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Abstract

Random planar graphs have been the subject of much recent work.
Many basic properties of the standard uniform random planar graph P,,
by which we mean a graph chosen uniformly at random from the set of all
planar graphs with vertex set {1,2,...,n}, are now known, and variations
on this standard random graph are also attracting interest.

Prominent among the work on P, have been asymptotic results for
the probability that P, will be connected or contain given components/
subgraphs. Such progress has been achieved through a combination of
counting arguments [16] and a generating function approach [11].

More recently, attention has turned to P, ., the graph taken uni-
formly at random from the set of all planar graphs on {1,2,...,n} with
exactly m(n) edges (this can be thought of as a uniform random planar
graph with a constraint on the average degree). In [9] and [11], the case
when m(n) = |gn| for fixed g € (1,3) has been investigated, and results
obtained for the events that P, |4, will be connected and that P, g
will contain given subgraphs.

In Part I of this thesis, we use elementary counting arguments to
extend the current knowledge of P, ... We investigate the probability
that P, » will contain given components, the probability that P, ,, will
contain given subgraphs, and the probability that P, » will be connected,
all for general m(n), and show that there is different behaviour depending
on which ‘region’ the ratio % falls into. In Part II, we investigate the
same three topics for a uniform random planar graph with constraints on

the maximum and minimum degrees.
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1 Introduction

Random Graphs

Over the last 50 years, random graphs have been the subject of much activity.
Two main types of random graph have been studied in particular — the random
graph with edge probability p and the uniform random graph with m edges
(where we take ‘graph’ to mean ‘simple labelled graph’, as throughout this
thesis).

The random graph with edge probability p is the random graph on the ver-
tex set {1,2,...,n} where each of the (§) possible edges occur independently
with probability p = p(n). Thus, we would expect the number of edges to be
around p (%), but any number is possible. By contrast, the uniform random
graph with m edges is the graph taken uniformly at random from among all the
graphs on {1,2,...,n} that have exactly m = m(n) edges. Thus, each edge
occurs with probability (7;—>, but not independently of the other edges.

An alternative way to define the uniform random graph with m edges is via
the random graph process, where one starts at stage zero with an empty graph
and inserts all (§) edges one by one in a (uniformly) random order. The mth
stage of this random graph process is a uniform random graph with m edges.

Much is known about how the properties of our two types of random graph
depend on the functions p(n) and m(n). For example, it is known that n=*logn
is a ‘threshold’ for the property that a random graph with edge probabilty p will

be connected, meaning that

0 if’fp(")HOaanoo
PJconnected] — osn
1 if %(:? — 00 as n — o0.

Thresholds (for both types of random graphs) are also known for properties
such as ‘containing a subgraph isomorphic to H’ or ‘containing a component

isomorphic to H’ and it has become customary to refer to this development of



random graphs as p or m grows as the ‘evolution’ of the random graph.

An important tool in the investigation of the random graph with edge prob-
abilty p is the use of probabilistic methods. For example, if X is a function of a
graph (such as ‘the number of subgraphs isomorphic to H in a graph’) and we
wish to know bounds for P[X = 0], then it is often helpful to work out E(X)
and var(X), the calculation of which is facilitated by the fact that each edge
occurs independently of all the others. Certain results can then be transferred
over to uniform random graphs, since it can be shown that a close relationship
exists between the random graph with edge probabilty p and the uniform ran-

dom graph with m = p (%) edges.

Planar Graphs

A graph is said to be planar if it is possible to draw it in the plane (or, equiva-
lently, on the sphere) in such a way that the edges do not cross, meeting only at
vertices. For example, K, is planar, since it can be drawn as on the title page.
In the rest of this subsection, we shall collect together (without proof) various
basic properties of planar graphs that will be useful later.

Throughout this thesis, we shall use P(n) to denote the class of all planar
graphs on the vertex set {1,2,...,n}. It can be shown that, for n > 3, the
maximum number of edges of a graph in P(n) is 3n — 6, so Kj5, for example,
cannot be planar, since it has 10 edges. The maximum size (where we use ‘size’
to mean the number of edges) is achieved if and only if a graph is a triangulation,
i.e. if and only if it is possible to draw the graph in the plane in such a way
that each face, including the outside face, is a triangle. It is always possible to
extend a planar graph to a triangulation by inserting extra edges.

Another useful property of P(n) is edge-addability: for each graph G in P(n),



any graph that is obtained from G by adding an edge between two vertices in
different components is also in P(n). This follows from the important fact that

we may draw G in such a way that any given face is on the outside.

Random Planar Graphs

Since they were first investigated in [4], random planar graphs have generated
much interest. There are three main models — the random planar graph with
edge probability p, the random planar graph process, and the uniform random

planar graph with m edges.

The random planar graph with edge probability p is defined to be the graph
obtained by repeatedly sampling a (general) random graph with edge proba-
bility p until we find one that is planar. Note that this planarity condition
distorts the randomness in such a way that the probabilistic methods used for
the original case are no longer helpful, making this model difficult to study.

However, if we let p = % then we obtain P,, the graph taken uniformly at
random from the set of all graphs in P(n). In [16], the limiting probability (as
n — oo) was found for the event that P, will contain a component isomorphic
to an arbitrary fixed connected planar graph. This result was proven using
‘counting’ methods: to calculate the proportion of graphs with a particular
property, we think of a way to construct graphs with this property, we count
how many graphs we can create this way, and we count how many times each
graph will be constructed (i.e. the amount of double-counting). An inherent
difficulty with this approach is that we need to be able to count with accuracy.

A vital tool in the aforementioned result of [16] was a rather precise asymp-

totic estimate of [P (n)|, which was proven in [11] using the concept of generating



functions. The exponential generating function for a class A is defined to be
Az) = >2,50 Fra", where a, denotes the number of elements of A that have
parameter n (e.g. A could be the class of planar graphs and a,, could be |P(n)]).
The structure of A can sometimes be used to produce algebraic equations involv-
ing A(x) and its derivatives, which can then be solved to find A(x) explicitly. By
analysing the singularities of A(x), one may then be able to derive the asymp-
totic behaviour of a,. Unfortunately, the equations involved may be extremely

difficult to solve.

The random planar graph process is a random graph process equipped with
an additional acceptance test: before we insert an edge, we check whether the
resulting graph would be planar and, if not, we reject the edge (and never look
at it again). Properties such as connectivity and containing given subgraphs

were studied for this model in [10], using counting methods.

The uniform random planar graph with m edges, Py ,,, is the graph taken
uniformly at random from the set of all graphs in P(n) with exactly m edges. We
shall use P(n, m) to denote this set. Thus, the probability that P, ,, will have a
particular property is simply equal to the proportion of graphs in P(n,m) that
have that property. Unlike with general random graphs, it turns out that P,
is not equivalent to the graph obtained by the random planar graph process
after m edges have been accepted.

It is known from general uniform random graph theory (see, for example,
Theorem 5.5 of [14]) that, asymptotically almost surely (a.a.s., that is, with

probability tending to 1 as n tends to infinity), a graph taken uniformly at

random from the class of all size m graphs on {1,2,...,n} will be planar if
is bounded above by C' < % Thus, for this region of m, uniform random planar
graphs behave in the same way as general uniform random graphs. Since the

latter have already been extensively investigated, the interest for planar graphs



lies with the case when m > Cn. Also, recall that (for n > 3) we must have
m < 3n — 6 for planarity to be possible.

Generating functions were used in [11] to give rather precise asymptotic
expressions for both |P(n, [¢gn])| and |P.(n, |gn])| for fixed ¢ € (1,3), where
P.(n, m) denotes the class of connected graphs in P(n,m), and these results can
be combined to give an expression for P [Pn)an | will be connected] forq € (1,3).
Also, P [Pmtqn | will contain a given subgraph} has been investigated in [9] us-
ing counting methods. A more detailed summary of all such results shall be

given in Section 3.

Overview of Thesis

This thesis shall be split into two distinct parts. These shall deal, respectively,
with uniform random planar graphs with m edges, adding to the existing litera-
ture, and then with the unexplored topic of random planar graphs with bounds
on the minimum and maximum degrees.

In Part I, we shall use counting methods to investigate the behaviour of P, ,,,
the uniform random planar graph with n vertices and m edges, as m(n) varies.
We will extend the connectivity and subgraph results of [9] and [11] to cover the
case when m is not of the form |[gn], as well as investigating the largely un-
charted region of m < (1+o0(1))n. We shall also examine the thresholds for P, ,,
containing given components. A summary of our main results is given on page 14.

Clearly, P, can be thought of as a random planar graph with constraints on
the average degree. In Part II, we shall instead look at random planar graphs
with constraints on the minimum and maximum degrees. Again, we shall use
counting methods to investigate the typical properties of such graphs and see how

these vary with our constraints. A summary of these results is given on page 112.
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Part 1
The Evolution of Uniform

Random Planar Graphs

2 Outline of Part I

As already mentioned in Section 1, we shall now investigate how the properties
of planar graphs change depending on the number of edges. In particular, we will
look at a graph P, ;,,(,,) taken uniformly at random from the set of all labelled
planar graphs on {1,2,...,n} with m(n) edges, and see how the behaviour

w (as mentioned in Section 1, we may assume

of P, ,, varies with the ratio
that liminf,, . 7 > 0, since otherwise our planarity condition has no impact).
We shall focus on three topics: the probability that P, ,, will contain given
components, the probability that P, ,, will be connected, and the probability

that P, ,, will contain given subgraphs. Our objective will be to show exactly

m(n)
n

when, in terms of , these probabilities converge to 0 , converge to 1, or are
bounded away from both 0 and 1.

We shall start in Section 3 by giving a detailed summary of the state of
knowledge of P, ., prior to this thesis. We will also include results for P, the
graph taken uniformly at random from the set of all labelled planar graphs
on {1,2,...,n}, since this model is closely related to P, ,,.

In Sections 4 and 5 of this thesis, we shall then do the groundwork for our
later theorems by investigating the number of pendant edges (i.e. the number
of edges incident to a vertex of degree 1) and the number of addable edges
(i.e. the number of edges that can be added individually to a planar graph

without destroying planarity). These results will be important ingredients for

our later counting arguments.
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We shall then start to use our ingredients to examine the probability that
P, will contain a component isomorphic to a given graph H, the results
for which are summarised on page 14. First, in Section 6, we will produce
various lower bounds for this probability (splitting into different cases depend-
ing on both e(H) — |H| and m(n)), where by ‘lower bound’ we mean results
such as P[P, ,, will contain a component isomorphic to H] — 1 as n — oo
or liminf, .o P[P, will contain a component isomorphic to H| > 0, rather
than precise figures. In Sections 7 and 8, we shall then obtain exactly comple-
mentary upper bounds.

The upper bounds of Section 7 will, in fact, be obtained through achieving
another of our objectives by producing an account of the probability that P, ,,
will be connected (in which case it clearly won’t contain any component of
order < n), and a summary of the results for this topic is also given on page 14.
As a spin-off, we shall obtain (in the second half of Section 7) some results on the
total number of components in P, ,,, which (although not one of our primary
themes) is quite an interesting subject in its own right.

In Sections 9-11, we will turn our attention to P[P, ,,, will contain a given
subgraph], again dealing separately with different cases depending on the number
of edges of the subgraph. These results are again summarised on page 14, for
the simplified case when the subgraph is connected.

Often we may prove slightly stronger results than those stated on page 14.
For example, we might show that the probability that P, ,, has at least ¢ vertez-
disjoint induced order-preserving copies of H converges to 1, rather than just
P [P, has a copy of H|] — 1, or P [P, ,, has a component isomorphic to H] >
1 — e %™ rather than just P [P,,, has a component isomorphic to H] — 1.
Typically, these extensions will not alter the idea of a proof, but may make
some of the details slightly more complicated.

Throughout, we shall use ‘Lemma’, ‘Theorem’ and ‘Corollary’ in the usual

way, with ‘Proposition’ reserved for those results that are at a tangent to our
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three main objectives (such as when we look at the total number of components
in P, ,,) and also for results that were given in other papers.

To aid the reader, a diagram will be given at the start of each section to
illustrate how it is structured. Arrows are used to show the relationship between
the results, with those of that section highlighted in bold, and the main theorems

circled.
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Summary of Component Results

For a connected planar graph H, let P := P[P, ,,, will have a component = H].

e(H) = |H|

e(H) > |H|

lim P > 0 (T37)

lim P < 1 (L52)

P — 0 (Thm. 51)

(
lim P > 0 (T36)
lim P < 1 (L42)

lim P > 0 (T36)

lim P < 1 (L42)

e(H) < |H|
0 <lim * P — 1 (Cor. 39)
& T <1+40(1)
1< lim ™ lim P > 0 (T36)
& lim 2 <3 lim P < 1 (L42)
m—3 P — 0 (Cor. 45)

P — 0 (Cor. 45)

Summary of Connectivity Results

Let P, := P[P, , will be connected].

< 1+0(1) P, — 0 (Corollary 39)

I <lim 2 & lim ™ <3 | lim P. > 0 (Lemma 42)
lim P, < 1 (Theorem 37)

=3 P. — 1 (Corollary 45)

Summary of Subgraph Results

P — 0 (Cor. 45)

For a connected planar graph H, let P, := P[P, ,, will have a copy of H].

e(H) < |H] e(H) = [H| e(H) > |H|
0 < lim % P, — 1 (Cor. 39) lim P, >0 (T37) | P, — 0 (C69)
&lim <1 lim P, < 1 (T64)
=1 P, — 1 (Cor.39) | P, — 1 (Lem. 65) Unknown
(see Section 11)
lim™ >1 [P, —1(Thm.61) | P, — 1 (Thm. 61) | P, — 1 (T61)

14




3 Previous Results

Recall that P, is the graph taken uniformly at random from the set of all graphs
in P(n) and that P, ,, is the graph taken uniformly at random from the set of
all graphs in P(n,m). In this section, a detailed account of the existing results

on P, and P, ,, will be given, with sketch-proofs of some of the major theorems.

We shall begin by looking at P,,. We will see results on the number of com-
ponents in P, that are isomorphic to a given H (Proposition 2), the number of
special copies of H (called ‘appearances’) in P,, (Proposition 4), the probability
that P, is connected (Propositions 5 & 6), and the total number of components
in P, (also Propositions 5 & 6). In addition, we shall see (in Proposition 1) a
precise asymptotic estimate for |P(n)|, the number of planar graphs of order n.

We will then summarise results about P, ,,. Again, we shall see results
concerning appearances (Proposition 10), connectivity (Proposition 7), and the
total number of components (Propositions 11 & 12), as well as estimates for

|P(n, m)| (Propositions 7 & 8).

We start with an estimate of how many planar graphs there are:
Proposition 1 ([11], Theorem 1)
[P(n)| ~ g -0~ nl,

where g ~ 0.4260938569 - 10~° and ~; ~ 27.2268777685 are constants given by

explicit analytic expressions.

Sketch of Proof Since a planar graph is a set of connected planar graphs,

the e.g.f. (exponential generating function) for the class of planar graphs can
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be expressed in terms of the e.g.f. for the class of connected planar graphs.
Similarly, a connected planar graph may be decomposed into 2-connected com-
ponents, and so this enables us to relate the e.g.f. for the class of connected
planar graphs to the e.g.f. for the class of 2-connected planar graphs. This
latter class has already been analysed in [2], via a further decomposition into
3-connected components (which have a unique embedding in the sphere [20])
and the use of known results on planar map enumeration. Hence, we are then
able to use the e.g.f. equations (together with a large amount of algebraic ma-

nipulation) to obtain our asymptotic estimate for |P(n)|. ]

1/n
Note that Proposition 1 implies that (%) — v as n — 0o. Thus, we

call ~; the labelled planar graph growth constant.

The precise nature of Proposition 1 enables the structure of P, to be inves-

tigated in detail. The main theorem is:

Proposition 2 (implicit in [16]) Let Hy,..., H, denote a fized collection of
pairwise non-isomorphic connected planar graphs, and let Xff) denote a random
variable which counts the number of components isomorphic to H; in P,. Then
(X,(Ll), ... ,Xfp) 4, (Z1,...,2Z), where Z; € Poi ((|Aut(Hi)|'yl|Hi|> 1) are

independent.

Sketch of Proof We construct graphs of order n with at least k; components
isomorphic to H;, for all i, and find that we have built |P(n)|E [Higr ((Xr(f))k)}
graphs in total, where (X); = X(X —1)--- (X —k+1) denotes the kth factorial
moment. Thus, we obtain a formula for E [Hig ((Xr(f))ki)}’ which turns out

to simplify in terms of I,,, the expected number of isolated vertices in P,. But

n|P(n—1)|

T 'yl_l, by Theorem 1. A standard

I, = nPv, is isolated in P,] =

16



result on the factorial moments of the Poisson distribution then completes the

proof. U]

As a corollary to Theorem 2, we can see that the limiting probability for P,
1

. . . . B [H]
having a component isomorphic to H is 1 — e (I1Autan], ™)

It is easier to investigate the number of components isomorphic to H than
the number of subgraphs, since components do not interfere with one another.

However, subgraphs may be approached via the concept of ‘appearances’:

Definition 3 Let H be a graph on the vertex set {1,2,...,h}, and let G be
a graph on the vertex set {1,2,...,n}, where n > h. Let W C V(G) with
|W| = h, and let the ‘root’ ry denote the least element in W. We say that H
appears at W in G if (a) the increasing bijection from 1,...,h to W gives an
isomorphism between H and the induced subgraph G[W| of G; and (b) there is
exactly one edge in G between W and the rest of G, and this edge is incident
with the root ry . We let fa(G) denote the number of appearances of H in G,
that is the number of sets W C V(G) such that H appears at W in G.

L]

3 1 8 5
Figure 1: A graph H and an appearance of H.

The clean structure of an appearance makes it a suitable candidate for the

generating function approach. Hence, we may obtain:

17



Proposition 4 ([11], Theorem 4) Let H be a fixed connected planar graph
on the vertex set {1,...,h}. Then fru(P,) is asymptotically Normal, and the

and 0% ~

mean p, and variance o2 satisfy j, ~ _

_n_
'ylh'hl

Thus, a.a.s. P, will contain at least linearly many copies of any given con-

nected planar graph.

One further topic that has been looked at is that of connectivity and the
number of components of P,,. Recall (from page 7) that P(n) is edge-addable.

By a counting argument based on this, it is shown in [16] that we have:

Proposition 5 ([16], 2.1) The random number £(P,) of components of P, is
stochastically dominated * by 1+ X, where X has the Poisson distribution with

mean 1. In particular,

P[P, connected) > 1/e and E[k(P,)] < 2.

These bounds hold for all n, but they may be significantly improved in the

asymptotic case by using generating functions:

Proposition 6 ([11], Theorem 6 & Corollary 1) Asymptotically, k(P,)—1
1s distributed like a Poisson law of parameter v, where v ~ 0.0374393660 is a

constant given by an explicit analytic expression. In particular,

P[P, connected] — e7Y ~0.9632528217

and E[k(P,)] — 14 v = 1.0374393660.

1We say the distribution (p;) is stochastically dominated by the distribution (g;) to mean

that we have Ekgl Pk > Ekgl qr Vl
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We now turn our attention to planar graphs with n vertices and m edges.
Again, precise estimates for |P(n,m)| and |P.(n, m)|, the number of connected

graphs in P(n,m), are given in [11]:
Proposition 7 ([11], implicit in Theorem 3) Let q € (1,3). Then
P, Lan)l ~ g(a) - (u(@)™ " -0~ y(g)"n!
and  [Pe(n, |qn])| ~ ge(@) - (u(@)"™ ™" 0~y () nl,
where g(q), gc(q), u(q) and v(q) > 0 are computable analytic functions.
Sketch of Proof We define the bivariate exponential generating function for a

An,m
n:

class of graphs, A, to be A(z,y) = Zn’m>0 x"y™, where a, ,, denotes the
number of graphs in A that have order n and size m. Hence, we may again use
the decomposition of the proof of Proposition 1 to obtain the given asymptotic

estimates. U

Note this provides an expression for lim,, ., P [Pn,an | will be connected].

As it turns out, this limit is strictly between 0 and 1 for all ¢ € (1, 3).

Analogously to with ~;, we call v(q) the growth function for q. A fairly

detailed picture of this function is given in [9] and [11]:

Proposition 8 ([9] and [11]) For each q € [0,3], there is a finite constant
v(q) > 0 such that, as n — oo, if 0 < q < 3 then both (|P.(n, [qn])|/n)"/™ and
(|P(n, lgn])|/n)*/™ tend to v(q), and (|P(n,3n — 6)|/n))Y/" tends to v(3).

The function v(q) is equal to 0 for g € [0,1) and is then unimodal and uni-
formly continuous on [1, 3], satisfying v(1) = e, v(3) = 256/27 and achieving a
mazimum value of v at ¢ = E (e(P,)) ~ 2.2132652385.

It is also shown in [9] that there is uniform convergence to 7(q), in the

following sense:

19



Proposition 9 ([9], Lemma 2.9) Let a € (1,3) and let n > 0. Then there

exists ng such that for all n > ng and all s € [an,3n — 6] we have

(P57 )

<.

No analogue to Proposition 2 has been given for P, .. However, via

counting arguments we do have a (less precise) version of Proposition 4:

Proposition 10 ([9], Theorem 3.1) Let q € [1,3) and let H be a fized con-
nected planar graph on the vertices {1,...,h}, with the extra condition that H

is a tree if ¢ = 1. Then there exists a = a(H,q) > 0 such that

P [fu (Pu,gn)) < an] = 2.

Thus, similarly to with P,, we know that (a.a.s.) P, |q4n] Will contain at least

linearly many copies of any given connected planar graph, if ¢ > 1.

We finish with two upper bounds for the number of components in P, ,,.
The first deals with when m = |[¢gn] for ¢ > 1, and the second with when m is

slightly below n:

Proposition 11 ([9], Lemma 2.6) Let q € [1,3) and let ¢ > In Then

/i
v(g) "

P[5 (P qn)) > [en/Inn]] = e S,

20



Proposition 12 ([8], Lemma 6.6) Let 3 > 0 be fized, and let m = m(n) =

n— (B+o0(1))(n/Inn). Let the constant ¢ > 0 satisfy ¢ > 3+ 1Invy, — 1. Then

P [k (Pym) > en/Inn] = e %),

It is the aim of this project to expand on the current state of knowledge

of Py m.
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4 Pendant Edges

In this section, we will do some groundwork by investigating the number of
pendant edges in random planar graphs, which will be an important ingredient
in later sections. The key result here will be Theorem 16, where we shall see
that (a.a.s.) P, ,, will have linearly many pendant edges, provided that ™ is
bounded away from both 0 and 3.

Clearly, it suffices to show that (a.a.s.) P, ,, will have linearly many vertices
of degree 1. We will first see (in Corollary 14) that the part of this result dealing
with the case when ™ € [b, B], where b > 1 and B < 3, may be deduced fairly
easily by analysing an important result from Section 3 concerning the concept
of appearances. We shall then (in Lemma 15) also prove our result for smaller
values of ™, using counting arguments.

P8 P9 P10

N

L13

|

C14 L15
Figure 2: The structure of Section 4.

We start by recalling our result on appearances in P, |4n):

Proposition 10 ([9], Theorem 3.1) Let g € [1,3) and let H be a fized con-
nected planar graph on the vertices {1,...,h}, with the extra condition that H

is a tree if ¢ = 1. Then there exists a = a(H,q) > 0 such that

P [ (Po,jgn)) < an] = 7.

22



By analysing the proof of Proposition 10, we may in fact obtain the following

useful improved version:

Lemma 13 Let H be a fized connected planar graph on the vertices {1,2,...,h},
let b>1 and B < 3 be given constants, and let m = m(n) € [bn, Bn] ¥n. Then
there exist constants N(H,b, B) and o(H,b, B) > 0 such that

P{fu(Pum) < an] <e " ¥n > N.

Proof In the proof of Proposition 10 in [9], it is actually shown that IN(H, q)
and «(H, q) > 0 such that P[fg (P, |qn]) < an] < e™*" Vn > N. It will suffice to
show that this holds uniformly, in the sense that 3N (H, b, B) and a(H, b, B) > 0
such that, for all g € [b, B], we have P[fy (P, |qn]) < an] <e™®" Vn > N.

The proof of Proposition 10 given in [9] implicitly provides us with the

o 1
value a(H, q) = 9e2(v(q)) " (h+x+2) (h+az)!

% < g and 3;;5 > ¢q. Recall from Proposition 8 that v(q) € [e,v] Vg € [1,3].

where z is the least integer such that

L X ; 1
Thus, it follows that we may take «, independently of q, to be Y S WS Y S

where z is the least integer such that zﬁ < b and 3;_—15 > B.

The value of N(H,q) provided by the proof of Proposition 10 given in [9]

depends on ¢ only in that we must have

(I =)™ nl(v(@)" < [P(n, [gn])] < (1 +¢€)"n!(v(g))" ¥n > N,

where € is defined by the equation (%)a = 1 — 3e. Thus, since our € will only

be a function of H,b and B, it suffices for us to prove IN (b, B, €) such that, for

all g € [b, B], we have
(1 =e)"nl(v()" < [P(n, [gn])] < (1 +€)"nl(v(q))" Vn = N.

By uniform convergence (Proposition 9), we know that IN; (b, €) such that,

1/n
for all ¢ € [b,3), we have (W) — (M)‘ < & ¥n > Ni. But since

n

~(g) is uniformly continuous on [1, 3] (Proposition 8), we also know 3Nz (e€) such
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that, for all ¢ € [1, 3], we have ”y (M) — v(q)’ < § Vn > Nj. Thus, for all

n

q € [b,3), we have

1/n
‘(W) —v(q)| < ee < ey(q) Vn > N(b, B,e) = max{Ny, Na}.

Hence, we are done. O

The first part of our pendant edges/vertices of degree 1 result now follows:

Corollary 14 Let b > 1 and B < 3 be given constants and let m = m(n) €
[bn, Bn| Vn. Then there exist constants N (b, B) and 8(b, B) > 0 such that

P[P,.m will have < (n vertices of degree 1] < e "™ ¥n > N.

Proof This follows from Lemma 13, with H as an isolated vertex. U]

m

We are left with proving the result for the case when 7* is small:

Lemma 15 Let ¢ > 0 and 6 < 1/8 be given constants and let m = m(n) €

[en, (14 0)n] for all large n. Then there exists a constant 3(c,d) > 0 such that
P[P, m will have < fn vertices of degree 1] < e P for all large n.

Sketch of Proof We suppose, hoping for a contradiction, that there will be
a decent proportion of graphs in P(n, m) with only ‘a few’ vertices of degree 1
and we consider separately the cases when (a) there are also ‘many’ isolated
vertices and (b) there are not ‘many’ isolated vertices.

For case (a), we construct new graphs in P(n,m) by turning some of the
isolated vertices into vertices of degree 1 (and deleting some edges elsewhere)
and find that we can construct so many graphs that we obtain our desired

contradiction.
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For case (b), we note that we must have ‘lots’ of vertices of degree 2. In
fact, we must have ‘lots’ of vertices of degree 2 that are adjacent only to other
vertices of degree 2. Such a vertex must belong either to a component that is
a triangle or to a larger component. In both cases, we construct new graphs
by turning the chosen vertex into a vertex of degree 1 (and inserting an edge
elsewhere). Again, we find that we can construct so many graphs that we obtain
our desired contradiction.

In all cases of the proof, the key idea is to construct our graphs in such a
way that there is not much double-counting. This is helped by our assumption

that we started with only ‘a few’ vertices of degree 1.

Full Proof Choose 3 > 0 and suppose 3 arbitrarily large n such that
P[P, . will have < fn vertices of degree 1] > e~7".

Consider one of these n and let G,, denote the set of graphs in P(n,m) with
< (n vertices of degree 1. Thus, |G,| > e P"|P(n,m)|.

Choose € > 0, let H,, denote the set of graphs in P(n,m) with < 8n vertices
of degree 1 and with > en vertices of degree 0, and let 7, denote the set of graphs
in P(n,m) with < Bn vertices of degree 1 and with < en vertices of degree 0.
Then [H,| + |Tu| = |Gn| > e P"|P(n,m)|. Thus, either |H,| > e_;n |P(n,m)]|

or |Tu| = S P (n,m)).

In a moment, we shall split our proof into two cases based on the observation
of the previous sentence. First, though, we should just note that there will be
several places later where we shall require that our choices of 3, ¢ and n sat-
isfy various inequalities. Formally, this can be done by assuming that we first
chose € to be ‘sufficiently’ small (depending on ¢ and 4), that we then chose
to be ‘sufficiently’ small (depending on ¢, § and ¢), and that we finally chose n

to be ‘sufficiently’ large (depending on ¢, d, € and ).
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Case(a)

Suppose |H,| > e_;n |P(n,m)| and consider a graph G € H,,. Using G, we shall

construct a graph (in P(n,m)) with > On vertices of degree 1 as follows:

Stage 1:
Choose [(n] isolated vertices (we have ((g%) > ((2’21) choices ? for these,
where dy denotes the number of vertices of degree 0). Let us denote the chosen

vertices, in order of their labels, as v1,va,...,vrg,7, and let ¢ = 1.

Stage 2:

Choose a vertex u; that was non-isolated in G and that was also not incident to
any of the edges e1,es,...,¢e;_1 defined in previous iterations (we have at least
n —dy — 2(1 — 1) choices, and we may assume that 8 > 0 is sufficiently small
that this is positive Vi < [3n], since by planarity n —do > 3 > §'); delete an

edge e; incident to u;; and join u; to v; (see Figure 3).

A\ [\
A

/N /N

Figure 3: Constructing a vertex of degree 1 in Stage 2.

Stage 3:
If ¢ = [Bn], then we terminate the algorithm. Otherwise, we increase i by 1

and return to Stage 2.

2We use the definition (F;:f\) = m‘(m_l)"-‘b(;ﬁ_ [Br1+D) if ep is non-integral, as is stan-

dard.
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By considering all possible initial graphs G € H,, it is clear to see that
the number of ways to build a graph with > gn vertices of degree 1 is at least
(i) (T2 = do = 26— 1)) 11l = (50 ) (2 = 200m]) ™" <52 PO, )

We will now consider the amount of double-counting, i.e. how many times
each new graph will be constructed. We know that each new graph will contain
at most 3[Sn| vertices of degree 1 (since there were < Sn to begin with; we have
deliberately added [#n]; and we may have created at most one extra one each
time we deleted an edge), so we will have at most (i@:ﬂ) possibilities for which
were our chosen (originally isolated) vertices vy, vo, ..., vr3,1. We will then have
< (n—[Bn])!8"] possibilities for where the edges attached to these vertices were
originally. Thus, we will build each graph at most (3{5:%) (n—[pn])1P" times.

Therefore, the number of distinct graphs in P(n,m) with > fGn vertices of

degree 1 is at least

(r6m) (2 =208n]) " 2 PG, ),
(n— [Bn])i6n]

(1))
en \/Prl/m [6n] [6nl
(55m)  (E=m)  eem
0 _staoteou, oy,
and here we may assume 3[0n] < en

€ § 303 e .
f h ly 1
> (<4ﬁ> ( 1 _ﬂ )) 2 (nvm)| or suthciently large n

Y

—Bn
> glon eT|7)(n, m)| for sufficiently small 3,
c_3
since <46ﬁ> (31_§> —oc0asf—0
> |P(n,m)| for sufficiently large n (since 3 > e),

which is a contradiction.
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Case(b)

e B™

Suppose instead that |J,| > “5—|P(n,m)| and consider a graph G € J,. We

shall start by showing the intuitive fact that G must contain many vertices of
degree 2.

Let d; denote the number of vertices of degree ¢ in G. Then

dy+2dy +3) di <Y id;

i>3 i>1
= 2m
< 2n+426n
= 2o+ 2dy +2dy + 2 _ d; +20n. (1)
i>3
Thus,
Y di < 2do+dy+20n
i>3
< 2en+ On+20n (2)
and so
dy = n—) di—dy—do

i>3
> n—2en—pFn—20n—0Pn—en

= (1-3¢—238-25)n.
We shall now see that, in fact, G must contain many vertices of degree 2

that are adjacent only to other vertices of degree 2. Recall from (1) that we

have Zi21 Zdz S 2d0 + 2d1 + 2d2 +2 Zi23 dl + 20m. Thus,

D idi < 2do+di+2) di+20n
i>3 i>3
< 2en+ fn + 2(2en + fn + 20n) + 26n by (2)
= (6e+ 38+ 65)n.
Therefore, at most (6e + 33 + 60)n of the degree 2 vertices will be adjacent to

a vertex of degree > 3. Similarly, at most d; < Bn of the degree 2 vertices will
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be adjacent to a vertex of degree 1. Hence, at least ds — Bn — (6e + 35+ 65)n >
(1-3e—28—-25)n—0Pn— (6e+38+4+65)n = (1 —9e—65—8J)n of the degree 2
vertices will be adjacent only to other degree 2 vertices.

Let A denote the set of vertices of degree 2 that are adjacent only to other
degree 2 vertices. Using G, we shall construct a graph (in P(n,m)) with > fn

vertices of degree 1 by the following algorithm:

Stage 1:
Let By = () and let 7 = 1.

Stage 2:
Choose a vertex, v;, in A — B;_1 (it will become clear that v; will still be a de-
gree 2 vertex that is adjacent only to other degree 2 vertices). Let the vertices

adjacent to v; be denoted by u; and w;.

Stage 3a (If u,w; € E(Q)):

If u;w; is an edge in G (in which case {u;, v;, w;} form a component that is a tri-
angle, since d(u;) = d(v;) = d(w;) = 2), then delete the edge v;w; and join w; to
a vertex x; ¢ (B;—1 U{u;,v;}) (see Figure 4). This is possible if ¢ < [n], since
it will become clear that [B;_1|+2 < 6(i—1)+2 < 6([An]—1)+2 < nif < }.
Planarity will be maintained, since w; and z; were in separate components.

If d(z;) # 2, let B; = B;—1 U {u;,v;,w; }. If d(z;) = 2, let the vertices ad-
jacent to x; be denoted by y; and z; and let B; = B;_1 U {w;, v, wi, i, yi, % }-
Thus, as already mentioned, it is clear that |B;| increases by at most 6 in each
iteration and that A — B; still just contains degree 2 vertices that are adjacent
only to other degree 2 vertices.

Vg Vi
B —

U; w; (173 w; T;

Figure 4: Constructing a vertex of degree 1 in Stage 3a.

29



Stage 3b (If u,w; ¢ E(G)):

If w;w; is not an edge in G, then insert an edge between wu; and w; (this can be
done arbitrarily close to the edges u;v; and v;w;, so planarity is maintained).
Delete the edge v;w;. Let x; denote the neighbour of u; that is not v; or w; and

let Bi = Bi,1 U {ui,vi,wi,xi}.

Vi Vg

Usg % Uq Wy

Ly L

/1IN /TN

Figure 5: Constructing a vertex of degree 1 in Stage 3b.

Stage 4:
If ¢ = [Bn], then we terminate the algorithm. Otherwise, we increase i by 1

and return to Stage 2.

Note that we have d(v;) = 1 Vi in our new graph. At each iteration, we
had |[A — B;—1] > (1 = 9¢ — 68 — 80)n — 608n = (1 — 9e — 123 — 8)n choices

for v;. Thus, by considering all possible initial graphs G € J,, we have at

B
2

least (1 — 9¢ — 124 — 85)[#nInlAn]

P(n,m)| ways to construct a graph with
> [n vertices of degree 1, and so it remains only to consider the amount of
double-counting.

Each new graph will contain at most 3[/n] vertices of degree 1 (since there
were < [/n] to begin with; we have deliberately created [(n]; and we may have
created at most one extra one each time we used Stage 3a, if x; was an isolated
vertex). Thus, we have < 3[3n] possibilities for which vertex was vfg,], which
will now be adjacent only to ufgy-

If urgn] now has degree 2, then we must have used Stage 3a in the final

iteration and hence wrgy,) is the other neighbour of ufg,; and z(g,) is the
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remaining neighbour of wrg,). Thus, we know how the graph changed during
the final iteration.

If ufg,) now has degree 3, then we must have used Stage 3b in the final
iteration and hence we have two possibilities for which vertex was wyg, (since
it must be one of the other neighbours of urg,) in the new graph). Thus, we
have two possibilities for how the graph changed during the final iteration.

