992c together with 1992b) [8], [9], [10], [6] stated the connection between the BSDEs
associated with a state process satisfying some forward classical SEDs, and PDEs in the
Markovian cases. The theories behind can be used for European option pricing in the
constrained Markovian case. In addition to Peng and Pardoux, (Duffine and Epstein,



1992) [11] investigated a class of non-linear BSDEs to give a stochastic differential
formulation of recursive utilities and their properties in the case of information
generated by Brownian motion.

The theory and applications of BSDEs were further explored after 1992. (Antoelli, 1993)
[12] was the first to study BSDE coupled with a forward stochastic differential
equation(a Forward-Backward Stochastic Differential Equations), without a density
process Z in the driver. Some more general forward- backward stochastic differential
equations of the type, in which the parameters of the forward and backward equations
depend on the solution (X, Y, Z) of the system, were investigated in a deep level by (Ma,
Protter and Yong, 1994) [13]. Simultaneously, a study about BSDE with random jumps
was done in (Tang and Li, 1994) [14]. Similarly, (Barles, Buckdahn and Pardoux, 1997)
[15] investigated the relation between BSDE with random jumps and some parabolic
integro-differential equations, followed by the existence and uniqueness under non-
Lipschitz continuous coefficients for this type of BSDE which were proved by (Rong,
1997) [16]. In the same year, there were some other findings or development in BSDEs
achieved. For instance, (Lepeltier and San Martin, 1997) [17] stated that a square
integrable solution is existed under the only assumption of continuous driver with linear
growth in the one-dimensional case though the uniqueness does not hold in general.
And also the existence of solution for FBSDEs with arbitrary time was proved by (Yong,
1997) [18] using the method of continuation. Finally, it was claimed in (El Karoui, Peng
and Quenez, 1997) [19] that the solution of a linear BSDE is in fact the pricing and
hedging strategy of the contingent claim €. This paper suggests that BSDEs can be
applied to option pricing problems, and demonstrate a general framework for the
application of BSDEs in finance.

In the 21st century, the theories behind BSDEs are getting more and more mature.
However, there are still plenty of research areas in BSDEs that appeal to many
researchers. For example, the utility maximization problems with backward stochastic
dynamics are very popular among researchers in finance nowadays. In 2000, a class of
BSDEs was introduced by (Rouge and El Karoui, 2000) [20] who tried solving the utility
maximization problems in incomplete market by the class of BSDEs they introduced.
Then their results were generalised by (Hu, Imkeller, and Miiller, 2005) [21]. Meanwhile,
by using the monotonicity method adopted from PDE theory, (Kobylanski, 2000) [22]
solved a type of BSDEs with drivers which are quadratic growth of Z. This particular class
of BSDEs, but with unbound terminal values, were further studied by (Briand and Hu,
2006) [23].



After people had known more and more about the strong solutions of BSDEs under an
underlying filtered probability space, the weak solutions of BSDEs were full of interests
to researchers. (Buckdahn, Engelbert and Rascanu, 2004) [24] were three of the
pioneers in the introduction of weak solutions for BSDEs. Moreover, the uniqueness of
weak solutions of BSDEs, whose coefficients are independent of the density process Z,
was proved by (Buckdahn and Engelbert, 2007) [25] 3 years later. In the field of FBSDEs,
(Antonelli and Ma, 2003) also introduced the week solutions. By using the martingale
problem approach, the theory of weak solutions for FBSDEs was studied deeply by (Ma
et al, 2008) [26].

Recently, it was discovered by (Liang, Lyons and Qian, 2009) [27] that one can
reformulate a backward stochastic differential equation as a functional ordinary
differential equation on path spaces. This discovery allows many extensions of the
classical BSDE theory and to explore more applications in mathematical finance.

In this article, we apply the idea in Liang, Lyons and Qi’s paper to the class of BSDEs such
as (1.9) which is more general form of BSDEs than that introduced by (Pardoux and Peng,
1990) [3]. Our main contributions in this article is to generalise or revisited some theory
of BSDEs in both Liang, Lyons and Qi’s paper and the literature, and also to establish the
Comparison Theorem corresponding to the kind of BSDEs like (1.9).



Chapter 3
Generalised Backward Stochastic Differential Equations

3.1 Preliminaries

First we fix some notions. Given a complete probability space (Q, F, IP), we consider for
0<t<T

o {(Fp;t € [0, T]}is a right-continuous filtration, each F; contains all events in F
with probability zero, and F = o{F, : t = 0}.

o LP(Q,Fr, P), the space of all Fr —measurable random variables X satisfying
IXII P = E(IX|P) < +co.

e CP([t,T]; RY), the space of all continuous adapted processes (Vo) tee,1]

satisfying maxjsuptE[TlT]|th| € LP(Q, Fr, P), and

IVllcpper = p\/Z,d:l [Esupte[r,T]|th|p < Foo.

e CH([t, T]; RY), the space of all processes (Vo)efe 1] in CP([t, TI; RY) with initial
dataV, = 0.

o MP([t,T]; Rd), the space of R%-valued p —intergrable martingale.

e SP([t,T]; RY), the direct sum space of MP([t, T]; RY) and CP([t, T]; RY) with
its norm ||-{|cppery < +o0. IfY € Sp([t, T]; ]Rd), then there exists M €
MP([t, T]; RY) and V € CP([r, T]; RY) suchthatY =M — V.

) }[p([r, T]; ]R{“Xd), the space of all predictable processes Z with its norm

p T ii(P
IZll3p) = \/Z]¥1=121C1=1]E:fT 2| ds.

Consider the BSDE
dY] = —fi(t, Y, LM)dt +dM), Yl =9, (3.11)

on the filtered probability space (Q, F,F,,P) andj = 1, ...,d, where & € LP(Q, Fr, P),
f) is locally bounded and Borel measurable, and

L: MP([t, T]; RY) — }[p([r, T]; ]RnXd) is a prescribed mapping on MP([t, T]; RY)
valued in f]‘[p([‘t, T]; ]R%“Xd).



A solution of (3.11) backward to T is a pair of adapted processes (Yg, Mi)te[ﬂ] where
M = (Mi)te[ﬂ] are martingales and Y/ = (Ytj)te[T‘T] are special semimartingales with

continuous variation parts VI = (th)tE[T,T], which satisfies the integral equations
1 . T . . .
Y -8 = f fi(s, Y5, L(M)s) ds + M} — M}, (3.12)
t

forte[t,T],j=1,..,d.

As we have done in the introduction chapter, by setting Y, = M; — V;, where M, =
E(€ + V¢|Fo) and Y, = E(€ + Vp|F) — V. We find a solution (Y, M) of (3.12) is
equivalent to a solution V of the functional integral equation

V,—V, = f tf(s,Y(V)S,L(M(V))S) ds, (3.13)

for t € [1, T]. We are going to study the integral equation (3.13) and prove the existence
and uniqueness of the BSDE (3.11) by its functional integral equation (3.13).

3.2 Existence and Uniqueness of Local Solutions

In this section, we are going to prove the uniqueness and the existence of a local
solution to (3.11) under the assumption that f and L are Lipschitz continuous:

1) f= (fj)jsd are Lipschitz conditions on [0, ) x RY x R™4, if there exists a

constant C, such that

If(ty,2)| < C(1 +t+ |yl + |z)
f(t,y,z) —f(t,y’,z)| < C(ly —y'l + [z = 2"]).

2) L:MP([1,T]; RY) - #P([r, T]; R™4) is Lipschitz continuous if there exists a

constant C;such that

I LCM) llzcp< Cy Il M licp
I LOM) — L(M) llgp< C; I M — M llco.

