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Abstract

Friction damping is commonly used in engineering structures for dissipating energy
and reducing vibrations. However, friction can also introduce undesired effects
such as the periodic or permanent sticking between the contacting parts or the
magnification of the response amplitude. These behaviours need to be accounted
for during the early design stages, where these structures are modelled as discrete
single (SDOF') or multi-degree-of-freedom (MDOF) systems. However, even when
Coulomb friction and simplified mechanical models are considered, the dynamic
analysis of these systems is complicated by the nonlinearity of the friction forces.

In this thesis, the dynamic response of different lumped mechanical systems
including a Coulomb friction contact and subjected to harmonic excitation is
investigated analytically, numerically and experimentally, aiming at establishing
how their response features and motion regimes are affected by the presence of
multiple DOFs and by the motion of the contacting components.

Exact solutions are derived for the continuous steady-state response of these
systems and validated numerically. These solutions enable the exploration of
the Coulomb friction effects on response features such as resonant, low- and
high-frequency behaviours, the presence of invariant points and inversions of the
transmissibility curves. Moreover, the analytical boundaries among continuous, stick-
slip and permanent sticking regimes are represented in a two-dimensional parameter
space, allowing for a quick prediction of the motion regimes during the design stage.

An experimental investigation of the response of SDOF and MDOF systems is
carried out by using a base-excited shear frame setup with a brass-to-steel contact,
leading to the validation of the theoretical results and the evaluation of different
metrics for measuring friction from the dynamic response.

The main findings of this thesis are that: (1) MDOF systems exhibit significantly
different behaviours depending on whether the friction and the harmonic forces
are applied to the same or different masses; (2) the friction generated by a contact
between oscillating components can magnify the response of the system at high
frequencies; (3) Coulomb friction model is generally suitable for describing the
dynamic behaviour of structures with a metal-to-metal contact.
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Some men see things as they are, and say “Why?”. 1
dream of things that never were, and say “Why not?”

— George Bernard Shaw
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1.1 Friction damping in engineering structures

The development of a fundamental understanding of the role played by friction
damping in engineering structures is nowadays one of the most pressing challenges
in structural dynamics. In fact, friction joints and interfaces are found in a wide
variety of engineering systems, ranging from aerospace vehicles to civil buildings,
turbomachines and robotic devices.

Friction can be defined as the force resisting the motion between solid bodies
in contact. To distinguish it from the forces generated between fluid layers or
in lubricated contacts, this force is also often referred to as dry friction. When

subject to dynamic loadings, the friction generated by the relative motion between
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the structural components in contact can have detrimental effects. Phenomena
such as noise, excessive wear and energy loss can reduce the performance and the
efficiency of jointed structures [1]. More importantly, friction can also lead to serious
consequences such as structural damage and component failures. This can occur,
for instance, in the dovetail joints found in the roots of the gas-turbines blades,
where even small amounts of relative motion between the blade and the central hub
can lead to cracking over time due to fretting fatigue [2]. However, friction can also
enhance the performance of vibrating structures, if used for purposes such as energy
dissipation, vibration control and isolation [3, 4]. Friction dampers, devices that
use dry friction to dissipate energy, are often introduced in engineering structures
to limit their vibratory response. These dampers present many advantageous
properties, such as the ability to perform in harsh or inaccessible environments, to
operate simultaneously along different directions and to adapt to a wide excitation
bandwidth without tuning [5]. For this reason, their use is common in several
engineering structures, particularly in large civil buildings, where they are used for
achieving seismic isolation [6, 7], and in gas-turbines, where they are capable of
providing energy dissipation despite the extreme temperatures encountered [3, 8].
Further applications of friction dampers can be found in suspension systems [9, 10],
robotic devices [11, 12], energy harvesters [14], airplane taxing systems [15] and
satellites [16]. Finally, structures with a large amount of friction joints, such as
bolted frames and truss structures, often rely on friction as the major source of
damping without requiring the introduction of ad-hoc dampers [3, 5].

Despite the widespread presence of friction in engineering structures, the current
understanding of its effect on the dynamic behaviour of mechanical systems is
still limited. The difficulties surrounding the analysis of these systems are mostly

related to the following issues.

o The lack of a universal and predictive friction model. The development of
such a model represents one of the main goals of the research community in

this field. However, this research is complicated by the insufficient knowledge
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of the multiscale physics and of the several physical parameters governing the

friction process [2].

o The nonlinear nature of the friction forces. Even the simplest models used for
describing the friction forces, including Coulomb’s law, are highly nonlinear
since they lead to a discontinuous or nonsmooth behaviour in the dynamic
response which does not allow the use of perturbation methods and linearisa-
tion techniques in proximity of an equilibrium condition [3]. In addition, the
performance and accuracy of numerical approaches using time integration are

also hindered by the nonsmoothness of the friction forces [3].

o The unrepeatable nature of the friction phenomenon. The properties of a
friction contact are known to change depending on several external factors,
such as temperature, condensation and humidity. Moreover, friction itself
alters the properties of the surfaces in contact over time, due to effects such
as wear and debris formation [2]. As a result, experimental studies often offer
poor reproducibility and the performance of friction contacts differ between

experimental and operational conditions [3].

All these aspects make it difficult to achieve a reliable prediction of the per-
formance of friction damped systems, limiting the exploration of innovative and
efficient engineering design solutions involving friction dampers. Furthermore, in
large scale systems, including gas-turbine engines and civil buildings, characterising
the effect of friction contacts on the dynamic response of the structure is also
complicated by the presence of other nonlinearities (localised or distributed [17, 18]),
complex geometries and fluctuating loads [3]. Therefore, during the earliest stages of
the mechanical design, it is common to represent these structures as discrete mass-
spring systems, aiming to capture some of the fundamental characteristics of their
dynamic behaviour [19], produce analytical results or perform numerical simulations
with a reduced computational cost [20]. In particular, analytical solutions can
speed-up the exploration of suitable designs, avoiding the use of more complicated

and computationally expensive models while carrying out parameter investigations,
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optimisations and statistical model updating. However, even when Coulomb friction
and simplified mass-spring models are considered, deriving analytical solutions for
the response of these systems is a complex task due to the nonlinearity of the
problem. For this reason, the available solutions in the literature are mostly limited
to the case of a harmonically excited single-degree-of-freedom (SDOF) system
where friction is generated in the contact between the mass and a ground-fixed
wall and modelled according to Coulomb’s law (see, e.g., [21, 22, 23]). In this
case, the availability of closed-form solutions allowed for the development of a
general understanding of how friction can affect the dynamic response, introducing
different motion regimes or altering features such as the behaviour of the system
at resonance. Nevertheless, this simple model cannot account, even at a high
level, for the behaviour of structures where a contact occurs between two vibrating
components, such as in the dovetail joints connecting gas-turbines blades to the
central hub or in the friction dampers located between two different floors of a
building. Moreover, a single DOF is often not enough to achieve even a very
simplified model of a structure, e.g. in assemblies with multiple components or
when more vibrating modes need to be taken into account; in these cases, multi-
degree-of-freedom (MDOF') models are required [24]. Understanding how the motion
regimes and the features of the dynamic response of friction damped systems evolve
depending on the physical parameters of the problem, when a contact between

oscillating parts or multiple DOFs are involved, is the focus of this thesis.

1.2 Research challenges

In this thesis, the response of SDOF and MDOF models is firstly investigated: (i)
assuming that a single friction contact is the only source of damping in the system:;
(ii) using Coulomb’s law for modelling dry friction in the contact; (iii) considering a
harmonic loading as source of excitation. These assumptions enable the derivation of
analytical solutions and the development of numerical approaches which can be used
to explore the motion regimes and the response features of friction damped systems.

However, in order to determine if these assumptions are acceptable, it is essential to
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verify whether the dynamic behaviour described by analytical and numerical results
can be observed in a real structure, at least in experimental conditions. The inherent
challenge is the development of an experimental procedure which allows a systematic
observation of the damping effects due to the presence of a Coulomb friction contact
in a vibrating structure. A further step towards a more comprehensive description
of the behaviour of engineering structures with friction joints consists in overcoming
the assumption (i) and including other forms of damping in the mechanical models,
aiming to understand if they can alter the dynamic behaviour generated by Coulomb

friction. All these research challenges are briefly discussed in what follows.

1.2.1 Motion regimes

One of the most relevant consequences of the nonlinearity of friction damped
systems is that their dynamic response is not always continuous. In fact, periodic
or permanent sticking can be observed in the relative motion between the two
surfaces of a friction joint.

The alternance of sliding and sticking phases in the response, known as stick-slip
motion, is typically an undesired phenomenon in engineering applications, since it
can lead to consequences such a noise, wear and excessive periodic stresses on the
mechanical components, increasing the risk of fatigue failure [4, 25].

The occurrence of permanent sticking in a friction contact is instead associated
to two main effects: (i) a strong reduction of the damping levels in the structure,
due to the absence of the energy dissipation generated by the macroscopic sliding
between the contacting surfaces [5]; (ii) a change in the dynamic properties of the
system, including different resonant frequencies and mode-shapes [26]. It is worth
underlying that permanent sticking, unlike stick-slip, does not always represent
an undesired effect. For instance, in gas-turbines it is desirable that no relative
motion occurs in joints located more closely to the rotating axis, such as dovetail
and fir-tree roots, to avoid excessive wear and fretting fatigue. Conversely, the
occurrence of permanent sticking in the underplatform dampers and, more generally,

in the joints located in proximity of the outer shell, would prevent them from
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dissipating energy and reducing vibration [2]. In civil structures, relative motion in
the friction dampers is only activated where they receive an amount of excitation
such to overcome a certain threshold, known as slip load [27].

The ability to predict if the response of a mechanical systems will be characterised
by a continuous, stick-slip or permanent sticking regime is of paramount importance
since the early design stages, where different solutions can be explored to obtain
the desired structural behaviour. However, little information is currently available
on how different motion regimes can occur depending on parameters such as the
amplitudes of the excitation and of the friction force and designers need to rely on

expensive numerical computations when carrying out parameter investigations.

1.2.2 Features of the dynamic response

Friction dampers are usually introduced in engineering structures to reduce vibration
amplitudes and, in particular, to avoid excessive stress levels when resonances occur
[8]. Therefore, it is essential to characterise the effect of Coulomb damping on the
resonant behaviour of mechanical systems and, more in general, on their response
amplitude. In the SDOF case, the analytical solutions available in the literature [21]
show that Coulomb friction is only effective at reducing the amplitude of resonant
peaks either when stick-slip occurs or when viscous damping is also included in
the model. These behaviours are also expected in MDOF systems. However, the
current knowledge of the resonant behaviour of these systems is still limited due
to the absence of analytical solutions.

Although the reduction or suppression of the resonant peaks is one of the main
purposes of friction dampers, an adequate attenuation of the vibration may also be
required at non-resonant frequencies when Coulomb friction is used for isolation
purposes [28]. However, in MDOF systems, it is known that the occurrence of
permanent sticking in a friction contact can lead to a different dynamic configuration
of the system, usually referred as stuck mode or configuration, and to the onset
of new resonant peaks [26]. Moreover, previous studies on SDOF systems with a

contact between the mass and a vibrating wall [28] suggest that Coulomb damping
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might lead to a magnification of the response amplitude at high frequencies, similarly
to that observed in base-excited SDOF systems with viscous damping (see, e.g.,
[29]). Therefore, further investigation is needed to understand how the response
amplitude of mechanical systems is affected by the Coulomb friction generated

in a contact between two vibrating components.

1.2.3 Experimental investigation

The experimental investigations carried out in this thesis have the primary scope of
validating theoretical results based on the Coulomb friction model. This validation
is not only required for assessing whether the assumptions introduced in the current
studies can be acceptable in experimental conditions. In fact, establishing a link
between theoretical and experimental results is also important for identifying
friction damping during dynamic testing.

The challenges of this experimental investigation are mainly related to the
necessity of isolating the Coulomb damping effects on the dynamic response. This
requires, in the first place, the limitation of those effects, such as wear and debris
formation, which are not accounted by Coulomb’s law. In fact, these effects can
alter the surface properties during and between experimental tests. Secondly, it
is also needed to determine which metrics are better-suited for measuring friction
from the dynamic response of the test rig.

While previous experiments mostly focused on the investigation of the resonant
behaviour [21, 30] and of the stick-slip responses [31] of SDOF systems with a fixed
wall, to the best of the author’s knowledge, vibrating walls or multiple DOFs have

not been investigated experimentally. These cases will be addressed in this thesis.

1.3 Aim and scope of the thesis

The work presented in this thesis aims at advancing the fundamental research
on friction damping in vibrating systems by improving the current understanding

of how dry friction can affect their dynamic response: (1) altering features such
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as the resonant, the low- and the high-frequency behaviours; (2) introducing
different motion regimes.

To achieve this purpose, a series of case-studies is investigated using analytical,
numerical and experimental approaches and assuming the simplest forms for the
mechanical model, the friction model and the external dynamic loading. Specifically,
in these case-studies, SDOF and MDOF systems with a Coulomb friction contact
are subjected to a harmonic excitation, either applied to one of the masses of the
system or through a base motion. Different configurations are explored for the
contact, which can occur between: (i) a mass and a fixed wall; (ii) a mass and wall
vibrating jointly to the harmonically excited base; (iii) two different masses.

The following questions arise from the research challenges introduced in the

previous section:

1. Which different motion regimes (continuous, stick-slip, permanent sticking)
occur depending on the main parameters of the system, of the dynamic loading

and of the friction contact.

2. How quantities such as the features of dynamic response would differ in the
presence of multiple DOFs, of a contact occurring between two oscillating
parts or when different locations are considered for the excitation and friction

sources.

3. How the dynamic behaviour of discrete mechanical systems with a Coulomb
friction contact can be reproduced in experimental conditions and which
metrics should be considered for evaluating Coulomb damping from the

response signatures of a structure.

4. How the inclusion of modal damping in the mechanical models can alter the

damping effects due to Coulomb friction.

These research questions have been addressed in this thesis, leading to:
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1. The formulation of closed-form expressions for the boundaries among continu-
ous, stick-slip and permanent sticking motion regimes and their representation
in a two-dimensional parameter space for varying non-dimensional exciting
frequencies and friction forces. This representation provides an useful tool for
predicting the occurrence of periodic or permanent sticking in the response of

the system since the early stages of the design.

2. The derivation of exact solutions for the continuous steady-state response of
harmonically excited mechanical systems with a Coulomb friction contact,
holding for: (a) any number of DOFs; (b) any of the contact configurations
specified above; (c) any location of the harmonic loading and of the friction
force, and enabling the analytical investigation of their response features.
Numerical approaches based on time integration are also developed to validate

these results and evaluating stick-slip responses.

3. The development of an experimental framework and of a procedure for vali-
dating the analytical and the numerical results obtained for the displacement
transmissibilities and the phase angles of SDOF and MDOF systems with

Coulomb friction and investigating the behaviour of such systems.

4. The extension of the above solutions for the continuous response of systems
with combined modal and Coulomb damping, the investigation of their

response features and, in particular, of their resonant behaviour.

1.4 Outline of the thesis

This thesis is composed of 8 chapters. A general background on friction models and
on the existing analytical, numerical and experimental techniques developed for
dealing with friction damped systems is provided in Chapter 2. Chapter 3 presents
an investigation of the dynamic response of SDOF systems with a friction contact
between the mass and a vibrating wall. In Chapter 4, an experimental investigation

is carried out for SDOF systems with either a fixed or an oscillating wall. An exact
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solution for the continuous response of MDOF systems with a Coulomb friction
contact is derived in Chapter 5. In Chapter 6, this analytical solution, along with
numerical and experimental approaches, is used for investigating the features of the
response of MDOF systems. Closed-form solutions are also derived for systems with
combined modal and Coulomb damping and used for investigating their response
features in Chapter 7. Finally, Chapter 8 presents the conclusions of the work

carried out in this thesis and the future research directions.



Trying to divide systems into linear and nonlinear,
is like trying to divide the world into bananas and
non-bananas.

— R. M. Rosenberg

Review of modelling and solution
techniques for friction damped systems

Contents
2.1 Imtroduction ... .. ........... . . 0., 11
2.2 Frictionmodels. . ... ... ... ... 000 12
2.3 Solution techniques for friction damped systems. . .. 16
2.3.1 Exact solution technique . . . . . . .. . ... ... ... 17
2.3.2 Semi-analytical methods . . . . . . .. .. ... . 20
2.3.3 Numerical methods . . . ... ... ... ........ 21

2.4 Experimental investigation of friction damped systems 23
2.5 Steady-state response of mechanical systems with Coulomb
friction . . . . . . ... L Lo e e 25
2.5.1 Den Hartog’s approach for SDOF systems with a fixed wall 25
2.5.2 Extensions to different contact configurations and multi-
ple DOFs . . . . . . . ... 36
2.6 Concludingremarks . . . . .. .. ... 38

2.1 Introduction

The aim of this chapter is to review the methodologies used for modelling and
investigating the behaviour of mechanical systems with friction damping. The
chapter is structured as follows. Section 2.2 presents an overview of the main

friction models. Section 2.3 deals with the nonlinear behaviour introduced by
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friction in the mechanical systems, reviewing the most common analytical, semi-
analytical and numerical approaches used for exploring their dynamic response.
Section 2.4 focuses on the experimental investigation of the dynamic behaviour
of vibrating systems with friction damping. Finally, in Section 2.5, Den Hartog’s
solution for SDOF systems with a Coulomb friction contact between the mass
and a fixed wall [21] is described in detail and an overview of the most significant

extensions of his approach to different lumped mechanical models is provided.

2.2 Friction models

The development of an accurate model for describing the friction forces generated
in the contact between two bodies is one of the most compelling challenges in
the study of mechanical systems. As a real-life phenomenon, friction has been a
topic of scientific and technological attention since ancient times [25]. The earliest
characterisation of the friction force is attributed to Leonardo da Vinci [32], who

suggested that the amplitude of the friction force Iy might evaluated as:
F; = 0.25F, (2.1)

where F}, is the normal force acting between the surfaces in contact, while its direction
would always oppose the motion. This model was later generalised by Amontons and
Coulomb [33], whose work resulted in the famous law of proportionality between

the friction force and the normal force amplitudes:

where p14 is the friction coefficient and, differently from the constant value reported
in Da Vinci’s law, depends on the material of the surfaces in contact. A further
step towards a more comprehensive understanding of the friction phenomenon was
the introduction of the concept of stiction or static friction, firstly proposed by
Euler [34] and in Segner [35]. While Eq.(2.2) refers to the force generated by the
sliding between two surfaces in contact and can be referred to as kinetic friction

force, the static friction force is the force required to initiate a motion from rest
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Figure 2.1: Friction force dependence on the relative velocity between the bodies in
contact according to Coulomb model (a), Coulomb model with stiction (b) and Stribeck
model (c).

and it is generally greater than the kinetic force [36]. Therefore, an appropriate

mathematical formulation of the Coulomb friction model can be given as:

pa ks, if v, <0
Fr = [—psFn, sk if v, =0 (2.3)
— uaFy, if v, >0

where p, is defined as static friction coefficient and v, is the relative velocity between
the bodies in contact. The force-velocity relations expressed in Eqgs.(2.2) and (2.3)
are represented in Figs.2.1a and b, respectively.

In Coulomb model, the friction coefficient is completely independent of the
sliding speed. However, according to Awrejcewicz [37], this statement is only
acceptable when a contact between metals and low or medium relative velocities

are considered. A first step towards a better characterisation of the dependence of
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the friction force on v, is due to the experiments performed by Thurston, Martens
and Stribeck [38], which revealed a rapid decrease of the friction force amplitude at
low relative velocities, followed by a slower decrease at higher values of v,.. This
phenomenon was formalised in the so-called Stribeck’s law [39, 40]:

Vr
Vs

By == = o= e 1| Pt (24)

where v is a further parameter of the model, defined as Stribeck velocity. Stribeck’s
law allows for a smooth transition between the static and the kinetic value of
the friction forces, as shown in Fig.2.1c; for this reason, it is often provided as
an alternative to the Coulomb model in commercial softwares for finite element
modelling [41]. Several friction models proposing different laws for the dependency
of the friction force on the sliding velocity, including smooth Coulomb models using
different types of smoothening functions to eliminate the discontinuity occurring
at v, = 0 [42, 43, 44, 45|, velocity-based models such as that presented in [46],
and the Karnopp friction model [47].

In all the above models, the friction force only depends on the sliding velocity,
implying that any variations in v, would be followed by an instantaneous change in
the value of Fy. However, it is well-known that in reality changes in the friction force
follow those in the relative velocity with some delay [48], leading to the so-called
frictional memory. To account for this hysteresis effect, rate-and-state models were
developed in the last decades. In these models, the friction force is not only a
function of the sliding velocity, but also of one or more state variables [49].

The simplest rate-and-state model was formulated by Dahl [50, 51]. Dahl model
can be seen as Coulomb friction model with a lag in the change of friction force
during the switching of the direction of motion [41]. A simple graphical description of
this model is achieved in Fig.2.2a, according to the bristle analogy: under the action
of an applied load, the bristle will initially deform elastically and return to its initial
position after the load is removed; however, if the load exceeds its elastic resistance,

the entire bristle will move. Thus, the Dahl friction force can be expressed as:

Fy = —ooz (2.5)
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Figure 2.2: The bristle analogy for the Dahl (a) and the LuGre (b) friction models.

where oy is the stiffness of the bristle and z the internal state variable corresponding

to the relative displacement. This variable can be obtained from the equation:

P =, (1 - "ﬁ{zsgn(vr))a (2.6)

where F' is the amplitude of the kinetic friction force and « a shape factor.
The LuGre model [49, 52] is a modified version of Dahl model which also accounts

for the Stribeck effect. In this model, the friction force is expressed as:
Fy =09z + 012 + 03V, (2.7)

where, according to the bristle analogy shown in Fig.2.2b, oy is the damping of the
bristle, while o9 simply represents the viscous damping of the system. Similarly

to Dahl model, the state variable can be determined from the equation:

F=v, (1 - g?fj)sgn(vr)> (2.8)

where the function:

A
Vr

Vs

g(v,) = F — (F, = F)e_ (2.9)

allows the introduction of the Stribeck effect in the model. In the above equation, Fj
is the static friction force and A is a shape factor. Thanks to its passivity properties
and ability to match experimental data [49], LuGre model is often considered in

high-precision control applications [53, 54, 55].
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Several rate-and-state models have been proposed over the years, mostly as
modified or improved versions of the LuGre model, such as the Bouc-Wen [56, 57],
the elastoplastic [58] and the Maxwell-slip [59] models. All these friction models
are well-suited for describing specific phenomena and applications, but the goal
of developing an universal friction model is still far and perhaps unrealistic [2].
Nonetheless, when it comes to the modelling of the damping effects due to friction,
difficulties arise in the dynamic analysis even when the Coulomb model is considered.
As specified in Section 1.1, these complications are mostly related to the strong
nonlinearity introduced by the friction forces, which leads to the need of resorting
to different analytical and numerical techniques from those standardly used for

investigating linear systems, as discussed in the following section.

2.3 Solution techniques for friction damped sys-
tems

In mathematics and science, a system is referred to as nonlinear when a change in
its input does not lead to a proportional change in the output. Nonlinearity is often
encountered in engineering structures: according to Worden and Tomlinson, all the
real structures are nonlinear to some extent [60]. Typical sources of nonlinearity

in structures are the following [17]:

o geometrical nonlinearities are observed when large deformations occur in

flexible structures such as beams, plates and shells;

o material nonlinearities are displayed by materials whose constitutive law

relating stresses and strains is not linear, such as plastics and foams;

o most types of damping models are nonlinear, including the dissipation oc-
curring in friction joints or internally in the materials due, e.g., to plastic

deformations or the magnetostriction effect;
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o nonlinearities in the boundary conditions can be due to free surfaces in fluids,
vibro-impacts due to loose joints or contacts, clearances or imperfectly bonded

elastic bodies.

One of the most characterising features of nonlinear systems is that they do not
satisfy the superposition principle. In structural dynamics, this implies that popular
methods such as modal analysis and the modal superposition approach cannot be
used to determine the natural frequencies, the mode-shapes and the time response
of MDOF systems. For this reason, a common approach for dealing with nonlinear
problems is the linearisation method. However, while approximating nonlinear
systems with linear equation allows the use of the most common and consolidated
engineering techniques, linearised systems fail to predict nonlinear phenomena
such as jumps, bifurcations, subharmonic, superharmonic and internal resonances,
modal interactions and chaos [17, 18]. In addition, strongly nonlinear systems, such
as those affected by dry friction, vibro-impact oscillations and certain geometric
nonlinearities do not generally admit linearisation [17]. As mentioned in Section
1.1, the strong nonlinearity of friction damped systems is due to the discontinuities
and/or nonsmoothness present in most friction laws [3], such as that found at
v, = 0 in the Coulomb model, shown in Figs.2.1a-b. Therefore, several analytical
and numerical techniques have been explored over the years for investigating the

dynamic response of these systems, as reported in what follows.

2.3.1 Exact solution technique

Despite the nonlinearity of the governing equations of friction damped systems,
exact analytical solutions can sometimes be derived for their dynamic response
under specific assumptions.

The seminal work in this research area was performed by Den Hartog [21, 63]
in the earliest 1930s. Den Hartog derived an exact solution for the continuous
steady-state response of a harmonically excited SDOF system with a Coulomb
friction contact between the mass and a ground-fixed wall, also providing closed-

form expressions for the response amplitude and phase and a formulation for the
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boundary between continuous and stick-slip motion regimes. Furthermore, Den
Hartog extended his solution to deal with stick-slip responses with two-stop per
excitation period and to systems with combined viscous and Coulomb damping.
Den Hartog’s solution is considered a milestone in the field and the majority of the
analytical developments proposed in the following decades until today, including
those presented in this thesis, are strongly based on his work, which is therefore
reported in detail in Section 2.5.1.

The dynamic behaviour of Coulomb friction oscillators with a ground-fixed
contact has lately been explored by several authors. Hong and Liu [22] proposed
a different procedure for deriving analytically the steady-state response of a base-
excited system with Coulomb damping only; although the expression obtained
for the displacement transmissibility coincides with that proposed by Den Hartog
[21], their method also enables the evaluation of the velocity transmissibility and
of its phase angle with respect to the harmonic excitation. Moreover, a different
formulation from Den Hartog’s is provided for the upper bound of the continuous
motion regime. In reference [64], the same authors provided a piecewise analytical
solution for stick-slip responses with multiple stops per cycle; multi-stop motions
have also been investigated by Papangelo and Ciavarella [65], in the attempt of
establishing the link between the low-frequency behaviour described by the dynamic
solution and quasi-static approaches, such as that proposed in [66]. Shaw [23]
extended Den Hartog’s solution to address different static and kinetic friction forces,
also accounting for positive and negative viscous damping, which can be viewed
as a crude model of destabilizing aerodynamic forces. Furthermore, he carried
out a stability analysis of the periodic response of Coulomb friction oscillators.
Other relevant works on the stability of the response of these systems can be
found in [67, 68, 69]. The analytical solutions provided in [21, 23] also enabled
the investigation of features of the dynamic response such as the resonant, the
subresonant and the low- and high-frequency behaviours [69, 70]. Due to their
piecewise-smooth nature, Coulomb friction oscillators belong to the class of the so-

called Filippov-type dynamical systems [71] and several authors (see, e.g., [72, 73])



2. Review of modelling and solution techniques for friction damped systems 19

investigated their sliding bifurcations, typical of these systems, using analytical
and numerical techniques. Other mathematical approaches to the study of friction
damped systems are based on the reformulation of the frictional problem as a
linear complementarity problem [74] or the application of the theory of maximal
monotone operators [75]. Finally, during the last decade, fundamental research on
SDOF systems with dry friction has mostly focused on the research of asymmetric
and chaotic solutions [76, 77], the introduction of more complex friction models
in the dynamic analysis [77, 78] and the investigation of the energy dissipation
in friction damped systems [79, 80].

While most analytical developments on friction damped systems focus on the
case of a SDOF system with a fixed wall, some authors also investigated different
contact configurations and systems with more DOFs. Levitan [28] obtained a
monoharmonic approximation of the continuous response of a SDOF system where
the wall in contact with the mass oscillates jointly to the base. Hundal [81] extended
Den Hartog’s solution to address the continuous and the two-stop responses of
a base-excited system with combined viscous and Coulomb damping. Yeh [82]
also extended Den Hartog’s approach to deal with 2DOF systems with a contact
between the lower mass and a fixed wall. More recently, Pascal investigated the
dynamic behaviour of 2DOF systems with one [83, 84] or both masses [85] in
contact with a belt moving at a constant velocity.

Analytical solutions offer several advantages over other techniques. In fact, they
can be used for performing dynamic analyses with a reduced computational cost
and, even more importantly, they are essential for the development of a fundamental
understanding of the friction damping effects. Nonetheless, their availability is
currently limited to harmonically excited SDOF and 2DOF systems with a Coulomb
friction contact. Therefore, semi-analytical and numerical approaches must be used

when dealing with more complicated systems.
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2.3.2 Semi-analytical methods

One of the most popular techniques for solving systems with friction damping
is the harmonic balance (HB) method [86]. This method can be used to obtain
approximated expressions for the amplitude and the phase of the frequency re-
sponse of mechanical systems subjected to harmonic excitation in steady-state
conditions; therefore, it is widely used when dealing with rotating systems such
as bladed-disks [5].

In the simplest implementation of the HB method, also referred to as first-order
HB [3], it is assumed that the steady-state response of a harmonically excited
system is also harmonic and with the same frequency as that of excitation, while the
response amplitude and phase are obtained by solving a set of nonlinear algebraic
equations, which are written by grouping the harmonic coefficients [60, 87]. This
approach has been used by some authors for determining the response amplitude of
friction damped systems of moderate complexity. In particular, Griffin and Sinha
88, 89] investigated the base-excited SDOF system with a flexible damper, obtained
as the series of a spring and Coulomb element. This model was first introduced
by Griffin in [8] for representing a blade-to-ground underplatform damper; the
combination of the spring and the Coulomb element is sometimes referred to as
hysteretic spring friction model [3] and its use is common in the turbomachinery
field. Other authors used the first-order HB method to investigate the behaviour of
continuous multi-modal systems connected to a SDOF friction damper [90, 91, 92].

Although first-order HB offers a general overview of the dynamic behaviour of a
friction damped system, its use can lead to significant errors, particularly at low
excitation frequencies [87] and for high ratios between the amplitudes of the friction
and the exciting forces [3]. Therefore, many authors (see, e.g., [93, 94, 95]) describe
the excitation and the steady-state response of the system as a sum of sinusoids,
expressing them in terms of Fourier series [87]. This approach is usually referred to
as multi-harmonic balance (MHB) method and leads to a better agreement with the
results obtained via numerical integration [87], since more harmonics are taken into

account. Nonetheless, including several harmonics in the response can lead to the
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necessity of solving complicated systems of nonlinear algebraic equations, therefore
requiring the use of further numerical approaches. An extension of the HB method,
called incremental harmonic balance (IHB), combines the HB method with the
Newton-Raphson method [96], leading to an iterative procedure where the number of
harmonics can be changed at each iteration, reducing the computational effort [97].
Harmonic balance methods are often unable to capture the nonlinearities in
the response and in the friction force [87]; for instance, they cannot be used to
determine if stick-slip occurs in the response. Based on the observation that,
despite the higher efficiency of frequency domain-based methods, nonlinearity are
better described in the time domain [87], Cameron and Griffin [98] introduced the
alternating frequency-time domain (AFT) method, in the attempt of combining the
advantages related to both time domain- and frequency domain-based approaches.
Although it is currently regarded as the most suitable semi-analytical approach for
the investigation of friction damped systems, AFT method can also have a slow
convergence, limiting its advantages on time integration approaches [87].
Finally, it is worth mentioning that, while harmonic balance methods are
preferred for approximating the forced response of harmonically excited systems,
other semi-analytical approaches have also been explored for investigating the
behaviour of different types of friction damped systems. For instance, Thomsen and
Fidlin successfully used the averaging method for studying the stick-slip oscillations

of a mass-spring system with a contact between the mass and a moving belt [99].

2.3.3 Numerical methods

The main complications in the numerical time integration of the governing equations
of friction damped systems are related to the discontinuous nature of most friction
models. As observed in Section 2.2, this discontinuity occurs when the relative
velocity in the contact is equal to zero and causes the friction force to switch
direction with every time step. Moreover, if stick-slip occurs in the response, the
transition between the sliding and the sticking phases typically occurs very rapidly.

On the one hand, when automatic step-size controls are used, this leads to high
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computation times; on the other hand, there will be a loss of accuracy if the step-size
is constant [3]. This numerical stiffness problem can be dealt with implementing
specialised stiff solvers [100]. Nonetheless, several authors prefer to use standard
numerical integration techniques and impose that the conditions for the transition
from a sliding to a sticking phase are checked every time that the relative velocity
crosses the zero [3]. In addition to these event-driven approaches, techniques based
on the so-called time-stepping, such as the Moreau—Jean’s scheme [101, 102], are
also commonly used for integrating nonsmooth dynamical systems [103]. Further
approaches, such as the singular perturbation technique [104], have been explored
for dealing with the further stiffness problems caused by models where both fast
and slow dynamics need to be captured.

The stiffness of the problem is not the only issue affecting the numerical treatment
of friction damped systems. In fact, while one of the advantages of the time
integration is the possibility to capture transient behaviours, this can also lead to
high computational costs in lightly-damped systems if the steady-state response is of
interest, since hundreds of excitation periods can be needed for transient to die out
[3]. Other difficulties may arise from the presence of multiple contacts. In this case,
several and interdependent sticking conditions must be checked after each time step,
notably increasing the complexity of the implementation [105, 106, 107]. Finite
element (FE) models are also often used, particularly in the industry, to deal with
more complicated problems, where several contacts or multiple sliding directions are
involved. Numerical algorithms for the treatment of friction in FE models have been
proposed by Barber et al. in [108, 109, 110]. Finally, a common numerical tool for
carrying out bifurcation analyses in nonlinear dynamical systems is the continuation
method [111]. This approach can also deal with nonsmooth systems [112] and has
recently been used for the investigation of friction damped systems [77].

In conclusion, numerical time integration can be used determine the dynamic
response of those mechanical systems for which, due to their complexity, analytical
solutions are not available in literature. Moreover, it enables the investigation

of transient behaviours and of nonlinear phenomena such as stick-slip motion,
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which are often missed by the semi-analytical methods reviewed in Section 2.3.2.
Nonetheless, the stiffness of the numerical problem, the presence of long transients
or of multiple contacts can affect the efficiency and the accuracy of the numerical
integration. Both analytical and numerical solutions are clearly affected by the
models assumed for the structure and for the friction forces. However, even the most
advanced friction laws and very detailed mechanical models cannot fully account for
the complexity of the friction processes. Therefore, a complete understanding of the
behaviour of friction damped systems can only be obtained combining theoretical

results with experimental observations.

2.4 Experimental investigation of friction damped
systems

Experimental testing has an essential role in friction modelling and in the evaluation
of friction damping effects in vibrating structures. In fact, not only the development
of friction models is usually based on experimental observations, but experiments
are also needed for estimating the parameters to be used in such models, including
the measurement of the kinetic [113, 114] and static [115, 116] friction coefficients,
the Stribeck velocity [117, 118] and the many parameters found in more advanced
models [119, 120, 121]. Furthermore, experimental tests are often carried out for
purposes such as identifying [13], comparing [122, 123] and validating [124, 125]
the existing models.

