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This thesis is motivated by the culture of organoids, specifically developing math-
ematical models for metabolite transport and organoid growth within a fed-plate
bioreactor. The bioreactor of interest is the proprietary CXP1 bioreactor, invented by
biotechnology company Cellesce, which consists of a layer of hydrogel over which cul-
ture media is flowed. Organoids are embedded within the hydrogel and flow is thought
to enhance nutrient delivery to, and facilitate waste removal from, the organoids. A
key priority is ensuring uniformity in organoid size and reproducibility; qualities that
depends on bioreactor design and operating conditions. We show how mathemati-
cal modelling can be used to improve the yield of organoids grown within CXP1, by
predicting metabolite concentrations during culture for different operating conditions.

In this thesis, we develop a series of models focused on different spatial scales and
aspects of organoid growth and bioreactor operation, including metabolite transport
and fluid flow. We exploit the slender bioreactor geometry and use an asymptotic
approach to derive a longwave approximation of the transport problem within a 2D
representation of CXP1, where the organoids are modelled via volumetric (bulk) re-
action terms. We show these reduced models are excellent approximations to the full
2D model and explore the behaviour of the longwave approximation using both ana-
lytical and numerical approaches. We then develop a model for growth of individual
organoids embedded within the hydrogel, modelling the organoids as spheres with
temporally and spatially varying radii within a cubic lattice. Hence, we derive, via
a homogenisation approach, the effective macroscale behaviour across the organoid-
hydrogel region while also retaining the relevant organoid-scale information. Next,
we consider the corresponding 3D flow problem. We exploit the slow nature of the
flow and the geometry of the media domain, and systematically reduce the problem
using a lubrication scaling to a 2D streamfunction problem of a circle with a point
source and point sink. Finally, we combine the 3D flow model into the model for
metabolite transport and organoid growth. We perform an asymptotic analysis on
this model to reduce its spatial dimension — this allows us to efficiently predict the

metabolic environment and associated organoid size across the CXP1 bioreactor.
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Chapter 1

Introduction

This thesis is motivated by the culture of organoids, specifically developing math-
ematical models for metabolite transport and organoid growth within a fed-plate
bioreactor. In this Introduction, we give an overview of organoid technology and its
potential for accelerating drug development. We then describe the different types
of bioreactor used in organoid culture and highlight the bioreactor developed by our
collaborators, Cellesce, that motivates this mathematical study. We review existing
mathematical models of perfusion bioreactor systems, and use them to motivate our
mathematical modelling approach to studying Cellesce’s organoid expansion process.

We conclude by summarising the content of this thesis.

1.1 Biological motivation

Organoid technology is becoming increasingly prominent as a biomedical tool, with
applications in drug discovery and personalised medicine. In biomedical research,
brain, kidney, and liver organoids are used to understand the biological mechanisms
underlying tissue development and tissue-drug interactions [4, 24, 47, 86].
Organoids are three-dimensional, multi-cellular structures which are grown in
vitro and successfully recapitulate in vivo tissue-specific structure and function [21].
Organoids contain all of the key cell types of their tissue of origin: stem cells, which
allow extended culture studies; and differentiated cells, which retain physiologically
relevant functions. For example, organoids cultured from breast cells may produce
milk proteins, while those cultured from cancer cells may be invasive. ‘Organoid ex-
pansion’ refers to the growth of multiple organoids from pluripotent stem cells, which
are typically derived from patient biopsies or from other organoids [82]. The stem cells
are embedded in a supporting extra-cellular matrix (ECM) and cultured in carefully-

controlled conditions designed to promote organoid growth. The surrounding ECM



2 §1.1. Biological motivation

provides the biochemical and biomechanical cues needed for the cells to proliferate
and differentiate into specialised cells, as happens in vivo [24, 42]. Organoids retain
many features of the human tissues from which they are derived, such as the tissue
structure, pathology, and heterogeneous cellular composition. This makes them a
more physiologically representative proxy for in vivo tissue than 2D cell line cultures
[94].

Current methods for organoid expansion are labour intensive, with organoids typ-
ically being produced in small numbers at specialist research laboratories. New
technologies are required to manufacture large numbers of organoids with uniform
and reproducible characteristics, to meet the demands of applications such as high-
throughput screening in drug development. One such technology exploits bioreactors,
which aim to deliver sufficient nutrients and growth factors to the cells to promote
cell proliferation and differentiation, and to prevent the accumulation of toxins, which
can lead to cell death. For a more detailed overview of bioreactor technologies used
for 3D cell culture see, for example, Martin et al. [55], Pértner and Giese [67] and
Wendt et al. [91].

The research contained in this thesis is motivated by proprietary organoid ex-
pansion bioreactor technology developed by Cellesce [25]. The ‘Cellesce Expansion
1 (CXP1)’ bioreactor is currently used to expand colorectal cancer organoids, see
Figure 1.1. Flow of media through the system is thought to enhance the delivery of
nutrients to, and the removal of waste products from, organoids seeded in a hydro-
gel layer. In this application, oxygen is present at high concentrations, and is not
a limiting factor for organoid growth. The key metabolites (substance involved in
metabolism) of interest are glucose, which is essential for colorectal cancer organoid
growth, and lactate, a byproduct of metabolism. Lactate can have a detrimental
effect on cell behaviour, such as metabolism [71], and sufficiently high levels can lead
to cell death. Lactate is produced via anaerobic respiration and aerobic glycolysis
[51]. We do not focus on the precise mechanisms of lactate production; instead we
determine how media flow promotes lactate removal. We note that while colorectal
cancer organoids tolerate high lactate concentrations, the intention is to use CXP1
to produce organoids from a range of normal (healthy) and pathological cell types.
Since different cell types have distinct requirements (e.g. nutrient levels required for
cell proliferation and lactate tolerances), understanding the mass transport of glucose
and lactate within the bioreactor is important. While we acknowledge that organoid
culture is extremely complex, in this thesis attention focuses on the transport of glu-

cose and lactate and their effects on organoid growth within the CXP1 bioreactor. We
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justify this focus by noting that spatiotemporal knowledge of these two metabolites
can provide useful and practical information on the operation of CXP1, and provides
the framework for more complex models in the future.

ORGANOID

&

)/

e

e
e

i e ® o o e ° HYDROGEL

Figure 1.1: (Top left) Example of colorectal cancer organoid. Confocal image us-
ing 20X objective of Cell Insight Cx7. Organoid stained for nuclear (blue) and
cytoskeletal (red) markers for imaging. Scalebar 50pm. Reproduced with permis-
sion from Cellesce. (Top right) Schematic of ‘CXP1’ bioreactor (Ellis et al. [25]).
(Bottom) Two-dimensional cross-section of the bioreactor. Blue is media, yellow is
hydrogel, grey is organoid biomass.

Key priorities in the CXP1 bioreactor design and operation are uniformity of
organoid size and system reproducibility, to ensure there is minimal variation in
organoid characteristics between and within batches grown under the same oper-
ating conditions. The main control parameters for the CXP1 bioreactor are the inlet
flow rate (controlled via a peristaltic pump) and the initial cell seeding density (the
organoids are grown from single cells). Optimisation of these control parameters re-
quires spatiotemporal information about the flow and metabolite (here glucose and
lactate) concentrations throughout the bioreactor [29]. Such data are impractical, in-
efficient, and expensive to collect through experimental means alone, due both to the
closed nature of the bioreactor system and also the current limitations in Cellesce’s
sensing technology.

To complement experimental studies, mathematical models of bioreactor systems

can be used to predict media flow profiles and the associated metabolite concentra-
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tions that cannot easily be measured in vitro, thus providing useful insights to ensure

CXP1 operation is maintained within tolerable operating regions of these metabolites.

1.2 Bioreactor technology overview

A bioreactor is a device or system for culturing cells or tissues in a closed, control-
lable environment which supports biological tissue growth. Bioreactors provide the
means to undertake controlled experiments to understand the effects of specific envi-
ronmental factors, be they biological, chemical or physical [68]. They are, therefore,
a valuable biomedical research tool. They should maintain sufficient nutrient for cell
proliferation and prevent the accumulation of toxic materials, which could lead to cell
death. Bioreactors can also be used in drug screening: efficiently producing a large
quantity of tissue constructs for high-throughput screens in a reproducible manner.
For a more detailed overview of bioreactor technology for 3D cell culture see Martin
et al. [55] and Wendt et al. [91].

The microenviroment surrounding cells, including the mechanical and chemical
stimuli they experience, can significantly impact the behaviours the cells display,
including their rates of proliferation and differentiation [42]. The cellular response
to these external mechanical stimuli is driven via a mechanotransduction process
[19, 28], where mechanical stimuli are converted into biochemical signals, which, in
turn, induce a biological response. To provide appropriate mechanical forces for a
specific tissue type, specialised bioreactors are typically required [67]. Many different
types of bioreactor have been developed for various biological applications and tissue
requirements, in order to reproduce the specific in vivo stimuli required. We provide
a brief introduction to the bioreactor technology relevant to the CXP1 bioreactor;
for a comprehensive overview see Eibl et al. [23], Huang et al. [42], and Pértner and
Giese [67].

Bioreactors can be categorised into static and dynamic bioreactors. Static biore-
actors, such as petri dishes or multi-well plates, are typically used for routine cell
cultivation and maintenance. One use of static bioreactors is to expand the small
number of cells from a patient biopsy to the required number for bioreactor seeding.
However, static bioreactors are limited by the cells they can produce (approximately
a tenfold increase limit [67]), since the nutrient is delivered by diffusion alone. They
also require manual interaction, which means the output can be variable. For larger
tissue constructs or larger cell numbers, dynamic bioreactors are often used. Dynamic

bioreactors can be driven mechanically (e.g. rotating-wall vessel (RWV) bioreactors
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[13, 73, 90] and stirred tank bioreactors [18]), hydraulically (e.g. perfusion bioreac-
tors [96], such as flat bed (fed-plate) [37] and packed-bed bioreactors [57, 58], fluidised
bed bioreactors [32], and hollow fibre bioreactors [9, 77, 80]), or pneumatically (e.g.
bubble column bioreactor [72, 76]). Dynamic bioreactors can be either batch fed,
where discrete amounts of culture medium are replaced periodically, or perfusion,
where a continuous flow of culture medium is supplied. (See Placzek et al. [65] for a
comparison of the different types of bioreactor and their ideal usage.)

The CXP1 bioreactor is the focus in this thesis and is discussed in more detail in
Section 2.2: it can be described as a fed-plate (flat bed) bioreactor, a type of perfusion
bioreactor where the flow is tangential to the cell-containing hydrogel. This type of
bioreactor has been shown to enable extended culture of cells [89] and has been used
to study cell function and differentiation [58]. It has some features in common with
other perfusion bioreactors such as packed-bed and hollow fibre bioreactors, which
we Now review.

A packed-bed bioreactor pumps a nutrient-rich culture medium through the tissue-
containing porous scaffold. This method overcomes some of the limitations of static
bioreactor systems, mostly those linked to insufficient mass transfer to the entirety
of a 3D tissue construct. Perfusion methods have also been used to seed scaffolds
with cells, which can then be cultured in a different bioreactor system [75, 96]. For
mathematical modelling of packed-bed bioreactors, including some of the challenges,
see Yan et al. [93].

Hollow fibre bioreactors (HFB) have been shown to support three-dimensional,
high cell-density tissue growth. In a HFB, cells are immobilised in a porous scaffold,
also known as the extra-capillary space (ECS), surrounding a hollow tube, or lumen.
The culture medium is pumped through the lumen, with an alternative flow route via
inlet and outlet ports. The lumen is separated from the ECS by a porous membrane.
The membrane allows nutrients and waste products to permeate into/out of the ECS
and protects the cells from the direct effects of the high shear stress from the fluid
flow within the lumen [80]. Multiple fibres can be used simultaneously to produce
larger numbers of cells, but scale-up capabilities are limited. The typical HFB has
a culture volume of 2.5pL to 1000uL [23]. Despite this, and other limitations of
HFBs (lack of cell environment monitoring and potential mass transfer problems),
HFBs are useful because of their low cost and easy handling. Bioreactor systems,
including HFBs, lend themselves to mathematical modelling and optimisation, and
can streamline experimental testing. Experimentalists design bioreactors to recreate

and exploit desired culture conditions, which facilitates understanding of the key
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mechanisms present within system that influence bioreactor output and operation.
The relevant parameter regimes for each bioreactor system are known, as many inputs
(such as cell seeding densities and inlet flow rates) are measurable and controllable.
This combination of information can be used to create representative mathematical
models, which can be calibrated and validated against experimental data. These
mathematical models can then be exploited to predict data which can be challenging

to obtain empirically.

1.3 Mathematical modelling of bioreactors

To complement experimental studies, mathematical models of bioreactor systems can
be used to predict media flow profiles and the associated metabolite concentrations,
quantities that cannot easily be measured in vitro, thus providing useful insights to
ensure CXP1 operation is maintained within tolerable operating regions for these
metabolites. A key advantage of such a mathematical modelling approach is the
ability to quickly, efficiently, and accurately analyse the system as control parameters
are varied.

There are several different approaches regarding modelling of tissue culture within
bioreactors; continuum-based models and cell-based models. For a review of cell-based
models, where individual cells are resolved, see Macklin et al. [54], Metzcar et al.
[56], and Gorochowski [33]. A continuum approach is often used to model bioreactor
systems, and can be justified by the typical cell numbers (O(10°) cells) and metabolite
concentrations (CXP1: 16mM in 15mL of culture media) present. In this thesis, we
adopt a continuum modelling approach, in which the dependent variables (cell density,
fluid velocity, metabolite concentrations) are assumed to vary continuously in space
and time. Our resulting model comprises a system of partial differential equations
(PDEs). Henceforth, we focus our attention on continuum-based models and outline
their scope by reviewing existing models in the literature. For a more comprehensive
review of continuum models for tissue engineering see O’Dea et al. [61].

Most mathematical models of bioreactor systems focuses on predicting metabolite
concentrations and/or the mechanical stimuli that cells experience. The metabolites
that are most often considered are oxygen, glucose, and lactate. Oxygen has been
widely studied [10], because it has been found to be a limiting factor for cell growth,
particularly in HFBs [77]. Recent studies have investigated lactate concentration [10,
78, 80]. Lactate can affect cell properties, such as metabolism [71]. Proliferating

tumour cells produce lactate even in the presence of oxygen, known as the Warburg
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effect [88] via a process termed aerobic glycolysis [51]. Given that the CXP1 bioreactor
cultures cancer cells, it is important to consider lactate concentration here, since
tumour cells are sensitive to lactate above a tolerated level. We also consider the
glucose concentration, as respiration requires glucose to produce energy, and lactate
is produced as a by-product of anaerobic respiration. Glucose can also be a limiting
factor in cell growth. Since tumour cells lines will differ in their metabolism rates,
it is important, more generally, to be able to map metabolite profiles and how these
evolve in time. For examples of models of cell growth kinetics, see Galban and Locke
29, 30].

Mechanical stimuli which can be important in 3D cell culture include tensile and
compressive forces, due to e.g. elastic deformation, and stresses due to hydrodynamic
effects. It is important to consider the behaviour of hydrogels and other ECMs, as
these materials play a significant role in determining the local metabolic and me-
chanical environment experienced by the cells. (See Caccavo et al. [7] and Caccavo
[6] for a review of models of hydrogels, and their solute transport and mechanical
properties, for drug delivery applications.) The scaffold on which the cells are seeded
are often composite materials, to most closely mimic the native ECM [97]. Fibrous
networks may be used to reinforce weak hydrogels. For example, Chen et al. [11] de-
rived a mechanistic continuum model for the response of a fibre-reinforced hydrogel
scaffold, modelling the fibres and hydrogel as a linear elastic and poroelastic materi-
als, respectively. They used a mathematical homogenisation approach to determine
the bulk mechanical properties of the composite construct and compared their re-
sults to experimental data. The authors determined how the mechanical properties
of the material depend on the fibre spacing and predicted how this affects the local
mechanical environment experienced by the cells.

In this thesis, we model fluid flow and metabolite transport problems through
bioreactor systems. We focus on PDE-based continuum models, as they can be more
easily validated against the experimental data collected by Cellesce. Cellesce are
unable to monitor individual organoids, but can measure metabolite levels in the
waste culture media. Our continuum approach is also motivated by our requirement
to consider large numbers of organoids, which would be too computationally expensive
to handle discretely. In this thesis, we neglect the mechanical effects of the hydrogel
and any mechanical stimuli on organoid growth. However, we discuss in Section 6.2
how we could develop our models to predict the biomechanical environment within

the hydrogel and incorporate its influence on organoid culture.
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We now discuss flow and transport models of various bioreactors, which do not
include solid mechanics (hydrogel) models.

Tilles et al. [85] consider oxygen transport in a flat plate microchannel bioreactor.
They derive an advection-diffusion system for the steady state oxygen concentrations.
They then construct analytic solutions for two different set-ups and compare the
results to experimental data. Pathi et al. [62] develop an oxygen transport and cell
growth model for a perfusion bioreactor consisting of a layer of cells, sandwiched
between flow of culture medium. Within the culture media, oxygen is transported
via advection and diffusion, and the cell layer is modelled as a two-phase region
consisting of cells and fluid. In this fluid, oxygen is transported via diffusion and in the
cell colony, oxygen diffuses and is consumed by the cells for metabolism and growth.
Pathi et al. use volume averaging to determine how to represent the two-phase cell
layer via a single phase mechanistic model. They use the model to investigate the
effect of varying the bioreactor operating conditions, such as flow rate and media
layer thickness, on the oxygen distribution and cell growth. Hyndman et al. [43]
consider fluid flow and solute (drug) transport within a perfusion bioreactor. The
bioreactor consists of a chamber through which culture media flows via an inlet and
outlet, and the cells are located at the base of this chamber. They model the fluid via
the incompressible Navier-Stokes equations and solute transport with an unsteady
advection-diffusion system. Within the cell region, the solute is modelled with a
reaction-diffusion equation. Hyndman et al. determine the steady state velocity
profile within the chamber and the shear stress experienced at the cell region surface
for a range of inlet flow rates, and find that the steady-state solute concentrations
can be determined a prior:i for nonlinear saturable binding reaction kinetics.

Shipley et al. [78] consider a printed hydrogel scaffold seeded with cells in a perfu-
sion bioreactor, and model the flow of culture media using the Navier-Stokes equations
in the media region and assume no flow within the hydrogel scaffold. The cell density
within the hydrogel is assumed to be constant and, hence, the cells occupy a fixed
volume. The metabolites are transported via advection and diffusion within the me-
dia region and diffusion within the scaffold, where reaction (uptake or production)
also occurs. The works by Chapman et al. [10] and Shipley and Waters [80] consider
a HFB system and use Navier-Stokes for the fluid within the lumen of the HFB and
Darcy flow within the ECS. The authors also consider the cell problem as static, an
assumption justified by focusing on a timescale shorter than that for cell prolifera-

tion. Alternatively, to reduce complexity, one can prescribe the fluid flow and solve
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for the metabolite concentrations only, e.g. Shipley et al. [77]. Shipley et al. con-
sider a HFB and prescribe Poiseuille flow within the lumen and neglect flow across
the membrane and within the ECS, applying a common modelling assumption of
small pressure drop across the membrane and ECS. The governing equations for the
metabolite concentrations in the models discussed are typically advection-diffusion
equations in the media regions and advection-reaction-diffusion or reaction-diffusion
equations within the hydrogel scaffold [78] or ECS [9, 63, 77, 80]. These results can
be used to determine mechanical stimuli, such as shear stress, and account for their
impact on cell growth, see e.g. [9, 10].

Another approach to modelling tissue culture systems is based on mixture theory,
introduced in the context for tissue engineering in witro in the seminal paper by
Lemon et al. [50]. In these multiphase models, cells, culture medium, and scaffold
are treated as separate phases. The governing equations for volume fraction, velocity,
and pressure are obtained via conservation of mass and momentum. It has been
noted that cell-cell and cell-scaffold interactions are important determinants of cell
behaviour [42], and thus accurate modelling of these interactions is important. The
framework introduced by Lemon et al. [50] is applied to a specific tissue engineering
application: the dynamics of motile cells and water inside a rigid scaffold. Their model
can describe the seeding of a porous rigid scaffold, which is the first step in a bioreactor
experiment. O’Dea et al. [60] use a similar framework but concentrate on cell-cell
and cell-scaffold interactions, and the impact of mechanotransduction mechanisms on
construct composition within a perfusion bioreactor. Pearson et al. [63] use mixture
theory to model the ECS of a HFB. The authors consider Navier-Stokes for the
flow within the lumen and Darcy’s law for flow within the membrane. Interactions
between cells, scaffold, and culture medium phases are incorporated by including extra
pressure, force, and drag terms in the governing equations. Pearson et al. consider
several different experimental set-ups for the HFB and use the corresponding models
to predict the resulting behaviour and ultimately determine the optimal flow rate for
generating spatially uniform cell distributions for each set-up.

Many mathematical techniques have been used to reduce the complexity of the
governing equations in bioreactor modelling. Many authors consider a lubrication
approximation, motivated by the long thin geometry of the bioreactor, for example,
(60, 77, 80] for HFB bioreactors and [13, 14, 49] for RWV bioreactors. Another
technique, used in various applications in tissue engineering, is mathematical ho-
mogenisation. This is a method to systematically derive a macroscale continuum

model from a microscale problem. We introduce mathematical homogenisation in
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Section 3.1.1. Sanz-Herrera et al. [74] use homogenisation techniques to characterise
the properties of a scaffold for bone tissue growth (e.g. the porosity, permeability, and
mechanical properties) by averaging the microscale behaviour to obtain macroscale
equations. Shipley et al. [78] consider a printed scaffold perfusion bioreactor system,
which consists of overlapping cylindrical strands of cell-containing hydrogel. They
study the metabolite concentration and flow profiles within the bioreactor for three
different scaffold geometries. They derive a set of PDEs via conservation of mass
and momentum. They then apply homogenisation techniques to derive the equations
governing the effective flow and metabolite transport to determine the dependence
of the macroscale problem on the microscale properties of each scaffold, including its
geometry. Using dimensional analysis and solutions to the PDE system, they provide
recommendations for the optimal bioreactor design; in particular, cell seeding density,
mean flow velocity, inlet oxygen concentration, scaffold geometry configuration, and

strand diameter and separation.

1.4 Overview of thesis

1.4.1 Overview of modelling approach

Throughout this thesis, we adopt a continuum modelling approach, in which the de-
pendent variables (cell density, fluid velocity, metabolite concentrations) are assumed
to vary continuously in space and time. Our mechanistic models comprise systems of
partial differential equations (PDEs) for metabolite transport and organoid growth
within a specific bioreactor set-up. For our 2D model in Chapter 2, we prescribe the
fluid flow in a 2D representative domain. When developing a 3D model, we solve for
the flow of culture media within the CXP1 bioreactor.

As discussed in Section 1.3, mathematical models for bioreactor systems in the
literature typically focus on predicting either the metabolic or the mechanical en-
vironment experienced by the cells, with a few incorporating both. In this thesis,
we neglect any mechanistic effects within the bioreactor and the resulting impact of
mechanical stimuli on organoid growth, and focus our attention on developing mod-
els for metabolite transport coupled to organoid growth. The reasons for this are
two-fold. Firstly, since this is an initial step into developing mathematical models
for the CXP1 bioreactor, we want to start with simple self-contained models, which
can capture sufficient key physics to produce representative and informative results
while remaining as tractable as possible. Secondly, we currently have extremely lim-

ited knowledge regarding the mechanical forces at play within the CXP1 bioreactor,
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especially the interaction between the organoids and the hydrogel (it is expected this
is highly cell line dependent), and Cellesce do not anticipate obtaining the capability
to capture any experimental data to inform parameter values or for model validation.
Therefore, modelling mechanics is beyond the scope of this thesis. We also do not
track the water phase, for reasons discussed in Chapter 3. However, a significant
benefit of the mathematical modelling approach taken in this body of work is that
the models developed can be easily extended to include more physics (e.g. mechanics)
and biology (e.g. more physiologically representative organoid growth) as required.
We discuss avenues for future model advancements in Section 6.2.

These models generate continuous spatial and temporal data, which is infeasible to
obtain experimentally, and yield mechanistic insight into the importance of different
physical processes in organoid culture. The model predictions can be utilised to
optimise the culture protocol and identify what experimental information should be
collected in order to validate and further develop the model.

We will exploit both asymptotic and numerical methods to explore the behaviour
of the models we develop. We consider two approaches for systematic model reduc-
tion, and explore these methods individually in Chapter 2 and Chapter 3, respectively,
and we combine these in Chapter 5 to develop a 3D model for metabolite transport
and organoid growth within the CXP1 bioreactor.

The first model reduction technique we employ exploits the slender geometry of
the CXP1 bioreactor. In Chapter 2, we derive an advection-diffusion-reaction model
for the transport of metabolite within the hydrogel and media layers of the bioreactor
and perform a model reduction (via a lubrication scaling), taking an approach similar
to that used in [10, 77, 80]. We model the organoids (cell aggregates) as continuous
volumetric (bulk) reaction terms over the hydrogel.

The second model reduction technique that we employ is mathematical homogeni-
sation, via the method of multiple scales, in Chapter 3. We consider the behaviour
of metabolites and organoids within the organoid-embedded hydrogel and exploit
the separation of scales between the size of the organoid and bioreactor. We derive
an ‘upscaled” macroscale metabolite transport model and formally obtain the appro-
priate effective (bulk) reaction terms, which depend on the evolving organoid-scale
microstructure within the hydrogel.

We combine these techniques to derive a 3D model for metabolite transport and
organoid growth within the CXP1 bioreactor in Chapter 5. We show that through
careful consideration of coordinate system, we can further reduce the dimensionality

of the model. Through a change in coordinate system, we can pose the problem
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as solving 1D hyperbolic PDEs to determine the temporal evolution of metabolite
profiles and organoid size along the streamlines of the flow of culture media.

In utilising these mathematical techniques for model reduction, we highlight two
key advantages of deriving reduced models. First, we identify the physical mecha-
nisms that dominate the system behaviour on the timescales of interest. Secondly,
reduced models are more tractable than their more detailed model counterparts and,
as such, can be solved more rapidly numerically or, in some cases, analytically. This
facilitates more detailed exploration of parameter space, which is important for subse-
quent optimisation of bioreactor operating conditions, and allows more physiologically
relevant biological models to be feasibly incorporated.

Some of the key questions we aim to answer in this thesis are:

e “Are all the organoids across the bioreactor getting sufficient nutrient?”
Insufficient nutrient levels would result in cell death. Any variability in nutrient
provision to live cells could result in non-homogeneous growth and variability

in organoid size.

o “Are the levels of lactate tolerable everywhere?”
The environmental lactic acid levels can modify cell composition [48]. Thus
variation in lactate concentration can result in heterogeneity of the organoids

across the bioreactor.

e “Are there operating parameters which give spatially uniform metabolite concen-
trations?”
Cellesce aim to produce organoids with consistent properties and characteris-
tics. Organoid properties are influenced by the metabolite levels they experience
throughout the duration of the experiment, so it is optimal for the metabolite

concentration profiles to be uniform across the hydrogel layer of the bioreactor.

1.4.2 Thesis outline

In Chapter 2, we present a general model for nutrient and waste metabolite concentra-
tions in a 2D cross-section of the bioreactor. The organoids are modelled via a general
smooth volumetric absorption term, which is exponentially increasing in strength in
time, within the hydrogel. The flow is assumed to be in the horizontal direction only,
where the flow profile in depth is half-Poiseuille flow (due to the bioreactor geom-
etry and slow fluid velocity). We exploit the slender geometry of the domain and

use an asymptotic approach to derive a longwave approximation of the system. This
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reduced-order 1D model accounts for the depth-averaged flow, nutrient uptake, and
waste metabolite production, and is more analytically tractable compared to the 2D
model. We show that the reduced models are excellent approximations to the full
2D system (which does not exploit the lubrication regime) and explore the behaviour
of the longwave approximation and full system using both analytical and numerical
approaches.

In Chapter 3, we consider the discrete nature of the organoids in more detail. We
develop a model for individual organoids embedded within the hydrogel, modelling the
organoids as spheres with temporally and spatially varying radii within a cubic lattice.
Since resolving millions of organoids within the hydrogel is computationally infeasi-
ble, we employ homogenisation techniques to systematically average the microscale
behaviour in a local sense. This allows us to derive the effective macroscale behaviour
across the organoid-hydrogel region while also retaining the relevant organoid-scale
information. We explore some canonical problems to understand how the culture
conditions affect the metabolite concentrations and organoid growth.

In Chapter 4, we turn our attention to the media flow in the CXP1 bioreactor and
solve the 3D flow problem. Given the slow nature of the flow and the slender geometry
of the media domain, the flow is well-approximated by pressure-driven lubrication
flow with a free surface, so the flow profile in depth is half-Poiseuille flow. Due to
the decoupling of the depth-dependence, we reformulate our flow problem as a 2D
streamfunction problem of a circle with a point source and point sink. We explore
the behaviour of the culture media, such as determining the position and length of
streamlines of the flow within the domain.

In Chapter 5, we incorporate the flow behaviour into a metabolite transport model
for the culture media region, which we couple to the homogenised organoid-hydrogel
model via appropriate interfacial conditions. Thus, we obtain a full 3D model for the
organoid growth and metabolite transport across the entire bioreactor. We system-
atically reduce this fully coupled metabolite transport and organoid growth model,
by exploiting the separation of timescales of the key transport mechanisms. We also
consider a change of coordinate system to a streamfunction-arclength formulation, to
further reduce the spatial dimension of the model. We explore how the bioreactor
geometry can be changed to improve organoid output and bioreactor efficiency.

We conclude with a summary of the results and outline potential avenues for

future work.
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1.5 Statement of originality

The modelling, analysis, and numerical results in this thesis are the work of M.A.
Ellis under the supervision of S.L.. Waters, H.M. Byrne, and M.P. Dalwadi. The work
in Chapter 2 has been published in [26]. Two more papers are in preparation, based

on Chapter 3 and Chapters 4 and 5, respectively.



Chapter 2

Systematic reduction of a
2D model

2.1 Biological problem

This study is motivated by proprietary organoid expansion bioreactor technology
developed by Cellesce [25]. The ‘Cellesce Expansion 1 (CXP1)’ bioreactor is cur-
rently used to expand colorectal cancer organoids (see Figure 2.1). Flow of media
through the system enhances the delivery of nutrients to, and the removal of waste
products from, organoids seeded in a hydrogel layer. In this application, oxygen is
present at high concentrations, and is not a limiting factor for organoid growth. The
key metabolites of interest here are glucose, essential for colorectal cancer organoid
growth, and lactate. Lactate can have a detrimental effect on cell behaviour, such
as metabolism [71], and sufficiently high levels can lead to cell death. Lactate can
be produced via anaerobic respiration and aerobic glycolysis [51]. We do not focus
on the precise mechanisms of lactate production here, but instead determine how the
media flow promotes lactate removal. We note that while colorectal cancer organoids
can tolerate high lactate concentrations, the intention is to use CXP1 to expand a
range of normal (healthy) and pathological organoids. Since different organoid types
have distinct requirements (e.g. nutrient levels required for cell proliferation and lac-
tate tolerances), understanding the mass transport of glucose and lactate within the
bioreactor is important. While we acknowledge the biological complexity of organoid
culture, spatiotemporal knowledge of these two metabolites provide useful and prac-
tical information on the operation of CXP1, and provides the framework for more
complex models in the future.

Key priorities in the CXP1 bioreactor design and operation are uniformity of

organoid size and system reproducibility, to ensure there is minimal variation in
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organoid characteristics between and within batches grown under the same operating
conditions. Two of the main control parameters for the CXP1 bioreactor are the
inlet flow rate (controlled via a peristaltic pump) and the initial cell seeding density
(the organoids are grown from single cells). In this Chapter, we mainly focus on
how metabolite transport is affected by inlet flow rate. Optimisation of these control
parameters requires spatiotemporal information about the flow and metabolite (here
glucose and lactate) concentrations throughout the bioreactor [29]. Such data are

impractical, inefficient, and expensive to collect through experimental means alone.

2.1.1 Modelling approach

We develop a mathematical model of the CXP1 system, with the goal of determining
how glucose and lactate levels within the CXP1 bioreactor change as the operating
conditions (e.g. media inlet flow rate and cell seeding density) and organoid growth
characteristics vary. We introduce a reaction-advection-diffusion system for glucose
and lactate transport in the CXP1 bioreactor. The hydrogel and media are viewed
as two distinct regions, coupled by interfacial conditions.

In this Chapter, we restrict our attention to a two-dimensional representation
of the bioreactor, and obtain numerical solutions to the governing equations. Mo-
tivated by typical parameter values of the bioreactor, we perform an asymptotic
analysis to systematically reduce the model from a two-dimensional geometry to a
one-dimensional model, in which vertically-averaged concentration profiles vary with
horizontal position along the length of the bioreactor. We validate this reduced model
through successful comparisons with numerical solutions of the full system. We ex-
ploit the reduced models to explore the parameter space of cell characteristics and
bioreactor operating regimes. To assess glucose and lactate levels, we introduce the
following quantitative, time-dependent metrics: glucose conversion (the ratio between
the total amounts of consumed and supplied glucose); mazimum lactate concentration
within the bioreactor; proportion of domain with intolerable lactate levels (i.e. lactate
levels above a tolerated concentration); and turn-off time (the time when intolerable
lactate levels are first experienced). For a given organoid type, we determine how
these metrics change as the inlet flow rate varies. In this way, we aim to show how
quantitative insights gained from this modelling approach can inform the selection
of experimental bioreactor operating conditions, and ultimately improve the quality

and quantity of bioreactor-expanded organoids.
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2.1.2 Chapter outline

The structure of this Chapter is as follows. We begin with an outline of the exper-
imental set-up of the CXP1 bioreactor in Section 2.2. In Section 2.3, we introduce
the full mathematical model, and then systematically derive two reduced models (re-
ferred to as the longwave approzimation and the sublimit approzimation) for glucose
and lactate transport within the bioreactor. In the Results (Section 2.5), we ver-
ify that simulations of the reduced models are in good agreement with solutions of
the full model for physiologically relevant parameter regimes. We demonstrate the
advantages of the model reductions, highlighting, in particular, the physical insights
obtained from systematic derivation of the reduced models from the full system. We
then use the longwave approximation model to investigate how the glucose and lactate
concentrations within the bioreactor change for different organoid lines. We examine
the evolution of the concentration profiles, and demonstrate how our quantitative
metrics to assess metabolite behaviour are heavily dependent on organoid line char-
acteristics, such as proliferation and nutrient consumption rates. We then investigate,
for a specific organoid line, how the media inlet flow rate affects the metabolite con-
centrations, and explain how this information can be used to optimise the bioreactor
control parameters. This Chapter concludes with a Discussion (Section 2.6) where

we summarise and discuss the implications of our results.

2.2 Bioreactor set-up

2.2.1 CXP1 experimental set-up and operating protocol

We consider organoids grown from single cells seeded in a homogeneous thin layer of
hydrogel in the bioreactor (lower yellow layer in Figure 2.1). A typical initial seeding
density for the CXP1 bioreactor is 4 x 10° cellmL™ — 6 x 10° cellmL™". In reality,
only 20% of cells seeded within the bioreactor evolve into organoids. However, for
simplicity, we assume that all cells seeded within the hydrogel are viable and become
organoids. We further assume that there is negligible settling, given the relative time
of the gelation of the well-mixed solution compared to the settling time of the cells.
The hydrogel acts as a porous scaffold for the seeded cells, providing the anchorage for
cells and the biomechanical and biochemical cues required for cell growth [42]. The
bioreactor is placed within an incubator which maintains constant temperature, O,
(atmospheric levels) and CO, concentration. Nutrient-rich culture media, with typical

glucose concentration of 16mM, is stored in an upstream reservoir and is fed into the
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Figure 2.1: (Top) Schematic of ‘CXP1’ bioreactor [25]. (Bottom) Two-dimensional
cross-section of the bioreactor, with arrows indicating the half-Poiseuille flow profile.
Blue is media, yellow is hydrogel, grey is organoid biomass. The glucose concentra-
tions within the media and hydrogel are given by c;; and cp, respectively. Similarly,
the lactate concentrations within hydrogel and media are denoted wj,; and wpgy, re-
spectively. (Bottom right) Example of colorectal cancer organoid. Organoid stained
for nuclear (blue) and cytoskeletal (red) markers for imaging. Scalebar 50pm. Re-
produced with permission from Cellesce.
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system through an inlet pipe, and slowly flows across the bioreactor (upper blue

1 controlled via peristaltic

layer in Figure 2.1), with typical flow velocity of 107% m s~
pump. The media is then removed from the bioreactor through an outlet pipe at the
same rate, to ensure a constant volume of culture media within the bioreactor. The
inlet and outlet pipes are held vertically and are partially submerged within the layer
of culture media, sufficiently far away from the hydrogel as to not damage or disturb
the surface of the hydrogel. The top of the culture media layer is a free surface. We
assume no flow within the hydrogel: the hydrogel region is thin and the relatively
low lateral pressure gradients suggest that flow in the hydrogel will be negligible. We
consider colorectal cancer organoids, which are expanded in the bioreactor for 7 days.
The organoids are grown from single stem cells (roughly 10pm in diameter) until
they are approximately 40 — 80pm in diameter and comprise approximately 50 cells.

The organoids are then extracted from the hydrogel and tested for size, viability, and
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number of cells per organoid. The total number of organoids per bioreactor is also
recorded. Finally, the extracted organoids are frozen and stored for future use in, for
example, drug assays.

Cellesce are able to obtain limited experimental data from the CXP1 bioreactor.
At the end of the experiment, they can obtain the organoid size distributions and
the number of cells per organoid from a representative averaged sample. However,
the experiment must end in order to extract the organoids from the hydrogel for
measurement. Furthermore, they cannot determine how the organoid size varies
spatially, merely quantify the distribution of a small representative sample. Cellesce
do not have the sensing technology to measure the metabolite concentrations spatially
across the entire bioreactor. In the near future, they anticipate that they shall be
able to measure the average metabolite concentrations (including glucose and lactate)
entering and leaving CXP1 at the inlet and outlet, respectively, at minute intervals.
Unfortunately, due to time and resource constraints, Cellesce were unable to provide
sufficient data to validate the models developed within this thesis. We anticipate
that when such information becomes available, we shall compare our models to the
experimental data, and this is a key area of future work.

We consider the bioreactor design, e.g. the hydrogel and media depths, to be
fixed, though we note that modelling can provide insights into the role of system
geometry on the resulting metabolite concentrations. The glucose concentration in
the upstream reservoir is also fixed. The key bioreactor operating parameter with
which we are concerned is the media inlet flow rate. The key biological question
we seek to answer using mathematical modelling is ‘how do the bioreactor operating
conditions and cell characteristics influence the glucose and lactate concentrations
within the CXP1 bioreactor’.

2.2.2 Parameter values

The CXP1 geometry and relevant parameter values (e.g. bioreactor length, hydrogel
and culture media layer depths, maximum culture media flow velocity, and initial cell
seeding density) are outlined in [25] and stated in Table 2.1. The hydrogel used in
the CXP1 protocol is Corning Matrigel Matrix and the culture media is a modified
form of Dulbecco’s modified Eagle medium (DMEM), both of which are described in
[25].

The diffusivities of glucose and lactate in hydrogel and culture media used in our
model are taken from the literature (see Table 2.1). Our model can be specialised

for different cell lines, via characterisation of their rates of proliferation and glucose
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Table 2.1: Definitions of dimensional model parameters, together with typical values.
Where no citation is given, parameters are taken from the CPX1 set-up. We note
that we have a two-dimensional domain, so the concentrations and cell densities are
per unit area.

Parameter Definition Typical value
Doy Diffusivity of glucose in hydrogel 6.0 x 1071%m? s~ [84]
Der Diffusivity of glucose in media 6.0 x 1071%m? s~ [83]
Dwy Diffusivity of lactate in hydrogel 1.2 x 107 %m?s~! [98]
Dwu Diffusivity of lactate in media 1.4 x 107°m? s~ [77]
C—oo Glucose concentration in upstream reservoir | 0.36 molm—2

[u] Maximum velocity of media flow 1x 107 %ms™!
L Length of bioreactor 9 x 10%m
hy Height of hydrogel layer 1x1073m
has Combined height of hydrogel and media 3 x 10~%m
10 -2
Ny Initial cell seeding density 247;1%)?%2%11;:12 to
P Cell proliferation rate 3.9 x 107%s7!
Ve Rate of gl‘ucose consumption per unit 0.4 x 10-7m2 cell~! s-1
cell density

consumption. In Table 2.1, we state typical values for rates of cell proliferation and
glucose consumption, estimated from CXP1 experimental data of several colorectal
cancer organoid cell lines. We were also able to obtain averaged values for lactate
concentration in the culture media layer at the end of the experiment empirically,
which are similar to the values predicted by the model.

While the current CXP1 operating conditions have been empirically chosen to be
specialised for colorectal cancer organoids, a key advantage of mathematical modelling
is that it facilitates consideration of metabolite transport within CXP1 for other cell
lines (which is the intent of Cellesce). This knowledge will streamline the adaptation
of the CXP1 bioreactor to expanding organoids with significantly different behaviour,

e.g. non-cancerous organoids.

2.3 Mathematical model

2.3.1 Governing equations

To model the system, we use a continuum modelling approach. We consider a two-
dimensional representation of the bioreactor, and adopt a Cartesian coordinate system

x = (x, z) with origin at the bottom-left corner of the domain (see Figure 2.1). We
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denote time by ¢t. The hydrogel region of the bioreactor is (x,z) € [0, L] x [0, hy]
(yellow region in Figure 2.1) and the media region is (x, 2) € [0, L] x [hy, hy| (blue
region in Figure 2.1). We denote the glucose concentration by ¢ = ¢(z, z,t) and the
lactate concentration by w = w(z, z,t), with subscripts M and H to denote concen-
trations in the media and hydrogel, respectively. We define the model parameters
introduced below, together with their typical values, in Table 2.1.

In the hydrogel, the glucose and lactate are transported via diffusion, and glucose
is consumed by organoids, which subsequently produce lactate. For the organoids
(cell aggregates), we model the reaction terms through effective (bulk) sink/source
terms over the hydrogel. Such an approach can be mathematically justified through
a formal averaging procedure, such as the asymptotic homogenisation carried out for
related systems in [16, 18], and in Chapter 3 we perform such a homogenisation for
this system (see Equation (3.3.45) and Equation (3.3.72) derived in Section 3.3). The
equations governing metabolite transport within the hydrogel, (z, z) € [0, L] x[0, hg],

are then:
5 = DepyVicy — s(t, @, cg,wy)n(t), (2.3.1a)
W = DWHV Wy + SW(t, T,Ch, ’LUH)TL(t), (231b)

where s and sy, denote the rates of glucose consumption and lactate production per
cell, respectively (units molcell 's~') and n(t) is the cell density at time ¢ (units

cellm™2). We assume the cells proliferate at rate p, so that the cell density is
n(t) = Noe, (2.3.2)

where Vy is the spatially uniform initial cell-seeding density. While cell growth is likely
to have some dependence on the glucose consumption and local lactate concentration,
we assume, as a first approximation, that glucose and lactate concentrations are not
growth-rate limiting. Thus, due to the spatially uniform initial cell density, the cell
density does not vary in space. We will relax this assumption in later Chapters.
During glycolysis, one glucose molecule produces energy and two lactate molecules

[51]. Motivated by this, we impose
Sy = 2s. (2.3.3a)

In general, we expect the glucose consumption to be a monotonically increasing func-

tion of glucose concentration. For simplicity, we assume that

s(t,x,cy,wy) = vocy, (2.3.3b)
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where v is a constant (units m? cell ' s~!) representing the rate of glucose consump-
tion per unit cell density.
In the media, (z,2) € [0, L] X [hg, hal, the advection-diffusion equations for

metabolite transport are:

Jdc oc
_624 u(z)_af = Doy Ve, (2.3.4a)
ow ow

where u(z) is the horizontal media flow, since we are considering a 2D representation
of the problem. Given the slow nature of the flow and geometry of the flow domain,
the flow is well-approximated by pressure-driven lubrication flow with a flat free

surface, so that u(z) is half-Poiseuille flow:

(Z — hH)2

u(z) = [U]m,

(2.3.5)

where [u] is the maximum flow velocity.
The governing equations (Equations (2.3.1) and (2.3.4)) require appropriate bound-
ary, initial, and interfacial conditions. The boundaries in the hydrogel are solid walls

and we impose zero flux of glucose and lactate at x = 0, L:

—DCH%C—;{ — _DWH(a)g}_xH = 0. (2.3.6a)
We assume the concentrations of glucose and lactate in the inlet pipe are maintained
at the constant values c_,, and 0, respectively. Since controlling the media flow rate,
and hence controlling the flux of metabolite into and out of the bioreactor, is key to
CXP1 operation, we impose conditions on the metabolite flux at the inlet and outlet.
We then assume pointwise continuity of metabolite flux at the inlet, z = 0:

u(z)ey — DCMaac—f = u(2)C_0o, u(z)wp — DWM(?;U—xM = 0; (2.3.6b)

and we impose no diffusive flux of metabolites at the outlet, x = L:

deys Owy

_DCM(?_:L‘ = —DWMW =0, (2.3.6¢)
noting that the metabolites can leave the bioreactor via advection. We impose no-flux
conditions for the metabolites at the base of the hydrogel, z = 0, and at the top of
the media layer, z = hyy:

ocy owg

—Deg——=-D — =0 tz2=0 2.3.6d
CH 2 WH 02 at z ) ( )

8cM 8U)M

-D — =-D — =0 t 2= hy. 2.3.6
CM 02 WM 02 at z M ( e)
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At the media-hydrogel interface, z = hy, we impose continuity of metabolite concen-

tration and flux:

Cyp = Cg, Wpy = WgH, (236f)
aCM aCH 8U}M awH
Deyi— =Deg——, Dwy—— = Dypg——. 2.3.6
CM 57 CH 5 WM™ 5~ WH™ 5~ ( g)

A schematic of these boundary conditions on the domain geometry is given in Fig-

ure 2.2.
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Figure 2.2: Schematic of the boundary conditions (Equation (2.3.6)) for the media
(blue) and hydrogel (yellow) layers for Equations (2.3.1) and (2.3.4). At the media-
hydrogel interface, we impose continuity of concentration and flux. At the air-media
interface and at the impermeable hashed boundaries, we impose no flux. The black
arrows indicate the half-Poiseuille flow profile.