Define L: C) ([t, T; RY) — CP([t, T]; RY) by L(V), = ff f(s, Y(V), LOIM(V)),)ds,
where M(V) = E(€ + V) |F,) and Y(V), = M(V), — V; for t € [, T], which implied
Y(V); = &. By setting V=L(V), then L(V), = th f(s,Y(V)s, L(M(V))s)ds is equivalent to
the following BSDE:



dy] = —fI(t, Y, LM))dt + dM), Yy =¥,

which is the same as equation (3.11).

Thereom 3.2.1 Under the assumptions on fand L, let

1

' cfec (2 2 (145 29[

1

A1,

which depends on the Lipschitz constants C;, C,, but is independent of the terminal
data €. Suppose that § = T — © < 14, then IL admits a unique fixed point on
Ch ([T, T; RY).

Proof:

Basically, we apply the fixed theorem to L in order to show that IL is a contraction on
Co([t, T; RY) aslongas § = T — 7 < I;. It starts with

P T p
I L(V) llgp< jm U f[s,Y(V)S,L(M(V))S]dsl.

By the Holder's inequality,

P T P
IL(V) lip< V3 \/[E f [£[s YO, L(Mw)) || s,

11 . - . .
where = + i 1. Since fis Lipschitz continuous,

I L(V) ller< ci/Ep\/[Ech‘; (1 +s+ YV + |L(M(V))S|)p ds.

By the Minkowski inequality,

q p T p T p T p
I L(V) llp< C, V3 J(1+s)pds+ fIE|Y(V)S|Pds+ f]E|L(M(V))S| ds

SK+C0IYWV) lgp+ CZ% Il LAM(V)) llgrp



<K+ Cy8 1 YXV) lleo+ CLC, V8 I M(V) lico,

where K = C, V8 [p’f:(l + s)Pdsl,

Together with the elementary estimates
P »p p
TY(VV) lcpS ——= VEI§IP+——= I VlIcp
p—1 p—1
and
P »p ( p )
M(V < ——VEEP+(——+1) I Vo,
Il ()Ilcp_p_1 [E|P + p—1+ Il Ve

we deduce that

I L(V) llep< K + %(czs +€,C, V8) VETEP

+ [—p E 7(C28+ C,C, V3) + Clcz%] IV lip.

Similarly, for V,V € CP[t, T] such that V; = V; = 0 one has

Il LCV) — L(V) liep

< p\/[E( N |f(s, Y, L(M),) — f(s, 7, L(l\7[)s)| ds)

< Czi/]E[ftT (|YS - Y| + |L(M)S — L(IVI)SD ds]p (fis Lipschitz continuous)

< Cz%p\/[EfTTOYS —- Y| + |L(M)S — L(M)Sl)p ds (Hélder's inequality inequality)

- P |
< CZ% lp\/f: [E|YS — Ys|pds + p\/fTT[E |L(M)S — L(M)S| ds| (Minkowski inequality)

< C8I1Y =¥ liep+ Co VB||L(M) — L(M)]|,,
< C8 1Y =Y llgo+ CCVE[M —M]|, .. (3.21)

On the other hand, it is easy to see that

10



_ ~ p ~
IM—Mllcp= i/]Esupte[T,T]lE(vT — V|7’ < —1 V=]
and
Iy =9l| o < (1+ ﬁ) IV = ]| -
Substituting these estimates into (3.21), we finally have

ILV) — L(V) e < [C,8(1 + %) + clcz%(ﬁ)] V-9

p
p_

= ¢, Vo[Na(1 + pi;l) + GV - V||CP.

. . . . 1
Since 6 < 14, the constant in front of the norm on the right-hand side is less than 5,0
that

V) = L(V) e 2 [[V = V] -

Therefore, L is a contraction on Cg([‘t, T]; RY) aslong as T — T < 5, so there is unique
fixed point in Cg([r, T]; Rd). |

We are about to show the local existence and uniqueness of solutions to BSDE (3.11).

Theorem 3.2.2 Let L, f be Lipschitz continuous with Lipschitz constants C;, C,, and

1

- P P
cs 26 (52) +2(1+529)]

L

which is independent of the terminal data € € ]L!;(]Rd). Suppose that T—t <1;, and
L(M) = L(M — M,) forV M € MP([t, T]; RY). Then there exists a pair (Y, M), where

Y = (YOtefrt is a special semimartingale, M = (M) e[ 1] is @ p —integrable martingale,
which solves the backward stochastic differential equation (3.11) to time t. Furthermore,
such a pair of solution is unique in the sense if (Y, M)and (?, 1\71) are two pairs of
solutions, thenY=Yand M — M, = M — M, on [, T].

Proof for Existence:

11



By theorem 3.2.1, there is a unique V € C}[t, T] such that
t
Vi = f f(s,Y(V)5, L(IM(V))s)ds, Vte [t,T]
T
where M(V); = E[(§ + V1) |F]Jand Y(V), = M(V); — V.. It implies that Yt = & and
T
Y, — &= f f(s, Y(V)s, L(IM(V))s)ds + M, — M, (3.22)
t

for Vt € [1, T]. Hence there exists a pair of (Y, M) which solves the backward stochastic
differential equation (3.11).

Proof for Uniqueness:

Suppose that (Y, M) and (Y, M) are two solutions satisfying (3.22), where Y and Y are
two special semimartingales. Thus,

T
Y, —E= j f(s, Y(V)s, LOIM(V))o)ds + M, — My,  (3.23)

for t € [t, T]. Taking conditional expectation on both sides, we have

E(Y, — &|F,) = E (fT f(s, Y(V)s, L(M(V))S) ds
t

fﬂ) + E(M¢ — Mz |Fy).

It implies
Yy = E[(§ + Vp)|Fe] — Vg,

where
t
Vi = j f(s, Y(V)s, LIM(V))s)ds, Vte|[t,T]

Therefore, the integral equation (3.23) becomes
Ye=Vr—Mr+&—-V, + M, (3.24)
Since V; = 0, we have
Vr—Mr+8§=Y; - M,
By substituting this into (3.24), it follows that
Ye =Y + (M — M) — Ve

12



We have shown that

V= f fls, Y(V)s, L(M(V)); ]ds.

The same argument applies to (Y, 1\71), so that we also have

V. = f tf[s, Y(V)s, LAIM(V))]ds.

By theorem 3.2.1, V, = V;, which implies Y, = Y. It follows then

Mt_MT=Mt_lv[T'

3.3 Global solutions

For T sufficient small, the existence and uniqueness of the solution have been shown by
using a fixed point theorem. In this section, for arbitrary T, the global solution to (3.11)
is obtained by subdividing the interval [0,T] into a finite number of small intervals if L
satisfies further regularity conditions.

Firstly, define the restriction for any [T,, T;] < [0, T],
Lir, 1,1 MP([Ty, Ty 1; RY) — HP([T,, Ty]; R™9)

by Liz,1,](N)¢ = L(N), for any N € MP([T,, T;]; RY) and t € [T,, Ty ], where
N € MP([0, T]; RY) defined by Ny = E(Ny, |F,) for t < Tyand Ny = N fort > T;.