Therefore, we have at most 6[f8n| possibilities in total for which vertex
was v, and how the graph looked before the final iteration. Repeating this
argument, we find that we have at most (6mn1)m "l possibilities for what the
original graph was and which vertices were vy, vs,...,v[g,] (in order). Hence,
we have built each of our new graphs at most (6[3n])/?"! times and, therefore,

the number of graphs in P(n,m) with > fn vertices of degree 1 is at least

(Bl _gn
(1—9e—123—-86)n e P
G ) R

Recall that § < 1/8. Thus, since we were free to choose ¢ and § arbitrar-

ily small, we may assume that (Hﬁﬁi}gﬁf&s) > 3. Therefore, for sufficiently

[Bn] g _pn
large n, we have <(179667[1527{31786)n) € ; |P(n,m)| > 318nle ; |P(n,m)| >

|P(n, m)|, which provides us with a contradiction.

M —6n
[T >e2 or

| Tn| e Pn
Plnm)] = 25 U

Thus, we get a contradiction whether Blnm)] =

By combining Corollary 14 and Lemma 15, we obtain our main result of this

section:

Theorem 16 Let b > 0 and B < 3 be given constants and let m(n) € [bn, Bn]

for all large n. Then there exists a constant a(b, B) > 0 such that
P[P, . will have < an pendant edges | < e~ *" for all large n.
Proof The number of vertices of degree 1 is at most twice the number of edges

incident to a vertex of degree 1. ]
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5 Addable Edges

In this section, we will continue to lay the groundwork for later counting argu-
ments. In future sections, we shall often wish to choose an edge to insert into a
graph without violating planarity, and so our focus here will be to examine how

many choices we have.

Definition 17 Given a planar graph G, we call a non-edge e addable in G if
the graph G + e obtained by adding e as an edge is still planar. We let add(G)
denote the set of addable non-edges of G (note that the graph obtained by adding
all the edges in add(G) may well not be planar) and we let add(n, m) denote

the minimum value of |add(G)| over all graphs G € P(n,m).

In later sections, we will require bounds (both lower and upper) on add(n,m)
for the case when m < (14 0(1))n, and so that is our main purpose here. How-
ever, as an interesting aside, we shall also provide results for larger values of m
(recall that we use ‘Proposition’ for such asides). Hence, we will in fact build

up a fairly complete description, showing that there are four main results:

O(dn) if d =n —m > 0 is such that d = Q(n'/?)
(Theorems 19 & 28)

0(n?/?) if |m — n| = O(n'/?) (Theorems 24 & 31)

add(n,m(n)) = )

(%)  ifd=m—n>0issuch that

d=Q(n'/?) and limsup £ < 2 (Thms. 25 & 32)

©Bn—m) if m =Q(n) (Props. 27 & 34 and Thm. 32)

Table 1: The four main addability results.

The bounds of Table 1 will be sufficient for the rest of this thesis. However,
as the topic of addable edges is quite interesting, we shall flesh out our account

by also giving more detailed results for seven special cases:
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(1 + o(1)) L=A00EA) 2

(1+ o(1))dn

(1+0(1))(2 — \)n3/?

add(n,m(n)) = (14 0(1))+n3/2

+O(n)

a3,

p(e)n 4+ O(1) (for known p)

{%(371 —6— m)—‘

if m=An+o(n), for A <1
(Propositions 21 & 29)

if d =n —m > 0 is such that
d = w(n'/?) and o(n)
(Propositions 20 & 30)

if m =n+ Anl/2 + o(n'/?),
for A <1 (Thms. 24 & 31)
if m = n+ Anl/2 +o(n'/?),
for A\>1  (Thms. 24 & 31)
if d =m —n > 0 is such that
d = w(n'/?) and o(n)
(Propositions 26 & 33)

if m=cn+ O(1), for c € (1, 3]
(Proposition 22([7], 1.2))
ifn>6and m>2n—3

(Propositions 27 & 34)

Table 2: Seven secondary addability results.

The results of Table 1, together with the regions detailed in Table 2, are

illustrated pictorially in Figure 6:

add(n,m) i
O(n?)
3/2
© (n / )“ Special
Special .
case 1 case 2 || Special S
@(n) + case 3 |"4"

Special
case b S.c.6| Special

case 7
}

(176)” nfO(nl/Q) n+O(n1/2)

1 >

(I+e)n (3—€)n

Figure 6: Summary of results on add(n,m).
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We shall prove the lower bounds first. We will start (in Lemma 18) with a
simple argument that gives us a useful result for when m < n, and from this
we shall derive Theorem 19 and Propositions 20-21. We will then prove the
remaining lower bounds (in Theorem 24 to Proposition 27) by using some very
helpful detailed results from [7].

In the second half of this section (Theorem 28 to Proposition 34) we will

prove the upper bounds, by copying a construction used in [7].

L18 [7](3.5 & 3.10)
T19 P20 P21 T24T25P26 PWP34
\ Tables 1 & 2

Figure 7: The structure of Section 5.

As mentioned, we shall now start with lower bounds and, in particular, with

a result which will be useful for when m < n:

Lemma 18 Let m = m(n). Then

(n—l—m)(n—m—l).

add(n,m) > 5

Proof Let G € P(n,m). Clearly, G must have at least n — m components,
and we know that any non-edge between two vertices in different components
is addable.

Note that the number of possible edges between disjoint sets X and Y is
|X||Y] and that if | X| < |Y] then | X||Y| > (|X]| = 1)(]Y| + 1). Hence, it follows
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that the number of addable edges between vertices in different components
is minimized when we have x(G) — 1 isolated vertices and one component of

n — k(G) + 1 vertices. Thus,

2dd(G)| = (D7) + (5(G) ~ D(n = (G) + 1)

_ (kG- 1)2(/<;(G) -2) + (k(G) —1)(n — K(G) + 1)

(k(G) — 1) (n - ”(QG)) .

By differentiation, it can be seen that taking «(G) to be n — m minimizes
(K(G) — 1) (n— @) in the region #(G) € [n — m,n]. Thus, [add(G)| >

(n—m—1)(n— ngm) = mlnzm-1) 0

Lemma 18 provides us with the lower bound for the first of our four main

results from Table 1:
Theorem 19 Let d = d(n) > 0 be such that d = Q(n'/?). Then

add(n,n — d) = Q(dn).

(Note that we could improve the d = Q(n'/?) condition to just d > 1, di-
rectly from Lemma 18, or even beyond if we altered the proof of the lemma
slightly, but we won’t bother with this here as we shall see a stronger result for

when |m — n| = O(n'/?) in Theorem 24).

Similarly, Lemma 18 also provides us with the lower bounds for the first two

of our six secondary results from Table 2:
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Proposition 20 Let d = d(n) > 0 be such that d = Q(n'/?) and d = o(n).
Then
add(n,n —d) > (1 + o(1))dn.

Proposition 21 Let A < 1 be a fized constant and let m(n) be such thatm < An

for all large n. Then

add(n,m) > (1+ m»%ﬁ

Proof Note that add(n,m) is clearly monotonic in m, so it suffices to consider

the case when m = An. U

The remainder of this section relies heavily on the work carried out in [7],
in which the sixth of our secondary results was given. Hence, we will state that

result now, together with some helpful details from the proof:

Proposition 22 ([7], 1.2) Letc € (1, 3] and suppose that m=m(n)=cn+O(1)
as n — 00. Then

add(n,m) = p(c)n + O(1),

where p(c), given explicitly in [7], satisfies u(3) = 0, u(c) > 0 Ve < 3 and

u(c) — oo as ¢ — 1.

Sketch of Proof It is shown that there must exist a graph attaining add(n,m)
that belongs to a particular family for which it happens to be relatively simple
to obtain a lower bound for add. To be more precise, it is shown in Lemmas 3.5
and 3.10 of [7] that, if n > 6 and 8 <'m < 3n — 6, there is a graph G € P(n,m)

with
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(i) i(= iy) isolated vertices
and (i) a plane embedding with fi(= f,n) faces of size k
such that
(iii) G is connected apart from the isolated vertices
and (iv) add(n,m) = add(G)| = 1 X j_3(k — 3)(k + 2) fr + i(n — 51).
A lower bound for add(n,m) is then obtained using (iv), while a close up-
per bound is demonstrated by constructing a subdivided triangulation with few

addable edges (following an idea from [15]). (]

A corollary which will be very useful in later sections is:
Corollary 23 Let m = m(n) < (14 0o(1))n. Then
add(n,m) = w(n).

Proof This follows from the monotonicity of add(n,m). O

We will now see how to modify the proof of Proposition 22 to obtain the lower
bound for the second of our four main results, which improves on Lemma 18
for the case when n — m is small. Simultaneously, we will be provided with the
lower bounds for the third and fourth of our secondary results. The idea of the

proof is due to Colin McDiarmid.

Theorem 24 Let \ be a (not necessarily positive) fized constant and let m =

m(n) be such that m < n + An'/? + o(n'/?). Then

2-Nn3? ifx<i1
add(n,m) > (1+0(1))
1n®/2 ifa>1

Proof Note that given any a > A, we have add(n,m) > add(n,n + [an'/?])

for all sufficiently large n, by the monotonicity of add. Thus, since this holds
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2-a) fa<l
with « arbitrarily close to A and since the function f(a) =
1 if o >1

(14 o0(1)) f(a)n®/2.

Hence, without loss of generality, we may assume that m = n + | A\n!/2] ¥n (in

is continuous in «, it suffices to show add(n,n + [an'/2])
fact, for this case we shall be able to show add(n,m) > f(A\)n3/2 + O(n)).

Clearly, it suffices for us to consider the case when n is large enough that
n>6 and 8 < n+ |An'/?2| < 3n — 6. Thus, using the proof of Proposition 22,
we know there is a graph G € P(n,n + [An'/?]) with
(i) i(= 4y) isolated vertices
and (ii) a plane embedding with fi(= fx ) faces of size k
such that
(iii) G is connected apart from the isolated vertices

and (iv) add(n, n+ [An'/2]) = |add(G)| > L S04 (k—3)(k+2) fx+i(n — 55L).

Note that, by (ii), we have

> kfi =2(n+ [An'?)), (3)

k=3

and, by (iii) and Euler’s formula, we have

S fo=P+it2, (4)
k=3

Using (iv) and the fact that i <n, we have add(n, n+ | An'/2])>i (n — &1) >

i(%51) > 2. Let # = max{6,6 — 3\}. Then, for those values of n for which

i =1, > zn'/?, we have

3/2
add(n,n + | An'/?]) > 3 (5)

= max{2, 2 — \}n®/?

Y

FO)n3/2.
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We shall now also obtain a lower bound on add(n,n + An'/?) for those

values of n for which i = i, < znl'/2.

h(i ks, ka, ... k) = 2340 3k — 3)(k + 2)fi + i(n — ZL) over all remain-

By (iv), it suffices to minimize h =

ing choices of non-negative integers i, ks, k4, . . ., kn, subject to constraints (3)
and (4).

Note that the formula (k — 3)(k + 2) yields a convex function of k. Thus,
as observed in the proof of Theorem 1.2 of [7], the minimum value of h under
constraints (3) and (4) is attained with either a single non-zero value f; or with
two ‘adjacent’ non-zero values f; and f;+1. Thus (with f;41 = 0 if appropriate),
by (3) we have 2(n + [An'/2]) = Ifi + (I + D) fia < 0+ V(i + fiy1) =

I+ 1)(|\n2] +i+42) by 4.Hence7l—3>%"/2j)—4 Therefore,
[Anl/2|+i4+2

add(n,n + [An'/2))

+ 1
= 4((1—3)(l+2)fz+(l—2)(l+3)fl+1)+i(n—HQ— >
(n+ [An'/2)) ‘ i+1
—-1)((+2 l —
> ( (2] +i+2) (+2)fi+ U+ 3) frra) +i(n——
(n+ [An'/2)) , i+1
= < 2] +i+2) Uh+U+D)fim)+in 5
by 3)  (n+ [Ant/2])? i+1
-2 M2 i (n— 6
> (\nl/2] +i+2) (n+ [An J)—i—z(n 5 ) (6)
2
= "~ e 1/2
= )\nl/2—|—i+2+m+0(n) ifi <an
N (2-Mn¥2+0(n) ifr<1
- 1n3/2 4 O(n) A>T,
since, by differentiation, i = max{0, (1 — A\)n'/? — 2}
2
minimizes )\nl/zni_w +4n in the region i > 0.

Thus, regardless of whether or not i, > xn'/2, we have

Nnd2 £0(n) ifr<1

add(n,n + [An'/2]) > @-
1n3/2 +0(n) if A > 1. O
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By the same method as in the proof of Theorem 24, we also obtain the lower

bound for our third main result:

Theorem 25 Let d = d(n) > 0 be such that d = Q(n'/?) and lim sup 4 < 2.

Then
n

add(n,n+d) =Q (;) :

Proof Let ¢ € {0,1} be arbitrary. Then for those values of n for which d > en,
the result is equivalent to showing that add(n,n + d) = Q(n), which follows im-
mediately from Proposition 22 (since limsup,,_, o % < 2 and add is monotonic).
Hence, we may assume that d < en Vn.

We now follow the proof of Theorem 24, with [An'/2] replaced by d. As
before, we find (by (5)) that if i > 2n'/? (where x is an arbitrary constant) then
add(n, n+d) > %3/2

2

add(n,n + d) > (n+d)? —2(n+d)+i(n—%) > (n+d)? —2(n+d) = Q(%),

= Q (n%?), and (analogously to (6)) that if i < zn'/2 then

d+i+2 = d+i+2

since % < e <1 (and so (dr:;‘j_)f > 2(n + d)). Thus, we obtain add(n,n + d) >

min {Q (n%/2),0 (%) } =2 (%). 0

Similarly, we may obtain the lower bound for our fifth secondary result:

Proposition 26 Let d = d(n) > 0 be such that d = w(n'/?) and d = o(n).

Then
n2
add(n,n+d) > 7t O(n).

Proof We copy the proof of Theorem 25, except that for the case when i < zn!/?

we now have add(n,n + d) > (J:i); —2(n+d)+i(n— L) > %2 +0(n). O

Finally for this part of the section, we shall obtain the lower bound for our
last secondary result (which also gives us the lower bound for our final main

result):
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Proposition 27 Letn > 6 and let m > 8. Then
3
add(n,m) > 5(371 —6—m)|.

Proof Since add(n,m) is integral, it clearly suffices to show that add(n,m) >
3(3n—6—m).
As in the proof of Proposition 22, since n > 6 and m > 8, we have a graph
G € P(n,m) with
(i) i(= iy) isolated vertices
and (i) a plane embedding with fi(= f ) faces of size k
such that
(iii) G is connected apart from the isolated vertices
and (iv) add(n,m) = [add(G)| = 1 X p_3(k — 3)(k + 2) fr + i(n — 51).

2

Thus,

Sk=3)fr = Y kfi=3>_ fi

k>3 k>3 k>3
= 2m—-3(m—n+i+2) by (ili) and Euler’s formula.

= 3n—6—m— 3.

Hence, § Y _g(k=3)(k+2)fr > 5 3 >3(k—3)fr = 5(3n—6—m—3i), and so
add(n,m) > 3Bn—6—-m—3i)+i(n—F)=2Bn-6-m)+i(n— 4 —5).
Thus, we certainly have add(n,m) > 2(3n — 6 — m) for those values of n for

which ¢ =4, < 2(n —5).

It now only remains to consider the values of n for which i =4, > 2(n —5).
But recall add(n,m) > 1 37 _3(k —3)(k+2)fr +i(n — L) > i(n — 1) and
note that ¢ = 2n — 9 minimizes i (n — “*) in the region i € {2n — 9,n}. Thus,

for those values of n for which ¢ = 4,, > 2(n — 5), we must have add(n,m) >

(2n—9) (n— 258) =8n — 36 > 2(3n — 6 —m), since n > 6 and m > 8. O
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We shall now spend the remainder of this section providing upper bounds
to show that our lower bounds are actually all tight.

We start with the upper bound for the first of our main results:
Theorem 28 Let d = d(n) > 0 be such that d = Q(n'/?). Then
add(n,n — d) = O(dn).

Proof Clearly, add(n,m) < (3) = O(n?). Thus, it suffices to prove the result
for the case when d < en Vn, where € > 0 is an arbitrary (small) constant.

By the monotonicity of add, it suffices to construct a planar graph, G, with
e(G) < n—d and add(G) sufficiently small. We shall use the same construction
as in the proof of Proposition 22 ([7], 1.2), which itself follows an idea from [15].

Let x > 0 be an arbitrary constant and consider the following triangulation

on |zd| vertices:

Figure 8: Our triangulation.

From now on, we shall refer to the vertices in this triangulation as ‘core
vertices’, and to the two vertices of degree > 4 as ‘base vertices’. We shall use
the term ‘spine line’ to denote an edge between two non-base core vertices or

between the two base vertices.
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Let ¢ = 2z + 1 and note that we may assume that n— |zd] — [id| > 0, since
x may be taken to be arbitrarily small and d < en. Let us insert n — |xd| — |id]
new vertices as evenly as possible on the |xd ] —2 spine lines (i.e. so that between
{%J and {%—‘ new vertices are inserted on each spine line).
Then our new graph is a subdivision of our triangulation, which was 3-connected.

Thus, by a theorem of Whitney [20], our new graph has the following unique

embedding in the plane:

Figure 9: The unique embedding in the plane of our new graph.

Let us also include |id] isolated vertices in our graph, which we shall call G.
Then the total number of vertices in G is |zd]| + (n— |zd] — [id])+ |id] = n and
the total number of edges is (3|zd| —6)+ (n—|zd] — |id]) = n+2|zd] — |id] —6.

Note that n —d > n + 2|zd] — | (2 + 1)d| — 6 = n + 2|zd] — |id] — 6, so
add(n,n — d) < add(G).

Let us now consider add(G). The only addable non-edges are those between:
(i) two isolated vertices; (ii) an isolated vertex and another vertex; (iii) a non-
isolated new vertex and another new vertex on the same spine line; (iv) a non-
base core vertex and a new vertex from one of two spine lines; (v) a non-base
core vertex and at most two other non-base core vertices; or (vi) a base vertex

and another vertex.
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Thus,

add(n,n — d)

IN

add(G)

()
+lid)(n — [id])

% <(n lid) — |d)) GWD)

o (2 "2 =)
+|ad)

IA

+2n

= O(dn), since d = (nl/Q) . O

By the same method, we may also obtain the upper bounds for the first two

of our secondary results:
Proposition 29 Let A <1 be a fized constant and let m = m(n) be such that
m > An + o(n) for all large n. Then

L-A)(+4) ,

add(n,m) < (14 o0(1)) 5

Proof As in the proof of Theorem 28, with d = (1 — A)n, we obtain

add(n, An) < (U(l_A)nJ)
+1i(1 = A)nj(n — [i(1 = A)n])

1
+5(n— i = An) - 21 - )j)

(W"““ s )

+la(l - A)ﬂJ( [ L(L (1 )—nzjél) Jm—(2 A)”JD
+a(1 — A)n]
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= (1+o(1)) (W +i(1— A)n(n —i(1 - A)n)>
= (14o0(1))i(1 — A)n? (1 - Z(I;A)) :
Since this holds with 7 arbitrarily close to 1, we must have
add(n, An) < (14 o0(1))(1 — A)n? <1 — 1_2‘4>
_ (1+O(1))(17A)(1+A)n2. .

2

Proposition 30 Let d = d(n) > 0 be such that d = w(n'/?) and d = o(n).
Then
add(n,n — d) < (1+ o(1))dn.

Proof By the same method as in Theorem 28, we obtain

add(n,n—d) < (LigJ)

+id](n — [id])

% <(n lid) — |d)) GWD)
+|zd] (2 {WD

+|wd)

+2n

= (14 o0(1))idn.

Since this holds with ¢ arbitrarily close to 1, we must have add(n,n — d) <

(14 o(1))dn. O

We may also use the same method to obtain the upper bound for the second
of our main results, and simultaneously the third and fourth of our secondary

results:
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Theorem 31 Let A be a (not necessarily positive) fized constant and let m =

m(n) be such that m > n + An'/? + o(n'/?). Then

2-MNn? ifx<i1
add(n,m) < (14 o(1))

1n3/2 ifA>1

Proof By the same argument as in the proof of Theorem 24, we may without

loss of generality assume that m = n+ [An'/?| Vn. Again, for this case we shall

(2-MNn%240(n) ifr<1
be able to show that add(n,m) <
1n3/2 +0(n) if A > 1.

By the monotonicity of add, it suffices to construct a planar graph, G, with
e(G) < n+ An'/? and add(G) sufficiently small.

Let z = max{1, 3} and let ¢ = 2z — A\. We take the triangulation of Theo-
rem 28 with |zn'/2| ‘core vertices’ and insert n— [zn'/2| — [in'/? | new vertices
as evenly as possible on the ‘spine lines’. We also include Linl/ 2| isolated vertices
in our graph.

The total number of vertices in our new graph, G, is n and the number of
edges is (3|zn'/?|—6)+(n—|axn'/?|—[in'/?|) = n+2|2n'/?]|— |in'/?] - 6. Note
that [A\nl/2| = [(2z—i)n'/?] > 2|an'/?| —|in'/?] -6, so add(n,m) < add(G).

Similarly to with the proof of Theorem 28, we obtain
1int2)(n — [in1/2])
} an1/2) 1/2 n-— U"l/zj _ anl/ﬂ
+2 <(n lin*/“] — |an J) ni/?] 2
anl/?] <2 [n — |in}/2] — L:ml/zJ-D

|znt/2] — 2
+an1/2j
+2n
= (2 + le) n*? + 0(n)
B (2-=Nn*?24+0(m) ifrx<1
- 1n%% +0(n) if A > 1. O
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Similarly, we may use the same method to obtain the upper bound for the

third of our main results:
Theorem 32 Let d = d(n) > 0 be such that d = O(n). Then
n2
add(n,n+d) =0 (d) .

Proof We take the triangulation of Theorem 28 with L%J ‘core vertices’ and
insert n — L%J new vertices as evenly as possible on the ‘spine lines’.

The total number of vertices in our new graph, G, is n and the total number
of edges is (3| 2] —6) + (n— [2]) =n+2[%] —6.

Similarly to with the proof of Theorem 28, we have

add(n,n+d) < add(n,n+2|d/2] —6)

IN

add(G)

IN
N | =
VR
N

3

|
N
N
| I
~
/N
R |
— 3

N,
| |
NS
| I—
Nl —1
~__—
~__—

The same calculations also provide us with the upper bound for our fifth

secondary result:

Proposition 33 Let d = d(n) > 0 be such that d = o(n). Then

n2

add(n,n+d) < v + O(n).
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Finally, we may obtain the upper bound for our last secondary result (which
combines with Theorem 32 to also give us the upper bound for our final main

result):
Proposition 34 Let m > 2n — 3. Then
3
add(n,m) < 5(371 —6—m)|.

Proof We take the triangulation of Theorem 28 with Lmz_"J + 3 ‘core vertices’

3n—m

and insert [ ] — 3 new vertices as evenly as possible on the ‘spine lines’. If
m —n is odd, we also insert a new edge from one new vertex to one base vertex.

The total number of vertices in our new graph, G, is n (since m — n and

3n —m have the same parity) and the total number of edges is 3 (| 252 ] + 3) —

6+ [2252] = 3+ 1{m —n odd} = 3| 5% | + [2272] + 1{m — n odd} = m.

Note that the number of spine lines is Lm;"J +1 > [%T_m-‘ — 3, since
m > 2n — 3. Thus, we will have at most one new vertex on each spine line, and

so G is as shown in Figure 10. It is then clear that

Figure 10: The unique embedding in the plane of our new graph, G.

ladd(G)| = 3 x (number of new vertices) — 1{m —n odd}

= 3[3”2’"} —9—1{m—n odd}

- [

:[2

N w

(3n—6—m)-‘. O
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6 Components I: Lower Bounds

We now come to our first main section, where we shall start to look at lower
bounds for P[P, ,, will have a component isomorphic to H]. We will see (in
Theorem 36) that, for any connected planar graph H, the probability that
P, will have a component isomorphic to H is bounded away from 0 for suf-
ficiently large n if 7* is bounded below by b > 1 and above by B < 3. We
shall then see (in Theorem 37) that, in fact, the lower bound need only be
¢ > 0 if H has at most one cycle. Finally, we will discover (in Corollary 39
via Theorem 38) that the probability actually converges to 1 if H is a tree and
e e,140(1)] as n — oo.

The proofs of our results will be based on counting: we will construct graphs
with components isomorphic to H from other graphs in P(n, m) by deleting and
inserting ‘suitable’ edges in carefully chosen ways, and we will then show that
there isn’t too much double-counting. The properties shown in Sections 4 and 5

will play a crucial role.

L13 T16 Table 1
C35 T38 C23

Figure 11: The structure of Section 6.

We start by noting a simple corollary to Lemma 13:

49



Corollary 35 Letb > 1 and B < 3 be fized constants and let m(n) € [bn, Bn]Vn.
Then there exist constants N (b, B) and §(b, B) > 0 such that

P[P, m will have < dn edge-disjoint appearances of K4 < e " VYn > N.

Proof Any appearances of K, must be edge-disjoint, by 2-edge-connectivity (in

fact, they must be vertex-disjoint). Hence, the result follows from Lemma 13. []

We will now use Corollary 35 to prove the first of our aforementioned the-
orems. In fact, we shall actually show a slightly stronger version than that

advertised, involving several components at once:

Theorem 36 Let b > 1 and B < 3 be fized constants and let m(n) € [bn, Bn)
for all large n. Let Hy, Hs, ..., H; be (fized) connected planar graphs and let t

be a fived constant. Then there exist constants ¢ > 0 and N such that

l
P [ ﬂ(Pmm will have >t components with
i=1
an order-preserving isomorphism to H;)] > € ¥n > N.

Sketch of Proof By symmetry, it suffices to prove the result without the order-
preserving condition. The proof is then by induction on [. We shall suppose that
the result is true for [ = j, but false for [ = j+1. Thus, using Corollary 35, there
must be a decent proportion of graphs in P(n, m) that have (a) > ¢ components
isomorphic to H; Vi < j, (b) < t components isomorphic to H;1, and (c) many
edge-disjoint appearances of K.

For each such graph, we can delete edges from some of these appearances
of K, to create isolated vertices, on which we may then construct ¢ components
isomorphic to H;,1. By inserting extra edges in appropriate places elsewhere,
we may hence obtain graphs in P(n,m). The fact that the original graphs
contained few components isomorphic to H;y; can then be used to show that
there isn’t too much double-counting, and so we find that we have actually

constructed a decent proportion of distinct graphs in P(n,m).
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By carefully selecting where we delete/insert edges, we may ensure that these
new graphs still have > ¢ components isomorphic to H; Vi < j, and so we are

done.

Full Proof As mentioned, it suffices to prove the result without the order-
preserving condition, since given any collection of ¢l components such that ex-
actly ¢ are isomorphic to H; Vi, the probability that they are all order-preserving
is T, ((A;;Hﬂ))

We shall now prove the simplified version of the result by induction on .

Suppose it is true for [ = j, i.e. Je; > 0 and IN; such that

J
P ﬂ (Py,m will have > ¢ components isomorphic to H;)| > €; ¥Yn > N;.
=1

Let £, , denote the set of graphs in P(n, m) that have > ¢ components isomor-
phic to H; Vi < r. Then |L, ;| > €;|P(n,m)| Vn > Nj.

We have I € [b, B] V large n. Thus, by Corollary 35, there are constants
0 =6(b,B) > 0 and N'(b, B) such that, for all n > N,

P[P, will have at least dn edge-disjoint appearances of Ky| > (1 - %) .

Let Z,, denote the set of graphs in P(n, m) that have > dn edge-disjoint appear-
ances of Ky. Then |Z, N L, ;| > %W)(n,m)\ Vn > N = max{N’, N;}.
Consider an n > N and suppose that |L, j11| < % [P(n,m)| (if not, then
we are done). Let G,, ; denote the set of graphs in £,, ; with (i) < ¢ components
isomorphic to H;11 and (ii) at least dn edge-disjoint appearances of K4. Then,

€5 |

under our assumption, we have |G, ;| > ¥|P(n,m)|. We shall use G, ; to con-

struct graphs in £,, ; with > ¢ components isomorphic to H;;.

Consider a graph G € G, ;. Then G contains a subgraph F' consisting of jt
components such that, for all i < j, exactly ¢ of these components isomorphic

to H;. Also, G has a set of at least dn edge-disjoint appearances of K,. Note
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that at least on — tzgzl {@J of these edge-disjoint appearances of K4 must
licin G\ F. Let s =t V“gi)J, let H = H, 1, and let k = |H|.

may assume that n is large enough that dn — s > tk. Thus, we may choose
tk of the edge-disjoint appearances of Ky in G\ F’ (at least (W?ﬂ ) choices),
and for each of these chosen appearances we may choose a ‘special’ vertex in
the K, that is not the root (3”" choices). Let us then delete all 3tk edges that
are incident to the ‘special’ vertices and insert edges between these tk newly

isolated vertices in such a way that they now form ¢ components isomorphic

to H (at least (ktkk) % choices).

AAA, KAT A

Figure 12: Constructing a component isomorphic to H.

To maintain the correct number of edges, we should insert ¢(3k — e(H)) ex-
tra ones somewhere into the graph, making sure that we maintain planarity.
We will do this in such a way that we do not interfere with our new compo-
nents, with the chosen appearances of K, (which are now appearances of K3),
or with F'. Thus, the part of the graph where we wish to insert edges con-
tains n — 4tk — |F| vertices and m — 7tk — e(F) edges. We know that there
exists a triangulation on these vertices containing these edges, and clearly in-
serting an edge from this triangulation would not violate planarity. Thus, we
have at least (3(n74tk7|F‘)t(73ii(;)'%7tk76(F))> choices for where to add the edges,
where | = e(H).
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Therefore, we have at least

([573;8) gtk (ktkk) 1 3(n — 4tk — |F|) — 6 — (m — Ttk — e(F))

|Gn.i
t! t(3k — 1)

= 1G,;|© (nt(“*l)) (recalling that = is bounded away from 3)

ways to build (not necessarily distinct) graphs in £,, ; that have at least ¢ com-

ponents isomorphic to H.

We will now consider the amount of double-counting;:
Each of our constructed graphs will contain at most t(4k — [ + 2) — 1 com-
ponents isomorphic to H (since there were at most ¢ — 1 already; we have
deliberately added ¢; and we may have created at most one extra one each

time we cut a ‘special’ vertex away from its K, or added an edge in the rest of

t(4k—l+2)—1>
t

the graph). Hence, we have at most ( possibilities for which were

our tk ‘special’ vertices. Since appearances of K3 must be vertex-disjoint, by

k
2-edge-connectedness, we have at most % of them and hence at most (g)t

possibilities for where the ‘special’ vertices were originally. There are then

at most (mtgﬁcj;k) possibilities for which edges were added in the rest of

the graph (i.e. away from the constructed components isomorphic to H and

these appearances of K3). Thus, the amount of double-counting is at most

(t(4k_l;r2)_1) (%)tk (mtzoff:%k) =0 (nt(‘““*l)), recalling that m = O(n).

;| P(n,m)|
3

Hence, under our assumption that |G, ;| > , we find that the
number of graphs in £, ; that have > ¢ components isomorphic to H is at
least O(|P(n, m)|).

But the set of graphs in £,, ; that have > ¢ components isomorphic to H is
exactly £, j+1. Thus, by assuming that |£,, j11| < %|P(n, m)|, we have proved
3¢ > 0 such that % > (. Therefore, % > €jp1 = min{¢, 4} > 0.

Hence, we are done, by induction. ]
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Note that in the previous proof, we could have constructed components
isomorphic to H directly from appearances of H. We chose to instead build the
components from isolated vertices cut from appearances of K4, as this technique
generalises more easily to our next proof, as we shall now explain.

Recall that when we cut the isolated vertices from the appearances of Ky,
this involved deleting three edges for each isolated vertex that we created, which
crucially meant that we had enough edges to play with when we wanted to turn
these isolated vertices into components isomorphic to H. Notice, though, that
the proof was only made possible by the fact that we had lots of appearances
of K4 to choose from, which was why we needed to restrict 2 to the region [b, B],
where b > 1 and B < 3.

However, if e(H) < |H| then we would have enough edges to play with even
if we only deleted one edge for each isolated vertex that we created. Thus, we
may replace the role of the appearances of K4 by pendant edges, which we know

are plentiful even for small values of , by Theorem 16. Hence, we may obtain:

Theorem 37 Let ¢ > 0 and B < 3 be fized constants and let m(n) € [en, Bn)
for all large n. Let Hy,Ho,...,H; be (fited) connected planar graphs with at
most one cycle each and let t be a fired constant. Then there exist constants
€ >0 and N such that
1
P [ ﬂ(Pn,m will have >t components with
i=1
an order-preserving isomorphism to H;)] > € Vn > N.

Proof As with Theorem 36, it suffices to prove the result without the order-
preserving condition, and again the proof is by induction on [. Suppose the
result is true for [ = j, but false for I = j + 1. Then, similarly to with the proof
of Theorem 36, we have a set G, ; of at least %|P(n,m)| graphs with (i) > ¢
components isomorphic to H; Vi < j, (ii) < ¢t components isomorphic to H;q

and (iii) at least dn pendant edges (using Theorem 16).
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Given a graph G € G, ;, we may delete t|H; 1| of the pendant edges (taking
care not to interfere with our components isomorphic to H; for i < j) and use
the resulting isolated vertices to construct ¢ components isomorphic to H;4q. If
Hj; ., is a tree, then we should also add ¢ edges in suitable places somewhere in

the rest of the graph.

T e

V1 Vo V3 V4 U3 V4

Figure 13: Constructing a component isomorphic to H; .

By similar counting arguments to those used in the proof of Theorem 36, we

achieve our result. UJ

We shall now finish this section by looking specifically at the case when H
is a tree. We already know from Theorem 37 that the probability that P,
will contain a component isomorphic to a given fixed tree is certainly bounded
away from 0 for large n if 7* is bounded below by ¢ > 0 and above by B < 3,
We will now see (in Corollary 39) that the limiting probability is, in fact, 1
if ™ € [c,1+o(1)] as n — oo. Note that this result can actually be shown
by exactly the same proof as for Theorem 37, using the additional ingredient
that add(n, m) = w(n) if 2+ <1+ o(1) (from Corollary 23). However, we shall
instead aim to give (in Theorem 38) a more detailed account of the number
of components isomorphic to H, which will include Corollary 39. The proof
will again involve deleting pendant edges and inserting edges elsewhere, but the

calculations will now be more complicated:
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Theorem 38 Let H be a (fized) tree, let ¢ > 0 be a fized constant and let
m =m(n) € [en, (1 4+ o(1))n]. Then IN(H,c) > 0 such that

PP, ., will have < {W] components with

[ Aadd(n,m)
an order-preserving isomorphism to H] <e { n W for all large n.

Sketch of Proof We suppose that the result is false. Thus, using Theorem 16,
there must be a decent proportion of graphs in P(n,m) that have (i) ‘few’
components with an order-preserving isomorphism to H and (ii) many pendant
edges. For each such graph, we can delete some of these pendant edges and use
the resulting isolated vertices to construct components with an order-preserving
isomorphism to H. By inserting extra edges elsewhere, we may thus construct
lots of graphs in P(n,m). The fact that the original graphs contained few
components with order-preserving isomorphism to H can then be used to show
that there is not much double-counting, and so we find that we have actually
constructed more than |P(n,m)| distinct graphs in P(n, m), which is a contra-

diction.

Full Proof By Theorem 16, there exist constants & > 0 and ng such that
P[P, , will have < an pendant edges] < e™*" ¥n > ny.

Let A be a small positive constant (whose value we shall choose later), let

t= t(n) = {M—‘ and suppose In > ng such that

P[P, will have < ¢t components with an order-preserving isomorphism to H]

> et

t — 79" of the graphs in

Then there is a set G,, of at least a proportion e~
P(n,m) with (i) < ¢t components with an order-preserving isomorphism to H
and (ii) at least an pendant edges.

Let k = |H|. Since add(n,m) < (3), we may assume that n is large enough

(and X small enough) that an > tk and e=" — e > 17",
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To build graphs with > ¢ components with an order-preserving isomorphism
to H, one can start with a graph G € G,, (|G| choices), delete tk of the pendant
edges ( at least ( ratz]) choices ), and insert edges between tk of the newly-
isolated vertices (choosing one from each pendant edge) in such a way that
they now form ¢ components, each with an order-preserving isomorphism to H
(at least (ktk k) % choices). We should then add ¢ edges somewhere in the rest
of the graph (i.e. away from our newly constructed components) to maintain
the correct number of edges overall (at least Hg;é add(n — tk,m — tk + 1) >

(add(n — tk,m — tk +t — 1))¢ choices).

