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1 Introduction

The scattering of Cosmic Microwave Background (CMB) photons by hot electrons in galaxy
clusters induces anisotropies in the observed CMB temperature, a phenomenon known as the
Sunyaev-Zel’dovich (SZ) effect [1–6]. This effect can be decomposed into two components: the
thermal Sunyaev-Zel’dovich (tSZ) effect, arising from the thermal motion of free electrons in
the intra-cluster and inter-galactic media (ICM and IGM), and the kinetic Sunyaev-Zel’dovich
(kSZ) effect, caused by the Doppler shift of CMB photons due to their bulk velocity relative
to the CMB rest frame. Although both effects are secondary anisotropies of the CMB, the
distinct frequency dependence of the tSZ allows it to be separated from the CMB, kSZ, and
other sky components in multi-frequency analyses. In contrast, the kSZ effect preserves the
blackbody frequency spectrum of the CMB and therefore cannot be independently separated
from the primary CMB anisotropies, which then act as a source of noise that dominates
on large angular scales.

Observationally, the late-time kSZ signal can instead be extracted by cross-correlating
CMB temperature maps with the positions of galaxies and other tracers of the large-scale
structure (LSS), weighted by an estimate of their radial velocities. This is the general principle
of the so-called “kSZ tomography” approach [7], which has seen different implementations,
in the form of the pairwise kSZ estimator [8–11], large-scale velocity reconstruction [12–15],
cross-correlation with angular redshift fluctuations [16], and kSZ stacking [17–19]. Other
procedures have also been proposed, including more general bispectrum estimators [7, 20]
and projected fields [21, 22]. An excellent review of these methods can be found in [6].

kSZ measurements have become an invaluable tool for both cosmology and astrophysics.
Their sensitivity to the cosmic velocity field could allow them to constrain the growth rate
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of structure [23–25], assuming that the optical depth of the sample under study can be
characterised independently. The sensitivity of the velocity field to the large-scale matter
distribution could also make kSZ cross-correlations a highly-sensitive probe of primordial
non-Gaussianity [12–15]. In turn, their sensitivity to the distribution of ionised gas has
transformed kSZ measurements into a potentially crucial tool to improve our understanding
of feedback processes, and their repercussion on the distribution of gas and the corresponding
suppression in the small-scale clustering of matter (of key importance for cosmological
weak lensing measurements) [19, 26–29]. With new CMB experiments, such as the Simons
Observatory [30, 31], with enhanced sensitivity, measurements of the kSZ effect will swiftly
grow in precision, increasing their potential to address these questions.

Here, we will focus on kSZ stacking measurements, aimed at recovering the small-scale
distribution of gas. The astrophysical models currently used to describe this signal are
relatively simple, owing to the modest sensitivity with which the kSZ has been detected so
far. In particular, stacked kSZ measurements are often interpreted under the assumption
that the signal arises solely from the line-of-sight component of the electron momentum field
within individual haloes, often neglecting several important contributions. These include the
two-halo term arising from correlated large-scale structure, the impact of miscentering and
satellite galaxies in observational galaxy and cluster catalogues, and higher-order correlations
between the velocity and density fields. The increased sensitivity of future experiments may
make them sensitive to some of these effects, which must therefore be incorporated in the
theoretical models used to interpret them. To address this, this work aims to present a
comprehensive theoretical description of the kSZ effect, by analytically deriving the full angular
power spectrum from first principles, incorporating contributions from both transverse and
longitudinal modes of the density-weighted velocity field, and accounting for the correlation
between density and velocity fields at all orders. Our calculations will build on previous
work presented in the literature, including [6, 32–35], many of which focused on the kSZ
auto-spectrum or the projected-fields estimator, applying it to the case of kSZ stacking.

The structure of this paper is as follows. In section 2, we derive analytical expressions
for the contributions of both transverse and longitudinal density-weighed velocity modes to
the kSZ-galaxy angular power spectrum, along with the corresponding 3D power spectra. We
provide a complete evaluation of all terms contributing to the angular power spectrum, which
will be essential for precise kSZ stacking analyses. In section 3, we numerically implement our
analytical framework to quantify the relative magnitudes of the various terms contributing
to the kSZ-galaxy power spectrum. Additionally, we investigate the impact of including the
two-halo term and satellite galaxies in the Halo Occupation Distribution (HOD) model. We
further examine the sensitivity of upcoming CMB surveys to these different contributions,
as well as the impact of the choice of baryon model and velocity reconstruction. Finally,
we conclude in section 4 with a summary of our key findings and a discussion of their
implications for future CMB experiments.

2 Theory

Mathematically, the signal from the kSZ effect at low redshifts can be detected by cross-
correlating the projected galaxy momentum field, πg, with maps of the CMB temperature

– 2 –



J
C
A
P
0
1
(
2
0
2
6
)
0
1
5

fluctuations. The galaxy momentum field is expressed as

πg(n̂) =
∫

dχ H(z)p(z)(1 + δg(χn̂))n̂ · v, (2.1)

where n̂ is a line-of-sight unit vector, v is the peculiar velocity field, δg(x) is the overdensity
of galaxies, p(z) is the redshift distribution of the galaxy sample under study, and H(z) is
the expansion rate at redshift z.1 It is important to note that, in practice, the velocity field
in Equation (2.1) corresponds to the reconstructed velocity rather than the true velocity.
This distinction will be revisited in section 3.3.3, where we explore the assumption of using
the true velocity as opposed to the reconstructed velocity.

The temperature shift of the CMB due to the kSZ effect, ∆T , is in turn given by

∆T

T

∣∣∣∣
kSZ

(n̂) = σT

∫ dχ

1 + z
e−τ n̄e(z)(1 + δe(χn̂))n̂ · v. (2.2)

Here, σT is the Thomson scattering cross section, n̄e is the mean physical number density
of free electrons, and δe is the electron overdensity.

Both ∆T/T and πg can be written as a generic projected momentum field of the form

πa(n̂) ≡
∫

dχ Wa(χ) qa(χn̂, z) · n̂, (2.3)

where Wa(χ) is a radial kernel and qa(x, z) ≡ (1 + δa(x, z)) v is a 3D momentum field. To
denote the galaxy momentum and the kSZ field, we will use the subscripts a = g and a = e,
respectively. Then, the radial kernels are

Wg(χ) = H(z) p(z), We(χ) = σT n̄e,0(1 + z)2, (2.4)

where n̄e,0 is the mean electron number density today. The angular power spectrum associated
with the kSZ effect is then obtained from the two-point correlator of the spherical harmonic
coefficients of the fields πg and πe ≡ ∆T/T |kSZ. The resulting angular power spectrum
is then defined as

⟨πa
ℓmπb∗

ℓ′m′⟩ ≡ δK
ℓℓ′δK

mm′Cab
ℓ , (2.5)

where δK
ij is the Kronecker delta function.

Note that the popular “kSZ stacking” estimator [17, 18] used to study the small-scale gas
distribution can be expressed as a particular convolution of Cge

ℓ with the window function
of the compensated aperture photometry filters used in the estimator [36]. For simplicity,
and without loss of generality, we will simply express our calculation in terms of the angular
power spectrum, ensuring that we recover all information available in the data.

As described in [6, 32, 34], the dominant contribution to Cge
ℓ comes from the transverse

components of the 3D momentum fields (i.e. Fourier modes of qa that are perpendicular
to the wave vector k). For completeness, this work will calculate the contribution from
both transverse and longitudinal modes, but we will start with the former. We will do so
following the techniques outlined in [34].

1Note that we use natural units, with c = 1, throughout.
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2.1 Power spectra for transverse modes

The transverse momentum mode is defined in Fourier space as

q⊥
a (k) ≡ qa(k) − [k̂ · qa(k)]k̂, (2.6)

where k̂ ≡ k/k is a unit vector in the direction of the wavenumber k. The contribution from
this transverse mode to the projected momentum field is

πa
⊥(n̂) =

∫
dχ Wa(χ)

∫ d3k

(2π)3 cos(ϕq̂a − ϕn̂)(1 − x2)1/2 q⊥
a (k, z)e−ikχ x (2.7)

where x = k̂ · n̂, and ϕq̂a and ϕn̂ denote the azimuthal angles of the directions q̂a and
n̂, respectively.