Theorem 3.3.1 Assume that L satisfies the following conditions:

a) (Local-in-time property) For every pair of non-negative rational numbers
T, <T; < T, and forany M € MP([0, T]; R?), L(M), = Lir, 7,;(M); on (Ty, Ty),
where M = (M)ter, 1, is restriction of M on [T, Ty ]. The local-in-time property
requires that L(M), is locally defined, i.e. L(M); depends only on (Mg)sef,t+e)
for whatever how small the € > 0.

b) (Differential property) For every pair of non-negative rational numbers
T, <Ty <T,and M € MP([T,, T,]; RY), one has Lt r,j(M — Mr, ), =

13



Lir, 1,1 (M) on (T3, Ty). The differential property requires that Ly, 7,1 (M)
depends only on the increments {Mg — Mr,:s > t} for t € [Ty, Ty].
c) (Lipschitz continuity) L: MP([t, T]; RY) — #HP([t, T]; R™*?) is bounded and
Lipschitz continuous: there is a constant C; such that
<
I L(M) ll}[[?rz,m_ C;I'M IICFT

2,T1]

and
I LAM) —L(M) ll,,p - <G IM—M lep
[T2,T4]

[T2,T1]

forany M,M € MP([0,T]; RY) and for any rationales T; and T, such that
0 <T, <T; <T.Thatisto say Lr, r,] are Lipschitz continuous with Lipschitz
constant independent of [T,, T;] < [0, T].

Then there exists a pair of processes (Y,M), where Y = (Yy)te[o,1] is @ special
semimartingale, and M = (M)e[o,1] is @ p —integrable martingale, which solves the
backward equation

dYt = —f(t, Yt, L(M)t)dt + th, YT == E, (331)

The solution Y is unique, its martingale term M is unique up to a random variable
measurable with respect to F,,.

Proof:
Recall that
1

:cﬂzq(527)+2(1+5§7ﬁq

L

A1,

which is positive and independent of €.

By theorem 3.2.1, if the terminal time T < |, , the mapping IL on Cg([O, T]; ]Rd) admits a
unique fixed point, where

t
L(V), = f f(s, Y(V)5, LOM(V))5)ds.

0

Next we consider the case T > [;. In this case we divide the interval [0, T] into
subintervals with length not exceeding 1; . More precisely, let

T=Ty>T, > >Tx =0,

sothat 0 < Tj_; — T; <1; where T;j are rationales except T, = T.

14



Begin with the top interval [T;, Ty], together with the terminal value Yr, = § and the
filtration starting from Fr . Applying theorem 3.2.1 to the interval [Ty, Tyl and Ly, we
obtain

t
LV, = fT (s, Y (Vs Lz, 7, (M1 (V)5 )ds,

where
M, (V) = [E[(E + VTO)lj:t] and Y; (V)¢ = My (V) — V..

forany V € CP([Ty, T,]; RY) and t € [Ty, Ty]. Then there exists a unique V(1) €
C ([Ty, To]; RY) such that L, V(1) = V(1).

Repeat the same argument to each interval [T], T]-_l] (for 2 < j < k) with the terminal
value Yj_1 (V(j — 1))Tj_1, the filtration starting from Fr, , and the mapping L; defined on

Co([T;, Ti1]; RY) by

(LiV)e = ft f(S'Y]'(V)S'L[Tj,T]—_l](Mj (V))s) ds,

1

where V € C([T;, T, |; RY) and
MV = E| (Yo (W1, , + Vi, ) 1]
Yj(V)t = Mj e — (Vj)t
fort € [Tj, Tj_4].

Therefore, for 1 < j < k, there exists a unique V(j) € C([T]-,T]-_l]; RY) such that
t
V)= [ (5500 Limyr_aM00)s) s
Tj
for t € [T, Tj_1], where Y(0)1, = & Y(i — Dr,_, = Y()r,_, . for2 <j <k,
and

MG = E [(YG = Drp_, +VOr,., ) 17]

Y3 =M@ — V(o

15



fort € [T, Tj_4].
Since Y(j — 1)T]._1 = Y(j)T]__1 ,for2 < j <k, Y= (Yteror 8iven by
Y, =Y(), ifte€ [T, 4],

for 1 < j < k, is well defined. Define V by shifting it at the partition points:

V() ift € [0, Ty_y]
Vk=1De+ V)T, _, ift € [Tk-1, Tk—2]
)
Vo= { VO + ) VO, ift € [T, T, ,]
15571
k
V(1) + Z V(r,_, ift € [T, T].
\ 1=2

Then V € CP([0, T]; RY).

Now we define
M,=Y.+V, te0,T],
and it remains to show that M is a martingale, so that M; = E(§ + V;|Fy).
Sincefor1 <j <k,
Y. =Y(): =M@G)e— V(o Ifte [Tj'Tj—l]'
so thatif t € [T}, Tj_4],
My =M@ — V(e + Vi

k
=M= V@ + VO + Y. VO,

155+1
k
=M@+ Y VOr,, (332)
155+1

It is clear that M is adapted to (F;), so we only need to show E(M,|F;) = M, for any
0<s<t<T.lIfste€ [T]-,T]-_l] for some j, then
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M; — M5 = M(j): — M()s
so that
E[(M; — M)|F] = E[(M(j); — M(§)s)|Fs] = 0

Ifs € [Ty, Ti—,] and t € [T;, T;_;] for some i > j, then by (3.32)

k
My =M@s+ ) Vr,,,

I=i+1

and

k
My = M)+ ) VD,

155+1

Since M(j) is a martingale on [Tj, T;_;] so that

k
E(M,|Fr)) = MG)r, + ) VOr,_,.

15j+1

By conditional on Fr.

i © iFT]. , We obtain

k
E (Mt|TT].+1) - [(M(j)Tj +V(G+ 1)T,.) |TTJ.+1] + Z V(Dr_,. (3.33)

1=j+2

On the other hand, M(j)T]. = Y(j)T]. + V(j)T]. = Yr, so that
E[(MG)r, + VG + Dr,) [P, | = B[ (e, + VG + D1, ) [Fr,, | = MG+ D,

Substitute it into (3.33) we have

k
E(M|Fr,,) = MG+ Dr,, + Z V(r,_.

1=j+2

By repeating the same argument we may establish

k
E(M¢|Fr,_,) = M- Dy, + ZV(I)TH.
1=i

Since s € [Tj, Ti_1], by conditional on F,

17



I=i+1
k
= B[(¥r_, +VOr_)IB]+ ) VOr,,
I=i+1
k
=M@, + ) VO,
I=i+1

= M,,
which proves M is an F-adapted martingale up to T, so that M; = E(§ + V¢ |Fy).

Since L satisfies the local-in-time property and the differential property, so that
L[T]"T]'—l] (M(Vl))s =L(M)s, forse€ [Ti'TJ'—l]-
Hence
t
Vi) = [ £, Y LD
T
Foranyt € [Tj,Tj_l] andj = 2, ..., k. Therefore,
t
V. = f f(s, Y5, L(M)s)ds, Vte|[0,T].
0
AndY =M —V, Y = &, which together imply that
t
M; -Y; = J f(s, Y5, L(M)s)ds, Vte[0,T].
0
Thus (Y, M) solves the backward equation (3.11). Uniqueness follows the fact the

solution (Y(j), M(j) — M(j)T].) is unique for any j. [ |

Corollary 3.3.2 (Pardoux-Peng 1990 [3])  There exists a unique pair (Y,Z) € C2(RY) x
HZ(R"™9) which solves the BSDE:

dy, = —f(t, Y, Z)dt + Z{dB,, Yr =5

18



where f satisfies the Lipschitz condition defined as before.
Proof:

As explained in the chapter 1, the above BSDE is equivalent to the functional differential
equation:

th - f(t, Yt, L(M)t)dt, YT - E,

where L(M) is defined by L(M), = Z;, where the density process Z; is given by
t
M; — M, = f ZdBg
T

in this particular case.