T e

V1 Vo V3 V4 U3 V4

Figure 14: Constructing a component isomorphic to H.

Let us now consider the amount of double-counting;:
Each of our constructed graphs will contain at most ¢(k+3)—1 components with
an order-preserving isomorphism to H (since there were at most ¢ — 1 already
in G; we have deliberately added ¢; and we may have created at most one extra
one each time we deleted a pendant edge or added an edge in the rest of the
graph), so we have at most (t(k+f’)_1) < % (t(k + 3))" possibilities for which
are our created components. We then have at most n'* possibilities for where
the vertices in our created components were attached originally and at most
(1) < (3n)! possibilities for which edges was added.

Hence, putting everything together, we find that the number of distinct

graphs in P(n,m) that have > ¢ components with an order-preserving isomor-

o7



phism to H is at least

[an]
(kk [om]—tk) ((add(n —th,m—tk+t— 1))t> |G|

ntk (3n)t @tk +3))
ot add(n — tk,m — tk+t —1)\" .
= \2kk13(k+3) n [Gnl,  since we may

assume A\ is sufficiently small and n sufficiently large that an —tk > <.

The main thrust of the proof is now over, and we are left with the fiddly
task of evaluating add(n — tk,m — tk +t — 1). We shall see that it is at least
Cadd(n,m) (for an appropriate constant C' > 0, independent of X), which is
roughly %tn. Our desired contradiction will then follow by taking A to be suf-

ficiently small.

Let t =n —tk and let s =t — 1. Then
add(n —tk,m —tk+¢t—1) = add(i,i+ (m—n+s)). (7)

Since add (4,4 + 1) is quite sensitive to changes in [, we shall need to investigate
the value of m —n + s in detail.
Recall that s = {M-‘ — 1. From the upper bounds of Section 5, we

know there exist constants B > 0 and N such that Vn > N we have

Bn(n—m) ifm—-n<0andn'/2<n-—m<n

add(n,m) < ¢ Bn3/2 if |m — n| < n!/2
anjn ifm—n>0andn'/?<m-n<2.

Thus, since we may assume that A is sufficiently small that AB < 1/2,

Vn > N we have

= ifm—n<0andn'/?2<|m—-n|<n
Aadd(n, m
2(mnfn) if m—n>0andn'/2<|m—n|< z
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Hence (combining (8) with the fact that we may assume that X is sufficiently

small that i > ), for all n > N we have

m-n<0andn'/?<|m-n|<n = m-n+s<0and

i12/2 g n12/2 §|m_n+s|

<n<2x

|m —n| < n'/? |m—n+s|§%§3il/2 9)

m—mn>0and n'/? <|m—n| < m—n+s>0and

il/2 < pl/?2 < |m —n + s

1/2 . .
<5 B <itil/2

Recall that we are interested in add(é,7 + (m — n + s)), where ¢ = n — tk.
We know from the lower bounds of Section 5 that there exist constants b > 0

and N5 such that Vi > Ny we have

bilm—n+s| ifm—-—n+s<0

and i12/2 <|Im—-n+s| <2
add(i,i+(m—n+s)) > bi3/2 if |m —n + s| < 3i'/2

and 71/2 < |m —n + s < i+ il/2,

Thus, combining this with (7) and (9) (and the fact that ¢ > %), for all

large n we have

Zim—-n+s| ifm-n<0

and n'/2 < Im —n| <n

v
<
3

w
<
¥

add(n — tk,m — tk + s)

if |m —n| < n'/?

g n ifm—-n>0

and nl/? < |m —n| < §



Zm—nl ifm—-n<0

and nl/2 < Im —n| <n

by (8) )
> b”;/2 if [m —n| < n'/?
b_n? :
§|mn—n| tfm-n>0

and nl/2 < Im —n| < §
> Cadd(n,m) if m < 32 by Section 5

(for some C > 0 and sufficiently large n).

Hence, continuing from where we left off, the number of graphs in P(n,m)
that have > t components with an order-preserving isomorphism to H is at

o Cadd(n,m ..
least (2kk!3(k+3) dd )) |Gn| = ((1+0(1))m> |Gr|. But this is

more than |P(n,m)| for large n, if A is sufficiently small, since we recall our

assumption that |G,| > Fe7*[P(n, m)|.
Thus, by proof by contradiction, it must be that
PP, ,, will have < {M] components with
an order-preserving isomorphism to H ]

_ Aadd(n,m)

<e |— " ] for all large n. O

Our aforementioned corollary now follows easily:

Corollary 39 Let H be a (fized) tree, let t and ¢ > 0 be fixed constants and let
m =m(n) € [en, (1+ o(1))n] as n — co. Then

P[P, will have >t components with an order-preserving isomorphism to H|

— 1 as n — oo.

Proof By Corollary 23, we know add(n,m) = w(n). Thus, the result follows
from Theorem 38. U
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7 Connectivity & (P, m)

In this section, we shall look indirectly at the chances of P, ,, containing specific
components by investigating the probability that it will be connected (in which
case it clearly won’t contain any component of order < n). This is also an
interesting topic in its own right.

We already know (from Corollary 39) that the probability that P, ,, will be
connected converges to 0 if m < (14 o(1))n, and (from Theorem 37) that it is
bounded away from 1 for sufficiently large n if limsup,, ., 7 < 3. Conversely,
we will now see (in Theorem 44) that the probability is bounded away from 0
if liminf,, o 7 > 1, and (in Corollary 45) that it converges to 1 if * — 3. Note
that we shall then have a complete description of P[P, ,, will be connected], in
terms of exactly when it is bounded away from 0 and 1.

The proofs will be in two parts, Lemmas 42 and 43, dealing with the cases
when 7% is or isn’t, respectively, bounded away from 3. As a tool for obtain-
ing Lemma 42, we shall first work towards a result (Lemma 41) on &(P, m),
the number of components in P, ,,. Although not one of the main objectives
of this thesis, it is interesting to note that we may obtain quite a lot of infor-
mation on k(P ), and so we will explore this topic in more detail during the
second half of this section (in particular with Propositions 48 and 50). We will
then collect up all our results on k(P, ), including some lower bounds derived

from Section 6, on page 73.

P8([9],T2.1) P9([9],L2.9)  P5(]16],2.1)

N Vm([n},m)\

L40
} / \
L41 P50
/ \
L43 L42 <—L13— L46 L47

T N~ T Pag
o

Figure 15: The structure of Section 7.
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1/n
We start by obtaining a lower bound for (W) , which we will use in

the proof of Lemma 41 on &(Fy, m).

Lemma 40 Let m = m(n) € [n,3n — 6] for all large n. Then

lim inf ('Pmm)') . > (1) =e.

Proof The case when " is bounded away from 1 follows fairly simply from
uniform convergence:

Let > 0. Then, by Proposition 9 with a = g (for example), Ing such
that (‘P(zi’!m)l)l/n > 7(%) —-n Vm € [%”,371—6] VYn > ng. Recall (from
Proposition 8) that ~ (%) > «(1). Thus, since n was an arbitrary positive
constant, we are done.

We shall now consider the case m € [n, <

Let m < 3n — 6. Given a graph, G, in P(n,m), we may construct a
graph in P(n,m + 1) by inserting an extra edge into G in such a way that
we maintain planarity. Since there exists a (planar) triangulation of order n
that contains G as a subgraph, we have at least 3n — 6 — m choices for the
edge to insert. Thus, taking any possible double-counting into account, we have
|P(n,m + 1)] > 3=82m|D(n,m)|. Hence, if m < %7 then [P(n,m)| <
|P(n,m + 1)|. Thus, since %" < 3"74 for sufficiently large n, it suffices to
consider the case when m = n. But this holds by Proposition 8.

Thus, the result holds for all m € [n,3n — 6], by considering the cases

m & [%”, 3n — 6} and m € [n, %”] separately. O

We are now ready to obtain our aforementioned first result on the number
of components in P, ,,, which will turn out to be useful to us later when inves-
tigating P[P, will be connected]. We follow the method of proof of Proposi-
tion 11 ([9], Lemma 2.6), which dealt with the case m = |¢n| for fixed ¢ € [1, 3).
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Lemma 41 Let m = m(n) € [n,3n — 6] for all large n and let the constant c
satisfy ¢ >1In~y, — 1. Then

P [5(Pom) > [ ]] = 7.

Proof Let k = k(n) = [{£2]. Then we have |G € P(n,m) : k(G) > k| <

Inn
|G e P(n):k(G) >kl < %, using Proposition 5. Hence, it must be that
1 1
(|Ge7>(n,m)m(c:)>k|>5 < (1 [P (n)] )? _

[P(n,m)]| KL TP (n,m)]

3=

As n — oo, recall that we have (IP("”) — 4, (by Proposition 1) and

n!

1 1
lim inf (lp(zi,m)‘) " >e (by Lemma 40). Thus, limsup,,_, ., (Igﬁnﬁ)‘) " <ely.

By Stirling’s formula, k! ~ v27kk¥e=* as n (and hence k) — oc. Thus,

1 E _k
(k)» ~ kne as n — oo
E .
~ kn, since — — 0 as n — oo
n
c
cn o\ mn .
~ (1—) , by definition of k
nn
_c . C Inn C
~ nhn, since | — —las — — 0
nn Inn
_ eﬁlnn
= e

3=

< e~ 1+, and the theorem follows

Therefore, limsup,, (% %7(’5%\)0

from the fact that ¢ > Inv; — 1. UJ

We will now use Lemma 41 to work towards Theorem 44, where we shall show
that P[P, ,, will be connected] is bounded away from 0 if lim inf,, o = > 1. At
first, we shall restrict ourselves to the case when we also have lim sup,, ., 7 < 3,

so that we can use the topic of appearances.

Lemma 42 Letb > 1 and B < 3 be fized constants and let m(n) € [bn, Bn] Vn.
Then 3c(b, B) > 0 such that

P[P, ., will be connected) > ¢ Vn.
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Sketch of Proof By Lemmas 13 and 41, it suffices to consider the set of graphs
in P(n,m) with ‘few’ components and with ‘many’ appearances of a suitable H.
Given one of these graphs, we may construct another graph in P(n,m) with one
less component by deleting a non-cut-edge from an appearance of H (to create
an appearance of H — f, for a suitable f) and inserting an edge between two
components. By cascading this result downwards, we find that the proportion of
graphs in P(n,m) with exactly one component must be quite decent. The cru-
cial ingredient in this counting argument is that we have Q(n) appearances of H

in our given graph and only O(n) appearances of H— f in our constructed graph.

Full Proof Let H be a 2-edge-connected planar graph (for example, we could
take H to be K4) and let f € E(H). By Lemma 13, 3a = «a(b,B) > 0
such that P[fy(Pnm) < an] = e~ ") Let us define G, to denote the set
of graphs in P(n,m) such that G € G, iff fg(G) > an. Then we have
Gn| > (1= e ™) |P(n, m)].

Let ‘H,, denote the set of graphs in P(n,m) with less than %* components.
Then, by Lemma 41, we also have |H,| > (1 — e=%™) [P(n,m)|.

Let £, denote the set of graphs in P(n,m) such that G € L, iff fy(G) >
G +3k(G) and K(G) < F*. Note L, D G,NHy, 50 [Ly| > (1—6_9(")) [P (n, m)|.
Thus, IN = N(b, B) such that |£,| > 1|P(n,m)| Vn > N.

Let n > N and let £, denote the set of graphs in £, with exactly k
components. If 2 < k+1 < $*, we may construct a graph in £,, x from a graph
in £,, g+1 by the following method (see Figure 16): choose a graph G € L,, j11;
choose an appearance of H in G and delete the edge corresponding to f in this
appearance (we have at least <G 4 3(k + 1) > %" choices for this edge, since
clearly all appearances of H are disjoint, by 2-edge-connectivity); and insert an
edge between two vertices in different components, making sure that we don’t
interfere with a vertex that was in our chosen appearance of H (we have ag,

say, choices for this edge).
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Figure 16: Constructing a graph in £,, ; from a graph in £,, j41.

It is clear that the number of components in our new graph, G’, will be k.
Also, we have fr(G') > % +3(k+1) —3 = 4 — 3k (since we had fy(G) >
%t + 3(k + 1)), we deliberately interfered with one appearance in the set Z,
and we may have interfered with at most two more when we inserted an edge).
Thus, our new graph is indeed in £,, .

Note that the number of possible edges between disjoint sets X and Y
is | X]|Y] and that if | X| < |Y| then | X||Y] > (|X]| — D(]Y|+ 1), so it follows
that the number of choices for the edge to insert is minimized when the n — |H|
vertices that are not in our chosen appearance of H are k isolated vertices and
one component of n—|H|—k vertices. Thus, ax > (§) + k(n — |H| — k). Hence,
we have created at least [Ly, 541|%* ((5) + k(n — |H| — k)) graphs in £, .

Given one of our created graphs in L, ;, there are at most 6n possibilities
for where the deleted edge was originally, since it must have been in what is
now an appearance of H — f (and clearly fy_; (G') < 2m, since each edge in G’
can only be the cut-edge for at most 2 appearances). There are then by, say,
possibilities for which was the inserted edge. Since this edge must be a cut-edge
that doesn’t interfere with the appearance of H — f, we have by, <n — |H| —k
(since the number of edges in a spanning forest of a graph with k& components
and n — |H| vertices is n — |H| — k). Hence, we have built each graph at most
6n(n — |H| — k) times.
|Ln 41l Fan((5)+k(n—|H|-k))

6n(n—|H|—k)
12|L0n k]
ak

Clearly, > L|Lp ky1]ok. Thus, for 2<k+1< <2,

we have | Ly 41| <
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Let pp = % and let p = py = f&j'. Then (remembering that

12k
|Lppy1] = 0 for k+1 > O‘—gb), we have pp < p(;:!) Vk. Since Zkzopk =1,

12 12

p(A2)* (121
we must have Zkzo —gr— =>landsop> (Zkzo (27') =€ a.

[Pe(n,m)] > [£n 1] —
[P(n,m)] = 2[Ln]

e~ . Thus, P[P, ., will be connected] > %6_a(’17=25> >0 ¥Yn> N(b,B).

Since L, > 3|P(n,m)| and L1 C Pe(n,m), we have

Clearly, |P.(n,m)| > 1 ¥n. Thus, for all n we have

—12
e (b, B)

1
P[P, ., will be connected] > c(b, B) =min , min ——— 3> 0.0J
’ n<N(b,B) |P(n,m)|

The proof of Lemma 42 may seem unnecessarily complicated, but this is
due to the fact that we only know P[fy (P, m) > On] — 1 rather than that
Plfu(Pum) > 0On | 6(Pym) = k+ 1] — 1 (in fact, the second result is
trivially false if K + 1 = n, for example). Thus, if we let P(n,m,r) de-

note {G € P(n,m) : k(G) = r}, then although we could have used our con-

{GeP(n,m,k+1):fu(G)>pBn}|
[P (n,m; k)|

struction to obtain a lower bound for , this would not
|P(n,m.k+1)|

Plm k) Hence, we had to instead aim

have given us a lower bound for

to obtain a lower bound for HSS;&?;”J:;}IJ; ’zé?)isiflsgf,i’l}l, and it is then clear

that our construction forces us to define ‘large’ to be something like %* 4-31(G),

rather than an, which in turn forced us to use Lemma 41 to make sure that

HGeP(n,m):fu(G) is ‘large’}|

ORI is bounded away from 0.

We will now see an analogous result to Lemma 42 for when * is close to 3.

The main difference in the construction is that instead of removing edges from
suitable appearances, we shall now remove edges from suitable triangles. Also,
we will work with the entire set of disconnected graphs at once, rather than

conditioning on the exact number of components.
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Lemma 43 Let C € (1},3] and let m = m(n) € [Cn — o(n),3n — 6]. Then

15(3 —
lim sup P[P, ,, will not be connected] < 25(370)
e 2 _12+44C

Proof Let G € P(n,m) and let us consider how many triangles in G contain at
least one vertex with degree < 6. We shall call such triangles ‘good’ triangles.

First, note that (assuming n > 3) G may be extended to a triangulation by
inserting 3n—6—m < (3—C)n+o(n) ‘phantom’ edges. Let d; denote the number
of vertices of degree 4 in such a triangulation. Then 7Zi27 d; < 2221 id; =
2(3n — 6). Thus, > ;5. d; < 82 and so dicedi > 7

For n > 3, each of these vertices of small degree will be in at least three faces
of the triangulation, all of which will be good triangles. This counts each good
triangle at most three times (once for each vertex), so our triangulation must
have at least 3 - 2 - % = % good triangles that are faces. Each of our phantom
edges is in exactly two faces of the triangulation, so our original graph G must
contain at least 2 — 2(3 — C)n + o(n) of our good triangles (note that these
triangles will still be ‘good’, since the degrees of the vertices will be at most
what they were in the triangulation).

We will now consider how many cut-edges a graph in P(n, m) may have. If
we delete all ¢ cut-edges, then the remaining graph will consist of b, say, blocks,
each of which is either 2-edge-connected or is an isolated vertex. Note that the
graph formed by condensing each block to a single node and re-inserting the
cut-edges must be acyclic, so ¢ < b — 1. Label the blocks 1,2,...b and let n;
denote the number of vertices in block i. Then the number of edges in block ¢
is at most 3n; — 6 if n; > 3 and is 0 = 3n; — 3 otherwise (since n; < 3 implies
that n; = 1). Thus, m < Z?:l(?mi —3)+c=3n—-3b+c¢ < 3n—2¢ and so
o< dnsm oo W + o(n).

We now come to the main part of the proof. Let G, denote the set of graphs

in P(n,m) that are not connected, and choose a graph G € G,,. Choose a good

triangle in G (at least % —2(3 — C')n 4 o(n) choices) and delete an edge that is
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opposite a vertex with degree < 6. Then insert an edge between two vertices in

different components (we have a, say, choices for this edge).

Figure 17: Constructing our new graph.

As mentioned in the previous proof, the number of possible edges between
disjoint sets X and Y is | X||Y| and if | X| < |Y| then | X||Y| > (| X |- 1)(|]Y |+ 1),
so it follows that the number of choices for the edge to insert is minimized
when we have one isolated vertex and one component of n — 1 vertices. Thus,
a >n—1 and so we have created at least |G,| (%2 —2(3 — C)n +o(n)) (n — 1)
graphs in P(n,m).

Given one of our created graphs, there are at most W +o(n) possibilities
for which edge was inserted, since it must be a cut-edge. There are then at
most (g) n possibilities for where the deleted edge was originally, since it must
have been between two neighbours of a vertex with degree < 6 (we have at

most n possibilities for this vertex and then at most (g) possibilities for its

15(3—C)n?
2

neighbours). Hence, we have built each graph at most + 0(n?) times.

2(37C))n2+o(n2)

1_
Thus, [P(n,m)] > T2 C) G| and so
ero(nQ)
(3—C)n? 2
G| BED 4 o(n?) 1 41
< ——2(3—-C)>0 for C>—
[P(n,m)| — (% —2(3 - C)) n2 + o(n2) simce 7 ( ) or 11
15(3 - C
2(7) as n — 0o. O
2 _12+4C

We may now combine Lemmas 42 and 43 to obtain our first main result:

Theorem 44 Let b > 1 and let m = m(n) € [bn,3n — 6]. Then Ic(b) > 0 such
that

P[P, ., will be connected) > ¢ Vn.
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Proof Clearly, 3C < 3 such that % < 1. Thus, by considering sep-
7

arately the values of n for which m(n) € [bn,Cn] and the values for which

m(n) € [Cn,3n — 6], the result follows from Lemmas 42 and 43. O

As a Corollary to Lemma 43, by taking C' = 3, we also obtain the following

result:
Corollary 45 Let m = m(n) = 3n — o(n). Then

P[P, ., will be connected] — 1 as n — oo.

As mentioned, we shall now take a break from the main themes of Part I to
observe that the proofs of this section can be used to obtain bounds on (P, ).
We start by observing what was implicitly shown about x(P, ) in the proof of

Lemma 42:

Lemma 46 Let m = m(n) satisfy 1 < liminf,

o < limsup,, . 7 < 3.

Then there exists a constant K such that
E[c(Py,m)] < K Vn.

Proof Clearly, it suffices to prove that the result holds for all sufficiently large n.
We define L, as in the proof of Lemma 42 and recall that, by Lemmas 13 and 41,
we have [£,| > (1 —e~%™) [P(n,m)|. Thus,
Elk(Pum)] = PlPum € Ly] E[6(Pom)|Pom € L]
TP[Pom & L] - El5(Pom) | Pom ¢ Ln]
< E[K(Pam)|Pom € L] + e Mn

= E[k(Pam)|Pam € Ly] + e,
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It now only remains to show that E[k(Py )| Pn.m € Ly] is bounded by a con-
stant. But recall we showed in the proof of Lemma 42 that |£,, 41| < % vk,
for a suitable constant . Thus, we have E[k(Py m)|Pn,m € L,] < E[X], where
X ~ Poi (12). Since E[X] = 12, we are done. d

=

Similarly, we may obtain a result for when * is close to 3, by analysing the

proof of Lemma 43:

Lemma 47 Let C € (13,3] and let m = m(n) € [Cn — o(n),3n — 6]. Then

there exists a constant K such that
E[k(P, )] < K Vn.

Proof Again, it suffices to prove that the result holds for all sufficiently large n.
Let G, 1 denote the set of graphs in P(n,m) with exactly k components. We
follow the proof of Lemma 43 to construct graphs in G,, j from graphs in G,, j41.
The details are as before, except that the number of ways to insert an edge

between two vertices in different components is now (5) + k(n — k). Thus, we

obtain
1Grtos1] w + o(n?)
Gnkl  —  (2-2B-0C))kn?+o(n?)
15(3 - C)

as n — OQ.

(2-12+40)k
Therefore, for sufficiently large n, we have E[k(P, )] < E[X], where X ~ Poi(\)

for any A > %. But E[X] = ), and so we are done. O

2 —

We may combine Lemmas 46 and 47:

Proposition 48 Let m = m(n) satisfy liminf, .. ™ > 1. Then there exists a
constant K such that
E[k(P, )] < K Vn.
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By Markov’s inequality, we also obtain the following result, which improves
on Lemma 41 (in terms of decreasing the bound on k(P, ,)) for the case when

liminf, . 7 > 1

Corollary 49 Let m = m(n) satisfy liminf, ..o ™ > 1 and let g(n) — oo
as n — oco. Then

Plk(Pym) < g(n)] — 1 as n — oo.

We shall shortly give a summary of all our results on k(P ), but first let
us obtain one final bound, for when m < n (this will in fact be useful later on,

in Section 10):

Proposition 50 Let m = m(n) € [gn,n — 1] for some fized q € (0,1) and let

the constant c satisfy ¢ > In (%) +e ' Then

P [/@(Pn,m) > [ﬂ +n— m” =S,

Inn

" ] _ |{GEP(TL,7VL)!K(G)> |—1:;”7'1’ -‘rn—’rn-‘ }|

Proof Note that P [k(P, ) > [{Z- +n—m ]| ,

Inn
by definition. We shall obtain bounds for both parts of this fraction by fol-
lowing the proof of Proposition 12 ([8], 6.6), which deals with the case when
m=mn—(8+o0(1))(n/Inn) for fixed 8 > 0.

Let = z(n) =n —m and let k = k(n) = [{Z% + z|. Then
[P (n)]
kO

{G € P(n,m) : k(G) >k} <|{G € P(n) : k(G) > k}| <

using Proposition 5.

Let F(i,7) denote the set of forests with i vertices and j edges. Then
Pl,m) > |F(nm)|
> |F(m+1,m)|, sincen>m+1
(consider adding n — (m + 1) isolated vertices)

> (m+1)"m1, by Cayley’s Theorem.
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Thus,

P[k(Pnm) > k] < m
Note that
In((m+1)™") = (m-1)(m+1)

= mln(m+1)+o(n)

mlnn 4+ mln (m—i—l) +o(n)
n

v

mlnn+ mlng+ o(n)

Y

mlnn+nlng+ o(n), since ¢ < 1 (10)

Also, note that

kElnk—zlnn = (k—2)lnn+klnk—klnn
In (2
= (k:—x)lnn—n%
®
1
> (k—:v)lnn—ne_l, sinceﬂge_1 Yy
)
cn 1 .
= ——Inn—ne " 4 o(n) by definition of k
Inn

= (c—e ) n+o(n).

Thus, we have

IN

IN

. |P(n)]
lmsup )y

(v)"n!

(E) k em Inn+nIn g4o(n)
e

, by Proposition 1, Stirling’s formula and (10)

exp(nlny, +nlnn—n+k—klnk —mlnn —nlng+ o(n)),
using Stirling’s formula for n!

exp(nlny, —n+k—klnk+zlnn—nlng+o(n)), by definition of x

exp(nlny, —n+k— (c—e')n—nlng+o(n)), by (11)

exp (n (ln (W) —c+e 4 0(1))) ) since k < n+ o(n)
q

e %) since ¢ > In (%) +e L O
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Summary of Results on the Number of Components

dX > 0 such that

n—m Ym (trivial observation)

Anl/2 aas. if jm —n| = O(n'/?) (Theorems 38 and 24)

H(Pn,m) >
A% aas. if d=m—n>0 is such that d = Q(n'/?) and O(n)

(Theorems 38 and 25)

and Jc such that

n—m+ - aas if0<g< <1 (Proposition 50)

L a.a.s. if >1 (Lemma 41)

K(Pn,m) < o
g(n) a.a.s. if liminf, ..o ™ > 1 (Corollary 49)

(where g is any function with g(n) — o0)

These results may be represented as below, where € is an arbitrarily small

positive constant:

Order of £(Py.m)

(a.a.s.)
n A
n
Inn | Tupper bound T T ‘
nl/2] |
lower bound
\
\
n? % % % % x -
(I—9n n—2% n-0 (n1/2) n+0 (n1/2> (14+e)n
m

Figure 18: Summary of results on the number of components.
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8 Components II: Upper Bounds

We now return to looking at P[P, ,, will have a component isomorphic to H].
Note that we already have a full description (in terms of knowing exactly when
the probability is or isn’t bounded away from 0 or 1) for when H is a tree, by
combining the lower bounds of Section 6 with the upper bounds implied by our
results on P[P, ,, will be connected]. In this section, we will complete matters
by obtaining further upper bounds for when H is not acyclic.

First, we will look at the case when H is ‘multicyclic’, i.e. when it has more
edges than vertices. We have already seen (in Theorems 36 and 44) that the
probability of P, ,, containing H as a component is bounded away from both 0
and 1 for large n if * is bounded below by b > 1 and above by B < 3, and
(from Corollary 45) that the probability converges to 0 if * — 3. We shall now
see (in Theorem 51) that the limiting probability is also 0 if 2+ <1+ o(1).

We shall then look at the case when H is unicyclic. We have already seen (in
Corollary 45) that the probability of P, ,, containing H as a component tends
to 0 if * — 3, that (in Theorem 37) it is bounded away from 0 for large n if ™* is
bounded away from both 0 and 3, and (in Theorem 44) that it is bounded away
from 1 if % is bounded below by b > 1. In this section, we shall complete the
picture by seeing (in Lemma 52) that, in fact, the probability is always bounded
away from 1 for large n.

We shall finish this section (in Theorem 53) with an extension of Lemma 52
in which we will show that, for any fixed k, the probability that P, ,, will contain
any unicyclic or multicyclic components of order < k is also always bounded

away from 1 for large n.

C23— QLT2 /44
()

Figure 19: The structure of Section 8.
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We start with our aforementioned result for multicyclic components:

Theorem 51 Let m < (14 o0(1))n and let H be a (fized) multicyclic connected

planar graph. Then
P[P, will have a component isomorphic to H] — 0 as n — co.

Proof Let G,, denote the set of graphs in P(n, m) with a component isomorphic
to H. For each graph G € G,,, let us delete 2 edges from a component H'(= H(;)
isomorphic to H in such a way that we do not disconnect the component. Let us
then insert one edge between a vertex in the remaining component and a vertex
elsewhere in the graph. We have |H|(n — |H|) ways to do this, and planarity
is maintained. Let us then also insert one other edge into the graph, without
violating planarity. We have at least (add(n,m)) = w(n) choices for where to
place this second edge, by Corollary 23. Thus, we can construct |G, |w (n2) (not

necessarily distinct) graphs in P(n, m).

) —
A

Figure 20: Redistributing edges from our multicyclic component.

Given one of our constructed graphs, there are m = O(n) possibilities for the
edge that was inserted last. There are then at most m — 1 = O(n) possibilities
for the other edge that was inserted. Since one of the two vertices incident with
this edge must belong to V/(H'), we then have at most two possibilities for V(H")
and then at most <(g)> = O(1) possibilities for E(H'). Thus, we have built

2
each graph at most O (nz) times, and so \Pl(i"r‘nﬂ 25222 —0 asn— oo. U

()



We shall now look at unicyclic components. The basic argument will be
the same as that of Theorem 51, i.e. we will start with G,,, the set of graphs
in P(n,m) with a component isomorphic to H, and redistribute edges from
such components to construct other graphs in P(n,m). This time we will
only be able to delete one edge from each component, and so we will only
be able to show % = O(1), rather than o(1). Hence, it will be crucial to
keep track of the constants involved in the calculations, so that we can try to

show limsup,,_, . #”'l‘ < 1. Unfortunately, it turns out that the constants

m)
are actually only small enough for certain H, such as when H is a cycle. How-
ever, it is simple to relate the probability that a given component is isomorphic
to H to the probability that it is a cycle, and so we may deduce that the result
actually holds for any unicyclic H.

A further complication is that we will actually prove a stronger version of

Lemma 52 than that advertised at the start of this section, involving many uni-

cyclic graphs at once, in preparation for Theorem 53.

Lemma 52 Let k be a fixed constant. Then, given any m(n),

limsup P[P, ,, will contain any unicyclic components of order < k| < 1.

n—oo
Sketch of Proof Let C; be used to denote a component that is a cycle of
order 7 and let H; be used to denote all other unicyclic components of order 1.

Step 1: By an induction hypothesis, we may assume that there is a decent
proportion of graphs with no unicyclic components of order < I.

Step 2: If we have a Cj, we may remove an edge from it and then insert an
edge between the remainder of the cycle and the rest of the graph, analogously
to the proof of Theorem 51. We find that we may create so many graphs by
doing this that the proportion of graphs without a C; (and still with no unicyclic

components of order < ) must be quite decent.
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Step 3: We then show that the proportion of graphs with lots of H;’s and
no Cp’s is small. Thus, using the result of Step 2, there must be a decent
proportion of graphs with few H;’s, no C;’s and no unicyclic components of
order < [.

Step 4: We replace the few H;’s with C}’s to obtain a decent proportion of
graphs with no H;’s and no unicyclic components of order < [.

Step 5: We then repeat the argument of Step 2 to find that the proportion
of graphs without a C}, and still with no H;’s and no unicyclic components of
order < [, must be quite decent. Thus, we have a decent proportion of graphs

with no unicyclic components of order < [, and so we are done by induction.

Full Proof For A, C P(n,m), we shall use A to denote the set of graphs

in P(n,m) that are not in A,,.

Step 1

We will prove the result by induction on k. It is trivial for k£ = 2. Let us
assume that the result is true for k =1 — 1.

Let £,, denote the set of graphs in P (n, m) with no unicyclic component of or-
der < I. Then, by our induction hypothesis, Je(l) > 0 such that |L,| > €|P(n,m)|

for all sufficiently large n.

Step 2

Let G,, denote the set of graphs in £,, with a component isomorphic to Cj, the
cycle of order I. For each graph G € G, let us delete an edge from a component
C' (= Cf,) isomorphic to C}, leaving a spanning path. We have [ choices for this
edge. Let us then insert an edge between a vertex in the spanning path and
a vertex elsewhere. We have I(n — [) ways to do this, planarity is maintained,
and no unicyclic components of order < [ will be created, since the only new

component will have order > [. Thus, we have constructed |G,|l?(n — 1) graphs

7



in £,,.

Given one of our constructed graphs, there are at most n — 1 possibilities for
which is the inserted edge, since it must be a cut-edge. There are then at most
2 possibilities for V(C’) (at most one possibility for each endpoint of the edge),
and then only one possibility for where the inserted edge was originally. Thus,
we have built each graph at most 2(n — 1) times.

Therefore, |G,| < 122((7;7_1[)) |£,|. Thus, for any fixed constant 6 € (0, 1-— l%),

we have |G,| < (1—10)|L,] for all sufficiently large n, and so we have |£,, NGS| >

0|Ly| > de|P(n, m)| for all sufficiently large n.

Step 3
J(®)
Let r =r(l) > Sea=1jr and let 7, denote the set of graphs in P(n,m) with
> r unicyclic components of order .
Consider the set J, NG, i.e. the set of graphs in P(n, m) with > r unicyclic
components of order I, but no components isomorphic to C;. For each graph
J € T, NGE, delete a unicyclic component of order ! (we have > r choices for

this) and replace it with a component isomorphic to C; (we have @ choices

for this). We have constructed at least |7, NG¢| @ (not necessarily distinct)

graphs in P(n,m).

l
Given one of our constructed graphs, there are at most ((?) possibilities

for what the component isomorphic to C; was originally, since it must have been
l
a component with [ edges. Thus, we have built each graph at most (12)

2 <(52>> |P(n,m)| 4 (;2)
and so |7, NGE| <

——a=r— < %|P(n7m)|, since r > PR

times,

Since we also know (from Step 2) that |£, N GS| > de|P(n, m)| for all suffi-
ciently large n, we must have [£, N TSN GE| > %|P(n,m)|. Thus, |£, N T<| >

%|P(n, m)| for all sufficiently large n.
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Step 4

Let H,, denote the set of graphs in P(n,m) with a unicyclic component of
order [ that is not isomorphic to C}, and recall that £, NJ,; is the set of graphs
in P(n,m) with no unicyclic component of order < [ and with < r unicyclic
components of order [. For each graph L € £, N JS, delete all the unicyclic
components of order [ and replace them with components isomorphic to Cj.
Thus, we have constructed at least |£, N JS| (not necessarily distinct) graphs
in £, NHE.

Suppose we are given one of our constructed graphs and suppose it has
exactly s components that are isomorphic to C; (note that s < r). The ls vertices
in these components must all have been in unicyclic components originally, so

ls
there are at most (S?) < (Is)%'* < (Ir)?" possibilities for what the original

graph was.
Thus,
1L, N Ty
En N HE > Tn vYnl
‘ Hn| = (l,r)2lr
1)
Se|P(n, m)] for all sufficiently large n, by Step 3
2([,’,)2lr
o€
= AP(n,m)|, where A = W
Step 5

By applying the same argument as in Step 2, but to £, NH¢, rather than £,
we may obtain |L£, N HS NG| > §|L, NHE| > I AN[P(n,m)|, where §' is a
suitable positive constant. But £, NHS N GY is the set of graphs in P(n,m)
with no unicyclic components of order < [. Thus, the induction hypothesis holds

for kK = [, and so we are done. O
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By using Theorems 44 and 51, we may extend Lemma 52 to cover all non-

acyclic components of order < k:
Theorem 53 Let k be a fized constant. Then, given any m(n),

limsup P[P, ., will contain any non-acyclic components of order < k] < 1.

n—oo
Proof We shall suppose, hoping for a contradiction, that there exists a function
m(n) such that limsup,,_, .o P[P, will contain any non-acyclic components of
order < k] = 1. Thus, there exists an infinite subsequence n1,na, ... such that
P[P, m(n,) Will contain any non-acyclic components of order <k]—1 as i— o0.

Clearly, by combining Theorem 51 with Lemma 52, we can’t have m(n;) <
(14 0(1))n,; as i — oo. Thus, e > 0 such that m(n;) > (1 + €)n; for arbitrarily
many values of <. But then this contradicts Theorem 44, where we showed that

the probability of P, ,, being connected is bounded away from 0 for such n. U]
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9 General Subgraphs & Acyclic Subgraphs

We have now finished looking at when P, ,, will contain given components. In
the remainder of Part I, we shall instead look at the probability that P, ,, will
contain a given (not necessarily connected) subgraph.

In this section, we will see (in Theorem 61) that the limiting probability is 1
if liminf,, . % > 1. We shall then see (in Theorem 63) that this result can be
extended to liminf, .. 7* > 0 if the subgraph is acyclic.