Since the focus of this thesis is on friction damped mechanical systems, particular
attention is here given to experiments investigating the friction effects on their
dynamic response. The earliest experiments regarding the response of systems with
friction damping were performed by Jacobsen [30, 126] in 1930, who used a vibrating
table setup to measure the amplitude and the phase of a SDOF system with a
constant Coulomb friction force and for varying harmonic centrifugal excitation. In
the same year, Den Hartog [21] carried out a series of tests on a torsional-vibration
damper apparatus, measuring the response amplitude at resonance of a SDOF

system for varying ratios between the amplitudes of the friction force and of the
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harmonic excitation. Several years later, Marui and Kato [31] investigated the
response of a base-excited SDOF system at low ratios between the exciting and
the natural frequencies, observing an excellent agreement between theoretical and
experimental results in the time and in the frequency domains.

Several experimental investigations focused on identifying viscous and Coulomb
damping from the response of mechanical systems. Various approaches were devel-
oped for estimating viscous and dry friction from the free response, exploiting the
well-established knowledge about the exponential and the linear decays respectively
observed in the presence of each of these forms of damping [127, 128, 129, 130]. In
particular, it was found that, while viscous damping effect is dominating in large
amplitude oscillations, Coulomb friction prevails at smaller amplitudes [127]. The
main limit of these approaches is that they can only be considered if the overall
damping acting in the system is relatively small; differently, a very small number of
periods of oscillation would occur before the final equilibrium is reached. Therefore,
many authors investigated different metrics, aiming to directly estimate the damping
parameters in forced oscillators. Tomlinson and Hibbert [131] estimated the friction
coefficient and the loss factor looking at the power dissipation of a Coulomb damped
system. Tomlinson also proposed different approaches for estimating Coulomb
friction using the receptance plots [132] or the frequency response functions in
terms of displacement, velocity and acceleration [133]. Tourtchenko [134] resorted
to the use of HB method to generate identifying equations. Yao et al. [135]
implemented a recursive nonlinear least-squares approach to identify viscous and
Coulomb damping parameters. Liang and Feeny developed an identification method
for estimating the same parameters by using the analytical solutions from Den
Hartog [21] and Hundal [81] for the continuous response of a SDOF system excited
near resonance. More recently, different response metrics have been investigated
in the attempt to overcome the well-known reliability and repeatability problems
related to experiments involving friction. An example is the frictional frequency
response function (i.e. the ratio between the dynamic component of the friction

force and sliding velocity fluctuations) considered in references [119, 124, 137, 138].
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In conclusion, it has been highlighted how theoretical and experimental studies
on friction damped systems are closely interconnected. In particular, the analytical
solutions for dynamic response of these systems available in the literature have been
repeatedly used for developing experimental approaches for estimating parameters
such as the viscous damping ratios or the amplitude of the friction forces. These

existing solutions are presented in detail in the following section.

2.5 Steady-state response of mechanical systems
with Coulomb friction

This section reviews the current understanding of the dynamic behaviour of lumped
mechanical models with Coulomb friction. In Section 2.5.1, Den Hartog’s solution for
the continuous steady-state response of a SDOF system a Coulomb friction contact
between the mass and a fixed wall [21, 63] is described in detail, and its implications
on the features of dynamic response and on the boundaries of motion regimes, which
have been investigated by several authors throughout the years, are also debated.
Section 2.5.2 will instead focus on the more significant extensions of Den Hartog’s

theory to systems with contacts between oscillating parts or multiple DOFs.

2.5.1 Den Hartog’s approach for SDOF systems with a
fixed wall

Continuous response of systems with Coulomb damping only

Let us consider a mass-spring system, where the mass and the stiffness of the
spring are referred to as m and k respectively, subjected to a harmonic load of
amplitude P and frequency w, as shown in Fig.2.3a. The mass m rubs against
a fixed wall producing a friction force of amplitude F'. The governing equation

of this system can be written as:

mi + kx + Fsgn(z) = P cos(wt) (2.10)



2. Review of modelling and solution techniques for friction damped systems 26

1 T
c —Response
o N
'48 — Excitation
T Pcos(wt) E o5k
%)
X ®©
(S
m 2
S 0
©
F o
S — 8
»n-05f
2]
Q
=
[a) 1 . ) .
0 /2 T 3n/2 2T
Dimensionless time [7]
(a) (b)

Figure 2.3: SDOF system with a Coulomb friction contact between the mass and a
fixed wall (a) and its continuous steady-state response to harmonic excitation (b).

The following definition of the sgn() function will be considered throughout this the-

sis:
1 if >0
sgn(z) = < [—p, y ift=0 (2.11)
-1 ifz<0

where > 1 is the ratio between the static and the kinetic values of the friction
force. The so-defined function is mathematically undetermined when & = 0. The
value assumed in this static condition, included between -y and pu, will be such
that the system is in equilibrium when the mass m is stuck on the wall. While
this definition of the sgn() function can accommodate different static and kinetic
friction coefficients, Den Hartog does not consider the stiction phenomenon in
his work and, therefore, it will be hereby assumed that g = 1. Furthermore, in
order to reduce the number of parameters of the problem to its minimum, it is
useful to rewrite Eq.(2.10) in a non-dimensional form. Let us then introduce the

non-dimensional time and mass displacement as:
T = wt (2.12)

and:

(2.13)
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respectively. Substituting Eqs.(2.12) and (2.13) into Eq.(2.10) and dividing it by P,

it is possible to obtain following the non-dimensional form of the governing equation:
r?%" 4+ = + Bsgn(z’) = cos T (2.14)

where the symbol * denotes the derivative with respect to 7. The following non-

dimensional groups have been introduced in the above equation:

o the frequency ratio is the ratio between the driving and the natural frequencies

m
— — 2.1
r=w k; (2.15)

o the friction ratio is the ratio between the amplitudes of the friction and of

the harmonic forces

B== (2.16)

As specified in reference [139], it is possible to demonstrate that the response of
the system can be fully described referring to these two parameters only. In fact,
the solution of Eq.(2.10) depends on six independent variables (¢, m, k, ', P, w),
but only three dimensions are required to describe such quantities, i.e. [kg|, [m]
and [s]. Therefore, according to the generalised Buckingham’s theorem [140], a
suitable non-dimensional form of this solution can be expressed by using three non-
dimensional groups. In the present problem, this means that the non-dimensional
response T can be expressed as a function of 7, r and §. Since the first is simply
a non-dimensional form of the time variable, the frequency and the friction ratios
will fully determine the response of the system.

Den Hartog derived his solutions under the following assumptions:
» a steady-state condition has been reached;

o the response has the same fundamental period of the excitation, which is

equal to 27 if the non-dimensional forcing function is considered;

e 10 stops occur in the response, which is therefore continuous.
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Den Hartog also implicitly assumed that the response of the system is symmetric in
time and in displacement, i.e. that the second half of steady-state response period
must match the negative of the first half, as shown in Fig.2.3b; this type of symmetry
is often referred as anti-periodicity. However, the symmetry of the non-sticking
solutions has only been demonstrated several years later by Csernak and Stepan
[69]. Under these assumptions, Eq.(2.14) will be linear in each interval included
between two subsequent stationary points of the response, since no change occurs
in the sign of the velocity z’ of the mass. If the non-dimensional time interval [0, 7]
is considered, where 7 = 0 coincides with a maximum of the response and 7 = 7
with the subsequent minimum, z’ will be equal to zero at both ends of the interval
and negative in all the internal points. Therefore, the friction ratio will be constant

within the interval and equal to —f. Thus, it will be possible to rewrite Eq.(2.14) as:
r’z" +z — B = cos(T + ¢) (2.17)

where it is assumed that an unknown phase angle ¢ is present between the excitation
and the response due to friction damping. It is worth underlining that this
phase angle refers to the maxima of these functions, while that between their
zero will be generally different, since the response is not assumed to be harmonic.
Eq.(2.17) is a linear second-order ordinary differential equation (ODE), whose
solution can be written as:

T = Acos <;) + Bsin (;) + B+ Vcos(T + ¢) (2.18)

where A and B are two unknown constants and V is the response function of

an undamped SDOF system:

1
V =

1 =2

(2.19)

Den Hartog determined the unknown values A, B and ¢ from Eq.(2.18) by imposing
the initial and final conditions on the displacement and the velocity of the mass

within the half-period [0, 7], which can be expressed as:

{

K|

0)

_x (2.20a)
'(0) =0

(2.20b)

S
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and:

Z(m) = -X (2.21a)

{x’(ﬂ) -0 (2.21b)

respectively. In the above conditions, X is the non-dimensional amplitude of the

response, which is also unknown at this stage. Therefore, Den Hartog’s problem

presents four unknown values which can be fully determined using the four conditions

introduced in Eqs.(2.20) and (2.21). The final expression obtained for the mass
motion in the time interval [0, 7] is:

:E:XCOST+5UsinT+ﬂ[1—Cos (;) — Ursin (;)} (2.22)

where the response amplitude and phase can be evaluated as:
X =/V2—(pU)? (2.23)

and:

sinqﬁ = —ﬁ‘i] (224)

respectively. In the above expressions, the damping function:

cos ¢ =

<

sin(m/r)

U= r[1 + cos(m/r)]

(2.25)

has been introduced.

The analytical expressions reported in Eqs.(2.22), (2.23) and (2.24) only hold
when the mass motion is continuous. This has been imposed in Den Hartog’s
procedure by assuming that ' < 0 in all the internal points of the time interval
[0, 7]. Thus, it is possible to determine the domain of validity of the solution by
substituting the derivative of the mass displacement described in Eq.(2.22) into

this condition. This results in the following inequality:

2
B < VSQ (2.26)
-
r
where:
S = max rsin(r/r) + Ur?[cos T — cos(T/r)]) (2.27)

o<r<m sin T



2. Review of modelling and solution techniques for friction damped systems 30

Friction ratio
— 0
— 0.1
— 0.2
— 0.3

0.4

0.5

0.6

— 0.7
— 0.8
0.9

Response amplitude [X]

0 , | , |
0 0.5 1 s : =
Frequency ratio [1]
(a)
180}
=
5135t
I
E \- ------------------------
2 ol
c P
@ /
(D] /
2 45
olaiiil L — |
Ty :/ ————— BOundary

0 0.5 1 1.5 2 2.5
Frequency ratio [r]

(b)

Figure 2.4: Non-dimensional amplitude (a) and phase angle (b) of the continuous
steady-state response of a harmonically excited SDOF system with a Coulomb friction
contact between the mass and a fixed wall.

The RHS of Eq.(2.26) represents the value of the friction ratio at the boundary
between continuous and stick-slip motion regimes, which will be referred as (), in the
remaining of this thesis. This boundary can also expressed in terms of the response

amplitude and phase by simply substituting fy, into Eqs.(2.23) and Eq.(2.24). In
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Figure 2.5: Motion regimes of a harmonically excited SDOF system with a Coulomb
friction contact between the mass and a fixed wall.

particular, the expression obtained for the boundary response amplitude is:

(2.28)

It is worth mentioning that the function S expressed in Eq.(2.27) must be evaluated
numerically. Therefore, although based on Den Hartog’s theory, the bound-
ary between continuous and stick-slip regimes is here determined by a semi-

analytical approach.

Results and discussion

The response amplitude and phase expressed Eqgs.(2.23) and (2.24) have been
plotted in Figs.2.4a-b in the frequency ratio range 0 : 2.5 for varying friction ratios;
their respective boundaries also reported in these figures. The boundary between
continuous and stick-slip regimes has been represented in Fig.2.5 in the same range
of values of r. It is worthwhile underlining that a steady-state mass motion can
only be observed, whatever in continuous or stick-slip regimes, when the amplitude

of the harmonic excitation is larger than that of the static friction force. In the
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assumption of y = 1, this only happens if:
g <1 (2.29)

The RHS of the above inequality indicates the boundary between the sliding
(continuous and stick-slip) and the permanent sticking regimes and will be denoted,
in general, as 3. This boundary is also reported in Fig.2.5.

Some noteworthy behaviours can be observed from Figs.2.4 and 2.5 and will

be commented in what follows.

o Among the cases observed, the resonant peak at » = 1 is infinite for all the
curves, except that for § = 0.8. In fact, according to Den Hartog’s theory,

Coulomb damping leads to finite resonant peaks only if:

£ >

IS

(2.30)

This was mathematically proved by Csernak et al. in [69] by evaluating the
limit of the response amplitude for » — 1, while in [139] this value is obtained
by evaluating the same limit for [j,. This shows that the resonant peak
becomes finite only when stick-slip occurs at resonance. In this case, as can
been seen in Fig.2.4a, the finite peak will be shifted on the left, i.e. towards

lower values of 7.

o The amplitude of the mass motion always decreases with the friction ratio,
while the phase angle is always increased by friction for » < 1 and decreased
for r > 1. The only exceptions occurs at those frequency where the damping
function is equal to zero or tends to infinity. The condition U = oo occurs in
correspondence of the odd sub-harmonic resonant frequency ratios, i.e. when
r=1/(2n+1),n = 1;2;...; at these frequencies, also the boundary between
continuous and stick-slip regimes from Eq.(2.26) is equal to zero, meaning that
sticking is expected to occur in the mass motion for any value of § and Den
Hartog’s solution is therefore not valid. Differently, the condition U = 0 occurs

for r =1/(2n),n = 1;2;... . In reference [23]|, Shaw observed that unstable
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behaviours may occur in SDOF systems with dry friction and zero or positive
viscous damping in correspondence of these subresonant frequencies; further
investigation by Csernak et al. [70] showed that a one-parameter continuum
of marginally stable asymmetric solutions actually exists in correspondence of

the even sub-harmonic resonances.

o As can be seen in Fig.2.5, at low frequency ratios the dynamic response
is usually characterised by the occurrence of stick-slip. This can also be
shown mathematically by evaluating the limit value of the boundary between
continuous and stick-slip regimes from Eq.(2.26) for r — 0. The presence of
stick-slip at low exciting frequencies is a well-known phenomenon. However,
it can also be observed in Fig.2.5 that [, tends to an asymptotic value
when r — 00, showing that stick-slip can occur at high frequency ratios if the
friction ratio exceeds a certain threshold value. This value has been calculated
in reference [70], also taking into account different values for static and kinetic

friction forces, and it is equal to:

2
oo = i

which is equal to 0.537 if u = 1, as also reported in [139] and shown in Fig.2.5.

(2.31)

Extension to two-stop stick-slip responses

Den Hartog’s approach can also be extended, as shown in [21], to deal with stick-slip
motions as long as they are characterised by the presence of two sticking phases
during each response period. Each period of a two-stop motion is characterised
by the presence of two sliding phases. The sliding phase with a negative slope
can be studied similarly to that included between a maximum and the subsequent
minimum of a continuous response. However, it must be considered that duration
of this sliding phase will be shorter than a half-period, meaning that it will be
included between 7 = 0 and a certain time instant 79 < 7, as shown in Fig.2.6.
Therefore, the final conditions in Eq.(2.21) will be applied at 7 = 7, rather than

at 7 = m; conversely, the initial conditions in Eq.(2.20) will remain unchanged. To
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Figure 2.6: two-stop stick-slip response of a harmonically excited SDOF system with a
Coulomb friction contact between the mass and a fixed wall.

deal with the introduction of this unknown value 7y in the problem, Den Hartog
considered a further condition: since the origin of the time interval coincides with
the transition from a sticking to a sliding stage, the static equilibrium must be
verified at 7 = 0. Considering that Z = X at 7 = 0, and substituting these values

into Eq.(2.17), this condition can be written as:
B+cosp—X =0 (2.32)

in Den Hartog’s assumption of 4 = 1. The final solution cannot be expressed
explicitly and can only be obtained via numerical calculation. Therefore, it
does not offer significant analytical insights on the response features of SDOF
systems. Nonetheless, it represents a handy alternative to semi-analytical approaches
and numerical time integration when multi-stop and/or asymmetric responses

are not expected.

Systems with combined viscous and Coulomb damping

A more general formulation of Den Hartog’s solution, reported in [21], can account
for the case of mixed viscous and Coulomb damping. Let us consider the SDOF

model shown in Fig.2.7a, where a viscous dashpot has been included between the
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Figure 2.7: SDOF system with combined viscous and Coulomb damping (a) and its
non-dimensional response amplitude for ¢ = 0.2 (b).

ground and the mass. The governing equation of this system can be written as:
mi + ci + kx + Fsgn(t) = P cos(wt) (2.33)

The addition of the term ci does not violate any of the Den Hartog’s assumptions
reported above. Therefore, the corresponding solution can be obtained using the
same mathematical procedure, which is not reported here for sake of brevity. The
following expression was derived by Den Hartog for the non-dimensional amplitude

of the continuous steady-state response:
X = =BG +\/|Va]* = (BUa)? (2.34)

In the above equation, the complex response function:

1
Vi=—— 2.35
T2y 12(Cr (2.35)
and the damping functions:
sin [ ———
Us= (2.36)

T o () e (T

T T
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sinh C—W — ¢ sin Tvl=¢
G- r V1= r
R
cosh [ >— | +cos[ ———

T T

(2.37)

have been introduced, while { = ¢/(2vVkm).
The curves resulting from Eq.(2.34) for different values of 5 are reproduced

in Fig.2.7b for the case ( = 0.2.

2.5.2 Extensions to different contact configurations and
multiple DOFs

The idea of extending Den Hartog’s approach to different and more complex
mechanical models was firstly proposed by the author himself in [63]. In fact, among
the possible extensions of his work, Den Hartog mentioned that his solution for
SDOF systems with Coulomb damping only can be used to obtain the response of
a base-excited system with a fixed wall (Fig.2.8a) and that of a system where both
base and wall are harmonically excited (Fig.2.8b); furthermore, he suggested that

his approach could also be generalised to systems with two or more DOFs (Fig.2.8c).

di di 1
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(a) (b) (c)

Figure 2.8: Harmonically excited mass-spring systems with a Coulomb friction contact:
(a) SDOF system with a fixed wall under base excitation, (b) SDOF system under joined
base-wall excitation, (c) 2DOF system with excitation and contact acting on m;.

In the absence of viscous damping, the dynamic response of a SDOF system with
a fixed wall will be exactly the same whether the harmonic excitation is due to a
load of amplitude P directly applied to the mass or to a base excitation of amplitude
Y’; in fact, as in the case of an undamped SDOF system (see, e.g., [29]), the two

problems are identical for P = kY. Nonetheless, independently of the presence of
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dry friction, these two problems will present different solutions if a viscous dashpot is
included in the system, between the mass and the excited base. Hundal [81] derived
a closed-form solution for the steady-state response of this system by applying
the same approach as Den Hartog. Hundal’s solution holds for continuous and for
two-stop motion regimes and reduces to Den Hartog’s solution when ¢ = 0.

The dynamic response of a SDOF system where the friction contact occurs
between the mass and a wall rigidly connected to the excited base, as shown in
Fig.2.8b, can only be partially described using Den Hartog’s solution. As specified
by the author, in the absence of viscous damping, the problem is equivalent to that
discussed in Section 2.5.1 for P = kY r?. However, the dependency of the amplitude
of the dynamic load acting on the mass on the frequency ratio changes significantly
the behaviour of the system. Furthermore, only the relative motion between the
mass and the wall in contact can be described with this approach. A more complete
solution was derived by Levitan in [28], who also considered the presence of viscous
damping in the system. Differently, from Den Hartog, Levitan addressed the
absolute motion of the mass, obtaining a closed-form solution for the displacement
transmissibility. A major limitation of Levitan’s solution is that the mass motion is
assumed to be monoharmonic. Although Levitan’s expressions are able to capture
interesting dynamic phenomena such as an inversion of transmissibility curves at
high frequencies, the error in the evaluation of the displacement transmissibility is
too large in a wide frequency range. Therefore, this problem will be addressed in
this thesis, aiming to derive an exact solution for the absolute mass motion and to
develop a more complete understanding of the dynamic behaviour of these systems.

Den Hartog’s approach cannot handle systems with multiple nonlinearities due
to its piecewise linear nature [87]. Nonetheless, his approach can also be used for
dealing with MDOF systems if a single friction contact is considered. Den Hartog
himself suggests that, once determined a half-period time interval where the sign
of the relative velocity between the parts in contact does not change, the problem
can still be solved by considering 2N initial conditions and 2N final conditions,

where N is the number of DOFs of the system [63]. This approach is successfully
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applied by Yeh [82] for deriving an exact solution for the response of a harmonically
base-excited 2DOF system where the masses are interconnected by two springs
and two viscous dampers in parallel and a Coulomb contact is applied to the lower
mass. Yeh’s solution is not expressed in an explicit form, even when a continuous
non-sticking response is considered, due to the mathematical complexity of the
procedure. Therefore, even if the procedure proposed by Den Hartog and Yeh
can, in principle, be applied to MDOF systems with a larger number of masses,
the calculation would become more and more complicated as the number of DOFs
increases, as also suggested by Ferri and Dowell in [93]. In addition, the solution
should be derived ez novo for each different MDOF system investigated, meaning
that significant changes would be introduced in the procedure not only if a different
number of DOFs is considered, but also if the harmonic or the friction forces are
applied to different masses of the system. Finally, the absence of explicit closed-form
solutions renders difficult to draw more general conclusions on the features of the

dynamic response of these systems. These gaps will be addressed in this thesis.

2.6 Concluding remarks

This chapter has provided an overview of the research advances in the areas of the
modelling and of the dynamic analysis of friction damped systems.

Firstly, the main models used for describing analytically the friction process have
been reviewed. Although an universal and predictive friction model is not available
in the literature and its development might be unrealistic, several models have been
proposed and are able to address efficiently specific friction-related phenomena.
While the most advanced laws, such as the LuGre model, are of interest for
high-precision applications, the Coulomb friction model is still considered in most
studies regarding the damping effects introduced by dry friction in mechanical
vibrating systems.

A plethora of analytical, numerical and experimental approaches have been
developed for investigating the nonlinear behaviour of friction damped systems.

While analytical solutions can offer significant advantages in terms of computational
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cost and of the possibility of developing a mathematical understanding of the
behaviour of these systems, their derivation is a complex task and, therefore, they
are only available for very simple mechanical models. Semi-analytical approaches,
which are mostly based on the harmonic balance method, can be used to investigate
more complex systems but are often unable to capture nonlinearities in the dynamic
response; the most advanced approaches can overcome this limitation by switching
between the time and the frequency domains, but this also lead to a loss of efficiency
in terms of computational cost. Therefore, the numerical time integration still
remains the reference approach for the investigation of complex nonlinear systems
and of transient behaviours.

Analytical and numerical approaches are strongly limited by the assumptions
inherent to the choice of the friction and mechanical models; therefore, a complete
understanding of the behaviour of systems with dry friction can only be achieved
combining theory and experiments. Moreover, experimental testing is required
to estimate the parameters of the friction models and to identify viscous and
Coulomb damping in vibrating systems.

Finally, the existing analytical solutions for the response of mechanical systems
with Coulomb friction and the current understanding of their dynamic behaviour
have been reviewed. While the behaviour of SDOF systems with a Coulomb friction
contact between the mass and a fixed wall is generally well-understood, more
research effort is needed to develop the same level of understanding for mechanical
systems including a contact between two oscillating components and /or multiple

DOFs. This will be the focus of the next chapters of this thesis.
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3.1 Introduction

This chapter investigates the steady-state response of SDOF mass-spring systems
with a Coulomb friction contact between the mass and a harmonically oscillating
wall. The goal of this investigation is to provide an insight of how the dynamic

performances of Coulomb damped systems change when the friction contact occurs

40
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between two oscillating components, as it is typically the case in friction dampers
and isolation systems.

Closed-form expressions are derived in continuous steady-state conditions for
both the relative motion between the mass and wall in contact and the absolute mass
motion. The amplitude and the phase of these motions are evaluated for varying
non-dimensional exciting frequencies and friction forces; different static and kinetic
friction forces are also taken into account. In addition, an analytical formulation
is also obtained for the boundaries among the continuous, stick-slip and motion
regimes. Finally, a numerical approach is introduced for validating the analytical
results and investigating the dynamic response of the system when stick-slip occurs.

A general formulation of the problem is presented in Section 3.2, where the
dynamic load acting in the contact is also determined. In Section 3.3, analytical
solutions are derived for the time response, amplitude and phase of the relative
motion in the contact. The domain of validity of these solutions and the boundaries
among the motion regimes are determined in Section 3.4. Section 3.5 deals with the
absolute mass motion and presents an in-depth discussion on the response features
of the system in continuous regime. Finally, Section 3.6 presents the numerical
validation of the above results and an overview of the dynamic behaviour of the

system across the different motion regimes.

3.2 (General formulation and equivalent dynamic
loading

Let us consider the SDOF mass-spring system shown in Fig.3.1a. The wall rubbing
against the mass m is rigidly jointed to the base, forming an external support,
and displays the same harmonic motion of amplitude Y and frequency w. In other
words, the motion of the excited base is transmitted to the mass by the parallel of
a spring of stiffness & and a Coulomb contact, where a friction force of amplitude

F is generated by relative motion between mass and wall, as shown in Fig.3.1b.
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In this thesis work, this problem will be referred to as joined base-wall excitation.

The governing equation of this system can be written as:
mi + k(x —y) + Fsgn(z —g) =0 (3.1)

where the coordinates x and y describe the position of the mass and the base,
respectively. The function sgn is here introduced according the definition given in
Eq.(2.11); no assumption is made here regarding the ratio u between the static and

kinetic friction forces, which can therefore assume different values.

17 L
1% :

Ycos(wt) Ycos(wt)
(a) (b)

Figure 3.1: Two equivalent representations of a SDOF mass-spring system with a friction
contact under harmonic joined base-wall excitation, showing (a) the mass in contact with
a wall jointed to the base and (b) the parallel between the spring and the friction contact.

Let us define a new variable z = x — y to account for the relative motion between
the mass and the wall. Introducing z and the explicit expression y = Y cos(wt) of

the base motion, it is possible to rewrite the above equation as:
m# + kz + Fsgn(2) = mY w? cos(wt) (3.2)

Finally, introducing the definition of frequency ratio from Eq.(2.15) into Eq.(3.2),
it is obtained that:

mz + kz + Fsgn(2) = kY7r? cos(wt) (3.3)

Eq.(3.3) is written in the same form as the governing equation of a SDOF with a
fixed wall, reported in Eq.(2.10). In particular, the exciting term of this equation
can be seen as the equivalent dynamic load acting in the contact. The amplitude

of this load is equal to kYr? in agreement with the Den Hartog’s annotation [63]
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mentioned in Section 2.5.2, which is hereby demonstrated. Despite the similarity
between Eqgs.(2.10) and (3.3), in the latter the dependency of the harmonic load
amplitude on the frequency ratio leads to significantly different results. Thus,
the relative motion between mass and wall in the system shown in Fig.3.1 is

investigated in the following section.

3.3 Relative motion in the contact

In order to study the relative motion in the contact, it is convenient to rewrite
Eq.(3.3) in non-dimensional terms, so that the smallest number of independent
parameters is considered [139]. Introducing the non-dimensional variable z = 2/Y

and the non-dimensional time 7 from Eq.(2.12), the following expression is obtained:
727" + Z + Bsgn(Z') = r?cos T (3.4)

where the friction ratio has been introduced as 5 = F'/(kY). Den Hartog’s approach
[21] can be used to derive an exact solution of Eq.(3.4) if the same assumptions
considered in Section 2.5.1 are applied. Specifically, it will be assumed that a
steady-state condition has been reached and that the relative motion z is continuous
and antiperiodic, with the same period of oscillation 27 as the non-dimensional
forcing function. The existence of a unique steady-state response, independent of
the initial conditions, has been studied by several authors (see, e.g, [23, 67, 70]) for
SDOF systems with a fixed wall, as discussed in Section 2.5.1; however, to the best
of the author’s knowledge, stability properties have not been explored for the contact
configuration investigated in this chapter. Nevertheless, the numerical investigations
carried out in this study have shown a convergence of the response to a unique
steady-state solution for most sets of parameters. Specific exceptions include the
resonant and sub-resonant frequencies; these will be discussed in Section 3.6.
Under these assumptions, Eq.(3.4) can be written, within the non-dimensional
time interval [0, 7] included between a maximum of the steady-state relative

displacement z and the subsequent minimum, as:

122" +z — B =1r*cos(T + ¢.) (3.5)
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where ¢, is the phase angle introduced between the maxima of the excitation
and of the relative motion z by Coulomb damping. The second-order ODE in
Eq.(3.5) is linear and its solution is:
_ T (T r?
z = Acos () + Bsin () + 5+ —— cos(T + ¢.) (3.6)
r r 1—1r2
where the unknown values A, B and ¢., as well as the non-dimensional response

amplitude Z, can be found by imposing the initial conditions:
z(0) =
Z'(0) =

2(71') _ —Z (38&)
{z%w):() (3.8b)

Eq.(3.6) is written in the same form as Eqs.(2.18), with Z replacing z and with:

o N
—
L w
\]
®
N—

and:

7”2

T2

V. V-1 (3.9)

replacing the response function V. Therefore, it is possible to write the final solution

by simply applying the same substitutions to Eq.(2.22):

Z:ZCOST—l—BUSinT—l—ﬁ[l—COS (T> — Ursin (TH (3.10)
r r
where:
Z = \J(V - 12— (8U)? (3.11)
while the phase angle ¢, can be determined as:
Z pU
_ : S 3.12
coS ¢, T sin ¢, V1 ( )

The amplitude and phase of the non-dimensional relative displacement between
mass and wall, expressed in Eqs.(3.11) and (3.12) respectively, are depicted in
Figs.3.2a-b in the frequency ratio range 0 : 2.5 for varying friction ratio. It can be
observed that, in both figures, all the curves are delimited by a boundary curve.
In fact, the expressions reported in the above equations are only valid within the
assumption of continuous non-sticking motion. The boundaries between continuous
and stick-slip regimes, as well as the condition for the presence of a sliding motion

in the contact, will be derived in what follows.
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Figure 3.2: Relative motion in the contact for a SDOF system with Coulomb friction
under joined base-wall excitation: non-dimensional amplitude (a) and phase angle (b).

3.4 Boundaries of motion regimes
3.4.1 Boundary between continuous and stick-slip regimes

The solutions presented in Section 3.3 have been derived under the assumption of
continuous non-sticking relative motion between mass and wall. This assumption
leads to a negative relative velocity and, consequently, to a constant friction force in
all the internal points of the half-period [0, 7]. However, the condition 2’ < 0 is not
sufficient by itself to rule out the occurrence of stops in the steady-state solution.

In fact, it is well known that a sticking phase takes place when, simultaneously, the
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relative velocity between the components in contact is zero and overall dynamic
loading acting in this contact does not overcome the static friction forces. This
second sticking condition needs to be imposed explicitly at both ends of the
interval, where 2’ = 0. Therefore, the conditions for a continuous non-sticking

motion can be written as:

7 <0 if0<7<m (3.13a)
|z —r?cos(T + ¢.)| > upB ifr=0orrT=m (3.13b)

These two conditions can be used to evaluate the maximum value of the friction
ratio for which the relative motion is continuous, as well as to determine the
boundaries represented in Figs.3.2a-b. Substituting the derivative of Eq.(3.10)
into Eq.(3.13a), it is obtained that:

_ 1
—Zsint + pU cosT + f3 [sin (T> — U cos (Tﬂ <0 (3.14)
r r r
from which:
7. ﬁzrsin(T/r) - UT%[COST — cos(1/r)] (3.15)
r sin T

The above inequality must be verified for each time instant 0 < 7 < m; therefore,
considering the maximum of the RHS within this interval and introducing the

function S defined in Eq.(2.27), it is possible to write that:

z-0 (3.16)

(3.17)

Let us now consider the second non-sticking condition. Due to the symmetry
of the response, it is only necessary to impose this condition in the time instant

7 = 0. Therefore, Eq.(3.13b) can be rewritten as:

‘Z —r?cos ¢, | > uf (3.18)
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Figure 3.3: Evolution of the function S with respect to the frequency ratio r.

from which, substituting Eq.(3.12a) and rearranging, it is obtained that:

> (3.19)

(3.20)

Finally, merging Eqs.(3.17) and (3.20), it is possible to express the domain of

validity of the analytical solution presented in this chapter as:

(V-1
8 < o [maX(S, “)r (3.21)

where the RHS represents the boundary value of the friction ratio between continuous
and stick-slip regimes. Introducing Eq.(3.21) into Eq.(3.11), it is also possible to

express the same inequality in terms of the amplitude of the relative motion as:

(3.22)
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Figure 3.4: Motion regimes of a SDOF system with Coulomb friction under harmonic
joined base-wall excitation for varying frequency and friction ratios .

It is worth noting that, in order to plot the boundaries described by Eqs.(3.21) and
(3.22), it is required to compute the function S for each value of r. Given the time-
dependent expression of such a function, described in Eq.(2.27), and the necessity of
evaluating numerically its maximum value in the interval 0 < 7 < 7, this can increase
the computational cost of the process. Alternatively, an approximated expression of
the boundaries can be used. In fact, observing the evolution of the function S with
respect to the frequency ratio, shown in Fig.3.3, it can be observed that this function
is always unitary when r > 0.5; therefore, since p > 1, the ratio p can directly be
used instead of max(S, 1) when different frequency ratio ranges are investigated.

The boundary described in Eq.(3.22) is represented by the dotted line in Fig.3.2a,
while the boundary friction ratio from Eq.(3.21) is shown in the parameter space
r — [ in Fig.3.4. Finally, the boundary phase angle shown in Fig.3.2b can be
obtained by substituting the boundary value of the friction ratio into Eq.(3.12).
All the boundaries have been plotted assuming, for simplicity, u = 1; the effect of

the static friction force will instead be discussed in Section 3.4.3.



3. Dynamic response of a Coulomb oscillator under joined base-wall motion 49

3.4.2 Boundary between sliding and permanent sticking
regimes
In Fig.3.4, a second boundary between the stick-slip and the permanent sticking
regions is also shown. In friction damped systems, the relative motion between the
components in contact only occurs when the amplitude dynamic load acting on this
contact exceeds the static friction force. For instance, in SDOF systems with a fixed
wall, the mass motion is only possible if P > F' and, therefore, the upper bound
for the sliding motion is expressed as f < 1/u. In Section 2.5.1, this boundary is
shown in Fig.2.5 for the case of u = 1. Differently from the fixed-wall case, the
boundary shown in Fig.3.4 shows a dependency on the frequency ratio. This can
be explained recalling that, as demonstrated in Section 3.1, the amplitude of the
harmonic loading acting in the contact depends on 72. This leads to the following

condition for the presence of steady-state relative motion in the contact:

kY 7? > uF (3.23)
from which:
2
<™ (3.24)
14

where the RHS represents the boundary f};,, between the sliding and the permanent

sticking motion regimes. This result has two important implications:

o at low frequencies, the mass will be stuck against the wall even when small

amounts of friction are considered;

e at high frequencies, the sliding motion between the mass and the wall in
contact will be possible for any value of the friction ratio, as long as the

driving frequency overcomes the threshold value:

o
> —= 3.25
“ mY ( )

which can easily be derived from Eq.(3.23).
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Figure 3.5: Motion regimes of a SDOF system with Coulomb friction under harmonic

joined base-wall excitation in the parameter space r — § for varying ratio between static
and kinetic friction forces.