2.1.1 Angular power spectrum

We begin by computing the spherical harmonic coefficients of πa
⊥ as defined in Equation (2.7):

πa
⊥,ℓm =

∫
d2n̂ Yℓ

m∗(n̂)πa
⊥(n̂). (2.8)

Following the steps outlined in [34], we obtain the spherical harmonic coefficients

πa
⊥,ℓm = Aℓ

∫ d3k

(2π)3

∑
m′=±1

(−i)ℓ+1Dℓ
m,m′(S(k̂))

∫
dχ Wa(χ) q⊥

a (k, χ)jℓ(kχ)
kχ

, (2.9)

where the ℓ-dependent prefactor is given by Aℓ ≡
√

πℓ(ℓ + 1)(2ℓ + 1), jℓ is the spherical
Bessel function of order ℓ, S(k̂) is the rotation operator that maps the z-axis to the direction
k̂, and Dℓ

m,m′ = ⟨ℓ, m′|S|ℓ, m⟩ denotes the Wigner-D matrix elements, representing the action
of this rotation on the spherical harmonics.

To compute the angular cross-power spectrum, we take the two-point correlator of the
spherical harmonic coefficients. Using the orthogonality of the Wigner-D matrices, we then
obtain the following expression:

Cab,⊥
ℓ = ℓ(ℓ + 1)

π

∫
dχ Wa(χ)

∫
dχ′ Wb(χ′)

∫
dk k2 jℓ(kχ)

kχ

jℓ(kχ′)
kχ′ P ab

⊥ (k, z), (2.10)

where the 3D power spectrum for the transverse momentum mode is defined as〈[
q⊥

a (k)
]†

q⊥
b (k′)

〉
= (2π)3 δD(k − k′) P ab

⊥ (k). (2.11)

This expression can be further simplified by applying the Limber approximation, which
consists of replacing the Bessel functions by

jℓ(x) ≃
√

π

2ℓ + 1δD
(

ℓ + 1
2 − x

)
. (2.12)

The result is:2

Cab,⊥
ℓ = 1

2

∫ dχ

χ2 Wa(χ) Wb(χ) P ab
⊥

(
k = ℓ + 1/2

χ
, z

)
. (2.13)

2This neglects an ℓ-dependent prefactor ℓ(ℓ + 1)/(ℓ + 1/2)2, which is close to 1 on all relevant scales.
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2.1.2 3D power spectrum

In order to compute the angular power spectrum from Equation (2.13), we begin by calculating
the 3D power spectrum, P ab

⊥ (k), which describes the power spectrum of the curl of the
momentum field. This requires first determining the Fourier transform of the momentum
field, given by

qa(k) = v(k) +
∫ d3k′

(2π)3 δa(k − k′) v(k′). (2.14)

In what follows, we will assume that the velocity field can be expressed in terms of the matter
density fluctuations, δm, using linear theory:

v(k) = aHf
ik
k2 δm(k), (2.15)

where H is the expansion rate, and f = d ln D/d ln a is the growth rate, given by the
logarithmic derivative of the linear growth factor, D. Equation (2.15) is the linearised
continuity equation, which neglects higher-order non-linear contributions present in the full
Newtonian perturbation equations. Additionally, we omit the rotational component of the
velocity field, which is not captured in the scalar formulation used here. The impact of these
contributions will be quantified in future work.

Substituting Equation (2.15) into Equation (2.14), we obtain

qa(k) = i aHf

[
k
k2 δm(k) +

∫ d3k′

(2π)3
k′

(k′)2 δa(k − k′)δm(k′)
]

. (2.16)

To isolate the transverse component, we project the result onto the plane orthogonal to
k, which yields

q⊥
a (k) = i aHf

∫ d3k′

(2π)3

( k′

(k′)2 − k(k · k′)
k2(k′)2

)
δa(k − k′)δm(k′). (2.17)

The 3D power spectrum of the perpendicular component, P ge
q⊥

(k), is then given by〈[
q⊥

g (k)
]†

q⊥
e (k)

〉
= (aHf)2

(2π)3

∫ d3k′ d3k′′

(2π)6
k′

⊥ ·k′′
⊥

(k′)2(k′′)2 ⟨δg(k−k′)δm(k′)δe(−k+k′′)δm(−k′′)⟩,

where we have defined k′
⊥ ≡ k′ − k (k · k′)/k2. By decomposing the four-point correlator

into its connected and disconnected components, we identify three contributions to the
total 3D power spectrum:

P ge
⊥,1(k) = (aHf)2

∫ d3k′

(2π)3
|k′

⊥|2

(k′)4 Pge(|k − k′|)Pmm(k′), (2.18)

P ge
⊥,2(k) = −(aHf)2

∫ d3k′

(2π)3
(1 − (µ′)2)
|k − k′|2

Pgm(|k − k′|)Pem(k′), (2.19)

P ge
⊥,c(k) = (aHf)2

∫ d3k′ d3k′′

(2π)6
µ12 − µ′µ′′

k′k′′ Tgemm(k − k′, −(k − k′′), k′, −k′′), (2.20)

– 5 –



J
C
A
P
0
1
(
2
0
2
6
)
0
1
5

such that the total perpendicular power spectrum is given by P ge
⊥ = P ge

⊥,1 + P ge
⊥,2 + P ge

⊥,c. Here,
we have denoted the ⟨ge⟩⟨mm⟩ and ⟨gm⟩⟨em⟩ terms as P ge

⊥,1 and P ge
⊥,2, respectively, for ease

of notation. Additionally, the directional cosines are defined as µ′ = k̂ · k̂′, µ′′ = k̂ · k̂′′, and
µ12 = k̂′ · k̂′′, and we define the power spectra and connected trispectrum via

⟨δa(k1)δb(k2)⟩ ≡ (2π)3δD(k1 + k2)PδAδB(k1), (2.21)
⟨δa(k1)δb(k2)δc(k3)δd(k4)⟩c ≡ (2π)3δD(k1 + k2 + k3 + k4)Tabcd(k1, k2, k3, k4). (2.22)

Rewriting the expressions above in terms of spherical coordinates for the internal wave vectors,
defined with the external mode k aligned along the z axis, they can be simplified to

P ge
⊥,1(k) = (aHf)2

(2π)2

∫
dk′ Pmm(k′)

∫ 1

−1
dµ′ (1 − (µ′)2)Pge(|k − k′|), (2.23)

P ge
⊥,2(k) = −(aHf)2

(2π)2

∫
dk′ (k′)2Pem(k′)

∫ 1

−1
dµ′ (1 − (µ′)2)Pgm(|k − k′|)

|k − k′|2
, (2.24)

P ge
⊥,c(k) = (aHf)2

(2π)5

∫
dk′ k′

∫
dk′′ k′′

∫ 1

−1
dµ′

√
1 − (µ′)2

∫ 1

−1
dµ′′

√
1 − (µ′′)2

∫ 2π

0
dϕ cos ϕ

× Tgemm(k − k′, −k + k′′, k′, −k′′), (2.25)

where ϕ = ϕ′ − ϕ′′.

2.1.3 The OV limit

As a consistency test, we can recover the expression for the Ostriker-Vishniac (OV) power
spectrum [37, 38] in the limit where all overdensities (δg, δe, δm) are replaced by the matter
overdensity in the linear regime, δlin. By summing the contributions from Equations (2.23)
and (2.24) in this limit, we obtain

P OV
⊥ (k) = (aHf)2

∫ d3k′

(2π)3

(
k(k − 2k′µ′)(1 − (µ′)2)

k2 + (k′)2 − 2kk′µ′

)
Plin(k′)Plin(|k − k′|), (2.26)

where Plin(k) is the linear matter power spectrum. This is consistent with the results
presented in e.g. [6, 32].