Clearly, L(M) satisfies the the Lipschitz condition, the local-in-time property and the
differential property, and the generator fis Lipschitz continuous. Therefore, by theorem
3.3.1, there exists a unique pair of solution (Y, M) in the sense if (Y, M)and (?, 1\7[) are
two pairs of solutions, then Y = Yand M — M; = M — M, on [t, T]. Since Z, only
depends on the increments {M; — M.} for t € [t, T], Z; is uniquely determined. We
conclude that there exists a unique pair (Y, Z) € C2(RY) x H:Z(R™*%) which solves the
BSDE:

dYt = _f(t, Yt, Zt)dt + Z;dBt, YT = E.

Proposition 3.3.3 Let (,y) be a bounded (R, R™)-valued predictable process, ¢ an
element of 7Z(R), and £ an element of L%(R). Then the LBSDE

dY; = —[@¢ + YeBe + Ziyeldt + ZidW,, Yr=§ (3.46)

has a unique solution (Y,Z) in C3(R) x HZ(R™), and Y, is given by the closed formula

Y—l[E
7T

T
&t +f [5pds Ttl,
0

where [} is a process defined by the forward LSDE

dl; = L[Bedt + yidW], T = 1.
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In particular, if £ and ¢ are nonnegative, the process Y is nonnegative. If, in addition,
Yo =0, then, forany t,Y, = 0 a.s., and ¢ = 0 a.s.

Proof:

Since 8,y are bounded processes, the linear generator f(t, Yy, Zy) = [@ + Y:Bt + Z{ V¢l
is uniformly Lipschitz. By corollary 3.3.3, there exists a unique square-integrable solution
(Y, Z) of the linear BSDE.

Now we need to prove Y; = Fl]E [EFT + ftT [5psds |Tt] satisfies the linear BSDE.
t

Firstly, check the terminal condition: Y; = iIE[EFT] = &
Ttl

dYt = _[(pt + YtBt + Z:Yt]dt + Z:th.

Then check if

1 T
Y ==<E IEFT + f [5psds
I ¢

satisfies

Now consider X; = Y[} + fot [5@sds. By the I1td’s lemma,
d(Xy) = Y dI; + IidY, + (Y, ), + [ dt
= Ye[[i(Bedt + yidW)] + L[— (@ + YiBe + Ziy)dt + Z{dW]
+Z;Tyyidt + T dt
= Y[iyi dW; + [ Z{ dW,
= (Yeliyt + LZO) AW

Thus, it implies X is a local martingale. Moreover, since supgs<t|Ys| and supg<t|T|
belong to ]err’l, it follows that supg<t|Ys| X sups<t|Ts| belongs to IL}F'l. Then we conclude
that

t

Xt == Ytrt + f FS(PSdS
0

is uniformly integrable, so X is a martingale.

Hence we have
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t

T
Ytrt + f FS(deS = ]E [EFT + .l-
0 0

[s@sds |Ttl

7|

dYt = _[('pt + YtBt + Z:Yt]dt + ZZth.

which implies

1 T
Y. ==E IEFT + f [5psds
I} ¢

Hence Y; satisfies

Next by considering
dl; = I[Bedt + yidW], T =0,

we have

t t 1t
I, = exp U B.ds + f YidW, _Ef Iyslzdsl
0 0 0

which is a nonnegative process.
Therefore, if £ and ¢ are nonnegative, Y; is also nonnegative.

If, in addition,

Yo=0=E lEFT + fTFscpsdsl,
0
Then
E=0,0: =0 a.s.
It follows
Y; =0 a.s.
|
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3.4 Generalised Comparison Theorem

Starting from the section, we only consider the case when p = 2.

The Comparison theorem for BSDEs turns to be one of the classic and important results of
properties of BSDEs. It was first introduced by (Peng, 1992) [6] under the Lipschitz
hypothesis on the coefficient, then further studied by (Cao and Yan, 1999) [28] with a
special diffusion coefficient. The comparison theorem plays the same role that the
maximum principle in the theory of partial differential equation. In mathematical finance, it
gives a sufficient condition for the wealth process to be nonnegative and yields the classical
properties of utilities.

In this section, we use the martingale approach other than the pure probabilistic approach
to establish the comparison theorem for the kind of BSDEs like (3.11).

Lemma 3.4.1 (Cao and Yan, 1999) [28] Let (Q,F, F;, IP) be a filtered probability space
which satisfies the conditions: (Q, F, P) is a complete space; (F;)s¢ is continuous; all
local martingales on (Q, F, F;, IP) is continuous. Also, let X; = X, + M; + V; be a
continuous semimartingale on (Q, F, F;, I?), where M, is a continuous F; local
martingale with My = 0 and V; is a continuous F;-adapted process of finite variation
with Vy = 0. Then

xt+2=x32+2f

t
X+dM; + zf
0

t t
X$dvg +f [(x,>0)d{(M)s.
0 0

Proof: Applying 1t0’s formula to the Tanaka-Meyer formula, we refer to (Cao and Yan,
1999) for details. Alternatively, we can get the result directly by Itd6-Tanaka formula
(Trotter, Meyer).

Theorem 3.4.2 (Comparison Theorem)
Consider the following BSDEs

dY, = —f(t, Y, LAIM)p)dt +dM,, Y =§& (3.41)
and

dY, = —f(t, Y, LM))dt + dM,, Ypr =% (3.42)

on a filtered probability space (Q, F, F;, P) which satisfies the conditions: (Q, F, P) is a
complete space; (Fy) o is continuous; all martingales on (Q, F, F;, IP) is continuous.
L: M2([t, T]; RY) — #2([t, T]; R™4) is a prescribed mapping on MP([t, T]; RY)
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valued in f]‘[p([‘t, T]; R“Xd). Moreover, f satisfies the Lipschitz condition, and L satisfies
the Lipschitz condition, the local-in-time property and the differential property to
ensure the existence and uniqueness of solutions.

Let (Y, M) and (Y, M) € C2(RY) x M 2(RY) be the unique adapted solutions of (3.41)
and (3.42) respectively. Assume that L also satisfies the following condition:

For any M;, M, € M?(R%) and t € [0, T],
_ _ _ ~ Ty, o~ ~ 2
E[(M; — Moy — (My — My)] > oF | [[L(F,)s — L(M,),|ds|,
where a is a positive constant.

(1) FE < Ea.s., f(t, Y, L(M)) < f(t, Y, L(M),) a.s., then Y, < Y, ,as,VO <t < T;
(2) If € > Ea.s., f(t, Y, L(M),) = f(t, Y, L(M),) a.s., then Y, > Y, ,as,VO < t < T.

Proof:
We only need to prove (1), since (2) can be easily deduced from (1).

LetY, =Y, - Y, £ = £—E M, = M, — M,, from (3.41) and (3.42) we obtain

T T
i=%jfmx¢mm—m&¢mmwwfdm
t t

and

t

t
Y.=Y, - j [f(s, Ys, L(M)) — f(t, Y5, L(M))]ds + f dM..
0 0

Therefore, ?t is a continuous semimartingale. By Lemma 3.4.1, it follows for t € [0, T],

T T
Yt+z _ E+2 12 J Ya [f(s, Ys, L(M)s) — £(t, Y5, L(M))]ds — 2 f Y+ dMq
t t

T
—f Iy >0yd(M)s.
t

Rearranging the equation above, we have

T T
—~, 2 o~ A, 2 —~ — — —
VAR f Iy, >0)d{M)s = §*" + 2 f Y& [£(s, Ys, LOM)s) — f(t, Y, L(M);)]ds
t t
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T
-2 f YrdM,. (3.43)
t

Next we show that ftT Y+ dM; is a martingale. By the Burkholder—Davis—Gundy

inequality, we have

t
f 7+ dbl,
0

1

~ - TA 2 —~ 2
< CE (f Al d(M)S>
0
1

i ) N
supOStsTlY;|< j 1d<M>s>
0

E lsupostsT

IA
o
53|

1
<CE [supostsﬂ?;um%]

<

N Y

(E [suposeer| 92 7] + B[(M1])

<

N Y

{ZE[SuPostsTle|2] + 2E[supg<ter|Ys|?] + IE[<1\7I)T]}

< o0,
where Cisa positive constant.