3.4.3 Discussion of the results

Fig.3.4 shows as, in the case u = 1, the boundaries described by Eqgs.(3.21) and (3.24)
divide the parameters space r — ( into three regions associated to the main motion
regimes: continuous, stick-slip and permanent sticking. It is noteworthy that the
boundaries show no intersections, except that for » = 0. Nonetheless, the stick-slip
region appears rather narrow if compared to that shown in Fig.2.5 for the fixed-wall
case. It can be observed that, for varying frequency ratio, the width of this region,
i.e. the local difference between Sy, and fj;,,, increases starting from the origin until

r = 0.55, decreases within the interval 0.55 < r < 0.79 and then increases again
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starting from the local minimum found at » = 0.79. Nevertheless, these patterns
will change if different values are considered for static and kinetic friction forces.

The effect of the parameter p on the boundaries of the motion regimes is shown
in Fig.3.5. As the ratio between static and kinetic friction forces is increased,

it can be observed that:

o the boundary between continuous and stick-slip regimes maintains the same
shape but the value of fy;,, gradually decreases across the different frequency

ratios;

o similarly, the boundary between sliding and sticking regimes has still a
quadratic shape but permanent sticking occurs at smaller values of the friction

ratio, as can easily be deduced from Eq.(3.24).

Despite both boundaries are reduced by effect of the static friction force, 3},
decreases with p more quickly than fy,. As a result, starting approximatively from
@ = 1.2, there will be an intersection between them and direct transitions from
continuous to permanent sticking regimes will be observed, while the extension
stick-slip region will further decrease. It is worth underlining that, in case of
intersection between the boundaries, the boundary between sliding and permanent
sticking regimes prevails, since relative motion can never occur above this curve;

this is also confirmed by the numerical results shown in Fig.3.12b in Section 3.6.

3.5 Absolute mass motion

Whereas the relative motion between mass and wall can be studied as an extension
of Den Hartog’s solution, this is not true for the absolute motion of the mass. The
analytical expression of the steady-state response of the system in the time interval
[0, 7] can be obtained as the sum of the relative motion Zz, expressed in Eq.(3.10)

and of the base motion cos(T + ¢,), which yields:

T = ! (ZCOST + BUSinT) +0 {1 — cos <;) — Ursin (Tﬂ (3.26)

r2 r
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Figure 3.6: Steady-state continuous response of a SDOF system with Coulomb friction
under joined base-wall motion in the non-dimensional time period [0, 27].

considering the expression of ¢, given in Eq.(3.12). However, closed-form expressions
cannot easily be derived for the amplitude and the phase angle of this mass motion.
In fact, Fig.3.6 shows clearly that the functions x and z are neither in phase or
phase-opposition; therefore, the initial value of the mass motion does not coincide
with its amplitude as in the case of the relative motion. To determine such an
amplitude, it is required to evaluate the maximum absolute value of x within the
time interval [0, 7]; however, due to the transcendental form of this function, the
calculation can only be carried out numerically.

The non-dimensional response amplitude has therefore been evaluated using
the max function in Matlab [141] in the frequency ratio range 0:2.5 for varying
friction ratio; the resulting curves are portrayed in Figs.3.7a-b. Since z = z/Y,
the amplitude X corresponds to the ratio between the amplitudes of the mass
and of the base motions, which is defined as displacement transmissibility [143]; in
this thesis work, the quantity X will therefore be referred to as non-dimensional
response amplitude or displacement transmissibility indifferently. The boundary
line represented in Fig.3.7 has been obtained by substituting the boundary value
of the friction ratio from Eq.(3.21) into Eq.(3.26) and then evaluating numerically

the maximum of the latter expression in [0, 7).
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Figure 3.7: Displacement transmissibility of a SDOF system with Coulomb friction
under joined base-wall excitation (a) and detail of the inversion of the curves (b).
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Figure 3.8: Phase angle between excitation and response of a SDOF system with

Coulomb friction under joined base-wall excitation.

The phase angle ¢ between the excitation and the response can also be evaluated

as follows. The first step consists in the numerical evaluation of the time instant

Tmax Where the maximum absolute value of the mass motion is reached within the

half-period [0,7]. The phase angle between the relative motion z and the mass

motion z will be equal to the non-dimensional time lag between their maxima.

Thus, since the maximum of z coincides with the instant 7 = 0, this phase angle

¢, will be equal t0 Tyax OF Tmax + 7 depending on whether (7. ) is a maximum

or a minimum of the mass motion. Finally, the phase angle ¢ is obtained by
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summing the angles ¢, and ¢.,:

¢ = ¢ + Tmax if (Tmax) > 0 (3.27a)
¢ = s+ Tmax + 7 if Z () < 0 (3.27b)

where ¢, can be evaluated from Eq.(3.12). Also in this case, the boundary between
continuous and stick-slip motions can be obtained by imposing § = S, in Eq.(3.27).

A discussion on the results shown in Figs.3.7 and 3.8 is presented in what follows.

o As in the fixed-wall case discussed in Section 2.5.1, the resonant peaks shown
in Fig.3.7a, as well as in Fig.3.2a, are only finite when the friction ratio is
larger than 7/4. This behaviour can be explained analytically by calculating

the value assumed by the boundary friction ratio from Eq.(3.21) when r — 1:

1

1—12 7
| T 1 (3.28)

r[1 + cos(m/r)]

As can be seen from Fig.3.4, the transition from continuous to stick-slip regime
occurs at higher and higher frequency ratios as the friction ratio is increased.
This implies that the continuous transmissibility curves in Fig.3.7a start at
higher values of r for increasing values of 5. When § > 7/4, this starting
value becomes larger than unity and, as a consequence, the infinite resonance
is eliminated from the curve. The resulting effect is that the resonant peak
becomes finite and shifts towards higher values of r. This peak eventually
disappears when high values of the friction ratio are considered, as discussed

in detail in Section 3.6.

o Fig.3.7a clearly shows that all the transmissibility curves tend to zero when
r — 0o, meaning that as the driving frequency is increased at much larger
values than the natural frequency of the system, the mass will display more
and more narrow oscillations till getting asymptotically stationary. However,
a major difference with the fixed-wall case emerges looking at the motion

regimes exhibited at high frequencies. From Fig.3.4, it is evident that both
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boundaries tend to infinity when » — oo; this can also be easily shown
analytically. As a result, the response of the system will always be continuous
at very high frequencies. It is worthwhile observing that, while the mass
motion has a negligible amplitude, the relative motion between mass and wall
is still significant at high frequencies. This is also shown by Fig.3.2a, where it
can be observed than the non-dimensional amplitude of the relative motion

tends asymptotically to 1 when r — oo, independently of the friction ratio.

o One of the most interesting elements highlighted in Fig.3.7a is the presence of
an inversion of the transmissibility curves, also shown in details in Fig.3.7b.
This inversion occurs in a very narrow region localised around the frequency
ratio r = 1.5; starting from here, Coulomb damping amplifies the response of
the system. The inversion also affects the role of the boundary curve; in fact,
when the transmissibility increases with /3, this curve represents an upper
bound for the continuous transmissibility curves rather than a lower bound.
Even though this amplification effect may appear as counter-intuitive, a similar
behaviour is notoriously shown by base-excited viscous SDOF systems. It is
worth noting that in the system shown in Fig.3.9a the vibration is transmitted
from the base to the mass through the parallel of the spring and of a damper,
exactly as in the system studied in this chapter. In the viscous case, as shown
in Fig.3.9b, the inversion of the transmissibility curves occur at 7 = v/2, where
the displacement transmissibility is unitary independently of the damping
ratio. Conversely, in Coulomb damped systems the inversion occurs at slightly
higher frequencies and in a narrow frequency ratio range, approximatively
1.4 < r < 1.55, rather than in a single point. Furthermore, the value of the
displacement transmissibility in this region is smaller than unity, as can be
seen in Fig.3.7b. A mathematical explanation of this inversion phenomenon
can be obtained introducing the monoharmonic approximation z = Z cos 7

considered in Levitan’s work [28]. If this approximated formulation is taken
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Figure 3.9: SDOF system with viscous damping under harmonic base motion (a) and
its displacement transmissibility for varying viscous damping ratio (b).

into account instead of the complete expression of the relative motion given

in Eq.(3.10), the time response of the system can be written as:
g 1 (5 sU .
T = ZcosT+cos(T+¢.) = — ZCOST—FVSIDT (3.29)
r

The amplitude of this harmonic function can be evaluated analytically,

yielding:

X~ Jvz _ (2 - TQ) (BUY2 (3.30)
r2

consistently with the result presented by Levitan [28]. Eq.(3.30) shows that, if
the response of the system were monoharmonic, there would be an inversion of
the transmissibility curves occurring at r = /2 and X = 1, exactly as in the
viscous case. However, the transmissibility curves represented in Figs.3.7a-b

show that the other harmonic components of the response have a non-negligible

effect on this inversion phenomenon.

All the results presented in this chapter so far are limited to the case of continuous

non-sticking relative motion between mass and wall; the domain of validity of these

solutions has also been derived. To complete the dynamic analysis of the system, a

numerical investigation of the stick-slip response is presented in the following section.
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3.6 Numerical validation and extension to stick-
slip regime

This section introduces a numerical approach for the evaluation of the time response,
displacement transmissibility and phase angle for SDOF systems with Coulomb
friction, with the scope of providing a numerical validation of the results presented
in the previous sections and achieving a complete overview of the dynamic behaviour

of SDOF systems under joined base-wall motion, including stick-slip responses.

3.6.1 Description of the numerical approach

The main challenge in the numerical time integration of the governing equation
reported in Eq.(3.4) is doubtlessly related to the occurrence of stick-slip in the
response. In fact, while continuous responses can be calculated with standard
numerical solvers, stick-slip motions are characterised by the presence of rapid
variations due to the transitions between the sticking and the sliding phases and
lead, as discussed in Section 2.3.3, to numerical stiffness in the problem. The
approach proposed in this section consists in using standard integration methods by
setting explicit conditions to account for the transition between different regimes.

A schematic representation of the implemented numerical algorithm is given

in Fig.3.10 and the major steps are detailed in what follows.

e As explained in Section 2.5.1 with respect to the fixed-wall case, the response
of this system is completely determined by three non-dimensional parameters,
i.e. the frequency ratio, the friction ratio and the ratio between static and
kinetic friction forces. These parameters can be selected by the user, as well
as the initial conditions for the displacement and the velocity and the number
of excitation periods N.,.. Since the length of each period is equal to 27 in

the current formulation, the final time will be equal to 27 Ngy..
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/ Input: . B, 1, Zy, Z), N /
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Figure 3.10: Flowchart of the numerical algorithm implemented for the calculation of
the response of a SDOF system with Coulomb friction under joined base-wall excitation.

o As a first step, the algorithm checks if the sticking conditions:

20 (3.31a)

¥ < uB (3.31b)

are verified. In the above equations, the function:
¥ =]z —1r%cosT| (3.32)

denotes the amplitude of the overall dynamic loading acting in the contact.
A sticking or a sliding phase will take place depending on whether these

conditions are met or not.

e During the sliding phases, the relative motion Zz is continuous and the solution
is nonstiff. Therefore, the governing equations are integrated by using a
variable-step Runge-Kutta (4,5) method, implemented in the Matlab function
ode45 [141]. These phases are terminated by the event condition 2’ = 0;
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when this happens, the algorithm checks if the second sticking condition, from
Eq.(3.32)b, is also verified to determine if the following phase will be sticking

or sliding.

o During the sticking phases, the relative displacement between mass and wall
will be unchanged and the relative velocity will remain equal to zero. The
stop will end when the dynamic force acting in the contact exceeds the static
friction force, i.e. when ¥ > uf. The final time instant of the sticking phase
can therefore be evaluated by using the Matlab function fzero [141], as shown

in Fig.3.10.

» The simulation will end when the final time 27N, is reached. The time
response of the system can simply be obtained as the sum of the relative
motion and the non-dimensional base motion cos 7. The response amplitude
can be determined as the maximum absolute value within the time interval
27 (Neye — 1), 20Ny, corresponding to the last excitation period. Similarly,
given that the initial time of this interval corresponds to a maximum of the
excitation, the phase angle can be determined as the non-dimensional time
instant where the maximum displacement occurs. However, when stick-slip
occurs, the maximum response usually coincides with a sticking phase rather
than a single point and the definition of phase angle considered in this chapter
cannot be applied. Therefore, the numerical evaluation of the phase angle
has not been carried out for the case discussed in this chapter. Nonetheless, a
different definition will be provided in Chapter 4 for overcoming this issue and

comparing numerical and experimental phase angles also in stick-slip regime.

3.6.2 Results and discussion

Steady-state time response

The steady-state relative and absolute mass motions, described by Eqs.(3.10) and
(3.26) respectively, have been compared to the numerical results obtained with the

algorithm introduced in the previous section for different sets of the parameters r,
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Figure 3.11: Steady-state time response of a SDOF system with Coulomb friction under
joined base-wall excitation for varying parameters r, 5 and p: analytical (continuous
lines) vs numerical (round markers).

f and pu. An excellent agreement has been observed for all the cases investigated,
as shown in Figs.3.11a-b for two specific combinations of these parameters. In
particular, the numerical responses have been evaluated setting a number of cycles
equal to N = 200 and zero initial conditions for the relative displacement and
velocity. It has been observed that most responses converge to a steady-state
solution for a significantly lower number of cycles. During the integration process,
the absolute and relative tolerances were set to 107¢ and 1072 respectively. The
harmonic excitation cos(7 + ¢.) is also represented in the non-dimensional interval
[0, 7] and appears perfectly aligned to the numerical forcing function, showing that

a very good agreement is also achieved for the phase angle ¢,.

Motion regimes

Figs.3.12-3.13 shows the motion regimes observed numerically in the parameter space
r — (3, also including the evaluation of the number of stops displayed in the steady-
state response. The numerical simulation were carried out for r = 0 : 0.02 : 2.5,
B =0:0.01:4 and considering two different values of the ratio u. In Fig.3.12, it
is possible to appreciate the agreement between the analytical and the numerical
boundaries of these motion regimes. Furthermore, it can be observed that two-stop

motions are widely predominating in the stick-slip region; the direct transition
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Figure 3.12: Number of stops of the steady-state response a SDOF system with Coulomb
friction under harmonic joined base-wall excitation in the parameter space r— 3 for varying

ratio between static and kinetic friction forces. The dashed black lines represent the
analytical boundaries of the motion regimes.
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Figure 3.13: Detail of the number of stops in the low-frequency region of parameter
space r — 3 for varying ratio between static and kinetic friction forces.

from the continuous to the permanent sticking regime, forecast in Section 3.4.3
for 4 > 1, can also observed in Fig.3.12b for the case © = 1.5. In Fig.3.13,

the motion regimes in the low-frequency region can be observed in more detail.

Particularly, it can be seen that:

o multi-stop motions, i.e. stick-slip motions with more than two stops per cycle,
can occur under joined base-wall excitation, although they have only been

observed for a very limited number of parameter combinations;
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o asymmetric one-stop motions occurs in a small region around the frequency
ratio 7 = 0.5 when p > 1. The extension of this region increases with p and
one-stops motions can become predominant in the stick-slip region for high

values of this parameter, as shown in Fig.3.13c.

» one-stop motions have not been detected for the case of y = 1; however,

asymmetric non-sticking responses have been observed at r = 0.5.

The latter behaviour appear very similar to those observed by Csernak et al. [70]
for SDOF systems with a fixed wall in the case of ;4 = 1. In the fixed-wall case, as
specified in Section 2.5, a one-parameter continuum of asymmetric solutions exists

in correspondence of the even sub-resonant frequencies when:

p< 47121_1 (3.33)
where n = 2,4, 6, .... In the joined base-wall motion case, it has been observed from
numerical results that these asymmetric solutions occur for:

2
(g (3.34)

which leads to 3 < 0.083 in the case of r = 0.5. Due to the dependency on 7%, the
RHS of Eq.(3.33) assumes very small values for the other sub-resonant frequencies,
so that asymmetric non-sticking responses can realistically be observed only for

the above value of the frequency ratio.
Displacement transmissibility

The analytical and numerical response amplitudes have been compared in the
frequency ratio range 0 : 2.5 for varying friction ratio and u = 1. The results,
shown in Figs.3.14a-b, show an excellent agreement. In addition, stick-slip response

amplitudes have been plotted, allowing for the following considerations.

o The stick-slip responses observed immediately after the transition from the
permanent sticking to the sliding regime present a drop below unity in the
displacement transmissibility. This phenomenon becomes more and more

visible as the friction ratio is increased.
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Figure 3.14: Non-dimensional response amplitude of a SDOF system with Coulomb
friction under joined base-wall excitation: absolute mass motion (a) and relative motion
in the contact (b). Analytical results are represented by the continuous lines, while
numerical results are represented with round (continuous motion) and with diamond
markers (stick-slip motion).

o The transition from stick-slip to continuous regime is characterised by different
behaviours depending on the friction ratio. For lower values, such as in the
case f = 0.2, there is a gradual increase of the response amplitude both
before and after the transition, with the continuous transmissibility curve
displaying a very similar pattern to the undamped case. At intermediate
values, represented by the cases of = 0.5 and g = 0.8, the increase in the

response amplitude is very sharp, since the transition occurs in proximity of
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the resonant peak; in these cases, small variations of r can lead to sudden
and significant change in the displacement transmissibility. Finally, when
B > 1, the frequency range where stick-slip occurs becomes larger and there
are no significant resonant peaks; as a consequence, the variations of the
displacement transmissibility occur very gradually. It has been observed that
starting from = 1.06 the maximum displacement transmissibility displayed
in sliding regimes decreases below unity; therefore, it can be affirmed that no

resonance occurs at all for larger values of the friction ratio.

o In Fig.3.14a, it is possible to observe that the transmissibility curve char-
acterised by § = 2 does not pass through the point of inversion located at
r = 1.5. More in general, it can be affirmed that the inversion phenomenon
as described in Section 3.5 only regards the continuous transmissibility curves.
When g > 1.55, the transition from stick-slip to continuous regime occurs
after r = 1.5 and similar patterns to that of the curve § = 2 will be observed.
Furthermore, also at lower frequencies, the stick-slip transmissibility curves
do not respect the dependency of the continuous transmissibility on the
friction ratio. For instance, in the range 1.23 < r < 1.5, the amplitude of
the continuous response decreases with 3, but the amplitude of the stick-slip
response increases if the curves § = 1.25 and § = 1.5 are considered. More
regular patterns are observed in Fig.3.14b for the amplitude of the relative
motion, which appears to decrease with the friction ratio independently of

the motion regime.

Finally, the effect of the ratio p on the displacement transmissibility and the
relative motion amplitude is represented in Figs.3.15a-b for the case g = 1. It
can be observed that, for u > 1, the starting point of the sliding motion is shifted
to higher frequency ratios and the transition occurs with a discontinuity. The
patterns displayed by the transmissibility curves when stick-slip motion occurs are
quite similar among each others. Nonetheless, it can be observed that, starting

from the case u = 1.5, there is a direct transition from permanent sticking to
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Figure 3.15: Numerical response amplitude for § = 1 and varying ratio between static
and kinetic friction forces: absolute mass motion (a) and relative motion in the contact

(b).

continuous motion, in accordance with motion regimes scenario depicted in Fig.3.6c.
Also in this case, the transition is characterised by a discontinuity, as shown in
Figs.3.15a-b. The continuous transmissibility curves are instead unaffected by the

variation of the static friction force.

3.7 Summary and concluding remarks

In this chapter, the dynamic response of a SDOF system with a Coulomb friction
under joined base-wall motion has been investigated analytically and numerically.

In particular, analytical solutions have been derived for the continuous steady-
state relative motion between the mass and the wall in contact and for the absolute
motion of the mass. Closed-form expressions have also been obtained for the
amplitude and the phase angle of the relative motion, while the displacement
transmissibility and the phase angle between the excitation and the response have
been evaluated numerically from the analytical expression of the time response.
Furthermore, the domain of validity of the solutions presented for the continuous
response has also been determined, providing an analytical formulation for the

boundary between continuous and stick-slip regimes. The upper bound for the
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presence of steady-state relative motion in the contact, either sticking or non-
sticking, has also been derived analytically. These boundaries have been plotted
in a two-dimensional parameter space for varying frequency and friction ratios,
determining three different regions associated to the continuous, stick-slip and
permanent sticking motion regimes. Different values of the static and the kinetic
friction forces have also been taken into account in the formulation and their effect
on these boundaries has been investigated.

A numerical approach has been introduced for validating the solutions presented
for the continuous response and investigating the dynamic behaviour of the system
when stick-slip occurs; the agreement observed between the analytical and the
numerical results was very good for all the cases investigated.

The main results of this investigation were: (i) the development of a better
understanding of how different motion regimes can occur depending on the frequency
and friction ratios, particularly in the low- and high-frequency regions and at
resonance; (ii) the presence of an inversion of the transmissibility curves, occurring
across a narrow frequency range located around r = 1.5 and leading to the
amplification of the transmissibility at high frequencies as an effect of Coulomb
damping; (iii) a characterisation of the stick-slip responses, including how the
patterns displayed by the transmissibility curves and the number of stops evolve
depending on the kinetic and static friction forces.

Overall, the results presented in this chapter have contributed to the development
of a more complete understanding of SDOF oscillators with Coulomb friction and
revealed how the presence of a friction contact between two oscillating components
has a significant impact on the dynamic behaviour of the system, which cannot
be accounted for by simply assuming, for instance, a different reference system
where one of the components is static. Nonetheless, the results obtained in this
chapter, as well as those reported in Section 2.5.1 for SDOF systems with a fixed
wall, are theoretical and based on important assumptions, first of all regarding the
expression of the friction force according to the Coulomb’s law. Therefore, in the

next chapter, an experimental investigation will be introduced, aiming to verify
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if these results can be reproduced in experimental conditions and to determine

the main limitations to their validity.



A theory can

be proved by experiment; but no path

leads from experiment to the birth of a theory.

— Albert Einstein
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4.1 Introduction

This chapter presents an experimental investigation of the dynamic behaviour of a

SDOF system with a metal-to-metal contact under harmonic base or joined base-

wall excitation. The main goal of the investigation is to provide an experimental

validation for: (i) Den Hartog’s analytical solutions for SDOF systems with a

fixed wall;

(ii) the solutions presented in Chapter 3 for SDOF systems with an

68
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oscillating wall; (iii) the numerical results obtained in stick-slip regime with the
approach presented in Section 3.6.

The experimental setup consists of a single-storey shear frame, where a harmonic
excitation is imposed on the base plate and a friction contact is achieved between
the steel top plate and a brass disc. The frequency and friction ratios can be
selected by adjusting the driving frequency of the base motion and the normal
force exerted by the disc on the top plate.

The experimental results are presented and compared to the analytical and
numerical results using the displacement transmissibility and the phase angle as
response metrics. The displacement of the top plate, corresponding to the mass
motion in the SDOF model, is also shown in the time and the frequency domains
for both continuous and stick-slip regimes. The setup does not allow to investigate
the ratio between static and kinetic friction forces. Therefore, the analytical and
numerical results used for the comparison have been derived assuming p = 1.
Nonetheless, the potential role of different values of this ratio is considered in
the discussion on the experimental results.

The chapter is structured as follows. The experimental setup is described in
Section 4.2. Section 4.3 is dedicated to the description of the testing procedure, also
including the preliminary tests for the estimation of the frequency and the friction
ratio parameters and the processing of the results from the main forced vibration test.
The results are presented in Section 4.4 in terms of the displacement transmissibility
and the phase angle, while Section 4.5 shows a detailed comparison between the

experimental and the numerical responses in the time and the frequency domains.

4.2 Experimental apparatus

The test rig used for the experimental investigations presented in this chapter is
a single-storey shear frame composed of two metal plates connected through four
metal bars, as shown in Fig.4.1. Each stanchion is doubly bolted to both floors.

The main properties of these components are reported in Tab.4.1.
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(a) Fixed wall configuration (b) Joined base-wall configuration

Figure 4.1: Pictures of the test rig. A rotor is connected to the base plate of a single-
storey frame through a Scotch-yoke mechanism. A counterweight pinned to the external
frame (a) or to the base plate (b) applies a normal force on the top plate.

Component  Size (mm) Mass (kg) Material
Top plate 300 x 153 x 9.72  3.372 Steel

Base plate 300 x 255 x 12.7  2.862 Aluminium
Bars 410 x 25.5 x 1.60 0.130 Steel

Table 4.1: Properties of the single-storey frame components.

A friction force is introduced in the system by means of a brass disc resting
on the top plate producing a line metal-to-metal contact. The disc is mounted
on a bar equipped with a counterweight system, so that the normal force, and
therefore the friction force, applied to the plate can be modified by adjusting the
position of the weights along the bar.

Two test configurations are considered by changing the location of the coun-
terweight system. When the counterweight is pinned to the external frame (as
shown in Fig.4.1a), the fixed-wall configuration is obtained. The joined base-wall
configuration (shown in Fig.4.1b) is instead achieved by pinning the counterweight
system to a post bolted to the base plate. A schematic representation of the

test rig is reported in Fig.4.2.
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Figure 4.2: Schematic representation of the test rig in the fixed-wall configuration.

The single-storey frame is dynamically excited through the motion of the base
plate. In particular, this motion is imposed by using an electric motor (DKM-
9PBK) controlled through an inverter motor speed regulator (RS Pro RS510) and
a Scotch-yoke mechanism in order to convert the rotating motion into a harmonic
alternate motion. The frequency of the base displacement can be controlled by
changing the input speed of the inverter, while the amplitude can be set by pinning
the Scotch-yoke to different points of the rotor.

During the test, the displacements of the base and top plates are recorded with
two separate laser displacement sensors (optoNCDT 1420, with a measuring range
of 50mm [144]). These sensors are clamped to the external frame, as can be

observed in Figs.4.1a-b.

4.3 Test procedure

The main purpose of this experimental investigation is the validation of the
theoretical results obtained for the displacement transmissibility and phase angle of
a SDOF system with Coulomb friction for varying frequency and friction ratios. To
accomplish this goal, forced vibration tests have been run for different couples of
values of  and 3. However, preliminary tests were also needed to determine how

these two parameters are related to the input driving frequency selected through
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the inverter and to the normal force selected by shifting the weights along the
counterweight axis. The suitability of the single-storey frame for reproducing a
SDOF system, as well as the estimation of the frequency ratio are dealt within
Section 4.3.1, while the experimental estimation of the friction ratio is presented in
Section 4.3.2. Finally, in Section 4.3.3 it is shown how the aforementioned response

metrics can be obtained by post-processing the experimental data.

4.3.1 SDOF model validation and frequency ratio estima-
tion
The single-storey shear frame introduced in the previous section is meant to represent
a SDOF mass-spring system. In a first approximation, the top plate corresponds to
the mass of such a system, while the spring is represented by the four stanchions
and characterised by their overall flexural stiffness. However, as a real structure,
the frame has an infinite number of DOFs [24]. In order to determine if this
structure can be modelled as SDOF system, it is required to verify whether one or
more vibrating modes are excited within the frequency range explored in this

experimental investigation.
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Figure 4.3: Displacement transmissibility of an undamped SDOF system: experimental
results (markers) vs analytical results (continuous line).
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The suitability of the SDOF model has been verified as follows. A series of
tests were carried out in the absence of friction, i.e. by removing the counterweight
from the setup, at different driving frequencies within the range 0 — 8Hz, aiming to
evaluate experimentally the displacement transmissibility. The procedure used to
perform these tests and derive the transmissibility is the same used for the main
forced vibration tests, which is described in detail in Section 4.3.3. The results from

these tests, shown in Fig.4.3, have been fitted with the analytical curves:

- 1

corresponding to the displacement transmissibility of an undamped SDOF system
[143], using a least-squares method. Two important conclusions can be drawn

from the results of this preliminary test.

o The excellent agreement between the experimental results and the best-
matching analytical curve implies that a SDOF model is a suitable represen-

tation of the single-storey frame.

o As shown in Eq.(2.15), estimating the frequency ratio requires the evaluation
of the driving and natural frequencies. The driving frequency w is specified by
changing the input frequency of the inverter and can be visualised from the
frequency spectrum of the excitation, which will exhibit a peak at f = w/(27).
Therefore, the only unknown parameter in Eq.(4.1) is the natural frequency;
the best agreement between experimental and analytical transmissibilities has
been obtained for f,, = 3.086Hz. This value will be therefore considered as

the natural frequency in the remaining of this chapter.

4.3.2 Friction ratio estimation

According to the definition introduced in Section 3.2, the friction ratio depends
on the friction force F', the stiffness k£ and the amplitude of the base motion Y.
Since k is a property of the frame and Y has been set to the fixed value of 1.75mm

during the investigation, S could only be varied by adjusting the friction force
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Figure 4.4: Experimental measurement of top plate free decay. The measured peaks
show an approximatively linear slope (dashed line).

and, more specifically, by choosing a configuration of the counterweight masses
producing the desired normal force on the top plate. The friction force acting
between the disc and the top plate cannot be directly measured during the forced
vibration test. Nevertheless, an experimental estimation can be obtained by using
a linear decrement approach. A free vibration is generated in the frame by pulling
and releasing the top mass. It has been observed that the peaks of each cycle
of the freely decaying vibration have an approximatively linear slope, as shown
in Fig.4.4. In accordance with the Coulomb model for free vibration. Therefore,
the friction force can be evaluated as [143]:

Kz — 22)

F =
4

(4.2)

where () and z® are the displacements of two subsequent peaks. A better estimate
can be obtained by averaging the force estimated for every pairs of subsequent

peaks of the signal. Substituting Eq.(2.16) into Eq.(4.2), it is obtained that:

2D _ (@)

p=" (43)

Since Y is known, the above formula can be used to calculate directly the friction

ratio from the measured peaks, without need of estimating the stiffness value.
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In order to validate each of the theoretical transmissibility and phase angle
curves presented in Section 2.5.1 and in Section 3.5, it is required to run several
forced vibration tests at different frequency ratios while keeping the friction ratio
constant. However, variations of the friction ratio can occur either during a single
test or among different tests due to several causes, which can lead to alterations in
the normal force exerted by the disc on the top plate or in the friction coefficient

between the surfaces in contact.

(b) Joined base-wall configuration

Figure 4.5: Counterweight system pinned to the external frame in the fixed-wall
configuration (a) and to a base-fixed post in the joined base-wall configuration (b).

The variation of the normal force across different tests can be related to an
imperfect pin connection between the counterweight bar and either the external
frame (fixed-wall case, see Fig.4.5a) or the base-fixed post (joined base-wall case,
shown in Fig.4.5b). In fact, this constraint should allow a free rotation around the
pinning axis, preventing at the same time any horizontal or vertical displacement
of the counterweight bar. Washers have been located on both sides of the pinning
disc of the counterweight system in order to aid the rotation. Even so, pinning
these components too tightly may partially prevent this free rotation, producing a

reaction moment in the constraint, which would eventually alter the normal force
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applied on the plate. On the other hand, an excessively loose tightening would allow
an unacceptable horizontal displacement of the counterweight bar. Consequently,
in order to limit both effects, care was taken when tightening.

The friction coefficient is an empirical parameter and its variation can be due to
several underlying physical agents, including wear, debris formation, temperature,
loading history and many others [2, 3]. These dependencies are still mostly unclear
[137]; however, the focus of this investigation is not to quantify these variations
but, as previously stated, to validate the presented theoretical results for varying
frequency and friction ratios. Therefore, efforts have been made to reduce and
control non-Coulomb phenomena which may occur during the test campaign. In
particular, the setup allows the modification of the contact line between the disc
and upper plate when significant wear has occurred; in fact, the brass disc can
be rotated or shifted. Furthermore, debris has been removed after each test by
thoroughly cleaning the surfaces in contact. Finally, the duration of each test was
limited to 60s in the attempt of observing an approximatively constant value of
the friction force throughout the experiment.

As a result, for each configuration of the weights along the counterweight bar,
the friction force displayed only small variations from test to test, possibly due to a
dependency on the exciting frequency or to a change in the external conditions. In
addition, a fine tuning has been operated to refine the estimation of the friction ratio
obtained from the linear decrement and to compensate for these possible friction
force variations among different tests. Since both the displacement transmissibility
and the phase angle were measured and compared to theoretical values, small
adjustments have been applied to the normal force to yield simultaneously a good
agreement for both response metrics. It is worth noting that, since it is possible to
reproduce not only the magnitude but also the phase shift of the response, the fine

tuning of the friction ratio does not affect the validation provided by the experiment.
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Figure 4.6: Base and mass displacements recorded for » = 0.85 and = 0.2 in fixed-wall
configuration and their frequency spectra before and after signal post-processing.
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4.3.3 Signal processing for response metrics evaluation

In Chapter 3, the displacement transmissibility has been evaluated as the maximum
absolute value of the non-dimensional steady-state response, while the phase angle
has been defined as the non-dimensional time lag between the maxima of the
excitation and of the response. Although correct, these time-domain based metrics
are not suitable for experimental measurements. In fact, irregularities in the
motion of the two plates might easily alter both the maximum value of their
displacements and the time for which these maxima occurs. Moreover, as explained
in Section 3.6.1, this definition of the phase angle cannot be applied when stick-
slip occurs. Therefore, in this chapter, these quantities are evaluated from the
frequency spectra of the displacements of the top plate fft{z} and of the base
plate £ft{y}. In particular, the displacement transmissibility is evaluated as the
ratio between the magnitude of the peaks displayed by these frequency spectra

in correspondence of the driving frequency f:

v _ [ffe{z}(f)]
S e () 0) -
while the phase angle is obtained as:
o = arg(fft{z}(f)) — arg(ffe{y}(f)) (4.5)

In the remaining of this thesis, these quantities will be referred to as frequency-
based displacement transmissibility and phase angle, as opposed to the previously
considered time-based response metrics.

The signals acquired during the forced vibration test have to be processed in
order to evaluate accurately the driving frequency, the displacement transmissibility
and the phase angle. In particular, the signals from the laser displacement sensors
have been recorded for 60s with a sampling frequency of 2kHz. This choice of
duration for the recording window represents a compromise between obtaining an
acceptable frequency resolution and, as previously mentioned, avoiding significant

changes in the friction force due to wear and debris formation during a single test.
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The acquired signals have been processed by applying a Hanning window (as
defined in [145]) and zero-padding in order to reduce leakage and allow a more
accurate resolution of the main peaks in the frequency spectrum. Fig.4.6 shows
how post-processing affects a pair of recorded signals (with parameters specified
in the figure caption) in the time and the frequency domains, respectively. It is
worth noting that the frequency spectrum of the excitation displays not only a main
peak in correspondence of the driving frequency, but also smaller peaks at other
frequencies. This occurs because the base excitation generated by the setup is not
perfectly monoharmonic and also other harmonics are excited, as inevitable when
using a Scotch-yoke mechanism. Nevertheless, these additional frequency contents
are typically more than 20dB below the fundamental peak so they do not affect the
evaluation of the response metrics, which are referred to the main driving frequency.
Conversely, the presence of secondary peaks in the response spectrum also depends
on the nonlinearity of the friction force, as discussed in Section 4.5.

After the post-processing, the driving frequency can be evaluated as the frequency
corresponding to the main peak of the excitation spectrum, while the transmissibility

and the phase angle as finally obtained from Eqs.(4.4) and (4.5).