As initial conditions, we assume that the glucose concentration in the media equals
the glucose concentration in the upstream reservoir, ¢ = c_.,, the glucose concentra-

tion in the hydrogel is zero, and that there is no lactate throughout the bioreactor:

cg =0, cy=cCc_o, wg=wy =0 at t=0. (2.3.7)

2.3.2 Typical timescales

The typical parameter values, given in Table 2.1, reveal that the physical processes
included in our model broadly act over three different timescales: hours, days, and
months, as shown in Table 2.2. Diffusion in the z-direction occurs over the timescale
of hours; media flow, glucose consumption, lactate production, and cell prolifera-

tion occur over the timescale of a day; and z-diffusion occurs over the timescale of
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months. This scaling analysis reveals that flow markedly enhances metabolite trans-
port in the z-direction and that, within the media, advection dominates diffusive
transport of metabolites in the horizontal direction. The separation of timescales
renders the system stiff and, as such, care is needed when implementing numerical
methods for its solution. At the same time, it leads naturally to the identification of

large and small dimensionless parameters which can be exploited for model reduction
(see Section 2.4).

Table 2.2: Timescale groupings of the various physical processes present in the CXP1
bioreactor. We use ‘x’ and ‘2’ to denote ‘horizontal” and ‘vertical’, respectively. The
timescale for each process is the value such that the each dimensionless parameter
grouping, defined in Equation (2.3.11), as the ratio of the timescale of interest to the

timescale of the physical process, is equal to one.

Physical process Timescale
212
z-diffusion glucose in hydrogel = 1.5 x 10%s = 4.2h
Dcu
= €212
2 | z-diffusion glucose in media = 1.5 x 10*s = 4.2h
= Denm
) . . €212
z-diffusion lactate in hydrogel = 7500s = 2.1h
Dwn
e2L?
z-diffusion lactate in media = 6400s = 1.8h
Dy m

flow

L
— =9 x 10% = 25h

z-diffusion lactate in media

[u]
i~ 1
% | glucose consumption =2.7x10° — 4 x 10% = 74 — 110h
= velNo
O
lactate production = 1.3 x 10° — 2.0 x 10%s = 37 — 55h
21/CNO
1
cell proliferation - =26 x 10% = 72h
P
L2
x-diffusion glucose in hydrogel = 1.4 x 10”s = 3800h
R Dcy
= 2
£ | x-diffusion glucose in media = 1.4 x 10"s = 3800h
= Dem
O | r-diffusion lactate in hydrogel = 6.8 x 105 = 1900h
Dwp
L2

= 5.8 x 10% = 1600h
Dw
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2.3.3 Non-dimensionalisation

We non-dimensionalise the problem to formally identify the relative importance of
each transport mechanism. We introduce the following non-dimensional variables,

for i € {H, M}:

Wy = (2.3.8)

W ' e C oo

X =

x
L eL 1]
where X = (X,Z), € = hy/L < 1 is the ratio between vertical and horizontal
lengthscales, [t] is the timescale, and [u] is the maximum flow velocity. The biore-
actor domain is then (X, Z) € [0,1] x [0,1] and the media-hydrogel interface is at
dimensionless position Z = Hy =: hy/(eL) = O(1). Metabolite concentrations are
non-dimensionalised with the upstream reservoir glucose concentration, c_.,. We fix
the timescale of interest to be 1 day, so that we consider the transport on the same
timescale as cell growth, and also for ease of interpretation in terms of the experi-
mental run-time being 7 days.

Using the scalings Equation (2.3.8), the governing equations (Equations (2.3.1)
and (2.3.4)) become, for X € [0, 1],

ocC 0*C 0*C
29~ H 2 H H 2 PT
€= =don <e e 577 ) — e 0Che for Z € [0, Hy), (2.3.9a)
628—T = dwn (62 axz T oz )t 2¢20Cye for Z € [0, Hy), (2.3.9b)
0Cy 0Cy *Cy  0*Cy
2 L)——F = 2 for Z € (Hg, 1 2.3.
€57 + e AU( )(9X dCM(e X2 + 572 or Z € (Hy,1], (2.3.9¢c)
Wy Wy PWy | PWy
2T e L)—m—— = 2 for Z € (Hg, 1 2.3.
€57 + AU (2) e dWM(e e + 572 or Z € (Hyg,1], (2.3.9d)
with )
Z —H
U(Z) = % (2.3.10)
(1- Hpg)
The dimensionless parameters in Equations (2.3.9) and (2.3.10) are:
ul|t
A= LLH, o = [tlveNo, P = p[t],
(2.3.11)

t
(dow, dowr, dwa, dwar) = %(DCHa Do, Dwa, Dw).-

We provide a physical interpretation of these dimensionless parameters and their

typical values in Table 2.3. The boundary and initial conditions, Equations (2.3.6)
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and (2.3.7), become:

— dCHa—X = 0, — dWHa—X =0 at X = 0, 17 (2312&)
oC ow

AUC)y — dCMa—)f = \U, NUWy — dWMa—XM =0 at X =0, (2.3.12D)

aCh Wy -

aCy oWy B

OChr Wy B
CM = CH, WM = WH at Z = HH, (2312f)

oC oC ow ow

dCHa_ZH = dCMa—ZH, dWHa—ZH = dWMa—ZM at Z = HH, (2312g)
CH = 0, CM = 1, WH = WM =0 at T =0. (2312h)

Table 2.3: Definitions of dimensionless model parameters with their typical values.
For the simulations in this Chapter, we take o = 0.27 unless otherwise stated. We note
that these parameters are all ratios of the relevant transport mechanism compared to
one day.

Parameter Definition Typical value
€ Ratio of vertical to horizontal lengthscales 1/30
don Dimensionless diffusivity of glucose in hydrogel 6.4 x 1073
dem Dimensionless diffusivity of glucose in media 6.4 x 1073
dwn Dimensionless diffusivity of lactate in hydrogel 1.28 x 1072
dw v Dimensionless diffusivity of lactate in media 1.49 x 1072
A Dimensionless maximum media flow velocity 0.96
o Dimensionless glucose consumption rate per cell 0.22-0.32

P Dimensionless cellular proliferation rate 1/3
Hy Dimensionless position of hydrogel-media interface 1/3
Wial Dimensionless maximum tolerated lactate concentration 0.7

2.3.4 Numerical solution of full model

We solve the full two-dimensional system, Equations (2.3.9) and (2.3.12), using the
parameter values given in Table 2.3, via a finite-element method, using COMSOL
Multiphysics® software, with a suitable time-stepper to deal with the stiff nature
of the system. The results were shown to be mesh convergent (results not shown).
In Figure 2.3 we plot the metabolite concentration profiles at dimensionless times

T =1,3,7, corresponding to one, three and seven days in dimensional time. Note that
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we observe very little variation in metabolite concentration in the vertical direction

for the parameter values given in Table 2.3.
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Figure 2.3: Metabolite concentrations at 1, 3, and 7 days into a typical simulation.
The horizontal lines at Z = 1/3 represents the media-hydrogel interface. (Top)
Glucose distribution C' (X, Z,T) at (A) T =1, (B) T =3, (C) T = 7. (Bottom)
Lactate distribution W (X, Z,T) at (D) T =1, (E) T' = 3, (F) T = 7. Parameter
values given in Table 2.3.

2.4 Model reduction

As discussed in Section 2.3.2; the different transport mechanisms in the system have
associated timescales that can be broadly grouped into either hours, days, or months.
This is made explicit in the dimensionless system through the presence of the small
parameter €. We propose a systematic model reduction, with the key advantage of
reducing the complexity of the model while retaining the physical processes which

dominate over the timescale of interest.

2.4.1 Longwave approximation

Motivated by the long, thin geometry of the bioreactor, characterised by ¢ < 1, and

the lack of variation in Z compared to X revealed in Figure 2.3, we now systemati-
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cally average Equations (2.3.9) and (2.3.12) in Z to derive the appropriate reduced
lubrication model, referred to as the longwave approzimation.

In the asymptotic analysis that follows, we consider the limit ¢ — 0, and assume
all other dimensionless parameters remain O(1) as € — 0. This distinguished limit
is in the same parameter regime as the values of dimensionless parameters given
in Table 2.3, and assumes that diffusion in the vertical direction is the dominant
transport mechanism for the bioreactor geometry. We note that our choice of time
scaling, [t] = 1 day, means that we are investigating this system over the timescale
of days, which is the flow timescale. We could study the behaviour of this system
over shorter timescales, and its transition to the timescale of days, if we systematically
considered the timescale T = O(€?). However, this will not be of fundamental physical
importance to the problem we study here, so we do not pursue this further.

We consider the following asymptotic expansions for the dependent variables:
f~fo+réEfit+---, ase— 0, where f € {Cy, O, War, Wy} (2.4.1)

We note that the O(€?) size of the first-correction term is standard in lubrication-type
models, and arises due to the size of the terms neglected in the leading-order problem.
In the standard manner, we substitute Equation (2.4.1) into the governing equations,
Equations (2.3.9) and (2.3.12), and equate coefficients of O(e*).

At leading order, the metabolite transport is given by
_ Pl

0= 072

where f € {C,W} and j € {H, M}. (2.4.2)

Hence, we see that the leading-order mass transport is driven entirely by vertical
diffusion, consistent with our discussion of timescales above.

Integrating Equation (2.4.2) subject to the leading-order versions of the appro-
priate boundary conditions, Equations (2.3.12d) to (2.3.12g), we deduce that Cpy,
Cro, Who, and Wy are independent of vertical position, Z. This is consistent with
the numerical solutions seen in Figure 2.3. Given the continuity of concentration
condition, Equation (2.3.12f), we deduce that

Cio(X,T) = Cano(X,T), Wio(X,T) = Wao(X,T) for all Z. (2.4.3)

However, the correct dependence of the metabolite profiles on 7" and X is currently

undetermined.
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To calculate this dependence, we proceed to the next asymptotic order O(e?), and

derive an appropriate system. At O(e?), the governing equations are

dCHa;ggl = ag;() - ch% + oCrpe’” for Z € (0, Hy), (2.4.4a)
dWHaz/;fl - ag;?o - de% — 20Croe’” for Z € (0, Hy), (2.4.4b)
dWMaiamz/fl _ anggo Y Z)ag;ﬂ(m B dWM% for Z € (Hy,1). (2.4.4d)

Integrating each equation over the vertical coordinate and applying the no-flux con-
ditions Equations (2.3.12d) and (2.3.12¢) at O(e?) yields:

dox 8805 . Z:HHZHH (% - dm% + a(JHOePT) , (2.4.5a)

dw g agVZHl Z:HH:HH (ag;{m - dWH% - 2UC’H06PT) : (2.4.5b)

- dCMaggl o (1— Hy) ((9(%40 + M‘Jag)f‘?“ - dm%) . (2.4.5¢)
_ dWMag/gl e (1— Hy) (% + AU% - dWM%) ., (2.4.5d)

where the depth-averaged flow velocity, U, is found (from Equation (2.3.10)) to be
given by:

i 1 1 1
U= UZ)dZ = —. 2.4.6
1_HH/HH (7) 47 = (2.4.6)

Recalling the continuity of flux condition, Equation (2.3.12g), and that Cyo = Cyo
and Wyo = Wy, we combine the above expressions for the glucose and lactate

concentrations in the media and hydrogel to derive the longwave approzimation:

aCMO 80]\/[0 a2CM0

_ PT
(0% oT + B 0X = 6CW - ’}/CM()@ s (247&)
OWaro IWro 0*Wro PT
=0y—— +2 2.4.7b
where we have introduced the following parameters for ease of notation:
H _
0 T a=1+6, B=\U, =00,

T 1-Hy' (2.4.8)
Sc = denr + 0don, Sw = dwas + Odw .

We derive the appropriate boundary and ‘initial’ conditions for Equation (2.4.7)

in a similar manner, by integrating the leading over terms of Equations (2.3.12a)
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to (2.3.12¢) and (2.3.12h) over Z between 0 and 1. We solve Equation (2.4.7) subject

to the following boundary and ‘initial’ conditions:

ﬂCMO — 50 0X = ﬁ at X = O, (249&)
ow,
BWaro — dw a;{“ —0 at X =0, (2.4.9D)
0Cno  OWarg _
5xX — BX =0 at X =1, (2.4.9¢)
1

The reason we refer to Equation (2.4.9d) as ‘initial’ conditions is because they actu-
ally represent asymptotic matching conditions with the earlier timescale problem we
mentioned previously. This is the reason why there is a discontinuity in the boundary
and ‘initial’ conditions as X, T — 0. If it were of interest to understand this limit
further, one could investigate this region using the scalings X = O(¢), T = O(€?).
However, given that this asymptotic region does not affect any of our subsequent
analysis, for brevity we do not pursue it further here.

Equations (2.4.7) and (2.4.9) define the longwave approximation model. We will
analyse this reduced system in more detail in Section 2.5. Before this, however, we
derive a further reduction of the longwave approximation, by exploiting the separa-
tion in scales between horizontal diffusion and the remaining transport mechanisms,

namely advection with the media flow, glucose consumption, and lactate production.

2.4.2 Sublimit of longwave approximation

From the typical parameter values given in Table 2.3, we note that the timescale of
horizontal diffusion is significantly longer than the remaining transport mechanisms.
Given that the longwave approximation derived in Section 2.4.1 is a distinguished
asymptotic limit, we can include the separation of scales involved in horizontal diffu-
sion by directly considering the sub-limit doy, don, dwr, dway — 0, corresponding
to d¢, ow — 0 in Equations (2.4.7) and (2.4.9).

We refer to this as the sublimit approximation. This procedure results in the

following governing equations for advection-dominated transport:

OCmo | ,9Cumo0

a—r + 4 X —yChpo exp(PT), (2.4.10a)
OWro OMWho
O + 8 e = 2vCho exp(PT), (2.4.10b)
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with boundary and initial conditions

CMO = 1, WMO =0 at X = s (2411&)
1

CMO = —, WMO =0 at T =0. (2411b)
«

We note that the limit we have taken is singular in that the small parameters
(diffusivities) pre-multiply the second-order spatial derivatives. As such, we have lost
the ability to prescribe two of the four spatial boundary conditions. Given that the
information in this system travels with the flow (i.e. from left to right), we drop the
outlet boundary condition at X = 1. We note, however, that this boundary condition
could be imposed through the analysis of an appropriate (weak) boundary layer near
X =1

A benefit of this sublimit reduction is that we are able to construct analytic solu-
tions for the glucose and lactate concentrations, using the method of characteristics.
We note that the equation governing glucose transport (Equation (2.4.10a)) decouples
from the lactate transport model (Equation (2.4.10b)). Therefore, we first solve for
glucose concentration, and then solve for the lactate concentration. The method of
characteristics involves introducing coordinates in characteristic space, (£, 7), where
we define

¢ =aX — BT, (2.4.12)

noting that & is a constant along each characteristic curve, and 7 parameterises the
characteristics. The governing equations (Equation (2.4.10)) turn into a system of
ODEs, with initial data curve I'(§) = (T'(£), X (£), Cmo(§)) at 7 = 0. The data consist
of the initial condition (Equation (2.4.11b)) for £ > 0 and the boundary condition
(Equation (2.4.11a)) for £ < 0. This data curve I'(§) has a discontinuity at £ = 0, due
to the inconsistent nature of the boundary and initial conditions, Equation (2.4.11).
We give a detailed derivation of our application of method of characteristics to solve
Equations (2.4.10) and (2.4.11) in Appendix A.

The solution is split into two distinct regions: Region 1, given by 0 < T < aX;
and Region 2, given by 0 < aX < gT"

1
— exp (l (1- ePT)> for 0 < BT < aX,  (2.4.13a)
Cro =4 @ aP

exp (lp (e_P(%X_T) - ePT>> for 0 < aX < BT. (2.4.13b)

«
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The solution Equation (2.4.13) is discontinuous

T
across the boundary separating the two regions, A aX =BT

X = [T/, which we refer to as the dividing II

characteristic. The reason for this is that Re- "
replenished
gion 1 is forced by the initial conditions whereas )
Region 2 is forced by the boundary conditions,
and there is a discontinuity in these conditions -

near 7' = 0, X = 0 (which could be smoothed

through an appropriate asymptotic analysis of

unreplenished

X

the earlier timescale, as mentioned previously). Figure 2.4: Characteristic diagram
As no information from the boundary condition {5y the system Equations (2.4.10)
propagates into Region 1, cells in Region 1 do and (2.4.11).
not feel the effect of any replenishment by the flow. As such, we refer to Region 1 as
the unreplenished region and Region 2 as the replenished region. We show a schematic
of the domain split into these regions in Figure 2.4.

Using the method of characteristics, we can write the lactate concentration as a

single integral of known functions:

Wharo(§, 7) :/ 2'VCMO(T(€’T)aX(£77_))€PT(€’T) dr (2.4.14a)
0
with
Wio=0 at7=0, (2.4.14b)

where we define the characteristic variables (&, 7) as

for BT < aX, (2.4.15a)
E=aX —pT and 7=

<2

for aX < pT. (2.4.15b)

As outlined in Appendix A, we can evaluate the integral in Equation (2.4.14) to

obtain the solution

_— %(1—exp (% (1—6PT)>> for 0 < BT < aX, (2.4.16a)
e 2 (1 — exp (% (e_P(%X_T) — ePT>>) for 0 < aX < BT. (2.4.16b)

We note that the quantity 2C + Wiyo is conserved along the characteristics defined
by dX/dT = «/f (i.e. in the advective frame of reference). This means that the
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following relationships are satisfied between glucose and lactate concentrations:

2

2Cn0 +Wao=—  for 0 < T < aX, (2.4.17a)
a

2o+ Waro =2 for 0 < aX < 8T, (2.4.17b)

where the differing constants are due to the ‘initial’ information on the characteristics
arising from the actual initial conditions for 0 < BT < aX (Region 1) and the
replenishment boundary conditions for 0 < aX < ST (Region 2).

2.5 Results

2.5.1 Methods for numerical solution of models

The full two-dimensional system, Equations (2.3.9) and (2.3.12), is solved via a finite-
element method, using COMSOL Multiphysics® software. The longwave approxima-
tion model, Equations (2.4.7) and (2.4.9), is solved numerically using the Chebfun
toolbox in MATLAB [20], with a tolerance of 107%. For the sublimit approximation
model, Equations (2.4.10) and (2.4.11), we obtain an analytical expression for the
glucose and lactate concentrations. For each numerical approach, the solutions were
shown to be mesh convergent (results not shown).

Computationally, there is a significant difference between the models: on a stan-
dard desktop, the full problem is solved in O(180s); the longwave approximation in
O(20s); and the sublimit approximation in O(4s). That is, there is a nearly ten-fold
speed-up in solving the longwave approximation compared to the full model, and
the sublimit is five times quicker to solve than the longwave approximation and fifty
times quicker than the full model. As we see later (Section 2.5.3), rapid computation
of solutions will allow us to perform parameter sensitivity analyses efficiently, and in

Section 2.5.2 that it allows us to obtain physical insight into the system.

2.5.2 Model behaviour and comparison

We now discuss and compare results obtained from our reduced models and the
full system. This will allow us to understand when each reduced model is a useful
systematic reduction. We denote the glucose and lactate concentrations (the leading-
order metabolite concentrations in the culture media layer Cyo and Wyy) as C' and
W, respectively.

To present the model solutions over space and time, we average solutions of the

full 2D model over Z, to facilitate comparison with solutions of the reduced models
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Figure 2.5: Results showing how the glucose (a) and lactate (b) concentrations change
over time during a typical simulation. (A) Results from Z-averaged full model.
(B) Longwave approximation. (C) Sublimit of longwave approximation, where the
upper-left and lower-right regions are the replenished and unreplenished regions, re-
spectively. Parameter values: see Table 2.3.
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(Figure 2.5). We see that the glucose concentration behaviour appears to be split into
two approximate regions, divided by a straight line in (X, T)-space that goes through
the origin and reaches the end of the X-domain (X =1) at T~ 4 (Figure 2.5(a)A).
In the lower-right region, the glucose concentration appears to be approximately con-
stant in space, and to decrease over time. However, in the upper-left region, there
is a clear spatial dependence in the glucose concentration, which appears to decrease
in X until it reaches the lower-right region. The lactate concentration behaviour
appears to be split into the same two approximate regions (Figure 2.5(b)A), though
the demarcation is less defined than for glucose. In the lower-right region, the lactate
concentration also appears to be approximately constant in space, but now increases
over time. In the upper-left region, the lactate concentration appears to approxi-
mately increase in X until it reaches the lower-right region. To compare these results
with the reduced models, we also present solutions for the longwave approximation
(Figures 2.5(a,b)B) and sublimit approximation (Figures 2.5(a,b)C). We see that the
longwave approximation is an excellent approximation of the full system through the
entire domain. The sublimit is also a good approximation of the full model, except
in a small neighbourhood of the dividing characteristic, aX = fT. Away from this
dividing characteristic, the sublimit model exhibits the same qualitative behaviour
and predicts very similar spatiotemporal metabolite concentrations to the full model.
The sublimit solution is discontinuous across the dividing characteristic because it ne-
glects horizontal diffusion. Appropriate smoothing could be included in the sublimit
by investigating a thin boundary layer in the neighbourhood of this discontinuity in
which diffusive effects are once again important. We also note that the dividing char-
acteristic is in approximately the same place as the boundary between regions noted
in the full model in Figures 2.5(a,b)A. We investigate and interpret this observation
below.

At this stage, we conclude that when information close to the dividing character-
istic is of interest, the longwave approximation should be used instead of the sublimit
approximation. If this information is not important, the sublimit approximation
should be used since it is faster to solve than both the full model and the longwave
approximation, and it admits analytic solutions for metabolite concentrations.

We emphasize that our analytic solutions in the sublimit approximation allow
us to understand observations from the full numerical solutions. That is, we can
use our analytic solutions from the sublimit model to physically interpret our results
and provide insight into the underlying physical system. For example, the dividing

characteristic («X = [T) in the sublimit model represents the division between
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information propagated from the initial and the boundary conditions. Physically,
this means that the effect of fresh media is only experienced at position X at time
T = aX/B. At earlier times, glucose delivery to organoids at position X is due to
the glucose initially present in the system. This allows us to determine the metabolite
transit time. That is, the average time taken for metabolite within the fresh media

to traverse the entire bioreactor

o 1+

The above estimate is in good agreement with our observations of the full solution —
that different model solutions arise in the two regions on either side of the straight
line through the origin that reaches X = 1 at T' =~ 4. Hence, we now interpret this
observation physically; the regions are separate according to whether or not they have
experienced fresh media. Since the media does not traverse the bioreactor with a uni-
form velocity, the metabolite transit time is not the same as the timescale associated
with the maximum flow velocity of the system, [t] = 25 hours. The relevant transport
timescale is, therefore, not the one associated with the experimentally imposed flow
rate, but rather the metabolite transit timescale, which is associated with the aver-
aged velocity distribution of metabolite across the bioreactor, including the flowless
hydrogel region.

Additionally, the analytic solution of our sublimit approximation provides insight
into why the glucose and lactate concentration appear to be spatially-independent in
the lower-right regions (Figure 2.5). In Region 1 (where 0 < ST < aX), the analytical
solutions for metabolite concentrations from the sublimit model are independent of
the spatial coordinate. Region 1 is the non-replenished region, i.e. it is not replenished
from the inlet and subsists on its initial conditions. Therefore, given spatially-uniform
initial conditions, spatial effects are not seen in the concentration profiles until the
wave of replenishment is experienced; this marks the onset of Region 2.

To quantitatively compare the model predictions, we consider the following time-
dependent variables: minimum glucose concentration, Cyin(T) = m)}n((] (X,T)); maz-
imum lactate concentration, Wi (T') = m)e(LX(W(X, T)); spatial position of mazimum
lactate concentration, Xpax(T), where W(Xnax, T) = Whiax(T'); and the lactate con-
centration at outlet, W (X = 1,T). We emphasize that Equation (2.4.3) allows us to
denote the metabolite concentrations Cyg = Cpyo = C and Wy, 0 = Wgyo = W for
ease of notation.

In Figure 2.6A, we plot the minimum glucose concentration, Cy,,(7), against

time for our two reduced one-dimensional models and the Z-averaged full model and
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Figure 2.6: Comparison of outputs from the different mathematical models and their
evolution in time: (A) minimum glucose concentration, Ciin(7); (B) maximum lac-
tate concentration, Wi (T'); (C) spatial position of maximum lactate concentration,
KXinax(T) s.t. W(Xnax, T) = Wiax(T); (D) lactate concentration at outlet of biore-
actor, W(X = 1,T). The red points represent the values predicted in the hydrogel
region of the full 2D model. Parameter values: see Table 2.3.

compare these values to the predicted minimum glucose concentration in hydrogel,
which is found using the full two-dimensional model. We see that the predicted
minimum glucose from each model reduction generally agrees well with the minimum
glucose within the hydrogel from the full model. The only exceptions to this are
around 4-5 days, where the sublimit model disagrees slightly with the other models,
and for early times (< 1 day). The first of these is due to the dividing characteristic
being important for this metric around 4.7 days, as discussed above. The second is
due to our choice of timescale in deriving the reduced model. That is, our reduced
models focus over the timescale of days and neglect the initial transient behaviour in

the system, as mentioned previously.
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Similar plots showing how the maximum lactate concentration, Wy,..(7'), changes
over time are presented in Figure 2.6B. Again, the Z-averaged full model and the
longwave approximation are in good agreement with the predicted value within the
hydrogel. Given that there is initially no lactate in the system, this metric avoids the
issue with the early-time transient behaviour that occurs for the minimum glucose
concentration metric. The sublimit approximation systematically overestimates the
lactate concentration, though we note that this is preferable to underestimation,
given the detrimental effects of high lactate concentrations. The overestimation arises
because the sublimit approximation neglects the removal effect of lactate transport
through horizontal diffusion over the dividing characteristic.

We compare the position at which the maximum lactate concentration occurs,
Xmax(T), in Figure 2.6C. We see that X, is increasing in time, which is consistent
with advection being the dominant transport mechanism over the timescale of days
(Table 2.2), as the lactate produced is advected towards the outlet by the media.
As seen in Figures 2.6A and 2.6B, the sublimit approximation agrees less well with
the full model than the longwave approximation, which has excellent agreement. A
notable difference with the sublimit approximation compared to the full model and
longwave approximation is the jump in results between times 7" = 4 and 7" = 5 in
Figure 2.6. This is due to the discontinuity of the sublimit model at the dividing
characteristic, and the appropriate metric value for each given time being taken from
the unreplenished region for T' < T™ a 4.7 to the replenished region for T > T™*.

It is infeasible to obtain experimental data for maximum lactate concentrations,
which we would need to validate our model. Therefore, we consider the lactate
concentration at the media outlet, W(X = 1,7, which is measurable empirically,
in Figure 2.6D. We compare the reduced models to the Z-averaged full solution, the
average concentration within the hydrogel at the outlet, and the maximum value in the
hydrogel (which are all obtained from numerical solutions to the full 2D system). We
find that the lactate concentration at the media outlet is very similar to the maximum
lactate concentration within the hydrogel and can, therefore, be used as a proxy for it.
The sublimit is a good prediction of the outlet and maximum lactate concentrations at
4 days and earlier, but overestimates the maximum concentration within the hydrogel
at 5 days and later. This is again due to the dividing characteristic, and its exit from

the domain at 4.7 days.
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2.5.3 Bioreactor characterisation

In this Section, we start by exploiting our reduced modelling approach to characterise
the conditions within the bioreactor. We show how the metabolite concentrations de-
pend on the bioreactor operating parameters such as the inlet flow rate and cell
seeding density, and the characteristics of the cells, such as the rates of cell prolif-
eration and glucose consumption. Armed with this insight, we then show how the
operating parameters can be selected to ensure the biochemical environment within
the bioreactor promotes cell growth.

We investigate and quantify the metabolite behaviour by introducing the following
time-dependent metrics. We previously defined the maximum lactate concentration,
Whinax(T), as

Winax(T') = max (W(X,T)). (2.5.2)
We now introduce the cumulative glucose conversion, Y (T), as

T(T) = glucose consumed fOT fol vCexp(PT) dXdT (2.5.3)
glucose supplied fOT(l — Hp)\U dT ' o

In general, it is desirable to choose operating parameters that ensure high glucose
conversion, so the maximum amount of glucose supplied to the bioreactor is utilised
by the cells, and resource wastage is minimised. However, high glucose conversion will
also cause high lactate levels, and lactate concentrations above a critical tolerance,
W1, can adversely affect organoid growth. A typical value of Wy, for colorectal cancer
organoids is 0.7 (this will be lower for benign tissues). To assess this, we define a
point X to be uninhabitable if W(X,T) > Wi,. We use the metric proportion of
domain which is uninhabitable, x(T), defined as

xu(T) = /0 1H[W(T,X) — Wi dX, (2.5.4)

where H is the Heaviside function. In general, it is desirable to choose operating
parameters such that yy is minimised for the duration of the bioreactor run. We
define lactate concentrations which are below and above this critical tolerance W, as
tolerable and intolerable, respectively. In addition to the time-dependent metrics, it is
also helpful to quantify the time at which intolerable lactate levels are first experienced,

which we refer to as the turn-off time, and define as

Tog = min(7T) for T € {T : W(X,T) > Wia}. (2.5.5)
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In general, it is desirable to choose operating parameters such that T,g is larger than
the duration of the bioreactor run.

There is a trade-off between high glucose conversion and minimising the fraction
of the domain which is uninhabitable. We show how the mathematical model can be
used to identify parameter regimes which strike a balance between promoting glucose
conversion and facilitating waste removal in Section 2.5.3.2.

In addition to the metrics we have introduced to assess metabolite distribution, an
important cell-specific metric is the glucose consumption rate per cell. In our model,
the glucose consumption rate per cell is proportional to the glucose concentration and,
thus, we can use results such as Figure 2.5C to understand the spatial variation in
glucose consumption rate per cell. We see that cells nearer the inlet have higher rates
of glucose uptake than those closer to the media outlet, and this spatial heterogeneity

could lead to spatial variation in cell growth within the physical system.

2.5.3.1 Characterising model behaviour for different organoid lines

Organoid lines differ in many ways including, but not limited to: proliferation rate;
glucose consumption rate; the maximum lactate concentration cells can tolerate with-
out affecting cell properties; and minimum glucose level needed for cellular prolifer-
ation. To understand the metabolic environment experienced by different organoid
lines within the bioreactor, we perform a discrete parameter sensitivity analysis in
which we vary the rates of proliferation, P, and glucose consumption per cell, o, for
the bioreactor operating regime specified in Table 2.3. We consider organoid lines
whose proliferation rates take the values P = 1/6 and P = 1, which we refer to as
low and high proliferation, respectively, and whose glucose consumption rates take
values 0 = 0.027 and o = 2.7, referred to as low and high consumption, respectively.
We consider five different organoid lines, which we denote as (i), (i4), (i), (iv), and
(v), with associated proliferation (P) and glucose consumption (o) rates as defined in

Table 2.4. We note that the case (v) corresponds to the ‘standard’ operating practice.

Table 2.4: Proliferation rates P and glucose consumption rates o for the different
organoids considered in Section 2.5.3.1.

Organoid line | Proliferation rate, P | Glucose consumption rate, o
(7) 1/6 0.027
(17) 1/6 2.7
(i) 1 0.027
(iv) 1 2.7
V) 1/3 0.27
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In Figure 2.7, we plot the metabolite concentration profiles (a) C' and (b) W for
these four organoid lines, (i-iv), expanded under an operating regime which does
not otherwise differ. The same results for organoid line (v) are shown in Figures
2.5(a,b)B

(@) () (44) (¢v)

Low proliferation Low proliferation High proliferation High proliferation

A Low consumption B High consumption _ Low consumption _ High consumption |
6 0.9
<3 0s
wn 07
o . 06
O : 05
D ® 0.4
- 03
U 0.2
0.1
1.8
H 16
H 14
< E 12

H P 1
O -
< 0.6
= 04

0.4 .6 v'.Z 0.4 2 0.4
ontal po: ntal pos mtal pos

Figure 2.7: Evolution of glucose (A, B, C, D) and lactate (D, E, F, G) concentra-
tion profiles over the duration of a typical experiment for different organoid lines under
the same operating conditions. The organoid lines presented are: (A, E) organoid
line (7); (B, F) organoid line (ii); (C, G) organoid line (iii); (D, H) organoid line
(iv); where the rates of cell proliferation rates and glucose consumption per cell are
defined in Table 2.4. Remaining parameter values: see Table 2.3.

In Figures 2.7(A, E), we show organoid line (i), cells with low proliferation and
low glucose uptake rates. The lactate levels are very low throughout the bioreactor
domain and the domain remains within tolerable lactate concentrations for the entire
experiment. The glucose concentration in the replenished region is high and remains
close to its inlet value, C' = 1, so the media flow supplies significantly more glucose
into the system than is consumed by the cells. The glucose concentration becomes
increasingly homogeneous as time evolves, and consequently the rate of glucose con-
sumption per cell becomes more spatially homogeneous across the bioreactor as time
evolves.

We consider organoid line (i7), with low proliferation and high glucose uptake
rates, in Figures 2.7(B, F). We see that this larger uptake rate means that the lactate
concentration quickly increases and the majority of the region becomes intolerable,

even for slowly proliferating cells. While cells close to the inlet still have reasonably
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high glucose and low lactate levels, resulting in the rate of glucose uptake per cell
being high at the inlet, this quickly decreases as one moves into the bioreactor.

For rapidly proliferating cells with a low rate of glucose uptake (organoid line
(737)) Figures 2.7(C, G), we see the environment is tolerable until around day 4 of
the experiment. At this point, there are approximately 55 times more cells within
the hydrogel than at the start of the experiment. This suggests that the selected
operating conditions provide tolerable conditions and allow reasonable rate of glucose
consumption per cell up to a critical number of cells, but beyond this critical num-
ber, the low glucose concentration means the cells have a very low rate of glucose
consumption. The lactate concentration is reasonably spatially homogeneous, which
suggests that all cells will be subject to a similar metabolic environment and therefore
be affected by lactate to a similar degree.

Finally, we consider cells with high proliferation and high uptake (organoid line
(1v)), in Figures 2.7(D, G). The glucose concentration within the bioreactor decays
very quickly over the course of a day, and it is never replenished sufficiently by the
media flow. As such, the glucose consumption per cell is consistently small away
from the inlet region. In the same vein, the lactate concentration quickly increases
to above the tolerable level over the course of a day. In contrast to the low prolifer-
ation organoid line (i) (Figures 2.7(B, F)), the maximum lactate concentration for
organoid line (iv) occurs close to the inlet rather than in the middle of the bioreac-
tor. This is because the rapid expansion of cells means that lactate is produced very
quickly throughout the bioreactor, and so is maximised in the location where glucose
is mainly consumed. This indicates that the media flow is too slow to facilitate sig-
nificant waste removal for this organoid line. We note that our cell growth model is
not dependent on metabolite concentration, so the cell proliferation rate is unaffected
when the metabolic environment is harsh. This limitation is most prominent for the
high proliferation and high uptake organoid line, where the cells continue to prolifer-
ate exponentially in the presence of no glucose and high lactate levels. In Chapter 3,
we consider a model that accounts for this.

Using the metrics we introduced above, we now quantify the behaviour of the
bioreactor environment during cell culture for each of the five organoid lines. In
Figure 2.8, we plot the total glucose conversion, Y(7') [Equation (2.5.3)], maximum
lactate concentration, Wi,.x(7) [Equation (2.5.2)], and proportion of uninhabitable
domain, xy(7") [Equation (2.5.4)] (strongly related to the turn-off time), for each of
the five organoid lines. We note that glucose conversion is not simply a metric to

determine the amount of glucose consumed by the organoids (which is simply the
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glucose concentration integrated over time in the models considered in this Chapter),

but rather the proportion of glucose consumed by the organoids compared to the

amount pumped into the bioreactor. Conversion is an oft-used metric in the field

of chemical reaction engineering. Since the experimental set-up does not allow re-

circulation of ‘used’ culture media, and given that culture media is expensive, we

wish to use this resource as efficiently as possible. This motivates glucose conversion

as an informative metric.
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Figure 2.8: Comparison of bioreac-
tor characterisation metrics for different
organoid lines cultured within the biore-
actor under the same operating condi-
tions. The line styles correspond to cel-
lular proliferation rate: solid, P = 1/6;
dashed, P = 1/3; dotted, P = 1. The
line colours correspond to rate of glu-
cose consumption per cell density: pur-
ple, 0 = 0.027; blue, ¢ = 0.27; green,
o = 2.7. The proliferation rates and rate
of glucose consumption per cell for each
organoid line are given in Table 2.4. Re-
maining parameter values: see Table 2.3.

The glucose conversion generically increases over time, as the cells grow. However,

the shape of this increase over time varies significantly between the different organoid

lines. While solely considering the standard case [organoid line (v)] would suggest
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that the glucose conversion is approximately linear in time, the additional organoid
lines show that this behaviour is not universal. Cells with high rates of glucose
consumption [organoid lines (ii) and (iv)] have a sharp increase in glucose conversion
over the first two days before plateauing. For low rates of glucose consumption, the
shape of the glucose conversion curve strongly depends on the cell proliferation rate.
For low proliferation [organoid line (7)], the conversion is low throughout and appears
linear. However, for high proliferation [organoid line (ii7)], the curve has an S-shape.
That is, the conversion starts off low, then rapidly increases before plateauing. This
rapid increase is linked to the increase in the number of cells in the bioreactor for
organoid line (i4i), and so we would expect organoid line (i) to exhibit a similar
S-shape if the experiment went on for longer.

We show the maximum lactate concentration in Figure 2.8(b), where the red line
represents W = Wy,, to understand which of these organoid lines are growing in
tolerable environments. This graph is qualitatively very similar to that of the glucose
conversion, Figure 2.8(a). For the value of Wi, we use, we see that the maximum
lactate concentration reaches the tolerated level within 1 day for high uptake cells
lorganoid lines (i7) and (iv)]. In comparison, the standard case [organoid line (v)]
reaches the maximum tolerated level approximately halfway through the experiment.
For the low uptake organoid lines, the proliferation rate again makes a significant
difference. For high proliferation [organoid line (7i7)], the maximum tolerated level
is again reached approximately halfway through the experiment, whereas for low
proliferation [organoid line ()] the lactate never reaches harmful levels.

We examine the time at which the lactate concentration equals the tolerated
lactate concentration in Figure 2.8(c), a graph showing the time-dependent proportion
of the domain which is uninhabitable, y(7'), for each organoid line. Notably, we see
that as soon as some of the domain becomes uninhabitable, the rest of the domain
follows over a short timescale. This can be explained through the insight gained
from our sublimit approximation. That is, as Region 1 (0 < ST < aX) has yet
to experience replenishment from the inlet, the lactate concentration in this region
is approximately spatially homogeneous, and an increase above the tolerable level
will quickly be experienced in a large part of the domain. The turn-off time T,g
(Equation (2.5.5)) can also be determined from Figure 2.8(c) — it is the first time at
which xy(T) is non-zero. We see that the high glucose consumption organoid lines
[(i7) and (7v)] have much smaller turn-off times than the other organoid lines. The
lactate concentration for organoid line (i) does not reach Wi, during the experiment,

so the turn-off time is larger than the run time of the experiment.
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There is a trade-off between promoting: (1) high glucose conversion, to ensure
resources are not wasted; (2) high glucose consumption rate per cell, to ensure cells
absorb sufficient glucose to proliferate; and (3) increasing the turn-off time, to en-
sure the lactate concentrations within the bioreactor remain tolerable everywhere
throughout the experiment. Our model framework allows for efficient quantification
of all these metrics. By determining how these metrics vary with bioreactor operating
parameters, we can then identify operating conditions that enhance cell growth. We

illustrate this in the next section.

2.5.3.2 Determining operating conditions for a given organoid line

In this subsection, we focus on the standard organoid line (v), with proliferation rate
and glucose consumption rate given in Table 2.3. This is the organoid line with a
‘medium’ rate of glucose consumption per cell, and a doubling time of three days.
The current operating conditions lead to lactate concentrations above the tolerated
level for half of the experimental run time, suggesting that these operating conditions
are sub-optimal.

We now determine how the metrics depend on the inlet flow rate for this organoid
line, and show how this leads to the identification of flow rates that enhance cell
growth. We focus on flow rate as this is an experimental parameter that is easily var-
ied. We investigate flow rates over two order of magnitudes, [u] € [1077, 107 ms™,
all within the range of the peristaltic pump used in the CXP1 protocol.

In Figure 2.9, we show how the metrics vary with inlet flow rate. To illustrate
the dependence of the metrics on flow rate, we first present time-dependent results
for five different flow rates. The glucose conversion monotonically increases in time
(Figure 2.9(a)), due to the increasing number of cells causing an increased glucose
consumption. The effect of increasing flow rate is to decrease the glucose conversion.
This is because stronger flows correspond to feeding more glucose into the system over
a given time period as well as the media spending less time within the bioreactor, so
there is less time for the glucose to be consumed by the cells. However, we also note
that the conversion is relatively insensitive to flow rate: increasing the flow by two
orders of magnitude only decreases the conversion by a factor of around six.

While the time-dependent maximum lactate concentration within the domain
monotonically increases for a given flow rate, the effect of varying the flow rate is
non-monotonic (Figure 2.9(b)). For a given run time of the experiment, there is a
flow rate that maximises the maximal lactate concentration. We emphasize that this

flow rate will depend on the experimental run time. The reason for there being a
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flow rate which maximises the maximal lactate concentration (the ‘worst’ flow rate,
in some sense) is due to two competing factors. Firstly, the rate of glucose consump-
tion per cell, and therefore the rate of lactate production, increases with increasing
flow rate. Secondly, for slower flow rates the media is not able to advect sufficient
quantities of lactate out of the bioreactor to maintain a tolerable lactate level. These
two factors combine to produce a worst possible flow rate for a given experimental
run time. We also note that up until approximately one day (7" = 1), the maximum
lactate concentration is the same for all the flow rates considered. This reflects the
fact that there is a lag in the production of lactate, and that the lactate produc-

tion is initially set by the initial conditions rather than the operating regime of the
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bioreactor.

In Figure 2.9(c), we plot the proportion of the domain which is uninhabitable
against time, for the five different flow rates considered. In general, a lower flow
rate corresponds to a sharper increase in the uninhabitable proportion once initially
triggered. This is because more of the domain is in the non-replenished Region 1
for lower flow rates, and the metabolite concentrations are approximately spatially
independent in Region 1, for reasons discussed above. In addition, we note that a
large enough flow rate can ensure that none of the domain becomes uninhabitable
for the duration of the experimental run, as we see for a flow rate of 1 x 107 ms™".
However, we also note that increasing the flow rate can have an unwanted effect on
the turn-off time. From Figure 2.9(c), we see that increasing the flow rate slightly
decreases the turn-off time, up to a point. As noted above, for large enough flow rates
the system never exhibits intolerable lactate concentrations.

We now consider a more finely refined investigation of the effect of flow rate of the
system metrics. In Figure 2.10, we consider the effect of flow rate both on the glucose

conversion at day 7 (Figure 2.10(a)) and on the turn-off time (Figure 2.10(b)).
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Figure 2.10: Plots of the metrics (a) glucose conversion T, Equation (2.5.3), at time
T =7 and (b) turn-off time T,g (the time when intolerable lactate levels first experi-
enced, Equation (2.5.5)) for the CXP1 bioreactor varying with flow rate, for a given
organoid line. Peak flow velocities [u] € [1077,107%] m s~ correspond to dimension-
less flow rate, A, in the range A € [0.096,9.6]. Remaining parameter values: see
Table 2.3.

We see that the relationship between glucose conversion at 7 days and media flow

velocity is monotonically decreasing, and the rate of decrease is larger for flows faster
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than [u] = 107®ms™" (Figure 2.10(a)). However, as noted above, the turn-off time
(Figure 2.10(b)) is not monotonic in the flow rate (see also Figure 2.9(c)). We see
that there is a minimal turn-off time when the flow is approximately 2 x 107% ms~.
This is the worst possible flow rate from the point of view of ensuring the domain
remains tolerable for as long as possible. For flow rates below this, the bioreactor
is transport-limited, either by insufficient glucose delivery to cells or by insufficient
waste removal from the bioreactor. For flow rates above this, the turn-off time is
proliferation-limited, where the rate at which the cell population is growing sets the
timescale at which lactate is produced.

An advantage of our mathematical modelling framework is that we have been
able to easily explore a wide range of parameter values, in this case the flow rate,
and explore the nonlinear effects of varying experimental parameters. For example,
an experimentalist may start with a slow flow rate of 10~7 ms~! and conduct a set of
experiments over which they increased the flow. Over an order of magnitude increase
in flow, they would see no improvement in turn-off time, and therefore might be
discouraged from increasing the flow any further. In such a scenario, they would miss
finding the flow rate values required for turn-off times greater than 4 days.