2.1.4 Small-scale limit and stacking

On small scales, the amplitude of the kSZ signal is primarily dominated by the P⊥,1(k)
term [6, 32, 34, 39], as we will also show later. In this regime (i.e. for large k), we may also
approximate Pge(|k − k′|) ≃ Pge(k) in Equation (2.23), since the velocity power spectrum,
Pvv(k) ∝ Pmm(k)/k2, is heavily weighted towards large scales (i.e. k′ ≪ k always). Hence,
the transverse power spectrum can be written approximately as

P ge
⊥ (k) ≃ 2σ2

vr
Pge(k), with σ2

vr
≡ 1

3

∫ dk′

2π2 k′2 Pvv(k′), (2.27)

where σ2
vr

is the radial velocity dispersion.
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Furthermore, keeping only the one-halo contribution to the galaxy-electron power spec-
trum, and assuming that all galaxies in the sample are centrals, we obtain

P ge
⊥ (k) ∼

2σ2
vr

n̄e
⟨ne(k)⟩ , (2.28)

where ⟨ne(k)⟩ is the Fourier-space electron density profile averaged over the halo masses
probed by the sample:

⟨ne(k)⟩ ≡ 1
n̄g

∫
dM n(M) Ng(M) ne(k|M), n̄g ≡

∫
dM n(M) Ng(M), (2.29)

where ne(k|M) is the Fourier-space electron profile for haloes of mass M , and n(M) is the halo
mass function. In this limit, we can therefore interpret the kSZ cross-correlation as providing
a direct measurement of the gas density profile in the host haloes of the galaxy sample under
study. This leads to the most common interpretation of the stacked kSZ signal [17, 18, 26, 28].
However, deviations from this interpretation arise due to contributions from a significant
fraction of satellite galaxies in the sample, the two-halo term, and the subdominant terms
P ge

⊥,2(k) and P ge
⊥,c(k). These contributions may be relevant, particularly given the sensitivity

of upcoming experiments. Quantifying their impact — in addition to the contribution from
longitudinal modes, which will be described in the next section — is the core aim of this paper.

2.2 Power spectra for the longitudinal mode

We now consider the longitudinal mode of the Fourier transform of the momentum field. As
before, we start by computing the longitudinal component of the projected galaxy momentum
field and of the kSZ temperature shift:

πa
∥(n̂) =

∫
dχ Wa(χ)

∫ d3k

(2π)3 x q∥
a(k, z)e−ikχx. (2.30)

As noted in [34], cancellations caused by the oscillatory factor exp(−ikχx) suppress the
integral over χ unless the product kx is of the order of the horizon H (which is the timescale
over which qa(k, z) varies). For large k, where the kSZ signal can be detected, this implies that
x must be small or, in other words, that the most relevant Fourier modes are the transverse
ones. We will nevertheless carry out the calculation of the longitudinal contribution to the
kSZ stacking power spectra for completeness. This is not an entirely futile effort since, in
the case of kSZ stacking against galaxies in a sufficiently narrow redshift bin (i.e. when
Wa(χ) varies over radial distances much smaller than the horizon), longitudinal contributions
may become more relevant.

2.2.1 Angular power spectrum

Following similar steps to section 2.1.1, we begin by computing the spherical harmonic
decomposition of Equation (2.30) via

πa
∥,ℓm =

∫
d2n̂ Yℓ

m∗(n̂)πa
∥(n̂). (2.31)
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In this case, we obtain the spherical harmonic coefficients

πa
∥,ℓm = Bℓ

∫ d3k

(2π)3 (−i)ℓ+1Dℓ
m,0(S(k̂))

∫
dχ Wa(χ)q∥

a(k, χ) j′
ℓ(kχ), (2.32)

where the ℓ-dependent prefactor is given by Bℓ ≡
√

4π(2ℓ + 1) and j′
ℓ is the first derivative

of the spherical Bessel function of order ℓ. Note that the main change with respect to the
transverse modes (Equation (2.9)) is the dependence only on m′ = 0, instead of m′ ∈ {−1, +1},
and the presence of j′

ℓ(x) instead of jℓ(x)/x. These differences originate from the different
angular prefactors entering Equations (2.7) and (2.30), and their harmonic expansion. Using
this result, the longitudinal contribution to the kSZ power spectrum is

C
ab,∥
ℓ = 2

π

∫
dχ Wa(χ)

∫
dχ′ Wb(χ′)

∫
dk k2j′

ℓ(kχ)j′
ℓ(kχ′)P ab

∥ (k, z), (2.33)

where the 3D power spectrum of the longitudinal momentum mode is defined by

⟨q∥
a(k)(q∥

b(k′))∗⟩ ≡ (2π)3δD(k − k′)P ab
∥ (k). (2.34)

To obtain an expression for C
ab,∥
ℓ in the Limber approximation, we may expand the

Bessel function derivative as j′
ℓ(x) = (ℓ/x)jℓ(x) − jℓ+1(x) and then apply the approximation

in Equation (2.12). The resulting expression is not visually simpler than the non-Limber
result, and may be significantly less accurate for narrow radial kernels compared to the
result obtained for transverse modes.

We note that the derivation of the CMB angular power spectrum for the longitudinal
mode, corresponding to the case a = b = e, is presented in the appendix of [40]. In the
present work, however, we focus on the cross-correlation case.

2.2.2 3D power spectrum

We now compute the 3D power spectrum of the longitudinal momentum mode, P ab
∥ (k),

entering Equation (2.33). In this case, we begin with the longitudinal component of the
Fourier transform of the momentum field, which is given by

q ∥
a (k) = aHf

k
k2

[
δm(k) +

∫ d3k′

(2π)3
k · k′

(k′)2 δa(k − k′)δm(k′)
]

. (2.35)

The corresponding power spectrum, P ge
q∥

(k), is then

⟨q∥
g(k)(q∥

e (k))∗⟩ = (aHf)2

k2(2π)3 ⟨Dg(k)D∗
e(k)⟩, (2.36)

where

Da(k) ≡ δm(k) +
∫ d3k′

(2π)3
k · k′

(k′)2 δa(k − k′)δm(k′). (2.37)

This expression results in three contributions from the various cross-terms. The first is a
purely linear term, proportional to the matter power spectrum:

P mm
∥ (k) ≡ (aHf)2 Pmm(k)

k2 . (2.38)
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Additionally, there are two mixed linear-convolution terms, P gmm
∥ and P emm

∥ , involving the
galaxy-matter and electron-matter bispectra, respectively:

P amm
∥ (k) = (aHf)2

(2π)2

∫
dk′ k′

k

∫ 1

−1
dµ′ µ′Bamm(k, k′, µ′), (2.39)

where µ′ = k̂ · k̂′ as before. Here, the bispectrum is defined as

⟨δa(k1)δb(k2)δc(k3)⟩ = (2π)3δD(k1 + k2 + k3)Babc(k1, k2, k3). (2.40)

The final contribution arises from the convolution-convolution term, and can be split into
three terms that have the same structure as those found for the transverse modes (Equa-
tions (2.23), (2.24), and (2.25)):

P ge
∥,1(k) = (aHf)2

∫ d3k′

(2π)3
(k · k′)2

k2(k′)4 Pge(|k − k′|)Pmm(k′), (2.41)

P ge
∥,2(k) = (aHf)2

∫ d3k′

(2π)3
1

|k − k′|2
k

k′ µ
′
(

1 − k′

k
µ′
)

Pgm(|k − k′|) Pem(k′), (2.42)

P ge
∥,c(k) = (aHf)2

∫ d3k′

(2π)3

∫ d3k′′

(2π)3

((k · k′)(k · k′′)
k2(k′)2(k′′)2

)
Tgemm(k − k′, −(k − k′′), k′, −k′′).