The proof of Theorem 61 will be in two parts, Lemmas 56 and 60, dealing
with the cases when ™ is or isn’t, respectively, bounded away from 3.

We will first see (in Lemma 56) that the part of the result dealing with
the case when limsup,, ., 7> < 3 may be deduced easily from our knowledge
of ‘appearances’. We shall then prove (in Lemma 60) the result for when o
is close to 3 by modifying appearance proofs to deal instead with the useful
concept of ‘6-appearances’ (which we will define shortly). This will involve first
proving (in Lemmas 58 and 59) some basic properties concerning 6-appearances
and triangulations.

By combining Theorem 61 with our knowledge of acyclic components (from
Section 6), we shall then achieve (in Theorem 63) our aforementioned extension

for acyclic subgraphs.
1 L58 L59 P8 P9 C39

N4

L56 L60 L62

\//

Figure 21: The btructure of Section 9.
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We start with the case when limsup,, .., 7 < 3, which will involve recalling
the concept of ‘appearances’ from Definition 3. As usual, we will actually aim
to show a slightly stronger result than that advertised at the beginning of this
section, so we shall find it useful to first state vertex-disjoint versions of both

Definition 3 and Lemma 13:

Definition 54 Given a connected planar graph H and another planar graph G,
let f1;(G) denote the mazimum size of a set of vertex-disjoint appearances of H

mn G.

Lemma 55 Let H be a fized connected planar graph on the vertices {1,2,...,h},
let b>1 and B < 3 be given constants, and let m = m(n) € [bn, Bn] Yn. Then
there exist constants N(H,b, B) and B(H,b, B) > 0 such that

P(f};(Ppm) < fn] < e P" ¥n > N.

Proof For given G, let W be the collection of all sets W C V(@) such that H
appears at W in G. As noted in [9], each set W € W meets at most |H| — 1
other sets in W (since there are at most |H|—1 cut-edges in H and each of these
can have at most one ‘orientation’ that provides an appearance of H), and so
we must be able to find a collection of at least % pairwise vertex disjoint sets

in W. Thus, the result follows from Lemma 13 by taking § = ﬁ ]
Our aforementioned result now follows fairly easily:

Lemma 56 Let H be a (fized) planar graph and let m = m(n) satisfy

1 < liminf,,_ o % <limsup,,_, o % < 3. Then dJa > 0 and AN such that

P [Pn_,m will not have a set of > an vertex-disjoint

induced order-preserving copies of H| < e” ™ ¥n > N.
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Proof Let the components of H be Hy, Hs, ..., H; and let us choose vertices
{v1,v2,,...,0x} C V(H) such that v; € V(H;) Vi.

Without loss of generality, we may assume that V(H) = {1,2,...,|H|}. Let
us define H' to be the graph with vertex set V(H') = {1,2,...,|H|,|H| + 1}
and edge set E(H') = E(H) U {(v1,|H|+ 1), (ve, |H| + 1), (vs, |H| + 1)}.

|H|+1

Figure 22: The graph H'.

Then H' is a planar graph containing an induced order-preserving copy of H.

Thus, it suffices to prove the result for H’. But this follows from Lemma 55. [

We shall now start working towards the case when 7% is close to 3. As

mentioned, the proof will involve the concept of ‘6-appearances’:

Definition 57 We say that a graph H with vertex set {1,2,...,h} 6-appears
at W C V(G) if (a) the increasing bijection from {1,2,...,h} to W gives an
isomorphism between H and the induced subgraph G[W| of G; and (b) there
are exactly siz edges in G between W and the rest of G, and these are of
the form Ew = {rivi,vire, rovs, vars, r3vs, vsry}, where {ri,ro,r3} C W,
{v1,v2,v3} € V(G) \ W, and {va,v3} C T'(v1) (see Figure 23). We shall
call E(G[W]) U Ew the total edge set of the 6-appearance.
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Figure 23: A 6-appearance at W.

The following result about 6-appearances shall be useful:

Lemma 58 The total edge set of a 6-appearance of a 2-vertex-connected graph
of order |T| will intersect (i.e. have an edge in common with) the total edge set

of at most 2 (|T|;3) other 6-appearances of connected graphs of order |T).

Proof Suppose we have a 6-appearance of a 2-vertex-connected graph of order
|T| at W C V(G), as in Figure 23. Note that the vertices {vi,ve,v3} form a
3-vertex-cut. Suppose that G also contains another 6-appearance, at Ws, of
a connected graph of order |T'| and let {w1, we, w3} denote the 3-vertex-cut in

V(G) \ W5 that is associated with Ws.

(a) Suppose {uy,uz,u3} C V(G)\ W. If {v1,v2,v3} = {u1,ug,us}, then
either Wy = W or Wy C V(G) \ (W U {v1,v2,v3}), in which case the total edge
set of W5 would not meet the total edge set of W.

If {v1, va,v3} # {u1,uz2,us}, then without loss of generality vy ¢ {u1, us2,us}
and so WUw; will all be in one component of the graph G\ {u1, u2,uz}. Thus, ei-
ther (WUwvy1) C Wa, in which case [Wa| > |T'|, or Wo C V(G)\ (WU {v1,v2,v3})
(since vo and v3 must each either be in the same component of G \ {uy, ua, us}
as W Uw; or must belong to {uy,us,us}, in which case the total edge set of Ws

would not meet the total edge set of W.
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(b) Suppose {u1,us,us} C (WU{wv1,v2,v3}). Then there are at most (IT‘;%)
choices for {uy,us,usz}. Note that once we have fixed on a particular choice of
{u1,uz2,us} then there can only be at most 2 choices for Wa, since if Z1, Zs
and Zs were all possibilities for W5 then the graph obtained from G by con-
densing each of Z;, Z3 and Z3 down to a single point would contain K3 3 (since
each of these points would be adjacent to each of the u;’s), and this would con-
tradict planarity. Hence, if {uy,u2,uz} C (W U {vy,v2,v3}) then we have at

most 2 (‘T‘;—g) choices for Ws in total.

(c) If neither (a) nor (b) holds, Ju; € W and Ju; € V(G)\ (WU {v1,v2,v3}).
By the definition of a 6-appearance, we must have {us,us} C I'(u1). Since u;
and u; are not adjacent, we must have u; € {vi,vs,v3} and {u;,u;} = {ua, us}.

Let C(W '\ u;) denote the component containing W\ u; after the 3-vertex-cut
defined by {u1,us2,us} (this is well-defined, since the 2-vertex-connectivity of W
implies that W \ u; is connected). By the definition of a 6-appearance, 3z € Wy
such that z € I'(u;) NT'(u;). Since w; € W and u; € V(G) \ (W U {v1,v2,v3}),
we must have x € {v1,v2,v3}. But then z is certainly adjacent to a vertex
in W\ u;, and so z € C(W \ u;).

Since x € Wy and x € C(W '\ u;), we must have C(W\ u;) = Wa. But W\ v,
will still be connected to {v1,va,v3} \ u1 in G\ {u1,ug,us}, so |C(W \ u;)| >
WA\ wil + [{v1, 02,03} \ur] = [T+ 1 > [Wal. O

Before proceeding with Lemma 60, we also need to note the following useful

result:

Lemma 59 Let H be a (fixed) planar graph. Then there exists a triangulation T
with |T| > max{|H| + 1,4} such that T contains an induced order-preserving

copy of H.
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Proof Let T; be a triangulation with |71| > max{|H|+ 1,4} such that L C T7,
where L is an order-preserving copy of H. For each edge e € E(T}) \ E(L) such
that e is between two vertices in V' (L), let us subdivide e by inserting a new
vertex on it.

Let the new graph (which is not necessarily a triangulation) be called T» and
note that L is an induced subgraph of T,. Since each face of T} was a triangle,

each face of To will be one of the following, where e denotes a new vertex:

as b3 C3 dd
w
(a)A (b)&% @&3 @Z&%
ai ag by by C1 V19 C2 1 wio do
Figure 24: The possibilities for faces of T5.

We can create a new triangulation T O T by replacing the faces of type
(b), (¢) and (d) with (b”), (¢’) and (d’):
b3 c3 ds
w
() u23 (<) V23 (@) wa3
by bo C1 v €2 1 wWig do

Figure 25: Our new faces.

Note that we haven’t inserted the same edge in more than one face. This is
because there is only one triangle in 77 containing both the edge bobs and the
vertex b; (and hence only one face, since |T1| > 4) and only one triangle (and
hence one face) containing both the edges cacs and ¢1¢o. Hence, the edges byuas
and vy2v93 are both inserted in only one face of T5, and since all inserted edges
are of this form we are okay.

Recall that T C T and that L is an induced subgraph of T5. Note that all
edges in E(T)\ E(Tz) are incident with at least one new vertex, and so none can

be between two vertices in L. Thus, L is an induced subgraph of T'. ]
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We now come to our aforementioned lemma for the case when % is close

to 3. The proof is based on that of Proposition 10, which is itself based on the
proof of Theorem 4.1 in [16].

Lemma 60 Let H be a (fixed) planar graph. Then JA(H) < 3 such that if
m =m(n) € [An,3n — 6] for all large n, then o > 0 and IN such that

P[Pmm won’t have a set of > an vertez-disjoint

induced order-preserving copies of H} <e *V¥n>N. (11)

Sketch of Proof We choose a specific & and suppose that (11) is false for n = k,
where k is suitably large. We let ¢ = # and, by using the results of [9], we

find that (for a given € > 0)
(1 =¢)"nl(y(q)" <[P(n, [gn])] < (1 +€)"nl(v(q)" Yn =k (12)

Using the assumption that (11) is false for n = k, together with the left-hand
inequality in (12), it follows that there are many graphs in P(k, gk) without a
set of > ak vertex-disjoint induced order-preserving copies of H.

We attach 6-appearances of T' and T’ (which both contain induced order-
preserving copies of H and have slightly more and slightly less, respectively,
than the appropriate ratio of edges to vertices) to these graphs to construct a
great many graphs in P((1+ d)k, [¢(1 + d)k]), for some § > 0.

Lemma 58 is used to show that the original graphs didn’t have many 6-
appearances of T" and T, and this is used to show that there is not much
double-counting of our created graphs. Thus, we obtain a contradiction to the

right-hand inequality in (12) for n = (1 4 d)k.
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Full Proof By Lemma 59, we know that there exists a triangulation T with
|T| > max{|H| + 1,4} such that T contains an induced order-preserving copy
of H. Let 8 = eZ*yl‘T‘ (4 (‘T‘;?’) + 2) |T|! and let @ be a fixed constant in (O, %)
Thus, we have a8 < 1 and so Je € (07 %) such that (af)® =1 — 3e.

Let A = max { 3'@‘1‘_1 , %} (this value is chosen for ease with later parts of

the proof) and let Ny be such that m(n) € [An,3n — 6] Vn > Nj. Since A > 1,

it follows from Proposition 9 (choosing a € (1,A)) that 3N, such that for
1/n

all n > Ny and all s € [|An],3n — 6] we have ‘(lp(n",s)l) -7 (%)

n

< 5.
Also, note from the uniform continuity of Proposition 8 that IN3 such that
‘7 (%) —fy(r)‘ < G Vrell,3] ¥n> Ns.

Suppose (11) doesn’t hold for some k> N =max{N1, Na, N3} and let ¢ = @

(\P(n;lt!qnm)l/n . (%)

S Vn >k and "y (%) — v(q)‘ < 5 Vn > k. We recall from Proposition 8 that
(\P<n,L’an>|>1/"

Then, by the previous paragraph, we have both <

~v(q) > e, so putting everything together we must have

’y(q)’ <
ee < ey(q) Yn > k. Thus, we have (12).

Let G, denote the set of graphs in P(k, m(k)) = P(k, |gk]) such that G € Gy
iff G does not have a set of > ak vertex-disjoint induced order-preserving copies
of H. Then |Gy| > e~ “*f(k, |gk]|) > e **(1 — €)*(v(q))*k!, using (12) and our
assumption that (11) does not hold for k.

Recall that T is a triangulation with |T'| > |H| + 1 such that 7' contains
an induced order-preserving copy of H and let T” be the result of deleting
one edge from T that does not interfere with this copy of H (this is possible,
since |T'| > |H| + 1). Starting with graphs in Gj, we shall construct graphs
in P((L+9)k, |¢(1 + d)k]), where § = %, by attaching k; 6-appearances
of T and ko 6-appearances of T”. In order that our constructed graphs are in

P((146)k, [q(1+0)k]), we shall need to achieve the correct balance of k1 and ka:
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Let us define k1 to be |g(k + [ak]|T|)] — |gk] — [ak](3|T] — 1) and k2 to
be |gk] + [ak]3|T| — |q(k + [ak]|T])]. Then ki and ko are integers such that
ky + ks = [ak].

Recall ¢ > A > % Thus, q[ak]|T| > (3|T| — 1)[ak] and so, since the
right-hand-side is an integer, we have |g[ak||T|] > [ak](3|T] — 1). Thus,

ki = |gk] + lg[ak]|T]] — [gk] — [ak]([T| = 1)

= lglak]|T|] = [ak]B|T| = 1)

v

0.

Also, note that

k2

Y

lgk| + [ak]3|T| — [qk + 3[ak]|T]]

lgk]| + [ak]3|T| — |qk] + 3[ak]|T]|

= 0.

Thus, k1 and ko are positive integers that sum to [ak].
Finally, note that the total edge set of a 6-appearance of T' will have size 3|T|
and the total edge set of a 6-appearance of T will have size 3|T| — 1, and note

that

Lgk] + k3|T| + k2(3[T — 1) lgk) + ka3|T| + (Tak] = k1) (3[T] = 1)

lgk| + [ak](3IT| — 1) + k1
La(k + [ak]|TT)]

lg(1+0)k].

We shall now construct graphs in P((1 + 0)k, |¢(1 + 0)k]):
Choose 0k special vertices (we have (“;,f )k) choices for these) and partition

them into [ak] unordered blocks of size |T'| (we have (‘T‘fﬁ‘ﬂ) ﬁ choices for
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this). Divide the blocks into two sets of sizes k; and ky. On each of the first &y
blocks, we put a copy of T such that the increasing bijection from {1,2,...,|T|}
to the block is an isomorphism between T and this copy. We do the same for
the set of ko blocks, except with T” instead of T

On the remaining (i.e. non-special) vertices, choose a planar graph L of
size |gk| = m that does not have a set of > ak vertex-disjoint induced order-
preserving copies of H. We have |G| > e~*(1 — €)¥((q))*k! choices for this.
Note that (assuming k > 3) L may be extended to a triangulation by inserting
3k—6—m > (3— A)k—6 ‘phantom’ edges. This triangulation will contain 2k —4
triangles that are faces. Each of our phantom edges is in exactly two faces of
this triangulation, so when we remove these phantom edges we are left with an
embedding of L which contains > 2k —4 —2((3 — A)k — 6) > k(2A —4) triangles
that are faces. We may assume that k is large enough that £(24—4) —[ak] > k,
sinceAZ%anda<%<%.

We may attach our copies of T' and T” inside [ak] of these triangles in such

a way that we create 6-appearances of T and 7.

Figure 26: Creating 6-appearances of T and T” inside facial triangles.

We have at least (k(?gk_{l)) choices for these triangles, and we then have [ak]!

choices for which copies of T and T’ to attach within which triangles.

Thus, for each choice of special vertices and each choice of L, we may con-
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struct at least

( Sk ) (k(2A74)) S ( sk ) (k(2A — 4) — [ak])!*"]
|T|,,|T| [Dék—l - |T|77|T| IVOék—I'
sk k(ozk]
> (im.2m) Tak]!
B (6k) kb
(|7 )Tk [ak]!
|
M(!&a]% for k large enough that [ak]!<(ak) [ek]

graphs in P((1 + )k, [¢(1 + §)k]). Hence, we may construct at least
(“j{,f)k) ek (1 — )k (y(q)) kL (not necessarily distinct) graphs in

( Ty Tam
P((1+ 6)k, |q(1 + 6)k]) in total.

We shall now consider the amount of double-counting:

Recall that L did not have a set of > ak vertex-disjoint induced order-
preserving copies of H and that T' and T” both contain induced order-preserving
copies of H. Note that T" and 7" are both 2-vertex-connected, since |T'| > 4.
Thus, by Lemma 58, it must be that L contained at most (2 ('T'J?’) + 1) ak
6-appearances of |T'| and T”.

When we deliberately attach a copy of T' or T”, the number of ‘accidental’
6-appearances of T of T' that we create in the graph will be at most 2 <|T|;' 3),
again using Lemma 58. Thus, the number of 6-appearances of T or T’ will

|T)+3

increase by at most 2 ( 3 ) + 1 each time we attach one of our blocks. Thus,

our created graph will have < (2 (|T|3+3) + 1) ak + <2 (|T|;3> + 1) [ak] <
(4 (‘T‘;?’) + 2) [ak] 6-appearances of T or T".

Let ¢ =

4 (‘TH_S’ 4+ 2. Then, given one of our constructed graphs, we have

at most ( [[a:]]) < (we)[**1 choices for which were the special vertices. Once
we have identified these, we know what L was. Thus, each graph is constructed

at most (ze)l**1 times.
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Therefore, we find that the number of distinct graphs that we have created

in P((1+0)k, |¢(1+ 0)k]) is at least

(1 + O @) (1 = F (2(3(@)TalT]a) " since sk=TTak]

>
> ((1+0)k)!(4(0) %1 = o) (ap)~To*]
by definition of  (and Proposition 8)
> f(140)k)(1+¢) MR —e)*(1 —3¢)7% by (12) with n = (1 +d)k
(1-9
> 1496k
z J(1+0)k) ((1—36)(1+e)2
since we may assume k is large enough that § < 1
> f((1+6)k) since (1 —3€)(1+¢€)?=1—¢€— 5> — 3¢
which is a contradiction. ]

Combining Lemmas 56 and 60, we obtain our main result:

Theorem 61 Let H be a (fived) planar graph and let liminf, ... ™ > 1. Then

da > 0 and AN such that

P [Pn,m will not have a set of > an vertex-disjoint

induced order-preserving copies of H| < e”“™ ¥n > N.

It follows from Theorem 61 that the probability that P, ,, will contain an

induced order-preserving copy of any given planar graph H converges to 1

if liminf, .o 7 > 1. We shall soon see that this can, in fact, be extended

to liminf,, . 7* > 0if H is acyclic. First, we need to note the following result,

which deals with small values of *:
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Lemma 62 Let H be a (fized) acyclic graph, let s be a fized constant, and let

m = m(n) satisfy 0 < liminf,, o 7 <limsup, . = < (14+o(1))n as n — oo.

Then
P |P, . will have a set of > s verter-disjoint
induced order-preserving copies of H| — 1 as n — oo.
Proof Let the components of H be Hy, Hs, ..., Hy and let us choose vertices

{v1,v9,,...,u} C V(H) such that v; € V(H;) Vi.

Without loss of generality, we may assume that V(H) = {1,2,...,|H|}. Let
us define H' be the graph with vertex set V(H') = {1,2,...,|H|,|H|+ 1} and
edge set E(H') = E(H) U {(v1, |H|+ 1), (va, |H| + 1), (vs, |H|+ 1)}.

v1
H,

[ H|+1
H22 |H|

Hy ¢,

Figure 27: The graph H'.

Then H' is a tree containing an induced order-preserving copy of H. Thus, it

suffices to prove the result for H'. But this follows from Corollary 39. ]

Combining Theorem 61 and Lemma 62, we obtain our aforementioned result

for acyclic graphs:

Theorem 63 Let H be a (fived) acyclic graph, let s be a fized constant, and

let liminf, .o ™% > 0. Then

P |P, ., will have a set of > s vertex-disjoint

induced order-preserving copies of H| — 1 as n — oo.

93



Proof The proof is analogous to that of Theorem 53.

We shall suppose, hoping for a contradiction, that there exists a func-
tion m(n) such that P[P, ,, will have a set of > s vertex-disjoint induced order-
preserving copies of H| 4 1. Thus, 3§ > 0 and there exists an infinite sub-
sequence Ny, ng, ... such that P[P, . (,,) Will have a set of > s vertex-disjoint
induced order-preserving copies of H] <1 — ¢ Vi.

Clearly, by Lemma 62, we can’t have m(n;) < (14 0(1))n; as ¢ — co. Thus,
Je > 0 such that m(n;) > (1 + €)n; for arbitrary many values of . But we then

obtain a contradiction to Theorem 61. U
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10 Unicyclic Subgraphs

We continue to look at the probability that P, ,, will contain given subgraphs.
In Section 9, we saw that for any given planar subgraph the limiting probability
is 1 if liminf, .o % > 1, and that for acyclic subgraphs the limiting proba-
bility is 1 if liminf, .o 7+ > 0. We shall now start to investigate the limiting
probability for non-acyclic subgraphs when 7 <1+ o(1).

In this section, our main focus will be on unicyclic subgraphs. We already
know (by combining Theorems 37 and 61) that the associated probability is
bounded away from 0 for all large n if liminf, . " > 0, so it only remains to
discover exactly when the probability converges to 1.

Recall that in Section 8 we showed that the probability that P, ,, will contain
a non-acyclic component of order < k is always bounded away from 1 for large n,
regardless of m. We will now see (in Theorem 64) that, if limsup,, ™ <1,
then the probability that P, ,, will contain a non-acyclic subgraph of order < k
is also bounded away from 1. We shall then complete matters by seeing (in
Lemma 65) that, by contrast to our results with components, if 7 — 1 then
the probability that P, ,, will contain any given connected unicyclic subgraph
converges to 1. Both proofs will make use of bounds on the number of isolated
vertices, which are implicit from Sections 6 and 7.

In Theorem 67, we shall extend Lemma 65 to cover any (not necessarily

connected) given subgraph with no multicyclic components.

T38 T19 T16 L41 P50 T59

T~ \}65//
Li T

\/

Figure 28: The structure of Section 10.
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We shall go straight in with our result for when limsup,, . 7 < 1:

Theorem 64 Let k be a fized constant and let m = m(n) < An, where A < 1.
Then
limsup P[P, ,, will have girth < k] < 1.

n—oo

Sketch of Proof Let C; be used to denote cycles of order ¢ and let ‘C; com-
ponent’ be used to denote components that are cycles of order i (thus, a C;
component is a type of C;).

Step 1: By an induction hypothesis, we may assume that there is a decent
proportion of graphs with no cycles of order < [.

Step 2: If we have a C; component, we may remove an edge from it and then
insert an edge between the remainder of the cycle and the rest of the graph. We
find that we may create so many graphs by doing this that the proportion of
graphs without a C; component (and still with no cycles of order < [) must be
quite decent.

Step 3: Using Theorem 38, we find that there must be a decent proportion
of graphs with no C; components, no cycles of order < [, and lots of isolated
vertices.

Step 4: If we have a C; and lots of isolated vertices, we may ‘transfer’ the
edges of the C] to the isolated vertices to construct a C; component. If there
were no C; components originally, then the amount of double-counting is small,
and so we can use this idea to show that the proportion of graphs with lots
of C}’s, lots of isolated vertices and no C; components is small. Thus, using the
result of Step 3, there must be a decent proportion of graphs with few C;’s and
no cycles of order < I.

Step 5: We then destroy the few C)’s by deleting the edges from them and

inserting edges between components of the graph.
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Full Proof As in the sketch of the proof, we shall let C; be used to denote
cycles of order ¢ and C; component be used to denote components that are cy-
cles of order i (thus, a C; component is a type of C;). For A, C P(n,m), we

shall use A¢ to denote the set of graphs in P(n,m) that are not in A,.

Step 1
We will prove the result by induction on k. It is trivial for £ < 2. Let us
assume that the result is true for k =1 — 1.
Let £, denote the set of graphs in P(n,m) without a cycle of order < I.
Then, by our induction hypothesis, Je(l) > 0 such that |£,,| > ¢€|P(n, m)| for

all sufficiently large n.

Step 2

Let G, denote the set of graphs in £, with a C; component. For each
graph G € G, let us delete an edge from a C; component, C’'(= C{;), to leave
a spanning path. We have [ choices for this edge. Let us then insert an edge

between a vertex in the spanning path and a vertex elsewhere.

Figure 29: Destroying a C; component in Step 2.

We have I(n — [) ways to do this, planarity is maintained and no cycles of
order < [ will be created. Thus, we have constructed |G, |l?(n — 1) graphs in £,,.
Given one of our constructed graphs, there are at most n — 1 possibilities for

which is the inserted edge, since it must be a cut-edge. There are then at most 2
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possibilities for V(C’) (at most one possibility from each endpoint of the edge).
There is then only 1 possibility for where the inserted edge was originally. Thus,

we have built each graph at most 2(n — 1) times.

Therefore, |G,| < 122(8;11)) |£,,|. Thus, for any fixed constant 6 € (0,1 — %),
we have |G,| < (1—10)|L,] for all sufficiently large n, and so we have |£,, NG| >

0|Ly| > de|P(n,m)| for all sufficiently large n.

Step 3
Let ¢ € (0,3) be a fixed constant and suppose m € [cn, An] Vn. Then, by
Theorem 38 (with |H| = 1) and Theorem 19, 38 > 0 such that

P[P, will have > fn isolated vertices] — 1 as n — oo.

Clearly, P, must also have at least n — 2cn isolated vertices if m < cn, so by

setting & = min{f3,1 — 2¢} we find that whenever m < An we have
P[P, ., will have > an isolated vertices] — 1 as n — oco.

Let Z,, denote the set of graphs in P(n, m) with > an isolated vertices. Then,
using the result of Step 2, we find that 3¢’ >0 such that |GENL,NZT,| > € |P(n, m)]

for all sufficiently large n.

Step 4

Let r = r(l) > 321 and let J,, denote the set of graphs in P(n,m) whose
maximal number of edge-disjoint C}’s is > 7.

Consider the set J, N GS NI, i.e. the set of graphs in P(n,m) with > an
isolated vertices, > r edge-disjoint C;’s, but no C; components. For each graph
J € I, NGE NI, delete all | edges from a C; (we have > r choices for this)
and insert them between [ isolated vertices (we have > (‘Xl”) choices for these)
to form a C; component. We can thus construct at least |7, N GS NZ,|r (O“l")

graphs in P(n,m).
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Given one of our constructed graphs, there are at most [+ 1 C; components,
since we have deliberately constructed one and we may have also created at
most [ when we deleted the edges (since each vertex in the deleted C; might
now be in a C; component). Thus, there are at most {+1 possibilities for which is

the deliberately constructed component and hence at most [ + 1 possibilities for

which are the inserted edges. There are then at most ( ?) W = ( ’l‘) (151)!
possibilities for where these edges were originally. Thus, we have built each

graph at most (I + 1) (7) @ < W < n! times and so
n'[P(n,m)|
)
I
= (1+ 0(1))@|7’(n7m)|

! 21!
< 65|73(n, m)| for sufficiently large n, since r >

T NGy NI, <

eal’

Since we also know that |G N L, NZ,| > €|P(n,m)| for all sufficiently
large n, from Step 3, we must have |7 NG N L, NT,| > E§l|77(n, m)|. Thus,

TSN Ly| > 65/|73(n, m)| for all sufficiently large n.

Step 5

Recall that J°N L, is the set of graphs in P(n, m) without a copy of a cycle
of order < [ and with < r edge-disjoint C}’s. For L € JSNL,, let S(L) denote a
maximal set of edge-disjoint C}’s (so |S(L)| < r) and, for s < r, let J,, s denote
the set of graphs in P(n,m) with |S(L)| = s.

For each graph L € J,, s N Ly, delete all | edges from a C; that is in S(L).
Note that the graphs will now have |S| = s — 1, by maximality of S(L).

Clearly, we may insert an edge between any two vertices in different com-
ponents without introducing a copy of a cycle. By the proof of Lemma 18, we
have at least (1 —|—0(1))%n2 choices for where to insert an edge between
two vertices in different components. Doing this [ times, we find that we may

1=-A)a+4)

L2t
construct > (1 + o(l))%Lﬁhs N L,| graphs in Jy, s—1 N L.
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Given one of our created graphs, there are < (') < (An)! possibilities for

which edges were inserted and < ( 7) m < n! possibilities for where they

were originally. Thus, we have built each graph at most A'n?' times.
a-A)(a+4)

Thus, |Jn.s—1 0 Ln| > (1+ o(1))%|g7n,s N Lyl

For s <, let J,, <5 denote the set of graphs in P(n, m) with |S| < s. Then,
((1—A><1+A>)T
with z = ~—=—~, we have | T, <s—1NLy| > (1+0(1)) 155 |Tn,<sNLn| Vs <.

Thus, we may obtain

|Tn,<oNLy| > (1+o(1))r<1iz) | Tn,<r N Ly
= o) (12 10kl

v

z \ €
(14 0(1)) (1 n z> §|P(n,m)| from Step 4.

But J;,, <o N L, is the set of graphs in P(n, m) without a cycle of order <.

Thus, the induction hypothesis is true for £ = [, and so we are done. O

We will now start to work towards Theorem 67, where we shall show that the
probability that P, ,, will contain any given subgraph with no multicyclic com-
ponents converges to 1 if 2+ >1—o0(1). We already know this for when > B> 1,
by Theorem 61, so it will suffice to now look at the case when 7 € [(1—o0(1)), B].
We shall start by proving the result for a connected unicyclic graph, showing

that a.a.s. P, ,, will contain many vertex-disjoint appearances of any such graph:
Lemma 65 Let H be a (fized) connected unicyclic graph, let t be a fized con-
stant, and let m = m(n) € [(1 — o(1))n, Bn], where B < 3. Then

Plfy(Pom) >t — 1 as n — oc.
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Sketch of Proof By Theorem 16, we may assume that we have lots of pendant
edges. We may delete |H| of these edges, and then use them with |H| — 1 of
the associated (now isolated) vertices to convert another pendant edge into an
appearance of H. Note that we are also left with an extra isolated vertex.

By Lemma 41 and Proposition 50, we may assume that there are not very
many isolated vertices. Thus, if our original graphs had few appearances of H,
then the amount of double-counting will be small, and hence the size of our

original set of graphs must have been small.

Full Proof Let G, denote the set of graphs in P(n,m) with f}; < t, and
let X denote the event that fi;(P,m) <t.

Recall, from Theorem 16, da > 0 such that
P[P, will have > an pendant edges] — 1 as n — oco. (13)

Let H,, denote the set of graphs in P(n, m) with > an pendant edges, and let Y
denote the event that P, ,, will have > an pendant edges.

Also, note that by Lemma 41 and Proposition 50, 3¢ > 0 such that
P |k (Pym) >2max{ﬂ,n—m” = ™), (14)
’ Inn

Let 2 = x(n) = 2max{{£%,n — m} = o(n), let Z,, denote the number of graphs

in P(n, m) with < 2 components, and let Z denote the event that k (P, ) < z.
Note that P[X] < P[XNYNZ]+P [Y]+P [Z] - P[XNYNZ] as n — 0,

by (13) and (14). Thus, it suffices to show that P[XNY N Z] — 0 as n — .

Given a graph in G, N'H,, N Z,, let us choose |H| + 1 pendant edges (we
have at least (‘ I;"’j_l> choices for these). We shall use these edges to create an
appearance of H.

Out of our chosen |H| + 1 pendant edges, let the edge incident with the

lowest labelled vertex of degree 1 be called ‘special’, and let this associated
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lowest labelled vertex of degree 1 be called the ‘root’. Let us delete our |H]|
non-special pendant edges to create at least |H| isolated vertices.

We may choose |H| —1 of these newly isolated vertices in such a way that no
two were adjacent in the original graph (i.e. we don’t choose two vertices from
the same pendant edge, even if that is possible). We may then use these chosen
isolated vertices, together with the root, to construct an appearance of H (by

inserting |H| edges appropriately).

U1 .
U1 V2 U3 V4 V4

U2 U3

Figure 30: Constructing an appearance of H.

We shall now consider the amount of double-counting:

Suppose that when we deleted one of our pendant edges we ‘accidentally’
created an appearance of H at W. Then the pendant edge must have been
incident to a vertex in W. Thus, if we simultaneously accidentally created
appearances of H at both W7 and W5, then the pendant edge must have been
incident to a vertex in Wi N Wa, and so Wy N Wa # ().

As noted in Lemma 55, an appearance of H meets at most |[H| — 1 other
appearances of H (since there are at most |H| — 1 cut-edges in H and each of
these can have at most one ‘orientation’ that provides an appearance of H).
Thus (using the observation of the previous paragraph), we can have created
at most |H| appearances of H each time we deleted a pendant edge. By the
same argument, our original graph must have satisfied fy < t|H| and when
we deliberately created our appearance of H we can have only increased the
number of appearances of H by at most |H|. Therefore, in total we find that

each of our constructed graphs will contain < |H|(|H|+t+1) appearances of H.
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Thus, given one of our constructed graphs, there are at most |H|(|H|+t+ 1)
possibilities for which is the constructed appearance of H. We may then recover
the original graph by deleting the |H| edges from this appearance, joining the
|H| — 1 non-root vertices back to the rest of the graph (at most n!#1=1 possi-
bilities), and joining the correct isolated vertex back to the rest of the graph
(at most in possibilities, where i denotes the number of isolated vertices in the
constructed graph).

We know that the number of components in the original graph was at most z,
and each time we deleted an edge we can have only increased the number of
components by at most 1. Thus, the number of components in our constructed
graph is at most  + |H|, and so i < z + |H|.

Thus, we have built each graph at most |H| (| H|+t+1)n#I=1(z+|H|)n times.

Therefore,

|Gn NHy NIy
[P (n,m)]
|H|(|H| + t + 1)n!Hl (2 + |H|)
(”?‘11)
o (n!H1+1 .
= m, since = o(n)

— 0asn — oo. O

PXNYNnZ =

For m € [(1 — o(1))n, Bn], it follows from Lemma 65 that a.a.s. P, ,, will
have at least t vertex-disjoint induced order-preserving copies of any connected
unicyclic H. We shall now extend this result to cover any (not necessarily con-

nected) subgraph without multicyclic components:
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Lemma 66 Let H be a (fired) graph with e(H;) < |H;| for all components
H; of H, let s be a fized constant, and let m = m(n) € [(1 — o(1))n, Bn],
where B < 3. Then

PP, . will have a set of > s verter-disjoint

induced order-preserving copies of H| — 1 as n — oo.

Proof Since the probability of a copy of H being order-preserving is at least |T1|'
and is independent of whether or not another vertex-disjoint copy of H is also

order-preserving, it suffices to show
P[P, will have a set of > [ vertex-disjoint induced copies of H] —1 as n— o0

for an arbitrary fixed constant [.

For every tree component T of H, let us introduce two new vertices ur
and vr, and three new edges uprvr, urwr and vrwy, where wp is an arbitrary
vertex in V(T'). Then the resulting component 7" is unicyclic and contains
an induced copy of T. Thus, without loss of generality, we may assume that

T T’

ur

ur

Figure 31: The graphs T and T".

e(H;) = |H;| for all components H; of H.

Let the components of H be Hy, Ho, ..., Hy, for some k. By Lemma 65, we
have P [fl/% (Pom) >t Vi] — 1 as n — 00, where ¢t may be chosen arbitrarily
large. Given a graph G € P(n,m) with fy (G) >t Vi, let us select | vertex-

disjoint appearances of Hi. Recall that G contains a set of t vertex-disjoint
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appearances of Hy and notice that at most [|H;| of these can have a vertex
in common with one of our selected appearances of H; (since the appearances
of Hy are themselves vertex-disjoint) and that at most | can be attached by an
edge to one of our selected appearances of H; (by definition of an appearance).
Hence, if t — I(|H1| + 1) > [, then we may select | vertex-disjoint appearances
of Hy in such a way that the graph formed by these appearances and our se-
lected appearances of Hy will consist of [ vertex-disjoint induced copies of the
graph with components H; and Hy. Continuing in this manner, we find that G

contains a set of | vertex-disjoint induced copies of H, and so we are done. []

Combining Lemma 66 with Theorem 61, we obtain our main result, which

holds for all m > (1 + o(1))n:

Theorem 67 Let H be a (fized) graph with e(H;) < |H;| for all components H;
of H, let s be a fized constant, and let m = m(n) € [(1 —o(1))n,3n — 6]. Then

P |P, . will have a set of > s verter-disjoint

induced order-preserving copies of H| — 1 as n — oo.
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11  Multicyclic Subgraphs

It now only remains to look at the probability that P, ,, will contain a given
multicyclic connected subgraph, i.e. a connected subgraph with more edges than
vertices. We already know from our work on appearances (see Lemma 13) that
this probability converges to 1 if liminf,, .. 7* > 1. In this section, we will
show (in Corollary 69) that the probability converges to 0 if limsup,, ., ™ <1,
and we shall also see some partial results (in Theorems 68 and 70) for the

case & — 1.
n

Figure 32: The structure of Section 11.

m

We start with a result for the case when either limsup, . 7 < 1 or ™

converges to 1 slowly from beneath:

Theorem 68 Let H be a fixed multicyclic connected planar graph and let d =

H |

\
d(n) =n —m be such thatd >0 and d = w (nm) Then
P[P, mm will have a copy of H] — 0 as n — oc.