The ‘optimal” operating conditions for the bioreactor will determine glucose and
lactate concentrations which (1) yield a specified value for glucose conversion; (2)
maintain a glucose consumption rate per cell which is sufficient for cellular prolif-
eration; and (3) predict a turn-off time which is greater than the run time of the
experiment. The specific values and relative importance of each of these require-
ments will depend on the user. Our model reduction facilitates rapid calculation of
each metric. Hence, our work could be combined with an optimisation algorithm,
with user-specified cost functions, to produce an efficient framework that can identify

the bioreactor operating conditions that optimise for growth of organoids.

2.6 Discussion

We have presented an unsteady, two-dimensional model of metabolite transport that
predicts metabolite concentrations within the CXP1 bioreactor system. We used an
asymptotic analysis to systematically derive two reduced models which exploit the
extreme spatial and temporal parameter ratios in the system. Our model predicts the
spatiotemporal distribution of the metabolic environment within the bioreactor, infor-
mation which is challenging to obtain experimentally. Both reduced models are one-

dimensional in space; the longwave approrimation comprises two coupled reaction-
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advection-diffusion equations (second-order in space), whereas the sublimit approz-
imation comprises two coupled reaction-advection equations (first-order in space).
Our systematic analysis allows us to relate parameters in the reduced models to ge-
ometric and operating parameters of the CXP1 system, such as the ratio between
the depth of the hydrogel and media layers, and the fluid flux over the hydrogel.
We have shown that both reduced models provide good approximations of the full
model for most physically relevant parameter regimes. The longwave approximation
appears to be an excellent representation throughout the entire domain, whereas the
sublimit approximation appears good everywhere apart from a specific dividing line
in space-time that we are able to calculate.

Although the above may appear to suggest that the sublimit approximation is not
useful, it does have additional benefits over the longwave approximation. A notable
benefit is that it admits analytic solutions in the entire domain. Interpreting these
analytic results and understanding why they are discontinuous across the specific
line in space-time provides insight into the underlying physical system. We find that
the specific line in space-time is a dividing characteristic in the (hyperbolic) sublimit
approximation we derive. We are able to infer that this line divides the domain into
two regions, depending on whether or not the effect of replenishment from the inlet
has been experienced.

The flow of media through the bioreactor has the dual function of delivering nu-
trients to, and removing waste from, the growing organoids. As such, the inlet flow
rate needs to be chosen carefully. The systematic reduction we have performed yields
models that are easier to solve numerically than the full model. More importantly,
they provide insight into the behaviour of the full model, particularly the dominant
transport mechanisms. This systematic reduction has enabled us to efficiently char-
acterise the experimental parameter space for given cell characteristics. One key
outcome from this analysis is our prediction of a ‘worst-case’ flow rate that minimises
the turn-off time (the time when intolerable lactate concentrations first occur), Equa-
tion (2.5.5). Our model reduction has allowed us to understand why this minimum
arises: for higher flow rates, the lactate is washed away more quickly (the bioreactor
is in a proliferation-limited regime), for lower flow rates the lactate is produced more
slowly since glucose is not delivered quickly enough (the bioreactor is in a transport-
limited regime).

To understand how outcomes change as the control parameters are varied, we
introduced the following time-dependent metrics which characterise bioreactor per-

formance:
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e Glucose conversion — the ratio between the total amounts of consumed
and supplied glucose. It is desirable to minimise the amount of resources, e.g.
glucose, required for bioreactor operation, which corresponds to maximising

glucose consumption.

e Mazximum lactate concentration within the bioreactor — the worst metabolic
environment experienced by the cells. High lactate concentrations have a detri-
mental effect on cells [71], and therefore an ideal bioreactor operating regime

would have low maximum lactate concentrations.

e Proportion of uninhabitable domain — the fraction of the domain where
the lactate concentrations exceeds the maximum tolerated level for the specific
organoid line. An operating regime is improved if the proportion of the domain
which is uninhabitable decreases, and an ‘ideal” operating regime would main-

tain lactate levels below the maximum tolerable level for the entire experiment.

o Turn-off time — the time at which lactate concentration first reaches levels
which are intolerable for the cells. To optimise operating conditions, the turn-
off time should be increased. Ideally, the turn-off time should exceed the run

time of the experiment.

Different bioreactor operating conditions will yield different values of these metrics.
The relative importance of each metric will depend on the particular organoid line
being investigated and the specific user requirements. Our work provides a frame-
work for efficiently determining desirable bioreactor operating conditions for given
cell properties.

In this Chapter, we performed a systematic model reduction to study metabo-
lite transport within the CXP1 bioreactor, whose geometry differs significantly from
other bioreactors, such as hollow fibre or perfusion bioreactors. An important insight
gained from our model reduction is the identification of the transport mechanisms
that are dominant on our timescale of interest. We performed model reductions in
two ways: (1) we exploited the slender geometry of the system to obtain the longwave
approximation; and (2) we exploited the separation of timescales of the physical pro-
cesses in play to derive the sublimit approximation. By systematically reducing our
original model (Equations (2.3.9) and (2.3.12)), we have simplified a two-dimensional
parabolic PDE system first to a one-dimensional parabolic PDE system (the longwave

approximation), and then to a one-dimensional hyperbolic PDE system (the sublimit
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approximation). A significant advantage of this approach is the analytical tractabil-
ity of the sublimit approzimation. As a result, we can construct explicit expressions
for the metabolite concentrations across the entire bioreactor that reveal both the
spatiotemporal-dependence and the dependence on the control parameters, e.g. flow
rate, of the metabolite concentrations in the bioreactor. We have shown that the
reduced models serve as excellent approximations of the full system and are much
easier to solve numerically. We have also identified the small region of space-time
where the assumptions required for the validity of sublimit model break down.

The mathematical modelling approach developed in this Chapter provides a frame-
work for establishing how organoid viability can be improved by varying bioreactor
operating conditions. The framework has the flexibility to consider different organoid
lines, via characterisation of their proliferation and nutrient consumption rates and
their tolerance to the presence of waste metabolite. Although the model developed
in this Chapter has provided valuable insight, we note that there are several limita-
tions: it is 2D, whereas the CXP1 bioreactor is 3D; the proliferation rate is constant
(independent of local metabolic environment) with a spatially constant cell density,
meaning that we cannot predict the spatial variation in organoid size across the biore-
actor; there is no feedback of the inhibitory effect of lactate; and we do not solve for
the true media flow within the bioreactor. We explore extensions to the work, which
overcome the limitations discussed, throughout the rest of this thesis.

Namely, in Chapter 3, we will represent individual organoids as small, localised
regions within a 3D hydrogel where glucose consumption and lactate production occur
(at rates dependent on local metabolite concentration), and regulate organoid growth.
We will use a mathematical homogenisation approach (see e.g. [16, 18, 74, 78])
to systematically average the behaviour over the microscale to obtain a macroscale
governing equation for the hydrogel layer with effective glucose consumption, lactate
production, and organoid growth terms. One can take into account the sensitivity of
the organoids to lactate via the organoid growth model. This in turn will increase
our understanding of the relationship between the bioreactor operating parameters
and the mean and variation in organoid size, ultimately facilitating optimisation of
the bioreactor operating conditions to minimise organoid size variation.

In Chapter 4, we consider the flow of culture media within the CXP1 bioreactor.
We model the culture media as an incompressible fluid using the Navier-Stokes equa-
tions and derive an analytic expression for the velocity of the media. The flow profile
in depth is shown to be half-Poiseuille, as imposed in this Chapter, and we determine

the direction of the flow in the (X,Y)-plane and the associated streamlines. This
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gives insight into how the positions of the inlet and outlet pipes within the domain
affect the flow profile.

In Chapter 5, we derive a 3D model for the metabolite transport and organoid
growth in the bioreactor. This model can predict for spatial variation in organoid
size across the bioreactor, and consists of the homogenised organoid-hydrogel model
we derive in Chapter 3 coupled to an advection-diffusion model in the culture media
(analogous to the 2D version considered in this Chapter), with the 3D culture media

flow as explicitly determined in Chapter 4.



Chapter 3

Homogenisation of organoid and
hydrogel regions

3.1 Introduction

In this Chapter, we focus on accurately capturing the microscale behaviour of the
organoids within the hydrogel. The system derived in Chapter 2 modelled the effect of
the organoids on the metabolite concentrations presented via a general (smooth) vol-
umetric absorption term representing glucose consumption within the hydrogel. We
now consider the discrete nature of the organoids in more detail. We develop a model
for individual organoids suspended within the hydrogel, and employ homogenisation
techniques to systematically average the microscale behaviour in a local sense. This
allows us to derive the governing equations which describe the effective macroscale

behaviour across the organoid-hydrogel region, see Figure 3.1.

3.1.1 Review of mathematical homogenisation

Here, we give a brief overview of some applications of mathematical homogenisation.
For an introduction to homogenisation, we refer the reader to Hornung [38]. Broadly,
the idea of homogenisation is to ‘upscale’ a microscale problem (in our case, on the
scale of organoids) to understand its behaviour on the macroscale (e.g. on the labo-
ratory scale). This requires a sufficient separation of scales, where the ratio between
the microscale and macroscale lengthscales is small. We focus on the method of mul-
tiple scales [35] (as opposed to e.g. volume averaging [92]), specifically deterministic
approaches. For an example of a stochastic approach, see e.g. Chernyavsky et al. [12],
who consider solute transport in a disordered domain with randomly distributed point
sinks. For a comparison of the deterministic method of multiple scale to stochastic

realisations, see Bruna and Chapman [5]. Classic homogenisation requires a strictly
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Figure 3.1: (Left) Schematic of a 2D cross-section of the CXP1 bioreactor, where the
arrow denotes direction of culture media flow. Blue is nutrient-rich culture media.
Yellow is a layer of hydrogel in which organoids are embedded. (Centre) 2D cross-
section of microscale domain for the ‘hydrogel’ layer. Yellow is hydrogel, grey is
organoid. (Right) 2D cross-section of a microscale periodically-repeating ‘cell’, which
is centred around a spherical organoid. The typical lengthscales of the problem are
indicated on the relevant macro- and microscale schematics.
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periodic microstructure. However, more recently the framework has been developed
to relax this assumption and allow locally periodic domains [5, 59]. The method
of multiple scales has been well-studied, particularly for reaction-advection-diffusion
models, and work has been done to prove uniqueness and convergence [39, 40].

There are a broad range of applications for homogenisation, and these range from
contamination modelling (e.g. filters [14, 15] and decontamination [52]), soil me-
chanics [22, 27], lithium-ion batteries [70], to biological applications, such as tissue
engineering, drug delivery in tumours [45, 79], cell growth [36, 44], and biofilms [18].
Homogenisation allows understanding of the effective properties of composite mate-
rials [41, 78]. Chen et al. [11] develop a homogenised model for a fibre-reinforced
hydrogel, consisting of linear elastic fibres embedded within a poroelastic hydrogel.
They derive the bulk mechanical properties of this composite construct, and their
dependence on the fibre spacing, and compare their model to experimental data.
Through their analysis, they can predict the local mechanical environment experi-
enced by the cells.

Multiple-scale homogenisation approaches have also been taken in multiphase
models, such as [36]. Holden et al. [36] consider a layer of growing tissue on a rigid
(periodic) scaffold. The upscaled system they obtain consists of Darcy flow for the

culture medium, a reaction-advection model for the nutrient, and a PDE for the
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cell fraction. Importantly, they find that the macroscale system is coupled to the
microscale structure and dynamics, and they derive the appropriate relationship to
impose.

Dalwadi et al. [15] consider a contaminant transport through a filter with a lo-
cally periodic time-dependent microstructure. The contaminant is transported via
advection, diffusion, and sorption to the filter, and the filter structure evolves due
to this deposition. The homogenised system derived by the authors consists of an
advection-diffusion-reaction equation for the solute transport and a modified Darcy
law for the fluid flow, and an evolution model for the underlying effective porosity
of the filter. Dalwadi and King [16] consider diffusive chemical transport through
a colony of bacterium contained within an extracellular matrix. The microscale do-
main consists of a locally periodic array of spherical bacteria acting as (nonlinear)
volumetric sinks. Dalwadi and King derive an effective macroscale reaction-diffusion
system by identifying and exploring the different distinguished limits of the model.

In the model we develop in this Chapter, we consider a local microstructure which
varies both in macroscale space and in time, evolving due to organoid growth. We
model the transport of a nutrient and a waste metabolite within the hydrogel and
organoid regions, considering the distinct cases of volumetric and surface uptake, and
couple this to a model for organoid growth. We derive a closed macroscale model
consisting of an organoid growth model and effective reaction-diffusion equation for
metabolite transport, which depends on the local microstructure. This is an extension
to the model derived in [17], as we allow our microstructure to depend on time, and
also to [15], as we track the metabolite concentrations across the whole microscale

domain (including within our microscale obstacle).

3.1.2 Chapter outline

The CXP1 bioreactor is initially seeded with O(10°) cells of diameter 10 pm in a hy-
drogel. CXP1 typically cultures organoids expanded from single cells until they are
approximately 40 — 85pm in diameter. The lengthscale of the hydrogel is O(107?m).
A schematic showing the different lengthscales in the problem is shown in Figure 3.1.
Resolving for all the individual organoid regions within the hydrogel is, therefore, a
formidable and computationally expensive task. We take a mathematical homogeni-
sation approach to understand how the behaviour of the organoids on the microscale
influences the macroscale metabolite behaviour in the hydrogel layer. To this end, we
systematically derive effective macroscale governing equations for metabolite trans-

port.
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We take a similar approach to [16], who consider mass transport within a hydrogel
layer containing spherical metabolite sink regions, which can vary in size spatially.
We model individual organoids embedded within the hydrogel as time-varying spher-
ical regions within a cubic lattice. We allow the organoid radii to be temporally
dependent as we consider the growth of the organoids, and for the organoids to have
slightly different radii to their neighbours. The temporal dependence of organoid
radii is prescribed through a growth model, which is dependent on local metabolite
concentrations. Since the local metabolite concentrations are spatially dependent,
this induces (macroscale) spatial variation in the organoid radii. We consider two dif-
ferent types of organoid structure: dense organoids which are dense spherical clusters
of cells, Figure 3.2 (left), and shell organoids, comprising of a single layer of cells
forming a spherical shell with a central lumen devoid of cells, Figure 3.2 (centre).
For dense organoids, we impose volumetric growth and assume that glucose is con-
sumed and lactate is produced across the entire organoid. For shell organoids, we
impose surface growth and assume that glucose is consumed and lactate is produced
at the organoid-hydrogel boundary. We model the individual cells within an organoid
as incompressible rigid spheres, all of which have the same radius, and assume the
packing density of cells within an organoid is constant. We introduce models for
glucose consumption and organoid growth in Section 3.2.1.2. We present the detailed
derivation of homogenised equations for volumetric growth of a dense organoid, and
we highlight how this would differ for surface growth in Section 3.3.2. In Section 3.4.1,
we discuss the similarities of, and differences between, the models for volumetric and
surface growth. In Section 3.4.2, we explain how we numerically solve the microscale
cell problem (see Section 3.3.1), which allows us to compute the effective diffusivities
of glucose and lactate as functions of organoid radius. In Section 3.4.3, we consider
the model behaviour for a cube of hydrogel under different culture conditions. We
investigate the effect of increasing flow rate on the metabolite concentrations and the
mean and variation in organoid radius, and compare this data to that obtained for
static culture conditions. In Section 3.5, we discuss our results and highlight avenues

of model development and potential future work.

3.2 Model set-up

We consider the diffusive transport of glucose and lactate through an array of organoids

embedded within a hydrogel. We account for the uptake and production of glucose
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2r

dense shell

Figure 3.2: (Left, centre) Two-dimensional schematics of the organoid structures
considered, dense (left) and shell (centre), where r(t) denotes the organoid radius
and 7, is the radius of a single cell. (Right) Example of colorectal organoid, stained
for nuclear (blue) and cytoskeletal (red) markers for imaging. Scale 50pm.

and lactate, respectively, within the organoids. The organoids are modelled as a col-
lection of spheres that grow in time and through which the metabolites can diffuse.
We denote the glucose and lactate concentrations as c¢(x,t) and w(x, t) respectively,
and use subscripts H and O to denote the hydrogel and organoid domains, respec-
tively. Here « is the macroscale spatial coordinate (we adopt a Cartesian coordinate
system = (x,y,2)) and t is time. The hydrogel phase of the domain is defined
as wy and the organoid phase is defined as wp. There are no voids in the domain.
The entire domain is, therefore, w = wy U wp. We impose that the volume of the
entire domain does not change with time. We do not track water in the system, as we
require the total volume of the organoid and hydrogel domains to remain constant.
Therefore, any water displaced from the hydrogel domain due to organoid growth
must enter the organoid domain. We do not model any mechanical effects of the
hydrogel or organoid regions.

The organoid phase is modelled by a collection of non-overlapping spheres whose
centres are located on a cubic lattice at a distance of L apart, where ¢ is a small
dimensionless parameter and L is the characteristic bioreactor lengthscale. Thus,
0 < 1 is the ratio of organoid centre separation to bioreactor length. We allow the
radii of the spheres to vary in both space and time, and a sphere with centre at @
has radius r(x,t), where 2r < §L. We note that, strictly speaking, this is piecewise
constant, rather than continuously varying, however we find that it is okay to treat
it as continuous at the macroscale. A schematic of this set-up is shown in Figure 3.1.
We define the model parameters introduced below, together with typical values, in
Table 3.1.
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3.2.1 Governing equations

We consider metabolite transport within hydrogel and organoid regions, denoted wpy
and wp. respectively, as shown in Figure 3.1. We make the following assumptions

about the transport mechanisms:

e Glucose and lactate are transported via diffusion in the hydrogel and organoid

regions.

e Since the hydrogel and organoid regions are time-dependent, the metabolites

are also transported via dilution.

e For dense organoids, glucose and lactate are consumed and produced, respec-
tively, across the entire organoid region, since it is closely packed with living

cells.

e For shell organoids, glucose and lactate are consumed and produced, respec-

tively, at the organoid-hydrogel interface where the cells are located.

e Lactate is produced at twice the rate glucose is consumed, due to the reaction

stoichiometry [51].
e Glucose consumption is dependent on the local metabolite concentrations.

e Cellular proliferation is dependent on the local metabolite concentrations [23].

We model the transport of metabolite as a system of partial differential equations,
where glucose and lactate concentrations are ¢; and w;, respectively, where i € {H, O}
denote the hydrogel and organoid regions, respectively. The hydrogel and organoids
domains are denoted wy (t) and wo(t), respectively. We impose that the total volume
of organoid and hydrogel regions (that is, the total domain w) remains constant and
there are no voids within the domain. We denote the organoid-hydrogel boundary
as Owp. The velocity of the hydrogel and organoid regions are uy and wup, respec-
tively, and the velocity of the organoid-hydrogel boundary is denoted wa,,,. For dense

organoids undergoing volumetric growth, these governing equations are:

0
% + V- (uyey) = DeyViey for x € wy, (3.2.1a)
0
% + V- (uoco) = DeoVieo — s(co, wo) for x € wo, (3.2.1b)
0
% + V- (ugwy) = DwuViwy for © € wy, (3.2.1c)
owo 2
—— + V  (upwop) = DwoV-wo + 2s(co, wo) for & € wo. (3.2.1d)

ot
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The parameters { Doy, Doo, Dwa, Dwo} are the diffusivities of glucose and lactate
within the hydrogel and organoid regions, respectively, with units m?s~!. The term s
is the rate of glucose consumption per unit volume per second, with units molm=3s71.
Although we prescribe a constitutive model for glucose consumption in Section 3.2.1.1,
we proceed in the following analysis with a general form for the glucose consumption
rate and note that, physically, we would expect this to be a monotonically increasing
with glucose concentration. Lactate production occurs at rate 2s due to the reaction
stoichiometry.

At the interface between the organoid and the hydrogel, dwo, we impose a par-
tition condition and continuity of flux at the moving hydrogel-organoid interface,

T e awo(t):

Kceo =cy, Kwwo = wy, (3.2.2a)
n- (CH (’LLH — ’U/awo) — DCHVCH) =1n- (CO ('U/O — ’U,&UO) — DO0VCO), (322b)

n- (’LUH (’U,H — ’U,awo) — DWHVUJH) =1n- (wo (UO — ’Ll,awo) — Dwova), (322C)

where n is the outward-pointing unit normal on the organoid-hydrogel boundary in
the radial direction, pointing from the organoid region into the hydrogel region. This
latter condition captures the mass transfer across the organoid-hydrogel interface,
i.e. when the organoid-hydrogel interface moves and a representative volume changes
from e.g. hydrogel to organoid, any metabolite which was previously contained within
the hydrogel is now absorbed within the organoid region. The partition condition
governs the distribution of a solute between two immiscible solvents: the ratio between
solute concentrations in each solvent is a constant, known as the partition coefficient.
Non-unitary partition coefficients allow our model to capture physical systems where
the properties of the hydrogel and organoid tissue are sufficiently different and have
different solubilities to metabolites. We note that the organoid-hydrogel boundary

velocity, ©a.,,, is related to the rate of organoid growth via:

or
T (3.2.3)
We impose the initial glucose and lactate concentrations at ¢ = 0,
CH = CHinit, WH = WHinit for x € Wy, (324&)
Co = Comit, Wo = Womit  for & € wo. (3.2.4b)

There are two special cases we could consider to describe different interactions

between the organoid and hydrogel:
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(1) the hydrogel compresses as the organoid regions grow, with continuity of ve-

locity at the organoid-hydrogel interface, i.e.

-
Uo - N=uUg -N=1Uy, N=—— atx € dwp, (3.2.5)

ot
which means the boundary conditions, Equations (3.2.2b) and (3.2.2¢), become

n- (DCHVCH) =n- (DO0V00), (3.2.6&)

(2) the hydrogel is static but degrades at the same rate as the organoid growth,

i.e.
ug =0 forxecwy and uo-n:uawo-n:a—: at © € dwo, (3.2.7)
which means the boundary conditions, Equations (3.2.2b) and (3.2.2¢), become

n- (DCHVCH) +n- (’U,awocH) =n- (DcoVCO), (328&)
n- (DWHVQUH) +n- (’U,awowH) =1n- (Dwovwo), (328b)

which can also be written, using Equation (3.2.3), as

n- (DCHVCH) + %CH =1n- (DO0VCO), (3.2.9&)
n- (DWHVU)H) + %UJH =n- (Dwov’wo). (329b)

Although we mention these special cases for hydrogel behaviour for specificity, we
note that the following non-dimensionalisation and homogenisation analysis holds for
the general continuity of flux boundary condition (Equations (3.2.2b) and (3.2.2c)),
so long as the velocities within the hydrogel and the organoid regions are of the
same asymptotic order as the organoid-hydrogel boundary (i.e. the same timescale
as organoid growth), which we could expect physically. We also note that we do
not include any model for the mechanics of the hydrogel or organoid regions, and
hence neglect any potential mechanical effects (e.g. compression) on the hydrogel or
organoid properties. We discuss potential avenues to incorporate this in Section 6.2.

We now discuss how we model the glucose consumption and the growth of the

organoids within the hydrogel layer.
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3.2.1.1 Glucose consumption model

We pose a constitutive model for the reaction kinetics for glucose consumption,
s(co,wo,t):

co
Vwwo + co’
where sy is the rate of glucose consumption per unit volume of organoid biomass,

s(co,wo,t) = sy (3.2.10)

with units molm=2s!, ¢ is the packing density of the cells within the uptake region
of organoid, i.e. the volume fraction of cells in an organoid, and vy is a dimensionless
constant prescribing the (inhibitory) sensitivity of the organoids to lactate. This is
a difficult parameter to quantify. Since we find that the results for different vy, are
not qualitatively different, we set vy = 0.5 for the simulations in Section 3.4. This
glucose consumption function, s, is saturating increasing in glucose concentration and

is inhibited by increasing levels of lactate.

3.2.1.2 Organoid growth model

We require a constitutive relation for the evolution of organoid radius over time in
order to close the system. We assume that organoids are spherical and that all
cells within the organoid proliferate exponentially. Since the organoids are very small
(O(107°—10"*m) in diameter), there is no necrotic core at the centre of the organoids.
We model the individual cells within the organoids as rigid spheres of radius 7., which
do not deform or overlap, and they have an associated (constant) packing density ¢
within the organoid. We denote the organoid biomass volume, which is the volume
of cells plus their packing space within an organoid, as v. Therefore, the organoid

biomass volume, v, evolves as:

v
¢ = Pv (3.2.11)

where p is the proliferation rate. We note that although the packing space within the
organoid does not explicitly proliferate, the new cells created through proliferation of
existing cells have an associated packing space.

For dense organoids, the entire volume is densely packed with cells (with constant
packing density ¢) and, therefore, the relationship between organoid biomass volume,

v, and radius, 7, is

4
v= 1y (3.2.12)
3
which means the rate of change in organoid radius in time is:
0
g (3.2.13)

o 3
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For shell organoids, the organoid consists of a single layer of proliferating cells
(with thickness 2r., the diameter of a single cell) around a central lumen, which does
not proliferate or consume glucose. We assume the diffusivity in the cell and lumen
regions are the same. The relationship between organoid biomass volume, v, and the

organoid radius, r, is

v = %ﬂ' (r® = (r — 2r.)%) = 8nr, ((7’ — 1)+ %C) ; (3.2.14)

since the proliferating cells are located only within one cell diameter, 2r., from the
outer boundary of the organoid, which gives the rate of change of organoid radius in
time:

(r=rd)g =5 ((T — 1)’ + %2) . (3.2.15)

Depending on the nature of the experimental data, it may be helpful to relate the
organoid radius to the number of cells within the organoid. For dense organoids, the
entire volume is densely packed with cells with packing density ¢, so the organoid

biomass volume is related to number of cells via
4
pv(x,t) = (bgm“g(m,t) = ven(x,t), (3.2.16)

where ve is the volume of a single cell, ve = 47rd, /3, and n(z,t) is the number of

cells within an organoid. This simplifies to

3
n= ¢—Z = r= qb_%rcn%, (3.2.17)
e

which shows that the number of cells scales with 73, as expected. We choose the
packing density, ¢, to be 7/ 3v/2, the optimal packing density for spheres in an infinite
domain [34, 81].

For shell organoids of radius r, the total organoid volume is 47r3/3 and, since
the cells are in a single layer around a central lumen, the organoid biomass volume is
related to number of cells via

ov(x,t) = qﬁ%w (r® = (r = 2r.)%) = ven(w, 1), (3.2.18)

which simplifies to

2

nz%((r—rc)QvL%c) = r:r6+%(g—2)2- (3.2.19)

This gives that the number of cells, n, within a shell organoid scales with r? for large

n, as expected.
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3.2.1.3 Model for cellular proliferation

We now introduce a functional form for the rate of cellular proliferation, informed

by experimental data. Cellular proliferation is dependent on the local metabolite

concentrations [23], and we allow the proliferation rate to depend on glucose and

lactate concentrations within the organoid regions and write p = p(co, wo).

The cellular proliferation responds positively to increasing glucose concentrations

and negatively to increasing lactate concentrations. We model the inhibitory effect of

lactate on cell proliferation via an inhibition term in the proliferation rate. We pose

the following constitutive model for proliferation rate:

9b
p(co,wo) = f=s(co,wo),

¢

(3.2.20)

where s is the glucose consumption rate discussed in Section 3.2.1.1. We have assumed

that a fraction, f, of the glucose consumed is synthesised into organoid biomass, where

gy is the volume of cells produced per mole of glucose consumed, units m® mol~'. This

parameter depends on the type of respiration the cells undergo, anaerobic or aerobic.

Cancerous cells are known to utilise anaerobic respiration in the presence of the

sufficient oxygen, known as the Warburg effect [51]. The factor of 1/¢ is incorporated

to relate how the new cells increase the organoid biomass volume. Typical parameter

values for the system Equations (3.2.1) to (3.2.4) are given in Table 3.1.

Table 3.1: Definitions of dimensional model parameters, together with typical values.
Where no citation is given, parameters are taken from the CPX1 set-up.

Parameter Definition Typical value
Dcy Diffusivity of glucose in hydrogel 6.0 x 10719 m? s~ [84]
Deco Diffusivity of glucose in organoid 1x 10719 m?s7t  [95]
Dy g Diffusivity of lactate in hydrogel 1.2 x 1072 m?s™! [9g]
Dywo | Diffusivity of lactate in organoid 2.1 x 10710 m?2 571 [31]
C_oo Glucose concentration in upstream reservoir | 16 mol m—3

L Typical lengthscale of bioreactor 9% 1072 m

sy Glucose consumption rate per volume of cell | 1.9 x 10~ molm—3s~!
Te Radius of single cell 5x107%m

0] Packing fraction of cells within an organoid |7/3v/2 = 0.74 [34]

b Volume of cells produced per glucose con- 7% 1077 (anaerobic) to

sumed

1073 m®mol ™" (aerobic) [46]

To obtain a value for g, the volume of cells produced per glucose consumed, we

must consider how the glucose consumed by the organoids is converted into ATP
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(adenosine triphosphate) and consequently used in cell synthesis. The amount of
ATP produced depends on the type of respiration [88]: for anaerobic respiration,
1 mol of glucose produces 2 mol of ATP; and for aerobic respiration 1 mol of glucose
produces up to 32 mol ATP. Kilburn et al. [46] find that the mean energy required
to synthesise a single cell is 1.6 x 107! moles of ATP per cell. Therefore,

volume of cells produced per glucose consumed
_ ATP produced per mole of glucose consumed

x vol f 11
ATP required to synthesise a cell voiume ol a cell,

and we determine g, to be

(2 — 32)[mol ATP]/[mol glucose] 4 5 4
- 11
1.6 x 10-1mol ATP]/cell \37 e ™ )

= g, =7 x 10 °[anaerobic] — 1 x 10 *[aerobic] m® mol . (3.2.21)

9o =

In Section 3.4, we take the average of this, g, = 5.4 x 10~* m® mol™", so that this rep-

resents an equal proportion of the organoids respiring aerobically and anaerobically.

3.2.2 Non-dimensionalisation of governing equations

We non-dimensionalise via the scalings:

L2
" Dcr

r=LX, t T, n=ngN, (r,r.)=0L(R,R.), p= fgsvP,

L
(CH7 CO, CHinit, COinit) = C—oo(CHa Co, CHinit, Comit),

s(co,wo) = svpS(Co,Wo), (uo,un, ow,) = (Uo,Un,Usq,), (3.2.22)

(wH, Wo, WHinit womit) = Cfoo(WH, Wo, Wiinit, WOinit)a

where ¢ is the ratio of organoid centre separation and bioreactor lengthscales, ng is
the initial number of cells within an organoid (in our case, 1 cell), and the metabolite
concentrations are scaled with c_.,, the glucose concentration within the culture me-
dia stored in the upstream reservoir of the CXP1 bioreactor. We have chosen to scale
the organoid-hydrogel interface velocity with dD¢cy /L to balance the relationship
Equation (3.2.3), and we assume that the velocities of the hydrogel and the organoid
are of the same order (that is, O(6Dcn/L)).

The governing equations for dense organoids undergoing volumetric growth (Equa-
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tion (3.2.1)) become:

aa% +0V - (UHCH> = vch, for X € QH, (3223&)
88% +0V - (Uoco> = dcoVZOo — O’V‘S, for X € Qo, (3223b)
% + (SV . (UHWH) = dWHV2WH for X & QH, (3.2.23C)
Wo ,

7+ 0V - (UoWo) = dwoV*Wo +20vS  for X € Qo, (3.2.23d)

where the hydrogel and organoid domains are denoted 2y and €2, respectively. We
define the dimensionless parameter groupings:

syoL? 1
_svol” (deco,dwr,dwo) = Do
CH

oy = (Dco, Dwu, Dwo), (3.2.24)

)
C—OODCH

where oy is the ratio of the timescale of glucose consumption to diffusion of glucose
in hydrogel (Damkohler number) and d;; is the ratio of diffusivity of metabolite i
(1 € {C,W}) in domain j (j € {H, O}) to the diffusivity of glucose in hydrogel. The
definitions of the dimensionless parameters in this model and their typical values are
given in Table 3.2.

The boundary conditions at the hydrogel-organoid interface, X € 0o, are:

Kcoo = CH, wao = WH, (3225&)

n- (VOH +0 (UaQO — UH) OH) =n- (dCOvC() +0 (UQQO - Uo) Co), (3.2.25b)

. (dWHVWH + ) (UaQo — UH) WH) =1n- (dWOVWo + 0 (UaQO — Uo) Wo); (3.2.25C)
with

_on

- oT”

We note that the boundary conditions (Equations (3.2.25b) and (3.2.25¢)) at the

hydrogel-organoid interface, X € 0o, for compression of hydrogel would reduce

UQQO - n (3.2.25d)

to:

n- (VCH) =n- (dcoVCo), (3.2.26&)
n- (dWHVWH) =1n- (dWOVWO); (3.2.26b)
with continuity of velocity,

OR

UO = UH = UaQO with n- UgQO = ﬁ (3.2.260)
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Similarly, for degradation of hydrogel, they would to become:

n- (VCH + 5U,9QOCH) =n- (dcoVCo), (3.2.27&)
with continuity of velocity,
UO = UaQO with n- U@QO = % (3.2.27C)
The glucose and lactate concentrations at 17" = 0 are:
Cy= CHinita Wu = Whyinit for X € QH, (3228&)
CO = COinit> WO = WOinit for X € Qo. (3228b)

We non-dimensionalise the glucose consumption (Equation (3.2.10)) and prolifer-
ation rates (Equation (3.2.20)) using Equation (3.2.24) to obtain

C
S(Co, Wo) = m, (3229&)
C

We obtain the following dimensionless governing equations for organoid growth and
relationships between dimensionless organoid radius R and dimensionless number of
cells N:

OR p
= _F 2.
dense organoids: <{ 0T SP(CO’ Wo)R, (3:2.30a)
R=¢ 3R.N3; (3.2.30b)
dR R?
(R - Rc> ﬁ = gP(Co, Wo) ((R - Rc>2 + ?) ; (3.2.31&)
shell organoids: 1
R=R +&(5—2)2- (3.2.31h)
C \/6 ¢ J e
where we define the dimensionless parameter grouping p,
sy L2
o=l = 2 (3.2.32)
CH

We highlight that, since the proliferation rate, Equation (3.2.29b), depends on the
local metabolite concentrations, R can evolve spatially even for an initially uniform
organoid radius.

We give typical values for the dimensionless parameters in our model for metabo-

lite transport and organoid growth in Table 3.2. In this table, we take L = 1.9 x 1072 m,
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as this is the value of L used in Section 3.4. This value of L is the length of a cube
which has the same volume as the hydrogel in CXP1.

Table 3.2: Definitions of dimensionless model parameters, together with typical val-
ues. The typical lengthscale L has been taken to be 1.9 x 1072 m.

Parameter Definition Typical value
Ratio of microscale ‘cell’ lengthscale 9
0 . 10
to bioreactor lengthscale
d Ratio of diffusivity of glucose in organoid 1/6
co to diffusivity of glucose in hydrogel
d Ratio of diffusivity of lactate in hydrogel 5
WH to diffusivity of glucose in hydrogel
Ratio of diffusivity of lactate in organoid
dwo s . 0.35
to diffusivity of glucose in hydrogel
o Ratio of rate of glucose consumption per organoid 53 % 10°
v volume to glucose diffusion in hydrogel '
Ratio of rate of glucose consumption per surface area
o of organoid-hydrogel boundary to glucose diffusion 280
in hydrogel
R, Dimensionless radius of single cell 2.6 x 1072
Ratio of timescale of cell proliferation to timescale of
p e 2—-29
glucose diffusion in hydrogel
[0) Dimensionless packing density of spheres within spheres | 7/3v/2 [34]
Vw Sensitivity of cell line to lactate 0.5
f Fraction of glucose consumed utilised for cell synthesis | 0.25
K¢ Organoid-hydrogel partition coefficient for glucose 1
Kw Organoid-hydrogel partition coefficient for lactate 1

3.3 Derivation of homogenised metabolite trans-
port equations

We now derive the homogenised governing equations for metabolite transport within
the organoid-hydrogel region. We consider the case of general hydrogel deforma-
tion, but note that the homogenised governing equations for both the compression
of hydrogel (Equation (3.2.26)) and the degradation of hydrogel (Equation (3.2.27))
models are the same as for the general model (Equation (3.2.25)).

We proceed by introducing a microscale spatial variable, Y, defined as

— b, (3.3.1)
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where b is a translation vector, b = (1/2,1/2,1/2)%, and |-] is the floor function,
so Y € [-1/2,1/2]3, defined in unit cell Q(X,T), centred around one organoid.
Equation (3.3.1) is a mapping from macroscale space, X € Qg U Qo, to the microscale
periodic cell, Y € [—1/2,1/2]3. We treat all variables as functions of X and Y, and
we remove the extra degree of freedom this gives by imposing periodicity in each
component of Y. This unit cell is dependent on the macroscale spatial variable X,
as we allow there to be variation in metabolite concentration and organoid size over
a long macroscale lengthscale. The parameter ¢ is the ratio between organoid centre
separation and bioreactor lengthscales and can be equivalently thought of as the

lengthscale of the microscale unit cell. A schematic of this is shown in Figure 3.3.

r____l'____l'__"T"_—"
I I I

| |
A BN N
I 1 I 1
----- r—-——-—r<-—=-—=-r—-——-—--4

O(1)

Figure 3.3: Two-dimensional projection of the three-dimensional domain we consider.

We note that spatial derivatives transform as:

1
V—>Vx -+ SVY (332)

Due to this, the unit normal to the boundary 0Q(X,T") also transforms. To under-
stand how it depends on both spatial variables, we define x(X,Y) = || Y || - R(X,T),
so x = 0 gives 0Q0(X,T). Since the normal to the boundary is proportional to the
gradient of the surface Vy, we use Equation (3.3.2) and find

. VX ~ n— l’ly—(stR
IV Iny — VxR’

n

(3.3.3)

where we define
Y (3.3.4)
ny = ——, 3.
Y]]
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as the geometric unit normal to the organoid-hydrogel boundary 92y pointing from
the organoid region into the hydrogel region, where ||| is the L%norm. Equa-
tion (3.3.3) relates how to interpret the macroscale unit normal on the microscale,

due to the macroscale-evolving microstructure.

3.3.1 Model for dense organoids with volumetric growth

In this Section, we derive the homogenised governing equations for metabolite concen-
tration within the ‘hydrogel layer’ for dense organoids undergoing volumetric growth.

Using Equation (3.3.2), the governing equations, Equation (3.2.23), become:

acC
2 4 52 (Vy + 6Vx) - (UyCh)

oT
= (Vy +6Vx) - (Vy +6Vx)Cy for Y € Qu(X,T), (3.3.5a)

oC
52222 1 6% (Vy + 0Vx) - (UoCo) = dco (Vy +6Vx) - (Vy 4+ 6Vx) Co

oT
— 520'Vs<00, Wo) for Y € Qo(X, T), (335b)

oW,
P2 4 52(Vy 4+ 6Vx) - (UgWy)

oT
=dwn (VY + (SVX) . (VY + (Sv_x) Wy for'Y € QH(X, T), (3350)

oW,
52—0 + 52 (VY -+ 5VX) . (UoWo) =dwo (VY + (SVX) . (VY + 5VX) Wo

oT
+26%0yS(Co, Wo) for Y € Qo(X,T), (3.3.5d)
with boundary conditions (Equation (3.2.25)) on Y € 0Q0(X,T) transforming to:

KcCo=Cq, KyWo =Wy, (3.3.6a)
(ny —6VxR) - ((Vy +6Vx)Cpy + 6°Cy (Upa, — Up) + O(5%))
= (ny — 6VxR) - (dco (Vy + 6Vx) Co + 6°Co (Usa, — Uo) + O(6%)),  (3.3.6b)
(ny — 6VxR) - (dwu (Vy + 0Vx) Wy + 8*Wy (Usq, — Un) + O(6%))
= (ny — 6VxR) - (dwo (Vy + 0Vx) Wo + 8*°Wo (Usa, — Uo) + O(6%)),  (3.3.6¢)
and periodicity of Cy and Wy in Y on the unit cell boundary, Y € 0f).

In order to retain as many transport mechanisms in our homogenised equations

as possible, we consider the distinguished limit
dco ~ dWO ~ dWH ~ O(l), oy ~ O(l), R~ O(l),

(3.3.7)
Uop ~ Uy ~ Upsq, ~ O(1),

and pose an asymptotic expansion in the limit 6 — 0:

f~fot+dfi+ 52f2 + ..., where f € {CH, Co, Wy, Wo} (338)
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We note that there are other distinguished limits which pose interesting mathe-
matical results. We discuss such a limit, where the organoids are very small with very

strong uptake, in Appendix D.

O(1) problem:
At leading order in , Equations (3.3.5) and (3.3.6) yield

0 = V3 Cho, 0=dwuViWpno forY € Qu(X,T), (3.3.9a)
0=dcoVyCoo, 0=dwoVyWoo forY € Qo(X,T), (3.3.9b)

with boundary conditions on 0Q0(X,T):

KcCoo = Cho, ny - VyCro = ny - dcoVy Chuo, (3.3.10a)
waoo = WHO, ny - dWHVYWHO = Ny - dWOvaMQ; (3310b)

and Cyg and Wy periodic on 0€2. Thus, Cyg, Coo, Wao, Woo are independent of Y

at leading order, i.e.

Cro = Cpo(X,T), Coog=Coo(X,T), Wgo =Wgo(X,T), Wog =Weo(X,T).
(3.3.11)
This states that the metabolite concentration within each organoid is spatially uni-
form. Since the leading-order metabolite concentrations are independent of Y, the
partition condition, which is prescribed on the boundary Y € 0o, holds for all Y

and, therefore,
CH[)(X,T) = cho()(X,T) and WHQ(X,T) = KWWOO(X,T) (3312)

We use these relationships to simplify the analysis going forward.

Our remaining goal is to determine the governing equations for Cpy and Wpy.
To determine the dependence of the metabolite concentrations on X and 7', we now
proceed to the O(d) problem.

O(d) problem:
The O(6) terms of the system Equations (3.3.5) and (3.3.6) are

0=Vy - (VyCpi + VxCho) + Vx - (VyClpo) for Y € Qu(X,T), (3.3.13a)
0=dco [Vy - (VyCoi + VxCoo) + Vx - (VyCo)]  for Y € Qo(X,T), (3.3.13b)
0=dwn[Vy - (VyWui + VxWao) + Vx - (VyWao)] for Y € Qp(X,T), (3.3.13c)
0 =dwo [Vy - (VyWor + VxWoo) + Vx - (VyWoo)] for Y € Qo(X,T), (3.3.13d)
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with boundary conditions on Y € 0Qo(X,T):

KcCor = Cri,  KwWor = Wi, (3.3.14a)
my - (VyCri + VxCro) — (VxR) - (VyChro)]
= deo ny - (VyCor + VxCoo) — (VxR) - (VyCop)], (3.3.14b)
dwu ny - (VyWig +VxWgo) — (VxR) - (VyWho)]
= dwo [ny - (VyWoi1 + VxWoo) — (VxR) - (VyWoo)]. (3.3.14c)

Since {Co, Coo, Wro, Woo} are independent of Y, the governing equations reduce

to:

0=V3Chi, 0=dwgViyWm forY e Qu(X,T), (3.3.15a)

0=dcoV3Coi, 0=dwoVyWo forY € Qp(X,T), (3.3.15b)
with boundary conditions on Y € 0Qo(X,T):
KcCor =Chi, ny - (VyChi 4+ VxCho) =decony - (VyCor + VxCoo), (3.3.16a)
KwWor = Whn,

dwuny - (VyWi + VxWho) = dwony - (VyWor + VxWoo) . (3.3.16b)

We also have C'yy and Wy are periodic on 052, due to their 1-periodicity in Y.

To reduce the parameter dependence of this problem, we exploit the linearity of

the system, and seek solutions of the form:

Ci(X, Y. T) = —p(X,Y,T) - VxCro + Crr1 (X, T), (3.3.17a)
Co(X,Y,T)=-9(X,Y,T) - VxCoo+ Co1(X,T), (3.3.17h)
Win(X, Y, T)= —~(X,Y,T) - VxWyo + Wi (X, T), (3.3.17¢)
Wor(X,Y,T) = -T(X,Y,T) - VxWoo + Wor (X, T), (3.3.17d)

where ¥, ¥, v, I' are vectors with components ¢ = 1,2,3. We note that we do not
determine the functions C’Hl, C’Ol, WHl, Wo1, since we only require the derivatives
of Cy1, Co1, Wxy, and Wy with respect to Y in the later analysis. We would only
require these terms if we wished to compute the O(§) correction to the leading-order
solutions {C'yo, Coo, Wro, Woo }-

Our ‘cell problem’; in component form, becomes:

0=V3; for Y € Qy, (3.3.18a)
0=V3V; for Y € Qo, (3.3.18b)
0=V3y forY €Qy, (3.3.18c¢)
0=ViIl, forY € Qp, (3.3.18d)
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with boundary conditions for Y € 0Q0 (X, T),

v = KeV;, ny - (KcVytY; —dooVy V) = (Ko — deo) ny - €;, (3.3.19a)
d d

v = Kwli, ny- (vam - ﬂvyri) = (KW - ﬂ) ny -e;, (3.3.19b)
dwu dwu

with v; and ~; periodic for Y € 0f), and where e; is the unit vector in the Y;-direction.