Hence fT Y+ dM; is a martingale. Taking expectation on the both sides of the equation

(3.43), we have
2 T T
E (?; ) +E ( f I(YS>O)d(1\7I)S> = 2E { f s [f(s, Ys, LOM)s) — £(t, Y, L(I\_/[)s)]ds}.
t t
It follows

E (?;2) +E < Ly, >0y (M) )

2(:%,\ (04 - — — 2
<E —Y +I(YS>0)ﬁ|f(s,YS,L(M)S) — f(t, Yo, L(M)) | ds
2

{f —2? 2+I<YS>()>2C2[(J‘2(IY|+|L(M)S—L(M) D] d }
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T2cs_ .2 2 _
sm{f 29 +lwoal|Y +|L<M)S—L(M)s|2]ds},
t

where C; is the Lipschitz constant.

By the assumption, we have

T T
E U d(l\7l)sl > o U IL(M)¢ — L(M),|? dsl.

It implies
- T2c2 -
E(%°) < E{ft e A oc|YS|2ds}

Tr2c2 -
S[E{f <—2+a> ;st}
t o
2C3 T
S<_2+a>j E (%) ds.
a t

We put g(t) = E (Y}r_tz), 0 <t < T. Then from the above inequality, we get

2

gt) < <%+ 0(> fTT_tIE (?;2) ds
= <¥+ oc) JTT_tg(T —s)ds

2C2 t
= (TZ+ a)j;)g(u) du

Thus, by Gronwall’s inequality, we have that g(t) = 0,0 <t < T,ie, ¥ =0,0<t<T.
[ |

Corollary 3.4.3 (Peng, 1992a) Consider the following BSDEs

dY, = —f(t, Y, Z)dt + Z,dB,, Yr=§ (3.44)

and
d?t = _f(t, ?t’ zt)dt + ztdBt, ?T = E, (34‘5)

25



where f satisfies the Lipschitz condition. Let (Y,Z) and (Y, Z) € C?(R) X H?(R™) be the
unique adapted solution of (3.44) and (3.45) respectively.

IfE<Zas., f(t, Yo Z) < f(t, Y, Zy) a.s., thenY, < Y;,as,V0<t <T.
Proof:

In this particular case, L(M): M'2(R) — H2(R™) is defined by L(M), = Z,, where the
density process Z; is given by My — M, = f: Z,dBg, forany t € [1, T] . Without losing
generality, let M; = 0, so we have M; = f: Z,dBg.

For any M;, M, € M2(R),

B[, — e — (- )] = 6 [ [(22), - 22) [ as}

On the other hand,

E UtT|L(1\711)S = L(1\7IZ)S|2dsl = E {ftT (), - (ZZ)S]2 ds},

Therefore,
~ ~ ~ ~ T ~ 2
[E[(M1 — Mp)r — (M, — Mz)t] =E If |L(M1)s - L(Mz)sl dsl-
t

By Theorem 3.42, with o = 1, it follows Y, < Y; . [

3.5 Application to Standard European Option Pricing

BSDEs are widely used in numerous problems in finance. Primarily, the theory of
contingent claim valuation in a complete market can be expressed in terms of BSDEs.
The problem is to determine the price of a contingent claim & = 0 of maturity T, which
is a contract that pays an amount € at time T. In a complete market, it is possible to
construct a portfolio which attains as final wealth the amount . Therefore, the
corresponding BSDE gives the dynamics of the value of the replication portfolio which is
the fair price of the contingent claim.
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In this section, we illustrate how the existence and uniqueness of square-integrable
solutions of BSDEs, comparison theorem, etc can help price a standard European
contingent claim & in a complete market.

We begin with the typical setup for continuous-time asset pricing. Suppose in a general
market there n + 1 assets, where the first one is riskless while the others are risky. The
riskless asset price S satisfies dS? = r,S2dt, where r(-) is a one dimensional

F, — adapted measurable process. The i — th risky asset price S{,i =1,2,..,n, satisfies
dsi = Si[aldt + Yt Gi'j dBi], where B = (B}, ..., B™) is a standard Brownian motion
on R™, defined on a probability space (Q, F, P, F,) and where a'(-) and ¢"/(+) are called
the appreciation rate and volatility rate respectively, and F; — adapted measurable
processes.

Consider an agent with an initial endowment X, € R, and an investment horizon T > 0.
Let his allocation to the i — th asset,i = 0,1, ..., n be T[it, the corresponding number of
shares be Ni, and the total wealth be X, at time t. It follows X, = Y1, Ni Sl

Suppose the agent’s strategy is self-financing. Then we have
n

dx, = Z Ni dsi
i=0

n m
rN9Sodt + Z Nisi[aldt + Z oV dB!

I { atnt} z Z Gt m dB]

i=1 j=
I‘tXt + Z(at - I‘t)T[t

dt+z:z:ct T[tdBJ

i=1 j=

n

X — Znt

i=1

= [rX; + m{(a; — r1)]dt + m{o.dB;,
which is called a wealth equation.
Assumptions:

e The nonnegative risky rate ris a predictable and bounded process.
e The appreciation rate a = (al, ...,a")* is a predictable and bounded process.
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e The volatility rate 0 = (ci'j) is a predictable and bounded process. o, has full
rank a.s. for all t € [0, T] and the inverse 6~ has a bounded process.
e There exists a predictable and bounded valued process vectors 8, called a risk
premium, such that
a;—1ri1 =06,, dP & dta.s.

Under these assumptions, the market is arbitrage-free and complete on [0, T], and the
wealth equation becomes

dX; = [rX; + m{00,]dt + T 0 dB.

Definition 3.5.1 Tt(+) is called an admissible portfolio if it is self-financing and
n(-) € L#(R™).

Definition 3.5.2 A European contingent claim § settled at time T is a Ft — measurable
random variable. The claim § is called replicable if there exists an initial X, and an
admissible portfolio Tt(+) such that the corresponding X(-) satisfies X(T) = &.

Remark: The European contingent claim can be thought of as a contract which pays € at
maturity T. The arbitrage-free pricing of a positive contingent claim is based on the
following principle: if we start with the price of the claim as initial endowment and
invest it in the n + 1 assets, the values of the portfolio at time T must be just enough to
guarantee ¢.

Definition 3.5.3 A market is called complete on [0,T] if any claim € € LZ(R) is
replicable.

Definition 3.5.4 A self-financing trading strategy is a pair (X, ), where X is the market
value and = (t}, ..., ™)* is the portfolio process, such that (X, 1) satisfies

dX; = [rX; + m{0:0;]dt + {0 dBy,

T
f |mio|?dt < +o0 ,Pa.s.
0

Theorem 3.5.5 Let & be a positive square-integrable contingent claim. Under the
assumptions mentioned above, then there exists a unique replication strategy (X, m) of §
such that

dX; = [rX; + Mo 0;]dt + ;o dB;, Xp =¢&.
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Hence X is the fair price of the claim, and X, is given by
X; = E(H7¢|Fp), a. s,
where H; is the process defined by the forward LSDE
dH; = —H¢[rdt + 6;dW;], Hy = 1.
Proof:

By assumptions, we get that the market is arbitrage-free and complete on [0, T]. Then it
implies € is replicable, which follows that there exists an initial X, and an admissible
portfolio (-) € LZ(R) such that the corresponding X(-) satisfies X(T) = &.