Proof Let G,, denote the set of graphs in P(n,m) with a copy of H. For each
graph G € G, let us delete all e(H) edges from a copy of H and then insert
these edges back into the graph (see Figure 33). By Theorems 19 and 24, we

have € ((dn)* )) ways to do this, maintaining planarity.
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COA ) — (=t

Figure 33: Redistributing the edges of H.

There are then ((I;LII) %) =0 (n‘H|) possibilities for where the copy
of H was originally and (E(}‘”> = O (n®1) possibilities for which edges were
inserted, so we have built each graph O (n“HHe(H))) times.

e 1=
Therefore, |73|(i"ln)| =0 (n(‘HH (H))) =0 (;‘(Z‘)) —0, since d=w (ne(H)) . g

(dn)e(H)

Our main result of this section follows immediately:

Corollary 69 Let H be a fized multicyclic connected planar graph and let m(n)

be such that limsup,, ., ™ < 1. Then

P[P, . will have a copy of H] — 0 as n — oo.

By the same proof as Theorem 68, using Theorem 25 instead of Theorem 19,

we may also obtain a stronger result for when e(H) > 2|H|:

Theorem 70 Let H be a fized connected planar graph such that e(H) > 2|H|
L]
and let m = m(n) be such that max{0,m —n} =o (nkm) Then

P[P, mm will have a copy of H] — 0 as n — oc.

Note that Theorem 70 includes the case when “* converges slowly to 1 from

above. In particular, it holds when m = n.
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We now have a complete account of P[P, ,, will have a copy of H], in terms
of exactly when it is bounded away from 0 and 1, except for the case when H
is multicyclic and 7 — 1. We shall now finish Part I with a discussion of this
remaining question.

Recall that, in Theorems 68 and 70, we showed that the probability that
P, will contain a copy of any given multicyclic subgraph H converges to 0
even for some m(n) such that ™ — 1. Our previous result on components and
subgraphs have all produced thresholds with neat divisions, so this may suggest
that P[P, ,, will contain a copy of H] — 0 whenever ™* <14 o(1).

The proofs of Theorems 68 and 70 used the work of Section 5, where we de-
fined add(n, m) to be the minimum value of |add(G)| over all graphs G € P(n, m).
We already know (from the second half of Section 5) that these results cannot be
improved, but of course it might be possible to find some function a(n, m) with
a(n, m) = w(add(n,m)) such that |add(P, m)| > a(n,m) a.a.s.. This could then
be used to improve our current multicyclic subgraph results. For example, if we
could show that |add(P,, ,,,)| is usually of the order of % whenever 7 < 1+40(1),
then we could probably use the method of the proofs of Theorems 68 and 70 to
show that P[P, ,, will contain a copy of H] — 0 whenever ™ <1+ o(1).

Let us now consider for a moment how we might work towards finding such
a function a(n, m). Note that if we did show that |add(P,,,)| > a(n,m) a.a.s.,
then we could probably use the proof of Theorem 38 to show that the num-
ber of components in P, , that are isomorphic to any given tree is a.a.s. of
the order of @ Conversely, we know from the proof of Lemma 18 that

ladd(G)| > (k(G) —1) (n - “(G)), s0 if (P, m) is a.a.s. of the order of a(n.m)

2 n

then we would indeed have |add(P,, )| > a(n, m) a.a.s.. Thus, if we are inter-

ested in the typical value of |add(P, )|, then it seems that it would actually
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be equivalent for us to investigate the typical value of k(P, ), or indeed the
typical number of components in P, ,, that are isomorphic to any given tree
(such as an isolated vertex).

It is possible, of course, that for some multicyclic connected H, the prob-
ability that P, ,, will contain a copy of H is bounded away from 0 for some
functions m(n) with > — 1. In Lemma 65, we showed that for unicyclic con-
nected H we have P[P, ,, will have a copy of H] — 1if ™ > 1 — o(1). The
proof involved turning pendant edges into an appearance of H plus one isolated
vertex, and the crucial ingredient was the fact that (P, ), and hence the num-
ber of isolated vertices in P, ., is typically o(n). If we tried to use the same
method for a graph H with e(H) = |H| + 1, we would be left with two isolated
vertices, and hence the proof would only work if m(n) is such that (P, ) is
typically o (n'/?). In general, for H such that e(H) = |H| + r, the proof would
work if m(n) is such that (P, ) is typically o (nﬁ) From page 73, we can
see that it is not impossible that x(P, ) is small enough for certain m, and
thus we may in fact be able to use this method to show that we sometimes
have P[P, ,, will have a copy of H| — 1 for a connected multicyclic H even
when 7 — 1.

Note that, again, the topic of P[P, ,, will have a copy of H| seems to be
linked to that of k(P ). Thus, to conclude, in order to discover the behaviour
of P[P, ,,, will have a copy of H] for multicyclic H when ™ is close to 1, it seems
that it will be necessary to obtain more precise results on (P, ), or on the

equivalent topics of add(P,,,n,) or the number of isolated vertices in P, ,,.
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Part II
Random Planar Graphs with
Bounds on the Minimum and

Maximum Degrees

12 Outline of Part 11

In Part I, we saw how the typical properties of a random planar graph, such as
being connected or containing given subgraphs/components, change depending
on the number of edges or, equivalently, the average degree. In Part II, we shall
now instead look at how the minimum and maximum degrees influence these
properties.

For functions dy(n), d2(n), D1(n) and Ds(n), we will use P(n, dy, ds, D1, D3)
to denote the set of all labelled planar graphs on {1,2,...,n} with minimum
degree between dy(n) and da(n) inclusive and maximum degree between D1 (n)
and Dz (n) inclusive. We shall use P, 4, 4,,0,,D, t0 denote a graph taken uni-
formly at random from this class.

Note that the minimum degree of a planar graph must be at most 5. Thus,
for example, P, 15,3,10¢n Would denote a random planar graph with minimum
degree at least 1 and maximum degree between 3 and logn, while P, 0.50,n-1
would simply denote a random planar graph (with no bounds on the degrees at
all). For Da(n) < 3, we should note that our random planar graph P, 4, d,.D1,D»
is just the same as a general random graph with the same degree constraints.
Thus, since general random graphs have already been extensively investigated,
we shall only bother to concern ourselves here with the case when Da(n) > 3 Vn.

In fact, it will turn out that most of our results for P, 4, 4,,p,,p0, Will fol-
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low just from consideration of the case when there is no upper bound on the
minimum degree and no lower bound on the maximum degree. Thus, for most
of Part II we will only look at P, 4, 50,p, (i.e. a random planar graph with
all degrees between dy(n) and Ds(n)), before then extending our results in
Section 19 to cover any functions di(n), d2(n), Di(n) and Da(n) as long as
lim sup,,_, ., D1(n) < co. We shall not attempt to provide a description of what
happens when limsup,,_,. D1(n) = oo, but we will note one partial result for
this case in Section 20.

The structure of Part II shall be based on that of [16], where the graph
P0,5,0n—1 was studied. Hence, we will start in Section 13 by establishing a
lower bound for the probability that P, 4, 50,0, Will be connected. In Section 14,
we shall use this to show that there exists a non-zero finite ‘growth constant’
for |P(n,dy,5,0,D3)|, and in Section 15 we will use this second fact to show
that (a.a.s.) Py, 4, 50,0, has many appearance-type copies of certain H. In
Section 16, we shall then use this last result to deduce a lower bound for the
probability that P, 4, 50,p, Will contain a component isomorphic to H, and
in Section 17 we will prove that P, 4, 50,p, has many vertex-disjoint induced
copies of most, but not all, H.

During Section 17, we shall come across the topic of determining whether or
not a given graph H can ever be a subgraph of a 4-regular planar graph. This
issue turns out to be quite intricate, and Section 18 (which is joint work with
Louigi Addario-Berry) is devoted to giving a polynomial-time algorithm for this
problem.

As already noted, in Section 19 we shall then extend our results on P, 4, 5.0,D,
to also cover any functions da(n) and Dj(n) as long as Dp(n) is bounded, be-
fore then looking briefly at the case limsup,,_,., D1(n) = oo in Section 20. A
simplified summary of our main results is given on page 112, although we may

sometimes actually prove slightly stronger versions, as with Part I.
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Summary of Results

Given functions dj(n), da(n), Di(n) and Da(n),

let H; be a connected planar graph with limd; (n) < §(H;) < A(H;) < limDs(n)

and let Hy be a connected planar graph with A(Hs) < limDy(n).

Let P, = P[P, 4, dy,D,,0, Will be connected],

let P = P[P, 4,.d,,0,,0, Will have a component isomorphic to H;]

and let Py = P[P, 4, .4,,D,.0, Will have a subgraph isomorphic to Ha).

The following results hold for all choices of di(n), dz(n), Di(n) and Da(n), sub-

ject to imD;(n) < oo (and Da(n) > 3, as always), unless otherwise stated.

da(n) =0 Vn{ Observation: P, =0 Vn > 2.

Connectivity Results Theorems 72 & 105: limP, > 0.

Component Results

Subgraph Results

da(n) >0 Vn _
Theorems 91 & 105: limP,. < 1.

Theorems 91, 105, 108 & 109: limP > 0.
(d2(n),|H1|) = (0,1) Vn { Observation: P =1 Vn.
Thms. 72, 105, 108 & 110:

An:(da(n), [Hi)=(0,1) ¢
limP < 1.

Thms. 98, 105, 108 & 112: limP,>0.
Ds(n)=06(Hz) Vn .

Thms. 98, 105, 108 & 112: ImP, < 1.
Dy(n)>6(Hs) Vn & Thms. 97, 105, 108 & 111:
Bn:di(n)=Dy(n)=4 | P, — 1.

Thms. 97, 105 & 108:

P;—1if 3 4-reg. planar H* D H,.
dy(n)=Ds(n)=4Vn

Observation: P, = 0 otherwise.
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13 Connectivity

We will start by examining the probability that our random graph is connected.
Not only is this topic interesting in its own right, but the results given here will
also be important ingredients in later sections.

As mentioned in the introduction, until Section 19 we shall restrict ourselves
to the case when we have no upper bound on the minimum degree and no lower
bound on the maximum degree. Thus, we will be looking at P, 4, 5.0,p,, Which
is simply a random planar graph on {1,2,...,n} with all degrees between d; (n)
and Dy(n).

Recall that we must have Ds(n) > 3 for planarity to have any impact.
The main result of this section will be to show (in Theorem 72) that, given
any function dj(n) and any function Dy(n) satisfying Da(n) > 3 Vn, we have
liminf,,_ o P[Py 4, 50,0, Will be connected] > 0. An upper bound for this prob-
ability shall be deduced later, in Section 16, from results on components.

The proof of Theorem 72 will copy that of Proposition 5([16], 2.1), but
will be slightly more complicated, as the upper bound on the maximum degree
means that P(n,dq, 5,0, D) is not edge-addable (i.e. the class P(n,d;, 5,0, D)
is not closed under the operation of inserting an edge between two components).
Hence, we shall first prove (in Lemma 71) a very helpful result on short cycles,

which will be extremely useful to us throughout Part II.

Figure 34: The structure of Section 13.
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We shall now proceed with our aforementioned useful lemma:

Lemma 71 Let k < and let S be a planar graph with at most k|S| vertices

15’
of degree < 2. Then S must contain at least (1 15’“) |S| cycles of size < 6.

In particular, if S has < % vertices of degree < 2 then S must contain > %

cycles of size < 6.

Proof Fix a planar embedding of S. We shall first show that this embedding

1— 15k

must have at least ( ) |S| faces of size < 6 (where, as usual, the ‘size’ of a
face denotes the number of edges in the associated facial boundary, with an edge
counted twice if it appears twice in the boundary), and we will later deduce the
lemma from this fact.

We shall argue by contradiction. Let f; denote the number of faces of size i

and suppose that 3, ¢ fi < (1235 |S]. We have

2(8) = Y ifi

> Ty i
i>7
> (Z fi— ( 15k> |S|> , by our supposition
= 7 (6(5) — S|+ K(S)+1— (1 _li5k> |S> , by Euler’s formula
15(1 — k)
(e (B09) ).

Thus, (M) |S| > 5e(S). But e(S) > w, since S contains at least
(1 —k)|S| vertices of degree > 3, and so 5e(S) > (M) Thus, we obtain

our desired contradiction, and so we must have at least (1=12%)|S| faces of

size < 6.
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Let us now consider these faces of size < 6. Note that the boundary of a face
of size < 6 must contain a cycle of size < 6 as a subgraph unless it is acyclic, in
which case it must be the entire graph S. But if S were acyclic, then at least
half of the vertices would have degree < 2 (since we would have e(S) < |S|—1),
and this would contradict the conditions of this lemma. Thus, for each of our
faces of size < 6, the boundary must contain a cycle of size < 6 as a subgraph.

Each edge of S can only be in at most two faces of the embedding, and so

each cycle can only be in at most two faces. Thus, S must contain at least

(1}§5k) |S| distinct cycles of size < 6. OJ

Note that Lemma 71 does not hold for general graphs, since it is known
(see, for example, Corollary 11.2.3 of [5]) that there exist graphs that have both

arbitrarily large minimum degree and arbitrarily large girth.

We shall now use Lemma 71 to obtain our aforementioned lower bound for
the probability that P, 4, 5,00, Will be connected (we shall state the result in

a slightly different form to that advertised earlier, for ease with Section 14):

Theorem 72 There exists a constant ¢ > 0 such that, given any constants

r,dy, Dy € N U {O} with Dy > 3 and P(T, dy, 5, O,DQ) 7é @,
P[P, 4, 50,0, will be connected| > c.

Sketch of Proof We shall choose any r, dy, Do € NU{0} with Dy > 3 and show
that there are many ways to construct a graph in P(r,d;, 5,0, Dy) with k£ — 1
components from a graph in P(r,dy, 5,0, Dy) with k& components, by combining
two components. Our stated lower bound for the proportion of graphs with

exactly one component will then follow by ‘cascading’ this result downwards.
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If Dy > 6, we shall see that we may obtain sufficiently many ways to combine
components simply by inserting edges between them that don’t interfere with
this upper bound on the maximum degree.

If Dy < 6, we will sometimes also delete an edge from a small cycle in or-
der to maintain A < Dy. We shall use Lemma 71 to show that we have lots of
choices for this small cycle, and then the fact that it is small (combined with the

knowledge that Do < 7) will help us to bound the amount of double-counting.

Full Proof Choose any r,dy, Dy € N U {0} with Dy > 3. We shall show
that there exists a strictly positive constant ¢, independent of r,d; and Do,
such that P[P, 4, 5.0 D, Will be connected] > c.

Let P'(r,d1,5,0, D3) denote the set of graphs in P(r,dy, 5,0, Dy) with ex-
actly t components. For k > 1, we shall construct graphs in P*~1(r, dy, 5,0, D5)
from graphs in P*(r,dy, 5,0, D).

Let G € P*(r,dy,5,0,D5) and let us denote the k components of G by
S1,82,...,Sk, where |S;| = n; Vi. Without loss of generality, we may assume
that S, 52, ..., Sk are ordered so that \S; contains > 74 vertices of degree < Da
iff i <1, for some fixed [ € {0,1,...,k}. Note that we must have [ = k if Dy > 6,

since (by planarity) e(S;) < 3n; and so we can only have at most 2¢ vertices

of degree > 7.
For 1 <¢ < j <k, let us construct a new graph G; ; € PE=1(r,dy, 5,0, Ds)

as follows:

Case (a): if j <! (note that this is always the case if Dy > 6)

Insert an edge between a vertex in S; of degree < D (we have at least 74 choices

for this) and a vertex in S; of degree < D, (we have at least 72 choices for this).
The constructed graph G; ; (see Figure 35) is planar and has exactly k — 1

components. It is also clear that we have di < §(G; ;) < A(G; ;) < Do, since

we have not deleted any edges from the original graph and have only inserted an
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00-0C

i J
Figure 35: Constructing the graph G; ; in case (a).

edge between two vertices with degree < D,. Thus, G; ; € PE=1(r,dy,5,0, Dy).

Case (b): if j > [ and n; > 1 (in which case Dy < 6)

If j > I, then S; contains < 22 vertices of degree < D,. Thus, by Lemma 71,
J 13

S; must contain at least % cycles of size < 6. Delete an edge uv in one of

these cycles (we have at least choices for this

D2+D§-?-D§+D§ 2> 6+62+363+64 Frs
edge, since each cycle must contain at least 3 edges and each edge is in at most
(Dy — 1)™=2 < D2 cycles of size m), insert an edge between u and a ver-
tex w € S; (we have n; choices for w), delete an edge between w and = € I'(w)
(we have at least one choice for z, since n; > 1), and insert an edge between x
and v (planarity is preserved, since we may draw S; so that the face contain-

ing v and v is on the outside, and similarly we may draw .S; so that the face

containing w and x is on the outside).

w u w u
x v X v
S; S;

Figure 36: Constructing the graph G; ; in case (b).

Since the deleted edge uv was in a cycle, it was not a cut-edge, and so the

vertex set V(S;) is still connected. The deleted edge wx may have been a cut-
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edge in S;, but since we have also inserted edges from w to v € V(S;) and
from z to v € V(5;) it must be that the vertex set V(S;) UV (S;) is now con-
nected. Thus, the constructed planar graph G ; has exactly k — 1 components.
By construction, the degrees of the vertices have not changed, and so we have

d1 < (S(Gl)j) < A(Gl)j) < Ds. Thus, Gi)j S Pk_1<7“, d1,5,0,D2).

Case (c): if 7 > [ and n; = 1 (in which case Dy < 6)
Delete any edge uv in S; (we have at least n; choices for this, since S; cannot
be a forest if j > [) and insert edges uw and vw, where w is the unique vertex

in Sz

g
g

S S;
Figure 37: Constructing the graph G; ; in case (c).

The constructed graph G ; is planar and has exactly k —1 components. The
degrees have not changed, except that we now have deg(w)=2. But since Dy > 3,

we still have dl S 5(Gz,]) S A(GL]) S Dg. Thus, G/L’J‘ S Pk_l(T, dl, 5, 0, DQ)

-3 _mind(2y 3 :
Let z = BT roiren — min { (43) ) TBET6 167760 } Then in all cases we

have at least zn;n; choices when constructing the new graph. Thus, from our
initial graph G, we have at least Zi<j znng = ZZKj n;n; ways to construct
a graph in P*~1(r,dy, 5,0, Ds). Note that if x <y then zy > (z — 1)(y+1), so
> _i<; minj is at least what it would be if one component in G had order r—(k—1)

and the other £ — 1 components were isolated vertices. Thus, 2z ._.n;n; >

1<j
z (3(k—1)(k—2)+(k—1)(r—k+1)) = (k—1) (r— %) 2. Therefore, for k > 1, we
have at least (k—1) (r—%) z[P*(r,d1,5,0,D2)| > (k—1)5z|P¥(r,d1,5,0,Ds)|

ways to construct a graph in P*~1(r,dy, 5,0, D5).
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Given one of our constructed graphs, there are at most 3 possibilities for
how the graph was obtained (case (a), (b) or (c)).

If case (a) was used (which must be so if Dy > 6), then we can re-obtain the
original graph simply by deleting the inserted edge, for which there are at most
r — (k — 1) < r possibilities, since it must now be a cut-edge. Thus, if case (a)
was used, we have < r possibilities for the original graph.

If case (b) was used, then we can re-obtain the original graph by locating
the vertices u,v,w and z, deleting the two inserted edges (uw and vx) and
re-inserting the two deleted edges (uv and wa). Note that we have at most r
possibilities for which vertex is u. We know that u and v were originally on a
cycle of size < 6, and so v is still at distance at most 5 from u. Since the graph
has maximum degree at most Dy, we therefore have at most D2 + D3 + D3+ D3
possibilities for v. Once we have located u and v, we then have at most Do
possibilities for w and at most Dy possibilities for x, since w and x are now
neighbours of u and v, respectively. Thus, if case (b) was used, we have at most
D3(D3 + D3 + D3 + D3)r < 36(62 + 6 + 6% + 6°)r possibilities for the original
graph.

If case (c) was used, then we can re-obtain the original graph by locating the
vertices u, v and w, deleting the two inserted edges (uw and vw) and re-inserting
the deleted edge (uv). We have at most r possibilities for which vertex is w,
and given w we then know which edges to delete and insert, as v and w are the
only vertices adjacent to u. Thus, if case (c¢) was used, we have < r possibilities
for the original graph.

Therefore, there are < r possibilities for the original graph if Dy > 6,
since case (a) must have been used, and < r + 36(62 + 6% + 6* + 6°)r + 7 =
2r(1 + 18(62 + 63 + 6* + 6°)) possibilities for the original graph if Dy < 6, since

any of case (a), case (b) or case (c) may have been used.
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Let o =

z _ : z z
I(1+18(62+63+67165)) mm{Z, 4(1+18(62+63+64+65))}' Then we

have shown that we can construct at least a(k — 1)|P*(r,dy, 5,0, Do)| distinct
graphs in P*~!(r,dy,5,0, D), and so we find that it must be that we have

|P*=1(r,dy,5,0,Ds)| > a(k — 1)|P*(r,dy, 5,0, D3)| VEk > 1.

|PF+1(r,dy,5,0,D3)|

_ |PY(r,d1,5,0,D2)] _
Plrd50.0,)]  and let

Let us define p to be P ="P0 = g 5005 =

P[P, 4, 50,0, Will be connected]. From the previous paragraph, we know that

PR (r, dy, 5,0, Dy)| < PAA150.D2)l o5 ) and so py < P VE>0. We must

akk!

1yE\ T
have Y7, o opr=1,50 Y~ oFm > 1 and hence p> (Zkzo (f];')) =e . [
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14 Growth Constants

We shall now look at the topic of ‘growth constants’, which will play a vital role
in the proofs of Section 15. We already know from Section 3 that there exists

P (n,0,5,0,n—1)] | /™
e — 7y as n — oo.

a finite growth constant y; > 0 such that
In this section, we shall use our connectivity bound from Theorem 72 to also
obtain (in Theorems 75 and 76) growth constants for P(n,d;, 5,0, Ds) for the
case when d;(n) is a constant and Dy(n) is any monotonically non-decreasing
function (it will turn out that the result for this restricted case is all that will
be required for our later sections).

Clearly, we shall have to treat the case when di(n) = Do(n) € {3,5} slightly
differently, since P(n,d1, 5,0, Da) will be empty if n is odd. Hence, we will deal
first with the more standard case in Theorem 75, and then separately with this
special case in Theorem 76. In both of these cases, we shall follow the proof

of Theorem 3.3 of [16], which will require us to first state two useful lemmas

(Proposition 73 and Corollary 74).
T72 P73 — C74
Figure 38: The structure of Section 14.

As mentioned, the following result on supermultiplicative functions shall be

very useful:
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Proposition 73 (implicit in [19], 11.6) Let f : N — R™ be a function such
that f(n) > 0 for all large n and f(i + j) > f(@i) - f(§) Vi,j € N. Then
()™ = sup, ((F(n)V/") as n— oo,

We should also note an even parity version, which will be useful when

di(n) = Dy(n) € {3,5}:

Corollary 74 Let f : N — R™* be a function such that f(2n) > 0 for all large n
and f(2(i+j)) > f(2i)-f(24) ¥i,j € N. Then (f(2n))"/*" — sup,, ((f(2n))"/*")

as n — oQ.

We may now use Proposition 73 to obtain our first growth constant result:

Theorem 75 Let dy € {0,1,...,5} be a constant and let D2(n) be a mono-
tonically mon-decreasing integer-valued function that for all large n satisfies
Dy(n) > max{dy, 3} and (d1, D2(n)) ¢ {(3,3),(5,5)}. Then there exists a finite

constant vq, p, > 0 such that

<|77(n, d1,5,0,Ds)|

1
n
ol > — Ydy,D, QS T — OQ.

Proof We shall copy the method of proof of Theorem 3.3 of [16]. Let ¢ be the
constant given by Theorem 72 and let g(n,d;, Ds) = W Vn € N.

We shall show that g(n,d;, D2) satisfies the conditions of Proposition 73, which

we shall then use to deduce our result.
To show that g(n,d;,Ds) > 0 for all large n, it suffices to show that

P(n,d1,5,0,Ds) is non-empty for all large n. We shall now see that we only

need to prove this for three values of (dy, D2(n)):
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(i) If d; < 3, then P(n,d;,5,0,D3) D P(n,2,5,0,2) for all large n, since
Dy(n) > 3 for all large n.
(ii) If dy € {3,4}, then Dy(n) must be at least 4 for all large n (since (dy, Da(n))
is not allowed to be (3, 3) for large n) and so P(n,d;, 5,0, D2) D P(n,4,5,0,4)
for all large n.
(iii) If d; = 5, then Ds(n) must be at least 6 for all large n (since (dy, D2(n))
is not allowed to be (5,5) for large n), and so P(n,d;,5,0, D2) D P(n,5,5,0,6)
for all large n.
Thus, it suffices just to show that P(n,2,5,0,2),P(n,4,5,0,4) and P(n,5,5,0,6)
are all non-empty for sufficiently large n.

Clearly P(n,2,5,0,2) D C,, so certainly |P(n,2,5,0,2)] > 0 Vn > 3. Tt
is shown in [18] that there exist 4-regular planar graphs of order n ¥Yn > 6
apart from n = 7, so we also have |P(n,4,5,0,4)] > 0 ¥n > 8. For n of the
form 25x + 37y, graphs in P(n,5,5,0,6) can be constructed from 5-regular pla-

nar graphs as shown in Figure 39, so (since 25 and 37 are co-prime) it follows

A
i \ )

Figure 39: A graph in P(n,5,5,0,6).

that we have |P(n,5,5,0,6)| > 0 for all sufficiently large n too. Hence, we have
g(n,dy, Dy) > 0 for all large n for all allowable (d1, Da(n)).

We shall now show that g satisfies the supermultiplicative condition:
Let i,j5 € N and let us denote by P.(i,d;, 5,0, D2) and P.(4,d1,5,0, Ds)
the set of connected graphs in P(i,d1,5,0, D) and P(j,dy,5,0, Ds), respec-

123



tively. Then, by Theorem 72, we know that there exists a constant ¢ > 0 such
that we have |P.(i,dy,5,0, D2)| > ¢|P(i,dy,5,0, D3)| and |P.(j,d1,5,0, D2)| >
c|P(j,d1,5,0,Ds)|. We may form a graph in P(i + j,dy,5,0,Ds) by choos-
ing ¢ of the i + j vertices ((’jj ) choices), placing a connected planar graph
G with |G1] = i and d; < §(G1) < A(G1) < Ds(i) on the chosen vertices
(|P.(i,dy,5,0,Ds)| > c|P(i,d;,5,0, Dy)]| choices), and then placing a connected
planar graph Gg with |G2| = j and dy < 6(G2) < A(G2) < D3(j) on the remain-
ing j vertices (|P.(j,d1,5,0,D2)| > ¢|P(j,d1,5,0, D3)| choices). If i = j, then
we need to divide by two to avoid double-counting. Note that the constructed
graph will have maximum degree at most max{D2(i), D2(j)} and so will indeed
be in P(i + j,dy,5,0, D3), since Dy is a monotonically non-decreasing function.

Thus,
|P(Z +J7 d175703D2)| > % (Z-;]) ‘P(iﬂd1a5707D2)| ’ |7)(j7d1a5707D2)| VZ,]

and, therefore,

02|P(Z +]7 d1,5707D2)|
2(i 4 j)!
C4 (1—;]> |P(i’d175aOaD2)||P(j7d1a5507D2)‘
10+ )
C2|P(iad175707D2)| 02|P(j7 d175707D2)|
2.4l 3.l
= g(ivdlaDQ)'g(jvthQ)'

g(i+j7dlaD2) =

Let va, p, = sup,, ((9(n,d1, D2))'/™). By Proposition 73, it now only re-
mains to show that v4, p, <oo. But clearly P(n,d;, 5,0, D2) CP(n,0,5,0,n— 1),

SO Ydy, D, < Y1 < 00. O
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We may obtain an analogous result to Theorem 75 for the case when we

have Dy(n) = d; € {3,5} Vn by using Corollary 74 instead of Proposition 73:

Theorem 76 Let Dy € {3,5} be a fized constant. Then there is a finite con-

stant yp, p, > 0 such that

(|P(2n,D2,5,O,D2)|)21" — YDy,D, GS M — OO.

(2n)! e

Proof The method of proof is exactly the same as that of Theorem 75. Thus,
it suffices to show that P(n,3,5,0,3) and P(n,5,5,0,5) are non-empty for suf-
ficiently large even n. But it has already been shown in [18] that there exist
3-regular planar graphs of order n for all even n > 4 and that there exist

5-regular planar graphs of order n for all even n > 12 apart from n = 14. Thus,

we are done. O
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15 Appearances

We shall now look at appearances in P, 4, 5.0,p,. Recall from Proposition 4 that,
for any connected planar graph H, P, 05,0,n—1 Will a.a.s. have at least linearly
many appearances of H. In this section, we will prove two similar appearance-
type results, Theorems 83 and 88, for P, 4, 50,0, (these final results will not
require the monotonicity /constancy conditions that we imposed in the previous
section, but such restrictions will be used in lemmas along the way). In Sec-
tion 16, we shall then aim to turn some of these appearances into components.

We will produce separate appearance-type results for the cases when we have
dy(n) < Dy(n) Vn (Theorem 83) and when di(n) = Dz(n) Vn (Theorem 88).
This is essentially because for the latter case it will be awkward to convert ap-
pearances into components in Section 16 without violating our bound on d;(n),
and so we instead introduce the concept of ‘2-appearances’ (see Definition 84).

We will deal with the dy(n) < Da(n) case first, starting with a simple lemma
(Lemma 78) concerning the number of intersections of appearances. The main
work will then be done in Lemma 80, where we shall copy a proof of [16] (using
the growth constants of Section 14) to obtain an appearance result for the case
when d;(n) is a constant and Ds(n) is a monotonically non-decreasing function.
We shall then extend this to a more general result in Lemma 81, before finally
achieving the full result of Theorem 83.

The di(n) = Dy(n) case will follow a similar pattern. First, we shall note
two lemmas (Lemmas 85 and Corollary 86) on the number of intersections of
2-appearances, before then using our growth constant results to obtain a weak

2-appearance result (Lemma 87), which we shall then extend to Theorem 88.
L78 L71 T75 T76 C86+—L85

L?O l /
L87
L§1 |
T88
Figure 40: The structurée of Section 15.
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We start with some definitions that we will find helpful:

Definition 77 Suppose H appears at W in G and let the unique edge in G
between W and V(G)\W be ew = rwow, where ryy € W and vy € V(G)\ W.
Let us call ey the associated cut-edge of the appearance, let us call TVy =
W U {vw} the total vertex set of the appearance and let us call TEyw =
E(GIW])) U {ew} the total edge set of the appearance.

G G[TV]

Figure 41: An appearance at W in G and its total vertex/edge set.

It is now easier to state the following useful result, which is given implicitly

in the proof of Theorem 4.1 of [16]:

Lemma 78 The total edge set of an appearance of a graph of order |H| will
intersect (i.e. have an edge in common with) the total edge set of at most |H|

other appearances of graphs of order |H|.

Proof Suppose we have an appearance of a graph of order |H| at W C V(G).
Let the associated cut-edge of the appearance be ey, = rywvy, where ry € W
and vy € V(G)\ W. Suppose that G also contains another appearance, at Wa,
of a graph of order |H| and let the associated cut-edge of this appearance be

EWy = TWoUW, s where TWoy € W2 and VW, € V(G) \ WQ.
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(a) Suppose ey, ¢ TEw . Then G[TVy/] is a connected subgraph in G\ ey, .
Note that G[Ws] is a component in G \ ey,. Thus, either G[TVy] C G[Wa], in
which case we would obtain the contradiction |W|+ 1 = |TViy| < |Wa| = |W],
or G[TV] C G\ Wa, in which case the total edge set of W would not meet the
total edge set of Ws.

(b) Suppose ew, = ew. Then, since Wy # W, we must have ry, = vy
and vy, = rw, and so Wa must be the component of G'\ ey that contains vy .

(c) Suppose ey, € E(G[W]). Since ey, must be a cut-edge, there are at
most |W| —1 = |H| — 1 possibilities for it. Note that the ‘orientation’ of ey,
must be chosen so that ry € W, since otherwise we would have Wo C W\ ry
and obtain the contradiction |W \ ry/| > |Ws| = [W|. Hence, since knowing ey,
and its orientation determines W, there can only be at most |H|—1 possibilities
for Ws.

Thus, in total, there are at most 0 + 1 + (|H| — 1) = |H| possibilities
for Wy, [

We shall shortly proceed with an appearance result for the case when we
have di(n) < Dy(n) Vn. As already mentioned, this will later be used (in
Section 16) in proofs concerning the construction of components isomorphic to
given H. Hence, with this in mind, we will make one more definition (which
will help us later to delete certain edges without breaking our lower bound on

the minimum degree):

Definition 79 Given a connected planar graph H, a function dyi(n), and a
planar graph G, let fﬁ,l (G) denote the number of appearances of H in G such

that the associated cut-edge is between two vertices with degg > di(|G|).
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We are now finally ready to look at appearances in P, 4, 5.0,p,- We shall start
by assuming that dy(n) is constant and Ds(n) is monotonically non-decreasing,
as in Section 14, but we will later (in Theorem 81) get rid of these condi-
tions. The statement of the result may seem complicated, but basically it just
asserts that for any ‘sensible’ choice of H, there will probably be lots of ap-
pearances of H in P, 4, 50,0, such that the associated cut-edge is between
two vertices with degree > d;. Clearly, ‘sensible’ entails that we must have
O0(H) > dy, A(H) < Dy(n) and degy (1) + 1 < Dso(n), and as always we will
require that Da(n) > 3 (note that it follows from these conditions that we also

have di < Dz(n)). The proof is based on that of Theorem 4.1 of [16].

Lemma 80 Let H be a fized connected planar graph on {1,2,...,h}. Then
Ja(h) > 0 such that, given any constant di < 6(H) and any monotonically
non-decreasing integer-valued function Ds(n) satisfying liminf,, ., Da(n) >

max{A(H),degy (1) + 1,3}, we have
P& (Poa, 5.0.0,) < an] < e™°" for all sufficiently large n.

Sketch of Proof We choose a specific a and suppose that the result is false
for n = k, where k is suitably large. Using Theorem 75, it then follows that
there are many graphs G € P(k,dy,5,0, Dy) with f}? (G) < ak.

From each such G, we construct graphs in P((1 + §)k,d;,5,0, Ds), for a
fixed 6 > 0. If G has lots of vertices with degree < Da(k), then we do this
simply by attaching appearances of H to some of these vertices. If G has few
vertices with degree < Ds(k), then we attach appearances of H to small cycles
in G and also delete appropriate edges. By Lemma 71, we have lots of choices
for these small cycles and, since G has few vertices with degree < Ds(k), we
may assume that we don’t interfere with any vertices of minimum degree.

The fact that the original graphs satisfied fff < ak, together with Lemma 78
and the knowledge that any deleted edges were in small cycles, is then used to

show that there is not much double-counting, and so we find that we have
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constructed so many graphs in P((1 + d)k, d1, 5,0, D2) that we contradict The-

orem 75.

and

2 h 2 3 4 5 h! h
Fllll PI‘OOf Let p < m’ let /6 — 344e ( +7)(6 +6p +6%+6 ) ('Yl) ,

let « be a fixed constant in (O, %) Then we have a3 < 1 and so Je € (07 %)
such that (af)* =1 — 3e.

By Theorem 75, 3N such that
(1—=¢€)"n! (Vay,p,)" <|P(n,d1,5,0,D2)] < (1+€)"n! (va,,p,)" Vn > N. (15)

Suppose (aiming for a contradiction) that we can find a value k > N such
that P[fi (Pr.a, 5.0.0,) < k] > e ** and let G denote the set of graphs
in P(k,dy,5,0, D) such that G € G iff f&(G) < ak. Then we must have
G| > e=%|P(k,dy, 5,0, Dy)| > e % (1 — €)*k! (74, .p,)"

Let 0 = LZM We may assume that & is sufficiently large that [ak] < 2ak.