We provide details on the derivation of the boundary conditions in B.

O(4?) problem:

We proceed to O(6%) in order to determine the dependence of {Co, Coo, Wro, Woo }
on the macroscale spatial variable, X, and time, 7. The O(6?) governing equations,
Equation (3.3.5), are:

oC
a}m +Vy - (UgCho) = Vy - (VyCro+VxCx) + Vx - (VyCxi + VxCro)
for Y € Qn, (3.3.20a)
oC
87?0 +Vy - (UoCoo) =dco (Vy - (VyCos + VxCo1) + Vx - (VyCor + VxCoo))
— O'Vs<000, Woo) for Y € Qo, (3320b)
1514
ajljo + Vy - (UsWho) =dwu (Vy - (VyWya + VxWh1) + Vx - (VyW + VxWhyy))
for Y € Qp, (3.3.20c)
MWoo

+ Vy - (UoWoo) = dwo (Vy - (VyWos + VxWo1) + Vx - (VyWoi + VxWoy))
+ 2(7\/5(0007 WOO) for' Y € Qp, (3320d)

orT

where we have taken the leading-order term of a Taylor expansion of S about (Cog, Woo)
for the consumption /production terms. The boundary conditions on Y € 9Qo (X, T)

are:

KcoCps = Cho, KywWeoe = Wy, (3.3.21a)
ny - (VyCua+ VxCm + (Usa, —Upn) Cro) — VxR - (VyCri + VxChro)
=ny - (deo(VyCos2 + VxCo1) + (Usa, —Uo) Coop)
—deoVxR - (VyCor + VxCop)., (3.3.21D)
ny - (dwg(VyWae +VxWi) + (Usa, — Un) Who) — dwuV xR - (VyWg + Vx W)
=ny - (dwo(VyWoz + VxWo1) + (Usa, — Uo) Woo)
— dwoVxR- (VyWor + VxWoo), (3.3.21¢)

and C'yo and Wyy are periodic on 0f).
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Since we are trying to determine the governing equations for C'yo and Wy which
give the dependence of the metabolite concentrations on X and 7', we now derive an
appropriate system, which results in a closed model for Cyg and Wy. This is obtained
from the O(§?) problem, Equations (3.3.20) and (3.3.21), where the dependence on
microscale spatial variable Y has been removed. We do this by integrating the gov-
erning equations Equations (3.3.20a) and (3.3.20c) over Qy and Equations (3.3.20b)
and (3.3.20d) over 2o to remove the dependence of the system on Y, and then sum
the resulting integrals for glucose and lactate, respectively. We present the derivation
for the glucose concentration here, noting that the lactate derivation is analogous.
The initial integration yields:

OC o 0Coo

+Vy - (UyxC dY +
L, a7 ¥ (UrCm) o, T

+ Vy - (Uoco()) dY
— ——

= Vy - (VyCyo + VxCqgy) dY + Vx (VyCyi + VxCho) dY
QH QH

J/

-~

D
+/ dcoVy - (VyCo2 + VxCo1) dY
Qo

N J/
-~

D)
+ / dCOvX : (VYC()l + VXCO()) — 0'\/5(000, WOO) dY . (3.3.22)
Qo

We apply the divergence theorem on the @ terms in Equation (3.3.22) to get surface
integrals over the organoid-hydrogel boundary 0Q0 (X, T),

aC aC,
/ T ay + o0 dY+/ (Uo - ny)Cop + (Uy - (—ny))Co dA
Jo, OT 77 7 Jo, 0T 7 7 Jog,

@) @)

= / Vx - (VyCm +VxCho) dY
Qn
+/ dcoVx - (VyCo1 + VxCoy) — ovS(Coo, Woo) dY
Qo

+ / ny - (_ (VYOHZ + VXC’Hl) + dCO (VYCOQ + VX001)) dA. (3323)
0o

Next, we use Reynolds transport theorem on the volume integrals @ on the left-hand
side of Equation (3.3.23), noting that Qg (X,T) and Qo(X,T) are time-dependent
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with outward-pointing normals —ny and ny, respectively, so we gain a contribution

of a surface integral,

0
N (/ CHO dY —I—/ COO dY) —/ (U@QO . ny)COO + (U@QO . (—l’ly))CHo dA
?T Qg Qo [21976)

J/

-

(t2)
+/ (Uo -ny)Coo + (U - (—my))Cpo dA = / Vx - (VyCuyi +VxCho) dY
a0 Q

H

J/

-

(1)
+/ dcoVx - (VyCo1 + VxCo1) —ovS(Coo, Woo) dY
Qo

N J/
-

D
+ / ny - (— (VyCua + VxCui) + dco (VyCo2 + VxCoi)) dA. (3.3.24)
0o

Now, we consider the volume integrals @ We want to obtain terms of the form
Vx - fQi’ and in a similar way to the @ terms, we can apply Reynolds transport
theorem. Typically, we think of Reynolds transport theorem in terms of time 7T for
arbitrary vector field f(7)

— dV = — dV + —(Y"™) . n dA, 3.3.25
T Jv(r f vir) 0T oV (T) 8T( )ony ) f ( )

where Y% (X, T') denotes the position of points on the surface OV (T') with outward
normal ny and we understand Y "% /9T as the local velocity of the boundary. How-
ever, as discussed in Appendix A of Auton et al. [2], T is an arbitrary parameter in
this formulation and therefore we can write Equation (3.3.25) in terms of arbitrary

general independent variable X; for arbitrary vector field f(X) as

% TV L5 [ (a0 )
dv = dv + (v").ny ) FdAA,  (3.3.26
0X; V(X)f v(x) 0Xi oV (X) GXZ-( )y ) f ( )

where Y% (X') denotes the position of points on the surface 9V (X). We can impose

Equation (3.3.26) component-wise for

3
X => eX, (3.3.27)
=1

where V(X)) = Qp o(X) to the volume integrals &3 over Qy and Qo on the right-
hand side of Equation (3.3.24).
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In our case, we take the volume integrals over the hydrogel and organoid domains,
Qp and Qp, respectively, and denote the position of the points on the organoid-
hydrogel boundary by Y% which is dependent on X and 7. We note that this

term is

8 —
X, X,

where ny is the unit normal pointing into the hydrogel from the organoid region.

(Y% (X,T)) -ny = (3.3.28)

Therefore, the following relationships can be derived:

Vx  (VyCyi + VxChy) dY =Vx - (/ VyCui + VxCho dY)
Q

Qn o (X,T)
+/ VxR . (VyCHl + VXCHO) dA, (3.3.29&)
000 (X, T)
/ dcoVx - (VYCO1 + VXCO()) dY =dcoVx - (/ VYCO1 —+ VXCOO dY)
Qo Qo(X,T)
— / dcoV xR - (Vyc01 + VXC’OO) dA. (3329b)
000 (X,T)

Using Equation (3.3.29), the governing equation Equation (3.3.24) becomes:

0
a—T</QHC’HOdY+/QOCOOdY)

+ / (Use — Un) - 1y)Crto — (U — Uo) - ny)Cop dA
0o

-~

=Vx- ( VyCui+ VxCho dY) +dcoVx - < VyCoi1 + VxCoo dY)
Qy

Qo

+ VxR- (VYCHl + VXCHO) dA —/ dcoV xR - (Vyc01 + VXCOO) dA
Qo o

—/ O'Vs<Coo,Woo> dY
Qo

+ / Ny - (— (VycHz + VXCm) + dco (Vycog + VXc01)) dA. (3.3.30)
Qo

(. /
~\~

Applying the continuity of flux condition Equation (3.3.21b) on 9€p means that the
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surface integrals cancel out, reducing Equation (3.3.30) to:

0
8_T(/QHOHOdY+/QOCOOdY>

=Vx - (( VyCui+ VxCho dY) +dco ( VyCoi + VxCoo dY))
Qg

Qo

—/ O'Vs(Coo,WO()) dY. (3331)
Qo

Noting that Cyo and Cpg are independent of Y, Equation (3.3.31) becomes:

0
e

=Vx - (< VyCr1 + VxCro dY) +dco ( VyCo1 + VxCog dY))
Qp Qo

—ov [|Q0o]| S(Coo, Woo), (3.3.32)

Q|| Cro + |0l Coo)

where we define the volume of domain §2; as

o = [ av, (3.3.33)
Q;

and, since we have assumed spherical organoids,

4 4
Q0] = §7rR3 and ||Qp| =1- §7rR3. (3.3.34)

We now write the VyCpy1 and VyCpy terms in terms of Cyg and Cpog using the
cell problem, Equations (3.3.18) and (3.3.19). This is so that we only need to solve for
the leading-order behaviour of C'y and Cp, i.e. Cyg and Cpg. Recalling the ansatz
for C'y1, Equation (3.3.17a), we find

Jy,
VyCui = | 0y, | (—¢10x1Cro — ¥20x2CHo — ¥39x3CH0) (3.3.35)
Oy,
Ovith1 Oviha Ovis
=— [t Onte Ovts | VxCho, (3.3.36)
aY3 ¢ 1 8Y3 ¢2 aYg ¢3
o
= - aqu VxCro = — (Jy,) VxCho. (3.3.37)

Similarly, using the ansatz for Cp;, Equation (3.3.17b), we deduce that

VyCor = — (Jg) VxCou, (3.3.38)
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where p .

(J3),; = a—@fj (Jg),; = ayj’ (3.3.39)
are the transposes of the Jacobian matrices of @ and W, respectively, which are
solutions to the cell problem, Equations (3.3.18a), (3.3.18b) and (3.3.19a).

We can now write the governing equation, Equation (3.3.32), in terms of C' =
Coo = Cro/Ke and W = Wog = Wyo/ Ky as
0

o7 (1] Ko + [120]) C) = Vx - (do(X, T)VxC) = ov [Q0] S(C, W), (3.3.40)

where the effective diffusivity tensor of glucose, d¢, is defined to be
de(X,T) = KC/ (I-Jy) dY+/ deo (I —Jg) dY, (3.3.41)
QH QO

and is obtained by solving the cell problem, Equations (3.3.18a) and (3.3.18b) subject
to the boundary conditions in Equation (3.3.19a). Similarly, for lactate, the governing

equation is

P _ _ _ o
— ((IQull Kw + 1)) W) = Vx - (dw (X, T)VxW) + 20v ||Qo]| S(C, W

5T ),
(3.3.42)

where the effective diffusivity tensor of lactate, dyy, is defined to be

JW(X,T):KW/ dwy (I —J3) dY+/ dwo (I —Jg) dY, (3.3.43)
QH QO

obtained by solving the cell problem, Equations (3.3.18¢) and (3.3.18d) subject to the
boundary conditions in Equation (3.3.19b). In the case of spherical organoids, the

following terms in d¢o and dy simplify to become

o Y,
T . i T _ ¢
/QH (Jy) dY = (/QH o dY) I, /QO (Jg) dY = (/QO o dY) I, (3.3.44a)
T i T T’
) (Jy) dY = oy dy | I, i (Jp) dY = oy dY | I, (3.3.44b)
H H v o o t

for i € {1,2,3}, due to the (rotational) symmetry of the cell problem.

Therefore, the governing equations for metabolite transport within a hydrogel

embedded with spherical dense organoids exhibiting volumetric growth are:

O (19l K+ 120]) )
O (10l Ko + 2] V)

Vx - (de(X,T)VxC) — Q0] ovS(C,W), (3.3.45a)

Vx - (dw(X,T)VxW) +2|Q0| ovS(C, W), (3.3.45b)
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where the sizes of the hydrogel and organoid domains, ||| and |||, respectively,

are given by
4 4 4
IR0l = g7R" and  [|Qull=1— o7k, (3.3.46)

noting that ||Qg|| and ||Q0]| are dependent on X and T via their dependence on the
organoid radius, R = R(X,T). The diffusivity tensors d¢ = dcI and dy = dyw I
are isotropic and, therefore, the effective diffusivities of glucose and lactate in the

hydrogel, d and dyy, respectively, are:

_ R GO
do(X.T) = K¢ |19 —/ TN Gy | +deo |I100] = [ S ay|, (3.347a
oX.1) = Ko 1] = [ G av] +dco 120l - [ (33470

dw (X, T) = Kwdw {HQHII —/ % dY} + dwo [||Qo|| —/ % dY} (3.3.47b)
Qu 1 Qo 1

The effective consumption/production terms are of the form ||Qol| o S(C, W). There-
fore, the effective glucose consumption and effective lactate production terms are
dependent on the microscale problem (volume integrals of the organoid region), and
scale with the volume of the organoid region. This is as we might expect given the up-
take within the organoid region is volumetric. We note that these governing equations
are valid for general glucose consumption/lactate production terms, S(Co, Wo).

In the case of time-independent organoid radii, R = R(X) (which is specified),
we have a closed system for metabolite transport within the media and hydrogel
layers. However, to close the system for temporally-dependent organoid radii, we
must couple these equations for the effective macroscale metabolite transport within
the hydrogel to a model for the evolution of the organoid radius. We discussed this
in Section 3.2.1.2.

3.3.2 Model for shell organoids with surface growth

In the case of shell organoids, the cells are all located at the organoid-hydrogel bound-
ary and we assume uptake occurs at this interface rather than throughout the organoid
region. We capture metabolite consumption/production via boundary conditions
rather than source/sinks in PDEs. The governing equations, Equations (3.2.1b)

and (3.2.1d) in the case of dense organoids, are instead:

0
% +V - (uoco) = DeoVico  for x € wo, (3.3.48a)
88% + V- (quo) = Dwovgwo for x € wo, (3'3'48b)
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and the continuity of flux boundary condition at the organoid-hydrogel interface,
x € Owo, Equations (3.2.2b) and (3.2.2¢), would include a sink or source term,

respectively:

n- (CH<’U,H — ’U,awo) — DCHVCH)
=n- (co(uo — Usw,) — DcoVeo) — 2r.s(co, wo), (3.3.49a)
n- (wH(UH - ano) - DWHV'LUH>

=n- (wo(uo — Uau,) — DwoVwo) + 4r.s(co, wo), (3.3.49b)

which can be thought of as ‘the jump in glucose/lactate flux from the hydrogel re-
gion to the organoid region is equal to the glucose consumed/lactate produced, re-
spectively’. The sink term s is the same as for the dense organoid case. The vol-
ume of uptake region is related to the organoid surface area via the relationship
volume = surface area X thickness of organoid shell. Since the shell organoids are
assumed to be one cell in thickness, the rate of glucose consumption per unit surface
area per second (units molm=2s71) is 2r.s, where r, is the radius of a single cell.

We note that the model for shell organoids is not valid for small organoids, that
is for organoids of radius less than the diameter of a single cell, ||r —2r.| < 1.
Biologically, we would expect organoids that start off as single cells to initially be
dense and then transition to shell organoids at some later time, once they consist of
a sufficient number of cells.

For the case of compressing hydrogel, Equation (3.3.49) reduces to

n- (DepyVey) — 2r.s(co,wo) =n- (DcoVeo), (3.3.50a)
n- (DwygVwg) + 4r.s(co,wo) =n - (DwoVwo); (3.3.50b)

whereas, for the case of degrading hydrogel, Equation (3.3.49) reduces to

n- ('U,QUJOCH + DCHVCH) — 27“05(60, wo) =n- (DcovCO>, (3.3.51&)
n - (upu,wng + DwaVwy) + 4r.s(co,wo) = n - (DwoVwo). (3.3.51b)

Similarly to the model for dense organoids undergoing volumetric growth, we will
show that the homogenised governing equations for shell organoids undergoing surface

growth are the same regardless of whether the hydrogel compresses or degrades.
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Non-dimensionalising the governing equations, Equation (3.3.48), using Equa-
tion (3.2.24), we obtain:

aC
a—; + 6V - (UyCh) = V2Cy, for X € Qy, (3.3.52a)
aC,
a_TO 46V - (UpCo) = deoV3Co,  for X € Qo, (3.3.52b)
oW
8—TH + 6V - (UyWy) = dwyV*Wy  for X € Qy, (3.3.52¢)
57 0V - (UoWo) = dwoV*Wo  for X € Qo (3.3.52d)

where the dimensionless parameter groupings {dco,dwn,dwo} are defined as in
Equation (3.2.24).
The boundary conditions at the hydrogel-organoid interface, X € 0Q, are:
cho = CH, wao = WH, (3353&)
n- (VCH + ) (UaQO - UH> CH)—éo'SS(Co, Wo)
n- (dCOVCO +0 (UaQO — Uo) Co), (3353b)
n- (dWHVWH +0 (UaQO ) WH)—|—250'55<00, Wo)
(

=n- (dwoVWo + 6 (UaQO — Uo) Wo); (3353C)
with
R

n-Upq, = 37 (3.3.53d)

where the dimensionless parameter grouping og is defined as

2R, sy L>

= —. 3.3.54
75 CfooDCH ( )

The boundary conditions at the hydrogel-organoid interface, X € 0€)p, for com-

pression of hydrogel reduce to:

n- (VCH) - (SO'SS(C(), Wo) =n- (dCOVCO), (3355&)
n- (dWHVWH) + 25035(00, Wo) =n- (dWOVWOL (335513)
with continuity of velocity,
. OR
UO = UH = U@QO with n- UaQO = a—T; (33550)

whereas the boundary conditions at the hydrogel-organoid interface, X € 0€)p, for
degradation of hydrogel reduce to:

n- (VOH + 6U8QOCH>_6O'SS(CO, Wo) =n- (dcoVCo), (3356&)

n- (dWHVWH)+25055(Co, Wo) =n- (dWOVWO), (3356b)
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with continuity of velocity,

OR

UO = Uago with n- UaQO = @_T (3356C)

In a similar manner to Section 3.3.1, we can perform a homogenisation on the
model for shell organoids undergoing surface growth. We consider the case of com-
pressing hydrogel, and note that the homogenised governing equations for metabo-
lite transport are the same as for the case of degradation of hydrogel. Introducing
microscale variable Y, Equation (3.3.1), and writing Equations (3.3.52) and (3.3.53)
using the definitions of spatial derivatives and normal to the organoid-hydrogel, Equa-
tions (3.3.2) and (3.3.3), we obtain:

oC
52 a; + 0% (Vy +6Vx) - (UyChp)
(VY + 5VX) (VY + (5VX) Cy for Y € QH(X,T), (3357&)
0Co
[ p——— aT ( vy + (SVX) (Uoco)
=d¢ (VY + (5VX) . (VY -+ 5VX) Co for Y € Qo(X, T), (3357b)
ow,
528—; + 682 (Vy +0Vx) - (UgWy)
=dwy (VY + (SVX) . (Vy + 5VX) Wy forY € QH(X, T), (33570)
oW,
528—TO + 82 (Vy 4+ 6Vx) - (UoWo)

=dwo (VY + (SVX> . (VY + 5VX) Wo for Y € Qo(X, T), (3357d)
with boundary conditions on Y € 0Q0(X,T):

KcCo =Cy, KyWo =Wy, (3.3.58a)
(ny —6VxR) - ((Vy +6Vx)Cx + 6°Cx (Usa, — Ug)) — 6%°0sS
= (ny — 6VxR) - (dco (Vy +6Vx) Co + 6°Co (Usa, — Uo)) + O(6%), (3.3.58b)
(ny — 6VxR) - (dwy (Vy + 6Vx) Wy + 8*°Wy (Usq, — Un)) + 26055
= (ny — 6VxR) - (dwo (Vy 4+ 0Vx) Wo + 6°Wo (Usa, — Uo)) + O(6%), (3.3.58¢)

and periodicity of Cy and Wy in Y on the unit cell boundary, Y € 0f).

Since large parts of the analysis are the same as in Section 3.3.1, we largely focus
on the new aspects here.

We again consider the distinguished limit dco ~ dwo ~ dwy ~ O(1), o5 ~ O(1),
and R ~ O(1), and pose an asymptotic expansion in the limit 6 — 0:

f ~ fg -+ (Sfl + 52f2 + ..., where f S {CH, Co, WH, Wo} (3359)
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The O(1) problem is the same as for volumetric growth, Equations (3.3.9) and (3.3.10).
Therefore, we still have that the leading-order metabolite concentrations are indepen-
dent of the microscale variable Y and satisfy C'yg = KcCoo and Wyo = KywWoy.

The O(9) problem is also the same as for volumetric growth, Equations (3.3.15)
and (3.3.16). Therefore, we pose the same ansatz for solution, Equation (3.3.17) to
obtain the same cell problem for ¥, ¥, «, and I' as in the volumetric growth case,
Equations (3.3.18) and (3.3.19).

O(6?) problem:

The governing equations for {Ca, Coa, Wha, Woe} in the case of shell organoids are:

agj’f“ +Vy - (UyChro)
= (Vy - (VyCus + VxCri) 4+ Vx - (VyCui + VxCro))  for Y € Qp, (3.3.60a)
05})0 + Vy - (UoCop)
=dco (Vy - (VyCos + VxCo1) + Vx - (VyCoi + VxCop)) for Y € Qp, (3.3.60b)
81;;1110 + Vy - (UagWho)

=dwy (Vy - (VyWya + VxWy1) + Vx - (VyWg + VxWpgo)) for Y € Qy, (3.3.60¢)
3;?0 + Vy - (UoWoo)

= dWO (Vy . (Vme + VXWOl) + VX . (Vme + VXWOO)) for Y € Qo. (3360d)

The boundary conditions on Y € 0Q0(X,T) are:

KcCoo = Chy and Ky Woo = Wiy, (3.3.61a)

ny - (VyCu2 + VxCm) — VxR (VyCui + VxChro) — 055(Coo, Woo)
=dcomy - (VyCo2s+VxCo1) = VxR (VyCoi1 + VxCoo)], (3.3.61b)
dwg Dy - (VyWhe + VxWi) = VxR - (VyWy1 + VxWho)] + 2055(Coo, Woo)
=dwo ny - (VyWoa+ VxWo1) — VxR (VyWo1 + VxWeo)], (3.3.61¢)

where we have taken the leading-order term of a Taylor expansion of S about (Cog, Woo)
for the consumption/production terms. We also have that Cyo and Wyo are periodic
on 0.

We proceed, as in Section 3.3.1, by integrating the governing equations Equa-
tions (3.3.60a) and (3.3.60c) over 2y and Equations (3.3.60b) and (3.3.60d) over Qo,
to remove the dependence of the system on Y. We then sum the integrated governing
equations for glucose and lactate, respectively. The following derivation is similar to

that for volumetric growth, however there is a subtle difference in the analysis, as the
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consumption and production terms now appear via the application of the boundary
condition on a surface integral over the organoid-hydrogel boundary. We present the
derivation for the glucose concentration, and note that the derivation for lactate is
analogous.

The sum of the initial integrated governing equations, Equations (3.3.60a) and (3.3.60b),

18

E)CHO aCOO
: Y
o, o7 Ty Unlno) ¥ | =5

+ Vy - (UoCop) dY
—_———

= Vy - (VyCua +VxCpy) dY + Vx - (VyCui + VxCho) dY

Qy Qy
NS

J/

~~

D)
—|—/ dcoVy - (Vycog -+ VxC01) dY
Qo

-~

D)
+/ dcoVx - (Vyc01 + VXCO()) dY. (3362)
Qo

We, again, apply the divergence theorem on the @ terms in Equation (3.3.62) to get

a surface integral over the organoid-hydrogel boundary 0o,

aC aC,
/ mffo dy + a;“ dY + | (Up -ny)Cop+ (Uy - (—ny))Cho dA
[\ QH J/ N QO J/ aQO
@) @)

= / ny - (— (VyCra + VxCh1) +dco (VyCos + VxCo1)) dA
P

+ Vx - (VycHl + VXCHO> dY
Qn

+/ deoVx - (VyCor +VxCoo) dY. (3.3.63)
Qo

Next, we use Reynolds transport theorem on the volume integrals @ on the left-hand
side of Equation (3.3.63) (see Equation (3.3.26) and Appendix A of [2]), noting that

Qu(X,T) and Qo(X,T) are time-dependent, so we gain a contribution of a surface
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integral,

0
J— </ CH(] dY +/ COO dY) —/ (UBQO -ny)COg+ <UBQO . (—Ily))CHo dA
or Qp Qo oo
+/ (UO . Ily)COO + (UH . (—Ily))CHg dA
0o

= / Vx - (VyCy +VxCho) dY +/ dcoVx - (VyCo1 +VxCo1) dY
Qn

Qo

+ / ny - (= (VyCr2 + VxCm) +deco (VyCoz + VxCo1)) dA. (3.3.64)
N0

In a similar manner to the dense organoid case (see Equation (3.3.26) in Sec-
tion 3.3.1), we wish to obtain terms of the form Vx - fQi’ so we apply Reynolds
transport theorem, Equation (3.3.26), component-wise to the volume integrals over
Qu(X,T) and Qo(X,T) on the right-hand side of Equation (3.3.64), and therefore,

we can derive the following relationships:

/ VX-(VYOH1+VXOH0) dY =V x - < VyCrxi + VxChro dY)
Qp

Qn

+ VxR- (VyCHl + VXCH0> dA, (3365&)
90

/ dcoVx - (VyCo1 +VxCo) dY =dcoVix - ( VyCoi1 + VxCoy dY)
Qo

Qo

— / dcoVxR - (Vyc01 + VXCOO) dA. (3.3.65b)
151975
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Using Equation (3.3.65), our governing equation, Equation (3.3.64), becomes:

0
a—T</QHC’HOdY+/QOCOOdY)

+ / (Usery — Un) 1y )Cito — ((Usy — Us) - 1y )Cop dA
0o

-~

(s
=Vx- ( VyCui+ VxCho dY) + VxR (VyCuyi +VxCpp) dA
Qg 900
D)
+ dCOVX . ( Vyc(n + choo dY) —/ dcoVXR . (VYCO1 + VXCO()) dA
Qo Q0o
(ts)

+ / ny - (— (VyCu2+ VxCu1) + dco (VyCoz + VxCo1)) dA. (3.3.66)
Qo

N

-

D,

Applying the continuity of flux condition, Equation (3.3.61b), to the surface integrals
on the RHS of Equation (3.3.66), @, we find that these terms can be written in

terms of the rate of glucose consumption. We find that Equation (3.3.66) becomes:

0

ﬁ( QHCHO dY +

Coo dY) =Vx- ( VyCui +VxCho dY>

Qo

VyCo1 + VxCoy dY) —/ 05S(Coo, Woo) dA. (3.3.67)
990

Qg

+dcoVx - (
Qo

Similarly to the case of volumetric growth, Equation (3.3.67) can be simplified
and rewritten in terms of C' = Cpg = Cpo/Kc and W = Woo = Wyo/Kw as:

0

o7 (12 Ke +[10]) €) = Vx - (de(X, T)VxC) = 5 [0Q0]| S(C, W), (3.3.68)

where we define the surface area of boundary 0€2; as

10€% | = / dA. (3.3.69)
a .

Qi

Since we have spherical organoids, the volumes of the organoid and hydrogel domains

and the surface area of the organoid-hydrogel boundary are:

4 4
10| = §7rR3, 19| =1 — §7rR3, 10Q0]| = 47 R?, (3.3.70)
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respectively. The effective diffusivity tensor for glucose, d¢, is defined as

do(X,T) = KC/ (I-Jy) dY+/ deo (I —Jg) dY, (3.3.71)
Qp Qo

where JJ and JJ, are the transposes of the Jacobian matrices of 1) and W, respectively,
which are solutions to the cell problem, Equations (3.3.18a) and (3.3.18b) subject
to Equation (3.3.19a). A similar equation can be derived for effective macroscale

behaviour for lactate concentration.
Using the simplification of terms in the isotropic diffusivity tensors de = deI and
dy = dy I for spherical organoids, Equation (3.3.44), we obtain the following gov-
erning equations for metabolite transport within a hydrogel embedded with spherical

shell organoids exhibiting surface growth:

o _ _ _ L
o _ _ _ L
ETa [(19u]l Kw + Q) W] = Vx - (dw(X, T)VxW) + 2090 055(C, W), (3.3.72b)

where the effective diffusivities of glucose and lactate in the hydrogel, do and dy

respectively, are:

do(X.,T) = Ko {HQHH - / % dY} T deo [uﬂou— / i dY}, (3.3.73)
Q Q

o ay,

_ 0 or

(X, T) = Ko (Il ~ [ T av |+ dwo 100l - [ G av], Gz
oy OV 0, V1

which are obtained by solving the cell problem, Equations (3.3.18) and (3.3.19).

We note that the volumes of the hydrogel and organoid domains, ||2g|| and ||Q0]],
and the surface area of the boundary ||0€||, are dependent on X and 7" via their
dependence on the organoid radius, R = R(X,T). To close the system, we require
a constitutive relationship for glucose consumption and organoid growth. We intro-

duced these models in Section 3.2.1.1 and Sections 3.2.1.2 and 3.2.1.3, respectively.
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3.4 Results

In this Section, we examine the similarities and differences between the dense and shell
organoid models. We solve the model numerically, using COMSOL Multiphysics® (a
finite-element solver). A key component is solving the cell problem, Equations (3.3.18)
and (3.3.19), in order to compute the effective diffusivities, dc(X,T) and dy (X, T).
We then consider two canonical cases, representing two different culture conditions
for expansion of dense organoids. We discuss the influence the culture conditions have
on the metabolite concentrations and the resulting effect on organoid growth within
the hydrogel.

3.4.1 Comparison of governing equations for volumetric and
surface growth

In Sections 3.3.1 and 3.3.2, we derived the effective macroscale equations governing
metabolite transport and organoid growth within the hydrogel layer. We now examine
and compare the models for volumetric and surface growth of the organoids.

The homogenised model for metabolite transport and organoid growth for volu-

metric growth of dense organoids is:

4 4 . . 4 -
0 ({(1 — —7TR3> Ke + §7TR3} C) =Vx - (de(X,T)VxC) — §WR30VS(C, W),

oT 3
(3.4.1a)
0 I 4 o] = - - 8 4 -
o7 L= gnR ) K + onR W | = V- (dw (X, T)VxW) + 3R ovS(C, W),
(3.4.1b)
OR  p_ = =

The homogenised model for metabolite transport and organoid growth for surface

growth of spherical shell organoids is:

4 4 ~ - _ _
8% ({(1 — §7TR3) Ko + §7TR3} C’) =Vx- (dC(X,T)VXC) — 4rR%0sS(C, W),
(3.4.2a)

i ([(1 - §TR3) Ky + %JL?TR3:| W> =Vx- (Jw(X,T>VXw) +87TR20'55(C, W),

oT
(3.4.2b)
OR R?

(R—R,) T = gP(C, W) ((R —R)*+ ?) . (3.4.2¢)
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Comparing the homogenised equations for metabolite transport within the hy-
drogel layer for volumetric growth of dense organoids, Equation (3.4.1), to those for
surface growth of shell organoids, Equation (3.4.2), we see that they are both reaction-
diffusion equations. Notably, the effective diffusivities, do(X,T) and dy (X, T) de-
fined in Equations (3.3.73a) and (3.3.73b), are identical. In both cases, a partition
coefficient causes effective quickening (K; < 1)/slowing (K; > 1) of metabolite trans-
port in the system, as can be observed by the coefficient in front of the time derivative,
(1 — 47 R?/3) K; + 47 R?/3]. We note that the spatial variation of organoid radius R
appears implicitly via spatial variation in the metabolite concentrations within the
organoid regions.

There are two key differences between the homogenised models for volumetric
and surface growth. For volumetric growth, the glucose consumption and lactate
production terms are proportional to the organoid volume within the periodic cell,
1Q0|| = 47R?/3; for surface growth, this factor is instead the surface area of the
organoid-hydrogel interface within the periodic cell, ||0Q0|| = 47 R%. The relationship
between the dimensionless scaling oy and og is 0g = 2R.0y = 2r.0v/(dL). This
scaling describes how we related the volume of the glucose-consuming cells within the
shell organoid to the organoid surface area, volume of uptake region = surface area X
thickness of organoid shell.

The second important difference between the two models is in the organoid growth
model. For dense organoids, the entire volume consists of proliferating organoid
biomass, the evolution of organoid radius is given by Equation (3.4.1c¢), and the
number of cells within an organoid, N, scales as N oc R3. For shell organoids, the
proliferating organoid biomass is localised in a layer of cells at the organoid boundary,
the evolution of organoid radius is given by Equation (3.4.2¢), and the number of cells
within a shell organoid, N, scales as N o< R2.

In the case where the organoid-hydrogel partition coefficients, K- and Ky, are
both equal to one, the metabolite transport model simplifies. For example, for dense

organoids undergoing volumetric growth we have:

gg Vx - (de(X. T)VxC) — SxRioyS(C.T), (3.4.30)
%VTV Vx - (dw(X, T)VxW) + in ovS(C, W), (3.4.3b)
R _ P o

—==C 4.
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subject to boundary and initial conditions. This is an reaction-diffusion system of
the same form as the one considered in Chapter 2, where the diffusive and reaction

terms now account for the evolving organoid structure within the hydrogel.

3.4.2 Numerical solution of the cell problem

In order to solve the homogenised metabolite transport models, we require knowl-
edge of the effective diffusivity for all X for all times T > 0. Computing the effec-
tive diffusivities of glucose and lactate, do and dyy, requires the solution of the cell
problem, Equations (3.3.18) and (3.3.19). We do this numerically using COMSOL
Multiphysics®, similarly to e.g. [16, 18, 2]. A schematic of the three-dimensional do-
main of the cell problem is shown in Figure 3.4(a). The cell problem is quasi-static,
in the sense that the governing equations are temporally independent. However, the
domains Qo (X, T) and Qg (X, T) depend on time and the macroscale spatial vari-
able, X. One option would be to solve the macroscale problem numerically, where
each point in space is coupled to a different cell problem that varies quasi-statically
over time. However, this is very computationally expensive and entirely unnecessary
if we can pre-compute the effective diffusivity over enough points in parameter space

to interpolate it accurately.

Qg

-

o oni
6: — =
on

=0

(a) Schematic of the (b) Schematic of the domain (c) Solution of the X-component,

3D domain. for numerically solving the cell 71, of the 3D cell problem, Equa-
problem with boundary condi- tions (3.4.5) and (3.4.6), for
tions labelled for 7 being the X dco =0.9, K =1and R =0.2.
component (i = 1) of 7.

Figure 3.4: Schematics of the domains and a numerical solution to the reformulated
cell problem, Equations (3.4.5) and (3.4.6).
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We consider the cell problem for the variables 1) and ¥, which are given component-
wise in Equations (3.3.18a), (3.3.18b) and (3.3.19a). We restate these here for con-

venience:

0=V3; forY € Qy, (3.4.4a)
0=V2T, for Y € Qo, (3.4.4b)

with boundary conditions for Y € 0Q0 (X, T),
i = KoV, ny - (KeVyY; —deoVy V) = (Ko —deo) ny - e, (3.4.4c)

with ¢; and ~; periodic for Y € 00, and where e; is the unit vector in the Y;-
direction. We provide details on the derivation of the boundary conditions in B.
Since COMSOL Multiphysics® is more amenable to solving PDEs posed in ‘standard’
formats, we must introduce some scalings before solving. Specifically, this allows us to
pose continuity of our dependent variables at the interface. To this end, we introduce

n; = 1;/ K¢, and reformulate the cell problem as

0=V for Y € Qpy, (3.4.5a)
d

0=-2Vv20, forY €Qo, (3.4.5b)
K2

with continuity of concentration and a discontinuous flux condition on the boundary
8905

ni =Y, for Y € 0Qp, (3.4.6a)
d 1

Yy * (Vym CO ) K2 (KC — dco)ny -e; forY e 890 (346b)
C

We also impose periodicity of n; on the boundary 0. The system Equations (3.4.5)
and (3.4.6) remains characterised by three parameter groupings — in this case: 1/ K¢,
dco/Kc?, and R.

The cell problem for v and I is formulated in the same way: with n; = ~;/Kw,

we have
0= V%;?]Z forY € QH, (347&)
1 dwo 2
forY € Q 3.4.7b
KW2 dWHV or Y € Qp, ( )

with periodicity of 7; on the boundary 02 and with continuity of concentration and

a discontinuous flux condition on the boundary Y € 90,

ni =1 for Y € 0Qp, (3.4.8a)

1 d 1 d
ny - <Vy77i sz dzz VYP ) (KW - LO) Ny - €; for Y € 890 (34813)
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Equations (3.4.7) and (3.4.8) have the same form as Equations (3.4.5) and (3.4.6),
with the equivalent parameter groupings: 1/Kyw, dwo/dwuKw?, and R.

We may also reduce the complexity of the system by exploiting the symmetry of
the problem, and considering an eighth of the domain, the octant Y € [0,0.5]® (see
Figure 3.4(b)). Due to the symmetry of the problem, we have that d¢ is isotropic,
i.e. do = dcI, and, therefore, we only need to solve for one of the components of
1. Without loss of generality, we consider the problem for the n; component of the
cell problem. On the boundaries which are part of 9 (i.e. faces 1, 2, and 3 in
Figure 3.4(b)), we impose 71 = 0 to ensure periodicity. On face 4, we also impose
m = 0 due to the anti-symmetry of the problem in Y;. On faces 5 and 6, we impose
On1/On = 0 to enforce reflectional symmetry in Y5 and Y3, respectively.

A numerical solution to the cell problem defined by Equations (3.4.5) and (3.4.6)
inY € [0,0.5)® is computed in COMSOL Multiphysics® and shown in Figure 3.4(c).

We solve the cell problem for a range of 1/K¢, doo/Kc?, and R. We compute
the effective diffusivity for each set of parameters {R, dco, K¢} considered, where de
is defined as follows

= 8771 8\111
d :8(K/ 1—Ke——dY +d / 1——dY>, 3.4.9
C C o CaYi cO 9% ayvl ( )

where the integrals are over the domains Qp and Qo in the octant Y € [0,0.5)%.
Varying organoid radius R changes the domains (2o and Q5 over which we solve the
cell problem.

We can then interpolate this data to create an interpolative ‘look-up’ table for
the effective diffusivity as a function of organoid radius, R, ratio of diffusivities, d¢o,
and partition coefficient, K, using e.g. interp3 in MATLAB. In Section 3.4.3 we
only consider K¢ = Ky = 1. Therefore, we solve the cell problem Equations (3.4.5)
and (3.4.6) for a range of R and dco and generate data for the corresponding values of
dc. We use the curve fitting toolbox in MATLAB to fit a polynomial (poly55) surface
to do(R, dco). To solve our metabolite transport model (Equation (3.4.1)) numeri-
cally in COMSOL Multiphysics®, we define the effective diffusivity do = do(R, deo)

as a two-dimensional polynomial function of degree 5,

de(R.dco) = ay(R) (deo). (3.4.10)

i<5,j<5
i+i<5

with coefficients a;; obtained from the ‘polyb55’ surface fitting in MATLAB.

Since we only need to solve the cell problem once for a finite number of parameter

sets, we can do this a priori, significantly reducing the complexity of numerically
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solving the homogenised metabolite transport problem. We have therefore de-coupled
the dependence of the cell problem (and, hence, effective diffusivity) on the transport
model and, as a result, do not have to solve the cell problem and transport model
simultaneously.

In Figure 3.5(A,B) we plot the effective diffusivity, de = d¢(R,dco, K¢), as
an (interpolated) function of organoid radius R and dco, the ratio of the glucose
diffusivity in the organoid to that in the hydrogel, with Ko = 1. We find that the
effect of varying doo becomes more prominent for larger R, as we expect from the form
of Equation (3.4.9). In Figure 3.5C, we plot the effective diffusivities d¢ as a function
of organoid radius R (from a ‘look-up’ table) for the parameters given in Table 3.2,
that is Ko = Kw = 1 and deo = 1/6 and dyo/dwy = 0.175. The first is the
effective diffusivity of glucose within the organoid-hydrogel region, d¢ = do(R, doo =
1/6, K¢ = 1), and the second is proportional to the effective diffusivity of lactate
within the organoid-hydrogel region, dy = dwpdc(R, dwo/dwy = 0.175, Ky = 1).
We compare these to the case where dop = 1 and Ko = 1, where we can explicitly

see from Equation (3.3.47) that the effective diffusivity would relax to do = deo = 1.
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Figure 3.5: Surface (A) and contour plots (B) of the effective diffusivity do for
Kc = 1. (C) Plot of the effective diffusivity dc as a function of organoid radius R
(where the radius of a single cell R, = 0.026) for the values of dcp and K¢ = 1 used
in Table 3.2, where d¢ = d¢(R,dco, Ko = 1) defined by Equation (3.4.9).

3.4.3 Canonical problems

In this Section, we investigate the behaviour of the homogenised metabolite transport
and organoid growth models introduced in Sections 3.2.1.2 and 3.3, in particular for
dense organoids undergoing volumetric growth (Equation (3.4.1)). Since Cellesce have

determined empirically that flow of culture media is necessary for their bioreactor
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protocol, we interrogate our mathematical model to understand this finding. We
consider canonical toy problems which replicate culture conditions that might arise
within the CXP1 bioreactor. This mathematical modelling approach can help inform
different hydrogel and flow geometries that Cellesce could use in future bioreactor

protocols.

We consider a cube of hydrogel consisting [BoUNDARYCOND'T'oN]

2
S

in the CXP1 bioreactor. We take the ‘typical

lengthscale’, on which we non-dimensionalise the

of the same volume and seeding density used . / 2

macroscale spatial variable, as the side length of

the hydrogel cube, so that we are solving the

system on the unit cube. We mimic the CXP1 /

bioreactor set-up of having no-flux conditions on

all boundaries except at a single face, which we No flux on other boundaries
term the ‘hydrogel-media interface’. Without any Figure 3.6: Boundary conditions

loss of generality, this is on the ‘top’ surface (Fig- for the 3D effective macroscale
ure 3.6), defined by Z = 1. mass transport model.

The boundary conditions we impose at the ‘hydrogel-media’ interface depend on
the bioreactor operating conditions. We consider the following two cases of initial

and boundary conditions at the ‘hydrogel-media’ interface:

(1) Static culture
In this case, we assume that, initially, a fixed amount of glucose is added to the
bioreactor and that it contains no lactate. We assume further that no metabolite
enters or leaves the domain, modelled via a no-flux boundary condition. We

write these initial and boundary conditions mathematically as:

C=1W=0 at T =0, (3.4.11a)

oC ow

= 0= o 0 the ‘hydrogel-media’ interface, Z = 1. (3.4.11b)
n n

(2) Proxy flow
In this case, we assume that, initially, a fixed amount of glucose is added to the
bioreactor and that it contains no lactate. We approximate the effect of a flow

of culture media in the X-direction along the ‘hydrogel-media’ interface, Z = 1,
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by imposing the following prozy flow boundary condition:

C=1,W=0 atT=0, (3.4.12a)
D ¢ oC
C+ e dC(X,T)a—Z =1 on Z = ]_, (3412b)
D ¢ oW
W+ aWdW(X,T)a—Z =0 on /4 = ]_, (3412C)

where we have used that d/0n = 0/0Z. Equations (3.4.12b) and (3.4.12c)
are effective Robin boundary conditions, where a¢ and ay, are effective Péclet
numbers, describing the local ratio of advective to diffusive transport. Increasing
ac and ayy corresponds to higher flow rates of culture media. A derivation of
these proxy flow boundary conditions is given in Appendix C. The factor of X 3
arises because the analysis exploits the presence of a mass transfer boundary

layer.

As shown in Appendix C, the relationship between a¢ and ayy is given by

D 3
ay = (DCM> ac ~ 0.57ac, (3.4.13)
WM

where Deyr = 6 x 107%m?s7! [83] and Dyypr = 1.4 x 1079m?s™! [77] are the

diffusivities of glucose and lactate, respectively, in the culture media.

We now present numerical solutions to the mass transport model for dense organoids
undergoing volumetric growth, Equation (3.3.45), subject to static, Equation (3.4.11),
and proxy flow, Equation (3.4.12), culture conditions. We consider three different
flows, characterised by ac € {0.1,1,10}. Since the organoids are seeded as single

cells within the hydrogel, the initial condition for organoid radius R is
R(X,T=0)=R.. (3.4.14)

We solve the system in 3D, partly as proof of concept and partly to gain experience
of solving 3D reaction-diffusion equations in COMSOL Multiphysics®. However, we
note that there is no spatial variation in the macroscale Y-direction (width) due
to the symmetry of the governing equations and the independence of the boundary
conditions on Y. We obtain similar results for shell organoids undergoing surface
growth and, as such, do not present these results here. Unless otherwise stated, the
parameter values used are: L = 1.9 x 1072 m, dco = 1/6, dwy = 2, dwo = 0.35,
oy =5200, p=15 Ko = Ky =1, ¢ = 0.74, 6 = 1072, f = 0.25, vy = 0.5.
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In Figure 3.7, we present the three-dimensional glucose and lactate concentrations
and organoid radius at the end of the experiment (7 days) under proxy flow culture
conditions for ac = 10. Qualitatively similar results are observed for ac = {0.1,1},
and therefore we do not present them here. Under static culture conditions, the
metabolite concentrations and organoid radius are spatially homogeneous (results
not shown). This is expected since the boundary and initial conditions are uniform
and the governing equations do not induce spatial variation. In the static culture
case, all the glucose is consumed by the end of the experiment and, in fact, 90% of
the glucose is consumed by 4.7 days (Figure 3.11). The organoid radius increases, by
a factor of 2.7, from R. = 0.026 to R = 0.07. Incorporating flow induces variation
in X and Z, as seen in Figure 3.7. The Z-variation is due to glucose being supplied
at only one surface, Z = 1, and the X-variation is due to the boundary condition
on Z = 1 having X-dependence (due to flow in the X-direction inducing a mass
transfer boundary layer). Faster flows increase the glucose concentration near the
hydrogel-media interface (see Figure 3.7A). This leads to larger organoid radii near
the hydrogel-media interface (Figure 3.7C). Since uptake dominates vertical diffusion,
increasing the flow rate increases the spatial variation in glucose concentration and
organoid radii. Since there is minimal glucose transport in the Z-direction (depth),
the organoids within the bulk of the hydrogel (away from Z = 1) only consume
glucose which is initially in the hydrogel. Consequently, even with flow, organoids
away from the hydrogel-media interface only attain size similar to those for static
culture conditions. This suggests that this protocol and hydrogel geometry is not
optimal to produce organoids with little size variation. However, since the hydrogel
geometry in the CXP1 bioreactor is long and thin, the slow diffusive transport is less
of an issue in the CXP1 bioreactor than in this canonical cuboid domain case, as
shown in Chapter 2.