(2.43)

In spherical coordinates, these components become:

P ge
∥,1(k) = (aHf)2

(2π)2

∫
dk′ Pmm(k′)

∫ 1

−1
dµ µ2Pge(|k − k′|), (2.44)

P ge
∥,2(k) = (aHf)2

(2π)2

∫
dk′ Pgm(k′)

∫ 1

−1
dµ′ kk′µ′

|k − k′|2
(

1 − k′

k
µ′
)

Pem(|k − k′|), (2.45)

P ge
∥,c(k) = (aHf)2

(2π)5

∫
dk′ k′

∫
dk′′ k′′

∫ 1

−1
dµ′ µ′

∫ 1

−1
dµ′′ µ′′

∫ 2π

0
dϕ

× Tgemm(k − k′, −(k − k′′), k′, −k′′). (2.46)

Hence, the total longitudinal momentum power spectrum can be expressed as the sum of
all individual contributions:

P ge
∥ (k) = P ge

∥,1(k) + P ge
∥,2(k) + P ge

∥,c(k) + P gmm
∥ (k) + P emm

∥ (k) + P mm
∥ (k). (2.47)

2.3 Halo model for higher-order statistics

The halo model provides a useful framework to estimate the connected bispectrum and
trispectrum entering Equations (2.39), (2.25), and (2.46). This approach decomposes higher-
order statistics into contributions from structures involving one or more haloes. An alternative
method for estimating higher-order contributions involves the use of simulations (e.g. [41, 42]).

The matter bispectrum can be expressed as a sum over one-, two-, and three-halo
contributions via B = B1h + B2h + B3h [43]. The one-halo term, which dominates on small
scales, is given by

BδAδBδC
1h (k1, k2, k3) =

∫
dM n(M) ⟨uδA(k1|M)uδB(k2|M)uδC(k3|M)⟩, (2.48)
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where n(M) is the mass function of the halo, and the uδi
(k|M) are the halo profiles in

Fourier space that correspond to the δi. On large scales, the three-halo term becomes
dominant, which is given by

BδAδBδC
3h (k1, k2, k3) = ⟨bUA⟩(k1) ⟨bUB⟩)(k2) ⟨bUC⟩(k3) BPT(k1, k2, k3), (2.49)

where
⟨bUA⟩(k) ≡

∫
dM n(M)bh(M)⟨uδA(k|M)⟩, (2.50)

and bh(M) is the linear halo bias. At intermediate scales, the two-halo term is the dominant
contribution. However, we do not consider this contribution in our analysis since, as we will
show, the bispectrum contribution on large and small scales (as given by the expressions
above) is subdominant by a large factor.

In the three-halo term, BPT denotes the tree-level matter bispectrum, which in turn
depends on the second-order perturbation theory kernel, F2, and the linear matter power
spectrum, Plin(k), via

BPT(k1, k2, k3) = 2F2(k1, k2)Plin(k1)Plin(k2) + (2, 3) + (3, 1), (2.51)

where the second-order density kernel, F2, is given by

F2(k1, k2) ≡ 5
7 + µ12

2

(
k2
k1

+ k1
k2

)
+ 2

7µ2
12, (2.52)

and µ12 ≡ (k1 · k2)/(k1k2).
Similarly, the matter trispectrum can be written as T = T1h + T2h,31 + T2h,22 + T3h + T4h.

The one-halo term dominates on small-scales and is given by

T δAδBδCδD
1h (k1, k2, k3, k4) =

∫
dM n(M) ⟨uδA(k1|M)uδB(k2|M)uδC(k3|M)uδD(k4|M)⟩ ,

(2.53)
On the largest scales, the four-halo term becomes dominant and takes the form:

T δAδBδCδD
4h (k1,k2,k3,k4) = ⟨bUA⟩(k1)⟨bUB⟩(k2)⟨bUC⟩(k3)⟨bUD⟩(k4)T δAδBδCδD

PT (k1,k2,k3,k4).
(2.54)

Here, TPT is the tree-level matter trispectrum, which itself can be decomposed as TPT =
T1122 + T1113, where each term depends on perturbative kernels and the linear matter power
spectrum. The term T1113 is given by

T1113(k1, k2, k3, k4) = 6[F3(k1, k2, k3)Plin(k1)Plin(k2)Plin(k3)+(234)+(341)+(412)], (2.55)

with the third-order density kernel F3 defined as

F3(k1, k2, k3) ≡ 1
54[Q(k1, k2, k3) + Q(k2, k3, k1) + Q(k3, k1, k2)]. (2.56)

The kernel Q is in turn given by

Q(k1, k2, k3) ≡ 7k123 · k1
k2

1
F2(k2, k3) +

(
7k123 · k23

k2
23

+ 2k2
123(k23 · k1)

k2
23k2

1

)
G2(k2, k3), (2.57)
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and involves the second-order density kernel, F2, and the second-order velocity kernel, G2,

G2(k1, k2) ≡ 3
7 + µ12

2

(
k1
k2

+ k2
k1

)
+ 4

7µ2
12. (2.58)

The term T1122 is given by

T1122(k1, k2, k3, k4) = 4[Q12,3 + Q12,4 + Q13,2 + Q13,4 + Q14,2 + Q14,3

+Q23,1 + Q23,4 + Q24,1 + Q24,3 + Q34,1 + Q34,2], (2.59)

where we have defined

Qab,c ≡ F2(ka + kc, −ka)F2(ka + kc, kb)Plin(|ka + kc|)Plin(ka)Plin(kb). (2.60)

Using this formalism, one can show that the one-halo contribution to the trispectrum
for the transverse power spectrum vanishes in Equation (2.25), as also shown in [32]. This
results from the fact that the halo profiles ui(k|M) in Equation (2.53) depend only on the
magnitude of their arguments. Consequently, the angular integration in Equation (2.25)
evaluates to zero due to the presence of the cos ϕ factor. Therefore, we will only consider the
contribution from the four-halo term in order to estimate the impact of connected four-point
correlations in the kSZ observables for the transverse mode.

2.4 Covariance

We calculate the covariance for the angular power spectra using the Knox formula [44],

Cov(Cge
ℓ , Cge

ℓ′ ) = δℓℓ′

(2ℓ + 1)fsky

(
Cgg

ℓ Cee
ℓ + (Cge

ℓ )2
)

, (2.61)

where fsky is the fraction of the sky covered by the our observations. Here we will assume
fsky = 0.5, roughly corresponding to the overlapping sky coverage of future southern-
hemisphere experiments, such as LSST and SO [30, 45, 46]. Hence, in order to compute the
covariance, we must also calculate the auto-correlations, Cgg

ℓ and Cee
ℓ . For Cgg

ℓ , we have:

Cgg
ℓ = C̃gg

ℓ + Ngg
ℓ , (2.62)

where C̃gg
ℓ denotes the signal contribution and Ngg

ℓ denotes the noise angular power spectrum.
We approximate the latter by Ngg

ℓ = σ2
v/n̄, where σ2

v is the velocity dispersion of galaxies
and n̄ is the number density of galaxies. For Cee

ℓ , we have:

Cee
ℓ = CCMB

ℓ + Csec
ℓ + N ee

ℓ , (2.63)

where CCMB
ℓ is the angular power spectrum of the CMB, Csec

ℓ denotes the contribution from
secondary anisotropies, and N ee

ℓ is the noise angular power spectrum. The angular power
spectrum for the secondary anisotropies can in turn be decomposed as

Csec
ℓ = CkSZ

ℓ + CtSZ
ℓ + CCIB

ℓ , (2.64)

where CkSZ
ℓ , CtSZ

ℓ , and CCIB
ℓ are the angular power spectra for the kSZ effect, tSZ effect,

and cosmic infrared background (CIB), respectively. We use the best fit model for Csec
ℓ at

90 GHz used in the latest analysis of the ACT collaboration [47].
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The perpendicular and parallel components of C̃gg
ℓ and C̃ee

ℓ ≡ CkSZ
ℓ can be calculated

in the same way as those of Cge
ℓ in sections 2.1 and 2.2, respectively. We can then compute

the signal-to-noise ratio, S/N , of a particular CMB survey for the different contributions
to the angular power spectrum via

(
S

N

)
i

=

∑
ℓ

(
Cge

ℓ,i

)2

Var
(
Cge

ℓ

)


1/2

, (2.65)

where Cge
ℓ,i is the angular power spectrum of the particular contribution under consideration

(e.g. the parallel momentum mode).