Since 1y and 0, are bounded, by proposition 3.3.3, it follows there exists an unique
solution pair (X, c*m) € C3(R) x HZ(R™M), satisfying

dXt = [I'tXt + T[:O'tet]dt + T[:thBt, XT = E,
such that f:l‘l‘[;O‘tht <+ ,Pa.s.

Therefore, (X, m) is the unique replication strategy of . And also it easily followed by
proposition 3.3.3 that

Xt = ]E(HTE'Tt), da. S.,
where

dHt = _Ht[rtdt + edet], HO = 1.

Proposition 3.5.6 Consider the general setting of the wealth equation:
dX, = —f(t, X, m{o) + mio.dB;,

where f is a real process defined on Q0 X [0, T] X R X R" satisfying the Lipschitz
condition. Suppose X is the wealth process associated with an admissible strategy which
finances the contingent claim §; i.e. (X, o™m) is the square-integrable solution of the
following BSDE:

dXt = _f(t, Xt, T[;O't) + T[:;thBt, XT = E.
Then the following properties hold:
1. The price X is increasing with respect to the contingent claim €.
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2. Suppose & = 0 and f(t,0,0) = 0,dP ® dt a.s., then the price is nonnegative.
Proof 1:
Let (X,0*m) and (X,o*m) € C2(R) X H2(R") be the unique adapted solutions of
dX; = —f(t, X, m{oy) + miodB;, Xr=§
and
dX, = —f(t, X, mjo,) + modB,, Xr =&,

Suppose that € < &, together with f(t, X, ;o) = f(t, X;, {0, ). Hence by comparison
theorem, it follows that X; < X;. Hence the price X is increasing with respect to the

contingent claim €. |
Proof 2:
Let (X,0*m) and (0, 0) € C?(R) x H?(R™) be the unique adapted solutions of

dX¢ = —f(t, Xy, m¢op) + mgoedBy, Xy =3

and

dXt =V, XT =
Since £ > 0 and f(t,0,0) > 0, by comparison theorem, it follows that X, > X, = 0.
Hence the price is nonnegative. [ |
Chapter 4
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Malliavin Derivatives of BSDE solutions

In mathematics, the Malliavin derivative is the notion of derivative appropriate to paths
in Wiener space, which are not differentiable in the usual sense. In this chapter, we still
use Liang, Lyons and Qian’s idea (reformulating BSDE as ordinary differential equations)
to show that the Malliavin derivative of the solution of

dYt = —f(t, Yt! Zt) + thBt ) YT = E (41)

is still the solution of a linear BSDE(see El Karoui, Peng and Quenez, 1997 [19]). Then
this property together with the comparison theorem is applied to the European option
pricing in two constrained cases.

4.1 Preliminaries

Initially, we recall briefly the notion of differentiation on Wiener space (see Nualart,
2006 [29], El Karoui, Peng and Quenez, 1997 [19])

o c‘g(mak, RY) will denote the set of functions of class C* from R¥ into R whose
partial derivative of order less than or equal to k are bound.
e Let § denote the set of random variables € of the form

§= (WO, .., W(h))

where
. T .
¢ € CP(RY R),h, ..., hK € L2([0, T]; R"),and W(h') = J (hl, dW,).
0

e If§ € S isof the above form, we define its derivative as being the n —
dimensional process

k
a .
D = Za—j(W(hl), o W(H))h), 0<0<T.
j=1 )

For§ € S,p > 1, we define the norm

=

SR
§ll1p = [E |E|”+<J IDefI2d9>
0

It can be shown (Nualart, 2006) [29] that the operator D has a closed extension to the
space D'P, the closure of S with respect to the norm |IIl1,,- Observe that if  is

F; — measurable, then Dgé=0 for 8 € (¢t, T]. We denote by Digf, 1<i<n,theith
component of Dgé.
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Let ]Lip(]Rd) denote the set of RY — valued progressively measurable processes
{ut, w),0 <t <T;w € Q} such that

1. Fora.e.t€[0,T],u(t) € (Dl’p)d.

d
2. (t, w) — Du(t,w) € (L2([0, T]))n>< admits a progressively measurable version.
p
2

p
T 2 T (T
3. Jlull, =E [(fo u(®)2dt)? + (J, f, IDou(t)|*dedt) l <o,
Observe that for each (6, t, w), Dgu(t) is an n X d matrix. Thus
. 2
IDou(® I = > [Dhu(o).
ij

Clearly, Dgu(t, w) is defined uniquely up to sets of d8 & dt @ dP measurable zero.

4.2 Differentiation on Wiener Space of BSDE Solutions

We now show that the solution of (4.1) is differential in Malliavin’s sense and that the
derivative is the solution of a linear BSDE. Although the result was stated and proved by
(El Karoui, Peng and Quenez, 1997 [19]), in this paper we show this by reformulating the
BSDE as an ordinary differential equation and using a different estimation rather than
the priori estimation.

Lemma 4.2.1 (Pardoux and Peng, 1992 [7]) Let Z € H%(R") be such that be such that
£ = ftT Z:dBg satisfies £ € DV2. Then Z! € L2(t, T; D*?),1 <i < n,and dO®dP a.s.,

T
iez=j DiZ.dB,, 6<t,
t

T
DyE = Z§ +f DyZ.dB,, ©>t.
0

Proposition 4.2.2 (El Karoui, Peng and Quenez, 1997 [19]) Consider the BSDE:

dYt == _f(t, Yt, Zt) + thBt ) YT = E
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Suppose that £ € D¥? and f: Q x [0, T] x RY x R™9 — R4 is continuously
differentiable in (y, z), with uniformly bounded and continuous derivatives and such
that, for each (y, z), f(-,y,z) is in ]]J"i"z(Rd) with Malliavin derivative denoted by
Def(t,y, z). Let (Y,Z) be the solution of the associated BSDE.

Also, suppose that

o E[f)If(t0,0)/%ds| < coand £ € L3(RY).

. fOT[E(IDGEIZ)dB < +oo, fOTIIDef(t, Y,Z)||3d6 < + =, and for any t € [0, T] and
forand (y?,z1,y?, z2),
|Dof(t, w,y", z') — Def(t, w,y?%,2%)| < Kg(t, w)(ly* — y?| + |2' — z?|)
where for a.e. 0, {Kg(t,-),0 < t < T} is an R*-valued adapted and bounded
process satisfying |Kg| < +oo.

Then (Y,Z) € L*(0, T; (D**)? x (D*?)™*?), and for each 1 < i < n, a version of
{(DyY, DyZ,); 0 < 6,t < T} is given by

LY, =0, DiZ,=0, 0<t<@O<T
. . T . . .
LY, = DiE + f [0,£(5, Yo, Z)DYs + 0,£(5, Yo, Z)DiZs + Df(s, Vs, Zs)] ds
t
T .
—f DyZdBg. O <t<T
t
Moreover,
Dth:Zt. OStST

Proof:

Without losing generality, let us set d = 1. Let (Y*, Z*) be the Picard iterative sequence
defined recursively by Y° = 0,Z° = 0 and

dYfHt = —f(t, Y5 Z)dt + (ZK*1) dB, Yi*l=& (4.21)
As we have shown in the introduction chapter, (4.21) is equivalent to
dvitt = £(1 YR(V), L (Mk(Vk))t) dt,
where
MK = E(E + V§|F), Y& = E(§+ VF|F,) — VEand Y& = MK — VK,
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VO=0andL (Mk(Vk)) = 7K where the density process ZX is given by

T
ME — Mk =f (z¥)'dB,. (4.22)
t
By the contraction mapping proved before, we know that the sequence (Vk) converges
in C2(R) to (V) as k = +oo, the unique solution of BSDE.
By induction, we show that
(VK YK ZK) € L2(0, T; (D*?) x (D¥2) x (DV2)M).