The organoid radius R, Figure 3.7C, behaves in a similar manner to C; regions
with higher glucose concentrations have larger organoid radii. This suggests that the
glucose concentration can be used as a proxy for predicting organoid size, meaning
that real-time monitoring of metabolite concentrations in the bioreactor culture media
could be used to predict organoid size.

We plot the lactate distribution at the end of the experiment (7 days) in Fig-
ure 3.8, noting there is no variation of C, W, or R in Y due to the symmetry of the
governing equations and independence of the initial data on Y. We plot the lactate

concentrations along the bottom (Z = 0) and top (Z = 1) of the domain at 7 days in
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A GLUCOSE B LACTATE C RADIUS, R

Figure 3.7: Glucose, C, and lactate, W, concentration and organoids radius, R,
profiles within a cube of hydrogel at the end of an experiment (7 days) for proxy
flow culture conditions with a = 10. Parameter values used are: L = 1.9 x 10~%m,
dco = 1/6, dwy = 2, dwo = 0.35, R. = 0.026, oy = 5200, p = 15, K¢ = Ky = 1,
¢ =0.74,5 = 1072, f = 0.25, vy = 0.5.

the left and right plots of Figure 3.8, respectively, and plot the 2D lactate concentra-
tion profile in the X-Z plane at 7 days for the proxy flow boundary condition with
ac = 10 in the central plot. The lactate concentration under static culture conditions
is spatially uniform (results not shown). Since, for static culture, the initial glucose
concentration within the homogenised hydrogel is C' = 1 everywhere and all glucose
has been consumed, the reaction stoichiometry of one glucose molecule producing two
lactate molecules means that the lactate concentration is W = 2 everywhere. As well
as its role in enhancing nutrient delivery, the flow of culture media facilitates waste
removal. For weak flows, e.g. ac = 0.1, lactate removal is unable to compensate for
the increased rate of lactate production, which occurs due to the increased presence of
glucose and associated glucose consumption. This is seen in Figure 3.8(A,C), where
lactate concentrations are higher than for the static culture case, except in a small
region near the inlet at the hydrogel-media interface. For stronger flows (increasing
ac by an order of magnitude from 0.1 to 1), the lactate concentration is lower than for
the static culture case. Increasing the flow further (ac = 10), leads to a significant re-
duction in lactate concentrations, reducing the average lactate concentration by 37%
compared to the static culture case. The larger the flow rate, the more prominent
the spatial variation in both the X- and Z-directions. Understanding that increasing
flow rates (above a certain minimum flow rate) decreases lactate concentrations is
important when culturing cells that are highly sensitive to the toxicity of lactate. In
all of the flow cases, the largest horizontal variation of lactate is at the hydrogel-

media interface and the largest vertical variation of lactate is near the ‘media inlet’,
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at X = 0. This is expected, since for small X, Equation (3.4.12) is approximately
C =1, W = 0, meaning glucose and lactate enter and leave the hydrogel, respectively,
at faster rates for small X. This is where the boundary layer at the hydrogel-media

interface is the thinnest.

a,=10
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Figure 3.8: (A, C) Lactate concentration profiles at Z =0 (A) and Z =1 (C) at end
of experiment (7 days) for different culture conditions. (B) Two-dimensional cross-
section of lactate concentration for proxy flow boundary conditions with ac = 10 at
end of the experiment (7 days).

We investigate the time evolution of the glucose and lactate concentrations in
Figure 3.9. The mean lactate concentration is monotonically increasing in time. We
see that the lactate concentration for the static culture case saturates at W = 2, as
expected. The slower flow rate (corresponding to ac = 0.1) has a similar average
lactate concentration to the static culture case during the experiment, and is larger
than the static case after day 5. For flow rates corresponding to o = 1 and a¢ = 10,
lactate concentrations are lower than for the static culture case and decrease as the
flow rate increases. This is because the fresh culture media arriving at X = 0 contains
no lactate, so any lactate within the media layer must have diffused from the hydrogel.
For higher flow rates, a larger volume of culture media is exposed to the hydrogel,
so there is a larger concentration gradient between the media and the hydrogel, and
thus more lactate diffuses into the culture media, and is then advected away.

The mean glucose concentration is monotonically decreasing in time. Flow in-
creases the glucose concentration compared to the static culture case. However, the
mean glucose concentration is not significantly different for the flow cases ac = 1 and
ac = 10. Although we might expect the mean glucose concentration to be higher
for stronger flows, higher rates of glucose influx facilitate increased rates of glucose

consumption. This effect, coupled with reduced lactate concentrations, means that
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Figure 3.9: Series of plots of the mean and standard deviation of glucose and lactate
concentrations, C' and W, under different culture conditions evolving in time. (We
have rescaled in time such that 7' = 1 represents 1 day.)
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glucose concentrations for ac = 1 and o = 10 are similar. We also see in Figure 3.9
that increasing the flow increases the spatial variation in metabolite concentrations.

We plot the mean and standard deviation of the organoid radii, R(X,T), over
7 days for the four different culture conditions in Figure 3.10. Increasing the flow
rate increases the mean organoid radius. Under static culture conditions, R increases
by a factor of 2.7 during the experiment. For flows with ac = 0.1, ac = 1, and
ac = 10, the increases are 3 fold, 3.5 fold, and 4 fold, respectively. It is interesting
to note that there is an initial transient period of approximately two days, during
which the mean organoid radius is the same under all culture conditions considered.
During this time period, the organoids consume glucose initially contained within
the hydrogel; glucose supplied by the culture media has not penetrated sufficiently
far into the hydrogel to have a significant effect on glucose levels, and hence glucose
consumption and organoid growth. For the static culture case, there is no spatial
variation across the hydrogel, and, therefore, the standard deviation in R is zero.
By contrast, increasing the flow rate increases the standard deviation in organoid
radius. Similar results have been observed by Cellesce. We find that increasing flow
increases both the mean and variation of R. We conclude that there is an optimal
flow rate, which balances maximising the organoid radius R, by improving glucose
delivery and lactate removal (increasing flow), with minimising the variation in R
(decreasing flow).

In Figure 3.11, we plot the cumulative glucose

consumption, which is defined by e e e =
) )y Qo =
proxy flow BC, a¢ = 0.1
static culture BC

T
4 _
K(T) = /0 /Q gﬂRSUVS(C,W) dXdT,
HO
(3.4.15)

glucose consumption

where Q0 is the homogenised organoid-hydrogel

domain. The glucose consumption, K(7'), is in-
creasing in flow strength, ac. This is expected, T e
given that organoid growth is proportional to glu- Figure 3.11: Clucose consump-
cose consumption and the mean organoid radius tion, K(T), under different cul-
increases with increasing flow rate (Figure 3.10). ture conditions evolving in time.
As a brief case study and illustration of how (Rescaled so T'=11is 1 day.)
we can use our results, we seek to understand the ‘best’ flow regime of the ones
considered (¢ € {0.1,1,10}). We introduce an objective function, F, which we

wish to maximise and we choose F' such that increasing the mean organoid radius
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R increases F', and increasing the standard deviation of R penalises the objective

function. A simple, dimensionless function that satisfies these properties is:

F(R) = mean(R) — mean(Rggatic) _ o(R) (3.4.16)

mean(RStatiC) mean(Rstatic)

where mean(R) and o(R) represents the mean average and standard deviation of
R(X,T), respectively, Rgatic denotes the organoid radius for the static culture con-
dition case, and ¢ is a tunable constant, representing the relevant importance of
maximising the mean of R to minimising standard deviation of R. We consider the
value of this objective function F'(R; ) for the different culture cases for two different
values of ¢ (¢ € {0.5,0.75}) over time in Figure 3.12. For the case ¢ = 0.5, the objec-
tive function F' is monotonically increasing in time for all flow rates. The flow regime
ac = 10 corresponds to the largest F' for all time — this suggests that ac = 10 is the
best flow regime out of the cases considered. For the case ¢ = 0.75, where increasing
standard deviations of R are penalised more than for the case ¢ = 0.5, F' is no longer
monotonically increasing for the ac = 10 case. At time ~ 5.5 days, the curves for
F for cases ac = 10 and ac = 1 intersect. This tells us that for experiments of
duration less than 5.5 days, we should use the flow regime corresponding to o = 10,
but for experiments of duration greater than 5.5 days we should use the flow regime
corresponding to ac = 1. It may be better to use the flow rate corresponding to
ac = 10 and stop at T' = 4.5 unless running the experiment for ac = 1 for T" > 6.
Therefore, depending on the stopping time, the optimal flow regime will be different.
Perhaps more importantly, this suggests that the implications of our results will be
sensitive to the specific choice of ¢, and our objective function more generally. We
note that the behaviour of R(X,T) is cell line dependent, and therefore the optimal
flow rate for maximising F'(R) would have to be determined for each individual cell

line.
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Figure 3.12: Objective function, F', evolving in time for different culture conditions.
(We have rescaled in time such that 7" = 1 represents 1 day.)
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3.5 Discussion

In this Chapter, we have presented a 3D model for glucose and lactate transport
and organoid growth within a hydrogel. We modelled the organoids as time-varying
spherical regions, in which metabolite diffuses, glucose is consumed and lactate is
produced. Within the hydrogel, there is diffusive transport of metabolite. The full
problem within the full hydrogel and organoid regions is computationally challeng-
ing, due to the multiply connected three-dimensional domain involving millions of
moving boundaries between organoid and hydrogel regions. The separation of scales
within the problem motivates an asymptotic (multiscale) approach to systematically
derive the effective macroscale behaviour across the organoid-hydrogel region. We
used mathematical homogenisation (using the method of multiple scales) to derive
effective equations that govern the macroscale mass transport, determining how the
microscale behaviour of the organoids influences the macroscale ‘organoid-hydrogel’
region. The result is a coupled reaction-diffusion system for metabolite transport.
We determined that the metabolite concentrations are independent of the microscale
at leading order, meaning that the concentrations are spatially uniform within each
organoid and, therefore, there are no mass transport aspects of organoid growth. We
obtained expressions for the effective diffusivities of glucose and lactate and their ef-
fective rates of consumption/production. We investigated how the organoid structure
affects the effective macroscale system, comparing the behaviour of dense organoids
undergoing volumetric growth to shell organoids undergoing surface growth. We
found that the strength of the reaction term (uptake/production) is dependent on
the organoid volume for dense organoids, whereas for shell organoids, it is dependent
on the organoid surface area, as might be expected on physical grounds. However, we
note that different distinguished limits and different effective results could be obtained
for, e.g. sparse organoids with high uptake [16, 18].

We introduced constitutive models for glucose consumption and organoid growth.
We assumed that the rate of cell proliferation is proportional to the rate of glucose
consumption. We incorporated the inhibitory effect of lactate on cell growth by
employing a functional form of glucose consumption which is inversely proportional
to the lactate concentration.

We discussed an approach to the numerical solution of the 3D ‘cell problem’; a
system from the first-order correction mass transport problem on which the effective
macroscale diffusivities depend. We reformulated the problem as Laplace’s equation in

3D with continuity of concentration and a flux discontinuity at the organoid-hydrogel
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interface. We are able to solve the cell problem a priori and use the results to inform
numerical solution of the coupled homogenised metabolite transport and organoid
growth models. We solved the cell problems for a range of organoid radii, ratios of
diffusivities in organoid and hydrogel, and partition coefficients, and computed the
effective diffusivities for each parameter regime. We then interpolated this data to

obtain the effective diffusivities of glucose and lactate as functions of R, d;; and Kj,

do = do(R,dco, K¢) and  dy = dy (R, dW—O, KW> , (3.5.1)
dw
which we incorporated into our numerical solver for C' and W.

We then introduced different toy problems on a cube of hydrogel to represent
different culture conditions: static culture and prozy flow culture, which includes the
influence of a flow of media along one surface of the hydrogel domain. We presented
numerical results for the solutions of C', W, and R for static culture and proxy flow
for three different flow strengths. The results for static culture indicate that this
method is insufficient for expanding organoids to the required size within CXP1.
We showed that flow generally enhances nutrient delivery. For culture conditions
with flow, there is an increased rate of lactate production due to the higher levels
of glucose within the hydrogel. For the slowest flow case considered, ac = 0.1, the
rate of waste removal is very low and lactate builds up within the domain. For
sufficiently strong flows (ac = 1, ac = 10), the flow facilitates lactate removal and
the lactate concentrations are lower than for the static culture case, in spite of the
larger glucose consumption/lactate production. Hence nutrient delivery and waste
removal is promoted by flow.

However, we also found that the variation in metabolite concentrations and organoid
radius increases with increasing flow rate. Since Cellesce wish to minimise the vari-
ation in organoid size within each expansion of CXP1, this suggests that Cellesce
should minimise the flow to reduce variation. This generates two opposing require-
ments and indicates that there is an optimal flow rate for the system that depends
on the relative priorities of Cellesce.

Increasing flow increases the glucose concentration, reduces the lactate levels, and
increases the mean organoid radius within the hydrogel. Decreasing the flow rate
decreases the variation in organoid radius. The optimal flow rate would balance the
requirements of maximising organoid size and minimising variation in organoid size.
Since the organoid size depends on the cell line characteristics, such as sensitivity to

lactate, glucose requirements for proliferation, and organoid structure, this optimal



104 §3.5. Discussion

flow rate is unique to each cell line, and must be found for each hydrogel geometry
and cell line. Since we have derived homogenised governing equations for metabolite
transport within the hydrogel, we can see how the microscale organoid behaviour
directly influences the macroscale behaviour and finding this optimal flow rate is now
feasible. We conducted a small case study, comparing the static culture case to the
three different flow rates considered. We considered a simple objective function, which
promoted increase in organoid size and penalised increase in standard deviation of
organoid radius. We found that, for the given cell line and hydrogel geometry, the
optimal flow rate depended on the relative importance of each metric and the run-time
of the experiment.

There are several avenues for future work, and these can be split into two groups:
(1) developing the model to make it more biologically representative; and (2) in-
corporating this homogenised hydrogel model to a 3D model for bioreactors. In
experiments, Cellesce have found that there is an initial time period (2 days) during
which the organoids proliferate slower than normally expected, while they adapt to
the bioreactor environment following the bioreactor set-up protocol. We could include

this effect in our constitutive model for proliferation rate:

Pinitial for 0 <t <t,, (3.5.2)

p(co,wo) = f%S(Co,wo) for t, <t < tena, (3.5.3)

where t,, is the length of the transient period and tenq is the length of the experiment.
Cellesce also want to culture non-cancerous cell lines, which are notoriously sensitive
to lactate, with high levels of lactate inducing cell necrosis. This could be incorporated

by a death term in the organoid growth model,

dv

T p(co, wo)v — a(wo)v, (3.5.4)
—— =

cell proliferation cell death

where cell death occurs if lactate concentrations increase above a threshold value,

Wiol, Via, €.g.
a(wo) = an(wo — wie) H(wo — Wi, (3.5.5)

where a,, is a constant and H is the Heaviside function, and we have assumed that
death rate increases linearly with we if wo > wye.
Future work could consider how to more realistically capture the behaviour of

cells within an individual organoid, since cells are not necessarily always spherical,
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nor rigid, but can deform. This would require further input from Cellesce, regarding
the relevant biology and the typical behaviour of cells they observe during culture.

Since the homogenisation approach is independent of hydrogel geometry, we could
use our effective macroscale model to consider different hydrogel geometries, e.g.
spheroids. This will give initial insight into the metabolite transport and inform
future bioreactor design.

The area of future work we focus on in the next chapter of this thesis is coupling the
3D homogenised metabolite transport and organoid growth models to the 3D media
flow problem within the CXP1 bioreactor geometry. This will yield a tractable 3D
macroscale model for predicting metabolite concentrations and organoid size within
the CXP1 bioreactor. We consider the 3D flow problem in Chapter 4 and the 3D
metabolite transport problem in Chapter 5. We will use these models to study the
relationship between the media flow and the microscale organoid behaviour. This
mathematical model could be used to inform the future design of bioreactors, such
as investigating the impact of changing positions of media inlet and outlet ports, and

different flow protocols to improve organoid viability and uniformity.



Chapter 4

3D media flow problem

We now turn our attention to the layer of culture media within the CXP1 bioreactor
(Figure 4.1). We develop a mathematical model for the flow within the 3D media
layer. Our main motivation for wanting to understand the flow is that metabolite
transport within the culture media is advection-dominated.

As indicated in Figure 4.1, fresh culture media enters the bioreactor through an
inlet pipe, at a prescribed volumetric flow rate. Culture media is pumped out of the
bioreactor with the same volumetric flow rate, so the total volume of culture media
within the bioreactor remains constant. The flow is slow (in a manner to be made
precise later), so as to not damage the surface of the hydrogel layer.

Flow within the media layer is modelled by the incompressible Navier-Stokes equa-
tions. We show that the culture media flow can be formulated as a two-dimensional
problem, with a point source and a point sink. The key control parameter for CXP1
operation is the volumetric flow rate through the inlet pipe and this can be controlled
throughout the experiment. Cellesce can also alter where the inlet and outlet pipes
are positioned within the domain (these remain fixed during a given experiment). We
explore how the fluid velocity depends on the volumetric inlet flow rate and inlet and
outlet pipe positions. We also analyse the behaviour of the flow and how it changes as
the number and position of inlet and outlet pipes vary. We are then in a position to
incorporate this information into the metabolite transport problem, which we explore
in Chapter 5.

4.1 Model set-up

We model the culture media as an incompressible viscous fluid with constant viscosity
1 and constant density py;. The CXP1 bioreactor is kept at a constant temperature

of 37°C and, therefore, we neglect any temperature-dependence of system parameters.
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inlet outlet

culture
medium

O(10%m)

Yy hydrégel seeded
qx  Wwith organoids

Figure 4.1: Diagram of CXP1 bioreactor set-up. The blue region represents the cul-
ture media; the yellow region represents the hydrogel; and the grey regions represent
the organoids suspended within the hydrogel. (Zoomed in region) Example of col-
orectal organoid. Organoid stained for nuclear (blue) and cytoskeletal (red) markers
for imaging. Scalebar 50pm. Reproduced with permission from Cellesce.

The culture media in the CXP1 bioreactor is on top of the hydrogel layer. A
peristaltic pump is used to slowly pump culture media at a prescribed rate into, and
out, of the bioreactor through an inlet and an outlet pipe, respectively. The inlet
and outlet pipes are held vertically and are partially submerged within the layer of
culture media.

The flow domain is modelled as a circular cylinder with diameter L and height
hyr — hy (where hy is the height of the hydrogel layer and hy; is the total combined
height of the hydrogel and media layers). We denote the fluid domain as wy;. The
aspect ratio of the media layer depth to diameter is small, (hy — hy)/L < 1. We
denote the bioreactor radius as b = L/2 and the inlet/outlet pipe radii as a (a small
parameter). We use the Cartesian coordinate system & = (x,y, z), with the cylindrical
domain centred about the z-axis, as shown in Figure 4.2. Time is denoted ¢.

The equations governing incompressible Newtonian viscous flow are

0
PM (% + (uy - V) UM> = —Vp + uViuyr, (4.1.1a)

where wys(x,t), p(x,t), pa, and p are the velocity, pressure, density, and viscosity
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inlet outlet

@y)=(z,y) ¥y (@y=(z,y,) z=L/2

Figure 4.2: Schematic of the three-dimensional domain considered in this Chapter,
depicting the axes and relevant lengths of the CXP1 geometry.

of the culture media, respectively. The boundary conditions are: no slip and no
flux at the hydrogel-media interface z = hgy, and on the bioreactor walls Jwyan,

mathematically defined as
uy =0 forxe{xr:xcwy, 2=hy}, and T € dwyan; (4.1.2)

where Owyan = {(z,y,2) : 2® + y* = b, 2z € [hy, hy]}. Strictly speaking, there is
a free boundary at the top of the media layer, between the culture media and the
air. However, in practice, the surface tension is sufficiently large that the interface is
flat. Motivated by this, we skip the derivation of a flat interface solution and impose
that the air-media interface is flat. We impose no flux (equivalent to a kinematic

condition) and no shear stress at the media-air interface, z = hyy, given by

uy e, =0, (4.1.3a)
t-o-n=0, (4.1.3b)

where t is the unit tangent and #i is the (outward-pointing) unit normal to the surface
of the culture media. Culture media is pumped into and out of the domain via an
inlet pipe centred at (x,y)-position ®; = (zy,y;) and outlet pipe centred at (z,y)-
position xp = (2o, yo), respectively, both of radius, a, which is small compared to

the bioreactor diameter. The media flows into the domain through the inlet pipe with
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flux ¢, and therefore we write the conditions at the inlet and outlet as

lim (—up -e,) dA =gq, (4.1.4a)
Z—r 00 Win
lim (—uy -e,) dA = —q, (4.1.4Db)
Z—00 Wout

where w;, and wyy: are the cross-sectional areas of the inlet and outlet pipes, respec-

tively. The parameter values of the media flow model are given in Table 4.1.

Table 4.1: Definitions of dimensional media flow model parameters, together with
typical values. Where no citation is given, parameters are taken from the CPX1
set-up.

Parameter Definition Typical value
L Diameter of bioreactor 9% 1072 m
P Depth of bioreactor 3x 1073 m
hyr Depth of organoid-hydrogel layer 1x107% m
b Typical bioreactor radius 4.5 %1072 m
a Typical inlet/outlet pipe radius 2x 1072 m

Volumetric flow rate of culture media 174 % 10-10 3 ¢!

Gref through inlet pipe
[u] Typical velocity of culture media in bulk | 6.43 x 1077 ms™*

0 Viscosity of culture media 1 x 1073 Pas [66]
P Density of culture media 1x10°kgm™2  [66]

We define the ratio between the bioreactor diameter and height as € := hy /L <
1. We non-dimensionalise using standard lubrication scalings, exploiting the slender

geometry of the domain:

(x,y,z) = L(X, Y, EZ), (UM,UM,’LUM) = [’U,M](UM,VM,€WM),

plun] L plun] o (4.1.5)
= P atm s t = t T = _T’ t — t
P="ap U P 1] [unr] €2l

We denote the dimensionless media flow region as 2);,. The dimensionless height
of the hydrogel layer is Hy := hy/eL and we denote the dimensionless radii of the

bioreactor and inlet/outlet pipes as B and A, respectively.
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The dimensionless governing equations for the media flow are

oU 0 0 0
2 =M e A Vi — 4 W —
€ Re( o7 + <UM§ + M@§'+ M@Z) UM)

oP 5 [ 07 0? 0?
=—3x + (e <8X2 + 8Y2) + 8Z2) Unm, (4.1.6a)

oV, 0 0 0
EQRe (8—1{\’4 + (UM— + VM— + WM—) VM>

0X oy 0Z

oP 9 0? 0? 0?
__8_Y+(6 (8X2+8Y2)+822) Vi, (4.1.6b)

ow, 0 0 0
64Re (8—7{,\/[ + (UM— + VM— + WM—) WM>

0X oY 0z
P (PPN L,
=~z " ( <6X2 * 07) e 37) Wi, (4.16¢)

0X oY oz’

where we define the Reynolds number, Re = pp;L[ups|/ i, which characterises the ratio
of inertial to viscous forces within the culture media. The dimensionless boundary

conditions are:
Uy=0 for Xe{X:XecQy, Z=Hy}and X € 0Qya, (4.1.7)

where 00y = {(X,Y,2): X?+Y? = B? Z € [Hy, 1]}, with B denoting the di-
mensionless radius of the CXP1 bioreactor. The kinematic boundary condition and

no-stress condition can be written

Wy =0at Z =1, (4.1.8a)

The dimensionless inlet and outlet pipes 0€);, and 0, are defined as

O ={(X,Y.Z): (X = X;)*+ (Y -Y;)? =A%, Hy <Z <1},

41.9
O = {(X,Y,Z) : (X = X0)? + (Y = Yo)? = A%, Hy < Z <1} (4.1.9)

respectively. We will discuss the appropriate inlet/outlet conditions shortly, after
taking appropriate asymptotic limits.

As the reduced Reynolds number is small (e2Re < 1). We now obtain the sys-
tematic asymptotic reduction of the system Equations (4.1.6) to (4.1.8) and (4.1.13),
by exploiting the limits ¢ < 1 and €?Re < 1.
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Therefore, the leading order behaviour of the media flow model, Equation (4.1.6),
(neglecting O(€*) and O(e*Re) terms) is

oP  9*Uy

O:—a—X—FW, (4.1.10&)
oOP  0*Vy

0= —a—Y—FW, (4.1.10b)
oP

0=—->, (4.1.10c)

o= W OVar  OWar (4.1.10d)

0X oYy 0z

We note that there is an O(e) inner region around the inlet and the outlet in
the culture medium, where the velocity relaxes from consisting only of a vertical
component as z — 0o to the lubrication region we work with (where we will later
find there is no vertical component of flow). One could solve for this inner problem in
practise. However, the only information we require for the outer lubrication problem
is the flux of fluid coming out of this O(e) inner region. (We can interpret this as
treating the inlet and outlet pipes as perforated pipes which extend the full depth
of the culture media region.) Therefore, instead of Equation (4.1.4), we impose the
matching condition for the lubrication region as our boundary conditions at the inlet
and outlet, where we prescribe the total flux, ¢, through the walls of the inlet, dwy,,

and outlet, Owyyt, pipes:

has 27
/ / (f-up) 7r d0dz = +q on 7= /(x —x)2+ @y —y)?=a, (41.11a)
hi J0

har 21
/ / (f-uy) 7o dOdz = —q  on 7o = \/(z — 20)2 + (y — yo)? = a, (4.1.11D)
ha Jo

introducing local coordinate systems — (77,6, 7) and (7p,0,Z) (cylindrical polar
coordinates) — centred around the inlet and outlet pipe, respectively, where dwy,

and Owgy, are defined as

Owin = {(z,y,2) : (x—x1)* + (y—y1)’ =0a®, hy <z <huy},

(4.1.12
aWout = {(Z‘,y,Z) : (1‘ - x0>2 + (y - y0)2 = a2> hH <z < hM} )

The total flux condition becomes

1 2
/ / (A-Uy) By d0dZ = +Q on Ry = /(X — X2+ (Y —Y;2 =4, (41.13a)
Hyg JO

1 2
/ / (fl . UM) RO dfdZ = —@Q) on RO = \/(X - XO)2 + (Y - Y0)2 = A, (4113b)
Hg JO
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where the dimensionless total flux, Q = q/(e[uas|L?). We choose [uy] such that Q = 1
for the typical volumetric flow rate ¢ in Table 4.1, that is [uas] = qret/€ L.
The leading-order boundary conditions, Equations (4.1.7), (4.1.8) and (4.1.13),

become:

Uy=0 fOl"XE{XIXGQM, Z:HH}, (4114&)
Uy -0=0 ondQn:={(X,Y,2): X’ +Y?>=DB? Z¢€[Hy1]}, (4.1.14b)
U OVar
2m
/ / v) Ry d0dZ = +Q on hm Ry = A, (4.1.14d)
Hyg
/ / v) Ro d0dZ = —Q on lim Rp = A. (4.1.14e)
Hy J0 A—0

We note that we can only impose zero normal flux through the bioreactor wall, since,
in this lubrication scaling, we have neglected second-order derivatives in the X- and
Y -directions and therefore can only impose one boundary condition.

From Equation (4.1.10c), we see that the pressure is independent of Z, i.e. P =
P(X,Y,T). We solve Equations (4.1.10a) and (4.1.10b), subject to Equations (4.1.7)
and (4.1.14c¢), to find

10P ) )
UM:—éa—X((l—HH) —(Z-1)%), (4.1.15a)
10P ) )
Vir = _58_}/((1_HH) —(Z-1)%). (4.1.15b)

We integrate Equation (4.1.10d) with respect to Z, to give

L ouy 0V Wy ) ! 0 ! Z=1
0= /HH ox oy T oz YT ax (/ Va dz)+a_Y </HH Var dZ) Watlz-s, -
(4.1.16)

We express the integrated velocities appearing in Equation (4.1.16) in terms of pres-

sure using Equation (4.1.15),

! 10P /1 10P
Uy dZ = ————(1—- Hpy)", VidZ = —=—(1—- Hpy)", 4.1.17

/HH M 39X 1)’ e 39y )’ )
and use the boundary conditions on W), (Equations (4.1.14a) and (4.1.14c)) to find

that P solves
0’P  O%P

ax2 | ave

0= (4.1.18a)
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subject to
n-vVv~P =0 on a@wau, (4118b)
2m 2w aP
71"1_1% i (h-VP)rdo = ll_r}r(l) i " df = FQp, (4.1.18c¢)

where r = |(X,Y) — (X;,Y;)| for i = 1,0, for inlet/outlet respectively. Here, Qp is
unknown and which we must relate to the total flux Q.

We see from Equations (4.1.6) and (4.1.14) that the Z-component of velocity
vanishes, Wy, = 0. We note that we can write the media velocity in terms of the

pressure gradient,
Uy =-G(Z)VP, (4.1.19a)
where

G(Z)==(1-Hp)P-(Z-1)%). (4.1.19b)

N | —

Therefore, noting that i = ey , the total influx condition on R; = A becomes
1 2 _
/ / (h-Uy) Ry d6dZ = Q, (4.1.20a)
Hy Jo
1 2m 5
= / / (h- (=G(Z)VP)) Ry d6dZ = Q, (4.1.20Db)
Hy Jo
1 2w 1 5
= / / - (—5 (1= Hp)* = (Z-1)%) VP) Rrd9dZ = +Q  (4.1.20c)
Hy Jo
2 1 5
= / 5(1 — Hy)*(-h-VP)R; df = Q, (4.1.20d)
0

and, using Equation (4.1.18¢c), we find that,
3Q

= . 4.1.21
Q= T (4.1.21)
Similarly, from the total outflux condition on Ry = A we obtain
3Q
= 4.1.22
Q= T (4.1.22)

Thus, we have a point source/sink with strength Qp = 3Q/(1 — Hy)? at R; = 0 and
Ro =0, respectively. We note that this determines the normal velocity at the pipe
boundaries, Ry = Rp = A (in the limit A — 0), to be

3Q((L— Hp)* — (Z 1))

I - =n-(-G(Z)VP) ==
n UM n ( G( )V ) 47TA(1—HH>3 ’

(4.1.23)
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under the assumption the flow around the pipes is uniform. This assumption is valid,
except when the pipes are placed close to the bioreactor walls.
We write the velocity field Uy = (U, Vi, 0) as

U = (U(X,Y)G(2),V(X,Y)G(Z2),0), (4.1.24)

where U = (U, V) is related to the pressure via U = —V P and G(Z) is as defined in
Equation (4.1.19b).

Y A
A A
- X >
—’—",.'
----- -X,Y
(a) domain for solving (U, V) (b) velocity profile in depth, G(Z)

Figure 4.3: Schematic of: (a) the 2D domain in the (X, Y')-plane in which we consider
the behaviour of U; and (b) the velocity profile in the Z-direction across the whole

media layer.

4.2 Model solution

Given that the pressure satisfies 2D Laplace’s equation, we proceed by utilising fluid
dynamics theory for two-dimensional incompressible, irrotational flow [1]. We intro-

duce the velocity potential, ¢, defined by
U =Vo, (4.2.1)

where the velocity potential and the pressure are related via ¢ = —P. We are,

therefore, solving

V34 =0, (4.2.2)
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with a point source at the inlet, (X, Y7), and a point sink at the outlet, (Xo, Yo),
both of strength 3Q/(1 — Hy)?. We view the (X,Y)-plane as the complex plane, via
¢ = X +14Y. Since VZ¢ = 0, we can write ¢ = Re(W(()), where W is the complex

potential, a holomorphic function. Then
W = ¢+, (4.2.3)

where ¢ and i are real, and v is the streamfunction. The streamfunction, v, is

related to the flow velocity components via

AR

- 4.2.4
oy’ 0X ( )

The complex potential, f(¢), for a point source and point sink of strength Qp
(where Qp = 3Q/(1— Hy)?, Equation (4.1.21)) at (; = X7 + iY7 and (o = Xp + 1Yo,
respectively, in an unbounded domain is given by

3Q 30
T or(1— Hp)? log(¢ —¢r) — (= Hy) log(¢ — Co)- (4.2.5)

However, our domain is bounded by a circle. The condition of no flux through
the boundary wall is equivalent to the boundary |(| = B being a streamline of the
flow. Using the Milne-Thomson circle theorem [3], the appropriate complex potential

solution is

B2
wio =10+ (%) .
B* - B>
— 27r(13——QHH)3 <10g(C — (1) — log(¢ — o) +log <T — CI> —log <T _ CO)) 7
(4.2.6b)
where ~ denotes the complex conjugate. We note that
2 2
log <B; — 5]) = log (C - B;) —log (¢) + log(—(;), (4.2.6¢)
¢ Cr
and, therefore, the complex potential, W ((), can be written as
3Q B2 B2 6
ot (1o8(6 = ) —tou(¢ — o) +1og (¢ = ) o (¢ = 2 ) 1og (£

(4.2.6d

for later convenience when plotting and when using in numerical solvers (e.g. to avoid

any divisions by zero).

)
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Since the complex potential, Equation (4.2.6d), consists of complex logarithms,
we need to define the branch cut. We define W as

WQ) =gy gy (08(r1) = 08(ro) + log(rux) ~Iog(rour) +0)
30 (4.2.7a)
+ Zm ((91 — 0o + 010 — QOM) + 6) ,

where we denote the angle between the inlet and outlet positions in the complex plane

as 0* = arg(¢; — (o), and the variables

pr = 1¢— ¢l O =arg(¢ —(;) where 0y € [-m— 0", 71 —0") (4.2.7b)
po = ¢ — Col, 0o = arg(¢ — (o) where Op € [-m — 0%, m—6") (4.2.7¢c)
B? B?
PIM — C— -, QIM = arg <C — ?) s (427d)
G Cr
2 2
pom = |C — ?— , Oon = arg (C — 1_3_) , (4.2.7¢)
G - Co
_ & g (&
o= ol B = arg (Qto) , (4.2.7f)

and O;yr, 0on € (—m, w] if Re(Crar, Conr) < 0, respectively, and else O;yr, 0on € [0, 27).
Our choice of range for 8; and 6 is to place the branch cut of the complex logarithms
log(¢ — ¢;) and log(¢ — (o) on the straight line connecting (; and (p. With this

notation, the velocity potential ¢ and streamfunction 1) can be written as

3
¢ =Re(W) = 27r(1——QHH)3 (log(pr) — log(po) + log(prn) — log(ponr) + log(a)),
(4.2.8a)
3Q
Y =Im(W) = 9n (1= Hy ) (01 — 00 + 010 — Oom + 1) - (4.2.8b)
We determine the X- and Y-components of velocity, (U, V), via:
dw -
d_C =U — ZV, (429&)
that is
dW dw
U = Re <d_c) , V=—Im (d—§> , (4.2.9b)
where
dw _ 3Q ( 1 _ 1 1 o 1 _ ) 199
w0 -Ep\-G G ) )
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4.3 Analysis of solution

Now, we consider the behaviour of the velocity potential ¢ and streamfunction
(Equation (4.2.8)), derived in Section 4.2.

4.3.1 Velocity potential and streamfunction

In Figure 4.4, to understand how the velocity potential and streamfunction behave
within the CXP1 geometry, we plot ¢ and 1 with inlet and outlet pipes located at
(X,Y) = (-0.25,0) and (X,Y) = (0.25,0), respectively. We see that ¢ is in the
range ¢ € [—(3Q)/(2(1 — Hy)?),+(3Q)/(2(1 — Hy)?)], as is expected by definition
of the streamfunction: the change in value of the streamfunction from one streamline
to another is equal to the net flux between them. Therefore, since the total flux of
fluid entering the system is 3Q/(1 — Hg)?3, the range of ¢ must be equal to this. We
plot the contours of ¥ in Figure 4.4(c), and these lines of constant streamfunction
represent the streamlines of the culture media — the lines along which the fluid flows.
We find that the velocity potential is in the range ¢ € (—o00, o), reaching Foo at the
point source/sink singularities, however we plot with a finite colourmap. The plot in
Figure 4.4(d) shows that the contours of ¢ are very close together near the inlet and
outlet pipes.

We plot the magnitude of the culture media velocity |Uy,| at the top of the media
layer, Z = 1, and the associated streamlines under the standard operating protocol
in Figure 4.5. The velocity near the inlet and outlet is high, while the velocity away
from the pipes is significantly lower and is O(1). The fastest flow is along the straight
line connecting the inlet and outlet pipes. There are two stagnation points which
occur at (£B,0).

We consider how the streamlines change if the inlet and outlet ports are located
in different positions within the domain in Figure 4.6. For inlet and outlet ports
close together (Figure 4.6(a)), there is a greater range of streamline length. The
shortest streamline is ~ 0.1, whereas the longest streamline needs to travel nearly
twice the radius plus half the circumference of the bioreactor, 2B + w. For inlet
and outlet ports far apart (Figure 4.6(b)), the shortest streamline is longer than
for the standard operating protocol, around 90% of the diameter of the bioreactor.
However, the longest streamline is shorter than for the standard operating protocol,
and therefore the range in streamline length is smaller. If the inlet and outlet ports
are not placed symmetrically in the domain (Figure 4.6(c)), then the streamlines

are not symmetric. We can also consider the effect of having multiple inlets in the
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Figure 4.4: Profiles in the (X, Y')-plane of the streamfunction, ¢, and the velocity po-
tential, ¢, defined in Equation (4.2.8). The inlet and outlet are at (X,Y") = (F0.25,0).
The parameter values used are B =1/2, Hy = 1/3, and Q = 1.

bioreactor (Figure 4.6(d)). In this set-up, there are three inlets, which are equally
spaced from each other and the same distance from the outlet, which is at the origin.
We see that the typical streamline length is shorter than for the standard operating

protocol, however there are six stagnation points.

4.3.2 Information about the streamlines

We consider the streamfunction, 1, and the velocity along a streamline for different
inlet and outlet pipe positions. We use the depth-averaged velocity field Uy, defined
by
_ 1 1
Uy =
1 - HH HH

Uw(X,Y,Z) dZ. (4.3.1)
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Figure 4.5: Behaviour of the flow of culture media within the CXP1 bioreactor in the
(X,Y)-plane. The inlet and outlet are at (X,Y") = (F0.25,0). The parameter values
used are B=1/2, A=2/90, Hy =1/3, and @ = 1.

By definition, Uy, = Uy (¥, s)e,, where s € [0, 1] parameterises the streamline. We
go into further detail about this in Section 5.1.3.

We consider 9 set-ups (and explore these further in Section 5.2.3 in the context
of metabolite transport), where the inlets and outlets are positioned at (FXo,0) for
Xo € {0.05,0.1,...,0.45}. Since the model is symmetric about the X-axis, without
loss of generality, we restrict attention to the domain with Y > 0. The streamfunction

in Y > 0 is non-positive, and is odd in the Y variable, that is
B(X,Y) = —(X,-Y). (4.3.2)

Hence, we will discuss our observations in terms of ||, as the results are analogous
for Y <0 (with a non-negative streamfunction).

In Figure 4.7, we plot 21 uniformly spaced streamlines (for @ = 1 and Hy = 1/3)
within the range ¢ € [-0.5Q/((1 — Hg)), —0.005Q /(1 — Hy)], which correspond to
¥ € [—0.75,—0.0075]. For Xp = 0.05, these streamlines are far from uniformly spaced
within the domain (the majority of the domain has low |¢|), whereas for Xo = 0.45
the streamlines are more uniformly spaced and with less steep gradients of 1 across
the domain. The flow is fastest at the inlet and outlet, as expected. The culture
media typically slows down until the midpoint of the streamline (s = 0.5) and then
speeds up towards the outlet pipe. The media velocity is symmetric about s = 0.5,

due to the symmetry of the pipe placement.
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Figure 4.6: Streamlines in the (X, Y')-plane of the flow of culture media of the CXP1
bioreactor for different inlet and outlet pipe positions.

The media velocity along streamlines which are close to the X-axis (larger [¢])
— that being the shortest path from inlet to outlet pipe — is faster than for longer
streamlines (smaller |¢]). For example, for Xo = 0.05 (Figure 4.7(a)), the velocity
along the shortest streamline is approximately 10 and is about an order of mag-
nitude larger than on the longest streamline considered, where it is approximately
0.2. For Xp = 0.25 (Figure 4.7(b)), the velocity in the bulk (s € (0.2,0.8)) along
the shortest streamline is U v (¥ = —0.75,s) =~ 3, whereas on the longest streamline
Un(yp = —0.0075,s) ~ 1. When the inlet and outlet are far apart (X, = 0.45;
Figure 4.7(c)), media travelling along streamlines in the negative X-direction has to
decelerate rapidly due to the bioreactor wall and switch to flow in the positive X-
direction. We observe this in the plot of U, where the velocity falls rapidly close to
s = 0 and s = 1. The media velocity along the shortest streamline is 1.9, approxi-

mately double that on the longest streamline (0.96). We note that there may be some
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asymptotic breakdown as Xp — B.

[¥]
0.75

ol = " n — J " R R R
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

(b) Xo = 0.25 (c) Xo = 0.45

Figure 4.7: The position in the (X,Y)-plane and velocity along streamlines for dif-
ferent inlet and outlet positions.

We also wish to know the total length of the streamline with streamfunction
¥, L£°%(y)). In Figure 4.8(a) we show how the total length of a given streamline,
Lotal(4h) | varies with 1 for the 9 cases of inlet and outlet positions. As [¢)| increases
(that is, as the streamline lies further away from the bioreactor wall), the length of the
streamline decreases. As X increases, the range of £ decreases. For Xy = 0.05,
the streamlines vary in length from 0.056 to 2.36, whereas for Xy = 0.45, they range
from 0.86 to 1.62.
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Figure 4.8: The length of streamline and mean velocity against streamfunction, v,
for different inlet and outlet positions. Inlet and outlet are at (—Xp, 0) and (X, 0),
respectively, where Xo € {0.05,0.1,0.15,0.2,0.25,0.3,0.35,0.4,0.45}. Arrow direc-
tion indicates increasing Xo.
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It is interesting to compare the streamline length to the mean velocity along a
streamline. As observed in Figure 4.7, Figure 4.8(b) shows that as [¢| increases (de-
creasing 1 in Figure 4.8(b), since the streamfunction is negative), the mean velocity
along the streamline increases. The set-up with X = 0.05 has the largest range of

mean velocities on streamlines.

4.4 Discussion

We have presented a model for the culture media flow within the CXP1 bioreactor. We
showed that the media flow can be formulated as a 2D problem in the (X, Y)-plane,
with a point source at the inlet pipe and a point sink at the outlet pipe, and the flow
profile in the Z-direction represented by half-Poiseuille flow. We derived an analytic
expression for the velocity field within the current CXP1 bioreactor operating protocol
and discussed how this changes for multiple sources and/or sinks. We explored how
the positions of the inlet and outlet pipes affect the flow within the domain.

We determined analytic expressions for the velocity potential and streamfunction,
and related this to the 3D velocity within the culture media layer of the CXP1 biore-
actor. We found that the velocity field across the bioreactor is highly dependent on
the position and number of inlet and outlet ports. The velocity not only varies in
depth, but also varies between streamlines and along a given streamline. The culture
media has the greatest velocity at the inlet and outlet pipes and the circular geome-
try has the potential to exhibit stagnation points, dependent on the positions of the
inlet and outlet pipes. This variety of behaviour suggests that there is a large scope
for altering inlet and outlet pipe positions to significantly influence glucose delivery,
lactate removal, and overall organoid growth. We couple the 3D flow of culture media

to the metabolite transport and organoid growth problem in Chapter 5.



Chapter 5

3D metabolite transport and
organoid growth model

In this Chapter, we consider the entire CXP1 bioreactor (Figure 5.1), combining the
derived models and mathematical techniques used in earlier chapters. Our goal is to
understand how the bioreactor operating conditions, e.g. inlet flux and pipe positions,

influence metabolite transport and, consequently, organoid growth.

outlet

culture
medium

O(10°m)

z Ll

Yy hydr(\)gel seeded | O(10”m)
x  with organoids

Figure 5.1: Diagram of CXP1 bioreactor set-up. The blue region represents the cul-
ture media; the yellow region represents the hydrogel; and the grey regions represent
the organoids suspended within the hydrogel. (Zoomed in region) Example of col-
orectal organoid. Organoid stained for nuclear (blue) and cytoskeletal (red) markers
for imaging. Scalebar 50pm. Reproduced with permission from Cellesce.

123
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In Chapter 2, we presented a general model for glucose and lactate transport in
a simplified 2D representation for the media and hydrogel layers within the CXP1
bioreactor. We showed that we can perform asymptotic analysis to systematically re-
duce the model, by exploiting the bioreactor geometry and separation of timescales.
In Chapter 3, we developed a model for the effective macroscale transport of metabo-
lites within the organoid-hydrogel layer of the bioreactor. We explored its behaviour
for several canonical problems. Experimental observation of the bioreactor together
with results generated from these canonical problems indicated that advection, due
to the flow of culture media, is vitally important for efficient nutrient delivery to,
and waste removal from, the bioreactor. In Chapter 4, we developed a mathematical
model for the culture media flow within the CXP1 bioreactor.