4.4 'Transmissibility and phase angle results

In this section, the experimental results obtained from the forced vibration tests
are presented for both fixed-wall and joined base-wall configurations and compared
to the theoretical results presented in Section 2.5 and Chapter 3. These latter

results have been obtained as follows.

o« When 3 < Bim, where the boundary friction ratio (i, is obtained from
Eq.(2.26) for the fixed-wall case and from Eq.(3.21) for the joined base-wall
case, the analytical solutions for the continuous non-sticking response have
been considered. The steady-state time responses, expressed in Eqs.(2.22)
and (3.26) respectively, have been processed to obtain the frequency-based
displacement transmissibilities and phase angles as defined in Eqs.(4.4) and

(4.5).
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e When 3 > [y, the stick-slip response has been evaluated numerically using
the approach described in Section 3.6.1 and schematised in Fig.3.10 for the
joined base-wall motion case. In the fixed-wall case, the same approach
can be used by replacing the mass motion z to the relative motion z and
expressing the forcing function as cos 7 rather than as r% cos 7, as specified in
the governing equation in Eq.(2.14). The same tolerances, initial conditions
and number of cycles as those reported in Section 3.6.2 have been set. The

numerical time responses have also been processed to obtain Xg and ¢g.

4.4.1 Base motion with fixed wall

The fixed-wall case has been investigated using the rig shown in Fig.4.1a. In
addition to the two laser sensors mentioned in Section 4.2, the setup was equipped
with a third laser sensor clamped to the external frame to measure the motion
of the disc and ensure that it was negligible. For every test performed, it has
been verified that the amplitude of the disc motion was at least two orders of
magnitude smaller than the top plate vibration.

The parameter space investigated was r = 0.025 : 2.5 and g = [0.2,0.4,0.6].
Overall results for the displacement transmissibility and the phase angle from the
experimental campaign are reported in Figs.4.7a-b, while the low-frequency ratio
region is shown in detail in Figs.4.8a-b. For both quantities, the experimental
results show a good agreement with the analytical and numerical results.

Comparing Figs.4.7a with Fig.2.4a, it can be observed that, despite the very
similar patterns showed by the time-based and the frequency-based displacement
transmissibilities in continuous regime, the latter does not always decrease with
the friction ratio. In fact, it can be seen that a local inversion of the continuous
transmissibility curves occur in the range 0.334 < r < 0.604; it can be concluded
that in this range, while the amplitude of the continuous responses decreases with [,
there is an increase of amplitude in the main harmonic component of the response.
Nonetheless, this inversion only concerns the continuous curves: in Fig.4.8, it can be

observed the numerical stick-slip curves follow different patterns and generally appear
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Figure 4.7: Displacement transmissibility (a) and phase angle (b) of a SDOF Coulomb
friction oscillator with a fixed-wall under harmonic base excitation: experimental (markers)
vs analytical (continuous lines) and numerical (dashed-dotted lines) results. The black
dashed line represents the boundary between continuous and stick-slip regimes.

to decrease with ( also in this frequency range. The experimental transmissibilities
evaluated at these frequencies do not describe a clear pattern and only show very
small variations with the friction ratio, independently of the motion regime.
Observing Figs.2.4b and 4.7b, it is possible to observe that the difference between
the time-based and the frequency-based phase curves is more significant than that
found for the transmissibility curves. In fact, the latter show a very low dependency

on the frequency ratio, particularly in continuous regime. As a result, the frequency-
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Figure 4.8: Displacement transmissibility (a) and phase angle (b) of a SDOF Coulomb
friction oscillator with a fixed-wall under harmonic base excitation in low-frequency ratio
region.

based phase angle is almost constant for varying r, while it shows significant
variations for varying . This sensitivity makes the frequency-based phase angle an
interesting metric for measuring the friction ratio (and, therefore, the friction force)
from the dynamic response of the structure. In other words, the evaluation of the
phase angle from the measured displacement of the plates could be used to deduce
the amount of Coulomb friction acting in the structure. The patterns displayed by
the phase angle in stick-slip regime, depicted in Fig.4.8b, are slightly more irregular
but the values remain very close to those displayed by the continuous curves.
Finally, it is worth noting that, according to the theoretical findings described in
Section 2.5.1, stick-slip motion is expected at high frequency ratios only in the case
g = 0.6, among those investigated. As can be seen in Fig.4.7a, although stick-slip
could not be clearly observed during the experiments, there is an increase of the
displacement transmissibility in the high-frequency range where stick-slip should
occur; in the same frequency range, it can be seen from Fig.4.7b that the phase

angle is still in good agreement with the numerical predictions.
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Figure 4.9: Displacement transmissibility (a) and phase angle (b) of a SDOF Coulomb
friction oscillator under harmonic joined base-wall excitation: experimental (markers)
vs analytical (continuous lines) and numerical (dashed-dotted lines) results. The black
dashed line represents the boundary between continuous and stick-slip regimes.

4.4.2 Joined base-wall motion

The joined base-wall motion case has been investigated on the setup configuration
shown in Fig.4.1b. An additional laser sensor clamped to the external frame has
been used to measure the displacement of the disc to ensure that the wall was
providing the same motion as the base. It has been observed that the disc motion
is characterised by a negligible phase shift with respect to the base motion and

a very low percentage increase in the level of noise.
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Figure 4.10: Detail of the inversion of transmissibility curves of a SDOF Coulomb
friction oscillator under joined base-wall excitation at r = 1.504.

The parameters space investigated was such that g = [0.5,0.75, 1, 1.5, 2], while
values for r ranged up to 2.5. The results of this experimental campaign are
presented in Fig.4.9 and 4.10 and exhibit an overall good agreement with the
analytical and the numerical results. In this configuration, the frequency-based
transmissibility and phase angle curves are nearly the same as the time-based curves
shown in Figs.3.7a and 3.8. A minor difference can be observed in the displacement
transmissibility, where the inversion of the continuous curves occurs across a single
point located at » = 1.504 rather than a narrow frequency range as observed in
Section 3.5. This is well-visible in Fig.4.10, where it is also possible to observe that
the experimental transmissibilities, despite assuming slightly larger values than
the analytical ones, invert exactly at the frequency ratio predicted analytically in
Section 3.5. The experiments have also confirmed that, while the amplitude of the
response is not affected by friction ratio in proximity of the point of inversion, the
same is not true for the phase angle, as shown in Fig.4.9b. The same figure also
shows that, as in the fixed-wall case, the phase angle is very sensitive to variations
in the friction ratio across a wide range of the frequency ratio. However, it is

also shown that phase angle curves may overlap when r < 1, as in the cases of
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Figure 4.11: Experimental time response for » = 1.15 and § = 0.7, highlighting the
occurrence of permanent sticking between mass and disc at ¢ = 54.8s.

B = 0.5 and f = 0.75 of the current investigation.

In Fig.4.9, it is also possible to note that only a few tests could be carried out
in stick-slip regime. Stick-slip was observed in the relative motion between the two
plates only for § = 2, where a good agreement can observed between experimental
and numerical transmissibilities but not in terms of the phase angle, where the
experimental values are larger than the numerical predictions. The difficulties in

investigating those stick-slip responses are discussed in the following subsection.

4.4.3 Limitations on the applicability of the setup

The results presented for the fixed-wall and the joined base-wall configurations have
shown that the transmissibility and the phase angle of a SDOF Coulomb friction
oscillator can be investigated with the proposed experimental setup.
Nonetheless, during the experimental campaign, it has been observed that for
some particular conditions the top plate and the disc can become permanently stuck
during the test. For example, Fig.4.11 shows the displacement of the top plate in a
test where a permanent sticking occurs after about 55s. It is worth noting that a
steady-state condition is apparently reached in a first stage but this is followed by
a variation in the setup conditions which leads to a new transient ending with the
permanent sticking. In order to further investigate this phenomenon, the test has

been repeated under the same conditions. It has been found that the time at which
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permanent sticking takes place can significantly vary across these tests. Moreover,
it has been noted that, starting a new test directly from this stuck condition, no
motion of the top plate would be observed; this is not true if the disc is removed and
then reapplied onto the plate. It has not been possible to determine the causes of
this phenomenon, which might include: (1) initial conditions variation; (2) contact
properties variation, including temperature, wear and debris formation during the
test; (3) setup imperfections; (4) transient chaotic behaviour.

The particular test conditions for which the permanent sticking has been observed
are discussed in what follows. In the fixed-wall case, the sticking has occurred for
values of the friction ratio above 5 = 0.7, independently of the exciting frequency. As
for the joined base-wall motion case, the phenomenon was observed starting from g =
0.7r2. This observation suggests that a difference between static and kinetic friction
forces may be among the causes of the permanent sticking. Moreover, recent studies
based on more advanced friction models [146] show that the boundary between
sliding and permanent sticking regimes might also depend on frequency ratio in the
fixed-wall case and occur at lower friction ratios within certain frequency ranges.

Due to the occurrence of permanent sticking, it is difficult to achieve an accurate
experimental evaluation of the response metrics within the stick-slip region in the
joined base-wall motion case, as already mentioned in Section 4.4.2. In particular,
stick-slip motion has only been observed for § = 2, i.e. for the largest friction ratio
investigated. This can be explained by recalling that, as shown in Figs.3.4 and 3.5,
in the joined base-wall motion case the extension of the parameter space region
associated to the stick-slip regimes becomes larger for high values of .

In conclusion, this setup cannot be used to investigate with sufficient accuracy
the displacement transmissibility and the phase angle when 5 > 0.7 in the fixed-wall

configuration and 3 > 0.7r? in the joined base-wall motion configuration.
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4.5 Mass motion analysis in the time and fre-
quency domains

In this section, the experimental results obtained for fixed pairs of the parameters r
and [ are compared to the steady-state response yielded by the numerical approach
in different motion regimes. Particularly, the response is investigated in the time
and frequency domains to account for features such as the number of stops per
cycle in stick-slip regime and their duration, as well as the multi-harmonic content,
which cannot be captured by the response metrics presented in Section 4.4.
During the test, the signals were recorded for 60s only after a steady-state
condition was reached. For this reason, in order to compare the numerical and the
experimental time responses, the recorded displacement of the top plate has been
shifted to match the first zero crossing of the numerical steady-state mass motion.
The comparison between the experimental and the numerical responses, achieved
for the fixed-wall configuration, is shown in Figs.4.12 and 4.13 for different values
of r and 8 = 0.2. In particular, Fig.4.12 presents the comparison between the
time responses in a shorter and a longer time of observation. It is possible to
observe that the experimental mass motions are well reproduced by the numerical
simulations both in continuous and in stick-slip regimes, even when several stops
occur during each period. Nonetheless, observing the comparison of the responses
in a longer time window, it is possible to see that the displacement of the top plate
can present a low-frequency variation not accounted by the numerical simulations;
this is well-visible in Fig.4.12d. An asymmetric experimental response with one stop
per cycle is shown in Fig.4.12b. The presence of asymmetries in the response in
correspondence of the sub-resonant frequencies has been discussed from a theoretical
point of view in Sections 2.5.1 and 3.6.2. In particular, in reference [70] it is specified
that these asymmetric solutions are expected at r = 0.5 when 5 < 1/3. It is also
worth noting that, if the static and the kinetic friction forces are equal, the solution
should be non-sticking and the asymmetry is only expected at r = 0.5. The
experimental response is instead characterised by the presence of one stop per cycle

and it has been observed that this behaviour would also occur if the frequency
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Figure 4.12: Steady-state time response for § = 0.2, short and long duration:

experimental (black line) vs numerical (red line).
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ratio is slightly changed. Following the discussion presented in Section 3.6.2 on
the effect of p on the sub-resonant behaviours, this might suggest that the static
friction force is indeed larger than the kinetic one.

The comparison between the experimental and the numerical frequency spectra
of the response is shown in Fig.4.13. It can be observed that the noise level in
the experimental measurements is below -40dB in all the reported cases; this
allows a clear observation of the peaks. A very good agreement is observed for
the peaks related to the first six odd harmonics. These peaks are found both in
the experimental and in the numerical responses because they are related to the
nonlinearity of the problem, as explained in [60]. Conversely, peaks can only be
observed in correspondence of the even harmonics in the experimental frequency
spectra. As specified in Section 4.3.3, the peaks are due to the presence of higher

harmonics in the base motion generated by the rotor through the Scotch-yoke
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mechanism. It must be observed that, in Fig.4.13b, even peaks are also found in
the numerical spectrum, due to the asymmetry of the response.

In conclusion, it has been shown that the proposed experimental setup also
enables the investigation of the dynamic behaviour of a SDOF Coulomb friction
oscillator in the time and the frequency domains. Particularly, the stick-slip motion

has been observed with a very good accuracy.

4.6 Summary and concluding remarks

The experimental investigation of a SDOF Coulomb friction oscillator under
either base excitation or joined base-wall harmonic excitation has been presented
in this chapter.

A single-storey frame setup with a brass-to-steel contact has been designed
to introduce a harmonic base excitation and a friction contact in the structure.
Two different configurations of the test rig, corresponding to the fixed-wall and to
the joined base-wall cases, have been explored. The response metrics considered
were: (1) the displacement transmissibility and (2) the phase angle between the
displacement of the two plates; (3) the steady-state time response of the top plate
and (4) the corresponding frequency spectrum.

The analytical developments by Den Hartog [21], presented in Section 2.5.1,
and those introduced in this thesis in Chapter 3 have been validated for different
values of the frequency and friction ratios. An excellent agreement was found in
terms of the response metrics (1) and (2) in continuous regime. In particular, it
was confirmed that, in the joined base-wall case, an inversion of the transmissibility
curves occurs at r = 1.5.

A very good agreement was also obtained between the experimental and the
numerical results in stick-slip regime, in terms of the four response metrics. In
particular, it has been shown that the numerical approach and the experimental
setup allow the observation of features such as the number and the duration of the

stops, as well as of the multi-harmonic content in the system response.
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The limitations of the test setup have also been discussed. In particular,
the parameter space which can be investigated is limited by the occurrence of
permanent sticking between the disc and the top plate when § > 0.7 in the
fixed-wall configuration and when 8 > 0.7r? in the joined base-wall configuration.

Overall, the experimental investigation presented in this chapter has shown that
the analytical solutions and the numerical approaches proposed in the previous
chapters for the steady-state response of a SDOF system with Coulomb friction
can be reproduced in experimental conditions using the proposed setup. It has also
been shown that certain response metrics, such as the frequency-based phase angle,
which are easily be obtained from the measured displacements of the plates, offer a
good degree of sensitivity with respect to the friction force variations. Therefore,
these metrics could be used, in a inverse approach, to measure the friction force
acting in the contact from the dynamic response of the structure.

In conclusion, the results presented in Chapters 3 and 4 offer a complete overview
of the dynamic behaviour of SDOF systems with Coulomb friction. Nevertheless,
although SDOF models can provide an adequate description of the dynamical
behaviour of some systems, in most cases the dynamic analysis of a structure
requires the use of MDOF models. The effects of the introduction of a Coulomb

friction contact in such systems will be discussed in the following chapters.



Many of life’s failures are people who did not realise
they were close to success when they gave up

— Thomas Edison
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5.1 Introduction

In this chapter, an exact solution is derived for the continuous steady-state response
of MDOF systems with a Coulomb friction contact under harmonic loading. In

particular, closed-form expressions are obtained for the time response of all the
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masses of the system and for the response amplitude and phase of the mass in
contact. Approximated analytical formulations are also proposed for the response
amplitudes and phases of the other masses. Furthermore, the domain of validity
of these solutions, i.e. the boundary between continuous and stick-slip regimes, is
evaluated, also accounting for different static and kinetic friction forces.

All the presented solutions hold for any number of DOFs and take into account
harmonic and friction forces applied to different masses of the system. Moreover,
different contact configurations involving fixed or oscillating walls are explored. The
latter case includes contacts occurring between either two masses of the system
or one of the masses and the harmonically excited base. As mentioned in Section
3.1, systems with a contact between oscillating components are of interest for
several engineering applications. Specific examples regarding MDOF models with a
friction contact include the implementation of a friction damper in buildings [7],
car suspensions [9], taxiing of airplanes models [15] and energy harvesters [14].

The general formulation of the problem and the relevant assumptions are
discussed in Section 5.2, while the modal superposition approach used for deriving
the solution is explained in Section 5.3. The closed-form expressions for the time
response, displacement transmissibility and phase angle of each mass of the MDOF
system are presented in Section 5.4 and the domain of validity of these solutions is
derived in Section 5.5. Finally, all these results are extended to MDOF systems

with a contact between oscillating parts in Section 5.6.

5.2 General formulation and assumptions

Let us consider a MDOF system where N masses m; are connected between each
other and to the base by N springs of stiffness k;, as shown in Fig.5.1. The system
is subjected to a harmonic load of amplitude P and frequency w, applied to the [-th
mass. The case of a harmonic base motion of amplitude Y can be accounted for by
assuming that a harmonic load of amplitude P = k1Y is applied to the mass my,

as explained in Section 2.5.2 for SDOF systems. A Coulomb contact characterised
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my

X1

% L 1‘ Pcos(wt)
m,

Figure 5.1: MDOF system with a friction contact on the j-th mass subjected to a
harmonic excitation on the [-th mass.

by a friction force of amplitude F occurs on the j-th mass of the system. The

generic 7th governing equation of this system can be written as:
meL’Z — kixi—l + (k?z + ki—l—l)xi - ki—l—lxi—i—l + 5jiFSgIl(i‘j) = 5lzP cos(wt) (51)

where x;_ ;1 = 0 for v =1, 2,41 = k;x1 = 0 for ¢ = N and:

Sy = { ! ifg=s (5.2)

0 otherwise

The sgn() function is defined in Eq.(2.11). It is worth recalling that the value assumed

by this function when #; = 0 is included between - and p and such that the system

is in equilibrium when no motion occurs between the mass m; and the wall.
The dynamic behaviour of this system can be described by referring to 2N + 1

non-dimensional groups only:
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o the frequency ratio r = wy/mq/ky;

the friction ratio § = F/P;

the ratio between static and kinetic friction forces u;
o the N — 1 mass ratios 7; = m;/my;
o the N — 1 stiffness ratios k; = k;/k;.

It is worth noting that ~; and k; are equal to 1, by definition, and therefore will
not be considered as parameters of the system. By introducing the non-dimensional

time 7 defined in Eq.(2.12) and the non-dimensional mass displacements:

_ X
:L‘,

it is possible to rewrite Eq.(5.1) in a non-dimensional form where these parameters

appear explicitly:

Vi T — KiZio1 + (Ki + Kig1)Ti — KiaTip1 + 05:0sgn(T)) = 6 cos 7 (5.4)

The assumptions required for the analytical approach proposed in this chapter

are the following::
» antiperiodic and continuous steady-state response
» presence of a single nonlinearity in the system

The first assumption is the same considered by Den Hartog [21] for the response
of SDOF systems with a fixed wall and considered in Chapter 3 for the relative
motion in the contact of SDOF systems under joined base-wall excitation. It is
worth mentioning that, while the stability properties of SDOF systems have been
investigated by several authors [23, 67, 70], to the best of the author’s knowledge,
they are unexplored for the MDOF systems investigated in this chapter. Nevertheless,
the numerical investigations carried out in this study have shown a convergence

of the response to a unique steady-state solution for most sets of parameters.
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T T
——Force —Mass m; —Mass m,

Dimensionless displacement
o

_4 1 1 1
0 2 T 3n/2 2T

Dimensionless time [7]

Figure 5.2: Harmonic excitation and continuous responses of the mass in contact m;
and of the generic mass not in contact my in the steady-state period included between
two maxima of the response Z; of the mass in contact.

Specific exceptions, including the case of infinite resonant peaks, will be reported
and discussed in Chapter 6.

The second assumption is satisfied if only a single contact is considered. There-
fore, the proposed approach cannot deal with MDOF systems with multiple contacts
occurring simultaneously on different masses.

The harmonic excitation and the motions of the mass in contact m; and of a
generic mass my, are shown in Fig.5.2 in the steady-state period included between
two maxima of z;. If the above assumptions are verified, the governing equations
of the MDOF' system will be linear in each half-period included between two
subsequent stationary points of z;, independently of the number of DOFs of the
system. If the non-dimensional time interval [0, 7] is considered, where 7 = 0
coincides with a maximum of the periodic displacement of the mass in contact and
7 = 7 with the subsequent minimum, the velocity of m; will be equal to zero at
both ends of the interval and negative in all the internal points. Therefore, the
non-dimensional friction force will be constant within the interval and equal to

—f. Thus, it will be possible to rewrite Eq.(5.4) as:

VirtE! — KiZio1 + (Ki + Kig1)Ti — Kip1Tip1 = il + 0 cos(T + @) (5.5)
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where it is assumed that an unknown phase angle ¢; is present between the maxima
of the excitation and of the response of m; when a steady-state condition is reached,
as an effect of Coulomb damping. This phase angle is introduced here according
to the definition used by Den Hartog [21], i.e. it refers to the maxima of the

harmonic excitation and of the j-th response.

5.3 Modal superposition procedure

The linearity of Eq.(5.5) enables the use of standard approaches such as modal
superposition method, which are typically used for the resolution of linear MDOF
systems [24]. As a first step, it is possible to write the N governing equations of

the system within the interval [0, 7] in the following matrix form:

Mx"+Kx=f+p (5.6)
where:
e M is the mass matrix:
r? 0 0
- 0 r? 0
M — 7 (5.7)
0 0 cee N
o K is the stiffness matrix:
1+ K9 —KR2 0 N 0
_ —K Ko + K —K 0
K=| ° T om . (5.8)
0 0 oo —KN KN

o f is the friction force vector, whose only non-zero component is § in the j-th

position;

p is the harmonic force vector, whose only non-zero component is cos(7 + ¢;)

in the [-th position;
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The N non-dimensional natural frequencies €2; and the corresponding N mode
shapes 1, = [wu Yo ... wNi}T of the system described by Eq.(5.5) can be found

as solutions of the generalised eigenvalue problem [24]:
(K—-QM)yp, =0 (5.9)

The obtained mode shapes 1), are defined up to a constant [24] and, therefore,
they need to be normalised according to some criteria in order to have a unique
definition. In the proposed approach, a mass-normalisation is considered, i.e. it

is imposed that the modal mass:
iy = ] M, (5.10)

is unitary.

The modal superposition procedure allows the rewriting of the governing
equations of a linear system with N DOFs as a set of N uncoupled equations, which
can be considered as the governing equations of N separate SDOF systems [24]. This
transformation is performed by using the modal matrix ¥ = {’lﬂl Yy ... Y N},
which is defined as the matrix whose columns are the mode shapes of the system.
Thus, it is possible to introduce the modal coordinates 7; as the components of

the vector ) obtained from the linear transformation:
% =Up (5.11)

By introducing Eq.(5.11) into Eq.(5.6) and pre-multiplying both sides by ¥7,

it is possible to write:
UMy + $TK¥n = 07f + ¢7p (5.12)

Since the mode-shapes are mass-normalised, "MW is equal to an identity matrix
and $TKW is a diagonal matrix whose non-zero elements are equal to 2. Therefore,

the ith equation of the system in Eq.(5.12) can be written as:

n! + Q2 = VB + by cos(T + ¢;) (5.13)
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Eq.(5.13) can be seen as the governing equation of a SDOF system of unitary mass
and stiffness equal to QZ, subjected to a constant force of amplitude ;4 and to a
harmonic load v; cos(7+¢;). This equation is therefore equivalent to that dealt with

by Den Hartog [21] and reported in Eq.(2.18); its general solution can be written as:
n; = A; cos (];) + B;sin (;) + ;i R2B + by R2v; cos(T + ¢5) (5.14)

In this expression, the ith modal frequency ratio has been introduced as:

1
R, = — 5.15
= (5.15)
while the function:
1
V; = 1—7R2 (5.16)

is the response function associated to the ith mode. Finally, A; and B, are two
unknown constants whose expressions can be determined by considering the initial
conditions of this problem.

The initial and the final conditions to be imposed on 7); are, in general, different
from those considered by Den Hartog for the response of a SDOF system. In
fact, in the SDOF case, the non-dimensional time instants 7 = 0 and 7 = 7
coincide with a maximum and a minimum of the response. However, this is not
the case, in general, for the ith modal coordinate a MDOF system. Therefore,

the initial conditions will be:

i (5.17a)
7(0) = ' (5.17b)

where the terms 7,0 and 7}, are both unknown at this stage.

Substituting Eq.(5.14) into Eq.(5.17) and rearranging the terms, the expressions

of A, and B, are obtained:
A; = mig — Vi R7B — Py Riv; cos ¢ (5.18a)

B; = Ryl + ¥y Rjv;sin ¢ (5.18Db)
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Substituting these expressions into Eq.(5.14), it is possible to express the ith

modal displacement as:

T

Mi = T)io COS (;l) + i F2i sin (_]{) + Vil [1 oo (;z)] P

+ Yy R2v; { {COST — cos <;z>] cos ¢; + {Ri sin <;Z> — sin T} sin qu} (5.19)

Due to the symmetry of the steady-state response, the final values of 7; and

n; in the interval considered will be equal to:

n:i(m) = —nio (5.20a)
{'rzé(ﬂ) —1lko (5.20b)

Therefore, substituting Eq.(5.19) into Eq.(5.20), a system of algebraic equations

is obtained in the form:

Acosg; +Bsing; + € =0 (5.21a)
Pcosg; +Qsing; + R =0 (5.21b)
where:

A = = R}, [1 + cos (;)} (5.22a)
B = L/JliR?Ui sin (;) (5.22b)
m . T\ m
C= [1 + cos (RZH nio + 1 sin (R) Mo + Vi R [1 — cos (Rzﬂ g (5.22¢)
P — s Riv sin <”> (5.22d)

R;
Q = ¢y R}, {1 + cos (;)} (5.22e)
R = —éi sin (]73;) Mio + {1 + cos (;;ﬂ Mo + ¥jiR; sin (;) B (5.22f)

The unknown values of cos ¢; and sin ¢; can be obtained from Eq.(5.21) as:

BR — CQ CP — AR
e ldad ng, = ——— 2
oS ¢, 10— BP sin ¢, 10 5P (5.23)
Substituting Eq.(5.22) into Eq.(5.23), it is obtained that:
cos ¢ = o (5.24)

Y R2v;
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and:
Mo bjisin(m/R;)
wliR?’Ui T/JliRiUi [1 + COS(W/Ri)}

3 (5.25)

sin ¢; =
Let us introduce the damping function of the ith mode of the system as:

sin(m/R;)

R; [1 + cos(m/R;)] (5:26)

U; =

in the same form as the damping function introduced in Eq.(2.25) for SDOF

systems. Thus, it is possible to rewrite Eq.(5.25) as:

1 Ry
sin ¢; = o Z;Z};{ZU?U b (5.27)

By substituting Eqgs.(5.24) and (5.27) into Eq.(5.19), it is possible to express

the ith modal coordinate as:

7; = ;o COS T—i—(ngo—i—z/)jiR?ui) sin T+51pjin [1 — cos (;) — u,; R; sin (;)] (5.28)

i i
In this expression, the initial values of the modal coordinate and of its derivative
are still to be determined. However, differently from Den Hartog’s procedure for
SDOF systems, at this stage no conditions have been imposed related to how the
non-dimensional time interval [0, 7] has been defined. In order to express such
conditions, it is required to reintroduce the physical coordinates in the present

analysis, as shown in the following section.

5.4 Evaluation of the steady-state response
5.4.1 Response of the mass in contact

As specified in Section 5.2, the extremes of the non-dimensional time interval [0, 7]
coincide, respectively, with a maximum and a minimum of the response of the mass

in contact m;. Therefore, the initial conditions for this motion can be expressed as:
7;(0) = X; (5.29)

j}l(()) =0 (529b)
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where X ; indicates the amplitude of the non-dimensional displacement of the mass
m;. It is worth recalling that, since the amplitude of the non-dimensional excitation
is unitary, this value also represents the j-th magnification factor or displacement
transmissibility of the system. These initial conditions can be imposed to determine
the unknown amplitude and phase angle of the response z;. By introducing the
j-th coordinate transformation from Eq.(5.11) into Eq.(5.29), it is obtained that

nio and n), must verify the conditions:

N PR—
> Wi = X (5.30)
i1
and:
N
> Wimy =0 (5.31)
=1

respectively. These relations can be used to eliminate 7,0 and 7, from the expression
of the phase angle ¢;. Let us multiply both numerator and denominator of the

RHS of Eq.(5.24) by ;, obtaining:

Yjinio
wﬁqu? Ui

Since the value of ¢; does not depend on 7, the RHS of the above equation is

cos ¢j = (5.32)

constant for each modal contribution. As a result, by taking the sum of the N modal
contributions of the numerator and denominator, the ratio will remain unchanged:
N
Zl Yyinio
1=

cos pj = —— (5.33)
‘ wjiwliR?Ui

=

7

As shown in reference [24], the generic k-th response function of an undamped
MDOF system of N masses subjected to a harmonic load acting on the [-th mass

can be obtained, using the modal superposition approach, as:
N
Ve =Y twithi Riv; (5.34)
i=1
Substituting Eqs.(5.30) and (5.34) for j = k, it is possible to rewrite Eq.(5.33) as:

cos ¢; = (5.35)

il



5. Dynamic response of MDOF systems with a Coulomb friction contact 103

In a similar fashion, starting from Eq.(5.27), it is possible to be obtain the relation:

N / N2 p2
; Yjini + B ; V5 R

sind)j = ——

~ 5 (5.36)
; Yy Ry v
Let us introduce the generic k-th damping function of a MDOF system of N masses

with a contact on the j-th mass as:
N
Ue =Y bR u; (5.37)
i=1

consistently with the formulation used in Eq.(5.34) for the response function.
Substituting Eqgs.(5.31), (5.34) and (5.37) into Eq.(5.36) for j = k, it can be
obtained that:

sin g; = —ﬁVUi (5.39)

Substituting Eqgs.(5.35) and (5.38) in the relation cos® ¢; + sin? ¢; = 1 and rear-

ranging, it is possible to obtain the j-th displacement transmissibility as:
X, = JVE - (80,2 (5.39)

It is worth observing that these expressions of the displacement transmissibility
and of the phase angle are formally identical to those obtained by Den Hartog
for SDOF systems, reported in Eqs.(2.23) and (2.24) respectively, and reduce to
the same expressions if N = 1.

Finally, the following expression is obtained for the non-dimensional time
response of the mass m; in the interval [0, 7] by applying the j-th equation of

the transformation from modal to physical coordinates from Eq.(5.11) to Eq.(5.28):
N N N
[f‘] = Z 77[)]277@0 CcosST + <Z wjln;(] + 6 Z ¢?ZR3UZ> sin 7
i=1 i=1 i=1

N T T
+ 3 ; R {1 — cos <R2> — u; R; sin <Rlﬂ (5.40)
Considering Eqgs.(5.30), (5.31) and (5.37), it is possible to rewrite the above expres-

sion as:

N
Tj=XjcosT+ pU;sint+ 3> w?iR? [1 — Cos (;) — u;R; sin (};ﬂ (5.41)
i=1 v ’
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Also in this case, Den Hartog’s expression for the time response of a SDOF system,

expressed in Eq.(2.22), is retrieved for N = 1.

5.4.2 Response of a generic mass of the system

The time response of the generic mass my of the MDOF system can be found
with a similar approach. In fact, by introducing the k-th equation from Eq.(5.11)
into Eq.(5.28), it is obtained that:

Ty, = TpocosT + (Thg + BU) sinT + 8 iwﬂwkiRZZ {1 — cos (;) — u; R; sin (;)}
- Z (5.42)

where Ty and 7}, are, respectively, the initial values of the displacement and of the
velocity of my in the interval considered; these values are unknown at this stage.
In order to determine zyo and 7}, let us multiply numerator and denominator

of the RHS of Eqgs.(5.24) and (5.27) by ; and consider their summations from

i =1 to N, proceeding as in Section 5.4.1. The expressions obtained are:

N
> Yritio -
cos ¢ = ]V’:l— = % (5.43)
Urithi RE v; g
i=1
from Eq.(5.24) and:
=/
sin ¢; = _Zio AU (5.44)
Vi

from Eq.(5.27). The initial displacement of my can be determined by substituting
Eq.(5.35) into Eq.(5.43):

_ Vie _ Vi

Similarly, considering Eqs.(5.38) and (5.44), the initial velocity can be formulated as:
Vi
J

The time response of the generic mass m; can now be evaluated by substituting
Eqgs.(5.45) and (5.46) into Eq.(5.42), obtaining:

Vi S - =
Ty = —Vk (Xj cos T + U, sin T) + 8 %'W’“’R? {1 T o8 <;> — ultisin <;>}
[ i=1 ! ;

(5.47)
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It can be observed that this expression reduces to Eq.(5.41) if j = k.

The amplitude and the phase angle cannot be easily determined for the generic
mass from the expression of the time response rp. In general, the evaluation
of the maximum absolute value of z; within the non-dimensional time interval
[0, 7] can be performed numerically and its value will coincide with the k-th
displacement transmissibility. Moreover, if the maximum value of |zy| is verified
at T = Timax, the phase angle between the excitation and the displacement of

the mass m; can be calculated as:

Pk = @j + T,max if Zp(Thmax) = 0 (5.48a)
Ok = Qj + Thmax + T if Tt (Thmax) < 0 (5.48Db)

This approach for the determination of X}, and ¢, does not yield information on their
dependency on the parameters of the problem. Therefore, an approximated approach
for determining explicit analytical expressions for the displacement transmissibility
and the phase angle of a generic mass of the system is proposed in what follows.

A monoharmonic approximation of the motion of the mass m; in the interval
[0, 7] could simply be obtained as Z; = X cos 7. Such a formulation would neglect
the non-harmonic behaviour of the response due to nonlinearity but would agree
with the exact solution from Eq.(5.41) at both ends of the interval, thus providing
the exact amplitude of the response. Nevertheless, the same approximation cannot
be directly introduced for the motion of the generic mass my. In fact, a certain
phase shift ¢;; is generally present between the displacements of m; and my; as
a consequence, the initial and the final points of z; in [0, 7] are not stationary
points. Comparing Eq.(5.41) and Eq.(5.42), it is possible to observe that this
effect is expressed by the term z},sin 7, which is equal to zero in the case j = k.
This term cannot be disregarded in a monoharmonic approximation. Thus, the

formulation hereby proposed is:
Tp = Tpo COST + ThgsinT = Xy cos(T — @) (5.49)

where:

— — — V. U
Xk = \/ZL’%O + ;UEO = JV’? + <1 — 2;(]2) <5Uk)2 (550)
J
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is the approximated k-th displacement transmissibility of the MDOF system, while

the phase angle ¢;; can be determined as:

COS Pp; = i{lfz sin ¢y = Zx0 (5.51)
The phase angle between the excitation and the displacement of the k-th mass will
be finally obtained as ¢y, = ¢;+ ¢y;. It was verified that Eqgs.(5.50) and (5.51) offer a
very good approximation of the exact transmissibilities and phase angles of the mass
not in contact; in fact, the motion of these masses tends to have a lower contribution
from other harmonic components compared to that of the mass in contact. Therefore,
Eqgs.(5.50) and (5.51) will be considered in the evaluations of the transmissibility
and of the phase angle reported in Chapter 6. The absolute errors introduced with

respect to the exact quantities were negligible for all the cases investigated.