Suppose that (V¥) € L2(0, T; D'2). Since £ € D*? and MK = E(§ + VK|F,), Y& =

IEI(E + V%‘|Tt) — VK, we conclude MK, Y € D', Then according to (4.22) and by lemma
4.2.1, it implies ZX € D2, Since ftT f(s, YX, ZX) ds € D'2, then VK1 € D2, which
follows that Yk*1, Zk+1 € D12,

By differentiating (4.21), it follows thatfor0 <08 <t,1 <i<n,

dDp Y&+t = —[a,f(t, Y&, ZK)Dy YK + 0,£(t, Y&, ZK) Dy ZK + Dy f(t, Y&, ZK)|dt
+ (DLZE+Y) dB,,  (4.23)

k+1 E

Reformulating (4.23) into an ordinary differential equation, we obtain by the same
argument that (4.23) is equivalent to

dDRVEFE = [9,f(t, YE, ZK)DRYE + 0,f(t, Y&, ZX)DZ, + Dhf(t, Y&, zK)|dt,  (4.24)
Dl Yk+1 E

where
DgMK = E(Dgf + DgVE|F,), DgYX = E(DgE + DgVF|F:) — DgV and DY
= DgME — DV,

The density process DeZk is given by
. . T .
Dngf—Dng:J DyZ¥dB,, 1<i<n, 0<0O<t<T.
t

Without losing generality and to simply notation, we assume that the Brownian is one-
dimension.
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We need to show that (DgVX) converges to (V®) in L2(0, T; D¥?), where V® satisfies
dV® = [9,f(t, Yi, Ze )Y + 0,6(t, Yy, ZDZY + Do (8, Yy, ZO|dt,  (4.25)
Y2 = Dgt.
where
M? = E(DgE + VR |Fy), YO = E(DeE + VE|F,) — V® and Y = MP — V¢.
and L (MG(VO)) = 79, where the density process Z° is given by
T

M —ME = f 79dB,.
t

Subtracting between (4.24) and (4.25), we have

d(V@ — DgVE*?)

= {[0,f(t Yo, ZOY? + 0,f(t, Yo, Z)ZE + Dg £(t, Yy, Zy) ]

—[0,£(t, YE ZE)Do Y + 0,£(t, Y, ZE¥) Do ZE + Do f(t, Yi, Z&) ] }dt, Y2 — DaYKtt = 0.

By integrating on both sides over the interval [0, t] and with initial data Vg = 0, it
follows

Vte _ Dﬂvtk+1
t

= ] {|0y£(s, Ys, Z)YE + 0,£(s, Ys, Zs)Z + Dy £(s, Ys, Zs) |
0

—[0,f(t, YN, ZE)DoYX + 0,f(s, Y&, ZX) Do ZK + Do f(s, Y&, ZX)]}ds.
Then we obtain for almost all 8 € [0, T] that

IVO — Devi<+1]|,

<C

t
E ( f [0,£(s, Y5, Z)YE + 01((s, Y5, Z5) Z2 + Dy £(s, Ys, Z5)
0

2
— [0,£(t, Y&, ZX)D YX + 0,f(s, Y, Z¥) Do ZE + Dof(s, Y&, zé‘)]ds> l
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< C[A2(T) + BY(T) + C8(T)],

where C is a positive constant, and

T 2
A)(T)=E < f Do £(s, Ys, Zs) — Dof(s, Y&, Z&)| dS)
0
T 2
BS(T) = E < f |9y f(t Y&, Z8) (Y — DoYs)| dS)
0
T 2
+E < f |0,f(t, Y&, Z5) (28 — DoZ)| dS)
0
T 2
CO(T) = E ( f |[0,£(s, Ys, Zs) — Oy f(t, Y&, ZE) | Y| dS>
0

T 2
+E < f |[0.£(s, Ys, Zs) — 8,f(t, YK, ZX)]Z8| ds)
0

Firstly, we consider Ale((T).
T 2
AY(T) <E <f IKe(S)I(| Ys — Y&| + | Zs — Z¥| ds)
0
2
< CZE (fy (| Ys — Y&| + |2 — | ds)

T
< C2(T - O)E (f (| Ys = YX| + |25 — ZX|)° ds)
0

T T
szcg(T—e)lEU |YS—YSk|2ds>+[E<J |zs—z§|2ds>l
0 0

< 2C3(T - 0)2[[Y — Y¥|| 7, + 2¢3(T - O]z — 2|,
< 2C3(T — 0)?[[Y — Y¥||?, + 2¢3¢3(T - )M — M|,
< [18C3(T — 0)? + 8CZCA(T — O)][|V — VX,

where C; is a positive constant and C; is the Lipschitz constant.

The last inequality is followed by
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I M — MK || 2= i/Esupte[e,T][E(VT —Vk|F)* < 2|V - Ve 2
and
I = ¥4l < 3]V = V¥ .

Since (Vk) converges to (V), it follows that limk_m”V - Vk”Z2 = (. Hence

T
lim fo A%(T)de = 0.

Secondly, we consider Cf(’ (D).

Since (Y9, Z9) is the solution of (4.25), it follows
T
f Y1122 + [1Z]12,2d6 < +co.
0

Furthermore, since d,f and d,f are bounded and continuous with respect toy and z, it
implies by the Lebesgue theorem that

T
lim | C)(T)de = o.
k- 0

Finally, we consideng(T). Since the derivatives of f are bounded,

B (T)

2

T 2 T
< C2E (fe |(Y® — DgYX)| ds) + C2E <fe (28 — DpzY)| ds>

T T

< C2(T-0)E (j |(YE - D9Y5k)|2 ds) + C3(T-0)E <f |(z8 - Dez;<)|2 ds)
0 0

< C3(T — 8)2[|Y® — DgYX|, + CZ(T - 8)]|2° — DoZX|;

< C3(T - 8)?||Y® — DgY¥||",, + C2CE(T — 6)[|M® — DgM¥||7,

< [9C(T — 6)2 + 4C3C2(T — §)][[V® — DgV¥|,

where C,4, Cs is positive constants and C; is the Lipschitz constant.
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The last inequalities is followed by

MMG—D@ﬂuyzVEwm@”ﬁO@—D@¢UQZSﬂwﬁ—mﬂﬂb
and
[Y® = DeY¥|| . < 3||[V® — DgV¥| .
Choose T so that a = 9C2(T — 8)% + 4C2CZ(T — ©) < 1. Fix a positive real € > 0. There
exists N > 0 such that, forany k > N,
T 0 k+1]|? T 0 k(|2
]0 [Ve — Dovie+|%, do < e + afo Ve — DevH|[%, a6

Therefore, we inductively obtain, for every k > N,

T T
0 _ 1. vk||? € kf 0 _ 1. yoll?
fo V9~ DoV¥ga 06 < 7= + | Ve DoV, o

€ Kk
<—+a*K— 0,
1—«a

since 0 < a < 1, where Kis a positive constant.