We derive our full 3D model for metabolite transport within the bioreactor by
coupling an advection-diffusion model for the media layer (similar to the 2D model
in Chapter 2), with 3D media velocity determined in Chapter 4, to the homogenised
organoid-hydrogel and organoid growth models derived in Chapter 3, subject to suit-
able coupling and boundary conditions. We perform a systematic model reduction,
deriving a 2D model (in the X-Y plane) by averaging in depth — analogous to that
considered in Chapter 2, but now accurately accounting for how advective strength
varies across the bioreactor. We solve the reduced model for the glucose and lactate
concentrations and organoid radius. We use our model to gain insight into how the
operating protocol — specifically, the position of the inlet and outlet pipes and the
inlet volumetric flow rate — affects organoid output, particularly the spatial variation

in organoid size.

5.1 Model set-up

We study nutrient and waste metabolite transport within the CXP1 bioreactor. We
distinguish two regions: a layer of culture media, in which metabolites are trans-
ported via advection and diffusion; and a layer of organoid-containing hydrogel, in
which metabolite transport is governed by the homogenised hydrogel model derived
in Chapter 3. We use the model for dense organoids undergoing volumetric growth.
As in previous Chapters, we adopt a Cartesian coordinate system, & = (x,y, ), and
t denotes time. The bioreactor is as described in Section 2.2 and we restate its key
properties here for convenience. The bioreactor is cylindrical, with diameter L and
total height hj;. The hydrogel layer is of thickness hy and the media layer is of thick-
ness hyy — hy. The aspect ratio € := hyy/L is small. We denote the inlet/outlet pipe
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radii as a (a small parameter) and the bioreactor radius as b = L/2. We denote the
glucose and lactate concentrations in the media layer by c;; and wj; and the glucose
and lactate concentrations in the organoid-hydrogel layer by co and wgo, respectively.
We denote the media layer domain by wj; and the homogenised organoid-hydrogel
domain by wgyo. The organoid radius is denoted as r, which we treat as a continuous
field r = r(x,t) over wyo.

The dimensional equations are:

0
6024 +uy - Vey = Doy Viey for x € wy, (5.1.1a)
W"‘UMVUJM = DwuViwy for € Wy, (5]_]_b)
0
((lwrll Ko + llwoll) co) =

5 )
V- (De(z,t)Veo) — |lwol| s(co,wo)  for @ € wyo,  (5.1.1c)
0
o (el Ko+ ol wo) =
V- (Dw(z,t)Vwo) + 2 |lwol| s(co, wo) for @ € wyo, (5.1.1d)
where Equations (5.1.1¢) and (5.1.1d) are dervied in Chapter 3. Here, uy; is the
culture media velocity determined in Chapter 4, the positive constants D¢y and Dy,
are the diffusivities of glucose and lactate within the culture media, respectively, and

D¢ and Dy their effective diffusivities within the organoid-hydrogel region (derived
in Section 3.3). In Equations (5.1.1c) and (5.1.1d), [|wo| = (4F)r*/(6L)? and |lwg|| =

((6L)* = (5)r*)/(6L)°.
The boundary conditions at the media-hydrogel interface are continuity of con-
centration and flux:
cM = Co, fi-V (Deyey) =0-V (Deco) on z=hy, (5.1.2a)
Wy = Wo, ﬁV(DWMU)M> :ﬁV(DWwo) on z = hH, (512b)
where 1 is the unit normal. At the base and the top of the bioreactor, we assume no

flux of metabolite,

fi- (DcVep) =0, - (DwVuwo) =0 at z =0, (5.1.2¢)
Similarly, at the bioreactor wall boundary, * € Owyan := {(x,y,2) : 2% + y* = b?,

z € [0, hy]}, we impose no flux boundary conditions:

fi- (DcVeo) =0, i (DwVwo) =0 for z € (0, hp), (5.1.2¢)
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At the inlet, the media flows into the domain through a vertical pipe (which is
partially submerged within the layer of culture media), with velocity w,;, glucose
concentration c_,, and lactate concentration 0. We denote the internal region of the

inlet and outlet pipes as w;y, and wqyt, respectively, defined by

win = {(z,y,2): (x—21)*+ (y—yr)® <d®, 2> hy},

(5.1.3)
Wout = {(x7ya Z) : (ZL' - 550)2 + (y - y0)2 < a27 z > hH} .
Therefore, we write the conditions
lim e, - (upcyr — Doy Vey) = e, - (upyc_o)  for @ € wyy, (5.1.4a)
Z—r00
lim e, - (UMU)M — DWMVU)M) =e, - (0 X ’U,M) =0 forxe Win - (514b)

Z—00

At the outlet, we prescribe that the metabolite leaves the domain only via advection,

through a partially-submerged vertical pipe. Therefore, we write

lim e, - (—DcyVey) =0 for @ € woy, (5.1.4¢)
Z—00
lim e, - (—DwpVwy) =0 for & € woys- (5.1.4d)
Z—00

As in Chapter 4, we are only concerned with the metabolite flux into the lubrication
region we consider, and therefore, instead of Equation (5.1.4), we impose the matching
condition for the lubrication region as our effective boundary condition at the inlet and
outlet pipe walls, dw;, and Owoy, respectively. (See Section 4.1 for further details.)

Hence, we prescribe continuity of metabolite flux at Ow;, and no diffusive flux at

aWout:
n- (upycy — DeyVey) =0 (uyc_)  for @ € Owy, (5.1.5a)
n- (uMwM — DWMVU)M) =0 for x € &uin, (515b)
- (—deyVey) =0 for & € dwout, (5.1.5¢)
- (—dwyVwy) =0 for & € Owout, (5.1.5d)
where Jw;, and Owyy: are defined as
aWin = {(ZE,y,Z) : (ZL‘ - xI)Q + (y - y1)2 = (12, hH <z < hM} ) (5 1 6)

Owous = {(2,y,2) 1 (x —20)* + (y —y0)* = a®, hy <z <hu}.
The initial metabolite concentrations are

e, T=0)=c_, wy(x,T=0)=0 forze (hy hy), x€wy, (5.1.7a)
colx, T=0)=0, wo(le, T=0)=0 forze (0,hy), € wyo. (5.1.7b)
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We pose a constitutive model for the reaction kinetics for glucose consumption,
s(co,wo,t). We assume that the rate of glucose consumption is an increasing sat-
urating function of the glucose concentration, co, and a decreasing function of the
lactate concentration, we, of the form:

Co

S — (5.1.8)
Co + YwWo

s(co,wo,t) = sy ¢

where sy is the rate of glucose consumption per unit volume of organoid biomass, with
units molm=3s7!, ¢ is the cell packing density within the uptake region of organoid,
i.e. the volume fraction of cells in an organoid, and vy is a dimensionless constant
prescribing the sensitivity of the organoids to the inhibitory effects of lactate.

The metabolite transport model is coupled to the model derived in Chapter 3 for

organoid growth:
Q _ P(Co,wo)r
o 3 ’
where p is the metabolite-dependent rate of growth. We assume that the organoid

(5.1.9a)

growth rate is proportional to the rate of glucose consumption,
9o
p(co,wo) = fgs(co,wo). (5.1.9b)

We have assumed that a fraction, f, of the glucose consumed is synthesised into
organoid biomass, where g, is the volume of cells produced per mole of glucose con-
sumed, units m*mol™!. Since the bioreactor is initially seeded with single cells, we
prescribe

r=r. att=0, (5.1.9¢)

where 7. is the radius of a single cell.

5.1.1 Dimensionless transport and organoid growth models

We non-dimensionalise the transport model (Equations (5.1.1), (5.1.2), (5.1.5) and (5.1.7)
to (5.1.9)) using the scalings:

(x,y,2) = L(X,Y,eZ), (cum,co,wp,wo) = c_oo(Curr, Co, War, Wo),
t= [t]Ta Uy = (UM,UM,O) = [UM]UM = qre; (UM,VMvO)a
eL (5.1.10)
’I“(CB,t) = 5LR<X7T)7 s = SV¢S7 P = fngVP7

DC(m7t):DCHJC(X7T)a DW(mvt):DWHJW(XaT)7

where ¢ is the volumetric flow rate for current CXP1 operating conditions (see
Table 5.1) and we note that the dimensionless bioreactor radius is B = b/L. We
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Table 5.1: Definitions of dimensional model parameters, together with typical values.
Where no citation is given, parameters are taken from the CPX1 bioreactor.

Parameter Definition Typical value
D¢y | Diffusivity of glucose in culture media 6.0 x 10710 m?2s~t  [83]
Dcy Diffusivity of glucose in hydrogel 6.0 x 10719 m?s™!  [84]
Dco Diffusivity of glucose in organoid 1x1071% m?s7! [95]
Dwum Diffusivity of lactate in culture media 1.4 x 107" m?s™t  [77]
Dwy Diffusivity of lactate in hydrogel 1.2x 107" m?s~!  [9§]
Dwo Diffusivity of lactate in organoid 2.1 x 1070 m?s71  [31]
C_ oo Glucose concentration in upstream reservoir 16 molm™3

L Typical lengthscale of bioreactor (diameter) 9% 1072 m

har Typical depth of bioreactor 3x 1073 m

hir Typical depth of hydrogel layer 1x107% m

b Typical bioreactor radius 4.5 %1072 m

a Typical inlet/outlet pipe radius 2x 1072 m

Qret Typical volumetric inlet flux 1.736 x 10710 m3s~!

sy Rate.of glucose consumption per volume 1.9 % 10-! mol m—2 -1

of biomass
Te Radius of single cell 5x107% m
) Packing fraction of cells within an organoid 0.74 [81]
6.7 x 107® (anaerobic) to

b Volume of cells produced per glucose consumed 10-3 m®mol ™" (acrobic) [46]
Keo Partition coeflicient for nutrient 1
Ky Partition coefficient for waste metabolite 1

v Sensitivity of cells to lactate 0.5

Ny Number of cells seeded within hydrogel layer O(10°)

define the aspect radio of the bioreactor height to diameter as € := hy /L < 1.
The dimensionless height of the hydrogel layer is Hy := hy/(eL). We denote by
0 < 1 the ratio of the organoid separation distance to the bioreactor diameter. This
dimensionless parameter depends on the number of cells initially seeded within the

bioreactor, and we estimate its value via

i’/ volume of organoid-hydrogel layer
5= number of cells seeded _ l 3 7T(%)%H _ 3 erHpy (5.1.11)
\/ n

lengthscale of bioreactor L 4n '

where n is the number of cells initially seeded which evolve into organoids. We assume
that only 20% of the cells initially seeded within the bioreactor (given in Table 5.1)
develop into organoids, motivated by experimental observations, and assume that
these viable cells are distributed uniformly within the hydrogel. We note that this
simply means n = 0.2Nj, and therefore n ~ O(10° — 10°). The sole effect is that
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Figure 5.2: Schematic of the 3D domain in which we solve Equations (5.1.12), (5.1.13)
and (5.1.15) to (5.1.17). The grey represents the homogenised organoid-hydrogel layer
and the blue represents the layer of culture media.

the value of ¢ is ¥/5 ~ 1.7 times larger than if all the cells developed into organoids.
Physically, this is saying that when there are fewer organoids within the hydrogel,
the more hydrogel there is per organoid (and hence, the larger the associated periodic
cell, see Chapter 3).

We choose the timescale [t] to be one day, [t] = 8.64 x 10%s, so that the experiment
runs for T € [0, 7].

In dimensionless form, the governing equations Equation (5.1.1) are:
in the culture media (Z € (Hy, 1)),

oC 0? o 1 0?
ow. 02 02 1 0°
S AU VW = ds (axz tovat 6—2822) Wy for X € Qu; (5.1.12b)

and in the hydrogel (Z € [0, Hy)),

0
a7 (Il Ko +1Q0]))Co) =
o 0 10 - o 0 10
dcn (8_)(’ 8_Y’28_Z) : (dC(X, Y,ez,T) (8_X’8_Y’ Ea_z) Co)
— HQoH Uvs(Co,Wo) for X € QHO7 (5.1.120)
0

7 ((1Q2u] Kw + [1Q0[)Wo) =

aT
0o 0 10 - o 0 10
dwn (8_)(’ R Ea_z) : (dW(X7Y,€Z, T) (8_X’ G_Y’Zﬁ_Z> WO)
+ 2 HﬁoH Uvs<CO, Wo> for X € Qpo, (5112d)
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where the dimensionless domains for the culture media and organoid-hydrogel regions
are denoted by €, and Qg0, respectively. The boundary conditions at the base of the
hydrogel and the top of the media layer (both no flux), and media-hydrogel interface

(continuity of concentration and continuity of metabolite flux) are:

n- (dCHJOVCO) = 0, n- (dWHJWVWO) =0 at Z = 0, (5113&)
. (dCMVCM) = 0, n- (dWMVWM) =0 at Z = 1, (5.1.1313)

=

CM = Co, n-v (dCMCM) =n-V (dCHCZCv(X,K EZ, T)CO) at Z = HH, (5113C)
Wi =Wo, f-V (dwyWuy) =10V (dwudw(X,Y,eZ, T)Wo) at Z = Hy; (5.1.13d)

and the no flux boundary conditions at the bioreactor wall boundary, 0€.n, are

i (depdcVCo) =0, - (dwpdwVWo) =0 for Z € [0, Hyl, (5.1.13¢)
where the dimensionless bioreactor wall boundary is defined by X € 0Quu =

{(X,Y,Z): X*+Y?=B? Z€[0,1]}. The boundary conditions at the inlet pipe,
Oy, for Z € (Hy, 1] are

n- )\UM =1- (/\UMOM — dCMVCM) on 8Qin,

(5.1.13g)
0= n- (/\UMWM - dWMVWM) on 6Qin,
and at the outlet pipe, 0y, for Z € (Hy, 1],
0=n- (—dCMVOM) s 0=n- (—dWMVWM) on 8Qout, (5.1.13}1)
where the dimensionless 9€2;, and 0, are defined as
Oy = {(X,Y,2): (X = X)* + (Y =Y = A%, Hyp <Z <1}, (51.14)
Vs = {(X,Y, Z) 1 (X = Xo)? + (Y = Yo)? = A%, Hp < Z < 1}. o
The initial conditions on the metabolite concentrations are
Cu=1 Wy=0 for Ze (Hy,1) at T =0, (5.1.15a)
Co=0, Wop=0 for Ze€ (0,Hy) at T =0. (5.1.15b)
The dimensionless growth model is
OR
2 Pp(Cy, Wo)R with R=R, atT =0, (5.1.16)

or 3
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where the glucose consumption and proliferation rates (Equations (5.1.8) and (5.1.9b))

become:
Co
S(Co,Wp) = ————+ 5.1.17
(Co, Wo) Co t owo’ ( a)
P(C W)—L (5.1.17b)
O O _Co—{—VWwO‘ 1.
The dimensionless parameter groupings are:
t
{dCMadWMadCH;dWH} = %{D0M7DWM7DCH7DWH}a

(5.1.18)

Upr||t sy |t

The parameter values for the non-dimensional system are given in Table 5.2.

Table 5.2: Definitions of dimensionless model parameters, together with typical val-

ues. Where no citation is given, parameters are taken from the CPX1 set-up.

Parameter Definition Typical value
€ Ratio of vertical to horizontal lengthscales 1/30
5 Ratiq of microscale ‘cell” lengthscale 944 x 10-3
to bioreactor lengthscale
B Radius of bioreactor 0.5
A Radius of inlet and outlet pipe 2/90
Hy Height of hydrogel layer 1/3
R, Dimensionless radius of single cell 2.27 x 1072
A Velocity scaling 0.617
denr Diffusivity of glucose in media 6.4 x 1073
don Diffusivity of glucose in hydrogel 6.4 x 1073
dw Diffusivity of lactate in media 1.49 x 1072
dw g Diffusivity of lactate in hydrogel 1.28 x 1072
oy Glucose consumption rate 759
p Cell proliferation rate 1.07
vw Sensitivity of cell line to lactate 0.5
Ko Organoid-hydrogel partition coefficient for glucose | 1
Ky Organoid-hydrogel partition coefficient for lactate | 1

In this Section, we numerically solve the 3D problem Equations (5.1.12), (5.1.13),
(5.1.16) and (5.1.17) for the ‘standard’ operating conditions: the culture media inlet
flux is @ = 1 (as defined in Chapter 4), the inlet and outlet pipes positioned at
(—0.25,0) and (0.25,0), respectively, and the remaining parameter values given by
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Table 5.2. However, we simplify the initial conditions for glucose concentration (Equa-
tion (5.1.15)) to avoid numerical issues with zero concentration within the hydrogel,
and impose instead,

Cy=Co=1—Hy atT =0, (5.1.19)

which we note the system under the experimental initial conditions Equation (5.1.15)
will relax to over T = O(e?/dcy) ~ 4h. Future work should consider solving
this 3D model numerically with the appropriate experimental inlet condition Equa-
tion (5.1.15). We derived the numerical solutions presented in this Chapter using
COMSOL Multiphysics®. Cellesce typically culture organoids to have diameters in
the range of 40-85 pm — between 4 and 8.5 times their initial size. Therefore,
throughout this Chapter, for ease of interpretation and comparison with desired out-

come, we consider the fold increase in organoid radius:

R

fold increase in organoid radius R := R (5.1.20)

where the initial organoid radius is the dimensionless radius of a single cell, R..
In Figure 5.3, we plot the glucose (C), lactate (W), and fold increase in organoid
radius in two-dimensional cross-sections of the CXP1 bioreactor at the end of the
experiment, 7" = 7. We note that we do not solve for the metabolite concentration
within the pipe regions, as shown in Figure 5.3(B, D, F). The profiles for glucose,
lactate, and organoid radius show minimal variation in depth (cf. Chapter 2). The
region with most Z-variation is close to the inlet pipe, where the velocities and glucose
concentration are high. There is significant variation of C';, W, and R in the X- and
Y -directions and high glucose concentrations are correlated with larger organoids.
The lactate concentrations are very high in the bulk of the bioreactor, away from
the inlet pipe, (Figure 5.3(c)), suggesting that the flow there is insufficient to remove
waste from the bioreactor.

The results presented in Figure 5.3 suggest that the current operating protocol
for the CXP1 bioreactor may not be optimal. Due to the significant computational
expense of solving for a single experiment run (O(100min)), this motivates us to
derive a reduced model, by systematically averaging in Z (cf. Chapter 2), to facilitate
faster and more computationally efficient exploration of the metabolite transport and

organoid growth model.
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a) Diagram depicting the cross-sections of domain considered
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Figure 5.3: Two-dimensional cross-sections of the three-dimensional solutions of (b)
glucose and (c) lactate concentrations, and (d) fold increase in organoid radius within
the CXP1 bioreactor at 7' = 7. The horizontal red line at Z = Hpy depicts the position
of the media-hydrogel interface. The cross-sections considered are shown in (a). The
white dashed lines indicate the corresponding X- (A, C) and Y- (E) positions of the
centre of the inlet/outlet pipes.
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Figure 5.3: Two-dimensional cross-sections of the three-dimensional solutions of (b)
glucose and (c) lactate concentrations, and (d) fold increase in organoid radius within
the CXP1 bioreactor at T' = 7. The horizontal red line at 7 = Hp depicts the position
of the media-hydrogel interface. The cross-sections considered are shown in (a). The
white dashed lines indicate the corresponding X- (A, C) and Y- (E) positions of the
centre of the inlet/outlet pipes.
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5.1.2 Model reduction

We consider the metabolite transport model (Equations (5.1.12), (5.1.13) and (5.1.15)
to (5.1.17)) in the limit ¢ — 0. Motivated by the parameter values in Table 5.2, we

find that Z-diffusion dominates advection, which in turn dominates diffusion in the
(X,Y)-plane:

dey s dem, dwar, d
o ({ oM CH€2WM WH}) > 0\ > O ({dea, dow, dwar, dwr}) . (5.1.21)

To proceed in our analysis, we assume {dcas, dow, dwar, dwr} ~ O(e) and A ~ O(1).
We note that, although oy, ~ O(10?%), the glucose consumption and lactate production
terms are of size 47 R30, /3 and, since R = R, = 0.0227 at T' = 0, the reaction terms
are initially O(1072). Since the magnitude of this term increases over time, as the

organoids grow, we assume [|Qo|| oy ~ O(1). We define

{JCMadCH7JWM7JWH} = %{dCM; dow, dwa, dwiy ~ O(1). (5.1.22)
We consider the following asymptotic expansions for the dependent variables:

f~ fot+efi+éfs, ase— 0, where f € {Cy,Co, War, Wol. (5.1.23)

We outline the following asymptotic analysis for glucose transport and, for brevity,
omit the analysis for the waste metabolite behaviour as it follows analogously.
Multiplying the governing equations Equation (5.1.12) by €? and using Equa-

tion (5.1.23), we obtain the governing equations for glucose:

0
ea—T(CM0+ECM1+...)+€)\UM-V(CM0+€CM1+...)

AR A -
=doy (6 X2 + € y? +8Z2> (CM0+€CM1+...), (5.1.24&)

0
T (([Qull Ko + 10]]) (Coo + €Cor + ...))
- o 0 0 : o9 0 0
= dCH (68_X7 Ea_Y, 8_Z) . (dC(X, Y, O,T) (68_X7 Ea—Y, 8_2) (Coo + 6001 + ... ))
— Q0| ovS(Coo, Woo). (5.1.24b)

In this lubrication approximation regime, we expand d¢(X, Y, €Z, T') about (X, Y,0,T),
to find CZC ~ Jc(X, Y, O,T) + O(G)
The leading order problem is:

0= doy 280 _ de(X,Y,0,T)
— UCcm 8Z27 — UcHWC y Ly YUy

9*Coo
072"’

(5.1.25a)
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subject to boundary conditions

9Cno

dende(X,Y,0,T) 9C00 _ ) at 7 = 0, doum

—0at Z=1,  (5.1.25b)

07z 0z
CMO = Coo, dCHdc(X Y 0 T) aaC’ZOO = CZCMagg/[O at Z = HH (5125C)

From Equation (5.1.25) we deduce that both C);9 and Cpg are independent of Z and
that CM(] = COO.
Proceeding to O(e), Equation (5.1.24) supplies:

- 0*Ciyn 9Cuo

dom 972 = aT + AUy - VxCuo, (5.1.26&)
- 0?Cor 0

dondo(X,Y,0,T) 572 T (2l Kc + [[Q0]1)Coo) + av Q0] S(Coo, Woo),

(5.1.26Db)
subject to the boundary conditions
9Co1 B = 0Chwn . .
dCHdc(X Y 0 T) YA =0at Z = 0, dCM 07 =0at Z = 1, (5126C)
oC, -~ 0C

CMI = COI, dCHdc(X Y 0 T) 8Z01 dCM agl at Z = HH (5126d)

Integrating Equations (5.1.26a) and (5.1.26b) with respect to Z and applying the no
flux conditions (Equation (5.1.26¢)) yields:

- 8Cu B OChwo - a Kl
. = oC,
dende(X,Y,0,T) agl
Z=Hpy

0
— Hu (57 (12l K + 201 Coo) + o 201 S(Con, Won) ), (5:1.270)
where the depth-averaged flow velocity is defined as follows,
_ 1 1
Uy = Uy(X,Y,Z)dZ, (5.1.28a)
1—Hy

and, since Uy ~ UG(Z) = (U(X,Y)G(Z2),V(X,Y)G(Z),0), derived in Section 4.1,
where G(Z) is as defined in Equation (4.1.19b), we have

(U V) (1— Hy)?
1 HH/ G(2) dZ = —5——@UV). (5.1.28Db)

Uy =

Using the continuity of flux condition (Equation (5.1.13c)) at the media-hydrogel
interface, Z = Hp, to connect Equation (5.1.27a) and Equation (5.1.27b), we obtain:
0

a7 (Cro+0 (12l Ko + [20]1)Co0)) + AU - VCuo = —bov [|Q0]| S(Coo, Woo),

(5.1.29)
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and, using the relationship Cy0 = Coo(= C, say), this becomes

P _ _ _ o
S (10 (192 Ko+ [9])) C) + AUy - VO = ~foy 90| S(C. W), (5.1.30a)

where we define the dimensionless parameter § = Hpy/(1 — Hp) to be the ratio
between the hydrogel and media layer depths and the two-dimensional gradient is
V =(0/0X,0/9Y).

The equivalent procedure for lactate yields

o _ _ _ o
(140 (|Qull Kw + Qo)) W) + ATy - VIV = 200y Q0] S(C, W),

aT
(5.1.30b)

We determine the effective initial conditions by integrating the initial conditions,
Equation (5.1.15), in Z to find,

H 1 H 1
o " CoodZ + [ CwmodZ = [70dZ+ [, 1dZ,

0 5 0 X (5.1.31a)
o " Woo dZ + [ Wao dZ = [70dZ + [, 0dZ,
HyC 1-Hgy)C =1-H
#Co0 + ( #)Cumo H, (5.1.31D)
HyWoo + (1 — HH)WM() =0.
Using Coo = Caro = C and Woog = Waro = W, we determine
C=1-—Hy atT =0, (5.1.32a)
W =0 at T = 0. (5.1.32b)

We note that the highest order spatial derivative in Equation (5.1.30) is now
first order and, therefore, we can only impose one boundary condition. Since the
information propagates downstream, we impose the depth-averaged boundary condi-
tion at the inlet. At the inlet boundary, X € 0,, we impose Equations (5.1.13g)
and (5.1.13h). Expanding this in powers of €, we have

0=1- AUn(Wao+ eWay +...) — edwnr V(W + eWan +...)). (5.1.33b)

Thus, the leading-order inlet conditions are

- (\Uy) = fi- AUy Chro)  for X € 0, (5.1.34a)
0 n- ()\UMWM()) for X € 8Qin. (5134b)
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Integrating Equation (5.1.34) with respect to Z € (Hy, 1), we obtain

n-(AOy) =0 -(AUyChro) = Cuo=C=1 at (X,Y)e€ D, (5.1.35a)
0=n- ()\UMWMQ) = Wyo = W =0 at (X, Y) € 0y, (5135b)

We note that the distinguished limit we have taken is singular, in that small
parameters (X- and Y-diffusivities) pre-multiply the second-order spatial derivatives.
As such, we no longer impose outlet boundary conditions on 9€2,. (These boundary
conditions could be imposed through an appropriate boundary layer analysis near
the outlet if required, though we note its effect will be weak.) Our reduced system,
therefore, consists of Equations (5.1.30), (5.1.32) and (5.1.35).

5.1.3 Transforming from Cartesian to streamfunction-arclength
formulation

We choose to work with coordinate system (v, s), where 1 is the streamfunction
determined in Section 4.2 and s parameterises the streamlines (measured tangentially
along the streamlines), similar to the approach taken by Cummings and Waters [13].
Without loss of generality, we suppose 0 < s < 1, where we take s = 0, 1 to correspond
to the inlet (X € 0€,) and outlet (X € 0€uy), respectively. The contours of
constant s are perpendicular to the streamlines at any point and parallel to lines of
constant velocity potential, ¢, as shown in Figure 5.4. We have analytic expressions
for v = Y(X,Y) and ¢ = ¢(X,Y), given in Equation (4.2.8). The metrics of the
transformation (X,Y") — (¢,1) are

0X 0X
Hy=|— Hy=|—1]. 1.
: ‘%, ’ ‘aw (5.1.36)
We introduce the arclength along a streamline, £, which is defined by

L@@:/dezf%ﬁmmq (5.1.37a)

b9

0X 0X 0X 0X

¢ 10X

since the unit vectors in the - (ey) and ¢- (e,) directions are orthogonal. Therefore,

taking the derivative with respect to ¢, we find

oL 0X
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Figure 5.4: Visualisation of the change of coordinate system from Cartesian (X,Y)
to streamfunction-arclength (¢, s). The blue lines are lines of constant X (left) and
¢ (right), and red lines are lines of constant Y (left) and ¢ (right).

Along a streamline, with v constant,
dL? = dX? +dY?, (5.1.39a)

evaluated for constant ¢ and varying ¢. This means

oL\? ox\? /ov\? 2
(%) :(a—¢> *(%) :\87 (5.1.39b)
oL |oxX

We note that, [0(¢,1)/0(X,Y )| is known in terms of velocity components from Equa-
tions (4.2.1) and (4.2.4) and, therefore,

Xy Xw) _ <¢X ¢y)_1 _ 1 ( by —¢Y)

Xy Xy\ 1 u -V
. (o XYoL (0 ). 1400
Hence,
0X 1
Hy=|o-|=/X;+Y}= 2\/U2—f-V2 (5.1.41a)
7o) |U|
Hy, = 0X | _ Xo+Y)= s VU24+ V2= l (5.1.41b)
v oy = |U|2 0’ o
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where U is the fluid speed along a streamline,

U,s) = Ul = VU2 + V2 (5.1.42)
The depth-averaged media velocity, Uy, is related to U by
Uy = O_—;IH)Q (Uex +Vey) = @Ue@ (5.1.43)

and, therefore, for ease of notation, we define the depth-averaged velocity along
streamlines Ujy:
(1— Hpy)?

7. 1.44
3 U (5 )

UM(¢7 1/’) =

Hence, the gradient, V, under the coordinate transformation (X,Y) — (¢,%) be-

comes:

1 1
N N S N N

ey Loyt 2 14
ox "~ oy ~*H,06  *H, 00 (5.1.45)

Under the transformation given by the map (X,Y) — (¢(X,Y),¥(X,Y)), the

governing equations for the depth-averaged metabolite transport model, Equation (5.1.30),

become:
) _ 1— Hp)2U(p, ) 0C -
7 (1 + 0121 Ke + [9201))) + A= EEBEE — o o) s(.10),

(5.1.46a)
(1—Hy)*U(g,v) OW
3 H, 0¢

9 (14 0 (192 Ko+ 190 ]0)T7) + A

oT = 200v || Q]| S(C, W),

(5.1.46b)
where the metrics H, and Hy are defined by Equation (5.1.36) and ||Qo]|| and ||Qg||
depend on R = R(¢(X,Y),¥(X,Y),T), subject to boundary and initial conditions
(Equation (5.1.35)).

In order for s € [0, 1], we define s as

L£(¢, )

(9, ) = Loy’ (5.1.47a)
and, therefore, s € [0, 1] parameterises streamlines, with
ds 1 oL 1 1 oL
= - - T _ _ — = rotal(y), 5.1.47b
a(b Etotal(z/}) a(b Etotal(w) U((b’ w)’ as (1/}) ( )
We use the relationship
0 _0£0s0 10 (5.1.48)

8_¢ T 000L0s ¢£total(¢) Os’
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together with Equation (5.1.44), to transform Equation (5.1.46) into streamfunction-

arclength formulation:

0 _ Uni(s,10) 0C .
g7 (1+ 6 (191 Ko + 1901))C) + A5 52 = ~bov 901 S(C. V),
(5.1.49a)
0 _ Uni(s,10) OW o
g7 (1+ 6 (19 Koy + 1920I)) + A AT T = 280y 1201 S(C, ),
(5.1.49b)

Since [|Qol| + ||Qu|| = 1, for the special case when Ko = Ky = 1, the governing
equations reduce to give:
oC  Un(s,p)0C -
1 i Pl S A 0 1.
( + 9) oT + Aﬁtotal@ﬁ) Os QO-V || OH 5(07 W)? (5 503)
OW Ul(s, ) OW

1+46 A = 200y ||Q2 oW .1.50b
( + ) oT + Etotal(¢) Os ov || O” S(C7W)7 (5 50 )
with boundary and initial conditions
C =1, W=0 ats=0, (5.1.50¢)
C=1—-Hy, W=0 atT =0. (5.1.50d)

An example of the one-dimensional streamline along which we are solving Equa-
tion (5.1.50) is shown in Figure 5.5

Transformed into streamfunction-arclength formulation, our model has spatial
derivatives in the s-direction only, and has been reduced to a first-order hyperbolic
PDE along streamlines. The w-dependence enters parametrically via the velocity
Un(1, s) and the total length of streamline, £%!(z), both of which can be easily
computed numerically a priori from Equations (4.2.8) and (4.2.9).

In order to obtain metabolite concentrations and organoid radius across the entire
domain, we must solve the model for all values of the streamfunction . However,
since the inter-streamline diffusion is systematically neglected, this can be done in
parallel and, hence, is significantly less computationally expensive to solve than in
Cartesian coordinates. The runtime for a numerical solution of the streamfunction-
arclength model is O(2min) in MATLAB, compared to a runtime of O(10min) or the
Cartesian framework in COMSOL Multiphysics®.

We note that there are other distinguished limits for the system Equations (5.1.12),
(5.1.13) and (5.1.15) to (5.1.17) which may be of interest for different parameter
regimes. One such limit is the case where advection balances vertical diffusion, A ~

dom/€? ~ O(1), which would correspond to less extreme bioreactor geometries and /or
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Figure 5.5: Plot to depict how one can solve along a given streamline (shown in
green).

operating protocols with faster flow rates. A model reduction can still be made for

this distinguished limit and we outline this in Appendix E.
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5.2 Results

In Section 5.1, we derived mechanistic models to describe the transport of a nutrient
(glucose, C') and a waste metabolite (lactate, W) within the media, hydrogel, and
organoid regions of the CXP1 bioreactor, which we coupled to a model describing the
growth of organoids. Our motivation was to understand organoid growth within the
bioreactor to predict the variation of organoid size spatially across the hydrogel, and
to gain insight into how changes to the operating protocol would affect the growth
and variation seen during organoid expansion within the CXP1 bioreactor. The key
control parameters we consider are: (1) the position of the inlet and outlet pipes; and
(2) the flux of fresh culture media through the inlet pipe, Q.

In this Section, we present results for the reduced metabolite transport and
organoid growth model, in Cartesian (Equations (5.1.30) and (5.1.35)) and streamfunction-
arclength (Equations (5.1.35) and (5.1.46)) formulations. We anticipate from the
asymptotic analysis performed in Section 5.1.2 that the error should be O(e) com-
pared to solving the full 3D system, away from regions where the parameter value
assumptions break down (i.e. near the inlet and outlet pipes).

We investigate the spatiotemporal behaviour of the metabolites and associated
organoid growth within the CXP1 bioreactor. We explore how the positions of the
inlet and outlet pipes, together with the inlet volumetric flux — both of which af-
fect the culture media velocity across the domain — affect organoid growth and its
variation across the hydrogel. Since Cellesce typically culture organoids until they
are approximately 4 to 8.5 times their initial size, we also present results for the fold

increase in organoid radius:

fold increase in organoid radius R := A (5.2.1)

where the initial organoid radius is that of a single cell, R..

5.2.1 Methods for numerical solution of metabolite transport
and organoid growth models

We solve the reduced model (Equations (5.1.30) and (5.1.35)) via a finite-element
method, using COMSOL Multiphysics® software. For the reduced model in streamfunction-
arclength formulation, we solve the 1D system (Equations (5.1.35) and (5.1.46)) nu-
merically using the Chebfun toolbox in MATLAB [20]. To do this, we must determine
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the velocity Uy (1, s) and the total length, £%(¢)), of each streamline. We deter-
mine these numerically a priori from Equations (4.2.8) and (4.2.9). We do this by
integrating the system of ODEs

ox U oy Vv oL 1

op  U2+V? op U2+ V2 0o JUZ+V2
over a suitable range of ¢ with a Runge-Kutta method using the in-built ODE solver
ode15s in MATLAB. The velocity potential ¢ determined in Equation (4.2.8) is

defined between —oo and oo, treating the inlet and outlet as a point source and

(5.2.2)

sink, respectively. However, our metabolite transport model is only defined in a disc
of radius B centred about the origin excluding the inlet and outlet pipes — both
small circular regions of radius A, centred about (X7, Y7) and (Xo, Yo), respectively.
Therefore, for each streamline, ¥, we integrate Equation (5.2.2) between the velocity
potential at the inlet and outlet pipe walls. That is, for starting position (X,Y) =
(X1 + Acos(0(v)),Yr + Asin(6()))), we integrate

0X U )

% ~ TV X(¢7) = X1+ Acos(6(1)))

Y 1% _ . . o

8_¢ = Erve subject to Y(¢7) =Y+ Asin(0(v)) for ¢ € [¢7, ¢0],
oL 1

(5.2.3a)

where the velocity potentials for the streamline v at the inlet and outlet walls are
given by ¢; and ¢y, respectively, where

o1 = ¢(Xr + Acos(0(1)), Y1 + Asin(0(1)))), (5.2.3b)
o6 = 0(Xo + Acos(0(v)), Yo + Asin(0())). (5.2.3¢)

Computationally, there is significant difference between the runtimes of the nu-
merical solvers we implement for each of the models derived in this Chapter. On a
standard desktop, the full 3D model is solved in O(100min); the reduced 2D model
in Cartesian coordinates in O(10min); and the reduced 2D model in streamfunction-
arclength formulation is solved in O(2min). This gives a speed up of ~ 10 between
the 3D and 2D models. Transforming coordinate system from (X, Y) to (¢, s) further
reduces the computational time by a fifth. We also note that for the streamfunction-
arclength formulation, we could consider only the shortest and longest streamlines, to
capture the range of behaviour and potential variation while reducing post-processing
of the data.
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For each numerical approach, the results were shown to be mesh convergent (re-
sults not shown). The mesh used for the 2D reduced model within COMSOL consists
of 9164 domain elements and 456 boundary elements with a maximum and minimum
element size of 0.008 and 2 x 10~°, respectively, with maximum element growth rate
1.1 and curvature factor 0.2. The relative tolerance was set to 0.005 (physics con-
trolled). For the streamfunction-arclength formulation, we use a tolerance of 107°
using the ‘Eps’ option within the pdeset command. For the numerical solutions of

all models, we use the parameter values stated in Table 5.2.

5.2.2 Current operating protocol

We first consider the reduced 2D model, given by Equations (5.1.30) and (5.1.35),
under the operating conditions given in Table 5.2, which we refer to as the ‘stan-
dard’ operating conditions. The ‘standard’ inlet and outlet positions are at (X,Y) =
(X1,Yr) =(—0.25,0) and (X,Y) = (Xo, Yo) = (0.25,0), respectively.

In Figure 5.6, we present the glucose and lactate concentrations and the fold
increase in organoid radius at the end of the experiment, 7" = 7. We observe that
the glucose concentration is high near the inlet pipe, where fresh culture media enters
the domain with C' = 1 (and W = 0). The glucose concentration decreases with
increasing distance from the inlet. The lactate concentration is low at the inlet and
increases towards the outlet. Similar to observations made in Chapter 3, the organoid
radius R behaves in a similar manner to glucose concentration C'; regions exposed
to higher glucose concentrations contain larger organoids. In a small region close to
the stagnation point at (B,0), X > Xo close to Y = 0, the velocities are sufficiently
slow that they no longer dominate horizontal diffusion: in this region, the assumption
Equation (5.1.21) breaks down, and the (X, Y')-diffusion terms are no longer negligible
in the region near the stagnation point.

In Figure 5.7, we plot the Z-averaged solutions (a,b,c) and standard deviations
(d,e,f) of the metabolite concentrations and fold increase in organoid radius of the full
3D model, Equations (5.1.12), (5.1.13) and (5.1.15) to (5.1.17). As expected, based
on the 3D results shown in Figure 5.3, the most pronounced Z-variation is in the
region close to the inlet pipe — where the velocity of the culture media is maximal.

In the reduced 2D model, we do not consider the organoid-hydrogel region directly
below the inlet and outlet pipes. We assume that vertical diffusion is instantaneous
and, therefore, the metabolite concentrations in the media and organoid-hydrogel
layers are the same. However, in the 3D model (and experimental set-up), organoid-

containing hydrogel lies below the inlet and outlet pipes and, therefore, glucose is
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consumed and lactate is produced in these regions. In practice, there is a small
boundary layer region around the inlet and outlet pipes in the media layer, in which
the glucose and lactate concentrations relax to the Z-independent forms predicted by
our asymptotic analysis and observed in Figure 5.3. This accounts for the variation in
glucose and lactate concentrations at the inlet pipe between Figure 5.6 and Figure 5.7.

We find that in the Z-averaged 3D data (Figure 5.7), 62% of the domain contains
organoids whose radii show a 4 to 8.5 fold increase at T'= 7: the mean and standard
deviation of fold increase in organoid radius are 8.12 and 1.32, respectively, and the
smallest organoid has radius R = 5.7R.. For the reduced model, Figure 5.6(c), the
mean fold increase in organoid radius is 5.66 with standard deviation 1.57, and 91%
of the domain contains organoids in the ideal size range. In the bulk, away from the
inlet pipe, the 2D reduced model is in good agreement with the depth-averaged data
from the 3D model. We also note that, if anything, we overestimate the variation
in organoid radius, and we would expect that the experimental results that Cellesce
obtain/from the 3D model will not be worse than those predicted from the reduced
model.

Growth is negatively impacted both by decreasing glucose concentrations and also
by rising lactate levels. In our reduced model, we find 2C' + W is a constant, and,
therefore, glucose is a good proxy for lactate concentrations. Hence, our focus is

primarily on the glucose concentration and organoid radius.
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increase in organoid radius for the 2D reduced model derived in Section 5.1.2 (Equa-
tions (5.1.30) and (5.1.35)) under the standard operating conditions given in Table 5.2.
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conditions given in Table 5.2.
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5.2.3 Changing inlet and outlet position

One simple alteration to the operation of the CXP1 bioreactor is to change the po-
sition of the inlet and outlet pipes. In this subsection, we consider the impact of
this.

5.2.3.1 Changing distance between inlet and outlet pipes

We consider a CXP1 geometry with inlet pipe at position (X,Y) = (—Xp,0) and an
outlet pipe at position (X,Y) = (Xop,0), retaining the symmetry in the line Y = 0
of the typical CXP1 set-up. We consider the effect of changing the distance between
the inlet and outlet port, by varying X at intervals of 0.05 between 0.05 and 0.45
— representing 10% and 90% of the diameter of the bioreactor. All other model
parameters are fixed at the default values (see Table 5.2).

In Figure 5.8 we present the (X, Y')-profiles of the fold increase of organoid radius
at the end of the experiment (7" = 7) for different inlet and outlet pipe positions.
We observe that increasing X increases the mean organoid radius. We note that
increasing X corresponds to moving the inlet and outlet pipes towards the bioreac-
tor wall, which we observed in Section 4.3 also corresponds to streamlines of more
uniform length (Figures 4.5(b), 4.6(a) and 4.6(b)). For all cases considered, organoids
closer to the inlet pipe experience high glucose concentrations and, as a results, are
larger than organoids at distance from the inlet. At the inlet, the organoids increase
to approximately 12 times their initial size. Although this is larger than the organoid
size that Cellesce aim to culture, it shows that the current experimental run time is
sufficient to produce organoids of the required size, if they are exposed to sufficient
nutrient. For inlet and outlet pipes close together (Figure 5.8(a)), advection due
to flow fails to provide adequate glucose to facilitate organoid growth. The average
growth observed, approximately 3.5 times the initial organoid size, is due to the initial
presence of glucose in the bioreactor at the start of the experiment. For Xy = 0.25
(Figure 5.8(b)), the standard operation pipe position, the organoids receive more
glucose than for Xo = 0.05, however organoids near the wall || X || = B are signifi-
cantly smaller than those in the region between the inlet and outlet pipe, || X | < Xo.
Moving the inlet and outlet further apart (to Xo = 0.45; Figure 5.8(c)), reduces the
variation in organoid size. However, organoids near the outlet only increase in size
by a factor of approximately 4.5. This suggests that insufficient nutrient propagates

downstream by the end of the experiment.
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Figure 5.8: Mean fold increase of organoid radius, R/R,, at T =7, for different inlet
and outlet positions. The parameter values used are given in Table 5.2.

We consider the time evolution of the fold increase in organoid radius in Figure 5.9.
We plot the mean (Figure 5.9(a)) and standard deviation (Figure 5.9(b)) over the du-
ration of the experiment for nine different inlet positions, X € {0.05,0.1,0.15,...,0.45}.
Both the mean and standard deviation increase monotonically over time. At early
times, T' < 2 — 3, there is negligible difference in mean and variation in organoid size
for the different Xy. During this time, the organoids consume the glucose initially
present in the bioreactor (the delivery of glucose via advection is unimportant). At
later times, increasing X increases the mean fold increase in organoid radius, albeit
with diminishing returns. The rate of increase in organoid growth decreases after
three to four days, when glucose concentrations start to decrease (Figure 5.10(a)).
This suggests there is insufficient glucose to support a sustained rate of increase in
organoid radius. Further, increasing X from 0.05 to 0.1 increases the variation in
organoid size. This is because for X = 0.05 all organoids (excluding a small re-
gion around the inlet pipe) experience similar, low glucose concentrations. Increasing
Xo above 0.15 decreases the standard deviation in organoid size, with the standard
deviation for Xp = 0.45 being lower than X, = 0.05 for all times.