Thus, § < 2ah < 1 (by our definition of «). This fact will be useful later.

We shall construct graphs in P((1 4+ 6)k,dy, 5,0, Ds):

Choose 0k special vertices (we have (U}f)k

) choices for these) and partition
them into [ak] unordered blocks of size h (we have (hékh) ﬁ choices for
this). On each of the blocks, put a copy of H such that the increasing bijection
from {1,2,..., h} to the block is an isomorphism between H and this copy. Note
that we may assume that k is large enough that Dy(k) > liminf, . Da(n),
and so the root, rp, of a block (i.e. the lowest numbered vertex in it) satisfies
deg(rp) < D2(k), by the conditions of the theorem. On the remaining & vertices,
we place a planar graph G with d; < 6(G) < A(G) < Dy(k) and fff (G) < ak
(we have at least |G| choices for this).

We shall continue our construction in one of two ways, depending on the

number of vertices of degree Dy (k) in G:
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Case (a): If G has > % vertices of degree < Ds(k) (note that this is cer-
tainly the case if Dy(k) > 7).
For each block B, we choose a different non-special vertex vp € V(G) with

deg(vp) < Da(k) (we have > (pﬁ){,?) [ak]! choices for this, since certainly

a < g5 and we may assume that k is large enough that [ak] < 2ak), and
we insert the edge rgvp from the root of the block to this vertex, creating an

appearance of H at B (we should note for later use that rp and vp will now

clearly both have degree > d;). Note that we have not deleted any edges, so

TB e G TB s G

Figure 42: Creating an appearance of H at B in case (a).

we shall still have minimum degree at least d;, and we have only inserted edges
between vertices of degree < Dy(k), so we still have maximum degree at most
Dy(k), which is at most Dy((1 + §)k) by monotonicity of Dy. Thus, our new
graph is indeed in P((1 4+ §)k,dy, 5,0, Ds).

Hence, for each graph G with > % vertices of degree < Dy(k), we find that

we can construct at least ((13{2 )k) (h‘i’_ch) C (p FC O{ ;ﬁ’ ) [ak]! different graphs

[ak]!
in P((1+ 0k, dy, 5,0, Dy).

Case (b): If G has < % vertices of degree < Dy (k) (in which case Da(k) < 7).

Before describing the case (b) continuation of our construction, it shall first be

useful to investigate the number of short cycles in G:

If G has < % < 4% vertices of degree < Dy(k), then (by Lemma 71) G con-
k

tains at least ;5 cycles of size at most 6. A vertex can only be in at most

(D2(k))? + (Da(k))? + (Da(k))* + (Do(k)) < 62 + 6% + 6 + 6° cycles of size
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2 3 4 5
at most 6, so G must have at most %?M cycles of size at most 6

that contain a vertex of degree < Da(k). In particular, G must have at least

(1—(6%2+624+6%4+6%)p)k
43

cycles of size at most 6 that don’t contain a vertex of de-
gree dy, since dy < §(H) < degp (1) +1 < Do(k). Since a vertex can only be in
at most 62 + 62 + 6% + 6° cycles of size at most 6, each cycle of size at most 6
can only have a vertex in common with at most 6(62 + 63+ 6* + 6°) other cycles

5062463 +62165
6(62+63+6%465) > pk
43 43

of size at most 6. Thus, G must have a set of at least
vertex-disjoint cycles of size at most 6 that don’t contain a vertex of degree d;

(using the fact that p < . We shall call these cycles ‘special’.

Recall that we have [ak] blocks isomorphic to H. For each block B, choose
a different one of our ‘special’ cycles (we have > (pﬁ{,ﬁ’) [ak]! choices for this),
delete an edge upvp in the cycle and insert an edge rpvp from the root of

the block to a vertex vp that was incident to the deleted edge, creating an ap-

pearance of H at B. Note that the deleted edge was between two vertices of

Figure 43: Creating an appearance of H at B in case (b).

degree > dp, so we still have minimum degree at least d; (we should also note
for later use that vp will still have degree > d;, and that rp will now also have
degree > d;). Recall that the root of each block has degree < Da(k), so we still
have maximum degree at most Dy(k), which is at most Dy((14 d)k) by mono-
tonicity of Dy. Thus, our constructed graph is indeed in P((1+98)k, d1,5,0, Ds).

Thus, for each graph G with < % vertices of degree < Ds(k), we find that
we can construct at least ((1;5 )k) (h‘.svl_vh) . ﬁ . (p FC C{ ;ﬁ’ ) [ak]! different graphs

in P((1+ 0)k,dy,5,0, Dy).
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We have shown that, regardless of whether case (a) or case (b) is used, for

each G we can construct at least

(50 (025) - 7o - (1) Tk
((L+9)k)! 1 (pk/43)

k! (R!)fak] \ Tak]
o (A+0k)! 1 (pk/43 - [ok] + 1)fekl
= Kl (R)lakl [ak]!
(L+0)k) 1 pk\ 1
> Ltk
= kKl (ARl \ 86 [ak]!
. p pk pk
2 7 > 2
<s1nce a < 36 and so 3 ak > 86)
o (@t )k pk o\ [¥]
= k! 86h![ak]
| ak
> ((1+5)k)-< p )( 1
k! 172hla

(since we may assume k is large enough that [ak] < 2ak)

different graphs in P((1 + 0)k,d1,5,0,D3). Thus, recalling that we have at
least e~ (1 — €)*k! ('ydl’Dg)k choices for GG, we can in total construct at least
e % (1 — )% ((1 + 6)k)! (ya,.0,)" (+2+=) [kl (not necessarily distinct) graphs
in P((1+ d)k,d1,5,0,Ds).

We are now at the half way point of our proof, and it remains to investigate
the amount of double-counting, i.e. how many times each of our constructed

graphs will have been built.

Given one of our constructed graphs, G’, there are at most 2 possibilities for

how the graph was obtained (case (a) or case(b)).
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If case (a) was used, then we can re-obtain the original graph, G, simply by
deleting the [ak] appearances that were deliberately added. Recall that these
appearances were constructed in such a way that the associated cut-edges are
all between vertices with dego, > dy. Thus, in order to bound the amount of
double-counting, we only need to investigate fe' (G'):

Suppose W is an appearance of H in G’ such that the associated cut-edge ey,
is between two vertices of degree > d;. We shall consider how many possibilities
there are for W:

(i) If we don’t have TEw C E(QG), then the total edge set of W must intersect
the total edge set of one of our deliberately created appearances, and so we have
at most (h+ 1)[ak] possibilities for W (including the possibility that W is one
of our deliberately created appearances), by Lemma 78.

If TEw C E(G), then W must have been an appearance of H in G:

(ii) If W was an appearance of H in G such that ey was already between
two vertices of degree > dj, then there are at most [ak] possibilities for W, by
definition of G.

(iii) If W was an appearance of H in G such that ey was not already between
two vertices of degree > d, then the unique vertex v € V(G’) \ W incident to
the root of W must have had deg(v) = d originally and must have been chosen
as vp by some block B. Hence, we have at most [«k] possibilities for v and
thus at most d; [ak] possibilities for W.

Thus, if case (a) was used, then fit (G') < (h+dy +2)[ak], and so we have
at most ((h+d1r:kz]) [ak]) < ((h+di+2)e)*F1 < ((h+T7)e)l**] possibilities for G.

If case (b) was used, we can re-obtain the original graph, G, by deleting the
[ak] appearances that were deliberately added and re-inserting the [ak] deleted
edges. Note that once we have identified the appearances that were deliberately
added, we have at most ((D2(k))*+ (D2(k))? + (D2(k))* + (Dg(k))f’)[ak] <
(624 6% +6* +6°)[**1 possibilities for the edges that were deleted, since for each
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appearance we will automatically know one endpoint, v, of the corresponding
deleted edge and we know that the other endpoint, u, will now be at most
distance 5 from v, since wv was originally part of a cycle of size < 6. Hence, as
with case (a), it now remains to examine how many possibilities there are for
the [ak] appearances that were deliberately added.

Suppose W is an appearance of H in G’ such that the associated cut-edge ey,
is between two vertices of degree > d;.

(i) If we don’t have TEw C FE(G), then we have at most (h + 1)[ak]
possibilities for W, as with case (a).

(ii) f TEw C E(G) and W was an appearance of H in G, then note that ey
must have already been between two vertices of degree > dj, since it is clear
that we have degqs < deg for all vertices that were in V(G). Hence, there are
at most [ak| possibilities for W, by definition of G.

(iii) If TEw C E(G) and W was not an appearance of H in G, then there
must have originally been either another edge between W and V(G) \ W other
than ey, or another edge between vertices in W. This deleted edge must be of
the form upvp for some block B, and so W must contain either ug or vg (or
both). However, if vg € W then rgup would belong to the total edge set of W,
which would contradict our assumption that TEy C E(G). Thus, up € W

and vg ¢ W. Recall that the deleted edge ugvp was originally part of a cycle

UB
ew

UB

Figure 44: The appearance W in case (iii).
of size < 6 and that no other edges from the same cycle were deleted. Thus,
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there is still a ug — vg path in G’ consisting of the other edges in the cycle.
But, since ug € W, vg ¢ W and ey is the unique edge between W and G’ \ W,
it must be that ey belongs to this path, i.e. ey must have been one of the
other (at most 5) edges in the cycle. Thus, we have at most 5[ak] possibilities
for ey, and hence for W (since ey must be ‘oriented’ so that vg ¢ W).

Thus, if case (b) was used, then f&*(G") < (h + 7)[ak], and so we have at
most (”"*@E"“) (62 + 63 4 64 + 6°)[°*1 < (h+T7)(62 + 6°+ 6%+ 6°)e)[o]

possibilities for G.

We have shown each graph in P((1+6)k,d1, 5,0, D) is constructed at most
(h+T7)e)[ ] 4 (h+7)(62+63+64+6%)e) [k < 2((h+T7)(62+6%+6*+6%)e)[*F] <
yl*1 times, where y denotes 2e(h+d; +2)(62 +6° +6* +6°). Thus, the number
of distinct graphs that we have constructed in P((1 + 0)k,d1, 5,0, Dy) must be

[ak]
> e (1 — (14 6)k)! (va,.0,)" <172]i)z'ay>

k]
—o 5k —[ak]h p
> e k(l — e)k((l +0)k)! ('le,DQ)(lJr ) (Vdy,D,) [ok] (172h!ay) )

since 0k = [ak]h

—[ak]
172ehlay (Ya, ., )h )

> (1—)"((1+0)k)! (vay,p,) " ( .

since e~k > ¢~ lak]

> (1= M+ 0k (ay,pa) T (@) TH
> (1= M1+ 0)k)! (yar.0,) """ (aB)™*,  since af <1
k
1—
- (1 36 ) ((1 + 5)kj)' (7d17D2)(1+6)k ; since (aﬁ)a =1-3¢
— 9€
k
1—¢ |P((1+d)k,d1,5,0,Ds)]
> (13€> L+ 0o , by (15)
1—e¢ § .
> ((1—36)(1—|—e)2> ‘P((l + 5)k7d1,5,0,D2)|7 since § < 1 (page 130)
> |P((1+0)k,di,5,0, D), since (1 —3¢)(14€)? =1 — € — 5¢2 — 36
Hence, we have our desired contradiction. ]
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As mentioned, we shall now see that we can actually drop the conditions

that dy(n) is a constant and Da(n) is monotonically non-decreasing:

Lemma 81 Let H be a fized connected planar graph on {1,2,... h}. Then
Ja(h) >0 such that, given any integer-valued functions di(n) and Da(n) satisfy-
ing limsup,, ,.d1(n)<6(H) andliminf, . Da(n)>max{A(H), degy(1)+1, 3},

we have
P& (Poa, 5.0.0,) < an] < e~ " for all sufficiently large n.

Proof Suppose we can find a graph H and functions dj(n) and Dy(n) that
satisfy the conditions of this lemma, but not the conclusion, and let o = «a(h)
be as given by Lemma 80. Then there exist arbitrarily large ‘bad’ n for which
Pf{} (Pna, 500,) < an] > e,

Let n; be one of these bad n and let us try to find a bad ny > n; with
Ds(n3) > Da(nq). Let us then try to find a bad ng > ng with Da(ns) > Da(ns),
and so on. We will either (a) obtain an infinite sequence ny,ns,ns ... with
np <ng <ng <...and Da(ny) < Da(ng) < Da(ng) < ..., or (b) we will find a

value ny such that all bad n > ny have Da(n) < Do(ng).

Note that we must have dy(n) € {0,1,2,3,4,5} ¥n. Hence, in case (a) there
must exist a constant d such that infinitely many of our n; satisy di(n;) = d (we
shall call these n; ‘special’). Let the function D} be defined by setting D3 (n) =
Dsy(n1) Vn < nq and D3(n) = Da(n;) Vn € {nj_1+1,nj_1+2,...,n;} Vj > L
Then D3 is a monotonically non-decreasing integer-valued function satisfying
liminf,, .o D3(n) > liminf, .o Da2(n) > max{A(H),degy (1) + 1,3}. Hence,
since d < limsup,,_,., di1(n) < 6(H), by Lemma 80 it must be that we have
Plf{(Pnas0p;) < an] < e " for all sufficiently large n. But recall that
our infinitely many ‘special’ n; satisfy (d, D3(n;)) = (di(n;), D2(n;)), and so
P[ffI(Pm’d’&o’D;) < an;] = P[fffll (Pr;.dy,5.0,0,) < ang] > e~ for these n;.

Thus, we obtain a contradiction.
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In case (b), note that we have di(n;) € {0,1,2,3,4,5} Vi and that we also
have Da(n;) € {3,4,...,D2(ng)} Vi > k. Hence, there must exist constants d
and D such that infintely many of our n; satisfy (di(n;), D2(n;)) = (d, D). But
by Lemma 80 we have P[f& (P,a50p) < an] < e " for all large n, and so

we again obtain a contradiction. ]

We will state a stronger version of this last result after one more definition:

Definition 82 Given a connected planar graph H, a function di(n), and a
planar graph G, let f}? (G) denote the maximum size of a set of totally edge-
disjoint appearances of H in G such that the associated cut-edges are all between

vertices with dego > d1(|G|).

Finally, we may now obtain our main theorem, which is the following stronger

totally edge-disjoint version of Lemma 81:

Theorem 83 Let H be a fixed connected planar graph on {1,2,... h}. Then
36(H) >0 such that, given any integer-valued functions di(n) and Da(n) satisfy-
ing limsup,, . d1(n) <6(H) and liminf,_, ., Da(n) >max{A(H), degy(1)+1, 3},

we have
Pf& (Poay 5.0.0,) < 0n] < e P for all sufficiently large n.

Proof The result follows from Lemmas 78 and 81 by taking 3 = 757. ]
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We will now look at the case when dy(n) = Ds(n) Vn. We shall work towards
a result similar to Theorem 83, but this time (again, to help us in Section 16)

we will find it more convenient to look at the concept of ‘2-appearances’:

Definition 84 Let J be a connected graph on the vertices {1,2,...,|J|}. Given
a graph G, we say that J 2-appears at W C V(G) if (a) the increasing bijection
from {1,2,...,|J|} to W gives an isomorphism between J and the induced sub-
graph GIW| of G; and (b) there are exactly two edges, e; = r1v1 and ez = rova,
in G between W DO {rq,r2} and V(G) \ W D {v1,vs}, these edges are non-
adjacent (i.e. r1 # ro and v1 # v2), and v and ve are also non-adjacent.

Let us call {e1,e2} the associated 2-edge-set of the 2-appearance, let us
call TE%, == E(G[W]) U {e1,e2} the total edge set of the 2-appearance and

let us call TVV2V =W U{v1,v2} the total vertex set of the 2-appearance.

G GITV

Figure 45: A 2-appearance at W in G and its total vertex/edge set.

We will now prove results, similar to Lemma 78, on the intersections of 2-
appearances. Since dy(n) = Dy(n) Vn, we must have Dy(n) < 5 Vn and so we
can, in fact, obtain a bound on the number of intersections of the total vertex

sets:
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Lemma 85 There exists A=A(|J|) such that, given any graph G with A(G) <5,
the total vertex set of a 2-appearance of a graph J in G will intersect (i.e. have
a vertex in common with) the total vertex set of at most A other 2-appearances

of graphs of order |J|.

Proof Suppose we have a 2-appearance of a graph of order |J| at W C V(G),

and let w € TV;{3,. We shall show u belongs to the total vertex set of at most

<|J|+2) (5+52+...+5‘J‘+1

| R ) other 2-appearances of graphs of order |.J|. Thus, since

there are |.J|+2 possibilities for u, V{3 only intersects the total vertex set of at
most (|J+2) (‘Jl‘jlz) (5+52+|‘:]'|J§r51u|+1) other 2-appearances of graphs of order |J|.

Let us proceed with our argument by supposing that u also belongs to the
total vertex set of a 2-appearance of a graph of order |.J| at Ws. Since G[T'Vj3,]
is connected, all the other |.J| + 1 vertices in TVij, must be at most distance
|J| + 1 from u. But, since A(G) < 5, there are at most 5 + 52 + ... + 5l/I+1

vertices in V(G) that are at most distance |J| + 1 from w. Thus, there are

171 e
at most <5+52+‘“+5 ’ H) possibilities for TVV2V2. For each of these, there are

[J]+1
en at mos possibilities for W5, and hence in total there are at mos
then at most ('*/}? ibilities for W, and hence in total th t most
2 171+1 e
(lJlljﬁ) (5+5 +\'lf'\++51 " ) possibilities for Ws. U

It shall be useful for Section 16 to note that Lemma 85 immediately implies

an analogous result for intersections of total edge sets:

Corollary 86 There exists A = A(|J]) such that, given any graph G with
A(G) < 5, the total edge set of a 2-appearance of a graph J in G will in-
tersect (i.e. have an edge in common with) the total edge set of at most A other

2-appearances of graphs of order |J|.

This second result actually holds even without the condition that A(G) is

bounded, but the details are rather fiddly.
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We are now finally ready to obtain our first result on 2-appearances in

P, p,50D,- As with Lemma 80, we follow the method of Theorem 4.1 of [16]:

Lemma 87 Let Dy > 3 be a fized constant, let H be an Ds-reqular connected
planar graph on {1,2,...,h} and let f € E(H) be a non cut-edge. Then Jow > 0
and AN such that

P[P,.p, 50,0, will have < an 2-appearances of H \ f]
Vn> N if Dy — 4

<e "
for all even n > N if Dy € {3,5}.

Sketch of Proof In order to simplify parity matters, we shall just prove the
result for Dy = 4, but the Dy € {3,5} cases will follow in a completely analogous
way.

We choose a specific a and suppose that the result is false for n = k, where k
is suitably large. Using Theorem 75, it then follows that there are many graphs
G € P(k, Ds,5,0, Dy) with < ak 2-appearances of H \ f.

From each such G, we construct graphs in P((1 + 6)k, Ds,5,0, D3), for a
fixed & > 0, by replacing some edges in G with 2-appearances of H \ f.

The fact that the original graphs had few 2-appearances of H \ f, together
with Corollary 86, is then used to show that there is not much double-counting,
and so we find that we have built so many graphs in P((1 + 6)k, D2,5,0, D)

that we contradict Theorem 75.

Full Proof As already mentioned in the sketch proof, we shall just prove the
Dy = 4 case in order to avoid parity worries. The Dy € {3,5} cases will follow

simply by substituting Theorem 76 for every occurence of Theorem 75.

8h1(A+2)e? (vp,.p,)"
D->

and let a be a fixed constant in (O,min {%7 ﬁ, %}) Then we have af < 1

Let A=A(h) be the constant given by Corollary 86, let 5=

and so Je € (0, 3) such that (af)* =1 — 3.
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By Theorem 75, AN such that
(1—¢€)"n! (Yp,.p,)" < |P(n, Da,5,0,D3)| < (14€)"n! (yp,.p,)" Vn > N. (16)

Suppose (aiming for a contradiction) that there exists a & > N such that
P[P, p,.50.D, will have < ak 2-appearances of H \ f] > e~ ®* and let G de-
note the set of graphs in P(k, Ds,5,0, D3) such that G € G iff G has < ak
2-appearances of H \ f. Then we must have |G| > e~ **|P(k, Ds,5,0, Da)| >
e k(1= ) k! (vp,,p,)"-

Let § = LZM We may assume that & is sufficiently large that [ak] < 2ak.

Thus, § < 2ah < 1. This fact will be useful later.

We shall construct graphs in P((1 + d)k, D2, 5,0, D5):

Choose dk special vertices (we have ((1;];5 )k) choices for these) and partition
this). On each of the blocks, put a copy of H \ f such that the increasing
bijection from {1,2,...,h} to the block is an isomorphism between H \ f and
this copy. On the remaining k vertices, place an Ds-regular planar graph G
with at most ak 2-appearances of H \ f (we have at least |G| choices for this).

Let rp and sp denote the two vertices in block B with degree D, — 1. For
each of our [ak] blocks, delete a different edge upvg € E(G) (we have at
least ( e(C ) [ak]! = (kD2/2) [ak]! choices for this), and insert edges rpvp and

[ak] [ak]
spup from the block to the vertices that were incident to the deleted edge (see

SB uB

TB B T'B UB

Figure 46: Creating a 2-appearance of H \ f at B.
Figure 46). Planarity is maintained, since if H can be drawn with f = rs on
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the outside, then clearly H \ f can be drawn with r and s on the outside.

Thus, for each graph G we can construct at least

() (25) s (2o
(T+ 0k 1 (kD2/2)

B k! (h1)Tk] \ [ak]

o (ORI 1 (kDa/2— [ak] +1)lH]

- k! (h!)[ok] [ak]!
(L+0)k) 1 kDo \ 1 1

= kU (hl)lek] ( 4 ) [ak]!
< since o < % and so kD3 /2 — ak > k?)
((1+0)k)! ( kDo )Wﬂ

>

= k! 4h[ok]

. (A+0k)! (D [ak]

- k! (8h!a>

( since we may assume k is large enough that [ak] < 2ak)

different graphs in P((1 + )k, D2, 5,0, D2).

Therefore, recalling that we have at least e=**(1 — €)*k! (7D27D2)k choices

for G, we can in total construct at least e =% (1—€)* ((146)k)! ('yDQ,DQ)k (812!2&) ferk]

(not necessarily distinct) graphs in P((1 4 6)k, D2, 5,0, D3).

It now remains to investigate the amount of double-counting:

Given one of our constructed graphs, G’, we can re-obtain the original
graph, G, by deleting the [ak] 2-appearances that were deliberately added
and re-inserting the [ak] deleted edges. Notice that once we have identified
the 2-appearances that were deliberately added, we will know where the deleted
edges were. Hence, it only remains to examine how many possibilities there are
for the [ak] 2-appearances that were deliberately added.

Suppose there is a 2-appearance of H \ f at W in G’. Let {ej, ez} denote
the associated 2-edge-cut and let « and y denote the vertices in V/(G') \ W that

are incident to e; and e, respectively.
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(i) If there was a 2-appearance of H\ f at W in G, then there are at most [ak]
possibilities for W, by definition of G.

(i) If the total vertex set of the 2-appearance at W intersects the total
vertex set of one of our deliberately created 2-appearances, then we have at
most (A + 1)[ak] possibilities for W (including the possibility that W is one
of our deliberately created 2-appearances), where A is the constant given by
Corollary 86.

(iil) Suppose (aiming for a contradiction) that neither (i) nor (ii) holds. Then
there was not a 2-appearance of H \ f at W in G, but the total vertex set of the
2-appearance at W in G’ does not intersect the total vertex set of any of our de-
liberately created 2-appearances. Note that we must then have TE3, C E(G),
since it follows that TV;3, C V(G) and we know that we have not inserted any
edges between vertices of G. Thus, if there was not a 2-appearance of H \ f
at W in G, then there must have originally been either another edge between
W and V(G) \ W other than e; and e3, or another edge between vertices in W,
or an edge between = and y. Note that in any of these three cases, the deleted
edge must have been incident to at least one vertex that is now in T' VV2V. But the
deleted edge must be of the form upvg for some block B, and both ug and vg
belong to the total vertex set of one of our deliberately created 2-appearances.
Thus, this contradicts our assumption that TVV%, does not intersect the total

vertex set of any of our deliberately created 2-appearances.

Thus, G’ must have at most (A + 2)[ak] 2-appearances of H \ f, and so we

have at most ((A+(i)£$k1) < ((A + 2)e)[**1 possibilities for G.

We have now shown that each graph in P((1+4 )k, D2,5,0, D2) may be con-

structed at most ((A42)e)l**1 times. Thus, the number of distinct graphs that

we have constructed in P((1 + 0)k, Do, 5,0, Do) must be at least

144



[ak]
e—ak(l _ e)k((l + 5)]€)' (IVDQ,D2)k (8}1'0[(1/)&24—2)6)

k]
D
S emak(]_ )k | (140)k —[aklh 2
Z € (1 6) ((1+6)k) (’7D27D2) <7D2,D2) 8h'OL(A+2)6 5

since 6k = [ak]h

shia(A +2)¢ (v, 00"\
> (1= (1 + k) (1,0 " ( ——p ) 7
2

since e~ F > ¢~ [kl
= (1= "1+ 0)k)! (yy,0,) " (aB) TN
> (1—e)"((146)k)! (fypzﬁpz)(lJré)l€ (aB) ok, since a8 < 1

k
- (11 = ) (1+ )R (1pa.p) ™", since ()" =1 -3¢
— o€
1—e \*|P((1 + )k, Dy, 5,0, Dy)|

> 1
> (1_36> (Lt 0or ; by (16)

k
1-e¢
1301 +e2 ! D D i 1 142
= ((1 —36)(1 +€)2> [P((1+6)k, D2,5,0,Ds)|, since § <1 (page 142)
> |[P((1+46)k, Ds,5,0,Ds)|, since (1 —3€¢)(1+€)> =1 — € — 5> — 3¢°.

Hence, we have our desired contradiction. J

This time, our main result is a totally vertez-disjoint version:

Theorem 88 Let Dy > 3 be a fized constant, let H be a Da-regular connected
planar graph on {1,2,...,h}, and let f € E(H) be a non cut-edge. Then 33
and 3N such that

P |:Pn,D2,5,O,D2 will not have a set of > fn totally

vertex-disjoint 2-appearances of H \ f]

| 2N D=4
<e
for all even n > N if Dy € {3,5}.

Proof This follows from Lemmas 85 and 87, by taking 8 = 3%95. U]
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16 Components

We shall now use our appearance-type results from the previous section to inves-
tigate the probability of P, 4, 5.0,p, having components isomorphic to given H.
We already know from Section 13 that (assuming Dy(n) > 3 Vn, as always)
liminf,,_ o P[Py 4, 50,0, Will be connected] > 0, so certainly we must have
limsup,, o P[Py 4, ,5,0,0, Will have a component isomorphic to H| < 1 VH. In
this section, we will now see (in Theorem 91) that for all feasible H we also
have liminf,,_,oc P[Py.4, 5,0.0, Will have a component isomorphic to H] > 0.
As we are going to be using Theorems 83 and 88 from Section 15, we will
start by dealing with the dy(n) < Da(n) and di(n) = Da(n) cases separately
(in Lemmas 89 and 90, respectively), but we shall then combine these results in

Theorem 91.

T83 T88
L89 L90

NS

Figure 47: The structure of Section 16.

We will start with the case when dj(n) < Da(n) Vn. We shall prove a
stronger result than that advertised at the beginning of this section, as we are

actually able to deal with several components at once:
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Lemma 89 Let di(n) and D2(n) be any integer-valued functions that for all n
satisfy Da(n) > 3 and dy(n) < Da(n), and let t be a fized constant. Then, given
any connected planar graphs Hy, Ha, ..., Hy with limsup,,_, . di(n) < §(H;) <
A(H;) <liminf, o Da(n) Vi, we have

lim ian[ m (Ph.dy,5,0,0, will have >t components

n—oo
i<k

with order-preserving isomorphisms to H;)| > 0.

Sketch of Proof The proof is by induction on k. To prove the k =1+ 1 case,
we first consider the set of values of n with §(H;41) < Da(n). Without loss of
generality, V(Hi+1) = {1,2,...,1+ 1} and degy, (1) < D2(n), and so we can
use Theorem 83 to assume that fgl:rl is large.

We may then turn some of these appearances into components by deleting
the associated cut-edges (although we must take care not to interfere with our
components isomorphic to Hy, Hs, ..., H;, and also not to delete so many edges
from the same vertex that we violate our bound on the minimum degree), and
we will see that the amount of double-counting is small unless there were already
lots of components with order-preserving isomorphisms to H;,1 originally.

We shall then use a symmetry argument to deduce that the result also holds
for the set of values of n with §(H;y1) = Da(n), by relating the probability of
having a component with an order-preserving isomorphism to H;,; to that of
having a component with an order-preserving isomorphism to H;yq \ f, where

f is an arbitrary non cut-edge.

Full Proof Without loss of generality, we may assume that Hy, Hs, ..., Hy are
all distinct and that e(Hy) > e(Hsz) > ... > e(Hy). For brevity, we will say that
a component is ‘order-isomorphic’ to H; to mean that it has an order-preserving
isomorphism to H;. As mentioned in the sketch-proof, we shall prove our result
by using induction on k. Since the statement is vacuous for k£ = 0, it suffices

to suppose that it holds Vk < [ and show that it must then also hold for & = [+1:
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Let A< denote the set of values of n for which §(H;11) < Da(n). We
shall start by proving that there exists a constant ¢; > 0 such that we have
P |:ﬂi§l+l (Pa.dy 5,0,0, Will have >t components order-isomorphic to HZ)} >
for all sufficiently large n € N'<.

Without loss of generality (by symmetry), we may assume that we have
V(Hip1) = {1,2,...,[His1|} and that degy, (1) = 6(Hi41). Thus, by Theo-
rem 83, we know 38 > 0 and IN; such that P[?](%[T(Pn,dl,S,O,Dz) < fn] < e Pn
for {n e N<:n > N}

Let A(n,d1, Dy) denote the set of graphs in P(n,dy, 5,0, Dy) that contain at
least ¢ components order-isomorphic to H; Vi < I, and let B(n,d;, D3) denote
the set of graphs in A(n, d;, Dy) that also contain at least ¢ components order-
isomorphic to H;yi. By our induction hypothesis, 3¢ > 0 and 3Ny such that
|A(n,dy, Ds2)| > €|P(n,d1,5,0,Ds)| ¥n > Na.

Suppose there exists a value n € N'< with n > max{N;, No} such that
|B(n,dy, Ds)| < w (if not, then we are done). Let G(n,dy, D)
denote the collection of graphs in A(n, di, D2) \ B(n,d1, D2) that contain a set
of at least An totally edge-disjoint appearances of H;; such that the associated

cut-edges are all between vertices of degree > di(n). Then

G(n,d1, Ds)| > e|P(n,d17D2)|_w
E‘P(nadl75703D2)|

4

- e_ﬁn‘,])(nv dla 57 07 D2)|

, if we assume n is sufficiently large.

Given a graph G € G(n,d;y, D3), we may construct a graph in B(n,d;, D)
as follows:

For each ¢ < I, we choose t special components order-isomorphic to H;. Let
G’ denote the rest of the graph (i.e. away from these tl special components). We
know that G contains a set of [Gn] totally edge-disjoint appearances of Hjiq

such that the associated cut-edges are all between vertices of degree > dq(n).

£, e(H:)

At most z = W

of these can be in our special components, so (for
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sufficiently large n) G’ must contain a set, S, of at least 52—” totally edge-disjoint
appearances of H;;1 such that the associated cut-edges are all between vertices
of degree > d;(n).

For v € V(G’), let a(v) denote the number of appearances of Hyy; in S
such that v is the unique vertex that is in the total vertex set of the appear-
ance, but not in the appearance itself. Note that deg(v) > di(n) if a(v) > 1.
Thus, for a(v) > 1, we have deg(v) — di(n) > max{1,a(v) — di(n)} > %.

Therefore, min{a(v), deg(v) — di(n)} > % Y.

For each v € V(G'), let us choose from S exactly min{a(v),deg(v) — di(n)}
appearances where v is the unique vertex that is in the total vertex set of
the appearance, but not in the appearance itself. Let T" denote the collection

of all these chosen appearances. Then, by the previous paragraph, we have

a(v) _ [S| Bn
Tl > Yee ToyTt = o7t 2 S@EmITD-

We may then complete our construction by choosing ¢ appearances from T
Bn
(at least <2(d1<?+1)> choices) and simply deleting the ¢ associated cut-edges

(which are all distinct, since the appearances are totally edge-disjoint).

— O O
O

O

Figure 48: Using appearances to construct components isomorphic to Hyy1.

It remains to check that we have not violated our bound on the minimum
degree:

Let W1 and W5 be two appearances in T and suppose there exists a ver-
tex w € Wi NTViy,. Then we would have TEyw, NTEyw, # 0, which would be

a contradiction, since the appearances in S (and hence T') are all totally edge-
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disjoint. Thus, there exists no such vertex. Therefore, the degree of a vertex v
can only have decreased by at most 1 if it was in an appearance in T (since it
can’t have been in the total vertex set of any other appearance in T') and can
only have decreased by at most deg(v) — di(n) if it was not in an appearance
in T (since there are then at most deg(v) — dy(n) appearances in T such that v
is in the total vertex set of T'). Thus, all vertices still have degree > d;(n), and
so our graph still has minimum degree at least d;(n).

Thus, the constructed graphs are indeed in B(n, d;, Ds). Therefore, we have
at least (Q(dlﬁzf)m> |G(n,dyi, Dy)| > (?) w ways to construct a
graph in B(n,d;, Ds).

Each time we deleted an edge, we can have created at most 2 components
order-isomorphic to H;11. Recall that each of our original graphs had < t com-
ponents order-isomorphic to Hj41. Thus, each of our constructed graphs will
have at most 3t components order-isomorphic to H;;1, and so we will have at
most (35) possibilities for which are our deliberately created components. For
each of these deliberately created components, we then have at most n possi-
bilities for which vertex in the rest of the graph was incident to the associated
cut-edge. Thus, each graph will have been constructed at most (35) n' times in
total.

€[P(n,d1,5,0,D2)|
2

Therefore (under the assumption |B(n,dy, D2)| < ), we have

Bn
2 ) e[ P(n,d1,5,0,Ds)|

NG

P[mi<l+1(Pn,dly5707D2 will have > ¢t components order-isomorphic to Hl)] > ¢

shown |B(n,dy, Da)| > ( . Thus, for a suitable ¢; > 0, we have

for all sufficiently large n € N'<.
Let N= denote the set of values of n for which 6(H;+1) = Da(n). We
shall now prove dca > 0 such that, for all sufficiently large n € N=, we have

P[ﬂKlH(Pn}d175)0’p2 will have > ¢t components order-isomorphic to H;)| > cs.

If N= # 0, then we must have §(H; 1) > 3, since Ds(n) > 3. Thus,
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there exists a non cut-edge f € E(H;y1). Let Hj ; = Hj11 \ f and note that
0(Hj,,) = Dz(n) =1 > di(n) Vn € N=. Thus, we may use Theorem 83

with Hj, , and then follow the same proof as with N'< to find ¢ > 0 such that

P m (Pn.dy,5,0,0, Will have >t components order-isomorphic to H;)
i<l

N (Pn,d,,5,0,p, Will have >t components order-isomorphic to Hy ;)| > ¢

for all sufficiently large n € N=.

Recall that e(H;)>e(Hz)>...>e(H;y1). Thus, since e(Hj, ;)= e(H11)—1,
it must be that Hy, Hs,.. .,Hl,HlJthl’_H are all distinct graphs. Hence, for
n € N= and for any z and y, the number of graphs in P(n,d;, 5,0, Dy) that
contain at least ¢ components order-isomorphic to H; Vi < [, exactly  compo-
nents order-isomorphic to H;y; and exactly y components order-isomorphic to
Hl/+1 is clearly exactly the same as the number of graphs in P(n,d;,5,0, Ds)
that contain at least ¢ components order-isomorphic to H; Vi < [, exactly y com-
ponents order-isomorphic to H;4; and exactly  components order-isomorphic
to Hj 41, since swapping the components order-isomorphic to H;4; and the com-
ponents order-isomorphic to H;_; gives a bijection between such graphs. Thus,
for n € N=, the number of graphs in P(n,d1, 5,0, D) that contain at least t
components order-isomorphic to H; Vi <[+ 1 must be exactly the same as the
number of graphs in P(n,d;, 5,0, D) that contain at least ¢ components order-
isomorphic to H; Vi <[ and at least ¢ components order-isomorphic to Hj ;.