Thus, the sequence (DgV¥) converges to (V®) in L?(0, T; D*?)=12 ,. Consequently, since
I ; is closed for the norm ||-]|$ , , it follows that the limit (V) belongs to L , and that a
version of (DgV) is given by (Ve). Therefore,

dDgV; = [ayf(t; Y., Ze )DgY, + 0,£(t, Yy, Z) Do Z¢ + Dof(t, Yy, Z)|dt, DgYr = Dgk

where

DgM, = E(Dg& + DgVr|Fy), DeYy = E(DgE + DgVr|Fy) — DoV and DgY;
= DgM; — Do V¢

and the density process DgZ is given by

T
DGMT - DGMt = J DGZSdBt’ O < e S t< T.
t

It implies that a version of {(DgY;, DgZ;); 0 < 0,t < T} is given by

DgY; =0, DgZ; =0, 0<t<6<T,
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It remains to show that for the considered version of the Malliavin derivatives of Y and Z,
DsYs = Zs. Fort <,

S S
Y. =Y, — f f(r,Y,, Z,)dr + f Z.dB,.
t t
Thenfort < 8 <,
S S
DoYs = Zg — j ayf(r, Y, Z:)DgY; + 0,f(r, Y, Z,)DgZ, + Dopf(r, Y, Z.)dr + f Z.dB,.
0 0

By taking 6 = s, it implies that

4.3 Application to European Option Pricing in the Constrained Case

In this section, we study some nonlinear backward equations for the pricing of
contingent claims with constrains on the wealth or portfolio processes, and
demonstrate how the above proposition and comparison theorem apply to two simple
examples in finance. In other words, we only focus on the applications of the properties
proved instead of the details in pricing the contingent claims. If one is interested in
pricing the claims in the following examples, please refer to (Jouini and Kallal, 1995a)
[30] and (Cvitanic and Karatzas, 1993) [31].

For simplicity, suppose in a market there 2 assets, where the first one is riskless while
the other is risky. The rest hypothesis is the same as section 3.5.

4.3.1 Replicating claims with difference risk premium for long and short positions
(Jouini and Kallal, 1995a) [30]
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We suppose in the market there is different risk premium for long and short positions.
Let 81 — B2 be the difference in excess return between long and short positions in the
stocks, where 8! and 02 are predictable and bounded processes. Then by corollary 3.3.2,
we have that, given a square-integrable contingent claim &, there exists a unique square-
integrable replication strategy (X, o*m,) which satisfies

dX; = [rX; + ™00 + (1) 0:(6f — 62)]dt + m,0.dB,
Xr =§
where X, is the fair price of the contingent claim § at time t.
Let (X, 0*) be the solution of the solution of the LBSDE
dX; = [rX + 0.0} + (%o (01 — 62)]dt + T.0.dB,,
Xr=¢&

It is interesting to find a sufficient condition which ensures that X, = Xr. Then using the
comparison theorem and the Malliavin calculus, we have the following proposition.

Proposition 4.3.1 Suppose that the coefficients r, 0, 62, o, are deterministic
functions of t and suppose that £ € D2, If (¢},)"'D,€ < 0,dP ® du a.s., then the price
forEis X = X.

Proof:

By proposition 4.2.2, (X, %) € L?(0, T; (D*?) x (D*?)), and for 1 < i < m, a version of
(DX, DL, );0 Su<t<This

dDLX, = [ DiX; + D %00} + (DLF,)o.(6f — 62)]dt + D! F0.dBy,
DXt = DiE.

Set Y! = (67)"'D,X; and Z{ = (D, ) (6,) 7%, for0 < u <t < T. We can easily see
that (Y&, Z¢, u < t < T) is the solution of the BSDE

Yi = (o}) ' DLE.
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Then we apply the comparison theorem to (Y¥,Z") and (0,0). So if (6;) "'DLE < 0,
thenY¥ < 0i.e. (o;) DX, < 0.

Since by proposition 4.2.2, it follows o%m,=D,X,. Then we get t, < 0. Therefore, the
price for £is X = X. [ |

4.3.2 Replicating claims with high interest rate for borrowing (Cvitanic and Karatzas,
1993) [31]

We suppose that in a market, an investor is allowed to borrow money at time t at an
interest rate Ry > ry, where r; is the bond rate and R is a predictable and bounded
process. Hence the amount borrowed at time t is equal to (Y; — 1)~ . Then by corollary
3.3.2, we have that, given a square-integrable contingent claim §, there exists a unique
square-integrable replication strategy (Y, o*m;) which satisfies

dY; = [r¢Y; + 100 — (Ry — r) (Y; — mp)~]dt + my0,dBy,
Yr =%
where Y; is the fair price of the contingent claim § at time t.
Let (\7, 0*Tt) be the solution of the solution of the LBSDE
d¥, = [rY; + 00, — (R, — r) (Y — 7o) ]dt + F.0,dBy,
V=&

Similarly, using the comparison theorem and the Malliavin calculus, we have the
following proposition.

Proposition 4.3.2 Suppose that the coefficients ry, Ry, 0;, 0, are deterministic
functions of t and suppose that £ € D2, If (¢},)"'D,& = § dP ® du a.s., then the price
forfisY =Y.

Proof:

We use exactly the same argument as proposition 4.3.1, but apply the comparison
theorem to (X, ﬁ't) and (YY,Z"Y), instead of (0,0) and (Y",Z"Y). [ |
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Chapter 5

Conclusions

In this paper, we studied the following class of backward stochastic differential
equations

dY! = —fi(t, Y, LM))dt + dM), Yy =&,

on a general filtered probability space (Q, F, F;, P), wher L is a prescribed non-linear
mapping which sends M to an adapted process L(M), and M, a correction term, is a
martingale to be determined.

Based on Liang, Lyons and Qian’s paper, which showed BSDEs may be reformulated as
ordinary functional differential equations, the existence and uniqueness of local ILP
solutions of the above BSDE was proved by using a fixed-point theorem. Then the global
solution was obtained by subdividing the time interval [0, T]. Therefore, the result in
Liang, Lyons and Qian’s paper is a special case of ours.

Our greatest contribution in the paper is that we successfully established the
corresponding comparison theorem of the above BSDE, which had not done by anyone
in the literature before.

Furthermore, we studied the solution of
dYt == _f(t, Yt, Zt) + Z;dBt, YT == E

in the Malliavin’s sense, and revisited and proved the proposition 4.2.2 (El Karoui, Peng
and Quenez, 1997) by a different approach.

By those generalised theorems and propositions stated and proved by us, some
standard results in the literature were recalled and showed as the special cases.

Finally, we applied the theory of the above BSDE demonstrated in the paper to
European option pricing in both the unconstrained and constrained cases.

In conclusion, we taken advantage of Liang, Lyons and Qian’s idea all the way through
the paper, and clearly illustrate some important properties of BSDEs and their
applications to finance.

However, some theory in the paper is needed further studies. For example, we may
improve the comparison theorem to make the condition on the mapping L more nature
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as the condition put on L seems to be artificial in some sense. Moreover, the
proposition 4.2.2 can be generalised under the solution of

dY] = —fi(t, Y, LM))dt + dM), Yp =&,

Actually, we tried this generation. However, according to the comments from some
academic supervisors, our proof for the generalised version is not enough rigorous, so
we took out the part from the paper. The proof is not that straightforward as it looks
like. In fact, it is complicated. Basically, we had some problems about how to define the
derivative of L. and how to ensure the differentiability of L, etc. We believe there is no
barrier to generalise this proposition in the future after doing more research on the
Malliavin Calculus and the general type of BSDEs in finance.

In addition, Liang, Lyons and Qian’s approach can also apply to the optimal control
problems, the utility maximization problems with backward stochastic dynamics and the
theory of forward-backward stochastic differential equations. These issues may require
further studies.
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