5.5 Boundaries between continuous and stick-slip
motion regimes

The solutions presented in the previous sections have been determined under the
assumption of continuous non-sticking response. In Section 5.2, it has been specified
that the proposed mathematical procedure only holds if the velocity of the mass in
contact m; is negative in all the internal points of the non-dimensional time interval
[0,7]. As explained in Section 3.4.1, this condition cannot rule out the occurrence
of stops at the ends of the interval, where the velocity of the mass in contact must
be equal to zero. Therefore, in these points it is required to impose explicitly that
the overall dynamic loading acting on the mass m; is larger than the static friction

force. Thus, these non-sticking conditions can be expressed as:

7, <0 ifo<7<m (5.52a)
N
Z F]‘ki’k — 5lj COS(T + qu) > [115 ifr=0orT=nm (552b>
k=1

and will be used to obtain the maximum value of the friction ratio for which the

steady-state response is non-sticking.
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Let us consider the derivative of the j-th mass motion from Eq.(5.41), so that
Eq.(5.52a) can be rewritten as:
- N 1 T T
—XsinT + BU;cosT + 6;@/)]21-]%? [Ri sin (Rz) — u; COS (R)] <0  (5.53)
from which:

s sin(7/R;) + u; R? [cos T — cos(T/R;)]

sin 7

_ N R
X;> B> v (5.54)
=1

This relation is verified if X; is larger than the maximum value assumed by the

RHS in the interval ]0,7[. Thus, introducing the function:

N
S; =Y Ui (5.55)
i=1
where:
s — max R;sin(t/R;) + uﬂ?’z [cos T — cos(T/R;)] (5.56)
0<r<n sinT

it is possible to rewrite Eq.(5.54) as:
Xj > ﬂS] (557)

Substituting Eq.(5.39) into Eq.(5.57) and rearranging, it is possible to express

this relation in terms of the friction ratio as:

V2
I 5.58
B < 774 52 (5.58)

Regarding the second non-sticking condition, expressed in Eq.(5.52b), only

the case 7 = 0 needs to be considered, due to the symmetry of the steady-state

response. Therefore, the equation reduces to:

N
Z Kjkjko — 5lj CcOS gbj > ,U/B (559)
k=1
and, substituting Eqs.(5.43) and (5.45):
X, (&
“/j ( Z Kjka — 5lj> > ,uﬁ (560)
J \k=1

Let us now consider the undamped MDOF system described by the equation:

Mx" + KX =p (5.61)
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If the j-th equation of the above system is considered and the response of the
generic mass my, is expressed as 7, = Vje, consistently with the definition of
Vi, the following relation can be obtained:
N
Vs = kz:l K Vi, — 0 (5.62)

Substituting Eq.(5.62) into Eq.(5.60), it is obtained that:

v o M

X, > 5.63
’ W% ( )

Introducing Eq.(5.39), it is possible to express this condition in terms of the

friction ratio as:

2
B < Yi (5.64)

2
il
Uz + ( )
! %'7“%

Finally, Eq.(5.58) and Eq.(5.64) can be merged in the following overall condition

for obtaining a continuous non-sticking response:

2
B < Vi (5.65)

2
U? 4 [max (S, e )]
! oyt

The RHS of the above inequality represents the value Sy, assumed by the friction

ratio at the boundary between continuous and stick-slip motion regimes. Further-
more, it is possible to express the boundary between continuous and stick-slip
motion in terms of any of the displacement transmissibilities or phase angles of the
MDOF system by simply substituting Eq.(5.65) into their expression.

Similarly to Section 3.4.1, an approximated expression of the boundary can
be proposed in order to avoid the time-consuming evaluation of the function .S;
for each value of . In fact, the function s;(R;) expressed in Eq.(5.56) coincides
with the function S(r) reported in Eq.(2.27) and plotted in Fig.3.3. This means
that s; will be unitary for most values of the frequency ratio. Therefore, since
p > 1, Eq.(5.64) can be used as an approximated formulation of the boundary. This

expression was considered, for the case p1 = 1, in reference [147], while a comparison
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between the exact and the approximate formulations has been presented in reference
[148] for different MDOF systems, only highlighting minor discrepancies at low
frequency ratios. Nonetheless, the exact formulation introduced in Eq.(5.65) will

be considered in the remaining of this thesis.

5.6 Extension to systems with a contact between
oscillating parts

In this section, the analytical solutions derived in the previous sections for the
continuous steady-state response of a MDOF system with a Coulomb friction contact
between one of the masses and a fixed wall is extended to address the cases where
the contact occurs: (i) between two different masses of the system; (ii) between

a mass and a harmonically excited base.

5.6.1 Contact between two masses

Evaluation of the continuous steady-state response

Let us consider a MDOF system with N masses and N springs excited by the
harmonic load P cos(wt) applied to the [-th mass, where a friction contact occurs
between the masses m4 and mpg, with A < B, as shown in Fig.5.3. The generic

1th governing equation can be written as:

mlﬁl — kil'z‘—l + (k’l + k’i+1)l‘i — ki—&—lxi-i-l + (531 — 5Ai)Fsgn(JUB — ZL’A) = 5lzP COS(W'[Z)
(5.66)

or, in non-dimensional terms, as:
N p—
’)/Z-T%ZE;/ + Z Kiklfk + (531 — (SAi)ﬁSgn(:f‘,B - :f;l) = 5[1- COST (567)
k=1

In order to apply to this system the analytical procedure introduced for MDOF

systems with a fixed wall, let us indicate the relative motion in the friction contact as:

Z=2Ip—1Ta (5.68)
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Figure 5.3: MDOF systems under harmonic excitation with a friction contact between
(a) the A-th and the B-th masses and (b) the j-th mass and the excited base.

and consider the non-dimensional time interval [0, 7] included between a maximum
and the subsequent minimum of z, under the assumption of continuous steady-state
motion. Eq.(5.67) will then reduce to the linear equation:

N
Vi) + > KZp = (0p; — 0.45) 8 + 0 cos(T + ¢.) (5.69)
P

where ¢, is the phase angle between the excitation and the relative motion Zz.
Introducing the coordinate transformation from Eq.(5.11), it is possible to write

the governing equation for the generic ith modal coordinate as:

n! +Qn = (Vi — Yai) B+ Yy cos(T + @) (5.70)

Comparing Eq.(5.70) with Eq.(5.13), it can be noted that the term ;; is here

replaced by ¥p; — ¥4;. This can also be observed in the initial conditions for
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the relative motion:

Mz

2(0) = > (¥Bi — Yai)nio = Z (5.71a)

N
Il
—

hE

5’( )= (¥pi— ¢Az’)771/'0 =0 (5.71b)

s
Il
—

if compared to the initial conditions for the mass in contact written in Eq.(5.29).
In the above conditions, Z indicates the amplitude of the non-dimensional relative
motion. Therefore, it can easily be shown that the phase angle ¢, and the amplitude
7 of the relative motion, as well as the steady-state time response, can be obtained
from Eqs.(5.35), (5.38), (5.39) and (5.41) by replacing ;; with ¢)p; — 14,. The
expression of time response of the generic k-th mass of the system will be:

T = “jc (ZCOST + U, sin7'>

z

+ ﬁ:lw& Vi) Vi R {1 — CoS <;Z> — u; R, sin <f;>} (5.72)

where:

Z =\ V2 - (BU.)? (5.73)

The response and the damping functions V., and U, are obtained from Eqs.(5.34)
and (5.37) respectively by applying the substitution specified above. Similarly,
the displacement transmissibility of the generic mass my of the system could be

written in a closed-form, from Eq.(5.50), as

X, = \/v,f +(1- zgkUk) (BUL)? (5.74)
following the monoharmonic approximation introduced at the end of Section 5.4.2.
However, it has been observed that Eq.(5.74) does not describe accurately the
transmissibility curves of the masses in contact. In fact, the response of these
masses is more markedly non-monoharmonic compared to that of the other masses.
Therefore, it is not advised to refer to Eq.(5.74) if an accurate evaluation of the

displacement transmissibility is required; in this case, the numerical calculation of

the maximum absolute value of Eq.(5.72) within the half-period [0, 7] is preferred
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and will be considered when plotting the transmissibility curves in Chapter 6.
Nonetheless, Eq.(5.74) can be used for other purposes, such as the investigation of

certain features of the dynamic response, which will be presented in Section 6.2.

Boundary between continuous and stick-slip regimes

In order to observe the continuous non-sticking response described in the previous

paragraph, two conditions need to be met:

o the relative velocity in the contact must be different from zero in all the
internal points of the time interval [0, 7]. This condition is met under the

assumption of z’ < 0 specified in Section 5.6.1;

o the amplitude of the resultant dynamic load acting in the contact must
overcome the static friction force when the relative velocity is zero, i.e. at

7=0and 7 = 7.

While the first condition will simply lead to the boundary expressed by Eq.(5.58)
it 1;; is replaced by ¥p; — 14;, more attention needs to be paid to the second
condition. As shown in Section 3.4 for the SDOF case, the valuation of the overall
dynamic load acting in the contact when z’ = 0 is easily carried out if a governing
equation has been written for the relative motion z. In the MDOF case dealt with
in this section, this governing equation can be obtained by subtracting from the
B-th equation of the system described by Eq.(5.66) the A-th equation multiplied

by the ratio between the two masses in contact:

m
ap = BB (5.75)
ma YA

The resulting equation is expressed as:
N —_— —
"}/BT%EII—FZ (KBk — ’YABKAIC) i‘k+ﬂ(1 —|—"yAB)SgH(2/) = ((5lB _fYABélA) COST (576)
k=1

and, therefore, the second non-sticking condition can be written as:

N
> (T(Bk - ’VAB[?Ak) T, — (0ip — Yapdia) cos(T + ¢.)| > uB(L+vap)  (5.77)

k=1
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Imposing that 7 = 0 and introducing the expressions of Zxy and cos ¢, obtained from

Eqgs.(5.35) and (5.39) by replacing V; with V, and X with Z, it is obtained that:

> puB(1 +vaB) (5.78)

N N
’(ZKBk —5lB> — AB <ZKA1€V1<; —51A>
k=1

k=1

The remainder of the procedure is similar to that introduced in Section 5.5 and
consists in taking into account the A-th and the B-th equations of the undamped

system in Eq.(5.61). The final expression obtained is:

p< Ve (5.79)

2
1 1
YA YB) T

The boundary between continuous and stick-slip regimes can finally be obtained

by merging Eq.(5.58), rewritten posing v;; = ¥p; — ¥4, and Eq.(5.79):

p< 4 (5.80)

, 1 1) u\]’
Uz+ max | S, | —+— |5
YA YB) T

All the considerations reported at the end of Section 5.5 also apply to this

contact configuration.

5.6.2 Joined base-wall excitation

Evaluation of the continuous steady-state response

Let us consider a MDOF mass-spring system excited by the harmonic base motion
y = Y cos(wt). A Coulomb contact characterised by the friction force F' occurs
between the oscillating base and the mass m;, as shown in Fig.5.3b. The ith

governing equation of the system is given by:
mzxz — kixi_l + (k’z + ki—i—l)xi - k)i+1Ii+1 + (5jiFSgH(jIj — y) = (51ik’1Y cos(wt) (581)

Considering P = kY in Eq.(5.3), Eq.(5.81) can also be expressed in a non-

dimensional form as:

N
Yirizl + Z K, + (Sjiﬁsgn(i:; — ') = dycosT (5.82)
k=1
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The procedure proposed to determine the continuous steady-state response of this
system is similar to that described in Section 5.6.2. If the relative motion between

the mass in contact and the base is denoted as:

(5.83)

N
I

8l
<.
|

4|

then Eq.(5.82) can be rewritten in the non-dimensional time interval [0, 7] included

between a maximum and a minimum of Z as:
N PR—
’}/Z'T%.f/i, + Z sz.i‘k = jiﬁ + (512' COS(T + ¢z) (584)
k=1

Applying the modal transformation from Eq.(5.11), the same set of modal equations
as that expressed by Eq.(5.13) is obtained from Eq.(5.82). The initial conditions

for the relative motion will instead be given by:

N

2(0) = > thjinio — cos ¢, = Z (5.85a)
=1
N

Z(0) =Y wjinip +sing. =0 (5.85b)
=1

Substituting Eqgs.(5.85a) and (5.85b) into Eqgs.(5.35) and (5.38) respectively, it
is possible to obtain the following expressions for the phase angle between the

excitation and the relative motion z:

Z
cos ¢, = Vo1 (5.86)
—pU
sin ¢, = V}B— . (5.87)
while the non-dimensional amplitude of the relative motion will be obtained from
the relation cos? ¢, + sin?¢, = 1 as:
Z=\J(V; = 1) = (8U)* (5.88)

It can be observed that these expressions are equivalent to those obtained in the

previous sections for the fixed-wall case if V; is substituted with V; — 1. The
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response of the generic mass my can also be obtained from Eq.(5.41), introducing

the same substitution, as:

Vi
Vi—1

T —

(Z cos T + BU; sin 7')
N T T
+ 3 ;%WMR? {1 — oS <Rz) — u; R; sin <-Rz>:| (5.89)
It can be noted that Eqs.(5.86)-(5.89) reduce to the expressions provided in
Egs.(3.11), (3.12) and (3.26) for SDOF systems under joined base-wall excitation
when N = 1.
Also for this contact configuration, a closed-form expression can be obtained
for the generic k-th displacement transmissibility, by using the monoharmonic

approximation introduced in Section 5.4.2, as:

- Vi U
Xp 2 | V2+ (12 = : .
" J 2+ ( 7 1Uk> (BUL) (5.90)

However, as in the case of the friction contact occurring between two masses, this
approximation does not provide an accurate result for the mass in contact m;
and, therefore, its use is not advised for obtaining an accurate evaluation of the
response amplitudes, while it can similarly be used for investigating the presence of
invariant points across the transmissibility curves. It is worthwhile observing that,
for N = 1, the above equation reduce to Levitan’s formulation for the displacement
transmissibility of SDOF systems under joined base-wall excitation [28], shown in

Eq.(3.30), whose limitations have already been discussed at the end of Section 3.5.
Boundary between continuous and stick-slip regimes

The assumption of continuous steady-state response is verified, as in the previously
considered contact configurations, when the relative velocity in the contact is
negative in all the internal points of the time interval [0, 7] and, simultaneously,
overall dynamic loading acting in the contact is larger than the static friction
force at both ends of this interval.

Following the procedure described in Section 5.5, it can be shown that the first

condition can be expressed in terms of the friction ratio by substituting V; — 1 to
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V; in Eq.(5.58). In order to write the second condition, it is necessary to derive
the governing equation for the relative motion z. This equation can be obtained

by substituting Eq.(5.83) into Eq.(5.82), written for i = j:
N —_
vy 2"+ Ky + Bsgn(Z') = (01 + ,r1) cos T (5.91)
k=1
Therefore, the second non-sticking condition can be expressed as:

N
Z Kjkjk — (51j + ’Yj?”%) COS(T -+ ¢z)
k=1

> uf (5.92)

Imposing that 7 = 0 and introducing cos ¢, from Eq.(5.86), as well as the expression

of o obtained by replacing V; — 1 with V; into Eq.(5.45), it is obtained that:

Z
V-1

> (5.93)

N
l > KjpVi — (61 4 7;77)
k=1

Also in this case, considering the undamped system described by Eq.(5.61) for

[ = 1, it is possible to obtain the following relation:
N p—
> KV — b1y =911V (5.94)
k=1

which, substituted in Eq.(5.93), yields:

7> (5.95)

Vi1t
With a similar procedure to that introduced in Section 5.5, this equation can be
formulated in terms of the friction ratio in the same form as in Eq.(5.64), where V;
is replaced with V; — 1. Finally, the boundary between continuous and stick-slip

motion can be expressed, merging the two conditions derived, as:

(V; = 1)

2
U? 4 lmax <S~, S )]
’ ’ Vit

Approximated expressions of this boundary can also be obtained as described

B < (5.96)

at the end of Section 5.5.
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5.7 Summary and concluding remarks

In this chapter, analytical solutions have been derived for the continuous steady-
state response of a harmonically excited MDOF system with a Coulomb friction
contact between: (1) a mass and a fixed wall; (2) two different masses; (3) a
mass and an oscillating base.

In particular, these solutions have been obtained by introducing a generalisation
of the Den Hartog’s approach for SDOF systems [21], presented in Section 2.5.1,
which enables the use of the modal superposition method despite the nonlinearity of
the problem. Closed-form expressions of the displacement transmissibility, the phase
angle and the time response have been obtained for all the masses of the system.
It has been observed that, for the case of the mass in contact, the formulations
derived for all these quantities present the same form as those obtained by Den
Hartog for SDOF systems, while more general expressions are observed for the
other masses. In all these solutions, the response and the damping functions of
the MDOF system can be written as a modal superposition of those regarding
each vibrating mode of the system.

Finally, the domain of validity of these solutions has also been determined,
providing an analytical formulation for the boundary between continuous and
stick-slip regimes which also takes into account the case where different static
and kinetic friction forces are considered.

Overall, the presented results can be used for exploring design solutions of
structures that can be modelled as MDOF mass-spring systems with a friction
damper required to operate in a non-sticking continuous vibration regime. Moreover,
the proposed analytical solutions could be exploited for carrying out parameter
investigations, optimisations and statistical model updating with a reduced compu-
tational cost compared to numerical approaches. More generally, these solutions can
be used to investigate how the dynamic behaviour of a MDOF system is affected

by the presence of Coulomb damping, as described in the next chapter.
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6.1 Introduction

In this chapter, the analytical solutions derived in Chapter 5, along with the
numerical and experimental approaches introduced in Chapter 3 and Chapter 4,
are used to investigate the effects of the presence of a Coulomb friction contact on
the dynamic behaviour of a MDOF system. The main goal of this investigation is
to understand how the motion regimes and the features of the dynamic response
of these systems evolve depending on parameters such as the frequency of the
harmonic loading, the amount of friction generated in the contact or the location of
the sources of excitation and friction in the system. Different contact configurations
are also explored, including contacts between a mass and a fixed wall, between
two masses or between a mass and the oscillating base.

The analytical expressions obtained in Chapter 5 for the displacement transmis-
sibilities, the phase angles and the boundaries between continuous and stick-slip
regimes are further investigated in this chapter to explore the behaviour of Coulomb
damped systems at resonance, at low and high frequency ratios and to reveal the
presence of invariant points with respect to friction across the transmissibility and
phase angle curves. In addition, a general approach is proposed for determining
the conditions for which permanent sticking occurs in the contact and the response
of the system in the stuck configuration. The formulation of a boundary between
sliding and permanent sticking regimes allows the representation of the motion
regimes scenario for MDOF systems in the two-dimensional maps introduced for
SDOF systems in the previous chapters. Numerical approaches based on that
proposed in Section 3.6 for the investigation of SDOF systems under joined base-
wall motion have also been developed to validate the analytical results and to
investigate the response of MDOF systems when stick-slip occurs. Finally, an
experimental validation is proposed for 2DOF systems with a contact between either
mass and a fixed wall and between the lower mass and the excited base, using a
modified version of the setup proposed in Chapter 4.

The chapter is structured as follows. Section 6.2 presents the analytical

investigation of the resonant, low- and high-frequency behaviour of MDOF systems
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Figure 6.1: 3DOF system with unitary mass and stiffness ratios, a Coulomb friction
contact on mgy and harmonic excitation on m; (a) and its stuck configuration (b).

with a contact between a mass and a fixed wall. In Section 6.3, the numerical
validation and extension to stick-slip regime is proposed for 2DOF and 5DOF
systems with the harmonic and the friction forces applied to the same or to different
masses. The experimental validation performed on a two-storey frame setup is
described in Section 6.4. Finally, the investigation of the response features, the
numerical and the experimental validation are also proposed for MDOF systems

with a contact between two oscillating parts in Section 6.5.

6.2 Features of the dynamic response

This section focuses on investigating the features of the dynamic response of a
MDOF system with a contact on the j-th mass and subjected to a harmonic
excitation acting on the [-th mass. This investigation is based on the analytical
solutions derived in Chapter 5 for its continuous steady-state response and the

boundaries between continuous and stick-slip motion regimes and focuses on:

o resonant, low- and high-frequency behaviours
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Displ. transmissibility [Xl]

1.5 2 2.5
Frequency ratio [rl]

Figure 6.2: Continuous transmissibility curves for the mass m; of a 3DOF system with
v = k; =1, p =1, a Coulomb friction contact on ms and harmonic excitation on m; for
varying r1 and 8. The black dashed line represents the boundary between continuous
and stick-slip regimes, while the black dotted line portrays the transmissibility in stuck
configuration. The invariant points P; and P» are highlighted in magenta.

» the presence of invariant points in the transmissibility curves
o the effect of stuck friction contacts on the response of the system

The 3DOF system shown in Fig.6.1a, which is characterised by unitary stiffness
and mass ratios, a harmonic load applied on m;, a friction contact occurring on
ms and equal static and kinetic friction forces will be used as an example to show
these response features. In particular, the displacement transmissibility displayed

by the mass m; in continuous regime, shown in Fig.6.2, will be considered.

6.2.1 Resonant behaviour

As discussed in Sections 2.5.1 and 3.5, Coulomb friction is not able to provide a
finite resonance in SDOF systems if § < 7/4. This value represents the minimum
friction ratio for which stick-slip occurs in the response at r = 1.

Let us then denote with 3, ; the threshold value of the friction ratio for which the
1th resonant peak of a Coulomb damped MDOF system with a fixed wall becomes
finite. Similarly to the SDOF case, 3, ; can be determined by evaluating the value of

the boundary between continuous and stick-slip motion from Eq.(5.65) for R; — 1.



6. Coulomb damping effects on the response features of MDOF systems 122

Observing that in the expressions of the response and of the damping functions,
in Eqgs.(5.34) and (5.37) respectively, only the ith terms of the summations tend
to infinity, it is possible to write:

1
1—R?
A sin(m/R;)
R;[1 + cos(m/R;)]

. (7
;= lim By, = |—
5’%71 Ri—1 ma wﬂ

(6.1)

Therefore, after evaluating the above limit, the minimum friction ratio required

for observing a finite ¢th resonant peak is obtained as:

™

du
i =]

e (6.2)

It must be observed that, in the above equation, the ratio between ;; and v;;
is always independent of the frequency ratio.

In the 3DOF system shown in Fig.6.1a, the threshold values of the friction ratio
calculated from Eq.(6.2) are equal to 3,1 = 0.436, 5,2 = 1.765 and (3, 3 = 0.630.
These results are in agreement with the resonant behaviour exhibited by the
continuous transmissibility curves shown in Fig.6.2 for the mass my of this system.

Eq.(6.2) shows that, in general, the different resonant peaks of a MDOF system
will become finite for different values of 3. However, if the harmonic excitation and

the friction force act on the same mass, i.e. if j = {, 3,, will be equal to:
Brs = % >~ (.785 (6.3)

for any ¢, meaning that all the resonant peaks of the system will become finite

for the same threshold value of the friction ratio.

6.2.2 Quasi-static conditions

In quasi-static conditions, the dynamic response of SDOF systems with a fixed wall
is usually characterised by the occurrence of stick-slip motion. Moreover, when
the frequency ratio approaches to zero, the number of stops per cycle can increase

significantly, as shown by many authors (see, e.g., [22, 65]).
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It can be shown that stick-slip motion usually occurs at very low frequency
ratios also in the MDOF case. In fact, the evaluation of the boundary friction ratio

from Eq.(5.65) for w — 0 and, therefore, for R; — 0 yields:
Bo = }gglo Brim =0 (6.4)

This equation reveals that any non-zero value of the friction ratio would lead to
stick-slip in quasi-static conditions.

The numerical investigations carried out in this study showed that the dynamic
response of MDOF systems is characterised, as in the SDOF case, by an increasing
number of stops for r; — 0. However, the starting point of the transmissibility
curves at 11 = 0 can be evaluated analytically, avoiding the complications which
may arise in numerical approaches due to the large number of stops per cycle.

Let us rewrite the governing equations of the problem from Eq.(5.6) in static
conditions. If w = 0, then both r; and 7 will also be equal to zero. Thus, the
harmonic excitation will reduce to a constant force, which will be opposed by a

constant friction force. Therefore, the governing equations will reduce to:

K)_(O == I._)O - fo (65)
where:
— — 1T
e Xo = [X 10,---,Xno| is the vector of the displacement transmissibilities for
T = O,

e Po is a vector whose only non-zero component is equal to 1 in the [-th position;
« £, is a vector whose only non-zero component is equal to 3 in the j-th position.

The starting points of the transmissibilities curves can be evaluated as solutions
of the linear algebraic system expressed in Eq.(6.5). In the case of a SDOF system,
the solution is given by Xy = 1 — 3, in agreement with the starting value observed
by Csernak et al. in reference [70], while for the 3DOF system in Fig.6.1a the values
obtained are X9 =1 — 3, Xoo = 1 —28 and X35 = 1 — 2.
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The validity of these results is limited to the cases where a sliding motion can
be observed in the contact in quasi-static conditions. However, depending on the
system investigated and on the value of 5, permanent sticking may occur; in this

case, a different approach is required. This will be discussed in Section 6.2.5.

6.2.3 High-frequency behaviour

In Section 2.5.1, it has been observed that, although the response amplitude of a
SDOF system with a fixed wall always tends to zero when r — oo, the response
can exhibit different motion regimes depending on the value of the friction ratio.
More specifically, continuous motion will be observed below the threshold value
specified in Eq.(2.31), while stick-slip is expected if 3 is included between such
a value and 1/p, for which permanent sticking occurs.

The occurrence of stick-slip motion at high frequency ratios in the response of a
MDOF system can be investigated by evaluating the limit of the boundary friction
ratio from Eq.(5.64) for w — oo, recalling that u/(y;r}) > S; at high frequencies.

Considering that R; will also tend to infinity in this case, it is possible to write:
N 2
'21 Yiitdji
1=

w2 N 2
) (£)

Given the orthogonality conditions of the mode shapes and that, from Eq.(5.10):

(6.6)

Boo = lim 5lim =
RiA)OO

al 1
; ]21 = W (6.7)
the boundary friction ratio will be equal to:
% if j=1
b — Vap+m (6.8)
0 if 7 #£1

Therefore:
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e if the harmonic and the friction forces act on the same mass of the MDOF
system, stick-slip will occur at high frequencies only if the friction ratio is

larger than the above value, which is equal to 0.537 if y = 1;

» otherwise, stick-slip will occur for r; — oo for any non-zero value of 5 , as

long as permanent sticking does not occur.

In the case of the 3DOF system shown in Fig.6.1a, the harmonic load and the
friction contact are applied to different masses and, therefore, stick-slip occurs at high

frequencies for any value of the friction ratio; this can also be observed from Fig.6.2.

6.2.4 Invariant points

In Fig.6.2, it can be observed that the continuous transmissibility curves of the
bottom mass of the 3DOF system pass through two points denoted as P, and P,
which are commonly defined as invariant points. In these points, the response
amplitude is independent of the damping, which is represented in this case by
the friction ratio.

The presence of invariant points in the transmissibility curves is regarded as an
important aspect in the design of mechanical systems such as dynamic vibration
absorbers [149, 150, 151] and car suspensions [152, 153]. In particular, according
to the Den Hartog’s theory illustrated in reference [154], these points can be used
to determine the optimal configuration of a viscous damper acting as vibration
absorber for a main undamped SDOF system. An approach for determining
the presence of invariant points in the transmissibilities of MDOF systems with
Coulomb friction is proposed in what follows.

Let us consider the expression of the displacement transmissibility provided
by Eq.(5.39) for mass in contact of the MDOF system. It appears clear that the

transmissibility will not depend on the friction ratio if:
U;=0 (6.9)

Thus, this equation can be used to find the invariant points for the response of the

mass m;. From Eq.(5.39), it can also be deduced that, at any other frequency ratios,
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X ; will always decrease with 3; therefore, no inversion of the transmissibility curves
will be observed across the invariant points in this case. Moreover, from Eq.(5.35)
and Eq.(5.38), it is possible to observe that the points determined from Eq.(6.9)
will also be invariant for the phase angle ¢;. Particularly, from Eq.(5.38), it can be
deduced that the corresponding value of ¢; will be equal to 0 or 180 degrees, i.e.
the excitation and the j-th mass motion will be in phase or in phase-opposition.
The phase angle curves will also exhibit an inversion across these points.

Let us now consider the generic k-th displacement transmissibility of the system.
From Eq.(5.50), it is possible to deduce that the invariant points can be obtained

not only from the equation U, = 0, but also from:

Vi, U
1-2—-"2 =0 6.10
v (6.10)

The points determined as solutions of the latter equation are associated to an
inversion of the transmissibility curves. This behaviour can only be observed in
the transmissibilities of the masses not in contact. Furthermore, these points are
not invariant for the phase angle ¢.

It is important to note that Eq.(6.9) and Eq.(6.10) hold only for the continuous
response of the MDOF system. In general, transmissibility curves will not pass
through an invariant point if stick-slip or permanent sticking of the mass in contact
occur at the corresponding frequency ratio. Finally, it is worth observing that
Eqgs.(6.9) and (6.10) are transcendental equations and have infinitely many possible
solutions. Nevertheless, as shown in Section 6.3, the vast majority of these solutions
are characterised by very small values of frequency ratio, where usually stick-slip

motion or permanent sticking occur, and can therefore be disregarded.

6.2.5 Stuck configurations

In friction damped systems, sliding can occur between two components in contact
either continuously or in alternation with sticking phases. However, friction contacts

can also become permanently stuck when the amplitude of the dynamic load acting
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in the contact is smaller than the static friction force, as discussed for SDOF

systems in Sections 2.5.1 and 3.4.

The same principle holds, more in general, for the mass in contact of a MDOF

system. However, even when the mass in contact is stuck, some masses of the

system can still exhibit a dynamic response, depending on where the harmonic and

the friction forces are applied. The reduced system which remains active when

m; is stuck will be referred to as stuck configuration of the MDOF system and

its response can be evaluated as follows:

o if 5 > [, only the masses my,...,m;_; will be excited. Thus, the stuck
configuration of the system will be represented by an undamped system with
j — 1 DOFs, where the stuck j-th mass is replaced by a fixed wall. The
response of this system can be evaluated from standard modal analysis and
will be characterised by the presence of j — 1 infinite resonant peaks located,

in general, at different frequencies from those of the original system:;

it 7 < [, only the masses m;;i,...,my will be excited and, therefore, the
stuck configuration of the system will include N — j DOFs. All the above
considerations apply, except that, in this case, the stuck system will exhibit

N — 7 infinite resonant peaks;

finally, if j = [, the harmonic excitation is applied to the stuck mass and,
therefore, is not transmitted to any of the other masses, leaving the MDOF

system fully stuck. Obviously, this is also the case for a SDOF system.

Denoting with X the ith displacement transmissibility of the system in stuck

configuration, it is therefore possible to write the conditions for observing sliding

motion between the mass m; and the wall as:

B < (kX5 0)/ if j>1 (6.11a)
B < (Kjr1Xja)/1 if j <1 (6.11b)
B<1/p if j =1 (6.11c)
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In the example of the 3DOF system in Fig.6.1a, the stuck configuration consists
in the SDOF system shown in Fig.6.1b, where the bottom mass is the only
remaining active DOF, while the intermediate mass is replaced by a fixed wall. The

displacement transmissibility for m; in stuck conditions can be obtained as:

Xio 1
b |2_7’1|

(6.12)

and is represented by a dotted line in Fig.6.1b. According to Eq.(6.11a), sliding
occurs between the mass my and the wall if X7 > 3. This implies that, for
each value of 3, the system will operate in a non-stuck configuration only in

the frequency ratio range:

255—1<T1< 1;25

The lower bound of Eq.(6.13) reduces to r = 0 if 5 < 0.5, while the upper bound is

(6.13)

defined for any non-zero value of 3. Therefore, in the presence of friction damping,
the mass mq will always become stuck at high frequency ratios beyond the threshold
expressed in the above inequality. Moreover, these bounds will converge to a single
point at r; = /2 only for § — oo. Therefore, even when the friction ratio is
very large, sliding motion will always occur in the contact in a small range of
frequencies around the resonance of the stuck configuration and the transmissibility
will assume a finite value in this range; this behaviour will be shown in Section
6.3, where stick-slip responses are also investigated.

The last two properties, regarding the high-frequency and the resonant be-
haviours of the stuck configuration, can easily be generalised to any MDOF systems

with 7 # [. In fact, it can be observed that:

o at high frequencies, all the displacement transmissibilities tend to zero and,
therefore, Egs.(6.11a) and (6.11b) are never verified, leading to permanent

sticking when r; — o0;

e in proximity of a resonance of the stuck configuration, the transmissibility

curves tend to infinity leading to Eqgs.(6.11a) and (6.11b) being always verified.
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6.3 Numerical validation and stick-slip response

In this section, the analytical solutions introduced in Chapter 5 for the continuous
response of MDOF systems with a fixed wall are compared to the results yielded
by a numerical approach. Moreover, the response is also evaluated numerically
in stick-slip regimes, providing a validation of the analytical boundaries between
continuous and stick-slip motion regimes and a complete overview of the dynamic
behaviour for varying frequency and friction ratios. The stick-slip responses have
been evaluated, for simplicity, in the case of u = 1; different results would be
obtained, in general, if a different value of the static friction force were considered.

In Section 6.2, it has been shown that the continuous response features can be
significantly different depending on whether the friction and the harmonic forces
are applied on the same or on different masses. Therefore, these two different
classes of MDOF systems will be dealt with separately. In each case, analytical
and numerical results will be first compared and discussed in detail for the 2DOF
case and then generalised to systems with a larger number of DOFs, referring to
the case of a 5DOF system. Moreover, for each of these systems, the analytical
boundaries among continuous, stick-slip and permanent sticking regimes will be
represented in a 2-D parameter space for varying frequency and friction ratios and

taking into account different values of the parameter p.

6.3.1 Numerical approach

The numerical approach used for evaluating the time response of MDOF systems with
Coulomb friction via time integration is an extended version of the algorithm pre-
sented in Section 3.6.1, as can be seen from its flowchart represented in Fig.6.3. The

main differences with the algorithm shown in Fig.3.10 are described in what follows.

o Similarly to the SDOF case, the algorithm requires as an input the parameters
r1, 0 and pu. However, a MDOF system is also described by the N — 1 mass
ratios and the N — 1 stiffness ratios introduced in Section 5.2, which therefore

need to be specified by the user. Alternatively, the non-dimensional matrices
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/ Input: M, K, B, i, j, I, Xo, Ko, Neye /

TRUE: sticking phase m FALSE: sliding phase

L %(10) < up !
Integration with ode45:
X' =M™1[e,cosT — Kx]

Stop condition:
I > up
TRUE

Integration with ode45:
g =M 1[e,cost — Kx— p&;sgn(x/) |

Event condition:
f]f =0

FALSE

Final values assigned to g, X, Xg

/ Output: 7,%, % /

Figure 6.3: Flowchart of the numerical algorithm implemented for the calculation of the
response of a MDOF system with a Coulomb friction contact under harmonic excitation.

M = Mw?/k; and K = K/k; can directly be provided, which is particularly
practical if the dimensional mass and stiffness matrices of the system are
known; in this case, the mass, stiffness and frequency ratios will not be needed.
In addition, it is required to select the number of DOFs of system and to

specify which are the masses in contact and under harmonic excitation.

o While the sliding phases present no significant differences compared to the
SDOF case, it must be considered that during the sticking phases the masses
not in contact will keep oscillating; therefore, numerical integration is also
needed at this stage. Despite the displacement and the velocity of the mass
in contact are known during the stop, it is convenient to integrate all the
N equations of the system, disregarding the friction force, and imposing the
displacement and the velocity of the mass m; at each step, as shown in Fig.6.3.
In fact, this procedure allows the use of the same mass and stiffness matrices

used during the sliding stages.
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Figure 6.4: 2DOF system with a friction contact and a harmonic load applied to the
lower mass.