2.5 Implementation

To implement the theoretical framework numerically, we use the Core Cosmology Library
(CCL) [48] to compute halo model quantities under the following parametrisations. We adopt
a halo mass definition corresponding to an overdensity threshold of ∆ = 200 with respect to
the critical density, ρc. We use the concentration-mass relation, c(M), from [49], the halo mass
function, n(M), from [50], and the halo bias, bh(M), from [51]. Throughout this analysis, we
assume a fiducial cosmology consistent with Planck results, characterised by the parameter
values {Ωc, Ωb, h, ns, σ8, Σmν} = {0.2607, 0.04897, 0.6766, 0.9665, 0.8102, 0.06} [52].

To model the relevant overdensity fields, we adopt the following prescriptions. The
matter overdensity, δm, is described using the NFW profile [53]. The galaxy overdensity,
δg, is modelled within the Halo Occupation Distribution (HOD) framework [54–56], which
we will detail below. The electron density profile, ρe, is computed using the hydrostatic
equilibrium model used in [57, 58]. This approach is motivated by previous efforts such as
baryonification and the HMx framework [59, 60].

To initialise the electron density profile, we adopt the following fiducial baryonic parame-
ters: {log10 Mc, β, ηb, A∗} = {14.0, 0.6, 0.5, 0.03}. These values are consistent with current
constraints from hydrodynamical analyses [58]. Here, Mc is the mass at which half the gas
has been ejected from the halo via baryonic feedback, β describes the dependence of Mc on
halo mass, ηb characterises the radius to which ejected gas is expelled, and A∗ describes the
stellar abundance. Finally, we normalise the electron density profile to yield the electron
overdensity, δe = ρe/ρe − 1.

Equipped with these models for the various overdensity fields, we compute all power
spectrum terms that appear in the integrals in Equations (2.23) and (2.24) for the transverse
mode, and in Equations (2.44) and (2.45) for the longitudinal mode. We then propagate
the 3D power spectra into angular power spectra by constructing tracer objects using CCL.
To ensure that we exhaust all the information available to a given CMB experiment, we
consider angular multipoles up to ℓmax = 10, 000.

As noted earlier, we model the galaxy overdensity using the HOD framework, adopting
the parameter values from the second row of table 4 in [61]. We focus on a luminous red
galaxy (LRG) sample, consistent with previous kSZ studies, where LRGs have been the
primary observational targets [19]. To match the density of photometric LRG samples, we
assume a number density of 150 galaxies per steradian. We use the second redshift bin
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from [61] to model the redshift distribution of sources. The HOD model employed here
uses the following parametrisations for the mean number of central and satellite galaxies,
denoted by N̄c and N̄s, respectively:

N̄c(M, a) = 1
2

[
1 + erf

( log10(M/Mmin)
σln M

)]
, (2.66)

N̄s(M, a) = Θ(M − M0)
(

M − M0
M1

)α

. (2.67)

Here, M0 represents the minimum halo mass required to host satellite galaxies, M1 is the
characteristic mass scale at which haloes host one satellite galaxy on average, and Mmin
is the threshold mass for central galaxy occupation. The parametrisation for the mean
profile is then given by

⟨ng(r)|M⟩ = N̄c(M)
[
fc + N̄s(M)usat(r|M)

]
, (2.68)

where fc is the observed fraction of central galaxies and usat(r|M) is the distribution of
satellite galaxies as a function of distance to the halo centre, which we assume to be given
by the Navarro-Frenk-White profile [53]

The fiducial HOD model of [61] used here assumes fc = 1, and the resulting fraction of
satellites in the sample is fsat = 0.14. To study the impact of satellites on the kSZ signal, we
vary the value of fc, simultaneously varying Mmin and fixing M0 = Mmin to ensure that the
large-scale galaxy bias bg remains unchanged with respect to the fiducial model.

The significance of the kSZ signal and its individual contributions depends critically
on the noise properties of the CMB map used, which are characterised by the noise power
spectrum N ee

ℓ . We consider three different scenarios for the noise power spectra. Firstly,
we adopt noise levels consistent with those anticipated for SO [30]. In particular, we use
the official temperature noise curves provided in [30] for the baseline noise level of the SO
Large Aperture Telescope (LAT), assuming a 2.1 arcmin FWHM Gaussian beam. Secondly,
we consider the forecasted noise power spectrum for the CMB-S4 experiment. For this case,
we assume the noise parameters specified for the 90 GHz channel in table 1 of [62]. We
note that CMB-S4 has recently been discontinued. We nevertheless present forecasts for
this configuration as a proxy for a future experiment succeeding SO. Finally, we consider
an idealised case, in which instrumental noise is neglected entirely, corresponding to the
cosmic variance limit (CVL).

The trispectrum T (k, k′, k′′) appearing in Equations (2.25) and (2.46) is computed via
direct numerical integration over five variables: the magnitudes k′ and k′′, the angular
coordinates µ1 = cos θ1 and µ2 = cos θ2, and the azimuthal angle ϕ between k′ and k′′.
The integration is performed on regular grids, with logarithmically spaced points for each
wavenumber and uniformly spaced points for the angular and azimuthal coordinates. At each
grid point, we evaluate the trispectrum function directly, and the five-dimensional integral
is computed using successive one-dimensional trapezoidal integrations over each variable.
Convergence tests with finer grids were carried out to confirm the stability of the results.
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3 Results

In this section, we quantify the impact of the different transverse and longitudinal terms
that contribute to the kSZ-galaxy cross-power spectrum. We will focus first on the dominant
transverse modes, and then examine the longitudinal contributions. Using the specific
implementation described in section 2.5, we provide estimates for the significance of the
different contributions in section 3.3 (table 1).

3.1 Contributions to the transverse power spectrum

In figure 1, we present the contributions to both the 3D and angular power spectra for the
transverse mode of the momentum field. The angular power spectrum is expressed in terms
of Dℓ ≡ [ℓ(ℓ + 1)/(2π)]Cℓ. The individual contributions from Equations (2.23) and (2.24)
are shown in dark blue and light blue, respectively, with their total shown in red. The
dashed and dotted lines denote the one-halo and two-halo contributions to the galaxy-electron
cross-correlation, Pge(k), in the ⟨ge⟩⟨mm⟩ term, respectively.

We find that the contribution from P⊥, 1 (given by Equation (2.23)) dominates the
power spectrum on small scales (k ≳ 0.1 Mpc−1), while the contribution from P⊥, 2 (given by
Equation (2.24)) becomes significant only on large scales (k ≲ 0.1 Mpc−1). Interestingly, P⊥, 1
and P⊥, 2 have equal amplitudes but opposite signs at small k, resulting in a cancellation
of the total 3D power spectrum at k = 0.

The purple line in figure 1 shows the contribution from the connected trispectrum term, as
defined in Equation (2.25). We find that this term is subdominant on large scales but becomes
increasingly significant at smaller scales, having a contribution comparable in magnitude to
the cross-term P⊥,2 on scales k ≳ 0.3 Mpc−1. We note that the trispectrum contribution in
the left panel of figure 1 flattens towards low k, in contrast to the results of [40], where this
term scales as k2 in the same regime. This discrepancy arises from our assumption that all
velocity fields are linearly related to the density field through the continuity equation. As a
result, we caution that our results may not be reliable at low k. Moreover, in our analysis,
the projected galaxy momentum field does not represent a true momentum field, since the
velocity entering Equation (2.1) corresponds to a reconstructed velocity rather than the true
velocity. Therefore, the perturbative approach should not be expected to hold in the low-k
limit, as doing so would implicitly treat the reconstructed velocity as exact.