We compare the mean and standard deviation of fold increase in organoid radius
for the ‘best’ (Xo = 0.45) and ‘worst’ (Xo = 0.05) inlet and outlet positions in
Figure 5.9(c). When Xo = 0.45, one standard deviation either side of the mean fold
increase in organoid radius (representing ~ 68% of the organoids) are within the ideal
range of organoid size (4 — 8.5 times a single cell). Using the data in Figure 5.8, we
can determine the proportion of the domain which produces organoids in the ideal
range. Further, Table 5.3 shows when Xp = 0.25 or Xp = 0.45 over 90% of the
organoids attain the desired radius. However, even when Xy = 0.45, the variation is

significant, with the standard deviation tripling from 7" =5 to T" = 7. This suggests
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Figure 5.9: Series of plots showing how the mean and standard deviation of fold in-
crease of organoid radius, R/R., evolve over time as the positions of the inlet and
outlet pipes vary. The inlet and outlet are at (—Xp, 0) and (Xp,0), respectively,
where X € {0.05,0.1,...,0.45}. Arrow direction indicates increasing Xo. The pa-
rameter values used are given in Table 5.2.

that there is insufficient nutrient delivery for the number of cells present at these later
times.

We investigate this further in Figure 5.10, where we plot the mean and stan-
dard deviation of glucose concentration. The mean glucose concentration increases
over the first two days and then it decreases. The mean glucose concentration for
Xo = 0.05 does not increase significantly above its initial value C' = (1 — Hp), and
as Xo increases, the maximum value of the mean glucose concentration increases.
As the organoids increase in size, they require more glucose to sustain themselves
and proliferate and, therefore, eventually the glucose concentration starts to decrease
because insufficient nutrient is being delivered via the culture media to sustain the
earlier growth rates. Figure 5.10(a) confirms that at later times, the glucose concen-
tration within the domain is low for all Xp and insufficient nutrient is delivered to
organoids away from the inlet pipe. The standard deviation of the glucose concen-
tration is non-monotonic (Figure 5.10(b)). In all cases, the initial concentration of
glucose is uniform across the CXP1 bioreactor. It takes approximately two days for
the culture media to advect across the bioreactor. We see this most clearly when
Xo = 0.45, where the streamlines have similar length which are approximately the
diameter of the bioreactor, where the variation in glucose reaches a minima around

two to three days. At later times (3 $ 7T < 5), the variation of glucose concentration
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increases before decreasing again to low levels (C' < 0.3).
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Figure 5.10: Series of plots showing how the mean and standard deviation of

glucose concentration, C', evolve over time as the positions of the inlet and out-
let pipes vary. Inlet and outlet are at (—Xp,0) and (Xp,0), respectively, where
Xo € {0.05,0.1,...,0.45}. Arrow direction indicates increasing Xo. The parameter
values used are given in Table 5.2.

Table 5.3: Proportion of domain in which the fold increase in organoid radius is
smaller than, in, or larger than the desired range for the ‘one inlet, one outlet’ set-up
after 7 days. The parameter values used are given in Table 5.2.

. Proportion of domain in which fold increase in
Outlet position, Xo | Inlet flux, ¢ organoid radius lies within a specific range
R/R. <4 4<R/R. <85 R/R.> 85
0.05 1 0.493 0.467 0.0406
0.25 1 0.0169 0.913 0.0696
0.45 1 0 0.931 0.0695

5.2.3.2 Changing number of inlets

In Section 5.2.3.1, we observed that the organoids close to the inlet grew larger than
those at distance away from the inlet. This motivates us to consider the behaviour
of a CXP1 set-up with multiple inlets. One might expect that more of the domain
is exposed to fresh culture media, and therefore this could provide better organoid
growth in more of the domain. In this Section, we consider three inlets and a single
outlet. We distribute the inlets uniformly on a disc of radius r;, and place the single
outlet at the origin. We maintain the total volumetric flux entering the domain

and, therefore, each inlet acts as a source with strength () = 1/3. The coordinates
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of the inlets and outlet are denoted by (Xi;,Y7,), for 7 € {1,2,3}, and (Xo, Yo),

respectively, where

om(i —1 2m(j — 1
(XIja}/}j> =Tr (COS (%‘i‘ %) 5 sin (%‘*’%)) fOI‘j € {17273}?

(5.2.4a)
(Xo,Yo) = (0,0). (5.2.4b)
The complex potential, W ((), for this set-up (cf. Equation (4.2.6d)) is:
B 3Q 1< B2
W(¢) = 21— Hy)? [5 ]Zl (log(( — () + log (C - a)) —log(B? |, (5.2.5a)
aw  3Q 1g 1 1
= W AT [3;<C—Qj+c—f§j>]’ (5.2.5b)

where we denote the position of inlet j in the complex plane by (;; = Xy, + Y7, for
j € {1,2,3}, with associated depth-averaged velocity Uy = (Ups, Viy):

. (A—Hyp?, (W (1= Hyp)? . (AW
Uy = 3 Re < i ) , V= —— Im (d_g) : (5.2.5¢)

We consider nine different values of r;, the distance of the inlets from the origin,
rr € {0.05,0.1,...,0.45).

Figure 5.11 shows the (X,Y)-profiles of the fold increase in organoid radius for
rr = 0.05 (Figure 5.11(a)), r; = 0.25 (Figure 5.11(b)), and r; = 0.45 (Figure 5.11(c)).

As for the ‘one inlet, one outlet’ case explored in Section 5.2.3.1, increasing the

distance between the inlet and the outlet (equivalently, moving the inlets closer to
the bioreactor wall) increases the mean organoid size within the bioreactor. Since
there are three inlets, there are now six stagnation points (see Figure 4.6(d)) and
regions with very slow media velocities, where (X, Y')-diffusion becomes an significant
transport mechanism.

Figure 5.12 depicts the time evolution of the mean and standard deviation fold
increase in organoid radius, and we see that these increase monotonically over time.
Increasing r; increases the mean organoid size. As for the ‘one inlet, one outlet’ case,
increasing the distance between the inlet and outlet in the range 0.05 < r; < 0.25
increases the variation in organoid radius. However, for r; > 0.25, the standard
deviation decreases. While this may seem significantly larger than the threshold of
Xo = 0.15, the distance between the inlet and the outlet for the ‘one inlet, one
outlet’ set-up is now 2Xp, and therefore our observations are consistent with the

earlier result. The maximum distance between the inlet and the outlet in the ‘three
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Figure 5.11: Mean fold increase of organoid radius, R/R., at T = 7, for 3 inlets and
1 outlet for different inlet positions. The inlets and outlet are at positions given in
Equation (5.2.4). The parameter values used are given in Table 5.2.

inlets, one outlet’ set-up, r; = B— A & 0.48, is half the maximum distance for the ‘one
inlet, one outlet’ case. Further increasing r;, even for r; = 0.45, yields organoids with
greater variation than for r; = 0.05. We note, however, that in this case, around 89%
of the bioreactor contains organoids of radius 3.8 R, which is below the required size
(Table 5.4). For r; = 0.25, this decreases to 29% and for r; = 0.45 it decreases further
to approximately 1.4%. Comparing the ‘best’ and ‘worst’ choices of r; considered, in
terms of fold increase in mean organoid radius, in Figure 5.14, we see that moving the

inlet pipes close to the bioreactor wall significantly improves organoid growth overall.

Table 5.4: Proportion of domain with organoids of fold increase in radius which are
smaller, in, or larger than the desired range for ‘three inlets, one outlet’ set-up after
7 days. The parameter values used are given in Table 5.2.

Proportion of domain in which fold increase in

Inl it] Inlet fl . . s .
nlet position, ry | Tnlet flux, @ organoid radius lies within a specific range

R/R,<4 |4<R/R.<85] R/R.>385
0.05 1 0.891 0.0937 0.0153
0.25 1 0.288 0.643 0.0690
0.45 1 0.0148 0.916 0.0696

We consider the mean and standard deviation in glucose concentration for this
set-up in Figure 5.13. We find that for small values of r;, the glucose concentration
does not increase significantly above its initial value and starts to decrease after two
days. Changes in the standard deviation in glucose concentration are similar to those
for the ‘one inlet, one outlet’ set-up, although we only observe a trough in standard

deviation for r; > 0.35, as opposed to Xp > 0.2.
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In Figure 5.14(a) we compare the standard operating conditions to the ‘three
inlets, one outlet’ case with r; = 0.45 . The ‘three inlets, one outlet’ case slightly
outperforms the standard operating conditions, with a larger mean fold increase and
smaller variation. However, when we compare the ‘best’ inlet and outlet position
for the ‘one inlet, one outlet’ and ‘three inlets, one outlet’ cases, Xp = 0.45 and
r; = 0.45, respectively, we find that the single inlet and outlet performs slightly
better. This counter-intuitive result can be explained by considering the velocity
profiles (Figure 5.15): for ‘three inlets, one outlet’ (Figure 5.15(a)), there are six
regions with very slow flow, each larger than the two slow flow regions of the standard
operating conditions (cf. Figure 5.15(b)). Further, the equivalent slow flow regions
in the ‘one inlet, one outlet’ case with Xy = 0.45 are significantly smaller in terms
of area. The slow flow regions are particularly detrimental for two reasons: first,
little glucose reaching these slow flow regions; second, any glucose that enters does
not propagate downstream and is instead consumed by organoids in the slow flow
regions. A notable difference between the ‘three inlets, one outlet’ case compared
to the ‘one inlet, one outlet’ case, is that when slow flow regions occur, they are
typically halfway along a streamline rather than at the start. It is preferable to have
slow flow regions as far down the streamlines as possible, since more of organoids
along the streamline experience higher levels of glucose. Since the media velocity is
the most spatially uniform when Xy = 0.45, with much smaller regions of slow flow,
we conclude that it is the best domain set-up considered for nutrient delivery that is

practically attainable.
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and outlet are at positions given in Equation (5.2.4). Arrow direction indicates in-
creasing r;. The parameter values used are given in Table 5.2.
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Figure 5.14: Comparing the mean and standard deviation of fold increase of organoid
radius, R/R., evolving in time for two different set-ups; ‘one inlet, one outlet’, and
‘three inlets, 1 outlet’. For the 1 inlet case, the inlet and outlet are at (—Xp,0) and
(Xo,0), respectively. For the 3 inlets case, the inlets and outlet are at positions given
in Equation (5.2.4). The parameter values used are given in Table 5.2.
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Figure 5.15: Velocity magnitude profile with streamlines for (b) 3 inlet and 1 outlet
with 77 = 0.45; (b) 1 inlet and 1 outlet with Xo = 0.25; and (c) 1 inlet and 1 outlet
with Xp = 0.45. The parameter values used are given in Table 5.2.
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5.2.4 Changing inlet flux

We now consider the effect of varying the prescribed volumetric flow rate, (). In
Section 5.2.3, we found that after around four days, even if we improved organoid
growth and reduced spatial variation by increasing the distance between the inlet and
outlet ports, the rate of organoid radius increase decreases over time. This suggests
that nutrient delivery for constant volumetric lux ¢ = 1 is insufficient for larger
organoids and this cannot be overcome by improved inlet and outlet pipe positioning
alone. Lower inlet fluxes correspond to: (1) less culture media required for bioreactor
operation, which saves resources; and (2) reduced risk of damage to the hydrogel
surface due to shear forces. Therefore, it is important to understand the extent to

which the inlet flux affects organoid growth.

5.2.4.1 Changing inlet flux

We consider nine different values for the culture media inlet fluxes (), that span two

orders of magnitude:
Q=10 for ke {-1,-0.75,—0.5,—-0.25,0,0.25,0.5,0.75,1}. (5.2.6)

For now, the inlet and outlet pipes are fixed at (—0.25,0) and (0.25,0), respectively.
All other parameter values are fixed at the values for the standard operating protocol
(see Table 5.2).

In Figure 5.16 we present 2D spatial profiles of the fold increase of organoid radius
at the end of the experiment, T" = 7, for the flux values ) = 0.1, Q) = 1, and @ = 10.
We indicate the proportion of the domain with the ideal organoid radius range, 4 to 8.5
fold increase, in Table 5.5. When @ = 0.1 (Figure 5.16(a)), organoids in only 38% of
the domain have grown more than 3.8 times their initial size. Further, only organoids
very close to the inlet pipe have grown significantly larger than this. This set-up is
even worse than inducing slow media flow in the bulk of the domain by placing the
inlet and outlet pipes close together (Xo small), Section 5.2.3.1. This is expected, as
even though the velocity within the reactor is more uniform than for Figure 5.8(a),
its magnitude is ten times smaller. A lower inlet flux leads to slower flow and, hence,
advection occurring over a longer timescale, but also less glucose entering the domain.
Both of these effects negatively impact organoid growth. When the flow is increased
to ten times the standard operating amount (@) = 10, Figure 5.16(c)), the organoids
are significantly larger throughout the whole domain and the minimum increase in

organoid radius is 5.1 fold. However, approximately half the domain has organoids
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Figure 5.16: Mean fold increase of organoid radius, R/R,, at T = 7, for different inlet
fluxes, (). The parameter values used are given in Table 5.2.
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which grow larger than the 8.5 fold increase desired by Cellesce. This suggests, that
for an inlet flux of () = 10, the experiment run time of 7 days is too long and a shorter
run time would yield more organoids within the ideal size range.

We investigate the temporal evolution of mean and standard deviation of fold
increase of organoid radius in Figure 5.17. We find, as expected, that organoid size
is monotonically increasing in time. We observe that there is an initial transient
period of approximately two days, where the organoids consume the glucose which
is initially supplied in the bioreactor (cf. Section 5.2.3), and the mean organoid size
has negligible variation with inlet flux. With increasing @), the time when the rate
of organoid radius increase begins to decrease occurs later in the experiment. When
() = 0.1 this occurs at T' = 3; for () = 1, this increases to T' =~ 4; and for ) = 10,
this occurs at T' = 5.5. For the higher inlet fluxes, the mean organoid size is perhaps
too large for requirements. For, e.g. = 10, it would be more beneficial to stop
the experiment at 7" = 5, since the mean fold increase in organoid size is 5.5 and the
standard deviation is 0.36. By T" = 6, the organoids have grown to 7.1 times their

initial size, but, more crucially, the standard deviation is 0.91 — a 2.5 fold increase.

Table 5.5: Proportion of domain with organoids of fold increase in radius which are
smaller, in, or larger than the desired range for ‘one inlet, one outlet’ set-up with
varying inlet flux @) after 7 days. The parameter values used are given in Table 5.2.

Proportion of domain in which fold increase in

Outlet position, Xo | Inlet flux, ¢ organoid radius lies within a specific range
R/R.<4 |4<R/R.<85| R/R.>85
0.25 0.1 0.617 0.376 0.00699
0.25 1 0.0169 0.913 0.0696
0.25 10 0 0.486 0.514
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In Figure 5.17(a)(inset), we plot the mean and standard deviation of the fold increase
of organoid radius at T' = 7, which highlights that by the end of the experiment, the
variation in organoid size increases with increasing flux. In Figure 5.17(b), we see
that the variation in organoid radius increases with increasing time. After an initial
period of low variation, the variation suddenly increases. As () increases, the standard
deviation increases at later times but also at a greater rate. In Figure 5.17(c), we
see that there is a significant difference in organoid size by increasing the flux, and
hence culture media velocity, by two orders of magnitude. The behaviours diverge
for T > 2. However, the relationship is nonlinear, since increasing ) by 100 does not

increase in organoid radius by 100 fold.
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Figure 5.17: Series of plots showing how the mean and standard deviation of fold
increase of organoid radius, R/R., evolve over time as the inlet flux, @, varies. Inlet
flux values are @ = 10%, for k € {—1,-0.75,—0.5,0.25,0,0.25,0.5,0.75,1}. Arrow
direction indicates increasing flux. The parameter values used are given in Table 5.2.

We consider the behaviour of the glucose concentration over time in Figure 5.18.
We see that increasing () corresponds to higher glucose concentrations over time. For
earlier times (7' < 5), this is also associated with lower variation in glucose. The
results indicate that large, consistent glucose concentration leads to uniform growth.

These results suggest that the standard inlet flux of ) = 1 may be too low for
the desired organoid output and that a flux of ) = 10 may be too large for a 7 day
experimental run time and also inefficient in terms of resource usage. We anticipate

that an intermediate value of () may be optimal.
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Figure 5.18: Series of plots showing how the mean and standard deviation of glucose
concentration, C', evolve over time as the inlet flux, @), varies. Inlet flux values
are Q = 10, for k € {—1,-0.75,—0.5,0.25,0,0.25,0.5,0.75,1}. Arrow direction
indicates increasing flux. The parameter values used are given in Table 5.2.

5.2.4.2 Cost-effective volumetric inlet flux

The model exploration in Section 5.2.4.1 suggests that the amount of glucose required
within the CXP1 bioreactor is not constant. Rather, it increases in time and depends
on the size of the organoids. Therefore, we propose that a better operating protocol,
that simultaneously reduces resource wastage while also improving organoid growth
and minimising spatial variation, would be to vary the inlet flux over time. To test

this hypothesis, we consider a piecewise constant flux Q = Qcg(T) of the form:

for0<T <,
forT<T <7,

1
Qer(T;T) =4 3 (5.2.7)
2
where the control parameter 7 determines the time at which we increase the flux.
We assume that the jump in flux, and associated increase in culture media velocity,
happens instantaneously at 7' = 7.

We plot the mean and standard deviation of the fold increase in organoid radius in
Figure 5.19. We observe that the earlier the flux increases (the smaller 7 is), the larger
the organoids. As expected, the rate of increase in organoid size increases significantly
when the flux increases. We compare this inlet flux protocol, Equation (5.2.7), to
the standard operating protocol, and find that for 7 < 5, the time-dependent flux
protocol produces organoids with a greater mean radius. The standard deviations
for all 7 and for @ = 1 are similar for the first 5 days (Figure 5.19(b)). After 7 =7
(corresponding to a constant inlet flux of @@ = 1/3) has the lowest spatial variation.

However, this does not mean that 7 = 7 is the best choice for CXP1 operation — we
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saw in Section 5.2.4.1 that low fluxes give rise to much poorer metabolite environment
for organoid growth and, therefore, a significant proportion of the organoids cultured

will be smaller than the minimum 4 fold increase required.
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Figure 5.19: Mean and standard deviation of fold increase of organoid radius, R/R,,
evolving in time for different functional form of fluxes, @ = Qcr(T; 7). The parameter
values used are given in Table 5.2.

In Figure 5.20, we plot the mean and standard deviation of the mean fold increase
of organoid radius at 7' = 7. We note that the total volume of culture media required
for operation varies with 7. For 7 > 4.2, the time-dependent flux protocol uses less
culture media than the standard operating conditions with constant flux ) = 1. We
find that for 7 € (4.2,5.03), using @ = Qcg(T;7) produces a mean fold increase
in organoid radius greater than taking () = 1, while also using less culture media.
Although the standard deviation of organoid radius for Qcp(T = 7,7 € (4.2,5.03))
is larger than for constant flux, the increase is only approximately 10%. In Fig-
ure 5.20(a)(inset), the proportion of culture media that can be saved by using inlet
flux Qcr(T;7) is plotted against 7 € (4.2,5.03). We can save up to 19% of the total
volume of culture media by changing from a constant inlet flux @@ =1 to a time-
dependent flux, @ = Qcg(T; 7). This shows that varying the inlet flux to take into
account the organoid size and glucose requirements is a more cost-effective approach.
It also shows how our mathematical model can be used to identify ways to improve
operating protocol, though we note that a more complex procedure would be required

to fully optimise protocol.
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Figure 5.20: Mean and standard deviation of fold increase of organoid radius, R/ R,
at T = 7 for different functional form of fluxes, Q@ = Qcg(T; ), as a function of 7.
Solid red line indicates the time at which the total volume of culture media used is
the same as the current operating protocol. The dashed red line indicates the time at
which the time-dependent flux performs the same as the current operating protocol.
The parameter values used are given in Table 5.2.

5.2.5 Streamfunction-arclength formulation

We have gained valuable insight by investigating the reduced model in Cartesian
coordinates (Equations (5.1.30) and (5.1.35)) in Sections 5.2.3 and 5.2.4. Now, we
explore the reduced model in streamfunction-arclength formulation. In this coordi-
nate system, we can better understand the behaviour along a streamline and how the

upstream metabolic environment affects organoid growth downstream.

5.2.5.1 Solving the metabolite transport model along streamlines

In this Section, we solve the reduced model in streamfunction-arclength formulation
for the standard operating conditions of CXP1 (see Equation (5.1.50) derived in
Section 5.1.3 and associated parameter values in Table 5.2). We solve the model for
nine streamlines, uniformly spaced with ¢ € [-Q/(2(1—Hp)), —0.01Q/(2(1— Hpy))],
defined by

Yp=19; forj=1,...,9, (5.2.8a)

. Q (j—1) 0.99Q
where U = A T Hy T 0 20— Hy)'

(5.2.8b)
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and standard operation protocol uses a volumetric inlet flux of () = 1.

The initial and boundary conditions in Equation (5.1.50) for glucose are inconsis-
tent. Furthermore, since we have neglected diffusion along streamlines, a shock could
form. Indeed, in Section 2.4.2, we observed a shock solution for a similar system,
but were able to determine analytic solutions in each of the regions either side of
the shock. To avoid issues with numerically solving for shock solutions, instead we
impose impose C' = 1 at T = 0, for consistency with the boundary condition. We
note that this initial condition is not consistent with the physical system we have thus
far considered. This is equivalent to increasing the initial supply of glucose within
the bioreactor by a half. Although we cannot quantitatively compare the metabo-
lite concentrations to those computed from the Cartesian formulation of the model
considered in Sections 5.2.2 to 5.2.4, the results are still qualitatively similar and are
informative. At later times, we expect the organoids to have consumed the initial
glucose supply and to be reliant on glucose entering through the inlet pipe and trans-
ported via advection. Future work would be to consider solution of the experimental
initial conditions Equation (5.1.50).

We show the (X,Y')-coordinates of these 9 streamlines in Figure 5.21(a) and
the velocity along these, parameterised by s (defined in Equation (5.1.47)), in Fig-
ure 5.21(b), where each colour in Figures 5.21(a) and 5.21(b) represents a streamline
¥ = 1} defined in Equation (5.2.8). We also plot the velocity as a colourmap on the
(X,Y)-coordinates of each streamline in Figure 5.21(c). Comparison of Figure 5.21(c)
to Figure 5.21(b) reveals that the minima in media velocity occur when streamlines
turn a corner. We see that as [¢| decreases, s becomes more stretched across the

domain.
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Figure 5.21: The behaviour of the 9 streamlines considered in Section 5.2.5.1.

We plot the concentrations of glucose and lactate and fold increase in organoid
radius at the end of the experiment, C(¢,s, T = 7) and W(¢,s,T = 7), and
R(,s,T = 7)/R., respectively, in Figure 5.22. In the top figures, we plot C, W,
and R/R. against the arclength parameter s, where s € [0,1], and in the bottom
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figures, we plot C, W, and R/R, against the arclength £, where £ € [0, £*%!(¢))].
We see that the glucose concentrations increase and the lactate concentrations de-
crease at all points along the streamline for increasing |¢|. Correspondingly, the fold
increase in organoid radius is higher for higher glucose levels and lower lactate levels,
i.e. the behaviour of the fold increase in organoid radius is qualitatively similar to the
glucose concentration. By plotting the glucose, lactate, and fold increase in organoid
radius against the distance travelled along the streamline £, we see that not only
are the organoids along the streamline exposed to lower glucose and higher lactate
concentrations, but many more organoids are on these longer streamlines. Therefore,
the domain has worse metabolite conditions than one may expect from inspection of
the top figures in Figure 5.22.

Our observations suggest that to reduce variation along a single streamline, we
should reduce streamline length. Combining this with our previous observation
that less variation in streamline length reduces variation of organoid radius between
streamlines, we deduce that the optimal regime would be one that minimises both
length of streamlines and the variation in their length across the CXP1 bioreactor
(which we observed in Section 5.2.3 when varying the inlet and outlet positions | Xo|).

We now consider the temporal evolution of the metabolite concentrations and
organoid radius. We consider three streamlines, corresponding to the (X,Y)- co-
ordinates and streamline velocity shown in Figure 5.23, described by ¢ = 7 for
J = 1,5,9, where we define ¥ in Equation (5.2.8). We refer to 9] as short, 1} as
mid, and 1§ as long, to emphasise that there is a significant difference in £%%! for these
streamlines (L% (1) = 0.456; L*%1(¢)2) = 0.649; L% (hs) = 1.86). In Figure 5.24,
we present the glucose (top), lactate (middle), and fold increase of organoid radius
(bottom) for the three different streamlines every day throughout the experiment
(T'=0,1,2,...,7). We see that over time, the rate at which glucose concentration
decreases from the inlet value (C' = 1) increases for all streamlines. For the long
streamline, the rate of decrease of glucose is fast and then plateaus, with only small
variation of glucose concentration for s > 0.2. This plateau begins at around s ~ 0.1,
and corresponds to where the streamline rounds a corner (see Figure 5.23(b)). This
indicates that these ‘slow flow’ regions adversely impact downstream nutrient trans-
port and enable the lactate levels to accumulate before they are advected downstream,
where they inhibit organoid growth.

In Figure 5.25(bottom), the flow of media from the inlet pipe only starts making
a significant impact after about 4 days. The rate of organoid increase is greater

towards the inlet s = 0, where glucose levels are high. By 15% of the way along
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Figure 5.22: Glucose, ', and lactate, W, concentrations and fold increase of organoid
radius along streamline at 7' = 7: (top) plotted against parameterisation of stream-
line s; (bottom) plotted against distance travelled along streamline £(, s). Arrow
direction indicates increasing |¢)|. The parameter values used are given in Table 5.2.

the long streamline, insufficient glucose is supplied via advection to enable organoid

growth at days 6 and 7. This suggests Cellesce should halt the experiment by day

6, since the organoids in s € (0.2, 1] are roughly the same size, and with less spatial

variation, as for day 7, since the maximum organoid radius increase is approximately

8 fold, rather than 12. These organoids are slightly larger than the minimum 4-fold

increase required by Cellesce.
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Figure 5.24: Series of plots showing the glucose (top) and lactate (middle) concentra-
tions and fold increase in organoid radius (bottom) along three different streamlines,
plotted at daily intervals. The parameter values used are given in Table 5.2.

We can also plot the metabolite concentrations and fold organoid radius increase
along these three streamlines (¢ = ¢ for j = 1,5,9) as continuous functions in
time, Figure 5.25. Most of the spatial variation in fold increase in organoid radius
is masked by the larger variation in organoid radius in time. Since the glucose and
lactate concentrations always range between [0, 1] and [0, 2], respectively, it is easier
to see the variation in s. As we noted earlier, (2C' + W) is a conserved quantity and

we can see this clearly in Figure 5.25.
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Figure 5.25: Series of plots showing the metabolite concentrations and fold increase
in organoid radius along three different streamlines evolving in time throughout the
duration of the experiment. The parameter values used are given in Table 5.2.

5.3 Discussion

We have presented an unsteady 3D model for metabolite transport throughout the
CXP1 bioreactor, which we coupled to a model for organoid growth. We used asymp-
totic analysis to reduce the dimensionality of the model, by exploiting the extreme
spatial and temporal parameter ratios in our system. We combined the approaches
from Chapter 2 and Chapter 3 to develop a continuum macroscale model based on
relevant microscale level information, coupled to the flow model in Chapter 4. Our

model predicts the spatiotemporal distribution of the metabolic environment within
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the bioreactor and how organoids cultured under these conditions would grow and
influence the local metabolite concentrations. This information is infeasible to gain
from experiments alone. The flexibility of our model has enabled us to explore the in-
fluence of key parameters of the CXP1 operating protocol — such as inlet and outlet
pipe positions and culture media inlet flux — on the glucose and lactate concentra-
tions and the associated organoid growth.

Our reduced model consists of a coupled reaction-advection system for glucose
and lactate transport, and a growth model for the evolution of the organoid radius.
Through careful consideration of the media flow field, we transformed the coordi-
nate system from Cartesian (X,Y) to streamfunction-arclength (¢, s), and showed
how this allows further model simplification from 2D to 1D. We derived a system of
1D reaction-advection PDEs for glucose and lactate, which describes the transport
of metabolite along a streamline. Each choice of coordinate system has its own ad-
vantages. In a Cartesian frame, it is intuitive to understand the spatial variation in
metabolite and organoid size across the whole bioreactor — in particular, between
streamlines — and how the positioning of the inlet and outlet pipes affects nutrient
delivery and waste removal. The streamfunction-arclength formulation is convenient
to understand how the metabolite levels and organoid size vary along a streamline.
It is less computationally expensive to solve, and allows us to solve only ‘extremes’
of streamlines to predict the best and worst case scenarios possible for a given oper-
ational set-up.

Our reduced model enabled us to efficiently explore a range of operating conditions
for the CXP1 bioreactor. We found that changing the position of the inlet and
outlet pipes affects the flow of culture media and hence the metabolite transport,
since the dominant transport mechanism is advection. We found that increasing
the distance between the pipes gives less spatial variation in metabolite levels and
organoid radius, corresponding to a flow with less variation in streamline length.
However, after the first couple of days, there was always spatial variation in metabolite
levels and organoid size. We investigated the behaviour of a set-up with multiple
(three) uniformly spaced inlet pipes and a single outlet at the origin. Since more
of the domain was exposed to the fresh culture media entering through the inlet
pipe and the average streamline length is shorter than in the ‘one inlet, one outlet’
case, we expected this to perform better. However, the multiple inlets gave rise to
more stagnation points and slow flow regions, and therefore increasing the number
of inlets is not necessarily the ideal operating protocol. Our results indicate that we

can optimise the position (and number) of the pipes to reduce the spatial variation
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between streamlines within the bioreactor by minimising the variation in streamline
length. However, only limited progress can be made to reduce spatial variation, due
to: (1) the insufficient glucose levels within CXP1 at later times, and (2) the inherent
spatial variation along each streamline. These factors are due to the large nutrient
requirement for the size of organoid that exist by the later stages of culture.

We also considered the effect of varying the inlet flux. Increasing inlet flux corre-
sponds to faster flow of culture media and an increase in organoid size everywhere.
Small organoids (those which exist at early times) require less glucose and can man-
age with lower levels of inlet flux, however large organoids require more glucose and
therefore require higher inlet fluxes to maintain the same rate of proliferation. Our
results suggest that under the current operating conditions of a constant inlet flux,
that we are initially oversupplying glucose and by later times are significantly under-
supplying glucose. When we increased the inlet flux by an order of magnitude, we
found that there was still spatial variation. Furthermore, over half of the organoids
were larger than the ideal range of 40pm to 85pnm and, since this protocol requires
ten times the volume of culture media without a highly significant improvement in
organoid output, it is wasteful and an inefficient use of resources. We note that even
when considering the case () = 10 for a run time of 5 days, this utilises 7 times the
volume of culture media (as well as increasing the risk of damage of the hydrogel
surface due to increased shear stress from the higher velocities of the culture media),
suggesting this is not optimal. To this end, we considered a simple ‘cost-effective’
approach, where we allowed our inlet flux to no longer be constant in time, but a
step-function. For an initial period, we prescribed a third of the current inlet flux,
and then we increased it (instantaneously) to double the current inlet flux. We found
that this protocol produces organoids with the same, or larger, mean fold increase in
radius (with only slightly more spatial variation) than the current operating proce-
dure using nearly 20% less culture media. We note that this is a simple, first approach
to determining a more optimal inlet flux for organoid growth. Our 2D reduced model
is computationally cheap enough to solve that performing more elaborate optimisa-
tion approaches is feasible. Varying inlet flux has a significant impact on the spatial
variation along a streamline. It is clear that only varying a time-independent inlet
flux (within a experimentally feasible upperbound) is insufficient to vastly reduce the
spatial variation within CXP1 due to the variation between streamlines (their length
and associated velocities). One should consider varying things such as experimental
run-time and exploring a time-dependent inlet flux to improve organoid output and

reduce running costs.
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We used the streamline-arclength formulation to deepen our understanding of
the model behaviour along streamlines; how this evolves in time and for different
streamlines and, consequently, streamline lengths. We found that near stagnation
points, when the flow turns a corner, there are sharp decreases in the culture media
velocity. This is bad for nutrient delivery, as less glucose is transported downstream
as the organoids consume significant levels of glucose locally while the media only
slowly advects the metabolite. The lactate levels also build in these regions, since the
media flow is insufficient for clearance at the rate of lactate production, and these high
lactate levels are then exposed to the organoids downstream of the slow flow regions.
We observed that the metabolite concentrations experienced by the organoids are
heavily dependent on (1) which streamline they lie on and (2) how far along the
streamline they are, since the organoids at the outlet receive a lot less glucose. This
dependence only increases in time.

The mathematical modelling approach taken in this Chapter has given us a frame-
work in which to derive a reduced 2D model to predict metabolite transport and
organoid growth within the CXP1 bioreactor. Model validation was not performed
due to the extremely limited data currently provided by Cellesce, however the metabo-
lite concentrations and organoid sizes predicted are within the regime (and order of
magnitude) of what is typically observed experimentally. We have explored our model
to show that by varying the inlet and outlet pipe positions and the inlet flux that
it is possible to reduce the spatial variation in organoid radius. Changing inlet and
outlet position allows us to alter the flow of culture media, the associated streamlines,
and the variation in streamline length, and this, in turn, reduces variation between
streamlines. Changing the inlet flux allows us more control over the glucose concen-
trations along a streamline and an avenue for minimising variation along a streamline.
The existence of this 2D reduced model for the CXP1 bioreactor means that it is fea-
sible to optimise over a range of a large space of operating protocol variables, which

we have shown to have influence over the organoid output.



Chapter 6

Conclusions and future work

The work contained in this thesis was motivated by the culture of organoids within
a bioreactor, specifically developing mathematical models to describe the interplay
between metabolite transport and organoid growth. The goal was to determine spa-
tiotemporal information concerning glucose and lactate concentrations and organoid
size within the CXP1 bioreactor. This information is required to optimise the biore-
actor operating conditions and we take a mathematical modelling approach, because
this information is infeasible to obtain experimentally. In this Chapter, we summarise
the work covered in the thesis and its implications, and highlight avenues for future

work.

6.1 Summary of work

In Chapter 2, we considered a 2D representation of the bioreactor system, as a simple
idealised model that retains the key biological features but can be probed analyt-
ically. We developed an unsteady model for the transport of two metabolites —
glucose and lactate — within the culture media and hydrogel layers. The effect of the
organoids on metabolite levels was modelled via a volumetric (bulk) reaction term
in the hydrogel, and the organoids were assumed to grow exponentially, at a rate
independent of local metabolite concentrations. Motivated by the extreme parameter
ratios in the system (firstly, the aspect ratio of the bioreactor depth to lengthscale
and, secondly, the separation of timescales between the metabolite transport and
reaction mechanisms) and the observation that there is minimal depth variation in
the numerical simulations, we utilised asymptotic analysis to systematically reduce
the spatial dimension of the model from 2D to 1D. We used a lubrication scaling to
derive the longwave approximation, a coupled system of reaction-advection-diffusion

equations (second-order 1D parabolic PDEs). The asymptotic analysis enabled us to

171



172 §6.1. Summary of work

identify the dominant transport mechanisms on our timescale of interest — on the or-
der of days, since the experiment occurs over 7 days. We found that vertical diffusion
occurs on the timescale of hours; growth and metabolite consumption/production
occur on the timescale of days; and horizontal diffusion occurs on the timescale of
months. We also exploited the separation of timescales for the transport mechanisms
to obtain the sublimit approzimation, a reaction-advection system (first-order 1D hy-
perbolic PDEs). A strength of the sublimit approximation is its analytic tractability;
we obtained explicit solutions via the method of characteristics, which revealed the
spatiotemporal-dependence of the metabolite concentrations, as well as their depen-
dence on bioreactor control parameters, such as the media flow rate. We found that
the sublimit approximation can give rise to discontinuous shock solutions if the ini-
tial and boundary conditions are inconsistent. The solution has two distinct regions,
either side of the dividing characteristic (the ‘shock’): an wunreplenished region, in
which the organoids subsist on the initial glucose within the bioreactor; and a re-
plenished region, in which fresh culture media shapes the spatial distribution of the
metabolites. We showed that the reduced models serve as excellent approximations
of the full 2D system averaged in depth for physically relevant parameter regimes.
When varying the flow rate, we found that there were two regimes for the bioreactor
operation: (1) transport-limited, where there was insufficient nutrient delivery/waste
removal (for flow rates lower than a threshold value); and (2) proliferation-limited,
where the rate of cell growth set the timescale at which lactate is produced (for flow
rates above this threshold value). We identified a trade-off between promoting high
glucose conversion (to minimise resource wastage and operating costs), ensuring high
glucose levels (for consistent, high levels of cell proliferation), and keeping lactate
within tolerable levels. Our model allows efficient calculation of these quantities.

In Chapter 3, we focused on accurately capturing the microscale behaviour of
the organoids within the hydrogel and how to model individual organoids suspended
within the hydrogel as an effective continuum. We presented a 3D model for glucose
and lactate transport coupled to organoid growth within a hydrogel. The organoids
are modelled as spherical regions with time-varying radius, in which metabolites dif-
fuse, glucose is consumed, and lactate is produced. We consider both dense organoids,
which are dense clusters of cells (with packing space) and exhibit volumetric metabo-
lite consumption/production, and shell organoids, which comprise a single layer of
cells with metabolite consumption/production localised to the organoid-hydrogel in-

terface. The metabolites diffuse in the hydrogel region. At the (moving) interfaces
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between the organoids and hydrogel region, we imposed continuity of metabolite con-
centration and flux. Since it is computationally challenging to resolve the full problem
(due to the multiply connected 3D domain involving millions of moving boundaries
between the organoid and hydrogel regions), we employed mathematical homogenisa-
tion (via the method of multiple scales) to derive the effective macroscale behaviour
of metabolite transport across the entire ‘organoid-hydrogel’ region. The resulting
homogenised model consists of a coupled reaction-diffusion system for metabolite
transport, where the effective diffusion and reaction terms depend on the microscale
structure. The effective diffusivity of metabolites is determined via solution of the
‘cell problem’. This is a quasi-steady problem within each periodic ‘cell’; consisting
of Laplace’s equation in the organoid and hydrogel regions, coupled with a partition
condition and discontinuous flux condition at the organoid-hydrogel interface and pe-
riodicity conditions at the cell boundary. The uptake terms scale with the volume of
the organoids for dense (volumetric uptake) organoids and with the surface area for
shell (surface uptake) organoids, as might be expected on physical grounds. Although
the cell problem is quasi-static, it is coupled to the evolving organoid microstructure.
Therefore, we reformulated the cell problem so that it could be solved a priori to the
coupled macroscale metabolite transport and organoid growth models, reducing the
computational expense further.

Through consideration of idealised problems representing static and flowing cul-
ture media conditions, we determined how the organoid radius depends explicitly on
the local metabolite concentrations, as well as the characteristics of the cell lines used
to generate the organoids (e.g. glucose requirements, sensitivity to lactate, organoid
structure). We considered modified Michaelis-Menten glucose consumption/lactate
production reaction kinetics, and assumed that cell proliferation is proportional to
the rate of glucose consumption. The sensitivity of a cell line to lactate was incorpo-
rated by modifying the Michaelis constant (concentration at which the reaction rate is
half the maximum rate achievable) to depend on the local lactate concentration. As a
result, the optimal flow rate is unique to each organoid line and must be determined
for each hydrogel (macroscale) geometry and organoid line. With a homogenised
metabolite transport model, it is possible to determine the influence of the organoid
behaviour at the microscale on the macroscale metabolite environment and organoid
output and, in this way, identify optimal flow rates for different organoid lines.

In Chapter 4, we developed a model for the flow of culture media within the
CXP1 bioreactor, motivated by the advection-dominated nature of metabolite trans-

port within the layer of culture media. We modelled the flow using incompressible
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Navier-Stokes and continuity equations. Using a lubrication scaling, we showed that
the depth-dependence of the flow decouples and, therefore, the problem can be for-
mulated as a two-dimensional problem (with Laplace’s equation governing the pres-
sure) in the horizontal plane, with a point source and a point sink, representing the
in/out-flux of culture media through the inlet and outlet pipes, respectively. The
flow profile in depth is half-Poiseuille flow. We derived analytical expressions for the
velocity potential and streamfunction, and related these to the velocity profile within
the bioreactor. We showed that the flow is fundamentally driven by, and therefore
qualitatively dependent on, the number and position of inlet and outlet pipes. We
found that varying the inlet and outlet pipe positions significantly influences glucose
delivery and lactate removal and, ultimately, organoid growth.

In Chapter 5, we combined the approaches from Chapter 2 and Chapter 3, and
incorporated the media flow model derived in Chapter 4, to derive a model for un-
steady 3D metabolite transport and organoid growth within the CXP1 bioreactor. An
important feature of this macroscale model is that it systematically retains informa-
tion about the evolving microstructure within the hydrogel. Our model predicts not
only the spatiotemporal distribution of the metabolites within the bioreactor and the
growth of organoids cultured under these conditions, but also the way in which the
organoids locally influence metabolite levels. The flexibility of our model has enabled
us to explore the influence of key parameters of the CXP1 operating protocol — such
as inlet and outlet pipe positions and culture media inlet flux — on the metabolite
concentrations and organoid growth in a straightforward manner. We used asymp-
totic analysis to systematically reduce the full 3D model to a more tractable 2D model
by averaging in depth (analogous to the systematic reduction of a 2D representative
region of the bioreactor to a 1D problem via depth-averaging in Chapter 2), and this
reduced model consists of a coupled reaction-advection system for metabolite trans-
port and an organoid growth model. We neglected diffusive transport in the horizontal
directions, as this occurs on a slower timescale of months compared to advection and
reaction, which occurs on the timescale of days. We showed that a judicious change of
coordinate system from Cartesian to a streamfunction-arclength formulation reduces
the dimensionality of the system further. Using information about the streamfunction
(from the media flow model in Chapter 4), we note that the culture media velocity
has only one component in this coordinate system — that is, the culture media flows
only in the direction along the streamline, and not perpendicular to the streamline
(essentially, by definition). Therefore, we change the coordinate system from Carte-

sian to one in the direction of (and orthogonal to) streamlines, which we refer to as
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the ‘streamfunction-arclength’ formulation. Each streamline is described by a con-
stant value of streamfunction and a parameterisation for (normalised) distance along
the streamline, which we refer to as the arclength. In this ‘streamfunction-arclength’
formulation, our model reduces to a reaction-advection problem along streamlines.
The model can be related back to the model from Chapter 2 if we view the system
in Chapter 2 as a transport problem for metabolites along a streamline, where the
the horizontal spatial variable is interpreted as the arclength. However, we note that
the work in Chapter 2 does not account for the variation in flow strength along a
streamline. We showed in Section 5.2 that any ‘slow flow’ regions (near stagnation
points) hinder nutrient delivery and that waste accumulates in these regions, and
therefore bioreactor geometry should be chosen to minimise the number of ‘slow flow’
regions. We found that moving the inlet and outlet pipes further apart reduces the
spatial variation in metabolite concentration and organoid size, and this corresponds
to minimising the variation in streamline length across the bioreactor. The mean
glucose levels are higher and the mean lactate levels are lower the further apart the
inlet and outlet pipes. However, there is inherent spatial variation along each stream-
line, which becomes more pronounced the longer the streamline. This suggests that
one should decrease the length of streamlines, to minimise spatial variation along
streamlines. When we varied the inlet media flux, we found that under the current
operating regime, the organoids receive an excess of nutrients at early times and a
deficit at later times (i.e. at the end of the experiment). This led us to propose
a ‘cost-effective’ piecewise constant flow rate, which achieves similar results to the
current culture conditions with markedly reduced media requirements.

Throughout this thesis, we have developed models to answer questions that we
initially posed — are the glucose concentrations sufficiently high and the lactate levels
sufficiently low within CXP1?, and can we alter the operating parameters to ensure
spatially uniform metabolite concentrations?. We have determined the spatiotempo-
ral glucose and lactate concentrations and shown that, depending on the positioning
of the inlet and outlet pipes, regions in which the organoids do not receive sufficient
nutrients may form. These regions coincide with areas of high lactate concentra-
tions, which may be intolerable to the organoids (depending on the sensitivity of the
organoid line to lactate levels). We explored different operating conditions, char-
acterised by different flow regimes and inlet/outlet positions, to understand their
influence on spatial variation in both metabolite distributions and organoid size. Our
recommendation to Cellesce, as a simple first step to improving CXP1 operation, is

to incorporate a time-dependent flow rate. We observed that, for a constant flow
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rate, while the organoids are initially oversupplied with nutrient, by the end of the
experiment there is insufficient glucose and high lactate build-up within the system.
We demonstrated that even having a simple piece-wise constant flow rate — with
a slower initial flow rate which then increases later in the experiment (around 4/5
days) — has the benefits of maintaining (or even improving) organoid output while
requiring less culture media, therefore decreasing operating costs. We found that,
while we can improve on the current operational protocol in terms of reducing spatial
variation in metabolite concentration and organoid size, there is limited scope for
improvement when only a single control parameter is varied.

We have shown that the bioreactor operating conditions can have a significant
impact on the distribution of organoid size within the bioreactor. However, we have
shown that altering operating conditions with a sole focus on improving homogeneity
in organoid size can have undesirable consequences in terms of introducing significant
resource wastage. Therefore, one needs to understand the constraints on the input
resources and desired operational outcomes (organoid output), and prioritise accord-
ingly, since the operating parameters and bioreactor outputs have been shown to be
interdependent.

The 2D reduced model we derived and analysed in Chapter 5 for the CXP1 biore-
actor enables identification of key operating parameters. Importantly, it also means
that identification of optimal operating conditions for the bioreactor (its geometry,
set-up, and operating conditions) is now feasible, due to the reduced computational

costs of a 2D model compared to a 3D model.

6.2 Future work

While we have made significant progress in understanding the fluid flow, metabolite
transport, and organoid growth within the CXP1 bioreactor, several avenues for future
work naturally lead on from the work contained in this thesis. These are interesting
both from a mathematical viewpoint and also for experimentalists, those at Cellesce
in particular.