Therefore, to conclude, we see that for all sufficiently large n € N'= we have
P [ﬂiglJrl (Py,d,.,5,0,0, Will have >¢ components order-isomorphic to Hz)} > co,
so P [ﬂi§l+1 (Pn,dy,5,0,0, Will have > ¢ components order-isomorphic to Hl)} >

min{cy, co} for all sufficiently large n. O

We shall now see an analogous result for when d;(n) = Da(n) Vn:
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Lemma 90 Let Dy > 3 and t both be fized. Then, given any Ds-reqular con-
nected planar graphs Hy, Hs, ..., Hy, there exist constants € > 0 and N such that
P[ ﬂ (Pn,Dy.5,0,0, Will have >t components

i<k
with order-preserving isomorphisms to H;)]
Vn> N if Dy = 4

> €
for all even n > N if Dy € {3,5}.

Sketch of Proof The proof is again by induction on k. To prove the k =1+ 1
case, we use Theorem 88 to show that we may assume that there are lots of
totally vertex-disjoint 2-appearances of Hj;1 \ f, for some non cut-edge f, and
then use these 2-appearances to create components isomorphic to H;;1. Again,
the amount of double-counting is small unless there were already lots of com-

ponents isomorphic to H;11 in the original graph.

Full Proof To simplify parity matters, we will just consider the Dy = 4 case.

We shall prove the result by induction on k. Since the statement is vacuous
for k = 0, it suffices to suppose that it holds Vk <[ and show that it must then
also hold for k =1+ 1.

Without loss of generality, we may assume that V(H;41) = {1,2,...,|H11]}.
Let f € E(H;+1) be an arbitrary non cut-edge. Then, by Theorem 88, we know
that there exists 6 > 0 and there exists N7 such that for all n > N; we have
P[P, p, 50,0, does not have a set of > Gn totally vertex-disjoint 2-appearances
of Hii1\ f] < e P

Let A(n, D2, Ds) denote the set of graphs in P(n, D2, 5,0, D) that contain
at least t components with order-preserving isomorphisms to H; Vi <[, and let
B(n, Dy, Ds) denote the set of graphs in A(n, D2, D3) that also contain at least ¢
components with order-preserving isomorphisms to H;4;. By our induction hy-
pothesis, 30 > 0 and N3 such that | A(n, Da, D2)| > §|P(n, D2, 5,0, D3)| Vn > Na.

Suppose In > max{Ny, Na} such that |B(n, Dy, D2)| < w (if
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not, then we are done). Let G(n, Da, D2) denote the collection of graphs in
A(n, Da, D3) \ B(n, D2, Dy) that contain a set of at least fn totally vertex-
disjoint 2-appearances of H;11 \ f. Then we have

§|P(n, Da, D
G(n, D2, D) =3[P0, Dy, D) - P22 D)
5|P(TL,D27570,D2)|

4

—e P"P(n, Da, 5,0, Ds)|

, if we assume n is sufficently large.

Given a graph G € G(n, Ds, D3), we may construct a graph in B(n, Dy, Ds)
as follows: for each ¢ < [, we choose t special components with order-preserving
isomorphisms to H;; from the rest of the graph (i.e. away from these tl special
components), we choose ¢ totally vertex-disjoint 2-appearances of H;11 \ f and

denote these by Wy, Wa,..., W, (we know that G contains a set of at least Sn

tZ¢§z |H of

totally vertex-disjoint 2-appearances of H;i1, and at most z := AL

these can be in our special components, so the number of choices that we have
for our 2-appearances is at least (5 e Z) > (%), for all sufficiently large n);
for each i we delete the 2 edges of the form v1ry and wvors for {ri,re} C W;
and {vi,v2} C V(G) \ W; (these 2t edges are all distinct, since the chosen 2-
appearances are totally vertex-disjoint); and, finally, for each ¢ we insert the
two edges vivy and e = 179 (note that v1 and vy were not originally adjacent,
by the definition of a 2-appearance, and that r; and ro were also not originally

adjacent, since they must be the two vertices of degree Dy — 1 in G[W;], by
Ds-regularity of G, and G[W,] is isomorphic to H \ f).

v1| [v2 _ V1 V2
ri [r2 ri, 2

Figure 49: Using 2-appearances to construct components isomorphic to Hj.

Note that the component, C, containing r; and ry will now have an order-
preserving isomorphism to H, since C'\ e has an order-preserving isomorphism

to H\ f and C and H are both Ds-regular. Thus, our constructed graphs
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will now contain at least ¢ components with order-preserving isomorphisms
to H; Vi < [+ 1. Note also that the degrees of all the vertices will remain
unchanged and that planarity is preserved. Thus, the constructed graphs are

Bn

indeed in P(n, D,5,0, D3). Therefore, we have at least < z > |G(n, D2, Dy)| >

(?) w ways to construct a graph in B(n, Dy, Ds).

Fach time we performed the construction of Figure 49, we can have created
at most 2 components with order-preserving isomorphisms to H;y;. Recall
that each of our original graphs had < ¢ components with order-preserving
isomorphisms to H;41. Thus, each of our constructed graphs will have at most
3t components with order-preserving isomorphisms to H;41, and so we will have
at most (35) possibilities for which are our deliberately created components.
We then know which edges were inserted into them and have at most (3t”), by
planarity, possibilities for the edges that were inserted in the rest of the graph.
We then have t! ways to pair up the edges inserted in the deliberately created
components with the edges inserted in the rest of the graph, and hence 2't!
possibilities for where the deleted edges were originally. Thus, each graph will
have been constructed at most (%) (37) 2%¢! times.

Therefore (under the assumption that |B(n, Da, D2)| < W) , we

Bn

2 )8|P(n,D2,5,0,D3)|

have shown |B(n, D3, D3)| > NECIERT

= @(1)|P(n, Dg, 5, 0, D2)| O

We may now combine Lemmas 89 and 90 to obtain our full result:

Theorem 91 Let di(n) and Ds(n) be any integer-valued functions, subject to
Dy(n) > 3 Vn and (di1(n),Da(n)) ¢ {(3,3),(5,5)} for odd n, and let t be a
fizxed constant. Then, given any connected planar graphs Hy, Hs, ..., Hy with

limsup,,_,. di(n) < 0(H;) < A(H;) <liminf,,_,o Da(n) Vi, we have
lim ian[ ﬂ (Pr.dy 50,0, will have >t components

n—oo
i<k

with order-preserving isomorphisms to H;)] > 0.
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17 Subgraphs

We will now use the results of the previous two sections to investigate the
probability of P, 4, 5.0,p, having copies of given (not necessarily connected) H.
As always, we shall assume throughout that Ds(n) > 3 Vn.

Clearly, for those values of n for which Dy(n) < A(H), we must have
P[P, 4, .5,0,D, Will have a copy of H| = 0. For sufficiently large n, it turns out
that the only other time when we can have this is if dy(n) = Da(n) = 4 and
H happens to be a graph that can never be a subgraph of a 4-regular planar
graph. We will note a method for determining when this is so in Theorem 95.

Apart from the above exceptions, we shall see that the matter of whether
P[P,.4, 50,0, Will have a copy of H| is bounded away from 0 and/or 1 actu-
ally depends only on whether H has any Ds(n)-regular components. For those
values of n for which this is the case, it is already clear that the probabil-
ity must be bounded away from 1 (since we know from Theorem 72 that
liminf,,_ o P[Py 4,,5,0,0, Will be connected] > 0) and in this section (Theo-
rem 98) we will deduce from Theorem 91 that it is also bounded away from 0.
If there aren’t arbitrarily large values of n for which H has Dy(n)-regular com-
ponents, we shall be able to use our appearance-type results of Section 15 to
see (in Theorem 97) that P[P, 4, 50,0, Will have a copy of H] — 1 (again, with
the exception of the cases given in the previous paragraph).

We will start by proceeding towards the last result. As mentioned, the proof
will use our appearance-type work, and so we shall first split into d1(n) < Ds(n)
and di(n) = Ds(n) cases (in Lemmas 92 and 96, respectively), before then
combining these results in Theorem 97. We will then finish with the case when

H has Dy (n)-regular components, in Theorem 98.
T88 T83

Lé)2 L93 Lgﬁ T72 T91

Figure 50: The structure of Section 17.
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We start with the case when dy(n) = Dy(n) Vn:

Lemma 92 Let H be a fized planar graph with components Hq, Hs, ..., H,
for some k, and let Dy € {3,4,5} be a fixed constant. Suppose no component
H; is Day-regular, but that for all i there exists a Da-regular planar graph HY
that contains a copy of H;. Then 33 > 0 and IN such that

P |P, p, 50D, will not have a set of Bn vertex-disjoint

induced order-preserving copies of H

_g VYn> N if Dy =4
<e Pn

for all even n > N if Dy € {3,5}.

Proof Without loss of generality, we may assume that each H; is connected
(because each H; is connected). Since no H; is Ds-regular, it must be that
each H} contains an edge f; = u;v; such that H}\ f; also contains a copy of H;.
Without loss of generality, we may assume that f; is not a cut-edge in H/, since

we could replace f; with a copy of the appropriate graph from Figure 51 and

Uy : : V;

7NN
N1
Al )

N

Figure 51: Replacing the edge f; = u;v; (cases Dy = 3, Dy =4 and Dy = 5).
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in this way obtain a Ds-regular planar graph containing several non cut-edges
that don’t interfere with our copy of H;. Thus, we may assume that the graph
formed from the H} \ fi’s by inserting the edges uxvy and u;v;41 Vi < k—1 will

be a connected Ds-regular planar graph H* containing a copy of H.

.
Hi
uy U1 Uy &
H*
g H*
U2 V2 U2 V2
*
Hy
U0, ugl o

Figure 52: Constructing H* from the H;’s.

Without loss of generality, we may assume that the copy of H is order-
preserving and also that it is induced (by again replacing appropriate edges
with a copy of the relevant graph from Figure 51). As before, we may assume
that H* contains a non cut-edge f that doesn’t interfere with this copy. The

result then follows from Theorem 88. O

Lemma 92 leaves us with the matter of discovering which graphs can’t actu-
ally be contained within any Ds-regular planar graphs. If Dy € {3,5}, it turns

out that there are no such graphs:
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Lemma 93 Let Dy € {3,5} be a fixed constant and let H be a planar graph
with A(H) < Dy. Then there exists a Do-regular planar graph H* that contains
a copy of H.

Proof Let L3 and L5 denote the graphs shown in Figures 53 and 54, respec-

tively. Then, for Dy € {3,5}, Lp, is a planar graph where all vertices have

Figure 53: The graph Ls.

where~ =

\J

Figure 54: The graph Ls.

degree Dy except for exactly one vertex with degree Dy — 1. Thus, H* can be

constructed by taking a copy of H and attaching Dy — deg(v) copies of Lp, to

.—A - H*

H

Figure 55: Constructing a 3-regular planar graph H* D H.

each vertex v € V(H) (see Figure 55). O
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If Dy = 4, the following example shows that matters are more interesting:

Example 94 No 4-regular planar graph contains a copy of the graph K5 minus

an edge.

Proof The graph Kj \ {u,w} is drawn with its unique planar embedding
(see [20]) in Figure 56.

T Y

Figure 56: The unique planar embedding of K5 \ {u,w}.

Consider any planar graph G O K5\ {u, w} with A(G) = 4. Since we already
have degy (v) = degy (z) = degy (y) = 4, any new edge with at least one end-
point inside the triangle given by vy must have both endpoints inside. Hence,
the sum of degrees inside this triangle must remain odd, and so this region must

still contain a vertex of odd degree. Thus, G is not 4-regular. U]

It is, in fact, possible to determine algorithmically whether or not a given
graph H can’t be contained within any 4-regular planar graphs, since the follow-
ing result (which is part of a joint paper with Louigi Addario-Berry [1]) shows
that it suffices just to check all 4-regular planar multigraphs with the same set

of vertices as H:

Theorem 95 Given a simple planar graph H with A(H) < 4, there exists a 4-
reqular simple planar graph G D H if and only if there exists a 4-reqular planar

multigraph G' > H with V(G') = V(H).
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Proof Suppose there exists a 4-regular simple planar graph G such that H C G
and let G’ be a minimal 4-regular planar multigraph with H C G’, in the sense
that |V(G') \ V(H)| is as small as possible.

Suppose |V(G') \ V(H)| # 0 (hoping to obtain a contradiction) and let
v € V(G')\ V(H). We shall show that we can obtain a 4-regular planar multi-
graph G* such that H C G* and V(G*) = V(G’)\ v, thus obtaining our desired
contradiction:
Case (a): If v has two loops to itself, then we may simply take G* to be G’ \ v.
Case (b): If v has exactly one loop to itself and its other two neighbours are vy
and vy (where we allow the possibility that v; = v9), then we may take G* to
be G’ \ v+ {(v1,v2)}.
Case (c¢): If v has no loops to itself, then fix a plane drawing of G’ and
let e1, €2, e3 and e4 be the edges incident to v in clockwise order in this drawing.
Let vy, v2, v3 and vy, respectively, denote the other endpoints of e1, es, e3 and ey
(allowing the possibility that v; = v; for some i and j). Then we may take G*

to be G’ \ v+ {(v1,v2), (v3,v4)}, since this can also be drawn in the plane.

€4 v €2
€3
Figure 57: Constructing a smaller 4-regular planar multigraph in case (c).

For the converse direction, suppose there exists a 4-regular planar multi-

graph G’ such that H C G’. Then simply replace every edge e = wuv of

Figure 58: Constructing a 4-regular simple graph from a 4-regular multigraph.

E(G')\ E(H) by a copy of the graph shown in Figure 58. The resulting

graph G will be a 4-regular simple planar graph with H C G. ]
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For those who are interested, Section 18 shall be devoted to providing a
polynomial-time algorithm for determining whether or not a given graph H can

ever be a subgraph of a 4-regular planar graph.

We shall now return to the main thrust of this section by proving an anal-
ogous result to Lemma 92 for the case when dj(n) < Dz(n) Vn. Note that we
still have to specify that no component of H is Dy(n)-regular, but that now the

only other condition involving H is that A(H) < liminf, . D2(n):

Lemma 96 Let H be a planar graph with components Hy, Ho, . .., Hy for somek.
Suppose di(n) and Do(n) are integer-valued functions that for all large n satisfy
(a) di(n) < min{6, Da(n)}, and (b) Da(n) > max{A(H), max;(6(H;) + 1),3}.
Then 33 > 0 and AN such that

P |:Pn)d175)0,D2 will not have a set of Bn vertex-disjoint

induced order-preserving copies of H} <e P vyn >N,

Proof We shall show that there exists a connected planar graph H* on the
vertices {1,2,...,|H*|} that (i) contains an induced order-preserving copy of H,
(ii) satisfies limsup,, . d1(n) < 6(H*) < A(H*) < liminf,_ . D2(n), and
(iii) satisfies degp- (1) <liminf,, o, D2(n). We can then use Theorem 83 on H*.

Without loss of generality, V(H) = {k+1,k+2,...,|H|+k}, wherek = (H).
Let S = {v1,v2,...,vx} C V(H) be such that we have v; € V(H;) Vi and
deg(v;) < liminf,, o Da(n) Vi, and let us define H' to be the graph with
V(H) ={1,2,...,[H[+k} and E(H') = E(H) UU;<},(vi, 1) UU;<p_, (7 + 1)
(see Figure 59). Then H' is a connected planar graph that (i) contains an
induced order-preserving copy of H, (ii) satisfies A(H') < liminf,,_,o Da(n)

(since degp (v;) = degy(v;)+1 < liminf, .o D2(n) Vi, and all the new vertices
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H “2 22 [

00 C

o " 'k

Figure 59: Constructing H' from H.

have degree at most 3 < liminf,, o, D2(n)), and (iii) satisfies degy (1) < 3 <
liminf, o D2(n). Thus, it remains only to extend H' into a graph H* that
also satisfies §( H*) > limsup,,_, ., d1(n).

Let L be a planar connected d-regular graph, where d = limsup,,_, . di(n)
(it is clear from Section 14 that such a graph must exist). Then H* can be
constructed from H’ simply by attaching d — deg(v) copies of L to each vertex
v € V(H') with degy (v) < d (see Figure 60). Since d < liminf,,_ ., D2(n), we

H' H* <

VAYS

Figure 60: Constructing H* from H' in the case liminf, . di(n) = 3.

still have A(H*) < liminf,, o D2(n) (and degy. (1) =d <liminf, . Da(n)). O
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We may now combine Lemmas 92, 93 and 96 to obtain our full result:

Theorem 97 Let H be a planar graph with components Hy, ..., Hy, for some k.
Suppose di(n) and Do(n) are integer-valued functions that for all large n sat-
isfy (a) di(n) < min{5, Da(n)}, (b) Da(n) > max{A(H), max;(§(H;) + 1),3},
(c) (di(n), D2(n))¢{(3,3),(5,5)} for odd n, and also (d) (dy1(n), Da(n))# (4,4)
if H happens to be a graph that can never be contained within a 4-regular planar

graph. Then 38 > 0 and AN such that

P [Pn,dh&o,pz will not have a set of Bn vertex-disjoint

induced order-preserving copies of H} <ePrvyn >N,

It now only remains to complete matters by dealing with the case when H

does have Ds(n)-regular components:

Theorem 98 Let H be a planar graph with components Hy, Hs, ..., Hy, for
some k, and let Dy > max{A(H),3} be a fized constant equal to 6(H;) for
some i. Suppose di(n) is an integer-valued function that for all large n sat-
isfies (a) di(n) < min{5, Da}, (b) (di(n), D) ¢ {(3,3),(5,5)} for odd n, and
(c)(d1(n), Do) # (4,4) if H happens to be a graph that can never be contained

within a 4-reqular planar graph. Then

limsup P[P, 4, 50,0, will have a copy of H] < 1,

n—oo

but for any given constant t,

liminf P [1’:’7,,761175,07D2 will have a set of t vertex-disjoint

n—oo

induced order-preserving copies of H} > 0.
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Proof The first part follows from Theorem 72, since for P, 4, 5.0,p, to have a
copy of H it would have to contain components isomorphic to the Dy-regular
components of H. To prove the second part, note first that it suffices (by
symmetry) to ignore the order-preserving condition. Without loss of generality,
we may assume that Hy, Ho, ..., H; are the Dy-regular components, for some [,

and that they are all distinct. By Theorem 91, we know that

liminf P (M, «; (Pn.,d,,5,0,0, Will have > ¢ components isomorphic to H;)| > 0,

n—oo

and, by Theorem 97, we know that 346 > 0 and 3N such that

P[P,.4, 50,0, won’t have a set of fn vertex-disjoint induced copies of H’'|

<e P"vn>N,

where H' is the graph with components H;y1, Hi1o,. .., Hx. But clearly in any
graph with at least ¢ components to H; Vi < [ and with a set of n vertex-
disjoint induced copies of H’, we can just fix exactly ¢ components isomorphic
to H; Vi <[ and then find a set of ¢ vertex-disjoint copies of H' in the rest of

the graph (assuming n is sufficiently large). Thus, the result follows. U]
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18 Subgraphs of 4-Regular Graphs

(Joint work with Louigi Addario-Berry)

We have now completed our picture of P, 4, .4,,D,,D, for the specific case when
(d2(n), D1(n)) = (5,0) Vn. In Sections 19 and 20, we shall investigate what
happens for general functions ds(n) and D;(n), but first we shall take a break
from the main thrust of Part I to return to the question of whether or not a
given graph H can ever be a subgraph of a 4-regular planar graph.

We have already seen (in Theorem 95) that we can determine this matter
algorithmically. We shall now present a more efficient algorithm, which has
running time O (|H \2'5) and can be used to find an explicit 4-regular planar
graph G D H if such a graph exists (note that this improved algorithm will not
be used anywhere in the rest of this thesis — we are interested in it purely for
its own sake).

Recall (from Theorem 95) that a given simple planar graph H can be a
subgraph of a 4-regular simple planar graph if and only if it can be a subgraph
of a 4-regular planar multigraph. Clearly, this second interpretation is just a
special case of the more general problem of determining whether or not a given
planar multigraph H is a subgraph of some 4-regular planar multigraph. Hence,
we will actually aim to produce an efficient algorithm for the latter problem.

Before we give the details of the algorithm itself, we shall first note (in
Lemma 101) that our problem is straightforward for graphs with a special struc-
ture. We shall then give the algorithm itself, which will essentially consist of
breaking H up into more and more highly connected pieces until we can apply

Lemma 101.
L101 T95

\ /

The Algorithm

Figure 61: The structure of Section 18.
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Before we look at our key lemma, we shall first pause to meet some important

definitions. The first concerns the idea of ‘discrepancy functions’:

Definition 99 Given a planar multigraph H, we say fg : V(H) — N is a
discrepancy function on H if (a) fu(v) < 4 —degy(v) Yo € V(H) (we call
this the discrepancy inequality) and (b) 3., cy ) fu(v) is even (we call
this discrepancy parity ). If it is also the case that fr(v) + degy(v) is even
for allv € V(H), we call fg an even discrepancy function on H.

A plane multigraph G satisfies (H, fy) if V(G) = V(H), E(G) D E(H)
and degs(v) = degy (v) + fu(v) Yu. If such a plane multigraph G exists, we
say that fyg can be satisfied on H, or that (H, fir) can be satisfied.

Thus, using Theorem 95, it will suffice for us to determine whether or not
the discrepancy function fg defined by setting fg(v) = 4 —degy (v) Vv € V(H)
can be satisfied on H. When we break H up into pieces in our algorithm, how-
ever, we shall often find it useful to also define discrepancy functions that are

not equal to 4 — deg.

Our second definition concerns the concept of ‘augmentations’, which will

later play a critical role in our algorithm:

Definition 100 Given a multigraph B, we define the operation of placing a
diamond on an edge uwv € E(B) to mean that we subdivide the edge with three
vertices and then also add two other new vertices so that they are both adjacent
to precisely these three vertices. We define the operation of placing a vertex
on an edge xy € E(B) to mean that we subdivide the edge with a single vertex.

Given multigraphs B and R and a discrepancy function fr, we say that
(R, fr) is an augmentation of B if R can be formed from B by placing vertices
and diamonds on some of the edges of B (in such a way that there is at most one
vertex or diamond on each original edge) and if fr = 4 — degp for all vertices

in the new diamonds and fr € {1,2} for the other new vertices.
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An example of an augmentation is given in Figure 62. When we break H up
into pieces in our algorithm, the augmentation of a piece will capture the key

information about how it interacted with the rest of H.
1 1

B 0 (Ra fR)

0 1 3
Figure 62: A planar multigraph and an augmentation of it.

We now come to our key lemma, which essentially tells us that it will suffice
if we can find an algorithm to reduce our problem to trying to satisfy augmen-

tations of 3-vertex-connected graphs.

Lemma 101 Let B be a planar multigraph of maximum degree at most 4 that
contains no 2-vertex-cuts (so |B| < 3 or B is 3-vertex-connected), and let
(R, fr) be an augmentation of B. Suppose we know which parts of R corre-
spond to which edges of B. Then 3\ such that we can determine in at most

A B|*5 operations whether or not (R, fr) can be satisfied.

Proof Without loss of generality, we may assume that |B| > 3 (since if B is
bounded then there are only a finite number of possibilities for (R, fr), and
the satisfiability of these can be determined in finite time). Thus, 3-vertex-
connectivity implies that B has no loops. By a result of Whitney [20] on 3-
vertex-connected simple graphs, it then follows that B has a unique planar
embedding. Thus, R will also have a unique embedding, apart from possibly at
places where B has multi-edges.

Note that all vertices in B must have at least 3 distinct neighbours, since
B does not contain any 2-vertex-cuts. Hence (since degg(z) = degg(x) <

4— fr(z) Vo € V(B)), if vertices u and v have a multi-edge between them in B,
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then it must be only a double-edge and it must be that fr(u) = fr(v) = 0. We

shall now use this information to find a pair (R’, fr/) such that R’ has a unique

planar embedding and (R, fr) can be satisfied if and only if (R, fr) can be.
Let Type A, Type B, Type C and Type D denote the four possible ‘aug-

mented versions’ of an edge, as shown in Figure 63, and recall that R will have a

A B C D

Figure 63: Augmented versions of an edge.

unique embedding apart from at any places where B has a double-edge. If there
exist vertices u and v with a Type A-Type D double-edge between them, then
it can be seen that it is impossible to satisfy (R, fr), since f(u) = f(v) =0 (see

Figure 64). If we have no Type A-Type D double-edges, then let R’ be formed

Figure 64: A Type A-Type D double edge.

from R as follows:

(i) If the augmented versions of a double-edge are Type A and Type B, then
delete the Type A part;

(ii) If A and C, delete C;

(iii) If B and C, delete C;

(iv) If B and D, delete D.

(v) If C and D, delete C.

Let fr (v) = fr(v) Yv € V(R).
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Using the fact that the two ends of any double-edge must have fr = 0, it is
easy to see that (R, fr) can be satisfied if and only if (R', i) can be satisfied. It
is also clear that R’ will have a unique embedding. Thus, to determine whether
or not (R', fi;) can be satisfied, it suffices to see if we can satisfy (R’, fr/) in
this embedding.

We shall now show that we can reduce this latter problem to finding a perfect
matching in a suitably defined ‘auxiliary’ graph. We define this auxiliary graph
(which will not necessarily be planar) to consist of the vertices of R with a
vertex x appearing fr(x) times and with edges between two vertices if and only
if our embedding has a face containing both of them. If (R’, f5) can be satisfied
in our embedding, say by a graph M, then the edges in M that are not edges of
R’ form a perfect matching in the auxiliary graph. Conversely, if we can find a
perfect matching, then inserting the edges of this matching into our embedding
will give us a (not necessarily plane) multigraph satisfying (R’, fr/), which can

then be made into a plane multigraph satisfying (R’, f) simply by separating

. _
—

Figure 65: Separating crossing edges of our matching.

any crossing edges of our matching, as in Figure 65.

R’ can be generated from R in O (|B|?) time, since there are O (|B|?) pairs
of vertices in B to check for double-edges and we know which parts of R corre-
spond to which edges of B. Note that |R'| = O(|B]), so a planar embedding of
R’ can then be found in O(|B|) time (see [3]) and we can obtain the auxiliary
graph in O (| B|?) (since there are O (|BJ?) possible edges). This auxiliary graph
will also have O(|B|) vertices, so we can then determine whether or not it has

a perfect matching in O (|B[*%) time (see [6]). O
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Before we come to our algorithm, let us first adopt one final convenient

definition:

Definition 102 We say that a planar multigraph is 4-embeddable if it is a

subgraph of some 4-regular planar multigraph.

Thus, the aim of this section is to produce an efficient algorithm to deter-

mine whether or not a given multigraph H is 4-embeddable.

We now present our algorithm. We shall first provide a short sketch, before

then giving the details in full. Afterwards, we will investigate the running time.

Sketch of Algorithm

The algorithm shall consist of four stages, each of which will involve breaking H
up into more highly connected pieces, until we can eventually apply Lemma 101
to all of these.

We will start, in Stages 1 and 2, by straightforwardly showing that H is
4-embeddable if and only if all its 2-edge-connected components are.

In Stage 3, we will then break our 2-edge-connected components into 2-
vertex-connected blocks, and show that the discrepancy function f = 4—deg can
be satisfied on our 2-edge-connected components if and only if certain specified
discrepancy functions can be satisfied on all the 2-vertex-connected blocks.

Stage 4 is where we will use the notion of augmentations. We shall split
our 2-vertex-connected blocks into 3-vertex-connected multigraphs and define
augmented versions of each of these. There will be different cases depending on
exactly how the 2-vertex-cuts break up the graph, and we will show that the
discrepancy functions defined on our 2-vertex-connected blocks can be satisfied if
and only if all these augmentations can be satisfied. This can then be determined

using Lemma 101.
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FULL ALGORITHM
STAGE 1

Clearly, there exists a 4-regular planar multigraph G O H if and only if there
exist 4-regular planar multigraphs G; D H; for all components H; of H (the ‘if’
direction follows by taking G to be the graph whose components are the G;’s
and the ‘only if” direction follows by taking G; = G Vi).

Thus, the first stage of our algorithm will be to split H into its components.

STAGE 2

Let H; be a component of H and suppose that H; has a cut-edge e = uv. Let
H, and H, denote the components of H; \ e containing u and v, respectively.
Clearly, there exists a 4-regular planar multigraph G; D H; only if there exist
4-regular planar multigraphs G,, O H, and G, D H, (this follows by taking
G, = G, = G1). We shall now see that the converse is also true:

Suppose there exist 4-regular planar multigraphs G,, > H, and G, D H,,.
Note that degy, (u) = degy, (u) —1 < 3, since v ¢ V(Hy), so Jw € V(G,,) such
that uw € E(Gy)\E(H,). Similarly, 3z € V(G,) such that vz € E(G,)\E(H,).
Since G, and G, are both planar, they can be drawn with the edges uw and vz,
respectively, in the outside face. Thus, the graph G; formed by deleting these
two edges and inserting edges uv and wz will also be planar, as well as being a

4-regular multigraph containing H; (see Figure 66).

(36)-(G

Figure 66: Constructing a 4-regular planar multigraph G; from 4-regular planar

multigraphs G, and G,.
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We have shown that H; is 4-embeddable if and only if H,, and H, both are.
Thus, by repeated use of this result, we find that H; is 4-embeddable if and
only if all its 2-edge-connected components are (counting an isolated vertex as
2-edge-connected).

Therefore, the second stage of our algorithm will be to split the components

of H into their 2-edge-connected components.

STAGE 3

Let A be one of our 2-edge-connected components. We wish to determine
whether or not there exists a 4-regular planar multigraph G4 D A. By Theo-
rem 95, it suffices to discover whether or not there exists a 4-regular planar multi-
graph G’ D A with V(G’) = V(A), i.e. to determine whether or not we can sat-
isfy the even discrepancy function on A given by fa(v) = 4— deg 4 (v) Vv € V(A).
Suppose that A has a cut-vertex v. Since A contains no cut-edges, it must
be that A\ v consists of exactly two components, A; and A, with exactly two
edges from v to each of these components. Thus, deg4(v) =4 and fa(v) = 0.
Let A7 denote the planar multigraph induced by V(A;)Uv and let f4+ denote
the even discrepancy function on A7 given by fa«(z) = fa(z) Vo € V(A7) (note
fag(x) + deg g+ (x) = 4 Vo # v and fay(v) + degy: (v) = 2, so fay is indeed an

even discrepancy function). Let A3 and fa;be defined similarly (see Figure 67).

° AfA (A7, fa) (A3, faz)
" OU 'UO

Figure 67: The planar multigraphs A, A7 and A3.

Clearly, we can satisfy (A, fa) if we can satisfy both (AT, fAI) and (A;7 fAZ)
(since if there exist plane multigraphs G7 and G3 satisfying (A{, fAI) and
(A3, faz), respectively, then we may assume that v is in the outside face of

both of these, and so we can then ‘glue’ these two drawings together at v to
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obtain a plane multigraph that satisfies (A, f4)). We shall now see that the
converse is also true:

Suppose (A, f4) can be satisfied, i.e. there exists a plane multigraph G’ D A
with V(G') = V(A) and degq/(z) = 4 Va. Let us consider the induced plane
drawing of A. Since Aj is connected, it must lie in a single face of Aj. Thus,
we may assume that our plane drawing of A is as shown in Figure 67, where
without loss of generality we have drawn As in the outside face of A}. Note
that the set of edges in E(G’)\ E(A) between A; and A, must all lie in a single
face of our plane drawing and that there must be an even number of such edges,
since f4 is an even discrepancy function and f4(v) = 0. Thus, we may ‘pair
up’ these edges, as in Figure 68, to obtain a plane multigraph G* satisfying
(fa,A) that has no edges from A; to As. It is then clear that G5 = G* \ Az
and G5 = G* \ A; will satisfy AT, fA and (Az, fax ) respectively.

- O

Figure 68: Constructing the graph G* from G’.

Thus, we have shown that the even discrepancy function f4 can be satisfied
on A if and only if the even discrepancy functions fa: and fa: can be satisfied
on A} and A%, respectively. By repeatedly using this result, we may obtain a
set of discrepancy functions defined on 2-verter-connected planar multigraphs
such that (A, fa) can be satisfied if and only if all these can be satisfied.

Therefore, the third stage of our algorithm will be to split our 2-edge-
connected components into 2-vertex-connected blocks (the decomposition is,

in fact, unique), and give each the appropriate discrepancy function.
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STAGE 4

Let C be one of our 2-vertex-connected blocks. We wish to determine whether
or not (C, fc) can be satisfied. Analogously to Stages 1-3, we shall split C
up into pieces at 2-vertex-cuts. However, unlike with these earlier stages, this
time if there exists a graph M satisfying (C, f¢) there may be several different
possibilities for how the edges of M could interact with these pieces. To keep
track of this, we shall define augmentations of the pieces in such a way that
(C, fe) can be satisfied if and only if these augmentations can all be satisfied.

We will proceed iteratively. At the start of each iteration, we shall have
a ‘blue’ graph (which will initially be C) and an augmentation of it (initially
(C, fe)) for which we want to determine satisfiability. We will split our blue
graph in two at a 2-vertex-cut by breaking off a 3-vertex-connected piece, and
we shall define augmentations of these two pieces (in such a way that the aug-
mentation of the blue graph can be satisfied if and only if the augmentations
of the pieces can). Lemma 101 can then be used to determine satisfiability of
the augmentation of the 3-vertex-connected piece, while the other piece and its
augmentation can be used as the inputs for the next iteration. The iterative
loop terminates when the blue graph is itself 3-vertex-connected.

We shall now give the full details:

Initialising

Let us define our initial ‘blue graph’, B, to be C, let us also define our initial
‘red graph’, R, to be C, and let R have discrepancy function fr = fco. Note
that (R, fr) is an augmentation of B. At the start of each iteration, we will
always have a blue planar multigraph with no cut-vertex, and an augmentation

of this consisting of a red graph and a discrepancy function.
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The Iterative Loop

Check if B has any 2-vertex cuts. If not, then we are done, since we can simply
use Lemma 101. Otherwise, let us find a minimal 2-vertex-cut {u,v}, where
we use ‘minimal’ to mean that the component of smallest order in B\ {u, v} is
minimal over all possible 2-vertex-cuts.

We shall now proceed to define several graphs based on the pieces of B\ {u, v}.
Let B; denote a component of smallest order in B\ {u, v}, let B} denote the
graph induced by V(By)U{u, v} and let B} denote the graph obtained from B}
by deleting any edges from u to v. Let By = B\ By, let B = B\ By and let
B; denote the graph obtained from Bj by deleting any edges from u to v. Let

1, R5, RI and R;, respectively, denote the red versions of B}, Bj, BI and B;
that follow ‘naturally’ from R, and let R; = R\ RS and Ry = R\ Rj.

B R
v v
R
B By Ry -
i T

L,L U, ’lf U,
1} v ’l; v
u y u Y
v ’U‘ v 1}

Figure 69: The planar multigraphs defined in the iterative loop of Stage 4.
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Let ul denote the statement
‘fr(u) = 0 or there is only one edge in B from u to By’

(note that the latter implies | B1| = 1, by minimality, but that it is not equivalent
to this, as we may have multi-edges). It is important to note that the number
of edges in B from u or v to By is exactly the same as the number of edges in R
from u or v, respectively, to Ry (and similarly for By and Rs). Thus, it would
be equivalent to define ul to denote ‘fr(u) = 0 or there is only one edge in R
from u to Ry’. Let vl denote the analogous statement to ul for v, and let u2
and v2 denote the analogous statements for By. Let ul,v1,u2 and v2 denote
the complements of ul,v1,u2 and v2.

Recall that we wish to split our graph in two at each iteration. Note that if
we have u2, for example, then fr(u) > 1 and there are at least two edges in R
from u to Ra, so there may be several possibilities for where a graph satisfying
(R, fr) could have a new u— Ry edge. This could complicate matters, causing an
exponential blow-up in the running time, unless we choose to split the graph in
such a way that only the edges from u to R; are important to the analysis. Thus,
our choice of how best to split the graph depends on which of the statements
ul,vl,u2 and v2 are true, and hence our next step is to divide our iterative

loop into different cases based on this information.