The dashed line in figure 1 shows the small-scale approximation described in section 2.1.4
(Equation 2.27), having retained only the P⊥,1 contribution, and discarding the two-halo term
of Pge. This one-halo term captures intra-halo clustering, describing correlations between
galaxies and electrons within the same halo or, in the case of a sample of central galaxies,
the distribution of gas around the host haloes. As expected, the one-halo term dominates on
small scales (k ≳ 1 Mpc−1), effectively recovering the total power spectrum in this regime,
while the two-halo term becomes increasingly significant on intermediate and large scales.
These scale-dependent features are also reflected in the angular power spectrum, shown in
the right-hand panel of figure 1, demonstrating consistency between the 3D and projected
statistics, which is enabled by the well-localised redshift bin assumed here.
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Figure 1. The contributions to the 3D power spectrum (left) and angular power spectrum (right) for
the perpendicular component of the momentum field. The individual contributions from ⟨ge⟩⟨mm⟩
(dark blue), ⟨gm⟩⟨em⟩ (light blue), and the connected non-Gaussian term (purple) are shown, with
their total displayed in red. The dashed and dotted lines denote the ⟨ge⟩⟨mm⟩ term for the one-halo
and two-halo contributions, respectively, in the electron-galaxy cross-correlation.
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Figure 2. The contributions to the 3D power spectrum (left) and angular power spectrum (right) for
the parallel component of the momentum field. The contributions from the ⟨ge⟩⟨mm⟩ and ⟨gm⟩⟨em⟩
terms are shown in dark blue and light blue, respectively, with their total shown in red. The dashed
and dotted lines denote the ⟨ge⟩⟨mm⟩ term for the one-halo and two-halo contributions, respectively,
in the electron-galaxy cross-correlation.

3.2 Contributions to the longitudinal power spectrum

In figure 2, we present the contributions to the 3D and angular power spectra for the
longitudinal mode of the momentum field. The individual contributions from Equations (2.44)
and (2.45) are shown in dark blue and light blue, respectively, with their total shown in
red. The dashed and dotted lines indicate the one-halo and two-halo contributions to the
galaxy-electron cross-correlation, Pge(k), in the ⟨ge⟩⟨mm⟩ term, respectively. As in the
transverse case, we find that P∥,1 alone (given by Equation (2.44)) is sufficient to describe
the power spectrum on small scales. In turn, the longitudinal mode P∥,2 becomes relevant
at larger scales (k ≲ 0.01 Mpc−1). As before, the one-halo term captures the behaviour of
P∥,1 on the smallest scales (k ≳ 1 Mpc−1).
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Figure 3. The contributions to the 3D power spectrum (left) and angular power spectrum (right) for
the parallel component of the momentum field, including the bispectrum and trispectrum contributions
from Equations (2.39) and (2.46), respectively. The contributions from ⟨ge⟩⟨mm⟩ − ⟨gm⟩⟨em⟩ (dark
blue), one-halo bispectrum (orange), three-halo bispectrum (yellow), one-halo trispectrum (pink), and
four-halo trispectrum (purple) are shown, with their total displayed in red. The contribution from
the purely linear term in Equation (2.38), Pvv, is shown in grey. We include the total power of the
transverse mode in dotted red. Negative contributions are shown as dashed lines. Note that the region
below k ≲ 0.01 Mpc−1 for the T4h contribution to P ge

q∥
(k) has been masked due to numerical precision

issues.

These qualitative results are also evident in the angular power spectrum, shown in the
right-hand panel of figure 2. However, it is important to note the significant drop in amplitude
for the longitudinal angular power spectrum with respect to its transverse counterpart in
figure 1, with a decrease of several orders of magnitude across all scales. This reduction
is due to the highly oscillatory nature of the complex exponential in Equation (2.30), as
described in section 2.2. We could have also expected this by examining the expression for
the angular power spectrum in Equation (2.33): the derivative of the Bessel function can
be expressed as j′

ℓ = (ℓ/x)jℓ(x) − jℓ+1(x), which is heavily suppressed in the Limber regime
(ℓ ∼ x). Consequently, we can expect the longitudinal contributions to be negligible.

In figure 3, we present an updated version of figure 2, now including the contributions from
the velocity power spectrum (Equation 2.38), as well as the the bispectrum and trispectrum
terms, described by Equations (2.39) and (2.46), respectively. We find that the amplitudes of
these terms are non-negligible, and in fact can surpass that of P∥,1 + P∥,2. In particular, we
find that the one-halo trispectrum contribution dominates the overall signal on small scales.
This is contrary to the results reported by [32] in the context of the kSZ auto-spectrum, who
find that this contribution decays as a steep power of k. We instead find that the contribution
rises as ∝ k2, eventually dominating the signal.3 However, since the longitudinal mode
remains subdominant compared to the transverse mode, the impact of these higher-order
contributions on the overall signal is still negligible.

3This behaviour can be shown analytically by examining Equation (2.46). The one-halo trispectrum depends
only on the moduli of the wave-vectors k′, k′′, |k − k′|, and |k − k′′|. This gives it a specific dependence on
the angle cosines µ′ and µ′′, such that the integral in Equation (2.46) vanishes in the limit k → 0. This is also
the case for its first derivative with respect to k, but not for the second derivative, thus explaining the ∝ k2

behaviour. We thank Boris Bolliet for suggesting the exploration of this analytical limit.
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Effect Term S/NSO S/NS4 S/NCVL
Total kSZ Cge

ℓ,⊥, tot 34.2 49.1 89.0
Cross-term ⟨gm⟩⟨em⟩ Cge

ℓ,⊥, 2 4.18 5.81 9.35
Satellite contribution C

ge, (cen+sats)
ℓ,⊥, 1 5.10 12.1 37.7

Two-halo contribution C
ge, (2h)
ℓ,⊥, 1 6.33 7.55 8.90

Connected trispectrum Cge
ℓ,⊥, c 4.94 6.35 8.57

Total longitudinal component Cge
ℓ,∥, tot 3.1 × 10−3 4.6 × 10−3 7.3 × 10−3

Table 1. The signal-to-noise ratio, S/N , for the different contributions to the kSZ signal for three
different CMB noise levels: the SO baseline, CMB-S4, and the cosmic variance limit (CVL). Here, the
CVL refers to an idealised case with no instrumental noise. We use ℓmax = 10, 000 and the fiducial
values of the baryonic parameters.

3.3 Sensitivity of CMB surveys

In this section, we identify the components of the kSZ-galaxy angular power spectrum that
future CMB surveys will have the capability to detect. We calculate the signal-to-noise ratio,
S/N , for each contribution, considering the three noise level scenarios detailed in section 2.4.
Table 1 summarises the S/N for the individual terms in the total angular power spectrum.
As could be expected, we observe a consistent increase in S/N with improving experimental
sensitivity, from SO to CMB-S4 and ultimately to the cosmic variance limit.

Our results highlight the significance of the second term, Cge
ℓ,⊥, 2, which describes the

convolution between the galaxy-matter and electron-matter cross-correlations. We forecast
a detection significance of ∼ 4σ for this term with SO, growing to ∼ 6σ for CMB-S4.
Moreover, the higher-order connected non-Gaussian contribution yields a notable S/N of
∼ 5σ, emphasising the necessity of including this term in the modelling of the kSZ-galaxy
angular power spectrum. Additionally, we find that both the contribution from satellite
galaxies and the two-halo term yield substantial S/N values (5σ and 6σ respectively for
SO, growing to 12 and 8σ for CMB-S4), and therefore cannot be neglected in kSZ analyses.
However, it is important to note that the halo model typically underestimates the amplitude
of the power spectrum in the transition regime between the one-halo and two-halo scales. This
is typically caused by an underestimation of the two-halo contribution on intermediate scales
due to the failure of the standard halo model to account for non-linear halo bias [63, 64]. As a
result, our calculated signal-to-noise ratio, S/N , for the two-halo term is likely a conservative
underestimate of its true value.

As could be expected from figure 2, even the dominant contribution to the angular power
spectrum from longitudinal modes has a negligible signal-to-noise ratio. Thus, even with the
enhanced sensitivity of future experiments, the longitudinal contributions remain undetectable
at any meaningful significance and can thus be safely excluded from theoretical modelling.