A natural next step is model validation through comparison to experimental data.
For example, can we accurately predict metrics such as the mean and standard de-
viation of organoid size? Although Cellesce do not have spatial data (due to the
challenges associated with obtaining such experimental data), they can quantify the
number of organoids within the bioreactor at the end of an experiment and determine

the organoid size distributions within a representative sample. In the future, Cellesce
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aim to collect real-time measurements of the metabolite concentrations at the outlet
pipe(s). These data could be used to calibrate and validate our model and to com-
pare the dynamics of different organoid lines. To validate our model, we can compare
the model-predicted and experimental mean metabolite concentrations at the outlet
and also cumulative glucose conversion (Equation (2.5.3)) within CXP1. Ideally, we
would obtain data for the organoid size distributions for a series experiments run
under the same operating conditions (and same cell line), for different run times (e.g.
daily, T = 1,...,7). This would allow us to compare the agreement of the mean
and standard deviation of organoid size at regular intervals throughout the duration
of the experiment. We could use experimental metrics such as cumulative glucose
consumption and the initial and final number of cells within the bioreactor to help
parameterise the cell line characteristics required for our model — namely, the glucose
consumption and cell proliferation rates. It would also be of interest to explore math-
ematical and experimental agreement of metabolite concentrations and organoid size
distributions as the flux of culture media into the bioreactor varies. This would enable
us to establish the physical relevance of any mathematically optimised model to the
(real-world) CXP1 system. As the mathematical models introduced in this thesis are
further developed, it will always be prudent to perform experimental validation. The
overarching goal of this research is to develop a framework that accurately captures
the organoid growth and metabolite transport within CXP1, and then exploit it to
efficiently optimise the CXP1 operating protocol and improve organoid output. Es-
tablishing what metrics should be used to identify an ‘ideal organoid output’ remains
an open question and requires further discussion with Cellesce.

There are several model extensions that would improve the physiological relevance
of the homogenised organoid-hydrogel model. Given the mechanical stimuli experi-
enced by a cell affects its behaviour (e.g. proliferation, differentiation) via mechan-
otransduction [19, 42|, it would be useful to be able to predict these conditions within
the bioreactor. A promising approach involves viewing the hydrogel and organoids
as poroelastic materials (see e.g. [11] for such an approach), through which culture
media can flow while metabolites diffuse and are consumed/produced. By consider-
ing the poroelastic behaviour of the hydrogel and organoid regions — in particular,
the stresses present at the interfaces between the organoid and hydrogel regions — it
would be possible to predict the local biomechanical environment experienced by the
organoids. This information could be incorporated into our organoid growth model,

enabling consideration of biochemical and biomechanical stimuli on organoid growth.
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Other model extensions include a relaxation of the assumption that the organoids
are spherical and also variation in the separation distance between organoids. Al-
though it is relatively simple to homogenise our transport model with non-spherical
organoids, there is some nuance with how to model radially asymmetric growth. In
the regime described in Chapter 3, the metabolite concentrations are uniform across
a single organoid, and therefore, under our current growth model, the organoid ma-
terial proliferates uniformly and the initial organoid shape is retained throughout the
experiment. Hence, a more complicated growth model is required, to capture further
physiological effects which induce non-uniform organoid growth. The latter extension
— variation in organoid separation distance — would be mathematically challenging,
although we could consider an approach such as that used in Auton et al. [2], where
solute transport within a spatially heterogeneous porous medium with arbitrary ob-
stacle shape and spatially varying anisotropic ‘periodic cell” is considered. Such an
approach would be of particular interest if the stresses (due to (elastic) deforma-
tion of the hydrogel as a result of organoid growth) vary on the organoid-scale and
induce/inhibit growth in a particular direction.

Since only 20% of the single cells seeded within the CXP1 bioreactor develop into
organoids, the distribution of organoids within the hydrogel is not necessarily uniform.
Therefore, it would be of interest to compare the homogenised organoid-hydrogel
model from Chapter 3 to a stochastic model, where the organoids are randomly
distributed across the hydrogel, rather than the uniform cubic lattice considered in
this thesis — a comparison similar to that performed by Bruna and Chapman [5].
Reassuringly, the authors found good agreement between the two approaches, as
long as the inclusions were not too dense, and, therefore, we anticipate similar good
agreement in the case of our homogenised model.

While in this thesis we have considered steady flows, it would be straightforward
to extend our framework to study time-dependent flows, including oscillating flows
(as long as the timescale of oscillations is not very fast). As we recommend the intro-
duction of a piecewise-constant inlet flux into the CXP1 operating protocol, we could
also consider transitions between these flow regimes, by exploring a time-dependent
boundary layer during this relaxation period (a period of time during which the flow is
time-dependent as it transitions from one steady state to another). The consideration
of unsteady flows will be particularly important when attempting to limit resource
wastage while minimising spatial variation in metabolite concentrations across the
bioreactor. We anticipate this due to our observations in Chapter 2 that steady flows

which facilitate little spatial variation in metabolite concentration also have very low
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glucose conversion, and therefore are very inefficient in terms of resource usage. The
predictions of our mathematical model can be exploited to inform candidate scenarios,
e.g. differing flow regimes, bioreactor design, and operation. These can be simulated
in advance of engineering the prototype bioreactors and, hence, our approach has the
potential to streamline the bioreactor development process. Cellesce is currently de-
veloping their next generation bioreactor, CXP2, a fluidised bed bioreactor, which has
significantly different fluid dynamics to the current CXP1 bioreactor. Future mathe-
matical modelling work in collaboration with Cellesce will be to predict the metabolite
transport and organoid growth within CXP2. We anticipate that a fruitful approach
would be to utilise the homogenised-organoid hydrogel model derived in Chapter 3
in CXP2-relevant geometry, and couple this to the appropriate flow problem for a
fluidised bed, though this will come with additional mathematical challenges.

A key area of future work is the optimisation of the CXP1 operating conditions,
using the models developed in Chapter 5. To implement this, we could consider e.g.
an optimal control approach [53]. Such an approach has been used successfully for op-
timisation of other bioreactor operations, see e.g. [8, 64, 69]. As we have highlighted
through this thesis, there are numerous parameters which we have shown influence
metabolite concentrations and organoid size across the CXP1 bioreactor. Potential
parameters to consider in our optimisation are: number of inlet and outlet pipes; po-
sition of inlet and outlet pipes; volumetric inlet flux; experimental runtime; initial cell
seeding density; and even bioreactor geometry (such as thickness of organoid-hydrogel
layer and length of bioreactor). In this thesis, we have introduced and considered a
wide range metrics, such as: glucose conversion; minimum glucose concentration;
maximum lactate concentration; proportion of uninhabitable domain; turn-off time;
mean organotid radius; standard deviation in organoid radius; and proportion of do-
main in which organoid radius lies within a specified range. The specification of an
appropriate cost function for the optimisation requires consideration of the desired
outcomes and their relative importance for each individual organoid line. For exam-
ple, benign tissue is significantly more sensitive to lactate than cancerous tissue, which
motivates weighting the minimisation of the lactate concentration more strongly for
benign organoid lines compared to cancer organoids. The optimal operating con-
ditions are likely to change during the course of the experiment due to organoid
growth. Future modelling work could predict how and when operating conditions
should change to account for this growth. We anticipate that incorporating the flexi-
bility of a piecewise-constant volumetric inlet flux, with tunable transition times, into

an optimisation protocol will be an interesting mathematical problem and improve
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organoid output. An exciting future development is to create a model which uses
real-time data from metabolite concentrations to predict how the inlet flux should be

adjusted to yield optimal organoid output, creating a real-time feedback loop.

6.3 Concluding remarks

In conclusion, we have developed a series of mathematical models for coupled metabo-
lite transport and organoid transport within the CXP1 bioreactor. Our models allow
us to efficiently predict the spatiotemporal distributions of glucose and lactate, as
well as organoid size, across the bioreactor, and to determine how these quantities
depend on the bioreactor operating conditions and biological parameters (e.g. glucose
uptake) — data that is infeasible to obtain experimentally. We have shown the power
of asymptotic analysis and mathematical homogenisation techniques to derive accu-
rate reduced-order models. The models developed in this thesis represent important
steps towards optimisation of the CXP1 bioreactor operating conditions, and have the
potential to improve the quality and reproducibility of bioreactor-expanded organoid
output. In future work, our theoretical framework could be used to guide scale-up in
the production of viable organoids and, in doing so, contribute to advancing organoid
technology, enabling organoids to be exploited as powerful tools for accelerating drug

discovery and testing.



Appendix A

Derivation of analytic solution to
the sublimit approximation

We consider the sublimit approximation discussed in Section 2.4.2,

oC oC
aa—T + ﬁa—X = —’)/C exp(PT), (A()la)
ow ow

with boundary and initial conditions

C=1 W=0 atX=0, (A.0.2a)
1
C=— W=0 atT=0 (A.0.2b)

We can make progress analytically via the method of characteristics.

A.1 Solution for glucose concentration

We begin by considering the glucose concentration, since Equation (A.0.1a) is decou-
pled from Equation (A.0.1b), and introduce our coordinates in characteristic space,

(&,7), where we define
§=aX - fT, (A1)

noting that £ is a constant along each characteristic curve, and 7 parameterises the

characteristics. Each characteristic curve for Equation (A.0.1a) will satisfy:
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with our initial data curve, I'(€) = (T'(§), X (€),C(€)) at 7 =0,

1

<O, %, a) for £ >0, (A.1.3a)
(—B, 0, 1) for £ <0. (A.1.3b)

Solving Equations (A.1.2a) and (A.1.2b) subject to the initial data Equation (A.1.3)

gives the coordinate transformations,

T = ar, _ _ §
for £ >0: {X— £ and for £ <0 F=ar B’ (A.1.4)
=pBr+-, X = Br.
Region 1, £ > 0:
The governing equation for C', Equation (A.1.2¢), becomes

dC
— = —CePT A.15
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which we integrate to obtain
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C=D <—— ) , A16

(€ exp (—e (A16)

where D(€) is an arbitrary function of ¢ to be determined from the initial condition
C(&,7=0)=1/a from Equation (A.1.3a). We obtain

c,r) = éexp (Plo) exp (—Plaep‘)”) for £ > 0, (A.1.7)

which we can rewrite in Cartesian coordinates as:

1
O(T,X) = ~exp (% (1- ePT)> , which holds for aX — 7 > 0.  (A.18)

Region 2, £ < 0:
The governing equation for C'; Equation (A.1.2c), becomes

dC P(ar—%)
= — _ B Al
T ~Ce , (A.1.9)
which we integrate to obtain
C = B(f)exp <—Plaep(0”*%)) , (A.1.10)

where E(&) is an arbitrary function of £ to be determined from the boundary condi-
tion, C'(§,7 = 0) = 1. We obtain
C(& 1) =exp (%6_]3%) exp (—%ep(m_%)) for £ <0, (A.1.11)

which we can rewrite in Cartesian coordinates as:

C(T,X) =exp (% <6_P(%X_T) - ePT>> , which holds for aX — 8T < 0. (A.1.12)
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A.2 Solution for lactate concentration

In a similar manner, we can use the method of characteristics to make analytic
progress for the lactate concentration, W. We introduce our characteristic coordi-
nates £ and 7 again, and the governing equation, Equation (A.0.1b), satisfies:

dr dX dWw

- ot aw _ PT
% T B, - 2vCe' ", (A.2.1)

with initial data, T'(€) = (T'(€), X (£), W(€)) at T = 0:

(O, ~ 0) for & >0, (A.2.2a)

I(§) =

(—%, 0, 0) for £ <0. (A.2.2b)

We have the same coordinate transformation for Regions 1 and 2 as for C, Equa-
tion (A.1.4). Hence, we can write the governing equation for W as an explicit integral

of known functions:

W(eT) = /0 "9 (T(e 7). X (6.7)) PTED dr, (A.2.30)

subject to W =0 at7=0, (A.2.3b)
where ¢ is treated as a constant and C'is defined in Equations (A.1.7) and (A.1.11).

Region 1, £ > 0:
For Region 1 (¢ > 0), Equation (A.2.1) becomes,

d 1 gl gl
Wy Ly (2 exp (P oo Iy
dr 704 P Pa P P@e ‘ ( )
We integrate to solve this explicitly, to find
2 v 7P
WP (L)en (L) i re,  (a25
L exp(po)exp (—pe ) + F(E) (A.2.5)

where the arbitrary function F(§) is determined by the boundary condition W = 0
at 7 =0 to give F' = 2/«, and so

W, )= 2 (1 — exp <Pla> exp <_Plaepm)> : (A.2.6)

which we can rewrite in Cartesian coordinates as:

W(T, X) = 2 (1 — exp (Pla (1- ePT)>> . (A.2.7)
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Region 2, £ < 0:
For Region 2 (£ < 0), Equation (A.2.1) becomes,
dW Y _p& Y _p(ar—5)\ P(ar—$)
- _9 (_ ﬁ) <—— aTB ) aTE) A2.
T vexp e exp (—p e e (A.2.8)

Similary, we integrate this to find

W = —2exp <%e_%§) exp <—%€P(a7_%>) + G(§), (A.2.9)

where the arbitrary function G(&) is determined by the boundary condition W = 0
at 7 =0 to give G = 2, and so:

W m)=2 (1 — exp (Pl (e*P% — ep(o”*%)>>> , (A.2.10)

(07

which we can rewrite in Cartesian coordinates as:

W(T, X) =2 (1 — exp (Pla ((P(%X*T) - ePT)>> . (A.2.11)



Appendix B

Derivation of cell problem
boundary condition

We derive the boundary condition on Y € 9 for the cell problem, Equation (3.3.18).
Using the ansatz Equations (3.3.17a) and (3.3.17b), the boundary condition Equa-
tion (3.3.16a) becomes:

[(ny - (Vy(=%1)) Ox, + ny - (Vy(=¢2)) Ox, + ny - (Vy(—3)) Ox,) + ny - Vx| Cro

=dco [(ny - (Vy(=V1)) 9x, + ny - (Vy(=V¥2)) Ox, + ny - (Vy(=¥3)) dx,) + ny - (VX]>COO-
B.1

We rearrange and impose the partition condition KcCpg = Cgo for all Y to obtain,

Ko [(ny - (Vy(=11)) Ox, + ny - (Vy(=2)) Ox, + ny - (Vy(—3)) dx,)] Coo
—deo [(ny - (Vy (V1)) Ox, + ny - (Vy(=¥3)) Ox, + ny - (Vy(=¥3)) dx;)] Coo
= dcoﬂy . VX(COO) — Ny - VX(KCCOO)- (BQ)

Since the parameters doo and K¢ are constant (and therefore independent of Y'),
we can rewrite this as

ny - Vy (=Kot + deooV1) 0x,Coo + ny - Vy (—Kcths + deoV¥2) 0x,Coo
+ny - Vy (—Kcts + deoV¥s) 0x,Coo = deony - Vx(Coo) — Keny - Vx(Cop), (B.3)

which we can rewrite as,

ny - Vy (—Kcthy + deo V)
ny - Vy (—Kct2 +dcoVs) | - VxCoo = — (Ko —deo)ny - VxCoo.  (B.4)
ny - Vy (—Kcs + deoVs)

By dotting Equation (B.4) by e;, to compare coefficients of dx,Coo, we find the

boundary condition on Y € 0o in component form:

ny - (KcVyv; — dooVy V) = (Ko — deo) ny - €;. (B.5)
Similarly, for the lactate problem, the boundary condition on Y € 9€)y in component
form is J 4
ny - (vay’)/z - LOV}/FZ) = (K - LO) ny - e€;. (BG)
dwn dwn
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Appendix C

Derivation of proxy flow boundary
condition

A similar proxy flow boundary condition to the one considered in this Appendix is
derived in the Supplementary Information of [17] .

In the media layer above the hydrogel, we have Stokes flow and the glucose and
lactate concentrations are cy; = c_o, and wy; = 0, respectively. The governing

behaviour is

8CM

W =V- (DCMVCM - UCM) ) (Cla)
B
% = V- (Dwar Vs — wwny) . (C.1b)

We have continuity of concentration and continuity of flux at the interface z = hy:

c=cy, M- (BCVE) =n-(DcuVey), (C.2a)
W= wy, M- (Dwv’u_}) =n - (DyyVwy), (C.2b)

with
u -1 =0 (no slip), (C.2¢)

where D¢ and Dy are the dimensional effective diffusivities of glucose and lactate in
the homogenised hydrogel. We consider the system after an initial transient boundary
layer in time, when it has relaxed to a quasi-steady state.

We non-dimensionalise using the scalings:

(&, car, W, wy) = c_oo(C, Crr, W, W), (C.3)
2
w— U, @—LX, t——1 (C.4)
Dcu

where 4 is the shear rate, but [u] = 4L is the typical velocity of the fluid, and the
interface is at Z = H = hy/L We obtain the following system for metabolite within
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the media (Cy;, Way), in Z > H and homogenised hydrogel (C, W), 0 < Z < H,

layers:

?TM =V (dCMVCM — PGUCM) s (C5a)
oWy
g—g V- (de(X, T)VC) — 0y S(C,TT), (C.50)
oW - _ _
3T = V- (dw(X,T)VW) + 20y S(C, W), (C.5d)

where we define the dimensionless parameters:

1 AL?
—(D D d Pe=
Den ( CM, WM) an € Dot

(C.6)

(dowm, dwu) =

where Pe is the Péclet number.

The flow near the hydrogel layer can be well approximated by a shear flow within
the mass transfer boundary layer. This is because we consider a flow where the
Schmidt number (the ratio of the kinematic viscosity p to the mass diffusivity, Sc =
w1/ pDin) is large, so the hydrodynamic boundary layer is much thicker than the mass
transfer boundary layer. (We note that the Schmidt number is generally large for
mass transport in water.) We choose that the flow is in the positive X-axis direction
and the positive Z-direction points towards the culture media from the hydrogel, with
the hydrogel interface at Z = H, U ~ (Z — H)ex.

Considering a thin layer of culture media near the hydrogel-media boundary, and
noting that Pe > 1 and degy ~ O(1), we rescale in Z and take Z = H+(dep /Pe)/3 2,

The leading-order version of the governing equations in the media are then:

o PCu _ 50Cu

=25 ‘ax (C.7a)

2
0= jvcvx 83234 - Zag)/(M, (C.7b)

with far-field condition:

Cy — 1, Wy —0 as 7 — . (C.8)

The interfacial conditions at Z = 0 are:
C=Cy and W =Wy, (C.9a)
JCZ; = dCMangf and  dy ZVZV = dWM%. (C.9Db)
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We seek similarity solutions for C'y; and W), of the form

1\ 3
Cu = f(¢) where ¢ = <X> Z, (C.10a)
dens \ 12 .
Wy =g(&) where £ = (dWMX> Z, (C.10Db)
and we note that the following partial derivatives take the form:
a¢ ¢ a¢ 1 ¢
_— = —— -~ — X /3 = —=< 11
9 _ & o _( Pe NP _¢ (C.11b)
0X  3X' o9z \dwuX) 7 '
Therefore, the derivatives of C'y; and W), become:
8CM C / ac’M C / 826’M §2 "
—_ = = — = =< = = = 12
=il Sr =l g alt (C.120)
2 2

ox ~ sx" oz ~ 7" oz T 2
The quasi-steady behaviour of Equations (C.7a) and (C.7b) can then be written in

terms of the similarity solutions ¢ and £ as
2

0=f"+ ?f,’ (C.13a)
2

0=g"+ ?9/; (C.13Db)

with boundary conditions (from Equation (C.8)):
Cy=1as(— oo, i.e. f(oo)=1, (C.13c¢)
Wy =0as & — oo, i.e. g(oo)=0. (C.13d)

Writing Equations (C.13a) and (C.13b) as total derivatives,

¢\ ¢

0= (f’ exp (5)) = f'=Aexp (—5) , (C.14a)
EVY £’

0= (g' exp (§)> = ¢ = Bexp (—5) , (C.14b)

where we find A = f’(0) and B = ¢/(0). Therefore, using f(co) = 1 and g(co0) = 0,

we find an expression for f and g,

¢
f= A/ exp (—%) ds+1, (C.15a)

[e.e]

3 $3
g= B/ exp (—5) ds. (C.15Db)
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Evaluating Equation (C.15) at ¢ = 0 and £ = 0, respectively, we find

0 3
FO) =1+ A / exp (_%) ac, (C.16a)
B 0 53
g(0) = B/OO exp <—§) d¢, (C.16b)
which we can rearrange and substitute for A and B to give:
o0 3
f(0) + f’(())/o exp (—%) d¢ =1, (C.17a)
/ = £ _
g9(0)+g¢ (O)/O exp (—§> d¢ =0, (C.17b)

where

o0 3 00 3 1
/0 exp (—%) d¢ :/0 exp (—%) d¢ =373T (%) ~ 1.86. (C.17c)

Since we posed similarity solutions Cy(X) = f(¢) and Wy (X) = g(§), and

therefore

aC 1/3

- (%) 7Q), (C.184)
oW, d 1/
= () (C.18)

which we can evaluate at Z = 0, that is Z = H,ie (=0and¢ =0, to find

ac
_ / _ vl/3 M
fo=cul, . FO=x A (C.19a)
, dWMX)1/3 OWar
0) =Wyl . ¢(0)= LA C.19b
9(0) =Wu|_, 4(0) ( ) gl (C.19D)

Substituting Equation (C.19) into Equation (C.17), we obtain a relationship for the
behaviour of Cy; and Wy, at the hydrogel-media interface, Z = 0:

0C

(1
Cy+3730 (=) X1/3=2 =1 C.20
v+ (3) v, (C.20a)
W +375T (1) (dWMX) oWy _ 0 (C.20D)
M 3 dewm YA ’ '

which we can write in terms of the metabolite concentrations within the homogenised

hydrogel layer, using the continuity of concentration and continuity of flux conditions,
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Equation (C.9), and find at Z = 0:
C 43750 (1) xipdeX, 100 (C.21a)
3 dem  0Z
1/3 3 ;e
W+ 3750 (1) (dWMX) dw(X, T)OW _, (C.21D)
3 ch dWM 07

We scale back out of the boundary layer in the culture media near the media-hydrogel

interface Z = H, and rewrite Equation (C.21) in terms of Z,

(1N (den X\ do(X,T) OC
C+3s3I(= — =1 C.22
o (3)( Pe ) dowi 02 (C-222)
(1 [(dwn X\ dw (X, T) OW
W+4+3735I | = =0. C.22b
o (3) ( Pe ) dwar 07 (C-22b)
We define the dimensionless parameters a¢ and ay as
1/3pel/3 . 2/3
ap = 2 Pe dou (C.23)
I (3)
31/31:) 1/3d 2/3 d 2/3
ay = ¢ 1 WM = Q¢ (ﬂ) ~ 0.570@, (024)
r(s) dwn

and rewrite Equation (C.21) to obtain effective boundary conditions for C and W,

which are consistent and closed, at the hydrogel-media interface, Z7 = H:

- 8@ (676 =
= 8W aw .=

where we note ac and ay, are effective Péclet numbers, and increasing ac and ay
correspond to increasing the flow rate in the culture media. We note that this this
boundary condition does not apply strictly in the case of no advection, however,
Dalwadi and Pearce [17] show that this type of effective boundary condition is valid

even for moderately sized Péclet numbers.



Appendix D

Small organoid and strong uptake
distinguished limit

Now, we consider a different distinguished limit of our model, given by Equations (3.3.5)
and (3.3.6), which corresponds to a hydrogel embedded with small organoids with
strong metabolite uptake/production. Instead of scaling as in Equation (3.3.7), we

now consider the distinguished limit:

deo ~ dwo ~ dwy ~ O(1), R~ 0O(8), oy ~0O(7%,

) (D.0.1)
Uo ~ Uy ~ Uy, ~ O(57),

where we note that since the velocity scaling is chosen to balance the rate of organoid
growth (see Section 3.2.2), the velocity terms Up, Uy, and Upsq, must be of the
same asymptotic order as the organoid radius R. Therefore, in this distinguished
limit Upg ~ Uy ~ UaQO ~ O(éQ)
We rescale the organoid radius, glucose uptake strength, and velocities as:
. & -

R=26R, oy = 5—Z {Uo, Uy, Usa,, } = 6*{Uo, Up, Usq, }, (D.0.2)

where the variables R and {ffo, Uy. ﬁago}, and parameter oy are order 1. The

governing equation for glucose transport for becomes:

ac ]
3+ (Vy +6Vx) - (UHOH)
. 1
= (VY + (5VX) . (VY + 5VX) OH for HYH > (SZR and ||YHoo < 5, (D03a)
ac. -
352+ 8" (Vy +0Vx) <UO(JO>

—deo (Vy +0Vx) - (Vy 4+ 0Vx) Co — 67 46yS(Co, Wo) for ||| < 6°R, (D.0.3b)
with boundary conditions on [|Y|| = 62R (i.e. on Y € 900 (X,T)):

KcCo =Cq,  KwWo =Wy, (D.0.4a)

191
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(ny - 53vXR) : ((vy 46V x) Oy + 6'Cy (ffaﬂo - fJH) Hny - 53VXRH)
(

ny — 53VXR) : (dco (Vy + 8V x) Co + 6Co (Uago - UO> Hny - 53VXRH) ,
(D.0.4b)

and periodicity of Cy and Wy in Y on the unit cell boundary, Y € 0f2, that is
|Y'||., = 1/2. The solution for Cp is dependent on the parameter §, which is prob-

lematic. Therefore, we seek an inner solution, close to the organoid at the origin,
where ||Y|| = O(6?).

D.1 Investigating inner problem

To explore this inner solution, we rescale Y = 62Y, where Y € R3, and define
the inner region as €2;,(X,T'), where the dependence on X and T comes from the
organoid radius. We denote the radial spatial variable in the inner region as ¢. Then,

our governing equations, Equations (D.0.3) and (D.0.4) become:

500 | 55(Vy 4 59V x) - en

or
= (Vg +8°Vx) - (Vg +6°Vx) Cy for o > R(X,T), (D.1.1a)

5688% + 50 (VY + (53VX) . (0000)

=dco (Vy +6°Vx) - (Vy +8°Vx) Co — 6vS(Co, Wo) for o < R(X,T), (D.1.1b)

with boundary condition on o = R(X,T):

KcCo=Cy,  KyWo = Wi, (D.1.2a)

(ng = 8°VxR) - (Vg +8°Vx) Cu + 8'Cyt (Usno =~ Un) [ng — 5°VxR)))
— (ny = °VxR) - (deo (Vy + 8°Vx) Co + 0°Co (U, — Uo ) |[ny — °Vx ).
(D.1.2b)

Therefore, the glucose transport model for the ‘small organoid, high uptake’ distin-

guished limit is

O(6%) = Vi Cy for o > R(X,T), (D.1.3a)
O(8*) = deoV%Co — v S(Co, Wo) for p < R(X,T), (D.1.3b)
with boundary conditions

KcCo = Chy, % = dco% + 0% for o= R(X,T). (D.1.3¢c)
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Therefore, we seek an inner solution, {Coi,, Cin}, to the leading-order problem:

0= V%Crin for o > R(X,T), (D.1.4a)
0= dCOV%/COin — 6\/8(00111, WOin) for o< R(X, T), (D.1.4b)

with boundary condition at the organoid-hydrogel interface

KcCoim = Chin, 62—?”1 = dco agzin for o = R(X,T), (D.1.4¢)

where we impose the far-field matching condition Cpi, — Cho(X,T) as 0 — o
(by Van Dyke’s matching rule [87]), where Cpyq is the leading-order solution to the
outer problem, yet to be determined. To make analytical progress, we consider linear
uptake (i.e. S(Coin, Woin) = Com), and for ease of notation, we define A= ov/dco.
We seek a radially symmetric solution, Coi, = Coim(0,T) and Chin = Chin(o, T). We

impose vanishing concentration flux at the origin

aC(Oin
do

=0 at o0=0, (D.1.4d)

to ensure boundedness. Therefore, our system, Equation (D.1.4), becomes:

10 [ ,0C, 3
= — = fi D.1.
0 7 00 (Q 90 ) or o > R, (D.1.5a)
10 0Coin “ N
0=—=—(0*"——) — A\Com f R, D.1.5b
o (#250m) 3o toro< (D.L51)
with
oC in
az =0 at o =0, (D.1.5¢)
oC in oC, in 75
KcCoim = Cpiin,  —222 = dpp—2 at o = R, (D.1.5d)
0o 0o
Crin — Cho(X,T) as 0 — 0. (D.1.5e)

We integrate Equation (D.1.5a) with respect to ¢ and impose the far-field bound-
ary condition, Equation (D.1.5e), to obtain

Crin = Crro( X, T) (1 - %) , (D.1.6)

where A = A(X,T) is a function independent of ¢ to be determined. The general
solution to Equation (D.1.5b) is

C(Oin = 121

cosh(V/Xo) N Bsinh(ﬁ@) (D.1.7)
: P 1.
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where A and B are functions independent of ¢ to be determined. We note that near
0 =0, Coi, behaves like

A BM D.18)

C’Oin ~

90

where the second term is bounded and has zero derivative at o = 0. Therefore, using
the boundedness at origin condition, Equation (D.1.5¢), we find

C(Oin =B

sinh(v/A) (D.1.9)
0

We determine A and B using the interfacial conditions at o = R. Using the partition

condition, we find

RCwyo(X,T A
KCOOin = OHin = B = HO( ’~ 2 (]. — _~) s (Dll()a)
K¢ sinh(\/XR) R
and using the continuity of diffusive flux condition, we obtain
OCum , 0Com ACho Vacosh(VAR) 1 /=-
ag = dC’O 8@ = RQ = dcoB ( = ~ 5 smh(\/XR) .
(D.1.10b)
We solve Equation (D.1.10) simultaneously to determine A and B are:
dco VAR coth(VAR) — 1
A="9pR o — : (D.1.11a)
Ko 14 deo (\/XRcoth(\/XR) — 1>
C
B= 1iCho (D.1.11b)

(K¢ — deo) sinh(VAR) + deoV/ AR cosh(VAR)
Substituting Equation (D.1.11) into the expressions for Cyi, and Coy,, Equations (D.1.6)
and (D.1.9), we obtain

Con = Cro(X,T) [ 1= 2ot VAR Cof}i(\/XR) —1 ., (D.1.12)
0 Ke+deo <\/XR coth(VAR) — 1)
Con — Cro(X, T)Rsmh(\/Xg) (D.113)

0 ((KC —deo) Sinh(\/if{) +dco VAR Cosh(\/ifi)) '

In a similar manner, we seek an inner solution, {Woi,, Wyin }, to the leading-order

lactate transport problem in the ‘small organoid, high uptake’ distinguished limit:

0= VLW for o > R(X,T), (D.1.14a)
0= dWOV%/WOin + 2a‘-V‘S((CvOina WOin) for 0 < R(X7 T)7 (D114b)
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with boundary conditions at the organoid-hydrogel interface

ow. in oW, in s
KwWoin = Wiin,  dwn 85 = dwo 05 for o= R(X,T), (D.1.14c)

where we impose the far-field matching condition Wy, — Wyo(X,T) as 0 — oo
(by Van Dyke’s matching rule), where Wy is the leading-order solution to the outer
problem, yet to be determined. We consider linear glucose consumption S = Copy,,
and determined Coy, (Equation (D.1.13)) is

OH()(X, T)R Slnh(\/i@)
0 ((KC — deo)sinh(VAR) + deo VAR cosh(ﬁziz)) '

Coin = (D.1.15)

We seek a radially symmetric solution, Woi, = Woin (0, T') and Wi, = Wein(o, 1),
and we impose vanishing concentration flux at the origin

aI/VOin

=0 at =0 D.1.16

to ensure boundedness.

Solving for Wp;, and Wy, we find that the solutions are of the form:

25+, B sinh \/S\Q
Wop = — -2V ( ) + M, (D.1.17a)
dwo o
N
Wi = Wio(X, T) (1 _ —) , (D.1.17h)
0

where B as defined in Equation (D.1.11b), and M and N are functions independent
of p to be determined. From the organoid-hydrogel interfacial boundary conditions,
Equation (D.1.14¢), we determine that M and N are:

M= Who  20vB (Sinh(\/iR) B COSh(\/KR)) N 26y B sinh(\/i]%)
- \ dwo

Kw Kwdwn \ AR il e s
2%5yB  (sinh(VAR) Rcosh(VAR)

i sy
Using the definitions of B and N, (Equations (D.1.11b) and (D.1.18b), respectively),
then Wy, is given by

N —
dwuaWho

(D.1.18b)

Whin =Wpo(X,T)
. Cro( X, T) 26v R (\/X}? cosh(\/ié) - sinh(\/ﬁ)) (D.1.19)
0 dwi (K = doo) sinh(VAR) + deoVARcosh(VAR) ) |
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To match into the ‘periodic cell region’, we write the O(1) solution in the inner
region (Equations (D.1.12) and (D.1.19)) in terms of the ‘periodic cell region’ variables
(X,Y) and expand to O(§?). Noting that ¢ = H?H = 0= |Y| /6%, we find

Chin ~ Cro(X,T) — 6 Cro(X,T), (D.1.20a)

H4 Y||

Wiin ~ Wro( X, T) + 6> ————Cpo(X, T), (D.1.20b)

||4 YII

where we define pc(R) and py (R) as
doot (VAR coth(vAR) — 1)
K¢ +deo (\/XR coth(VAR) — 1) ’
doolt (VAR coth(v/AR) — 1)
e SdeH (Ko +deo [VAReoth(VAR) —1])

The form of the matching condition (Equation (D.1.20)) at O(6?) implies that the
outer problem in the ‘periodic cell region’ (Equation (D.0.3a)) with a boundary at

pe = 4m (D.1.20c)

(D.1.20d)

Y] = 62R can be replaced by an effective outer problem in the ‘periodic cell region’,
replacing the small organoid boundary region in the models for C'y and Wy with a

Dirac delta function at the origin of strengths —6% 1 Clrro and +62 iy Co, respectively.

D.2 Investigating the outer problem

We now introduce the Dirac delta function formulation of the ‘periodic cell’ region

problem:
2aCH < 2
) 8T (VY + (5VX) . (VY + 5VX) Cyg — 5(Y)(5 ucCy  for'Y € Q, (D.2.1a)
ow, -
& 8TH =dwn (Vy +0Vx) - (Vy +6Vx) Wy +6(Y)0°uwCy  for Y € Q,

(D.2.1b)

where 4 is the Dirac delta function, and with {Cy, Wg} periodic for Y € 99, and we
expand f ~ fo+0f1 +6%fo + ..., where f € {Cy, Wg}. We proceed by considering
the model for glucose transport, and note that the analysis for lactate transport is
analogous.

Noting that the leading-order problem gives C'yg and Cy; independent of Y, we
find that the O(4%) problem is:

9CHo
oT

= V%*C’HQ + V%(CHO — S(Y),uCC’HO for Y € Q, (DQQ)
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with Cyo periodic for Y € 0€). Integrating Equation (D.2.2) over the cell €2,

oC -
axa 0T oUX.T) ~—~—

we use Reynolds’ transport theorem on the LHS, and use the divergence theorem on

.

0 oY Pdy

:/ l’lY'(VYCH2> dA—i—/V%(CHO dY —,ucC'Ho, (D24)
0N Q

N

=0 by pggodic BC @
where we note that all velocities within the system are (O(6?) in this distinguished
limit and, therefore, the term 9(Y%)/0T, representing the velocity of the periodic
cell boundary is O(§?) relative to the other terms in the equation and so we neglect
it. We use Reynolds’ transport theorem component-wise (twice) (Equation (3.3.26))

on @ and note that we have no contribution from the surface integral (twice), giving

)
— /OHO dY ) = V% /OHO dY ) — pueCho. (D.2.5)

We define the intrinsic-averaged glucose concentration in the hydrogel as

. 1

and note that, since Cy ~ Cgo + O(9), at leading order
Cr ~ Cho. (D.2.7)

Therefore, the effective equation for the intrinstic-averaged glucose concentration is

oC . 3
= ViCyr — ncC, (D.2.8a)

where pc(R) is as defined in Equation (D.1.20c), and subject to the initial condition

Cu(X,T = 0) = Crinie(X). (D.2.8b)
The effective diffusion coefficient is unity, which we can see is a sublimit (small
organoid radius) of the effective diffusivity for the distinguished limit considered in
Section 3.3.1, and the effective uptake is O(1).
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Similarly, the effective equation for the intrinsic-averaged lactate concentration is

oW, _ .

8—TH = dwuVixWu + pwCh, (D.2.9a)
subject to

Wiy (X, T = 0) = Wimie(X), (D.2.9b)

where yy (R) is given by Equation (D.1.20d).
Moreover, we note that since the organoids are small, that is ||Qo]| = O(6?), the

volumetric-averaged glucose and lactate concentrations, which we define as

_ 1

Cu(X,T) = T (/ Cy dY +/ Co dY) , (D.2.10)
Qn Q0o

_ 1

Wi(X,T) = T ( Wy dY + [ Wo dY) : (D.2.11)
Qp Qo

respectively, behave as
Cy~Cy, Wy~ Wy, (D.2.12)

and, therefore, Equation (D.2.8) and Equation (D.2.9) are also the homogenised trans-

port models for Cy and Wy, respectively.

D.3 Effective behaviour in thin layer of hydrogel

We consider the glucose and lactate transport within a thin layer of organoid-seeded
hydrogel with a layer of culture media flowing slowly (Stokes flow) across the top. We
denote the volumetric-averaged concentrations of glucose and lactate as Cy and Wy,
respectively. Using Appendix C, we consider the transport within the homogenised-
hydrogel region with the proxy flow boundary condition Equation (C.25). We are
specifically interested in the timescale of organoid growth. We note that for a thin
layer of hydrogel, the vertical diffusion will be on a significantly faster timescale than
organoid growth. We consider a regime where the nutrient uptake balances the verti-
cal diffusion. Therefore, we can treat the leading-order metabolite transport problem

as quasi-steady. The behaviour is governed by the following system of equations:

0*Cy ~
0= W — ucCy for 0 < Z < H, (D31a)
O*W, _
0=dwpg——at +puwCy for0< Z < H, (D.3.1b)

A
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with boundary conditions:

OCy oWy
57 0, 57 0 at 0, (D.3.1¢)
—7 =1 — = t Z =H. D.3.1d
Cn + ac 07 ’ aw 0z 0 a (D-3.1d)
and organoid growth model
OR P Cu Wi\ 5 . ~ ~
— ==-P(——,— th =Rt at T =0, D.3.1
5T = 3 <KC,KW)R, wi R =Ry a 0 (D.3.1e)

where the media-hydrogel interface is at Z = H and the glucose consumption and
lactate production strengths, puc and pyy, respectively, depend on the organoid radius
R and are as defined in Equation (D.1.20c) and Equation (D.1.20d), respectively. In
the following analysis, we treat X as a parameter of the system.

We first consider the glucose concentration Cy, as this decouples from the lactate
concentration, Wy. We integrate Equation (D.3.1a) with respect to Z, to find the

general solution of the form

Cy = Acosh(y/ucZ) + Bsinh(y/jicZ), (D.3.2)

where A and B are arbitrary functions independent of Z, to be determined from the
boundary conditions Equations (D.3.1c¢) and (D.3.1d). From the no flux condition
at the base of the hydrogel, Equation (D.3.1c), we determine that B = 0. Using
Equation (D.3.1d) at Z = H, we determine that A is

X1/3 -1
A= ( sinh(y/ucH) + COSh(w/ucH)> . (D.3.3)
Qo
Therefore, the glucose concentration is given by:

& ac cosh(y/ucZ)
= Xs sinh(\/ucH) + ac cosh(, /,uCH)

where we introduce the parameter 5o (where o = A) for notational convenience.

= B¢ cosh(y/pcZ), (D.3.4)

The governing equation for lactate, using the analytic form for glucose Equa-
tion (D.3.4), becomes

0*W
0=dwn OZH + pw Be cosh(y/ e Z). (D.3.5)
Integrating Equation (D.3.5) with respect to Z, we obtain
ow,
Wy _ __pwbe sinh(y/pucZ) + (D.3.6)

0z \/ ,UCdWH
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where we find the arbitrary function A = 0 from the boundary condition at Z = 0

(Equation (D.3.1c)). We integrate with respect to Z again and find

V_VH _ MW@)C
pedw i

cosh(y/icZ) + B, (D.3.7)

where we must determine the arbitrary function B from the prozy flow boundary

condition at Z = H. We find that B is

B = _twhe (dWH\/u_CXl/3 sinh (v/ucH) + aw cosh(\/uCH)) . (D.3.8)
pedw gony

Therefore, the lactate concentration is given by

WH = M (dWH\//Tch/g smh(\/u_cH) + (XW(COSh(\//TcH) — cosh (\//TCZ))) s
podw mow (D.39)

which we can rewrite as

W, = fwac dw ir+/Tio X /3 sinh(\/fic H) + ay (cosh(y/iicH) — cosh (\/fic Z))
T cawdwn XVY3sinh(\/ucH) + ac cosh(y/ucH) '

(D.3.10)
We note that pue and puy are dependent on organoid radius R.

We have determined the glucose, C, and lactate, Wy, concentrations as a func-
tion of position, X, and organoid radius, R, and these are given by Equation (D.3.4)
and Equation (D.3.10), respectively. We note that the metabolite concentrations are
implicitly dependent on time, since they are dependent on yc(R) and gy (R), which
is time-dependent. We can substitute the metabolite concentration into the organoid
growth model Equation (D.3.1e) (derived in Section 3.2.1.2), for dense organoids:

oR p Cyg Wg\ =
T = §P (K—C, K_W) R. (D.3.11)
We can solve this numerically for R = R(T; X). Therefore, our system has reduced

to solving an ODE in time at each spatial position in the domain.



Appendix E

Another distinguished limit for
metabolite transport along
streamlines: advection balancing
vertical diffusion

We note that there are other distinguished limits for the 3D system considered in
Chapter 5 (Equations (5.1.12), (5.1.13) and (5.1.15) to (5.1.17)) which may be of
interest for different parameter regimes. One such limit is the case where advection
balances vertical diffusion, A\ ~ dcg/e* ~ O(1). This distinguished limit would
correspond to less extreme bioreactor geometries and/or operating protocols with
faster flow rates. In this case, since advection balances vertical diffusion, we are unable
to depth-average the model straightforwardly. However, since vertical diffusion and
advection always dominate horizontal diffusion (away from ‘slow flow’ regions near
stagnation points), we can still systematically reduce our model. We now outline how
to reduce the model via transformation into streamfunction-arclength formulation.

In the case A ~ dcyr/e? ~ O(1), the leading-order equations become

80]\40 dCM a CMO
aT -+ )\UM VXCMO 62 aZQ R (Ela)
GWM() dWM a2VVM0
T T AUn - VxWio = RN (E.1b)
0 don 9*Coy
o7 (IQull Ko+ [1Q0])Con) = —5 do(X,Y,0,T)——= 572~ v €0l S(Coo, Woo),
(E.1c)
0 dwr - O*W,
o7 ([Qall Kw +[1Q0])Woo) = 2 dy (X,Y,0,T) aZ;’” + 20v ||l S(Coo, Woo),
(E.1d)
subject to
depde(X, Y,O,T)agzoo =0, dwrdw(X, Y,O,T)agvzoo =0 at Z=0, (E.=2a)

201
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8CM0 aWMO

denr EYA 0, dwm 57 0 at ; (E.2b)
9Co0 9Cho
= X,Y,0,T —doy—2 st Z=H E.2
CM CO7 dCHdC( O ) aZ dCM 82 at H, ( C)
W = Wo, dy s avavém = dwpdw(X,Y,0,7) agVZOO at Z=Hy. (E.2d)

As before, since there is no (X, Y)-diffusion at leading order, we impose the boundary
condition at the inlet, X € 0€),:

f-(AUy) =10 (AUyCyno) = Cuo=1 for Z € (Hy, 1], (E.2e)
0=n- ()\UMWMQ) = Wyo=0 for Z e (HH, 1] (EQf)

We use the transformation (X,Y, Z) — (¢, s, Z) defined by Equations (4.2.8) and (5.1.47)
and outlined in Section 5.1.3, where we note that the streamlines lie in the (X,Y)-

plane since there is no velocity in the Z-direction. This yields the system:

60]\/[0 U(S,Qﬁ)G(Z) 80M0 . dCM 820M0

ar ATl as @ 9722 (E-3)
MWo Uls,0)G(Z) 0Wro  dwar *Waro

_ E.

or Aoy 8s e 072 (E-3b)
0Coo  dom 9*Coo
= o —=de(X,Y,0,T) 2~ 572 —ov ||Q0o]| S(Coo, Woo), (E.3c)
oW, d O2W,

8T0° _ VEVHdW(X Y,0,T) ~ 200 + 20y |0 S(Coo, Woo), (E.3d)

where we fix Ko = Ky = 1 for simplicity, and the media velocity along streamlines
is

Un(s, 0, Z) = |Unles = G(Z)|U e, = U1, 5)G(Z)es. (E.4)
The governing equations are subject to boundary conditions Equation (E.2) (noting
the effective diffusivities now depend on

(W(X,Y),s(X,Y), 7)), and the appropriate inlet boundary and initial conditions are:

Cuo=1, Wyo=0 ats=0for Ze (Hy,1], (E.ba)
CMO = 1, WMO = 0, COO = O, WOO =0 atT =0. (E5b)

The streamfunction-arclength formulation of the model is easier to work with, as
there are now spatial derivatives in only two, not three, dimensions. This reduces
the computational expense. We can solve for all streamlines in parallel, or focus
on, for example, the shortest and longest streamlines — to understand the range of

behaviours exhibited by the model.
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