The remaining steps coincide with those described for SDOF systems; their expla-
nation can be found in Section 3.6.1. All the numerical analyses carried out in the
next paragraphs have been obtained by considering N, = 200 cycles and with

absolute and relative tolerances equal to 107% and 1072 respectively.

6.3.2 Systems with excitation and contact on the same mass

2DOF system with excitation and contact on m;

The analytical and numerical results for the dynamic response of the 2DOF system
with 7 = [ = 1 shown in Fig.6.4 are discussed in what follows.

Figs.6.5a-b present a comparison between the analytical and numerical time
responses of the masses m; and msy. These results have been plotted in the non-
dimensional time interval [0, 7] for two different sets of the parameters ry, 3, k,
and u, exhibiting in both cases an excellent agreement. The harmonic excitation
cos(T+ ¢1) is also represented and appears perfectly aligned to the numerical forcing
function, showing that a very good agreement is also achieved for the phase angle ¢ .

The analytical and the numerical displacement transmissibilities and phase angles
are shown in Figs.6.6a-b for v = k = 1 and varying frequency and friction ratios.
Specifically, the frequency ratio varies in the range 0 : 2.5 and the friction ratios

0:0.2:0.8 are considered. In these figures, it is possible to observe an excellent
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|— Force —Mass m; —Mass m2|

|—Force —Mass m; —Mass m2|

Dimensionless displacement

0 0.5 1 15 2 2.5 3 0 0.5 1 15 2 2.5 3

Dimensionless time [7] Dimensionless time [7]
@y=Lr=1Lupu=1p=04r =18 (b) y=2,k=2,u=1,3=04,r =06

Figure 6.5: Steady-state time response of a 2DOF system with a friction contact and a
harmonic load on the lower mass for two different sets of parameters: comparison between
analytical (continuous lines) and numerical (round markers).

agreement between the analytical (continuous lines) and numerical results (rounded
markers) when the motion of m; is continuous. The analytical boundaries between
continuous and stick-slip regimes are represented by a black dashed line. Numerical
transmissibilities for stick-slip responses are also included (diamond markers). It can
be observed that stick-slip motion occurs in the numerical responses only when the
transmissibility is smaller than the boundary value, showing that the motion regimes
occurring in the numerical results are in agreement with the analytical prediction.

The following features of the dynamic response of this 2DOF system can be

observed from Fig.6.6.

o Both resonant peaks are finite only in the case § = 0.8, in agreement with

Eq.(6.3).

o From Eq.(6.5), it can be calculated the starting values of the transmissibility
curves at 7, = 0 are X9 = X99 = 1 — 3. These values are in agreement with

those displayed in both transmissibility plots.

o At low frequency ratios, the response of the system is characterised by the
occurrence of stick-slip motion. For most values of the friction ratio, the

response is continuous starting from r; = 0.559. Among those displayed, only



6. Coulomb damping effects on the response features of MDOF systems 1533

10 T ! :
Stiffness ratio = 1 Friction ratio
[ Mass ratio =1 -
8t 0 N
— 0.2

0.4

6 — 0.6
0.8

4t

2 -

0

180 ;

135} - I
N — _
45+ A / 4

& 5 A Va
o A o]
[} N H N n

Phase angle (deg) [¢1] Displ. transmissibility [Xl]

0 0.5 1 15 2 2.5
Frequency ratio [rl]

(a) Mass m;

10 T T .

I'_t'\l Stiffness ratio = 1 Friction ratio
->£- Mass ratio = 1 —

> 8 0 ]
= — 0.2

o

= 0.4

8 —— 06

e — 0.8

2 4t ]
o

5 2 .
2

o oot k‘m

0 pouw e

'_(_|\I T T T T ]
< 360
D 2701 i '
E ‘/A—H—O—ou—

o 180 — 7
[=)) .

S 9ot / .
0} i

A Qe |- Boundary|
e ! \ \ \ :

o 0 0.5 1 1.5 2 25

Frequency ratio [rl]
(b) Mass mq

Figure 6.6: Displacement transmissibilities and phase angles of a 2DOF system with a
Coulomb contact and a harmonic load on m; for v = k = u = 1 and varying friction ratio.
Analytical results are represented by the continuous lines, while numerical results are
represented with round (continuous motion) and diamond markers (stick-slip motion).
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Figure 6.7: Motion regimes of a 2DOF system with a Coulomb contact and a harmonic
load on m; for v = k = 1 and varying frequency and friction ratios.

in the case § = 0.2 continuous motion occurs at lower frequencies, specifically
in the range 0.372 < r; < 0.524. The patterns exhibited by the transmissibility
curves in the low frequency ratio range are very similar to those observed for

SDOF systems by several authors (see, e.g, [64, 65]).

o It can be observed that stick-slip motion occurs at high frequencies for 5 = 0.8
and it has been verified that this is also the case for § = 0.6, even though
the transition from continuous to stick-slip regime does not occur within the

range of frequencies displayed in Fig.6.6. This behaviour is in agreement with
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Eq.(6.8).

o The invariant points of X; can be evaluated from Eq.(6.9). These points
can be observed in Fig.6.6a as the intersections between the undamped and
the boundary curves, which are particularly well-visible in the phase angle
plot. As anticipated in Section 6.2.4, most of these points are located in the
low-frequency region, where the response is discontinuous for most values of
S. Since Eq.(6.9) only holds for continuous regime, the transmissibility and
the phase angle curves will not pass through these points, which can therefore
be disregarded. The only relevant solutions are r; = 0.559 and r; = 1.123,
which represent the main points of transition from continuous to stick-slip

regime for most curves.

o The invariant points of X, which can be obtained from Eq.(6.10), are
associated to local inversions of the transmissibility curves, occurring at
0.527 < ry < 0.576 and 1 < r; < 1.201. However, as can be seen in Fig.6.6b,

none of these show a significative increase of X, with §3.

o It can be observed that ¢o = ¢y for r; < \/k/v and ¢o = ¢+ for ri > /Kk/7.

This result can be explained by observing that mass ms is only excited, through
the upper spring, by the motion of the mass m;. Since the contact occurs on
m;y only, no damping and, consequently, no phase delay is introduced in the
vibration transmission between the two masses. Small differences between
these phase angles are justified by the non-monoharmonic motion of the mass

my.

Finally, Fig.6.7 shows the analytical boundaries among continuous, stick-slip
and permanent sticking motion regimes, obtained by using Eq.(5.65) and Eq.(6.11)
respectively. Fig.6.7a, obtained for p = 1, presents a similar pattern to that
displayed by the boundaries of a SDOF system with a fixed wall, shown in Fig.2.5.
In particular, the boundary between sliding and permanent sticking regimes is

unchanged, while the boundary between continuous and stick-slip regimes displays a



6. Coulomb damping effects on the response features of MDOF systems 156

slightly more complicated pattern, particularly for » < 1. However, most properties,
including the asymptotic value at high frequencies and the maximum value assumed
by the curves are the same as in the SDOF case. An antiresonance can be observed at
r1 = 1, in correspondence of the antiresonance displayed by X; it has been verified
that, more in general, this antiresonance occurs at r; = y/k/v. The effect of the
parameter p is also investigated in Fig.6.7. By observing Figs.6.7b-c, it is possible
to observe as, for increasing values of p, the boundary f;;,, occurs at smaller and
smaller values of the friction ratio, eventually intersecting with the boundary By,

which appears to be more lightly affected by the variation of the static friction force.

5DOF system with excitation and contact on m;

Most of the response features discussed for the 2DOF case can also be observed
in systems with a larger number of DOFs if excitation and contact are applied
to the same mass.

Let us consider, for instance, the case of a 5DOF system with unitary stiffness
and mass ratios where both forces are applied to the bottom mass m;. The analytical
transmissibilities and phase angles are plotted in Figs.6.8a-b, for the same frequency
ratio range and values of friction ratio considered in the 2DOF case; in Fig.6.8a,
the numerical transmissibilities in stick-slip regime have also been included. The
analytical and the numerical time responses of this system are shown, for a specific
set of parameters, in Fig.6.9a, exhibiting an excellent agreement. Analytical and
numerical phase angles curves, associated to the different masses of the system,
are shown in Fig. 6.9b for varying r; and § = 0.4; also in this case, a very good
agreement can be observed. Finally, the boundaries among continuous, stick-slip
and permanent sticking motion regimes are represented in Fig.6.10.

From these figures, the following behaviours can be observed:

o the transmissibility curves present finite resonant peaks only in the case

B = 0.8, among those considered;
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Figure 6.8: Displacement transmissibilities (a) and phase angles (b) of a 5DOF system
with a Coulomb contact and a harmonic load on mq, unitary mass and stiffness ratios
and varying friction ratio. Analytical results for continuous motions are represented with
continuous lines, while numerical results for stick-slip motions with dashed lines. The
black dashed line represents the boundary between continuous and stick-slip regimes.

o the displacement transmissibilities are generally decreasing for increasing

values of . Local inversions can be observed for the masses not in contact,

but they always occur in small intervals of r; and only present a slight increase

in the transmissibility;

« the motion of each mass of the system is approximatively in phase or in

phase-opposition with the motion of the other masses. This can be clearly

observed from Figs.6.9a-b.

o the boundary between continuous and stick-slip regimes exhibits a similar

pattern to that observed for the 2DOF case in Fig.6.7a. In particular, the

boundary has an irregular behaviour at low frequency ratios and presents
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Figure 6.9: Analytical (continuous lines) and numerical (round markers) steady-state
time response (a) and phase angle curves (b) of a 5DOF system with a Coulomb contact
and a harmonic load on m; and v = k = u = 1. The grey regions indicate stick-slip and
stuck regimes.

five maxima which are all characterised by the friction ratio § = 0.83. All
these maxima are reached smoothly, except the one occurring at the lowest

frequency ratio.

Fig.6.9b shows that the phase angle curves, particularly those of the mass in contact
my, present slightly different patterns only in proximity of the transition to stick-slip
regimes and at high frequency ratios. This behaviour can be explained observing

that in these two cases the response of the mass in contact, which is usually nearly
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Figure 6.10: Motion regimes of a 5DOF system with equal masses and springs and
w =1, with a Coulomb contact and a harmonic load on m; for varying frequency and
friction ratios.

monoharmonic in continuous regime, is significantly affected by the higher harmonics.

6.3.3 Systems with excitation applied to a mass not in
contact

2DOF system excited on m; with msy in contact

Let us consider a 2DOF system with a friction contact on the mass my and
excited by a harmonic load applied on my, as shown in Fig.6.11. A comparison
between the analytical and the numerical time responses of this system in the
non-dimensional time interval [0, 7] is portrayed in Figs.6.12a-b for two different
sets of parameters, showing an excellent agreement. Analytical and numerical
results for the displacement transmissibilities and the phase angles are compared in
Figs.6.13a-b, for varying frequency ratios within the range 0 : 2.5 and for the friction
ratios [0,0.2,0.4,0.5,1,1.5,2,5]. Also in this case, the agreement between analytical
and numerical results in continuous motion regime is very good. Furthermore,
stick-slip motion occurs in the numerical responses only when the transmissibility

of the mass in contact is smaller than the boundary value, as expected.
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Figure 6.11: 2DOF system with a friction contact on m; and a harmonic load on ma.
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Figure 6.12: Steady-state time response of a 2DOF system with a friction contact on
m1 and a harmonic load on mo for two different sets of parameters: comparison between
analytical (continuous lines) and numerical (round markers).

The main features of the dynamic response of this 2DOF system, which can

be observed from Fig.6.13, are summarised in what follows.

e It can be observed that the first and the second resonant peaks become
finite starting from the cases f = 0.5 and § = 1.5, respectively. This result
agrees with the values obtained from Eq.(6.3), which are f,; = 0.485 and

no = 1.271.

o The stuck configuration of this 2DOF system is represented by an undamped

SDOF system where the mass m; is connected to a fixed wall on both sides
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Figure 6.13: Displacement transmissibilities and phase angles of a 2DOF system with a
contact on me and a harmonic load on m; for varying friction ratio and unitary mass and
stiffness ratios, displayed on m; (a) and on my (b). Analytical results are represented
by the continuous lines, while numerical results are represented with round (continuous
motion) and with diamond markers (stick-slip motion).
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Figure 6.14: Motion regimes of a 2DOF system with a Coulomb contact on ms and a
harmonic load on m; for v = k = 1 varying frequency and friction ratios.

through the springs k; and k3, respectively. The transmissibility and the
phase angle associated to this stuck configuration are represented in Fig.6.13a

with a black dotted line. Particularly, the displacement transmissibility can

be expressed as:
—. 1

= — 6.14
YO+ k- (6.14)

and the phase angle is equal to 0 degrees before the natural frequency ratio r; =

v 1+ k and 180 degrees afterwards. It can be observed that the transitions

between stuck and sliding configurations always occur at X7 = uf/k, as
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predicted from Eq.(6.11a).

» According to Eq.(6.5), the starting values of the transmissibility curves are
Xio=1—pand Xog =1— (1+ k)3/k. These values agree well with those
shown from the transmissibilities curves up to g = 0.4. Starting from 5 = 0.5,

the mass moy will be stuck for r; — 0.

o As discussed in Sections 6.2.3 and 6.2.5 respectively, both boundaries between
continuous and stick-slip regimes and between sliding and stuck regimes tend
to zero for r; — oo when j # [. In Figs.6.13 and 6.14, it is possible to observe
that stick-slip motion always occurs at high frequencies before the transition

to the stuck configuration.

o All the transmissibility and the phase angle curves associated to the mass in
contact msy, shown in Fig.6.13b, intersect at v = 1.450. This value corresponds
to the larger solution of Eq.(6.9), while the other solutions of this equation
represent the other intersections occurring between the undamped and the
boundary curves, as already observed in the 2DOF case discussed in Section

6.3.2.

« Two main invariant points for X; can be observed in Fig.6.13a at r; = 0.828
and r; = 1.549. These values of r; correspond to the two largest solutions of
Eq.(6.10) and are associated to a significant inversion of the transmissibility
curves. In fact, in the frequency ratio interval included between these points,
the transmissibility increases with (3, leading the gradual onset of the resonant

peak associated to the stuck configuration.

e The evolution of the phase angle ¢, is quite irregular for varying friction
ratios. However, it can be observed that its value is always smaller than ¢,
showing that m; oscillate with an intermediate phase angle between those of

the excitation and of the response of ms.
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Finally, Fig.6.14 shows the boundaries among continuous and stick-slip regimes
and between sliding and permanent sticking regimes. It can be observed that
the boundary between sliding and permanent sticking regimes exhibits the same
infinite peak shown in the transmissibility curves of the stuck configuration, as
expected from Eq.(6.11a). Also in this configuration, intersections between the
boundaries only occurs when g > 1, leading to direct transition between continuous

and permanent sticking regimes.

5DOF system excited on m; with m3 in contact

Let us consider a 5DOF system with a contact on m3 and a harmonic load on
my as a more general example of MDOF system with j # [. The displacement
transmissibility curves, obtained analytically for continuous motion and numerically
in stick-slip regime, are plotted in Fig.6.15a, while the analytical phase angles are
depicted in Fig.6.15b for continuous response only. Analytical and numerical time
responses are compared in Fig.6.16b for a specified set of parameters, showing
an excellent agreement. Analytical and numerical phase angles on the different
masses of the system are represented in Fig.6.16b. Finally, the boundaries among
continuous, stick-slip and permanent sticking regimes are shown in Fig.6.17. In
these figures, many of the patterns and features described in the 2DOF case can

be observed. In particular:

o the transmissibility of the mass in contact mg always decreases with /3, except
that in the invariant points. In fact, in Fig.6.15a, it can be observed that all
the transmissibility curves X3 pass through two invariant points, located in
proximity of the natural frequencies of the stuck configuration. In general,
it has been verified that the number of these invariant points for the mass
in contact is always equal to the number of peaks of the stuck configuration.
Despite this, invariant points and stuck resonant peaks occur at close but not

coincident frequency ratios;
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Figure 6.15: Displacement transmissibilities (a) and phase angles (b) of a 5DOF system
with a Coulomb contact on mg, a harmonic load on my , unitary mass and stiffness ratios
and varying friction ratio. Analytical results for continuous motions are represented with
continuous lines, while numerical results for stick-slip motions with dashed lines. The
black dashed line represents the boundary between continuous and stick-slip regimes,
while the dotted black line represents the response in stuck configuration.

o the masses m4 and ms oscillate in phase or in-phase opposition with msg
for most values of frequency and friction ratios and their transmissibility
curves have similar patterns to those of X3. This behaviour is typical of the
masses located on the opposite side of the harmonic excitation with respect
to the mass in contact and has already been described for the 5DOF system

investigated in Section 6.3.2.

o the masses m; and msy do not oscillate in phase with ms or between each other.
Their transmissibility curves exhibit significant inversions which lead to the

onset of the two resonant peaks of the stuck configuration. In general, this
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Figure 6.16: Analytical (continuous lines) and numerical (round markers) steady-state
time response (a) and phase angle curves (b) of a 5DOF system with a Coulomb contact
on m3, a harmonic load on m; and v = x = u = 1. The grey regions indicate stick-slip
and stuck regimes.

behaviour is observed in the masses located on the same side of the excitation
with respect to the mass in contact. The inversions of the transmissibility
curves leading to the stuck resonant peaks always occur through two invariant

points.

Overall, it can be concluded that, despite MDOF systems can present several
different configurations depending on the number of DOFs and the location of the

exciting and the friction forces, they tend to present similar dynamic behaviours
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Figure 6.17: Motion regimes of a 5DOF system with equal masses and springs, with a
Coulomb contact on m3 and a harmonic load on m; for varying frequency and friction
ratios.

depending on whether these forces are applied on the same or on different masses.
Furthermore, all the numerical results shown in this section present an excellent
agreement with the analytical values obtained for the continuous responses from
the solutions proposed in Chapter 5. As in the SDOF case, all these results have
been obtained within a specific set of assumptions regarding the use of Coulomb’s
law for modelling the friction force and the presence of a single friction contact
as the only source of damping. An experimental validation is introduced in what
follows to verify if the dynamic behaviours described by analytical and numerical

results can also be observed in a real structure.

6.4 Experimental validation for 2DOF systems

This section presents an experimental investigation of the dynamic behaviour of a
MDOF system with a metal-to-metal contact under harmonic base motion, aiming
to provide an experimental validation for the results presented in Chapter 5 and in
the first part of this chapter. In particular, the single-storey frame setup, described

in Section 4.2 and used for reproducing a SDOF system, has been modified to
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(a) Lower floor in contact (b) Upper floor in contact

Figure 6.18: Pictures of the two-storeys frame test rig. A counterweight pinned to the
external frame applies a normal force on the lower (a) or the upper (a) plate.

include a second storey so that a 2DOF system could be represented.

6.4.1 Apparatus

The test rig used for this experimental investigation is a two-storey shear frame where
three plates are connected by four metal bars, as shown in Fig.6.18. The properties
of these components are reported in Tab.6.1. The bottom plate is harmonically
excited by an electric rotor connected through a Scotch-yoke mechanism and the
exciting frequency is selected using an inverter motor speed regulator, as described

in Section 4.2 for the single-storey configuration.

Component  Size (mm) Mass (kg) Material
Base plate 300 x 255 x 12.7  2.860 Aluminium
Lower plate 300 x 153 x 9.55  3.270 Steel
Upper plate 300 x 153 x 9.48  3.250 Steel

Bars 410 x 25.5 x 1.60  0.130 Steel

Table 6.1: Properties of the two-storey frame components.
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A friction force is generated by the relative motion in the contact achieved
between one of the steel plates and a brass disc. The normal force exerted by the
disc on the plate in contact is adjusted by using the counterweight system described
in Section 4.2. Two different contact configurations have been explored by placing
the brass disc on either the lower (Fig.6.18a) or the upper (Fig.6.18b) storey. These
configurations aim to reproduce the 2DOF systems with a contact either on the

lower or on the upper mass shown in Figs.6.4 and 6.11 respectively.

5
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Figure 6.19: Displacement transmissibility of the lower mass of an undamped 2DOF
system for 71 = (0.3419s)w, v = 0.9772 and x = 1.1119: experimental results (markers)
vs analytical results (continuous line).

6.4.2 Parameter estimation

The procedure used in this experimental campaign consists of two main stages: the
preliminary parameters estimation and the main forced vibration test. In fact, as
a first step, it is necessary to determine if the setup can be modelled as a 2DOF
system and to estimate the parameters of problem.

As specified in Section 4.1 for the SDOF case, the proposed experimental
approach cannot be used to directly investigate different static and friction forces;
therefore, it will be assumed that ;1 = 1 and the potential role of different values of

this ratio will be debated in the discussion of the experimental results. Therefore,
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according to the formulation provided in Section 5.2, four parameters are needed
to fully describe the dynamic behaviour of a 2DOF system: the frequency ratio
r1, the friction ratio §, the mass ratio v and stiffness ratio .

Similarly to Section 4.3.1, a series of tests were carried out in the absence
of friction, removing the counterweight from the system, and the displacement
transmissibilities were evaluated at different driving frequency in the range 0 — 8Hz,
as shown in Fig.6.19. The frequency, mass and stiffness ratios, which are not related
to friction, have been determined, by using the optimisation process implemented
in Matlab by the function fmincon and the algorithm sqp [141], so that the best
agreement between the experimental and analytical transmissibilities shown in
Fig.6.19 could be achieved.

The process has been implemented as follows. As shown in Appendix A, the
displacement transmissibility of the mass m; of a 2DOF system can be written as:

— wiws\ 2 Wi — w?
X, = 6.15
! ( wo ) (W? — w?)(w? — w?) (6.15)

where w; and wy are the natural frequencies of the system and wy = \/ko/ms is the
frequency of the antiresonance of X;. While it has not been possible to observe a
convergence of the optimisation process using rq, v and s as parameters, a quick
convergence has been obtained by referring to wg, w; and ws and minimising
the cost function:

) = 35 Kronfe) = i)
Xt oep (00

i=1

(6.16)

where w® is the driving frequency used in the ith test and N, the number of tests
performed. Finally, the frequency, mass and stiffness ratios have been determined

using the following relations:

ry= ( il )w (6.17)

WiWws

v = (w“’)z —1 (6.18)

Wo

mzv( 4 )2 (6.19)

W12
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where:

Woo = M (6.20)

myms
is the antiresonance of the amplitude Z of the relative motion between the lower
plate and the base. A mathematical demonstration of these relations is provided
in Appendix A. The final values obtained from this process were r; = (0.3419s)w,
v = 09772 and kK = 1.1119. In Fig.6.19, it is also possible to observe that only
two vibrating modes are displayed within the frequency range considered during
these tests. Therefore, the proposed setup can be modelled as 2DOF system if
the driving frequency range up to 8Hz.

Regarding the estimation of the friction ratio, the linear decrement technique
described in Section 4.3.2 cannot be easily applied to systems with more than one
DOF. However, four different response metrics have been measured during the main
forced vibration test, i.e. the displacement transmissibilities and the phase angles of

the two masses of the system. Therefore, the following procedure has been followed.

» Before reproducing experimentally the curves associated to each friction ratio,
a series of tests has been performed at a specific value of the frequency ratio,
adjusting the position of the weights along the counterweight bar until a good
agreement between the experimental and the theoretical values of the phase

angle of the mass in contact was obtained.

o After this tuning operation, forced vibration tests have been performed at
different frequency ratios maintaining the same setting of the counterweight,
so that the experimental transmissibility and phase angle curves could be

obtained.

The same procedures described in Section 4.3.2 for limiting the non-Coulomb
phenomena have been followed in the present investigation and the post-processing
described in Section 4.3.3 has been used for obtaining the frequency-based trans-
missibilities and phase angles. The results obtained from this investigation are

presented in what follows.
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6.4.3 Results and discussion

The forced vibration test has been performed for both configurations of the setup
at different values of the frequency ratio in the range 0:2.5; the friction ratio values
explored were [0.2, 0.4, 0.6] for the case of the lower mass in contact and [0.2, 0.5,
1, 1.5, 2] with the upper mass in contact. For each combination of the parameters
r1 and 3, the displacement of the plates has been recorded for 50s with a sampling
frequency of 2kHz. The experimental results are compared to the analytical and
numerical results in Figs.6.20 and 6.21. As in the SDOF case presented in Chapter
4, the frequency-based transmissibilities and phase angles have been evaluated
by post-processing the analytical solutions obtained in Chapter 5 when 8 < Biim
and numerically when stick-slip is expected in the response, i.e. for 8 > Byn; the
analytical expression of the boundary friction ratio [y, is reported in Eq.(5.65).

In Fig.6.20, it is possible to observe that the agreement between the experimental
and the theoretical results is excellent in terms of all the response metrics investigated.
As mentioned in Section 6.4.2, the desired value has been selected, prior to
reproducing each of the curves, by performing a tuning of the counterweight
at a specified value of r; such that a good agreement is obtained between the
experimental and the analytical values of ¢; g. As can be seen in Fig.6.20a, this
phase angle presents a good degree of sensitivity to the friction ratio variations
independently of the value of 1. Therefore, it has been arbitrarily chosen to operate
the tuning at r; = 1.25 for each curve. It is also possible to note that, as in the
SDOF case, the phase angle curves show an almost constant value for varying
frequency ratio; small variations can only be seen at low frequencies, where stick-slip
occurs. These are well reproduced by the experimental observations. Another
noteworthy behaviour can be observed from the response of the upper mass, in
Fig.6.20b. Consistently with the analytical results presented in Section 6.3.1, it
has been observed that the motion of the upper mass is approximatively in phase
or in phase-opposition with respect to the motion of the lower mass. This implies
that the phase angle of the mass my might also be used, in a reverse approach, to

measure the friction ratio and, eventually, the friction force acting in the contact.
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Figure 6.20: Displacement transmissibility and phase angle of a 2DOF system with
a fixed-wall contact on mj under harmonic base excitation: experimental (markers) vs
analytical (continuous lines) and numerical (dashed-dotted lines) results. The black
dashed line represents the boundary between continuous and stick-slip regimes.
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Therefore, these results indicate that the friction force generated in a contact might
be measured from the response of a structure even not observing directly one of
the components involved in the contact.

From Fig.6.21, it can be seen that a very good agreement between experimental
and theoretical results is also obtained when the upper mass is in contact, despite
the more complex patterns observed due to the harmonic and the friction forces
acting on different masses of the system. Differently from the case discussed above,
the phase angles of both masses show a significant dependence on the frequency
ratio. While the patterns described by ¢; g are particularly complicated and the
different curves overlap in a wide frequency ratio range, the curves ¢ g present a
more regular behaviour. In particular, the phase angle of the upper mass increases
with g for 0 < r; < 0.618 and 1.414 < r; < 1.618 and decreases in the remaining
frequency ranges. The point r; = V2 is invariant for both X 9.t and ¢g g, Meaning
that the main harmonic component of the motion of the upper mass is completely
independent of friction at this frequency ratio. An important implication is that it
is not always possible to use this phase angle for measuring the friction ratio and the
tuning of the counterweight must be necessarily performed at a different frequency.
In the current investigation, it has been chosen to operate the tuning at r; = 1.5.

The limitations encountered during the experimental campaign were similar to
those highlighted in Section 4.4.3 for the SDOF case. In fact, the response of the
system becomes more unstable as the amount of friction is increased. Eventually,
this leads to the occurrence of permanent sticking in the contact when the friction
ratio is f = 0.75},,. Therefore, when the lower plate is in contact, the current
setup cannot be used to investigate friction ratios that exceeds 0.7. Similarly, if
the upper plate is contact, it is not possible to evaluate the transmissibility and
the phase angle in proximity of the boundary between stick-slip and permanent
sticking regimes. As discussed in Section 4.4.3, this could partially be explained
by different values of the static and kinetic friction forces; nonetheless, the good
agreement, between the experimental and the numerical results observed in stick-slip

regime suggests that p could only be slightly larger than unity.
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Figure 6.21: Displacement transmissibility and phase angle of a 2DOF system with
a fixed-wall contact on my under harmonic base excitation: experimental (markers) vs
analytical (continuous lines) and numerical (dashed-dotted lines) results. The black
dashed line represents the boundary between continuous and stick-slip regimes, the black
dotted line the transmissibility in the stuck configuration.
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In conclusion, it is confirmed that the analytical and numerical results obtained
in Chapter 5 and in this chapter can be reproduced, in most cases, in experimental
conditions and that the proposed setup can be used for this purpose. However,
further investigations are needed to fully explain the unstable behaviours and
the occurrence of permanent sticking observed for large amounts of friction. In
the remaining of this chapter, the investigation of the response features and the
numerical and experimental validations presented for MDOF systems with a fixed

wall will be extended to systems with a contact between oscillating parts.

6.5 Systems with a contact between oscillating
parts

In this section, the solutions derived in Section 5.6 for the response of MDOF
systems with a contact between two masses or a mass and the oscillating base are
validated numerically and extended to include stick-slip responses, referring as an
example to the 2DOF systems shown in Fig.6.22. In addition, these analytical
and numerical results are used to investigate the features of dynamic response of
these systems and the boundaries of their motion regimes. Finally, an experimental
validation is also presented for the case of a 2DOF system with a contact between

the lower mass and the base.

xZL X2
m, ] m;
©F b s
x1L X4
my ] mq
I P I A
Ycos(wt) Ycos(wt)

Figure 6.22: 2DOF systems under harmonic base excitation with a Coulomb contact:
(a) between the m; and the mass mgy and (b) between the m; and the base.
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6.5.1 2DOF system with a contact between the masses

The numerical approach used for evaluating the time response of MDOF systems
with a contact between the masses m4 and mpg is similar to that presented in
Section 6.3.1 and schematised in Fig.6.3. Nonetheless, a few modifications are
needed when implementing the sticking conditions and for evaluating the response

of the system during the sticking stages. In fact, a sticking phase will take place

when, simultaneously, ¥/, = Z3 and:
N — p—
> (KBk - 'VABKAk:) Ty, — (0ip — vapdia) cos 7| > pB(1 + vap) (6.21)
k=1

The latter condition has been derived in Section 5.6.1. During the sticking phases,
the masses my and mp will oscillate jointly so that their relative displacement
Z = g — T remains constant and their relative velocity z’ = 0. In order to

describe this joined motion, it is useful to introduce the coordinate of the centroid

of the masses in contact:

= MATA + MBITR (6.22)

ma +mp

so that the motion of these masses can be described in terms of the motion of

their centroid and of their relative motion as:

jJA — jc _ mp z (623&)
ma + mp

Fp=F,+—A 3 (6.23b)
ma+mp

While z is constant during the sticking phase, the displacement of the centroid
must be determined. A governing equation for z. can be obtained by summing the

equations governing the motion of the masses m 4 and mp and substituting Eq.(6.22):
N — —_—
(mA+mB)9Z’C’+Z (KAk—l-KBk) T; = <5Ai+5Bi) COST (6.24)
k=1

Eq.(6.24) can be coupled with the governing equations of the masses not involved

in the contact, obtaining a system of N — 1 linear equations in the form:

Mz + K*%* = p* (6.25)
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where the matrices M* and K* can be obtained from M and K, in Eq.(5.7) and
Eq.(5.8) respectively, by replacing the original A-th and B-th rows and columns with
the terms provided in Eq.(6.24). Similarly, the vector p* can be obtained by replacing
the A-th and the B-th components with the term (J4; 4 0p;) cos T given by Eq.(6.24).
Eq.(6.25) is a linear second-order ODE and can be integrated using the function
oded5. In the resulting vector z*, the A-th and the B-th component will coincide
with the position of the centroid; therefore, it is necessary to impose Eq.(6.23)
explicitly at during each time step, so that the actual displacement of m4 and mp
is obtained. Finally, the sticking phase will end when Eq.(6.21) is no longer verified.

The analytical results obtained from the solutions presented in Section 5.6.1
have been compared, for varying parameters, with the results obtained using the
integration approach described above. The agreement was excellent in all the
cases investigated. In particular, the comparison between analytical and numerical
transmissibilities is shown in Fig.6.23 for the 2DOF system shown in Fig.6.22a,
in the frequency ratio range 0 : 2.5 and for varying friction ratio, assuming both
stiffness and mass ratios equal to 0.5 and a unitary ratio between static and kinetic
friction forces. The agreement between the transmissibilities is very good when the
response is continuous. The motion regimes occurring in the numerical response
are always in accordance with the analytical predictions. The analytical boundaries
of these motion regimes are also shown in the parameter space r; — 3 in Fig.6.23.

The general features of the dynamic response of MDOF systems with a Coulomb

contact between two masses are discussed in what follows.

o The value f3,,; of the friction ratio for which the ith resonant peak becomes
finite can be evaluated by calculating the limit of Eq.(5.80) for R; — 1, as
proposed in Sect.6.2.1, and is given by:

Yus
l/JBz' - 1/)141'

In the 2DOF case considered in this section, the values obtained from Eq.(6.26)

7

Bn,i = -

: (6.26)

are 3,1 = 0.785 and 3,2 = 0.393, in agreement with the curves shown in

Fig.6.23.
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Figure 6.23: Displacement transmissibilities of a harmonically excited 2DOF system
with a contact between m; and mg for varying friction ratio and y=k=0.5: (a) absolute
motions of m; and mgy and (b) relative motion in the contact. Analytical results are
represented by the continuous lines, while numerical results are represented with round

(continuous motion) and with diamond markers (stick-slip motion).
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Figure 6.24: Motion regimes of a 2DOF system with a Coulomb friction contact between
mq and mg and a harmonic load on m; for varying frequency and friction ratios.

o Permanent sticking between the masses m 4 and mpg will occur if the amplitude
of the dynamic load acting in the contact when z = 0 does not overcome the
static friction force. Considering the governing equation of the relative motion

introduced in Eq.(5.76), it is possible to write this condition as:

1 N o N
5 < — KBk - ’YABKAk X* - (513 - 'YAB(SZA) (6.27)
(1 +vap) lczz:l ( ) X
where the response amplitudes in stuck configuration X3, ..., X% can be

determined from Eq.(6.25) using a standard modal superposition approach.
It is worth underlining that, since the relative motion between m4 and mpg is
equal to zero in permanent sticking regime, these masses will both oscillate

jointly to their centroid . in the stuck configuration.

o Evaluating the limit value of the boundary between continuous and stick-slip
motion for r; — 0, it can be shown that, as in the fixed-wall case, any non-
zero value of the friction ratio will prevent the relative motion in the contact
from being continuous in quasi-static conditions. The starting value of the
boundary between sliding and permanent sticking regimes can instead be

evaluated from Egs.(6.25) and (6.27), imposing that ;1 = 0. While this is
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not true in general, it has been observed that the system is always stuck in
quasi-static conditions if [ = 1. This behaviour also occurs in the example

presented in this section, as can be observed from Fig.6.24.

e The high-frequency behaviour of these MDOF systems can significantly change
depending on where the friction contact and the harmonic load are applied. In
fact, when r; — 0o, the boundary between continuous and stick-slip regimes

expressed in Eq.(5.80) tends to:

2Yaz if | = A (6.282)

(1 + ap)Va2 T 72 T

Boo - 2 . .
AT VT T =5 (6:250)
0 if | # {A, B} (6.28¢)

Furthermore, evaluating Eq.(6.27) for r; — oo, it can be determined that the

boundary between sliding and permanent sticking regimes tends to:

__JaB ifl=A (6.292)
1(1+ap)

Bo=9_ 1 if1=B (6.29b)
(1 +vaB)
0 if | # {A, B} (6.29¢)

In the 2DOF case dealt within this section, since | = A = 1 and v45 = 7 = 0.5,
it is obtained that S, = 0.179 and g%, = 0.333, in agreement with Fig.6.24.
It can be concluded that if the harmonic excitation is applied to one of the
masses in contact, both boundaries will tend to non-zero asymptotic values,
below which continuous and stick-slip motions can be observed respectively.
Conversely, if the excitation is applied to any other masses, both boundaries
will tend to zero, meaning that the contact will always get stuck at high

frequencies.

o In Fig.6.23a, it can be observed that for both masses an inversion of the
transmissibility curves occurs across two invariant points and leads to the onset
of the resonant peak associated to the stuck configuration. It is possible to

obtain an estimate of the position of these points from Eq.(5.74), as explained
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in Section 5.6.1. For instance, the points estimated for X; are r; = 0.778
and r; = 1.213, while it has been observed that the actual inversion occurs
between two small regions (rather than single points) located at r; = 0.770
and r; = 1.226. Finally, the amplitude of the relative motion in the contact
(from Fig.6.23b) always decreases with (5, similarly to the motion of the mass
in contact in systems with a fixed wall. In this case, the invariant points can

be evaluated exactly from the condition U, = 0.