These results highlight the importance of modelling the full correlation between matter
density and velocity fields. This correlation is captured by both the P⊥,2 cross-term and the
connected trispectrum which, as we have shown, have a non-negligible effect on the kSZ-galaxy
power spectrum. The sensitivity of current kSZ measurements is likely low enough to allow
for a simplified modelling, based on the small-scale approximation of Equation (2.27), and
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Figure 4. The signal-to-noise ratio, S/N , as a function of the angular multipole cut-off, ℓmax. Here,
we fix the baryonic parameters to the fiducial values and we assume the baseline noise level of the
Simons Observatory. We also show the S/N of the relevant terms, as listed in table 1. Specifically, the
⟨gm⟩⟨em⟩ cross-term is shown in light blue, the connected trispectrum term in purple, the two-halo
contribution to the ⟨ge⟩⟨mm⟩ term in dotted dark blue, and the ⟨ge⟩⟨mm⟩ term including satellites
in the HOD model in dashed dark blue. Here, we compare the satellites case with fsat = 1.0 to the
fiducial case where fsat = 0.14.

dependent only on the galaxy-electron power spectrum, or even just the gas density profile.
This will likely not be the case for future experiments. On the one hand, analytical models of
the kSZ signal should incorporate the various additional terms discussed here, describing the
large-scale correlations between densities and velocity. On the other hand, simulation-based
emulators should be based on estimates of the full correlation between the galaxy and electron
momentum fields, and not simply on the gas profiles measured on simulations.

It is important to note that our results regarding the total S/N of the kSZ signal are
subject to various assumptions made in our calculation. Firstly, we assume a photometric
galaxy sample with a density of 150 galaxies per steradian. This introduces significant
uncertainty in redshift estimates, which propagates into the reconstructed peculiar velocities.
However, we have assumed perfect velocity reconstruction, thereby underestimating the
true uncertainty. The main impact of imperfect reconstruction would be a reduction in the
amplitude of the measured signal, proportional to the correlation coefficient between the true
and reconstructed velocities — a limitation we will explore in section 3.3.3. On the other
hand, we have considered only a single redshift bin, whereas current and future analyses
target multiple galaxy samples at different redshifts. Nevertheless, our findings remain
robust, as our primary goal is to assess the relative significance of the various contributions
relative to the total kSZ signal.

It is interesting to study the angular scales that contribute most significantly to the kSZ
signal explored here. Figure 4 examines the impact of the angular multipole cut-off, ℓmax,
on the signal-to-noise ratio, S/N , assuming the SO baseline noise level. We find that the
multipole range 2000 ≲ ℓmax ≲ 7000 is critical in order to capture the bulk of the kSZ signal,
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Figure 5. Left: The ratio of the angular power spectrum of the perpendicular component between
models that include satellite galaxies and the fiducial (fsat = 0.14) case. The different lines correspond
to HOD models with varying satellite fractions, as quoted in the legend. The large-scale galaxy bias is
held fixed across all models to isolate the impact of satellites. The ℓ-axis is restricted to small angular
scales, where the satellite contribution becomes significant. Right: The signal-to-noise ratio, S/N ,
as a function of the fraction of satellites, fsat, in the HOD model relative to the fiducial case. We
consider three different noise levels: the Simons Observatory (red), CMB-S4 (dark blue), and the
cosmic variance limit (light blue).

with the total S/N increasing by a factor ∼ 4 within that range. The S/N begins to plateau
for ℓ ≳ 7000, and therefore our fiducial scale cut ℓmax = 10, 000 is sufficient to capture the
sensitivity of future experiments to the different effects studied here.

3.3.1 Impact of satellite galaxies

In the left panel of figure 5, we illustrate how the inclusion of satellite galaxies in the electron-
galaxy cross-power spectrum, Peg(k), affects the angular power spectrum of the transverse
⟨ge⟩⟨mm⟩ component. For each galaxy sample, we fix the large-scale galaxy bias, bg, to isolate
the impact of satellites. Under this constraint, the effect of satellites is limited primarily
to small scales dominated by the one-halo term, allowing us to focus on their contribution
to the P⊥,1 term, which governs the total power spectrum on small scales. We find that
incorporating satellite galaxies suppresses power on the smallest scales, driven by the fact
that satellite galaxies trace the outer regions of the halo where the electron density is lower.
The degree of suppression increases with the satellite fraction, fsat, of the galaxy sample. As
shown in the right-hand panel of figure 5, this suppression propagates to the signal-to-noise
ratio, S/N , which, for a given noise level, decreases as fsat increases. The figure compares the
S/N of the fiducial sample — based on the HOD parameters from [61] with fsat = 0.14 — to
samples with higher satellite fractions. For a fixed noise level, the relative degradation in S/N

becomes more pronounced with increasing fsat, but plateaus for fsat ≳ 0.45. As in previous
results, we observe an enhanced sensitivity to this effect for future experiments relative to SO.

3.3.2 Impact of gas model

The kSZ signal is directly sensitive to the effects of baryonic feedback, which governs the
fraction of gas ejected by active galactic nuclei (AGN) outflows. Therefore, it is essential to
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Effect Term S/N (HE) S/N (Battaglia)
Total kSZ Cge

ℓ,⊥, tot 34.2 96.4
Cross-term Cge

ℓ,⊥, 2 4.18 8.37
Satellite contribution C

ge, (cen+sats)
ℓ,⊥, 1 5.10 6.86

Two-halo contribution C
ge, (2h)
ℓ,⊥, 1 6.33 6.83

Connected trispectrum Cge
ℓ,⊥, c 4.94 5.45

Table 2. The signal-to-noise ratio, S/N , for the different contributions to the kSZ signal under two
baryon models: the hydrostatic equilibrium (HE) profile and the Battaglia profile. Here, we use
ℓmax = 10, 000 and the fiducial values of the baryonic parameters.

assess how the choice of model for the gas distribution impacts the results presented here. Our
analysis has thus far assumed an electron density profile based on the hydrostatic equilibrium
(HE) model described in section 2.5, with a feedback strength (characterised primarily by
the log10 Mc parameter) compatible with current observations [58, 65]. For comparison, we
now consider the Battaglia profile from [66] as an alternative model.

The left panel of figure 6 shows the angular power spectrum obtained using the Battaglia
profile, plotted relative to the result from the HE model. We observe that the Battaglia
profile exhibits greater power on small angular scales. This enhancement can be attributed
to two effects: its steeper slope at small scales and its weaker baryonic feedback relative to
the HE model for the fiducial parameters used here. The impact of baryonic feedback is
illustrated in the right panel of figure 6, which presents the real-space electron density profiles
as a function of comoving distance from the halo centre for haloes of mass Mhalo = 1013M⊙
(roughly corresponding to the halos populated by the LRG sample considered here). Notably,
we observe that the amplitude of the HE profile approaches that of the Battaglia profile on
small scales when the baryonic feedback strength is reduced. Specifically, this is achieved
by decreasing the feedback parameter Mc from its fiducial value of log10 Mc = 14.0 to
log10 Mc = 11.0.

The corresponding signal-to-noise ratios, computed assuming the baseline noise levels for
SO, are presented in table 2. We find that using the Battaglia profile results in a significant
increase in the S/N of the total signal by a factor of ∼ 3. This difference highlights the
sensitivity of the small-scale power spectrum to the choice of baryonic physics. Both the
S/N of the ⟨gm⟩⟨em⟩ term and the satellite galaxy contribution also increase significantly.
This is reasonable, as both effects extend to the small scales modified by the Battaglia
profile. In contrast, we find that the signal-to-noise ratios for the two-halo term and the
connected trispectrum remain largely unchanged. This is consistent with expectations, as
these contributions are primarily relevant on large scales, where both gas profiles yield the
same total baryon mass when integrated out to large radii.

Ultimately, the relative impact of the different secondary effects studied here depends on
the specific gas distribution for the haloes probed by the galaxy sample under consideration.
Current measurements tend to favour strong feedback scenarios [19, 26], in which case,
as discussed above, all the effects described here — including the large-scale connected
trispectrum and two-halo contributions — will need to be included in the model for future
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Figure 6. Left: the impact of the baryon model on the angular power spectrum of the kSZ effect.
The blue curve corresponds to the result assuming the hydrostatic equilibrium (HE) electron density
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feedback on the real-space electron density profiles as a function of comoving distance and for haloes
of mass Mhalo = 1013M⊙. The HE profiles with low and high feedback strengths are shown as dashed
and solid red lines, respectively, while the Battaglia profile is represented by the blue line.

experiments. In this context, it is worth noting that [42] analysed the kSZ signal in the original
Illustris simulation [67] and showed that its overly strong AGN feedback implementation
produces a pronounced suppression of the kSZ power spectrum at small scales.