Case (a): ul A vl

We shall now establish a couple of important facts, before then splitting into
two further subcases arising from parity issues.

By definition, By is connected. Thus, R; must also be connected, and so
has to lie in a single face of R5. Hence, in any planar embedding R must look
as in Figure 70, where broken lines represent edges that may or may not exist
and where, without loss of generality, we have drawn R; in the outside face

of Rj. Therefore, if a plane multigraph M satisfies (R, fr) then all edges in
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R, | R}

Figure 70: The planar multigraph R.

E(M)\ E(R) between V(R;) and V(Rj) must lie within only two faces of the
induced embedding of R (since u can have more than one edge to Ry only if
f(u) =0, and similarly for v).

Secondly, since fr satisfies discrepancy parity, note that ZmGV( R) fr(x)
and erv(R;) fr(z) must either both be odd or both be even.

Case (a)(i): >_,cv(r,) fr(%) and ZmeV(R;) fr(x) both odd

Let B} = B} 4+ uv and let By = Bj 4+ uv (so uv will now be a multi-edge in
By if uv € E(B)). We shall now define an augmentation (R}, fr;) of B} and
an augmentation (R, fr;) of By such that (R, fr) can be satisfied if and only
if (R’l, fR’l) and (R’Q, fR;) can both be satisfied (these new augmentations are
illustrated in Figure 71).

Let R} be the graph formed from RI by relabelling v and v as u; and vy,
respectively, and introducing a new vertex w; with edges to both u; and wv;.
Similarly, let R} be the graph formed from R} by relabelling « and v as us
and wve, respectively, and introducing a new vertex ws with edges to both
uz and vy. Let fr; be the discrepancy function on R} defined by setting
fry(uw1) = fry(v1) = 0, fry(w1) =1, and fg;(z) = fr(z) Yo € V(R1). Let
fry be the discrepancy function on R5 defined by setting fr;(u2) = fr(u),
fry(v2) = fr(v), fry(w2) = 1, and fry(z) = fr(z) Vo € V(Rz). (Note that

(RIP lel) U1 0 fR(u) (U5) (RIZ’ fR/2>
w1 1 1 wo
vn? 0 fr(v) tva

Figure 71: The planar multigraphs R} and R), and their discrepancy functions.
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f R, and f Ry, are both valid discrepancy functions, since the discrepancy inequal-
ity is clearly satisfied by both and discrepancy parity follows from the fact that
ZxEV(R’l)lel ('T) = Z;cev(Rl)fR(m)+ 17 Zwev(Ré)fR; (I) = z:ggev(}z;)fR(‘T)+ 1
and >, oy (g,) fr(z) and Zl_eV(R;) fr(x) are both odd).

Claim 103 (R, fr) can be satisfied if and only if (R’l,fRfl) and (R’Q,fRé) can
both be satisfied.

Proof Suppose first that there exists a plane multigraph M satisfying (R, fr).
Since Y, cv(r,) fr(z) and Z:cev(R;) fr(x) are both odd, there must be an
odd number of edges in E(M) \ E(R) between V(R1) and V(R3). As already
noted, these edges must all lie within two faces of the embedding of R induced
from M. Thus, one of these faces must have an odd number of new edges and
the other must have an even number. By pairing edges up, as in the second
half of Stage 3, we can hence obtain a planar multigraph satisfying (R, fr)
that has exactly one new edge between V(R;) and V(R5). It is then easy
to see that we can satisfy both ( 1 fRi) and (R’Q, fR’z)'

Suppose now that (R}, fr;) and (Rj, fr;) can both be satisfied, by plane
multigraphs Mp, and Mpg, respectively, and let the edges adjacent to w in
E (MR/I) \ E(R}) and wy in F (MRé) \ E(R) be denoted by e; = zjw; and
€2 = zows respectively. We may assume that e is in the outside face of Mg, .
Note that the edges uyw; and viw; must then be in the outside face of MR/1 \eq,
since these are the only edges incident to wy in Mg, \ e;. Hence, by turning
our drawing upside-down if necessary, we may assume that u;,w; and v, are

in clockwise order around this outer face of Mg/ \ e1, and so M R 1s as shown

1 2
My ) My M,
% H

z2 22

Figure 72: Constructing a planar multigraph Mg satisfying (R, fr).
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in Figure 72 (where, without loss of generality, we have drawn e; so that v; is
also in the outside face of M R, ). Similarly, we may assume that M R, IS also as
shown in Figure 72. It is then clear that we can delete wy and ws, ‘glue’ u; to
us and vy to vy (i.e. identify w; and ws and, separately, v; and vs), and insert
the edge z122 to obtain a plane multigraph My that will satisfy (R, fr) (note

that it doesn’t matter whether z5 € {ug,v2}). OJ

Recall that B = BI + uv and note that Bj must not contain any 2-vertex-
cuts, by the minimality of By. Thus, by Lemma 101, in O (|B{|*%) time we can
determine whether or not (R’l, IR, ) can be satisfied. If it cannot, we terminate
the algorithm. If it can, we return to the start of the iterative loop with B} as
our new blue graph, R/ as our new red graph and [ry as our new discrepancy
function (note that, as required, Bj does not contain a cut-vertex since other-
wise this would also be a cut-vertex in B — this property will be required for

case (b)).

Case (a)(ii): Y, cv(r,) frR(®) and ZweV(R;) fr(x) both even

Again, we let B} = B}L + uv and B = B} + wv. This time, we shall define
augmentations (R’l,fRfl) and (R'l',lel/) of Bf and augmentations (R'Q,fRé),
(RY, fry) and (RY', fry) of Bj (see Figure 73) such that (R, fr) can be satisfied

if and only if:

(1) (R’l, fR’l) and (R’Q, fR;) can both be satisfied, but ( . fR/ll) can’t;
(2) (R’l’, fR’l’) and (R’Q’7 fR/z’) can both be satisfied, but (R’l, fR’l) can’t; or
(3) (RY, fry), (RY, fry) and (RY', fry) can all be satisfied.

Let R} be the graph formed from RI by relabelling u and v as u; and vy, re-
spectively, and inserting an edge between u; and v1. Let f R be the discrepancy
function on R} defined by setting fr;(u1) = fr;(v1) = 0 and fg, () = fr(z)

otherwise. Let R be the graph formed from R} by placing a diamond on the
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u1vy edge, and let frr be defined by setting fry(z) = fr/ (z) Vo € V(R}) and
Fry () = 4 — deg py () Vo & V/(R}).

Let R} be the graph formed from Rj by relabelling v and v as us and vs,
respectively, and inserting a new edge between u; and vq (so uv; will now be a
multi-edge if uv € E(R)). Let fr, = frs. Let Ry be the graph formed from R;
by placing a diamond on the new usvs edge, and let fry be defined by setting
fry(@) = fry(2) Vo € V(R;) and fry = 4 — deggy () Vo ¢ V(R;). Let Ry’
be the graph formed from R, by instead subdividing the new ugvy edge with a
vertex w, and let fJ’ be defined by f'(w) =2 and f’(x) = fi(x) Vo € V(R)).

(i, fry) uy o falw) { uz (Rb, fry)

fr(u) ¢ uz ( /2”’ fR/2//>
20 W
fr(v) ¢ V2

Figure 73: The planar multigraphs R}, R}, R, RY and R}’, and their
discrepancy functions.
Claim 104 (R, fr) can be satisfied if and only if one of (1),(2) or (3) holds.

Proof The ‘if’ direction follows from a similar ‘gluing’ argument to case (a)(i),
since we can again assume that the appropriate parts of our graphs are drawn

in the outside face, so we shall now proceed with proving the ‘only if’ direction:
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Suppose that a plane multigraph M satisfies (R, fg). Since erV(Rl) fr(x)
and zer(R;) fr(x) are both even, there must be an even number of edges in
E(M)\ E(R) between V(R;y) and V(R3). As in case (a)(i), these edges must
all lie in two faces, so we must either have an even number in both of these
faces or an odd number in both. By the same argument as with (a)(i), we may
in fact without loss of generality assume that there are either no new edges in
both faces or exactly one in both. In the former, it is clear that we can satisfy
both ( . fR’l) and (R’Q, fRIQ), and in the latter it is clear that we can satisfy
both (RY, fry) and (RS, fry). Note that we can satisfy (R, fryr) if we can
satisfy (R’Q, fRé) or (R’Q’, fR/Z/). Thus, we can either satisfy (R’l, fRfl),(R’Q, fR/Q)
and ( ’Q”,fR/zu), or ( ’{,fR/l/), (R’Q',fR/Q/) and ( ’Q”,fR/zu). In the first case, either

(1) or (3) must hold, and in the second case either (2) or (3) must hold. ]

We have now shown that (R, fr) can be satisfied if and only if (1),(2) or (3)
hold. As in case (a)(i), we can use Lemma 101 to determine in O (|B1|*®) time
whether (R, fr;) and (RY, fry) can be satisfied. If neither can be satisfied,
we terminate the algorithm. If at least one can be satisfied, then we return
to the start of the iterative loop with B} as our new blue graph and either
(R, fry), (Ry, fry) or (Ry, fry) as our augmentation, according to whether
both ( '1,fR/1) and ( '{,fR/l/), just (R’l,fRzl), or just ( ’{,fR/l/) can be satisfied,

respectively.

Case (b): (ulV vl) A u2 A v2

We shall again start with some groundwork on the structure of R, analogously
to case (a), before splitting into subcases.

Since ul V v1 holds, we can’t have f(u) = f(v) = 0. Thus, since u2 A v2 also
holds, it must be that either u or v has only one edge to Bs. Hence, since B
contains no cut-vertices, it must be that By is connected. Therefore, Ry must

also be connected and so must lie in a single face of R}. Hence, we may proceed
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in a similar way to case (a), but this time we will split into subcases depending

on the parity of R} and Rs, rather than R; and Rj.

Case (b)(i): ZweV(R;) fr(z) and 3 cv (g,) frR(x) both odd

This time, we let B{ = B} +uv (so uv will be a multi-edge in B] if uv € E(B))
and let By = Bl + uv. We will define augmentations ( 1, fry) of Bj and
(R5, fry) of By (see Figure 74) such that (R, fr) can be satisfied if and only if
(R’th/l) and ( '27fR/2) can both be satisfied.

Let R} be the graph formed from Rj by relabelling u and v as u; and
v1, respectively, and introducing a new vertex w; with edges to both u; and v .
Similarly, let R) be the graph formed from R£ by relabelling v and v as us and vs,
respectively, and introducing a new vertex we with edges to both us and wvs.
Let fr; be the discrepancy function on R} defined by setting fr/ (u1) = fr(u),
fry(v1) = fr(v), fry(w1) = 1, and fg,(z) = fr(z) Vo € V(R1). Let fg,
be the discrepancy function on R/ defined by setting [ry (uz) = fry(v2) =0,
fry(w2) =1, and fry(z) = fr(z) Vo € V(R2).

( ,1’le1) uty fr(w) 0 {usy ( IZ’fR/2>

w1 1 1 wao
v} fr(v) 0 tvg

Figure 74: The planar multigraphs R} and Rj, and their discrepancy functions.

The proof that (R, fzr) may be satisfied if and only if both (Rf, fR’l) and
(RS, fR;) may be satisfied is as with case (a)(i). Again, we can determine in
O (|B{|*") time whether or not (Rf, fR/l) can be satisfied, and if so we return
to the start of the iterative loop with B} as our new blue graph, R} as our new
red graph and fg; as our new discrepancy function. Otherwise, we terminate

the algorithm.
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Case (b)(ii): ZmeV(R;) fr(z) and .y (g,) fr(z) both even

Again, we let B} = B +uv and By = B} +uv. This time, as with case (a)(ii), we
shall define augmentations (R{, fRi) and (RY, fRi’) of B} and augmentations
(R’Q,fRé) , (R’Q’,fR/Z/) and ( g’,ng/) of B (see Figure 75) such that (R, fr)

can be satisfied if and only if:

(1) (R}, fry) and (Rb, fry) can both be satisfied, but (RY, fry) can’t;
(2) (RY, lel/) and (RY, fR/Q/) can both be satisfied, but (Rf, fol) can’t; or
(3) ( 1 fRi) , (R’l’7 fR’l’) and ( v, fR'z”) can all be satisfied.

Let R} be the graph formed from R7 by relabelling « and v as u; and vy, re-
spectively, and inserting an edge between u; and v; (so ujv; will now be a multi-
edge if uv € E(R)). Let fr; be defined by setting fr: () = fr(x) Vz € V(R}).
Let R/ be the graph formed from R} by placing a diamond on the ujv; edge,

and let fr» be the function defined by setting fry(z) = fr; () Vo € V(R]) and

(Rogw) (" myme ofe ) (R fi)

v1¢ fr(v) Oe U2

7 7
( 1 fR/I’) 1 gR(u) 8 Uz ( 29 fR’Q/)
1 1 1 1

Vi) 08 V2

/1!
O¢ Uz ( 27fR’2")

1

Figure 75: The planar multigraphs R}, R}, Ry, RY and R}’, and their

discrepancy functions.
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Let R) be the graph formed from RE by relabelling v and v as us and wvo,
respectively, and inserting a new edge between up and vy. Let fr; be the
discrepancy function on R, defined by setting fr;(u2) = fry(v2) = 0 and
fry(z) = fr(z) Vo € V(R2). Let Ry be the graph formed from R; by
placing a diamond on the new usvs edge, and let fry be defined by setting
fry () = fry(x) Vi € V(R) and fry(x) = 4~ degpy (2) Var ¢ V(RY). Let RY
be the graph formed from R} by instead subdividing the new ugvs edge with a
vertex w, and let fz’ be defined by fz! (w) = 2 and fg! (z) = f3,(z) Vo € V(Rj).

The proof that (R, fr) can be satisfied if and only if (1),(2) or (3) hold is as
with case (a)(ii). Again, we can determine in O (|B{|*®) time whether or not
(R’l, fR’l) and (R’l’, fR/l/) can be satisfied, and if at least one can then we return
to the start of the iterative loop with B} as our new blue graph and either
(R, fry), (Ry, fry) or (Ry, fry) as our augmentation, according to whether
both ( ’1,fR/1) and ( ’{,fR/l/), just (R’l,fR/l), or just ( /1I7fR'1’) can be satisfied,
respectively. If neither (Rf, fR’l) nor (RY, fR’{) can be satisfied, we terminate

the algorithm.

Case (c): (ulVvl) A (u2V v2)

We will now deal with the remaining case, which will follow from a detailed
investigated of the properties that are forced upon us if (u1Vv1)A(u2Vv2) holds.

Recall that if we have w1, then by definition fr(u) > 1 and u has at least
two edges to R1, so v must have only one edge to Rs, and hence we have u2.
Similarly, v1 = v2,u2 = ul and v2 = vl. Thus, the only possibilities are
ul Au2 A vl Av2 and ul A u2 A vl Av2. By swapping u and v if necessary, we
can without loss of generality assume that we have the former.

Note that the only way to obtain ul A u2 is to have exactly one edge in B
from u to By (or, equivalently, exactly one edge in R from u to R;), exactly two
edges in B from u to Bg, no edges in B from u to v, and fg(u) = 1. Similarly,

we must have exactly one edge in B from v to By, exactly two edges in B from
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v to By, and fr(v) = 1. Note also that we must have |B;| = 1, since otherwise
the minimality of B; would imply that u and v would both have to have at least
two edges in B to Bj, which would in turn imply that we would have to have

u2 A v2. Thus, B must be as shown in Figure 76.
U
B1 [
By

Figure 76: The structure of B in case (c).

If |Bz| = 1, then |R| is bounded by a constant and so we can determine
the satisfiabilty of (R, fg) in O(1) time (simply by checking all graphs with |R|
vertices to see if any of these do satisfy (R, fr)).

If |Bg| > 1, then let & denote the neighbour of v in Ba, let ]/3\1 = B Uw
and let B\g = By \ z. Note that ux forms a 2-vertex-cut where u and x both

have just one edge to B (see Figure 77). Hence, we can copy case (a) with

L\

Figure 77: The 2-vertex-cut {u,x}.

B; and Bs replaced by E\l and B\Q, respectively, to again obtain graphs Bj
and B and appropriate augmentations. It may be that the graph B will have
a 2-vertex-cut, so this time we won’t be able to use Lemma 101 to determine
the satisfiability of augmentations of it. However, we know that we will have
|Bi| = 4, so the number of vertices in any augmentation of B} will be bounded
by a constant, and hence we will be able to determine satisfiability of these

augmentations in O(1) time.
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Running Time

We shall now show that the algorithm takes O (|H|*%) time. It is fairly easy to
see that the first three stages can be accomplished within this limit (in fact, they
take only O (|H|?)), so we will proceed straight to an examination of Stage 4.

We apply Stage 4 to each of the 2-vertex-connected blocks derived from
Stage 3. It is easy to see that the total number of vertices in all these blocks is
at most 2|H|, since each vertex of H will only appear in at most two of these,
so it will actually suffice just to deal with the case when H is itself a 2-vertex-
connected block, i.e. when we start Stage 4 with only one 2-vertex-connected
block, and it has |H| vertices.

During Stage 4, we take a graph B and use it to construct graphs B} and B5,
where |Bj|+|B5| = |B|4+2 and | B}| < |B|, before replacing B with Bj and iterat-
ing. Let B} 1, B} ,,..., B, for some [, denote the various graphs that take the
role of By during our algorithm. Since |Bj| < |B|, we can only have at most |H|
iterations, and so we must have 0, B ;| < 3|H| (by telescoping, since we always
have |Bi|+|B%| = |B|+2). We need to apply the algorithm given by Lemma 101
to at most three augmentations of each Bj,i, so the total time taken by all such
applications will be at most 3A Y, (|B] ;/*7) < 3A (X, \B’MDQ'S = O (|H]*?).

At the start of each iteration, we wish to determine whether B has any
2-vertex-cuts and, if so, find a minimal one. Using an algorithm from [13] for
decomposing a graph into its so-called ‘triconnected components’, this takes
O(|B|) = O(|H|) time. It is fairly clear that all other operations involved in
an iteration of Stage 4, aside from applications of Lemma 101, can also be
accomplished within O(|H|) time, so (since we recall that there are at most |H|
iterations) this all takes O (|H|?) time in total (in fact, by careful bookkeeping,
this could be reduced to O(|H|)). Hence, it follows that the whole algorithm
takes O (|H|*?) time.
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Comments

By keeping track of all the operations, the algorithm can be used to find an
explicit 4-regular planar multigraph G O H if such a graph exists, also in
O (|H|*®) time. If H is simple, then we can also obtain a 4-regular simple
planar graph G’ D H without affecting the order of the overall running time,

using the proof of Theorem 95.
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19 General Bounds

In Section 17, we completed our picture of P, 4, 4,.p,,p, for the specific case
when (dz(n), D1(n)) = (5,0) ¥n. In this section, we shall deduce that the same
results actually also hold for general do(n) and bounded D;(n), apart from for
some trivial differences.

We will start by showing (in Theorem 105) that if Di(n) < K ¥n, for
some K, and da(n) > 0 Vn, then P, 4, 4,0, D, behaves in exactly the same way
as P, 4,500, (in terms of whether or not the probabilities of being connected
or of containing given components or subgraphs are bounded away from 0 or 1).
This is simply because we may use our appearance results to see that P, 4, 5.0,D,
will a.a.s. satisfy these more restrictive bounds on the minimum and maximum
degrees anyway.

We shall then look at what happens if Di(n) < K Vn and dy = 0 Vn.
We will first show (in Theorem 108) that P, 0,0,p,,p, behaves in exactly the
same way as P, 0,0,0,0,, and then see (in Theorems 109-112) that this latter
graph actually has all the standard characteristics too, except that obviously
P[P, 0,000, Will be connected] = 0 and P[P, 0,0,0,p, Will have a component
isomorphic to H] =1 if |[H| = 1.

This leaves the case when Dj(n) is unbounded, which we shall look at in

Section 20.

T83 T91

J

L106 1.96 L71 T72
| \ } N
T

oy (g — (o)

Figure 78: The structure of Section 19.



We start with our aforementioned result for when do(n) is strictly positive
and Dj(n) is bounded (these form condition (d) in the statement of the theorem,
while conditions (a) and (b) are just trivial necessities and (c) is our ever-present

condition that Da(n) > 3):

Theorem 105 Let K be fized and let dy(n), d2(n), Di(n) and Da2(n) be integer-
valued functions that for all large n satisfy (a) di(n) < min{5,dz(n), D2(n)} and
Di(n) < Da(n), (b) (di(n),Da2(n)) ¢ {(3,3),(5,5)} for odd n, (c) Dy(n) > 3,
and (d) d2(n) > 0 and D1(n) < K. Then

P[P, 4,500, € P(n,d1,d2,D1,D2)] = 1 as n — oo.

Proof Without loss of generality, K > 5. Let us split the proof into two
different cases for (i) the values of n for which Dy(n) > K and (ii) the values
of n for which Ds(n) < K.

For case (i), it clearly suffices to prove the result for when d,ds and D, are
arbitrary fized constants in {0,1,...,5},{1,2,...,5} and {0,1,..., K}, respec-
tively, satisfying d; < do (if we choose d; € {3,5}, then we may ignore any odd
values of n for which Ds(n) = dp). But note that Theorem 83, on appearances,
then implies P[6(Py,4,,5.0,0,) < max{di,1} and A(P,.4,50D,) > K] — 1 as
n — oo, and so the result follows.

For case (ii), the proof is the same except that we also take D2 to be an arbi-
trary fixed constant in {3, 4, ..., K —1} satisfying Dy > max{d;, D;}. This time,
Theorem 83 gives P[6(P,, 4, 5,0,0,) < max{di,1} and A(P, 4, 50,pD,) = D2] — 1

as n — 0o, and again the result follows. UJ

Hence, it follows that all our results for P, 4, 5,0, p, also hold for P, 4, .4,,0:,D,

if da(n) > 0 Vn and Dy(n) < K Vn.
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In the remainder of this section, we shall deal with the case P, 0,0,0,p,, i-€. a
graph with at least one isolated vertex and with maximum degree at most Dy (n).
We shall see (in Theorem 108) that for all fixed K < liminf,_,o D2(n) we have
A(Py0,00.0,) > K a.as., and so results for P, 00 p, D, Wwhen Di(n) < K Vn
will just follow automatically from results for P, 0 0,0,p,, which we shall then

investigate in Theorems 109-112.

Analogously to Theorem 105, we shall prove Theorem 108 via a result on
appearances in P, 0.0,0,p0,. In order to obtain this appearance result, we first
note the following simple lemma on P[P, 05.0.p0, € P(n,0,0,0, Ds)], which will

also be useful later on in this section:

Lemma 106 Let Dy(n) be an integer-valued function satisfying Da(n) > 3 Vn.
Then liminf,,_ o P[P, 05,00, € P(n,0,0,0,D5)] > 0.

Proof By Theorem 91 on components, liminf, . P[0(P, 05,0,0,) = 0] > 0.

Thus, the result follows. U]

Recall from Definition 82 that E(G) denotes the maximum size of a set of
totally edge-disjoint appearances of H in G. It now follows from Lemma 106

that we have the following appearance result for P, 9.0.0,p,:

Lemma 107 Let H be a fized connected planar graph on {1,2,...,h}. Then
there exists B(h) > 0 such that, given any integer-valued function Da(n) satis-

fying liminf,, o Da(n) > max{A(H),degy (1) + 1,3}, we have
P[fg(Pn,O,O,O,Dg) < Bn] < =P for all sufficiently large n.

Proof This follows from Theorem 83 and Lemma 106. O
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As mentioned, an important consequence of this last result is that for any

fixed K <liminf,_,o, Da(n), we have P[A(P, 0,0,0,p,) > K] — 1 as n — o0, so

Theorem 108 Let K be a fized constant and let Di(n) and Ds(n) be integer-
valued functions satisfying D1(n) < K V¥n and Da(n) > 3 Vn. Then

P[P, 0,0,0,0, € P(n,0,0,D1,D2)] — 1 as n — oo.

Thus, results for P, 0,0,p,,p, when D;(n) < K will actually just be the
same as for P, 0,0,0,p,- Therefore, to complete our picture of P, 4,.d,,0:,D,
for the case when Di(n) < K Vn, it will suffice just to deal with the case
di(n) = d2(n) = D1(n) = 0 Vn. Clearly, P[P, 0,0,0,p0, Will be connected] = 0,
and so we are only left with looking at the limiting probabilities for P, 0,0.0,p,
having a component isomorphic to H and for P, 0,0, p, having a copy of H, for

given H.

A lower bound for P[P, 0,0,0,p, Will have a component isomorphic to H| may

in fact be obtained exactly as in Section 16:

Theorem 109 Let Dy(n) be an integer-valued function satisfying D2(n) >3 Vn,
and let t be a constant. Then, given any connected planar graphs Hy, Hs, ..., Hy,

with A(H;) <liminf, . D2(n) Vi, we have

lim ian[ ﬂ (Pn,0,0,0,0, will have >t components

n—oo
i<k

with order-preserving isomorphisms to H;)] > 0.

Proof We may use the same proof as for Lemma 89 (by deleting the associated

cut-edges of some appearances), with Theorem 83 replaced by Lemma 107. [
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Clearly, P[Py.0.0,0,p, Will have a component isomorphic to H] = 1 if H is
an isolated vertex, by definition. However, if H is not an isolated vertex then

we are able to bound the probability away from 1 by the following result:

Theorem 110 There exists a constant € > 0 such that, given any integer-valued

function Da(n) with Da(n) > 3 Vn, we have

P[P,.0,0,0,0, will consist of exactly one isolated vertex plus a connected graph]

> € Vn.

Proof Clearly, the result holds for n < 2. Now let us choose any n > 3 and
any Da(n). We shall find a constant €, independent of these choices of n and
D5 (n), satisfying the conditions of the theorem.

Let Z(n, Da, k) denote the set of all graphs in P(n,0,0,0, Dy) with exactly k
isolated vertices. Note that |Z(n,D3,1)] = n|P(n — 1,1,5,0, Ds)| and that
|Zc(n, D2, 1)| = n|P.(n — 1,1,5,0, Dy)|, where P.(n — 1,1,5,0, Dy) denotes the
set of connected graphs in P(n—1,1,5,0, D) and Z.(n, D2, 1) denotes the set of
graphs in Z(n, Da, 1) that are connected apart from the isolated vertex. By The-
orem 72, there exists a strictly positive constant ¢ (independent of n and Do (n))
such that % >c. Thus, |Z.(n, D2, 1)| >c|Z(n, D2,1)|, and so it suf-
fices to find a strictly positive constant €', independent of n and Da(n), such that
% >¢€, i.e. P[P, 0,0,0,0, Will have exactly one isolated vertex]> €.

The remainder of the proof will now be a ‘downwards cascade’ argument
similar to that of Theorem 72.

Let k € {2,3,...,n—2}, let G € Z(n, Da, k), and let G* denote the graph of
order n— k obtained by deleting all k isolated vertices from G. Starting from G,
we shall create a new graph G’ € Z(n, Dy, k — 1) by considering different cases

depending on G*:
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Case (a) If G* has > 22 vertices of degree < Da(n)
Starting with G, simply insert an edge between an isolated vertex (we have k

choices) and a non-isolated vertex of degree < Dy(n) (we have > "Tgk choices).

U= 0

Figure 79: Reducing the number of isolated vertices in case (a).

Case (b) If G* has < ”4—_3’“ vertices of degree < Da(n) (in which case Dz (n) < 6,
since e(G*) < 3(n — k) and so we can only have at most 6("77_16) vertices of
degree > 7)

By Lemma 71, G must contain at least "4—_3’“ cycles of size < 6. Delete an edge

uv in one of these cycles (we have at least Dz(n)+D2(n)2+3D2(n)3+D2(n)4 "4—_3’“ >

3 n—k CR. : : 3 <
§Te7 6767 13 Choices for this edge, since each cycle must contain at least 3

edges and each edge is in at most (Dz2(n) —1)™"2 < Da(n)™2 cycles of size m),
and insert an edge between u and an isolated vertex (we have at least k choices

for this).

Figure 80: Reducing the number of isolated vertices in case (b).

3 k(n—k)
6162465167 43

k(n—k
6+62f63+64 (13 )|I(n7D2(n)ak)| ways to

In both cases, we have at least choices when constructing

G’ from G. Thus, we have at least

construct a graph in Z(n, D2(n),k — 1).
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Given one of our constructed graphs, there are at most 2 possibilities for
how the graph was obtained (case (a) or (b)).

If case (a) was used, then we can re-obtain the original graph simply by
deleting the inserted edge, for which there are at most 3(n—(k—1))—3 = 3(n—k)
possibilities (including the case when n — (k — 1) < 3).

If case (b) was used, then we can re-obtain the original graph by deleting
the inserted edge (< 3(n — k) possibilities) and re-inserting the deleted edge (at
most Da(n)? 4+ Da(n)3 + Da(n)* 4+ Do(n)® possibilities, once the inserted edge
is located, since the deleted edge uv was originally part of a cycle of size < 6,
and so v is still at distance at most 5 from w).

Thus, recalling that Dy < 6 if case (b) was used, we find that there are at
most 3(n — k) + 3(n — k)(6% + 6% + 6% + 6°) = 3(1 + 62 + 6% + 6 +6°)(n — k)
possibilities for the original graph in total.

Let o =

1
BT T TN (16167 T6TT6%) - Lhen, for all k € {2,3,...,n— 2},

we have |Z(n, Do,k — 1)| > ak|Z(n, D2, k)| > a(k — 1)|Z(n, D2, k)|.

— 1Z(n,Dy,k+1)]

Let pr = 15(2:0.0.0,02)1

and note that pgy is the probability that P, 0.0,0,p,
will have exactly one isolated vertex. Since |Z(n,Dg,k + 1)| < W for
all k € {1,2,...,n — 3}, we have p; < B2 for all k € {0,1,...,n — 3}. Note

akk!

> T for n > 3 (since every

-3
that we also have ZZZO pr = 1— m > &

graph in P(n,0,0,0,D3) has at least one isolated vertex and can only have

more than n — 2 if it is the empty graph E,), so > .- &% > T and hence

8
—1
> 7 S (%)k — Te~ ]
boZ3 k>0 " Kl g -

It now only remains to look at P[P, 90,0 p, Will have a copy of H]. As in
Section 17, the following two results show that the behaviour of this probability
(in terms of whether or not it is bounded away from 1) depends only on whether

there are arbitrarily many n for which H has a Dy(n)-regular component:
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Theorem 111 Let Dy(n) be an integer-valued function satisfying D2(n)> 3 Vn,
and let H be a planar graph with components Hy, Hs, ..., Hy, for some k. Sup-
pose for all i we have A(H;) < liminf,_, o, Ds(n) and §(H;) < liminf, . Da(n).
Then 38 > 0 and AN such that

P {Pn,O,O,O,Dz will not have a set of Bn vertex-disjoint

induced order-preserving copies of H} <e P vn >N,

Proof This follows immediately when Lemma 96 (the analogous result for

P, 0,5,0,0,) is combined with Lemma 106. U]

Theorem 112 Let Dy > 3 be a fixed integer, and let H be a planar graph with
components Hy, Ha, ..., Hy, for some k. Suppose for all i we have A(H;) < Do

and that for some i H; is Do-regular. Then

limsup P[P, 0,0,0,0, will have a copy of H] < 1,

n—oo

but for any given constant t,

liminf P [Pn7070707D2 will have a set of t vertex-disjoint

n—oo

induced order-preserving copies of H| > 0.

Proof The upper bound follows from Theorem 110 and the lower bound from

Theorems 109 and 111, exactly as in Theorem 98. UJ
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20 D;(n) — o

We now have a complete picture of P, 4, 4,,D,.D, for the case when D;(n) is
bounded above by an arbitrary constant (see page 112), i.e. if we are given any
functions at all for dy(n), d2(n) and Ds(n) and we are given a function D (n)
with limsup,,_,., D1(n) < oo, then we can tell how likely it is (in terms of
whether the probabilities are bounded away from 0 and/or 1) that P, 4, d,.D,.D,
will be connected or contain any particular component/subgraph. This leaves
the matter of what happens when limsup,,_, ., D1(n) = 0o, which we shall now

discuss very briefly in this section.

Recall that our picture of P, 4, 4,,p, D, for the case when D;(n) is bounded
followed immediately from our results for P, 4, 4,,0D,, Since we were able to
show that the maximum degree in this latter graph will a.a.s. be larger than any
given constant. Hence, if we could obtain a higher bound for A(P, 4, d,,0,D,);
then this would automatically enable us to extend our current results. In fact,
it has very recently been shown in [17] that (a.a.s.) the standard random planar
graph P, 0.5,0,n—1 has maximum degree of the order of log n, and it seems likely
that such a result should also hold for P, 4, 4,,0,p, in general. Hence, it is
probable that the description of P, 4, 4,,0,,0, given on page 112 will still hold
even if Dq(n) is allowed to grow slowly with n.

If we allow D;(n) to become very large, then of course eventually our picture
of P, .4, .ds,D,,0, Will have to change, since (for example) P, 4, dy.n—1,n—1 Will
clearly be connected! We now conclude this thesis with one final nice result to

show that this change will a.a.s. have happened by the time D;(n) = n — o(n):

Theorem 113 Let di(n), d2(n), Di(n) and Da(n) be integer-valued functions
that for all large n satisfy (a) di(n) < min{5, d2(n), Da(n)} and D1(n) < Dy(n),
and (b) da(n) > 0 and Di(n) =n —o(n). Then

P[P, 4, dy,D,,D, Will be connected] — 1 as n — oo.
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Proof Let di(n), da(n), D1(n) and Ds(n) be as in the statement of the theorem,
and let G,, denote the set of graphs in P(n, dy, d2, D1, Ds) that are not connected.
We shall use G,, to construct so many graphs in P(n, d;, ds, D1, D2) that we must

190 I — 0 as n — oo.

have |P(n,d1,d2,D1,D2

Let G be an arbitrary graph in G,, for some n. Since D;i(n) = n — o(n),
we may assume that n is large enough that only one component of G contains
a vertex with degree A(G). Let us call this component C. Let x be a vertex
with deg(z) = §(C), and let us choose a vertex u € V(C) \ x with degree at
most A(G)—2. Note that e(G) < 3n—6 implies 3, () deg(v) < 6n—12, so we
can assume that n is large enough that there only exist at most 6 vertices with
degree greater than A(G) — 2. Thus, we have at least |C\z|—6=|C|—1—6 >
D+ (n) — 6 ways to choose a vertex u.

Before we continue with our argument, let us choose a vertex w € G\ C in
one of two ways, depending on whether |G\C| =1 or |G\C| > 2. If |G\ C| =1,
then we let w be the unique vertex in G\ C. If |G\ C| > 2, then let y be a
vertex in G\ C with deg(y) = 0(G \ C) and let w be any vertex in (G \ C) \ y.

Let G* denote the graph formed from G by inserting the edge uw. Note

G*

’ w@ g w
o T

Figure 81: Forming the graph G*.

that G* is still planar, since u and w were in separate components, and that
we still have §(G*) > dy(n) and A(G*) > D;(n), since we have not deleted any
edges. Note also that we still have A(G*) < Dy(n), since degg~(w) = o(n) and
deggs(u) = degg(u) + 1 < A(G) — 1, and that we still have 6(G*) < da(n),
since if |G\ C| was 1 then degg+(w) = 1 < da(n) and if |G \ C| was at least 2
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then degg-(y) = dega(y) = dq(G \ C) and degg-(x) = degg(x) = d¢(C) and
50 0(G*) = 6(G) < da(n).

Hence, since we had |G,,| choices for G and at least D;(n)—6 choices for u, we
have at least (D1(n) — 6)|G,| ways to construct a graph in P(n,d;,ds, D1, D).

Let us now consider how many times a graph G* € P(n,dy,ds, D1,ds) will
be constructed. Clearly, we can re-obtain the original graph G by deleting the
edge uw. Since degg-(u) = dega(u) +1 < A(G) — 1, w is one of at most
n — D1(n) vertices that is not adjacent to a vertex of degree A(G). Once we
have located w, we then have only one possibility for the edge ww, since all
paths between w and any vertices of degree A(G) must use this edge.

Thus, we have constructed at least % distinct graphs in the set

P(n,dy1,ds, D1, D3) and, therefore,

1Gn] < (n—iDl(n))
|P(n,dy,do, D1,D2)] —  Di(n)—6
o(n)
n—o(n)
— 0 asn — oo. U
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