6.5.2 2DOF system with a contact between the lower mass
and the base

The time response of MDOF systems under joined base-wall excitation can also be
evaluated numerically with a similar approach to that introduced in Section 6.3.1.
However, as in the case investigated in Section 5.1, it is necessary to introduce in
the algorithm the appropriate sticking conditions and to determine the governing
equations of the system to be integrated during the sticking stages. In this contact
configuration, stops occur when the relative motion between the mass in contact
m; and the wall is Z = 0 and, as shown in Section 5.6.2:

N
Z kT — (015 + ’yjrl) cosT| > up (6.30)

During the sticking stages, as in the fixed-wall case, the response can still be
obtained by integrating the governing equations considered during the sliding stages.
However, also in this case, it will be necessary to impose the position and the

velocity of the mass in contact as:

T;=Zyp+cosT (6.31a)
! : (6.31b)

$]~ = —SsIiT

The analytical results based on the solutions derived in Section 5.6.2 have
been compared to the results obtained with this numerical approach for varying
frequency, friction, mass and stiffness ratios, showing a very good agreement in
all the cases investigated. The comparison between the analytical and numerical

response amplitudes for the 2DOF system represented in Fig.6.22b is reported in
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Fig.6.25; the results shown in these plots have been obtained for unitary mass,
stiffness and static/kinetic friction force ratios. An excellent agreement is observed
for both absolute mass motions (in Fig.6.25a) and for the relative motion in the
contact (in Fig.6.25b). Numerical results obtained in stick-slip regime are also
reported in Figs.6.25a-b to provide a complete overview of the dynamic behaviour
of the system, while the boundaries among continuous, stick-slip and stuck motion
regimes are depicted in Fig.6.26.

The main dynamic response features are presented for MDOF systems under
joined base-wall excitation in what follows, referring as example to the results

shown in Figs.6.25 and 6.26.

o The evaluation of limit value assumed by the boundary between continuous and
stick-slip regimes when R; — 1 provides the same result obtained in Section
6.2.1 for the fixed-wall configuration and reported in Eq.(6.2). Therefore, all
the resonant peaks exhibited by systems undergoing joined base-wall excitation
also become finite at 5 = 7/4 if the friction contact occurs on the mass m;.
This can also be observed from Figs.6.25a-b, where both peaks are finite

starting from the curves associated to the case 5 = 0.8.

o As shown in Sections 6.2.5 and 6.5.1, two main steps are required for deriving
the boundary between sliding and permanent sticking motion regimes: (i)
deriving the steady-state response of the system in the stuck configuration
and (ii) using the derived response amplitudes for determining the maximum
dynamic load acting in the contact and comparing it to the static friction
force. In this contact configuration, when sticking occurs, the mass in contact
will oscillate jointly to the wall. Therefore, its motion can simply be written
as Z; = cos 7. The motion of the remaining masses can be determined from a
linear system of N — 1 equations written in the form expressed in Eq.(6.25),
where the stuck mass and stiffness matrices are obtained by removing the

j-th rows and columns from M and K, while the generic ith component of
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Figure 6.25: Displacement transmissibilities of a 2DOF system with a contact on
m1 under harmonic joined base-wall motion for varying friction ratio and unitary mass
and stiffness ratios: (a) absolute motions of m; and mg and (b) relative motion in the
contact. Analytical results are represented by the continuous lines, while numerical results

are represented with round (continuous motion) and with diamond markers (stick-slip
motion).
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Figure 6.26: Motion regimes of a 2DOF system with a Coulomb friction contact between
mq and the harmonically excited base for varying frequency and friction ratios.

the stuck force vector will be:
]3: = (511 + 6j_1’ilij + 5ji’ij+1) COST (632)

In other words, since its motion is already known, the mass m; will act as
a further source of harmonic excitation in the stuck system. Therefore, a
harmonic load x; cos 7 will be applied onto the mass m;_; and a load x;41 cos T

will act on the mass m;1.

The formulation of the upper bound for the sliding motion regime can be
obtained, at this stage, from Eq.(6.30), considering the maximum amplitude
of the resultant force acting in the friction contact:
& o
b < " kz:;KijZ — b1y — 1t (6.33)

where the RHS represents the boundary value 3}, of the friction ratio.

o The behaviour of these systems at low frequency ratios can easily be explained
by evaluating the values assumed by both boundaries for r; — 0. As in
all the contact configurations explored in this paper, also in this case the

boundary between continuous and stick-slip regimes tends to zero. It can be
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demonstrated that also the boundary between sliding and permanent sticking
regimes is equal to zero at r; = 0. In fact, when permanent sticking occurs,
the static response of the system can simply be obtained by the equation
K*x* = p*. However, it can be observed that substituting the response
amplitudes obtained from this equation into Eq.(6.33) and imposing r; = 0,
the resulting value of the boundary will be equal to zero. Therefore, it can
be concluded that systems under joined base-wall motion are always stuck in

quasi-static conditions, as already observed for the SDOF case in Chapter 3.

o The behaviour of MDOF systems under joined base-wall motion is also similar
to that described for the SDOF case in Chapter 3 at high frequency ratios.
In fact, both boundaries grows to infinity when r; — 0. This means that,
increasing the driving frequency, it will always be possible to observe a sliding

motion in the friction contact at some point.

o Inversions of the transmissibility curves can be seen for both masses in
Fig.6.25a. In particular, two different kinds of inversions can be observed. In
the case of the mass not in contact, inversions are mostly similar to those
described in the other contact configurations, i.e. they occur across two
invariant points and show the gradual onset of a new resonant peak associated
to the stuck configuration of the system. However, it can also be noted that
another inversion occurs for all the masses of the system after the last resonant
peak, so that the transmissibility always increases with the friction ratio at
high frequency ratios. This inversion occurs across a small region rather than
a single invariant point. This behaviour had already been observed in SDOF

systems, where such an inversion occurs at r; = 1.5.

6.5.3 Experimental validation

An experimental validation has been carried out also for MDOF systems with a
contact between oscillating parts, using a modified version of the setup presented

in Section 6.4.1 to reproduce a 2DOF system with a contact between the lower
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Figure 6.27: Picture of the two-storeys frame test rig with the counterweight pinned to
a pole rigidly mounted on the base and applying a normal force on the lower plate.

mass and the excited base. The test rig is shown in Fig.6.27. In this figure, it
can be observed that the contact between the base and the lower storey has been
achieved by mounting a rigid post on the base and pinning the counterweight to
this post so that the brass disc could rest on the lower plate. This configuration
has already been used in Chapter 4 to reproduce a SDOF system under joined
base-wall excitation, as shown in Fig.4.1b.

Since the parameters 1, v and  have already been estimated in Section 6.4.2, no
further preliminary tests were needed. The forced vibration test has been performed
at different values of the frequency ratio within the range 0:2.5 and the displacement
transmissibility and phase angle curves associated to the friction ratios [0.5, 0.75, 1,
2] have been reproduced. The experimental results are shown in Figs.6.28 and 6.29,
where it is possible to observe a good agreement with the analytical results when
the response is continuous and with the numerical curves when stick-slip occurs.
The tuning of the friction ratio has been operated referring to the phase angle of the
relative motion between the lower plate and the base, shown in Fig.6.29, at r; = 1.2.

In fact, it can be observed that these phase angle curves present a regular pattern
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and always show a monotonic dependence on the friction ratio. However, it must also
be noted that ¢, g has a significant dependence on 7, and, therefore, its sensitivity
to the variations of the friction ratio may vary at different driving frequencies. In
particular, an invariant point for both amplitude and phase of the relative motion is
observed at r; = 1.09, in correspondence of the antiresonance of the transmissibility
of my. It can also be observed that, for this value of rq, the response of my is still
affected by friction, as shown by Fig.6.28b. Finally, looking at the phase angles ¢ g
and ¢, , it is possible to see that, also in this contact configuration, the plates
oscillate in phase or phase-opposition, as predicted by the analytical solutions.
During the tests, the motion of the brass disc has been monitored and compared
to the motion of the base plate; it has been verified that the error introduced by the
setup between the base motion and the wall motion is negligible in the frequency
ratio range investigated. Conversely, it was found that the current setup cannot
reproduce well the behaviour of a 2DOF' system with a contact between the base
and the upper plate. In fact, if the post is extended so that the brass disc can
rest on the top plate, the wall motion results amplified in comparison to the base
motion. This effect becomes particularly significant at higher frequencies, showing
that further modes are being activated within the frequency range investigated.
Regarding the current experiment, the same limitations highlighted in the previous
investigations have been encountered. In fact, it has not been possible to reproduce
the transmissibility and the phase angle in proximity of the boundary between
sliding and permanent sticking regimes due to the frequent occurrence of permanent
sticking between the disc and the plate in contact within the observed time window.
Nonetheless, it can be concluded that, except that for very large amounts of friction,
the proposed setup can reproduce well the behaviour of a 2DOF system with a

contact between the base and m;.

6.6 Summary and concluding remarks

In this chapter, the analytical solutions derived in Chapter 5 for the continuous

response of MDOF systems with a Coulomb friction contact have been validated
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Figure 6.28: Displacement transmissibility and phase angle of a 2DOF system with
a contact between mj and the harmonically excited base: experimental (markers) vs
analytical (continuous lines) and numerical (dashed-dotted lines) results. The black
dashed line represents the boundary between continuous and stick-slip regimes, the black
dotted line the transmissibility in the stuck configuration.
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Figure 6.29: Non-dimensional amplitude and phase angle of the relative motion in the
contact between m; and the harmonically excited base of a 2DOF system: experimental
(markers) vs analytical (continuous lines) and numerical (dashed-dotted lines) results.
The black dashed line represents the boundary between continuous and stick-slip regimes,
the black dotted line the transmissibility in the stuck configuration.

numerically and experimentally. Moreover, the analytical expressions of the
displacement transmissibilities, of the phase angles and of the boundaries between
continuous and stick-slip regimes have been used to investigate the features of the
dynamic response of these MDOF systems. Specifically, the resonant, low- and
high-frequency behaviours have been analysed and an analytical approach for the
determination of the invariant points for the transmissibility and the phase angle
curves has been proposed. Finally, analytical formulations have also been obtained
for the boundaries between the sliding and the permanent sticking regimes and
for the response of the system in stuck conditions. The boundaries among the
different motion regimes have been represented in a two-dimensional parameter
space to visualise how these regimes occur for varying non-dimensional driving
frequencies and friction forces.

The numerical validation has been presented for: (i) a 2DOF system with a
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harmonic load on the lower mass and a friction contact between either the lower
or the upper mass and a fixed wall; (ii) a 5DOF system with a harmonic load on
the bottom mass and a friction contact between either the bottom or the third
mass and a fixed wall; (iii) a base-excited 2DOF system with a contact either
between the two masses or between the lower mass and the base. Numerical
transmissibilities have also been evaluated in stick-slip regime for all these systems,
providing a complete overview of their dynamic behaviour across the different
motion regimes. The comparison between analytical and numerical results yielded
an excellent agreement in all the cases investigated.

The experimental validation has been performed on a two-storeys shear frame
setup with a brass-to-steel contact, where different configurations have been realised
to reproduce the behaviour of a 2DOF system with a contact between either mass
and a fixed wall and between the lower mass and the excited base. The experimental
transmissibilities and phase angles observed during this investigation were in good
agreement with the analytical and the numerical results in all the cases investigated,
showing that the behaviour of MDOF systems with a Coulomb friction contact
can also be observed in experimental conditions using the approach introduced
in Chapter 4. However, as in the SDOF case, it emerged that the setup cannot
be used to investigate the response of the system in proximity of the boundary
between sliding and stuck regimes due to the frequent occurrence of permanent
sticking between the parts in contact.

The main results obtained from the investigation of the response features were:
(i) the determination of the minimum friction ratio for which the generic ith resonant
peak of the response becomes finite; (ii) the determination of starting values of the
transmissibility curves in quasi-static regime; (iii) the evaluation of the asymptotic
values assumed by the boundary between continuous and stick-slip regimes when
the exciting frequency tends to infinity. In addition, the presence of invariant points,
inversions across the transmissibility curves for varying non-dimensional friction
force and the onset of additional resonant peaks due to the transition from the

sliding to the stuck configurations have been observed in the analytical, numerical
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and experimental curves. All these results have shown that MDOF systems can
exhibit a significantly different dynamic behaviour depending on whether the contact
and the harmonic excitation occur on the same or on different masses.

One of the most important assumptions introduced in the MDOF models
investigated in Chapters 5 and 6 is that the Coulomb friction generated in a single
and localised contact can be regarded as the only source of damping of the system.
In real structures, although Coulomb damping may have a predominant role, other
forms of damping are always present, for instance due to the presence of joints or
to the internal dissipation in the material. Nonetheless, it has been possible to
reproduce experimentally most of the theoretical results using the proposed setup,
meaning that it can be reasonable to neglect these other forms of damping when
dealing with a very lightly-damped structure. However, it has also been shown that
considering Coulomb friction as the only source of damping can lead to non-physical
behaviours such as the presence of infinite resonant peaks. Therefore, in order
to further understand how Coulomb friction can affect the resonant behaviour
of real structures, including those cases where the structural damping is more
significant, an investigation of systems with combined modal and Coulomb damping

is presented in the following chapter.
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7.1 Introduction

In Chapters 5 and 6, the dynamic response of MDOF systems with a Coulomb
friction contact has been explored considering the dry friction generated by the

relative motion in the contact as the only source of damping in the system. The

173
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experimental investigations carried out on a two-storey frame setup in Chapter
6, as well as those presented in Chapter 4 for the SDOF case, have shown that
most of the behaviours described under this assumption by the analytical solutions
and the numerical results can also be observed in a real structure. Nonetheless,
assuming Coulomb friction as the only source of dissipation in a vibrating system
can also lead to unrealistic results. In particular, in the previous chapters it has
been observed that Coulomb damped systems always present infinite resonant peaks,
unless stick-slip or permanent sticking occur at resonance. Since one of the main
goals of the use of friction dampers is to avoid large stresses at resonance [8], it
is essential to further investigate the resonant behaviour of these systems, also
accounting for the general damping levels of the structure in the mechanical model.

As the exact nature of damping in real structures is often unknown, the viscous
damping model is usually preferred when dealing with SDOF models because of its
linearity [24]. However, even the introduction of viscous damping notably increases
the complexity of the analysis of MDOF systems. In fact, in the presence of viscous
damping, the modal superposition procedure cannot be used for determining the
dynamic response in the form presented in Chapter 5. In fact, viscous damping can
lead, in general, to non-diagonal modal damping matrices and, therefore, to coupling
between the normal modes of the system. This is typically the case viscous damping
is generated by localised sources, such as the shock absorbers in a car suspension, or
the behaviour of structures with highly non-homogeneous damping levels, e.g., the
building models accounting for the soil-structure interaction. However, this coupling
effect, which would lead to the presence of complex mode shapes, is usually negligible
when viscous damping is used to model the damping resulting in structures by non-
localised sources such as internal dissipation in the materials, junctions or interfaces
between parts of the structure and non-structural elements [24, 143]. These forms
of damping are usually defined at a system level rather than in terms of individual
element properties [24] and can be modelled using specific damping models, such
as modal damping, where the damping of each vibrating mode is expressed by a

modal damping ratio, assigned by measurement or based on experience [143]..
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This chapter explores the dynamic behaviour of mechanical systems with
combined modal and Coulomb damping, aiming to establish how the response
features and the motion regimes observed in the previous chapters for SDOF and
MDOF systems with Coulomb damping only evolve when the general damping
of a structure is also introduced in the models.

The analytical procedure introduced in Chapter 5 is applied to MDOF systems
with modal and Coulomb damping in Section 7.2, where closed-form expressions are
derived for the continuous steady-state time response, displacement transmissibility
and phase angle of all the masses of a MDOF system. Furthermore, an analytical
formulation is provided for the boundary between continuous and stick-slip regimes.
In Section 7.3, the numerical approach introduced in Section 6.3.1 is used for
validating the analytical results and providing an insight on the behaviour of
these systems in stick-slip regime. Finally, the resonant, low- and high-frequency
behaviours, as well as the dynamic response in permanent sticking regime, are

explored in Section 7.4.

7.2 Analytical evaluation of the continuous re-
sponse

7.2.1 General formulation and assumptions

Let us consider a discrete MDOF system characterised by the N x N mass, damping
and stiffness matrices M, C and K respectively, where a harmonic load P cos(wt) is
applied to the [-th DOF and a Coulomb contact occurs between the j-th mass and
a fixed wall, generating a kinetic friction force of amplitude F' and a static friction

force equal to uF'. The governing equation of this system can be written as:
Mx + Cx + Kx + fsgn(z;) = p (7.1)
or, in a non-dimensional form, as:

Mx" 4+ Cx' + Kx + fsgn(z}) = p (7.2)
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where M, K, f and p have been introduced in Section 5.3. From the nondimen-
sionalisation process, described in detail in Section 5.2, it is also possible to express

the relation between C and C as:

c="c (7.3)
k1

The problem described by Eqs.(7.1) and (7.2) is piecewise linear and can be solved
with the analytical approach presented in Chapter 5, i.e. by investigating the
continuous steady-state response in the half-period included between two stationary
points of ;. In fact, Eq.(7.2) is linear in this time interval and a modal superposition
procedure can be applied. However, this approach can only be used if specific
assumptions are made on the formulation of the linear damping matrix C. In
fact, while the mass and the stiffness matrices can be diagonalised by introducing
the modal transformation described in Section 5.3, this is not generally the case
for the damping matrix. As a consequence, if a generic linear damping matrix
C is considered, modal analysis cannot be used to reduce Eq.(7.2) to a set of
N uncoupled equations. Nonetheless, it is common in the engineering practice
to assume that this damping matrix can be expressed as a linear combination of
the mass and the stiffness matrices [155] or that, more in general, it satisfies the
conditions derived in references [156, 157] for which a diagonal modal damping
matrix is obtained. As specified in Section 7.1, the modal damping model will be

considered, i.e. it will be assumed that the matrix C is such that:
C = ¥TC¥ = diag(2G:) (7.4)

where (1, ..., (y represent the modal damping ratios of the N vibrating modes of
the system. The modal damping ratios can be considered as further N input
parameters of the problem, in addition to the 2N 4 1 non-dimensional groups
introduced in Section 5.2. Once the values of the modal damping ratios are
assigned, the non-dimensional linear damping matrix C can be obtained from C

using the following relationship [24]:

C=0v"Cu!= ZN:QCiQi(M@bi)(Mwi)T (7.5)
=1
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The assumption of a modal damping model allows the use of modal analysis for
determining the steady-state response of the system in continuous regime. This

procedure is detailed in what follows.

7.2.2 Modal superposition procedure

Modal damping does not affect either the natural frequencies or the mode-shapes
of the system. Therefore, considering Eqs.(5.13) and (7.4), it is possible to write

the governing equation of the ith modal coordinate as:
1+ 26n; + Qi = i + i cos(T + ¢;) (7.6)

The general solution of Eq.(7.6) can be obtained as:

A; cos (T‘l_gf) + B; sin (T'l_g)

R;
+ %'ZR?B + ; Rvg; cos(T + ¢;) (7.7)

N

i T

’]71» ey 6_ R’L

(2

where:
B 1
11— R? + 2GR,

(7.8)

Vyi

represents the complex response function of the ¢th vibrating mode of the system
in the absence of Coulomb damping. The initial and final conditions written in
Eqgs.(5.17) and (5.20) for the ith modal coordinate and its derivative can be used to
determine the unknown integration constants A; and B; and to define a relation
between the phase angle ¢; and the initial values 7;y and 7}, which are still unknown
at this stage. This procedure is similar to that introduced in Section 5.3 in the
absence of modal damping and is therefore reported in detail in Appendix B. The
resulting expressions for cos ¢; and sin ¢; can be written as:

Mo + Vi R?g:8
o ¢j B wliR'QUdi

Mo + ¥R uai
Ui R v i

sin ij =
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where the functions:

o (55)

R;
Ud; = — (711)
Ri/1 — (2 lcosh (?) + cos (T';Q)]
and:
[ _ 2
sinh (ig) oG 5 sin (W 1R ¢ )
i = A : (7.12)

J1 — (2
cosh (Cﬂ) + cos (M)

R; R;
have been introduced as the first and the second damping functions of the ith
mode of the system. In particular, in the limit case of (; = 0, the first damping
function reduces to the damping function formulated for the ith mode of a MDOF
system with Coulomb damping only in Eq.(5.26), while g; = 0. When N = 1, the
formulations of both damping functions reduce to those derived by Den Hartog
for SDOF systems with combined viscous and Coulomb damping [21], which are

reported in Eqs.(2.36) and (2.37).

7.2.3 Response amplitude and phase of the mass in contact

Multiplying by 1;; the numerators and the denominators of Eqs.(7.9) and (7.10),
considering their sums from 1 to N and introducing Egs.(5.30) and (5.31), it is

possible to express cos¢; and sin¢; as:

N N
ey 2 P2, _
;wﬂnlo—i_ﬁi;wﬂRzgl _ X]‘i‘ﬁGj

R 1
COS ¢ ~ ; Vi (7.13)
; wjz‘lbliRi Vdi
and:
S iy + B 55 02 Rug
- Jrill : Ji 1 .
sing; = — =1 =1 = _BUq (7.14)

N ,
'21 Vi R vg; Ve

where the generic k-th complex response function, the first and the second damping

functions of the MDOF systems have been introduced as the modal superpositions of
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the expressions provided for the ith mode in Eqgs.(7.8), (7.11) and (7.12) respectively:

N

Vae = Y Uit Rivai (7.15)
i—1
N

Usk = Y rithji R ua; (7.16)
=1
N

Gy = Z¢ki¢jiR?gi (7-17>
i—1

It is necessary to observe that, due to the presence of the function Vg, the expressions
derived for cos ¢; and sin ¢; are complex. However, expressing the complex response
function as Vg = |Vy|e*“V4 and after performing some algebraic manipulations,

it is possible to rewrite Eqgs.(7.13) and (7.14) as:

X; + BG;
cos(¢; + LVy) = Mﬁj (7.18)
7
and:
: Ugj
sin(e; + /Viy) = _fvﬁ (7.19)
L)

Using the relation cos?(¢; + £Vy;) + sin®(¢; + £Vy) = 1, it can be obtained that

the non-dimensional response amplitude of the mass in contact m; is given by:

X; = —BG; +/|[Vigl? — (BU)? (7.20)

It can be observed that this expression is formally identical to that derived by
Den Hartog for a SDOF system with combined viscous and Coulomb damping
[21], which is reported in Eq.(2.34), and reduces to that formulation when N = 1.
The phase angle ¢, can finally be obtained from Eqs.(7.18) and (7.19) or, more

synthetically, from:

BU; BUL\
;= atan? | — 1— — LV 7.21
(b] atan |Vdj| , |Vdj’ dj ( )

where the function atan2 is defined according to the expression provided in [141].
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7.2.4 Steady-state time response of all masses

In Appendix B, the following expression has been derived for the ith modal displace-

ment:

n; = (Mo + wjiR?giﬁ) cosT + (i + wjiR?udiﬁ) sin T
T J1— 2 . J1 =2
+ BwﬁR? {1 — (1 +gi)e B [sin (T ! CZ) + G cos (T ! Q)]
By J1-¢
- NI
—udiRi\/llje%i sin (HCZ) } (7.22)

The time response of the generic mass my of the system in the non-dimensional

[

time interval [0, 7] can be obtained from Eq.(7.22), by multiplying both sides by
Yy and introducing the k-th equation from Eq.(5.11), as:

Ty = (Tgo + BGy) cos T + (T + BUg,) sin T

R O )

N _GT
+03 ;wkiwﬁR? {1 —(1+gi)e R

R;

iT v/1 — 2

The response of the mass in contact m; is completely known at this stage, since

the initial values of its displacement and velocity are equal to X; and to zero
respectively, as expressed in Eq.(5.29). However, these values are still unknown for
all the other masses of the system. In order to determine them, let us multiply
by 1x; the numerators and the denominators of Eqgs.(7.9) and (7.10) and consider

their sums from 1 to N. The following relationships are obtained:

cos ¢j = W (7.24)
, U
sin ¢; = —W (7.25)

Comparing Eqs.(7.24) and (7.25) with Eqs.(7.13) and (7.14) respectively, it can
be obtained that:

|Va|
V]

Tro = —PGy + \/|Vdj\2 — (BUg)? Y Va) (7.26)



7. Systems with combined modal and Coulomb damping 181

and:

= |de’Udj e Var=2Va) _ 7, (7.27)
|V

Introducing these expressions into Eq.(7.23) and considering the real part only, the

response of the generic mass my, can be finally written as:

.
Ty, = k‘/ﬂ {\/|Vdj|2 — (BUg)? cos( + £LVay — £LVygj) + BUg sin(r + LV — AVdj)}
7]

ARV & Gi T1-¢
sin R + Ccos T
1 Gt T4/ 1 — CZZ
————e HRigi _— 7.28
V1—¢ ( ) } 72

7.2.5 Response amplitude and phase of the masses not
in contact

N _GT
+4 ;wkﬂﬁjiR? {1 —(1+gi)e &

—ugi

The amplitude and the phase angle of the response of the generic mass my of the
system cannot be determined in a closed form from Eq.(7.28). In general, it is
possible to calculate them numerically, determining the amplitude as the maximum

absolute value of z; and the phase angle as:

¢k = ¢j + Tk,max if jk(ﬂc,max) >0 (729&)
gbk’ = ¢] + Tk,max + lf i’k‘(Tk,max) < O (729b>

where 7y, max is the time instant where such a maximum is reached. Nonetheless, as
shown in Section 5.4.2 in the absence of modal damping, approximated closed-form
expressions for these quantities can be obtained by considering the monoharmonic
approximation of the response provided in Eq.(5.49). In particular, it has been
observed that, in continuous non-sticking regime, modal damping further reduces
the non-monoharmonic effects introduced by Coulomb friction. While these effects
can still be significant for the response of the mass in contact, Eq.(5.49) offers a
very good approximation of the response Zy. Substituting Eqs.(7.26) and (7.27)
into Eq.(5.49), it can be obtained that:

T, = Re{Zgo cos T + Ty sin T}

= Re{(Tro — iT}q)(cos T +isinT)} = Xy, cosT + Xpgsint (7.30)
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where:

y .
Xie = l‘ | \/|Vdj|2 (BUg)? cos(LVye — £LVg;) + BUg; sin(LVyy, — ZVdj)] — Gy,

Va1
(7.31)
and:
8% | V| N 12 _ N2 o _ AV
Xy, = Wl BUy cos(LVay — LVig) =/ |Vigl? — (BUg)? sin(LVay — £Viy)| — BU
7)

(7.32)

Therefore, the response amplitude can be obtained as:

X, \/X3, + X2,

. {|vdk|2 £ p(G2 4+ U3, — 250l

|Va|

V| [\/|Vdj|2 - (6Udj)2<Gk cos(LVay — £LVy)

2
+Udk sin(éde — AVdJ)> + ﬁUdj (Gk sm(lV}lk — 4‘/(1]) + Udk COS(Ade — AVdj)ﬂ }
(7.33)

while the phase angle between the maxima of the displacements of m; and my

within the time interval [0, 7] is given by:
COS Ppj = —=— sin ¢p; = == (7.34)

The phase angle of the response of the generic k-th mass can be finally calculated
as ¢r = ¢; + ¢r;, where ¢; is obtained from Eq.(7.21). It can be demonstrated
that Eq.(7.33) reduces to Eq.(7.20) when k£ = j.

7.2.6 Domain of validity of the solution

The domain of validity of the solutions derived in this section can be determined
with a similar procedure to that introduced in Section 5.5. In fact, these solutions
only hold if the steady-state response of the system is continuously non-sticking.
The response has been investigated in the half-period [0, 7] included between a
maximum and a minimum of z;, assuming that i‘; < 0 in all the internal points of
this interval. In addition, the occurrence of a stop must also be ruled out at the

ends of the interval, where ), = 0, imposing explicitly that the overall dynamic
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loading acting in the contact has a larger amplitude than the static friction force.

Therefore, the following non-sticking conditions can be formulated:

/

7 <0 ifo<7<m (7.35a)

N N
Zéjkj;g+ ijksz _513’ COS(T+§Z5]‘) > ,uﬂ ifr=0orT=mn (735b>
k=1 k=1

In order to express the domain of validity in terms of the friction ratio, let us

substitute Eq.(7.28) into Eq.(7.35a). The following inequality is obtained:

X, + G > Sy (7.36)
where:
N
Sy =D Visai (7.37)
i=1
and:
_Gr R, . T/ 1—¢
Sai = J0ax sin (1+gi)e R \/_2 sin 7
T T 1 — Cz i

, G
—ugRje R

\/1%752008 (T 22_ ‘ )] } (7.38)

From Eq.(7.20) and Eq.(7.36), it can be obtained that the condition expressed

3
—
&,
=
—

\]
:U —
. |
Rl V)
N~ —
+

in Eq.(7.35a) is verified when:

Vi |?

< | — 7.39
P<\tE+5 (7.39)

In order to derive a similar expression from Eq.(7.35b), it is possible to rewrite
it in modal terms by introducing the coordinate transformation in Eq.(5.11) and

considering the generic ¢th modal coordinate:

12G:Qunky + Q2nio — Wi cos G| > PjiuB (7.40)

It is useful to express the term cos ¢; in the above expression as a function of 1o

and n},. From Eqs.(7.9) and (7.10), it is obtained that:

nio + V57 9: 8
cos(¢p; + Lvgi) = . (7.41a)
Ot £0) = R
/ L R24, .
sin(¢; + Lva;) = Moo il uaiS (7.41D)

Ui R? [vgi
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Furthermore, it is easily obtained from the definition of vy;, provided in Eq.(7.8),

that:
cos(Lvg) = |vai|(1 — R2) (7.42a)
sin(évdi) = _|'Udz|(2<:sz> (742b)
Thus, it follows that:
Mo+ R2g: Mo + Vi R2ug 3
COs ¢j = 5 5
¢liRi wliRi
Introducing Eq.(7.43), it is possible to rewrite Eq.(7.40) as:

(1—R?) +

(2GR;) (7.43)

Nio — B[ (1 — R?)gi + 2 Riug)| > vjips (7.44)

Let us now consider the sums of both sides of Eq.(7.44), multiplied by ;. In-

troducing the function:

N
Hy =Y 4%(9i + 2G Riuai) (7.45)
i=1
and substituting Eq.(6.7),it is possible to rewrite the above inequality as:
5

X, +8G; - H;| > 25 (7.46)
VT
The condition expressed in Eq.(7.46) is verified if:
Va2
B < V| . (7.47)
o
Ui+ |Hj+——
7 ( I %>
or:
Vi |?
8> V| . (7.48)
w
Ui+ |H; —
! +< Ty f)

In order to obtain a continuous non-sticking response, the inequalities expressed
in Eq.(7.39) and one between Eq.(7.47) and Eq.(7.48) must be simultaneously
verified. However, it has been observed that Eq.(7.39) and Eq.(7.48) never occur
concurrently. Therefore, the domain of validity of the mathematical solution

presented in this section can be expressed as:

Vi |?

2
Ugj + [max (de,Hj + 1’62>‘|

VT

b <

(7.49)
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where the RHS represents the value (B, of the friction ratio at the boundary
between continuous and stick-slip regimes.

Due to the presence of the function Sg;, the evaluation of the boundary described
by Eq.(7.49) requires the numerical calculation of the maximum of the time-
dependant expression in Eq.(7.38) for each sets of parameters. In order to reduce the
computational cost associated to this procedure, the following approximation can
be considered. It has been observed numerically that, in most cases, the maximum
value of the function sy occurs at 7 = 0. This effect is due to the presence of

_GT
the exponential term e Ri in the expression of sy and, therefore, exceptions are

only observed when (; is nearly zero. Thus, a first-order expansion of the function

GiT ?
N

Neglecting the second-order terms in the above equation, it is obtained that:

sq; around 7 = 0 can be considered:

1 .
Sgi = — {(1 + ;) (1 — CZT) T — udiR?
T Rl

sai =1+ g, + 2GRiug (7.51)

and, by substituting this expression into Eq.(7.37), it is possible to write an

approximated expression of the function Sy as:

1
Sej = Hj + —
v rl_’Yﬂ”%

(7.52)
Introducing this approximated formulation into Eq.(7.49), it can be observed that
the term H; + p/(v;7%) coincides with Sy if 4 = 1 and becomes larger if p > 1.
Therefore, Eq.(7.47) can directly be considered as an approximation of the boundary
between continuous and stick-slip regimes. In particular, it has been observed that
discrepancies between the exact and the approximated expressions can arise at low
frequency ratios only when the modal damping ratios are nearly zero, consistently
with the above observations. The case (; = 0, discussed in Section 5.5, is therefore

the case where the most significant disagreement is observed between the exact

and the approximated boundary.
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Figure 7.1: Steady-state time response of a 5DOF system with equal masses and springs
where a friction contact and a harmonic load are applied to m; for p =1, g = 0.2,
r1 = 0.9 and modal damping ratios 0.01 (a) and 0.1 (b): comparison between analytical
(continuous lines) and numerical (round markers).

7.3 Numerical validation and extension to stick-
slip regime

This section presents the numerical validation and extension to the stick-slip regime
of the solutions derived in Section 7.2 for the response of discrete mechanical
systems with combined modal and Coulomb damping.

The numerical approach used for the current investigation is the same described
in Section 6.3.1 and illustrated in Fig.6.3, provided that the term CX’ is introduced in
the governing equations of the sticking and of the sliding stages. The linear damping
term must also be taken into account when comparing the overall dynamic loading
acting on the mass in contact and the static friction force, as suggested by the non-
sticking condition reported in Eq.(7.35b). The matrix C can be directly specified
by the user or, alternatively, the modal damping ratios (i, ..., (x can be provided as
an input. In the latter case, the damping matrix is evaluated by using Eq.(7.5). In
the following numerical analyses, the same settings indicated in Section 3.6.1 and
Section 6.3.1 for the number of cycles and the tolerances have been considered.