3.3.3 Uncertainties from velocity reconstruction

One limitation of our analysis lies in the assumption of perfect velocity reconstruction. In
practice, the galaxy velocities are reconstructed from the measured galaxy overdensity, δg,
often by inverting the linearised continuity equation [17, 68]. In this framework, assuming a
linear bias and neglecting redshift-space distortions, the velocity field can be reconstructed
from the galaxy overdensity via

v(k) = (aHf) ik
k2

δ̃g(k)
bg

, (3.1)

where bg is the linear galaxy bias, and δ̃g is a filtered version of the galaxy overdensity field
(typically smoothed over a given scale). This procedure leads to two main effects:

• On small scales, the different clustering properties of galaxy and matter will lead to a
mis-estimation in the shape of the velocity power spectrum.

• Non-linear effects, discarded in the linearised continuity equation, shot noise, and the
loss of power due to smoothing, lead to a loss of correlation between the true and
reconstructed velocities. This is exacerbated in the presence of large redshift errors (e.g.
for photometric redshifts), which effectively smooth the galaxy density field further in
the radial direction.

The left panel in figure 7 shows the impact of the first effect (incorrect small-scale depen-
dence) on the kSZ power spectrum, estimated by simply replacing Pmm(k) in Equation (2.23)

– 21 –



J
C
A
P
0
1
(
2
0
2
6
)
0
1
5

101 102 103 104

1.05

1.10

1.15

1.20

1.25
D

ge
,b

g
,

/D
ge ,

1 2 3 4 5 6 7 8 9 10 11 12
frec

10

15

20

25

30

35

S/
N

frec = 2.4 frec = 11.1

Figure 7. Left: The impact of accounting for galaxy bias, bg, on the angular power spectrum for the
transverse mode of the momentum field. We present the ratio of the angular power spectrum obtained
when bg is included in the matter-matter and matter-electron power spectra to that obtained when
bg is neglected. Right: The signal-to-noise ratio, S/N , as a function of the velocity reconstruction
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lines denote the values of frec corresponding to different survey types. The dashed line at frec = 2.4
corresponds to a spectroscopic survey, while the dotted line at frec = 11.1 describes a photometric
survey. We assume the baseline noise level of SO.

with Pgm/bg. The effect is relatively small, modifying the overall S/N of the signal by ∼ 10%.
This is not surprising, since the velocity power spectrum dominates on large scales, where
the linear bias approximation is appropriate.

To quantify the impact of the loss of correlation due to reconstruction, we simply scale the
effective shot noise level of the reconstructed momentum field (Ngg

ℓ in Equation (2.62)). In
our S/N calculation this is equivalent to scaling the amplitude of the cross-power spectrum by
a correlation coefficient r ≡ 1/

√
frec (see e.g. [18]). The impact of velocity reconstruction on

the total S/N , is illustrated in the right-hand panel of figure 7. The dashed line at frec = 2.4
corresponds to the typical correlation achieved from spectroscopic surveys (r = 0.64), while
the dotted line at frec = 11.1 is more characteristic of a photometric LRG-like sample
(r = 0.3) [19]. Depending on the velocity reconstruction accuracy, the S/N values reported
here could decrease by up to a factor ∼ 3, although the relative contribution from the
different effects listed in table 1 would remain the same. Note also that the figures reported
here correspond to the signal measured in a single galaxy sample and redshift bin. Current
and future measurements are and will be carried out over a range of redshifts and galaxy
types [19, 69–71], boosting the significance of all signals explored here.

4 Conclusions

Measurements of the stacked kSZ signals using velocity reconstruction from galaxies are
an invaluable tool for cosmology and astrophysics, encoding key information to quantify
the impact of feedback on the distribution of gas, and the associated suppression in the
small-scale amplitude of the matter power spectrum. As CMB experiments improve in
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sensitivity, the need for accurate models of this signal becomes more pressing, and previously
neglected effects may become significant.

In this sense, current models of the stacked kSZ effect often overlook several contributions,
including the two-halo term, the impact of satellite galaxies, and higher-order correlations
between the velocity and density fields. In this work, we have presented a comprehensive
analytical framework, deriving from first principles all terms, for both longitudinal and
transverse modes, that contribute to the angular cross-correlation between the kSZ effect
and the projected galaxy momentum field.

Using forecasts for the sensitivity of upcoming CMB experiments, specifically the Simons
Observatory and CMB-S4, we quantify the ability of such experiments to detect the various
contributions to the kSZ-galaxy angular power spectrum. We find that the cross-term,
describing the correlation of the galaxy and electron overdensities with the peculiar velocity
field (Equation (2.45)) will be detectable at the ∼ 4-6σ level with these experiments. Inter-
estingly, the connected non-Gaussian trispectrum term contributing to the transverse power
spectrum could also be detectable, at the level of ∼ 5-6σ and therefore cannot be neglected.
Together, these terms characterise the correlation between the positions of galaxies (and of
the gas) with the large-scale velocity field, which any theoretical model of the kSZ signal must
therefore account for [72]. Emulator-based approaches, for instance, will need to be built
by reproducing the galaxy-kSZ cross-correlation directly, rather than simply measuring the
electron density profile of haloes in the simulation. Reinforcing this conclusion, we also find
that the two-halo term may become significant, at the ∼ 6-7σ level. This contribution will be
particularly relevant when tracing the density of the ejected gas over distances substantially
larger than the halo virial radius.

We have also shown that the impact from satellite galaxies can be quite substantial, and
could be detected at the ∼ 5-10σ level. Since this effect leads to a suppression of power on
the smallest scales, where sensitivity to the kSZ signal is most relevant, a correct model for
the satellite contribution will be vital to obtain unbiased constraints on baryonic feedback
models [28]. We further quantified the impact of different models for the electron profile,
used to describe the gas distribution in and around haloes. In particular, we compare the
Battaglia profile to the hydrostatic equilibrium (HE) profile. We find that the signal-to-noise
increases by a factor of ∼ 3 when adopting the Battaglia profile relative to the HE profile.
This emphasises the sensitivity of kSZ measurements to baryonic feedback. Finally, we find
that the contribution from longitudinal modes is completely negligible, even when assuming
an ideal cosmic variance-limited experiment, indicating that it is safe to neglect the parallel
component altogether in kSZ stacking analyses.

The analysis presented here is subject to a number of shortcomings, which could be
addressed in future work. First, for simplicity we have assumed perfect velocity reconstruction,
summarising its impact in terms of an overall velocity correlation coefficient r (expressed in
terms of frec in section 3.3.3). The impact of imperfect reconstruction should be studied in
greater detail, characterising the potential modifications not only to the overall amplitude of
the measured signal, but also to its shape, which could be significant given future instrumental
sensitivities. It will also be important to quantify the level to which the impact on the
signal amplitude can be calibrated and corrected for, and whether uncertainties in this
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calibration can be reliably propagated. Our assessment of the relative impact of satellites
has been relatively simplistic. Specifically, we have assumed that the presence of satellites
is uncorrelated with the electron density distribution of the host halo, and we have ignored
the impact of feedback on the subhalos populated by these satellites [72]. More generally,
the model used to describe the gas distribution in the presence of AGN feedback is rather
crude, assuming a simple hydrostatic equilibrium profile for the bound gas, rather than more
general parametrisations used in the literature [59, 73]. This, as we have seen in section 3.3.2,
may have a strong impact on the S/N estimates presented here. Furthermore, our reliance
on the analytical halo model, means that our results are subject to some of the inaccuracies
of this formalism [60, 74], including its under-estimation of the power spectrum on scales
straddling the regimes dominated by the one-halo and two-halo terms.

Overall, our results demonstrate that improved modelling of both velocity reconstruction
and baryonic physics is essential for fully benefiting from the potential of next-generation
CMB experiments in their sensitivity to the kSZ effect. In particular, our work reinforces
the value of the kSZ effect as a sensitive tracer of both large-scale structure and baryonic
feedback, offering new avenues for precision cosmology and astrophysics.
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