A comparison between the analytical and numerical steady-state time responses
in continuous regime is obtained in Figs.7.1 and 7.2, referring to the case of a 5DOF

system excited on m; and with a contact applied on either m; (in Fig.7.1) or mg
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Figure 7.2: Steady-state time response of a 5DOF system with equal masses and springs
where a friction contact occurs on ms and a harmonic load is applied to m; for p =1,
g =0.2, 11 = 0.9 and modal damping ratios 0.01 (a) and 0.1 (b): comparison between
analytical (continuous lines) and numerical (round markers).

(in Fig.7.1) for two different amounts of modal damping. It can be observed that
the agreement between the analytical and the numerical results is excellent in all
the cases investigated. From Fig.7.1, it can also be noted that, while for (; = 0.01
the response of all the masses is nearly in phase or phase-opposition, as in the
undamped case discussed in Section 6.3.2, this property is lost when larger modal
damping ratios are considered. This can also be observed from Fig.7.2, where a
phase shift gradually appears among the responses of the mass in contact mg3 and
of the masses located above the contact, i.e. my4 and ms.

The numerical validation of the transmissibility and phase angle curves has been
performed for a (i) SDOF system and for (ii) the 2DOF system shown in Fig.6.11.
These two case-studies represent the simplest configurations where the harmonic
and the friction forces are applied on the same and on different masses, respectively.
While the SDOF behaviour has been investigated for the values [0.001, 0.01, 0.1] of
the damping ratio ¢, for the 2DOF system it has been chosen to refer to the values
¢ =10.001/r,;,0.01/r,4,0.1/r, ;] in order to observe a similar damping effect for
both vibrating modes in each case. A very good agreement can be observed from the
comparison between the analytical and the numerical results, shown in Fig.7.3 for (i)

and in Figs.7.5 and 7.6 for (ii). In the same figures, the numerical transmissibilities
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Figure 7.3: Displacement transmissibility and phase angle of a SDOF system with
combined modal and Coulomb damping under harmonic excitation for ¢ = 1 and varying
frequency, friction and modal damping ratios: analytical vs numerical.
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Figure 7.4: Motion regimes of a SDOF system with combined modal and Coulomb
damping under harmonic excitation in the parameter space r-g for 4 = 1 and varying
modal damping ratio.

have also been represented for stick-slip responses. Finally, the analytical boundaries
of the motion regimes are depicted in Figs.7.4 and 7.7 for varying amounts of modal

damping. All these results are further discussed in the following section, where the
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response features of systems with modal and Coulomb damping are explored.

7.4 Features of the dynamic response

In Section 6.2, the main features characterising the dynamic response of a MDOF
system with a Coulomb friction contact between a mass and a fixed wall have
been discussed, including the resonant, the low- and the high-frequency behaviours,
the presence of invariant points and inversions across the transmissibility curves
and the behaviour of these systems in permanent sticking regime. This section
presents a discussion on how these response features are affected by the presence

of modal damping.
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Figure 7.5: Displacement transmissibility and phase angle of the lower mass of a 2DOF
system with a Coulomb friction contact on mo and a harmonic excitation on m; for
v =k = = 1 and varying frequency, friction and modal damping ratios: analytical vs
numerical.
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Figure 7.6: Displacement transmissibility and phase angle of the upper mass of a 2DOF
system with a Coulomb friction contact on me and a harmonic excitation on my for
v =k = p =1 and varying frequency, friction and modal damping ratios: analytical vs
numerical.
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Figure 7.7: Motion regimes of a 2DOF system with a Coulomb friction contact on msg

and a harmonic excitation on m; in the parameter space r1-g for vy =k = 4 = 1 and
varying modal damping ratio.
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7.4.1 Resonant behaviour

As discussed in Section 6.2.1, in the absence of modal damping, Coulomb friction
cannot provide finite resonant peaks in discrete mechanical systems unless stick-
slip or permanent sticking occur at resonance. However, the resonant behaviour
of these systems is deeply affected by the presence of modal damping. In fact,
in Figs.7.3, 7.5 and 7.6, it can be observed that systems with combined modal
and Coulomb damping present finite resonances in continuous motion regime. A
procedure for determining an approximated expression for the amplitude of these
finite resonant peaks is presented in what follows.

According to Craig [24], the values of the modal damping ratios typically lie
in the range 0 < (; < 0.1; therefore, it can generally be assumed that (; < 1.
Based on this consideration, it can also be assumed, at this stage, that resonant
peaks occur in correspondence of the undamped natural frequencies of the system.
Under these assumptions, an approximated expression can be derived for the
amplitude of the ith resonant peak of the response of the generic mass my; by
evaluating Eq.(7.33) for R; — 1 and (; < 1. As a first step, let us determine
how the complex response function Vg and the damping functions G and Uy

are affected by these assumptions.

e Regarding the complex response function, in proximity of the ith resonant
peak, the ith term of the summation in Eq.(7.15) becomes significantly larger
than the other NV — 1 terms. Therefore, it can be written that:

~ 1: P2, _¢kz¢lz
Var = Plér_lf)ll ViR vg; = —1 2,

where the expression of vy is provided in Eq.(7.8). When the ith resonance

(7.53)

occurs, the amplitude of the complex response function is therefore given by:

Var 2 L2 (7.54)

while the phase of this function will be equal to —7/2 or 7/2 depending on the
sign of the product ;1. Thus, it can be demonstrated that, in Eq.(7.33):

cos(£LVar — ZVdj) = Sgn(wwﬂ) (7.55a)
{Sin(lvdk —£LVy4) =0 (7.55b)
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o Let us now evaluate the second damping function of the ¢th vibrating mode
for R; — 1. If (; < 1, it is obtained from Eq.(7.12) that:

sinh({;m)

9i = W (7.56)

It can be demonstrated that the above expression tends to infinity when
¢; — 0. Therefore, since (; < 1, the ith term of the summation in Eq.(7.17
) will also grow much larger than the other terms when R; — 1. Thus, in
proximity of the ith resonance, the second damping function will assume the

value:
sinh(¢;m)

cosh(¢m) — 1 (7.57)

G = 1%;1-1—?1 Ui RE i = Uity

o Finally, the first damping function Uy, does not present any peculiar behaviours
at resonance. In fact, although it can be shown from Eq.(7.11) that ug =0
for R; — 1, the other N — 1 terms of the summation from Eq.(7.16) will
generally have different values. Nonetheless, since the response functions Vi
tend to assume large amplitudes in proximity of the resonances, it will be

assumed in what follows that \/ Vg2 — (BUg)? = |Vl

Considering this assumption and substituting Eq.(7.55) into Eq.(7.33), it is obtained

that, for r, = r,;:
o 1
Xy = [|Vd2k + 8GR+ Ugy) — B2l Var| |G| — |Udj||Udk|)} ? (7.58)

Since at resonance, as previously stated, the functions |Vy| and Gy becomes much

larger than the damping functions Uy, the above equation can be approximated as:
Xy = |V — BIGy| (7.59)

Finally, substituting Eqgs.(7.54) and (7.57) into Eq.(7.59), it is possible to write:

2G;

Eq.(7.60) can be used for estimating the response amplitude of each mass of the

sinh({;m)
cosh(¢m) — 1

— |[¥riiil p (7.60)

system in correspondence of each resonant peak of the system. The most important
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Figure 7.8: Non-dimensional amplitude of the resonant peak of a SDOF system in
continuous non-sticking regime for varying friction and modal damping ratio.

implication of this expression is that, in the presence of modal damping, Coulomb
friction also reduces the resonant amplitudes without introducing stick-slip in the
response. Furthermore, it can be observed that the amplitude of these peaks
decreases linearly with the friction ratio. To the best of the author’s knowledge, this
latter phenomenon has never been discussed in previous publications. However, it
is worthwhile mentioning that Den Hartog investigated experimentally the response
amplitude at resonance for a SDOF system with Coulomb friction and a small amount
of viscous damping; in his results, the resonant amplitude shows an approximatively
linear reduction with the friction ratio [21].

The dependence of the resonant peak amplitude on ¢ and [ is shown in Fig.7.8
for the SDOF case; similar patterns have also been observed for the resonances of
more complex systems. For a SDOF system, Eq.(7.60) reduces to:

1 sinh(¢m)

X = 2¢  cosh(¢m) — 1

g (7.61)

In Fig.7.8, a boundary has also been represent to delimit the domain of validity of
this formula, which is only valid in continuous motion regime. Based on the above
observations on the response and damping functions, an approximated expression

of this boundary can be determined by evaluating Eq.(7.49) for R; — 1. After



7. Systems with combined modal and Coulomb damping 194

some algebraic manipulations, it is obtained that:

o |
Vjs

It can be verified that the above expression reduces to Eq.(6.2) when ¢; — 0. In the

cosh(¢;m) — 1

Bri 92¢; sinh(¢)

(7.62)

SDOF case, the boundary friction ratio at resonance is equal to 7/4 in the absence
of modal damping. Fig.7.8 shows how the value of 3, ; remains approximatively
constant for ¢ < 0.01 and only decreases significantly for larger values of the modal
damping ratio. Therefore, while it is important to take modal damping into account
when evaluating the amplitude of the resonant peaks, Eq.(6.2) can be considered
a good estimation of the minimum value of the friction ratio for which stick-slip

occurs at resonance in lightly-damped systems.
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Figure 7.9: Non-dimensional amplitude of the resonant peak of a SDOF system
in continuous non-sticking regime for varying friction ratio: comparison between the

estimated and the actual amplitudes (a) and estimated value for varying modal damping
ratio (b).

In Fig.7.9, the estimation of the resonant amplitude provided by Eq.(7.60) is
compared to the amplitude of the response at r = 1 and to the actual resonant
amplitude evaluated from Eq.(7.33), showing an excellent agreement with both
quantities. It can also be observed that, in proximity of the boundary between

continuous and stick-slip regimes, the actual value of the resonant amplitude becomes
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slightly larger than the estimated one. In Figs.7.3, 7.5 and 7.6, it can be seen that,
for large amounts of the friction ratio, the resonant peak is slightly shifted to the left
and, therefore, it can be underestimated by Eq.(7.60). Nonetheless, the actual and
the estimated values of the resonant peak have been compared for several MDOF
systems and for different amounts of modal damping; their agreement was very
good in all the cases investigated. The linear dependency of X on the friction
ratio is also shown in Fig.7.9b for different values of the damping ratio. It can be
observed that the slope of the curves decreases with (; however, the rate of variation

of this slope also becomes smaller as the damping ratio is increased.
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Figure 7.10: Steady-state stick-slip response of a SDOF system with combined modal
and Coulomb damping for r = 0.1, 5 =0.2 and p = 1.

7.4.2 Low- and high-frequency behaviours

As can be observed from Figs.7.3-7.7, the dynamic behaviour of SDOF and MDOF
systems at low and high frequency ratios is not significantly affected by the presence
of modal damping.

Regarding the low-frequency behaviour, it can be easily verified that the
boundary expressed in Eq.(7.49) tends to zero for r; — 0; therefore, the quasi-static
behaviour of systems with combined modal and Coulomb damping will also be
characterised by the occurrence of stick-slip in the response. However, as shown in
Fig.7.10, modal damping can have a smoothing effect on the quasi-static response
of these systems; this is particularly evident from the curve corresponding to

¢ = 0.1. The patterns displayed in the transmissibility curves in Figs.7.3, 7.5
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and 7.6 at low frequencies do not generally show significant differences for varying
damping ratios. This implies that, in most cases, modal damping can reduce the
number of stops but does not change significantly the amplitude of the stick-slip
responses, in agreement with Fig.7.10.

The behaviour of these systems at high frequency ratios is also similar to that
observed in the absence of modal damping in Section 6.2.3. In the above figures, it
can be clearly observed that the transmissibilities always tends to zero when r; — oo,
as expected. Therefore, also in this case, the discussion focuses on determining
if stick-slip or permanent sticking can occur in these systems at high frequencies.
Evaluating the limit value [, of the boundary between continuous and stick-slip
regimes from Eq.(7.49)) for R; — oo, it can be verified that the response and the
first damping functions tend to the same values as in the undamped case, while
H; — 0. Therefore, the resulting expression of S, will be same expressed in Eq.(6.8),
meaning that only systems with the harmonic and the friction forces applied to the
same mass can display a continuous response at high frequencies, independently of
the presence of modal damping. This can also be observed from Fig.7.4, where all
the boundaries between continuous and stick-slip regimes displayed for varying ¢
tend to the asymptotic value B, = 0.537. Conversely, in Fig.7.7 these boundaries

tend to zero, meaning that stick-slip is always expected for high frequency ratios.

7.4.3 Invariant points and stuck configurations

In Fig.7.5, it is possible to observe how the inversion process of the transmissibility
curves and the onset of the resonant peaks of the stuck configuration are not heavily
affected by the presence of modal damping. From a mathematical point of view, it
can be observed that invariant points are not admitted by Eq.(7.33) unless ¢; = 0.
However, it can be observed that the inversions of the transmissibility curves still
occur in a small region located in proximity of the invariant points determined in
the absence of modal damping. Therefore, the points determined from Eq.(6.10)
can also be considered, with good approximation, when modal damping is taken

into account in the mechanical model.
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Permanent sticking between the mass and the wall in contact can also occur in
mechanical systems with combined modal and Coulomb damping; stuck configura-
tions and the corresponding new resonant peaks are still observed in MDOF systems
with 7 # [, as can be seen from Fig.7.5. Although the procedure for evaluating the
response of system in stuck conditions and the boundary between the sliding and
the permanent sticking regimes is the same described in Section 6.2.5, it must be
considered that modal damping will also be present in the stuck configurations.

Let us consider, for instance, the case j > [. As specified in Section 6.2.5, when
permanent sticking occurs, the masses my, ..., m;_1 will keep oscillating. Therefore,

the response of the system can be determined from the linear equation:
M*)—(*” + é*)—(*’ + K" = 1_3*

with a standard modal superposition procedure. In the above equation, the stuck
mass, damping and stiffness matrices are determined considering the first 7 — 1
rows and columns of the matrices M, C and K. If needed, the modal damping
ratios (j,...,(;_; of the stuck configuration can be determined by using Eq.(7.4),
after that the stuck natural frequencies and mode-shapes have been determined
from Eq.(5.9), referring to the matrices M and K'. Finally, the boundary £
can be evaluated from Eq.(6.11a). The same procedure can be used for the case
J <, taking into account the masses m;, ..., my, while the system will be fully
stuck if j = [. From Figs.7.5 and 7.7, it can be observed that modal damping
only affects X} and £, at resonance, while the starting values at r; = 0 and the

asymptotic behaviour at high frequencies remain unchanged.

7.5 Summary and concluding remarks

In this chapter, an analytical solution has been derived for the continuous response
of a MDOF system with combined modal and Coulomb damping under harmonic
excitation. In particular, closed-form expressions have been obtained for the steady-

state time response, the displacement transmissibility and the phase angle of all
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the masses of the system. Furthermore, exact and approximated formulations have
been provided for the boundary between continuous and stick-slip regimes.

The results obtained from these analytical solutions have been validated with
a numerical approach, taking into account: (i) a 5DOF system with excitation
and contact on my; (ii) a 5DOF system excited on m; and with a contact on ms;
(iii) a SDOF system; (iv) a 2DOF system excited on m; and with a contact on
msy. The cases (i) and (ii) have shown that an excellent agreement can be obtained
between the analytical and the numerical time responses even when several DOFs
are involved. For the systems (iii) and (iv), a very good agreement has been
observed for the transmissibilities and the phase angles.

The features and the motion regimes exhibited by the dynamic response of these
systems have been investigated, including the resonant, low- and high-frequency
behaviours, the presence of invariant points and inversions of the transmissibility
curves and the stuck configurations determined by the occurrence of permanent
sticking. This investigation has revealed that, while most of the response features
are not significantly altered by the presence of modal damping, the resonant
behaviour is very different from that observed in SDOF and MDOF systems with
Coulomb damping only. The most important novel finding is that, when modal
damping is accounted for in the mechanical models, the resonant peaks are also
finite in continuous motion regime and the amplitude of such peaks decreases
linearly with the intensity of the friction force. This implies that Coulomb friction
can be particularly effective for avoiding large resonances in structures with non-
negligible levels of damping.

Overall, the present investigation has shown that the SDOF and MDOF models
introduced in the previous chapters can provide an acceptable description of lightly-
damped structures where a Coulomb friction contact is the predominant source of
damping, consistently with the results obtained from the experimental campaigns
presented in Chapters 4 and 6. Structures with higher levels of damping will still
present most of the behaviours described by mechanical models with Coulomb

damping only. However, modal damping is needed for an accurate description of the
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resonant behaviour of these structures. Finally, the results presented this chapter
can be extended to systems with a contact between two oscillating components

using the substitutions introduced in Section 5.5.



As for the future, your task is not to foresee it, but
to enable it.

— Antoine de Saint Exupery

Conclusions and future work
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8.1 Main conclusions

This thesis was devoted to the improvement of the current understanding of how
the damping introduced by dry friction in mechanical vibrating systems affects
their dynamic behaviour. The dynamic response of different lumped mechanical
models including a Coulomb friction contact and subjected to harmonic excitation
was investigated analytically, numerically and experimentally. In particular, the
behaviour of SDOF and MDOF systems with a contact between (1) a mass and
a fixed wall, (2) a mass and an oscillating wall and (3) two different masses was
studied, aiming to establish the effect of the different parameters of the problem, of
the presence of multiple DOFs and of the different contact configurations on the
features and the motion regimes observed in the response of these systems.

The main outcomes of the research work presented in this thesis can be

summarised as follows:

200
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1. Analytical solutions were derived for the continuous steady-state response of
these systems and closed-form expressions were provided for their response
amplitude and phase. These solutions can be applied to the analysis of early
design stages of engineering systems where SDOF and MDOF models with a
single contact are of interest. Moreover, they enabled the development of a
general understanding of the effect of Coulomb friction on response features
such as the resonant, the low- and the high-frequency behaviours, the presence

of invariant points and inversions of the transmissibility curves.

2. Closed-form formulations were also obtained for the boundaries (i) between
continuous and stick-slip motion regimes and (ii) between the sliding and
the permanent sticking regimes. These boundaries have been represented
in a two-dimensional parameter space as functions of the non-dimensional
exciting frequency and friction force. These 2-D maps offer a handy and
cost-effective tool for predicting the motion regimes during the early stages of
the design process. In fact, thanks to the low computational cost required for
generating those maps, different mechanical models and contact configurations
can quickly be explored by the designer and the right set of parameters can be

chosen, for instance, to prevent stick-slip or permanent sticking in operation.

3. A shear frame setup with a brass-to-steel contact has been developed for
investigating experimentally the dynamic response of SDOF and 2DOF
systems with a Coulomb friction contact between one of the masses and either
a fixed or oscillating wall. The proposed experimental procedure includes a
preliminary estimation of the frequency and friction ratio parameters and
a main forced vibration test, which is run at different pairs of these values
for reproducing the transmissibility and phase angle curves of these systems.
Measures were also taken to limit non-Coulomb phenomena such as wear and

debris formation during and between the tests.

4. Closed-form solutions were also derived for the continuous steady-state

response of systems with combined modal and Coulomb damping, aiming
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to evaluate how the damping effects due to Coulomb friction are altered
by non-negligible damping levels in a structure. The analytical expressions
obtained for the response amplitude and phase, as well as for the boundaries
of motion regimes, allowed the investigation of the response features of these

systems.

The analytical solutions derived in this thesis, together with the numerical
results obtained with ad-hoc time integration approaches, allowed to establish how
the features and the motion regimes of the dynamic response of a Coulomb damped
system evolve in the presence of multiple DOFs and depending on the contact
configuration, i.e. if the contact occurs between two oscillating parts rather than
between a mass and a fixed wall. The key results are detailed in what follows.

The dynamic analysis of MDOF systems with a Coulomb friction contact was
presented in Chapters 5 and 6. It was concluded that the main factor affecting
the dynamic behaviour of these systems is the location of the excitation and of

the friction sources in the system. In particular:

o MDOF systems behave similarly to SDOF systems when the harmonic load
and the friction contact are applied to the same mass. In fact, in this case,
all the masses oscillate nearly in phase or phase-opposition with the mass
in contact and, therefore, exhibit similar resonant, low- and high-frequency
behaviours. Inversions are generally not observed across the transmissibility
curves for varying friction force, meaning that the response amplitude of
all the masses is decreased by friction. Finally, when the amplitude of the
harmonic load is not larger than the static friction force, the whole system

becomes permanently stuck.

e On the contrary, MDOF systems where the harmonic and the friction forces
are applied to different masses show a much richer dynamic behaviour.
Nonetheless, a few general conclusions can also be drawn for these system.
In fact, it can be observed that those masses which are only excited through

the mass in contact still present similar behaviours to those described above.
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However, the masses located between the exciting and the friction sources, will
also be excited when the mass in contact is stuck. This leads to the presence
of inversions of the transmissibility curves, which occur across invariant
points, and to the onset of further resonant peaks corresponding to the stuck
configuration of the system, i.e., that subsystem which is still excited in

permanent sticking regime.

As described in Chapter 3 for the SDOF case and in Chapters 5 and 6 for the
MDOF case, the dynamic behaviour of Coulomb damped systems is significantly
affected by the motion of the parts in contact. The investigation of SDOF systems
subjected to joined base-wall harmonic excitation revealed two main differences
with respect to fixed-wall case: (i) in terms of motion regimes, permanent sticking
in the contact easily occurs at low frequency ratios, while a sliding relative motion
can be observed at higher frequencies even in the presence of large amounts of
friction; (ii) at high frequency ratios, Coulomb friction magnifies the displacement
transmissibility of the mass in contact. In particular, an inversion of the continuous
transmissibility curves is observed when the driving frequency is about 1.5 times
the natural frequency of the system. This behaviour recalls that displayed by
base-excited viscous damped systems. Similar patterns are also observed in the
boundaries of the motion regimes and in the response amplitudes of MDOF systems
under joined base-wall motion. However, the behaviour of these systems, as well as
that of systems with a contact between two masses, is also affected by the location
of the harmonic and friction forces, similarly to the fixed-wall case.

The dynamic behaviour of systems with combined modal and Coulomb damping

was explored in Chapter 7, leading to two major observations:

o Most response features are not significantly affected by the damping levels
of a vibrating structure. In fact, modal damping does not change either the
starting points of the transmissibility curves or the asymptotic behaviours
displayed at high frequency ratios. The effects on the invariant points are also
mostly negligible. Therefore, it can be concluded that modal damping can be

neglected when these behaviours are investigated.
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o Modal damping must be necessarily kept into account when investigating
the resonant behaviour of a vibrating system. In fact, the resonant peaks
of systems with Coulomb damping only are solely finite when stick-slip
or permanent sticking occur in the contact; this does not allow a proper
investigation of the real effect of dry friction on the resonant amplitudes. It
was shown that, when modal damping is accounted for in the mechanical
model, these amplitudes decrease linearly with the friction force generated in
the contact. Therefore, not only Coulomb friction can reduce the resonant
peaks in the response of real structures, but this effect is also enhanced by

the general damping levels of such structures.

The experimental investigations carried out on the single-storey and 2-storey
configurations of the shear frame setup were presented in Chapters 4 and 6
respectively. For most configurations and parameters, a very good agreement was
observed between the experimental and the analytical transmissibilities and phase
angles in continuous motion regimes and between the experimental and numerical
values for stick-slip responses. More irregular behaviours were only observed when
larger levels of friction were introduced in the system; in this case, permanent
sticking can suddenly occur in the contact. Nonetheless, these experiments showed
that the Coulomb friction model can be used, in most conditions, for describing
the dynamic behaviour of structures with a metal-to-metal contact. In general, it
also emerged that the phase angle evaluated from the FFTs of the excitation and
the response could be a particularly suitable metric for detecting and measuring
the friction force from the response of the structure.

Overall, the work presented in this thesis advanced the fundamental knowledge
of the dynamic behaviour of mechanical systems with Coulomb friction. While
most of this knowledge was previously limited to the case of SDOF systems with
a fixed wall, a more complete understanding, based on analytical, numerical and
experimental results, was developed for a much wider range of mechanical models,
including those with multiple DOFs and/or with a contact between two oscillating

components. The presented results give information relevant to the design and
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the analysis of engineering structures and, in particular, can support the early
stages of the mechanical design, enhancing the exploration of innovative and more
efficient solutions. Possible directions for the future research in the field are

proposed in the next section.

8.2 Suggestions for further works

The research findings presented in this thesis offer an interesting insight into
the behaviour of mechanical systems with friction damping. Nonetheless, these
results have been obtained within a specific set of assumptions, regarding the
choice of the mechanical and of the friction models, the nature of the dynamic
loading and the presence of a single friction contact. To address the more complex
behaviours shown by engineering structures with frictional interfaces, future research
on friction damped systems should aim at overcoming these assumptions, as

suggested in what follows.

« MDOF systems with multiple friction contacts. Structures such as
bladed-disks and civil buildings typically include several friction joints and
dampers. Even during the earliest stages, the design process should be
informed of the dynamic behaviour introduced by the presence of multiple
interfaces. Therefore, it would be essential to explore the response features,
the motion regimes and the stability properties of MDOF systems with more

than one contact.

o Continuous multi-modal systems with friction damping. A further
step for understanding the dynamic behaviour of more complex structures
is the investigation of friction damping effects on continuous systems. From
a theoretical point of view, it would be interesting to extend the results
presented in this thesis to mechanical models such as beams and plates with a
friction contact. Moreover, the experimental investigation of a built-up system

including, for instance, a beam connected to a friction damper would be
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particularly relevant in view of finding suitable response metrics for detecting

and monitoring friction in real structures.

o Different input waveforms. Real structures are often subjected to complex
dynamic loadings, different from the monoharmonic excitation considered in
this thesis. For instance, rotating machines such as bladed-disks typically
experience multi-harmonic forces, while in civil structures the excitation
provided by earthquakes and wind is usually modelled as random. Because of
nonlinearity, the dynamic response under such loading conditions can differ
significantly from that observed in the harmonic case and, therefore, further

investigation is needed.

e More advanced friction models. Another aspect requiring further inves-
tigation is the presence of several friction related phenomena (wear, debris
formation, hysteresis and many others) which are not accounted for by
Coulomb model. Despite its simplicity, the experimental setup proposed
in this thesis could be used for further investigating these phenomena and
validating more advanced friction models. This could be done, for instance, by
testing different materials or by observing the response of the structure during
longer time windows. The experimental procedure could also be improved by
developing new techniques for investigating parameters such the static friction

coefficient, which are not available in the current approach.



Analytical background of the parameter
estimation for base-excited 2DOF systems

In Chapter 6, the frequency, mass and stiffness ratios of the 2DOF model of the
two-storey frame setup have been determined, in the absence of friction, from the
experimental transmissibilities by implementing an optimisation process. In this
process, the cost function defined in Eq.(6.16) is minimised referring to variables wy,
wy and wsy, i.e, to the antiresonant frequency for the response of the lower mass and
to the natural frequencies of the system. Therefore, in this appendix, it is shown
how the displacement transmissibility X, required for evaluating the cost function
J, and the parameters r, k and v can be expressed as functions of wy, wy; and ws.

First of all, the governing equations of an undamped 2DOF system under

harmonic base excitation can be written as:

my@y + (k1 + ko)) — ko = kY cos(wt) (A.la)
m}’ig — ]{72131 + k2x2 =0 (Alb)
The expression of the natural frequencies w; and ws can be determined from the

stiffness and mass matrices of the system by using Eq.(5.9), yielding:

Wi =

2 (/{31 + k2)m2 + ]fgml + \l [(/ﬁ + k?g)mg + kzml 2 B klk'Q (AQ)

2m1m2 2m1m2 mime
The antiresonant frequency wy can be evaluated by imposing that the displacement

transmissibility of the lower mass is X; = 0. Such displacement transmissibility can
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be determined from Eq.(A.1) by assuming that z; = X cos(wt) and x5 = X, cos(wt).

After some algebraic manipulations, it is obtained that:

X{=—= A3
Ty (k1 + ko — w?my) (ko — w?my) — k2 (A-3)
Thus, X; will be equal to zero if:
k’l (k‘g - meg) =0 (A4)
hence:
wo = ke (A.5)
"=\ .

It is now possible to derive an expression of r; as a function of wy, w; and

wy. From Eq.(A.2), it can be found that:

w% —|— w% (kﬁl —I— k‘z)mg —|— kal

pu— A.
2 2m1m2 ( 6>
and:
w% — w% _ (k’1 + k‘g)mz + k2m1 2 _ k‘lkg (A 7)
2m1m2 mi1me ’
Substituting Eqs.(A.5) and (A.6) into Eq.(A.7), it is obtained that:
2 2\ 2 2 2
Wi — wh wi + wj Ky
= - — A
(5 - (7)o s

from which:

L (“1“2>2 (A.9)

my Wo

Finally, the frequency ratio can be expressed as:

S L S G
r=w i (w1w2> w (A.10)

as reported in Eq.(6.17). Introducing Eqgs.(A.2), (A.5) and (A.10) into Eq.(A.3),

it is also possible to obtain the expression of the displacement transmissibility
X provided in Eq.(6.15):
2 2

X, = (”lwz) - Yo — W (A.11)

wo / (wf —w?)(wi —w?)
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As mentioned in Chapter 6, a further parameter is needed to express the mass
and the stiffness ratios as functions of wy, w; and ws, i.e., the antiresonant frequency

w,o of the relative displacement between the lower mass and the excited base:
2z =x1 — Y cos(wt) (A.12)

In order to determine the expression of this further antiresonant frequency, let us

introduce z in the governing equations from Eq.(A.1):

Moo — koz + koy = koY cos(wt) (A.13b)
Assuming that z = Z cos(w;), it is possible to determine the non-dimensional

amplitude of the relative motion as:

Z . g . (w2m1 — kg)(kg — w2m2) -+ k%
- Y N (kl + kQ — mel)(]{Q — meg) — k‘%

(A.14)

Therefore, the antiresonant frequency can be determined as that value of w such

that Z = 0, i.e.

(mel — k‘g)(kg — w2m2) + k?; =0 (A15)
hence:
g = o T2l ma) (A.16)
mime
as specified in Eq.(6.20). From Eq.(A.16), it can be obtained that:
ka(1 +
Wi, = 2<mw =wi(l1+7) (A.17)
2

and, therefore, the mass ratio can be expressed as:

v = (wzof ~1 (A.18)

Wo

Finally, from Eq.(A.5), it can be written that:

ko k 2
otz K (“’1“’2) (A.19)
k1 my my T\ Wo
from which the stiffness ratio is obtained as:
2
KJI< 0 ) Y (A.20)
W12

The final expressions of v and k coincide with those proposed in Eqs.(6.18) and
(6.19).



Modal solution for MDOF' systems with
combined modal and Coulomb damping

This appendix presents a step-by-step solution of the modal problem introduced in
Chapter 7. The governing equation of the i-th modal coordinate of a MDOF system

with combined modal and Coulomb damping has been written in Eq.(7.6) as:
1 4 261, + Qs = 5 + i cos(T + ¢;) (B.1)

This equation holds in the non-dimensional time interval [0, 7], included between a
maximum and the subsequent minimum of the continuous steady-state response

of the mass in contact m;. The general solution of Eq.(B.1), also reported

in Eq.(7.7), is:

A; cos (T‘;_QZ) + B; sin (T'l_g)

N

i T

’]71» = 6_ R1

R;
+ 1/1ng125 + ZDZiR?Udi cos(T + ;) (B.2)

(2

In the above solution, the integration constants A; and B; and the phase angle ¢;
between the excitation and the displacement z; of the mass in contact are unknown.
As in the procedure described in Chapter 5, these values can be determined by

imposing the following initial and the final conditions on 7; and on its derivative

210



B. Modal solution for systems with combined modal and Coulomb damping — 211

ni in the interval [0, 7]:

1i(0) = 1o (B-3a)
{772 (0) = mj (B-3b)
and:
n:i(m) = —nio (B.4a)
{m’-(ﬂ) =~y (B.4b)

where the assumption of symmetry of the steady-state response has been taken
into account. Substituting Eq.(B.3) into Eq.(B.2) and rearranging the terms, the

expressions of A; and B; can be obtained as:

Ai = i — ViR B — i Rivg cos ¢; (B.5a)

R; . iAi
B, = s (Mo + Vi RZvg; sin ¢;) + 2 (B.5b)

¢ Vi-¢

Introducing these expressions, Eq.(B.2) can be rewritten as:

n; = dinio+ Riginly +15i B3 (1—d;) B+ R2vgi[(cos T — d;) cos ¢; + (R;q; —sin 7) sin ¢
(B.6)

and, therefore, n/ will be equal to:

ni = —dmio + Riqinly — wjind;B — Y R2vg|(sin T + d}) cos ¢; + (cosT — Ryq}) sin ¢
(B.7)

In the above equations, the functions:

B.8a)

1 -5 (T\/l_gi2> (B.8b)
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and their derivatives:

di(t) = —;‘z (B.9a)

(1) = ie_% [cos (T” Lo CE) __ sin (T‘ Lo CZQ)] (B.9b)
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have been introduced. Substituting the final conditions from Eq.(B.4) into Egs.(B.6)

and (B.7), a system of algebraic equations is obtained in the form:

Acosg; +Bsing; +C=0 (B.10a)
Pcosp; + Qsing; + R =0 (B.10Db)
where:
A = = R?vgi[1 + di()] (B.11a)
B = wliR?UdiQi(ﬂ') (B.11b)
C = [1 4 di(7)]nio + Rigi(m)ny + ¥ R2[1 — d;(n)] 8 (B.11c)
P = i Rivaiqi(7) (B.11d)
Q = Py Rivgi[l + Rig)(m)] (B.11e)
4
R = ](% )7720 + [L+ Rigi(m)]njo + i Riqi(m) B (B.11f)
The solutions of the system in Eq.(B.10) can be obtained as:
BR — €9 . CP — AR
€S0 = 40— B S = 4o =3 (B-12)
resulting in the following expressions:
Nio + ¥ 'iR?gi/B
©08% = @Dliégvdi (B.13)
and:
! R29, .
sin ¢j — _772'0 + ¢jsz udzﬁ (B14)

Ui R3vai
as reported in Eqgs.(7.9) and (7.10). The functions ug and g; introduced in the
above expressions have been defined in Egs.(7.11) and (7.12)

Introducing Egs.(B.12) and (B.14) into Eq.(B.6), it is also possible to obtain

the following expression for ¢-th the modal coordinate:

n; = (ﬁzo + wﬂnglﬁ) COoST + (77;0 + wﬂRfudlﬁ) sin T

o _ 2 ;
1_ 7

R;

1 T\1 = ¢
—Ug; Rj———¢ Rw sin (B.15)
L-¢? SR




B. Modal solution for systems with combined modal and Coulomb damping — 213

which has also been written in Eq.(7.22) and represents the solution of the modal
problem dealt within this appendix. It is worth observing that the initial values
nio and 7}, are not known at this stage. Nonetheless, they can be obtained by
imposing further conditions on the initial displacements and velocities of the masses,
after considering the transformation from modal to physical coordinates written

in Eq.(5.11). This is done in Sections 7.2.3 and 7.2.4.



If I have seen further, it is by standing on the
shoulders of giants.

— Sir Isaac Newton
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